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Nomenclature

Acronyms
1D one-dimensional
2D two-dimensional
3D three-dimensional
BE Boltzmann equation
BGK Bhatnagar-Gross-Krook
CIJ continuous inkjet
DOD drop-on-demand
FB force balance
GL generalized lubrication
HS Huh and Scriven
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LLD Landau-Levich-Derjaguin
LT lubrication theory
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MP multi-phase Shan-Chen
NS Navier-Stokes
PIJ piezoelectric inkjet
RP Rayleigh-Plateau
SC Shan-Chen
SI système international
SJ slender jet

Characteristic scales
hfilm Derjaguin film thickness [m]
hLLD Landau-Levich-Derjaguin film thickness [m]
`c capillary length [m]
λs slip length [m]
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Nomenclature ix

tcap capillary time [s]
Up plate velocity [m/s]

Dimensionless numbers
Ca capillary number
Cac critical capillary number
Kn Knudsen number
Ma Mach number
Oh Ohnesorge number
Re Reynolds number
Rµ ratio of dynamic viscosities
Rρ ratio of densities
We Weber number
Wo Womersley number

Operators
|.| absolute value of a real number
∇ gradient operator with respect to position [1/m]
∇2 Laplace operator [1/m2]
∇v gradient operator with respect to velocity [s/m]
‖.‖ Euclidian norm of a vector
D/Dt material derivative [1/s]

Subscripts and superscripts
` liquid
n normal component
r radial component
T transpose of the matrix
t tangential component (superscript)
t time (subscript)
z axial component
eq equilibrium
g gas
v vapor

Scalar variables
cs speed of sound [m/s]
∆ distance between contact line and level of bath [m]
g gravity [m/s2]
Gsc interaction strength in SC model [m3/s/kg]
κ mean curvature [1/m]



x Nomenclature

µ dynamic viscosity [kg/m/s]
ν kinematic viscosity [m2/s]
p pressure [N/m2]
ψ pseudo-density function [kg/m3]
ρ fluid density [kg/m3]
γ surface tension [N/m]
θ angle [◦]
θ0 microscopic contact angle [◦]
θe equilibrium contact angle [◦]
θw wedge angle [◦]
ζ second/bulk viscosity [kg/m/s]
mp mass of single particle [kg]
T temperature [K]
t time [s]

Tensors
T deviatoric stress tensor
I identity matrix
P pressure tensor
σ stress tensor
uu dyadic vector product
E strain rate tensor
Π momentum flux tensor

Vector variables
ci lattice velocity vector along i-direction [m/s]
F volumetric force [N/m3]
Fsc Shan-Chen force [N/m3]
K force [N]
n̂ unit normal vector [-]
t̂ unit tengential vector [-]
u fluid velocity [m/s]
v particle velocity [m/s]
x position vector [m]



1 | Introduction

Moving contact lines are ubiquitous in nature, drops sliding on surfaces are
common examples that we encounter daily in our life. A contact line in fluid
dynamics is usually referred to as the common border between a liquid, solid
and the surrounding air/vapor. Recent advances in micro-fluidics posed a
large demand on the technology and fundamental understanding of the forces
and flow conditions that control the dynamics of the contact line.

This thesis involves aspects related to the physics of contact lines, to
their analytical and numerical modelling and to their inspiring industrial ge-
ometries. The motivating industrial applications are immersion lithography
(ASML) and the printhead of an inkjet nozzle (Océ). Both these problems
involve several characteristic length- and time-scales, highly curved fluid in-
terfaces, multiphase flows and complex boundary conditions, thus challenging
analytical and numerical studies.

1.1 Moving contact lines

1.1.1 Immersion lithography

Photolithography is a complex procedure, which allows to transfer a pattern
from a mask onto a silicon wafer with sub-micron accuracy [1]. One of the
key steps in the photolithography process is exposing a photoresist coated on
the silicon wafer with deep-ultraviolet (DUV) light using a high resolution
optical system. The smallest feature or the critical dimension, CD, that can
be masked onto the wafer using the optical system is determined the Rayleigh
criterion:

CD = k
λ

NA
, (1.1)

where NA denotes the numerical aperture of the optical system, λ is the
wavelength of light used and k is a process-dependent constant. In optics,
the numerical aperture, NA = n sinα, of an optical system is a dimensionless
number that characterizes the range of angles over which the system can accept

1
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Figure 1.1: Left panel: A schematic of the immersion lithography setup for a
static wafer plate. Right panel: A schematic showing the immersion lithog-
raphy setup for a moving wafer. Above a certain velocity of the wafer the
advancing contact line can entrain an air film and the receding contact line
can drag a liquid film, which eventually breaks into air bubbles or liquid drops.

or emit light, where α is the angle of acceptance of the lens (0 < α < π/2) and
n is the refractive index of the medium between the lens and the photoresist.
Any decrease in the value of CD leads to smaller and faster electronic devices.

According to the Rayleigh criterion given by Eq. (1.1), smaller values of
CD can be obtained by decreasing k or λ or by increasing NA. For the current
KrF and ArF excimer lasers, the wavelength of light can be decreased up-to
280 nm and 193 nm, respectively [1], while k is a process dependent constant
that has been decreased up to 0.4 using resolution enhancement techniques [2].
The numerical aperture can be increased by increasing sinα or n. Practical
limit for sinα is found to be 0.93, which is very close to the theoretical limit
|sinα| ≤ 1. Increasing n is the idea behind the use of immersion lithography.

Immersion lithography is a photolithography technique, in which the air
gap between the lens and the photoresist is replaced by water, see Figure
1.1 (left panel). The water used in immersion lithography is highly purified
deionized water with an index of refraction of 1.44 for 193 nm wavelength [3].
This value of the refractive index increases the resolution of resolvable feature
sizes by a factor of approximately 30% [3]. This method is a less expensive
way to achieve smaller feature sizes with the advantage of not having to take
on big changes towards much more expensive lithography technologies [4].

Since the water is in direct contact with the photoresist on the wafer, the
immersion lithography technology brings some challenges, mostly related to
possible contamination of the lens and the photoresist. In particular, when
the wafer plate moves with velocity Up, relative to the lens, it also moves the
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liquid-air-solid contact lines, see Figure 1.1 (right panel). Beyond a certain
minimum speed, the advancing and the receding contact lines (see Figure 1.1,
right panel) become unstable and may entrain air or drag a liquid film onto
the wafer, respectively [5]. The air and the liquid film eventually break into
air bubbles or liquid drops [6], negatively affecting the lithography process.
In this thesis we contributed to the study of the stability of the advancing
and receding contact lines at varying the velocity of the plate, the wetting
properties of the wafer and the viscosity of the surrounding air.

1.1.2 Drop-on-demand inkjet printer

Modern inkjet printing technologies can be divided in two main types: con-
tinuous inkjet (CIJ) and drop-on-demand (DOD) inkjet. In a CIJ printer, a
jet of liquid, coming out of the microscopic nozzle, breaks up into droplets
due to the Rayleigh-Plateau (RP) instability. This RP instability is triggered
by a piezoelectric crystal, which creates acoustic fluctuations capable to ac-
curately control the stream of liquid and thus the breakup into droplets at
regular intervals [7]. While the DOD inkjet printers can be further divided
into two categories depending on the working principle [8]. We focus here only
on piezoelectric inkjet (PIJ) printers.

In PIJ printers the drop-formation is caused by the pressure waves pro-
duced by a piezo element. A schematic of the printhead of a PIJ printer is
shown in Figure 1.2. PIJ printers are relatively slow compared to CIJ printers,
but have much higher print quality [7]. The quality of a printer is typically
measured in dots per square inch (dpi), with modern applications requiring
smaller droplets (higher dpi) and better accuracy. Among the many factors
affecting the accuracy and size of the drops, the wettability of the nozzle, of
the nozzle plate and the frequency of drop-formation, fDOD, plays a crucial
role [8]. For a good drop formation, the position of the contact line must be
precisely controlled within the nozzle. In this thesis, we focus only on some
aspects of the drop-formation in PIJ printer. Our study aims at the develop-
ment of a numerical tool, thanks to which one can study the effect of nozzle
wettability and of the DOD frequency on the drop formation process.

1.2 General framework and contribution of the au-
thor

From the modeling point of view, problems that involve contact line motion
in immersion lithography and drop-formation in PIJ printers, fall into the
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Figure 1.2: Left panel: 3D CAD drawing of a printhead prototype showing (a)
the melting unit, (b) the filter units, (c) the reservoir, (d) the static pressure
hose, (e) the central part, and (f) the electronic driving supply. Image retrieved
from [8]. Right panel: A schematic showing a single nozzle uint in the central
part (e) of the printhead shown in the left panel.

general category of the fluid mechanics of advancing and receding contact
lines (section 2.3.2). For our study, we consider the contact lines and interfaces
that are translational symmetric along one of the coordinate axis i.e. 2D or
axisymmetric.

Our 2D numerical setup consists of a smooth plate, vertically immersed
in a pool of liquid. The wettability of the plate is measured by the contact
angle θe (section 2.3.1). We define a surface as being completely wet when
θe = 0, partially wet when 0 < θe ≤ π/2, partially dry when π/2 < θe < π
and completely dry when θe = π. Depending on whether the plate is being
pulled out or pushed into the fluid bath, we have dip-coating (receding contact
line) or plunging plate (advancing contact line) problems, respectively. For the
receding contact line problem the gas viscosity is irrelevant, on the other hand
for the advancing contact line case the second phase must be considered, which
makes the study of the problem much more complex.

We apply the lattice Boltzmann (LB) method to both problems, for dif-
ferent contact angles, viscosity ratio and velocities (capillary numbers). The
different fluid phases and their contact with the plate are simulated by means
of the Shan-Chen model [9, 10]. The LB simulations are validated using a
generalized lubrication (GL) model describing the flow phenomena for differ-
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ent viscosity ratios, contact angles and for small capillary numbers [11]. We
found that for partially wet surfaces the agreement between LB and GL simu-
lations is very good. This work cross-validates the LB and the GL model, and
presents the LB method as an effective alternative for the study of contact
lines in motion.

The second part of this thesis is devoted to the drop-formation in PIJ
printers. For this study we only consider printheads with an axisymmetric
nozzle exit, and we developed thus a LB method for axisymmetric multiphase
flows. The model is an extension of the classic Shan-Chen multiphase model
but restricted to axisymmetric flow problems. We benchmarked this new LB
model for its accuracy in reproducing the dynamics of the oscillations of an
axially symmetric droplet and on the capillary breakup of a viscous liquid
thread. A very good quantitative agreement between the numerical solutions
and the analytical results is observed. The method is further developed and
used to simulate the drop-formation in the PIJ printer.

1.3 Outline of the thesis

Chapter 2 provides the theoretical background for the study of moving inter-
faces and contact lines. Here we briefly describe the concepts, definitions, laws
and phenomena which are necessary for the understanding of the contact line
motion and that are frequently used in the rest of this thesis. We also give a
brief overview of the lubrication model and we discuss various characteristic
regimes.

Chapter 3 provides an overview of the lattice Boltzmann method for mul-
tiphase flows. In this Chapter, we discuss the boundary conditions and force
implementation schemes in the lattice Boltzmann method. Furthermore, we
discuss the implications of two force incorporation schemes and their impli-
cations for multiphase flow simulations. We provide a numerical study of the
Shan-Chen multiphase model, which helps us to point out some of the limi-
tation of the model. We conclude this chapter with a short discussion on the
spurious effects in the LB method.

We present the application of the LB method to dip-coating and to the
plunging plate problems in Chapter 4. The Chapter is divided into two parts.
In the first part we validate the boundary conditions and the LB model. In this
part, we study the applicability and limitations of the Shan-Chen multiphase
LB model for the study of the two problems. In the second part, we present
the generalized lubrication (GL) model for the generic case of two fluids with
arbitrary viscosity ratio and of a plate moving in either directions (pulled or
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pushed in a bath) and compare the LB simulations and the GL results. The
GL model shown here includes non-zero air viscosity, which is essential for the
study of the plunging plate problem.

We present a novel axisymmetric lattice Boltzmann method for multi-
phase flow in Chapter 5. This method is capable of accurately modeling flows
with variable density. The model presented here is an extension of the classic
Shan-Chen multiphase model. We check the validity of the model numerically
through several single- and multi-phase test cases, e.g., flow through a cylin-
drical pipe, dynamics of the oscillations of an axially symmetric droplet and
the capillary breakup of a viscous liquid thread.

In Chapter 6, we present an application of the axisymmetric multiphase
LB model to PIJ printing. The Chapter shows three important aspects of the
LB model to study drop formation: first we show the constraints that must
be respected while choosing the LB simulation parameters; second we present
the validation for the time varying pressure boundary condition in the LB
method; and finally we provide a way to convert the LB simulations in the SI
(système international) units.

Finally, in Chapter 7, we draw conclusions from our research and give rec-
ommendations that may be used in the future for continuation and extension
of the research presented in this thesis.



2 | Theoretical background

This chapter provides the essential theoretical background information frequently used
in the rest of this thesis. This includes, the mass and momentum conservation equa-
tions for single and multiphase fluids, as well as the essential features of a fluid
interface and its interaction with a static and moving solid surface. We report a short
derivation of the lubrication theory model, by A. Oron and coworkers [Reviews of
Modern Physics, 69,931-980 (1997)]. Furthermore, we discuss different regimes and
length scales that arise in the study of contact line motion due to gravity, inertia and
viscous forces.

2.1 Equations of motion for viscous fluids

The Navier-Stokes (NS) equations are the most used mathematical model
for the description of viscous fluids in motion [12]. The NS equations are
based on the continuum assumption which means that the fluid is treated as
a continuous medium rather than as a collection of discrete molecules. The
NS equations in divergence form are given by:

∂(ρu)
∂t

+ ∇·Π = F, (2.1)

where ρ ≡ ρ(x, t) is the fluid density, u ≡ u(x, t) is the fluid velocity, F ≡
F(x, t) is the external body force or the force per unit volume on the fluid,
∇· is the divergence operator, Π ≡ Π(x, t) is the momentum flux tensor. All
these quantites are functions of the position x and time t. The momentum
flux tensor Π for a viscous fluid is given by:

Π = pI + ρuu−T, (2.2)

where p ≡ p(x, t) is the pressure, uu is the dyadic vector product, T is the
deviatoric or viscous stress tensor and I is the identity matrix. The pressure
p is the thermodynamic pressure which is related to the density ρ and the
temperature T by an equation of state [13].

7



8 Theoretical background

For a viscous fluid in motion, the total stress σ in the fluid consists of
two parts: the isotropic stress p, that arises when the fluid is at rest, and the
anisotropic viscous stress T, that arises due to fluid motion:

σ = −pI + T. (2.3)

The most general form of the viscous stress tensor is given by

T = 2µE + ζ(∇·u)I, (2.4)

where E is the strain rate tensor∗, µ is the dynamic viscosity, and ζ is called
the second viscosity [12, 13]. The strain rate tensor is the symmetric part of
the Jacobian matrix ∇u , i.e., E = 1

2

(
∇u + ∇uT

)
. Using Eqs. (2.2) and

(2.4), the NS equations Eq. (2.1) read:

∂(ρu)
∂t

+ ∇·(ρuu) = −∇p+ ∇·
[
µ
(
∇u + ∇uT

)]
+∇[ζ(∇·u)] + F. (2.5)

In this thesis, we assume that the fluid viscosities µ and ζ are constant.
The NS equations are the statements on local momentum conservation for

a fluid. Conservation of mass must be considered as well and it is given by
the continuity equation:

∂ρ

∂t
+ ∇·(ρu) = 0. (2.6)

A fluid flow is defined as incompressible if the material derivative of ρ is zero,
i.e.,

Dρ
Dt ≡

∂ρ

∂t
+ u·∇ρ = 0. (2.7)

Using Eq. (2.7) the continuity Eq. (2.6) for incompressible flow reduces to:

∇·u = 0. (2.8)

Using the vector identity ∇·(ρuu) = ρ(u·∇)u + u[∇·(ρu)] and Eqs. (2.6),
(2.8), the NS Eqs. (2.5) take the following form for an incompressible flow:

ρ

(
∂u
∂t

+ u·∇u
)

= −∇p+ ∇·
[
µ
(
∇u + ∇uT

)]
+ F. (2.9)

∗The strain rate tensor in the linear approximation of the velocity is given by ∇u. Here
we only consider the symmetric part of the strain rate tensor. The antisymmetric part,
1
2

(
∇u − ∇uT) gives the fluid rotation and does not contribute in deforming the fluid [13].
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For constant dynamic viscosity µ, Eq. (2.9) further reduces to:

ρ

(
∂u
∂t

+ u·∇u
)

= −∇p+ µ∇2u + F, (2.10)

where ∇2 is the Laplace operator.

2.2 Multiphase flows

In the context of this thesis, we will consider fluid systems consisting of one
or more immiscible fluids. If the two fluids in the system are a liquid and its
equilibrium vapor phase, then we refer to it as a multiphase fluid system; if
the properties of the two fluids are different at the molecular level, we call it
a multicomponent fluid system.

For a multiphase system the coexistence of the liquid and its vapor phase
can be e.g. explained by the van der Waals equation of state [14, p. 14]:

p = RT

v − b
− a

v2 , (2.11)

where p is the pressure, v is the molar volume ([v] = m3/mol), T is the
temperature ([T ] = K), R is the gas constant (R ≈ 8.314 kg m2/(mol s2 K)).
The constants a is a measure of the inter-particle attraction and the constant
b is an approximation of the actual volume of the particles. A phase diagram
for CO2, in terms of the van der Waals Eq. (2.11), is shown in Figure 2.1:
the liquid CO2 can coexist with its vapor phase if the system temperature is
below the critical temperature (T < Tc) and the pressure in the two phases
is the same across the interface [14]. The thickness of the interface between
the liquid CO2 and its equilibrium vapor phase becomes infinite at the critical
temperature. For T < Tc, the equilibrium density in the two phases across the
interface can be determined by the Maxwell’s equal area rule [15]:∫ vv

v`

p dv = peq(vv − v`), (2.12)

where peq is the equilibrium pressure given by peq = p(vv) = p(v`), vv and
v` are the molar volume for the vapor and the liquid phases in equilibrium.
The Maxwell equal area allows to find the equilibrium molar volume of the
liquid and of its vapor for a given equation of state, we will use it rule in the
next chapter to obtain the equilibrium density for the Shan-Chen multiphase
model [9].
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v(L)

Figure 2.1: Graphical representation of the van der Waals equation of state
given by Eq. (2.11) for CO2. The pressure is measured in scale of atmospheric
pressure (atm) and volume is measured in liter (L). Image reproduded from
[15]. The phase-diagram shows that below the critical temperature we can
find the equilibrium pressure (shown by the red rooted line) for which CO2
can coexist in liquid and vapor phase. The value of the equilibrium pressure
can be determined by Maxwell’s equal area rule.

2.2.1 Fluid interfaces

The characteristic difference between the single- and the multi-phase fluid
systems is the presence of an interface. A fluid interface can be identified
by changes in the physical properties of the system, like its density, viscos-
ity, refractive index etc. At the hydrodynamic scales a fluid interface is a
smooth surface, this definition will be used throughout the rest of the thesis.
It must be remembered, however, that at the molecular scales the interface is
spread over a distance proportional to molecular diameters, and has a rough-
ness of the same order, see Figure 2.2 (a). This implies that the hydrodynamic
description cannot be expected to hold below the molecular scale, with im-
portant consequences in regularizing otherwise apparently diverging terms at
the contact line (see section 2.3.2).
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Figure 2.2: The liquid-vapor interface at the microscopic length scale obtained
from a molecular dynamics (MD) simulation using Lennard-Jones potential.
The vertical axis is in units of the molecular diameter σ and the stress shown
in panel (c) is measured in ε/σ3. Here, ε is the energy scale corresponding
to the intermolecular forces. (a) Snapshot of the liquid-vapor interface in the
MD simulation. The red dotted line divides the system in two parts: Left and
right. (b) Time-averaged normalized density profile ρ∗(z) across the interface.
(c) Tangential force per unit area exerted by the left part on the right part
of the system. The plot shows the difference between the normal and the
tangential components of stress tensor: Π(z) = σn − σt. Images reproduced
from [16].

Surface tension

From a mechanical point of view, the surface tension can be defined as a
force per unit length, acting tangentially to the interface. In a recent study,
Marchand et al.[16], show a molecular-dynamics simulation, which supports
the idea of interpreting the surface tension as a mechanical force, see figure
2.2 (c). The origin of this force is the attractive anisotropic force within a few
molecular lengths from the interface. This anisotropy and the corresponding
tangential force occurs at the liquid-solid interfaces as well, where also there
is a half-space of liquid missing [16]. The thermodynamic description of the
surface tension must consider that a liquid molecule at an interface is sur-
rounded by a relatively small number of molecules as compared to a molecule
in the bulk, this leads to a higher free energy at the interface. This excess free
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energy per unit are is defined as the surface tension [17]:

γ =
(
∂G

∂A

)
T,V,n

, (2.13)

where G is the free energy for a fluid system of volume V , number of molecules
n and temperature T .

2.2.2 Multiphase flow modelling

A classical way to model an interface is to approximate it by a deformable
surface of zero thickness. This kind of interface models are usually referred to
as sharp interface models and these are the interfaces that will be considered
in the rest of this chapter.

It follows from Eq. (2.13) that, for a given fixed volume of liquid, a curved
surface has a higher surface energy than a flat surface. According to the
Laplace law, this excess surface energy for a curved interface is compensated
by the pressure jump across the interface. In general, the Laplace law states
that the normal stress difference across the interface is given by the product
of the surface tension, γ, and of the mean curvature, κ, of the interface [12]:

σn
1 − σn

2 = γκ, (2.14)

where σn ≡ (σn̂)·n̂, σ is the stress tensor, given by Eq. (2.3), and n̂ is the
unit normal vector at the interface. In a static situation, the normal stress
difference across the interface is given by the pressure difference across it and
Eq. (2.14) read as:

p1 − p2 = γκ, (2.15)

where p1, p2 are the pressures in fluid 1 and 2 close to the interface. For a
spherical drop of radius R the curvature is constant and given by κ = 2/R.

Generally speaking, both with numerical as well as analytical modeling,
we will consider a multiphase fluid as made of two incompressible components
separated by an interface where appropriate force act. This force depends on
the surface tension and on the gradient of the curvature. Furthermore, in what
follows and for simplicity, we assume that the fluids across the interface are of
the same nature. For such a fluid system, the NS equations can be written as:

ρ

(
∂u
∂t

+ u·∇u
)

= −∇p+ µ∇2u + f (2.16)
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where f is the force corresponding to the surface tension. Introducing scaling
parameters:

x̄ = x/L, ū = u/U, t̄ = tU/L,

p̄ = pL/(µU), f̄ = fL2/γ, (2.17)

where U and L are the characteristic velocity and length scale for a problem.
Using Eqs Eq. (2.17), the NS Eqs. (2.16) read:

Re
(
∂ū
∂t̄

+ ū·∇̄ū
)

= −∇̄p̄+ ∇̄2ū + 1
Ca f̄ , (2.18)

where Re is the Reynolds number and Ca is the capillary number given by:

Re = ρUL

µ
, (2.19)

Ca = µU

γ
, (2.20)

respectively. The Reynolds number is the ratio of the inertial and of the
viscous forces and the capillary number gives the ratio of the viscous and of
the capillary forces. The product of the capillary the Reynolds number gives
the ratio of the inertia and capillary forces, and referred to as the Weber
number:

We = Ca Re = ρU2L

γ
. (2.21)

2.3 Interaction between a fluid interface and a solid

2.3.1 Static contact line

Although, the definition of contact line may be applied to include also the
common border between three immiscible fluids, here we will restrict ourself
to the case of the interaction of a fluid interface with a solid. An example of
such contact line is shown in Figure 2.3 (left panel).

Wettability of a solid

When a liquid drop comes in contact with a solid, depending on the relative
strength of the interactions, it can either completely spread over the solid
or it may form a stable spherical cap. In the first case the solid is said to be
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Gas Liquid 

Solid 

Figure 2.3: Left panel: Water drops on a glass substrate (Image source:
http://way2science.com/molecular-theory-of-surface-tension).The
red dotted line in the figure shows the position of the contact line. The
shape of the big drops is affected by the force due to gravity. Right panel:
Schematics of a liquid drop on a smooth non-deformable solid surface. The
figure shows the contact angle, θe, in thermodynamic equilibrium.

perfectly wet whereas in the latter it is said to be partial wet. The shape of the
drop on the partially wet plate is determined by the angle made between the
solid-liquid and the liquid-air interface: this angle is know as the equilibrium
contact angle θe. If the surface tensions of liquid-gas, solid-liquid and solid-gas
interface are denoted by γ`g, γs`, and γ, respectively, then for an infinitesimally
small displacement of the contact line, ∆x, the following energy variation takes
place: energy loss due to diminishing of the solid-air interface is γ`g∆x, energy
gain due to the increase in the liquid-solid interface is γs`∆x and energy gain
due to the increase in the solid-liquid interface is γ∆x cos θe, see Figure 2.3
(right panel). Using the conservation of energy, one obtains the following
relation:

γsg∆x− γs`∆x− γ cos θe∆x = 0,

where ∆x is the virtual displacement of the contact line, see Figure 2.3 (right
panel). Rearranging the term gives the celebrated Young equation:

cos θe = γsg − γs`
γ

. (2.22)

As already mentioned, the contact angle is the measure of the wettability of a
solid, it is customary to say that a surface is perfectly wet or partially wet if
θe = 0 or 0 < θe ≤ π/2, respectively, and a surface is perfectly dry or partially
dry if θe = π or π/2 < θe ≤ π, respectively ([θe] = rad). The Young relation
given by Eq. (2.22) can also be seen as the balance of capillary forces: γs`, γ`g
and γ at the contact line.

http://way2science.com/molecular-theory-of-surface-tension
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Figure 2.4: Schematic showing the horizontal component of forces acting on
the meniscus formed due to the contact between a fluid interface and a partially
wettable and chemically smooth solid static plate. The plate is aligned in the
direction parallel to the force due to gravitational acceleration g.

The role of gravity in capillarity

In presence of gravity, capillary forces (forces due to surface tension) dominate
close to the contact line while away from it these are negligible, as compared to
the gravity. Figure 2.3 (left panel) shows an example of an interplay between
gravity and capillary forces, where the larger water drops are flattened at the
center due to the effect of gravity. Another example of the balance between
capillary force and gravity can be noticed by the shape of a meniscus climbing
a vertical partially wetting solid wall far from the wall, see Figure 2.4. At the
wall the capillary force dominates and deform the liquid-gas interface, while
far from the contact line, gravity dominate and the interface flatten.

The rise of the meniscus with respect to the flat interface, ∆, can be
obtained by the mechanical balance of forces in the horizontal direction, as
shown in Figure 2.4:

∆ = ±`c
√

2(1− sin θe), (2.23)

where θe is the equilibrium contact angle, ρ` is the density of liquid, g is the
acceleration due to gravity and `c is the capillary length given by:

`c =
√

γ

ρ`g
. (2.24)

In our choice of the coordinates, positive and negative signs of ∆ in Eq. (2.23)
correspond to dry and wet surfaces, respectively.
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Receding contact line

Advancing contact line

Figure 2.5: Left panel: a water drop sliding on a leaf (Image source http://
robwebb.net/wp-content/uploads/2011/01/IMG_2314-Edit.jpg). The
figure shows the difference in the contact angles at the receding and the ad-
vancing contact lines. Right panel: schematic representation of the advancing
contact line, showing the three distinct scales involved in the study of con-
tact line motion. The apparent micoscopic contact angle is denoted by θ0.
For the advancing contact line, the apparent contact angle is larger then the
equilibrium contact angle θe. Image adapted from [18].

The capillary length is the characteristic length-scale over which capillary
forces dominate over gravity. If the density of the gas, ρg, is not negligible as
compared to the density of the liquid, ρ`, then the capillary length is given by:

`c =
√

γ

(ρ` − ρg)g . (2.25)

2.3.2 Contact line in motion

Drops sliding on a surface, liquid film coating, jets from a nozzle, drop splash-
ing on solid surfaces etc. are just some examples of the problems that involve
moving contact lines. Depending on whether the contact line moves towards
the dry or the wet position of the surface, we refer to it as to the receding or
to the advancing contact line, respectively (see Figure 2.5).

For the static case, a complete description of the contact line can be ob-
tained by balancing gravity and capillary forces. However, as soon as the
contact line starts moving, the problem becomes much more complex. For a
moving contact line, the local angle measured at the contact line depends on
the scale [19]. This is not the case for static situations where the Young rela-
tion, given by Eq. (2.22), can be derived by the balance of capillary forces at

http://robwebb.net/wp-content/uploads/2011/01/IMG_2314-Edit.jpg
http://robwebb.net/wp-content/uploads/2011/01/IMG_2314-Edit.jpg
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the hydrodynamic scale. The hydrodynamic modeling of the moving contact
line leads to the Huh-Scriven paradox: i.e. using no-slip boundary condition
for the flow near to the contact line leads to an energy dissipation that di-
verges logarithmically as r → 0 [20], where r is distance from the contact line
position. This paradox is clear indication that microscopic effects beyond hy-
drodynamics cannot be ignored when studying moving contact line (see section
2.2.1).

Typically, problems related to moving contact lines are divided into three
distinct regimes: inner regime, the flow description of the contact line at the
molecular scale; outer regime, the flow description at the hydrodynamic length
scale; and the intermediate regime, where the interface is strongly curved
due to the interplay between capillary and viscous forces [19]. A schematic
representation of these three length scales is shown in Figure 2.5. In this
thesis, we will only focus on the intermediate and the outer regimes.

The nature of the viscous singularity

Huh and Scriven analytically calculated the flow profile in a wedge assuming
a perfectly planar liquid-vapor interface [20]. According to their computation,
the flow in the “contact line region” is dominated by viscosity and therefore,
the fluid flow on either side of the interface is described by the Stokes’ equa-
tion. In 2D polar coordinates, (r, φ), the Stokes’ equation transforms in a
biharmonic equation for the stream function, ψ(r, φ):

∇4ψ = 0. (2.26)

Subjected to the no-slip boundary condition at the wall (ur = Up for φ = 0◦
and ur = −Up for φ = 180◦, see Figure 2.6 (b)) and assuming that the velocity
u = (ur, uφ) is bounded as r → ∞, the solution of the biharmonic Eq. (2.26)
is:

ψ(r, φ) = r(a sinφ+ b cosφ+ cφ sinφ+ dφ cosφ). (2.27)

The constants a, b, c, d are evaluated using impenetrable and no-slip boundary
conditions at the solid and impenetrable and continuity of velocity and tan-
gential stress conditions at the fluid-fluid interface. The integration constants
a, b, c, d further depend on the viscosity ratio, Rµ = µ1/µ2, and on the wedge
angle θw. Finally, the velocity field can be obtained from the stream function
using [20]:

ur = −1
r

∂ψ

∂φ
, uφ = ∂ψ

∂r
.

The following conclusions can be drawn from the Huh-Scriven solution:
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(c)(b)(a)

Figure 2.6: Streamlines showing the solution proposed by Huh and Scriven
[20]. Middle panel: schematics showing an interface located at φ = θw and
separating two immiscible fluids with viscosities µ1 and µ2. Left panel: θw =
150 ◦, Up = 1; Right panel: θw = 30◦, Up = −1. The viscosity ratio for both
cases is Rµ = µ1/µ2 = 10−3.

• The shear stress varies as r−1 near to the contact line. This implies that
the total force exerted on the solid surface is logarithmically infinite for
r → 0.

• The velocity field has no intrinsic length scale and hence the Reynolds
number, Re, can only be defined locally based on r. This means that Re
can be arbitrary small as r → 0 and that the Stokes’ flow approximation
is self consistent as long as r � µ/(ρUp).

• The pressure in the contact line region scales as µ/r. This pressure
must be balanced by the capillary pressure, resulting in a highly curved
surface near to the contact line. In this respect, the assumption of planar
interface cannot fully describe the moving contact line.

• When the plate is pushed into the liquid pool, the viscous force at the
contact line is dominated by the strong velocity gradients in fluid 1, see
Figure 2.6 (a). Therefore the viscosity of fluid 1 should not be ignored
for the problems related to advancing contact lines.

The viscous singularity can be removed by using partial slip boundary
conditions at the wall, i.e., instead of applying no-slip boundary conditions
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Figure 2.7: Schematics of a fluid interface parallel to a flat solid surface. The
figure shows the steady state interface profile h(x, t) (black curve) for a plate
moving with the velocity, Up . The plate moves perpendicular to free surface
in the direction opposite to the gravity and to the x-axis.

at the wall we apply them at a distance, λs, in the wall. This distance, λs,
is known as the slip length. Unfortunately there is no analytical solution of
the biharmonic equation satisfying both the slip boundary condition and the
bounded velocity simultaneously.

2.4 Lubrication theory

Lubrication theory (LT) is a well-established mathematical tool, which has
been successfully used in the study of problems involving free surface flows
and the contact line motion [21–23].

In what follows, we report the derivation of LT as presented in the work by
A. Oron and coworkers [21], we provide the key steps and main assumptions
are they are typically used in a lubrication model for free surface flows. For
more details on the derivation we refer the reader directly to the work by A.
Oron and coworkers [21].

In order to restrict our derivation to the specific context of this thesis,
we consider a partially wetting and smooth flat plate, vertically immersed
in a pool of liquid of density, ρ, and dynamic viscosity, µ (see Figure 2.7).
The continuity and the NS equations for an incompressible flow, in the 2D
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Cartesian coordinates, are given by:

∂xu+ ∂yv = 0, (2.28)

ρ (∂tu+ u∂xu+ v∂yu) = −∂xp+ µ∇2u− ∂xϕ, (2.29a)
ρ (∂tv + u∂xv + v∂yv) = −∂yp+ µ∇2v − ∂yϕ, (2.29b)

where u ≡ u(x, y, t) and v ≡ v(x, y, t) are the fluid velocity in the x− and y-
directions, respectively and ϕ is the gravitational potential given by ϕ = −ρgx.
The boundary conditions at y = 0 are no penetration through the wall and
partial-slip:

v = 0, u = Up + λs∂yu, (2.30)

where λs is the slip length. The partial-slip boundary condition at the wall, is
used to regularize the viscous singularity at the contact line. The boundary
conditions at the free surface y = h(x, t) are, first, the kinematic boundary
condition:

v = ∂th+ u∂xh, (2.31)

and second, the dynamic boundary conditions:

∂yu = 0, γκ = −p, (2.32)

where
κ = ∂xxh(

1 + (∂xh)2
)3/2 . (2.33)

Integrating equation Eq. (2.28) with respect to y from y = 0 to y = h(x, t),
and using Eq. (2.31), we get:

∂th+ ∂xq = 0, q = hũ, ũ(x, t) = 1
h

∫ h

0
u(x, y, t) dy, (2.34)

where q represents the mass flux in the x-direction in the film and ũ is the
velocity averaged over the film thickness.

Furthermore we introduce a scaling parameter ε = h0/L (0 < ε � 1)
where L and h0 are the characteristic length scales along and perpendicular
to the wall, respectively. In addition to the length scales h0 and L, we use the



2.4. Lubrication theory 21

plate velocity, Up, as the characteristic velocity of the problem. Using Up, h0,
ε and µ, we define the following dimensionless variables:

Y = y/h0, X = x ε/h0, U = u/Up, V = v/(εUp),
T = t εUp/h0, P = p εh0/(µUp), Φ = ϕεh0/(µUp), (2.35)

In the scaled variables defined by Eqs.(2.35), the system of Eqs. (2.28)-(2.32)
reads:

∂XU + ∂YV = 0, (2.36)

εRe
(
∂TU + U∂XU + V ∂YU

)
= −∂XP − ∂XΦ + ε2∂XXU

+∂YYU, (2.37a)

ε3Re
(
∂TV + U∂XV + V ∂YV

)
= −∂YP − ∂YΦ + ε4∂XXV

+ε2∂YYV, (2.37b)

at Y = 0,

V = 0, U = 1 + Λs∂YU, (2.38)

at Y = h(x, t)/h0 ≡ H(X,T ),

∂YU = 0, Ca−1ε3 ∂XXH(
1 + ε2(∂XH

)2)3/2 = −P, (2.39)

where Λs = λs/h0, Re = Uph0/ν and Ca = Upµ/γ. Finally, Eq. (2.34) in the
scaled variables is given by:

∂TH + ∂XQ = 0, Q = HŨ, Ũ(X,T ) = 1
H

∫ H

0
U(X,Y, T ) dY , (2.40)

where Q represents the mass flux in the film, and Ũ is the velocity averaged
over the film thickness.

Next, we expand U , V and P in a series of ε to obtain a series solution for
the governing equations (2.36) and (2.37) [21]:

U = U0 + εU1 + ε2U2 +O(ε3), (2.41a)
V = V0 + εV1 + ε2V2 +O(ε3), (2.41b)
P = P0 + εP1 + ε2P2 +O(ε3). (2.41c)
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The gravitational potential Φ used here is linear in the spatial variables and
can be used as it is in the following derivation. The lubrication approximation
when the surface h(x) is parallel to the plate is given by: Re ,Ca ≈ O(1) for
ε → 0, where Ca = Ca ε−3 [21]. Substituting Eqs. (2.41) in Eqs. (2.37) and
takeing the lubrication approximation for a surface parallel to the plate, we
get:

∂YYU0 − ∂XP0 − ∂XΦ = 0, (2.42a)
−∂YP0 − ∂YΦ = 0. (2.42b)

In the linearized and scaled variables, the boundary conditions given by Eqs.(2.38)
at Y = 0 read:

U0 = 1 + Λs∂YU0 (2.43a)
∂YU0 = 0, (2.43b)

Ca−1
∂XXH = −P0. (2.43c)

∂TH + ∂XQ = 0, where Q =
∫ H

0
U0dX (2.44)

The resulting equations are consistent with the assumption that the flow in
the film is parallel to the plate. Integrating Eq. (2.42a) twice and using the
boundary condition Eq. (2.43a) gives us:

U0 =
(
Y 2

2 −HY +HΛs

)
∂X
(
P0 + Φ

)
+ 1. (2.45)

This implies that:∫ H

0
U0dY = −H2(H + 3Λs)

∂X
(
P0 + Φ

)
3 +H. (2.46)

Substituting this flux into Eq. (2.44), we obtain the following dynamical equa-
tion for H(X,T )

∂TH − ∂X

(
H2(H + 3Λs)

∂X
(
P0 + Φ

)
3 +H

)
= 0, (2.47)

where P0 = −Ca−1
∂XXH. In the steady state ∂TH = 0 and ∂X ≡ d/dX, hence

Eq. (2.47) becomes

H2(H + 3Λs)
1
3

d
dX

(
P0 + Φ

)
+H = Ũ . (2.48)
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The thickness average velocity Ũ given by Eq. (2.40) in the limit of ε → 0
becomes Ũ = 1

H

∫H
0 U0 dY . Rearranging the terms of Eq. (2.48) we get:

d3H

dX3 −Ca dΦ
dX + 3Ca(1− Ũ)

H(H + 3Λs)
= 0. (2.49)

Reverting back to the original variables gives us

d3h

dx3 −
1
γ

dφ
dx + 3Ca

h(h+ 3λs)

(
1− ũ

Up

)
= 0. (2.50)

In the frame of reference of a moving plate, the velocity ũ is replaced by
ũ−Up. If we fix the position of the contact line at x = 0, then using ϕ = −ρgx
Eq. (2.50) becomes:

d3h

dx3 + 1
`2c
− 3Ca (ũ/Up)
h(h+ 3λs)

= 0, (2.51)

where, `c =
√
γ/(ρg), is the capillary length. The first, second and third term

of Eq. (2.51), represent effect of capillary, gravity and viscosity, respectively,
on the interface shape. For the advancing contact line Up < 0. The derivation
presented here is only valid for ε = Ca1/3 � 1, Re� 1 and Ca2/3(∂XH)2 � 1,
see Eq. (2.43c), where we implicitly assumed that |∂XH| � 1. The assumption,
|∂XH| � 1, may not be valid for the coating of a hydrophobic plate or when
a hydrophilic plate is pushed into a liquid pool. An extension of this one
dimensional, single-phase, lubrication model, applicable to curved surfaces,
can be found in [23]. A further extension of the LT model which is applicable
to highly curved surface and that includes the effect of air viscosity, has already
been derived [11]. We will present this extension in Chapter 4.

Interface profile for the static contact line

For the static plate, Ca = 0, the lubrication equation (2.51) becomes:

dκ
dx = − 1

`2c
. (2.52)

Here we use the general definition of the curvature, κ, as given by Eq. (2.33).
One can solve Eq. (2.52) analytically and obtain the interface profile, h(x), for
the stationary contact line [17, Eq. 2.21]:

h(x)− h∆ = `carcosh
( 2`c
x−∆

)
− 2`c

[
1−

(
x−∆

2`c

)2]1/2

, (2.53)
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where the constant h∆ can be obtained by using the condition h(0) = 0:

h∆ = −`carcosh [2/(1− sin θe)]1/2 + `c [2(1 + sin θe)]1/2 .

The analytical solution given by Eq. (2.53) is referred to as to the “Landau
solution” in the rest of this thesis. It will be used in Chapter 4, as a refer-
ence for the validation of the boundary conditions for the lattice Boltzmann
simulations.

2.4.1 Characteristic regimes for the moving contact line

In the static case, as we saw earlier, the interface shape is determined by the
balance between capillary and the gravitational forces. When the plate moves
with respect to the fluid, viscous forces comes into effect. These viscous forces
tend to drag the contact line with the solid, which is opposed by the capillary
forces near the contact line and by the gravity far from the contact line. The
competition between viscous and capillary forces is measured by the capillary
number:

Ca = Viscous force
Capillary force = µUp

γ
, (2.54)

where Up is the velocity of the solid, µ is the dynamic viscosity and γ is the
interfacial tension at the liquid-air interface.

Visco-capillary regime

For a partially wetting plate, when the plate is pulled out of the pool (receding
contact line case), two distinct regimes can be observed. For small plate
velocities, the position of the contact line raises up to a finite distance, with
respect to the bath, and then attains an equilibrium, while the contact line
slips over the plate. Instead, if the plate velocity is higher than a critical value,
the plate entrains a continuous liquid film. The transition between the two
regimes is often known as “dynamical wetting transition” or “forced wetting”.
This process of forcedly wetting a plate, is a common technique for coating
thin liquid films on solid substrates [24] (dip-coating). In their seminal works
on film coating, Landau and Levich [25] and Derjaguin, LLD [26] showed that
the thickness of the coating film is uniquely determined by the plate velocity
and in particular, it is given by:

hLLD = 0.94`c Ca2/3. (2.55)

This relation is only valid in the limit of small capillary numbers.
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For capillary numbers below the wetting transition, gravity is negligible
as compared to viscous and capillary forces and therefore one can omit the
second term from Eq. (2.51). Furthermore, we assume that in this regime
the thickness averaged velocity, ũ, can be approximated by the plate velocity;
under these assumptions the steady state Eq. (2.51) becomes:

d3h

dx3 = 3Ca
h(h+ 3λs)

. (2.56)

The first thing that can be identified between Eq. (2.56) and the hydrodynamic
modeling of the contact line motion is the viscous singularity in the limit of
h → 0 (for the case when λs = 0) [20]. Secondarily, since the flow near the
contact line has no intrinsic length scale [20], the solution to Eq. (2.56) is of
the form h = l H(xCa1/3/l), where the characteristic length scale, l, depends
on the mechanism of regularization of the viscous singularity [19, 27]. The
analytical solution of the third order nonlinear Eq. (2.56) was first derived
by Duffy and Wilson [28]. This analytical solution under specific asymptotic
matching conditions is equivalent to the solution given by Voinov [19, 29]:(dh

dx

)3
= θ3

0 − 9Ca ln
(
x

l

)
, (2.57)

where l is the microscopic length scale, Ca is the capillary number and θ0 is
the microscopic contact angle.

Visco-gravitational regime

If the capillary number is high, the LLD film thickness increases and gravity
comes into play. In this regime viscous forces dominates over the capillary
forces therefore we can drop the first term in equation Eq. (2.51). For the case
of a perfect wetting plate, we can assume that ũ ∼ Up. Furthermore, if we
assume that λs = 0 then Eq. (2.51) becomes

1
`2c

= 3Ca
h2 , (2.58)

which gives us the film thickness hfilm = `c
√

3Ca corresponding to the visco-
gravitational regime. This is consistent with the Derjaguin law [26].
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3 | Lattice Boltzmann method

In this thesis, we use the lattice Boltzmann method as numerical tool to solve the
Navier-Stokes equations. This chapter provides an overview of the lattice Boltzmann
method in general and of the Shan-Chen multi-phase model in particular [9, 10].
Starting from the discretization of the Boltzmann equation, we discuss the boundary
conditions and the schemes to incorporate forces in the lattice Boltzmann method.
Furthermore, we discuss the implications of the different forcing schemes for the multi-
phase flow simulations. In the end of this chapter, we provide a short discussion on
the artifacts of the method such as the presence of spurious currents and of checker-
board effect.

3.1 Introduction

In the last two decades, the lattice Boltzmann (LB) method has emerged
as a popular numerical tool in computational fluid dynamics [30, 31]. The
method has been successfully employed for single and multi-phase laminar flow
applications, viz. contact line motion [11, 32–37], flow in porous media [38, 39]
to mention only a few, as well as for turbulent flow applications [40–48]. Apart
from fluid flow modeling, the method has also been used to study granular flow
[49], acoustics [50, 51], the Schrödinger equation [52], magnetohydrodynamics
[53, 54], etc..

In most of the fluid applications the LB method is used as an alternative
numerical tool that gives an approximate solution of the Navier-Stokes (NS)
Eq. (2.10) for incompressible flow. Instead of solving directly the macroscopic
mass and the nonlinear momentum conservation equations, one solves a dis-
cretized version of the linear Boltzmann equation. However, the convergence
towards the NS equation is only valid in the low Mach number and small
Knudsen number regime (the Mach number, Ma, is defined as the ratio of the
characteristic speed in the problem and the speed of sound in the fluid and
the Knudsen number, Kn, is defined as the ratio of mean free path to the
characteristic length scale). The condition of small Mach number ensures that

27
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the flow remains incompressible while the small Knudsen number condition is
essential to ensure that the continuum description at the macroscopic length
scale holds.

The LB method is based on the kinetic theory of gases. This gives the
LB method several advantages over conventional numerical methods: the ad-
vection (streaming) operator in the LB method is a linear operator which
simplifies the complication that arises in the discretisation of the non-linear
advection operator in the NS Eq. (2.10); the discrete Boltzmann equation
converges to the incompressible NS equations, where the pressure is given by
an equation of state (this avoids the solution of the Poisson equation for the
pressure); the implementation of the boundary conditions in the LB method is
relatively easy as compared to the traditional numerical methods (especially
for the case of multicomponent and multi-phase flow); and the LB method is
easy to parallelize.

This chapter is organized as follows: in section 3.2, we present a brief
description of the Boltzmann equation and the BGK collision operator. In
section 3.3 we discuss the lattice Boltzmann method as a space and time
finite-difference approximation of the discrete velocity Boltzmann equation.
Furthermore, we discuss the boundary conditions and the force incorporation
schemes in the LB method. In Section 3.4 we present a brief description and
a numerical study of the Shan-Chen model for multi-phase simulations. In
section 3.5.2, we will discuss some artifact of the method.

3.2 The Boltzmann equation

Consider a system of N indistinguishable particles enclosed in a spatial volume
X. At room temperature these particles are in continuous state of random
motion, during which they collide with each other and as well as with the
wall of the container. In classical mechanics, the state of each particle can
be completely described by specifying its position, x, and momentum, p, at
a given time. Typically a box of volume X ≈ 1cm3 at room temperature T
contains approximately 1020 interacting particles. This makes the numerical
description of such a classical system impossible at the macroscopic scales.

On the other hand, in statistical mechanics we are interested in the distri-
bution of particles in phase-space, rather than in their individual microscopic
state. The phase-space of a system is the collection of all positions x and mo-
mentum vectors p. Based on the Boltzmann equation and on the Boltzmann
H-theorem, one can show that the distribution of particles asymptotically con-
verges to a Maxwellian distribution [55].
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If all the particles in the system are identical, then one can define mass
density function as:

f(x,v, t) ≡ mpNf1(x1,p1, t), (3.1)

where f1(x1,p1, t) is the single particle probability distribution function, x =
x1, v = p1/mp, mp is the mass of the single particle and N is the number
of particles in the spatial volume X [56]. The Boltzmann equation (BE) is a
partial differential equation for the function f , that describes the statistical
behavior of a system of particles, in general out of thermodynamic equilibrium.
The function f(x,v, t) is a positive and real valued function of position x,
velocity v and time t. Physically, the function f(x,v, t) is interpreted by
means of the quantity, f(x,v, t) dx dv, which gives the total mass of particles
in the spatial volume [x,x + dx] and have velocity in [v,v + dv] at time t.
Using the property of the single particle distribution function f1 one gets the
following normalization condition on f :

1
mpN

∫
X×V

f(x,v, t) dvdx = 1, (3.2)

where V is an arbitrary volume in the velocity space. If these particles are
subject to an external force fieldK, then the evolution of the function f(x,v, t)
can be described by the Boltzmann equation [56]:

∂f

∂t
+ v·∇f + K

mp
·∇vf = Q(f) , (3.3)

where f ≡ f(x,v, t) ∇ and ∇v are the gradients with respect to the position
vector and velocity vector, respectively and Q(f) is the Boltzmann collision
operator. The collision operatorQ(f) is based on the assumptions of molecular
chaos and given by [55]:

Q(f) = 1
mp

∫
V 3

∫
Ω
‖v− v2‖

( dσ
dΩ

) (
f ′ f ′2 − f f2

)
dΩ dv2 dv′ dv′2, (3.4)

where dσ/dΩ is the differential cross section, f ≡ f(x,v, t), f2 ≡ f(x,v2, t), f ′ ≡
f(x,v′, t) and f ′2 ≡ f(x,v′2, t). The differential cross section of the collision
is a region in space, in which the relative momentum of the particle, v− v2,
changes its direction by an angle θ into the solid angle dΩ, after collision. The
post-collision variables are represented by the super-script “′” in Eq. (3.4).

The Boltzmann collision operator shown in Eq. (3.4) has three main physi-
cal properties: 1) conservation of local mass, momentum and energy (collision
invariants); 2) Galilean invariance; and 3) the local dissipation relation:∫

X×V
Q(f) log f dvdx ≤ 0, (3.5)
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for all t [57]. Furthermore, it can be shown that, there exist a unique positive
function f = f eq such that Q(f eq) = 0 [57]. This distribution function is
known as the Maxwell-Boltzmann (MB) distribution function:

f eq(x,v, t) = ρ(x, t)
(

mp
2π kBT

)n/2
exp

(
− mp

2kBT
‖v− u(x, t)‖2

)
, (3.6)

where n is the dimension of the position space, kB is the Boltzmann constant,
T is the temperature and ρ(x, t) is the local mass density given by:

ρ(x, t) =
∫
V
f(x,v, t) dv . (3.7)

The equilibrium velocity, u, is given by:

u(x, t) =
∫
V
v f(x,v, t) dv

/∫
V
f(x,v, t) dv . (3.8)

The above mentioned properties of the Boltzmann collision operator lead to
the Boltzmann H-theorem(1872) [58], i.e., the entropy of a system defined as:

S(f) = −
∫
X

∫
V
f(x,v, t) log[f(x,v, t)] dvdx,

can only increase in time, i.e. dS/dt ≥ 0, and the state of maximum entropy,
corresponding to dS/dt = 0 is uniquely given by f = f eq.

The collision operator of the BE must satisfies the local mass and momen-
tum conservation in order for the same to hold macroscopic scales. Using a
formal asymptotic expansion Chapman and Cowling [59] showed that for di-
lute gases the zeroth and the first moment of the Boltzmann Eq. (3.3) result
into macroscopic mass (continuity equation) and momentum (NS equation)
conservation.

For dense gases and liquids the mean free path λm is very small, as
compared to the characteristic macroscopic length scale L, and the ratio
ε = Kn = λm/L is known as the Knudsen number. For small Knudsen num-
bers the distribution function f remains “close” to the MB distribution. More
importantly, for dense gases and liquids the Boltzmann collision operator given
by Eq. (3.4) can be approximated by a linear collision operator. A short dis-
cussion on this linear collision operator is given in the next section (sec. 3.2.1).
Using the Chapman-Enskog (CE) expansion on the Boltzmann equation with
the linear collision operator and under the low Mach number conditions, it can
be shown that only the first order approximation of f is sufficient to recover
the continuity Eq. (2.6) and the NS Eq. (2.10) for liquids [55, 58].
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3.2.1 Linear collision operator

For dense gases and liquids the Knudsen number ε is very small. This means
that the number of collisions per unit volume is very high, which leads to
fast relaxation of the distribution function to the local MB distribution, f eq.
Under these assumptions, one can expand f in the following series in ε:

f = f (0) + εf (1) +O(ε2), (3.9)

where f (0) = f eq. The linear collision operator can be obtained by using the
Taylor series expansion of Q at f = f eq [60]:

Q(f) = Q(f eq) + S(f − f eq) +O(ε2), (3.10)

where S =
(
dQ/df

)
f=feq is commonly known as the linear scattering operator

[60]. The first term of the above series vanished as Q(f eq) = 0. In the limit of
small Knudsen number (ε� 1), the collision operator Q reduces to the linear
scattering operator S:

lim
ε→0

Q(f) = S(f − f eq). (3.11)

The scattering operator S inherits the two main characteristics of the Boltz-
mann collision operator Q: local conservation of mass, momentum and energy
(collisional invariance); limt→∞Q(f) = limt→∞ S(f − f eq) = 0 (asymptotic
limit). If the scattering of particles is restricted to m directions then S is a
square matrix of order m. The eigenvalues of this linear scattering operator
are all non-positive [61]. The non-zero eigenvalues of the scattering operator
are connected to transport coefficient at the hydrodynamic scale [60, 62].

Bhatnagar-Gross-Krook collision operator

If one assumes that all non-zero eigenvalues are identical, say −ω (ω > 0),
then the collisional operator reduces to the celebrated BGK form [63]:

QBGK(f) = −ω
(
f − f eq), (3.12)

named after P. L. Bhatnagar, E. P. Gross and M. Krook. Physically, ω can be
interpreted as the collision frequency [63] and the eigenvalue of the linear BGK
collision operator is inversely proportional to the local relaxation time τ , i.e.,
ω = 1/τ [63]. Standard von Neumann stability analysis by Lallemand et al. [60]
shows that for the discrete nine-velocity and two-dimensional (D2Q9) the LB-
BGK model has stability issues close to τ ≤ 0.5. Since we are using D2Q9
LB-BGK model throughout this thesis, we will restrict our selves τ > 0.5.
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The advantage of the BGK collision operator is that it is the simplest col-
lision operator that inherits all the properties of the collision operator shown
in Eq. (3.4) [57]. Furthermore, the BGK collision operator is valid for flu-
ids with high densities [55, 63] and the Chapman-Enskog expansion of LB
equation with the BGK operator satisfies hydrodynamic mass and momentum
conservation relations. For all LB simulations presented in this thesis, we will
employ the BGK form of the collisional operator.

3.3 Lattice Boltzmann method
Historically, the LB method is a descendant of lattice-gas cellular automata
(LGCA) [64]. The main difference between the LGCA and the LB method
is that the LB method directly uses the particle distribution function, which
allows real values for the number of particles, whereas LGCA only allows for
integers [65]. Using distribution functions in the LB method substantially re-
duces the statistical noise observed in LGCA [65] and makes the LB method a
better choice for fluid dynamics simulations. Sterling and Chen [66] interpreted
the LB method as a finite difference discretization of the Boltzmann equation
with the BGK collision operator. This interpretation of the LB method allows
us to use mathematical tools like linear stability analysis [67], that give more
insight into the stability of the method.

3.3.1 Lattice Boltzmann equation

In absence of any external force, the Boltzmann Eq. (3.3) with the BGK
collision operator and for a finite set of velocity m vectors vi can be written
as:

∂fi
∂t

+ vi·∇fi = −1
τ

(
fi − f eq

i

)
, (i = 0, 1, . . . ,m− 1), (3.13)

where fi ≡ f(x,vi, t), m is the number of discrete velocities, τ is the relaxation
time, and f eq

i is the second order accurate Maxwell-Boltzmann equilibrium
velocity distribution function given by Eq. (3.6), i.e.

f eq
i = ρ

[
a+ b(vi·u) + c(vi·u)2 + d‖u‖2

]
. (3.14)

The macroscopic mass density, ρ, and the velocity, u, are defined as:

ρ(x, t) =
m−1∑
i=0

fi(x, t), u(x, t) = 1
ρ(x, t)

m−1∑
i=0

vifi(x, t). (3.15)



3.3. Lattice Boltzmann method 33

Figure 3.1: Schematics of the D2Q9 lattice. Circles represents the discretiza-
tion of spatial positions and the arrows in the dotted box represent the discrete
velocity space.

From here onwards, we will use the
∑
i to represent the summation operator∑m−1

i=0 . The constants a, b, c and d depend on the choice of the lattice. The
second order approximation of the MB distribution is necessary to ensure the
incompressibility and the Galilean invariance of the asymptotically obtained
NS equation [58].

For a particular choice of the lattice dependent velocity vectors vi = ci
(see Figure 3.1), the BE Eq. (3.13) can be rewritten as:

∂fi
∂t

+ ci·∇fi = −1
τ

(
fi − f eq

i

)
, (i = 0, 1, . . . ,m− 1). (3.16)

Using the forward finite difference approximation for the time derivative and
the upwind scheme for the spatial derivative we get:

fi(x, t+ δt)− fi(x, t)
δt

+ ‖ci‖
fi(x, t)− fi(x− ei δxi, t)

δxi

= −1
τ

[
fi(x− ei δxi, t)− f eq(x− ei δxi, t)

]
, (3.17)

where ei = ci/‖ci‖ and δxi = ‖x− xi‖, xi is the nearest grid point in the ei
direction. Rearranging Eq. (3.17) gives

fi(x, t+ δt) + (Cr− 1) fi(x, t)− Cr fi(x− ei δxi, t)

= −δt
τ

[
fi(x− ei δxi, t)− f eq(x− ei δxi, t)

]
,

(3.18)

where the Courant number Cr is given by, Cr = ‖ci‖ δt/δxi. If the lattice
velocity ci satisfies

ci = eiδxi
δt

, (3.19)
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then Cr = 1, which is a necessary condition for the stability of the LB method
[67]. Furthermore, for Cr = 1 Eq. (3.18) reduces to:

fi(x, t+ δt)− fi(x− ciδt, t) = −δt
τ

[
fi(x− ciδt, t)− f eq(x− ciδt, t)

]
. (3.20)

An equivalent and more popular form of the LB equation is given by:

fi(x + ciδt, t+ δt)− fi(x, t) = −δt
τ

[
fi(x, t)− f eq

i (x, t)
]
. (3.21)

The equilibrium distribution function satisfying all the lattice constraints is
given by

f eq
i (x, t) = wi ρ(x, t)

[
1 + 1

c2
s

(
ci·u(x, t)

)
+ 1

2c2
s

( 1
c2
s

(
ci·u(x, t)

)2 − ‖u(x, t)‖2
)]
, (3.22)

for the index i = 0, 1, . . . ,m − 1. For the D2Q9 lattice shown in Figure 3.1,
the weights wi and velocity ci are given by:

i 0 1 2 3 4 5 6 7 8
wi 4/9 1/9 1/9 1/9 1/9 1/36 1/36 1/36 1/36
cix 0 1 0 -1 0 1 -1 -1 1
ciy 0 0 1 0 -1 1 1 -1 -1

,

and cs = 1/
√

3 [58].
The macroscopic density, ρ(x, t), and the velocity, u(x, t), are given by:

ρ(x, t) =
∑
i

fi(x, t), u(x, t) = 1
ρ(x, t)

∑
i

cifi(x, t). (3.23)

The velocity, space and time discrete Boltzmann equation (3.21) is commonly
known as the lattice Boltzmann equation. A formal asymptotic technique
known as the Chapman-Enskog (CE) method, in the limit of small Knudsen
number Kn and low Mach number Ma, gives us the continuity Eq. (2.8) and
the NS Eq. (2.10):

∇·u = 0,

ρ

(
∂u
∂t

+ u·∇u
)

= −∇p+ ∇·
[
µ
(
∇u + ∇uT

)]
,
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for the incompressible flows [58], where, the bulk pressure p is the thermody-
namic pressure:

p = c2
sρ, (3.24)

and the dynamic viscosity µ is given by:

µ = νρ = ρc2
s

(
τ − δt

2

)
, (3.25)

where ν represents the kinematic viscosity. If τ ≤ δt/2 the method becomes
unstable [60]. The square root of the density gradient of Eq. (3.24) gives us
cs =

√
dp/dρ, which can be physically interpreted as the speed of sound.

So far we have only considered the LB model without any external force.
In the next section we will discuss the force incorporation scheme in the LB
method.

3.3.2 Adding forces in LB

The Boltzmann Eq. (3.3) can be rewritten as:

∂f

∂t
+ v·∇f = Q′(f), (3.26)

where
Q′(f) = Q(f)− K

mp
·∇vf. (3.27)

The discrete and lattice dependent form of Eq. (3.26) with BGK collision
operator is given by:

fi(x + ciδt, t+ δt)− fi(x, t) = −δt
τ

[
fi(x, t)− f eq

i (x, t)
]

+ δt Si(x, t), (3.28)

where Si is the source term, f eq
i (x, t) ≡ f eq

i

(
ρ(x, t),u(x, t)

)
and u is the local

equilibrium velocity. In this section we will use ueq to represent the local
equilibrium velocity. The streaming part of Eq. (3.28) remains the same,
whereas the collision operation depends on the choice of Si and ueq. If the
volumetric force F = ρK/mp is not constant, depending on the choice of Si and
ueq, the resulting hydrodynamic equations are different. A detailed discussion
on the different choices of Si and ueq and on the resulting continuity and NS
equations can be found in [68, 69]. Here, we use the force addition schemes as
proposed by X. Shan and H. Chen [9] (SC-forcing) and by Z. Guo et al. [68]
(Guo-forcing) to add forces to the LB model.
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The SC-forcing scheme

According to the SC-forcing scheme, an external or internal force F (force per
unit volume) can be incorporated by shifting the equilibrium velocity:

ueq(x, t) = 1
ρ(x, t)

∑
i

cifi(x, t) + τ
F(x, t)
ρ(x, t) , (3.29)

and the source term in Eq. (3.28) Si = 0 [9]. Finally, the local density is given
by Eq. (3.23) and the hydrodynamic velocity at the next time step is obtained
by using:

u(x, t∗) = 1
2ρ

(∑
i

cifi(x, t) +
∑
i

cifi(x, t+ δt)
)
, (3.30)

where t < t∗ < t+δt. Using the Taylor expansion for fi(x, t+δt) and Eq. (3.30)
for the velocity, Eq. (3.30) becomes:

u(x, t∗) = u(x, t) + δt

2
∂u(x, t)
∂t

+O(δt2). (3.31)

In this sense, we can say that the hydrodynamic velocity and density in the SC-
forcing scheme are evaluated at staggered time levels, i.e, the hydrodynamic
density and velocity are evaluated at time t and t+ δt/2, respectively.

It can be shown that the hydrodynamic density, ρ(x, t), and velocity de-
fined by Eq. (3.30) satisfy the following mass and momentum conservation
equations [68]:

∂ρ

∂t
+ ∇·(ρu) = −δt

(
τ − 1

2

)
∇·F, (3.32a)

∂(ρu)
∂t

+ ∇·(ρuu) = −∇p+ ∇·
[
µ
(
∇u + ∇uT

)]
+ F

−δt
(
τ − 1

2

)[
∂F
∂t

+ ∇· (uF + Fu)
]

−
[
δt

(
τ − 1

2

)]2
∇·

(1
ρ
FF

)
+δt

2

(
τ − 1

2

)
∇·

[
µ
(
∇F + ∇FT

)]
, (3.32b)

respectively, where p = c2
sρ.

If the force F is constant, the additional terms on the right hand side
of Eqs. (3.32) vanish and we obtain the exact continuity Eq. (2.6) and NS
Eq. (2.9).
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The Guo-forcing scheme

According to the Guo-forcing scheme [68], an external/internal force F (force
per unit volume) can be incorporated by shifting the equilibrium velocity:

ueq(x, t) = 1
ρ(x, t)

∑
i

cifi(x, t) + δt
F(x, t)
2ρ(x, t) , (3.33)

and by using the source term Si as

Si = wi

(
1− δt

2τ

)((ci − u)·F
c2
s

+ (ci·u)(ci·F)
c4
s

)
, (3.34)

where
u(x, t∗) = 1

ρ(x, t)
∑
i

cifi(x, t) + δt
F(x, t)
2ρ(x, t) . (3.35)

In the Guo scheme the hydrodynamic and the equilibrium velocities are the
same. The hydrodynamic density and velocity given by Eq. (3.23) and Eq. (3.35)
give the following hydrodynamic equations as a result of the CE expansion [68]:

∂ρ

∂t
+ ∇·(ρu) = 0, (3.36a)

∂(ρu)
∂t

+ ∇·(ρuu) = −∇p+ ∇·
[
µ
(
∇u + ∇uT

)]
+ F, (3.36b)

where p = c2
sρ. Unlike the SC scheme, the hydrodynamic Eqs. (3.36) have

no additional terms with respect to the continuity Eq. (2.6) and to the NS
Eq. (2.9).

The hydrodynamic and the post-collision velocity for both the SC and Guo
scheme are the same, moreover, for both Guo and SC scheme, the hydrody-
namic velocity and density in the SC scheme are evaluated at the staggered
time steps.

3.3.3 Boundary conditions

In order to obtain a unique solution of the NS equations for a given problem,
we have to specify boundary conditions for the hydrodynamic variables ρ, p
and u. Similarly, in the LB method, we need boundary conditions for the
distribution functions. The main challenge here is in converting back from the
hydrodynamic variables to the particle distribution functions. Many studies
have shown that, due to the kinetic nature of the method, the no-slip and the
free-slip boundary conditions at the flat as well as at the curved boundaries,
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can be easily imposed in the LB method [15, 70]. In fact, this is one of
the major advantages of using the LB method for complex geometries like
porous media [39]. Details of these boundary conditions can be found in
[15, 31, 71, 72].

In this section, we provide the details for the various boundary conditions
in a two-dimensional (2D) lattice of size Nx×Ny and for simplicity, we consider
that the fluid domain is aligned with the coordinate axes and that there is no
curved boundary in the domain. The distances between two nearest nodes
in x and y-direction are δx = 1 and δy = 1, respectively. The collection of
fluid nodes is represented byX, and defined asX = {x : x ≡ (k, j)}, where k =
1, 2, . . . , Nx and j = 1, 2, . . . , Ny. The boundary of this rectangular domain can
be divided in four parts: A, B, C and D. The collection of fluid nodes at these
boundaries are defined as: XA = {xA,j : xA,j ≡ (1, j)}, XB = {xB,k : xB,k ≡
(k, 1)}, XC = {xC,j : xC,j ≡ (Nx, j)} and XD = {xD,k : xD,k ≡ (k,Ny)}.
The nodes outside of the fluid domain will be referred as to ghost nodes in
this thesis. The collection of ghost nodes for the boundaries A, B, C and D
are denoted by X ′A, X

′
B, X

′
C and X ′D, respectively. For the ghost nodes the

index runs over k = 0, 1, . . . , Nx + 1 and j = 0, 1, . . . , Ny + 1; a schematic
representation is shown in Figure 3.2.

Periodic boundary condition

For a periodic flow along the x-axis, shown in Figure 3.2, the flow properties at
the boundary A are exactly the same as the flow properties at the boundary
C of the domain and vice-versa. In order to impose the periodic boundary
condition in the LB method, we simply copy the distribution function from
the fluid nodes at the boundary C to the ghost nodes at the boundary A, and
similarly the distribution function from fluid nodes at the boundary A to the
ghost nodes at boundary C. In our notation, this boundary condition can be
implemented as:

fi(x′A,j , t) = fi(xC,j , t), fi(x′C,j , t) = fi(xA,j , t). (3.37)

The above relation holds for all times t, velocity directions i and indices j for
the boundaries A and C. The periodic boundary conditions is the simplest
boundary condition that can be used for the LB simulation. Furthermore, the
boundary condition conserves mass and momentum in the system.

No-slip boundary condition

The hydrodynamic no-slip boundary condition means that the velocity com-
ponents of the fluid node at the boundary are exactly the same as the velocity
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Fluid nodeGhost node

A

B

D

C

Figure 3.2: A schematics showing the unknown distribution functions, fi,
(dashed arrows) at one of the ghost nodes from each boundary, that must be
initialized before the streaming step at the fluid nodes in the LB algorithm.
The solid and hollow nodes represent the fluid and ghost nodes, respectively.
The value assigned to the unknown fi depends on the particle distribution
function and/or the hydrodynamic variables ρ, u at the nearest fluid node.

of the solid node. In general, these boundary conditions are referred to as the
Dirichlet boundary condition for the velocity. In our notation, we consider
a solid flat plate at the boundary B, moving along the horizontal axis with
velocity Up. The unknown distribution functions, that need to be initialized
before streaming, are f6, f2 and f5. We impose the mid-grid bounce back
scheme for the no-slip boundary condition at the fluid nodes on the boundary
[31]. In our notation, the implementation of the mid-grid bounce back looks
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Wall

Figure 3.3: A schematic representation of the mid-grid bounce back (no-slip)
boundary condition.

Wall

Figure 3.4: A schematics representation of the mid-grid specular reflection
(free-slip) boundary condition.

like, see Figure 3.3:

f2(x′B,k, t) = f4(xB,k, t), (3.38a)
f5(x′B,k−1, t) = f7(xB,k, t) + 0.5 c2

s ρ(xB,k, t)Up, (3.38b)
f6(x′B,k+1, t) = f8(xB,k, t)− 0.5 c2

s ρ(xB,k, t)Up. (3.38c)

The above relations hold for all nodes XB at the boundary B. As the name
suggests, the mid-grid bounce back boundary conditions effectively gives the
no-slip boundary conditions at y = 0.5 δy. Advantages of using the mid-
grid bounce back condition are that it is second order accurate in space and
conserves mass and momentum [31].

Free-slip boundary condition

The free-slip hydrodynamic boundary condition means that v = 0 and du/dy =
0, where u, v are the velocity components along and perpendicular to the wall.
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Figure 3.5: A schematic representation of the open boundary conditions. The
values assigned to the fi (dotted arrows) depend on the hydrodynamic vari-
ables ρ,u at the nearest fluid node.

The free-slip boundary condition in the LB method can be imposed by ap-
plying specular reflection boundary conditions on the distribution function
[31]. In our notations, the implementation of the specular-reflection boundary
condition in the LB method at the boundary B, looks like (see Figure 3.4):

f2(x′B,k, t) = f4(xB,k, t), (3.39a)
f5(x′B,k, t) = f8(xB,k, t), (3.39b)
f6(x′B,k, t) = f7(xB,k, t). (3.39c)

The above relation holds for all fluid nodes at the boundary B. Similar to the
bounce back boundary conditions, this boundary condition gives the free-slip
boundary condition at y = 0.5 δy with second order accuracy in space and
conservation of mass and momentum.

Open boundary condition

In this thesis, we use open boundary conditions to impose: 1) hydrodynamic
pressure gradient across the flow domain, 2) mass flux and 3) zero-stress condi-
tions. The issue here is that these boundary conditions depend on the hydro-
dynamic variables, but for the LB simulations we need boundary condition for
the distribution functions. We use the equilibrium distribution function given
by Eq. (3.22) for the unknown values f5(x′B,k, t), f2(x′B,k, t), f6(x′B,k, t) at the
ghost nodes X ′B, see Figure 3.5. The evaluation of the equilibrium distribution
function requires the density and velocity at ghost nodes. For different choices
of density and velocity at the ghost nodes X ′B we get different hydrodynamic
boundary conditions.
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Let us assume that we need to impose a constant pressure gradient along
the x-axis of the domain shown in Figure 3.2. The pressure in the LB model
is related to the density via the equation of state (p = c2

sρ). In order to
impose the pressure gradient, we use a constant density ρin on the nodes X ′A,
and a density ρout at the nodes X ′C. The velocity values at the ghost nodes
X ′A and X ′C are kept exactly the same as the velocity at fluid nodes XA and
XC, respectively. Finally, we use the discrete equilibrium distribution function
given by Eq. (3.22) to evaluate the unknown distribution at the nodes X ′A and
X ′C.

3.4 Shan-Chen model

This section presents an overview of the Shan-Chen (SC) model for the multi-
phase flows simulations [9, 10], and modeling of the contact angle in the SC
model [73]. The SC model is based on the long-range interaction between
particles, with an interaction potential given by [9]:

V (x,x′, t) = G(x,x′)ψ(x, t)ψ(x′, t), (3.40)

where Gsc(x,x′) is a Green’s function, and ψ(x, t) ≡ ψ[ρ(x, t)] is a pseudo-
mass density function. In order to simulate multi-phase flows using the SC
LB model, it is sufficient to choose only the first neighbor particle interactions
[74]:

G(x,x′) =
{
Gsc if ‖x− x′‖ = ‖ci‖,
0 if ‖x− x′‖ 6= ‖ci‖,

(3.41)

where i = 1, . . . ,m− 1, x, x′ are lattice cites in the LB model, Gsc is referred
to as interaction strength in the SC model. The magnitude of Gsc gives the
interaction strength between the fluids phases, and the sign of the Gsc models
the repulsive (Gsc > 0) or the attractive (Gsc < 0) forces. The effective force
due to the nearest neighbor interaction on a lattice is given by [74]:

Fsc(x, t) = −Gscψ(x, t)
∑
i

wiψ(x + ciδt, t) ci. (3.42)

The pseudo-density function that we use for the SC simulations in this thesis
is [9]:

ψ(ρ) = ρ0[1− exp(−ρ/ρ0)], (3.43)

where ρ0 is a constant. The phase transition in the SC model is triggered
by the density gradients and the special choice of ψ helps to obtain saturated
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high- and low-density regions in the SC LB simulations. In this thesis, we refer
to these high- and low-density regions as to the liquid and the vapor phases.
The SC model is a diffuse interface model. where the thickness of the interface
with increases with Gsc. The physical interpretation of the SC force, Fsc, can
be given by the following expession:

Fsc = −Gscc
2
s δt ψ∇ψ − Gsc

2 c4
s(δt)3ψ∇

(
∇2ψ

)
+O((δt)5). (3.44)

This expression is obtained by using the Taylor expansion for ψ(x + ciδt) and
by the isotropy condition on wi in Eq. (3.42). The first term contributes into
the non-ideal pressure and the second terms models the surface tension in the
SC model.

3.4.1 Fluid properties in the SC model

The pressure tensor for non-ideal fluids at equilibrium is given by [75]:

∇·P = ∇(pI)− Fsc, (3.45)

where p = c2
sρ is the pressure corresponding to the ideal gas. Substituting

Eq. (3.44), with δt = 1, into Eq. (3.45) and integrating, one obtains the
following pressure tensor [75]:

Pαβ =
(
c2
sρ+ c2

sGsc
2 ψ2 + c4

sGsc
2 ψ∇2ψ + c4

sGsc
4 ‖∇ψ‖2

)
δαβ

−c
4
sGsc
2 ∂αψ∂βψ, (3.46)

The first two terms of the pressure tensor, given by Eq. (3.46), correspond to
the equation of state for the SC multi-phase model:

p(ρ) = c2
sρ+ c2

s

2 Gsc ψ
2(ρ). (3.47)

A graphical representation of the non-ideal equation of state is shown in Fig-
ure 3.6 (left panel). Using the Maxwell’s construction and the equation of
state one can estimate the equilibrium liquid and vapor densities in the multi-
phase SC model, see Figure 3.6 (right panel). A table showing the values of
equilibrium densities and surface tension for different values of Gsc is shown
in Table 3.1. The pressure tensor given by Eq. (3.46) depends on the force
incorporation schemes used in the LB method. The bulk pressure in the fluid
is independent of force incorporation schemes, however the value of the surface
tension depends on the forcing scheme in the LB method [10].
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Figure 3.6: Left panel: the gray curve shows the equation of state for the
ideal gas, Eq. (3.24). The colored lines show the equation of state given by
the SC multi-phase model, Eq. (3.47). The blue dotted line shows the bulk
pressure corresponding to Gsc = −5 in the equilibrium state. The minimum
and maximum values of ρ at which the dotted blue line intersect the solid
blue curve, correspond to the equilibrium phase densities of the vapour ρv
and liquid ρ`, respectively (Maxwell construction). Right panel: dependence
of the equilibrium densities, ρ`, ρv on the interaction parameter Gsc. The LB
results are shown by square symbols whereas the curves represents the results
obtained from the Maxwell construction. The LB simulation parameters: Nx×
Ny = 80× 1, τ = 1.

Surface tension

For a given pressure tensor, P, the following mechanical condition can be used
to estimate the surface tension in a LB model [14]:

∇γ`v·n̂ = P n − P t, (3.48)

where γ is the surface tension between the two fluids, n̂ and t̂ are the unit
vectors normal and tangential to the interface, P n ≡ (Pn̂)·n̂ is the normal
and P t ≡ (Pn̂)·t̂ is the tangential component of the pressure tensor.

For a flat interface perpendicular to the y-axis all the derivatives of ψ with
respect to x vanish, thus the pressure tensor given by Eq. (3.46) become:

Pyy = c2
sρ+ c2

sGsc
2 ψ2 + c4

sGsc
2 ψ∂yyψ −

c4
sGsc
4 (∂yψ)2, (3.49a)

Pxx = c2
sρ+ c2

sGsc
2 ψ2 + c4

sGsc
2 ψ∂yyψ + c4

sGsc
4 (∂yψ)2, (3.49b)

and Eq. (3.48) becomes ∂yγ`v = Pyy − Pxx. This leads to the surface tension
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in the multi-phase SC-LB model [73]:

γ`v = −1
2c

4
sGsc

∫ y`

yv

(dψ
dy

)2
dy, (3.50)

where the interval [yv, y`] is the location of the diffused interface and γ`v the
surface tension between liquid-vapor interface.

However, if we use the SC-forcing scheme to incorporate the SC force, the
pressure tensor is given by [10]:

Pαβ =
(
c2
sρ+ c2

sGsc
2 ψ2 + c4

sGsc
2 ψ∇2ψ + c4

sGsc
4 |∇ψ|2

)
δαβ

−c
4
sGsc
2 ∂αψ∂βψ +

(
τ − 1

2

)2 1
ρ
FαFβ, (3.51)

In this case, the surface tension corresponding to the pressure tensor shown
in Eq. (3.51) becomes:

γ̃`v = −1
2c

4
sGsc

y`∫
yv

(dψ
dy

)2
dy +

(
τ − 1

2

)2 y`∫
yv

1
ρ

(Fsc,y)2 dy, (3.52)

where Fsc,y is the Shan-Chan force along the y-axis. The LB simulations
showing the surface tension as a function of the interaction parameter Gsc is
shown in Figure 3.7.

The Laplace test

The Laplace Eq. (2.15) can be used to both validate and estimate the surface
tension for the multi-phase LB simulations. For a 2D drop of radius RD, the
radius of curvature is given by κ = 1/RD, hence, using the Laplace Eq. (2.15),
the surface tension between the liquid-vapor interface γ`v is given by:

pin − pout = γ`v
RD

, (3.53)

where pin and pout are the pressure inside and outside of the drop, respectively.
The SC model is a diffuse interface model, therefore the radius of the drop
needs to be approximated appropriately. We use the following mass balance
condition to estimate the radius of a 2D drop:

Mt = πR2
Dρ` + (L2 − πR2

D)ρv, (3.54)
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Figure 3.7: Surface tension γ`v as a function of the interaction parameter
Gsc (left panel) and of the relaxation parameter τ (right panel) in the SC two-
phase model. The labels A and B represent the surface tension using Eq. (3.50)
and Eq. (3.52) for the flat interface, respectively. The label L represents the
surface tension from the Laplace test on a 2D drop of radius 20 with center at
(40.5, 40.5). The label SC and Guo represents the Shan-Chen [10] and Guo
[68], force implementation schemes, respectively. For the analytical expression
Eq. (3.52) shown by label B in the left panel we use τ = 1, and the results in the
right panel corresponds to Gsc = −5. The initial fluid densities ρ` = 1.9324
and ρv = 0.1564 are kept fixed for both SC and Guo schemes. All the LB
simulations are performed in a domain of size Nx × Ny = 80 × 80, until the
steady state is reached.

where Mt is the total mass of the fluid in the domain Nx ×Ny = L × L and
ρ` and ρv are the densities of the liquid and the vapor in the steady state,
respectively. Eq. (3.54) can be rearranged to give an approximate radius of a
drop with diffuse interface:

RD =
√
Mt − L2ρv
π(ρ` − ρv) . (3.55)

An estimate of the surface tension using the Laplace test and its validation
using Eqs. (3.53) and (3.55) for the MP-LB model, is shown in Figure 3.7.

3.4.2 Modeling wettability

In this thesis, we are using the schemes proposed by Benzi et al.[73] and Huang
et al.[76] to the wettability of a solid in multi-phase and multico-mponent SC
model, respectively. In this section we only present results for the contact
angle modelling in the multi-phase SC model.
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Figure 3.8: Contact angle as a function of the wetting parameter for the SC
multi-phase model. Simulation parameters: Nx × Ny = 180 × 55, Gsc = −5,
τ = 1.

In the model proposed by Benzi et al. [73], the force between the wall and
the fluid is given by:

Fads = −Gscψ
∑
i

wiΨ(x + ciδt)ci, (3.56)

where Ψ(x′, t) = ψ(ρw) or ψ[ρ(x′, t)] if x′ is a wall node or fluid node. Here,
the parameter ρw is varied to control the equilibrium contact angle at the wall
in the liquid phase. The analytical estimate of the contact angle measured in
the liquid phase is given by [73]:

cos θe =

ys∫
yv

(∇ψ·n̂sv)2 dn−
y`∫
ys

(∇ψ·n̂s`)2 dn
y`∫
yv

(∇ψ·n̂`v)2 dn
, (3.57)

where n̂s`, n̂sv and n̂`v are the normal vectors along the solid-liquid, the solid-
vapor and the liquid-vapor interfaces. We adapt the numerical solution given
in [73] to approximate the integrals in Eq. (3.57), a comparison of the MP-LB
simulations to model the contact angle and Eq. (3.57) is shown in Figure 3.8.

The 2D MP LB simulations are initialized with a semicircular drop on
the plate, which changes its shape depending on the wetting parameter ρw.
No-slip boundary conditions are used for the walls parallel to each other and
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periodic boundary condition are used at other two boundaries. The contact
angle is measured by fitting a quadratic function to the interface profile at
the contact line. Here we use the threshold value of the density (ρ` + ρv)/2 to
approximate the interface profile. The error in the measurement of the contact
angle is ±5◦, which goes up to ±10◦ for the contact angle measurement close
to 0◦and 180◦.

While we do not include contact angle hysteresis in this thesis, the model
has been proposed to include it in the SC model [77].

3.5 Numerical artifacts in the LB method

3.5.1 Spurious velocities

The spurious velocities are a common inconvenience in diffuse interface models,
a review of the spurious velocity in different LB multi-phase models is shown
in [78], while a comparision between LB and phase field model can be found
in [79].

The spurious currents typically arises near curved interface, see Figure
3.9 (left panel). In the SC LB simulations they arises due to the insufficient
isotropy in calculating the density gradients [80]. Although, the spurious cur-
rents can be reduce by using higher order lattices [75], this approach make
the LB simulation more expensive [80]. A comparison of the magnitude of
the spurious velocity in the SC model using the Guo-forcing scheme and the
SC-forcing scheme is shown in Figure 3.9 (right panel).

3.5.2 The checker-board effect

If the hydrodynamic velocity or pressure fluctuation in a fluid simulations have
high frequency oscillations, the grid resolution used in the standard LB scheme
may not be sufficient to get a good approximation of the derivatives. These
inaccurate derivatives leads to inaccurate values of the equilibrium velocity,
which usually does not damp out in time: this numerical artifact is know as
the checker-board effect. In this section, we will discuss the Lax-Wendroff
(LW) streaming scheme proposed by Guo [81], to eliminate the checkerboard
effects.

The checkerboard effect for single phase and the multi-phase flow is shown
in the left and in the right panels of Figure 3.10, respectively. In some cases the
effect is found to be dependent on the parity of the number of grid points used
in the simulation. Even if we use a uniform density and velocity to initialize
the LB simulation, the checkerboard effect can still be induced by the bounce
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Figure 3.10: The checkerboard effect for single phase (left panel) and the
multi-phase (right panel) LB simulations. Simulation parameter (left panel):
Nx × Ny = Nx × 1, τ = 1. Simulation parameter (right panel): Nx × Ny =
Nx × 32, τ = 1, Gsc = −5. The parameter Cr used for the LW LB simulation
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using ρ = 1 and a perturbed velocity field u. The multi-phase simulation is
initialized using equilibrium densities and zero velocities. The LB simulation
performed using the LW scheme (shown by label LW) effectively eliminates
the checkerboard effect shown in the standard LB scheme.
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back boundary condition at the curved boundaries for single-phase flow. For
multi-phase flows the effect is usually triggered by spurious velocities at the
interface. A detailed study of the checkerboard effect in the LB method can
be fond in [81, 82]. Here we show the Lax-Wendroff (LW) scheme to eliminate
the checkerboard effects in the single and multi-phase LB simulations [81].

The LB Eq. (3.21) can be divided into two parts, collision and streaming:

∂fi
∂t

= − 1
τ ′
[
fi(x, t)− f eq(ρ,u)

]
, (3.58a)

∂fi
∂t

+ ci·∇fi = 0. (3.58b)

The approximate solution of Eq. (3.58a) is given by the explicit Euler method:

f ′i(x, t) = fi(x, t)−
δt′

τ ′
[
fi(x, t)− f eq(ρ,u)

]
. (3.59)

Using f ′i(x, t) as initial condition, the solution of Eq. (3.58b) is given by [81]:

fi(x, t+ δt′) = α−1f
′
i(x− eiδxi, t) + α0f

′
i(x, t) + α1f

′
i(x + eiδxi, t), (3.60)

where δt′ = Cr δt, α−1 = Cr(Cr + 1)/2, α0 = 1− Cr2 and α1 = Cr(Cr− 1)/2,
with Cr = ‖ci‖ δt/δxi and 0 < Cr ≤ 1. The CE expansion on the LW LB
scheme under appropriate conditions on velocity and lattice symmetry, results
in the incompressible NS equation, with kinematic viscosity [81]:

ν = c2
s δt
′
(
τ ′ − 1

2

)
. (3.61)

In order to have the same hydrodynamic viscosity as the standard LB model
in Eq. (3.25), we define τ ′ as:

τ ′ = 1
2 + 1

Cr

(
τ − 1

2

)
. (3.62)

For Cr = 1 we get τ ′ = τ , α−1 = 1, α0 = 0 and α1 = 0 and therefore the
Lax-Wendroff (LW) LB scheme reduces to the standard LB scheme, given by
Eq. (3.21). The results of the LB simulations using the LW scheme are shown
in Figure 3.10. For the LB simulations shown in this thesis we are using the
LW scheme with Cr = 0.999, which effectively removes the checkerboard effect
from the standard LB model.
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−Gsc ρ` ρv ρv/ρ` γ`v

−Gsc ≤ 4.0 ln(2) ln(2) 1 0
4.1 1.0043 0.4557 0.4537 0.0020
4.2 1.1558 0.3774 0.3265 0.0057
4.3 1.2806 0.3248 0.2536 0.0103
4.4 1.3915 0.2851 0.2049 0.0156
4.5 1.4935 0.2534 0.1697 0.0215
4.6 1.5892 0.2273 0.1430 0.0277
4.7 1.6799 0.2052 0.1221 0.0345
4.8 1.7668 0.1863 0.1054 0.0415
4.9 1.8505 0.1699 0.0918 0.0489
5.0 1.9314 0.1560 0.0808 0.0566
5.5 2.3067 0.1041 0.0451 0.0981
6.0 2.6500 0.0755 0.0285 0.1435
6.5 2.9695 0.0534 0.0180 0.1920
7.0 3.2600 0.0412 0.0126 0.2431

Table 3.1: Equilibrium liquid and vapor densities, density ratios and surface
tensions for different values of interaction parameter Gsc for the SC force
incorporation scheme. The value of the surface tension is evaluated using
Eq. (3.52) (τ = 1).
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4 | Plunging Plate Problem ∗

In this Chapter, we present the validation of the LB method for contact line motion
and for moving interfaces, and we compare it with the generalized lubrication (GL)
model. The Chapter is divided in the following two parts: in the first part, the static
and dynamical behavior of the contact line, between two fluids and a solid plate, has
been studied by means of the LB method. The different fluid phases and their contact
with the plate are simulated by means of the standard Shan-Chen (SC) model. We
study different regimes and compare the MC vs. the MP LB models near the contact
line. We qualitatively study the influence of wall and open boundary conditions on
the equilibrium shape of the meniscus, the boundary condition that model the free end
of the interface in our LB simulations. In the second part, we present the GL model
for the generic case of two fluids with arbitrary viscosity ratio and of a plate moving
in either direction (pulled or pushed in the bath). We find a good agreement between
the LB and GL simulations, particularly for small capillary numbers. The GL model
developed here includes non-zero air viscosity that allows us to study the dependence
of the critical capillary number for air entrainment on the other parameters in the
problem, i.e. contact angle and viscosity ratio.

4.1 Introduction

The motion of the contact line, the common boundary between a solid, a
liquid, and its equilibrium vapor, is key to several important applications like
coating, painting or oil recovery [21, 83, 84]. The dynamics of the contact line
has stimulated theoretical studies and experimental investigations [22, 85–
89]. The dynamics is controlled by a rather subtle competition between the
interfacial interactions amongst the three phases, the dissipation in the fluid,
and the geometrical or chemical patterning and irregularities of the surface.

∗Published as: S. Srivastava et al. A Study of Fluid Interfaces and Moving Contact Lines
Using the Lattice Boltzmann Method, Comm. Comput. Phys. 13, 725-740 (2012), and T.
S. Chan et al. Hydrodynamics of air entrainment by moving contact lines, Phys. Fluids 25,
074105 (2013).
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The first fundamental steps in the field are due to Landau and Levich [25]
and Deryaguin [26], who studied the problem of liquid film coating on a fully
wetting substrate (θe = 0, Figure 4.1, right panel red curve). In the case
of a wetting plate moving with velocity Up, one observes a film deposition
whose thickness is controlled by the balance between viscous forces and surface
tension. The relative effect of the viscous and the capillary force is measured
in terms of the capillary number, Ca = µ2Up/γ12, where µ2 is the dynamic
viscosity of fluid 2 and γ12 is the surface tension between two fluids. The sign
of the capillary number shown in Figure 4.1 indicates the direction of the plate
motion with respect to the x-axis. The thickness of this film hLLD is given
by Eq. (2.55). The film thickness and the problem is referred to as the “LLD
film” and “LLD problem” hereafter.

The problem of a liquid film coating was further investigated by de Gennes
[90] for the case of partial wetting. This problem is referred to as the “dip-
coating problem” hereafter. When the liquid partially wets the plate (0 <
θe < 180◦) with a non-vanishing dynamic contact angle, a steady state is
achieved only for the capillary number smaller than a certain critical value
Cac. Beyond the critical value of the capillary number (Ca > Cac) a film
of fluid 2 is deposits on the plate. More recently, it was shown that partial
wetting substrates allow for the existence of a second admissible solution for
the thickness of the film [86] and it was shown experimentally that in the
case a of partially-wetting plate, a remarkable ridge-like structure is produced
during the entrainment process [22]. The solution of the dip-coating problem
has also been generalized to non-Newtonian fluids by Tallmadge [91], plastic-
viscous fluids by Deryaguin and Levi [92], to include the effects of inertia by de
Ryck and Quere [93], as well as the effects of Marangoni stresses by Ramdane
and Quere [94].

Another case of interest is when the solid plate is plunged into the bath
instead of being pulled (see Figure 4.1, left panel). The dip-coating prob-
lem has got considerable attention in the past including some of the seminal
contributions form Landau, Deryaguin and Bretherton [25, 26, 95]. However,
much less is known about the reverse case (plate vertically pushed into the
liquid bath). In this thesis this problem is referred to as the plunging plate
problem. Similar to the dip-coating experiments, a dynamical wetting transi-
tion has been observed for the plunging plate problem. But instead of a liquid
film, the wetting transition now results into the entrainment of an air film or
air bubbles [96–101]. Despite the viscosity contrast between the liquid in the
reservoir and that of the surrounding air, the dynamics inside the air is very
important for this process. The perturbation analysis by Cox [27] suggested
that the critical speed is inversely proportional to the viscosity of the liquid,
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Figure 4.1: A schematic view of the plunging plate problem (left panel) and
the dip-coating problem (right panel). The gray rectangular region represents
a solid flat plate. The direction of the arrow drawn on the plate, represents
the direction of the plate motion. The middle panel shows the situation for
static plate Ca = 0, and the schematics for the LB simulation domain. The
position of the contact line has been emphasized by putting a red dot on it.

1/µ2, with logarithmic corrections due to the viscosity of the air, µ1. This
is similar to the scenario for air entrainment by viscous cusps [102], such as
observed for impacting liquid jets [103].

Recently, in the experiment of a plunging a plate into reservoirs of differ-
ent liquids Marchand et al. [98] observed that the dependence on µ2 is much
weaker than predicted; enforcing a power-law fit to their data would give a
small exponent, in between -1/2 and -1/3 rather than the expected -1. This
implies that air viscosity plays an important role on the onset of air entrain-
ment even if it is orders of magnitude smaller than the liquid viscosity. The
importance of air was already highlighted in similar dip-coating experiments,
where a reduction of the ambient pressure was shown to significantly enhance
the critical speed of entrainment [96].

In this Chapter, we present the LB simulations for the dip-coating and
the plunging plate problem. Here we consider a smooth, partially wettable,
chemically homogeneous and flat plate immersed in the pool of liquid (fluid
2, see Figure 4.1). We assume that the dynamic viscosity of fluid 1 (µ1) is
smaller or equal to the dynamic viscosity of fluid 2 (µ2), i.e., Rµ = µ1/µ2 ≤ 1,
the equilibrium contact angle (θe) is always measured in the fluid 2 and the
gravity g always acts along the x-axis. We use the dip-coating problem for the
validation of the MP and MC-LB simulations. The validation and the results
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from LB and GL simulations are divided into two parts.
In the first part of this Chapter, we present the numerical study based on

the multiphase Shan-Chen (MP) and the multicomponent Shan-Chen (MC)
versions of the LB method, and investigate the applicability of the LB method
to study the dynamics of the three phase contact line. We use the analytical
solution given by Eq. (2.53) to validate the the MP-LB and MC-LB models
for the static plate (Ca = 0).

The boundary conditions for simulation of the dip-coating and the plung-
ing plate problems should be employed at sufficiently large distance from the
contact line, so that they do not influence the meniscus shape and the inter-
face dynamics. However, the LB simulations need to be carried out in a finite
domain, and size of the domain influences the computational cost for the sim-
ulation. The infinite bath at the right boundary maps the setup to the LLD

Fluid 1

Fluid 2 Fluid 2

Fluid 1

Figure 4.2: Schematic of the streamlines when a solid plate is vertically pulled
out from fluid 1 into a fluid 2, and the stagnation points (red dots). The
plate is located at y = 0. Left panel: infinite bath along y-axis has only one
stagnation point (LLD problem). Right panel: a fictions wall placed in the
simulation at y = H has two stagnation points (Bretherton problem).

problem whereas a no-slip, neutral wetting, right boundary maps the setup
onto a problem similar to the Bretherton problem [95]. The fundamental geo-
metrical difference between the Bretherton and the LLD problems, a channel
instead of a semi-infinite bath, has important implications on the flow topol-
ogy, with one stagnation point for the LLD case versus two for the Bretherton
problem (see Figure 4.2). The open boundary conditions are more sensitive to
the initial conditions and takes much longer computational time to reach the
steady state. However, the no-slip boundary condition are computationally
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more efficient, but only applicable as long as the domain width (H) is much
larger then the capillary length (`c).

We show the boundary conditions that can be used to effectively reduce
the size of the flow domain and hence the computational cost per simulation.
In this part, we also discuss the limitations and applicability of the SC MP
model to study the plunging plate problem. In the last section of the first part,
we employ our LB model for the dip-coating and the plunging plate problem
for small capillary number and compare it with the GL model.

In the second part (starting from section 4.3), we present the generalized
lubrication (GL) model. The GL model presented here is an extension of the
LT model shown in section 2.4, that includes the MP character of the plunging
plate problem. We compare our LB simulations with the simulation form GL
model to ensure the validity of both GL and LB model for the dip-coating
as well as the plunging plate problem. Here we compare the interface shape,
deformation and the meniscus displacement between the two models till the
dynamical wetting transition takes place Ca = Cac. After this, the GL model
is used to study the plunging plate problem for small viscosity ratios, Rµ � 1.
Finally, we study the dependence of Cac on Rµ and the microscopic parameter
slip-length λs. Finally, we present a discussion on the comparison of the GL
model with the experiments and draw the conclusions from this Chapter.

4.2 LB simulations for the static and the moving
contact line

In this section, we present results from both the MP and the MC-LB simu-
lations. For the static case Up = 0, where Up is the plate velocity. We use
the Landau solution Eqn. (2.53) to benchmark the results from the LB sim-
ulations at varying the domain width, H, and the equilibrium contact angle,
θe. Furthermore, we also compare the interface profile in the LB simulations
using two different boundary conditions at boundary C. The numerical study
for the moving plate problem is divided into two parts: i.e., the dip-coating
problem (Up < 0) and the plunging plate problem (Up > 0). The steady state
interface profile obtained from the MC-LB simulations are compared with the
interface profile obtained from GL model (section 4.3.2).

We are using the Shan-Chen multiphase/multiphase LB method for the
LB simulations shown in this Chapter. The implementation details for the
method and the boundary conditions can be found in Chapter 3 of this thesis.
A schematics of the LB simulation domain is shown in Figure 4.1 (middle
panel). The size of the flow domain in the LB simulations is given byNx×Ny =
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L × H. We mimic an infinite bath at the boundaries B and D, by imposing
the pressure boundary conditions described in Section 3.3.3. The pressure
boundary conditions at boundary B and D are used to sustain the hydrostatic
pressure due to the weight of the liquid column. This allows us to control the
interface position inside the flow domain. At the boundary A, we impose a
no-slip wetting wall which moves with velocity Up. At the boundary C, we
either use an open boundary to mimic an infinite bath or a no-slip static wall.
From here onwards, the boundaries of the LB simulation domain: A, B, C and
D will be referred as to the left, bottom, right and top boundaries, respectively
(see Figure 4.1). We use the following coordinate transformation to compare
the interface profiles obtained in the LB simulation and the GL simulations:
x = (x − x0)/`c, y = y/`c, where x0 is the position of the contact line. The
contact line position is given by the intersection point of the three interfaces:
fluid 1 - fluid 2, fluid 1 - solid, fluid 2 - solid. Since the interface in the SC LB
model is diffused, we choose the threshold density (ρ1 + ρ2)/2 to approximate
the three interfaces.

For the MC-LB simulations, we need to solve two LB equations, one for
each component. The distribution function fi, relaxation parameter τ , density
ρ, velocity u, pressure p, kinematic viscosity ν and dynamic viscosity µ of the
two components are distinguished by suffix α and β. The physical properties
of fluid 1 and fluid 2 used in this Chapter are weighted average of the physical
properties of the two components α, β. The properties of two component
system in fluid 1 and 2 are represented by the suffixes ‘1’ and ‘2’, respectively.
Using these notations the density, the kinematic viscosity and the velocity for
the MC-LB simulations shown in this Chapter are defined as:

ρ1 =
∑

ξ∈{α,β}
ρ
ξ,1 , ρ2 =

∑
ξ∈{α,β}

ρ
ξ,2 , (4.1a)

ν1 =
∑

ξ∈{α,β}
νξρξ,1/ρ1, ν2 =

∑
ξ∈{α,β}

νξρξ,2/ρ2, (4.1b)

u1 =
∑

ξ∈{α,β}
uαρξ,1/ρ1, u2 =

∑
ξ∈{α,β}

uαρξ,2/ρ2, (4.1c)

where νξ = c2
s(τξ − 0.5), ξ = α, β. The pressure and the dynamic viscosity

can be calculated using the density and kinematic viscosities in the respective
fluids. The surface tension values for both the MP and MC simulations are
obtained using the Laplace test (section 3.4.1), and denoted by γ from here
onwards. The capillary length for the MC simulations is obtained using `c =√
γ/((ρα,1 − ρα,2)g), whereas for the MP simulations the capillary length has

been obtained using `c =
√
γ/((ρ1 − ρ2)g). Here ρ1, ρ2 are the densities of
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fluid 1 and fluid 2.
The viscosity ratio for the MP-LB simulation is same as the ratio of density,

i.e., Rµ = ρ1/ρ2, and for the MC-LB simulations is given by Rµ = µ1/µ2. For
the MP-LB simulations shown in this Chapter, we use τ = 1. For the MC-
LB simulations shown in the first part of this Chapter, we use τα = τβ = 1.
However, for the second part we change the relaxation parameter to get a
non-unit viscosity ratio. A detailed study of the LB model based on different
values of relaxation parameters is beyond the scope of this Chapter.

4.2.1 Static meniscus

As a first step we proceed with the validation of the LB method for the static
case (Ca = 0). We focus on both open and wall bounded baths and on both
the MP and MC models. In the case of the MP-LB model a body force g
applies everywhere. In the MP-LB the kinematic viscosity of two fluid phases
are the same and hence the dynamic viscosity ratio is given by, Rµ = ρ1/ρ2.
Moreover, the MP-LB method is restricted to compute interface dynamics
between two fluids with high density ratio (e.g. water in air). For the MC-
LB model, instead, the density ratio cannot be easily pushed to large values,
while the viscosity ratio can be taken easily to be of order unity. Thus it is
necessary to devise a different procedure to give rise to the static meniscus.
For the MC-LB simulation our approach consists in keeping the densities of
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Figure 4.3: A comparison of interface profiles for Ca = 0. (Left panel) Com-
parison of the analytical solution Eqn. (2.53), the MC-LB and the MP-LB
simulations for the no-slip boundary conditions at the right boundary. (Right
panel) Comparison of analytical solution Eqn. (2.53) and the MC-LB simula-
tions for two different boundary conditions on the right boundary.

the two component equal, therefore we apply pressure and gravity only on one
fluid component, ρα. In this test we validate this assumption by comparing
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the MC-LB simulation with the MP-LB simulation where we apply pressure
and gravity on both fluids.

The simulation parameters in lattice units, for the MP-LB simulation are:
system size L×H = 640× 256, Gsc = -6.0, ρ2 = ρ` = 2.65, ρ1 = ρv = 0.075,
τ = 1, ν = 0.1666, γ = 0.1444, body force g = 4.271×10−6, initial density
difference at bottom boundary ∆ρ = 0.027. The simulation parameters in
lattice units, for the MC-LB simulation are: System size L×H = 640× 256,
interaction parameterG(β,α)

sc = G
(α,β)
sc = −0.9, ρα,2 = ρ

β,1 = 0.06, ρ1,α = ρ
β,2 =

2.00 the initial densities, for both fluid components, relaxation parameters
τα = τβ = 1, body force g = 6.82×10−6, initial density difference at bottom
boundary is ∆ρα = 0.02, ∆ρβ = 0, the surface tension γ = 0.183 and the
dynamic viscosities µ1 = µ2 = 0.34. The capillary length and the equilibrium
contact angle for both the MP and MC simulations are the same and given by
`c = 114.73 and θe = 62◦ ± 5◦, respectively. The viscosity ratios for the MP
and the MC simulation is 0.03 and 1.0, respectively.

The result for this test show a very good agreement between the two ap-
proaches (Figure 4.3 (left panel)). This indicates that the both the MP and
the MC-LB models can be employed to study capillarity effects. We stress
here that the combined possibility to use either a MP or a MC-LB model is
key to investigate the meniscus dynamics at both large or small values for the
viscosity ratios.

In order to investigate the effect of boundary conditions at the right bound-
ary, we are using the open and the wall boundary conditions at the right
boundary. The implementation details of the open and the wall boundary
conditions in the LB method can be found in section 3.3.3 of this thesis. A
short description of the contact angle modeling in the MP and MC-LB model
can be found in section 3.4.2 of this thesis.

The first observation, using the open boundaries, is that this boundary
condition is very sensitive to the initialization and its convergence times are
extremely long. This is probably due to relatively slow velocity dissipation, as
compared to the no-slip boundary condition on the right boundary. Once the
interface reaches a stationary state we compare the profiles obtained with the
two boundary conditions. As shown in Figure 4.3 (right panel) the result from
the two simulations are in good agreement with each other as well as with the
Landau’s solution close to the contact line. To further validate the MC-LB for
the study of the static meniscus, we investigate systems with different bath
width, H (with respect to the capillary length, `c) and with different wall
wettability. We compare all these cases with the Landau’s solution Eq. (2.53).
The parameters used for the MC-LB simulations are same as the parameter
used for the previous MC simulation, except now we are varying the domain
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Figure 4.4: A comparison of interface profiles for Ca = 0. (Left panel)
The analytical solution Eqn. (2.53) (solid red curve) versus the MC-LB so-
lution for different channel width H and Rµ = 1. (Right panel) Vali-
dation of the LBM solution for different static contact angles against the
analytical solution Eqn. (2.53) (solid red curve). For the Landau’s so-
lution shown for different contact angle (right panel) we use the θe =
41◦, 53◦, 62◦, 70◦, 77◦, 117◦, 102◦ and 109◦ from bottom to top.

width H as shown in the left panel of Figure 4.4. As already stated, the body
force g and the pressure jump (∝ ∆ρα) to counter balance the hydrostatic
pressure are only applied on one fluid component (ρα). The results for the
test with different domain widths H are shown in Figure 4.4 (left panel). We
notice that close to the contact line the solution is always in good agreement
with the analytical solution, but only for larger system sizes the accuracy
extends up to well outside the static meniscus. In particular, the reference
simulation with width as large as H = 1024 is matching the analytic solution
well inside the domain.

The second validation involves the MC-LB simulation with different static
contact angles as shown in the right panel of Figure 4.4. The LBM results for
these tests are in good agreement with Landau’s solution Eqn. (2.53). Again,
the parameters used for the MC-LB simulations for this test is same as for the
simulation shown in Figure 4.4 (left panel), except here we fix H = 512 and
change the wetting parameter Gαads = −Gβads = -0.20, -0.15, -0.10, 0.10, 0.15,
0.20 and 0.30 to model different equilibrium contact angles.

4.2.2 Results for moving plate (dry regime)

In this section, we discuss the case when the plate is either pulled (Ca < 0)
or plunged (Ca > 0) into a liquid bath of viscosity µ2. For small capillary
number, one does not expect the formation of a liquid or gas film, we refer to
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this regime as to the dry regime. We report two sets of simulations for the
steady state interface profile for the case of a moving contact line.
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Figure 4.5: Comparison of the steady state interface profile between the MC-
LB (gray dots) and the GL simulations (solid red curve) for for Ca = −0.0187
(left panel) Ca = −0.0938 (right panel), for different H. For these simulation
Rµ = 1, and θe = 62.9◦.

In this first set of simulations we show the MC-LB simulations for the
dip-coating problem (Ca < 0), and compare these results against the GL
approximation (section 4.3.2). The MC-LB simulation parameters used here
are the same as the parameter used for the simulations shown in Figure 4.3
(left panel), except now the plate is moving with constant velocity (Up), in
the direction parallel but opposite to x-axis, and the density difference at the
bottom boundary is ∆ρα = 0.008,∆ρβ = 0.0. Figure 4.5 show the results for
Ca = −0.0187 (left panel) and Ca = −0.0938 (right panel) for differentH. The
MC-LB results are in good agreement, for higher H, with the corresponding
result from GL model with slip length λs = 10−3. We are using the no-slip
wall boundary condition on the right boundary for these simulations.

One can estimate a-priori that the slip length, λs, for the LB will be of
the order of one grid cell (in lattice units). For a quantitative comparison
between the LB and the GL simulations, one needs to tune the value of the
slip length in the two cases. We are doing this for one particular wall velocity
Up = 5 × 10−3 (see Figure 4.6, left panel). This value of λs for the GL was
then used for quantitative matching for all the higher values of the capillary
numbers.

In Figure 4.6 (left panel) we report the steady state interface profile in the
case of the plunging plate problem for Ca = 0.0187. To compare the simulation
from the LB and the GL model, we need the slip-length λs for the GL model.
In the case of the LB method, we can estimate λs as being in the order of
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Figure 4.6: (Left panel) Comparison of the steady state interface profile be-
tween the GL simulation for different λs and the MC-LB simulation (solid
red curve) with λs = 1/`c. (Right panel) Comparison of steady state inter-
face profile for different boundary conditions at the right boundary. For these
simulation Rµ = 1, θe = 62.9◦ and Ca = 0.0187.

one lattice cell; the agreement with the GL model is quite good once λs is
better tuned (roughly a factor 3 with respect to our estimate). In Figure 4.6
(right panel), we show that for Ca = 0.0187 the interface profile obtained in
the LB simulations is sensitive to the boundary conditions used on the right
boundary of the flow domain. It is further shown in Figure 4.7 (left panel),
that the LB simulations converge quite rapidly to the solution for an infinite
bath obtained from the GL model, similar to what was found for the case of a
static wall. However, when the capillary number is increased (Ca = 0.0374),
see Figure 4.7 (right panel), we not only observe important deviations from
the GL simulation, but also significant dependence on the width H.

4.2.3 Limitations and applicability

In this section we discuss some of the issues that emerge when using MP
and MC-LB models to the dip-coating and the plunging plate problem. To
study these two problems, one is interested in small (|Ca| � 1), as well as
in large values of the capillary numbers i.e., |Ca| ≈ Cac, where Cac is the
critical capillary number. There are constraints on the possibility to increase
the capillary number within the LB method: the increase of the plate velocity
cannot be pushed too close to the lattice sound speed; the viscosity cannot
be increased too much, otherwise LB model becomes collision-less. The value
of the surface tension in both the MP and MC model monotonically increases
with the magnitude of the interaction strength (Gsc, G(ξ,ξ)

sc , ξ = α, β). In order
to get smaller values of surface tension, we need to decrease the magnitude Gsc
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Figure 4.7: (Left panel) Comparison between the GL simulation (solid red
curve) and the MC-LB simulations at Ca = 0.0187 and varying H. (Right
panel) Same as in the left panel but for Ca = 0.0374. For these simulation Rµ
= 1, and θe = 62.9◦.

in the MP-LB and G(ξ,ξ)
sc (ξ = α, β) in the MC-LB. This leads to high diffusivity

of fluids in the the MC model [76, 104] and high condensation/evaporation of
vapor/liquid in the MP model [105] (see Figure 4.8, right panel). Hence we
can not decrease the surface tension too much while avoiding the undesirable
effects at the same time.

A common inconvenience with the SC LB model [9, 10] (as well as Cahn-
Hilliard models [79]) is the spurious velocity in the vicinity of the interface
(see Figure 3.9). These spurious velocities arise due to insufficient isotropy in
the calculation of the density gradient. Despite these spurious velocities at the
interface, the Shan-Chen MP and MC-LBM models have shown a very good
agreement with the sharp interface models [35]. Figure 4.9 shows that despite
the discontinuity at the interface the velocity field in MC SC LBM is in good
agreement with the Huh-Scriven model [20]. The wedge angle in Huh-Scriven
model [20] is the angle made by the straight interface with the plate in the
fluid 1.

Another issue with the standard SC model is that the surface tension,
density ratio and the spurious velocities depends on the magnitude of the
interaction strength, cannot be changed independent of each other.

For some of these issues partial solutions have been proposed, e.g., the use
of multi-range models can provide an independent, and thus more flexible,
control of the density ratio and surface tension [75], but this involves reverting
to more complex LB methods than the usual first-neighbor SC model.

Using the collocated grid for pressure and velocity fields in LB can also pro-
duce spurious checker-board oscillations of important amplitude [81]. These
oscillations may be controlled by reverting to a Lax-Wendroff streaming scheme
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Figure 4.8: The velocity field (black arrows) and interface position (solid red
curve) near the contact line for: the Huh-Scriven (HS) model (left panel,
Rµ = 1, θw = 84◦), the MC-LB simulation (middle panel, Rµ = 1, θe = 62◦),
and the MP-LB simulation (right panel, with Rµ = 0.17, θe = 62◦). In all
three cases, the plate is moving with velocity Up = 0.01, and the capillary
length for the MP and MC-LB simulations is 114 LU. The MP-LB simulation
shows a significant mass flux across the interface (right panel), which is absent
in the case of the MC-LB simulation (middle panel).
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Figure 4.9: Comparison of velocity u(x, 10) (left panel), and v(x, 10) (right
panel) between the MC-LB, and the HS solution shown in Figure 4.8. The
discontinuity in the velocity field for the MC-LB simulations is due to the
spurious velocities at the interface.

(section 3.5.2). The presence of an open boundary poses important issues for
what concerns the stability, the convergence and thus the usability of the
method.

In conclusion, we can say that the multicomponent Shan-Chen LB method
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is a suitable tool to investigate a two fluid system with nearly equal viscosities,
for both dip-coating and the plunging plate problem. The multiphase Shan-
Chen LB method is a suitable tool to study the dip-coating problem and the
plunging plate problem with low viscosity ratio. However, due to enhanced
mass flux across the interface at higher capillary number, it is not possible to
obtain the wetting transition in the plunging plate problem using the standard
MP-LB model [33]. We will see this result in the next part of this Chapter.

Note: For the rest of this Chapter, we will use radian [rad] to measure angle.

4.3 Hydrodynamics of air entrainment by moving
contact lines

In this section, we provide a new framework to study air entrainment by ad-
vancing contact lines, in which the two-phase character of the flow is taken
into account. The usual lubrication approximation is valid for small equilib-
rium contact angles and does not take into account the flow inside the gas (see
section 2.4). Since both assumptions are no longer valid near the onset of air
entrainment, we extend the lubrication approximation such that it allows for
large angles and a nonzero gas viscosity. This generalized lubrication (GL)
theory is validated by comparison to the lattice Boltzmann simulations. We
show that the meniscus shapes obtained from the GL model agree well with
the simulations. Note, however, that such simulations are limited in terms of
viscosity ratio and spatial resolution (i.e. the separation between the capillary
length and the microscopic cutoff given by the interface width or, equivalently,
by the effective slip length [35]), and cannot achieve experimental conditions
for air entrainment. The generalized lubrication model developed and studied
here, incorporates the effect of the air viscosity µ1. This make the GL model a
better choice for understanding the experiments for the plunging plate prob-
lem. Moreover, the model can be used to explore the parameter space, i.e.,
the contact angle and the arbitrary small viscosity ratio.

4.3.1 Formulation of the problem

We consider a smooth, chemically homogeneous solid plate translating across
an interface of two immiscible fluids at a constant speed Up (positive/negative
for plunging/withdrawing). As sketched in Figure 4.10, the two liquids are
contained in a reservoir much larger than all the lengths of the problem and
the plate can be inclined to an angle α = π/2. If the plate is not moving
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Fluid 1

Fluid 2

Figure 4.10: Schematic diagram showing a plate moving with speed Up with
respect to an interface of two immiscible fluids. The plate has an inclination
α, here drawn with α = π/2 for the case of a vertical plate. The interface
touches the wall at the contact line with an angle assumed to be the same as
the equilibrium contact angle θe. The meniscus profile is described by h(s)
or the local angle θ(s), where s is the arc length of the interface measured
from the contact line. The total meniscus deformation is quantified by ∆, the
distance between the contact line and the level of the bath.
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(Up = 0) there is no flow in the fluids, and the interface equilibrates to a
static shape due to the balance between the capillary and gravity forces (see
section 2.4). The interface makes an equilibrium angle θe with the solid as a
result of intermolecular interaction between the three phases at the contact
line. Neglecting the contact angle hysteresis, θe takes a well-defined value
determined by Young’s law. The contact line equilibrates at a distance ∆
from the bath, which can be expressed as

∆ = ±`c
√

2 (1− cos(α− θe)). (4.2)

Here, `c =
√
γ/((ρ2 − ρ1)g), is the capillary length, determined by the surface

tension γ, gravity g and the density difference ρ2 − ρ1. The ± sign depends
on whether θe is smaller (+) or larger (-) than the plate inclination α. When
addressing the transition to air entrainment, we will consider the upper fluid
1 in Figure 4.10 to be gaseous, while fluid 2 is a liquid. We therefore use
subscripts ‘`’ and ‘g’ to indicate liquid and gas phase, respectively.

When the plate is moving, the viscous drag generated by the moving plate
gradually deforms the interface between the two fluids (fluid 1 and 2, see
Figure 4.10). As long as the speed of the plate is lower than a threshold
value, the meniscus equilibrates at a new distance ∆ from the bath level. For
positive Up the plate is moving downwards so that ∆ is lower than the static
equilibrium height, while the opposite holds for negative Up. The contact
line is assumed to be straight so that the problem can be treated as two-
dimensional. The interface is described by the film thickness profile h(s). The
origin (x, y) = (0, 0) is chosen at the contact line. When the plate is moving
beyond a critical speed, the meniscus can no longer equilibrate to a steady
state. In the case of receding contact lines this leads to the deposition of
a liquid film [22, 106–111], while air will be entrained for advancing contact
lines [96–100, 112–114].

In this Chapter, we only focus on viscous flows, for which the Reynolds
number is assumed to be zero. Thus, for incompressible fluids the flow in the
two phases is described by the Stokes’ equation and the continuity equation,
i.e.,:

µg∇2ug −∇pg −∇Φg = 0, ∇·ug = 0, (4.3)

and
µ`∇2u` −∇p` −∇Φ` = 0, ∇·u` = 0, (4.4)

where ug ≡ (ug, vg) and u` ≡ (u`, v`), pg and p`, Φg = −ρg g x, and Φ` =
−ρ` g x, are the corresponding velocity fields, pressures and gravitational po-
tentials in the gas and the liquid phases, respectively. When considering air
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entrainment, the dynamic viscosity of the gas and the liquid phases are µg
and µ`, respectively. The relative viscosity is expressed by the viscosity ratio
Rµ = µg/µ` which, in practical situations, can be very small, e.g., the viscosity
ratio between the air and the water at room temperature is Rµ ≈ 10−3.

To solve for the velocity fields and the interface shape, we need to spec-
ify appropriate boundary conditions at the flow domain and the liquid-gas
interface, respectively. At the steady interface, the velocities parallel to the
interface ut are continuous and the velocities normal to the interface un vanish,
so

ut
g = ut

` (4.5a)
and

un
g = un

` = 0. (4.5b)
In each phase, we define the normal stress, σn ≡ (σn̂)·n̂, at the interface,
where n̂ is the unit vector normal to the interface and the stress tensor σ is
defined as (in cartesian coordinates)

σij ≡ −pδij + µ

(
∂ui
∂xj

+ ∂uj
∂xi

)
. (4.6)

The normal stress discontinuity across the interface is related to the curvature
κ and to the surface tension γ by Laplace’s law

σn
` − σn

g = γκ. (4.7)

By contrast, the tangential stress component, σt ≡ (σn̂)·t̂, is continuous
across the interface,

σt
g = σt

`. (4.8)
At the boundary y = 0, the velocity normal to the wall vanishes in the gas
and liquid phases, as no penetration of fluid through the solid is allowed, i.e.

v`(x, 0) = 0, vg(x, 0) = 0. (4.9)

Regarding the velocity component parallel to the wall, u`(x, 0), ug(x, 0), the
situation is more subtle because of the moving contact line singularity [19, 20]:
imposing a no-slip boundary condition leads to diverging stress fields and
calls for a microscopic mechanism of regularization. In this Chapter, we use
two independent approaches to solve the flow equations (GL and LB), which
naturally involve different regularizations of the singularity at the contact line.
The microscopic boundary condition will therefore be discussed separately
below.

In the following section we present the generalized Lubrication (GL) model
to determine the meniscus shape sketched in Figure 4.10.
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4.3.2 Generalized lubrication model

The lubrication approximation has been a very efficient framework to deal
with thin film flows [21]. This systematic reduction of the NS equations is
very suitable for numerical simulations and in many cases allows for analytical
results [19]. It is usually derived for flows that involve a single phase that
constitutes a “thin” film, with the slopes |dh/dx| � 1. However, the expansion
parameter underlying the analysis is not the interface slope, but the capillary
number Ca = Upµ`/γ [21]. This means that a lubrication-type analysis can be
performed whenever surface tension dominates over viscosity. Indeed, it was
shown in [22] that the lubrication approximation can be generalized to large
interface angles θ, giving a perfect agreement with the perturbation results
by Voinov [29] and Cox [27]. Here we further extend this approach by taking
into account, besides of the effect of a large slope, also of the viscous flows
on both sides of the interface. The goal is to provide a model that can deal
with moving contact lines in cases where both phases are important (as in
Figure 4.10). In particular, this will allow us to study the air entrainment
transition. Let us now derive this generalized lubrication model. According to
Eq. (4.7) (Laplace law), the interface curvature κ is determined by the normal
stress difference across the interface. In curvilinear coordinate, curvature is
given by:

κ = dθ
ds , (4.10)

where θ is the local interface angle, s the arc length measured from the contact
line, i.e., at s = 0 at the contact line (see Figure 4.10). The normal stresses
have to be determined from the flows in the fluids, which themselves depend
on the shape of the interface. For the usual lubrication theory in which the
interface slope is small, the leading order contribution to the flow reduces to a
parabolic Poiseuille flow inside the film. This can be generalized to two-phase
flows and large interface slopes: as long as the capillary number is small, the
interface curvature is small as well and the leading order velocity field is given
by the flow in a wedge (Figure 4.11). The wedge solutions have been obtained
analytically by Huh and Scriven (HS) [20], for any viscosity ratio Rµ and for
any wedge angle θw. Figure 4.11 shows the corresponding streamlines. Based
on these exact solutions, the local normal stress can be determined, thus giving
the local curvature of the interface through Eq. (4.7).

We denote the quantities derived from the Huh-Scriven solutions by capital
symbols, e.g., the normal stress is denoted by Σn, velocity by U and pressure
by P . For the HS model, the anisotropic part of the normal stress at the
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interface vanishes so that
Σn = −P. (4.11)

Approximating the normal stresses by the HS solutions, Eq. (4.7) becomes

γ
dθ
ds = Σn

` − Σn
g = Pg − P`. (4.12)

Since Pg − P` is defined up to an integration constant, it is convenient to
differentiate Eq. (4.12) once with respect to s, giving

γ
d2θ

ds2 = dPg
ds −

dP`
ds = (∇Pg −∇P`)int ·ês. (4.13)

where
ês =

(dx
ds ,

dy
ds

)
,

is the unit vector tangent to the interface, i.e., ês = t̂ (see Figure 4.10). The
index “int” indicates that the quantities inside the brackets are to be evaluated
on the interface.

When Stokes equation (4.3) is applied, Eq. (4.13) can be rephrased in
terms of velocity field obtained from the HS model

γ
d2θ

ds2 =
(
µg∇2Ug − µ`∇2U` −∇(Φg − Φ`)

)
int

·ês. (4.14)

The viscous contributions on the right hand side can be expressed in terms of
Rµ and θ in the form

µ`

(
µg
µ`
∇2Ug −∇2U`

)
int

·ês = 3µ`Upf(θ,Rµ)
h2 , (4.15)

where

f(θ,Rµ) ≡
2 sin3 θ[R2

µ f1(θ) + 2Rµf3(θ) + f1(π − θ)]
3[Rµ f1(θ)f2(π − θ)− f1(π − θ)f2(θ)]

f1(θ) ≡ θ2 − sin2 θ

f2(θ) ≡ θ − sin θ cos θ
f3(θ) ≡ (θ(π − θ) + sin2 θ).

(4.16)

The gravity terms in (4.14) can be simplified to

∇ (Φg − Φ`)int ·ês = −(ρ` − ρg)g sin(θ − α). (4.17)
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Substituting Eq. (4.15) and Eq. (4.17) into Eq. (4.14) gives a generalized
form of the lubrication equation, which after scaling all lengths with the cap-
illary length `c becomes

d2θ

ds2 = 3Ca
h2 f(θ,Rµ) + sin(θ − α). (4.18)

In the remainder we will use the same symbols for rescaled lengths. Once
more, the capillary number is defined based on the viscosity of the liquid, Ca =
µ`Up/γ. This equation must be complemented by the geometrical relations

dh
ds = sin θ, dx

ds = cos θ (4.19)

Note that for all numerical examples in the rest of the Chapter, we consider a
vertical plate, for which α = π/2.

One easily verifies that for Rµ = 0, α = π/2 and θ → 0, f(0, 0) = −1 and
(4.18) the standard LT equation for small slopes (see Eq. (2.51)) is recovered:

d3h

dx3 = 3Ca
h2 − 1. (4.20)

When considering a single phase with arbitrary angle, one recovers the equa-
tion previously proposed in [23, Eq. (14)], with f(θ, 0) instead of f(θ,Rµ).

It is important to note that Eq. (4.18) is derived from the solution of the
HS model with no-slip boundary condition at the plate. Near the contact line,
this induces a divergence of the pressure and of the shear stress, which scale
as µ`Up/h and µgUp/h in the liquid and the gas, respectively. A purely hydro-
dynamic approach to regularize the singularity is to impose a slip boundary
condition on the solid wall. Unfortunately, there is no direct extension of the
HS model, which solves the Stokes’ equation in a wedge satisfying both the
slip boundary condition and the condition of bounded velocity [20]. However,
as contact line flows are only mildly affected by the details of the microscopic
conditions [19, 115], we proceed by a phenomenological regularization. We
therefore consider the standard lubrication equation, which can be derived
including a Navier slip boundary condition. The regularized LT equation is
given by:

d3h

dx3 = 3Ca
h(h+ 3λs)

− 1, (4.21)

where λs is the slip length (see section 2.4). In comparison to (4.20), the effect
of slip can be summarized by a correction factor h/(h + 3λs) for the viscous
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Figure 4.11: Streamlines showing the solution obtained form the HS model for
the flow in a wedge of angle θw = 0.83π, Rµ = 10−3 and Up = 1. The wedge
angle in this case is close to π. This flow solution has been used here to derive
the GL model.

term. Indeed, this weakens the singularity such that the equations can be
integrated to h = 0 [116]. We simply propose to use the same regularization
factor for the viscous term in (4.18):

d2θ

ds2 = 3Ca
h(h+ 3λs)

f(θ,Rµ)− cos θ, (4.22)

where we have assumed the slip length to be independent of Rµ. Finally, in
order obtain the complete information of the steady state interface profile, we
solve the following system of ordinary differential equations:

dκ
ds = 3Ca

h(h+ 3λs)
f(θ,Rµ)− cos θ, (4.23a)

dθ
ds = κ, (4.23b)

dh
ds = sin θ, (4.23c)

dx
ds = cos θ. (4.23d)
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In order to obtain a unique solution of Eq. (4.23) for the given Ca, Rµ, θe and
λs, we need initial conditions on h, x, θ and κ at s = 0. The initial condition
on h, x and θ can be obtained by the choice of our reference frame:

h(0) = 0, x(0) = 0, θ(0) = θe, κ(0) = κ0. (4.24)

However, κ0 is not known in advance. To fix the value of κ0 and to obtain a
unique solution of Eq. (4.23), we use the constraint that far from the contact
line the interface remains flat i.e.:

θ(s→∞) = π/2, (4.25)

(see Figure 4.10). We solve Eq. (4.23) with the boundary conditions given by
Eq. (4.24) for arbitrary values of κ0 until the constraint Eq. (4.25) is satisfied.
In the following sections, we use the explicit 4th order Runge-Kutta numer-
ical scheme, to compute the shape of the meniscus for different parameters
(θe, Rµ, λs).

4.4 Comparing the GL and LB simulations
In this section we compare the results of the GL model and the LB method.
Since the latter are limited to moderate viscosity ratios Rµ, the comparison
is done for Rµ=0.03, 0.83 and 1. We further explore the parameter space
in section 4.3.2, using only the GL model. The results for this section are
computed for θe=π/2 and α = π/2.

The LB simulations are performed using the LB simulation setup that we
established and validated in the first part of this Chapter. However, for the
LB simulations shown in the rest of this Chapter, we restrict ourself to the
no-slip/no-wetting boundary condition at the right boundary. Let us stress
that all LB methods, independent of the underlying kinetic model, describe the
multi-phase or the multi-component dynamics via a diffuse interface approach.
There exist therefore a natural regularizing microscopic length which is of the
order of the interface width, typically a few grid points. Such a length scale is
also of the order of the effective slip length, λs, that must be used whenever
a quantitative comparison between the hydrodynamical behavior of the LB
and the evolution of the equivalent Navier-Stokes system is made, as shown
for example recently in [35].

4.4.1 Meniscus rise

We first compare the meniscus rise ∆ for viscosity ratios Rµ = 0.03, 0.83 and
1 in Figure 4.12. When the plate is at rest, Ca = 0, the meniscus is perfectly



4.4. Comparing the GL and LB simulations 75

horizontal, i.e., ∆ = 0, due to the choice of θe and α. Let us first consider the
case where both liquids have identical viscosity, Rµ = 1, but are still immiscible
due to the nonzero surface tension. This case is perfectly symmetric in the
sense that Ca→ −Ca gives ∆→ −∆: there is no difference between plunging
and withdrawing. This symmetry is indeed observed in Figure 4.12. Blue
circles represent the LB simulations, while the dash-dotted line is the GL
model. We use this symmetric case to calibrate the microscopic parameter
of the GL model. A nearly perfect fit is achieved for slip length λs = 0.002,
which is a reasonable value given that the grid size used in the LB simulation
is 0.01. As Ca increases, the viscous forces increasingly deform the interface,
leading to a change in ∆.

It is interesting to see to what extent the same microscopic parameter λs is
able to describe different viscosity ratios. We first mildly decrease the viscosity
ratio to Rµ = 0.83 and still find a very good agreement between LB and the
GL (red squares and dotted line respectively). With respect to the case Rµ = 1
we see that |∆| is slightly smaller at a given value of Ca. This means that
for the same speed, the meniscus is deformed by a smaller amount due to the
lower viscosity of the upper phase. When further decreasing the viscosity ratio
to Rµ = 0.03 (green diamonds, dashed line), some differences between LB and
GL become apparent (the same value for λs is maintained). The meniscus in
GL is systematically below the value obtained in LB. A possible explanation
for this difference is the sensitivity of the result on the microscopic contact
angle imposed as a boundary condition. Still, both models agree reasonably
well and display very similar trends. In particular, we find that much larger
values of Ca can be achieved due to the strong reduction of the viscosity in the
upper phase. This effect is most pronounced for the plunging case, for which
the liquid is advancing. This is consistent with experimental observations that
advancing contact lines can move much more rapidly than receding contact
lines [18, 19, 98]. The breakdown of the steady solutions, which signals the
transition to air/liquid entrainment, will be discussed in details in section 4.3.2.

4.4.2 Shape of the meniscus

A much more detailed test for the two models is to investigate the detailed
structure of the interface: How well do the shapes of the menisci compare
between GL and LB? In Figure 4.13, we show the dynamical meniscus profiles
for Ca = 1.9× 10−2, 2.8× 10−2 and 3.6× 10−2, in the case of equal viscosities,
Rµ = 1. Note that the contact line position is held constant at x = 0, so
that the bath appears at different heights due to the increase in magnitude
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Figure 4.12: (Color online) Meniscus rise ∆ as a function of Ca for θe =
π/2. Ca is negative/positive when the plate is moving upward/downward.
Symbols: results of lattice Boltzmann (LB) simulation. Curves: results of the
lubrication-type (GL) model with a slip length λs = 2× 10−3. All lengths are
scaled by the capillary length `c.

of ∆ with speed. The agreement of the results of the GL model and the LB
simulations is very good, in particular for Ca = 1.9 × 10−2 and 2.8 × 10−2,
even down to the contact line region (Figure 4.13b). For larger plate velocities
some differences become apparent. These differences may be due to different
reasons. First, one has to notice that a large Ca is also accompanied by a
large viscous stress contribution, leading to a larger bending of the interface
and therefore to the possibility to leave the realm of applicability of the GL
model. Second, as said, in the LB approach the effective slip length is an
output and not an input as for the GL method, and it is not clear that one
would need a finer tuning of it as a function of the capillary number, in order
to match the GL behavior.

An even more detailed characterization of the meniscus shape is provided
by the local angle of the interface θ vs h, see Figure 4.14. Clearly, both the
GL model and the LB simulation exhibit the same nontrivial variation of the
contact angle. At small scales, the angle approaches θe = π/2, while at large
scale the meniscus evolves towards the reservoir θ = α = π/2. In between, the
angle changes significantly due to the well-known effect of “viscous bending”
[19]: the balance of viscosity and surface tension leads to a curvature of the
interface. Very similar variations of the meniscus angle have been obtained
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Figure 4.13: (Color online) Dynamical meniscus profiles −x vs h for Rµ = 1
(θe = π/2 and λs = 0.002 for the GL model, lattice separation = 0.01 for the
LB simulation). All lengths have been scaled by the capillary length. The
contact line is at x = 0 so that the bath is at different x for different Ca. (a)
Solid curves: results of GL model. Dots: results of LB simulation. (b) Zoom
on the contact line region.

experimentally [117].
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Figure 4.14: (Color online) Local meniscus angle θ (rad) vs h for Rµ = 1.
Identical parameters as in Figure 4.13.
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4.5 Maximum speeds and transition to air entrain-
ment

In this section and for the result of this Chapter, we discuss the physics of
air entrainment in the case of a plunging plate (Ca > 0) using the GL model.
For realistic situations the viscosity ratio Rµ is typically very small, of order
10−2 for water and much smaller for very viscous liquids. This regime can
be accessed by the GL model only, as LB is restricted to moderate viscosity
contrasts. In the first part of this section we discuss how the transition to air
entrainment is captured in our model in terms of a bifurcation diagram. Next,
we study the effect of viscosity ratio on the critical speed. In the last part
we investigate how the critical speed depends on the microscopic parameters
such as the slip length and the static contact angle.

4.5.1 Maximum speed for advancing contact lines

We first consider the case where the equilibrium contact angle is close to
π. For such a hydrophobic substrate we expect air entrainment to occur at
relatively small Ca [99, 100], and therefore relatively weak curvature of the
interface. This is important, since the assumption underlying the GL model is
that the interface curvature is weak [22]. We will therefore focus on θe = 2.8
and explicitly verify how strongly the interface is curved for the numerical
solutions using the GL model. Figure 4.15 shows the drop of the meniscus
∆ as function of Ca for a viscosity ratio Rµ = 10−2 (λs = 10−5, i.e., of the
order of 10 nm). As Ca increases, the contact line equilibrates at a lower
position resulting in a more negative value of ∆. However, when Ca achieves
a certain critical value, stationary solutions cease to exist. This corresponds
to a maximum plate velocity, or critical capillary number Cac. By analogy to
deposition of liquid films for plate withdrawal [22, 86, 110, 111, 118], this can
be identified as the onset of air entrainment: above Cac, unsteady solutions
will develop, with a downward motion of the contact line [98]. As can be seen
in Figure 4.15, the critical point arises close to ∆ = −

√
2, which according

to (4.2) corresponds to a meniscus with apparent contact angle π. This is
the analogue of the withdrawal case, for which ∆ = +

√
2 and the apparent

contact angle vanishes at the transition [107, 110]. Note that viscous effects
push the system slightly below this maximum extent of deformation for a
perfectly static meniscus, with the critical point slightly below ∆ = −

√
2.

Interestingly, for a range of speeds Ca < Cac one actually finds more than
one solution (Figure 4.15). Upon decreasing ∆, the capillary number first
increases and then decreases close to the critical point. We refer to the solution
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Figure 4.15: Meniscus fall ∆ versus Ca (θe = 2.8 , Rµ = 10−2, λs = 10−5). The
horizontal dashed line indicates the minimum value of ∆ for a static meniscus
(∆ = −

√
2, with θe = π), and the vertical dashed line indicates the critical

capillary number (Cac = 0.0182).

branches around Cac as the upper and lower branch respectively. Once again,
an identical bifurcation structure was previously observed for the withdrawing
plate case [110, 119, 120]. To compare these two types of solutions, we show
the corresponding meniscus profiles for Ca = 1.7× 10−2 in Figure 4.16. At a
large distance from the contact line, the solutions are almost identical in shape.
Zooming in on the contact line region, however, we see the lower branch (red
dashed curve) solution displays a “finger” that explains the larger magnitude
of ∆ with respect to the upper branch.

4.5.2 Effect of viscosity ratio

A key parameter for the transition to air entrainment is the viscosity ratio
Rµ. Figure 4.17 shows the meniscus fall ∆ as function of Ca for different
viscosity ratios: Rµ = 0, 10−4, 10−3 and 10−2. At Ca = 0, all cases have the
same value of ∆ = −1.15 corresponding to a static bath with contact angle
θe = 2.8. Now we consider the result for Rµ = 0, for which there are no
viscous effects in the air (µg = 0). We observe that ∆ decreases with Ca,
but without any bifurcation. It appears that steady meniscus solutions can be
sustained up to arbitrarily large plate velocities. In fact, the curve is consistent
with the scaling ∆ ∼ −

√
Ca at large Ca, corresponding to a simple balance

between gravity and viscosity. For Rµ 6= 0, however, the situation becomes
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Figure 4.16: (Color online) Meniscus profiles for the upper branch (black solid
curve) and the lower branch (red dashed curve) solutions for Ca = 1.7× 10−2

(θe = 2.8, Rµ = 10−2, λs = 10−5). Here we define z = ∆ − x. So the bath
level is at z = 0.
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Figure 4.17: (Color online) Meniscus fall ∆ versus Ca for different viscosity
ratios (θe = 2.8 , λs = 10−5). For the case the gas phase has no viscosity,
Rµ = 0, steady-state menisci can be maintained to arbitrarily large velocity
(within our numerical resolution).
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Figure 4.18: (Color online) Critical capillary number Cac versus viscosity ratio
Rµ for different slip lengths λs (θe = 2.8). The dashed line indicates a power
law with exponent -1, which is valid for large Rµ.

fundamentally different. While the curves follow the same trend as for Rµ = 0
at small Ca, a deviation appears at larger speeds that ultimately leads to a
critical point. Each nonzero viscosity ratio has a well-defined critical speed,
with Cac increasing when the viscosity ratio Rµ is reduced.

These observations can be interpreted as follows. As long as the viscosity
of the air has a negligible effect on the flow, the curves are indistinguishable
from the case Rµ = 0. Deviations from the Rµ = 0 curve signal that the
air flow starts to influence the shape of the meniscus. Physically, this arises
because the interface slope approaches π, leaving only a narrow wedge angle
for the air flow. Figure 4.11 illustrates that the recirculation in the air induces
significant velocity gradients: despite the small air viscosity, the stresses in the
small wedge of air become comparable to those in the liquid. Mathematically,
this can be derived from the function f(θ,Rµ) as defined in (4.16). For small
Rµ, θ close to π and the Taylor’s series, we can approximate:

f(θ,Rµ) ' f(θ, 0)− 4Rµ ' −
2(π − θ)3

3π − 4Rµ (4.26)

as long as π−θ � 2πRµ (see appendix I). For θ very close to π, f(θ,Rµ) has a
different asymptotic form, see the appendix for details. The first term in (4.26)
represents the (relative) viscous contribution inside the liquid, which vanishes
in the limit θ → π. The second term represents the viscous contribution in
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the air, which will be significant once (π− θ) ∼ R1/3
µ . Noting that the contact

line is receding from the point of view of the air phase, one understands that
a critical speed appears when the effect of the air becomes important.

From here onwards, we adapt the following notions to represent the dip-
coating problem: The direction of plate motion is along x-axis (see Figure
4.10). However for the dip-coating problem the viscosity ratio Rµ = µ1/µ2 ≥
1, and the equilibrium contact angle is given by (π − θe). The notations used
for the plunging plate problem remains same as before.

The dependence of the critical capillary number Cac on the viscosity ratio
Rµ is shown in Figure 4.18 (for various slip lengths). First we consider the
limit Rµ � 1, for which the upper fluid is actually much more viscous than
the bottom fluid. This is the usual case of a receding contact line that is
completely dominated by the upper (receding) phase. In this limit we expect
the critical plate velocity (U∗p) to scale with the viscosity of the upper phase
(µ1), such that U∗p ∼ γ/µ1. Since we have defined the capillary number based
on the viscosity µ2, we obtain Cac ≡ U∗p µ2/γ ∼ R−1

µ . This is indeed observed
in Figure 4.18 at Rµ � 1. However, our main interest here lies in the opposite
limit, i.e., Rµ � 1, as for air entrainment. As already mentioned, the critical
capillary number seems to increase indefinitely by reducing the viscosity ratio.
This suggests that for the limiting case of Rµ = 0, steady menisci can be
sustained at arbitrarily large capillary numbers. Our numerical resolution
does not allow for a perfect determination of the asymptotics for Rµ � 1.
Enforcing a power law fit, Cac ∼ (Rµ)β, in the range Rµ = 10−4 − 10−1, one
obtains β = −0.67. This (effective) exponent suggests that both phases play
an important role in determining the critical speed. Namely, the exponent
would be β = −1 if only µ1 were important, while β = 0 corresponds to the
case where µ2 is the only relevant viscosity.

Finally, we briefly verify the assumption of small curvature, necessary
for the strict validity of the model. In Figure 4.19 we plot the dimension-
less curvature, h|dθ/ds|, as function of h in the vicinity of the critical point
(Rµ = 10−4, 10−3 and 10−2, λs = 10−5). At small scales, h|dθ/ds| � 1 for all
Ca, consistent with the assumption of small curvature. However, the curva-
ture increases significantly when approaching the bath due to the bending of
interface from a large contact angle to π/2. The magnitude is acceptable in
this regime, in particular since viscous effects becomes less important at large
scales. Inclining the plate angle to values close to π would further reduce this
bending effect, and extend the range of validity of the GL model.
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Figure 4.19: Scaled curvature h|dθ/ds| vs h for Ca very close to Cac (λs =
10−5).

4.5.3 Dependence of the critical speed on microscopic param-
eters

Apart from the viscosity ratio, the GL model contains two parameters: the
slip length λs and the microscopic (equilibrium) contact angle θe. Here we
discuss the dependence of Cac on these parameters. The slip length was varied
already in Figure 4.18, with values λs = 10−5, 10−4 and 10−3. As expected
for wetting problems, we see a weak increase of Cac with increasing λs. A
larger λs reduces the range over which viscous dissipation is effective. This
leads to a (logarithmic) reduction of the viscous dissipation, while the capillary
forces remains unaltered. Hence, larger velocities can be achieved before air
entrainment occurs.

The dependence of the critical speed on θe is investigated in Figure 4.20.
The figure reveals that there is no obvious universal scaling behavior for Cac
down to viscosity ratios as small as Rµ = 10−4. Enforcing a power-law fit,
different θe would give rise to different exponents. We do clearly see that
Cac decreases with increasing θe, which is further emphasized in Figure 4.21.
Consistent with [99, 100], the critical speed vanishes in the hydrophobic limit
where θe → π. We note that for contact angles that are not close to π, the
shape of the meniscus displays significant curvatures. In this sense, we expect
that our results are not fully quantitative solutions of the Stokes flow problem.
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Figure 4.20: (Color online) Critical capillary number Cac as a function of Rµ
for different static contact angle θe (λs = 10−3). Symbols are results of the GL
model. Dashed curves are predictions of Cox’s model (top one for θe = 0.87,
bottom one for θe = 3.0), from [27, Eq. (8.3)], for which we take the ratio
between the microscopic length scale and macroscopic length scale to be 10−3

(the same value as our slip length scaled by the capillary length λs). The
dashed-dotted line indicates slope of -1.
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Figure 4.21: Critical capillary number Cac as a function of static contact angle
θe for Rµ = 10−3 and λs = 10−3.

4.6 Discussion and conclusions

In the first part of this Chapter, we studied the behavior of a fluid at the
three-phases contact, e.g. amongst a solid a liquid and its vapor, by means of
the LB method. Here we discussed the possibility to employ simple and stan-
dard implementations of the LB method for multiple phases or components in
order to study the problem under both static and dynamic (i.e. moving wall)
conditions. We showed that the MC-LB method can effectively replace the
MP modeling by applying the gravitational field, along with balancing hydro-
static pressure at the bottom, on only one fluid component. The MC-LBM
is less sensitive to condensation and evaporation phenomena at the contact
line and thus outperforms the MP method for the case of small viscosity ratio
between the two fluids.

In the second part of this Chapter, we have presented, compared and em-
ployed two distinct models to study the meniscus deformation and the onset
of air entrainment in a dip-coating geometry. The first model is a generaliza-
tion of the lubrication theory to a two-phase flow situation, in which a slip
length is introduced to resolve the viscous singularity. The second model is
the lattice Boltzmann method for multiphase/multicomponent fluids. In the
LB model the viscous singularity is removed by lattice discretization, which
effectively introduces an effective slip length to the system [37]. Therefore,
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the effective slip length in the LB method depends on the choice of multi-
phase/multicomponent model.

The results of the GL model and the LB model have shown a good agree-
ment, in particular when Ca is relatively small. When exploring larger values
of Ca, the two models start to differ as shown in Figure 4.12, which can be
attributed to different physics at microscopic and hydrodynamical scales (e.g.
the non-zero interface thickness in the LB or strong viscous bending of the in-
terface violates the hypothesis of small interface curvatures in the GL model).
Yet, qualitative features, such as the bending of the meniscus and the depen-
dence on viscosity ratio, are consistent for the two models. The transition
to air entrainment for θe close to π involves relatively weak curvatures and is
thus captured by the GL model. For the LB simulations the main challenge
is given by the small viscosity ratio between the two phases, something that
is still not fully achievable for the MP/MC-LB model used here.

Furthermore, in the second part of this Chapter, the critical speed of air
entrainment is investigated by the GL model. We have found a strong de-
pendence of critical speeds on the air viscosity, which is consistent with the
experiments performed by Marchand et al. [98]. Remarkably, both our theo-
retical results and the experimental results from [98] differ from Cox’s model in
which Cac is predicted to depend only logarithmically on air viscosity [27]. For
comparison, we have added in Figure 4.20 the predictions of the Cox’s model
[27, Eq. (8.3)], represented by the dashed curves (top curve for θe = 0.87, bot-
tom one for θe = 3.0 ). For the dip-coating problem, we find that both models
predict Cac scales as R−1

µ . This regime corresponds to the usual dewetting
case for which the critical speed only depends on the viscosity of the more
viscous fluid [107, 110, 111]. Note that in Cox’s model, there is an undeter-
mined factor ε which is defined as the ratio of the microscopic length scale
to the macroscopic length scale. Here we take ε to be the same value as λs,
which is 10−3. Interestingly, both the models predict exactly the same values
of Cac for θe = 0.87 when Rµ is large, which we consider as an coincidence
since ε is an adjustable parameter. For θe = 3.0, Cox’s and our results differ
by a factor. More interesting things occur at small Rµ, it is clearly shown
in Figure 4.20 that for Cox’s model (red top curve ) Cac increases extremely
slowly (logarithmically) as Rµ is decreased. By contrast, our model predicts a
moderate increase of Cac. Interestingly, such a weak logarithmic relation has
been observed in the case of liquid impacting on liquid [102, 103], for which
there is no moving contact line. Both our theoretical results and experimental
results from [98] therefore suggest that the mechanism leading to air entrain-
ment can be fundamentally different depending on whether a contact line is
present or not.
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The GL model is directly compared with experiments in [98], and shows
that the model is able to qualitatively capture the dependence of Cac on the
viscosity ratio Rµ. Quantitatively, however, the agreement is not satisfactory
[98, Figure 3]. We believe this is due to the relatively large meniscus curvatures
encountered in the experiments (static contact angle of the substrate ≈ 0.87),
pushing the problem beyond the assumptions of the model. It would be in-
teresting to explore other methods to achieve a more quantitative description
of air entrainment by an advancing contact line, in particular for large values
of Ca. From an experimental perspective, more insight could be obtained by
varying the gas viscosity or by replacing the air by a liquid of low viscosity.
It would also be interesting to perform experiments with a substrate of large
static contact angles.
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5 | Axisymmetric lattice Boltzmann
method ∗

In this chapter, a novel lattice Boltzmann method for axisymmetric multi-phase flows
is presented and validated. The novel method is capable of accurately modelling flows
with variable density. We extend the classic Shan-Chen multi-phase model [Physical
Review E 47, 1815 (1993)] to axisymmetric flows. The model can be used to effi-
ciently simulate single- and multi-phase flows. The convergence to the axisymmetric
Navier-Stokes equations is demonstrated analytically by means of a Chapman-Enskog
expansion and numerically through several test-cases. In particular, the model is
benchmarked for its accuracy in reproducing the dynamics of the oscillations of an
axially symmetric droplet and on the capillary breakup of a viscous liquid thread.
Very good quantitative agreement between the numerical solutions and the analytical
results is observed.

5.1 Introduction
Multiphase flows occur in a large variety of phenomena, in nature and indus-
trial applications alike. In both type of applications it is often necessary to
accurately and efficiently simulate the dynamics of interfaces under different
flow conditions. A paradigmatic industrial application concerns the formation
of small ink droplets from inkjet printer nozzles [8]. When both flow geometry
and initial conditions display axial symmetry, one expects that the flow will
preserve that symmetry at any later time. Under such conditions it is advanta-
geous to employ numerical methods capable of exploiting the symmetry of the
problem. The computational costs of a three-dimensional (3D) axisymmetric
simulation is very close to that of a two-dimensional (2D), presenting thus a
considerable advantage over fully 3D simulations. When one deals with multi-
phase methods characterized by diffuse interfaces, such as the ones common
∗Published as: S. Srivastava et al. Axisymmetric multi-phase lattice Boltzmann method,

Phys. Rev. E 88, 013309 (2013), and S. Srivastava et al. Lattice Boltzmann method to study
the contraction of viscous ligament, Int. J. Mod. Phys. C (2013).
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in the lattice Boltzmann method, the availability of additional computational
resources allows one to decrease the interface width with respect to the other
characteristic length-scales in the problem. The possibility to get closer to
the “sharp-interface” limit has thus a direct impact on the accuracy of the
numerical solutions for diffuse interface multi-phase solvers. In recent years
several implementations of axisymmetric LBM for single-phase systems have
been proposed [121–126], while, in comparison, relatively little attention has
been devoted to the case of the multi-phase flow [127, 128].

The aim of the present chapter is to introduce a novel, accurate and ef-
ficient algorithm to study generic axisymmetric, density-varying flows and in
particular multi-phase flows. The proposed algorithm is easy to implement, is
accurate and its multi-phase model builds upon the widely used Shan-Chen
model [9, 10]. One particular advantage of having the axisymmetric imple-
mentation of the Shan-Chen model is that it allows one to retain the same
parameters of the fully 3D model (e.g., coupling strength, surface tension and
phase diagram) thus allowing to easily switch between axisymmetric and full
3D Shan-Chen investigations, according to what is needed.

The chapter is organized as follows. In section 5.2 we present the new
lattice Boltzmann method. In section 5.3 and section 5.4 we present the
results of several benchmarks of the method against single and multi-phase
flows, respectively. In section 5.5, we present an application of the multi-
phase axisymmetric LB model to study the contraction of a viscous ligament.
In section 5.6 conclusions are drawn. The derivation of the additional terms
for the axisymmetric LB model is presented in Appendix II.

5.2 Axisymmetric LB method
When the boundary conditions, the initial configuration and all external forces
are axisymmetric, one does expect that the solution of the Navier-Stokes (NS)
equations will preserve the axial symmetry at any later time. The rotationally
symmetric continuity and NS equations in cylindrical coordinates (z, r, θ), in
absence of external forces reads:

∂ρ

∂t
+ ∇· (ρu) = −1

r
ρur, (5.1)

and

ρ

(
∂u
∂t

+ u·∇u
)

= −∇p+ ∇
[
µ
(
∇u + ∇uT)]+ Faxis, (5.2)

where u = (uz, ur) is the velocity and ∇ ≡ (∂z, ∂r) is the gradient operator
in the 2D Cartesian coordinate system (z → x, r → y). The additional term,
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Faxis ≡
(
F axis
z , F axis

r

)
, is the contribution due to axisymmetry and given by:

F axis
z = µ

r

(
∂uz
∂r

+ ∂ur
∂z

)
, F axis

z = 2µ ∂
∂r

(
ur
r

)
. (5.3)

respectively, where µ = νρ, is the dynamic viscosity and ν is the kinematic
viscosity of the fluid. In principle an axisymmetric flow may have an azimuthal
component of the velocity field, uθ. In Eqs. (5.1) and (5.2) we assume that the
flows that we consider have no swirl , i.e., uθ = 0, and that other hydrodynamic
variables are independent of θ. We can thus write, ur = ur(z, r; t), uθ = 0,
uz = uz(z, r; t) and ρ = ρ(z, r; t).

Eqns. (5.1) and (5.2) easily highlight the similarities with respect to 2D
flows in a (z, r)-plane. The continuity equation (5.1) differs from the purely
2D equation because of the presence of a source/sink term on the right hand
side; this term is responsible for a locally increasing mass whenever fluid is
moving towards the axis, and for decreasing mass, when moving away. The
physical role of this term is to maintain 3D mass conservation (a density ρ at
a distance r must be weighted with a 2πr factor).

The NS equations have also been rewritten in a way to highlight the 2D
equations. The additional contributions that make the 3D axisymmetric equa-
tions differ from the 2D ones are the terms r−1µ(∂ruz + ∂zur) and 2µ∂r(r−1ur)
on the right hand side of the Eq. (5.2). Our approach employs a 2D LB model
to solve for the 2D part of the equations and explicitly evaluate and adds the
additional force terms given in Eq. (5.3).

The idea to model the 3D axisymmetric LB method with a 2D LB model
supplemented with appropriate source-terms has already been employed in a
number of studies, for single-phase axisymmetric LBM models [121, 122, 129,
130] and for multi-phase LB model as well [127, 128]. Here we will develop an
axisymmetric version of the Shan-Chen model [9, 10].

In the reset of this Chapter, we will use x = (z, r), where the z-axis is
the horizontal axis and the r-axis is the vertical axis. Details of the standard
LB model and the multi-phase SC model can be found in Chapter 3 of this
thesis. Here, we will only describe the axisymmetric variant of the single- and
multi-phase LB method. The axisymmetric multi-phase model developed here
is an axisymmetric variant of the standard Shan-Chen model [9, 10].

5.2.1 LB model for axisymmetric single-phase flow

The first step in deriving a LB model for axisymmetric multi-phase flow is
to derive a model that can properly deal with density variations. In par-
ticular, the LBM should recover the axisymmetric continuity Eq. (5.1) and
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Figure 5.1: Schematic of the axisymmetric geometry, eventually in presence
of gravity or an external force aligned with the z-axis. Schematic also shows
the lattice velocities for the D2Q9 model.

NS Eqs. (5.2) by means of a Chapman-Enskog (CE) expansion in the long-
wavelength and long-time scale limit. In order to derive such a model we
start from the 2D LB model with the addition of appropriate space- and time-
varying microscopic sources hi (see also [121, 122, 129, 130]). We employ the
following lattice Boltzmann equation:

fi(x + ciδt, t+ δt)− fi(x, t) = −1
τ

(
fi(x, t)− f eq

i (ρ,ueq)
)

+ δt hi(x + ciδt/2, t+ δt/2), for i = 0, 1, . . . 8,
(5.4)

where the source terms hi, are evaluated at fractional time steps, and τ is
non-dimensional (τ = τ/δt). It can be shown, that when the additional term
hi in Eq. (5.4) has the following form:

hi = wi
(
− ρur

r
+ 1
c2
s

(
cizHz + cirHr

))
, (5.5)

with ci = (ciz, cir), and

Hz = ciz
r

(
µ
(
∂ruz + ∂zur

)
− ρuruz

)
, (5.6a)

Hr = cir
r

(
2µ
(
∂rur −

ur
r

)
− ρu2

r

)
, (5.6b)

the CE expansion of Eq. (5.4) provides the axisymmetric version of the con-
tinuity and the NS Eqs. (5.1) and (5.2). Details on the CE expansion are
reported in Appendix II. The equations introduced here are enough to de-
scribe a fluid with variable density in axisymmetric geometry.
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5.2.2 LB model for axisymmetric multi-phase flow

With a lattice Boltzmann method capable of handling density variations the
additional steps towards the definition of the axisymmetric version of the SC
multi-phase model only consists in the correct definition of the SC force.

The standard Shan-Chen model in the continuous form is given by Eq. (3.44):

Fsc(x) = −Gscc
2
s δt ψ(x)∇ψ(x)− Gsc

2 c4
s(δt)3ψ(x)∇

(
∇2ψ(x)

)
(3.44)

This continuum expression is accurate up to 5th-order in space and time,
lattice independent and holds true for any coordinate system and dimension.
We restrict Eq. (3.44) to the case of axisymmetric flows by expressing both the
gradient, ∇ and the Laplace, ∇2 operators in cylindrical coordinates given by
∇ ≡ (∂z, ∂r) and ∇2 ≡ (∂zz + ∂rr + r−1∂r). Thus, in the axisymmetric case,
Eq. (3.44) reduces to:

Fsc(x) = −Gscc
2
s δt ψ(x)∇ψ(x)− Gsc

2 c4
s(δt)3ψ(x)∇

(
∇2ψ(x)

)
+Faxis

sc (x). (5.7)

where ∇2 = ∂zz +∂rr is the Laplace differential operator in 2D (z → x, r → y),

Faxis
sc (x) = −Gsc

2 c4
s(δt)3ψ(x)∇

(
r−1∂rψ(x)

)
. (5.8)

From Eq. (5.7), we immediately see that the first two terms on the right
hand side give the Shan-Chen force in 2D. The last term in Eq. (5.7), Faxis

sc ,
is the additional term responsible for the three-dimensionality. This extra
contribution needs to be accurately taken into account in order to model the
axisymmetric Shan-Chen multi-phase systems in 3D. In particular, this term
is extremely important in order to correctly implement a 3D surface tension
force which responds to curvatures, both along the axis and in the azimuthal
direction. The two components of the additional term can be rewritten as:

F axis
sc,z = −Gsc

2 c4
s(δt)3ψr−1∂zrψ, (5.9a)

F axis
sc,r = −Gsc

2 c4
s(δt)3ψ

(
r−1∂rrψ − r−2∂rψ

)
. (5.9b)

The evaluation of the terms F axis
sc,z and F axis

sc,r requires an approximation for the
derivatives accurate up to order (δt)4 or higher. Such an accuracy ensures the
isotropy of the “reconstructed” 3D axisymmetric Shan-Chen force and thus
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the isotropy of the resulting surface tension along the interface. The pressure
tensor for the SC model is given by:

Pαβ =
(
c2
sρ+ c2

sGsc
2 ψ2 + c4

sGsc
2 ψ∇2ψ + c4

sGsc
4 |∇ψ|2

)
δαβ

− c4
sGsc
2 ∂αψ∂βψ +

(
τ − 1

2

)2 1
ρ
Fsc,αFsc,β,

(3.51)

where the suffix α, β range over the set {z, r}. The equation of state remains
same as the standard SC model

p(ρ) = c2
sρ+ c2

s

2 Gsc ψ(ρ)2. (3.47)

Our choice for the pseudo density function remains the same throughout this
thesis:

ψ(ρ) = ρ0[1− exp(−ρ/ρ0)],

where ρ0 is a constant (ρ0 = 1).
In our implementation we used the following isotropic 5th-order accurate

finite difference approximations on D2Q9 lattice (see Figure 5.1). For a scalar
valued function φ(x) it reads:

∂rφ(x) = 1
36

8∑
i=1

(
8φ(x + ciδt)− φ(x + 2ciδt)

)
cir

+O((δt)5), (5.10a)

∂rrφ(x) = 1
36

8∑
i=1

(
8∂rφ(x + ciδt)− ∂rφ(x + 2ciδt)

)
cir

+O((δt)5), (5.10b)

∂zrφ(x) = 1
12
(
− ∂rφ(x + 2c1δt) + 8∂rφ(x + c1δt)

−8∂rφ(x + c3δt) + ∂rφ(x + 2c3δt)
)

+O((δt)6), (5.10c)

where ∂rφ(x) in Eq. (5.10c) is approximated as

∂rφ(x) = 1
12
(
− φ(x + 2c2δt) + 8φ(x + c2δt)

−8φ(x + c4δt) + φ(x + 2c4δt)
)

+O((δt)6). (5.10d)
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From the SC model the present axisymmetric implementation does inherit all
advantages as well as the limitations. One of the limitations is the relatively
small density contrast that can be achieved. Other multi-phase LB models,
for which similar axisymmetric extensions can be worked out, may allow to
achieve larger density contrasts. In the SC model both the density ratio,
Rρ = ρ`/ρv, and the surface tension, γ, depend upon a single parameter, Gsc.
Decreasing the value of Gsc increases both the surface tension and the density
ratio between two phases. Higher surface tension gives smaller interface width
that leads to higher truncation error in the gradient approximation at the
interface. This makes the numerical scheme unstable for too high values of
Gsc. As a rule of thumb, a density ratio of Rρ ≤ 35, (−6.0 ≤ Gsc < −4.0) still
ensures the stability of the SC model. Therefore, the current axisymmetric SC
model, as much as the standard SC model, is limited to density ratio smaller
then 35.

5.2.3 Boundary conditions

In axisymmetric flows the boundary conditions for the distribution functions,
fi, need to be prescribed at all boundaries including at the axis. In our
approach we impose boundary conditions before the streaming step (pre-
streaming). We use mid-grid point specular reflection boundary conditions
on the axis [15], this choice allows us to avoid the singularity due to the force
terms containing 1/r. Mid-grid bounce-back or mid-grid specular reflection
boundary conditions are used to impose either hydrodynamic no-slip or free-
slip conditions at the other walls, respectively [15]. In order to impose a
prescribed velocity or pressure at the inlet and outlet boundaries, we impose
the equilibrium distribution functions, f eq

i , evaluated using the desired hydro-
dynamic velocity and density values. For our LB simulations we use unit time
step (δt = 1) and unit grid spacing (δz = δr = 1), hence the length can be
measured in terms of the number of nodes. We are using symmetry boundary
condition for the derivative evaluation in (5.6) and (5.8) at the axis. For the
other three boundaries we impose the derivative terms to be zero.

5.3 Numerical validation for single-phase axisym-
metric LB model

Here we present the validation of the axisymmetric LB model for single-phase
flow simulations by comparing it with analytical solutions for the test cases:
the axial flow through a tube and the outward radial flow between two parallel
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discs. These two tests complement each other because they correspond to
flows parallel and orthogonal to the axis, respectively. Both flow problems
have analytical steady state solutions that help us to validate the accuracy of
the axial and radial component of the velocity.

All physical quantities in this chapter, unless otherwise stated, are re-
ported in lattice units (LU), the relaxation time has been keep fixed for all
the simulations, τ = 1, and the simulations have been carried out on a rect-
angular domain of size H × R = Nz × Nr. The steady state in the following
single-phase simulations is defined when the total kinetic energy of the system,
Ekin = π

∑
Nz(
∑
Nr rρ‖u‖

2), becomes constant up to the machine precision.

5.3.1 Flow through a pipe

In this test we consider the constant-density flow of a fluid with density, ρ,
kinematic viscosity, ν, flowing inside a circular pipe of radius R. The flow
is driven by a constant body force, ρg, along to the axis of the pipe. The
schematic illustration of the flow geometry is presented in Figure 5.1. Assum-
ing ur(z, r) = 0 and no-slip condition on the inner surface (r = R) of the pipe,
the steady state solution for the axisymmetric NS Eq. (5.2) for this problem
is given by [131]:

uz(z, r) = U1

[
1−

(
r

R

)2
]
, (5.11)

where U1 = ur(z, 0) = gR2/(4ν), is the maximum velocity in the pipe. For the
LB simulation we used the no-slip boundary condition at the inner surface of
the pipe, and periodic boundary conditions at the open ends of the pipe. The
body force g = 10−5 is applied at each node of the simulation domain. The
LB simulations are carried out till the simulation reaches its steady state. The
result of the LB simulation shown in Figure 5.2, is in very good agreement
with the analytical solution in Eq. (5.11). This validates the single phase
axisymmetric LB model for the case where there is no velocity in the radial
direction.

5.3.2 Outward radial flow between two parallel discs

Another important test to validate the single-phase axisymmetric LB model is
the simulation of the outward radial flow between two parallel discs separated
by a distance H. The schematic of the flow setup for this problem is reported
in Figure 5.3. Assuming uz(z, r) = 0 for Ri ≤ r ≤ R, the no-slip boundary
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Figure 5.2: A comparison of the axial velocity profile as obtained form the
LB simulations (circles) versus the analytical solution (solid line) Eq. (5.11).
Simulation parameters: Nz × Nr = 16 × 16, R = Nr, ρ = 1, ν = 0.167,
g = 10−5, U1 = uz(0) = 3.84× 10−3 .

Figure 5.3: Schematic of the physical setup to study outward radial flow be-
tween two parallel discs. The arrows show the direction of the inlet mass flow.
The LB method is used to simulate the flow domain 0 ≤ z ≤ H , Ri ≤ r ≤ R.
We assume that the flow is fully developed for r ≥ Ri and hence the axial
velocity uz vanishes in this region.

condition on the discs and a constant mass flow rate Q along the radial direc-
tion, the solution of the NS Eq. (5.2) corresponding to this problem is given
by [131]:

ur(z, r) = −U2

(4Ri
H2

)
z(z −H)

r
, (5.12)
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Figure 5.4: A comparison of the radial velocity profile, ur, as obtained form LB
simulations (circles) versus the analytical solution (solid lines) of Eq. (5.12).
Simulation parameters: Nz×Nr = 32× 120, R = Nr− 0.5, H = Nz, Ri = 9.5,
ρ = 1, ν = 0.167, Q = 0.5 and U2 = 3.93 × 10−4. Top figure shows the
comparison at z = 15.5. Bottom figure from top to bottom shows the curves
correspond to the radial distances r/R = 0.8, 0.2, 0.1 and 0.08.

where U2 = ur(H/2, Ri) = 3Q/(4πRiH). The LB simulations shown in Fig-
ure 5.4 are carried out for the flow domain Ri ≤ r ≤ R, 0 ≤ z ≤ H and using
the no-slip boundary condition along the discs. The velocity profile given by
Eq. (5.12) is applied at the inlet boundary while the outlet is considered as an
open boundary. The LB simulations shown in Figure 5.4 are in a very good
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agreement with the analytical solution Eq. (5.12). This validates the single
phase axisymmetric LB model for the case of a radial velocity.

5.4 Numerical validation for axisymmetric multi-
phase model

In this section we present the validation for our axisymmetric multi-phase LB
model for three standard test cases: Laplace law, oscillation of a viscous drop
and the Rayleigh-Plateau (RP) instability. We also show a test to validate the
volume conservation in our model.

The volume conservation in our multi-phase model is checked by observing
the behavior of a fluid drop in the shape of an axisymmetric torus. We assume
that the axis of rotation of the torus is aligned with the axis of the cylinder
(r = 0). Due to the surface tension, the torus contract into a spherical drop,
which in our simulation can be depicted by a 2D drop moving towards the
r-axis. In our LB simulation, we find that the volume of the spherical drop
is in a good agreement with the initial volume of the torus (see Figure 5.5).
The LB simulation parameters used for this test are: Nz × Nr = 180 × 100,
(z0, r0) = (50.5, 0.5) and Gsc = −5. The initial volume of toroid is given by,
V = πR2

12πR2, where R1 = 15.0, R2 = 50.0. Radius of spherical drop in the
final stage is given by RD = (3V/(4π))1/3 = 37.7, which agrees well with the
drop radius obtained in the LB simulation.

5.4.1 Laplace test

In this validation we compare the in-out pressure differences for different
droplet radii. According to the Laplace law the in-out pressure difference,
∆p, for a droplet of radius RD is given by

∆p = 2γ
RD

, (5.13)

where γ is the liquid-vapor interfacial tension. For this validation we first
estimate the value of the surface tension using Eq. (3.50) (Guo scheme [68])
and Eq. (3.52) (SC scheme [10]) for both 2D and axisymmetric LB method.
The data obtained from these simulations are reported in Table 5.1. Both the
Guo and SC scheme are consistent with the fact that for the SC model the
surface tension should only depend on the value of the interaction parameter,
Gsc.

In the next step we do a series of axisymmetric LB simulation for different
droplet radii and measure the in-out pressure difference. When comparing the
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Figure 5.5: Volume conservation in the axisymmetric LB model. Initial (top
left) and final (bottom right) shape of the toroid are shown by the black curve.
The LB simulation are shown by gray circles, where the labels (a), (b), (c),
(d), (e) and (f) represent the interface at time step 100, 700, 1200, 1400, 1500
and 20000, respectively.

SC Guo
Gsc γ̃2D γ̃axis γ2D γaxis

-4.5 0.0220 0.0220 0.0135 0.0136
-5.0 0.0579 0.0579 0.0376 0.0378
-5.5 0.0995 0.0996 0.0681 0.0683

Table 5.1: Surface tension evaluated using Eq. (3.52) (column 2,3) and
Eq. (3.50) (column 4,5). Here γ2D, γaxis denote the surface tensions obtained
from the 2D and axisymmetric SC LB model, respectively. Simulation param-
eters: Nz ×Nr = 1× 64, τ = 1, initial interface position, r = 32.

in-out pressure difference for a drop (Laplace test) and the pressure drop given
by Eq. (5.13), we find that the maximum relative error in pressure difference
for Guo scheme [68] and SC scheme [10] is 2% and 20%, respectively. This
difference might be due to following reason. The external force, F ≡ (Fz, Fr),
can be incorporated in the LB model in several ways [68, 69, 132]. However,
depending on the chosen forcing scheme, the Chapman-Enskog (CE) expan-
sion has different truncation error terms in the continuity and Navier-Stokes
equations. For instance, if one use the force addition scheme as proposed
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by Guo et al. [68] one obtains the continuity equation given by Eq. (5.1),
whereas by using the scheme proposed by Shan and Chen [9] the CE gives us
the following axisymmetric continuity equation:

∂ρ

∂t
+∇· (ρu) = −δt

(
τ − 1

2

)
∇· F. (3.32a)

Different right hand side terms in the continuity equation result in different
densities inside the droplet (in the Laplace test) and one may obtain different
values of the pressure, via the equation of state given by Eq. (3.47).

In the axisymmetric continuity equation, with the SC forcing scheme (sec-
tion 3.3.2), the gradient operator has an additional term −(τ− δt

2 )Frr . Because
this term goes as r−1 we expect that this may be responsible for the larger
numerical errors, thus leading to the departure of about 20% for what con-
cerns the pressure difference. However, only the gradient of the pressure enters
into the NS Eq. (5.2), therefore the axisymmetric LB simulations and fully 3D
LB simulations for axisymmetric flow gives same results with the SC forcing
scheme. In the rest of this chapter, we are using the SC forcing scheme for
the SC-LB simulation and symbol γ to represent the surface tension.

5.4.2 Oscillating droplet

Here we consider the dynamics of the oscillation of a droplet in order to vali-
date the axisymmetric multi-phase LB method. Among different drop oscilla-
tion modes, only the second mode of the oscillation is rotationally symmetric.
Hence, our validation is restricted only for the axisymmetric drops. We com-
pare the frequency of the second mode of the drop oscillation, ω2, obtained
from the LB simulation with the analytical solution reported in Miller and
Scriven [133]. The frequency ω2 of the oscillation of a liquid droplet immersed
in another fluid is given by:

ω2 = ω∗2 − 0.5α(ω∗2)1/2 + 0.25α2, (5.14)

where

ω∗2 =
√

24γ
R3

D(2ρv + 3ρ`)
,

and RD is the radius of the drop at equilibrium, γ is the surface tension, ρ`, ρv
are the densities of the liquid and vapor phases, respectively. The parameter
α is given by:

α =
25√ν`νv ρ`ρv√

2RD(2ρv + 3ρ`)(
√
ν`ρ` +√νvρv)

,
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Figure 5.6: Time evolution of the shape of an ellipsoidal droplet immersed in
a fluid with different density. Simulation parameters: Nz × Nr = 320 × 128,
Gsc = −6. ρ` = 2.65 , ρv = 0.075, (z0, r0) = (160.0, 0.5). The labels (a),(b),(c)
and (d) indicate the droplet shapes for time t = 0, 1×102, 8×102 and 5×104,
respectively.

where ν`, νv are the kinematic viscosities of the liquid and vapor phase [133].

In the LB simulations for this test we use the free-slip boundary condition
at the top boundary and periodic boundary conditions at the left and right
boundaries. The LB simulations are initialized with an axisymmetric ellipsoid,
(z/Ra)2 + (r/Rb)2 = 1, where Ra, Rb are the intercepts on the z and r-axis,
respectively, with total volume 4πRaR2

b/3. Due to the surface tension, the
ellipsoidal droplet oscillates and due to viscous damping it does finally attain
an equilibrium spherical shape with radius RD = (RaR2

b)1/3 (due to volume
conservation). The time evolution of one of these LB simulations is shown in
Figure 5.6. The LB simulations are performed to validate the effect of the
droplet size, RD, on the frequency of oscillation, ω2. In order to calculate the
frequency of the oscillation we first measure the length of the intercept on the
r-axis as a function of time, A(t) with A(t = 0) = Rb, and then we fit the
function g(t) = RD + a exp(−bt) sin(ω2t+ d), (see Figure 5.7). We find that
the numerical estimation of the frequency of the oscillation of the droplet is in
excellent agreement with the theoretically expected value, with a maximum
relative error of approximatly 1% (see Figure 5.7).
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Figure 5.7: Top panel: amplitude, A(t), of the oscillations versus time, t, for
different equilibrium droplet radii, RD. Solid lines are obtained by fitting the
function, g(t) = RD + a exp(−bt) sin(ω2t+ d), to the data obtained from LB
simulations. Bottom panel: dimensionless frequency of the second mode of
oscillation, ω2, versus the equilibrium droplet radius, RD. Simulation param-
eters: Nz ×Nr = 320× 128, Gsc = −6.

5.4.3 Rayleigh - Plateau (RP) instability

The last problem that we consider for the validation is the breakup of a liquid
thread into multiple droplets. The problem was first studied experimentally by
Plateau [134] and later theoretically by Lord Rayleigh [135], and is currently
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referred to as Rayleigh-Plateau (RP) instability. The RP instability has been
extensively studied experimentally, theoretically and numerically [134–137].
Moreover, the problem is fully axisymmetric and therefore suitable for the
validation of our multi-phase axisymmetric LB model.

In this validation we check the instability criterion: a liquid cylinder of
radius Rc is unstable, if the wavelength of a disturbance, λ, on the surface of
a liquid cylinder is longer then its circumference 2πRc. Moreover, we compare
the radius of the resulting drops with experimental [138] and numerical data
[139].

For the LB simulations we use free-slip boundary condition at the top
boundary and periodic boundary conditions at left and right boundaries. The
LB simulations are performed in a domain of size Nz × Nr = λ × 450. The
wavelength, λ, of the noise runs over 576, 768, 1024, 1280, 1536 and 1792
for different wavenumbers, κ = 2π/λ. We represent the wavenumbers in di-
mensionless form as κ∗ = κRc. The SC interaction parameter, G = −6.0,
liquid density ρ` = 2.68, vapor density ρv = 0.078, surface tension γ = 0.141
and kinematic viscosity ν = 0.016 are fixed for these simulations. For these
parameters the Ohnesorge number, Oh = ν

√
ρ`/(γRc) = 0.09. The axial ve-

locity field in the liquid cylinder is initialized as a sinusoidal velocity field,
uz(z, r) = εu sin(2πz/λ). For our LB simulation we use εu < 5× 10−3.

The time evolution of the RP instability corresponding to two different
wavenumbers κ∗ = 2πRc/λ is shown in Figure 5.8. The time is measured in
the capillary time scale, tcap =

√
R3

cρ`/γ. In our simulations we find that the
cylinder breaks up into two or more droplets as long as the condition κ∗ < 1
is satisfied (corresponding to the RP instability criterion, 2πRc < λ). Fur-
thermore, the comparisons of drop sizes for different wavenumber shown in
Figure 5.9 is in excellent agreement with the results of the slender jet approx-
imation model (SJ) [139] and with experimental data [138].

5.5 Contraction of a viscous ligament

The formation of liquid ligaments is ubiquitous, it basically happens whenever
there is a droplet fragmentation [140]. Examples of fragmentation processes
are the breakup of a liquid ligament stretched from a bath [141] or the collapse
of a liquid film [142]. The formation of these liquid ligaments is very common in
the breakup of ocean spume where they influence the properties of the marine
aerosols [143]. In industry, the dynamics of ligaments are a key issue for the
print quality in inkjet printing [8], where elongated liquid ligaments are ejected
from the nozzle (see Figure 5.10). For optimal print quality the ligaments
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Figure 5.8: Growth of the Rayleigh-Plateau instability with time. Left panel:
κ∗ = 0.65; right panel: κ∗ = 0.39. Labels on figures indicate the corresponding
dimensionless time, t/tcap.

should contract to a single droplet before they hit the paper. Depending on
the fluid properties, size and shape of the ligament, it may collapse into a single
droplet (stable contraction), or it may break up into several droplets (unstable
contraction) [144]. The contraction of the ligament crucially depends on the
Ohnesorge number [145–147] Oh = ν`

√
ρ`/(γR0), where ν`, ρ`, γ, and R0 are

the kinematic viscosity, density, surface tension and radius of the ligament,
respectively. It has been shown that[147], for Oh = O(0.1) the contraction
of the ligament remains stable regardless of the length of the ligament, L0.
In this work we use the axisymmetric multi-phase LB model to simulate the
stable contraction of the ligament. We validate the LB model by comparing
it against the one-dimensional (1D) numerical slender jet (SJ) model of [139],
an analytic model based on force balance (FB), and the Flow3D† simulation.

Lubrication theory model

The stability of an axisymmetric viscous liquid ligament is modeled using the
slender jet approximation [139, 147–151]. For this study we use the previ-
ously developed numerical model by Driessen and Jeurissen [139]. If we use

†Flow3DTM is CFD software developed by Flow Science Inc., Santa Fe, New Mexico
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the initial radius of ligament, R0, as the length scale and the capillary time,
tcap =

√
ρ`R

3
0/γ as the time scale, then the model based on the slender jet

approximation in the dimensionless form is given by:

∂tr = −uz∂zr −
1
2r∂zuz, (5.15a)

∂tuz = −uz∂zuz − ∂zp+ 3Oh r−2∂z(r2∂zuz), (5.15b)
p =

{
r−1[1 + (∂zr)2]−1/2 − [1 + (∂zr)2]−3/2∂zzr

}
,
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Figure 5.10: A schematic of the initial configuration of the axisymmetric vis-
cous ligament. The rectangular dotted box of size Nz × Nr represents the
simulation domain.

where r is the radius, uz is the axial velocity, z is the axial coordinate, t is
the time, p is the Laplace pressure, and Oh = ν

√
ρ`/(γR0) is the Ohnesorge

number. The solutions to these equations are singular at each pinchoff [148],
and at each collision of liquid bodies. To allow the described physical system
to transfer across the singularities that occur at pinchoff and coalescence, the
surface tension term is regularized by a modification at a radius of the order
of the cutoff radius, rc. The cutoff radius, rc is a control parameter of the
regularization, and is chosen to scale with the spatial step. In the rest of
this chapter, we will use the abbreviation SJ to represent the model given by
Eq. (5.15). For the SJ simulations presented in this Chapter rc = R0/60.

Results and discussion

In this section we show the comparison of simulation from the axisymmetric LB
model and the SJ model Eq. (5.15), for the contraction of a viscous ligament.
The LB simulation is carried out for the following parameters (LU): system
size, Nz × Nr = 1600 × 256, L0 = 2000, R0 = 49.5, relaxation parameter,
τ = 1, kinematic viscosity ν = 0.16667, Shan-Chen interaction parameter,
Gsc = −5, liquid density, ρ` = 1.95, vapour density, ρv = 0.16, and surface
tension, γ = 0.0568. For our study it was sufficient to simulate only half of
the liquid ligament (see Figure 5.10). We use symmetry boundary condition
at left and right boundary and free slip at the top boundary.

In order to make a comparison between the two models we need to have
a common system for measuring the physical quantities and we opted for
expressing quantities in dimensionless units. We choose the initial radius of
the ligament, R0, and the capillary time, tcap, to scale length and time in LB
simulations. For both the LB and SJ simulations we use the aspect ratio,
Γ0 = L0/(2R0) = 20, and the Oh = 0.13888.

First we compare the time evolution of the ligament shape obtained from
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the LB and the SJ simulation (see Figure 5.11). During the collapse there is
a perfect agreement of all the models. When the tail droplets merge into one
big droplet, the models start to differ most probably because of the different
assumptions made. The SJ model is 1D axisymmetric, whereas the LB is
2D axisymmetric. For the second validation we compare our LB simulations

0.00
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14.70

19.60

22.05

Figure 5.11: Time evolution of interface profile of the liquid ligament. The
labels on the figure show the dimensionless time, t/tcap. The data points from
the LB simulation are shown in red color, whereas the data from the SJ model
given by Eq. (5.15) is shown in black color. During the collapse the agreement
is good while the oscillation of the final drop is different, due to the different
assumptions in the SJ model.

to the SJ model and the Flow3D simulation. Additionally, we estimate the
position of the tail-end of the ligament by an analytical model based on the
force balance (FB).

In the FB model the rate of change of the mass, m, and momentum,
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P = mu, of the tail-drop is given by:

dm
dt = ρ`πR

2u, (5.16a)

dP
dt = −πR2 γ

R
= −πγR, (5.16b)

dx
dt = u, (5.16c)

where u is the velocity of the tail-drop, 2x and R are the length and the radius
of the ligament at time t, respectively. The solution of Eq. (5.16) subject to the
initial conditions m(0) = ρ`(2/3)πR3

0, P (0) = 0, and x(0) = 0.5L0 −R0 gives
us the length of the ligament, 2x(t). In absence of any external force, the net
force given by Eq. (5.16) must vanish, i.e., udm/dt+dP/dt = 0. If we assume
that the change in radius of the ligament is negligible during its contraction,
i.e., R = R0, then the velocity of the tail end of the ligament is given by:

u =
√

γ

ρ`R0
. (5.17)

The solutions from the FB model, the SJ model, the Flow3D simulation
and the LB simulation are in very good agreement with each other (see Fig-
ure 5.12). Furthermore, the slope of the curves shown in Figure 5.12 for the
LB, SJ and Flow3D simulation is -1, which agrees with the estimate velocity
given by Eq. (5.17).

5.6 Conclusions
In the present chapter we introduced a novel axisymmetric LB model that can
be employed for single-phase as well as for multi-phase flows. The multi-phase
model is the widely employed Shan-Chen model and the axisymmetric ver-
sion here described is particularly convenient as it allows one to easily switch
from 3D to 2D axisymmetric simulations while maintaing the usual Shan-Chen
parameters (i.e. densities and coupling strength). The lattice Boltzmann ax-
isymmetric model allows for the solution of multi-phase flows at the compu-
tational cost of a 2D simulation. One particular interesting application comes
from the possibility of increasing the system size, thus reducing the relative
size of the diffuse interface with respect to all other length scales in the flow in
the SC-LB model. We presented several validations for single-phase as well as
for multi-phase flows. In the case of multi-phase flows we have quantitatively
validated the mass conservation and the dynamics of an axially symmetric
oscillating droplet. We have also studied the breaking of a liquid thread into
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Figure 5.12: The tip location of the collapsing filament as a function of time in
the presented models. The differences between the LB simulation, SJ simula-
tion and FB model is smaller than the interface thickness in the LB simulation.
The simulations and the analytical result agree well with each other, up to the
moment when the tail droplets merge.

main and secondary droplets and we could quantitatively compare these sim-
ulations with existing literature results. The constraint of axis-symmetry may
partially be relaxed by models that keep into account azimuthal perturbation
to lowest order, this will be the subject of future work.

The axisymmetric multi-phase SC LB model (section 5.2) has been applied
on the test problem of the stable contraction of liquid ligament. For this
validation the LB simulation was compared to the SJ, FB models, and Flow3D
simulations. Furthermore the position of the tail-end of the drop was compared
with a model based on the balance of forces. We found that the proposed
axisymmetric multi-phase SC LB model can accurately simulate the collapse
of a viscous liquid ligament.



6 | Analysis of lattice Boltzmann method
for simulation of drop-formation in
inkjet printers

In this chapter, we present an application of the axisymmetric multiphase lattice Boltz-
mann method to simulate drop formation in inkjet printers. We show, given several
geometrical and physical constraints, how one can choose the parameters for the lattice
Boltzmann simulation. We validate the time varying pressure boundary condition in
the LB model and show that under some geometrical constraints the compressibility
effects in the LB simulations are negligible. We present the unit conversion procedure,
which helps to compare the LB simulation with realistic jetting cases. Finally, we show
a qualitative comparison between the LB and Flow3D simulation for a drop-formation
in an inkjet nozzle.

6.1 Introduction

Inkjet printing is a highly accurate technique to deposit very small droplets at
very high speed [8]. The inkjet printing technology has been used in various
industrial applications other then just graphics printing. Recently, innovative
applications started to explore a whole new world of possibilities, in biology
it can be used to transport cells [152], in semiconductor industries to print
IC chips [153, 154], solar cells [155, 156] and OLED (organic light-emitting
diode) displays [157]. The market demand for complex applications, as well
as for higher speed and accuracy with smaller and smaller droplets, pushes
the technology and raises several fundamental and technical challenges for
scientists and engineers [7, 8].

The inkjet printing technology can be classified in two main categories:
continuous inkjet (CIJ) and drop-on-demand (DOD) inkjet [158]. Among, the
various types of DOD inkjet printers, we are interested here in piezoelectric
inkjet (PIJ) printers.

Many experimental and numerical studies have been conducted to under-
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stand various issues related to the PIJ printing (for reviews see [7, 8]). From
experiments carried out at Océ B.V., it is clear that the wetting properties of
the nozzle can play a significant role in the drop-formation. Here we want to
investigate same aspects in this direction.

Our aim is to provide a numerical tool for the study of drop-formation
in a PIJ printer that includes the interaction between the fluid interface and
the nozzle structure (the contact line). The development of the axisymmetric
multiphase lattice Boltzmann model presented in Chapter 5 was the first step
towards this goal. There the model has been validated for two important
problems relevant to inkjet printers, i.e., the Rayleigh-Plateau instability and
the contraction of a viscous ligament; see Chapter 5. The multiphase model
used in Chapter 5 is an axisymmetric variant of the Shan-Chen (SC) model.
Consequently it employs the same fluid-surface interaction as the one discussed
in Chapter 3.

The simulation of drop-formation in PIJ printers using the LB model
presents some challenges. The first issue is due to the Shan-Chen (SC) multi-
phase model [9], for which the surface tension, γ, and the density, ρ`, depend
on a single parameter Gsc (interaction strength) and thus cannot be changed
independently [75]. Furthermore, the interaction strength, Gsc, needs to be
restricted to a certain range to avoid spurious effects. The kinematic viscos-
ity, ν, in the LB models depends on the relaxation parameter, τ , see Chapter
3, thus for a stable SC LB simulation, Gsc and τ must be chosen correctly.
Furthermore, to simulate an incompressible flow the fluid velocity must be
much smaller than the sound speed, cs, in the LB models [58]. From this it
follows that to find the parameters that satisfies any given We, Re and Ma
simultaneously is not trivial. The Weber number, We, the Reynolds number,
Re, and the Mach number, Ma, are given by:

We = ρ`U
2
nRn
γ

, Re = UnRn
ν

, Ma = Un
cs
, (6.1)

where Un is the maximum fluid velocity in the nozzle and Rn is the radius of
the nozzle. The Reynolds number is Re = 75, the Weber number is We = 21.4,
and the mach number is Ma = 0.008 in the printhead under consideration. In
order to validate the LB simulation we compare the results with the results
from Flow3D simulations∗. A second issue comes when comparing the LB
results with the Flow3D simulations or any other existing numerical tool. The
system of units used in the LB model and in Flow3D are different. Hence, we
need to convert them.
∗Flow3DTM is CFD software developed by Flow Science Inc., Santa Fe, New Mexico
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We start with a short discussion of the drop-formation process in an inkjet
printer in section 6.2. In section 6.3, we discuss the boundary conditions and
the implementation details for the LB model. We show the constraints on
the parameter selection for the LB simulations. Furthermore, we describe the
procedure to convert lattice units (LU) in international system (SI) of units.
Finally, we present conclusions of this work and provide few recommendations
for the future studies in section 6.4.

6.2 Nozzle geometry and drop-formation

Figure 6.1 (left panel) shows a single nozzle unit of a printhead in a PIJ printer.
The schematic shows a piezo actuator, ink chamber, cylindrical channel, noz-
zle section and the nozzle plate. The nozzle plate and nozzle can have different
wetting properties. The piezo actuator controlled by an electric voltage de-
forms the channel walls, which induces pressure fluctuations of amplitude 2-3
bar, in the channel. The pressure fluctuation in the channel results into a
pressure difference across the nozzle which causes the drop-formation. The
equilibrium pressure, pc, (pressure when the piezo element is not actuated) in
the channel is constant and kept slightly smaller then the ambient pressure,
po, (pressure outside the nozzle), which prevents the leakage of ink out of the
nozzle.

The pressure fluctuation and the resulting inertia of the ink in the nozzle
is time-dependent. The necessary condition for drop-formation is that the
transient inertia of the ink in the nozzle dominates the steady inertia of the
fluid in the nozzle, viscous effects and surface tension. We define the angular
frequency of the pressure fluctuations, ω, as the reciprocal value of the charac-
teristic time scale for the problem. The relative effect of the transient inertia
and the of viscous forces is given by the Womersley number [159]:

Wo = Rn

√
2π ω
ν

. (6.2)

6.2.1 Pressure fluctuations in the nozzle

Figure 6.1 (right panel) shows the schematic of the flow domain we use for
the LB simulations. The choice of a subdomain here is most relevant to the
study of the contact line motion while keeping the geometry of the domain
rotationally symmetric. The channel length in the subdomain for the LB
simulations should be chosen such that compressibility effects in the LB model
are negligible (section 6.3.1). Due to this constraint, the inlet of our simulation
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Figure 6.1: Left panel: schematic of a single nozzle unit in the printhead.
Right panel: schematic of the channel-nozzle section of the printhead. The
axisymmetric channel-nozzle section (right panel) is the simulation domain for
our LB simulation (R = Rc).

domain is located at a distance Lc from the nozzle inlet, as shown in Figure
6.1 (left panel). The length Lc should be at least large enough to avoid contact
between the simulation domain boundary (z = 0) and the meniscus, when the
meniscus retracts.

In order to simulate a realistic drop formation, we need the boundary
conditions at the domain boundaries. Due to technical difficulties in the real
printhead, one cannot measure the pressure or the velocity of the ink in the
channel experimentally. Therefore, the boundary condition at the channel
inlet is not known precisely. On the other hand, it is possible to measure the
velocity of the ink at the nozzle exit [160] and we will use the fluid velocity at
the nozzle exit to obtain the approximate boundary condition at the channel
inlet. Let us consider the following axial velocity at the nozzle exit:

un(t) = Un exp
[
− ξ2(t− t0)2] cos

[
ω(t− t0)

]
, (6.3)

where ξ is a time constant that sets the pulse width. A graphical representation
of such a velocity pulse is shown in Figure 6.2 (left panel). This velocity profile
is an approximation of the nozzle velocity obtained in experiments [161].

For a given nozzle velocity, we can find the velocity of the fluid at the
channel inlet, Uc (using incompressibility and mass conservation). If we impose
Uc as velocity at the channel inlet, we do not obtain the desired velocity at
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Figure 6.2: Left panel: Graphical representation of the velocity pulse given
by Eq. (6.3) with Un = 8 m/s, ξ = 1.71 × 105 Hz, ω = 8.17 × 105 Hz, t0 =
1.577× 10−5s. Right panel: The pressure difference, ∆pn = pout

n − pin
n , across

the nozzle versus time, pout
n is the pressure at the nozzle outlet (pout

n = po)
and pin

n = pi + pB + pµ (see Eqs. (6.4)) is the pressure at the nozzle inlet. The
capillary pressure given by Eq. (6.4c), for these parameters is bounded above
by 2γ/Rn = 0.093 bar.

the nozzle inlet due to the compressibility of the fluid in the LB model. Thus
we rather use the pressure boundary condition at the channel inlet to avoid
compressibility effects in the channel.

If the pressure drop over the channel due to inertia is negligible and the
channel length is smaller than a quarter of the wavelength of the pressure
fluctuation, i.e. Lc < 2πcs/(4ω), then the pressure at the channel inlet is the
same as the pressure at the nozzle inlet. In this case it is sufficient to know the
pressure jump across the nozzle, ∆pn = pout

n − pin
n , where pout

n is the constant
ambient pressure in the channel and pin

n is the pressure at the nozzle inlet.
The pressure at the nozzle inlet, pin

n , consists of the pressure due to un-
steady inertia, pi, the pressure due to steady inertia, pB, the capillary pressure,
pcap and the pressure loss due to viscous friction, pµ, given by [8]:

pi(t) = ρ`L
′
n

d
dt [un(t)], (6.4a)

pB(t) = 1
2ρ` [un(t)]2, (6.4b)

pcap(t) = γκ(t), (6.4c)

pµ(t) = 8µ`L′nun(t)
R2

n
. (6.4d)

Here κ(t) is the instantaneous mean curvature of the dynamic meniscus, γ is
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the surface tension, ρ` is the density of the liquid, L′n is the effective nozzle
length and Rn is the nozzle radius.

The unsteady inertia is channel is larger than just the inertia in the nozzle.
The extra component is due to the inertia of the flow towards the nozzle. In or-
der to model this additional inertia, we use the nozzle length L′n = Ln+1.22Rn
[162], where Ln is the actual length of the nozzle. A graphical representation of
this pressure jump across the nozzle for Rn = 15µm, Ln = 15µm, Un = 8 m/s,
µ` = 2 × 10−3 kg/m/s and γ = 7 × 10−2 N/m is shown in Figure 6.2 (right
panel).

For high values of Un, pi dominates and pcap can be ignored. However, for
small Un, pcap dominates and hence it must be considered. Here we use the
latter case for the validation of the boundary conditions in our LB simulations.
For small Un one can approximate the time dependent curvature, κ(t) (see
section 6.3.1), while for large Un the capillary pressure given by Eq. (6.4c)
is bounded form above by 2γ/Rn. Although we expect it to be a reasonable
approximation for the pressure, it is not rigorously valid for large amplitude.

6.3 LB method for inkjet printing

As anticipated we use the axisymmetric multiphase lattice Boltzmann model
presented in Chapter 5 to simulate drop-formation in inkjet nozzles.

The flow domain for the LB simulations is shown in Figure 6.1 (right panel).
The simulation domain of size H×R = Nz×Nr consists of four parts: channel
section of radius Rc = R and length Lc, a wettable nozzle of length Ln and
radius Rn, a wettable nozzle plate and the rest of the flow domain of length
H − (Lc +Ln) and radius R. The possible choices of nozzle radius depends on
We, Re, Un, τ and Gsc, as shown in Figure 6.3. Besides the reasons mentioned
in the previous section, the length of the channel for the LB simulations is
restricted below a critical value in order to avoid any reflection of pressure
waves from the nozzle surface. Moreover, Lc is bounded from below to avoid
a large pressure gradients at the channel inlet.

We use the no-slip boundary condition at the nozzle and channel surfaces,
the no-stress boundary condition at the exit (z = H) and the pressure bound-
ary condition at the channel inlet (z = 0). The wetting properties of the nozzle
plate and the nozzle surface are modeled using a wetting parameter, as shown
in section 3.4.2.
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A-priori estimates of the SC LB simulation parameters

As mentioned in section 6.1, the SC LB model has some stability issues, which
restrict the choice of the parameters Gsc and τ . Thus, one needs to check which
parameter values are allowed for the simulation of the drop-formation in the
inkjet nozzles. Using Eq. (3.25) we can obtain τ as a function of kinematic
viscosity ν (δt = 1):

τ = 1
2 + ν

c2
s

, (6.5)

and Eq. (6.1) can be used to express ν and ρ`/γ as a functions of Rn and Un,
Re and We:

ν = UnRn
Re ,

γ

ρ`
= U2

nRn
We , (6.6)

where Un � cs. In the SC model, Gsc can be expressed as an invertible
function of γ/ρ`, see Table 3.1. First we evaluate Gsc for a given ratio γ/ρ`
and then we can find ρ` and γ for given Gsc. Figure 6.3 shows the contour
lines for Gsc = −4.5,−5.5 and τ = 0.9, 1.2 as a function of Un and Rn for
Re = 75 and We = 21.4. The region enclosed between these contour lines
gives the appropriate values of Rn and Un for the LB simulations.

6.3.1 Validation for small amplitude fluctuations

This validation is accurate as long as nonlinear effects in the channel and in
the nozzle are negligible (no drop-formation). This is achieved by choosing
the velocity given in Eq. (6.3) with a very small amplitude. For small Un, We
and Re are small, which means that the flow in the nozzle is parabolic and
there is no drop formation. Furthermore, ω and ξ should be chosen such that
the capillary pressure dominates the pressure in the channel, see Eqs. (6.4).
For small amplitude fluctuations we can assume the shape of the meniscus is
a paraboloid:

Z(r, t) = Z(0, t)
[
1−

(
r

Rn

)2
]
, (6.7)

where Z(0, t) is the position of the meniscus at the axis. Using Eq. (6.7) and
∂Z/∂r � 1, the mean curvature of the meniscus reads:

κ(t) = 4Z(0, t)
R2

n
. (6.8)
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Figure 6.3: Phase diagram showing the parameter space accessible for LB
simulations, enclosed by the red and blue curves, with Re = 75, We = 21.4
and Ma � 1. The red and the blue curves show the values of Gsc and τ ,
respectively. For every point in the gray region, we get a unique value of Un,
Rn, τ and Gsc in lattice units.

Using the capillary pressure given by Eq. (6.4c), we obtain the capillary pres-
sure as a function of the meniscus displacement:

pcap(t) = γ
4Z(0, t)
R2

n
. (6.9)

The problem of approximating pcap is now reduced to the approximation of the
average meniscus displacement. In order to obtain the meniscus displacement,
we use

dZ(0, t)
dt = U(t), (6.10)

where U(t) is the average fluid velocity in the nozzle:

U(t) = 1
πR2

n

∫ Rn

0
2πr uz(r, t) dr. (6.11)
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In the Stokes’ limit the average velocity in a cylinder is half of the maximum
velocity, i.e. U(t) = uz(0, t)/2 = un(t)/2. Finally, we have the following initial
value problem:

dZ(0, t)
dt = 1

2un(t), (6.12)

where the initial condition Z(0, 0) is given by the position of the interface
at t = 0. We use the 4-th order explicit Runge-Kutta method [163] to solve
Eq. (6.12), which gives the meniscus displacement and hence the capillary
pressure.

The following parameters are used for the LB simulation shown in Figure
6.4: Nz ×Nr = 128 × 40, Rc = 40, Lc = 40, Rn = 20, Ln = 20, Gsc = −5(ρ` =
1.9314, ρv = 0.155, γ = 0.053), ν = 0.167(τ = 1), θe = 90◦ at the nozzle plate
and θe = 0◦ at the nozzle surface. Moreover, for the velocity pulse we have :
Un = 4.08 × 10−3, ξ = 1.85 × 10−4, ω = 9.25 × 10−4. The characteristic time
scale is t∗ = 1/ω. The nozzle velocity and pressure difference are evaluated at
z = 45 and r = 0.5 (all parameters are in lattice units). The results of the LB
simulation are reported in Figure 6.4. The pressure imposed at the channel
inlet is the same as at the nozzle inlet, and the velocity obtained at the nozzle
is a good approximation of the velocity ansatz given by Eq. (6.3).

The channel dimensions should be taken such that the compressibility
effects are negligible. The compressibility effect in the LB model due to the
time dependent pressure variations is proportional to Lcω/cs, (the ratio of the
characteristic fluid speed in the channel and the speed of sound) [164]. For
incompressible flow in a channel, Lcω/cs < 1, or Lc < cs/ω. This sets the limit
for Lc in the LB simulation. This estimate for the channel length is consistent
with our assumption for the pressure boundary conditions mentioned in section
6.2.1. A result of the LB simulation showing compressibility effects is shown
in Figure 6.5: varying the channel radius (Rc > Rn), does not show any
compressibility effect.

6.3.2 Unit conversion

So far we presented the LB simulations either in dimensionless form or in
lattice units (LU). However, for an industrial application like PIJ printing, it
is very useful to express results and parameters in the international system of
units, SI (Système Internationale). Here we provide a procedure to convert
the parameter values from LU to SI units. No unit conversion procedure could
be found in the literatures that exactly matched our requirements.

For the problem considered in this chapter it is sufficient to consider only
three basic physical dimensions: mass [M], length [L] and time [T]. For a given
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Figure 6.4: Left panel: the pressure difference imposed at the channel inlet
(solid curve), and the pressure obtained in the LB simulation at the nozzle
entrance. The pressure at the nozzle entrance is the same as the pressure at
the channel inlet. Right panel: the axial velocity given by Eq. (6.3) at the
nozzle exit (solid line), the axial and the average velocity, U(t) determined by
Eq. (6.11), at the nozzle exit obtained from the LB simulations.
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Figure 6.5: Same as Figure 6.4, except Nz = 768 and Lc = 650. Figure
shows the compressibility effects induced by the length of the channel. For
this simulation Lc > cs/ω = 624.2.

physical quantity q its dimension [q] can be expressed as a product of M, L
and T, i.e., [q] = MαLβTδ.

The first step of the procedure is the selection of the characteristic scales
for the basic physical dimensions. For our problem the characteristic length,
mass and time scales are Rn, ρ`R3

n and ω−1, respectively. Using these we can
non-dimensionalize the physical quantity q as:

q∗ = q

(ρ`R3
n)α(Rn)β(ω−1)δ = q

(ρ`)α(Rn)3α+β(ω)−δ , (6.13)
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where q∗ is dimensionless and α, β, δ are determined by the dimensions of q.
We assign some values to the characteristic parameters in SI units: Un =
10 m/s, Rn = 15µm, ρ` = 103 kg/m3, γ = 0.07 N/m, µ` = 0.002 kg/m/s and
ω = 7.54 × 105 Hz. For these parameters we have We = 21.4, Re = 75.0 and
Wo = 23.1. In the second step, we use the phase diagram shown in Figure
6.3 for Re = 75 and We = 21.4 and choose Gsc = −4.9, τ = 1, which gives
Rn = 270 and Un = 4.56 × 10−2 in LU. Furthermore, Gsc and τ are used
to estimate ρ` = 1.85, ρv = 0.17, γ = 0.048 and µ` = 0.304 for the LB
simulations, which together with Wo can be used to obtain ω = 1.91×10−4 in
LU. In the third and last step, we use the values of ρ`, Rn and ω in LU and SI
units to obtain the scaling rules between LU and SI units or vice-versa. We do
it by first converting one unit system in dimensionless form using Eq. (6.13)
and using the same relation to convert the dimensionless values to different
unit systems. A list showing all the parameters used for the LB simulations
is presented in Table 6.1.

6.3.3 Comparison with Flow3D simulations

Figure 6.6 shows a qualitative comparison of the LB and Flow3D simulation.
The geometry used for this simulation is shown in Figure 6.1 and for the LB
simulations we use parameters in LU, whereas in the Flow3D simulations we
use parameters in SI units. A complete list of parameters used for the LB and
Flow3D simulation is presented in Table 6.1.

In the initial (t < 14ω) and final (t > 30ω) stages of the drop-formation,
where the meniscus is close to the nozzle end, the agreement between the LB
and Flow3D simulation is good. At the stage where a jet of fluid is coming out
of the nozzle, the drop-formation in the LB simulation is delayed. We attribute
this to the presence of vapor outside the nozzle. Slow breakup of a liquid
thread in presence of the vapor has been studies in the SC LB method [165],
as well as in experiments [166]. In the final stages, the vapor inertia creates
a clear difference between the LB and the Flow3D simulation. Furthermore,
the satellite drop in the LB simulation decreases and eventually disappears
presumably due to numerically enhanced evaporation [167].

6.4 Conclusions and recommendations

The LB model used here is an axisymmetric model with the axis of symmetry
aligned with the axis of the nozzle. We found that the SC LBmethod is a viable
tool for industrial applications under some restrictions on Re, We, and Ma.
For a given Re, We, we can only use a limited range of the SC LB parameters.
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q LU q∗ SI (m, kg, s) [q]
∆x 1.0 3.70× 10−3 5.56× 10−8 L
∆m 1.0 2.75× 10−8 9.27× 10−20 M
∆t 1.0 5.41× 10−1 2.53× 10−10 T
po 0.0366 7.45 9.53× 105 ML−1T−2

pc 0.0365 7.42 9.50× 105 ML−1T−2

Rn 270 1.0 1.50× 10−5 L
Ln 270 1.0 1.50× 10−5 L
Rc 405 1.5 2.25× 10−5 L
Lc 540 2.0 3.00× 10−5 L
H 4352 16.1 2.40× 10−4 L
Un 0.046 8.84× 10−1 1.00× 101 LT−1

ρ` 1.830 1.0 1.00× 103 M L−3

ρv 0.170 9.19× 10−2 9.19× 101 M L−3

γ 0.048 3.65× 10−2 7.00× 10−2 MT−2

µ` 0.304 3.04× 10−1 2.00× 10−3 ML−1T−1

cs 0.342 6.63 7.50× 101 LT−1

ω 1.91× 10−4 1.0 7.54× 105 T−1

ξ 4.33× 10−5 2.27× 10−1 1.71× 105 T−1

t0 7.47× 104 1.43× 101 1.89× 10−5 T

Table 6.1: Table showing LB simulation parameters and their corresponding
values in SI units. The physical quantities shown in blue are obtained using the
phase diagram for Re = 75, We = 21.4, Wo = 23.1. The rows corresponding to
the gray cell represent the characteristic physical parameters and their values
in different system of units. The speed of sound, cs, shown in the SI units is 75
m/s, which is much smaller then the speed of sound in the ink (≈ 1250 m/s).

Many of the conditions encountered are intrinsic to the choice of using the
classical SC model and not to LB method in general. The explanation of other
LB multi-phase models was out of the scope of this thesis. Furthermore, the
maximum jetting velocity that we can simulate in the LB model is restricted
by the finite speed of sound in the LB method (Ma = Un/cs � 1), this is
a general condition of the LB model. Although we use the SC LB model in
this chapter, the results are applicable to the diffuse interface LB models in
general. The model presented in this Chapter can be used to study the contact
line motion. The “satellite drop evaporation” observed in the multi-phase SC
model can be improved by using a multi-component SC model or other type
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of multi-phase LB models.
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Figure 6.6: A qualitative comparison between the LB simulation (red curve)
and Flow3D simulations (black curve). The label below each plot represents
the time step in dimensionless units (t ∗ ω). The initial retraction and small
amplitude motion is very similar. The jetting and droplet formation is differ-
ent.
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The research presented in this thesis is a part of FOM Industrial Partner-
ship Program (IPP) “Contact line control during wetting and de-wetting”
conducted in collaboration with ASML and Océ. In our study, we addressed
questions motivated by immersion lithography (ASML) as well as to drop
formation in inkjet printers (Océ).

We have studied the moving contact lines and fluid interfaces by using the
lattice Boltzmann (LB) method and the lubrication theory (LT) models. The
standard LT model shown in Chapter 2 provides the basic framework to study
the problems related to the contact line motion. The details of the LB methods
have been provided in Chapters 3 and 5, respectively. The standard LT model
is a single-phase model and valid only for interfaces with small slopes thus it
cannot be used for the study of advancing contact lines or interfaces with large
slope. The generalized lubrication (GL) model that includes the multiphase
character of the advancing contact line and fluid interfaces with large slopes
has been described in Chapter 4.

Based on the geometrical assumptions, the study of the contact lines and
of the interfaces has been divided into two categories: first, the contact line
motion in 2D (Chapter 4) and second, contact lines and interfaces that are
rotationally symmetric (Chapter 5 and 6). For the first category, we used the
standard Shan-Chen (SC) multiphase and multicomponent model for the LB
simulations [9]. For the second category, we developed a novel axisymmetric
variant of the LB model based on the SC multiphase LB model [168].

In Chapter 4, we studied interfaces and contact lines in 2D. In particular,
we considered a 2D geometry made of: a solid, partially wettable and chem-
ically homogeneous plate that is vertically immersed in a pool of liquid with
viscosity, µ`. Using this setup, we investigated two different problems: the
dip-coating problem (plate pulled out of the liquid) and the plunging plate
problem (plate pushed into the liquid). We validated the LB simulations us-
ing the GL model at small capillary numbers, Ca. The two most important
parameters for which we carried out our studies were the viscosity ratio and
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the contact angle. The viscosity ratio, Rµ, is the ratio of viscosities between
the surrounding fluid and the liquid in which the plate is immersed, while
the contact angle is the equilibrium contact angle, θe, measured in the liquid.
We found that the multiphase LB method is more suitable for viscosity ra-
tios up to Rµ ≈ O(10−2), whereas the multicomponent LB model is the most
appropriate tool for the case of two fluids with nearly identical viscosities.
An important parameter λs (slip-length) has been used to avoid the viscous
singularity at the contact line in the GL models. In order to compare the LB
and GL simulations, we calibrated the value of λs in the GL model. In the
regime close to the wetting transition, Ca ≈ Cac, the results for the plunging
plate problem contributed to the validation of the GL model. After these steps
the GL model has been used to study the plunging plate problem for differ-
ent viscosity ratios. The GL model showed that for the dip-coating problem
Cac ∝ R−1

µ while for the plunging plate problem Cac ∝ R
−2/3
µ . The multi-

phase LB simulations did not show any wetting transition for the plunging
plate problem, due to the enhanced condensation/evaporation present at high
capillary numbers.

In Chapter 5, we presented a novel axisymmetric multiphase LB model.
We validated our model for single-phase as well as for multiphase flows. In
particular we focused on a flow inside a cylindrical pipe, on the axisymmet-
ric oscillations of a drop and on the Rayleigh-Pleatau instability. Using this
method we also studied the contraction of the viscous ligament and the results
have been compared with those from the LT model [139], an analytical force
balance model and form the Flow3D solver [169]. Despite of the modeling
differences, all these models showed a very good agreement with each other.
The axisymmetric LB model requires computational costs typically of a 2D
simulation, thus much less that the cost of a full 3D simulation. Furthermore,
the axisymmetric multiphase model developed relies on the widely employed
SC model, thus allowing to easily switch from 3D to 2D while maintaining
the same values for the SC parameters (i.e. densities and coupling strength).
This axisymmetric SC multiphase LB model was used further to study the
drop-formation though an inkjet printer nozzle.

In Chapter 6, we employed our axisymmetric multiphase LB model for the
study of the drop formation through an inkjet nozzle. Due to the complexity of
the geometry and to the boundary conditions, the main challenge here was to
develop a framework where the LB simulations can be quantitatively compared
to experiments. The main difficulty was the restricted range of applicability
of LB parameters and the system of units in which the LB models work.

In our comparisons we found that the LB study not only provides an
efficient alternative to the existing analytical and numerical models and com-
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mercial flow solvers, but also provides more insight into the regimes where the
physics is challenging. Using the LB method for the above mentioned prob-
lems also revealed some drawback of the multi-phase and multi-component
Shan-Chen LB method. The multiphase model used is a diffuse interface
method and introduces an interface width as an additional parameter in the
problem, However, the GL models used are based on the assumption of sharp
interfaces. The range of viscosity ratios and capillary numbers restricts the
range of applicability of the Shan-Chen model for the case of plunging plate
problem. Finite sound speed and the dependence of the density and of the
surface tension on the single parameter in the Shan-Chen model, gives the
geometrical restriction in using the axisymmetric LB method for the inkjet
nozzle simulations.



128 Conclusions



Appendices

I Asymptotic behavior of the GL model

We discuss the behavior of the function f(θ,Rµ) when θ is close to π and Rµ
close to zero. As presented in Section 4.5, f(θ,Rµ) is defined as:

f(θ,Rµ) ≡
2 sin3 θ[R2

µf1(θ) + 2Rµf3(θ) + f1(π − θ)]
3[Rµf1(θ)f2(π − θ)− f1(π − θ)f2(θ)] ,

f1(θ) ≡ θ2 − sin2 θ,

f2(θ) ≡ θ − sin θ cos θ,
f3(θ) ≡ (θ(π − θ) + sin2 θ).

(I.1)

First, we expand the terms in both the numerator and the denominator in
Taylor series about θ = π and keep the leading order terms only. We end up
with

f(θ,Rµ) = −2[π2(Rµ)2 + 2πRµ(π − θ) + (π − θ)4/3]
2π2Rµ + π(π − θ) . (I.2)

The asymptotic behavior of f(θ,Rµ) depends on the relative magnitude be-
tween (π − θ) and Rµ. For Rµ � π − θ, f(θ,Rµ) can be approximated as:

f(θ,Rµ) ' f(θ, 0)− 4Rµ '
−2(π − θ)3

3π − 4Rµ. (I.3)

The contribution of air viscosity, represented by −4Rµ, will become significant
once (π − θ) ≈ (Rµ)1/3.

When θ is very close to π such that π − θ � Rµ, f(θ,Rµ) has a different
asymptotic form, i.e.,

f(θ,Rµ) ' −Rµ. (I.4)

If we substitute this asymptotic form of f(θ,Rµ) into the generalized lubri-
cation equation (4.22), we see the liquid viscosity cancels out in the product
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CaRµ, so that the asymptotic equation does not depend on liquid viscosity
anymore. This means in this asymptotic limit, air viscosity completely domi-
nates the flow.

II Chapman-Enskog expansion

Here we present the Chapmann-Enskog (CE) expansion procedure to recover
the axisymmetric continuity and NS equations Eq. (5.1) and Eq. (5.2), respec-
tively, form the modified lattice Boltzmann equation Eq. (5.4). The modified
lattice Boltzmann Eq. (5.4) for the distribution function fi(x, t) reads

fi(x + ciδt, t+ δt)− fi(x, t) = −1
τ

(
fi(x, t)− f eq

i (x, t)
)

+ δt hi(x + ciδt/2, t+ δt/2).
(5.4)

where hi are the source terms, ci are the lattice velocities, τ is the relaxation
parameter and f eq

i (x, t) ≡ f eq
i

(
ρ(x, t),u(x, t)

)
are the discrete second order

approximation of the Maxwell-Boltzmann distribution function

f eq
i (ρ,u) = wiρ

(
1 + 1

c2
s

(ci·u) + 1
2c4
s

(ci·u)2 − 1
2c2
s

‖u‖2
)
, (3.22)

where cs is the speed of sound and wi’s are the weight factors to ensure the
symmetry of the lattice and u is the local equilibrium velocity. For the D2Q9
LB model with BGK collision operator the speed of sound, cs =

√
1/3, w0 =

4/9, wi = 1/9 for i = 1, 2, 3, 4 and wi = 1/36 for i = 5, 6, 7, 8. In general these
weights are positive and satisfy following symmetry conditions [58]∑

i

wi = 1,
∑
i

wiciα = 0,∑
i

wiciαciβ = c2
sδαβ,

∑
i

wiciαciβciγ = 0,∑
i

wiciαciβciγciδ = c4
s

(
δαβδγδ + δαγδβδ + δαδδβγ),∑

i

wiciαciβciγciδciη = 0.
(II.1)

The hydrodynamic density, ρ and momentum, (ρu) are given by the zeroth
and first moment of the distribution function respectively, i.e.,

ρ(x, t) =
∑
i

fi(x, t), (II.2a)

(ρu)(x, t) =
∑
i

cifi(x, t). (II.2b)
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In order to establish a relation between the LB Eq. (5.4), the continuity
Eq. (5.1) and the NS equations (5.2) it is necessary to separate different time
scales. We distinguish between slow and fast varying quantities by using two
time scales and one space scale [58]. We expand the time and space derivative
using a formal parameter ε as

∂t = ε∂
(1)
t + ε2∂

(2)
t +O(ε3), ∇ = ε∇(1) +O(ε2), (II.3)

and the distribution function, fi as

fi = f
(0)
i + εf

(1)
i + ε2f

(2)
i +O(ε3). (II.4)

The expansion parameter is formal in the sense that it allows us to keep the
track of the terms with different order of magnitude with respect to f

(0)
i .

The zeroth order contribution, f (0)
i , is exactly the same as the equilibrium

distribution function, f eq
i . The first and second order perturbations in fi do

not contribute to hydrodynamic density and momentum [58] :∑
i

f
(1)
i =

∑
i

f
(2)
i = 0, (II.5a)

∑
i

cif (1)
i =

∑
i

cif (2)
i = 0. (II.5b)

The source term hi does not have any zeroth order contribution and is ex-
panded as

hi = εh
(1)
i + ε2h

(2)
i +O(ε3). (II.6)

Taylor series of fi and hi around (x, t) are given by

fi(x + ciδt, t+ δt) = fi(x, t) + δt(∂t + ciα∂α)fi(x, t)

+(δt)2

2 (∂t + ciα∂α)2fi(x, t)

+O((δt)3), (II.7)

hi(x + ciδt/2, t+ δt/2) = hi(x, t) + δt

2 (∂t + ciα∂α)hi(x, t)

+1
2

(
δt

2

)2
(∂t + ciα∂α)2hi(x, t)

+O((δt)3), (II.8)

where ciα is the α-th component of ci, and ∂α represents the partial derivative
with respect to α-th component of x. Indices α, β, γ, δ used in the following
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derivation ranges over the set {z, r}, and when an index appears twice in a
single term it represents the standard Einstein summation convention. Using
Eq. (II.3),(II.4),(II.7), and (II.8) in (5.4) and rearranging the terms we obtain
a series in ε

ε
[
δt
(
∂

(1)
t f

(0)
i + ciα∂

(1)
α f

(0)
i

)]
+ ε2

[
δt
(
∂

(2)
t f

(0)
i + ∂

(1)
t f

(1)
i + ciα∂

(1)
α f

(1)
i

)
+ (δt)2

2
(
∂

(1)
t ∂

(1)
t f

(0)
i + ciαciβ∂

(1)
α ∂

(1)
β f

(0)
i + 2ciα∂(1)

t ∂(1)
α f

(0)
i

)]
= ε

[
− 1
τ
f

(1)
i + δt h

(1)
i

]
+ ε2[− 1

τ
f

(2)
i + δt h

(2)
i + (δt)2

2
(
∂

(1)
t + ciα∂

(1)
α

)
h

(1)
i

]
+O(ε3).

(II.9)

Comparing the coefficients of ε, ε2 and omitting ε3 terms in Eq. (II.9) gives
us

δt
(
∂

(1)
t f

(0)
i + ciα∂

(1)
α f

(0)
i

)
= −1

τ
f

(1)
i + δt h

(1)
i , (II.10)

δt
(
∂

(2)
t f

(0)
i + ∂

(1)
t f

(1)
i + ciα∂

(1)
α f

(1)
i

)
+ (δt)2

2
(
∂

(1)
t ∂

(1)
t f

(0)
i

+ciαciβ∂(1)
α ∂

(1)
β f

(0)
i + 2ciα∂(1)

t ∂(1)
α f

(0)
i

)
= −1

τ
f

(2)
i + δt h

(2)
i + (δt)2

2
(
∂

(1)
t + ciα∂

(1)
α

)
h

(1)
i ,

(II.11)

respectively. In the following steps of the CE expansion we will take the
zeroth and first lattice velocity moments of Eqs. (II.10) and (II.11). The
zeroth moment of Eqs. (II.10) and (II.11) will give us the mass conservation
up to ε and ε2 order terms, respectively, and the first moment of Eqs. (II.10)
and (II.11) will give us the momentum conservation up to ε and ε2 order terms,
respectively. Finally by using Eq. (II.3) we will obtain equations that conserve
the hydrodynamic mass and momentum up to O(ε2) perturbations in fi.

Mass conservation

The zeroth order moment is obtained by taking summation of Eq. (II.10) over
index i, and the first order moment is obtained by multiplying Eq. (II.10) by
ci and taking summation over index i. The zeroth and first order moments of
Eq. (II.10) along with Eqs. (II.2) and (II.5) gives us

∂
(1)
t ρ+ ∂(1)

α (ρuα) =
∑
i

h
(1)
i , (II.12)

∂
(1)
t (ρuβ) + ∂(1)

α Π(0)
αβ =

∑
i

ciβh
(1)
i , (II.13)
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respectively. Π(0)
αβ in Eq. (II.13) is the zeroth order stress tensor, and using

Eq. (3.22) it can be expressed in term of hydrodynamic variables [58]

Π(0)
αβ ≡

∑
i

ciαciβf
(0)
i = ρ

(
c2
sδαβ + uαuβ

)
. (II.14)

Using Eq. (II.14) in Eq. (II.13) gives us

∂
(1)
t (ρuβ) + ∂(1)

α (ρuαuβ) = −∂β
(
c2
sρ
)

+
∑
i

ciβh
(1)
i , (II.15)

Eq. (II.12) gives us the density change in convective time scale. In order to
estimate the density change in diffusive time scale, we take the zeroth moment
of Eq. (II.11)

δt

(
∂

(2)
t
∑
i

f
(0)
i + ∂

(1)
t
∑
i

f
(1)
i + ∂(1)

α

∑
i

ciαf
(1)
i

)

+ (δt)2

2

(
∂

(1)
t ∂

(1)
t
∑
i

f
(0)
i + ∂(1)

α ∂
(1)
β

∑
i

ciαciβf
(0)
i + 2∂(1)

t ∂(1)
α

∑
i

ciαf
(0)
i

)

= −1
τ

∑
i

f
(2)
i + δt

∑
i

h
(2)
i + (δt)2

2

(
∂

(1)
t
∑
i

h
(1)
i + ∂(1)

α

∑
i

ciαh
(1)
i

)
.

Using Eqs. (II.5), (II.2) and (II.14) we get

∂
(2)
t ρ+ δt

2
(
∂

(1)
t ∂

(1)
t ρ+ ∂(1)

α ∂
(1)
β Π(0)

αβ + 2∂(1)
t ∂(1)

α

(
ρuα

))
=
∑
i

h
(2)
i + δt

2
(
∂

(1)
t
∑
i

h
(1)
i + ∂(1)

α

∑
i

ciαh
(1)
i

)
.

∂
(2)
t ρ+ δt

2

(
∂

(1)
t

(
∂

(1)
t ρ+ ∂(1)

α (ρuα)
)

+ ∂(1)
α

(
∂

(1)
t (ρuα) + ∂

(1)
β Π(0)

αβ

))
=
∑
i

h
(2)
i + δt

2

(
∂

(1)
t
∑
i

h
(1)
i + ∂(1)

α

∑
i

ciαh
(1)
i

)
.

Finally using Eq. (II.12) and (II.15) we get

∂
(2)
t ρ+ δt

2

(
∂

(1)
t
∑
i

h
(1)
i + ∂(1)

α

∑
i

ciαh
(1)
i

)

=
∑
i

h
(2)
i + δt

2

(
∂

(1)
t
∑
i

h
(1)
i + ∂(1)

α

∑
i

ciαh
(1)
i

)
.

(II.16)
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Rearranging the terms of Eq. (II.16) gives us rate of change of density with
the diffusive time scale, i.e.,

∂
(2)
t ρ =

∑
i

h
(2)
i . (II.17)

We assume that the source term h2
i does not change the density at the diffusive

time scale, i.e., ∑
i

h
(2)
i = 0. (II.18)

Using the relation ε(II.12)+ ε2 (II.17) we get

∂tρ+ ∂α(ρuα) = ε
∑
i

h
(1)
i + ε2∑

i

h
(2)
i . (II.19)

If we choose

εh
(1)
i = −wiρur

r
, (II.20)

then

∑
i

h
(1)
i = −1

ε

ρur
r
, (II.21a)

∑
i

ciαh
(1)
i = 0, (II.21b)

∑
i

ciαciβh
(1)
i = −c2

s

1
ε

ρur
r
δαβ. (II.21c)

Using the Eqs. (II.19), (II.21a) and (II.18) gives us

∂tρ+ ∂α(ρuα) = −ρur
r
. (II.22)

Eq. (II.22) is the axisymmetric continuity Eq. (5.1).
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Momentum conservation

Similarly, in order to calculate the rate of momentum change with respect to
diffusive time scale, we take the first moment of Eq. (II.11)

δt

(
∂

(2)
t
∑
i

ciγf
(0)
i + ∂

(1)
t
∑
i

ciγf
(1)
i + ∂(1)

α

∑
i

ciαciγf
(1)
i

)

+(δt)2

2

(
∂

(1)
t ∂

(1)
t
∑
i

ciγf
(0)
i + ∂(1)

α ∂
(1)
β

∑
i

ciαciβciγf
(0)
i

+2∂(1)
t ∂(1)

α

∑
i

ciαciγf
(0)
i

)
= −1

τ

∑
i

ciγf
(2)
i + δt

∑
i

ciγh
(2)
i

+(δt)2

2

(
∂

(1)
t
∑
i

ciγh
(1)
i + δt

2 ∂
(1)
α

∑
i

ciγciαh
(1)
i

)
,

(II.23)

using Eqs. (II.2), (II.5) and (II.21a) we get

∂
(2)
t (ρuγ) + ∂(1)

α Π(1)
αγ + δt

2
(
∂

(1)
t ∂

(1)
t (ρuγ) + ∂(1)

α ∂
(1)
β P

(0)
αβγ

+2∂(1)
t ∂(1)

α Π(0)
αγ

)
=
∑
i

ciγh
(2)
i − c

2
s

1
ε
∂(1)
γ

(ρur
r

)
,

(II.24)

where

P
(0)
αβγ ≡

∑
i

ciαciβciγf
(0)
i , (II.25)

Π(1)
αγ ≡

∑
i

ciαciγf
(1)
i . (II.26)

Using Eq. (3.22) and (II.1) in Eq. (II.25) we get

P
(0)
αβγ = 1

c2
s

∑
i

wiciαciβciγciδ(ρuδ)

= c2
s

(
δαβ(ρuγ) + δβγ(ρuα) + δαγ(ρuβ)

)
, (II.27)

and Eq. (II.10) in Eq. (II.26) gives

Π(1)
αγ = δt τ

∑
i

ciαciγ
(
h

(1)
i − ciδ∂

(1)
δ f

(0)
i − ∂

(1)
t f

(0)
i

)
= δt τ

∑
i

ciαciγh
(1)
i − δt τ

(
∂

(1)
δ P

(0)
αγδ + ∂

(1)
t Π(0)

αγ

)
. (II.28)
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Substituting Eqs. (II.15) and (II.28) in (II.24) and rearranging gives

∂
(2)
t (ρuγ)− δt

(
τ − 1

2

)(
∂(1)
α ∂

(1)
δ P

(0)
αγδ + ∂

(1)
t ∂(1)

α Π(0)
αγ

)
= c2

s

1
ε
δt

(
τ − 1

2

)
∂(1)
γ

(ρur
r

)
+
∑
i

ciγh
(2)
i .

(II.29)

In order to obtain the NS Eqs. (5.2) from the lattice Boltzmann Eq. (5.4)
it is necessary that the hydrodynamic velocity satisfies the low Mach number,
Ma condition i.e. O(Ma3) terms are very small and can be neglected from the
Eq. (II.29). For the LB method the Mach number is defined as Ma = u/cs,
where u is the characteristic hydrodynamic velocity and cs is the speed of
sound in LB method. The third order velocity appears only in the expression
∂

(1)
t ∂

(1)
α Π(0)

αγ in Eq. (II.29):

∂
(1)
t ∂(1)

α Π(0)
αγ = ∂

(1)
t

(
∂(1)
α Π(0)

αγ

)
= ∂

(1)
t

(
∂(1)
α

(
ρuαuγ + c2

sρδαγ
))

= ∂
(1)
t ∂(1)

α

(
ρuαuγ

)
+ c2

s∂
(1)
γ

(
∂

(1)
t ρ

)
= ∂(1)

α

(
∂

(1)
t (ρuα)uγ + ∂

(1)
t (ρuγ)uα

− (∂(1)
t ρ)uαuγ

)
+ c2

s∂
(1)
γ

(
∂

(1)
t ρ

)
.
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Using Eqs. (II.12), (II.15) and (II.21a) we get

∂
(1)
t ∂(1)

α Π(0)
αγ

= −∂(1)
α

((
∂

(1)
t ρ

)
uαuγ + uγ∂

(1)
β Π(0)

αβ + uα∂
(1)
β Π(0)

γβ

)
− c2

s∂
(1)
γ

(
∂

(1)
β

(
ρuβ

)
+ 1
ε

ρur
r

)
= −∂(1)

α

((
∂

(1)
t ρ

)
uαuγ + uγ∂

(1)
β

(
ρuαuβ + c2

sρδαβ
)

+ uα∂
(1)
β

(
ρuγuβ + c2

sρδγβ
))

− c2
s∂

(1)
γ

(
∂

(1)
β

(
ρuβ

)
+ 1
ε

ρur
r

)
= −∂(1)

α

((
∂

(1)
t ρ

)
uαuγ + uγ∂

(1)
β

(
ρuαuβ

)
+ uα∂

(1)
β

(
ρuγuβ

)
+ c2

s

(
uγ
(
∂(1)
α ρ

)
+ uα

(
∂(1)
γ ρ

))
− c2

s∂
(1)
γ

(
∂

(1)
β

(
ρuβ

)
+ 1
ε

ρur
r

)
.

Neglecting the terms uα∂(1)
β (ρuβuγ), (∂(1)

t ρ)uαuγ and uγ∂(1)
β (ρuβuα) (O(Ma3)

terms) from the last equation we get

∂
(1)
t ∂(1)

α Π(0)
αγ = −c2

s∂
(1)
α

(
uγ
(
∂(1)
α ρ

)
+ uα

(
∂(1)
γ ρ

))
− c2

s∂
(1)
γ

(
∂

(1)
β

(
ρuβ

)
+ 1
ε

ρur
r

)
.

(II.30)

Hence using Eqs. (II.27) and (II.30), the second term on L.H.S. of Eq. (II.29)
becomes

∂(1)
α ∂

(1)
δ P

(0)
αγδ + ∂

(1)
t ∂(1)

α Π(0)
αγ

= c2
s

(
∂

(1)
δ ∂

(1)
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rearranging the terms we get
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(II.31)

Substituting Eq. (II.31) back in to Eq. (II.29) gives us

∂
(2)
t
(
ρuγ

)
− c2

sδt

(
τ − 1

2

)(
∂

(1)
δ

(
ρ∂

(1)
δ uγ

)
+ ∂

(1)
δ

(
ρ∂(1)

γ uδ
))

+ c2
s

1
ε
δt

(
τ − 1

2

)
∂(1)
γ

(ρur
r

)
= c2

s

1
ε
δt

(
τ − 1

2

)
∂(1)
γ

(ρur
r

)
+
∑
i

ciγh
(2)
i .

(II.32)

Using Eqs. (II.21a) and rearranging we get

∂
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Using relation ε (II.15) + ε2 (II.33) along with Eq. (II.3) we get
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(II.34)

If we define ν = c2
sδt(τ − 0.5) and p = c2

sρ Eq. (II.34) becomes

∂t(ρuγ) + ∂α(ρuαuγ) = −∂γp+ ν∂δ
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ρ
(
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+ε2∑

i
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i . (II.35)
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Eq. (II.35) represents the axisymmetric NS equations if the source term h
(2)
i

satisfies the following conditions :

ε2∑
i
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r
r
, (II.36)

ε2∑
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r
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. (II.37)

Finally we summarize the conditions on h(1)
i and h(2)

i that give us axisymmetric
NS equations in the long wavelength and small Mach number limit:
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hence

hi = εh
(1)
i + ε2h

(2)
i ,

= wi
(
− ρur

r
+ 1
c2
s

(
cizHz + cirHr

))
,

which is the same as Eq. (5.6). This concludes our Chapman Enskog expansion
procedure to obtain the axisymmetric NS equations from modified LB equation
We do not impose any additional condition on ρ.
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Summary

Lattice Boltzmann method for contact line dynamics

This PhD project deals with the study of the problems related to the contact
line dynamics and moving fluid interfaces. The contact line here is refereed
to the common borderline between two immiscible fluids and a solid surface.
In our work, we use the lattice Boltzmann (LB) method to study the funda-
mental aspects of the moving contact line. This project is mainly inspired by
two industrial applications: immersion lithography (ASML) and print head
of an ink-jet nozzle (Océ), where the moving contact line plays a significant
role in various instabilities occurring at the micro scale. Both of these prob-
lems involves more then one characteristic length scale and time scales, highly
curved fluid interfaces, multiphase flows and complex boundary conditions,
which make the analytical or numerical studies for these very challenging. In
our study we develop, validate and apply the LB method for the problems
related to the contact line motion and the moving interfaces.

From modeling point of view, the problems that involve contact line motion
in Immersion lithography and ink-jet nozzle, fall in to a general categories of
advancing and receding contact line. For our study, we consider the contact
lines and interfaces that are: a) translational symmetric along one of the
coordinate axis (2D), and b) axisymmetric.

In Chapter 4, we presented the studies based on the Lattice Boltzmann
method and a generalized lubrication model. Our 2D numerical setup consists
of a partially wetting smooth plate, vertically immersed in a pool of liquid.
Depending on whether the plate is being pulled out or push into the fluid
bath, we have dip coating (receding contact line) or plunging plate (advancing
contact line) problems, respectively. For the receding contact line study, the
gas viscosity is irrelevant. But, for the advancing contact line the second
phase must be considered, this makes the study of the problems involving
advancing contact lines much more complex. We apply the LB method for both
of these problems for the different contact angle, the viscosity ratio and the
dimensionless velocity (Capillary number). The different fluid phases and their
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contact with the plate are simulated by means of the Shan-Chen model. We
found a very good agreement between the LB simulations and the generalized
lubrication model (GL) for the different viscosity ratios and the contact angles
for small capillary numbers. Furthermore, we found that for the hydrophilic
surfaces the matching between the LB method and GL is very good. This
validates both the LB and the GL method, and presents the LB method as
an effective alternative too for the study of the contact line in motion. We
further extended our LB study of the dip-coating problem for: a) the liquid film
deposited on the plate above critical capillary number, and b) for estimation
of critical capillary number for hydrophobic surfaces.

The second part of this PhD is related to the print head of an ink-jet
nozzle. In Chapter 6, we developed the LB model for axisymmetric multi-
phase flows. The model is an extension of the classic Shan-Chen multiphase
model for axisymmetric flows. We benchmarked the model for its accuracy in
reproducing the dynamics of the oscillations of an axially symmetric droplet
and on the capillary breakup of a viscous liquid thread. Very good quantita-
tive agreement between the numerical solutions and the analytical results is
observed.

In Chapter 7, we presented an application of the axisymmetric multiphase
lattice Boltzmann method to simulate drop formation in inkjet printers. We
showed that given several geometrical and physical constraints, how one could
choose the parameters for the lattice Boltzmann simulation. We validate the
time varying pressure boundary condition in the LB model and showed that
under some geometrical constraints the compressibility effects in the lattice
Boltzmann simulations are negligible. We presented the unit conversion pro-
cedure, which helps to compare the LB simulation with realistic jetting cases.
Finally, we showed a qualitative comparison between the LB and Flow3D
simulation for a drop-formation in an inkjet nozzle.

In this work, we used the LB method to study the behavior of the contact
line in two different geometrical setups, 2D and axisymmetric. The results
from the 2D study contribute in to the validation of the GL model. For the
axisymmetric study we developed a numerical tool that is applicable to the in-
dustrial problems. The LB study not only provides an alternate to the existing
analytical and numerical models and commercial flow solvers, but also gives
more insight in to the regimes where the problems are much more challenging.
Using LB model as a numerical tool for above problems also reveled some
drawback of multiphase/multicomponent Shan-Chen LB model. The range of
viscosity ratio and Capillary number restricts the range of applicability of the
Shan-Chen model for the case of plunging plate problem. Finite sound speed
and dependence of density and surface tension on single parameter in Shan-
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Chen model, gives the geometrical restriction in using the axisymmetric LB
model for nozzle simulations. The multiphase model used is a diffuse interface
method and introduces interface width as an addition parameter in the prob-
lem. It is self-evident that some problems are still remaining unsolved, but
the LB method certainly provides a meaningful insight and vast applicability
to many industrial problems.
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Cover illustration
Snapshot of a 2D lattice Boltzmann simulation using the Shan-Chen multi-
phase model [9, 10]. The flow domain includes two wetting rectangular blocks
(θe = 0◦). Simulation parameters in lattice units (LU): Nx×Ny = 2432×1420,
Gsc = −4.5, Rµ = 0.17, γ = 0.0215 and g = 2 × 10−5 is acting from left to
right. Initially drops are generated at random spatial position (one drop in
each 100 × 100 LU) with their radii varying from 40 to 100 LU. Photoshop
has been used for the data rendering.
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