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Chapter 1

Introduction

Inventory and hence inventory management play a central role in the operational behavior
of a production system or supply chain. Due to the complexities of modern production
processes and the extent of supply chains, inventory appears in different forms at each stage
of the supply chain. The fact is that, on average, 34% of the current assets and 90% of
the working capital of a typical company in the United States are tied up in inventories
(Simchi-Levi et al., 2007). Every company that is a party in a supply chain needs to control
its inventory levels by applying some sort of inventory control mechanism. The appropriate
selection of this mechanism may have a significant impact on the customer service level and

a company’s inventory cost, as well as system-wide supply chain cost.

Research on inventory management concentrates on providing decision making tools, which
improve the performance of inventory systems. Unfortunately, devising a good inventory
control mechanism is difficult, since modern companies operate in a highly complex business
environment, which exhibits complexities both within the company’s own processes and due
to interactions between the various levels in the supply chain as a whole. Multiple models
have been developed with the desire to capture the complex interactions between supply
chain parties, dealing with an efficient way of managing information and material flows
through the supply chain. However, while on one side a lot of the research tries to describe
these complexities, on the other it fails to capture the dynamics and uncertainties which

form an integral part of the modern business environment.

In this thesis, we focus on a particular type of uncertainty denoted as supply uncertainty.
We first discuss different forms of supply uncertainty and the relevance of this phenomena
from a practical perspective. We continue with an overview of the research topics and
common modeling approaches within the inventory research literature addressing uncertain

supply conditions.

As supply uncertainty is a very general concept, it is first worthwhile to distinguish different
forms of supply uncertainty. While these may differ in several aspects, they share two
common features: (1) uncertain supply generally denotes a deviation from the agreed supplies
to customers; and (2) the consequence of such deviation is that the replenishment of products
becomes interrupted, and products are delivered only partially, with a delay, or orders may

even be cancelled.
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Supply uncertainty can take different forms depending on how long a supply process is
interrupted, its severity, and the frequency in which it occurs. In an effort to classify different
forms of supply uncertainty, we refer to the classification proposed by Snyder et al. (2016):
(1) Disruptions are random events that cause part of the supply chain to stop functioning,
either completely or partially, for a typically random amount of time. (2) Yield uncertainty
results in a random quantity produced by a manufacturing process or delivered by a supplier,
which depends on the order quantity. (3) Capacity uncertainty in which manufacturing
capacity or the supplier’s supply availability are random and generally independent of the
order quantity. Depending on a particular setting, orders might not be delivered for some
time or are delivered only partially. An alternative to this is that an order is delayed until
supply becomes available or the desired quantity of products is produced. This results in
variable replenishment lead times as a consequence of supply uncertainty. We refer the
reader to the reviews by Vakharia and Yenipazarli (2009) and Glenn Richey Jr et al. (2009)
on supply disruptions, Yano and Lee (1995) and Grosfeld-Nir and Gerchak (2004) on random
yield uncertainty, and Zipkin (2000) on the random capacity literature.

While the above classification tries to distinguish different forms of supply uncertainties,
there is no clear boundary between them. The notion of a disruption might apply in all cases,
but is generally used when one considers rather unlikely discrete random events, resulting
in a drastic shortage of supply. Normally, yield uncertainty and capacity uncertainty are
assumed to be more continuous, affecting the replenishment of orders on a daily basis,
Although their effect is less severe. This is also why serious supply disruptions (the fire
at a Philips semiconductor plant in 2001, hurricane Katrina in 2005, and the Japanese
tsunami in 2009, to name a few of the most notable) gain a lot of attention in the business
community and the public in general. In contrast, the negative effects of unreliable supply
in daily operations are usually addressed within the company or among the partners in a
supply chain. Recent developments in supply chains are moving towards the growing agility
and flexibility of supply chain processes, but at the same time the emphasis is on making
the processes as lean as possible. Thus, it is increasingly more difficult to ensure resilient
supply chain operations since, small supply disruptions can already have relatively large
consequences (Christopher and Peck, 2004; Kleindorfer and Saad, 2005).

Hendricks and Singhal (2005b) study the effect of so-called supply glitches on shareholder
wealth. They estimate the impact of public announcements about such glitches on stock
returns around the dates the information was announced. They show that supply chain
glitch announcements are associated with an abnormal drop in shareholder value of over
10%, which is comparatively more than what they observed while studying the influence of
other negative business-related events. The list of primary reasons for supply chain glitches is
relatively broad, from shortages of parts to order changes, production problems, ramping up

and rollout problems, quality issues, capacity problems etc. These reasons can be associated



with all the above-mentioned forms of uncertain supply, although it is reasonable to assume
that only those with serious consequences were included in their study. Several other studies
have sought to capture the effect of supply disruptions on companies’ performance (Hendricks
and Singhal, 2003, 2005a; Wagner and Bode, 2006; Hendricks et al., 2007; Craighead et al.,
2007).

All the above examples of supply uncertainty also affect companies (and probably most
strikingly) on the operational level. Even in the case of a severe temporary supply disruption,
the long-term effects of resolving the supply unavailability might not be easily resolved,
and can persist to negatively affect the performance of a supply chain for a long time.
Thus, it is worthwhile to investigate the influence of uncertain supply on the dynamics of
a replenishment process and explore the ways to mitigate the negative effect of a supply

shortage or to search for alternative supply options to improve supply reliability.

We assume a capacity uncertainty type of supply uncertainty in all the models proposed in
this thesis. We place it in the context of an unreliable replenishment process, which is a
consequence of uncertain capacity conditions at a supplier; therefore, we choose to denote
it as uncertain supply capacity. The source of uncertainty in supply capacity can be
related to changes in a supplier’s manufacturing capacity due to alterations in workforce
levels (e.g. holiday leaves), machine breakdown and repair, preventive maintenance etc. It
can also be observed in the supply of products to end-customers. Retailers may face supply
restrictions imposed by their suppliers. This may be due to a supplier delivering its products

to multiple retailers or overall product unavailability at certain times.

Above we demonstrated that companies have troubles managing their inventories if they
are working under uncertain supply capacity conditions, where it is likely that the available
supply may not cover the company’s full needs in certain periods. Thus, our work is directed
to exploring two conceptual ways of improving the performance of an inventory system facing

uncertain supply capacity availability:

e Supply capacity information sharing: sharing information on the current or
future supply capacity availability in a supply chain to improve the performance of the

inventory management.

o Alternative supply options: taking advantage of alternative supply capabilities to

mitigate the negative effect of supply shortages at the primary uncertain supply source.

The motivation to model supply capacity uncertainty also arises from the fact that this field
has not received as much attention as some other forms of supply uncertainty we discussed
above. In addition to the reasons stated above, when studying the effects of uncertainties in

inventory research we can easily see that demand uncertainty is by far the most prevalent
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form of uncertainty assumed. The causes of this are both motivated from practice, as well
as from a theoretical-modeling perspective where the additional complexity due to supply
uncertainty presents problems in terms of mathematical tractability. One could argue that
the inability to cope with unpredictable ever-changing end-customer demand has a major
influence on a company’s performance. However, as demonstrated by Snyder and Shen
(2006), the cost of failing to plan for supply capacity shortages is greater than that of failing
to plan for demand uncertainty. They also point out that the insights gained from the study
of one type of uncertainty often do not apply to an other. We confirm both observations in

our work presented in this thesis.

Further, when one looks at prescriptive texts for production scheduling in the past it was
acknowledged that simple rules (used under the assumption of stable demand and unlimited
capacity) perform poorly in a supply uncertainty setting, but they do not provide any accept-
able practical rules. However, this has been changing in the last two decades. Companies
have been extensively adopting and using new planning concepts like Material Requirements
Planning (MRP) and Manufacturing Resource Planning (MRP-II). This was supplemented
by the introduction of new business practices (e.g. electronic data interchange or EDI,
point-of-sales or POS, Internet sales) and the ways companies started to cooperate (e.g.
collaborative planning forecasting and replenishment or CPFR, vendor-managed inventory
or VMI) (Lee and Padmanabhan, 1997; McCullen and Towill, 2002). Bollapragada and Rao
(2006) point out that it is particularly through implementing Enterprise Resource Planning
(ERP), which provides timely access to accurate data, that a fresh look at decision support
and advanced production planning systems is warranted. de Kok et al. (2005) show how Col-
laborate Planning based on information sharing both upstream and downstream improves

supply chain operations.

Therefore, this view is not only directed towards accepting more complex planning algo-
rithms, but even more importantly at providing relevant information to reduce the uncer-
tainties and stimulate collaboration among the supply chain parties. The need to share
relevant information through supply chains has also been widely recognized by practitioners.
For some time already, the computer industry has been extensively sharing information on
both the demand and the supply side, as reported by Austin et al. (1998) (Figure 1.1). Most
information sharing is due to sharing capacity information, although due to the sensitivity
of information and the rudimentary state of information technology at the time capacity
information was not shared electronically. A more recent study by Manrodt (2008) confirms
these findings. He looks into the attributes of lean supply chains where he finds that suc-
cessful companies try to proactively manage information flows across the supply chain. This
occurs by electronically sharing forecasts, exchange sales data, and even by conveying the
demand in real-time. In addition, inventory information is shared, and companies collabo-

rate on planning future resource requirements. He observes a similar extent of information



sharing as presented in Figure 1.1. However, the information is now more extensively shared
electronically, often via common information sharing and planning platforms. We direct the
reader to the reviews by Huang et al. (2003), Terpend et al. (2008), and Montoya-Torres and

Ortiz-Vargas (2014) on information sharing in supply chains.

B Inf shared O Inf shared electronically
Demand Forecasts 52%
Production Plans 51%
Promotion Plans 47%
POS 37%
Customers' Forecasts 33%
Sell Through 1 28%

% companies

Figure 1.1 Extent of information sharing in supply chains

Apart from sharing information, there are other ways to mitigate the undesirable effects of
potential supply shortages. They mainly relate to production flexibility in the production
setting, and multiple sourcing options and capacity reservations in the supply chain setting.
By taking advantage of these options companies can alleviate the effect of supply shortages
that are due to capacity constraints. The dynamic capacity investment or disinvestment
problem has been investigated extensively, where we point out the works of Rocklin et al.
(1984), Angelus and Porteus (2002), and Gans and Zhou (2001) in establishing the optimal
policies for managing capacity in a joint capacity and inventory management problem. These
works were later extended with the inclusion of other means of capacity flexibility where
Pinker and Larson (2003) and Tan and Alp (2009) discuss the option of hiring contingent
labor upon the need to raise the capacity. This work is later developed in Mincsovics et al.
(2009), Pac et al. (2009), and Tan and Alp (2016). Ryan (2003) presents a review of the
literature on dynamic capacity expansions with lead times. Yang et al. (2005) introduce
a model of a production/inventory system with uncertain capacity levels and the option
of subcontracting. This extends the works concentrating on a single-supplier setting to
a dual- or multiple-supplier environment. Whittemore and Saunders (1977), Chiang and
Gutierrez (1996, 1998), and Tagaras and Vlachos (2001) all study a periodic review inventory
system in which there are two modes of resupply, namely a regular mode and an emergency
mode. Orders placed through the emergency channel have a shorter supply lead time but

are subject to higher ordering costs than orders placed through the regular channel. In
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Vlachos and Tagaras (2001) they also impose capacity constraints. Minner (2003) presents
a good overview of the multiple-supplier inventory models. Finally, we point out the stream
of modeling that assumes the option of capacity reservations or supply quantity flexibility
contracting. Capacity reservation is a company’s ability to form an agreement with a supplier
stating the extent of supply capacity that is to be reserved in advance and the associated
costs (Tsay, 1999; Tsay and Lovejoy, 1999; Bassok and Anupindi, 1997; Jin and Wu, 2001;
Cachon, 2004; Erkoc and Wu, 2005; Serel, 2007).

We believe that studying these models complements the findings of our analysis in the sense
that companies should explore all options available to improve the inventory control. This
can either be by improving the collaboration and coordination with their current suppliers
or by establishing new alternative ways that give them additional flexibility in managing

their inventories.

The remainder of this chapter is organized as follows. In Section 1.1 we describe the un-
derlying stochastic capacitated inventory model, provide a short literature review of the
research track leading to formulation of the model, and outline the main model assumptions
and parameters. We then give in Section 1.2 a short description of four proposed inventory
models that incorporate either capacity information sharing or alternative supply options.
We continue by formulating the relevant research objectives in Section 1.3. A summary of
the general contributions we have made in this study is provided in Section 1.4, along with

an outline of the rest of the thesis in Section 1.5.

1.1 Underlying stochastic capacitated inventory model

In this section, we describe the stochastic capacitated inventory model that was first intro-
duced by Ciarallo et al. (1994). The model forms the base setting for the extensions proposed
in this thesis, which are introduced in Section 1.2. We first present some theoretical back-
ground on the analysis of single-stage periodic review stochastic capacity inventory modeling
in the inventory research literature. Then we elaborate on the major model assumptions and

introduce the relevant system parameters.

Although uncapacitated problems form a foundation in the stochastic inventory control
research field, we are interested in inventory models that simultaneously tackle the capacity
that may limit the order size or the amount of products that can be produced. These models
not only recognize that the supply chain’s demand side is facing uncertain market conditions,
but also look at the risks of limited or even uncertain supply conditions. Researchers are
revisiting the early stochastic demand models and extending them to incorporate uncertainty
on the supply side.
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We proceed with a short literature review of the inventory models that share the basic
modeling assumptions with the inventory models proposed in this thesis. We first briefly
discuss the models with constant capacity and then focus on the research track modeling
the stochastic capacity. As we proceed with the literature review on capacitated inventory
problems, it becomes clear that the base-stock policy with a single base-stock level character-
izes an optimal policy for several different capacitated problems. The sense of a base-stock
policy is different in the resource constrained case than in the uncapacitated case. In the
uncapacitated case, the base-stock level has a clear interpretation, namely, it is the inventory
position to produce up to. In the capacitated case, however, it only represents a target that
may or may not be achieved. If the capacity limit in a certain period is known, there is
no use in producing above that level and, thus, we are talking about a modified base-stock

policy.

Federgruen and Zipkin (1986a) first address the fixed capacity constraint for stationary
inventory problems and prove the optimality of the modified base-stock policy. They consider
an infinite horizon case according to average and discounted cost criteria (Federgruen and
Zipkin, 1986b). Tayur (1993) extends this work by developing an algorithm for computing
the optimal policy parameters and cost. For a specific setting of stochastic seasonal demand
and fixed production capacity Kapuscinski and Tayur (1998) and Aviv and Federgruen (1997)
also show the optimality of a modified base-stock policy. Anticipation of future demand, due

to its periodic nature, causes a corresponding increase or decrease in the base-stock level.

As mentioned at the beginning, Ciarallo et al. (1994) are the first to capture the uncertainty
in supply capacity by analyzing a limited stochastic production capacity model. Particularly
their inclusion of limited stochastic capacity is of interest to us as it is closely related to the
work presented in this thesis and we refer to it throughout. In their view, the random capacity
assumption is appropriate for systems where there is uncertainty about which resources
within the process will be available, resulting in limits on the ability to produce in any
period. As such, stochastic capacity is a very general way of representing a variety of internal
uncertainties. As we have argued, this notion can be generalized even further by including
the aspect of varying availability of supply due to uncertainties in the supply capacity of the

supplier.

Initially, they study a single-period problem where they show that variable capacity does not
affect the order policy. The myopic policy of a newsvendor type is optimal, meaning that the
decision-maker has no incentive to try to produce more than dictated by the demand and
the costs, and simply has to hope that the capacity will be sufficient to produce up to the
optimal amount. However, in a multiple-period situation one can respond to the possible

capacity unavailability by building up inventories in advance.

Capacity uncertainty makes the cost function somewhat complicated, taking a quasi-convex
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form. The available capacity is likely to limit the actual production and, as such, effectively
prevents high inventory accumulation. The consequence of capacity shortage is that the cost
function levels out for high order sizes, making it nonconvex. In the finite horizon stationary
case, they show that the optimal policy remains a base-stock policy where the optimal
base-stock level is increased to account for the uncertainty in capacity. More precisely, the
additional inventory, above the level needed to cope with uncertain demand, is there to
cover possible capacity shortfalls in future periods. They extend this work by introducing
a notion of extended myopic policies where they show that these policies are optimal if the

decision-maker considers appropriately defined review periods.

For the same setting, Iida (2002) obtains upper and lower bounds of the optimal base-
stock levels. He shows that for an infinite horizon problem the upper and lower bounds
of the optimal base-stock levels for the finite horizon problem converge as the planning
horizon becomes longer. This allows him to establish minimum planning horizons over
which the solution to the finite horizon problem is close enough to the infinite horizon case.
Thus, it is possible to obtain a policy sufficiently close to the optimal one by solving finite
horizon problems in a rolling horizon manner. Khang and Fujiwara (2000) present sufficient
conditions for myopic policies to be optimal under stochastic supply, yet, the demand is
assumed to be deterministic. Giillii et al. (1997) model supply uncertainty in a different way
by introducing the notion of partial availability: if an order is placed above the available
supply capacity there is a positive probability that only the capacity-restricted amount will
be delivered. Again, it is shown that the optimal policy is a base-stock policy, but they
were also able to develop a simple newsvendor-like formula to compute the optimal base-
stock levels under a more restrictive assumption of two-point stationary supply availability

(supply is either fully available or completely fails).

To summarize, the models capturing the effects of limited capacity all show that carrying
extra inventory is needed in comparison with the case of an uncapacitated supply chain.
Such a strategy would guarantee the optimal level of performance. This suggests that im-
plementing the inventory policies proposed by the classical uncapacitated inventory theory

in practical situations leads to a significant deviation from the optimal performance.

Now we refer back to the model by Ciarallo et al. (1994). They study a single-stage periodic
review inventory control problem with limited stochastic capacity. As their model shares the
major assumptions with our models, we refer to it as an underlying stochastic capaci-
tated inventory model. The sketch of the underlying inventory model is given in Figure

1.2, and we proceed by listing the major model assumptions and parameters:

Single-stage, single product: We focus on a single-stage in a supply chain by considering
an individual company or one stocking point, suggesting that the inventory is kept and

reviewed at one location. This company can either be a retailer offering products directly
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Stochastic Stochastic
supply capacity demand

Supplier ’\/\/\ Company _/\/\/\_>

Figure 1.2 Scheme of the stochastic capacitated inventory model

to end-customers, or a manufacturing company producing products on the production line.
In both cases, we assume that demand from parties downstream in a supply chain, and the
supply availability of finished products or components needed in a production process, are
exogenous to the company. This means that we cannot influence the demand and supply
capacity through our actions, e.g. ordering decisions. We assume inventory control of a

single item or product, meaning the product is treated independently of other products.

Discrete time, periodic review, finite horizon: We assume discrete time inventory
control, and study a finite horizon inventory problem. We assume a periodic review, where
inventory is reviewed at regular, fixed time intervals and, more importantly, the order de-
cision is given at these pre-specified points as well. Without loss of generality, we set the

length of the review period R to 1.

Lead time: The supply or replenishment lead time L imposes a time lag between the
moment an order is placed with the supplier or manufacturing unit, and the time the products
are actually received or produced. L is assumed to be nonnegative and constant, meaning
the delivery time is known with certainty. The entire order is delivered at the same time,
where the order quantity may be restricted by the available supply capacity. We do not
impose any restriction on the lead time: the case where L is shorter than R translates into
a zero lead time setting, and the case where L is longer than R into a positive lead time

setting.

Demand and supply capacity distribution, demand backorders and lost supply
capacity: The demand and supply capacity are assumed to be nonnegative random variables
with known probability distributions. We generally analyze the case where both the demand
and supply capacity process are modeled as independent over time periods (but may be
non-stationary over time), and independent of each other. A demand backordering case is
assumed, meaning that the unfilled part of demand at the end of the period needs to be
filled in subsequent periods. In the base case, we assume the unused supply capacity at the

supplier is lost to the company.

Costs: We consider linear inventory holding cost and backorder costs, where constant per

unit costs are assumed through all periods. We do not consider any fixed ordering costs.
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The objective of the inventory control policy is to minimize the sum of discounted expected

costs over a finite number of future periods.

Although the above assumptions are common in the inventory research literature, it is worth-
while discussing how relevant and realistic they are, particularly from a practical aspect.
Taking the perspective of a single company where the demand and supply capacity avail-
ability are exogenous to the company, might seem too simplistic. Recent developments in
supply chains revolve around the concepts of information sharing, coordination, synchroniza-
tion and collaboration between different companies, partners in a supply chain. In fact, the
two trends we discuss in this thesis: information sharing and exploring the use of alternative
supply options, can already be considered as improvements over a basic single-stage system.
From the operational point of view, the assumption of exogenous demand and supply capac-
ity often holds in practical situations. Regular ordering decisions are made without actively
considering the options to influence the demand as well as the supply capacity availability.
Such considerations are usually made at a tactical or strategic level where the company tries
to influence its position relative to the market or suppliers, and consequently improve its

operations and obtain long-term benefits.

As the focus of our research lies in exploring the influence of supply capacity availability
on ordering decisions, the assumption of lost supply capacity is vitally important. The
assumption that the order is not delivered in full if supply capacity availability was insufficient
form an integral part of the general model setting, characterized by the periodic review
ordering process and fixed lead times. Observe that in real life an alternative scenario can
occur in which the order might be delayed to ensure full delivery. However, we would like
to point out that partial on-time delivery may be preferred by some companies so that the
production (in the manufacturing setting) or distribution and sales (it retail) can start on

time.

We generally assume that the unfilled part of the order will not be satisfied by the supplier,
and hence it is lost to company. This can often be observed in supply markets facing a
chronic supply shortage. From the buyer-supplier perspective, the power in such a setting
is on the supply side. Since the supplier does not guarantee full supply availability to all its
direct customers, it is up to them to try to ensure sufficient product availability at all times.
Thus, the focus is on the smart management of inventories by holding sufficient safety stock
that guarantees the required service levels to end-customers. In fact, it may even be better
for the company to decide on a new order (corresponding to recent demand realization) than

accepting a delayed replenishment of the unfilled part of the order from the supplier.

We do not consider the influence of fixed ordering costs on the inventory policy. We argue
that this is not merely due to modeling considerations, but it can be observed in practice,

particularly in a setting with frequent supply shortages. It is common for companies to
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decide on a regular ordering pattern, opting for a suitable replenishment cycle to ensure
stability in the replenishment process. Thus, it is expected that an order is placed in every
cycle for fast moving products. In this case, fixed costs would be incurred in every period,
which means the optimal policy would be unaffected by those costs, thus fixed ordering costs
could be considered as sunk costs. The fact that the supply capacity availability is limited
stimulates a frequent ordering strategy even more as the consolidation of orders to lower the

ordering costs would lead to the higher probability of supply shortage.

1.2 Stochastic capacitated inventory models under study

In this section, we provide a description of the inventory models studied in this thesis.
Proposed inventory models can be characterized as variants of the stochastic capacitated
inventory model introduced in Section 1.1. We present the proposed inventory models in
Figure 1.3.

Our focus is on a single party in a supply chain, denoted as a company. The company’s
role is to serve the stochastic customer demand. This is done through the replenishment of
products resulting from orders placed with the supplier. However, the supply availability may
be limited due to the stochastic capacity availability at the supplier. In the introduction, we
formulate two conceptual approaches to tackle the uncertainty in supply capacity availability:

supply capacity information sharing and alternative supply options.

In line with the first approach, companies should exploit the potential of sharing rele-
vant information about the supply conditions to reduce the supply uncertainty. Here, our
contribution lies in developing models that would incorporate this information within the
inventory. We propose two different ways in which supply capacity information is commu-
nicated to the company by its supplier. The difference reflects whether the supply capacity
information is revealed before the order is placed, or later during the time the order is being
processed at the supplier. In both cases, the information is revealed before the order is

replenished. Therefore, we denote this information as advance information.

The supply capacity availability may vary substantially depending on the current inventory
status, current production status, and future production plans at the supplier. It is rea-
sonable to assume that the supplier has an insight into the current inventory position, the
status of accepted orders, and the capacity availability for a number of future periods. This
allows the supplier to identify empty production capacity slots, quote reliable lead times to
new customers’ orders, and thus improve the service for the customers. We describe the
first way of sharing advance information as advance capacity information (ACI) since the
supplier reveals information about the future supply capacity availability to the company.

The ordering process at the company can be optimized to avoid the negative effects of supply
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Figure 1.3 Schemes of the models under study
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shortages by accumulating inventories upfront in the periods with adequate supply capacity.
The second way to share advance information is that a supplier provides information on the
current order status after the decision-maker in the company has already placed the order.

We denote this way of information sharing as sharing advance supply information (ASI).

It is worthwhile shedding some more light on the differences between the ACI and ASI
types of information sharing. The biggest difference lies in the different assumptions made
about the time delay between placement of the order and the time the information on the
available supply capacity (the actual replenishment quantity) is revealed. In the ASI case,
the supply capacity information is revealed after the order has been placed and the lack of
supply capacity availability results in the replenishment quantity being lower than placed
with the initial order. As the order is already placed and thus effectively “in supply”, we
denote the advance information as supply information. In the case of ACI, the information
is available on the future supply capacity availability. As the order is not yet “in supply”, we
use the term capacity information in this case. This allows for placing the order according to
the already observed supply capacity availability. ASI thus only allows the decision-maker
to respond to an actual realized shortage in a more timely manner, learning about it before
the actual replenishment occurs. In the case of ACI, the decision-maker is informed about

the supply shortage, and can adjust their ordering strategy accordingly (Figure 1.4).

Figure 1.4 The time perspective of sharing ASI and ACI

Below we present some additional differences between the two inventory models in terms of

the level of reliability and availability of information, and the extent of the potential savings:

e Reliability: ASI can be considered as more reliable/perfect information because it
is communicated after the order has been placed with the supplier. Therefore, it is
reasonable to assume that the supplier has already put the order on the list of orders
for execution within the Manufacturing Execution System (MES), which also means
the capacity availability has already been thoroughly checked. In the case of ACI, the
order has not been placed yet. The supply capacity availability will depend on the
supplier’s plans within the Master Production Scheduling (MPS). It is reasonable to
assume that the MPS will generally be less reliable than the MES.
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e Availability: Given the above argument, it is also reasonable to assume that the
supplier is more willing to share ASI than ACI. In addition, the supplier may not be
willing to share the future capacity availability for strategic reasons. Also, sharing
ASI particularly in the case where the supplier cannot deliver the full order can be

considered as a standard business practice.

e Savings potential: By sharing ACI, the supply capacity availability can be antic-
ipated and consequently supply shortages can be avoided. Thus, it is reasonable to

assume that the potential savings will be higher than in the case of sharing ASI.

The second approach is targeted at increasing supply availability through exercising al-
ternative supply options. In practice, decision-makers are looking for ways to effectively
decrease the dependency on the primary supply source and thus to improve the supply avail-
ability and reliability, particularly if the supplier’s supply capacity availability is uncertain.
We propose two ways to complement the supply from the primary supply source. Both
options are assumed to be fully reliable supply options, but this reliability comes at a cost -

the supply is delayed.

The first option we propose is that the unfilled part of the order is not lost to the customer,
but is backordered at the supplier. We argue that in practice the supplier would be looking
to satisfy the unfilled part of the order as quickly as possible, preferably delivering it in the
next period. This backordering assumption is commonly assumed in the demand backlogging
case, but has received very limited attention on the supply side. We denote this option with
the term supply backordering. In the analysis of the supply backordering option, we propose
different ways in which the backordered supply is replenished. Depending on the decision of
the decision-maker in the company the backordered supply can be replenished fully, partially,

or cancelled.

The second option is targeted at expanding the supply base through an alternative supplier
in addition to a regular supplier with uncertain supply capacity availability. The alternative
supplier is modeled as a fully reliable supplier, but its replenishment lead time is longer. We
denote this option as a dual-sourcing option. Therefore, we seek to develop a dual-sourcing
inventory policy that would successfully split the order between the two supply sources,
taking advantage of fast replenishment via the regular supply channel, and at the same time
reducing the possibility of a supply shortage by exercising a reliable replenishment option

available at the slower supplier.

Observe that, although the two proposed alternative supply options have some similarities,
there are also relevant differences between them. In both cases the alternative supply option
is used to compensate for potential supply shortages at the primary stochastic capacitated

supply source. However, in the case of supply backordering, the extent of the supply back-
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order available for replenishment in the following period is not a decision variable, but a
consequence of a supply shortage resulting from a particular supply capacity realization.
In a dual-sourcing setting the order placed with the slower reliable supplier is made inde-
pendently of the order with the faster supplier, and is therefore not affected by the supply

capacity realization.

To summarize, we propose the following inventory models, with each model being analyzed

in the succeeding chapters of this thesis:

e ACI model (Chapter 2): an inventory model with advance capacity information on

future supply capacity availability, limiting orders placed in the near-future periods.

e ASI model (Chapter 3): an inventory model with advance supply information on
the supply capacity available for replenishing orders already placed, but which are

currently still in the pipeline.

e Supply backordering model (Chapter 4): an inventory model where the unfilled
part of the order is backordered at the supplier and available for full or partial delivery

in the following period.

e Dual-sourcing model (Chapter 5): an inventory model where, in addition to order-
ing with the faster capacitated supplier, an alternative, reliable yet slower supplier is

used to improve the availability and reliability of supply.

1.3 Research objectives

The main goal of this thesis is to develop quantitative inventory models that capture the
stochastic nature of the demand and supply process, and possible ways of either reducing
the uncertainty of supply or taking advantage of alternative supply options, in an integrated
manner. The motivation behind this is twofold. First, we would like to enrich the exist-
ing capacitated stochastic inventory research literature by developing the new models, and
characterize the resulting optimal or near-optimal inventory policies. Second, by taking a
practitioners’ point of view, we aim to show the potential reduction of inventory costs in
comparison to the underlying stochastic capacitated inventory system presented in Section
1.1, and provide the relevant managerial insights and decision policies that would allow the

decision-maker to achieve these benefits.

In accordance with the above, we formulate two groups of research questions that are relevant
to all chapters of the thesis. The motivation for developing new inventory control policies
lies in the potential benefits that can be achieved through their application. By answering
the first group of questions, we wish to evaluate these benefits and provide the relevant

managerial insights, which will serve as guidelines for making better ordering decisions:
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Q1. What is the value of supply capacity information and alternative supply options in

terms of system cost reduction?

Q2. Which factors determine the magnitude of the expected cost benefits or, more specifi-

cally, what is the influence of the relevant system parameters?

By answering Q1 we want to show that the proposed inventory policies lead to an improved
performance of the underlying stochastic capacitated inventory system. However, the mag-
nitude of the observed benefits may vary a lot depending on the particular system setting.
Further elaboration of the influence of the system’s parameters on reducing the inventory

cost is needed to characterize these settings, which we address with Q2.

The second group of research questions deals with the modeling perspective and the struc-
tural analysis of the inventory policies. While these may seem only of interest to the inventory
research community, we argue that answering them is equally relevant for decision-makers in
companies. The characterization of the proposed ordering policies can greatly contribute to
their successful implementation in real-life settings, where decision-makers normally prefer

to use relatively simple policies that still provide a reasonable performance.

Q3. How can we incorporate supply capacity information and alternative supply options in

the underlying stochastic capacitated inventory model?

Q4. What is the structure of the optimal ordering policy and its properties?

Addressing Q3 is also relevant because the presented models have received none or very
limited attention in the inventory control literature. When exploring inventory problems, an
important objective is to characterize the control mechanism that guarantees the optimal
behavior of the inventory system. We wish to answer Q4 by explicitly describing the control
mechanism underlying the optimal inventory control policy. Here, it is helpful if one can
show that the optimal policy has a particular structure. Problems similar to those studied
in this thesis have been known to have a structure of the base-stock policy, thus we want
to confirm if this also holds in our case. As the complexity of the models under study is
larger than the complexity of the underlying stochastic capacitated model, we expect this
will also be reflected in the structure of the optimal policy. The additional complexity is
captured by a more comprehensive system’s state description, which will affect the optimal

policy parameters.

From the methodological perspective, the analysis of the structural properties of the pro-
posed inventory models is complemented by a numerical analysis to evaluate the extent
and influence of the system parameters on the benefits of information sharing and using

alternative supply options.
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1.4 Contributions

The main goal of this thesis is to develop quantitative models and methods for inventory
control problems with uncertain supply. As uncertain supply conditions possibly result
in supply shortages, and consequently in inventory stock-outs and reduced service level
performance, ordering policies need to be derived that can account for the possible supply

shortages.

As we argued before, conducting optimal ordering in such a setting is not an easy task. This
can be attributed to the fact that the dynamics of these models are not trivial due to the
additional complexity introduced through stochastic supply capacity constraints. From the
theoretical perspective, this means that common extensively studied stochastic inventory
policies need to be readdressed. While we are generally taking the similar steps researchers
have taken studying inventory problems with demand uncertainty, it turns out that it is
essential to appropriately integrate this additional stochastic process within the policy to
ensure good performance. It transpires that this not only holds when optimal ordering poli-
cies are considered, but also in the case of the approximate ordering policies we propose.
Despite the additional complexity, we show that the optimal policy might still have a rel-
atively simple structure. However, determining the optimal policy parameters, which now
depend on the nature of the stochastic supply process, remains difficult. This might also be
why these problems have received comparatively little attention in the inventory research

community.

However, the research presented is not only motivated from the theoretic modeling perspec-
tive, but tries to address a problem companies encounter in real-life supply chains. Despite
the fact that decision-makers generally recognize the severity of the problem, it is common
that the negative effects of supply shortages are underestimated and not appropriately ac-
counted for. In practice, decision-makers usually need to resort to simplistic, possibly highly
inaccurate, policies that fail to capture the effect of the ever changing supply conditions.
This led us to explore possible extensions to the basic stochastic supply setting, where we
consider the options of sharing supply capacity information and using alternative supply
sources to possibly avoid supply shortages and even improve the reliability of the supply

process.
Based on the above arguments, this thesis makes three contributions:

First, we propose four inventory models incorporating stochastic supply capacity. At the
time, simultaneously with Altug and Muharremoglu (2011), the ACI model presented in
Chapter 2 was the first to consider supply capacity information sharing on future supply
availability. This has been extended to the setting where supply information is shared on

uncertain pipeline orders in the ASI model in Chapter 3. The general assumption that the
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unfilled part of the order is lost, is relaxed in the supply backordering model in Chapter 4.
We assume that the unfilled part of the order is backordered at the supplier and supplied with
a delay, where we propose several options in which the backordered supply is replenished.
While this resembles inventory models with stochastic lead times, where the delay in replen-
ishment of the order is due to temporary supply unavailability, we argue that there are still
relevant differences. From the practical perspective, the main argument for observing such
a setting is that a company would prefer a timely albeit incomplete replenishment, rather
than a postponed replenishment. Such a setting has not yet been studied in the literature.
Finally, in Chapter 5, we present a novel dual-sourcing model with a stochastic capacitated
faster supplier and a slower reliable supplier. While similar variants of the model have been
discussed in the literature, we assume a specific setting in which we are able to characterize

a near-optimal approximate ordering policy.

Second, for all the proposed models we characterize the structure of the optimal policy
and show some of its properties. This is done either analytically, or based on the insights
gained from the numerical analysis. The complexity of the optimal policies can mainly be
attributed to the fact that the optimal policy parameters are state-dependent and thus hard
to determine. In fact, the intuition of the base-stock policy is diminished as the optimal base-
stock level changes with different scenarios. We therefore study the monotonicity properties
of the optimal policy parameters, and try to develop approximate heuristics to reduce the

computational complexity.

More specifically, in the ACI model the optimal base-stock levels depend on the future supply
capacity availability within the given information horizon. In the ASI case, the optimal base-
stock levels are a function of uncertain pipeline orders for which the supply information has
not yet been revealed. In the case of supply backordering, the policy is quite simple as
the optimal base-stock levels are not state-dependent for all variants studied. However, the
decision on whether and to what extent one should replenish the backordered supply needs
to be made. The exception to the above is the proposed dual-sourcing model, where the
optimal policy has a more complex structure that can be characterized as that of a reorder

type for the faster supplier and a state-dependent, base-stock policy for the slower supplier.

Effort has been made to develop simpler policies to describe the dynamics of the proposed
models. This turned out to be a difficult task. In fact, even for the underlying stochastic
capacity model by Ciarallo et al. (1994) an approximate policy has not been proposed in
the literature so far. In the case of the ASI model and the dual-sourcing model in Chapters
3 and 5, we studied the behavior of the myopic policy. While it is known that generally
myopic policies perform terribly in inventory problems with stochastic capacity, we show
that in our dual-sourcing model the myopic policy provides a nearly perfect estimate of the

optimal costs.
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Lastly, we provide managerial insights into the value of the proposed ways for tackling the
negative effects of supply uncertainty. We characterize the settings in which the decision-
maker can benefit the most from exploiting the advance information or taking advantage
of an alternative supply option. By means of numerical analysis we study the effect of the
relevant system parameters on the inventory costs. We show that the potential savings
can be substantial, depending a lot on the model under consideration, and the particular
setting. While these insights can be seen as guidelines for improving inventory policies at
the tactical and operational levels, they should also be considered on a higher strategic level.
Companies should be motivated to explore ways to integrate existing information into their
planning systems, look for new ways to collaborate with their suppliers to improve the supply
conditions, and constantly search for alternative supply options to improve the overall supply

reliability:.

1.5 Outline of the thesis

The remainder of this thesis is organized as follows. The thesis can be conceptually split
into two parts, each consisting of two chapters. Chapters 2 and 3 constitute the first part,
where we study the role of sharing information on supply capacity availability on inventory
management policies. In the second part we deal with alternative replenishment options
to improve the supply reliability: the supply backordering option in Chapter 4 and the

dual-sourcing setting in Chapter 5.

More specifically, in Chapter 2 we introduce the model with ACI on future supply capacity
availability in detail and focus on establishing the optimal inventory policy and its properties.
To quantify the value of ACI, we resort to a numerical study where we present the results
for a broad selection of different scenarios, enabling us to establish the important managerial
insights. We study the similarities between our ACI model and advance demand information
(ADI) models. For this purpose, we formulate a special version of a capacitated ADI model.
The contents of this chapter appeared in Jaksi¢ and Rusjan (2009) and Jaksic et al. (2011).

In Chapter 3, we study a positive lead time variant of the underlying stochastic capacitated
inventory model, where advance information is available on realization of the pipeline orders,
denoted as ASI. In addition to characterizing the optimal policy and its properties, we study
the behavior of the state-dependent myopic policy. In the numerical analysis, we estimate

the benefits obtained through sharing and integrating ASI into the inventory policy.

In Chapter 4, we assume that the unfilled part of the order is backordered at the supplier
and delivered with a delay of one period. We establish the optimal policy for the partial
backordering case, and show in which conditions it is beneficial to take advantage of the

supply backordering option. The contents of the chapter appeared in Jaksi¢ and Fransoo
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(2015b).

In Chapter 5, we study a dual-sourcing inventory setting in which a slower reliable supplier
is used to improve the reliability of sourcing through a faster stochastic capacitated supplier.
The study of the optimal policy is complemented by the development of the near-optimal
myopic policy, which proves to serve as a nearly perfect approximation for the optimal policy.
The contents of the chapter form part of Jaksi¢ and Fransoo (2015a) (currently under revision

at FEuropean Journal of Operational Research).

Finally, we summarize the main results of the research in Chapter 6.



Chapter 2

Inventory management with advance capacity

information

Abstract: An important aspect of supply chain management is dealing with
demand and supply uncertainty. The uncertainty of future supply can be re-
duced if a company is able to obtain advance capacity information (ACI) about
future supply /production capacity availability from its supplier. We address a
periodic-review inventory system under stochastic demand and stochastic limited
supply, for which ACI is available. We show that the optimal ordering policy is
a state-dependent base-stock policy characterized by a base-stock level that is
a function of ACI. We establish a link with inventory models that use advance
demand information (ADI) by developing a capacitated inventory system with
ADI, and we show that equivalence can only be set under a very specific and re-
strictive assumption, implying that ADI insights will not necessarily hold in the
ACT environment. Our numerical results reveal several managerial insights. In
particular, we show that ACI is most beneficial when there is sufficient flexibility
to react to anticipated demand and supply capacity mismatches. Further, most
of the benefits can be achieved with only limited future visibility. We also show
that the system parameters affecting the value of ACI interact in a complex way

and therefore need to be considered in an integrated manner.

2.1 Introduction

Foreknowledge of future supply availability is useful for managing an inventory system. An-
ticipating possible future supply shortages is beneficial by supporting the making of timely
ordering decisions, resulting in either building up stock to prevent future stockouts or re-
ducing stock in the event future supply conditions might be favorable. Thus, system costs
can be reduced by carrying less safety stock while still achieving the same performance level.
These benefits should encourage supply chain parties to formalize their cooperation to enable
the necessary exchange of information. One could argue that extra information is always
beneficial, but further thought has to be put into investigating in which situations the bene-

fits of exchanging information are substantial and when such an exchange is only marginally
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useful. While in the first case it is likely that the benefits will outweigh the costs arising from
adopting information sharing system, in the latter case these costs are unjustified. The need
to establish long-term cooperation enabling information exchange is particularly strongly
motivated by the recent trend to outsource production and other activities to contract man-
ufacturers. To minimize the risk of contract manufacturing agreements failing to live up
to the expectations, companies make efforts to manage the relationship with their supplier.
Their goal is for a supplier to tailor its services to their specific needs, provide accurate lead
times and promise reliable delivery dates. To do so, the supplier is generally willing to share
lead time and capacity information. A study by Austin et al. (1998) shows that information
sharing in supply chains is expanding rapidly. In fact, they show that in the PC industry
more than half of the companies are involved in some sort of capacity information sharing

with their partners.

In this chapter, we study the benefits of obtaining advance capacity information (ACI) about
future uncertain supply capacity. These benefits are assessed based on a comparison between
the case where a retailer is able to obtain ACI from its supplier, and a base case without
information. Our focus is on a retailer which raises its inventory position by placing orders
with its supplier. The supplier could be a manufacturer to which the retailer is placing
orders to restock on products, or a contract manufacturer to which OEM manufacturer has
outsourced part of its production. As the supplier has limited capacity, it pre-allocates its
capacity to retailers and notifies each retailer about the allocated capacity slot in advance.
This practice is common in the semiconductor industry, where semiconductor foundries rou-
tinely share their capacity status with their buyers. Lee and Whang (2000) recognize that
capacity information helps companies cope with volatile demand and can contribute sub-
stantially to mitigating potential shortage gaming behavior, thereby countering a potential
source of the bullwhip effect to which suppliers are particularly prone. In the near future,
the supplier can be certain of the capacity share that it can allocate to a particular retailer.
Similarly, short-term production plans tend to be fixed and uncertainty regarding the size
of the available workforce is lower in the near future. Since the supplier has an insight into
future capacity availability, it can communicate ACI (Figure 2.1). Retailer now faces chang-
ing, albeit known, supply capacity availability in near future periods. By anticipating the
possible upcoming capacity shortages it can behave proactively by inflating current orders
and taking advantage of currently available surplus capacity. Unused capacity that was allo-
cated by a supplier to a particular retailer in a certain period is assumed to be lost for that
retailer, rather than backlogged. This might also be due to the fact that the supplier wishes
to dampen the volatility of the retailer’s demand. Thus, he chooses to offer retailers advance
information rather than capacity flexibility to help them cope with the periods of low supply
capacity availability. The supplier can use the remaining capacity to cover demand from

other markets, less important customers etc. The focus of this chapter is on establishing
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the optimal inventory policy that would allow the retailer to improve its inventory control
by utilizing the available ACI. In addition, we seek to identify the settings in which ACI is

most valuable.

(a) > >
Supplier < Retailer
(b) ) > . >
Supplier Retailer
—>.’0 O’
Cenns?
ACI
Flow of materials Information flow
—» 4. ...............

Figure 2.1 Supply chain (a) without and (b) with ACI sharing

We proceed with a brief review of the relevant literature. Our model builds on the capacitated
inventory models presented in Section 1.1. We assume both demand and supply capacity are
non-stationary and stochastic. As before-mentioned models assume stationary demand and
supply capacity setting, it is first worthwhile to look at literature which tackles the effect of

non-stationarity also.

The complexity of a capacitated inventory model with stochastic non-stationary demand
presents a challenge in terms of obtaining an analytical solution for the parameters of the
optimal policy, mainly optimal base-stock levels. Researchers have resorted to developing
applicable heuristics (Bollapragada and Morton, 1999; Metters, 1997, 1998). In a capacitated
non-stationary stochastic setting, Metters (1997) captures both the effect of deterministic
anticipation (anticipating mismatches in demand and capacity, and reacting by building up
the inventory), as well as the effect of uncertainty in demand. We note that there is a
lack of literature concerning an approximate analysis of inventory systems that also assume

uncertain capacity.

We propose that an effective way of circumventing the uncertainty of supply capacity is to
use ACI. The notion of advance information sharing has gained a lot of interest in the last
two decades. The researchers have first considered that advance demand information can
be obtained on the demand side. Giillii (1996); Gallego and Ozer (2001); Wijngaard (2004)
and Tan et al. (2007) all extend the classical stochastic demand models to incorporate ADI.

It is usually assumed that future uncertainty can be reduced due to some customers placing
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their orders in advance of their needs. This forms a stream of early demand that does not
have to be satisfied immediately. Since this demand is revealed beforehand through ADI
we can use ADI to make better ordering decisions. For a capacitated inventory model with
ADI, Ozer and Wei (2004) show that the base-stock policy is optimal, where the optimal
base-stock level is an increasing function of the future demand levels revealed through ADI.
In terms of modeling, our approach resembles the ADI modeling approach so our work also

focuses on presenting possible similarities and relevant distinctions between the two.

While ADI has received a considerable attention, it is only recently that capacity information
sharing on the supply side has been considered. Large part of this chapter has been published
in Jaksic¢ et al. (2011). At the same time, Altug and Muharremoglu (2011) published the
stationary variant of the model presented in this chapter, where they have assumed that
the evolution of the capacity availability forecasts is done via the Martingale Method of
Forecast Evolution (MMFE). Their research objectives match ours, where they have showed
that the optimal ordering policy is a state-dependent base-stock policy characterized by the
base-stock level that is a function of a vector of forecasted future capacity. In addition,
they also provide some insights about the setting in which the benefits of ACI sharing
are the highest. To obtain the numerical results they propose a simulation-based heuristics,
where they additively add the state-dependent contribution to the fixed base-stock level, and

determine the final base-stock level by taking a critical fractile of the shortfall distribution.

Similar setting is also discussed in Cinar and Giilli (2012) and Atasoy et al. (2012). In Cinar
and Giilli (2012) they assume that the future capacity availability is only available one period
in advance. However, the way they model the capacity availability differs from proposed
ACT setting. They assume that capacity availability is realized from two possible random
variables with known distributions, and the decision-maker only learns about which of the
two capacity distributions is relevant for the next period. Atasoy et al. (2012) assume “all-
or-nothing” supply capacity availability, where the way they model information availability
is consistent with what we propose in our model: ACI is revealed for a fixed number of
future periods. They show that the optimal policy is state-dependent (s,S) policy in the
presence of fixed ordering costs. In the case with no fixed ordering costs they confirm the
optimality results of the before-mentioned papers, and develop a heuristic to determine the

approximate base-stock levels.

Our contributions in this study can be summarized as follows: (1) We develop a periodic
review inventory model with stochastic demand and limited stochastic supply capacity which
enables a decision-maker to improve the performance of the inventory control system through
the use of ACIL. (2) We demonstrate the structural properties of the optimal policy by
showing the optimality of a modified base-stock policy with an ACI-dependent base-stock

level. Our focus is on showing the dependency of the optimal base-stock level on ACI,
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which we elaborate on by establishing the monotonicity properties of the base-stock level in
relation to ACIL. (3) Our computational results provide useful managerial insights into the
conditions in which ACI becomes most beneficial. In particular, we show that the biggest
savings can be achieved when one is facing a high level of uncertainty in future supply and
can effectively reduce this uncertainty by using ACI. However, we also emphasize that the
benefits depend greatly on the successfulness of the anticipatory inventory build up, which
may be limited by the size of the available capacity. In addition, we demonstrate how the
value of ACI changes with respect to the length of the ACI horizon, cost parameters and
demand uncertainty. (4) We develop a corresponding capacitated ADI inventory model and
comment on its characteristics relative to the proposed ACI model. We show that only with
the restrictive assumption of constant supply capacity that is always sufficient to cover the
early orders recorded through ADI are the two models equivalent in their optimal base-stock

level and optimal cost.

The remainder of the chapter is organized as follows. We present a model incorporating ACI
and its dynamic cost formulation in Section 2.2. The optimal policy and its ACI-related
properties are discussed in Section 2.3. In Section 2.4 we present the results of a numerical
study and point out additional managerial insights. We study the setting with Bernoulli
distributed supply capacity in Section 2.5. In Section 2.6 we look at the differences between
the ADI modeling and the analysis of ACI model presented in this chapter. Finally, we

summarize our findings and suggest directions for future research in Section 2.7.

2.2 Model formulation

In this section, we introduce the notation and our model. The model under consideration
assumes periodic-review, non-stationary stochastic demand, limited non-stationary stochas-
tic supply with a zero supply lead time, finite planning horizon inventory control system.
The assumption of zero lead time is not a restrictive assumption as the model can be easily
generalized to the positive supply lead time case (see Appendix B). The supply capacity is
assumed to be exogenous to the retailer and unused capacity in a certain period is assumed
to be lost for this retailer, rather than backlogged. The manager is able to obtain ACI on
the available supply capacity for orders to be placed in the future and use it to make better
ordering decisions. We introduce a parameter n, which represents the length of the ACI
horizon, that is, how far in advance the available supply capacity information is revealed.
We assume ACI ¢, is revealed at the start of period ¢ for the supply capacity that limits
the order z;.,, that will be placed in period t4n. The model assumes perfect ACI, meaning
that in period t the exact supply capacities for future n periods are known. The supply
capacities in more distant periods, from ¢ + n + 1 towards the end of the planning horizon,

remain uncertain (Figure 2.2). This means that, when placing the order z; in period ¢, we
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know the capacity limit ¢; and ordering above this limit is irrational.

Available A
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Figure 2.2 Advance capacity information

Assuming that unmet demand is fully backlogged, the goal is to find an optimal policy

that minimizes the relevant costs, that is inventory holding costs and backorder costs. We

assume an inventory system with zero fixed costs. The model presented is general because

no assumptions are made with regard to the nature of the demand and supply process. Both

are assumed to be stochastic and with known independent distributions in each time period.

The major notation is summarized in Table 2.1 and some is introduced when needed.

Table 2.1 Summary of the notation

number of periods in the finite planning horizon

advance capacity information, n >0

inventory holding cost per unit per period

backorder cost per unit per period

discount factor (0 < o <'1)

inventory position in period ¢ before ordering

inventory position in period ¢ after ordering

starting net inventory in period ¢

order size in period ¢

random variable denoting the demand in period ¢

actual demand in period ¢

probability density function of demand in period ¢

cumulative distribution function of demand in period ¢

random variable denoting the available supply capacity at time ¢
actual available supply capacity at time ¢, for which ACI is revealed at time t — n
probability density function of supply capacity in period ¢
cumulative distribution function of supply capacity in period ¢

We assume the following sequence of events. (1) At the start of period ¢, the decision-maker

reviews the current inventory position z; and ACI on the supply capacity limit ¢;.,, for

order z.y, that is to be given in period ¢ + n, is revealed. (2) Ordering decision z; is made

based on the available supply capacity ¢;, where z; < ¢; and correspondingly the inventory
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position is raised to y; = x; + 2z;. Unused supply capacity is lost. (3) The order placed at the
start of period ¢ is received. (4) At the end of the period previously backordered demand and
current demand d; are satisfied from on-hand inventory; unsatisfied demand is backordered.

Inventory holding and backorder costs are incurred based on the end-of-period net inventory.

To determine the optimal cost, we not only need to keep track of x; but also the supply
capacity available for the current order ¢; and the supply capacities available for future
orders, which constitute ACI. At the start of period t, when the available supply capacity
Qiin is already revealed for period t + n, the vector of ACI consists of available supply

capacities potentially limiting the size of orders in future n periods:

if T—m<t<T
(ﬁ:{ (Qt+17Qt+2, 7QT)7 1 nx~uixid, (2'1)

(Qt+17Qt+27--~aQt+n—17Qt+n)7 lf 1 Sth—n—l

Information on the current supply capacity ¢, obviously affects the cost, but we chose not
to include it in the ACI vector since only ACI for future orders affects the structure and
parameters of the optimal policy. All together, the state space is represented by an (n + 2)
-dimensional vector (x4, ¢, q;), where z; and §; are updated at the start of period ¢ + 1 in

the following manner:

T4l = T + z; — dt, (22)
sy -5 7)), if T—n—1<t<T—1,
T (Gr+2, qr+3 qr) 1 n == (2.3)
(Grv2, Geezy o Grngr), i 1<E<T —n—2.

Note also that the probability distributions of both demand and supply capacity affect the

optimal cost and optimal policy parameters.

The minimal discounted expected cost function, optimizing the cost over finite planning

horizon T from time ¢ onward and starting in the initial state (z, ¢, @) can be written as:

TeyQy, Q) =  min Cy(y)+

ft( t) gt C]t) xtgytgxt+qt{ t(yt)

+ aEp, fre1(yr — Dy, Grar, Grv1), it T—n<t<T, (2.4)
aEDtht+n+1ft+1(yt — Dy, gig1, Cﬁ-ﬁ-l)a it 1<t<T—n-1,

where Cy(y) = h [)" (y: — d)ge(dy)dd, + bfyio(dt — 4:)9¢(d;)dd;, and the ending condition is
defined as fry1(-) =0.
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2.3 Analysis of the optimal policy

In this section, we first characterize the optimal policy, as a solution of the dynamic pro-
gramming formulation given in (2.4). We prove the optimality of a state-dependent modified
base-stock policy and provide some properties of the optimal policy. See the Appendix for

proofs of the following theorems.

Let J; denote the cost-to-go function of period ¢ defined as

Cy(ye) + aEp, fy1(ye — Dy, Gir1, Givr), it T—n<t<T,

L (2.5)
Ct(:%) + aEDt7Qt+n+1ft+1(yt - Dta qt+1, Qt+1)7 if 1 <t<T-—n-— 17

Ji(yt, Gi) = {

and we rewrite the minimal expected cost function f; as

filze, qe,q) =  min  Ji(y, @), for 1<t <T.

Tt <yt <Tt+qt

We first show the essential convexity results that allow us to establish the optimal policy.
Note that the single-period cost function Cy(y;) is convex in y; for any ¢ since it is the usual

newsvendor cost function (Porteus, 2002).

Lemma 2.1 For any arbitrary value of information horizon n and value of the ACI vector
q, the following holds for all t:

1. Ji(yi, @) is convex in y;,

2. fo(xe, @i, G4) is convex in xy.

Based on the convexity results, minimizing .J; is a convex optimization problem for any

arbitrary ACI horizon parameter n.

Theorem 2.1 Let 4,(q;) be the smallest minimizer of the function Jy(y:, @). For any q, the
following holds for all t:

1. The optimal ordering policy under ACI is a state-dependent modified base-stock policy
with the optimal base-stock level §:(q;).

2. Under the optimal policy, the inventory position after ordering yi(xy, qi, G;) s given by

L, @t(q_i) < 7y,
Y (ze, @, @t) = Ue(q), (@) — @ < 1 < 9e(q),
T+, e < G(G) — @
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This modified base-stock policy is characterized by a state-dependent optimal base-stock
level 4,(q;), which determines the optimal level of the inventory position after ordering. The
optimal base-stock level depends on the future supply availability, that is supply capacities
Q11> Gt 42, - - - 5 Qean, given by ACI vector. Optimal base-stock level 4,(g;) can be characterized
as an unconstrained base-stock level as it might not be reached due to the limited supply
capacity. Observe also that ¢,(g;) is independent of the available supply capacity ¢; in period
t, which follows directly from Theorem 2.1 and the definition of .J; in (2.5).

The optimal policy can thus be interpreted in the following way. In the case that the
inventory position at the beginning of the period exceeds the optimal base-stock level, the
decision-maker should not place an order. However, if the inventory position is lower he
should raise the inventory position up to the base-stock level if there is enough supply
capacity available; if not, he should take advantage of the full supply capacity available for

the current order.

Our model assumes that also in the case of n = 0 the realization of supply capacity g,
available for the current order, is known at the time the order is placed, while only future
supply capacity availability remains uncertain. However, when ACI is not available (No-
ACI) the decision-maker encounters uncertain supply capacity for the order he is currently
placing, as has been modeled by Ciarallo et al. (1994). Due to the zero lead time the updating
of the inventory position happens before the current period demand needs to be satisfied.
Therefore, it is intuitively clear that by knowing only the current period’s supply capacity g
one cannot come up with a better ordering decision, thus the optimal base-stock levels and

performances should be the same for both models.

In the case with No-ACI, the decision-maker has to decide for the order size without knowing
what the available supply capacity for the current period will be. Inventory position after
ordering y; only gets updated after the order is actually received, where it can happen that
the actual delivery size is less than the order size due to the limited supply capacity. The

single-period cost ¢(z, z) for ¢ > 0 is:

e8] x+z
c(x,z) = (1—-R(2)) {b /+ (d—x— z)g(d)dd + h/o (x4 z—d)g(d)dd
e[ [ @ —atdadrtaig
Lo /0 ) /0 b g — dg(d)ddr(g)dg. (2.6)

The first line in (2.6) represents the case where the capacity ¢ is higher than the order size z,
which means that the capacity is not limiting the order placed. While the rest accounts for

the case of the capacity constrained system, where the order size is reduced due to limited
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supply capacity. We proceed by writing the optimal discounted expected cost function from
period t to T for the No-ACI case:

Hi(zy,2e) = cxy, z) + a(l — Ri(z)) / Hip (v + 20 — dy)g(dy)ddy
0
+ Oé/ / Htﬂ(xt +q — dt)g(dt)ddt T’t(Q)dq, for 1 <t< T (27)
o Jo

where Hpy1(+) = 0.

In the following theorem we show that n = 0 ACI case is equivalent to the No-ACI case.

Theorem 2.2 The ACI model given by (2.4), in the case when n = 0, and the No-ACI
model given by (2.7), are equivalent with respect to the optimal base-stock level and the

optimal discounted expected cost.

We proceed with a characterization of the behavior of the base-stock level in relation to the
actual capacity levels revealed through ACI. Intuitively, we expect that when we are facing
a possible shortage in supply capacity in future periods we tend to increase the base-stock
level. With this we stimulate the inventory build-up to avoid possible backorders which
would be the probable consequence of a capacity shortage. Along the same lines of thought,
the base-stock level is decreasing when higher supply availability is revealed by ACI. We
confirm these intuitive results in Part 3 of Theorem 2.3 and illustrate the optimal ordering

policy in Figure 2.3.

Figure 2.3 Illustration of the optimal ordering policy

From this point we elect to suppress the subscript ¢ in state variables for clarity reasons.
We define the first derivative of functions f;(z,-) and Ji(z,-) with respect to z as f/(x,-)
and J/(x,-). Observe that for any two ACI vectors ¢ and ¢ in period ¢, ¢ < ¢ holds if

and only if each element of ¢] is greater than or equal to the corresponding element of .
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In Parts 1 and 2 of Theorem 2.3, we show that the rate of the change in costs is higher at
higher capacity levels. Observe that J; and f; are also convex nonincreasing functions in ¢
and therefore the costs are decreasing with higher future supply capacity availability. The
rate of the cost decrease, and thereby the sensitivity of the optimal cost to an increase in
capacity, is higher for low capacity and diminishes for higher capacities. Part 3 of Theorem
2.3 suggests that when ¢ < @ the decision-maker has to raise the base-stock level 3,(g)

above the one that was optimal in the initial setting, 4,(q}).

Theorem 2.3 For any qu < q1 and ¢a < ¢1, the following holds for all t:

1. J{(y, %) < J{(y,q1) for all y,
2. fi(x,q2, %) < fi(w,q1,q1) for all x,
3. 9u(@) = Ge(qr)-

We proceed by offering some additional insights into the monotonicity characteristics of the
optimal policy. We continue to focus on how changes in ACI affect the optimal base-stock
level. In the first case, we want to assess whether the base-stock level is affected more by a
change in supply capacity availability in one of the imminent periods, or whether a change
in the available capacity in distant periods is more significant. Let us define unit vector e;
with dimensions equal to the dimensionality of the ACI vector (n-dimensional), where its
1th component is 1. With vector e; we can target a particular component of the ACI vector.
We want to establish how the optimal base-stock level is affected by taking away 7 units
of supply capacity in period ¢ from now, in comparison with doing the same thing but one

period further in the future.

The results of a numerical study suggest that taking away a unit of supply capacity given by
ACIT in period ¢ affects the optimal base-stock level more than taking away a unit of supply
capacity which is available in later periods, ¢ + 1 and beyond. We provide the following
simple example for the above by setting n = 2 and ¢ = 1. If we expect the capacity shortage
in period ¢t + 1 (system 1), we will increase 3;(q+1 — 1, qr22) correspondingly to avoid future
backorders (assuming b > h). However, if the shortage is expected to occur one period later
in period t+ 2 (system 2), we will only increase 9;(qi+1, g2 — 1) if we anticipate that we will
not be able to account for the shortage by increasing the optimal base-stock level in period
t+ 1. Therefore there is no reason for system 2 to start off with more inventory than system
1. Careful observation also reveals that the same holds for a less interesting setting of h > b,
even more, both systems will always have the same optimal base- stock level in this case.
This suggests that the closer the capacity restriction is to the current period the more we
need to take it into account when setting the appropriate base-stock level. We formalize this

result in Conjecture 2.1.
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Conjecture 2.1 The following holds for all t:

(@ —ne;) > 9(q— neivr) for i=t+1,... t+n-1.

Furthermore, we study the sensitivity of the optimal base-stock level to a change in the
capacity limit. Assuming the result of Conjecture 2.1 holds, we show in Conjecture 2.2 that
the change in the base-stock level should be lower than the change in the capacity limit
in absolute terms (see Appendix A for the proof). In other words, each unit decrease in
available supply capacity revealed by ACI leads to a lower or at most an equal increase in

the optimal base-stock level.

Conjecture 2.2 The following holds for all t:

(7 — mei) — 9:(q) < n fori=t+1,... t+n.

A dampening effect is present and, together with the result of Conjecture 2.1, this implies
that the exact ACI for a distant future period becomes less relevant to a current ordering
decision. This is an important result, suggesting there is a diminishing benefit in overex-
tending the ACI horizon n. This is desirable both in terms of having reliable ACI in a
practical setting as well as reducing the complexity of determining the optimal parameters

by operating with small values of n to avoid the curse of dimensionality.

2.4 Value of ACI

In this section we present the results of a numerical analysis which was carried out to quantify
the value of ACI and to gain insights into how the value of ACI changes as some of the system
parameters change. Numerical calculations were done by solving the dynamic programming
formulation given in (2.4). We first introduce the value of ACI and then proceed by analyzing
different settings in three subsections: We construct a set of experiments with different
demand and capacity patterns. This enables us to describe the effect that a period-to-period
mismatch between demand and capacity has on the inventory cost in Section 2.4.1. Based
on a particular demand and capacity pattern we proceed with a more detailed analysis of the
influence of the cost structure and the uncertainty of period-to-period demand and capacity
in Section 2.4.2. Through an extensive simulation of random demand and capacity patterns

we explore the effect of utilization more closely and generalize the results in Section 2.4.3.

To determine the value of ACI, the performance comparison between our ACI model and
the case of a capacitated stochastic supply model with no ACI is of interest to us. It follows
from the result of Theorem 2.2 that it is sufficient to compare the n > 0 setting with the
n = 0 setting to determine the full value of ACI. We define the relative value of ACI for
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n > 0, %Vacr, as the relative difference between the optimal expected cost of managing the
system where n = 0, and the system where we have an insight into future supply availability

n > 0:
=0 _ fn>0)

e (2.8)
f(n—o)

t

%VAC[(TL > O) =

We also define the marginal change in the value of ACI, AV4¢;. With this we measure the
extra benefit gained by extending the length of the ACI horizon by one time period, from n
ton+ 1:

AVacr(n+1) = f7 — im0

2.4.1 Effect of demand and capacity mismatch

We proceed by constructing a set of four experiments (experiments 1-4) with different de-
mand and capacity patterns. The remaining parameters are set at fixed values of: T =
8 a =0.99,h =1and b = 20. A discrete uniform distribution is used for demand and
capacity both with a coefficient of variation (C'V') of 0.45. Through careful selection of the
type of probability distribution and the parameters used, we were able to limit the number
of possible space states, which allowed us to solve the underlying dynamic program. The
optimal inventory costs and the optimal base-stock levels ,—g) are presented in Table 2.2,
where the value of ACI, %V4cr, and the marginal change in the value of ACI, AVy¢r, is also

given.

The relevance of anticipating future capacity shortages is already well-established in a de-
terministic analysis of non-stationary capacitated inventory systems. To cope with periods
of inadequate capacity, inventory has to be pre-built in advance by inflating orders. Also in
the stochastic variant of this problem that we are considering, some anticipation is possible
through knowing the probability distributions of demand and supply capacity in future pe-
riods. In this chapter we show that we can further improve this anticipative pre-building by

using ACI and we can thereby attain additional cost savings.

We first consider three highly utilized settings (experiments 1, 2 and 3) with average uti-
lization® of 100% and different expected demand/capacity patterns. Due to high utilization,
shortages occur frequently and ACI is therefore needed for anticipation. However, in experi-
ment 1, where in the starting periods we are faced with multiple periods of high demand and
inadequate capacity, the over-utilized system prevents inventory pre-building the value of
ACT is almost zero. If we reverse this setting in experiment 2, the costs are greatly reduced

and the value of ACI is higher due to having early excess capacity available to build up the

!Defined as the sum of average demand over the sum of average supply capacity over the whole planning
horizon.
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necessary inventory to cope with the subsequent capacity shortages.

Observe also that in these three experiments the optimal base-stock level in the final period
matches the optimal myopic base-stock level of 10. For the stationary case (experiment 3),
we also see that the optimal base-stock levels are decreasing when we approach the end of
the planning horizon. This can be attributed to the fact that the need to cover potential

future supply capacity unavailability diminishes as we approach the last period.

We see that the value of ACI depends strongly on whether there exists an opportunity to
increase orders prior to a capacity shortage, which is affected both by the system’s utilization
and the nature of the demand/capacity pattern. The results of experiment 4 support this
insight, where we study a system with lower average utilization (58%) and expected capacity
shortages in periods 4 and 7. By having an insight into the next period’s available capacity,
we can lower the inventory cost by 10.37%, while an additional period of ACI data gives
an additional 4.99% cost reduction. However, prolonging the ACI horizon further does not
improve the performance greatly. Additional information on future supply conditions helps
in making more effective ordering decisions as %V increases with the length of information

horizon n, however the benefits are diminishing.

Table 2.2 Optimal base-stock level §(,,—g), optimal system cost, and the value of ACI

Exp. t 1 2 3 4 5 6 7 8 n Cost  %Vacr AVacr
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2.4.2 Effect of volatility

We proceed by investigating the influence demand uncertainty, supply capacity uncertainty,
and cost structure on the value of ACI. The new base scenario is characterized by the
following parameters: T = 8, = 0.99 and h = 1. A discrete uniform distribution is used
to model demand and supply capacity where the expected demand is given as E[D; g| =
(3,3,3,3,3,9,3,3) and the expected supply capacity as E[Q;.s] = (6,6,6,6,6,6,6,6). We
vary: (1) the cost structure by changing the backorder cost b = {5,20,100}; and (2) the
coefficient of variation of demand CVp = {0,0.25,0.45,0.65} and supply capacity C'Vy =
{0,0.25,0.45,0.65}, where the CVs do not change over time?.

To observe the effect of the demand and the supply capacity uncertainty on the value of ACI,
we first analyze the deterministic demand case presented in experiments 6, 7 and 8. Observe
that the costs can be substantially decreased, even by up to almost 70% (experiment 6). Since
there is no uncertainty in demand, we can attribute the decrease in costs solely to the fact
that ACI resolves some of the remaining supply capacity volatility, which greatly increases
the relative benefit of ACI. In particular, when C'V, is low and the ACI horizon is long, it
is likely that shortages are fully anticipated and the backorders can be fully avoided. When
C'V, increases, the absolute savings denoted by AV increase for all analyzed experiments.
However, this is not the case with the relative savings denoted by %V4cr, which decrease for
b =20 and b = 100. Although ACI resolves some uncertainty in the system, the remaining

uncertainty drives the costs up and the relative value of ACI actually decreases.

2Since it is not possible to come up with the exact same CVs for discrete uniform distributions with
different means, we give the approximate average CVs for demand and supply capacity distributions with
means E[D; g] and E[Q1.s].
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Table 2.3 Optimal system cost and the value of ACI under varying ACI horizon n
b ) 20 100 ) 20 100 5 20 100
Exp. CVp CVg n Cost %Vacr AVacr
5 0 0 all n 2.88 2.88 2.88 0.00 0.00  0.00 0.00 0.00 0.00
6 0 0.25 0 6.71 9.44 11.51
1 4.82 5.77 6.40 28.25 38.95 44.39 1.90  3.68 5.11
2 3.95 4.15 4.23 41.13 56.08 63.27 0.86 1.62 2.18
3 3.79 3.82 3.82 43.48 59.56 66.80 0.16 033 041
4 3.79 3.79 3.79 43.62 5990 67.11 0.01 0.03 0.04
7 0 0.45 0 16.10 28.88 59.22
1 10.90 20.21 48.08 32.32 30.03 18.81 5.20 8.67 11.14
2 8.68 15.34  40.33 46.08 46.88 31.90 2.21 487 7.7
3 7.78 12.93  36.39 51.70 55.21 38.56 0.91 2.41 3.94
4 7.46 11.97 34.87 53.65 58.57 41.11 0.31 0.97 1.51
8 0 0.65 0 35.67  77.84 248.87
1 26.71 66.12 237.45 25.10 15.06 4.59 8.95 11.72 11.42
2 22.71 58.62  227.39 36.34 24.69 8.63 4.01 7.50 10.06
3 20.84 54.10  220.59 41.58 30.50 11.36 1.87 4.53 6.80
4 20.05 51.84 217.10 43.80 33.41 12.77 0.79 2.26 3.49
9 0.25 0.45 0 23.23  41.28  86.60
1 20.43 35.19 78.13 12.07 14.76 9.78 2.81 6.09 8.47
2 19.25 32.04 72.53 17.16 22.39 16.24 1.18 3.15 5.60
3 18.82 30.51 69.77 19.00 26.08 19.43 0.43 1.52 2.76
4 18.65 2994  68.69 19.72  27.46 20.68 0.17  0.57 1.08
10 0.45 0.45 0 34.35 61.50 139.65
1 32.37 56.89 133.95 5.79 7.50 4.08 1.99 4.61 5.69
2 31.44 54.33 130.49 8.49 11.66 6.55 0.93 2.55 3.46
3 31.09 53.02  128.29 9.49 13.79 8.13 0.34 1.31 2.21
4 30.98 52.50 127.31 9.82 14.63  8.83 0.11 0.52 097
11 0.65 0.45 0 47.58 87.57 224.55
1 45.85 84.22  221.12 3.63 3.82 1.53 1.73 3.35 3.43
2 45.04 82.18 219.22 5.34 6.16 2.37 0.82 2.04 1.90
3 44.73 81.05 217.90 5.98 7.44 2.96 0.30 1.13 1.32
4 44.64  80.59 217.20 6.19 798  3.27 0.10 046  0.70
12 0.25 0.25 0 15.81 22.05 28.98
1 15.02 20.28 25.55 5.01 8.06 11.87 0.79 1.78 3.44
2 14.69 19.20 23.38 7.10 1296 19.34 0.33 1.08 2.17
3 14.62 18.84 22.28 7.54 1458 23.12 0.07 0.36 1.10
4 14.61 18.78 21.96 7.58 14.86 24.22 0.01 0.06 0.32
13 0.65 0.65 0 62.49 135.97 455.85
1 58.52 131.15 450.80 6.35  3.55 1.11 3.97 483 5.06
2 56.92 12794 447.64 8.91 5.91 1.80 1.60 3.21 3.15
3 56.27 126.15 445.45 9.96 7.22 2.28 0.65 1.79 2.20
4 56.03 125.37 444.33 10.34 7.80 2.53 0.24 0.78 1.11
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When we introduce demand uncertainty into the system, we observe that when C'Vp in-
creases, both %V,c; and AVycr are decreasing, looking at experiments 7, 9 and 10. The
latter is intuitively clear since the benefits of a more precise alignment of the base-stock
level, made possible by the revealed ACI, are greatly diminished because the volatile de-
mand causes the inventory position to deviate from the planned level. In addition, due to
carrying a lot of safety stock to prevent stockouts, the total costs increase, which in turn
reduces the relative savings obtained through ACI. However, when both demand and supply
uncertainty are increased, we observe the non-monotone behavior of %Vsc; (experiments
12, 10 and 13). We see that %Vacr is increasing with an increased uncertainty in the system
for low b/h ratio (b = 5), while the opposite is true for b = 100.

To study the effect of the cost structure on the value of ACI, we vary the b/h ratio. For
all experiments in Table 2.3 we observe that AVy¢; is increasing with an increase in b/h.
However, this is not the case with %Vc;, where the behavior is highly non-monotone,
depending strongly on other system parameters. For low b/h ratios, we would anticipate
low values of ACI, due to the fact that shortage costs are lower and thus there is less need
to anticipate possible shortages. However, when there is higher capacity uncertainty in the
system, relative savings are higher for low than for high b/h ratio, which can be observed in
experiments 7, 8 and 13. We attribute this to the prevalent effect of high C'Vj; as described
above, where ACI is not able to resolve much of the capacity uncertainty, which in the case
of high b/h ratio causes higher increase in total backorder costs and leads to correspondingly
low value of ACI. The opposite can be noted for high b/h ratio, looking at experiments 6
and 12, where higher %V, is attained under low capacity uncertainty. In the case of high
b/h ratio, holding extra inventory is relatively inexpensive and one would assume that ACI
is not needed. Although the probability of a shortage occurring is now very small, ACI
allows us to more or less completely avoid costly backorders, thus relatively higher savings

are possible particularly when b/h is high.

The observed combined effect of the analyzed system parameters, C'Vp, CVy and b/h, can
be attributed to the complex interaction between them, which clearly suggests that they

need to be considered in an integrated manner.

2.4.3 Effect of utilization

To generalize some of the above results and to explore the effect of the utilization on the
value of ACI, we finally perform an extensive experiment by randomly generating non-
stationary demand and capacity patterns with the following distribution parameters, the
planning horizon T' = 8, the set of expected demand values E[D;] = {3,6,9,12} and the
expected supply capacity values E[Q,] = {3,6,9,12}, for capacity uncertainty C'Vy = 0.45

and two demand uncertainty scenarios C'Vp = {0,0.45}. For each of the two experiments
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we perform, 10,000 demand/capacity patterns are generated. We keep the cost structure
constant with b = 20 and h = 1, and determine the relative value of ACI, %Vac;(n = 3),
and absolute value of ACI, £"=% — =% based on a comparison between the n = 0 and

n = 3 settings. The results are presented in Figures 2.4 and 2.5.
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Figure 2.4 The relative and the absolute value of ACI for C'Vp = 0.45 and C'Vg = 0.45
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Figure 2.5 The relative and the absolute value of ACI for C'Vp = 0 and CVg = 0.45

One of the biggest determinants of the extent of cost savings that can be achieved by using
ACT is the average expected capacity utilization of the system through the planning horizon.
Observe that both the relative value of ACI and the absolute cost savings vary considerably
with a change in utilization. When both demand and capacity are uncertain, we see that
the peak relative cost saving of around 12% is achieved when utilization is around 45%
(Figure 2.4). While for high utilization there is no surplus capacity available to pre-build
the inventory when a capacity shortfall is expected, the value of ACI is also limited for the
system with low utilization as there is usually enough capacity available in every period and
early anticipation is not required. For absolute cost savings the peak occurs at a higher
60% utilization, which we attribute to the fact that costs rise considerably with greater
utilization. In the case of no demand uncertainty, we see in Figure 2.5 that the relative cost

savings are substantial, achieving on average well above 60% in the case of low utilization.
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However, since the costs in such a setting are low, the absolute savings are small. Similar
to the above, the peak absolute savings happen at 70% utilization. This is an important
observation as the focus in practice is often solely on relative savings, while the perspective

of absolute cost savings is unjustifiably neglected.

Finally, we can conclude that the results show considerable cost savings can be achieved
through the use of ACI. Further, the uncertain capacitated settings for which we have rec-
ognized the greatest benefits are a good representation of the business environment in which

many companies actually operate in practice.

2.5 “All-or-nothing” supply capacity availability

In this section, we model the supply capacity as a Bernoulli processes, meaning that there
are randomly interchanging periods of complete capacity unavailability and full availability

- denoted as “all-or-nothing” supply capacity availability.

A supply setting described above can also be observed in practice. We give two examples in
which a retailer would be facing periods of full or zero supply capacity availability and could
take use of ACI if available. When a supplier is facing high setup costs in his production
process, which are due to setting up the production process to meet particular retailers
needs, he would be reluctant to frequently change production program. A situation like this
one can be observed in many capital-intensive industries, where the production resources are
usually quite inflexible, resulting in high production switching costs (metal industry, food
processing etc.). This results in a highly irregular supply to a particular retailer. As it
would be too costly for a supplier to fulfill each separate order from a retailer directly from a
production line, while at the same time the option of storing high inventories of products is
also not possible for longer periods (particularly in food processing industry), a relatively low
service level to the retailer is acceptable. However, to optimize his production costs, supplier
already considers high setup costs in his master production scheduling by determining the
production plan for several production periods in advance. Thus, he can communicate the
information about the future supply availability to the retailer and while he can not lower
the irregularity of supply, he can lower its uncertainty in a number of near-future periods.
Advance information about future suppliers capacity availability enables a retailer to prepare
for periods of supply unavailability in advance, and by doing so significantly decrease both
the inventory holding costs (resulting from high inventory levels needed to cope with supply
uncertainty) and the backorder costs (mainly a consequence of high supply variability). A
similar practical setting is when the suppliers transportation costs of supplying the products

to the retailer are high and supplier resorts to less frequent supplies to the retailer.

We introduce the parameter p; that describes the probability of full capacity availability in



40 Chapter 2. Inventory management with advance capacity information

period ¢, 0 < p; < 1 for every t. To model ACI, we characterize each of the future periods
for which ACI is already revealed with the state description a;. State a, attains the value of
0 for the zero availability case and 1 in the full availability case. In period ¢, the manager
obtains ACI a;,, on the supply capacity availability in period ¢ + n, where n denotes the
length of the ACI horizon. Thus, in period ¢ the supply capacity availability for n future
periods is known and is record in the ACI state vector @ = (a11, G442, - - ., atypn). Note that

the capacity availabilities in periods ¢t +n + 1 and later are still uncertain.

We present the results of the numerical analysis which was carried out to quantify the value
of ACI and to gain insights into how the value of ACI changes with a change in the relevant
system parameters. In Figure 2.6 we present an example of an end-customer demand and
supply pattern that a retailer is facing. A weekly demand roughly varies between 0 and 100,
with an average of 45 and a coefficient of variation of 0.6. The actual supply process is highly
irregular with random periods of zero supply and a probability of full supply availability of

p = 0.6. A gross packaging size from a supplier to the retailer contains 20 units.

140

Units

~# - Actual Demand

—&— Actual Supply

Figure 2.6 Example of end-customer demand and retailers supply pattern

In the numerical experiment we selected the following set of input parameters: T = 20,
n = {0,1,2,3,4,5}, p = {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1} is assumed to be constant
over the whole planning horizon, the cost structure h = 1 and b = {5,20, 100}, discount
factor o = 0.99, uniformly distributed demand with the expected value of E[D] = 5 and
coefficient of variation C'Vp = {0,0.3,0.6}. The results are presented in Figures 2.7-2.8 and
Tables 2.4-2.6.

Let us first observe the effect of changing the system parameters on the total cost. Obvi-
ously, decreasing the extent of supply capacity availability by decreasing the value of p will
increase the costs. Due to the increased probability of multiple consecutive periods of zero
capacity, the likelihood of backorders occurring will rise dramatically and the costs will grow

particularly in the case of a high b/h cost ratio. In addition, costs rise when one has to deal
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with the effect of growing demand uncertainty. The demand uncertainty causes deviations
in the actual inventory levels from the desired target levels set by the manager. This re-
sults in frequent mismatches between the demand and the available on-hand inventory and,

consequently, high costs.
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Figure 2.7 Relative value of ACI

These costs can be effectively reduced when ACI is available. We start by looking at the
relative value of ACI as defined in (2.8). Extending the ACI horizon obviously also increases
the extent of the cost savings. However, the marginal gain of increasing n by 1 period varies
substantially depending on the particular setting. When we consider the case of low supply
capacity unavailability (p close to 1), we observe a surprisingly high relative decrease in
costs measured through %V4cr. This can be attributed to the fact that ACI enables us to
anticipate and prepare for the rare periods of complete capacity unavailability. Thus, we can
avoid backorders and at the same time lower the inventory levels that we would otherwise
need to compensate for the event of multiple successive periods with zero capacity. Especially
in the case of low demand uncertainty, and also a high b/h ratio, %Vac; can reach levels
above 80%, even close to 90% (Figure 2.7a and 2.7b, where we denote the settings with the
biggest relative value of ACI by denoting the numbers in [talic). When the manager wants
to gain the most from anticipating future supply capacity unavailability, it would be helpful

if no additional uncertainties were present that would prevent him meeting the desired target
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inventory level. We also observe that these high relative cost savings are already gained with
a short ACI horizon. Extending n above 1 only leads to small further cost reductions. This
is an important insight regarding the practical use of ACI, when the majority of gains are
already possible with limited future visibility it is more likely that the manager will be able

to obtain ACI (possibly also more accurate information) from his supplier.

While the short ACI horizon is sufficient in the case of p being close to 1, we see that a
longer ACI horizon is needed in a setting with high supply capacity unavailability. Observe
that for low p values the relative marginal savings are actually increasing. When multiple
periods of zero capacity can occur one after the other it is particularly important to anticipate
the extent of future capacity unavailability. In such a setting, it is very important if one
can have an additional period of future visibility. Several researchers who have studied a
conceptually similar problem of sharing advance demand information suggest that prolonging
the information horizon has diminishing returns (Ozer and Wei, 2004). Although we consider
a special case of zero or full supply availability in this section, this result actually shows that

this does not hold in general.
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Figure 2.8 Absolute change in the value of ACI

While we have observed a large relative decrease in costs in some settings, it may be more

important for a particular company to determine the potential decrease in absolute cost
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Table 2.4 Value of ACI for b =5

p

n 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1

CVp =0 Cost 0 0.00 50.27 96.94 12547 179.06 237.05 330.42 483.98 788.55 1605.02
1 0.00 15.35 41.34 81.37 124.98 195.20 294.66 459.92 774.45 1600.15

2 0.00 12.80 30.64 57.70 99.81 158.87 257.85 423.57 750.38 1591.42

3 0.00 12.63 29.13 52.10 86.90 141.55 231.73 393.87 724.36  1580.07

4 0.00 12.62 28.94 50.95 82.67 132.92 216.10 371.69 700.84 1568.04

5 0.00 12.62 28.93 50.75 81.563 128.60 208.02 357.55 682.65 1556.62

%Vacr 1 0.00 69.47 57.35 35.15 30.20 17.65 10.82 4.97 1.79 0.30
2 0.00 74.54 68.39 54.01 44.26 32.98 21.96 12.48 4.84 0.85

3 0.00 74.87 69.95 58.47 51.47 40.29 29.87 18.62 8.14 1.55

4 0.00 74.89 70.14 59.39 53.83 43.93 34.60 23.20 11.12 2.30

5 0.00 74.89 70.16 59.55 54.47 45.75 37.04 26.12 13.43 3.02

AVacr 1 0.00 34.93 55.59 44.10 54.08 41.85 35.76 24.07 14.10 4.87
2 0.00 2.55 10.71 23.67 25.17 36.34 36.81 36.35 24.07 8.73

3 0.00 0.17 1.51 5.60 12.91 17.31 26.12 29.70  26.01 11.35

4 0.00 0.01 0.19 1.15 4.23 8.64 15.63 22.18 23.52 12.03

5 0.00 0.00 0.02 0.20 1.14 4.31 8.08 14.14 18.19 11.43

CVp =0.3 Cost 0 36.42 66.32 106.95 143.63 188.38 250.56 341.67 493.68 797.66 1612.92
1 36.42 51.05 72.54 103.78 148.55 212.64 310.01 470.80 784.39 1608.29

2 36.42 49.49 66.80 91.44 128.42 185.71 278.23 439.62 762.32 1600.09

3 36.42 49.34 65.69 87.86 120.28 171.24 257.05 413.51 738.37 1589.57

4 36.42 49.32 65.47 86.80 117.10 164.06 243.97 394.21 717.10 1578.25

5 36.42 49.32 65.43 86.50 115.89 160.60 236.26 380.68 699.76  1567.28

Y%Vacr 1 0.00 23.02 32.17 27.74 21.14 15.13 9.27 4.64 1.66 0.29
2 0.00 25.38 87.54 36.34 31.83 25.88 18.57 10.95 4.43 0.80

3 0.00 25.61 38.58 38.83 36.15 31.66 24.77 16.24 7.43 1.45

4 0.00 25.64 38.78 39.56 37.84 34.52 28.60 20.15 10.10 2.15

5 0.00 25.64 38.82 39.77 38.48 35.90 30.85 22.89 12.27 2.83

AVacr 1 0.00 15.27 34.41 39.85 39.83 37.92 31.66 22.89 13.27 4.64
2 0.00 1.56 5.74 12.34 20.13 26.93 31.78 31.18 22.07 8.20

3 0.00 0.16 111 3.58 8.14 14.47 21.18 26.11 23.95 10.52

4 0.00 0.01 0.22 1.05 3.18 7.18 13.08 19.50 21.27 11.32

5 0.00 0.00 0.04 0.30 1.21 3.45 7.71 18.58 17.34 10.97

CVp =0.6 Cost 0 8277 103.57 131.77 170.95 218.26 278.82 369.59 521.15 824.76 1638.21
1 8277 97.48 118.05 146.71 187.68 248.42 342.67 500.58 812.40 1633.80

2 8277 96.36  113.87 138.02 173.37 227.97 316.89 474.04 792.54 1626.11

3 8277 96.27 113.09 135.46 167.47 216.94 299.75 451.86 771.42 1616.46

4 82.77 96.25 112.93 134.67 165.06 211.39 289.30 435.63 752.82 1606.21

5  82.77 96.25 112.90 134.45 164.14 208.71 283.18 424.42 737.78 1596.43

%Vacr 1 0.00 5.89 10.41 14.18 14.01 10.90 7.28 3.95 1.50 0.27
2 0.00 6.96 13.58 19.27 20.57 18.24 14.26 9.04 3.91 0.74

3 0.00 7.05 14.17 20.76 23.27 22.19 18.90 13.30 6.47 1.33

4 0.00 7.07 14.29 21.22 24.37 24.18 21.73 16.41 8.72 1.95

5 0.00 7.07 14.32 21.35 24.80 25.14 23.38 18.56 10.55 2.55

AVacr 1 0.00 6.10 13.72 24.24 30.59 30.40 26.92 20.57 12.35 4.41
2 0.00 111 4.17 8.70 14.30 20.45 25.78  26.54 19.86 7.69

3 0.00 0.10 0.78 2.56 5.90 11.04 17.14 22.18  21.12 9.66

4 0.00 0.01 0.16 0.79 2.41 5.55 10.45 16.23 18.60 10.25

5 0.00 0.00 0.03 0.22 0.92 2.67 6.11 11.21 15.05 9.78
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Table 2.5 Value of ACI for b =20
P
n 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
CVp=0  Cost 0 000 10832 179.28 25226 358.94 50871 751.09 1202.76 2258.01 5569.65
1 000 3662 8610 169.13 277.04 442.65 704.27 1171.85 2241.12  5563.93
2000 2329 6049 119.59 21545 371.59 630.89 111529 2208.71 5553.19
3 000 2199 5415 103.61 186.30 324.44 57282 105523 2166.73 5538.60
4 000 21.87 5265 9854 172.62 299.17 53290 100540 2123.84 5521.71
5 000 21.86 5232 9696 167.01 286.37 50852  968.87 2085.40 5504.13
%Vacr 1 000 66.20 5197 3296 2282 1298  6.23 2.57 0.75 0.10
2 000 7850 6626 5259  39.98  26.95  16.00 7.27 2.18 0.30
3000 7970 69.80 5893 4810 3622 2373 1227 4.04 0.56
4 000 79.81 7063 6094 5191 4119  29.05  16.41 5.94 0.86
5 000 79.82 70.82  61.56  53.47  43.71 3229  19.45 7.64 1.18
AVacr 1 000 7170 93.18 83.13 81.90 66.06 46.82 3091  16.90 5.72
2 000 1333 2561 49.54 61.59 71.07 73.38 5656 3240  10.73
3 000 130 635 1598 2915 4715 58.07  60.06  41.99  14.59
4 000 012 150  5.06 13.68 2527 39.92  49.83  42.89  16.90
5 000 001 033 158 561 1280 2437 3653 3843  17.57
CVp=03 Cost 0 3642 13585 197.09 275.72 37834 527.83 778.85 1222.38 2279.71 5593.61
1 3642 6881 120.85 19527 30422 466.15 733.12 1192.13 2263.06 5587.95
2 3642 6345 10220 161.33 254.05 403.82 669.31 1139.93 223248 5577.69
33642 6296  98.60 150.50 232.04 367.95 621.02 1086.73 2193.87  5564.05
4 3642 6291  97.90 147.27 222.98 349.05 590.23 1044.31 215537 5548.48
5 3642 6291  97.77 14631 219.35 339.39 571.58 101344 2121.60  5532.50
%Vacr 1 000 49.35 3868 29.18 1959  11.69 587 2.47 0.73 0.10
2000 5529 4815 4149 3285 2349  14.06 6.75 2.07 0.28
3 000 5366 49.97 4541  38.67 3029 2026 1110 3.77 0.53
4 000 5369 5033 4659  41.06  33.87 2422 1457 5.45 0.81
5 000 5369 5039 4693  42.02 3570  26.61  17.09 6.94 1.09
AVac; 1 000 67.04 76.24 80.45 74.12 6168 4573  30.25  16.65 5.66
2 000 536 1865 3393 5017 62.33 63.81  52.20  30.58  10.25
3 000 050 360 1083 22.01 3587 4829  53.20  38.61  13.64
4 000 004 070 323 906 1890 30.79 4242 3850 1557
5 000 000 013 096  3.63 965 1866  30.87 3377  15.98
CVp=06 Cost 0 9105 17261 244.32 319.62 423.43 574.03 817.42 127277 2335.62 5652.68
1 91.05 12566 176.03 249.67 356.90 516.59 773.42 1243.09 2319.01 5646.91
2 9105 122.83 164.82 22510 317.03 464.83 717.15 1195.14 2289.68 5636.73
3 91.05 12253 16249 217.56 30044 43573 675.66 1148.12 2253.91 5623.40
4 9105 12250 162.04 21535 293.76 42089 649.29 1111.34 2219.02 5608.53
5 9105 12250 161.96 214.72 291.19 413.61 633.51 1085.03 2189.11 5593.55
%Vacr 1 000 2720 27.95 2188 1571 1001  5.38 2.33 0.71 0.10
2 000 2884 3254 2957 2513  19.02 1227 6.10 1.97 0.28
3000 2902 3349  31.93 2904 2409  17.34 9.79 3.50 0.52
4 000 2903 3368 32.62 3062 2668 2057  12.68 4.99 0.78
5 000 2904 3371 3282 3123  27.95 2250  14.75 6.27 1.05
AVacr 1 000 46.95 68.29 69.95 66.53 57.44  44.01  29.68  16.61 5.77
2 000 283 1121 2457 3987 5177 56.27  47.95  29.33  10.19
3 000 031 233 753 1658 29.10 4149  47.02  35.77  13.33
4 000 003 045 221  6.69 1484 2637 8678 3488  14.87
5 000 000 009 063 256 727 1578  26.31 29.91  14.99
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Table 2.6 Value of ACI for b = 100

p
n 1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
CVp Cost 0 0.00 228.71 378.08 593.46 917.66  1428.07 2357.22 4301.25 9380.07  26309.55
=0 1 0.00 92.58 244.86 474.87 814.32 1352.24 2305.11  4268.18 9362.27  26303.63
2 0.00 73.78 193.67 386.03 701.78  1239.56  2207.25 4201.86 9327.24  26292.43
3 0.00 71.44 180.58 354.33 645.25 1155.18  2109.67 4118.46 9278.93  26277.00
4 0.00 71.17 177.43 343.94 620.31 1108.20 2040.57 4041.37 9225.11  26258.77
5 0.00 71.14 176.79 340.62 609.62 1083.50 1995.91 3980.49 9173.66  26239.36
%Vacr 1 0.00 59.52 35.24 19.98 11.26 5.31 2.21 0.77 0.19 0.02
2 0.00 67.74 48.77 34.95 23.52 13.20 6.36 2.31 0.56 0.07
3 0.00 68.76 52.24 40.29 29.69 19.11 10.50 4.25 1.08 0.12
4 0.00 68.88 53.07 42.04 32.40 22.40 13.43 6.04 1.65 0.19
5 0.00 68.90 53.24 42.61 33.57 24.13 15.33 7.46 2.20 0.27
AVacr 1 0.00 136.14 133.22 118.59 103.34 75.83 52.11 33.07 17.79 5.93
2 0.00 18.80 51.19 88.84 112.54 112.68 97.86 66.33 35.04 11.20
3 0.00 2.33 13.09 31.70 56.53 84.38 97.58 83.40 48.31 15.43
4 0.00 0.27 3.15 10.39 24.93 46.98 69.10 77.08 53.81 18.23
5 0.00 0.03 0.64 3.33 10.70 24.71 44.66 60.88 51.46 19.40
CVp Cost 0 36.42 242.76 405.88 623.04 943.58  1461.26 2392.68 4343.79 9435.50 26375.73
=0.3 1 36.42 131.39 279.88 503.45 843.04 1385.07 2339.59 4309.98 9417.12  26369.44
2 36.42 116.14 238.30 431.75 746.22  1278.49  2245.67 4244.88 9382.14  26357.98
3 36.42 114.73 229.71 408.36 700.99 1208.93 2159.98 4167.18 9335.43 26342.61
4 36.42 114.59 227.95 400.95 681.75 1171.12  2100.90 4098.11 9285.20 26324.81
5 36.42 114.58 227.61 398.74 673.90 1151.68 2063.92 4045.61 9238.70  26306.24
%Vacr 1 0.00 45.88 31.04 19.20 10.66 5.21 2.22 0.78 0.19 0.02
2 0.00 52.16 41.29 30.70 20.92 12.51 6.14 2.28 0.57 0.07
3 0.00 52.74 43.40 34.46 25.71 17.27 9.73 4.07 1.06 0.13
4 0.00 52.80 43.84 35.65 27.75 19.86 12.20 5.66 1.59 0.19
5 0.00 52.80 43.92 36.00 28.58 21.19 13.74 6.86 2.09 0.26
AVacr 1 0.00 111.37 126.00 119.60 100.54 76.19 53.09 33.82 18.38 6.28
2 0.00 15.25 41.58 71.70 96.82  106.58 93.92 65.10 34.98 11.47
3 0.00 1.41 8.58 23.39 45.24 69.55 85.70 77.70 46.71 15.36
4 0.00 0.13 1.77 7.40 19.24 37.81 59.08 69.07 50.23 17.80
5 0.00 0.01 0.34 2.22 7.85 19.44 36.98 52.51 46.49 18.57
CVp Cost 0 91.05 305.27 466.78 687.14 1010.66  1532.47 2470.47  4432.75 9543.15  26482.59
=0.6 1 91.05 190.60 344.85 569.93 911.29  1455.87 2416.16  4397.50 9523.54  26475.69
2 91.05 180.61 310.01 508.33 825.00 1357.91 2326.60 4332.98 9487.67  26463.49
3 91.05 179.79 303.93 489.69 787.16  1297.26  2249.08  4259.50 9441.23  26447.36
4 91.05 179.71 302.77 484.30 771.89  1265.60 2197.44  4196.44 9392.55  26428.97
5 91.05 179.70 302.56 482.77 765.97  1249.83  2165.92  4149.50 9348.54  26410.08
%Vacr 1 0.00 387.56 26.12 17.06 9.83 5.00 2.20 0.80 0.21 0.03
2 0.00 40.84 33.59 26.02 18.37 11.39 5.82 2.25 0.58 0.07
3 0.00 41.10 34.89 28.73 22.11 15.35 8.96 3.91 1.07 0.13
4 0.00 41.18 35.14 29.52 23.62 17.41 11.05 5.33 1.58 0.20
5 0.00 41.13 35.18 29.74 24.21 18.44 12.33 6.39 2.04 0.27
AVacr 1 0.00 114.66 121.94 117.21 99.37 76.60 54.31 35.26 19.61 6.90
2 0.00 10.00 34.84 61.60 86.29 97.96 89.55 64.52 35.87 12.19
3 0.00 0.81 6.08 18.64 37.84 60.65 77.52 73.48 46.44 16.13
4 0.00 0.08 1.15 5.39 15.26 31.65 51.64 63.06 48.69 18.39
5 0.00 0.01 0.21 1.53 5.93 15.77 31.52 46.93 44.00 18.88
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figures. Therefore we continue by studying the absolute marginal change in the value of ACI
as defined in (2.4). Intuitively, we would expect that the biggest absolute gains would occur
in a setting where the uncertainty of supply is high, and the possible shortage anticipation
through ACI would be the most beneficial. We confirm this in Tables 2.4-2.6 (where we
denote the settings with the biggest total absolute value of ACI by denoting the numbers
in [talic; for each setting we also show at which n the majority of the savings are gained by
denoting the marginal value of ACI in bold), where we see that the biggest absolute savings
are attained for p between 0.2 and 0.4. Here, the cost decrease is bigger for a higher n (Figure
2.8). In fact, the lower the availability the more we gain by prolonging the ACI horizon.
In the case of extremely low levels of capacity availability the system becomes too hard to
manage due to an extremely long inventory pre-build phase, and the gains from using ACI

are limited.

The effect of demand uncertainty on an absolute decrease in costs is not as obvious as it was
in the relative case. This can be attributed to the interaction of two factors. While stronger
demand uncertainty intensifies the difficulties of managing inventories as described above, it

also contributes to higher costs and thus provides more potential for savings through ACI.

To summarize, while the relative cost savings are highest for the case of close to full avail-
ability due to the fact that one can completely avoid backorders with only a small extra
inventory, the cost reduction in absolute terms is greater for cases with medium to low sup-
ply capacity availability. Further, we show that in most cases having only a little future
visibility already offers considerable savings, although when one faces the possibility of con-
secutive periods of supply unavailability it can be very beneficial to extend the ACI horizon.
In general, managers should recognize that the extent of savings shown clearly indicates that
sharing ACI should be encouraged in supply chains with unstable supply conditions. In our
experience, the current dynamic programming cost formulation is manageable in terms of

the complexity of the calculations and can also be used for larger practical problems.

2.6 Relation between ACI and ADI

The use of ADI has been widely studied in the literature. We refer the reader to the
review in the introductory section. In this section, we construct a capacitated ADI model
with structural similarities to our ACI model in order to explore the key differences and
possible similarities between ACI and ADI. In particular, we show that the models cannot
be equivalent because, for equivalence to hold, the available capacity should always be able
to cover at least that part of demand that is revealed by ADI and hence should never be
binding. We therefore conclude that the model we propose in this chapter clearly poses a

new problem and can serve as the basis for a new line of research.
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We first construct a capacitated ADI model. In this model, we assume that demand is
generated by two independent customer groups: customers that place their orders NV periods
ahead, and those that place their orders for the current period in a traditional way without
ADI. At the end of period t, we record the demand from the ”traditional” customers that
had not been observed prior to its materialization, which we refer to as the unobserved part
of demand d;, and we also record the observed part of demand o,y for the future period
t + N. Parameter N represents the length of the information horizon over which ADI is
available, assuming perfect ADI. Also, we assume that there is a fixed supply capacity Q¢
limiting the size of an order in each period. The idea behind construction of the capacitated
ADI model is as follows: The capacity Q¢ available in each period is used both to cover
the observed part of demand and the unobserved part of demand. If the observed part
of demand is modeled as realization of a random variable and it is met first due to the
first-come-first-served principle, the remaining capacity to cover the unobserved part is also
a random variable. This suggests that we have a random capacity available to satisfy the
unobserved part of demand d;, which is conceptually similar to our stochastic demand ACI

inventory model.

To derive a formal ADI model description we start by writing x; in a modified form z;, as
:Et = i’t — O¢. (29)

Observe that 7, already accounts for the observed part of the current period’s demand. By
ordering, we raise Z; to the corresponding modified inventory position after ordering ¢, given
as ¥y = Ty + 2, where zZ; < Q°. Due to the update of the inventory position with observed
demand, ¢; only needs to cover the remaining, unobserved part of demand. From (2.9), we

can show that at the start of period ¢ + 1, Z; is updated in the following manner:
.i.tJrl = i’t + 215 — dt — Oty 1-

We also need to track the demand observations, given through ADI, that will affect future
orders. These constitute the ADI vector 6; = (0441,-..,0i1n-1) that gets updated at the
start of period ¢t + 1

6t+1 = (Ot+27 BRI Ot-‘rN)a
by including the new information o;, ; collected through period ¢ and purging the oldest data

point o1, with which we update ;. The state space is described by an N -dimensional

vector (T, 0y).

The minimal discounted expected cost function of the proposed ADI model, optimizing the

cost over a finite planning horizon 7' from time ¢ onward and starting in the initial state
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(%4, 0;), can be written as:
2oy . O (i
fi(Z4, 01) jé;gngQc{ +(Ue)+
QEp, fri1(i — Di Gisa), if T-N-1<t<T, (2.10)
aEp, 0y fis1(Ue — Dy, 0441), if 1<t <T—N,

where fri1(-) = 0. Note that the ADI model given by (2.10) is a special case of the model
introduced by Ozer and Wei (2004). Consequently, it can be shown that the optimal ordering
policy solving (2.10) is a state-dependent modified base-stock policy, where the optimal base-

stock level is a function of the ADI vector 0;.

Now that we have constructed the ADI model (2.10), we can write the formulations which
establish the relationships between the ACI and ADI model dynamics. For the models to be
equivalent in their base-stock levels we need to assume that ¢, = 3; holds. This is intuitively
clear since both need to cover the same demand. Note that we assume the unobserved part
of demand in the ADI model is modeled in the same way as the ACI model’s demand given
Section 2.2. By substituting the relevant ACI dynamics formulations into the corresponding
ADI formulations, we show that the ACI model’s z; and z; are related to their ADI model

counterparts Z; and Z; in the following way:

Ty = Ip+ o0y

Zt = gt — O¢.

By updating z; at the start of period ¢, we already use some of total capacity Q)¢ to cover the
observed part of demand o;. Now we only have remaining capacity QQ°— o, to sufficiently raise
y; to cover the unobserved part of demand. This directly relates to having finite capacity
q:, which limits the extent to which we can raise y; in the ACI model. We can write the

following relationship:
4 = Q" — o (2.11)

By comparing the above ADI model with our ACI model, we first derive the relationship
between the two information horizon parameters. Observe that at the start of period t the
ADI vector 0; gives observed demand for N — 1 future periods, which will affect the size of
the following N — 1 orders. This corresponds to having ACI for future n periods given by
the ACI vector ¢;. The ACI and ADI horizon parameters n and N are therefore related in
the following way:

n=N—1.

We make our most important observation by substituting the ADI dynamics formulations



2.7 Conclusions 49

into (2.4). Comparing the constructed new ADI dynamic programming formulation with
the one proposed by (2.10) shows an inconsistency at the lower bound over which the mini-
mization is made. Instead of looking for the optimal ¢; by minimizing the cost function over
Ty < 9y < Ty + Q°, minimization is made over T; + o; < 1y, < Z; + Q°. For direct equivalence
of the ACI model and the ADI model to hold, we always have to be able to raise 7; above
Zy + o, for all t. This means that the available capacity Q¢ should be sufficient to cover at
least the observed part of demand. This "negativity issue” also stems directly from (2.11)
where, for ¢; > 0 to hold, Q°— o0, > 0 has to hold. The fixed capacity therefore has to exceed
all possible realizations of the observed part of demand, Q¢ > o;. This assumption only
holds when Q¢ > max o;, which happens either when an uncapacitated system, Q¢ — oo, is
considered or in a more realistic scenario where the observed part of demand only represents
a small portion of the total demand. However, this implies that the remaining capacity that
covers the unobserved part of demand cannot vary considerably. Thus, the equivalence of the
two models would only hold if we consider our ACI model with a near-stationary capacity
distribution with low uncertainty. As we have learned from the numerical analysis this in

fact describes the ”less interesting” setting where the value of ACI is small.

Based on these findings we conclude that restrictive assumptions are needed to guarantee
direct equivalence between the capacitated ADI model and the proposed ACI model in terms
of optimal base-stock levels and optimal costs. Hence, we conclude that the model we propose

in this chapter is essentially different from capacitated ADI models.

2.7 Conclusions

In this chapter, we develop a model that incorporates advance capacity information (ACI)
into inventory decision making and explore its effect on making effective ordering decisions
within a periodic review inventory planning system facing limited stochastic supply. Based
on the convexity of the relevant cost functions, we are able to show that the form of the
optimal policy is a modified base-stock policy with a single state-dependent base-stock level.
Essentially the base-stock level depends on realizations of future supply capacities revealed
by ACI, and is a decreasing function of the ACI extent. We complement this result by
showing additional monotonicity properties of the optimal policy. Another contribution of
this work lies in establishing a link with advance demand information modeling by derivation
of a capacitated ADI model. We show that the ACI model is only equivalent to the ADI
model under a very specific and restrictive assumption. This implies that, although there are
structural similarities, research on ACI will require new analyses of extensions of the model
proposed in this chapter since ADI insights will not necessarily hold for the ACI model. The
ACT is structurally different from ADI due to the capacity restriction.
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By means of a numerical analysis we develop some additional managerial insights. In par-
ticular, we establish the following conditions in which inventory costs can be decreased by
using ACI: (1) when there is a mismatch between demand and supply capacity, which can
be anticipated through ACI, and there is an opportunity to pre-build inventory in an ade-
quate manner; (2) when uncertainty in future supply capacity is high and ACI is used to
reduce it effectively; and (3) in the case of high backorder costs, which further emphasizes
the importance of avoiding stock outs. In these, managers should seek to establish long-term
contractual agreements which encourage the sharing of ACI. Such relationships may bring

considerable operational cost savings.

There are multiple ways to extend the work presented in this chapter. While the proposed
model assumes perfect ACI, the ACI model can be extended to describe the situation where
the communicated supply limit might not be completely accurate. This information can
be denoted as imperfect ACI. The consequence of ACI not being exact is that there is
still some uncertainty in the actual supply capacity availability. This leads to a situation
where the inventory position does not reflect the actual realization of orders in the pipeline
and anticipating future supply conditions is made harder due to the remaining share of
the uncertainty. The present ACI model assumes that ACI reveals the supply capacity
availability for current and n future orders, meaning that when placing an order exact supply
capacity realization is known. An interesting idea for future research would be that supply
information is received only after an order has been placed, in case there is a positive supply
lead time. In this instance, the order has to be placed not knowing the available supply
capacity; however, we observe advance supply information for the order that is already given
and is currently still in the pipeline. Advance supply information indicates whether the
order will be filled fully or just partially before the actual delivery, and thus enables the
decision-maker to react if necessary. This is primary motivation that lead us to consider the
ASI variant in Chapter 3.

Appendix A: Proofs

Preliminaries for Theorem 2.1

Lemma 2.2 Let b € B, where B is a convez set, and y € Y (b), where Y (b) is a nonempty
set for every b, assume that g(y,e) is convex in y and e. If f(b,e) := mina,<, g(y,e) and

f(b,e) > —oo for every b and e, then f is also convex in b and e.
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Proof: Let 0 <6 < 1. Then

0f(b,e) +(1—-0)f(be) = Hgéignbg(y, e) + (1 —0)ming(y,e)

Ay<b
= 09(yg.e) + (1 —0)g(vi, €)
> g(0(yp.€) + (1 —0)(v5,€)) (2.12)
> min ~_g(y,f0e+ (1 —0)e) (2.13)
Ay<0b+(1—0)b

f(0(b,e) + (1 - 0)(b,€))

(2.12) is due to convexity of g and (2.13) is because Ay} < b and Ay} < b, which implies
AOys + (1 —0)y;) <0b+ (1 —0)b. O

Lemma 2.3 If J(y,e) is convex in y and e, then f(x,q,e) = ming<y<y1q J(y,€) is convex

mx.

Proof: Let h(b, e) := minay<, J(y, e) where A = [—1,1] and b = [—z,z + ¢|]. By Lemma 2.2,
we conclude that h(b, e) is convex in b and e. Let b = x + z, where 0 < z < ¢ for any ¢, then

e
we have h(b,e) = f(z,q,e) and since this is affine mapping, f is also convex in z. O

Proof of Theorem 2.1: The theorem can be proven by regular inductive arguments and
the results of Lemmas 2.2 and 2.3. [J

Proof of Theorem 2.1: Convexity results of Theorem 2.1 directly imply the proposed
structure of the optimal policy. [J

Proof of Theorem 2.2: We first derive the first-order condition for optimality for the
No-ACI case by taking first partial derivative of (2.7), where 2; is the optimal order size in
period t:

b o0
(1—Ri(%))) ((h +b) (G(wt + 27) — h—+b) + a/ H\ N (x+ 2 — dt)g(dt)ddt> = 0.
0
(2.14)
The optimal ordering policy is a base-stock policy with the optimal base-stock level y;.

We are now ready to show the equivalence of the two models. We first write the optimal cost
function fi(x,q, q) using the definition given in (2.4) and following the results of Theorem
2.1, as
Ji(z,q), 5:(q) < =,
fi(z,q,q) = Ji(0:(9), @), 9:(q) —q <z < G:(q), (2.15)
Sz +a.9), = <4(q) —q
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By using (2.5) and (2.15) we write the optimal discounted expected cost function f; for n =0

as:

Ci(zs) + aEp, quyy frr1 (e — Dy), U < Ty,
ft(xta C]t) = Ct(?)t) + OZEDt,QtHfH-l(Qt - Dt)> Uy — q < 2 < Yy, (2-16)
Ci(ze + q) + aEDt,Qt+1ft+1(xt +q—Dy), x <G —

Assuming that the single-period cost function Cy(y;) and the optimal discounted cost function

fi(z, q;) are differentiable, we write the following three possible cases:

Case 1: When 7; < xy,

filze,qr) = Ep,[b(xy —di)” + bz, — di) ] + aEp, fiyr (20 — dy)
= b/ (dy — xy)ge(dy)ddy + h/ (xy — dy)ge(dy)dd; + a/o fre1(xy — dy)ge(dy)ddy.

Tt 0

Case 2: When 9, — ¢; < 2y < ¥,

fe(ze, @) = /00 (EDt [0(G — d)™ + h(9: — dt)ﬂ +aEp, fir1( — dt)) 7¢(q¢)dg
g

t—Tt

0o Tt+2t
= (1 — Rt(ZA't)) |:b/ (dt — Tt — ét)gt(dt)ddt + h/ (.Tt + ét — dt)gt(dt)ddt
T 0

t+2t

+ Oé(l — Rt(2t>> /OOO ft+1($t + 215 — dt)gt(dt>ddt

Case 3: When z; < 3; — ¢4,

Jt—xt
fe(we,q) = / (Ep,[b(zt + g — di)™ + h(ze + @ — de) "] + aEp, frea(z + @ — dy)) re(qe)da
0

2t 0o Trt+qt
= / [b/ (di — x4 — q1)ge(dy)ddy + h/ (@ + g — di)ge(dy)ddy | (gt )dgy
0 Tt+qt 0

Zt o)
+ a/ / fea1(ze + ¢ — di) g (dy)dd,.
0o Jo

The proof is by backward induction starting in time period 7. Observe that for period
T, y3 = yr holds, since both optimal base-stock levels, since both optimal order sizes are
solutions of the same single-period newsvendor problem (Ciarallo et al. (1994), Proposition
1). Based on this we conclude that for period T" the equivalence of the models holds obviously
for Case 1 and if we sum up the Cases 2 and 3 (z1 < Jr), we see the sum is equivalent to
the definition of ¢p(xr, 27) given in (2.6). From here it holds fr(xr) = Hyp(xr).
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Assuming that fy11(z411) = Hip1(2441). The optimal base-stock level g, is a solution of the
following equation:

. b N
(h+b) (G(?Jt) - h—+b) + aEp, fiy1 (9 — di) = 0.
Thus the equivalence 9; = y; holds from (2.14) and the induction assumption. Again we
analyze the three possible cases given through (2.16). Adding up the Cases 2 and 3 (z; < ),
leads to fi(z;) = Hy(x;) from the definition of ¢;(zy,2;) given in (2.6), and the induction

argument is concluded. [

Lemma 2.4 Let f(z) and g(z) be conver, and x¢ and x, be their smallest minimizers. If
f'(x) < d'(x) for all x, then xy > x,,.

Proof: Following Heyman and Sobel (1984), lets assume for a contradiction that x; < z,
then we can write 0 < 6 <z, —xy and f'(z,—¢) > 0 holds. From f’(z, —4) > 0 and initial
assumption f'(z) < ¢'(z) we have 0 < f'(z, — d) < ¢'(x, — ). Observe that ¢'(z, — ) >0

contradicts the definition of z, being smallest minimizer of g(-), hence xy > x,. O

Proof of Theorem 2.3: From (2.15), the definition of the first derivative and the convexity

of J; in y proven in Theorem 2.1, we can write f;(z,q, ) in the following manner

Z 07 @t(@ S X,
ft/(x>Q7® = = O, gt(‘f) —q S T < gt(‘f)’ (217)
< O, T < Qt((f) — (.

Starting the induction argument at time 7" we first observe that ¢r has no components due
to (2.1). Part 1 holds as an equality since J.(y,q) = J5(y) = Ch(y), and using (2.15) and
(2.17) it is easy to show that Part 2, f7.(x,¢2) < f7.(x, 1), holds. Part 3 holds as an equality
since gr and is independent of ¢. Assuming that J/(y, ¢) < J{(y, ¢1) also holds for ¢ we have
U:(q2) > 0+(¢1) by using Lemma 2.4. To prove that this implies f/(x, ¢, ) < f/(x,q1, ) for
t, we need to analyze the following nine cases:

Case 1: If x > §4(¢>) and = > §4(q1), then fl(x,q, @) = J(x,¢@) < J(x,q1) = fl(x,q1,q1),
where the inequality is due to Part 1.

Case 2: If §1(G) — g2 < & < §4(G) and @ > §i(q1), then fi(z,q2, @) =0 < fi(z,q1,q1).
Case 3: If v < 9:(¢2) — q2 and = > 4,(q1), then f/(z,q2,3) <0 < fl(x,q1, q1).
Case 4: x> 4:(q2) and 9:(q1) — 1 < x < 3:(q1) is not possible due to Part 3.

Case 5: If 4,(¢2) — 2 < © < %(¢2) and 4:(¢h1) — 1 < = < Gu(qh), then fl(z,q2,¢5) = 0 =
fltl(xv('IIu(Tl)‘
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Case 6: If ¥ < §1(q2) — g2 and 9:(q1) — 1 < @ < §¢(q1), then fi(z, g2, ) < 0= fi(x,q1,q1).
Case 7: x > 4,(¢>) and x < 3,(¢1) — q1 is not possible due to Part 3.

Case 8: 5:(Ga) — @2 < © < §(¢2) and = < §:(¢1) — ¢1 is not possible due to §:(G) — g2 >
U:(q1) — q1, which is due to Part 3 and ¢, < ¢.

Case 9: If v < §(¢2) — q2 and x < §(q1) — q1, then f{(z,q2, @) = Ji(x + @, ) < Ji(x +
q, ) < Ji(x+aq,q) = fi(x,q1, ¢1), where the first inequality is due to ¢2 < ¢ and convexity
of J; in y, and the second inequality is due to Part 1.

Going from t to t — 1 we conclude the induction argument by showing that f/(x, ¢, ¢) <
fi(z,qu, q1) implies Ji_ (y, @) < J{_1(y,q1). Wewrite J/_; (Yi—1, @2.—1) = Ji_1(T1-1, @—1, G1-1),
where (z¢-1, ¢i—1, ¢24—1) denotes the state space in t—1 and (224, G245 Q24415 - - - » @2t4n—1, Qttn)
refers to the resulting next period’s state space, where the last element of ACI vector, Q¢ ,,
is random. Inventory position z,, is updated through (2.2), where the order size z_; is

limited by the available supply capacity ¢_; in period ¢ — 1. Using (2.5) we write:

Y1) + aEft/(tha Q2.t, QZ,t)

Ji (W1, Gi-1) (yi—
(Ye—1) + aE fl(z14, @2ty Q4415 - - - Q2,04n—15 Qttn)
Cle(Z/t*l) + OéEft/(xl,t’ Qs Qats - s Q1ptn—1, Qiin)

IN

!
t—
/
t

IN

1
1
= J£—1(?Jt—1> 6.71,t—1)7

For ¢2;,—1 < q14—1, it holds that x5, < x1, from the state update (2.2). The first inequality
holds directly from convexity of f; in x. From ¢5:1 < ¢i;—1 and the state update (2.3),
it follows that (gat, @oit1,- -+ G2tin-1) < (@1tsQis1y---GQre4n—1). The second inequality
is due to induction argument and the fact that taking expectation over the same random

variable Q;;,, preserves inequality. [

Lemma 2.5 For any ¢ and n > 0 and all t, we have:

1. Jt,(y_naq) S Jé(yaj_nel);
2. 9:(q —mer) — 9:(q) <,
3. ft/(f_naq,@ Sft/(xacIa(T_ 7761)‘

Proof: We first prove that f/(z—mn,q,q) < f/(xz,q—n, ) holds for all z and t. Observe that
the smallest minimizer of J;(x — 1, q) is 9:(¢) + 1, and we analyze 4 valid cases using (2.15)
and (2.17):

Case 1: If §1(q) < = —n and §,(q) < x, then §,(q) +n <z and fi(z —n,¢,q) = J{(x —n, ) <
J(x,q) = f/(x,q —n,q), where the equality is due to convexity of .J; in y.
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Case 2: If 9(q) —q < x —n < %(q) and 3,(¢) < z, then 3,(¢) < = < 3:(¢) + n and

Case 3: f §4(q)—q < x—n < 5:(¢) and 9:(¢) —q+n < = < §:(q), then §:(7) —q+n < = < 3:(q)
and ft/(x - n7q7q_> = O - f{(x7q_777®

Case 4: If © < §(q) — q +n, then fl(x —1,¢,9) = J(x —n+¢,9) = Jj(x +q—1n,9) =
f;(maq_na(j)

To prove Part 1 we write:

Jiy—n.4q < Ciy) +04Eft/+1(y—U—DtaQtH,QtH)
< C',g(y) + ozE'ft'H(y — Dy, 41 — 1, Qt+1)
J{(y, @ nex). (2.18)

The first inequality is due to convexity of Cy(y), the second inequality is due to f/(z—n, q, §) <
fi(xz,q—mn,q) and the equality is from definition of J; in (2.5). Since the smallest minimizers
of functions Ji(y — n,q) and Ji(y, ¢ — ne1) are 9:(q) +n and 4,(¢ — ney), Lemma 2.4 implies
0:(7—ne1) < 9:(¢) + n and this proves Part 2.

We continue to prove Part 3 for all z and . We use (2.15), (2.17) and the fact that 9:(q —
ne1) > () holds from Part 3 of Theorem 2.3, and consider nine possible cases:

Case 1: 1f §,(¢) < x—nand gy(g—ne1) < z, then f{(z—n,q,q) = J{(x—n,q) < J{(z,q—ne1) =
fi(x,q,4—ney). The inequality follows from Part 1.

Case 2: If 4(¢) —q < z —n < 4:(q) and §:(¢ — ne1) < z, then fi(v —n,¢,¢) = 0 <
fi@, q.q—ney).

Case 3: If v —n < 4:(q) — q and (¢ — ne1) < x, then fl(x —n,q,¢) <0 < fl(x,q,§— ney).
Case 4: 4,(q) <z —nand 4,(7—ne1) — q¢ < x < §;(§ — ney) is not possible due to Part 2.

Case 5: If () —q < x—n < 4(¢) and §,(7—ne1) —q < & < G:(7—neq), then fj(x—n,q,7) =
Ozft/(‘ra(JJ(T_ 7761)‘

Case 6: If v —n < 4,(q) — q and 4,(7—ne1) —q < = < G(§—neq), then fj(x —n,q,¢) <0 =
ft/(‘ra(bq’_ 7761)‘

Case 7: x —n < 4:(¢) — q and 9,(¢ — ne1) < x is not possible due to Part 2.

Case 8: 9:(q) —q < x —n < 4:(q) and 9:(¢— ne1) < x is not possible due to Part 2.

Case 9: If x —n < 4:(q) — q and < §:(¢—ne1) — q, then fl(x —n,q,q) = Ji(x —n+q,q) <
Ji(x +q,d —ne1) = f{(x,q,§ — neyr). The inequality follows from Part 1. With this we
conclude the proof of Part 3. [J
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Proof of Conjecture 2.2: The proof of follows directly from Conjecture 2.1 and Part
2 of Lemma 2.5 for ¢ > 1 because 3:(¢ — ne;) — 9:(@) < 0:(G7— nei—1) — 9(q) < -+ <
3:(7 — ne1) — 9(q) < n. This proof was inspired by Ozer and Wei (2003). O

Appendix B: Supply lead time considerations

In this section we extend the zero supply lead time model to account for a more realistic
situation of positive supply lead time. Since each of the orders remains in the pipeline stock
for L periods, we can express the inventory position before ordering x; as the sum of net

inventory and pipeline stock,

t—1
Tt = Z)Aft + E Zg-

s=t—L
Correspondingly, the inventory position after ordering is y; = x; + 2;, where z; is limited by
q;- Note, that due to perfect ACI the inventory position y; at all times reflects the actual

quantities that will be delivered in the current and the following L periods.

Due to constant non-zero lead time the decision-maker should protect the system against
lead time demand, DF = S>"F D, which is demand realized in the time interval [t, 4 L].
Since the current order z; affects the net inventory at time ¢ + L, and no later order does so,
we reassign the corresponding expected inventory-backorder cost Cy(y;) to period ¢, by the
L-period discount factor a”. The single-period cost function C;(y;) is again the regular loss
function as in (2.4), where this time the expectation is with respect to lead time demand

Df. The form of the optimal cost function remains as given in (2.4).

Here we should point out that the presented ACI model assumes that ACI reveals the supply
capacity availability for the current and n future orders, that will be delivered in periods
t+ L tot + L + n, meaning that when placing the order exact supply capacity realization
is known. The possible extension to the presented ACI model is assuming that supply
information is received only after the order has been placed. In this case the order has to
be placed not knowing the available supply capacity, however, we observe advance supply
information for the order that is already given and is currently still in the pipeline. Advance
supply information indicates whether the order will be filled fully or just partially before the

actual delivery, and thus enables the decision-maker to react if necessary.

Note also that we can extend the ADI model presented in Section 2.6 for nonzero lead time

setting, but we choose to avoid it for clarity.



Chapter 3

Inventory management with advance supply

information

Abstract: It has been shown in numerous situations that sharing information
between the companies leads to improved performance of the supply chain. We
study a positive lead time periodic-review inventory system of a retailer facing
stochastic demand from his customer and stochastic limited supply capacity of
the supplier supplying the products to him. The consequence of stochastic supply
capacity is that the orders might not be delivered in full, and the exact size of
the replenishment might not be known to the retailer. The supplier is willing to
share the so-called advance supply information (ASI) about the actual replenish-
ment of the retailer’s pipeline order with the retailer. ASI is provided at a certain
time after the orders have been placed and the retailer can now use this infor-
mation to decrease the uncertainty of the supply, and thus improve its inventory
policy. For this model, we develop a dynamic programming formulation, and
characterize the optimal ordering policy as a state-dependent base-stock policy.
In addition, we show some properties of the base-stock level. While the optimal
policy is highly complex, we obtain some additional insights by comparing it to
the state-dependent myopic inventory policy. We conduct the numerical analysis
to estimate the influence of the system parameters on the value of ASI. While
we show that the interaction between the parameters is relatively complex, the
general insight is that due to increasing marginal returns, the majority of the

benefits are gained only in the case of full, or close to full, ASI visibility.

3.1 Introduction

Nowadays companies are facing difficulties in effectively managing their inventories mainly
due to the highly volatile and uncertain business environment. While they are trying their
best to fulfill the demand of their customers by using more or less sophisticated inventory
control policies, their efforts can be severely hindered by the unreliable and limited deliv-
eries from their suppliers. Due to the widespread trend of establishing plants overseas or

outsourcing to specialists it has become increasingly more difficult for the companies to re-
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tain control over their procurement process. As the complexity of supply networks grows,
so do the challenges and inefficiencies the companies are facing; orders get lost or are not

delivered in full, shipment are late or don’t arrive at all.

It has been well acknowledged both in the research community as well as by practitioners
that these uncertainties can be reduced and better supply chain coordination can be achieved
through the improved provision of information (Lee and Padmanabhan, 1997; Chen, 2003).
While the performance of a supply chain depends critically on how its members coordinate
their decisions, sharing information can be considered as the most basic form of coordination
in supply chains. In light of this, the concept of achieving so-called Supply Chain Visibility
is gaining on importance, as it provides accurate and timely information throughout the
supply chain processes and networks. This enables companies to share the information
through often already established B2B communication channels and ERP solutions. EDI
formatted electronic notifications on the status of the order fulfillment process, such as
order acknowledgements, inventory status, Advance Shipment Notices and Shipment Status
Messages (SSM) are shared, enabling companies to track and verify the status of their
order and consequently foresee supply shortages before they happen (Choi, 2010). There
are also multiple examples of companies like UPS, FedEx and others in shipping industry,
and Internet retailers like eBay and Amazon, that are offering real time order fulfillment

information also on the B2C level.

Real visibility in the supply chain can be regarded as a prerequisite for the companies to
reach new levels of operating efficiency, service capabilities, and profitability for suppliers,
logistics partners, as well as their customers. However, while the technological barriers to
information sharing are being dismantled, the abundance of the available information by
itself is not a guarantee for improved performance. Therefore the focus now is on developing
new tools and technologies that will use this information to improve the current state of the

inventory management practices.

In this chapter, we investigate the benefits of advance supply information sharing. We con-
sider a retailer facing stochastic demand from the end customer and procuring the products
from a single supplier with stochastic limited supply capacity. We assume that the order is
replenished after a given fixed lead time, which constitutes of order processing, production
and shipping delay. However it can happen that the quantity received by the retailer is less
than what he ordered originally. This supply uncertainty can be due to, for instance, the
allocation policy of the supplier, which results in variable capacity allocations to her cus-
tomers or to an overall capacity shortage at certain times. This stochastic nature of capacity
itself may be due to multiple causes, such as variations in the workforce (e.g. holiday leaves),

unavailability of machinery or multiple products sharing the total capacity.

We assume that the supplier tracks the retailer’s order evolution and at certain point, when
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she can assess the extent to which the order will be fulfilled, she shares ASI with the retailer,
giving him feedback on the actual replenishment quantity ahead of the time of the physical
delivery of products. ASI enables the retailer to respond to the observed shortage by adjust-
ing his future order decisions, and by doing this possibly offset the negative impact of the
shortage. Based on this rationale we pose the following two research questions: (1) How can
we integrate ASI into inventory decision model, or, more specifically can we characterize the
optimal policy that would account for the availability of ASI, and describe its properties?
(2) Can we quantify the value of ASI and establish the system settings where utilizing ASI

is of high importance?

The practical setting in which the above modeling assumptions could be observed is the food
processing industry, where the food processing facilities/suppliers are being supplied with the
agricultural products. The products are harvested periodically and the product availability
is changing through time depending on a variety of factors: weather, harvesting capacity,
etc. Also it is reasonable to assume that supply availability cannot be transferred over from
one period to another as harvested products cannot be stored for longer periods. Khang and
Fujiwara (2000) discuss this scenario for the frozen seafood industry, however they assume
that the retailers’ orders are fulfilled immediately by the supplier. We believe it is more
realistic that the supply process is taking a number of time periods, more so that the process
can be broken into two phases. As the order is made by the retailer, the harvesting part of
the production process is underway, where the production outcome is uncertain. Then the
products are delivered to the food processing facility. At this point the product availability
is revealed and is no longer uncertain, and ASI is communicated to the customer in the form
similar to advance shipment notice. The actual replenishment follows after the product is

fully processed. This fully processed product can now also be stored.

Our work builds on the broad research stream of papers assuming uncertainty in the supply
processes. In the literature the supply uncertainty is commonly attributed to one of the two
sources: yield randomness and randomness of the available capacity. Our focus lies within
the second group of problems that we already presented in details in Section 1.1. However,
it is worthwhile to elaborate on the similarities between the ASI model we propose and the
so-called underlying stochastic capacitated inventory model by Ciarallo et al. (1994). In the
case of ACI model from Chapter 2the order is placed with the supplier knowing the exact
supply capacity availability as it revealed prior through ACI sharing. In the context of ASI
model this is not the case as exact supply capacity availability is not known at the time
order is placed, which is also the case in Ciarallo et al. (1994) model. However, they only
study a zero lead time setting, while we extend their model and assume a positive lead time.
Therefore we can characterize ASI model as a positive lead time variant of their model. We
extend this even further, as we assume ASI can also be shared on supply capacity availability,

which is revealed with a delay, when the order is still in the pipeline.
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Although a lot of attention in recent decades has been put in assessing the benefits of sharing
information in the supply chains, the majority of the research is focused on studying the
effect of sharing downstream information, in particular demand information (Gallego and
Ozer, 2001; Karaesmen et al., 2003; Wijngaard, 2004; Tan et al., 2007; Ozer and Wei, 2004).
Review papers by Chen (2003), Lau (2007) and Choi (2010) show that sharing upstream
information has been considered in the literature in the form of sharing lead time information,
production cost information, production yield, and sharing capacity information. It has been
shown by numerous researchers that information sharing decreases the bullwhip effect (the
increasing variance of orders in a supply chain), however it was also shown that despite being

optimal, the base-stock policy is an instigator of increased order variability.

Capacity information sharing is of particular interest to us, where several papers have been
discussing sharing information on future capacity availability (Jaksi¢ et al., 2011; Altug and
Muharremoglu, 2011; Cinar and Giillii, 2012; Atasoy et al., 2012). However, these papers
all fit better within the scope of ACI model discussed in Chapter 2. The main difference in
the way information is shared in the above cases (compared to sharing ASI in this chapter)
lies is the assumption about the time delay between the placement of the order and the
time the information on the available supply capacity is revealed. In our case, the supply
capacity information is revealed after the order has been placed and the lack of supply
capacity availability results in the replenishment below the initial order. In the case of
information about future capacity availability the order is aligned with this availability, and
thus replenished in full. ASI thus only allows the decision-maker to respond to the actual
realized shortages in a timelier manner. While in the case of information on future capacity
availability, the decision-maker can anticipate the potential future shortages and accordingly
adopt his ordering strategy. While in the latter case, the savings potential is higher, it is
reasonable to assume that ASI is likely to be more reliable and easier to obtain in a practical

setting.

Zhang et al. (2006) discuss the benefits of sharing advance shipment information. A setting
in which a company receives the exact shipment quantity information is closely related to
the one proposed in this chapter, however they assume that inventory is controlled through a
simple non-optimal base-stock policy and as such it fails to capture the uncertainty of supply.
Our model can be considered as a generalization of the model by Zhang et al. (2006), as
we allow for both, demand and supply capacity to be stochastic, and more importantly we
model the optimal system behavior by considering the optimal inventory policy that is able
to account for the supply uncertainty by setting appropriate safety stock levels. We propose
that by having timely feedback on actual replenishment quantities through ASI, we can refine
the inventory policy and improve its performance. To our knowledge the exploration of the
relationship between the proposed way of modeling ASI and the optimal policy parameters

has not yet received any attention in the literature.
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Our contributions in this study are twofold. The focus is on modeling a periodic review
single-stage inventory model with stochastic demand and limited stochastic supply capacity
with the novel feature of improving the performance of the inventory control system through
the use of ASI. Despite a relatively simple and intuitive structure of the optimal policy,
the major difficulty lies in determining the optimal base-stock levels to which the orders
should be placed. Already for the single-stage model under consideration, we need to resort
to the numerical analysis to estimate these. Even more so, analyzing the real-life supply
chains inevitably leads to the complex system state description, causing the state space to
become large and eventually too large to evaluate all possible future scenarios or realizations.
The problem is commonly referred to as ”Curse of dimensionality” (Puterman, 1994). This
greatly reduces the likelihood that a realistic inventory problem can be solved. One way to
tackle this problem is to search for the approximate inventory policy, which comes at the
cost of suboptimal performance. In our case we opt to analyze the myopic (shortsighted)

inventory policy, and compare its parameters to the optimal ones.

In addition to the analytical and numerical results, we provide some relevant managerial
insights related to optimal inventory control and the value of information sharing between
the supply chain parties. The main dilemma in stochastic inventory management revolves
around setting the appropriate safety stock levels, where the performance of the inventory
system will depend on finding the right trade-off between the costs of holding the safety
stocks and achieving the desired service level to the customers. While it is unrealistic that the
companies would be able to integrate the proposed optimal policy into their ERP system, we
provide some general guidelines on how the safety stock levels are influenced by the demand
and supply uncertainty, and motivation for the companies to stimulate the information

exchange with their supply chain partners.

The remainder of the chapter is organized as follows. We present a model incorporating ASI
and its dynamic cost formulation in Section 3.2. The optimal policy and its properties are
discussed in Section 3.3. We proceed by the study of the approximate inventory policy based
on the state-dependent myopic policy in Section 3.4. In Section 3.5 we present the results of
a numerical study and point out additional managerial insights. Finally, we summarize our

findings and suggest directions for future research in Section 3.6.

3.2 Model formulation

In this section, we introduce the notation and the model of advance supply information
for orders that were already placed, but are currently still in the pipeline. The model un-
der consideration assumes periodic-review, stationary stochastic demand, limited stationary

stochastic supply with a fixed supply lead time, and a finite planning horizon. Unmet de-
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mand is fully backlogged. However, the retailer is able to obtain ASI on supply shortages
affecting the future replenishment of the orders in the pipeline from the supplier. We in-
troduce the ASI parameter m that represents the time delay in which ASI is communicated
with the retailer. The parameter m effectively denotes the number of periods between the
time the order has been placed with the supplier and the time ASI is revealed. More specif-
ically, ASI on the order z;_,, placed m periods ago is revealed in period t after the order
z; is placed in the current period (Figure 3.1). Depending on the available supply capacity
Gi—m, ASI reveals the actual replenishment quantity, determined as the minimum of the two,
min(2z;_m, ¢s—m). We assume perfect ASI. Observe that the longer the m, the larger is the
share of the pipeline orders for which the exact replenishment is still uncertain. Furthermore,
we assume that the unfilled part of the retailer’s order is not backlogged at the supplier, but
it is lost. We give the summary of the notation in Table 3.1 and we introduce some later

upon need.

Table 3.1 Summary of the notation

T number of periods in the finite planning horizon
L constant nonnegative supply lead time, a multiple of review periods (L > 0);
m . advance supply information parameter, 0 < m < L

h inventory holding cost per unit per period
b backorder cost per unit per period
« discount factor (0 < o < 1)

x; : inventory position in period ¢ before ordering

y; . inventory position in period ¢ after ordering

Z; . starting on-hand inventory in period ¢

z; . order size in period t

D; : random variable denoting the demand in period ¢

d; : actual demand in period ¢

@; : random variable denoting the available supply capacity at time ¢
q¢: : actual available supply capacity limiting order z; given at time ¢,

for which ASI is revealed m periods later

We assume the following sequence of events. (1) At the start of period ¢, the decision-
maker reviews the current inventory position z;. (2) The ordering decision z; is made up to
uncertain supply capacity and correspondingly the inventory position is raised to y; = x;+ z;.
(3) Order placed in period t — L is replenished in the extent of min(z;_r, 1), depending
on the available supply capacity. ASI on the order placed in period t — m is revealed, which
enables the decision-maker to update the inventory position by correcting it downward in
the case of insufficient supply capacity, y; — (zi—m — Gt—m) ", where (z)" = maz(z,0). (4)
At the end of the period previously backordered demand and demand d; are observed and
satisfied from on-hand inventory; unsatisfied demand is backordered. Inventory holding and

backorder costs are incurred based on the end-of-period on-hand inventory.
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ASI Uncertain
Order capacity Q,
size z,
L
Actual order
realization <:I
min(zl_L,qt_L)
I [ I | I | I -
t-L t-L+1 ... tm ... t-1 t

Certain Uncertain
Pipeline orders

Figure 3.1 Advance supply information

Due to the positive supply lead time, each of the orders remains in the pipeline stock for
L periods. For orders placed m periods ago or earlier ASI is already obtained, while for
more recent orders the supply information is not available yet. Therefore we can express
the inventory position before ordering z; as the sum of net inventory and the certain and

uncertain pipeline orders:

t—m—1 i—1
Ty =T + Z min(zs, ¢s) + Z Zs. (3.1)
s=t—L s=t—m

Note, that due to perfect ASI the inventory position x; reflects the actual quantities that will
be replenished for the orders for which ASI is already revealed, while there is still uncertainty

in the actual replenishment sizes for recent orders for which ASI is not known yet.

Observe also that m denotes the number of uncertain pipeline orders. Therefore, m lies

within 0 < m < L, and the two extreme cases can be characterized as:

e m = L, or so-called “No information case”, which corresponds to the most uncertain
setting as the actual replenishment quantity is revealed no sooner than at the moment
of actual arrival. This setting is a positive lead time generalization of of the Ciarallo
et al. (1994) model.

e m = 0, or so-called “Full information case”, which corresponds to the full information
case, where before placing the new order, we know the exact delivery quantities for all
pipeline orders. This is the case with the least uncertainty within the context of our
model. Observe however that the current order is still placed up to uncertain supply

capacity.

At he end of period ¢ before the demand realization, we obtain ASI for the order z;_,, placed
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in period t—m. Correspondingly, the inventory gets corrected downwards if the order exceeds

the available supply capacity, thus inventory position z; is updated in the following manner:

Tip1 =T+ 2t — (Z—m — Qtfm)Jr — dy. (3.2)

Note, that there is dependency between the order quantity and the size of the correction
to x;. If z; is high, it is more probable that the available supply capacity will restrict the
replenishment of the order, thus the correction will be bigger, and vice versa for low z;. To
fully describe the system behavior, we do not only need to keep track of x;, but also have
to track the pipeline orders for which we do not have ASI yet. We denote the stream of
uncertain pipeline orders with the vector 2, = (2;_m, Zt—mi1,- - -, 2t-2, 2¢-1). In period ¢t + 1,
Zi+1 gets updated by the inclusion of the new order z;, and the order z,_,, is dropped out as

its uncertainty is resolved through the received ASI.

A single-period expected cost function is a function of x; and all uncertain orders, including
the most recent order z;, given in period t. Cost charged in period t + L, C’HL(QEHLH),

reassigned to period ¢ when ordering decision is made, can be expressed as:

t

Co(Ye, Zis 1) = OéLEQ‘th,DtLCN'HL(yt - Z (2 — Q)" = DtL)7 (3.3)

s=t—m

where the inventory position after ordering accounted for the possible future supply short-
ages, Y — > o, (2 — Qs)F, is used to cover the lead time demand, D} = SHED,

s=t

The minimal discounted expected cost function, optimizing the cost over a finite planning

horizon 7', from time ¢ onward, and starting in the initial state (zy, 2;), can be written as:

fe(xe, 2) = mg?{gt(yta Zi, 2) + aEDt,Qtfmft-‘rl(yt — (2t—m — Qt—m)+ — Dy, Zp41)}, for t < T,
TtXYt

(3.4)

where fry1(-) = 0. The cost function f; is a function of inventory position before ordering

and orders given in last m periods, for which ASI has not yet been revealed.

3.3 Analysis of the optimal policy

In this section, we show the necessary convexity results of the relevant cost functions. This

allows us to establish the structure of the optimal policy and show some of its properties.

Lets define J; as the cost-to-go function of period ¢:

Ji(es Zis 20) = Colye, Zo, 20) +@ED, @y fi1 (Ut — (Ze—m— Qi—m) T — Dy, Zey1) }, for t <T. (3.5)
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The minimum cost function f defined in (3.4) can now be expressed as:

fi(ze, 21) = min Jy(yy, 24, 2¢), for t < T, (3.6)

Tt <yt

We proceed by establishing the necessary convexity results that allow us to establish the
structure of the optimal policy. Observe that the single-period cost function Cy(yy, 2, 2) is
not convex already for the zero lead time case as was originally shown by Ciarallo et al.
(1994), where we elaborate on this in detail in Lemma 5.1 in the Appendix of Chapter 5.
Cy(yi, Zt, z¢) is shown to be convex in 3, and quasiconvex in z; (Figure 3.2), which however
still suffices for the optimal policy to exhibit the structure of the base-stock policy.

o

4.8+
46+
44r

421

38r

0 2 4 6 8 10 12z

Figure 3.2 (a) Ci(y, 2, 2¢) as a function of y; and z;, and (b) Cy(yt, 24, 2¢) as a function of z
for a particular y,

We show that the results of the zero lead time case can be generalized to the positive lead time
case, where the convexity of the costs functions in the inventory position is established given
a more comprehensive system’s state description (zy,2;). In Lemma 3.2 in the Appendix,
we show that the single-period cost function Cy(y;, Z;, 2;) is not a convex function in general,
but it exhibits a unique although state-dependent minimum. Based on this result one can
show that the related multi-period cost functions Jy(ys, i, 2;) and fi(zy, Z;) are convex in the
inventory position y; and x; respectively (we show in Appendix that the convexity holds also

for other characterizations of the inventory position), as shown in the next Lemma:

Lemma 3.1 For any arbitrary value of information horizon m, value of the ASI vector z
and the order z;, the following holds for all t:

1. J(ys, 2, 2t) is convex in y,

2. filxy, Z;) is convex in xy.
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Based on the results following Lemma 3.1, we establish a structure of the optimal policy in

the following Theorem:

Theorem 3.1 Assuming that the system is in the state (x4, 2;), let 9:(Z;) be the smallest

minimizer of the function Jy(yi, Zy, z1). For any Z;, the following holds for all t:

1. The optimal ordering policy under ASI is the state-dependent base-stock policy with the

optimal base-stock level y,(2;).

2. Under the optimal policy, the inventory position after ordering y(xy, Z;) is given by

— T, gt(a)gl't,
yi(re, 2) =9 . e (3.7)
T { n(z), @ < uz).

The proof is by induction, where we provide the details in the Appendix. The optimal
inventory policy is characterized by a single optimal base-stock level ;(Z;) that determines
the optimal level of the inventory after ordering. The optimal base-stock level however is
state-dependent as it depends on uncertain pipeline orders z;, for which ASI has not yet
been revealed. Observe that due to not knowing the current period’s capacity, we are not
limited in how high we set the inventory position after ordering. The logic of the optimal
policy is such that y; should be raised to the optimal base-stock level g, although in fact
y; does not reflect the actual inventory position as it is possible that the order will not be

delivered in its full size.

We proceed by studying the properties of the optimal base-stock level in relation to the
outstanding uncertain pipeline order status. Despite the fact that the pipeline orders are
already placed when the new ordering decision is made (and thus cannot be changed any-
more), it would be beneficial to know the effect of a particular pipeline order status on the
optimal base-stock. We therefore study the following two aspects of the sensitivity of the
optimal base-stock level to different pipeline order scenarios: (1) relative to the size of the
outstanding pipeline orders, and (2) relative to the differences in the way pipeline orders

sizes are arranged through time.

In the following theorem we show that due to convexity results of Lemma 3.1, the optimal
base-stock level is higher in the case of larger uncertain pipeline orders (Part 3 of Theorem
3.2). In the following formulations we suppress the subscript ¢ in state variables for clarity
reasons. We define the first derivative of functions fi(x,-) and Ji(x,-) with respect to = as
fi(x,-) and Jj(z,-). Observe that for any two ASI vectors 2} and 25 in period ¢, 2; < Z; holds
if and only if each element of Z} is smaller than or equal to the corresponding element of 25.
In Parts 1 and 2 of Theorem 3.2, we show that the rate of the change in costs is higher in

the case where there are lower uncertain pipeline orders in the system.
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Theorem 3.2 For any z; < Zy and z1 < 2o, the following holds for all t:

1. Jl(y, 21, 21) > Jl(y, %, 22) for all y,
2. fl(x,Z1) > fl(x, Z) for all x,

3. 9(Z1) < p(25).

The dependency of the optimal base-stock level on z; can be intuitively attributed to the
following; if we have been placing high orders (with regards to expected supply capacity
available) in past periods, it is likely that a lot of the orders will not be realized in its
entirety. This leads to probable replenishment shortages and demand backordering due to
insufficient inventory availability. Therefore it is rational to set the optimal base-stock level
higher with a goal of taking advantage of every bit of available supply capacity in the current
period. By setting high targets, we aim to get the most out of the capacity, that is, we want
to exploit the opportunity of a large supply availability, although the chances that it will be
actually realized can be small. The result is also confirmed in Table 3.2. This observation
is equivalent to what we observed in ACI model in Chapter 2, where the optimal base-stock

level is aligned with the future supply capacity availability revealed through sharing ACI.

Table 3.2 Optimal base-stock levels §;(z;—2,2¢-1) (L = 3, m = 2, E[D] = 5, CVp = 0, E[Q] = 6,
CVg = 0.33)

Zt—1
0 1 2 3 4 ) 6 7 8 9
20 20 20 20 20 20 21 22 23 24
20 20 20 20 20 20 21 22 23 24
20 20 20 20 20 20 21 22 23 24
20 20 20 20 20 20 21 22 23 24
20 20 20 20 20 21 21 22 23 24
20 20 20 20 21 21 22 23 23 24
21 21 21 21 21 22 22 23 24 25
22 22 22 22 22 23 23 24 25 25
23 23 23 23 23 24 24 25 25 26
24 24 24 24 24 24 25 25 26 27

© 00 O Ui W N+~ OIN

In addition to the monotonicity properties of the optimal base-stock level, we study the
sensitivity of the base-stock level to a change in the vector of outstanding uncertain pipeline
orders 2. In the case of ACI, we point out in Conjecture 2.1 in Chapter 2, that taking away
a unit of future supply capacity in period ¢+ affects the optimal base-stock level more than
taking away a unit of supply capacity which is available in later periods, t+7+1 and beyond.
One could suggest that in the case of ASI increasing the size of the older pipeline order will
affect the optimal base-stock level more than doing the same with one of the more recent
pipeline orders. It can be quickly checked that this suggestion does not hold. In Table 3.3, we

calculate the differences in the base-stock levels for the setting presented in Table 3.2 above.
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Observe that increasing the pipeline order by 1 unit for any of the two orders, results in all
possible scenarios, where none, both or either of the two base-stock levels, 9;(z;—2 + 1, 2;_1)
and §y(z_2,21 + 1), are increased. The above suggestion does not hold due to the fact
that g, includes all the pipeline orders. If any of the uncertain pipeline orders is increased,
the exposure to a potential shortage increases. Due to the fact that the shortage cannot
be avoided, the best one can do is to immediately increase the optimal base-stock level to
try to assure sufficient inventory at least L periods from now. In the ACI case such an
immediate reaction is not necessary if future capacity availability allows the postponement
of the decision to increase the inventories. Thus, it is not a surprise that the Table 3.2 is
close to being symmetric (there are exceptions to this, where we point one below), which
can be helpful in reducing the computational efforts in determining the optimal base-stock

levels (again, this is not the case with the ACI model).

Table 3.3 The difference in the base-stock levels, §:(z;—2 + 1,21-1) — G1(21—2,20—1 + 1), and
vice versa

zi1+1
zio+1 |1 2 3 4 5 6 7 8 9
1/0 0 0 0 0 -1 -1 -1 -1
2/(0 0 0 00 -1 -1 -1 -1
3|0 0 0 O 0 -1 -1 -1 -1
410 0 0 O O o -1 -1 -1
5(0 0 0 0 O 0 O O -1
6/1 1 1 0 0 O -1 0 O
71 1 1 1 0 1 0O O O
g1 1 1 1 0 1 O 0 O
911 1 1 1 O 0 0 O 0

While the above sensitivity property does not hold in general for the ASI case, we point
out that it might hold for the special case where all the initial uncertain pipeline orders are
equal. For the case denoted in bold in Table 3.2, it holds that 3,(8,5) > (5, 8), where the

initial state is (5,5) and the orders were increased by 3 units.

Observe also that the change in the base-stock level is always at most equal to the change in
the size of the uncertain pipeline order. We expect that if the pipeline order is increased by
1, the corresponding increase in the base-stock level is at most equal to n or lower. Based

on the above observations, we form the following two conjectures:

Conjecture 3.1 The following holds for all t:

1o If 2pmn = Zmmy1 = -+ = 21, then G (24 ne;) > 9(Z+ neipr) for i=t-m,... t-1.

2. 9(Z+mne;) — 9(2) < for i=t-m,. .. i-1.
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To conclude, we have observed that the optimal base-stock level is highly sensitive to the
change in the sizes of the outstanding pipeline orders. Thus, it is critical that the dependency
of the base-stock level on the pipeline order status is an integral part of the inventory policy.
However, when studying the effect of a different time arrangement of pipeline orders for
a fixed size of orders, we see that the optimal base-stock levels for different arrangements
do not change considerably. In fact the changes are rather small and were only observed
a few times during our numerical experiment. This could suggest ways of simplifying the
characterization of the optimal base-stock levels, and thus reducing the complexity of the
optimal policy. One possibility would be to consider the state-dependency of the optimal
base-stock level on the sum of the pipeline orders instead of the vector of orders. Looking at
the diagonal elements in Table 3.2 corresponding to particular sums of the two outstanding
orders under consideration, we see that the base-stock levels change particularly when the
exposure to supply capacity shortage is increased for either of the orders. Intuitively, this
approach would only provide an relatively bad approximation to the optimal base-stock
levels. The fact that the base-stock levels in the table are close to symmetric can still be
used to our advantage. The optimal base-stock levels can then be described as a function
of a vector of outstanding orders irrelevant of the time arrangement of the orders. This can
be used to simplify the description of the optimal base-stock levels while still providing a

nearly perfect estimate of the optimal costs.

3.4 Insights from the myopic policy

We proceed by establishing the approximate inventory policy that would capture the rela-
tionship between the uncertain pipeline orders and the target inventory position. While the
optimal policy is obtained through a minimization of the multi-period cost-to-go function
Jy as given in (3.5), the approximate policy is a solution to a single-period cost function
Ci(y, 24, 2) as given in (3.3), thus we can refer to it as a myopic solution. The resulting
structure of the myopic policy is equivalent to the structure of the optimal policy as pre-
sented in Part 2 of Theorem 3.2; however the orders are placed up to myopic base-stock
levels §M(Z;), rather than optimal base-stock levels (). Observe that g (Z;) are also
state-dependent on the uncertain pipeline orders Z;, thus the myopic policy is able to ac-
count for the possible shortage in supply of the current pipeline orders. A detailed derivation

of the myopic solution is provided in Lemma 3.2 in the Appendix.

While it would be great if myopic policy would provide a reliable estimate of the optimal
costs, one can easily see that the myopic policy cannot account for future supply shortages
(that is, for the orders that are still to be placed in the future). This holds particularly
for highly utilized system settings and in the case of high demand/supply capacity uncer-
tainty that leads to probable demand and supply mismatches. Thus, the following study



70 Chapter 3. Inventory management with advance supply information

is primarily concerned with capturing the state-dependency of the optimal base-stock lev-
els by exploring the relationship between the vector of uncertain pipeline orders and the

corresponding approximate base-stock levels.

While it would be great if myopic policy would provide a reliable estimate of the optimal
costs (which we show for the dual-sourcing model in Chapter 5), one can easily see that
this is not the case for ASI model (and similarly for the ACI model). The myopic policy
cannot account for future supply shortages (that is for the orders that are still to be placed
in the future). Particularly in the case of a highly utilized system and in the case of high
demand /supply capacity uncertainty that leads to probable demand and supply mismatches.
Thus, the following study is primarily concerned with capturing the state-dependency of
the optimal base-stock levels by exploring the relationship between the vector of uncertain

pipeline orders and the corresponding approximate base-stock levels.

In Table 3.4 we present the base-stock levels for the optimal policy, myopic policy and
the differences between the two. Note that the myopic policy is optimal when there is no
supply capacity uncertainty (which corresponds to a base-stock level of 23). Looking at the
differences between the base-stock levels we see that the myopic base-stock levels are always
lower and thus can be regarded as a lower bound for the optimal base-stock levels. The
differences are decreasing with increasing uncertain pipeline orders. This can be attributed
to the fact that myopic policy accounts for the potential shortages in the replenishment of
the pipeline orders, but fails to account for future supply unavailability. For high uncertain
pipeline orders, the additional inventory to cover the supply shortage is also sufficient to cover
the risk of future shortages. In fact, we observe a risk pooling effect, where the base-stock

level of 29 is sufficient to cover both risks.

3.5 Value of ASI

In this section we estimate the extent of the savings gained through incorporating ASI into
the inventory system. We perform a numerical numerical analysis to quantify the value of
ASI and assess the influence of the relevant system parameters. Numerical calculations were

done by solving the dynamic programming formulation given in (3.4).

To determine the influence of ASI parameter m, demand uncertainty, supply capacity un-
certainty, and system utilization on the value of ASI, we set up the base scenario that
is characterized by the following parameters: 7' = 10,L = 3,a = 0.99 and h = 1 and
b = 20. A discrete uniform distribution is used to model demand and supply capacity
where the expected demand is given as E[D] = 4 and the expected supply capacity varies
ElQ] = {4,6,8}, which means that the utilization of the system is Util = {1,0.75,0.5}. In
addition we vary the coefficient of variation of demand C'Vp = {0,0.65} and supply capac-
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Table 3.4 The optimal and myopic base-stock levels, (L =3, m = 2, E[D] = 5, CVp = 0.5, E[Q] = 6,

CVg = 0.33)

Myopic Zt-1
zz9| O 1 2 3 4 5 6 7T 8 9
023 23 23 23 23 23 24 24 25 26
1123 23 23 23 23 23 24 24 25 26
2123 23 23 23 23 23 24 24 25 26
3123 23 23 23 23 23 24 24 25 26
4123 23 23 23 23 23 24 25 25 26
5123 23 23 23 23 24 24 25 26 27
6124 24 24 24 24 24 25 25 26 27
7124 24 24 24 25 25 25 26 27 28
8125 25 25 25 25 26 26 27 28 29
9126 26 26 26 26 27 27 28 29 29

Optimal Zi-1
zz9| O 1 2 3 4 5 6 7T 8 9
0|27 27 27 27 27 27 27 28 29 29
1127 27 27 27 27 27 27 28 29 29
2027 27 27 27 27 27 27 28 29 29
3|27 27 27 27 27 27 27 28 29 29
4127 27 27 27 27 27 28 28 29 29
5127 27 27 27 27 27 28 29 29 29
6|27 27 27 27 28 28 28 29 29 29
7128 28 28 28 28 29 29 29 29 29
8129 29 29 29 29 29 29 29 29 29
9129 29 29 29 29 29 29 29 29 29

Difference Zi—1
zz9| O 1 2 3 4 5 6 7T 8 9
0 4 4 4 4 4 4 3 4 4 3
11 4 4 4 4 4 4 3 4 4 3
214 4 4 4 4 4 3 4 4 3
31 4 4 4 4 4 4 3 4 4 3
41 4 4 4 4 4 4 4 3 4 3
51 4 4 4 4 4 3 4 4 3 2
6| 3 3 3 3 4 4 3 4 3 2
714 4 4 4 3 4 4 3 2 1
8 4 4 4 4 4 3 3 2 1 0
9/3 3 3 3 3 2 2 1 0 0
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ity C'Vgp = {0,0.33,0.65}, and the ASI parameter m = {3,2,1,0}, covering both the No

information and Full information case.

We define the relative value of ASI for m < L, %Vas1, as the relative difference between the
optimal expected cost of managing the system in the No information case (m = L), and the
system where we have obtained ASI on a number of pipeline orders (m < L):

m=L m<L
ft( ) t( <L)

%VASI(m S L) = (3.8)

£
We also define the marginal change in the value of ASI, AV,g;. With this we measure the
extra benefit gained by decreasing the number of uncertain pipeline orders by obtaining ASI

sooner, from m to m — 1:
AVysi(m —1) = ftm) - t(m_l)

359 === mmmm e e e e e e - 5.00
— - 4.50
30% -----mmmmmmmmmmmmmmmmee ] b A
- 4.00
D ] I Aty 1 - 3.50
%6V asi aVysi
20% - 3.00 ) )
L 250 CIm=0 m=0
15% L 200 /m=1 =@=m=1
10% L 150 EEm=2 =@=m=2
- 1.00
5%
- 0.50
0% L 0.00
util 05 075 1.0 0.5 0.75 1.0 05 0.75 1.0
CV, 0.00 0.33 0.65

Figure 3.3 The relative and the absolute value of ACI for CVp =0
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5% - - 0.80 /m=0 m=0
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Figure 3.4 The relative and the absolute value of ACI for CVp = 0.65
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We present the results in Figures 3.3 and 3.4. Not surprisingly, the insights about the value
of ASI very much correspond to the ones for ACI model. The interplay of system parameters
is relatively complex, which is exhibited in the fact that the value of ASI changes in a non-
monotone manner. This is particularly the case with the system’s utilization, where the
majority of the gains are made at (in our case) moderate utilizations. Increasing capacity
uncertainty is where we would anticipate that the value of ASI will be increasing and majority
of the gains would be made. This can be observed in AVg; for both low and high demand
uncertainty scenario, while this only partially holds for %V4ss;. The increasing demand
uncertainty decreases both the relative and the absolute value of ASI. While the relative
value of ASI extends over 30%, and for most of the scenarios above 10%, it drops below 4%

for all scenarios under high demand uncertainty.

It is expected that the benefits of ASI fall short of the ones observed when studying the ACI
model. The interesting observation is made when studying the influence of the ASI parameter
m. While we have observed that with a limited insight into future supply capacity availability
the majority of the benefits can be gained in most of the scenarios under ACI model, this is
not the case with ASI model. When m is decreased from m = L in the No information case,
we observe the increasing returns with m approaching 0. As ASI only allows for a response
to shortages in replenishment, it is the scenario in which ASI is revealed soon after the order

is placed that allows the decision-maker to promptly respond to the shortages.

3.6 Conclusions

In this chapter, we analyze a periodic review inventory system with positive lead time and
stationary stochastic demand and supply capacity. As the No information case of our model
can be considered as a positive lead time generalization of the paper by Ciarallo et al. (1994),
we also extend the scope of the model by incorporating the possibility to obtain information
about the available supply capacity for the pipeline orders. ASI is revealed after the order

has been placed, but before it is replenished.

We show that the optimal policy is highly complex due to the extensive system’s state
description, where apart from the inventory position, the stream of uncertain pipeline orders
has to be monitored and adapted constantly. However, despite this complexity, we show that
the optimal policy is a state-dependent base-stock policy. We show that the base-stock levels
should be increased to compensate for the increased replenishment uncertainty. Despite the
fact that the myopic policy does not provide a good approximation for the optimal base-
stock levels (and optimal costs), we show that by inclusion of the safety factor that would
compensate for the future supply capacity uncertainty, the myopic policy adequately captures

the risk of shortages in pipeline orders.
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Numerical calculations show that the benefits obtained through ASI can be relatively big
(although also highly dependent on other system parameters). However, ASI should be
revealed for the most of the uncertain pipeline orders as we observe the increasing returns

with the increasing ASI availability.

The analysis in the future could explore different alternatives to the presented ASI model.
These could go into two general directions: further simplification of the system under study,
or the opposite, the study of a more realistic supply chain setting. Due to the complexity
of the optimal policy, obtaining the optimal parameters is still a formidable task, thus fur-
ther insights could be gained by studying simplified settings (for instance constant demand,
Bernoulli distributed supply capacity, etc.). For these settings, explicit expressions could be
obtained that would better capture the supply uncertainty structure in the system and lead
to easier determination of the base-stock levels. On the other hand, the natural extension
to the single-stage inventory models is studying the multi-tier supply chains or supply net-
works. While these represent additional modeling challenges, one should recognize that the
single-stage models provide the basic insights and act as building blocks to analyse more
complex interactions in real-life supply networks. These interactions could involve captur-
ing the uncertain supply market conditions through the use of bayesian learning to model
the supply information, incentives to stimulate the information sharing in the form of sup-
ply contracts, exploring the influence of ASI on the bullwhip effect, inventory competition
and allocation problems due to limited supply availability and the resulting speculative and

gaming behavior of supply chain parties in response to the disclosed supply information, etc.

Appendix: Proofs

Before giving the proofs, we first provide the needed notation and the definitions, which
enables us to give the proofs in a concise manner. For clarity reasons, we elect to suppress

the time subscripts in certain parts of the proofs. We also assume a = 1 for the same reason.

For the m uncertain pipeline orders in z;, we know that any particular order z;, where i =
t—m ...t—1 can either be delivered in full or only partially depending on the available supply
capacity revealed through ASI. Based on this we define the vector 2z, which represents the
set of orders z; that will not be delivered in full, z; > ¢;. The vector Z' represents the set
of orders z; that will be fully replenished, z; < ¢;. Thus, 2" Nz = Z, and 2z, UZ = &
holds. As it will be useful in some of the following derivations to include also the order z
into the two vectors Z~ and Z,", we also define the extended vectors Z,” and Z;". The two

corresponding supply capacity vectors are denoted as ¢, and ¢’

We denote the cumulative distribution function of the demand with G(d;), and the corre-

sponding probability density function with ¢(d;), and the lead time demand counterparts
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with GL(dF) and gF(dF). The cumulative distribution function and the probability density
function of supply capacity @; are denoted as R;(q;) and 7,(q;). We assume that all the
distributions are stationary.

In the following lemma, we provide the convexity results and the optimal solution to a

single-period cost function Cy(yy, 24, 2¢)-

Lemma 3.2 Let g™ be the smallest minimizer of Cy(ys, Z;, 21) to which the optimal order
M s placed, where 2M = gM — ;.

1. Ci(ys, Zt, z¢) 18 conver in yy.
2. Cy(ys, Zt, 2¢) 18 quasiconver in z.

3. 9M(Z,) is the state-dependent optimal myopic base-stock level.

Proof: C(y, 7, z) is expressed in the following way:
y,zz-b/ / / dL—y—ir q)dgg™ (d*)dd"
By > (77 ) r(@ddg"(d")
(Z-

+h/ /Z+/y > —Z(Z— 7)) —dL> r(@dggb(db)ddE.  (3.9)

To prove Part 1, we derive the first partial derivative of (3.9) with respect to y, where we
take into account that [] ((1 - R(Z*))R(Zﬁ) =1

—

a%c(y, Z2)=—b+(b+n) (1 - R(Zﬂ)/o G* (y -y (Z7 - f)) r(77)dg",(3.10)

and the second partial derivative:

20wz =0+ [[0-RE [ o (1= S —a))r@)ar . @)

Since all terms in (3.11) are nonnegative, Part 1 holds. It is easy to see that the convexity

also holds in z.

To show Part 2, we obtain the first two partial derivatives of C(y, Z, z) with respect to z:

7-Cly;7,2) = (b+h)(1 - R(2))

[ / Gt (y= 3 (=) rid ) - b%h] . (312)
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, (3.13)

Setting (3.12) to 0 proves Part 3. Observe that §*(Z) only depends on Z, and not on z.
Intuitively this makes sense, as due to the potential shortages in replenishment of any of
uncertain pipeline orders Z we increase 9 accordingly. However, when placing order z, it
is not rational to adjust 9 to account for the potential shortage in replenishment of z.
One merely has to hope that by ordering z up to #™, the available supply capacity will be

sufficient.

For z < 2™ the bracketed part in the first term of (3.13) is not positive, thus the first part
is nonnegative as a whole. Since also the second term is always nonnegative, the function
C(y, Z, z) is convex on the respected interval. For z > 2 this does not hold, however we see
that (3.12) is nonnegative, thus C(y, Z, z) is nondecreasing on the respected interval, which
proves Part 2. Due to this, the C(y, Z, 2) has a quasiconvex form, which is sufficient for g™

to be its global minimizer.

Note, that one can show that C(y, 2, z) is quasiconvex in any of z;, where i =t—m...t—1,in
the same way as presented above. The above derivation can be considered as a generalization
of the derivations for the zero lead time model presented in Ciarallo et al. (1994). We have
shown that the convexity properties of the single-period function also holds for the positive

lead time case. J

Proof of Lemma 3.1: The proof is by induction on ¢. For period T it holds Jr(yr, Zr, z1) =
Cr(yr, Zr, zr), which by using the result of Lemma 3.2 proves the convexity of Jr(yr, Zr, zr)

in yr, and using (3.6) for 7', also the convexity of fr(yr, 27) in x7.

Assuming that f;1 is convex in x;,1, we now want to show that this implies convexity of J;

in y; and f; in x;. Using (3.5) we write J; as:

Jt(yta'%"zt) - Ct(yta'g;fuzt)
+ / / ft+1<yt - (Zt—m - C]t—m) — dy, Z&—H)T(Qt—m)d%—mg(dt)ddt
0 0

+ (1 - R(zi—m)) /OOO fer1(ye — di, Ziy1) g(dy)dd,. (3.14)
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By taking the second partial derivative of (3.14) with respect to y; we quickly see that the
convexity of J; in 1 is preserved due to the convexity of Cy in y; coming from Lemma 3.2,

while the remaining two terms are convex due to the induction argument.

To show that this also implies convexity of f; in x;, we first take the first partial derivative
of J; with respect to z!:
0 0

&J(yta'ahzt) = &C(ytwg;fazt)

+ / / fror (e — (Ziem — G—m) — di, Zi )7 (G ) dG—m g (dy)ddy
o Jo

+ (1- R(zw)) / P (e — dp Foa)g(do)dds, (3.15)

Partially differentiating (3.6) with respect to x; twice, using (3.10) and taking into account
the first-order optimality condition by setting (3.15) to zero, yields the following:

- —

— —

sl = een[[0-RE" [ o (o a- (& —a0) @ a

t

+ / / ft,id(xt + % — (Zt—m - Qt—m) — dy, 5+1)T(Qt—m)d9t—mg(dt)ddt
0 0

+ (1 - R(Zt,m)) / ft/fi-l(xt + 2t - dt, %Jrl)g(dt)ddt (316)
0

While the expression does not get simplified as in the zero lead time case, we can easily

conclude that the convexity of f; in x; is also preserved as all the terms above are nonnegative.

g

Proof of Theorem 3.1: The convexity results of Lemmas 3.1 and 3.2 imply the proposed

optimal policy structure. [J

Lemma 3.3 Let f(z) and g(z) be conver, and xy and z, be their smallest minimizers. If
f(z) < ¢'(x) for all z, then x¢ > 4.

Proof: Following Heyman and Sobel (1984), lets assume for a contradiction that x; < z,
then we can write 0 < 6 <z, —xy and f'(z,—6) > 0 holds. From f’(z, — ) > 0 and initial
assumption f'(z) < ¢'(z) we have 0 < f'(z, — d) < ¢'(x, — J). Observe that ¢'(z, — ) >0
contradicts the definition of z, being smallest minimizer of g(-), hence z; > z,. O

Proof of Theorem 3.2: Using (3.4) and Part 2 of Theorem 3.1, the optimal cost function

'We define the first derivative of a function f;(x) with respect to = as f;(x).
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fi(z,2) can be written as:
Z, 0 (2) <
ﬂ@jﬁz{ %@’fm %@)_f’ (3.17)

Due to the convexity of J; in y, we can write f/(x, Z) in the following manner

>0, §(2)<
ﬂaaz{_’ %@if (3.18)
=0, z<y(2).

We start the induction argument at time 7', where Jr(y, 2, 2) = Cr(y, Z, z) holds. Using
(3.10), we show that the following holds for any 2) < Z; and z; < zy:

—

1 - R(Z{) > 1- R(Z)),

/ G (y =3 (Z7 =) r(@ g = / ¢ (y =" (2 — ) rla)ag

0

due toy — > (Zl_ —q)>y—> (ZQ_ — ¢ ). This proves Ch(y, 21, z1) > Ch(y, 25, 29), and
consequently J5(y, 21, z1) > Jh(y, 25, 22) holds. Using (3.17) and (3.18) one can quickly show
that f1-(y,z1) > f1-(y, Z2) also holds, and due to Lemma 3.3 also Part 3 holds for T

Lets assume now that J(y,21,21) > J{(y, Z2, z2) holds for . From Lemma 3.3, we have
0:(Z1) < 9:(%3), which proves Part 3. To prove Part 2, we need to show that this implies

fi(z,Z1) > fl(x, Z2). We need to analyze the following four cases:

Case 1: If x > g,(Z)) and & > §,(25), then f/(x,z1) = J/(z,21,0) > J/(x,2,0) = fl(x, Z),
where the inequality is due to Part 1.

Case 2: If x > g,(2)) and = < g,(23), then f/(x, 21) > f/(x, Z3) comes directly from (3.18).
Case 3: v < 3,(%) and = > ,(%;) is not possible due to Part 3.

Case 4: If x < (1) and x < 3:(22), then we have f/(z,21) = f{(z, 22) = 0 from (3.18).

Going from t to t—1 we conclude the induction argument by showing that f/(x, z1) > f/(z, z2)

implies J/_,(y, 21, 21) > J;_1(y, 7, 22). Using (3.5) we write:

Ciy
Ciy
Ciy
i

Yi—1, Z14-1, Z1,0-1) + &Eft,(%,t, Z1t)

Jt/—l(yt—la 51,:5—1, Z1,t—1)

IV

Yt—1, Zot—1, 224-1) + OzEft/(th, Zot)

—~ o~~~

v

Yt—1, Zot—1, Z24-1) + OéEft'(ﬂUQ,t, Zyt)

—~

Yt—1,22,t—1, ZQ,t—l)a
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The first inequality is due to C}_; (ys—1, 2141, 21.6-1) > Ci_1(Y1—1, Z24—1, 22,4-1), and induction
argument f/(x,z)) > f/(x,Z5) (where taking expectation over the random variables (Qy_,,—1
and D;_; preserves the inequality). The inequality of C] ; holds from convexity of C’t+ -1

in T4y, where from the assumptions z; < 25 and 2y < 29, we have 441, > To441 due to the
t—1

wim_1 (25 — Qs)T—DFE | in (3.3) (where again taking expectations

definition &1, = yr—1—Y
over the random variables Qy 1, ...,Q:_1 and DtL_1 preserves the inequality). The second
inequality holds from convexity of f; in z, and the fact that x;, > 22, holds due to the state
update 21 = Yr—1 — (Z14—m-1 — Gom—1)" — di1 > Y1 — (Zog—m—1 — Q—m—1) " — di—1 = 2oy

in (3.2), and the assumption 21 4—y—1 < 224m—1. O






Chapter 4

Optimal inventory management with supply

backordering

Abstract: We study the inventory control problem of a retailer working under
stochastic demand and stochastic limited supply. We assume that the unfilled
part of the retailer’s order is fully backordered at the supplier and replenished
with certainty in the following period. As it may not always be optimal for
the retailer to replenish the backordered supply, we also consider the setting in
which the retailer has a right to either partially or fully cancel these backorders,
if desired. We show the optimality of the base-stock policy and characterize
the threshold inventory position above which it is optimal to fully cancel the
replenishment of the backordered supply. We carry out a numerical analysis to
quantify the benefits of supply backordering and the value of the cancelation

option, and reveal several managerial insights.

4.1 Introduction

With sourcing in remote offshore locations, uncertainties in supply have increased. For
instance, in 2009, during the recovery period of the 2008 financial crisis, electronics parts
were in short supply and suppliers could not deliver orders. For instance, Nortech issued a
formal statement in March 2009 stating that it was “dependent on suppliers for electronic
components and may experience shortages, cost premiums and shipment delays that would
adversely affect our customers and us” (Nortech Systems, 2009). In such cases, backorders
are delivered very late. With regard to the same period of electronic component shortages
in 2009 and 2010, Pierson (2010) reports that suppliers’ lead times for certain components
had increased from 10 to 20 weeks, and that customers were on allocation, implying that
customers were unsure how much they would receive. However, many buyers in fact later
canceled their orders when they obtained new information on demand. The very late supply
of backorders actually granted them a moral right to cancel the orders due to the very late
delivery. When demand is uncertain, it is unclear to what extent it is best for the customer

to actually cancel backorders and possibly place new orders instead.

In addition, the importance of time as a competitive weapon in supply chains has led suppliers
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to venture into lead time reduction projects to improve their ability to meet the customers’
expectations for shorter lead times. However, such undertaking often results in, at least
in a short term, worse supply performance, characterized mainly by delayed and/or partial
replenishment of orders. Furthermore, a supplier might even decide to adopt the supply
strategy where he would deliver only a part of the customer’s order depending on his current
supply capacity availability, and would guarantee to replenish the rest of the order with a
short delay. From customers’ perspective, apart from the demand uncertainties, companies
need to consider the possibility of these delays in deciding when and how much to order from
the supplier. Interestingly, in a stochastic lead time setting, Wang and Tomlin (2009) show
that a customer may sometimes prefer a less reliable lead time if the delay distribution is
not very variable. Therefore, it may be beneficial for a company to accept the possibility of
the uncertain delivery and, given that the order is eventually replenished in full, adapt its

ordering policy to take advantage of a shorter lead time.

In this chapter we study the inventory control problem of a retailer working under stochastic
demand from the market, where he tries to satisfy the demand by making orders with a
supplier. The supply capacity available to the retailer is assumed to be limited and stochastic
as a result of a supplier’s changing capacity and capacity allocation policy. The order placed
by the retailer might therefore not be delivered in full, depending on the currently available
capacity. The unfulfilled part of the retailer’s order is backordered at the supplier, which
we denote as a supply backorder. As the supply backorder is a result of the supplier’s
inadequate supply service, this gives the retailer an option (a moral right) to decide to what
extent he wants the supplier to replenish the backordered supply. Depending on the current
requirements, the retailer can decide for partial replenishment of the backordered supply, or
to fully cancel the replenishment if necessary. Therefore, in each period the retailer has to
make two decisions. Apart from the regular ordering decision to the supplier, he needs to
decide about the extent of the replenishment of the backordered supply from the previous

period.

We assume that the replenishment of the backordered supply is certain, meaning that it
is delivered in full in the following period. The situation that would result in such supply
conditions for the retailer is that of a supplier giving high priority to fulfilling backorders from
previous periods, which is a common situation observed in practice. The supplier’s capacity
is therefore first used to cover any unfilled retailers’ orders from the previous period, and
the remaining capacity is available to cover new orders. As the extent of new orders is hard
to anticipate, and the supplier has limited flexibility to quickly adapt the capacity levels,
it is reasonable to assume that the supply capacity available to cover a particular retailer’s
order is limited and stochastic. We also assume that the retailer under consideration is one
of many retailers supplied from the same supplier. Therefore, it is expected that the size of a

retailer’s supply backorder will not directly affect currently available supply capacity. Thus,
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we can assume that these are not correlated. It is also safe to assume that this would often
not affect the regular capacity available to cover retailer’s order in the next period. From a
real life perspective, these assumptions are somewhat restrictive, but, as we show later, they

are needed to ensure mathematical tractability of the model.

The focus of this chapter is on establishing the optimal inventory policy that would allow
the retailer to improve his inventory control by utilizing a backordered supply. We denote
the case where the backordered supply can be partially replenished at the request from the
retailer as the Partial backordering policy, and compare it to the No backordering policy,
where there is no supply backordering, to establish the value of supply backordering. Apart
from this base setting, we are interested in analyzing the two sub-policies: Full backordering
policy, where the backordered supply is always replenished in full, and the Cancelation
option policy where the retailer has the option to fully cancel the replenishment of the
supply backorder. Although it is expected that the costs can be substantially reduced in
comparison with a capacitated supply environment in which the unfilled part of the order
is lost rather than backlogged, we are also interested in whether full supply backordering
can be counterproductive in specific situations. For clarity, we present the set of possible

decision strategies and corresponding abbreviations in Table 4.1.

Table 4.1 Labeling scheme for possible decision strategies

Label Strategy Description

NB No backordering Retailer is only placing regular orders and there is no
supply backordering.

FB Full backordering Backordered supply is always replenished in full.

PB Partial backordering Retailer decides to what extent the backordered sup-
ply should be replenished.

co Cancelation option  Retailer decides whether to fully cancel the
replenishment of the backordered supply or not.

We proceed with a review of the relevant literature on supply uncertainty models, where our
setting fits within the scope of single-stage inventory models with random capacity. The way
we model the supply availability is in line with the work of Ciarallo et al. (1994); Giilli et al.
(1999); Khang and Fujiwara (2000) and Iida (2002), where the random supply/production
capacity determines a random upper bound on the supply availability in each period (see
Section 1.1 for details). Their research is mainly focused on establishing the structure of the

optimal policy. For a finite horizon stationary inventory model they show that the optimal
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policy is of an order-up-to type, where the optimal base-stock level is increased to account

for possible, albeit uncertain, capacity shortfalls in future periods.

There have been several approaches to mitigate the supply capacity uncertainty suggested
in the literature, where some have explored the benefits of an alternative supply source, or
the means of decreasing the uncertainty of supply itself. Our model can also be interpreted
as a dual-sourcing system in which the stochastically capacitated primary supplier delivers
part of the order with zero lead time, while the alternative supplier has ample capacity
but is only able to deliver the remaining part of the initial order with a one period delay.
Assuming deterministic lead time, several papers discuss the setting in which lead times
of the two suppliers differ by a fixed number of periods (Fukuda, 1964; Veeraraghavan and
Sheller-Wolf, 2008). However, they all assume infinite supply capacity or at most a fixed
capacity limit on one or both suppliers. For an identical lead time situation as ours, albeit
uncapacitated, Bulinskaya (1964) shows the optimality of the base-stock policy and derives
its parameters. However, when there is uncertainty in the supply capacity, diversification
through multiple sourcing has received very little attention. The exception to this are the
papers by Dada et al. (2007) and Federgruen and Yang (2009), where they study a single-
period problem with multiple capacitated suppliers and develop the optimal policy to assign
orders to each supplier. Our model differs from the above mentioned dual-sourcing models
due to the fact that the alternative replenishment directly corresponds to the unfilled part
of the order placed with the primary supplier, and therefore it cannot be considered as an

independent ordering decision.

A recent stream of research considers the case where the information on the availability of
supply capacity for the near future is provided by the supplier. A relatively limited number
of papers within this stream share a common setting discussed in Chapter 2, and show how
ACT influences the structure of the optimal policy, which is shown to be a state-dependent

base-stock policy.

A general assumption in stochastically capacitated single sourcing inventory models is that
the part of the order above the available supply capacity in a certain period is lost to the
customer. We believe this might not hold in several situations observed in practice. However,
the literature that assumes the possibility of backordering the unfilled part of the customer’s

order at the supplier is scarce.

For a continuous review system Moinzadeh and Lee (1989) study the system where orders
arrive in two shipments, the first shipment with only random part of the items ordered, while
the rest of the items arrive in a second shipment. Assuming (@, R) policy, they present the
approximate cost function and compute its parameters. Anupindi and Akella (1993) study
a dual unreliable supplier system, where they assume that the unfilled part of the order is

delivered with a one period delay in their Model III. A non-zero lead time setting is assumed
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in Bollapragada et al. (2004), where the supplier guarantees delivery either within his quoted
lead time, or at most one period later. They study the two-stage serial inventory system
under the assumption that approximate installation base-stock policies are followed, and
evaluate the benefits of guaranteed delivery over the system with unlimited supply backlog.
This way of modeling the supply backorders corresponds to what we denote in this chapter

as a Full backordering policy.

However, the situation in which the customers whose orders were backordered at the supplier
may cancel their orders is rarely considered in the literature. You and Hsieh (2007) assume a
constant fraction of customers are canceling their backorders. Therefore they do not consider
the cancelation of backorders as a decision variable, but as a preset system parameter, which
effectively reduces the demand the supplier is facing. In this chapter we include the option
to either partially or fully cancel backorders on the supply side as an integral part of the

optimal ordering decision policy.

The remainder of the chapter is organized as follows. We present our dynamic programming
model incorporating supply backordering and the cancelation option in Section 4.2. The
structure of the optimal policy and its characteristics related to the option of canceling
the replenishment of the backordered supply are derived in Section 4.3. In Section 4.4 we
assess the benefits of supply backordering and the value of the cancelation option through a
numerical study and we point out the relevant managerial insights. We study the trade-off
between the supply uncertainty and the lead time delay in Section 4.5, and summarize our

findings in Section 4.6.

4.2 Model formulation

In this section, we introduce the notation and present the dynamic programming model to
formulate the problem under consideration. The model assumes a periodic-review inventory
control system with stationary stochastic demand and limited stationary stochastic supply
with a zero supply lead time. The supply capacity is assumed to be exogenous to the retailer
and the exact capacity realization is only revealed upon replenishment. Unused capacity in
a certain period is assumed to be lost. In the case when currently available supply capacity
is insufficient to cover the whole order, the unfilled part of the supply is backordered at the
supplier. In each period, the retailer has to make two decisions. He needs to decide to what
extent he wants the supplier to replenish the supply backorder from the previous period and

needs to consider placing a new regular order with the supplier.

Depending on the level of flexibility in determining the extent of supply backorder replenish-
ment we distinguish between three different policies (observe the labeling scheme in Table

4.1), where the backorder parameter 3, denotes a share of the backordered supply b; to be
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replenished: PB policy, where a retailer freely decides about the extent of the supply backo-
rder replenishment (5, € [0, 1]); CO policy, where a retailer decides to either fully replenish
or fully cancel the replenishment of the backordered supply (3; € {0,1}); and the FB policy,
where supply backorder is always replenished in full (5, = 1).

The notation used throughout the chapter is summarized in Table 4.2 and some is introduced

when needed.

Table 4.2 Summary of the notation

T : number of periods in the finite planning horizon

ch : inventory holding cost per unit per period

Cp . backorder cost per unit per period

e : discount factor (0 < a <1)

Ty : inventory position before decision making in period ¢

Yt :  inventory position after decision making in period ¢

2 : order size in period t

by : supply backorder; backordered part of the order in period ¢
By . part of the supply backorder b; to be replenished in period t + 1
Dy :  random variable denoting demand

dy :  actual demand realization

g(d;) : probability density function of demand

G(dy) : cumulative distribution function of demand

Q : random variable denoting the available supply capacity

q : actual available supply capacity

r(q:) : probability density function of supply capacity

R(q:) : cumulative distribution function of supply capacity

We assume the following sequence of events:

(1) At the start of period t, the decision-maker reviews the inventory position x;, and the
ordering decision is made, which is composed of: supply backordering decision (5;_1, about
the extent of the replenishment of the supply backorder b;,_; from the previous period, and

the regular order z;. Correspondingly the inventory position is raised to y; = x¢+5¢_1bt—1+2:.

(2) The previous period’s supply backorder 3;_1b;_1 and the current period’s regular order z;
are replenished. With this, the available supply capacity ¢; for the current order is revealed,
and the inventory position after the replenishment is corrected in the case of insufficient
supply capacity to y, — by = 2y + 84_1b;_1 + 2, — by, where by = [z, — q;]T represents the new
supply backorder!.

(3) At the end of the period the decision-maker observes the previously backordered demand

and the current period’s demand d;, and tries to satisfy it from the available inventory y; — b;.

Ha]* = max(a,0)
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Unsatisfied demand is backordered, and inventory holding and backorder costs are incurred

based on the end-of-period inventory position, x;y1 = vy — by — d;.

Observe that the decision whether to replenish the supply backorder b;_; and to what extent
is only relevant if it is taken after the demand d;_; from the previous period has been realized.
If that is not the case, the decision-maker would always opt to replenish the supply backorder
since the system remains in the same state it was in when the regular order z;_; was initially

made.

We proceed by writing the relevant cost formulations, which will allow us to evaluate the
performance of the model. The system’s costs consist of inventory holding and backorder
costs charged on end-of-period on-hand inventory. Cost ¢, is charged per unit of excess
inventory, and backorders cost ¢, per unit. We ignore any fixed cost related to ordering, both
when making the initial order, as well as with the replenishment of the backordered supply.
We also assume there are no cancelation costs related to not replenishing the backordered
supply. In a practical setting the retailer would normally bear the fixed ordering costs
associated with placing regular orders, while the supplier would account for the costs of
replenishing the backordered supply. Under such conditions the retailer would be reluctant
to cancel the replenishment of the backordered supply and instead place a regular order,
as he would be charged with ordering costs. Under PB policy, it is intuitively clear that
the retailer will always take the advantage of the backordered supply first and only rely
to placing regular orders when backordered supply is insufficient, thus avoiding cancelation
strategy. However, under a C'O policy, where only full cancelation is allowed, the higher the
fixed ordering costs the less likely it will be that the retailer will cancel the supply backorder
replenishment. Inclusion of fixed ordering costs would be a natural extension to the model,
however, we believe that the major insights related to supply backordering can be gained

already through the study of a zero fixed ordering costs setting.

The expected single-period cost charged at the end of period ¢ is expressed as:
C(ye, 2¢) = aEQt,Dté’t<yt — by — Dy). (4.1)

The inventory holding and backorder costs are charged on the end-of-period inventory posi-
tion y; — by — Dy, which depends both on the capacity limiting the actual replenishment and

the demand realization.

The dynamic programming formulation minimizing the relevant inventory costs over finite
planning horizon T from time ¢ onward and starting in the initial state (xy, b;_1) characterized

by the inventory position before the decision making x; and the backordered supply b;_1,
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can be written as:

ft(l’t, btfl) = min [Ct(yt> Zt) + OéEQt,thtJrl(yt — by — Dy, bt)] , for 1<t<T,

Bt—1€[0,1],2:>0

= IIllIl C T + -~ b_ +Z 72
ﬁt—lE[O,l],ztEO[ t( t 515 10¢—1 f t)

+ OéEQt,tht_,_l(ZEt + 5t—1bt—1 + 2t — bt — Dt, bt)] s fOI" 1 S t S T, (4.2)

where the ending condition is defined as fr,1(-) = 0. The state space is described by the pair
(x4, bi—1), where the optimal supply backordering and regular ordering decisions are made by
searching over possible (y;, z;) pairs that describe the state of the system after the decision
is made, so that the total costs are minimized. Finally, for the system to end up in the state
(ye, 2t), we need to calculate the expectation of f;1(x441,b;) over all possible demand D;

and supply capacity @); realizations in period t.

4.3 Characterization of the optimal policy

In this section, we focus on the optimal policy characterization of the inventory system
with supply backordering. We show some properties of the relevant cost functions and the
structure of the optimal policy as a solution of the dynamic programming formulation given
in (4.2). In addition, we give some insights into the optimal base-stock level and characterize
the threshold inventory position, the point at which the decision-maker is ambivalent between
fully replenishing the backordered supply and placing a regular order. We refer to the

Appendix for proofs of the propositions in this section.

We start by showing that, when placing a regular order, there is an optimal inventory position
to which we generally want to raise our current inventory position. However, attaining the
optimal inventory level exactly might not be feasible due to the limited supply capacity
constraining the replenishment of the regular order and possibly limited level of flexibility
in replenishment of the supply backorder. Especially, the second observation is critical for
establishing the optimal decision strategy under the C'O policy. Due to this, the focus of this
section is on exploring the effect the option to partially or fully replenish the backordered
supply or cancel the replenishment has on the optimal strategy. It would be practical if
the strategy were to have the properties of a base-stock policy, meaning that there exists
an optimal y; and that it is independent of the starting state (zy,b;_1). The difficulty in
establishing the global minimum and the characterization of the optimal inventory position
lies in the fact that the cost function fi(x;,b;—1) is not convex. This is a property that is a
consequence of the complexity of supply backordering having been added to the underlying

stochastic capacitated inventory model.
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We define the auxiliary cost function J; as:
Jt(yta 7)) = Ct(yt, Zt) + OéEQt,tht+1(yt — b, — Dy, by), for 1<t <T, (4.3)
and correspondingly we rewrite the minimal expected cost function f; from (4.2) as:

b)) = i Ji(ys, z0), for 1<t <T.
fe(x, 1) . (Yey 2e), for 1<t <

We first analyze the PB policy where we assume that supply backorders are partially re-
plenished. Then we proceed with an analysis of the C'O policy where we have an option to

cancel the replenishment of the backordered supply in any given period.

In the following proposition, we show the properties of the cost functions needed to charac-
terize the inventory policy under a partial backordering assumption as a base-stock policy
with the optimal base-stock level g/ Z.

Proposition 4.1 The following holds for all t:

1. fi(xy,b—1) is convex in x; for by_y = 0.
2. J(yr, z¢) and Jy(xy,bi_1, 2) are quasiconvex in z.

3. The optimal PB policy instructs that x is increased up to the optimal base-stock level
U8, w4 Biabe+ 2 = 9.

Finding the optimal decisions Bt_l and Z; in period t requires searching for the global min-
imum of the auxiliary cost function J;(y;, z;), which exhibits a quasiconvex shape and thus
has a unique minimum. The quasiconvexity is preserved through ¢ as the underlying single-
period cost function C(y;, z;) is also quasiconvex in z; and function fiyq (2441, b;) for by =0
is convex in z;. The latter holds due to the fact that the first partial derivative of J; with
regard to z; is independent of b;. This means that in its general form the problem equals
the stochastic capacitated inventory problem studied by Ciarallo et al. (1994), where they
show the optimality of the base-stock policy. Correspondingly, in Part 3, we show that the
inventory policy which minimizes (4.2) is a base-stock policy characterized by the optimal

inventory position after ordering j’5.

However, knowing ¢I'? does not fully capture the dynamics of the system. We still need to
determine how should the optimal base-stock level be attained. This can be done through
partial or full replenishment of the backordered supply, and/or by placing a regular order.
The regular order is not only placed to increase the current period’s inventory position
through immediate replenishment, but it may be rational to inflate the order so that the

system can cope with future supply unavailability. The inflated regular order results either
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in higher replenishment in the current period (if supply capacity is available), or in higher
supply availability in the following period (if limited supply capacity leads to the supply
backorder).

We denote the optimal inventory position after replenishment of the backordered supply as
ét, where x; is increased up to ét by replenishment of the appropriate share of backordered
supply, ft = x; + Bi_1b;_1, if possible. Now, assuming that ft is attained, the regular order z;
is placed up to g8, 2, = 7P — ét. To show this, we study the deterministic supply capacity
variant of the model and the general model in a steady state, and provide the results that
are needed to establish the structure of the optimal policy in Lemmas 4.2 and 4.3 in the

Appendix.

We observe that the policy instructs that the supply backorder is replenished so that the
inventory is increased up to the optimal inventory position before placing the regular order
ét. We show that ft < gM, where §™ is the minimizer of the single period cost function C;
given in (4.1), and subsequently am order z; is placed up to g;. Therefore, the replenishment
of the supply backordered is only used to bring the inventory position closer to the optimal
ét, and then z; is used to increase the current period’s inventory and/or guarantee higher
supply availability in the following period through the supply backorder, depending on the
supply capacity realization in the current period. Finding the optimal f requires comparing
the marginal costs of overshooting/undershooting ™, and the corresponding effect on the
size of the supply backorder that is influencing the supply availability in the subsequent
period.

Based on these insights, we now describe the structure of the optimal policy. Under the

optimal PB policy, where §'2 is the smallest minimizer of J; and the starting state is

(iUu bt—l)a yt(l'ty bt—l) is given by:

Tt fng < @4, 5t—1 =0,z =0,
yt(mtabtfl) = T+ 2 = QfB, Z)fB —b <z < @537 Bi—1=0,2 >0,
Ty + Bioibio1 + 2 = ngu Ty < ?fB — b1, Bi—1 > 0,2 = 2.

(4.4)

Now we move to the analysis of the supply backorder cancelation option. Observe that CO
policy only makes sense in the case in which partial replenishment of the supply backorder
is not possible. We show that it may not be optimal to replenish the backordered supply
fully (through FB policy) if by so doing the inventory position is increased too far above
the optimal base-stock level. We define a threshold inventory position 7; above which it
is optimal to cancel the replenishment of the supply backorder. Given the starting state
z;, J; can be attained by replenishment of the supply backorder b,_; = 3, — x;, which we

denote as a threshold supply backorder level. Proposition 4.2 states that y; represent the
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Figure 4.1 The threshold inventory position 7

point at which the costs of either solely replenishing the supply backorder and only placing
an optimal regular order up to the optimal base-stock level are equal. We give a graphical

representation of the threshold inventory position ¢, = x; + b;_; in Figure 4.1.

Proposition 4.2 Under the optimal CO policy, where §°© is the smallest minimizer of

Ji(ys, z¢) and the starting state is (x4, b,_1), the following holds for all t:

The threshold inventory position 4y = x; + by > §°°, where b,_y is a threshold supply

backorder level, is a solution to:
Jt(xtagtflao) = Jt(xtaovét)a (4-5)

where Z; = g)tCO — x4 1S the optimal order size.

In line with the description of the optimal PB policy, the structure of the optimal C'O policy

is given by:
Ty, 90 < ay, Bi—1 =0,z =0,
xt+Zt:ytcou Qt—bt—1§$t<gt007 Br—1 = 0,2 >0,
Ye(we, br1) = ~CO _
T+ biq, U —b <z <y —bi_1, Bio1=1,2=0,
$t+bt—1+2t:ﬂg07 Ty <Z)tCO—bt—1> Bi—1=1,2 >0,
(4.6)

The optimal policy can thus be interpreted in the following way. Generally, it instructs
the decision-maker to increase the inventory position x; to the optimal base-stock level
79, In the case where z; exceeds §°©, the decision-maker should cancel the replenishment

of the backordered supply and also not place a regular order (5;_; = 0,z = 0). The
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opposite happens when the replenishment of the backordered supply is insufficient to raise the
inventory position up to §°°. In this situation it is optimal to replenish the supply backorder
as it is replenished in full with certainty, and for the remainder place a regular order, which

might be constrained depending on the available supply capacity (f;—1 = 1,2, > 0).

Ur — bi—1 Te— by Ut Ty
Br-1=1  pra=1 Br-1=0 Bi-1=0

2> 0 2 =0 2z >0 2z =10

Figure 4.2 Inventory position after decision making and replenishment

The remaining two cases use either a regular order or replenishment of the supply backorder
to increase the inventory position. Observe that placing a regular order generally results
in the inventory position after replenishment §°° — b;, which is below the base-stock level
due to potential capacity unavailability. On the other hand, replenishing the backordered
supply overshoots the base-stock level. The decision-maker should replenish the backordered
supply if it is below the threshold size b, 1 < bi_1, and thus the inventory position y; will
not overshoot the threshold inventory position #;. In the case where no regular order is
placed (81 = 1,2, = 0). When b,_; > b,_; it is optimal to cancel the replenishment of
the backordered supply and place a regular order up to the optimal base-stock level instead
(Bi—1 = 0,2z, > 0). We present an illustration of the resulting inventory positions after
decision making y; and replenishment y;, — b; in Figure 4.2, and the optimal decision strategy

as a function of the starting state (x¢, b;—1) in Figure 4.3.

Next, we compare the optimal base-stock levels of the proposed decision strategies. Intu-
itively, we can expect that the optimal base-stock levels differ most in settings where the
supply backordering options bring the highest benefits relative to NB option (we will char-
acterize these settings in more details in Section 4.4.1). In Figure 4.4 we give the optimal
base-stock levels for different demand and supply capacity uncertainties (C'Vp and CVy), and
different levels of system utilization® Util. The general setting we analyze is high demand un-

certainty setting, where the left figure depicts the setting with low utilization, and the right

2Defined as the sum of average demand over the sum of average supply capacity over the whole planning
horizon.
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Figure 4.3 Optimal ordering policy as a function of the starting state (z,by—1)

figure the setting with high utilization. More specifically, the settings are described by the fol-
lowing set of parameters: T' = 12, = 0.99, ¢;,/c;, = 20, Util = {0.67,2}, and coefficients of
variation of demand C'Vp = 0.61, and supply capacity C'Vg = {0, 0.16, 0.28, 0.40, 0.52,0.61}.
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Figure 4.4 Optimal base-stock levels

When utilization is low we see that the base-stock levels for the three supply backordering
policies (PB, CO and FB) generally match. The exception to this is zero supply capacity
uncertainty setting, where the base-stock level for the PB and CO policy is at 24, and 22
for the F'B policy. Generally, the optimal base-stock levels for the NB policy lie above the
before-mentioned, except again for the C'Vy = 0 setting. When system utilization is high,
the differences between the base-stock levels are higher. Generally, the base-stock levels are
ordered, where the base-stock levels for the FB are the lowest, and then base-stock levels
increase for the CO and the PB policy. Again, the NB policy exhibits higher base-stock
levels. In the case of the NB policy, the base-stock levels need to be increased so that as

much of available supply capacity is used, particularly when the system is overutilized. When
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studying the supply backordering options, we see that the base-stock levels are increasing
with the higher flexibility in modifying the replenishment of the supply backorder. The
increase in the base-stock levels results in more frequent over-ordering, which leads to higher
replenishment in the current period. This is essential when the system generally lacks supply
capacity availability. The replenishment in the subsequent period can be downsized by partial
backordering (or cancelation option) to avoid overstocking. This is particularly important
when demand uncertainty is high, where the need to correct the inventory position arises

more frequently.

We also study to what extent the supply backorder is replenished under the PB and CO
option. Interestingly, we observe that the average part of the supply backorder to be re-
plenished revolves around 25-30%, and does not change greatly for the settings presented
in Figure 4.4. Similarly, the likelihood that the supply backorder will be replenished in full
under the C'O option we observe is around 25%.

In Figure 4.5 we study how the optimal base-stock levels are changing through time periods.
The setting from the right Figure 4.4 was chosen with the following parameters: Util = 2,
CVp = 0.61, and C'Vy = 0.40.

CV,=0.61 Util=2
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Figure 4.5 Optimal base-stock levels through periods

For a single decision epoch problem, the optimal myopic policy instructs that the order is
placed up to g, the minimizer of the single-period cost function Cy given in (4.1). gM
can be easily obtained as it does not depend on the capacity distribution, and is thus equal
to the solution of an uncapacitated single-period newsvendor problem. In Figure 4.5, M
represents the last period’s optimal base-stock level for all the policies (g = 19 in period
12).

As the system is highly overutilized, we see that the optimal base-stock levels for the NB pol-
icy lie well above the corresponding levels of the supply backordering policies, but fall rapidly
when approaching the time horizon. Comparing the three supply backordering strategies,
we see that the base-stock levels for all three policies are stable (715, = 35, §¢9, = 32 and
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§F'% = 31) up to period 11, where an upward kink happens for the PB policy and the CO

policy.

Again, we confirm the observation that the optimal base-stock levels of the supply backo-

rdering policies are ordered.

Observe again, that we intentionally chose the setting in which the differences in base-
stock levels are the highest. We commonly observe the cost differences between the supply
backordering options even for the settings where the base-stock levels are equal for different
supply backordering options. This can be attributed to the fact that even in such a setting

partial backordering still allows for tweaking of the inventory position x;.

4.4 Benefits of supply backordering

To evaluate the benefits of supply backorder replenishment and the value of the option to
cancel the backordered supply, we carried out a numerical analysis. Calculations were done
by solving the dynamic programming formulation given in (4.2). The set of experiments
was constructed based on the following base scenario: T = 12, = 0.99, and ¢,/c;, = 20.
A discrete uniform distribution was used to model stochastic demand and capacity with
known independent distributions in each time period. We varied the following parameters:
(1) system utilization Util = {0.5,0.67,1,2,00}; (2) the coefficient of variation of demand
CVp = {0,0.14,0.37,0.61} and supply capacity C'Vg = {0,0.14,0.37,0.61}, where the CVs
do not change over time?; and (3) the cost structure by changing the demand backorder to
holding cost ratio ¢,/c, = {2,20,100}. Observe that the system utilization as defined above
is assessed solely based on the supplier’s ability to satisfy the regular order from the supplier
quickly within the current period. Given that replenishment of the backordered supply is
assumed to be certain, the supplier’s capacity is sufficient to cover the retailers demand with

a lead time of one period.

We start by exploring the dependence of the relevant system parameters on the value of
supply backordering in Section 4.4.1. In Section 4.4.2, we determine the potential to de-
crease the costs of full backordering by having an option to partially or fully cancel the

replenishment of the backordered supply.

4.4.1 Value of supply backordering

The value of supply backordering is assessed based on a comparison of the capacitated in-

ventory system where supply backordering is possible (Partial backordering) with the system

3We give the approximate average CVs for demand and supply capacity distributions as it is impossible
to come up with the exact same CVs for discrete uniform distributions with different means.
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in which the unfilled part of the supply is lost (No backordering). According to the labeling
scheme in Table 4.1, we define the relative value of supply backorders %Vpp as the relative
difference in cost of the NB policy and the PB policy, where the relative value is measured
relative to the costs of the infinite capacity scenario ftQZOO. Here the uncapacitated system
characterizes the best possible scenario, namely the one with the lowest possible costs, and
it is therefore reasonable to assess the relative value of supply backordering %Vpp relative
to the minimal costs of running the system:

NB _ tPB

HVes = 5 e (4.7)
t —Jt

where fNB, fFB and fthoo represent the corresponding cost functions from (4.2) that apply

to a chosen decision policy.

In addition, we define the absolute value of supply backordering AVpp as the difference in

costs between the NB policy and the PB policy:

AVpp = fNF — fI'B. (4.8)

Table 4.3 The value of supply backordering

%Vpp AVpp

Util CVQ CVp 0.00 0.14 0.37 0.61 0.00 0.14 0.37 0.61
00 100.0 100.0 100.0 100.0 638.5 652.2 696.3 761.7

2 0.00 100.0 100.0 99.8 98.3 319.2 335.1 381.5 436.7

2 0.14 96.9 96.9 98.3 97.6 326.8 331.4 379.3 435.9

2 0.37 91.6 92.6 94.6 95.0 341.5 3419 379.7 434.3

2 061 87.4 88.6 90.8 91.9 361.9 359.7 387.9 437.6

1 0.00 - 85.8 86.9 88.0 0.0 39.3 99.5 160.9

1 0.14 75.7 71.4 81.8 85.4 45.7 50.5 102.9 162.2

1 0.37 71.5 71.4 73.8 78.5 1149 1104 133.1 179.6

1 0.61 70.4 71.7 72.6 74.3 183.5 1784 186.2 2154
0.67  0.00 - - 42.3 73.2 0.0 0.0 0.3 18.1
0.67 0.14 - - 34.4 62.0 0.0 0.0 2.2 21.5
0.67 0.37 34.3 37.7 46.9 56.6 19.0 18.8 294 51.6
0.67 0.61 53.3 54.8 56.0 5H8.8 94.8 90.2 91.1 107.2
0.5 0.00 - - - - 0.0 0.0 0.0 0.0
0.5 0.14 - - - 20.1 0.0 0.0 0.0 0.2
0.5 0.37 12.3 21.4 31.1 41.5 2.5 2.9 5.9 14.0
0.5 0.61 38.7 41.0 43.1 46.5 54.0 51.6 51.7 60.7

Observe first that the optimal costs under both strategies we are comparing are increasing
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(or more precisely nondecreasing) with an increase in any chosen system parameter we vary:
utilization, coefficient of variation of demand and capacity, and the demand backorder to
holding cost ratio. Increasing c¢;/c), increases the value of supply backordering as it puts

more stress on stockout avoidance, which we can achieve through use of the PB policy.

Looking at the results presented in Table 4.3 (the results for the value of supply backorders
for ¢,/c;, = 20 are presented), the predominant effect is that of system utilization, where
both the relative and absolute value of supply backorders rises with an increase in utilization.
%Vpp changes considerably over the set of experiments ranging from scenarios for some of
the low utilization experiments denoted with ”-”, where the three strategies from (4.7) have
the same costs, to practically 100% for high utilization. Due to supply capacity shortages the
NB policy is unable to cope with the demand, which results in high cost mainly attributed
to a high share of backordered demand. The replenishment of supply backorders effectively
decreases the system’s utilization through partial or full, albeit postponed, replenishment of
orders. Observe that in the zero capacity situation (Util = 0o) the supply process under the

PB policy is achieved solely through supply backordering.

In the case of low utilization the relative savings are still considerable at around 30 to 40%,
particularly if demand and capacity uncertainty are also present. Here, the absolute savings
are smaller, as the costs of the NB policy decrease to the same size class as the costs of the

PB policy due to the less frequent capacity shortages.

While the value of supply backordering exhibits monotonic behavior with the change in
the system’s utilization, this is not the case when we consider the effect of demand and/or
capacity uncertainty. When the utilization is high (Util = 2), %Vpp decreases with the
increase in demand uncertainty. The increased C'Vp raises the costs of both strategies.
Under the NB policy the primary contributor to the costs is a notorious lack of capacity
that results in extended periods in which the inventory cannot be increased to the desired
level. The additional negative effect of demand uncertainty is limited since the decision-
maker also decides on the new order size in each period depending on the actual demand
realizations he observed at the end of the previous period. Under the PB policy the lack
of capacity is tackled with supply backordering, although the ability to meet the desired
optimal inventory target exactly is hampered by the high uncertainty in demand. It may
happen that replenishing backordered supply might lead to too high inventory levels if the
actual demand realization was low. This effect is even more profound when using F'B policy.
As the decision-maker has no possibility to influence the extent of the replenishment of the
backordered supply this results in too high inventory levels after the replenishment. For
lower utilizations, %Vpp generally increases with C'Vp. Here, more stockouts are the result
of the target inventory level being insufficient to cover the unusually high demand, and not

due to the capacity shortage. The supply backorders are smaller and it is therefore less likely
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that the replenishment of the supply backorder will be counterproductive in the low demand

periods.

In general, AVpp increases as demand uncertainty increases. This is the case both in sit-
uations where capacity restrictions are prevalent, as well as when stockouts are occurring
because of high demand volatility. In both cases, the PB policy resolves the stockout quickly,

preventing it from extending into future periods.

The value of supply backordering is also sensitive to changes in capacity uncertainty. AVpp
is increased when capacity uncertainty rises. This monotonic behavior is intuitively clear
as the probability of capacity shortages that can be resolved through supply backordering
goes up with an increase in C'Vy. However, %Vpp exhibits non-monotonic characteristics by
either increasing or decreasing with C'V(,, depending on the utilization, and a combination
of demand and capacity uncertainty. For lower system utilizations, we observe that %Vpp is
increasing with the uncertainty in capacity. We attribute this to the fact that the capacity
shortages are a result of low capacity periods, which are more likely to occur when the
uncertainty in capacity is high (as the expected capacity is generally high enough). On
the contrary, when the system is highly utilized, high capacity uncertainty does not greatly
contribute to the likelihood of a capacity shortage and therefore the relative benefit of the

supply backordering diminishes.

We may conclude that the value of supply backordering is higher when the demand and
supply capacity mismatches can be effectively resolved through use of the PB policy. The
mismatches are caused by capacity unavailability and/or demand volatility, and since the
occurrence of either of these greatly depends on the system parameters, we observe complex

non-monotonic behavior of the value of supply backordering.

4.4.2 Value of the cancelation option

In this section, we want to analyze the potential to reduce the costs of the FB policy by
allowing the decision-maker to partially or fully cancel the replenishment of the backordered
supply. It is reasonable to assume that by using either the PB policy or the CO policy the
decision-maker has more flexibility in attaining the target inventory levels, which would lead

to better system performance.

Due to the optimality of the base-stock policy, the target is the optimal base-stock level,
which is a function of the system parameters: future demand and capacity distributions,
and the demand backorder to holding cost ratio. The cancelation option will be exercised
if the replenishment of the supply backorder would place us above the optimal base-stock
level in the case of the PB policy, and in the case of the C'O policy when we would exceed

the threshold inventory position.
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In a non-stationary setting, the optimal base-stock level is changing depending on the future
demand and capacity characteristics. The periods in which the optimal base-stock level
decreases are those where cancelation of the supply backorder might be beneficial as it
is likely that replenishment of the backordered supply could exceed the base-stock level.
Note that in an infinite horizon stationary setting the optimal base-stock level is constant.
Therefore, it is always rational to replenish the supply backorder as the replenished inventory
never places us above the optimal base-stock level (even when there is no demand). However,
in the finite horizon setting the optimal base-stock level is decreasing towards the end of the
planning horizon to the newsvendor optimal base-stock level, giving the potential to reduce
the costs by exercising the cancelation option.

In the same fashion as in Section 4.4.1, we define the relative value of the cancelation option
based on the comparison of the PB policy and the C'O policy to the FB policy:

FB _ (PB,CO
t t
T

%Vepco =

Table 4.4 The value of the cancelation option

% Ve %Veo

utiil CVg CVp 000 014 037 0.61 0.00 0.14 0.37 0.61

Inf - 100.0 100.0 100.0 - 0.0 19.2 40.6

2 0.00 - 100.0 979  86.8 - 72 446 474

2 014 0.0 537 849 819 0.0 86 400 452

2 037 0.0 262 566 64.1 0.0 4.5 252 356

2 061 0.0 128 36.5 473 0.0 1.5 14.0 249

1 0.00 - 36.1 346  39.0 - 24.0 20.1 233

1 0.14 0.0 4.0 201 30.2 0.0 29 114 19.0

1 037 0.0 1.3 4.8 136 00 04 28 81

1 061 0.0 0.4 3.2 5.9 0.0 0.1 1.3 3.6

0.67  0.00 - - 20 16.2 - - 2.0 10.3

0.67 0.14 - - 0.0 2.5 - - 0.0 25

0.67 0.37 0.0 0.0 0.1 1.6 0.0 00 00 1.3

0.67  0.61 0.0 0.0 0.6 1.5 0.0 00 02 038
0.5 0.00 - - - - - - - -

0.5 0.14 - - - 0.0 - - - 0.0

0.5 0.37 0.0 0.0 0.0 0.0 0.0 00 0.0 00

0.5 0.61 0.0 0.0 0.1 0.5 0.0 00 00 0.2

We present the results of a numerical experiment in Table 4.4, and based on those we make

the following observations.
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The higher the system utilization the higher the relative value of the cancelation option.
For the PB policy, %Vpp reaches up to 100% for the two high utilization scenarios, where
we see that the performance approaches that of an infinite capacity setting. %Veco reaches
up to 50%, which means the cost difference between the FB policy and that of running the
uncapacitated system, is halved by using the CO policy. As the period-to-period optimal
base-stock levels need to be high enough to cover potential future supply shortages, they
are sensitive to changes in future period-to-period utilization. The sensitivity is increased
for higher average system utilization, thus the swings in the base-stock levels become larger.
This gives more potential to reduce the costs through implementation of the policy that
allows supply backorder cancelations. In addition, the higher the utilization, the more the
optimal base-stock level decreases towards the end of the planning horizon, which increases

the probability that the full replenishment of the supply backorder is not rational.

Similar behavior is observed when one considers the effect of demand uncertainty on the
value of the cancelation option. The higher the demand uncertainty the higher the value of
the cancelation option. When demand volatility is high, low demand periods are more likely
which may subsequently lead to situations where replenishment of the supply backorder
would place us above the optimal base-stock level in the case of the PB policy, or above the
threshold inventory position in the case of the CO policy, which would result in unwanted

inventory holding costs.

According to the above, we could anticipate that, through its effect on changes in the period-
to-period optimal base-stock levels, the capacity uncertainty would also increase the value
of the cancelation option. However, the opposite can be observed in Table 4.4 for higher
utilizations in general and also in the low utilization region when demand uncertainty is
sufficiently high. Although the potential to exercise the cancelation option is higher due to
changes in the optimal base-stock level, it becomes less likely that the decision-maker will
actually exercise it when capacity uncertainty is high. This is because the regular replen-
ishment becomes highly uncertain, making the system vulnerable to demand backorders.
Due to this, the optimal base-stock level and the threshold inventory position are increased,
making it more likely that the decision-maker will replenish the backordered supply and thus
not exercise the cancelation option. When we have a combination of low utilization and low
demand uncertainty the costs are either equal to the costs of the FB policy (%Vpp.co = 0),

or the costs of the two strategies equal those of an uncapacitated system (%Vpgco =" —").

To summarize, the system parameters that describe the setting in which the highest cost
reduction through partial or full cancelation of backordered supply can be attained are high

utilization, high demand uncertainty and low capacity uncertainty.
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4.5 Trade-off between the supply uncertainty and lead time delay

We base the discussion on the trade-off between supply uncertainty and lead time delay on
a comparison of the FB policy and the so called Early ordering (EO) policy is a special
case of the FB policy, where no supply capacity is available, @), = 0 for all ¢. As full
backordering is assumed, the supply is backordered in full and replenished with a delay, in
the next period. In fact, it is easy to see that the EO policy behaves equivalently to the

uncapacitated inventory system with a lead time of one period.

The relevant question we pose is whether it is better to accept one-period lead time with
certain delivery, or use the FB policy where the order might not be fully replenished in
the current period. If, in certain settings, the EO policy is superior to F'B, one could
conclude that lower supply capacity availability leads to better performance. While this is
counterintuitive at first, there is a simple explanation of this phenomenon when we consider a
deterministic supply backordering setting. Due to the perfect information on future demand
realizations, the retailer is able to implement optimal ordering policy that results in zero end-
of-period net stock and therefore zero costs. To avoid demand backorders, he copes with the
periods of limited supply by prebuilding stock in advance, however this results in inventory
holding costs. Therefore, a better option for him would be if a supplier delivers the full order
with a delay of one period, as this means that the supplier incurs the inventory holding cost
when waiting for the inventory to accumulate to the full order size. Accordingly, a retailer
that deals with a responsive yet unreliable supplier is worse off. As the future demand is
fully predictable, it is rational for the retailer to negotiate an arrangement with the supplier

that would allow him to use the optimal early ordering strategy.

To assess which policy performs better in which settings, we performed a numerical analysis
using the same set of system parameters as in Section 4.4. We present the results in Figure
4.6.

Based on the above arguments, it is reasonable to assume that the FO policy incurs lower
costs when demand uncertainty is low. When CV}p is sufficiently increased the FB policy
becomes favorable. The exposure of the FO policy to demand uncertainty is higher with a

longer lead time as we are only able to react to demand changes with a delay.

With the FB policy’s regular ordering, fast reaction to demand changes is possible, but
the extent of the reaction is constrained by the available capacity. The ability to react to
changes in demand by correspondingly adjusting the inventory position is limited due to the
constant supply shortages. Therefore, when C'Vj, is increasing, a delayed certain replenish-
ment guaranteed by the early ordering policy is a better option because the fulfillment of
regular orders becomes more uncertain. With early ordering the target inventory levels are

easily attained as there is no uncertainty in supply. But, as we observed above, when also
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Figure 4.6 Optimal decision policy as a function of system parameters

faced with demand uncertainty these targets do not correspond that well to the state of the

system since recent demand information is not revealed yet.

When the combined effect of demand and capacity uncertainty is considered, we believe that
the more chaotic the system becomes, the more likely it is that the EO policy will incur
lower costs. We attribute this to the fact that in such a system the supply shortages result in
frequent high supply backorders which, together with volatile demand, result in situations in
which replenishment of the backordered supply might be counterproductive. This effect can
be mitigated to some extent by applying the PB or CO policy instead of full backordering,

but the cost reduction potential is limited for high capacity uncertainty.

With increasing system utilization the performance of the FB policy compared to the £O
policy deteriorates because increasing utilization enhances the likelihood of capacity short-
ages and this causes problems in effectively managing the inventory levels. However, when
utilization is increased further, the FB policy essentially faces the same conditions we have

assumed the FO policy applies to.

4.6 Conclusions

In this chapter we establish the optimal inventory control policies for a finite horizon stochas-
tic capacitated inventory system in which the unfilled part of an order is backordered at the
supplier and delivered either partially or in full in the following period; a concept we denote
as supply backordering. We develop a dynamic programming model that incorporates the

notion of supply backordering for the partial supply backordering policy. We further analyze
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the two sub-policies, full backordering policy in which full replenishment of the backordered
supply is assumed, and the policy in which the option to cancel the replenishment of the
supply backorder is available. For all policies, we show that the structure of the optimal
inventory policy is a base-stock policy. The optimal base-stock levels are thus independent
of the starting inventory position and the backordered supply from the previous period. In
addition, we characterize the threshold inventory position above which it is optimal to fully

cancel the replenishment of the backordered supply and place a new order instead.

By means of numerical analysis we quantify the cost reduction potential through supply
backordering and develop managerial insights. In general, the causes of the demand and
capacity mismatches lie in capacity unavailability, either due to an inherent lack of capacity
or its variability, and/or demand volatility. The possibility of replenishing the unfilled part
of the orders effectively increases the capacity availability and enables the decision-maker to
better cope with periods of high capacity utilization. We show that the relative cost savings
can be substantial, ranging from around 30% for moderate system utilization to practically
100% in the case of a highly utilized system. The nature of the causes of the mismatches
also depends greatly on the extent of demand and capacity uncertainty, where we observe
the complex non-monotonic behavior of the value of supply backordering. The observed
complex interaction of the system parameters requires the decision-maker to consider them

in an integrated manner.

We show that the supply backorder needs to be canceled if the threshold inventory position
would be exceeded by replenishing the supply backorder fully. Supply backorder cancelation
is a rational decision particularly when the current period’s demand is relatively small and
replenishment of the supply backorder would lead to unnecessary high inventory levels, and
correspondingly to high inventory holding costs. We establish the following conditions in
which exercising the cancelation option is optimal: high system utilization, high demand

uncertainty and low capacity uncertainty.

Finally, we give some insights into the trade-off between supply uncertainty and lead time
delay, which corresponds to a managerial dilemma of whether to rely more heavily on regular
orders or on delayed albeit full order replenishment. Contrary to what one might think, an
overutilized system may actually lead to a better performance as it enables the decision-
maker to reap the benefits of the certain delivery of the backordered supply by placing
orders early. On the other hand, regular ordering is exposed to the capacity shortages
particularly when capacity uncertainty is high. Due to the early placement of the order,
the latest demand information is not yet revealed, when the early order is placed. Thus the
cost reduction potential by using the early ordering strategy is higher in the presence of low

demand uncertainty and high capacity uncertainty.

A natural extension to our model would be to include fixed ordering costs associated with
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placing regular orders and to assume non-zero lead time setting. We anticipate that the
optimality results under fixed ordering costs would correspond to the results for random
capacity setting without supply backordering, where it was shown that the optimal policy
is of an (s,5) type. In addition, the supply backorder cancelation policy would need to be
adapted by correspondingly increasing the threshold supply backorder level over which it is
optimal to cancel its replenishment. Based on the insights from the dual-sourcing models,
we can predict that the optimal policy for the case of positive lead times that differ for
only one period (L, L + 1) is of an order-up-to type, and remains relatively simple without
complex state dependency. Another extension in this direction would be to include fixed cost
related to replenishment of supply backorder that would be charged to the retailer, making
the supply backorder option less appealing.

We have assumed that the available supply capacity is not affected by the size of the supply
backorder from the previous period. This assumption might not hold for a particular retailer
that takes a large share of the supplier’s supply capacity. To account for this, a future
extension could be to assume correlation between the two. The retailer’s decision to only
partially replenish the backordered supply would free up additional supply capacity for the

new order, and vice versa.

Appendix: Proofs

In Lemma 4.1 we provide insights into the single decision epoch problem and build some
prerequisites to study the multiperiod case. We elect to suppress subscript ¢ in the state

variables for clarity reasons.

Lemma 4.1 Let §™ be the smallest minimizer of (4.1) and the starting state is (x,b_,),

where x + b_1 < 9™ and correspondingly the optimal order size is 2™ = g™ —x — B_1b_;:

1. C(x,b_y) is convex in x and in b_;.

2. C(x,b_q, 2) is quasiconvex in z, where:

0? Ny
@C(x,b,l,z) >0, for z < 2%,
0 .
aC(w,b,l,z) >0, for z > M.

3. 9™ is the optimal myopic base-stock level, where §™ = G1 <C—b>

cptcp,

Proof: We first rewrite the single decision epoch cost function Cy(y:, 2;) given in (4.1), as a

function of the inventory position before decision making x, supply backorder b_; and the
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regular order z:

C(x,b_1,2) = (1—R(2)) {cb /00 (d—z—PB_1b_1 — 2)g(d)dd

+B-1b_1+=

x+B_1b_1+%
+ / (.f—i‘ﬂ 1b 1+Z—d) (d)dd

+ Cb/ /+ﬁ - (d—x— B_1b_1 — q)g(d)ddr(q)dq
T+B-1b_1+q
s (o4 by +q— dg(d)ddr(a)da.  (49)
0 0

The first of the three terms represents the case where the supply capacity is higher than the
order size, meaning that the supply capacity is not limiting the order placed, while the last
two terms account for the case where the capacity constrains the order. To prove Part 1, we

derive the first partial derivative of (4.9) with respect to x, b_;, and the sum x + b_;:

0 0 0
%C(l’, bfl, Z) = ab—_IC(SL’, bfl, Z) = mC(%, b,l, Z) =
= (ep+cp)(l —R(2)) {G(x + f_1b_y +2) — @ (4.10)
Cp + Cp,
+eta) [ Gt bt ordi-aRe), (A1)
0
and the second partial derivative:
0? 0? 0?
@C(%b—lﬂ) = %—2_10(90»5—1,2’) = mc(%b—l,z) =
~ (ata) | [ oot B+ oy (4.12)
0
+ (1= R(2))g(x + f-1b1 +2)]. (4.13)

Since all terms in (4.13) are nonnegative, Part 1 holds.

Similarly for Part 2, we obtain the first two partial derivatives of (4.1) with respect to z:

%C(m bo1,2) = (cp + ) (1 — R(2)) [G(QJ + [o1boy +2) — ” _C:Ch] ) (4.14)
a—QC(x,b_l,z) =

072
(e +cn) | (1 = R(2))g(x + Brby + 2) — r(2) (G(az Y Bby 4 z) - 2 )] . (4.15)

cp + ¢y,
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Observe first that setting (4.14) to 0 proves Part 3. For z < 2™ G(x + B_1b_; +2) < =2

— cpten
holds in the second term of (4.15). Since the first term is always nonnegative, the function

C(x,b_1,2) is convex on the respected interval. For z > ZM this does not hold, although

we see from (4.14) that due to G(z + S-1b—1 + 2) > 2 and 1 — R(z) — 0 with z, the

function C'(x,b_1, z) is nondecreasing, which proves Part 2. Due to this, the C(z,b_1, z) has

a quasiconvex form, which is sufficient for ¢ to be its global minimizer. [J

To keep the remaining proofs more concise, we elect to suppress the time indices related
to demand and capacity probability distributions and their realizations, although we keep

them for the description of the state variables.

Proof of Proposition 4.1: We rewrite the auxiliary cost function J;(y;, z;) defined in
(4.3) as:

Ji(z, b1, 20) = Cywg, b1, 20) + 04/ / fir1(ze + Beabi—a + g — d, by)r(q)dgg(d)dd
o Jo

+ a(l-R(z)) /0 (@4 Brabs + 2 — d,0)g(d)dd. (4.16)

Observe here that the last term denotes the expected optimal costs of period ¢ + 1 in the
case where supply capacity is sufficient to cover order z;, which in turn means there is no

supply being backordered, b, = 0.

The first partial derivative of (4.16) with respect to regular order z; is:

0 0
8—%Jt($tabt—172t) = 8—%@(%7@—1,%)
<9
+a(l — R(z)) / ) fee1(ze + Bioabi—1 + 20 — d, 0)g(d)dd, (4.17)
0 T+1
where agt; am?+lft+1 = %ﬂft—&—l for b; = 0. By setting %Jt to 0 and using (4.14), we obtain

the expression for the optimal regular order Z;:

(1—R(%)) {(Cb +cp) (G(ﬂft +Bioibr + &) — . )

Cp + Cp,

o a .
"’04/ 9 frr1(xy + Bio1bi—1 + 2 — d,0)g(d)dd| = 0. (4.18)
0 Ti+1
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The second partial derivative is as follows:

0? 0?
8—th=]t($t,bt—1,2’t) = a_ZtQCt(xtabt—th)
00 82
+ Oé(l — R(Zt)) / —2ft+1(ilft + 5t—1bt—l + 2y — d, O)Q(d)dd
0 Oxiyy
< 0
S / Foot (o4 Boabes + 2 — d,0)g(d)dd.  (4.19)
0 3It+1

Note that %Jt is not a function of b;, and therefore obtaining Z; requires solving (4.18) at
by = 0. This is important since the cost function fi1(x41,b:) given in (4.2) is not convex
but, as Part 1 suggests, fi11(x441,0) is convex, which allows us to find its global minimizer

easily.

Looking at the expressions (4.17) and (4.19) we have developed based on the analysis of the
PB policy, one can see that they correspond in form to their equivalents in a stochastic ca-
pacitated inventory problem analyzed by Ciarallo et al. (1994), where the inventory position
before ordering is expressed as the sum z; + 5;_1b;_1. Thus, to prove Part 2 and 3, we only

need to replicate the steps taken in their paper. [J

As we discuss the behavior of the system in the steady state in the following lemmas, we

elect to suppress subscript t in the state variables for clarity reasons, where possible.

Lemma 4.2 The optimal policy for the CVy = 0 (deterministic capacity) case, where é and

9 denote the optimal base-stock levels, and 5_1 and z the optimal decisions for all t, is given

by:

1. é =x+ B,lb,l satisfies x + 371571 +q= QM~

2. 9 satisfies JJ—I—B,lb,l +2 = ¢, where § and z can be set arbitrary high, or more precisely

z > max(D) when the system is in the steady state.

Proof: In Part 3 of Lemma 4.1, we show that ¢ optimizes the single period cost function
C. Thus, if B,l and 2 can always be chosen so that ¢ is attained, the total cost will also
be minimized. As placing an arbitrary high optimal order 2z always results in the immediate
replenishment corresponding to the available supply capacity ¢, the resulting backordered
supply b is always sufficient to raise x up to §™ by choosing the optimal supply backorder
replenishment 8b in the following period. [J

Lemma 4.3 When the system is in the steady-state the following holds:

1. ZE—f-b_lS:g
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g

T+ Bflbfl < gM.

Lo o
Ty L
v

Proof: Ordering up to 4, x +B_1b_1 + 2o = 1, leads to x1 = y— by — dy, after supply capacity
and demand realization, which proves Part 1. Part 2 follows from the fact that the system
needs to cope with limited stochastic supply availability, which results in increased base-
stock level. To prove Part 3, we first show that é = g™ case outperforms é > M case. In
both cases, ordering z up to 4 results in potentially overshooting . As the replenishment
of B_1b_1 is certain, while the realization of z is potentially limited by the available supply
capacity, we quickly see that the first case generally results in lower costs in the current
period. As z is generally higher in the first case this also results in potentially higher supply
backorder b in the following period, thus giving more flexibility in choosing the extent of
the supply backorder to be replenished. Part 3 suggests that é can be lower than 7™, which
can lead to the case where §™ is not attained due to the lack of supply capacity limiting
the replenishment of z, or to the case where §™ is exceeded due to high supply capacity
availability. The optimal é requires finding the optimal balance between the two cases, and

results in the optimal B_l and Z decision. [

Lemma 4.4 1. Jy(xy, b1, 2) is conver in xy, by_1 and x; + by_q.

2. 4, a solution to (4.18), is also a solution to ﬁJt(xt,bt,l,O) =0 for B;_1 =1 and

Zt:O.

Proof: The proof of Part 1 follows the same lines as the proof of Part 1 of Proposition 4.1
and the relevant steps from Ciarallo et al. (1994).

In Part 2 we need to establish that g, is also the optimal base-stock level in the case where
the supply backorder is replenished 8;_; = 1, and no order is placed z; = 0. In this instance,

the first partial derivative of (4.18) with respect to b;_; is as follows:

0 0 0
—— (x4, bi-1,0) = =——Ci(x4,b-1,0 — bi—1 — d,0)g(d)dd, (4.20
b, t(w¢,b:-1,0) Dby, (4, 00-1,0) + 04/0 D% Jer1 (e + b ,0)g(d)dd, (4.20)
where %&il Jir1 = %ﬂftﬂ for b, = 0. By applying (4.11) for z;, = 0 and setting 8b?_1 Jy

to 0, we obtain the following first order optimality condition:
0
9 fev1(xy + b1 — d,0)g(d)dd| = 0,
Tit1

where l;t—l is the size of the supply backorder by which z; is increased to ;. Observe that
the solution to (4.21) is the same as a solution to (4.18): g, = x; + b1 = 24+ by + 5.
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This means that we always want to target the same optimal base-stock level 3, irrespective

of the size of the supply backorder from the previous period. [J
Proof of Proposition 4.2:

Proposition states that the threshold inventory position 7; represents the point at which the
costs of exercising the supply backorder b,_; and placing an optimal regular order 2, are
equal. Except for the case of Jy(xy,b,_1,0) and Jy(x¢, 0, z;) being equal for all y;, we show
that two such points exist where J, (2, b;1,0) = Jy(2,0, 2,) (Figure 4.1). We are interested
in finding the one that lies above the base-stock level, as the one below the base-stock level

can be improved through placement of the regular order.

We show this by studying the auxiliary cost functions Jy(xy, b;_1,0) and Jy(x¢, 0, 2;) for the
cases where y; < 3, and y; > 9.

Case 1 for y; < y;: From Part 1 of Lemma 4.4 we know that J;(xy, b;_1,0) is convex in b;_; and
from Part 2 of Proposition 4.1 Jy(x4, 0, 2;) is convex in z; on the respective interval. Looking
at their first partial derivatives given in (4.17) and (4.20), we see that both are decreasing up
to s, where they both attain the minimum due to Part 2 of Lemma 4.4. In addition, we see
that %Jt(xt, bi1,0) < %Jt(xt, 0, z) due to 1 > 1— R(z;), which means that J;(zy, b;_1,0)
is decreasing at a higher rate. This, and the fact that both functions have the same value
Ji(x,0,0) at y, = x4, are sufficient conditions to conclude that J;(zy, b;—1,0) < Jy(xy,0, 2¢)

on Yy < i

Case 2 for y; > g;: Part 1 of Lemma 4.4 states that J;(z,b;—1,0) is convex and Part 2 of
Proposition 4.1 that Jy(x,0, z;) is quasiconvex. Both functions are therefore nondecreasing
functions on the respective interval. This, together with the findings for Case 1 above,
is sufficient to show that J;(z,b;_1,0), at some y; > 7, increases above the minimum of

Ji(x4,0, 2;), attained at g,. We denoted this y, as the threshold inventory position g;. [






Chapter 5

Dual-sourcing in the age of near-shoring: trading off

stochastic capacity limitations and long lead times

Abstract: We model a periodic review inventory system with non-stationary
stochastic demand, in which a manufacturer is procuring a component from two
available supply sources. The faster supply source is modeled as stochastic ca-
pacitated with immediate delivery, while the slower supply source is modeled as
uncapacitated with a longer fixed lead time. The manufacturer’s objective is to
choose how the order should be split between the two supply sources in each
period, where the slower supply source is used to compensate for the supply ca-
pacity unavailability of the faster supply source. Note that this is different from
the conventional dual-sourcing problem, and motivated by the new reality of
near-shoring options. We derive the optimal dynamic programming formulation
that minimizes the total expected inventory holding and backorder costs over a
finite planning horizon and show that the optimal policy is relatively complex.
We extend our study to show that the myopic two-level base-stock policy provides
a nearly perfect estimate of the optimal costs. Our numerical results reveal the
benefits of the dual-sourcing and explain the trade-off between the replenishment
responsiveness and its reliability. We show that in most cases the manufacturer
should develop a hybrid procurement strategy, taking advantage of both supply

sources to minimize its expected total cost.

5.1 Introduction

With the rise of reshoring options and growth of B2B supply platforms, the complexity of
sourcing management in the supply chain is increasing. Recent studies by BCG (2014b)
and others suggest that the cost of sourcing in the U.S.A. may be approaching the cost of
producing in China due to matters such as the rising wages in coastal China, the increase
in transportation costs from more remote regions in China, the exchange rate developments
of the RMB vs the USD, and the growth in productivity in the U.S.A. due to extensive
automation. The realization that the economics of manufacturing are swinging in favor of

the U.S.A. has seen companies becoming interested in shifting manufacturing back to the
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U.S.A., for both goods to be sold at home and those intended for major export markets.
The BCG’s survey found that the number of respondents saying that their companies are
already bringing production back from China to the United States had risen by 20 %, from
roughly 13% to 16% in the past year (BCG, 2014a). Similar developments are taking place

in Europe.

Although the comparative attractiveness of the U.S.A. and other developed economies has
increased, the current nearshoring trend is facing several challenges. The traditionally pre-
sumed unlimited capacity availability of nearshore manufacturing options may be decreasing
due to the fact that so much capacity has been taken out of the system over the past two
decades and that widespread automation is reducing the ability to respond to short-term
changes in demand. Companies would have to rebuild their supply chains and identify people
with the right skills to handle the increasingly sophisticated automated operations. In an
executive survey by Alix Partners (2014), the respondents mention that the challenges center
on the availability and capability of the local workforce, and the capability and flexibility of
suppliers. In addition, with one-third of U.S. 3PLs reporting increased volumes and revenues
as a result of nearshoring, their CEOs are also reporting capacity shortages across transport
modes, including truckload, LTL, intermodal and rail, with the outcome that “The capacity
crunch has led to higher rates and longer transit times with 3PLs struggling to meet on-time

service goals and cost targets” (Penske Logistics, 2014).

The fact that manufacturing jobs are coming back to developed economies due to reshoring,
does not mean that they are not continuing to develop in Asia and other developing countries.
In fact, the number of global sourcing options is still growing, with the global supply chains
effectively pooling the global manufacturing capacities and making them available to com-
panies worldwide. For instance, the rise of B2B platforms such as Alibaba, enables suppliers
from further away to flexibly respond to market needs, albeit with longer (transportation)

lead times.

As a consequence, the trade-offs in dual-sourcing are changing. Most research in dual-
sourcing studies the trade-offs between a nearshoring option that is more expensive and
faster against an offshoring option that is cheaper but requires a longer lead time. Yet
the developments described above suggest that at least for part of the product portfolio
the trade-off may be less about product cost, and nearby suppliers may be faster but not

necessarily more flexible. They may suffer from limited capacity availability.

In this chapter, we focus on such a newly developing trade-off. We study the problem of a
manufacturer procuring a component for the production of a finished product, where two
sourcing options are considered: a faster, yet partially available source, and a slower, yet
fully available source. Both sources supply at the same landed cost. In this case, it is unlikely

that the faster source is always favorable. In any case, supplying from the faster nearshore
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source will involve uncertainties related to the current capacity availability, which could
result in uncertain replenishment to the manufacturer. This uncertainty would need to be
hedged using the slower, presumably uncapacitated, offshore source. When a manufacturer
experiences or anticipates a supply shortage of the nearshore source, a decision has to be
made concerning the extent to which the slower offshore source should also be utilized. Due
to the sourcing lead time, the ordering decisions are made before demand for the finished
product is realized. Thus, the decision-maker is facing both, the uncertain replenishment
from the fast supply source, and the uncertainty of demand for the finished product, and

needs to allocate the replenishment between the two supply sources.

To study this, we model a zero-lead-time supply source that is stochastic capacitated, where
the supply capacity is exogenous to the manufacturer and the actual capacity realization
is only revealed upon replenishment. The reliable positive lead time supply source is mod-
eled as uncapacitated with a fixed one-period lead time. Both the supply capacity of the
nearshore source and the demand are assumed to be stochastic and non-stationary with
known distributions in each time period. Unmet demand is backordered. In each period the
manufacturer places the order with the fast source, the slow source, or with both sources.
Our goal is to find an optimal policy that minimizes the inventory holding costs and back-
order costs over a finite planning horizon. See Figure 5.1 for a sketch of the supply chain

under study.

Zero lead time
Nea r-shore Stochastic supply capacity
SU ppl ler W\ Stochastic demand
Manufacturer /\/\/\
Positive lead time
Unlimited supply capacity
Off-shore
Supplier

Figure 5.1 Sketch of the supply chain under study

5.1.1 Related literature

We proceed with a review of the relevant literature on supply uncertainty models in a single-
stage setting, where our interest lies in two research tracks: single sourcing inventory models
with random capacity and dual-sourcing models with suppliers that differ in their delivery
times and/or supply capacity availability. The way we model the supply capacity of the faster
supply source is in line with the assumptions of the underlying inventory model presented
in Section 1.1, where the random supply/production capacity determines a random upper

bound on the supply availability in each period. We just briefly point out two insights based
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on the analysis of the underlying inventory model. For a finite horizon stationary inventory
model it holds that the optimal policy is a base-stock policy (or a modified base-stock policy
if capacity is known prior to placing an order), where the optimal base-stock level is increased
to account for possible, albeit uncertain, capacity shortfalls in future periods. An important
observation for our subsequent analysis is the insight provided by Ciarallo et al. (1994) in
their analysis of a single-period problem, where they show that stochastic capacity does
not affect the order policy. The myopic policy of the newsvendor type is optimal to cover
the demand uncertainty, meaning that the decision-maker is not better off by asking for a

quantity higher than that of an uncapacitated case.

For a general review of multiple supplier inventory models we refer the interested reader to
Minner (2003). The review is based on the important criteria for the supplier choice, mainly
the price and the supplier’s service. A more focused review of multiple sourcing inventory
models when supply components are uncertain by Tajbakhsh et al. (2007) reveals that most
of these models consider uncertainty either in supply lead time, supply yield, or supplier
availability. More specifically, the review of dual-sourcing literature shows that a series
of papers shares some basic modeling assumptions with our model: dual-sourcing periodic
review with deterministic lead times that are different for the two supply sources. These
papers can be divided into two streams depending on the assumptions on supply capacity
availability, where for the first stream the assumption of unconstrained suppliers holds, while
for the second some sort of capacity constraint is introduced at the faster supplier or both
suppliers. Most of these papers rely on the price difference between the two suppliers that
stimulates the manufacturer to partially source from the cheaper, slower supplier. However,
we argue that in the case where the supply capacity availability at the faster supply source
is limited, variable, and potentially stochastic, the above-mentioned price incentive is not
needed. Thus, in our case the incentive to find the optimal dual-sourcing strategy lies in
finding the right balance between the responsiveness of the faster supply source and the

reliability of the slower supply source.

In the first of the two above-mentioned streams that assumes unconstrained suppliers, the
search for the best dual-sourcing strategy revolves around the dilemma of when to use a
faster and necessarily more expensive supplier to compensate for a slow response by a cheaper
supplier. Several papers discuss the setting in which the lead times of the two suppliers differ
by a fixed number of periods (Daniel, 1963; Fukuda, 1964; Bulinskaya, 1964; Whittemore
and Saunders, 1977). More specifically, Fukuda (1964) shows the optimality of the two-level
base-stock policy for the case where the two suppliers’ lead times differ by one period (so-
called consecutive lead times). The policy instructs that first the order with the fast supply
source is placed so that the inventory position is raised to the first base-stock level, and then
the slow supply source is used to raise the inventory position to the second base-stock level.

For general, nonconsecutive, lead times, Whittemore and Saunders (1977) found the optimal
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policy to be quite complex and lacking structure. To tackle this problem, Veeraraghavan
and Scheller-Wolf (2008) propose the so-called dual-index order-up-to policy, and show that
it performs close to the optimal policy (se also Arts et al. (2011)).

Within the second stream of papers different approaches are used to model the supply
capacity constraints: fixed capacity limits, random yield, Bernoulli all-or-nothing type supply
disruptions, and random capacity limits. The first to assume a capacitated faster supplier
is Daniel (1963). He showed that a modified two-level base-stock policy is also optimal in
this case, where ordering with the faster supplier is up to the first base-stock level if the
fixed capacity limit allows it. Yazlali and Erhun (2009) impose minimum and maximum
fixed capacity limits on the availability of the two supply sources, and again show that the
two-level base-stock policy is optimal when lead times are consecutive. Similarly, Xu (2011)
assumes fixed capacity bounds on the cumulative order quantity to the two suppliers. He
proves the optimality of a myopic ordering policy for a setting where the faster supply mode

provides instant delivery, while the slower delivers an order one period later.

Despite the fact that random yield models essentially differ from the uncertain capacity
models even for the simplest single-period single-supplier inventory model, there are relevant
insights to be learned from studying the random yield dual-sourcing models. Chen et al.
(2013) consider price-dependent demand model where sourcing is done from two unreliable
suppliers with random yield and negligible lead times. They show that the reorder point
exists for each supplier such that an order is placed for almost every inventory level below
the reorder point. They also characterize the conditions under which the optimal order
quantities are decreasing in the inventory level, and a strict reorder point would apply. Ju
et al. (2015) extend this work for general lead times, and develop a heuristic based on the

before-mentioned dual-index order-up-to policy approach.

Gong et al. (2014) and Zhu (2015) studied a special case of random yield in the form of
all-or-nothing supply disruptions. Both models assume a dual-sourcing setting equal to ours
in terms of lead time assumption; with the immediate delivery from the faster supplier,
and the delay of one period in the replenishment from the slower supplier. The first paper
assumes random supply disruptions that follow a Markov process, and prove that the optimal
policy is a reorder type policy for both suppliers, where the target inventory positions are
increasing in the starting inventory level. Due to Markovian disruptions, reorder points also
depend on both suppliers’ delivery capabilities in the previous period. Zhu (2015) study
additional scenarios that differ depending on which supplier is facing supply disruptions,
and whether supply disruption information is available at the time the orders are placed.
They confirm that the rather complex optimal policy is of reorder type for both suppliers in
the case where faster supplier is the only one facing disruptions. When the information is

available, the optimal policy is a base-stock type policy. Observe that all-or-nothing supply
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disruptions can also be considered as a special case of random capacity limits.

To our knowledge, so far Yang et al. (2005) are to only one who considered dual-sourcing
model with random supply capacity that is consistent with the approach by Ciarallo et al.
(1994) in a single-source setting. They consider a Markovian capacity constraint on the
fast supply mode, however the available capacity can be observed prior to the time orders
are placed with the two supply channels. With some additional restrictive assumptions,
this leads to a reduction in complexity of the optimal policy compared to the two above
mentioned supply disruption models (despite the more elaborate supply capacity process).
For the case where no fixed ordering costs are assumed, they show that the optimal policy is
the capacity-dependent modified base-stock policy for both suppliers. For the stochastically
monotone Markov process (and consequently in the case of deterministic capacities) both
optimal base-stock levels decrease in the current capacity level. In our model, we assume
that both ordering decisions in a particular period are made with no insight into current
supply capacity availability and demand. Thus, the optimal policy has a more complex
structure, which also led us to consider deriving a simplified approximate policy. We provide
a more elaborate comment on how the differences in the modeling assumptions affect the

structure of the optimal policy in Section 5.3.

5.1.2 Statement of contribution

The contributions of this study are threefold. First, this study is the first to consider dual-
sourcing inventory problem with random supply capacity at the faster supplier, where the
supply capacity is not observed prior to placing orders to both supply sources in a particular
period. We show that the optimal policy can be characterized as: a reorder type policy for
the faster supply source, where the target inventory is increasing in the inventory position
before ordering; a base-stock type policy for ordering with the slower supply source, where
the optimal base-stock level depends on the size of the order placed with the faster supplier.
Second, due to the complexity of the optimal policy, we develop a myopic policy of a base-
stock type. The order with the faster supplier is placed up to the inventory target that
corresponds to the solution of the uncapacitated newsvendor problem. We show that the
proposed myopic policy provides a nearly perfect estimate of the optimal costs. Lastly, to
understand the effect of the system parameters on the benefits of a dual-sourcing option, we
perform a numerical analysis. We show that the even if the faster supply source is not fully
utilized, the slower supply source is used extensively to improve the reliability of the supply

process, which leads to lower costs.

The remainder of the chapter is organized as follows. We present the model formulation in
Section 5.2. In Section 5.3, the general structure of the optimal policy is characterized and

the myopic policy is developed. In Section 5.4, we present the results of a numerical study
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to determine the optimal costs of dual-sourcing, to study the order allocation between the
supply modes and quantify the benefits of dual-sourcing over single sourcing. Finally, we

summarize our findings and suggest possible extensions in Section 5.7.

5.2 Model formulation

In this section, we give the notation and the model description. The faster, zero-lead-
time, supply source is stochastic capacitated where the supply capacity is exogenous to the
manufacturer and the actual capacity realization is only revealed upon replenishment. The
slower supply source is modeled as uncapacitated with a fixed one period lead time. The
demand and supply capacity of the faster supply source are assumed to be stochastic non-
stationary with known distributions in each time period, although independent from period
to period. In each period, the customer places an order with either an unreliable, or a reliable

supply mode, or both.

Presuming that unmet demand is fully backordered, the goal is to find the optimal policy that
would minimize the inventory holding costs and backorder costs over finite planning horizon
T. We intentionally do not consider any product unit price difference and fixed ordering
costs as we are chiefly interested in studying the trade-off between the capacity uncertainty
associated with ordering from a faster supply source and the delay in the replenishment from
a slower source. Any fixed costs would make the dual-sourcing strategy less favorable, and
the difference in the fixed costs related to any of the two ordering channels would result in

a relative preference of one channel over the other.

The notation used throughout the chapter is summarized in Table 5.1 and some is introduced

when needed.

We assume the following sequence of events. (1) At the start of the period, the manager
reviews the inventory position before ordering x;, where x; = T; + v;_1 is the sum of the
net inventory z; and the order v;_; to a slower supply source made in the previous period.
(2) Order z to a faster supply source and order v; to a slower supply source are placed.
For the purpose of the subsequent analysis, we define two inventory positions after the order
placement. First, after placing order z; the inventory position is raised to v, y; = x;+ 2, and
subsequently, after order v, is placed, the inventory position is raised to wy, w; = x; + 24 + vy.
Observe that it makes no difference in which sequence the orders are actually placed as
long as both are placed before the current period’s capacity of the fast supply source ¢
and demand d, are revealed. (3) The order with the slower supply source from the previous
period v;_1 and the current period’s order z; are replenished. The inventory position can
now be corrected according to the actual supply capacity realization wy — (2, — @)t =

xy + min(z, ¢) + vg, where (2 — ¢;)7 = max(z — ¢,0). (4) At the end of the period,
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Table 5.1 Summary of the notation

T :  number of periods in the finite planning horizon

ch : inventory holding cost per unit per period

Cp . backorder cost per unit per period

a : discount factor (0 < a <1)

Ty : net inventory before ordering

Ty : inventory position before ordering

Yt : inventory position after ordering from a faster capacitated supply source

Wy : inventory position after ordering from a slower uncapacitated supply source

Zt : order placed with the faster supply source

vt : order placed with the slower supply source

d¢, Dy ¢ actual realization and random variable denoting demand

gt(dy) : probability density function of demand

Gi(d;) : cumulative distribution function of demand

q:,Q: . actual realization and random variable denoting the available supply capacity
of the faster capacitated supply source

r¢(q) : probability density function of the supply capacity of the faster supply source

Ri(q:) : cumulative distribution function of the supply capacity of the faster supply source

demand d; is observed and satisfied through on-hand inventory; otherwise, it is backordered.
Inventory holding and backorder costs are incurred based on the end-of-period net inventory,
1 =y — (2 — )T — d;. Correspondingly, the expected single-period cost function is
defined as Cy(y, 21) = aEQthC’t(i"Hl) = ozEQthé’t(yt — (2t — Qy)" — D), where C’t(a?tﬂ) =
cn(Zyy1)™ + cp(—241)T. The minimal discounted expected cost function that optimizes the
cost over a finite planning horizon T" from period ¢ onward, starting in the initial state x;,

can be written as:

ft(xt) == min {Ot(yta Zt) + aEQt,thtH(wt — (Zt - Qt>+ - Dt)} s for 1 S t S T (51)

Tt <y, Yt <we

and the ending condition is defined as fri1(-) = 0.

Observe that there are some important modeling similarities between the supply backorder-
ing model from Chapter 4 and the dual-sourcing model presented in this chapter. As it has
already been discussed in the introduction of the thesis, both cases represent an alternative
supply option to the manufacturer with which he can cope with supplier’s supply unavail-
ability. In a given period, the manufacturer can choose to fully or partially replenish the
backordered supply and/or place a new order, which effectively means that he can source
from the two available supply sources. This resembles the dual-sourcing setting we analyze
in this chapter, however there are some relevant differences. While the dual-sourcing model
assumes that the replenishment of the orders placed with the faster and the slower supplier

are independent of each other, this is not the case under supply backordering. In the dual-
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sourcing case the supply capacity availability of the slower supplier is assumed unlimited.
Even if one would assume limited supply capacity of the slower supplier, it is reasonable to
assume that the supply capacity would be unaffected by the order placed with the faster
supplier. In the supply backordering case, the size of the supply backorder is a direct result
of the order placed and the uncertain supply capacity availability in the previous period,
thus the size of the supply backorder is uncertain. In addition to this, there is also a subtle
difference in the sequence of events. The order with the slower supplier is placed with a lead
time of one period and cannot be changed/modified afterwards. While in the supply backo-
rdering case one can argue that the extent of the supply backorder (or better the resulting
potential replenishment) is also a result of the events in the previous period, we assume that
the actual replenishment is based on the partial backordering decision made in the current
period (thus taking advantage of learning about the demand realization from the previous

period).

5.3 Characterization of the near-optimal myopic policy

In this section, we first characterize the optimal policy for the non-stationary demand and
supply capacity setting. We show that the structure of the optimal policy is relatively
complex, where the order with the faster supply source depends on the inventory position
before ordering, while the order with the slower supply source is placed up to a state-
dependent base-stock level. We continue by studying the stationary setting by introducing
the myopic policy where the myopic orders are the solutions to the extended single-period
problem, and show the properties of the two myopic base-stock levels!. We conduct the
numerical analysis to show that the costs of the myopic policy provide a very accurate

estimate of the optimal costs. See the Appendix for proofs of the following propositions.

In the literature review, we refer to a series of papers studying the dual-sourcing inventory
problem with consecutive lead times. The two-level base-stock policy characterizes the struc-
ture of the optimal policy in all of them, both in the case of uncapacitated supply sources
and in the case where one or both supply sources exhibit the fixed capacity limit. However,
by studying the convexity properties of the cost functions given in (5.2)-(5.4), we show that
these are not convex in general. In addition, we show that the optimal inventory position
after ordering with the faster supplier g, is not independent of the inventory position before

ordering x;, and therefore cannot be characterized as the optimal base-stock level.

As single-period costs C} in period ¢ are not influenced by order v;, we can rewrite (5.1) in

'With the phrase “myopic policy” we denote the policy that optimizes the single-period problem. As we
later demonstrate that the myopic policy is not optimal in a multiperiod setting, we avoid using the phrase
“optimal myopic policy” to avoid confusion.
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the following way:

ft(l't) = 11:11<11T/1 {Ct(yt, Zt) + ylrggul aEQt,tht—i—l(wt - (Zt - Qt)+ - Dt)} , for 1<t < T,
(5.2)

which now enables us to introduce auxiliary cost functions Jy(y:, z;) and Hy(wy, 2):
Jt(yt7 Zt) = Ct(fUt; Zt) + ;n<1£)1 aEQt7tht+1(wt - (Zt - Qt)+ - Dt)a for 1<t<T (5-3)
Ht(wt, Zt) = OéEQt’tht+1(wt - (Zt - Qt)+ - _Dt), for 1 S t S T (54)

Based on the above observations, we give the structure of the optimal policy under stochastic

non-stationary demand and supply capacity in the following proposition:

Proposition 5.1 Let §;(x;) be the smallest minimizer of the function Jy(y:, z) and w(Z)

be the smallest minimizer of the function Hy(wy, 2;). The following holds for all t:

1. The optimal inventory position after placing the order with the faster supplier §,(x;) is

a function of the inventory position before ordering x;.

2. The optimal inventory position after placing the order with the slower supplier w;(Z;)

18 a state-dependent base-stock level.

3. The inventory position wy(x;) after placing the order with the slower supply source is:

T, wt(ét = 0) < xy, 2= 0,0, =0,
wt(mt) = 'UA]t(,?:'t = 0), Qt(xt) S T < 'UAJt(é't = 0), 2,5 = O,’lA}t = UA)t(ﬁt = O) — Ty,
UA)t(,%t > 0), Ty < g}t(xt), 215 = gt(ﬂft) — xt,f}t = ﬁ)t(ét > O) — Z}t(xt)~

(5.5)

Part 1 states that the optimal policy from the faster supplier is of reorder type. In Part 2,
wy(%;) is base-stock level, dependent on the optimal order Z;) placed with the faster supplier,

and the optimal policy from the slower supplier is a state-dependent base-stock policy.

For a clearer representation of the optimal policy as given in (5.5), we depict the optimal
order sizes depending on the initial inventory position x; and the corresponding inventory
positions after ordering in Figure 5.2. For comparison, we also plot the myopic base-stock

level M that optimizes the single-period cost function C;, defined as:

g%:Gﬁ( @ ) (5.6)

Cy + ¢y

Observe that M corresponds to the solution of the uncapacitated single-period newsvendor

problem. The details are provided in Part 3 of Lemma 5.1 in Appendix.
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Figure 5.2 The optimal inventory positions after ordering and the optimal orders

For z; < yM we order up to ¢ for small optimal orders with a faster supplier 2;, while
for higher 2;, §;(x;) lies below §M. For x; > gM no 2 is placed. Similarly, looking at the
optimal order with the slower supply source oy, it is only placed if z; < w, (%, = 0), and at
U¢(xy) < xp < Wy(Z = 0) the inventory position x; is increased to a constant base-stock level
wi(z = 0). For x; < gi(x;) the size of the order with the slower supply source depends on the
anticipated supply shortage of the faster supply source, thus the state-dependent base-stock

level w;(Z;) depends on the size of the order Z; placed with the faster supply source.

Based on the above results, the optimal policy instructs that the order with the slower supply
source should compensate for the probable supply shortage of the faster supply source. The
goal here is to bring the next period’s starting inventory position to the optimal level (where
the demand uncertainty also needs to be taken into account). In the next period, this enables
the decision-maker to place the order with the faster supply source in such a way that the
period’s inventory costs are minimized given the supply capacity uncertainty and demand

uncertainty.

Observe that in the case of Yang et al. (2005), in addition to knowing the current period’s
capacity limits, they assume that demand is realized before the order with a slower supplier is
placed. The single-period cost function is thus convex, and due to time-separate realizations
of capacity and demand levels within a period, the optimal policy is simplified to the two-
level modified base-stock policy. For the case of deterministic capacities they further assume
that the slower supply source is more expensive than the faster source, which means that
an order is not placed with the slower supplier unless capacity unavailability is observed at
the faster supplier. As they point out, intuitively this result does not hold when random
capacities would be assumed. In a numerical experiment in Section 5.4.2, we show that
the even if the faster supply source is not fully utilized, the slower supply source is used

extensively to improve the reliability of the supply process, which leads to lower costs.



122 Chapter 5. Dual-sourcing in the age of near-shoring

Next, we focus on a stationary demand and supply capacity setting. Based on the insights
obtained studying the optimal inventory policy, one might suggest that the myopic base-
stock level M is a good approximation for g;(z;). To study this, we introduce the notion
of the myopic policy, which optimizes the so-called extended single-period problem in every
period. By placing order z; with the faster supplier, the inventory position is raised up to
§M so that the single-period costs C; are minimized. In addition, with order v; placed with
the slower supplier, the decision-maker can influence the inventory position x;,; at the start
of the following period. Order v; is placed in such a way that the system is likely to end
up in an optimal z;,, from which g could be attained by placing order z;,; in period
t+1. Observe that with the order v; we cannot influence the costs in period t. The sequence
of ordering decisions and resulting events associated with the proposed myopic policy are

presentec

Replenishment & Demand min(z, 1) Dy o

Inventory position
]
t

Order 2t Vg

Yt Wy
)

Figure 5.3 The scheme for the myopic inventory policy

In the following proposition, we show that the myopic policy can be characterized as the
two-level base-stock policy, where the optimal myopic order 2 is placed up to the first base-
stock level g™, and the optimal myopic order 9 is placed up to the second state-dependent
base-stock level W (2M). Due to the stationary setting, both base-stock levels are constant,

thus we omit the subscript t in parts of the following text.

Proposition 5.2 Under stationary stochastic demand and supply capacity, the myopic pol-
icy is characterized as the two-level base-stock policy with the constant base-stock levels §™
and W™ (ZM), where:

1. 9™ = gM is the solution to C'(g™, M) = ming,<,, C(ys, 2¢): g™ = G~ (Cbi—bch), and

2. wM(2) = wM (%) is the solution to miny,<,, aEqg, p,C(4™M, ZM,).

Part 1 of Proposition 5.2 instructs that the optimal myopic order with the faster supplier
is placed up to g, a solution to the uncapacitated newsvendor problem. In Part 2, we set
the optimal base-stock level @™ (2M) for the slower supplier (given that the optimal order
M was placed with the faster supplier in the current period) so that the system ends up

at 4,1, from which it is most probable that g will be attained by placing optimal myopic
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order 2%1 in the next period. Correspondingly, the myopic equivalent to the optimal cost

function as given in (5.2) can be written in the following way:
fil(z) = CG", 57) + aBop fih (0 (5) — (57 = Q)" = Dy), for 1<t <T, (5.7)

with the ending condition f,(-) = 0.

In Proposition 5.3 we derive the properties of the state-dependent myopic base-stock level
wM(2). Part 1 suggests that for the pair of optimal orders 2 = {21, 23} placed with the faster
supply source in any period, the decision-maker has to raise the base-stock level ™ (2;) above
WM (2y), when 2; > 25. From this 6 (2;) > oM (2,) follows directly given the fact that 2
and 2, were placed up to the constant ™. With an increase in order 2, the probability of a
supply shortage at the faster supply source increases. To compensate for this, it is optimal
that a higher order v is placed with the slower supply source. In Part 2, we show that the
level of compensation to account for the additional supply uncertainty (due to the higher 2

placed) should at most be equal to the difference between the optimal order sizes 7.

Proposition 5.3 The following holds for all t:

1. For any pair 2 = {21, 22}, where 21 > Zo: (%)) > w(Z).

2. Forn>0: w(z+n) —w(%) <.

Observe that the constant base-stock level 9 is the solution to the multiperiod uncapac-
itated single source inventory model. For the capacitated single supplier model, Ciarallo
et al. (1994) show that while ™ optimizes a single-period problem, it is far from optimal in
a multiperiod setting. However, we show that in the dual-sourcing model under considera-
tion the appropriate combination of the two myopic base-stock levels provides a very good

substitute for the optimal base-stock levels.

In Table 5.2, we present the optimal and the myopic inventory positions for a chosen system
setting?. Numbers in bold are used to denote the cases, where the myopic inventory positions
and orders differ from the optimal ones. The results for §(x) confirm that gy is a function of
x. We see that with increasing z, §(z) is increasing, approaching the myopic §™. For lower
x, the optimal policy suggests that it is not optimal anymore to place 2 up to ™. This can
be attributed to the increased uncertainty about the replenishment of 2. To compensate for
the relatively smaller Z placed, the optimal decision is to rely more heavily on the slower

supplier, by increasing v above oM.

2The setting is described with the following set of parameters: T = 12, ¢, = 1, ¢, = 20 a = 0.99, discrete
uniform distribution with Util =1, CVp = 0.49, and CVg = 0.61.
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Table 5.2 The optimal and the myopic inventory positions and orders

X 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
j(x) 14 14 14 14 15 15 15 15 15 15 15 15 15 16 16 16 16
gM 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
2 14 13 12 11 11 10 9 8 7 6 5 4 3 3 2 1 0
M 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0
w(2) 20 928 27 27 27 26 25 25 25 24 24 24 23 23 23 23 23 23 23 23 23 23 23 23
wM(2M) 31 30 29 28 27 27 26 25 25 25 24 24 24 23 23 23 23 23 23 23 23 23 23 23

5 14 13 13 12 11 10 10 10 9 9 9 &8 7 7 7 7 6 5 4 3 2 1 0
My 15 14 13 12 11 11 10 9 9 9 8 8 8 7 7 7 7 6 5 4 3 2 1 0

Despite the fact that the myopic base-stock levels generally differ from the optimal inventory
positions, we now proceed to show that the costs of the myopic policy provide a nearly perfect

estimate of the optimal costs.

We carried out a numerical experiment by solving the optimal dynamic programming for-
mulation given in (5.1) and its myopic counterpart given in (5.7), and compared their per-
formance. We used the following set of input parameters: T'= 12, ¢, = 1, a = 0.99; discrete
uniform distribution and truncated normal distribution is used to model stochastic demand
and supply capacity. Throughout the experiments we varied the utilization® of the faster sup-
ply source, Util = {0,0.5,0.67, 1,2, 0o}, the per unit backorder cost ¢, = {5, 20, 100}, and the
coefficient of variation of demand, C'Vp = {0,0.14,0.26,0.37,0.49,0.61,0.80, 1.00}, and the
supply capacity of the faster supply source, C'V = {0,0.14,0.26,0.37,0.49, 0.61, 0.80, 1.00},
where the C'Vs do not change over time?. The accuracy of the proposed myopic policy was

therefore tested on 1200 scenarios.

In Figure 5.4, we provide the histogram of the relative differences in costs of the optimal and
myopic policy. Additionally, we provide the relationships between the main input parameters

and the performance of the myopic policy.

Observe first that in 58% of the analyzed scenarios the costs of the myopic policy are equal
to the optimal costs (represented with a lightly shaded bar). The highest observed relative
cost difference across all scenarios is 0.81%. A careful study of suboptimal scenarios has
not revealed a clear pattern that would point out the characteristics of these scenarios.
The average accuracy is in general decreasing with increasing demand and supply capacity
uncertainty, which is not unexpected. The average accuracy is higher when the utilization

of the system is lower, however the change is minor. The effect of the change in backorder

3Defined as the expected demand over the available capacity of the faster supply source.

4We give the approximate average CVs for demand and supply capacity distributions since it is impossible
to come up with the exact same CVs for discrete uniform distributions with different means. Demand and
supply capacity distributions with CVs 0.80 and 1.00 were only modeled with normal distribution, as uniform
distribution cannot attain such high CVs.
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Figure 5.4 The relative difference in costs between the optimal and the myopic policy

costs relative to holding costs turns out to be the highest, where the average accuracy of the
myopic policy is increasing with increasing backorder costs. Studying the above mentioned
relationships, we have not observed any relevant differences between the scenarios where
uniform and normal distribution was used to model stochastic demand and supply capacity.
Finally, although we pointed out the general characteristics observed when studying the
average accuracy figures, the accuracy of an individual scenario might still greatly differ
from these, thus it is hard to predict the accuracy of the myopic policy in a particular

scenario.

We conclude this section with the discussion on the optimality of the myopic policy. The
high accuracy of the myopic policy might suggest that myopic policy could be optimal under
certain assumptions. Due to myopic nature of the proposed approximate policy, the policy
will generally not perform well in a non-stationary demand and supply capacity setting.
The reason for this is that the myopic policy cannot account for the expected mismatches
between the demand and the available supply capacity in the future periods. While this is
possible for the anticipated mismatch in the following period through a proper placement of

order vy, the mismatches in the remaining periods cannot be accounted for.

Despite the near-optimal performance of the myopic policy in a stationary setting, the policy
does not exhibit the necessary properties of the myopic optimality. Heyman and Sobel (1984)
point out the following two conditions (among others) for the myopic policy to be optimal:
single-period cost function needs to be additively separable on the state and action, and that

the myopic policy guarantees that the set of consistent states (from which the optimal action
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can be taken) are visited in the next period. It is clear that the single-period cost function
C; does not satisfy the first condition, as it does not depend additively on x; and y,. While
for w™ it does hold that the optimal action will again be feasible in the next period, this
is not the case for 4™ as the system can easily end up in z; > §* from which the optimal
action is infeasible. Despite the fact that the myopic base-stock levels differ from the optimal
inventory positions after ordering, the myopic policy provides a nearly perfect estimate of
the optimal costs. The accuracy can be attributed to the possibility of balancing the orders

placed with the two supply sources, which in most situations leads to the optimal costs.

5.4 Value of dual-sourcing

In this section, we present the results of the numerical analysis, where we investigate the
effect of different system parameters on: (1) the optimal costs of dual-sourcing; (2) the
relative utilization of the two supply sources; and (3) the benefits of dual-sourcing compared
to single sourcing from either supply source. Numerical calculations were carried out with
the use of the near-optimal myopic policy given in (5.7). We used the same set of input
parameters as given in Section 5.3, and a discrete uniform distribution to model stochastic

demand and supply capacity.

5.4.1 Optimal costs of dual-sourcing

We start by studying the optimal costs under different system parameters and by comparing
the performance of the dual-sourcing model with the two base cases: the worst case in which
the supply is only available through the slower supply source (the faster supply source is
unavailable, Util = 00), and the best case in which the faster supply source is assumed to
be uncapacitated, and thus becomes fully available (Util = 0). The results are presented in
Figure 5.5 and Table 5.3.

As expected, the system costs rise with increasing demand and capacity uncertainty, as well
as with increasing utilization of the faster supply source. The sensitivity of costs is highest
in the case of increasing C'Vp. Moreover, it is at a high C'Vp where the costs are the most
sensitive to an increase in C'Vy and Util. For relatively low C'Vp and up to moderate C'Vy,
the system works with minimal costs even for the cases of high utilization. In this setting, the
capacity and demand realizations are easy to anticipate, and sourcing from the slower supply
source to compensate for the lack of supply capacity availability with the faster supply source
does not increase the costs compared to the best case. However, for a high C'Vp, due to the
longer lead time, ordering with the slower supply source becomes riskier as the exposure to
demand uncertainty increases. This leads to a relatively high increase in costs already for

moderate utilizations.
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Figure 5.5 Optimal system costs

5.4.2 Relative utilization of the two supply sources

To investigate to what extent either of the two supply sources is utilized under different
system parameters, we present the calculations for the share of inventories replenished from
a faster capacitated supply source in Figure 5.6. The higher the C'Vy and Util, the lower
the share of inventories replenished from the faster supply source. A high CVj leads to
more probable shortages in replenishment from the faster source and there is thus a greater
need to compensate for these shortages by placing a bigger share of orders with the slower
source. However, as an order with the slower supply source needs to be placed one period
earlier, one cannot take advantage of learning about the demand realization in the current

period. The accuracy of this compensation strategy suffers when C'Vp is increasing, which
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Figure 5.6 The share of inventories replenished from the faster capacitated supply source

Although utilization of the faster supply source represents a hard limit on the size of possible
replenishment, the actual utilization falls well below its maximum (theoretical) availability.

For instance, for Util = 1, the share of inventories sourced from the faster source is at
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71%, and decreases further to 41% as demand uncertainty increases (even when C'Vy = 0).
Still, observe that up to moderate Util and low C'V( the sourcing is done almost exclusively
through the faster source (100% for C'Vp = 0.14), which suggests that the faster supply
source is actually sufficiently available in this setting. While we would expect increasing
demand uncertainty to make sourcing from the slower supply source less favorable, somewhat
counter-intuitively the opposite holds when C'Vj, is relatively low. In a setting with high C'Vp
more safety stock is required to avoid backorders. To keep inventories at this relatively higher
level, occasionally a large order with the faster supply source needs to be placed as a response
to the high demand realization (which is more probable due to the high C'Vp). However, this
might lead to a supply shortage even for relatively low system utilizations, and consequently
to costly backorders. It therefore makes sense to replenish some inventories from the slower
supply source, so that we start the next period with a higher starting inventory position.
While this can lead to higher inventory holding costs, it is still less costly than incurring

backorder costs.
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Figure 5.7 The share of inventories replenished from the faster capacitated supply source

Next, we study the effect of the cost structure on the actual utilization of the two supply
sources. When backorder costs increase relative to holding costs, increasing the share of
sourcing from the slower supply source is optimal (Figure 5.7). This is-inline with the above
reasoning where, through sourcing from the slower supplier, one can avoid backorders while
incurring higher inventory holding costs instead. The share of inventories replenished from
a slower supplier also increases relatively more for higher C'Vy, particularly when C'Vp is
also high, as the need for a more reliable supply source increases. This effect is higher for
lower utilizations, which can be attributed to the fact that at high Util ordering through
the slower source is already extensively used (around 80% of inventories is replenished from
the slower source) and despite the increased backordering costs, increasing the exposure to

the slower supply source further only marginally increases the benefits.
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5.4.3 Benefits of dual-sourcing

Lastly, the benefits of dual-sourcing are assessed relative to the performance of the two single
sourcing cases. To quantify the benefits of dual-sourcing, we define the relative value of dual-
sourcing, %Vpg, as the relative cost savings over a single-source setting in which either a
faster (FS) or slower (SS) supply source is used:

FS,SS

{ } ftDS

. —

7Vbsyirs,ssy = {FS,Ss} (5.8)
t

where I, f75 and fP° represent the corresponding cost functions from (5.1) that apply

to a chosen decision policy.

We present the results on the relative value of dual-sourcing compared to single sourcing in
Table 5.3. In the table, numbers in bold are used to denote the single supply source with

the lower costs in each of the settings.

Table 5.3 The optimal costs and the relative value of dual-sourcing

Costs (fP%) %Vps/rs %Vps/ss

Util CVQ CVp 0.00 0.14 0.37 0.61 0.00 0.14 0.37 0.61 0.00 0.14 0.37 0.61
e 0.0 41.8 112.1 182.7 100.0 93.8 85.3 79.1 - 0.0 0.0 0.0

2 0.00 0.0 22.7 82.9 150.6 100.0 93.6 81.6 73.0 - 45.6 26.1 17.6

2 0.14 0.0 22.7 84.1 151.6 100.0 93.8 81.5 72.9 - 45.6 25.0 17.0

2 0.37 0.0 258 89.5 155.7 100.0 93.4 80.9 72.7 - 38.2 20.1 14.8

2 0.61 0.0 32.5 96.8 162.3 100.0 92.4 80.4 72.5 - 22.2 13.6 11.1

1 0.00 0.0 22.7 69.5 128.9 - 66.8 62.0 56.5 - 45.6 38.1 294

1 0.14 0.0 227 71.3 131.1 100.0 75.7 63.3 56.8 - 45.6 36.5 28.3

1 0.37 0.0 22.7 78.3  140.1 100.0 87.2 68.5 59.1 - 45.6 30.2 23.3

1 0.61 0.0 30.5 91.1 153.7 100.0 88.8 71.9 61.9 - 27.1 18.8 15.8
0.67 0.00 0.0 22.7 68.2 117.1 - 0.0 1.0 15.3 - 45.6 39.2 35.9
0.67 0.14 0.0 22.7 68.2 119.2 - 0.0 8.5 19.6 - 45.6 39.2 34.8
0.67 0.37 0.0 22.7 72.2  129.9 100.0 68.7 44.8 36.5 - 45.6 35.6 28.9
0.67 0.61 0.0 28.7 87.6 148.5 100.0 84.7 62.1 49.8 - 31.3 21.9 18.7
0.5 0.00 0.0 22.7 68.2 113.6 - 0.0 0.0 0.0 - 45.6 39.2 37.8
0.5 0.14 0.0 227 68.2 114.4 - 0.0 0.0 0.2 - 45.6 39.2 37.4
0.5 0.37 0.0 22.7 69.4 123.1 100.0 37.1 20.5 16.5 - 45.6 38.1 32.6
0.5 0.61 0.0 27.7 85.2 144.8 100.0 81.4 54.7 40.7 - 33.8 24.0 20.7
0 0.0 22.7 68.2 113.6 0.0 0.0 0.0 0.0 - 45.6 39.2 37.8

Looking at the benefits of dual-sourcing over sourcing from a faster capacitated supply
source, it is expected that its utilization largely influences the extent of the savings that
can be achieved through the dual-sourcing. For an overutilized system, %Vpg/rg approaches
100%, while for moderate utilizations the relative savings still range from 20% to over 50%.
The lack of availability and reliability of supply from a faster source inherently exposes the

system to supply shortages, and leads to substantial backorder costs. For up to moderate
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Util with high C'Vy, the average supply availability is sufficient, although the system is
exposed to supply shortages due to the highly variable supply capacity of the faster supply
source. This again results in considerable benefits from utilizing the slower uncapacitated
supply source as an alternative. It is the settings with up to moderate Util and low C'Vy
where supply solely through the faster supply source is adequate to run the system at close

to minimum costs.

Sourcing exclusively through the slower supply source is optimal in the setting where there
is no demand uncertainty (for CVp = 0, the cases denoted with ”-” represent the settings
in which the costs of using a single supply mode are zero), and obviously when the faster
supply source is completely unavailable (Util = 00). For the remaining settings, we observe
that %Vpg/sg ranges from 15% to 45%, and is less sensitive to the changes in Util and C'Vg
than in the case of sourcing solely through the faster supply source, as expected. While
utilizing the slower supplier successfully resolves the C'Vy and Util related problems in the
settings where the faster supplier’s replenishment is inadequate (when %Vps,rg is high), we
see that considerable savings are still to be gained by partially sourcing through the faster

supply source.

As already noted, demand uncertainty negatively affects the accuracy of using the slower yet
reliable supply source to compensate for potential supply shortages of the faster source. It is
therefore somewhat surprising that %Vpg/gs are decreasing with increasing C'Vp. However,
the opposite holds when looking at the absolute cost savings. These are increasing consid-
erably with an increase of C'Vp, particularly for up to moderate Util and low C'V. This is
in-line with our previous observations where such a set of parameter values characterizes the
settings in which sourcing is performed almost exclusively through the faster supply source.
%Vps/rs is in general also decreasing with increasing C'Vp, which is in agreement with our
initial observation that a slower supply source is inherently more exposed to the risk of
demand uncertainty. Here the absolute cost savings exhibit non-monotonic behavior with
increasing C'Vp. For settings with high C'Vj the slower reliable source is already extensively
used and the absolute savings are decreasing with C'Vp (more so for lower Util). However,
this is not the case for low C'Vy, (particularly at moderate Util), where the absolute savings
are increasing with C'Vp. This is the setting we already addressed in which limited sourcing
from the slower supply source is beneficial for tackling instances of supply unavailability
due to the placement of big orders in response to large demand variations. Obviously, the
absolute cost reduction is significant in the case where we need to compensate for a general
lack of supply availability (high Util and high C'Vg), and smaller when the system only faces

occasional supply shortages due to large demand uncertainty.

Finally, we may conclude with the observation that, besides the setting in which the faster

supply source is close to being fully available and essentially reliable, the relative cost savings
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are considerable, ranging from just above 10% to close to 50%. Based on these results, we
can conclude that dual-sourcing can successfully resolve the issues related to an overutilized
and uncertain availability of a faster supply source. In addition, a smart decision on how
to split the orders between the two supply sources depending on the system setting, also

substantially reduces the costs of demand uncertainty:.

5.5 Value of advance capacity information

In this section, we study a situation in which the faster supplier provides an upfront in-
formation on exact future supply capacity availability. This information is modeled in the
same way as in Jaksi¢ et al. (2011) in a single supplier setting (Chapter 2). When ACI is
available, the supply capacity availability is known prior to placing the order with the two

suppliers, either as ACI on current period’s capacity or on capacity of future periods.

Observe that due to the near-optimality of the myopic policy, it is sufficient to obtain the
information on current period’s capacity and next period’s capacity, while further future
insight into supply capacity availability of the faster supplier will not bring additional ben-
efits. Due to the myopic nature of the policy it is sufficient to resolve the supply capacity
uncertainty for the time span in which first the order with the slower supply source, followed

by the order with the faster supply source in the next period.

We present the results of the numerical analysis, which was carried out to confirm the above
insight and determine the value of sharing ACI of the faster supply channel. We show
that ACI can effectively help the company to reduce the negative effects of the uncertain

replenishment from the faster supply channel.

In Figure 5.8 we present the cost comparison between the base setting without ACI and
the settings in which ACI is available for the current and for the future period, for different
utilizations and levels of supply capacity uncertainty of the faster supply source. The cost
curve depicted as Util = 0 represents the scenario with the lowest costs, where ordering is
done solely with the faster supplier with infinite capacity. The worst case scenario is the case
where the faster supplier has no capacity and all orders are placed with the slower supplier,
and is depicted with a Util = Inf cost curve. Our interest lies in studying the intermediate
scenarios, where we are predominantly interested in the extent of visibility needed to obtain
the majority of the benefits of ACI, and the effect the supply capacity uncertainty C'V has
on the costs under both the situation without and with ACI.

In Chapter 2, we have shown that generally the additional benefit of extending the supply
capacity visibility diminishes with revealing ACI for future periods. However, we quickly see

that this is not the case in a dual-sourcing model under consideration. The value of ACI,
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Figure 5.8 System costs under ACI for different unreliable supply channel utilizations

defined as the relative difference in costs between a situation without and with ACI, is up to
1.5% in the case of ACI on current period’s capacity. For the case of future ACI availability
the cost savings become considerable, approaching 20%. Thus, we only get the majority
of the benefits if we extend the information horizon to the following period. Observe first
that ACI will not affect the order placed with the faster supplier as it is always placed up
to the myopic base-stock level. It is the possibility that the order with the slower supplier
can be modified in accordance to ACI, which results in reduced costs. Relatively small
benefits obtained through learning only about the current supply capacity availability, can
be explained by the fact that with the order with the slower supplier one can only influence
the inventory levels in the following period. While unfavourable ACI may result in the
capacity shortage already in the current period, the order with the slower supplier can only
be used to influence the costs in the following period. However, in the case of future ACI the
capacity shortage in the following period can be anticipated and the order with the slower

supplier can be increased accordingly.

Looking at the effect of supply capacity uncertainty of the faster supplier, the costs of the
situation without and with ACI are equal for C'Vy = 0. It is expected that the reduction
in costs through ACI is increasing when CVj is increasing, as ACI effectively reduces the
uncertainty of the supply capacity availability. The largest savings are attained at settings

with high C'Vg, no matter what the utilization of the faster supplier is.

While the supply capacity uncertainty of the faster supplier has the predominant effect on
the benefits of ACI, the demand uncertainty also influences the possible savings attained
through ACI. In the case of a highly utilized faster supplier, the slower supplier is used more
heavily. While ACI helps the decision-maker to come up with a better ordering decision with

the slower supplier, the delayed replenishment together with demand uncertainty results in
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high costs due to demand and supply mismatches, thus the value of ACI diminishes. This
effect is lower for the case of low utilization of the faster supplier. Here ACI is helpful in
covering the mismatches mainly through the faster supplier, therefore the exposure to the

demand uncertainty risk faced by a supply through the slower supplier is lower.

5.6 Price difference considerations

In this section, we relax our assumption about equal per product purchase price at the
two suppliers. It is worthwhile to study the setting in which the purchase price would
differ between the faster and the slower supplier. We rewrite the cost formulation (5.1)
and comment on the structural results, and the applicability of the myopic policy proposed
in Proposition 5.2. We repeat the analysis from Section 5.4.2 to determine the share of
inventories supplied from the faster and the slower supplier in the presence of the difference
in purchase cost between the suppliers. We finish by listing the relevant insights gained in

the analysis.

In the literature review in Section 5.1.1 we point out that the usual assumption in the un-
capacitated dual-sourcing inventory models is that the faster supplier is more expensive,
thus the analysis revolves around the trade-off between the price and the speed of replen-
ishment. An exception to this is the capacitated model by Yang et al. (2005) where they
assume the price difference, but they focus on a somewhat counterintuitive setting where the
faster supplier is cheaper. They argue that this holds in the setting where the production
of the product is generally done in-house. However, if faced with the capacity shortage, the
company outsources part of the production to the slower and more pricey supplier. As they
assume that the order with the slower supplier is placed when the supply capacity availabil-
ity of the in-house production is already known, the order will only be placed if the in-house
capacity is insufficient. In our model, the supply capacity availability at the faster supplier
is still uncertain when the decision whether to place an order with the slower supplier is
made. Intuitively, in our case, the slower supplier is used continuously to guard against
the potential shortage of the faster supply source, and thus ensure higher availability and
reliability of supply. In addition, if the slower supplier is less costly, it is expected that it

would be utilized even more.

We proceed by rewriting dynamic programming formulation (5.1) to include the per unit
purchase price difference between the two suppliers. We denote the purchase price at the
faster supplier as pr and the purchase price at the slower supplier as pg. The purchase
cost associated with the order with the faster supplier are ppmin(z,¢q;), charged on the
replenishment quantity given the supply capacity realization ¢;. The purchase costs at the

slower supplier pgs(w; — y;) are charged based on the order quantity v; = w, — y;, and are
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charged in period ¢ + 1, and discounted back to period ¢:

felzy) = . <Iyngn<w {prmin(z, Qr) + Ci(ys, z) + aps(w; — ye)
+ CJ{EQthft_i_l(wt — (Zt — Qt)+ — Dt)} s for 1 S t S T, (59)
and the ending condition is defined as frii(Zry1) = —prZri1.

Observe that the inclusion of the price difference does not influence the structural results
presented in Proposition 5.1. The optimal policy remains relatively complex. However, it is
worthwhile to comment on the performance of the myopic policy under the price difference
assumption. It is easy to see that the myopic policy will generally not perform well as the
current formulation does not include the price parameters. The myopic policy instructs that
the order with the faster supplier is placed up to the constant newsvendor base stock level
given in (5.6). In the presence of the price difference, the order with the faster supplier
should generally be increased when pr < pg, and vice versa when pr > pg. It would be
interesting if the myopic policy could be modified in such a way that the price difference

would be an integral part of the policy.

While reviewing the results of a relatively extensive numerical experiment it turns out that
the relevant trade-offs depend greatly on the interplay between the system parameters. A
number of possible settings is vast, and it is hard to capture the general dynamics of the

system.

It is expected that the price difference affects the share of inventories replenished from either
of the two suppliers. Intuitively, it should hold that when pg is increasing relative to pg,
the utilization of the slower supplier should increase, as the savings in purchase costs can be
attained by placing higher orders with the slower supplier. When pp is decreasing relative
to pg, the opposite is expected. While we confirm this in our analysis, we also find out
that sensitivity of the actual utilization of either of the two suppliers to change in the price
difference is heavily influenced by a particular system setting (given through other system
parameters). In the following text, we try to point out the influence of different system

parameters on the effect of the price difference.

First, we look at the interplay of the cost parameters ¢y, ¢, and the price difference. In
practice, it is common to observe that the purchase price per unit is higher than the inventory
holding and backorder cost per unit. It turns out that the result are heavily influenced by a

particular cost setting. We first study the following two cases:

e Case 1: If pp, ps > cp, ¢ holds, meaning that the purchase prices are much higher than
the inventory holding and backorder cost per unit, we observe that the price difference is

the main determinant of how the orders are split between the two supplier. Intuitively,
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this can be attributed to the fact that the cost savings in such a setting are primarily
achieved through purchase cost minimization, while minimizing the inventory related

costs is secondary. The optimal policy simply instructs to “order cheaper”.

e Case 2: If pp, ps = cp,, ¢ holds, meaning that the cost parameters are of a similar scale,
then all the cost parameters potentially influence the optimal ordering decisions. In
addition, the interaction is complex due to the fact that now also the dependency on

the other system parameters (supply and demand uncertainty) becomes relevant.

Based on the above observation it is worthwhile to investigate the second case further.
We have rather carefully selected the following set of parameters: ¢, = 1, ¢, = 5, and
pr/ps = {14/22,16/20,18/18,20/16,22/14}. Such a set of parameters still assures that the
per unit purchase price is higher than the inventory related cost, but we remain within the

domain of the second case.
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Figure 5.9 The share of inventories replenished from the faster capacitated supply source

In Figure 5.9, we present the influence of the price difference pr/pg, the implied utilization
of the faster supplier Util, and the uncertainty of supply capacity CVy on the share of
inventories replenished from the faster supplier. We see that the purchase price ratio pr/ps
is the main determinant of the actual utilization of the two suppliers. Apart from this,
Util remains a constraint to the replenishment from the faster supplier, while the influence
of the CVj is relatively low. The interesting observation is that with an increasing C'Vy
the share of inventories replenished from the faster supplier slightly increases, which is the
opposite of what we have observed in Figure 5.6. It seems that when the purchase price
at the faster supplier gets more favorable, it is sensible to take advantage of the potential
above-average supply availability at the faster supplier, which is more likely to happen when

supply capacity uncertainty is high.

It is expected that the price difference has the highest influence on how the orders are split

between the two suppliers. However, the same holds also in the case of a common price/lead
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time trade-off in the absence of supply capacity uncertainty. This does not mean that supply
capacity uncertainty aspect can easily be neglected, one just needs to be aware of the setting
in which it is relevant. As we argue in the introduction of this chapter, this is the setting
faced by many supply chains nowadays, where the prices are no longer a discriminant factor,

while the responsiveness and the reliability are becoming increasingly more important.

5.7 Conclusions

In this chapter, we analyze a sourcing situation in which both sourcing from a nearshore
and offshore supply source may be used. As the product purchase costs of sourcing from the
two sources are more or less similar in various industry sectors nowadays, we argue that the
trade-off is leaning towards finding the right balance between the limited supply availability

of the nearshore supply options and the longer lead times of offshore sourcing.

Accordingly, we model a dual-sourcing inventory model with a stochastic capacitated, zero-
lead-time nearshore supplier and an uncapacitated offshore supplier with a longer lead time.
We derive the dynamic programming formulation for the optimal inventory holding and
backorder costs, where we show that the structure of the optimal inventory policy is not
a two-level base-stock policy as it is the case in both unlimited and fixed capacity dual-
sourcing models studied in the literature. The optimal inventory position to which we order
by placing an order with the stochastic capacitated faster supplier depends on the inventory
position before ordering. To reduce the complexity of the policy we study the myopic policy,
which proves to be a two-level base-stock policy, where the first myopic base-stock level
corresponds to the solution of the single-period newsvendor problem. We show that the
myopic policy is not optimal, however it still provides a very accurate approximation of the
optimal costs. For the majority of the instances studied the myopic policy turns out to be

exact, while the largest relative error observed was 0.81%.

By means of a numerical analysis we reveal several managerial insights. The results show that
the costs increase substantially when the capacity of the faster supply source is stochastic
(already for moderate utilization of the faster supply source). The extent to which we rely on
the faster supply source will therefore depend on the trade-off between its current availability
and the benefits we obtain by delaying the order decision, and thus taking advantage of the
latest demand information. However, somewhat counter-intuitively, we observe that in some
settings the increasing demand uncertainty leads to an increase in sourcing from the slower
supplier. We attribute this to the high costs related to incurring backorders, which results in
a strategy primarily oriented to avoiding supply shortages, namely a strategy that instructs

the decision-maker to prebuild inventories by utilizing the slower supply source.

In addition, we show that the relative cost savings of dual-sourcing over single sourcing
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range from 10% to close to 50%. Exceptions to this are cases where the faster supply source
is only moderately utilized and the demand uncertainty is low. This shows that, despite
the lack of a price incentive for placing orders with the slower offshore supplier (which
is a common assumption in the literature), the offshore supply option is used to obtain
considerable operational cost savings. Given the limitations and uncertainties that the move
towards nearshoring brings in terms of supply availability, we show that a mixed strategy

which allocates the orders between the two sourcing options is optimal.

Our results provide a potential justification for continuing to use offshore sources following
the commencement of nearshoring operations, despite the fact that the costs are similar and
the lead times are longer. Managers will need to take the capacity flexibility of the nearshore

option into account when moving an operation nearshore.

Future research could relax the assumptions about the two delivery lead times. However,
assuming a non-zero-lead time of the faster supply source greatly increases the complexity of
the model as the inventory position becomes a function of multiple uncertain pipeline orders.
Accordingly, also the myopic policy could be very complex (state-dependent first base-stock
level) and probably less accurate, even in the case where the lead times of the two supply

sources differ by one period.

Appendix

In Lemma 5.1 we provide the convexity results and the optimal solution to a single-period
cost function Cy(y:, z;). We elect to suppress subscript ¢ in the state variables for clarity

reasons.

Lemma 5.1 Let g™ be the smallest minimizer of C(y, z) to which the optimal order 2™ is

M _ M

placed, where Z gy —x:

1. C(y,2) is convex in y.

2. C(y, z) is quasiconvez in z, where:

2

0 M
@C(ya z) >0, for z <27,

%C’(y, 2) >0, for z > M,

3. 9™ is the optimal myopic base-stock level, where j™M = G~1 (Cbi—bc})
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Proof: We first rewrite the single-period cost function C(y, z) as:
00 Yy
Cln2) = all= ) |a [ @-pg@id+e, [ - dg@a]
y 0
+ acb/ / (d—y+z—q)g(d)ddr(q)dg
0 y—z+q
z y—z-+q
+ ac / / (y— =+ q — d)g(d)ddr(q)dq. (5.10)
o Jo

To prove Part 1, we derive the first partial derivative of (5.10) with respect to y:

SC(.2) = aler+a)(1=R() (G<y>— i )

cp + ¢y,

+ ale +cp) /OZ Gy — 2+ q)r(q)dq — acyR(z), (5.11)

and the second partial derivative:

38—;0(% z) = a(e +cn) [(1 — R(2))g(y) + /0 gly— 2+ q)r(q)dq} . (5.12)

Since all terms in (5.12) are nonnegative, Part 1 holds.

Similarly for Part 2, we obtain the first two partial derivatives of C'(y, z) with respect to z:

%C(y, 2) = aley + en)(1 - R(2)) (G(y) - jj’ch) , (5.13)
520 =alat e) [ = REal) - i) (660 - 2| G

Observe first that setting (5.13) to 0 proves Part 3. For z < 2M G(y) < —2— holds in the

— c¢ptcep
second term of (5.14). Since the first term is always nonnegative, the function C(y, z) is

convex on the respected interval. For z > 2™ this does not hold, although we see from (5.13)

that due to G(y) > 2~ and 1 — R(z) — 0 with 2, the function C(y, z) is nondecreasing,
which proves Part 2. Due to this, the C(y, z) has a quasiconvex form, which is sufficient for

9™ to be its global minimizer. [J

Proof of Proposition 5.1: We start by studying the convexity properties of the optimal
cost functions (5.2)-(5.4), where we show that these are not necessarily convex. Note that
the single-period cost function Cy(y;, ;) is convex in y; and quasiconvex in z; for any ¢ due
to Lemma 5.1. By differentiating (5.4) with respect to w, and setting it to zero, we derive

the first-order optimality condition, where the optimal inventory position after ordering with
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the slower supplier ;(z;) is the smallest minimizer of the function Hy(wy, 2;) in period ¢

0

a_Ht(wtazt> = Oé/ ft/H(lDt(Zt)—dt)Tt(Qt)thgt(dt)ddt
Wy 0 2t

+ a /0 ~ /0 fioa (Wi(2) = (2 — @) — di)re(qe)dgege (dy)ddy = 0. (5.15)

The second partial derivative of H;(w;, z;) with respect to w; yields:

0? .
WHt(wta Zt) = / / t+1 wt Zt dt)Tt(Qt)thgt(dt)ddt
t 2t

i // 1 (e(20) = (2 — @) — d)re(ar)dgrge(di)ddy. (5.16)

In addition, we obtain the second partial derivative of J;(y;, z;) with respect to y;, which will

also be useful in the following discussions:

82

Shlna) = ala+a) ((1—Rt<zt>>gt<yt>+ / Ztgt<yt—zt+qt>n<qt>dqt)

+ 04/ Fla (Y + 0e(20) — di)re(gr)dgig:(dr)ddy

+ / / foaye — (20 — @) + 0e(2) — di)ri(q)dqege(dy)dd,.  (5.17)

Similarly as above, we derive the first-order optimality condition for ¢, by differentiating
(5.3) with respect to z;, where g is the smallest minimizer of the function J;(y;, z;). Observe
that the optimal order with the slower supplier 0;(Z;) depends on the optimal order placed

with the faster supplier Z;.

0 . .
a—ZtJt(xt; Zt) = Oé(Cb + Ch)(l - Rt(’zt)) (G(.Tt + Zt) o e _C:Ch>

D
+ « (1 + M) / / ft+l Ty + Zt + 'Ut(Zt) dt)rt(qt)dqtgt(dt)ddt

02& Zt

=+ aZ / / ft+1 Ty + Qt =+ Ut(Zt) dt)Tt(Qt)thgt(dt)ddt = 0 (518)
t

®We define the first derivative of a function f;(z) with respect to x as f(x).
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Finally, evaluating (5.2) at Z;, and partially differentiating it with respect to x; twice, yields:

P (x) = ale+cn) /Zt 9e(e + q¢)re(q:)dge

8v Z
_ atz t / / t+1 $t + z; + vt(zt) dt)rt(qt)dqtgt(dt)ddt
t

0 * N
+ « (1 %)/‘ t+1 (:Ct + qt) + ’Ut<2t) — dt)rt(qt)dqtgt(dt)ddt = 0(519)
t 0 Jo

If we would assume that f;(x;,1) is convex, using the regular inductive argument on ¢ would
require f/(x;) > 0 to hold for the optimal cost to be convex. While the first term in (5.19) is
nonnegative, we cannot say the same for the sum of the other two terms. Therefore, f;(x;)
is not a convex function in general. Observe that if 004(2;)/02z; = 0, the above condition
for convexity would be satisfied. In this case, due to (5.16), (5.17) and fr.1(-) =0, H; and
Jy would also be convex in w; and ¥, respectively. However, the dependency of 0,(2;) on %
describes the core dynamics of this dual-sourcing model, where v, is used to compensate for

the potential shortage in replenishment of z;.

One can also quickly check that by differentiating (5.18) with respect to x;, dz;/dz, = —1
does not set the obtained expression to zero. Thus, ;(z;) is not independent of z;, and
therefore ordering with the faster supplier is not done in the manner of a base-stock policy,

which proves Part 1.

By evaluating (5.15) at 2, and differentiating it with respect to y;, we quickly see that
dwy(Z;)/dy: = 0 needs to hold, which means that ordering with the slower supplier is done
by placing order ©0;(2;) up to the optimal base-stock level wy(Z;) = gi(x;) + 0¢(2;), state-

dependent on Z;, which proves Part 2.

The above results directly imply the proposed structure of the optimal policy in Part 3. [J

Proof of Proposition 5.2: To show that the myopic base-stock levels §* and w(zM) are
indeed optimal for the myopic problem under consideration, we first show that f(z;) is
convex in x;. We prove this 1 by regular inductive argument on ¢. It is clear that this holds
for T+ 1 due to fry1(-) = 0. Suppose that it also holds for ¢ + 1, we need to show that
it also holds for ¢ by showing that both parts of (5.7) are convex. Differentiating Cj(y;, 2¢)
with respect to x;, evaluating it at 2, (using 5.13), and differentiating again with respect to
xy yields:

92

da2

The above expression is nonnegative, which proves that first part of (5.7) is convex. The

Clx, 2M) = aley + cp) /OZt g(xe + q)r(q)da;. (5.20)

second part is convex due to the fact that taking expectations over ); and D, preserves the
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convexity of f;11 (as in (5.16) evaluated at Z, presuming that f;,; is now convex). This
concludes the inductive argument.

Part 1 holds directly from convexity results above and the definition of the myopic policy.
The optimality of the two base-stock levels §* and @ (M) can be shown by applying the
steps of the analysis of Parts 1 and 2 of Proposition 5.1 to (5.7) for the extended single-period

problem. [

Lemma 5.2 Let f(z) and g(z) be conver, and x¢ and x, be their smallest minimizers. If
f'(x) < d'(x) for all x, then x;y > x,.

Proof: Following Heyman and Sobel (1984), lets assume for a contradiction that x; < z,
then we can write 0 < 0 <z, —xy and f'(z, —J) > 0 holds. From f’(z,—J) > 0 and initial
assumption f'(z) < ¢'(z) we have 0 < f'(zy, — d) < ¢'(xy — J). Observe that ¢'(z, — ) >0
contradicts the definition of z, being smallest minimizer of g(-), hence z; > z,. O

Proof of Proposition 5.3: To prove Part 1, we need to show that for the first derivative

of H; with respect to wy, Hj(wy, 2), it holds that Hj(wy, 21:) < Hj(wy, 224) for 214 > 25 for
all ¢

Hi(ws, 21p) = aBEf1(T1441)
= aBfi,(w — [ — Q" — Dy)
< aBfj (w2 — Q" — D)
= abf(T211)

Hé(wt, 22»1}).

The first equality is due to the definition of H; in (5.4), and the second due to the state
update x4 = wy — [214 — Qi]T — Dy Due to 214 > 294, it follows that z1,11 < 22411, and
the inequality is due to convexity of f; in x;. As taking expectation over ); and D; preserves
inequality, we have shown that Hj(wy, z1;) < Hj(wy, 22;) holds. Induction on ¢, together

with the result of Lemma 5.2, proves Part 1.
To prove Part 2, we write:

—

H(wy, m) = aFfl (w — [z +
aEft/Jrl(wt —-—n—- [ét - Qt]+ - Dt)
Hg(wt -1, 2t)

IV
3
|

O

=
|

S

The first equality is due to the definition of H; in (5.4) and the state update x;,1 = w; —
[m — @Q¢]" — D;. The inequality is due to [m — QT < n+[2 — Q)" and the convexity
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of f; in z;. As taking expectation over (); and D; preserves inequality, we have shown that
H!(wy, z + 1) > Hl(w;—n, %) holds. Observe that the smallest minimizer of H,(w, —1, 3) is
wy(2) +n, and together with Lemma 5.2, this implies wt(m) < wy(2) +n, which proves
Part 2. [



Chapter 6

Conclusions

We now present the conclusions of the research presented in this thesis. We provide answers
to the relevant research questions formulated in Section 1.3. Note that this is a general
overview of the insights we gained in our study as the specifics of the individual models
were already extensively discussed in the conclusions of each chapter. We then follow by

reviewing the possible extensions and directions for future research.

6.1 Results

The work presented in this thesis is aimed at giving insights into managing inventories in
a stochastic demand and limited stochastic supply capacity setting. We developed four
inventory models with different information sharing and supply options aimed at improving

the inventory system’s performance.

By providing answers to the first group of research questions, we aim to reveal the extent
of the possible gains obtained through integrating information or alternative supply options
into the inventory system with uncertain capacity. As the underlying model is inherently
difficult to manage, due to both the limited as well as the uncertain supply availability, we
show that the cost-reduction potential is considerable. This should motivate companies to
explore the insights gained through the study of the proposed four inventory models, and

correspondingly adapt their existing inventory control policies.

Q1. What is the value of supply capacity information and alternative supply options in

terms of system cost reduction?

Foreknowledge of future uncertain events is always useful in managing an inventory system.
We argued that through advance information about supply availability one can better an-
ticipate the potential mismatches between demand and supply capacity in the future. This
anticipation of future supply shortages is beneficial for making timely and correct ordering
decisions, which result in either building up stock to prevent future stockouts, or reducing
stock where the future supply conditions might be favorable. Thus, system costs can be
reduced by carrying less safety stock while still achieving the same level of performance. In

case of the ACI model in Chapter 2, we observe the reduction of inventory costs of up to
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30% and more, particularly for certain settings in the special case of “all-or-nothing” supply
capacity availability in Section 2.5. The cost savings arising from the ASI model in Chapter
3 are lower, reaching up to around 10%. This is expected as the supply capacity visibility is
limited to the orders already placed, and therefore only allows the decision-maker to react

to the supply shortage revealed through ASI.

While advance information will not increase the supply availability, it improves either the
anticipation of the future supply shortages or enables a more timely reaction to the inad-
equate replenishment of pipeline orders. The idea behind the supply backordering model
in Chapter 4 and the dual-sourcing model in Chapter 5 is that the exposure to the supply
shortages of the primary supply channel can be reduced by relying on alternative supply
options. For the supply backordering case, we show that having the possibility of a delayed
replenishment of the unfilled part of the order from the previous period essentially brings
the costs down close to the level observed in the uncapacitated inventory system. Even in
the case of a moderately utilized capacity, we observe savings of more than 30%, especially
if variability in demand and supply capacity is also present. We present a similar finding
in the case of the dual-sourcing model. The option to place part of the order with the
slower reliable supplier reduces the costs substantially compared to sourcing solely from the

stochastic capacitated supplier, as well as relying fully on the slower supplier.

To further elaborate the setting in which the proposed inventory policies provide the majority

of the benefits, we review the last research question:

Q2. Which factors determine the magnitude of the expected cost benefits or, more specifi-

cally, what is the influence of the relevant system parameters?

The numerical study of the value of information sharing and alternative supply options
revolves around analyzing the effect of the relevant system parameters on the inventory costs:
utilization of the primary stochastic capacitated supply channel, the level of demand and
supply capacity uncertainty, and the ratio between the inventory holding and the backorder
costs. We show that utilization has the predominant effect on reducing the inventory cost.
A highly utilized or even overutilized system is in most of the settings the primary candidate

in which one should try to take advantage of the proposed supply alternatives.

In general, we observe that the remaining parameters affect the inventory cost reduction
in a complex way. Due to the interaction between the multiple parameters, we show that
each cannot be treated independently and therefore needs to be considered in an integrated
manner. In the case of the ACI and ASI models, interesting conclusions were drawn based on
analysis of the effect of changes in the uncertainty of demand and supply capacity. Increasing
the uncertainty of demand caused a decrease in the value of advance information. This

can be attributed to the fact that advance information is of limited use when the system
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becomes more and more chaotic due to increased demand variability. However, the opposite
is true when supply capacity becomes more stochastic. We observe that the value of advance
information significantly increases. We attributed this to the fact that, when one has to deal
with highly variable and uncertain supply capacity availability, every bit of information on
the capacity realization helps to reduce the uncertainty. In the case of the two alternative
supply options, the relationship between the demand and supply capacity uncertainty and
the inventory cost reduction is nontrivial. A particular setting will heavily influence the
decision on whether to replenish the backordered supply and to what extent. Similarly,
we show that a hybrid strategy of employing both the primary uncertain supplier and the
alternative slower reliable supplier needs to be implemented. The share of the order placed

with each of these suppliers will depend strongly on the particular system characteristics.

The theoretical contribution of the thesis revolves around the following two research ques-

tions:

Q3. How can we incorporate supply capacity information and alternative supply options

into the underlying stochastic capacitated inventory model?

The road to developing the proposed inventory models started through derivation of a dis-
crete model formulation, identification of the system control variables, description of the
state space, and representation of the system’s evolution by giving the relevant functional
equations. In the case of ACI and ASI models in Chapters 2 and 3, the state space needs
to be expanded to incorporate supply capacity information. In the case of the ACI model,
the state of the system is described by the starting inventory position and the information
on supply capacity availability in future periods. With the ASI model, advance replenish-
ment information is used to correct the inventory position in the case of a supply shortage.
For the remaining pipeline orders the replenishment remains uncertain, which needs to be
accounted for by keeping track of these orders in the state space description. In the supply
backordering model in Chapter 4, the unfilled part of the order from the previous period
needs to be tracked in addition to the current inventory position, while in the dual-sourcing
model in Chapter 5 the orders to the two supply sources are interdependent. Apart from the
ACI model, the inventory position before replenishment is uncertain in the remaining three
models, presenting a difficulty in terms of estimating the resulting on-hand stock availability
to cover demand. This is subsequently reflected in the increased computational complexity
associated with quantification of the relevant inventory costs. Finally, we derive a dynamic

programming formulation for the finite horizon optimal discounted expected inventory costs.
Q4. What is the structure of the optimal ordering policy and can we derive its properties?

By studying the convexity properties of the relevant cost functions, we are able to characterize
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the structure of the optimal policy for all models under study. We first show that in the case
of the ACI model in Chapter 2 the auxiliary cost function is convex, thus a single minimizer
exists that minimizes the system costs. We show that the optimal inventory position after
ordering does not depend on the inventory position before ordering, which characterizes the
base-stock policy. We show that the optimal policy is the modified base-stock policy with a
single base-stock level, which is a function of ACI, where the order in each period is placed

up to the base-stock level if sufficient supply capacity is available.

The ASI model in Chapter 3 is an extension of the underlying stochastic inventory model
studied in Ciarallo et al. (1994). Although the single-period cost function (and consequently
the multiperiod cost functions) exhibits a quasiconvex shape, we show the minimum costs
are attained in the single state-dependent inventory position. In line with this, we show that
the optimal policy is the base-stock policy where the optimal base-stock level depends on
the remaining uncertain pipeline orders. For both advance information models, we derive
additional structural properties that describe the state dependency of the optimal policy
parameters. Favorable information about future supply capacity availability decreases the
optimal base-stock level in the ACI case. With the case of ASI, the exposure to the potential
supply shortages depends on the size of the remaining uncertain pipeline orders. Thus, the
optimal base-stock level needs to be increased in case higher orders were placed in the recent

past.

In relation to the supply backordering model in Chapter 4 the cost functions exhibit the
above-mentioned quasiconvex properties which in a zero lead time setting leads to a simple
base-stock level, without any state-dependency. The optimal policy instructs to what extent
we should utilize the backordered supply from the previous period and consequently deter-
mines the appropriate size of the regular order to cover current period’s demand, and to
guarantee higher supply availability in the following period through the option of backorder-
ing supply. For the special case of full backordering, we establish the threshold inventory

position above which it is optimal to cancel the replenishment of the backordered supply.

However, the properties needed for the optimality of the base-stock policy cannot be proven
for the dual-sourcing model in Chapter 5. One would expect the optimal policy would
be a two-level base-stock policy observed in the uncapacitated case and the case with fixed
capacity. We show that the inventory position after placing the order with the faster supplier
in fact depends on the inventory position before ordering, and thus does not behave as a
base-stock policy. The inventory position after placing the order with the slower supplier
can be characterized as a secondary base-stock level, yet it is state-dependent on the order
placed with the faster supplier. The study of the myopic policy showed that it accurately
approximates the cost of the optimal policy despite its simplified structure. Myopic policy is

a two-level base-stock policy, where the first base-stock level corresponds to the newsvendor
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base-stock level of an uncapacitated single-period inventory problem. Even where the target
inventory positions of the optimal policy and the myopic policy differ a lot, we observe nearly

perfect accuracy of the myopic policy.

In general, it holds that for effective inventory control it impractical to derive the optimal
action for each possible system state, but instead effort should be made to find an optimal
policy, a structured rule that describes the optimal behavior. However, while we have shown
that the optimal policies have a relatively simple structure, calculating the optimal base-stock
levels remain difficult. The reason for this is twofold. First, due to the state-dependency,
the base-stock level generally needs to be determined for each system state. The second
reason is that, due to the complex state-description, and the stochastic nature of both the
demand and supply process, the problem complexity becomes large and eventually too big
to enable the evaluation of the optimal costs, a problem commonly referred to as the ”Curse
of dimensionality” (Puterman, 1994). This greatly reduces the likelihood that a realistic
inventory problem can be solved. It turns out that the numerical analysis of the optimal
policies is not computationally efficient and even not feasible for larger problems. At the
same time, we show that oversimplification and disregarding the stochastic nature of the
model leads to poor results. These observations may, however, limit the applicability of the

optimal policy in practice.

We argued in the introduction that our modeling assumptions can be applied in practical
situations. While we discuss some possibilities to relax these assumptions in the possibilities
for future research in the following section, we are also very much aware of the difficulties of
implementing the proposed policies in real-life ordering situations. Despite this, we feel that
the insights acquired already justify the efforts made in researching the topic. By showing
the potential gains that can be made by incorporating advance information and alternative
supply options, we provide an incentive for companies to more effectively incorporate already
available information in their inventory policies, establish the necessary mechanisms to fa-
cilitate the additional information exchange, and proactively look for possible alternative

supply channels to improve the supply availability.

There are also some drawbacks of the research presented in this thesis, from both the theoret-
ical and practical perspectives. All the models presented share the complexity, which makes
them analytically intractable. Therefore, the primary emphasis is on developing dynamic
programming formulations, where the focus is on obtaining the structural properties of the
optimal policies and characterizing their behavior with respect to the model parameters.
The reason for this is the stochastic nature of the underlying demand and supply capacity
processes. This results in numerical analysis of the optimal policies being computationally
inefficient, prohibiting the study of real-life problems. This led us to consider developing

simplifying heuristics, a task that proved to be very difficult, thus we only succeeded in de-
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veloping an approximate policy for the dual-sourcing model in Chapter 5. The development
of approximate policies is therefore a possible avenue for future work that we discuss in the

following section.

6.2 Future Research

Despite the fact that the models analyzed in this thesis share a number of modeling as-
sumptions, there are still many possibilities to extend this work. Most of such extensions
are related to the main modeling assumptions discussed in Section 1.1, where we point out
that these are motivated by both practical situations as well as to ensure mathematical

tractability.

One possible extension is to consider the situation where the advance information on supply
availability might not be completely accurate. Such research, assuming imperfect informa-
tion, adopts the path researchers have already taken when studying ADI models. As we
argue in Section 2.6, ADI shares a lot of similarities with our approach. For the ACI type
of information sharing, Altug and Muharremoglu (2011) and Atasoy et al. (2012) study the
situation where future supply capacity availability is being updated as we approach the rele-
vant time period. As their results show, the structure of the optimal policy is not influenced
by the information imperfectness; however, intuitively the safety stock levels need to be
increased to account for the additional uncertainty. One could also consider the correlation
between the demand and supply capacity availability, where studying the positive correlation

between the two would be the most interesting.

Another possible extension entails the case where the company would have control over how
much advance information it needs to improve its operations. There would have to be some
costs related to acquiring the information, and the company would decide if these costs are
justified. In other words: does the benefit of having the additional information outweigh the

costs of acquiring it?

The inclusion of fixed ordering costs, particularly in the case of non-key suppliers, is another
interesting extension. For a setting similar to our ACI model, Atasoy et al. (2012) show
that the structure of the optimal policy is that of a (s,.5) policy. We expect similar changes
considering the structural results in other variants of the models. Their work also shows
that the additional complexity due to the inclusion of the fixed costs prohibits further in-
depth analysis; therefore, they resort to studying a zero fixed costs setting. In line with the
comments we make on the inclusion of fixed costs in Section 1.1, they also show that the
benefits of information sharing are reduced in the presence of fixed ordering costs. While this
leads to the possible optimization of costs due to order aggregation over several time periods,

it also increases the exposure to potential supply shortages. Similar behavior is expected
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in the supply backordering and dual-sourcing model. In both cases, would exercising the
alternative supply option become less attractive if extra ordering costs are associated with
it?

While one of our major modeling assumptions is that the supply capacity is exogenous,
this might not be the case in practice. Accordingly, it is reasonable to also study the case
where the supply capacity availability can be influenced by the company by agreeing on
some sort of capacity reservations or supply quantity flexibility contracts with its suppliers.
While several papers discuss different alternatives of supply contracts (see Chapter 1 for
the references), there still exist opportunities to extend their work within the context of
our models. One option would be to consider a two-level approach where the capacity
reservation decision would be taken on a higher level, and would be used to increase the
supply capacity availability. The goal here could be to find the right trade-off between the
capacity reservation costs and the safety stock costs (or costs of exercising an alternative

supply option) related to supply shortages.

In terms of the practicality of the proposed policies, an effort could be made to simplify their
use in real life. While most of the policies are of the base-stock type, the difficulty lies in
estimating the optimal policy parameters since these might change considerably depending
on a particular system setting. Developing heuristic methods would therefore be highly
beneficial. Some of the previously mentioned papers already discuss possible approximation
methods. However, they either show a relatively poor performance or resort to simplifying
assumptions mainly related to the supply capacity process description. It is interesting
that we have been able to derive a simple but very accurate myopic policy for the dual-
sourcing model presented in Chapter 5, even though the optimal policy has a relatively
complex structure. To extend the models based on real-world situations, heuristics inspired
by simplified models studied in this thesis, based on numerical methods, such as ADP and

other “machine learning” approaches, might be a way to proceed in the future.
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Summary

Inventory models with uncertain supply

In this thesis, the impact of uncertain supply conditions on the inventory control policy
of a company, a single stage in a supply chain, is studied. We refer to several empirical
studies which demonstrate that companies are having troubles managing their inventories
if they are working under uncertain supply capacity conditions, where it is likely that the
available supply may not cover the company’s full needs in certain periods. Even in the case
of a temporary supply disruption, the long-term effects of resolving the supply unavailability
might not be easily resolved, and can persist to negatively affect the performance of a supply
chain for a long time. Thus, it is worthwhile investigating the influence of uncertain supply on
the dynamics of a replenishment process and to explore ways to mitigate the negative effect

of supply shortages or search for alternative supply options to improve supply reliability.

We focus on uncertainty in supply resulting from the capacity uncertainty of an internal
supply source or an external supplier, where we assume the manufacturing capacity or the
supplier’s supply availability are random, generally independent of the order quantity. De-
pending on a particular setting, the orders might not be delivered for some time or might

only be delivered partially.

To mitigate the risk of insufficient replenishment, we propose two general ways to improve
the performance of the inventory system: supply capacity information sharing and exploring
the alternative supply options. First, we look at the benefits of obtaining information about
the actual supply availability, either about the available supply capacity in a number of
future periods or about the actual replenishment of already placed uncertain pipeline orders.
Second, we propose inventory models where the unfilled part of the order (due to the limited
supply availability) can be replenished with a delay, or a slower reliable supplier is used as

an alternative supply option.

Throughout the thesis, the underlying inventory model is a single-stage periodic review
inventory model with stochastic demand and stochastic capacity. For each of the inventory
models, a dynamic programming cost formulation is derived through which the inventory
holding costs and backorder costs are minimized. In the analysis, we focus on deriving
the structure of the optimal policy, and obtaining additional structural results. Managerial
insights, particularly those related to the benefits of the supply risk mitigation strategy
under consideration, are obtained through numerical analysis. We next present a summary

of the chapters.
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In the introductory Chapter 1, the general setting, research objectives, and the major con-
tributions are presented. More specifically, we provide a description and the major modeling
assumptions of the stochastic capacitated inventory model introduced by Ciarallo et al.
(1994), which forms the base model for the four variants we propose in Chapters 2 through
5. We then proceed by shortly presenting the four newly developed inventory models.

Chapter 2 deals with the inventory problem where the uncertainty of future supply capacity
can be reduced if a company is able to obtain advance capacity information (ACI). ACI about
future supply/production capacity availability is revealed for a number of future periods by
the supplier. We show that the optimal ordering policy is a state-dependent base-stock
policy characterized by a base-stock level that is a function of ACI. We establish a link with
inventory models that use advance demand information (ADI) by developing a capacitated
inventory system with ADI, and show that equivalence can only be set under a very specific
and restrictive assumption, implying that ADI insights will not necessarily hold in the ACI
environment. Our numerical results reveal several managerial insights. In particular, we
show that ACI is most beneficial when there is sufficient flexibility to react to anticipated
demand and supply capacity mismatches. Further, most benefits can be achieved with only
limited future visibility. We also show that the system parameters affecting the value of ACI
interact in a complex way and therefore need to be considered in an integrated manner. We
also study a special case of “all-or-nothing” supply capacity availability where we observe
the settings in which the relative marginal savings obtained through ACI are increasing by
adding an additional period of ACI to the information horizon. This result runs counter to
the findings of several researchers who have studied ADI problems, where they suggested

that prolonging the information horizon has diminishing returns.

In Chapter 3, a complementary inventory problem to the one presented in Chapter 2 is
studied. Here, the uncertainty about the available supply capacity is only revealed after
the order has been placed in the form of so-called advance supply information (ASI). ASI
is provided for a pipeline order at a certain time in a supply process and the uncertainty
about the actual replenishment is thereby resolved. We characterize the structure of the
optimal ordering policy, and show that the optimal policy is a state-dependent base-stock
policy, where the dependency is due to the pipeline orders for which ASI has not yet been
revealed. While the optimal policy is highly complex, we obtain some additional insights by
comparing it to the state-dependent myopic inventory policy. We conduct numerical analysis
to estimate the influence of the system parameters on the value of ASI. While we show that
the interaction between the parameters is relatively complex, the general insight is that due
to increasing marginal returns the majority of the benefits are gained only in the case of full,
or close to full, ASI visibility.

Contrary to the common assumption made in capacitated inventory models that the part
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of the order above the available supply capacity in a certain period is lost, we assume that
it can be backordered at the supplier in the inventory model studied in Chapter 4. We
assume that the unfilled part of the retailers order is fully backordered at the supplier and
replenished with certainty in the following period. As it may not always be optimal for
the retailer to replenish the backordered supply, we also consider the setting in which the
retailer has a right to either partially or fully cancel these backorders, if desired. Based
on the numerical results, we show the optimality of the base-stock policy, where we show
that the optimal base-stock levels for different policy types depend on the level of flexibility
the decision maker has in deciding on the extent of supply backordering. In addition, we
characterize the threshold inventory position above which it is optimal to fully cancel the
replenishment of the backordered supply. We carry out a numerical analysis to quantify the
benefits of supply backordering and the value of the cancelation option, and reveal several

managerial insights.

In Chapter 5, we model a dual-sourcing inventory system where replenishment can occur
either through a fast stochastic capacitated supply source and/or an uncapacitated supply
source with a longer fixed lead time. The motivation for this model lies in studying the recent
near-shoring trend, whereby companies are reestablishing their manufacturing capabilities
or looking for their supply base in close proximity to their facilities. However, in doing so
they are facing uncertain capacity availability of nearshore manufacturing options compared
to the globally available well-developed offshoring options. We argue that, in addition to the
price difference between the two sourcing options, one needs to consider the trade-off between
the replenishment responsiveness and its reliability. For a simple lead time structure where
the lead time of a faster suppler is zero and the slower supplier delivers with a delay of one
period, we show that the optimal policy is fairly complex, and cannot be described as a two-
level base-stock policy, which is the case in the uncapacitated variant of our model. We show
that the order with the faster supply source is placed up to a target inventory position, which
depends on the starting inventory position, while the order with the slower supply source is
placed in the manner of a base-stock policy where the base-stock level depends on the order
placed to a faster supply mode. This led us to consider a simpler myopic policy where we
show that the myopic two-level base-stock policy provides a nearly perfect estimate of the
optimal costs. Through a numerical analysis, we study the effect of the system parameters
on optimal costs and the relative utilization of the two supply sources. Similarly as in the
case of supply backordering in Chapter 4, the dual-sourcing setting greatly improves the
performance of the capacitated inventory system. We reveal that, despite the lack of a price
incentive for placing orders with the slower supplier, the slower supply source is used to
obtain considerable operational cost savings. Given the limitations and uncertainties that
the move towards nearshoring brings in terms of supply availability, we suggest that a hybrid

procurement strategy, taking advantage of both supply sources to minimize its expected total
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cost, should be used.

Finally, we round up the thesis with final conclusions and provide directions for future re-
search in Chapter 6. Despite the inherent complexity of the stochastic inventory policies
we propose in our work, we believe that we have been able to show that implementation of
such elaborate policies potentially results in high operational benefits for companies. Thus,
we provide an incentive for companies to more effectively incorporate already available in-
formation in their inventory policies, establish the necessary mechanisms to facilitate the
additional information exchange, and proactively look for possible alternative supply chan-

nels to improve the supply availability.
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