
 

Model structure selection for multivariable systems by cross-
validation methods
Citation for published version (APA):
Janssen, P. H. M., Stoica, P., & Söderström, T. (1987). Model structure selection for multivariable systems by
cross-validation methods. (EUT report. E, Fac. of Electrical Engineering; Vol. 87-E-176). Eindhoven University of
Technology.

Document status and date:
Published: 01/01/1987

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 23. May. 2023

https://research.tue.nl/en/publications/7bbbb17c-10a0-44da-b441-27b252c888e2


Model Structure Selection for 
Multivariable Systems by 
Cross-Validation Methods 
by 

P.H.M. Janssen 
P. Stoica 
T. Soderstrom 
P. Eykhoff 

EUT Report 87-E-176 
ISBN 90-6144-176-5 

June 1987 



ISSN 0167- 9708 

\ 
, 

! 

Eindhoven University of Technology Research Reports 

EINDHOVEN UNIVERSITY OF TECHNOLOGY 

Faculty of Electrical Engineering 

Eindhoven The Netherlands 

MODEL STRUCTURE SELECTION FOR MULTI VARIABLE 

SYSTEMS BY CROSS-VALIDATION METHODS 

by 

P.H.M. Janssen 

P. Stoica 

T. Soderstrom 

P_ Eykhoff 

EUT Report 87-E-176 

ISBN 90-6144-176-5 

Eindhoven 

June 1987 

Coden: TEUEDE 



CIP-GEGEVENS KONIKLIJKE BIBLIOTHEEK, DEN HAAG 

Model 

Model structure for rnultivariable systems by cross-validation 
methods / by P.H.M. Janssen ... [et al.J.- Eindhoven: University 
of Technology, Faculty of Electrical Engineering. - (EUT report, 
ISSN 0167-9708; 87-E-176) 
Met lit. opg., reg. 
ISBN 90-6144-176-5 
SISO 656 UDC 519.71.001.3 NUGI832 
Trefw.: systeernidentificatie. 



ABSTRACT 

MODEL STRUCTURE SELECTION FOR MULTIVARIABLE SYSTEMS 

BY CROSS-VALIDATION METHODS 

Peter H.M. Janssen (*) 

Petre Stoica (**) 

Torsten Soderstrom (***) 

Pieter Eykhoff (*) 

Using cross-validation ideas, two procedures are proposed for making a 

choice between different model structures used for (approximate) model

ling of multivariable systems. The procedures are derived under fairly 

general conditions: the 'true' system does not need to be contained in 

the model set; model structures do not need to be nested and different 

criteria may be used for model estimation and validation. The proposed 

structure selection rules are shown to be invariant to parameter scaling. 

Under certain conditions (essentially requiring that the system belongs 

to the model set and that the maximum likelihood method is used for para

meter estimation) they are shown to be asymptotically equivalent to the 

(generalized) Akaike structure selection criteria. 

(*) Faculty of Electrical Engineering, Eindhoven University of 

Technology (EUT), P.o. Box 513, NL-5600 ME Eindhoven, the 

Netherlands 

(**) Facultatea de Autornatica, Institutul Politechnic Bucuresti, 

Splaiul Independentei 313, R-77206 Bucuresti, Romania. 

(***) Uppsala University, Institute of Technology, P.O. Box 534, 
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1. INTRODUCTION 

When identifying dynamical systems a central issue is the choice of the 

model structure which will be used for representing/approximating the 

system under study. Many researchers have approached this topic and a 

multitude of methods for choosing the model structure has been proposed. 

(see e.g. Stoica et ale (1986) for a recent overview). 

Most of the proposed methods assume that the 'true' system belongs to one 

of the candidate model structures and try to select a 'right' structure. 

In practice, however, this assumption is unlikely to be fulfilled and all 

we can hope for is to select a model (structure) giving a suitable ap

proximation of those system features in which we are interested. There

fore we would like to view the model structure selection problem as 

choosing, within a set of candidate structures, the 'best' one according 

to a certain criterion, expressing the intended (future) use of the 

model. 

In this context the concept of cross-validation or cross-checking (see 

e.g. Stone (1974» would be an appealing guiding principle. Roughly 

stated, cross-validation comes down to a division of the exper~ental 

data set into two subsets, one to be used for estimation of the model, 

and the other one to be used for evaluation of the performance of the 

model (i.e. for validation), hereby reflecting the fact that one often 

wants to use the model on a data set different from the one used for 

estimation. In this way one can assess the performance of various candi

date model structures and thereby select a 'best' one. 

Based on these ideas Stoica et al. (1986) proposed two cross-validation 

criteria for model structure selection. The assumptions made for deriv

ing these criteria were fairly general (e.g. the system does not need to 

belong to the model set; model structures do not need to be nested), and 

the resulting procedures were invariant to parameter-scale changes. 

Moreover, it was shown that these criteria are asymptotically equivalent 

to some well-known structure selection criteria if additional assumptions 

are made (implying, in fact, the requirement that the system belongs 

to the model set). These results were presented for single-output sys-
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terns and for residual sum-of-squares parameter estimation criteria. 

The aim of this study is to generalize these results in three directions. 

We will consider rnultivariable systems and general parameter estimation 

criteria. Moreover, we will allow that the criterion used for validation 

differs from the criterion used for estimation. 

The outline of the paper is as follows: in section 2 some basic assump-

tions are introduced. In section 3 we present two cross-validation cri

teria which are extensions of the proposals in Stoica et al. (1986). 

Some asymptotic results for these criteria are given in section 4. Sec

tion 5 presents some concluding remarks. Finally, appendix A contains 

some results on matrix derivatives, which are used in deriving our 

results. The proofs of the theorems are presented in appendix B. 

SOME NOTATIONAL CONVENTIONS 

Next some definitions and notations are introduced. 

The (n*n) unity matrix is denoted by I. The vector having "1" at the 
n 

k-th position and zero elsewhere is denoted by e
k

- The dimension of e
k 

will be clear from the context. The transpose of a matrix A is denoted 
T 

by A The trace of a square matrix A will be denoted by tr A. 

Let A = (a .. ) and B = (b .. ) be (m*n) and (p*r) matrices, respectively. 
1) 1) 

The Kronecker product of A and B is defined by (for example, see Brewer 

('978»: 

a "B a'2B · . · · . · a,n B 

a 2 ,B a
22

B · . · · . . · a
2n 

B 

A 18 B := (1. 1) 

a
m1

B a
m2

B · · · . · a B 
ron 

In establishing our theorems we will need some results on matrix deriva

tives. These results are also presented in appendix A and are based on 

the definition of matrix-derivatives as given in Brewer (1978). 

There the derivative of a (m*n)-matrix A with respect to a scalar vari-
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able b is defined by 

( 1. 2) 

and the derivative of a (m*n)-matrix A with respect to a (p*r)-matrix B 

by: 

OA oA 

~ ab
12 

aA aA 
dA ~ ab

22 as := (1.3 ) 

2. PRELIMINARIES AND BASIC ASSUMPTIONS 

The system that generated the data is denoted by S; it is assumed that 

the data are realizations of stationary ergodic processes. 

Let M(6) denote a model for representing/approximating 5, where e is a 

ne 
finite dimensional vector of unknown parameters; e f R e is supposed 

to be restricted to a compact set of feasible values =. The set of 

models consisting of M(S) for 6f2 is denoted by M and will be called a 

model structure. (We will keep the discussion general, and therefore 

will not introduce specific model structures). F'or modelling the system 

we will consider several candidate model structures. Since S is unlikely 

to belong to any of those model structures in practice, it is useless to 

look for a lit rue" structure; it is better to try to select, from those 

candidate structures, a 'best' one according to a certain criterion, 

expressing (ideally) the intended use of the model. 

We will assume that the estimate, say 6, of the unknown parameter vector 

8 of M(6) in the set M, is obtained as 

e arg min V(6) where V(6) 

e." 
N 

N l. 1(t,e,t(t,8» 
t=l 

(2.1) 

Here [(t,8) R
q 

is the 'estimation-residual' of M(8) at time instant t, 
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and N is the number of data-points. 1{t,9,£) is a scalar valued measure, 

"measuring" the estimation residual £. 

The performance of a specific model M(e) in the set M has to be assessed 

with the intended use of the model in mind. In order to obtain more 

flexibility we allow that the criterion used for validation/performance 

assessment can differ from the criterion used for estimation (see e.g. 

Correa and Glover (1986), Gevers and Ljung (1986». 

Let r(t,e)fR
h 

be the 'validation residual' associated with M(9), i.e. 

the quantity used for validation (Remark: h does not need to be equal to 

q)# Using the scalar-valued measure f(t,6,r) for IImeasuring" the valida

tion residual r, we can define the average performance of the model M(8) 

over the set of validation data points I as 
v 

N 
v 

L f(t,e,r(t,e» 
tEl 

v 

(2.2) 

Here N denotes the number of data points in I. For later use we will 
v v 

also define: 

J(e) := 
N 

1 I 
N t=1 

f(t,e ,r(t,e» (2.3) 

The formulation given in (2.2)-(2.3) is rather general, and by appropri

ately defining r(t,e) and f(t,e/r) we can express various intended uses 

of the estimated model (e.g. one-step ahead prediction, multi-step ahead 

prediction, simulation etc.). 

Remark 2.1: 

Although one could argue that, ideally, the intended use of the model 

should be reflected in the choice of the estimation-residual ~(t,e) and 

the function l(t,e,£), we have chosen here (unlike stoica et al. (1986» 

to make a distinction between estimation and validation criteria. This 

flexibility makes it possible to cover situations in which we estimate 

models by equation error methods (which are computationally low demand

ing) and then assess their performance, for example, by output-error 

measures. Moreover, it offers us the possibility to treat estimation 

methods which do not minimize a criterion, such as instrumental variable 

methods. See subsection 3.0 for details on this aspect. 

*** 
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Remark 2.2: 

The quantities in (2.1)-(2.3) should normally be indexed to show that 

they correspond to the model structure M, for example EM' vM(e
M

), 

£ (tiS ) etc. However, to simplify the notation we will omit the index M M M 
whenever there is no possibility of confusion. 

* .. 

Finally we introduce some regularity conditions that are assumed to hold 

throughout the paper. 

Assumption 1: 

~ ~ h 
The functions 1(t,6,s):RxR XR

q 
+ Rand f(t,8,r):RxR xR + R are twice 

continuously differentiable with respect to (a,E) resp. (a,r) and there 

exists some finite constant C such that 

I ~E l(t,a,E)1 ' c IE I BE =: , for all t (2.4a) 

I ~a l(t,a,E)1 ' c IE 12 Sf::: , for all t (2. 4b) 

where I . I denotes the Euclidean norm. 

*** 

This condition is imposed in Ljung (1978) for obtaining results on the 

convergence of 8 in (2.1) when N tends to infinity. 

Assumption 2: 

E(t,e) and r(t,a) are sufficiently smooth functions of a such that their 

derivatives with respect to e exist and are finite for any SEE. The 

first and second order derivatives with respect to 6 are defined as: 

(2.5) 

(2.6) 

*** 
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Assumption 3: 

The second order derivative matrix 

a [av T 
Ve6 (6) .= as (as) J (2.7) 

6=6 

is positive definite. (This implies that e is an isolated minimum point 

of V{~). This condition is related to the local identifiability of the 

model M(6). See Stoica and Soderstrom (1982». 

*** 

Assumption 4: 

The functions 1(t,6,E(t,6», f(t,6,r(t,6» and their derivatives of first 

and second order with respect to 6 are stationary ergodic processes for 

any 6l~. Moreover we assume that the sample moments involving functions 

of the above processes converge to the theoretical moments as N tends to 

infinity at a rate of order O(1;/N). 

*** 

These assumptions are all fairly weak; see Stoica et a1. (1986) for fur

ther comments. They will be used in the next sections to derive cross-

validation criteria for mOdel structure selection and to establish the 

asymptotic behaviour of those criteria. 

Remark 2.3: The definitions and assumptions above are direct extensions 

of those used by stoica et al. (1986) for the scalar case, and are there

fore expected to lead to similar (extended) results. 

*** 

3. CROSS-VALIDATION CRITERIA FOR MULTIVARIABLE MODEL STRUCTURE 

SELECTION 

As we indicated in the introduction the basic idea behind cross-valida

tion for model discrimination is to divide the data set in two subsets. 
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One will be used to estimate the model. The other data set will be used 

to assess the performance of the estimated model (i.e. for validation). 

The validation has to be performed with the intended use of the model in 

mind. 

Based on this idea, two cross-validation criteria have been proposed in 

Stoica et al. (1986) for the case where c{t,B) is scalar and where 

l{t,B,£) = <2; r{t,B) = €(t,B); f{t,B,r) = r2. 

We will now extend these criteria to the general situation described in 

section 2. 

Let 

I = { 1,2, ••••• ,Nj 

and 

I { {p-1)m+1, •••• ,pmj 
p 

Ik {(k-1)m+1, ••••• ,Nj 

for some positive integer m and k 

not greater t.han x). 

Remark 3.1: 

p 

(3.1a) 

1, •.••• ,k-1 

(3.1b) 

l~J {lxl denotes the largest integer 
m 

In the derivation of our results we will assume that all intervals 

{Ipj~1 have the same length m (note that the length of the last inter

val Ik may be less than m). This assumption will simplify the proofs. 

The results so obtained will, however, remain valid when this assumption 

is not met. See staiea et ale (1986). 

• •• 

Using the foregoing definitions and conventions we will first present the 

first and second cross-validation structure selection rules in subsection 

3.A and 3.B. Next the influence of parameter scaling is considered in 

subsection 3.C. Finally we are left with an extension of the presented 

structure selection rules to instrumental variable identification meth-

ods (cf. subsection 3.0). 
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3.A First cross-validation structure selection rule 

Our first cross-validation criterion for assessing the model structure M 

is obtained by using the various subsets I for validation and the cam
p 

plementary sets 1-1 for estimation: 
p 

k 
C

l 1 L f(t,e ,r(t,e » 
p=1 tol P P 

P 
where 

8 arg min L 1(t,8 ,0 (t ,8» 
p 8.; t.l-l 

p 

(3.2) 

(3.3) 

Exact evaluation of C would be very time-consuming. Therefore an asymp
I 

totically valid approximation of Cr is derived that is much easier to 

compute. 

Theorem 3.1 

Let assumptions 1-4 be true. Then for k large enough we have 

where 

with 

C 1 := 

z (8) = 
p 

w (8) 
p 

J(8) + -
N2 

k 
L 

p=1 

• • 
J(8) + tr Ve~(8) W(8) 

if 

I ~8 [f(t,8,r(t,8»] 
ttl 

p 

p=1, ... ,k 

8=8 

p=1, .•• ,k 

(3.4) 

(3.5) 

(3.6a) 

(3.Gb) 
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p=1 

where 

w (e) 
p 
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(3.6e) 

(3. 7a) 

(3.7b) 

(The quantities re(t,e) and Ce(t,e) are defined in (2.5). The quantities 

fe' fr' te and tc are defined in a similar way.) 

The above result holds for both 'large' and 'small' values of m. 

Proof: See appendix B. 

Remark 3.2: 

Using (B.3) and (B.7) in appendix B we observe that 

= 

. . 
ve~(e) wp(e) = 

0(_'_) 
kim 

+ o(~) 

*** 

(3.8) 

The term c, in (3.4) will therefore be an asymptotically valid approxi-

. f' mat~on 0 NCr" In general this approximate criterion C, is much easier 

to compute than C
I

" Furthermore, if tnc parameter estimation is 

performed by minimizing V(S} in (2.1) by a Newton-Raphson algorithm, then 
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. 
Ve~(8) and w

p
(8} can be obtained easily from the last iteration of this 

algorithm. So if the criteria used for estimation and validation are 

identical (i.e. t(t,8,E(t,6» = f(t,6,r(t,e», then C
1 

can be evaluated 

with a modest computational effort. In all othe~ cases some extra effort 

should be spent in order to compute J(e) and z (e). 
p 

••• 

We illustrate the calculation of C
1 

by the following example: 

Example 3.1 

Consider the multivariate linear regression model 

y(t) = ~ T(t)e + E(t,e) (3.9) 

where y(t) is the q-dimensional output and where ~(t) is the (nexq) re

gressor matrix. Assuming that e is estimated by the simple least squares 

method: 

e 

where 

arg min V(6) 
e 

1 N 
V(e ) ,= Ii lET (t ,e)E (t ,e) 

t=1 

we have that 

e [ r ~(t) ~T(t)l-l N 
I ~(t)y(t) 

t=1 t=1 

and it follows that the matrix 

is available from the estimation step_ 

Furthermore, considering the s!tuation where ~(t,e,8(t/e» 

f(t,e,r(t,6», we have that W(e) in (3.5) will be equal to 

(3.1Da) 

(3.1 Db) 

(3.11) 

(3.12) 
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So C
1 

w(8 ) 

w (9) = 
p 

k 

L 
p=1 

w (9) 
p 
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I-2 ~ (t)£(t,6) 
tel 

p 
can readily be obtained after having estimated 6. 

(3.13a) 

(3. 13b) 

••• 

Our first structure selection rule is based on the (approximate) cross-

validation criterion c
1

. 

First cross-validation model structure selection rule: 

Choose the model structure which leads to the smallest value of C
1

, where 

C
1 

is defined by (3.5)-(3.7). 

• •• 

This procedure will depend on the selection of m. Some considerations on 

the choice of m are given in Stoica et al. (1986) and will not be repeat

ed here. 

3.B Second cross-validation structure selection rule 

Next we will present a second cross-validation assessment criterion which 

is "complementary" to C
r 

in the sense that it uses the various subsets Ip 

for estimation and the corresponding subsets I-I for validation (as a 
p 

result the length of the estimation subset, m, is now (much) smaller than 

the length of the validation subset, N-m). This criterion has the form: 

k 
Crr L L f(t,6 ,r(t,6 )) 

p=1 tEl-l P P 
P 

(3.14 ) 

where 

6 = arg min L 1(t,6,£(t,6)) 
P 8f 3 tEl 

(3.15) 

P 

In the following we will derive an asymptotically valid approximation of 

C • 
II 
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Theorem 3.2: 

Let assumptions 1-4 be true. Then for m and k large enough, we have 

where 

1 
(k-1)N 3/2 

min(N,m ) 

k ,." A ,. 

= J(e) + - tr!Jee(e)Vii~(e)Q(e)Ve~(e)1 
2N2 

with Q(e) defined by 

k 
Q(e) L 

p=1 

and w (e) is given by (3.6b). 
p 

(3.16) 

(3.17) 

(3.18) 

In cases where Vee) = J(6) (i.e. validation criterion = estimation cri

terion) we obtain: 

(k-1)N 

where 

V(e) 

= V(e) 

k 
+ --

2N2 

k k 
+- L 

2N2 p=1 

o( 1 ) 
min(N,m3/2 ) 

~: See appendix B. 

Remark 3.3: 

We observe that 

k 

I 
p=1 

1 • 
- w (e) m p 

(3.19) 

(3.20) 

• •• 

1 
Therefore the second term in expression (3.17) has order 0(-). It follows 

m 

that the criterion C
2 

can be use~ as an asymptotically valid approxi-

mation of (k~1)N ell only if Je(e) is of order 0(1). In general, this 

will only be the case if we use the same criterion for validation and 

estimation, or if the system belongs to the model set. When J(e) = Vee) 
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we trivially have JS(S) = O. To see that JS(S) = 0(1) when the system is 

con~ained in the model set, let 8* denote the vector of (true) system 

parameters and assume that minimiz~tion of both V(6) and J(6) produces 

consistent estimators (denoted by S resp. S) of S-. 

Then 

o( 1) • 

-_. 

Based on the approximation of 
1 

(k-l)N CII by C2 we can now state a sec-

and model-structure selection rule. 

Second cross-validation model-structure selection rule: 

(This selection rule should only be used in situations where Je{S) is of 

order 0(1), e.g. if J(S) = V(S). (see remark (3.3»). 

Choose the model structure that leads to the smallest values of C
2

' where 

C
2 

is defined by (3.17). 

• •• 
Note that C

2 
depends, amongst other things, on k and m. For a discussion 

on the choice of these parameters we refer to stoica et al. (1986). 

Remark 3.4: 

Choosing r(t,S)=€(t,S), l(t,S,E)=f(t,S,E) = E2 for scalar E, the asymp

totic results in theorems 3.1 and 5.1 of stoica et al. (1986) are easily 

seen to be special cases of theorems 3.1 and 3.2 presented above . 

Remark 3.5: 
1 

Note that N 

••• 

are terms of 

order O(/m) resp. 0(1). Thus the criteria C resp. C , in (3.5) resp. 
1 • 2 

(3.17), consist of the main contribution of J(S) and a penalty-term 

having order O(I/kfm) resp. O(I/m). 

Next note that for nested model structures M
1

, M2 with M
1

CM
2 

we will 

necessarily have 
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If J(S) / y(S), then a similar inequality does n~t need to hold for 

J(S): J (S ) can possibly be smaller than J (SM). Furthermore if the 
M, M, M2 2 

syst~m does notAbelong to the model set then, in general, the difference 

J (6 ) - J (6 ) will be O( 1). In such a case, the "best" model 
M, M, M2 M2 

structure can be selected by llminimizing" J(8) over the set of candidate 

structures. The second term in C, (and C
2

) will asymptotically have no 

influence on the choice of the model structure and can therefore be 

neglected. This, of course, simplifies the structure selection procedure 

to a great extent. However, in other cases, for example, if the system 

is close to the model set or belongs to it, the second term in C, (and 

C
2

) need to be considered when choosing the "best" structure (since in . . 
such a case J

M 
(SM )-J

M 
(SM ) may be 0('». 

, , 2 2 
u* 

3.C Parameter scaling 

nS nS 
Let g:R + R denote a sufficiently smooth one-to-one transformation 

of the parameter vector S to the parameter vector 6 (i.e. S = g(S», and 

nS nS 
let h:R ~ R be its corresponding inverse (i.e. 6 = h(6». Further 

nS 
let F:R ~ R be a sufficiently smooth scalar function. Then we can 

deduce from the results (A.') and (A.3) in appendix A that 

and 

a 
as 

a 
as 

a [( 0 
as as 

+ [18 OF(S)]T 
nS as 

(3.22) 

(3.23) 
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The second term in (3.23) will vanish if h is a linear function of 6, or 
. d 
~f ae F(B) is zero for the e under consideration. 

Let M = {M(9)19E~) be a model set with associated residuals €(t,9) and 

r(t,9) and loss-functions 1(t,9,€) and f(t,9,r). 

Let M = {M(8) I 8 = g(9) ,9E~) be the transformed model set with 

M(8) = M(h(9» and associated residuals ;:(t,8) [= E(t,h(8ll), 

r(t,9) [= r(t,h(8») and loss functions 1(t,8,€) [= 1(t,h(8),€»), 

f(t,6;;) [= f(t,h(6),-;:)j. 

Using the general formulas (3.22) and (3.23) one easily establishes that 

the first cross-validation criterion C
1 

is invariant to linear or non

linear transformations (i.e. "invariant to parameter scaling"). The 

second cross-validation cr!terion C
2 

is invariant to linear transform

ations. If, moreover, Je(S) is equal to zero, then it will also be in

variant to nonlinear transformations. 

As a consequence, the presented cross-validation methods cannot be used 

for discriminating between two model structures/parametrizations which 

are (non)-linearly related. Therefore a choice between e.g. equivalent 

pseudocanonical forms cannot be performed on the basis of the presented 

selection rules; in practice, one usually resorts to numerical consider

ations to make such a selection, see e.g. Correa and Glover (1986), and 

Van OVerbeek and Ljung (1982). 

3.D Extension to Instrumental Variable methods 

The above-mentioned cross-validation model structure selection rules are 

derived for identification methods based on min!mizing a criterion V(S) 

of the form (2.1). Note that, since we assume 9 to be an interior point 

d 
N 

d 
of ~ , we have that as V( 9) ( = I as 1(t,B,E(t,9») is zero for 9 = e , 

N 
t=1 

d 
i.e. 9 is the solution of the set of n9 equations as V(9) = o. 
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Next we can show that identification methods directly based on solving a 

set of equations (e.g. Instrumental variable methods, see Soderstrom and 

Stoica, (1983, 1987» give rise to similar cross-validation criteria for 

structure selection. In doing so we heavily rely On the fact that the 

estimation method can differ from the validation one. Without this 

flexibility, consideration of estimation methods which do not minimize a 

criterion, such as instrumental variable methods and others, would not be 

possible (see also remark 2.1). 

Assume that the estimated parameters 6 f respectively e in (2.1), (3.3) 
p 

resp. (3.15) are obtained by solving the following set of ne equations 

L g(t,6,«t,6» ~ 0 (3.24) 
tu 

ne 
where g(.,.,.}E R is a sufficiently smooth function, and where I 

{ " •• , N) (for (2.'», I I - I (for (3.3» and I ~ I (for (3.'5». 
p p 

Then we will define the two cross-validation criteria C
1 

and C
rr 

as in 

(3.2) and (3.'4). (Remark: in defining the parameter estimates as a 

solution of (3.24) we have implicitly assumed that this solution exists 

and is unique). Reformulating the assumptions (1) - (4) somewhat to make 

them suitable for the identification method (3.24), we can derive 

asymptotically valid approximations for the criteria Cr and Crr . 

Proceeding along similar lines to those in the proofs of theorems 3.1 and 

3.2 we can show that approximations analogous to (3.4) and (3.16) are 

still valid, where C,and C
2 

have to be redefined as: 

k 
ZT(B) lGe(B)]-TWp(B) ~ J(G) 

, 
I c, + 

N2 p~, P 

J(6) + (3.25) 

and 

(3.26) 

where 



8 

z (8) 
p 

w (8) 
P 
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is the parameter vector solving (3.24) for I 

is defined in (3.6a) 

is redefined as: 

w (8):= 
p 

I g(t,8,qt,8)) 
tEl 

p 

p 1 , ••• , k 

11, ... ,Nj 

(3.27) 

W(8) and Q(8) are defined from z (8) and w (8) (in (3.27)) as in (3.6c) 
p p 

and (3.18). 

Moreover 

where 

G(8) := 
1 
N 

N 
I g(t,8 ,qt,8)) 

t=1 

(3.28) 

(3.29) 

(Ge(e) is assumed to be invertible, which would correspond to a reformu

lated version of assumption 3). 

Similar observations to those made in remarks 3.3, 3.5 and in subsection 

3.e can now be made for the above criteria C, and c
2

" 

The results (3.25) and (3.26) can be specified somewhat further for the 

basic Instrumental Variable method (see Soderstrom and Stoica, (1983), 

(1987)). The residual £(t,8) will then be an equation error of the 

following form 

£ (t ,8 ) T 
yet) - ~ (t) 8 (3.30) 

where yet) is the output and ~(t) is the n8 x q regressor matrix consist

ing of (delayed) components of the input- and output-signals. The form 

of 9(t) will depend on the model set under consideration. 

Letting z(t) be an ne x q matrix consisting of properly chosen instru

mental variables, the basic Instrumental Variable method comes down to 

solving (3.24) where 
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g(t,6,O(t,6»:= Z(t) £(t,O) 

Then W
p

(6) and Ge(B) will be given by 

w (6) 
P 

L Z(t) O(t,6) 

tCI 
P 

N 

I 
t=1 

-l ~ 
N 

Z(t) 

(3.31) 

(3.32) 

(3.33) 

Note that the inverse matrix [Ge{;>]-T is available from the estimation 

stage (see, e.g., Soderstrom and stoica (1983)). 

Summarizing, we have presented two cross-validation model-structure sel

ection rules for multivariable systems which are generalizations of the 

proposals in Stoica et al. (1986). These rules are invariant to scaling 

of the parameters and are applicable to non-nested model structures. 

Moreover, the proposed structure selection rules are clearly seen to 

depend on the estimation criterion and the quantities used for valid

ation. They necessitate the estimation of the parameters in the various 

candidate model stuctures, and can therefore be classified as a posteri

ori methods. 

In the next section we will present, under additional assumptions, some 

asymptotic results for the cross-validation criteria introduced above. 
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4. SOME ASYMPTOTIC RESULTS FOR THE PROPOSED CROSS-VALIDATION 

CRITERIA 

In Staiea et a1. (1986) it was shown under some additional conditions (in 

fact coming down to requiring that the system belongs to the model set) 

that the proposed cross-validation criteria are asymptotically equivalent 

to the well-known (generalized) Akaike criteria. 

In this section similar asymptotic results will be presented for our 

generalized cross-validation criteria (3.2) and (3.14). In order not to 

make our assumptions and results too intricate, we will focus on the 

situation where the validation criterion is identical to the estimation 

criterion, and where the function l(t,O,c.) is the negative logarithm of 

the Gaussian probability density function p(6,£) given by 

(4.1) 

In (4.1) A(e) is a qxq positive definite matrix which may depend on the 

parameter vector 8. So we assume that 

r(t,8) = E(t,e) (4.2a) 

f(t,e,E) = l(t,e,E):= -log p(e,E) 

(4.2b) 

. 
In this cas; the term t: ve~(e) W(8) in (3.5) will be equal to 

tr Ve~(8)Q(e), wh~re 9(8) is given in (3.18). By studying the asymptotic 

behaviour of Ve~(e)Q(e) in more detail we can then obtain some more 

specialized asymptotic expressions for the cross-validation criteria C
r 

and C
II 

(see (3.4) and (3.19». 

Ljung and Caines (1979) showed that under weak conditions (implied by our 

assumptions 2-4), as N tends to infinity 

and 

e + e* = arg min E l(t,e,E(t,e» (wpl) 
e. ~ 

(4.3a) 



Ie - e.! 0(_'_) 
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(4.3b) 

In order to obtain simple asymptotic expressions for C
r 

and err we impose 

the following extra condition: 

Asstunption 5 

{E(t,B*>} is a sequence of independent and identically distributed 

gaussian random vectors with zero mean and covariance matrix A*:= A(e*) . 

••• 

Remark 4.': 

This assumption and (4.2) implies that the estimation method is a maximum 

likelihood method. Assumption 5 is essentially equivalent to requiring 

that {E(t,e>} are one-step-ahead prediction errors and that SEM. 

Observe, under assumption 5, that any component of E(t/e*} will be 

independent of any component of Ee{S,e*) for t ) s in this situation . 

••• 
Using this additional , 
results for N C

r 
and 

assumption, we establish the following asymptotic , 
(k-')N ClI • 

Theorem 4.1: 

Let (4.')-(4.2) hold and let assumptions 2-5 be true. Then we have, for 

m ~ 1 and sufficiently large k: , . 
- C ~ vee) + 
N I 

, 
2N 

ne 
_ + 0(_'_) 
N 3/2 

mk 

AlC + 0(_'_) 
3/2 

mk 
and, for large k and m 

(k-1)N ( '., .,J 
m.min(k ,In ) 

2N GAlC + 0 ( '"., ) 
rn.min{k ,In ) 

where AlC and GAle are defined as 

AlC:~ -2L(e) + 2ne 

(4.4a) 

(4.4b) 

(4.5a) 

(4.5b) 

(4.6) 
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GAle:= -2L( 8) + kn
8 

(4.7) 

and where L(8) is the log-likelihood function defined as 

N 
L(8) := L log p(8,Qt,8» = -N v( 8) (4.8) 

k=l 

Proof: See appendix B. 

*** 

AlC defined in (4.6) is the information criterion proposed by Akaike (cf. 

Akaike (1974,19S1)). GAle denotes its generalized version, considered by 

various authors (see Stoica et al. (1986) for appropriate references). 

Theorem 4.1 shows that if Assumptions 2-5 are fulfilled, then our cross

validation criteria are asymptotically equivalent to the (generalized) 

Akaike structure selection criteria. Thus Theorem 4.1 renders a nice 

cross-validation interpretation to the (generalized) Akaike critera (see 

also Staiea et ale (1986) for further discussion on this aspect). 

Finally, we will elaborate somewhat on this result for the following 

common situation. Let all elements of A(e) in (4.2b) be unknown 

parameters, say A, which are independent of the parameters, say a, used 

S S -_ lS-T ,T]T. In th's to define the estimation residual £(t,). Thus A ~ 

situation the minimization of V in (2.1) with respect to A can be 

performed analytically, leading to the following ML estimates (cf. 

Goodwin and Payne (1977), Soderstrom and Stoica (1987»: 

N 
- - T ri = arg min det L £(t,S) £(t,6) (4.9) 

e t=l 

and 

N 
£(t,!1)T A (8 ) 

N L £(t,ri) 
t=l 

(4.10) 

Using (4. 2b) and (4.9) - (4.10) we obtain 

N . . 
V(S) L l(t,6 ,£ (t,S» = ~ 110 g(2n )+1 J + ., log (detA ( S ) ) 

N 
t=l 

(4.11) 
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(4.12) 

. 
GAIC N[log[det A(e)] (4.13) 

The second terms in (4.12) and (4.13) do not depend on the model 

structure and can therefore be omitted. Furthermore, the normalizing 

constant N in the first term can also be omitted. Thus in this case AIC . kne 
and GAIC take the usual form log [det A(e)J + -- (k=2 for AIC) . See N 

Staiea et al. ( 1986) and the references therein. 

5. CONCLUDING REMARKS 

Making use of cross-validation ideas we have proposed two new criteria 

for model-structure selection of multivariable systems, thereby extending 

the results originally presented in Staiea et ale (1986) for single

output systems. 

The cross-validation criteria were derived under fairly general condi

tions (the system does not need to be contained in the model set) and we 

did not require that the criteria used for validation and estimation 

should be the same. The resulting structure-selection methods allow for 

discrimination between non-nested model structures and are invariant to 

parameter-scaling. Some asymptotic equivalences between our methods and 

the (generalized) Akaike criteria for structure selection were 

established under additional (somewhat restrictive) conditions. 

The proposed procedures necessitate estimation of the parameters in the 

various candidate model structures, which can be computationally costly, 

especially for multivariable systems. In using these procedures, we have 

to choose (amongst other things) the parameters k and m. Some guidelines 

for choosing these parameters have been presented in Stoica et al (1986). 

However, further work is needed to better understand the influence of k 

and m on the behaviour of the proposed structure selection. 

Although the proposed cross-validation structure selection methods appear 

appealing, some critical remarks may be justified. one can object that 

the performance of an estimated model is often judged on .the basis of its 
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use on future data sets, different from the one used for estimation. 

This aspect is insufficiently covered by the specific subdivisions of the 

data-sequence in validation resp. estimation subsets, as done in Cr and 

e
lr 

Therefore, one could argue that the proposed cross-validation 

methods need not necessarily guarantee that the selected model is a 

(near)-optimal one for use on future data sets (see also Rissanen 

(1986». 

Concluding, we point out that cross-validation assessment appears to be a 

useful and appealing concept in model (structure) selection. However, 

further study is needed to obtain more insight into the possibilities and 

limitations of this approach. 
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APPENDIX A: Some results on matrix derivatives 

In this appendix we will present some results from Brewer (1978), which 

will be used in our analysis. For more details and information on the 

proofs we refer to Brewer (1978). 

Using the definitions (1.1)-(1.3) given in the introduction, we present 

some differentiation rules for matrices: 

d (AF) 

as-- (A.1) 

(where A,F and B are respectively (m*n), (n*s) and (p*r)-matrices). 

dA(C(B)) 
dB 

{where A,B,C are (m*n), (p*r), (q*s)-matrices, respectively). 

In cases where m=r=1, we obtain: 

dA(C(B) ) 

dB dvec (C) 

(A. 2) 

(A. 3) 
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APPENDIX B: Proofs 

Proof of theorem 3.1: 
k t 

Let h:R + R be a sufficiently smooth vector-valued function of the 
k 

variable xER. One can easily deduce that a Taylor series expansion of 

h around x* gives: 

h(x) = h(x*) 

For sufficiently large k, e 
p 

is close to e, and we can deduce from (3.3) 

by using (B.,) that the following holds: 

o = ~e [~I l(t,e,E(t,e»] 
t. I-I 

e=e 
p 

p 

Ve (e p) I a 
[l(t,e,E(t,e»] = as N 

t£I 
p 

Ve (e) - N I k [l(t,e,E(t,e»] 
t~I 

p 

+ 

e=e 
p 

e=e 

A 

= , I ~e [l(t,e,E(t,e»] 
NtH 

+ [Vee (6) + o(~)] (ep-e) 

p 

+ 

Since (E denotes expectation) 

, 
m I 

tEl 
P 

~e [l(t,e,E(t,e»] 

6=e 

e=6 

= E ~e [l(t,e,E(t,e»] 

e=6 

(B. 2) 

+ 0(_'_) = 
1m 
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N 

[..1.. I ~6 [l(t,6,E:(t,6ll] 
N t=l 

it follows from (B.2) that 

6=6 

1 
= 0(-). 

kim 

+ 
1 

0(-) 

1m 

1 
0(-) 

1m 

l Note that for "small" m, 0 ( 1/1 m) should be interpreted as 0 ( 1) ] . 

(B. 3) 

Therefore, we get from (B.2) the following asymptotically valid expres-. . 
sion for (6 -6): 

p 

6 -6 
p 

. 
=",1(6) 

66 L 
NtEI 

P 

where we have used that 

6=6 

. 
ve~(6) + O(~) 

+ 0( __ 1_) 

k2/m 
(B.4) 

(B. 5) 

Using now the Taylor expansion series (B.l) for f(t,e ,r(t,6 » around 6 
p P 

we obtain by invoking (B.4) 

1 k 
- L 
N p=l 

L 
tn 

p 

f(t,6 ,r(t,6 » 
p p 

1 k 
- L N 

p=l 
I f(t,6,r(t,6» 

tel 

1 k 
+ - I N 

p=l 
L !~6lf(t,6,r(t,6ll] 

t#I 
p 

J(6 ) 

p 

l~6lf(t,e,r(t,e»ll .IT 
6=6 

~6 [1(5,6,£(5,6»] 

6=8 

+ 0(-'-)]1 + 
k 2 /m 
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C
I 

+ (B.6 ) 

The last equality in (B.6) holds due to the fact that (compare (B.3»: 

~ I~9 [f(t,9,r(t,9»]1 • 
tEl 9=9 

p 

E ~9 [f(t,9 ,r(t,9» J I . + 
9=9 

= [~ r k [f(t,9,r(t,9»]1 • + 
t=1 9=9 

+ 0 (_I ) 
1m 

( _1_ ) = J 9 (9) + 0 -
1m 

I 
0(-) 

1m 

(B. 7) 

The proof is completed by observing that (3.7a - b) follow from the dif

ferentiation rule (A.3) given in appendix A. 

*** 

Proof of Theorem 3.2: 
• 

For a sufficiently large m, e is "close" to e, (2.1), and we can write 
p 

k 

(k-I)N P~I tEI-l 
P 

+ ;9 [f(t,9,r(t,9»] 

. . 
{f(t,9,r(t,9» + 

T.(9_9)+ 
9=9 p 

•• 02 
+ -2

1
(9 _9)T - [f(t,9,r(t,9»] 

p 09 2 

(B. 8) 
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Note that in evaluating 
1 

ell we take detailed account of the ( k-1)N 
1 

second order term in the Taylor expansion, unlike in the case of N C
r 

(see (B.6». This is necessary since the second order contribution T3 

cannot be neglected with respect to the first order term T
2

- In fact, T2 

is O(~), while T3 is O(~) if Vee) = J(e) (see (B.17), (B.20), (3.21». 

EValuation of the first term T1 in (B.8) is readily achieved. We have: 

T = 
1 

1 
(k-l ) N 

(k-1) L f(t,e, r(t,e» = J(e) 
tEI 

(B.9 ) 

To evaluate the second and the third term, T2 a~d :3' we need an asymp

totically valid expression for the difference (6 -6). For m large enough 
p 

we can write using relation (B.l), (cf. also (3.15»: 

a 
o = as [-1. L m

tH 
l(t,e,E(t,e»] 

Since 

p 

[1 \' ] L l(t,e,E(t,e» 
m t I 

P 

[.! \' ] L l(t,e,E(t,e» 
m 

tiI 
p 

N 

e=e 
p 

+{~ [1 \' ] L l(t,e,E(t,e» 
ae2 m tcI 

p 

a2 
E 1(t,e,E(t,6» + 

ae 2 
1 

0(-) 

1m 

a2 
=-- [~ I let,S ,E (t,e»] + 0(_1 ) 

IN 
+ 0(_1_) = Vee (6) + 

1m t=l 

we have, due to (B.3) and (B.l0), that 

and 

0(_1_) 

1m 

He -e) 
• p 

e=e 

(B.l0) 

(B.ll) 

(B.12) 
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. 
-Vii~(S). m I ~s [l(t,S,E(t,S»] 

tOp s=s 

+ o(.!) 
m 

Before evaluating the term T2 we observe that 

I ~s [f(t,S,r(t,S»] 
• Ul-l 

P s=a 

= I ~s [f(t,S,r(t,S»] 
tfI 

= 

S=S 

I 
tEl 

P 

;S [f(t,a,r(t,Sll] 

Moreover, for m large enough, it follows from (B.7) that 

1 • 
- z (a) 
m p 

= Js(~) + 0(_1_) 
1m 

Combining (B.14) and (B.15) we obtain 

Using 

T = 
2 

Ul-l 
p 

(B.12), 

1 
(k-1)N 

(N-m) 
(k-1)N 

N-m 
(k 1)N 

~a [f(t,S,r(t,S»] = (N-m) Ja(S) + O(/m) 

(B.13) and (B.16) we can now evaluate T
2

: 

k 
J~(e ) I [ (N-m) + O(/m)] (S -S) = 

p=1 P 

J~(; ) 
k 

1 
k Ie -; I) = I (a -S) + (k-1 ) N I o(/m 

p=1 
p 

p=1 P 

( B.13) 

s=a 

(B.14) 

(B.15) 

(B.16) 
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(B.17) 

where the last equality follows from the fact that 

k a I w (e) = I as [1(t,e,E(t,8»]! • = N Ve (8 ) = 0 
P p=1 tlI 

e=e 

(B. IS) 

Finally we will evaluate T3" First we note that for k large enough 

.!. I 
N tEI-I 

P 

a2 
- [f(t,e,r(t,e»]1 ae 2 • 

e=e 

Next using (B.12) and (B.13) we obtain: 

1 k 
T 3 = """2""'( k:""---:l-:-) N-- t r ( L 

p=1 
{L - [f(t,e,r(t,e»] I a

2 I tEI-I
p 

ae 2 e=; 

+ o(-l-l\ 1 
m3/2 

1 A......,. 
= --'--- tr (Jee(e)ve~(e)Q(e)ve~(e» + O( 1 1 

2m2 (k-l) min(N,m3/2 ) 

... ...... ... 
tr (Jee(e)Ve§(e)Q(e)Ve~(e» + o( 1 1 

min(N,m3/2 ) 

(B.19) 

(B.20) 

This proves (3.16). In cases where V(e) J(e), (3.17) redUces to 

(3.20) • 

*** 

Proof of Theorem 4.1: 

Using that I ;-e*\ = 0 (iN) and ~ l: (.) E(.) + oLiNl (l(t,e ,£) is given 

in (4.2b», we obtain: 

N 

= -
N L 

t=l 
[l(t,e ,£ (t,e» j ) 

e=e 
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N a2 

N L \- [l(t,e,£(t,e))] + o( 1/IN) 
t=1 ae 2 

e=e* 

a2 
[l(t,e ,£ (t,e»] (_1 ) (B.21 ) = E-- + 0 

ae 2 
e=e* 

IN 

Next we will establish an asymptotic expression for the quantity ~ Q(e). 

Similarly to the derivation of (B.21) we can write: 

k 

~ I 
p=1 

~ Q(;) 

m{.! E ~e [l(t,e,£(t,e))] 
m t£ I 

P 

+ 0 (~ _1_) 
1m IN 

= E m{~ E is [l(t,e,£(t,e»] 
tEl e=e* p 

}.(.! E 
m 

~e [l(S,e,£(S,e))] T 

l·{.!. m 

slI 
p 

E ~e [l(s,e,£(s,e))]I
T I 

Sflp e=e* 

for m) 1 and sufficiently large k. The second equality in (B.22) 

follows by using (4.3b) and (B.3). 

Under the given assumptions we can show that 

E{~e [l(t,e,£(t,e))]1 is [l(s,e,£(s,e))]I
T 

} 

e=9* 9=9* 

o if sft 

(B.23) 

} 

To prove this, let a and a denote two arbitrary components of 8, and let 

a 
g .= ., - [log 
a' aa 

(det A(9))] (B.24) 

e=e* 

G := ., ~ [A-l (e)] 
a aa (B.25) 

e=e* 

and similarly for 6. Using the notation above, (B.23) can be 

equivalently written as (due to our notational conventions of (2.5) 
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E (t,e) is interpreted as ~ [ET(t,e)]): a aa 

E![g -t£T(t,e*)G E(t,e*) + E (t,e*)[A*]-IE(t,e*)]. a a a 

o (B.26) 

for all a,B and s t. 

Next, note that (cf. Assumption 5) 

E\t,e*) and 0(5,e*) are independent for tis (B.27a) 

E(t,e*) and E (s,e*) are independent for all a and 5 (t (B.27b) 
a 

Moreover (cf. (4.3a) and (B.27b» 

for all a 

Thus (B.26) reduces to 

= o for all a,B and 5 f t 

Using (B.27) once more, we get 

{

E!E T(t,e*)GaE (t,e*) EB(S,e*J} [A*]-IE!E(s,e*ll 

T, = E!ET(t,e*)GaE(t,e*)}.E!OB(S,e*)[A*]-lqS,e*)} = 0 

(B.27c) 

(B.28) 

o for 5 > t 

(B.29a) 

for s < t 
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o (by a calculation similar to (B.29a» (B.29b) 

=\E{Sa(t'S*)["*]_I[EE(t'6*)].Sa(S'S*)l"*J-1S(S'S*») = 0 for t > s 

T3 

E{Sa(t,S*)[,,*]-l s (t,S*)Sa(s,6*)j[,,*]-I[EE (s,S*)] = 0 for s > t 

(B.29c) 

and the proof of (B.23) is complete. 

Inserting (B.23) into (B.22) gives 

= E{ki 1 (t,s,S(t,9»]1 :9 [l(t,9'S(t,9»]I
T 

) + 0 

9=8* S=S* 

(B.30) 

Next note that: 

) 
6=9* 

E{~S [l(t,S,£(t,S»] ~S[l(t,S,S(t,6»] T (B.31l 

6=6* 6=6* 

where l(t,6,s) is given by (4.2b). 

The equality (B.31) is a standard result in the theory of the Cramer-Rao 

bounds, and a proof can be found in Goodwin and Payne (1977), Soderstrom 

and stoica (1987). 

Therefore, using (B.21), (B.30) and (B.31), we obtain 

A 

v-I (6 ) 
S9 (B.32) 

Using this equation for simplifying the results of theorem 3.1 and 

theorem 3.2, we arrive at expressions (4.4) and (4.5). 

* •• 
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