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Chapter 1

Introduction

Operations management is inextricably linked with finance. Any operational activity
in a firm affects the firms’ financial position. The decision when to order materials,
how much material to procure, which supplier to buy from, and how much final
product to produce influences the financial position of the firm one way or the other.
Consider, for example, a bicycle producer in the Netherlands. If the operations
department of the firm decides to produce sufficient bicycles to meet demand, the
financial department needs to obtain financing to procure the raw material and
facilitate this production. On the other hand, if the financial department has difficulty
raising the necessary finance, the operations department needs to scale back its
production plans. The financial department will have more difficulties to finance
operational plans when the raw material or the service needed is a volatile commodity.
Consider, for example, an oil or electricity producer; their main inputs are oil and gas
whose prices fluctuate from second to second. Such volatility substantially increases
the financial risks faced by financial departments.

Modigliani & Miller (1958) show that in a perfect world, decisions made by operations
and finance departments do not affect each other. However, the real world has
many imperfections such as transaction costs, taxes, and informational asymmetry.
Consequently, decisions made by the finance and operations departments of the firm
will substantially affect each other. Under such circumstances, it is imperative for
firms to make joint optimal decisions on both operations and financing to remain
competitive, to protect themselves from adverse economic events, and to be able to
take advantage of positive economic events. The interface of operations and finance
is the domain where these optimal joint decisions are developed. This domain focuses
on modelling the interaction between the financial and operations departments of
firms with the aim of better understanding these interactions so that joint optimal
decisions on both operations and finance can be made by firms at both the strategic
and operational levels.
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Research at the interface of operations and finance domain is not just limited to the
investigation of how joint operational and financial decisions can be made. It also
encompasses the study of risk management at the interface of operations and finance.
Many firms have already been able to generate value by hedging against financial risks,
for instance, by using financial derivatives such as options. According to a survey
of large US non-financial firms (Bodnar et al. 1995), approximately 40% of firms
routinely purchase options or futures contracts in order to hedge price risks. Firms
can hedge financial risks arising from the procurement and production of commodities
and the sale of the processed products. Even in the absence of specific market
hedges, financial derivatives may be useful in making operational decisions. The
current thesis is positioned exactly in this aspect of operations and finance interface.
Strictly speaking, this thesis encompasses the study of the hedging instruments and
financial techniques to find optimal hedging policies for the firms facing financial and
operational risks. In the next section, we briefly introduce these instruments.

1.1 A Brief Introduction to Financial Hedging Tools

Financial hedging tools were developed in the domain of mathematical finance. The
first theories in mathematical finance date back to a PhD thesis in 1900 in which
Louis Bachelier modelled the stochastic process that is now called Brownian motion.
Subsequently Einstein (1905)’s finding in Brownian motion and Wiener’s mathemat-
ical model opened other scientific doors to stochastic models. In mathematics, the
Wiener process is a continuous-time stochastic process named in honour of Norbert
Wiener. It is often called standard Brownian motion, after Robert Brown as well.
A few decades after Einstein (1905), Samuelson (1965) presented his reasons on why
commodity price fluctuations are stochastic; this was the gate to the valuation of
financial derivatives. In finance, a derivative is a contract that derives its value from
the performance of an underlying entity. This underlying entity can be an asset,
index, or interest rate, and is often simply called the underlying. In sections 1.1.1
and 1.1.2 we briefly introduce some financial derivatives such as futures, forward and
option contracts.

1.1.1 Future and Forward Contracts

The simplest financial derivatives are futures and forward contracts. A futures
contract enables the holder to buy or sell a particular quantity of a commodity over a
certain time frame for a particular price. Futures contracts are negotiated on futures
exchanges, which act as a marketplace for buyers and sellers. The buyer of a contract
is said to be the long position holder, and the selling party is said to be the short
position holder. The contract involves both parties lodging a margin of the value of
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the contract with a mutually trusted third party as both parties risk their counter-
party walking away if the price goes against them. A forward contract is a customized
contract between two parties to buy or sell an asset at a specified price on a future
date. A forward contract is often used for hedging. Unlike standard futures contracts,
a forward contract can be customized to any commodity, amount and delivery date.
Forward contracts do not trade on a centralized exchange and are therefore regarded
as over-the-counter (OTC) instruments. While their OTC nature makes it easier to
customize terms, the lack of a centralized clearing-house also increases the degree of
default risk.

1.1.2 Option Contracts

Options are more sophisticated financial derivatives, the valuation of which has been
developed in the domain of mathematical finance. Financial options are contracts
which give the right but not the obligation to their owners to buy or to sell a risky
asset at a predetermined price at a specified time in the future (maturity date). Call
options give the right to buy, while put options give the right to sell. European
options can only be exercised at maturity, while American options can be exercised
at or before maturity. The primary difference between options and futures lies in the
obligation placed on the contract parties. In a futures contract, both participants are
obliged to buy (or sell) the underlying asset at the specified price on the settlement
day, while the option contract holder has the right but not the obligation to buy (or
sell) the underlying asset. This right comes at a price in the form of a premium. As
a result, in a futures contract both buyers and sellers of futures contracts face the
same amount of risk, while the option buyer’s risk is limited to the premium paid but
his potential profit is unlimited. Pricing the option contracts was an open problem
for many years, until 1973 when Black-Scholes and Merton separately worked on the
option pricing and combined Samuelson theory, Brownian motion and Ito’s lemma to
price European options. They presented a way to convert the stochastic differential
equation to a partial differential equation which is now called Black-Scholes equation.
They were awarded the Nobel Prize for their work in 1997. American options price
do not have any closed form solution so far; however, there are several numerical
methods which can estimate the price of an American option.

1.2 Stochastic Control and Financial Derivatives

Unlike European options -which are dependent on the underlying price at maturity-
American options depend on the underlying price during the whole period before and
at maturity. Such financial instruments are called path-dependent and we might need
stochastic control techniques to value them. Stochastic control problems in general
are problems where a controller attempts to control a system governed by an evolving
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stochastic process with the aim of optimizing an objective function. Due to the costs
involved in controlling and making changes to the underlying system, the controller
needs an optimal control policy that will dictate the actions necessary to optimize the
controller’s objective function. The cost structure determines the type of stochastic
control problem facing the controller. American options are examples of stochastic
control problems where the option holder needs an optimal control policy to give the
optimal exercise time.

There are several ways to tackle stochastic control problems. One is the dynamic
programming principle. Using dynamic programming arguments, stochastic control
problems typically reduce to solving a system of differential equations, either ordinary
or partial. The domains over which these systems of equations are to be solved
are unknown a priori, therefore resulting in free-boundary problems. Closed-form
solutions rarely exist for such problems. Numerical solutions are then needed to
determine the optimal value functions and policies. One question arising here is
whether these financial instruments create value for firms, and if so, despite their tough
mathematical theories involved whether we can extract simple and useful managerial
strategies out of them. In the next section we discuss these questions.

1.3 Application of Financial Instruments at the
Interface of Operations and Finance

Options have two sorts of applications at the interface of operations and finance. One
is called real option which applies option valuation techniques to capital budgeting
decisions. A real option itself, is the right but not the obligation to undertake
certain business initiatives, such as deferring, abandoning, expanding, staging, or
contracting a capital investment project. For example, the opportunity to invest in
the expansion of a firm’s factory, or alternatively to sell the factory, is a real call or
put option, respectively. Real options are generally distinguished from conventional
financial options in that they are not typically traded as securities, and do not usually
involve decisions on an underlying asset that is traded as a financial security. A further
distinction is that option holders, i.e. management, can directly influence the value
of the option’s underlying project; whereas this is not a consideration as regards
the underlying security of a financial option. Unlike financial options, management
also has to create or discover real options, and such creation and discovery process
comprises an entrepreneurial or business task. Real options are most valuable when
uncertainty is high; management has significant flexibility to change the course of the
project in a favourable direction and is willing to exercise the options. In the literature,
several papers exist that have applied real options approach to different operational
circumstances. Deferment options have been studied in Ingersoll Jr & Ross (1992),
Trigeorgis (1996), and Benaroch & Kauffman (2000). Stop-resume options for mining
projects have been studied in Brennan & Schwartz (1985), Trigeorgis & Mason (1987),
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and Pindyck & Rotemberg (1988). Exploration options have been studied in Clemons
& Weber (1990) and Amram & Kulatilaka (1999). Outsourcing options have been
studied in Richmond & Seidman (1991), Nembhard et al. (2003), and Alvarez &
Stenbacka (2007). Options to alter operating states have been studied in Copeland &
Keenan (1998), Trigeorgis & Mason (1987), and Amram & Kulatilaka (1999). Options
to abandon projects have been studied in Copeland & Keenan (1998) and Trigeorgis
& Mason (1987).

Another application of options at the interface of operations and finance is using
financial options to hedge against financial risks. The existing literature demonstrates
that procurement policies utilizing derivatives such as forwards and options can
significantly reduce the price risk inherent in a firm’s operations. Secomandi &
Kekre (2014) show that firms facing the newsvendor problem with price and demand
uncertainty should procure supply partially in the forward market rather than entirely
in the spot market. Like forwards and futures, options can also help firms to secure
commitments for supplies and avoid over-reliance on the volatile spot markets. Unlike
forward contracts which lock the buyer’s position, options provide the buyer with
greater flexibility by postponing procurement until price and demand uncertainties are
resolved. Barnes-Schuster et al. (2002) demonstrate that option contracting between
a buyer and supplier provides additional flexibility to the buyer in responding to
uncertain demand. When a firm negotiates a procurement option with its supplier,
it pays a premium and reserves the right to procure the commodity in the future at
a pre-specified price. Barnes-Schuster et al. (2002) investigate the role of options in
a buyer-supplier system in a two period setting. They showed how options provide
flexibility for a buyer to respond to market changes in the second period. Fu et al.
(2010) consider the value of portfolio procurement in a supply chain where a buyer can
either procure parts for future demand from sellers using fixed price contracts or tap
into the market for spot purchases. Kleindorfer & Wu (2003) survey the underlying
theory and practice in the use of options in support of emerging business-to-business
(B2B) markets. Spinler & Huchzermeier (2006) develop an analytical framework to
value options on capacity for production of non-storable goods or dated services. Dong
& Liu (2007) provide a potential explanation for the prevalence of bilateral supply
contracts like forwards in preference to spot market deals even when spot markets
are liquid and without delivery lag. Furthermore, Li et al. (2009) investigate the
role of forward commitments and option contracts between a seller and a buyer in
the presence of asymmetric information and uncertain demand, and identify cases
where combinations of the forwards and options are dominant. Mart́ınez-de Albéniz
& Simchi-Levi (2005) develop a general framework for supply contracts in which
portfolios of contracts can be analysed and optimized. They derive conditions to
determine when an option is relatively attractive compared to other options or the
spot market. Their experiments indicate that portfolio contracts not only increase
the manufacturer’s expected profit, but can also reduce its financial risk. In finance
theory, a firm can create value from using financial derivatives if at least one of these
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conditions holds:

1. There are capital market frictions.

2. Firm managers are not risk neutral.

3. There exist arbitrage opportunities.

Without these conditions, a risk neutral firm cannot create value by trading financial
derivatives under a perfect capital market (Modigliani & Miller 1958). Even though
the Modigliani-Miller assumptions are based on non-real market conditions, they
opened the gate for further research and new theories regarding issues stressed by
those theorems. Many papers consider one of the conditions and show value creation.
Some papers explore the value of futures or options contracts under a true measure
while maximizing an expected concave utility function for a risk averse firm. Moschini
& Lapan (1992) show that the use of options not only raises expected utility by
reducing income risk, but in general also affects the firm’s input decisions. Sakong
et al. (1993) maximize the expected utility problem for producers with both price
and production uncertainty who have access to both futures and options markets.
In a similar setting, Hirshleifer (1988) shows that, when demand is inelastic, futures
trading can act as a substitute for vertical integration to diversify risk for a commodity
processing firm and the commodity grower, because the risk positions of growers are
complementary to those of processors. Gaur & Seshadri (2005) consider a risk-averse
firm that uses financial information to set optimal inventory levels and hedges demand
risk with financial hedging. Anderson & Danthine (1983) explore the role of futures
contracts in a multi-period setting and conclude that firms under-hedge in the futures
market as a consequence of demand uncertainty. All these papers show the different
applications of financial instruments in operational decisions and they all have one
important key factor: using the flexibility inherent in financial instruments in order
to hedge against the financial and operational risks in different settings.

In this thesis, Chapters 2 and 3 concern options as hedging tools, while chapters 4
and 5 develop models where options are used as real options.

1.4 Research Question

In the previous sections we have discussed the importance of research in the domain
of operations and finance interface. We also briefly introduced some financial
instruments and their role in the risk management of this domain. Now we briefly
discuss the research objectives of this thesis; however at this stage of the thesis, we
do not position our research objectives relative to existing literature. This is done in
more detail in each chapter.
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The current thesis develops a framework based on options and stochastic control
techniques that allow firms to take advantage of the flexibility inherent in their
decision-making processes. We consider firms that manufacture products and have the
flexibility to take different operational decisions such as switching between suppliers,
switching between production locations, enter or exit the market. Flexibility provides
some degrees of freedom for the management to hedge the company against the future
uncertainties and/or increase profit. These degrees of freedom of course provide some
value for the company and the main objective of the current thesis is to value this
flexibility. The flexibility valuation is important because by determining it, we obtain
the optimal control strategy with which to achieve this value.

The purpose of this PhD thesis is to develop a framework for modelling and
evaluating problems at the interface of operations management and finance where
risk management is a major consideration. Expanding upon these approaches, we
adopt option valuing and stochastic control techniques in this thesis to define and
value the flexibility inherent in managerial controls. While we discuss different areas
in the various chapters of this thesis, the principal question remains unchanged in the
whole thesis:

What is the maximum value generated by using options for risk hedging and how can
firms attain this value?

Due to the breadth of the stated research question, we will focus on four representative
problems to tackle this question. We discus each problem in a separate chapter and
show that stochastic control and options valuation, despite their tough mathematical
background, can yield simple strategies to managers. In all four research topics we
will use theoretical tools in mathematics but eventually we will offer policies that are
easy to understand by managers and can be readily implemented in their firms. These
efficient control policies reduce the risk and increase the firm’s profit.

1.5 Contribution of the Thesis

The current thesis contributes to both methodology and application domains. From
an application perspective, the thesis contributes to the literature on sourcing,
offshoring and ocean freight transportation. From a methodological perspective, the
thesis contributes to the literature on options and stochastic control. In this section
we briefly discuss the contributions of each chapter separately.

In Chapter 2 we consider a commodity processor that procures a commodity and
transports it via ocean freight to its processing plant where the commodity is
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converted to a final product to meet customer demand. We develop models to
determine the firm’s optimal hedging policy. The models allow for three sources
of uncertainty: demand, commodity spot price and freight rate. Our work makes
two contributions to the existing literature on commodity procurement. First, we
develop a tractable and parsimonious model that combines both procurement and
transportation of the commodity and integrates demand uncertainty for the final
product, uncertainty in the commodity price, and uncertainty in the freight rates.
Our second contribution is the demonstration of value creation through hedging for
a risk-neutral firm, even in the absence of market frictions.

Motivated by the increasing role that freight transportation plays in dual sourcing
and a firm’s tendency to use financial contracts in order to hedge against price
risks, Chapter 3 derives an optimal hedging policy to minimize total procurement
and transportation cost. We develop a model that applies to tanker ships which
cannot be partially chartered, and a model that applies to the chartering of container
ships which can be partially hired. Our work makes three contributions. The first
is the development of a dual-sourcing model that integrates a firm’s optimal hedging
decision explicitly taking into account the transportation cost and the constraint that
only an integer number of ships can be hired. Second, we extend the literature on
ocean container transport. Fransoo & Lee (2013) highlight four issues that need to
be addressed in the domain of ocean container transport. One of these issues relates
to contracting, pricing and risk management along the container supply chain. This
chapter directly addresses this point. Third, we numerically demonstrate with the
developed model that (1) transportation costs need to be explicitly accounted for in
models on dual-sourcing strategies, (2) dual sourcing is indeed more effective than
single sourcing by limiting the firm’s price risk exposure and simultaneously offering
flexibility to take advantage of significant price differences in the commodity, and (3)
that chartering large ships, while more expensive per ship, lowers the total expected
cost for the firm.

The primary contribution of chapter 4 is the development of a stochastic control-based
methodology to tackle the optimal-switching problem. Specifically, we extend the
Moving-Boundary method to tackle such problems. The Moving-Boundary method
has been successfully applied to optimal-stopping problems. Optimal-switching
problems can be thought of as sequences of optimal-stopping problems and possess
complicating features, making an extension of the Moving-Boundary method to tackle
such problems non-trivial. The method is then applied to problems in the sourcing
and energy domains.

In Chapter 5 we tackle the offshoring problem. The literature on operational-decision
making for offshoring decisions is limited. We thus seek to contribute to the literature
by considering a dynamic model for making offshoring decisions that is grounded in
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stochastic control theory allowing us to derive optimal control policies that are easy
to obtain, understand and implement. First we consider the offshoring problem as a
optimal switching problem where the firm can choose the production site: domestic
or offshore. The firm can switch between the locations at any point in time. The aim
of this chapter is to provide an optimal switching policy to hedge the firm against
uncertain profit. Then we consider this problem in a more generalized setting in
which we assume the firm can offshore-backshore any proportion of its production
and model it based on stochastic impulse control.

1.6 Outline of the Thesis

The thesis is organised as follows. In Chapter 2 we consider a commodity processor
facing financial and operational risks and develop a hedging policy based on options.
Chapter 3 extends the developed model to dual-sourcing and container ships.
Chapters 2 and 3 are intended to be accessible to the audience interested in ocean
transportation, freight options, and procurement policies. In Chapter 4 we develop
a numerical method to solve optimal switching problems and apply the method in
tolling agreements. Chapter 4 contains more methodological results and might be
interesting for the readers interested in free boundary problems, switching options,
and energy domain. Chapter 5 develops a operational model for offshoring strategy
based on switching options and stochastic impulse control. This chapter might be
interesting for the readers interested in the offshoring domain. The chapters have
been set up such that they can be read independently. Finally Chapter 6 concludes
with a summary and discussion.





Chapter 2

Transporting Commodities:
Hedging against Price,
Demand and Freight Rate
Risk with Options

In this chapter we consider a commodity processor that procures a commodity and
transports it via ocean freight to its processing plant. The firm faces three source of
risks, two financial risks: commodity spot price and freight rate, and one operational
risk: demand. Our aim is to show how the European style options can be used
as hedging tools against the operational and financial risks. We show that partially
procuring the commodity and its freight through option contracts, rather than entirely
on the volatile spot market creates value, even for a risk-neutral firm.

2.1 Introduction

Procuring raw materials and commodities at offshore locations and transporting
them to their domestic production facilities has become a common business practice
among corporations. Firms procure commodities at offshore locations for a number
of reasons. For example, a commodity might only be available at a certain
location, such as cocoa and oil. Alternatively, there might be price differences
which might prove advantageous to the firm. After procurement, the commodity is
frequently transported via ocean freight. Fransoo & Lee (2013) state that nearly all
intercontinental transport of goods takes place by sea. Increased globalization and the
increased demand for ocean-based transportation of commodities has resulted in ocean
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freight becoming a highly volatile commodity in its own right (Nomikos et al. 2013).
An additional cause for ocean freight volatility is the fact that ships have become larger
and hence more expensive, and that the lead time to build a ship takes very long. The
volatility inherent in the availability and cost of freight transportation combined with
existing demand and price uncertainty for the commodity itself may have a significant
impact on a firm’s operations and cash flows. Motivated by the increasing role that
freight transportation plays in a firm’s supply chain and its interactions with other
existing uncertainties in the firm’s operations, we study the value created by hedging
these uncertainties in the context of a firm that operates in such an environment.

As we mentioned in Chapter 2, according to a survey of large US non-financial
firms (Bodnar et al. 1995), approximately 40% of firms routinely purchase options or
futures contracts in order to hedge price risks. The existing literature demonstrates
that procurement policies utilizing derivatives such as forwards and options can
significantly reduce the price risk inherent in a firm’s operations. Secomandi &
Kekre (2014) show that firms facing the newsvendor problem with price and demand
uncertainty should procure supply partially in the forward market rather than entirely
in the spot market. Like forwards and futures, options can also help firms to secure
commitments for supplies and avoid over-reliance on the volatile spot markets. Unlike
forward contracts which lock the buyer’s position, options provide the buyer with
greater flexibility by postponing procurement until price and demand uncertainties are
resolved. Barnes-Schuster et al. (2002) demonstrate that option contracting between
a buyer and supplier provides additional flexibility to the buyer in responding to
uncertain demand. When a firm negotiates a procurement option with its supplier,
it pays a premium and reserves the right to procure the commodity in the future at
a pre-specified price. In practice, the operations department decides the number of
options to obtain from the supplier based solely on demand and price uncertainty of
the commodity to be procured. In doing so, however, the volatility inherent in the cost
of transporting the commodity is ignored by the operations department and can result
in increased costs to the firm. We show that value is created for the firm (through
cost reduction) either if the operations department and transportation department
jointly decide on an optimal hedging policy, or if each department selects its own
optimal hedging policy, independent of the other. We present scenarios under which
joint hedging is optimal, and scenarios under which autonomous hedging is optimal.

In this chapter, we consider a firm, such as an oil producer, that procures a commodity
and transports it via ocean freight to its processing plant where the commodity is
converted to a final product to meet customer demand. Oil firms like BP source
oil near the crude oil fields and conduct refining operations close to the market; a
company like Cargill sources its cacao in West Africa and processes it in its plants
in Amsterdam. The firm faces three types of uncertainty; (1) demand for the final
product; (2) the cost of procuring the commodity on the spot market; (3) the cost of
ocean transport of the commodity to its production facility. The firm can negotiate
procurement options (similar in style to financial European call options) with its
suppliers. These options allow the firm to hedge the uncertainty associated with the
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spot price of the commodity by reserving the right to procure the commodity at a
pre-specified strike price. Naturally, the firm pays the supplier a premium to reserve
this flexibility. If options on the commodity are traded on standardized exchanges, the
firm simply procures the required options on the exchange. The firm also negotiates
a similar option with the ocean shipping company and reserves the right to transport
the commodity at a pre-specified strike price on the freight rate, paying the freight
company a premium for this flexibility. Note that freight options are not traded on
exchanges and must be negotiated with an ocean shipping company in Over-The-
Counter (OTC) markets. We consider three scenarios in formulating the firm’s cost
minimization problem. In the first scenario, we assume that the firm need not meet all
demand, and that it may forgo some demand if the cost of procuring and transporting
the commodity exceeds a preset reservation price, the maximum price the firm is
willing to pay to procure and transport the commodity. Indeed, management may set
a reservation price to ensure that some target profit margin is achieved or exceeded.
We further assume independence between all variable elements in the problem. We
find that the operations department should take into account freight rate volatility
when deciding on a hedging policy, i.e., the shipping and operations departments
should jointly decide how much commodity to procure and transport.

In the second scenario, we impose a 100 % service level restriction on the firm, thereby
requiring the firm to procure the commodity on the spot market to meet excess
demand if necessary. We still assume independence between the variable elements in
this scenario (which can be viewed as a specific case of the first scenario). With these
assumptions and restrictions in place, we find that the hedging decision is separable,
implying that the operations department can decide how many options on the
commodity price to procure, independent of the shipping department’s procurement
of options on the freight rate and vice versa. In these two scenarios, we determine
the optimal number of option contracts that should be procured, either jointly or
independently, depending on the scenario in closed-form. In the final scenario, we
relax the independence assumption and allow for correlation between commodity price
and demand, and correlation between freight rate and demand for the commodity.
We maintain the assumption that the firm may forgo demand if its reservation price is
exceeded to preserve generality of the problem. The inclusion of correlation between
the variables precludes a closed-form expression for the optimal number of options
that should be procured. To further generalize the problem, we make no distributional
assumptions on the demand faced by the firm, the price of the commodity and the
freight rate, only doing so when performing numerical studies.

Our work is related to two streams of literature. The first stream focuses on the value
created to firms by hedging. Financial hedging is defined in Van Mieghem (2003)
to be the purchase and sale of commodity derivatives as a protection against loss or
failure due to price fluctuations. By considering supply and demand risks in addition
to price fluctuations, the definition can be extended to include operational hedging.
Gaur & Seshadri (2005) consider a risk-averse firm that uses financial information
to set optimal inventory levels and hedges demand risk with financial hedging. A
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popular view held in the literature is that financial hedging only creates value in the
presence of market imperfections such as taxes (Smith & Stulz 1985), asymmetric
information, (DeMarzo & Duffie 1995) and costly external capital (Froot et al. 1993).
A recent paper, however, shows that value can be created by hedging even for a
risk-neutral firm in the absence of the aforementioned market frictions. Turcic et al.
(2015) considers a risk-neutral supply chain and shows that even in the absence of
market imperfections, hedging creates value for at least some of the members of the
supply chain. These papers focus on the use of financial hedging strategies which
might be viewed as substitutes to operational hedging. Chod et al. (2010) shows
that operational and financial hedging strategies can in fact be complements in the
presence of market imperfections for firms that demonstrates risk-averse behaviour.
Our approach to hedging the three sources of uncertainty (commodity price, freight
rate and demand risk) by jointly determining the optimal number of commodity
procurement and shipping options for a risk-neutral firm in the absence of market
imperfections, and the subsequent results significantly generalize and extend this
complementarity.

Our work is also related to papers concerned with the procurement of a commodity in
the presence of price and demand uncertainty (Berling & Mart́ınez-de Albéniz 2011,
Devalkar et al. 2011) and the operations management literature on the procurement
of a commodity in spot and forward markets. In particular, our work is closely
related to Secomandi & Kekre (2014) in that we consider commodity procurement
in a newsvendor-setting with price and demand uncertainty. We extend the model
by considering the stochastic cost of transporting the commodity once procured and
by using options to hedge the three sources of risk. Our work is also related to
papers that discuss the procurement of commodities with options contracts. Goel &
Tanrisever (2011) consider a firm that procures a commodity with a combination of
option and spot contracts. The authors also consider how the commodity is delivered
when procured in the different markets.

Our work makes two contributions to the existing literature on commodity pro-
curement. First, we develop a tractable and parsimonious model that combines
both procurement and transportation of the commodity and integrates demand
uncertainty for the final product, uncertainty in the commodity price, and uncertainty
in the freight rates. We highlight the necessity of integrating the procurement and
transportation decisions. Our second contribution is the demonstration of value
creation through hedging for a risk-neutral firm, even in the absence of market
frictions.

The chapter is organized as follows. In Section 2.2, we present the mathematical
model and central results of the research. We quantify the value created by hedging
in Section 2.3 and discuss the necessary conditions for value creation. In Section
2.4, we explore numerically the influence of the underlying parameters on the firm’s
hedging policy and costs. Finally, we conclude in Section 2.5.
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2.2 Determining the Optimal Options Position

In this section, we detail the optimization problem facing the firm with regards to
the number of options contracts that it should negotiate. We focus on minimizing
the firm’s procurement and transportation costs and formulate the optimization
problem as a classic news-vendor model with three stochastic parameters. As
mentioned previously, we consider three scenarios under which the firm negotiates
option contracts. We discuss the firm’s optimization problem under each of these
scenarios and the accompanying optimality conditions and solutions which form the
central thesis of this research.

To preserve focus on the value created through the use of options, following Secomandi
& Kekre (2014), we frame the firm’s optimization problem in a single-period model.
The firm produces a single type of product and faces stochastic demand for this
product. The firm procures the commodity required to produce this product from
an offshore supplier at a stochastic price. Once procured, the firm transports the
commodity via ocean freight, at stochastic freight rates, to its production facility
where the commodity is converted to the final product to meet demand. For simplicity,
we assume that a single unit of the commodity is required to produce a single unit of
the product. We further assume zero production and transportation lead times.

At the start of the period, at time t = 0, the operations department of the firm
negotiates options with its offshore supplier to procure the commodity, taking into
account expected final demand for the product. We denote the strike price of this
option to be Ks ∈ R+. Thus, if the option is exercised, the firm pays Ks for a unit
of the commodity, regardless of the commodity’s prevailing spot price. The firm pays
the offshore supplier a premium of Ps ∈ R+ for each option. If the option is procured
via an exchange, the firm pays a premium of Ps per option as determined by the
exchange.

Similarly, the transportation department of the firm also negotiates options on the
freight rate over the counter with the freight company. We denote by Kλ ∈ R+

the strike price of these freight options. If the option is exercised, the firm pays
the freight company Kλ per unit of the commodity being transported, regardless of
the prevailing freight rate. The firm pays the freight company Pλ ∈ R+ for each
freight option, where Pλ is negotiated with the freight company (since freight options
are not traded on exchanges). The number of options the firm negotiates with each
party depends on four factors; the terms of the options (strike price and premium),
the firm’s expectation of final demand for its product, the firm’s expectation of the
commodity’s spot price, and the firm’s expectation of the freight rate. We represent
by φd(·), φs(·), and φλ(·) the marginal probability density functions of final demand,
the commodity’s spot price and the freight rate, respectively. To simplify notation, we
denote by M the set of these marginal distributions. Demand, commodity spot price
and spot freight rate at the start of the period are known. At the end of the period, at
time t = T , all uncertainties are resolved and the firm observes final demand dT ∈ R+,
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the commodity spot price sT ∈ R+ and freight rate λT ∈ R+. The firm then decides
how many of the options procured at time 0 it will exercise.

2.2.1 Scenario 1: Forgone sales and independent variables

Under scenario 1, we assume that the firm is not obliged to meet all of its demand.
The firm forgoes demand if the cost of procuring and transporting a unit of the
commodity exceeds the unit reservation price L, i.e., if sT + λT > L. As mentioned
above, management may set a reservation price to ensure that a target profit margin
is achieved or exceeded. We assume that the reservation price L is exogenous to the
model and given. Recall that the reservation price is the maximum price the firm is
willing to pay for each unit of commodity and its transportation cost. We further
assume that the firm hires ships to transport the commodity solely on the basis of the
units of commodity to be transported. For example, if the commodity in question is
crude oil, the firm constructs a contract with the ocean freight company based on the
number of barrels of oil to be transported, as opposed to the number of ships required
to transport the commodity. This assumption implies that the firm can partially
hire a ship, and is not restricted to hiring an integer number of ships. Thus, each
option negotiated corresponds to a single unit of the commodity. The procurement
department and transportation department could each negotiate options independent
of the other, i.e., the procurement department could negotiate qs options with the
offshore commodity supplier, and the transportation department could negotiate qλ
options with the ocean freight company. Since the reservation price is compared to the
cost of both procuring and transporting the commodity, the decision to forgo demand
has to be jointly taken by both the procurement department and transportation
department. We thus assume qs = qλ, and omit the subscripts in the rest of this
section, denoting the number of options negotiated by each department as q. This
assumption reflects the practice where the procurement department negotiates options
with the commodity supplier first, then communicates this decision to the shipping
department, which in turn negotiates the same number of options with the ocean
freight company.

The firm’s optimization problem can then be written as

min
q∈R+

C1(q,M, L) = Es,d[min(sT ,Ks) min(dT , q)] + Eλ,d[min(λT ,Kλ) min(dT , q)]

+ Es,λ,d[(dT − q)+ min(sT + λT , L)] + q(Pλ + Ps). (2.1)

The function C1(q,M, L) (where the subscript refers to the scenario) represents
the combined expected procurement and transportation costs. The decision vari-
able in the optimization problem is q, while M is the set of marginal distri-
butions of demand, commodity price and freight rate, and L is the reserva-
tion price. The function C1(q,M, L) consists of three parts. The first part,
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(min(sT ,Ks) + min(λT ,Kλ)) min(dT , q), reflects the cost of procuring and transport-
ing the commodity using options. Depending on the demand realization dT , the
firm exercises at most dT options if it negotiated a sufficient number of options at
time 0. The firm then pays the strike prices, Ks and Kλ to procure and transport the
commodity, respectively. The second part,(dT −q)+ min(sT +λT , L), reflects the costs
of procuring and transporting excess demand not covered by the options. This demand
is procured at the commodity’s spot price sT and transported at the prevailing freight
rate λT , provided that the combined cost of procuring and transporting in the spot
market is less than the unit reservation price. We thus assume that L > Ks + Kλ

to avoid trivial solutions. Any excess demand not covered by the options is either
completely covered in the spot market or completely lost. The firm does not partially
satisfy the excess demand (dT−q)+. If either or both of the spot prices fall below their
corresponding strike prices, naturally, the firm would not exercise any of its options
and procure and transport all of its realized demand at the prevailing spot prices. This
possibility is also captured in the first two parts of Equation (2.1). Expectations on
the demand and freight rate are both taken with respect to the physical probability-
measure. The third and final part, q(Pλ + Ps), reflects the premiums paid at time 0
for the options. If the commodity and options on the commodity are traded in the
financial markets, Ps is determined by the market under the risk-neutral probability-
measure. If the commodity and options on the commodity are instead traded in OTC
markets via direct negotiations, the option premium Ps is also negotiated and thus
taken to be exogenous. Expectations on Ps are then taken with respect to the physical
probability-measure. Freight rates are not traded assets. Consequently, options on
freight rates are negotiated between the firm and the ocean shipping company in OTC
markets. The option premium Pλ is thus also negotiated and taken to be exogenous.
Expectations on Pλ are thus also taken with respect to the physical probability-
measure.

As a consequence of the independence between the three underlying uncertainties, we
can rewrite Equation (2.1) as follows:

C1(q,M, L) = Es[min(sT ,Ks)]Ed[min(dT , q)] + Eλ[min(λT ,Kλ)]Ed[min(dT , q)]

+ Ed[(dT − q)+]Es,λ[min(sT + λT , L)] + q(Pλ + Ps).

We will consider dependent random variables in the third scenario. We further
mention here that we have made the implicit assumption that the risk-free rate is
0. This assumption can be readily relaxed with no consequences on the subsequent
results and insights.

Before discussing the number of options the firm should obtain at time 0, we introduce
the following notation for expositional ease.

A = Es[min(sT ,Ks)] + Eλ[min(λT ,Kλ)] (2.2)

B = Es,λ(min(sT + λT , L)) (2.3)

P = Pλ + PS (2.4)
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Each of these terms represents a type of cost incurred by the firm and can, naturally,
be directly linked to the three parts of the cost function in Equation (2.1). The term
A represents the unit cost of satisfying demand using options and links to the first
part of the cost function, the cost of procuring and transporting the commodity using
options. Denoting the cumulative distribution functions of sT and λT as Φs and Φλ
respectively, we can write A as Es(sT |sT < Ks) + Ks[1 − Φs(Ks)] + Eλ(λT |λT <
Kλ) +Kλ[1−Φλ(Kλ)]. The term B represents the unit cost of satisfying or forgoing
demand not covered by options and links to the second part, the costs of satisfying
excess demand. The term P represents the unit cost of procuring options and links
to the third part, the premiums paid by the firm for the q options. We are now in a
position to derive the firm’s optimal hedging decision at time 0. We first show that
the cost function C1(q,M, L) is convex in q.

Lemma 2.1 The cost function C1(q,M, L) is convex in q.

Proof: We show the convexity of C1(q,M, L) by showing that ∂2C1

∂q2 ≥ 0 for all

q ∈ R+. We first rewrite and simplify the cost function in Equation (2.1) to yield

C1(q,M, L) = AEd(min(dT , q)) +B Ed[(dT − q)+] + Pq. (2.5)

Using the identities

min(a, b) = a− (a− b)+ and

(a− b)+ = a− b+ (b− a)+,

we rewrite and simplify Equation (2.5) further to obtain

C1(q,M, L) = (A−B + P )q +BEd(dT )− (A−B)Ed[(q − dT )+]. (2.6)

Differentiating Equation (2.6) with respect to q yields

∂C1

∂q
= A−B + P − (A−B)

d

dq
Ed[(q − dT )+]. (2.7)

Using Leibniz’s rule, we obtain

d

dq
Ed[(q − dT )+] =

d

dq

∫ q

0

(q − x)φd(x)dx

=

∫ q

0

φd(x)dx

= Φd(q), (2.8)

where we have used Φd(·) to represent the cumulative distribution function of final
demand. We then arrive at

∂C1

∂q
= A−B + P − (A−B)Φd(q). (2.9)



2.2 Determining the Optimal Options Position 19

Differentiating Equation (2.9) again with respect to q yields

∂2C1

∂q2
= (B −A)φd(q).

Since L > Ks + Kλ by assumption, we have that B ≥ A. Also, φd(q) ≥ 0 for all
q ∈ R+, implying that the second derivative of C1(q,M, L) is non-negative for all
q ∈ R+. Hence, C1(q,M, L) is convex. This completes the proof. 2

Theorem 2.1 The firm’s optimal options position at time 0 is given by

q∗ = Φ−1
d

(
B −A− P
B −A

)
, (2.10)

with A, B, and P , as in Equations (2.2) - (2.4).

Proof: We first show that q∗ is a stationary point of C1(q,M, L). To obtain
the first order condition for optimality, we set Equation (2.9) to 0 and solve for q to
obtain Equation (2.10). Since the second derivative of C1(q,M, L) is non-negative for
all q as a consequence of the convexity of the cost function, the stationary point q∗

minimizes C1(q,M, L). 2

We make two remarks about q∗. First, we have derived q∗ without making any
distributional assumptions on the underlying uncertainties. The specific form of q∗ is
heavily dependent on the choice of distributions. Deriving a closed-form expression
for q∗ hinges upon being able to compute the terms A and B closed-form. This in turn
is dependent on whether the partial expectations of the underlying distributions can
be analytically written. A closed-form expression for A can be easily obtained. Since
sT and λT are independent random variables, the distribution of sT +λT can be easily
derived using the convolution of φs and φλ. Deriving a closed-form expression for B
then depends on whether the partial expectation of this distribution can be written
analytically. As an illustrative example, assume that dT , sT , and λT are normally
distributed with means µd, µs, µλ, and standard deviations σd, σs, σλ respectively.
Let N (N) denote the cumulative (probability) distribution function of the standard
normal distribution. Using the properties of the truncated normal distribution, we
can express A as follows:

A = µs − σs
N
(
Ks−µs
σs

)
N
(
Ks−µs
σs

) +Ks

(
1−N

(
Ks − µs
σs

))
+ µλ − σλ

N
(
Kλ−µλ
σλ

)
N
(
Kλ−µλ
σλ

)
+ Kλ

(
1−N

(
Kλ − µλ

σλ

))
To derive an expression for B, we define Y = sT + λT . Since Y is the sum of two
normal random variables, Y is normally distributed with mean µY = µs + µλ and
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standard deviation σY = σs + σλ. Using the properties of the truncated normal
distribution again, we can express B as follows:

B = µY − σY
N
(
L−µY
σY

)
N
(
L−µY
σY

) + L

(
1−N

(
L− µY
σY

))
.

Using these expressions for A and B, we can then compute q∗ using Equation (2.10).
Naturally, if a distribution’s partial expectation has no closed-form representation,
the terms A and B, and consequently q∗ can be computed numerically.

The second remark relates q∗ to the critical fractile in the newsvendor model. The
optimal stocking quantity in the newsvendor model is given by the critical fractile

q∗ = F−1

(
p− c
p

)
,

where p typically refers to the unit retail price of the product, c typically refers to
the unit purchase price and F is the cumulative distribution of demand. Comparing
Equation (2.10) to the critical fractile in the newsvendor model, we find that the two
expressions are remarkably similar. We may view B−A in Equation (2.10) as p in the
newsvendor critical fractile, and P in Equation (2.10) as c in the newsvendor critical
fractile. Intuitively, we may view B −A as the reduction in cost arising from the use
of a single option.

Under the conditions presented above, the firm might be willing to forgo demand not
covered by the options position q∗ if the reservation price L is sufficiently low. The
proportion of time that demand is completely covered could be interpreted as the
service level for the firm demand is completely covered if q∗ ≥ dT , i.e., the firm has
negotiated sufficient options at time 0 to completely satisfy demand using options. If
q∗ < dT , the firm will still completely satisfy demand provided that sT +λT < L. We
can then write the service level for the firm as follows:

ν(L) = P(dT ≤ q∗) + P(dT > q∗)P(sT + λT ≤ L). (2.11)

Given L and M, we can compute q∗ according to Equation (2.10) and then compute
the associated service level ν(L) using Equation (2.11).

2.2.2 Scenario 2: 100 percent service level and independent
variables

We now assume that the firm operates in a highly competitive environment, entailing
that it must meet all demand. We still assume that the stochastic variables are
independent. The difference between scenarios 1 and 2 is that the reservation price
constraint (sT + λT > L) is relaxed in scenario 2. Without the reservation price
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constraint, the departments need not jointly decide on a hedging policy. The cost
function for each department can therefore be written separately as follows:

Cs(qs,M) = Ed,s
[
min(sT ,Ks) min(dT , qs) + (dT − qs)+sT

]
+ qsPS , (2.12)

and

Cλ(qλ,M) = Ed,λ
[
min(λT ,Kλ) min(dT , qλ) + (dT − qλ)+λT

]
+ qλPλ. (2.13)

Naturally, Equation (2.12) refers to the procurement costs while Equation (2.13) refers
to the transportation cost.

Lemma 2.2 The cost functions Cs(qs,M) and Cλ(qλ,M) and are convex in q.

Proof: We show the convexity of Cs(qs,M) by showing that ∂2Cs
∂q2s

≥ 0 for all

qs ∈ R+. We first rewrite and simplify the cost function in Equation (3.14) to yield

Cs(qs,M) = As Ed(min(dT , q)) +Bs Ed[(dT − q)+] + Psq. (2.14)

Using the identities

min(a, b) = a− (a− b)+ and

(a− b)+ = a− b+ (b− a)+,

we rewrite and simplify Equation (2.5) further to obtain

Cs(qs,M) = (As −Bs + Ps)q +BsEd(dT )− (As −Bs)Ed[(qs − dT )+]. (2.15)

where As = Es [min(sT ,Ks)] and Bs = Es(sT ). Differentiating Equation (2.6) with
respect to qs yields

∂Cs
∂qs

= As −Bs + Ps − (As −Bs)
d

dqs
Ed[(qs − dT )+]. (2.16)

Using Leibniz’s rule, we obtain

d

dqs
Ed[(qs − dT )+] =

d

dqs

∫ qs

0

(qs − x)φd(x)dx

=

∫ qs

0

φd(x)dx

= Φd(qs), (2.17)

where we have used Φd(·) to represent the cumulative distribution function of final
demand. We then arrive at

∂Cs
∂qs

= As −Bs + Ps − (As −Bs)Φd(qs). (2.18)
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Differentiating Equation (2.18) again with respect to q yields

∂2Cs
∂q2
s

= (Bs −As)φd(qs).

We have that Bs ≥ As. Also, φd(q) ≥ 0 for all qs ∈ R+, implying that the second
derivative of Cs(qs,M) is non-negative for all q ∈ R+. Hence, Cs(qs,M) is convex.
This completes the proof. In a similar way one can show the convexity of Cλ(qλ,M) 2

Each function therefore attains a unique minimum which we denote q∗s and q∗λ
respectively. As a result of the separability of costs, the firm’s combined cost of
procurement and transportation is minimized if each of the departments selects an
options position to minimize their individual costs while meeting demand.

We now derive the optimal hedging decisions for each of the departments at time 0
in the following theorem.

Theorem 2.2 The procurement department’s optimal hedging decision at time 0, q∗s
is given by

q∗s = Φ−1
d (

Bs −As − Ps
Bs −As

), (2.19)

where As = Es(sT |sT < Ks) + Ks (1− Φs(Ks)) and Bs = Es(ST ). The shipping
department’s optimal hedging decision at time 0, q∗λ is given by

q∗λ = Φ−1
d (

Bλ −Aλ − Pλ
Bλ −Aλ

), (2.20)

where Aλ = Eλ(λT |λT < Kλ) +Kλ (1− Φλ(Kλ)) and Bλ = Eλ(λT ).

Proof: Using arguments similar to those presented in the proof of Theorem 2.1
and Lemma 2.2 yields the desired results. 2

As we did above, we remark that closed-form representations of Equations (2.19) and
(2.20) can be obtained if the partial expectation of the convolution of φs and φλ, and
the partial expectation of φd admit closed-form representations.

2.2.3 Scenario 3: 100 percent service level and dependence
between demand and commodity spot price/freight rate

We have thus far assumed independence between the underlying random variables.
Building on from the previous scenario, to better reflect reality, we now relax this
assumption and examine the optimal options position at time 0. We assume that the
commodity’s spot price sT and final demand dT are correlated. We also assume that
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the freight rate λT and demand are correlated. This implies that rather than marginal
distributions for each of the underlying uncertainties, we now have joint distributions
φs,d and φd,λ. Utilizing the setting from Scenario 2 allows us to separate the cost
function and better examine the influence of each source of dependency. We still
assume independence between the commodity’s spot price and the freight rate, since
practically, each has little or no impact on the other. The set M now refers to the
collection of joint distributions.

The cost minimization problem the firm faces is the same as that faced in Scenario 2.
Since the firm must meet all demand, the cost function can again be separated into
procurement costs, C3,s(qs,M) and transportation costs C3,λ(qλ,M).

The underlying uncertainties are, however, no longer independent of one another,
so the expectations on sT and dT , and the expectations on λT and dT cannot be
separated. Rewriting Equation (2.12) explicitly in terms of integrals yields

C3,s(qs,M) =

∫ qs

0

∫ Ks

0

d · s φs,d ds dd+

∫ ∞
qs

∫ Ks

0

qs · s φs,d ds dd

+

∫ qs

0

∫ ∞
Ks

d ·Ks φs,d ds dd+

∫ ∞
qs

∫ ∞
Ks

qs ·Ks φs,d ds dd

+

∫ ∞
qs

∫ ∞
0

(d− qs) · s φs,d ds dd+ Psqs.

(2.21)

The cost function C3,λ(qλ,M) can be written similarly, with the freight rate λ
replacing the commodity spot price s, and Kλ replacing Ks.

As in Scenarios 1 and 2, the cost function C3,s(qs,M) and C3,λ(qλ,M) are convex in
qs and qλ, as shown by the following proposition.

Proposition 2.1 The expected procurement cost function C3,s(qs,M) under Scenario
3 is convex in qs.

Proof: Differentiating Equation (2.21) with respect to qs, we obtain

∂C3,s

∂qs
=

∫ ∞
qs

∫ Ks

0

s φs,d ds dd+

∫ ∞
qs

∫ ∞
Ks

Ks φs,d ds dd−
∫ ∞
qs

∫ ∞
0

s φs,d ds dd+ Ps

(2.22)

Differentiating Equation (2.22) with respect to qs yields

∂2C3,s

∂q2
s

= −
∫ Ks

0

s φs,qs ds−
∫ ∞
Ks

Ks φs,qs ds+

∫ ∞
0

s φs,qs ds,
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which we rewrite as

∂2C3,s

∂q2
s

= −
∫ ∞

0

min(s,Ks)φs,qs ds+

∫ ∞
0

s φs,qs ds.

Since sT ≥ min(sT ,Ks) the second derivative of C3,s(qs,M) , with respect to qs is
positive. 2

The convexity of C3,λ(qλ,M) in qλ can be demonstrated using similar arguments. As
above, to obtain the optimal options position at time 0, we need only set Equation
(2.22) to 0 and solve for qs. Due to its complicated form, Equation (2.22) cannot be
simplified further to obtain an analytical expression for q∗s . Given distributions for
the underlying random variables, Equation (2.22) can be easily solved numerically.

2.3 Value creation

In the previous section, we have discussed the cost minimization problem facing the
firm and derived analytical expressions for the optimal options positions. In this
section, we discuss the creation of value for the firm by negotiating options with its
suppliers and the freight company. We first demonstrate that the use of options as a
hedging strategy does indeed create value for the firm. We then discuss the topic of
value creation by hedging for a risk-neutral firm. We develop the exposition within
the confines of Scenario 1 due to its generality and tractability. The analytical results
in this section are developed independent of any distributional assumptions, as in the
previous section. To numerically demonstrate and examine value creation through
hedging in the subsequent analysis, we consider a commodity that is traded on an
exchange and assume that the commodity spot price is lognormally distributed with
µs = 0.8 and σs = 0.8 being the mean and standard deviation respectively of the
associated normal distribution. Similarly, we have assumed that the freight rate is
lognormally distributed with µl = 0.9 and σl = 0.8 being the mean of the associated
normal distribution. We assume that demand is also lognormally distributed with
µd = 0.7, σd = 0.5 representing the mean and standard deviation of the associated
normal distribution. Assuming a lognormal distribution for the commodity spot price
and freight rate is equivalent to assuming that the commodity spot price and freight
rate evolve according to geometric Brownian motion processes. Stochastic processes
incorporating stochastic volatility, or jumps, or mean-reverting features could also be
used to model the evolution of these quantities. Our results, however, are distribution
independent. As such, we have opted to model commodity spot price, demand
and freight rate as lognormal random variables. Assuming a lognormal distribution
also allows us to compute option prices using the Black & Scholes (1973) formula.
Furthermore, when considering a traded commodity, option premiums for options on
the commodity would be determined by the market under the risk-neutral measure.
Assuming a lognormal distribution allows us to compute the option premium using
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the Black & Scholes (1973) formula without having to derive the option premium as an
expectation based on the process underlying spot price evolution. Using the Black &
Scholes (1973) formula allows us to focus on the risk-neutral nature of the firm under
consideration and does not mire us in technicalities regarding the risk preferences
of the firm providing ocean freight services. The current spot price, freight rate
and demand are each normalized to 1. The option strike prices are assumed to be
Ks = Kλ = 2. Computing option premiums using the Black & Scholes (1973) formula
yields P = 0.2302. Finally, the unit reservation price is set to L = 6.

2.3.1 Value creation by hedging with options

If the firm does not negotiate options (equivalent to selecting q = 0), the firm procures
and transports the commodity at the commodity spot price and spot freight rate, or
forgoes demand if the unit reservation price L is low enough. The cost of this strategy
is naturally C1(0,M, L) = BEd[(dT − q)+]. The utilization of options creates value
for the firm in terms of cost reduction. We define this reduction (and consequently
the value created for the firm) as CR(q,M, L) = C1(0,M, L)− C1(q,M, L). We can
easily observe that the utilization of options will lead to value creation for the firm.
Indeed, since q = 0 is a feasible solution to the firm’s cost minimization problem, by
the definition of optimality, at the optimal options position q∗, we must have that
C1(0,M, L) ≥ C1(q∗,M, L), implying that the utilization of options will create value
for the firm. This result is, of course, intuitive and echoes the observations in Barnes-
Schuster et al. (2002). The cost reduction function is concave in q, as shown by the
following proposition.

Proposition 2.2 CR(q,M, L) is concave in the number of options negotiated, q.

Proof: Differentiating CR(q,M, L) twice with respect to q yields
∂C2

R

∂q2
= −∂C

2
1

∂q2
.

Since C1(q,M, L) is convex in q, as shown in Lemma2.1,
∂C2

1

∂q2
≥ 0, implying that

∂C2
R

∂q2
≤ 0, leaving us with the desired result. 2

We can easily observe that the greatest reduction in cost is achieved at q∗.
Consequently, the use of options to hedge the underlying risks leads to value creation
for the firm, with the greatest cost reduction being attained when the firm negotiates
q∗ options at time 0. This clearly demonstrates that both the commodity spot price
and freight rate need to be taken into consideration when deciding on the hedging
policy and ignoring either one in the decision-making process can lead to a loss in
value for the firm. Figure 2.1 illustrates this by plotting the total expected cost of
hedging with options and the resulting cost savings.
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The figure shows that the total cost function does indeed attain its minimum at
q = q∗. The firm thus achieves maximum value creation at this point as well.
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Figure 2.1 Total cost and savings as q changes under Scenario 1

A key factor affecting the amount saved by utilizing options is the premiums paid
for the freight options which are typically negotiable. The result developed in this
section provides a guideline for firms in terms of a bound on the maximum that they
can pay as premiums for the freight options in order to realize cost savings.

Proposition 2.3 To realize cost savings from hedging with options, the firm should
pay at most B −A per combined option, i.e., Ps + Pλ = P < B −A.

Proof: If value is created by hedging with q options, CR(q,M, L) > 0. Thus,

B Ed(dT )−B Ed[(dT − q)+]−AEd[min(dT , q)]− Pq > 0.

Rearranging yields

Pq < B
(
Ed(dT )− Ed[(dT − q)+]

)
−AEd[min(dT , q)].

Using the identity (min(a, b) = a−(a−b)+ and collecting terms results in P < B−A.
2
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If the commodity and options on the commodity are traded assets, the option premium
on each of these options, Ps is determined by the market in order to preclude arbitrage
from trading in options on the commodity. This then implies that when negotiating
freight options with the ocean shipping company, the firm should pay at most B −
A−Ps per freight option, i.e., Pλ < B−A−Ps in order to realize cost savings. If the
commodity and options on the commodity are traded over the counter, like freight
options, the firm can negotiate the option premium Ps as well. Proposition 2.3 then
provides a guideline on the negotiation of both Ps and Pλ.

2.3.2 Value creation through hedging for a risk-neutral firm

Thus far, we have discussed how value is created for the firm by hedging. We now
examine why hedging creates value. According to literature, risk-neutral firms have no
incentive to hedge. Under the assumption of perfect capital markets, the propositions
in Modigliani & Miller (1958) imply that hedging should not contribute to firm value.
If capital markets are perfect, the firm’s shareholders themselves could undertake
hedging. A consequence of these important propositions is that hedging creates value
for a risk-neutral firm in the presence of market frictions such as taxes, financial
distress costs, and information asymmetry. In our setup, the firm still realizes value
creation even in the absence of these market frictions.

Furthermore, according to options pricing theory, the option premium for a traded
option is the expected present value under the risk-neutral measure of any potential
gains that could be realized from exercising the option. Thus, the premiums paid
for the options by the firm should, in expectation, erode any potential gains. As
mentioned earlier, however, freight rates and options on the freight rates are not
traded on exchanges. Rather, they are negotiated over the counter. As such,
premiums for options on the freight rate are also negotiable. Under this setup, a
risk neutral firm could potentially create value by hedging with options.

By utilizing both commodity and freight rate options, the firm hedges itself against
the underlying price risks, thereby providing it with insurance against commodity
spot price and freight rate increases. In expectation, the option premium paid for
an exchange-traded commodity would erode any potential gains from the commodity
option. The freight rate option could still create value for the firm, as long as Pλ <
B − A − Ps. If the commodity is not an exchange-traded asset either, then options
negotiated on them could potentially create value as well. The use of options on the
commodity, however, also provides the firm with some insurance in cases where the
realized demand is low. In these cases, the firm need not exercise all of the procured
options. This additional flexibility translates into increase the value created for the
firm. Our results therefore highlight that even in the absence of market frictions,
hedging does contribute to value creation for risk-neutral firms.

Since freight options are not exchange-traded assets, their price is negotiable. To
examine how the option premiums influence the firm’s optimal cost savings, Figure
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2.2 plots the optimal cost savings realized by the firm as the price paid per freight
option increases. As the figure shows, the use of options results in value creation
even when the firm pays an option premium computed according to the Black &
Scholes (1973) formula, further strengthening the argument that hedging results in
value creation for risk-neutral firms. The figure further demonstrates that the firm
realizes cost savings as long as Proposition 2.3 is satisfied. We may view the premium
the firm is willing to pay for an option as an indication of its risk-aversion level. Thus,
a risk-neutral firm will pay no more than then fair option price. A risk-averse firm
would be willing to pay more than the fair price for the sake of insurance. Figure 2.2
shows that paying a freight option premium greater than the fair price can still result
in value creation as long as Pλ < B − A− Ps, highlighting that hedging also creates
value for risk-averse firms.
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Figure 2.2 Effect of freight option premium on cost savings

2.4 Numerical studies

In this section, we use the models developed in Section 2.2 to study the influence of
the underlying parameters on the firm’s hedging policy and associated costs under the
setting of Scenario 1. We then compare hedging policies and costs between Scenarios
1 and 2. As base parameters, we use the same parameters as those used in Section
2.3. We then vary one parameter at a time to examine its influence on hedging and
value creation. Last part of this section summarizes the managerial insights coming
from our extensive numerical studies.
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2.4.1 Hedging policies and costs under Scenario 1

We first focus on the effect of demand on the firm’s hedging policies and costs.
Recall that demand is assumed to be lognormally distributed with parameters µd
and σd. Figure 2.3(a) shows that increasing µd results in the firm negotiating more
commodity and freight options at time 0. An increase in µd corresponds to an

increase in the expected demand at time T since Ed(dT ) = eµd+
σ2d
2 . An increase

in µd also increases the standard deviation (SD) of realized demand at time T

since SD(dT ) = Ed(dT )
√
eσ

2
d − 1. Thus, as expected demand and the standard

deviation of realized demand increase, the firm’s optimal options position q∗ increases
to satisfy this increased demand cost effectively. The increased total expected cost
and cost savings arising from this increased expected demand and options position
are illustrated in Figure 2.3(b). As the figure shows, the total expected cost increases
as µd increases due to increases in both Ed(dT ) and SD(dT ). Cost savings (value)
also increase as µd increases, due to the increased hedging position adopted by the
firm in response to increased and more uncertain demand. Cost savings, however,
increase at a slower rate compared to the total cost.

The effects of increased demand volatility are illustrated in Figures 2.3(c) and 2.3(d).
Figure 2.3(c)shows that an increase in σd results in a higher q∗. An increase in
σd increases both Ed(dT ) as well as SD(dT ). Increasing σd, however, has a greater
impact on SD(dT ) than increasing µd does. Again, to satisfy the increased and
more uncertain cost effectively, the firm needs to adopt a larger hedging position.
Consequently, the total expected cost also increases, as shown in Figure 2.3(d). In
contrast to the earlier analysis on µd, Figure 2.3(d) shows that as σd increases, the
cost savings for the firm remain unchanged (even decreasing slightly for large σd). In
fact, if we compare Figure 2.3(a) to Figure 2.3(c) and Figure 2.3(b) to Figure 2.3(d),
we find that µd has a greater influence on the hedging policies and total costs than
σd does. Typically, volatility has a greater impact on costs/profits than the mean
does, so our observation is somewhat contradictory, but can be explained by noting
that the negotiation/purchase of options already serves to provide a hedge against the
underlying uncertainties. As such, the firm should focus more on µd as opposed to
σd.

We now examine the influence of the commodity price parameters on the firm’s
hedging policies and costs. As before, the commodity spot price is assumed to
be lognormally distributed with parameters µs and σs. Figure 2.4(a) shows that
increasing µs results in the firm taking a larger hedge position. Again, as above, an
increase in µs results in an increase in Es(sT ) and SD(sT ). To mitigate the increased
price and uncertainty, the firm needs to negotiate more options with its supplier.
Naturally, this increased hedge, increased expected prices and uncertainty result in a
larger total cost, as demonstrated by Figure 2.4(b). In contrast to our analysis on µd,
we find that the total cost and cost savings increase at a similar rate. The observation
can be explained by noting that the commodity price options provide a direct hedge
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Figure 2.3 Influence of demand parameters on q∗ and costs

for the uncertainty underlying the commodity spot price.

Increasing the volatility of the commodity spot price, σs, first results in the firm
taking a larger hedging position. As σs continues to increase, the firm reduces its
hedging position. Again, following the arguments above, increasing σs increases both
Es(sT ) as well as SD(sT ). Naturally, σs has a significantly greater impact on SD(sT )
than µs does. When σs starts to increase lower levels of volatility, the firm negotiates
more options with its supplier to mitigate the increased price and uncertainty. As
σs continues to increase, however, the cost of procuring the commodity on the spot
market increases. The option premiums continue to increase as well (since option
prices increase as volatility increases). The combined increase in spot and option
price will result in the firm choosing to forgo demand at higher levels of σs, thereby
negotiating fewer options. Figure 2.5 plots the changes in ν(L) as σs varies and
demonstrates that at higher levels of σs, service level does indeed decrease, owing
to the reduced options position and increased spot procurement and transportation
costs.

Figure 2.4(d) illustrates the effect of σs on the total cost function C1(q∗,M, L)
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Figure 2.4 Influence of commodity spot price parameters on q∗ and costs

and the cost savings function CR(q∗,M, L). Following our observation that q∗ first
increases then decreases as σs increases, we see in Figure 2.4(d) that the total cost
first decreases, then increases. Similarly the value created by hedging also increases,
then decreases. We observe, however, that the total cost function and cost savings
function remain largely unchanged as σs changes, each changing value in a narrow
range. We can thus conclude that the influence of σs on the firm’s hedging policy and
costs is minimal compared to the influence of µs. The minimal influence of σs on the
firm’s cost savings when hedging with options can be explained by noting that the fair
price or premium paid by the firm for each option is also a function of σs. Thus, as
σs increases the option premium increases as well. Now suppose that the firm agrees
a fixed premium for the commodity option. The resulting optimal options position,
total expected cost and cost savings are shown in Figure 2.6. We now see that as
σs increases, q∗ increases as well. The subsequent value creation through hedging
increases as well. We can thus conclude that if the firm were able to negotiate a fixed
option premium, the influence of σs on total cost and cost savings is substantial.
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Figure 2.6 Influence of commodity spot price parameters on q∗ and costs when option
price is fixed

Next, we consider the effect of the freight rate parameters (which are lognormally
distributed with parameters µl and σl) on the firm’s hedging policy and costs. Figures
2.7(a) - 2.7(d) illustrate how q∗, C(q∗),M, L) and CR(q∗),M, L) vary as µl and σl
increase. The figures indicate that the freight rate affects the firm’s hedging policies
and costs the same way the commodity spot price affects them, implying that with
regards to hedging and costs, the two are substitutes.

Under Scenario 1, the firm can choose to forgo demand if the unit reservation price
L is low enough (compared to the cost of procuring and transporting the commodity
at spot prices). We thus explore the impact of L on the firm’s hedging policies and
costs. Figure 2.8(c) illustrates how q∗ changes as L varies. The figure shows that as
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Figure 2.7 Influence of freight rate parameters on q∗ and costs

L increases, q∗ increases. As L increases, the cost of forgoing demand increases. To
limit exposure to drastic increases in the commodity spot price and freight rate, while
still meeting as much demand as is cost effective, the firm would opt to negotiate a
greater number of options. At lower levels of L, the increase in q∗ is steeper. As L
increases, q∗ increases less quickly and eventually starts to level off. The reason for
this behaviour can be ascertained by looking at Figure 2.8(b) which plots service level
ν(L) as L varies. First, observing the figure, we see that as L increases ν(L) increases,
partially as a result of the larger hedging position, and partially as a result of the costs
associated with forgoing demand. The figure shows that as L increases, ν(L) tends
to 1. Now, coming back to q∗, at low levels of L, the firm forgoes a larger portion
of demand, resulting in a low service level. To increase the service level rapidly, the
firm needs to negotiate more options. At higher levels of L, the service level ν(L)
is quite high and close to 1. The firm thus will require fewer additional options to
increase or maintain the service level. Thus, at higher levels of L, q∗ increases less
quickly. The increased reservation price naturally results in increased total costs to
the firm, as illustrated in Figure 2.8(a). The figure also shows that increasing L
results in increased cost savings as a result of the larger hedging position adopted by
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Figure 2.8 Influence of unit reservation price on q∗, costs and service level

the firm. The firm’s total cost increases much slower than the amount saved by the
firm through hedging, implying that hedging can substantially reduce the amount of
demand that the firm forgoes.

2.4.2 Comparing costs under Scenarios 1 and 2

Recall that under Scenario 2, the firm sets a 100% service level, either due to the
nature of the industry it operates in, or perhaps the firm is a new player in the
market and needs to establish itself. Under such a scenario, we showed in Section 2.2
that unlike Scenario 1, where the procurement and transportation departments should
jointly decide on a hedging policy, the procurement and transportation departments
could decide on their hedging policies independent of one another, due to the
separability of the cost function, thus resulting in options positions q∗s and q∗l for the
procurement department and transportation department respectively. The insights
gained in Section 2.4.1 by varying parameters still hold under the current setting. We
thus focus on comparing hedging decisions and the resulting costs between the two
scenarios.

Using the same parameters as in Section 2.4.1, we solve Equations (2.19) and (2.20)
to obtain q∗s = 4.4045 and q∗l = 4.5246. We denote by C2 the total optimal cost for
the firm from adopting these positions. We denote by C1 the total optimal cost for
the firm under Scenario 1. Figure 2.9 plots C2−C1 as L varies. We see that at lower
levels of L, C2 > C1, implying that jointly deciding on the hedging policy is beneficial
to the firm. As L increases, however, C1 tends to C2. In fact, at large levels of L, C1 is
marginally lower than C2, by about 0.2%. Keeping in mind that we have normalized
all prices and rates to 1, this difference could become quite significant. Thus, if we
view L as a measure of market competitiveness, this leads us to conjecture that as
a market becomes more competitive, procurement and transportation departments
should decide hedging policies independently.
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Figure 2.9 Differences in total optimal costs between Scenarios 1 and 2

2.4.3 The impact of correlation under Scenario 3

The previous numerical analyses focused on the cases where the underlying uncertain-
ties were independent of one another. Under Scenario 3, we relaxed this assumption
and derived the necessary condition for optimality, assuming dependence between
commodity spot price and demand, and freight rate and demand. Dependence
between the uncertainties is modelled by way of correlation. We assume a bivariate
lognormal distribution for the joint distribution of commodity spot price and demand,
and freight rate and demand. The results and insights gained from varying parameters
in earlier analysis still hold under Scenario 3. We thus restrict our focus in this section
to the numerical exploration of the influence of correlation on the firm’s hedging
policies and costs. We present results for the correlation between the commodity
spot price and demand, as similar results are obtained when varying the correlation
between freight rate and demand. This is unsurprising, given our observations in
Scenario 1 on the similarities between the impact of commodity spot price on hedging
and costs, and the impact of freight rate on hedging and costs.

Figure 2.10(a) shows that as the correlation between commodity spot price and
demand, ρsd, increases, q∗s increases. To explain this observation, we draw an analogue
from portfolio theory. In a portfolio of risky assets, if the correlation between the
returns of the assets increases, the portfolio is exposed to greater risk. Similarly, in our
case, if we consider the commodity spot price and demand as risky assets, increasing
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Figure 2.10 Influence of correlation between spot price and demand on on q∗s and costs

correlation between them results in increased risk of larger procurement costs. To
mitigate this increased risk, the firm needs to adopt a larger hedging position.

Figure 2.10(b) illustrates that as ρsd increases, the optimal cost of procuring the
commodity first decreases, then increases. The cost function does not attain its
minimum at either end of the correlation spectrum. Instead, the minimum occurs
near the middle of the correlation spectrum. This is somewhat counterintuitive at
first when drawing analogues from portfolio theory, where strong negative correlation
is preferred to independence. In our case though, with negative correlation, if demand
were to decrease, the spot price would increase, also driving up procurement costs. As
a result, less dependence between the two is preferable if the focus is on minimizing
costs. This phenomenon can also be explained by noting that the increasing optimal
options position, corresponding to an increase in the correlation, results in the firm
procuring and transporting less of the commodity on the spot market, leading first to
a decrease in the total cost. As correlation continues to increase, the costs associated
with negotiating and procuring with options increases, causing the total cost to
increase as well. When looking at the cost savings, however, increasing ρsd results
in greater cost savings. This is because with positive correlation, increasing demand
entails increasing commodity spot prices. The larger options position though helps
to mitigate the increased cost of procuring the commodity by allowing the firm to
procure the commodity at the strike price Ks. Table 2.1 collects and summarizes the
impact of changing the various parameters on the optimal options position q∗, total
cost, and the cost savings to the firm.

2.4.4 Managerial insights

Our extensive numerical studies yield four managerial insights. First, our results
show that if demand is expected to grow, the firm should negotiate more commodity
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Parameters µd σd µs σs µl σl L ρsd

q∗ + + + + + + + +
Total cost + + + - + - + -

Cost saving + No effect + + + + + +

Table 2.1 Summary of influence of different parameters on q∗, total cost and cost saving

and freight options. The flexibility afforded by the additional options in the face of
increased expected demand offsets the cost of negotiating these additional options.
The same holds true if freight rates and/or commodity prices are expected to increase.

Second, when the costs to procure and transport the commodity are highly volatile,
the firm should take a larger options position to offset the increased volatility. This
result also applies to erratic market conditions, under which spot prices and freight
rates would become more volatile. The protection against fluctuations in the spot
prices and freight rates leads to value creation for the firm.

Our third insight relates to positively correlated commodity spot prices/freight rates
and demand. Our results show that the firm should take a larger options position
in such situations. This insight is somehow surprising, because at the first glance,
predicting the effect of correlation on the firm’s option position is not trivial; however
thanks to portfolio theory we are able to give an intuitive explanation for this
phenomenon. We know form portfolio theory that higher correlation between risky
assets increases the risk of a portfolio. A similar effect can be explained here: when the
correlation between demand and commodity price increases, the firm faces higher risk
and consequently needs a larger option position to hedge against such risk. Indeed,
when procuring and transporting commodities such as crude oil, the cost of procuring
the barrels of oil and transporting them via ocean freight is positively correlated with
demand. Our numerical studies indicate that under such market conditions, the
increased options position can lead to greater value creation for the firm.

Our fourth and final managerial insight relates the firm’s reservation price to value
creation. Increasing the reservation price naturally leads to higher service levels.
Doing so, however, also leads to greater value creation for the firm as the firm takes
a larger options position to meet the increased service level. As above, the increased
flexibility, combined with the mitigation against volatility, offsets the increased
premium paid for the options and results in greater value created for the firm. Thus,
as market competitiveness increases, the firm should hedge with options to realize
value.
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2.5 Conclusion

Freight transportation is playing an ever increasing role in the supply chain of
corporations. Motivated by this increased role and interactions with other existing
uncertainties in the firms operations, we consider the problem of minimizing the cost
of procuring and transporting the commodity by hedging with options. We develop
a tractable and parsimonious model that allows us to compute the optimal number
of options that the firm should negotiate with both its commodity supplier and the
ocean shipping company, closed-form. We consider three scenarios under which the
firm could operate. Under the first scenario, the firm can experience lost sales, while
under the second scenario, the firm is required to meet all of its demand. These two
scenarios assume that the commodity spot price, freight rate and final demand are
independent of one another. We show that under the first scenario, the procurement
and transportation departments should collaborate on deciding a hedging policy.
Even with three sources of uncertainty, we have derived an elegant expression for
the optimal options position, in the form of the newsvendor critical fractile. Under
the second scenario, we show that the 100% service level requirement results in
separability of the cost function and each department independently selecting a
hedging policy so as to be able to completely satisfy demand. The optimal options
position for each department is again given by the newsvendor critical fractile. In both
of these scenarios, no distributional assumption is made on the underlying random
variables. In the third scenario, we relax the independence assumption and derive the
necessary optimality condition. Our results show that hedging with options results in
cost reduction for the firm. Our results make two important contributions. First, we
demonstrate that hedging with options does in fact result in cost savings for the firm.
Our second contribution is the demonstration of value creation through hedging for a
risk-neutral firm. In perfect capital markets, hedging is a zero-sum game, such that
the cost of hedging eradicates gains from hedging. In literature, hedging is shown to
create value for a risk-neutral firm in the presence of market frictions, or for firms
that demonstrate risk-averse behaviour. We have shown that hedging creates value
for a risk-neutral firm, without assuming any market frictions. We have shown this to
be the case even when the firm pays the fair price for the negotiated option contracts.



Chapter 3

Dual Sourcing: Optimal
Procurement Policy with
Option Hedging against
Freight Rate Risk

In the previous chapter, we consider a commodity processor who sources from a
single supplier and show that the European style options can hedge the firm against
operational and financial risks. In this chapter, we consider a commodity processor
who employs a dual sourcing strategy. In addition to that, this chapter has three
more significant differences. First, Chapter 2 allows the firms to negotiate options
on both the freight rate and the commodity spot price while the current chapter
restricts attention to the influence of transportation costs but not commodity prices.
Second, Chapter 2 considers only cargo ships while the current chapter considers both
cargo ships and container ships. Finally, Chapter 2 allows the partial hire of ships by
allowing the firm to negotiate a non-negative, non-integer number of options while
the current chapter imposes an integer constraint on option negotiation.

3.1 Introduction

Studies show that sourcing from two suppliers can improve lead-time performance
and reduce total inventory cost (Tyworth & Ruiz-Torres 2000). With increased
globalization, raw materials may be procured either domestically or from offshore
locations. The sourcing decision essentially boils down to a question of cost. From a
firm’s perspective, raw materials typically cost less to procure in offshore markets as
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opposed to domestic markets. For example, oil producers have agreements amongst
themselves to sell crude oil to each other domestically at higher prices in case of
shortage. Though less expensive, raw materials procured in offshore markets need to
be transported to a firm’s domestic processing plants. Thus, when deciding on a dual-
sourcing strategy, a firm must also take into account the relevant transportation costs.
Studies in the literature incorporate transportation costs implicitly as an element
of the cost of placing an order (Tyworth & Ruiz-Torres 2000). This treatment of
transportation costs overlooks the volatility inherent in the cost of some forms of
transportation, such as ocean freight, which has evolved to become the main form of
global transportation. Nomikos et al. (2013) state that increased globalization and
the increased demand for ocean-based transportation of commodities has resulted in
ocean freight becoming a highly volatile commodity in its own right. Hence, a firm
with two sourcing choices needs to consider not only the price difference in the cost of
acquiring the raw material, but also the volatile freight rate. Financial contracts such
as options, however, can help the firm to hedge against the risk of volatile freight
rates. According to a survey of large US non-financial firms (Bodnar et al. 1995),
approximately 40% of firms routinely purchase options or futures contracts in order
to hedge price risks. Motivated by the increasing role that freight transportation
plays in dual sourcing and a firm’s tendency to use financial contracts in order to
hedge against price risks, the objective of the current research is to minimize the
total expected procurement and transportation costs of a firm that employs a dual-
sourcing strategy. The minimization of these costs first involves determining the
optimal number of options to negotiate, and deriving an optimal hedging policy
conditional on the number of options negotiated.

We consider a commodity processor, such as an oil producer or flour miller, that
requires commodities such as oil or wheat as inputs for its processing plant, where
the commodity is converted to a final product. The firm can procure the commodity
from two sources. First, it can buy from an offshore supplier and transport it via
ocean freight to its processing plant. Second, the firm can buy the commodity from
a local supplier close to its processing plant at a higher price. Consequently, the
firm does not pay for ocean transportation. In the setting that we consider,the firm
faces three types of uncertainty: (1) demand for the final product, (2) the cost of
procuring the commodity on the spot market, and (3) the cost of ocean transport of
the commodity to its production facility. The firm can negotiate procurement options
(similar in style to financial European call options) with an ocean shipping company.
These options allow the firm to hedge the uncertainty associated with the freight rate
by reserving the right to charter the ship at a pre-specified strike price. The firm pays
the shipping company a premium to reserve this flexibility.

Lee et al. (2015) point out that some shippers are reluctant to purchase freight services
from carriers in advance due to the volatility inherent in the freight rates unless the
carrier is willing to partially match the realized spot freight rate. Options on the
freight rate would circumvent these issues by allowing shippers to reserve capacity in
advance with options and giving them the flexibility to exercise the options based on
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spot price realizations, thereby not requiring partial price matching guarantees from
carriers. From the carrier’s perspective, in addition to receivng a premium for the
options, information about capacity requirements will also be revealed. These freight
options, however, are not standardised contracts that are traded on exchanges. These
are Over-the-counter (OTC) instruments that are negotiated by both the commodity
processor and the ocean shipping company. As such, market forces do not determine
prices of these options. To preserve focus on the influence of transportation, we do
not consider options on the required commodity. If the underlying commodity is
traded on an exchange, options on the commodity would be traded on an exchange
as well. Market forces would determine the premiums to be paid for these options.
To preclude arbitrage, these prices would be determined based on the expected gain
from optimally exercising the option. As has been established in the literature, a risk-
neutral firm would therefore not take a position in options on the commodity. Since
we are focusing on exchange-traded commodities, such as oil and wheat, we consider
only options on the freight rate and assume that the firm procures the necessary
amount of the raw material on the spot market.

We consider two types of cargo ships: tankers and container ships. Tankers are cargo
ships that are typically used to transport fluids such as crude oil. Container ships
are cargo ships that carry their entire load in truck-size containers standardized at
20 and 40 feet, with fixed dimensions and properties Fransoo & Lee (2013). Oil firms
typically charter tankers, while flour mills might either charter a container ship with
its all containers, or rent one or more containers instead. When hiring tankers, a firm
can only hire an entire ship. Partial hire of a tanker is not possible. Container ships,
on the other hand, can be partially hired since the containers on the ship are hired,
as opposed to the entire ship itself. In this work, we consider both categories and
develop optimal hedging policies for both.

The research makes three contributions. The first is the development of a dual-
sourcing model that integrates a firm’s optimal hedging decision explicitly taking into
account the transportation cost and the constraint that only an integer number of
ships can be hired. Second, we extend the literature on ocean container transport.
Fransoo & Lee (2013) highlight four issues that need to be addressed in the domain
of ocean container transport. One of these issues relates to contracting, pricing and
risk management along the container supply chain. This chapter directly addresses
this point. Third, we numerically demonstrate with the developed model that (1)
transportation costs need to be explicitly accounted for in models on dual-sourcing
strategies, (2) dual sourcing is indeed more effective than single sourcing by limiting
the firm’s price risk exposure and simultaneously offering flexibility to take advantage
of significant price differences in the commodity, and (3) that chartering large ships,
while more expensive per ship, lowers the total expected cost for the firm.

The chapter is structured as follows. Section 3.2 reviews the related literature.
Section 3.3 develops the mathematical model for minimizing the total procurement
and transportation cost for a firm that charters tankers. Section 3.4 presents the
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model for firms that utilize container shipping. Section 3.5 provides some numerical
examples and experiments, and finally Section 3.6 concludes with a summary and
discussion.

3.2 Related Literature

Our work is related to three streams of literature. The first stream focuses on dual
sourcing, the second focuses on ocean freight, and the third stream focuses on option
hedging.

The literature on dual-sourcing dates back to 1961. Barankin (1961) studies an
inventory model in which there is a fixed time-lag of one period for delivery of orders,
but in which there is also defined an emergency situation. When this situation occurs,
an order is taken by immediate delivery with higher cost. Multi-sourcing strategies can
be used for several purposes. Burke et al. (2007), Tomlin & Wang (2005), Yang et al.
(2012) and Federgruen & Yang (2009) study multi-sourcing in the context of hedging
against supplier unreliability. These papers focus on multi-sourcing strategies under
supply chain risks. Several papers study sourcing and inventory related costs. Allon
& Van Mieghem (2010) considers a firm that has access to a responsive nearshore
source (e.g., Mexico) and a low-cost offshore source (e.g., China). The firm must
determine an inventory sourcing policy to satisfy random demand over time. Janssen
& de Kok (1999) provide an analysis of the two supplier model. They develop an
algorithm for the determination of the decision parameters S and Q such that the
long-run expected average costs per time unit are minimized subject to a service
level constraint. Moinzadeh & Nahmias (1988) consider two supply sources, with one
having a shorter lead time and propose a reasonable extension of the standard (Q,R)
policy to allow for two different lot sizes, and two different reorder levels, comparing
the average annual cost with and without emergency ordering. Under the assumption
of relatively small demand and fixed ordering costs (compared to the holding cost)
Moinzadeh & Schmidt (1991) propose a more sophisticated policy in which real time
supply information on the age of all outstanding orders and the inventory level is used.
Song & Zipkin (2009) extend Moinzadeh & Schmidt (1991) by considering a system
with multiple supply sources under Poisson demand and stochastic lead times. The
literature on dual-sourcing has started focusing on the differences in lead time and
cost between nearshore sources and offshore sources. These factors become even more
important when the cost of shipping goods around the world started to rise sharply
and goods spent weeks in transit (Boute & Van Mieghem 2014).

Another stream of literature which our work relates to is ocean shipping. As a result of
offshoring in the last decade, the global container trade has been growing excessively
(Fransoo & Lee 2013). Nearly 90 percent of international trade involves ocean
transportation (Yercan & Yildiz 2012). Fransoo & Lee (2013) investigates the critical
role of ocean shipping in global supply chain performance, and conclude that, although
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ocean transportation is a well-studied research area in maritime economics, many
supply chain management issues arising from ocean freight are not well understood.
The impact of ocean container transport on supply chain performance and supply
chain decision making remains significantly understudied compared to the impact of
other aspects such as inventory management or road transport. Lee et al. (2015)
state that unlike the commercial airline industry that has a well-established process
to manage dynamic pricing and overbooking, the ocean transportation industry lacks
a systematic approach for examining pricing and contracting issues. They state that
the issue of pricing and contracting arising from ocean freight is an emergent topic that
practitioners have begun to examine. The supply chain contracting literature is mostly
about contracts with an inventory risk (Cachon 2003). There is literature about other
industries related to logistics, including, for example, airline ticket contracts for large
corporations (Pachon et al. 2007), bus service contracts (Hensher & Houghton 2004,
Hensher & Stanley 2003), and contracts and regulations for road franchising (Tan
et al. 2010). However, there is the little literature studying ocean shipping contracts
between different parties. Garrido (2007) studies an electronic bidding system in
which the shippers contract each shipment to a single carrier following an open
auction, and a shipper selects the carrier based on the best bidding price. Lim et al.
(2008) studied a shipper’s transportation procurement model, in which the shipper
gives assurances, through volume guarantees negotiated with the transportation
companies, that shipments made in nonpeak periods will be commensurate with
shipments in peak periods. The shipper uses the model in an auction process, in
which the transportation companies bid for routes giving prices and capacity limits, to
procure freight services from the companies, which minimizes its total transportation
costs. Kavussanos & Visvikis (2004) investigates the impact of the introduction of
Forward Freight Agreement (FFA) trading on spot market price volatility in two
panamax and two panamax Pacific (2 and 2A) trading routes of the dry-bulk shipping
industry. Koekebakker et al. (2007) studies the freight derivatives market, setting up
the theoretical framework for the valuation of the Asian-style options traded in the
freight derivatives market. Our research studies ocean transportation from a price
and contracting aspect. The uncertain freight rate, however, is a potential risk in
global sourcing, it can be hedged with option contracts.

Our work is also related to papers considering the use of derivatives in supply chain
contracting. We have extensively discussed this stream of literature in Chapter 1.

3.3 Model for Hiring Tankers

In this section, we detail the optimization problem facing the firm with regards to
the number of freight options contracts that it should negotiate when hiring tankers.
Recall that tankers are primarily used to transport fluids such as crude oil and cannot
be partially hired, implying that a firm must hire an integer number of tankers.
We focus on minimizing the firm’s procurement and transportation costs with three
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stochastic parameters: demand, commodity spot price, and freight rate.

We frame the firm’s optimization problem in a single-period model. The firm produces
a single type of product and faces stochastic demand for this product type. The firm
can procure the commodity required to produce this product from an offshore supplier
at a stochastic price. Once procured, the firm transports the commodity via ocean
freight, at stochastic freight rates, to its production facility where the commodity
is converted to the final product to meet demand. The firm can also procure the
commodity at a higher price in the local market, with no ocean transportation needed.
For simplicity, we assume that a single unit of the commodity is required to produce a
single unit of the product. We further assume zero production and transportation lead
times. Each tanker has a capacity of β, where the unit depends on the commodity.
For example, if the commodity is a fluid like crude oil, β is measured in gallons. Since
partially hiring a tanker is not possible, the firm must hire an entire tanker, even
if only part of the tanker is needed. This constraint reflects practice, where firms,
especially oil producers, generally charter the tankers.

At the start of the period, at time t = 0, the firm negotiates options with the freight
company to hire the tanker, taking into account the expected final demand for the
product. We denote the strike price of this option to be Kλ ∈ R+. Thus, if the option
is exercised, the firm pays Kλ for each tanker, regardless of the tanker’s negotiated
spot freight rate. The firm pays the shipping company a premium of Pλ ∈ R+ for each
option. The number of options the firm negotiates with each party depends on four
factors; the terms of the options (strike price and premium), the firm’s expectation of
final demand for its product, the firm’s expectation of the commodity’s spot price, and
the firm’s expectation of the freight rate. We represent by φd(·), φs(·), and φλ(·) the
marginal probability density functions of final demand, the commodity’s spot price
and the freight rate, respectively. To simplify notation, we denote by M the set of
these marginal distributions. At the end of the period, at time t = T , all uncertainties
are resolved and the firm observes final demand dT ∈ R+, the commodity spot price
sT ∈ R+ and freight rate λT ∈ R+. We assume that the firm operates in a competitive
market and therefore has a 100 percent service level, meaning that the firm will meet
all demand at time t = T . The firm decides how much of the required commodity
should be procured from the offshore supplier. The amount procured from the offshore
supplier is then transported by tanker. The firm needs to decide whether to exercise
the freight options or to hire tankers on the spot market. The firm decides at time T
how many of the freight options procured at time 0 it will exercise at the strike price
Kλ, and how many tankers will be hired on the spot market at price λT . We denote by
sT the unit spot price of the commodity at time T . Procuring a unit of the commodity
in the offshore market entails a unit cost of sT for the firm. Procuring a unit of the
commodity in the local market entails a higher cost of (1+α)sT , where α > 0 denotes
the markup in the domestic market. Naturally, units of the commodity procured in
the domestic market need not be transported. The firm can simultaneously procure
in both the offshore and domestic markets to satisfy demand.
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Under the given setting and notation, the firm’s optimization problem can then be
written as

min
q∈Z+

C1(q,M) = Ed,s,λ [(min(λT ,Kλ, βαsT )) min(z, q)]

+ Ed,s,λ
[
(z − q)+ min(λT , βαsT )

]
+ Ed,s,λ

[
min

(
(q − z)+, 1

)
min(θαsT , λT ,Kλ)

]
+ Ed,s,λ

[
min

(
(z − q + 1)+, 1

)
min(θαsT , λT )

]
+ Ed,s [dT sT ] + qPλ.

(3.1)

where

z =

⌊
dT
β

⌋
and, (3.2)

θ = dT − zβ. (3.3)

The variable z denotes the number of full tankers that could potentially fulfill all
or some of the demand. The decision to charter tankers also depends on factors
such as realized commodity spot price and spot freight rate. The variable θ defined
in Equation (3.3) denotes the portion of demand which might not be fulfilled by
chartering z full tankers. The amount procured would be less than the capacity of
a tanker, i.e., 0 ≤ θ < β. This portion of the demand could be procured in both
markets, but if the firm procures it in the offshore market, the firm has to hire a
tanker even though β−θ of the tanker’s capacity would not be utilized. The function
C1(q,M) represents the combined expected procurement and transportation costs
and consists of four parts. The first part reflects the expected cost of transporting the
commodity procured in the offshore market at time T . The firm exercises at most z
options if it negotiated a sufficient number of options at time 0, and the strike price
for each tanker, Kλ, is less than both the spot market price λT , and the extra local
market cost βαsT . The firm pays the strike price Kλ for each option (each option is
equal to one tanker). Otherwise the firm either hires the tanker on the spot market
λT , or buys the commodity on the local market and pays the extra local cost βαsT .
The term (z − q)+ reflects demand not covered by the options due to the insufficient
number of available options. In order to meet the demand, the firm can only choose
between hiring a tanker on the spot market or buy the commodity in the local market.
The second part reflects the expected cost of transporting the portion of demand not
covered by zβ. For 0 < θ < β, the firm has three options. If the firm still has
unexercised options, the firm can compare the option strike price Kλ with the spot
market price λT and the local market premium θαsT to choose the most cost-effective
alternative. If the firm has exercised all options, it can choose only between hiring one
tanker on the spot market, or buy θ units of the commodity on the local market. If
the firm decides to use ocean transportation for the θ part of demand, the remaining
capacity of the tanker would be unutilized. The third part Ed,s [dT sT ] reflects the
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total procurement cost. In any possible scenario at time T, the firm must pay dT sT
for the procurement cost in order to meet all demand, due to the 100 percent service
level requirement. The fourth part qPλ reflects the premium paid at time 0 for the
options. This premium is negotiable between the firm and its ocean service provider
and is thus taken to be exogenous to our model.

3.3.1 Determining the Optimal Options Position at Time 0

In this section we solve the firm’s optimization problem with respect to q. As
mentioned in the previous section, the firm cannot partially hire a tanker. Math-
ematically this implies that q∗ ∈ Z+, i.e., the firm can only negotiate a non-negative
integer number of options. We need to show that the objective function is convex,
and consequently, that it has just one global minimum. To show this, we use the
definition of convexity in integer functions from Van Houtum & Kranenburg (2015).
Based on this definition, we need to show that ∆2C1(q) = ∆C1(q + 1) − ∆C1(q) is
positive for all q, and then the minimum point would be the smallest q such that
∆C1(q) = C1(q + 1)− C1(q) > 0.

q∗ = min
q∈Z+

∆C1(q) > 0 (3.4)

Lemma 3.1 The cost function C1(q,M) is convex in q.

Proof: We show the convexity of C1(q,M) by showing that ∆2C(q) ≥ 0 for all
q ∈ Z+. Since sT , λT , and dT are independent, we rewrite Equation (3.1) as follows:

C1(q) = Ed [min(z, q)]Es,λ [min(λT ,Kλ, βαsT )]

+ Ed
[
(z − q)+

]
Es,λ [min(λT , βαsT )]

+ Ed
[
min

(
(q − z)+, 1

)]
Es,λ [min(θαsT , λT ,Kλ)]

+ Ed
[
min

(
(z − q + 1)+, 1

)]
Es,λ [min(θαsT , λT )]

+ Ed,s [dT sT ] + qPλ.

Then, ∆C1(q) = C(q + 1)− C(q)

∆C1(q) = Ed [min(z, q + 1)−min(z, q)]Es,λ [min(λT ,Kλ, βαsT )]

+ Ed
[
(z − q − 1)+ − (z − q)+

]
Es,λ [min(λT , βαsT )]

+ Ed
[
min

(
(q + 1− z)+, 1

)
−min

(
(q − z)+, 1

)]
Es,λ [min(θαsT , λT ,Kλ)]

+ Ed
[
min

(
(z − q)+, 1

)
−min

(
(z − q + 1)+, 1

)]
Es,λ [min(θαsT , λT )]

+ Pλ. (3.5)
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Using the demand probability distribution function φd and finding the expectation
on the demand, we obtain

Ed [min(z, q + 1)−min(z, q)] = φd(z > q),

Ed
[
(z − q − 1)+ − (z − q)+

]
= −φd(z > q),

Ed
[
min

(
(q + 1− z)+, 1

)
−min

(
(q − z)+, 1

)]
= φd(z = q),

Ed
[
min

(
(z − q)+, 1

)
−min

(
(z − q + 1)+, 1

)]
= −φd(z = q).

We introduce the following notation for the expectations with respect to s and λ for
expositional ease.

A = Es,λ [min(λT ,Kλ, βαsT )] (3.6)

B = Es,λ [min(λT , βαsT )] (3.7)

C = Es,λ [min(θαsT , λT ,Kλ)] (3.8)

D = Es,λ [min(θαsT , λT )] . (3.9)

Simplifying and rewriting Equation (3.5), we obtain

∆C1(q) = (C −D)φd(z = q) + (A−B)φd(z > q) + Pλ. (3.10)

Denoting by Φd(x) the cumulative distribution function for demand, we can rewrite
and simplify Equation (3.10) to obtain

∆C1(q) = (C −D −A+B)Φd(β(q + 1))

− (C −D)Φd(βq) +A−B + Pλ. (3.11)

Since ∆2C(q) = ∆C(q + 1)−∆C(q), using Equation (3.11) we have

∆2C1(q) = (C −D −A+B)[Φd(β(q + 2))− Φd(βq + 1)]

+ (D − C)[Φd(β(q + 1))− Φd(βq)]. (3.12)

If we examine ∆2C1(q) in Equation (3.12) component by component, we obtain

C −D −A+B = Es,λ [min(θαsT , λT ,Kλ)]− Es,λ [min(θαsT , λT )] ,

−Es,λ [min(λT ,Kλ, βαsT )] + Es,λ [min(λT , βαsT )] ≥ 0,

D − C = Es,λ [min(θαsT , λT )]− Es,λ [min(θαsT , λT ,Kλ)] ≥ 0,

Fd(β(q + 2))− Fd(βq + 1) ≥ 0,

Fd(β(q + 1))− Fd(βq) ≥ 0.

This implies that ∆2C(q,M) is non-negative for all q ∈ Z+. Hence, C(q,M) is convex
and completes the proof. 2
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Theorem 3.1 The firm’s optimal options position at time 0, q∗ is given by

q∗ = min
q∈Z

(C −D −A+B)Φd(β(q + 1))− (C −D)Φd(βq) +A−B + Pλ > 0 (3.13)

with A, B, C, and D, as in Equations (3.6) - (3.9).

Proof: We first show that the smallest q satisfying the inequality in Equation
(3.13), denoted by q∗, is a stationary point of C1(q,M). To obtain the first order
condition for optimality, we set Equation (3.11) greater than 0 and solve for the
smallest q such that the inequality in Equation (3.13) holds. Since ∆2C1(q,M) is
non-negative for all q as a consequence of the convexity of the cost function, the
stationary point q∗ minimizes C1(q,M). 2

3.3.2 Optimal Policy at Time T

In this section, we characterize the optimal policy for exercising options, hiring tankers
on the spot market, and procuring commodity to meet realized demand. In the
previous section we solved an optimization problem which gave us the optimal option
position at time 0 (q∗). In this section, we assume that q∗ is given and describe the
optimal policy at time T . At time T , the firm observes demand dT , and needs to meet
all demand. The firm needs to make 4 decisions: 1) How many options to exercise.
2) How many tankers to hire on the spot market?3̇) How much of the commodity to
procure in the offshore market and 4) How much of the commodity to procure in the
domestic market. As in the previous section, the firm needs to divide the total demand
into two parts zβ (offshore procurement with z tankers) and θ (excess demand not
covered by z tankers) and find the optimal policy based on these two variables. In
addition to demand, two other stochastic variables sT and λT are realized at time T
and will influence the firm’s decisions. We consider all eventual scenarios at time T ,
and describe the optimal actions that the firm needs to take in each scenario. The
optimal policy dictates how many options the firm should exercise, how many tankers
to hire at the spot freight rate, how much of the commodity to procure in the offshore
market and how much to procure in the domestic market. To this end, in order to
characterize the optimal policy at time T we define the following variables:

OT z: The number of options the firm should exercise in order to meet the demand
that can be fulfilled with z tankers.

OT θ: The number of options the firm should exercise in order to meet the excess
demand that cannot be fulfilled with z tankers.

OT : OT z +OT θ
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We similarly define the variables FT z, FT θ, FT as the number of tankers that the firm
has to hire at the spot freight rate, aT z, aT θ, aT as the units of commodity that the
firm has to procure in the offshore market, and bT z, bT θ, bT as the units of commodity
that the firm has to procure in the domestic market. With these variables defined,
we are now in a position to present the optimal policy for exercising options, hiring
tankers in the spot market, and procuring demand.

Theorem 3.2 Given the solution to Equation(3.1), q∗,

(a) and z as defined in Equation(3.2),

(i) if βαsT ≤ λT and βαsT ≤ Kλ then OT z = 0, FT z = 0, aT z = 0, and
bT z = zβ,

(ii) if βαsT ≤ λT and βαsT > Kλ then OT z = min(z, q∗), FT z = 0, aT z =
min(z, q∗)β, and bT z = (z − q∗)+β,

(iii) if βαsT > λT and Kλ ≤ λT then OT z = min(z, q∗), FT z = (z − q∗)+,
aT z = zβ, and bT z = 0,

(iv) if βαsT > λT and λT < Kλ then OT z = 0, FT z = z, aT z = zβ, and
bT z = 0,

(b) and θ as defined in Equation(3.3),

(i) if θαsT ≤ λT and θαsT ≤ Kλ then OT θ = 0, FT θ = 0, aT θ = 0, and
bT θ = θ.

(ii) if θαsT ≤ λT and θαsT > Kλ then OT θ = min((q∗ − z)+, 1), FT θ = 0,
aT θ = min((q∗ − z)+, 1)θ, and bT θ = min((z − q∗ + 1), 1)θ.

(iii) if θαsT > λT and Kλ ≤ λT then OT θ = min((q∗ − z)+, 1), FT θ = min((z −
q∗ + 1), 1), aT θ = θ, and bT θ = 0.

(iv) if θαsT > λT and λT < Kλ then OT θ = 0, FT θ = 1, aT θ = θ, and bT θ = 0.

Proof: We prove each assertion sequentially. The cases are also highlighted in
Figure 3.1.

Case 1: βαsT ≤ λT and βαsT ≤ Kλ

procuring in the domestic market is the more cost-effective option. The firm should
procure zβ units of the commodity domestically. Thus, the firm should not exercise
any options, yielding OT z = 0. As a consequence of domestic procurement, the firm
need not charter any tankers,thus FT z = 0. Since zβ units of the commodity are
procured domestically, aT z = 0, and bT z = zβ.

Case 2: βαsT ≤ λT and βαsT > Kλ

Exercising the options is the most-effective option, so OT z = min(z, q∗). The portion
of demand that cannot be met using options should be procured in the domestic
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market rather than on the offshore market. Thus, FT z = 0, aT z = min(z, q∗)β, and
bT z = (z − q∗)+β.

Case 3: βαsT > λT and Kλ ≤ λT
Exercising the options is the most cost-effective option. The number of available
options is, however, limited to q∗. Furthermore, the firm should hire the tankers on
the spot market for the remaining part, (z−q∗)β. This implies that OT z = min(z, q∗)
and FT z = (z − q∗)+. On the other hand, since βαsT > λT , the commodity should
be procured in the offshore market. Thus, aT z = zβ, and bT z = 0.

Case 4: βαsT > λT and λT < Kλ

Chartering tankers on the spot market is the most cost-effective option. The firm
should charter the required tankers on the spot market rather than excising the
available options, implying that OT θ = 0, FT θ = 0. And since βαsT > λT , zβ
units of the commodity should be procured in the offshore market. Thus aT z = zβ,
and bT z = 0.

One can do the same case-based analysis for the part of demand that cannot be
covered by z full tankers, the θ part, to find OT θ, FT θ, aT θ, and bT θ. The only
difference would arise in the number of tankers. For this portion of demand, the
firm would need to charter at most one tanker for the transportation. Finally, we
obtain the total number of the options to exercise, the total number of tankers to
charter, and can determine where the commodity should be sourced from, yielding
OT = OT z + OT θ, FT = FT z + FT θ, aT = aT z + aT θ, and bT = bT z + bT θ. This
completes the proof. 2

Theorem 3.2 characterises the optimal policy by considering all potential scenarios
at time T , and choosing the action with the lowest cost. Figure 3.1 illustrates this
policy in two parts. Figure 3.1(a) shows the optimal policy for the part of demand
that can be fulfilled with z full tankers. Procuring the commodity in the domestic
market entails an extra cost of βαsT . When deciding between offshore and domestic
procurement, this extra cost must be compared against the transportation cost λT .
The diagonal line λT = βαsT in Figure3.1(a) reflects this. On this line, the cost of
hiring a full tanker is equal to procuring β units of the commodity in the domestic
market. The diagonal line characterizes the optimal policy based on cases 1-4 which
have been explained in the proof Theorem 3.2. Similarly Figure 3.1(b) shows the
policy for the part of demand that cannot be fulfilled with z full tankers.

3.4 Model for Hiring Container Ships

Many commodities like wheat are transported by containers. For these types of
commodities, the firm will charter a ship and all the containers on it if it can fill the
ship’s capacity. Otherwise the firm will partially charter the ship, meaning that
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it will rent some of the containers on the ship. In this section we consider the
other major form of ocean freight transportation and investigate the role of option
contracts in container shipping. We still focus on minimizing the firm’s procurement
and transportation costs and formulate the optimization problem as a classic news-
vendor model with three stochastic parameters. In this section, chartering a ship,
means chartering a ship with all the containers on it.

The assumptions made in the previous section hold. A few changes are required
to accommodate the context of container shipping. We assume each ship has γ
containers. The firm will charter/hire an entire ship if it needs to use all γ containers.
Otherwise, the firm rents the required number of containers. We assume that the cost
of renting a container is fixed at Γ. Naturally, chartering a ship would be more cost
effective than renting all γ containers at Γ per container. We thus assume that Γ is
such that γΓ ≥ λT .

In the previous sections, demand and commodity procurement were in terms of units
of the commodity. In this section, to reflect practice, we assume that demand and
procurement are in terms of numbers of containers. This assumption reflects practice
since the capacity of any container is small enough that the cost associated with not
entirely filling the capacity of a container is negligible.

As in Section 3.3, at the start of the period, time t = 0, the firm negotiates options
with the freight company to charter a ship. The firm, however, cannot procure options
on individual containers. We again denote the strike price of this option to be Kλ.
The option premium is also denoted as Pλ. At the end of the period, at time t = T , all
uncertainties are resolved and the firm observes final demand dT and the commodity
spot price sT . Recall that demand and procurement are now in terms of numbers
of containers. In a slight abuse of notation, we denote by dT and sT the realized
demand and commodity spot price per container, respectively. Thus dT now refers
to the numbers of containers demanded. Similarly, sT refers to the spot price of
the commodity per container of the commodity. Finally, the firm observes the spot
freight rate, λT , per ship (with γ containers). As stated above, the rental price of
each container is fixed at Γ where λT < γΓ . We still assume that the firm achieves
a service level of 100 percent, implying that the firm will meet all realized demand
at time t = T . The firm then decides where to procure the commodity from and
how to transport commodity procured in offshore markets about the procurement
and the transportation policy. The firm can either procure the commodity in the
offshore market and utilize ocean transportation with some or all the containers on
a ship, or procure the commodity in the domestic market without the need for ocean
transportation. If procuring in and transporting from an offshore market, the firm
could either utilize options, or pay the spot freight rate.

The firm’s optimization problem with regards to container shipping can now be
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written as

min
q∈Z+

C2(q,M) = Ed,s,λ [(min(λT ,Kλ, γαsT )) min(z′, q)]

+ Ed,s,λ
[
(z′ − q)+ min(λT , γαsT )

]
+ Ed,s,λ

[
min

(
(q − z′)+, 1

)
min(θ′αsT ,Kλ, θ

′Γ, λT )
]

+ Ed,s,λ
[
min

(
(z′ − q + 1)+, 1

)
min(θ′αsT , θ

′Γ, λT )
]

+ Ed,s [dT sT ] + qPλ,

(3.14)

where z′ =
⌊
dT
γ

⌋
, and θ′ = dT − z′γ.

As in the model for tankers, we divide the total demand into two components, but this
time based on container units z′ and θ′. The variable z′ represents the number of ships
with γ containers that could potentially fulfill the realized demand dT . The variable
θ′ consequently represents the excess demand that cannot be met with z′ ships.
Furthermore, θ′ is always less than γ. The function C2(q,M) represents the combined
expected procurement and transportation costs and consists of four parts. The first
part Ed,s,λ [(min(λT ,Kλ, γαsT )) min(z′, q) + (z′ − q)+ min(λT , γαsT )] reflects the ex-
pected cost of chartering the z′ ships according to the corresponding optimal policy
at time T . The firm exercises at most z′ options if it negotiated a sufficient number
of options at time 0, and the strike price for one ship,Kλ, is less than both the spot
market price λT , and the extra domestic market cost αsT . Otherwise, the firm either
hires the ship on the spot market for λT , or buys the commodity in the domestic
market and pays the extra local cost γαsT . The term (z′ − q)+ reflects the demand
not covered by the options due to insufficient number of options negotiated at time
0. In order to meet this demand, the firm can only choose between hiring a ship
on the spot market or buying the commodity in the local market. The third term
Ed,s [dT sT ], and the fourth term qPλ are as in Equation (3.1).

The terms

Ed,s,λ
[
min

(
(q − z′)+, 1

)
min(θ′αsT ,Kλ, θ

′Γ, λT )
]

+ Ed,s,λ
[
min

(
(z′ − q + 1)+, 1

)
min(θ′αsT , θ

′Γ, λT )
]

reflect the expected cost of transporting the excess demand, θ′ according to the
optimal policy at time T for procuring and transporting excess demand. For
0 < θ′ < γ, the firm has three choices. If the firm still has an option remaining, the
firm compares the option strike price Kλ with renting θ′ containers at Γ per container
and the extra local cost αsT and selects the most cost efficient choice. Otherwise, the
firm chooses only between hiring θ′ containers or procuring the required amount of
the commodity on the local market.
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3.4.1 Determining the Optimal Options Position at Time 0 for
Hiring Containers

Lemma 3.1 and Theorem 3.1 can be readily extended to accommodate the context of
container shipping. We need to substitute A, B, C, and D with A′, B′, C ′ and D′ as
follows

A′ = Es,λ [min(λT ,Kλ, γαsT )]

B′ = Es,λ [min(λT , γαsT )]

C ′ = Es,λ [min(θ′αsT ,Kλ, θ
′Γ, λT )]

D′ = Es,λ [min(θ′αsT , θ
′Γ, λT )]

Then with an approach similar to the one employed in the proofs of Lemma 3.1 and
Theorem 3.1 we can show the convexity of the objective function, and then determine
the optimal options positions at time zero.

3.4.2 Optimal Policy at Time T

Given the optimal options position at time 0, q∗, the firm must decide at time T ,
upon realization of dT , sT , and λT , how many options to exercise, how many ships to
charter at the spot rate, how many containers to rent, and how the commodity should
be procured. Figure 3.2 shows the optimal policy for the part of demand that can
be fulfilled with z′ ships. The x-axis shows the commodity price at time T , and the
y-axis shows the freight rate at time T . Figures 3.4 and 3.3 show the optimal policy
for the excess demand, θ′. In order to avoid the complexity of 3D graphs, we show the
optimal policy for this demand in two figures based on the realization of demand and
consequently θ′. Figure 3.4 shows the optimal policy when θ′Γ > Kλ, and Figure 3.3
shows the optimal policy when θ′Γ < Kλ. The term θ′Γ represents the cost of renting
θ′ containers on a ship. When renting θ′ containers, the firm should always compare
the cost of renting these containers to the cost of chartering a ship with all containers
on it using an option, should one remain. Thus, the optimal policy for containers
distinguishes between these two cases. After this trade-off has been resolved, as
with chartering tankers, the firm must decide between procuring the commodity in
the offshore market and the domestic market. The diagonal lines λT = γαsT and
λT = θ′αsT represent this trade off. The structure of the optimal policy for the
part of demand that could be fulfilled by z′ ships with containers is identical to the
structure of the optimal policy for the demand that could be fulfilled with z tankers
in Section 3.3, with both policies consisting of four parts.The optimal policy for the
excess demand that could be fulfilled with θ′ containers is structurally similar to the
optimal policy for the excess demand that could be fulfilled with θ tankers, with the
latter policy again consisting of four parts. The optimal policy relating to θ′ consists of
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five parts, instead of four. The extra part arises as a consequence of the divisibility of
containers. In order to formalize the optimal policy, we modify the definition of some
variables used to formally characterize the optimal policy in the context of tankers.

𝐾𝜆 

𝐾𝜆

𝛾𝛼
 

𝑂𝑇1 = 0 
      𝐹𝑇1= 𝑧′ 
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      𝑏𝑇1= 0 

𝑠𝑇  

𝜆𝑇  
𝜆𝑇 = 𝛾𝛼𝑠𝑇  

Case 1 
 
Ship:  
0 options 
0 spot 
Commodity: 
0 offshore 
𝑧′ 𝛾 local 

Ship:  
min (𝑧′, 𝑞∗) options 
0 spot 
Commodity: 
min 𝑧′, 𝑞∗ 𝛾 offshore 
𝑧′ − 𝑞∗  𝛾 local 

 
 
Case 2 
 

Ship:  
min 𝑧′, 𝑞∗  options 
𝑧′ − 𝑞∗  spot 

Commodity: 
𝑧′ 𝛾 offshore 
0 local 

Case 3 

Case 4 

Figure 3.2 Optimal policy for z′ part of demand

OT z: The number of options the firm should exercise in order to meet the demand
that can be fulfilled with z′ container ships.

OT θ: The number of options the firm should exercise in order to meet the excess
demand that cannot be fulfilled with z′ container ships.

OT : OT z +OT θ

As we did before, we similarly define the variables FT z, FT θ, FT as the number of
container ships that the firm has to hire at the spot freight rate, aT z, aT θ, aT as the
number of containers of commodity that the firm has to procure in the offshore market,
and bT z, bT θ, bT as the units of commodity (in terms of numbers of containers) that
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𝐾𝜆 
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𝜆𝑇  

𝜃′Γ 

Γ

𝛼
 

Case 1 
 
Ship:  
0 options 
0 spot 
Container: 
0 spot 
Commodity: 
0 offshore 
𝜃’local 

Ship:  
0 options 
0 spot 
Container: 
𝜃′spot 
Commodity: 
𝜃′ offshore 
0 local 

Ship:  
0 options 
1 spot 

commodity:  
𝜃′ offshore 
0  local 

Container  
0 spot 

Case 3 

Case 2 

Figure 3.3 Optimal policy for θ′ part of demand if θ′Γ < Kλ

the firm has to procure in the domestic market. Theorem 3.3 now characterizes the
associated optimal policy

Theorem 3.3 Given the q∗, and z′, (Figure 3.2)

(i) if γαsT ≤ λT and γαsT ≤ Kλ then OT z = 0, FT z = 0, aT z = 0, and bT z = z′γ,

(ii) if γαsT ≤ λT and γαsT > Kλ then OT z = min(z′, q∗), FT z = 0, aT z =
min(z′, q∗)γ, and bT z = (z′ − q∗)+γ,

(iii) if γαsT > λT and λT < Kλ then OT z = 0, FT z = z′, aT z = z′γ, and bT z = 0,

(iv) if γαsT > λT and Kλ ≤ λT then OT z = min(z′, q∗), FT z = (z′ − q∗)+, aT z =
z′γ, and bT z = 0,

given θ′ where θ′Γ < Kλ meaning that the containers are cheaper than the freight
options, and we need to just compare the price of θ′ containers with the price of one
extra full container ship and local market price. (Figure 3.3)
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Case 5 

Figure 3.4 Optimal policy for θ′ part of demand if θ′Γ > Kλ

(i) if θ′αsT ≤ λT and αsT ≤ Γ then OT θ = 0, FT θ = 0, , container = 0, aT θ = 0,
and bT θ = θ′.

(ii) if θ′αsT > λT and λT < θ′Γ then OT θ = 0, FT θ = 1, container = 0, aT θ = θ′,
and bT θ = 0.

(iii) if λT > θ′Γ and sT >
Γ
α then OT θ = 0, FT θ = 0, container = θ′, aT θ = θ′, and

bT θ = 0.

and given θ′ where θ′Γ > Kλ meaning that we need to compare all choices: θ′ freight
options, local market price, one extra full container ship, and θ′ containers. (Figure
3.4)

(i) if θ′αsT ≤ λT and θ′αsT ≤ Kλ then OT θ = 0, FT θ = 0, container = 0, aT θ = 0,
and bT θ = θ′.

(ii) if θ′αsT ≤ λT and Kλ
θ′α < sT < Γ

α then OT θ = min((q∗ − z′)+, 1), FT θ = 0,
container = 0, aT θ = min((q∗ − z′)+, 1)θ′, and bT θ = min((z′ − q∗ + 1), 1)θ′.
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(iii) if θ′αsT > λT and λT < Kλ then OT θ = 0, FT θ = 1, container = 0, aT θ = θ′,
and bT θ = 0.

(iv) if θ′αsT > λT and Kλ ≤ λT ≤ θ′Γ then OT θ = min((q∗ − z′)+, 1), FT θ =
min((z′ − q∗ + 1), 1), container = 0, aT θ = θ′, and bT θ = 0.

(v) if λT > θ′Γ and sT > Γ
α then OT θ = min((q∗ − z′)+, 1), FT θ = 0, container

= min((z′ − q∗ + 1), 1)θ′, aT θ = θ′, and bT θ = 0.

Proof: As with the optimal policy for tankers, the optimality of the policy for
containers can be shown by considering each scenario and determining the optimal
action for that scenario. Again, the cases are highlighted in Figures 3.2, 3.3, and 3.4.
2

3.5 Numerical Studies

In Section 3.3 we have discussed the cost minimization problem facing the firm when
chartering tankers. In Section 3.4, we have discussed the optimization problem facing
the firm when chartering ships and containers. In this section, we use the developed
models to study the influence of the underlying parameters on the firm’s hedging
policy and associated costs. The section consists of two parts. In the first part, we
consider a firm that charters tankers. In the second part, we consider a firm that
charters ships and containers.

The models presented above are distribution-independent. These models, however,
preclude analytical results for the optimal options position. Consequently, they must
be solved numerically. To this end, we assume that demand for the final product,
dT , is lognormally distributed. We further assume that the commodity spot price
and freight rate are also lognormally distributed. This assumption implies that the
commodity price and freight rate, in addition to final demand, can be modeled as a
Geometric Brownian Motion in continuous time. A consequence of this assumption is
that we may compute the option premium using the Black & Scholes (1973) formula
for the numerical studies. Recall, however, that these options are not exchange-traded
and are negotiated over-the-counter between the firm and the ocean freight provider.
One could naturally assume other stochastic processes and models for the underlying
variables with no impact on the nature of the results.

We set the commodity spot price to be lognormally distributed with µs = 0.8 and
σs = 0.6 being the mean and standard deviation respectively of the associated normal
distribution. Similarly, we set the freight rate to be lognormally distributed with
µl = 0.8 and σl = 0.8 being the mean and standard deviation of the associated
normal distribution. We set the demand to be also lognormally distributed with
µd = 0.4, σd = 0.4 representing the mean and standard deviation of the associated
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normal distribution. We normalize the current commodity spot price to 1 per unit.
We set the current freight rate to 100 per tanker and the current demand to 500
commodity units. The option strike price is set to be Kλ = 150. Since the freight
rate is lognormally distributed, we can compute the option premium using the Black
& Scholes (1973) formula to yield Pλ = 18.4089. Finally, we set one ship to have a
capacity of β = 100 commodity units, and the extra margin for domestic procurement
is α = 0.7 per commodity unit. Table 3.1 summarizes the parameter setting. We use
this setting in the following numerical experiments.

µs σs µl σl µd σd Kλ P β α

0.8 0.6 0.8 0.8 0.4 0.4 150 18.4089 100 0.7

Table 3.1 Parameter setting

3.5.1 Effect of Tanker Size on Total Cost
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Figure 3.5 Total cost as the size of the tanker changes

We now investigate the effect of tanker size on the firm’s total cost. Advances in
engineering have facilitated the building of larger ships that can transport larger
volumes of goods. We use the same parameter setting as above with the exception
of setting initial demand (at time 0) to d = 10000, in order to have a large enough
demand for larger ships. Figure 3.5 plots total cost to the firm against ship capacity
β. Naturally, as the capacity of the ship increases, the cost of chartering it also
increases. Economies of scale, however, imply that the rate of increase of the charter
cost increases slower than the rate of increase of ship capacity. As the charter cost
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increases, naturally, the strike price would increase as well. In Figure 3.5, the charter
cost increases at half the rate at which the ship capacity increases, while the option
strike price increases at 75%. We achieve these rates of increase in the numerical study
by controlling the step sizes. The figure shows that increasing β results in lower costs
to the firm. The increased cost of chartering these ships is offset by the economies
of scale gained. So-called ‘mega ships’ have gained attention in both literature and
practice recently. These are very large container ships that can hold much more
containers than traditional container ships. The Maersk Triple E Class of container
ships, for example, has a capacity of more than 18,000 TEU. The study carried out in
this section can be repeated here by changing γ, the number of containers per ship,
rather than β to yield similar results, i.e., as γ increases, the total cost incurred by
the firm decreases even though the cost chartering these ‘mega ships’ is higher. This
result also explains the attractiveness of ‘mega ships’ to firms.

3.5.2 Effect of Dual-Sourcing Strategy on Total Cost

Having examined the transportation aspect of procuring the commodity in offshore
markets, we now turn our attention to the dual sourcing strategy itself. A key driver of
the strategy is the extra cost a firm incurs when procuring in domestic markets. The
margin α represents this additional cost. We thus increase the variable α and study the
effect of the dual sourcing strategy on total cost. Again, we use the same parameter
settings in Table 3.1. Figure 3.6 plots the change in total cost as α increases and shows,
somewhat surprisingly, that as α increases, the total cost to the firm increases. If α is
low, the firm would choose to procure the commodity in the domestic market, saving
itself the cost of transporting the commodity in the offshore market. As α increases,
the firm starts to procure more of the commodity in the offshore market. Doing so
incurs transportation costs. Thus, as α increases, even though the firm procures more
of the required commodity in the offshore market, the transportation costs drive up
total cost. Nonetheless, a dual sourcing strategy is beneficial to the firm. For large
values of α, Figure 3.6 shows that at some α, the total cost stabilizes. At this point,
the firm procures all the required commodity in the offshore market. Consequently,
a change in the local market price has no impact on total cost. The dual-sourcing
strategy stabilizes the cost incurred by the firm and limits its price exposure. On the
other hand, if α is low, the firm can choose to procure as much of the commodity as
needed in the domestic market and save itself the cost of transporting the commodity.
The figure highlights the importance of explicitly considering transportation costs,
and also demonstrates that the existence of a domestic market can reduce a firm’s
total expected procurement and transportation costs.
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Figure 3.7 Offshoring proportion as number of negotiated options changes

3.5.3 Effect of Options on Dual Sourcing Strategy

We now investigate the effect of freight options on the dual sourcing strategy under
two scenarios. Figure 3.7 plots the proportion of demand procured on the offshore
market as the number of negotiated options changes. We examine the effect under
two scenarios. In the first scenario, the optimal policy for the firm is to exercise all
the negotiated options. Figure 3.7(a) shows that the offshoring proportion increases
as the number of options negotiated changes. This increase is linear with slope β

dT
,

the proportion of demand that a single ship could fulfill. The reason is that if the firm
has one additional option, the firm would exercise the option, and consequently the
proportion of demand procured on the offshore market would increase by the capacity
of one more ship over the whole demand ( β

dT
). This process will continue until all
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demand is satisfied (q = 8). After that, increasing the number of options has no effect
on the offshoring proportion.

In the second scenario (Figure 3.7(b)), the optimal policy is to procure the whole
demand on the local market rather than on the offshore market. This implies that
the firm should not exercise the negotiated options at time T , and consequently
increasing the number of negotiated options has no effect on the proportion of
procured commodity on the offshore market.

The main difference between Figure 3.7(a) and Figure 3.7(b) is in the option strike
price Kλ. We have shown in Theorem 3.2 that by the realization of the commodity
price and the freight rate at time T , the firm should compare them with the strike
price and decide whether to exercise the options or not. Theorem 3.2 shows that
if the options strike price Kλ is relatively low, the firm should exercise the options.
Figure 3.7(a) shows such cases where the firm exercises the options; consequently, a
change in the number of the procured options influences the sourcing decision. On
the other hand, there are some cases in Theorem 3.2 in which the options strike price
Kλ is relatively high compared to the local market and/or freight spot market. In
those cases the firm - regardless of the number of options - should not exercise any of
them; consequently, a change in the number of procured options has no effect on the
sourcing decision. Figure 3.7(b) highlights such cases.

3.5.4 Effect of Freight Rate Volatility on Dual Sourcing
Strategy
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Figure 3.8 Influence of volatility on optimal policy

Given the volatile nature of freight rates, we study the impact of freight rate volatility
on the proportion of demand procured on the offshore market. Figure 3.8(b) plots
the change in offshore proportion as freight rate volatility increases for three different
levels of α. As Figure 3.9 shows, when σλ increases, the offshoring proportion
decreases, but when α is higher i.e. α = 0.9, this decrease happens at a higher
level of freight rate volatility. This implies that the effect of the freight volatility on
the offshoring proportion can be offset by the domestic margin α.
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Figure 3.9 Influence of volatility on optimal policy with and without integer constraint,
α = 0.9

Another interesting observation in Figure 3.8 is that the graph is discontinuous at
some points. Such discontinuities occur because we impose an integer constraint on
q. For completeness, we relax this contraint in Figure 3.9 and obtain a continuous
graph. Considering the integer constraint on q, Figure 3.8 shows that for many levels
of volatility the sourcing decision should remain unchanged; however in some levels
the offshoring proportion would dramatically decrease. Thus, ignoring reality and
relaxing the integer constraint would result in a solution that is suboptimal which
could consequently lead to dramatically higher costs.

3.5.5 Effect of Commodity Price volatility on Dual Sourcing
Strategy

Having examined the freight rate volatility effect on the sourcing strategy, we now seek
to study the effect of another important volatility on the sourcing decision: volatility
of the commodity price. Intuitively one would think that it does not influence the
sourcing decision, since the commodity price has the same process in both locations,
but Figure 3.10 illustrates a different insight. It shows that the offshore proportion
increases as the volatility of the commodity price increases, implying that the firm
should procure more on the offshore market when the volatility of commodity price is
too high. The reason behind this insight is the extra cost that the firm incurs when
procuring on the domestic market (α). This extra cost α is a multiplier and intensifies
the change in the volatility like a booster: when the volatility of the commodity price
increases, the local market becomes riskier than the offshore market. Again, the graph
here is not strictly increasing, and in some levels of standard deviation, the offshore
proportion should remain unchanged, while in some levels, it should dramatically
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Figure 3.10 Offshoring proportion as volatility of commodity price changes

increase. Like the previous experiment, again the reason is the integer constraint on
q.

3.6 Conclusion

Firms frequently employ dual-sourcing strategies to take advantage of price differ-
ences. Goods procured in offshore markets as a consequence of the dual-sourcing
strategy need to be transported, typically via ocean freight. With increased
globalization and demand for ocean freight services, coupled with long lead times
to build ships, ocean freight rates have become highly volatile. Motivated by these
developments, we investigate the role of options in hedging against ocean freight
rates for a commodity processor that employs a dual-sourcing strategy. We develop
mathematical models of the firm’s total expected procurement and transportation
costs, explicitly taking into account the transportation cost by allowing for stochastic
freight rates, in addition to stochastic demand and commodity spot price, and
determine the optimal number of options the firm should negotiate. Subsequently, we
derive the the optimal policy the firm should follow once all uncertainties are resolved.
We develop models and derive optimal policies for the two main categories of ocean
transport: tankers and container ships. Our numerical studies based on the developed
models highlight the importance of explicitly taking into account transportation costs.
The results also show that hedging against freight rate risk with options can lead to
cost reduction for a firm that employs a dual-sourcing strategy. Furthermore, our
numerical studies also highlight that dual-sourcing strategies limit price risk exposure
and offer the firm flexibility by allowing the firm to take advantage of low domestic
costs. Our numerical studies demonstrate that cost savings may be achieved by
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chartering larger tankers and container ships even though they may cost more to
charter, shedding some light on the popularity of ‘mega ships’. Our numerical studies
further show that procuring freight options may increase the offshore proportion, and
finally, the results show that the firm should procure more on the domestic market
when the volatility of freight rate is too high, while the firm should buy more on the
offshore market when the volatility of commodity price is too high.





Chapter 4

Valuing Optimal Switching
Options with the
Moving-Boundary Method

The previous two chapters focused on freight options that are similar in nature to
European call options. We have shown the value of freight options as hedging tools
against the operational and financial risks. We have considered the European style
options and formulate the problem in one period setting. In this chapter we study
a different kind of options which are called switching options. A switching option
is a well-known example of a real option, and as we mentioned in Chapter 1 a real
option references a tangible asset instead of financial instrument. In the two previous
chapters we have focused on options as hedging instruments, while in the next two
chapters we develop models in which options are defined on operations like shutting
down a firm or switching a production place. Furthermore, unlike previous chapters
where we had a one-period setting, in the next two chapters we formulate the problem
in a continuous time horizon. Particularly in this chapter, we develop a numerical
method based on stochastic control to value switching options.

4.1 Introduction

The Moving-Boundary method has been applied to several stochastic control prob-
lems. Stochastic control problems are problems where a controller attempts to control
a system governed by an evolving stochastic process with the aim of optimizing an
objective function. Due to the costs involved in controlling and making changes
to the underlying system, the controller needs an optimal control policy that will
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dictate the actions necessary to optimize the controller’s objective function. The cost
structure determines the type of stochastic control problem facing the controller.
There are several types of stochastic control problems such as optimal stopping
problems, singular control problems, and impulse control problems. The theory of
optimal stopping is concerned with the problem of choosing a time to take a particular
action- like exercising an American option-, in order to maximise an expected reward
or minimise an expected cost. Singular stochastic control problems are those problems
in which the system controller can change the state of the system instantaneously by
paying just the proportional cost, while in impulse control problems there is a fixed
cost associated with each state change. Hence, when the control has proportional
cost, the problem is called singular control wherein the optimal control only makes
infinitesimal changes in states, but when the cost contains fixed component as well,
the problem is called impulse control, and it is usually optimal for the controller to
bring about non-infinitesimal changes to the state.

Using dynamic programming arguments, stochastic control problems typically reduce
to solving a system of differential equations, either ordinary or partial. The domains
over which these systems of equations are to be solved are unknown a priori, therefore
resulting in free-boundary problems. Closed-form solutions rarely exist for such
problems. Numerical solutions are then needed to determine the optimal value
functions and policies. The Moving-Boundary method is a numerical scheme that
can be used to solve a certain class of such free-boundary problems. The method
transforms the free-boundary problem into a sequence of fixed-boundary problems
that are easier to solve.

Kumar & Muthuraman (2004) applied Moving-Boundary method for the first time
to solve singular control problems. They combine finite element methods that
numerically solve partial differential equations with a policy update procedure
based on the principle of smooth pasting to iteratively solve Hamilton-Jacobi-
Bellman equations associated with the stochastic control problem. Following this,
Muthuraman & Kumar (2006) provide a computational study of the problem of how
to optimally allocate wealth among multiple stocks and a bank account to maximize
the infinite horizon discounted utility of consumption. They consider the situation
where the transfer of wealth from one asset to another involves transaction costs
that are proportional to the amount of wealth transferred. Their model allows for
correlation between the price processes, which in turn gives rise to interesting hedging
strategies. This results in a stochastic control problem with both drift-rate and
singular controls, which can be recast as a free boundary problem in partial differential
equations. Adapting the finite element method and using an iterative procedure that
converts the free boundary problem into a sequence of fixed boundary problems,
Kumar & Muthuraman (2004) provide an efficient numerical method for solving
this problem. Muthuraman (2008) develops the variant of their method for optimal
stopping problems. Interestingly, at that time he showed that the Moving-Boundary
idea also worked for optimal stopping problems, in particular for pricing American
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options. Apart from providing an efficient methodology to solve the free boundary
problem in American option pricing, he extends the Moving-Boundary approach to
solve an optimal stopping problem, thereby taking a modest step in making the
Moving-Boundary method more general. Chockalingam & Muthuraman (2011) apply
the Moving-Boundary method to price American options under stochastic volatility.
First, they develop a transformation procedure to compute the optimal-exercise policy
and option price and provide theoretical guarantees for convergence. Second, using
this computational tool, they explore a variety of questions that seek insights into
the dependence of option prices, exercise policies, implied volatilities on the market
price of volatility risk and correlation between the asset and stochastic volatility.
They compare the speed and accuracy of the procedure against existing methods as
well. Feng & Muthuraman (2010) extend the Moving-Boundary method in stochastic
impulse control problems. They develop a methodology that converts the free-
boundary problem into a sequence of fixed boundary problems. They show that
the arising sequence has monotonically improving solutions and that the sequence
converges. Provided the converged solution is C1, they show that it is the optimal
solution and that the optimal policy takes the form of a control band policy which
has a simple and intuitive representation. They also provide an ε-optimality result
that provides an upper bound on the error when the sequence is terminated after
convergence to within a tolerance.

Switching options are another kind of stochastic control problems which have
found diverse applications in operations management and finance such as Tolling
agreements. Ludkovski (2005) defines a tolling agreement as any temporary contract
between the permanent owner and another agent that allows the latter to claim
ownership and management of the output, subject to pre-specified exercise rules. The
holder of the tolling agreement can gain the benefits or suffer the losses depending
on commodity prices and operational costs. Limited operational flexibility is also
a feature of tolling agreements such that the manager may not be allowed to scale
production up or down in a way that is most advantageous. This is where optimal
switching is of particular interest in that it addresses the question when it is optimal
for an investor to enter, or exit the market or adjust the investment. The pioneering
work of Brekke & Øksendal (1994) considers the problem of finding the optimal
sequence of opening and closing times of a multi-activity production process, given
the costs of opening, running, and closing the activities and assuming that the state
of the economic system is a stochastic process. They formulated the problem as
an extended impulse control problem over an infinite time horizon and solved using
stochastic calculus. Duckworth & Zervos (2001) address the problem of determining
in an optimal way the sequence of times at which a firm can enter or exit an economic
activity. They consider an investment model which involves production scheduling
as well as a sequence of entry and exit decisions over an infinite time horizon. The
pricing of an investment using this model gives rise to a stochastic impulse control
problem that they explicitly solve. They do not assume additional costs associated
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with scaling production up or down, as long as this does not involve a complete
shut-down. They assume the profit function is upper semi-continuous however, and
impose further constraints to justify their analysis. Ly Vath & Pham (2007) consider
the problem of determining the optimal sequence of stopping times for a diffusion
process subject to regime switching decisions. They use a viscosity solution approach
combined with the smooth-fit property, and explicitly solve the problem in the two-
regime case when the state process is Geometric Brownian in nature. The results of
their analysis take several qualitatively different forms, depending on model parameter
values. They focus on two cases: one when the underlying dynamics are unaffected
by the switching regime, but the profit functions are different; and another when the
profit functions are identical, but the underlying dynamics depend on the switching
regime. Djehiche et al. (2009) consider a finite time horizon and two production
regimes. They use backward stochastic differential equations and Snell envelopes to
solve completely the starting and stopping problem when the dynamics of the system
are a general adapted stochastic process. Ludkovski (2005) allow multiple production
regimes. However, the number of allowed switches is limited. They propose a new
method of numerical solution based on Monte Carlo regressions. The scheme uses
dynamic programming to simultaneously approximate the optimal switching times
along all the simulated paths.

Our contribution in this research is to develop a computational method based on
the Moving-Boundary that can solve the switching problem in two regimes over a
finite time horizon. We provide the necessary theoretical guarantees for our proposed
computational method. The model formulation is presented in Section 4.2 where
we show the quasi variational equalities. In Section 4.3 we develop a variant of the
Moving-Boundary which is used to solve optimal switching problems. In Section 4.4
we provide some numerical studies. In Section 4.5 we introduce two applications of
switching options in the real world, and finally in Section 4.6 we make some concluding
remarks and suggest a future research track.

4.2 Quasi Variational Inequalities

We consider a firm which has two regimes: ON or OFF. The firm can switch between
the operating regimes at any point in time over a finite time horizon 0 < T <∞. The
firm produces a commodity like electricity. We let Xt denote the commodity market
price at time t as Markov process whose dynamics are described by

dXt = µ(t,Xt,mt)dt+ σ(t,Xt,mt)dWt,

where Wt is a one-dimensional Brownian motion, and mt = {0, 1} represents the
current regime. When the system is in ON state mt = 1, and when the system is
in OFF state mt = 0. The function h(t,Xt,mt) represents the instantaneous profit
generated at time t by producing the commodity in regime mt and selling it at price
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Xt. Let K01 denote the cost of switching from OFF to ON, and K10 denote the cost
of switching from ON to OFF. Let 0 ≤ τ1 ≤ τ2 ≤ · · · ≤ τi ≤ · · · be a sequence of
stopping times such that only a finite number of τi will occur in any bounded interval
with probability one. A switching strategy ν is defined as

ν = (τ1, ζ1; τ2, ζ2; · · · ; τi, ζi; · · · ) (4.1)

The policy implies that at time τi, the firm should take the action ζi which is switching
the operating regime, either from OFF to ON or from ON to OFF. For a given policy
the expected profit over the time horizon [t, T ] is

Jx(ν) = E

[∫ T

t

h(s,Xs,ms)ds− ΣnA(K)

]
, (4.2)

where

A(K) =


K01 if the firm switches from OFF to ON

K10 if the firm switches from ON to OFF

0 Otherwise

and

X(t) = x

The objective is to maximize the expected profit over the time horizon [0, T ] and we
thus arrive at the following stochastic control problem:

V (x) = sup
ν
Jx(ν) (4.3)

By using dynamic programming along with Ito’s lemma, we convert stochastic control
formulations to the differential equation problem. The idea is to study the parabolic
partial differential equation resulting from applying Bellman’s principle to the process,
conditional on no control on [t, t + dt), together with the equation corresponding to
applying optimal control at t. By dynamic programming principle if at time t the
firm is in ON state, then one possible strategy is to run it in the same regime for a
short time up to a time t̂ and then continue optimally. Let V (t, x,m) represent the
value function at time t when the system is in m = {0, 1} state and X(t) = x. This
strategy is at most optimal, hence

V (t, x, 1) ≥ E

[∫ t̂

t

h(s,Xs,ms)ds+ V (t̂, Xt̂, 1)|Xt = x

]
(4.4)

Letting t̂→ t, assuming sufficient smoothness of V (t, x, i) and applying Ito’s formula
to obtain

LV (t, x, 1) + h(t, x, 1) ≤ 0 (4.5)
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where

LV (t, x, 1) =
∂V (t, x, 1)

∂t
+ µ

∂V (t, x, 1)

∂x
+

1

2
σ2 ∂

2V (t, x, 1)

∂x2

is the space time generator.

Next, say we choose to instantaneously switch the operating regime at time t, and
then follow the optimal policy thereafter, we will have

V (t, x, 1) ≥ V (t, x, 0)−K10 (4.6)

We can do the same steps to obtain similar inequalities to 4.5 and 4.6 when the firm
is in OFF state. Finally we have

∂V (t, x, 1)

∂t
+ µ

∂V (t, x, 1)

∂x
+

1

2
σ2 ∂

2V (t, x, 1)

∂x2
+ h(t, x, 1) ≤ 0

V (t, x, 1) ≥ V (t, x, 0)−K10

∂V (t, x, 0)

∂t
+ µ

∂V (t, x, 0)

∂x
+

1

2
σ2 ∂

2V (t, x, 0)

∂x2
+ h(t, x, 0) ≤ 0

V (t, x, 0) ≥ V (t, x, 1)−K01

The differential equation problem is called the Hamilton-Jacobi-Bellman (HJB)
equation which takes the form of quasi-variational inequalities(QVI). At least one of
the two inequalities for each state must hold tightly at any point in time. Solving the
quasi-variational inequalities directly gives the value function which can then be used
to easily obtain the optimal control. The value function V (t, x,m) is Lipschitz in x if
h(t, x,m) is Lipschitz in x, and V (t, x,m) is Lipschitz continuous in t if h(t, x,m) and
the process Xt are time-homogeneous and and E [sups |ht(Xs)|] < ∞. Now we need
the verification theorem which states that a smooth solution of the quasi-variational
inequality (QVI) is in fact the value function of the switching control problem. The
value function properties and the verification theorem for a switching control problem
are proved in Ludkovski (2005) and Carmona & Ludkovski (2010).

We now have one set of QVI for each regime including one PDE for continuation
in that regime, and one inequality for switching the operating regime. In the
continuation region, the firm should continue in that regime, and in the action region,
the firm should switch to the other operating regime. In order to characterize the
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continuation and action regions we need to first characterize the shape of optimal
policy. The optimal exercise policy can be represented by two continuous boundaries
d(t), u(t), 0 ≤ t < ∞ (Ludkovski 2005). If the system is in the ON state, then it
is optimal to switch if the underlying x ≤ d(t) and continue if x > d(t), while if the
system is in the OFF state, then it is optimal to switch if the underlying x ≥ u(t)
and continue if x < u(t). Hence, we define two continuation regions

CON = {(t, x) ∈ (0, T )× (0,∞);x > d(t)}
COFF = {(t, x) ∈ (0, T )× (0,∞);x < u(t)}

and two exercise regions

ION = {(t, x) ∈ (0, T )× (0,∞);x ≤ d(t)}
IOFF = {(t, x) ∈ (0, T )× (0,∞);x ≥ u(t)}

Figure 4.1 shows the shape of policy schematically.
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Figure 4.1 Shape of policy

When the underlying X(t) is too high and the firm is in the ON state, the firm will
never switch to the OFF state, and consequently the value of switching option is
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zero limx→∞ Vx(t, x, 1) = 0. On the other hand when the underlying X(t) is too
low and the firm is in the OFF state, the firm will never switch to the ON state, and
consequently the value of switching option is again zero limx→0 Vx(t, x, 0) = 0. We also
assume the firm will shut down at time T meaning that V (T, x, 0) = V (T, x, 1) = 0.
Taking into account all the assumptions V (t, x, 1) is the unique solution to the free
boundary problem

LV (ON) + h(ON) = 0, in CON (4.7)

V (t, x, 1) = V (t, x, 0)−K10 in ION (4.8)

V (T, x, 1) = 0 (4.9)

lim
x→∞

Vx(t, x, 1) = 0 (4.10)

and V (t, x, 0) is the unique solution to the free boundary problem:

LV (OFF ) + h(OFF ) = 0, in COFF (4.11)

V (t, x, 0) = V (t, x, 1)−K01 in IOFF (4.12)

V (T, x, 0) = 0 (4.13)

lim
x→0

Vx(t, x, 0) = 0 (4.14)

4.3 Moving Boundary Method

In this section we propose a methodology that converts the free boundary problem
associated with optimal switching to a sequence of fixed boundary problems. We
also present and prove the necessary theoretical guarantees. As we mentioned in
the previous section, we characterize the policy by a two-tuple (d, u). For any given
policy (dn, un), the associated value function V n(ON) is the solution to the set of
differential equations 4.7 - 4.10 , and the associated value function V n(OFF ) is the
solution to the set of differential equations 4.11-4.14 respectively. To begin our search
for the optimal policy, we begin with an initial guess and compute its associated value
function. Using the guess and associated value function, we would like to construct
an improved guess in a fashion that, on iteration, is guaranteed to converge to the
optimal policy and value function. It also turns out that such an iteration can be
constructed to provide a monotonically decreasing sequence of inaction region, helping
to establish convergence and to improve the speed of convergence.

Say our initial guess policy is (d0, u0) and the associated value function is V 0. The
following condition, assures us that the guess continuation region is a superset of the
optimal continuation region:

V 0(t, d0+, 1)− V 0(t, d0, 1) < V 0(t, d0+, 0)− V 0(t, d0, 1)−K10

V 0(t, u0+, 0)− V 0(t, u0, 0) < V 0(t, u0+, 1)− V 0(t, u0, 0)−K01
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and hereafter, we say that a value function V n associated with (dn, un) policy satisfies
the superset condition if

V n(t, d0+, 1)− V n(t, d0, 1) < V n(t, d0+, 0)− V n(t, d0, 1)−K10 (4.15)

V n(t, u0+, 0)− V n(t, u0, 0) < V n(t, u0+, 1)− V n(t, u0, 0)−K01 (4.16)

Obviously, if a given guess does not satisfy the above conditions, we need to start with
smaller d0 and/or a larger u0. After solving the fixed boundary problem to compute
V 0, we begin our iteration with n = 0, (dn, un) and V n.

We define dn+1 by

dn+1(t) = sup{x ∈ (dn(t),∞);

V n(t, x0+, 1)− V n(t, x0, 1) < V n(t, x0+, 0)− V n(t, x0, 1)−K10}
∀x0 ∈ [dn(t), x)] (4.17)

and un+1 by

un+1(t) = inf{x ∈ (0, un(t));

V n(t, x0+, 0)− V n(t, x0, 0) < V n(t, x0+, 1)− V n(t, x0, 0)−K01

∀x0 ∈ (x, un(t)]} (4.18)

Then we need to solve the fixed boundary problems 4.7 - 4.10 and 4.11 - 4.14 with
the policy (dn+1, un+1) to obtain the associated value function V n+1. To show that
the above procedure converges to the value function and optimal policy, we need to
show several aspects. First we need to ensure that the policy (dn+1, un+1) is better
than or equal to (dn, un). That is, V n+1 ≥ V n. Next, to be able to use the iterative
argument we will also need to ensure that conditions 4.15 and 4.16 that hold true for
V n also hold true for V n+1. This will allow for repetitive improvements. Now note
that this iteration produces a monotone sequence of continuation regions, and since
the space is closed the convergence is inevitable. However, we will need to make sure
that the converged policy actually is the optimal policy.

Before we establish the necessary theoretical guarantees we provide some intuition
on why the proposed procedure works. First consider the update of d. The update
procedure looks for the biggest x such that switch to the OFF regime increases the
value more than continuing the ON regime; however the new continuation region still
remains a superset of the optimal continuation region providing the necessary superset
condition 4.15 to iterate. Similarly consider the update of u. The update procedure
looks for the smallest x such that switch to the ON regime increases the value more
than continuing the OFF regime. Again the new continuation region still remains a
superset of the optimal continuation region providing the necessary superset condition
4.16 to iterate. Figure 4.2 shows the Moving-Boundary updates schematically.
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Figure 4.2 Moving Boundary

The rest of this section establishes the theoretical guarantees for the method. First we
prove Lemma 4.1 and Lemma 4.2 which are used in the following theorems. Theorem
4.1 shows that the solutions to 4.7-4.10 and 4.11-4.14 are unique. Theorem 4.2 shows
that the optimal condition can be violated by superset conditions, and Theorem 4.3
shows the improvement of value at each iteration and also shows the convergence of
the method.

Lemma 4.1 For a given G(t), continuous c(t) and a T ′ ∈ (0,∞) define

CT ′ = {(t, x ∈ (0, T ′)× (0,∞);x > c(t)}

and let ∂O represent the boundary (0, x) for x ∈ [c(0),∞) and let ∂C represent the
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boundary (t, c(t)) for t ∈ [0, T ′]. Let f be the solution to

Lf = 0, in CT ′

f(t, d(t)) = G(t), t ∈ [0, T ′)

f(T ′, x) = 0

lim
x→∞

fx(t, x) = 0

where

Lf =
∂f

∂t
+ µ

∂f

∂x
+

1

2
σ2 ∂

2f

∂x2
− βf

If G(t) > 0 for all t then the maxima of f is attained only on the boundary ∂C and
the minimum value of f is 0 and is attained on (T ′, x). If G(t) = 0 for all t then
f(t, x) = 0 for all (t, x) ∈ CT ′ .

Proof: For G(t) > 0 say the maxima of f is attained at the point (t, x) ∈ CT ′ . We
have f(t, x) ≥ maxt∈[0,T ′)G(t) > 0 and from the required conditions for the maxima,
we have fx = 0, ft = 0, and fxx ≤ 0. Substitutions in 4.19 yields

f(t, x) =
1

2β
σ2fxx ≤ 0

a contradiction. Next, say the maxima is attained at the point (0, x) ∈ ∂O. Again
we have f(0, x) ≥ maxt∈[0,T ′)G(t) > 0 and with fx = 0, ft ≤ 0, and fxx ≤ 0.
Substitution in 4.19 yields

f(t, x) =
1

2β
σ2x2fxx +

1

β
ft ≤ 0

a contradiction. Hence the maxima is attained on ∂C.
Now say the minima is attained at the point (t, x) ∈ CT ′ and f(t, x) < 0. We also
have fx = 0, ft = 0 and fxx ≥ 0. Similarly as in the above, substitutions in 4.19
yields

f(t, x) =
1

2β
σ2fxx ≥ 0

a contradiction. Next, say the minima is attained on (0, x) ∈ ∂O and f(0, x) < 0.
Substitution in 4.19 yields a contradiction. Hence the minimum value of f is zero and
is attained on (T ′, x). When G(t) = 0 for all t, the above arguments directly show
that f(t, x) = 0 for all (t, x) ∈ CT ′ . 2
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Lemma 4.2 For a given G(t), continuous c(t) and a T ′ ∈ (0,∞) define

CT ′ = {(t, x ∈ (0, T ′)× (0,∞);x < c(t)}

and let ∂O represent the boundary (0, x) for x ∈ [c(0),∞) and let ∂C represent the
boundary (t, c(t)) for t ∈ [0, T ′]. Let f be the solution to

Lf = 0, in CT ′

f(t, d(t)) = G(t), t ∈ [0, T ′)

f(T ′, x) = 0

lim
x→0

fx(t, x) = 0

If G(t) > 0 for all t then the maxima of f is attained only on the boundary ∂C and
the minimum value of f is 0 and is attained on (T ′, x). If G(t) = 0 for all t then
f(t, x) = 0 for all (t, x) ∈ CT ′ .

Proof: For G(t) > 0 say the maxima of f is attained at the point (t, x) ∈ CT ′ . We
have f(t, x) ≥ maxt∈[0,T ′)G(t) > 0 and from the required conditions for the maxima,
we have fx = 0, ft = 0, and fxx ≤ 0. Substitutions in 4.19 yields

f(t, x) =
1

2β
σ2fxx ≤ 0

a contradiction. Next, say the maxima is attained at the point (0, x) ∈ ∂O. Again
we have f(0, x) ≥ maxt∈[0,T ′)G(t) > 0 and with fx = 0, ft ≤ 0, and fxx ≤ 0.
Substitution in 4.19 yields

f(t, x) =
1

2β
σ2x2fxx +

1

β
ft ≤ 0

a contradiction. Hence the maxima is attained on ∂C.
Now say the minima is attained at the point (t, x) ∈ CT ′ and f(t, x) < 0. We also
have fx = 0, ft = 0 and fxx ≥ 0. Similarly as in the above, substitutions in 4.19
yields

f(t, x) =
1

2β
σ2fxx ≥ 0

a contradiction. Next, say the minima is attained on (0, x) ∈ ∂O and f(0, x) < 0.
Substitution in 4.19 yields a contradiction. Hence the minimum value of f is zero and
is attained on (T ′, x). When G(t) = 0 for all t, the above arguments directly show
that f(t, x) = 0 for all (t, x) ∈ CT ′ . 2

Following theorem shows that the solutions to 4.7-4.10 and 4.11-4.14 are unique.
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Theorem 4.1 The solution to the initial value problem

LV n(ON) + h(ON) = 0, in CnON

V n(t, d(t), 1) = V n(t, d(t), 0)−K10, t ∈ [0, T )

V n(T, x, 1) = 0

lim
x→∞

Vx(t, x, 1) = 0

LV n(OFF ) + h(OFF ) = 0, in CnOFF

V n(t, d(t), 0) = V n(t, d(t), 1)−K01, t ∈ [0, T )

V n(T, x, 0) = 0

lim
x→0

Vx(t, x, 0) = 0

is unique.

Proof: Suppose not and that there exist two solutions f1 and f0 for V n(ON).
Then V̄ = f1 − f0 solves

LV̄ = 0, in CON

V̄ (t, d(t), 1) = 0, t ∈ [0, T ′)

V̄ (T ′, x, 1) = 0

lim
x→∞

V̄x(t, x, 1) = 0

Now from Theorem 4.1, V̄ is uniformly zero in CON and the results follow. One can
easily show the same for V n(OFF ). 2

The following theorem shows that the optimal condition can be violated by superset
conditions. This is very important for the initial policy, because the algorithm should
just start from a point in which the superset conditions 4.15 and 4.16 are violated.

Theorem 4.2 If d0(t)− < d(t) for all t ∈ (0, T ), then

V 0(t, d0(t)+, 1)− V 0(t, d0(t), 1) < V (t, d0(t)+, 0)− V 0(t, d0(t), 1)−K10

and if u0(t)− > u(t) for all t ∈ (0, T ), then

V 0(t, u0(t)+, 0)− V 0(t, u0(t), 0) < V (t, u0(t)+, 1)− V 0(t, u0(t), 1)−K01

Proof: Consider the region C0
ON\CON = {(t, x) : d0(t) < x < d(t)}. This region

indicates the region in which it is strictly optimal to exercise but the policy d0 chooses
not to. Therefore for any x and x+ in this region

V 0(t, x, 1) < V (t, x, 1) = V (t, x, 0)−K10
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and

V 0(t, x+, 1) < V (t, x+, 1) = V (t, x+, 0)−K10

means that at any point in C0
ON\CON , we have

V 0(t, x+, 1)− V 0(t, x, 1) < V (t, x+, 0)− V 0(t, x, 1)−K10

V 0(t, d0(t)+, 1)− V 0(t, d0(t), 1) < V (t, d0(t)+, 0)− V 0(t, d0(t), 1)−K10

giving us our results. One again can easily show the similar proof for u.
2

Finally following theorems show the improvement of value at each iteration and also
show the convergence of the method. Indeed we need to show that the value function is
monotonically increasing in each iteration and eventually converges to the maximum
level.

Theorem 4.3 If V n(ON) ∈ C1,2 is the solution to the initial value problem

LV n(ON) + h(ON) = 0, in CnON

V n(t, dn(t)−, 1) = V (t, dn(t)−, 0)−K10, t ∈ [0, T )

V n(T, x, 1) = 0

lim
x→∞

V nx (t, x, 1) = 0

and

V n(t, dn(t)+, 1)− V n(t, dn(t), 1) < V (t, dn(t)+, 0)− V n(t, dn(t), 1)−K10

for all t ∈ (0, T ) then dn+1− defined by 4.17 is well defined. Moreover, V n+1(ON)
(the solution to initial value problem with boundary dn+1−) is such that

V n+1(ON) > V n(ON)

and

V n+1(t, dn+1(t)+, 1)− V n+1(t, dn+1(t), 1) < V (t, dn+1(t)+, 0)− V n+1(t, dn+1(t), 1)−
K10 for all t ∈ (0, T ).

Proof: Since

V n(t, dn(t)+, 1)− V n(t, dn(t), 1) < V (t, dn(t)+, 0)− V n(t, dn(t), 1)−K10

and limx→∞ V nx (t, x, 1) = 0 we have from continuity of V n(ON) in CnON , the existence
of dn+1−. Moreover since

V n(t, x+, 1)− V n(t, x, 1) < V (t, x+, 0)− V n(t, x, 1)−K10
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for

x ∈ (dn−, dn+1(t)−)

then

V n(t, dn+1(t)−, 1)− V n(t, dn(t)−, 1) < V (t, dn+1 − (t), 0)− V n(t, dn(t)−, 1)−K10

which implies

V n(t, dn+1(t)−, 1) < V (t, dn+1 − (t), 0)−K10

V n(t, dn+1(t)−, 1) < V n+1(t, dn+1(t)−, 1)

Now consider the function P (ON) = V n+1(ON)− V n(ON) in the region Cn+1
ON . We

have

LP (ON) = 0

P (t, dn+1(t)−, 1) > 0

P (T, x, 1) = 0

lim
x→∞

Px(t, x, 1) = 0

Now directly from Theorem 4.1, P (ON) is positive in Cn+1
ON . Next we need to show

that

V n+1(t, dn+1(t)+, 1)− V n+1(t, dn+1(t), 1) < V (t, dn+1(t)+, 0)− V n+1(t, dn+1(t), 1)−
K10.

To do this, it would be sufficient to show that Px(ON) < 0 for all t ∈ (0, T ). Suppose
not, and say Px(t0, d

n+1(t0), 1) ≥ 0 for some t0. Now since P (t0, d
n+1(t0), 1) > 0 and

limx→∞ P (t0, x, 1) = 0 this implies that a maxima along x is attained in the interior
of Cn+1

ON contradicting Theorem 4.1. Hence Px(t0, d
n+1(t0), 1) < 0, that is

V n+1
x (t, dn+1(t), 1) < Vx(t, dn+1(t), 1)

implies that

V n+1(t, dn+1(t)+, 1)− V n+1(t, dn+1(t), 1) < V n(t, dn+1(t)+, 1)− V n(t, dn+1(t), 1)

and since

V n(t, dn+1(t)+, 1)− V n(t, dn+1(t), 1) = V (t, dn+1(t)+, 0)− V n+1(t, dn+1(t), 1)−K10

we conclude that

V n+1(t, dn+1(t)+, 1)− V n+1(t, dn+1(t), 1) < V (t, dn+1(t)+, 0)− V n+1(t, dn+1(t), 1)−
K10.

2
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Theorem 4.4 If V n(OFF ) ∈ C1,2 is the solution to the initial value problem

LV n(OFF ) + h(OFF ) = 0, in CnOFF

V n(t, un(t)+, 0) = V (t, un(t)+, 1)−K01, t ∈ [0, T )

V n(T, x, 1) = 0

lim
x→0

V nx (t, x, 1) = 0

and

V n(t, un(t), 0)− V n(t, un(t)−, 0) < V (t, un(t), 1)− V n(t, un(t)−, 0)−K01

for all t ∈ (0, T ) then un+1+ defined by 4.17 is well defined. Moreover, V n+1(OFF )
(the solution to initial value problem with boundary un+1+) is such that

V n+1(OFF ) > V n(OFF )

and

V n+1(t, un+1(t), 0)−V n+1(t, un+1(t)−, 0) < V (t, un+1(t), 1)−V n+1(t, un+1(t)−, 0)−
K01 for all t ∈ (0, T ).

Proof: Similar to Theorem 4.3 2

4.4 Numerical Studies

In this section we illustrate the Moving-Boundary approach with a numerical
example. Before we move on to show the example, we make a brief note about
the implementation. In order to solve the fixed boundary problems there are some
standard methods such as the finite difference method. In this example we use the
finite difference method. As with other numerical methods, we need to choose a finite
domain and impose boundary conditions on the finite boundaries. As our time horizon
is finite, the truncation of the time axis has no problems; however the truncation of
axis for Xt brings in an approximation, since the truncation would be imposed at
a finite boundary rather than at infinity. To reduce this problem, we choose an X
which is sufficiently large.

We assume Xt follows a simple one-dimensional Brownian Motion driving process:

dXt = 0.5dt + 1.4dWt
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Figure 4.3 Optimal Policy

X0 = 30 with time horizon T = 2. We have two regimes with continuous reward
rates of h(x, t, 0) = 0 and h(x, t, 1) = x− 42, and the switching cost between them is
K01 = K10 = 10

Our aim in this study is to demonstrate how the iterative procedure presented above
computes the optimal policy and value function. In the Figure 4.3, the area above the
blue curve u(t) is the set of prices where the firm should switch the production on.
Conversely, the area below the blue curve d(t) encompasses all the prices where the
firm should switch the production off. The continuation region is the region between
the d(t) and u(t). In the continuation region the regime should not change irrespective
of whether the current firm’s regime is ON or OFF. We see that towards the end of
the time horizon the operating regime should not change as fast as the beginning of
the period, because the time may not be sufficient to compensate the switching costs.

Figure 4.4 shows the value function when the firm starts in ON state V (x, t, 1), and
Figure 4.5 shows the value function when the firm starts in OFF state V (x, t, 0).
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Figure 4.4 Value of switching option when the firm is in ON state

4.4.1 Convergence in Different Iterations

In Section 4.3 we have presented the theoretical guarantees for this method, and as we
mentioned there, Moving-Boundary method converts the free boundary problem into
a sequence of fixed boundary problems which can be solved numerically. This sequence
monotonically improves the value function and converges to an optimal policy where
the value is maximized. Now we show some iterations to get a better understanding,
how the policy and value function changes in different iterations. Figure 4.6 plots the
policy in three different iterations. Figure 4.6(a) is the first iteration after the initial
policy. The initial policy should hold the superset condition where the inaction region
is large enough to start the Moving-Boundary algorithm. As we see from Figure 4.6(a)
to Figure 4.6(c), the inaction region becomes smaller, and the policy converges to the
optimal.

Figure 4.7 plots the ON state value function convergence in the different iterations.
Since the value is a function of two variables - time and underlying price- in order
to better see the convergence, the time is fixed at t = 3. Figure 4.7(a) shows the
value function associated with the initial policy at time t = 3. As we see in the last
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Figure 4.5 Value of switching option when the firm is in OFF state
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(c) Last iteration

Figure 4.6 Policy convergence in different iterations

iteration (Figure 4.7(a)) the value function is quite smooth, and from 4.7(a) to 4.7(c),
the value function monotonically increases.

Figure 4.8 plots the OFF state value function in the different iteration. We fix the time
at t = 3, and show three iterations. Again from 4.8(a) to 4.8(a), the value function
monotonically increases, and in 4.8(c), value functions are completely smooth.
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(c) Last iteration

Figure 4.7 ON state value convergence for t = 3
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Figure 4.8 OFF state value convergence for t = 3

4.4.2 Effect of Volatility on Optimal Policy
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Figure 4.9 Influence of volatility on optimal policy

Volatility is an import risk measure which can affect the policy. We thus seek to
investigate how this effect looks like. Figure 4.9 plots the optimal policy for different
levels of volatility. It shows that the inaction region becomes smaller as volatility
increases, meaning that the firm should switch more frequently when the volatility
is relatively high; however the change is not significant. The reason is that the most
important factor in the switching frequency is the switching cost. Figure 4.10 plots
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the optimal policy when we decrease the switching cost to 1. Now we see that the
size of inaction region decreases substantially.
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Figure 4.10 K01 = K10 = 10, σ = 0.5

4.5 Applications

As we mentioned in the introduction, tolling agreements are well-known examples of
switching options. Project costs in the energy industry tend to be high. A typical
fossil fuel power plant or an oil refinery costs hundreds of millions of dollars and
may take three to five years to build Ludkovski (2005). Due to the capital intensive
nature of the industry a few large companies own these power plants and lease them
to operators. The operators, therefore, circumvent the capital intensive side of the
business. The lease agreements between the operator and the owner are termed
tolling agreements. The key decision facing the lessee is how and when the power
plant should be operated, taking into consideration the spread between the input and
out prices. Limited operational flexibility in tolling agreements prevents scaling the
production up or down in all proportions of capacity. Hence, the only choices for
the manager are either to enter the market with full capacity or to exit the market
completely, and shut the firm down. The firm procures gas at price Gt, and converts
it to electricity for sell at price Pt. The revenue from running the plant is then given
by Xt = (Pt − Gt) which pays the difference between the market price of the power
and the market price of gas needed to produce the power. As we mentioned above,
due to limited operational flexibility in tolling agreements managers have the option
just either to run the plant (mode ON) or to shut it down (mode OFF). Strictly
speaking the tolling agreement problem can be formulated in the optimal switching
settings.
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Another application of switching options is offshoring in which firms could locate
its production plant in two different locations, and consequently switch between the
locations as time passes. In the next chapter we present the associated switching
model for the offshoring problem.

4.6 Conclusion

In this chapter we have developed a computational method based on Moving-
Boundary that can solve the optimal switching problem in two regimes over a finite
time horizon. The idea is to convert of a free boundary problem to a sequence
of fixed boundary problems as was first developed for singular control problems in
Kumar & Muthuraman (2004), and then extended to optimal stopping and impulse
control. The optimal switching problem can be thought of as sequence of optimal
stopping problems and posses complicating features, making an extension of the
Moving-Boundary method to tackle such problems non-trivial. In this research we
have demonstrated that the idea of converting to a sequence of fixed boundary
problems is still possible for free boundary problems arising from switching problems,
the specific method, however, is different. We further established the theoretical
guarantees for the method. We have shown that the solutions to QVIs are unique.
We have further shown that the optimal condition can be violated by superset
conditions, and starting the Moving-Boundary iterations from violated region, the
value monotonically increases in the next iteration. We have finally shown that our
proposed algorithm converges to the optimal policy. A future research could focus on
this method in more than two regimes.
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Chapter 5

A Stochastic Control
Approach to Operationalizing
Offshore Production Decisions

In chapter 4 we have developed a numerical method based on the Moving-Boundary
to value switching options. In this chapter, we apply this method to an offshoring
problem. We consider a firm that can produce in two locations: either domestic or
offshore. The firm has an uncertain offshore profit margin which makes the offshoring
strategy risky. Using switching options we propose an optimal hedging policy that
tells the manager when the firm should produce in the offshore facility and when it
should produce in the domestic one. We then extend the policy from bang-bang to the
proportional policy in which we determine what proportion of the firm’s production
should be offshored at any point in time. To do this we formulate the problem based
on stochastic impulse control.

5.1 Introduction

Increasing globalization has seen an increase in offshoring of production by firms
so as to increase profit by exploiting differences between raw material prices and
labour rates in various locations. Cost motives are often considered to be the most
important driver for offshoring. Stratman (2008) states that the development of cheap
and robust communications technologies has lowered the cost of conducting business
transactions across international boarders and has opened up low wage rate global
labour markets to firms facing demand for cheap and efficient service delivery. Dachs
et al. (2012) argue that expected labour cost reductions explain offshoring to the EU-
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12, Asia and China. Aksin & Masini (2008) carried out an empirical investigation to
find effective strategies for internal outsourcing and offshoring of business services in
order to reduce the cost and improve efficiency. They also mention that cost motives
are very important for offshoring.

However, there are also papers in the literature showing that cost motives are not
the only driver for offshoring. Bunyaratavej et al. (2007) investigate the factors that
contribute to the location choices for services offshoring, including wage differentials
between the home and host countries. They found that contrary to conventional
expectations, a country is more likely to be a destination of services offshoring as the
average wage of a country increases. They also found that education level and cultural
similarity are significant drivers of offshoring location choices. Lewin & Peeters (2006)
show that, although firms use offshoring to improve the efficiency of the innovation
process, labour arbitrage is less important than other forms of cost savings with
respect to product development activities. Dachs et al. (2012) argue that in contrast
to the EU-12, where the offshoring decision is solely dominated by potential labour
costs, vicinity to customers and market expansion follow as a motive with a wide
margin for offshoring activities to Asia and China.

Recent trends in the global business show the importance of the offshoring strategy.
The nature of international trade is changing. For centuries, trade mostly entailed
an exchange of goods. Now it increasingly involves bits of value being added in
many different locations, or what might be called trade in tasks Grossman & Rossi-
Hansberg (2008). In February 2004, when N. Gregory Mankiw, a Harvard professor
then serving as chairman of the White House Council of Economic Advisers, caused
a national uproar with a textbook statement about trade, economists rushed to his
defense. Mankiw was commenting on the phenomenon that has been clumsily dubbed
offshoring - the migration of jobs, but not the people who perform them, from rich
countries to poor ones. Offshoring, Mankiw said, is only the latest manifestation of
the gains from trade that economists have talked about at least since Adam Smith
(Blinder 2006). During the past three decades, domestic manufacturing employment
of U.S.-based multinationals has fallen steadily. Between 1982 and 1999, affiliate
foreign employment as a share of total employment of these U.S. multinationals
increased, climbing from 30% to nearly 44% of their labor force. These parallel
developments have led critics of globalization to conclude that U.S. firms are cutting
employment at home and shifting employment abroad Harrison & McMillan (2011).
Currently, eighty percent of world trade is now conducted via global supply chains,
and firms and industries with the highest-paying jobs in the United States depend on
offshoring (Oldenski et al. 2016).

The offshoring strategy is just one side of the story. Nowadays many companies have
started a back-shoring strategy. They note that, although improving cost was an
initial reason, the risks and difficulties of transferring production to low-wage countries
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were frequently underestimated. Kinkel & Maloca (2009) show that the firms which
have offshored portions of their production after some time adapt their strategies
and implement back-shore production. The Mississippi Business Journal on 5/9/2014
wrote that ”The tallies increasingly show it is as cost effective to manufacture in south-
east U.S as in China”. The Financial Times also wrote on 5/22/2014 that ”Panasonic
considers bringing production back to Japan.” These examples show that back-shoring
has become a considerable strategy for some companies. The main reason behind this
is the dynamic price change. The price difference between countries is not static.
Dewhurst & Meeker (2004) shows that China had the lowest labor rates in the world,
but Grünig & Morschett (2012) show that increased global competition has driven
down the labour rates in many countries. In another study Dachs et al. (2012) show
that the share of all surveyed companies which offshored production activities to the
EU-12 decreased sharply from the middle of 2004 to the middle of 2009, and the
main reason was the sharp rise in wages in some industrial regions of Poland, the
Czech Republic, Hungary and Slovakia. Farrell (2005) argues that the potential cost
savings for companies from offshoring appear impressive, much of the potential gains
from offshoring go unrealized. Such a high volatility in low-wage countries is another
important feature of offshoring. Bergin et al. (2011) claim that offshoring industries
in low wage countries such as Mexico experience fluctuations in employment that are
twice as large as in high wage countries such as the United States. As Liu & Nagurney
(2011) show exchange rate risk is another important issue in offshoring-backshoring
strategy.

We discussed that an offshoring-backshoring strategy could create value for firms by
decreasing the cost of production; however we did not discuss that relocation incurs
substantial costs. Dachs et al. (2012) explain some of these costs. They note the
relocation of production is often followed by the relocation of certain R&D tasks
as well, in order to reduce the physical distance between R&D engineers and the
operation, and to ensure that problems are solved at source as they arise. Similarly,
sooner or later, it is deemed sensible to shift the testing of products or materials, the
training of workers and various other tasks, and to co-locate them with production.

So far, we elaborate the drawbacks and benefits of offshoring and backshoring
strategies. Most of the factors we mentioned above are operational factors influencing
a strategic offshoring-backshoring decision. We believe an operational approach can
help the firm to make this strategic decision, even-though there are not many papers
with operational approach in the literature. These include Nembhard et al. (2003),
who view the offshoring decision-making problem as a switching option with no
switching costs and use simulation to determine the switching policy. The authors
state that although switching costs are important and need to be considered, such
consideration will further complicate the problem, and require dynamic programming
concepts to yield a solution. Alvarez & Stenbacka (2007) adopt a real options
approach to finding the optimal proportion of partial outsourcing in order to
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maximize the profit. They assume that a one-time organizational redesign cost
associated with outsourcing a proportion of the production is a convex function of
this proportion. They further assume that this organizational redesign is irreversible.
Finally Huchzermeier & Cohen (1996) develop dynamic programming models to study
the value of operational flexibility of global supply chains under just exchange rate
risk. They model exchange rate as diffusion process. The literature on operational-
decision making for offshoring decisions is limited.

We seek to contribute to the literature by presenting a model which operationalizes the
offshoring decision. We present a dynamic model for making offshoring decisions that
is grounded in stochastic control theory allowing us to derive optimal control policies
that are easy to obtain, understand and implement. First we consider this problem as
a optimal switching problem where the firm can choose the production place between
two locations: domestic or offshore. Our approach differs from Nembhard et al. (2003)
in that we consider the switching costs. Then we consider this problem in a more
generalized setting in which we assume the firm can offshore-backshore any proportion
of its production and model it based on stochastic impulse control.

The chapter is organized as follows. In Section 5.2 we model the offshoring problem
as an optimal switching problem, and present the associated mathematical model. In
Section 5.4 we present the impulse control model for offshoring problem. In Section
5.3 we present a numerical example to show the optimal offshoring-backshoring policy,
and finally we conclude in Section 5.6.

5.2 Switching Model

In this section we model the offshoring problem as a optimal switching problem. We
consider a firm that can produce in two locations: domestic or offshore. The firm
has a manager who can switch the production place at any point in time over a finite
time horizon 0 < T <∞. Let αh denote the firm’s profit margin for goods produced
domestically, we assume it is constant. Similarly, we denote by αo the profit margin for
goods produced at the firm’s offshore facility. Given the uncertainties involved with
offshore production, we assume that the evolution of αo is governed by a Brownian
motion process, i.e.,

dαo = µdt+ σdWt, (5.1)

where Wt is a one-dimensional Brownian motion. One can assume the drift µ is zero,
because a non-zero drift means in the long run offshoring has an increasing margin
over time; however, in this section in order to keep the generality we assume the drift
can be any real number including zero. We further assume that the firm’s domestic
margin is constant, otherwise if we assume the demotic margin is stochastic, then we
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have to solve a two-dimensional stochastic control problem which makes the problem
very complicated. Therefore, to avoid solving a two-dimensional stochastic control
problem, we assume just the offshore margin is stochastic, and the domestic margin
is constant. We also assume that the firm faces constant demand D for the product.
If u ∈ {0, 1} denotes the domestic production, the firm’s instantaneous profit, Π, is
given by

Π(t, u, αh, αo;D) = uDαh + (1− u)Dαo. (5.2)

.

We let Koh denote the cost of switching from the offshore plant to the domestic one,
and Kho denote the cost of switching from the domestic plant to the offshore one.
The manager seeks to maximise the expected profit over the time horizon [0, T ] and
we thus arrive at the following stochastic control problem:

V (t,Π, u) = sup
ν
{E[

∫ T

0

Π(s, u, αh, αo)ds− ΣnA(K)]}, (5.3)

where ν is all admissible strategies for the time horizon [0, T ] as we defined in the
previous chapter.

A(K) =


Kho if the firm switches from domestic to offshore

Koh if the firm switches from offshore to domestic

0 Otherwise

By using dynamic programming along with Ito’s lemma, we convert stochastic control
formulations to the differential equation problem. The differential equation problem
is called the Hamilton-Jacobi-Bellman (HJB) equation which takes the form of quasi-
variational inequalities(QVI). Solving the quasi-variational inequalities directly gives
the value function and the associated optimal control. We have derived the QVI
for switching options in the previous chapter. We now show them for two regimes
(offshore and domestic) in a form that is convenient for our exposition in the current
chapter.

∂V (t,Π, 0)

∂t
+ µ

∂V (t,Π, 0)

∂Π
+

1

2
σ2 ∂

2V (t,Π, 0)

∂Π2
− βV (t,Π, 0)) + Π(t, 0, αh, αo) ≤ 0

V (t,Π, 0) ≥ V (t,Π, 1)−Koh

∂V (t,Π, 1)

∂t
+ µ

∂V (t,Π, 1)

∂Π
+

1

2
σ2 ∂

2V (t,Π, h)

∂Π2
− βV (t,Π, 1)) + Π(t, 1, αh, αo) ≤ 0

V (t,Π, 1) ≥ V (t,Π, 0)−Kho
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We have one set of QVI for each production facility including one PDE for
continuation in that facility, and one inequality for switching to the other one. In
the continuation region, the manager should let the firm continue on that location,
and in the action region, the manager should intervene and move the production to
the other location. We characterize the continuation and action region in the next
section by finding the optimal policy. Following inequalities show the QVI separately
for each location.

We assume the firm has a life period and will shut down at time T . This means that
V (T,Π, 1) = V (T,Π, 0) = 0. We also have limΠ→0 VΠ(t,Π, 0) = limΠ→∞ VΠ(t,Π, 1) =
0, because when the profit margin is too high in the offshore facility, the firm can make
a lot of profit by producing there (domestic profit is constant), and consequently there
is no need to switch the location which means the switching option has no value. On
the other hand, very small profit margin in the offshore facility pushes the firm to
produce in the domestic plant, and consequently no switches to offshore location is
needed. This also implies that the value of the switching option in the domestic place
is zero. Taking into account all the assumptions V (t,Π, 1) is the unique solution to
the free boundary problem:

LV (t,Π, 1) + Π(t, 1, αh, αo) = 0, in Ch (5.4)

V (t,Π, 1) = V (t,Π, 0)−Kho in Ih (5.5)

V (T,Π, 1) = 0 (5.6)

lim
Π→∞

VΠ(t,Π, 1) = 0 (5.7)

and V (t,Π, 0) is the unique solution to the free boundary problem:

LV (t,Π, 0) + Π(t, 0, αh, αo) = 0, in Co (5.8)

V (t,Π, 0) = V (t,Π, 1)−Koh in Io (5.9)

V (T,Π, 0) = 0 (5.10)

lim
Π→0

VΠ(t,Π, 0) = 0 (5.11)

where Ch and Co are continuation regions for domestic and offshore plants, and Ih
and Io are switching regions for them.

We now need to solve the QVI to obtain the optimal offshoring policy in the switching
setting. To do so, we use the Moving-boundary method from the previous chapter. In
Section 5.3 we solve the QVI in an example, and implement several numerical studies
to obtain managerial insights.
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Figure 5.1 Optimal policy

5.3 Numerical Studies

We use the moving boundary method that we developed in the previous chapter to
solve the following offshoring problem. Suppose we have a firm which can produce in
two locations: domestic and offshore. The profit margin for goods produced at the
firm’s domestic facility is αh = 20, and he profit margin for goods produced at the
firm’s offshore facility is governed by a Brownian motion

dαo = 0.5dt+ 1.5dWt, (5.12)

with αo(0) = 20. We assume that relocation cost between facilities is Koh = Kho = 5,
and the firm’s life period is 5 years.

In the Figure 5.1 the area above the red curve u(t) is the set of offshore profit margin
where the manager should offshore the production. Conversely, the area below the
blue curve d(t) encompasses all the offshore profit margins where the manager should
backshore the production. The continuation region is the region between the blue
and red curves where the manager should not change production place. We see
that towards the end of the time horizon the manager becomes more cautious about
relocations, because the time may not be sufficient to compensate the relocation
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Figure 5.2 Switching value when the firm produces in domestic plant

costs. Figure 5.2 shows the value of switching option when the firm is producing in
the domestic plant, and Figure 5.3 shows the value of relocation when the firm is
producing in the offshore facility. In the following sections we investigate the effect
of different parameters on offshoring policy.

5.3.1 Effect of Switching Cost on Switching Frequency

As we mentioned in the introduction Nembhard et al. (2003) apply switching options
to obtain offshoring policies. They assume switching between in-house production
and offshoring is costless. However, they mention the importance of considering such
cost in the model. Our model considers the switching cost, and now we want to see
how this cost can influence the offshoring policy. To see that, we run the model with
three different levels of switching cost. Figure 5.4 consists of three graphs showing the
optimal offshoring policy in different switching costs. As we see, when the switching
cost is zero, there is no inaction region, and as the switching cost increases, the inaction
region becomes larger. This implies that the firm should switch more frequently
when the switching cost is relatively low. Hence, we conclude that there is an inverse
relationship between switching cost and switching frequency. This insight is pretty
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Figure 5.3 Switching value when the firm produces in offshore plant
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(a) Switching cost = 0
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(c) Switching cost = 10

Figure 5.4 Influence of switching cost on offshoring policy

much in line with the intuition, but the reason we present it, is to show that ignoring
such cost in the model can substantially change the optimal policy and make the
model far off the real world.
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(b) αh = 30
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(c) αh = 40

Figure 5.5 Influence of domestic margin on offshoring policy

5.3.2 Effect of Domestic Margin on Offshoring Policy

We now examine the effect of domestic margin on the offshoring policy. Figure 5.5
plots the offshoring policy when domestic margin has different values. We see that as
αh increases the policy shifts to the higher levels of offshore profit margin. This implies
that the manager should offshore the production facility only when the expected
offshore profit margin is large enough.

Another interesting observation in this experiment is about the impact of the profit
difference between the domestic and offshore facilities on the offshoring policy. In this
experiment the parameters of the offshore profit margin are fixed, consequently, by
changing the αh the profit difference between the domestic and offshore facilities also
changes, and somewhat surprisingly, it does not affect the inaction area. By intuition
we expect when the profit difference between the domestic and the offshore facility is
low, the firm switches less frequently, but this experiment shows that the important
factor affecting the frequency of switching between locations is the switching cost, not
the profit difference between the domestic and offshore locations.

5.3.3 Effect of Discount Rate on Offshoring Policy

In this section we study the effect of discount rate on the offshoring policy. As we
see the graphs in Figure 5.6, discount rate influences the inaction region such that
as β increases the inaction region becomes larger, the size of change is however not
substantial. The study shows that the manager should switch between the locations
less frequently when the discount rate is high.

5.3.4 Effect of Time Horizon on Offshoring Policy

Companies have different time horizons, some have short, and some others have longer.
In this section we seek to investigate the effect of time horizon on the offshoring policy.
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Figure 5.6 Influence of discount rate on offshoring policy
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(a) Time horizon = 1 year
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(b) Time horizon = 5 years
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(c) Time horizon = 10 years

Figure 5.7 Influence of time horizon on offshoring policy

Figure 5.7 plots the optimal policy in different time horizons. We see that the inaction
region is substantially influenced by the time horizon such that as the time horizon
becomes longer the inaction region becomes smaller. In other words, when the time
horizon is relatively long, the manager should switch between the in-house production
and offshoring more frequently. The reason behind this insight is that when the time
horizon is relatively long, the switching option has enough time to compensate the
relocation cost, and this gives the manager more flexibility to switch between the
locations without much concern about the switching cost.

5.4 Stochastic Impulse Control Model

In Section 5.2 we have modelled the offshoring problem in the optimal switching
setting, where the firm could choose between two locations, and no partial offshoring
policy was allowed. However, in the real world, companies sometimes offshore just
part of their productions. For instance, Apple produces some products in the US
and some in China, the same policy for Philips that produces the medical products
in the Netherlands. Alvarez & Stenbacka (2007) highlight the importance of partial
offshoring, by presenting a real options model to find the optimal proportion of partial
outsourcing, eventhough their model was static and does not capture the dynamic
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aspect of the offshoring strategy. In this section we consider the offshoring problem
in a more generalized setting. We now assume the firm can dynamically choose any
proportion of its production to offshore or backshore.

Let αh denote the firm’s profit margin for goods produced domestically (constant).
Similarly, we denote by αo the profit margin for goods produced at the firm’s offshore
facility. Given the uncertainties involved with offshore production, we assume that
the evolution of αo is governed by an arithmetic Brownian motion process, i.e.,

αo(t) = αo(0) + σoWt, (5.13)

where αo(0) ∈ R+ represent the initial production margin, and σo ∈ R+ is the
volatility of the production margin, with Wt referring to a standard Brownian motion.
We assume that the firm faces constant demandD for the product. If u ∈ [0, 1] denotes
the proportion of demanded goods produced domestically, the firm’s instantaneous
profit, Π, is given by

Π(t, u, αh, αo;D) = uDαh + (1− u)Dαo. (5.14)

Without loss of generality, we let D = 1. The firm can increase or decrease u at
any time. Changing u incurs both fixed and proportional costs. Denote by K ∈ R+

and k ∈ R+ the fixed and proportional costs of increasing u (i.e., increasing domestic
production or reshoring). When the firm increases u by ξ, it incurs a total cost of
K + kξ. Similarly, denote by L ∈ R+ and l ∈ R+ the fixed and proportional costs
of decreasing u (i.e., decreasing domestic production or offshoring). The total cost of
decreasing u by ξ is then given by L+lξ. Given some impulse control ν = {(τi, ξi)}∞i=1

for i = 1 . . . n, and starting at αh and αo, the total discounted expected profit is given
by

Jν(u0, αo(0);αh) = E

[∫ ∞
0

e−βs[usαh + (1− us)αo(s)]ds−
∞∑
i=1

e−βτiB(ξi)

]
,

(5.15)
where B(ξ) = (K+k ·ξ)1{ξ>0}+(L+l ·|ξ|)1{ξ<0}. Define the state X(t) ≡ (ut, αo(t)),
and x = X(0) = (u0, αo(0)). Also, define H(ut, αo(t);αh) ≡ H(Xt;αh) ≡ utαh +
(1 − ut)αo(t). Hereafter, we omit the dependence on αh since it is a pre-specified
parameter, just as β, K, L, k and l are. The optimal value function is then defined
as

V (x) = sup
ν
Jν(x) (5.16)

Proceeding this way, the QVI can be derived using the usual techniques. If in [0,∆t]
we place no control at all, and starting from ∆t+ we follow the optimal policy, we
have

V (x) ≥ [u0αh + (1− u0)αo(0)]
1− e−β∆t

β
+ E

[
e−β∆tV (X(∆t))|X(0) = x

]
(5.17)
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which is equivalent to

[u0αh + (1− u0)αo(0)]
1− e−β∆t

β∆t
+

1

∆t
E
[
e−β∆tV (X(∆t))− V (X(0))|X(0) = x

]
≤ 0.

(5.18)
Defining an auxiliary function g(s, y;u) = e−βsV (u, y), we have g(t, αo(t);u0) =
e−βtV (u0, αo(t)) ≡ e−βtV (X(t)) for t ∈ [0,∆t], since ut ≡ u0 for t ∈ [0,∆t] by
assumption. Thus, (5.18) becomes

[u0αh + (1− u0)αo(0)]
1− e−β∆t

β∆t
+

1

∆t
E [g(∆t, αo(∆t);u0)− g(0, αo(0);u0)] ≤ 0.

(5.19)
Let ∆t go to 0+. Assuming sufficient smoothness of g and applying the appropriate
version of Itô’s formula to (5.19), we have

[u0αh + (1− u0)αo(0)]− βV (u0, αo(0)) +
σ2
o

2
Vyy(u0, αo(0)) ≤ 0. (5.20)

On the other hand, if at time equal to 0+ we choose to re-allocate the proportion of
domestic production by adjusting u by amount ξ, we have

V (u0, αo(0)) ≥ V (u0 + ξ, αo(0))−B(ξ). (5.21)

Define the following notation

LV ≡ [u0αh + (1− u0)αo(0)]− βV (u0, αo(0)) +
σ2
o

2
Vyy(u0, αo(0))

mV (u0, αo(0)) ≡ sup{V (u0 + ξ, αo(0))− (K + k · ξ)|0 < ξ ≤ 1− u0}
− V (u0, αo(0))

MV (u0, αo(0)) ≡ sup{V (u0 − ξ, αo(0))− (L+ l · ξ)|0 < ξ ≤ u0}
− V (u0, αo(0))

We have

LV (u0, αo(0)) ≤ 0

mV (u0, αo(0)) ≤ 0

MV (u0, αo(0)) ≤ 0

Given a fixed boundary problem, where the no-action (continuation) region is Ω whose
boundary is denoted CΩ. The value function v corresponding to such a policy will solve
the Ordinary-Differential-Equation (ODE) Lv(u0, αo(0)) = 0 for any (u0, αo(0)) ∈ Ω
subjected to some boundary conditions. We now derive the boundary conditions. As
y = αo(0) → +∞, and if u0 = 0 (which implies that the initial allocation is to use
offshore production to fully meet the demand), any ‘reasonable’ policy will keep the
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initial allocation unchanged, since the offshore production yields a profit margin goes
to infinity. This yields:

lim
αo(0)→+∞

v(0, αo(0))

αo(0)
= lim

αo(0)→+∞

Jν(0, αo(0);αh)

αo(0)

= lim
αo(0)→+∞

E

[[∫∞
0
e−βs[usαh + (1− us)αo(s)]ds

]
αo(0)

]

− lim
αo(0)→+∞

E

[[∑∞
i=1 e

−βτiB(ξi)
]

αo(0)

]

= lim
αo(0)→+∞

E

[∫∞
0
e−βsαo(s)ds

αo(0)

]

= lim
αo(0)→+∞

E

[∫∞
0
e−βs(αo(0) + σoWs)ds

αo(0)

]

= lim
αo(0)→+∞

E
[∫ ∞

0

e−βsds

]
=

1

β
. (5.22)

If y = αo(0)→ +∞, and u0 6= 0, any ‘reasonable’ policy will immediately re-allocate
to use offshore production to fully meet the demand, and to keep the allocation
unchanged thereafter. Thus

lim
αo(0)→+∞

v(u0, αo(0))

αo(0)
= lim
αo(0)→+∞

v(0, αo(0))− L− l · u0

αo(0)
=

1

β
(5.23)

Similarly, when y = αo(0) → −∞, and if u0 = 1 (which implies that the initial
allocation is to use home production to fully meet the demand), any ‘reasonable’
policy will keep the initial allocation unchanged, since the offshore production yields
a profit margin goes to infinity. This yields:

lim
αo(0)→−∞

v(1, αo(0)) = lim
αo(0)→−∞

Jν(1, αo(0);αh),

= lim
αo(0)→−∞

E
[∫ ∞

0

e−βs[usαh + (1− us)αo(s)]ds
]

− lim
αo(0)→−∞

E

[ ∞∑
i=1

e−βτiB(ξi)

]
,

= lim
αo(0)→−∞

E[

∫ ∞
0

e−βsαhds] =
αh
β
. (5.24)

If y = αo(0) → −∞, and u0 6= 1, any ‘reasonable’ policy will immediately re-
allocate to use home production to fully meet the demand, and to keep the allocation
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unchanged thereafter. Thus

lim
αo(0)→−∞

v(u0, αo(0)) = lim
αo(0)→−∞

v(1, αo(0))−K−k ·(1−u0) =
αh
β
−K−k ·(1−u0)

(5.25)
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Figure 5.8 Guessed d-D-U-u policy

Now we have QVI and the boundary conditions. Our next step in the future is to use
the variant of Moving-Boundary method to solve the QVI. To do so, we have some
limitations that we discuss it in the next section.
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5.5 Limitations of Our Impulse Control Model

At this stage, we need to prove the verification theorem. Richard (1977) has proved
the verification theorem for the standard impulse control problem. However, our
problem setting differs form the standard problem. In the standard impulse control
problem, the controller controls the stochastic process directly. Consider for example
the problem of maintaining an optimal level of cash on hand in a firm that is subjected
to various cash inflows and outflows. In such problem, the cash inflow/outflow is both
the stochastic state variable and the control parameter at the same time, but in our
problem the control parameter is the offshoring proportion, while the stochastic state
variable is the offshore profit margin. We are not able to provide the proof of the
verification theorem in the current thesis. However, we can give an initial guess for
the shape of optimal policy. The guess is illustrated in Figure 5.8. The policy says
when the offshore profit margin αo is between d and u, the manager should not change
the proportion of demanded goods produced domestically, but as soon as the offshore
profit margin αo exceeds d the manager should change the proportion to line D,
and as soon as offshore profit margin αo goes above u the manager should change
the proportion to line U . Given the guessed policy we are able to obtain the value
function for a given policy. Then we need to find an update condition such that it
improves the value function monotonically and converges to the optimal policy.

5.6 Conclusion

Limited literature on the operational aspect of the offshoring-backshoring strategy
motivated us to contribute to the literature by considering a dynamic model for
making offshoring decisions that is grounded in stochastic control theory. We have
shown that using stochastic control we are able to derive optimal control policies which
are easy to obtain, understand and implement. First we have built a mathematical
model in which offshoring-backshoring problem considered as an optimal switching
problem. The firm could choose the production place between two locations: domestic
or offshore. Our approach differs from Nembhard et al. (2003) in that we considered
the switching costs. We have presented an example to show the optimal policy. Then
we considered the offshoring-backshoring strategy in a more generalized setting in
which we assume the firm can offshore-backshore any proportion of its production.
We have modelled the new approach based on stochastic impulse control. We also
have presented the quasi variational inequalities, and the guessed policy.

We have investigated the effect of several parameters on the offshoring policy to obtain
managerial insights. Our study shows that the relocation cost has an important
role in the offshoring policy such that high relocation costs result in large inaction
regions, and consequently the frequency of switching between the locations should
significantly decrease by the manager. Our study shows that discount rate does not
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have a significant impact on the offshoring decision. Our study further shows that
the profit difference between the locations does not change the inaction region either.
Our experiments demonstrate that the time horizon is an important factor in the
offshoring decisions and show that the manager should switch between the domestic
and offshoring plants more frequently when the time horizon is relatively long.

There are a number of questions and issues left for further exploration. One is to
investigate the effect of the proportional relocation cost on the offshoring policy.
However, to do so, we need to solve the QVI associated with the impulse control
model to obtain impulse control optimal policies. Then we are also able to see the
different aspects of proportional offshoring policy versus bang-bang policy.





Chapter 6

Conclusion

Like options on stocks, options on commodities and options on business activities
provide firms with protection against financial risks. Both are routinely used by
non-financial firms; however the former is an OTC contract between the buyers and
suppliers used to hedge financial risks arising from the procurement and production of
commodities, while the latter are called real options and are used for certain business
activities such as switching by utilizing the inherent flexibility to maximize the value
of firms and minimize the risk they face. The current thesis addresses both in four
chapters. Chapters 2 and 3 focus on the OTC option contracts, while Chapters 4
and 5 concern real options. However, in the all four chapters we adhere to our main
research question:

What is the maximum value generated by using options - either OTC contracts or real
options - for risk hedging and how can firms attain this value?

This chapter concerns the investigation of the research question in the previous four
chapters, and consists of three sections. In the first section we present our main
findings from each chapter, then in the second section we talk about the impact of
flexibility on decision making, and finally in the last section we discuss the future
research directions.

6.1 Summary of Results

In Chapter 2 we study the role of OTC options in the hedging policy of a commodity
processor. Motivated by the increased role of freight transportation in the supply
chain of corporations, we consider the problem of minimizing the cost of procuring
and transporting the commodity by hedging with options. We consider a firm that
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faces three sources of uncertainty and develop a model which computes the optimal
number of options that the firm should negotiate with the commodity supplier and
the ocean carrier. We show that the optimal options position for each department is
given by an elegant expression in the form of newsvendor critical fractile. We also
compare the cases with and without correlation between the stochastic variables and
derive the necessary optimal conditions. Our results show that that hedging with
options results in cost reduction for a risk-neutral firm, and consequently create value
for the firm, with assuming there are no market frictions. Our extensive numerical
studies in Chapter 2 yield five managerial insights.

First, we show that if the firm’s required policy is to meet the whole demand, the
procurement and transportation departments can independently select the number
of options to negotiate; but if the 100% service level is not a required condition,
considering a reservation price, the procurement and transportation departments
should collaborate on deciding a hedging policy.

Second, our results show that if demand is expected to grow, the firm should negotiate
more commodity and freight options.

Third, our study demonstrates that when the costs to procure and transport the
commodity are highly volatile, the firm should take a larger options position to offset
the increased volatility.

Fourth, we further show that the firm should take a larger options position when
there exists a positive correlation between commodity spot prices/freight rates and
demand.

Finally our results show that a higher reservation price not only leads to higher service
levels, but also leads to greater value creation for the firm as the firm takes a larger
options position to meet the increased service level.

In chapter 3 we consider a commodity processor who employs a dual sourcing strategy
to take advantage of price differences. Materials procured on offshore markets as a
consequence of the dual-sourcing strategy need to be transported, typically via ocean
freight. Freight rates, however, are highly volatile because of increased globalization
and demand for ocean freight services, coupled with long lead times to build ships.
Motivated by these considerations, we investigate the role of options in hedging
against ocean freight rates. We develop mathematical models of the firm’s total
expected procurement and transportation costs, explicitly taking into account the
transportation cost by allowing for stochastic freight rates, in addition to stochastic
demand and commodity spot price, and determine the optimal number of options the
firm should negotiate. We develop models and derive optimal policies for the two main
categories of ocean transport: tankers and container ships. We derive the optimal
policy the firm should follow once all uncertainties are resolved. Our numerical studies
based on the developed models highlight the importance of explicitly taking into
account transportation costs. The results also show that hedging against freight rate
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risk with options can lead to cost reduction for a firm that employs a dual-sourcing
strategy. Furthermore, our numerical studies in chapter three yield several managerial
insights.

First, our numerical studies demonstrate that dual-sourcing strategies limit price risk
exposure and offer the firm flexibility by allowing the firm to take advantage of low
domestic costs.

Second, our investigation shows that cost savings may be achieved by chartering larger
tankers and container ships even though they may cost more to charter.

Third, our numerical studies further show that buying freight options may increase
the proportion of demand procured on the offshore market.

Fourth, the results show that when the volatility of freight rate is relatively high the
firm should procure more on the domestic market.

Finally, our study demonstrates that the firm should buy more on the offshore market
when the volatility of commodity price is relatively high.

In Chapter 4 we move from OTC options to real options. In Chapter 4 we consider
switching options as an approach which can protect the firm against adverse price
changes. The chapter is a pure methodological research, although it can be applied
in many real life problems such as tolling agreements. In the chapter we develop
a computational method based on Moving-Boundary to solve the optimal switching
problem in two regimes over a finite time horizon. The idea is to convert a free
boundary problem into a sequence of fixed boundary problems as was first developed
for singular control problems in Kumar & Muthuraman (2004). In this study we
demonstrate that the idea of converting to a sequence of fixed boundary problems is
still possible for free boundary problems arising from switching problems; the specific
method, however, is different. We further establish the theoretical guarantees for
the method by proving that the solution to associated Quasi Variational Inequalities
is unique, and that the optimal condition can be violated by superset conditions.
Consequently, by the Moving-Boundary iterations from a violated region, the value
monotonically increases in the next iteration and converges to the true value function.
Then the optimal switching policy can be easily obtained.

To show that our algorithm works properly we solved a numerical example. In the
example we present the shape of optimal policy and show how the policy and the
value function converges to the optimum. We also study the impact of volatility on
the optimal policy. Our study shows that the inaction region becomes smaller as the
volatility increases. This implies that the firm should switch more frequently when
the underlying is more risky.

Chapter 5 concerns operationalizing the offshoring strategy by using switching
options. Limited literature on the operational aspect of the offshoring-backshoring
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strategy motivated us to contribute to the literature by considering a dynamic model
for making offshoring decisions. We show that by using switching options, we are able
to derive optimal control policies which are easy to obtain, understand and implement.
Our model considers a firm that could choose two locations for the site of production:
domestic or offshore. The firms has a stochastic profit margin in the offshore facility,
while its domestic profit margin is deterministic. Our aim is to find an optimal policy
for the firm to maximize its profit over a finite time horizon. To do so, we propose a
model based on switching options. Our model differs from Nembhard et al. (2003) in
that we consider the switching costs. We implemented several numerical experiments
and obtained interesting managerial insights.

First, our study shows that the relocation cost has an important role in the offshoring
policy such that high relocation costs result in large inaction regions, and consequently
the frequency of switching between the locations should significantly decrease.

Second, our numerical experiments demonstrate that the discount rate does not have
a significant effect on the offshoring decision; however, as the discount rate increases
substantially, the inaction region becomes slightly larger, and consequently the firm
should switch less frequently.

Third, our study shows that the profit difference between the domestic and the offshore
location does not affect the frequency of switching between them; however, it obviously
shifts the policy towards the offshore facility as the profit margin decreases in the
domestic location.

Finally, our experiments demonstrate that the time horizon is an important factor in
the offshoring decisions such that the manager should switch between the domestic
and offshoring plants more frequently when the time horizon is relatively long.

6.2 Impact of Flexibility on Decision Making

In today’s world managers are faced with an increasing number of alternatives in
order to make an optimal decision. This obviously leads to an increase in flexibility
for the manager and better management of risks faced by the firm; however, it also
leads to an increase in complexity of the problem to solve. In this thesis we have
taken into account the alternatives available to the manager making decisions in the
setting of operational efficiency and financial risk management. In the current global
environment, firms are able to source their supplies from multiple locations in the
world and transport them even by different means back to their factory. Firms also
have the ability to engage in OTC option contracts on commodities as well as freight
rates. Further, firms can have multiple manufacturing locations.

In terms of the simple problem of purchasing raw materials the firm faces price
fluctuations. This risk can be managed by purchasing option contracts. However,
in the transportation of raw materials from the source to the factory managers face
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two kinds of price risks, in the commodity as well as the transportation. It is possible
to engage in option contracts for both at the same time. Chapter 2 shows how such
flexibility offered by these option contracts helps the manager to better hedge against
the price risk. Another level of flexibility afforded to the managers is the choice
between multiple sources for the procurement as well as multiple ways to transport
them. Chapter 3 takes this into account and shows how to optimally procure goods
from multiple sources and transport them to the factory.

Chapters 2 and 3 talk about optimizing procurement strategies, but upper manage-
ment also faces different issues in order to maintain profit margins. The first of these
issues is the decision whether or not to procure a particular item, i.e. buy or do not
buy decision. This is the same problem as keeping the factory running or shutting it
down. Also, analogous to this is the problem of offshoring in which the manager has
to decide in which of the firm’s multiple factories production should take place. In
Chapters 4 and 5 we tackle these issues by providing the managers with an optimal
policy to make this decision.

6.3 Future Research Directions

In this section we briefly discuss some future research directions regarding the
underlying concepts presented in this thesis.

In Chapters 2 and 3 we have presented an optimal policy to hedge against the freight
rate risk. One interesting extension could be to include a shipping lead time in the
model. We may consider a stochastic lead time, then the firm faces another important
risk. Another challenging extension could be to add the inventory aspect to the model.
To do so we need to extend the model to at least two periods. Subsequently, it might
be interesting to extend the model to a multi-period one, something that would make
the problem very complex to solve. One more extension could be considering multi
products instead of one product and see how the firm can manage their transportation
when they can be carried in one type of ships.

In chapter 4 we proposed a Moving-Boundary approach to solve the switching options.
Our method works in the two regimes setting. Our next step would be to extend the
method for more than two regimes. To do so we might use simulation based methods.

In chapter 5 we studied a switching based model for offshoring problem. Then
we introduced a model based on impulse control; however, we did not propose a
solution for that. Our future work will aim to solve the impulse control model, and
subsequently investigate the effect of the proportional relocation cost on the offshoring
policy. To do so, our plan is to apply the idea of Moving-Boundary method.
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Besides future directions for each chapter, we can aim a future direction for this area
of research at large. In this thesis our approach is modelling the real world problems
by using mathematical techniques. Strictly speaking, we have a model-based study in
this thesis. However, we believe there is still much space to examine the models with
real data to see how these models fit to the real world. In other words, an interesting
future direction could be empirical research to test models and policies developed in
this thesis. We believe by doing so, we can find additional nice managerial insights.
For example, in Chapters 2 and 3 we build mathematical models to obtain hedging
policies against the freight risk. However, by using available public data for freight
rates we might be able to examine our models in the real world and find out the real
value created for the firms by using freight options.
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Summary

Risk Management at the Interface of

Operations and Finance

Flexibility is inherent in the decision-making process of all firms. This flexibility, if
utilized optimally, can generate value for the firm and its supply chain partners. This
research develops models to value operational flexibility in a number of scenarios.
The scenarios considered cover a spectrum of decision-making problems facing firms,
including dual sourcing, offshoring/reshoring production, transporting commodities
and switching between production states. We utilize options theory and stochastic
control theory to develop models that allow for the valuation of operational flexibility
in the considered scenarios. Valuing this flexibility consequently yields the optimal
strategies/policies that the firm should adhere to in order to realize this value.
This research contributes to the literature on flexibility and risk management at
the interface of operations and finance. From an application perspective, the thesis
contributes to the literature on sourcing, offshoring and ocean freight transportation.
From a methodological perspective, the thesis also contributes to the literature on
stochastic control and options valuation. The thesis consists of four main chapters
(excluding introduction and conclusion chapters), each a working paper tackling a
different scenario. The following paragraphs summarize each of the chapters.

Transporting Commodities: Hedging against Price, Demand and Freight Rate Risk
with Options

Like options on stocks, options on commodities provide firms with protection against
adverse price movements. Many firms procure a commodity at offshore locations
and transport it via ocean freight. Increased globalization and increased demand for
ocean-based transportation has resulted in ocean freight itself becoming a volatile
commodity. In this chapter, we consider a commodity processor and develop models
to determine the firms optimal hedging policy. The models allow for three sources of
uncertainty; demand, commodity spot price and freight rate. The optimal hedging
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policies are variants of the classical newsvendor critical fractile. We show that partially
procuring the commodity and its freight through option contracts, rather than entirely
on the volatile spot market creates value, even for a risk-neutral firm. We then perform
extensive numerical experiments to study the influence of the underlying parameters
on the optimal hedging policies and value creation.

Dual Sourcing: Optimal Procurement Policy with Option Hedging against Freight Rate
Risk

This chapter investigates the role of options in providing protection against volatile
ocean freight rates for a commodity processor that employs a dual-sourcing strategy.
Procuring the commodity offshore results in lower procurement costs when compared
to procuring the commodity in the domestic market, but entails a transportation cost.
Transportation of goods from offshore markets typically involves ocean freight. Ocean
freight rates have become highly volatile. We develop models that integrate the firm’s
optimal options position and optimal sourcing decision, taking into account volatile
ocean transportation costs. We develop a model for a commodity processor that
hires tankers, restricting the firm to charter an integer number of tankers to reflect
reality. We also develop a model for a commodity processor that charters container
ships. Tankers are cargo ships that are typically used to transport fluids such as
crude oil, while container ships are cargo ships that carry their entire load in truck-
size containers. We determine the firm’s optimal options position for each model,
and conduct numerical studies. Our studies highlight the importance of explicitly
accounting for the cost. Our studies demonstrate the cost-effectiveness of utilizing
options on the freight rate and a dual-sourcing strategy. Our studies also shed some
light on the popularity of ‘mega ships’.

Valuing Optimal Switching Options with the Moving-boundary Method

The primary contribution of this chapter is the development of a stochastic control-
based methodology to tackle the optimal-switching problem. Specifically, we extend
the Moving Boundary Method to tackle such problems. The Moving Boundary
Method has been successfully applied to optimal-stopping problems. Optimal-
switching problems can be thought of as sequences of optimal-stopping problems and
possess complicating features, making an extension of the Moving-Boundary Method
to tackle such problems non-trivial. The method is then applied to problems in the
sourcing and energy domains.

A Stochastic Control Approach to Operationalizing Offshore Production Decisions

As a result of increased globalization, firms tend to offshore parts of their production
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to benefit from raw material price and labor cost differences across various locations,
increasing the flexibility of their supply chains. These price differences, however, are
not static. For example, in the past China had the lowest labor rates in the world,
but increased global competition has driven drown labor rates in many countries. In
this chapter, we consider a firm that can produce in two locations: either domestic or
offshore. The firm has an uncertain offshore profit margin which makes the offshoring
strategy risky. Using switching options we propose an optimal hedging policy that
tells the manager when the firm should produce in the offshore facility and when it
should produce in the domestic one. We then extend the policy from bang-bang to the
proportional policy in which we determine what proportion of the firm’s production
should be offshored at any point in time. To do this we formulate the problem based
on stochastic impulse control.
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