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Societal Summary
In feedback control systems, a controller determines the input to a dynamical
system based on measurements of its outputs. Nowadays, the controller is increasingly often connected to the sensors and actuators of the system via a shared
communication network, for example via WiFi. This leads to more flexible systems with easier installation and lower costs. Moreover, it opens up the way
to many new control applications, such as cooperative adaptive cruise control, a
cruise control system that makes use of wireless communication between vehicles
in order to improve fuel efficiency, safety, and traffic throughput. However, as
multiple devices share the communication network, and the available bandwidth
is often limited, it is important to use the communication network in a careful
manner in order not to congest it. Indeed, overuse of the network leads to delays
and loss of information, which deteriorate the performance of the system. Hence,
it is important to only transmit (e.g., sensor and actuation) data when this is
really necessary in order to guarantee the required performance of the system.
This can be accomplished by using event-triggered control (ETC).
ETC brings feedback into the communication process by determining the
transmission times on-line, based on real-time knowledge of the system. This
renders ETC well-equipped to balance control performance and network utilization. However, this also means that transmission times in ETC systems are
influenced by disturbances, which is not the case when using standard periodic
communication. Hence, just as the control performance of a system should be robust to disturbances, also the communication properties should be robust in the
sense that disturbances should not have a large adverse effect on the (minimum
and average) inter-transmission times.
This thesis identifies that many ETC solutions in literature do not have
sufficient robustness against disturbances in the communication properties, rendering these ETC solutions less effective, or even useless in practice. Based on
these insights, new robust ETC designs are proposed that provide robust control
performance with sparse communication.

Summary
In modern control systems, sensors, controllers, and actuators are increasingly
often connected via shared (possibly wireless) communication networks, as this
leads to more flexible systems with easier installation and lower costs, and opens
up the way to many new and advanced control applications. However, as multiple nodes share the communication medium, and the available communication
bandwidth is often limited, it is important to use the communication resources
in a careful manner in order not to congest the medium.
Traditionally, measurement and/or input data is transmitted periodically
at fixed transmission times. This can lead to a considerable waste of the scarce
communication resources as many of the transmissions are not actually needed in
order to guarantee the required control performance of the system. In contrast,
in event-triggered control (ETC) systems the transmission times are generated
based on knowledge of the state of the system, and data is only transmitted when
this is necessary in order to guarantee the required control performance. As such,
event-triggered control brings feedback into the sampling and communication
processes, and consequently the sampling/transmission times become aperiodic,
rendering ETC better equipped to balance control performance and resource
utilization.
ETC strategies can be divided in continuous event-triggered control (CETC)
strategies, which require continuous measuring of the plant’s output, and periodic
event-triggered control (PETC) strategies, which only require periodic sampling
of the output and are therefore easier to implement on digital platforms.
Just as the control performance of a system should be robust to disturbances
and delays, also the communication properties should be robust in the sense that
disturbances or delays should not have a large adverse effect on the (minimum
and average) inter-event times. Indeed, if an ETC system has large minimum and
average inter-event times in the absence of disturbances, but small disturbances
can easily reduce the minimum and average inter-event times significantly, then
the ETC system becomes rather ineffective, or even useless in practice.

iv

Summary

In this thesis, we show that several popular CETC strategies in the literature
exactly exhibit this undesired behavior, thereby demonstrating that it is essential to include the effects of disturbances in the analysis of the communication
properties of the ETC system. Moreover, we show that many CETC strategies that do have this robustness in the communication properties only lead to
practical stability instead of asymptotic stability (and hence cannot provide Lp
stability with finite Lp -gains).
These observations call for new ETC designs that are more robust to disturbances while still accompanied with stability and performance guarantees.
Therefore, for linear systems (with disturbances and communication delays), we
propose new tools for the analysis and design of continuous and periodic eventgenerators with robust communication properties. These tools are tailored to
linear systems based on Riccati differential equations, leading to a significant
reduction in conservatism with respect to previously proposed designs in literature.
For nonlinear systems, there exist many results in literature on continuous
event-generators, but the design of periodic event-generators for nonlinear systems turns out to be a much more difficult task, as evidenced by the lack of
results thereon. Therefore, we propose a method for designing periodic eventgenerators for nonlinear systems, starting from a given/predesigned CETC system. Interestingly, the resulting PETC system has the same guaranteed control
performance as the original CETC system, but does not suffer from the robustness problems as indicated above.
Summarizing, the contributions in this thesis bring event-triggered control a
step closer toward application on real systems as guaranteed robustness in the
utilization of communication resources and control performance in the presence
of disturbances and communication delays are indispensable in practice.
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Nomenclature
Notation
N
R
I
O
min
max
inf
sup
lim
lim sup
ess sup
λmin (A)
λmax (A)
x> or A>
(x1 , x2 )
x(t+ )
bxc
|x|
|A|
kwkLp

Set of natural number including zero, i.e., N := {0, 1, 2, . . . }
Set of real numbers, i.e., R := (−∞, ∞)
Identity matrix of appropriate dimensions
Zero matrix of appropriate dimensions
Minimum
Maximum
Infimum
Supremum
Limit
Limit superior
Essential supremum
Minimum eigenvalue of the symmetric matrix A ∈ Rn×n
Maximum eigenvalue of the symmetric matrix A ∈ Rn×n
Transpose of the vector x or matrix A
Concatenation of the vectors x1 ∈ Rn1 and x2 ∈ Rn2 , i.e.,
> >
(x1 , x2 ) = [x>
1 x2 ]
Limit from the right of the left-continuous signal x : R>0 →
Rn at time t ∈ R>0 , defined by x(t+ ) := lims→t,s>t x(s)
Largest integer smaller than or equal to x ∈ R
Euclidean
norm of the vector x ∈ Rn , defined by |x| :=
√
x> x
n×m
Induced
, given by
pEuclidean norm of the matrix A ∈ R
>
|A| := λmax (A A)
Lp -norm of the measurable signal w : R>0 → Rn , defined by
1/p
R∞
kwkLp := 0 |w(t)|p dt
, for p ∈ R>1

x

Summary
kwkL∞
Lp
L∞
K
K∞
KL
 A ?
B
[A
? C ] or B > C
rank(A)
P  0 (P  0)
P ≺ 0 (P  0)
y>0
∪
∩
\
×
∈
⊂ (⊆)

L∞ -norm of the measurable signal w : R>0 → Rn , defined
by kwkL∞ := ess supt∈R>0 |w(t)|
Set of measurable signals w : R>0 → Rn with kwkLp < ∞
Set of measurable signals w : R>0 → Rn with kwkL∞ < ∞
Set of functions γ : R>0 → R>0 that are continuous, strictly
increasing, and satisfy γ(0) = 0
Set of functions γ ∈ K that satisfy γ(s) → ∞ as s → ∞
Set of continuous functions β : R>0 ×R>0 → R>0 that satisfy
β(·, t) ∈ K for each fixed t ∈ R>0 , and β(s, t) is decreasing
in t and β(s, t) → 0 as t → ∞ for each fixed s∈ R>0
Shorthand notation of the symmetric matrix BA> B
C
Rank of the matrix A ∈ Rn×m
P symmetric and positive (semi-)definite, for P ∈ Rn×n
P symmetric and negative (semi-)definite, for P ∈ Rn×n
yi > 0 for all i ∈ {1, 2, . . . , n}, for y ∈ Rn
Union
Intersection
Complement
Cartesian product
Element of
(Nonstrict) inclusion

Acronyms
ACC
CACC
CETC
ETC
GAS
GES
ISES
IS(p)S
LMI
LTI
MIET
NCS
PETC
STC
ZOH

Adaptive cruise control
Cooperative adaptive cruise control
Continuous event-triggered control
Event-triggered control
Global asymptotic stability
Global exponential stability
Input-to-state exponential stability
Input-to-state (practical) stability
Linear matrix inequality
Linear time-invariant
Minimum inter-event time
Networked control system
Periodic event-triggered control
Self-triggered control
Zero-order-hold

Chapter 1

Introduction
In feedback control systems, a controller determines the input u to a dynamical system (often called the plant) based on measurements of its outputs y, see
Figure 1.1(a). Nowadays, the controller is increasingly often connected to the
sensors and actuators of the system via a (possibly wireless) shared packet-based
communication network, for example via WiFi. This leads so-called networked
control systems (NCSs), see Figure 1.1(b), which compared to conventional (nonnetworked) control systems provide more flexibility, easier installation, and lower
costs. Moreover, networked control systems open up the way to many new
and advanced control applications, such as cooperative adaptive cruise control, a
cruise control system that makes use of wireless communication between vehicles
in order to improve fuel efficiency, safety, and traffic throughput, see Figure 1.2.
Obviously, such an application would not be possible without wireless communication.
Plant

y

Plant

y

û
Network
ŷ
u Controller
(a)

u Controller
(b)

Figure 1.1: A conventional (non-networked) control system (a) and a networked
control system in which the plant and controller are connected via a shared
packet-based communication network (b).
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Figure 1.2: A platoon of automated vehicles using cooperative adaptive cruise
control (Picture courtesy of the Netherlands Organisation for Applied Scientific
Research (TNO)).

In a networked control system the measured outputs y are not continuously
available to the controller, as networked communication is inherently packetbased. Instead, samples of y are transmitted to the controller at (discrete)
transmission times tk . The same holds for the control input u. Moreover, as
multiple nodes share the communication medium, and the available communication bandwidth is often limited, packets can be delayed (varying communication
delays) or even lost (packet dropouts), as illustrated in Figure 1.3. This problem
becomes more significant when the number of nodes in the network grows, as the
communication delays and packet loss probability increase with the number of
nodes, cf. [28, 57]. Hence, the controller has to rely on the sampled and delayed
output ŷ, and the plant only receives the sampled and delayed input û. This
means that, next to external disturbances and measurement noise, the control
performance should also be robust to varying communication delays and packet
losses, and it is important to use the communication resources in a careful manner in order not to congest the communication medium (in which case the delays
and packet loss probabilities would become even larger and more prominent).
t1

t2

t3

t4

packet drop
t1 + τ1

t2 + τ2

t4 + τ4

transmission times
arrival times

Figure 1.3: Transmission times tk and arrival times tk + τk with varying communication delays τk , k ∈ N.

1.1 Event-triggered control

1.1

3

Event-triggered control

Traditionally, measurement and/or input data is transmitted over the communication network in a time-triggered fashion, often periodically with a fixed period
h ∈ R>0 , leading to the transmission times tk = kh, k ∈ N. In this case the
transmission times are determined in open-loop, as they are independent of the
state the system is in. This can result in a significant waste of the scarce communication resources as many of the transmissions may actually not be necessary
in order to guarantee the required control performance of the overall closed-loop
system.
In contrast, in event-triggered control (ETC), transmissions occur only whenever a certain event function Γ exceeds a certain threshold, where Γ typically is
a function of the current state or output measurements of the plant, the most
recently transmitted data, and possibly other variables. Hence, the transmission
times {tk }k∈N are generated on-line based on available knowledge of the state of
the system, bringing feedback into the transmission process. If the event function Γ is properly designed, then data is only transmitted when this is necessary
in order to guarantee the required control performance. As such, ETC is potentially better equipped to balance control performance and resource utilization
than conventional periodic control strategies.
While in this thesis we focus on networked control systems, the results are
also relevant for embedded control systems, as these kinds of systems are often
battery-powered, or have limited computation resources which the controller has
to share with other processes. Hence, if the control input is updated less often,
valuable energy and computation resources may be spared. These savings can
lead to increased up-time or better performance of the other processes.

1.2

Event-generator design

In this thesis we focus on (variations of) the control setup as in Figure 1.4, in
which P is a (continuous-time) plant with state x ∈ Rnx and output y ∈ Rny ,
ŷ ∈ Rny is the output information that is available to the controller C, w ∈ Rnw is
a disturbance, and ZOH denotes a zero-order-hold. Note that in the control setup
in Figure 1.4 only the output y is transmitted via a communication network, and
that the control input u is continuously available to the actuators.
The event-triggered controller consists of the controller C and the eventgenerator. Typically, these are designed using an emulation-based approach, i.e.,
first the controller C is designed assuming perfect communication (in which case
ŷ(t) = y(t) for all t ∈ R>0 ), after which the event-generator is synthesized such
that stability and a certain amount of closed-loop performance are preserved.
Alternatively, the controller and event-generator could be synthesized simultaneously (called co-design), as in, e.g., [2, 27, 64, 73, 94]. Obviously, co-design of
the controller and event-generator may lead to improved designs providing better
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w
C

u

P

y

Event-generator

ŷ
ZOH

Figure 1.4: Event-triggered control setup.
control performance with less communication compared to an emulation-based
design procedure. However, co-design is a hard problem, often involving nonconvex optimization or multi-objective optimization, and is inherently limited
to specific types of controllers and event-generators. Using an emulation-based
approach provides more freedom as the controller can be designed using a wide
variety of control design methods for continuous-time dynamical systems, after
which a wide variety of event-generator designs can be applied. In this thesis we will exclusively consider emulation-based ETC designs, assuming that
a continuous-time controller is already available. Hence, we will focus on the
design of the event-generator.
Below we will provide a categorization of event-generator designs, which covers most of the event-generator designs for continuous-time systems available in
literature.

1.2.1

Continuous and periodic event-triggered control

ETC strategies can be categorized in several different ways. In this thesis, we will
make a distinction between continuous event-triggered control (CETC) strategies and periodic event-triggered control (PETC) strategies, see also [15, 47, 67]
and the references therein. CETC strategies require continuous measuring of
the state or output of the plant, while PETC strategies only require periodic
measuring.
1.2.1.1

Continuous event-triggered control

As an example of a CETC strategy, we will consider the ETC design from [89].
Consider the control setup of Figure 1.4, with plant P given by

controller C given by

ẋ = f (x, u),

(1.1)

u = k(ŷ),

(1.2)

5
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and output y = x (i.e., full state measurement), which is transmitted to the
controller at times tk , k ∈ N, and arrives without delays or packet losses. Hence,
ŷ is given by
ŷ(t) = x̂(t) := x(tk ), t ∈ (tk , tk+1 ], k ∈ N.
(1.3)
Additionally, assume that there exists a continuously differentiable Lyapunov
function V : Rnx → R>0 which for all x, x̂ ∈ Rnx satisfies
α1 (|x|) 6 V (x) 6 α2 (|x|)

(1.4a)

∂V
f (x, k(x̂)) 6 −α(|x|) + γ(|x̂ − x)|)
∂x

(1.4b)

for functions α1 , α2 , α, γ ∈ K∞ . In this case, enforcing that γ(|x̂ − x|) 6 σα(|x|)
holds for some σ ∈ (0, 1), would result in the inequality
∂V
f (x, k(x̂)) 6 −(1 − σ)α(|x|),
∂x

(1.5)

which guarantees that the origin of the closed-loop system is globally asymptotically stable. Hence, the event-generator directly follows from the requirement
γ(|x̂ − x|) 6 σα(|x|), and is given by
t0 = 0,

tk+1 = inf {t > tk | Γ(x(t), x̂(t)) > 0} ,

k∈N

(1.6)

with the event-function Γ given by
Γ(x, x̂) = γ(|x̂ − x|) − σα(|x|).

(1.7)

After a transmission, γ(|x̂ − x|) is equal to zero and the next transmission occurs
when the transmission error x̂ − x becomes too large compared to the current
state x.
Another CETC example is given in [66], where the transmission times are
given by (1.6) with the event-function Γ given by
Γ(x, x̂) = γ(|x̂ − x|) − β

(1.8)

with β ∈ R>0 . Hence, a transmission is triggered when the transmission error
x̂ − x becomes too large in absolute sense. For the system (1.1) with (1.2)
satisfying (1.4), the event-generator (1.6) with (1.8) leads to
∂V
f (x, k(x̂)) 6 −α(|x|) + β,
∂x

(1.9)

and hence renders the closed-loop system practically stable, but not asymptotically stable (which also excludes Lp -stability in case disturbances are present).
Other CETC strategies are proposed in, e.g., [15, 19, 20, 26, 35, 36, 41, 55, 59,
78, 92, 102, 104, 108], the surveys [15, 47, 67], and the references therein. For all

6

Chapter 1. Introduction

these strategies it holds that, as the event function Γ is evaluated continuously,
continuous measuring of the plant’s state is required.
From the two CETC examples discussed above, it becomes apparent that
CETC designs often easily follow from the desired control performance (or that
bounds on the control performance easily follow from the CETC design). However, as communication networks do not have infinite bandwidth, it is necessary
that there exists a positive lower bound on the inter-event times. We will show
in Chapter 2 that for many CETC designs such a lower bound does not exist
in the presence (and sometimes even in the absence) of disturbances, and that
Zeno behavior (an infinite number of events in a finite time interval) might occur. A straightforward solution is to enforce such a lower bound by employing
time-regularization.
1.2.1.2

Continuous event-triggered control with time-regularization

To enforce a positive minimum inter-event time (MIET), a waiting time h ∈ R>0
can be included in (1.6), leading to the continuous event-generator with timeregularization
t0 = 0,

tk+1 = inf {t > tk + h | Γ(x(t), x̂(t)) > 0} ,

k ∈ N.

(1.10)

Hence, CETC strategies with time-regularization, see, e.g., [1, 4, 4, 21, 22, 32, 48,
83, 84, 91, 93, 94], still continuously evaluate the event function Γ, but only after
a waiting time h has elapsed since the previous event time. In this way, a MIET
of h time units is always guaranteed, and hence Zeno behavior is excluded.
A potential disadvantage of employing time-regularization is that the control
performance analysis often becomes more involved.
1.2.1.3

Periodic event-triggered control

In contrast to CETC strategies, PETC strategies, see, e.g., [16, 45, 46, 48, 52, 73,
77, 98, 101, 109], only evaluate the event function Γ periodically with sampling
period h ∈ R>0 , i.e., the PETC variant of (1.6) would be given by
t0 = 0,
tk+1 = min {t > tk | Γ(x(t), x̂(t)) > 0, t = nh, n ∈ N} ,

k ∈ N.

(1.11)

As PETC strategies only require periodic sampling of the state or output of
the system, they are much easier to implement on digital platforms. In fact,
as continuous measuring is often difficult to realize, many CETC controllers are
implemented using some discretized version in practice. However, similar to
CETC with time-regularization, the control performance analysis often is more
involved compared to CETC strategies.
Of course, ETC strategies for discrete-time systems (see, e.g., [17, 29, 56,
68, 95, 107]) can also be viewed as PETC strategies, but these methods do not
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take the inter-sample behavior into account and will therefore not be considered
explicitly in this thesis.
A schematic overview of the three types of event-triggered control (CETC,
CETC with time-regularization, and PETC) is given in Figure 1.5.

Γ
t

0
tk+1

tk
(a) Continuous event-triggered control.

Γ
t

0
tk

tk+1

tk + h

(b) Continuous event-triggered control with time regularization h.

Γ
t

0
tk

tk + h

tk + 2h

tk + 3h

tk+1

(c) Periodic event-triggered control with sampling period h.

Figure 1.5: Event-triggered control variants. The thick black line indicates the
times at which the event function Γ is evaluated/transmissions can occur. A
transmission should be triggered when the function Γ becomes positive.
While CETC strategies are more difficult to implement in practice than
PETC strategies, often better control performance can be guaranteed, using
less complex analysis tools. This is also evidenced by the lack of PETC strategies for nonlinear systems, which is limited to the works [77, 101], while CETC
strategies for nonlinear systems are abundant, see, e.g., [1, 4, 20–22, 36, 51, 63, 80,
84, 89, 92, 93, 108], and the references therein.

1.2.2

Static and dynamic event-triggered control

In this thesis we will also make a distinction between static and dynamic ETC
strategies. In static ETC strategies, the event function Γ is a static function of
the current state or output measurement and its sampled-and-held version that
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is available to the controller (using, e.g., a zero-order-hold, a first-order-hold, or
even a model-based hold function). Hence, we consider Γ in (1.7) and (1.8) to
be static event functions.
The work [78] introduced a new type of (continuous) event-generator, which
involves an additional dynamic variable with dynamics that depend on the state
of the system. Since then, dynamic CETC strategies have also been proposed
in [22, 36, 80].
In [36] again the system (1.1) with (1.2) satisfying (1.4) is considered, and a
dynamic variable η ∈ R is proposed, which satisfies the differential equation
η̇ = −δ(η) + σα(|x|) − γ(|x̂ − x|)

(1.12)

with δ ∈ K∞ and σ ∈ (0, 1). Hence, η can be interpreted as the low-pass filtered
version of the static event function Γ given by (1.7). From (1.4b) and (1.12) it
follows that
V̇ + η̇ = −(1 − σ)α(|x|) − δ(η).
(1.13)
By enforcing that η(t) > 0 for all t ∈ R>0 , the function W = V + η becomes a
Lyapunov function and (1.13) guarantees that the origin of the closed-loop system is globally asymptotically stable. A dynamic event-generator then directly
follows from the requirement η > 0 and is given by
t0 = 0,

tk+1 = inf {t > tk | η(t) < 0} ,

k ∈ N.

(1.14)

Directly following a transmission we have that η = 0 and |x̂ − x| = 0, leading
to η̇ > 0 if x 6= 0. Hence, η can only become negative when Γ given by (1.7) is
positive for a time interval of nonzero length. This shows that the inter-event
times are extended compared to the static CETC system of [89], and that the
next event time tk+1 given by the dynamic event-generator (1.14) is always lower
bounded by tk+1 given by the static event-generator (1.6).
In [22] static and dynamic continuous event-generators are designed using
ideas from time-triggered control design for nonlinear systems [14,49,69]. Again
the dynamic variable in the dynamic event-generator is a filtered version of the
static event function, and is used to extend the inter-event times compared to
the static event-generator.
Finally, the work [80] modifies the periodic time-triggered design of [70] by
introducing a dynamic clock-like variable, whose derivative depends on the current state of the system. Based on this clock-like variable a dynamic continuous
event-generator is designed which extends the inter-event times compared to the
time-triggered design of [70].
From the above, we conclude that including a dynamic variable in the eventgenerator may lead to a significant further reduction of the consumption of
communication and energy resources.
While CETC strategies with time-varying thresholds as in, e.g., [85, 105],
could also be categorized as dynamic CETC, the dynamics of the time-varying
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threshold is independent of the state of the controlled system, and thus these
event-generators are better categorized as a static event-generators with timevarying thresholds.
Finally, we should also mention the recent work [19] in which a memorybased event-generator is proposed. In principle, the proposed design can also
be categorized as a dynamic event-generator, although it is of a different nature
than the dynamic event-generators we consider in this thesis.

1.2.3

Self-triggered control

For completeness, although not considered in this thesis, we also mention selftriggered control (STC), see, e.g., [5,62,78,99,103], in which the next event time
is pre-calculated using state and/or output information at the current event
time. As a consequence, in STC the system does not have to be monitored
continuously, and unexpected disturbances do not lead to earlier generation of
events. However, this also means that STC systems cannot react to disturbances
as quickly as ETC systems.

1.3

Main contributions and outline of the thesis

In general, the goal of ETC is to achieve a certain desired level of closed-loop
control performance with the least possible amount of communication. Hence,
when a standard periodic time-triggered controller yields identical or better control performance at reduced levels of communication, then the ETC design is
not very effective. However, while for periodic time-triggered control the transmission times (and hence the use of the communication resources) are known
a priori, for ETC it is often hard to predict how much communication is required (i.e., how many events events generated, and at which times). Indeed,
any change in the initial conditions or disturbance input leads to a different
trajectory, and in turn to different transmission times as these are determined
on-line. As a result, (estimates of) average inter-event times typically need to
be obtained via simulations and experiments, and often only (lower bounds on
the) minimum inter-event times (MIET) can be guaranteed. Hence, a (large)
positive MIET is desirable, as this at least provides a lower bound on the amount
of communication that is used in the ETC system.
The existence of a positive MIET is also necessary for implementation, as
the transmission rate of every communication network is limited. Additionally,
just as the control performance of a system should be robust to disturbances
and delays, also its communication properties should be robust in the sense
that disturbances should not have a large adverse effect on the (minimum and
average) inter-event times. Indeed, if an ETC system has large minimum and
average inter-event times in the absence of disturbances, but small disturbances
can easily reduce the minimum and average inter-event times significantly, then
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the ETC system becomes rather ineffective, or even useless in practice. In Chapter 2 we show that several popular CETC strategies in literature exactly exhibit
this undesired behavior, thereby demonstrating that it is essential to include
the effects of disturbances in the analysis of the communication properties of
the CETC system. Moreover, we show that many CETC strategies (without
time-regularization) that do have robustness in the communication properties
only lead to practical stability instead of asymptotic stability (and hence cannot
provide Lp stability with finite Lp -gains). These observations call for new CETC
designs that are more robust to disturbances while still accompanied with stability and performance guarantees. Finally, we show that certain types of PETC
strategies or CETC strategies with time-regularization, which both have a builtin robust MIET, can sometimes exhibit periodic time-triggered behavior in the
presence of disturbances, demonstrating that also for these systems it is essential to include the effects of disturbances in the analysis of the communication
properties.
In Chapter 3 we present new tools for the analysis and design of (static
and dynamic) continuous event-generators with time-regularization for linear
systems (with disturbances and communication delays). These analysis tools
are based on Lyapunov/storage functions exploiting matrix Riccati differential
equations and computationally friendly semi-definite programming, and provide
tight estimates of the L2 -gains and exponential decay rates of the resulting
closed-loop systems. Moreover, the resulting dynamic CETC systems have the
same control performance guarantees as their static counterparts, but typically
require significantly fewer transmissions and are less likely to exhibit periodic
time-triggered behavior with sample period equal to the waiting time h.
As dynamic event-generators show great potential in CETC systems, we
would like to exploit their benefits also in the context of PETC systems. Therefore, in Chapter 4 we adapt the analysis and design framework for CETC with
time-regularization of Chapter 3 to a new framework for the analysis and design of static and dynamic periodic event-generators for linear systems. The
dynamic event-generators proposed in this chapter are the first that only require
periodic measuring of the output of the plant, and are thus the first dynamic
event-generators that can be easily implemented in practice without the need
for any further discretization or approximation.
In Chapter 5 we apply the new CETC and PETC strategies proposed in
Chapters 3 and 4 in the context of vehicle platooning. We validate the effectiveness of our new results by means of simulations and experiments on a real
platoon of vehicles using CACC.
As already mentioned, for nonlinear systems there exist many results on the
design of continuous event-generators, but only very few on the design of periodic
event-generators. Therefore, in Chapter 6, we propose a method for designing periodic event-generators for nonlinear systems, starting from a given/predesigned
CETC system. Interestingly, for the resulting PETC system the same control
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performance guarantees as for the original CETC system can be given.
Finally, conclusions and recommendations are given in Chapter 7, and all
proofs are provided in the appendix.

Chapter 2

Event-separation properties of
event-triggered control systems
Abstract – In this chapter we study fundamental properties of minimum inter-event times
for several event-triggered control setups, both in the absence and presence of external disturbances and/or measurement noise. This analysis reveals, amongst others, that for several
popular event-generators no positive minimum inter-event time can be guaranteed in the presence of arbitrary small external disturbances or measurement noise. This clearly shows that it
is essential to include the effects of external disturbances and measurement noise in the analysis of the computation/communication properties of event-triggered control systems. In fact,
this chapter also identifies event-generators that do exhibit these important event-separation
properties.

2.1

Introduction

The recent interest in ETC is motivated by resource constraints in embedded
and networked control systems, such as limited communication bandwidth and
computational power, as well as restricted energy resources if battery-powered
devices are used.
Due to these resource constraints it is desirable to only transmit measured
data (or in case of embedded systems, recalculate the control input) when this
is really needed to be able to guarantee the desired stability and performance
properties of the system. This requires variable inter-event times that depend on
how the system is operating. As such, ETC systems are much better equipped
than time-triggered control systems to balance resource utilization and control
performance.
This chapter is based on [11] and [12].
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Just as time-triggered control systems, ETC systems should be robust to imperfections, such as external disturbances, modeling errors, measurement noise,
and so on. However, for ETC systems it is not enough to only verify the robustness of the control properties (e.g., stability, convergence rates, L2 /ISSgains); also the robustness of the computation/communication properties needs
to be carefully examined. To make this more specific, observe first that in
time-triggered control systems the transmission times are not influenced by the
presence of the mentioned imperfections. In contrast, these imperfections do
affect the transmission times in ETC systems, as in ETC systems the triggering
of events is state- or output-based. Hence, the robustness of the communication properties of ETC systems, in terms of a guaranteed (positive) minimum
inter-event time (MIET) needs to be guaranteed. This is highly important,
because when a nonzero MIET cannot be guaranteed, it might happen that
an infinite number of events is generated in finite time (the so-called Zeno behavior [60]), which makes the ETC scheme infeasible for practical implementation. Indeed, if an ETC system has large minimum and average inter-event
times in the absence of disturbances, but (small) disturbances can easily reduce the minimum and average inter-event times significantly, then the ETC
system becomes rather ineffective, or even useless in practice. This is particularly an issue for continuous event-triggered control (CETC) strategies, (see,
e.g., [26, 35, 36, 59, 66, 88, 89, 92, 102, 104, 108]) which do not enforce a MIET by
design.
Some results concerning robustness of computation/communication properties of CETC systems are provided in [26,35,59,88,89,102,104,108]. In particular,
in [89, 102, 104], the robustness of the minimum inter-event time with respect
to communication delays has been considered, and in [35] with respect to communication delays and modeling uncertainties. These results exploit, amongst
others, that when the system approaches the origin, the effect of the imperfections (time delays and modeling errors) vanishes. Non-vanishing imperfections,
such as external disturbances and measurement noise, do not have this convenient property. In fact, the authors of [108] noticed that their CETC setup
might not have a positive MIET in the presence of such disturbances, but did
not study this phenomenon in detail. In this chapter it will indeed be proved
that for some classes of CETC systems even if a positive MIET can be guaranteed in the absence of disturbances, still the MIET becomes zero for arbitrarily
small disturbances. This indicates zero robustness of the MIET with respect to
disturbances, which is clearly undesired. Despite the obvious need to study the
robustness of the MIET of CETC systems with respect to (non-vanishing) external disturbances and measurement noise, there is a surprising lack of results
in this area. Notable exceptions are [59, 88], in which a global positive MIET is
guaranteed for a model-based state-feedback CETC scheme in the presence of
bounded disturbances, and [26], in which a semi-global positive MIET is guaranteed for (decentralized) output-based CETC schemes in the presence of bounded
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disturbances.
In addition, it is good to mention ETC strategies that have a built-in lower
bound on the MIET. These strategies include CETC with time-regularization,
see, e.g., [4, 32, 48, 52, 84, 93], and periodic event-triggered control (PETC), see,
e.g., [16, 44, 45, 48, 52, 77, 98, 101]. In CETC with time-regularization the event
condition is evaluated continuously, but only after a certain time threshold
has elapsed, and in PETC the event condition is only evaluated periodically.
Hence, in both types of systems, events are only generated after a predetermined lower time threshold has elapsed, automatically leading to robust positive MIETs. We will show that for these kinds of event-generators it is still
important to consider the influence of (non-vanishing) disturbances on the computation/communication properties of the system, as for arbitrarily small disturbances the event-generators proposed in these papers may generate many events
when the system is close to the origin, i.e., the system will operate almost as a
time-triggered control system with sampling period equal to the time threshold,
thereby still wasting the scarce resources.
Motivated by the surprising lack of robustness analyses of minimum interevent times in CETC systems, in this chapter we will study the robustness
properties of the MIET for well-known CETC schemes and introduce various
new notions related to the existence of positive MIETs, that are called eventseparation properties. These properties will be formulated for general hybrid
systems [38, 43], as ETC systems can be well described through this hybrid formulation, see, e.g., [26, 80]. Next to formalizing the (robust) event-separation
properties, we will also study if these properties hold globally, semi-globally or locally. In particular, we will investigate these important properties of closed-loop
CETC systems for various classes of dynamical systems (linear and nonlinear),
different controllers (state-feedback and output-feedback) and various continuous
event-generators (with relative thresholds [89], absolute thresholds [59, 66, 88],
and mixed thresholds [26]). This leads to a categorization of CETC schemes
which is valuable for CETC design in practice.
The outline of the chapter is as follows. We present some necessary preliminaries in Section 2.2 and introduce the problem setting and the event-separation
properties in Section 2.3. In Section 2.4 we investigate the event-separation
properties for state-feedback systems that are triggered based on the states of
the plant, and in Section 2.5 we extend our results to output-feedback systems
that are triggered based on the measured output of the plant. Finally, in Section 2.6 we illustrate our findings with several examples and provide concluding
remarks in Section 2.7.

2.2

Preliminaries

Definition 2.1. A function γ : Rn → Rm is Lipschitz continuous on compacts
if for every compact set X ⊂ Rn there exists a constant L > 0 such that |γ(x) −
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γ(y)| 6 L|x − y| for all x, y ∈ X . If there exists a constant L > 0 such that
|γ(x)−γ(y)| 6 L|x−y| for all x, y ∈ Rn , then γ is globally Lipschitz continuous.
Consider the continuous-time dynamical system
ξ˙ = f (ξ, ω),

(2.1)

in which ξ ∈ Rnξ denotes the state, ω ∈ Rnω denotes the (disturbance) input,
and the function f : Rnξ × Rnω → Rnξ is continuously differentiable. Given
initial state ξ0 ∈ Rnξ and disturbance ω ∈ Ln∞ω , we define ξ(t, ξ0 , ω) as the
corresponding solution to (2.1) at time t ∈ R>0 satisfying ξ(0, ξ0 , ω) = ξ0 .
Definition 2.2 ([53]). The system (2.1) is input-to-state practically stable
(ISpS) if there exist a KL-function β, a K-function γ and a constant d ∈ R>0
such that for each input ω ∈ Ln∞ω and each ξ0 ∈ Rnξ it holds that
|ξ(t, ξ0 , ω)| 6 β(|ξ0 |, t) + γ(kωkL∞ ) + d

(2.2)

for all t ∈ R>0 . If the ISpS property holds with d = 0, then the system (2.1) is
input-to-state stable (ISS).
Lemma 2.3 ([53]). The system (2.1) is input-to-state practically stable if and
only if there exists a continuously differentiable function V : Rnξ → R such that
α1 (|ξ|) 6 V (ξ) 6 α2 (|ξ|),
∂V (ξ)
f (ξ, ω) 6 −W (ξ), when |ξ| > ρ(|ω|) + c
∂ξ

(2.3a)
(2.3b)

for all (ξ, ω) ∈ Rnξ × Rnω , where α1 , α2 are K∞ -functions, ρ is a K-function,
W is a continuous positive definite function on Rnξ , and c is a nonnegative
constant. Moreover, if there exists a V satisfying all the above conditions with
c = 0, then the system (2.1) is ISS.

2.3

Control setup and problem statement

In this section we introduce a general state-feedback control system, which we
will use to define the main objective of the chapter, and define the eventseparation properties. The event-separation properties for the class of statefeedback control systems described in this section will be studied in Section 2.4.
In Section 2.5 we will extend the considered control system to output-feedback
control systems with measurement noise, and also study the event-separation
properties for this class of systems.
Consider a general state-feedback control system, shown in Figure 2.1, for
stabilizing a plant P in an appropriate sense. We assume that P can be described
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Figure 2.1: State-based event-triggered control setup considered in this chapter.
by
ẋ = f (x, u, w),

(2.4)

where x ∈ Rnx is the state of the plant, u ∈ Rnu is the control input, and
w ∈ Rnw is an external disturbance. Furthermore, we assume that the controller
C is given by the state-feedback law
u = k(x̂),

(2.5)

where x̂ ∈ Rnx is the state information available to the controller which is in
general not equal to x, i.e., x̂ = x + e, where e ∈ Rnx . We assume that k has
been designed such that for the system
ẋ = f (x, k(x + e), w),

(2.6)

there exists a continuously differentiable function V : Rnx → R satisfying
α1 (|x|) 6 V (x) 6 α2 (|x|),
∂V (x)
f (x, k(x + e), w) 6 −W (x), when |x| > ρ1 (|e|) + ρ2 (|w|)
∂x

(2.7a)
(2.7b)

for all (x, e, w) ∈ Rnx × Rnx × Rnw , where α1 , α2 are K∞ -functions, ρ1 and
ρ2 are K-functions, and W is a continuous positive definite function on Rnx .
Obviously, according to Lemma 2.3 this implies that (2.6) is ISS with respect
to both measurement errors e and disturbances w. The problem of finding a
controller k such that (2.7) is satisfied will not be discussed in this chapter,
readers interested in this problem are referred to [61] and the references therein.
At event time ti determined by the event-generator, x̂(ti ), the state values
known to the controller, are updated to the true state x(ti ) of the plant, while
in between updates the value of x̂ is held constant in a zero-order-hold (ZOH)
fashion, i.e.,
x̂(t) = x(ti ), for t ∈ (ti , ti+1 ].
(2.8)
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We assume that the first event is generated at the time the system is deployed,
i.e.,
0 = t0 6 t1 6 t2 6 t3 6 . . .
(2.9)
Clearly, for the control setup of Figure 2.1, the error e = x̂ − x is given by
e(t) = x(ti ) − x(t), for t ∈ (ti , ti+1 ].

(2.10)

Note that in conventional time-triggered control, we would have ti+1 − ti = h for
all i ∈ N, with h the sampling period. However, in ETC the inter-event times
ti+1 − ti are varying and determined based on state information.
A common design practice, originating from [89], for finding event-generators
that render the system (2.6), (2.10) ISpS with respect to w, is to make sure that
the event-generator enforces1
ρ1 (|e|) 6 σ|x| + β
with 0 6 σ < 1 and β > 0. This leads to the event-generator
n
o
ti+1 = inf t > ti ρ1 (|e(t)|) > σ|x(t)| + β .

(2.11)

(2.12)

Indeed, systems that satisfy (2.7), also satisfy
α1 (|x|) 6 V (x) 6 α2 (|x|),
∂V
1
f (x, k(x + e), w) 6 −W (x), when |x| >
(ρ2 (|w|) + β) ,
∂x
1−σ

(2.13a)
(2.13b)

as long as (2.11) holds, which guarantees the ISpS property according to
Lemma 2.3.
Combining (2.6), (2.10) and (2.12) leads to the closed-loop CETC system


ẋ(t) = f (x(t), k(x(t) + e(t)), w(t))
(2.14)
e(t) = x(ti ) − x(t), for t ∈ (ti , ti+1 ]


ti+1 = inf {t > ti | ρ1 (|e(t)|) > σ|x(t)| + β} ,
which is ISpS2 with respect to w if β > 0, and ISS with respect to w if β = 0,
due to Lemma 2.3 and (2.13).
We will distinguish, based on (2.12), three classes of event-generators:
• If 0 < σ < 1 and β = 0, which is the event-generator as proposed in [89]
and many follow-ups, including [35, 90, 91, 104], we will talk about eventgenerators with a relative threshold.
1 Note that the ISS characterizations used in this chapter are slightly different from the ones
used in [89], but are equivalent and result in essentially the same event-generators.
2 When we say that (2.14) is ISpS, we mean that the solutions of (2.14) satisfy Definition 2.2
with ξ = x and ω = w.
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• If σ = 0 and β > 0, as used in, e.g., [59, 66], we will talk about eventgenerators with an absolute threshold.
• If 0 < σ < 1 and β > 0, as proposed in [26], we will talk about eventgenerators with a mixed threshold.
The main objective of this chapter is to investigate under which conditions
the CETC system (2.14) can be guaranteed to have inter-event times ti+1 − ti ,
i ∈ N, that are bounded from below by a positive constant, even in the presence
of external disturbances w. In order to study this problem, we formally introduce
the relevant event-separation properties in Section 2.3.2. However, before doing
so, we first introduce in Section 2.3.1 the special case where the functions f and
k are linear. In Section 2.4 we study the event-separation properties of a class of
state-feedback CETC systems in the presence of disturbances w. As mentioned
before, in Section 2.5 we extend the control setup to include also output-feedback
systems, and study the event-separation properties of a class of output-feedback
CETC systems in the presence of disturbances w and measurement noise.

2.3.1

The linear case

Consider the case in which plant P and controller C are linear. In this case (2.4)
is given by ẋ = Ax + Bu + w, (2.5) by u = K x̂, and the derivation above would
replace (2.6) by
ẋ = (A + BK)x + BKe + w,
(2.15)
in which we assume that A+BK is Hurwitz, to satisfy the conditions in (2.7). If
for this case we would like to design an event-generator that results in an IS(p)S
closed-loop system, we can use the following procedure, inspired by [89]. Since
A + BK is Hurwitz, we can find matrices Z  0 and Q  0, satisfying
(A + BK)> Z + Z(A + BK) = −Q.

(2.16)

From this we derive for V (x) = x> Zx that
V̇ 6 −λmin (Q)|x|2 + 2|ZBK||x||e| + 2|Z||x||w|.

(2.17)

By selecting any 0 < γ < 1, it follows that
V̇ 6 (γ − 1)λmin (Q)|x|2 , when |x| >

2|ZBK|
2|Z|
|e| +
|w|,
γλmin (Q)
γλmin (Q)

(2.18)

which is in the form of (2.7). In this case the event-generator (2.12) is equal to
n
o
ti+1 = inf t > ti |e(t)| > P |x(t)| + T ,
(2.19)
with
P = σγ

λmin (Q)
2|ZBK|

(2.20)
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and
T = βγ
Combining (2.10), (2.15)


ẋ(t)
e(t)


ti+1

λmin (Q)
.
2|ZBK|

(2.21)

and (2.19) leads to the closed-loop ETC system
= (A + BK)x(t) + BKe(t) + w(t)
= x(ti ) − x(t), for t ∈ (ti , ti+1 ]
= inf {t > ti | |e(t)| > P |x(t)| + T }

(2.22)

which is a special case of (2.14).
Remark 2.4. Note that also in the nonlinear case we can consider an eventgenerator of the form (2.19) when ρ1 is Lipschitz continuous on compacts. By
taking P = Lσ1 and T = Lβ1 , with ρ1 (|e|) 6 L1 |e|, it holds on compact sets
that |e| 6 P |x| + T implies ρ1 (|e|) 6 σ|x| + β, thus the IS(p)S properties of
event-generator (2.12) are preserved by event-generator (2.19). Because eventgenerator (2.12) cannot generate an event before event-generator (2.19) does,
we can use event-generator (2.19) to find a lower bound on the inter-event times
generated by event-generator (2.12) in the closed-loop system (2.14).

2.3.2

Definitions

The resulting CETC systems can be written as hybrid systems, cf. [26, 78], of
the form
ξ˙ = F (ξ, ω), if (ξ, ω) ∈ F,

+

ξ = G(ξ, ω), if (ξ, ω) ∈ J ,

(2.23a)
(2.23b)

where the flow set F and the jump set J are determined by the event-generator,
as we will see.
The solutions to (2.23) are defined on hybrid time domains [39] as follows.
SJ−1
A compact hybrid time domain is a set D = j=0 [tj , tj+1 ] × {j} ⊂ R>0 × N
with J ∈ N>0 and 0 = t0 6 t1 6 · · · 6 tJ . A hybrid time domain is a set
D ⊂ R>0 × N such that D ∩ ([0, T ] × {0, . . . , J}) is a compact hybrid time
domain for each (T, J) ∈ D. A hybrid signal is a function defined on a hybrid
time domain. A hybrid signal ω : dom ω → Rnω is a hybrid input if ω(·, j) is
Lebesgue measurable and locally essentially bounded for each j. A hybrid signal
ξ : dom ξ → Rnξ is a hybrid arc if ξ(·, j) is locally absolutely continuous for each
j.
A hybrid arc ξ : dom ξ → Rnξ and a hybrid input ω : dom ω → Rnω are a
solution pair (ξ, ω) to (2.23) if dom ξ = dom ω, (ξ(0, 0), ω(0, 0)) ∈ F ∪ J , and
1. for all j ∈ N and almost all t with (t, j) ∈ dom ξ
˙ j) ∈ F (ξ(t, j), ω(t, j)), and (ξ(t, j), ω(t, j)) ∈ F
ξ(t,

21

2.3 Control setup and problem statement
2. for all (t, j) ∈ dom ξ such that (t, j + 1) ∈ dom ξ
ξ(t, j + 1) ∈ G(ξ(t, j), ω(t, j)), and (ξ(t, j), ω(t, j)) ∈ J .

The L∞ -norm of a hybrid signal ω : dom ω → Rnω is defined by (see, e.g., [18,
81])
(
)
kωkL∞ := max

ess sup
(t,j)∈dom ω\Φ(ω)

|ω(t, j)|,

sup
(t,j)∈Φ(ω)

|ω(t, j)| ,

(2.24)

where Φ(ω) := {(t, j) ∈ dom ω | (t, j + 1) ∈ dom ω}. With L∞ we denote the
space of all functions w : dom w → Rnω with kwkL∞ < ∞, where dom ω is a
hybrid time domain.
Throughout this article we assume that F, J , F and G are such that existence and uniqueness of solutions are guaranteed for each initial condition ξ0
and each disturbance ω of interest. In addition, we assume that all solutions are
complete in the sense of [38], i.e., loosely speaking, either the solution is defined
for time t → ∞, or the number of jumps j → ∞, or both. See [38] for more
details on the definitions of solutions and the hybrid model class (2.23).
To be precise, the CETC system (2.14), can be written in the form (2.23) by
taking ξ = (x, e) ∈ Rnξ with nξ = 2nx , ω = w, and


f (x, k(x + e), w)
F (ξ, ω) =
,
−f (x, k(x + e), w)


x
G(ξ, ω) =
,
0
F = {(ξ, ω) ∈ Rnξ × Rnω | ρ1 (|e|) 6 σ|x| + β} ,

J = {(ξ, ω) ∈ Rnξ × Rnω | ρ1 (|e|) > σ|x| + β} .
Note that in this case, G, F and J are independent of the disturbance ω.
Since we assume that for the CETC system (2.14) the first event is generated
at the time the system is deployed, for a disturbance signal ω : dom ω → Rnω the
corresponding hybrid system (2.23) essentially starts in the set of initial states
given by
Ξω := {ξ0 ∈ Rnξ | ξ0 = G(ξ, ω(0, 0)) for some ξ ∈ Rnξ } .

(2.25)

We will sometimes use the notation Ξ0 = Ξω ω=0 to indicate the set of initial
states in the absence of disturbances. Given disturbance ω and initial condition
ξ0 ∈ Ξω , the system (2.23) jumps according to (2.23b) at the jump times included
in the set {ti | i ∈ I(ξ0 , ω)}, where I(ξ0 , ω) is an index set enumerating the jump
times. Clearly, I(ξ0 , ω) = N or I(ξ0 , ω) = {0, 1, 2, . . . , N } for some N ∈ N. To
make the dependence of the jump/event times on the initial condition ξ0 ∈ Ξω ,
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and on the disturbance signal ω explicit, we sometimes write ti = ti (ξ0 , ω),
i ∈ I(ξ0 , ω). In the case that I(ξ0 , ω) = {0, 1, 2, . . . , N } we define tN +1 := ∞ (as
we assumed that solutions are complete).
All definitions below apply to the hybrid system (2.23).
Definition 2.5. The i-th inter-event time τi (ξ0 , ω) with i ∈ I(ξ0 , ω) \ {0} corresponding to disturbance signal ω : R>0 → Rnω and initial condition ξ0 ∈ Ξω is
given as
τi (ξ0 , ω) := ti (ξ0 , ω) − ti−1 (ξ0 , ω).
(2.26)
Definition 2.6. The minimum inter-event time τ (ξ0 , ω) for disturbance signal
ω : R>0 → Rnω and initial state ξ0 ∈ Ξω is defined as
τ (ξ0 , ω) :=

inf

i∈I(ξ0 ,ω)\{0}

ti+1 (ξ0 , ω) − ti (ξ0 , ω).

(2.27)

Based on the above definitions on inter-event times, we introduce the following event-separation properties for system (2.23).
Definition 2.7. The hybrid system (2.23) has the global event-separation property if
inf τ (ξ, 0) > 0.
(2.28)
ξ∈Ξ0

Definition 2.8. The hybrid system (2.23) has the semi-global event-separation
property if for all compact subsets X ⊂ Rnξ
inf

ξ∈X ∩Ξ0

τ (ξ, 0) > 0.

(2.29)

Definition 2.9. The hybrid system (2.23) has the local event-separation property
if for all ξ ∈ Ξ0
τ (ξ, 0) > 0.
(2.30)
In addition, we define their robust counterparts as follows.
Definition 2.10. The hybrid system (2.23) has the robust global eventseparation property if there exists ε > 0 such that
inf

ξ∈Ξω
kωkL∞ 6ε

τ (ξ, ω) > 0.

(2.31)

Definition 2.11. The hybrid system (2.23) has the robust semi-global eventseparation property if for all compact subsets X ⊂ Rnξ there exists ε > 0 such
that
inf τ (ξ, ω) > 0.
(2.32)
ξ∈X ∩Ξω
kωkL∞ 6ε
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Definition 2.12. The hybrid system (2.23) has the robust local event-separation
property if there exists ε > 0 such that for all ω ∈ L∞ satisfying kωkL∞ 6 ε and
all ξ ∈ Ξω it holds that
τ (ξ, ω) > 0.
(2.33)
A few comments on the above definitions are in order. If a system has
the local event-separation property, then no Zeno behavior (see [60]) occurs in
the hybrid system (2.23) when ω = 0. If the system (2.23) has the local eventseparation property, but does not have the semi-global event-separation property,
then there exists ξ ∗ ∈ Ξ0 such that lim inf ξ→ξ∗ τ (ξ, 0) = 0, while τ (ξ ∗ , 0) > 0.
This can happen, because τ (ξ, 0) is not necessarily continuous in ξ.
If a system possesses the semi-global event-separation property, but not the
global property, then lim sup|ξ|→∞ τ (ξ, 0) = 0. This might not be a problem,
as in a real systems the states have to remain bounded anyway. However, the
larger the states, the smaller the MIET becomes.
Similar comments apply to the robust versions.
A system that has the robust global event-separation property has a lower
bound on τ (ξ, ω) that is uniform in ξ and all ω satisfying kωkL∞ 6 ε, which
guarantees that the system can work in practice for any arbitrary initial condition.
Note that the (robust) global event-separation property implies the (robust)
semi-global event-separation property, and in turn, the (robust) semi-global
event-separation property implies the (robust) local event-separation property.
The semi-global event-separation property is similar to the semiglobal dwell
time property defined in [79, Definition 2].

2.4

Main results for the state-feedback case

In this section we study the event-separation properties for CETC systems (2.14)
using the relative, mixed and absolute thresholds (2.12). Whenever we mention
event-separation properties for CETC systems, we naturally mean the eventseparation properties of the corresponding hybrid system (2.23).

2.4.1

Relative thresholds

From [89, Theorem III.1] it directly follows that the CETC system (2.14) using
a relative threshold (2.12) has the semi-global event-separation property if the
functions f , k, and ρ1 are Lipschitz continuous on compacts, and the global
event-separation property if the functions f , k, and ρ1 are globally Lipschitz
continuous. This is an interesting and valuable result, but this result does not
extend to the case where arbitrarily small disturbances are present. Indeed,
the system (2.14) using a relative threshold (2.12) in general does not have any

24

Chapter 2. Event-separation properties of event-triggered control systems

robust event-separation properties. We prove this statement for the linear CETC
system (2.22) with P > 0 and T = 0.
Theorem 2.13. The closed-loop event-triggered control system (2.22) with P >
0 and T = 0 does not have the robust local event-separation property.
Since the CETC system (2.22) with P > 0 and T = 0 does not have the
robust local event-separation property, obviously it also does not have the robust
(semi-)global event-separation property.

2.4.2

Mixed thresholds

In the next theorem, which forms an extension to Theorem III.1 of [89] towards
event-generators with mixed thresholds, we state that CETC systems (2.14)
satisfying (2.7), with f , k and ρ1 Lipschitz continuous on compacts and using
mixed thresholds have the robust semi-global event-separation property.
Theorem 2.14. Consider the closed-loop event-triggered control system (2.14)
with 0 < σ < 1 and β > 0. If
1. f , k and ρ1 are Lipschitz continuous on compacts;
2. there exists a continuously differentiable function V for the system satisfying (2.7),
then the system (2.14) is ISpS and has the robust semi-global event-separation
property.
Corollary 2.15. Consider the closed-loop event-triggered control system (2.14)
with 0 < σ < 1 and β > 0. If
1. f , k and ρ1 are globally Lipschitz continuous;
2. there exists a continuously differentiable function V for the system satisfying (2.7),
then the system (2.14) is ISpS and has the robust global event-separation property.
The proof of Corollary 2.15 can be directly derived from the proof of Theorem 2.14.
Remark 2.16. The robust event-separation property in Corollary 2.15 is global
in x, but only semi-global in w, in the sense that for each ε there exists a lower
bound τ ∗ on the MIET, but τ ∗ → 0 when ε → ∞.
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Absolute thresholds

Next we show that CETC systems (2.14) with f , k and ρ1 Lipschitz continuous on compacts, using absolute thresholds have the robust semi-global eventseparation property.
Theorem 2.17. Consider the closed-loop event-triggered control system (2.14),
with σ = 0 and β > 0. If
1. f , k and ρ1 are Lipschitz continuous on compacts;
2. there exists a continuously differentiable function V for the system satisfying (2.7),
then the system (2.14) is ISpS and has the robust semi-global event-separation
property.
The MIET τ ∗ is a function of xmax , indicating that the semi-global result
cannot be readily extended to a global result along the lines of the proof above.
In fact, in the next theorem we state that linear CETC systems (2.22) using
absolute thresholds do not have the global event-separation property.
Theorem 2.18. The closed-loop event-triggered control system (2.22) with A +
BK 6= 0, P = 0 and T > 0 does not have the global event-separation property.

2.4.4

Overview of the linear case

Summarizing the above results for the linear case, the event-separation properties
of closed-loop CETC systems (2.22) are shown in Table 2.1 for relative, mixed
and absolute thresholds.
Table 2.1: Event-separation properties for closed-loop CETC systems (2.22).
event-separation property
robust event-separation property
threshold global semi-global local global semi-global
local
relative
X
X
X
×
×
×
mixed
X
X
X
X
X
X
absolute
×
X
X
×
X
X
While the continuous event-generator with relative threshold has robustness
issues at small |x|, the absolute threshold leads to inter-event times that vanish
as |x| → ∞. The mixed threshold combines the good properties of the relative
and absolute thresholds, i.e., a global MIET and no robustness issues near the
origin. This will also be illustrated in Section 2.6.1.
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Main results for the output-feedback case

In this section we extend the control setup of Figure 2.1 to output-based controllers, subject to measurement noise. This results in the output-based CETC
setup shown in Figure 2.2. We assume that the plant P with state x can again
w
C

u

P

y

n
yn

Event-generator

ŷ
ZOH

Figure 2.2: Output-based event-triggered control setup.
be described by (2.4), that the output y is described by
y = h(x),

(2.34)

and that the controller C is given by
u = k(ŷ).

(2.35)

In contrast to the control setup of Figure 2.1, the outputs y are measured instead
of the states x. Moreover, since sensors are imperfect, the measured values
y n = y + n are contaminated with measurement noise n. As a consequence, ŷ is
given by
ŷ(t) = y n (ti ), for t ∈ (ti , ti+1 ],
(2.36)
which is in line with (2.8).
If we now define the error e as e = ŷ − y, or, stated differently,
e(t) = y n (ti ) − y(t), for t ∈ (ti , ti+1 ],

(2.37)

we can write the system as
ẋ = f (x, k(h(x) + e), w).

(2.38)

Throughout this section, we will again assume that the controller C renders the
system (2.38) ISS with respect to e and w.
Since we can only measure y n , and not y, the event-generator will generate
events based on the measured signal y n (t), and the network-induced error en (t),
defined as
en (t) = ŷ(t) − y n (t) = e(t) − n(t).
(2.39)
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Note that with this definition we have the identity
y + e = y n + en = ŷ.

(2.40)

How to design an event-generator of the form (2.12) based on y n (t) and en (t)
which renders the closed-loop system IS(p)S with respect to disturbances w and
measurement noise n is in general an open problem, but in the linear case the
presented event-generators can be used with a slight modification. Therefore,
we limit this section to the linear case.
We consider the linear system with f (x, u, w) = Ax + Bu + w, h(x) = Cx
and k(ŷ) = K ŷ, with A + BKC Hurwitz. The observability matrix O is given
by

>
O = C > (CA)> . . . (CAnx −1 )>
.
(2.41)
To find event-generators that render the linear output-feedback system
IS(p)S with respect to w and n, the following procedure can be used, as motivated also in Section 2.3.1.
Since A+BKC is Hurwitz, we can find matrices Z  0 and Q  0, satisfying
(A + BKC)> Z + Z(A + BKC) = −Q.

(2.42)

From this we derive for V (x) = x> Zx that for any 0 < γ < 1
V̇ 6 (γ − 1)λmin (Q)|x|2 , when |x| >

2|Z|
2|ZBK|
|e| +
|w|.
γλmin (Q)
γλmin (Q)

(2.43)

By making use of |y n | 6 |C||x| + |n| and |e| − |n| 6 |en |, we can see that the
event-generator
ti+1 = inf{t > ti | |en (t)| > P |y n (t)| + T }

(2.44)

|e| 6 P |C||x| + P |n| + |n| + T.

(2.45)

enforces that
Then, by taking
P = σγ

λmin (Q)
,
2|ZBK||C|

(2.46)

λmin (Q)
,
2|ZBK|

(2.47)

and
T = βγ
we find, analogously to (2.13), that
V̇ 6 (γ − 1)λmin (Q)|x|2 ,
when (1 − σ)|x| > β + σ

2|ZBK|
2|Z|
|n|
+
|n| +
|w|, (2.48)
|C| γλmin (Q)
γλmin (Q)
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whenever (2.43) and (2.45) hold.
In conclusion, we consider the CETC system

ẋ(t) = Ax(t) + BK(y n (t) + en (t)) + w(t)



 y n (t)= Cx(t) + n(t)

en (t)= y n (ti ) − y n (t), for t ∈ (ti , ti+1 ]



ti+1 = inf {t > ti | |en (t)| > P |y n (t)| + T },

(2.49a)
(2.49b)
(2.49c)
(2.49d)

with A + BKC Hurwitz.
Remark 2.19. Equation (2.48) implies that the CETC system (2.49) with (2.46)
and (2.47) is ISS if 0 6 σ < 1 and β = 0 and ISpS if 0 6 σ < 1 and β > 0.
Remark 2.20. The event-generator (2.44) with (2.46) and (2.47) might be more
conservative than strictly necessary (in the sense that larger values of P may exist
such that the IS(p)S property can be guaranteed). The conservatism is due to the
use of small-gain arguments in (2.43). In fact, many systems will be IS(p)S for
larger P . Less conservative event-generators might be found by using a hybrid
modelling approach, see [26] for a discussion on this issue.
The CETC system (2.49) can be written in the form of (2.23) by taking
ξ = (x, e) ∈ Rnx +ny , ω = (w, n) ∈ Rnx +ny , and


(A + BKC)x + BKe + w
F (ξ, ω) =
,
−C(A + BKC)x − CBKe − Cw


x
G(ξ, ω) =
,
n
F = {(ξ, ω) ∈ Rnξ × Rnω | |e − n| 6 P |Cx + n| + T } ,

J = {(ξ, ω) ∈ Rnξ × Rnω | |e − n| > P |Cx + n| + T } .
Note that in contrast to the previous section, G, F and J depend on the disturbance ω.
In the remainder of this section, some theorems will be stated for the specific
case with P < 1. The focus on this case is motivated by the next lemma in which
we will show that the above common design procedure for event-generators will
always result in P < 1 as long as A is not Hurwitz. The theorems formulated for
P < 1 do not hold in general (i.e., they do not always hold for the case P > 1).
Lemma 2.21. If A is not Hurwitz, then P in (2.46) satisfies P < 1.
As was indicated in [26] via a numerical example, not all linear systems using
the relative threhold |en | = P |y n | have the local event-separation property. For
CETC systems (2.49) with P < 1, T = 0 and rank(C) < rank(O) this can be
shown to hold in general, which we will do by proving the following theorem.
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Theorem 2.22. The CETC system (2.49) with P < 1, T = 0 and rank(C) <
rank(O) does not have the local event-separation property.
We will also demonstrate this in Section 2.6.2.
The theorem below states that when using mixed or absolute thresholds, the
system (2.49) has the robust semi-global event-separation property.
Theorem 2.23. Consider the closed-loop event-triggered control system (2.49)
with P > 0 and T > 0. If there exists a continuously differentiable function V
for the system (2.49a) satisfying (2.7), then the system (2.49) is ISpS and has
the robust semi-global event-separation property with respect to w and n.
Remark 2.24. Note that to be able to guarantee a positive MIET, it is required
that T > 2η. So, given a fixed T , the robust event-separation property is semiglobal in x and w, but not semi-global in n, as for η > T /2 there exists n ∈ L∞
with knkL∞ such that τ ((0, n(0)), (0, n)) = 0.
Next we show that when using an absolute threshold or even a mixed threshold, the system (2.49) does not, in general, have the global event-separation
property.
Theorem 2.25. The CETC system (2.49) with 0 6 P < 1, T > 0 and
rank(O) > rank(C) does not have the global event-separation property.
Summarizing the above results, the event-separation properties for closedloop CETC systems (2.49) with rank(C) < rank(O) and P < 1, using relative,
mixed and absolute thresholds are shown in Table 2.2.
Table 2.2: Event-separation properties for closed-loop CETC systems (2.49),
with rank(C) < rank(O) and P < 1.
event-separation property
robust event-separation property
threshold global semi-global local global semi-global
local
relative
×
×
×
×
×
×
mixed
×
X
X
×
X
X
absolute
×
X
X
×
X
X

2.6

Examples

In this section we illustrate our findings above with three examples. The first
example in Section 2.6.1 shows that for closed-loop CETC systems (2.22) using relative thresholds no MIET can be guaranteed in the presence of external
disturbances, even though a global MIET is guaranteed in the absence of disturbances. The second example in Section 2.6.2 shows that for output-feedback
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CETC systems (2.49) a relative threshold can lead to Zeno behavior even without disturbances, while a mixed threshold does not. Finally, the third example
in Section 2.6.3 shows that CETC systems with time regularization that enforce
a positive lower bound on the inter-event times (as in, e.g., [44, 90, 91]) can also
greatly benefit from using mixed thresholds instead of relative thresholds, in
terms of the number of events that is generated.

2.6.1

State-based CETC

As is shown above, closed-loop CETC systems (2.22), have no robust eventseparation property when relative thresholds are used, but have the robust global
event-separation property when a mixed threshold is used. We illustrate these
findings by studying the example of [89] extended by the inclusion of disturbances
w. This leads to the CETC system


ẋ
e


ti+1

= Ax + BK(x + e) + w
= x(ti ) − x, for t ∈ (ti , ti+1 ]
= inf {t > ti | |e(t)| > P |x(t)| + T } ,

(2.50)

where

A=

0
−2

1
3




, B=

0
1


, K=



1

−4



,

(2.51)

and w is zero-mean white noise satisfying kwkL∞ 6 ε. We compare two eventgenerators, the continuous event-generator with P = 0.05 and T = 0 (i.e.,
a relative threshold), and the continuous event-generator with P = 0.05 and
T = 0.001 (i.e., a mixed threshold). The relative threshold renders the closedloop ISS with respect to w, and the mixed threshold renders the closed-loop
ISpS with respect to w.
The CETC system (2.50) is simulated using the relative threshold for the
cases ε = 0 and ε = 0.1, and using the mixed threshold for the case ε =
0.1. Figure 2.3 shows the evolution of |x(t)| and the inter-event times τi . For
all three cases, the control performance of the system is comparable. For the
relative threshold we find, using the results of [89], that inf x∈Rnx τ ((x, 0), 0) =
0.028. It can be seen in Figure 2.3(b) that this lower bound is indeed satisfied
when ε = 0. However, the inter-event times drop well below this bound for
ε = 0.1, and many events are generated when |x| becomes small, which is in
accordance with Theorem 2.13. Clearly, in practice, where (small) disturbances
are always present, the continuous event-generator with relative threshold does
not save resources compared to a time-triggered approach. The continuous eventgenerator with mixed threshold, however, is robust to disturbances and generates
only few events when the system is close to the origin, despite the presence of
disturbances.
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Figure 2.3: Evolution of |x(t)| (a) and the inter-event times τi (b).

2.6.2

Output-based CETC

For closed-loop CETC systems (2.49) with A not Hurwitz, rank(C) < rank(O)
and P < 1, we illustrate that when using relative thresholds even the local
event-separation is lost, by considering the system


ẋ(t) = (A + BKC)x(t) + BKe(t)
(2.52)
y(t) = Cx(t)


e(t) = y(ti ) − y(t), for t ∈ (ti , ti+1 ]
with

A=

0
0

1
−3




,B =

0
1




,C =

1
0

>

, K = −3.

(2.53)

Additionally, we consider the continuous event-generator with relative threshold
ti+1 = inf {t > ti | |e(t)| > P |y(t)|} ,

(2.54)
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and with mixed threshold
ti+1 = inf {t > ti | |e(t)| > P |y(t)| + T } ,

(2.55)

where P = 0.5 in both cases, and T = 0.05.
The evolution of y and the inter-event times τi are shown for both the relative
and the mixed thresholds in Figure 2.4. As can be seen in this figure, when
4

output y(t)
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mixed
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Figure 2.4: Evolution of y(t) (a) and the inter-event times τi (b).
using the relative threshold there is an accumulation of events around t = 2.2
(when y passes through zero), while there are no problems when using the mixed
threshold, which according to Theorem 2.23 generates semi-globally separated
events.
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2.6.3

PETC and CETC with time-regularization

As mentioned in the introduction, the robust global event-separation property
can be easily attained by only evaluating the event-generator after a predetermined lower time threshold has elapsed. These strategies fall into two categories.
The strategies proposed in [48, 90, 91] only evaluate the event condition after a
time τmin has elapsed after the previous event time, which, combined with the
event-generators proposed in this chapter, leads to event-generators with time
regularization of the form
ti+1 = inf{t > ti + τmin | |e(t)| > P |y(t)| + T } .

(2.56)

The strategies proposed in [29,44,48,52,107] only evaluate the event condition at
periodic intervals, which, combined with the event-generators proposed in this
chapter, leads to periodic event-generators of the form
ti+1 = inf {t = ti + kh | |e(t)| > P |y(t)| + T } ,

(2.57)

where h > 0 and k ∈ N>0 . These strategies automatically guarantee a robust
MIET of τmin and h, respectively, regardless of whether they are used in combination with a relative, absolute or mixed event-generator. However, the proof of
Theorem 2.13 indicates that a continuous event-generator with a relative threshold generates very small inter-event times in the presence of disturbances w if
w is large compared to x (or y when triggering is based on the output). For
event-generators (2.56) and (2.57) this means that in the presence of arbitrarily
small disturbances w (and/or measurement noise n), the system reduces to a
time-triggered scheme when T = 0 and x approaches the origin. Thus, even
for these types of event-generators, it can still make sense to choose a mixed
threshold instead of a relative threshold.
We illustrate this by again studying the example of Section 2.6.1, now using
event-generator of the form (2.56) and (2.57). Again, the disturbance w is zeromean white noise satisfying kwkL∞ 6 ε, where we take ε = 0.1.
We study both event-generators with a relative threshold (with P = 0.05 and
T = 0) and with a mixed threshold (with P = 0.05 and T = 0.001). In addition,
for the continuous event-generator with time-regularization (2.56) we choose
τmin = 0.025, and for the periodic event-generator (2.57) we choose h = 0.025.
In Figure 2.5 the evolution of |x(t)| and the inter-event times τi are shown
for the CETC system with time regularization with (2.56) using both relative
and mixed thresholds. Here we can see that the CETC system with time regularization using the mixed threshold performs comparable to the CETC system
with time regularization using the relative threshold. However, while the mixed
threshold leads to 205 events, the relative threshold generated 588 events and
acts very much as a time-triggered system when x is close to the origin. Thus, in
this case, the event-generator with the relative threshold uses almost three times
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Figure 2.5: Evolution of |x(t)| (a) and the inter-event times τi (b) of the CETC
approach with time-regularization.

as much bandwidth as the event-generator with the mixed threshold, while the
closed-loop performance of both systems is very comparable.
In Figure 2.6.3, the inter-event times τi are shown for the PETC system
with (2.57) using both relative and mixed thresholds. The evolution of |x(t)|
is very similar to Figure 2.5(a) and is therefore not shown. Again, the eventgenerator with the relative threshold acts almost like a time-triggered system
when x is close to the origin, and generates roughly three times as many events
as the periodic event-generator with the mixed threshold (504 versus 166 events),
for very comparable control performance.
In conclusion, even for event-generators with built-in lower bounds on the
MIET, it still is important to study the effect of disturbances on the inter-event
times, as disturbances can lead to almost time-triggered behavior, diminishing
the usefulness of the ETC setup compared to a standard time-triggered setup.
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Figure 2.6: Inter-event times τi of the PETC approach.

Remark 2.26. Several other event-triggering strategies can be used to guarantee
specific event-separation properties. For instance, combining a relative threshold
with the strategies in [48, 84, 92], which generate no events while the state (or
measured output) of the system lies in a compact set around the origin, could be
one choice of interest, although even in this case it might still be useful to use a
mixed threshold instead of a relative threshold.

2.7

Conclusions

In this chapter we have introduced the (robust) global, semi-global and local
event-separation properties for hybrid systems, and have studied these eventseparation properties for state-based and output-based event-triggered closedloop systems, for continuous event-generators with relative, absolute, and mixed
thresholds. An overview of the results for linear systems was given in Tables 2.1
and 2.2. It was found that even when a positive global minimum inter-event
time can be guaranteed in the absence of disturbances and measurement noise,
there might not exist a positive minimum inter-event time in the presence
of arbitrarily small disturbances, indicating zero robustness of the computation/communication properties of particular CETC schemes. This observation
issues a practical warning for the use of relative thresholds.
For the control systems and event-generators considered in this chapter,
mixed thresholds generally yield the most desirable event-separation properties.
Relative thresholds generally generate many events in the presence of arbitrarily
small disturbances when the system is operating close to the origin, and absolute thresholds, while generally robust to disturbances, generate many events
when the system is operating far away from the origin. Mixed thresholds combine the advantages of both relative and absolute thresholds, i.e., robustness to
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disturbances, global minimum inter-event times in the state-feedback case and
semi-global minimum inter-event times in the output-feedback case.
Clearly, there are many other ETC setups possible apart from those considered in this chapter. However, because these setups are relatively basic, they
highlight the essence of the studied problems in a very clear manner. Besides,
we believe that the results also hold for more complex control setups, including
systems with dynamic feedback controllers. Two such alternative (and more
complex) ETC setups that were discussed in this chapter are CETC with timeregularization and PETC, which both obviously have the robust global eventseparation property. As is shown in Section 2.6.3, such an ETC implementations
might still have little benefits over a time-triggered control system when using
a relative threshold in the presence of (arbitrary small) disturbances or measurement noise. However, based on the insights provided in this chapter, a new
proposal for an output-based event-generator for output feedback systems can be
obtained. Indeed, a mixed threshold in combination with time regularization or
PETC might be the best solution to reduce unnecessary use of computation and
communication resources, while preserving the closed-loop control properties to
a large extent.
Based on the findings in this chapter, we conclude that, since every physical
system is subject to external disturbances and measurement noise, the effect of
these disturbances should not be disregarded in the analysis of both the control
properties and the computation/communication properties of the system, as
otherwise erroneous designs might be obtained.

Chapter 3

Continuous event-triggered
control with time regularization
for linear systems
Abstract – In this chapter we propose a new framework for the analysis and design of static
and dynamic continuous event-generators with time regularization for linear systems with (or
without) communication delays. This framework leads to guarantees on global exponential
stability, L2 -stability, and a positive minimum inter-event time, in addition to a reduction in
the number of events compared to regular time-triggered controllers and other event-triggered
controllers in literature. By using new Riccati-based analysis tools tailored to linear systems,
we achieve a significant reduction in conservatism, in the sense that the novel framework yields
new event-generator designs with much larger inter-event times and much tighter bounds on
the L2 -gain and convergence rate of the event-triggered control system compared to previous
results for more general nonlinear systems. We demonstrate the benefits of our new results
via a numerical example, and show that the conservatism in the estimates of the L2 -gain is
indeed small.

3.1

Introduction

In the previous chapter we studied continuous event-triggered control (CETC)
systems, in which the transmission times are determined by an event-generator
of the form
t0 = 0, tk+1 = inf{t > tk | φ(ξ(t)) > 0}, k ∈ N,
This chapter is based on [8] and [9].

(3.1)
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for a certain function φ : Rnξ → R, where ξ(t) ∈ Rnξ is the state of the system at
time t ∈ R>0 . Hence, the event times are generated based on a static condition
on the state ξ, as the event-generator does not have any dynamics of its own.
However, as shown in Chapter 2, static event-generators as in (3.1) that lead to
asymptotic stability of the CETC system can typically also lead to Zeno behavior
in the presence (and sometimes even in the absence) of disturbances, and static
event-generators that do not exhibit Zeno behavior often only lead to practical
stability and not to asymptotic stability.
In [1, 3, 32, 48, 83, 91, 93] continuous event-generators with time regularization
are proposed, which are of the form
t0 = 0, tk+1 = inf{t > tk + h | φ(ξ(t)) > 0}, k ∈ N,

(3.2)

with waiting time h. These event-generators enforce a positive minimum interevent time (equal to h) by design, and hence lead to closed-loop systems that
have the robust global event-separation property. However, as also shown in the
previous chapter, CETC systems with time-regularization and relative thresholds can in some cases produce inter-event times that are consistently very close
to the waiting time h, resulting in essentially periodic time-triggered control.
CETC systems with time-regularization and mixed thresholds suffer much less
from this undesired behavior, but only lead to practical stability and not to
asymptotic stability. Hence, in order to obtain asymptotic stability while saving
the communication resources as much as possible, a relative threshold in combination with the largest possible waiting time h should be used. This requires
analysis tools with as little conservatism as possible.
Instead of using a mixed threshold, another approach that can be used to
enlarge the (average) inter-event times is dynamic event-triggered control, as
proposed in, e.g., [36, 80]. The event-generators proposed in these works generate events based on an additional dynamic variable (and are thus called dynamic event-generators), which leads to enlarged inter-event times. In [21, 22],
we proposed an event-triggered control strategy for general nonlinear systems
with communication delays, which combines dynamic event-generators with time
regularization. In these works the event-generator has the form
t0 = 0, tk+1 = inf{t > tk + h | η(t) 6 0}, k ∈ N,

(3.3)

where h ∈ R>0 is a minimum inter-event time, and η(t) ∈ R>0 is an additional
dynamical variable, which is included in the event-generator. Obviously, this
leads to a dynamic continuous event-triggered control (CETC) system with a
positive minimum inter-event time h. We were able to show that the resulting
dynamic CETC system is globally asymptotically stable (GAS) and Lp -stable
with a guaranteed Lp -gain. In addition, our dynamic event-generator design
also gave rise to a design for a static event-generator with time-regularization,
with exactly the same guarantees on the control performance and the minimum
inter-even time.

3.2 Control Setup
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The static and dynamic continuous event-generators with time-regularization
proposed in [21, 22] are formulated for nonlinear systems. In this work, we
provide new designs of static and dynamic continuous event-generators with
time regularization tailored to linear systems (with or without communication
delays). Just as in [21,22], we focus on guaranteeing global exponential stability
(GES) and L2 -stability with a certain L2 -gain θ > 0.
By using new analysis tools tailored to linear systems, we achieve a significant reduction in conservatism, and are able to provide new and simplified
event-generator designs with much larger inter-event times and much tighter
bounds on the L2 -gain and convergence rate of the event-triggered control system compared to the general nonlinear results of [21, 22]. These analysis tools
are based on Lyapunov/storage functions exploiting matrix Riccati differential
equations combined with hybrid system techniques (see also [45, 98]), resulting
in conditions that can be easily checked using computationally friendly semidefinite programming.
The chapter is organized as follows. We present the considered control setup
in Section 3.2, and our main results for linear systems with communication
delays in Section 3.3. In Section 3.4, we present alternative conditions that
even further reduce the conservatism of our stability and performance analysis,
and we present simplified conditions for linear systems without communication
delays in Section 3.5. We illustrate our results in Section 3.6 with a numerical
example that shows that, for identical control performance, the event-generators
designed using the proposed tools for linear systems indeed yield much larger
inter-event times than the event-generators proposed in [21, 22]. The example
also shows that the conservatism in the L2 -gain estimate is small. Finally, we
provide concluding remarks in Section 3.7.

3.2

Control Setup

In this chapter we consider the event-triggered control setup of Figure 3.1, in
which the plant P is given by
 d

 dt xp (t) = Ap xp (t) + Bp u(t) + Bpw w(t)
P:
(3.4)
y(t) = Cy xp (t) + Dy u(t)


z(t) = Cz xp (t) + Dz u(t) + Dzw w(t)
and the controller C is given by
(
d
xc (t) = Ac xc (t) + Bc ŷ(t)
C : dt
u(t) = Cu xc (t) + Du ŷ(t).

(3.5)

Here, xp (t) ∈ Rnxp denotes the state of the plant P, y(t) ∈ Rny its measured
output, z(t) ∈ Rnz the performance output, and w(t) ∈ Rnw the disturbance at
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Figure 3.1: Event-triggered control setup considered in this chapter.
time t ∈ R>0 . Furthermore, xc (t) ∈ Rnxc denotes the state of the controller C,
u(t) ∈ Rnu is the control input, ŷ(t) ∈ Rny denotes the output that is available
at the controller, given by
ŷ(t) = y(tk ), t ∈ (tk + τk , tk+1 + τk+1 ],

(3.6)

where the sequence {tk }k∈N satisfying
t0 = 0, tk+1 − tk > h,

(3.7)

denotes the event (or transmission) times with h ∈ R>0 the minimum interevent time, and where the sequence {τk }k∈N with τk ∈ D := {d1 , d2 , . . . , dnd }
for all k ∈ N denotes the communication delays. The set D contains the nd ∈ N
possible delays, di ∈ R>0 , and satisfies the following small-delay assumption.
Assumption 3.1. D := {d1 , d2 , . . . , dnd } ⊂ [0, h].
In this section we will propose continuous event-generators which require
continuous measuring of the plant’s output y. First, in Section 3.3.1, we will
propose a static continuous event-generator, and in 3.3.2 we will propose a dynamic continuous event-generator which generates the transmission times based
on an additional dynamic variable η ∈ R that is included in the event-generator.
To describe the closed-loop system, we first have to introduce a number of
variables, inspired by, e.g., the works [22,49]. We introduce the memory variable
s ∈ Rny , the timer τ ∈ R>0 , the integer κ ∈ N, and the boolean l ∈ {0, 1}. The
role of these variables will be explained below. Finally, we define
ζ := (y, s) ∈ R2ny
and the state
ξ := (xp , xc , ŷ, s) ∈ Rnξ
with nξ = nxp + nxc + ny + ny .

41

3.2 Control Setup

The dynamic variable η ∈ R that will be included in the event-generator will
evolve according to
d
dt η(t)
+

t ∈ R>0 \ {tk }k∈N ,

= Ψ(o(t)),

(3.8a)

t ∈ {tk }k∈N ,

η(t ) = ηT (o(t)),

(3.8b)

where the signal o : R>0 → R2ny × R>0 × N × {0, 1} × R given by
o(t) := (ζ(t), τ (t), κ(t), l(t), η(t)).

(3.9)

is the information that is available to the continuous event-generator, and where
the functions Ψ : R2ny × R>0 × N × {0, 1} × R → R and ηT : R2ny × R>0 × N ×
{0, 1} × R → R are to be designed.
Now, we can write the closed-loop system as the impulsive system [42]

 

Aξ(t) + Bw(t)
ξ(t)

 τ (t)  
t ∈ R>0
1

 

d 
,
=
t
∈
/ {tk }k∈N
0
κ(t)
(3.10a)
dt 

 

 l(t)  
0
t∈
/ {tk + τk }k∈N
Ψ(o(t))
η(t)
 


+
J0 ξ(t)
ξ(t )

 τ (t+ )  
0

 

l=0
 κ(t+ )  =  κ(t)  ,
(3.10b)




t ∈ {tk }k∈N
+

 l(t )  
1
ηT (o(t))
η(t+ )

 

+
ξ(t )
J1 ξ(t)
 τ (t+ )   τ (t) 

 

l=1
 κ(t+ )  =  κ(t) + 1  ,
(3.10c)




t ∈ {tk + τk }k∈N
+
 l(t )  

0
η(t+ )
η(t)
z(t) = Cξ(t) + Dw(t),

(3.10d)

where


Ap Bp Cu Bp Du
 O
Ac
Bc
A=
 O
O
O
O
O
O

C = Cz Dz Cu Dz Du

I
O
O
 O
I
O
J0 = 
 O
O
I
Cy Dy Cu Dy Du




O
Bpw


O 
, B =  O ,
 O 
O 
O
O

O , D = Dzw ,


O
I O
 O I
O 
 , and J1 = 
 O O
O 
O
O O

O
O
O
O


O
O 
.
I 
I
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In this model, the memory variable s ∈ Rny stores the value of y(tk ) that has
been transmitted to the controller (and which will arrive at the update time
tk + τk ), the timer τ ∈ R>0 keeps track of the time that has elapsed since the
latest transmission, the integer κ ∈ N is used to count the number of (received)
transmissions, and the boolean l ∈ {0, 1} indicates whether the next jump is a
transmission (when l = 0) or an update (when l = 1). Furthermore, (3.10b)
models the jumps at transmission times tk , k ∈ N, (3.10c) models the jumps at
update times tk +τk , k ∈ N (when the transmitted data arrives at the controller),
and (3.10a) models the flow in between transmissions and updates.
The sequence of transmission times {tk }k∈N will be generated by the dynamic
continuous event-generator
t0 = 0, tk+1 = inf{t > tk + h | η(t) 6 0 ∧ ζ > (t)Qζ(t) > 0},

(3.11)

where the timer threshold h ∈ R>0 and the matrix Q ∈ R2ny ×2ny are design
variables, in addition to the functions Ψ, and ηT in (3.8).
With the model (3.8), (3.11) we can also capture static event-generators by
choosing η(0) = 0 and
Ψ(o) = 0
ηT (o) = 0

(3.12a)
(3.12b)

for all o ∈ R2ny × R>0 × N × {0, 1} × R, as then we have that η(t) = 0 for all
t ∈ R>0 , and the dynamic event-generator (3.11) reduces to the static eventgenerator
t0 = 0, tk+1 = inf{t > tk + h | ζ > (t)Qζ(t) > 0},
(3.13)
which only has h and Q as design parameters.
While tuning h is straightforward as it is a scalar, choosing a suitable Q is
more difficult. However, a possible design for Q can be derived from [89] and is
given by


(1 − σ 2 )I −I
Q=
(3.14)
−I
I
with σ ∈ (0, 1). With this choice of Q, (3.13) reduces to
t0 = 0, tk+1 = inf{t > tk + h | |s(t) − y(t)|2 > σ 2 |y(t)|2 },

(3.15)

which can be seen as the event-generator proposed in [89] with waiting time h.
In case h = 0, the setup (3.10), (3.13) can exhibit Zeno behavior in the
presence of disturbances, as shown in [12]. Therefore, we often take h > 0,
which leads to static event-triggered controllers with time regularization, see,
e.g., [48, 93]. Other control setups and other choices of Q are also possible, see
e.g., [45].
We will consider the following two notions of stability.
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Definition 3.2. The CETC system (3.10)-(3.11) is said to be input-to-state
exponentially stable (ISES), if there exist functions α ∈ K∞ , β ∈ KL, and scalars
c > 0, γ > 0, and ρ > 0 such that for any initial condition ξ(0) = ξ0 ∈ Rnξ ,
τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0, and any sequence of delays {τk }k∈N with
τk ∈ D for all k ∈ N, all corresponding solutions to (3.10)-(3.11) with w ∈ L∞
satisfy |ξ(t)| 6 ce−ρt |ξ0 | + γkwkL∞ and |η(t)| 6 β(|ξ0 |, t) + α(kwkL∞ ) for all
t ∈ R>0 . In this case, we call ρ a (lower bound on the) decay rate.
Note that our definition of ISES is a variation of the one in [40], which uses
the ‘max’ formulation. Moreover, we only require exponential decay of the state
variable ξ, as we are mainly interested in the control performance regarding the
plant and controller states, which are captured in ξ. In addition, we require
that η stays bounded by a KL-function for practical implementability. We do
not put any constraint on the variables τ , κ, and l, as these are only used
for modelling purposes. In case kwkL∞ = 0 we have |ξ(t)| 6 ce−ρt |ξ0 | and
|η(t)| 6 β(|ξ0 |, t), and thus ISES implies global exponential stability (GES) in
the absence of disturbances.
Definition 3.3. The CETC system (3.10)-(3.11) is said to have an L2 -gain from
w to z smaller than or equal to θ, if there exists a function δ ∈ K∞ such that for
any initial condition ξ(0) = ξ0 ∈ Rnξ , τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0,
and any sequence of delays {τk }k∈N with τk ∈ D for all k ∈ N, all corresponding
solutions to (3.10)-(3.11) with w ∈ L2 satisfy kzkL2 6 δ(|ξ0 |) + θkwkL2 .
Before proceeding, we introduce the matrix Y ∈ R2ny ×nξ


Cy Dy Cu Dy Du O
Y :=
O
O
O
I

(3.16)

such that ζ = (y, s) = Y ξ, and the transformation matrix T ∈ Rnξ ×(nxp +nxc +ny )


I O O
 O I O 

T := 
(3.17)
 O O I ,
O O I
such that


xp
xp
 xc 

T  xc  = 
 s .
s
s


3.3





(3.18)

Main results

In this section we will present our main results. First, in Section 3.3.1, we will
propose static continuous event-generators, and in 3.3.2 we will propose dynamic
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continuous event-generators which generate the transmission times based on an
additional dynamic variable η ∈ R that is included in the event-generator.

3.3.1

Static CETC

Before designing the dynamics of (3.8) and analyzing ISES and L2 -stability of
the system (3.10) with the dynamic event-generator (3.11), we will first consider
static continuous event-generators with time regularization of the form (3.13).
To analyze ISES and L2 -stability of the static CETC system (3.10)
with (3.12) and (3.13), we will use the Lyapunov/storage function U given by
U (ξ, τ, κ, l, η) = V (ξ, τ, κ, l) + η

(3.19)

with V given by

> τκ

ξ P1 (τ )ξ,
V (ξ, τ, κ, l) = ξ > P0 (τ )ξ,

 >
ξ P0 (h)ξ,

l = 1 and τ ∈ [0, τκ ]
l = 0 and τ ∈ [τκ , h]
l = 0 and τ ∈ [h, ∞).

(3.20)

Here, P0 : [0, h] → Rnξ ×nξ is a continuously differentiable function with P0 (τ ) 
0 for τ ∈ [0, h], and for all d ∈ D, P1d : [0, d] → Rnξ ×nξ is a continuously
differentiable function with P1d (τ )  0 for τ ∈ [0, d]. The functions P0 , P1d ,
d ∈ D, will be chosen such that (3.19) becomes a storage function [96,106] for the
CETC system (3.10) with (3.12) and (3.13), with the supply rate θ−2 z > z − w> w
and decay rate 2ρ. In particular, we will select the functions P0 , P1d , d ∈ D, to
satisfy the Riccati differential equation
d
dτ P0 (τ )
d
d
dτ P1 (τ )

= R(P0 (τ ))
=

R(P1d (τ )),

(3.21)
d ∈ D,

(3.22)

where R denotes the Riccati operator
R(P ) = −A> P − P A − Y > NF Y − 2ρP − θ−2 C > C

− (P B + θ−2 C > D)M (B > P + θ−2 D> C). (3.23)

Here, M := (I − θ−2 D> D)−1 is assumed to exist and to be positive definite,
which corresponds to θ2 > λmax (D> D), and NF ∈ R2ny ×2ny , NF  0, is an
arbitrary matrix, which we will use as a design parameter in Section 3.3.2.
Note that V given by (3.20) depends on the delay τκ of the current transmission, and thus the Lyapunov/storage function U is parametrized by the delay
sequence {τk }k∈N . However, as we will see below, based on this parametrized
function U we are able to guarantee ISES and L2 -stability for any sequence of
delays {τk }k∈N with τk ∈ D and D satisfying Assumption 3.1. For ease of notation, we will not make this dependence on {τk }k∈N explicit in (3.19) and (3.20).
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In order to find the explicit expressions for the functions P0 , P1d , d ∈ D, we
introduce the Hamiltonian matrix


A+ρI+θ−2 BM D>C
BM B >

H :=
(3.24)
−C >LC−Y > NF Y
− A+ρI+θ−2 BM D>C >
in which L := (θ2 I − DD> )−1 , and we define the matrix exponential


F11 (τ ) F12 (τ )
F (τ ) := e−Hτ =
.
F21 (τ ) F22 (τ )

(3.25)

d
To guarantee that solutions to dτ
P0 (τ ) = R(P0 (τ )) are well defined on [0, h]
d
d
and that solutions to dτ P1 (τ ) = R(P1d (τ )) are well defined on [0, d], d ∈ D, we
will make use of the following assumption, see also [45].

Assumption 3.4. F11 (τ ) is invertible for all τ ∈ [0, h].
Assumption 3.4 can always be satisfied by choosing h sufficiently small, as
F11 (0) = I and F11 is a continuous function.
The function P0 : [0, h] → Rnξ ×nξ is now explicitly defined for τ ∈ [0, h] by
P0 (τ ) = (F21 (h − τ ) + F22 (h − τ )P0 (h))

(F11 (h − τ ) + F12 (h − τ )P0 (h))

−1

, (3.26)

and the functions P1d : [0, d] → Rnξ ×nξ , d ∈ D, are now explicitly defined for
τ ∈ [0, d] by

P1d (τ ) = F21 (d − τ ) + F22 (d − τ )P1d (d)

−1
F11 (d − τ ) + F12 (d − τ )P1d (d)
, (3.27)

where P0 (h), P1d (d)  0, d ∈ D, are to be selected. See [6, 45] for further details.
Before stating the next theorem, let us introduce the notation P00 = P0 (0),
d
d
= P1d (d), the functions
= P1d (0), P1d
P0d = P0 (d), P0h = P0 (h), P10
G0 (τ ) := F11 (τ )−> P0h F11 (τ )−1 + F21 (τ )F11 (τ )−1

(3.28)

d
Gd1 (τ ) := F11 (τ )−> P1d
F11 (τ )−1 + F21 (τ )F11 (τ )−1

(3.29)

for τ ∈ [0, h],

for τ ∈ [0, d], d ∈ D, and finally a matrix function S : [0, h] → Rnξ ×nξ that
satisfies S(τ )S(τ )> := −F11 (τ )−1 F12 (τ ) for τ ∈ [0, h]. A matrix S(τ ) exists
under Assumption 3.4, because this assumption will guarantee that the matrix
−F11 (τ )−1 F12 (τ ) is positive semi-definite [45].
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Theorem 3.5. If Assumption 3.1 holds, and there exist matrices NF , NT , NN ∈
d
d
∈ Rnξ ×nξ with P0h , P1d
 0, and
R2ny ×2ny with NF , NT , NN  0, P0h , P1d
d
scalars θ, ρ, β, µ ∈ R>0 , d ∈ D, such that Assumption 3.4 holds and the matrix
inequalities




and



T > (A> P0h + P0h A + Y > (NN − βQ)Y )T ?
B > P0h T
O
 >

−2 >
T (−2ρP0h − θ C C)T −θ−2 T > C > D

,
?
I − θ−2 D> D
J0> Gd1 (d)J0
?


d
J0> F11 (d)−> P1d
S(d)
d
S(d)> P1d
S(d)

P0h − Y > (NT + µd Q)Y
≺
O

J1> G0 (h − d)J1
?

J1> F11 (h − d)−> P0h S(h − d)
S(h − d)> P0h S(h − d)




≺

d
P1d
O

O
I

O
I

(3.30)


, (3.31)


,

(3.32)

hold for all d ∈ D, then the static CETC system (3.10) with (3.12) and (3.13)
is ISES with decay rate ρ, and has an L2 -gain from w to z smaller than or equal
to θ.
By fixing NF , ρ, and θ, inequalities (3.30), (3.31), and (3.32) become linear
d
matrix inequalities (LMIs), in which case the parameters P0h , P10
, NN , NT , β,
and µd , d ∈ D, can be synthesized numerically via semi-definite programming
(e.g., using Yalmip/SeDuMi [58] in matlab).
The L2 -gain estimate θ can be optimized via bisection when NF and ρ are
fixed. Although the optimization is non-convex and we should expect to find
local optima, good results can be found with proper initial estimates. The same
holds for the decay rate ρ when NF and θ are fixed.
As the term −Y > NF Y in (3.23) leads to an extra decrease −ζ > NF ζ in V
during flow (3.10a) with τ ∈ [0, h], an increase in NF will typically lead to an
increase in θ or a decrease in ρ. Hence, to analyse ISES and L2 -stability of
the static CETC system (3.10) with (3.12) and (3.13), it is often best to choose
NF = O. However, for dynamic CETC it can sometimes be useful to choose
NF 6= O, as we will see in the next section.

3.3.2

Dynamic CETC

In this section we present our design for a dynamic continuous event-generator,
which follows from the analysis in Section 3.3.1. The idea is as follows. In
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Section 3.3.1, the function V (and, hence, also the Lyapunov/storage function
U ) has an ‘extra’ decrease −ζ > NF ζ during flow (3.10a) with τ ∈ [0, h], and
an ‘extra’ decrease −ζ > (NN − βQ)ζ during flow (3.10a) with τ ∈ [h, ∞) and
ζ > Qζ 6 0. Additionally, V is often strictly decreasing along jumps (3.10b),
while we only require that U is nonincreasing along jumps [38]. To get even less
conservative results, we can store this ‘unnecessary’ decrease of V in the dynamic
variable η (as much as possible), which acts as a buffer. When a transmission
is necessary according to the static event-generator (i.e., when τ ∈ [h, ∞) and
ζ > Qζ > 0) the term −ζ > (NN − βQ)ζ can become positive, in which case the
function V will start to increase with the excess amount −ζ > (NN − βQ)ζ if
we do not transmit. However, as long as η > 0, we can compensate for this
excess increase in V by reducing η, and thus we can postpone the transmission
until the buffer η becomes empty (η = 0). As a result, the conservatism in
the stability analysis is reduced, and the same L2 -gain and decay rate can be
guaranteed with typically less transmissions, as will also be demonstrated by a
numerical example in Section 3.6. In this way, our design will lead to a dynamic
CETC system with the same L2 -gain θ and decay rate ρ as the static CETC
system (3.10) with (3.12) and (3.13), but with a significant reduction in the
number of transmissions.
We select the flow dynamics (3.8a) of η as

−2ρη + ζ > NF ζ,
τ ∈ [0, h)
(3.33a)
Ψ(o) =
>
−2ρη + ζ (NN − βQ)ζ, τ ∈ [h, ∞).
(3.33b)
For the function ηT we provide the following two different designs.
1) State-based dynamic CETC:

d
J0 ξ.
ηT (o) = η + min ξ > P0h − J0> P10
d∈D

(3.34)

2) Output-based dynamic CETC:
ηT (o) = η + ζ > NT ζ.

(3.35)

d
Here, the scalars ρ and β, and the matrices NF , NT , NN , P0h , P10
∈ Rnξ ×nξ , d ∈
D, follow from the stability analysis of the static CETC system in Theorem 3.5.
The first design requires that the full state ξ(tk ) is known to the eventgenerator at transmission time tk . This is the case when Assumption 3.1 holds
and y = (xp , xc ) (e.g., when C is a static state-feedback controller in which case
y = xp and nxc = 0), as then ŷ(tk ) = s(tk ), k ∈ N, and ξ(tk ) = T ζ(tk ). Note
that when the set of possible delays D contains only a single element, a copy
of the controller could be included in the event-generator in order to track the
controller state xc . In case D contains multiple elements, this is not possible, as
the exact input ŷ to the controller is then unknown.
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The second design is is more conservative, but can also be used in case the
event-generator does not have access to the full state ξ. Hence, this choice can
be used for output-based dynamic CETC.
Theorem 3.6. If the conditions of Theorem 3.5 hold, then the dynamic CETC
system (3.10) with (3.11), (3.33), and ηT given by (3.34) or (3.35) is ISES with
decay rate ρ, and has an L2 -gain from w to z smaller than or equal to θ.
While the static continuous event-generator only has design parameters h
and Q, the state-based dynamic event-generator has design parameters h, Q, ρ,
d
NF , NN , β, P0h , and P10
, d ∈ D, and the output-based dynamic event-generator
has design parameters h, Q, ρ, NF , NN , β, and NT .
However, these extra design parameters directly follow from the ISES and
L2 -gain analysis of the static CETC system in Theorem 3.5. Hence, the design
of these extra parameters follows directly and naturally from the design and
stability analysis of the static event-generator. Of course, manual tuning of one
or more of these parameters is also possible, but can be difficult given the large
design space.
In contrast to the static CETC case, in the dynamic CETC case it can
make sense to choose NF 6= O, as η grows with (3.33a) during flow with τ ∈
[0, h], and thus the average inter-event times might become larger when NF is
increased. This indicates the presence of a tradeoff between control performance
and resource utilization, as an increase in NF typically also leads to an increase
in θ or a decrease in ρ. On the other hand, as we can give hard guarantees on
the minimum inter-event time (given by h), but not on the average inter-event
time, it often makes more sense to choose NF = O and to make the tradeoff
between control performance and resource utilization via the parameter h.
Remark 3.7. Even though we will often choose NF = O, the parameter NF
can be useful in some cases. For example, in our work [9], we chose NF 6= O in
order to model the dynamic continuous event-generator of [22] in our proposed
new framework.
Remark 3.8. In [22] we were able to guarantee GAS and Lp -stability for all
possible delays τk ∈ [0, τmad ], where τmad ∈ R>0 is the maximum allowable
delay. In contrast, here we guarantee ISES and L2 -stability for a finite set D
of possible delays. As an engineering solution, we can approach the situation
of [22] by including sufficiently many delays out of the set [0, τmad ] in the set D
(gridding). Assuming that the ETC system has a small amount of robustness
against deviations of the delays from the set D, this could also lead to a stability
guarantee for all possible delays τk ∈ [0, τmad ], k ∈ N, cf. [33], which uses
a similar approach for the stability analysis of networked control system with
varying transmission intervals.

3.4 Reduced conservatism using state-space partitioning

3.4
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The ISES and L2 -gain analysis in Section 3.3 are based on the ‘common’ (timerdependent) quadratic Lyapunov functions V , in the sense that the same matrix
functions P0 and P1τκ are used for all ξ ∈ Rnξ . In this section, we present even less
conservative conditions to analyze ISES and L2 -stability of the proposed CETC
systems, using a piecewise quadratic Lyapunov/storage functional technique as
proposed in [98] for static PETC systems without delays.
Define the regions
Xi := {ξ ∈ Rnξ | Xi ξ > 0}, i ∈ {1, 2, . . . , N }, N ∈ N,

(3.36)

where the matrices Xi ∈ Rnξ ×nξ , i ∈ {1, 2, . . . , N }, are such that
SN
{X1 , X2 , . . . , XN } forms a partition of Rnξ , i.e., i=1 Xi = Rnξ , and Xi ∩ Xj
is of zero measure for all i, j ∈ {1, 2, . . . , N }, i 6= j.
Consider the CETC system (3.10), (3.11), and define the function
V (ξ, τ, κ, l, w, t) =







s.t.















τκ
ξ > Pi,1
(τ )ξ,

τ ∈ [0, τκ ], l = 1

max

ξ > Pi,0 (τ )ξ,

τ ∈ [τκ , h], l = 0

max

ξ > Pi,0 (h)ξ,

τ ∈ [h, ∞), l = 0,

max

i∈{1,2,...,N }
ξ̄(tκ +τκ −t,ξ,wt )∈Xi

i∈{1,2,...,N }
s.t. ξ̄(tκ+1 −t,ξ,wt )∈Xi

i∈{1,2,...,N }
s.t. ξ̄(tκ+1 −t,ξ,wt )∈Xi

(3.37)

where wt : R>0 → Rnw denotes the time-shifted signal given by wt (s) = w(s + t)
¯ ξ, w) denotes the solution to d ξ¯ = Aξ¯ + Bw at time t with
for s > 0, and ξ(t,
dt
¯ = ξ and disturbance signal w : R>0 → Rnw . Furthermore,
initial condition ξ(0)
Pi,0 : [0, h] → Rnξ ×nξ are continuously differentiable functions satisfying (3.21),
d
i ∈ {1, 2, . . . , N }, and Pi,1
: [0, d] → Rnξ ×nξ are continuously differentiable
functions satisfying (3.22), d ∈ D, i ∈ {1, 2, . . . , N }.
Note that V given by (3.37) depends on the value of ξ(tk + τk ) for t ∈
[tk , tk + τk ] when l = 1, and depends on the value of ξ(tk+1 ) for t ∈ [tk , tk+1 ]
when l = 0. Hence, V depends not only on the delay sequence {τk }k∈N , but also
on future values of the disturbance w. As such, we have a trajectory/disturbancedependent Lyapunov/storage functional which deviates from the common literature on GES and L2 -gain analysis, as usually the Lyapunov/storage function
only depends on the current (and sometimes past) values of the state, but not
on future values. Even though the interpretation of U = V + η as a genuine
storage function is now less natural, we will see below that we are still able to
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prove ISES and L2 -stability for any sequence of delays {τk }k∈N with τk ∈ D and
D satisfying Assumption 3.1 and any disturbance w : R>0 → Rnw with w ∈ L2 .
Before defining the dynamics of η and stating our next theorem, let us introd
d
duce the notation Pi,00 = Pi,0 (0), Pi,0d = Pi,0 (d), Pi,0h = Pi,0 (h), Pi,10
= Pi,1
(0),
d
d
Pi,1d = Pi,1 (d), and the functions
Gi,0 (τ ) := F11 (τ )−> Pi,0h F11 (τ )−1 + F21 (τ )F11 (τ )−1

(3.38)

for τ ∈ [0, h], i ∈ {1, 2, . . . , N }, and
d
Gdi,1 (τ ) := F11 (τ )−> Pi,1d
F11 (τ )−1 + F21 (τ )F11 (τ )−1

(3.39)

for τ ∈ [0, d], i ∈ {1, 2, . . . , N }, d ∈ D.
For the dynamics of η, we again select Ψ as in (3.33). For the state-based
dynamic continuous event-generator, we now select ηT as

d
ηT (o) = η +
max
min
ξ > Pi,0h − J0> Pj,10
J0 ξ,
(3.40)
d∈D
i∈{1,2,...,N }
s.t. ξ∈Xi j∈{1,2,...,N }

and for the output-based dynamic continuous event-generator, we again select
ηT as in (3.35).
To understand (3.40), some comments are in order. At the transmission
time tk , we know which matrix function Pi,0 , i ∈ {1, 2, . . . , N } we should have
used in the interval t ∈ [tk−1 + τk−1 , tk ]. However, we do not know yet which
d
matrix function Pj,1
, j ∈ {1, 2, . . . , N }, d ∈ D, we should use in the interval t ∈
[tk , tk + τk ]. Hence, to make sure that the Lyapunov/storage function U = V + η
does not increase along transmissions (3.10b), we need to take the minimum
over all j ∈ {1, 2, . . . , N } and all d ∈ D in (3.40).
Theorem 3.9. If Assumption 3.1 holds, and there exist matrices NF , NT , NN ∈
d
d
R2ny ×2ny with NF , NT , NN  0, Pi,0h , Pi,1d
∈ Rnξ ×nξ with Pi,0h , Pi,1d
 0,
n ×n

>

>

ξ
ξ
d
d
d
with Uij
= Uij
and Wijd = Wijd , and scalars β > 0 and
Uij
, Wijd ∈ R>0
µdij > 0, d ∈ D, i, j ∈ {1, 2, . . . , N }, such that Assumption 3.4 holds and the
matrix inequalities
 > >

T (A Pi,0h + Pi,0h A + Y > (NN − βQ)Y )T ?
B > Pi,0h T
O
 >

−2 >
T (−2ρPi,0h − θ C C)T −θ−2 T > C > D

, (3.41)
?
I − θ−2 D> D



J0> Gdi,1 (d)J0
?


d
J0> F11 (d)−> Pi,1d
S(d)
d
S(d)> Pi,1d
S(d)

d
Pj,0h − Y > (NT + µdij Q)Y − Xj> Uij
Xj
≺
O

O
I


,

(3.42)
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and


J1> Gj,0 (h − d)J1
?


J1> F11 (h − d)−> Pj,0h S(h − d)
S(h − d)> Pj,0h S(h − d)
 d
Pi,1d − Xj> Wijd Xj
≺
O

O
I


, (3.43)

hold for all d ∈ D and all i, j ∈ {1, 2, . . . , N }, then the dynamic CETC system (3.10) with (3.11), (3.33), and (3.40) or (3.35) is ISES with decay rate ρ,
and has an L2 -gain from w to z smaller than or equal to θ.
Corollary 3.10. If the conditions of Theorem 3.9 hold, then the static CETC
system (3.10) with (3.12) and (3.13) is ISES with decay rate ρ, and has an
L2 -gain from w to z smaller than or equal to θ.
Remark 3.11. By selecting N = 1 and X1 = O, Theorem 3.9 reduces to
Theorem 3.6. When increasing the number of regions N , the ISES and L2 -gain
analysis becomes less conservative at the cost of higher computational complexity.
Moreover, the update (3.40) becomes more computationally intensive, leading to
more complex event-generators. On the other hand, (3.35) is independent of N
and thus do not lead to more complex event-generators when increasing N .

3.5

The delay-free case

In case there are no communication delays, i.e., D = {0}, the sampled output is
given by ŷ(t)
ŷ(t) = y(tk ), t ∈ (tk , tk+1 ].

(3.44)

In this case, the model (3.10) can be simplified, as there is no need for the
memory variable s and the boolean l. Hence, the state ξ can be defined by
ξ := (xp , xc , ŷ) ∈ Rnξ , with nξ = nxp + nxc + ny , ζ by ζ := (y, ŷ) and the matrix
Y ∈ R2ny ×nξ by


Cy Dy Cu Dy Du
Y :=
(3.45)
O
O
I
such that ζ = Y ξ. Finally, o(t) := (ζ(t), τ (t), κ(t), η(t)) is the information that
is available to the event-generator. Now, we can write the delay-free closed-loop
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system as


 
Aξ(t) + Bw(t)
ξ(t)

 
1
d  τ (t) 

dt  κ(t)  = 
0
Ψ(o(t))
η(t)

 

ξ(t+ )
Jξ(t)
 τ (t+ )  

0

 

 κ(t+ )  =  κ(t) + 1  ,
η(t+ )
ηT (o(t))



,


t ∈ R>0 \ {tk }k∈N

(3.46a)

t ∈ {tk }k∈N

(3.46b)

z(t) = Cξ(t) + Dw(t),

(3.46c)

where






Ap Bp Cu Bp Du
Bpw
I
Ac
Bc  , B =  O  , J =  O
A= O
O
O
O
Cy
O


C = Cz Dz Cu Dz Du , and D = Dzw .

O
I
Dy Cu


O
O 
Dy Du

Note that we no longer have update events.
To analyze the stability and L2 -gain of the CETC system (3.46) with (3.11)
or (3.13), we will use a Lyapunov/storage function U defined by (3.19), now
with V given by

max
ξ > Pi (τ )ξ,
τ ∈ [0, h]


i∈{1,2,...,N }

 s.t. ξ̄(t −t,ξ,w )∈X
κ+1
t
i
(3.47)
V (ξ, τ, κ, w, t) =

max
ξ > Pi (h)ξ,
τ ∈ [h, ∞),


i∈{1,2,...,N }

s.t. ξ̄(tκ+1 −t,ξ,wt )∈Xi

where again Pi : [0, h] → Rnξ ×nξ are continuously differentiable functions satisfying (3.21) with Pi (τ )  0 for τ ∈ [0, h], i ∈ {1, 2, . . . , N }.
Before defining the dynamics of η and stating our next theorem, let us introduce the notation Pi,0 = Pi (0), Pi,h = Pi (h), and the functions
Gi (τ ) := F11 (τ )−> Pi,0h F11 (τ )−1 + F21 (τ )F11 (τ )−1

(3.48)

for τ ∈ [0, h], i ∈ {1, 2, . . . , N }.
For the dynamics of η, we again select Ψ as in (3.33). For the state-based
dynamic continuous event-generator, we now select ηT as

ηT (o) = η +
max
min
ξ > Pi,h − J > Pj,0 J ξ,
(3.49)
i∈{1,2,...,N } j∈{1,2,...,N }
s.t. ξ∈Xi

and for the output-based dynamic continuous event-generator, we again select
ηT as in (3.35).
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Theorem 3.12. If there exist matrices NF , NT , NN ∈ R2ny ×2ny with
nξ ×nξ
NF , NT , NN  0, Pi,h ∈ Rnξ ×nξ with Pi,h  0, Uij , Wij ∈ R>0
with
Uij = Uij > and Wij = Wij > , and scalars β > 0 and µij > 0, i, j ∈ {1, 2, . . . , N },
such that Assumption 3.4 holds and the matrix inequalities
 >

A Pi,h + Pi,h A + Y > (NN − βQ)Y ?
B > Pi,h
O


−2ρPi,h − θ−2 C > C
−θ−2 C > D

, (3.50)
?
I − θ−2 D> D
and


J > Gi (h)J
?


J > F11 (h)−> Pi,h S(h)
S(h)> Pi,h S(h)

Pj,h − Y > (NT + µij Q)Y − Xj> Uij Xj
≺
O

O
I


, (3.51)

hold for all i, j ∈ {1, 2, . . . , N }, then the delay-free dynamic CETC system (3.46)
with (3.11), (3.33), and (3.49) or (3.35) is ISES with decay rate ρ, and has an
L2 -gain from w to z smaller than or equal to θ.
Corollary 3.13. If the conditions of Theorem 3.12 hold, then the delay-free
static CETC system (3.46) with (3.12) and (3.13) is ISES with decay rate ρ,
and has an L2 -gain from w to z smaller than or equal to θ.

3.6

Numerical examples

In this section we demonstrate our results via numerical examples, for the delayfree case using the common Lyapunov function approach.
The piecewise quadratic Lyapunov functional approach and the case with
delays will be studied together with the PETC results in the next chapter, see
Section 4.6.

3.6.1

CETC without delays

We consider the example from [21, 89], with open-loop unstable plant P given
by (3.4) with nxp = ny = 2 and


 
 
0 1
0
1
Ap =
, Bp =
, Bpw =
,
−2 3
1
0
Cy = Cz = I,

Dy = Dz = Dzw = O,

and controller C given by (3.5) with nxc = 0 and


Du = 1 −4 .
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Note that this is a static state-feedback controller, and thus both (3.49)
and (3.35) can be used.
3.6.1.1

Comparison with [21, 22]

For this example, the event-generator from [21, 22] can be cast in the format
of (3.10)-(3.11) with Ψ given by
Ψ(o) = %(xp ) − 2ρη,

(3.52a)


Ψ(o) = %(xp ) − 2ρη − γ 2λL + γ(1 + λ2 ) |ŷ − y|2 ,

(3.52b)

when τ ∈ [0, h) and

when τ ∈ [h, ∞), and ηT given by
ηT (o) = γλ|ŷ − y|2 ,

(3.53)

where % is an arbitrary positive semi-definite function and λ, L, and γ are
constants, see [21, 22] for more details. From [21, 22] it follows that L = | −
Bp Du | = 4.1231, we choose λ = 0.01, and γ follows from optimizing LMI (70)
in [22]. Furthermore, we choose ρ = 0, β = 1, %(xp ) = 0.2|xp |2 ,


I O
NF = 0.2
,
(3.54)
O O
and
2

Q = γ 2λL + γ(1 + λ )





I
−I

−I
I


− NF ,

(3.55)

such that the function Ψ(o) of the event-generator from [21, 22] is identical to
the function Ψ(o) of the event-generator designed in Section 3.3.2. Finally, we
choose


I O
NT = γλ
,
(3.56)
O O
such that the function ηT (o) of the event-generator from [21, 22] is identical to
the function ηT (o) given by (3.35). Now the only difference between the dynamic event-generator of [21, 22] and the output-based dynamic event-generator
proposed here with ηT given by (3.35) is the timer threshold h. This enables us
to give a fair comparison of the thresholds h and average inter-event times τavg
given by the two design methods, where
τavg =

total number of events
.
simulation time

Figure 3.2 shows the guaranteed L2 -gain θ as a function of the timer threshold
h for the two different methods. This L2 -gain is found using Theorem 3.12 with
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N = 1 and X1 = O. Additionally, Figure 3.2 shows the average inter-event times
τavg for the static and dynamic event-generators, which have been obtained by
simulating the system for 40 time units with ξ(0) = (0, 0, 0, 0) and disturbance
w given by
w(t) = e−0.2t sin(t/4).
(3.57)
It can be seen that for this linear example, the new design method for lin10

Framework [21,22]:
h
τavg static
τavg dynamic

L2 -gain θ

8
6

New framework:
h
τavg static
τavg dynamic

4
2
0

0

0.2

0.4
h / τavg

0.6

Figure 3.2: Results from [21, 22] (dashed lines) and Theorem 3.12 (full lines).
ear systems leads to much larger inter-event times than the design method for
nonlinear systems of [21, 22].
3.6.1.2

Time response

Next, we study the time response of the CETC system with the proposed eventgenerators. We choose h = 0.2, Q as in (3.14) with σ = 0.10, ρ = 0.05, and
NF = O. We find the guaranteed L2 -gain θ by using Theorem 3.12 using N = 1
and X1 = O (resulting in θ = 1.2083), from which also the parameters NT , NN ,
and β follow.
In Figure 3.3 we see the time response and the inter-event times of the CETC
system with the static and the two dynamic event-generators, again with ξ(0) =
(0, 0, 0, 0) and disturbance w given by (3.57). For this disturbance, we find
that the actual ratio kzkL2 /kwkL2 for disturbance w given by (3.57) is equal to
0.9946 when using the static event-generator (3.13), equal to 0.9913 when using
the dynamic event-generator (3.11) with ηT given by (3.49), and equal to 1.0036
when using the dynamic event-generator (3.11) with ηT given by (3.35). Since
the guaranteed L2 -gain is θ = 1.2083, the level of conservatism of the proposed
L2 -gain analysis is at most 20%, which is remarkably small given that (3.57)
is most likely not the worst-case disturbance, and we are dealing with hybrid
closed-loop systems.
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static
dynamic with (3.49)
dynamic with (3.35)
disturbance w

output z(t)

0.4
0.2
0
−0.2
−0.4
0

5

10

15

20
25
time t

30

35

40

(a)

inter-event time tk − tk−1

2
static
dynamic (3.49)
dynamic (3.35)

1.5
1

0.5
0

0

5

10

15

20
25
time t

30

35

40

(b)

Figure 3.3: Output z (a) and inter-event times tk − tk−1 (b).
In Figure 3.3(b) we see that the static event-generator (3.13) often generates
events directly when τ = h. Both dynamic event-generators do not have this behavior and produce much less events on average than the static event-generator,
while the actual ratio kzkL2 /kwkL2 is almost identical for all three approaches.
We will study this further in the next example.

3.6.2

Event-separation analysis

As already shown in Section 2.6.3, the static event-generator with timeregularization and a relative threshold exhibits almost time-triggered behavior
when the state x is near the origin and arbitrary small disturbances are present.
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This can be prevented by adding an absolute threshold, but then the eventtriggered controller no longer renders the closed-loop ISES or L2 -stable.
In this example, we repeat the example of Section 2.6.3, but now with our new
dynamic event-generators with time-regularization, where we take h = 0.025,
ρ = 0.01, and NF = O. We minimize θ using Theorem 3.12 with N = 1 and
X1 = O (resulting in θ = 1.64), which also provides the parameters P1,h , P1,0 ,
NN , NT , and β.
Figure 3.4 shows the evolution of |x(t)| and the inter-event times tk − tk−1
for the CETC system with the static event-generator (3.13), the state-based
dynamic event-generator (3.11) with ηT given by (3.49), and the output-based
dynamic event-generator (3.11) with ηT given by (3.35).
1.5
static
dynamic with (3.49)
dynamic with (3.35)
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(a)

100

10−1

10−2

static,
0

2

dynamic (3.49),
4

6

8

10 12
time t

dynamic (3.35)
14

16

18

20

(b)

Figure 3.4: Evolution of |x(t)| (a) and the inter-event times tk − tk−1 (b) of the
static and dynamic CETC approaches proposed in this chapter.
Clearly, for this example we can achieve asymptotic stability without pro-

58

Chapter 3. Continuous event-triggered control with time regularization for
linear systems

ducing periodic time-triggered behavior with sample time equal to the waiting
time h, by using dynamic event-generators. This reveals a clear advantage of
dynamic event-generators over static event-generators.
To understand this result, note that at all times tk + h, k ∈ N, the buffer
η will very likely be positive, and, hence, requires some time to reduce to zero.
In this way, the inter-event times produced by the dynamic event-generators are
almost always extended beyond h time units, and periodic triggering with period
h becomes less likely.

3.7

Conclusions

We proposed a new method for the design of static and dynamic continuous
event-generators with time-regularization for linear systems with communication
delays. The proposed method uses Riccati-based design tools tailored to linear
systems, which leads to significantly larger inter-event times and tighter L2 gain estimates than other design methods currently available, which have been
developed for general nonlinear systems. In fact, we showed via a numerical
example that the conservatism in the guaranteed L2 -gain is small. Moreover,
the dynamic continuous event-generators with time-regularization are less prone
to producing time-triggered behavior than their static counterparts, while still
providing ISES and L2 -stability.

Chapter 4

Periodic event-triggered control
for linear systems
Abstract – The continuous event-generators with time-regularization we proposed in the previous chapter have robust communication properties and provide robust control performance.
However, they require continuous measuring of the output of the plant, which is difficult to
realize on digital platforms. In this chapter, we adapt the analysis and design framework of the
previous chapter to a new framework for the analysis and design of static and dynamic periodic
event-generators for linear systems with (or without) communication delays. These periodic
event-generator are much easier to implement in practice. The dynamic event-generators that
we propose in this chapter are the first that only require periodic measuring of the state or
output of the plant, as all dynamic event-generators previously proposed in literature require
continuous measuring.

4.1

Introduction

In the previous chapter we proposed a new framework for the analysis and design
of continuous event-generators with time regularization. By using Riccati-based
analysis tools tailored to linear systems, large inter-event times and tight L2 -gain
and decay rate estimates are found, using computationally friendly semi-definite
programming. However, the resulting event condition still needs to be continuously monitored after the waiting time h has elapsed. As this can be difficult
to realize on digital platforms, many CETC controllers are implemented using
a discretized version in practice. A better solution to this problem is to use
periodic event-triggered control (PETC), in which the triggering condition is
This chapter is based on [8] and [10].
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only checked periodically at fixed equidistant time instances. This enables (easier) implementation on digital platforms, such that the event-generator that is
implemented in practice is identical to its original design, instead of a discrete
approximation as in the CETC case. Therefore, in this chapter, we adapt the
analysis and design framework for CETC with time-regularization of the previous chapter to a new framework for the analysis and design of static and dynamic
periodic event-generators for linear systems with or without communication delays. Note that PETC differs from standard periodic sampled-data control, as
in PETC the event/transmission times are only a subset of the sampling times
and can be aperiodic.
For static PETC systems without communication delays, the analysis and
design framework we propose here is equivalent to the works [45] and [98]. Moreover, in this case the recent work [46] provides even tighter L2 -gain estimates
than the framework proposed in this chapter. However, the works [45, 98] do
not consider dynamic PETC or delays, and [46] does not provide decay rate
estimates, does not include communication delays, and cannot be extended towards dynamic PETC systems. In fact, as yet all dynamic event-generators
proposed in literature are CETC solutions. As dynamic event-generators show
great potential in CETC systems (i.e., identical control performance guarantees as their static counterparts, with reduced communication), we would like
to exploit their benefits also in the context of PETC systems. Hence, the dynamic event-generators proposed in this chapter are the first that only require
periodic measuring of the output of the plant, and are thus the first dynamic
event-generators that can be easily implemented in practice without the need
for any discretization.
The chapter is organized as follows. We present the considered control setup
in Section 4.2, and our main results for linear systems with communication
delays in Section 4.3. In Section 4.4, we present alternative conditions that even
further reduce the conservatism of our stability and performance analysis, and we
present simplified conditions for linear systems without communication delays
in Section 4.5. We illustrate our results in Section 4.6 with several numerical
examples, in which we also compare the new PETC strategies with the CETC
strategies of the previous chapter, and with the less conservative results of [46].
Finally, we provide concluding remarks in Section 3.7.

4.2

Control setup

In this chapter we again consider the event-triggered control setup of Figure 3.1,
in which the plant P is given by (3.4) and the controller C is given by (3.5).
Again, xp (t) ∈ Rnxp denotes the state of the plant P, y(t) ∈ Rny its measured
output, z(t) ∈ Rnz the performance output, and w(t) ∈ Rnw the disturbance at
time t ∈ R>0 . Furthermore, xc (t) ∈ Rnxc denotes the state of the controller C,
u(t) ∈ Rnu is the control input, ŷ(t) ∈ Rny denotes the output that is available
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at the controller, given by
ŷ(t) = y(tk ), t ∈ (tk + τk , tk+1 + τk+1 ],

(4.1)

where the sequence {tk }k∈N satisfying
t0 = 0, tk+1 − tk > h,

(4.2)

denotes the event (or transmission) times with h ∈ R>0 the minimum interevent time, and where the sequence {τk }k∈N with τk ∈ D := {d1 , d2 , . . . , dnd }
for all k ∈ N denotes the communication delays. The set D again satisfies
Assumption 3.1.
Instead of continuously monitoring the output y (which is sometimes difficult
to realize in digital implementations), we now periodically sample the output y
at sample times {sn }n∈N given by sn = nh, where h ∈ R>0 is the sample period.
At each sample time sn , n ∈ N, the event-generator decides whether the sampled
output should be transmitted to the controller or not. Hence, the sequence of
transmission times {tk }k∈N will satisfy {tk }k∈N ⊆ {sn }n∈N .
Similar to the previous chapter, to describe the closed-loop PETC system,
we first have to introduce the memory variable s ∈ Rny , the timer τ ∈ [0, h], the
integer κ ∈ N, and the boolean l ∈ {0, 1}. The role of these variables will be
explained below. Finally, we define
ζ := (y, s) ∈ R2ny
and the state
ξ := (xp , xc , ŷ, s) ∈ Rnξ
with nξ = nxp + nxc + ny + ny .
In the PETC case, the dynamic variable η will evolve according to
d
dt η(t)
+

= Ψ(ô(t)),

η(t ) = ηT (ô(t)),
+

η(t ) = ηN (ô(t)),

t ∈ R>0 \ {sn }n∈N ,
t ∈ {tk }k∈N ,

t ∈ {sn }n∈N \ {tk }k∈N ,

(4.3a)
(4.3b)
(4.3c)

where the functions Ψ, ηT , and ηN are to be designed and where the signal
ô : R>0 → R2ny × [0, h] × N × {0, 1} × R given by
ô(t) := (ζ(sn ), τ (t), κ(t), l(t), η(t)), t ∈ (sn , sn+1 ]
is the information that is available to the periodic event-generator.

(4.4)
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We can now describe the closed-loop system as
ξ(t)
τ (t)
κ(t)
l(t)
η(t)



ξ(t+ )
τ (t+ )
κ(t+ )
l(t+ )
η(t+ )



ξ(t+ )
τ (t+ )
κ(t+ )
l(t+ )
η(t+ )



ξ(t+ )
τ (t+ )
κ(t+ )
l(t+ )
η(t+ )




d
dt




























 
 
=
 
 


 
 
=
 
 


 
 
=
 
 


 
 
=
 
 

Aξ(t) + Bw(t)
1
0
0
Ψ(ô(t))

J0 ξ(t)

0

κ(t) 
,

1
ηT (ô(t))

J1 ξ(t)
τ (t) 

κ(t) + 1 
,

0
η(t)

ξ(t)

0

κ(t) 
,

l(t)
ηN (ô(t))

z(t) = Cξ(t) + Dw(t).




,



t ∈ R>0
t∈
/ {sn }n∈N
t∈
/ {tk + τk }k∈N

(4.5a)

l=0
t ∈ {tk }k∈N

(4.5b)

l=1
t ∈ {tk + τk }k∈N

(4.5c)

l=0
t ∈ {sn }n∈N
t∈
/ {tk }k∈N

(4.5d)

(4.5e)

In this model, τ ∈ [0, h] tracks the time that has elapsed since the last sample
time, in contrast with the CETC case, in which τ tracked the time since the
last transmission. All other variables have the same interpretation as in the
CETC case in Chapter 3, i.e., the integer κ ∈ N is used to count the number of
(received) transmissions, and the boolean l ∈ {0, 1} indicates whether the next
jump is a transmission (when l = 0) or an update (when l = 1). Furthermore,
(4.5b) models the jumps at transmission times tk , k ∈ N, (4.5c) models the
jumps at update times tk + τk , k ∈ N (when the transmitted data arrives at the
controller), (4.5d) models the jumps at sample times sn 6= tk , n, k ∈ N, at which
no transmission occurs, and (4.5a) models the flow in between jumps.
The sequence of transmission times {tk }k∈N will be generated by the dynamic
periodic event-generator
t0 = 0, tk+1 = min{t > tk |

ηN (ô(t)) 6 0 ∧ ζ > (t)Qζ(t) > 0, t ∈ {sn }n∈N }. (4.6)

As in the CETC case, the model (4.3), (4.6) can also capture static periodic
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event-generators by choosing η(0) = 0 and
Ψ(ô) = 0

(4.7a)

ηT (ô) = 0

(4.7b)

ηN (ô) = 0

(4.7c)

for all ô ∈ R2ny × [0, h] × N × {0, 1} × R, as then we have that η(t) = 0 for all
t ∈ R>0 , and the dynamic periodic event-generator (4.6) reduces to the static
periodic event-generator
t0 = 0, tk+1 = min{t > tk | ζ(t)> Qζ(t) > 0, t ∈ {sn }n∈N }.

(4.8)

Definition 4.1. The PETC system (4.5)-(4.6) is said to be input-to-state exponentially stable (ISES), if there exist functions α ∈ K∞ , β ∈ KL, and scalars
c > 0, γ > 0, and ρ > 0 such that for any initial condition ξ(0) = ξ0 ∈ Rnξ ,
τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0, and any sequence of delays {τk }k∈N with
τk ∈ D for all k ∈ N, all corresponding solutions to (4.5)-(4.6) with w ∈ L∞
satisfy |ξ(t)| 6 ce−ρt |ξ0 | + γkwkL∞ and |η(t)| 6 β(|ξ0 |, t) + α(kwkL∞ ) for all
t ∈ R>0 . In this case, we call ρ a (lower bound on the) decay rate.
Definition 4.2. The PETC system (4.5)-(4.6) is said to have an L2 -gain from
w to z smaller than or equal to θ, if there exists a function δ ∈ K∞ such that for
any initial condition ξ(0) = ξ0 ∈ Rnξ , τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0,
and any sequence of delays {τk }k∈N with τk ∈ D for all k ∈ N, all corresponding
solutions to (4.5)-(4.6) with w ∈ L2 satisfy kzkL2 6 δ(|ξ0 |) + θkwkL2 .
Before proceeding, we again introduce the matrices Y ∈ R2ny ×nξ as in (3.16)
and T ∈ Rnξ ×(nxp +nxc +ny ) as in (3.17), i.e.,


I O O


 O I O 
Cy Dy Cu Dy Du O

and T := 
Y :=
 O O I .
O
O
O
I
O O I

4.3

Main results

In this section we will present our main results. First, in Section 4.3.1, we will
propose static periodic event-generators, and in 3.3.2 we will propose dynamic
periodic event-generators which generate the transmission times based on an
additional dynamic variable η ∈ R that is included in the event-generator.

4.3.1

Static PETC

Before designing the dynamics of (4.3) and analyzing ISES and L2 -stability of
the system (4.5) with the dynamic event-generator (4.6), we will first consider
static periodic event-generators of the form (4.8).
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To analyze ISES and L2 -stability of the static PETC system (4.5) with (4.7)
and (4.8), we will use the Lyapunov/storage function U given by
U (ξ, τ, κ, l, η) = V (ξ, τ, κ, l) + η

(4.9)

with V given by
(
V (ξ, τ, κ, l) =

ξ > P1τκ (τ )ξ,
>

ξ P0 (τ )ξ,

l = 1, and τ ∈ [0, τκ ],
l = 0, and τ ∈ [0, h],

(4.10)

Here, P0 : [0, h] → Rnξ ×nξ is a continuously differentiable function with P0 (τ ) 
0 for τ ∈ [0, h], and for all d ∈ D, P1d : [0, d] → Rnξ ×nξ is a continuously
differentiable function with P1d (τ )  0 for τ ∈ [0, d]. The functions P0 , P1d ,
d ∈ D, will be chosen such that (4.9) becomes a storage function [96,106] for the
PETC system (4.5) with (4.7) and (4.8), with the supply rate θ−2 z > z − w> w
and decay rate 2ρ. In particular, we will select the functions P0 , P1d , d ∈ D, to
satisfy the Riccati differential equation
d
dτ P0 (τ )
d
d
dτ P1 (τ )

= R(P0 (τ ))
=

R(P1d (τ )),

(4.11)
d ∈ D,

(4.12)

where R denotes the Riccati operator
R(P ) = −A> P − P A − 2ρP − θ−2 C > C

− (P B + θ−2 C > D)M (B > P + θ−2 D> C). (4.13)

Here, M := (I − θ−2 D> D)−1 is assumed to exist and to be positive definite,
which corresponds to θ2 > λmax (D> D). Note that in (3.23) we also included
the term NF , which we exploited in (3.33a). However, as in the PETC case we
only know the value of ζ at sample times {sn }n∈N , we cannot exploit the term
NF in this case and therefore omitted the term NF in (4.13).
As in the previous chapter, V given by (4.10) depends on the delay τκ of the
current transmission, and thus the Lyapunov/storage function U is parametrized
by the delay sequence {τk }k∈N . However, as we will see below, based on this
parametrized function U we are able to guarantee ISES and L2 -stability for any
sequence of delays {τk }k∈N with τk ∈ D and D satisfying Assumption 3.1.
In order to find the explicit expressions for the functions P0 , P1d , d ∈ D, we
introduce the Hamiltonian matrix


A+ρI+θ−2 BM D>C
BM B >

H :=
(4.14)
−C >LC
− A+ρI+θ−2 BM D>C >
in which L := (θ2 I − DD> )−1 , and we define the matrix exponential


F11 (τ ) F12 (τ )
−Hτ
F (τ ) := e
=
.
F21 (τ ) F22 (τ )

(4.15)
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d
P0 (τ ) = R(P0 (τ )) are well defined on [0, h]
To guarantee that solutions to dτ
d
d
and that solutions to dτ P1 (τ ) = R(P1d (τ )) are well defined on [0, d], d ∈ D, we
will make use of Assumption 3.4.
The function P0 : [0, h] → Rnξ ×nξ is now explicitly defined for τ ∈ [0, h] by

P0 (τ ) = (F21 (h − τ ) + F22 (h − τ )P0 (h))

(F11 (h − τ ) + F12 (h − τ )P0 (h))

−1

, (4.16)

and the functions P1d : [0, d] → Rnξ ×nξ , d ∈ D, are now explicitly defined for
τ ∈ [0, d] by

P1d (τ ) = F21 (d − τ ) + F22 (d − τ )P1d (d)
−1
F11 (d − τ ) + F12 (d − τ )P1d (d)
, (4.17)
see [6, 45] for further details.
Before stating the next theorem, let us introduce the notation P00 = P0 (0),
d
d
P0d = P0 (d), P0h = P0 (h), P10
= P1d (0), P1d
= P1d (d), the functions
for τ ∈ [0, h],

G0 (τ ) := F11 (τ )−> P0h F11 (τ )−1 + F21 (τ )F11 (τ )−1

(4.18)

d
Gd1 (τ ) := F11 (τ )−> P1d
F11 (τ )−1 + F21 (τ )F11 (τ )−1

(4.19)

for τ ∈ [0, d], d ∈ D, and finally a matrix function S : [0, h] → Rnξ ×nξ that
satisfies S(τ )S(τ )> := −F11 (τ )−1 F12 (τ ) for τ ∈ [0, h]. A matrix S(τ ) exists
under Assumption 3.4, because this assumption will guarantee that the matrix
−F11 (τ )−1 F12 (τ ) is positive semi-definite [45].

Theorem 4.3. If Assumption 3.1 holds, and there exist matrices NT , NN ∈
d
d
R2ny ×2ny with NT , NN  0, P0h , P1d
∈ Rnξ ×nξ with P0h , P1d
 0, and scalars
d
θ, ρ, β, µ ∈ R>0 , d ∈ D, such that Assumption 3.4 holds and the matrix inequalities
 > d

d
J0 G1 (d)J0 J0> F11 (d)−> P1d
S(d)
d
S(d)
?
S(d)> P1d


P0h − Y > (NT + µd Q)Y O
≺
, (4.20)
O
I
 >
  d

J1 G0 (h − d)J1 J1> F11 (h − d)−> P0h S(h − d)
P1d O
≺
, (4.21)
O
I
?
S(h − d)> P0h S(h − d)
and
 >

T G0 (h)T T > F11 (h)−> P0h S(h)
?
S(h)> P0h S(h)

 >

T P0h − Y > (NN − βQ)Y T O
≺
, (4.22)
?
I
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hold for all d ∈ D, then the static PETC system (4.5) with (4.7) and (4.8) is
ISES with decay rate ρ, and has an L2 -gain from w to z smaller than or equal
to θ.

4.3.2

Dynamic PETC

In this section we present our design for a dynamic periodic event-generator,
which follows from the analysis in Section 4.3.1. As in Section 3.3.2, the idea is
to store the extra/unnecessary decrease of V in the dynamic variable η (as much
as possible), which again acts as a buffer. When a transmission is necessary
according to the static event-generator (i.e., when τ = h and ζ > Qζ > 0) the
term −ζ > (NN − βQ)ζ can become positive, in which case the function V will
increase along the jump (4.5d) with the excess amount −ζ > (NN − βQ)ζ if we
do not transmit. However, as long as the buffer η is large enough to compensate
for this increase in V (which is when ηN > 0), we can compensate for this excess
increase in V by reducing η, and thus we can postpone the transmission. As a
result, the conservatism in the stability analysis is reduced, and the same L2 -gain
and decay rate can be guaranteed with typically less transmissions, as will also
be demonstrated by a numerical example in Section 4.6. In this way, our design
will lead to a dynamic PETC system with the same L2 -gain θ and decay rate
ρ as the static PETC system (4.5) with (4.7) and (4.8), but with a significant
reduction in the number of transmissions.
We select the flow dynamics (4.3a) of η as
Ψ(ô) = −2ρη, for τ ∈ [0, h].

(4.23)

η(sn+1 ) = e−2ρh η(s+
n ).

(4.24)

Remark 4.4. As η + = η at update times tk + τk , k ∈ N, and Ψ is given
by (4.23), it follows that

Thus, since the event-generator only needs to know the value of η at sample times
sn , n ∈ N, the variable η does not need to continuously evolve according to (4.3a)
in the event-generator. Instead we can use the discrete-time dynamics (4.24).
For the functions ηT and ηN we will provide the following two different designs.
1) State-based dynamic PETC:

d
ηT (ô) = η + min ξ > P0h − J0> P10
J0 ξ,

(4.25a)

ηN (ô) = η + ξ (P0h − P00 )ξ.

(4.25b)

d∈D
>

2) Output-based dynamic PETC:
ηT (ô) = η + ζ > NT ζ,
>

ηN (ô) = η + ζ (NN − βQ) ζ.

(4.26a)
(4.26b)
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d
Here, the scalars ρ and β, and the matrices NT , NN , P00 , P0h , P10
∈ Rnξ ×nξ , d ∈
D, follow from the stability analysis of the static PETC system in Theorem 4.3.
The first design requires that the full state ξ(sn ) is known to the eventgenerator at sample time sn . The second design is more conservative, but can
also be used in case the event-generator does not have access to the full state ξ.
Hence, this choice can be used for output-based dynamic PETC.

Theorem 4.5. If the conditions of Theorem 4.3 hold, then the dynamic PETC
system (4.5) with (4.6), (4.23), and ηT and ηN given by (4.25) or (4.26) is ISES
with decay rate ρ, and has an L2 -gain from w to z smaller than or equal to θ.

4.4

Reduced conservatism using state-space partitioning

In this section we present less conservative conditions based on the piecewise
quadratic Lyapunov/storage functional technique as in Section 3.4.
Define the regions
Xi := {ξ ∈ Rnξ | Xi ξ > 0}, i ∈ {1, 2, . . . , N }, N ∈ N,

(4.27)

where the matrices Xi ∈ Rnξ ×nξ , i ∈ {1, 2, . . . , N }, are such that
SN
{X1 , X2 , . . . , XN } forms a partition of Rnξ , i.e., i=1 Xi = Rnξ , and Xi ∩ Xj
is of zero measure for all i, j ∈ {1, 2, . . . , N }, i 6= j.
Consider the PETC system (4.5), (4.6), and define the function

τκ
max
ξ > Pi,1
(τ )ξ, l = 1, τ ∈ [0, τκ ]


i∈{1,2,...,N }

 s.t. ξ̄(τ −τ,ξ,w )∈X
κ
t
i
(4.28)
V (ξ, τ, κ, l, w, t) =

max
ξ > Pi,0 (τ )ξ, l = 0, τ ∈ [0, h],


i∈{1,2,...,N }

s.t. ξ̄(h−τ,ξ,wt )∈Xi

where again Pi,0 : [0, h] → Rnξ ×nξ are continuously differentiable functions
d
satisfying (4.11), i ∈ {1, 2, . . . , N }, and Pi,1
: [0, d] → Rnξ ×nξ are continuously
differentiable functions satisfying (4.12), d ∈ D, i ∈ {1, 2, . . . , N }.
For the dynamics of η, we again choose Ψ as in (4.23). For the state-based
dynamic periodic event-generator, we now select ηT and ηN as

d
ηT (ô) = η +
max
min
ξ > Pi,0h − J0> Pj,10
J0 ξ,
(4.29a)
d∈D
i∈{1,2,...,N }
s.t. ξ∈Xi j∈{1,2,...,N }

ηN (ô) = η +

max

min

i∈{1,2,...,N } j∈{1,2,...,N }
s.t. ξ∈Xi

ξ > (Pi,0h − Pj,00 ) ξ,

(4.29b)

and for the output-based dynamic periodic event-generator, we again select ηT
and ηN as in (4.26).
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Theorem 4.6. If Assumption 3.1 holds, and there exist matrices NT , NN ∈
d
d
∈ Rnξ ×nξ with Pi,0h , Pi,1d
 0,
R2ny ×2ny with NT , NN  0, Pi,0h , Pi,1d
n ×n

>

>

ξ
ξ
d
d
d
, Wijd = Wijd , and Vij = Vij > , and
Uij
, Wijd , Vij ∈ R>0
with Uij
= Uij
d
scalars β > 0 and µij > 0, d ∈ D, i, j ∈ {1, 2, . . . , N }, such that Assumption 3.4
holds and the matrix inequalities
 > d

d
J0 Gi,1 (d)J0 J0> F11 (d)−> Pi,1d
S(d)
d
?
S(d)> Pi,1d
S(d)


d
Pj,0h − Y > (NT + µdij Q)Y − Xj> Uij
Xj O
≺
, (4.30)
O
I



and


J1> Gj,0 (h − d)J1
?

T > Gi,0 (h)T
?

T > F11 (h)−> Pi,0h S(h)
S(h)> Pi,0h S(h)


≺


J1> F11 (h − d)−> Pj,0h S(h − d)
S(h − d)> Pj,0h S(h − d)
 d
Pi,1d − Xj> Wijd Xj
≺
O

O
I



O
I



,

(4.31)

,

(4.32)




T > Pj,0h − Y > (NN − βQ)Y − Xj> Vij Xj T
?

hold for all d ∈ D and all i, j ∈ {1, 2, . . . , N }, then the dynamic PETC system (4.5) with (4.6), (4.23), and (4.29) or (4.26) is ISES with decay rate ρ, and
has an L2 -gain from w to z smaller than or equal to θ.
Corollary 4.7. If the conditions of Theorem 4.6 hold, then the static PETC
system (4.5) with (4.7) and (4.8) is ISES with decay rate ρ, and has an L2 -gain
from w to z smaller than or equal to θ.

4.5

The delay-free case

In case there are no communication delays, i.e., D = {0}, the sampled output
ŷ(t) is given by
ŷ(t) = y(tk ), t ∈ (tk , tk+1 ].
(4.33)

In this case, the model (4.5) can be simplified, as there is no need for the memory
variable s, the boolean l, or the transmission counter κ. Hence, the state ξ can
be defined by ξ := (xp , xc , ŷ) ∈ Rnξ , with nξ = nxp + nxc + ny , ζ by ζ := (y, ŷ)
and the matrix Y ∈ R2ny ×nξ by


Cy Dy Cu Dy Du
Y :=
(4.34)
O
O
I
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such that ζ = Y ξ. Finally,
ô(t) := (ζ(sn ), τ (t), κ(t), η(t)),

t ∈ (sn , sn+1 ]

(4.35)

is the information that is available to the event-generator. Now, we can write
the delay-free closed-loop system as

 

Aξ(t) + Bw(t)
ξ(t)
d 
,
1
τ (t)κ(t)  = 
t ∈ R>0 \ {(sn }n∈N
(4.36a)
dt
Ψ(ô(t))
η(t)

 

Jξ(t)
ξ(t+ )
,
 τ (t+ )  = 
0
t ∈ {tk }k∈N
(4.36b)
+
ηT (ô(t))
η(t )

 

ξ(t)
ξ(t+ )
,
 τ (t+ )  = 
0
t ∈ {sn }n∈N \ {tk }k∈N (4.36c)
+
ηN (ô(t))
η(t )
z(t) = Cξ(t) + Dw(t),

(4.36d)

where






Ap Bp Cu Bp Du
Bpw
I
Ac
Bc  , B =  O  , J =  O
A= O
Cy
O
O
O
O


C = Cz Dz Cu Dz Du , D = Dzw .

O
I
Dy Cu


O
O ,
Dy Du

At sample times {sn }n∈N , the reset (4.36b) occurs when an event is triggered by
the event-generator, otherwise the state (ξ, τ, η) jumps according to (4.36c). In
between the sample times {sn }n∈N , the system evolves according to the differential equation (4.36a).
To analyze the stability and L2 -gain of the CETC system (4.36) with (4.6)
or (4.8), we will use a Lyapunov/storage function U defined by (3.19), now with
V given by
ξ > Pi (τ )ξ, τ ∈ [0, h],
(4.37)
V (ξ, τ ) =
max
i∈{1,2,...,N }
s.t. ξ̄(h−τ,ξ,wt )∈Xi

where again Pi : [0, h] → Rnξ ×nξ are continuously differentiable functions satisfying (4.11) with Pi (τ )  0 for τ ∈ [0, h], i ∈ {1, 2, . . . , N },
For the dynamics of η, we again choose Ψ as in (4.23). For the state-based
dynamic periodic event-generator, we now select ηT and ηN as

ηT (ô) = η +
max
min
ξ > Pi,h − J > Pj,0 J ξ,
(4.38a)
i∈{1,2,...,N } j∈{1,2,...,N }
s.t. ξ∈Xi

ηN (ô) = η +

max

min

i∈{1,2,...,N } j∈{1,2,...,N }
s.t. ξ∈Xi

ξ > (Pi,h − Pj,0 ) ξ,

(4.38b)
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and for the output-based dynamic periodic event-generator, we again select ηT
and ηN as in (4.26).
Theorem 4.8. If there exist matrices NT , NN ∈ R2ny ×2ny with NT , NN  0,
nξ ×nξ
>
, Wij = Wij> ,
Pi,h ∈ Rnξ ×nξ with Pi,h  0, Uij , Wij , Vij ∈ R>0
with Uij = Uij
>
and Vij = Vij , and scalars β > 0 and µij > 0, i, j ∈ {1, 2, . . . , N }, such that
Assumption 3.4 holds and the matrix inequalities


and


J0> Gi (h)J0
?


J0> F11 (h)−> Pi,h S(h)
S(h)> Pi,h S(h)

Pj,h − Y > (NT + µij Q)Y − Xj> Uij Xj
≺
O

O
I




Gi (h) F11 (h)−> Pi,h S(h)
?
S(h)> Pi,h S(h)

Pj,h − Y > (NN − βQ)Y − Xj> Vij Xj
≺
?

O
I



(4.39)

(4.40)

hold for all i, j ∈ {1, 2, . . . , N }, then the delay-free dynamic PETC system (4.36)
with (4.6), (4.23), and (4.38) or (4.26) is ISES with decay rate ρ, and has an
L2 -gain from w to z smaller than or equal to θ.
Corollary 4.9. If the conditions of Theorem 4.8 hold, then the delay-free static
PETC system (4.36) with (4.7) and (4.8) is ISES with decay rate ρ, and has an
L2 -gain from w to z smaller than or equal to θ.
In [46] it is shown that stability and contractivity (in the sense that the L2 gain is smaller than 1) of the delay-free static PETC system (4.36) with (4.7)
and (4.8) is equivalent to stability and contractivity (in the sense that the l2 gain is smaller than 1) of a specific discrete-time piecewise-linear system. Hence,
the L2 -gain of the hybrid system (4.36) with (4.7) and (4.8) can be determined
by studying the l2 -gain of a discrete-time piecewise linear system, for which
less conservative methods are available using piecewise quadratic Lyapunov/
storage functions and S-procedure relaxations, see [46, Theorem V.1]. Moreover,
in [46, Section IV] it is shown that the LMI conditions in [45, Theorem III.2] with
ρ = 0 and θ = 1 can be interpreted as l2 -gain conditions on the discrete-time
piecewise linear system using a common quadratic Lyapunov/storage function,
and that the LMI conditions in Theorem 4.8 (or [98, Theorem IV.2]) with ρ = 0
and θ = 1 can be interpreted as l2 -gain conditions on the discrete-time piecewise
linear system using a piecewise quadratic Lyapunov/storage function with only
a single S-procedure relaxation. Here we did not attempt to further reduce the
conservatism in our L2 -gain estimate as in, e.g., [46]. Instead, our proposed
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dynamic periodic event-generator exploits this conservatism in our analysis in
order to extend the transmission intervals, and, correspondingly, further reduce
the amount of communication in the system, while preserving the same L2 -gain
guarantee.
Remark 4.10. When Q is given by (3.14) with σ = 0, the delay-free static
PETC system (4.36) with (4.7) and (4.8) reduces to a sampled-data system.
Moreover, in this case the related discrete-time piecewise linear system reduces to a discrete-time LTI system, for which the l2 -gain conditions using a
common quadratic Lyapunov/storage function are non-conservative (see [34,
Lemma 5.1]). Hence, for delay-free sampled-data systems, Theorem 4.8, [45,
Theorem III.2], [98, Theorem IV.2], and [46, Theorem V.1] are equivalent and
can all be used to determine exact (i.e., non-conservative) L2 -gains.

4.6

Numerical examples

Here, we demonstrate our results via three numerical examples. First, in Section 4.6.1 we consider a system without communication delays, for which we
evaluate the performance of the static, state-based dynamic, and output-based
dynamic periodic event-generators, and compare this with the less conservative
results from [46] for the static event-generator. Second, in Section 4.6.2 we consider the unstable batch reactor benchmark system (with communication delays),
for which we compare the performance of the static and output-based dynamic
periodic event-generators proposed in this chapter, and the static and outputbased dynamic continuous event-generators with time regularization proposed
in Chapter 3. Finally, in Section 4.6.3 we show how less conservative L2 -gain
estimates can be achieved by partitioning the state-space as in Section 4.4.

4.6.1

PETC without delays

In this section we consider the example from [89], with open-loop unstable plant
P given by (3.4) with nxp = ny = 2 and

Ap =

0
−2

Cy = Cz = I,

1
3




,

Bp =

0
1




,

Bpw =

1
0


,

Dy = Dz = Dzw = O,

and controller C given by (3.5) with nxc = 0 and


Du = 1 −4 .
Note that this is a static state-feedback controller, and thus both (4.38)
and (4.26) can be used.
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Results for Theorem 4.8

Figure 4.1(a) shows the guaranteed L2 -gain θ as a function of the timer threshold h based on Theorem 4.8, where we used Q as in (3.14) with σ = 0.2,
ρ = 0, N = 1, and X1 = O. This L2 -gain holds for the static eventgenerator (4.8) with (4.7), as well as for the state-based dynamic eventgenerator (4.6) with (4.23) and (4.38), and the output-based dynamic eventgenerator (4.6) with (4.23) and (4.26). For each h, the L2 -gain θ is minimized
via a bisection algorithm, and the matrices NT , NN , Ph and P0 and scalars µ and
β are found numerically by solving the LMIs (4.39) and (4.40). Additionally,
for the three different event-generators, Figure 4.1(a) shows the actual ratios
kzkL2 /kwkL2 for the disturbance w given by
w(t) = e−0.2t sin(t/4),

(4.41)

which have been obtained by simulating the PETC systems for 120 time units
with ξ(0) = (0, 0, 0, 0) and disturbance w given by (4.41). Figure 4.1(b) shows
the average inter-event times τavg = (total number of events)/(simulation time)
for the static and dynamic event-generators, which have been obtained by the
same simulations.
Note that for delay-free static PETC systems the conservatism in the L2 gain analysis of Theorem 4.8 is purely caused by the fact that the jump map
given by (4.36b) and (4.36c) is piecewise linear, see also Remark 4.10. Hence,
when h decreases, also the conservatism in the L2 -gain analysis increases (as
also the number of jumps increases). This explains why the guaranteed L2 -gain
θ increases when h becomes small.
The dynamic event-generators exploit (part of) the conservatism in the L2 gain analysis of Theorem 4.8 by storing as much as possible of the unnecessary
decrease of V in the buffer η. Transmissions are then postponed (compared
to when using the static event-generator) by generating events only when this
buffer would become empty (or negative) otherwise. This leads to significantly
larger τavg , see Figure 4.1(b), while the control performance guarantees are not
affected (although the actual ratios kzkL2 /kwkL2 do increase, see Figure 4.1(a)).
4.6.1.2

Comparison with [46]

As already mentioned, for the delay-free static PETC system (4.36) with (4.7)
and (4.8), a tighter upper bound θ on the L2 -gain can be calculated using [46,
Theorem V.1]. Our new dynamic PETC systems cannot be captured in the
framework of [46] because of the quadratic terms in (4.38a), (4.38b), (4.26a),
and (4.26b). Hence, we can only compare our new results for dynamic PETC
systems in Theorem 4.8 to [46, Theorem V.1] for static PETC systems. In
order to do so, the L2 -gain estimate using [46, Theorem V.1] is also shown
in Figure 4.1(a) (where we partitioned the state-space into two regions using
X1 = Y > QY and X2 = −Y > QY , see [46] for more details).
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10
θ from Theorem 4.8
θ from [46, Theorem V.1]
kzkL2 /kwkL2 , static
kzkL2 /kwkL2 , output-based dynamic
kzkL2 /kwkL2 , state-based dynamic

L2 -gain θ

8
6
4
2
0

0

0.1

0.2

0.3
h

0.4

0.5

0.6

(a)

0.8

τavg

0.6

0.4

static
output-based dynamic
state-based dynamic

0.2

0

0

0.1

0.2

0.3
h

0.4

0.5

0.6

(b)

Figure 4.1: Guaranteed L2 -gains θ (solid lines) and actual ratios kzkL2 /kwkL2
(dashed lines) for varying h (a) and average inter-event times τavg for varying h
(b).
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In Figure 4.1(a) we can see that when an L2 -gain θ = 2.2 is acceptable, we
can select h = 0.56 when using the static event-generator (based on [46, Theorem V.1]), or h = 0.50 when using either of the dynamic event-generators (based
on Theorem 4.9). In Figure 4.1(b) we can then see that for the disturbance
w given by (4.41), the average inter-event time τavg for both dynamic eventgenerators with h = 0.50 is much higher than τavg of the static event-generator
with h = 0.56. Hence, for identical control performance guarantees, we can
find a higher guaranteed minimum inter-event time h when using static PETC,
but higher average inter-event times τavg might be obtained by using dynamic
PETC (although no guarantees can be given as τavg depends on the disturbance
w). As a result, there is no clear answer to whether static or dynamic PETC is
better, and which PETC variant one should use depends on the constraints and
requirements of the control problem at hand (e.g., whether a higher h or higher
τavg is preferred).

4.6.2

PETC and CETC with delays

Consider the unstable batch reactor of [49, 69, 100], with nxp = 4, nxc = 2,
ny = nw = nu = nz = 2, and plant and controller dynamics given by (3.4)
and (3.5) with


Ap

Bp

Cy
Dy

1.3800 −0.2077
6.7150
 −0.5814 −4.2900
0.0000
=
 1.0670
4.2730 −6.6540
0.0480
4.2730
1.3430



0.0000
0.0000
 5.6790

0.0000 


=
 1.1360 −3.1460  , Bpw = 
1.1360
0.0000



1 0 1 −1
= Cz =
, Cu =
0 1 0
0


0 0
= Dz = Dzw = Ac =
.
0 0


−5.6760
0.6750 
,
5.8930 
−2.1040

10 0


0 5 
 , Bc = 0 1 ,
10 0 
1 0
0 5



−2 0
0 −2
, Du =
, and
0 8
5
0

and D = {0.01, 0.0125, 0.0150, 0.0175, 0.02}. Note that for this system y 6=
(xp , xc ), and thus we cannot use (3.34), (4.25), (3.40), or (4.29), but we have
to resort to (3.35) for the dynamic CETC case and to (4.26) for the dynamic
PETC case.
We choose h = 0.1, Q given by (3.14), NF = O, and ρ = 0.05. For each
choice of σ we minimize the L2 -gain θ, using Theorem 3.5 for the CETC case
and Theorem 4.3 for the PETC case, from which also the matrices NT and NN
follow.
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Figure 4.2(a) shows the guaranteed L2 -gain θ as a function of σ for both
the CETC and PETC approaches. Figure 4.2(b) shows the average inter-event
times τavg for the static and (output-based) dynamic event-generators, which
have been obtained by simulating the system 10 times for 40 time units with
ξ(0) = 0 and disturbance w given by
w(t) = e−0.2t



5 sin(3.5t)
− cos(3t)


.

(4.42)

Finally, Figure 4.2(c) shows the actual ratio kzkL2 /kwkL2 for disturbance w
given by (4.42), which has been obtained from the same simulations.
In Figure 4.2(b) we see that, while the control performance guarantees for the
dynamic CETC and PETC systems are identical to the performance guarantees
for their static counterparts, the dynamic event-generators exploit (part of) the
conservatism in the L2 -gain analysis of Theorems 3.5 and 4.3 to postpone the
transmissions. This leads to significantly larger τavg , see Figure 4.2(b), while
the control performance guarantees are not affected (although the actual ratios
kzkL2 /kwkL2 do increase, see Figure 4.2(c)).
To compare these results with [22], note that for given ρ and θ the waiting
time h (or τM IET in the terminology of [22]) of the continuous event-generator
proposed in [22] cannot exceed the maximally allowable transmission interval
(MATI) of [49]. Moreover, for the same example in [49, Section IV] we can
calculate that when using the sampled-data protocol, no notion of stability can
be guaranteed for MATI larger than 0.063, even without delays. In contrast, here
we guarantee ISES and L2 -stability for h = 0.1, in the presence of delays. Hence,
our new framework tailored to linear systems is clearly much less conservative
than our previous results for nonlinear systems in [22].

4.6.3

Reduced conservatism using Section 4.4

In this example we show how the conservatism of the ISES and L2 -stability
analysis can be further reduced by partitioning the state-space as in Section 4.4.
Consider the example from [12, Section VI.B], with nxp = 2, nxc = 0, ny =
nw = nu = nz = 1, and matrices


1
−3

Cy = Cz = 1

Ap =

0
0



 
0
, Bp = Bpw =
,
1

 


0 , Dy = Dz = Dzw = 0 , and Du = −3 ,

where we include communication delays, with D = {0, 0.1, 0.2}. We will control
the system using a periodic event-generator with h = 1, Q as in (3.14), NF = O,
and ρ = 0.05.
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PETC Theorem 4.3
CETC Theorem 3.5
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Figure 4.2: Guaranteed L2 -gain θ for varying σ (a), average inter-event times
τavg for disturbance w given by (4.42) and different event-generators (b), and
actual ratio kzkL2 /kwkL2 for disturbance w given by (4.42) (c).
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We partition the state-space as in (4.27), with N = 10 and matrices


− sin(φi )
cos(φi )
0 0
 sin(φi+1 ) − cos(φi+1 ) 0 0 
,
Xi = 
(4.43)

0
0
0 0 
0
0
0 0
with

2π
, for i ∈ {1, 2, . . . , N + 1}.
(4.44)
N
Figure 4.3 shows the guaranteed L2 -gain θ as a function of σ for the PETC
approach using Theorem 4.3, and using the less conservative conditions of Theorem 4.6 with the state-space partition as defined above. The matrices NT
φi = (i − 1)

L2 -gain θ

2.5

PETC Theorem 4.3
PETC Theorem 4.6

2

1.5
1
0

0.1

0.2

0.3

0.4

0.5

σ

Figure 4.3: Guaranteed L2 -gain θ for varying σ.
and NN and the scalar β were found numerically based on Theorem 4.3. In
Theorem 4.6 we then used the same values for NN , NT , and β, such that the
resulting design for the output-based dynamic periodic event-generator is identical for both theorems, and any difference in θ can be solely attributed to
the partitioning of the state-space and the use of piecewise quadratic Lyapunov
functions.
Clearly, by using piecewise quadratic Lyapunov/storage functionals even
tighter guarantees on the L2 -gain can be achieved. However, while the performance guarantees become tighter when the number of regions N in the partition is increased, also the computational complexity of the required calculations
becomes larger.

4.7

Conclusions

We proposed a new method for the design of static and dynamic periodic eventgenerators for linear systems with (and without) communication delays. Our designs lead to closed-loop hybrid systems which are globally exponentially stable

78

Chapter 4. Periodic event-triggered control for linear systems

with a guaranteed decay rate and L2 -stable with a guaranteed L2 -gain. Moreover, for identical control performance guarantees, our new dynamic periodic
event-generators typically generate fewer events than the corresponding static
periodic event-generator (even in the delay-free case, for which tighter L2 -gain
estimates can be found for static PETC systems). Finally, our new dynamic
event-generators are the first in literature that only require periodic sampling of
the state or output of the system, making our new designs much easier to implement on digital platforms than other dynamic event-generators that require
continuous measuring of the system.

Chapter 5

Experimental validation of
Riccati-based CETC and PETC
Abstract – Cooperative adaptive cruise control (CACC) is an advanced cruise control system
that makes use of wireless communication between vehicles in order to improve fuel efficiency,
safety, and traffic throughput. In this chapter we apply the Riccati-based design procedures
for continuous event-generators with time-regularization as proposed in Chapter 3 and periodic event-generators as proposed in Chapter 4 to the problem of vehicle platooning using
CACC. The effectiveness of the new ETC designs for CACC is validated by simulations and
experiments on a platoon of Toyota Prius III Executive vehicles.

5.1

Introduction

Traffic congestion is caused by insufficient road capacity, accidents, and driver
distractions (e.g., by accidents on the other side of the guard rail). Moreover, in
heavy traffic a small disturbance (e.g., a single driver braking too hard) can be
amplified along the string of vehicles, leading to so-called phantom traffic jams.
Automated driving systems using vehicle-to-vehicle communication can potentially reduce the amount of traffic congestion by a large degree. These systems
have a huge economic potential, as it is estimated that highway congestion has
cost the Dutch economy e655 to e852 million in 2014 [30], and even e857–1,114
million in 2015 [31].
Adaptive cruise control (ACC) systems regulate the speed of a vehicle based
on radar measurements, in order to maintain a safe distance from vehicles ahead.
Cooperative adaptive cruise control (CACC) systems [65, 76, 86], see Figure 5.1,
additionally use wireless communication to transmit the current control input to
The experimental results in this chapter have also been reported in [97].
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the vehicles behind (and in some cases also to the vehicles in front), such that the
followers can use this signal for feedforward control, which greatly improves the
tracking performance. In this way, the inter-vehicle distance can be significantly
reduced, which improves fuel efficiency and road capacity. Moreover, a welldesigned CACC system will attenuate disturbances throughout the string of
vehicles, such that phantom traffic jams no longer occur [76]. This is called
string stability. Finally, CACC systems eliminate the effects of distractions and
driver errors, thereby improving safety and traffic flow.
wireless
communication
vi + 1

i +1

di + 1

vi

radar

i

vi ‒ 1

di

i –1

di ‒ 1

Figure 5.1: Platoon of vehicles using CACC [75].
As the available communication bandwidth in the wireless communication
medium is limited, it is important that vehicles only access the network when
this is really necessary, as otherwise communication delays and packet loss probabilities quickly increase with the number of vehicles in the platoon [7,57]. Indeed,
when each vehicle is periodically transmitting its control input at the fixed rate
of 10Hz, the ratio of decodable packets can drop to below 20% at busy motorway
junctions [28], in which case the CACC system effectively degrades to an ACC
system with obvious effects on the control performance.
In order to reduce the load on the wireless communication medium, the dynamic CETC approach for nonlinear systems from [22] was applied to CACC
systems in [25]. In [25], simulations and experiments on a platoon of Toyota Prius
III Executive vehicles show that, compared to periodic time-triggered communication, near-identical control performance can be achieved with a significant
reduction in communication using dynamic CETC. While the CETC approach
of [22] holds for general nonlinear systems, dynamics of the Toyota Prius in the
longitudinal direction is modeled with as a linear system, which is achieved by
using feedback linearization as in, e.g., [37]. As a result, the dynamics relevant to the CACC system is linear, and also our new Riccati-based CETC and
PETC designs can be applied. As for linear systems the Riccati-based CETC
approach in Chapter 3 (which is tailored to linear systems) was shown to be less
conservative than the approach for general nonlinear systems in [22], also better
results on the CACC application might be expected. Moreover, the continuous
event-generator of [22] (and also those designed in Chapter 3) cannot be exactly
implemented on a digital platform, and thus the event-generator of [22] was dis-
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cretized in order to be implemented in [25]. The periodic event-generators of
Chapter 4 do not have this problem, and can be implemented exactly. Therefore, in this chapter, we apply the Riccati-based design procedures for continuous
event-generators with time-regularization as proposed in Chapter 3, and periodic
event-generators as proposed in Chapter 4, to the problem of vehicle platooning
using CACC. The effectiveness of our new ETC designs is validated by simulations (for the CETC and PETC approaches) and experiments (only the PETC
approaches) on a platoon of Toyota Prius III Executive vehicles, and compared
to the results in [25].
As in [22,25], we do not consider packet losses in this chapter, assuming that
the packet loss probability is small. Note however that the continuous eventgenerator from [22] can be made robust to packet drops, see [23, 24]. Similar
ideas might apply to the frameworks of Chapters 3 and 4.

5.2

Model

We consider a platoon of N ∈ N identical vehicles as in Figure 5.1. The objective of the CACC system is to make each vehicle i ∈ {2, 3, 4, · · · , N } follow its
preceding vehicle i − 1 at the desired distance (or spacing policy) dr,i , given at
time t ∈ R>0 by
dr,i (t) = r + hd vi (t),
(5.1)
where vi (t) is the speed of vehicle i at time t ∈ R>0 , r ∈ R>0 the desired standstill
distance, and hd ∈ R>0 the desired time gap. To achieve this goal, the controller
has access to radar measurements of the actual distance di (t) between vehicle i
and vehicle i − 1, and to (samples of) the control input ui−1 to vehicle i − 1,
which are received via a wireless communication network (based on the IEEE
802.11p standard). The received signal ûi−1 is used as a feedforward control
signal, which greatly improves the tracking performance of vehicle i, allowing
for much smaller time headways hd than when no communication is used (which
corresponds to ACC). Clearly, a smaller value of hd leads to a reduced intervehicle distance, which improves fuel efficiency and road capacity, as already
mentioned.
We will use the same control scheme as in [25], depicted by the block scheme
in Figure 5.2 for i ∈ {2, 3, 4, · · · , N }. For i = 2, this block scheme describes
the lead vehicle of the platoon (corresponding to i = 1) and the first follower
(i = 2). As the lead vehicle obviously has no vehicle to follow, its input ξ¯1
is a virtual reference signal. For i = 3, the block scheme describes the third
vehicle (i = 3) and again part of vehicle i = 2. Hence, the block scheme in
Figure 5.2 models the platoon of vehicles as overlapping subsystems [87]. As
we will clarify later on, this allows us to design the event-generator (denoted by
ETM in the block scheme) based on a single overlapping subsystem, instead of a
monolithic model containing the entire platoon. The design approach based on
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Figure 5.2: Control scheme of the event-triggered CACC setup [25].
such a monolithic model becomes intractable for platoons with a large number of
vehicles. Moreover, the design based on a single overlapping subsystem does not
require knowledge of the platoon size N , and hence, leads to event-generators
that are independent of N .
In Figure 5.2, for the i-th vehicle, ξ¯i is the desired acceleration, ui the control
input, ûi−1 the received control input of the preceding vehicle, qi the rear-bumper
position, di the distance from the front bumper of vehicle i to the rear bumper of
vehicle i − 1, ei = di − dr,i the error between the actual and desired inter-vehicle
distance, r the desired standstill distance, and Li the length of the vehicle.
Moreover, ETM denotes the event-generator, H (part of) the spacing policy, Vi
the dynamics of the i-th vehicle, Ci the controller of the i-th vehicle, and N the
wireless communication network.
The dynamics of the i-th vehicle in the longitudinal direction is given by the
transfer function [74]
Vi (s) =

qi (s)
1
= 2
e−φs ,
ui (s)
s (τc s + 1)

(5.2)

where τc is a time constant representing drive-line dynamics, and φ ∈ R>0 is a
time delay. The filter H is used to enforce the spacing policy (5.1), and is given
by the transfer function
H(s) = hd s + 1.
(5.3)
The spacing error ei is then given by
ei (t) = di (t) − dr,i (t) = (qi−1 (t) − qi (t) − Li ) − (r − hd vi (t)).
We apply the control law as designed in [76], given by
d
ξ¯i (t) = kp ei (t) + kd dt
ei (t) +
|
{z
}
Ci

ûi−1 (t), i ∈ N̄
| {z }
feedforward

(5.4)
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with controller gains kp , kd ∈ R. Hence, the feedback controller Ci is described
by the transfer function
Ci (s) = kp + kd s.
(5.5)

Finally, the network N is modeled with a zero-order-hold and set of communication delays D, which will be specified later.
To apply the event-generator designs of Chapters 3 and 4, it is desirable
to model the system as in (3.10) for the CETC case and as in (4.5) for the
PETC case. In order to do so, the time delay φ that is present in the vehicle
dynamics (5.2) is approximated with a Padé approximation [71], as time delays
cannot be exactly modeled in a finite-dimensional state-space model. Here, we
approximate the delayed input uφ,i given by uφ,i (t) := ui (t−φ) using the secondorder Padé approximation
d
dt pi (t)

= AP pi (t) + BP ui (t)

(5.6a)

ũφ,i (t) = CP pi (t) + DP ui (t),

(5.6b)

where ũφ,i denotes the approximation of uφ,i , pi the state of the Padé approximation, and where matrices AP , BP , CP , and DP are given by

 

0
0
1
,
B
=
,
AP =
P
1
−12φ−2 −6φ−1
h
i
 
CP =
DP = 1 .
0
−12φ−1 ,
To describe the event-triggered CACC setup of Figure 5.2 in the form (3.10)
or (4.5), we define the input wi and output zi as
wi = ξ¯i−1 , and zi = ξ¯i ,
the state ξi as

ξi = ui−1

pi−1

ai−1

ui

pi

ai

ev,i

ei

ûi−1

si−1

>

d
with ai = dt
vi the acceleration of vehicle i, ev,i = vi−1 − vi , and matrices A, B,
C, D, J0 , and J1 as
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O
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(5.7a)
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Now that models of the form (3.10) and (4.5) are found, we can design the
event-generators and controller Ci such that the following control objectives are
achieved [25, 76].
Individual vehicle stability [25] For each subsystem i, i ∈ {2, 3, 4, · · · , N },
d
the solution to dt
ξi (t) = Aξi (t) + Bwi (t) (with A and B given by (5.7a)
and (5.7b), respectively) should satisfy for any initial condition ξi (0) ∈
Rnξi ,
lim ei (t) = 0.

t→∞

(5.8)

when ûi−1 (t) = 0 and wi (t) = ξ¯i−1 (t) = 0 for all t ∈ R>0 .
String stability [25, 76] For all i ∈ {2, 3, 4, · · · , N } there should exist a function βi ∈ K∞ , such that for any input ξ¯1 ∈ L2 , and any initial condition
ξ(0) ∈ RN nξ , with ξ = (ξ2 , ξ3 , · · · , ξN ), it holds that
kξ¯i kL2 6 kξ¯0 kL2 + βi (|ξ(0)|).

(5.9)

Individual vehicle stability implies that vehicle i is tracking vehicle i − 1, and
is realized by (only) the feedback controller Ci (as ûi−1 (t) = 0 for all t ∈ R>0 ).
String stability ensures that disturbances are attenuated along the string of vehicles [76]. As argued in [25], by modeling the platoon as a string of overlapping
subsystems as in Figure 5.2, we only need to evaluate the input-output properties of a single subsystem to conclude string stability of the entire platoon, in
the sense that if (5.9) holds for i = 2, the string stability property holds for any
arbitrary platoon length N ∈ N. Hence, we only need to ensure that each overlapping subsystem is L2 -stable with L2 -gain θ = 1, similar to the case without
network imperfections [76]. In this way, it is not necessary to model the entire
platoon in a single monolithic model.
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5.3

ETC design

In this section we apply our Riccati-based design procedure for continuous and
periodic event-generators to the CACC system described by matrices (5.7).
As not all states are available to the event-generator, we will use the outputbased designs with ζi = (ui , si ). Hence the matrix Y is given by


1 0 ··· 0 0
Y =
.
(5.10)
0 0 ··· 0 1
Moreover, for the matrix Q we select

(1 − σ 2 )I
Q=
−I

−I
I


(5.11)

with σ ∈ (0, 1). We can now directly apply the results of Chapters 3 or 4 to
construct continuous or periodic event-generators while optimizing the L2 -gain
θ.
However, in practice measurement noise and quantization errors are present,
which can lead to the generation of events when ui is close to zero (as then the
measured signal is dominated by the measurement noise / quantization error).
The transmitted data would then basically be equal to the measurement noise,
and not contain any useful information. Hence, the inclusion of an additional
(small) absolute threshold in the event-generator is still desirable in practice.

5.3.1

CETC

By including an additional absolute threshold δC ∈ R>0 in the event condition,
the static continuous event-generator becomes
t0 = 0, tk+1 = inf{t > tk + h | βζ > (t)Qζ(t) > δC },

(5.12)

and the dynamic continuous event-generator now becomes
t0 = 0, tk+1 = inf{t > tk + h | βζ > (t)Qζ(t) > δC ∧ η(t) 6 0},

(5.13)

Additionally, we need to take the presence of δC into account in the dynamics
of η, as otherwise η might become negative. Hence, we select
(
− 2ρη + ζ > NF ζ + δC ,
τ ∈ [0, h)
Ψ(o) =
(5.14a)
>
− 2ρη + ζ (NN − βQ)ζ + δC , τ ∈ [h, ∞)
ηT (o) = η + ζ > NT ζ,

(5.14b)

where NF , NT , NN , and β again can be found by numerically solving the LMIs
in Theorem 3.5.
By including the absolute bound δC in the continuous event-generators, the
closed loop will no longer be ISES of L2 stable, only practical stability can be
obtained. Hence, we define the practical ISES and practical L2 -gain as follows.
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Definition 5.1. The CETC system (3.10)-(3.11) is said to be practically inputto-state exponentially stable (pISES), if there exist functions α ∈ K∞ , β ∈ KL,
and scalars c, γ, ρ ∈ R>0 , and d1 , d2 ∈ R>0 such that for any initial condition
ξ(0) = ξ0 ∈ Rnξ , τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0, and any sequence of
delays {τk }k∈N with τk ∈ D for all k ∈ N, all corresponding solutions to (3.10)(3.11) with w ∈ L∞ satisfy |ξ(t)| 6 ce−ρt |ξ0 | + γkwkL∞ + d1 and |η(t)| 6
β(|ξ0 |, t) + α(kwkL∞ ) + d2 for all t ∈ R>0 . In this case, we call ρ a (lower
bound on the) decay rate.
To define the practical L2 -gain, we introduce the signal norm k · kLd3 , which
2
for z : R>0 →∈ Rnz is defined by
∞

Z
kzkLd3 :=
2

0

1/2
|z(t)|2d3 dt

with
|z(t)|d3 := infnz |z − d|.
d∈R
|d|6d3

Definition 5.2. The CETC system (3.10)-(3.11) is said to have a practical L2 gain from w to z smaller than or equal to θ, if there exists a function δ ∈ K∞
and a scalar d3 ∈ R>0 , such that for any initial condition ξ(0) = ξ0 ∈ Rnξ ,
τ (0) = 0, κ(0) = 0, l(0) = 0, η(0) = 0, and any sequence of delays {τk }k∈N with
τk ∈ D for all k ∈ N, all corresponding solutions to (3.10)-(3.11) with w ∈ L2
satisfy kzkLd3 6 δ(|ξ0 |) + θkwkL2 .
2

If d1 = d2 = d3 = 0, then Definitions 5.1 and 5.2 reduce to Definitions 3.2
and 3.3, respectively.
Theorem 5.3. If the conditions of Theorem 3.5 hold, then the static CETC
system (3.10) with (5.12) and (3.12), and the dynamic CETC system (3.10)
with (5.13) and (5.14b) are pISES with decay rate ρ, and have a practical L2 gain from w to z smaller than or equal to θ.
By choosing the dynamics of η as in (5.14b), the static CETC system (3.10)
with (5.12) and (3.12), and the dynamic CETC system (3.10) with (5.13)
and (5.14b) yield the same results for c, ρ, γ, d1 , β, α, d2 , δ, θ, and d3 . Hence,
the dynamic event-generator (5.13) yields the same guaranteed performance as
the static event-generator (5.12).

5.3.2

PETC

Similar to the CETC case, by including an additional absolute threshold δP ∈
R>0 in the event condition, the static periodic event-generator becomes
t0 = 0, tk+1 = min{t > tk | βζ > (t)Qζ(t) > δP , t ∈ {sn }n∈N }.

(5.15)
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and the dynamic periodic event-generator now becomes
t0 = 0, tk+1 = min{t > tk |

βζ > (t)Qζ(t) > δP ∧ ηN (ô(t)) 6 0, t ∈ {sn }n∈N }. (5.16)

Again, we need to take the presence of δP into account in the dynamics of η, as
otherwise η might become negative. Hence, we select
Ψ(ô) = −2ρη,

>

ηT (ô) = η + ζ NT ζ,

τ ∈ [0, h]

>

ηN (ô) = η + ζ (NN − βQ) ζ + δP .

(5.17a)
(5.17b)
(5.17c)

Definitions for practical ISES and practical L2 -stability of the PETC system (4.5)-(5.16) can be given mutatis mutandis as in Definitions 5.1 and 5.2.
Theorem 5.4. If the conditions of Theorem 4.3 hold, then the static CETC system (4.5) with (5.15) and (4.7), and the dynamic CETC system (4.5) with (5.16)
and (5.17) are ISES with decay rate ρ, and have a practical L2 -gain from w to
z smaller than or equal to θ.

5.4

Simulation results

The event-triggered CACC system has been implemented on a platoon of three
Toyota Prius III Executive passenger vehicle, for which the following parameters
have been identified [76]: τc = 0.1s, φ = 0.2s, L = 4.46m.
We use the same control variables as in [25], i.e., kp = 0.2, kd = 0.7, r = 10m,
and hd = 0.6s. Moreover, the work [25] allows all communication delays in the
interval [0, τmad ] with τmad = 0.026. In view of Remark 3.8, here we choose the
delay set D as
D = {0, 0.0052, 0.0104, 0.0156, 0.0208, 0.0260},

(5.18)

in order to approximate the interval [0, 0.026].
For the event-generators, we choose h = 0.08, ρ = 10−2 , σ = 0.05, and
NF = O. Additionally, we select ∆ = 10−3 , and choose
δC = 2ρ∆
δP =

(5.19)
−2ρh

(1 − e
)
∆,
e−2ρh

(5.20)

such that d1 and d2 in Definition 5.1 are identical for the CETC case and
the PETC case, see the proofs of Theorems 5.3 and 5.4. The parameters β,
NT , and NN are found numerically by minimizing the L2 -gain θ under the
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Speed [m/s]

2

Jerk [m/s3 ]

20

Accel. [m/s2 ]

constraints (3.30), (3.31), and (3.32) for the CETC case, and (4.20), (4.21),
and (4.22) for the PETC case. This results in θ = 1.0172 for the CETC case
and θ = 1.0232 for the PETC case. Note that when vehicle i ∈ {2, 3, 4, · · · , N } is
tracking vehicle i − 1 perfectly, we would have that kξ¯i kL2 /kξ¯i−1 kL2 = 1. Hence,
achieving an L2 -gain θ < 1 is not possible (or even desired).
The chosen reference signal is shown in Figure 5.3, of which the acceleration
constitutes the input ξ¯1 to the CACC system of Figure 5.2.
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Figure 5.3: Reference signal.
The response and inter-event times of the platoon are shown in Figure 5.4
using the static continuous event-generators, Figure 5.5 using the dynamic continuous event-generators, Figure 5.6 using the static periodic event-generators,
and Figure 5.7 using the dynamic periodic event-generators. In these figures
also the reference trajectory of Figure 5.3 is shown in gray. We can see that all
vehicles are tracking the reference trajectory well. Moreover, the input ξ¯1 is not
amplified along the string, which illustrates the string stability property. We can
also see that vehicle i ∈ {1, 2, 3} only transmits its control input ui whenever it
is changing. When ui converges to a constant, also the inter-event times grow
larger.
The tracking errors e2 and e3 of cars 2 and 3, respectively, are shown in
Figure 5.8 for all four ETC variants. From this figure is is clear that the tracking
errors do not exceed 0.5m in absolute sense. As the standstill distance r is chosen
as 10m (which lower bounds the desired distance dr,i ), all four event-generators
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Figure 5.4: Simulation results for the static continuous event-generators.
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Figure 5.5: Simulation results for the dynamic continuous event-generators.
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Figure 5.6: Simulation results for the static periodic event-generators.
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Figure 5.7: Simulation results for the dynamic periodic event-generators.
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Figure 5.8: Simulated tracking errors for cars 2 and 3.
provide safe and accurate tracking.
The simulation results are also summarized in Table 5.1. In this table, it can
Table 5.1: Simulation results for a platoon of three vehicles following the reference as shown in Figure 5.3.
CETC
PETC
static dynamic static dynamic
L2 -gain θ
1.0172
1.0172
1.0232
1.0232
kξ¯2 kL2 /kξ¯1 kL2 0.9558
0.9565
0.9609
0.9625
kξ¯3 kL2 /kξ¯2 kL2 0.9254
0.9297
0.9369
0.9443
0.2508
0.2591
0.2866
0.3462
τavg car 1
τavg car 2
0.2132
0.2185
0.2378
0.3105
τavg car 3
0.1858
0.1904
0.2054
0.2643
be seen that indeed the ratio kξ¯i kL2 /kξ¯i−1 kL2 6 1 for all i ∈ {2, 3}, Moreover, all
proposed ETC approaches save a significant amount of communication compared
to a periodic time-triggered implementation with period h. Finally, the dynamic
ETC approaches save a little extra communication compared to their static
counterparts, especially in the PETC case.

5.5

Experimental results

Next, in cooperation with TNO Automotive in Helmond, The Netherlands, we
have implemented the periodic event-triggered CACC systems as designed in
Section 5.4 on a platoon of two real Toyota Prius vehicles as shown in Figure 1.2.
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For safety, we now choose the delay set as
D = {0, 0.005, 0.010, 0.015, 0.020, 0.025, 0.030, 0.035, 0.040},

(5.21)

velocity vi (t)

such that communication delays up to 40ms are allowed. All other settings
identical to those in Section 5.4. By minimizing the L2 -gain under the constraints (4.20), (4.21), and (4.22), we find θ = 1.0277.
The measured response to the reference input of Figure 5.3 is shown in Figure 5.9 for the static PETC approach, and in Figure 5.10 for the dynamic PETC
approach. These figures show that the platoon is tracking the reference signal
well. Moreover, large inter-event times are registered (even upwards of 1s on
multiple occasions), and only when the vehicles are braking hard does a short
period time-triggered behavior occur.
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Figure 5.9: Experimental results for the static periodic event-generators.
The tracking error e2 of the second car is shown in Figure 5.11 for both
PETC variants. In this figure, we see that there the tracking error is large at the
beginning of the experiment, which is a result of some implementation issues.
Once the system has recovered from these initialization effects, the tracking
error does not exceed 1.5m in absolute sense for both periodic event-generators.
Hence, also in practice the periodic event-generators provide safe and accurate
tracking.
For comparison, we show the response to the same reference using the dynamic continuous event-generator from [22] in Figure 5.12.
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Figure 5.10: Experimental results for the dynamic periodic event-generators.
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Figure 5.11: Experimental tracking error for car 2.

The test results are also summarized in Table 5.2. In this table, it can be
seen that the ratio kξ¯2 kL2 /kξ¯1 kL2 6 1 for both periodic event-generators, again
illustrating the string stability property. As in the simulations, both PETC
strategies save a significant amount of communication compared to a periodic
time-triggered implementation with period h. Moreover, compared to a timetriggered implementation with period h, the lead vehicle saves 59% in communication when using the static PETC approach, and even 70% when using the
dynamic PETC approach. For car 2 the reduction in communication is 52% and
60%, respectively. Finally, the dynamic PETC approach proposed here requires
even less communication than the dynamic CETC approach proposed in [22].
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Figure 5.12: Test results from [25] using the dynamic continuous event-generator
from [22].
Table 5.2: Test results for single vehicle following the reference as shown in
Figure 5.3.
[25] static PETC dynamic PETC
MIET
0.07
0.08
0.08
kξ¯2 kL2 /kξ¯1 kL2 0.97
0.9582
0.9516
τavg car 1
0.24
0.1951
0.2667
τavg car 2
0.16
0.1667
0.2010

5.6

Conclusions

In this chapter we have applied the Riccati-based ETC designs for linear systems
of Chapters 3 and 4 to a cooperative adaptive cruise control system. Simulations have shown that our new ETC designs provide good control performance,
while using much less communication than a time-triggered approach. Moreover,
the dynamic PETC designs have been implemented in practice on a platoon of
Toyota Prius III Executive vehicles, and have been shown to also behave well
in reality. Indeed, experiments have illustrated that our new static or dynamic
PETC designs can be used for string stable vehicle platooning with a significant reduction in communication compared to a time-triggered approach, and
also compared to a dynamic CETC approach for nonlinear systems previously

5.6 Conclusions
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proposed in literature. This validates the effectiveness of our new ETC designs.

Chapter 6

Periodic event-triggered control
for nonlinear systems using
overapproximation techniques
Abstract – For nonlinear systems, many continuous event-generators (with and without timeregularization) have been proposed in literature. However, only very few results are available
on the analysis and design of periodic event-generators for nonlinear systems. Therefore, we
present in this chapter a constructive procedure to redesign the event condition of a given
continuous event-generator, such that a new event condition is obtained which only needs to
be evaluated periodically, at a sampling period of our choice. In this way, we can exploit the
vast amount of results on continuous event-generators for nonlinear systems for the design
of new periodic event-generators for nonlinear systems. The redesigned event condition is
obtained by upper-bounding the evolution of the event condition of the CETC system between
two successive sampling instants by a linear time-invariant system, and then by using convex
overapproximation techniques. Using this approach, we are able to strictly preserve the control
performance guarantees (e.g., asymptotic stability with a certain decay) of the original CETC
system.

6.1

Introduction

In the past few years, many results on CETC strategies for nonlinear systems have been proposed, see, e.g., [1, 4, 20–22, 36, 51, 63, 80, 84, 89, 92, 93, 108],
and many more. A main implementation issue of these CETC strategies is
that the event condition has to be monitored continuously, which is difficult
This chapter is based on [13].

98

Chapter 6. Periodic event-triggered control for nonlinear systems using
overapproximation techniques

to realize on digital platforms. A solution to this problem is periodic eventtriggered control, in which the event function is only checked periodically at
fixed equidistant time instances, thereby enabling (easier) implementation on a
digital platform. Various PETC strategies for linear systems are available, see,
e.g., [16,45,46,48,52,73,98,109], however, PETC strategies for nonlinear systems
have only been studied in [82,101]. In [82], the sample-and hold implementation
of general hybrid controllers for nonlinear systems is analyzed, which covers the
PETC implementation of a nonlinear CETC system as a subcase. These results
ensure that, under general conditions, if a compact set is globally asymptotically
stable (GAS) for the original CETC system, then this property is semiglobally
and practically preserved for the emulated PETC system by taking the sampling
period sufficiently small. In the recent work [101], an approach has been proposed for the design of PETC state-feedback controllers to stabilize nonlinear
systems, which ensures uniform global asymptotic properties and provides an
explicit bound on the sampling period.
In this chapter we present a method to transform a general nonlinear CETC
system into a PETC system which strictly preserves the control performance
guarantees of the given CETC system. Our method consists of two steps. First,
we upper bound the evolution of the event condition of the given CETC system between two successive sampling instants by a linear time-invariant (LTI)
system. Based on this LTI system, we can formulate a redesigned event condition for the PETC implementation which would involve checking an infinite
number of conditions at every sample time. To overcome this issue, we use
convex techniques to overapproximate the evolution of the LTI system over a
sampling period, and end up with a redesigned periodic event-generator, which
is implementable in practice.
In contrast to [82], our method provides an explicit bound on the sampling
period, strictly preserves the control performance guarantees of the given CETC
system, and is not limited to stability of a compact set a priori. Compared
to [101], we do not focus on stabilization but also on performance, and we
can cope with a larger class of triggering conditions. Preliminary results have
been presented in [77], in which we were only able to approximately preserve the
control performance guarantees of the given CETC system. In addition, the new
results presented here are based on less stringent conditions compared to [77]
(see Remark 6.8 below for more details).
The chapter is organized as follows. In Section 6.2 we present the considered
control setup and the problem statement. In Section 6.3 we present our main
results, which we demonstrate in Section 6.4 with a numerical example. Finally,
conclusions are given in Section 6.5.
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6.1.1

Nomenclature

The solution ξ of a time-invariant dynamical system at time t ∈ R>0 starting
with the initial condition ξ(0) = ξ0 will be denoted by ξ(t, ξ0 ) or simply by ξ(t)
when the initial state is clear from the context.

6.2

Problem statement

We consider a nonlinear plant of the form
ẋ(t) = f (x(t), u(t)),

(6.1)

nu

nx

where x(t) ∈ R is the state and u(t) ∈ R is the control input at time t ∈ R>0 .
We assume that we have designed a continuous event-triggered state-feedback
controller for plant (6.1), given by
x̂(t) = x(tk ),
u(t) = k(x̂(t))

t ∈ (tk , tk+1 ]

(6.2a)
(6.2b)

t0 = 0, tk+1 = inf{t > tk | Γ (x(t), x̂(t), χ(t)) > 0},

(6.2c)

nx

where the function k(x̂) defines the feedback law, x̂ ∈ R is the state information available to the controller, and χ ∈ Rnχ is used to capture other
relevant variables such as timers, counters, or possibly even the state of an
auxiliary dynamical system, see, e.g., [22, 36, 80], or Chapters 3 and 4. The sequence of event/transmission times {tk }k∈N is defined by the continuous eventgenerator (6.2c), in which the event function Γ is designed such that some desired control performance (e.g., asymptotic stability with a certain decay rate)
is achieved as long as it remains non-positive along the system’s trajectories.
Writing the triggering law as in (6.2c) allows us to consider various eventgenerators considered previously in the literature, which we illustrate by the
following two examples. In [89], the condition Γ(x, x̂) = γ(|x̂ − x|) − σα(|x|) 6 0
(for specific functions γ, α and σ ∈ (0, 1)) ensures that a Lyapunov function V
has a guaranteed decay rate (1 − σ)α(|x|) along the solutions to system (6.2)
(which guarantees global asymptotic stability of the system). In [22], we have
that χ = (τ, κ, η) (where τ is a timer, κ a counter, and η the state of an auxiliary
dynamical system), and that the condition Γ(x, x̂, χ) = −η 6 0 ensures that the
system is GAS with a guaranteed decay rate. Another example is provided in
Section 6.4.
Let ξ = (x, x̂, χ) ∈ Rnξ with nξ = 2nx + nχ . We model the closed-loop
system (6.1)-(6.2) (and possibly auxiliary dynamics for χ) as an impulsive system
like in [45], which gives
ξ˙ = g(ξ),
t ∈ R>0 \ {tk }k∈N
(6.3a)
ξ(t+
k ) = b(ξ(tk )),
t0 = 0,

t ∈ {tk }k∈N

tk+1 = inf{t > tk | Γ (ξ(t)) > 0},

(6.3b)
(6.3c)
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for appropriate g : Rnξ → Rnξ and b : Rnξ → Rnξ . In case nχ = 0, we have that

g(ξ) =

f (x, k(x̂))
0




and b(z) =

x
x


.

For the definition of the functions g and b in case nχ 6= 0 we refer to Section 6.4
for an example.
Solutions to (6.3) are interpreted as follows. In between the event times tk ,
k ∈ N, determined by (6.3c), the system evolves according to the differential
equation (6.3a), where z(t+
k ) given by the update (6.3b) denotes the starting
point for the solution to (6.3a) in the interval (tk , tk+1 ], k ∈ N. Hence, the
solutions we consider are left-continuous signals. Note that t0 = 0, and hence,
we start with an update according to (6.3b).
Remark 6.1. The analysis presented in this chapter is based on system (6.3).
Therefore, our design applies to any CETC configuration that can be written
in the format of (6.3), including the case where the control input u in (6.1) is
generated by a dynamic controller. The states of the controller would then be
incorporated in the vector x and we would obtain a model of the form (6.3).
Similarly, the case in which the controller is not implemented using zero-orderhold functions can be considered as long as the problem can be modeled by (6.3).
For instance, when using the model-based technique of [59], x̂ would be equal to
xs in [59], which is the model-based estimate of x.
In order to transform the CETC system (6.3) into a PETC system, we require
the following three assumptions.
Assumption 6.2. There exists a nonempty set Ω ⊆ Rnξ such that
1. for all ξ0 ∈ Ω all corresponding solutions ξ(t, ξ0 ) to (6.3) are defined for
all time t ∈ R>0 and satisfy ξ(t, ξ0 ) ∈ Ω for all t ∈ R>0 ;
2. the function b satisfies b(Ω) ⊆ Ω.
Assumption 6.2 is verified for most CETC designs proposed in literature,
including [4, 22, 36, 48, 52, 56, 59, 80, 89, 93]. Item (1) implies that the set Ω is
forward invariant for the closed-loop CETC system (6.3), and rules out finite
escape times and Zeno-behavior that would prevent global existence of all solutions starting in Ω. Note that we do not exclude Zeno behavior or finite escape
times for solutions starting outside Ω. Item (2) ensures that solutions do not
leave the set Ω if we allow the generation of events everywhere inside Ω. Note
that this is an additional condition compared to item (1) as solutions to the
CETC system (6.3) will only jump at times t where Γ(z(t)) > 0 is satisfied.
However, in the PETC implementation that we envision jumps can also take
place when Γ(z(t)) < 0.
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Assumption 6.3. The jumps induced by Γ on the CETC system (6.3) are spaced
by at least T > 0 units of time, i.e., there exists T > 0 such that for all ξ0 ∈ Ω
and all solutions ξ(·, b(ξ0 )) to (6.3) it holds that
inf{t > 0 | Γ(ξ(t, b(ξ0 ))) > 0} > T.

(6.4)

Assumption 6.3 implies that there exists a uniform positive minimum interevent time T for the CETC system in the set Ω. Sufficient conditions for this
assumption to hold are given in [80], and most available CETC schemes in the
literature either provide a positive lower bound on T (e.g., [36,80,89]), or enforce
a positive lower bound by design (e.g., [4, 22, 80, 93]).
Assumption 6.4. There exists p ∈ N>0 such that Γ is p-times continuously
differentiable on Ω, g is (p − 1)-times continuously differentiable on Ω, and there
exist real numbers c, ςj , j ∈ {0, 1, . . . , p − 1}, satisfying
Lpg Γ(ξ) 6

p−1
X
j=0

ςj Ljg Γ(ξ) + c,

(6.5)

for all ξ ∈ Ω, where Ljg Γ is the j-th Lie derivative of Γ along the flow dynamics
j−1
j
Γ) for j ∈ N>0 .
ξ˙ = g(ξ), with L0g Γ = Γ, (Lg Γ)(ξ) = ∂Γ
∂ξ g(ξ) and Lg Γ = Lg (Lg
Assumption 6.4 is a condition on the evolution of Γ along the solution
to (6.3a), i.e., along the solutions to the system between two successive updates.
It plays a crucial role in our design as it allows us to upper-bound the evolution
of Γ by the solution to a linear system, as explained later in Section 6.3.2. A
similar assumption is made in the context of self-triggered control in [5]. In case
Ω is compact, inequality (6.5) can always be satisfied when g and Γ are (p − 1)times and p-times continuously differentiable, respectively, as it suffices to take
c = maxz∈Ω Lpg Γ(z) and ςj = 0 for j ∈ {0, 1, . . . , p − 1} to ensure (6.5). However,
this particular choice may be conservative and tighter estimates of Lpg Γ(z) can
be obtained by using the other terms Ljg Γ(z) in the right-hand side of (6.5). The
parameter p may be increased to further reduce the conservatism of the upper
bounds on Lpg Γ(z) in (6.5) at the price of a higher computational complexity.
Remark 6.5. The plant (6.1) can be extended to include process disturbances
w (i.e., ẋ(t) = f (x(t), u(t), w(t))) as long as the continuous event-triggering
law (6.2c) also satisfies Assumptions 6.2 and 6.3. In order to satisfy Assumption 6.4 we then either require that w does not show up in Ljg Γ(ξ) in (6.5) for
j ∈ {1, 2, . . . , p} (which might be the case when Γ(ξ) does not depend on the
complete plant state x), or we need to know (estimates of ) bounds on w and of
its time-derivatives which show up in (6.5).
In this chapter we describe a method for designing PETC strategies for nonlinear system (6.1), given that a CETC scheme (6.2) has already been designed.
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We do this by redesigning the event function Γ to a new event function Γ̃, while
we keep using the pre-designed feedback law. The envisioned closed-loop PETC
system is described by

ξ˙ = g(ξ),
t ∈ R>0 \ t̃k k∈N
(6.6a)

+
ξ(t̃k ) = b(ξ(t̃k )),
t ∈ t̃k k∈N
(6.6b)
t̃0 = 0,

t̃k+1 = min{t > t̃k | Γ̃ (ξ(t)) > 0, t ∈ {sn }n∈N },

(6.6c)

where the sequence {sn }n∈N given by sn = nh denotes the periodic sample
times at which the triggering condition Γ̃ is evaluated, with h ∈ R>0 the sampling period. Clearly, the sequence of event/transmission times t̃k k∈N satisfies

t̃k k∈N ⊆ {sn }n∈N . Our aim is to provide tools for the design of h and Γ̃ to
guarantee that Γ remains non-positive along all solutions to (6.6) starting in Ω,
such that the stability and performance guarantees of the original CETC system (6.3) are preserved. To do so, we will use the following design requirement
on h and Γ̃.
Design Requirement 6.6. For all ξ0 ∈ Ω such that Γ̃(ξ0 ) < 0 it holds that
Γ(ξ(t, ξ0 )) < 0 for all t ∈ [0, h] for all solutions ξ(·, ξ0 ) to ξ˙ = g(ξ).
Remark 6.7. In general it is not possible to satisfy Design Requirement 6.6
by choosing Γ̃ = Γ, see for example [77]. We will also demonstrate this in
Section 6.4.
Remark 6.8. Based on Assumptions 6.2, 6.3, and 6.4, we present in the next
section our method to transform the CETC system (6.3) into a PETC system (6.6). Compared to the conference version of this work [77], we provide
the following improvements:
• We guarantee preservation of the control performance of the original
CETC system (which we were not able to in [77]).
• We do not require that the set Ω is compact. As a result, we can now also
apply our PETC design to CETC systems which have additional variables
in the event-generator that are not forward invariant with regard to any
compact set, such as timers or counters (see, e.g., [4, 22, 80, 93]).
• We do not require that all solutions ξ(t, ξ(sn )) to ξ˙ = g(ξ) lie inside Ω
for all t ∈ [0, h]. Consequently, we do not require [77, Assumption 3],
which basically states that Ω is a forward invariant set for the system
ξ˙ = g(ξ) (without resets), which would mean that the plant already satisfies
the desired control performance in open-loop.
Additionally, the assumption that b(Ω) ⊆ Ω is also required in [77], although this
is not stated in the paper. These observations reveal a significant relaxation with
respect to [77].

6.3 Main results

6.3
6.3.1
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Sampling period selection

Under the PETC strategy, the input can be updated only when the triggering
condition is evaluated, that is, every h units of time. Hence, an event should be
triggered at a sampling time t = nh, n ∈ N, before Γ becomes positive, and thus
it is necessary that the sampling interval h is less than the minimum inter-event
time T of the CETC system (which exists in view of Assumption 6.3). In this
way, after a jump, we know that Γ will remain non-positive at least until the next
sampling instant, and that Design Requirement 6.6 may be satisfied. Therefore,
we select h such that
0<h6T
(6.7)
with T as in (6.4).
Remark 6.9. We do not need to verify the triggering condition for the next
b Th c sampling instants following a control input update due to Assumption 6.3,
which allows to reduce the computational load of the event-generator.
As we aim at guaranteeing that Γ remains non-positive along the solutions
in Ω of the PETC system, we would like to verify at each sample time sn = nh,
n ∈ N, whether the condition Γ(ξ(t)) > 0 may be satisfied for t ∈ [sn , sn+1 ] (as
then we will have to trigger an event at sn ). To do this, we would need to analyze
the evolution of the triggering function Γ along the solutions to ξ˙ = g(ξ), which
is difficult to do when g(ξ) is a nonlinear function. Therefore, we first propose
to upper bound the evolution of Γ on flows by a linear system.

6.3.2

Analysis of the evolution of Γ(ξ) on flows

To upper bound the evolution of Γ by a linear system, we resort to similar
techniques as in [5], which rely on Assumption 6.4. This assumption allows to
bound the evolution of Γ by a linear differential equation as stated in the lemma
below, which is a variation of [5, Lemma V.2]. The proof directly follows from
the comparison lemma ([54, Lemma 3.4]).
Lemma 6.10. Consider any solution ξ(·, ξ0 ) to ξ˙ = g(ξ) with initial state ξ0 ∈
Ω, and define t∗ := inf{τ ∈ R>0 | ξ(τ, ξ0 ) ∈
/ Ω}. If Assumption 6.4 holds,
then Γ(ξ(t, ξ0 )) 6 y1 (t, µp (ξ0 )) for all t ∈ [0, t∗ ], where y1 (t, µp (ξ0 )) is the first
component of the solution to the linear differential equation


j ∈ {1, 2, . . . , p − 1}
j+1 ,
ẏj = yP
p−1
(6.8)
ẏp = j=0 ςj yj+1 + yp+1


ẏp+1 = 0

104

Chapter 6. Periodic event-triggered control for nonlinear systems using
overapproximation techniques

with initial condition y(0) = µp (ξ0 ) given by
µp (ξ0 ) = (Γ(ξ0 ), Lg Γ(ξ0 ), . . . , Lgp−1 Γ(ξ0 ), c).

(6.9)

As formalized in the next theorem, for each initial state ξ0 ∈ Ω, we can
now check if Γ remains non-positive for the complete sampling interval [0, h], by
checking the solution of the linear system (6.8) with initial condition (6.9).
Theorem 6.11. Suppose Assumptions 6.2 and 6.4 hold and that ξ0 ∈ Ω,
and consider the solution y(·, µp (ξ0 )) to (6.8) with initial condition (6.9). If
y1 (t, µp (ξ0 )) < 0 for all t ∈ [0, h], then for all solutions ξ(·, ξ0 ) to ξ˙ = g(ξ) with
initial state ξ0 , it holds that Γ(ξ(t, ξ0 )) < 0 for all t ∈ [0, h].
Remark 6.12. The self-triggering formulas in [5] tend to provide accurate estimates of the time instants when Γ becomes positive provided the bound (6.5)
is tight, which may be difficult to achieve in practice. In the proposed PETC
approach, the evolution of Γ is investigated over shorter horizons than in STC,
namely at time-intervals of length h. Hence, the bound in (6.5) does not necessarily need to be accurate to provide satisfactory results, as we expect these estimates
to be tighter whenever times are shorter based on previous experience [5].

6.3.3

Design of Γ̃

The analytic expression of y1 (t, µp (ξ0 )) is given by
y1 (t, µp (ξ0 )) = Cp eAp t µp (ξ0 )

(6.10)

with


0
 ..
 .

Ap =  0

 ς0
0

1
0
ς1
0

···
..
.
···
···
···

0
..
.
1
ςp−1
0

0







and Cp = 1
0 

1 
0

0

···

0



.

At each sampling instant sn , n ∈ N, the current state ξ(sn ) is measured and
a transmission should occur if y1 (t, µp (ξ(sn ))) > 0 for some t ∈ [0, h], as then
Γ(ξ(t, ξ(sn ))) may be positive for some t ∈ [0, h]. Otherwise, according to Theorem 6.11 a transmission is not necessary to satisfy Design Requirement 6.6.
However, verifying whether y1 (t, µp (ξ(sn ))) < 0 for all t ∈ [0, h], involves an infinite number of conditions and is computationally infeasible. In [77], this problem
was (approximately) solved by evaluating y1 (t, µp (ξ(sn ))) only at a finite number of points in the interval [0, h]. The price paid for this solution is that the
non-positivity of Γ(ξ(t)) along the solutions of (6.6) is no longer ensured. Only
approximate guarantees could be given.
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The solution we propose here satisfies Design Requirement 6.6, and thus
strictly guarantees non-positivity of Γ(ξ(t)) for all t ∈ R>0 , thereby preserving
the stability and performance guarantees of the CETC system. Our method
uses convex techniques to overapproximate the set {y1 (t, µp (ξ(sn ))) | t ∈ [0, h]}
in a computationally tractable manner.
To find a convex overapproximation of (6.10), we first define

Φ = Cp eAp t | t ∈ [0, h] .
(6.11)
By using polytopic overapproximation techniques as described in [50], the set Φ
of matrices can be embedded as
)
(N
X
(6.12)
Φ⊆
αi (Fi + Gi ∆Hi ) α ∈ A, ∆ ∈ ∆ ,
i=1

in which Fi ∈ R1×p , Gi ∈ R1×q , Hi ∈ Rq×p are suitably constructed matrices,
N is the number of vertices in the polytopic overapproximation (which can be
freely selected), ∆ is a specific set of structured matrices in Rq×q with norm
bound |∆| 6 1, α := (α1 , . . . αN ), and
(
A=

α∈

RN
>0

N
X

)
αi = 1 .

(6.13)

i=1

In [50], overapproximations as in (6.12) with ∆ absent (Gi = 0 and Hi = 0) are
also given.
From y1 (t, µp (ξ0 )) ∈ Φµp (ξ0 ) for t ∈ [0, h] and (6.12), it follows that
y1 (t, µp (ξ0 )) < 0 for all t ∈ [0, h] if
(
max

N
X
i=1

)
p

αi (Fi + Gi ∆Hi )µ (ξ0 ) α ∈ A, ∆ ∈ ∆

< 0,

which holds when
Fi µp (ξ0 ) + |Gi ||Hi µp (ξ0 )| < 0 for all i ∈ N̄ ,

(6.14)

where we used the notation N̄ := {1, 2, . . . , N } and exploited the fact that
|∆| 6 1. Consequently, we can choose Γ̃ in (6.6c) as
Γ̃(ξ) := max {Fi µp (ξ) + |Gi | |Hi µp (ξ)|}
i∈N̄

(6.15)

to obtain the guarantee Γ(ξ(t, ξ0 )) 6 0 for all t ∈ R>0 , ξ0 ∈ Ω, where ξ is the
corresponding solution to (6.6), as formalized in the next theorem, whose proof
directly follows from Theorem 6.11 and the developments above.
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Theorem 6.13. Suppose Assumptions 6.2, 6.3 and 6.4 hold and consider the
PETC system (6.6). If h satisfies (6.7) and Γ̃ is defined by (6.15), then the set
Ω is forward invariant for the system (6.6), and for any solution ξ to (6.6) with
initial state ξ0 ∈ Ω it holds that Γ(ξ(t)) 6 0 for all t ∈ R>0 .
Note that the redesigned event function Γ̃ may become positive in between
sampling instants along solutions to (6.6). However, when Γ̃(ξ(sn )) < 0 at sample time sn , n ∈ N, our design of Γ̃ given by (6.15) ensures that Γ(ξ(t)) < 0 will
be satisfied for all t ∈ [sn , sn+1 ] = [sn , sn + h]. Alternatively, when Γ̃(ξ(sn )) > 0,
then our periodic event-generator (6.6c) triggers an event, after which Assumption 6.3 ensures that Γ(ξ(t)) 6 0 will be satisfied for all t ∈ [sn , sn +T ]. Hence, by
selecting h < T , our proposed periodic event-generator ensures that Γ(ξ(t)) 6 0
for all t ∈ R>0 , and thus preserves the control performance guarantees of the
original CETC system (6.3).
Remark 6.14. When the numerical complexity of calculating µp (ξ) is O(φ(p)),
for some function φ, then evaluating the event function (6.15) has numerical
complexity O(N qp + φ(p)) (or O(N p + φ(p)) when ∆ is absent). Thus, from
a computational point of view, it makes sense to choose p and N small. On
the other hand, choosing p and N large usually increases the accuracy of the
overapproximation of the evolution of Γ along the solutions to ξ˙ = g(ξ) in view
of [5] and [50], which leads to larger inter-event times. As such, there is a
trade-off between computation and communication, as is also apparent from the
example in Section 6.4 below.

6.4

Illustrative example

Consider the following example inspired by [70], in which the plant is given by
ẋ(t) = x2 (t) − x3 (t) + u(t),

(6.16)

u(t) = −2x̂(t),

(6.17)

and the controller by
where x̂ is the sampled version of x as in (6.2a). We design a continuous eventgenerator as in [4]. The idea is to wait a fixed amount of time T > 0 before
checking a state-dependent criterion of the same form as in [89]. We introduce
an extra variable χ ∈ R>0 to keep track of the time between two events. Hence,
χ evolves according to χ̇(t) = 1 for t ∈ (tk , tk+1 ] and χ(t+
k ) = 0. The function Γ
in (6.2) is given in this case by

Γ (x, x̂, χ) = min χ − T, γ 2 |x̂ − x|2 − δ(x) ,
(6.18)
with parameter γ ∈ R>0 and δ a positive definite function to be designed. Hence,
the CETC system (6.3) is given by ξ = [x, x̂, χ]> , g(ξ) = [x2 − x3 − 2x̂, 0, 1]> ,
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b(ξ) = [x, x, 0]> , and Γ as in (6.18). Note that this CETC system satisfies
Assumption 6.3 by design for any set Ω.
To construct Γ̃, we have verified that the conditions required in [4] hold,
by following similar lines as in [70, Example 1]. We have taken the Lyapunov

function R(ξ) = V (x)+max{0, λζ(χ)W 2 (x̂−x)}, with V (x) = σ 2

α 2
2x

+ β4 x4 ,

W (x̂ − x) = |x̂ − x|, ζ : R>0 → R the solution to
ζ̇ = −2Lζ − λ(ζ 2 + 1),

ζ(0) = θ−1 ,

(6.19)

and
p parameters σ = 1, α = β = 3, L = 2, ρ̄ = 0.1, η = 2, λ =
σ α2 + β 2 + σ −2 ρ̄ + η, and θ = 0.9, and we have
p obtained that the choice
T = 0.010, δ(x) = δ̄x2 with δ̄ = 0.5, and γ = σ α2 + β 2 + σ −2 ρ̄, guarantees
uniform global asymptotic stability of the set A := {ξ ∈ Rnξ | x = 0} for the
CETC system.
The evolution of Γ along the solution to the CETC system with initial condition ξ(0) = ξ0 = [0.3, 0.3, 0]> is shown in Figure 6.1. This figure also includes

Figure 6.1: Evolution of Γ(ξ(t)) along the solution to the CETC system, the
PETC implementation with Γ̃ = Γ, and the PETC implementation with Γ̃ as
in (6.15).
a simulation of the emulated PETC implementation with h = 0.005 and Γ̃ = Γ.
Clearly, this PETC implementation does not ensure that Γ(ξ(t)) 6 0 for all
t ∈ R>0 , and thus does not preserve the control performance guarantees of the
CETC system.
To overcome this issue, we construct Γ̃ as in (6.15). For this purpose we
need Γ to be p-times continuously differentiable, for some p ∈ N>0 , which is
currently not the case in view of (6.18). Still, we can apply the procedure of
Section 6.3.2 for Γ1 = χ − T and Γ2 = γ 2 |x̂ − x|2 − δ(x) separately. The case
of Γ1 is trivial as we know that it is violated after T units of time. We proceed
by constructing Γ̃2 for Γ2 . We have verified numerically using SOSTOOLS [72]
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that for Γ2 , Assumption 6.4 holds in the forward invariant set
Ω := {ξ | R(ξ) 6 0.15}.

(6.20)

The obtained values of c and ςi , i ∈ {0, 1, . . . , p − 1}, for different values of p are
reported in Table 6.1.
Table 6.1: Parameters of Assumption 6.4 for Γ2 in the invariant set (6.20).
c
ς0
ς1
ς2
ς3
p = 2 359.7 −26.46
3.085
p=3
0
222.8
−36.37 10.1
p=4
0
4384
−645.9 145.3 −17.36
Finally, we design the PETC strategy by following the procedure in Section 6.3 and by using the gridding and norm bounding (GNB) overapproximation technique as described in [50, Section III], with N equally distanced grid
points.
A simulation of this redesigned PETC implementation with p = 3 and N = 2
is shown in Figure 6.1 (again with ξ(0) = ξ0 and h = 0.005). Clearly, the
redesigned PETC implementation does ensure that Γ(ξ(t)) 6 0 for all t ∈ R>0 ,
and the control performance of the CETC system is preserved.
In Table 6.2, the average inter-event time τavg for the first 10 events of the
proposed PETC implementation is shown for different parameter settings. The
average inter-event time for the first 10 events of the original CETC system is
τavg = 0.0757. As expected, choosing h smaller leads to a better approximation
Table 6.2: Average inter-event time τavg for the first 10
implementation with Γ̃ as in (6.15).
h = T h = T /2 h = T /4
p = 2, N = 2 0.0100
0.0380
0.0627
0.0495
0.0672
p = 2, N = 3 0.0200
p = 2, N = 5 0.0240
0.0535
0.0685
0.0540
0.0690
p = 2, N = 9 0.0260
p = 3, N = 2 0.0700
0.0730
0.0745
p = 3, N = 9 0.0700
0.0730
0.0745
p = 4, N = 9 0.0700
0.0730
0.0745

events of the PETC
h = T /8
0.0715
0.0731
0.0735
0.0735
0.0751
0.0751
0.0751

of the CETC system, and thus the inter-event times of the PETC implementation
approach those of the CETC implementation. Similarly, increasing N leads to
larger inter-event times when p = 2, and increasing p to p = 3 also leads to a
large improvement (especially for large values of h). However, increasing p or N
beyond p = 3, N = 2, does not further improve the results.

6.5 Conclusions

6.5
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Conclusions

In this chapter we have presented a systematic method for designing periodic
event-triggered controllers for nonlinear systems, given that a continuous eventtriggered controller is already available. Using convex overapproximation techniques, we were able to strictly preserve the control performance guarantees of
the given CETC system. The results are presented for state-feedback systems
using zero-order-hold, but also apply to systems with dynamic controllers and
generalized hold functions.

Chapter 7

Conclusions and
Recommendations
7.1

Conclusions

In networked control systems, the communication medium often has limited
bandwidth. Hence, it is important to use the communication resources in a
careful manner in order not to congest the medium. In this thesis, we have studied event-triggered control (ETC) systems, in which measurement data is only
transmitted to the controller when this is really necessary in order to guarantee
the required control performance. As such, event-triggered control brings feedback into the sampling process, rendering ETC well equipped to balance control
performance and resource utilization. The ETC strategies considered in this
thesis are divided into continuous event-triggered control (CETC) strategies,
which require continuous measuring of the plant’s output, and periodic eventtriggered control (PETC) strategies, which only require periodic measuring and,
consequently, are easier to implement in practice.
Just as the control performance of a system should be robust to disturbances
and delays, also the communication properties should be robust in the sense
that disturbances or delays should not have a large adverse effect on the (minimum and average) inter-event times. However, in Chapter 2 we have identified
several popular CETC strategies in literature that have large minimum and
average inter-event times in the absence of disturbances, but for which small
disturbances can easily reduce the minimum and average inter-event times significantly. Hence, these CETC strategies become rather ineffective in practice
due to the inevitable presence of disturbances, demonstrating that it is essential to include the effects of disturbances in the analysis of the communication
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properties of the ETC system. To do this in a systematic manner, we have defined a number of event-separation properties in Chapter 2, which can be used to
characterize the robustness of the minimum inter-event times in CETC systems.
Moreover, in this chapter we have also shown that many CETC strategies that
do have this robustness in the communication properties only lead to practical
stability instead of asymptotic stability, and that simple PETC stategies and
CETC strategies with time-regularization are prone to exhibit time-triggered
behavior when close to the equilibrium.
In Chapters 3 and 4, we have proposed new tools for the analysis and design of
continuous and periodic event-generators with robust communication properties,
for linear systems with disturbances and communication delays. These tools are
tailored to linear systems based on matrix Riccati differential equations, leading
to tight performance guarantees and efficient use of the communication resources.
Moreover, by generating events based on an additional dynamic variable, we
achieve dynamic event-generators which lead to asymptotic stability and L2 stability and are less prone to exhibiting time-triggered behavior than their static
counterparts. This is a clear advantage over many other ETC strategies in
literature.
In Chapter 5 we applied the new CETC and PETC strategies proposed in
Chapters 3 and 4 in the context of vehicle platooning, and validated the effectiveness of our new results by means of simulations platoon of vehicles using
cooperative adaptive cruise control (CACC). These simulations show that indeed
our new CETC and PETC strategies lead to robust control performance with
robust communication properties and require much less communication than a
periodic time-triggered solution. Moreover, the dynamic PETC designs have
been implemented in practice on a platoon of Toyota Prius III Executive vehicles. Experiments have illustrated that our new static or dynamic PETC designs
can be used for string stable vehicle platooning with a significant reduction in
communication compared to a time-triggered approach, and also compared to
a dynamic CETC approach for nonlinear systems previously proposed in literature. This validates the effectiveness of our new ETC designs.
For nonlinear systems, there exist many results in literature on the design
of continuous event-generators, but the synthesis of periodic event-generators
for nonlinear systems has received much less attention. This indicates the complexity of this design problem. To fill this gap, we proposed in Chapter 6 a
method to transform a general nonlinear CETC system into a PETC system,
which strictly preserves the control performance guarantees of the given CETC
system. In this way, we can exploit the large amount of results in literature
on continuous event-generators for the design of new periodic event-generators,
which are much easier to implement in practice.

7.2 Recommendations for future work

7.2
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Recommendations for future work

Based on the results in this thesis, several directions for future work can be
identified. We will mention a few below.

ETC with packet drops
When using networked communication, in general the probability that a packet
does not arrive at its destination (packet drop) decreases when the communication medium is less congested. Hence, it is to be expected that the percentage of
dropped packets will be lower when transmission times are determined in closedloop by a well-designed event-generator, than when transmissions are triggered
periodically. Still, also in ETC systems it could be the case that some packets
will be dropped, which we did not consider in this thesis. Moreover, when less
transmissions occur, also the data in each transmitted packet becomes more important, and hence, the effect of a packet drop might become larger. Making
our new proposed ETC strategies robust to packet losses can possibly be done
in a similar manner as in, e.g., [23, 24, 41, 55, 104], in which a higher robustness
against dropouts is achieved by designing stricter event conditions. However,
stricter event conditions also lead to more transmissions, which leads to a higher
percentage of dropped packets, and in turn requires more robustness of the ETC
system against packet drops. A thorough investigation of this interesting effect would be beneficial for the design of new ETC systems which are robust to
packet drops.

Communication delays in continuous intervals
For the new event-generators we proposed in Chapters 3 and 4, we are able to
guarantee ISES and L2 -stability for a finite set D of possible delays. In practice
the communication delays will likely take values from a continuous interval. Our
current results are not equipped to provide ISES and L2 -stability guarantees in
this case. It would therefore be of interest to extend our results to varying
communication delays in continuous intervals.

Smart state-space partitioning
For the CETC and PETC systems proposed in Chapters 3 and 4, tighter bounds
on the control performance can be obtained by partitioning the state-space into
N ∈ N sets and using piecewise quadratic Lyapunov functional techniques, see
Sections 3.4 and 4.4. For systems with a low-dimensional state-space, a relatively
low value of N can yield significantly improved results, as demonstrated in the
example in Section 4.6.3. In this example, we partitioned the state-space into
N sets of equal size. For high-dimensional systems this approach can require a
very high value of N in order to show any improvement. However, the partition
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likely does not need to have the same refinement everywhere in the state-space.
Hence, it would be helpful to have a smart way of constructing the partition in
order to exploit piecewise quadratic functionals for high-dimensional systems, as
the amount of computations scales unfavorably with increasing N .

PETC for nonlinear systems with disturbances and delays
None of the PETC solutions for nonlinear systems available in literature (including our new results in Chapter 6) takes into account communication delays.
Moreover, PETC solutions for nonlinear systems that take into account disturbances hardly exist either. The PETC approach that we propose in Chapter 6
only applies to systems in which the disturbances do not show up in the derivatives of the event function Γ, see Remark 6.5.
Based on our conclusions in Chapter 2, not taking into account disturbances
can lead to PETC designs that exhibit time-triggered behavior in practice.
Hence, new analysis techniques for nonlinear PETC systems are desired that
can cope with disturbances and delays, such that new periodic event-generators
with robust communication properties can be designed for nonlinear systems. A
first step in this direction could be to extend the PETC design for nonlinear systems reported in [101] towards Lp -stability with respect to disturbances, which
should not be too difficult as this work is based on ideas from [69].

7.3

Closing remarks

Although several interesting open problems are left for the future as discussed
above, the contributions in this thesis bring event-triggered control a step closer
toward application on real systems, as guaranteed robustness (against disturbances and communication delays) in the control performance and utilization of
communication resources is indispensable in practice.

Appendix A

Proofs of Chapter 2
Proof of Theorem 2.13. We prove the theorem by showing that for each ε > 0,
there exist x0 6= 0 and w satisfying kwkL∞ 6 ε, such that τ ((x0 , 0), w) = 0.
To do so, consider an arbitrary x0 6= 0 and note that for t ∈ [0, t1 ],
ẋ(t) = Ax(t) + BKx0 + w(t).

(A.1)

w(t) = −Ax(t) − BKx0 − x0 ,

(A.2)

The disturbance
enforces that ẋ = −x0 , thus x(t) = (1 − t)x0 and e(t) = tx0 as long as (A.2) describes the active disturbance. As an event is triggered as soon as |e(t)| 6 P |x(t)|
is violated, we have that the first event time is t1 = PP+1 = 1 − P 1+1 for the disturbance in (A.2). Note that t1 < 1 for any P > 0, and that the disturbance can
also take the open-loop form w(t) = − (I + (1 − t)A + BK) x0 , for t ∈ [0, t1 ),
resulting in the same response.
At t1 , the error e is reset to zero, i.e., e(t1 ) = 0, and x(t1 ) = (1 − t1 )x0 . For
t ∈ (t1 , t2 ] this leads to
ẋ(t) = Ax(t) + (1 − t1 )BKx0 + w(t).
The disturbance
w(t) = −Ax(t) − (1 − t1 )BKx0 − x0 , for t ∈ (t1 , t2 ]
enforces that x(t) = (1 − t)x0 and e(t) = (t − t1 )x0 for t ∈ (t1 , t2 ]. From this
1
1
it follows that t2 = PP+t
+1 = 1 − (P +1)2 . Repeating this argument leads to the
conclusion that the disturbance
w(t) = ((t − 1)A + (ti − 1)BK − I) x0 , for t ∈ (ti , ti+1 ]
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generates the event times
ti ((x0 , 0), w) = 1 −

1
,
(P + 1)i

(A.3)

which shows that there is an accumulation point at t = 1 and that τ ((x0 , 0), w) =
0. By taking some x0 6= 0 satisfying
|x0 | 6

ε
,
1 + |A| + |BK|

(A.4)

it is ensured that kwkL∞ 6 ε, which completes the proof.
Proof of Theorem 2.14. It is shown in Section 2.3 that the system (2.14) with
β > 0 is ISpS. Thus, for all compact sets S, all ε > 0 and all w satisfying
kwkL∞ 6 ε, there exists a compact set S 0 , such that x(t) ∈ S 0 for all t > 0
whenever x(0) ∈ S. Because f and k are Lipschitz continuous on compacts, we
can find a constant L such that
|f (x, k(x + e), w)| 6 L (|x| + |e| + |w|)

(A.5)

for all x ∈ S 0 , |w| 6 ε, and e satisfying ρ1 (|e|) 6 σ|x| + β.
To prove that for all ε < ∞ there exists τ ∗ > 0 such that τ ((x, 0), w) > τ ∗
for all x ∈ S and all w satisfying kwkL∞ 6 ε, we make use of Remark 2.4, and
consider event-generator (2.19) instead of the actual event-generator (2.12). We
can now find τ ∗ > 0 by investigating the dynamics of |e|/(P |x| + T ), as the
inter-event time is equal to the time it takes for |e|/(P |x| + T ) to grow from 0
to 1.
Using (A.5) and ė = −ẋ, we find that for all trajectories starting in S, it
holds almost everywhere that
|e|
d
|e|
e> ẋ
x> ẋ
=−
−P
2
dt P |x| + T
|e|(P |x| + T )
(P |x| + T ) |x|



|x| + ε + |e|
|e|
6L 1+P
P |x| + T
P |x| + T



|e|
|e|
6L 1+P
ρ+
,
P |x| + T
P |x| + T
where ρ =

1
P

+

ε
T

>

|x|
P |x|+T

+

ε
P |x|+T

. We conclude that

|e(ti +s)|
P |x(ti +s)|+T

(A.6)
6 φ(s, 0)

for s ∈ [ti , ti+1 ), where φ(t, φ0 ) is the solution to φ̇ = L(1 + P φ)(ρ + φ) satisfying
φ(0, φ0 ) = φ0 . Since the event-generator (2.12) generates larger inter-event times
than the event-generator (2.19), it follows that for the system (2.14) with 0 <
σ < 1 and β > 0, the inter-event times are lower bounded by τ ((x, 0), w) > τ ∗
for all x ∈ S and kwkL∞ 6 ε, with τ ∗ such that φ(τ ∗ , 0) = 1, from which it
immediately follows that the system has the robust semi-global event-separation
property.
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Proof of Theorem 2.17. The proof can be obtained by adapting the proof of
Theorem 2.14. We also use the same notation S, S 0 . In particular, since σ = 0
it follows that P = 0, see Remark 2.4. Using similar derivations that we used to
find (A.6), we get


d |e|
|e|
6L ρ+
,
(A.7)
dt T
T
with ρ = (xmax + ε)/T and xmax is such that |x| 6 xmax for all x ∈ S 0 .
Thus |e(ti + s)|/T 6 φ(s, 0) for s ∈ [ti , ti+1 ), where φ(t, φ0 ) is the solution to
φ̇ = L(φ + ρ) satisfying φ(0, φ0 ) = φ0 . The inter-event times are lower bounded
by τ ((x, 0), w) > τ ∗ for all x ∈ S and kwkL∞ 6 ε, with τ ∗ such that φ(τ ∗ , 0) = 1,
from which it immediately follows that the system has the robust semi-global
event-separation property. Since φ(t, 0) = ρeLt − ρ, we find


1+ρ
1
τ ∗ = ln
.
(A.8)
L
ρ

Proof of Theorem 2.18. From (2.22) with w = 0 and P = 0 it follows that
t1 = inf{t > 0 | |e(t)| > T }.

(A.9)

For t ∈ [0, t1 ] it holds that
Z t
x(t) = eAt x0 +
eAs dsBKx0 ,
0
Z t
= x0 +
eAs ds(A + BK)x0 ,

(A.10)

0

and, using e(t) = x0 − x(t),
|e(t)| =

Z

t

eAs ds(A + BK)x0 .

(A.11)

0

We proceed now by contradiction. Suppose that the system would have
the global event-separation property, then there exists τ ∗ > 0 such that
t1 ((x0 , 0), 0) > τ ∗ for any x0 ∈ Rnx . Since A + BK 6= 0, we can find for
any τ ∗ > 0 a vector v such that for some 0 < tc 6 τ ∗
Z tc
(A.12)
eAs ds(A + BK)v > 0.
0

|

{z
c

}

Thus, by choosing x0 = αv with α > T /c we find that t1 ((x0 , 0), 0) < tc 6 τ ∗ .
This clearly contradicts t1 > τ ∗ , from which it follows that the system does not
have the global event-separation property.
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Proof of Theorem 2.21. Since A + BKC is assumed to be Hurwitz, we can find
Z  0, Q  0 satisfying (2.42). Since A is not Hurwitz, there exists no Z 0  0
such that A> Z 0 + Z 0 A ≺ 0. Thus, A> Z +
 ZA is not negative definite, and there
exists x 6= 0 such that x> A> Z + ZA x > 0. For this specific x it follows
from (2.42) that


−x> C > K > B > Z + ZBKC x = x> Q + A> Z + ZA x,
and thus


−x> C > K > B > Z + ZBKC x > x> Qx.

(A.13)

Since Q  0, this leads to

Since
and


−x> C > K > B > Z + ZBKC x > x> Qx .

(A.14)


2|ZBK||C||x|2 > x> C> K> B> Z + ZBKC x

(A.15)

x> Qx > λmin (Q)|x|2 ,

(A.16)

it follows by elimination of the term |x|2 that 2|ZBK||C| > λmin (Q). Since, in
addition, σ < 1 and γ < 1, it follows that P < 1.
Proof of Theorem 2.22. Consider the initial state x0 ∈ ker C \ ker O, and note
that in the absence of disturbances, i.e., w = 0, n = 0, the equality |en | = P |y n |
reduces to |e| = P |y|, and that for t ∈ [0, t1 ] it holds that,
Z t
y(t) = CeAt x0 + C
eAs dsBKCx0
0
Z t
= Cx0 + C
eAs ds(A + BKC)x0
0
Z t
=C
eAs dsAx0 .
(A.17)
0

Using e(t) = Cx0 − y(t) (as we took n(t) = 0), and Cx0 = 0, we find that
|e(t)| = |y(t)| for all t ∈ [0, t1 ].
We again proceed by contradiction. Suppose that the system would have the
local event-separation property, then for the initial state x0 , there exists τ ∗ > 0
such that t1 ((x0 , 0), 0) > τ ∗ .
Since x0 ∈
/ ker O, we can find for any τ ∗ > 0 some tc satisfying 0 < tc 6 τ ∗
such that

Z tc
Z tc 
s2 CA3
C
eAs dsAx0 =
CA + sCA2 +
+ . . . x0 ds > 0. (A.18)
2
0
| 0
{z
}
c
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Since t1 satisfies
t1 = inf{t > 0 | |e(t)| > P |y(t)|},

(A.19)

with P < 1, obviously t1 < tc 6 τ ∗ . This clearly contradicts t1 > τ ∗ , from which
it follows that the system does not have the local event-separation property.
Proof of Theorem 2.23. We prove the theorem for the absolute event-generator
with P = 0 and T > 0. Since the mixed event-generator with P > 0, T > 0
generates events whenever |en | 6 P |y n | + T is violated and, since P |y n | + T > T ,
the MIET generated by the mixed event-generator is lower bounded by the
MIET of the absolute event-generator. The proof will be obtained by adapting
the proof of Theorem 2.17, and we also use the sets S and S 0 as defined in the
proof of Theorem 2.14. The ISpS property follows directly from Remark 2.19.
To prove the robust semi-global event-separation property, consider that an
event is triggered whenever |e − n| 6 T is violated, and that |e − n| 6 |e| + |n|.
Since en (ti ) is reset to zero at event-times ti , we have that e(ti ) = n(ti ). If
n satisfies knkL∞ 6 η for some η ∈ R>0 , then the inter-event times are lower
bounded by the time it takes for |e| to grow from η to T − η, from which it
immediately follows that to guarantee positive inter-event times, it is required
that η < T /2.
Using (2.49) and (2.40), we find that
ė = −C(A + BKC)x − CBKe − Cw.

(A.20)

Since for all trajectories starting in S, it holds almost everywhere that
d
2|ė||e|
ė> e + e> ė
√
6
|e| =
= |ė|
>
dt
2|e|
2 e e
6 |C(A + BKC)|xmax + |C|ε + |CBK||e|,

(A.21)

where kwkL∞ 6 ε and |x| 6 xmax for all x ∈ S 0 , we conclude that |e(ti + s)| 6
φ(s, η) for s ∈ (ti , ti+1 ], where φ(t, φ0 ) is the solution to φ̇ = ρ + Lφ satisfying
φ(0, φ0 ) = φ0 . Here, ρ = |C(A + BKC)|xmax + |C|ε and L = |CBK|.
From this it follows that for the system (2.49) with P > 0, T > 0, ε > 0 and
T /2 > η > 0, the inter-event times are lower bounded by τ ((x, n(0)), (w, n)) > τ ∗
for all x ∈ S, all kwkL∞ 6 ε and all knkL∞ 6 η, with τ ∗ such that φ(τ ∗ , η) =
T − η, from which it immediately follows that the system has the robust semiglobal event-separation property.
Proof of Theorem 2.25. Consider the case with w = 0 and n = 0. From (2.49)
it follows that
t1 = inf{t > 0 | |e(t)| > P |y(t)| + T },

(A.22)
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and for t ∈ [0, t1 ) it holds that
Z

t

eAs dsBKCx0
y(t) = Ce x0 + C
0
Z t
= Cx0 + C
eAs ds(A + BKC)x0 ,
At

(A.23)

0

Suppose that the system would have the global event-separation property, then
there exists τ ∗ > 0 such that t1 ((x0 , 0), 0) > τ ∗ for any x0 ∈ Rnx . Since
rank(O) > rank(C), there exists v ∈ ker(C) \ ker(O), and for any τ ∗ > 0 we can
find some tc satisfying 0 < tc 6 τ ∗ such that
Z
C

tc

eAs ds(A + BKC)v

0
tc

Z
=
0

|



s2 CA3
CA + sCA +
+ ...
2
{z
2

c


vds > 0. (A.24)
}

Using (A.23), (A.24), e(t) = Cx0 − y(t) and Cv = 0, we find that for x0 = αv,
αc
|e(tc )|
=
,
P |y(tc )| + T
P αc + T

(A.25)

from which follows that by choosing α > T /(c − P c) we find that t1 ((αv, 0), 0) <
tc 6 τ ∗ . This clearly contradicts t1 > τ ∗ , from which it follows that the system
does not have the global event-separation property.

Appendix B

Proofs of Chapter 3
Proof of Theorem 3.5. The proof is based on the storage function U given
by (3.19) with V as defined in (3.20), P0 satisfying (3.21), and P1d , d ∈ D,
satisfying (3.22). However, we only need to consider the function V , as it holds
that η(t) = 0 for all t ∈ R>0 (cf. (3.12)) and thus in this case U = V .
The proof consists of showing that V is proper a storage function and satisfies
for all ξ ∈ Rnξ , τ ∈ R>0 , κ ∈ N, and all l ∈ {0, 1},
c1 |ξ|2 6 V (ξ, τ, κ, l) 6 c2 |ξ|2

(B.1)

with c2 > c1 > 0, has a supply rate θ−2 z > z − w> w [96, 106] and decay rate 2ρ
during flow (3.10a), and is nonincreasing along jumps (3.10b) and (3.10c).
The first property follows from Assumption 3.4, as this assumption guarantees that P0 (τ )  0 for all τ ∈ [0, h] and P1d (τ )  0 for all τ ∈ [0, d], d ∈ D,
see [6, 45]. Hence, (B.1) holds with





c1 = min min λmin (P0 (τ )), min λmin P1d (τ )
(B.2a)
τ ∈[0,h]

d∈D
τ ∈[0,d]




c2 = max max λmax (P0 (τ )), max λmax P1d (τ )
,
(B.2b)
τ ∈[0,h]

d∈D
τ ∈[0,d]

where c2 > c1 > 0.
For brevity, we will use the notation V (t) = V (ξ(t), τ (t), κ(t), l(t)) in the
remainder of the proof.
Following the derivations in the proof of [45, Theorem III.2] it can be shown
that (3.21), (3.22), and (3.23) imply that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t) − ζ(t)> NF ζ(t)

(B.3)
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during flow (3.10a) with (τ ∈ [0, τκ ) and l = 1) or (τ ∈ [0, h) and l = 0).
Additionally, during flow (3.10a) with τ ∈ [h, ∞), l = 0, and ζ > Qζ 6 0 it holds
that ŷ = s, which implies that




xp (t)
xp (t)
 xc (t) 



 when t ∈ (tk + h, tk+1 ],
 ŷ(t)  = T xc (t)
s(t)
s(t)
and thus it follows from (3.30) that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t) − ζ(t)> (NN − βQ)ζ(t). (B.4)

Equations (B.3) and (B.4) together with NF , NN  0, β > 0, and ζ(t)> Qζ(t) 6 0
for t ∈ [tk + h, tk+1 ] show that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t)

(B.5)

holds during flow (3.10a), proving the second property.
Finally, we show that V does not increase along jumps. In [45], it is shown
that (3.26) evaluated at τ = d, d ∈ D, leads to
P0d = G0 (h − d) + F11 (h − d)−> P0h S(h − d)
−1

I − S(h − d)> P0h S(h − d)
S(h − d)> P0h F11 (h − d)−1 , (B.6)
and for d ∈ D, (3.27) evaluated at τ = 0, leads to
d
P10
= Gd1 (d)+

−1

d
d
d
F11 (d)−> P1d
S(d) I − S(d)> P1d
S(d)
S(d)> P1d
F11 (d)−1 . (B.7)
−1
existence
of
I − S(h − d)> P0h S(h − d)
and
−1
> d
d
I − S(d) P1d S(d)
is guaranteed by Assumption 3.4 and P0h , P1d  0,
d ∈ D, cf. [45]. By applying a Schur complement it follows from (3.31), NT  0,
and µd > 0 for all d ∈ D that along transmissions (3.10b) (when τ ∈ [h, ∞),
l = 0, and ζ > Qζ > 0) we have

Here,

the

τ

V (t+ ) = ξ(t)> J0> P10κ(t) J0 ξ(t)
6 ξ(t)> P0h ξ(t) − ζ(t)> (NT + µτκ(t) Q)ζ(t)
>

6 ξ(t) P0h ξ(t) = V (t),

(B.8a)
(B.8b)

and it follows from (3.32) that along updates (3.10c) (when τ = τκ and l = 1)
we have
τ

V (t+ ) = ξ(t)> J1> P0τκ(t) J1 ξ(t) 6 ξ(t)> P1τκ(t)
ξ(t) = V (t).
κ(t)

(B.9)
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Combining (B.1), (B.5), (B.8b), and (B.9) establishes the upper bound θ on
the L2 -gain of the ETC system (3.10), (3.13) [45].
Furthermore, it follows that
V (t) 6 e−2ρt V (0) +

Z
0

t

e−2ρ(t−s) kwk2L∞ ds

1
(1 − e−2ρt )kwk2L∞
2ρ
1
6 e−2ρt V (0) + kwk2L∞
2ρ

6 e−2ρt V (0) +

and thus
|ξ(t)| 6 ce−ρt |ξ(0)| + (2ρc1 )−1/2 kwkL∞
with c =

p

(B.10)

c1 /c2 , which proves that the system is ISES with decay rate ρ.

Proof of Theorem 3.6. Consider again the Lyapunov/storage function U given
by (3.19) with V as defined in (3.20).
First, we show that U is a proper storage function, by showing that η(t) > 0
for all t ∈ R>0 , and that U satisfies for all ξ ∈ Rnξ , τ ∈ R>0 , κ ∈ N, l ∈ {0, 1},
and all η > 0,
c1 |ξ|2 + |η| 6 U (ξ, τ, κ, l, η) 6 c2 |ξ|2 + |η|,

(B.11)

where c1 and c2 are given by (B.2). As η(0) = 0, it follows from (3.33a), NF  0,
and the comparison lemma [54, Lemma 3.4] that η(t) > 0 for all t ∈ [0, h). Next,
η flows according to (3.33b) on [h, t1 ), i.e., as long as η > 0 or ζ > Qζ 6 0
(see (3.11)). However, note that η can only become negative when η = 0 and
ζ > Qζ > 0 (see (3.33b) as NN  0), in which case a transmission (3.10b) would be
triggered. Hence, η(t1 ) = 0. The relation ηT (o(t1 )) > 0 then follows from (B.8b)
when ηT is given by (3.34), or from NT  0 when ηT is given by (3.35). Hence,
in both cases it holds that η(t+
1 ) > 0. It now follows by induction that η(t) > 0
for all t ∈ R>0 . Property (B.11) then follows by combining (B.1) and (3.19).
It remains to show that U has a supply rate θ−2 z > z − w> w and decay rate
2ρ during flow (3.10a), and is nonincreasing along jumps (3.10b) and (3.10c).
For brevity, we will use the notation U (t) = U (ξ(t), τ (t), κ(t), l(t), η(t)) and
V (t) = V (ξ(t), τ (t), κ(t), l(t)) in the remainder of the proof.
From (3.23) and (3.33a) it follows (using (B.3)) that
d
dt U (t)

6 −2ρV (t) − 2ρη(t) − θ−2 z(t)> z(t) + w(t)> w(t)
= −2ρU (t) − θ−2 z(t)> z(t) + w(t)> w(t)

(B.12)

holds during flow (3.10a) with τ ∈ [0, h], and from (3.23) and (3.33b) it follows
(using (B.4)) that (B.12) holds during flow (3.10a) with τ ∈ [h, ∞).

124

Appendix B. Proofs of Chapter 3
Finally, we show that
U (t+ ) 6 U (t),

(B.13)

holds along jumps. When using (3.34), we find along transmissions (3.10b) that
(cf. (B.8))
τ

U (t+ ) = ξ(t)> J0> P10κ(t) J0 ξ(t)

d
+ η(t) + min ξ(t)> P0h − J0> P10
J0 ξ(t)
d∈D

>

6 ξ(t) P0h ξ(t) + η(t) = U (t).
Alternatively, when using (3.35), we find (using (B.8a) and µτκ(t) ζ(t)> Qζ(t) > 0)
along transmissions (3.10b) that
τ

U (t+ ) = ξ(t)> J0> P10κ(t) J0 ξ(t) + η(t) + ζ(t)> NT ζ(t)
6 ξ(t)> P0h ξ(t) + η(t) = U (t).
Along updates (3.10c), (B.13) follows from (B.9) (which follows from (3.32)) and
η(t+ ) = η.
Equations (B.11), (B.12), and (B.13) together prove that the system has an
L2 -gain from w to z smaller than or equal to θ [96, 106].
Furthermore, it follows that
U (t) = V (t) + |η(t)|

t

6 e−2ρt V (0) + e−2ρt |η(0)| +

Z

6 e−2ρt V (0) + e−2ρt |η(0)| +

1
kwk2L∞
2ρ

0

e−2ρ(t−s) kwk2L∞ ds

and, since η(0) = 0, it follows that
|ξ(t)| 6 ce−ρt |ξ(0)| + (2ρc1 )−1/2 kwkL∞ , and

|η(t)| 6 c2 e
with c =

−2ρt

2

−1

|ξ(0)| + (2ρ)

kwk2L∞

(B.14)
(B.15)

p
c1 /c2 , which proves that the system is ISES with decay rate ρ.

Proof of Theorem 3.9. The proof directly follows from the proof of Theorem 3.6
by using V as defined in (3.37) and noting that for all d ∈ D and all i ∈
d
{1, 2, . . . , N } it holds that Xj> Uij
Xj > 0 and Xj> Wijd Xj > 0 when ξ ∈ Xj ,
j ∈ {1, 2, . . . , N }.
Proof of Theorem 3.12. The proof is similar to the proof of Theorem 3.9, mutatis
mutandis.

Appendix C

Proofs of Chapter 4
Proof of Theorem 4.3. Consider the Lyapunov function U given by (4.9), with
V given by (4.10). As in the proof of Theorem 3.5, we only need to consider the
function V , as it holds that η(t) = 0 for all t ∈ R>0 and thus in this case U = V .
In the proof of Theorem 3.5 it is shown that V is a proper storage function
and satisfies for all ξ ∈ Rnξ , τ ∈ R>0 , κ ∈ N, and all l ∈ {0, 1},
c1 |ξ|2 6 V (ξ, τ, κ, l) 6 c2 |ξ|2

(C.1)

with c2 > c1 > 0 given by (B.2), that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t)

(C.2)

holds during flow (4.5a), that
τ

V (t+ ) = ξ(t)> J0> P10κ(t)+1 J0 ξ(t)
6 ξ(t)> P0h ξ(t) − ζ(t)> (NT + µτκ(t)+1 Q)ζ(t)
>

6 ξ(t) P0h ξ(t) = V (t),

(C.3a)
(C.3b)

holds along transmissions (4.5b), and that
τ

V (t+ ) = ξ(t)> J1> P0τκ(t) J1 ξ(t) 6 ξ(t)> P1τκ(t)
ξ(t) = V (t).
κ(t)

(C.4)

holds along updates (4.5c).
It remains to show that V is decreasing along non-transmission jumps (4.5d).
From (B.6) it follows that (4.16) evaluated at τ = 0, leads to
P00 = G0 (h) + F11 (h)−> P0h S(h)
−1

I − S(h)> P0h S(h)
S(h)> P0h F11 (h)−1 . (C.5)
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By applying a Schur complement it follows from (4.22) and ŷ(t+ ) = ŷ(t) =
s(t) = s(t+ ) that along jumps (4.5d) (when τ = h and ζ > Qζ 6 0) we have
V (t+ ) = ξ(t)> P00 ξ(t)
6 ξ(t)> P0h ξ(t) − ζ(t)> (NN − βQ)ζ(t)
6 ξ(t)> P0h ξ(t) = V (t),

(C.6a)
(C.6b)

as NN  0.
Similar arguments as in the proof of Theorem 3.5 lead to ISES with decay
rate ρ and L2 -stability with L2 -gain θ.
Proof of Theorem 4.5. Consider again the Lyapunov function U given by (4.9),
with V given by (4.10).
First, we show that U is a proper storage function, by showing that η(t) > 0
for all t ∈ R>0 , and that U satisfies for all ξ ∈ Rnξ , τ ∈ R>0 , κ ∈ N, l ∈ {0, 1},
and all η > 0,
c1 |ξ|2 + |η| 6 U (ξ, τ, κ, l, η) 6 c2 |ξ|2 + |η|,

(C.7)

where c1 and c2 are given by (B.2). As η(0) = 0, it follows from (4.23) that
η(t) > 0 for all t ∈ [0, h], and hence, that η(s1 ) > 0. Next, given eventgenerator (4.6), a transmission (4.5b) occurs in case ζ(s1 )> Qζ(s1 ) > 0 and
ηN (ô(s1 )) 6 0. In this case, ηT (ô(s1 )) > 0 follows from (C.3b) when ηT is
given by (4.25a), or from NT  0 when ηT is given by (4.26a). Otherwise, if
ζ(s1 )> Qζ(s1 ) < 0 or ηN (ô(s1 )) > 0, no transmission occurs, and the state jumps
according to (4.5d). Observe however that when ζ(s1 )> Qζ(s1 ) < 0 it holds that
ηN (ô(s1 )) > 0, which follows from (C.6b) when ηN is given by (4.25b), or from
NN  0 and β > 0 when ηN is given by (4.26b). Hence, in all cases it holds
that η(s+
1 ) > 0. It now follows by induction that η(t) > 0 for all t ∈ R>0 .
Property (C.7) then follows by combining (C.1) and (4.9), where c1 and c2 are
given by (B.2).
From (4.13) and (4.23), it follows that
d
dt U (t)

6 −2ρV (t) − 2ρη(t) − θ−2 z(t)> z(t) + w(t)> w(t)
= −2ρU (t) − θ−2 z(t)> z(t) + w(t)> w(t)

(C.8)

holds during flow (4.5a), and thus that U has a supply rate θ−2 z > z − w> w and
decay rate 2ρ during flow.
It remains to show that
U (t+ ) 6 U (t),
(C.9)
holds along jumps. For transmissions (4.5b) and updates (4.5c), this has already
been shown in the proof of Theorem 3.6, as the functions (4.25a) and (3.34),
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and (4.26a) and (3.35) are identical. Along jumps (4.5d), we find when using (4.25b) that
U (t+ ) = ξ(t)> P00 ξ(t) + η(t) + ξ(t)> (P0h − P00 ) ξ(t)
= ξ(t)> P0h ξ(t) + η(t) = U (t).

Alternatively, when using (4.26b), we find using (C.6a) (which also holds along
jumps (4.5d) when τ = h and ζ > Qζ > 0) that
U (t+ ) = ξ(t)> P00 ξ(t) + η(t) + ζ(t)> (NN − βQ)ζ(t)
6 ξ(t)> P0h ξ(t) + η(t) = U (t).

This completes the proof.
Proof of Theorem 4.6. The proof directly follows from the proof of Theorem 4.5
by using V as defined in (4.28) and noting that for all d ∈ D and all i ∈
d
{1, 2, . . . , N } it holds that Xj> Uij
Xj > 0, Xj> Wijd Xj > 0, and Xj> Vij Xj > 0
when ξ ∈ Xj , j ∈ {1, 2, . . . , N }.
Proof of Theorem 4.8. The proof is similar to the proof of Theorem 4.6, mutatis
mutandis.

Appendix D

Proofs of Chapter 5
Proof of Theorem 5.3. We will prove the theorem for the dynamic continuous
event-generator (5.13) with (5.14b). The proof for the static continuous eventgenerator (5.12) with (3.12) can be obtained using similar reasoning and is therefore omitted.
The proof is similar to the proof of Theorem 3.6, and hence we will only
point out the differences. We again use the Lyapunov/storage function U given
by (3.19) with V as defined in (3.20).
First, we show that η(t) > 0 for all t ∈ R>0 . As η(0) = 0, it follows
from (3.33a), NF  0, and the comparison lemma [54, Lemma 3.4] that η(t) > 0
for all t ∈ [0, h). Next, η flows according to (3.33b) on [h, t1 ), i.e., as long as
η > 0 or βζ > Qζ 6 δC (see (5.13)). However, note that η can only become
negative when η = 0 and βζ > Qζ > δC (see (5.14b) as NN  0), in which case
a transmission (3.10b) would be triggered. Hence, η(t1 ) = 0. It follows from
NT  0 that η(t+
1 ) = ηT (o(t1 )) > 0. It now follows by induction that η(t) > 0
for all t ∈ R>0 .
Next, during flow (3.10a) with τ ∈ [0, h] we know that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t) − ζ > NF ζ

(D.1)

and during flow (3.10a) with τ ∈ [h, ∞) and βζ > Qζ 6 δC it follows that
d
dt V

(t) 6 −2ρV (t) − θ−2 z(t)> z(t) + w(t)> w(t) − ζ(t)> (NN − βQ)ζ(t). (D.2)

Hence, using (5.14b) leads to
d
dt U (t)

during flow (3.10a).

6 −2ρU (t) − θ−2 z(t)> z(t) + w(t)> w(t) + δC .

(D.3)
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Along jumps (3.10b) and (3.10c) it follows from the proof of Theorem 3.6
that U (t+ ) 6 U (t). Combined with (D.3), this leads to
U (t) = V (t) + |η(t)|

6 e−2ρt V (0) + e−2ρt |η(0)|+
Z t

e−2ρ(t−s) w(s)> w(s) − θ−2 z(s)> z(s) + δC ds.

(D.4)

0

Since η(0) = 0, it follows from (D.4) that

1
(1 − e−2ρt ) kwk2L∞ − θ−2 kzk2L∞ + δC ,
2ρ

1
6 e−2ρt V (0) +
kwk2L∞ + δC ,
2ρ

V (t) + η(t) 6 e−2ρt V (0) +

which leads to
−ρt

|ξ(t)| 6 ce

r
|ξ(0)| +

|η(t)| 6 c2 e−2ρt |ξ(0)|2 +

1
kwkL∞ +
2ρc1

s

δC
, and
2ρc1

1
δC
kwk2L∞ +
2ρ
2ρ

(D.5)
(D.6)

p
with c = c1 /c2 , which proves that the system is pISES with decay rate ρ.
Moreover, from (D.3) and U (t+ ) 6 U (t) it also follows that
Z t
Z t

θ−2 z(s)> z(s) − δC ds 6 V (0) +
w(s)> w(s)ds,
(D.7)
0

0

which can be rewritten as
Z t
Z t

2
2
2
2
|z(s)| − θ δC ds 6 θ V (0) + θ
|w(s)|2 ds,
0

and thus

(D.8)

0

√
kzkLd3 6 θ c2 |ξ(0)| + θkwkL2
2

(D.9)

with d3 = θ2 δC , which proves that the system has a practical L2 -gain from w to
z smaller than or equal to θ.
Proof of Theorem 5.4. We will prove the theorem for the dynamic periodic
event-generator (5.16) with (5.17). The proof for the static periodic eventgenerator (5.15) with (4.7) can be obtained using similar reasoning and is therefore omitted.
The proof is similar to the proof of Theorems 4.5 and 5.3, and hence we will
only point out the differences. We again use the Lyapunov/storage function U
given by (4.9) with V as defined in (4.10).
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First, we show that η(t) > 0 for all t ∈ R>0 . As η(0) = 0, it follows
from (4.23) that η(t) > 0 for all t ∈ [0, h], and hence, that η(s1 ) > 0. Next, given
event-generator (5.16), a transmission (4.5b) occurs in case βζ(s1 )> Qζ(s1 ) > δP
and ηN (ô(s1 )) 6 0. In this case, ηT (ô(s1 )) > 0 follows from NT  0. Otherwise,
if βζ(s1 )> Qζ(s1 ) < δP or ηN (ô(s1 )) > 0, no transmission occurs, and the state
jumps according to (4.5d). Observe however that when βζ(s1 )> Qζ(s1 ) < δP it
holds that ηN (ô(s1 )) > 0, which follows from NN  0 and β > 0. Hence, in all
cases it holds that η(s+
1 ) > 0. It now follows by induction that η(t) > 0 for all
t ∈ R>0 .
Next, along jumps (4.5c) it holds that U (t+ ) 6 U (t), along jumps (4.5d) it
holds that
V (t+ ) 6 V (t) − ζ > (NN − βQ) ζ

(D.10)

>

+

η(t ) = η(t) + ζ (NN − βQ) ζ + δP

(D.11)

and along jumps (4.5b) it holds that
V (t+ ) 6 V (t) − ζ > NT ζ
+

(D.12)

>

η(t ) = η(t) + ζ NT ζ + δP .

(D.13)

U (t+ ) 6 U (t) + δP .

(D.14)

Hence, it follows that
along jumps (4.5d) and (4.5b).
During flow (4.5a), it follows from the proof of Theorem 4.5 that
d
dt U (t)

6 −2ρU (t) − θ−2 z(t)> z(t) + w(t)> w(t).

(D.15)

Combined with (D.14), this leads to
U (h+ ) 6 e−2ρh U (0) +

Z
0

h


e−2ρ(h−s) w(s)> w(s) − θ−2 z(s)> z(s) ds + δP

from which we can derive
Z t

−2ρt
U (t) 6 e
U (0) +
e−2ρ(t−s) w(s)> w(s) − θ−2 z(s)> z(s) ds+
0

bt/hc−1

X

e−2ρhn δP

(D.16)

n=0

6e

−2ρt

Z
U (0) +
0

t


e−2ρ(t−s) w(s)> w(s) − θ−2 z(s)> z(s) ds+
e−2ρh
δP .
1 − e−2ρh

(D.17)
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Since η(0) = 0, it follows from (D.17) that
s
r
1
δP e−2ρh
|ξ(t)| 6 ce−ρt |ξ(0)| +
kwkL∞ +
, and
2ρc1
c1 (1 − e−2ρh )
|η(t)| 6 c2 e−2ρt |ξ(0)|2 +

1
δP e−2ρh
kwk2L∞ +
2ρ
(1 − e−2ρh )

(D.18)
(D.19)

p
with c = c1 /c2 , which proves that the system is pISES with decay rate ρ.
Moreover, from (D.14) and (D.15) it also follows that
Z
0

t

θ−2 z(s)> z(s)ds − δP

t
6 V (0) +
h

Z

t

w(s)> w(s)ds,

which can be rewritten as

Z t
Z t
δP
|z(s)|2 − θ2
ds 6 θ2 V (0) + θ2
|w(s)|2 ds,
h
0
0
and thus

√
kzkLd3 6 θ c2 |ξ(0)| + θkwkL2
2

(D.20)

0

(D.21)

(D.22)

with d3 = θ2 δhP , which proves that the system has a practical L2 -gain from w to
z smaller than or equal to θ.

Appendix E

Proofs of Chapter 6
Proof of Theorem 6.11. First, note that Assumption 6.2 is an invariance property of system (6.3), while here we consider the system ξ˙ = g(ξ), which is system (6.3a) (without the discrete dynamics (6.3b) and (6.3c)). These are therefore two different dynamical systems, and the solutions to ξ˙ = g(ξ), may leave
Ω, while those of (6.3) will not because of the well-designed discrete dynamics
(jumps) in (6.3b) and (6.3c).
Consider any solution ξ(·, ξ0 ) to ξ˙ = g(ξ) with initial state ξ0 ∈ Ω, and
suppose that y1 (t, µp (ξ0 )) < 0 for all t ∈ [0, h].
Case 1: ξ(t, ξ0 ) ∈ Ω for all t ∈ [0, h].
From Lemma 6.10, it directly follows that Γ(ξ(t, ξ0 )) 6 y1 (t, µp (ξ0 )) < 0 for all
t ∈ [0, h].
Case 2: ξ(t, ξ0 ) 6∈ Ω for some t ∈ [0, h].
Define t∗ := inf{τ ∈ [0, h] | ξ(τ, ξ0 ) ∈
/ Ω} and t1 := inf{τ > 0 | Γ (ξ(τ, ξ0 ))) > 0}.
For all t ∈ [0, t1 ), it holds that Γ (ξ(t, ξ0 )) < 0, and thus in this interval the solutions ξ(t, ξ0 ) to ξ˙ = g(ξ) coincide with the solutions to the CETC system (6.3)
with initial condition ξ(0) = ξ0 . As Ω is forward invariant for CETC system (6.3), it follows that ξ(t, ξ0 ) ∈ Ω for all t ∈ [0, t1 ), which leads to the
observation that t1 6 t∗ 6 h. Furthermore, Γ(ξ(t1 , ξ0 )) = 0 as Γ is continuous in view of Assumption 6.4. Finally, since according to Lemma 6.10,
y1 (t, µp (ξ0 )) > Γ(ξ(t, ξ0 )) for all t ∈ [0, t∗ ) we will have that y1 (t1 , µp (ξ0 )) > 0,
which is excluded in this proof. As a result, Case 2 cannot occur.
Proof of Theorem 6.13. Given ξ0 ∈ Ω, it follows from Theorem 6.11, Assumption 6.3, t̃0 = t0 , and h < T that t̃1 6 t1 and that solutions to (6.3) and (6.6)
coincide for all t ∈ [t̃0 , t̃1 ]. Thus, for any solution ξ(·, ξ0 ) to (6.6) it holds that
ξ(t, ξ0 ) ∈ Ω and Γ(ξ(t, ξ0 )) 6 0 for all t ∈ [t̃0 , t̃1 ]. The proof can now be completed by repeating the above argument for each interval [t̃k , t̃k+1 ], k ∈ N, and
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the fact that b(Ω) ⊆ Ω.
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M. H. Heemels, “Periodic event-triggered control of nonlinear systems using overapproximation techniques,” submitted.
[14] D. Carnevale, A. R. Teel, and D. Nešić, “A Lyapunov proof of an improved
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