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Abstract

This thesis consists of mainly three contributions.
In the first part, we construct a stochastic model showing the relationship between
noise, gradient flows and rate-independent systems. The model consists of a one-
dimensional birth-death process on a lattice. Taking various limits we show how to
obtain a whole family of generalized gradient flows, ranging from quadratic to rate-
independent ones, connected via L logL gradient flows. This is achieved via Large
Deviations theory. Afterwards we generalise the model to arbitrary finite dimension,
with an outlook to the infinite dimensional problem. Moreover, we are able to prove
that the rate-independent evolution can be obtained from a rate functional, satisfying
a large deviations principle.
In the second part we prove the equivalence between the notion of Wasserstein gradient
flow for a one-dimensional nonlocal transport PDE with attractive/repulsive Newto-
nian potential on one side, and the notion of entropy solution of a Burgers-type scalar
conservation law on the other. The proof uses the L2 gradient flow of the pseudo-
inverse distribution function of the gradient flow solution. We provide a rigorous
particle-system approximation to the Wasserstein gradient flow with the so-called
wave-front-tracking algorithm for scalar conservation laws. Finally, we provide a
characterization of the subdifferential of the functional involved in the Wasserstein
gradient flow.
In the third part we study how the model in [CG99] is connected to a time-discrete
evolution scheme which explicitly confines dislocations to move each time step along a
single glide direction. We prove that the time-continuous model in [CG99] is the limit
of these time discrete minimising movement schemes when the time step vanishes.

Keywords: Large deviations, Gamma-convergence, gradient flows, Markov chains,
rate-independent systems, BV solutions, vanishing- viscosity limit, Wasserstein gradi-
ent flows, nonlocal interaction equations, entropy solutions, scalar conservation laws,
particle approximation, screw dislocations, variational methods.
MSC 2010: 49S05, 49J45, 47H20, 60F10, 60G50, 60J05, 60J75, 60J60, 74C15,
35A02, 35F20, 45K05, 35L65, 70F45, 92D25.
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Chapter 1

Introduction

During my undergrad I have been trained as a physicist, and every time there was a
force involved there was also an acceleration. It is never the case in this thesis, it is
never the case when we are dealing with gradient flows. Hence it useful to start with
a short physical introduction to explain why.

1.1 Heuristics of Gradient Flows

The past four years of my PhD were focused on the study of the evolution of physical
systems (the definition of physical system is not given on purpose and left to the free
interpretation of the reader), that can be modelled with a relation of the type

Velocity ∝ Force. (1.1)

Where does this equation come from? If we consider physical systems that can be
fully represented by two variables (e.g., cf. [Arn89]) position (Q) and momentum (P),
Newton’s second law of motion combined with frictional effects reads

dP
dt

= Force(Q)− Friction(P),

where Force and Friction are respectively functions depending on position and mo-
mentum. Changing now from time t of order O(1) to a time s of order O(ε) via a
rescaling s = εt, we obtain

ε
dP
ds

= Force(Q)− Friction(P),

and for ε small we can neglect the left hand side of the previous equation

P = Friction−1 (Force(Q)) .

1



Heuristics of Gradient Flows Introduction

The previous equation is now in the form (1.1) considering that the momentum is
P = m · Velocity.

Nature, or to be more precise how we model it, follows a general scheme of energy
minimisation. Given a physical system characterised by a suitable potential energy
U, and the force generating the evolution will tend to minimise it, as is indicated
schematically in Figure 1.1. Gravitational energy, Coulomb interaction energy and
elastic energy of a spring are the most famous and immediate examples. Also in
thermodynamics the minimisation occurs, the concept of creation of disorder is related
to the minimisation of −Entropy (with the minus sign because in the physicists’ world
Entropy is maximized).

U

Q

?

Figure 1.1: Example of particles in an energy landscape.

To ensure this minimisation in a mathematical model for physical reality, during
the evolution the force must point in the opposite direction, and with the same in-
tensity, of the gradient of the potential energy, i.e. Force = −∇U. The modelling of
the dissipation mechanism lies in the modelling of the function Friction. So now, even
if still in a general and mathematically incomplete way, we define the concept of

Definition 1.1.1 (Gradient Flows). Given a physical system with position Q, mo-
mentum P, described by a potential energy U and a dissipation Friction, it satisfies a
Gradient Flow evolution if

P = Friction−1 (−∇U(Q)) . (1.2)

It is useful to give an explicit and well-known example, we choose to present an
example taken from [LL76].

Example 1.1.2 (Overdamped oscillations). Consider a physical system with the
position Q as only degree of freedom, with a potential energy U(Q) having a minimum
(and hence a stable equilibrium) at the origin. The force acting on the system is
proportional to ∇U, and it drives the system back to the equilibrium point.
For small values of Q we approximate the potential to the second order term. Being

2



Introduction Heuristics of Gradient Flows

the origin a minimum, we obtain that

U(Q) ' 1
2κQ2, and this implies dP

dt
= −κQ.

This is the model for oscillations in vacuum, or in a medium where the friction effects
are negligible. More in general we must keep friction effects into account, by including
a dissipative force Friction(P) that is highly dependent on the physical system we are
taking into account, and may even depend on additional parameters or the position.
Proceeding by approximation to the first non-zero order term, we obtain

Friction(P) ' γP,

considering that the effect of the friction on a body at rest is absent. Now the equation
of motion reads

dP
dt

= −κQ− γP,

and if we write in terms of a new time variable s = γ−1t we obtain

1
κγ

dP
ds

= −Q− γ

κ
P.

The gradient flow formulation appears as a result of the passage to the limit γ →∞
with κ/γ → ω <∞:

P = −ωQ.

The previous discussion was fully heuristic, for a complete and mathematically
rigorous description of the theory of gradient flows we send the reader to [AGS08].
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Plan of the thesis Introduction

1.2 Plan of the thesis
In this thesis we will see how the concept of gradient flows is versatile, allowing us
to frame it into different areas of interest. But as it is stated Definition 1.1.1 is
incomplete: it is not specified which are the required regularity assumption on the
potential energy U, and the same holds for the dissipation. In fact even what is a
physical system or in which space the variables are remains unclear. In the following
we will analyse equation (1.2) giving a precise mathematical definition, that will
depend on the framework we are working with. Throughout this thesis we consider
systems of unit mass and we get rid of the dimensional constants, so the momentum
in equation (1.2) will be considered simply a velocity.

Outline

The thesis is divided in three parts, each of them focused on a different framework
where gradient flows play a central role. Listed in order of appearance, we treat

I the interplay of stochastic processes, gradient flows and rate-independent sys-
tems via large deviations;

II the connection between Wasserstein gradient flows and scalar conservation laws;

III the evolution of screw dislocations with preferred directions of movement.

The structure of the three parts is such that each one can be read as a stand alone:
they start with an introductory chapter to the topic and the questions addressed; then
there is a preliminaries chapter with the mathematical details and notions needed;
the results chapter shows the mathematical achievements and a discussion.
We end the thesis in Part IV with a general discussion.

Abstracts
First we want to briefly summarise the three topics: with a short abstract, stating
the main underlying question, and providing the characterisation of the gradient flows
specifying the following points

- In which space lives the physical system (Q,P);

- What is the potential energy (U);

- Which choice of the dissipation term (Friction).

Gradient flows, large deviations and rate-independent system

This part contains [BP15] combined with ongoing collaborations with Jin Feng, Mark
Peletier, Riccarda Rossi and Giuseppe Savaré.

4



Introduction Plan of the thesis

Systems with completely different behaviours can be originated from a common
underlying microscopic system, for different values of some critical parameters. This
idea inspired the work presented in Part I, where rate-independent systems and quad-
ratic gradient flows are considered, combined with a stochastic (noise) model under-
lying. We are mainly driven by the question:

What is the relationship between noise, gradient flows,
and rate-independent systems?

We will provide a partial answer to this question by studying a simple stochastic
model. The model consists in a one-dimensional jump process on a lattice, with rates
derived from Kramers’ law as an approximation of a Brownian motion on a wiggly
energy landscape. By taking various limits in this model, we obtain a full continuum
of behaviours (a family of ‘sinh’ gradient flows), among which rate-independence
and quadratic gradient flow can be considered extreme cases. In this sense both
rate-independent and quadratic dissipation arise naturally from the same stochastic
model in different limits. This is achieved via Mosco-convergence of the renormalized
large-deviations rate functional of the stochastic process. Afterwards we generalise
the model to arbitrary finite dimension, with an outlook to the infinite dimensional
problem. Moreover, we are able to prove that the rate-independent evolution can be
obtained from a rate functional, satisfying a large deviations principle.

The gradient flow is characterised in the following way

- Physical system: Q ≡ x ∈ AC([0, T ];R), absolutely continuous curves from a
time interval to R; P ≡ ẋ, the time derivative;

- Potential energy: U(Q) ≡ E(x) smooth and possibly time dependent;

- Dissipation: the evolution is of the type

ẋ = −2α sinh(β∇E).

For limiting behaviour of the parameters α and β we get a linear gradient flow
or the rate-independent limit.

Wasserstein gradient flows and conservation laws

This part is [BCDFP15].

Given two equations are given, both with possible non-uniqueness of solutions,
and formally connected. If we define selection criteria for unique solution for both of
of them, then we would like that they choose compatible solutions. This bring us to
our specific case, where we ask the following question:

Wasserstein gradient flows and entropy solutions are compatible?
Do they select the same solutions?

5



Plan of the thesis Introduction

We prove the equivalence between the notion of Wasserstein gradient flows for
a one-dimensional nonlocal transport PDE with attractive/repulsive Newtonian po-
tential on one side, and the notion of entropy solution of a Burgers-type scalar con-
servation law on the other. The proof uses an intermediate step, namely the L2

gradient flow of the pseudo-inverse distribution function of the gradient flow solution.
We use this equivalence to provide a rigorous particle-system approximation to the
Wasserstein gradient flows, avoiding the regularization effect due to the singularity in
the repulsive kernel. The abstract particle method relies on the so-called wave-front-
tracking algorithm for scalar conservation laws. Finally, we provide a characterization
of the subdifferential of the functional involved in the Wasserstein gradient flow.

The gradient flow is characterised in the following way

- Physical system: Q ≡ µ ∈ P2(R) the space of probability measures on R with
bounded second moment, P ≡ v such that ∂tµ+ ∂x(vµ) = 0;

- Potential energy: U(Q) ≡ W[µ] with

W[µ] = 1
2

ˆ
R×R
±|x− y|dµ(x)dµ(y),

and the the gradient ∇U is now a subdifferential ∂W;

- Dissipation: the evolution now reads v = −∂W.

Gradient flows and dislocations

This part is based on an ongoing collaboration with Patrick van Meurs and Marco
Morandotti.

The starting point is the model in [CG99] describing the dynamics of screw dis-
locations. While this model takes a finite set of glide directions into account, it still
allows for screw dislocations to move along other directions. We will like to give an
answer to the following question:

How does the evolution model in [CG99] connect to a different model
which confines dislocations to move along glide directions only?

The model can be written as a gradient flow, and the solutions obtained via discrete
time approximation. This approximation allow the evolution to follow freely every
direction, with effectively a penalisation for non-glide directions. We wish to under-
stand how this model is connected to a time-discrete evolution scheme which confines
dislocations to move each time step along a single glide direction. We prove that
the time-continuous model in [CG99] is the limit of these time-discrete minimizing-
movement schemes when the time step converges to 0. Our analysis is a first step
towards a generalization of the setting in [AGS08, Chap. 2 and 3] that allows for

6



Introduction Plan of the thesis

dissipations which cannot be described by a metric.

The gradient flow is characterised in the following way

- Physical system: n particels living in R2, Q ≡ Z ∈ (R2)n; P ≡ Ż ∈ (R2)n; the
evolution is allowed only along a set of so called glide directions G;

- Potential energy: U(Q) ≡ U(Z) ∈ C1;

- Dissipation: given Ψ∗(y) =
∑
i ψ
∗(yi), with y ∈ (R2)n and yi ∈ R2 and

ψ∗(yi) = 1
2‖yi‖

2
∗ = 1

2

(
max
g∈G
|g · yi|

)2
,

the evolution is defined as Ż ∈ ∂Ψ∗(−∇U(Z)).

7
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Gradient Flows and Large
Deviations

9





Chapter 2

Introduction

Part I is devoted to the analysis of the connection between two different evolutionary
systems: (quadratic) gradient flows and rate-independent systems. We postulate, and
prove, that the connection is due to an underlying stochastic process (dependent on
a parameter β, that can be thought as the inverse of the temperature). We show that
critical values of β give rise to one or the other system.

We start this chapter introducing in Section 2.1 the two different systems. We
describe what are their peculiarities, their differences and why it is expected to be a
connection. Then in Section 2.2 we explain the stochastic model we take in consid-
eration, why it is physically pertinent and why it will play a key role. Section 2.3
briefly introduce the main mathematical tool (theory) that we need: Large Devi-
ations, i.e. there exists a (large deviations) functional characterising the behaviour of
the model in the vanishing probability limit. Then Section 2.4 reveals the big picture
we obtained, underlying the novelty of our work.

The Preliminaries chapter is divided as in the following: In Section 3.1 and Sec-
tion 3.2 we introduce the concepts of (generalized) gradient flows and of large de-
viations. We also show the connection between the two concepts. Subsequently in
Section 3.3 we provide the basic setup for the definition of rate-independent systems.
We descrive some classical results for functions of bounded variations and their use
in the definition of BV solutions for rate-independent systems.

Chapter 4 contains the results, and it is divided in four sections. In the first section
we present the connection of the stochastic model to the (quadratic) gradient flow.
Section 4.2 is fully devoted to the proof of the connection with the rate-independent
system. Till this point the mathematical setup is in R, in Section 4.3 we show that
we can expand the discussion to any arbitrary finite dimension. The last section, 4.4,
provides a partial proof of a large deviations rate-independent result. This final result
is still at the level of a conjecture. We end Part I in Section 4.5 with a final discussion.

The contents of Part I are taken from [BP15], from an ongoing collaboration with Riccarda Rossi
and Giuseppe Savaré (Section 4.3), and with Jin Feng and Mark Peletier (Section 4.4).
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Gradient flow vs Rate-independent evolution Introduction-Part I

2.1 Gradient flow vs Rate-independent evolution

Two of the most studied types of variational evolution, ‘Gradient-flow evolution’ and
‘Rate-independent evolution’, differ in quite a few aspects. Although both are driven
by the variation in space and time of an energy, gradient flows are in fact driven by
energy gradients, while in practice rate-independent systems are driven by changes in
the external loading (represented by the time variation of the energy). As a result,
gradient-flow systems have an intrinsic time scale, while rate-independent systems (as
the name signals) do not, and the mathematical definitions of solutions of the two are
rather different [Mie05, AGS08].

Despite this they share a common structure. Both can be, formally, written as

0 ∈ ∂Ψ(ẋ(t)) + DxE(x(t), t). (2.1)

Here E is the energy that drives the system, and the convex function Ψ is a dissipation
potential, with subdifferental ∂Ψ. For gradient flows, Ψ typically is quadratic, and
∂Ψ single-valued and linear; for rate-independent systems, Ψ is 1-homogeneous, and
∂Ψ is a degenerate monotone graph (in Figure 2.3 is pictured the inverse of ∂Ψ).

Rate-independent systems have some unusual properties. Solutions are expected
to be discontinuous, and therefore the concept of smooth solutions is meaningless.
Currently two rigorous definitions of weak solutions are used, which we refer to as
‘energetic solutions’ [MM05] and ‘BV solutions’ [MRS12a]. Heuristically, the first cor-
responds to the principle ‘jump whenever it lowers the energy’, while the second can
be characterized as ‘don’t jump until you become unstable’. For time-dependent con-
vex energies the two definitions coincide, but in the non-convex case they need not be.

Various rigorous justifications of rate-independent evolutions have been construc-
ted, which underpin the rate-independent nature by obtaining it via upscaling from a
‘microscopic’ underlying system (e.g. [ACJ96, DMDM06, DMDMM08, Fia09, Mie12,
PT05, Sul09]), with a perurbative approach (e.g. [Cag08]), and in [MT12] a rate-
independent one-dimensional plasticity model is derived from a chain model of highly
nonlinear viscous springs. The general approach in these results is to choose a micro-
scopic model with a component of gradient-flow type (quadratic dissipation, deemed
more ‘natural’), and then take a limit which induces the vanishing of the quadratic
behaviour and the appearance of the rate-independent behaviour.

While these results give a convincing explanation of the rate-independent nature,
most are based on deterministic microscopic models; in the works [Sul09, SKTO09,
MT12] it has been made use of random models. Other arguments suggest that the
rate-independence may arise through the interplay between thermal noise and a rough
energy landscape. A well-studied example of this is the non-trivial temperature-
dependence of the yield stress in metals, which shows that the process is thermally
driven (e.g. [Bas59]), together with many classical non-rigorous derivations of rate-

12



Introduction-Part I Gradient flow vs Rate-independent evolution

independent behaviour [Bec25, Oro40, KE75].
Recently, stochasticity has also been shown to play a role in understanding the

origin of various gradient-flow systems, such as those with Wasserstein-type met-
rics [ADPZ11, DLZ12, ADPZ13, Ren13, MPR13]. Here we ask the question whether
these different roles of noise can be related:

What is the relationship between noise, gradient flows, and
rate-independent systems?

We will provide a possible answer to this question by studying a simple stochastic
model below. By taking various limits in this model, we obtain a full continuum of
behaviours, among which rate-independence and quadratic gradient flow can be con-
sidered extreme cases. In this sense both rate-independent and quadratic dissipation
arise naturally from the same stochastic model in different limits.

13



The model Introduction-Part I

2.2 The model

Definition
The model we adopt is a continuous-time Markov jump process t 7→ Xn

t on a one-
dimensional lattice, sketched in Figure 2.1. Denoting by 1/n the lattice spacing, we
will be interested in the continuum limit as n→∞.

The evolution of the process can be described as follows. Assume that a smooth
function (x, t) 7→ E(x, t) is given and fix the origin as initial point. If the process is at
the position x at time t, then it jumps in continuous time to its neighbours (x− 1/n)
and (x+1/n) with rate nr− and nr+, where r±(x) = α exp(∓β∇E(x, t)) (throughout
we use ∇E(x, t) for the derivative with respect to x).

x− 1
n

x x+ 1
n

1
n

nr+nr−
r±(x) = αe∓β∇E(x,t)

x ∈ 1
nZ

Figure 2.1: The one-dimensional lattice with spacing 1/n. The jump rates r+ and r−
depend on two parameters α and β and on the derivative of the function E.

The jump process of Figure 2.1 has a bias in the direction −∇E of magnitude

r+ − r− = −2α sinh(β∇E), (2.2)

and we will see this expression return as a drift term in the limit problem. The
parameter α characterizes the rate of jumps, and thus fixes the global time scale of
the process; the parameter β should be thought as the inverse of temperature, and
characterizes the size of the noise.

In the following we show the physics behind the choice of this particular model.

Physical understanding
The choice of this stochastic process is inspired by the noisy evolution of a particle in
a wiggly energy landscape. An example could be that of a Brownian particle in an
energy landscape of the form En(x, t) = E(x, t) + n−1e(nx), where E is the smooth
energy introduced above, and e is a fixed periodic function that can be thought of the
type present in [ACJ96, Mie12]. If the noise is small with respect to the variation of e
(max e−min e), then this Brownian particle will spend most of its time near the wells
of En, which are close to the wells of e(n · ). Kramers’ formula [Kra40, Ber11] provides
an estimate of the rate at which the particle jumps from one well to the next; below
we show how some approximations lead to the jump rates r± of Figure 2.1.

In the wiggly energy En(x, t) = E(x, t) + n−1e(nx), assume that E varies slowly
both in x and t, and that e has period 1 and let n be large. Then a small patch of
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1/n
x

En(x, t)

1
n∆e

− 1
2n∇E

1
2n∇E

Figure 2.2: The global component E perturbs the height of the energy barriers, leading
to the formula for r± in Figure 2.1.

the energy landscape of En looks like Figure 2.2. The height of the energy barriers
to the left and right of a well equals ∆e := (max e−min e), plus a perturbation from
the smooth energy E, which to leading order has size n−1∇E.

We now assume that the position Zt of the system solves the SDE

dZt = −∇En(Zt, t) dt+
√

1
βn

dWt.

Here β characterizes the noise, and can be interpreted as 1/kT as usual, although in
this case there is an additional scaling factor n. For sufficiently large β the rates of
escape from a well, to the left and to the right, are given by Kramers’ law and are the
inverse of the mean transition time τxy from the starting point (x) to the end point
(y = x± 1

n )

E[τxy ] ' ae2βn[En(z)−En(x)] = ae2β∆ee2βn[E(x± 1
2n )−E(x)],

with z being the saddle point in between. Here a is a constant depending on the form
of e [Kra40, Ber11]. So approximately the rates read

a exp
[
β(−2∆e∓∇E)

]
, (2.3)

where the minus sign applies to the rate of leaving to the right. Writing

α = a exp[−2β∆e], (2.4)

we find the rates r± of Figure 2.1.
In this formula for α, it appears that α and β are coupled. From a modelling point

of view, this is true: if one varies the temperature while keeping all other parameters
fixed, then both β and α will change. Note that the scaling regime α ∼ e−βA is
exactly this case, with A = 2∆e. On the other hand, the parameter a in (2.4) is still
free, and this allows us to consider α and β as independent parameters when necessary.

15
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Note that by this derivation a natural alternative would be to define the jump
rates r± in terms of the energy differences rather than the gradient, ie.

r±(x) = α exp
[
−βn

(
E(x± 1/n, t)− E(x, t)

)]
(compare to Fig. 2.1). (2.5)

This choice would also render the process time-reversible. However, for the purposes
of this part the difference is mathematically negligible, and we make the choice of
Fig. 2.1 since it leads to simpler and easier-to-read formulas. Conversely, for tech-
nical reason in Section 4.4 we will use the rates as in the equation above.

We now give a heuristic view of the dependence of this stochastic process on the
parameters n, α, and β, and in doing so we look ahead at the rigorous results that
we prove in Chapter 4.

Heuristics

First, as n → ∞, the process Xn becomes deterministic, as might be expected, and
its limit x satisfies the differential equation suggested by (2.2):

ẋ(t) = −2α sinh(β∇E(x(t), t)). (2.6)

Equation (2.6) is of the form (2.1) with (∂Ψ)−1 = 2α sinh(β·). From the viewpoint
of the gradient-flow-versus-rate-independence discussion above, the salient feature of
the function ξ 7→ 2α sinh(βξ) is that it embodies both quadratic and rate-independent
behaviour in one and the same function, in the form of limiting behaviours according
to the values of the parameters α, β. This is illustrated by Figure 2.3, as follows. On
one hand, if we construct a limit by zooming in to the origin, corresponding to β → 0,
α ∼ ω/β (the left-hand figure), then we find a limit that is linear; on the other hand,
if we zoom out, and rescale with β →∞ and α ∼ e−βA, then the exponential growth
causes the limit to be the monotone graph in the right-hand side, see mA in (2.8).

These two limiting cases give rise to a gradient-flow and a rate-independent beha-
viour respectively. In formulas, as α → ∞ and β → 0 with αβ → ω for fixed ω > 0,
then equation (2.6) converges to

ẋ(t) = −2ω∇E(x(t), t), (2.7)

which is a gradient flow of E. The limit α → ∞ corresponds to large rate of jumps
in the underlying stochastic process, while β → 0 corresponds to a weak influence of
the energy gradient.

In the other case, as α → 0 and β → ∞ with α ∼ exp(−βA), the rate of jumps
is low, but the influence of the energy becomes large. Formally, we find the limiting
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ξ

2α sinh(βξ)

A−A

β → 0
αβ → ω

β →∞
1
β log

( 1
α

)
→ A

ξ

2ωξ

ξ

mA(ξ)

−A

A

Figure 2.3: The middle graph shows the function ξ 7→ 2α sinh(βξ) for moderate values
of α and β. The left graph shows the limit for β → 0, similar to zooming in to the
region close to the origin; this limit is linear. The figure on the right shows the limiting
behaviour when β → ∞, for a specific scaling of α. This second limit does not exist
as a function, but only as a graph (a subset of the plane) defined in (2.8).

equation

ẋ(t) ∈ mA(−∇E(x(t), t)), with mA(ξ) =



∅ if ξ < −A
[−∞, 0] if ξ = −A,
{0} if −A < ξ < A,

[0,∞] if ξ = A,

∅ if |ξ| > A.

(2.8)

Again formally, in this limit the system can only move while ∇E = ±A; whenever
the force |∇E| is less than A, the system is frozen, while values of |∇E| larger than
A should never appear. In Section 4.2 we obtain a rigorous version of this evolution
as the limit system.

17
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2.3 The connection: large deviations
Before we describe the results of this part, we comment on the methods that we use.
We previously introduced the concept of gradient flows and now we introduce the
one of large deviations (both are defined precisely in Section 3.1 and Section 3.2).
For a rigorous description of the theory of large deviations we send the reader to
[DZ98, FK06, dH00].

In the context of stochastic systems, the theory of large deviations provides a
characterisation of the probability of rare events, as some parameter—in our case n—
tends to infinity. In the case of stochastic processes, this leads to a large-deviations
rate function J that is defined on a suitable space of curves (see Definition 3.2.1).
We anticipate the rigorous definition with the use of vague notations (' and ∼) and
say that, when a large-deviations principle is satisfied, the probability for big values
of the parameter n reads

P(Xn ' x) ∼ e−nJ (x).

It is now known that many gradient flows and large-deviations principles are
strongly connected [ADPZ11, DLR13, ADPZ13, MPR13]. In abstract terms, the rate
function J of the large-deviations principle simultaneously figures as the defining
quantity of the gradient flow, in the sense that

J ≥ 0;
t 7→ z(t) is a solution of the gradient flow ⇐⇒J (z(·)) = 0.

The components of the gradient flow (the energy E and dissipation potential Ψ) can
be recognized in J . In [MPR13] it was shown how jump processes may generate
large-deviations rate functions with non-quadratic dissipation, leading to the concept
of generalized gradient flows (see also [MRS09, MRS12b, DPZ13]).

The central tool in this part is this functional J that characterizes both the large
deviations of the stochastic process and the generalized gradient-flow structure of the
limit. Our convergence proofs will be stated and proved using only this functional,
giving a high level of coherence to the results.

18
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2.4 Conclusions
In this section we give a non-rigorous description of the results of Part I, with pointers
towards the rigorous theorems.

Fix an energy E ∈ C1(R × [0, T ]). We start with the large deviations result for
the jump process Xn due to Wentzell [Wen77, Wen90].

Statement 1 (Large deviations). For constant α and β, the process Xn satisfies
a large-deviations principle for n → ∞, with rate function Jα,β given in (3.15).
Moreover, the minimizer of Jα,β satisfies the generalized gradient flow equation (2.6).

This result is stated in Theorem 3.2.9 with a sketch of the proof as it is presented
in the introduction of [FK06]. In accordance with the discussion above, Jα,β(x) ≥ 0
for all curves x : [0, T ]→ R, and Jα,β(x) = 0 if and only if x is a solution of (2.6).

Next we prove that the functional Jα,β converges to two functionals JQ and to
JRI in the sense of Mosco-convergence, defined in (4.1) (in the spirit of pE-convergence
of [Mie14a]), when α and β have the limiting behaviour of Figure 2.3. The limiting
functionals drive respectively a quadratic gradient-flow and a rate-independent evol-
ution.

Statement 2 (Connection). A1. Let α → ∞ and β → 0, such that αβ → ω, for
some ω > 0 fixed. Then we have that, after rescaling, Jα,β → JQ, where JQ
is defined in (4.2); moreover JQ(x) = 0 if and only if x solves (2.7).

A2. Let β → ∞ and choose α = e−βA, for some A > 0 fixed. Then, after an
appropriate rescaling, Jα,β → JRI , where JRI is given in (4.7); moreover
JRI(x) = 0 if and only if x is an appropriately defined solution of (2.8).

The Mosco-convergence stated above also implies that minimizers xα,β of Jα,β

converge to the minimizers of JQ and JRI in the corresponding cases, i.e. that the
solutions xα,β of (2.6) converge to the solutions of (2.7) and (2.8). Point A1 is proven
in Theorem 4.1.1, and point A2 in Theorem 4.2.1. Together, Statements 1 and 2
describe a sequential limit process: first we let n→∞, and then we take limits in α
and β.

For the quadratic case (A1) we can also combine the limits:

Statement 3 (Combining the limits). Let n→∞, and take β = βn ∼ n−δ for some
0 ≤ δ ≤ 1; let α = αn be such that αnβn → ω, for some fixed ω > 0.

B1. First let 0 < δ < 1. Then Xn satisfies a large-deviations principle as n → ∞,
with rate function JQ; the Markov process Xn has a deterministic limit (2.7),
and this limit minimizes JQ (as we already mentioned).
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Xn
β = (hn)−1

n→∞
dY ht = −2ω∇E dt

+
√

2ωhdW

n
→
∞

α
,β

fixed

Jα,β

β =
n −

δ
,
δ ∈ (0, 1)

n→
∞

β → 0
α→∞ JQ

h
→

0β
→
∞

n
−1
e
βC
→

0

β →∞
α→ 0

JRI

Figure 2.4: The figure is a schematic representation of Part I. In the top center there
is the generator of the Markov process. The arrows starting from Xn represent the
limiting behaviour for n → ∞ in different regimes. The center arrow represents
the limit with α and β fixed and ends at the rate functional Jα,β (Statement 1).
Statement 3 is represented by the right side of the Figure. The limits with β = β(n)
show that the limiting behaviour may be either a Brownian motion with drift (B2a)
or a gradient flow characterized by the rate functional JQ (B1). In the bottom part
there are the two Mosco-limits, representing Statement 2 where (A1) is the right arrow
and (A2) the left one. The large-deviations result for Statement 4 is represented by
the dotted line. Dashed lines are known results, the thick lines are our contribution,
and the dotted line still needs a complete proof.

B2a. In the case δ = 1, let αnβn → ω, nβn → 1/h, for some ω, h > 0; then Xn

converges to the process Y h described by the SDE

dY ht = −2ω∇E(Y ht , t) dt+
√

2ωh dWt. (2.9)

B2b. The process Y h in (2.9) satisfies a large-deviations principle for h→ 0 with rate
function JQ.

B3. The case δ = 0 corresponds to point A1, where first n → ∞ and then β → 0
and α→∞.

Point B1 of Statement 3 is given in Theorem 4.1.2. Point B2a is given in The-
orem 4.1.3; Point B2b is the well-known result of Freidlin and Wentzell [FW12, Ch. 4-
Th. 1.1], and it is included in Theorem 4.1.2.

The following statement is represented in Figure 2.4 with the dotted line and it is
only partially proved. The discussion regarding the rate-independent LDP results is
in Section 4.4. Statement 4 is claimed in Conjecture 4.4.1.
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Statement 4 (Rate-independent large deviations). For α = e−βA, and C > 0,
Xn satisfies a large-deviations principle for β, n → ∞ with n−1eβC → 0, with rate
function JRI given in (4.7); moreover JRI(x) = 0 if and only if x is an appropriately
defined solution of (2.8).

Generalisation to higher dimension
During the introduction we considered only the one-dimensional case. We made this
choice because our main goal is to show the connection and the interplay between
large deviations and gradient flows, and the one-dimensionality allows us to avoid
various technical complications.

However, the generalisation to higher dimension (a brief summary of the situation
is contained in Figure 2.5) is in some cases just a change in the notation and does not
require any relevant modification in some of the proofs. So, the one-dimensionality
of the current setup may appear to be a significant restriction, but we believe (and
in some cases we know) that the structure can be generalised to a wide class of other
systems. For instance,

S1 The initial large-deviations result (Theorem 3.2.9) also holds in higher dimen-
sions; other proofs of this and similar results are given in [SW95, Che96].

B1 The joint large-deviations-quadratic limit (Theorem 4.1.2) generalises to higher
dimensions with only notational changes in the proof.

B2b Same applies for the h→ 0 large-deviations principle for the process Y h.

A1 It is easy to generalise also the convergence Jα,β → JQ, as it is commented in
the end of the proof of Theorem 4.1.1.

B2a We believe also the convergence of the processes should be easy to generalise,
with techniques from martingale theory.

On the contrary, problematic is the case of Statement 4, that is yet not fully
proven for the one-dimensional case, but where the rigorous proofs use strongly the
one-dimensionality of the problem. Given the previous considerations, we decided
to keep the one-dimensional framework for the whole of Part I, even when trivially
generalisable. We focus on the higher dimension problem only in Section 4.3.

In Section 4.3 we perform he proof of the convergence to a rate-independent system
in Rd. There are already results in literature for the liminf-inequality (see [MRS12b]),
in the generality of a metric space, but only in the limit of vanishing viscosity. We
are able to show the limit for a larger class of functionals (see Theorem 4.3.11), we
explore the concept of BV solution as a limiting problem starting from a general
viscosity contact potential. Our results characterise BV solutions as null-minimizers
of a suitable functional on trajectories. In particular we show that the class of BV
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solutions arising both in the vanishing-viscosity and in the large-deviation limit is the
one corresponding to “viscosity in the same norm” (see Corollary 4.3.18). Moreover
we show how to construct a recovery sequence in Theorem 4.3.17, obtaining the
Mosco-convergence of the functional.

Result Parameters Higher dimension
S1 α, β fixed, n→∞ Yes
A1 n =∞, α→∞, β → 0, and αβ → ω Yes
A2 n =∞, β →∞, α = e−βA Section 4.3
B1 n→∞, αβ → ω, nβ →∞ Yes
B2a n→∞, αβ → ω, nβ → 1/h Probably
B2b h→ 0 Yes
S4 n, β →∞, eβC/n→ 0 ?

Figure 2.5: This table represents a summary of the under which values of the paramet-
ers α, β, n, h the results are proven, and if they are generalisable to higher dimensions.
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Chapter 3

Preliminaries

Notation
Here we list symbols and abbreviations that we use throughout this chapter:

‖ · ‖i ith-norm on Rd

a ∨ b := max{a, b}
E driving energy, see conditions (3.5) or (4.30)&(4.80)
Ψ dissipation potential, see equation (3.2) or (4.49)
Ψ∗ Legendre transform of Ψ, see (3.1)
AC(0, T ) space of absolutely continuous curve x : [0, T ] 7→ R
AC([0, T ];Rd) space of absolutely continuous curve x : [0, T ] 7→ Rd

Jx jump set of the curve x, see (3.23)
Var(x; [0, T ]) total variation of x in the interval [0, T ]
BV ([0, T ],Rd) functions of bounded variation x : [0, T ] 7→ Rd

Ψ0 1-homogeneous dissipation, see (3.20)
VarΨ0(x; [a, b]) Ψ0-variation, see (3.24)
∂φ subdifferential (convex analysis) of the functional φ
K∗ := ∂Ψ0(0), admissible set, see (3.22)
JmpΨ0(x, [a, b]) contribution of the jumps to VarΨ0(x; [a, b]), see (3.26)
p(τ, v, ξ) viscosity contact potential, see Definition 3.3.1
∆p,E(t;x0, x1) Finsler distance induced by p and E, see (3.29)
bΨ(τ, v, ξ) bipotential, see (4.34)
Λp contact set, see (3.27)
P, E probability and expected value
Xn Markov process
Ωn generator of a stochastic process, see (3.6)
Hn Hamiltonian, see (3.7)
D([0, T ]) Skorohod space, cadlag functions
LDP large deviations principle, see Definition (3.2.1)
I0 initial state LDP, see Remark 3.2.2
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In the introduction we mentioned that the methods of Part I make use of a certain
unity between gradient flows and large-deviations principles: the same functional J

that defines the gradient flow also appears as the rate function of a large-deviations
principle. We now describe (Section 3.1 and Section 3.2) gradient flows, large devi-
ations, and this functional J .

Later, in Section 3.3, we introduce the space of functions with bounded variation
(BV ), and then we define precisely the notion of rate-independent systems.

3.1 Gradient Flows
Given a C1 energy E : R→ R, we call a gradient flow of E the flow generated by the
equation

ẋ = −∇E(x).

The energy E decreases along a solution, since

d

dt
E(x(t)) = ∇E · ẋ = −|∇E|2 = −|ẋ|2.

Adopting the notation

Ψ(v) = |v|
2

2 and Ψ∗(ξ) = |ξ|
2

2 ,

this identity can be integrated in time to find
ˆ T

0
(Ψ(ẋ) + Ψ∗(−∇E)) dt+ E(x(T ))− E(x(0)) = 0

Here we study a generalized concept of gradient flow, considering the energy equality
for a broader class of couples Ψ,Ψ∗. We will allow the energy to be also dependent
on time. We recall the definition of the Legendre transform: given Ψ : R → R we
define the transform Ψ∗ as

Ψ∗(ξ) := sup
v
{v · ξ −Ψ(v)} . (3.1)

In the following, apart from the rate-independent case, we will assume that Ψ ∈ C1(R)
is symmetric, strictly convex and with superlinear growth at infinity, namely

lim
|v|→+∞

Ψ(v)
|v|

= +∞, (3.2)

Then its Legendre transform Ψ∗ will share the same properties as well.

A curve x : [0, T ] → R is an absolutely continuous curve, i.e. x ∈ AC(0, T ), if
for every ε > 0, there exists a δ > 0 such that, for every finite sequence of pairwise
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disjoint intervals (tj , τj) ⊂ [0, T ] satisfying
∑
|tj− τj | < δ, then

∑
|x(tj)−x(τj)| < ε.

The space AC(0, T ) coincides with the Sobolev space W 1,1(0, T ) (see [Bre11, Ch. 8]
and [AFP00]).

Definition 3.1.1 (Generalized gradient flow). Given an energy E ∈ C1(R× [0, T ]),
a convex dissipation potential Ψ ∈ C1(R) with Ψ(v) = Ψ(−v), let Ψ∗ be its Legendre
transform. Then a curve x ∈ AC(0, T ) is a (generalized) gradient flow of E with
dissipation potential Ψ in a given time interval [0, T ], if it satisfies the energy identity

ˆ T

0

(
Ψ(ẋ(t)) + Ψ∗

(
−∇E(x(t), t)

))
dt+ E(x(T ), T )− E(x(0), 0)

−
ˆ T

0
∂tE(x(t), t)dt = 0. (3.3)

Note that the left-hand side of (3.3) is non-negative for any function x. The
following argument (also often referred to as De Giorgi principle [Mie14b]), based on
the chain rule, shows that

d

dt
E(x(t), t) = ∇E(x(t), t)ẋ(t) + ∂tE(x(t), t)

≥ −Ψ(ẋ(t))−Ψ∗(−∇E(x(t), t)) + ∂tE(x(t), t).

Returning to the unity between gradient flows and large deviations, for generalized
gradient flows the functional J mentioned before is the left-hand side of (3.3).

From the previous inequality one deduces that equality in (3.3), as required by
Definition 3.1.1, implies that for almost all t ∈ [0, T ]

ẋ(t) = ∂Ψ∗
(
−∇E(x(t), t)

)
, (3.4)

where ∂Ψ∗ is the subdifferential of Ψ∗. We will not use this form of equation (3.4);
the arguments of this part are based on Definition 3.1.1 instead.

Existence and uniqueness of classical gradient-flow solutions in Rd (i.e. with quad-
ratic Ψ) follows from classical ODE theory, for more general Ψ we have the classical
results by Colli&Visintin (cf.[CV90, Col92]), and in recent years the theory has
been extended to metric spaces and spaces of probability measures [AGS08].

In Chapter 4, excluding Section 4.3 where we have weaker conditions, we will
require the energy to satisfy the following conditions

E ∈ C1(R× [0, T ]), E ≥ 0,
∇E is uniformly Lipschitz continuous in t,
|∇E| ≤ R <∞,

(3.5)
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and we want to underline that the condition of the uniform bound on |∇E| is required
for the large-deviations part.

Remark 3.1.2. In this work we analyse generalized gradient flow with Ψ of Defini-
tion 3.1.1 chosen to be strictly convex and superlinear at infinity.
The rate-independent evolution (2.8) is formally the case of a non-strictly convex,
1-homogeneous dissipation potential Ψ, and for this case there are several natural
ways to define a rigorous solution concept. In Section 4.2 we show how generalized
gradient flows for finite α and β, with strictly convex Ψ, converge to a specific rigorous
rate-independent solution concept, the so-called BV solutions [MRS09, MRS12a] (see
Definition 3.3.4).
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3.2 Large deviations
‘Large deviations’ of a random variable are rare events, and large-deviations theory
characterizes the rarity of certain rare events for a sequence of random variables. Let
{Xn} be such a sequence of random variables with values in some metric space.

Definition 3.2.1 ([Var66]). {Xn} satisfies a large-deviations principle (LDP) with
speed an → ∞, if there exists a lower semicontinuous function J : S → [0,∞] with
compact sublevel sets such that for each open set O,

lim inf
n→∞

1
an

logP(Xn ∈ O) ≥ − inf
x∈O

J (x),

and for each closed set C

lim sup
n→∞

1
an

logP(Xn ∈ C) ≤ − inf
x∈C

J (x).

The function J is called the rate function for the large-deviations principle.

Intuitively, the two inequalities above state that

P(Xn ' x) ∼ e−anJ (x),

where we purposefully use the vague notations ' and ∼; the rigorous versions of these
symbols is exactly given by Definition 3.2.1.

Remark 3.2.2. Typically, the rate function for Markov processes contains a term I0
characterising the large deviations of the initial state Xn(0). In the following we will
always assume that the starting point will be fixed (i.e. deterministic), or at least
that Xn(0) → x0, so that I0(x) equals 0 if x = x0, and +∞ otherwise, so we will
disregard I0.

The Feng-Kurtz method
Feng and Kurtz created a general method to prove large-deviations principles for
Markov processes [FK06]. The method provides both a formal method to calculate
the rate functional and a rigorous framework to prove the large-deviations principle.
Here we present first the formal calculation.

Consider a sequence of Markov processes {Xn} in R, which we take time-invariant
for the moment, and consider the corresponding evolution semigroups {Sn(t)} defined
by (see also (3.13))

Sn(t)f(x) = E [f(Xn(t)) |Xn(0) = x] , f ∈ Cb(R),

satisfying
d

dt
Sn(t)f = ΩnSn(t)f, Sn(0)f = f, (3.6)
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where Ωn is the generator of Xn. For any time interval [0, T ], where T may be infinite,
Xn(·) is an element of the Skorokhod space D([0, T ]), the space of cadlag functions
(right-continuous and with limit from left). To obtain the rate functional we define
the non-linear generator

(
Hnf

)
(x) := 1

an
e−anf(x)(Ωneanf)(x).

If Hn → H in some sense, and if Hf depends locally on ∇f , we then define the
Hamiltonian H(x, p) through

Hf(x) =: H(x,∇f(x)).

By computing the Legendre transform of H(x, p) we obtain the Lagrangian

L(x, ẋ) = sup
p∈R
{ẋ · p−H(x, p)} .

The Feng-Kurtz method then states, formally, that {Xn} satisfies a large-deviations
principle in D([0, T ]) with speed an, with a rate function

J (x) =


ˆ T

0
L(x, ẋ) dt if x ∈ AC(0, T ),

+∞ otherwise.

In the book [FK06] the general method is described in every detail, making the
previous algorithm rigorous, and we now report the main conditions for a process Xn

that are needed to prove a large deviations principle. In Section 4.4 we will study the
problem of how to prove the LDP with the rate-independent functional directly.

Basic framework
Let (Rn, dn) and (R, d) be complete separable metric spaces, and Borel measurable
maps ηn : Rn 7→ R. In our case the space Rn ≡ 1

nZ and dn = d. We identify operator
with its graph so that multi-valued situations are included. Let An ⊂ B(Rn)×B(Rn).

Condition 3.2.3. For each µ ∈ P(Rn), there exists a unique solution to the martin-
gale problem (An, µn) with initial distribution µ.

We define

Hn := {(f, 1
n
e−nfg) : (enf , g) ∈ An}. (3.7)

It follows that, if An is single valued, then Hnf(x) = 1
ne
−nfAne

nf (x).
Let index set Q be the collection of compact sets in E:

Q := {K ⊂ R : K is compact in R}.

28



Preliminaries-Part I Large deviations

We define

KK
n := η−1

n (K) ⊂ Rn.

Kq
ns satisfy the following

1. for every q1, q2 ∈ Q, there exists q3 ∈ Q such that Kq1
n ∪Kq2

n ⊂ Kq3
n .

2. for each x ∈ E, there exists q ∈ Q and zn ∈ Kq
n such that limn→∞ ηn(zn) = x.

3. for each q ∈ Q, there exists a compact K̂q ⊂ R such that

lim
n→∞

sup
y∈Kq

n

inf
x∈K̂q

d(ηn(y), x) = 0.

4. for each compact K ∈ R, there exists q ∈ Q such that

K ⊂ Kq ≡ lim inf
n→∞

ηn(Kq
n).

For fn ∈ B(Rn) and f ∈ B(R), define f = LIMfn if and only if supn ‖fn‖ < ∞
and for each q ∈ Q

lim
n→∞

sup
y∈Kq

n

|fn(y)− ηnf(y)| = 0,

where ηnf = f ◦ ηn.

Condition 3.2.4 (Convergence of Hamiltonian operators). Let H+ ⊂ Cl(R,R) ×
Mu(R,R) and H− ⊂ Cu(R,R)×M l(R,R), and let vn →∞. For each (f0, g0) ∈ H+,
assume that there exist (fn,0, gn,0) ∈ Hn such that

LIMfn,0 ∧ c = f0 ∧ c, for each c ∈ R,

sup
n

1
vn

log ‖gn,0‖ <∞ and sup
n,y∈Rn

gn,0(y) <∞, (3.8)

and that for each q ∈ Q and each sequence zn ∈ Kq
n satisfying ηn(zn) → y and

limn→∞ fn,0 = f0(y) <∞,

lim sup
n→∞

gn,0(zn) ≤ (g0)∗(y),

where g∗ denote the upper semicontinuous envelope of g.
For each (f1, g1) ∈ H−, assume that there exist (fn,1, gn,1) ∈ Hn such that

LIMfn,1 ∨ c = f1 ∨ c, for each c ∈ R,

sup
n

1
vn

log ‖gn,1‖ <∞ and inf
n,y∈Rn

gn,1(y) > −∞, (3.9)
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and that for each q ∈ Q and each sequence zn ∈ Kq
n satisfying ηn(zn) → y and

limn→∞ fn,1 = f1(y) > −∞,

lim sup
n→∞

gn,1(zn) ≥ (g1)∗(y),

where g∗ denote the lower semicontinuous envelope of g.

Let M(R; R̄) be space of functions on R taking values on extended real numbers
R̄. Let H+ and H− be two possibly multi-valued operators with the operator graph
H+, H− ⊂M(R)×M(R).

Suppose that h ∈ B(R), α > 0. We consider sub-solution of

(I − αH+)f ≤ h; (3.10)

and super-solution of

(I − αH−)f ≥ h. (3.11)

Definition 3.2.5. [Viscosity solutions] A function f ∈ USC(R) ∩ B(R) is called a
viscosity subsolution of (3.10) if and only if for every (f0, g0) ∈ H+ there exists x0 ∈ R
satisfying (f − f0)(x0) = supR(f − f0) and

α−1(f(x0)− h(x0)) ≤ (g0)∗(x0).

Conversely, f ∈ LSC(R) ∩ B(R) is a viscosity supersolution of (3.11) if and only
if for every (f0, g0) ∈ H− there exists x0 ∈ R satisfying (f0 − f)(x0) = supR(f0 − f)
and

α−1(f(x0)− h(x0)) ≥ (g0)∗(x0).

If H+ = H−, a function f ∈ Cb(R) is called a viscosity solution if it is both
a sub-solution and a super-solution. If in the definition of sub/super-solution the
inequalities hold for every x0 satisfying the extrema equality, then they are called
strong sub/super-solution.

Condition 3.2.6 (Comparison principle). We say that the pair (3.10) and (3.11)
satisfy a comparison principle, if for every viscosity sub-solution f to (3.10) and for
every f viscosity supersolution to (3.11), we have f ≤ f .

Condition 3.2.7 (Exponential tightness). A sequence of probability measures {Pn :
n = 1, 2, . . .} on metric space S is exponentially tight if for each a > 0 there exists a
compact set Ka ⊂⊂ S such that

lim sup
n→∞

1
n

logPn(Kc
a) ≤ −a.

Similarly, a sequence of S-valued random variables Xn is exponentially tight if the
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corresponding sequence of distributions is exponentially tight.

If all the previous conditions are satisfied, then we can conclude that the process
statisfies a large deviations principle, thanks to [FK06, Theorem 7.24], with rate
function J . The next problem is the one to obtain a representation formula for the
functional J . We can refer to the following theorem. If our process Xn satisfies
certain bounds, then, denoting by H the limiting Hamiltonian, the following theorem
holds.

Theorem 3.2.8 ([FK06, Theorem 10.22]). Assume that the conditions of [FK06,
Theorem 10.17] hold and that H is continuous. Then the large deviation principle
holds for Xn in D([0, T ]) with good rate function J defined as

J (x) :=
{
I0(x0) +

´ T
0 L(x(t), ẋ(t))dt if x ∈ AC(0, T ),

+∞ otherwise,

where
L(x, ẋ) = sup

p
{ẋp−H(x, p)}.

Large deviations of Xn

We now apply this method to the process Xn described in the introduction. It is a
continuous time Markov chain, defined by its generator

Ωnf(x) := nαe−β∇E(x,t)
(
f(x+ 1

n
)− f(x)

)
+ nαeβ∇E(x,t)

(
f(x− 1

n
)− f(x)

)
. (3.12)

For f ∈ Cb(R) the expected value E is defined as

E(f(Xn
t )|Xn

0 ) =
ˆ
R
f(z)dµnt (z), (3.13)

with, denoting by Ω∗n the adjoint of Ωn,{
∂tµt = Ω∗nµt,
µ0 = δXn0 .

(3.14)

where µnt is the law at time t of the process Xn started at the position Xn
0 at time

t = 0. Under the condition (3.5), the martingale problem (3.14) is well-posed, since
the operator Ωn is bounded in the uniform topology.

The rigorous proof of Statement 1 consists of the following theorem
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Theorem 3.2.9 (Large-deviations principle for Ωn). Let E : R×[0, T ]→ R satisfying
condition (3.5). Consider the sequence of Markov processes {Xn} with generator Ωn
defined in (3.12) and with Xn(0) converging to x0 for n→∞. Then the sequence Xn

satisfies a large-deviations principle in D([0, T ]) with speed n and rate function

Jα,β(x) :=

β
ˆ T

0

(
Ψα,β(ẋ) + Ψ∗α,β(−∇E) + ẋ∇E

)
dt for x ∈ AC(0, T ),

+∞ otherwise,
(3.15)

where

Ψα,β(v) := v

β
log
(
v +
√
v2 + 4α2

2α

)
− 1
β

√
v2 + 4α2 + 2α

β
,

Ψ∗α,β(ξ) = 2α
β

(cosh(βξ)− 1) .
(3.16)

The proof can be found in [FW12, Ch. 5-Th. 2.1] when the energy E is independent
of time. In the general case of a time-dependent energy, the proof follows considering
a space-time process, as shown in the proof of Theorem 4.1.2.

Note that solutions of Jα,β(x) = 0 satisfy the gradient-flow equation (3.4), which
in this case indeed is equation (2.6), i.e.

ẋ = −2α sinh(β∇E(x, t)).

In the remainder of this part we will consider sequences in α and β; to reduce nota-
tion we will drop the double index, writing Ψβ and Ψ∗β for Ψα,β and Ψ∗α,β ; similarly
we define the rescaled functional Jβ ,

Jβ(x) := 1
β

Jα,β(x)

=
ˆ T

0

(
Ψβ(ẋ(t)) + Ψ∗β(−∇E(x(t), t)) + ẋ(t)∇E(x(t), t)

)
dt,

(3.17)

for x ∈ AC(0, T ) and Jβ(x) = +∞ otherwise.

Remark 3.2.10. The theorem above shows how the rate function Jα,β can be
interpreted as defining a generalized gradient flow. This illustrates the structure
of the fairly widespread connection between gradient flows and large deviations: in
many systems the rate function not only defines the gradient-flow evolution, through
its zero set, but the components of the gradient flow (E and Ψ) can be recognized
in the rate function. This connection is explored more generally in [MPR13] as we
describe in the following. Define a so-called L-function L(z, s), positive, convex in s
for all z and inducing an evolution equation. The authors of [MPR13, Lemma 2.1
and Proposition 2.2] show that if DsL(z, 0) is an exact differential, say DS(z), then
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it is possible to write L as

L(z, s) = Ψ(z, s) + Ψ∗(z,−DS(z)) + 〈DS(z), s〉, (3.18)

where Ψ∗ can be expressed in terms of the Legendre transform H(z, ξ) of L as

Ψ∗(z, ξ) := H(z,DS(z) + ξ)−H(z,DS(z)).

Applying the same procedure to our case with L = L defined in (3.19), we obtain
after some calculations that

DS(z) := 1
2 log

(
r−(z)
r+(z)

)
.

Substituting into DS(z) our choice for r+ and r−, namely

r+ = αe−β∇E(z), r− = αeβ∇E(z),

it follows that S(z) = βE(z).

Calculating the large-deviations rate functional for (3.12)

We conclude this section by calculating the rate function for the simpler situation
when the jump rates r± are constant in space and time, as it is shown in the intro-
duction of [FK06]. This formally proves Theorem 3.2.9, substituting in the end the
expression or r± from (3.12).

With constant jump rates, the generator reduces to

Ωnf(x) = nr+
[
f

(
x+ 1

n

)
− f(x)

]
+ nr−

[
f

(
x− 1

n

)
− f(x)

]
,

and for n→∞ it converges to Ωf(x) = (r+− r−)∇f(x). As we said in the introduc-
tion, the process Xn has a deterministic limit, i.e. Xn → x a.s., with ẋ = r+ − r−.

In order to calculate the rate functional, we compute the non-linear generator and
the limiting Hamiltonian and Lagrangian. We have

Hnf(x) = r+
[
en(f(x+1/n)−f(x)) − 1

]
+ r−

[
en(f(x−1/n)−f(x)) − 1

]
,

so that, defining p = ∂f(x),

lim
n→∞

Hnf(x) = r+
(
e∂f(x) − 1

)
+ r−

(
e−∂f(x) − 1

)
.

= H(x, p) = r+ (ep − 1) + r−
(
e−p − 1

)
.
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We then obtain by an explicit calculation the Lagrangian

L(x, ẋ) = ẋ log
(
ẋ+
√
ẋ2 + 4r+r−

2r+

)
−
√
ẋ2 + 4r+r− + r+ + r−, (3.19)

and substituting r+ and r− with the corresponding ones from (3.12) we get

L(x, ẋ) = β (Ψ(ẋ) + Ψ∗(−∇E) + ẋ∇E) ,

and we formally have proved Theorem 3.2.9.
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3.3 BV functions and rate-independent systems

In this section we analyse the case Rd, the definitions given in Section 3.1 are trivially
generalised, with the change of the modulus | · | into some norm ‖ · ‖ on Rd.

According to the general setup of [MRS12a, MRS12b] we define a notion of rate-
independent system based on an energy balance similar to equation (3.3), where
now the dissipation Ψ has a linear growth, (for example Ψ(η) = Ψ0(η) = A|η| with
A > 0). In analogy with the (generalized) gradient flow Definition 3.1.1 we define
rate-independent systems. There is no unique way to define a rate-independent
system. The so-called energetic solutions have been introduced and analysed in
[MT04, MT99, MTL02], and are based on the combination of a pointwise global
minimality property and an energy balance. Here we concentrate on BV solutions,
as defined in [MRS12a]. Our limiting system will be of this type.

Let us first gain further insight into

1-homogeneous dissipation potentials. In what follows, we will denote by Ψ0 a
dissipation potential

Ψ0 : Rd → [0,+∞) convex, 1-positively homogenous, and non-degenerate, (3.20)

where non-degenerate means that Ψ0(v) > 0 if v 6= 0. Thus, for any norm ‖ · ‖ on Rd

∃ η > 0 ∀ v ∈ Rd : η−1‖v‖ ≤ Ψ0(v) ≤ η‖v‖ .

Its convex-analysis subdifferential ∂Ψ0 at v ∈ Rd can be characterised by

ζ ∈ ∂Ψ0(v) ⇔
{
〈ζ, w〉 ≤ Ψ0(w) for all w ∈ Rd,
〈ζ, v〉 = Ψ0(v). (3.21)

Throughout, we will use the notation

K∗ := ∂Ψ0(0) . (3.22)

Recall that ∂Ψ0(v) ⊂ K∗ for all v ∈ Rd and that, indeed, Ψ0 is the support function
of K∗, namely

Ψ0(v) = sup
ζ∈K∗

〈ζ, v〉, whence Ψ∗0(ξ) = IK∗(ξ).

BV functions

Throughout, we will work with functions of bounded variation pointwise defined at
every point t ∈ [0, T ]. We recall that a function x in BV ([0, T ];Rd) admits left and
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right limits at every t ∈ [0, T ] :

x(t−) := lim
s↑t

x(s), x(t+) := lim
s↓t

x(s),

with the convention x(0−) := x(0), x(T+) := x(T ), and its pointwise jump set Jx is
then at most countable set defined by

Jx :=
{
t ∈ [0, T ] : x(t−) 6= x(t) or x(t) 6= x(t+)

}
, (3.23)

and it is clear that

Jx ⊃ ess-Jx :=
{
t ∈ [0, T ] : x(t−) 6= x(t+)

}
.

We also recall that the distributional derivative x′ of x is a Radon vector measure
that can be decomposed (cf. [AFP00]) into the sum of the three mutually singular
measures

x′ = x′L + x′C + x′J, x′L = ẋL 1, x′co := x′L + x′C .

Here, x′L is the absolutely continuous part with respect to the Lebesgue measure L 1,
whose Lebesgue density ẋ is the pointwise (and L 1-a.e. defined) derivative, x′J is a
discrete measure concentrated on ess-Jx ⊂ Jx, and x′C is the so-called Cantor part.
We will use the notation x′co := u′L + x′C for the diffuse part of the measure, which
does not charge Jx.

Given a (non-degenerate) 1-homogeneous dissipation potential Ψ0, it induces a
notion of (pointwise) total variation for a curve x ∈ BV ([0, T ];Rd) through

VarΨ0(x; [a, b]) := sup
{

M∑
m=1

Ψ0
(
x(tm)− x(tm−1)

)
: a = t0 < · · · < tM = b

}
, (3.24)

for any [a, b] ⊂ [0, T ]. Therefore with any x ∈ BV ([0, T ];Rd) we can associate the
non-decreasing function VΨ0 : R→ [0,+∞)

VΨ0(t) :=


0 if t ≤ 0,
VarΨ0(x; [0, t]) if t ∈ (0, T ),
VarΨ0(x; [0, t]) if t ≥ T.

Its distributional derivative µΨ0 is in turn a Radon measure that can be decomposed
into a jump part µΨ0,J, concentrated on Jx and given by

µΨ0,J({t}) = Ψ0(x(t)− x(t−)) + Ψ0(x(t+)− x(t))

and a diffuse part

µΨ0,co = µΨ0,L + µΨ0,C with µΨ0,L = Ψ0(ẋ)L 1.
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There holds
VarΨ0(x; [a, b]) = µΨ0,co([a, b]) + JmpΨ0(x; [a, b]), (3.25)

with the jump contribution JmpΨ0(x; [a, b]) given by

JmpΨ0(x; [a, b]) : = Ψ0(x(a+)− x(a)) + µΨ0,J((a, b)) + Ψ0(x(b+)− x(b))

=
∑

t∈Jx∩(a,b)

(Ψ0(x(t)− x(t−)) + Ψ0(x(t+)− x(t)))

+ Ψ0(x(a+)− x(a)) + Ψ0(x(b+)− x(b)) .

(3.26)

Finally, we recall that a sequence (xn)n weakly converges in BV ([0, T ];Rd) to
a curve x (we will write xn ⇀ x) if xn(t) → x(t) as n → ∞ for every t ∈ [0, T ]
and supn Var(xn; [0, T ]) ≤ C <∞ (in what follows, we shall denote by Var(u; [0, T ])
the total variation of a curve u induced by a generic norm on Rd), whereas (xn)n
strictly converges in BV ([0, T ];Rd) to x (xn → u) if xn ⇀ x and Var(xn; [0, T ]) →
Var(x; [0, T ]).

Viscosity contact potentials. The notion we are going to introduce now lies at
the core of the definition of Balanced Viscosity solution to a rate-independent system,
driven by an energy functional E. Indeed, the concept of viscosity contact potential
encodes how viscosity enters into the description of the solution behavior at jumps.
It is an extension of the notion of vanishing-viscosity contact potential introduced
in [MRS12a], in that we are augmenting the contact potential defined therein by
the time variable. In referring to this notion, we will drop the word ’vanishing’ in
order to highlight that Balanced Viscosity solutions do not necessarily arise from a
vanishing-viscosity approximation, cf. Lemma 4.3.15.

Definition 3.3.1. We call a function p : [0,+∞) × Rd × Rd → [0,+∞] (viscosity)
contact potential if it satisfies the following properties:

1. for every τ ≥ 0 there holds p(τ, v, ξ) ≥ 〈v, ξ〉 for all (v, ξ) ∈ Rd × Rd and
p(τ, v, ξ) > 0 if v 6= 0;

2. ∀ξ ∈ Rd the map (τ, v) 7→ p(τ, v, ξ) is convex and positively 1-homogeneous;

Moreover, we say that p is non-degenerate if

3. for every τ ≥ 0 p(τ, v, ξ) > 0 if v 6= 0.

Finally, given a (non-degenerate) 1-homogeneous dissipation potential Ψ0 as in (3.20),
we say that p is Ψ0-non degenerate if

4. for all (v, ξ) ∈ Rd × Rd there holds p(0, v, ξ) ≥ Ψ0(v).

A crucial object related to a contact potential p is the set where the inequality in
(1) holds as an equality. We call contact set

Λp :=
{

(τ, v, ξ) ∈ [0,+∞)× Rd × Rd : p(τ, v, ξ) = 〈v, ξ〉
}
, (3.27)
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and denote by Λp,0 the set Λp∩{0}×Rd×Rd = {(v, ξ) ∈ Rd×Rd : p(0, v, ξ) = 〈v, ξ〉}.
Let us point out a first important consequence of the properties defining a contact
potential:

Lemma 3.3.2. For fixed (τ, ξ) ∈ [0,+∞) × Rd, denote by ∂p(τ, ·, ξ)(v) the (convex
analysis) subdifferential at v of the functional v 7→ p(τ, v, ξ). Then,

(τ, v, ξ) ∈ Λp ⇔ ξ ∈ ∂p(τ, ·, ξ)(v) (3.28)

Proof. Since v 7→ p(τ, v, ξ) is convex and positively homogeneous of degree 1, we have
(cf. (3.21)),

ξ ∈ ∂p(τ, ·, ξ)(v) iff
{
〈ξ, ṽ〉 ≤ p(τ, ṽ, ξ) for all ṽ ∈ Rd,
〈ξ, v〉 = p(τ, v, ξ),

and the thesis follows.

Remark 3.3.3. Observe that, for fixed τ ∈ [0,+∞), the function p(τ, ·, ·) : Rd ×
Rd → [0,+∞) enjoys some of the properties of the notion of bipotential (cf., e.g.,
[BdV08]), which is by definition a functional b : Rd×Rd → [0,+∞] convex and lower
semicontinuous w.r.t. both variables, separately, and fulfilling b(v, ξ) ≥ 〈v, ξ〉 for all
(v, ξ) ∈ Rd × Rd, as well as a stronger version of (3.28), namely

(v, ξ) ∈ Λb ⇔ ξ ∈ ∂b(·, ξ)(v) ⇔ v ∈ ∂b(v, ·)(ξ) ,

where the contact set Λb is defined similarly as in (3.27). As discussed in [MRS12a],the
conditions defining the notion of bipotential seem to be too restrictive for the contact
potentials arising in the vanishing-viscosity limit of viscous systems approximating
rate-independent evolution. Nonetheless, in Sec. 4.3.1 we will see how viscosity contact
potentials can in fact be generated via Γ-convergence from bipotentials associated with
families of dissipation potentials.

BV solutions to rate-independent systems

We are now in the position to recall the preliminary definitions at the basis of the
concept of Balanced Viscosity solution; notice that all of them involve the reduced
contact potential p(0, ·, ·) and the energy functional E ∈ C1(Rd × [0, T ]).

First of all, we introduce the (possibly asymmetric) Finsler distance involved in
the description of the energetic behaviour of a rate-independent system at a jump
time: For a fixed t ∈ [0, T ], the Finsler distance induced by p and E at the time t is
defined for every x0, x1 ∈ Rd by

∆p,E(t;x0, x1) := inf
{ˆ 1

0
p(0, θ̇(r),−∇Etθ(r))dr : θ ∈ ACx0,x1([0, 1];Rd)

}
, (3.29)
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where ACx0,x1([0, 1];Rd) is the space of absolutely continuous function θ : [0, 1] 7→ Rd

with θ(0) = x0 and θ(1) = x1.

Observe that, if p is Ψ0-non degenerate contact potential for some 1-positively
homogeneous potential Ψ0, we clearly have

∆p,E(t;x0, x1) ≥ ∆Ψ0(x0, x1) := Ψ0(x1 − x0).

This family of Finsler distances induces a notion of total variation that measures the
dissipation of a BV -curve along its jumps, mimicking the notion (3.24) of Ψ0-total
variation. Namely, along the footsteps of [MRS12a, Definition 3.4] and in analogy
with (3.26), for a given curve x ∈ BV ([0, T ];Rd) with jump set Jx, we define the
jump variation of x induced by (p, E) on an interval [a, b] ⊂ [0, T ] by

Jmpp,E(x; [a, b]) :=
∑

t∈Jx∩(a,b)

(∆p,E(t;x(t−), x(t)) + ∆p,E(t;x(t), x(t+)))

+ ∆p,E(a;x(a), x(a+)) + ∆p,E(b;x(b−), x(b)) .

Finally, given a (non-degenerate) 1-positively homogeneous dissipation potential Ψ0
and a contact viscosity potential p, the the (pseudo-)total variation of a curve x ∈
BV ([0, T ];Rd) induced by (Ψ0, p, E) is defined by (cf. with 3.25)

VarΨ0,p,E(u; [a, b]) := µΨ0,co([a, b]) + Jmpp,E(u; [a, b])

for any [a, b] ⊂ [0, T ], with µΨ0,co the diffuse part of the total variation measure of
the map t 7→ VarΨ0(x; [0, t]). Let us mention here that the notation VarΨ0,p,E is used
here with slight abuse, since VarΨ0,p,E does not enjoy all of the standard properties of
total variation functionals, see [MRS12a, Remark 3.6] for further details. Also observe
that, if p is Ψ0-non degenerate, then we have VarΨ0,p,E(u; [a, b]) ≥ VarΨ0(u; [a, b]).

We are finally in the position to recall the concept of Balanced Viscosity solution,
cf. [MRS12a, Definition 4.1] and [MRS13, Definition 3.10].

Definition 3.3.4 (Balanced Viscosity solution). Let Ψ0 be a 1-homogeneous dissip-
ation potential (non-degenerate) and a viscosity contact potential p, we say that a
curve x ∈ BV ([0, T ];Rd) is a Balanced Viscosity (BV ) solution to the rate-independent
system (Ψ0, p, E if it fulfills the local stability (Sloc) and the (EΨ0,p,E)-energy balance

−∇E(t, x(t)) ∈ K∗ for all t ∈ [0, T ] \ Jx, (Sloc)

VarΨ0,p,E(x; [0, t]) + E(t, x(t))− E(0, x(0))

−
ˆ t

0
∂tE(s, x(s))ds = 0 for all t ∈ [0, T ],

(EΨ0,p,E)

with K∗ = ∂Ψ0(0).

While referring to [MRS12a, Section 4] and [MRS13, Section 3] for a detailed
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survey of the properties of BV solutions, let us only mention here that it yields a
thorough description of the energetic behavior of the solution at jumps through the
concept of optimal jump transition. For fixed t ∈ [0, T ] and x−, x+ ∈ Rd we call a
curve θ ∈ ACx−,x+([0, 1];Rd) a (p, E)-optimal transition between x− and x+ if

E(t, x−)− E(t, u+) = ∆p,E(t;x−, x+) = p(0, θ(r), θ̇(r)) > 0 for a.a. r ∈ (0, 1).

The following result subsumes [MRS12a, Proposition 4.6, Theorem 4.7].

Proposition 3.3.5. Let x ∈ BV ([0, T ];Rd) be a Balanced Viscosity solution to the
rate-independent system (Ψ0, p, E). Then, at every jump time t ∈ Jx there exists a
(p, E)-optimal transition θt between the left and right-limits x−(t) and x+(t), such
that θt(r) = x(t) for some r ∈ [0, 1]. Moreover, any optimal jump transition θt

between x−(t) and x+(t) complies with the contact contact condition

(θ̇t(r),−∇E(t, θt(r))) ∈ Λp,0 for a.a. r ∈ (0, 1). (3.30)

A crucial consequence of (3.30) and of (3.28) from Lemma 3.3.2 is that any optimal
jump transition θt complies with the subdifferential inclusion

−∇E(t, θt(r)) ∈ ∂p(0, ·,−∇E(t, θt(r)))(θ̇t(r)) for a.a. r ∈ (0, 1).

This explicitly highlights how the contact potential p enters into the description of
the solution behavior at jumps.

With the last result of this section we reformulate theBV solution concept in terms
of the null-minimization of a functional defined on BV -trajectories; this will be crucial
for the variational convergence analysis developed in Sec. 4.3.2. Namely, given a rate-
independent system (Ψ0, p, E), we define JΨ0,p,E : BV ([0, T ];Rd)→ (−∞,+∞] by

JΨ0,p,E(x) := VarΨ0,p,E(x; [0, T ]) +
ˆ T

0
Ψ∗0(−∇E)dt+ E(T )− E(0)−

ˆ T

0
∂tEds

=
ˆ T

0
(Ψ0(ẋ(s)) + Ψ∗0(−∇E(s, x(s)))) ds+ µΨ0,C([0, T ]) + Jmpp,E(x; [0, T ])

+ E(T, x(T ))− E(0, u(0))−
ˆ T

0
∂tE(s, x(s))ds.

We then have the following

Proposition 3.3.6. A curve x ∈ BV ([0, T ];Rd) is a a Balanced Viscosity solution
to the rate-independent system (Ψ0, p, E) if and only if

0 = JΨ0,p,E(x) ≤JΨ0,p,E(z) for all z ∈ BV ([0, T ];Rd),

Proof. First of all, observe that conditions (Sloc)–(EΨ0,p,E) are indeed equivalent to
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(S′loc)–(EΨ0,p,E), with

−∇E(t, x(t)) ∈ K∗ for L 1 − a.a. t ∈ (0, T ). (S′loc)

Indeed, if (S′loc) holds, with a continuity argument one deduces −∇E(t, x(t)) ∈ K∗
at all t ∈ [0, T ] \ Jx.

Clearly, (S′loc)–(EΨ0,p,E) are then equivalent to

JΨ0,p,E(x) = 0. (3.31)

Now, with an argument based on the chain rule for E, one sees (cf. the proof of
[MRS13, Corollary 3.4]) that along a given x ∈ BV ([0, T ];Rd) the map JΨ0,p,E(x) ≥
0, so that (3.31) holds if and only if we have x ∈ arg minv∈BV([0,T ];Rd) JΨ0,p,E(v), so
JΨ0,p,E(x) ≤ 0 . This concludes the proof.
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Chapter 4

Results

4.1 The Quadratic Limit

In this section we precisely state and prove point A1 of Statement 2 and the whole of
Statement 3. We are in the regime where β → 0, α→∞, with αβ → ω.

First we show heuristically why the functional Jβ defined in (3.17) is expected to
converge to JQ defined in (4.2). Looking at the equation that minimises the functional
Jβ , and doing a Taylor expansion for β � 1,

ẋ = −2α sinh(β∇E) ' −2αβ∇E → −2ω∇E.

Considering the functional Jβ for β � 1 it can be seen that

Ψ∗β(w) = 2α
β

(cosh(βw)− 1) ' αβw2 → ωw2,

Ψβ(v) = v

β
log
(
v +
√
v2 + 4α2

2α

)
− 1
β

√
v2 + 4α2 + 2α

β
' v2

4αβ ,

implying that

Ψ∗β(w)→ ωw2, Ψβ(v)→ v2

4ω .

We now turn to the rigorous proof of the convergence to the quadratic gradient
flow and therefore point A1 of Statement 2. For this we need the concept of Mosco-
convergence. Given a sequence of functionals φn and φ defined on a spaceX with weak
and strong topology, φn is said to Mosco-converge to φ (φn

M→ φ) in the weak-strong
topology of X if{

∀ xn ⇀ x weakly, lim inf φn(xn) ≥ φ(x),
∀ x ∃ xn → x strongly such that lim supφn(xn) ≤ φ(x).

(4.1)
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The gradient-flow Definition 3.1.1 is based on the function space X := AC(0, T )
and we define weak and strong topologies on the space AC(0, T ) by using the equi-
valence with W 1,1(0, T ). Let x, xn ∈ AC(0, T ). We say that xn converges weakly to
x (xn ⇀ x) if xn → x strongly in L1(0, T ) and ẋn ⇀ ẋ weakly in L1(0, T ), i.e. in
σ(L1, L∞); we say that xn converges strongly to x (xn → x) if in addition ẋn → ẋ

strongly in L1(0, T ).

Theorem 4.1.1 (Convergence to the quadratic limit). Given E : R × [0, T ] → R
satisfying condition (3.5), for x ∈ AC(0, T ) consider the functional Jβ

Jβ(x) =
ˆ T

0

(
Ψβ(ẋ(t)) + Ψ∗β(−∇E(x(t), t)) + ẋ(t)∇E(x(t), t)

)
dt,

then, for α→∞, β → 0 and αβ → ω > 0, Jβ
M−→ JQ in the weak-strong topology of

AC(0, T ), with

JQ(x) :=
ˆ T

0

(
ẋ2(t)
4ω + ω(∇E)2(x(t), t) + ẋ(t)∇E(x(t), t)

)
dt. (4.2)

Moreover, if a sequence {xβ} is such that Jβ(xβ) is bounded, and

E(xβ(0), 0) +
ˆ T

0
∂tE(xβ(s), s) ds ≤ C ∀β,

then the sequence {ẋβ} is relatively compact in the topology σ(L1, L∞).

Proof. First we prove the Mosco-convergence. The lim-sup condition follows because,
for β → 0

Ψβ(η)→ η2

4ω , Ψ∗β(ξ)→ ωξ2, locally uniformly.

By the local uniform convergence we can choose the recovery sequence to be the trivial
one.

Now we prove the lim-inf inequality. The uniform convergence of xβ to x implies
that we can pass to the limit in the terms E(xβ(·), ·) and

´
∂tE(xβ , t) dt. Then

applying Fatou’s lemma we find

lim inf
β→0

ˆ T

0

2α
β

(cosh(β∇E(xβ , t))− 1) dt ≥ lim inf
β→0

ˆ T

0
αβ(∇E)2(xβ , t) dt

≥
ˆ T

0
ω(∇E)2(x, t) dt,

where we used the inequality 2 cosh(θ) ≥ 2 + θ2.
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Some algebraic manipulations are needed to estimate the lim inf for Ψβ . Let v ≥ 0

Ψβ(v) = v

β
log
(
v +
√
v2 + 4α2

2α

)
− 1
β

√
v2 + 4α2 + 2α

β

= v

β
log
(
v

2α +
√

v2

4α2 + 1
)
− 2α

β

√
v2

4α2 + 1 + 2α
β

≥ v

β

(
v

2α −
v3

48α3

)
− 2α

β

(
1 + v2

8α

)
+ 2α

β
= v2

4αβ −
v4

48α3β
,

where we used that (with θ > 0)

log
(
θ +

√
θ2 + 1

)
> θ − θ3

6 , and
√

1 + θ < 1 + θ

2 .

Then, considering that α3β →∞, we get

lim inf
β→0

ˆ T

0
Ψβ(ẋβ) dt ≥ lim inf

β→0

ˆ T

0

(
ẋ2
β

4αβ −
ẋ4
β

48α3β

)
dt ≥

ˆ T

0

ẋ2

4ω dt,

and we conclude.
Now we prove the compactness.

Let us suppose that Jβ(xβ) and E(xβ(0), 0) +
´ T

0 ∂tE(xβ , t)dt are bounded. Then,
by the positivity of Ψ∗β ,

ˆ T

0
Ψβ(ẋβ) dt ≤ C <∞, ∀β.

With the choice β = 1 we have
ˆ T

0
Ψ1(ẋβ) dt ≤ C ∀β ≤ 1,

and the compactness of {ẋβ} in σ(L1, L∞) follows from the Dunford-Pettis theorem
(e.g. [Bre11, Th. 4.30]).

We must underline, as anticipated in the introduction, that the previous theorem
can be easily generalised to higher dimension. In that case the functional Jβ(x) can
be written as the sum of the same functionals for every component of the velocity ẋ.
The limsup and the compactness result will be unaltered, the liminf require simply
to decompose as sum and use the property

lim inf
n

(an + bn) ≥ lim inf
n

an + lim inf
n

bn.

Note that this result can also be obtained by the abstract method of Mielke (see
Theorem 3.3 of [Mie14a]). Also note that the result can also be formulated in the
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weak-strict convergence of BV (see the definition after equation (3.25)); for the lower
semicontinuity this follows since the weak convergence in BV with bounded Jβ im-
plies weak convergence in AC, and for the recovery sequence it follows from our choice
of the trivial sequence.

We end this section with two theorems completing the proof of Statement 3,
pictured in the right hand side of Figure 2.4.

First we define for each h > 0 the SDE

dY ht = −2ω∇E(Y ht , t)dt+
√

2ωhdWt, (4.3)

where Wt is the Brownian motion on R, Y h0 has law δx0 and its generator Ω is defined
as

Ωf(x) = −2ω∇E(x, t)∇f(x) + ωh∆f(x). (4.4)

For f ∈ Cb(R) the expected value E is defined as

E(f(Y ht )|x0) =
ˆ
R
f(z)dµt(z),

with, denoting by ΩT the adjoint of Ω,{
∂tµt = ΩTµt = −2ω∇ · (µt∇E) + ωh∆µt,
µ0 = δx0 .

where µt is the law at time t of the process Y h started at the position x0 at time
t = 0. Then the following theorems hold.

Theorem 4.1.2 (Large deviations for the processes Xn and Y h). Given an energy E
satisfying condition (3.5), fix 0 < δ < 1 and consider the sequence of processes {Xn}
with generator Ωn defined in (3.12) with β = n−δ and αβ → ω for n → ∞. Then,
if Xn(0)→ x0, the process Xn satisfies a large-deviations principle in D([0, T ]) with
speed n1−δ and with rate function the extension of JQ in (4.2) to BV :

JQ(x) :=
ˆ T

0

(
ẋ2(t)
4ω + ω(∇E)2(x(t), t) + ẋ(t)∇E(x(t), t)

)
dt,

when x ∈ AC(0, T ) and JQ(x) = +∞ otherwise.
Moreover, as h → 0 the process Y h defined in (4.3) satisfies a large-deviations prin-
ciple in D([0, T ]) with speed h−1 and also with rate function JQ.

Proof. The proof of the large-deviation principle for Xn relies on the fulfilment of
three conditions, namely convergence of the operators Hn, exponential tightness for
the sequence of processes Xn, and the comparison principle for the limiting operator
H, following the steps of [FK06, Section 10.3].

We restrict ourselves, for sake of simplicity, to the case αn = ω/βn, and let
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m = n1−δ. To treat the time dependence we use the standard procedure of converting
a time-dependent process into a time-independent process by adding the time to the
state variable (see e.g. [EK09, Section 4.7]): consider the variable u = (x, t) ∈
R× [0, T ], f ∈ C2

c (R× [0, T ]), and given Ωn defined in (3.12), we define Qn as

Qnf(u) = Ωnf(x, t) + ∂tf(x, t). (4.5)

With m = n1−δ, we have,

Hnf(u) = 1
m
e−mf(u)Qne

mf (u) = 1
m
e−mf(u)Qne

mf(u) + ∂tf(u).

Now, with the convention u+ 1/n = (x+ 1/n, t),

Hnf(u) = ωn2δ

{
e−n

−δ∇E(u)
(
en

1−δ(f(u+1/n)−f(u)) − 1
)

+ en
−δ∇E(u)

(
en

1−δ(f(u−1/n)−f(u)) − 1
)}

+ ∂tf

= ωn2δ
[(

1− n−δ∇E + o(n−δ)
)(

n−δ∇f(u) + n−2δ 1
2(∇f)2(u) + o(n−2δ)

)
+
(
1 + n−δ∇E + o(n−δ)

)(
−n−δ∇f(u) + n−2δ 1

2(∇f)2(u) + o(n−2δ)
)]

+ ∂tf

= −2ω∇E(u)∇f(u) + ω(∇f)2(u) + ∂tf(u) + o(1),

implying convergence in the uniform topology,

lim
n→∞

‖Hnf −Hf‖∞ = 0,

to
Hf(u) = −2ω∇E(u)∇f(u) + ω(∇f)2(u) + ∂tf(u).

The exponential tightness holds by [FK06, Corollary 4.17].
The comparison principle can be proved as in [FK06, Example 6.11], modifying the
definition of the auxiliary function Φn used in the cited example, with an additional
time-dependent term

Φn(x, y, t, τ) = f(x, t)− f(y, τ)− n (x− y)2

1 + (x− y)2 − n(t− τ)2,

and then the proof, mutatis mutandis, follows similarly.

Then the large-deviations principle holds in D([0, T ];R × [0, T ]) with rate func-
tional

JQ(u) :=
ˆ T

0
L(x, ẋ, t, ṫ) ds,
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where L is the Legendre transform of H respect to the variables (∇f, ∂tf). It is just
a calculation to check that

L(x, ẋ, t, ṫ) = ẋ2(s)
2 +∇E(x(s), t(s))ẋ(s) + ∇E

2(x(s), t(s))
2 + I1(ṫ(s)),

where I1 is the indicator function of the set {1}, i.e.

I1(ṫ(s)) =
{

0 ṫ(s) = 1,
+∞ otherwise.

It is then clear that JQ(u) = JQ(x).
The large-deviations result for Y h can be found in [FW12, Th. 1.1 of Ch. 4] in

the case of a time-indedendent energy. The time-dependent case follows by the same
modification as above.

Theorem 4.1.3 (Convergence to Brownian motion with gradient drift). Let be given
an energy E satisfying condition (3.5), with ∇E uniformly continuous, let αnβn → ω,
nβn → 1/h, and let µnt be the law of the process {Xn(t)} defined in (3.12) with
µn0 = δXn0 . If Xn

0 → x0, then µn weakly converge to µ (in the duality with Cb(R)),
where µ is the law of the Brownian motion with gradient drift (4.3) with µ0 = δx0 .

Proof. This is a result of standard type, and we give a brief sketch of the proof
for the case of time-independent E, using the semigroup convergence theorem of
Trotter [Tro58, Th. 5.2]. The assumptions of this theorem are satisfied by the existence
of a single dense set on which Ω and Ωn are defined, pointwise convergence of Ωn to Ω
on that dense set, and a dense range of λ−Ω for sufficiently large λ. The assertion of
Trotter’s theorem is pointwise convergence of the corresponding semigroups at each
fixed t, which implies convergence of the dual semigroups in the dual topology, which
is the statement of Theorem 4.1.3.

We set the system up as follows. Define the state space Y := Cb(R) with the
uniform norm, where R is the one-point compactification of R; define the core D :=
{f ∈ C2

b (R)∩C(R) : ∆f uniformly continuous }, which is dense in Y for the uniform
topology, and which will serve as the dense set of definition mentioned above for both
Ωn and Ω. For each f ∈ D, Ωnf → Ωf in the uniform topology.

The density of the range of λ− Ω is the solvability in D of the equation

−ωh∆f + 2ω∇E∇f + λf = g, in R,

for all g in a dense subset of Y ; we choose g ∈ Cc(R) + R. This is a standard
result from PDE theory, which can be proved for instance as follows. First note that
we can assume g ∈ Cc(R), by adding a constant to both g and f . Secondly, for
sufficiently large λ > 0 the left-hand side generates a coercive bilinear form in H1(R)
in the sense of the Lax-Milgram lemma, and therefore there exists a unique solution
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f ∈ H1(R). By bootstrap arguments, using the continuity and boundedness of ∇E,
we find f ∈ C2

b (R), and since f ∈ H1(R)∩C2
b (R), f(x) tends to zero at ±∞, implying

that f ∈ C2
b (R) ∩ C(R). Finally, since ∇E is uniformly continuous, the same holds

for ∆f . This concludes the proof.
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4.2 Rate-independent limit
In this section we prove that the generalized gradient-flow evolution converges to the
rate-independent one, We are therefore in the regime where β → ∞, logα = −βA
for some A > 0. This is point A2 of statement 2, formulated in Theorem 4.2.1 show-
ing Mosco-convergence of Jβ to JRI , defined below. We will prove point A2 with a
theorem that holds in greater generality, without assuming the explicit form of the
couple Ψβ ,Ψ∗β , but only a few ‘reasonable’ assumptions and the limiting behaviour.

There are three main reasons why the convergence to a rate-independent system
should be expected.

1. First, from a heuristic mathematical point of view, our choices of α and β yield
pointwise convergence of Ψβ and Ψ∗β to a one-homogeneous function and to its
dual, the indicator function; this suggests a rate-independent limit. However,
this argument does not explain which of the several rate-independent interpret-
ations the limit should satisfy, nor does it explain the additional jump term.

2. Secondly, from a physical point of view, the underlying stochastic model mimics
a rate-independent system. This can be recognized by keeping the lattice size
finite but letting β → ∞; then the rates either explode or converge to zero,
depending on the value of ∇E. We can interpret this in the sense that when
a rate is infinite, with probability one a jump will occur to the nearest lattice
point with zero jump rate.

3. Thirdly, considering the evolution, in the case 1 � β < ∞ the generalized
gradient flow will present fast transitions when |∇E| > A. By slowing down
time during these fast transitions, we can capture what is happening at the
small time scale of these fast transitions—which become jumps in the limit.
This is exactly how we construct the recovery sequence in Theorem 4.2.1.

The convergence will be proven in a greater generality; more precisely, we do
not use the explicit formulas, but we require that Ψβ and Ψ∗β satisfy the following
conditions:

A Ψβ and Ψ∗β are both symmetric, convex and C1;

B Ψ∗β converge pointwise to Ψ∗0(w) =
{

+∞ for |w| > A,

0 for |w| ≤ A;

C ∀M > 0 ∃ δβ → 0 such that as β →∞,

K−1
β := ∂Ψ∗β(A+ δβ)→∞,

sup
|w|≤R

∂Ψ∗β(w +MKβ)
∂Ψ∗β(w ∨ (A+ δβ))Kβ → 0, and
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∂Ψ∗β(A+MKβ)Kβ → 0.

D For each α ≥ 1 and for each |w| ≤ R there exists ηβ(w,α) ≥ 0 such that

∂Ψ∗β(w + ηβ(w,α)) = α∂Ψ∗β(w),

and ηβ is bounded uniformly in α, β, and |w| ≤ R.

It is important to underline that the previous conditions C-D are needed in The-
orem 4.2.1 only for the the Γ-limsup, meanwhile they are not necessary for the Γ-
liminf.

Conditions C-D are very technical and not intuitive, but they are satisfied by a
large family of pairs (Ψβ ,Ψ∗β). In the following we show, with two examples, that
our specific case and the vanishing-viscosity approach respectively are covered by the
assumptions A-D. In the two examples we implicitly underline the novelty of our
approach and the difference between our model (with L logL-type dissipation) versus
the vanishing viscosity (see [MRS13]).

Dissipation (3.16): Ψ∗β(w) = β−1e−βA cosh(βw)

Conditions A and B are trivially satisfied. Then, considering only w ≥ A for simpli-
city, we get

∂Ψ∗β(w) = e−βA sinh(βw) ' eβ(w−A).

With the choice δβ = β−1 log(β), it holds that

Kβ ' β−1, ∂Ψ∗β(A+MKβ)Kβ ≤ eβMKβKβ → 0.

Then condition C is satisfied with

∂Ψ∗β(w +Kβ)
∂Ψ∗β(w) Kβ ≤

exp(β(w +Kβ −A)) + 1
exp(−β(A− w)) Kβ ≤ (exp(βKβ) + 1)Kβ → 0.

Condition D is satisfied because for w � 1 we have that sinh(βw) ' 1
2e
βw. Then

condition D approximately reads as

eβ(w+η) ' αeβw,

which is satisfied for η ' β−1 logα.

Viscoplasticity with vanishing viscosity: Ψ∗β(w) = β(|w| −A)2
+

Also here, conditions A and B are immediately satisfied. Then, again considering
w ≥ A, we verify condition C by choosing δβ ' β−1/3 and λ = 1, so that

∂Ψ∗β(w) = 2β(w −A) =⇒ K−1
β = 2βδβ →∞.
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Then it is just a calculation to check that condition C is satisfied in this case. Now
condition D requires that

2β(w + η −A) = 2αβ(w −A),

and so η = (α− 1)(w −A) satisfies the condition.

Theorem 4.2.1 (Convergence to the rate-independent evolution). Given an energy
E satisfying condition (3.5), a sequence of couple Ψβ-Ψ∗β satisfying conditions A-D,
and for x ∈ BV ([0, T ]) consider the functional Jβ

Jβ(x) =
ˆ T

0

(
Ψβ(ẋ(t)) + Ψ∗β(−∇E(x(t), t)) + ẋ(t)∇E(x(t), t)

)
dt (4.6)

when x ∈ AC(0, T ) and Jβ(x) = +∞ otherwise. Then, as β →∞, Jβ
M−→ JRI with

respect to the weak-strict convergence of BV , where JRI is given by

JRI(x) :=
ˆ T

0
(Ψ0(ẋ(s)) + Ψ∗0(−∇E(t, x(t)))) dt+ µΨ0,C([0, T ])

+ Jmpp,E(x; [0, T ]) + E(T, x(T ))− E(0, u(0))−
ˆ T

0
∂tE(t, x(t))dt, (4.7)

where Ψ0(v) = A|v| and p(0, v, ξ) = (A ∨ |ξ|)|v|.
Moreover, if the sequence {xβ} is such that Jβ(xβ) is bounded, {xβ(0)} is bounded,
and ˆ t

0
∂tE(xβ(s), s)ds ≤ C ∀β, t ∈ [0, T ], (4.8)

then {xβ} is weakly compact in BV ([0, T ]).

The proof is divided into three main steps. First, the compactness and the lim-inf
inequality; they will follow as in [MRS12b, Th. 4.1,4.2]. We report the one regarding
the compactness for completeness and we translate the proof because we can avoid
some technicalities. For the lim-inf inequality we can also refer to the next section,
namely Theorem 4.3.9. To finish the proof we need to construct a recovery sequence.
When minimizers with JRI ≡ 0 are considered, then the recovery sequence is easy
to construct; we just need to take a sequence xβ such that Jβ(xβ) = 0 for every β.
But for the full Mosco-convergence, we need to find a way to construct a recovery
sequence also for non-minimizers of JRI . This is the last part of the proof and it will
be achieved using a parametrized-solution technique.

4.2.1 Proof of the compactness and lim-sup inequality
Proof of compactness. Recall that weak convergence in BV is equivalent to pointwise
convergence supplemented with a global bound on the total variation (e.g. [AFP00,
Proposition 3.13]).
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First we show that |xβ(t) − xβ(0)| is bounded uniformly in t and β. We observe
that

Ψβ(v) + Ψ∗β(A) ≥ Av, for every v,A ∈ R, (4.9)

and so we obtain

A|xβ(t)− xβ(0)| ≤ A
ˆ t

0
|ẋβ | ds ≤

ˆ t

0
Ψβ(ẋβ) ds+ t sup

β
Ψ∗β(A) ≤ C < +∞,

where the constant C may change from line to line. Then

|xβ(t)− xβ(0)| ≤ C for every β and every t ∈ [0, T ].

The inequality above and the boundedness of xβ(0) imply that the whole sequence is
bounded for every t ∈ [0, T ].

Next we show the existence of a converging subsequence.

For every 0 ≤ t0 ≤ t1 ≤ T we recall the bound

A|xβ(t1)− xβ(t0)| ≤
ˆ t1

t0

A|ẋβ | dt ≤
ˆ t1

t0

(
Ψβ(ẋβ) + Ψ∗β(A)

)
dt.

Defining the non-negative finite measures on [0, T ]

νβ,A :=
(
Ψβ(ẋβ) + Ψ∗β(A)

)
L 1,

up to extracting a suitable subsequence, we can suppose that they weakly-∗ converge
to a finite measure νA, so that

A lim sup
β→∞

|xβ(t0)− xβ(t1)| ≤ lim sup
β→∞

νβ,A([t0, t1]) ≤ νA([t0, t1]).

Defining the jump set J := {t ∈ [0, T ] : νa({t}) > 0} and considering a countable set
I ⊃ J that is dense in [0, T ], we can find a subsequence βh such that xβh

p.w.−→ x for
every t ∈ I as βh →∞. From now on, for simplicity, we will number the subsequence
with the same index of the main sequence. Then

A|x(t0)− x(t1)| ≤ νA([t0, t1]), for every t0, t1 ∈ I. (4.10)

The curve I 3 t 7→ x(t) can be uniquely extended to a continuous curve in [0, T ] \ J,
that we will still denote by x. Arguing by contradiction we show that the whole xβ(t)
converges pointwise to x(t). Fix a point t ∈ [0, T ] \ I, if the pointwise convergence
does not hold, we can find a subsequence that we still denote xβ(t) such that xβ(t)→
x̃ 6= x(t). From the pointwise convergence for t ∈ I and the continuity of x in [0, T ]\J,
we can find a further subsequence I 3 tβn → t such that xβn(tβn)→ x(t), but this is
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in contradiction to the previous inequality, assuming for simplicity tβn ≤ t,

A|x(t)− x̃|≤ lim inf
βn→∞

A|xβn(tβn)− xβn(t)|≤ lim sup
βn→∞

νβn,A([tβn , t]) = νA({t})=0.

We have so proven the pointwise convergence of xβ to x; the inequality (4.10) then
gives a uniform bound on the BV norm of xβ and so we conclude.

Proof of limsup inequality. We assume that we are given x ∈ BV ([0, T ]); we will
construct a sequence xβ such that Jβ(xβ)→ JRI(x).

Reparametrisation. A central tool in this construction is a reparametrisation of
the curve x (as in Figure 4.1), in terms of a new time-like parameter s on a domain
[0, S]. The aim is to expand the jumps in x into smooth connections.

As in [MRS12a, Proposition 6.9], we define

s(t) := t+
ˆ t

0
(Ψ0(ẋ) + Ψ∗0(−∇E(x, τ))) dτ+µΨ0,C([0, t])+Jmpp,E(x; [0, t]), (4.11)

then there exists a Lipschitz parametrization (t, x) : [0, S]→ [0, T ]×R such that t is
non-decreasing,

t(s(t)) = t, and x(s(t)) = x(t) for every t ∈ [0, T ], (4.12)

and such that

ˆ S

0
p(ṫ, ẋ,−∇E(x, t)) ds

=
ˆ T

0
(Ψ0(ẋ) + Ψ∗0(−∇E(x, τ))) dτ + µΨ0,C([0, T ]) + Jmpp,E(x; [0, T ]), (4.13)

where, recalling that ṫ = 0 in in the jumps

p(ṫ, ẋ,−∇E(x, t)) =
{
A|ẋ|+ Ψ∗0(|∇E(x, t)|) if ṫ > 0,
|ẋ|
(
A ∨ |∇E(x, t)|

)
if ṫ = 0.

Moreover, it also holds that

Var(x, [0, S]) = Var(x, [0, T ]). (4.14)

Note that p(ṫ, ẋ,−∇E(x, t)) ≥ |ẋ|
(
A ∨ |∇E(x, t)|

)
, since Ψ∗0(w) is only finite when

|w| ≤ A.
Preliminary remarks. The third term in Jβ(xβ) (see (4.6)) is equal to

E(xβ(T ), T )− E(xβ(0), 0)−
ˆ T

0
∂tE(xβ(t), t) dt,
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and these three terms pass to the limit under the strict convergence xβ → x that we
prove below. We therefore focus on the other terms in Jβ and JRI . By (4.13) it is
sufficient to prove that

lim sup
β→∞

ˆ T

0

[
Ψβ (ẋβ(t)) + Ψ∗β (−∇E(xβ(t), t))

]
dt

≤
ˆ S

0
p(ṫ(s), ẋ(s),∇E(x(s), t(s))) ds. (4.15)

From condition (3.5) we have that ∇E(x, t) is uniformly Lipschitz continuous in
t; let L be the Lipschitz constant. In order to define a time rescaling we introduce an
auxiliary function. We fix

2M := L

ˆ S

0
|ẋ(s)| ds = LVar(x, [0, T ]) = LVar(x, [0, S]),

and use Hypothesis C to obtain sequences δβ ,Kβ → 0 for this value of M . We now
define

pβ(v, w) := inf
ε>0

{
εΨβ

(v
ε

)
+ εΨ∗β

(
|w| ∨ (A+ δβ)

)}
(4.16)

= |v| (|w| ∨ (A+ δβ)) ,

and the infimum is achieved by

εβ(v, w) := v

∂Ψ∗β
(
|w| ∨ (A+ δβ)

) . (4.17)

The function εβ can be interpreted as an optimal time rescaling of a given speed v

and a given force |w| ∨ (A+ δβ).
Definition of the new time tβ and the recovery sequence xβ. For sake of simplicity,

in the following we construct a recovery sequence only for a curve x with jumps at
0 and T . Later in the proof we show that, in a similar way, a recovery sequence can

x0

x(τ−)
x(τ+)

x1

τ

x(t)

tT

s

t
x0

x(τ−)
x(τ+)

x1

s(τ−) s(τ+)

x(s)

sS

Figure 4.1: Schematic representation of the time parametrization procedure. The
curve x is such that x(s(t)) = x(t).
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be constructed for a curve x with countable jumps with transparent changes in the
proof.

We construct the recovery sequence by first perturbing the time variable t. We
define tβ : [0, S]→ [0, Tβ ] as the solution of the differential equation

ṫβ(s) = ṫ(s) ∨ εβ
(

ẋ(s),∇E
(
x(s), t(s)

))
, tβ(0) = 0. (4.18)

We can assume that |ẋ(s)| 6= 0 for s ∈ [0, s(0)] and s ∈ [s(T−), S] to guarantee the
positivity of εβ . Then, for s ∈ [s(0), s(T−)], we have

ṫ(s) = 1
ṡ(t)

∣∣∣∣
t=t(s)

> 0 ,

so that ṫβ(s) > 0 for all s ∈ [0, S]. The range of tβ is [0, Tβ ], with Tβ ≥ T ; since the
recovery sequence xβ is to be defined on the interval [0, T ], we rescale tβ by

λβ := Tβ
T
≥ 1,

and define our recovery sequence as follows:

xβ(t) := x
(

t−1
β (tλβ)

)
, so that ẋβ(t) = ẋ

ṫβ

(
t−1
β (tλβ)

)
λβ .

We now have that
ˆ T

0

[
Ψβ (ẋβ(t)) + Ψ∗β (−∇E(xβ(t), t))

]
dt

=
ˆ T

0

[
Ψβ

(
ẋ
ṫβ

(
t−1
β (tλβ)

)
λβ

)
+ Ψ∗β

(
−∇E

(
x(t−1

β (tλβ)), t
))]

dt

=
ˆ S

0

[
Ψβ

(
ẋ
ṫβ

(s)λβ
)

+ Ψ∗β
(
−∇E(x(s), tβ(s)λ−1

β )
)] ṫβ(s)

λβ
ds.

Estimates. The inequality (4.15) now follows from the following three estimates:

Lemma 4.2.2. Write εβ(s) := εβ

(
ẋ(s),∇E

(
x(s), t(s)

))
. Then there exists Cβ → 0

for β →∞ such that
ˆ S

0

[
Ψ∗β
(
|∇E(x(s), tβ(s)λ−1

β )|
) ṫβ(s)
λβ
−Ψ∗β

(
|∇E(x(s), t(s))|

)
εβ(s)

]
ds

≤ CβS;
(4.19)

ˆ S

0

[
Ψβ

(
ẋ
ṫβ

(s)λβ
)

ṫβ(s)
λβ
−Ψβ

(
ẋ
εβ

(s)
)
εβ(s)

]
ds ≤ CβS; (4.20)
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ˆ S

0

[
Ψβ

(
ẋ
εβ

(s)
)

+ Ψ∗β
(
|∇E(x(s), t(s))|

)]
εβ(s) ds

≤
ˆ S

0
|ẋ(s)|

(
A ∨ |∇E(x(s), t(s))|

)
ds+ CβS.

(4.21)

We prove this Lemma below.

Convergence and conclusion. Strict convergence of xβ → x follows if we prove
the pointwise convergence xβ(t) → x(t) for all t ∈ [0, T ] and the convergence of the
variation.
Recall the definition of ṫβ(s) = ṫ(s) ∨ εβ

(
ẋ(s),∇E

(
x(s), t(s)

))
, then

lim
β→∞

sup
s
εβ(s) = lim

β→∞
sup
s

|ẋ(s)|
∂Ψ∗β(|∇E(x(s), t)| ∨ (A+ δβ))

≤ lim
β→∞

sups |ẋ(s)|
∂Ψ∗β(A+ δβ) = 0,

implies ṫβ(s)→ ṫ(s), and so it also holds

tβ(s)→ t(s) =⇒ t−1
β (tλβ)→ s(t) ∀t ∈ (0, T ).

Moreover, ṫβ(s) > 0 implies that t−1
β (0) = 0 and t−1

β (Tβ) = S, and so we have that

xβ(t) = x
(

t−1
β (tλβ)

)
→ x(s(t)) (4.12)= x(t) ∀ t ∈ [0, T ].

The convergence of the variation is automatic, since by definition of xβ
ˆ T

0
|ẋβ(t)| dt =

ˆ S

0
|ẋ(s)|ds = Var(x, [0, S]) (4.14)= Var(x, [0, T ]).

Recovery sequence for a general curve x. Now we show how to construct a recovery
sequence for a curve with countable jumps. Given the jump set Jx, fix ε > 0, consider
a countable set {ti} ⊆ Jx ∪ {0, T} (with ti < ti+1) such that

Jmpp,E(x, Jx \ {ti}) < ε, (4.22)

and such that the interval [0, T ] can be written as the union of disjoint subintervals

[0, T ] =
⋃
i

Σi where Σi = [ti, ti+1].

It is important to underline that we would like to take the set {ti} ⊃ Jx, but then
the decomposition of the interval [0, T ] as a union of intervals would not be true in
general. Due to this complication we must take a subset, and in the end we show how
to conclude with a diagonal argument.
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Then, let tiβ = tβ(s(ti)), with tβ from (4.18) and s from (4.11), we define

λiβ =
ti+1
β − tiβ
ti+1 − ti

,

and the recovery sequence is

xβ(t) := x
(

t−1
β

(
λiβ(t− ti) + tiβ

))
for t ∈ Σi, (4.23)

so that
ẋβ(t) = ẋ

ṫβ

(
t−1
β

(
λiβ(t− ti) + tiβ

))
λiβ for t ∈ (Σi)◦.

We have now that
ˆ T

0

[
Ψβ (ẋβ(t)) + Ψ∗β (∇E(xβ(t), t))

]
dt =

∑
i

ˆ s(ti+1)

s(ti)

[
Ψβ

(
ẋ
ṫβ

(s)λiβ
)

+Ψ∗β
(
∇E(x(s), (λiβ)−1(tβ(s)− tiβ) + ti)

)] ṫβ(s)
λiβ

ds.

Applying Lemma 4.2.2 in every subinterval [s(ti), s(ti+1)], we obtain the same bounds
(4.19–4.21) with CβS substituted by Cβ |s(ti+1)− s(ti)|, and it is important to under-
line that Cβ is independent of ε. Then inequality (4.15) follows because∑

i

Cβ |s(ti+1)− s(ti)| = CβS.

The convergence of the variation follows again by definition of xβ .
The pointwise convergence of xβ(t) → x(t) for t ∈ [0, T ] \ Jx is again trivial. The
following calculations show that, by construction, the convergence holds also in the
points {ti} ⊆ Jx

xβ(ti) (4.23)= x
(

t−1
β

(
tiβ
))

= x
(

t−1
β

(
tβ(s(ti))

))
= x

(
s(ti)

) (4.12)= x(ti).

while from (4.22) and the convergence of the variation we have that

lim
β→∞

|xβ(t)− x(t)| < ε, ∀t ∈ Jx \ {ti}.

In fact the recovery sequence xβ has a hidden dependence on ε, then taking ε = β−1

we define a new recovery sequence, that we keep labelling xβ , and sending β →∞ (ε
to zero) we conclude.
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Proof of Lemma 4.2.2. First note that for any s′ ∈ [0, S],

0 ≤ tβ(s′)− t(s′) =
ˆ s′

0
(ṫβ(s)− ṫ(s)) ds ≤

ˆ S

0
εβ(s) ds ≤

ˆ S

0

|ẋ(s)|
∂Ψ∗β(A+ δβ) ds

= Var(x, [0, S])Kβ ≤
2MKβ

L
.

Consequently

0 ≤ Tβ − T = T (λβ − 1) ≤ 2MKβ

L
→ 0 as β →∞. (4.24)

Using the Lipschitz continuity of ∇E in time, we also have

|∇E(x(s), tβ(s)λ−1
β )| − |∇E(x(s),t(s))| ≤ L|tβ(s)λ−1

β − t(s)|

≤ L|tβ(s)λ−1
β − tβ(s)|+ L|tβ(s)− t(s)|

≤MKβ . (4.25)

We now prove (4.19). Using the convexity of Ψ∗β

Ψ∗β
(
|∇E(x(s), tβ(s)λ−1

β )|
) (4.25)
≤ Ψ∗β

(
|∇E(x(s), t(s))|+MKβ

)
≤ Ψ∗β

(
|∇E(x(s), t(s))|

)
+MKβ∂Ψ∗β

(
|∇E(x(s), t(s))|+MKβ

)
. (4.26)

Setting Σβ := {s ∈ [0, S] : ṫβ(s) = ṫ(s)}, we split the domain into Σβ and Σcβ . On
Σβ , since ṫ(s) > 0, the finiteness of L implies that |∇E| ≤ A; on Σcβ , ṫβ(s) = εβ(s).
Therefore

ˆ S

0
Ψ∗β
(
|∇E(x(s), t(s))|

)[
ṫβ(s)− εβ(s)

]
ds

=
ˆ

Σβ
Ψ∗β
(
|∇E(x(s), t(s))|

)[
ṫβ(s)− εβ(s)

]
ds

≤ Ψ∗β(A)
ˆ

Σβ
ṫβ(s) ds ≤ CβS, (4.27)

with Cβ := Ψ∗β(A).

We also integrate the second term in (4.26) first on Σβ and then on Σcβ . On Σβ ,
again since |∇E| ≤ A

ˆ
Σβ
MKβ∂Ψ∗β

(
|∇E(x(s), t(s))|+MKβ

)
ṫβ(s) ds

≤MKβΨ∗β(A+MKβ)
ˆ

Σβ
ṫβ(s) ds ≤ CβS, (4.28)
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with Cβ := MKβΨ∗β(A+MKβ).
On the other hand, on Σcβ , using

ṫβ(s) = εβ(s) = |ẋ(s)|/∂Ψ∗β
(
|∇E(x(s), t(s))| ∨ (A+ δβ)

)
,

we get
ˆ

Σc
β

MKβ∂Ψ∗β
(
|∇E(x(s), t(s))|+MKβ

)
ṫβ(s) ds ≤

M

ˆ
Σc
β

Kβ

∂Ψ∗β
(
|∇E(x(s), t(s))|+MKβ

)
∂Ψ∗β

(
|∇E(x(s), t(s))| ∨ (A+ δβ)

) |ẋ(s)| ds ≤ CβS, (4.29)

where the last inequality holds because Var(x, [0, S]) ≤ S, with

Cβ := sup
s
MKβ

∂Ψ∗β
(
|∇E(x(s), t(s))|+MKβ

)
∂Ψ∗β

(
|∇E(x(s), t(s))| ∨ (A+ δβ)

) .
Together, (4.27–4.29) prove (4.19) with vanishing Cβ thanks to Hypothesis B-C.

To prove (4.20), we use the fact that ṫβ(s) ≥ εβ(s) for all s, and that the mapping
τ 7→ τΨβ(v/τ) is non-increasing. Therefore

ˆ S

0
Ψβ

(
ẋ
ṫβ

(s)λβ
)

ṫβ(s)
λβ

ds ≤
ˆ S

0
Ψβ

(
ẋ
εβ

(s)λβ
)
εβ(s)
λβ

ds

(∗)
≤
ˆ S

0

[
Ψβ

(
ẋ
εβ

(s)
)

+ C∂Ψ∗β
(
|∇E(x(s), t(s))| ∨ (A+ δβ)

)
(λβ − 1)

]
εβ(s) ds.

where C is a constant and we prove the inequality marked (∗) below. Continuing
with the argument, we again apply the definition (4.17) of εβ to find

(λβ − 1)
ˆ S

0
∂Ψ∗β

(
|∇E(x(s), t(s))| ∨ (A+ δβ)

)
εβ(s)ds ≤ (λβ − 1)

ˆ S

0
|ẋ(s)|ds

≤ CβS,

where Cβ := (λβ − 1) converges to zero by (4.24).
We next prove (4.21), with Cβ := δβ . We calculate
ˆ S

0

[
Ψβ

(
ẋ
εβ

(s)
)

+ Ψ∗β
(
|∇E(x(s), t(s))|

)]
εβ(s) ds

≤
ˆ S

0

[
Ψβ

(
ẋ
εβ

(s)
)

+ Ψ∗β
(
|∇E(x(s), t(s))| ∨ (A+ δβ)

)]
εβ(s) ds

=
ˆ S

0
|ẋ(s)|

(
|∇E(x(s), t(s))| ∨ (A+ δβ)

)
ds by (4.16)
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≤
ˆ S

0
|ẋ(s)|

(
|∇E(x(s), t(s))| ∨A

)
ds+ CβS.

We finally prove the inequality (∗) above, as the following separate result: for each
R > 0 there exists C > 0 such that

∀α ≥ 1, ∀ |z| ≤ R, ∀β : Ψβ(α∂Ψ∗β(z)) ≤ Ψβ(∂Ψ∗β(z)) + C(α− 1)∂Ψ∗β(z).

To show this, note that by Hypothesis D for each α ≥ 1 and for each |z| ≤ R there
exists ηβ(z, α) such that

∂Ψ∗β(z + ηβ(z, α)) = α∂Ψ∗β(z),

and ηβ is bounded uniformly in α, β, and |z| ≤ R. The following three statements
follow from convexity and convex duality:

Ψβ(α∂Ψ∗β(z)) + Ψ∗β(z + ηβ)− (z + ηβ)α∂Ψ∗β(z) = 0;
Ψβ(∂Ψ∗β(z)) + Ψ∗β(z)− z∂Ψ∗β(z) = 0;
Ψ∗β(z + ηβ)−Ψ∗β(z)− η∂Ψ∗β(z) ≥ 0.

Upon subtracting the second and third line from the first we find

Ψβ(α∂Ψ∗β(z)) ≤ Ψβ(∂Ψ∗β(z)) + (z + ηβ)(α− 1)∂Ψ∗β(z),

which implies the result.
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4.3 Finite dimension rate-independent limit

In this section we study the convergence to a rate-independent system in Rd. Here
below we briefly explain the generalisation of the stochastic model, giving rise to the
stochastic approximation 4.32–4.33. This is generalised in Subsection 4.3.1 where we
show how to generate a viscosity contact potential via Γ-convergence. Then in Sub-
section 4.3.2 we characterise BV solutions as null-minimizers of a suitable functional
on trajectories, with Theorem 4.3.9 and Corollary 4.3.11. Moreover, we end in Sub-
section 4.3.3 with the proof of the Mosco-convergence of the functionals for the case
of vanishing viscosity and stochastic approximation.

Throughout this section, we will consider a smooth energy E such that the power
∂tE is controlled by E itself, namely

E ∈ C1([0, T ]× Rd),
∃C1, C2 > 0 ∀ (t, u) ∈ [0, T ]× Rd : |∂tEtu| ≤ C1Etu+ C2 .

(4.30)

In what follows we will use the notation

‖v‖1 :=
d∑
i=1
|vi|, ‖v‖2 :=

(
d∑
i=1
|vi|2

)1/2

, ‖v‖∞ := max
i=1,...,d

|vi|,

while we will denote by ‖ · ‖ a norm on Rd, and by 〈·, ·〉 the scalar product in Rd.
We are inspired by the model presented in Section 2.2, now defined in arbitrary

but finite dimensions (see Figure 4.2). Now the jump rates in the direction j will be
depending accordingly on the derivative of the energy, i.e.

r+
j (x, t) = αe−n∇jE(x,t), r−j (x, t) = αen∇jE(x,t), α := e−nA

2 .

Following the same steps as in the one-dimensional case (now substituting the para-

el
ek

ej
x− 1

mej x x+ 1
mej

1
m

mr+
jmr−j

x ∈ 1
mZd

Figure 4.2: A sketch of the jump-process on a d-dimensional lattice.
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meter β with n) we will study the Γ-limit of the functional

JΨn,E(x) :=
ˆ T

0

(
Ψn(ẋ(s))+Ψ∗n(−∇E(t, x(t)))

)
dt+ E(T, x(T ))

− E(0, x(0))−
ˆ T

0
∂tE(t, x(t))dt ,

(4.31)

where

Ψn(v) =
d∑
i=1

ψn(vi)

=
d∑
i=1

vi
n

log
(
vi +

√
v2
i + e−2nA

e−nA

)
− 1
n

√
v2
i + e−2nA + e−nA

n
,

(4.32)

and it can be easily checked that the structure Ψn(v) =
∑d
i=1 ψn(vi) transfers to the

conjugate,

Ψ∗n(ξ) =
d∑
i=1

ψ∗n(ξi) =
d∑
i=1

e−nA

n
(cosh(nξi)− 1) . (4.33)

4.3.1 Viscosity contact potentials via Γ-convergence
In this section we show a possible way to generate a viscosity contact potential via a
Γ-convergence procedure, starting from a family (Ψn)n of dissipation potentials with
superlinear growth at infinity, i.e. fulfilling

lim
‖v‖→+∞

Ψ(v)
‖v‖

= +∞

for some norm ‖ · ‖ on Rd.

Preliminarily, starting from a convex dissipation potential Ψ, we define the bipo-
tential bΨ : [0,+∞)× Rd × Rd → [0,+∞] induced by Ψ by

bΨ(τ, v, ξ) :=


τΨ
(
v
τ

)
+ τΨ∗(ξ) for τ > 0,

0 for τ = 0, v = 0,
+∞ for τ = 0 and v 6= 0.

(4.34)

It is immediate to check that

1. for every (v, ξ) ∈ Rd × Rd the map τ 7→ bΨ(τ, v, ξ) is convex;

2. for every τ ≥ 0 the functional (v, ξ) 7→ bΨ(τ, v, ξ) is a bipotential in the sense
of [BdV08] (cf. Remark 3.3.3);

3. for every v 6= 0 and ξ with Ψ∗(ξ) 6= 0, the set arg minτ>0 bΨ(τ, v, ξ) is non-empty,
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where the latter property is due to the fact that limτ↓0 bΨ(τ, v, ξ) = +∞ due to the
superlinear growth of Ψ, and limτ→+∞ bΨ(τ, v, ξ) = +∞.

Let us now consider a sequence (Ψn)n of dissipation potentials, and let (bΨn)n be
the induced bipotentials. We assume the following.

Hypothesis 4.3.1. Let p : [0,+∞)× Rd × Rd → [0,+∞] be defined by

p = Γ- lim inf
n

bΨn i.e.

p(τ, v, ξ) := inf{lim inf
n→∞

bΨn(τn, vn, ξn) : τn → τ, vn → v ξn → ξ}.
(4.35)

Then, for every ξ ∈ Rd there exists (ξn)n ⊂ Rd with ξn → ξ and p(·, ·, ξ) =
Γ- lim supn→∞ bΨn(·, ·, ξn), i.e.

p(τ, v, ξ) = inf{lim sup
n→∞

bΨn(τn, vn, ξn) : τn → τ, vn → v}. (4.36)

Observe that with (4.36) we are imposing a stronger condition than requiring only
p = Γ- lim supn→∞ bΨn , namely we are asking that ∀ ξ ∈ Rd ∃ (ξn)n ⊂ Rd such that
∀ (τ, v) ∈ [0,+∞)× Rd

∃ (τn, vn)n with


τn → τ,

vn → v,

lim supn→∞ bΨn(τn, vn, ξn) ≤ p(τ, v, ξ) .

This will play a key role in the proof of Lemma 4.3.3 below.

The main result of this section ensures that the functional p generated via (4.35)–
(4.36) is a contact potential in the sense of Definition 3.3.1.

Theorem 4.3.2. Let (Ψn)n be a sequence of dissipation potentials on Rd complying
with Hypothesis (4.3.1). Then, p is a viscosity contact potential and there exists a
1-homogeneous dissipation potential Ψ0 such that

p(τ, v, ξ) ≥ Ψ0(v) for all (τ, v, ξ) ∈ [0,+∞)× Rd × Rd. (4.37)

Moreover, if the dissipation potentials (Ψn)n fulfill

∃M,Mn > 0 ∀n ∈ N ∀ v ∈ Rd : Ψn(v) ≥M‖v‖ −Mn, (4.38)

withMn → 0 for n→∞, then Ψ0 is non-degenerate, and thus p is Ψ0-non degenerate.

We postpone the proof at the end of this section, after obtaining a series of pre-
liminary lemmas on the structure that p inherits from the potentials Ψn.

Lemma 4.3.3. Assume Hypothesis 4.3.1. Then, for every (τ, v, ξ) ∈ [0,+∞)×Rd×Rd
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1. p(τ, v, ξ) ≥ 〈v, ξ〉;

2. the map (τ, v) 7→ p(τ, v, ξ) is convex and positively homogeneous of degree 1.

Proof. Property (1) is an immediate consequence of (4.35), using that for every n ∈ N
there holds bΨn(τ, v, ξ) ≥ 〈v, ξ〉 for every (τ, v, ξ) ∈ [0,+∞)×Rd×Rd. As for (2), for
fixed ξ let (ξn)n fulfill (4.36). For fixed (τ0, v0) and (τ1, v1) let (τ in, vin)n, i = 1, 2, be
two recovery sequences for bΨn(·, ·, ξn). Then, for every λ ∈ [0, 1]

p((1−λ)τ0+λτ1, (1−λ)v0+λv1, ξ)
(a)
≤ lim inf

n→∞
bΨn((1−λ)τ0

n+λτ1
n, (1−λ)v0

n+λv1
n, ξn)

(b)
≤ lim sup

n→∞
(1−λ)bΨn(τ0

n, v
0
n, ξn)+λbΨn(τ1

n, v
1
n, ξn)

(c)
≤ (1−λ)p(τ0, v0, ξ)+λp(τ1, v1, ξ),

where (a) follows from (4.35), (b) from the convexity of maps bΨn(·, ·, ξn), and (c)
from (4.36).

With an analogous argument one shows that p(·, ·, ξ) is 1-positively homogeneous.

We now show that, for τ > 0 the functional p(τ, ·, ·) has the same form as
bΨn(τ, ·, ·), cf. (4.40).

Lemma 4.3.4. Assume Hypothesis 4.3.1. Let Ψ0 : Rd → [0 +∞) be defined by

Ψ0(v) := p(1, v, 0). (4.39)

Then, Ψ0 is a 1-positively homogeneous dissipation potential, the sequence (Ψn)n Γ-
converges to Ψ0, and thus (Ψ∗n)n Γ-converges to Ψ∗0. Furthermore,

p(τ, v, ξ) = τΨ0

(v
τ

)
+ τΨ∗0(ξ) for all τ > 0 and all (v, ξ) ∈ Rd × Rd. (4.40)

Proof. Observe that Ψ0 is convex and 1-homogeneous thanks to Lemma 4.3.3. It
follows from (4.35) and (4.36), applied with the choices τ = 1 and ξ = 0, that
Ψ0 = Γ- limn→∞Ψn. Then, (Ψ∗n) Γ-converges to Ψ∗0 by [Att84, Theorem 2.18, p.
495]. As a consequence of these convergences and of (4.34), we have (4.40), which
in particular yields for v = ξ = 0 that Ψ0(0) = p(1, 0, 0) = Ψ0(0) + Ψ∗0(0). Hence
Ψ∗0(0) = 0, whence Ψ0(0) = 0.

Our next two results address the characterization of p for τ = 0, providing a
formula for p(0, v, w) in the two cases Ψ∗0(ξ) < +∞ and Ψ∗0(ξ) = +∞.

Lemma 4.3.5. Assume Hypothesis 4.3.1. If Ψ∗0(ξ) < +∞, then

p(0, v, ξ) = lim inf
τ→0

τΨ0

(v
τ

)
= Ψ0(v) for all v ∈ Rd. (4.41)
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Proof. It follows from (4.40) and the fact that Ψ∗0(ξ) < +∞ that

p(0, v, ξ) ≤ lim inf
τ→0

p(τ, v, ξ) ≤ lim inf
τ→0

τΨ0

(v
τ

)
. (4.42)

To prove the converse inequality, we preliminarily observe that for every v ∈ Rd

that for any dissipation potential Ψ, for every v ∈ Rd the map τ 7→ Ψ
(
v
τ

)
is non-

increasing. Therefore for all 0 < τ < σ < 1 we have

τΨ0

(v
τ

)
≥ σΨ0

( v
σ

)
. (4.43)

Now, let us fix a sequence ξn → ξ for which (4.36) holds, and accordingly a sequence
(τn, vn) → (0, v) such that p(0, v, ξ) = lim infn→∞(τnΨn(vn/τn) + τnΨ∗n(ξn)). It
follows from (4.43) for the functionals Ψn that for every σ ∈ (0, 1)

lim inf
n→∞

(
τnΨn

(
vn
τn

)
+ τnΨ∗n(ξn)

)
≥ lim inf

n→∞

(
σΨn

(vn
σ

))
= σΨ0

( v
σ

)
,

where we have also exploited the positivity of the functionals Ψ∗n. Therefore in view
of (4.36) we find

p(0, v, ξ) ≥ σΨ0

( v
σ

)
and conclude the converse of (4.42) passing to the limit as σ → 0.

Lemma 4.3.6. Assume Hypothesis 4.3.1. If Ψ∗0(ξ) =∞, then

p(0, v, ξ) = Γ- lim inf
n→∞

inf
τ>0

bΨn(τ, v, ξ) for all v ∈ Rd. (4.44)

Proof. Inequality ≥ follows from the definition of p. To prove the converse one, we
may suppose that v 6= 0, since p(0, 0, ξ) = 0. Take (vn, ξn) → (v, ξ) that realizes
Γ- lim infn→∞ infτ>0 bΨn(τ, v, ξ), i.e.

inf
τ>0

bΨn(τ, vn, ξn)→ Γ- lim inf
n→∞

inf
τ>0

bΨn(τ, v, ξ).

In particular, lim inf Ψ∗n(ξn) = +∞. Therefore, we may choose τ̄n as

τ̄n ∈ arg min
τ>0

(
τΨn

(vn
τ

)
+ τΨ∗n(ξn)

)
.

Since lim inf Ψ∗n(ξn) = +∞, it is clear that τ̄n → 0, hence

Γ- lim inf
n→∞

inf
τ>0

bΨn(τ, v, ξ) = lim
n→∞

τ̄nΨn

(
vn
τ̄n

)
+ τ̄nΨ∗n(ξn) ≥ p(0, v, ξ)

thanks to (4.35).

We now prove a pseudo-monotonicity result for p.
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Lemma 4.3.7. Assume Hypothesis 4.3.1. Then, for every τ, τ̄ ∈ [0,+∞), v, v̄ ∈ Rd

and ξ, ξ̄ ∈ Rd we have that(
p(τ, v, ξ)− p(τ, v, ξ̄)

)(
p(τ̄ , v̄, ξ)− p(τ̄ , v̄, ξ̄)

)
≥ 0. (4.45)

Proof. Observe that (4.45) holds for the bipotentials bΨn : indeed, in that case it
reduces to τ τ̄(Ψ∗n(ξ)−Ψ∗n(ξ̄))2 ≥ 0.

Assume that p(τ, v, ξ) > p(τ, v, ξ̄) and choose ξ̄n as in (4.36) with (τn, vn) such
that

(τn, vn, ξ̄n)→ (τ, v, ξ̄), bΨn(τn, vn, ξ̄n)→ p(τ, v, ξ̄). (4.46)

It follows from the definition (4.35) of p that p(τ, v, ξ) ≤ lim infn→∞ bΨn(τn, vn, ξn)
for every sequence ξn → ξ in Rd, and for (τn, vn) as in (4.46). Then

0 < p(τ, v, ξ)− p(τ, v, ξ̄) ≤ lim inf
n→∞

(
bΨn(τn, vn, ξn)− bΨn(τn, vn, ξ̄n)

)
. (4.47)

Therefore, for sufficiently big n we have that

bΨn(τn, vn, ξn)− bΨn(τ,vn, ξ̄n) ≥ 0. (4.48)

Now, again in view of (4.36), choose ξn → ξ (notice that (4.47) holds for any
sequence ξn converging to ξ) and τ̄n → τ̄ , v̄n → v̄ such that lim supn p(τ̄n, v̄n, ξn) ≤
p(τ̄ , v̄, ξ). Since lim infn bΨn(τ̄n, v̄n, ξ̄n) ≥ p(τ̄ , v̄, ξ̄) by (4.35), we conclude that

p(τ̄ , v̄, ξ)− p(τ̄ , v̄, ξ̄) ≥ lim sup
n→∞

(
bΨn(τ̄n, v̄n, ξn)− bΨn(τ̄n, v̄n, ξ̄n)

)
≥ 0,

taking into account that bΨn(τ̄n, v̄n, ξn) − bΨn(τ̄n, v̄n, ξ̄n) ≥ 0 for sufficiently big n
thanks to (4.48) and the previously observed monotonicity property (4.45) for bΨn .
Thus, (4.45) follows.

We are now in the position to conclude the proof of Theorem 4.3.2 by verifying
that p complies with properties (1)–(4).

Proof of Theorem 4.3.2. Properties (1)&(2) are guaranteed by Lemma 4.3.3.
Concerning property (4), observe that (4.37) ensues from (4.40) for τ > 0. For τ = 0,
it directly follows from 4.41 in the case Ψ∗0(ξ) < +∞, whereas for Ψ∗0(ξ) = +∞ we
use the monotonicity property (4.45), giving

(p(1, v, ξ)− p(1, v, 0))(p(0, v, ξ)− p(0, v, 0)) ≥ 0.

Now, p(1, v, ξ) = Ψ0(v) + Ψ∗0(ξ) = +∞, hence we deduce that p(0, v, ξ) ≥ p(0, v, 0) ≥
Ψ0(v) (here we have used that Ψ∗0(0) = 0).
Under the additional (4.38), it is immediate to check that Ψ0 given by (4.39) is non-
degenerate. This concludes the proof.
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4.3.2 Convergence of solutions

Let us consider a sequence (Ψn)n of dissipation potentials on Rd with superlinear
growth at infinity, namely for every n ∈ N

lim
‖v‖→+∞

Ψn(v)
‖v‖

= +∞ (4.49)

for some norm ‖ · ‖ on Rd. Then define the functional JΨn,E as in (4.31).

The main results of this work concern the Mosco-convergence to the functional
JΨ0,p,E , with respect to the weak-strict topology of BV ([0, T ];Rd), of a family of
functionals suitably extending JΨn,E to BV ([0, T ];Rd) by

JΨn,E(x) :=
{
JΨn,E(x) if x ∈ AC([0, T ];Rd),
+∞ otherwise.

(4.50)

First of all, let us fix the compactness properties of a sequence (xn)n ⊂ BV ([0, T ];Rd)
with supn JΨn,E(xn) ≤ C, assuming that the potentials Ψn comply with a suitable
coercivity property.

Proposition 4.3.8. Let (Ψn)n be a family of dissipation potentials with superlinear
growth at infinity and assume that

∃M1, M2 > 0 ∀n ∈ N ∀ v ∈ Rd : Ψn(v) ≥M1‖v‖1 −M2. (4.51)

Let (xn)n ⊂ BV ([0, T ];Rd) fulfill ‖xn(0)‖ + JΨn,E(xn) ≤ C for some constant uni-
form w.r.t. n ∈ N. Then, there exist a subsequence k 7→ nk and a curve x such that
xnk ⇀ x in BV ([0, T ];Rd).

Proof. We will just outline the argument, see [MRS12b, Theorem 4.1] for all details.
In what follows, we will denote by C a generic positive constant independent of n,
whose meaning may vary from line to line.
Combining the information that JΨn,E(xn) ≤ C with the power control condition
from (4.30), we find that
ˆ T

0
(Ψn(ẋn(t)) + Ψ∗n(−∇E(t, xn(t)))) dt+ E(T, xn(T )) ≤ C +

ˆ T

0
C1|E(t, xn(t))|dt,

where we have also used that ‖xn(0)‖ ≤ C. Taking into account that both Ψn and
Ψ∗n are positive, via the Gronwall Lemma we deduce from the above inequality that
supt∈[0,T ] |E(t, xn(t))| ≤ C, whence supt∈[0,T ] |∂tE(t, xn(t))| ≤ C. Hence

ˆ T

0
(Ψn(ẋn(t)) + Ψ∗n(−∇E(t, x(t)))) dt ≤ C,
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which implies thanks to the coercivity (4.51) that Var‖·‖(xn; [0, T ]) ≤ C. Then, the
thesis readily follows from the Helly theorem.

We are now in the position to state the Γ- lim inf result for the sequence (JΨn,E)n.

Theorem 4.3.9. Let (Ψn)n be a family of dissipation potentials with superlinear
growth at infinity such that the associated bipotentials (bΨn)n comply with Hypothesis
4.3.1, with limiting viscosity contact potential p. Let Ψ0 be the 1-positively homo-
geneous dissipation potential defined by Ψ0(v) := p(1, v, 0), and suppose that Ψ0 is
non-degenerate. Then, for every (xn)n, x ∈ BV ([0, T ];Rd)

xn ⇀ x in BV ([0, T ];Rd) ⇒ lim inf
n→∞

JΨn,E(xn) ≥JΨ0,p,E(x). (4.52)

More precisely, we have as n→∞

E(t, xn(t))→ E(t, x(t)),ˆ t

0
∂tE(r, xn(r)))dr →

ˆ t

0
∂tE(r, x(r))dr for every t ∈ [0, T ],

(4.53)

and for all s, t ∈ [0, T ] with s < t

lim inf
n→∞

ˆ t

s

(Ψn(ẋn(r)) + Ψ∗n(−∇E(r, xn(r)))) dr

≥ VarΨ0,p,E(x; [s, t]) +
ˆ t

s

Ψ∗0(−∇E(t, x(r)))dr . (4.54)

Note that a sufficient condition for Ψ0 to be non-degenerate is the potentials Ψn

comply with (4.38). Prior to developing the proof of Theorem 4.3.9, we preliminarly
give the following lower semicontinuity result, in the spirit of [MRS09, Lemma 3.1],
cf. also [MRS12b, Lemma 4.3]).

Lemma 4.3.10. Let m, d ≥ 1 and Fn, F∞ : Rm×Rd → [0,+∞) be normal integrands
such that

1. for fixed ξ ∈ Rd the functionals Fn(·, ξ) are convex for every n ∈ N ∪ {∞},

2. there holds
Γ- lim inf

n→∞
Fn ≥ F∞ in Rm × Rd. (4.55)

Let I be a bounded interval in R and let wn w : I → Rm fulfill wn ⇀ w in L1(I;Rm),
and ξn, ξ : I → Rd fulfill ξn(s)→ ξ(s) for almost all s ∈ I. Then

lim inf
n→∞

ˆ
I

Fn(wn(s), ξn(s))ds ≥
ˆ
I

F∞(w(s), ξ(s))ds. (4.56)
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Proof. We introduce the functional

F : N ∪ {∞} × Rm × Rd, F(n,w, ξ) :=
{
Fn(w, ξ) for n ∈ N,
F∞(w, ξ) for n =∞.

It follows from (4.55) that F is lower semicontinuous on N ∪ {∞} × Rm × Rd, hence
it is a positive normal integrand. Then, (4.56) follows from the Ioffe Theorem, cf.
[Iof77] and also, e.g., [Val90, Theorem 21].

Proof of Theorem 4.3.9. Let (xn)n ⊂ BV ([0, T ];Rd) be a sequence weakly converging
to x. We may suppose lim infn→∞JΨn,E(xn) <∞, as otherwise there is nothing to
prove. Therefore up to a subsequence we have JΨn,E(xn) ≤ C, in particular yielding
that xn ∈ AC([0, T ];Rd) for every n ∈ N. With the very same arguments as in the
proof of Proposition 4.3.8, also based on the power control (4.30), we see that each con-
tribution to JΨn,E(xn) is itself bounded. Convergences (4.53) follow from the point-
wise convergence of (xn)n, the fact that E ∈ C1([0, T ]×Rd), and the Lebesgue domin-
ated convergence theorem, recalling that (xn)n is bounded in L∞(0, T ;Rd). Moreover,
we have that for every t ∈ [0, T ] the convergence ∇E(t, xn(t)) → ∇E(t, x(t)) holds.
Then, taking into account that the functionals (Ψ∗n) Γ-converge to Ψ∗0, we can apply
the forthcoming Lemma 4.3.10 to the functionals Fn(w, ξ) := Ψ∗n(ξ) and F(w, ξ) :=
Ψ∗0(w) to obtain

lim inf
n→∞

ˆ T

0
Ψ∗n(−∇E(t, xn(t)))dt ≥

ˆ T

0
Ψ∗0(−∇E(t, x(t)))dt, (4.57)

whence −∇E(t, x(t)) ∈ K∗for a.a. t ∈ (0, T ).
Define the non-negative finite measures on [0, T ]

νn := Ψn(ẋn(·))L 1 + Ψ∗n(−∇E(·, xn(·)))L 1 .= µn + ηn.

Up to extracting a subsequence, we can suppose that they weakly∗ converge to a
positive measure

ν = µ+ η with η ≥ Ψ∗0(−∇E(·, x(·)))L 1.

Let us now preliminarily show that

ν ≥ Ψ0(ẋ)L 1 + µΨ0,C. (4.58)

For this, we shall in fact observe that µ ≥ Ψ0(ẋ)L 1 + µΨ0,C. This will follow upon
proving that for every [α, β] ⊂ [0, T ]

µ([α, β]) = lim
n→∞

ˆ β

α

Ψn(ẋn(t))dt ≥ VarΨ0(x; [α, β]). (4.59)
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Indeed, let us fix a partition t0 = α < t1 < . . . < tk = β of [α, β] and notice that

lim
n→∞

ˆ β

α

Ψn(ẋn(t))dt = lim
n→∞

k∑
m=1

ˆ tm

tm−1

Ψn(ẋn(t))dt

(1)
≥ lim inf

n→∞

k∑
m=1

(tm − tm−1)Ψn

´ tmtm−1
ẋn(t)dt

tm − tm−1


= lim inf

n→∞

k∑
m=1

(tm − tm−1)Ψn

(
xn(tm)− xn(tm−1)

tm − tm−1

)
(2)
≥

k∑
m=1

(tm − tm−1)Ψ0

(
x(tm)− x(tm−1)

tm − tm−1

)
(3)=

k∑
m=1

Ψ0 (x(tm)− x(tm−1)) ,

where (1) follows from the Jensen inequality, (2) from the fact that the potentials
(Ψn)n Γ-converge to Ψ0 (cf. Lemma 4.3.4), and (3) from the 1-positive homogeneity
of Ψ0. Since the partition of [α, β] is arbitrary, we conclude (4.59).
However, we need to improve (4.58) by obtaining a finer characterization for the jump
part of ν. We will in fact prove that

ν({t}) ≥ ∆p,E(t;x(t−), x(t+)) for every t ∈ Jx,

by adapting the argument in the proof of [MRS13, Proposition 7.3]. To this end, for
fixed t ∈ Ju let us pick two sequences h−n ↑ t and h+

n ↓ t such that xn(h−n ) → x(t−)
and xn(h+

n )→ x(t+). Define sn on [h−n , h+
n ] by

sn(h) := cn

(
h− h−n +

ˆ h

h−n

(Ψn(ẋn(t)) + Ψ∗n(−∇E(t, xn(t)))) dt
)
.

Observe that sn(h−n ) = 0, then we choose the normalization constant cn such that
sn(h+

n ) = 1. Observe that for every n the function sn is strictly increasing and thus
invertible, and let

tn := s−1
n : [0, 1]→ [h−n , h+

n ] and ϑn := xn ◦ tn.

Observe that

ṫn(s) + ‖ϑ̇n‖1(s) = 1 + ‖ẋn‖1(tn(s))
cn (1 + Ψn(ẋn(tn(s))) + Ψ∗n(−∇E(tn(s), xn(tn(s))))) ≤ C,

(4.60)
for a.a. s ∈ (0, 1).
Now, by the upper semicontinuity property of the weak∗-convergence of measures on
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closed sets we have

ν({t}) ≥ lim sup
n→∞

νn([h−n , h+
n ]) ≥ lim inf

n→∞

ˆ h+
n

h−n

(Ψn(ẋn(t)) + Ψ∗n(−∇E(t, xn(t)))) dt

= lim inf
n→∞

ˆ 1

0
(Ψn(ẋn(tn(s))) + Ψ∗n(−∇E(tn(s), xn(tn(s))))) ṫn(s)ds

= lim inf
n→∞

ˆ 1

0
bΨn(ṫn(s), ϑ̇n(s),−∇E(tn(s), ϑn(s)))ds,

where the last-but-one equality follows from a change of variables, and the last one
from the very definition of bΨn . Now it follows from (4.60) and from the fact that
the range of tn is [h−n , h+

n ] that there exists (t, ϑ) ∈ C0
lip([0, 1];Rd) such that, up to a

not relabeled subsequence,

tn(s)→ t(s) ≡ t, ϑn(s)→ ϑ(s) for all s ∈ [0, 1], ṫn⇀∗ 0, ϑ̇n⇀∗ ϑ̇ in L∞(0, 1),
so that ϑ(0) = lim

n→∞
xn(h−n ) = x(t−) and ϑ(1) = lim

n→∞
xn(h+

n ) = x(t+) .

Therefore, applying Lemma 4.3.10 with the choices m = d + 1 and, for w = (τ, v) ∈
R × Rd, with Fn(w, ξ) = Fn(τ, v, ξ) := bΨn(τ, v, ξ) and F∞(w, ξ) := p(τ, v, ξ) (where
we still denote by bΨn and by p their trivial extensions to R×Rd×Rd by infinity), and
taking into account (4.35) from Hyp. 4.3.1, which ensures the validity of condition
(4.55) in Lemma 4.3.10, we conclude

lim inf
n→∞

ˆ 1

0
bΨn(ṫn(s), ϑ̇n(s),−∇E(tn(s), ϑn(s)))ds

≥
ˆ 1

0
p(0, ϑ̇(s),−∇E(t, ϑ(s)))ds ≥ ∆p,E(t;x(t−), x(t+)) . (4.61)

Similarly, we prove that

lim sup
n→∞

νn([h−n , t]) ≥ ∆p,E(t;x(t−), x(t)),

lim sup
n→∞

νn([t, h+
n ]) ≥ ∆p,E(t;x(t), x(t+)).

Repeating the very same arguments as in the proof of [MRS13, Proposition 7.3], we
ultimately conclude that for every 0 ≤ s ≤ t

lim inf
n→∞

ˆ t

s

(Ψn(ẋn(r)) + Ψ∗n(−∇E(r, xn(r)))) dr ≥ VarΨ0,p,E(x; [s, t]),

whence (4.54) also in view of (4.57). This concludes the proof.

A straightforward consequence of Theorem 4.3.9 is the following result. Let us
mention that (4.62) below derives with an elementary argument from (4.53) and (4.54).
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Corollary 4.3.11. Under the assumptions of Theorem 4.3.9, let the sequence (xn)n ⊂
AC([0, T ];Rd) fulfill JΨn(un) ≤ εn for some vanishing sequence (εn)n.
Then, any limit point x of (xn)n with respect to the weak-BV ([0, T ];Rd)-topology is
a Balanced Viscosity solution to the rate-independent system (Ψ0, p, E), and, up to a
subsequence, convergences (4.53) and

lim
n→∞

ˆ t

s

(Ψn(ẋn(r)) + Ψ∗n(−∇E(r, xn(r)))) dr

= VarΨ0,p,E(x; [s, t]) +
ˆ t

s

Ψ∗0(−∇E(r, (x(r)))dr, (4.62)

for all 0 ≤ s ≤ t ≤ T hold.

Proof. Let x ∈ BV([0, T ];Rd) be a limit point of the sequence (xn)n ⊂ AC([0, T ];Rd).
It follows from (4.52) that JΨ0,p,E(x) = 0, hence x is a Balanced Viscosity solution
to (Ψ0, p, E). Moreover, for every 0 ≤ s ≤ t ≤ T we have that

lim sup
n→∞

ˆ t

s

(
Ψn(ẋn(r)) + Ψ∗n(−∇E(r, xn(r)))

)
dr

(1)
≤ lim sup

n→∞

(
E(s, xn(s))− E(t, xn(t)) +

ˆ t

s

∂tE(r, xn(r))dr + εn

)
(2)= E(s, x(s))− E(t, x(t)) +

ˆ t

s

∂tE(r, x(r))dr

(3)= VarΨ0,p,E(x; [s, t]) +
ˆ t

s

Ψ∗0(−∇E(t, x(r)))dr

where (1) follows from JΨn(xn) ≤ εn, (2) from convergences (4.53), and (3) from
the fact that JΨ0,p,E(x) = 0. Combining this with (4.54), we conclude (4.62).

4.3.3 Convergence of the functionals

In this subsection we prove the convergence of the whole functional JΨn,E in the
case of vanishing viscosity and of the stochastic approximation.

Examples

We now focus on two classes of dissipations potentials (Ψn)n, with superlinear growth
at infinity, approximating a 1-positively homogeneous dissipation potential Ψ0. In
the first case, the dissipation potentials Ψn are obtained by rescaling from a given
dissipation potential Ψ with superlinear growth at infinity, and suitably converge to
some Ψ0. In the second case, we consider the stochastic model sketched in Figure 4.2
and the underlying potentials Ψn given by (4.32): the limiting potential is Ψ0(v) =
A‖v‖1. We will show that, in both cases Hypothesis 4.3.1 is fulfilled.
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The vanishing-viscosity approximation

Following [MRS12a], we consider the case in which the dissipation potentials Ψn are
obtained by rescaling from a given

dissipation potential Ψ : Rd → [0,+∞) with superlinear growth (4.63a)

as follows

Ψn(v) = Ψεn(v) = 1
εn

Ψ(εnv) for all v ∈ Rd, with εn ↓ 0 (4.63b)

and there exists a 1-homogeneous dissipation potential Ψ0 such that

Ψ0(v) = lim
n→∞

Ψn(v) = lim
n→∞

1
εn

Ψ(εnv) for all v ∈ Rd. (4.63c)

Example 4.3.12. In particular, we focus on these two cases (cf. [MRS12a, Ex. 2.3])

1. Ψ0-viscosity: the superlinear dissipation potential Ψ is obtained augmenting
Ψ0 by a superlinear function of Ψ0 itself. Namely given a convex superlinear
function FV : [0,+∞)→ [0,+∞), we set for all v ∈ Rd

Ψ(v) := Ψ0(v) + FV (Ψ0(v)) whence Ψn(v) = Ψ0(v) + 1
εn
FV (εnΨ0(v)).

To fix ideas, we may think of Ψ0(v) = A‖v‖1 and FV (ρ) = 1
2ρ

2, giving rise to

Ψn(v) = A‖v‖1 + εn
2 A

2‖v‖21.

2. 2-norm vanishing-viscosity: Let us now consider a different norm ‖ · ‖ on
Rd, and set for all v ∈ Rd

Ψ(v) := Ψ0(v) + FV (‖v‖), whence Ψn(v) = Ψ0(v) + 1
εn
FV (εn‖v‖).

with again FV : [0,+∞) → [0,+∞) convex and superlinear. In this way we
generate, for example, the dissipation potentials

Ψn(v) = A‖v‖1 + εn
2 ‖v‖

2
2.

We now verify that this family of dissipation potentials comply with the hypotheses
of Theoremm 4.3.9.

Lemma 4.3.13. The dissipation potentials (4.63) comply with Hypothesis 4.3.1, with
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p : [0,+∞)× Rd × Rd → [0,+∞]

given by p(τ, v, ξ) :=
{

Ψ0(v) + IK∗(ξ) if τ > 0,
infεn>0

(
Ψεn(v) + Ψ∗εn(ξ)

)
if τ = 0.

(4.64)

The proof can be straightforwardly retrieved from the argument for [MRS12a,
Lemma 6.1].

Example 4.3.14 (Example 4.3.12 continued). Following [MRS12a, Remark 3.1], we
explicitly calculate p(0, v, ξ) according to (4.64) in the two cases of Example 4.3.12:

1. Ψ0-viscosity: We have

p(0, v, ξ) :=
{

Ψ0(v) if ξ ∈ K∗,
Ψ0(v) supv 6=0

〈ξ,v〉
Ψ0(v) if ξ /∈ K∗.

Therefore, in the particular case Ψ0(v) = A‖v‖1, taking into account that K∗ =
B
∞
A (0) = {ξ ∈ Rd : ‖ξ‖∞ ≤ A}, we retrieve the formula

p(0, v, ξ) = ‖v‖1(A ∨ ‖ξ‖∞) .

2. 2-norm vanishing-viscosity: In this case, we have

p(0, v, ξ) = Ψ0(v) + ‖v‖ min
ζ∈K∗

‖ξ − ζ‖∗,

where we have used the notation ‖ζ‖∗ := supv 6=0
〈ζ,v〉
‖v‖ .

The stochastic approximation

We now address the case in which the dissipation potentials Ψn are given by 4.32.
Preliminarily, we observe that{

Ψn(v)→ Ψ0(v) = A‖v‖1 ∀ v ∈ Rd and Γ- limn→∞Ψn = Ψ0,

Ψ∗n(ξ)→ Ψ∗0(ξ) = IK∗(ξ) ∀ ξ ∈ Rd and Γ- limn→∞Ψ∗n = Ψ∗0,
(4.65)

with K∗ = B
∞
A (0). In order to check the statement, e.g. for Ψn(v), it is sufficient to

recall that Ψn(v) =
∑d
i=1 ψn(vi), and that the real functions (ψn)n pointwise and Γ-

converge to the 1-positively homogeneous potential ψ0 : R→ R given by ψ0(v) = A|v|.
We will now show that the counterpart to Lemma 4.3.13 holds.

Lemma 4.3.15. The dissipation potentials (4.32) comply with Hypothesis 4.3.1, with
limiting viscosity contact potential p : [0,+∞)× Rd × Rd → [0,+∞]

given by p(τ, v, ξ) :=
{

Ψ0(v) + IK∗(ξ) if τ > 0,
‖v‖1(A ∨ ‖ξ‖∞) if τ = 0.

(4.66)
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Proof. We will split the proof in several claims.
Claim 1: (4.64) holds for τ > 0. It follows from the Γ-convergence in (4.64) that
p = Γ- lim infn→∞ bΨn fulfills for all (v, ξ) ∈ Rd × Rd p(τ, v, ξ) ≥ Ψ0(v) + IK∗(ξ) if
τ > 0. For the converse inequality, for every ξ ∈ Rd we take the constant recovery
sequence ξn ≡ ξ and again choose for fixed (τ, v) ∈ [0,+∞)×Rd the sequences τn ≡ τ
and vn ≡ v. The pointwise convergences from (4.65) ensure that

p(τ, v, ξ) ≤ lim sup
n→∞

bΨn(τ, v, ξ) = τΨ0

(v
τ

)
+ τIK∗(ξ) = Ψ0(v) + IK∗(ξ),

which allows us to conclude (4.64).
Claim 2: (4.64) holds for τ = 0 and v = 0. In this case we have to check that
p(0, 0, ξ) = 0, which is equivalent to showing that p(0, 0, ξ) ≤ 0 as the functional p
is positive. To this aim, for every fixed ξ ∈ Rd we observe that for any vanishing
sequence τn ↓ 0

p(0, 0, ξ) ≤ lim sup
n→∞

bΨn(τn, 0, ξ) = lim sup
n→∞

τnψ
∗
n(ξ),

and then we choose (τn)n vanishing fast enough in such a way that the lim sup on the
right-hand side equals zero.
Claim 3: (4.64) holds for τ = 0 and v 6= 0. We will split the proof in several
(sub-)claims. In the following calculations, taking into account that Ψn =

∑d
i=1 ψn

and Ψ∗n =
∑d
i=1 ψ

∗
n with ψn : R → R and ψ∗n : R → R even functions, we will often

confine the discussion to x the case in which v = (v1, . . . , vd) is with vi ≥ 0 for all
i = 1, . . . , d, and analogously for ξ.

Moreover, for reasons that will be expounded in Remark 4.3.16 later on, we will
need to work with the modified bipotentials bδΨn : [0,+∞)× Rd × Rd → [0,+∞]

bδΨn(τ, v, ξ) :=


τΨn

(
v
τ

)
+ τΨ∗n(ξ) + τδ for τ > 0,

0 for τ = 0, v = 0,
+∞ for τ = 0 and v 6= 0,

(4.67)

with δ > 0 fixed. We remark that arg minτ>0 bδΨn(τ, v, ξ) 6= ∅. Since for every ξ ∈ Rd

the map v 7→ minτ>0 bδΨn(τ, v, ξ) is in turn 1-positively homogeneous, there exists a
closed convex set K∗n,δ(ξ) such that

min
τ>0

bδΨn(τ, v, ξ) = sup
{
〈v, w〉 : w ∈ K∗n,δ(ξ)

}
. (4.68)

Indeed, it turns out that

K∗n,δ(ξ) = {w ∈ Rd : Ψ∗n(w) ≤ Ψ∗n(ξ) + δ}.

We need an intermediate estimate before proving the estimate from below in (4.66)
(see equation (4.74) later).
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Claim 3.1: there holds

p(0, v, ξ) ≥ inf{lim inf
n→∞

bδΨn(τ̄ δn, vn, ξn) : vn → v, ξn → ξ}, (4.69)

where τ̄ δn ∈ arg minτ bδΨn(τ, vn, ξn). This follows from

p(0, v, ξ) = inf{lim inf
n→∞

bΨn(τn, vn, ξn) : τn → 0, vn → v, ξn → ξ}

= inf{lim inf
n→∞

(
bδΨn(τn, vn, ξn)

)
− δτn : τn → 0, vn → v, ξn → ξ}

(2)
≥ inf{lim inf

n→∞
min
τ>0

bδΨn(τ, vn, ξn) : vn → v, ξn → ξ} ,

where (2) follows from the fact that limn→∞ δτn = 0 for every vanishing sequence
(τn) .

Claim 3.2: there holds
p(0, v, ξ) ≥ ‖v‖1(A ∨ ‖ξ‖∞).

In view of (4.69), it is sufficient to prove that

inf{lim inf
n→∞

bδΨn(τ̄ δn, vn, ξn) : vn → v, ξn → ξ} ≥ ‖v‖1(A ∨ ‖ξ‖∞). (4.70)

To this end, let us fix a sequence (vn, ξn)→ (v, ξ) and, for n sufficiently big such that
1
n log d < A, define wn by

wn :=
(

(A ∨ ‖ξn‖∞)− 1
n

log d , · · · , (A ∨ ‖ξn‖∞)− 1
n

log d
)
.

Taking into account the form 4.33 of Ψ∗n, we find for n > δ−1 that

Ψ∗n(wn) = de−nA

n
(cosh(n‖wn‖∞)− 1) = e−nAelog d

2n

(
en‖wn‖∞ + e−n‖wn‖∞ − 2d

)
= e−nA

2n

(
en(A∨‖ξn‖∞) + e−n(A∨‖ξn‖∞) − 2d

)
{
≤ Ψ∗n(ξn) if ‖ξn‖∞ > A,

= 1
2n + e−2nA

2n − 2de−nA
2n if ‖ξn‖∞ ≤ A,

implying that Ψ∗n(wn) ≤ Ψ∗n(ξn) + δ, so wn ∈ Kn,δ(ξn) for all n ≥ δ−1. Now, using
the representation formula (4.68) for bδΨn(τ̄ δn, ·, ·), we find

bδΨn(τ̄ δn, vn, ξn) ≥ vn · wn = ‖vn‖1(A ∨ ‖ξn‖∞)− 1
n

log d‖vn‖1,

where the last equality follows from the fact that vn = (v1
n, . . . , v

d
n) with vin ≥ 0 for

all i = 1, . . . , d. Hence lim infn→∞ bδΨn(τ̄ δn, vn, ξn) ≥ ‖v‖1(A ∨ ‖ξ‖∞) and, since the
sequences (vn)n and (ξn)n were arbitrary, we conclude (4.70). In order to prove the

77



Finite dimension rate-independent limit Results-Part I

converse of inequality (4.74), and conclude (4.66), we preliminarily address need to
investigate the properties of the sets K∗n,δ.

Claim 3.3: there holds

∀ δ > 0 ∃nδ ∈ N ∀n ≥ nδ ∀w ∈ K∗n,δ(ξ) : ‖w‖∞ ≤ A∨‖ξ‖∞+ 1
n

log(2enδ) . (4.71)

Indeed, every w ∈ K∗n,δ(ξ) fulfills Ψ∗n(w) ≤ Ψ∗n(ξ) + δ. Using the explicit formula we
obtain that

e−nA

n
cosh(n‖w‖∞) ≤ de−nA

n
cosh(n‖ξ‖∞) + δ,

whereby
e−nA

2n en‖w‖∞ ≤ de−nA

n
en‖ξ‖∞ + δ,

and thus
‖w‖∞ ≤

1
n

log
(

2nδenA + 2den‖ξ‖∞
)
.

Now, doing some algebraic manipulation on the logarithmic term on the right-hand
side we find

log
(

2nδenA + 2den‖ξ‖∞
)

= log
(
enA+lognδ

(
1 + en(‖ξ‖∞−A)+log d−lognδ

))
+ log 2

(1)
≤ log

(
1 + en(‖ξ‖∞−A)+

)
+ nA+ lognδ + log 2

≤ n(A ∨ ‖ξ‖∞) + 1 + log 2nδ,

where for (1) we have used that nδ > d for n sufficiently big. Then, (4.71) ensues.
Claim 3.4: for every (v, ξ) ∈ (Rd \{0})×Rd and for all sequences (vn)n with vn → v

and (ξn)n with ξn → ξ, for every τ̄ δn ∈ arg min bδΨn(·, vn, ξn) there holds

lim
n→∞

τ̄ δn = 0. (4.72)

We distinguish two cases: (1) Ψ∗0(ξ) = +∞ and (2) Ψ∗0(ξ) = 0.

1. In the first case, we have lim infn→∞Ψ∗n(ξn) = +∞. Then τ̄ δn must be vanishing
to “cancel” the τΨ∗n-contribution, cf. also the proof of Lemma 4.3.6.

2. In the second case, to show (4.72) we will provide an estimate from above
for τ̄ δn by exploiting the Euler-Lagrange equation for the minimum problem
minτ>0 bδΨn(τ, v, ξ). Namely, τ̄ δn complies with

0 ∈ ∂τbδΨn(·, vn, ξn)(τ̄ δn) = Ψn

(
vn
τ̄ δn

)
−
〈
∂Ψn

(
vn
τ̄ δn

)
,
vn
τ̄ δn

〉
+ Ψ∗n(ξn) + δ

(where, with a slight abuse of notation, we have written ∂Ψn(vn/τ̄ δn) as a
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singleton). Using the explicit formula (4.32) we find

nδ + de−nA + nΨ∗n(ξn) =
∑
i

√
v2
n,i

τ̄ δn
2 + e−2nA ≤ d

√
supi v2

n,i

τ̄ δn
2 + e−2nA,

implying the following inequality

τ̄ δn
2 ≤

d2 supi v2
n,i

n2δ2 + n2 (Ψ∗n(ξn))2 → 0, for n→∞. (4.73)

We are now in the position to conclude the proof of (4.66).
Claim 3.5: there holds

p(0, v, ξ) ≤ ‖v‖1(A ∨ ‖ξ‖∞). (4.74)

We will in fact prove that ∀ ξ ∈ Rd ∃ (ξn)n ⊂ Rd such that

∀v ∈ Rd ∃(τn, vn)n with


τn → 0,
vn → v,

lim supn→∞ bΨn(τn, vn, ξn) ≤ ‖v‖1(A ∨ ‖ξ‖∞).
(4.75)

Taking into account that p = Γ- lim infn→∞ bΨn , we will then conclude (4.74). To
check (4.75), let us choose the constant recovery sequences ξn ≡ ξ and vn ≡ v, and
let τn := τ̄ δn ∈ arg minτ>0 bδΨn(τ, v, ξ). By the previous Claim 3.4, we have that
τn ↓ 0. Now, taking into account the representation formula (4.68), we can construct
a sequence {ξ̃n} ⊂ K∗n,δ(ξ) such that

bδΨn(τ̄ δn, v, ξ) ≤ 〈v, ξ̃n〉+ 1
n
≤ ‖v‖1(A ∨ ‖ξ‖∞) + ‖v‖1

n
log(2enδ) + 1

n
,

where the second estimate ensues from (4.71). Therefore lim supn→∞ bδΨn(τ̄ δn, v, ξ) ≤
‖v‖1(A ∨ ‖ξ‖∞). Since lim supn→∞ bδΨn(τ̄ δn, v, ξ) = lim supn→∞ bΨn(τ̄ δn, v, ξ) as the
sequence (τ̄ δn)n is vanishing, we conclude (4.75).

This concludes the proof.

Remark 4.3.16. We want to point out the main difference between the vanishing
viscosity and the stochastic examples. In both cases the limiting bipotential is defined
as p(τ, v, ξ) = Γ− limn bΨn , but they present a different behaviour when we minimize
bΨn over τ for finite n. Here we focus only on the case p(0, v, ξ).
Vanishing viscosity: now we take the dissipation potentials Ψn with

Ψn(v) = A‖v‖1 + 1
2n‖v‖

2
1, and Ψ∗n(ξ) = n

2 (‖ξ‖∞ −A)2
+.

They are of the form one-homogeneous term plus a perturbation. And this implies,
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as can be shown with some calculations, that we have the following relation

p(0, v, ξ) = ‖v‖1(A ∨ ‖ξ‖∞) ≡ min
τ

bΨn(τ, v, ξ). (4.76)

We can check the previous equality using the following representation

min
τ

bΨn(τ, v, ξ) := sup {v · w : w ∈ K∗n(ξ)} ,

with
K∗n(ξ) = {w ∈ Rd : Ψ∗n(w) ≤ Ψ∗n(ξ)},

thanks to the monotonicity of Ψ∗n and the fact that Ψ∗n(ξ) = 0 for ‖ξ‖∞ ≤ A we get
(4.76). It is also interesting to notice that the set K∗n(ξ) do not depends on n and
that K∗n(ξ) ⊃ K∗ for every ξ, reason why (4.76) holds for every n.
Stochastic: now we take the dissipation potentials of the form (4.32)-(4.33)

Ψn(v) =
d∑
i=1

ψn(vi) =
d∑
i=1

vi
n

log
(
vi +

√
v2
i + e−2nA

e−nA

)
− 1
n

√
v2
i + e−2nA + e−nA

n
,

Ψ∗n(w) =
d∑
i=1

ψ∗n(wi) =
d∑
i=1

e−nA

n
(cosh(nwi)− 1) .

An immediate difference is that the Ψn’s are not of the form one-homogeneous plus
perturbation, on the contrary the are smooth in the origin. And now we cannot prove
a relation like (4.76), in fact we have that in general

p(0, v, ξ) = ‖v‖1(A ∨ ‖ξ‖∞) 6= lim
n→∞

min
τ

bΨn(τ, v, ξ). (4.77)

While a direct calculation is doable but long, we obtain a direct evidence of the
previous inequality looking again at the representation with the sets K∗n. Fix A >

ε > 0, and suppose we have ξ = (A−ε, 0, · · · , 0), then it is clear that every w ∈ K∗n(ξ)
will satisfy the bound ‖w‖∞ ≤ A− ε. Then, from the definition of sup

min
τ

bΨn(τ, v, ξ) = sup {v · w : w ∈ K∗n(ξ)} ≤ sup {‖v‖1‖w‖∞ : w ∈ K∗n(ξ)}

≤ ‖v‖1(A− ε),

and we obtained an example for the inequality (4.77). On the contrary, when ‖ξ‖∞ >

A the limit can be proven to be true.
To obtain an equality we need to refer to the modified bipotential bδΨn introduced in
(4.68) in the proof of Lemma 4.3.15. The set K∗n,δ reads

K∗n,δ(ξ) = {w ∈ Rd : Ψ∗n(w) ≤ Ψ∗n(ξ) + δ},

and now, for every fixed δ > 0, we can get an equality in (4.77). Considering for
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simplicity the case when ‖ξ‖∞ = 0, it exists nδ such that for every n > nδ and for
every ‖ξ‖∞ = A it holds Ψ∗n(ξ) ≤ δ implying that K∗n,δ(0) ⊃ K∗. Moreover, fix ε > 0
and ‖ξ‖∞ = A+ ε, then for n big enough it holds that Ψ∗n(ξ) > δ, so the convergence
of the sets K∗n,δ(0)→ K∗. The previous considerations implies that

lim
n→∞

min
τ

bδΨn(τ, v, ξ) = ‖v‖1(A ∨ ‖ξ‖∞).

The Γ-limsup result

For the Γ-lim sup counterpart to Theorem 4.3.9, where we consider the strict topology
in BV([0, T ];Rd), we will focus on the 1-positively homogeneous potential

Ψ0(v) = A‖v‖1 with A > 0,

and the two specific cases in which the dissipations potentials Ψn are the one derived
from the vanishing-viscosity limit

Ψn(v) = A‖v‖1 + εn
2 ‖v‖

2 with εn ↓ 0, (4.78)

with limiting viscosity contact potential

p(τ, v, ξ) =
{

Ψ0(v) + IK∗(ξ) if τ > 0,
Ψ0(v) + ‖v‖minζ∈K∗ ‖ξ − ζ‖∗ if τ = 0;

(4.79)

and the one derived from the stochastic approximation are given by (4.32), with
viscosity contact potential p(τ, v, ξ) = Ψ0(v) + IK∗(ξ) for τ > 0, and p(0, v, ξ) =
‖v‖1(A ∨ ‖ξ‖∞).

In Section 4.2, focusing on one-dimensional rate-independent systems, the Γ-
lim sup result was obtained in a much larger generality, for a class of dissipation
potentials Ψn satisfying suitable growth conditions and other properties, which are
satisfied in the two abovementioned particular cases. We believe that, to some extent,
the results in Section 4.2 could be extended to the finite-dimensional context. Still, we
have preferred to confine the discussion to the vanishing-viscosity and the stochastic
approximations, in order to develop more explicit calculations than those in the proof
of Theorem 4.2.1, significantly exploiting the specific structure of these examples. Fi-
nally, let us mention in advance that we need to impose uniform Lipschitz regularity
for ∇E(t, ·) (as in Theorem 4.2.1), namely

∃L > 0 ∀ t1, t2 ∈ [0, T ] ∀u ∈ Rd : ‖∇E(t1, x)−∇E(t2, x)‖ ≤ L|t1 − t2| . (4.80)

Theorem 4.3.17. Let E comply with (4.30) and with (4.80), and let the dissipation
potentials (Ψn)n be given either by (4.32), or by (4.78).

Then, for every x ∈ BV([0, T ];Rd) there exists a sequence (xn)n ⊂ AC([0, T ];Rd),
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strictly converging to x in BV([0, T ];Rd), such that

lim sup
n→∞

JΨn,E(xn) ≤JΨ0,p,E(x). (4.81)

Clearly, Theorems 4.3.9 and 4.3.17 yield the Mosco-convergence of the functionals
(JΨn,E)n to JΨ0,p,E , with respect to the weak-strict topology of BV([0, T ];Rd), in
the vanishing-viscosity and stochastic cases. Another straightforward consequence of
Theorem 4.3.17, in the spirit of Corollary 4.3.11, is the following

Corollary 4.3.18. Let E comply with (4.30) and with (4.80). Let Ψ0(v) = A‖v‖1
and p(0, v, ξ) = ‖v‖1(A ∨ ‖ξ‖∞).
Then, for every Balanced Viscosity solution x ∈ BV([0, T ];Rd) to the rate-independent
system (Ψ0, p, E) there exists a sequence (xn)n ⊂ AC([0, T ];Rd) of solutions to the
gradient systems (Ψn, E), with the dissipation potentials (Ψn)n be given either by
Ψn(v) = A‖v‖1 + εn

2 A
2‖v‖21 for all n ∈ N, with εn ↓ 0 (1-norm vanishing-viscosity),

or by (4.32) for all n ∈ N ( stochastic approximation), such that xn → x as n → ∞
strictly in BV([0, T ];Rd).

The proof of Theorem 4.3.17 is modelled on the the one of Theorem 4.2.1, and
some steps are exactly the same. There is a significant difference in the choice of the
definition of the new time and in the estimate. We report the whole proof to ease the
reading.

Proof of Theorem 4.3.17. Given x ∈ BV ([0, T ],Rd); we will construct a sequence xn,
with xn ⊂ AC([0, T ];Rd), such that

JΨn,E(xn)→ JΨ0,p,E(x).

We split the proof in several steps.

Reparametrisation. First we reparametrise the curve x, in terms of a new time-like
parameter s on a domain [0, S]. The aim is to expand the jumps in x into smooth
connections. Following [MRS12a, Proposition 6.9], we define

s(t) := t+ VarΨ0,p,E(x; [0, t]),

then there exists a Lipschitz parametrization (t, x) : [0, S]→ [0, T ]×R such that t is
non-decreasing,

t(s(t)) = t, and x(s(t)) = x(t) for every t ∈ [0, T ], (4.82)

and such that
ˆ S

0
p(ṫ, ẋ,−∇E(x(s), t(s)) ds = VarΨ0,p,E(x; [0, T ])+

ˆ T

0
Ψ∗0(−∇E(t, x(t)))dt. (4.83)
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Moreover, it also holds that

VarΨ0(x; [0, S]) = VarΨ0(x; [0, T ]). (4.84)

Preliminary remarks.
The third term in JΨn,E(xn) is equal to

E(xn(T ), T )− E(xn(0), 0)−
ˆ T

0
∂tE(xn(t), t) dt,

and these three terms pass to the limit under the strict convergence xn → u that we
prove below. We therefore focus on the other terms in JΨn,E and JΨ0,p,E . By (4.83)
it is sufficient to prove that

lim sup
n→∞

ˆ T

0
[Ψn (ẋn(t)) + Ψ∗n (−∇E(xn(t), t))] dt

≤
ˆ S

0
p(ṫ, ẋ,−∇E(x(s), t(s)) ds. (4.85)

Since x is Lipschitz continuous, it is bounded, and by the continuity of ∇E we get
that ∇E(x(s), t(s)) is bounded for all s.

Definition of the new time tn and the recovery sequence xn.
For sake of simplicity, in the following we construct a recovery sequence only for a
curve u with jumps at 0 and T . We construct the recovery sequence by first perturbing
the time variable t. Fix δ > 0 and finite, then we define τ δn as

τ δn(s) = arg min
τ>0

bδΨn(τ, ẋ,−∇E(x(s), t(s)).

where bδΨn is defined in (4.67).
We define tn : [0, S]→ [0, Tn] as the solution of the differential equation

tn(0) = 0, ṫn(s) = ṫ(s) ∨ τ δn
(
ẋ(s),−∇E

(
x(s), t(s)

))
where a ∨ b := max{a, b}.
We can assume that |ẋ(s)| 6= 0 for s ∈ [0, s(0+)] and s ∈ [s(T−), S] to guarantee the
positivity of τ δn. Then, for s ∈ [s(0+), s(T−)], we have

ṫ(s) = 1
ṡ(t)

∣∣∣∣
t=t(s)

> 0 ,

so that ṫn(s) > 0 for all s ∈ [0, S]. The range of tn is [0, Tn], with Tn ≥ T ; since the
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recovery sequence xn is to be defined on the interval [0, T ], we rescale tn by

λn := Tn
T
≥ 1,

and define our recovery sequence as follows:

un(t) := x
(
t−1
n (tλn)

)
, so that ẋn(t) = ẋ

ṫn
(
t−1
n (tλn)

)
λn.

Now we substitute the explicit formula for xn, we perform a change of variable and
obtain

ˆ T

0

[
Ψn (ẋn(t)) + Ψ∗n (−∇E(xn(t), t))

]
dt

=
ˆ T

0

[
Ψn

(
ẋ
ṫn
(
t−1
n (tλn)

)
λn

)
+ Ψ∗n

(
−∇E

(
x(t−1

n (tλn)), t
))]

dt

=
ˆ S

0

[
Ψn

(
ẋ
ṫn

(s)λn
)

+ Ψ∗n
(
−∇E(x(s), tn(s)λ−1

n )
)] ṫn(s)

λn
ds,

and so that

ˆ T

0

[
Ψn (ẋn(t)) + Ψ∗n (−∇E(xn(t), t))

]
dt

=
ˆ S

0
bΨn(λ−1

n ṫn(s), x(s),−∇E(x(s), tn(s)λ−1
n )) ds.

Estimate.
The inequality (4.85) now follows if we can prove the following lim sup estimate

lim sup
n→∞

bΨn(λ−1
n ṫn(s), ẋ(s),−∇E(x(s), tn(s)λ−1

n )) ≤ p(ṫ, ẋ,−∇E(x(s), t(s)), (4.86)

for all s ∈ [0, S], and then we apply the following version of the Fatou Lemma

lim sup
n→∞

fn(s)→ f(s) a.a. s ∈ (0, S),

fn(s) ≤ gn(s) a.a. s ∈ (0, S),
gn → g in L1(0, S),

 =⇒ lim sup
n→∞

ˆ S

0
fn(s)ds ≤

ˆ S

0
f(s)ds,

for measurable functions (fn)n and f , in order to conclude

lim sup
n→∞

ˆ S

0
bΨn(λ−1

n ṫn(s), ẋ(s),−∇E(tn(s)λ−1
n , x(s)))ds

≤
ˆ S

0
p(ṫ(s), ẋ(s),−∇E(x(s), t(s)))ds, (4.87)
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whence (4.85) and ultimately (4.81). For the proof of (4.86) and (4.87), we will dis-
tinguish the stochastic and the vanishing-viscosity cases.

Convergence and conclusion.
Strict convergence of xn → x follows if we prove the pointwise convergence xn(t) →
x(t) for all t ∈ [0, T ] and the convergence of the variation.
Recalling the definition of τ δn

τ δn(s) = arg min bδΨn(·, ẋ,−∇E(x(s), t(s)),

then Claim 3.4 and the estimate 4.94 imply that τ δn → 0 for n → ∞ respectively for
the stochastic and the vanishing viscosity cases. The previous consideration imply
that ṫn(s)→ ṫ(s), and then it holds

tn(s)→ t(s) =⇒ t−1
n (tλn)→ s(t) ∀t ∈ (0, T ).

Moreover, ṫn(s) > 0 implies that t−1
n (0) = 0 and t−1

n (Tn) = S, and so we have that

xn(t) = x
(
t−1
n (tλn)

)
→ x(s(t)) (4.82)= x(t) ∀ t ∈ [0, T ].

The convergence of the variation is automatic, since by definition of xn
ˆ T

0
A‖ẋn(t)‖1 dt =

ˆ S

0
A‖ẋ(s)‖1ds = VarΨ0(x; [0, S]) (4.84)= VarΨ0(x; [0, T ]).

Recovery sequence for a general curve x.
Now we show how to construct a recovery sequence for a curve with countable jumps.
Given the jump set Jx, fix ε > 0, consider a countable set {ti} ⊆ Jx ∪ {0, T} (with
ti < ti+1) such that

Jmpp,E(x; [0, T ] \ {ti}) < ε, (4.88)

and such that the interval [0, T ] can be written as the union of disjoint subintervals

[0, T ] =
⋃
i

Σi where Σi = [ti, ti+1].

Then, let tin = tn(s(ti)), we define

λin = ti+1
n − tin
ti+1 − ti

,

and the recovery sequence is

xn(t) := x
(
t−1
n

(
λin(t− ti) + tin

))
for t ∈ Σi, (4.89)
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so that
ẋn(t) = ẋ

ṫn
(
t−1
n

(
λin(t− ti) + tin

))
λin for t ∈ (Σi)◦.

We have now that

ˆ T

0

[
Ψn (ẋn(t)) + Ψ∗n (∇E(xn(t), t))

]
dt =∑

i

ˆ
Σi

[
Ψn

(
ẋ
ṫn
(
t−1
n

(
λin(t− ti) + tin

))
λin

)
+Ψ∗n

(
∇E

(
x(t−1

n (λin(t− ti) + tin)), t
))]
dt

=
∑
i

ˆ s(ti+1)

s(ti)

[
Ψn

(
ẋ
ṫn

(s)λin
)

+ Ψ∗n
(
∇E(x(s), (λin)−1(tn(s)− tin) + ti)

)] ṫn(s)
λin

ds.

Applying the estimate (4.86) in every subinterval [s(ti), s(ti+1)], we can apply again
Fatou’s Lemma for the whole interval [0, S] and we obtain the inequality (4.85).
The convergence of the variation follows again by definition of xn.
The pointwise convergence of xn(t) → x(t) for t ∈ [0, T ] \ Jx is again trivial. The
following calculations show that, by construction, the convergence holds also in the
points {ti} ⊆ Jx

un(ti) (4.89)= x
(
t−1
n

(
tin
))

= x
(
t−1
n

(
tn(s(ti))

))
= x

(
s(ti)

) (4.82)= x(ti).

while from (4.88) and the convergence of the variation we have that

lim
n→∞

|xn(t)− x(t)| < ε, ∀t ∈ Jx \ {ti}.

In fact the recovery sequence xn has a hidden dependence on ε, then taking ε = n−1

we define a new recovery sequence, that we keep labelling xn, and sending n→∞ (ε
to zero) we conclude.

Proof of estimate (4.86) and inverse Fatou lemma for the stochastic case.
We need to prove that, for every s ∈ [0, S]

lim sup
n→∞

bΨn(λ−1
n ṫn(s), ẋ(s),−∇E(x(s), tn(s)λ−1

n )) ≤ p(ṫ, ẋ,−∇E(x(s), t(s))).

We start with the following algebraic manipulation

bΨn(λ−1
n ṫn, ẋ,−∇E(x, tnλ−1

n )) = bδΨn(τ δn, ẋ,−∇E(x, t)) + error,

with

error = −τ δnδ + ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t))

+ ṫn
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)
,
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where we omit for simplicity the dependence of the variables on s, and we recall that
τ δn = τ δn(ẋ(s),∇E(x(s), t(s))).
To obtain the estimate (4.86) we first need to show that

lim sup
n→∞

ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t)) ≤ 0, (4.90)

lim sup
n→∞

ṫn
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)
≤ 0, (4.91)

when τ δnδ → 0 for n→∞ is guaranteed.
First we prove (4.90), where we use the Lipschitz regularity of ∇E

|∇iE|(x, tnλ−1
n ) ≤ |∇iE|(x, t) + 2S sup

s
τ δn(ẋ,∇E)

(4.73)
≤ |∇iE|(x, t) + C

n
,

with C <∞.
Using now the explicit formula (4.33) for Ψ∗n we get

ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t)) ≤ ṫn

n
e−nA

d∑
i=1

cosh(n|∇iE|(x, t) + C)

≤ ṫn
n

+ ṫn
n
e−nA

d∑
i=1

en|∇iE|(x,t)eC ,

and the first term goes to zero for all s ∈ [0, S]. For the second term we have that

ṫn
n
e−nA

d∑
i=1

en|∇iE|(x,t)eC ≤


d

n
eC , (‖∇E‖∞ ≤ A) for s ∈ [s(0+), s(T−)],

eCτ δnΨ∗n(−∇E), for s ∈ [0, s(0+)) ∪ (s(T−), S].

Clearly, dne
C → 0; on the other hand, it follows from 4.73 that

sup
s∈[0,S]

τ δn(s)Ψ∗n(−∇E(x(s), t(s)))→ 0 as n→∞.

To estimate (4.91) we use the explicit formula (4.32) for Ψn obtaining

ṫn
λn

Ψn

(
ẋ
ṫn
λn

) ṫn≥τδn
≤ τ δn

λn
Ψn

(
ẋ
τ δn
λn

)

λn≥1
≤ dτ δn e

−nA

n
+

d∑
i=1

ẋi
n

log

λn
ẋi
τδn

+
√(

ẋi
τδn

)2
+ e−2nA

e−nA

− 1
n

√
ẋ2
i +

(
τ δn e

−nA

λn

)2

≤ τ δnΨn

(
ẋ
τ δn

)
+

d∑
i=1

ẋi
n

log(λn)− 1
n

√
ẋ2
i +

(
τ δn e

−nA

λn

)2
+ 1
n

√
ẋ2
i + (τ δn e−nA)2

,
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and so

ṫn
1
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)

≤
d∑
i=1

ẋi
n

log(λn)− 1
n

√
ẋ2
i +

(
τ δn e

−nA

λn

)2
+ 1
n

√
ẋ2
i + (τ δn e−nA)2

.

And now sending n → ∞, considering the boundedness of ‖ẋ‖∞, the limits λn → 1
and τ δn → 0, we obtain the lim sup estimate (4.91).
Now, we have that

lim sup
n→∞

bδΨn(τ δn, ẋ,∇E(x, t)) ≤ p(ṫ, ẋ,∇E(x, t)),

and we can pass to the limit under the integral, applying so the inverse Fatou lemma,
if we can prove that

bδΨn(τ δn, ẋ,∇E(x, t)) ≤ gn with gn
L1

→ g.

It is important to underline that the estimates 4.90 and 4.91 hold also in L1, and we
can then pass to the limit under the integral. From the definition of bΨn and using
Claim 3.3 we obtain that

bδΨn(τ δn, ẋ,∇E(x, t)) = sup
{

ẋ · ξ | ξ ∈ K∗n,δ(−∇E)
}

≤ sup
{
‖ẋ‖1‖ξ‖∞ | ξ ∈ K∗n,δ(−∇E)

}
≤ ‖ẋ‖1 (A ∨ ‖∇E‖∞) + 1

n
‖ẋ‖1 log(2enδ),

and we conclude from the boundedness of ‖ẋ‖1, ‖∇E‖∞ and sending n→∞.

Proof of estimate (4.86) and inverse Fatou lemma for the vanishing viscosity case.
To simplify the notation, in what follows we shall focus on the particular case εn = 1

n .
Preliminarily, we recall that, in the case (4.78),

Ψ∗n(ξ) = 1
2εn

( min
ζ∈K∗

‖ξ − ζ‖∗)2 = n

2 d∗(ξ,K
∗)2, (4.92)

where ‖ · ‖∗ is the dual norm to ‖ · ‖, and d∗ denotes the induced distance function.
We need to prove that, for every s ∈ [0, S]

lim sup
n→∞

bΨn(λ−1
n ṫn(s), ẋ(s),−∇E(x(s), tn(s)λ−1

n )) ≤ p(ṫ, ẋ,−∇E(x(s), t(s))).

First we prove a bound for τ δn. From the optimality of τ δn(ẋ, 0)

∂τbδΨn(τ δn, ẋ, 0) = 0 = Ψn

(
ẋ
τ̄ δn

)
− ẋ
τ δn
· ∂Ψn

(
ẋ
τ δn

)
+ δ,
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using the explicit formula (4.78) we get

− 1
2n
‖ẋ‖2

τ δn
2 + δ = 0,

implying the following

τ δn
2 = ‖ẋ‖

2

2nδ → 0, for n→∞. (4.93)

And in general the formula for the optimal τ δn reads

τ δn
2 = ‖ẋ‖2

2nδ + n2d∗(−∇E,K∗)2 → 0, for n→∞. (4.94)

In the following we will take δ = δ(n)→∞ with n−1δ → 0 for n→∞.
We start with the following algebraic manipulation

bΨn(λ−1
n ṫn, ẋ,−∇E(x, tnλ−1

n )) = bδΨn(τ δn, ẋ,−∇E(x, t)) + error,

with

error = −τ δnδ + ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t))

+ ṫn
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)
,

where we omit for simplicity the dependence of the variables on s, and we recall that
τ δn = τ δn(ẋ(s),∇E(x(s), t(s))).
To obtain the estimate (4.86) we first need to show that

lim sup
n→∞

ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t)) ≤ 0, (4.95)

lim sup
n→∞

ṫn
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)
≤ 0, (4.96)

and notice that we already have τ δnδ → 0 for n→∞.
First we prove (4.95), where we use the Lipschitz regularity of ∇E

|∇iE|(x, tnλ−1
n ) ≤ |∇iE|(x, t) + 2S sup

s
τ δn(ẋ,∇E)

(4.93)
≤ |∇E|(x, t) + C√

nδ
,

with C <∞. Using now the explicit formula (4.92) for Ψ∗n we get

ṫnΨ∗n(−∇E(x, tnλ−1
n ))− τ δnΨ∗n(−∇E(x, t)) ≤ C

δ
,

because −∇E ∈ K∗ for s ∈ [s(0+), s(T−)], and the right hand side of the previous
equation goes to zero for δ →∞.
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To prove (4.95) for s ∈ [0, s(0+)) ∪ (s(T−), S] we use again the Lipschitz regularity
of |∇E| and the explicit formula for Ψ∗n, while denoting by ξn = −∇E(x(s, tn(s)λ−1

n )
and ξ = −∇E(x(s), t(s)), we obtain

τ δn (Ψ∗n(ξn)−Ψ∗n(ξ)) = n

2 τ
δ
n(s)

(
d∗(ξn,K∗)2 − d∗(ξ,K∗)2)

≤ n

2 τ
δ
n(s)

(
(d∗(ξn, ξ) + d∗(ξ,K∗))2 − d∗(ξ,K∗)2

)
≤ n

2 τ
δ
n(s)

(
d∗(ξn, ξ)2 + 2d∗(ξ,K∗)d∗(ξn, ξ)

)
≤ nτ δn(s)

(
C

nδ
+ C√

nδ

)
for all s ∈ [0, s(0+)) ∪ (s(T−), S],

where the constant C <∞ may vary from line to line, so

τ δn
(
Ψ∗n(−∇E(x(s), tn(s)λ−1

n ))−Ψ∗n(−∇E(x(s), t(s))
)
≤ C

δ
,

and we prove (4.95) sending δ →∞.
To estimate (4.96) we use the explicit formula (4.78) for Ψn obtaining

ṫn
λn

Ψn

(
ẋ
ṫn
λn

) ṫn≥τδn
≤ τ δn

λn
Ψn

(
ẋ
τ δn
λn

)
= Ψ0(ẋ) + λn

2nτ δn
‖ẋ‖2

= τ δnΨn

(
ẋ
τ δn

)
+ (λn − 1) ‖ẋ‖

2

2nτ δn
,

but
nτ δn ≥

‖ẋ‖
1 + d∗(−∇E,K∗)

,

and so
ṫn
λn

Ψn

(
ẋ
ṫn
λn

)
− τ δnΨn

(
ẋ
τ δn

)
≤ (λn − 1)C,

sending n→∞ we get the inequality (4.96).
Now, we have that

bδΨn(τ δn, ẋ,∇E(x, t)) = τ δnΨn

(
ẋ
τ δn

)
+ τ δnΨ∗n(∇E) + τ δnδ

(4.94)= Ψ0(ẋ) + ‖ẋ‖2n
√

2nδ + n2d∗(−∇E,K∗)2 + n‖ẋ‖d∗(−∇E,K∗)2

2
√

2nδ + n2d∗(−∇E,K∗)2
+ τ δnδ

n→∞→ Ψ0(ẋ) + ‖ẋ‖d∗(−∇E,K∗),

and considering that −∇E ∈ K∗ when ṫ > 0 we just proved that

lim sup
n→∞

bδΨn(τ δn, ẋ,−∇E(x, t)) ≤ p(ṫ, ẋ,−∇E(x, t)).
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We can pass to the limit under the integral, applying so the inverse Fatou lemma, if
we can prove that

bδΨn(τ δn, ẋ,−∇E(x, t)) ≤ gn with gn
L1

→ g.

Again, as in the stochastic case, the estimates 4.95 and 4.96 hold also in L1. From
the definition of bδΨn(τ δn, ẋ,−∇E(x, t))

bΨn(τ δn, ẋ,−∇E(x, t)) = sup
{

ẋ · ξ | ξ ∈ K∗n,δ(−∇E)
}

≤ sup
{
‖ẋ‖1‖ξ‖∞ | ξ ∈ K∗n,δ(−∇E)

}
≤ C‖ẋ‖1

(
‖∇E‖∞ +

√
δ

n

)
,

and we conclude from the boundedness of ‖ẋ‖1, ‖∇E‖∞ and sending n→∞.

We believe that a great generality of Ψn satisfy the estimate (4.86), but as it is
can be seen from the two previous proofs (and also looking at the conditions A-D to
make general the proof in one dimension), there are differences in the approach that
requires to be careful. In fact the roles of δ (stochastic case), δn in (vanishing viscosity
case), and δβ in Theorem 4.3.17&4.2.1 are the same: they are need to achieve the
correct limiting value, but they must behave very differently.

We also want to underline the importance of using in the definition of the new
time the max between ṫ and τ δn (εβ in Theorem 4.2.1). A problem arise when we need
to find a recovery sequence for a curve x with ẋ ∈ L1 but not in Lp with p > 1 (or
L logL type). In that case we have

Ψn (ẋn) ' Ψn

(
ẋ
ṫn

)
= Ψn (ẋ)

and the integral will explode (ṫn = ṫ may assume the value 0). But thanks to the
fact that ṫn ≥ τ δn(or εβ) > 0 together with the Lipschitz regularity of x the integral is
finite. This is also why we can obtain the bound to apply Fatou lemma.
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4.4 Rate-independent Large Deviations

In this section we study how to obtain the rate-independent limit directly via large-
deviations, i.e. Statement 4 of Section 2.4. We start introducing the stochastic
process, that is practically the same as the one in Section 2.2, but with an energy
independent of time. We discuss about this huge simplification in Subsection 4.4.5.
Then we state our main conjecture 4.4.1 and the strategy for a proof. After this it
starts Subsection 4.4.1 with the definition of a family of distance functions (Finsler
metrics), they will be of great use in the following. The strategy of proof follows the
scheme explained in Section 3.2. So in Subsection 4.4.2 we prove the convergence of
the Hamiltonians, and in Section 4.4.3 we prove exponential compact containment
and conjecture (with a tentative proof) the exponential tightness in BV, and in Sec-
tion 4.4.4 we provide a proof for the comparison principle. We end with Section 4.4.5
describing what is still not yet proven and, as already mentioned, the possible gener-
alisation to a time dependent energy.

The probabilistic model and main result

Given E ∈ C1(R), non-negative and with compact sublevels. Moreover we ask also
that ∇E ∈ L∞. Define µn transition measure as

µn(x, dz) := δx+ 1
n

(dz) + δx− 1
n

(dz).

Given n = 1, 2, . . . and β > 0 , we define

An,βf(x) = n

ˆ
R

(f(z)− f(x))µβn(x, dz), (4.97)

where energy rescaled transition measure

µβn(x, dz) = e−βAe−β
(E(z)−E(x))

d(x,z) µn(x, dz).

Let R-valued process {Xn,β(s)} be a solution to the martingale problem (e.g. Ethier
and Kurtz [EK09, Proposition 4.1.7]):

f(Xn,β(t))− f(Xn,β(0))−
ˆ t

0
An,βf(Xn,β(s))ds = martingale(t), ∀f ∈ B(R).

By [EK09, Theorem 4.4.1], for every initial distribution P(Xn,β(0) ∈ ·) ∈ P(R), there
exists a distributional unique process satisfying the above requirement, and such pro-
cess is Markov. It is important to underline that with the previous definitions the
process Xn,β is the same as the one defined in Section 2.2 with the rates defined as
in (2.5).

Our main result is the following, but at the moment the proof is not yet completed.
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We believe that once we can prove the following theorem for an energy independent of
time, then we can generalise it to a E = E(t). Because of this we state our conjecture
directly for an energy dependent also on time, and we discuss about the generalisation
in Subsection 4.4.5.

Conjecture 4.4.1. Given an energy E ∈ C1(R×[0, T ]) with |∇E| < C <∞, suppose
that β, n→∞ such that

lim
n,β→∞

eβC

n
= 0. (4.98)

Further suppose that Xn,β(0) converging to x0 as n → ∞. Then the sequence Xn,β

satisfies a large-deviations principle in BV ([0, T ];R) with speed nβ and rate function

JRI(x) :=
ˆ T

0

(
Ψ0(ẋ(t)) + Ψ∗0(−∇E(x(t), t))

)
dt+ µΨ0,C + JmpE(x; [0, T ])

+ E(x(T ), T )− E(x(0), 0)−
ˆ T

0
∂tE(x(t), t)dt, (4.99)

where, denoting by Jx the jump set of x,

JmpΨ0(x; [0, T ]) = ∆p,E(0;x(0+), x(0)) + ∆p,E(T ;x(T−), x(T ))

+
∑
ti∈Jx

∆p,E(t;x(t−i ), x(ti)) + ∆p,E(ti;x(t+i ), x(ti)).

There are several parts of abstract large deviation theorems developed in Feng and
Kurtz [FK06]. We recall that if we are able to prove the conditions 3.2.4, 3.2.6 and
3.2.7, then the hypothesis of [FK06, Theorem 7.24] are satisfied, and we conclude that
the process satisfy a large deviation principle. While our general program is still about
making use of the semigroup convergence results developed there, we avoided directly
invoking theorems regarding large deviation of Markov processes in the Skorohod
space. This is because that, in the present context, the natural choice of space is BV.
We do not expect large deviation to hold in the Skorohod space. At a technical level,
this is related to the fact that estimates (3.8) and (3.9) in Condition (3.2.4) cannot be
verified, if we were to directly apply [FK06, Theorem 7.24]. Nevertheless, if we cannot
prove the estimates previously cited, we can still prove the convergence to a couple of
operators H+ and H− (Subsection 4.4.2) and prove a comparison principle for them
(Lemma 4.4.13). Moreover, we are not sure we can prove the exponential tightness
in Skorohod, and as we show in Subsection 4.4.3 we conjecture that it holds in BV.
Once we prove the large deviations result, our next problem will be the representation
of the rate functional. We discuss our conjectures regarding the representation in the
last subsection.
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4.4.1 A family of distance functions

The following function plays an important role in our analysis. Let

F (x, q) := (A ∨ |∇E|(x)) q, (x, q) ∈ R× R+. (4.100)

We define a new metric on R by

dE(x, y) := inf
{ˆ 1

0
F (z(r), |z′|(r))dr : z ∈ ACx,y(0, 1)

}
, (4.101)

and it is important to underline that dE(x, y) coincide with ∆p,E(t;x(t±), x(t)) defined
in (3.29) when {

x = x(t±), y = x(t),
p(0, ż,−∇E(z, t)) = F (z, ż) = (A ∨ |∇E(z, t)|)|ż|.

Hamiltonians in symmetric form

We will use the concept of local Lipschitz constant of a function |Df |, instead of using
the classical notion of derivative, even though the space R supports definition on both
notions of derivatives. We do this because that we need a special class of test functions
(the family of distances (4.101) and (4.102)), which may not have enough regularity
to ensure existence of classical derivatives. This motivates us to express the Hn,βs,
and their limits, using asymptotically symmetrised operators Hn,β to be defined below.

First, given An,β in (4.97), we observe that the Hn,β in (3.7) becomes

Hn,βf(x) := 1
nβ

e−nβf(x)An,βe
nβf (x)

= 1
β

ˆ
R

(
enβ(f(z)−f(x)) − 1

)
µβn(x, dz)

= e−βA

β

ˆ
R
enβ(f(z)−E(z)−f(x)+E(x)) − e−nβ(E(z)−E(x))µn(x, dz).

We define

Ψ∗β(p) := 1
β
e−βA

(
eβp − 1

)
, p ∈ R,

and

Hn,βf(x) := 1
β
e−βA

ˆ
R

(
eβ

f(z)−f(x)
d(x,z) − eβ

−(E(z)−E(x))
d(z,x)

)
µn(x, dz)

=
ˆ
R

[
Ψ∗β
(f(z)− f(x)

d(z, x)

)
−Ψ∗β

(−E(z) + E(x)
d(z, x)

)]
µn(x, dz).
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Then
Hn,βf = Hn,β(f − E).

At the n = +∞ limit, we define function

Hβ(x, p) := Ψ∗β(p)−Ψ∗β(|∇E(x)|), (x, p) ∈ R× R+.

and we have that, for f ∈ C1(R),

Hβf(x) := Hβ(x, |Df(x)|),
lim
n→∞

Hn,βf(x) = Hβ(x, |Df(x)|) + o(β−1).

Next, we compute the monotone conjugate of Ψ∗β in the sense of Legendre transform

Ψβ(q) := sup
p>0
{qp−Ψ∗β(p)} =

(
qA+ 1

β
(q log q − q) + 1

β
e−βA

)
∨ 0, ∀q ∈ R+.

We also obtain that

Lβ(x, q) := sup
p>0
{qp− Hβ(x, p)} = Ψβ(q) + Ψ∗β(|∇E(x)|), ∀q ∈ R+,

and so

Hβ(x, p) = sup
q>0
{qp− Lβ(x, q)}, ∀p ∈ R+.

From the function Hβ(x, p) : R × R+ 7→ R, we define a family of 1-homogenous
parametric Lagrangians Fβ,c : R× R+ 7→ R as

Fβ,c(x, q) := sup{qp : ∀p ∈ R+ satisfying Hβ(x, p) ≤ c}, with c > 0.

These parametric Lagrangians induce a family of intrinsic distance functions

dβ,c(x, y) := inf
{ˆ 1

0
Fβ,c(z, |z′|)ds : z ∈ ACx,y(0, 1)

}
. (4.102)

Lemma 4.4.2. The Fβ,c(x, q) can be written as

Fβ,c(x, q) = q · ωβ,c(x), c > 0

with
ωβ,c(x) := 1

β
log
(
eβ(A+β−1 log(cβ)) + eβ|∇E|(x)

)
. (4.103)

The ωβ,c(x) is the unique number such that

Hβ(x, ωβ,c(x)) = c, c > 0.
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Moreover ωβ,c is monotonically decreasing for β > ec−1, ωβ,c
Γ→ ω where ω is inde-

pendent on the choice of c and it is defined as

ω(x) := A ∨ |∇E|(x).

Proof. We observe that arg supFβ,c(x, q) is achieved when the equality Hβ(x, p) = c

is satisfied. Let
c = Hβ(x, p) = 1

β
e−βA

(
eβp − eβ|∇E|(x)

)
,

then

eβp = cβeβA + eβ|∇E|(x)

= eβ(A+ 1
β log(cβ)) + eβ|∇E|(x),

giving (4.103). The limiting behavior of ωβ,c is obtained by checking that

ωβ,c(x) = 1
β

log
(
eβ(A+ 1

β log(cβ))
(

1 + eβ(|∇E|(x)−A− 1
β log(cβ))

))
= A+ 1

β
log
(

1 + eβ(|∇E|(x)−A− 1
β log(cβ))

)
+ 1
β

log(cβ).

The last term goes to 0 for β → ∞. The second term has the following limiting
behaviour

lim
β→∞

1
β

log
(

1 + eβ(|∇E|(x)−A− 1
β log(cβ))

)
=
{

0 |∇E|(x) ≤ A,
|∇E|(x)−A |∇E|(x) > A.

Consequently
lim
β→∞

ωβ,c(x) = A ∨ |∇E|(x).

The monotonicity can be proven simply checking the first derivative,

∂ωβ,c(x)
∂β

= − log(f(β, x))
β2 + ∂βf(β, x)

βf(β, x)

= 1
β2

(
β∂βf(β, x)
f(β, x) − log(f(β, x))

)
.

where
f(β, x) = eβ(A+ 1

β log(cβ)) + eβ|∇E|(x).

Then, we have that

∂βf(β, x) = (A+ 1
β

)eβ(A+ 1
β log(cβ)) + |∇E|(x)eβ|∇E|(x)

≤ max{A+ 1
β
, |∇E|(x)}f(β, x),
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and, for β > ec−1,
log f(β, x) ≥ βmax{A+ 1

β
, |∇E|(x)}

and so
β∂βf(β, x)
f(β, x) − log(f(β, x)) ≤ 0,

and we conclude.

Recall the definition of dE in (4.101), we have the following limit result.

Lemma 4.4.3. Let xβ , yβ , x, y ∈ R be such that xβ → x, yβ → y as β → ∞. Given
dβ,c defined in (4.102), then

lim
β→∞

dβ,c(xβ , yβ) = dE(x, y), ∀c > 0.

where dE is defined in (4.101).

Proof. Thanks to the just proven monotonicity of ωβ,c we get that

dβ,c(xβ , yβ) = inf
{ˆ 1

0
ωβ,c(z)|z′|ds : z ∈ ACxβ ,yβ ((0, 1);R)

}
≥ inf

{ˆ 1

0
(A ∨ |∇E|(z))|z′|ds : z ∈ ACxβ ,yβ ((0, 1);R)

}
= dE(xβ , yβ).

Now fix n < β, then
dβ,c(xβ , yβ) ≤ dn,c(xβ , yβ),

implying that

lim
β→∞

dβ,c(xβ , yβ) ≤ lim
β→∞

dn,c(xβ , yβ) = dn,c(x, y).

We have that, for n > ec−1,

ωn,c(x) = A+ 1
n

log(cn) + 1
n

log
(

1 + en(|∇E|(x)−A− 1
n log(cn))

)
≤ A+ 1

n
log(cn) + 1

n
log
(

1 + en(|∇E|(x)−A)+
)

≤ A+ 1
n

log(cn) + 1
n

+ (|∇E|(x)−A)+,

and so
ωn,c(x) ≤ A ∨ |∇E|(x) + 2

n
log(cn),
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and then

dn,c(x, y) = inf
{ˆ 1

0
ωn,c(z)|z′|ds : z ∈ ACx,y((0, 1);R)

}
≤ inf

{ˆ 1

0
(A ∨ |∇E|(z) + 2

n
log(cn))|z′|ds : z ∈ ACx,y((0, 1);R)

}
= dE(x, y) + 2

n
log(cn)

ˆ 1

0
|θ′|ds,

where θ is the dE-geodesic (the minimum is actually an infimum), and we have that
2
n log(cn)→ 0 for n→∞. Combining the previous inequalities we get

dE(x, y) = lim
β→∞

dE(xβ , yβ) ≤ lim
β→∞

dβ,c(xβ , yβ) ≤ lim
n→∞

dn,c(x, y) = dE(x, y),

and we conclude.

We also define asymmetric semi-metrics

SE(x, y) := dE(x, y) + E(x)− E(y), (4.104)

and its microscopic versions

Sβ,c(x, y) := dβ,c(x, y) + E(x)− E(y). (4.105)

Properties of distance functions

In the following we prove that the distances dβ,c’s are all equivalent to the usual
distance d and a Lipschitz constant estimate. We recall that dβ,c and dE are defined
respectively in (4.102) and (4.101).

Lemma 4.4.4. For all c > 0 exists kc,β such that

1
kc,β

d(x, y) ≤ dβ,c(x, y) ≤ kc,βd(x, y).

Moreover, for β big enough the constant kβ,c can be choosen independent of β.

Proof. From the explicit formula

ωβ,c(x) =
(
Ψ∗β
)−1 (Ψ∗β(|DE|(x)) + c

)
,

for β big enough it exists C such that A ∨ supx |DE|(x) < C <∞ and

A ≤ ωβ,c(x) ≤ C.

Consider the following infimum to be taken over all θ ∈ AC((0, 1),R) with θ(0) = x
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and θ(1) = y,

Ad(x, y)=A inf
{ˆ 1

0
|θ̇|dr

}
≤ inf

{ˆ 1

0
ωβ,c(θ)|θ̇|dr

}
≤ inf

{ˆ 1

0
C|θ̇|dr

}
=Cd(x, y).

Lemma 4.4.5 (Private communication by Jin Feng). For all x we have that

lim
y→x

dβ,c(x, y)
d(x, y) = ωβ,c(x).

Moreover, given f ∈ Lip(dβ,c), then

|Ddβf | = lim sup
y→x

(f(y)− f(x))+

dβ,c(x, y) = 1
ωβ,c(x) |Df(x)|.

Proof. We report only the idea of the proof. It relies on the fact that

dβ,c(z, x)
d(z, x) '

´ 1
0 ωβ,c(γ(r))|γ′(r)|dr´ 1

0 |γ′(r)|dr
,

where γ is an optimal path connecting x and z.
Then, defining the measure µ ∈ P(R× [0, 1]) as

µ(dz, dr) := δγ(r)(dz)
|γ′(r)|´ 1

0 |γ′(r)|dr
,

we have that µ(·; [0, 1])→ δx for y → x, and we get the desired assertion.

Corollary 4.4.6. For all y, given fβ,c(x) = dβ,c(x, y), then

|Ddβfβ,c| = lim sup
z→x

(dβ,c(z, y)− dβ,c(x, y))+

dβ,c(x, z)
= 1,

and Hβfβ,c(x) = c.

4.4.2 Convergence of the Hamiltonians

In this subsection, we define pairs of multi-valued operators H±. These definitions are
motivated by lower and upper limit estimates from the Hn,βs, which we will provide
later in the subsection.
First, we define

H+E(x) :=
{
−∞ if |∇E(x)| > A,

0 if |∇E(x)| ≤ A.

99



Rate-independent Large Deviations Results-Part I

Since we assume that x 7→ |∇E(x)| is continuous, then x 7→ H+E(x) is upper semi-
continuous.

Definition of H+

Given SE defined in (4.104), let the domain of H+ consist of functions of the form

f0(x) := (1− ε)SE(x, y) + εE(x), y ∈ R, ε ∈ (0, 1]. (4.106)

We define

g0,c(x) :=
{

(1− ε)c+ εH+E(x) when y 6= x,

εH+E(x) when y = x,
(4.107)

and

H+ :=
{

(f0, g0,c) : ∀ε ∈ (0, 1], y ∈ R, c > 0
}
. (4.108)

We note that each g0,c is upper-semicontinuous on R.

Definition of H−

We define H− next. Let x ∈ R satisfy |∇E(x)| ≤ A and c > 0 be given, and

f1(y) := − 1
1− εSE(x, y)− ε

1− εE(y), (4.109)

and

g1,c,x(y) :=
{
c when y 6= x,

0 when y = x.
(4.110)

We set

H− :=
{

(f1, g1,c,x) : ∀ε ∈ (0, 1), x ∈ R such that |∇E(x)| ≤ A, c > 0
}
. (4.111)

We note that y 7→ g1,c,x(y) is lower semi-continuous on R. Moreover, we only define
these test functions with parameter x satisfying |∇E(x)| ≤ A.

Before proving the well-posedness of H+ and H−, showing an upper and a lower
asymptotic estimate respectively (Lemma 4.4.8 and Lemma 4.4.9), we prove the fol-
lowing estimate.

Lemma 4.4.7. Let θ ∈ (0, 1], then for every x such that |∇E(x)| > A we have that

lim sup
n,β→∞

Hn,β(θE)(xn,β) = −∞,
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for all sequences xn,β → x for n, β →∞.

Proof. For every θ ∈ (0, 1] we have that

Hn,β(θE)(x) = 1
β

ˆ
R

(
enβθ(E(z)−E(x)) − 1

)
µβn(x, dz)

=
ˆ
R

1
β
e−β(A+E(z)−E(x)

d(z,x) )
(
eβθ

E(z)−E(x)
d(z,x) − 1

)
µn(x, dz).

From the above, we get clearly a rough upper bound

Hn,β(θE)(x)≤
ˆ
E(z)−E(x)

d(z,x) ≥0

1
β
e−β(A+E(z)−E(x)

d(z,x) )
(
eβθ

E(z)−E(x)
d(z,x) − 1

)
µn(x, dz) ≤ 1

β
e−βA.

(4.112)
We are also interested in refining the above estimate:

Hn,β(θE)(x) =
ˆ
E(z)−E(x)

d(z,x) <0
+
ˆ
E(z)−E(x)

d(z,x) ≥0
,

the last term is bounded by β−1, the second by 0 because for E(z) < E(x)

eβθ
E(z)−E(x)

d(z,x) − 1 ≤ 0,

and we get

lim sup
n,β→∞

sup
R
Hn,β(θE) ≤ 0.

We obtain a sharper estimate dividing the integral further,

Hn,β(θE)(x) =
ˆ
E(z)−E(x)

d(z,x) <−(A+δ)
+
ˆ
−(A+δ)≤E(z)−E(x)

d(z,x) <0
+
ˆ
E(z)−E(x)

d(z,x) ≥0

≤ −(1− e−βθA)
ˆ
E(z)−E(x)

d(z,x) <−(A+δ)

1
β
e−β(A+E(z)−E(x)

d(z,x) )µn(x, dz) + β−1

≤ β−1 − (1− e−βθA) 1
β
eβδµn

(
x, {z : −E(z) + E(x)

d(z, x) > A+ δ}
)
.

We choose δ := 2β−1 log β, then β−1eβδ = β → ∞ and δ → 0 as β → ∞. Moreover,
if limn,β→∞ xn,β = x with |∇E(x)| > A, then, because of the continuity of |∇E| we
have that

−E(z) + E(x)
d(z, x) = ∇E · sign(z − x) +O

(
1
n

)
,

implying that

lim inf
n→∞

µn

(
x, {z : −E(z) + E(x)

d(z, x) > A+ δ}
)

= 1.
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Hence

lim sup
n,β→∞

Hn,β(θE)(xn,β) = −∞, ∀ |∇E(x)| > A.

Upper asymptotic estimate

We estimate the asymptotic limit of Hn,β from above, as n, β → ∞, which justifies
the definition of H+ (4.108).

Let y ∈ R, ε ∈ (0, 1] and c > 0. Let (f0, g0,c) be defined according to (4.106) and
(4.107). Given Sβ,c defined in (4.105), we define

fn,β(x) := fn,β,c,ε,y(x) := (1− ε)Sβ,c(x, y) + εE(x), y ∈ R, c > 0.

Then by convexity of r 7→ eβr,

Hn,βfn,β(x) ≤ (1− ε)Hn,βSβ,c(x, y) + εHn,βE(x)

= (1−ε) 1
β
e−βA

ˆ
R

(
enβ(dβ,c(z,y)−dβ,c(x,y))−e−nβ(E(z)−E(x))

)
µn(x, dz)+εHn,βE(xn,β)

= (1− ε)Hn,βdβ,c(·, y)(xn,β) + εHn,βE(xn,β). (4.113)

Lemma 4.4.8. Suppose that β →∞ and n→∞ with (4.98) holds and that xn,β → x

in (R, d). Then

lim sup
n,β→∞

Hn,βfn,β(xβ,n) ≤ g0,c(x).

Proof. Let xn,β ∈ R and recall that z ∈ supp(µn(xn,β , ·)) = {xn,β + 1
n , xn,β −

1
n}.

First we prove the lemma in the case y 6= x.
From the triangular inequality applied to dβ,c defined in (4.102), we obtain

n(dβ,c(z, y)− dβ,c(xn,β , y)) ≤ ndβ,c(z, xn,β) = dβ,c(z, xn,β)
d(z, xn,β) ,

and
dβ,c(z, xn,β)

d(z, xn,β) ≤ sup
{

dβ,c(ẑ, xn,β)
d(ẑ, xn,β) | ẑ ∈ R, d(ẑ, x) ≤ 1

n

}
.

For every two points x̄ and z̄ and every geodesic γ ∈ Geo(z̄, x̄) connecting the two
points, the following inequality holds

dβ,c(z̄, x̄)
d(z̄, x̄) ≤

´ 1
0 ωβ,c(γ(r))|γ′(r)|dr´ 1

0 |γ′(r)|dr
≤ sup

y
{ωβ,c(y), y ∈ γ} ,
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and we get

n(dβ,c(z, y)− dβ,c(xn,β , y)) ≤ sup
y

{
ωβ,c(y) | d(y, xn,β) ≤ 1

n

}
= ωβ,c(x̂n,β), (4.114)

where x̂n,β ∈ argsup{ωβ,c|d(y, xn,β) ≤ n−1}. Then, for all z such that d(z, xn,β) ≤ 1
n

|E(z)− E(xn,β)|
d(z, xn,β) = |∇E(xn,β)|+O

(
1
n

)
= |∇E(x̂n,β)|+O

(
1
n

)
.

We can now estimate the limsup for (4.113).
Considering that we are in the case y 6= x, it exists n̄ such that for n ≥ n̄ it holds
that dβ,c(xn,β , y) > 1

n , and we have two possible situations{
dβ,c(xn,β + 1

n , y)− dβ,c(xn,β , y) > 0,
dβ,c(xn,β − 1

n , y)− dβ,c(xn,β , y) < 0,
or
{

dβ,c(xn,β + 1
n , y)− dβ,c(xn,β , y) < 0,

dβ,c(xn,β − 1
n , y)− dβ,c(xn,β , y) > 0.

Now, collecting the terms where the exponents are negative with a big O, and applying
the estimate (4.114), we obtain that

Hn,βdβ,c(·, y)(xn,β) ≤ 1
β
e−βA

(
eβωβ,c(x̂n,β) − eβ(|∇E|(x̂n,β)+O( 1

n ))
)

+O

(
e−βA

β

)
≤ 1
β
e−βA

(
eβωβ,c(x̂n,β) − eβ(|∇E|(x̂n,β))

)
+O

(
eβC

n

)
+O

(
e−βA

β

)
.

Then, substituting the explicit formula (4.103) of ωβ,c(x̂n,β) we obtain

Hn,βdβ,c(·, y)(xn,β) ≤ c+O

(
eβC

n

)
+O

(
e−βA

β

)
,

And so we proved that, for β, n→∞ such that eβC

n → 0

lim sup
β,n→∞

Hn,βdβ,c(x) ≤ c.

Now, from the convexity estimate (4.113) and the fact that Hn,βSβ,c = Hn,βdβ,c we
can conclude that

lim sup
n,β→∞

Hn,βfn,β(xn,β) ≤ g0,c(x).

Now we prove the case of y = x.
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We don’t use the convexity estimate (4.113) in this case, but we use the fact that

(1− ε)Sβ,c(xn,β , y) + εE(xn,β) = (1− ε)dβ,c(xn,β , y) + E(xn,β)− (1− ε)E(y)
y=x= (1− ε)dβ,c(xn,β , x) + E(xn,β)− (1− ε)E(x),

then
Hn,βfn,β(xn,β) = Hn,β(1− ε)dβ,c(·, x)(xn,β).

With the same arguments as in the case y 6= x we obtain x̂n,β such that

ωβ,c(x̂n,β) = max
y

{
ωβ,c(y)|d(xn,β , y) ≤ 1

n

}
,

and
|E(z)− E(xn,β)|

d(z, xn,β) = |∇E(x̂n,β)|+O

(
1
n

)
.

So now, using the triangular inequality in both the exponent

dβ,c(z, x)− dβ,c(xn,β , x) ≤ dβ,c(z, xn,β),

we get

Hn,β(1− ε)dβ,c(·, x)(xn,β)

≤ 1
β
e−βA

(
2eβ(1−ε)ωβ,c(x̂n,β) − eβ(|∇E|(x̂n,β)+O( 1

n ))
)

+O

(
e−βA

β

)
≤ 1
β
e−βA

(
eβ(1−ε)ωβ,c(x̂n,β)+log 2 − eβ(|∇E|(x̂n,β))

)
+O

(
eβC

n

)
+O

(
e−βA

β

)
.

Again, substituting the explicit formula (4.103), we obtain

1
β
e−βAeβ(1−ε)ωβ,c(x̂n,β)+log 2 = e−εβωβ,c(x̂n,β)+log 2

(
c+ 1

β
e−βAeβ|∇E|(x̂n,β)

)
,

so

Hn,β(1− ε)dβ,c(·, x)(xn,β) ≤ ce−εβA +O

(
eβC

n

)
+O

(
e−βA

β

)
+ 1
β
e−βAeβ|∇E|(x̂n,β)(e−εβωβ,c(x̂n,β)+log 2 − 1).

The first three terms are vanishing for n, β →∞.
For the last term, it exists a β̄ = β̄(ε) such that for all β > β̄ we have that

e−εβωβ,c(x̂n,β) − 1 < −ε < 0,
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and this implies that

Hn,β(1− ε)dβ,c(·, x)(xn,β) ≤ εHn,βE(xn,β) + ce−εβA +O

(
eβC

n

)
+O

(
e−βA

β

)
,

and sending n, β →∞ we obtain

lim sup
n,β→∞

Hn,β(1− ε)dβ,c(·, x)(xn,β) ≤ εH+E(x),

and therefore we conclude.

Lower asymptotic estimate

Next, we provide a lower asymptotic estimate of Hn,β giving H− defined in (4.111).
Throughout this section, we assume x ∈ R satisfy |∇E(x)| ≤ A, ε ∈ (0, 1].
Let c > 0 and (f1, g1,c,x) be defined as in (4.109) and (4.110). Given Sβ,c defined in
(4.105), we define

fn,β(y) := 1
1− ε

(
− Sβ,c(x, y)

)
− ε

1− εE(y).

We observe that, by convexity,

Hn,βfn,β(y)≥ 1
1− εHn,β(−Sβ,c(x, ·))(y)− ε

1− εHn,βE(y)

≥ 1
1− εHn,β(−Sβ,c(x, ·))(y)− ε

1− ε
1
β

≥ 1
1− ε

ˆ
R

[
Ψ∗β
(−dβ,c(x, z) + dβ,c(x, y)

d(z, y)

)
−Ψ∗β

(−E(z) + E(y)
d(z, y)

)]
µn(y, dz)

− ε

1− ε
1
β
.

Lemma 4.4.9. Suppose that n, β → ∞, (4.98) holds and that yn,β → y in (R, d).
Then

lim inf
n,β→∞

Hn,βfn,β(yβ,n) ≥ g1,c(y).

Proof. We first analyse the case when yn,β → y = x ∈ R.
We recall the assumption, at the beginning of this section, that |∇E(y)| ≤ A.
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Let d(yn,β , y) = O( 1
n ). We have that Ψ∗β ≥ 0, hence

Hn,βfn,β(yn,β) ≥ − 1
1− ε

ˆ
R

Ψ∗β
(−E(z) + E(yn,β)

d(z, yn,β)

)]
µn(yn,β , dz)−

ε

1− ε
1
β

= − 1
1− ε

1
β
eβ(|∇E(yn,β)|−A+O(n−1)) +O

(
1
β

)
≥ − 1

1− ε
1
β
eβ(|∇E(y)|−A+O(n−1)) +O

(
1
β

)
= O

(
1
n

)
+O

(
1
β

)
,

where we used that

|E(z)− E(yn,β)|
d(z, xn,β) = |∇E(yn,β)|+O

(
1
n

)
= |∇E(y)|+O

(
1
n

)
.

And so, in the limit for n→∞ and β →∞ we get the desired assertion.
Now, let d(yn,β , y) > O( 1

n ), we have to consider that, up to a subsequence, one of the
two z’s lies always between y and yn,β , that we still denote with z, so that

dβ,c(y, yn,β) = dβ,c(y, z) + dβ,c(z, yn,β).

Thanks to the previous equality we get that

Hn,βfn,β(yn,β) ≥ 1
1− ε

(
Ψ∗β
(dβ,c(z, yn,β)

d(z, yn,β)

)
−Ψ∗β

(
|E(z)− E(yn,β)|

d(z, yn,β)

))
+O

(
1
β

)
.

Moreover, we have that

dβ,c(z, yn,β)
d(z, yn,β) ≥ inf {ωβ,c(y) : y ∈ [z, yn,β ]} = ωβ,c(ŷn,β).

Then

Hn,βfn,β(yn,β) ≥ 1
β
e−βA

(
eβωβ,c(ŷn,β) − eβ(|∇E|(yn,β)+O( 1

n ))
)

+O

(
1
β

)
= 1
β
e−βA

(
eβωβ,c(ŷn,β) − eβ(|∇E|(yn,β))

)
+O

(
eβC

n

)
+O

(
1
β

)
.

Then, substituting the explicit formula (4.103) of ωβ,c(ŷn,β) we obtain

1
β
e−βA

(
eβωβ,c(ŷn,β) − eβ(|∇E|(yn,β))

)
= c+ 1

β
e−βA

(
eβ|∇E|(ŷn,β) − eβ|∇E|(yn,β)

)
= c+ 1

β
e−βAeβ|∇E|(yn,β)

(
eO( βn ) − 1

)
≥ c+O

(
eβC

n

)
,
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where we used the fact that

|∇E|(ŷn,β) = |∇E|(yn,β) +O

(
1
n

)
.

So, taking c = 0, we can conclude that

lim inf
n,β→∞

Hn,βfn,β(yn,β) ≥ 0.

Now we analyse the case when yn,β → y 6= x in (R, d).
Like in the previous case, we always have that one of the two z’s will satisfy the
following equality

dβ,c(y, yn,β) = dβ,c(y, z) + dβ,c(z, yn,β),

and following the same steps as in the case yn,β → y = x with d(y, yn,β) > O( 1
n ) we

conclude that

lim inf
n,β→∞

Hn,βfn,β(yn,β) ≥ c.

4.4.3 Exponential tightness

In this section we prove the exponential compact containment for the process Xn,β

and the exponential tightness in BV, but not in the Skorohod space DR[0, T ]. We
comment about this before Conjecture 4.4.11.

Exponential compact containment

We recall that E has compact finite sub-levels: for every finite L > 0,

KL := {x ∈ R : E(x) ≤ L} ⊂⊂ R.

Moreover, E is actually continuous on KL.
The following is a consequence of Lemma 4.20 of [FK06].

Lemma 4.4.10. The sequence Xn,β satisfy the exponential compact containment
condition, i.e. for each finite T > 0, compact set K0 ⊂ R and for each a > 0 there
exists a compact set Ka := Ka,K0,T ⊂ R such that

lim sup
n,β→∞

1
nβ

logP [∃t ∈ [0, T ], Xn,β(t) /∈ Ka | Xn,β(0) ∈ K0] ≤ −a.

Proof. Suppose that Xn,β(t) is the Markov process defined by generator An,β defined
in (4.97), with a given Xn,β(0) ∈ K0. Let KL := {x ∈ R : E(x) ≤ L} and

107



Rate-independent Large Deviations Results-Part I

τ := τL := inf{t ∈ [0, T ] : Xn,β(t) /∈ KL}. Then

m′(t) = enβE(Xn,β(t∧τ)) − enβE(Xn,β(0)) −
ˆ t∧τ

0
An,βe

nβE(Xn,β(s))ds,

is a super-martingale. Apply Ito’s formula, we conclude that

m′′(t) = enβE(Xn,β(t∧τ))−nβE(Xn,β(0))−
´ t∧τ

0 (nβ)Hn,β(E)(Xn,β(s))ds,

is a super-martingale. Thanks to the estimate (4.112), we have Hn,β(E) ≤ β−1, so

m(t) := enβE(Xn,β(t∧τ))−nβE(Xn,β(0))−nt∧τ ,

is also a super-martingale. Therefore

1 ≥ E[m(T ) | Xn,β(0) ∈ K0]
= E[1τ>T m(T ) | Xn,β(0) ∈ K0] + E[1τ≤T m(T ) | Xn,β(0) ∈ K0]
≥ E[1τ≤T m(T ) | Xn,β(0) ∈ K0]

≥ enβL−nTE[1τ≤T e−nβE(Xn,β(0)) | Xn,β(0) ∈ K0]

≥ enβ(L−β−1T−L0)P(τ ≤ T | Xn,β(0) ∈ K0),

where L0 = sup{E(x) | x ∈ K0}. In the next to last inequality above, we used the
fact that E is continuous on finite sub-levels.
In summary,

P(τ ≤ T | Xn,β(0) ∈ K0) ≤ e−nβ(L−L0−β−1T ).

The conclusion follows by the arbitrariness of L.

Exponential tightness in BV space

Although we have exponential compact containment verified in the previous lemma,
we have not achieved exponential tightness estimates for {Xn,β(·) : n = 1, 2, . . .} in
the Skorohod space DR[0, T ] for every T > 0. With the following lemma, we would
like to prove the exponential tightness in BV. At the moment it is still a conjecture
because it is not clear if we can apply equation (4.116).

Conjecture 4.4.11. The sequence Xn,β is exponentially tight, i.e. for each finite
T > 0, |x0| < +∞ and for each a > 0 there exists a compact set Ka := Ka,x0,T ⊂
BV ([0, T ];R) such that

lim sup
n,β→∞

1
nβ

logP [Xn,β(·) /∈ Ka | Xn,β(0) = x0] ≤ −a.

Proof. First of all we need to underline that for every Ka it exists C = C(Ka) such
that

Px0 [Xn,β(·) /∈ Ka] = Px0(TV (Xn,β , [0, T ]) > C),

108



Results-Part I Rate-independent Large Deviations

where TV indicates the total variation and C < +∞.
Fix λ ∈ (0, 1), then we estimate

Px0(TV (Xn,β , [0, T ]) > C) = Px0(#jumps > nC) = Px0(e#jumps > enC)
= Px0(eβλ#jumps > enβλC)
≤ e−nβλCEx0

[
eβλ#jumps] .

Now, denoting by τi the time when a jump occurs (with τ0 = 0), we have

Ex0
[
eβλ#jumps] = Ex0

[
enβλ

∑
d(Xn,β(τi),Xn,β(τi−1))

]
. (4.115)

In the following we will obtain the estimate with dE instead of d, but the desired
claim will follow because d ≤ dE .
Now, starting from (4.115) we have

Ex0
[
eβλ#jumps] ≤ Ex0

[
enβλ

∑
dE(Xn,β(τi),Xn,β(τi−1))

]
= Ex0

[
enβλ

∑
SE(Xn,β(τi),Xn,β(τi−1))−nβλE(Xn,β(T ))+nβλE(x0)

]
.

From the boundedness of |x0| <∞ we get that E(x0) < K ′′ <∞ and combined with
the positivity of E we obtain that

Ex0 [eβλ#jumps] ≤ Ex0
[
enβλ

∑
SE(Xn,β(τi),x(τi−1))

]
enβλK

′′
.

Assume we can decompose the expected value in the right hand side of the previous
equation as a series of conditioned expected value, i.e.

Ex0
[
enβλ

∑
SE(Xn,β(τi),x(τi−1))

]
= Ex0

[
E
[
enβλ

∑N

i=1
SE(Xn,β(τi),x(τi−1))

∣∣∣∣N jumps
]]
, (4.116)

and

E
[
enβλ

∑N

i=1
SE(Xn,β(τi),x(τi−1))

∣∣∣∣N jumps
]

= E
[
· · ·E

[
enβλSE(Xn,β(τN ),x(τN−1))

∣∣∣ τN−1

]
· · · enβλSE(Xn,β(τi),x(τi−1))

∣∣∣ τi−1

]
· · ·
]
,

obtaining

Ex0
[
enβλ

∑
SE(Xn,β(τi),x(τi−1))

]
= Ex0

[
· · · E

[
enβλSE(Xn,β(τN ),x(τN−1))

∣∣∣ τN−1

]
· · · | τi−1

]
· · ·
]]
. (4.117)
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Because of exponential martingales property for all s, t ∈ [0, T ] with s < t and for all
λ ∈ (0, 1) we have

Ex(s)
[
enβλSE(Xn,β(t),x(s))+nβ(1−λ)E(Xn,β)−

´ t
s
nβHn,β(λSE(·,x(s))+(1−λ)E(·))(Xn,β(r))dr

]
≤1,

then, thanks to Lemma 4.4.12 and the positivity of E we can conclude that

Ex(s)
[
enβλSE(Xn,β(t),x(s))

]
≤ enβλK

′|t−s|. (4.118)

Now we can combine (4.117) and (4.118) and get

Ex0
[
enβλ

∑
SE(Xn,β(τi),x(τi−1))

]
≤ enβλK

′T .

Combining the results above we have the following series of inequalities

Px0(TV (Xn,β , [0, T ]) > C) ≤ e−nβλCEx0
[
eβλ#jumps]

≤ e−nβλ(C−K′′)Ex0
[
enβλ

∑
SE(Xn,β(τi),x(τi−1))

]
≤ e−nβλ(C−K′T−K′′),

choosing now λ = 1
2 and C = 2a+K ′T +K ′′ < +∞ we obtain the desired assertion

lim sup
n,β→∞

1
nβ

logPx0 [Xn,β(·) /∈ Ka] ≤ −a.

Now we prove the estimate needed to obtain in the previous proof the critical
inequality (4.118).

Lemma 4.4.12. Fix y ∈ R and λ ∈ (0, 1), then

Hn,β (λSE(·, y) + (1− λ)E(·)) (x) ≤ K ′, with K ′ > 0.

Moreover, K ′ = K ′(n, β) and it is vanishing for n, β →∞.

Proof. The proof follows similarly to the proof of Lemma 4.4.8.
First we prove the lemma in the case d(x, y) ≥ 1

n .
Considering that we are in the case d(x, y) ≥ 1

n we have two possible situations{
dE(x+ 1

n , y)− dE(x, y) > 0,
dE(x− 1

n , y)− dE(x, y) ≤ 0,
or
{

dE(x+ 1
n , y)− dE(x, y) ≤ 0,

dE(x− 1
n , y)− dE(x, y) > 0.

Now, collecting the terms where the exponents are negative with a big O, and applying
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the following estimate

ndE(z, x) ≤ sup
y

{
A ∨ |∇E|(y) : d(y, x) ≤ 1

n

}
= A ∨ |∇E|(x̂),

we obtain that

Hn,βdE(·, y)(x) ≤ 1
β
e−βA

(
eβ(A∨|∇E|(x̂)) − eβ(|∇E|(x̂)+O( 1

n ))
)

+O

(
e−βA

β

)
≤ O

(
eβC

n

)
+O

(
1
β

)
.

From the convexity estimate (4.113) for Hn,β we conclude.
Now we prove the lemma in the case d(x, y) < 1

n .
We don’t use the convexity estimate (4.113) in this case, but we use the fact that

λSE(x, y) + (1− λ)E(x) = λdE(x, y) + E(x)− λE(y),

and so
Hn,β(λSE(·, y) + (1− λ)E(·))(x) = Hn,βλdE(·, y)(x).

Again similarly as in Lemma 4.4.8 we get

Hn,βλdE(·, y)(x) ≤ 1
β
e−βA

(
2eβλ(A∨|∇E|(x̂)) − eβ(|∇E|(x̂)+O( 1

n ))
)

+O

(
e−βA

β

)
≤ 1
β
e−βA

(
eβλ(A∨|∇E|(x̂))+log 2 − eβ|∇E|(x̂)

)
+O

(
eβC

n

)
+O

(
e−βA

β

)
.

Now, for |∇E(x̂)| ≤ A we have that

1
β
e−βA

(
eβλ(A∨|∇E|(x̂))+log 2 − eβ|∇E|(x̂)

)
≤ 2
β
,

and for |∇E(x̂)| > A we have that, for β > log 2
A(1−λ) ,

eβλ(A∨|∇E|(x̂))+log 2 − eβ|∇E|(x̂) ≤ 0.

So
Hn,βλdE(·, y)(x) ≤ O

(
2
β

)
+O

(
eβC

n

)
,

and therefore we conclude.

4.4.4 Comparison principle
In this section we prove a comparison principle result for the operators H+ and H−
defined in (4.108) and (4.111) respectively.
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Lemma 4.4.13. Let α > 0 and h ∈ B(R). Suppose that upper-semicontinuous f is
a bounded sub-solution of

(I − αH+)f = h, (4.119)

and that lower semi-continuous f is a bounded super-solution of

(I − αH−)f = h. (4.120)

Then
f ≤ f.

Proof. Let Ψε : R× R 7→ R be defined as

Ψε(x, y) := 1
(1− ε)f(x)− (1− ε)f(y)−

[
SE(x, y) + ε

(1− ε)E(x) + εE(y)
]
.

By compact sub-level property of E and boundedness of f and f , there exists (x̂ε, ŷε)
such that

Ψε(x̂ε, ŷε) = sup
x,y

Ψε(x, y).

Let f0 be defined as
f0(x) := (1− ε)SE(x, ŷε) + εE(x),

then
(
f − f0

)
(x̂ε) = supx

(
f − f0

)
and for every g ∈ H+f0, we have

(f − h)(x̂ε) ≤ αg(x̂ε).

Hence
(f − h)(x̂ε) ≤ (1− ε)c+ εH+E(x̂ε), ∀c > 0.

By boundedness of h and f , the above inequality gives the a priori estimate

|∇E(x̂ε)| ≤ A. (4.121)

Let f1 be defined as

f1(y) := − 1
1− εSE(x̂ε, y)− ε

1− εE(y).

Such f1 ∈ D(H−). Then
(
f1 − f

)
(ŷε) = supy

(
f1 − f

)
, and for every g ∈ H−f1,

(f − h)(ŷε) ≥ αg(ŷε). (4.122)

That is,

(f − h)(ŷε) ≥ c, if ŷε 6= x̂ε;
≥ 0, if ŷε = x̂ε.
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From the boundedness of f and h, and arbitrariness of c > 0, we obtain that ŷε = x̂ε
hence (4.122) simplifies into

(f − h)(x̂ε) ≥ 0.

In summary, for every x ∈ R and c > 0,

1
(1− ε)f(x)− (1− ε)f(x)− 4εE(x) ≤ Ψε(x̂ε, x̂ε)

≤ 1
(1− ε)f(x̂ε)− (1− ε)f(x̂ε)

≤ αc

1− ε + ε2 − 2ε
1− ε h(x̂ε).

Take the limit c→ 0+ and then the limit ε→ 0, thanks to the boundedness of h we
conclude.

4.4.5 Problems and conjectures

We end the section discussing about the conjecture regarding the representation for-
mula and issues related to the time dependence of the energy. We want to warn the
reader about the heuristic and speculative approach of this subsection, there is no
intention to provide rigorous proofs.

Representation formula

Assume that we proved that the process Xn,β satisfies a large deviations principle,
with speed nβ and rate function JRI . Then we cannot use straightforwardly The-
orem 3.2.8 to obtain the representation of the rate function. First of all we do not
have the continuity of the limiting Hamiltonian H. In fact we don’t even have a
unique limiting Hamiltonian, we have two limiting upper and lower bound H+ and
H−. Then we cannot apply the representation formula

JRI(x) = I0(x0) +
ˆ T

0
L(x, ẋ)dt, with L(x, ẋ) = sup

p
{ẋp−H(x, p)}.

But let us notice that, for x 6= y, we have

∇SE(·, y)(x) = A ∨ |∇E|+∇E and ∇(−SE(y, ·))(x) = −(A ∨ |∇E|) +∇E.
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And now let us assume, based on the form of H+ and H−, that we have

H(x, p) '




+∞ if p+∇E > A ∨ |∇E|,
0 if −A ∨ |∇E| ≤ p+∇E ≤ A ∨ |∇E|,
+∞ if p+∇E < −A ∨ |∇E|.

if |∇E|(x) ≤ A,

−∞ if |∇E|(x) > A,

then we obtain the desired formula (4.99) with the jump term missing.

As we mentioned at the beginning of the subsection, this is just an heuristic and
speculative argument, but it provide a reasonable guess. We are now examining the
possibility to make use of the semigroup approach provided by [FK06], but at this
stage it is not yet ready to be presented.

Time dependent energy

Let the energy E = E(x, t), and let the process Xn,β with generator An,β defined
in (4.97). It is important to underline that the generator depends on time via the
energy, i.e. An,β = An,β(t). To avoid problems given by the time dependence, we
might think about approximating the process Xn,β with a new process Yn,β,m. The
approximating process Yn,β,m is defined as in the following.

Let τ be a vector with m components, such that{
T =

∑m
i=1 τi,

‖τ‖∞ → 0, for m→∞.

Then we define Yn,β,m with generator Ãn,β,m

An,β,m(t) = An,β(
j∑
i=0

τi) for t ∈
[

j∑
i=0

τi,

j+1∑
i=0

τi

]
.

In fact, the new process Yn,β,m is a time discretised version of Xn,β , with the energy
frozen at the starting time in every interval. It is clear that we have the convergence
Yn,β,m → Xn,β for m → ∞. Our hope is that we can do the limits (n, β),m → ∞
together, under some suitable conditions, and use the fact that we can prove a large
deviations result in every subinterval of [0, T ] for Yn,β,m when n, β →∞ but with m
fixed.

When we consider an energy dependent on time, instead of using the previous
technique, we can use the standard procedure of converting a time-dependent process
into a time-independent process by adding the time to the state variable (see e.g.
[EK09, Section 4.7]) as in Theorem 4.1.2. But if we do so, then we must modify
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the distances dE and dβ,c accordingly, We have in mind two possible choices, and we
present them after defining a modified version of (4.100), as

F (x, t, q) := (A ∨ |∇E|(x, t)) q, (x, t, q) ∈ R× [0, T ]× R+.

1. Choice 1: we define a new metric on R by

dE(x, y, t) := inf
{ˆ 1

0
F (z(r), t, |z′|(r))dr : z ∈ ACx,y(0, 1)

}
,

and, mutatis mutandis, we define the metric sfdβ,c

dβ,c(x, y, t) := inf
{ˆ 1

0
Fβ,c(z, t, |z′|)ds : z ∈ ACx,y(0, 1)

}
. (4.123)

The positive aspect of this choice is that the proof of the convergences will
remain valid without any further change. But the problems will appear in
the comparison principle. In that case we need to keep into account also the
dependence on time, like we did in the proof of Theorem 4.1.2. Then the distance
dE will be evaluated only on t or s, depending on the choice. But once it is
fixed, then we will be using the wrong test function for one of the two estimates
for sub/super solutions.

2. Choice 2: we define a new metric on R by

dE(x, t, y, s) := inf
{ˆ 1

0
F (z(r), τ(r), |z′|(r))dr :

z ∈ ACx,y(0, 1), τ(r) = t+ r(s− t)
}
.

and, as before, we define the metric dβ,c

dβ,c(x, t, y, s) := inf
{ˆ 1

0
Fβ,c(z, τ, |z′|)ds :

z ∈ ACx,y(0, 1), τ(r) = t+ r(s− t)
}
.

Note that we may have the more general case of τ ∈ ACt,s(0, 1), but at the mo-
ment it seems a unneeded complication. The good news is that with this choice
of dE the comparison principle should hold, because both t and s are present.
But, viceversa, now the proof of the convergences does not hold anymore. It is
clear why if we look at the proof of Lemma 4.4.5 applied to the new modified
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distances: we have that

dβ,c(x, t, y, s)
d(x, t, y, s) '

´ 1
0 ωβ,c(γ(r)), τ(r)|γ′(r)|dr´ 1

0 |γ′(r)|dr
,

where γ is an optimal path connecting x and z. Then, defining the measure
µ ∈ P(R× [0, 1]) as

µ(dz, dr) := δγ(r)(dz)
|γ′(r)|´ 1

0 |γ′(r)|dr
,

we have that µ(·; [0, 1])→ δx for y → x, but
ˆ
R

ˆ 1

0
ωβ,c(γ(r), τ(r))µ(dz, dr)→

ˆ 1

0
ωβ,c(x, τ(r))dr 6= ωβ,c(x, t),

and it is clear that we cannot use the explicit formula

Hβ(ωβ,c)(x) = c,

anymore. The last equality has been used critically to obtain the upper and
lower estimate leading to H+ and H−, and it is not clear if it is even possible
to obtain the proofs without.

As we mentioned, this section is object of a work in progress. We are confident
that soon the problems will be solved and Conjecture 4.4.1 made rigorous.
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4.5 Discussion
In the introduction we posed the question whether we could understand the distinction
and the relationship between gradient-flow and rate-independent systems from the
point of view of stochastic processes. The simple one-dimensional model of this part
gives a very clear answer, that we summarize in our words as follows:

• The continuum limit is a generalized gradient flow, with non-quadratic, non-1-
homogeneous dissipation, and the large-deviations rate functional ‘is’ the cor-
responding generalized gradient-flow structure, in the sense of Section 2.3;

• Taking further limits recovers the two cases: quadratic gradient-flow and rate-
independent;

• At least some of the limits are robust against exchanging the order of the limits,
and we conjecture that this robustness goes much further.

Therefore the quadratic and rate-independent cases are naturally embedded in the
scale of systems characterized by α and β.

In addition, the details of the proofs show how the formulation in terms of J of (a)
large deviations, (b) generalized gradient flows including rate-independent systems,
and (c) convergence results for these systems, gives a unified view on the field and a
coherent set of tools for the analysis and manipulation of the systems.

Related issues have been investigated in the case of stochastic differential equa-
tions. The two limiting processes, n → ∞ and β → {0,∞} can be interpreted as
differently scaled combinations of two limiting processes: (a) the small-noise limit,
(b) the limit of vanishing microstructure. In the case of SDEs [Bal91, FS99, DS12],
three regimes have been identified, corresponding to ‘microstructure smaller than
noise’, ‘noise smaller than microstructure’, and the critical case. In the first of these,
‘microstructure smaller than noise’, a behaviour arises that resembles the quadratic
limit of our work, in which the microstructure is effectively swamped by the noise.
The critical case resembles our original large-deviation result (Theorem 3.2.9) in that
both give non-quadratic, non-one-homogeneous rate functionals. Finally, when the
noise is asymptotically smaller than the microstructure, a limit similar to the rate-
independent limit is obtained in [FS99, DS12], but because the authors consider time-
invariant energies and a different scaling, the behaviour of the limiting system is rather
different.

More generally, the results of [MPR13] show that the connection between large-
deviation principles and generalized gradient flows is robust, and arises for all re-
versible stochastic processes and quite a few more (such as the GENERIC system
in [DPZ13]).
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Chapter 5

Introduction

Part II is devoted to the construction and discussion of connections between two
partial differential equations on the real line: nonlocal interaction equation (5.1) and
conservation law (5.2).

In the following section we introduce the equations and their formal connection.
Moreover, we also discuss their well-posedness and qualitative behaviour, and that
brings to a set of questions. Then, Section 5.2 contains a description of the results
that we obtain.

While interpreting (5.1) and (5.2) respectively with the notion of Wasserstein
gradient flow (for a functional W) and of entropy solution, a third system is needed,
namely the L2 gradient flow of the pseudo-inverse distribution function of the gradi-
ent flow solution. In Chapter 6, we introduce the three systems, with a particular
attention at the Wasserstein and L2 gradient flows where we prove some technical
results.

Section 7.1 is devoted to the rigorous proof of the equivalence between the three
concepts of solution. Section 7.2 shows the applicability of the particle approxim-
ation. We finally study in Section 7.3 the subdifferential of W in detail, giving a
characterisation of its minimal element. Part II ends with a further discussion in
Section 7.4.

5.1 Nonlocal interactions and Burgers’ equation

The first equation we analyse is the nonlocal interaction equation

∂tµ = ∂x
(
µ ∂xW∗µ

)
, x ∈ R, t > 0, (5.1)

The contents of Part II are taken from [BCDFP15].
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where W is either the repulsive or the attractive Newton potential in one space di-
mension

W (x) = −|x| or W (x) = |x|.

For equation (5.1) we consider measure solutions on the real line, with a given initial
condition µ0 ∈ P2(R), where P2(R) is the space of probability measures on R with
finite second moment.

The second equation is the scalar nonlinear conservation law

∂tF + ∂xg(F ) = 0, x ∈ R, t > 0, (5.2)

with
g(F ) = F 2 − F or g(F ) = −F 2 + F.

For equation (5.2) we consider weak solutions F on the real line, with a given initial
condition F0.

The connection between the two equations (5.1) and (5.2) is established through
the relationship

F (x) = Fµ(x) := µ
(
(−∞, x]

)
.

Formally, if µ is a solution of (5.1), then F is a solution of (5.2), and vice versa. This
can be recognized by integrating (5.1) over (−∞, x] and observing that

∂x(| · |∗µ) = (sign∗µ) = (1− 2F ).

Because of this interpretation of F in terms of µ, we restrict ourselves to solutions F
of (5.2) that are increasing and bounded. This formal connection naturally triggers
questions

Can this connection be proven rigorously? How? What do we gain?

Let us start analysing equations (5.1) and (5.2). These two equations have been
studied extensively, but in different communities and using different tools.

Equation (5.1) describes the evolution of a system of interacting particles with
an attractive (W (x) = |x|) or repulsive (W (x) = −|x|) potential, and equations
of this type arise in a variety of physical, chemical, and biological applications; see
e.g. [Gol03, MEK99, TBL06] and the references therein. The specific example of
the Newtonian potential in two dimensions arises in the Patlak-Keller-Segel model
(see e.g. [BDP+06, JL92, KA70, Pat53]), where nonlocal transport effects are coupled
with linear diffusion. Combined attractive/repulsive interactions have been studied
in [BCLR13, CFP12, FR10, FR11, FHK11]. A deeper study on singular potentials
has been performed in [BB10, BCL09, BL09, BLR11, BDF08, CDFF+11, LT04], see
also the recent work [CCH14]. In this work, we focus on the two cases mentioned
above, the attractive and the repulsive Newtonian potential in one dimension.
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Similarly, equation (5.2) has a long history and a wide range of applications;
see e.g. [Bre00] and the references therein. Up to the unimportant linear term, the
nonlinearity g corresponds to the inviscid convex or concave Burgers’ equation, or
Whitham’s forward or backward equation [Whi74] (depending on the sign of g).

Well-posedness

For both equations, well-posedness strongly depends on the choice of the solution
concept.

The equation (5.1) can be written as a continuity equation ∂tµ + ∂x(vµ) = 0
with v := −∂xW ∗ µ. The velocity field v(t, x) can be interpreted as the result of a
nonlocal interaction through the potential W , and the equation (5.1) itself can be (at
least formally) interpreted as the Wasserstein gradient flow of the following functional
defined on P2(R),

W[µ] = 1
2

ˆ
R×R

W (x− y)dµ(x)dµ(y). (5.3)

When W is smooth and satisfies suitable growth bounds, distributional solutions ex-
ist and are unique. This follows as a simple consequence of the theory in [AGS08].
For a less regular W , a distributional definition of a solution may not be meaning-
ful; for instance, whenever W ′ is discontinuous, the product δ(∂xW∗δ) = δW ′ is not
well-defined. In this case the theory of Wasserstein gradient flows [AGS08, CDFF+11]
provides a solution concept for which existence and uniqueness holds providedW is λ-
convex, i.e. convex up to a quadratic perturbation. Therefore, the caseW (x) = |x| can
be easily covered in view of the convexity of W (see [CDFF+11]); although W (x) =
−|x| is neither convex nor λ-convex, the corresponding functional 5.3 is λ-convex in
the sense of McCann [McC97] in the one-dimensional case, see [Bon11, CFP12], and
therefore the abstract Wasserstein gradient flow theory applies.

Burgers’ equation (5.2) admits weak L∞ solutions on R for both choices of g (see
Section 3.4 of [Eva98]), but there are examples of L∞ initial data which produce
more than one solution. In order to single out physically relevant solutions in the
context of gas dynamics, Oleinik [Ole63] and Kružkov [Kru70, Kru69] formulated the
concept of entropy solution, which can be reached e.g. via a vanishing-viscosity ap-
proximation [Bre00]. Different approximations give rise to other types of solutions,
with so-called non-classical shocks [LeF02, VDPP07].

Qualitative behaviour

These well-posedness issues are connected with the behaviour of the equations under
time reversal. In Figure 5.1 we illustrate this with an example.

In the first column, solutions of (5.1) in the gradient flow concept are shown,
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Wasserstein gradient flow Entropy solution L2 gradient flow
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Figure 5.1: Three forms of the same solution, for the gradient flow definition of
equation (5.1) (left), for the entropy solution of (5.2) (middle), and the L2 gradient
flow (right, Section 6.2). The direction of the evolution is indicated by arrows; the
vertical arrows in the left column are Dirac delta measures. Note how the top and
bottom evolutions are not each other’s time reversal.

with both attractive and repulsive interaction. In the attractive case, the two square
waves collapse in finite time into Dirac delta measures and then propagate until they
aggregate into a single delta measure, which is a stationary solution. For the repulsive
case, however, a single delta measure is not stationary: it immediately regularizes
into a square wave with linearly expanding boundaries. This example shows how the
attractive and repulsive evolutions are not each other’s time reversal, even though
they would be based on a formal view of the change of variable t→ −t.

The corresponding solutions of the Burgers’ equation are shown in the second
column. The initial aggregation into delta measures translates into the formation of
two shocks, which subsequently aggregate into a single fixed shock. With the opposite
sign, the entropy condition disallows the corresponding time-reversed solution, and a
rarefaction wave is formed instead. These features are not limited to these examples;
they occur for very general classes of initial data.

An important difference between the attractive and the repulsive case arises when
one tries to approximate continuum solutions to the Wasserstein gradient flow (5.1)
with a system of interacting particles. Such a system typically reads as follows

ẋj(t) = − 1
N

N∑
k=1

W ′(xj(t)− xk(t)), j = 1, . . . , N,
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and the approximation property is typically stated as

1
N

N∑
j=1

δxj(t) ⇀ µ(t) as N → +∞, for a. e. t > 0,

where the limit is intended in the weak-∗ sense of measures, and µ(t) is the gradient
flow solution to (5.1). When W is smooth, say C2, the above approximation property
is easily recovered as delta-type solutions 1

N

∑N
j=1 δxj(t) turn out to be a special case

of gradient-flow solutions; such a property is stated in short by saying that particles
remain particles in (5.1). As we already pointed out before, such a property may not
be satisfied in case of a discontinuous W ′, since particle solutions may not be well
defined because of the singularity in the self-interaction force term W ′(0). Let us
now focus on our case; in the attractive case W (x) = |x| the results in [CDFF+11]
provide a simple answer: particles remain particles, with the convention that the self-
interaction term is neglected. This is not surprising, as the force field is attractive,
and e.g. two particles are not expected to exert forces on each other once they have
collided. Let us mention that the result in [CDFF+11] holds in arbitrary dimension.
In the repulsive case W (x) = −|x|, the situation is way less trivial. This is already
quite clear from the time reversal argument above: one single particle subject to the
self-interaction (repulsive) force generates a squared (continuum) wave, showing that
particles do not remain particles.
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5.2 Questions and answers

Questions

Both the well-posedness subtleties and the non-invariance under time reversal raise
questions about the connection between the two problems. For instance, how does
the non-uniqueness in Burgers’ equation manifest itself after transforming to (5.1)?
What form does an entropy condition such as Oleinik’s (see Definition 6.3.1) take for
solutions of (5.1)? Why does the gradient flow theory provide uniqueness for solutions
of (5.1), without further conditions? And is the unique gradient flow solution of (5.1)
the same as the unique entropy solution of (5.2)? Moreover, can we define a particle
approximation for the evolution in the repulsive case?

Answers

In the following sections we address the above questions. Our main results are:

Equivalence

In Theorem 7.1.1 we show that the gradient flow solution concept of (5.1) is equivalent
to the entropy solution concept for (5.2). We establish this equivalence through a
third solution concept, the L2 gradient flow for the pseudo-inverse function X, which
is defined in terms of µ and F by

Xµ(s) := inf{x |Fµ(x) > s}, s ∈ (0, 1),

and it maps (0, 1) to the support of µ (see Section 6.2). A qualitative behaviour of the
L2 gradient flow for the pseudo-inverse is shown in the right column of Figure 5.1. The
content of the theorem is illustrated graphically in Figure 5.2. Let us mention here
that the results in [BBL05] already pointed out a link between scalar conservation laws
with monotone data and the L2 gradient flow. Moreover, it is worthwhile recalling
that similar links between gradient flow solutions and entropy solutions have been
recently explored in several contexts, see e.g. [DFM13, GO12].

The proof is achieved by an explicit calculation for the case when µ0 is a sum of
delta measures (and F0 and X0 therefore both piecewise constant); the general case
follows using the contractivity of the semigroup.

This result is the core of Part II: equations (5.1) and (5.2) are equivalent, provided
one takes the ‘right’ solution concept for both. In Section 7.4 we will discuss in detail
how the specific aspects of the gradient flow concept and the entropy solution concept
tie together.
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µ0 F0 X0

F̃t
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X̃t
‖B

µt Ft Xt
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Figure 5.2: This figure illustrates the content of Theorem 7.1.1. For a given initial
datum, expressed in terms of µ0, F0, orX0, the theorem states that the three solutions
at time t > 0 also are equivalent. Our contribution is the two equivalences A and B.

Particle approximation

In Theorem 7.2.1 we prove that a discrete approximation scheme for the Wasserstein
gradient flow in the repulsive case can be constructed by exploiting the equivalence
of (5.1) with the scalar conservation law (5.2).

The appoximating procedure is based on the so-called wave-front-tracking method
for conservation laws, see [Bre92, Daf72, DiP76]. This method consists mainly of two
ingredients: discretisation of initial data (F0 → FN0 ) and piecewise linear interpolation
of the flux (g → gN ). The peculiar characteristic is the discretisation of the flux and
that the two procedures are intimately related. This prevents the evolution from
immediately regularising any initial shock into a rarefaction wave. For the sake of
completeness, we show that, for every positive time, the solution given by the WFT
method is an approximation of the original solution.

The proof is actually much simpler in our case, and it does not require the usual
machinery used in the general theory for scalar conservation laws. Then, thanks to
the equivalence result, we can rephrase such result into a particle approximation for
the solution of the Wasserstein gradient flow. The final outcome is that, as in the
attractive case, the self-repulsive force has to be neglected in the particle scheme. We
point out that our result partially complements the results in [CCH14], in which a
more general multi-dimensional theory is presented which does not cover the case of
Newtonian potentials.

Subdifferential

During this work, a purely mathematical problem related to the definition of the
Wasserstein subdifferential of W on singular measures came out, which is strictly
related to the time reversal issue stated above. Collecting together the results from
[AGS08, Bon11, CDFF+11], one can prove existence and explicit characterisation of
the subdifferential of the functional W in the case of absolutely continuous measures
for both the repulsive and the attractive case, and for concentrated measures in the
attractive case. Unfortunately the same arguments cannot be applied when deal-
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ing with concentrated measures in the repulsive case. To handle this case we must
refer to the more general (but less intuitive) notion of extended subdifferential (see
Definition 7.3.2).

Our analysis leads to the result in Proposition 7.3.4, which is an interesting ex-
ample of extended subdifferential, to which we are able to give an explicit character-
isation as well as a pictorial view. Two main properties are used in the proof: the
convexity of the functional and a closure property of the subdifferential.
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Chapter 6

Preliminaries

Notation
Here we list symbols and abbreviations that we use throughout this chapter:

P2(R) Probability measures with finite 2nd moment
AC([0,+∞);P2(R)) Space of absolutely continuous curves, see (6.3)
|µ′t| Metric derivative, see (6.4)
πi, πi,j Projection operators
dW (µ1, µ2) 2-Wasserstein distance between µ1, µ2 ∈ P2(R), see (6.2)
dW,1(µ1, µ2) 1-Wasserstein distance between µ1, µ2 ∈ P2(R), see (7.6)
Γ(µ1, µ2) 2-plans with given marginals µ1, µ2
Γ0(µ1, µ2) Optimal 2-plans with given marginals µ1, µ2
∂φ(µ) Fréchet subdifferential in P2(R), see Definition 6.1.1
∂F (X) Subdifferential in L2, see (6.12)
∂0φ, ∂0F Element of minimal norm ∈ ∂φ, ∂F

Γ0(µ, µ3) 3-plans γ such that (π1,3)#γ ∈ Γ0((π1)#µ, µ3)
∂φ(µ) Extended Fréchet subdifferential, see Definition 7.3.2
χA(·) Characteristic function of the set A
Id Identity map

Three concepts of solutions
In this chapter we give a precise definition of three solution concepts which we will
show later on to be equivalent:

(A) Wasserstein gradient flow solution for (5.1) (see Subsection 6.1)

(B) L2 gradient flow for the pseudo-inverse equation obtained from (5.1) (see Sub-
section 6.2)

(C) Entropy solution for (5.2) (see Subsection 6.3)
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For each of these notions we shall recall the existence and uniqueness results present in
the literature, and complement them with some qualitative properties. The equival-
ence among the three notions will be proven rigorously in Section 7.1, and is supported
here only by formal arguments. We stress here that the equivalence between (B) and
(C) was suggested by the contractivity results in the Wasserstein distances for scalar
conservation laws with monotone data proven in [BBL05]. Our main contribution
here is the link with the nonlocal interaction equation (5.1) which was not described
before.

6.1 Wasserstein Gradient Flows
Our starting point is that of the Wasserstein gradient flow in the space of probability
measures in the spirit of [AGS08] combined with the recent results from [Bon11,
CDFF+11, CFP12].

Definitions
In what follows, P2(R) is the space of probability measures on R with finite second
moment. On the metric space P2(R) endowed with the 2-Wasserstein distance, we
introduce the interaction energy functional

W[µ] = 1
2

ˆ
R×R

W (x− y)dµ(x)dµ(y), W (x) = σ|x|, σ ∈ {−1, 1}. (6.1)

Next we recall the basic ingredients needed to define the notion of Wasserstein gradient
flow, see [AGS08]. First we define the push-forward measure. Let ν1 ∈ P2(R) and
let T : R→ R be a ν1-measurable map. Then the push-forward measure of ν1 via T ,
denoted by ν2 = T#ν1 ∈ P2(R), is defined via ν2(A) = ν1(T−1(A)). For i = 1, 2 we
recall the definition of i-th projection πi : R×R→ R, πi(x1, x2) = xi ∈ R. Given two
measures µ1, µ2 ∈ P2(R), the 2-Wasserstein distance between µ1 and µ2 is defined as
following

d2
W (µ1, µ2) = min

{ˆ
R×R
|x− y|2dγ(x, y) | γ ∈ P2(R× R), (πi)#γ = µi, i = 1, 2

}
.

(6.2)
The set of γ ∈ P2(R×R) such that (πi)#γ = µi is called the set of plans between µ1
and µ2, and is denoted by Γ(µ1, µ2). The set of optimal plans Γ0(µ1, µ2) ⊂ Γ(µ1, µ2)
is the set of plans for which the minimum above is achieved, i.e. γ ∈ Γ0(µ1, µ2) if
and only if

d2
W (µ1, µ2) =

ˆ
R×R
|x− y|2dγ(x, y),

and it is important to underline that in the one-dimensional case the optimal plan is
unique.
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We need to introduce the concepts of absolutely continuous curves and of metric
derivatives.
Given a curve µt : [0,+∞) → P2(R), we say that µt ∈ AC([0,+∞);P2(R)) or equi-
valently that µt ∈ AC([0, T ];P2(R)) for all T > 0, if there exists w ∈ L2

loc([0,+∞))
such that

dW (µr, µs) ≤
ˆ s

r

|w(t)|dt, ∀ 0 ≤ r < s < +∞. (6.3)

In [AGS08] the space AC([0,+∞);P2(R)) is called AC2
loc([0,+∞);P2(R)). The metric

derivative of µt (if it exists) is given by

|µ′t|(t) = lim
h→0

dW (µt+h, µt)
|h|

, (6.4)

and the metric derivative of an absolutely continuous curve is almost everywhere well
defined, see [AGS08].

Definition 6.1.1 (Fréchet subdifferential). Let φ : P2(R) → (−∞,+∞] be proper
and lower semi-continuous, and let µ ∈ D(φ). We say that v ∈ L2(µ) belongs to the
Frechét subdifferential, denoted by ∂φ(µ), if

φ(ν)− φ(µ) ≥
ˆ
R×R

v(x)(y − x)dγ(x, y), (6.5)

where γ ∈ Γ0(µ, ν).

For µ ∈ P2(R) with ∂φ(µ) 6= ∅ we indicate ∂0φ(µ) the element in ∂φ(µ) with min-
imal L2(µ)-norm, which we refer to as the minimal subdifferential of φ at µ. In some
cases, this definition of subdifferential is too restrictive, and it should be replaced by
Definition 7.3.2.

We now state the definition of Wasserstein gradient flow solution for our problem.

Definition 6.1.2 (Wasserstein Gradient flow). LetW (x) as in (6.1) with σ ∈ {−1, 1}.
A curve

µt ∈ AC([0,+∞);P2(R)),

is a gradient flow for the functionalW in (6.1) if there exists vt ∈ L2(µt) for a.e. t > 0
such that it satisfies

∂tµt + ∂x(vtµt) = 0 in D′([0,+∞)× R),
vt = −∂0W[µt] for a.e. t > 0,ˆ T

0
‖vt‖2L2(µt)dt < +∞ for every T > 0.

(6.6)

An important property needed to deal with Wasserstein gradient flows is geodesic
convexity of a functional. Let us first recall that, for µ, ν ∈ P2(R), the curve [0, 1] 3
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t 7→ µt = ((1−t)π1+tπ2)#γ, with γ ∈ Γ0(µ, ν), is a constant-speed geodesic connecting
µ to ν, i.e. it minimizes the action

ˆ 1

0
|µ′t|2dt, on the set µt ∈ AC([0, 1];P2(R)) with µ0 = µ, µ1 = ν.

Definition 6.1.3 (Geodesic convexity). Let φ : P2(R) → (−∞,+∞] be a proper
functional. We say that φ is geodesically convex if, for all µ, ν ∈ P2(R), the following
inequality holds

φ(µt) ≤ (1− t)φ(µ) + tφ(ν), for all t ∈ [0, 1],

where µt = ((1− t)π1 + tπ2)#γ with γ ∈ Γ0(µ, ν).

Note that in our one-dimensional setting, the transference plan is unique by the
Hoeffding Lemma, see [Vil03, Theorem 2.18], and thus there is a unique element in
Γ0(µ, ν). Therefore, the previous two definitions simplify (there is no need for the
infimum in Definition 2.1, for instance).

Convexity, existence and uniqueness
Let us now turn back to our case, namely that of φ =W in (6.1). By combining the
results in [Bon11, CDFF+11, CFP12], we obtain the following results. Here all the
results are stated in one space dimension. We stress that the result in the following
proposition in the attractive case is also valid in arbitrary space dimension.

Proposition 6.1.4. The functional W defined in (6.1) is geodesically convex.
Moreover, for all µ ∈ P2(R) such that it has no atoms (i.e. µ({x}) = 0 for every
x ∈ R), the minimal Frechét subdifferential ∂0W(µ) is well defined and contains the
only element

∂0W(µ) =
ˆ
x 6=y

∂xW (x− y)dµ(y) = σ

ˆ
x 6=y

sign(x− y)dµ(y). (6.7)

Moreover, in the attractive case the formula (6.7) is valid for all µ ∈ P2(R).

The proof of the geodesic convexity relies on the representation of probability
measures via pseudo-inverses of their distribution functions, and it will be proposed
(in an equivalent form) in Proposition 6.2.4 in the next subsection. The characteriz-
ation of the subdifferential in the general case of µ ∈ P2(R) is treated in Section 7.3.

The existence and uniqueness of gradient flow solutions in the sense of Definition
(6.1.2) can be formulated in compact form, once again by combining the results in
[Bon11, CDFF+11].

Theorem 6.1.5 (Existence and uniqueness of gradient flows [Bon11, CDFF+11]).
Let W (x) = σ|x| with σ = ±1 and µ0 ∈ P2(R). Then, there exists a unique (global-
in-time) gradient flow solution for the functional W in the sense of Definition (6.1.2),
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such that limt→0 dW (µt, µ0) = 0. Moreover, for two given solutions νt and µt, the
following contraction property holds,

dW (νt, µt) ≤ dW (ν0, µ0). (6.8)

Moreover, for σ = −1, the solution µt is absolutely continuous with respect to the
Lebesgue measure for all t > 0.

Remark 6.1.6. We could have stated the above definition by requiring ∂0W[µt] to
be defined as in (6.7). The main result in [Bon11] on the repulsive case implies in
particular that µt is absolutely continuous respect to the Lebesgue measure, for all
t > 0 and for every inital µ0. Therefore, the explicit expression of the subdifferential
can be used.
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6.2 L2 gradient flows

We now introduce the concept of L2 gradient flow in the cone of non-decreasing
functions. For this section we mainly refer to the following works [BBL05, Bon11,
Bre09, BGSW13, Bré73, LT04, NS09].

Definitions

Let us consider the Hilbert space L2((0, 1)) with norm ‖ · ‖, and the closed convex
cone of non-decreasing functions

K :=
{
f ∈ L2((0, 1)) | there exists g, an a.e. representative of f , such that

g(s) ≤ g(r) for all 0 < s ≤ r < 1} .

For a given µ ∈ P2(R), we define the cumulative distribution function Fµ(x) associated
to µ as

Fµ(x) := µ((−∞, x]).

Then, we set Xµ as the pseudo-inverse of the the distribution function Fµ(x).

Xµ(s) := inf{x : Fµ(x) > s}, s ∈ (0, 1).

We can invert the above formula, and pass from Xµ to Fµ, as follows

Fµ(x) =
ˆ 1

0
χ(−∞,x](Xµ(s))ds = |{Xµ(s) ≤ x}| . (6.9)

In particular, both Fµ and Xµ are right-continuous and non-decreasing. Now, given
a probability measure µ ∈ P(R) and its pseudo-inverse Xµ we have that

ˆ
R
ξ(x)dµ(x) =

ˆ 1

0
ξ(Xµ(s))ds,

for every bounded continuous function ξ. Moreover, for µ, ν ∈ P2(R), we can represent
the Wasserstein distance dW (µ, ν) as

d2
W (µ, ν) =

ˆ 1

0

∣∣Xµ(s)−Xν(s)
∣∣2ds, (6.10)

and the optimal plan is given by (Xµ(s)⊗Xν(s))#L, where L is the Lebesgue measure
on the interval [0, 1]. These properties prove that there exists a natural isometry
between P2(R) and K ⊂ L2([0, 1]), given by the mapping

P2(R) 3 µ 7→ Xµ ∈ K.
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Through this identification it is possible to pose equation (5.1) as a gradient flow
in L2 of a certain functional. In order to see that, let us first recall the following
elementary computation already present in [Bon11, LT04]. Let µt be a gradient flow
solution in the sense of Definition 6.1.2 with no atoms for all times t ≥ 0. Then,
it is straightforward to find the following integro-differential equation satisfied by
Xt := Xµt

∂tXt(s) = −σ
ˆ 1

0
sign(Xt(s)−Xt(z))dz, s ∈ [0, 1], t ≥ 0.

In order to give a meaning to the previous equation in case Xt has atoms, we have to
define W ′ at zero. We assume henceforth that W ′(0) = 0.

In order to detect a gradient flow structure in L2 for our equation (5.1), we should
writeW[µ] in terms of the pseudo-inverse variableXµ. However, we have to make sure
that the flow remains in the convex set K. This procedure is reminiscent of [Bre09],
see also [BBL05]. Hence, the correct choice for the functional is the following. For a
given X ∈ L2, we set

W (X) = 1
2

ˆ 1

0

ˆ 1

0
W (X(z)−X(ζ))dζdz,

IK(X) =
{

0 if X ∈ K,
+∞ otherwise,

W (X) = W (X) + IK(X). (6.11)

The functional IK is called the indicator function of K. Since the set K is convex,
IK is a convex functional. We know that, for a given proper and convex functional
F on L2((0, 1)), the subdifferential of F at X ∈ L2([0, 1]) is defined as the set

∂F (X) =
{
Y ∈ L2((0, 1))

∣∣F (Z)−F (X) ≥
ˆ 1

0
Y (Z −X), for every Z

}
. (6.12)

We now state the definition of gradient flow solution in L2 for our problem.

Definition 6.2.1 (L2 gradient flow). Let W (x) = σ|x| with σ ∈ {−1, 1}. An abso-
lutely continuous curve Xt ∈ L2 is an L2 gradient flow for the functional W defined
in (6.11) if it satisfies the differential inclusion

− d

dt
Xt ∈ ∂W (Xt), for a.e. t > 0. (6.13)

Convexity, subdifferential, existence and uniqueness
The subdifferential of the functional IK is characterized in the following proposition,
which collects classical results in convex analysis plus more recent results from Brenier,
Gangbo, Natile, Savaré and Westdickenberg [BGSW13, NS09]. From now on, for a
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given element X ∈ L2(0, 1), we use the notation

ΩX = {s ∈ (0, 1) | X is constant a.e. in a neighborhood of s} , (6.14)

and note that ΩX can be written as a countable union of intervals, i.e. ΩX =
⋃
i Ii.

Proposition 6.2.2 ([BGSW13, NS09]). Let X ∈ K, and let ΩX be defined as in
(6.14). Let

NX = {Z ∈ C([0, 1]) | Z ≥ 0 and Z = 0 in [0, 1] \ ΩX} .

For a given Y ∈ L2([0, 1]), let

Y(s) =
ˆ s

0
Y (σ)dσ.

Then, we have
Y ∈ ∂IK(X) ⇔ Y ∈ NX .

In particular, if Y ∈ ∂IK(X), then{
Y = 0 a. e. in [0, 1] \ ΩX ,´ β
α
Y (s)ds = 0 for every connected component (α, β) of ΩX .

Let us now have a closer look at the functional W . When restricted to K, this
functional can actually be proven to be linear.

Proposition 6.2.3. Let X ∈ K. Then

W (X) = σ

ˆ 1

0
(2z − 1)X(z)dz.

Proof. We compute

W (X) = σ

2

ˆ 1

0

ˆ 1

0
|X(s)−X(z)|dzds

= σ

2

ˆ ˆ
X(s)≥X(z)

(X(s)−X(z))dzds− σ

2

ˆ ˆ
X(s)≤X(z)

(X(s)−X(z))dzds

= σ

ˆ ˆ
X(s)≥X(z)

(X(s)−X(z))dzds,

where we have used the symmetry of the two terms in the right hand side. Now, since
X is non-decreasing, the set {X(s) ≥ X(z)} can be written as

{X(s) ≥ X(z)} = {s ≥ z} ∪ {s ≤ z ≤ S(s)}, S(s) = sup{z ∈ [0, 1] | X(z) = X(s)},
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and since X(s) = X(z) on {s ≤ z ≤ S(s)}, we have

W (X) = σ

ˆ ˆ
s≥z

(X(s)−X(z))dzds = σ

[ˆ 1

0

ˆ s

0
X(s)dzds−

ˆ 1

0

ˆ 1

z

X(z)dsdz
]

= σ

[ˆ 1

0
sX(s)ds−

ˆ 1

0
(1− z)X(z)dz

]
= σ

ˆ 1

0
X(z)(2z − 1)dz.

An immediate consequence of Proposition 6.2.3 is the following

Proposition 6.2.4. The functional W defined in (6.11) is convex and lower semi-
continuous on L2([0, 1]).

Proof. The lower semi-continuity follows from the continuity of W and the closedness
of K. Let X0, X1 ∈ L2([0, 1]), and let Xt = (1 − t)X0 + tX1. If X0 ∈ L2([0, 1]) \ K,
then W (X0) = +∞ and the inequality

W (Xt) ≤ (1− t)W (X0) + tW (X1),

is trivially satisfied. The same holds if X1 ∈ L2([0, 1])\K. On the other hand, if both
X0, X1 ∈ K, then the above inequality is satisfied, since K is a convex set and W is
linear.

As another consequence of Proposition 6.2.3, we have the following

Proposition 6.2.5. Let X ∈ L2([0, 1]). Then, ∂W (X) 6= ∅ if and only if X ∈ K. In
that case,

∂W (X) 3 f(·), f(s) := σ(2s− 1), s ∈ (0, 1).

Moreover, if X ∈ K is strictly increasing, then ∂W (X) is single-valued and it therefore
consists only of the f defined above.

Proof. Assume X 6∈ K. Then, assuming the existence of Y ∈ ∂W (X), the subdiffer-
ential inequality cannot be satisfied for any Z ∈ K proving that ∂W (X) = ∅.

Let X ∈ K and Z ∈ L2((0, 1)). If Z 6∈ K, then the definition of subdifferential is
trivially satisfied. Assume then Z ∈ K and by Proposition 6.2.3

W (Z)−W (X) = σ

ˆ 1

0
(2s− 1)(Z(s)−X(s))ds.

Finally, assume that X ∈ K is strictly increasing. Suppose that there exists
g ∈ ∂W (X) with g 6= f on an interval I ⊂ (0, 1). Let us assume without restriction
that g > f on I. Since X is strictly increasing, there exists a X̄ ∈ K with X̄ = X on
[0, 1] \ I and X̄ > X on I. Therefore, we have

ˆ 1

0
g(s)(X̄ −X)ds =

ˆ
I

g(s)(X̄ −X)ds >
ˆ
I

f(s)(X̄ −X)ds
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=
ˆ 1

0
f(s)(X̄ −X)ds = W (X̄)−W (X),

where the last step follows by Proposition 6.2.3. Therefore, we have found an element
X̄ ∈ L2((0, 1)) such that

W (X̄)−W (X) <
ˆ 1

0
g(s)(X̄ −X)ds,

and this contradicts the fact that g ∈ ∂W (X). Therefore, f is the only element in
∂W (X).

As W is a convex and lower semi-continuous functional on a Hilbert space, the
classical theory of Brezis [Bré73] can be applied to prove existence of a unique solution
to (6.13). Since ∂W (X) is a closed convex set, it admits a unique element of minimal
norm, that we call the minimal subdifferential of W at X, and we denote by ∂0W (X).

Theorem 6.2.6 (Existence and uniqueness of L2 gradient flow). Let W (x) = σ|x|
with σ ∈ {−1, 1} and let X0 ∈ K. Then, there exists a unique gradient flow solution
Xt in the sense of Definition 6.2.1 with initial condition X0 and the minimal selection
of the subdifferential ∂W is achieved, i.e.,

− d

dt
Xt ∈ ∂0W (Xt), for a.e. t > 0.

In addition, given any two solutions X1
t and X2

t to (6.13) with initial data X1
0 and

X2
0 respectively, the following contraction property holds

‖X1
t −X2

t ‖ ≤ ‖X1
0 −X2

0‖, (6.15)

for all t ≥ 0. Moreover, for σ = −1, the solution Xt is strictly increasing.

We characterize the minimal subdifferential in both the attractive and the repuls-
ive case in the following theorem. As the subdifferential is single valued in case X is
strictly increasing, clearly we shall restrict to the case X ∈ K such that ΩX 6= ∅. It
should be noted that the mathematical structure coincides perfectly with the Wasser-
stein framework, a strong sign revealing the equivalence.

Theorem 6.2.7. Let X ∈ K and let W be as in (6.11). Let ΩX =
⋃
j∈J Ij with J

possibly empty, where Ij = (αj , βj) are ordered disjoint intervals. If σ = −1, then

∂0W (X)(s) = −2s+ 1, for all s ∈ [0, 1].

If σ = 1, then

∂0W (X)(s) =
{

2s− 1 if s ∈ [0, 1] \ ΩX ,
αj + βj − 1 if s ∈ Ij .

(6.16)
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The reader may be surprised by the term αj + βj − 1 that appears in the subdif-
ferential when σ = 1. In fact that term can be seen as 1

2 (2αj − 1) + 1
2 (2βj − 1), i.e.

the average of the subdifferential evaluated at the two extrema of the interval.

Proof. Let σ = −1. By additivity of the subdifferential, all the elements Y ∈ ∂W (X)
are of the form

Y (s) = −2s+ 1 + Z(s),

with Z ∈ L2([0, 1]) such that

Z(s) =
ˆ s

0
Z(σ)dσ,

satisfies Z ≥ 0 and Z = 0 in [0, 1] \ ΩX . Now, let us compute

‖Y ‖2L2 =
ˆ 1

0
(−2s+ 1 + Z(s))2ds

=
ˆ 1

0
(−2s+ 1)2ds+

ˆ 1

0
Z(s)2ds+ 2

ˆ 1

0
(−2s+ 1)Z(s)ds

=
ˆ 1

0
(−2s+ 1)2ds+

ˆ 1

0
Z(s)2ds+ [(−2s+ 1)Z(s)]s=1

s=0 + 4
ˆ 1

0
Z(s)ds.

Now, since s = 0 and s = 1 are not elements in ΩX , clearly we have Z(0) = Z(1) = 0.
Therefore, the boundary term above vanishes. All the other terms are non-negative,
and therefore the minimum of ‖Y ‖2L2 is achieved with Z ≡ 0.

Assume now σ = 1. Let us first check that ∂0W (X) defined in (6.16) belongs to
∂W (X). We have to check that

W (X̃)−W (X) ≥
ˆ 1

0
∂0W (X)(s)(X̃(s)−X(s))ds, ∀X̃ ∈ L2(0, 1).

Since the above inequality is trivially satisfied if X̃ 6∈ K, we can assume X̃ ∈ K and
use Proposition 6.2.3. We first assume X̃ ∈ C1. We have to check

ˆ 1

0
(2s− 1)(X̃(s)−X(s))ds ≥

ˆ 1

0
∂0W (X)(s)(X̃(s)−X(s))ds,

which, in view of (6.16), is equivalent to

∞∑
j=1

ˆ βj

αj

gj(s)(X̃(s)− xj)ds ≥ 0, (6.17)

where xi ≡ X|Ij , and defining yj = αj + βj − 1

gj(s) := 2s− 1− yj , for s ∈ (αj , βj).
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In order to prove (6.17), we first observe that

Gj(s) :=
ˆ s

αj

gj(σ)dσ, for s ∈ (αj , βj),

satisfies Gj(s) ≤ 0 on Ij and Gj(αj) = Gj(βj) = 0. Hence, since X̃ ∈ C1, we can
integrate by parts to obtain

ˆ βj

αj

gj(s)(X̃(s)− xj)ds =
[
Gj(s)(X̃(s)− xj)

]s=βj
s=αj

−
ˆ
Ij

Gj(s)X̃ ′(s)ds

= −
ˆ
Ij

Gj(s)X̃ ′(s)ds ≥ 0,

since X̃ ′ ≥ 0. The general case X̃ ∈ K can be easily obtained by approximation.

Now we have to check the minimality condition. As in the case σ = −1, we know
that all the elements Y ∈ ∂W (X) are of the form

Y (s) = 2s− 1 + Z(s),

with the same conditions on Z as in case σ = −1. Then, using the property of Z in
proposition 6.2.2, we get

‖Y ‖2L2 =
ˆ

[0,1]\ΩX
(2s− 1 + Z(s))2ds+

ˆ
ΩX

(2s− 1 + Z(s))2ds

=
ˆ

[0,1]\ΩX
(2s− 1)2ds+

ˆ
ΩX

(2s− 1 + Z(s))2ds.

Therefore, in order to achieve the minimal selection, we have to minimize
ˆ

ΩX
(2s− 1 + Z(s))2ds,

on the set of Z ∈ L2([0, 1]) such that

Z(s) =
ˆ s

0
Z(σ)dσ,

satisfies Z ≥ 0 and Z = 0 in [0, 1] \ΩX . Notice in particular that Z has to satisfy the
constraint

´
Ij
Z(s)ds = 0. Therefore, the minimal selection for

´
Ij

(2s− 1 + Z(s))2ds

should be sought in the class
´
Ij

(2s−1+Z(s))ds = yj(βj−αj). The previous equality
holds because of the following formula: yj = 1

βj−αj

´
Ij

(2s− 1)ds. A direct argument
in the minimization of the L2 norm gives that the minimizer should be constant on
Ij , with the constant being given by yj . This gives

Z(s) = yj − 2s+ 1, on Ij ,
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and the assertion is proven.

The result in Theorem 6.2.7 allows to provide an explicit formula for the unique
gradient flow solution provided in Theorem 6.2.6 in the repulsive case, and a more
refined formula for the time derivative d

dtXt in the attractive case. The proof is an
elementary consequence of Theorem 6.2.7, and is therefore omitted.

Theorem 6.2.8. Let X0 ∈ K. If σ = −1, then, the unique gradient flow solution Xt

in the sense of Definition 6.2.1 with initial condition X0 satisfies

Xt(s) = X0(s) + t(2s− 1),

for all s ∈ [0, 1] and t ≥ 0. If σ = 1, given

ΩXt =
+∞⋃
j=1

(αj(t), βj(t)),

then Xt satisfies, for a.e. t > 0,

− d

dt
Xt(s) =

{
2s− 1 if s ∈ [0, 1] \ ΩXt ,
αj(t) + βj(t)− 1 if s ∈ (αj(t), βj(t)).
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6.3 Entropy solutions
This section is a short summary of the the complete theory presented in [Eva98].

Definitions and results
We now turn our attention to the cumulative distribution variable

F (x, t) := µt((−∞, x]) =
ˆ x

−∞
dµt(y),

where µt is a Wasserstein gradient flow in the sense of Definition 6.1.2. Assume for
simplicity that µt = ρL, and that ρ(·, t) is compactly supported. Then,

∂tF =
ˆ x

−∞
∂tρt(x)dx = σ∂xF

ˆ +∞

−∞
sign(x− y)ρ(y, t)dy

= σ∂xF

(ˆ x

−∞
ρ(y, t)dy −

ˆ +∞

x

ρ(y, t)dy
)

= σ∂xF (2F − 1)

= σ∂x(F 2 − F ),

hence F satisfies the scalar conservation law

∂tF + ∂xg(F ) = 0 with g(F ) = σF (1− F ) and σ ∈ {−1, 1}. (6.18)

As shock waves (discontinuities) may appear in finite time, a concept of weak solution
is needed. As more than one weak solution may arise with the same initial condition,
the concept of entropy solution [Ole63] is needed, in order to select admissible shock
waves.

Definition 6.3.1 (Entropy solution). Let g be as in (6.18), and let F0 ∈ L∞(R) be a
non-decreasing function. A function F ∈ L∞([0,+∞)× R) is called entropy solution
if it is a solution of the following initial value problem{

∂tF + ∂xg(F ) = 0 in D′((0,+∞)× R),
F = F0 on R× (t = 0).

(6.19)

and if, in the case σ = −1 (i.e. g convex), it satisfies the Oleinik condition:

F (x+ z, t)− F (x, t) ≤ C

t
z, (6.20)

for some constant C ≥ 0 and a.e. x ∈ R, z, t > 0.

Notice that no Oleinik condition [Ole63] is needed if σ = 1, as decreasing (non
entropic) jumps are excluded a-priori since our solutions are non decreasing. The
existence and uniqueness of an entropy solution to (6.19) is guaranteed by the classical
result in [Ole63], see also [Kru70].
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Theorem 6.3.2 (Existence and uniqueness of L∞ entropy solutions). Let g be as
in (6.18), and let F0 ∈ L∞(R) non-decreasing. Then, there exists a unique entropy
solution in the sense of Definition 6.3.1 with initial condition F0. Moreover, let
F0, F1 ∈ L∞(R) with F0 − F1 ∈ L1(R). Then, the two entropy solutions F0(·, t) and
F1(·, t) with initial conditions F0 and F1 respectively satisfy the contraction property

‖F0(·, t)− F1(·, t)‖L1(R) ≤ ‖F0(·, 0)− F1(·, 0)‖L1(R). (6.21)

The contraction result of Theorem 6.3.2 was originally proven in [Kru69], and is
well explained also in [Ser99, Proposition 2.3.6].

Remark 6.3.3. Clearly, when F0 is the cumulative distribution of a probability
measure F0(x) = Fµ0(x) =

´ x
−∞ dµ0(x), then F0 is non-decreasing on R. It can

be proven by means of classical results on the Burgers’ equation that F (·, t) is non
decreasing for all times t ≥ 0. More precisely, one can express the unique entropy
solution via the Lax-Oleinik formula, cf. e.g. [Eva98, Section 3.4.2], and use the
monotonicity of g′ to prove the assertion. Since we will obtain the same property as
a by-product of our results, we skip the details at this stage.

For future use, we recall the notion of Riemann problem for (6.18). A Riemann
problem is an initial value problem (6.19) with initial condition

F0(x) =
{
FL if x < 0,
FR if x > 0,

(6.22)

with FL < FR. The solution to the Riemann problem in this case depends on the sign
of σ. If σ = 1, then the flux g is concave, therefore increasing shocks are admissible.
On the other hand, if σ = −1, then the flux g is convex, and increasing shock are
not admissible, and the initial discontinuity in the Riemann problem is solved by a
rarefaction wave. More precisely, the solution to (6.22) in the case σ = 1 is given by

F (x, t) =
{
FL if x < (1− (FR + FL))t,
FR if x > (1− (FR + FL))t.

We recall that the speed of propagation of the shock wave between FL and FR is
obtained via the Rankine-Hugoniot condition

ẋ(t) = g(FL)− g(FR)
FL − FR

. (6.23)

In the case σ = −1, the solution is given by

F (x, t) =


FL if x < (−1 + 2FL)t,
x+t
2t if (−1 + 2FL)t < x < (−1 + 2FR)t,
FR if x > (−1 + 2FR)t.
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Chapter 7

Results

7.1 Equivalence of the three notions of solutions

The following theorem is the main result of Part II.

Theorem 7.1.1 (Equivalence of the three solutions.). Let W (x) = σ|x| with σ ∈
{−1, 1}. Let µ0 ∈ P2(R). Let F0(x) = µ0((−∞, x]) and let X0 be the pseudo-inverse
of F0. Let g be defined as in (6.18). Let µt ∈ AC([0,+∞);P2(R)) be any curve.
Then, the following are equivalent:

(a) The curve µt is the unique gradient flow solution in the sense of Definition 6.1.2
with initial condition µ0.

(b) The curve F (x, t) = µt((−∞, x]) is the unique entropy solution in the sense of
Definition 6.3.1 with initial condition F0.

(c) The curve Xt(s) = inf{x|F (x, t) > s} is the unique L2 gradient flow in the
sense of Definition 6.2.1 with initial condition X0.

Proof. The proof is divided in two parts. In the first one we prove the equivalence
only for initial conditions involving finite sum of delta measures, considering the
attractive and the repulsive case separately. Then we prove the equivalence for any
initial condition with an approximation argument.

Step 1 - Finite combination of delta measures.
We first consider the class of initial conditions

µ0 =
N∑
j=1

mjδxj , 1 =
N∑
j=1

mj .

Let us set M0 = 0 and Mj =
∑j
k=1mk, for j = 1, . . . , N . In particular, we have
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Figure 7.1: X0 and F0 corresponding to a concentrated µ0.

MN = 1. We easily get (see the example in Figure 7.1)

F0 =
N∑
j=1

mjχ[xj ,+∞), X0 =
N∑
j=1

xjχ[Mj−1,Mj).

We now distinguish between the attractive and the repulsive case.

Attractive case. In the case σ = 1, we claim that the unique L2 gradient flow
solution in the sense of definition 6.2.1 with initial condition X0 is given by

Xt(s) =
N∑
j=1

xj(t)χ[Mj−1,Mj)(s),

with the xj ’s solving the particle system

ẋj(t) = −
∑

k: xj(t) 6=xk(t)

mjsign(xj(t)− xk(t)),

with the convention that sign(0) = 0, so particles can collide and stick together. The
proof of the claim is contained in Theorem 6.2.8, checking that the velocity of the
particles is ẋj = 1−αj − βj with a suitable choice of the αj and βj , see below. Now,
let F (x, t) =

´ 1
0 χ(−∞,x](Xt(s))ds. In [CDFF+11, Remark 2.10] it is proven that the

curve of probability measures µt = ∂xF (x, t) is the unique Wasserstein gradient flow
solution with initial condition µ0 in the sense of Definition 6.1.2. It remains to prove
that F (·, t) is an entropy solution with initial condition F0 in the sense of Definition
6.3.1. Let us first observe that in this case

F (x, t) = µt((−∞, x]) =
N∑
j=1

mjχ[xj(t),+∞)(x).

Hence, we only need to prove that all the shocks in F are admissible and that they
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satisfy the Rankine-Hugoniot condition (6.23). To see this, let us compute

ẋj(t) = 1−M−j (t)−M+
j (t),

M−j (t) :=
∑

xk(t)<xj(t)

mk, M+
j (t) :=

∑
xk(t)≤xj(t)

mk.

Clearly, the above identity yields

ẋj(t) = 1− F (xj(t)−, t)− F (xj(t)+, t) = g(F (xj(t)−, t))− g(F (xj(t)+, t))
F (xj(t)−, t)− F (xj(t)+, t) ,

which satisfies (6.23). The shocks are all admissible since they are increasing and g
is concave, thus αj = M−j and βj = M+

j .

Repulsive case. The proof in this case is more involved, since the initial Dirac
delta singularities are ‘smoothed’ out immediately after t = 0. On the other hand, in
this case we have the following explicit formula for the L2 gradient flow solution (see
Theorem 6.2.8)

Xt(s) = X0(s) + t(2s− 1). (7.1)

It is clear that Xt(·) has at most N points of discontinuity. Let us set, as in (6.9),

F (x, t) =
ˆ 1

0
χ(−∞,x](Xt(s))ds.

Let us first prove that F is a weak solution to the scalar conservation law (6.18). We
have to prove that F (x, t) solves, for all φ ∈ C∞c ([0,+∞)× R),

ˆ
R
F0φ0dx+

ˆ +∞

0

ˆ
R

[
F∂tφ+ (F 2 − F )∂xφ

]
dxdt = 0. (7.2)

Let us set J(t) = {x ∈ R | X(z, t) 6= x, for all z ∈ [0, 1]}, namely J(t) is the
complement of the image of Xt(·). Since Xt(·) has a finite number of jumps, J(t)
is the union of a finite number of disjoint open intervals. It is easily seen that F is
constant along each connected component of J(t). Now, let x ∈ (R \ J(t))◦. We have

∂xF (x, t) = (∂sXt)−1 (F (x, t)) = 1
2t , (7.3)

because Xt(·) is monotonic increasing on a small neighborhood of x. Therefore,
µt := ∂xF (x, t) is absolutely continuous for all t > 0 on each component of (R\J(t))◦.
Moreover, in a small neighborhood of x ∈ (R \ J(t))◦ we have

0 = d

dt
Xt(F (x, t)) = ∂tXt(F (x, t)) + ∂sXt(F (x, t))∂tF (x, t). (7.4)

Finally, let us notice that F (·, t) is absolutely continuous on R, and therefore it is
differentiable w.r.t. x almost everywhere, with µt = ∂xF (x, t) being a probability
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Figure 7.2: Profile of Ft and Xt at 0 = t0 (thick) < t1 (dashdotted) < t2 (dotted).

measure (see Figure 7.2 for the difference between attractive and repulsive case).
Then, for each φ ∈ C∞c we have

ˆ +∞

0

ˆ
R
∂xφ(F 2−F )dxdt = −

ˆ +∞

0

ˆ
R
φ(2F−1)∂xFdxdt = −

ˆ +∞

0

ˆ
R
φ(2F−1)dµdt

= −
ˆ +∞

0

ˆ 1

0
φ(Xt(s), t)(2s− 1)dsdt (7.1)= −

ˆ +∞

0

ˆ 1

0
φ(Xt(s), t)∂tXdsdt

= −
ˆ +∞

0

ˆ
J(t)c

φ(x, t) ∂tX|s=F (x,t) ∂xFdxdt,

Now we obtain that

∂tX|s=F (x,t) ∂xF
(7.4)= ∂tF ∂sX|s=F (x,t) ∂xF

(7.3)= ∂tF,

so

−
ˆ +∞

0

ˆ
J(t)c

φ(x, t) ∂tX|s=F (x,t) ∂xFdxdt

=
ˆ +∞

0

ˆ
J(t)c

φ(x, t)∂tFdxdt =
ˆ +∞

0

ˆ
R
φ(x, t)∂tFdxdt

= −
ˆ
R
φ0(x)F0(x)dx−

ˆ +∞

0

ˆ
R
∂tφFdxdt,

which proves the assertion (7.2).
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We next prove that F (x, t) satisfies the Oleinik condition (6.20).
Given any 0 ≤ s1 < s2 ≤ 1 we have that

Xt(s2)−Xt(s1) = X0(s2)−X0(s1) + 2t(s2 − s1),

implying that
s2 − s1 ≤

Xt(s2)−Xt(s1)
2t . (7.5)

From the definition of F in terms of his pseudo-inverse (6.9) we obtain that

F (x+ z, t)− F (x, t) =
ˆ 1

0
χ(x,x+z](Xt(s))ds = |{x < Xt(s) ≤ x+ z}| = s∗2 − s∗1,

where {
s∗2 = sup {s|Xt(s) ∈ (x, x+ z]} ,
s∗1 = inf {s|Xt(s) ∈ (x, x+ z]} .

Using (7.5) we deduce

F (x+ z, t)− F (x, t) = s∗2 − s∗1 ≤
Xt(s∗2)−Xt(s∗1)

2t ≤ x+ z − x
2t = z

2t .

and then the Oleinik condition (6.20) is satisfied.
We now prove that µt = ∂xF (x, t) is the solution of (5.1) satisfying (6.6).
Let us first see that µt is a weak measure solution of the continuity equation with the
velocity field v(x, t) = 2F −1. With Φ(x, t) ∈ C∞c ([0,+∞]×R), by direct integration
by parts we obtain
ˆ +∞

0

ˆ
R

(∂xΦ (2F − 1) + ∂tΦ) dµdt+
ˆ
R

Φ0dµ0

=
ˆ +∞

0

ˆ
R

(∂xΦ (2F − 1) + ∂tΦ) ∂xFdxdt+
ˆ
R

Φ0∂xF0dx

=
ˆ +∞

0

ˆ
R
∂xΦ ∂x(F 2 − F )dxdt+

ˆ +∞

0

ˆ
R
∂tΦ ∂xFdxdt+

ˆ
R

Φ0∂xF0dx

=−
ˆ +∞

0

ˆ
R
∂2
xΦ (F 2 − F )dxdt−

ˆ +∞

0

ˆ
R
∂t∂xΦFdxdt−

ˆ
R
∂xΦ0 F0dx.

Now, choosing φ = −∂xΦ, (7.2) implies that the previous equation is equal to
ˆ +∞

0

ˆ
R
∂xφ (F 2 − F )dxdt+

ˆ +∞

0

ˆ
R
∂tφFdxdt+

ˆ
R
φ0F0dx = 0,

and so µ(x, t) is a weak solution. The second condition (6.6) comes straightforwardly:

v(x, t) = (2F − 1) =
ˆ
x 6=y

sign(x− y)dµ(y, t) = −∂0W[µ]. (7.6)
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Step 2. General initial measure
Let µ0 ∈ P2(R) be a general initial condition. Define F0(x) := µ0((−∞, x]), and

let X0 be the pseudo-inverse of F0. We then denote by µt the unique Wasserstein
gradient flow solution to (5.1) with initial condition µ0, by F̃ (·, t) the unique entropy
solution to (6.18), and by X̃t the unique L2 gradient flow solution of (6.13). As usual
we set F (x, t) = µt((−∞, x]) and by Xt ∈ L2(0, 1) the pseudo-inverse of F (·, t).
We need to prove that F = F̃ and X = X̃.
Let µN0 ∈ P2(R) be a linear combination of Dirac Delta as in Step 1, such that
dW (µN0 , µ0) → 0 as N → +∞. Let us recall the definition of 1-Wasserstein distance
between ν1, ν2 ∈ P2(R), with Fi(x) = νi((−∞, x]),

dW,1(ν1, ν2) = inf
{ˆ

R×R
|x− y|dγ(x, y), γ ∈ Γ(ν1, ν2)

}
= ‖F1 − F2‖L1(R).

For ν1, ν2 ∈ P2(R) it is immediately seen that dW,1(ν1, ν2) ≤ dW (ν1, ν2).
Let FN0 (x) = µN0 ((−∞, x]) and FN (·, t) be the unique entropy solution to (6.18) with
initial condition FN0 . Let XN

0 be the pseudo-inverse of FN0 and let XN
t be the unique

L2 gradient flow solution to (6.13) with initial condition XN
0 . Due to (6.8), we have

for all t ≥ 0

‖F (·, t)− FN (·, t)‖L1 = dW,1(µt, µNt ) ≤ dW (µt, µNt ) ≤ dW (µ0, µ
N
0 ),

where the last term dW (µ0, µ
N
0 )→ 0 as N →∞. Moreover, from the L1 contraction

(6.21) in theorem 6.3.2 we get

‖F̃ (·, t)− FN (·, t)‖L1 ≤ ‖F0 − FN0 ‖L1 → 0 as N → +∞.

By uniqueness of the limit, F̃ ≡ F for all t ≥ 0. Similarly, from the definition of dW
(6.10) and the dW contraction (6.8) in theorem 6.1.5, we get

‖Xt −XN
t ‖L2 = dW (µt, µNt ) ≤ dW (µ0, µ

N
0 ) → 0 as N → +∞.

Finally, from (6.15) we get

‖X̃t −XN
t ‖L2 ≤ ‖X0 −XN

0 ‖L2 = dW (µ0, µ
N
0 ) → 0 as N → +∞,

and the assertion follows.
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7.2 Particle approximation

A clear distinction between the attractive case σ = 1 and the repulsive case σ = −1 is
that the former case allows for atomic measure solutions as a special case of gradient
flow solutions, whereas this is not possible in the latter case. More precisely, in the
attractive case, assuming

µ0 =
N∑
j=1

mjδxj , (7.7)

as in Step 1 of Theorem 7.1.1, if the vector (xj(t))Nj=1 is the (unique) solution to the
particle system

ẋj(t) = −
N∑
k=1

mksign(xj(t)− xk(t)), (sign(0) = 0),

then, as we proved in Theorem 7.1.1, the empirical measure µt =
∑N
j=1mjδxj(t) is

the unique gradient flow of W with σ = 1 with initial condition µ0. By the stability
property (6.8) then allows any gradient flow solution µt to be approximated by the
empirical measure of a finite number of particles, uniformly in time. Note that the
approximating empirical measures are exact solutions of the same problem.

On the other hand, in the repulsive case σ = −1 the proof of Theorem 7.1.1
shows that the unique gradient flow µt of W with initial condition µ0 as in (7.7)
is the x-derivative of a continuous piecewise linear function F (·, t) consisting of N
rarefaction waves. Hence µt is absolutely continuous with respect to the Lebesgue
measure. Therefore, in the repulsive case the approximation of an arbitrary gradient
flow solution by a finite number of moving deltas is not as simple as in the attractive
case. In the next theorem we provide a solution to such problem, which was recently
addressed also in [CCH14] for a class of singular interaction potentials in many space
dimensions. In our specific case, it turns out that the particle approximation for (5.1)
is equivalent to the convergence of the so called wave front tracking scheme for the
scalar conservation law (6.18), see [Bre92, Daf72, DiP76].

In order to state the result we introduce some notation. For a given initial prob-
ability measure µ0 ∈ P(R) and a fixed positive integer N , we define inductively the
finite sequence {XN

j }Nj=1 as{
XN

1 = inf
{
x ∈ R : µ0((−∞, x)) > 1

2N
}

XN
j+1 = inf

{
x ∈ R : µ0([XN

j , x)) > 1
N

} j = 1, . . . , N − 1. (7.8)

Roughly speaking, we have divided the support of µ0 intoN sets on which µ0 has equal
mass 1/N , and chosen the position XN

j to be an intermediate point of that interval.
Such a construction could be much easier in the case of µ0 with bounded support
(e.g. by assigning the position of each particle on the edge of each mass portion), but
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Figure 7.3: A pictorial view of the approximated problem with N = 4.

we choose this construction to include initial data with unbounded support. Next,
we define the empirical measure

µN0 =
N∑
j=1

1
N
δXN

j
.

We define the cumulative distribution function of µN0 as

FN0 =
N∑
j=1

1
N
χ[XN

j
,+∞).

We now introduce the approximated flux gN (F ), illustrated in Figure 7.3, as

gN (F ) =
N∑
j=1

N

[
g

(
j

N

)
− g

(
j − 1
N

)](
F − j − 1

N

)
χ[ jN ,

j−1
N )(F ).

Notice that gN is piecewise linear and convex on [0, 1]. We now define the approxim-
ating distribution FN (x, t) as the unique L∞ solution to

∂tF
N + ∂xg

N (FN ) = 0, (7.9)

with initial condition FN0 . Let µNt be the x-derivative in the sense of distributions of
the solution FN (x, t) of (7.9). The solution FN to (7.9) consists of exactly N shocks,
with constant velocities defined by the Rankine-Hugoniot condition

ẋj(t) = λj :=
g
(
j
N

)
− g

(
j−1
N

)
1
N

= (j − 1)
N

− (N − j)
N

, (7.10)

and with initial positions xj(0) = XN
j , as was first observed in [Bre92, Section 6]. We

have then the explicit formula for the shock curves

xj(t) = XN
j +

[
(j − 1)
N

− (N − j)
N

]
t,
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and the explicit formula for the solution FN is given by

FN (x, t) =
N−1∑
j=1

χ[xj(t),xj+1(t))(x) j
N

+ χ[xN (t),+∞)(x).

In the evolution of xj(t) the shocks do not cross each other, since λj < λk if j < k.
Also note that all the shocks have the same size in the jump, namely 1/N . This is
consistent with the fact that no shocks will appear in the continuum limit, as the flux
is convex. Moreover, the formula (7.10) shows that each discontinuity xj is driven by
a positive drift (j − 1)/N , which can be interpreted as a repulsive force against the
j−1 particles on its left, and a negative drift (N − j)/N , which accounts for a repuls-
ive force against the N − j particles on its right. Note that we introduced an ordering
between the particles; consider for example the situation where the starting point is
a single shock. At time t = 0 there is no notion of particles on the left/right but still
the evolution, according to the Rankine-Hugoniot condition, prescribes a velocity λj
to the j-th particle.

In the next Theorem we prove that the empirical measure µNt converges in the 2-
Wasserstein distance to the solution µt to the repulsive gradient flow. In the landscape
of conservation laws, this is equivalent to prove that FN (x, t) converges in some
sense to the cumulative distribution F (x, t) of µt (convergence in L1 of FN means
convergence in the 1-Wasserstein distance of µNt to µt). One way to perform this
task could then be using the same strategy of [Bre92, Daf72, DiP76], which relies on
providing BV estimates on FN . However, in our case we have explicit formulas for
µNt and µt, so the convergence can be checked directly.

Theorem 7.2.1 (Particle approximation in the repulsive case). Let µ0 ∈ P2(R), and
let µt be the unique gradient flow solution of W with σ = −1 with initial datum µ0.
For each N , let µNt be the empirical measure

µNt :=
N∑
j=1

1
N
δxN
j

(t),

with xNj satisfying, for j = 1, · · · , N ,

ẋNj (t) = 1
N

∑
k 6=j

sign(xNj (t)− xNk (t)) = 2j − 1−N
N

, xNj (0) = XN
j ,

where XN
j is defined in (7.8). Then, for all t ≥ 0, we have

lim
N→∞

dW (µNt , µt) = 0.

Proof. From a direct computation with pseudo inverses, we can easily check that the
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pseudo inverse variable XN
t related to the empirical measure µNt can be written as

XN
t (s) = XN

0 + fN (s)t,

with fN (s) = 2j−1−N
N for s ∈ [ j−1

N , jN ). Moreover, we recall that the pseudo inverse
Xt related to µt can be written as

Xt(s) = X0 + (2s− 1)t.

Therefore, we obtain that

d2
W (µt, µNt ) = ‖Xt −XN

t ‖2L2 =
ˆ 1

0

(
X0 + (2s− 1)t−XN

0 − fN (s)t
)2
ds

=
ˆ 1

0

(
X0 −XN

0
)2
ds+ 2t

ˆ 1

0

(
X0 −XN

0
) (

2s− 1− fN (s)
)
ds

+ t2
ˆ 1

0

(
2s− 1− fN (s)

)2
ds.

Combining the previous equality with the bound |2s− 1− fN (s)| ≤ 1
N and with the

convergence of XN
0 to X0 we conclude the proof.

Remark 7.2.2. In our construction we chose a specific way to approximate the
initial datum via a combination of deltas, namely by placing the particle at the
mid-mass-point (the ‘mass median’) in each interval. It can be easily checked that
such construction is not necessary, and the convergence result works for more general
approximation procedures for the initial datum.

154



Results-Part II The characterization of the subdifferential of W

7.3 The characterization of the subdifferential of W

Here we analyse the subdifferential of the functional W in the repulsive case, namely
with σ = −1. Let us remark here that this task is completely solved in the attractive
case in view of the results in [CDFF+11]. We will extensively use that

W[µ] = −1
2

ˆ
R×R
|x− y|dµ(x)dµ(y) = −

ˆ 1

0
Xµ(s)(2s− 1)ds. (7.11)

From Proposition 6.1.4 we have that, if we deal with a measure µ with no atoms, then
the subdifferential is characterized as follows

∂0W(µ) = −
ˆ
x 6=y

sign(x− y)dµ(y) =: k(x).

In the case that µ has concentrated mass, then the subdifferential is empty, as proven
in the following

Theorem 7.3.1. Let µ ∈ P2(R) and W (x) = −|x|. If there exists x ∈ R such that
µ({x}) > 0 then ∂W(µ) = ∅. Conversely, if µ({x}) = 0 for all x, then ∂0W, the
element of minimal norm, is

∂0W(µ) = −
ˆ
x6=y

sign(x− y) dµ(y).

Proof. The proof of the second statement can be found in [Bon11, Proposition 4.3.3].
We now prove the first statement. Assume that there exists x ∈ R such that
µ({x}) = a > 0. Then there exist 0 ≤ r1 < r2 ≤ 1 such that r2 = r1 + a, Xµ(s) ≡
x for every s ∈ [r1, r2]. We take r2 to be maximal and r1 minimal, i.e.,

for all δ > 0, Xµ(r2 + δ) > Xµ(r2−) and Xµ(r1 − δ) < Xµ(r1+). (7.12)

Assume that ∂W(µ) is not empty; let k ∈ L2(µ) be any element of ∂W(µ). For every
measure ν ∈ P2(R), we have

W[ν]−W[µ]−
ˆ
R×R

k(x)(y − x)dγ(x, y)

=
ˆ 1

0
(Xν(s)−Xµ(s)) (1− 2s− k(Xµ(s))) ds, (7.13)

since γ is the optimal plan as in (6.10) taking into account (7.11).
We will arrive to a contradiction by constructing sequences of νε, converging to µ in
dW as ε→ 0, leading to conditions on k that cannot be satisfied.
Given ε > 0 and 0 < η < a we define

δε := inf {θ ≥ 0|Xµ(r2 + θ) ≥ x+ ε} .
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It follows from (7.12) that δε → 0 as ε→ 0 with 0 ≤ δε < 1. Define ν by setting Xν

as follows:

Xν(s) :=
{
x+ ε if s ∈ [r2 − η, r2 + δε]
Xµ(s) otherwise.

By the definition of δε, this Xν is increasing and therefore ν is well-defined. Although
ν depends on ε, we do not indicate this to alleviate the notation. We calculate

d2
W (µ, ν) =

ˆ 1

0
|Xµ(s)−Xν(s)|2 ds =

ˆ r2+δε

r2−η
|Xµ(s)−Xν(s)|2 ds,

implying that d2
W (µ, ν) ∈ [ε2η, ε2(η + 1)]. Therefore, from (7.13) we deduce that

W[ν]−W[µ]−
ˆ
R×R

k(x)(y − x) dγ(x, y)

=
ˆ r2

r2−η
ε (1− 2s− k(x)) ds+

ˆ r2+δε

r2

(x+ ε−Xµ(s)) (1− 2s− k(Xµ(s))) ds.

We estimate the last term by
ˆ r2+δε

r2

|x+ ε−Xµ(s)| |1− 2s− k(Xµ(s))| ds ≤ ε
ˆ r2+δε

r2

|1− 2s− k(Xµ(s))| ds

≤ εδε + ε

ˆ r2+δε

r2

|k(Xµ(s))|ds ≤ ε
(
δε +

√
δε‖k‖L2(µ)

)
.

In order for k to satisfy (6.5), it is therefore necessary that
ˆ r2

r2−η
(1− 2s− k(x)) ds = η(1 + η − 2r2 − k(x)) ≥ δε +

√
δε‖k‖L2(µ),

which implies k(x) ≤ 1− 2r2 + η. Note that this inequality applies for each choice of
0 < η < a, and therefore we find that k(x) ≤ 1−2r2. By repeating the argument for a
similar interval [r1− δ̃ε, r1 + η] we find a similar bound on k(x) from below. Together
these inequalities read 1 − 2r1 ≤ k(x) ≤ 1 − 2r2. Since r2 > r1, it is impossible to
satisfy both inequalities simultaneously, and we therefore find a contradiction.

Extended subdifferential

Let us recall the notion of extended subdifferential, more details can be found in
[AGS08, Chapter 10]. We define the set of optimal 3-plans Γ0(µ, µ3), for µ ∈ P2(R×
R) and µ3 ∈ P2(R), as follows: γ ∈ Γ0(µ, µ3) if and only if (π1,3)#γ ∈ Γ0((π1)#µ, µ3).
Here π1,3 is the projection of R× R× R onto the first and third components.

Definition 7.3.2 (Extended Fréchet subdifferential). Let φ : P2(R) → (−∞,+∞]
be proper and lower semi-continuous, and let µ ∈ D(φ). We say that γ ∈ P2(R× R)
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belongs to the extended Frechét subdifferential ∂φ(µ) if (π1)#γ = µ and for every
ν ∈ P2(R) we have that

φ(ν)− φ(µ) ≥ inf
µ∈Γ0(γ,ν)

ˆ
R×R×R

x2(x3 − x1)dµ(x1, x2, x3).

The above definition is suitable in view of [AGS08, Theorem 10.3.6].
Assume (Id ⊗ T )#µ ∈ Γ0(µ, ν), with ν = T#µ, which means that T is an optimal
map between µ and ν. Then, for each element k of the Fréchet subdifferential we
can construct an element of the extended subdifferential through the formula µ =
(Id ⊗ k ⊗ T )#µ. In [AGS08, Chapter 10] the authors prove the existence of an
element of the extended subdifferential for a wide class of functionals called ‘regular’
functionals. Such element may be not an element of the standard subdifferential,
which may indeed be empty as in the present case. It is important to notice that,
when µ is absolutely continuous w.r.t. the Lebesgue measure, then k ∈ L2(µ) belongs
to the Fréchet subdifferential ∂W(µ) if and only if

γ = (Id⊗ k)#µ ∈ ∂W(µ),

in fact Γ0(γ, ν) is known in this case and it contains the unique element µ = (Id ⊗
k ⊗ tνµ)#µ, for a more detailed discussion we refer to [AGS08, Chapter 10].

Thanks to the following closure property given by Lemma 10.3.8 from [AGS08],
we will be able to characterise the subdifferential. First we define for γ ∈ P2(R× R)
its related j-2nd moment

|γ|2j :=
ˆ
R2
|xj |2dγ(x1, x2), j = 1, 2.

Lemma 7.3.3 (Closure of the subdifferential). Let φ : P2(R) → (−∞,+∞] be
geodesically convex and lower semi-continuous. If

γh ∈ ∂φ(µh), µh → µ in P2(R), µ ∈ D(φ),
sup
h
|γh|2 < +∞, γh → γ in P2(R× R),

then γ ∈ ∂φ(µ).

In the following we will use that a measure µ0 can always be written as µ0 =
ν +

∑
i∈I miδxi with ν({x}) = 0 for every x ∈ R for a index set I finite or countable.

We define αi and βi := αi +mi such that Xµ0 = xi on (αi, βi). We can now state the
following:

Proposition 7.3.4. Given the functional W and a measure P2(R) 3 µ0 = ν +∑
i∈I miδxi , for some finite or countable I and with ν({x}) = 0 for every x ∈ R,

then, defining ∆i = [2αi − 1, 2βi − 1], χ∆i
the characteristic function of the interval
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x

µ(x, t)
δx0

x0

γ(x, y, t)

x

y

1

−1

x0

Figure 7.4: A pictorial view of γ for µ(x, t) at t0 (thick) < t1 (dashed) < t2 (dotted).

∆i, Id the identity map and k0(x) := 2F0(x)− 1 the plan

γ =
∑
i∈I

1
2δxi ⊗ χ∆i

+ (Id⊗ k0)#ν, (7.14)

is the unique element of minimal norm in ∂W(µ0).

Proof. Let µt be the Wasserstein gradient flow solution ofW(µ) with σ = −1 starting
from µ0; µt is absolutely continuous for t > 0 as we remarked in Section 7.2.
By Theorem 7.3.1, for t > 0 the extended subdifferential is therefore

γt = (Id⊗ kt)#µt with kt(x) = 2Ft(x)− 1, (7.15)

writing Ft for the cumulative distribution function of µt as above.
We apply Lemma 7.3.3 to the sequences µt and γt as t→ 0.
First note that for every test function φ ∈ Cb(R2), by the absolute continuity of µt
(see Theorem 6.1.5) and the property that F (X(s)) = s when the corresponding µ is
absolutely continuous, we have that

ˆ
R2
φ(x, y) dγt(x, y) =

ˆ
R
φ(x, 2Ft(x)− 1) dµt(x) =

ˆ 1

0
φ(Xt(s), 2s− 1) ds.

We define γ through the limit of this expression as t → 0, i.e. so that, taking the
limit for t→ 0, which we can calculate explicitly by,

ˆ
R2
φ(x, y)dγ(x, y) := lim

t→0

ˆ 1

0
φ(Xt(s), 2s− 1)ds =

ˆ 1

0
φ(X0(s), 2s− 1)ds.

First note that γt → γ not only narrowly on R×R—by construction—but also in the
Wasserstein metric on R× R, i.e. in P2(R× R), since the second moments of γt also
converge (see Figure 7.4 for an illustration).
Next we characterize γ in the following way. Set ΩX :=

⋃
i∈I(αi, βi) and then set
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Y := [0, 1] \ ΩX . Writing
ˆ 1

0
φ(X0(s), 2s− 1) ds =

ˆ
ΩX

φ(X0(s), 2s− 1) ds+
ˆ
Y

φ(X0(s), 2s− 1) ds,

the second term can be written as
ˆ
Y

φ(X0(s), 2s− 1) ds =
ˆ
R2
φ(x, y) d(Id⊗ k0)#ν(x, y), with k0(x) = 2F0(x)− 1,

and the first as

ˆ
ΩX

φ(X0(s), 2s− 1) ds =
∑
i∈I

ˆ βi

αi

φ(xi, 2s− 1) ds

=
∑
i∈I

1
2

ˆ 2βi−1

2αi−1
φ(xi, s′) ds′ =

∑
i∈I

ˆ
R
φ(x, y) d

(
1
2δxi(x)⊗ χ∆i

(y)
)
.

Therefore γ has the form (7.14). We can directly calculate the norm of γ

|γ|22 =
ˆ 1

0
(2s− 1)2ds = 1

3 .

It is easy to check with (7.15) that |∂W|2(µt) = 1
3 . Since the slope is non increasing

along solutions we conclude that |∂W|2(µ0) ≥ 1
3 proving the minimality of γ.

Remark 7.3.5. We have that the concept of extended subdifferential is absolutely
needed in the repulsive case when dealing with Dirac delta measures. Moreover we
just proved that D(∂W) is the whole P2(R).
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7.4 Discussion

The results presented before create a connection between two systems that are in-
dividually well-studied but are often considered completely separate: the entropy-
solution interpretation of conservation laws on one hand and the metric-space gradi-
ent flows on the other. For both systems, smooth solutions are unique and reversible
in time, but for non-smooth solutions both the uniqueness and the reversibility break
down—and these two issues are strongly connected through the concept of informa-
tion loss.

It is intriguing to see that the gradient-flow concept singles out the same solution
as the Oleinik-Kružkov entropy condition, thereby distinguishing the solution from
other types with ‘non-classical’ shocks. When dealing with the attractive case, the
Rankine-Hugoniot condition uniquely characterizes shocks by our choice of increasing
initial conditions. But in the repulsive case non-entropic shocks can occur, and we
recover uniqueness with the Oleinik entropy condition. The non-uniqueness for the
conservation law is translated into non-uniqueness for (5.1), in a one-to-one corres-
pondence, where persistence vs. spreading of a shock translates into persistence vs.
spreading of a Dirac delta measure.

The question naturally arises how the gradient-flow concept embodies the same
selection criterion as the entropy condition. Or, to phrase it differently, since both
solution concepts lead to non-reversibility in time, how does this non-reversibility
arise? One way to see this is the fact that both solution concepts contain a specific
inequality. In the Burgers’ equation the inequality is explicitly given in the definition
(see (6.20)); in the gradient-flow solution the inequality lies in the fact that solutions
are curves of steepest descent. Since forward-time and backward-time evolutions differ
by the sign of the functional, the condition of steepest descent distinguishes between
the two.

In the case of the gradient-flow concept, the non-reversibility seems tightly con-
nected to the Fréchet subdifferential and the metric slope at any given time. In the
attractive case and for purely atomic initial data, the metric slope has a decreasing
jump at each collision time between two particles. This is how the irreversibility shows
in the system and it is determined by the element of minimal norm in the Fréchet
subdifferential. In the repulsive case, the Fréchet subdifferential for an initial data
with concentrated mass is empty, and thus the system chooses the velocity distribu-
tion for the concentrated mass with uniform probability on the admissible velocity
range. This is expressed mathematically by the explicit formula of the element of
minimal norm in the extended subdifferential given in Proposition 7.3.4.

Finally, let us remark that this equivalence is very specific for the attractive/repuls-
ive Newtonian potentials in one dimension, since by integrating the nonlocal equation
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(5.1), we usually get a nonlocal conservation law except for W (x) = ±|x|. In other
words, the flux of the conservation law can only be expressed as an explicit function
of the cumulative distribution function for these two specific cases.
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Chapter 8

Introduction

Part III is devoted to the application of the minimising-movement framework
to the model introduced in [CG99] for the evolution of screw dislocations, under a
constraint given by modelling assumptions.

After a brief prologue on dislocations, in Section 8.1 we introduce the model from
[CG99], our modified setting. We then provide an intuitive example in Section 8.2
to illustrate the dynamics of screw dislocations. In Section 8.3 we introduce and
comment our result.

After introducing our notation in Section 9, we define precisely the minimising-
movement scheme (MMS) and describe the evolution model (8.3) in a variational
framework, the energy dissipation inequality (EDI), in Section 9.2. More details about
the general framework can be found in e.g. [AGS08, Mie14b]. Section 9.3 presents a
priori estimates which are required for the proof of Theorem 10.1.1.

Section 10.1 contains Theorem 10.1.1 and its proof, showing that the limit curve
provided by the minimising scheme satisfy the energy inequality. We conclude with
a discussion in Section 10.2.

8.1 The framework

Dislocations

Let us consider a small metallic wire held firmly at one end and applied with a trans-
versal force at the other end to generate deformation. If the force is small, the wire
will return to its initial position and this response is termed elastic behaviour. Con-
versely, if the magnitude of the force is large then the deformation will be permanent
and this response is termed plastic behaviour. What is the mechanism that generate

The contents of Part III concern joint work in progress with Patrick van Meurs and Marco
Morandotti.
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Figure 8.1: Pictorial representation of edge (above) and screw (below) dislocations.

this difference in response to the magnitude of the applied force?

If we investigate the microstructure of the steel wire, we will find that the atoms
are positioned with a crystal structure. But this structure is not perfect, defects are
present: the so called dislocations. They are responsible for the different behaviour.
Applying a strong force induces dislocations motion, forming a new and permanent
structure, giving rise to the macroscopic deformation.

We now descibe the two basic types of dislocations: edge and screw. As we
said, dislocations are defects in the crystallographic structure of the material. To get
an idea of edge dislocations, imagine to put an extra half-plane of atoms inside the
crystal lattice. For screw dislocations, imagine to cut and shift along a half-plane
of the crystal lattice. A pictorial idea of the two types of dislocation can be seen in
Figure 8.1. For more details we refer to [HL82, HB01].

Dynamics of screw dislocations

In this part of the thesis we study the evolution of a set of n screw dislocations,
that are constrained to move on glide directions. The glide directions are determ-
ined by those directions along which the atoms in the material are most densely
packed. For instance, for a cubic atomic lattice, there are four glide directions given
by {±e1,±e2} ⊂ S1 (ei being the standard basis vectors in R2), and for a body-
centred cubic or face-centred cubic lattice, there are six glide directions which span
the triangular grid of equilateral triangles. We consider a more general setting in
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which the set of N ∈ 2N glide directions is given by

G := {g1, . . . ,gN} ⊂ S1, (8.1)

which satisfies the basic properties

g ∈ G ⇒ −g ∈ G, and spanG = R2. (8.2)

The evolution of the n dislocations is assumed to be of a generalized gradient-flow
type, driven by an energy E(Z) of the n-position vector Z = (z1, · · · , zn). Following
the maximal-dissipation criterion proposed by [CG99], the screw dislocations are as-
sumed to move along that glide direction which minimizes the angle with the force
acting on the dislocation.

Under such an evolution concept, the velocity vector of any smooth solution
t 7→ Z(t) is aligned along one of the glide directions at each time t. It turns out
that generically, solutions of this type may not exist; this phenomenon is illustrated
in Example 8.2.1 below, and the simulations in [BFLM15, Sec. 4] confirm this obser-
vation. In order to obtain existence of solutions, one is forced to allow the motion
of dislocations along a direction different than any of the glide directions, called fine
cross-slip [CG99]. Fine cross-slip is known as ‘sliding motion’ in the theory of dis-
continuous differential equations (see e.g. [dBBCK08]). This leads us to the main
question in this chapter:

How does the evolution model in [CG99] connect to a different model
which confines dislocations to move along glide directions only?

The model in [CG99]
Before defining the evolution model which confines dislocations to move along glide
directions only, we introduce the time-continuous model in [CG99] in more detail.
Based on [CG99, (1.10)], in [BFLM15] the following differential inclusion is posed to
model the time-continuous dynamics of screw dislocations:

dzi
dt

(t) ∈ Fi(Z(t)), for all t ≥ 0, i = 1, . . . , n, (8.3)

where Z = (z1, . . . , zn)T ∈ Ωn denotes the positions of n screw dislocations (which
can be positive (bi = 1) or negative (bi = −1)) in a prescribed Lipschitz domain
Ω ⊂ R2. Fi(Z) is a multi-valued function which projects the force fi(Z) on the ith
dislocation onto the nearest glide direction. More precisely, we define the (nonlinear)
multi-valued projection operator PG : R2 → R2 by

PGξ :=
{

(g · ξ)g
∣∣∣g ∈ arg max

g̃∈G
g̃ · ξ

}
.

167



The framework Introduction-Part III

Then, Fi(Z) = coPGfi(Z), where co is the convex hull. The force fi(Z) = −∇ziE(Z)
is defined in [BM14, (3.2)], in which E takes the form

E(Z) := ϕ(Z) +
n∑
i=1

n∑
j=1
j 6=i

−bibj log |zi − zj |, (8.4)

where ϕ ∈ C∞(Ωn) (see [BM14, Lemma 5.1]) is bounded from above and satisfies
ϕ(Z)→ −∞ as dist(zi, ∂Ω)→ 0 for any i ∈ N. The logarithmic interaction potential
corresponds to the Peach-Köhler force induced by screw dislocations, and ϕ accounts
for the finite domain Ω being bounded with traction-free boundaries. For our purposes
it is enough to have E ∈ C1(Ωn \ S), where the set S of singular points is given by

Z ∈ S := ∂Ωn ∪
{
Z ∈ Ωn

∣∣∃ i 6= j : zi = zj
}
. (8.5)

In [BFLM15], local-in-time existence and uniqueness of solutions to (8.3) is proven
for suitable initial conditions. Here, a solution to (8.3) is defined to be an absolutely
continuous curve which satisfies (8.3) for a.e. t > 0. The proof of well-posedness in
[BFLM15] relies on the theory for differential inclusions developed by Filippov [FA88].

Next we discuss the result in [ADLGP15] in the context of our main question
above. In [ADLGP15] a fully atomistic model is considered to describe the energy for
a given configuration Z as a function of the atom spacing ε. The dynamics are defined
by imposing a dissipation potential which is the square of a norm which is minimal in
the glide directions. The main results concern the derivation of the effective energy
in the limit ε → 0 (which is also done in [ADLGP14]), and the passage to the limit
in the related minimising-movement scheme as the time step converges to 0. When
the dissipation is chosen to be the square of the crystalline norm given by

‖x‖ := inf
{
α+ β

∣∣ there exist α, β ≥ 0 and g, g̃ ∈ G such that x = αg + βg̃
}
, (8.6)

then the evolution (8.3) is obtained as a generalized gradient flow (see e.g. [Mie14b] or
Definition 9.2.1). While this result connects rigorously a detailed atomic description
of the dynamics of screw dislocations to the time-continuous evolution (8.3), it does
not answer our question above. Indeed, the dissipation in the atomic model is assumed
to be derived from a norm, by which dislocations are not confined to move along glide
directions.

Evolution constrained along G

To confine screw dislocations to move along glide directions only, we impose a discrete-
in-time evolution model as a minimising-movement scheme. The special feature of
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this scheme is that the related distance is replaced by a ‘quasi-distance’ D given by

d : R2 × R2 → [0,∞], d(x,y) :=
{
|x− y|, if x− y ∈ RG,
∞, otherwise,

(8.7)

D : (R2)n × (R2)n → [0,∞], D2(X,Y) :=
n∑
i=1

d2(xi,yi). (8.8)

Since d is only finite along glide directions, D violates the triangle inequality.
The minimising-movement scheme does not make sense for the energy E defined

in (8.4), because E is not bounded from below on the set S of singular points (8.5).
For this reason, we define a regularization of E as follows: for any ε > 0, we take
Eε ∈ C∞((R2)n) bounded from below, such that Eε = E on the closed set

Ωε :=
{
Z ∈ Ωn

∣∣ dist(Z, S) ≥ ε
}
.

To define the minimising-movement scheme, we take τ > 0 as the time step, T > 0
as the end time, and Z0 ∈ Ωn as the initial condition. A discrete-in-time solution
Zkτ ∈ Ωn at the time points tk = kτ is defined by

Zk+1
τ ∈ arg min

X∈(R2)n
Φ
(
Zkτ ,X, τ

)
, k = 0, . . . , dT/τe − 1,

Z0
τ = Z0,

(8.9)

in which the functional Φ is given by

Φ
(
X,Y, τ

)
:= D2(X,Y)

2τ + Eε(Y).

By the definition of D, dislocations are confined to move along one glide direction
only for each time step.
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8.2 Illustration of screw dislocation motion
Example 8.2.1 illustrates the evolution defined by (8.3). More involved examples
concerning interacting dislocations are given in [BFLM15].

Example 8.2.1. This example is based on [CG99, Figure 1]. We consider a single
screw dislocation in a medium Ω with glide directions given by G = {±e1,±e2} with
ei the standard unit vectors. We impose a continuous force field F : R2 → (0,∞)2.
We choose F such that the set {x ∈ R2 |F (x) // (e1 + e2)} equals the boundary of a
bounded domain F , in which F · e2 > F · e1, and outside of which F · e1 > F · e2. By
(8.3), the dislocation will move along e2 if it is inside F , and along e1 if it is outside
R2. We show trajectories of the dislocation for several initial conditions in Figure 8.2.
We limit our attention here to the direction of the movement and not its speed.

A

B
e2

e1

Figure 8.2: Typical setting of Example 8.2.1, along with a few trajectories of the
screw dislocation. The closed curve depicts the points x at which F (x) // (e1 + e2).

The interesting part of the dynamics is the behaviour of the dislocation at ∂F .
On ∂F the right-hand side of (8.3) is multi-valued. ∂F is called the ambiguity set.
We distinguish the following three types of ambiguity sets: sources (dotted line),
cross-slip (thin line), and fine cross-slip (thick line).

If the screw dislocation is at a cross-slip set (say at the left-lower part of Figure
8.2) at t = t1, then it can move in any direction θe1+(1−θ)e2 for θ ∈ [0, 1]. Whichever
direction is chosen, at t = t1 + ∆t the dislocation is inside F for any ∆t > 0 small
enough, and hence it will move in direction e2 as soon as it enters F .

Following a similar reasoning at an fine cross-slip set (say at the left-upper corner
of Figure 8.2), we conclude that a dislocation tends to move along an fine cross-slip
set. If it hits the end point A, it is at a cross-slip set again, and hence it will move
along direction e1.

Following a similar reasoning at a source set, we conclude that there the initial-
value problem may not have a unique solution. The word ‘source’ should be under-
stood here in the sense that time paths will never cross it.
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8.3 Result and comments
Our main result is Theorem 10.1.1. It provides an answer to our main question
showing that the constraints to evolve only along glide directions is compatible with
the evolution 8.10 with the convex hull. Theorem 10.1.1 states in what sense solutions
to the minimising-movement scheme (8.9) converge to a solution of

dzi
dt

(t) ∈ coPG
(
−∇ziEε(Z(t))

)
, for all t ∈ (0, T ], i = 1, . . . , n,

zi(0) = z0
i ,

(8.10)

as the time step τ → 0. By the definition of the regularization Eε, a solution of (8.10)
satisfies (8.3) on the time interval [0, Tε], where Tε is the time at which Z(t) leaves
the set Ωε, and ε > 0 can be chosen arbitrarily. We note that Tε is non-increasing as
a function of ε.

As a corollary of Theorem 10.1.1, we obtain existence of solutions to (8.3) up to
the first time at which either two dislocations annihilate, or when a dislocation leaves
the domain Ω. This generalizes the local-in-time well-posedness result of [BFLM15].
Theorem 10.1.1 also reveals how (8.3) can be written as a generalized gradient flow
(see Section 9.2). This gradient flow structure is also obtained in [ADLGP15, (3.11)].

Theorem 10.1.1 relies on our model of the maximal-dissipation criterion in terms
of the minimising-movement scheme (8.9). While the choice for the energy and dis-
sipation are straightforward, we wish to address a causality issue in our model (and
in general in the minimising movement scheme). At some time step tk = kτ it may
happen that the ith dislocation moves along a different glide direction than the one(s)
which minimize(s) g · ∇ziEε(Zkτ ). This means that our model allows for dislocation
movement along glide directions which do not maximize the dissipation at the time
point tk. From this point of view, it seems reasonable to consider, alternatively
to (8.9), a minimising-movement scheme which restricts dislocation movement along
glide directions g which maximize g ·∇ziE(Zkτ ). We comment on this in Section 10.2.

Theorem 10.1.1 is proved for all energies E ∈ C1((R2)n) ∩W 1,∞((R2)n). To the
best of our knowledge, Theorem 10.1.1 provides the first extension of the theory in
[AGS08, Chapter 2 and 3] to dissipations which are not related to a distance. We
wish to comment on further possible generalizations:

• It seems possible to extend Theorem 10.1.1 to higher dimensions for the particle
positions. The set of glide directions (or, more generally, glide planes of any
codimension) becomes more involved, but no serious difficulties are expected.
This extension of Theorem 10.1.1 is work in progress.

• Our proof of Theorem 10.1.1 heavily relies on the regularity of the energy E. In
view of the discontinuities in the projection operator PG , it seems reasonable to
require the force field −∇E to be continuous for (8.3) to be well-posed. Hence,
we do not aim to weaken the conditions on E.
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Chapter 9

Preliminaries

Notation
Here we list symbols and abbreviations that we use throughout this chapter:

|x| Euclidean norm
‖ · ‖ crystalline norm in R2 with respect to G, see equation (8.6)
‖ · ‖∗ dual norm of ‖ · ‖, see equation (9.3)
x // y x is parallel to y, i.e. x/|x| = y/|y|
co convex hull
d̂ metric induced by ‖ · ‖, see equation (9.10)
d ‘quasi-distance’, which is only finite along g ∈ G, see equation (8.8)
D̂ extension of the norm d̂ to (R2)n, see equation (9.10)
D extension of the ‘quasi-distance’ d to (R2)n, see equation (8.8)
E energy functional on (R2)n
EDI energy-dissipation inequality, see equation (9.13)
Φ functional to be minimized in the D-MMS, see equation (9.5)
g glide direction in S1

G set of all glide directions, see equation (8.2)
Λg cone around g, see equation (9.1)
MMS minimising-movement scheme, see equation (9.4)
τ size of the time step; τ > 0
Z particle positions; Z = (z1, . . . , zn)T ∈ (R2)n
Zkτ solution to the D-MMS at the kth time step, see equation (9.4)
Zτ step function related to (Zkτ )k; Zτ : [0, T ]→ (R2)n, see equation (9.6)
ZΓ
τ De Giorgi interpolant; ZΓ

τ : [0, T ]→ (R2)n, see equation (9.8)
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9.1 Glide directions
In this section we show several basic properties of the set of glide directions G defined
in (8.1) satisfying the basic properties (8.2). Figure 9.1 illustrates an example. As
a consequence of (8.2), the number of glide directions N ≥ 4 is even. As S1 has a
cyclic ordering, we assume g1, . . . ,gN to be ordered counter-clockwise, and we set for
convenience g0 := gN and gN+1 := g1. Then, we define the bisectors

g′i := gi + gi+1

|gi + gi+1|
∈ S1, i = 1, . . . , N.

We define Λgi as the cone spanned by the bisectors g′i−1,g′i surrounding gi, i.e.

Λgi :=
{
αg′i−1 + βg′i

∣∣α, β > 0
}
⊂ R2. (9.1)

As a consequence,

Λg =
{
x ∈ R2

∣∣g is the unique maximizer of g̃ · x for all g̃ ∈ G
}
. (9.2)

The set G induces the crystalline norm ‖ · ‖ given by (8.6). The unit ball of ‖ · ‖
is given by coG. The dual norm reads

‖x‖∗ := max
g∈G

g · x. (9.3)

S1

g4 g1

g5

g2

g3

g6
g′4

‖ · ‖ = 1

Λg1

Figure 9.1: Example of a set glide directions G satisfying (8.2). The figure also depicts
several related objects such as: the bisector g′4, the cone Λg1 , and the unit sphere of
the crystalline norm ‖ · ‖.
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9.2 MMS and EDI

We consider (R2)n as the state space equipped with the ‘quasi-distance’ D defined in
(8.8), and some E ∈ C1((R2)n)∩W 1,∞((R2)n) as the energy functional. We note that
this class of energy functionals includes the energy Eε introduced in Section 8.1 as a
regularization of the energy E (8.4) which describes the system of screw dislocations.
MMS: For a time step τ > 0, an initial condition Z0 ∈ (R2)n, and a set G of N glide
directions satisfying (8.2), we consider the D-MMS given by

Zk+1
τ ∈ arg min

X∈(R2)n
Φ
(
Zkτ ,X, τ

)
, k = 0, . . . , dT/τe − 1,

Z0
τ = Z0,

(9.4)

in which the functional Φ is given by

Φ : (R2)n × (R2)n × (0,∞)→ (−∞,∞], Φ
(
X,Y, τ

)
:= D2(X,Y)

2τ + E(Y).
(9.5)

The only difference with (8.9) is that we use the more general energy functional E.
Existence of a solution (Zkτ )k to (9.4) is guaranteed by E being bounded from below
and lower-semicontinuous. Uniqueness does not hold in general.

For any solution (Zkτ )k to (9.4) we define two interpolation curves as mappings
from [0, T ] to (R2)n. The first one is the piecewise constant interpolant

Zτ (t) := Zkτ for t ∈
(
(k − 1)τ, kτ

]
. (9.6)

The second one is a De Giorgi interpolant ZΓ
τ (t), which is defined as follows. For any

t ∈ [0, T ], let

kτ := dt/τe − 1, and note that t ∈ (τkτ , τ(kτ + 1)]. (9.7)

Let δ := t− τkτ ∈ (0, τ ], and finally

ZΓ
τ (t) ∈ arg min

X∈(R2)n
Φ(Zkττ ,X, δ). (9.8)

As δ ≤ τ , the following basic property (see the proof of [AGS08, Lemma 3.1.2]) holds

D
(
Zkττ ,ZΓ

τ (t)
)
≤ D

(
Zkττ ,Zτ (t)

)
= D

(
Zkττ ,Zkτ+1

τ

)
. (9.9)

The main challenge in passing to the limit τ → 0 in (9.6) is that D is not a metric.
If it would be a metric, the techniques in [AGS08, Chapter 2 and 3] would apply
directly. For this reason, it is useful to consider the largest metric d̂ which is smaller
than d. It is easy to see that d̂ is induced by the crystalline norm ‖ · ‖ on R2 defined
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in (8.6). We further set

d̂(x,y) := ‖x− y‖, D̂2(X,Y) :=
n∑
i=1

d̂2(xi,yi), (9.10)

We define the D̂-MMS, Φ̂, and Ẑkτ analogously to (9.4)-(9.5) by replacing D with D̂.
EDI: Now we introduce the energy-dissipation inequality (EDI). To this aim, we first
show that (8.3) can be written as a (generalized) gradient flow (cf. [Mie14b]).

Definition 9.2.1 (Generalized gradient flow). A triple (X , E ,R) is called a general-
ized gradient flow if

• the state space X is a smooth manifold;

• the energy functional E : X → (−∞,∞] is smooth enough for the subdifferential
D E(x) ∈ T ∗xX to be well-defined for all x ∈ Dom E ;

• the dissipation potential R : TX → [0,∞] is convex, lower semicontinuous, and
satisfies R(x, 0) = 0 for all x ∈ Dom E .

The related evolution is given by

ẋ ∈ DξR∗
(
x,−D E(x)

)
, in X for a.e. t ∈ (0, T ), (9.11)

where R∗(x, ·) is the Legendre transform of R(x, ·), and Dξ denotes the subdifferential
with respect to the second argument of R∗.

We consider the generalized gradient flow given by the triple ((R2)n, E,Ψ), where
Ψ is defined by its Legendre transform

ψ∗ : R2 → [0,∞), ψ∗(ξ) := 1
2‖ξ‖

2
∗,

Ψ∗ : (R2)n → [0,∞), Ψ∗(ξ) :=
n∑
i=1

ψ∗(ξi).
(9.12)

With this choice, we obtain (8.3) as the evolution (9.11) of the triple ((R2)n, E,Ψ).
This is easy to see after computing

D Ψ∗(ξ) = Dψ∗(ξ1)× . . .×Dψ∗(ξn) ⊂ (R2)n,

Dψ∗(ξ) =


0, if ξ = 0,{

(g · ξ)g
}
, if g ∈ G the unique maximizer of g · ξ,

co
{

(g′ · ξ)g′, (g′′ · ξ)g′′
}
, if

{
g′,g′′

}
= arg max

g∈G
g · ξ.

By the basic properties of the Legendre transform, we obtain

ψ(ẋ) = 1
2‖ẋ‖

2, Ψ(Ẋ) =
n∑
i=1

ψ(ẋi).
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We remark that by the Euclidean structure of (R2)n, we can identify the tangent
space and its dual at any X ∈ (R2)n with (R2)n. On the other hand, we do distinct
in our notation between particle positions X, velocities Ẋ, and forces ξ, because these
objects have a different interpretation. Likewise, we use the metric D̂ to measure the
distance between two particle configurations, ‖ · ‖ to measure velocities, and ‖ · ‖∗ to
measure forces.

The evolution can be written equivalently as a force balance or as a power balance.
An overview of these descriptions is given in [Mie14b]. By using that E ∈ C1((R2)n),
[Mie14b, Theorem 3.2] provides a fourth equivalent description of (9.11), called the
EDI. For ((R2)n, E,Ψ), the EDI reads

E(Z(T ))− E(Z(0)) +
ˆ T

0
Ψ
(
Ż(t)

)
+ Ψ∗

(
−∇E(Z(t))

)
dt ≤ 0. (9.13)

To define a solution concept for curves Z satisfying (9.13), we define the space
of absolutely continuous curves [AGS08, Def. 1.1.1]. For p ∈ [1,∞], we say that
X ∈ ACp(0, T ; (R2)n) if there exists an f ∈ Lp(0, T ) such that

∣∣X(s)−X(t)
∣∣
2 ≤
ˆ t

s

f(r) dr, for all 0 < s ≤ t < T. (9.14)

By [AGS08, Rem. 1.1.3], we have for X ∈ ACp(0, T ; (R2)n) that its derivative is
defined almost everywhere.

Definition 9.2.2 (Solution to EDI). A curve Z : (0, T )→ (R2)n is a solution to the
EDI if Z ∈ AC2(0, T ; (R2)n) satisfies (9.13).

The EDI can also be written in terms of the right metric derivative of Z(t) and
metric slope of E(Z(t)) (for the precise definition and basic properties, see e.g. [AGS08,
Chapter 1]). For our purposes it suffices to define them, with respect to the metric
D̂, respectively as

|Z′|D̂(t) := lim
s↓t

D̂
(
Z(s),Z(t)

)
s− t

, and |∂E|D̂(Z) := lim sup
X→Z

E(Z)− E(X)
D̂(X,Z)

. (9.15)

The right metric derivative and the metric slope with respect to the ‘quasi-distance’
D are defined analogously.

Lemma 9.3.1 and Lemma 9.3.2 contain the standard relation between Ψ–Ψ∗ and
the metric derivatives and slopes. Together they imply that the EDI (9.13) is equi-
valent to

E(Z(T ))− E(Z(0)) + 1
2

ˆ T

0
|Z′|2

D̂
(t) + |∂E|2

D̂
(Z(t)) dt ≤ 0. (9.16)

In addition, Lemma 9.3.2 guarantees equality of the slopes with respect to D and D̂.
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9.3 Basic estimates

In the following two lemmas we prove the relation between the couple Ψ–Ψ∗ and the
metric derivatives and slopes when related to D and D̂.

Lemma 9.3.1 (Relation between metric derivative and Ψ).
For any Z ∈ AC2([0, T ]; (R2)n

)
, it holds

1
2 |Z

′|2
D̂

(t) = Ψ
(
Ż(t)

)
, for a.e. t ∈ (0, T ).

Proof. Since d̂ is induced by the norm ‖ · ‖, it holds for a.e. t ∈ (0, T ) that

|Z′|2
D̂

(t) = lim
s↓t

n∑
i=1

∥∥zi(s)− zi(t)
∥∥2

(s− t)2 =
n∑
i=1

∥∥żi(t)∥∥2 = 2Ψ
(
Ż(t)

)
.

Lemma 9.3.2 (Equality of slopes). For E ∈ C1((R2)n), it holds

1
2 |∂E|

2
D = 1

2 |∂E|
2
D̂

= Ψ∗(∇E).

Proof. The second equality is given by [AGS08, Corollary 1.4.5]. For the first equality,
we have |∂E|D ≤ |∂E|D̂ by the definition of D and D̂. For the opposite inequality,
we observe

|∂E|D(X) = lim sup
Y→X

∇E(X) · (X−Y) + o
(
|X−Y|2

)
D(X,Y) . (9.17)

Next we are going to construct a particular sequence Yε → X as ε→ 0. Let

ḡi ∈ arg max
g∈G

[g · ∇iE(X)] , yεi := xi + ε [ḡi · ∇iE(X)] ḡi i = 1, . . . , n,

where ∇iE(X) := ∇xiE(X) ∈ R2. We note that, by definition of ‖ · ‖∗,

ḡi · ∇iE(X) = ‖∇iE(X)‖∗ =: ui.

Using the explicit sequence (Yε) in (9.17), we obtain that

|∂E|D(X) ≥ lim sup
ε→0

∑n
i=1
[
εuiḡi · ∇iE(X) + o(εui)

]
ε
(∑n

i=1 u
2
i

)1/2
= lim sup

ε→0

ε|u|22 + o
(
ε|u|2

)
ε|u|2

= |u|2 =
√

2Ψ∗(∇E(X)).
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Now we prove two critical estimates for the proof of Theorem 10.1.1.

Lemma 9.3.3 (Estimate on single time step MMS). Given an energy E such that
E ∈ C1((R2)n)∩W 1,∞((R2)n), there exists C > 0 such that for any τ > 0, X ∈ (R2)n
we have

D(X,Y) ≤ Cτ, and D̂(X, Ŷ) ≤ Cτ, (9.18)

where Y, Ŷ ∈ (R2)n are a minimizers of respectively Φ(X, ·, τ) and Φ̂(X, ·, τ).

Proof.

E (X) ≥ inf
Z∈(R2)n

[
D2 (X,Z)

2τ + E(Z)
]

= D2 (X,Y)
2τ + E (Y)

and hence, by Lipschitz continuity of E, we obtain (9.18) from

D2 (X,Y)
2τ ≤ E (X)− E (Y) ≤ CD (X,Y) .

Since the proof for D̂ is analogous, we omit it.

Lemma 9.3.4 (Bound on directional slope). Let E ∈ C1((R2)n) bounded from below,
X ∈ (R2)n, τ > 0, and Y ∈ arg min Φ(X, ·, τ). Then

D(X,Y)
τ

≥ sup
{

lim
Yε→Y

E(Y)− E(Yε)
D(Y,Yε)

∣∣∣∣ (yεi − xi) // (yi − xi) for all i = 1, . . . , n
}
.

Remark 9.3.5. Lemma 9.3.4 follows directly from the proof of Lemma 3.1.3] from
[AGS08]. We interpret the right-hand side of the inequality in Lemma 9.3.4 as a
‘directional slope’. It is clear from the definition of the slope (9.15) that the directional
slope is smaller than or equal to the ‘standard’ slope |∂E|D(Y).

In fact, [AGS08, Lemma 3.1.3] states that if D were a metric (i.e. satisfies the
triangle inequality), then a stronger inequality than the one in Lemma 9.3.4 would
hold, in which the right-hand side is replaced by |∂E|D(Y). Such a stronger inequality
is required in [AGS08] to prove convergence of the MMS to the EDI.

Since D is not a metric, we cannot apply this stronger inequality. It is not hard to
construct an example in which |∂E|D(Y) is indeed larger than the ‘directional’ slope.
The bulk of our proof of the main result (Theorem 10.1.1) concerns an alternative
argument to [AGS08, Lemma 3.1.3].
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Results

10.1 Convergence of the D-MMS to the EDI
Theorem 10.1.1. Let T > 0 be an end time, Z0 ∈ (R2)n an initial condition,
and E ∈ C1((R2)n) be an energy such that E and ∇E are bounded and uniformly
continuous. For any time step τ > 0, let (Zkτ )k∈N be a solution to the D-MMS
(9.4) and Zτ : [0, T ] → (R2)n the corresponding step function (9.6). Then, along a
subsequence of τ → 0, the curves Zτ (t) converge pointwise for all t ∈ [0, T ] to an
absolutely continuous curve Ẑ : [0, T ]→ (R2)n which satisfies the EDI (9.16).

Proof. We split the proof in four steps. In Step 1 we use a refined version of Ascoli-
Arzelà to identify the limiting curve Z̃ ∈ AC2([0, T ]; (R2)n) for a subsequence of Zτ
as τ → 0. Step 2 is a consequence of Step 1, in which we precisely state in what sense
the interpolants Zτ and ZΓ

τ (9.8) converge. Step 3 is the main novelty of this chapter,
in which we provide an alternative argument to [AGS08, Lemma 3.1.3] which allows
us in Step 4 to pass to the limit as τ → 0 to obtain that term in the EDI which is
related to the slope |∂E|D̂. In Remark 9.3.5 we discuss the relation between [AGS08,
Lemma 3.1.3] and the weaker result in Lemma 9.3.4.

Step 1: Compactness of the step functions Zτ .
We prove that Zτ converges point-wise in time along a subsequence to some

Z̃ ∈ AC2([0, T ]; (R2)n
)
.

[AGS08, Proposition 3.3.1] guarantees the existence of Z̃ ∈ C
(
[0, T ]; (R2)n

)
provided

that there exists a symmetric function ω ∈ [0, T ]2 → [0,∞) satisfying

lim sup
τ→0

D̂
(
Zτ (s),Zτ (t)

)
≤ ω(s, t) |s−t|→0−−−−−→ 0. (10.1)

We prove (10.1) by estimating D̂
(
Zτ (s),Zτ (t)

)
for arbitrary s, t ∈ [0, T ], where s ≤ t

without loss of generality. Let K = ds/τe and L = dt/τe, and note that s ∈ ((K −
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1)τ,Kτ ], t ∈ ((L− 1)τ, Lτ ]. Then by the definition of Zτ (9.6), we have Zτ (s) = ZKτ
and Zτ (t) = ZLτ , and we estimate

D̂
(
Zτ (s),Zτ (t)

)
= D̂

(
ZKτ ,ZLτ

)
≤

L−1∑
k=K

D̂
(
Zkτ ,Zk+1

τ

)
.

We continue the estimate by using Lemma 9.3.3 to obtain

D̂
(
Zτ (s),Zτ (t)

)
≤

L−1∑
k=K

Cτ = C(L−K)τ ≤ Cτ
(
dt/τe − ds/τe

)
≤ Cτ

(
t

τ
− s

τ
+ 1
)

= C(t− s) + Cτ, (10.2)

from which we conclude that (10.1) is satisfied for ω(s, t) = C|t − s|. In the sequel,
we proceed with the subsequence provided by [AGS08, Proposition 3.3.1] without
changing notation.

We prove that Z̃ is absolutely continuous by showing that (9.14) holds for some
constant function f . From Zτ (t)→ Z̃(t) for a.e. t ∈ (0, T ) and (10.2), we deduce that

D̂
(
Z̃(s), Z̃(t)

)
= lim
τ→0

D̂
(
Zτ (s),Zτ (t)

)
≤
ˆ t

s

C, for a.e. 0 < s < t < T. (10.3)

Since Z̃ is continuous, we conclude that (10.3) holds for all 0 ≤ s ≤ t ≤ T .

Step 2: Convergence of interpolants Zτ and ZΓ
τ (9.8).

We fix t ∈ [0, T ], and let kτ = dt/τe− 1 as in (9.7). The compactness result in Step 1
implies directly that D̂(Zτkτ+1, Z̃(t))→ 0 pointwise in t as τ → 0. Then from Lemma
9.3.3 and (9.9) we also have

D̂
(
Zkττ , Z̃(t)

)
+ D̂

(
ZΓ
τ (t), Z̃(t)

) τ→0−−−→ 0.

As a result of this and ∇E being continuous, we have that ∇E evaluated at Zkττ ,
Zkτ+1
τ and ZΓ

τ (t) converge to ∇E(Z̃(t)) as τ → 0.

Step 3: Convergence of directional derivative to slope.
We fix t ∈ [0, T ] arbitrary and set kτ as in (9.7). Let

GΓ =
{
gΓ

1 , . . . ,gΓ
n

}
∈ Gn such that gΓ

i //
[
ZΓ
τ (t)−Zkττ

]
i
for all i = 1, . . . , n. (10.4)

We prove in this step that

n∑
i=1

[
gΓ
i · ∇iE(ZΓ

τ (t))
]2 τ→0−−−→ |∂E|2

D̂
(Z̃(t)). (10.5)

From the proof of Lemma 9.3.2 and the definition of Ψ∗ (9.12), it follows that (10.5)
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is implied by the claim[
gΓ
i · ∇iE(ZΓ

τ (t))
]2 τ→0−−−→ max

g∈G

[
g · ∇iE(Z̃(t))

]2
, for all i = 1, . . . , n. (10.6)

For proving (10.6), we set ai := ∇iE(Z̃(t)) and gi as a minimizer of −g ·ai. If ai = 0,
then (10.6) follows directly from Step 2.

The main part of the proof of (10.6) for ai 6= 0 is to characterize GΓ. We recall
from (9.8) that

ZΓ
τ (t) ∈ arg min

X∈(R2)n

[
1
2δD

2(Zkττ ,X) + E(X)
]
, (10.7)

where δ = t− τkτ ∈ (0, τ ]. Since D is only finite on RG, we can restrict the minimiz-
ation over X = (x1, . . . ,xn)T to xi = zkτi,τ + αigi with αi ≥ 0 and gi ∈ G. Thanks to
Lemma 9.3.3 we can assume that αi ≤ Cδ. At the same time, we expand E(X) in a
Taylor-series around Zkττ . By these arguments, we rewrite the minimization problem
in 10.7 as

min
gi∈G

min
αi≥0

n∑
i=1

[
1
2δα

2
i + E(Zkττ ) + αigi · ∇iE(Zkττ ) + o(δ)

]
(10.8)

We recall from (10.7) that gΓ
i is a minimizer of this minimization problem. We

characterize this minimizer by solving (10.7) first under the assumption that o(δ) = 0.
Minimizing (10.8) over αi ≥ 0 yields

−δ2

n∑
i=1

(
min
gi∈G

gi · ∇iE(Zkττ )
)2

+ E(Zkττ ).

We treat the minimization within parentheses for each i = 1, . . . , n separately. For
convenience we drop the index i in our notation whenever possible. We split char-
acterizing gΓ in two cases: (i) −g · a has a unique minimizer g, and (ii) −g · a has
exactly two minimizer g1 and g2.

In case (i), it holds that a is an element of the cone Λg (9.1). Hence, there exists an
r > 0 such that B(a, r) ⊂⊂ Λg. Then, by Step 2, it holds that ∇iE(Zkττ ) ∈ B(a, r)
for all τ small enough. Hence, g is the unique minimizer of g · ∇iE(Zkττ ), and,
furthermore, there exist a c > 0 independent of τ such that(

min
g∈G\{g}

(g− g) · ∇iE(Zkττ )
)
≥ c > 0.

Hence, the minimizer of g · ∇iE(Zkττ ) is stable under perturbations of the form o(1),
and thus gi minimizes the term in square brackets in (10.8). Hence, gΓ

i = gi, from
which we conclude that (10.6) holds in case (i).

In case (ii), it holds that a is an element of the cone Λ spanned by g1 and g2. An
analogous argument as used in case (i) implies that g · ∇iE(Zkττ ) is minimized by g1
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or g2, and, furthermore, there exist a c > 0 independent of τ such that(
min

g∈G\{g1,g2}
(g− gj) · ∇iE(Zkττ )

)
≥ c > 0, for j = 1, 2.

Hence, either g1 or g2 minimizes the term in square brackets in (10.7). This implies
gΓ ∈ {g1,g2}, and (10.6) follows from the observation that

gj · ∇iE(ZΓ
τ (t)) τ→0−−−→ gj · a = min

g∈G
g · a, for j = 1, 2.

Step 4: Z̃ satisfies the EDI.
To simplify the proof, we assume that Zkτ and ZΓ

τ are uniquely defined by (9.4)
and (9.8). In the general case we should take into account the supremum and the
infimum ofD2(ZΓ

τ (t),Zkττ ) over all possible instances of ZΓ
τ (t). This is done in [AGS08,

Chapter 3], in which all equalities below become inequalities.
Following the lines of [AGS08, Theorem 3.1.4], we obtain for a fixed time step

τ > 0 that

D2 (Zkτ ,Zk+1
τ

)
2τ +

ˆ τ(k+1)

τk

D2(ZΓ
τ (t),Zkτ

)
2(t− τk)2 dt = E(Zkτ )− E(Zk+1

τ ),

for k = 0, . . . , dT/τe − 1.

Summation over k results in

dT/τe−1∑
k=0

D2(Zkτ ,Zk+1
τ )

2τ +
ˆ dT/τeτ

0

D2(ZΓ
τ (t),Zbt/τcτ

)
2(t− bt/τc τ)2 dt = E(Z0)−E

(
ZdT/τeτ

)
. (10.9)

Next we show how to pass to the limit in the terms of (10.9) as τ → 0. We set
kτ (t) = dt/τe−1 as in (9.7). By Step 2, the right-hand side of (10.9) converges to the
difference between the energy evaluated at Z̃(T ) and Z0. Regarding the first term in
the left-hand side of (10.9), we use the estimate [AGS08, (3.3.10)] to obtain that

lim inf
τ→0

τ

kτ (T )∑
k=0

D2(Zkτ ,Zk+1
τ )

2τ2 = lim inf
τ→0

ˆ dT/τeτ
0

D2(Zkτ (t)
τ ,Zkτ (t)+1

τ

)
2τ2 dt

≥ 1
2

ˆ T

0

∣∣Z̃′∣∣2
D̂

(t) dt.

We prove the convergence of the second term in the left-hand side of (10.9) as follows.
We fix t ∈ [0, T ] and τ > 0. We set GΓ as in (10.4) and ui := gΓ

i · ∇iE(ZΓ
τ (t)). We

obtain from Lemma 9.3.4 that

D
(
ZΓ
τ (t),Zkτ (t)

τ

)
t− τkτ (t) ≥ lim sup

ε→0

1
|ε|2

n∑
i=1

εigΓ
i · ∇iE(ZΓ

τ (t)) = lim sup
ε→0

ε · u
|ε|2

= |u|2.
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In Step 3 we prove that |u|22 → |∂E|2D̂(Z̃(t)) as τ → 0. Hence, by applying Fatou’s
Lemma, we obtain

lim inf
τ→0

1
2

ˆ T

0

D2(ZΓ
τ (t),Zbt/τcτ

)
(t− bt/τc τ)2 dt ≥ 1

2

ˆ T

0
|∂E|2

D̂

(
Z̃(t)

)
dt.

Combining the results above, we obtain after passing to the limit τ → 0 in (10.9)

1
2

ˆ T

0
|Z̃′|2

D̂
(t) dt+ 1

2

ˆ T

0
|∂E|2

D̂

(
Z̃(t)

)
dt ≤ E(Z0)− E(Z̃(T )),

from which we conclude by Lemma 9.3.1 and Lemma 9.3.2 that Z̃ satisfies the EDI.
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10.2 Final remarks
With Theorem 10.1.1 we proved that the time-continuous model in [CG99] can be
obtained as the limit the time-discrete D-MMS schemes when the time step converges
to 0. We would like to address a possible extension to Theorem 10.1.1 regarding an
explicit MMS scheme, and an open problem regarding annihilation of dislocations.

Explicit MMS scheme. As mentioned in Section 8.1, our model in terms of the
MMS (8.9) does not take the preferred glide direction(s) at the current time step into
account. This is due to the MMS being an implicit scheme. As a result, a different
glide direction than the one(s) preferred at the current time step might be chosen.

From a modelling point of view, it is therefore interesting to compare (8.9) to a
mixed explicit-implicit scheme given by

Z̃k+1
τ ∈ arg min

X∈(R2)n

{
Φ
(
Z̃kτ ,X, τ

) ∣∣∣∣∀ i :
xi − z̃ki,τ
|xi − z̃ki,τ |

∈ arg min
g∈G

g · ∇iEε(Z̃kτ )
}
, (10.10)

in which the glide direction is chosen such that it maximizes the dissipation at the
current time instance. We conjecture that a solution (Z̃kτ )k converges in the sense of
Theorem 10.1.1 as τ → 0 to a solution of (8.3). In fact, we expect the main part of
the proof (the analogous argument to Step 3 in the proof of Theorem 10.1.1) to be
easier, because (10.10) provides an explicit expression for the glide direction.

Annihilation in a variational framework. By regularizing the energy to prevent
the minimising-movement scheme in (8.9) to jump in the first time step to a state in
which the energy equals −∞, we remove the possibility for dislocations to annihilate
or to be absorbed at ∂Ω. This regularization of the energy is therefore artificial.
Indeed, the evolution defined by (8.3) can easily be modified to allow for annihilation;
whenever two dislocations annihilate (or one dislocation leaves the domain Ω), the
evolution can be restarted by removing the annihilated dislocations from the equation,
and taking the current positions of the other dislocations as the new initial condition.
This raises the following question: is it possible to modify the MMS to describe such
dynamics which allow for annihilation in a variational framework?

In [ADLGP14] the minimum in (8.9) is taken over a τ -independent neighbourhood
N of Zkτ . With this strategy, the energy does not need to be regularized, but the MMS
breaks down whenever the distance between opposite dislocations is in N .

One idea to make this approach work, is to make N dependent on τ , such that it
shrinks to a singleton as τ → 0, but at a slower rate than τ (e.g.

√
τ).

The main challenge is to treat the time step in which annihilation takes place.
From the procedure above, it seems reasonable to restart the MMS with a new energy
(consisting of fewer dislocations) while keeping fixed the positions of the dislocations
which were not annihilated. We expect that passing to the limit τ → 0, if possible,
requires serious modifications to the argument in [AGS08, Chapter 2 and 3].
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Discussion

Gradient flows is a vast topic, with different facets and aspects. In the work presented
in this thesis we analysed some of these. We started with generalised gradient flows
on R, examining how they are a bridge between rate-independent systems, quad-
ratic gradient flows and stochastic processes (Part I). In Part II we moved towards
Wasserstein gradient flows, now in the space of probability measures P2(R), and their
relationship with conservation laws. Part III concludes the tour, analysing a modified
minimising movement scheme for gradient flows, applied to the evolution of screw
dislocations.

We present a short review of the results obtained:

I The combination of Theorem 4.1.1 and Theorem 4.2.1 shows that (quadratic)
gradient flows and rate-independent systems are connected via generalised gradi-
ent flows with an L logL-type dissipation. These generalised gradient flows are
generated as null minimiser of large deviations functionals, obtained in the van-
ishing noise limit of a stochastic process. See Statement 3 for a complete un-
derstanding of various aspects of the quadratic limit. For the rate-independent
case, we partially prove Conjecture 4.4.1, which states that, ‘rate-independent
evolutions can directly arise from stochastic processes’. Moreover, we are able
to show that rate-independent systems can be generated by a whole family of
approximating evolutions, and the definition of the rate-independent systems
themselves is strongly dependent on the nature of the approximation (this is
the content of Section 4.3).

II In this part we show that the Wasserstein gradient flow giving rise to the non-
local interaction equation, with the Newtonian potential in one dimension, is
equivalent to the notion of entropy solution for a Burgers-type equation. This
is the result of Theorem 7.1.1. Thanks to this equivalence we can use tools
from one theory and apply them to the other. In Theorem 7.2.1 we apply the
wave front tracking method to obtain an evolution for a particle approximation
that constrains particles to remain so, avoiding the regularisation effect. The
discussion suggest that the choice between attractive and repulsive interaction
corresponds to changing direction in the time line. We can explain the source
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of the irreversibility in time, for non-smooth solutions, with the full character-
isation of the extended subdifferential. This result is stated in Theorem 7.3.4.

III The last part of the thesis is centred around the minimising movement scheme,
commonly used in gradient flow theory. In our work we look at a weaker ver-
sion of the scheme, therein we define the penalised energy with a pseudo-metric
rather than a metric. In this way the scheme allows evolution only along pre-
ferred directions. We prove the well-posedness of our scheme in Theorem 10.1.1.
Our motivation is the model for the evolution of screw dislocations in [CG99],
which ideally evolve only along their glide directions. However it turns out that
evolution predicted by this model follows curves which are a priori not allowed
by the structure of the crystal. The surprising result of our work is that, even
under stronger constraints, we recover the same evolution.

We end this thesis by discussing future work, which might connect the aforemen-
tioned parts.

Connections & Future work
• Part I with Part II : We proved the equivalence of Wasserstein gradient flows

and Burgers’ type equation with a direct method. Considering the connection
between gradient flows and large deviations, we ask ourselves, if we can show
that the two evolutions are minimisers of two rate functionals, and if the two
functionals are equivalent. In [Jen00] the Burgers’ equation is obtained from
a totally asymmetric exclusion process (TASEP). On the other side, it would
be interesting to analyse the case of large deviations for empirical measures of
interacting particles with vanishing noise, which might lead to the Wasserstein
gradient flow. One might expect that the two rate functionals are equivalent,
and maybe show a connection at the level of the processes. We want to underline
that this involves mathematical barriers on the path, considering that the large
deviations result is not immediately available when we deal with discontinuous
drifts.

• Part II with Part III : In connection to these parts, one can ask a natural ques-
tion, “what happens as the number of dislocations goes to infinity?”. This will
require a reformulation of the model, from a system of n particles to probabil-
ity measures, which connects to Wasserstein gradient flows. Further it will be
interesting to produce a modified Wasserstein distance, with our pseudo-metric
instead of the quadratic cost. We conjecture that it will give rise to a gradient
flow again dependent on the glide directions. But the results from [AGS08]
need to be re-adapted, as we cannot apply the theory as it is. We also want to
mention that a work related to Part II, see [GO12], shows how to treat Burgers’
equation with the formalism of Wasserstein gradient flows, for a different setting
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than the classical case of probability measures. We believe that this approach
can be useful to model the annihilation of positive and negative dislocations, in
a 1d toy model.

• Part III with Part I : Can we obtain the model in Part III via large deviations?
However in this case it is not clear what is the underlying stochastic process.
Assuming that we can still use the same jump process in 2d. It would be possible
to define the jumps on the axis as well as the glide directions. Assuming this
is a well defined jump process, it should be possible to apply all the machinery
provided by [FK06] and deriving the resulting behaviour. However this requires
detailed investigation.
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Summary

Three topics regarding Gradient Flows

This thesis treats different arguments, all connected within each other by the the-
ory of Gradient flows.

In the first part we consider rate-independent systems and quadratic gradient
flows, combined with a stochastic (noise) underlying model. The study is based on
the general rule that macroscopic systems with different behaviours, can arise from
the same microscopic system for different values of some critical parameters. We
are able to show that there is a deep relationship between noise, gradient flows, and
rate-independent systems by studying a simple stochastic model. We analyse a one-
dimensional jump process on a lattice, with rates derived from Kramers’ law as an
approximation of a Brownian motion on a wiggly energy landscape. With different
scaling of some parameters, we show that there exists a connection, via ‘sinh’-type
gradient flows, between rate-independent systems and quadratic gradient flows. These
two limiting evolutions are then different limiting behaviours of the same underlying
stochastic model. Mosco-convergence is the mathematical tool providing the con-
nection, together with Large Deviations theory. We also show that the model can
be generalised to arbitrary finite dimension. In the end, we conjecture and partially
prove that the rate-independent evolution can be obtained from a rate functional,
satisfying a large deviations principle.

The second part studies two well known equations, both with possible non unique-
ness of solutions, and formally connected: Wasserstein gradient flows for a one-
dimensional nonlocal transport PDE with attractive/repulsive Newtonian potential
on one side, and the notion of entropy solution of a Burgers-type scalar conserva-
tion law on the other. A selection criterion for unique solutions can be defined for
both of of them, respectively curves of maximal slope and entropy solutions. Are
the two selected solutions compatible? In this part we exactly prove the equivalence
between the two notions of solution. To achieve the proof, we make use of the L2

gradient flow of the pseudo-inverse distribution function of the gradient flow solution.
Moreover, thanks to this equivalence, we can provide a rigorous particle-system ap-
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proximation to the Wasserstein gradient flows, avoiding the regularisation effect due
to the singularity in the repulsive kernel. This result is obtained with the so-called
wave-front-tracking algorithm for scalar conservation laws. We end this work with
the full characterisation of the (extended) subdifferential of the functional involved in
the Wasserstein gradient flow.

The third part analyzes an evolutionary model for the dynamics of screw disloca-
tions. While this model prescribe that the evolution should be confined on a finite set
of glide directions, it still allows for screw dislocations to move along other directions
in some cases. Driven by the physical motivation that this confinement along glide
directions is real, we want to make the confinement stronger, and observe if the system
can still evolve along other directions. We use the fact that the model can be written
as a gradient flow, and the solutions obtained via discrete time approximation. In our
description during each time step the evolution is strictly confined along a single glide
direction. We prove that the time-continuous limit of the discrete time approxima-
tion presents the same behaviour we started from, even non-glide directions become
possible evolutions. Our analysis is a first step towards a generalization of the setting
in [AGS08, Chap. 2 and 3] that allows for dissipations which cannot be described by
a metric.
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