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Così parlar conviensi al vostro ingegno,

però che solo da sensato apprende

ciò che fa poscia d’intelletto degno.

Dante Alighieri (Paradiso, Canto IV)
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Summary

Lath martensite is one of the main constituents in high strength steel grades
employed in the automotive industry. Its industrial relevance is huge and the
applications are widespread. In the last decade, the subject experienced a sci-
entific revival, mainly due to the development of new experimental character-
ization techniques, like orientation imaging microscopy (OIM), which allowed
to clarify the lath martensite hierarchical structure.

The scope of the thesis is twofold. Based on the state-of-the-art knowledge
of martensite morphology and crystallography in low carbon steels, the first
aim is the identification of the key physical mechanisms underlying its plastic
deformation (Part I). Second, by accounting for these mechanisms, a frame-
work is developed for the computational modeling of plasticity and fracture
of martensite in martensitic and multi-phase steels, in particular dual phase
steels (Part II).

Part I starts with a review of the major contributions in the literature on the
crystallographic and morphological characterization of lath martensite. The
martensite crystals, i.e. the laths, organize into parallel stacks, forming a
hierarchical microstructure of multiple grains. In between the laths, thin layers
of austenite are retained. Experiments suggest that plastic deformation occurs
more favourably parallel to the lath boundaries, and hence it is hypothesized
that thin films of austenite might play a key role in the observed deformation
behavior.

This hypothesis is investigated numerically in Chapter 3. The martensite-
austenite aggregate is modeled as a FCC-BCC bicrystal, using crystal plasticity
for each phase. The crystallographic orientation relationship between the FCC
and BCC lattices is accounted for. Results show that, independently from the
austenite thin film volume fraction and the exact lath morphology, as long as
there are enough carriers for plasticity, localized shearing occurs along the lath
habit plane. This implies that austenite acts like a “greasy” plane on which
the stiffer laths can slide. The shearing mechanism is intrinsically related to
the orientation relationship, which ensures that slip planes of the austenite are
approximately parallel to the lath habit planes.

The model is validated on experiments in Chapter 4, by means of a two-scale

vii



lamella rule of mixtures which models the aggregate as a locally infinite lam-
inate of alternate BCC and FCC layers. The main features of the observed
deformation (stress-strain curve, slip activity and roughness) are well repro-
duced by the model. In spite of its minor volume fraction, the austenite plays a
major role in the orientation dependent mechanical behavior of the aggregate.
If the presence of the interlath austenite is neglected, the experimental flow
curves cannot be captured.

In the last chapter of Part I some preliminary results are presented, in which
the martensite-austenite bicrystal is modeled with Molecular Dynamics (MD).
Results show that plasticity can occur at the martensite-austenite interface in
the form of interfacial sliding, also in absence of dislocations in the bulk of
the two phases. This strengthens the “greasy” mechanism, since it constitutes
an additional plasticity mechanism that remains qualitatively in line with the
previous chapters.

The two-scale modelling framework introduced in Part I is computationally
expensive, especially if big representative volume elements (RVEs) of marten-
sitic and multi-phase steels are to be considered. Therefore, Part II presents
a reduced model for the martensite aggregate in Chapter 6, which only ac-
counts for the main phenomena governing plastic deformation, i.e. slip in the
austenite parallel to the interface. The laths are modeled as isotropic. Slip
in the austenite is modeled by introducing a reduced crystal plasticity frame-
work, which is relevant for any problem in which only a limited number of slip
systems activates, e.g. due to external or microstructural constraints. This
modeling framework can also be used for other microstructures in steels (bai-
nite, pearlite, nanobainite, quenched and partitioned, TRIP-maraging), and
for materials presenting a laminate microstructure, including metals, polymers
and composites.

Chapter 7 provides a review of the experimental and modeling literature on
Dual Phase (DP) steels, with focus on martensite modeling and its role on the
plasticity and fracture of the composite microstructure. The crystallography of
martensite islands in DP steels has analogous features as in martensitic steels,
i.e. a hierarchical microstructure with subgrains consisting of parallel marten-
site stacks with interlath austenite films. Experiments reveal that martensite
can exhibit ductile deformation and fracture behaviour. This contrasts with
the conventional view and corresponding modeling literature, which tends to
model martensite as a hard, isotropic, almost elastic brittle phase.

The possible role of the austenite films embedded in martensite islands in DP
steels is investigated in Chapter 8. By modeling the same DP microstructures
with either isotropic constitutive laws or with the lamella model, remarkable
differences can be observed in the plastic behaviour (e.g. the location of plastic

viii



localization bands) of the whole microstructure and noticeable effects appear
also at the level of both ferrite and martensite plastic strain distributions.
The last chapter of Part II is devoted to the modeling of damage and fracture
in martensite. A framework is proposed, which can be easily coupled with
plasticity within the two-scale lamella setting, and that can be applied to a
broad class of nano-laminated materials. Damage preferentially occurs parallel
to the martensite-austenite interface. The model is validated on experiments
on martensitic microstructures. The validation shows that the model correctly
predicts the main features of the onset of failure. Based on the understanding
of the failure mechanisms, some material design guidelines are provided for
martensitic and multi-phase steels.
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Introduction

1.1 Background and motivation

Driven by the demand for strong and light-weight materials, the automotive
industry continuously invests in the development of novel high strength steels.
This is often pursued by means of multi-phase microstructures, that combine
the mechanical properties of different phases in order to achieve an adequate
high composite strength with good ductility. An example is a dual phase steel,
which consists mainly of (soft) ferrite and (hard) martensite. The soft phase
provides ductility, while the hard phase increases the composite strength.
Figure 1.1 shows that, among the existing steel grades, a high strength is gen-
erally accompanied by a low ductility, and vice versa. The two properties are
competing, and research therefore focuses on finding optimal microstructures
that can provide better combinations of these properties. Establishing a break-
through in the limitations of existing materials through new, more advanced
steels is a key driver in this field. In order to achieve this, the main mechanisms
involved in plastic deformation, damage initiation and final failure, as well as
their physical origin, need to be investigated in detail.

1.1.1 Martensite plasticity matters

Although high strength steels, like dual phase steels, have been introduced in
the 60s, the critical mechanisms that lead to material failure are often poorly
understood. Conclusions from the literature are often contradictory, and the
experimental identification of the main damage mechanisms is not trivial.
Moreover, the mechanical behaviour of martensite is also not well understood,
and this limits the insight that is necessary for the identification of the damage
mechanisms.
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2 1.1. Background and motivation
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Figure 1.1: Advanced high strength steels show good combinations of
strength and ductility compared to conventional steels. BH: bake harden-
able; CMn: carbon-manganese; DP-CP: dual-phase/complex-phase; HSLA:
high strength low alloyed; IF: interstitial free; IF-HS: high strength interstitial
free; MS: martensitic; TRIP: low-alloyed TRIP. Based on [169].

An apparent contradiction between experimental findings and martensite mod-
eling indeed exists in the literature. On the one hand, evidence of high plastic
deformation of martensite has been found in both martensitic and multi-phase
steels [97, 50], under an applied tensile load, prior to damage development.
On the other hand, most existing modelling works consider martensite as an
isotropic, poorly deforming phase (essentially elastic). Therefore, the origin
of the observed plastic deformation in martensite has not been investigated
thoroughly yet.
Advanced high strength steels usually contain low amounts of carbon and al-
loying elements to reduce production costs. Therefore, martensite is mostly of
the lath type, a microstructure which is typical for carbon contents below 0.6
wt%C (even though it can be found also up to 0.8 wt%C). Experiments show
that the morphology of lath martensite is hierarchical, and subgrains consist
of ordered stacks of hard laths and thin films of austenite. The assumption
of isotropic mechanical behaviour to model martensite as a disordered mi-
crostructure, therefore, conflicts with this fine scale experimental observation.
Furthermore, the thin films of austenite retained at the lath boundaries, if
present, might trigger the observed plastic deformation. If this is the case, the
onset of damage may occur in these small regions, which might also influence
the final failure.
Since plasticity comes into play, a ductile damage approach should be consid-
ered. However, in most approaches in the literature, martensite is modeled as
brittle or quasi-brittle (e.g. [162, 163, 125, 143]). This contrasts with several
experiments, which show that the martensite fracture surface is often dimpled
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[24, 27], and that martensite grains can fail by ductile shear [98].

1.2 Scope and objectives

The objective of this thesis is the identification of the main physical mecha-
nisms governing the plastic and fracture behaviour of lath martensite in multi-
phase steels, as well as the formulation and validation of a framework that can
be used for the modeling of martensite in multi-phase microstructures.
The point of departure for this thesis relates to a number of subjects that have
almost not been addressed in the literature:

1. Hierarchical modeling of lath martensite: an extensive experimen-
tal literature on the morphology and crystallography of lath martensite
[70, 76, 102, 103, 104] exists, however, only a few models have been pro-
posed, that account for these, e.g. [56, 144]. Moreover, none of them
has been validated on experimental data at the scale of the martensite
subgrains. The only existing numerical validation identified [52], uses
the crystallographic orientation of the martensite subunits as a fitting
parameter;

2. Mechanical role of interlath austenite: in the literature, extensive
experimental evidence exists, demonstrating the presence of thin films
of austenite retained at lath boundaries, e.g. [73, 135, 132, 105]. The
possible role of the interlath retained austenite films on the deformation
and fracture of the martensite aggregate has been until now overlooked,
especially in models;

3. Physical origin and modeling of martensite’s strong anisotropy:

experimental observations [97, 98] show that plastic deformation within
martensite occurs more favourably parallel to the lath boundaries. No
physical motivation of this phenomenon has been provided up to date.
The few exceptions that consider martensite crystallography [56, 52, 144,
158] do not address this observation. The rest of the literature models
martensite in multi-phase steels as an almost elastic, isotropic phase (e.g.
[33, 67, 124]);

4. “Apparent” ductility of lath martensite: experimental evidence
[24, 150, 27, 98] shows that martensite has an apparent ductile be-
haviour. Literature lacks modeling proposals that account for this ap-
parent ductility, and martensite failure is typically modelled as brittle
(e.g. [162, 163, 125, 143]).



4 1.3. Outline of the thesis

Therefore, in this thesis the following topics are addressed:

1. The state-of-the-art knowledge on lath martensite morphology and crys-
tallography in steels is reviewed. References are provided on the experi-
mental evidence of interlath retained austenite films in lath martensite;

2. The possible role of interlath retained austenite films on the mechanical
behaviour of martensite is investigated at the scale of a single variant
stack (block), by means of crystal plasticity and molecular dynamics;

3. A two-scale computational framework for martensite with interlath
austenite, which is suitable for modeling multiple martensite subgrains,
is formulated and confronted with microscale experimental results from
[98]. A reduced crystal plasticity model capable of dealing with the
simulation of microstructures with multiple martensite islands is also
formulated and verified;

4. The experimental evidence of the apparent martensite ductility in dual
phase steels is reviewed. The possible role of austenite films within
martensite islands is investigated;

5. A predictive damage model, accounting for the lamellar microstructure
of martensite, is formulated and assessed on experimental data from the
literature.

1.3 Outline of the thesis

The thesis is organized in two parts. Part I, from Chapters 2 to 5, focuses on the
physical motivation, the theoretical formulation, the numerical-experimental
validation and the nano-scale computational verification of a multi-scale model
of lath martensite with thin films of interlath austenite. Part II, from Chapters
6 to 9 deals with the modeling of plasticity and damage of martensite in multi-
phase steels.
In Chapter 2, a review is made of the existing studies on lath martensite
morphology and crystallography, as well as a summary of the main experi-
mental evidence of the presence of interlath retained austenite films. On the
basis of the existing micro-mechanical investigations, a working hypothesis is
proposed, stating that the presence of thin austenite films at lath boundaries
might govern the observed micro-scale deformation behaviour. This hypothesis
is investigated numerically in Chapter 3, where the role played by the inter-
lath austenite films is studied by means of crystal plasticity simulations. The
martensite-austenite aggregate is modeled at the level of blocks, as a locally
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infinite bicrystal laminate with thick BCC and thin FCC phases, related by the
Kurdjumov-Sachs orientation relationship. In Chapter 4, a two-scale lamella
homogenization framework is developed, in which a block of lath martensite
is represented by a bicrystal laminate of martensite laths and austenite films.
The model is validated against data from the literature. The stress-strain
response, the plastic activity and the roughness pattern are compared with
experimental results. Part I closes with Chapter 5, which is devoted to the
study of BCC-FCC bicrystal plasticity by means of molecular dynamics. A
class of potentials suitable for the purpose is chosen and tested. A bicrystal
is constructed, and the obtained interface is validated against experimental
evidences and theory. Finally, shear is applied on the bicrystal, parallel to the
interface. Two cases are considered, with and without an edge dislocation in
the FCC crystal.
Part II opens with Chapter 6, in which the two-scale lamella framework in-
troduced in Chapter 4 is revisited by developing a reduced crystal plasticity
model for FCC austenite. Only the contribution of the slip systems parallel
to the BCC-FCC interface is taken into account, while martensite laths are
modelled as isotropic. The obtained modelling results are compared to the
stress-strain response and the plastic activity predicted by the fully resolved
model of Chapter 4. Chapter 7 reviews some aspects of the existing experi-
mental and modeling literature on Dual Phase (DP) steels. Focus is given to
martensite modeling and on the role of this modeling on the plasticity and
fracture of the material. Evidence is provided on the morphology and crys-
tallography of martensite islands in DP steels, as well as on the presence of
thin films of interlath austenite retained at lath boundaries. Subsequently, in
Chapter 8, the role of interlath austenite films in DP martensite islands is in-
vestigated by comparing the simulation results of the model including marten-
site substructure and austenite films to the prediction of the model where the
martensite islands are modeled as isotropic without austenite films. Part II
ends with Chapter 9, where a modeling framework is proposed that couples
plasticity and damage within the lamella model setting. The model is assessed
on experimental results from martensitic microstructures. Based on the nu-
merical analysis, some material design guidelines are provided for martensitic
and multi-phase steels.
Finally, in Chapter 10 the main conclusions of the thesis are summarized.
Recommendations for future research on the mechanics of lath martensite, as
well as potential applications, are discussed.
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2
Lath martensite: crystallography,

morphology, micro-mechanics

Abstract

Lath martensite is an important phase in a number of high strength steels. It shows

a hierarchical microstructure in which the morphology is intrinsically related to the

crystallography. A summary of the main experimental evidence of interlath retained

austenite films in low carbon, low alloyed martensite is given in this chapter. Existing

micro-mechanical investigations show that lath martensite deforms plastically, pref-

erentially along the lath habit plane. It is therefore argued that the presence of thin

austenite films at lath boundaries might trigger the observed deformation behaviour at

the micro-scale. In this chapter, a brief survey is given of the historical developments

of the research on the subject. Some main achievements are emphasized, which will

serve the next chapters in setting up a modelling framework capable to predict the

main features of the mechanical behaviour of lath martensite. Therefore, this survey

does not aim for completeness.

2.1 Introduction

Lath martensite is a key constituent in a variety of high strength multi-
phase steels. It is composed of crystals (the laths) which typically show sub-
micrometer dimensions. These crystals present a hierarchical morphological
organization and a crystallographic orientation relationship with the parent
austenite grain.
The development of experimental techniques for material investigation by
transmission electron microscopy (TEM) has revealed its crystallographic fea-
tures, like habit plane and orientation relationship, already since the end of
50s and begin 60s. A pioneering work is the paper by Kelly and Nutting [70],

9
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who investigated via TEM a number of low alloyed martensites with different
carbon compositions, including the low carbon range.
Since then, various terminologies appeared in the literature to identify the dif-
ferent types of martensite observed experimentally. In the early 70s, Krauss
and Marder first attempted to reduce the apparent confusion. In their paper
“The morphology of martensite in iron alloys” [76], the authors identify two
main types of martensite and propose a standard terminology, i.e. lath marten-
site (typical in low carbon steels) and plate martensite, which can be found in
high carbon steels. Regarding lath martensite, they provide a sketch illustrat-
ing the shape of the laths, based on serial-sectioning experiments (see Figure
2.1). They also investigate the formation of lath martensite subgrains (called
packets), which form as parallel stacks. However, only in the last decade the

Figure 2.1: Sketch of laths as reported in [76].

experimental investigations on lath martensite clarified its detailed hierarchical
morphological organization. This was possible especially due to the introduc-
tion of high resolution orientation imaging microscopy (OIM) combined with
electron back scattered diffraction (EBSD) in a scanning electron microscope
(SEM). Since the first work of Maki, Morito and co-workers [102] on the mor-
phology and crystallography of low and medium carbon lath martensite, the
Japanese school of metallurgy has provided a considerable amount of EBSD-
based investigations on this subject.
The hierarchical morphological organization of lath martensite into crystallo-
graphic packets, blocks and sub-blocks can be considered now as established.
Based on this understanding, new modeling frameworks have been proposed
(e.g. by Zikry and co-workers, e.g. [56, 144]), with the aim of investigating the
influence of the morphological distribution of the crystallographic subgrains on
the plastic and fracture behaviour of martensitic steels.
Complimentary to the now well-established view on lath martensite morphol-
ogy, there are a number of experimental investigations, starting from the early
80s (e.g. [135]), which show that thin films of austenite can be retained at
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lath boundaries, after quenching. Their experimental identification requires
TEM analysis and is rather challenging. Furthermore, due to their limited
volume fraction, their role in the mechanical behaviour of the lath martensite
aggregate has up to now been neglected. Nevertheless, recent experimental
investigations revealed that lath martensite preferentially deforms along the
lath habit planes, and that considerable plastic deformation may develop (e.g.
[97, 98]). In this thesis, it is argued that this experimentally observed plastic
behaviour may originate from the presence of thin films of retained austenite
at martensite lath boundaries.
In this chapter, a brief survey will be presented of the state-of-the-art knowl-
edge on the morphology and crystallography of lath martensite (Section 2.2).
Focus is given on the features that can play a key role in the experimentally
observed plastic and fracture response of lath martensite in steels.
Section 2.3 provides a summary of the existing experimental evidence of austen-
ite films in lath martensite. An overview of processing conditions and alloying
compositions that favour austenite retention is also given. Section 2.4 sum-
marizes the existing mechanical investigations on lath martensite, performed
at the scale of martensite subgrains. The chapter ends with a discussion and
conclusions, in which the hypothesis on the role of austenite films on the de-
formation mechanism of lath martensite is presented.

2.2 Crystallography and hierarchical morphology of
lath martensite

Recent papers [102, 104] present EBSD and TEM orientation measurements in
low carbon (0 - 0.6 wt%), low alloy lath martensite in fully martensitic steels.
A martensite single crystal, namely the lath, has the shape of a “ruler” (cf.
Figure 2.1). It has one long direction (some µm), a smaller width and it is thin
through the thickness (100-200 nm on average).
Low carbon martensite is characterized by groups of parallel laths. In lath
martensite, barely any tetragonality has been measured, and hence the lattice
can be considered body centered cubic (BCC) (e.g. [145] and the ab-initio
calculations in [160]). The habit plane is approximately {111}γ [102], close to
{557}γ . Experiments (e.g. [99]) show that the orientation relationship between
the parent austenite face centered cubic (FCC) crystal and the product BCC
phase is close to Greninger-Troiano (GT), halfway between Kurdjumov-Sachs
(KS) and Nishiyama-Wassermann (NW). Note, that in all of the mentioned
cases the crystallographic habit plane is close to {111}γ [104].
The investigations in [102, 104] have identified a crystallography related hier-
archical morphological organization of lath martensite. In particular, the same
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(a) (b)

Figure 2.2: Schematic illustration of lath martensite hierarchical microstruc-
ture in (a) 0 - 0.4 wt% C range and (b) 0.4 - 0.6 wt % C range [102].

parent austenite crystal can generate 24 different variants (4 habit planes1 and
6 parallel directions along each plane). Within the same prior austenite grain,
the following substructural units can be identified (see Figure 2.2):

1. Crystallographic packet : collection of laths with approximately the same
habit plane. The number of packets formed in a prior austenite grain
(maximum 4) dependends on the prior austenite grain size, and it is
usually greater than 1. However, for a prior austenite grain size around
10 µm, a single main packet tends to form which fills amost all the
available space [103]. Note, that this size is of technological interest for
many multi-phase steels, e.g. dual phase (DP) steels. Within a single
packet, all 6 possible variants form, with nearly the same proportion;

2. Block : group of laths with approximately the same habit plane and
slightly misoriented (within 10◦) parallel direction. The 6 variants in
a crystallographic packet can group into pairs with low misorientation.
Experimentally, such low-misoriented variants have been found close to
each other for carbon contents up to 0.41 wt %. For carbon contents
around 0.6 wt%, low angle misoriented variants are generally not grouped
together.

3. Sub-block : stack of laths with the same habit plane and same parallel
direction (i.e., all belonging to the same crystallographic variant), cf.
Figure 2.3. Most lath misorientations within the same sub-block are
around 3◦ with a maximum at 5◦.

1In [102, 104], the habit planes are approximately {111}γ , close to {557}γ (which in turn
approximates the real, irrational habit plane). Thus, within each crystallographic packet
there are 6 habit planes close to {557}γ , that the classification of [102, 104] approximates
by one member of {111}γ .



Chapter 2. Lath martensite: crystallography, morphology, micro-mechanics 13

4. Lath: the smallest morphological martensite unit. Within a single lath,
the maximum misorientation is around 1◦.

Figure 2.3: TEM bright field of a stack of laths [104].

2.3 Experimental evidence of retained austenite
films

As-quenched lath martensite generally contains thin films of austenite (down
to 5 nm thick, or even less) which retain from transforming during quenching
(see Figure 2.4).

(a) (b)

Figure 2.4: TEM micrographs of 0.2 wt% C lath martensite. (a) dark field
image showing the martensite laths and (b) dark field image highlighting the
austenite films [135].
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Their presence has been reported by several authors since the end of 70s and
early 80s, e.g. [17, 73, 135], and it is found between all laths [135], unless they
are twin-related [17]. The morphology of the martensite subunits suggests
that their presence might be related to the absence of self-accommodation of
the transformation shape strain, since stacks of laths belonging to the same
variant are found (the sub-blocks). Furthermore, some authors [74, 20] also
argue that the martensitic transformation is never complete. Nevertheless, the
experimental identification of such films is rather challenging, due to their small
thickness [135]. On one hand, plausible reasons for austenite film retention can
be the “chemical” stabilization (related to the alloying composition). On the
other hand the “mechanical” stabilization contributes as well.

Chemical stabilization can be “direct” and “indirect”. This means that the
presence of some elements, like carbon, manganese, and nickel, stabilize the
austenite FCC structure with respect to the martensite BCC lattice (direct
effect). Other elements, like silicon, retard the formation of carbides during
quenching, thus preventing austenite decomposition. This second effect, which
can be considered as indirect, plays an important role for industrially relevant
cooling rates.

Mechanical effects which can stabilize the austenite films are of two cate-
gories. On one side, the development of eigenstresses, in particular the hydro-
static pressure due to the 2-3% increase of volume accompanying the austenite
to martensite transformation, exerts a confinement role on the surrounding
austenite. On the other side, the possible presence of dislocations in the un-
transformed austenite due to the transformation shape strain (reported in [99]
for the case of Fe-Ni alloy) stops the migration of the glissile interface between
austenite and martensite during quenching.

Once the austenite films are retained after quenching, the question remains if
they will transform upon subsequent thermo-mechanical processing.

Undercooling, well below room temperature, usually decreases the stability of
austenite. However, X-ray diffraction (XRD) tests show that austenite with a
grain volume less than 5 µm3 does not transform upon cooling, even well below
room temperature. Although no extensive investigation exists in the literature,
combined TEM and XRD experiments on quenched and partitioned martensite
suggest that austenite films can be more stable to mechanical loading [170],
e.g. due to rolling processing. Morito et al. [106] suggests that the austenite
film should transform upon deformation, however an exact quantification of
the phenomenon cannot be found in the literature.

For the case of low carbon, low alloyed steels, literature lacks a system-
atic study on the distribution and size quantification of interlath retained
austenite films. However, information can be gathered from existing exper-
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imental investigations, revealing that thin films of austenite can be found in
low-alloyed quenched martensite down to less than 0.2 wt%C [78, 135, 132,
105], cf. Figure 2.4.
This does not exclude the presence of austenite films in martensite with a
lower carbon content. In general, within the lath martensite alloying range,
the higher the carbon, the higher the probability for the presence of retained
austenite [135].
From the perspective of theoretical/numerical analyses of the austenite to
martensite transformation (e.g. [172]), the presence and role of retained austen-
ite films has up to now not been considered. In the case of phase field, models
have been proposed to predict the observed hierarchical morphological orga-
nization of lath martensite, e.g. [172]. Small strain formulations are usually
adopted. However, they cannot properly account for the high shape strains
(20-30%) which develop during the transformation. Moreover, the presence of
interlath austenite is usually neglected.

2.4 Experimental investigations on subgrain lath
martensite mechanics

A review paper by Krauss [77] summarizes the main experimental quantifica-
tion of martensite strength and toughness, depending on the microstructure.
The focus is mostly on identifying macroscopic quantities, like strength and
hardness, as a function of alloying composition (expecially carbon content),
processing parameters (e.g. tempering temperature), grain size and secondary
phase fractions (expecially retained austenite in the form of islands).
More recent investigations, performed in the last decade, allow to gain more
insight in the possible deformation mechanisms, at the micro/submicrometre
scale, governing the plastic deformation of martensite. Such investigations are
mostly based on SEM and EBSD-based imaging of martensite tested under
quasi-static loading conditions. Among the existing contributions, allowing
to relate martensite crystallography to plastic deformation and fracture are
the recent results by Mine, Takashima and coworkers [98]. By performing
tensile tests on specimens with a gauge length of 50µm and a cross section of
20µm × 20µm, they observe plastic activity parallel to the lath habit planes
to be more favourable than slip along other directions. They estimate that the
critical resolved shear stress (CRSS) is up to 43% lower for slip along the habit
plane than for slip along other directions. A different group of researchers,
also from Japan, showed a clear tendency for slip activity along the lath habit
plane to be more favourable, compared to other directions (e.g. [97]).
For the sake of completeness, we cite also the recent contributions by Ghassemi-
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Armaki and co-workers (e.g. [52]). In their work, compression tests have been
performed on micropillars of a few micrometers diameter and length, i.e. a
scale suitable for understanding the subgrain micro-mechanics of lath marten-
site. Crystal-plasticity based simulations have also been performed. However,
the crystallographic orientation of the micropillars was not measured, and the
orientation of the martensite was used as a fitting parameter for the simula-
tions. More insight in the micro-mechanical behaviour of lath martensite can
be achieved by performing simulations based on the measured crystallography
of the material.

2.5 Discussion, conclusion and working hypothesis

In this chapter, the state-of-the-art knowledge on the crystallography and mor-
phology of lath martensite has been briefly summarized, together with recent
contributions on experimental micro-mechanical investigations. The aim was
not to achieve a complete overview on this extensive subject, but to focus on
particular aspects that govern the proper numerical modeling of lath marten-
site. This constitutes the basis for the development of a predictive modeling
framework.
In particular, the observed hierarchical organization of martensite into sub-
grains, which are generally stacks of laths alternating with thin austenite lay-
ers, together with the reported preference for martensite to deform along the
lath habit plane, suggest that interlath austenite films might play a key role in
the plastic response of the lath martensite-interlath austenite aggregate.
This motivates the numerical investigations that will be presented in Chapter
3, 4 and 5 of the thesis, which aim at verifying this hypothesis.
Besides the interlath austenite, other secondary phases might be present in
lath martensite (e.g. [137]) and contribute to its microscale plasticity and
fracture. Their amount also depends on the alloying compositions and the
processing conditions. For example, low carbon contents can induce auto-
tempering, if the concentration of other alloying elements is also small. This
happens because the martensite start temperature (Ms) can raise considerably,
close to the bainitic region. For industrial applications, Ms cannot be kept too
high, also because the cooling rate is not very fast and then tempering may
occur. Also, martensite can be tempered after quenching, and carbides can
form both inside the laths and at lath boundaries (with interlath austenite
decomposition). A synthesis of the possible microstructures which can be
obtained in low carbon steels by changing processing parameters is given in e.g.
[137]. In this thesis, the possible influence of carbides on martensite plasticity
will not be investigated, since this topic deserves a separate treatment.
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On the role of interlath retained austenite

in the deformation of lath martensite

Based on

Maresca, F., Kouznetsova, V.G., Geers, M.G.D.
Modelling Simul Mater Sci Eng (2014) 045011 (21pp)

doi:10.1088/0965-0393/22/4/045011

Abstract

Literature presents extensive experimental evidence of large deformation and ductile

fracture behaviour of lath martensite in martensitic and multiphase high strength steels

under quasi-static, uniaxial loading conditions. The physical origin of this apparent

ductile behaviour of martensite is not clear, since martensite generally provides a high

material strength. The presence of thin films of interlath retained austenite may trig-

ger the observed apparent martensite ductility. The present contribution investigates

the role played by interlath retained austenite on the mechanics of lath martensite

by means of crystal plasticity simulations. It is shown that independently from the

interlath retained austenite volume fraction and the exact lath morphology, localised

shearing along the lath habit plane occurs as long as there are enough carriers for

plasticity. The austenite film acts like a “greasy” plane on which the stiffer laths can

slide. The shearing mechanism is not a mere consequence of the lower flow stress in

the austenitic phase, but it is largely due to the orientation relationship between the

retained austenite face centered cubic lattice and the body centered cubic lath crys-

tals.

3.1 Introduction

A number of papers present the evidence of large deformation (e.g. [150, 138,
50]) and ductile fracture behaviour of lath martensite [98] at room temper-
ature in martensitic and multiphase steels under quasi-static, uniaxial ten-
sile loading conditions. High strains, far beyond 5 %, have been measured
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[150, 138, 50] for martensite islands in DP steels, including commercial grades.
Fractographs of dual phase (DP) ferritic-martensitic steels show dimples in
martensite, while ferrite can fail by cleavage [24, 27]. Mechanical tests on mi-
crometer sized specimens of martensite from purely martensitic steels [98] show
that lath martensite may exhibit ductile fracture. All these evidences appear
to be in contradiction with the commonly accepted low ductility nature of the
BCC/BCT martensitic phase.
Despite the apparent large deformations that can be achieved by martensite
and the reported dimpled fracture, which suggests an apparent ductile fracture
behaviour, lath martensite continues to contribute to high strengths. The phys-
ical origin of this apparent ductile behaviour of martensite is still unresolved.
A ductile martensite behaviour and the presence of dimpled fracture can be
favoured by the low tetragonality of the lath crystal lattice. As-quenched
marageing steels show huge ductility certainly due to the very low carbon con-
centration. However, large deformations appear also in lath martensite with
higher carbon contents [150, 50]. According to [24], where the results are
shown on martensite (in DP steels) with average carbon content above 0.30
wt%, dimpled fracture is considered “typical”.
The low tetragonality of the BCC phase due to the low carbon content may
be not the only reason for the enhanced deformation of martensite. This trig-
gers the question: what may enhance this apparent large deformation, ductile
behaviour of lath martensite?
Lath martensite in steels is obtained by more or less rapid quenching of low
carbon austenite (typically 0 - 0.6 wt % C) to room temperature (see [77]
for a general review on lath martensite). This processing step is used for the
production of martensitic steels, dual phase steels and multi-phase steels (e.g.
low alloyed TRIP1 steels, [37]). Lath martensite has also been observed to form
as a result of welding of some alloyed ferritic steels [89, 146]. The structure of
lath martensite can be preserved even after tempering [85].
Recent developments in the austenite to martensite transformation theory [20,
74] point out that the martensitic transformation is never complete. Indeed,
in order to avoid the presence of any retained austenite, quenching must be
performed well below 0◦C, a situation which is usually not encountered in
industrial processing. Therefore, interlath austenite films can be retained at
lath grain boundaries.
Since interlath films can be very thin, below 50 nm thickness, their presence
is difficult to identify experimentally. However, they have been detected with
TEM in low carbon martensitic steels [78, 132, 105], also tempered [85], in

1We refer to the fraction of lath martensite obtained during thermal processing, and not
to the harder martensite formed during TRIP transformation.



Chapter 3. On the role of interlath retained austenite in the deformation of lath martensite 19

stainless steels [111], in DP steels, both directly quenched [73, 127, 72] and
commercial [63, 7] and in low alloyed TRIP steels [113, 149].
In this chapter, we will investigate the physical role of very thin interlath
austenite films, and their contribution to the apparent large deformation be-
haviour of lath martensite. Here focus is given on the presence of interlath films
that may enhance the deformation of the composite containing these interlath
films. Note that this composite is often identified as the martensite itself, since
the thin austenite films are difficult to observe or resolve. Hence, higher local
strains at a given stress level can be achieved than in the material without
austenite. This phenomenon may have important implications for the appar-
ent martensite ductility, defining the important structure-property relation of
some martensitic and multi-phase steels. Although the fracture process itself is
not considered in this work, the words “apparent ductility” and “apparent large
deformations” will be used synonimously, to emphasize their intrinsic relation.
For this purpose, a computational model has been set up which accounts for
the anisotropy of the (approximately) BCC phase (laths) and the face centered
cubic (FCC) phase (interlath retained austenite). The model exploits a clas-
sical crystal plasticity approach, in which the kinematics is governed by the
slip on the slip systems of the single crystals, in particular the one proposed
by Bronkhorst and co-workers [23]. Note that most modelling contributions
related to lath martensite (in multiphase steels), presented in the literature,
consider martensite isotropic, showing little or no plasticity (e.g. [154, 162]).
A higher-order crystal plasticity framework has been used by Hatem and Zikry
[56] to investigate the deformation behaviour of lath martensite with interlath
retained austenite, focussing on the response of the laths.
The chapter is organised as follows. First, a brief summary is given of the
existing experimental evidence on the morphology and crystallography of lath
martensite and interlath retained austenite. Next, in Section 3.3, the modelling
approach is presented, based on the provided experimental evidence. Finally,
the simulation results are presented, revealing that the presence of even a very
small fraction of interlath retained austenite constitutes a plausible explanation
of the “apparent” ductility of lath martensite.

3.2 Lath martensite

3.2.1 Crystallography and morphology of lath martensite

Pioneering work on the morphology of lath martensite can be found in [76].
More recent work [102, 104] is based on EBSD and TEM orientation measure-
ments in low carbon (0 - 0.6 wt%), low alloy lath martensite in martensitic
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steels. The same authors [105] have demonstrated the presence of interlath
retained austenite in 0.2C, 2Mn martensitic steels.
Laths can be considered BCC, highly dislocated crystals. The orientation
relationship (OR) between parent austenite and product martensite is halfway
between KS (Kurdjumov-Sachs) and NW (Nishiyama-Wassermann), close to
GT (Greninger-Troiano) [99]. The common feature of all these orientation
relationships, relevant for further analysis, is that they all have {111}γ habit
plane. Since the real orientation relationship is irrational, and all the above
mentioned orientation relationship models are only approximations thereof and
differ between each other by only a few degrees, the KS orientation relationship
will be considered here for the further analysis.
According to the KS orientation relationship, a parent FCC austenite single
crystal generates 24 different BCC variants which can form on 4 distinct habit
planes and along 3 parallel γ − α′ directions for each plane. Along each direc-
tion, 2 so-called twin-related variants can be generated: they are charaterised
by shape strain components which are opposite in sign along the long lath
direction [71]. Table 3.1 lists all the possible KS variants.

Table 3.1: The 24 variants of the KS orientation relationship, grouped by
crystallographic packets (e.g. [102]).

Parallel plane Parallel direction Parallel plane Parallel direction

V1 [1̄01]γ//[1̄1̄1]α′ V13 [01̄1]γ//[1̄1̄1]α′

V2 [1̄01]γ//[1̄11̄]α′ V14 [01̄1]γ//[1̄11̄]α′

V3 (111)γ// [011̄]γ//[1̄1̄1]α′ V15 (1̄11)γ// [1̄01̄]γ//[1̄1̄1]α′

V4 (011)α′ [011̄]γ//[1̄11̄]α′ V16 (011)α′ [1̄01̄]γ//[1̄11̄]α′

V5 [11̄0]γ//[1̄1̄1]α′ V17 [110]γ//[1̄1̄1]α′

V6 [11̄0]γ//[1̄11̄]α′ V18 [110]γ//[1̄11̄]α′

V7 [1̄01]γ//[1̄1̄1]α′ V19 [1̄10]γ//[1̄1̄1]α′

V8 [1̄01]γ//[1̄11̄]α′ V20 [1̄10]γ//[1̄11̄]α′

V9 (11̄1)γ// [011̄]γ//[1̄1̄1]α′ V21 (111̄)γ// [01̄1̄]γ//[1̄1̄1]α′

V10 (011)α′ [011̄]γ//[1̄11̄]α′ V22 (011)α′ [01̄1̄]γ//[1̄11̄]α′

V11 [11̄0]γ//[1̄1̄1]α′ V23 [101]γ//[1̄1̄1]α′

V12 [11̄0]γ//[1̄11̄]α′ V24 [101]γ//[1̄11̄]α′

The orientation relationship determines also the orientation of a lath in space.
A sketch of a lath is shown in Figure 3.1. A lath is characterised by three
dimensions, T < W < L, with T << L in general. The thickness T varies in
the range 100 - 200 nm, the width W is around 0.5 µm and the length L is
usually above 1 µm. The habit plane contains the lath width and length. The
long direction of a lath is parallel to the γ parallel direction, as specified for each



Chapter 3. On the role of interlath retained austenite in the deformation of lath martensite 21

variant in the KS orientation relationship listed in Table 3.1 and schematically
shown in Figure 3.2.

W

L
T

lath cross-section

lath habit plane

{111}γ <101>γ

Figure 3.1: Sketch of a lath. Length L and width W are measured at the
habit plane (i.e., one element of the {111}γ family). The long direction L is
parallel to a member of the < 101̄ >γ family. Also, a cross-section (orthogonal
to the habit plane) is indicated.

W

L

habit plane

[010]

[001]

[100]

V1 - V2

V5 - V6

V3 - V4

Figure 3.2: The three possible directions along which laths can form on
the same habit plane. Here, the example of the first crystallographic packet
({111}γ habit plane) is depicted.

As shown in [102, 104], a clear hierarchical substructure of martensite subunits
exists within a prior austenite grain. Laths from the same variants are grouped
together in sub-blocks. Most lath misorientations within the same sub-block
(or just block, when C content is above 0.4 wt%) are around 3◦ with peaks
at 5◦, and they are not cumulative. In the subsequent modelling these small
misorientations will be disregarded. A block contains sub-blocks of 2 different
KS variants (cf. [102] for details). A crystallographic packet collects laths with
the same habit plane, namely 3 different kinds of blocks at most. In the same
prior austenite grain, at most 4 crystallographic packets can form. Figure 3.3
schematically illustrates the crystallographic subunits of lath martensite.
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Prior austenite grain boundary Crystallographic packet boundary

Block boundary

Laths of 2 variants (sub-blocks)

Interlath retained austenite

Figure 3.3: Subgrain martensite units as formed in a prior austenite grain:
i) up to 4 crystallographic packets, ii) 3 blocks per packet, iii) two sub-blocks
per block, iv) laths of one variant in each sub-block. Interlath austenite may,
in principle, retain at the boundaries of any substructural unit.

3.2.2 Interlath retained austenite

As emphasized in the introduction, the presence of thin films of inter-
lath retained austenite in various steels has been reported in the literature
[85, 78, 132, 105, 111, 73, 127, 72, 63, 7, 113, 149, 16]. The main reasons why
austenite can be retained at room temperature are:

1. chemical stabilisation, due to the alloying composition (especially the
presence of Mn, Si, Al and P, cf. [37], but also Cr and Ni);

2. mechanical stabilisation, due to the relevant transformation strain de-
veloped during the austenite to martensite transformation (e.g. [71]; see
also [100] for evidence of significant plastic accommodation in austenite
during lath martensite formation)1.

Only limited data is available on the thickness of interlath retained austenite.
It has been deduced, from atom probe analysis measurements on low alloyed
martensite (0.2C, 1.98Mn martensitic steel) that it has a thickness between 3
and 10 nm [105]. In other martensitic and multiphase steels even larger thick-
nesses can be expected. Recent TEM investigations [72] state that the retained
austenite thickness can be above 20 nm in quenched martensite. However, the
interlath film may be discontinuous.

1When martensite is characterised by alternated twin-related laths, austenite is not me-
chanically stabilised, since the shape strains related to the two variants cancel with each
other [17].
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3.3 Modelling approach

3.3.1 General features of the model

The experimental evidences on lath martensite, briefly summarised in pre-
vious sections, suggest a modelling approach which accounts for the plastic
anisotropy governed by the crystallography of the two adjacent phases present
in the system: BCC laths with FCC interlath retained austenite (cf. Figure
3.3).
The modelling framework which shall be used is a crystal plasticity approach
(cf. [23]), which naturally incorporates these sources of anisotropy. In this con-
tinuum framework, the effects of dislocation glide on slip systems are modelled
in an average sense, while still disregarding higher-order effects due to disloca-
tion density gradients, e.g. at pile-ups. The typical dimensions of the crystals
involved range from 5 to 200 nm. Within the present model, possible size ef-
fects are not yet considered, which may be a subject of future investigations.
Furthermore, it is assumed that there are enough carriers (dislocations) to con-
tribute to dislocation mediated plasticity. Despite their small sizes, both laths
and interlath retained austenite are known to be highly dislocated2. More-
over, as shown in the result section, the plastic slip in the austenite films
occurs primarily on the slip systems approximately parallel to the austenite-
lath interface, due to the orientation relationship. This in-plane dimension of
the films is estimated to be of the order of micrometers, thus justifying the
continuum modelling approach.

3.3.2 Crystal plasticity framework

The crystal plasticity approach proposed by [23] is here adopted. Let us con-
sider the deformation gradient Fij := ∂yi/∂xj , where yi and xi are the positions
of a material point in the current and reference configuration, respectively. By
indicating with F e

ij and F p
ij the elastic and plastic contributions to the total

deformation, the multiplicative split reads

Fij = F e
ikF

p
kj , (3.1)

2Dislocation densities can be of the order 10
16
m

−2 in laths [72]. Assuming that the
dimensions of a lath cross section are those specified in Figure 3.5b, at least 500 dislocations
are present in a lath. Retained austenite is also dislocated, both through defects inherited
from the parent lattice and through plastic accommodation developed during the martensitic
transformation [100], which is characterised by significant shape strains (around 30 % shear,
cf. [71] Table II).
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where summation over repeated indices applies (here and further on). Equation
(3.1) implies an intermediate configuration which contains only the contribu-
tion of plastic deformation (see Figure 3.4).

n0

s 0

n0

s 0

n

s

F

F
p F

e

kj

ij

ik

reference con!guration current deformed

con!guration

intermediate con!guration

Figure 3.4: Multiplicative decomposition of the deformation gradient. Slip
systems in each configuration are schematically indicated by blue lines.

The plastic part of the velocity gradient Lij is Lp
ij := Ḟ p

ikF
p−1
kj , with Ḟ p

ij the
time derivative of F p

ij . In the crystal plasticity setting, it is decomposed as

Lp
ij =

ns
∑

α=1

γ̇α (Pα
0 )ij , (3.2)

where (Pα
0 )ij := sα0 in

α
0 j is the Schmid tensor related to the αth slip system

(sα0 i is the slip direction and nα
0 i the slip normal, both in the reference config-

uration), γ̇α is the plastic slip rate on slip system α and ns is the number of
slip systems in the crystal.
Following [23], we consider the push forward of the second Piola-Kirchhoff
tensor Sij (defined in the reference configuration) towards the intermediate
configuration

S̄ij = F p
ikSkhF

p
jh . (3.3)

A typical choice for a constitutive relation for S̄ij is a natural extension of
small strain elasticity relation

S̄ij = CijhkE
e
hk , (3.4)

with Cijhk being the classical fourth-rank elasticity tensor; Ee
ij :=

1
2

(

Ce
ij − δij

)

is the elastic Green - Lagrange strain tensor, with Ce
ij := F e

kiF
e
kj the elastic

Cauchy-Green tensor and δij the second-rank identity tensor (Kronecker delta).
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The plastic slip rate γ̇α is determined via the visco-plastic slip law [60]:

γ̇α = γ̇0

(

|τα|

sα

)1/m

sign(τα) , (3.5)

where γ̇0 is a reference slip rate and m is a strain rate sensitivity parameter;
τα is the resolved shear stress on the αth slip system, obtained as

τα = Ce
ikS̄kj (P

α
0 )ij . (3.6)

The current slip resistance (yield stress) sα follows the evolution law

ṡα =
ns
∑

β=1

hαβ |γ̇β| , (3.7)

where hαβ is a hardening matrix. The hardening matrix takes the form

hαβ = h0

(

1−
sα

s∞

)a

qαβ , (3.8)

where qαβ is a matrix in which elements equal 1 on the diagonal and qn off
diagonal. qn is the ratio of the latent hardening with respect to the self-
hardening for non-coplanar slip systems.
The Schmid law (3.6) is not valid for the BCC phase, where non-Schmid effects
must be taken into account (e.g. [34, 171]). By following [171], the resolved
shear stress is defined as

τα = Ce
ikS̄kj (P

α
0n)ij , (3.9)

where (Pα
0n)ij := (Pα

0 )ij + ηαij, and ηαij is defined as [171]:

ηαij := ηss
(

sα0 is
α
0 j

)

+ ηnn
(

nα
0 in

α
0 j

)

+ ηzz
(

zα0 iz
α
0 j

)

(no sum on α) . (3.10)

In (3.10), ηss, ηnn and ηzz are three non-Schmid parameters, while zα0 i results
from the cross product of sα0 i and nα

0 i.
This crystal plasticity framework has been implemented as a user-defined ele-
ment subroutine in a commercial FE code. 3D tri-linear brick finite elements
have been used with a Total Lagrange procedure to account for finite defor-
mations. At each integration point, a Newton-Raphson procedure is used to
solve the resulting non-linear system of equations. For the time discretization
of the constitutive equations a fully implicit backward-Euler scheme is adopted
in combination with the Newton-Raphson procedure.
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3.3.3 Model material parameters and slip systems

The FCC slip systems are of the {111}γ family (as listed in Table 3.3). For
BCC slip systems the {110}α′ family is here considered [53, 25].

Unfortunately, there are little experimental measurements of the mechanical
properties of single crystal BCC and FCC alloyed iron. Some papers (e.g.
[171]) report values of crystal plasticity parameters of pure BCC iron based
on [69]. Due to the lack of dedicated experimental data, expecially for the
FCC phase, a rather qualitative choice of material parameters has been made.
Material parameters in this work for BCC and FCC single crystals have been
estimated based on the (polycrystalline) experimental data related to marten-
site and retained austenite in TRIP-assisted multiphase steels, as reported in
[61].

The obtained crystal plasticity parameters are listed in Table 3.2.

Table 3.2: Material parameters for FCC and BCC iron single crystals.

FCC BCC
initial slip resistance τ0 0.36 GPa 0.85 GPa

slip resistance saturation value s∞ 1 GPa 8 GPa
initial hardening rate h0 1.5 GPa 10 GPa

reference slip rate γ̇0 0.01 0.01
strain rate sensitivity m 0.10 0.10
hardening exponent a 1.5 1.5

ratio latent/self hardening qn 1.4 1.4
non-Schmid parameter ηss 0.0544 [171]
non-Schmid parameter ηnn -0.0293 [171]
non-Schmid parameter ηzz -0.0267 [171]

The elastic behaviour has been assumed isotropic, with bulk modulus K = 175
GPa and shear modulus G = 81 GPa for both phases.

Tables 3.3 and 3.4 report the slip systems considered for the two single crystals.

Table 3.3: Slip systems for the FCC phase.

(1) (111)[1̄01] (4) (11̄1)[101̄] (7) (1̄11)[01̄1] (10) (111̄)[1̄10]
(2) (111)[011̄] (5) (11̄1)[1̄1̄0] (8) (1̄11)[1̄01̄] (11) (111̄)[01̄1̄]
(3) (111)[11̄0] (6) (11̄1)[011] (9) (1̄11)[110] (12) (111̄)[101]
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Table 3.4: Slip systems for the BCC phase.

(1) (011)[1̄1̄1] (4) (01̄1)[111] (7) (1̄01)[111] (10) (1̄10)[1̄1̄1]
(2) (011)[11̄1] (5) (101)[1̄11] (8) (1̄01)[11̄1] (11) (110)[1̄11]
(3) (01̄1)[1̄11] (6) (101)[1̄1̄1] (9) (1̄10)[111] (12) (110)[11̄1]

3.3.4 Unit cells

Numerical simulations will be performed on two microstructural unit cells, i.e.
two distinct arrangements of BCC and FCC phases3. The geometry of the unit
cells have been based on the micrographs showing (almost) parallel laths with
interlath films that can be found, for example, in [73] (Fig. 3) or in [72] (Fig.
15, labelled as “athermal martensite”). Sketches of laths are also present in an
early review on lath martensite by Krauss and Marder [76] (Fig. 3).
The following unit cells are considered (Figure 3.5):

1. Bicrystal laminate: laths with interlath retained austenite are approx-
imated by an infinite laminate, Figure 3.5a. The size of the BCC phase
in the vertical direction is T=100 nm. Simulations have been performed
for FCC thicknesses of 5, 10 and 25 nm (4.77, 9.09 and 20 % volume
fraction, respectively). The aim of this set of simulations is to under-
stand the contribution of a thin layer of FCC phase on the mechanics
of the laminate, by varying the direction of loading with respect to the
interface, for different FCC volume fractions.

2. Lath morphology unit cell: a lath cross section with interlath retained
austenite is modelled by accounting for a more complex morphology of
the interface (see Figure 3.5b). The size of the unit cell in horizontal
direction is D = 0.5 µm; in vertical direction the model is H = 200 nm
thick. The minimum thickness of the FCC layer measures t = 3, 10 and
20 nm, resulting in a FCC volume fraction of 5.76 %, 8.52 % and 18.66 %
respectively. For the model with 5 % FCC volume fraction, this results
in a lath width W = 0.495 µm measured along the habit plane and a lath
thickness T = 120.5 nm. The size of the lath decreases with increasing
FCC volume fraction. Note that the lath aspect ratio in these models is
larger than what has been estimated experimentally [76]; the reason for
this choice is to emphasize possible effects due to the lath morphology, in
particular the angle between the habit plane and the FCC-BCC interface.

3The term unit cell here refers to an elementary arrangement of BCC and FCC phases,
and should not be confused with the “crystallographic” unit cell.
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In both unit cells, the habit plane is parallel to the lath mid-plane, while
the lath long direction is in the out-of-plane direction, i.e. the Z-axis (cf.
Figure 3.1). The unit cells have been discretized using 3D finite elements with
one element in the out-of-plane direction. Periodicity conditions have been
imposed in all directions, thus modelling a periodic in-plane laminate, which
is infinitely long in the out-of-plane direction. The FCC crystal orientation is
consistent with Figure 3.1, defined with respect to the habit plane and lath
long directions; the orientation of the BCC phase then follows from the KS
orientation relationship [18], as given in Table 3.1. Note, that the symmetry
conditions imply that the crystallography of the phases (e.g. the slip systems)
is the same for all 24 variants. Hence, conclusions drawn from the simulations
on these unit cells are valid for all variants, whereby the applied loading will
be oriented relative to the direction of the respective habit plane as described
in the next section.

Bicrystal laminate

unit cell

FCC

BCC
Habit plane

XZ

Y

T

(a)

Complex unit cell

FCC

T

t

W

BCC

Habit plane

D

H

(b)

Figure 3.5: 2D sketches of unit cells of the bicrystal laminate model (a)
and lath morphology model (b). The Z axis is pointing outwards (right-hand
coordinate system).

3.3.5 Load cases

Four different load cases are considered, see Table 3.5. The load cases are
defined in terms of the prescribed overall deformation gradient FM

ij , with the
components defined in the coordinate system attached to the habit plane, as
shown in Figure 3.5. The “in-plane shear” case refers to compression along the
lath long direction and stretch on X and Y directions (this loadcase is obtained
by rotating the load parallel to the interface 45◦ counter-clockwise in the XY
plane).
The selected overall deformations are applied on the periodic unit cells using a
classical computational homogenisation procedure as summarised in Appendix
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Table 3.5: Applied load cases

Simple shear “In-plane shear”

FM
ij =





1 γ 0
0 1 0
0 0 1
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A. The prescribed deformation has been applied in such a way that the cor-
responding strain rate equals ĖM

eq = 0.0046 1
s (corresponding to λ̇ = 0.01 1

s ),

with EM
eq =

√

EM
ij E

M
ij , EM

ij = 1
2

(

FM
ki F

M
kj − δij

)

. After the simulation, the

resulting effective stress response (in terms of the first Piola-Kirchhoff stress
tensor PM

ij ) is obtained from homogenisation of the unit cell response, see
Appendix A.
The results of the numerical analyses will be presented in terms of the equiv-

alent measures of strain EM
eq and stress PM

eq =
√

PM
ij PM

ij .

3.4 Results and discussion

3.4.1 Bicrystal laminate unit cell

3.4.1.1 Influence of the loading condition

Results in Figure 3.6 show the response of the bicrystal laminate under different
loading conditions. For comparison, the behaviour of pure BCC and pure FCC
phases with the same orientations as in the lath model are depicted as well.
Note, that the results for 20 % FCC have been omitted for the sake of clarity,
since they reveal the same trend as observed for the models with lower volume
fractions.
In all cases, for a given equivalent strain level, the lowest equivalent stress is
obtained when simple shear is applied along the interface. Even a small frac-
tion of FCC phase plays a significant role in reducing the overall stress under
simple shear, and this effect is also substantial in the “in-plane shear” case.
The same conclusion does not hold for uniaxial tension along the interface or
perpendicular to it. This emphasizes that when the interface of the laminate
is parallel to the shearing direction (which also occurs if the bicrystal is uni-
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Figure 3.6: Equivalent Piola-Kirchhoff stress vs equivalent Green-Lagrange
strain for single crystals and bicrystal laminates (5 % and 10 % FCC), under
different loading conditions: (a) simple shear; (b) in-plane shear; (c) tensile
load ‖ interface; (d) tensile load ⊥ interface.

axially loaded at 45◦ with respect to the interface) the system deforms much
more easily than when loaded in other conditions.
In order to understand this phenomenon, the slip activity of the two phases is
considered. Figure 3.7 shows the deformed configuration and the total plastic
slip γtot =

∑12
α=1 |γ

α| of the 5 % FCC bicrystal laminate for the different
loading conditions.
It can be observed that, when either simple or in-plane shear is applied, the
slip activity in FCC is at least one order of magnitude higher than in BCC; on
the other hand, under uniaxial loading along or perpendicular to the interface,
the slip activity in FCC is comparable to the one in BCC. Exact values of the
total plastic slip are given in Table 3.6.
Table 3.6 shows the total slip activity of the BCC and FCC single crystals for
the same value of EM

eq at different loading conditions. By comparing columns
of Table 3.6 it becomes clear that under uniaxial loading parallel or perpen-
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Figure 3.7: Total plastic slip γtot of the 5 % FCC bicrystal laminate for the
different loading conditions, for EM

eq = 7.0%. Pink lines indicate the unde-
formed configuration.

Table 3.6: Total slip under different loading conditions at EM
eq = 7.0% in

FCC and BCC single crystals and FCC and BCC phases in 5% FCC bicrystal
laminate.

Total slip
Load condition single crystals bicrystal laminate

FCC BCC FCC BCC
simple shear 10.8% 8.3% 131.7% 3.5%

in-plane shear 16.7% 9.3% 117.3% 5.4%
load ‖ interface 15.3% 10.3% 15.4% 10.3%
load ⊥ interface 18.4% 9.4% 21.3% 9.3%

dicular to the interface the slip activity in one phase of the bicrystal laminate
is not remarkably changed by the presence of the other phase. However, when
either simple or in-plane shear conditions occur, slip activity in FCC is signif-
icantly enhanced (approximately 12 and 7 times for simple and in-plane shear
respectively), while activity in BCC considerably decreases (by almost one half
in in-plane shear and more than 2 times in simple shear). Hence, under shear
(either simple or in-plane) along the interface, the BCC phase in the bicrystals
tends to reduce its slip activity, while most deformation is taken up by the
FCC phase. Since the CRSS in the BCC phase is higher than in the FCC
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phase, the contribution of the BCC phase to the resistance of the bicrystal
is lower than in the case of pure BCC; on the other hand, the FCC phase
deforms substantially more in the bicrystal than in the single crystal. These
results show that, indeed, the FCC phase acts like a greasy plane on which the
more rigid BCC phase can slide. Therefore, the bicrystal sheared along the
interface exhibits more “apparent” ductility than the BCC single crystal under
the same loading conditions.

The origin of this behaviour can be traced back to the crystallography of lath
martensite. The BCC - FCC interface is approximately parallel to the lath
habit plane (in the present bicrystal model it is exactly parallel). The lath
habit plane itself is parallel to a plane of the {111}γ family, which is precisely
the slip plane in the FCC phase. This implies that dislocations on the {111}γ
plane parallel to the habit plane can easily glide without piling up to the FCC
- BCC interface.

This is confirmed by identifying the slip systems that contribute most to the
total plastic slip of the FCC phase for the shearing cases reported above (both
for the bicrystals, and for FCC single crystals). They are n2

0γs
2
0γ = (111)γ [011̄]γ

and n3
0γs

3
0γ = (111)γ [11̄0]γ , while n1

0γs
1
0γ = (111)γ [1̄01]γ does not contribute at

all (neither in in-plane shear, nor in simple shear), since it is directed along the
lath long direction (out of plane along the Z-axis). Table 3.7 reports the relative
contributions of these two slip systems (number 2 and number 3, respectively)
to the total slip activity.

Table 3.7: Slip on slip systems number 2 and 3 in FCC phase, in the 5 %
FCC bicrystals at EM

eq = 7.0%.

Unit cell Load |γ2| |γ3| |γ2|+ |γ3| |γ2|+|γ3|
γtot

× 100%

5 % FCC simple shear 41.2% 84.5% 125.7% 95%
5 % FCC in-plane shear 17.8% 88.7% 106.5% 91%

From Table 3.7 it can be seen that in case of both simple and in-plane shear
the slip systems 2 and 3 contribute more than 90 % to the total slip. It can
also be noticed that since BCC slip systems are not symmetric with respect to
the loading condition (while FCC slip systems are), the BCC phase induces a
non symmetric slip behaviour in FCC slip systems 2 and 3. Furthermore, it
has been verified that, by applying shear along the lath length direction, slip
system 1 activates, leading to qualitatively similar conclusions.
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3.4.1.2 The role of the orientation relationship

The orientation relationship between the two phases plays the key role in the
observed apparent ductility, and not merely the lower flow stress of the FCC
phase. To validate this statement, a bicrystal with an unphysical orientation
relationship, significantly deviating from KS orientation relationship, has been
considered. In this case, the cubic axes of the FCC crystal were oriented along
the X, Y, Z axes, while the orientation of the BCC phase was left unchanged.
Figure 3.8 reveals the response in simple shear of 5% FCC bicrystal laminates,
comparing the one complying with the KS orientation relationship with the
one violating it.
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Figure 3.8: Comparison between simulations on 5 % FCC bicrystal laminates
with and without KS orientation relationship under simple shear.

Clearly, the bicrystal laminate with an unphysical orientation relationship,
does not exhibit the “greasy plane” effect to the same extent as the lami-
nate with KS orientation relationship, where FCC slip systems are favourably
oriented with respect to shear along the habit plane. In the bicrystal with
violated orientation relationship, only the low FCC flow stress and hardening
contribute. Note, that this result is not dependent on the choice of the KS ori-
entation relationship, but it would hold for any orientation relationship with
{111}γ habit plane. For this reason, the shearing mechanism does not depend
on the exact material parameters of the BCC phase. It has been verified that,
as long as the CRSS of the FCC phase is lower than that of the BCC phase,
qualitatively the same conclusion holds; variation of the other parameters of
the FCC phase (strain rate sensitivity, hardening, etc.) do not change the
results qualitatively. Note, that in the case the orientation relationship is vio-
lated, the active slip systems in FCC are not parallel to the interface. Due to
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the small thickness of the film, a discrete description may be more appropri-
ate, in order to account for the interaction between dislocations in austenite
and the austenite-lath boundary. Such description is expected to amplify the
effect shown in Figure 3.8 even more, by making the response even stiffer if
the orientation relationship is violated. However, we recall that this effect is
unphysical.
Finally, it is worth noting that this mechanism does not depend on the choice
of the other, crystallographically possible slip system families of BCC phase.
In the literature, the possibility of {112}α′ (e.g. [142, 171]) or both {110}α′

and {112}α′ (e.g. [49]) has been mentioned. Considering these slip system
families leads to qualitatively the same conclusions, as shown in Appendix B.

3.4.1.3 Comparison with rules of mixtures

It is common practice, when dealing with multi-phase steels, to predict aver-
aged mechanical properties by means of simplified rules of mixtures. The most
commonly used ones are the Taylor (iso-strain), the Sachs (iso-stress) and the
iso-work rule of mixtures (see [22]), the last being popular when dealing with
multi-phase steels.
Figure 3.9 compares the predictions by three rules of mixtures (the iso-work
being calculated according to [22]) for the 5 % FCC bicrystal laminates under
simple shear loading, next to the actual response.
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Figure 3.9: Comparison between the actual response of 5 % FCC and the
predictions by different rules of mixtures.

The iso-work rule of mixtures cannot properly predict the behaviour of the thin
FCC layer as a “greasy” plane. Results even deviate more for the Taylor-type
rule of mixtures, which is too stiff. The Sachs rule of mixtures, while capturing
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the “greasy plane” mechanism, actually overestimates the ductility of the two-
phase material; in particular, the yield strength is visibly underestimated.

3.4.1.4 Continuity of the interlath retained austenite layer

In most cases [72], the austenite layer thickness is not constant along the lath
and may be even interrupted.
To investigate the influence of an interruption in the FCC layer on the “greasy”
plane effect, a bicrystal model with a complete interrupted horizontal film has
been created, by removing 12.5 % of the FCC phase (BCC properties are
assigned to the part deducted from FCC). The resulting FCC volume fraction
is 4.2%, further referred to as 4% FCC for the sake of brevity. Figure 3.10
shows the comparison with a 4% FCC bicrystal without interruption.
Figure 3.10 shows that, although the shearing response of a bicrystal with an
interrupted layer is stiffer, the “greasy” plane mechanism is still active, even
though dislocations gliding parallel to the habit plane are partially obstructed
by the hard barriers at the interruptions.
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Figure 3.10: Influence of a complete through the thickness interruption on
the response of a 4 % FCC bicrystal laminate under simple shear.

3.4.2 Lath morphology unit cell

So far, conclusions are based on a bicrystal BCC - FCC laminate only. In
order to account for the effect of lath morphology on the mechanical response,
simulations are next performed on more complex unit cells, see Figure 3.11.
Figure 3.11 shows that the lath morphology unit cell reveals a slightly stiffer
response than the bicrystal laminate. The “grease” plane effect is still present
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Figure 3.11: Comparison between the response of the 5 % FCC lath mor-
phology unit cells and the bicrystal laminates under simple shear.

and pronounced. Conclusions made for the bicrystal laminate in term of load-
ing conditions, volume fractions, rules of mixtures, role of crystallography and
orientation relationship, and the interruption of the FCC film also apply to the
lath morphology unit cell. Figure 3.12 shows the deformation and the total slip
activity of the 5 % FCC unit cell under simple shear loading at an equivalent
strain EM

eq = 7.0%.
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Figure 3.12: Deformation and total slip γtot in the 5 % FCC lath morphology
unit cell under simple shear (Eeq = 7.0%). Pink lines indicate the undeformed
configuration.
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A very thin FCC layer yields remarkable effects when shear is applied approxi-
mately parallel to it. A curved morphology of the interface only slightly alters
this shear mechanism, yielding higher equivalent stresses for the same equiva-
lent strain, see Figure 3.11. The total slip activity in the FCC phase, in Figure
3.12, reaches a peak of 205 %, while BCC phase deforms much less (with local
peaks of 13.0 % total slip, and an average slip activity below 10.0 %). The
FCC phase still acts as a “greasy” plane on which the more rigid BCC phase
slides, even if the FCC-BCC interface is not exactly parallel to the lath habit
plane. A more detailed analysis of the activity per slip system shows that
the majority of the slip in FCC (89 % of the peak total slip) results from slip
systems 2 and 3, consistent with the bicrystal laminate.

3.4.3 Discussion

Results presented in this chapter, based on the analyses of unit cells of BCC
laths with FCC interlath retained austenite, show that, provided that there are
enough carriers for plasticity, interlath retained austenite acts like a “greasy”
plane on which stiffer BCC laths can slide. Therefore, the presence of a very
thin layer of austenite, which is difficult to detect experimentally [105], can
remarkably influence the apparent mechanical behaviour of lath martensite.
Unfortunately, direct small-scale observations of this phenomenon are not yet
available in the literature. However, experimental evidence by Mine et al. [98]
seems to indirectly confirm our conclusion. Indeed, the authors show (Fig. 9 in
[98]) that high localised shear can develop in martensitic sub-blocks with their
lath habit plane oriented 45◦ with respect to the uniaxial loading direction,
which is in line with our results (e.g. Figure 3.7). The authors of [98] do not
present any evidence of interlath retained austenite, since the typical resolu-
tion of the EBSD measurements is above the expected dimensions of interlath
austenite films as discussed in the present chapter. However, their material
has an alloying composition very close to [132], which reports TEM evidence
of interlath retained austenite films. Furthermore, [98] reports values of the
CRSS for slip along the habit plane which are almost 50 % lower than the
CRSS for slip occuring on other planes, a difference in mechanical properties
which indirectly suggests the presence of weaker austenite films parallel to the
habit planes of stiffer BCC laths. Furthermore, [98] reports that the most duc-
tile response occurs when laths’ habit planes (i.e. the austenite-lath interface)
are oriented at 45◦ with respect to the loading. In this case, a uniform elon-
gation UE ≃ 0.04 occurs at an overall stress σ = 925 MPa (the product is 37
MJ/m3). On the other hand, they report a more brittle response (UE ≃ 0.015
at σ ≃ 1075 MPa, the product being 16.12 MJ/m3) when the lath habit planes
are mostly oriented perpendicular to tensile direction. The detailed simulation
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of these experiments will be the subject of the future work.

This local morphological texture effects can indeed be strong when the dimen-
sions of the object are comparable with the dimensions of the martensite sub-
units (i.e. packets, blocks, sub-blocks, laths), as studied in [98]. For example,
the large variability in the deformation behaviour of martensitic micropillars
has also been presented in [52], although without the detailed crystallographic
data. On the other hand, when larger structural parts made of martensite are
considered, local anisotropic responses are presumed to average out. However,
in the case of some multi-phase steels (e.g. dual phase or low alloyed TRIP
steels), the morphological texture of the single martensite islands is expected
to be strong due to their small dimensions, thus significantly influencing the
local deformation behaviour.

Interlath retained austenite may be not the only reason why apparent large
deformations are observed in martensite. On one side, when carbon content is
very low, martensitic laths themselves can deform a lot. On the other side, a
pressure exerted on martensite islands (e.g., in dual phase steels) can enhance
the ductility of martensite. In DP steels, a negative hydrostatic stress on
martensite can originate from the martensitic transformation, which yields
a net volume expansion. On top of this, when load is applied, the elastic
anisotropy of surrounding ferrite grains can exert non-homogeneou pressures
on martensite islands, thus promoting higher deformation of some martensite
islands and not of the others.

Finally, it is also remarked that the new generation of advanced high strength
steels (AHSS), recently proposed in the literature [38, 123], exploit austenite
layers to significantly improve overall toughness and ductility of the material.
Examples include the quenching and partitioning (Q&P) processing, which
consists in the promotion of austenitic layers thicker than those considered
in the present study. Austenite is retained by quenching the steel to a tem-
perature at which the martensitic transformation has started, but does not
complete. By subsequent tempering above the martensitic starting tempera-
ture, the partitioning of carbon to the untransformed austenite is activated.
Another, more recent example is the “reversed” austenite obtained in marag-
ing steels [123] after quenching to room temperature and aging at ca. 500◦C.
The thickness of the reverse austenite films (5-15 nm) is of the same order as
the interlath retained austenite layers considered here, and the FCC austenite
reveals, at least partially, a KS orientation relationship with the adjacent BCC
laths.

The presented results are mainly qualitative, since reliable quantitative single
crystal data is hardly available in the literature. However, the FCC phase
is undoubtedly weaker than BCC martensite [61], showing little hardening,
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while experimental evidence show hardening in BCC iron [69]. Therefore, the
presented conclusions still stand.
Moreover, no damage is included in the model; our results suggest that lo-
calised shear in FCC layers can be a possible location for the onset of damage,
if we consider the high strains that can be achieved locally. It is believed that
the presence of damage would amplify the observed “greasy” plane mechanism,
since the FCC layer would become even weaker. However, we cannot exclude
that early fracture of austenite or austenite-lath interface may be detrimen-
tal for the ductility of the system. Indeed, to our knowledge, there are no
experimental works documenting possible fracture mechanisms for austenite
films. A fracture criterion for austenite films/austenite-laths interface may be
proposed by accounting for the triaxiality of stress in austenite. However, this
triaxiality-based criterion should also account for the residual stress due to
the austenite to martensite transformation, which was not considered in the
present work. Extensive experimental work (e.g. [86]) has been done on the
fracture behaviour of pearlite, which is characterised by more brittle cementite
lamellae and ferrite. It is observed that compression and a finer pearlitic mi-
crostructure favour a more ductile behaviour of the cementite lamellae, which
eventually neck. We cannot exclude that an analogous phenomenon may oc-
cur in lath martensite blocks, which are characterised by thin, weaker austenite
films and more brittle laths, approximately parallel to each other. The analysis
of fracture in lath martensite would need thorough experimental investigation
and a separate treatment. This is subject of future work.

3.5 Conclusions

Simulations have been performed on microstructural unit cells representing
martensite sub-blocks (single variant stacks) of lath BCC phase with a thin
interlath retained austenite FCC phase. The main results are:

1. Independently from the interlath retained austenite volume fraction and
the exact lath morphology, as long as there are enough carriers for plas-
ticity, localised shearing along the lath habit plane occurs. Under such
conditions, the FCC phase acts like a greasy plane on which stiffer BCC
laths can slide. This mechanism is dominated by the crystallography of
FCC retained austenite films.

2. The shearing mechanism is not just a consequence of the FCC flow stress,
but it is largely due to the orientation relationship having {111}γ habit
plane, which ensures that slip planes of the FCC phase are approximately
parallel to the lath habit planes. If the physical orientation relationship
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is not accounted for, the shearing mechanism is not observed to the same
extent.

3. Typical rules of mixtures, which are widely used for computing the me-
chanical behaviour of multi-phase steels, are not capable to predict the
shearing mechanism, which is due to the local crystallography of lath
martensite. The Sachs rule of mixture (iso-stress) captures the “greasy”
plane mechanism but at the cost of overestimating the ductility and un-
derestimating the yielding point.

4. The fact that the shearing mechanism can be obstructed, either because
the thin films of austenite are interrupted or because there are not enough
carriers for plasticity, does not intrinsically limit the shearing mechanism.
The shearing mechanism occurs also when slight misorientations between
the FCC-BCC interface and the FCC slip systems exist.

Since an island of lath martensite can be considered as a collection of sub-
blocks of different orientations, a high net deformation of the martensite island
can be achieved by a sum of shearing mechanisms in the sub-blocks. The
shearing mechanism as shown in the present work can thus be a plausible
reason for the apparent large deformation behaviour, eventually leading to the
apparent ductility of lath martensite, as observed experimentally at the scale of
martensitic islands. The cooperative behaviour of different lath sub-blocks and
the influence of damage on the lath martensite subgrain mechanics is subject
of future work.
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Abstract

Lath martensite reveals a specific hierarchical subgrain structure, with laths, blocks

and packets of particular crystallography. The presence of interlath retained austenite

layers has been reported in the literature. This chapter investigates the potential influ-

ence of the interlath retained austenite on the mechanical behaviour of lath martensite

subgrains. To this purpose, a martensite grain substructure is modelled using a crystal

plasticity framework, with a BCC lath - FCC austenite bicrystal at the fine scale. The

main novel contribution of this work is the validation of the hypothesis on the role of

the interlath retained austenite in lath martensite using the experimental results re-

ported in the literature. The main features of the experimentally observed deformation

behaviour (stress-strain curve, slip activity and roughness pattern) are qualitatively

well reproduced by the model. It is shown that the presence of austenite interlath films

has the potential to remarkably enhance the local deformation of martensite. In spite

of its minor volume fraction, it plays a major role in the orientation dependent me-

chanical behaviour of the aggregate. It is also shown that if the presence of interlath

austenite is neglected, the observed experimental flow curves are not captured.

4.1 Introduction

The design of advanced high strength steels (AHSS), which are characterised
by both good strength and formability, dates back to the early 1970s (see e.g.
[128] for the case of Dual Phase steels). In the past decade, their development
increased even further by a growing demand for light-weight vehicles and new
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safety standards.

Lath martensite is one of the main constituent phases in a number of AHSS,
such as martensitic steels [98], Dual Phase (DP) steels [24, 150, 27] and other
multi-phase steels (e.g. low alloyed TRIP steels [61]). Beyond multiple appli-
cations in the automotive area, lath martensite is also used e.g. in MEMS [98].
However, its mechanical behaviour still raises questions [97].

Most modelling work on multiphase steels presented in the literature consid-
ers lath martensite as a hard, sometimes elastic isotropic phase [154, 162].
However, clear evidence exists of the strongly orientation dependent me-
chanical behaviour of martensite [98, 52]. Moreover, a number of papers
[24, 150, 27, 50, 98] report evidence of ductile deformation and fracture be-
haviour of lath martensite under uniaxial tension. This observation seems
in contradiction with the commonly accepted low ductility of the BCC/BCT
martensitic phase. Therefore, the following question arises: what governs the
lath martensite orientation dependent, apparently ductile behaviour?

A deeper analysis of the lath martensite deformation mechanisms contributes
to the further understanding of its damage and fracture behaviour, and may
enhance the exploitation of its potential in technological applications.

To address this question, we depart from the current knowledge on the crystal-
lography and morphology of lath martensite. Recent EBSD and TEM studies
[102, 104, 105] have reported extensive evidence of the hierarchical crystalline
substructure of low carbon lath martensite. During quenching from austen-
ite, body centered cubic (BCC) laths form and group together according to
a specific orientation relationship (approximately Kurdjumov-Sachs) with the
parent austenite face centered cubic (FCC) lattice. The lath morphology and
the crystallographic relation between multiple martensite subgrains can influ-
ence the local and overall anisotropic mechanical behaviour [56, 98, 93]. Also,
since the martensitic transformation is never complete [74, 20], thin interlath
austenite films may be retained at lath boundaries. Their presence has been
detected with TEM in lath martensite in a number of low carbon steels, e.g.
martensitic [78, 132, 105], also tempered [85], stainless steels [111], DP steels
[73, 127, 63, 7, 72], low alloy TRIP steels [113, 149].

We have recently shown [93] that, provided there are enough carriers for plas-
ticity, even a small fraction (5 %) of FCC interlath retained austenite can
influence the orientation dependent mechanical behaviour of lath martensite
at the level of laths with approximately the same orientation. In particular,
when shear is applied parallel to the BCC-FCC interface, localised plastic slip
occurs in interlath austenite, leading to a remarkable increase of the overall
deformation for a given stress level. This result is not just a mere consequence
of the fact that the critical resolved shear stress (CRSS) of the FCC phase
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is lower than that of the BCC phase, but it is intrinsically related to the γ
austenite - α′ martensite orientation relationship, which is characterised by a
habit plane of the approximately {111}γ family. Hence, there are always 3 slip
systems in the FCC phase which are parallel to the BCC-FCC interface, i.e.
they are most favourably oriented for carrying plastic slip along the interface.

So far, there was no direct experimental evidence of the role played by interlath
retained austenite on the orientation dependent mechanical behaviour of lath
martensite. The recent work of Mine et al. [98] is here used to assess the possi-
ble role played by the interlath retained austenite in the mechanical behaviour
of lath martensite. In [98], micrometer-sized tensile specimens were fabricated
from a fully lath martensitic low carbon, low alloyed steel. The crystallog-
raphy of the specimens was identified by means of EBSD before performing
mechanical tests. The specimens were strained up to fracture under quasi-
static conditions, at room temperature. Stress-strain curves were calculated
and surface undulations were measured by scanning white-light interferome-
try for some strain levels. It is shown that, in all cases, lath martensite does
not loose ductility. Moreover, it is observed that slip occurs along lath habit
planes at critical resolved shear stresses (310-360 MPa) that are lower than
those related to the {112}α′ slip family in BCC laths (500-560 MPa). Slip sys-
tems parallel to lath habit planes, also named “in-lath-plane” slip systems are
identified in [98] with slip family {110}α′ of BCC laths. This is a commonly ac-
cepted view (e.g. [141]) which attributes to lath martensite two “pseudo-single
crystal” slip families, close to {110}α′ and {112}α′ , that can activate in a BCC
lattice. In this view, also referred to in [98], the presence and the potential
role of interlath retained austenite is ignored.

However, the strong difference in CRSS observed in [98] may be due to the
presence and activity of two different phases in lath martensite: BCC laths
with FCC interlath retained austenite. The latter is known to be much weaker
than highly dislocated BCC phase. Furthermore, some fractography views
reported in [98] (cf. Fig. 9d in [98]) suggest that ductile shear fracture can
occur when lath habit planes are oriented ca. 45◦ with respect to the tensile
axis, i.e. when shear occurs along the BCC-FCC interface. This observation is
consistent with [93], and therefore calls for an in-depth analysis. Indeed, [93]
lacks an experimental validation, which is provided here.

This chapter aims to assess, based on the experimental results of [98], the
hypothesis proposed in [93]. We investigate the role played by the hierarchi-
cal crystallographic structure of martensite, combined with the presence of
very thin interlath austenite films, on the orientation dependent mechanical
behaviour of lath martensite, as indicated by the experiments of Mine et al.
[98]. To this purpose, a computational framework at the scale of marten-
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site subgrains has been developed, incorporating the mechanical behaviour of
martensitic laths through an underlying lamella model. At the scale of the
lamella model, the crystallography of the BCC lath and FCC interlath re-
tained austenite is included and modelled using a crystal plasticity approach
[23]. This two-scale model is used to simulate the deformation behaviour of
two martensitic samples of different crystallography, as presented in [98]. The
comparison of the simulation results with the experimental data [98] reveals
the possible contribution of the interlath retained austenite to the deformation
behaviour of lath martensite.
The chapter is organised as follows. First, in Section 4.2 a brief summary is
given of the existing experimental evidence on the morphology and crystallog-
raphy of lath martensite and interlath retained austenite. Then, the modelling
approach and the model setup are presented in Section 4.3 and 4.4, respec-
tively. In Section 4.5 simulation results are presented and confronted with the
experiments by [98]. The chapter ends with a discussion and conclusions.
As stated above, lath martensite is in general a mixture of BCC laths and
FCC retained austenite films. However, the presence of FCC films is usually
neglected. It is shown that by accounting for the presence of BCC and a small
volume fraction (5 %) of FCC in lath martensite, the experimental results
of [98] are qualitatively well captured, in particular the flow behaviour, the
roughness and slip patterns. In addition, we show in Appendix D that, when
the FCC phase is neglected and lath martensite is modelled as a collection of
BCC crystals only, the observed experimental flow curves are not captured.
The following notation shall be used: a, b, C and D denote scalars, vectors,
second order tensors and fourth order tensors respectively. Symbol T denotes
transposition. Single and double contractions are denoted by “ ·” and “:”, re-
spectively, with A:B = tr(A · B), tr being the trace operator. Tensor (or
dyadic) product between two vectors a and b is denoted a⊗b. The symbol
“×” indicates the cross product. The time derivative of scalars and tensors is
indicated by a superimposed dot, e.g. ȧ.

4.2 Lath martensite

4.2.1 Crystallography and morphology of lath martensite

Recent experimental EBSD and TEM investigations [102, 104] on low carbon
(0 - 0.6 wt %), low alloy lath martensite in martensitic steels provide detailed
information on the crystallography and morphology of lath martensite. Laths
can be considered as highly dislocated BCC crystals. They are related to
the prior FCC austenite lattice by an approximately Kurdjumov-Sachs (KS)
orientation relationship [112].
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As described e.g. in [104] (see also Figure 4.1), laths formed in the same prior
austenite crystal are grouped together into subgrains, i.e. 4 crystallographic
packets (sets of laths sharing the same habit plane). A packet consists of 3
blocks, each subdivided into two subblocks (collections of laths having the same
long direction). The two subblocks which form a block are 2 KS variants, which
are characterised by a small crystallographic misorientation: 10.5◦/[011]α′ ; the
experimentally measured misorientation angle is even lower (below 5◦ [102]).
The average crystallography of the two KS variants in each block corresponds
to a variant of the Nishiyama-Wassermann (NW) orientation relationship. A
one-to-one correspondance can be determined between a low-angle misoriented
KS variant pair in a crystallographic packet and a single NW variant, following
the notion of Bain axes (e.g. [54]). In Appendix C, table C.1 shows all possible
KS variants, while Table C.2 shows the related NW variants.

Prior austenite grain boundary Crystallographic packet boundary

Block boundary

Prior austenite grain Crystallographic packet Block

Laths of 2 variants (sub-blocks)

Interlath retained austenite

Figure 4.1: Subgrain crystallographic units of martensite as formed in a
prior austenite grain: i) 4 crystallographic packets, ii) 3 blocks per packet, iii)
two sub-blocks per block, iv) one variant of laths in each sub-block. Interlath
austenite can be retained at the boundaries of any substructural unit.

EBSD measurements in [98] do not allow to clearly distinguish between the two
variants of a block. Therefore we will consider the NW orientation relationship
for modeling purposes, unless a single KS variant per block is indicated in [98]1.

Typical dimensions of blocks in [98] range from few microns to ca. 10 µm. The
thickness of the laths is expected to be of the order of 100 - 200 nm. In general,
the dimensions of crystallographic packets and blocks in lath martensite can
vary considerably, depending on the prior austenite grain size [103].

1It has been verified that the conclusions do not change qualitatively if, instead of NW,
one of the two KS variants is used to model each block.
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4.2.2 Interlath retained austenite

Thin films of interlath retained austenite can exist along the boundary of each
substructural unit of a martensite grain. Their presence has been reported in
various low carbon steels [16, 78, 73, 127, 132, 85, 111, 63, 105, 7, 72, 113, 149].
Austenite can be retained at room temperature because of either chemical or
mechanical stabilisation. The first phenomenon is due to the alloying compo-
sition, while mechanical stabilisation occurs due to the accommodation of the
strains involved into the austenite to martensite transformation.
Few data in the literature provide indications on the thickness of interlath
retained austenite. Recent investigations on low alloyed martensite (0.2C,
1.98Mn martensitic steel) deduce a thickness between 3 and 10 nm [105]. In
quenched martensite, the thickness of retained austenite can be above 20 nm
[72]. The interlath films can have a non-constant thickness and be interrupted;
however we have shown in [93] that also in this case the FCC layers can preserve
a significant effect on the mechanical behaviour of a block.

4.3 Modelling approach

4.3.1 General framework

Experimental evidence on the substructure of lath martensite, as shortly sum-
marised in the previous section, calls for a multi-scale modelling approach as
sketched in Figure 4.2. Following the experiments of Mine et al. [98], the sam-
ple scale, subsequently called mesoscale, consists of several martensitic blocks.
As explained earlier, at the fine scale each of the blocks consists of laths with
interlath retained austenite. Since the direct resolution of the fine laths at the
scale of blocks is practically infeasible, the behaviour of the mesoscale mate-
rial points is obtained through homogenisation, using an underlying lamella
model. The lamella model represents the behaviour of a BCC lath with the
FCC interlath retained austenite. At the scale of the lamella model, the re-
spective crystallography of the two phases and the resulting elastic and plastic
anisotropy are modelled through a crystal plasticity approach.
Next, the lamella model is described, followed by a brief summary of the crystal
plasticity formulation.

4.3.2 Lamella model

We formulate a lamella model which represents a martensite block of laths as
an infinite laminate of BCC and FCC phases. The equations of the lamella
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Figure 4.2: Two scale modelling framework.

model are given by:
FM = fFFF + fBFB , (4.1)

PM = fFPF + fBPB , (4.2)

PB · n = PF · n , (4.3)

FB · (I − n ⊗ n) = FF · (I − n ⊗ n) . (4.4)

Equations (4.1) and (4.2) express the mesoscale deformation gradient tensor
FM and the mesoscale first Piola-Kirchhoff stress PM as the volume average
of the related phase quantities, with fF and fB the phase volume fractions; F
and B indicate FCC and BCC phase, respectively. Equations (4.3) and (4.4)
are the equilibrium and compatibility conditions at an interface, respectively;
n is the interface normal and I is the second-order identity tensor.
The outcome of this model is equivalent to a fully-resolved finite element model
of a bicrystal laminate as considered in [93].

4.3.3 Crystal plasticity framework

For the solution of the lamella rule of mixtures, classical crystal plasticity (cf.
[23]) is adopted for each phase. In this first-order continuum approach, the
effect of dislocation glide on slip systems is modelled in an average sense, while
higher-order effects due to e.g. dislocation pile-ups are disregarded. The typ-
ical dimensions of the crystals considered here range from 5 to 200 nm. The
possible size effects due to these small features, however, are not included in
the present model. Moreover, it is assumed that there are enough dislocations
to contribute to the dislocation mediated plasticity. Indeed, despite their small
sizes, both laths and interlath retained austenite are known to be highly dis-
located. Furthermore, the plastic slip in the austenite films occurs primarily
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on the slip systems which are approximately parallel to the FCC austenite -
BCC lath interface, due to the orientation relationship (cf. [93]). The in-plane
dimension of the austenite films is estimated to be of the order of micrometers,
thus justifying the continuum modelling approach.
In this section all quantities refer to each single phase separately; hence, the
superscripts F and B are omitted here for the sake of simplicity.
Let us consider the deformation gradient of a phase F := ∇y(x), where y and x

are the positions of a material point in the current and reference configuration,
respectively. The total deformation F can be multiplicatively split into an
elastic Fe and plastic Fp contribution as follows:

F = Fe · Fp . (4.5)

The multiplicative split introduces an intermediate configuration distorted by
the plastic deformation only (Figure 4.3). The elastic deformation, as well
as rotations are included in Fe. Next, the plastic part of the velocity gradi-

n0

s 0

n0

s 0

n

s

F

Fp
Fe

reference con!guration current deformed

con!guration

intermediate con!guration

Figure 4.3: Multiplicative split of the deformation gradient. Blue lines indi-
cate schematically a slip system in each configuration.

ent L is introduced as Lp := Ḟp · F
−1
p . In the crystal plasticity setting, the

crystallographic decomposition reads

Lp =

ns
∑

α=1

γ̇αPα
0 , (4.6)

where Pα
0 := sα0 ⊗nα

0 is the Schmid tensor of the αth slip system, sα0 is the slip
direction and nα

0 the slip normal, both defined in the reference configuration,
γ̇α is the plastic slip rate on slip system α and ns is the number of slip systems
in the crystal.
The pull back of the Kirchhoff tensor τ to the intermediate configuration gives

S̄ = F−1
e · τ · F−T

e . (4.7)
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The constitutive relation for S̄ is taken as

S̄ = C:Ee , (4.8)

where C is the fourth-order elasticity tensor, Ee := 1
2(Ce − I) is the elastic

Green-Lagrange strain with Ce := FT
e · Fe the elastic Cauchy-Green tensor.

The plastic slip rate γ̇α is determined via the visco-plastic slip law [60]

γ̇α = γ̇0

(

|τα|

sα

)1/m

sign(τα) , (4.9)

where γ̇0 is a reference slip rate and m is a strain rate sensitivity parameter;
τα is the shear stress resolved on the αth slip system:

τα =
(

Ce · S̄
)T

:Pα
0 . (4.10)

The current slip resistance sα follows the evolution law

ṡα =

ns
∑

β=1

hαβ |γ̇β| , (4.11)

where hαβ is a hardening matrix, which takes the form

hαβ = h0

(

1−
sα

s∞

)a

qαβ , (4.12)

with qαβ a matrix in which elements equal 1 on the diagonal and qn off diagonal
(qn is the ratio of the latent hardening with respect to the self-hardening for
non-coplanar slip systems); h0, s∞ and a are material parameters.
The Schmid’s law (4.10) is violated in BCC crystals. Therefore, non-Schmid
effects in the BCC phase are included (e.g. [34, 171]) by redefining the resolved
shear stress as

τα =
(

Ce · S̄
)T

:Pα
0n , (4.13)

where Pα
0n := Pα

0 + η
α, with η

α defined by [171]:

η
α := ηsss

α
0 ⊗ sα0 + ηnnn

α
0 ⊗ nα

0 + ηzzz
α
0 ⊗ zα0 (no sum on α) . (4.14)

In (4.14), ηss, ηnn and ηzz are three non-Schmid parameters, while zα0 :=
sα0 × nα

0 .
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4.3.4 Numerical implementation

The computational framework as presented above involves two levels of anal-
ysis: the lath martensite specimen is discretised with 3D tri-linear brick finite
elements. To each element within the block the average spatial orientation of
the laths is assigned, and the corresponding lamella model is solved at each
integration point. Within the solution of the model, the crystal plasticity algo-
rithm is invoked for each phase. The whole framework has been implemented in
a user-defined element subroutine in a commercial FE code. A Total Lagrange
procedure is used to account for finite deformations. Newton-Raphson proce-
dures are used both for the solution of the lamella model at each mesoscale
integration point and for the solution of the non-linear crystal plasticity slip
laws in each phase. A fully implicit backward-Euler scheme is adopted for the
time discretization of the constitutive equations.
Computational efficiency was not the aim of this work, which focuses on gaining
physical insight instead. For this reason, the routines were not optimized for
parallelization and the simulations were done on a single core.

4.4 Simulation setup

4.4.1 Mesoscale geometry and crystallography

The model is assessed on specimens MP1 and MP2 of Mine et al. [98]. The
EBSD measurements from [98] showing the crystallographic orientations of the
BCC phase are reported in Figure 4.4.

(a) (b)

Figure 4.4: EBSD maps in the undeformed configuration of specimens MP1
(a) and MP2 (b). Reprinted from [98] with permission from Elsevier.

According to these EBSD data, two geometrical models have been created,
hereafter referred to as configuration MP1 and configuration MP2, respectively
(see Figure 4.5).
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The in-plane dimensions of the models are H = 20 µm, L1 = 32.14 µm,
L2 = 26.32 µm. Thus, only a fraction of the specimen with 50 µm gauge
length is modelled.
For both configurations, the out-of plane dimension is T = 20 µm. Since the
morphology and the crystallography of the samples is not known in the out-
of-plane direction, it has been assumed constant through the thickness. As far
as configuration MP2 is concerned, the assumption of constant out-of-plane
morphology seems not far from reality, by considering Fig. 2 in [98] and by
noticing that the lath habit plane in CP4 is approximately perpendicular to
the specimen top surface. The situation is less clear in case of configuration
MP1. However, also in this case (Fig. 2 in [98]) the typical size of the blocks
seems to be comparable with the specimen thickness size.
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Figure 4.5: Model geometry and finite element mesh for specimen MP1 (a)
and MP2 (b), with variants and crystallographic packets (CP) indicated.

Figure 4.5 also shows the KS variants measured experimentally by [98] in each
block, together with the NW variants used in our models, see Appendix C
for the crystallographic definition of these variants. Furthermore, where the
analysis in [98] indicates a single KS variant (V10 in MP1 and V5 in MP2, cf.
Figure 4.4), only the measured KS variant has been assigned to the block.

4.4.2 Finite element model and boundary conditions

The considered parts of the specimens have been discretized by 3D tri-linear
brick finite elements. The average in-plane FE size is around 0.5 µm2. For
both configurations MP1 and MP2, the FE mesh is shown in Figure 4.5. Four
elements are used through the thickness, since the variations of the strain field
in that direction are small. For both the in-plane and through the thickness
directions we have performed a mesh refinement study. This study revealed
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that, although the selected mesh is relatively coarse, the convergence of the
results is satisfactory.
In both configurations, boundary conditions are applied such that the loading
on a central section of dogbone specimens could be mimicked, Figure 4.6.
The bottom and back edges of the lateral faces (dashed in Figure 4.6) of the
modelled material volume were constrained in y- and z-directions, respectively,
while leaving other degrees of freedom unconstrained to allow for free transverse
contraction and expansion. This also ensures that no relative shear along y-
and z-directions takes place, which is expected to be impeded by the aligned
clamps. One point of the model is also fixed to eliminate rigid body rotations
and translations.

u  = u  = u  = 0
X Y Z

u  = 0
Y

u  = 0
Z

<u >  = 0
X

<u >  = u
X X

X

Y

Z

Figure 4.6: Boundary conditions applied on both configurations MP1 and
MP2.

The two faces of the model which are perpendicular to the X direction represent
virtual cross-sections of the real specimen away from the clamps. For this
reason, displacement along X direction (i.e. tensile axis) is prescribed in an
average sense, i.e. for the left face

< uX >:=
1

ΩL

∫

ΩL

uXdΩ = 0 (4.15)

In (4.15) ΩL is the area of the left face. Similarly, on the right face the average
X-displacement reads

< uX >:=
1

ΩR

∫

ΩR

uXdΩ = ūX , (4.16)

where ūX is such that ε̇XX := d
dt

∂ūX

∂X = 0.01s−1; ΩR is the area of the right
face.
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4.4.3 Material parameters of single phases

We will consider an FCC volume fraction fF = 4.76%, which for example may
correspond to a scenario in which laths are 100 nm thick and interlath retained
austenite is 5 nm thick.

The FCC phase is characterised by the standard {111}γ family slip systems.
For the BCC phase, the {110}α′ slip system family has been assumed to be
active at room temperature (e.g. [53, 25]).

The parameter identification procedure is detailed next. First, the anisotropic
elastic constants in the FCC and BCC phases have been determined based on
data from the literature [159], where they were determined from indentation
experiments [48]. For the BCC martensite, we identified the elastic constants
by following the same procedure as proposed in [159]. Next, the initial slip
resistance τ0 for the slip systems in the two phases has been determined while
adopting a strain rate sensitivity m = 0.10 and a reference slip rate of γ̇0 =
0.01 s−1. The non-Schmid parameters for the BCC phase have been taken
from the literature [171]. The initial slip resistance τ0 of the FCC phase was
first identified on the stress-strain response of MP2 configuration, which is
much more sensitive to this value than configuration MP1, by assuming a first
guess of the initial slip resistance in the BCC phase τ0 = 530 MPa. This value
has been chosen close to the value estimated in [98] as the critical resolved
shear stress (CRSS) of {112}α′ slip systems. After fitting the stress-strain
response of MP2, the τ0 for the BCC phase has been corrected such that the
stress-strain response of configuration MP1 matches. The process has been
iterated a couple of times until both stress-strain responses of MP1 and MP2
match. The number of iterations was limited, since the deformation behaviour
of configuration MP2 is dominated by the FCC phase in most of the domain,
while the deformation of configuration MP1 is mostly dominated by the BCC
phase, due to the preferential orientation of the habit planes with respect to
the applied tensile loading, as will be shown in the Results section. Therefore
the stress-strain response of configuration MP2 is more sensitive to the initial
slip resistance of the FCC phase than of the BCC phase, while the opposite
situation is encountered in configuration MP1. Finally, the initial hardening
rate h0 and the slip resistance saturation value s∞ have been matched, while
assuming a hardening exponent a = 1.5 and a ratio between latent and self
hardening qn = 1.4. The identification of these parameters followed the same
steps as the identification of the initial slip resistances described above.

The material parameters used in the simulations are listed in Table 4.1.
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Table 4.1: Material parameters adopted for FCC austenite and BCC marten-
site single crystals.

FCC BCC
initial slip resistance τ0 265 MPa 510 MPa

slip resistance saturation value s∞ 340 MPa 2000 MPa
initial hardening rate h0 250 MPa 1500 MPa

reference slip rate γ̇0 0.01 0.01
strain rate sensitivity m 0.10 0.10
hardening exponent a 1.5 1.5

ratio latent/self hardening qn 1.4 1.4
non-Schmid parameter ηss 0.0544
non-Schmid parameter ηnn -0.0293
non-Schmid parameter ηzz -0.0267

elastic constant C11 268.5 GPa 349 GPa
elastic constant C12 156 GPa 202.5 GPa
elastic constant C44 136 GPa 176.5 GPa

4.5 Results

4.5.1 Flow curves

Figure 4.7 presents the comparison between the simulated flow curves of con-
figurations MP1 and MP2 and the experimental data from [98]. For both MP1
and MP2 specimens the yield stress is captured qualitatively well. The differ-
ence between the specimens is due to their different crystallography and block
spatial configuration, since material parameters related to the slip systems in
BCC and FCC phases are the same in both configurations. In the case of
specimen MP2, lath habit planes are mostly oriented at 45◦ with respect to
the loading direction (V19/22, V20/23, V21/24). Therefore, yield occurs at
lower stress levels, since localised shear develops in the FCC phase (cf. [93]).
Also, the hardening behaviour is captured well for both specimens. The elastic
regime however is not captured. This difference is likely due to limitations in
the experimental accuracy for small strains. Indeed the elastic modulus C11

that would correspond with the experimental data points, raises up to 800
GPa, which seems unrealistic. Moreover, we have verified that the conclusions
are not affected qualitatively by the choice of different elastic constants.
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Figure 4.7: Flow curves of configurations MP1 and MP2 vs experimental
results from [98].

4.5.2 Slip activity

The analysis of the slip activity in the single phases for specimens MP1 and
MP2 gives insight in the different flow behaviour obtained for the two configu-
rations. Figure 4.8 and Figure 4.9 show the total slip in FCC and BCC phases,
respectively, for both samples at 1.0 % applied axial strain.
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Figure 4.8: Total plastic slip in FCC phase for configurations MP1 (a) and
MP2 (b), 1.0 % applied axial strain.

Considering the total slip in the FCC phase for configuration MP2 (Figure
4.8b), two distinct areas of slip can be recognised, corresponding to the crys-
tallographic packets present in the specimen. The most intense slip activ-
ity is in CP4 (V19/V22, V20/V23, V21/V24), since there the FCC phase is
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most favourably oriented for accommodating deformation by shear. This cor-
responds qualitatively well with the experimental observations by Mine et al.
[98], who have also observed the maximum slip activity in this crystallographic
packet, in particular in the right-side block V20/V23. Compared to CP4, the
other blocks (belonging to CP1 - V1/V4, V5 - and CP2 - V7/V10, V8/V11)
accommodate less slip. The BCC phase hardly contributes to the plastic de-
formation; its total slip activity being well below 2% in all blocks, not above
0.2% in most of the specimen, Figure 4.9b. In essence, in 76% of the specimen
domain the average total slip activity in FCC is around 40% and the total slip
activity in BCC is below 0.2 %. This means an FCC/BCC activity ratio of
200, for most of the specimen domain.
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Figure 4.9: Total plastic slip in BCC phase for configurations MP1 (a) and
MP2 (b), at 1.0 % applied axial strain.

For the MP1 sample, intense slip activity in FCC phase is registered (the same
order of magnitude as in CP4 for MP2) in a much smaller domain, occupied by
V20/23 and V21/24, see Figure 4.8a. Most blocks have a total slip activity in
the FCC phase below 10 % (V13/16 and V15/18), while the total slip activity
in the BCC phase reaches peaks above 4% (in V15/18) and shows average
values of 1.0 % in a large domain (the whole specimen except V21/24), Figure
4.9a. This implies that the majority of the MP1 volume has an average total
plastic slip activity in FCC around 10 %, while the total slip activity in BCC
is around 1.0 %. This results in a FCC/BCC activity ratio of 10, for the
majority (67 %) of the specimen domain, i.e. around 20 times lower compared
to specimen MP2.
This observation explains the difference in yielding response between MP1 and
MP2 as shown in Figure 4.7. The deformation of specimen MP2 is mostly
dominated by the slip activity in the FCC phase, therefore the yield point
is relatively low and also hardening is governed by the moderate hardening



Chapter 4. Subgrain lath martensite mechanics: A numerical-experimental analysis 57

parameters of the FCC phase. On the other hand, the BCC phase plays a
more important role in MP1, as discussed above. This leads to a higher yielding
point compared to MP2, and a more pronounced influence of the BCC phase
on the overall hardening behaviour.
Finally, it should be remarked that this result is not just dependent on the
orientation of FCC slip systems with respect to the loading. It is rather due to
the presence of blocks whose BCC-FCC interfaces are favourably oriented with
respect to loading, promoting localised shear deformation along the interface,
being carried by the FCC slip systems parallel to the interface.

4.5.3 Roughness pattern

Figure 4.10b shows the roughness pattern of configuration MP2 at 1.0 % strain,
normalized with respect to the maximum height difference on the surface.
Comparisons with Figure 4.10a, showing the experimental measurements by
[98], indicate that the qualitative pattern is adequately captured, with bands of
increased roughness forming at 45◦ with respect to the loading direction. Note,
that only a qualitative comparison of roughness patterns is possible, since ab-
solute values of the roughness depend strongly on the through thickness mor-
phology, crystallography and constraining conditions, which are reproduced
here in a rather approximated manner, since they are essentially unknown.
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Figure 4.10: (a) Roughness measurements from [98], for sample MP2 at
an applied strain value of 1.0 %. The simulated part of the sample is also
indicated. Reprinted from [98] with permission from Elsevier. (b) Computed
normalized roughness pattern of configuration MP2 at 1.0 % strain.

4.6 Discussion

Results of the simulations of martensite specimens show that, by assuming the
presence of a small volume fraction of retained FCC austenite layers along BCC
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lath boundaries, the main qualitative features of the lath martensite mechanical
behaviour experimentally observed in [98], are captured.

In particular, when lath habit planes are oriented ca. 45◦ with respect to the
uniaxial loading direction, shear localisation occurs in the FCC phase, which
accommodates most deformation. Indeed, a small volume fraction (about 5%)
of interlath retained austenite may trigger the apparent large deformation be-
haviour of the phase mixture, which is generally still called martensite.

The presence of interlath retained austenite, combined with the crystallogra-
phy of the laths, can therefore be a plausible explanation of the orientation
dependent yielding and hardening behaviour of “lath martensite” (which is the
main phase), as experimentally observed in [98]. By fixing the critical resolved
shear stress (CRSS) and hardening parameters of BCC and FCC phases, and
by assuming relatively low hardening of the FCC phase, it is possible to re-
cover the yield stress and the hardening behaviour for both specimens MP1
and MP2. The lower yield stress for the specimen MP2 can be explained by the
localisation of deformation in the blocks favourably oriented for shearing; MP1
has a smaller volume fraction of the favourably oriented blocks, thus showing a
higher yield stress. Furthermore, after localised shear is activated in MP2, al-
most no hardening is observed, since deformation can be easily accommodated
by the FCC phase in the favourably oriented blocks, without a substantial role
for the BCC phase; in MP1 the BCC phase contributes significantly and flow
curves show hardening.

Note, that the localised shearing mechanism is not merely due to the orienta-
tion of the FCC phase in the material with respect to loading: the FCC phase
has the same orientation throughout the whole specimen (since all martensitic
blocks come from the same parent FCC grain). It is rather the relative orien-
tation of the BCC-FCC interface (or γ − α′ habit plane) with respect to the
loading that plays the major role: only the FCC slip systems parallel to the
interface contribute to the plastic deformation, while the other slip systems
remain largely inactive.

Literature on mechanical behaviour of lath martensite (e.g. [141, 97]) usually
neglects any role of interlath retained austenite on deformation. Instead, two
pseudo-single crystal slip planes in lath martensite are assumed as being active
at room temperature, i.e. {110}α′ (the one considered in our study for the
BCC phase) and {112}α′ . We have verified, see Appendix D, that when it
is assumed that interlath retained austenite does not play any role and that
the BCC laths deform according to these two slip systems, then a different
yielding and hardening behaviour of the two samples results, whereby the
observed experimental curves cannot be recovered. If only one of the two slip
systems is considered, while still neglecting the presence of interlath retained
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austenite, the orientation effect cannot be captured either, see Appendix D.
Therefore, only the presence of interlath retained austenite seems to explain
both the apparent slip traces occuring along lath habit planes and the observed
orientation dependent behaviour of lath martensite (e.g. [98, 52]). Moreover,
interlath retained austenite may well contribute to the observed ductile fracture
behaviour, e.g. in specimen MP2 [98].

Austenite layers are used to improve toughness and ductility of martensite
in the new generation of advanced high strength steels (AHSS), recently pre-
sented in the literature [38, 123]. One example is the quenching and partition-
ing (Q&P) processing, where austenite layers thicker than those considered
here are promoted. An even more recent example is the “reversed” austenite
obtained in maraging steels [123]. After processing, the interlath austenite
films reveal, at least partially, a KS orientation relationship with the adjacent
BCC laths. Furthermore, their thickness (5-15 nm) is of the same order of
magnitude as that of the interlath retained austenite layers considered in the
present work.

The present simulations reproduce the experimental flow curves quantitatively
well, while results on slip activity and roughening remain qualitative. This
is due to the fact that the two latter phenomena strongly depend on the de-
tailed morphology and crystallography, which is not sufficiently accessible due
to experimental limitations and due to the fact that the through-thickness in-
formation can be obtained by destructive experimental methods only. A more
detailed, quantitative investigation based on accurate experimental tests will
be required to improve on this.

Furthermore, our work does not account for possible austenite to martensite
phase transformation during deformation. Most work on TRIP phenomena
considers chemically-retained islands of austenite which loose their stability at
relatively low strains. However, interlath retained austenite is supposed to be
both chemically and mechanically stabilised, due to the high strain induced
in austenite by the transformation strain of the laths. Therefore, the onset of
transformation should not occur under the same conditions as it would be in a
chemically stabilised austenite. Therefore, further work may account for phase
transformations, considering the role played by the mechanical stabilisation.
Consequently, internal stresses generated by the transformation could be taken
into account. Moreover, the deformability of lath martensite is expected to
change if interlath austenite transforms into hard, interlath martensite.

The crystal plasticity model does not include damage. The present results
suggest that FCC layers with a high value of localised shear may be a prefer-
ential location for the onset of damage. For example, in MP2 samples fracture
occurs in the blocks where both our model and experiments [98] show the most
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intense slip activity. The presence of damage in austenite could amplify the
apparent deformation of lath martensite, which is a mixture of BCC and FCC
phases, by weakening the FCC layers. This is the subject of future work.

4.7 Conclusions

The main results are summarised in the following.

1. By accounting for the presence of a small volume fraction of interlath re-
tained austenite (5%), it is possible to model and reproduce numerically
the main features of the experimentally observed deformation behaviour
of lath martensite, which is a mixture of BCC and FCC phases. Flow
curves can be quantitatively recovered, while slip activity and roughen-
ing pattern are captured qualitatively, since their detailed description
depends on unresolved fine morphological and crystallographic features.

2. The presence of interlath retained austenite can be a plausible explana-
tion of the observed apparent large deformation behaviour and ductility
of the BCC-FCC mixture (usually considered as lath martensite only
without interlath austenite films) reported in the literature. As long as
there are enough carriers for plasticity, a small quantity of interlath re-
tained austenite can enhance the deformation of lath martensite. When
interlath retained austenite films are favourably oriented with respect to
the loading direction, the same deformation level is obtained at lower
stress values, with shear localisation occuring in interlath films. The
main, new contribution of the present chapter is the validation of the
model of lath martensite with interlath retained austenite with respect
to experimental data.

3. If the presence of interlath austenite is neglected, classical first order
crystal plasticity modeling of BCC laths is not capable to capture the
experimentally observed flow curves.

Our results further suggest that the presence of interlath retained austenite can
be a plausible explanation of the experimentally observed orientation depen-
dent behaviour of lath martensite, which is a mixture of FCC austenite films
and BCC laths. A detailed experimental-numerical study will be performed in
the future to obtain a more quantitative analysis of the local deformation be-
haviour and stress-strain response of lath martensite. The influence of damage
on lath martensite mechanics will also be investigated.
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Abstract

Shear along the lath boundaries is the most favourable deformation mechanism of lath

martensite. This mechanism is expected to be governed by thin films of austenite

embedded in martensite, which have a typical thickness in the order of 5 nm. At this

scale, the limited number of dislocations in the austenite might not be sufficient to

explaint the occurring plastic deformation. In this chapter, a Molecular Dynamics

investigation on a BCC-FCC iron bicrystal is carried out. First, the performance of a

recently proposed MEAM potential, suitable for the Fe-C system, has been investigated.

This potential yields a BCC-FCC interface structure which qualitatively preserves the

main features of the experimentally observed martensite-austenite interface of lath

martensite in steels. Shear deformation parallel to the interface is applied to this BCC-

FCC iron bicrystal. Results show that, even in absence of any dislocations within the

5 nm thick FCC phase, plasticity occurs through interfacial sliding. A configuration

in which an edge dislocation is present in the FCC phase is also considered, delivering

a softer mechanical response. The results obtained largely support the conclusions of

previous chapters. A result of the investigation is that, for plasticity to occur, the

presence of a BCC-FCC interface is essential.

5.1 Introduction

Recent experimental observations [97, 98] have shown that slip activity in lath
martensite occurs preferentially along the lath boundaries. Numerical investi-
gations in Chapters 3 and 4 have shown that this plastic deformation behaviour

61
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in lath martensite might be governed by thin films of austenite, which are often
retained at lath boundaries. References to the literature reporting evidence of
interlath austenite films are given in Chapter 2.

The austenite films can be very thin, down to 5 nm or even less [105]. Ex-
perimental techniques for the direct observation of their mechanical behaviour
would require the use of TEM, which is challenging for martensite [135], cou-
pled with accurate nanoscale mechanical testing. To the authors’ best knowl-
edge, experimental literature does not report such investigations. Several ques-
tions remain therefore unsolved, related to the plastic, transformation and
damage behaviour of the interlath austenite films in martensite. First, it is
not obvious whether dislocations can be present in these thin films. Evidence
exists of plastic accommodation in the austenite surrounding the laths after
transformation [100]. However, the scale of the austenite regions in that study
is in the order of micrometers, well above the typical size of the austenite films.
According to recent phase field simulations [62], plastic deformation during
martensitic transformation occurs during the formation of laths, leaving be-
hind dislocations in the martensite and, to a lower extent, also in the austenite.
Furthermore, some conclusions were drawn on the potential phase transforma-
tion of the films in [106], where it was shown that in a martensitic steel the
interlath films can transform when 10% rolling is applied to the material. How-
ever, no quantitative information on the local straining is provided; the global
rolling strain might result in considerably larger local deformations. Different
conclusions are drawn in [170], where thin interlath austenite films in a Q&P
steel are found also after 12% tensile deformation. In the case of low-alloyed
TRIP steels, it has been shown in [65] that the stability of austenite grains with
respect to phase transformation increases when their size decreases. Therefore,
it is still not clear whether the films deform plastically first and then, upon
further loading, fracture, or whether they first transform into hard martensite
after which they fracture in the martensitic state. A third mechanism might
be the failure of the martensite-austenite interface.

The number of fundamental questions arising shows that a lot of research
effort is still needed in this field, both from an experimental and a theoret-
ical/computational point of view. Further insight can be gained by compu-
tational modeling of the lath martensite-retained austenite layers systems at
the nanometer scale, for example by Molecular Dynamics (MD). MD-based
research on the martensite/austenite system, treated as a bicrystal, already
exists in the literature. Most papers [21, 153, 164], however, focus on the
temperature-induced phase transformation, without externally applied me-
chanical loads (stresses). When the influence of external load is investigated
[165, 166], the interfacial shearing mechanism (identified in the present the-
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sis, see Chapters 3 and 4), has not been investigated, and different loading
conditions than shear parallel to the interface (in-plane tension for the pure
FCC or shear perpendicular to the bicrystal interface) have been considered.
Therefore, to the authors’ best knowledge, literature does not present MD
investigations of the shearing mechanism along the BCC-FCC interface.

Furthermore, all cited MD-based investigations involve interatomic potentials
for iron based on the Embedded Atom Method (EAM) approximation. It is
well known (e.g. [46]) that EAM potentials in iron are not suitable for describ-
ing structural changes, like phase transitions. In fact, the existence of different
crystalline structures in iron is related to magnetic effects, which cannot be ex-
plicitly described with EAM. In the temperature-pressure state space, a EAM
potential predicts only one stable crystalline configuration, either BCC or FCC
(or HCP) depending on the specific fitting procedure. An exception in the lit-
erature is the Meyer-Entel potential [96], which is able to capture both BCC
and FCC phases. However, the fitting is based on FeNi alloy data and it is far
from yielding quantitative results when including carbon (see [136]).

A possible approach to empirically account for phase changes upon temper-
ature and/or pressure variations is the Modified Embedded Atom Method
(MEAM). In this chapter, a BCC-FCC bicrystal is investigated, using a re-
cently proposed MEAM potential [84, 88], suitable for both pure iron and the
Fe-C binary system. The LAMMPS implementation is thereby used. Some
relevant properties of the potential are first tested, e.g. its behaviour with
respect to hydrostatic pressure, carbon additions and the stacking fault en-
ergy for dislocations in FCC. The BCC-FCC interface is constructed next and
compared with experimental findings and related models from the literature
[133, 134, 101]. Based on this analysis, it will be concluded that qualita-
tive investigations can be performed with the proposed MEAM potential. A
BCC-FCC iron bicrystal model is constructed, on which shear deformation is
applied. It is shown that, even in the absence of any dislocations within the
FCC layer, plasticity occurs at the interphase boundary. To the authors’ best
knowledge, this phenomenon has never been pointed out nor investigated for
the γ-α′ system.

The structure of the chapter is as follows: Section 5.2 provides a summary of
the available interatomic potentials for iron and Fe-C system, while Section 5.3
shows the behaviour of the selected MEAM potential. Section 5.4 is devoted
to the analysis of the BCC-FCC interface structure modeled with the MEAM
potential and a comparison with the literature. Section 5.5 shows the shear
analysis of a BCC-FCC bicrystal, with and without an edge dislocation in the
FCC layer. The chapter ends with a discussion of the results, with concluding
remarks and an outlook for future studies.
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5.2 Existing potentials for iron and the Fe-C system

A number of interatomic potentials have been proposed in the literature for
iron and/or the Fe-C binary system. Most of them are based on the Embed-
ded Atom Method (EAM) [36], which is popular because computations using
the resulting potentials are rather fast. The EAM neglects terms that, for
transition metals (like iron), are needed to predict different stable crystalline
configurations, e.g. FCC, BCC and HCP. Engin et al. [44] published a re-
view of EAM-based iron potentials and discussed their ability to predict the
BCC to FCC phase transition by varying the temperature, based on free en-
ergy calculations. They considered the Finnis-Sinclair [45]1, Johnson-Oh [66],
Johnson [174], Farkas [118], Chamati [30] and Meyer-Entel [96] potentials. All
the mentioned potentials, except for the Meyer-Entel potential [96], predict
only one stable phase for all temperatures until melting, i.e. BCC. This is
due to the specific fitting procedure used. The Meyer-Entel potential [96] can
predict both BCC and FCC phases because it is based on FeNi alloy data,
for which both BCC and FCC data are considered. However, reported results
are far from being quantitative. The lack of capability to correctly describe
the phase transformation with EAM-based potentials is due to the fact that
they ignore magnetic contributions. The same criticism applies to Fe-C for-
mulations [136]. In order to account for magnetic contributions, within the
context of bond order potentials (BOP) for iron, Müller et al. (2007) [109]
proposed an analytical bond-order potential, while Drautz and Pettifor (2006)
[41] formulated a sixth-moment approximation of tight binding that accounts
for magnetic contributions. Both proposals proved to be successful in predict-
ing the relative BCC-FCC phase stability with varying temperature, and some
successful BOP-based potentials for Fe-C have also been proposed [57, 55].
While bond order potentials yield more rigorous approximations than EAM,
their use would imply much higher computational costs, without any guaran-
tee of converging to physically meaningful results. This conclusion was pointed
out by Ford, Drautz et al. (2014) [47], who used this method and showed that
the elastic constants for BCC iron may not converge even for the 20th moment
approximation. This is due to the formulation of the tight-binding approxima-
tion of the DFT total energy, that needs further investigation. This is out of
the scope of the present contribution. In the context of iron potentials, there
seem to be two viable options to account (empirically) for structural changes:
the so-called “magnetic”-EAM by Dudarev, Derlet and co-workers [42, 32] and
the Modified EAM (MEAM) potentials by B.-J. Lee, Baskes and co-workers

1Which is often used and is a second moment approximation of tight binding, however
close to EAM [46].
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[83, 84, 88].

In this work the MEAM-T potential by T. Lee, M. Baskes et al. (2012)
[84] along with its Fe-C formulation by Liyanage et al. (2014) [88] has been
adopted. The main reason is that no “magnetic”-EAM potentials for Fe-C ex-
ists. The B.-J. Lee potential [83], while showing higher stability with carbon
additions [136], is pressure insensitive, which is not what is expected for the
(partially pressure stabilized) austenite films embedded in the martensite. The
MEAM-T potential by T. Lee et al. (2012) [84] predicts higher relative stabil-
ity of the FCC phase with respect to BCC at increasing pressure, and it also
incorporates a Fe-C part [88].

5.3 Performance of the Lee (2012) and Liyanage

(2014) MEAM potentials

The T. Lee et al. (2012) [84] MEAM potential, as well as its Fe-C extension
proposed by Liyanage et al. (2014) [88], are second nearest neighbour (2NN)
formulations. This class of potentials was introduced by B.-J. Lee and Baskes
[82] for BCC metals, where the second nearest neighbour distance exceeds the
first nearest neighbour distance by ca. 15%. By including the influence of
the second nearest neighbours, the relative structural stabilities with respect
to temperature and pressure can be reproduced better, especially for BCC
with respect to FCC and HCP structures. This is an important aspect, since
phase transformations may occur in the system studied here. Furthermore,
since the retained austenite films are both mechanically and chemically sta-
bilized, it should be verified whether the proposed potential reproduces these
experimentally observed features.

To this end, we have performed calculations with the MEAM-T potential of
[84] by using the LAMMPS package [122]. All lattice parameters and elastic
constants at T=0 K and room temperature, reported in [84], have been cor-
rectly reproduced. The FCC and BCC lattice parameters and BCC elastic
constants match well the experimental data. For the FCC elastic constants,
experimental data are not available, however results compare well with those
obtained via the analytical bond order potential by Müller et al. [109]. Ta-
ble 5.1, based on [84], reports cohesive energies, lattice parameters and elastic
constants for BCC, FCC and HCP compared with experiments and [109].
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Table 5.1: Cohesive energies, lattice parameters and elastic constants com-
puted with the T. Lee (2012) [84] MEAM-T potential, compared with ex-
periments and the analytical bond order potential (A-BOP) by Müller et al.
[109], at T=0 K. The lattice parameters are also evaluated at room temper-
ature (RT). Ec: cohesive energy; a: lattice constant; B: bulk modulus; C44

and C ′(= (C11 −C12)/2): first and second shear elastic constants; ∆E energy
difference relative to the ground state BCC phase. Based on [84].

MEAM-T [84] Experiments [84] A-BOP [109]
BCC
Ec eV/atom 4.28 4.28 4.28
a Å 2.851 2.860 2.860

a(RT ) Å 2.866 2.866 n.a.
B GPa 166 166-173 169
C44 GPa 118 117 126
C ′ GPa 46.5 47.5 41.5

FCC
∆E meV/atom 8.5 50-60 30
a Å 3.589 3.562 3.611

a(RT ) Å 3.605 3.569 n.a.
B GPa 163 n.a. 164
C44 GPa 80.2 n.a. 101
C ′ GPa 22.2 n.a. 30

HCP
∆E meV/atom 15 50 27
a Å 2.537 2.523 2.555
c/a 1.632 1.603 1.63

5.3.1 Phase stability as a function of pressure and carbon

content

The interlath austenite films are mechanically stabilized by the surrounding
martensite laths, which experience about 2% volume expansion upon trans-
formation from the austenite. Therefore, the effect of an applied hydrostatic
pressure on the relative phase stability, as predicted by the considered poten-
tial, will be investigated. Periodic 2a × 2a × 2a unit cells have been generated
for the BCC, FCC and HCP lattices, a being the lattice parameter of BCC,
FCC or HCP. Energy minimization with simulation box relaxation has been
performed for different target pressures, from 0 to 30 GPa. At the end of each
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computation, the enthalpy H has been calculated via

H = Ecoh + pV , (5.1)

where Ecoh is the cohesive energy (total energy over number of atoms), p the
hydrostatic pressure and V the volume related to each atom, calculated as the
total volume of the cell over the number of atoms.
Figure 5.1 shows the enthalpy difference of the FCC and HCP phases with
respect to the BCC phase, at T=0 K and different compressive, hydrostatic
pressures. Results perfectly match with those reported in [84]. The difference
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Figure 5.1: Enthalpy differences HFCC − HBCC for the FCC lattice and
HHCP −HBCC for the HCP lattice with respect to the BCC crystal configu-
ration, at different applied hydrostatic pressures. Markers indicate computed
values. Calculations are performed with the Lee (2012) [84] MEAM-T poten-
tial.

in enthalpy reported in Figure 5.1 is a measure of the relative stability of
a crystalline structure with respect to the BCC structure. For example, a
positive enthalpy difference between FCC and BCC indicates a less stable
FCC phase compared to BCC. The results show that the considered potential
predicts that, with increasing pressure, FCC is more stable than BCC. The
transition occurs at a pressure around 18 GPa. This qualitatively matches
experimental observations; to the authors’ best knowledge, quantitative data
on the stability of austenite under hydrostatic pressure are not presented in
the literature. Furthermore, note that the considered potential predicts the
FCC phase to be always more stable than the HCP phase. However, this
does not match experimental observations, which indicate that, at T=0 K, the
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FCC structure is less stable than HCP at any pressure. Note, that the HCP
structure is not the focus of the present study (since it is not observed in low
carbon steels, at room temperature).
Next, the effect of carbon on the relative phase stability of FCC and BCC
crystal structures is considered. For this purpose, 10a × 10a × 10a pe-
riodic unit cells have been generated for the BCC and FCC lattices, with a
the respective lattice parameter. It has been verified that, for a given carbon
concentration, results are converged with respect to the simulation box size.
Carbon atoms have been randomly distributed at the octahedral positions, in
both phases. Average carbon concentration targets have been defined from 0
to 10 at%. A total of 100 simulations per crystal lattice has been performed.
Again, energy minimization has been performed together with simulation box
relaxation. The target hydrostatic pressure was set to 0 GPa. Figure 5.2
shows the computed cohesive energies in FCC and BCC phases for different
carbon concentrations. The cohesive energies have been computed as the ra-
tio between the total cohesive energy of iron atoms and the number of iron
atoms (i.e., average cohesive energy per atom). The plot shows that carbon
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Figure 5.2: Cohesive energy of the FCC and BCC lattices for different carbon
contents. Calculations are performed with the Liyanage at al. (2014) [88]
potential.

has a stabilizing effect on the FCC phase, with respect to BCC. This same be-
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haviour was pointed out in [136] for a different 2NN MEAM parameterization
for the Fe-C system, by B.-J. Lee [83]. However, the switch to the most stable
configuration, from BCC to FCC, happens earlier than experiments suggest.
In fact, austenite is known to be stable at room temperature for 1 wt% C ca.
(approximately 4.5 at%), and undercooling makes it more unstable. In the
present simulations, at T=0 K, FCC is more stable than BCC between 1 and
2 at% C (0.2 - 0.4 wt% C ca.). Figure 5.2 also suggests that at about 9 at% C,
the stability of FCC with respect to BCC is reversed again. This observation
does not match experimental findings.
The analysis performed so far shows that the Lee et al. (2012) [84] iron MEAM
parameterization and the Liyanage et al. (2014) [88] Fe-C extension correctly
predict a more stable FCC phase with respect to increasing hydrostatic pres-
sure or carbon concentration, at concentrations below ca. 9 at% C. However,
these predictions are qualitative rather than quantitative, and are wrong for
concentrations above ca. 9 at% C.

5.3.2 Edge dislocations in FCC

Since the subsequent study concerns a BCC-FCC bicrystal with an edge dislo-
cation in the FCC phase, the stacking fault energy, the splitting distance and
the Peierls stress for an edge dislocation in the FCC lattice will be computed
in this section. The study is limited to the case without carbon, therefore
all calculations in this section are performed with the Lee et al. (2012) [84]
MEAM-T parameterization.
For the calculation of the stacking fault energy (SFE), a simulation box is
created with global coordinates X,Y and Z parallel to [112̄]FCC, [1̄10]FCC and
[111]FCC, respectively. The dimensions of the box are 10xd × 10yd × 20zd,

where xd =
√

3
2aFCC, yd =

√
2
2 aFCC and zd = 2aFCC; aFCC = 3.59 Å is the

FCC lattice parameter. Periodicity is enforced along the edge planes with
normals in X and Y directions, while the edge planes with normal along Z are
free.
The upper half of the crystal is displaced incrementally, first along the [112̄]FCC

direction. Afterwards, the same operation is repeated along the [1̄10]FCC direc-
tion. Note, that the first direction corresponds to the direction of movement of
partial dislocations in FCC crystals. Between the leading and trailing partials,
a (HCP) stacking fault is generated. The second direction relates to the full
edge dislocation movement. At each increment, the cohesive energy of the sys-
tem is calculated and the cohesive energy of the perfect crystal is subtracted.
This results in the two generalized stacking fault energy curves plotted in Fig-
ure 5.3. The plot shows that, with the considered potential, moving partials
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Figure 5.3: Generalized stacking fault energy curves along the [112̄]FCC and
the [1̄10]FCC directions.

is more favourable than moving full dislocations. This is consistent with ex-
perimental observations in FCC metals [58]. For example, partials have been
observed in retained austenite layers up to 100 nm thickness in TRIP-maraging
(Fe-Mn) steels [167]. Note, that the movement of partials along 〈112̄〉FCC re-
sults, in fact, in the same net effect as moving a full edge dislocation along the
gliding direction [1̄10]FCC.

The stacking fault energy (SFE) is equal to 37.7 mJ/m2. This is the value
of the generalized stacking fault energy curve along [112̄]FCC, when the upper
lattice is displaced 1√

3
b ≃ 0.577b from the original configuration. This contrasts

DFT calculations, which indicate a negative stacking fault energy for pure FCC
iron without carbon at T=0 K: Abbasi et al. (2011) [1] indicate a value for
the SFE equal to -450 mJ/m2. This means that, at this temperature, the
FCC phase in iron is highly unstable with respect to the HCP (stacking fault)
phase. This result is not surprising, since as it has already been shown in
Figure 5.1, the chosen Fe potential always predicts a higher stability of the
FCC phase with respect to the HCP configuration, at T=0 K. Authors in
[1] indicate that carbon additions can increase the SFE above 0 mJ/m2 for
carbon concentrations greater than 1.25 wt%. Therefore, the Lee et al. (2012)
[84] iron potential “artificially” stabilizes the FCC phase. Negative SFEs are
obtained with the MEAM-p parameterization in [84] (-35.7 mJ/m2) and with
the B.-J. Lee (2006) [83] parameterization (-105.6 mJ/m2). Indeed, for these
formulations the enthalpy of the HCP structure is lower than that of FCC.
The MEAM-p parameterization was not adopted in the first place, since there
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is no Fe-C extension and since it predicts a more stable BCC with respect
to FCC with increasing pressure, for the magnitude of the hydrostatic stress
investigated in the present work.
The SFE plays a role in the competition between twinning, phase transfor-
mation and dislocation-mediated plasticity in Fe-Mn steels, where ε (HCP)
martensite is observed. However, the FCC to HCP transition is not within the
focus of the present study, since it has not been observed for low carbon, low
alloyed austenite in steels.
Next, the splitting distance between two partials of an edge dislocation in FCC
has been calculated. To this purpose, a crystal in the same crystallographic
orientation as in the previous analysis is considered. The dimensions of the
box are 4xd × 250yd × 500zd, i.e. it is a thin slice in the Y-Z plane.
The simulation box is large enough to obtain a converged solution. Periodic
boundary conditions have been used for the edge planes with normal in X and
Y directions, while the edge planes with normal in Z (top and bottom) have
been left free.
Two rows of atoms along [1̄10]FCC (glide direction) were removed from the
lower half of the crystal, which was then stretched to recover periodicity. The
equilibrium configuration of the atoms has been calculated by box relaxation
and conjugate gradient minimization.
The resulting splitting distance is approximately 4.25 nm. For validation,
we consider the analytical expression for the splitting distance d proposed by
Hirth and Lothe [58], which yields an estimate for the splitting distance as a
function of the shear modulus G (here equal to C44 = 41.5GPa, which is the
shear modulus for the direction along which shear is applied in the atomistic
calculations), the Burgers vector in FCC b =

√
2
2 aFCC ≃ 2.54Å and the stacking

fault energy γSF = 37.7 mJ/m2:

d =
Gb2

4πγSF
= 5.64 nm . (5.2)

The computed splitting distance is of the same order as the analytical estimate.
Finally, the Peierls stress has been computed. The edge dislocation has been
created in an identical manner as for the analysis of the splitting distance.
Next, on the equilibrated crystal with the edge dislocation, two opposite forces
along the global Y direction have been applied incrementally on the atoms at
the top and bottom edges. At each applied force increment, the system has
been relaxed for 20 ps with a canonical (NVT) analysis. The temperature
has been set to T = 10−3K with a Langevin thermostat. At each step, the
center of the stacking fault has been measured. Results of the computations
are shown in Figure 5.4. The plot in Figure 5.4 indicates a stick-slip type of
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Figure 5.4: Applied stress vs displacement (in Burgers vector length unit)
for the edge dislocation in FCC. A total displacement of 1 Burgers vector is
reached at a shear stress of 4 MPa.

movement of the stacking fault, along [1̄10]FCC, until approximately 3 Burgers
vector distance. After, the dislocation moves freely, at a stress τp = 7MPa ca.,
which is the Peierls stress in the FCC lattice.

5.4 BCC-FCC interface structure: simulation vs

experiments

Before analyzing the mechanical response of a bicrystal under a shear load, the
minimum energy configuration for the BCC-FCC interface is investigated. All
calculations are done with the Lee et al. [84] MEAM-T potential. The resulting
structure will be compared to the experimental and theoretical literature on
the subject. All the results showing the atomic configurations are visualized
with OVITO [151].
A simulation box with fully periodic boundary conditions has been consid-
ered. The X, Y and Z global coordinates have been aligned with the [1̄21̄]FCC,
[1̄01]FCC and [111]FCC FCC directions, respectively, see Figure 5.5. The first
Kurdjumov-Sachs (KS) variant has been chosen for the relative orientation of
the BCC crystal, resulting in the crystallographic relations [1̄21̄]FCC‖[2̄11̄]BCC,
[1̄01]FCC‖[1̄1̄1]BCC and [111]FCC‖[011]BCC. The initial in-plane dimensions of
the bicrystal are LX = 9.67 nm and LY = 12.94 nm, whereby the FCC and
BCC layers are 3.1 nm and 2.0 nm thick, respectively. It has been verified,
that the in-plane dimensions of the simulation box are sufficiently large for



Chapter 5. Nano-scale plasticity at the martensite-austenite interface:

A Molecular Dynamics study 73

reproducing the main characteristics of the BCC-FCC interface structure. Be-
fore equilibrating the system, the BCC crystal has been stretched along the
in-plane X and Y directions in order to match the FCC in-plane dimensions
and to restore in-plane periodicity. In fact, the chosen in-plane dimensions
yield low misfit strains ε = 0.06 % along X and ε = 0.81 % along Y direc-
tions. Figure 5.5 shows the initial configuration of the bicrystal in LAMMPS,
before the equilibration procedure. A total of 100 initial configurations have

X

Z

Y
X

Z

Y

(a) (b)

Figure 5.5: Initial configuration of the BCC-FCC bicrystal before equilibra-
tion is performed; (left) side view and (right) perspective view. Blue denotes
BCC and red FCC atomic configurations.

been considered by shifting the BCC lattice on top of the FCC lattice on a
10 × 10 grid in the XY plane, with steps of 0.1b along Y and 0.1bx along

X, where b is the FCC Burgers vector and bx =
√

3
2aFCC. Each configura-

tion has been equilibrated with box relaxation. Subsequent equilibration and
relaxation steps have been performed, in order to reach a global hydrostatic
pressure of 3 GPa and zero shear stresses. The selected hydrostatic pressure is
an estimate of the hydrostatic stress which is generated by a martensitic trans-
formation yielding approximately 2% volume expansion. For each equilibrated
configuration the interface energy Eint has been calculated by:

Eint =
Etot − (Ec,BCC × nBCC + Ec,FCC × nFCC)

2Aint
, (5.3)

where Etot is the total cohesive energy of the system; Ec,BCC and Ec,FCC are
the cohesive energies of perfect BCC and FCC crystals, respectively; nBCC and
nFCC are the number of BCC and FCC atoms in the simulation box; Aint is
the interfacial area.
The calculated minimum interface energy equals 830.9 mJ/m2, and is repre-
sented by the configuration shown in Figure 5.6. Let’s consider the interface
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Figure 5.6: Equilibrium configuration of the BCC-FCC bicrystal correspond-
ing to the minimum grain boundary energy from 100 realizations. Colors
indicate atomic configurations according to the adaptive common neighbour
analysis (CNA) [152]. Blue denotes BCC, green FCC and red HCP atomic
configurations. Grey color indicates unindexed atoms.

structure along the lath cross section, which has normal direction Y‖[1̄01]FCC.
Figure 5.7 shows a slice of the FCC phase only. The interface reveals a wavy
pattern, in the form of alternating steps. The period of the steps is approx-

X

Z

Y

~ 5 nm

Figure 5.7: Computed stepped structure of the FCC phase at the interface
with BCC phase.

imately 5 nm. This value changes when considering different simulation box
sizes along X. For example, for twice the size along X, the period of the steps
is 3.5 nm. Note, that for this configuration the misfit strain is higher than for
the bicrystal analysed here.
Theoretical analyses [134] (Figure 5.8) and experimental results [101] (Figure
5.9) have shown that, in lath martensite, a semi-coherent interface exists (due
to misfit dislocations), with steps similar to those observed in the present atom-
istic study. However, these steps are not alternating upwards and downwards.
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Theory predicts a step size of 1.35 nm, about one third of the period of the
steps simulated here, while experiments [101] can show even smaller step sizes.
This results in a macroscopic habit plane which is approximately (575)FCC, i.e.
it does not coincide with the crystallographic habit plane (111)FCC, see Figure
5.8, line pI . However, the BCC-FCC interface is straight along the [1̄01]FCC

Figure 5.8: Stepped structure in the austenite as predicted by theory. From
[134].

Figure 5.9: Stepped structure in the austenite as observed in [101].

direction, which in fact belongs both to (111)FCC and (575)FCC.
The difference between the calculated and the experimental width of the steps
can be due to the fact that, in reality, the lath cross section looks like a lens,
and hence the interface with the austenite is not straight, but curved, see
Figure 2.1 in Chapter 2. Therefore, (575)FCC might be an average orientation.
The interface is expected to be more flat in the middle of the lath, where the
macroscopic and crystallographic interface basically coincide, and steps might
become more dense while approaching the lath tips.
In the simulations, the atomic step line is [1̄01]FCC, see Figure 5.10. This
corresponds to a set of screw dislocations with approximately 5.0 nm spacing
(the theoretical value is ca. 1.35 nm). The step line deviates along the [01̄1]FCC

direction every 2.0 nm ca. Bigger kinks occur at a spacing of approximately 10
nm. Unlike the spacing of the misfit dislocations, this spacing is not dependent
on the simulation box size, since it occurs also with bigger box sizes.
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X

Y

Z

Figure 5.10: Interface structure in the X-Y plane, one atomic layer above
the steps in FCC, see Figure 5.7. Blue denotes BCC and red HCP atomic
configurations. Grey color indicates unindexed atoms. The black rectangle
indicate the simulation box dimensions (periodic images are shown for better
visualization). The rows of HCP atoms parallel to Y indicate the interfacial
set of screws parallel to the interface step lines.

Theoretical analyses [134], based on TEM investigations [133], also show that
the step line direction is [1̄01]FCC. A set of screw dislocations lies in the
interface along the [011̄]FCC direction with a spacing of 4.6 nm and kinks occur
at a spacing of approximately 20 nm. Both values are twice as big compared
with simulations. The [011̄]FCC dislocation spacings observed experimentally
in lath martensite [133] lie between 2.6 nm and 6.3 nm, while there is no
experimental evidence for the kinks.
The comparison between the MD simulations, experiments and theory show
that the simulated interface structure corresponds qualitatively to the experi-
mental/theoretical structure. Quantitatively, the size of the structure is within
the same range as the experiments. However, the main differences resides in
the steps along the [1̄21̄]FCC direction, which are observed in the experiments
and predicted by the theory, but not reproduced in the MD simulations. Ac-
cording to the theory, the interface should be straight along [1̄01̄]FCC, i.e.
parallel to the lath long direction. This implies that dislocation motion in
FCC austenite should be more favourable along the lath length, rather than
parallel to the lath cross section. Physically, a block of lath martensite consists
of a collection of two alternate martensite variants (the sub-blocks) both lying
on (111)FCC, and having two different long directions along two FCC slip sys-
tems (e.g. [1̄01]FCC and [011̄]FCC). Therefore, a block is capable of shearing
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along (111)FCC with the two long directions of the lath as most favourable
slip systems. This favourable orientation is analysed next, whereby as a first
approximation a flat interface can be assumed.

5.5 Shear simulations on a BCC-FCC bicrystal

In this section, all the results showing the atomic configurations are visualized
with OVITO [151]. A simulation box containing a BCC-FCC bicrystal has
been constructed. A 5 nm FCC layer has been inserted between two 10.1 nm
BCC layers, see Figure 5.11. Periodic boundary conditions have been applied

Y

Z

X
X

Z

Y

(a) (b)

Figure 5.11: BCC-FCC bicrystal configuration used for the shear simulations;
(a) side view on the YZ plane and (b) perspective view. Colors indicate atomic
configurations according to the adaptive CNA [152]. Blue denotes BCC, green
FCC and red HCP atomic configurations. Grey color indicates unindexed
atoms.

along the three spatial directions. As in the previous section, the orientation
of the FCC crystal with respect to the global coordinate axes is X‖[1̄21̄]FCC,
Y‖[1̄01]FCC and Z‖[111]FCC, whereas the BCC crystal is oriented according to
X‖[2̄12̄]BCC, Y‖[1̄1̄1]BCC and Z‖[011]BCC.
The initial relative configuration of the BCC layers with respect to the FCC
is the one considered in the previous section, yielding an interface minimum
energy configuration. The FCC layer is placed in the middle of the simulation
box in order to reduce possible boundary effects, which might appear when
shear is applied parallel to the interface. As before, a 3 GPa hydrostatic
pressure is applied on the initial configuration, while the shear stresses are
initially zero.
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Two configuration setups are considered:

1. BCC-FCC bicrystal, without any dislocations within the FCC layer;

2. BCC-FCC bicrystal, with one edge dislocation gliding along the [1̄01]FCC

direction (the direction of applied shear).

The first configuration is expected to deliver an upper bound for the stress-
strain response of the bicrystal, since in absence of bulk dislocations the me-
chanical response should be more stiff. The second configuration tends to the
lower bound of the mechanical response, since the dislocation is favourably
positioned for gliding.
A strain-driven analysis is performed on both simulation boxes. Shear defor-
mation is applied along the [1̄01]FCC direction (i.e. along Y axis), parallel
to the bicrystal interface, preserving the 3 GPa hydrostatic pressure, and a
zero shear stress along the other directions. Simulations are performed at a
temperature below 10−3K, via an isothermal-isobaric (NPT) analysis. The
strain increments are applied by tilting (shearing) the simulation box. A min-
imization procedure is pursued at each strain step so that the new equilibrium
configuration is achieved. No affine remapping of the atoms is performed dur-
ing each strain increment. The same loading condition has been applied to the
pure BCC and FCC single crystals, in order to compare the bicrystal responses
with the elastic responses of the corresponding single crystals.

5.5.1 Results: shear of bicrystal without dislocation in FCC

Figure 5.12 shows the shear stress-strain response of the bicrystal without
any edge dislocations in FCC. Obviously, the bicrystal response departs from
the purely elastic responses. No phase transformation nor creation of disloca-
tions in the bulk are observed within the stress-strain range investigated. This
indicates that plasticity occurs at the interfaces, which are the only defect
structures present in the bicrystal. This is confirmed by the atomic displace-
ments map, reported in Figure 5.13 for the displacement component parallel
to Y, at 5.5% global shear strain. While the displacements within the bulk
of both phases vary gradually along the height (reflecting elastic shearing), a
displacement jump, in the form of relative sliding, occurs at both BCC-FCC
interfaces. Figure 5.14 is a zoomed view on the FCC layer, taken at the same
strain level, showing the position of an atomic array initially aligned with Z.
The displacement jump equals approximately 3.5b at the lower and 2.5b at
the upper interface. The difference in magnitude of the displacement jump is
due to the fact that the two interfaces, though presenting the same qualitative
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Figure 5.12: Shear stress-strain response of the BCC-FCC bicrystal without
edge dislocations within FCC, compared with the single crystal responses.
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Figure 5.13: Atomic displacement map along the shear direction [1̄01]FCC

(coinciding with the global Y axis), at 5.5% global shear strain; (a) side view
on the YZ plane and (b) perspective view. The color bar indicates the dis-
placement in Burgers vector length units.

structure, are not exactly the same. Indeed, during loading, the interfacial dis-
placement jump is activated asymmetrically at the top and bottom interface,
being on average of the same quantity (symmetric).
A detailed analysis of the atomic displacement distributions is required to iden-
tify the mechanisms leading to the observed interfacial sliding. First, note that
both interfaces consist of approximately two atomic layers, one in contact with
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Figure 5.14: Atomic positions of an array of atoms initially aligned along the
Z direction, at 5.5% global shear strain. The color bar indicates the displace-
ment in Burgers vector length units.

the BCC and another in contact with the FCC crystal. The Y component
of the displacement distribution in both layers, for the top and bottom inter-
faces, together with the interface structures at 0% and 5.5% strain, are shown
in Figure 5.15 for the top interface and Figure 5.16 for the bottom interface.
By comparing Figures 5.15(a) and 5.15(b) with Figures 5.16(a) and 5.16(b), it
can be noticed that the two interfaces differ quantitatively both initially and
after straining, although qualitatively they are quite similar. This explains the
observed asymmetric activation of the interface sliding. A noticeable differ-
ence can be observed, in both interfaces, between the structures of the single
atomic layers, which is more obvious for the layers in contact with the FCC
phase. Two interfacial mixed dislocations with dominantly screw character can
be identified by the presence of (HCP) stacking faults aligned approximately
to the [1̄01]FCC direction. Upon loading, the faults glide in the X direction,
thereby altering their structure. The observed change in structure from 0%
to 5.5% global strain suggests that, upon dislocation gliding, local atomic re-
arrangements occur. Most of the rearrangements into the two stacking faults
occurs within the first 2.5% of global shear. From the onset of loading onwards
(i.e. also in the “elastic” regime), these atomic rearrangements are accompa-
nied by the relative sliding of the BCC and FCC phases along the interfacial
dislocations. Traces of screw dislocations along [1̄10]FCC and [011̄]FCC also ap-
pear. The comparison of the displacement maps along the Y direction between
the atomic layer on the FCC side and the atomic layer on the BCC side shows
that the BCC slides on top of the FCC, approximately along the regions which
are in contact with the stacking faults in the FCC-side layer. The amount of
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Figure 5.15: Structure of the top interface at (a) 0% and (b) 5.5% global
shear strain, and (c) atomic displacements along Y direction. Colors in (a)
and (b) indicate atomic configurations according to the adaptive CNA [152].
Blue denotes BCC, green FCC and red HCP atomic configurations. Grey color
indicates unindexed atoms. The color bars in (c) indicate the displacement in
Burgers vector length units.

sliding corresponds with the full interfacial displacement step along Y. Also,
the Y component of the atomic displacements in the layer on the FCC side is
clearly influenced by the structure at the BCC-side, showing a pattern that
corresponds with the period and the direction of the defect structures on the
BCC-side layer. Hence, the structure of one layer influences the displacement
of the other. Finally, it has also been observed that the first atomic layer in the
BCC (next to the BCC-sided interface layer) slides completely. This occurs
also in correspondence with the regions that are in contact with the stacking
faults, and the magnitude of the slip is the full interfacial displacement step.
As a consequence, the relative sliding of the BCC and FCC crystals along Y
direction reveals a teeth-like interface structure, analogous to the one analysed
in the previous section. The pattern of the sliding is connected to the presence
of the interfacial dislocations.
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Figure 5.16: Structure of the bottom interface at (a) 0% and (b) 5.5% global
shear strain, and (c) atomic displacements along Y direction. Colors in (a)
and (b) indicate atomic configurations according to the adaptive CNA [152].
Blue denotes BCC, green FCC and red HCP atomic configurations. Grey color
indicates unindexed atoms. The color bars in (c) indicate the displacement in
Burgers vector units.

Figure 5.17 shows the distribution of the atomic displacements along the X
direction (same loading case, i.e. shear along Y). By considering the layer
in contact with the FCC phase (Figure 5.17(c)), the displacement distribu-
tion shows an edge component of the interfacial dislocations in correspondence
with the stacking faults. An analogous displacement pattern is observed in
the atomic layer next to the BCC, where displacements along [1̄10]FCC and
[011̄]FCC can also be observed. Traces of slip along the same directions can
be observed in the displacement distributions along Y direction of the BCC-
side layers, see Figures 5.15(c) and 5.16(c). These directions correspond to
the other 2 slip systems of the (111)FCC plane, which apparently also activate,
though to a lower extent. Traces of these slip systems can be observed in the
interface structures at both zero and 5.5% global strains, Figures 5.15 and 5.16,
(a) and (b). At the 5.5% strain level, the common neighbour analysis (CNA)
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Figure 5.17: Displacement component along the X direction in the bicrystal.
(a) Side view of the bicrystal in the XZ plane, (b) BCC-side of the interface
and (c) FCC-side of the interface. The color bar indicates the displacement in
Burgers vector length units.

shows that stacking faults form along these two directions connecting the two
stacking faults that are aligned with the [1̄01]FCC direction, Figures 5.15(b)
and 5.16(b).
Finally, it can be observed that the stress-strain response in Figure 5.12 shows
remarkable stress jumps. The reason is that the interface sliding is not con-
tinuous, but proceeds in a step-wise fashion (stick-slip behaviour). Each jump
corresponds to a noticeable atomic rearrangement of the interface or gliding of
the interface dislocations.

5.5.2 Results: shear on bicrystal with edge dislocation in

FCC

Figure 5.18 shows the bicrystal with an edge dislocation in FCC before shear
is applied. The dislocation has been inserted, before equilibrating the atoms
within the simulation box, by removing two atomic arrays along Y direction
in the lower half of the FCC layer and by stretching it in order to match again
the size (along Y) of the upper FCC layer and to recover periodicity in the XY
plane. Figure 5.19 shows the initial part of the shear stress-strain response for



84 5.6. Discussion and concluding remarks

Y

Z

X
X

Z

Y

(a) (b)

Figure 5.18: BCC-FCC bicrystal configuration with an edge dislocation in
FCC, used for the shear simulations; (a) side view on the YZ plane and (b) per-
spective view. Colors indicate atomic configurations according to the adaptive
CNA [152]. Blue denotes BCC, green FCC and red HCP atomic configura-
tions. Grey color indicates unindexed atoms. Note, that the edge dislocation
is characterized by a (HCP) stacking fault.

this bicrystal configuration. Smaller displacement steps have been selected for
this simulation, since the low Peierls stress calculated in Section 5.3.2 suggests
glide activation for the edge dislocation at low applied stress levels. The stress-
strain curve clearly deviates from the elastic path already below 20MPa. In
fact, dislocation glide is activated already at the initial steps of deformation.
Figure 5.20 shows the Y displacement component distribution in the bicrystal,
at ca. 0.2% shear strain. The main displacement jump corresponds to the
dislocation. However, displacement jumps can also be observed at the two
interfaces, which also activate. Therefore, the presence of the edge dislocation
in FCC enhances plasticity, however without inhibiting the plastic deformation
at the interfaces.

5.6 Discussion and concluding remarks

In the present chapter, the mechanical behaviour of lath martensite microstruc-
tures, modelled as BCC-FCC bicrystals with straight interfaces, has been in-
vestigated with Molecular Dynamics (MD). The primary goal was the identi-
fication of possible plasticity mechanisms for this system, under applied shear
parallel to the interface. In previous chapters this showed to yield a “greasy”
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Figure 5.19: Shear stress-strain response of the BCC-FCC bicrystal with an
edge dislocation within FCC, compared with the response of the same bicrystal
without the edge dislocation and with the single crystal responses.

mechanism.

The results on the mechanical response of the BCC-FCC bicrystal upon shear
loading applied parallel to the interface and along the lath long direction
[1̄01]FCC show that plasticity occurs in this system in the form of sliding at
the BCC-FCC interfaces, even in absence of any dislocations within the bulk
of the phases. Phase transformation was not observed within the considered
range of loading, with the considered potential. The analysis of the atomic
displacement distribution shows that the sliding yields a displacement jump
that is localized in the two atomic layers constituting the BCC-FCC interfaces.
The displacement pattern indicates that the structure of the interface, which
is characterized by interfacial, mixed dislocations with mainly screw character,
influences the interfacial sliding. Furthermore, the presence of an edge dislo-
cation in the FCC phase enhances plasticity, and this matches with conclusion
drawn in previous chapters.

To the authors’ best knowledge, this has not been reported in the literature
before, where experimental investigations on the mechanical behaviour of the
martensite-austenite system have not been performed at this scale. The results
obtained in this chapter match with published experimental evidence (e.g.
[97, 98]) that slip parallel to the lath boundaries is clearly more favourable
than along other crystallographic directions. Note, that the reported references
do not mention any possible role of the BCC-FCC interface. The results also
support the conclusions drawn in the previous chapters, on the activation of
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Figure 5.20: Displacement component along the Y direction in the bicrystal
with an edge dislocation in the FCC phase, at 0.2% approximately global shear
strain; (a) side view on the YZ plane and (b) perspective view. The color bar
indicates the displacement in Burgers vector length units.

a “greasy” mechanism at the lath boundaries due to the presence of the thin
austenite layers.
The analysis of the existing interatomic potentials for iron and the Fe-C system
shows that no existing potentials can yield quantitatively correct results for the
problem of interest. Therefore, conclusions can only be qualitative and results
should always be confronted with experimental literature. For the analyses
performed here, a second nearest neighbour MEAM formulation for iron [84]
has been adopted, which accounts for the relative structural stability of BCC
and FCC phases while being computationally efficient. Also, a Fe-C extension
of this formulation exists in the literature [88]. The adopted potential shows
good performance for the prediction of lattice parameters, elastic constants and
splitting distance of partial dislocations in the FCC lattice. It also predicts
a higher relative stability of FCC compared to BCC with increasing hydro-
static pressure or increasing carbon content. This matches qualitatively with
experiments. However, the value of the stacking fault energy and the energy
differences between FCC and HCP is not matching DFT predictions [1]. This
might be important in case the focus of the analysis would be on the γ → ε
martensitic transformation, which is out of the scope of this contribution.
Furthermore, the comparison between the computed interface structure and the
experimental/theoretical predictions shows that the chosen potential allows to
qualitatively predict the observed BCC-FCC interface in lath martensite. How-
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ever, the computations do not result in a stepped interface along the [1̄21̄]FCC

direction, which is observed experimentally and predicted theoretically.
To further develop the present analysis, the influence of a stepped interface,
which matches experimental observations and theoretical analyses [134, 101],
should also be investigated. The glide of the interfacial screws should be af-
fected by the steps, and this might influence the observed interfacial sliding.
Furthermore, the influence of adopting a potential with a positive stacking fault
energy (SFE) should also be investigated, for example by using a potential of
the same family, but with negative SFE (e.g. the MEAM-p parameterization
in [84]). Moreover, the structure of the interface, which presents steps parallel
to the [1̄01]FCC direction, might induce an anisotropic plastic response with
respect to the direction of shear in the plane, which needs further analysis as
well. Finally, the influence of finite temperature and carbon additions in the
system should also be studied.
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Abstract

In a number of materials, plasticity occurs along preferential directions or slip sys-

tems, while other directions barely contribute to deformation. This can occur due

to the specific crystalline nature of the materials (e.g. in polymers) or due to the

morphology of the crystalline material itself, like in metal laminates. In the latter

case, when the layers are very thin, the surrounding material acts as a constraint and

only preferential slip directions are activated. This observation suggests the reduction

of the underlying full crystal plasticity model within those regions to a more compu-

tationally efficient model which still retains the main deformation mechanism, i.e.

plasticity occuring along a few slip systems only. In this chapter we propose such a

reduced crystal plasticity model in a finite deformation setting. In the limit of either

no active slip system or five linearly independent slip systems, the model reduces to

isotropic plasticity and standard crystal plasticity, respectively. The model is validated

on a specific case, i.e. lath martensite microstructures consisting of alternating crys-

talline layers of martensite and austenite. The characteristic material behaviour (i.e.

stress-strain response and slip activity on the most active slip systems) is correctly

reproduced by the reduced model at a significantly lower computational cost compared

to a fully resolved crystal plasticity model.

6.1 Introduction

A broad class of materials, like metals and semi-crystalline polymers, exhibit
plastic deformation along preferential directions. Crystal plasticity modelling
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(e.g. [121, 23]) is commonly used to describe the anisotropic plastic response
of materials as a function of their crystalline structure. Most models have
been extended to finite strains, and they are widely used to model texture
evolution, slip activity, roughening, phase transformation and other orientation
dependent phenomena in crystalline materials [130].

In some cases, due to internal constraining conditions, e.g. the low symmetry
or specific structure of the crystals, deformation is governed by plastic slip on a
limited number of slip systems. One example can be found in the field of semi-
crystalline polymers, where certain inextensible directions are present due to
the polymer chain orientations resulting in crystals that lack five independent
slip systems [117, 39]. For this case, finite element formulations in the large
deformation setting have been proposed, which account for extra kinematical
constraints besides incompressibility (e.g. [39]), yet not in a reduced form as
proposed here.

Other examples can be found in high strength steels, where some microstruc-
tures are characterised by alternate layers of stiffer and softer phases. An
example is lath martensite [73, 102], also within the broader context of TRIP
maraging steels [123, 167] and quenched and partitioned (Q&P) steels [38],
as well as bainite or nanobainite [19]. In these cases, the lamellar structure
consists of harder body centered cubic (BCC) crystals and softer face centered
cubic (FCC) austenite layers. The BCC-FCC layers are generally related by
an orientation relationship, which forces the interface between the two phases
to be approximately parallel to three slip systems of the {111}γ family. The
specific crystallographic relationship and the constraining effect of the BCC
phase on the austenite induces that only 3 out of the 12 slip systems in the
FCC phase carry most of the plastic deformation [93]; plasticity along other
directions still occurs, but to a minor extent only.

In this chapter, a reduced crystal plasticity model is proposed to account for
a limited number of active slip systems, together with some plasticity along
the other spatial directions. In this reduced model, the contribution of the
most active slip systems is explicitly accounted for within a standard crystal
plasticity format (e.g. [121, 23]), while isotropic rate-dependent plasticity (e.g.
[13]) is used for the remaining spatial directions. This considerably reduces
the required computational effort compared to a fully resolved crystal plasticity
model. The proposed model is validated using lath martensite microstructures.
It is shown that the combination of the reduced crystal plasticity model for the
austenite and the isotropic plasticity model for the martensite preserves the
main physics of the full crystal plasticity model, while yielding computational
speed-ups up to a factor of 10.

The chapter is organised as follows. First, in Section 6.2, the reduced crystal
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plasticity model is introduced, followed by Section 6.3 with the constitutive
choices. Section 6.4 shows the finite element implementation. In Section 6.5,
the model is incorporated in a lamella homogenization scheme to mimic the
laminated FCC-BCC structure of lath martensite and the results are presented
and confronted with the fully resolved simulations from [94], both in terms of
material response and computational performance. In Section 6.6, the lamella
model for the martensite with reduced description of the phases is applied
in the context of multi-phase (dual phase) steels, and validated against fully
resolved simulations on the same microstructures. The chapter ends with a
discussion and conclusions.
The following notations are used: a, b, C and D denote scalars, vectors, second-
order tensors and fourth-order tensors, respectively. Symbol “ T ” denotes
transposition. Single and double contractions are denoted by “ ·” and “:”, respec-
tively, with (A·B)ij = AikBkj (sum on repeated indices) and A : B = tr(A·B),
“tr” being the trace operator. Tensor (or dyadic) product between two vectors
a and b is denoted a⊗b. The symbol “×” indicates the cross product. The
time derivative of scalars and tensors is indicated by a superimposed dot, e.g.
ȧ. The derivative of a second-order tensor A with respect to a second-order
tensor B is defined as ∂A

∂B =
∂Aij

∂Bhk
ei ⊗ ej ⊗ eh ⊗ ek.

6.2 Reduced crystal plasticity framework

6.2.1 Nomenclature

Table 6.1 summarizes the list of the main symbols introduced in Section 6.2

6.2.2 Kinematics

Consider a deformable body occupying configuration Br in the reference state
and configuration B in the current state. The total deformation gradient tensor
F describes the linearized map between these two configurations.
The total deformation gradient tensor F can be multiplicatively split into an
elastic Fe and plastic Fp contributions as follows:

F = Fe · Fp . (6.1)

The multiplicative split introduces an intermediate configuration B0 distorted
by the plastic deformation only. The elastic deformation, as well as rotations
are included in Fe. Figure 6.1 sketches the three configurations with the related
quantities that will be introduced in the following.
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Table 6.1: List of the main symbols introduced in Section 6.2.

F Deformation gradient;
Fe Elastic part of the deformation gradient;
Fp Plastic part of the deformation gradient;
Br Reference configuration;
B0 Plastically deformed, intermediate configuration;
B Current configuration;
φ∗
e Pull-back operator;

φe
∗ Push-forward operator;

Ce Elastic Cauchy-Green tensor;
I Second order identity tensor;
I Fourth-order identity tensor;
g Metric tensor of the current configuration B;
L Velocity gradient;

Le Elastic part of the velocity gradient;
Lp Plastic part of the velocity gradient;
L̄p Pull-back of the plastic part of the velocity gradient to B0;

L̄p,γ “Slip” contribution to L̄p;
L̄p,ε “Isotropic” contribution to L̄p;
Pα

0 Schmid tensor in B0 of the α-th slip system;
P0 Fourth order projection operator in B0;
C Fourth-order elasticity tensor;
τ Kirchhoff stress tensor;
S̄ Pull-back of τ to B0;
τα Resolved shear stress on the α-th slip system;
σeq Equivalent stress;

γα, γ̇α Plastic slip, Plastic slip rate;
εeq, ε̇eq Equivalent plastic strain, Equivalent plastic strain rate.

In the subsequent discussion, we will use the pull-back and push-forward op-
erations, indicated by φ∗

e and φe
∗, respectively, along the elastic part of the

deformation, i.e. from B to B0 and vice-versa.

We will make use of the metric tensor g of the current configuration. The pull-
back of the current configuration metric to the intermediate configuration is the
elastic Cauchy-Green tensor Ce = φ∗

eg. Note that Ce = FT
e · Fe. For the pur-

pose of computation, it can be assumed g = I (Cartesian coordinates), where
I is the second-order identity tensor. However, in this section, we will consider
the more general case of curvilinear coordinates to better highlight the origin of
the proposed model equations. For a general derivation of hyperelastic-plastic
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Br

B0

F

Fp
Fe, φe

∗

S̄, Ce

D̄p, L̄p, L̂p

B

τ , g

Dp, L, Lp

φ∗
e

nα
0 Pα

0

sα0

nα
Pα

sα

Figure 6.1: Reference, intermediate and current configurations and the re-
lated quantities.

models in the finite deformation setting, the reader is referred to e.g. [148, 13].
We define the velocity gradient in the current configuration L and use the
additive split into its elastic and plastic contributions:

L := Ḟ · F−1

= Le + Lp .
(6.2)

In (6.2), the plastic part of the velocity gradient Lp reads:

Lp = Fe · L̂p · F
−1
e , (6.3)

where L̂p = Ḟp · F
−1
p .

The pull-back of Lp to the intermediate configuration reads:

L̄p := φ∗
eLp

= FT
e · Lp · Fe

= Ce · L̂p.

(6.4)

The symmetric parts of Lp and L̄p are:

Dp = Sym(Lp) , (6.5)

and

D̄p := φ∗
eDp

= Sym(Ce · L̂p) .
(6.6)
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6.2.3 Stress measures and dissipation

Two stress measures are introduced, one in the intermediate, plastically de-
formed configuration B0 and one in the current configuration B.
The Kirchhoff tensor τ is defined in B. The pull back of the Kirchhoff tensor
to the intermediate configuration is the stress tensor

S̄ = F−1
e · τ · F−T

e . (6.7)

Note that S̄ = φ∗
eτ is not the Second Piola-Kirchhoff stress tensor, the latter

being the pull back of the Kirchhoff stress to the reference configuration Br.
The Clausius-Duhem principle implies the following expression for the mechan-
ical dissipation:

D = τ : Dp

= S̄ : D̄p ,
(6.8)

with Dp and D̄p defined in (6.5) and (6.6), respectively.

6.2.4 Plastic decomposition into localized slip directions and

isotropic plastic contributions

For the plastic behaviour we consider two contributions for L̄p = Ce · L̂p.
One accounts for the plastic slip along ns specific crystallographic directions,
refered to as “slip” contribution L̄p,γ = Ce · L̂p,γ . The second accounts for the
plastic deformation in the space which is not spanned by these crystallographic
directions, refered to as “isotropic” contribution L̄p,ε = Ce ·L̂p,ε. The combined
contribution is:

L̄p = L̄p,γ + L̄p,ε

= Ce ·
(

L̂p,γ + L̂p,ε

)

.
(6.9)

and it provides an overall anisotropic plastic behaviour.
The “slip” contribution is assumed to be described by a standard crystal plas-
ticity formulation (e.g. [23]):

L̄p,γ =

ns
∑

α=1

γ̇αφ
∗
e(g ·Pα)

=

ns
∑

α=1

γ̇αCe ·P
α
0 ,

(6.10)
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Pα
0 := sα0 ⊗nα

0 is the Schmid tensor related to the αth slip system, sα0 is the slip
direction and nα

0 the normal to the slip plane in the intermediate configuration;
γ̇α is the plastic slip rate related to that slip system and Pα := φe

∗(P
α
0 ).

Let us denote M
β
0 , where β = 1, ..N , the elements of the orthonormal basis of

the space of second-order tensors spanned by the ns Schmid tensors Pα
0 . Note,

that in general ns ≥ N , and that ns = N if and only if the Schmid tensors
are all linearly independent. For any α, β it holds (Mα

0 )
T : M

β
0 = δαβ with

δαβ the Kronecker delta, and there exist real, non-zero scalars λα and µβ such
that

∑ns

α=1 λαP
α
0 =

∑N
β=1 µβM

β
0 .

Next, define P0 as a fourth-order tensor which projects a second-order ten-
sor, e.g. AP0

= A : P0, to the space orthogonal to P̄0 :=
∑ns

α=1 λαP
α
0 =

∑N
β=1 µβM

β
0 :

P0 := I−

N
∑

β=1

[

(Mβ
0 )

T ⊗ M
β
0

]

, (6.11)

with I the fourth-order identity tensor. Also, we define P := φe
∗(P0). If B :=

φe
∗A, then AP0

= φ∗
e(BP), e.g. [13].

The “isotropic” contribution L̄p,ε is assumed to be of the form:

L̄p,ε = ε̇eq
3

2σeq
φ∗
e(g · (τ dev · g)P)

= ε̇eq
3

2σeq
Ce ·

(

S̄
dev

·Ce

)

P0

.

(6.12)

where ε̇eq is the equivalent plastic strain rate, and the equivalent stress is given
by

σeq =

√

3

2

(

S̄
dev

·Ce

)

P0

:
(

S̄
dev

·Ce

)

P0

. (6.13)

The superscript dev denotes the deviator of a second-order tensor (e.g. [147,
13]), (·)dev := (·)− 1

3 [G : (·)]G−1, with G the metric tensor of the configuration
in which the quantity is defined.
Therefore, since g is the metric in the current configuration, S̄

dev is:

S̄
dev

= φ∗
eτ

dev

= φ∗
e

(

τ − 1
3(τ : g)g−1

)

= φ∗
eτ − 1

3(φ
∗
eτ : φ∗

eg)φ
∗
eg

−1

= S̄− 1
3 (S̄ : Ce)Ce−1 .

Note, that by substituting expressions (6.10) and (6.12) in (6.8), the dissipation
reads

D = Σns

α=1τ
αγ̇α + σeq ε̇eq (6.14)
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where τα =
(

S̄ ·Ce

)

: Pα
0 is the resolved shear stress on the αth slip system

(cf. Appendix E.2 for a detailed derivation).

If the number of slip systems ns = 0, then (6.11) reduces to I and the model
reduces to standard isotropic finite deformation elasto-plasticity (e.g. [13]).
In the case in which ns ≥ 5 and the symmetric parts of at least 5 Schmid
tensors are linearly independent, in presence of small elastic strains (e.g. metal
plasticity) or rigid-plastic behaviour (e.g. some polymers), Ce ≃ I and hence
(S̄

dev
· Ce)P0

= (S̄
dev

)P0
= 0 (cf. Appendix E.1 for the proof). Therefore, the

standard single crystal plasticity formulation is recovered. This result relies on
the fact that the stress tensor S̄ is symmetric.

To summarize, the framework proposed in this chapter combines crystal plas-
ticity with isotropic plasticity in a consistent manner, such that the two ex-
treme models can be naturally recovered.

Note, that both L̂p,γ and L̂p,ε in (6.9) are deviatoric, because of (6.10) and
(6.12). Indeed, (6.10) is the standard crystal plasticity flow rule, while equation
(6.12) is based on the standard (deviatoric) von Mises flow rule for isotropic
plasticity at finite deformations [13]. The direct consequence of this is that
only deviatoric stress components contribute to the mechanical dissipation,
see Appendix E.2 for the mathematical derivations.

6.3 Constitutive choices

In order to validate the proposed framework, specific constitutive choices have
to be made for the elastic description, the plastic slip activity and the isotropic
plastic contributions. Note that the framework presented up to now is general,
and hence different constitutive choices can be made according to a specific
problem at hand.

6.3.1 Elasticity

For the elastic behaviour, we consider the following hyperelastic constitutive
law:

S̄ = C : Ee , (6.15)

where C is the fourth-order elasticity tensor, Ee := 1
2(Ce − I) is the elastic

Green-Lagrange strain.
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6.3.2 Plastic slip contribution

The plastic slip rate γ̇α on the active slip systems of the reduced model is
determined via the slip law [60]

γ̇α = γ̇0

(

|τα|

sα

)1/m

sign(τα) , (6.16)

where γ̇0 is a reference slip rate and m is a strain rate sensitivity parameter.
The current slip resistance sα follows the evolution law

ṡα =

ns
∑

β=1

hαβ |γ̇β | , (6.17)

with sα(t = 0) = τ0 the initial slip resistance; hαβ is the hardening matrix

hαβ = h0

(

1−
sα

s∞

)a

qαβ , (6.18)

with qαβ a matrix where elements equal 1 on the diagonal and qn off diagonal;
qn is the ratio of the latent hardening with respect to the self-hardening for
non-coplanar slip systems; h0, s∞ and a are material parameters.

6.3.3 Isotropic plastic contribution

The equivalent plastic strain rate, related to the isotropic part of the reduced
model, is also determined via a rate-dependent law:

ε̇eq = ε̇0

(

σeq
σy

)1/n

. (6.19)

In (6.19), ε̇0 is a reference equivalent strain rate and n is a strain rate sensitivity
parameter (which does not need to be equal to m).
The evolution law for the yield stress σy is taken analogous to the one consid-
ered for the slip resistance in the crystal plasticity contribution (6.17), i.e.:

σ̇y = hε̇eq , (6.20)

with σy(t = 0) = σ0 the initial yield stress; h is the hardening modulus of the
form

h = heq,0

(

1−
σy
σy,∞

)b

, (6.21)

where heq,0, σy,∞ and b are material parameters.
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6.4 Numerical implementation

From the computational point of view, the main advantage of the proposed
model is that the “slip” and “isotropic” contributions to plasticity can be cal-
culated separately. This is typically the case if the hardening in the “isotropic”
space does not influence the hardening on the “slip” space and viceversa. How-
ever, this is not a limitation, if necessary, the coupling can be introduced in a
straightforward manner. Furthermore, within the limit of small elastic strains
(i.e. Ce ≃ I), the normal to the yield surface of both the “slip” and “isotropic”
parts can be assumed constant during a time step, thus reducing the number
of iterations and computation time. Indeed, constitutive equation (6.15) is not
suitable for large elastic strains, which is not the scope of the present work. A
different choice of the elasticity tensor can be made in the finite strain setting,
in order to obtain an exact radial return-mapping for the isotropic part (e.g.
[148, 13]). Alternatively, a formulation in terms of logarithmic strain measures
can be pursued, which is capable of correctly describing large elastic defor-
mations (e.g. [168]). Therefore, both in the time integration of the plastic
deformation and in the computation of the material tangent, the “slip” and
“isotropic” contributions simply add up. As a net result, the implementation
of the model consists of a superposition of a standard crystal plasticity model
and an isotropic rate-dependent plasticity model.
In this section some of the implementation aspects related to the developed
model will be highlighted, while standard details of the crystal plasticity and
isotropic rate-dependent plasticity models will be omitted.
In the following, n+1 indicates the current time increment; ⋆ will indicate the
trial elastic predictor at the current step n+ 1.

6.4.1 Time integration of plastic deformation

In the finite deformation setting, the time integration of L̂p(t) is required to
calculate the updated plastic part of deformation, Fn+1

p :
∫ tn+1

tn

L̂p(t)dt =

∫ tn+1

tn

Ḟp · F
−1
p dt

= ln
(

Fn+1
p · (F−1

p )n
)

.

(6.22)

From (6.22), Fn+1
p is calculated via

Fn+1
p = exp

(
∫ tn+1

tn

L̂p(t)dt

)

· Fn
p (6.23)

We consider here a O(∆t2) integration method (trapezoidal rule), which leads
to faster convergence compared to a left or right Riemann sum (often used in
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crystal plasticity codes).

∫ tn+1

tn

L̂p(t)dt ≃
L̂
n
p + L̂

n+1
p

2
∆t

=
L̂
n
p,γ + L̂

n+1
p,γ

2
∆t+

L̂
n
p,ε + L̂

n+1
p,ε

2
∆t .

(6.24)

Recalling (6.4), i.e. L̄p = Ce · L̂p, then (6.10) yields

L̂p,γ(t) =

ns
∑

α=1

γ̇α(t)P
α
0 (6.25)

and in accordance with (6.12)

L̂p,ε(t) = ε̇eq(t)N0(t) , (6.26)

where N0(t) :=
3
(

S̄
dev·Ce

)

P0

2σeq
. Since Ce ≃ I, it is assumed that Nn+1

0 ≃ N⋆
0

during an increment.
Therefore, (6.24) can be rewritten as follows:

∫ tn+1

tn

L̂p(t)dt = ∆t

ns
∑

α=1

γ̇nα + γ̇n+1
α

2
Pα

0

+
∆t

2

(

ε̇neqN
n
0 + ε̇n+1

eq N⋆
0

)

.

(6.27)

The current plastic rates γ̇n+1
α and ε̇n+1

eq are calculated in two separate loops by
following the standard crystal (rate-dependent) plasticity and isotropic (rate-
dependent) plasticity schemes from [121] and [168], respectively.
Next, the exponential map (6.23) can be calculated numerically by means of
a first order Taylor expansion or a Padé approximation. We consider here the
first-order approximation

exp

[

∆t

2
(L̂

n
p + L̂

n+1
p )

]

≃ I +
∆t

2

(

L̂
n
p + L̂

n+1
p

)

, (6.28)

6.4.2 Stress update and material tangent

The stress-strain relation (6.15), defined in the intermediate configuration B0,
reads:

S̄
n+1

= 1
2C :

[

(FT
e )

n+1 · Fn+1
e − I

]

= 1
2C :

[

(F−T
p )n+1 · (FT )n+1 · Fn+1 · (F−1

p )n+1 − I
]

.
(6.29)
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By substituting relation (6.23) for Fn+1
p into (6.29), together with the approx-

imation (6.28) for the exponential map, and the inverse of (6.23) for (F−1
p )n+1,

the stress tensor in the intermediate configuration at the current step reads:

S̄
n+1

= S̄
⋆
−

∆t

2

ns
∑

α=1

(γ̇nα + γ̇n+1
α )C : (C⋆

e · P
α
0 )

−
∆t

2

[

ε̇neqC : (C⋆
e · N

n
0 ) + ε̇n+1

eq C : (C⋆
e · N

⋆
0)
]

,

(6.30)

with S̄
⋆
= 1

2C : (C⋆
e − I) the trial elastic stress state and C⋆

e = (F−T
p )n ·

(FT )n+1 · Fn+1 · (F−1
p )n the trial Cauchy-Green strain tensor, computed by

assuming that initially the whole increment of deformation at the current step
is elastic.
In deriving (6.30), O(∆t2) terms have been neglected and the right minor
simmetry of the elasticity tensor C has been used.
The material tangent consists of 5 contributions, 1 related to the trial elastic
state, 2 related to the “slip” part and 2 to the “isotropic” part:

∂S̄
n+1

∂Fn+1 = A+ E+G+H+ L , (6.31)

where

A :=
∂S̄

⋆

∂Fn+1

E := −
∆t

2

ns
∑

α=1

(γ̇nα + γ̇n+1
α )C :

(

∂C⋆
e

∂Fn+1 ⊙ Pα
0

)

G := −
∆t

2

ns
∑

α=1

C : (C⋆
e ·P

α
0 )⊗

∂γ̇n+1
α

∂Fn+1

H := −
∆t

2

[

ε̇neqC :

(

∂C⋆
e

∂Fn+1 ⊙ Nn
0

)

+ ε̇n+1
eq C :

(

∂C⋆
e

∂Fn+1 ⊙ N⋆
0 + C⋆

e ·
∂N⋆

0

∂Fn+1

)]

L := −
∆t

2
C : (C⋆

e · N
⋆
0)⊗

∂ε̇n+1
eq

∂Fn+1 .

(6.32)

In the above expressions, ⊙ indicates the following tensor operation between
a fourth-order tensor A and a second-order tensor B:

(A⊙ B)ijkl = AimklBmj . (6.33)
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6.5 Model validation on martensitic microstructures

6.5.1 Lath martensite microstructures

The reduced model is validated on the predictions of the fully resolved two-
scale crystal plasticity framework adopted in [94]. The same microstructures
are modelled and the same boundary conditions are used. For further details,
the reader is referred to [94].
The analysis in [94] is based on assessing the mechanical response of two
martensitic configurations, i.e. MP1 and MP2 of Mine et al. [98]. The
model configurations are shown in Figure 6.2 and have been created based
on the EBSD data reported in [98]. The in-plane dimensions of the models are
H = 20 µm, T = 20 µm, L1 = 32.14 µm, L2 = 26.32 µm.

Isotropic laths

Austenite

reduced model

Microscale
lamella model

(a)

V21/24 (NW 11)

V19/22 (NW 10)

V20/23 (NW 12)

V5

V8/11 (NW 7)

V7/10 (NW 8)

V1/4 (NW 1)

H

T

L
2

CP1

CP2

CP4

X

Y

Z

(b)

Figure 6.2: Model geometry and finite element mesh for specimen MP1 (a)
and MP2 (b), with variants (V) and crystallographic packets (CP) indicated.
The boundaries between variants belonging to different CP are highlighted by
a thick line.

As Figure 6.2 shows, lath martensite is composed of different Kurdjumov-Sachs
(KS) variants (indicated by letter V). Each KS variant is a parallel stack of
hard BCC, α′ martensitic crystals (the laths), on average 100 nm thick, and
thin films of soft FCC, γ, retained austenite, down to ca. 5 nm thick.
The KS variants experimentally measured in [98], are indexed pairwise due
to their small misorientation, i.e. one KS pair corresponds to a Nishiyama-
Wassermann (NW) variant, which is named “block”. The blocks are grouped
into crystallographic packets (CP). The boundaries between different crys-
tallographic packets are highlighted in Figure 6.2. Variants from the same
crystallographic packet are characterized by a common austenite/martensite
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interface. This interface, called the habit plane, is approximately parallel to a
member of the {111}γ plane family.

6.5.2 Lamella model

A lath martensite block can be idealized by an infinite laminate of FCC austen-
ite (A) and BCC lath (L) phases and thus can be described by a lamella model
(cf. [94]). The equations of the lamella model are given by:

FM = fAFA + fLFL , (6.34)

PM = fAPA + fLPL , (6.35)

PA · n0 = PL · n0 , (6.36)

FA · (I − n0 ⊗ n0) = FL · (I − n0 ⊗ n0) . (6.37)

Equations (6.34) and (6.35) express the mesoscale deformation gradient tensor
FM and the mesoscale first Piola-Kirchhoff stress PM as the volume averages
of the respective phase quantities, with fA and fL the phase volume fractions.
Equations (6.36) and (6.37) are the equilibrium and kinematic compatibility
conditions at an interface, respectively; n0 is the interface normal and I is the
second-order identity tensor. To complete this system of equations, consti-
tutive equations for each phase have to be specified, i.e. PA = F(FA) and
PL = G(FL).

6.5.3 Lath martensite micro-scale deformation mechanisms

In [93] and [94] the behaviour of this martensite model of alternating lath and
retained austenite layers was studied in detail by fully resolving the crystallo-
graphic slip within each of the phases, using a crystal plasticity formulation.
The analysis of the physical response of this system suggests that the full crys-
tal plasticity description with the resolution of all BCC and FCC slip systems
is, in fact, not needed to capture the main features. Since the interface is
approximately parallel to a member of the {111}γ plane family, there are al-
ways three FCC slip systems in the austenite, which are favourably oriented
to carry plastic deformation for shearing along the lath habit plane. The re-
maining FCC slip systems and all the BCC slip systems reveal minor plastic
slip only. Therefore, it should suffice to:

1. Limit the crystal plasticity response of the austenite phase to the three
slip systems parallel to the interface.



Chapter 6. Reduced crystal plasticity for materials with constrained slip activity 105

2. Adopt an isotropic formulation for the remaining directions in the FCC
phase and for the BCC layers, which hardly contribute to the deforma-
tion.

Thus, for the considered problem, ns = 3 for the austenite and ns = 0 for
the martensite. In the austenite, the normal to the three active slip planes
is n0 = 1√

3
(111)γ , while the three active slip directions are s10 = 1√

2
[1̄01]γ ,

s20 =
1√
2
[011̄]γ and s30 =

1√
2
[11̄0]γ . We consider a local orthonormal basis for the

austenite (e1, e2, e3) such that e1 ≡ s10, e2 ≡ n0 and e3 = e1 × e2 =
1√
6
[1̄21̄]γ .

In the chosen basis, s20 = −1
2e1 +

√
3
2 e3 and s30 = −1

2e1 −
√
3
2 e3. Therefore,

P̄0 = λ(1)s10 ⊗ n0 + λ(2)s20 ⊗ n0 + λ(3)s30 ⊗ n0

= 1
2(2λ

(1) − λ(2) − λ(3))e1 ⊗ e2 +
√
3
2 (λ(2) − λ(3))e3 ⊗ e2

= µ(1)e1 ⊗ e2 + µ(2)e3 ⊗ e2

= µ(1)M1
0 + µ(2)M2

0 ,

(6.38)

where M1
0 = e1 ⊗ e2 and M2

0 = e3 ⊗ e2, which are mutually orthogonal nor-
malized second-order dyads. Therefore we construct the following projection
operator P0 for the austenite:

P0 = I−
[

(M1
0)

T ⊗M1
0 + (M2

0)
T ⊗ M2

0

]

. (6.39)

In the austenite, although the explicitly resolved slip systems carry most of
the plastic deformation (around 90% of it, cf. [93]), the contribution of the
remaining slip systems is non-negligible and cannot simply be disregarded.

6.5.4 Material parameters

We consider an austenite volume fraction fA = 4.76% (cf. [94]), which cor-
responds to a scenario in which laths are 100 nm thick and interlath retained
austenite is 5 nm thick.
The parameter identification procedure is detailed next. First, the isotropic
elastic constants of the austenite and the martensite laths are determined.
Isotropic elasticity is used since our focus is on plasticity, which is not really
affected by this choice (cf. Results section). The elastic parameters of the
austenite were identified in [159] based on indentation experiments [48]. The
elastic constants of the laths have been identified here following the same pro-
cedure as in [159]. Next, the material parameters for the “slip” contribution in
the austenite have been taken after [94], without any changes except a small
increase (+5 MPa) of the critical resolved shear stress for a better match of
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configuration MP2. The “isotropic” initial yielding stress σ0, the yield satura-
tion value σy,∞ and the hardening rate heq,0 of the austenite have been taken
such that the flow curve of a polycrystalline FCC austenite, having crystal plas-
ticity parameters as in [94], is reproduced. The “isotropic” (rate-dependent)
plasticity material parameters for the laths have been identified in order to
establish a match between the stress-strain response of configuration MP1 and
the one of the fully resolved model.
The material parameters for both the standard isotropic elasticity and plastic-
ity models of each phase, which have been used in the simulations are listed in
Table 6.2 for the austenite and in Table 6.3 for the martensite laths.

Table 6.2: Material parameters adopted for the reduced austenite model.

shear modulus G 93.0 GPa
bulk modulus K 201 GPa

plastic slip contribution
initial slip resistance τ0 270 MPa

slip resistance saturation value s∞ 340 MPa
initial hardening rate, slip h0 250 MPa

reference slip rate γ̇0 0.01
strain rate sensitivity, slip m 0.10
hardening exponent, slip a 1.5

ratio latent/self hardening qn 1.4
isotropic (rate-dependent) plastic contribution

initial isotropic yield stress σ0 550 MPa
yield stress saturation value σy,∞ 700 MPa

initial hardening rate, isotropic heq,0 3000 MPa
reference strain rate ε̇0 0.01

strain rate sensitivity, isotropic n 0.10
hardening exponent, isotropic b 1.5

6.5.5 Results

Figure 6.3 shows the comparison between the flow curves of configurations MP1
and MP2, simulated with the fully resolved crystal plasticity model (dashed
lines) [94] and the reduced model proposed in the present chapter (solid lines).
The reduced model captures the yielding and plastic behaviour remarkably
well. The small discrepancy in the elastic regimes is due to the fact that in the
fully resolved model an anisotropic elastic description was adopted, while an
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Table 6.3: Material parameters adopted for the isotropic martensite lath
model.

shear modulus G 105.5 GPa
bulk modulus K 227.5 GPa

initial isotropic yield stress σ0 1.14 GPa
yield stress saturation value σy,∞ 3 GPa

initial hardening rate, isotropic heq,0 20 GPa
reference strain rate ε̇0 0.01

strain rate sensitivity, isotropic n 0.10
hardening exponent, isotropic b 1.5

isotropic description is chosen for the reduced model presented here. Therefore,
this is not a restriction of the model.
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Figure 6.3: Flow curves of configurations MP1 and MP2 calculated with the
reduced model (solid lines) and the full model presented in [94] (dashed lines).

Figures 6.4 and 6.5 compare the plastic slip activity in the fully resolved and
reduced models for MP1 and MP2 samples, respectively.
The plastic slip activity in the full model is defined as the sum of the absolute
values of the plastic slip along all slip systems, namely γtot :=

∑ns

1 |γα|. The
same definition applies to the plastic activity in the austenite in the reduced
model (and hence the “isotropic” contribution is not included in the computa-
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(max 134%)

MP1 – fully resolved model MP1 – reduced model

FCC slip activity Austenite slip activity

BCC slip activity Lath plastic activity

Figure 6.4: Total slip activity at 1% global strain for the MP1 configuration.
Comparison between the full model (left) and the reduced model (right).

tions of the total slip activity). For the laths, the plastic activity is given by
the equivalent plastic strain εeq. Clearly, the slip activity in austenite dom-
inates over the slip in martensite, which is at least two orders of magnitude
lower. When comparing the fully resolved and reduced models, no meaningful
difference can be observed for the slip activity in the austenite. Therefore, the
proposed reduced model is able to capture the main physical mechanism of the
deformation behaviour of lath martensite with interlath austenite films, i.e.
the main deformation mechanism originates from the relative orientation of
the austenite/martensite interface with respect to the loading direction. The
interface orientation is approximately homogeneous within the same crystallo-
graphic packet (except for morphological effects, like in the lower part of CP4
in configuration MP2), and for this reason no major differences in slip activ-
ity are observed. Differences can be observed for the plasticity in the laths.
In the reduced model, inhomogeneities in the slip activities of neighbouring
blocks belonging to the same crystallographic packet are not included (e.g.,
the slip activities of the variants of CP3 in configuration MP1, or that of CP4
in configuration MP2). However as the slip activity of the fully resolved model
shows, these details do not play a major role and thus may be disregarded.
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MP2 – fully resolved model MP2 – reduced model

FCC slip activity

BCC slip activity

Austenite slip activity

Lath plastic activity

Figure 6.5: Total slip activity at 1% global strain for the MP2 configuration.
Comparison between the full model (left) and the reduced model (right).

The simulation times for the two configurations, MP1 and MP2, were compared
for the fully resolved model versus the reduced model. The total computational
time may depend on the CPU usage and the optimization of the code, which
was not pursued within this study. However, depending on the configuration
(MP1 or MP2), the reduced model is between 5 and 10 times faster than the
fully resolved model.

6.6 Model validation on a multi-phase

microstructure

As a second validation case, the lamella model for the martensite, with reduced
austenite and isotropic laths is used for martensite in dual phase (DP) steels.
To this purpose, we consider the microstructure shown in Figure 6.6 consisting
of large ferrite grains and two martensite islands with refined structure.
It can be observed that the microstructure of the martensite is considerably
more complex in DP steels, compared with the full martensitic steels studied in
the previous section. Note, that the typical size of martensite islands is much
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Figure 6.6: EBSD map of a dual phase ferrite-martensite steel. The two main
martensite islands are outlined in black and all variants are indexed. Small
islands retained from the prior γ austenite grains are also indicated. Data
kindly provided by Cem Tasan, MPIE Düsseldorf.

smaller than in the martensite specimens analysed in the previous section.
The geometrical model is made by assigning the measured orientations of
the ferrite grains and the martensite subunits (variants) to the corresponding
model domains. Two model configurations are considered. In the first case,
ferrite is modeled with crystal plasticity and each martensite variant with the
lamella model of laths and austenite, both fully resolved with crystal plasticity.
The material parameters for the the ferrite, for which the {110}α slip systems
are considered to be active, are given in Table 6.4 (the anisotropic elastic con-
stants for ferrite single crystals, which have cubic symmetry, are taken from
[159]), while material parameters for the lamella martensite model are taken
from [94]. In the second case, the austenite phase in martensite is modelled
with the reduced framework and the laths are modelled as isotropic, accord-
ingly to previous sections, while the ferrite model is fully resolved. Hence, the
difference between the two computational models is in the martensite only. The
material parameters for the reduced model of the austenite and the isotropic
laths are listed in Tables 6.2 and 6.3, respectively.
The orientation of the martensite/austenite interface has been identified after
indexing the martensite variants with respect to the small retained austenite is-
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Table 6.4: Material parameters adopted for the ferrite.

initial slip resistance τ0 200 MPa
slip resistance saturation value s∞ 400 MPa

initial hardening rate, slip h0 800 MPa
reference slip rate γ̇0 0.01

strain rate sensitivity, slip m 0.10
hardening exponent, slip a 1.5

ratio latent/self hardening qn 1.4
non-Schmid parameter ηss 0.0544 [171]
non-Schmid parameter ηnn -0.0293 [171]
non-Schmid parameter ηzz -0.0267 [171]

elastic constant C11 233.5 GPa
elastic constant C12 135.5 GPa
elastic constant C44 118 GPa

lands (cf. Figure 6.6), the orientation of which is assumed to be approximately
the same as the prior austenite grains from which the martensite originates.
The microstructure is discretized by finite elements, involving 8278 elements
for the ferrite and 4376 elements for the two martensite islands.

Periodic boundary conditions are assigned along the three spatial directions,
and uniaxial tension is applied along X (horizontal) axis.

Figure 6.7 shows the comparison of the strain component εxx computed with
the full and reduced models for martensite lamellas. The local strain distri-
bution is almost identical in both models. The reduced model preserves the

Figure 6.7: Local strain maps for component εxx for the full model (a) and
the reduced model (b), at 10% global strain along the X direction. Martensite
islands are highlighted with a black solid line.
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deformation features of the full crystal plasticity model. Only the strain peaks
are slightly smaller in the reduced model, cf. region B, and the strain dif-
ferences between adjacent blocks within martensite are smoother; this result
is consistent with the analysis performed in the previous section. This can
be noticed for example by comparing the strain distributions of the full and
reduced models, e.g. in region A.
Figure 6.8 reports the total plastic slip in the austenite (within the martensite)
obtained with the full and reduced models.
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Figure 6.8: Total plastic slip in the austenite (within the martensite islands)
for the full model (a,c) and the reduced model (b,d), at 10% global strain.
Martensite islands are highlighted with a black solid line.

Some differences can be noticed. The peak values are reduced and the plastic
slip distribution is smoothed out, because of neglecting block boundaries. The
reduced model shows an adequate match with the full model in all regions
(in terms of average values of total plastic slip), except for region B, in which
the predictions are underestimated. The observed discrepancies are due to
morphological effects caused by the complex shapes of martensite subgrains.
This example confirms that the reduced model adequately describes complex
multi-phase microstructures, typically involving many fine structured marten-
site islands and thus being out of reach for a fully resolved crystal plasticity
model due to the prohibitively high computational cost.

6.7 Conclusions

The proposed modeling framework naturally combines standard crystal plas-
ticity with isotropic plasticity at finite deformations for the description of ma-
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terials possessing a limited number of active slip systems. A crystal plasticity
approach is used for the directions along which the slip activity has a major
importance, and isotropic plasticity elsewhere. In the limits of either no slip or
five linearly independent slip systems, the isotropic (rate-dependent) plasticity
and standard crystal plasticity formulations are recovered, respectively.
Furthermore, for the particular constitutive choices made here, the advantages
of both numerical schemes are preserved, i.e. no update of the normal to the
yield surface is needed while solving for the plastic slip/strain rate. The model
is thermodynamically consistent, namely the dissipation is expressed as the
sum of a term produced by the slip systems and a second term related to the
“isotropic” contribution. By selecting the most active slip directions to be fully
resolved, this approach allows to retain the physical meaning of the material
parameters involved in the model. Furthermore, the implementation, e.g. in
finite element codes, can be reduced to a simple superposition of the (already
available) isotropic and crystal plasticity parts.
The results from the validation on martensitic microstructures show that the
relative orientation of the austenite-martensite interface with respect to loading
is the key crystallographic information which is needed to explain and predict
the deformation behaviour of lath martensite with embedded interlath austen-
ite films. The reduced model can be used for the computation of microstruc-
tures with multiple martensitic grains. The analysis of the computations on
DP microstructures shows that, in case the martensite microstructure is more
refined, the reduced model captures the main local deformation features ade-
quately. In both the martensitic microstructures and the DP microstructure,
the details related to the presence of different blocks within the same crystal-
lographic packet are, naturally, not resolved by the reduced model and local
strain distributions are therefore smoother.
Compared with the full crystal plasticity model, the reduced model preserves
the main physics (in terms of flow response and slip activity predictions) at
a considerably reduced computational cost (i.e. up to 5 or 10 times, with-
out code optimizations). The simplification of the existing models in order to
speed up the computations was the aim of the proposed framework. The intro-
duction of more sophisticated models within the proposed reduced framework
might be also pursued. For example, grain boundary plasticity, which is not
included here, might be considered (e.g. [12, 90, 8]). However the advantage
of computational efficiency might be lost.
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7
Plasticity and fracture of martensite

in dual-phase steels

Abstract

Dual phase (DP) ferrite-martensite steels have been introduced in the early 70s. Since

then, much research efforts have been spent in order to gain insight in the main

material parameters governing their deformability, strength and fracture behaviour.

Literature shows that the average grain size, the martensite volume fraction and the

chemical composition can explain most trends in deformability and strength of DP

steels. However, the composite deformation and fracture behaviour need to be stud-

ied at the level of the two-phase microstructure, i.e. by means of micromechanical

modeling. Existing micromechanics-based proposals usually model martensite as an

isotropic, poorly deforming phase and, in general, do not account for the experimen-

tally observed crystallography, morphology and plastic behaviour of martensite islands.

Martensite in DP steels presents the same crystallographic and morphological features

as in fully martensitic steels, i.e. stacks of martensite laths with interlath retained

austenite films. This microstructure can explain the observed ductile deformation and

fracture behaviour of martensite islands in DP steels. This motivates a microme-

chanical analysis which accounts for the experimentally observed crystallography and

morphology of lath martensite.

7.1 Introduction

Dual phase (DP) steels are characterized by a microstructure which mainly
consists of α ferrite and α′ martensite. Traces of bainite and austenite can be
also present, especially in commercial grades, however to a lower extent. These
materials were developed in the mid 60s concurrently in the UK and US. An
overview of their initial historical development can be found in an early review
paper by Rashid [128].

115
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These steels revealed an improved combination of strength and ductility com-
pared to the existing high strength steel grades (Figure 7.1).

Figure 7.1: Dual phase steels provide good ductility and strength compared
to traditional steels [156].

The introduction of DP steels in the automotive industry was triggered in the
early 70s by the conflicting demands on light-weight vehicles (reduction of fuel
consumption) and on the improved safety (following the newly imposed safety
standards).
Moreover, DP steels could be produced with techniques optimized for plain
carbon steel: the use of the traditional production lines made the use and
improvement of DP steels economically viable.
Considerable research efforts aimed to gain insight in the main parameters
governing the strength and ductility of DP steels. In this chapter, a brief
review is given about the main contributions to this topic. It is shown that for
the same processing conditions, the average grain size, the martensite volume
fraction and the chemical composition play a key role in governing the strength
and ductility of DP steels, see e.g. [35, 92, 138, 95, 27]. Experimental results
are collected from the literature in order to reveal these trends.
However, when dealing with the composite deformation and fracture behaviour,
micromechanical modeling is needed in order to understand the underlying gov-
erning mechanisms, e.g. [161, 67, 124]. Existing works usually model marten-
site as an isotropic phase which hardly deforms (with few exceptions, e.g.
[158]). However, experimental literature shows that martensite can plastically
deform up to high strains [150, 50], revealing ductile dimpled fracture [24, 27].
Martensite presents the same crystallographic and morphological features as in
fully martensitic steels [73, 173], i.e. stacks of martensitic laths with interlath
austenite layers.
In this chapter, a survey of the main factors influencing the ductility and
strength of DP steels is given in Section 7.2. Section 7.3 summarizes the main
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findings related to the crystallography, morphology and micromechanics of
martensite islands in DP steels. Section 7.4 provides a short summary of the
existing micromechanical models for the study of the composite deformation
and fracture behaviour of DP steels. The chapter ends with a discussion and
conclusions. The experimental evidence on DP martensite motivates the study
of the composite deformation and fracture behaviour of DP steels by accounting
for the crystallography and morphology of lath martensite in the subsequent
chapters.

7.2 Main microstructural parameters influencing

ductility and strength of DP steels

The majority of the experimental literature on DP steels relies on tensile test
results performed under quasi-static loading conditions. This study therefore
will be limited to this conventional load case.
The main parameters influencing the strength and elongation of a DP steel are
the carbon content, the martensite volume fraction (MVF) and the average
(ferrite) grain size (FGS). Pioneering studies were performed starting from the
late 70s in which the influence of these factors on the global response has been
investigated [35, 126, 128].
On top of these parameters, the morphology of the constituents plays an im-
portant role, as well as the processing conditions. The processing conditions
are generally not an independent parameter, since time and temperature deter-
mine MVF and FGS and partly the morphology, while mechanical treatments
(rolling) influence the morphology and other features (not considered in this
study), e.g. the aspect ratio of constituents. The influence of the microstruc-
tural morphology on the strength and deformability of DP steels has been
investigated since the 80s, e.g. [73, 92, 155, 24]. In the cited works, as well as
in more recent contributions (e.g. [64, 139, 95]) the following main microstruc-
tural configurations are identified (cf. Figure 7.2):

1. martensite continuous (MC): martensite islands decorate the ferrite grain
boundaries. They can be thin, in a necklace shape [150], or blocky, Figure
7.2a and 7.2b;

2. martensite dispersed (MD): the microstructure consists of big islands of
martensite, with ferrite located at martensite grain boundaries (opposite
configuration to the MC microstructure), Figure 7.2d;

3. banded martensite (BM): elongated strips of martensite can be identified,
Figure 7.2c.
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(a) (b)

(c) (d)

Figure 7.2: Different morphological configurations of DP steels. (a) marten-
site continuous, in necklace shape, from [35]; (b) martensite continuous, with
blocky martensite, from [64]; (c) banded martensite, from [95]; (d) martensite
dispersed, from [139]. In all micrographs, martensite is darker, except for (d)
where it is brighter.

Obviously, this is a “rough” classification, since most DP steels show an inter-
mediate microstructure between MC and BM, since banding is often present
[156, 157]. Furthermore, when MVF is low the connectivity of the martensite
decorating ferrite grain boundaries is also low and the network looses continu-
ity.

7.2.1 Ultimate tensile strength

The ultimate tensile strength (UTS) is defined as the engineering stress level
at which a tensile bar starts to neck. Experiments show that, by keeping FGS
and the C content fixed, the UTS increases as MVF increases [92, 138, 26, 5].
Furthermore, ferrite grain refinement, in general, increases the UTS (e.g. [27]).
The carbon content mainly affects the martensite strength, since martensite
absorbs most of the carbon. As a first approximation, it is usually assumed
that all carbon is in the martensite, since ferrite saturates at about 0.02 wt%
C. Some authors concluded that an increase in martensite strength increases
also the ultimate tensile strength of the whole material (e.g. [31, 2]). However,
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there remains some disagreement on this point, e.g. [35].
In the following, experimental data have been collected from papers where
martensite presents a MC microstructure for which only an intercritical heat
treatment has been performed, without rolling steps. In this way, the influence
of processing can be minimized. The considered references are Davies, 1978
[35]; Cai, Feng and Owen, 1985 [24]; Jiang, Guan and Lian, 1995 [64]; Sarwar
and Priestner, 1996 [138]; Mazinani and Poole, 2007 [95]; Bergström, Granbom
and Sterkenburg, 2010 [14]; Calcagnotto, Ponge and Raabe, 2010 [27].
For a better understanding, first the data with the same carbon content (C
0.11 wt% ca.) are analyzed.

Figure 7.3: Data of UTS versus MVF for MC microstructures with a carbon
content of 0.11 wt%, from [24, 64, 14]. Linear trends are overlaid, except for
the data related to the smallest average grain size (FGS = 7.5 µm), which have
been overlaid with a quadratic fit.

The plot in Figure 7.3 shows that for fixed carbon content and average FGS,
an increase in martensite volume fraction increases the UTS. Also, by keep-
ing C content and MVF constant, grain refinement increases the UTS. Both
observations are consistent with reported conclusions in the literature.
Figure 7.4 shows data at 0.11 wt% C and 0.15 wt% C, for the same average
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FGS (10 µm ca.), and data at 0.06 wt% C with a FGS of approximately 5 µm.

Figure 7.4: Data of UTS versus MVF for MC microstructures, from [35, 24,
64, 138, 95, 27]. C is the carbon content, FGS is the ferrite grain size. A linear
fit is overlaid (dashed line) for the case of C = 0.11 wt% and FGS = 10 µm.

It is remarkable, that a 36% increase in carbon content, from 0.11 to 0.15
wt%, does not increase the UTS. In fact, the trend looks even opposite, at
least in the range between 25 to 45% MVF, where data are available for both
compositions. Note, that in this composition range, the DP martensite of the
dataset has a C content between 0.24 and 0.6%, namely the (medium carbon)
lath martensite range.

Data related to lower DP carbon contents (C = 0.06 wt%) show a clearly lower
UTS (even with finer grain size). For these data, the martensite carbon content
lies between 0.07 and 0.2 wt%, corresponding to low carbon lath martensite.
Therefore, the DP strength does increase with martensite strength (resulting
from increased C content), but only up to a certain threshold. This might ex-
plain contradictory statements in the literature. This observation suggests that
extremely high phase contrasts are not beneficial for the DP steel performance.
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7.2.2 Yield strength

A considerable amount of work in the literature investigates parameters that
influence the yield strength (YS) in DP steels, to cite just some of the refer-
ences, see [35, 64, 87, 129, 95, 27, 140]. The YS is defined as the 0.2 % proof
stress.
Figure 7.5 shows the yield strength values from the same experiments consid-
ered in the dataset for the UTS.

Figure 7.5: Data of YS (0.2% proof stress) versus MVF for MC microstruc-
tures, from [24, 64, 95]. C is the carbon content; FGS is the ferrite grain
size.

The plots show that, for the same processing conditions and for the same base
material (with MC microstructure):

1. YS increases with increasing C content, for fixed MVF and approximately
the same FGS;

2. YS increases with diminishing FGS, for fixed C content and MVF.
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Furthermore, in the range between 25% and 45% MVF all lines (each related
to same C content and different FGS) are roughly parallel. Experimental
uncertainties might explain why some lines tend to intersect with each other.

7.2.3 Uniform elongation

The uniform elongation (UE) is the elongation at which necking initiates (i.e.,
elongation at UTS).
Data collected from the same references as before reveal that the uniform
elongation (UE) decreases with increasing MVF, Figure 7.6.

Figure 7.6: Data of UE versus MVF for MC microstructures, from [35, 24,
64, 138, 95, 27]. C is the carbon content; FGS is the ferrite grain size.

In general, the following observations can be made, as far as the MC mi-
crostructure is concerned:

1. for fixed C content and FGS, UE decreases with increasing MVF;

2. for fixed C content and MVF, UE tends to increases with decreasing
FGS1, although some data do not strictly follow this rule.

1Recent investigations (e.g. [27]) confirm that grain refinement is beneficial for the DP
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An increase of the C content (and hence martensite strength) is detrimental for
the elongation for MVF greater than circa 30%. This matches the discussion
related to Figure 7.4, where a very high phase contrasts turned out not to be
beneficial. The situation is unclear at lower MVF: the increase of carbon from
0.06 wt% to 0.11 wt% decreases the uniform elongation; however data from
Davies, 1978 [35] seem to suggest that the opposite trend might occur for even
higher carbon contents.

7.2.4 Summary of the experimental observations from

literature

The analysis of the above data from the literature, which is limited to heat-
treated materials with comparable processing and microstructure, shows that
qualitative indications of the strength and deformability of dual-phase steels
can be obtained on the basis of the average grain size, the martensite volume
fraction and the chemical composition (in particular, the carbon content).
The higher the martensite volume fraction, the higher the strength and the
lower the deformability. Ferrite grain refinement is, in general, beneficial for
both strength and deformability. The role of carbon content, which in turn
determines the properties of the hard phase (the martensite) is more vague,
especially from the point of view of strength.
Finally, it is noticed that to the best of author’s knowledge, this type of consol-
idated data analysis on the subject comparing a broad range of experimental
data has not been presented in the literature before.

7.3 Martensite morphology, plasticity and fracture
in DP steels

Martensite in dual-phase steels is, in general, not brittle [24, 150, 27]. It
is usually of the lath type [24], as pointed out earlier by analyzing carbon
compositions, and it can show significant local deformations prior to failure
[50], well beyond 5% strain. Evidences of this apparent ductility of martensite
in DP steels have been observed by a number of authors, e.g. [24, 150, 138,
27, 50]. Authors from different research groups and periods (Kim and Thomas
1981 [73]; Cai, Feng and Owen 1985 [24]; Calcagnotto, Ponge and Raabe 2010
[27]) report that the martensite fracture surface is in general dimpled. In
“coarse grained” microstructures, where the average ferrite grain size is about
10 µm (typical in commercial DP steels), ferrite can fail by cleavage while
martensite shows dimpled fracture. Ductile failure mechanisms have also been

steel performance.
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observed by Steinbrunner et al. 1988 [150], who show evidence of failure of
martensite islands by strain localization (see Figure 7.7).

Figure 7.7: Martensite islands failed by strain localization. From [150].

It has also been reported that the local deformation of martensite islands can be
quite heterogeneous within the same material [50], with some islands deforming
considerably, while others hardly deform. Highly heterogeneous deformation
fields are also observed within a single martensite grain [51].
As recently pointed out by a paper from the Japanese school [173], few inves-
tigations exist in the literature about the crystallography and microstructure
of lath martensite in DP steels. Authors in [173] show that the microstructure
(in terms of packets and blocks) is the same as in fully martensitic steels. Fur-
thermore, interlath films of austenite have also been found in DP martensite,
e.g. [73, 127, 7, 173]. Figure 7.8 shows an example of interlath austenite films
in DP martensite.

7.4 Modeling of martensite plasticity and fracture

in DP steels

From the early beginning of the research in the field of DP steels, micromechan-
ical models have become quite popular for the study of the local mechanical
response of the single phases (mainly ferrite and martensite), their interaction
and the global response as a function of the local response. Indeed, when
considering the role of phase contrast (mentioned previously in the context of
martensite strength), or the composite deformation behaviour, a micromechan-
ical approach can yield better insight in the physical phenomena and provide
predictive models. Furthermore, failure of a material is typically related to
detailed morphological features, and micromechanical modeling proves to be a
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Figure 7.8: Transmission electron micrographs of lath martensite in a DP
steel (left) with interlath retained austenite (the bright films on the right).
From [73].

powerful tool to gain insight in the phenomena that trigger and govern fracture
at the macroscale (e.g. [161, 67]).
A pioneering computational work based on a realistic, DP microstructure is
the one by Karlsson and Sundström, 1974 [68], see Figure 7.9. Computational
homogenization (e.g. [75]) has been used to obtain the macroscopic response
based on the average properties of representative volume elements (RVEs)
which are based on both “realistic” and idealized microstructures.
Recent contributions based on idealized microstructures are [3, 161, 29, 119].
Papers based on more realistic microstructures, constructed on the basis of
micrographs, can for example be found in [33, 67, 124, 158]. In most of the
cases (all cited papers except [158]), martensite is modelled as an isotropic
phase, showing little or no plasticity. Furthermore, even when considering its
crystalline nature, the possible presence of austenite films is not taken into
account [158].

7.5 Discussion and conclusions

In the previous sections, it has been shown that, for a given processing route
and dual-phase microstructure, a limited set of parameters (martensite volume
fraction, ferrite grain size and carbon content) strongly influence the strength
and deformability of dual-phase steels. This has been largely investigated and
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Figure 7.9: Local plastic strain distribution calculated for a DP microstruc-
ture. From [68].

reported in the literature, since the 70s. It is also observed that high phase
contrasts can be detrimental for the overall material performance.

The few existing experimental investigations on martensite in DP steels show
that the martensite microstructure has the same fine scale features as in fully
martensitic steels, i.e. packets, blocks and subblocks containing stacks of par-
allel martensite laths and interlath austenite films [173]. A number of papers,
e.g. [24, 150, 50, 27], show clear evidence of apparent ductility of marten-
site islands, in terms of both plastic deformability and fracture, which is often
dimpled.

Micromechanical investigations, allowing the study of the interaction between
plastic deformation and damage in the two phases, can help to gain insight in
the phenomena governing the composite deformation and fracture behaviour.

By comparing the existing modeling approaches adopted in the past for
martensite in dual-phase steels with experimental evidences on its morphol-
ogy, crystallography and mechanical behaviour, it turns out that the apparent
ductile behaviour of martensite islands has been overlooked. Furthermore,
with few exceptions [158], its crystallography has not been taken into account.
The presence of austenite films and their possible role on the mechanics of the
aggregate has been, to the author’s knowledge, not been considered. How-
ever, on one hand, based on the observations for martensitic microstructures
in Part I of this thesis, the presence of austenite films can enhance the local
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deformation of martensite islands; on the other hand, the laminate morphology
of martensite in DP steels might explain the heterogeneous plastic behaviour
of martensite islands [50, 51] and have a key influence on the onset of fracture,
related to detailed microstructural features.
These two aspects will be investigated in more detail in the following two
chapters.
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Abstract

This chapter analyses the role of interlath retained austenite films within the marten-

site islands on the local strain partitioning and overall mechanical response of Dual

Phase steels. A crystal plasticity-based modeling approach is thereby adopted. It is

shown that the presence of a negligible (<2%) volume fraction of interlath austenite

amplifies the strain heterogeneity in both the martensite islands and the surround-

ing ferrite matrix. This qualitatively matches experimental observations from litera-

ture, showing a highly anisotropic, orientation dependent local mechanical response of

martensite. The results emphasize the potential key role played by interlath austenite

films in microstructures involving lath martensite.

8.1 Introduction

One of the most widely used microstructures in low-alloyed high strength steels
is lath martensite. This polycrystalline aggregate, which typically appears
when the carbon content does not exceed 0.6 wt%, is characterised by sub-
grains (i.e. blocks and crystallographic packets [102, 104]) that are in gen-
eral alternate layers of two phases: martensite (the laths) and very thin films
of austenite, which can be retained at lath boundaries. TEM observations
of this microstructure have been reported not only for low carbon marten-
sitic steels [85, 78, 132, 105], but also for martensite islands in dual phase
steels [73, 127, 7, 173] as well as low alloyed TRIP steels [113, 149]. Recent
experimental-numerical investigations [93, 94] have shown that, despite the
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small dimensions and volume fraction, the austenite films may play a crucial
role in the deformation and (possibly) fracture behaviour of lath martensite.
Indeed, these austenite layers enhance the ductility of the lath martensite
microstructure [93] and can play a key role in the orientation-dependent de-
formation response [94].

Similar microstructures based on alternate, sub-micrometer sized layers of
hard martensite and softer austenite have been processed within the past 10
years, with the purpose of improving material ductility and preserving a high
strength. Among those, there are the quenched and partitioned (Q&P) steels
(e.g. [38]), TRIP maraging steels (e.g. [167]) and new generations of maraging
steels with reverted austenite films [123]. Furthermore, the recently developed
nanobainitic microstructures (e.g. [19]) also reveal alternate layers of ferritic
bainite and retained austenite films.

In general, for all these cases, an orientation relationship exists between the
BCC martensitic/bainitic phase and the FCC austenite films, which ensures
that the interface between the two phases is approximately parallel to three
slip systems of the {111}γ family. It has recently been shown [93] that this
crystalline configuration makes the shearing along the bicrystal interface a
preferential loading condition, since the slip systems in the austenite are in
the most favorable orientation to carry plastic deformation. Therefore, the
austenite phase acts as a “greasy” layer on which the stiff, poorly deforming
martensite laths slide. This is consistent with experimental observations (e.g.
[98, 110]), which show that slip parallel to the lath habit plane is preferential in
lath martensite. Moreover, in [94] it has been shown that if the presence of the
austenite films is neglected, the measured stress-strain response of martensitic
samples [98] cannot be reproduced by means of a conventional crystal plasticity
model.

This chapter investigates the impact of the martensite substructure and in-
terlath austenite layers on the local strain partitioning and the global re-
sponse of dual phase ferritic-martensitic microstructures. To this end, the
modelling approach used in [93, 94] and Chapter 6, based on the representation
of the martensite crystallographic packet with austenite layers by a (locally)
infinite laminate, is adopted. A heterogenous deformation response of the
martensite-austenite aggregate is observed, matching experimental observa-
tions (e.g. [50, 51]). This is the result of the pronounced orientation-dependent
response of the martensite, which is due to the presence of the thin interlath
austenite films. Unless the martensite volume fraction is too low (below 10 %
ca.), the orientation-dependent response of martensite can also remarkably in-
fluence the local strain of the ferrite matrix, the global strain partitioning of the
dual phase ferrite-martensite microstructures and the macroscopic stress-strain
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response. This may have implications not only for the deformation behaviour,
but also for damage and fracture in dual phase steels.

8.2 Modelling approach

Lath martensite is modelled as an infinite laminate of a hard phase (the laths)
and a soft phase (the austenite). As shown in [93, 94] and Chapter 6, the
deformation behaviour of the aggregate is dominated by slip activity in the
austenite on the 3 slip systems parallel to the interface. Therefore, to reduce
the computational costs, for the austenite, the reduced model proposed in
Chapter 6 is used, in which only these 3 slip systems are explicitly incorporated
in the crystal plasticity model, while plasticity in other directions is accounted
for via an isotropic flow rule (see Chapter 6 for the details). The martensite
laths are modelled through isotropic (visco)plasticity.
The fine scale mechanical response of laths with interlath austenite is upscaled
to the scale of martensite islands through homogenisation, using an underlying
lamella model. The lamella model represents the effective behaviour of laths
with embedded interlath retained austenite.
The lamella model implicitly accounts for the orientation of the laminate’s
interface. The model equations comply with equilibrium and compatibility at
the interface. For more details on this modelling approach and its validation
see [94] and Chapter 6.
The parameter identification has been performed in [94] and Chapter 6 based
on the experimental response of martensitic specimens [98]. The material
parameters for the austenite layers and the martensite laths are those listed
in Chapter 6, Table 6.2 and 6.3. For the austenite, the initial slip resistance
of the slip systems is 270 MPa, while the yield stress along the remaining
directions is 550 MPa. For the martensite, the yield stress is 1.14 GPa. The
austenite volume fraction within the martensite-austenite aggregate is taken
equal to 5%, which corresponds to austenite films of 5 nm thickness between
martensite laths of 100 nm thickness.
Ferrite grains are modeled with a conventional crystal plasticity model [23].
Also in this case, the material parameters listed in Chapter 6, Table 6.4, are
adopted. The initial slip resistance is 200 MPa.
To study the role of the martensite substructure, the results will be compared
to simulations on the same microstructures, but with martensite modelled as
an isotropic (visco)-plastic phase, i.e. by neglecting the presence of the thin
austenite layers. The material parameters of the “isotropic” martensite are
those listed in Chapter 6, Table 6.3, i.e. representing the isotropic laths in the
lamella model.
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8.3 Isotropic vs lamella model for martensite in DP
steels

The dual phase microstructure shown in Figure 8.1(a) is considered. The ma-
terial is a DP800 grade considered in [158]. It is modelled by assigning the

Figure 8.1: (a) EBSD map of a dual phase ferrite-martensite steel. The
boundaries of the two main martensite islands are highlighted in black. The
boundaries between crystallographic packets (CP) within each island are high-
lighted in yellow. The main CP within each islands are indicated. Small islands
retained from the prior austenite grains are also indicated. Data are kindly
provided by Cem Tasan, MPIE Düsseldorf. (b) The computed stress-strain
response and (c,d) local strain maps for component εxx at 10% global strain
along the X direction for the model with isotropic martensite (c) and lamella
martensite-austenite aggregate (d).

measured orientations of the ferrite grains and the martensite subunits (vari-
ants). The orientation of the martensite/austenite interface has been identi-
fied after indexing the martensite variants with respect to the small retained
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austenite islands (cf. Figure 8.1(a)), the orientation of which is assumed to
be approximately the same as that of the prior austenite grains. These small
retained austenite islands were not explicitly modelled. The main crystallo-
graphic packets (CP) are indicated in Figure 8.1(a).
The microstructure is discretized using finite elements. Periodic boundary con-
ditions are applied along the three spatial directions, therefore the geometry is
assumed constant in the third dimension. Uniaxial tension along the X (hor-
izontal) axis is prescribed. The martensite islands are modelled by either the
lamella model (i.e. including austenite films) or the isotropic visco-plasticity
(i.e. disregarding the presence of austenite films).
The computed stress-strain responses of the two models, cf. Figure 8.1(b),
deviate only to a minor extent. Figure 8.1(c,d) shows the comparison of the
strain component εxx computed with the model with isotropic martensite (c)
and the model with lamella martensite (d). The local deformation response of
the ferrite is hardly affected by the enriched martensite model, presumably due
to the small martensite content in the considered region (10% ca.). The local
deformation within the martensite is also comparable for island B. However,
differences can be noticed in island A, expecially inside the areas belonging to
CP4. The local strain response is more heterogeneous in island A, and local
peaks show a significant increase, i.e. from about 8% to 12% strain. Fur-
thermore, comparison between islands A and B, modelled as isotropic (Figure
8.1(c)), reveals that the local strain values are comparable. The same does
not hold when the lamella model for martensite is used, where the strain level
clearly differs between the two islands.
The strain heterogeneity computed with the lamella model of the martensite is
due to the orientation dependent response of different crystallographic packets,
which is accounted for by the lamella model and is ruled out when adopting
an isotropic visco-plastic model. In [94] it has been shown that the orienta-
tion dependent response is amplified by the presence of the austenite layers;
when modelling the martensite variants as BCC and neglecting austenite films
the orientation dependent response is noticeably weaker. Consistent with the
present results, remarkable strain heterogeneities have also been measured ex-
perimentally, e.g. [50, 51], both within a single martensite island and among
multiple martensite islands.

8.4 Dual phase microstructures with multiple
martensite islands

Next, a larger dual phase ferrite-martensite microstructure with multiple
martensite islands is modeled. The model geometry (Figure 8.2(a)) is based
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on a DP morphology obtained with optical micrography. However, since no
EBSD measurements were available for this microstructure, random orienta-
tions are assigned to the ferrite grains and prior austenite grains. In each prior
austenite grain, the orientation of a single crystallographic packet is chosen
to model martensite. The color coding in Figure 8.2(a) reflects the assigned
orientations according to the inverse pole figure map. Periodic boundary con-
ditions are applied along the three spatial directions, therefore also in this case
the geometry is assumed to be constant along the thickness. Uniaxial loading
in horizontal direction is applied.

(c) (d)
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Figure 8.2: (a) DP microstructure with colors indicating the grain orientation
of the ferrite and the martensite’s prior austenite grain. Martensite boundaries
are highlighted in black and black dots have been added onto the martensite
islands for better visualization. (c) The computed stress-strain response for this
microstructure. (c,d) Equivalent plastic strain in the ferrite and the martensite
phase at 10% global strain along horizontal direction for the microstructures
modelled with isotropic martensite (c) and with the anisotropic martensite-
austenite lamella model (d).

Two simulations have been performed on this microstructure. In the first
simulation, the lamella model of the martensite-austenite aggregate with 5%



Chapter 8. Deformation behaviour of lath martensite in multi-phase steels 135

volume fraction of interlath austenite has been used to model the martensite
islands. This corresponds to a ca. 1.7% austenite volume fraction in the whole
material, which commonly is considered as negligible. In the second simulation,
the martensite has been modelled as isotropic (by setting the austenite volume
fraction to zero), while keeping all material parameters and the orientation of
ferrite grains the same.

The comparison of the stress-strain responses of the two models, in Figure
8.2(b), shows that a negligible amount of austenite yields a noticeable increase
in global strain, for a given stress level. For example, at 700 MPa the com-
puted overall strain increases more than twice, i.e. from 2.24% to 4.95%. A
comparison with experiments is not trivial, since it is challenging to control the
amount of the interlath austenite and to measure such small volume fractions.
Such systematic study might be an interesting subject for future experimental
investigation.

Figure 8.2(c,d) shows the equivalent plastic strain within the ferrite and
martensite phases only (the austenite contribution in martensite is not vi-
sualized) for the case when the interlath austenite is present in the model
(Figure 8.2(d)) or disregarded (Figure 8.2(c)). It can be noticed, that in case
the austenite films are not included into the model, the plastic activity of the
martensite phase is approximately homogeneous within each island and is al-
most the same among different islands. Instead, if the austenite is included in
the model, the plastic deformation of the martensite phase is more heteroge-
neous, both inside the islands and among different islands. This is consistent
with the analysis made in the previous section. This heterogeneity originates
from the plastic activity within the austenite layers embedded in the marten-
sitic islands, which activates only if the austenite layer is favourably oriented
for deformation. If activated, austenite deformation dominates the plasticity
of the martensite-austenite aggregate. Plasticity of the martensite phase ac-
tivates but attains only a moderate strain level when the austenite films are
activated (e.g. island B in Figure 8.2(d)). In case the austenite films are not
active (e.g. island A in Figure 8.2(c)), more plastic deformation takes place
within the martensite phase.

In contrast to the previous microstructure, the strain distribution within the
ferrite matrix is remarkably changed, with plastic strain localization bands
crossing different regions of the microstructure. This is mainly due to the
higher martensite volume fraction (33% ca.) compared to the previous exam-
ple. The strain partitioning in ferrite is affected by the strain localization bands
in the microstructure, which cross softer regions between harder inclusions. In
the model with austenite films, the martensite islands favourably oriented for
deformation are effectively softer than the remaining martensite. Therefore
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strain localization is less prone to occur in their proximity, which affects the
strain partitioning within the ferrite.
This observation is confirmed in Figure 8.3, which shows the normalized fre-
quency distribution of the equivalent total strain in the ferrite and marten-
site in the case with the austenite (Figure 8.3b) and without (Figure 8.3a).
Generalized extreme value distributions have been fitted to data in Figure

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

5

10

15

20

25

30

35

N
or

m
al

iz
ed

 fr
eq

ue
nc

y

Strain

 

 

M model, strain in martensite
M model, strain in ferrite

(a)

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

5

10

15

20

25

30

35

N
or

m
al

iz
ed

 fr
eq

ue
nc

y

Strain

 

 

M/A model, strain in martensite
M/A model, strain in ferrite

(b)

Figure 8.3: Local strain distribution at 10.0% applied axial strain in marten-
site and ferrite obtained in the simulations without austenite (a) and with 5%
austenite volume fraction (within the martensite-austenite lamella “M/A”) (b).
The generalized extreme values distributions (solid lines) have been fitted on
the computed values (dots) to visualize the data trends.

8.3 to emphasize the difference in strain partitioning between the two models.
The broadening of the strain distribution in the martensite-austenite aggre-
gate compared to martensite only, confirms the increased strain heterogeneity.
This agrees with experimental observations of the deformation behaviour of
martensite in dual-phase steels [50, 51], where it was shown with DIC mea-
surements that the deformation of different martensite islands and within the
same martensite island is quite heterogeneous (e.g. Fig. 6(a) in [50]). More-
over, our results show a reduction of phase contrast, with a noticeable change
in strain distribution within the ferrite matrix. In [50], Fig. 6(b) it is also
shown that strain partitioning in DP steel is not pronounced.

8.5 Conclusions

In this chapter, the influence of a small volume fraction of interlath austenite
films (5% in the martensite-austenite aggregate, less than 2% in the whole
DP steel) on the strain partitioning inside the phases of a DP steel has been
studied by means of a computational model.
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Results show that:

1. A small volume fraction of thin interlath austenitic films inside marten-
site islands (almost negligible in a DP steel) has pronounced effect on the
strain partitioning and the overall stress-strain response of dual-phase
microstructures with industrially relevant martensite volume fractions
(above 10% ca.);

2. Strain heterogeneities in both the ferrite and martensite are enhanced
by the presence of interlath austenite layers. Also, the strain contrast
between the phases is noticeably reduced. These conclusions agree with
experimental observations from the literature. This phenomenon cannot
be reproduced by modeling martensite as an isotropic phase.
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Abstract

Metallic composite phases, like pearlite, bainite and martensite as used in steels, new

generation high strength steels, or metal alloys like titanium aluminides, exhibit mi-

croscale, locally lamellar microstructures characterized by alternating layers of phases

or crystallographic variants. The layers can be sub-micron down to a few nanome-

ters thick, and they are often characterized by high contrasts in plastic properties.

As a consequence, fracture in these lamellar microstructures generally occurs along

the layer interfaces or within one of the layers, typically parallel to the interface.

This chapter presents a computational framework that addresses the lamellar nature

of these microstructures, by homogenizing the plastic deformation at the mesoscale by

using the microscale response of the laminates. Failure is accounted for by introduc-

ing a family of damaging planes that are parallel to the layer interface. Mode I, mode

II and mixed-mode opening are incorporated. The planes along which failure occurs

are captured using a smeared damage approach. Coupling of damage with isotropic

or anisotropic plasticity models, like crystal plasticity, is straightforward. The dam-

aging planes and directions do not need to correspond to crystalline slip planes, and

normal opening is also included. Focus is given on rate-dependent formulations of

plasticity and damage, i.e. converged results can be obtained without further regu-

larization techniques. The validation of the model using experimental observations in

martensite-austenite lamellar microstructures in steels reveals that the model correctly

predicts the main features of the onset of failure, e.g. the necking point, the failure

initiation region and the failure mode. Finally, based on the qualitative results ob-

tained, some material design guidelines are provided for martensitic and multi-phase

steels.
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9.1 Introduction

A broad class of metals and alloys exhibit locally lamellar microstructures.
Examples include pearlite, bainite and martensite as used in steels [18], new
generation high strength steels, e.g. TRIP-maraging steels [123, 167], nanobai-
nite [19], Q&P steels [38], and metal alloys like titanium aluminides (e.g. [4]),
etc. The laminates typically consist of alternating phases or crystallographic
variants (e.g. for twinned martensite). The size of the layers can be as thin
as sub-micron down to a few nanometers. Their morphology and crystallog-
raphy have a major impact on the mesoscopic plastic and fracture response.
However, the small dimensions of the features involved makes explicit fine
scale models prohibitive, and hence it is necessary to model the plastic and
micro-cracking/damage behaviour in an average sense or via homogenization
techniques.
A two-scale finite deformation modeling framework is developed here, in which
the mesoscale response accounts for the response of the layered microstructures
by means of a lamella rule of mixtures. Within the lamella framework, mul-
tiple constitutive choices can be made to model the microscale elasto-plastic
behaviour of each layer, and both isotropic and anisotropic models, including
crystal plasticity, can be adopted ([94] and Chapter 6). The lamella homog-
enization procedure is based on the two-phase composite inclusion model for
layered microstructures introduced by [79] and widely adopted, for example,
for the modeling of semicrystalline polymers in small strains [115] and in fi-
nite deformation [79, 40]. The same framework has been also applied to Ti-Al
intermetallics [80]. For the modeling of lamellar microstructures, Taylor and
Sachs interaction laws have been also adopted in the literature, e.g. for FCC
bicrystals [81] and pearlite in steels [59].
In this contribution, the lamella modelling approach is enriched by a dedi-
cated damage model developed representing material degradation along the
interface. To this end, specific families of material planes on which failure
can take place are identified (e.g. crystallographic planes). The planes are
not resolved discretely, but incorporated using a smeared damage formulation.
Damaging systems are introduced, as planes with a direction of damage open-
ing. The damaging systems are modeled in a similar fashion as done in rate
dependent crystal plasticity [121], where damage accounts for softening. How-
ever, in contrast to crystal plasticity, normal opening is also included. Note,
that the lamella interface and damage directions do not need to correspond
to physical crystallographic planes and directions, i.e. the formulation is quite
general.
A similar approach has been used in the literature for the modeling of micro-
cracking in concrete, both in small (e.g. [9], [131]) and large strains [11].
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However, differently from the present contribution, no coupling with plastic-
ity has been pursued. Another model from the literature couples damage and
plasticity for the modeling of cleavage in crystals [91, 6]. However, that for-
mulation is limited to the small strain regime, while finite deformations are
considered here. Finally, [43] proposed a model coupling damage to plastic-
ity in the form of enhancement of plastic slip with increasing damage. This
is different from the present approach, since here the interfacial damage is
modelled in the form of plasticity with softening, which is considered as a
competing mechanism with respect to crystallographic plastic slip, therefore
the two contributions act separately.

As an example, the framework is applied to the modeling of failure of lath
martensite microstructures, which are characterized by alternate layers of
martensite body centered cubic (BCC) crystals, the laths, and austenite face
centered cubic (FCC) thin films (e.g. [94]). The model is capable of reproduc-
ing experimental results from the literature [98], like the necking strain, the
failure onset region and the failure mode.

The chapter is organised as follows. First, in Section 9.2, the two-scale frame-
work with the lamella model for the laminate microstructure is summarized.
Next, in Section 9.3, the smeared interface damage model is introduced within
a finite strain setting, and it is shown how it can be coupled to both isotropic
and anisotropic plasticity formulations, also within the context of the two-scale
lamella homogenization scheme. Section 9.4 gives the details of the numerical
implementation of the smeared damage model coupled with isotropic contin-
uum and crystal plasticity formulations and the lamella framework. Section
9.5 studies the convergence of the proposed smeared interface (rate-dependent)
formulation with respect to the discretization. Section 9.6 addresses the nu-
merical validation of the model on lath martensite microstructures. Section
9.7 studies simplified martensitic microstructures with mixed-mode opening.
In Section 9.8, a discussion on the failure behaviour of martensite microstruc-
tures is given and guidelines for material design are provided. The chapter
ends with conclusions.

The following notations are used: a, b, C and D denote scalars, vectors, second-
order tensors and fourth-order tensors, respectively. Symbol “ T ” denotes
transposition. Single and double contractions are denoted by “ ·” and “:”, respec-
tively, with (A·B)ij = AikBkj (sum on repeated indices) and A : B = tr(A·B),
“tr” being the trace operator. Tensor (or dyadic) product between two vec-
tors a and b is denoted a⊗b. The time derivative of scalars and tensors is
indicated by a superimposed dot, e.g. ȧ. The derivative of a second-order
tensor A with respect to a second-order tensor B is defined, in components,
as ∂A

∂B =
∂Aij

∂Bkl
ei ⊗ ej ⊗ ek ⊗ el.
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9.2 The two-scale lamella framework

The mechanical behaviour of lamellar microstructures is approximated by
means of a locally infinite laminate, characterized by a straight interface with
the orientation given by the normal n in the reference configuration (Figure
1).
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Figure 9.1: The two-scale lamella framework.

The mesoscopic mechanical response, in terms of deformation gradient FM and
first Piola-Kirchhoff stress tensor PM , is obtained by means of the lamella rule
of mixture:

FM = fAFA + fBFB , (9.1)

PM = fAPA + fBPB , (9.2)

PA · n = PB · n , (9.3)

FA · (I − n ⊗ n) = FB · (I − n ⊗ n) . (9.4)

Equations (9.1) and (9.2) express the mesoscale deformation gradient tensor
FM and the mesoscale first Piola-Kirchhoff stress PM as the volume average
of the corresponding quantities in each layer, with fA and fB the layer volume
fractions. Equations (9.3) and (9.4) are the equilibrium and compatibility
conditions at the interface, respectively; I is the second-order identity tensor.
To complete this system of equations, constitutive relations for each layer have
to be specified, i.e. PA = F(FA) and PB = F(FB).
In the following, without loss of generality, the interface direction n and the
direction of the smeared interface along which failure occurs are taken to be
identical. The interface is captured in a smeared sense along the width of the
laminate. The damage evolution can be inserted in both layers, or alternatively
within one of the two layers only. In the next section, the damage formulation
and the constitutive choices at the level of the single layer will be further
detailed.
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9.3 The smeared interface damage model

9.3.1 Kinematics

Consider a deformable body occupying configuration Br in the reference state
and configuration B in the current state. The total deformation gradient tensor
F describes the linear mapping between these two configurations.
The deformation gradient F can be multiplicatively split into an elastic Fe and
inelastic Fi contributions in the conventional way, i.e.:

F = Fe · Fi . (9.5)

The elastic part Fe includes elastic distortions, as well as rotations. This split
introduces an intermediate, inelastically deformed configuration Bi (defined by
Fi), which includes all kinematics that are not accounted for by Fe (Figure 2).

Br

Bi

F

Fi
Fe

S̄

Li, Hp, Hd

B

τ

n

mβ

Figure 9.2: Reference, intermediate and current configurations and related
quantities. The intermediate configuration is the inelastically deformed con-
figuration introduced by the multiplicative split of F.

The inelastic processes in Fi can include strictly “plastic” processes, like von
Mises distortions (e.g. described by isotropic J2 plasticity models) or slip
along preferential directions (crystal plasticity), as well as damage processes,
like diffuse micro-cracking along one or multiple families of planes.
The inelastic part of the velocity gradient is given by

Li = Ḟi · F
−1
i , (9.6)

which is additively split in:

Li = Hp + Hd , (9.7)
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where Hp relates to the strictly “plastic” processes (e.g. dislocation-mediated),
and Hd to the damage processes. In (9.7), Hp =

∑ns

α=1 H
(α)
p for the case of

crystal plasticity with ns active slip systems.
The additive split (9.7) of the inelastic part of the velocity gradient implies that
the order in which the inelastic processes occur (e.g. micro-cracking and/or
plastic slip, or just different plastic slip processes along different slip systems
if crystal plasticity is considered) does not play a distinct role. Since both
plastic and micro-failure events are treated in a smeared way, the resulting
inelastic distortion does not change if the order of the events changes. This
is consistent with the crystallographic split when summing plastic slip events
(e.g. Roters et al. 2010 [130], Fig. 8). This concept is here extended to Hd, as
well as to the interaction between plasticity and micro-cracking. For the case
of damage, a number of microcracks with the same orientation can be involved
in the damage process, which evolves gradually.
Finally, note that the additive split of Li into plastic and damage contributions
reflects an intrinsic coupling between failure and plasticity, see [6].

9.3.2 Stress measures and dissipation

In the following, use will be made of the stress measure S̄ defined as the pull
back of the Kirchhoff stress tensor τ from the current configuration B to the
intermediate inelastically deformed configuration Bi:

S̄ = F−1
e · τ · F−T

e . (9.8)

The mechanical dissipation can be expressed as:

D =
(

Ce · S̄
)T

: Li

=
(

Ce · S̄
)T

: Hp +
(

Ce · S̄
)T

: Hd ,
(9.9)

where Ce := FT
e ·Fe is the elastic right Cauchy-Green tensor. As a consequence

of (9.7), the dissipation is a direct superposition of two separate contributions,
i.e. plasticity and damage. In standard finite deformation elasto-plasticity
based on the multiplicative split of the deformation gradient, dissipation would
be expressed as in (9.9), without the damage contribution.

9.3.3 The smeared interface damage formulation

Damage is now described in the form of diffuse failure along a family of in-
terfaces with the same orientation, described by the normal n. The family of
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interfaces is “smeared” (homogenized) at the material point level. A general
expression for the damage part of the velocity gradient Hd reads:

Hd :=
N
∑

β=1

ḋβm
β ⊗ n , (9.10)

where ḋβ is the opening rate along the β direction and mβ is the opening
modes, including separation along n; N is the total number of opening direc-
tions. The opening is a strain measure, i.e. it is dimensionless. It is assumed
that the opening strain acts within multiple layers that are several order of
magnitudes smaller than the microstructure they are embedded into. This
justifies the smeared homogenization approach adopted here. Both mβ and n

are defined in the intermediate, inelastically deformed configuration Bi (Figure
9.2). Equation (9.10) can be extended to account for multiple active damage
families, with different orientations n.

Expression (9.10) has been used previously in the literature, in the context of
crystal plasticity coupled with damage [43] or fracture [6]. However, in our
contribution the orientation n does not necessarily refer to a crystallographic
plane. Instead, it can refer to, e.g., a family of interfaces between two differ-
ent phases/materials or within the same material. Similar expressions have
also been adopted in the context of quasi-brittle materials, e.g. within the
microplane theory [9, 11] and the “smeared crack” approach [131]. In those
works, however, no coupling with plasticity was pursued.

In the present formulation, damage represents an effective opening strain,
within a material volume, along one or multiple average damage planes.
In this view, there is scale separation between the continuum model and
the scale at which damage processes take place (e.g. very fine microstruc-
tures/microcracked bodies with preferential crack orientation).

The model can be coupled with any plasticity formulation, both isotropic and
anisotropic. In this chapter, a coupling will be established with rate-dependent
models within a finite deformation setting. For the description of the damage
opening rate ḋβ, both rate-dependent and rate-independent (e.g. comparable
to cohesive zone traction-separation laws, although formulated in terms of di-
mensionless opening and stress) formulations can be chosen. Rate-dependent
models are considered here, since they do not require further regularization
[114]. This ensures convergence of results in terms of the adopted discretiza-
tion (see Section 5). Moreover, it is consistent with well-known rate-dependent
plasticity formulations, which are nowadays quite popular (e.g. crystal plas-
ticity).
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9.3.4 Constitutive choices

In order to complete the proposed framework, specific constitutive choices need
to be made for the elastic description, the damage and the plastic activities.
Note that the choices made here are not a limitation for the framework, where
different constitutive formulations can be easily accommodated.

9.3.4.1 Elasticity

For the elastic behaviour, a classical hyperelastic constitutive law is used:

S̄ = C : Ee , (9.11)

where C is the fourth-order elasticity tensor, Ee := 1
2(Ce − I) is the elastic

Green-Lagrange strain.

9.3.4.2 Opening evolution

As for the damage opening rate, a power law is here proposed:

ḋβ = ḋ0

(

|σβ|

σd,β

)
1

m

sign(σβ) , (9.12)

where ḋ0 is a reference opening rate, σβ is the stress resolved in the β open-
ing direction, σd,β is the damage resistance and m is a strain rate sensitivity
parameter. As m → 0, the model reduces to a rate-independent formulation
and appropriate regularization techniques (e.g. non-local or gradient enhance-
ments) are required to restore the well-posedness of the problem. In the case
mβ = n (mode I), an additional condition applies for, i.e. ḋβ (9.12) is zero if
sign(σβ) = −1 (closing cracks). Note, that in case of shear opening, sign(σβ)
can be 1 or -1 depending on the shear resolved in the opening direction.
The resolved stress σβ for the β damage system is calculated via:

σβ = (Ce · S̄)
T : (mβ ⊗ n) . (9.13)

The evolution of the damage resistance, with initial value σd,α(t = 0) = σd,0,
is given by:

σ̇y,α = sαβ|ḋβ | , (9.14)

where sαβ is a softening matrix

sαβ = s0

(

1−
σd,α
σ∞

)c

pαβ , (9.15)
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with pαβ a matrix with values 1 on the diagonal (self-softening) and pn off diag-
onal. These parameters determine the coupling of damage along the different
directions. In (9.15), s0, σ∞ and c are the softening parameters.
The direct coupling of damage with elasticity can be pursued, and in such
case Li = Hd. An example based on this constitutive choice will be shown in
Section 5.

9.3.4.3 Rate-dependent J2 plasticity

Making use of the isotropic J2 plasticity formulation, one finds

Hp = ε̇peqN0 , (9.16)

where ε̇peq is the equivalent plastic strain rate and N0 is a symmetric tensor
which represents the flow direction:

N0(t) :=
3S̄

dev
·Ce

2σeq
. (9.17)

In (9.17), σeq =
√

3
2 (S̄

dev
·Ce) : (S̄

dev
· Ce) and S̄

dev
= S̄− 1

3 (S̄ : Ce)C
−1
e , see

e.g. [13].
In the sequel, the equivalent plastic strain rate is determined via the visco-
plastic law

ε̇eq = ε̇0

(

σeq
σy

)
1

n

. (9.18)

In (9.18), ε̇0 is a reference equivalent strain rate and n is a strain rate sensitivity
parameter (not to be confused with m).
An evolution hardening law for the yield stress σy can be chosen as:

σ̇y = heq ε̇eq , (9.19)

where heq is the hardening modulus of the form

heq = heq,0

(

1−
σy
σy,∞

)b

, (9.20)

where heq,0, σy,∞ and b are material parameters.

9.3.4.4 Rate-dependent crystal plasticity

The classical crystal plasticity formulation used the crystallographic split

Hp =
ns
∑

α=1

γ̇αP
α
0 , (9.21)
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where γ̇α is the plastic slip rate along slip system α and Pα
0 := sα0 ⊗ nα

0 (no
sum on α) is the Schmid tensor of slip system α, with sα0 the slip direction and
nα
0 the slip plane normal; ns is the number of active slip systems.

The plastic slip rate γ̇α on each slip system is determined via a visco-plastic
slip law [60]

γ̇α = γ̇0

(

|τα|

ταy

)
1

m

sign(τα) , (9.22)

where γ̇0 is a reference slip rate and m is a strain rate sensitivity parameter.
The current slip resistance ταy follows the evolution law

τ̇αy =

ns
∑

β=1

hαβ |γ̇β| , (9.23)

where hαβ is a hardening matrix

hαβ = h0

(

1−
ταy
τ∞

)a

qαβ , (9.24)

with qαβ a matrix with values 1 on the diagonal and qn off diagonal; qn is the
ratio of the latent hardening with respect to the self-hardening for non-coplanar
slip systems; h0, s∞ and a are material parameters.
Note the duality between this crystal plasticity setting and the damage model
shown in section 9.3.4.2.

9.4 Numerical implementation of damage and its
coupling to elasticity or plasticity

In this section, the numerical implementation of the proposed damage model
will be further detailed. This involves the time integration of the inelastic
deformation, the stress update and the expression of the material tangents in
case of elasto-damage or elastoplasticity with damage. The implementation is
straightforward, and easily complies with existing elasto-plasticity codes. The
implementation procedure is particularly easy for both isotropic J2 plastic-
ity and crystal plasticity, by considering rate-dependent formulations for the
plastic and damage opening laws.
A single loop can be implemented over the internal variables ξ̇η = {ε̇peq, ḋβ}
(J2 plasticity and damage) or ξ̇κ = {γ̇α, ḋβ} (crystal plasticity and damage),
where η = 1, ...N + 1 and κ = 1, ...ns +N .
In the following, n+1 indicates the current increment; the superscript ⋆ refers
to the trial elastic predictor at the current step n + 1. In the case of the
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material tangents, quantities relate to the previous iteration of the Newton-
Raphson scheme, at the current step n + 1. For the sake of clarity, the index
related to the iteration is omitted.

9.4.1 Time integration of inelastic deformation

In a finite deformation setting, the time integration of Li(t) is required to
calculate the updated inelastic deformation, Fn+1

i :

∫ tn+1

tn

Li(t)dt =

∫ tn+1

tn

Ḟi · F
−1
i dt

= ln
(

Fn+1
i · (F−1

i )n
)

.

(9.25)

From (9.25), Fn+1
i is calculated via

Fn+1
i = exp

(
∫ tn+1

tn

Li(t)dt

)

· Fn
i (9.26)

A O(∆t2) integration method (trapezoidal rule) is here adopted, in contrast
to the left or right Riemann sum, typically used in (crystal) plasticity imple-
mentations, which is usually O(∆t).

∫ tn+1

tn

Li(t)dt ≃
Ln
i + Ln+1

i

2
∆t

=
Hn

p + Hn+1
p

2
∆t+

Hn
d + Hn+1

d

2
∆t .

(9.27)

The exponential map (9.26) can be calculated numerically by means of a first
order Taylor expansion or a Padé approximation. The first-order approxima-
tion reads

exp

[

∆t

2
(Ln

i + Ln+1
i )

]

≃ I +
∆t

2

(

Ln
i + Ln+1

i

)

, (9.28)

9.4.1.1 Elasticity with damage

In case the only inelastic contributions are due to damage activity, Hp = 0

and (9.27) reads:

∫ tn+1

tn

Li(t)dt = ∆t

N
∑

β=1

ḋnβ + ḋn+1
β

2
mβ ⊗ n . (9.29)
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9.4.1.2 Elasto-plasticity coupled with damage

In the case of isotropic rate-dependent J2 plasticity, Hp(t) is given by (9.16)
and hence (9.27) can be rewritten as follows:

∫ tn+1

tn

Li(t)dt =
∆t

2





N+1
∑

η=1

ξ̇nη (Rη
0)

n
+

N+1
∑

η=1

ξ̇n+1
η (Rη

0)
n+1



 , (9.30)

where R
η
0 := {N0,m

β ⊗ n}, and where we assume Nn+1
0 ≃ N⋆

0.
In the case of crystal plasticity, Hp(t) is given by (9.21) and hence (9.27) can
be rewritten as follows:

∫ tn+1

tn

Li(t)dt = ∆t

ns+N
∑

κ=1

ξ̇nκ + ξ̇n+1
κ

2
Mκ

0 , (9.31)

where Mκ
0 := {Pα

0 ,m
β ⊗ n}.

The lists of internal variables ξ̇η and ξ̇κ are calculated in a single loop, by
following a standard Newton-Raphson scheme.

9.4.2 Stress update and material tangent

The stress-strain relation (9.11), defined in the intermediate configuration Bi,
reads:

S̄
n+1

=
1

2
C :

[

(FT
e )

n+1 · Fn+1
e − I

]

=
1

2
C :

[

(F−T
i )n+1 · (FT )n+1 · Fn+1 · (F−1

i )n+1 − I
]

.

(9.32)

9.4.2.1 Elasticity with damage

By substituting (9.26) into (9.32), along with the approximation (9.28) for the
exponential map, and the inverse of (9.26) for (F−1

i )n+1, the stress tensor in
the intermediate configuration at the current step reads:

S̄
n+1

= S̄
⋆
−

∆t

2

N
∑

β=1

(ḋnβ + ḋn+1
β )C :

[

C⋆
e · (m

β ⊗ n)
]

, (9.33)

with S̄
⋆
= 1

2C : (C⋆
e − I) the trial elastic stress tensor and

C⋆
e = (FT

e )
⋆ · F⋆

e

= (F−T
i )n · (FT )n+1 · Fn+1 · (F−1

i )n
(9.34)
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the trial Cauchy-Green strain tensor, whereby it is assumed that the entire
deformation increment at the current step is elastic.
The material tangent consists of 3 terms, 1 related to the trial elastic state and
2 related to the damage opening contribution:

∂S̄
n+1

∂Fn+1 = A+ Ed +Gd , (9.35)

where

A :=
∂S̄

⋆

∂Fn+1

Ed := −
∆t

2

N
∑

β=1

(ḋnβ + ḋn+1
β )C :

(

∂C⋆
e

∂Fn+1 ⊙ (mβ ⊗ n)

)

Gd := −
∆t

2

N
∑

β=1

C : (C⋆
e · (m

β ⊗ n))⊗
∂ḋn+1

β

∂Fn+1 .

(9.36)

In the above expressions, ⊙ indicates the following tensor operation between
a fourth-order tensor A and a second-order tensor B:

(A⊙ B)ijkl = AimklBmj . (9.37)

The explicit expressions of the tensor derivatives in (9.36) are given in Ap-
pendix F.

9.4.2.2 Elasto-plasticity with damage

Coupled crystal plasticity - damage model Following the same steps as
above, the stress tensor in the intermediate configuration at the current step
reads:

S̄
n+1

= S̄
⋆
−

∆t

2

ns+N
∑

κ=1

(ξ̇nκ + ξ̇n+1
κ )C : (C⋆

e ·M
κ
0) . (9.38)

The material tangent again consists of 3 terms, 1 related to the trial elastic
state, and 2 related to the inelastic contribution:

∂S̄
n+1

∂Fn+1 = A+ Ecp,d +Gcp,d , (9.39)
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where A is given by (9.36)1 and

Ecp,d := −
∆t

2

ns+N
∑

κ=1

(ξ̇nκ + ξ̇n+1
κ )C :

(

∂C⋆
e

∂Fn+1 ⊙ Mκ
0

)

Gcp,d := −
∆t

2

ns+N
∑

κ=1

C : (C⋆
e ·M

κ
0)⊗

∂ξ̇n+1
κ

∂Fn+1

(9.40)

It is straightforward to show that Ecp,d = Ecp + Ed and Gcp,d = Gcp + Gd,
where Ed and Gd are given by (9.36)2 and (9.36)3, respectively, and

Ecp := −
∆t

2

ns
∑

α=1

(γ̇nα + γ̇n+1
α )C :

(

∂C⋆
e

∂Fn+1 ⊙Pα
0

)

Gcp := −
∆t

2

ns
∑

α=1

C : (C⋆
e ·P

α
0 )⊗

∂γ̇n+1
α

∂Fn+1 .

(9.41)

The explicit expressions of the tensor derivatives in (9.40) and (9.41) are given
in Appendix F.

Coupled J2 isotropic plasticity - damage model In the case of isotropic
plasticity, the expression for the updated stress tensor changes into

S̄
n+1

= S̄
⋆
−

∆t

2

N+1
∑

η=1

[

ξ̇nηC : (C⋆
e · (R

η
0)

n) + ξ̇n+1
η C : (C⋆

e · (R
η
0)

n+1)
]

, (9.42)

whereby the direction of plastic flow N0 is not constant during loading.
The material tangent consists of 3 terms, 1 related to the trial elastic state,
and 2 related to the inelastic contributions:

∂S̄
n+1

∂Fn+1 = A+ Eiso,d +Giso,d , (9.43)

where A is given by (9.36)1 and

Eiso,d := −
∆t

2

N+1
∑

η=1

[

ξ̇nηC :

(

∂C⋆
e

∂Fn+1 ⊙ (Rη
0)

n

)]

−
∆t

2

N+1
∑

η=1

[

ξ̇n+1
η C :

(

∂C⋆
e

∂Fn+1 ⊙ (Rη
0)

n+1 + C⋆
e ·

∂(Rη
0)

n+1

∂Fn+1

)]

Giso,d := −
∆t

2

N+1
∑

η=1

C : (C⋆
e · (R

η
0)

n+1)⊗
∂ξ̇n+1

η

∂Fn+1 .

(9.44)
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Also in this case, it is straightforward to show that Eiso,d = Eiso + Ed and
Giso,d = Giso +Gd, where Ed and Gd are given by (9.36)2 and (9.36)3, respec-
tively, and

Eiso := −
∆t

2

[

ε̇neqC :

(

∂C⋆
e

∂Fn+1 ⊙ Nn
0

)

+ ε̇n+1
eq C :

(

∂C⋆
e

∂Fn+1 ⊙ N⋆
0 + C⋆

e ·
∂N⋆

0

∂Fn+1

)]

Giso := −
∆t

2
C : (C⋆

e · N
⋆
0)⊗

∂ε̇n+1
eq

∂Fn+1 .

(9.45)

The explicit expressions of the tensor derivatives in (9.44) and (9.45) are given
in Appendix F.
The above expressions for the analytical material tangents indicate that the
proposed coupled damage-plasticity framework can be implemented in a rather
straightforward manner, which is one of the benefits of the considered model.

9.5 Mesh size convergence study

9.5.1 Well-posedness of the rate-dependent equilibrium

problem

In the presence of softening, rate-independent formulations yield an ill-posed
equilibrium problem [10]. A negative hardening modulus reduces the material
stiffness up to the point where the acoustic tensor loses positive definiteness.
Consequently, the deformation tends to localize into a shear band of infinitely
small thickness, i.e. into a surface (subset of the body with zero volume) and
fracture develops without energy dissipation (e.g. [10]). This phenomenon
shows that modeling a softening material with a local continuum and rate-
independent inelasticity does not yield a physically sound description, since
fracture should always be accompanied by energy dissipation. For this reason,
non-local or gradient approaches have been introduced in the literature, e.g.
[120]. These approaches introduce a length scale into the mathematical formu-
lation, which yields a well-posed mathematical problem and sets a finite width
for the localization band, thus providing non-zero fracture energies.
In this contribution, a rate-dependent formulation with a power law evolution
for the damage opening (9.12) is adopted. It has been shown, in the context
of plasticity with softening [114], that a rate-dependent formulation, in fact,
introduces a length scale into the problem, and therefore remains well-posed.
Hence, no further regularization is introduced here. However, it is known
that rate-dependent formulations can suffer from numerical instabilities as the
rate-independent limit is approached. It will therefore be verified that, for
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the strain rate sensitivity parameter m used in the examples of Sections 6
and 7, convergence of the results with respect to mesh refinement is achieved.
Evidently, non-local or gradient-based regularizations can also be used, but
this is beyond the scope of the present work.

9.5.2 Mode I opening of tensile bar

To analyze the convergence of results upon mesh refinement the curved tensile
bar shown in Figure 9.3 is considered.

u

n

Figure 9.3: Non-uniform bar under tensile loading. The discretization with
45 elements is shown.

The bar is modeled with 3D linear brick elements. Four different discretizations
in the axial direction are considered, by increasing the number of elements 3
times per each refinement step. This results in 5, 15, 45 and 135 element
discretizations. In the transverse directions 1 element is used in all cases.
Only elasticity with damage is considered, and the interface normal n is parallel
to the loading direction. Only normal opening is considered, i.e. N = 1 and
mβ = n. The strain rate sentivity m of the damage law (9.12) equals 0.10.
Table 9.1 shows the material parameters adopted in the analysis. The applied
strain rate in the simulation is ε̇ = 0.01 s−1.

Table 9.1: Material parameters adopted for the tensile bar.

elasticity
shear modulus G 81 GPa
bulk modulus K 175 GPa

damage
initial damage resistance σd,0 500 MPa

initial softening rate s0 -15000 MPa
reference opening rate ḋ0 0.01 s−1

strain rate sensitivity m 0.10
softening exponent c 0
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Figure 9.4 shows the resulting force-displacement diagrams for the considered
discretizations. It is clear that, by increasing the number of elements, the nu-
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Figure 9.4: Uniaxial force vs displacement for different discretizations.

merical results converge to a unique solution, i.e. the typical mesh dependency
observed in the rate-independent formulation does not occur. Figure 9.5 shows
the total damage (time integral of the damage opening rate) for the four dis-
cretizations, just after the limit point is reached in Figure 9.4, i.e. at the loss of
stability. Damage does not localize in a single element. In fact, a length scale
is introduced by the rate-dependent formulation (cf. [114]). In the final failure
stage shown in Figure 9.6, the last damage evolution is concentrated in the
central element (with the smallest cross section, i.e. the weakest). The entire
damage distribution at this stage is obviously spread over multiple elements
next to the center.

The mesh-sensitivity analysis therefore shows that the proposed framework
delivers converged results for the selected set of material parameters without
additional regularization.
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Figure 9.5: Total damage opening for different discretizations after the limit
point.
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Figure 9.6: Total damage opening for different discretizations in the final
failure stage.
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9.6 Model validation on martensitic microstructures

9.6.1 Lath martensite microstructures

Lath martensite is characterized by a hierarchical polycrystalline microstruc-
ture, e.g. [104]. Its subgrains consist of alternate layers of stiff martensite laths
and thin films of austenite retained at the interlath boundaries. In previous
work [93, 94], the authors have investigated the influence of the thin austen-
ite films on the plastic deformation of the martensite-austenite aggregate by
means of standard crystal plasticity combined with a lamella framework, cf.
Section 9.3.4.4. It was shown that a negligible volume fraction of austenite
(5 %) strongly influences the plastic response of the aggregate, and the model
was proved to be capable of predicting the main features of the mechanical
behaviour of the martensite samples tested in [98]. Higher order effects are not
included, since plasticity occurs preferentially along the interface, and hence
the governing size is not the thickness of the thin austenite layers (for further
details, see [93, 94]).
The two-scale lamella model used in [94] was adapted towards a reduced for-
mulation in Chapter 6 to achieve better computational efficiency, while pre-
serving the main features of the physical response of the aggregate. In this
reduced setting, the martensite laths have been modeled with isotropic visco-
plasticity (Section 9.3.4.3). Austenite plasticity is modeled as anisotropic, by
means of the reduced crystal plasticity framework presented in Chapter 6,
which accounts explicitly for the plastic slip along the slip systems parallel to
the interface, while isotropic visco-plasticity is used for the remaining spatial
directions.
In the present work, the elasto-plastic lamella modelling approach of Chapter
6 is extended to the damage regime through the introduction of the proposed
smeared interface damage model along the martensite-austenite interface. To
this end, the martensitic microstructures experimentally tested by Mine et al.
[98] are considered for validation purposes.
The considered martensitic configurations, i.e. MP1 and MP2 of Mine et al.
[98], are shown in Figure 9.7. The dimensions of the models are H = 20µm,
T = 20µm, L1 = 32.14µm, L2 = 26.32µm.
The boundary conditions are the same as those used in [94] and Chapter 6.
Uniaxial loading in the X direction is applied with a strain rate ε̇ = 0.01 s−1.
Figure 9.7 shows the crystallographic packets (CP) within the martensite spec-
imens. Each CP contains martensite laths with identically oriented martensite-
austenite interfaces, described by the Kurdjumov-Sachs (KS), Nishiyama-
Wassermann (NW), or Greninger-Troiano (GT) orientation relationships. Ex-
perimentally, lath martensite variants can be approximated by one of these
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Figure 9.7: Model geometry and discretization for specimen MP1 (a) and
MP2 (b), with crystallographic packets (CP) indicated.

three orientation relationships, depending on the alloying composition. Within
the present modelling framework, they are equivalent since the habit plane is
the same for all orientation relationships, i.e. {111}γ , and therefore the active
slip systems in the austenite also coincide. The (small) differences are due to
the crystallography of the laths, which are not resolved in this model.

9.6.2 Damage model and material parameters

Following [94] and Chapter 6, an austenite volume fraction fA = 4.76% is
considered, which corresponds to a configuration in which laths are 100 nm
thick and interlath retained austenite is 5 nm thick.
The material parameters for the elasto-plastic model of the martensite laths
and the austenite are taken from Chapter 6, see Tables 6.2 and 6.3.
For the damage model, the opening law (9.12) is adopted. Damage is assumed
to occur along 4 directions, 3 shear directions parallel to the three slip systems
active in the austenite, and one normal opening perpendicular to the austenite-
martensite interface. This results in n = (111)γ , m1 = [1̄01]γ , m2 = [011̄]γ ,
m3 = [11̄0]γ and m4 = [111]γ . Note, that in case of shear, plasticity and
damage are calculated separately. Shear damage is enhanced by the normal
opening, by taking the off-diagonal entries in the softening matrix in (9.15)
equal to pn = 1 for the shear components of pαβ that are coupled to normal
opening. The other off-diagonal components in pαβ matrix are zero.
The parameter identification procedure is detailed next. First, the reference
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damage strain rate, the strain rate sensitivity and the softening exponent are
assumed and fixed. Then, the shear damage parameters (initial and satura-
tion damage resistance, as well as the softening rate) are identified using the
experimental results related to configuration MP2. Since the experimentally
observed failure mode is shear dominated for both samples, parameters re-
lated to normal opening are selected such that it is activated at higher stresses
only with a strong impact (higher initial softening rate), since it relates to
the failure of martensite, which is supposed to be more brittle than austenite.
Therefore, since only shear damage parameters are fitted, the normal opening
damage mode is more relevant for the configurations studied in Section 7, for
which no quantitative data was available. Finally, with all parameters fixed,
the response of configuration MP1 is predicted. Table 9.2 reports the material
parameters adopted in the damage opening law.

Table 9.2: Material parameters adopted for the damage law.

shear damage systems
initial damage resistance σd,s0 400 MPa

damage resistance saturation value σs,∞ 500 MPa
initial softening rate ss,0 -6000 MPa

reference opening rate ḋ0 0.01 s−1

strain rate sensitivity m 0.10
softening exponent c 1.5

opening damage system
initial damage resistance σd,n0 1100 MPa

damage resistance saturation value σn,∞ 1300 MPa
initial softening rate sn,0 -10000 MPa

reference opening rate ḋ0 0.01 s−1

strain rate sensitivity m 0.10
softening exponent c 1.5

9.6.3 Results

Figure 9.8 reports the computed stress-strain responses of the two model con-
figurations, MP1 and MP2, along with the experimental data from [98]. The
computed curves are determined until the global onset of necking in the sim-
ulations, i.e. the limit point in the stress-strain response. The computed
results are compared with the experimental stress-strain measurements, in-
cluding the experimentally observed necking points. The model predicts the
onset of necking of the two microstructures adequately. In particular, the pro-



160 9.6. Model validation on martensitic microstructures

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
0

200

400

600

800

1000

1200
S

tr
es

s 
(M

P
a)

Strain

 

 

MP1, experiments
MP2, experiments
MP1, exp. necking
MP2, exp. necking
MP1, model
MP2, model
MP1, model necking
MP2, model necking

Figure 9.8: Calculated flow curves of configurations MP1 and MP2, compared
with the experimental measurements and necking points from [98].

nounced relative difference in the necking strain of the two microstructures is
well captured. No analysis was reported in [98] in the post-necking regime,
therefore comparisons with experimental data beyond the necking point can-
not be performed. Note, that the elastic regime is not captured well [94]. This
is likely due to limitation in the experimental accuracy for small strains, since
the Young’s modulus that would correspond with the experimental data points
raises up to 800 GPa, which is unrealistic. In [94] we have already verified that
plastic behaviour is not affected qualitatively by the choice of different elastic
constants.
Figure 9.9 shows the shear damage distribution for the most active damage
systems in both model configurations, MP1 and MP2.
The regions in which failure initiates, indicated by red circles, correspond to the
areas where experimentally the onset of failure is observed in [98]. The failure
mode in both configurations is shear dominated, as experiments show [98]. The
same areas have been identified in previous modelling studies ([94] and Chapter
6) as areas with the most intense plastic slip activity. Physically, this means
that the model represents damage along the martensite-austenite interface as
a competing deformation mechanism with respect to plastic slip. Damage and
plasticity development are connected to each other through the stress state,
since the same stress state is resolved onto the damaging and slip systems.
At the start of loading, plastic shear deformation initiates. The hardening on
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Figure 9.9: Shear damage distribution of configurations MP1 (a) and MP2
(b), for the most active damage systems. Red circles indicate the regions where
failure initiates.

the slip systems increases the shear stress which is needed to promote further
plastic slip, until the activation threshold for shear damage is reached. As shear
damage initiates, the softening flow rule makes deformation along the damage
systems more favourable compared to the plastic slip systems. Therefore, the
plastic slip rate is gradually reduced and the damage rate grows ultimately
leading to the failure at a material point.

9.7 Predictions on simplified martensitic
microstructures

9.7.1 Lath martensite model configurations

Results in the previous section show that the proposed model is capable
of reproducing experimentally observed shear-dominated failure patterns of
martensitic microstructures. Note, that in both analysed microstructures shear
develops through the whole specimen thickness in the areas of intense slip ac-
tivity, and therefore the opening mode is not activated.
Next, a simplified martensitic configuration will be considered, in which the
shearing mechanism is partially interrupted through the morphology of the
martensitic subgrains. This will be compared to an simplified situation in
which shear occurs along the whole specimen geometry. The same boundary
conditions and loading are applied as in Section 6. The two model configura-
tions (ideal shear, S1, versus interrupted shear, S2) are shown in Figure 9.10.
The dimensions of the models are H = 20µm, T = 20µm, L = 60µm.
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Figure 9.10: Model geometry and finite element mesh for specimen S1 (a)
and S2 (b), with crystallographic packets (CP) indicated.

In S1, the interface between the two crystallographic packets is parallel to the
(111)γ plane and oriented 45◦ with respect to the loading (tension along the X
direction). In CP1 (see Figure 9.10), the austenite-martensite interface is also
parallel the (111)γ habit plane, and the slip systems are symmetric to the XY
plane. In the global (X,Y,Z) coordinate system, the orientation of the interface
is therefore n = 1√

2
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. There-

fore, slip (and damage) systems 2 and 3 are most active when uniaxial loading
along X is applied. The habit plane of the crystallographic packet CP2 is
(111̄)γ , which results in slip (and damage) systems that are less favourably
oriented for activation under uniaxial loading (compared to CP1).
Therefore, configuration S2 represents a case in which shearing of the austenite
and consequent damage (in CP1) is hindered by a stiff region (CP2).
The same material parameters as in Section 6 are adopted.

9.7.2 Results

Figure 9.11 shows the stress-strain response of configurations S1 and S2, and
the computed necking points. Necking occurs at a global strain of ε = 2.7 %
and ε = 2.33 % for configuration S1 and S2, respectively.
Figure 9.12 shows the shear damage distribution along the most active damage
system for both model configurations, at the onset of necking (failure initia-
tion).
For configuration S2, failure occurs at a lower shear damage. Also, development
of shear damage is hindered in the region above the stiff CP2. The same
observation applies to the plastic slip activity, which is not further reported
here. The promoted failure in configuration S2 is due to the activation of
normal opening damage, cf. Figure 9.13. The opening mode is enhanced by
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Figure 9.11: Calculated flow curves of configurations S1 and S2, and com-
puted necking points.
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Figure 9.12: Shear damage distribution of configurations S1 (a) and S2 (b),
for the most active damage systems. Red circles indicate the region where
failure initiates.

the morphology of the crystallographic packets, which interrupts the shear
along the habit plane for CP1. Therefore bending is triggered, yielding normal
opening and earlier failure.

9.8 Discussion on the failure behaviour of
martensitic microstructures

The performed simulations on representative martensite microstructures have
shown that, in case the morphology is not too constrained, the dominant failure
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Figure 9.13: Damage opening distribution of configuration S2.

mode is shear along the interface.

Shear is the dominant failure mode in case the martensite subunits sharing the
same habit plane (i.e., the crystallographic packets) span the whole thickness
of a specimen. However, when the shear mode is constrained, for example by
a martensite subunit which is not favourably oriented for deformation, then
also the normal opening mode is triggered.

The analysis of martensite failure presented here is not only relevant for fully
martensitic steels, but also for multi-phase steels, e.g. dual phase (DP) steels.
This study suggests that the morphology of martensite islands (i.e. shape and
number of martensite packets within an island) as well as the degree of con-
finement of the martensite subunits plays a role in the failure mode, which can
be either ductile shear (if martensite plasticity is activated) or more brittle
opening (if the shearing mechanism is constrained). Assuming that the degree
of confinement played by the neighbouring ferrite grains is weaker compared
to neighbouring, not deforming, martensite subunits, it can be concluded that
a multi-phase microstructure with good damage resistance should consist of
martensite islands consisting of a single martensite packet. If favourably ori-
ented, the martensite island (packet) would deform and fail by shear. Other-
wise, if not favourably oriented, it would act as a hard inclusion. When marten-
site islands of a multi-phase steel consist of multiple crystallographic packets,
shear can be initially activated in the more favourably oriented regions, but
then switch to normal opening due to the interaction with neighbouring hard
martensite subunits, thus leading to a quasi-brittle failure pattern. To capture
this, cleavage along the {100}α′ planes [108], should also be included into the
model. Indeed, it has been observed [107] that a DP steel fractures along the
lath boundaries as well as along this cleavage plane family.



Chapter 9. Predictive modeling of interfacial damage in substructured steels:

application to martensitic microstructures 165

It has been found experimentally [103] that the number of crystallographic
packets within a martensite island depends on the size of the prior austenite
grain from which martensite transformed. It tends to a single crystallographic
packet when the prior austenite grain diameter is below 10 µm. This is a typical
size for dual phase steels of commercial relevance. Indeed, Calcagnotto et al.
[28] report an increase in strength at improved ductility with grain refinement
in DP steels due to the improved toughness of the smaller martensite islands.
The present conclusions on martensite failure, together with the evidence in
[103] on martensite crystallography in multi-phase steels, suggest that shear
mode failure should be dominant when martensite islands are small. This
might (partially) explain why grain refinement is beneficial for these types of
steels.

9.9 Summary and conclusions

In this chapter, a predictive approach for the modeling of interfacial damage in
nanostructured, laminated metals has been proposed. The two-scale lamella
framework allows to describe the orientation dependent plastic and damage
response of the laminate. The interface is treated in a smeared manner, acting
as a softening plane along which damage occurs. The proposed framework can
be coupled in a straightforward manner to isotropic and anisotropic plasticity
formulations. Moreover, its implementation in existing rate-dependent plastic-
ity formulations is clear-cut, which is one of the merits of the framework. The
use of a rate-dependent formulation for damage evolution allows to obtain con-
verged solutions without any additional regularization. In the present model,
elastic degradation is not considered since elastic strains are typically small in
metals (this follows the lines of ductile damage approach, e.g. [15, 6]); how-
ever, the inclusion of elastic degradation can also be pursued (e.g. [43]) which
would be of interest for non-metallic layered composite materials. The model
has been applied to martensitic microstructures in multi-phase steels, and it
adequately predicts the main features of failure, like the failure mode, failure
regions and the onset of necking. The analysis of the failure mode in marten-
site suggests that multi-phase steels with martensite grain sizes smaller than
10µm diameter yield a more ductile failure behaviour, which is predominantly
shear along the lath habit plane.
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Conclusions and recommendations

The aim of this thesis was twofold. The first goal was the identification of the
main mechanisms governing the plastic and fracture behaviour of lath marten-
site in multi-phase steels. The second goal was the formulation of a modeling
framework, capable of predicting the experimentally observed plastic and frac-
ture behaviour of martensite, in martensitic and multi-phase microstructures
with multiple martensitic islands.

Based on the experimental observations of the hierarchical morphological orga-
nization of lath martensite, in which the subgrains (blocks) are parallel stacks
of alternating stiff laths and soft austenite layers, it has been hypothesized that
the observed highly anisotropic plastic behaviour of martensite is governed by
the presence of thin interlath films. This hypothesis has been investigated nu-
merically by means of continuum standard crystal plasticity and molecular dy-
namics. A two-scale lamella homogenization framework has been formulated,
in which a block of martensite has been modeled as a locally infinite laminate
of alternate BCC (the laths) and FCC (austenite) layers. The model has been
validated on martensitic microstructures. A reduced crystal plasticity formu-
lation has been proposed, which is computationally efficient for the analysis of
microstructures containing multiple martensite islands. Based on the litera-
ture on dual phase steels, which reveals that martensite islands have the same
hierarchical morphological organization as in martensitic steels, the influence
of a limited volume fraction of austenite films in martensite on the mechanical
behaviour of dual phase steel microstructures has been investigated. Finally,
an interface damage model has been introduced and implemented within the
two-scale lamella framework for martensite. The model has been assessed on
experimental data from the literature.

167
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10.1 Summary of the results and main
contributions

The main conclusions from this work are summarized next.

On the role of interlath austenite on lath martensite mechanics. The
possible role of interlath austenite films embedded in lath martensite has been
investigated numerically, by means of standard crystal plasticity and molecular
dynamics simulations. The main conclusions of this study are:

• Greasy mechanism: independently from the interlath retained austenite
volume fraction and morphology, the austenite films act like “greasy”
planes on which the stiffer laths can slide. This mechanism is intrinsically
related to the orientation relationship between FCC austenite and BCC
martensite, which ensures that the BCC-FCC interface is always parallel
to one slip plane of the FCC lattice, i.e. three slip systems in FCC
are in the most favourable orientation to carry plastic deformation when
an external shear load is applied parallel to the interface. Note, that
the parallelism between the BCC-FCC interface and FCC slip planes
is satisfied for all the (approximate) orientation relationships proposed
in the literature for lath martensite, i.e. Kurdjumov-Sachs, Greninger-
Troiano and Nishiyama-Wassermann.

• Interface sliding : also in absence of dislocations within FCC, plasticity
can occur at the BCC-FCC interface in the form of interface sliding,
as has been identified through molecular dynamics simulations. This
mechanism is intrinsically related to the BCC-FCC interface structure,
which consists of two families of screw dislocations.

On the plasticity of lath martensite hierarchical microstructures.

The existing experimental literature on the morphology and crystallography
of lath martensite in low carbon, low alloyed steels has been reviewed. Lath
martensite presents a hierarchical microstructure containing subgrains (blocks)
that consist of parallel stacks of martensite laths and thin interlath austenite
films retained at lath boundaries. Experiments show that plasticity along
lath boundaries is more favourable than plasticity along different crystallo-
graphic slip planes. This matches the results on the “greasy” mechanism in
lath martensite. A two-scale lamella framework has been formulated, in which
the martensite blocks have been modeled as parallel stacks of alternating BCC
and FCC crystals. Each phase has been modeled with standard crystal plas-
ticity. The framework can be used to model the hierarchical morphology of
lath martensite microstructures, which may entail very different length scales.
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Numerical results have been confronted with experiments from the literature
on micron-sized martensite specimens. The main conclusion of this study is
the following:

• Governing mechanisms of lath martensite subgrain plasticity : The model
is capable of reproducing the main features of the observed mechanical
response of martensitic microstructures, like the stress-strain response,
plastic activity and the roughness profile. If the austenite layers are not
modeled, the experimental stress-strain responses of different samples
cannot be reproduced by means of standard crystal plasticity with a
unique material parameter set. The plastic deformation of the austenite
films, according to the “greasy” mechanism, has been shown to contribute
more significantly to the material response than the slip activity of BCC
laths.

On the modeling of martensite plasticity in multi-phase steels. Ex-
periments show that lath martensite in low carbon, low alloyed multi-phase
steels, like dual phase steels, has the same characteristics as in fully marten-
sitic steels. Indeed, it shows a hierarchical microstructure with parallel stacks
of martensite laths and thin retained austenite films. Therefore, the two-scale
lamella homogenization framework proposed for the modeling of lath marten-
site hierarchical microstructures can also be used in this case. However, it is
computationally too expensive, especially if the aim is to model microstruc-
tures with multiple martensite grains. The conclusions on the mechanisms of
lath martensite plasticity suggest that martensite laths can be modeled with
isotropic plasticity, while only three slip systems in the austenite, i.e. those
parallel to the interface, should be explicitly accounted for in the modeling.
A reduced crystal plasticity framework has been formulated for the austenite
layers and introduced within the two-scale lamella framework. Computations
have also been performed on dual-phase steel microstructures. The main con-
clusions of this study are:

• Reduced model for lath martensite: the two-scale lamella model with
isotropic martensite laths and anisotropic austenite, modeled with the
reduced crystal plasticity model, adequately approximates the stress-
strain response and the plastic activity of the two-scale lamella model
with fully resolved phases. Computational speed-ups up to a factor of
10 have been obtained.

• Impact of the “greasy” mechanism on the mechanics of dual phase steels:
by including a negligible volume fraction of austenite films (less than 2%)
embedded in dual phase steel martensite islands, a significant impact on
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the mechanical response can be observed, relative to the case in which
austenite films are not modeled. At a fixed stress level, the elongation
increases more than twice; the strain partitioning in both martensite and
ferrite changes remarkably; the strain distribution in martensite is more
heterogeneous, consistently with experimental observations.

On the “apparent” ductility of lath martensite in high strength steels.

Experiments show that lath martensite in martensitic and multi-phase steels
often fails in a ductile manner. However, existing studies on lath martensite
fracture, model it as a brittle phase. The investigation on the possible role
of the interlath austenite films on the plasticity of lath martensite microstruc-
tures suggests that the thin austenite films might trigger the observed ductile
behaviour. Therefore, an interface damage model has been formulated which
can be easily coupled to plasticity. The model has been implemented within
the two-scale lamella framework. The main conclusion of this study is the
following:

• Predictive modeling of interfacial damage in martensite: The assessment
of the interface damage framework on experiments shows that the model
adequately captures the main features of the onset of failure, like necking
point, failure initiation region and failure mode. Based on the under-
standing of the failure mechanisms, some material design guidelines have
been provided for martensitic and multi-phase steels.

To summarize, this thesis dealt with the multi-scale modeling of lath martensite
microstructures in martensitic and multi-phase steels. This thesis presents a
number of novelties:

• the possible role of interlath retained austenite films on the mechanical
behaviour of lath martensite has been throughly investigated using dif-
ferent modeling approaches (continuum crystal plasticity and molecular
dynamics);

• a possible interfacial sliding mechanism, related to the structure of the
martensite-austenite interface, has been identified;

• a multi-scale model for martensite microstructures, which accounts for
their hierarchical morphology, has been formulated;

• a micromechanics-based model for martensitic microstructures has been
confronted with experiments at the micron-scale1;

1The only existing numerical validation [52] uses the crystallographic orientation of the
martensite subunits as a fitting parameter.
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• the possible role of austenite films embedded in martensite islands on the
mechanical response and strain partitioning in multi-phase (dual phase)
steels has been investigated numerically;

• a ductile damage model for lath martensite has been proposed, in ac-
cordance with the experimental observations that lath martensite is not
always brittle.

10.2 Recommendations for future developments

In this thesis, some main physical mechanisms that govern lath martensite
plasticity and fracture have been identified, on the basis of which a modeling
framework has been formulated that is capable to predict the main character-
istics of the plastic deformation and fracture behaviour of martensite.
The first main finding, relates to the possible role of interlath retained austen-
ite films on the lath martensite mechanics. A number of new generation high
strength steels, like TRIP-maraging steels [167], martensitic steels with re-
verted austenite [123], and quenched and partitioned (Q&P) steels [38], use
these austenite layers (which can often be thicker than in the low alloyed, low
carbon steels investigated in this thesis) to improve the material ductility. The
understanding of the mechanical behaviour of the austenite layers in these ma-
terials needs further investigation. To provide an example, in some cases (e.g.
Q&P [170]), the thinner austenite films seem to be more stable than the thicker
ones with respect to phase transformation, upon loading. However, in TRIP-
maraging steels some authors [167] report the opposite. In addition to the
occurrence of a phase transformation, dislocation-mediated plasticity (as well
as twinning) of the austenite layers can play a key role. The conclusions on the
“greasy” mechanism induced by crystallographic slip parallel to the BCC-FCC
interface can provide more insight in the mechanisms governing the austenite
films mechanics in these microstructures.
Furthermore, the preliminary results of the molecular dynamics study of the
martensite-austenite bicrystal suggest that, also in absence of any dislocations
in the thin austenite layers, plasticity can occur in the form of interface sliding.
This mechanism is related to the structure of the BCC-FCC interface, which
consists of a set of screw dislocations along the lath long direction. The result
suggests that the presence of the austenite-martensite interface is sufficient
to induce plastic deformation parallel to the lath boundaries. However, these
conclusions are drawn on the basis of a flat interface, while the experimentally
observed interface is generally not flat but stepped, and this can influence
the observed mechanism. Hence, the molecular dynamics study needs further
developments to investigate this.
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The validation of the two-scale model of martensite is based on experiments
in which the presence of interlath films within the base material was not in-
vestigated. Therefore, the austenite layers have been included into the model,
with the support of extensive evidence of the presence of thin austenite films
in analogous lath martensite grades, from different works. A thorough crystal-
lographic characterization and mechanical testing of micron-sized martensite
subgrains would be beneficial to gain more insight on the possible role of the
austenite films, and to obtain more detailed information on where plasticity is
exactly observed (e.g. along each lath boundary, or at the boundaries between
some martensite subunits, like blocks or packets). TEM analyses revealing
the presence of the austenite films before deformation, at different stages of
deformation and after final failure would provide a complete analysis of the
mechanism proposed and analysed here. Clearly, the experimental work at this
scale is rather challenging. In the context of dual-phase steels, existing work
related to the characterization of the martensite hierarchical crystallography
is limited. More investigations should be carried out on this topic, whereby
the coupled characterization-mechanical testing procedure used here can be
exploited.
Some authors identify martensite cracking as the main failure mechanism for
coarse grained dual phase steels, while martensite-ferrite decohesion dominates
in fine and ultrafine grained dual phase steels, where martensite is tougher
[27, 28]. The analysis of the failure of martensitic microstructures as performed
in this thesis provides a possible explanation for this experimental observation,
since, due to the microstructure, normal opening can occur more easily in big-
ger martensite islands compared to smaller ones, where the “greasy” mechanism
is more actively triggered, thus leading to ductile shear opening. This provides
a guideline for the material design of multi-phase microstructures.
Finally, in this thesis no (possible) phase transformation of the austenite films
has been considered. Literature lacks measurements of phase transformations
in these thin austenite films, requiring novel experimental investigations. The
interatomic potential used in the molecular dynamics study in this work pre-
dicts interfacial plasticity without phase transformation in the austenite. Qual-
itative indications from the experiments support the fact that the films are
more stable against phase transformation. Also the fracture mode (ductile
shear) observed in martensitic microstructures suggests the presence of a duc-
tile damaging phase. However, whether the austenite films fracture, or fracture
occurs at the interface, or in the newly formed, fresh martensite films is still
unresolved.



A
p

p
e

n
d

i
x

A
Computational homogenisation procedure

The idealised periodic unit cells defined in Section 3.3.4 are considered repre-
sentative of the microstructure of a martensitic sub-block. A computational
homogenisation procedure (e.g. [75]) is used to obtain a relation between the
overall deformation FM

ij and stress PM
ij (macroscopic quantities relative to the

martensite sub-blocks) based on the corresponding microscopic quantities, the
deformation Fij and stress Pij within the periodic unit cell. It is assumed that
the characteristic dimensions of the unit cells are much smaller than those of
a sub-block.
The volume average of the microscopic deformation gradient Fij equals the
macroscopic deformation gradient tensor FM

ij (see [75]):

FM
ij =

1

V0

∫

V0

FijdV0 =
1

V0

∫

Γ0

yinjdΓ0 . (A.1)

In (A.1), V0 is the volume of the microstructural unit cell, Γ0 is the boundary,
yi is the position in the current configuration and ni is the surface normal
(defined in the reference configuration) pointing outward from the boundary.
Analogously, the macroscopic first Piola-Kirchhoff stress PM

ij results from the
volume average of the microstructural first Piola-Kirchhoff stress Pij [75]:

PM
ij =

1

V0

∫

V0

PijdV0 =
1

V0

∫

Γ0

tixjdΓ0 , (A.2)

where ti = Pijnj are the surface tractions per unit reference area.
The effective, overall work performed in the unit cell must equal the macro-
scopic work (Hill-Mandel condition). The Hill-Mandel condition is here satis-
fied by applying periodic boundary conditions (e.g. [75]). Periodic boundary
conditions imply that on Γ0:

y+i − y−i = FM
ij (x+j − x−j ) , (A.3)
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where superscripts “+” and “−” denote points belonging to the “positive” and
“negative” parts of the boundary, such that n+

i = n−
i . Condition (A.3) states

that the displacements of opposite faces of Γ0 are equal up to a translation.
For a 3D geometry, condition (A.3) yields the following constraint relations in
terms of displacements:

uRi = uLi + u2i , uTi = uBi + u3i , uFi = ubi + u4i , (A.4)

where R, L, T, B, F and b denote nodes belonging to the right, left, top,
bottom, front and back surfaces, respectively; 1, 2, 3 and 4 are four “master”
nodes (cf. Figure A.1), and in (A.4) we have fixed the displacement of master
node 1 to eliminate rigid body translations, i.e. u1i = 0.

1 2

3

4

Figure A.1: Unit cell and master nodes used in the computational homogeni-
sation procedure.

The displacements uki of master nodes k = 2, 3, 4 can be computed from (A.3)
as:

u2i = (FM
ij −δij)(x

2
j−x1j) , u3i = (FM

ij −δij)(x
3
j−x1j) , u4i = (FM

ij −δij)(x
4
j−x1j) .
(A.5)

Therefore, once the overall deformation FM
ij is known, relations (A.4) and (A.5)

define the kinematic boundary conditions and constraints on the unit cell.
Upon solution of the unit cell boundary value problem, the overall stress PM

ij

can be computed using (A.2), which for the case of periodic boundary condi-
tions reduces to [75]:

PM
ij =

1

V0

∑

k=1,2,3,4

fk
i x

k
j , (A.6)

where fk
i is the reaction force at the kth master node.
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B
Influence of the choice of different slip

systems in BCC on lath martensite plasticity

In the literature, the possibility has been mentioned that either {112}α′

[142, 171] or both {110}α′ and {112}α′ [49] are possible active slip system
families for BCC phase, at room temperature. To verify if a particular choice
of active BCC slip system family plays a role in the observed mechanism, we
have performed simulations on 5% FCC bicrystal laminate unit cells and fully
BCC single crystals in both cases, i.e. either by considering {112}α′ 〈111〉α′

only or both {110}α′ 〈111〉α′ and {112}α′ 〈111〉α′ slip systems being active in
the BCC phase. Material parameters for the slip systems are those of Table
3.2; for the {112}α′ 〈111〉α′ slip systems we consider the twinning/antitwinning
asymmetry (e.g. [171]) by assigning a slightly lower CRSS to the twinning slip
systems (τ0T = 0.8 GPa), as compared to the anti-twinning (τ0A = 0.85 GPa).
Results for the case of simple shear are plotted in Figure B.1. In all cases, the
FCC phase still acts like a greasy plane on which the stiff BCC phase can slide.
Thus, the precise crystallographic plastic slip of the BCC phase does not play
a main role in the large deformation behaviour of martensitic subgrains which
has been outlined in our work.
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Figure B.1: Equivalent Piola-Kirchhoff stress vs equivalent Green-Lagrange
strain for single crystals and 5 % FCC bicrystal laminate, under simple shear,
for different active BCC slip systems: (a) {112}α′ 〈111〉α′ ; (b) {110}α′ 〈111〉α′

and {112}α′ 〈111〉α′ .
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C
List of variants

for KS and NW orientation relationships

Table C.1 lists all possible variants of KS orientation relationship.

Table C.1: 24 variants of KS OR, grouped by crystallographic packets (see
[102]).

Parallel plane Parallel direction Parallel plane Parallel direction

V1 [1̄01]γ//[1̄1̄1]α′ V13 [01̄1]γ//[1̄1̄1]α′

V2 [1̄01]γ//[1̄11̄]α′ V14 [01̄1]γ//[1̄11̄]α′

V3 (111)γ// [011̄]γ//[1̄1̄1]α′ V15 (1̄11)γ// [1̄01̄]γ//[1̄1̄1]α′

V4 (011)α′ [011̄]γ//[1̄11̄]α′ V16 (011)α′ [1̄01̄]γ//[1̄11̄]α′

V5 [11̄0]γ//[1̄1̄1]α′ V17 [110]γ//[1̄1̄1]α′

V6 [11̄0]γ//[1̄11̄]α′ V18 [110]γ//[1̄11̄]α′

V7 [101̄]γ//[1̄1̄1]α′ V19 [1̄10]γ//[1̄1̄1]α′

V8 [101̄]γ//[1̄11̄]α′ V20 [1̄10]γ//[1̄11̄]α′

V9 (11̄1)γ// [1̄1̄0]γ//[1̄1̄1]α′ V21 (111̄)γ// [01̄1̄]γ//[1̄1̄1]α′

V10 (011)α′ [1̄1̄0]γ//[1̄11̄]α′ V22 (011)α′ [01̄1̄]γ//[1̄11̄]α′

V11 [011]γ//[1̄1̄1]α′ V23 [101]γ//[1̄1̄1]α′

V12 [011]γ//[1̄11̄]α′ V24 [101]γ//[1̄11̄]α′

Table C.2 lists all possible variants of NW orientation relationship.
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Table C.2: The 12 variants of the NW OR and the KS variants of the same
Bain group (see [54]).

NW variant Parallel plane Parallel direction KS variants of same Bain group

NW1 [11̄0]γ//[100]α′ V1-V4
NW2 (111)γ//(011)α′ [101̄]γ//[100]α′ V3-V6
NW3 [01̄1]γ//[100]α′ V2-V5
NW4 [110]γ//[100]α′ V13-V16
NW5 (1̄11)γ//(011)α′ [011̄]γ//[100]α′ V15-V18
NW6 [101]γ//[100]α′ V14-V17
NW7 [110]γ//[100]α′ V8-V11
NW8 (11̄1)γ//(011)α′ [011]γ//[100]α′ V7-V10
NW9 [1̄01]γ//[100]α′ V9-V12
NW10 [101]γ//[100]α′ V19-V22
NW11 (111̄)γ//(011)α′ [11̄0]γ//[100]α′ V21-V24
NW12 [011]γ//[100]α′ V20-V23
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D
Response of models not accounting for

interlath retained austenite

In order to further support the interpretation of the role played by interlath
retained austenite in the deformation behaviour of lath martensite which is
a mixture of BCC laths and FCC interlath austenite films), we consider the
response of configurations MP1 and MP2 (cf. Section 4.4.1) in case no FCC
phase is present and plastic flow is completely due to the BCC laths. None of
the crystallographically possible options can reproduce the flow curves mea-
sured by [98], unless slip within the interlath retained austenite films is included
into the model.

D.1 “Classical” lath martensite framework

Works devoted to the mechanical behaviour of lath martensite (e.g. [141, 98])
neglect the presence and role of interlath retained austenite and consider the
presence of two pseudo-single crystal slip families:

1. {110}α′ 〈111〉α′ , also called “in-lath-plane” slip system family;

2. {112}α′ 〈111〉α′ , also named “out-of-lath-plane” slip system family.

Note, that for lath martensite {110}α′‖{111}γ and in case of KS orientation
relationship 〈111〉α′‖〈011〉γ . This means that some {110}α′ slip systems act
on the same planes as FCC slip systems parallel to BCC-FCC interface in our
model. However, they are spread through the laths and they are not localised in
thin films. We refer to this model as the “classical” lath martensite framework.
We reconsider configurations MP1 and MP2 presented in Section 4.4.1. The
BCC laths are assigned the same orientations as specified in Figure 4.5. The
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180 D.1. “Classical” lath martensite framework

BCC slip systems of both {110}α′ and {112}α′ families are included as dis-
cussed above. The presence of FCC interlath austenite is neglected.

New material parameters are identified such that experiments of specimen MP2
match. For {110}α′ slip systems, τ0 = 370 MPa (i.e. similar value as reported
in [98]), s∞ = 0.7 GPa and h0 = 1.2 GPa, the other parameters being equal to
those listed in Table 4.1 for the BCC phase. For {112}α′ slip systems, τ0 = 550
MPa (also in this case, a value similar as reported in [98]), s∞ = 2.0 GPa and
h0 = 3.0 GPa. Non-Schmid effects for {112}α′ slip systems are also included,
with the same non-Schmid parameters as those considered for {110}α′

1. The
remaining parameters are those listed in Table 4.1 for the BCC phase. The
specimen MP1 is modelled with the same material parameters as MP2.

Figure D.1 shows the resulting response of configurations MP1 and MP2 com-
pared to experiments of [98]. From Figure D.1 it can be concluded that if the
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Figure D.1: Flow curves of configurations MP1 and MP2 modelled with
the “classical” lath martensite framework without interlath austenite films - vs
experimental results of [98].

presence of both {110}α′ and {112}α′ BCC slip families is considered and no
interlath retained austenite is included into the model, only small differences in
yielding response of the two samples are captured. Moreover, the difference is
opposite to what the experiments in [98] show, i.e. MP1 is weaker than MP2.

1In case non-Schmid effects are neglected for {112}α′ slip systems, results do not visibly
deviate from those where non-Schmid effects are considered.
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D.2 BCC with a single slip family active and no
interlath FCC films

Next, we consider the case where interlath retained austenite is absent (or plays
no role), and just one slip system family is active in the BCC laths. The slip
families which are active at room temperature for BCC may be either {112}α′

(e.g. [142, 171]) or {110}α′ (e.g. [53, 25]). For slip system family {110}α′ we
consider the parameters mentioned in the previous section. For {112}α′ we
consider τ0 = 360 MPa, s∞ = 1.0 GPa and h0 = 1.5 GPa. In both cases,
non-Schmid effects are accounted for. Note that results do not deviate visibly
if non-Schmid effects are neglected.
Figure D.2 shows results in case only the {112}α′ slip family is active. Figure
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Figure D.2: Flow curves of configurations MP1 and MP2: BCC laths without
FCC films, {112}α′ slip family active - vs experimental results of [98].

D.2 shows that a difference in yield stress is captured, but (again) opposite to
what experiments suggest. Finally, Figure D.3 shows the case in which only
the slip family {110}α′ is active. In this case the results are analogous to what
is obtained by considering both {112}α′ and {110}α′ as being active: experi-
mental data cannot be reproduced with the same set of material parameters
for both samples.
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Figure D.3: Flow curves of configurations MP1 and MP2: BCC laths without
FCC films, {110}α′ slip family active - vs experimental results of [98].
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E
Projection operator for reduced

crystal plasticity and related properties

E.1 Properties of the projection operator

Let us define P̄0 :=
∑ns

α=1 λαP
α
0 =

∑N
β=1 µβM

β
0 as the linear combination of ns

(deviatoric) Schmid tensors Pα
0 ; Mβ

0 are the N elements of an orthonormal basis
of the space of deviatoric second-order tensors; λα and µα are real coefficients.
We introduce the projection operator P0:

P0 := I−
N
∑

β=1

[

(Mβ
0 )

T ⊗ M
β
0

]

. (E.1)

The operator (E.1) has the following properties (A is an arbitrary second-order
tensor):

1. P̄0 : P0 = 0:

This reads P̄0 : P0 = (
∑ns

α=1 λαP
α
0 ) : P0 =

(

∑N
κ=1 µκM

κ
0

)

: P0.

Since Mκ
0 : (Mβ

0 )
T = δκβ with δκβ the Kronecker delta, the last

equality gives
∑N

κ=1 µκM
κ
0 −

∑N
β=1 µβM

β
0 = 0.

2. (A : P0) : P̄
T
0 = 0:

First, we observe that A : P0 = A −
∑N

β=1

[(

A : (Mβ
0 )

T
)

M
β
0

]

.

Then, since P̄
T
0 :=

∑N
κ=1 µκ(M

κ
0)

T , and hence (A : P0) : P̄
T
0 =

∑N
κ=1 µκA : (Mκ

0)
T −

∑N
β=1 µβA : (Mβ

0 )
T = 0, where we it has been

used that (Mβ
0 ) : (M

κ
0)

T = δβκ.
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184 E.2. Dissipation

The listed properties imply that the projection operator P0 maps an arbitrary
second-order tensor A to a space that is orthogonal to the space spanned by
the linear combination P̄0.
Note that, since P̄0 is an arbitrary linear combination, if ns ≥ 8 and at
least 8 Schmid tensors are linearly independent, it describes the full space
of the deviatoric second-order tensors (since each element Pα

0 is deviatoric).
Therefore, for a deviatoric tensor A, there exists a set of µα such that
A = P̄0 =

∑N
α=1 µαM

α
0 , with µα real coefficients. Therefore, since property 1

holds for projection operator P0, then A : P0 = 0 follows.
Note that if A is deviatoric and also symmetric, only 5 Schmid tensors with
linearly independent symmetric parts are necessary to recover the (deviatoric)
standard crystal plasticity formulation. This is the case in the limit of small
elastic deformation (e.g. in metal plasticity), or for rigid-plastic behaviour (e.g.
some polymers), where Ce ≃ I and S̄ is symmetric.
The elements of the basis of the space of symmetric deviatoric second-order
tensors can be formed by the eigenvectors of Sym(P̄0), which are mutually
orthogonal (see e.g. [116]).

E.2 Dissipation

Within the proposed framework, the mechanical dissipation (6.8) reads (since
S̄ is symmetric):

D = S̄ : D̄p

= S̄ : L̄p

= S̄ :
(

L̄p,γ + L̄p,ε

)

= S̄ :

[

ns
∑

α=1

γ̇αCe · P
α
0

]

+ S̄ :

[

ε̇eq
3

2σeq
Ce ·

(

S̄
dev

·Ce

)

P0

]

,

(E.2)

The “slip” term reduces to

Dα :=

ns
∑

α=1

γ̇αS̄ : (Ce · P
α
0 )

=

ns
∑

α=1

γ̇α(S̄ · Ce) : P
α
0

=

ns
∑

α=1

ταγ̇α ,

(E.3)

where τα = (S̄ ·Ce) : P
α
0 .
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The “isotropic” term reads:

Dε := ε̇eq
3

2σeq
(S̄ ·Ce) :

(

S̄
dev

·Ce

)

P0

(E.4)

Now,
(

S̄
dev

·Ce

)

P0

= S̄
dev

·Ce − Adev , (E.5)

where Adev =
∑N

β=1

[

(S̄
dev

·Ce) : (M
β
0 )

T
]

M
β
0 is deviatoric, since M

β
0 are el-

ements of the basis of a space of deviatoric second-order tensors.
Therefore,

(S̄ ·Ce) :
(

S̄
dev

· Ce

)

P0

=
(

S̄ · Ce

)

:
(

S̄
dev

·Ce −Adev
)

=
(

S̄ · Ce

)

: (S̄
dev

·Ce)−
(

S̄ · Ce

)

: Adev

=
(

S̄ · Ce

)

: (S̄
dev

·Ce)

−

N
∑

β=1

[

(S̄
dev

·Ce) : (M
β
0 )

T
] [

(

S̄ · Ce

)

: Mβ
0

]

.

(E.6)

By using the definition of the deviator of S̄, it is straightforward to show
that (S̄ · Ce) : (S̄

dev
· Ce) = (S̄

dev
· Ce) : (S̄

dev
· Ce). Furthermore, by using

the same definition, since tensors M
β
0 are always deviatoric, it follows that

(

S̄ ·Ce

)

: Mβ
0 =

(

S̄
dev

·Ce

)

: Mβ
0 .

Therefore, by substituting these two results in (E.6), it follows that:

(S̄ · Ce) :
(

S̄
dev

·Ce

)

P0

=
(

S̄
dev

· Ce

)

P0

:
(

S̄
dev

· Ce

)

P0

. (E.7)

By substituting (E.7) into (E.4) and using the definition of the equivalent stress
σeq given in equation (6.13), the mechanical contribution to dissipation simply
reads

D = Σns

α=1τ
αγ̇α + σeq ε̇eq

which is equation (6.14).
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F
Material tangents

for coupled elastoplasticity and damage

The explicit expressions of some derivatives introduced in Section 9.4 are re-
ported here.
Point of departure is the elasto-damage implementation (Section 9.4.2.1), equa-
tion (9.36).
The material tangent A is:

A =
∂S̄

⋆

∂Fn+1

=
1

2

∂C⋆
e

∂Fn+1 ,

(F.1)

where
∂C⋆

e

∂Fn+1 =
1

2

[

(F−T
i )n · IRT ⊙ F⋆

e + (FT
e )

⋆ · I⊙ (F−1
i )n

]

. (F.2)

where I is the first order identity tensor and I
RT its right, minor transpose.

Expression (F.2) can be also substituted in (9.36)2 for the calculation of Ed.
Next, in equation (9.36)3

∂ḋn+1
β

∂Fn+1 =
∂ḋn+1

β

∂σn+1
α

∂σn+1
α

∂Fn+1 , (F.3)

where the first term on the right hand side of (F.3) is evaluated via the Newton-
Raphson scheme for the calculation of ḋn+1

β and the second term reads:

∂σn+1
α

∂Fn+1 =
(

mβ ⊗ n
)

:
∂
(

Ce · S̄
)n+1

∂Fn+1 . (F.4)
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The second term on the right hand side of (F.4) can be approximated by con-
sidering the values in the trial state of Ce and S̄, i.e.

(

Ce · S̄
)n+1

≃
(

Ce · S̄
)⋆.

Therefore, (F.2) and (F.1) can be used.
For the coupled crystal plasticity-damage formulation, expression (F.1) can
be substituted in (9.39), while (F.2) enters (9.40)1. Analogously to (F.3), in
(9.40)2 the derivative of the time evolution of the rate of the internal variable
is calculated as:

∂ξ̇n+1
κ

∂Fn+1 =
∂γ̇n+1

α

∂τn+1
β

∂τn+1
β

∂Fn+1 , (F.5)

for κ, α = 1, .. ns, while for κ = ns + 1, ..N equation (F.3) holds. In (F.5), the
first term on the right hand side is evaluated via the Newton-Raphson scheme
for the calculation of ξ̇n+1

κ and the second term reads:

∂τn+1
β

∂Fn+1 = P
β
0 :

∂
(

Ce · S̄
)n+1

∂Fn+1 , (F.6)

which can be treated as in (F.4). Finally, equation (F.5) is used in (9.41)2.
Finally, for the coupled rate-dependent J2 isotropic plasticity-damage formu-
lation, equation (F.1) enters (9.43), while (F.2) enters (9.44)1 and (9.45)1.
The derivative of the flow direction in (9.45)1 is:

∂N⋆
0

∂Fn+1 =
3

2





1

σeq

∂
(

S̄
dev

·Ce

)⋆

∂Fn+1 + S̄
dev

·Ce ⊗
∂
(

σ−1
eq

)⋆

∂Fn+1



 , (F.7)

The terms in (F.7) can be calculated explicitly via (F.1) and (F.2), by account-
ing for (9.17) and the terms used therein. This expression can be substituted

also in (9.44)1 for η = N +1, while, in the same equation, terms ∂(Rη
0
)n+1

∂Fn+1 = 0

for η = 1, ..N .
Finally, the derivative of the equivalent plastic strain rate in (9.45)2 is:

∂ε̇n+1
eq

∂Fn+1 =
∂ε̇n+1

eq

∂σn+1
eq

∂σn+1
eq

∂Fn+1 , (F.8)

where
∂σn+1

eq

∂Fn+1 ≃
∂σ⋆

eq

∂Fn+1 , (F.9)

and the first term of the right hand side is evaluated via the Newton-Raphson
scheme for the calculation of ε̇n+1

eq . Equation (F.8) enters the derivative of the
internal variable rates for η = N +1 in (9.44)2. The remaining derivatives, for
η = 1, ..N , are calculated according to (F.3).
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