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The Districting Problem

Esther M. Arkin∗ Irina Kostitsyna† Joseph S.B. Mitchell∗ Valentin Polishchuk‡

Girishkumar R. Sabhnani§

1 Introduction
We consider the following districting problem: Given
a simple polygon partitioned into simple polygonal
sub-districts (see Fig. 1) each with a given weight,
merge the sub-districts into a minimum number of
districts so that each district is a simple polygon and
the total weight of the sub-districts in any district
is at most a given number M . We consider also the
“dual” version of the problem, in which the objective
is to minimize the maximum district weight, subject
to a given bound on the total number of districts.
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Figure 1: The input: A simple polygon P partitioned
into simple polygonal sub-districts.

Related Work The problem has its roots in po-
litical districting for voting where the districts may
have restrictions on the number of sub-districts, size,
total population, etc.; see, for example, the survey by
Tasnádi [4]. Our motivation comes from an air traf-
fic management problem in which sub-districts cor-
respond to Fixed Posting Areas (or “sub-sectors”)
with weights representing a measure of controllers’
“workload”, and the goal of the merging is to pro-
vide a balanced partitioning of the workload among
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Figure 2: Integers a1, a2, . . . , an can be partitioned
into two sets with equal sums if and only if the sub-
districts can be merged into two districts each of
weight at most M =

∑
ai.

a set of airspace sectors. In related work, Bloem et
al. [1] analyze greedy heuristics for merging under-
utilized airspace sectors to conserve air traffic control
resources. The districting problem is also related to
problems in bin packing; in our case, however, the
shape of the bins is not fixed (only their capacity is
fixed), and the items are not allowed to be moved,
but only to be grouped.

2 Hardness
A simple reduction from PARTITION (see Fig. 2)
shows that the problem is weakly NP-hard; in fact,
it is hard to distinguish between the cases in which
the optimal solution has 2 vs. 3 districts. Hence,
the problem is weakly hard to approximate to within
(3/2 − ε), for any ε > 0.

Moreover, we show that the districting problem is
strongly NP-hard by a reduction similar to the one
in [3] that shows the hardness of array partitioning.
The 5/4 hardness of approximation from [3] applies to
the dual problem of minimizing the maximum weight
of a district. With slight modifications to the con-
struction, we also prove hardness (and 5/4 hardness
of approximation for the dual version) for the follow-
ing special cases of the districting problem: (i) that
in which all districts are required to be convex, and
(ii) that in which districts are allowed to be multi-
connected (simple polygons with holes).



3 Approximation Algorithms
Our approximations are based on properties of the
dual graph, G, of the input subdivision into sub-
districts.

3.1 The dual graph G is Hamiltonian

Assume that G has a Hamiltonian path. Then, a sim-
ple clustering method follows the Hamiltonian path,
greedily adding the sub-districts to a district, until
the district’s weight is about to exceed the bound M ,
at which point we begin a new district. The total
weight of any two consecutive districts thus obtained
is more than M . Thus, the average district weight is
more than M/2, so the number of districts is at most
twice the optimal.

Even though the resulting districts are not neces-
sarily simple polygons (Fig. 3), the total number of
holes is bounded; indeed, since each hole is itself a
district (or a group of districts), the number of holes
is at most the number of districts. For each hole we
can break the surrounding district into two districts,
charging the increase in the number of districts to the
hole. Thus, all holes can be removed if we allow the
number of districts to (at most) double. This yields a
4-approximation for the districting problem with the
constraint of having simply connected districts.
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Figure 3: Clustering sub-districts along a Hamilton-
ain path may result in non-simple districts.

3.2 The dual graph G is not Hamilto-

nian

If G has no Hamiltonian path, then we turn instead to
a low-degree spanning tree, T , of G. (One can com-
pute in polynomial time a spanning tree that has de-
gree at most 1 greater than the degree of a minimum-
degree spanning tree [2].) In particular, we obtain a
2∆-approximation, where ∆ is the maximum degree
of T . We root the tree T and start from the leaves,
clustering sub-districts into districts as we work our
way towards the root. Specifically, for each node v
we merge v’s children in order of increasing subtree
weight, until the district weight is about to exceed

the threshold M . The average weight of the result-
ing districts is at least M/∆; thus, the number of
districts is at most ∆ times optimal. As described
above, we can make all districts simply connected by
removing holes, causing the number of districts to at
most double.
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