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Chapter 1

Introduction
oday, the need to increase efficiency and performance of dynamical
systems leads to innovative control solutions that rely on accurate
representations of the underlying system dynamics. Many of these physical systems exhibit non-stationary and nonlinear behavior. These nonlinear, time-varying effects can be captured by linear parameter-varying
(LPV) representations. The LPV system class preserves the linear signal
relations from the inputs to the outputs, however, to accommodate these
nonlinear, time-varying effects, these linear relations are assumed to be
functions of a measurable, time-varying signal. Hence, the LPV framework
can be seen as an intermediate paradigm between the linear time-invariant
and nonlinear/time-varying frameworks. With LPV representations, the
linearity can be exploited to result in convex optimization for synthesizing
observers and controllers with performance guarantees. Therefore, in recent
years, many powerful LPV control synthesis methods have appeared and
have been applied to a wide range of applications. However, a commonly
taken assumption in these methods is that an LPV state-space (SS) model
of the underlying system is available. Despite the advances in control theory, how to obtain accurate, low-complexity LPV-SS models of real-world
systems from measurements in a computationally efficient way remains an
open question. This thesis focusses on establishing a unified, off-the-shelf
LPV-SS model identification framework to facilitate estimation of moderate sized models. To this end, next to many theoretical results, it proposes
a novel three-step LPV-SS identification approach to capture the dynamics
of data-generating systems. In this introductory chapter, a brief overview
of the LPV identification literature is presented, highlighting the current
challenges and open problems. Then, the research directions and goals
addressed in this thesis are formulated. The chapter is concluded by presenting the outline of the thesis and its main contributions.

T

1
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Chapter 1 Introduction

In our society, there is an increasing need for efficiency of processes and systems
in terms of reducing energy consumption, increasing performance, and achieving
higher precision. This need is not solely driven by cost reduction or through-put
increase, but also from a sustainability point of view. Therefore, engineers are
constantly challenged to provide innovative solutions to meet with such increasing
performance demands. For example, to meet with Regulation 333/2014/EC, car
manufactures need to decrease fuel consumption and, more importantly, decrease
emission of CO2 and other noxious particulate matter by 21% from 2015 to 2021.
This target could be achieved by reducing incomplete combustion in cars during
operation. For small satellites in low Earth orbit, the dynamics of the electromagnetic actuators are highly varying with the altitude and inclination of the satellite,
which require more efficient control solutions to increase accuracy of satellite attitude control. To decrease production costs, quadrotors are equipped with low-end
sensors, however, accurate positioning is key to ensure safe and stable operation.
To keep up with the set goals, there is a demand for more advanced control solutions to govern more complex physics, which require a deeper understanding and
a more accurate representation of the physical phenomena.
Modeling, identification, and control in the linear time-invariant (LTI) framework have been deeply investigated, resulting in mature engineering technologies
applied widely in the industry. However, the framework cannot efficiently handle changing dynamics or nonlinear effects due to varying operating conditions. To
cope with these nonlinear and non-stationary effects, multiple LTI models and controllers can be designed at desired operating points of the process. These models
and controllers are combined by interpolation to cover the full domain. The interpolation of these local, linearized models and controllers is based on combinations
of inputs, measurable process states, outputs, measurable exogenous variables, or
their filtered versions. The resulting functional dependence of the interpolation in
terms of these signals is often lumped into a so-called scheduling signal that determines the active local model or controller during operations. This natural extension
of the LTI framework has become known as the linear parameter-varying (LPV)
framework and the LPV modeling paradigm proved to be capable to completely
represent nonlinear and non-stationary effects rather than only their linear based
approximations (Tóth 2010). The LPV model class preserves the linear signal relations between the inputs u and outputs y of the system, however, these linear
relations are functions of the scheduling variable, denoted as p, which enables complete embedding of the nonlinear and time-varying dynamics (see Figure 1.1). As a
particular advantage of the linearity between inputs and outputs, the LPV framework can utilize extensions of powerful LTI modeling, identification, and control
tools. Hence, the LPV framework has opened a complete new research area for
handling nonlinear and non-stationary effects in observer and controller design.

1.1

LPV framework for observer and control design

The LPV framework has been successfully applied in many applications, such as the
control of wind turbines (Bianchi et al. 2005; van Wingerden et al. 2009), chemical
processes (Salcedo et al. 2007; Vijayalakshmi et al. 2013; Bachnas et al. 2014),

1.1 LPV framework for observer and control design
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p
u

LPV

y

Figure 1.1: The LPV model class has a linear signal relation between the inputs
u and outputs y, however, these linear relations are functions of the scheduling
variable p.
aircrafts (Papageorgiou et al. 2000; Shin 2000; Fujimori and Ljung 2006; Vanek
et al. 2010), wafer stages (Groot Wassink et al. 2005), spacecrafts (Menon et al.
2009; Veenman et al. 2009; Calloni et al. 2012), and robotic manipulators (Abbas
et al. 2009; Hashemi et al. 2009) to mention a few. A more detailed overview of
applications can be found in Mohammadpour and Scherer (2012, Part III).
A wide variety of methods for LPV observer and control design are known, such
as: gain scheduling control, optimal H2 /H∞ like (L2 /L∞ and L2 -gain) control and
filter design, proportional-integral-derivative (PID) control, model predictive control
(MPC), and robust time-varying Kalman filter design. In the sequel, we provide a
brief overview of the main advances in these LPV model-based methods; it is by
no means a complete literature list on this extensively researched topic.
In the pre-1990s, the so-called gain scheduling approach became popular where
multiple local LTI models and controllers were interpolated on an output, state,
or pole location level (Spong 1987; Whatley and Pott 1984; Stein 1980). These
gain scheduled LPV controllers can achieve higher performance than one single
LTI controller, but simplicity was gained by sacrificing stability and performance
(Shamma and Athans 1992). Therefore, the field of LPV control emerged to include
global stability and performance criteria.
At the beginning, the gain scheduled approaches were extended to include stability and performance criteria for ‘slowly’-varying linear systems (Shamma and
Athans 1991; Rugh and Shamma 2000). To include general conditions on the
scheduling variables, controller synthesis became mainly based on i) state-space
(SS) forms with polytopic dependency which is solved via linear matrix inequalities (LMIs) (Korba et al. 2003; Blanchini and Miani 2003), ii) SS forms with affine
dependency employing LMIs (Feron et al. 1996; Molchanov and Liu 2002; Lu and
Wu 2004), or iii) linear fractional representations (LFRs) applying LMIs (Packard
1994; Apkarian and Gahinet 1995; Helmersson 1998; Scherer 2001; Scherer and
Köse 2012) or integral quadratic constraints (IQCs) (Jönsson 1997; Molchanov and
Liu 2002; Köroǧlu and Scherer 2005; Scherer and Köse 2008; Veenman and Scherer
2014), to mention a few. As a special case, using LFRs with the LMI framework,
parameter varying PID controllers have been synthesized with guaranteed stability
bounds (Kwiatkowski et al. 2009; Bolea et al. 2014). After the first synthesis approach of these types have appeared, a significant effort has been spent on decreasing computational complexity, conservativeness of the solution, and/or increase
performance by applying various parameterizations of the Lyapunov functions, dif-
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ferent parameterizations of the multipliers, or by taking different assumptions on
the scheduling signal.
Despite these advances, synthesizing controllers for LPV models remains computationally expensive in case of large scheduling dimensions. Therefore, recently,
controller synthesis methods have appeared based on gridding of the scheduling
space of LPV representation including stability guarantees of the overall LPV
closed-loop system (Vanek et al. 2010; Hjartarson et al. 2014; Wang and Seiler
2015; Wang et al. 2016). These methods allow for a trade-off between computational complexity and controller performance. Hjartarson et al. (2015) provides
an implementation of these gridding-based and some LFR-bases synthesis methods
named LPVTools.
In parallel, LPV MPC techniques have appeared. The main difficulty in these
predictive schemes comes from handling the unknown future evolution of the
scheduling signal. The first set of approaches was a robust extension of MPC
where the scheduling signal was fixed based on the current measurement, however,
the future trajectory of the scheduling signal was assumed to be unknown (but
confined in a set) (Lu and Arkun 2000; Casavola et al. 2002; Langson et al. 2004;
Wada et al. 2006; Casavola et al. 2012; Jungers et al. 2011; Besselmann et al. 2012;
Yu et al. 2012; Muñoz-Carpintero et al. 2015; Hanema et al. 2017). The second
generation of approaches confine the future of the scheduling signal inside a tight
tube based on the system dynamics (Hanema et al. 2016; Cisneros et al. 2016).
The advantages of the second category is that the tube is formulated around
the actual trajectory experienced or targeted by the system in the future and,
therefore, a less conservative controller is synthesized, which can achieve similar
performance as nonlinear MPC solutions, but with a lower computational cost
(Cisneros et al. 2016).
For observer design, robust time-varying and time-invariant Kalman filtering
approaches are known (Theodor and Shaked 1996; Fu et al. 2001; Zhu et al. 2002;
Duan et al. 2006), which search for a parameter-independent upper-bound on the
state-error covariance matrix of the filter in a stochastic setting.
Alternatively, methods for optimal control (Ali et al. 2010; Gilbert et al. 2010;
Wollnack et al. 2013, 2017) and MPC (Abbas et al. 2016) using input-output (IO)
representations have appeared. These approaches employ a specific IO model that
allows for an exact, non-minimal SS realization used in its control synthesis. For
this case, stability is proven based on technical results that are different from the SS
case, as the realized SS form violates necessary assumptions, like state-minimality.
Surprisingly, a recent comparison of IO methods based on convex optimization with
state-of-the-art SS methods showed computational benefits due to smaller number
of optimization parameters compared to SS case (Wollnack 2017, Table 4.1-4.2).
A key observation from the aforementioned literature is that the majority of
approaches are model based control solutions, which require that a model of the
underlying system is available. The mainstream of these techniques requires a
model representation in state-space or in linear fractional form. Methods to obtain
such models will be discussed in the next section.

1.2 Identification in the LPV framework

1.2
1.2.1
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Identification in the LPV framework
Introduction

Overall, obtaining an LPV model of the to-be-controlled system is essential for applying the majority of observer and controller design techniques. For the utilization
of control in practical applications an accurate, low-complexity representation of
the underlying system in the state-space or linear fractional representational form
is essential.
A model can be derived by the laws of physics, chemistry, thermodynamics,
etcetera, also known as first principle modeling. For acquiring a representation of
the system by first principle modeling, deep expert knowledge of the application at
hand is often needed. Development of these models can be time consuming, and,
therefore, often expensive. In many cases, the result is a large-scale model that is
not directly applicable for control synthesis and additional discretization and/or
model order reduction steps are needed to be taken. In addition, the model usually
depends on unknown system coefficients that should be determined from data.
Alternatively, the complete model can be estimated from input-output data
captured from the system, avoiding first principle modeling. System identification
has proven to be a reliable framework for obtaining models of dynamical systems
in a data-driven fashion, for example, LPV identification has successfully been applied in practice by van Wingerden et al. (2009); Vanek et al. (2009); Jin et al.
(2011); Schulz et al. (2016) to mention a few. The framework still relies on expert
knowledge to properly design experiments, to choose an appropriate parameterization and model-structure, and to apply the correct methodology to arrive at
an estimate. However, many steps in identification can be automated, hence, the
identification framework results in a time efficient, lower-cost surrogate method
compared to first principle modeling. Following the concepts in Ljung (1999), the
typical process of identification corresponds to a cycle with the following five steps:
Step 1: Experiment design, data collection, and preprocessing the data
Designing an experiment focuses on obtaining an excitation for the system to be
identified that respects the actuator and operational constrains of the system and
at the same time it should maximize the information content in the measured signals. Maximizing the information content is commonly achieved by minimizing the
bias and variance of the estimation error based on the data and a given desired
model class. An important requirement on the experiment data is that the data is
informative such that the estimation method can uniquely distinguish between different models in the model set. In addition to experiment design, the measurement
data is pre-processed to attenuate disturbances, noise, or other defects.
Step 2: Selection of model structure and parametrization
In this step, the model set has to be determined in terms of the representation form
(IO, SS, LFR, ...), its parameterization, and type of noise model. An important
ingredient is the size of the model set in terms of the number of parameters. By
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increasing the number of parameters, the resulting model will most likely have a
higher prediction accuracy, however, a large number of parameters also increases
the chance of over-parametrization and variance on the parameter estimates. In
addition, the choice of the model set is also coupled to the complexity of the
estimation algorithm, its possible local solutions, non-uniqueness of the optimum,
etcetera.
Step 3: Choice of the identification criterion.
The identification criterion translates the user’s objective or expectation of the
desired model into a performance/selection index. Many identification criteria
exist in the literature, however, the so-called “least-squares” creterion is the most
commonly applied.
Step 4: Obtaining the model that is optimal with respect to the criterion.
The model estimation step is directly dependent on the previous steps, where the
data collection setting, the chosen model set including the model parameterization,
and the identification criterion determine together the applicable algorithms to
solve the corresponding parameter estimation problem.
Step 5: (In)validation of the resulting model estimate
The obtained model estimate should be (in)validated to assess if the model is
adequate for the user’s objective. To this end, the model is appraised based on prior
knowledge and measured data. In general, validation data is compared to simulated
data using the identified model or it is related to predicted future outputs based
on past measurement using the estimated model. In case the model is invalidated,
then the identification cycle is revised in terms of choices until an adequate model
is obtained.
Local or global setting
Applying identification to estimate linear parameter-varying models can conceptually be performed in the so-called local identification setting or in the global
identification setting. In the local setting, local LTI models are estimated from
multiple experiments around fixed operating points (with constant p), which are
then interpolated. Therefore, dynamics related to the scheduling signal are not
captured from data. Including these dynamics requires experimental data with
a time-varying p which is informative to uniquely identify the model coefficient
permutations. If such a data set is available, then direct LPV model estimation
problems can be solved in the global setting. For a detailed comparison between
the two settings see (Bachnas et al. 2014).

1.2.2

LPV representations

To capture the underlying data-generating system various representational forms
have been formulated. In this section, the most commonly applied models in identification literature are summarized.

1.2 Identification in the LPV framework

1.2.2.1
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LPV-SS representation

In state-space models based identification, the discrete-time LPV state-space representation to be identified is given by
xt+1 = A(pt )xt + B(pt ) ut + G(pt ) vto ,

(1.1a)

H(pt )eot ,

(1.1b)

yt = C(pt ) xt + D(pt )ut +

where x : Z → X = Rnx is the state variable, y : Z → Y = Rny is the measured
output signal, u : Z → U = Rnu denotes the input signal, p : Z → P ⊆ Rnp is the
scheduling variable, subscript t ∈ Z is the discrete-time, v o : Z → Rnx , eo : Z →
Rny , are zero-mean white noise processes. For the majority of control synthesis
methods, the matrix functions A(), . . . , H() defining the SS representation (1.1)
are assumed to be affine combinations of basis functions, i. e.,
A(pt ) = A0 +

nψ
X

(1.2)

Ai ψ [i] (pt ),

i=1
n

ψ
where ψ [i] : P → R are bounded analytic scalar functions on P and {Ai }i=0
are
constant matrices with appropriate dimensions. The representation (1.1) includes
two commonly used noise structures: the general noise structure as in (1.1) and
the innovation noise structure with H() = Iny and vto = eot (in such case, G() is
often denoted as K()). The LPV innovation noise structure has been used without
a solid analysis of the representational capabilities, e. g., Lopes dos Santos et al.
(2008); van Wingerden and Verhaegen (2009) to mention a few.

Alternatively, the SS representation (1.1) can be written in an LFR form. To
obtain an LFR form, we follow Zhou et al. (1996, Section 10.2). Define the matrices


Ai B1 Gi 0
Mδi =
with Mδi = Uδi Σδi Vδ>i and rank(Mδi ) = ni ,
C i D i 0 Hi
for i ∈ {1, . . . , nψ } where Uδi , Vδi are unitary matrices associated to the nonzero
singular values of the singular value decomposition (SVD) of Mδi and Σδi the
diagonal matrix with the nonzero ordered singular values. The SVD of Mδi is
applied to construct the following matrices
1

1

(1.3)

Rδi = Σδ2i Vδ>i ,

Lδi = Uδi Σδ2i ,

for i ∈ {1, . . . , nψ }. Partition Lδi and Rδi according to:
Lδi =



(Lxδi )>

(Lyδi )>

>

,

Rδi =



Rδxi

Rδui

Rδvi

Rδei



,

such that Lxδi , Lyδi have nx , ny rows, respectively, and Rδxi , Rδui , Rδvi , Rδei have nx ,
nu , nx , ny columns, respectively. Based on the aforementioned partition and if
each ψ [i] () is a rational function that is analytic on P, then there exists a map
∆(p) = diag



In1 ψ [1] (p) . . . Innψ ψ [nψ ] (p)


,
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Pnψ

and auxiliary variable w : Z → R i=1 ni such that the LPV state-space representation (1.1) can be written in the following LFR form:
 

 
 xt

xt+1
A0 B11 B0
G0
0 
 zt 

 wt  =  C11
u
0
D12 D13 D14 
with zt = ∆(pt )wt , (1.4)
 t ,
yt
C0 D21 D0
0
H0  vto 
eot
where
B11 =

h



C11 = 

Lxδ1
Rδx1
..
.

Rδxn

...


Lxδn

i
ψ

,

D21 =

h





,

D12

D13

D14




=

ψ

Lyδ1

i

ψ

Rδu1
..
.

Rδun

Lyδn

...

ψ

Rδv1
..
.

Rδvn

ψ

,

Rδe1
..
.

Rδen



.

ψ

The relation between (1.1) and (1.4) can be specified according to:
A(p) = A0 +B11 ∆(p)C11 ,

B(p) = B0 +B11 ∆(p)D12 ,

C(p) = C0 +D21 ∆(p)C11 ,

D(p) = D0 +D21 ∆(p)D12 , G(p) = G0 +B11 ∆(p)D13 , H(p) = H0 +D21 ∆(p)D14 .
Note that the signals (u, p, x, y) in (1.1) and (1.4) are equivalent, but the choice of
Lδi and Rδi in (1.3) is nonunique 1 . See Zhou et al. (1996); Alkhoury et al. (2016)
for a detailed discussion.
1.2.2.2

LPV-IO and OBF representations

Capturing the data-generating system can also be performed by using other representations than the SS form (1.1). Commonly used are the IO filter forms given
by
(A(q)  p)t y̆t = (B(q)  p)t ut ,
(D(q) 

p)t vto

= (C(q) 

yt = y̆t +

p)t eot ,

vto .

(1.5a)
(1.5b)
(1.5c)

where u, eo , y as in (1.1), y̆ is the noise-free output, v o denotes an additive noise,
and the p-dependent operators A(), . . . , D() that describe the model (1.5) are
matrix polynomials in the shift operator q (i. e., qxt = xt+1 ), for example,
(A(q)  p)t =

na
X
(ai  p)t q −i ,

(1.6)

i=0

where ai ∈ R·×· indicates that the coefficient function ai can have any arbitrary
dependence on p and time-shifts of p (e. g., (ai  p) = ai (p, qp, q −1 p, . . .)), and na is
the order of the polynomial.
1 Rational dependency on the scheduling signal can also be included into the LFR, but rational
dependency is outside of the scope of the thesis and the current formulation.
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The system represented in an IO form (1.5) can be equivalently written in an
infinite impulse response (IIR) representation form
yt =

∞
X

(gi  p)t q −i ut +

i=0

∞
X
(hj  p)t q −j eot

(1.7)

j=0

= (A†(q)B(q)  p)t ut + (D†(q)C(q)  p)t eot ,
{z
}
|
{z
}
|
(G(q)p)t

(H(q)p)t

where A† (q) is the left inverse of the polynomial A(q) in a functional sense such
that A† (q)A(q) = Iny , see Lemma 4.3.
A further generalization of (1.7) is to develop the expansion in terms of other
basis than {q −j }. A particular choice of these basis in the LTI case leads to
the so-called orthonormal basis functions (OBF) representations, which have been
extended to the LPV setting (Tóth 2008, 2010). In the LPV-OBF framework, the
following series expansion form is identified
yt =

ng
ne X
X

(wij  p)t φij (q) ut + eot ,

(1.8)

i=0 j=1

|

{z

(W (q)p)t

}

e
where (wij p) ∈ R·×· is similarly formulated as (ai p) and Φnneg = {φij (q)}i=0,...,n
j=1,...,ng
is a Hambo (Takenaka-Malmquist) basis sequence. The pulse bases used in (1.6)
is a special case of these basis, therefore, (1.8) can be seen as a generalization
of (1.5). See Heuberger et al. (2005) for more information on the orthonormal
basis functions. Identification of (1.8) by a model in equivalent form corresponds
to the output error (OE) setting due to the considered noise model in (1.8). More
complex noise models for LPV-OBF identification have not appeared in literature.

1.2.2.3

Complexity of a representation

In the LPV modeling framework, the complexity of a representation is not only
characterized by the state order nx (SS form) or the polynomial orders na , . . . , ng
(IO/OBF forms) but also by the functional complexity of the scheduling dependency. For example, the minimal number of states nx required to describe the
dynamics of the underlying system by an SS representation might vary among
the considered classes of the basis functions ψ [i] , e. g., affine functional class compared to rational functional class. Including estimation of the functional dependencies will, in general, increase the complexity of the associated estimation problem.
Therefore, in the majority of the current LPV identification methods, the dependency class is chosen a-priori and, hence, the state- and polynomial-orders are the
only design variables.

1.2.3

Global identification of LPV-SS models

As discussed in Section 1.1, the state-of-the-art observer and controller designs use
the LPV-SS representation of (1.1) or the LFR (1.4) as model structures and, in
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general, assume static and basis affine dependency on the scheduling signal. The
goal of the identification methods is to either obtain estimates of the unknown
matrices A0 , . . . , Hnψ for (1.1) (assuming ψ [i] () to be a-priori known) or A0 , ..., H0
for (1.4) or to jointly estimate the unknown matrices and the functional dependencies ψ [i] (), based on a data set containing measurements of the input, scheduling,
and output sequences. Next, various identification methods are discussed that fall
in the following categories, see also Figure 1.2 for an overview.
1.2.3.1

Full-state measurements approaches

The first category is for preliminary methods that assume that the state x of the
to be identified state-space model is fully measurable. In Nemani et al. (1995),
a single-input single-output (SISO) LFR structure is identified with one affine
scheduling signal (i. e., ∆(p) = p ∈ R) and additive white noise on the state and
output measurements. In this setting, a recursive least-squares estimate can be
formulated and conditions on the persistency of excitation can be given (Lovera
1997; Lovera et al. 1998).
Recently, as an alternative, the state-equation (1.1a) and output-equation (1.1b)
are estimated in a nonparametric fashion by applying the least-square support vector machine (LS-SVM) framework (Rizvi et al. 2015a,b). In this setting, the assumed model has a feature map with possibly infinite dimension. By formulating
a dual of the resulting optimization problem and representing the inner-product of
the feature maps in terms of a kernel function, the identification boils down to a
finite dimensional LS problem. The functions A, . . . , H are represented in terms
of a series expansion where the basis are automatically generated by the kernel
function based on the available data. The kernel is usually taken as polynomial,
sigmoid kernel, spline, or radial basis functions. Through the choice of kernel,
the function class is specified rather than the a basis sequence to identify the unknown coefficient functions ψi and the model-parameters. In Rizvi et al. (2015b),
an instrumental-variable (IV) approach is introduced to handle the case in the
LS-SVM based estimation when vto and eot in (1.1) are colored noises processes.
The major downside of this category of methods is the requirement to have full
knowledge of the state, which is unrealistic in many practical cases.
1.2.3.2

Observer based grey-box

Observer-based methods assume that a model of the underlying system is available
in which only a few unknown parameters are needed to be estimated. In Angelis
(2001); Gáspár et al. (2005, 2007), a Kalman filtering approach is taken where
the state is augmented with the unknown parameters. The Kalman filter can
handle slow time-variations of the unknown parameters. However, this strategy
of estimating model parameters cannot be employed in case first principles based
knowledge of the dynamic relations of the systems is not available or significant
unknown dynamical phenomena are effecting the system (unknown actor or sensor
dynamics).

1.2 Identification in the LPV framework
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Direct prediction-error minimization methodologies

In the direct prediction-error method (PEM), the model parameters are estimated
by minimizing the squared prediction-error of the model based on the inputscheduling-output data set. The direct PEM for state-space models is known to
be a nonlinear optimization with a non-unique global minimum, even in the LTI
case (Ljung 1999). To solve this optimization two methodologies are known: gradient based (GB) methods (Lee and Poolla 1997, 1999; Verdult et al. 2002b, 2003)
and expectation-maximization (EM) algorithms (Wills and Ninness 2011).
The GB optimization methods apply Newton, Levenberg-Marquardt, or similar
type of search strategies to which regularization, backtracking, or other numerical
acceleration tools can be added. A central problem of GB SS identification with
fully parameterized SS matrices is that infinitely many isomorphic representations
exist with equivalent input-scheduling-output behavior, due to non-uniqueness of
the state-basis. For GB SS identification, the data-driven local coordinate (DDLC)
frame has been introduced to solve this issue (McKelvey et al. 2004; Lee and Poolla
1997; Verdult et al. 2003; Wills and Ninness 2008), where isomorphic SS models
are excluded from the search space to avoid wandering of the optimization among
isomorphic solutions.
Alternatively, in the EM method, commonly used in signal processing, the statesequence is considered as missing data. If the state-sequence is reconstructed by a
Kalman like filtering strategy (expectation step), then the model parameters can
be updated (maximization step). These two steps are repeated until convergence
is achieved. The LTI EM method is more robust to an inaccurate initial estimate
compared to the GB PEM (Wills and Ninness 2008, Table III); however, its convergence rate is much lower near the optimum (Watson and Engle 1983). Due
to the nature of the nonlinear optimization, both EM and GB methods can be
computationally demanding and their convergence depends heavily on a proper
initial seeding. In the LTI setting, subspace techniques are applied to provide an
initial guess, while, due to the immaturity of LPV subspace based identification
(see discussion later), such initialization is unreliable in the LPV case.
1.2.3.4

Set membership approaches

The set-membership (SM) methods characterize measurement errors as a noise
with uniform distribution, where these errors are treated in a deterministic fashion,
opposed to the stochastic setting in PEM. For example, a noise sequence vto can be
modeled in a deterministic fashion as
vto =

n
X

Gi eot−i ,

with

keot kq ≤ µ,

(1.9)

i=0

where Gi ∈ R·×· and k·kq is the `q norm, see Sznaier and Mazzaro (2003) or Bianchi
and Sánchez-Peña (2009); Novara (2011), respectively. Due to this noise characterization and relying on convex outer-approximation of the estimation problem, the
identification of the parameters can be solved by linear matrix inequalities (LMI)
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based convex optimization problem. By just assuming (1.9), only conservative results about the asymptotic properties of the resulting estimate can be obtained
(e. g., see Hjalmarsson and Ljung 1993). In Sznaier and Mazzaro (2003), the plant
is represented by an LFR where only A1 , B2 , C2 , D22 in (1.4) are estimated.
Bianchi and Sánchez-Peña (2009) identifies C(·), D(·) assuming A(·), B(·) known.
In Novara (2011), a specific IO structure is identified that allows a direct SS realization, however, these models have a restrictive modeling capability compared to the
full SS form. To the author’s knowledge, no SM approach is known that identifies
a full LPV-SS structure. In addition, in general, SM approaches have a significantly higher computational load compared to direct PEM as for each data-point
a separate LMI is constructed.
1.2.3.5

Global subspace and realization based techniques

Due to the success of realization theory based LTI-SS model estimation approaches,
also referred to as subspace identification (SID) methods, various extensions have
been developed in the global LPV identification setting, e. g., Verdult and Verhaegen (2002); Lopes dos Santos et al. (2008); van Wingerden and Verhaegen (2009);
Abbas (2010); Tóth et al. (2012a); Larimore (2013) to mention a few. The SID
methods start by identifying a specific IO structure using convex optimization,
wherefrom an SS model is constructed. Conceptually, this construction is performed by either a direct realization method or by an intermediate projection step.
In the latter method, a projection is found to estimate the unknown state-sequence
via matrix decomposition methods and, subsequently, the SS matrices are estimated in a least-squares fashion. Currently, all SID methods suffer heavily from
the curse of dimensionality. Different methods are highlighted in the following
sections starting with purely realization based techniques.
General IO to SS realization
With the cut & shift procedure of Tóth (2010) any arbitrary LPV-IO representation
can be transformed to an LPV-SS form (IO forms are introduced in Section 1.2.4).
However, such an exact realization will, in general, result in functional relations
with rational, dynamic dependence on the scheduling variable or lead to a nonminimal state realization if the static, basis affine dependence should be preserved.
Based on these insights, a set of IO representations with direct SS form have been
formulated avoiding a complex realization procedure at the cost of a restrictive
modeling capability and non-minimal state order (Abbas 2010; Tóth et al. 2012a).
These simplified approaches have been successfully applied in practice to obtain
an LPV model (Kominek et al. 2012; Schulz et al. 2016). Similarly, SID schemes
employ specific IO forms to avoid aforementioned problems and result in a state
minimal SS form (1.1) with static, basis affine dependence on the scheduling signal (1.2).
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Ho-Kalman like realization
The well-known Ho-Kalman realization algorithm has been extended to the LPV
case in Tóth et al. (2012a). The Ho-Kalman method is based on an impulse response representation based model estimate to capture the underlying system. Using the extended Hankel matrix composed of the coefficients of the estimated impulse response, a realization of the LPV-SS representation is found. As a downside,
this extended Hankel matrix, which is based upon the i-step extended observability and j-step extended reachability matrices, grows exponentially in i, j and grows
polynomially in the scheduling dimension nψ . Nevertheless, this method can be
used to link IO estimation to an SS representation, but due to its computational
load such methods have not been widely applied in practice.

PO-MOESP
The LTI past-output multivariable output-error state-space (PO-MOESP) has been
extended to the LPV case in Felici et al. (2007). In this paper, the scheduling
signal is assumed to be a periodic signal to reduce dimensionality problems. The
PO-MOESP method applies realization to obtain A(p) and C(p) and projection to
obtain the other matrix functions of the SS model.

PBSID(opt)
Early results of the predictor based subspace identification (PBSID) method (Verdult and Verhaegen 2002; Verdult 2002; Verdult and Verhaegen 2005) included
approximations that lead to biased estimates in case the input is correlated with
the output additive noise. For the LTI case, in Chiuso (2007b), the bias has been
removed by a slightly different construction of the predictor estimation problem
(“optimally weighted” (opt)). In van Wingerden and Verhaegen (2009), the extension to the LPV case has been made. To decrease the sheer computational load of
estimating the IO model, e. g., see (van Wingerden and Verhaegen 2009, Table 1),
a kernel function based formulation has been introduced (Verdult and Verhaegen
2005; van Wingerden and Verhaegen 2009). The kernel based modification uses
an LS-SVM like framework, where the construction of the full regressor is avoided
and computation is performed on a much smaller dimensional linear kernel. Other
modifications of the IO identification step in the PBSIDopt include nuclear norm
regularization (Gebraad et al. 2011), sparse estimation (Gebraad et al. 2012), and
tensor formulations (Gunes et al. 2017). Nonetheless, the exponential growth is
still evident. In addition, in van Wingerden and Verhaegen (2009) it is pointed out
that periodic or piecewise affine scheduling signals can reduce the computational
complexity.

CVA
The canonical variate analysis (CVA) method is projection based and its extension
to LPV identification can be found in Larimore (2013). The identification technique
considers an IO structure, whose realization leads to a restricted class of affine
representations. However, due to this assumption, the curse of dimensionality is
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reduced. Extensive experimental studies have not been performed to assess the
limitations of this assumption.
Successive approximation identification algorithm
In Lopes dos Santos et al. (2008), an iterative identification algorithm is introduced
for the LPV-SS model estimation problem. The estimation solves the identification
problem by a Picard type of scheme, initialized by an LTI subspace method, where
in each iteration, the state is reconstructed by a Kalman filter, which is based
on the previous model estimate. Hence, the scheme shows some similarities with
the PEM-EM method. As a downside, at the moment, the identification method is
proven only to converge for an input and scheduling sequence that is the realization
of a white noise process.
KCCA
The CVA or the related canonical correlation analysis (CCA) concepts have also
been extended to estimate the state-sequence and matrix coefficient functions
A, . . . , H in a nonparametric fashion (Rizvi et al. 2018). In this so-called kernelized canonical correlation analysis (KCCA), the KCCA projection step recovers
the state-sequence in a nonparametric fashion and, in a subsequent step, the LSSVM framework is employed for a nonparametric estimate of A(), . . . , H(), similar
to the approaches in Section 1.2.3.1. This KCCA method has not been applied in
practice yet to draw conclusions about its properties compared to parametric subspace schemes.
1.2.3.6

Drawbacks of global LPV-SS identification

To summarize, the main drawbacks of the aforementioned LPV-SS black-box identification methods are:
1. Estimating the SS model by directly minimizing the prediction-error based on
data leads to nonlinear optimization problems. Identification schemes solving
these problems can be computationally demanding and their convergence
depends heavily on proper initial seeding.
2. SM approaches employ a different noise model compared to direct PEM,
resulting in a significantly higher computational load and they rely on convex
outer-approximation. Moderate to large scale systems cannot be identified
due to computational limitations of current computer hardware.
3. Schemes that identify an IO model and apply the current results of realization
theory obtain an SS realization will, in general, obtain an SS form with
rational, dynamic dependence on the scheduling variable or the SS form has
a non-minimal state realization to preserve static, basis affine dependency.
More relevant, these schemes have a high computational cost. Alternatively,
special IO representations that have a direct SS form without applying a
realization scheme suffer from restrictive modeling capabilities and, therefore,
these forms cannot capture the full behavior associated with (1.1).
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4. SID methods usually depend on over-restrictive assumptions on the signal behaviors and/or the number of to-be-estimated variables grows exponentially
with the future and past window and grows polynomial in the scheduling
dimension. As a result, the estimation problem is ill-conditioned with high
parameter variance and/or have still a high computational demand. Additionally, SID schemes provide an LPV-SS model estimate which, in general, is
not related to any identification criterion and, therefore, the estimated model
does not have the maximum likelihood (ML) property nor can other statistical
properties of the estimate be proven, such as the Cramér-Rao lower-bound
(minimum variance of the estimates).
5. There is a lack of understanding of how various SID schemes relate to each
other and how stochastic realization is treated in the LPV case (similar to
Van Overschee and De Moor 1996; Chiuso and Picci 2005; Katayama 2005;
Verhaegen and Verdult 2007 for the LTI setting).
Summarizing, how to perform statistically and computationally efficient identification of LPV-SS models applicable to real-world sized problems remains an open
question. There is a lack of understanding on how to systematically derive subspace schemes for LPV model identification, how to analyze these schemes, how to
accomplish experiment design, and how to complete the identification cycle, just
like in the LTI case.

1.2.4

Global identification with IO and OBF models

1.2.4.1

IO prediction-error framework

Identification of the system represented by an IO (1.5) or OBF (1.8) form using
the LPV prediction-error framework has been established (e. g., see Bamieh and
Giarré 2002; Butcher et al. 2008; Tóth 2008; Abbas 2010; Tóth et al. 2012b; Zhao
et al. 2012). In PEM, it is key to formulate the one-step-ahead predictor of (1.7)
or (1.8), given by
ŷt|θ,t−1 = (Wu (q, θ)  p)t ut + (Wy (q, θ)  p)t yt ,

(1.10)

where the sub-predictors are Wu (q, θ) = H † (q, θ)G(q, θ) and Wy (q, θ) = Iny −
H † (q, θ) for (1.5) and for the OBF model structure (1.8) Wu (q, θ) = W (q, θ)
and Wy (q, θ) = 0 (where H(), G(), W () are the parameterized versions of (1.7)
and (1.8)). The details of the construction of the one-step-ahead predictor is given
in Section 5.1 for various model parameterizations and structural choices commonly
used in PEM. In Table 1.1, various IO model parameterizations are summarized.
The most common used minimization criterion is the mean squared predictionerror, similar to the SS case. Under this criterion, the various model structures
result in different LPV-IO identification methods and the available schemes can be
categorized as follows (see also Figure 1.2 for an overview).
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Table 1.1: Various model structures of the one-step-ahead predictor (1.10) based
on different choices in (1.5).
Model
structure
ARX
ARMAX

P∞

MAX

P∞

Wu (q, θ)

Wy (q, θ)

(B(q, θ)p)q −τd

I− (A(q, θ)p)

i
−τd
i=0 (I−C(q, θ)p) (B(q, θ)p)q

I−

P∞

i
−τd
i=0 (I−C(q, θ)p) (B(q, θ)p)q

i=0 (I−C(q, θ)p)

I−

P∞

(B(q, θ)p)q −τd

0

OBF

W (q, θ)

0

BJ

1.2.4.2

P∞

i
−τd
i=0 (I−C(q, θ)p) (B(q, θ)p)q

P∞
i
i=0 (I−C(q, θ)p) (D(q, θ)p)·
P∞
i
−τd
i=0 (I−A(q, θ)p) (B(q, θ)p)q

(A(q, θ)p)

i=0 (I−C(q, θ)p)

FIR

OE

i

i

0
I−

P∞

i=0 (I−C(q, θ)p)

i

(D(q, θ)p)

Parametric linear regression methods

Identification of the LPV-IO model (1.5) will result in a nonlinear optimization in
general. However, specific parameterizations of the matrix polynomials result in
a linear-in-the-parameters identification problem. For example, the LPV-ARX or
FIR model structure leads to the following sub-predictors
(Wu (q, θ)  p)t = (B(q, θ)  p)t q −τd ,

(Wy (q, θ)  p)t = Iny − (A(q, θ)  p)t . (1.11)

where the following linear parameterization in the a-priori known basis functions
nψ
{(ψj  p)}j=1
(ai  p) =

nψ
X
j=1

aij (ψj  p),

(bi  p) =

nψ
X

bij (ψj  p),

(1.12)

j=1

provides a linear regression problem for the minimization of the squared prediction
error in the unknowns aij ∈ Rny ×ny , bij ∈ Rny ×nu with an analytic solution. The
ARX identification problem has been considered in Bamieh and Giarré (2002);
Wei (2006); Giarré et al. (2006). In Butcher et al. (2008), a basic IV method for
LPV models has been developed to handle more general noise conditions. The
latter paper also considers the case when the measurement of p includes noise.
Consistency is only proven for the situation that the basis functions (ψj  p) are
nψ
affine bases in p, i. e., {(ψj  p)}j=0
= {1, p[1] , . . . , p[nψ ] }. Persistency of excitation
and/or identifiability have been treated in Bamieh and Giarré (2002); Wei and Del
Re (2006); Dankers et al. (2011).
For the LPV-OBF model (1.8), to obtain
Pnψ a linear regression problem, the model
should be parameterized as (wij p) = k=1
wijk (ψk p), where the coefficient bases
(ψk p) and dynamic basis functions Φnneg are chosen a-priori and only wijk ∈ Rny ×nu
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remains as unknown parameters. To achieve a low model order, the orthonormal
bases are either chosen on prior knowledge of the underlying system behavior or
from local estimates (Tóth 2008, 2010).
1.2.4.3

Parametric regression methods, general case

Identifying the model (1.5) with a parameterization different from the ARX, FIR,
or MAX model will result in a nonlinear optimization problem 2 . To handle
such an estimation problem, the following methods have been extended from the
LTI setting to the LPV case: the refined instrumental variable approach (Laurain
et al. 2010; Tóth et al. 2012d), pseudo linear regression (Tóth et al. 2012b), and
gradient-based PEM approach (Zhao et al. 2012). These methods result in iterative procedures where the iterations consist of estimating the noise sequence and
updating the model parameters. Comparable to LPV-ARX identification, the set
of basis functions (ψj  p) is assumed to be known a-priori. Laurain et al. (2010);
Zhao et al. (2012); Tóth et al. (2012d) only consider a parameter independent
noise model, i. e., C(),D() are parameter independent, while Tóth et al. (2012b)
includes parameter varying noise model. Although all three methods have a moderate computational load, they are prone to local minima and convergence is not
guaranteed.
1.2.4.4

IO set membership methods

In line with SS identification, identification of LPV-IO models can be accomplished
using SM methods (Cerone et al. 2011, 2013). SM methods both in the IO and SS
cases are comparable and show similar limitations.
1.2.4.5

Nonparametric regression methods

In the parametric case, it is assumed that a set of basis function (ψj  p) in (1.12)
is chosen. In Tóth et al. (2011a); Piga and Tóth (2013); Abbasi et al. (2014),
the identification of the LPV-ARX model (1.12) is performed in a nonparametric
setting, which allows for the joint estimation of the parameters aij , bij and the
basis functions (ψj  p). In fact, the identification problem obtains direct function
estimates of the coefficient functions ai , bj (1.6). Formulating the identification of
such a nonparametric model is accomplished by a kernel based approach that boils
down to a finite dimensional LS problem, similar to the setting in Section 1.2.3.1.
The LS-SVM setting for LPV-ARX model structures has been introduced in Tóth
et al. (2011a). Automatic model order selection is added in Piga and Tóth (2013)
and additive white noise on the scheduling signal is addressed in Abbasi et al.
(2014). The IV LS-SVM approach for general nonlinear models in Laurain et al.
(2015) is worth mentioning. This method obtains a consistent estimate under the
presence of colored noise signals and this concept should be directly applicable for
the LPV case
2 Convexity of the mean squared prediction-error criterion for the MAX model set will be
proven in Section 5.2.3

Iterative LPV IV
Piga et al. (2015)

LPV IV4
Butcher et al. (2008)

Low computational load

Measured state

Figure 1.2: Overview of the literature.
Set membership
Cerone et al. (2011, 2013)

Direct PEM
Zhao et al. (2012)

IV on output and state
Nemani et al. (1995)

Moderate computational load

Low computational load

Pseudo linear regression
Tóth et al. (2012b)

Prone to local optima

Analytic scheduling dependence

Full state measurement
Linear regression

LFR structure
Lovera (1997); Lovera et al.
(1998)

Linear/NL regression

RIV LPV-BJ
Laurain et al. (2010); Tóth
et al. (2012d)

Nonlinear regression methods

Linear regression methods

parametric

IO-methods

Linear regression

LPV-ARX
Bamieh and Giarré (2002);
Wei (2006); Giarré et al.
(2006)

PEM

SS-methods

Observer based

SS-methods

Successive approximation
identification algorithm
Lopes dos Santos et al. (2008)

CVA
Larimore (2013)

PBSIDopt
Verdult and Verhaegen
(2002); Verdult (2002); Verdult and Verhaegen (2005);
van Wingerden and Verhaegen (2009); Gebraad et al.
(2011, 2012); Gunes et al.
(2017)

EM for SS
Wills and Ninness (2011)

Ho-Kalman
Tóth et al. (2012a)

High computational load

Known noise structure

Convex optimization

MOESP
Felici et al. (2007)

Continuous time
Angelis (2001); Gáspár et al.
(2005, 2007)

Known NL model structure

Grey box technique

Estimate parameters as signal

parametric

Subspace identification

nonparametric

High computational load

General scheduling dependence

Convex optimization

SS-methods

KCCA
Rizvi et al. (2018)

Direct PEM - LPV
Verdult et al. (2002b, 2003)

Direct PEM - LFR
Lee and Poolla (1997, 1999)

Moderate computational load

Prone to local optima

NL optimization

Direct PEM

parametric

High computational load

nonparametric

Known noise structure

Moderate computational load

LMI’s based methods

General scheduling dependence

Convex optimization

Set Membership

LFR formulation
Sznaier and Mazzaro (2003);
Bianchi and Sánchez-Peña
(2009)

LPV-ARX
Tóth et al. (2011a); Piga and
Tóth (2013); Abbasi et al.
(2014)

LS-SVM

Canonical forms
Novara (2011)

Nonlinear IV4
Laurain et al. (2015)

18
Chapter 1 Introduction

1.3 Challenges and open problems

1.3

19

Challenges and open problems

The aforementioned literature overview indicates that the identification of LPV
models has been studied intensively in recent years. Especially, the identification
of LPV-IO representations in the PEM framework is mature, including statistical
understanding of the parameter estimates combined with the PEM setting, model
structure selection, and estimation of the scheduling dependency structures. However, to support control synthesis, it is key to have accurate, low complexity models
of the targeted system in SS or LFR form. Estimating LPV-SS models in a computationally efficient way and with minimum variance properties is still an open
problem. In order to be able to solve the SS estimation problem efficiently, the
following aspects need to be addressed:
• How to formulate general noise models in the LPV setting and what are the
representation capabilities of the currently used noise models? So far, only
the well-known LTI noise models have been extended to the LPV setting in
various forms, without any fundamental analysis of the behavior that can be
captured by these models.
• In identification of real-world systems only noisy measurements of the input,
scheduling, and output signals are available. In the LTI case, additive noise on
the input can be equivalently represented by an additive colored noise (based
on a filtered white noise) on the output and identification under a closedloop setting can be efficiently handled in the resulting stochastic framework.
However, in the LPV case, it is unknown if similar concepts can be applied
to model noise on the input and, more importantly, noise at the scheduling
signal level. The latter issue is more involved as 1) noisy observations of p
are nonlinearly filtered by ψ [i] , therefore, higher order moments of the noise
play a role and 2) the noise on p might be correlated with noise on y. The
latter setting can be found for the situations that the scheduling signal p
consists of the measured output signal y. With existing methods, both cases
will most likely result in biased estimates. A uniform framework to handle
noise-corrupted input and scheduling signals in the current LPV identification
schemes is not established. Such a framework would provide guarantees for
industrial application of these methodologies
• Many identification methods are direct extensions of LTI methodologies, such
as the PEM framework and subspace schemes. However, LPV system theory
proved that certain underlying assumptions or formulations could lead to unwanted consequences, incorrect results, or destroy statistical efficiency (Tóth
2010). Rethinking these assumptions might open doors to improved identification methods. For example, state-of-the-art LPV subspace schemes have
a significant computational load and identification of moderate to large scale
systems is nearly impossible on a regular computer. The vital question to
crush the computational problems: how to efficiently recast a particular IO
model to an SS representation within the subspace schemes. To answer this
question, a unified understanding of SIDs in the LPV context is needed.
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• The model order, corresponding to the state dimension nx in the state-space
case, should be estimated from data. In current LPV schemes with known
ψ [i] , the state order is estimated based on an SVD; however, it is unclear how
this state order relates to the deterministic part of the system in a stochastic
setting (due to the limited understanding of SS realization in presence of the
noise) or how to accomplish model order selection in a general sense for more
involved model structures (see next discussion).
• Many methods for LPV identification are proposed in the literature, however,
there is no competitive identification study available that compares different
methods on their computational and statistical efficiency with their applicability to industrial identification problems.
• To make LPV-SS identification more accessible, automatic handling of general
noise scenarios for various model classes should become available to minimize
the efforts of an expert to obtain a model estimate.
• In the current LPV literature, identification and controller design are separated. Similar to the LTI case (e. g., Van den Hof and Schrama 1995), identification for control should be established, where both controller synthesis
and estimating the model is executed in one loop. Combining estimation of
the plant and synthesizing controllers becomes attractive when the LPV-SS
identification framework becomes more mature, e. g., when the above points
have been addressed.
In the following, we leave the concepts of the current state-of-the-art and we
envision the objectives of long-term research in LPV identification. Many of the
open problems are associated to the question of an appropriate SS representation
including noise dynamics to handle various identification scenarios. To start, it
is important to obtain an economically sized formulation of the LPV-SS representation as not every element of A(), . . . , D() depends on the scheduling signal.
Following the SVD concepts of realizing an LFR from an LPV-SS form in (1.4), we
envision the following LPV-SS representation:


(A  p)t
(C  p)t

(B  p)t
(D  p)t

(G  p)t
(H  p)t


=

n
X

Ui (ψi  p)t Vi> ,

(1.13)

i=0

where Ui , Vi ∈ Rnx +ny ×q are unitary matrices and ψi ∈ R q×q the basis functions
with arbitrary scheduling dependency. Equivalence between the static, basis affine
dependency structure (1.1) and the general form (1.13) can be found
by taking the

Ai Bi Gi
equivalent number of basis functions n = nψ , applying the SVD
=
Ci Di Hi
>
Ui Si Vi to find the unitary matrices, and taking the basis functions as ψi  p =
Si ψ [i] (pt ). The extended representation (1.13) includes a general noise form and
this structure preserves the linearity properties from the inputs to the outputs,
where these linear relations can vary based on arbitrary scheduling dependency
structures. To identify the hypothesized structure (1.13), the following aspect,
next to the aforementioned open problems, needs to be addressed:
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• The basis functions ψi must be capable to capture the nonlinear and/or
time-varying effects. In the general case, the optimal choice for the basis
functions ψi and the number of basis function n are unknown and need to
be estimated from data. Hence, the underlying questions are: 1) to which
class the underlying nonlinearity does the system belong (associated to ψi ),
2) how many basis functions n are needed, and 3) which scheduling signals
p are informative to the identification problem and should be selected (basis
selection problem which is indirectly associated to the estimation of ψi ).

1.4

Problem statement

The previous section highlighted that many open questions remain unanswered
to make LPV-SS identification applicable to industrial applications. To this end,
there is a need for statistically and computationally efficient LPV-SS identification
solutions that can be applied without a serious need of expertise and these methods
should be capable of handling general or user specified noise scenarios with various
model assumption automatically, i. e., there is a need for off-the-shelf LPV identification methods. A key role is to reconsider underlying assumptions and principles
for LPV identification and conduct an in-depth examination of realization theory
to find alternative approaches. Based on the literature and open challenges, we can
conclude that one single LPV identification approach cannot fulfil this off-the-shelf
objective, for example, due to associated nonlinear optimization problem or high
computational complexity. Therefore, we formulate our research as the development of a common framework to unify different identification methods to overcome
the weakness of a single procedure:

- Primary research objective Develop a data-driven framework to estimate accurate, low
complexity LPV state-space models of the data-generating
system in a statistically and computationally efficient manner.

In the primary research goal, the ‘framework’ indicates a unified setting to treat
various noise scenarios. We imply with ‘accurate’ that the obtained model is accurate for its utilization perspective and, in this thesis, accuracy is measured as
the prediction-error. The resulting model should be of ‘low complexity’ meaning
that we aim at obtaining the minimal state order nx with low complexity of the
scheduling dependency structure. The methods should be ‘computationally efficient’ with respect to memory usage and computational time, e. g., scaling of the
problem with respect to the signal dimensions and number of samples. The variance on the parameter estimates should be low, i. e., ‘stochastically’ efficient. The
purpose of aiming at both statistically and computationally efficiency is to obtain
a framework capable to identify real-world systems.
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The primary research objective is focused on state-space identification, still the
core problems cannot be tackled without an in-depth understanding of the inputoutput setting and realization theory. Hence, in this thesis, we will cover LPV
identification of both the IO and SS model class combined with IO to SS realization
theory. Various aspects are studied to examine: i) accuracy of the obtained model;
ii) the computational efficiency; iii) model complexity with respect to the number of
parameters and the scheduling dependency structure; iv) representation capabilities
of the noise model; v) stochastic properties of the estimate, e. g., ML or minimum
variance property; and vi) the considered identification setting and its limitations.
Based on the prior observations and in view of the primary research objective,
we consider the following subgoals:
1. Effect of the assumed noise behavior with IO and SS representation based
model structures
(a) Investigate the modeling capabilities of the general noise structure (1.1)
and its connection to the model structures of state-of-the-art schemes.
(b) Explore how noise on the input signal influence the estimation procedure. What should be modified in the current framework to achieve
unbiased estimates?
(c) Investigate how noise on the scheduling signal influences the estimation
procedure.
2. Study how the unknown nonlinear dependency structure of the scheduling
signal {ψ [i] }ni=1 in (1.13) can be estimated from data.
3. Explore how to efficiently attain an SS structure from a particular IO model.
Rethinking realization theory to decrease the immense computational load
and include efficient model order selection. As we will show, this opens alternative ways to significantly decrease the dimensionality problems (Chapter 8
and 9).
4. Based upon the findings of the previous analysis, combine the concepts and
methods to obtain a unifying framework to estimate LPV-SS representation
based models. In particular:
(a) Investigate how to reformulate the IO estimation problem for subspace
identification to decrease the exponential growth in state-of-the-art
schemes.
(b) Analyze how to reach an ML estimate for an LPV-SS model and study
computationally efficient ways to initialize SS PEM.
5. Combine the results in a versatile framework together with the implementation details of these approaches. Verify the framework on practical examples
to examine if we progressed with the main research question.
6. Explore robust stability and performance for given SS representations to expand the toolset to validate obtained models.
The subgoals are discussed in the following sub-sections:
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Subgoal 1: Effect of the noise structures
To obtain a stochastically efficient estimate, it is key to have identification schemes
that are capable to handle various noise scenarios, i. e., different noise models
on the input, scheduling, and output signals. In the current literature, general
modeling capabilities of the LPV representations in the presence of different noise
scenarios are not explored. Hence, the following questions arise: what is a general
noise structure for LPV identification to capture noise on the input, scheduling, and
output signal in both IO and SS representation based models? How do current LPV
noise models connect to this general noise structure? In parallel with the LTI case,
which noise scenarios can be modeled with an output additive noise only? How
should the estimation methods be adjusted to result in an unbiased and consistent
estimate in case both input and scheduling signal are effected by noise?

Subgoal 2: Estimating unknown dependency on the scheduling signal
Obtaining accurate parametric model estimates requires an optimal prior on the set
of basis functions ψ [i] related to the scheduling signal. Incorrect selection leads to
a structural bias in the estimate while over-parameterization results in a variance
increase of the estimate. Due to the large degree of freedom of LPV models, this
bias-variance trade-off plays a more prominent role compared to the LTI case. The
overall mean squared error of the parametric model can be significantly decreased if
the set of optimal basis functions ψ [i] can be determined in a pre-estimation phase
or jointly with the parameters in the model estimation phase. Hence, a prominent
question in LPV identification is how to determine computationally efficiently the
set of basis functions ψ [i] from data. The LS-SVM framework seems promising
in nonparametrically capturing these nonlinearities, however, it currently has two
disadvantages (Tóth et al. 2011a; Piga and Tóth 2013; Abbasi et al. 2014): 1) a
second data set is needed to estimate some unknown parameters associated with
the kernel functions (also known as hyperparameters) by cross-validation and 2) the
methods identify only LPV-ARX models.
Recent developments have shown that LS-SVM can be understood from a
Bayesian and from a reproducing kernel Hilbert space point of view (Pillonetto
et al. 2014). The Bayesian framework allows for estimation of the hyperparameters
with one data set due to the hypothesized stochastic relation between the hyperparameters and the data. The resulting marginal likelihood maximization method
increases performance of the resulting estimated models compared to other hyperparameter tuning methods in the LTI framework. So, can this tuning methodology
be applied for the LPV case as wells?
Current LS-SVM methods only estimate LPV-ARX model structures. As an
advantage, the ARX structure leads to an LS estimate, avoiding the nonlinear
optimization experienced with more involved noise models. In the LTI case, it has
been shown that high-order ARX models can capture BJ type of representations,
however, the estimation blends the process and noise models into one predictor
model. Only little literature can be found on separation of the two models which
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would enable to determine the set ψ [i] for the process and noise model separately.
So, how do we determine the set of basis functions ψ [i] in a general setting?
Subgoal 3: IO to SS realization theory
The bottleneck in state-of-the-art LPV subspace schemes is the exponential growth
of the data-matrices in the future and past window and polynomial growth in
the scheduling dimension, preventing the applicability of the overall identification
scheme to moderate or large scale systems. The bottleneck is twofold, firstly, these
data-matrices are based on the impulse response coefficients and obtaining an estimate of them requires an exponentially increasing parameterization size. Secondly,
in the realization step, the matrix decomposition method is performed on this
rapidly growing data-matrix. Hence, the question rises whether the computational
load can be decreased by re-exploring realization theory to find alternatives to
travel from IO to equivalent SS forms.
Subgoal 4: ML estimation: the three-step approach
In general, the SID schemes will not result in an ML SS estimate, which would
guarantee the smallest mean squared prediction-error. On the other hand, direct
PEM methods for SS models, that result in an ML estimate, are nonlinear optimization techniques sensitive to initialization. Combining these methodologies
lead to the three-step identification approach with: 1) the LPV-IO identification,
2) LPV IO to SS realization, and 3) the LPV-SS ML refinement step. Accordingly,
can the SID methods provide a proper initial estimate for direct PEM to obtain
an SS model estimate with ML property?
To increase the modularity and applicability of this novel three-step identification framework, the reformulated LPV realization theory can be used to reduce
the number of parameters in the resulting IO model of the first step. This MAX
model structure has not received much attention in the literature. This raises the
following question: can an estimate of the MAX model be obtained by convex
optimization, similar to other SIDs?
Subgoal 5: Validation of the three-step paradigm
The proposed modular three-step framework consists of various methods, which
provide off-the-shelf LPV-SS identification schemes. The proposed framework is
assessed on various identification examples to examine our progress with respect
to the primary research objective.
Subgoal 6: Robust stability and performance
A common assumption in identification is asymptotic stability of the underlying
dynamics either in open-loop or in combination with a stabilizing controller. However, literature on verification of robust stability and performance of discrete-time
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LPV-SS representations is immature, as previous control synthesis methodologies
have been mainly derived for continuous-time systems. Exploring the verification
problem is needed for simulation purposes and these concepts could be included
in identification schemes to obtain only stable models. Hence, this investigation
is required for practical verification and analysis of the assumptions of the provided schemes together with increasing applicability of LPV identification tools to
real-world problems.
General remarks
We present new ideas on LPV-SS model identification. By no means, we address
all open questions presented in Section 1.3 and we also leave open ends and many
questions for future research. The intent of our research is to progress with LPV-SS
identification for real-world applications and to obtain off-the-shelf methods.

1.5

Contributions and outline of the thesis

The thesis is divided into 11 chapters, including this introduction and the conclusions in Chapter 11. Figure 1.3 shows an overview of the chapters and their
relation.
In Chapter 2, the mathematical and system theoretical tools are summarized.
The chapter includes definitions of LPV representations, equivalence classes and
transformations, and minimality together with important concepts of stability,
state-observability and reachability.
Building on these concepts, in Chapter 3, we present a novel methodology to
verify robust stability, robust state convergence, and robust performance for LPVSS representations with affine scheduling dependence using parameter-dependent
Lyapunov functions. The chapter is based on the paper Cox et al. (2018b).
In Chapter 4, we introduce the concept of a data-generating LPV system in
an LPV-IO, SS, IIR, and dual-sided expansion form to be able to formulate the
concepts of model structures in Chapter 5. For the state-space representation
based model class, we investigate the connection between the concept of a general
noise model and the innovation noise model, often used in subspace identification
methods, to investigate insight into the representation capabilities of the latter
associated model class. Furthermore, we provide the connection of IO and SS
forms to the IIR and the dual sided expansion representation. The chapter is
based on the papers Cox and Tóth (2016b); Darwish et al. (2017).
In Chapter 5, we review the PEM framework for LPV system identification. For
the framework, the general notions of informativity, identifiability, consistency, and
convergence are summarized. Based on the concept of a data-generating system
of Chapter 4, various IO and SS model sets known from the literature are defined.
We introduce the MAX parameterization and we prove necessary and sufficient
conditions for informativity and identifiability. Moreover, we prove convexity of the
mean squared prediction-error criterion given the MAX model set. Additionally,
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identifiability conditions of the LPV-SS model set are proven. The chapter is based
on the paper Cox and Tóth (2016c).
In Chapter 6, various methods are introduced to solve the prediction-error minimization problem under given noise scenarios and IO model parameterizations.
For parametric IO models, we summarize the linear regression, pseudo-linear regression, and IV schemes with their properties. In addition, we derive a correlation
based estimation method and a Bayesian way of tuning regularization in the MIMO
case. To deal with measurement noise on the scheduling signal, the IV scheme is
extended to include bias correction. Then, we investigate PEM with nonparametric models and show its application to identify the nonlinear dependency structure
together with the unknown coefficients. The chapter is based on the papers Piga
et al. (2015); Cox et al. (2015b); Darwish et al. (2015); Cox and Tóth (2016a); Cox
et al. (2018a); Darwish et al. (2017).
In Chapter 7, the SS model estimation problem based on data is solved using
the GB method or the EM algorithm. In this chapter, the enhanced Gauss-Newton
method is extended to the LPV case. Furthermore, the EM algorithm for LPVSS models is reviewed. For both methods, explicit notion for consistency and
convergence are provided. The chapter is based on the papers Cox and Tóth
(2016a); Cox et al. (2018a).
In Chapter 8, we investigate the IO to SS realization problem enforcing static,
basis affine dependency in the SS form. We start with overviewing specific IO forms
that allow for a direct SS representation. Then we review deterministic realization
theory for LPV-SS forms with static, basis affine dependency on the scheduling
signal. As this realization scheme has an exponential computational complexity, we
introduce a basis reduced reformulation to decrease the computational complexity
to “linear complexity”. Separately, we introduce an LPV-SS model order reduction
scheme, where the projection is found by a computationally efficient modification
of the aforementioned realization scheme. The chapter is based on the papers Cox
et al. (2015b); Cox and Tóth (2016c); Schulz et al. (2017).
In Chapter 9, we move to stochastic realization theory for parameterized LPVSS representations with static, basis affine dependency. We formulate the openloop, closed-loop, and predictor based data-equations for the LPV case and investigate the additional difficulties by moving from the LTI to the LPV setting. We
introduce a uniform formulation to tackle the projection problem from a stochastic and realization point of view, extending many well-known LTI methods to the
LPV setting. As a major conribution of this thesis, the previous results are used to
formulate a unified subspace identification theory for the LPV case. Furthermore,
it is shown that we can decrease the overall parameterization for LPV-SIDs in the
open-loop identification setting using the MAX model formulation. Additionally,
the computational load associated with the matrix decomposition step in projection based SIDs is decreased by incorporating the basis reduced methodology. The
chapter is based on the papers Larimore et al. (2015); Cox and Tóth (2016c).
In Chapter 10, the three-step paradigm is introduced to provide an off-theshelf identification framework for LPV-SS identification. In the remainder of the
chapter, some combinations of this versatile framework are validated by numerical
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simulation studies and by identification of a gasoline engine. The chapter is based
on the paper Cox and Tóth (2016c); Cox et al. (2018a); Schulz et al. (2017).
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Chapter 2

Preliminaries

his chapter introduces a number of LPV system representations together with mathematical and system theoretical tools to form the
fundament for the subsequent chapters. More specifically, we start with
introducing the formal concept of linear parameter-varying systems from
a behavioral perspective in Section 2.1 together with introducing the LPV
input-output, state-space, and impulse response system representations.
Properties of these LPV forms are reviewed in terms of equivalence classes,
dynamic stability, minimality, state-observability, and state-reachability in
Section 2.2.
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Chapter 2 Preliminaries

Technical preliminaries and notation
Let the set of real numbers be denoted by R and let Z denote the set of all integers.
Let N0 denote the set of nonnegative integers, and N the set of positive integers.
XZ is the standard notation for the collection of all maps from Z to X. Let Ivs
denote the integer set {s, s + 1, . . . , v} with s, v ∈ Z and s ≤ v
With k  kq we denote the q-norm. The `q norm for a discrete signal u is defined
1
P∞
q /q
as kuk`q =
. The spectral norm of a real matrix A is defined as
t=0 ku(t)kq
kAk2 = σ1 {A} where σ1 denotes the largest singular value of A.
Let Sn denote the set of all n × n real symmetric matrices in Rn×n where the
superscript n is omitted if the dimension is not relevant for the context. In addition,
the inequalities A  B and A  B with A ∈ Sn and B ∈ Sn mean that A − B is
positive semi-definite and positive definite, respectively.
The SVD and eigenvalue decomposition of a matrix A are constructed such
that the singular values or eigenvalues are ordered such that they have descending
value. In other words, the singular values si of A ∈ Rk×l are ordered as s1 {A} ≥
. . . ≥ sm {A} ≥ 0 with m = min(k, l). If A ∈ Sk then the eigenvalues λi of A are
real and they are ordered as λ1 {A} ≥ . . . ≥ λk {A} otherwise, in case A ∈ Rk×k ,
they are ordered as |λ1 {A}| ≥ . . . ≥ |λk {A}| where |  | denotes the magnitude of
the eigenvalue λi .
We say that a function u : Z → Rnu has compact support if the set on which u
is nonzero is bounded, i. e., its support is a compact set. Left compact support on
a signal implies that there exists a bounded t∗ ∈ Z such that ut = 0 for all t < t∗ .
We denote a probability space as (Ω, FΩ , P) where the event space FΩ is a
σ-algebra, defined over the sample space Ω; and P : FΩ → [0, 1] is a probability
measure defined over the measurable space (Ω, FΩ ). Within this work, we consider
random variables that take values in the Euclidean space Rn , i. e., we consider only
continuous random variables, with an associated Borel measurable space B(Rn )
(Bogachev 2007). More precisely, for the given probability space (Ω, FΩ , P), we
define a random variable x as a measurable function x : Ω → R such that: 1)
the set {ν : x(ν) ≤ x} is an event ∀x ∈ R and 2) P{ν : x(ν) = ∞} = 0 and
P{ν : x(ν) = −∞} = 0. For an event ν ∈ Ω, x = x(ν) is called a realization.
We define the distribution function Fx (x) := P(x ≤ x) with the characteristic
properties: Fx (−∞) = 0; Fx (∞) = 1; Fx (x1 ) ≤ Fx (x2 ) if x1 < x2 ; and P(x1 < x ≤
x2 ) = Fx (x2 )−Fx (x1 ). In this thesis, we only consider continuous random variables
x (x)
with its associated probability density function (pdf) defined as: fx (x) := dFdx
where fx (x) ≥ 0 for all x. The subscript x in fx can be omitted to simplify the
notation.R The expected value E{} of the continuous random variable x is given by
∞
E{x} = −∞ xfx (x)dx and its variance is given by σx2 = E{(x − E{x})2 }. These no
>
tions can be extended to random variable vectors defined by x = x1 . . . xn
consisting of n scalar random variables xi . The expected value of such a multi
>
dimensional x is E{x} = E{x1 } . . . E{xn }
, while its variance is given by
Σ2x := E{(x − E{x})(x − E{x})> }. Similarly, the covariance between two random
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variables x and y is given by Σx,y := E{(x − E{x})(y − E{y})> } and the correlation is denoted by Rxy := E{xy> }. Two random variables x and y are called
uncorrelated if Σx,y = 0.
Furthermore, a stochastic process x is a collection of random variables xt : Ω →
Rn indexed by the set t ∈ Z (discrete-time), given as x = {xt : t ∈ Z}. In the
remainder of this thesis, random variables are indicated with a time-index and
stochastic processes without a time-index. A realization νt ∈ Ω of the stochastic
process defines a signal trajectory x := {xt (νt ) : t ∈ Z}. We call a stochastic process
x stationary if the probability distribution of each xt and the joint probability
distribution of (xt , ..., xt+k ) for ∀k ∈ N0 are independent of the time-instance t.
In addition, a stationary process consisting of uncorrelated random variables with
zero mean and finite variance is called a white noise process.
To handle signals that contain both a deterministic mechanism and a realization
of a stochastic process, the notion of quasi-stationarity is introduced. As such, the
generalized expectation operation, denoted by Ē, is defined by
N
1 X
E{ut }.
(2.1)
Ē {ut } = lim
N →∞ N
t=1
A process u is said to be quasi-stationary if there exists finite c1 , c2 ∈ R such that
i) kE{ut }k2 < c1 for all t, and ii) Tr Ē{ut u>
t−τ } 2 < c2 for all τ (e. g., see Ljung
1999).
Next, we define the set of possible functional relations on the scheduling signal.
Let P be an open subset of Rnp and let Rk denote the set of real-analytic functions
of the form f : Pk → R in k variables. For k̂ > k, any f ∈ Rk is equivalent
with a fˆ ∈ Rk̂ in terms of fˆ(%1 , . . . , %k̂ ) = f (%1 , . . . , %k ) for all %i ∈ P, as fˆ is
not necessary essentially dependent on its arguments. With this equivalence in
mind, Rk ⊆ Rk+1 . This prompts to consider the set R = ∪∞
k=0 Rk \Rk−1 where
R0 = R and R−1 = ∅. Note that this construction is dependent on np . We can
define addition and multiplication in R analogous to that of Tóth et al. (2011b):
if f1 , f2 ∈ R, then fi ∈ Rki \Rki −1 , for some integer ki ≥ 0, i = 1, 2, and by
taking k = max{k1 , k2 }, the equivalence described above implies that there exist
equivalent representations of these functions in Rk . Then f1 + f2 , and f1 · f2 can
be defined as the usual addition and multiplication of the functions in Rk and the
result, in terms of the equivalence, is considered to be a f ∈ R. For a p ∈ P, we
define the following notation: if f ∈ R, then f  p : Z → R is

f,
if f ∈ R0 ,



f (pt ),
if f ∈ R1 \R0 ,
∀t ∈ Z :
(f  p)t =
(2.2)
 f (pt , pt+1 , pt−1 , . . . , pt+τ ), if f ∈ R2τ \R2τ −1 ,


f (pt , pt+1 , pt−1 , . . . , pt−τ ), if f ∈ R2τ +1 \R2τ ,
where τ ∈ N0 . As an illustration of the above defined concepts, consider a scheduling
[2]
dimension np = 2 and a function a(pt , pt+1 ) = pt where [][i] denotes the i-th
element. The function a ∈ R2 , however, a 6∈ R2 \R1 as the function a is equivalent
[2]
with ã(pt ) = pt that is in ã ∈ R1 .
Denote with R[ξ] the collection of all polynomials in the indeterminant ξ with
coefficients in R. In this thesis, the indeterminant will always be the time-shift
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operator q −1 where the time-shift operator defines q −1 xt = xt−1 and we simplify
the notation of the collection of polynomials to R[q]. More
Pτprecisely, the set R[q]
defines the collection of all polynomials given by R(q) = i=0 ri q −i with ri ∈ R
for all i ∈ Iτ0 and a τ > 0. For a p ∈ P and τ > 0, we define the following notation:
if R ∈ R[q], then R(q)  p is
∀t ∈ Z :

(R(q)  p)t =

τ
X
(ri  p)t q −i .

(2.3)

i=0

Furthermore, we extend the operator  to matrices whose entries are functions
from R or polynomials from R[q]. More specifically, denote by R k×l the set of all
k × l matrices whose entries are elements of R. If R ∈ R k×l then let R  p be a
matrix whose (i, j)th element is Ri,j  p : Z → R where Ri,j denotes the (i, j)th
element of R, i ∈ Ik1 , j ∈ Il1 . Similarly, denote by R[q]k×l the set of all k×l matrices
whose entries are elements of R[q]. If R(q) ∈ R[q]k×l , then let R(q)  p define a
matrix whose (i, j)th element is Ri,j (q)  p with Ri,j (q) the (i, j)th element of R(q).
For the full mathematical treatment of R and R[q] see Tóth (2010, Section 3.1.3.2).
−
→
−
→
The forward shift operator [] on T ∈ R ·×· is defined as (T  p)t = (T  p)t+1
−
→
←
−
with T ∈ R and, similarly, the backward shift operator is ( T  p)t = (T  p)t−1
←
−
−
→
←
−
with T ∈ R. Note that in general T =
6 T 6= T due to the construction of R,
see (2.2). This implies that multiplication with q in R[q] is non-commutative,
−
→
←
−
i. e., q(T  p) = (T  p)q and q −1 (T  p) = ( T  p)q −1 . A polynomial matrix
n×n
M ∈ R[q]
is called unimodular, if there exists a M † ∈ R[q]n×n , i. e., a bilateral
inverse in terms of Lemma 4.3, such that M † (q)M (q) = In and M (q)M † (q) = In .
Pnp
Pnp
Pnp
Furthermore, we will express multi-summations i=1
· · · k=1
as i,...,k=1
.

2.1

Linear parameter-varying systems

The linear parameter-varying framework originates from the intention to address
nonlinear and/or time-varying system dynamics by linear modeling and control synthesis tools; exploiting linearity for convex optimization in synthesizing observers
and controllers with performance guarantees. As an example, assume that the dynamics of a chemical process depend nonlinearly on the temperature. By taking
the temperature as the scheduling signal, a linear signal relation between the inputs u and outputs y can be established, while this linear relation varies with the
temperature. In general, this scheduling signal can be any combination of inputs,
measurable process states, outputs, or measurable exogenous variables and, in addition, these signals can be filtered by any arbitrary functional relation. This wide
choice of signals that can be used to vary the dynamical relations creates a versatile
modeling paradigm to represent both non-stationary and nonlinear behavior. As
we have seen in Section 1.1, the LPV modeling concept has been applied to many
practical applications.

2.1 Linear parameter-varying systems

2.1.1

33

The linear parameter-varying system class

In the class of parameter-varying systems, the scheduling signal is considered to
be a measurable signal. However, the future trajectory of the scheduling signal is
assumed to be unknown beforehand. This can be seen as a generalization of the
time-varying system class where the variation is assumed to be a function of a fixed
linear trajectory of time.
Definition 2.1 (Parameter-varying dynamical system) (Tóth 2010) A
discrete-time parameter-varying dynamical system S is defined as a pentadruple
S = (Z, U, P, Y, B),

(2.4)

with Z the discrete-time, U the input space with dimension nu , P the scheduling set
with dimension np , Y the output space with dimensions ny , and B ⊆ (U × P × Y)Z
the behavior of the system S.

In Definition 2.1, the input u ∈ UZ and output y ∈ UZ signals assume their value
in the input U and output Y sets, respectively, and, differently then in Tóth (2010),
we assume that the inputs (free signals, i. e., BU = UZ ) and outputs (dependent
signals) are distinct and partitioned. The behavior B ⊆ (U × P × Y)Z defines the
space of all input, scheduling, and output trajectories that are compatible with the
system, i. e., collection of signals (u, p, y). The scheduling set P is a closed subset
of the vector space on which the scheduling variable varies, i. e., p ∈ PZ . The set of
admissible scheduling trajectories is defined as the projected scheduling behavior:

BP = p ∈ PZ | ∃(u, y) ∈ (U × Y)Z s.t. (u, p, y) ∈ B .
(2.5)
The set BP defines all possible scheduling trajectories of S. The other way around,
for a given trajectory of p ∈ BP , the projected input-output behavior is defined by

(2.6)
Bp = (u, y) ∈ (U × Y)Z | (u, p, y) ∈ B ,
which characterizes all admissible signal trajectories (u, y) ∈ (U × Y)Z compatible
with the given scheduling trajectory p ∈ BP . With the projected scheduling and
input-output behavior defined, we can formally introduce the LPV system class
(see Figure 2.1):
Definition 2.2 (Linear parameter-varying system) (Tóth 2010) The
discrete-time parameter-varying system S is called LPV, if the following conditions are satisfied:
• (U × Y) is a vector-space and Bp is a linear subspace of (U × Y)Z for all
p ∈ BP (linearity from u to y).
• For any (u, p, y) ∈ B and any τ ∈ Z, it holds that (u+τ , p+τ , y+τ ) ∈ B, in
others words q τ B = B (time-invariance).

Hence, an LPV system class has a linear signal relation between the inputs u
and outputs y for any p ∈ BP , however, this linear relation is a function of the
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p
u

LPV

y

Figure 2.1: The LPV system class has a linear signal relation between the inputs
u and outputs y, however, these linear relations are functions of the scheduling
variable p.
scheduling variable p. Definition 2.2 also implies that an LPV system for a ‘frozen’
value of p, i. e., pt = p for all t ∈ Z with p ∈ P, becomes LTI.
In this thesis, we restrict our attention to finite dimensional and real input
and output spaces, i. e., U = Rnu and Y = Rny with nu ∈ N0 and ny ∈ N,
and finite dimensional, real, compact scheduling spaces P, i. e., P ⊂ Rnp with
np ∈ N. In case that the input dimension is zero, i. e., nu = 0, then B is said to be
autonomous. Furthermore, we will assume u, p, y to have left compact support to
avoid technicalities with initial conditions. In Section 2.1.2, various representations
are introduced to mathematically describe the behavior B associated to the LPV
system S.

2.1.2

LPV representations

The LPV system class has been discussed in the previous section, however, its
associated behavior B is defined without specifying any mathematical relations.
In this section, these relations are described using the input-output, state-space,
and impulse response representations. There exist other representations like the
LPV OBF or kernel representations (e. g., see Tóth 2010), however, we will restrict
our focus to only the representations which will form the bases for the model
structures used in the remaining chapters.
LPV-IO representation
As discussed in Chapter 1, a commonly used representation form in LPV identification to formulate model structures is the input-output (IO) form. In our considered
system class, the behavior B of a discrete-time LPV-IO form is defined by the following difference equation
(2.7)

(A(q)  p)t yt = (B(q)  p)t q −τd ut ,

where τd ≥ 0 denotes the input delay and the p-dependent polynomials A ∈
R[q]ny ×ny , B ∈ R[q]ny ×nu in the shift operator are
A(q) = Iny +

na
X
i=1

ai q −i ,

B(q) =

na
X
j=0

bj q −j ,

(2.8)
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with finite polynomial orders na ≥ 0 and nb ≥ 0, respectively, and ai ∈ R ny ×ny and
bj ∈ R ny ×nu are the scheduling dependent matrix coefficient functions. Note that,
the matrix functions (2.8) can have arbitrary scheduling dependency and we will
specify some commonly used classes of functional dependencies in a later section.
Furthermore, representation (2.8) for nu > 1 and ny > 1 describes a multi-input
multi-output (MIMO) systems. The behavior BdIO defines all admissible trajectories
of the signal sequences of the IO representation (2.7). Specifically,

BdIO = (u, p, y) ∈ (U × P × Y)Z | s.t. (2.7) holds for all t ∈ Z .
(2.9)
We call (2.7) a representation (Z, P, U, Y) of a given system S with behavior B
if and only if B = BdIO . IO representations are popular in identification as the
polynomials (2.8) correspond to linear combinations of shifted input and output
samples which are directly available in the collected data sets, which drastically
simplifies the model identification problem as discussed in Chapter 5.
Example 2.1 (LPV-IO representation) An input-output representation with na = 1, nb = 2
is given by
yt + (a1  p)t yt−1 = (b0  p)t ut + (b1  p)t ut−1 + (b2  p)t ut−2 .
(2.10)
For example, assume that the coefficient functions are a1 , . . . , b2 ∈ R ·×· , then the  operator
represents evaluations of real-analytic functions of the form
(a1  p)t = a1 (pt , pt+1 , pt−1 , pt+2 , pt−2 ),

(b0  p)t = b0 (pt , pt+1 , pt−1 ),

(b1  p)t = b1 (pt , pt+1 , pt−1 , pt+2 , pt−2 ),

(b2  p)t = b2 (pt ).

LPV-SS representation
The system S can also be represented by introducing additional internal variables
to express dynamic relations in a simplified form or to introduce signals that are
of particular interest for analysis. These latent variables can also qualify as state
variables defining the dynamic behavior of the system in terms of a first-order difference equation. Such a first-order form simplifies analysis, observer and controller
synthesis and, therefore, it is a favored representation form in the literature of LPV
control. For a LPV system S, a first-order difference equation representation based
on state-variables, i. e., LPV-ß representation, is defined as
xt+1 = (A  p)t xt + (B  p)t ut ,

(2.11a)

yt = (C  p)t xt + (D  p)t ut .

(2.11b)

where x : Z → X = Rnx is the so-called state (latent) variable and A ∈ R nx ×nx ,
B ∈ R nx ×nu , C ∈ R ny ×nx , and D ∈ R ny ×nu are the matrix coefficient functions
associated with the SS representation. The full behavior of (2.11) is defined as

Bdfull = (u, p, x, y) ∈ (U×P×X×Y)Z | s.t. (2.11) holds for all t ∈ Z . (2.12)
Often, we are interested in the associated set of IO trajectories only, or the so-called
manifest behavior of (2.11), expressed as

BdSS = (u, p, y) ∈ (U × P × Y)Z | ∃x ∈ XZ s.t. (u, p, x, y) ∈ Bdfull ,
(2.13)
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and the set of admissible state trajectories, the so-called projected state behavior:

BdX = x ∈ XZ | ∃(u, p, y) ∈ (U × P × Y)Z s.t. (2.11) holds for all t ∈ Z . (2.14)
We call (2.11) a representation of a given system S with behavior B if and
only if B = BdSS . The LPV-SS representation (2.11) is applied as a concept
of data-generating system (see Section 4.3) and to define model structures (see
Section 5.3.1). Note that matrix coefficient functions A(), . . . , D() can have
various forms of dependencies on p expressed by the functional class R among
which the static, basis affine dependency class is trivially included.
Example 2.2 (LPV-SS representation) A state-space representation with coefficient functions A, . . . , D ∈ R ·×· corresponds to
xt+1 = A(pt , pt+1 , pt−1 ) xt + B(pt , pt+1 , pt−1 ) ut ,

(2.15a)

yt = C(pt , pt+1 , pt−1 ) xt + D(pt , pt+1 , pt−1 )ut .

(2.15b)

LPV-IIR representation
The last form of representation introduced is the infinite impulse representation
(IIR), which forms the corner stone of the prediction-error framework discussed in
Chapter 5. The LPV-IIR representation is defined as follows:
yt = (Go (q)  p)t ut ,

(2.16)

where Go ∈ R[q]ny ×nu is in an LPV impulse response form
Go (q) =

∞
X

gio q −i ,

(2.17)

i=0

with gio ∈ R ny ×nu being bounded functions and (2.17) being convergent, meaning
that (gio  p) → 0 for all p ∈ BP as i → ∞. The matrix coefficient functions gio
are often referred to as the Markov coefficients. Any asymptotically stable LPV
system S (see Definition 2.7) in our considered class has a unique, convergent
series-expansion (2.17) (Tóth 2010, Theorem 5.1). The associated behavior of the
IIR (2.16) is

BdIIR = (u, p, y) ∈ (U × P × Y)Z | s.t. (2.17) holds for all t ∈ Z .
(2.18)
An IIR (2.16) is called to be a representation of the system S with behavior B if
and only B = BdIIR .
Example 2.3 (LPV-IIR representation) Assume that the system S is given by the following
SS representation
xt+1 = αxt + α(1 − pt )ut ,

yt = pt xt + pt (1 − pt )ut ,

with 0 < α < 1. The IIR associated with this SS form is
yt =

∞
X

(gio  p)t ut−i ,

with

(gio  p)t = αi pt (1 − pt−i ).

i=0

Transformation of an SS representation into an IIR is discussed in Section 4.4.

2.2 Properties of LPV representations and systems

2.2
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Properties of LPV representations and systems

In the previous section, we have introduced the basic notions of LPV systems and its
representation forms. Next, we apply the behavioral framework to analyze specific
properties of these forms used in this thesis. We start with introducing equivalence classes among IO and SS representations to specify minimality conditions.
In addition, properties of state-observability and state-reachability are introduced
for LPV-SS representations together with the concept of dynamic stability in Section 2.2.1. As we are particularly interested in LPV-SS representations with static,
basis affine dependency on the scheduling signal, we refine the introduced concepts
and properties directly for this subclass in Section 2.2.2.

2.2.1

Properties under arbitrary scheduling dependency

2.2.1.1

Equivalent representations

It is important to understand in which cases representations correspond to equivalent behaviors. These cases will provide useful insights to formulate model structures that can uniquely be identified from data.
Lemma 2.1 (Equivalence relation of LPV-IO representations) Given two
LPV-IO representations (A, B) and (A0 , B 0 ) defined by (2.7) with the same input, scheduling, and output dimensions (nu ,np ,ny ). The representations are called
equivalent if there exists a unimodular matrix M ∈ R[q]ny ×nu such that
A0 (q) = M (q)A(q),

B 0 (q) = M (q)B(q).

Proof: See Tóth (2010, Definition 3.27 and Theorem 3.7).

(2.19)



Lemma 2.1 is built on the concept that left-side multiplication with a unimodular matrix function does not affect the behavior BdIO (Tóth 2010, Theorem 3.7).
For IIRs, the equivalence relation in terms of Lemma 2.1 is given by M (q) = Iny .
This observation can be deducted from Lemma 2.1 by considering that an IIR is
an IO form with na = 0 and nb = ∞. Then, the condition A0 (q) = M (q)A(q)
in (2.19) with A = A0 = Iny leads to the unimodular matrix function M (q) = Iny .
Hence, the matrix functions B 0 (q), B(q) are equal.
Considering SS representations, the equivalence relation becomes more involved.
The latent state variable x is not necessary to define the behavior BdSS , therefore,
similar to the LTI case, its choice is not unique. More specifically, any non-singular
matrix function T ∈ R nx ×nx , i. e., state transformation matrix, defining
x0t = (T  p)t xt ,
results in an equivalent state representation. Hence, equivalence relations between
SS representations can be formulated as:
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Lemma 2.2 (Equivalence relation of LPV-SS representations) Given two
LPV-SS representations defined through the matrix functions (A, B, C, D) and
(A0 , B 0 , C 0 , D0 ) where A ∈ R nx ×nx is with dimension nx , n0x , and nx ≥ n0x , are
called equivalent for a given input, scheduling, and output dimensions nu , np , ny ,
if there exists a non-singular T ∈ R nx ×nx for almost all trajectories of p such that
the following holds
x 0
 0

 0 
ynx
−
→
−
→
A 0
B
T AT −1  p =
 p,
T Bp=
 p, x
ynx −n0x
∗ ∗
∗


CT −1  p = C 0 0  p,
D  p = D0  p.
In such case, the two representations have the same behavior BdSS .



Proof: See Tóth (2010, Definition 3.29).



In the identification context, we would like to identify A, . . . , D; hence, the statetransformation matrix T defines non-uniqueness to express the same behavior BdSS
(represented by the measured data) that result in multiple equivalent solutions of
the associated identification problem. We will return to this non-uniqueness issue
in Chapters 4 and 5.
Similar to the IO case, the subclass of minimal representations can be defined:
Definition 2.3 (Minimal LPV-ß representations) (Tóth 2010, Def. 3.30)
The LPV-SS representation (A, B, C, D) defined in (2.11) is called minimal, if there
exists no equivalent LPV-SS representation (A0 , B 0 , C 0 , D0 ) with nx 0 < nx (in an
almost everywhere sense).

Important is to note here that minimality in terms of Definition 2.3 is not
restricted to a specific class of functional dependencies on the scheduling signal.
For example, if A(), . . . , D() are restricted to static, basis affine dependency on
the scheduling signal, then the minimal state order can be different compared
to the broad class of rational, dynamic dependent functions included in R (see
Example 4.1). The notion of state-minimality can be re-defined by restricting
the allowed functional dependencies on the scheduling signal, i. e., restrict R to a
subset.
2.2.1.2

Observability and reachability

The concept of observability and reachability of LPV representations are key concepts for control theory and for SS identification methods. These properties are
required to formulate the IO to SS realization and subspace schemes in Chapters 8
and 9, respectively. Hence, these fundamental concepts are discussed next.
The notion of observability of an SS representation imposes that the statesequence can be uniquely deduced from the observation of the input, scheduling,
and output variables. Similarly, reachability implies that the any point in the statespace can be reached for a specific input and scheduling trajectory. Observability
and reachability from the behavior point of view are defined as:
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Definition 2.4 (Complete LPV state-observability) (Tóth 2010, Def. 3.31)
The LPV-SS representation (2.11) with (A, B, C, D) and behavior BdSS is complete
state-observable, if for all (u, p, x1 , y), (u, p, x2 , y) ∈ Bdfull it holds that x1 = x2 . 
Definition 2.5 (Complete LPV state-reachability) (Tóth 2010, Def. 3.32)
The LPV-SS representation (2.11) is complete state-reachable, if for any given
two states x1 , x2 ∈ X and any scheduling signal p ∈ BP , there exists an input u, an
output signal y, and a state signal x such that (u, p, x, y) ∈ Bdfull where x satisfies
xt0 = x1 and xt1 = x2 for a t0 , t1 ∈ Z.

Note that Definitions 2.4 and 2.5 define observability and reachability with
respect to all admissible scheduling trajectories.
To test observability and reachability of an SS representation (2.11), we define
the time-varying controllability and observability matrices for the LPV-SS representation (2.11) as (Tóth 2010)
h
hQ
i
i
j−1
(Rj p)t = (Bp)t−1 (Ap)t−1(Bp)t−2 . . .
(Ap)
(Bp)
, (2.20a)
t−i
t−j
i=1
h
hQ
i
i>
i−2
>
>
(Oi p)t = (C>p)t (A>p)t (C>p)t+1 . . .
j=0 (A p)t+j (C p)t+i−1 . (2.20b)
Using these time-varying observability and controllability matrices in (2.20a)
and (2.20b), respectively, the representation (2.11) can be re-written as (for i, j > 0)
"
xt = (Rj 

p)t ūjt

+

j
Y

#
(2.21a)

(A  p)t−i xt−j ,

i=1

(2.21b)

ȳit = (Oi  p)t xt + (Li  p)t ūti ,
with



ut−1


ūjt =  ...  ,
ut−j



ȳit = 

yt
..
.



,



ūti = 

yt+i−1



ut
..
.


,

ut+i−1

(Li  p)t =


Dt
0
0

C
B
D
0
t+1 t
t+1


C
A
B
C
B
D
t+2 t+1 t
t+2 t+1
t+2


..
..
..

.
.

" .
#
"
#
"
#

i−1
i−2
i−3
Q
Q
Q

At+i−j Bt Ct+i−1
At+i−j Bt+1 Ct+i−1
At+i−j Bt+2
Ct+i−1
j=2

j=2

...
...
...
..
.

0
0
0
..
.

. . . Dt+i−1






,





j=2

where At , . . . , Dt is a shorthand notation for (A  p)t , . . . , (D  p)t .
Complete state-observability can be described by applying the concept of reconstructability of the state x based on (2.21b). Clearly, the state can only be
reconstructed in case Oi is injective:
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Lemma 2.3 (Induced complete LPV state-observability) The LPV-SS representation (2.22) is complete state-observable if and only if for any p ∈ BP there
exists a 0 < n < ∞ such that rank(On  p) = nx .

Proof: See Gohberg et al. (1992, Proposition 2.3).



Similarly, induced complete reachability is given as:
Lemma 2.4 (Induced complete LPV state-reachability) The LPV-SS representation (2.22) is complete state-reachable if and only if for any p ∈ BP there
exists a 0 < n < ∞ such that rank(Rn  p) = nx .

Proof: See Gohberg et al. (1992, Proposition 2.7).



The state-observability and state-controllability conditions in Lemmas 2.3 and 2.4,
respectively, can be strict as the notion should hold for every trajectory p ∈ BP .
The notion can be relaxed, by only requiring that On and Rn to be full rank in
the functional sense, called structural state-observability and state-reachability.
Lemma 2.5 (Structural state-observability and state-reachability) The
LPV-SS representation (2.11) with state dimension nx is called structurally stateobservable if its nx -step observability matrix Onx has at least nx linearly independent rows in the functional sense, i. e., rank(Onx ) = nx . Similarly, LPV-SS representation is called structurally state-reachable if its nx -step reachability matrix
Rnx has at least nx linearly independent columns, i. e., rank(Rnx ) = nx .

Proof: See Tóth (2010, Corollary 3.1).



Lemma 2.5 implies full rank in the functional sense, i. e., it does not guarantee
that Onx or Rnx is full rank for every admissible trajectory p ∈ BP . Even if the
rank conditions are violated for some trajectories, state-observability and reachability holds for certain scheduling trajectories due to the linear independence of
the columns or rows. Hence, complete state-observability and state-reachability are
much stronger properties compared to its structural counterparts, see Example 2.4.
2.2.1.3

Minimality of state-space representations

In the LPV case, the concept of (induced) minimality of an SS representation can
be obtained by requiring that the representation is structurally observable and it is
state-trim 1 , see Tóth (2010, Thm. 3.14), which differs from the LTI setting that
also requires state-reachability. However, from a system identification perspective,
we are interested in representations that are both observable and reachable. Unobservable modes cannot be reconstructed from the observed behavior BdSS and
cannot be estimated. Similarly, unreachable modes in the system appear as autonomous dynamics. If these unreachable modes are asymptotically stable, then
they asymptotically converge to zero. Hence, we are interested in joint minimality:
1 For

all x ∈ X there exists a (u, p, x, y) ∈ Bd
full such that x0 = x.
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Definition 2.6 (Joint minimality) (Tóth 2010, Def. 3.41) If an LPV-SS realization (2.11) is structurally state-observable and structurally state-reachable, then
the representation is called jointly minimal.

Definition 2.6 is essential for our identification setting, see Tóth (2010, Section
3.3.1.5) for more details on minimality conditions.
2.2.1.4

Global asymptotic stability

The last property that will be considered is global asymptotic stability. It is a
natural stability concept for LPV dynamic systems, as it implies that small changes
in the input produce small effects on the output for any scheduling trajectory. From
the behavioral viewpoint the notion is:
Definition 2.7 (Global asymptotic input-output stability) An LPV system
S in terms of Definition 2.2 is called globally asymptotically input-output stable, if
for all trajectories of (u, p, y) ∈ B with ut ≡ 0 for t ≥ 0, it holds that lim yt= 0. 
t→∞

The concept of asymptotic stability in Definition 2.7 can be applied to all representations. In case the system is asymptotically stable, then the signal relations are
bounded input bounded output stable in any `q norm (Tóth 2010, Proof of Theorem 5.1). Finding computationally, tractable tests to verify stability for parametervarying (uncertain) IO representations with necessary and sufficient conditions under general scheduling dependencies remains an open question. Within the LPV
framework, recently some results have appeared where sufficient, conservative conditions for stability has been formulated employing Finsler’s Lemma (Ali et al.
2010; Gilbert et al. 2010; Wollnack et al. 2013; Wollnack 2017). In these papers,
affine dependency on the scheduling signal is assumed to be able to formulate a
finite set of linear matrix inequalities (LMIs) to verify quadratic stability.
Similarly, by applying Lyapunov’s method for stability analysis, stability of
systems represented via an LPV-SS representation can be analyzed. Unfortunately, tractable tests for certifying asymptotic stability under general conditions
remains an open question (Tóth 2010, Section 3.3.2.1), however, stability under
static, rational dependency of A, . . . , D on p via quadratic parameter-independent
or parameter-varying Lyapunov functions can be formulated, see discussion in Section 3.1. However, in the DT case considered in this thesis, the available results
are overly conservative, hence, we derive tractable sufficiency conditions to certify quadratic stability, state convergence, and quadratic performance for LPV-SS
representations with static, basis affine dependence on the scheduling signal in
Chapter 3.

2.2.2

Properties under static, basis affine dependency

In this thesis, we have a particular interest in the class of LPV-SS representations
with affine dependency w.r.t. scalar, static basis functions on the scheduling signal,
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i. e., static, basis affine dependency. This specific dependency structure is often considered in LPV control theory. The class of discrete-time LPV-SS representations
with static, basis affine dependency on the scheduling signal is
xt+1 = A(pt )xt + B(pt ) ut ,

(2.22a)

yt = C(pt ) xt + D(pt )ut .

(2.22b)

where the matrix functions A(·), . . . , D(·) are defined as:
nψ
nψ
X
X
A(pt ) = A0 +
Ai ψ [i] (pt ), B(pt ) = B0 +
Bi ψ [i] (pt ),
i=1

i=1

nψ
nψ
X
X
[i]
C(pt ) = C0 +
Ci ψ (pt ), D(pt ) = D0 +
Di ψ [i] (pt ),
i=1

(2.23)

i=1
n

ψ
where ψ [i] : P → R are bounded scalar functions on P and {Ai , Bi , Ci , Di }i=0
are constant matrices with appropriate dimensions. Additionally, it is assumed
nψ
that {ψ [i] }i=1
are linearly independent over an appropriate function space and are
normalized w.r.t. an appropriate norm or inner product, see Chapter 5 for an indepth discussion. Due to the freedom to consider arbitrary functions ψ [i] , (2.23)
can capture a wide class of static nonlinearities and time-varying behavior.

2.2.2.1

Equivalent representations

The notion of equivalence of Lemma 2.2 has a compelling form in case the dependency structure is restricted to the static, basis affine class:
Lemma 2.6 (Isomorphic LPV-SS representations) Given two minimal LPVSS forms (2.22) represented by (A, B, C, D) and (A0 , B 0 , C 0 , D0 ) with static, basis
affine matrix functions (2.23) and the same linearly independent basis functions
nψ
{ψ [i] }i=0
with ψ [0] = 1 over P. The two representations S and S 0 with equivalent
state dimensions nx = n0x are isomorphic, implying that they are equivalent in
terms of Lemma 2.2, if and only if there exists a non-singular matrix T ∈ Rnx ×nx ,
such that
A0i T = T Ai ,
Bi0 = T Bi ,
Ci0 T = Ci ,
Di0 = Di ,
n

for all i ∈ I0 ψ .



Proof: See Petreczky et al. (2017).



Interestingly, the set of isomorphisms for minimal SS representations with static,
basis affine dependency is fully governed by a parameter independent transformation matrix T . For non-minimal LPV-SS representations of the same static, basis
affine dependency class, the state transformation matrix T might also be parameter
varying, see Kulcsár and Tóth (2011). Furthermore, in case there is no restriction of
the dependency structure, the equivalence class can be p-dependent with T ∈ R ·×· ,
see Lemma 2.2.
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Observability and reachability

Restricting the focus to affine functional dependencies (2.23), the controllability (2.20a) and observability (2.20b) matrices read as
(Rj  p)t = Rj Mt,j ,

(2.24)

(Oi  p)t = Nt,i Oi ,

where
Kt|j = ψ̃t ⊗ . . . ⊗ ψ̃t−j ⊗ Inu ,


Mt,j = diag Kt−1|0 , . . . , Kt−1|j−1 ,

>
Lt|i = ψ̃t> ⊗ . . . ⊗ ψ̃t+i
⊗ I ny ,

Nt,i = diag Lt|0 , . . . , Lt|i−1 ,

(2.25)


>
and ψ̃t is a shorthand notation for ψ̃(pt ) = 1 ψ > (pt )
. The controllability
and observability matrices in (2.24) decouple into a parameter-varying part Mt,j ,
Nt,i , and a parameter-independent part Rj , Oi . This allows to consider structural
reachability and observability via the so-called extended controllability matrix Rj
and extended observability matrix Oi in (2.24) (Verdult 2002; Abbas 2010; Tóth
et al. 2012a):




M1 = B0 · · · Bnψ ,
Mj = A0 Mj−1 · · · Anψ Mj−1 ,
then the j-step extended reachability matrix is given as


Rj = M1 · · · Mj ,
where Rj ∈ Rnx ×(nu
N1 =



C0>

···

Pj

l
l=1 (1+nψ )

Cn>ψ

>
,

(2.26)

) . Analogously, define
Ni =



(Ni−1 A0 )> · · ·

then the i-step extended observability matrix is given as

>
Oi = N1> · · · Ni>
,

(Ni−1 Anψ )>

>
,

(2.27)

(2.28)

l
i
where Oi ∈ R(ny l=1 (1+nψ ) )×nx . Under the restriction of basis affine dependency,
the following lemma holds:

P

Lemma 2.7 (Structural state-observability and state-reachability)
The LPV-SS representation (2.22) with state dimension nx and static, basis
affine scheduling dependency (2.23) is structurally state-observable if and only
if rank(Onx ) = nx . Similarly, the SS representation (2.22) is structurally statereachable if and only if rank(Rnx ) = nx .

Proof: See Petreczky et al. (2017, Theorem 2).



Contrary to the LTI case, full-rankness of Onx or Rnx only implies stateobservability or state-reachability in a structural sense. Hence, there might exist
trajectories of the scheduling signal such that the parameter dependent observability Oi and reachability Ri matrices lose rank and induced complete stateobservability or reachability cannot be obtained in terms of Lemma 2.4. Therefore, to obtain induced complete state-observability or reachability, the trajectories
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which lead to a rank deficient matrix should be avoided, see Example 2.4. On the
other hand, induced complete state-observability or reachability implies structural
observability and reachability. Lemma 2.7 and (2.24) are key for the realization
and subspace methodologies in Chapter 9, as the structural notion for static, basis
affine dependency structures depends on the parameter independent part only.
Example 2.4 (Complete and structural state-reachability) Let us assume that the LPVSS representation (2.22) has the following matrices:








0 1
0
0
1
0
,
A1 =
,
B0 =
,
B1 =
.
(2.29)
A0 =
1 0
−1 0
0
0
The associated reachability R2 and extended reachability R2 matrices are



1
0
1 0 0 0
(R2  p)t =
,
R2 =
[1]
0 0 1 0
0 1 − ψ (pt−1 )

0
−1

0
0


.

Clearly, the representation given by (2.29) is structurally state-reachable in terms of Lemma 2.7
as the rank of R2 equals the state dimension, i. e., rank(R2 ) = 2. Contrarily, complete statereachability in terms of Lemma 2.4 only holds if pt−1 leading to ψ [1] (pt−1 ) = 1 is excluded from
BP , as ψ [1] (p) = 1 will lead to rank(R2  p) = 1. Increasing j ≥ 2 for the reachability matrix Rj
leads to multiplications of the expression 1 − ψ [1] (p) with different time-shifts. If the trajectory
of p leaves this point at a certain time, reachability can be regained.

2.3

Summary

This chapter introduced a number of different LPV representations together with
mathematical and system theoretical tools. In Section 2.1, we have introduced the
general concept of linear parameter-varying systems from the behavioral point of
view. To describe such behaviors by mathematical relations, we have introduced
IO, SS, and IIR representations. These representations will be used throughout
the thesis.
In Section 2.2, properties of IO, SS, and IIR representations are derived in terms
of equivalence classes, dynamic stability, minimality, state-observability, and statereachability. As we are particularly interested in SS representations with static,
basis affine dependence on the scheduling signal, we provided the aforementioned
notions specifically for the static, basis affine class. In Chapter 3, we derive sufficiency conditions to certify quadratic stability, state convergence, and quadratic
performance for LPV-SS representations with static, basis affine dependence via
LMIs. The equivalence class of minimal SS representations with static, basis affine
dependency turns out to be fully represented by a scheduling independent state
transformation matrix. This important property is exploited in formulating gradient based PEM in Section 7.2 to remove wandering of the solver between parameterizations with equivalent input-scheduling-output behaviors. Furthermore,
structural state-observability and state-reachability for static, basis affine SS representations can be assessed by scheduling independent matrices, which forms the
bases of the realization and projection based subspace schemes in Chapters 8 and 9.

Chapter 3

Quadratic stability of linear
parameter-varying systems

his chapter deals with the certification problem for robust quadratic
stability, robust state convergence, and robust quadratic performance
of LPV state-space representations that exhibit bounded rates of variation
on their parameters. The notion of robustness corresponds to validity of
these properties for any admissible trajectory of the scheduling signal. The
considered verification setting is described in Section 3.2. In Section 3.3,
affine quadratic stability (AQS) is proven based on quadratic Lyapunov
functions that are affinely parameterized in the scheduling variable. Section 3.4 introduces the partial-convexity relaxation of the AQS certification
problem to result in a finite set of LMI constraints that can be tested for feasibility. The resulting verification test is extended to verify affine quadratic
performance (AQP) in Section 3.5. In Section 3.6, an illustrative example
is given to show that the method proposed in this chapter is less conservative compared to existing methods. The proposed LMI verification tool
can be applied in identification schemes to enforce asymptotic stability of
the estimated model or within observer/controller synthesis to obtain less
conservative results, however, this remains an objective for future research

T
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Introduction

The certification of stability and input-to-output gain performance of an LPVSS representation is of paramount interest (Shamma 1988; Mohammadpour and
Scherer 2012; Briat 2015). For example, in case prior information about the stability of the to-be-identified system is available, the stability as a constraint can be
included in model estimation to restrict the considered model set to stable models
only. In the LPV setting, only sufficient conditions for computational tractable
tests can be formulated to verify stability or gain performance, which usually leads
to a trade-off between computational burden and conservatism of the solution. In
addition, current LPV stability and performance literature are mainly focused on
the continuous-time (CT) case, where the discrete-time (DT) models are primarily
used in system identification. The DT verification setting is fundamentally different from the CT case. Hence, in this chapter, we will present a contribution to
the certification of robust quadratic stability, robust state convergence, and robust
quadratic performance based on a finite set of LMIs focused on the discrete-time
case. The presented analysis is also applicable to the continuous-time setting with
slight modifications (Gahinet et al. 1996; Cox et al. 2018b), where application to
both settings is not always guaranteed for other existing approaches. There has
been extensive research in this area, where the parameter variations imposed by
nψ
the basis functions {ψ [i] ()}i=1
are assumed to be either time-invariant in a contained set or time-varying signals with possible constraints on their values, rates
of variations, bandwidths, or spectral contents. For the time-invariant parametric
dependence and arbitrary fast time-variations a rich literature exists, e. g., see Zhou
et al. (1996); Ebihara et al. (2015); Briat (2015).
In a wide range of applications, systems exhibit bounded parameter variations
and bounded rates of variation. For these systems, assumptions on arbitrary fast
parameter rates are unrealistic and conservative. Formulation of stability conditions taking the bounded rate of variation into account can be accomplished, e. g.,
via integral-quadratic-constraints (IQCs) Megretski and Rantzer (1997); Helmersson (1999); Powers and Reznick (2001); Molchanov and Liu (2002); Köroğlu and
Scherer (2007) based on an equivalent linear fractional representation (LFR) of the
LPV system, Lyapunov theory based on SS representations or LFR forms Gahinet
et al. (1996); Chilali et al. (1999); Mahmoud (2002); de Oliveira et al. (1999b);
Blanchini and Miani (1999); Daafouz and Bernussou (2001); de Souza et al. (2006);
Amato et al. (2005), the quadratic separator theorem for LFRs Iwasaki and Shibata
(2001); Peaucelle et al. (2007); Wei and Lee (2008), or Finsler’s Lemma de Oliveira
and Skelton (2001). However, these stability and performance formulations result in an infinite set of LMIs. To obtain tractable methodologies, the following
relaxation techniques can be applied: 1) vertex separation or convex-hull relaxation together with the S-procedure based D/G scaling and full-block multipliers
methods (Megretski and Rantzer 1997; Helmersson 1999; Molchanov and Liu 2002;
Köroğlu and Scherer 2007; Iwasaki and Shibata 2001; Peaucelle et al. 2007; Wei and
Lee 2008); 2) partial-convexity argument (Gahinet et al. 1996; Chilali et al. 1999;
Mahmoud 2002); 3) sum of squares relaxation (Scherer 2006; Wei and Lee 2008);
4) Pólya relaxation (de Oliveira et al. 1999b; Blanchini and Miani 1999; Daafouz
and Bernussou 2001; Powers and Reznick 2001); 5) slack variable methods (applied
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in discrete-time) (de Oliveira et al. 1999b; Daafouz and Bernussou 2001; de Souza
et al. 2006); and 6) partitioning of the uncertainty space (Shamma 1988; Amato
et al. 2005). The aforementioned overview is by far from complete due to the vast
amount of literature. In the CT case, for a summary of most of these concepts
within the IQC framework see Veenman et al. (2016) while for Lyapunov methods
and quadratic separators see Briat (2015).
Various approaches presented in the literature for the quadratic stability, state
convergence, and quadratic performance certification problem are either conservative or a high computational demand due to the large amount of free parameters
or the number of associated LMIs. Furthermore, in general, the CT and the DT
cases are fundamentally different. In the DT case, the robust stability analysis requires a significantly different form for the relaxation techniques that lead to more
involved synthesis and verification results. By neglecting this difference, the DT
case remained mainly unexplored under the claims that it trivially follows from
the CT results. We will demonstrate that this is not the case. Hence, the goal of
this chapter is to provide a method for certification of robust quadratic stability,
robust state convergence, and robust quadratic performance for DT LPV systems
that exhibit bounded rates of variations. The certification problem is tackled using
parameter-dependent Lyapunov functions. To avoid a large amount of free parameters, decrease the number of LMIs, and to have less conservative results, we apply
the partial-convexity relaxation argument inspired by the results in Gahinet et al.
(1996); Chilali et al. (1999); Mahmoud (2002).
In terms of novelty, to the author’s knowledge, the only contribution using the
partial-convexity argument is Mahmoud (2002) for the DT case. However, Mahmoud (2002, Theorem 1) avoids to tackle the real issue of cubic dependencies on the
scheduling variable in the analysis equations by masking them as additional independent parameters, significantly increasing the conservatism and the complexity
of the resulting test in terms of the number of associated LMIs. In this chapter,
we extend the partial-convexity argument to handle the third-order terms of the
Lyapunov function without introducing additional parameters and, therefore, we
provide less conservative LPV stability, state convergence, and performance tests.
In addition, an illustrative example is provided comparing the proposed partialconvexity results with a slack variables based method.

3.2

Stability analysis and performance setting

We present an LMI based approach for verifying asymptotic stability, state convergence, and quadratic performance of the following LPV-SS representation:
xt+1 = A(pt )xt + B(pt ) ut ,

(3.1a)

yt = C(pt ) xt + D(pt )ut ,

(3.1b)

where the parameter varying matrix functions A(), . . . , D() have static, basis affine
dependency as in (2.23). Global asymptotic input-output stability in terms of
Definition 2.7 is satisfied for an LPV system defined by the SS representation (3.1)
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with the considered dependency structure, involving bounded basis ψ [i] over P, if
for all trajectories of (u, p, x, y) ∈ Bdfull with ut ≡ 0 for t ≥ 0 and p ∈ BP , it holds that
lim xt = 0. Then lim xt = 0 implies lim yt = 0, because y is defined by a bounded

t→∞

t→∞

t→∞

linear mapping of x (under the assumption that ut ≡ 0 and p ∈ BP for t ≥ 0).
Hence, asymptotic state stability of (3.1) is equivalent with the stability of the
origin as a fixed point for the autonomous part of (3.1), i. e.,
xt+1 = A(pt )xt ,
| {z }

xt0 = x0 ,

(3.2)

f (xt ,pt )

where x0 ∈ X denotes the initial state and we take in this chapter t0 = 0. For our
analysis, we assume that the scheduling variable and its rate are bounded:
A3.1 The i-th basis function is equal to the i-th element of the scheduling vari[i]
able, i. e., ψ [i] (pt ) = pt with nψ = np .
A3.2 The scheduling signal pt and its rate of variation δpt = pt+1 −pt ∈ V ⊂ Rnp
range for all t ∈ Z in the bounded set P × V, i. e., (pt , δpt ) ∈ P × V. These
sets are assumed to be hyper-rectangles with 2np vertices:

>
w1 · · · wnp
(3.3a)
P=
: wi ∈ {pi , pi } ,

>
v1 · · · vnp
V =
(3.3b)
: vi ∈ {ν i , ν i } ,
corresponding to P = co(P) and V = co(V ), which are the convex hulls of
P and V , respectively, where pi , pi , ν i , ν i ∈ R with pi ≤ pi , ν i ≤ ν i .
In addition, let pc denote the center of P:
h
pc = p1 +p1 . . .
2

3.3

p

np

+pnp
2

i>

.

(3.4)

Affine quadratic stability

Asymptotic stability of (3.2) to the origin under Assumption A3.2 is verified by
using a parameter-dependent Lyapunov function.
Definition 3.1 (Parameter-dependent Lyapunov function) The function
V : X × P → R is a parameter-dependent Lyapunov function for (3.1) if:
(i) V(x, p) > 0 for all x 6= 0 and ∀p ∈ P;
(ii) V(x, p) = 0 for x = 0 and ∀p ∈ P; and
(iii) ∆V(x, p, r) < 0 for each x 6= 0 and ∀(p, r) ∈ P × V, where
∆V(x, p, r) := V(f (x, p), p + r) − V(x, p),
with f () defined in (3.2).

(3.5)
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In Definition 3.1, the Lyapunov function is not depending on time. Therefore,
the state x signal, scheduling p signal, and the rate of variation δp are replaced by
the vectors x, p, and r that take values within their corresponding sets X, P, and
V, respectively.
Theorem 3.1 (Global asymptotic stability) If a parameter-dependent Lyapunov function V exists for (3.1), then the origin of X and Y for (3.1) are asymptotically stable fixed points under any p : Z → P, δp : Z → V satisfying Assumptions A3.1-A3.2 and ut ≡ 0 for t ≥ 0.

Proof: Global asymptotic stability of x is proven, for example, in Rawlings and
Mayne (2015, Theorem B.23). Then, due to linearity between x and y in (3.1b),
global asymptotic stability of y follows.

In the LPV case, obtaining computationally tractable solutions (e. g., like the
Schur condition in the LTI case) to guarantee asymptotic stability for all possible
variations of A() is still an open question. Hence, only sufficient conditions for
stability can be formulated by testing the existence of a Lyapunov function under a
specific parameterization. To decrease conservatism of the methodology, an option
is to increase the parameterization complexity or assumed functional dependency
of the Lyapunov function. On the other hand, increasing such complexity will
lead to an increased computational complexity. For the discrete-time case, obtaining tractable results with the following parameter-dependent form of a Lyapunov
function is already a challenge:
V(x, p) = x> S(p)x,

(3.6)

where the function S : P 7→ Snx is affine in the scheduling signal, i. e.,
S(p) = S0 +

np
X

Si p[i] ,

(3.7)

i=1

with unknown matrices S0 , . . . , Snp ∈ Snx to be found.
Verifying stability by testing the existence of a parameter-dependent Lyapunov
function of the form (3.6)-(3.7), leads to the notion of affinely quadratic stability:
Definition 3.2 (Affine quadratic stability) The LPV system corresponding
to (3.1) is called affinely quadratically state stable (AQS), if it admits a parameterdependent Lyapunov function of the form (3.6)-(3.7).

Let us provide sufficient conditions for AQS:
Theorem 3.2 (Sufficiency for AQS) The LPV system corresponding to (3.1)
is AQS if there exist np + 1 matrices S0 , . . . , Snp ∈ Snx such that
S(p) = S0 +

np
X
i=1

Si p[i]  0,

(3.8)
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for all p ∈ P and, in addition, it holds that


Ld (p, r)= A>(p) S(p)+S(r)−S0 A(p) −S(p) ≺ 0,

(3.9)

for all (p, r) ∈ P × V.



Proof: See Appendix A.1.



Note that, the Lyapunov function (3.6)-(3.7) under condition (3.8), satisfies (i)
and (ii) in Definition 3.1 directly. In addition, the dissipativity condition (iii) of
Definition 3.1 is satisfied as the Lyapunov function (3.6)-(3.7) under representation (3.2) is equivalent to condition (3.9). Hence, a Lyapunov function for representation (3.1) can be constructed, in case (3.8) and (3.9) are satisfied, guaranteeing
AQS. Providing the basic intuition behind Theorem 3.2.
Theorem 3.2 results in an infinite set of matrix inequalities, where the partialconvexity argument is applied as a relaxation technique to obtain a finite set of
LMIs, see Section 3.4.

3.4

Sufficiency for AQS with guaranteed
convergence

To obtain a tractable solution for the certification problem by a finite number of
LMIs, in this thesis, the partial-convexity argument concept is applied to (3.9).
Within the IQC framework, it has been shown that the partial-convexity argument
for representations with affine dependency leads to less conservative formulation
then, e. g., convex-hull relaxation (Veenman et al. 2016, p. 9). Turning our focus
to Lyapunov methods, gridding of P × V and testing (3.9) on it results in a finite
set of LMIs and the grid size leads to a trade-off between a conservative solution
and an increased computational burden (Wei and Lee 2008). As an alternative,
the slack variable method has been introduced (de Oliveira et al. 1999b; Daafouz
and Bernussou 2001; de Souza et al. 2006) to simplify the stability analysis. The
slack variable method applied to the Lyapunov function (3.6) with parameterization (3.7) corresponds to outer-bounding the conditions by introducing additional
independent variables. This slack variable method can be more conservative as the
methodology presented next, see the simulation study in Section 3.6. However,
we cannot provide a generic statement on conservativeness of various relaxation
methods as their properties in this matter seem to be largely case dependent.
In this thesis, we apply the partial-convexity argument to avoid the introduction
of a large amount of free parameters, decrease the number of LMIs, and achieve
minimum conservativeness. The most important contribution of this chapter is to
develop the partial-convexity argument for Theorem 3.2. To start, let us define a
partially convex function:
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Definition 3.3 (Partially convex function) A twice differentiable function L :
P → S is partially convex if P is convex and
∂ 2 L(p)
2  0,
∂ p[i]

n

for all (i, p) ∈ I1 p × P,

where p[i] is the i-th element in p.

(3.10)


Note that the semi-definiteness of the Hessian (3.10) is along each direction p[i]
of the scheduling space. This is less demanding than convexity with respect to p,
which would require the Hessian of L() to be positive semi-definite on P. With the
convexity argument, the maximum of a function L() on a domain P can be found:
Lemma 3.1 (Maximum of L at the vertices) Consider the cubic function
L : P 7→ S defined by
np
np
np
X
X
X
[i] [j]
[i]
Qi,j,k p[i] p[j] p[k] ,
Qi,j p p +
Qi p +
L(p) = Q0 +
i=1

i,j=1

i,j,k=1
n

n

with matrices Qi , Qj,k , Qj,k,l ∈ S for i ∈ I0 p , j, k, l ∈ I1 p . L() is partially convex
on P if and only if
np
X
1 ∂ 2 L(w)
(Qj,i,i +Qi,j,i +Qi,i,j )w[j]  0,
=
Q
+
i,i
2 ∂(w[i] )2
j=1

(3.11)

n

for all (i, w) ∈ I1 p × P. Moreover, in that case, the function L() achieves its
maximum at P, as defined in (3.3a).

Proof: See Appendix A.1.



As mentioned before, conditions for AQS result in an infinite set of LMIs,
see Theorem 3.2. The function Ld (p, r) in (3.9) should be negative definite on
(p, r) ∈ P × V and, as such, the maximum of Ld () should be negative definite.
Hence, by requiring partially convexity on Ld (), the AQS test reduces to a finite
set of LMIs at the vertices only, i. e., Ld (w, r) ≺ 0 ∀(w, r) ∈ P × V , which is the
core idea. This concept can be applied to both the CT (Gahinet et al. 1996; Cox
et al. 2018b) and DT case. By taking into account the cubic terms in L(), we
differ from the approaches presented in Gahinet et al. (1996); Chilali et al. (1999);
Mahmoud (2002). These cubic terms are essential in handling the DT case without
introducing additional free parameters.
Lemma 3.2 (AQS by partial convexity) Given an LPV system defined by (3.1)
with dependency structure (2.23) where the set of basis functions ψ [i] satisfy Assumption A3.1 and the scheduling variable p satisfies Assumption A3.2.
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If the eigenvalues of A(pc ), with pc as in (3.4), are within the open unit disc
and there exist np + 1 matrices S0 , . . . , Snp ∈ Snx parametrizing S() in (3.7) that
satisfy
Ld (w, v) = A>(w) (S(w)+S(v)−S0 ) A(w)−S(w) ≺ 0,

∀(w, v) ∈ P ×V , (3.12)
n

∀(i, w) ∈ I1 p ×P, (3.13)

0  A>(w)Si Ai + A>i Si A(w),

then the LPV system corresponding to (3.1) is AQS. In particular, V(x, p) in (3.6)
is a Lyapunov function.

Proof: See Appendix A.1.



Note that (3.12)-(3.13) is a test with a finite number of LMIs.
It is an essential part of the proof of Lemma 3.2 (Part i) that the function
Ld (p, r) (A.7) includes third-order terms in p, which in Mahmoud (2002, Theorem
1) are reduced to second-order terms by introducing additional variables and coupling constrains. Therefore, in Mahmoud (2002, Theorem 1), the proof and the set
of LMIs are fundamentally different from Lemma 3.2. In (Mahmoud 2002, Thm.
1), the number of optimization parameters are doubled compared to Lemma 3.2.
Remark 3.1 It can be proven that (3.9) is equivalent to (de Souza et al. 2006,
Theorem 1):

S(p + r)
Ls (p, r) = >
G (p)A>(p)


A(p)G(p)
 0,
S(p)+G(p)+G>(p)

(3.14)

where the non-singular slack function G : P → Rnx ×nx is affinly parametrized in p,
np
. Eq. (3.14) has quadratic terms, hence, it
similar to (3.7), with unknowns {Gi }i=0
is not a finite set of LMIs. In general, G(p) is assumed to be a constant matrix,
i. e., G(p) = G ∈ Rnx ×nx , such that (3.14) is linear in p. However, with this
assumption, the stability test becomes more conservative compared to (3.14) (de
Souza et al. 2006, Theorem 1). An idea to include a full parameterization of G
would be to use the partial-convexity argument on (3.14). In this case, we get
∂ 2 Ls (p, r)
=
∂(p[i] )2



0
>
G>
i Ai

Ai G i
0


 0,

(3.15)

n

which obviously only holds if Gi = 0 for i ∈ I1 p . However, the slack variable G(p)
should be non-singular ∀p ∈ P. Hence, direct application of the partial-convexity argument on (3.14) is not possible and we need to resort to the conservative condition
G(p) = G ∈ Rnx ×nx .

Next, a robust state convergence guarantee can be included based on
Lemma 3.2.
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Theorem 3.3 (AQS with guaranteed state decay) Given an LPV system
represented by (3.1) with dependency structure (2.23) where the set of basis functions ψ [i] satisfy Assumption A3.1 and the scheduling variable p satisfies Assumption A3.2.
If there exists a 0 <  < 1, such that the eigenvalues of A(pc ) satisfy |λi (A(pc ))|
√
< 1 −  , and there exist np + 1 matrices S0 , . . . , Snp ∈ Snx parametrizing S()
in (3.7) that satisfy
Ld (w, v, ) = A> (w) [S(w) + S(v) − S0 ] A(w)(1 − )S(w)  0,
∀(w, v) ∈ P × V ,
n

∀(i, w) ∈ I1 p × P,

0  A>(w)Si Ai +A>i Si A(w),

(3.16)
(3.17)

then the LPV system corresponding to (3.1) is AQS. In particular, V(x, p) in (3.6)
is a Lyapunov function with ∆V(x, p, r) ≤ − V(x, p) and the state x robustly converges, i. e., kxt k22 ≤ ab (1 − )t kx0 k22 for t > 0 given any trajectory (pt , δpt ) ∈ P × V
and ut ≡ 0 where


a = inf λmin S(p) ,
b = sup λmax S(p) .
(3.18)
p∈P

p∈P


Proof: See Appendix A.1.



Theorem 3.3 is also useful for stability analysis under the assumption of a
time-invariant scheduling signal, i. e., V = V = ∅ (robust analysis). In this
simplification, all elements in (3.16) w.r.t. the time-variation become zero, i. e.,
A> (w) [S(v) − S0 ] A(w) = 0.
Furthermore, Theorem 3.3 implies that for AQS it√is a necessary condition
that
√ the eigenvalues of A(p) are within a disc of radius 1 −  , i. e., |λi (A(p))| <
1 −  for all p ∈ P. This connects to the well-known results on LMI regions,
e. g., see Chilali et al. (1999). However, contrary to the LTI case, the location
of the eigenvalues are a necessary, but not a sufficient condition for stability in
the parameter varying case, as the contribution of A>(w)[S(v)−S0 ]A(w) in (3.16)
cannot be neglected.
To decrease the amount of LMI conditions of (3.2) for the discrete-time case, a
more conservative set of LMIs for AQS can be found as:
Lemma 3.3 (Simple AQS) Given an LPV system represented by (3.1) with dependency structure (2.23) where the set of basis functions ψ [i] satisfy Assumption A3.1 and the scheduling variable p satisfies Assumption A3.2.
If there exist a 0 <  < 1 and np + 1 matrices S0 , . . . , Snp ∈ Snx parametrizing
S() in (3.7) that satisfy
L1 (w, l) = A> (w)S(l)A(w) − (1 − )S(w) ≺ 0,
S(w)  0,

∀(w, l) ∈ P × P,
∀w ∈ P,

(3.19)
(3.20)
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then the LPV system corresponding to (3.1) is AQS. In particular, V(x, p) in (3.6)
is a Lyapunov function with ∆V(x, p, r) ≤ − V(x, p) and the state x robustly converges as kxt k22 ≤ ab (1 − )t kx0 k22 given any trajectory (pt , δpt ) ∈ P × V and ut ≡ 0
for t > 0 with a and b given by (3.18).

Proof: See Appendix A.1.



Note that Lemma 3.3 does not depend on the rate of variation δp, but we
implicitly assume that δp cannot exceed the difference between the extreems of P,
n
i. e., ν i = pi − pi and ν i = pi − pi for i ∈ I1 p . The number of LMIs is decreased,
however, the feasibility test is more conservative if the range [ν i , ν i ] becomes large.
A novel asymptotic stability notion based on a finite set of LMIs has been
presented in Lemma 3.2, Theorem 3.3, and Lemma 3.3. A natural extension is
to introduce performance measures based on the parameter-dependent Lyapunov
function (3.6)-(3.7), which are investigated in the following section.

3.5
3.5.1

Affine quadratic performance
Concept of dissipativity and performance

Section 3.4 treats AQS, which has an immediate extension to quadratic performance
measures, including `2 -gain performance, positivity, and H2 performance in an
induced norm sense. The performance measures indicate at what rate supplied
energy is dissipated in the system, e. g., how well the system rejects a disturbance.
To simplify our discussion in treating performance measures, we will view u as the
disturbance channel and y as the performance channel in the rest of this chapter.
To dissipate energy supplied to (3.1), the dynamic relationship needs to be
dissipative. Roughly speaking, dissipativity means that the amount of energy which
the system can supply to its environment cannot exceed the amount of energy that
has been supplied to the system itself. In practice, a dissipative system absorbs
some of its supplied energy for example in the form of heat, an increase of entropy,
or potential energy. Mathematically speaking, the representation (3.1) is strictly
dissipative if there exists an ε > 0, a supply function s : U × Y → R, and a storage
function V(xt , pt ) (required to be a positive function from the above used analogy)
such that, e. g., see Scherer and Weiland (2015),
∆V(xt , pt , δpt ) ≤ s(ut , yt ) − εkut k22 ,

(3.21)

for all (u, p, δp, x, y) that satisfy (3.1) where the change of internal storage ∆V()
for the SS representation (3.1) is given by (3.5). The inequality (3.21) should be
satisfied in a point-wise fashion, where this point-wise condition assures that (3.21)
also holds for all admissible trajectories that satisfy (3.1). The change of internal
storage ∆V() will never exceed the amount of supply s() that flows into the system.
By appropriately choosing the supply function s(), various performance measures
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can be represented. In this thesis, we take s() to be the following quadratic function

s(u, y) =

u
y

> 

u
Ps
,
y


Ps =

Qs
Ss>

Ss
Rs


,

(3.22)

where (u, y) ∈ U × Y, Ps ∈ Snu +ny with the partition Qs ∈ Snu , Ss ∈ Rnu ×ny , and
Rs ∈ Sny . Remark that strict dissipativity under the restriction of positivity of V()
implies stability of (3.1), hence, inspired by the previous results in this thesis, we
test feasibility with an affine parameter-dependent Lyapunov function (3.6), hence,
V() qualifies as a quadratic storage function. Quadratic performance w.r.t. such a
Lyapunov function is also called affine quadratic performance (AQP).

`2 -gain performance

3.5.2

The `2 -gain of the system from u → y can be encoded into the quadratic supply
function (3.22). Let us first provide the notion of the induced `2 -gain:
Definition 3.4 (Induced `2 -gain of S) Consider an asymptotically stable LPV
system S, represented in terms of (3.1), then for u ∈ UN0 , p ∈ PN0 , and x0 = 0:
sup
0<kuk`2 <∞
p∈PN0

kyk`2
= γ∗ ,
kuk`2

(3.23)

is called the induced `2 -gain of S where y : N0 → Y it the response (performance
variable) of (3.1) for t ≥ 0 under x0 = 0, general input u, and scheduling p.

The `2 -gain (3.23) should be finite for an asymptotically stable LPV system,
as yt → 0 if t → ∞ under any p ∈ PN0 and, therefore, kyk`2 is finite. Note that
the `2 -gain measure (3.23) can be characterized by the storage function (3.22) by
choosing Qs = γ 2 Inu , Ss = 0, and Rs = −Iny with γ > γ∗ (Scherer and Weiland
2015, Prop. 3.12). Using this connection, a γ satisfying γ > γ∗ can be found:
Lemma 3.4 (Induced `2 -gain bound) Given an LPV system represented
by (3.1) with dependency structure (2.23) where the set of basis functions ψ [i]
satisfy Assumption A3.1 and the scheduling variable p satisfies Assumption A3.2.
If there exists an γ > 0 and there exist np + 1 matrices S0 , . . . , Snp ∈ Snx
parametrizing S() in (3.7) such that
S(p)  0,

Ld (p, r) S(p)B(p) C (p)
 B>(p)S(p)
−γInu
D>(p)  ≺ 0,
C(p)
D(p)
−γIny


∀p ∈ P

(3.24)

∀(p, r) ∈ P×V

(3.25)

>

where Ld (p, r) as in (3.17), then the LPV system represented by (3.1) is AQS and
its `2 -gain performance is upper-bounded by γ. In particular, V(x, p) in (3.6) is a
Lyapunov function.
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Proof: See Appendix A.1.



As (3.24) and (3.25) impose an infinite number of LMIs, we make use of the
partial-convexity argument to find an LMI-based test for AQP.
Theorem 3.4 (Sufficiency for induced `2 -gain bound) Given an LPV system represented by (3.1) with dependency structure (2.23) where the set of basis
functions ψ [i] satisfy Assumption A3.1 and the scheduling variable p satisfies Assumption A3.2.
Define the following set of inequalities and equalities

Ld (w, v, ) S(w)B(w) C>(w)
 B>(w)S(w)
−γInu
D> (w)   0,
C(w)
D(w)
−γIny

1



A>(w)Si Ai +A>i Si A(w)  0,
Si Bi = 0,

∀(w, v) ∈ P × V ,

n

(3.27a)

n
I1 p ,

(3.27b)

∀(i, w) ∈ I1 p × P,
∀i ∈

(3.26)

where
Ld () as in (3.17). If there exists an 0 <  < 1 such that |λi (A(pc ))| <
√
1 −  and there exist np + 1 matrices S0 , . . . , Snp ∈ Snx such that (3.26)-(3.27a)
are satisfied then the LPV system corresponding to (3.1) is AQS and its `2 -gain
performance is upper-bounded by γ. In particular, V(x, p) in (3.6) is a Lyapunov
function with ∆V(x, p, r) ≤ − V(x, p) and the state x robustly converges as kxt k22 ≤
b
t
2
a (1 − ) kx0 k2 given any trajectory (pt , δpt ) ∈ P × V and ut = 0 for t > 0 with a
and b given by (3.18).

Proof: See Appendix A.1.



With the `2 -gain, the impact of the parameter variation, its rate, and/or guaranteed convergence on the stability/performance of the system can be assessed.
However, finding just a feasible bound γ that satisfies (3.26) and (3.27a) can not
be used for accurate assessment of the performance. Hence, computing an arbitrarily close upper-bound of γ∗ follows trough the following optimization
min γ,
γ≥0

s.t. (3.26) and (3.27a)-(3.27b).

(3.28)

Note that (3.28) leads to a convex optimzation problem that can be efficiently solved
by numerical LMI solvers as sedumi or sdpt3. In Section 3.6, we will apply (3.28)
to compute the `2 -gain performance bound for a numerical example.
1 In terms of condition (3.27b), if any B for i = 1, . . . , n is full row rank then the corresponding
p
i
Si must be zero, hence, the parameter can be removed from (3.26) and (3.27). If all Bi are full
row rank, then we obtain a parameter-independent Lyapunov function.

3.6 Numerical example
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Numerical example

In this section, the AQS and AQP results are demonstrated on the mass-springdamper system from Gahinet et al. (1996) with time-invariant and time-varying
scheduling variables. For the simulation example, Matlab (MATLAB 2014) with
Yalmip (Sturm 1999, v2015/09/19) and Sedumi (Löfberg 2004, v1.3) are used. The
system is discretized using a first-order approximation (Tóth 2010):




0
0
1
xt+1 = A (ft , ct ) xt +
ut , A(k, c) = I + Ts
,
Ts
−k −c
(3.29)


yt = 1 0 xt ,
where Ts = 1/20 s is the sampling time and k > 0, c > 0 are the stiffness and
damping coefficients, which are assumed to be time-varying. For example, these
time-varying stiffness and demping coefficients can be found in active suspension
of a car. The admissible trajectories of k and c will be
[1] 
[2] 
kt = k0 1 + pt ,
ct = c0 1 + pt ,
(3.30)
where k0 = 1, c0 = 1, P = [−1, 1] × [−1, 1], and V = [−δkmax , δkmax ] ×
[−δcmax , δcmax ]. On the discretized model, three experiments are performed:
1. For time-invariant c (δcmax = 0) and time-varying k, the parameter box
λP := {λp : p ∈ P} is uniformly expanded with 0 < λ ≤ 1 to find the
maximum λ for which stability is guaranteed. This is done with respect
to values of δkmax ∈ 10−5 , 102 and  ∈ [0, 1]. The results are shown in
Figure 3.1.
2. For time-invariant c (δcmax = 0) and time-varying k, the performance
gain γ

is computed for 0.2P. This is done w.r.t. δkmax ∈ 10−5 , 102 and  ∈ [0, 1].
The results are shown in Figure 3.2.
3. For time-varying k and c, the parameter box λP is uniformly expanded to
find the maximum
This is done w.r.t.
for which stability
 is guaranteed.


δkmax ∈ 10−5 , 102 and δcmax ∈ 10−4 , 102 . The results are shown in
Figure 3.3.
Note that the case of time-invariant k (δkmax = 0) is not considered, as it is pointed
out in Gahinet et al. (1996): ‘the stability region seems to be essentially determined
by δkmax ’.
Figure 3.1 shows that the slack variable method (de Souza et al. 2006) is indeed
more conservative (in line with de Souza et al. 2006, Theorem 1). This difference is
clearly visible for small δkmax . For larger values of δkmax , the maximum parameter
box size coincides with the quadratic stability test (δkmax = ∞), as expected.
Furthermore, in the region δkmax ∈ [0.03, 0.5], the slack variable method seems to
outperform the proposed partial-convexity argument based method. Our method
experiences numerical problems in the orange area for  = 0, see Figure 3.1. In this
area, neither feasibility or infeasibility can be concluded. Hence, for the proposed
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1
Partial-convexity
Slack variable (de Souza et al. 2006)
Quadratic stability (de Oliveira et al. 1999a)

0.8

λ [-]

0.6
=0
0.4

 = 0.01
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0.2

 = 0.03
 = 0.04

0
10−5

10−4

10−3

10−2
10−1
δkmax [-]

100

101

102

Figure 3.1: Maximum of λ to guarantee AQS w.r.t. λP under time-invariant c
(δcmax = 0) and time-varying k, where  indicates the guaranteed rate of convergence of the state, i. e., kxt k22 ≤ ab (1 − )t kx0 k22 for all t > 0. The orange area
indicates numerical problems with the partial-convexity method using  = 0.
103

Partial-convexity
Slack variable (de Souza et al. 2006)
 = 0.0357

2

γ [-]

10

 = 0.025

 = 0.0321
 = 0.0286
101

 = 0.02
 = 0.01
=0

100 −5
10

10−4

10−3

10−2
10−1
δkmax [-]

100

101

102

Figure 3.2: Minimum of the `2 -gain performance bound γ with time-invariant c
(δcmax = 0) and time-varying k. The dots indicate the last point of feasibility.
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Figure 3.3: Maximum of λ to guarantee AQS w.r.t. λP for a time-varying k and
c with the partial-convexity method.
method, more research needs to be performed to improve numerical properties, but
it is unclear if the slack variable method really outperforms the partial-convexity
argument in that orange area. Similar result is also obtained for the `2 -gain analysis
in Figure 3.2 (the area indicating numerical problems is not displayed in the figure).
Figure 3.1 is similar to (Gahinet et al. 1996, Figure 1 for the CT case) in
terms of the shape, as expected. However, the domain where the magnitude of λ
decreases is shifted by a factor 10, which is due to the discretization of the model.
Furthermore, Figure 3.3 shows that the maximum size of the parameter box is
almost independent from δcmax , as has also been seen for the CT case (Gahinet
et al. 1996).
Hence, the partial-convexity argument can be applied to obtain less conservative
bounds on the certification of robust quadratic stability, robust state convergence,
and robust quadratic performance.

3.7

Conclusion

In this chapter, we have proposed a novel LMI-based analysis for asymptotic stability, state convergence, and quadratic performance of a DT LPV system. These
results can be also applied for robustness analysis of a general class of DT linear
systems with uncertain and/or time-varying parameters. In particular, the proposed method leads to a computationally attractive solution to these certification
problems. Affine quadratic stability is certified by finding a Lyapunov function,
which is affine in the scheduling signal. In order to obtain a tractable solution,
the partial-convexity argument of Gahinet et al. (1996) is extended for third-order
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terms to handle the discrete-time case. In our simple simulation example, the
partial-convexity argument seems to be less conservative than the quadratic stability or slack variable approaches. This tractable LMI test can be applied in
identification schemes to enforce asymptotic stability of the estimated model or
within observer/controller synthesis to obtain less conservative results, however,
this remains an objective for future research.

Chapter 4

The linear parameter-varying
data-generating system

n practice, it is often the case that the deterministic representation introduced in Chapter 2 can only describe the majority of the dynamics
presented in measured data, while the remaining signal behavior shows
stochastic properties. Hence, in this chapter, LPV representations are extended to include a stochastic noise model to capture such phenomenon.
This chapter also gives an overview on the commonly used assumption and
theories used for LPV noise representations with a focus on the representation properties and the limitations of the corresponding identification problem setting. In Sections 4.2, 4.3, and 4.4, we introduce noise representations
in LPV-IO, SS, and IIR forms to formulate the concepts of model structures
applied in the identification methods. For the state-space representation
class, we investigate the connection between the concept of a noise model
and the particular form of an innovation noise model, often used in LTI
identification methods, to provide insight into the representation capabilities of the latter noise model class. In particular, in Section 4.3, we explore
the limitations of the innovation form with static, basis affine dependence
structure, commonly used in the LPV subspace literature. Furthermore, in
Sections 4.4 and 4.5, we provide the connection of IO and SS forms to the
IIR and the dual sided expansion representation. This connection is key to
formulate the prediction-error framework applied in Chapters 5, 6, and 7.
The introduced deterministic-stochastic representations include only LPV
noise processes that can be lumped to an output additive term. Hence, in
Section 4.6, we investigate which forms of additive noise on the input and
scheduling signals can be captured by the introduced representations.

I
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Introduction

Previously, in Chapter 2, the behavior B associated with the discussed representations is assumed to explain all effects in the considered system class. However,
in practice, it is often the case that such a deterministic representation can only
describe the majority of the measured phenomena, while a relatively small quantity
remains unexplained. For example, effects caused by measurement noise, unknown
external disturbances, or unmodeled irregular system dynamics can potentially
contribute to the signal behavior. Mostly, these effects appear to be random and
are irrelevant for observer or controller synthesis. To stochastically efficient capture
models of physical systems by LPV identification methods, it is necessary to extend
the deterministic representation with capabilities to describe deviation between
data and the representation. This is typically done by extending the deterministic
forms with a stochastic part, the so-called noise representations. Hence, we will
introduce various forms of noise representations and extend with them the aforementioned IO, SS, and IIR representations. In the remainder of the thesis, these
deterministic-stochastic representations will be considered to completely describe
the to-be-captured data-generating system, denoted by So . Hence, we assume that
the measured data set available in our identification problem setting is obtained
from such a combined form.

Opposed to the LTI case, no system theoretical results regarding the representation capabilities of LPV noise models nor equivalence analysis among these
forms exist. In this chapter, we will explore general considerations and theories
about the effects of noise, used representation forms on the stochastic behavior,
properties and limitations of identification problem setting. In this chapter, we
will explore missing theoretical results and give explanation of the effects of noise,
used representation forms on the stochastic behavior, properties, and limitations
of the identification problem setting. We especially focus our investigation on the
representation capabilities of the SS innovation noise form in Section 4.3. More
specifically, we explore the limitations of the innovation form with static, affine dependence structure, commonly used in the LPV subspace literature. In addition,
we give an overview how to formulate equivalent IIR representations of IO or SS
forms equipped with a noise model in Section 4.4. As mentioned in Chapter 2,
well-posedness of an IIR representation is dependent on the strong assumption of
asymptotic stability of the corresponding behavior. Hence, a dual sided expansion
of LPV system dynamics is introduced in terms of an infinite order LPV-ARX
form in Section 4.5 to partially relax this assumption at the cost of increasing the
dependency complexity. The afore introduced deterministic-stochastic representations include only LPV noise processes that are represented as an output additive
noise. As a contribution, in Section 4.6, we investigate which forms of additive
noise on the input and scheduling signals can be captured by the representations
completing the analysis of our intended stochastic setting and its limitations.

4.2 LPV-IO form of the data-generating system
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LPV-IO form of the data-generating system

Following the classical concept of IO identification for linear systems, we include
a colored, additive output noise process to the deterministic relation (2.7). The
colored noise process is assumed to have a similar IO form to the process polynomial
defined as (e. g., see Tóth et al. 2012b)
(4.1)

(Do (q)  p)t vto = (Co (q)  p)t eot ,

where eo : Z → Y is a sample path realization of a white noise process with
Gaussian distribution, i. e., eot ∼ N (0, Σ2e ) with covariance Σ2e ∈ Rny ×ny , Y = Rny ,
and the p-dependent polynomials Co ∈ R[q]ny ×ny and Do ∈ R[q]ny ×ny are
Co (q) = Iny +

nc
X

coi q −i ,

Do (q) = Iny +

i=1

nd
X

doj q −j ,

(4.2)

j=1

with orders nc , nc ≥ 0 and matrix coefficient functions coi , doj ∈ R ny ×ny . The
process (4.1) is capable to express a large variety of noise scenarios, including LTI
noise representations (for p independent coefficient matrices, i. e., coi , doj ∈ Rny ×ny ).
In case the IO representation (4.1) is asymptotically stable, then the resulting vo
qualifies as a quasi-stationary noise process with a bounded power spectral density
Φvo (ω). Quasi-stationarity is proven in Lemma 4.2.
The concept of an IO form of an LPV data-generating system So combines (2.7)
and (4.1) into (e. g., see Tóth et al. 2012b)
(Ao (q)  p)t y̆t = (Bo (q)  p)t q −τd ut ,

(4.3a)

(Do (q)  p)t vto = (Co (q)  p)t eot ,

(4.3b)

yt = y̆t + vto .

(4.3c)

where y̆ denotes the noise-free output of the process and the p-dependent polynomials Ao (q) and Bo (q) are similarly defined as in (2.8). The behavior associated
with (4.3) is

BIO = (u, p, y) ∈ (U×P×Y)Z

∃ν ∈ Ω and ∃v o ∈ (Y)Z s.t. yt = y̆t + vto (ν)

holds ∀t with (u, p, y̆t ) ∈ BdIO and vto satisfying (4.3b) . (4.4)
Hence, the behavior BIO describes the existence of a sample path trajectory of
vto (ν) in the sample space Ω that satisfies the input-scheduling-output trajectories
given the dynamic relations (4.3). Note that the behavior associated with the
deterministic part (4.3a) is BdIO as defined in (2.9) and the combined deterministicstochastic dynamics in (4.3) reduce to the deterministic dynamics in (2.9) by taking
the expectation E{yt } = y̆t or, equivalently, taking eot ≡ 0 in (4.3).
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LPV-SS form of the data-generating system
LPV-SS representation with general noise model

Similar to the IO representation, a noise model in SS form is added to the SS
representation. The LPV-SS representation of a data-generating system So under
a general noise concept is:
xt+1 = A(pt )xt + B(pt ) ut + G(pt )vto ,

(4.5a)

H(pt )eot ,

(4.5b)

yt = C(pt ) xt + D(pt )ut +

where x : Z → X = Rnx is the state variable, y : Z → Y = Rny is the measured
output signal, u, p as in (2.11), v o : Z → Rnx , eo : Z → Rny are the sample path
realizations of the zero-mean stationary processes:
 o 


Q S
vt
∼
N
(0,
Σ),
Σ
=
,
(4.6)
eot
S> R
where vto : Ω → Rnx , eot : Ω → Rny are white noise process, Q ∈ Rnx ×nx , S ∈
Rnx ×ny , and R ∈ Rny ×ny are covariance matrices, such that Σ is positive definite.
Similar to the assumed static, basis affine dependency structure in the deterministic
case (2.22), the matrix functions G(), H(), defining the SS representation (4.5)
are assumed to be affine combinations:
nψ
X
G(pt ) = G0 +
Gi ψ [i] (pt ),

nψ
X
H(pt ) = H0 +
Hi ψ [i] (pt ),

i=1

(4.7)

i=1
n

where Gi ∈ Rnx ×nx and Hi ∈ Rny ×ny for i ∈ I1 ψ with the basis functions ψ [i] ().
The SS representation (4.5) can be separated from the deterministic part (2.22)
with the following output additive noise yts process:
xst+1 = A(pt )xst + G(pt ) vto ,
yts

=

C(pt ) xst

+

H(pt )eot .

(4.8a)
(4.8b)

The behavior to corresponding (4.5) is

BSS = (u, p, y) ∈ (U×P×Y)Z

∃ν ∈ Ω and ∃y d ∈ (Y)Z s.t. yt = ytd + yts (ν)

holds ∀t with (u, p, y d ) ∈ BdSS and yts satisfying (4.8) . (4.9)
Note that (2.22) reduces to the deterministic LPV-SS representation (2.22) by
taking the expectation E{yt } = ytd , which is equivalent with taking eot = vto = 0
in (4.5).

4.3.2

LPV-SS innovation form

A popular noise modeling concept for many subspace identification schemes is the
innovation form, e. g., see Verhaegen and Verdult (2007). In fact, in the LPV case,
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we show that the innovation form should have rational and dynamic dependency on
the scheduling signal to enjoy general noise modeling capabilities similar to (4.5). In
the next discussion, as a contribution of this thesis, the trade-offs and consequences
of the dependency structures for the innovation form are explored. Under some mild
conditions, the LPV-SS representation (4.5) has the following equivalent innovation
form:
Lemma 4.1 (LPV-SS representation with innovation noise) For each given
trajectory of the input u and scheduling p, the LPV data-generating system (4.5)
can be equivalently represented by a p-dependent innovation form
x̌t+1 = A(pt )x̌t + B(pt ) ut + (K  p)t ξt ,
yt = C(pt ) x̌t + D(pt )ut + ξt ,

(4.10a)
(4.10b)


where ξt is the sample path of ξ t ∼ N 0, (Ξp)t and (Kp)t is uniquely determined
by


(K  p)t = A(pt )(P  p)t|t−1 C >(pt ) + G(pt )SH>(pt ) (Ξ  p)−1
(4.10c)
t ,
(P  p)t+1|t = A(pt )(P  p)t|t−1 A>(pt ) − (KΞK>  p)t + G(pt )QG >(pt ),
>

>

(Ξ  p)t = C(pt )(P  p)t|t−1 C (pt ) + H(pt )RH (pt ),

(4.10d)
(4.10e)

under the assumption that ∃t0 ∈ Z such that xt0 = 0 with (P  p)t0 |t0 −1 = 0 and Ξ
is non-singular for all t ∈ [t0 , ∞) = T.

Proof: See Appendix A.2.



In (4.10c)-(4.10e), the subscript t+1|t denotes that the matrix function at time t + 1
depends on {pτ }tτ =t0 , which also means that it does not depend on pt+1 . The state
x̌t (4.10a) of the innovation form is the minimum variance estimate of xt (4.5a)
given the trajectories of {uτ , pτ , yτ }tτ =t0 (minimum variance of the state estimate
follows by the use of the time-varying Kalman filter theory, e. g., see Anderson and
Moore 1979). In the LTI case, the Kalman filter is asymptotically time-invariant
and this property has been extensively employed to derive identification methods
under general noise conditions. However, in the LPV case, transforming the LPVSS representation (4.5) with static, basis affine dependency to an innovation from
comes at the cost of dynamic, rational dependency of K on the scheduling signal
(Lemma 4.1). Results on asymptotic convergence of the filter form to scheduling
or time-invariant solutions are not known to the Author.
Identification of rational, dynamic dependency structures is usually accompanied with a high complexity. Hence, in the LPV identification literature, the dynamic, rational dependency of (K  p)t based on the complete trajectory of p, i. e.,
{pτ }tτ =t0 , is captured by simplified dependency structure, e. g., with static, basis
affine dependency. To this end, we will investigate which assumptions are valid to
simplify the dependency structure. In Section 4.3.4, we argue how the Kalman gain
(K  p)t (4.10c), dependent on {pτ }tτ =t0 , can be arbitrarily well approximated by a
dynamic, rational dependent K based on {pτ }tτ =t−t∗ with t∗ ∈ N0 and t − t∗ > t0 .
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This implies that the Kalman gain can be approximated based on only the last t∗
samples of the scheduling signal, instead of the entire scheduling trajectory. This
approximation could be of particular interest to reduce the dependency complexity
for identification methods (how to incorporate such structure remains objective
for future research, see Section 11.3). For this argument, guaranteed asymptotic
convergence of the covariance matrix P (4.10d) is proven if the covariance matrix is perturbed by an error in the past, in Section 4.3.3. In Section 4.3.5, we
study the possible increase of the state dimension in case the hypothesized general
representation (4.5) is transformed into a static, basis affine innovation form.

4.3.3

Guaranteed asymptotic convergence of (P  p)

In this section, we will show that any perturbation or estimation error affecting the
covariance matrix of the a priori estimation-error (P  p)t+1|t (4.10d) will asymptotically decrease to zero as time progresses. The importance of this result is that
it shows that deviations or errors made in the state estimate will asymptotically
decay to zero.
To this end, let us introduce some technicalities. Firstly, for the analysis, the
stochastic processes on the state (4.5a) and output equation (4.5b) are required
to be uncorrelated. Recall that vt and et are correlated, therefore, violating the
requirement. Hence, using the minimum variance estimate of vto given by v̄t =
vto − SR−1 eot , the state equation (4.5a) is rewritten as (e. g., see Anderson and
Moore 1979, Section 5.5)


xt+1 = A(pt )−G(pt )SR−1 H−1(pt )C(pt ) xt + B(pt )−G(pt )SR−1 H−1(pt )D(pt ) ut
(4.11a)

+ G(pt )SR−1 H−1(pt )yt + G(pt )v̄t ,
where



v̄t
eot




∼N

0
0

 

Q − SR−1 S 0
,
.
0
R

(4.11b)

Note that R is positive definite (R exists) and, to formulate (4.11a), H−1 is assumed to exist for all p ∈ P. Actually, both conditions are necessary conditions to
prove stochastic observability of the underlying noise process and, therefore, implying unique reconstructability of the general noise process from the innovation
yt> ]> , which gives the
noise process (Deyst and Price 1968). Define zt> := [ u>
t
following scheduling dependent matrices
Āt = A(pt ) − G(pt )SR−1 H−1 (pt )C(pt ),
h
i
B̄t = B(pt ) − G(pt )SR−1 H−1 (pt )D(pt ) G(pt )SR−1 H−1 (pt ) ,
Q̄ = Q − SR−1 S.

(4.11c)
(4.11d)
(4.11e)

Secondly, let B̄t and D(pt ) be bounded and assume that
α1 Inx  G(pτ )Q̄G(pτ )  α2 Inx ,
>

> −1

β1 Inx  C(pτ ) (H(pτ )RH(pτ ) )
δ1 Inx 

Ā>
τ Āτ

 δ 2 I nx ,

(4.11f)
C(pτ )  β2 Inx ,

(4.11g)
(4.11h)
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holds for τ ∈ T, under left compact support Z of the scheduling signal, α1 , β2 , δ1 >
0, and α2 , β1 , δ2 < ∞. Conditions (4.11f)-(4.11h) imply that the system (4.5) is
stochastically controllable and observable for all possible variations of pτ ∈ P, i. e.,
the state can uniquely be reconstructed based on past IO samples. Such assumptions are not restrictive (Deyst and Price 1968). Define the posterior estimationerror st = xt − x̌t|t by

st+1 = Inx − (K  p)t+1 C(pt+1 ) Āt st = Wt st .
(4.11i)
If (4.11f)-(4.11h) hold, then there exist 0 < β3 , β5 , β6 < ∞ (Deyst and Price 1968)
such that



C(pτ )
0
Āτ −1 Āτ −2
sτ −2 ≥ β3 ksτ −2 k2 ,
(4.11j)
0
C(pτ −1 )
Aτ −1
2
and

 


>
R 0
C(pτ ) C(pτ )Āτ −1 (P  p)τ |τ −1
0
C>(pτ )
0
+
>
>
0 R
0
C(pτ −1 )
0
(P  p)τ −1|τ −2 Ā>
τ −1 C (pτ ) C (pτ −1 )
 β5 I2ny , (4.11k)
and

−1
Wτ−1
−2 Wτ −1 sτ

2

≥ β6 ksτ k2 ,

(4.11l)

for τ ∈ T. Using (4.11f)-(4.11l), it follows that any perturbation of the covariance matrix of the a priori estimation-error Pt+1|t asymptotically decreases to zero
according to the following theorem.
Theorem 4.1 (Convergence of (P  p)) Let B̄t and D(pt ) be bounded functions
and (4.11f)-(4.11h) hold. Assume that (P  p)t0 |t0 −1  0 then, by construction,
(P p)t|t−1 is a positive semi definite matrix function of t ≥ t0 and satisfies (4.10c)(4.10e) for a given trajectory of p. Construct (P̂ (τ ) p)t|t−1 by the recursion (4.10d),
but initialized at time t − τ as
(P̂ (τ )  p)t−τ |t−τ −1 = Āt P̂0,τ Ā>
t + Q̄,
where 0 < τ ≤ t − t0 and P̂0,τ ∈ Snx is any static matrix satisfying


α2
Inx ,
0 ≺ P̂0,τ ≺
α2 β2 + 1

(4.12)

(4.13)

with α2 , β2 as defined in (4.11f) and (4.11g). Then, the difference between (P 
p)t|t−1 and (P̂ (τ )  p)t|t−1 behaves according to the following upper-bound:
max ((P − P̂ (τ ) )  p)t|t−1

t∈T
p∈BP

≤ ξτ
2

δ1 nx (α1 β1 +1)2 (α2 β2 +1)
,
α2 β12

(4.14)

where ξ ∈ (0, 1) is given as
ξ=

β5 (α2 β2 + 1)
,
β5 (α2 β2 + 1) + α2 β3 β6

with α1 , β1 , β3 , β5 , β6 , δ1 as defined in (4.11).
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Proof: See Appendix A.2.



The latter result is not surprising as the estimation-error dynamics of the timevarying Kalman filter (4.11i) are proven to be asymptotically stable by construction
(Deyst and Price 1968). Asymptotic stability indirectly implies that the far past of
an input or scheduling trajectory has less influence on the present compared to the
recent past. Otherwise, the Kalman filter could never recover from a disturbance.

4.3.4

Approximation of the Kalman gain

K  pt in (4.10c) can be viewed as the optimal LPV Kalman gain of (4.5). In the
LTI case, the Kalman filter is asymptotically time invariant, therefore, a suboptimal
filter can be found with a constant P and K matrix, providing the steady-state
solution of (4.10e)-(4.10c) with nψ = 0 (Anderson and Moore 1979, Theorem 3.1).
This filter provides the lowest estimation-error covariance among all linear filters
under the general noise model hypothesis (e. g., see Anderson and Moore 1979,
Section 4.4). Hence, in the LTI case, the innovation form with constant K and P
matrix is viewed as a model description which allows a general noise model in an
asymptotic sense (t → ∞). However, for the LPV case, Lemma 4.1 indicates that
even if A(·), . . . , D(·) have, for example, affine dependence on pt (each ψ [i] (pt ) =
[i]
pt ) then K, P, and Ξ are potentially dynamic rational functions of p, i. e., the
nominators and denominators are polynomial functions in pt and its past timeshifts. Generally speaking, there is no evidence or proof that the filter K converges
to a steady state solution with some constant K matrix, and, therefore, in general,
K should be a dynamic function of the scheduling signal.
In subspace identification, the innovation form is almost exclusively applied,
e. g., see Van Overschee and De Moor (1996); Verhaegen and Verdult (2007). In
the LTI case, the connection between the innovation form and the LTI counterpart
of (4.5) is well studied. However, this relation has not been thoroughly investigated in the LPV case. As Lemma 4.1 shows, the LPV-ß representation with
a general noise structure (4.5) is not equivalent to the innovation form with only
static, basis affine matrix functions, commonly used in LPV extensions of subspace
schemes (Verdult and Verhaegen 2002; Felici et al. 2007; Lopes dos Santos et al.
2008; van Wingerden and Verhaegen 2009). However, it is important to characterize how much these structures lose in terms of representation capabilities under
such an assumption to avoid complicated parametrization of the innovation gain
during identification.
Next, we analyze two approximations: i) (truncated dependence) due to the
asymptotic convergence of the innovation filter as given in Theorem 4.1, it is
reasonable to approximate the Kalman gain K by K(τ ) , which depends only on
pt−τ , . . . , pt ; and ii) (static, basis affine equivalence) approximation of the dependency structure of the Kalman gain with static, basis affine dependence will often
lead to the sacrifice of state minimally, as discussed in Section 4.3.5. This result
also implies that, in case of K is restricted to have static dependence, subspace
schemes in general are not guaranteed to recover the true minimal state dimension
associated with (4.5).
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Theorem 4.1 provides the insight that the covariance matrix (P  p)t|t−1 can
be arbitrary well approximated by only taking a truncated past of the scheduling
signal pt−τ , . . . , pt into account, e. g., “fading memory” of the innovation recursions.
The approximation error is upper-bounded, as given in (4.14), and decays to zero
if τ → ∞. Furthermore, the covariance matrix (4.10d) is not implicitly dependent
on the Kalman gain (4.10c); however, any approximation of P will lead to an
approximation of K. As K is a rational function of P, any approximation of P will
result in an approximation of the relation in K.
Conjecture 4.1 Consider a 0 < τ ≤ t − t0 , let (P̂ (τ )  p)t|t−1 as in Theorem 4.1,
and let the associated gain (K(τ ) p)t be given by (4.10c) using (P̂ (τ ) p)t|t−1 . Then
the Kalman gain can be decomposed as
(4.15)

(K  p)t = (K(τ )  p)t + (R(τ )  p)t ,

0
where R(τ ) ∈ R nx ×ny is a rational matrix function in {pt−i }ti=0
. In addition, if
(τ )
τ → ∞ then R → 0 and

sup
kuk` =1
2
p∈BP

(R(τ )  p)u

≥
`2

sup
kuk` =1
2
p∈BP

(R(τ +1)  p)u

,
`2

(4.16)

where R(τ +1) is the remainder term w.r.t. K(τ +1) and K(τ +1) is constructed by
using (P̂ (τ +1)  p)t|t−1.

Conjecture 4.1 is based on the concept that K is a rational function with
p-dependent polynomials in both the numerator and denominator, see (4.10c).
Hence, the mismatch or reminder term R(τ ) between K and a perturbed K(τ ) ,
given in (4.15), is also a rational function with p-dependent polynomials in the
numerator and denominator. The reminder term R(τ ) can be obtained, for example, by a fractional decomposition. By Theorem 4.1, R(τ ) decreases when time
progresses, due to the fading memory effect of the Kalman filter. Hence, Eq. (4.16)
and R(τ ) → 0 when τ → ∞ should hold. However, the formal proof of Conjecture 4.1 remains topic for future research.
In (4.16), the induced `2,2 norm is formulated with respect to the worst-case
variation imposed by the scheduling signal. Remark, this norm is not used in (4.14)
as the trajectory of the scheduling signal is given a priori.
Conjecture 4.1 indicates that K can be approximated by K(τ ) , which depends
only on {pt−i }τi=0 . This truncation can be made arbitrarily accurate by choosing an
appropriate τ , i. e., sup (R(τ ) p)u 2  sup (Kp)u 2 . However, the dependency
structure of the approximated Kalman gain remains rational and dynamic. In the
identification literature, the class of static, basis affine dependency structures is
often assumed. Next, we will explore the possible limitations of this class.

4.3.5

LPV-SS representation under static, basis affine
innovation

A popular choice in LPV-SS identification is to identify an LPV-SS innovation
form with a static, basis affine Kalman filter matrix (e. g., see Felici et al. 2007;
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van Wingerden and Verhaegen 2009):
x̌t+1 = A(pt )x̌t + B(pt ) ut + K(pt )ξt ,
yt = C(pt ) x̌t + D(pt )ut + ξt ,

(4.17a)
(4.17b)

where ξt is the sample path of ξ t ∼ N (0, Ξ) with covariance Ξ ∈ Sny . Under the
assumption that the Kalman filter function can be arbitrarily well approximated
by K(τ ) , the dynamic, rational dependence on the scheduling signal may, in some
cases, be transformed into a static, basis affine LPV-SS representation of the innovation type by introducing extra states, i. e., increasing nx . Example 4.1 shows
the elimination of dynamic, rational dependence by sacrificing state minimality 1 .
Hence, as many LPV-SS identification methods estimate a static, basis affine functional relation on the scheduling signal (Verdult and Verhaegen 2002; Felici et al.
2007; Lopes dos Santos et al. 2008; van Wingerden and Verhaegen 2009), the rank
relieving property of subspace methods is lost, as additional states are added to
preserve the static, basis affine dependency. As a conclusion, in the LPV case,
the Kalman gain K (4.10c) should have rational and dynamic dependency on the
scheduling signal to enjoy general noise modeling capabilities (Lemma 4.1) and
minimality of the (to be estimated) state dimension. However, in practice, we need
to restrict parameterization to reduce complexity of the estimation method and
variance of the model estimates. The above given analysis is important to understand the trade-off behind these choices. Despite the possible increase of state
order of the equivalent innovation form, the underlying complexity reduction might
be acceptable from a practical point of view.
Example 4.1 Consider the following LPV representation
yt = −pt yt−1 + pt ut−1 + ξt + ξt−1 .

(4.18a)

The state minimal LPV-SS realization of (4.18a) is
xt+1 = −pt xt +ut +

1 − pt+1
ξt ,
pt+1

yt = pt xt +ξt ,

(4.18b)

which is rationally and dynamically dependent on the scheduling variable p. Note, it can be
shown that there exists no state transformation (not even p-dependent) which can turn (4.18b)
into (4.10) with static, basis affine dependence K on p, i. e., (K  p)t = K(pt ), and keep the
minimal state dimension nx = 1 (see Chapter 4). However, transformation into a static, basis
affine form can be done by introducing an additional state as







−pt 1
−1 1
ut
x̆t+1 =
x̆t +
,
yt = −pt 1 x̆t + ξt .
(4.18c)
0
0
0
1
ξt

4.4

LPV-IIR form of the data-generating system

Formulation of the prediction-error framework in Chapter 5 heavily depends on
the IIR representation of the data-generating system. In the following discussion,
1 Comparable phenomena can be observed in the LTI case. If it is assumed that S = 0, however,
for the underlying system S 6= 0, then an increase of the state dimension is also evident (Anderson
and Moore 1979).
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the equivalent IIR form of the data-generating system defined via an LPV-IO or
LPV-SS representation is derived. The IIR representation of the data-generating
system is considered as a discrete-time deterministic filter Go (q) whose output is
influenced by a stochastic noise process vo in an additive manner (see Figure 4.1).
As will be explored in Section 4.6.1, it is possible to lump many different sources
of disturbances into v o , because, under minor restrictions, all these effects can be
propagated through Go (q). In the LTI case, this propagation property suggests
that for many systems it is valid to assume that Φvo (ω) is a rational function i. e.,
that v o can be represented as a filtered zero-mean white noise process.
An LPV-IIR of the data-generating system So with output additive noise can be
analogously formulated to the IO and SS forms as
yt = (Go (q)  p)t ut + vto .

(4.19)

Similarly to Go (q), the noise process v o in IIR form is described as
vto = (Ho (q)  p)t eot ,

(4.20)

where eot is a sample path of a white noise process eot ∼ N (0, Σ2e ) with variance
Σ2e ∈ Snx and Ho (q) corresponds to the following monic, asymptotically stable LPV
filter:
∞
X
Ho (q) = Iny +
hoj q −j .
(4.21)
j=1

Similar to the LTI case, asymptotic stability of Ho (q) in the deterministic sense is
a necessary assumption of the prediction-error setting (see Ljung 1999), otherwise
Φvo (ω) would not be bounded yielding that identification of Go (q) is an ill-posed
problem. Asymptotic stability of Ho (q) results in quasi stationarity of v o :

Lemma 4.2 (Quasi stationarity of v o ) Given a sample path sequence {vto } generated by (4.20) with an asymptoticly stable Ho in terms of Definition 2.7, then
{vto } is a quasi-stationary signal. In other words, the corresponding process vto
satisfies i) kE{vto }k2 = 0 for all t ∈ Z, and ii) there exists c2 ∈ R such that
o
Tr Ē{vto (vt−τ
)> } 2 < c2 for all τ ∈ Z.

Proof: See Appendix A.2.



The IIR plays a key role in developing the prediction-error methods, as both
LPV-IO and LPV-SS representations can be equivalently represented in terms of a
convergent IIR. This equivalence allows to have a uniform prediction-error formulation to treat both the IO and SS setting. The connection between the IO or SS
form and its corresponding IIR is discussed next.
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eo
p

u

Ho (q)  p
y̆

Go (q)  p

vo

y

+

+

Figure 4.1: The LPV-IIR representation of the data-generating system So .
LPV-IO to LPV-IIR
The data-generating system in the IO form (4.3) admits an IIR representation with
Go (q) and Ho (q) given by
Go (q) = A†o (q)Bo (q) =

∞
X

(4.22a)

gio q −i ,

i=0

Ho (q) = Do† (q)Co (q) = Iny +

∞
X

(4.22b)

hoj q −j ,

j=1

where A†o (q) denotes the bilateral inverse of the monic polynomial Ao (q).
Lemma 4.3 (Bilateral inverse of A) Given a monic, polynomial filter A(q) ∈
R[q]n×n with finite order na , if (A(q)  p)t yt = ut is asymptotically stable, in the
sense of Definition 2.7, then the bilateral inverse A† (q) ∈ R[q]n×n of A() is
A† (q) =

∞
X

i
In − A(q) ,

(4.23)

i=0

such that A† (q)A(q) = A(q)A† (q) = In . In addition, if (4.23) is approximated by
a finite truncation order nf :
Ã† (q) =

nf
X

i
In − A(q) ,

(4.24)

i=0

then the normed truncation error in the `2 -sense is given by
nf = sup


(A† (q)− Ã† (q))  p u

kuk` =1
2
p∈BP

Proof: See Appendix A.2.

= sup
`2

kuk` =1
2
p∈BP

nf +1

(In −A(q)  p)

u .
`2

(4.25)



The normed truncation error of the bilateral inverse as given in (4.3) can be used
to attain a truncation error. In our case, the `2,2 -induced signal norm is applied,
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however, it can be replaced by any other `q induced norm. The error norm nf (4.3)
is guaranteed to monotonically converge to zero as nf → ∞, due to the asymptotic
stability of A(q).
By straightforward application of the bilateral inverse and substituting (2.8)
and (4.2) into (4.22), the individual coefficient functions gio and hoj are given by
the following recursions:
min(na ,i)

X

(gio  p)t = (boi  p)t −

(4.26a)

o
(aok  p)t (gi−k
 p)t−k ,

k=1
min(nd ,j)

(hoj  p)t = (coj  p)t −

X

(4.26b)

(dok  p)t (hoj−k  p)t−k ,

k=1
o
for i, j ≥ 1 with g0o = bo0 and ho0 = Iny . Note that gi−k
and hoj−k in (4.26) are shifted
back in time with k samples due to the non-communicativeness of the shift operator
q −k when operating on the coefficient functions (e. g., q −k (gio p)t = (gio p)t−k q −k ).

From LPV-SS with general noise to LPV-IIR
By substituting the state equation (4.5a) recursively into the output equation (4.5b), the corresponding IIR of an asymptotically stable LPV-SS representation (4.5) with general noise structure is found
yt = D(pt ) ut +
| {z }
g0o pt

∞
X

" i−1
#
Y
C(pt )
A(pt−j ) B(pt−i ) ut−i

i=1

j=1

|

{z

}

gio pt

+ G(pt )et +

∞
X
i=1

|

C(pt )

" i−1
Y

#
A(pt−j ) H(pt−i )vt−i , (4.27)

j=1

{z
yts

}

where gio converges to the zero function as i → ∞. Note that, due to the basis affine
SS matrices, the Markov coefficients become multi-linear functions in ψ [i] (pt−j ) and
they can be written as
(gm  p)t = C(pt )A(pt−1 ) · · · A(pt−m+1 )B(pt−m ) =
nψ nψ
X
X
i=0 j=0

nψ nψ
X
X
···
Ci Aj · · ·Ak Bl ψ [i] (pt )ψ [j] (pt−1 ). . .ψ [l] (pt−m ), (4.28)
k=0 l=0

where the individual products Ci Aj · · · Ak Bl are the so-called sub-Markov param[0]
eters for m = 1, 2, . . . and ψt = 1. The Markov coefficients in (4.27) are independent of the parametrization of the matrix functions and a particular state-bases,
while the sub-Markov parameters are dependent on the parametrization of the
functional dependencies in (2.23) even if they are independent of the state basis.
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This separation of parameters and signals is used to identify the IO model of the
underlying SS representation in subspace identification, see Chapters 8 and 9.
The noise yts in (4.27) is colored, as it is a combination of the IIR filtered noise
v and the additive output noise e of (4.5). Note that the IIR noise dynamics do not
coincide with the representation (4.20), i. e., with v o = (Ho (q)  p)eo , as it is not
dependent on one noise sequences eo but on two noise sequences v and e. Although
this setting does not coincide with the IIR prediction-error setting of Chapter 5,
identification of the process dynamics Go (q) under these two noise sequences is
still feasible. In case that the autonomous dynamics of (4.5), i. e., see (3.2), are
Qi−1

P∞
asymptotically stable then i=1 C(pt ) j=1 A(pt−j ) H(pt−i ) becomes an asymptotic, convergent IIR. In such case, identification of this representation will lead to
a non-minimum variance estimate (see Chapter 6). However, to obtain the minimum variance estimate, the innovation form with rational, dynamic dependency
should be applied.
From LPV-SS with innovation noise to LPV-IIR
Similar to the general noise case, the corresponding IIR of an asymptotically stable
LPV-SS representation with innovation noise (4.10) is given by
" i−1
#
Y
o
(gi  p)t = C(pt )
A(pt−j ) B(pt−i ),
with
(g0o  p)t = D(pt ), (4.29a)
j=1

(hoj

 p)t = C(pt )

" i−1
Y

#
A(pt−j ) (K  p)t−i ,

and

eot = ξt .

(4.29b)

j=1

In case the Kalman gain K of the data-generating system is assumed to be static,
basis affine in the scheduling signal, i. e., (K  p)t = K(pt ), then the Markov coefficients of hj in (4.29b) also have a separation in parameters and signals, similar
to (4.28). This structure is of particular interest in subspace identification, see
Chapter 9. Additionally, in Chapter 6, we will show that this affine structure coincides with the MAX model structure that can be uniquely identified resulting in
a minimum variance estimate.

4.5

Dual sided expansion representation

In the previous section, LPV-IO and LPV-SS representations are rewritten in terms
of their corresponding IIRs as a series expansion in past values of u and eo , based
on the assumption that both Go (q) and Ho (q) are asymptotically convergent IIRs.
However, in case Go (q) is not convergent, i. e., Go (q) is not globally asymptotically
stable with gio → 0 converging to the zero function when i → ∞, then the double
sided expansion in the past values of u and y can be used:
yt =

∞
∞
X
X
(houj  p)t ut−j + eot ,
(hoyi  p)t yt−i +
i=1

j=0

(4.30)
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where hoyi ∈ R ny ×ny and houj ∈ R ny ×nu are real meromorphic matrix coefficient
functions in the scheduling signal p. With straightforward manipulations, the double sided expansion connects back to the LPV-IIR form (4.19) by


yt = (Iny − Ho† (q))  p t yt + Ho† (q)Go (q)  p t ut + eot .

(4.31)

To attain convergent IIRs in the dual sided form (4.31), global asymptotic stability
of Ho† (q) and Ho† (q)Go (q) are required. In other words, Go (q) could potentially
be unstable, however, the multiplication Ho† (q)Go (q) should result in a globally
asymptotically stable representation in terms of Definition 2.7. Hence, this allows
to identify unstable dynamics in Go (q). Note that the noise dynamics Ho and
inverse dynamics Ho† are always assumed to be globally asymptotically stable for
well-posedness of the prediction-error identification setting (see Chapter 5), else
the noise becomes unbounded in an output additive sense.
Utilizing the bilateral inverse and substituting (2.8), (4.2), and (4.26b)
into (4.31), the coefficient functions hoyi and houj in (4.30), w.r.t. the IO
structure (4.3), are given by
min(nc ,i)

(hoyi

 p)t =

−(doi

 p)t −

X

(cok  p)t (hoyi−k  p)t−k ,

(4.32a)

k=1

(houj

j
X

 p)t = −

(hoyj−k  p)t (gko  p)t−j+k ,

(4.32b)

k=0

for i, j ≥ 0 with hoy0 = −Iny . Similarly, the double sided structure for the SS in
innovation form (4.10) is found as:

(houi  p)t = C(pt )

i−1
Y


(Ã  p)t−j (B̃  p)t−i ,

with (houi  p)t = D(pt ),

(4.33a)

j=1

(hoyi

" i−1
#
Y
 p)t = C(pt )
(Ã  p)t−j (K  p)t−i ,

(4.33b)

j=1

where
(Ã  p)t = A(pt ) − (K  p)t C(pt ),

(B̃  p)t = B(pt ) − (K  p)t D(pt ).

The representation (4.30) is closely related to the one-step-ahead predictor
ŷt|t−1 formulated in the PEM setting in Chapter 5. This predictor provided ŷt|t−1
corresponds to the “optimal” predictor of the output yt with respect to a criterion given the set of observations (u(t) , p(t) , y(t−1) ) where p(t) = {pτ }τ ≤t . In the
prediction-error setting of this thesis, the one-step-ahead prediction of yt w.r.t. the
`2 -loss criterion is formulated as

2
ŷt|t−1 = argmin E kyt − δk2 | u(t) , p(t) , y(t−1) .
δ∈Rny

(4.34)
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Straightforward application of the expectation operator w.r.t. the representation (4.31) yields that


ŷt|t−1 = (Iny − Ho† (q))  p t yt + Ho† (q)Go (q)  p t ut .

(4.35)

For a detailed discussion see Chapter 5. Hence, from the system identification
point of view, this double sided formulation has two advantages compared to the
IIR: i) the representation only depends on the current sample of eo and identification of (4.35) leads to an minimum variance estimate (see Chapter 6), and ii) the
representation can be asymptotically stable, even if Go (q) is unstable. Asymptotic
stability of the predictor form is required to attain a well-posed identification setting. For the IO case, as Ho (q) and Ho† (q) are assumed asymptotically stable, the
predictor form Ho† (q)Go (q) is required to be stable but not Go (q) by itself. For the
SS case, the Kalman gain (4.10c) is constructed such that the closed-loop dynamics
xt+1 = Ã(pt )xt are stable (Deyst and Price 1968) and, therefore, the recursions
in (4.33) are always asymptotically stable (under some minor assumptions). On the
other hand, the double sided expansion comes at the cost of increased model complexity and/or computational cost and additional steps are necessary to separate
Go (q) and Ho (q). We will return to this trade-off in Chapters 6, 8, and 9.

4.6

Identification scenarios

In the previous sections, a common assumption was that all effects of the noise
could be lumped in an output additive noise process, while the observations of the
input and scheduling signals were considered to be noise free. In practice, it might
happen that the input signal of the process is not fully controllable by the user and
only measurements of the applied input signal to the system are available. Even
more commonly in practice, similar situation holds for the scheduling signal, as
the scheduling signal can be any combination of inputs, measurable process states,
outputs, measurable exogenous variables. This means that only noisy measurements of the actual input and scheduling signal affecting the data set are available.
Assuming noise on the input and scheduling variables corresponds to a so-called
errors-in-variables (EIV) problem for which several identification methods have
been proposed in the LTI context (Zheng 1998; Hong et al. 2007; Söderström 2007;
Pintelon and Schoukens 2012) or the nonlinear context (Li 2002; Jun and Bernstein
2007; Wang and Hsiao 2011; Piga and Tóth 2014), to mention a few. In the LTI
case, the literature only considers noise on the input level. In Jun and Bernstein
(2007), the nonlinear model is approximated by Volterra series and, hence, only
noisy observations of the input and output are hypothesized. In Li (2002); Wang
and Hsiao (2011); Piga and Tóth (2014), the methods describe a joint estimation
of the parameterized nonlinear functions and the distribution of the noise. In this
section, for the sake of completeness, we would briefly explore these two identification scenarios, i. e., noisy observations of the input and scheduling signals in
Section 4.6.1 and in Section 4.6.2, respectively.
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Figure 4.2: The data-generating system So with noisy observation of the input.

4.6.1

Noisy observations of the input signals

In this section, we explore if the introduced noise models are capable to capture
noise on the input observations. Let us assume that the data-generating system
experiences noise on the input channel, see Figure 4.2, which can be written as
o,[1] 
o,[2]
yt = (Go (q)  p)t ut − (Ho1 (q)  p)t et
+ (Ho2 (q)  p)t et
o,[1]

= (Go (q)  p)t ut − (Go (q)Ho1 (q)  p)t et

o,[2]

+ (Ho2 (q)  p)t et

(4.36)

,

o,[1]

o,[2]

∈ Rnu , et
∈
where Ho1 ∈ R[q]nu ×nu , Ho2 ∈ R[q]ny ×ny are monic filters and et
o,[1]
ny
∼ N (0, Σ2e1 )
R are sample paths of two independent white noise processes et
o,[2]
and et
∼ N (0, Σ2e2 ), respectively. Both noise processes can be captured by

(ẽo  p)t ∼ N 0, (Go (q)Ho1 (q)p)t Σ2e1 (Go (q)Ho1 (q)p)>t

+(Ho2 (q)p)t Σ2e2 (Ho2 (q)  p)>t , (4.37)
simplifying (4.36) to

(4.38)

yt = (Go (q)  p)t ut + (ẽo  p)t .

The input u is correlated with e
and, hence, u is correlated with (ẽ  p)t .
This means that the previous concept of the data-generating system can be used
to capture the underlying dynamics, but, in view of the correlation of u with the
noise process eo,[1] , it requires estimation methods that are applicable under a
closed-loop setting (see Section 5.1.4.2). To prove our statement, it need to be
shown that the non-stationary noise (4.37) can be separated into a stationary noise
left-multiplied by a monic LPV filter, i. e., (Ho  p)t eot .
o,[1]

o

In case Go (q), Ho1 (q), Ho2 (q) are the IIRs corresponding to a data-generating
system defined in an IO form with Ao (q), Bo (q), Co1 (q), Do1 (q), Co2 (q), Do2 (q), then
the time-varying covariance can be split as
(Go (q)Ho1 (q)p)t Σ2e1 (Go (q)Ho1 (q)p)>t +(Ho2 (q)p)t Σ2e2 (Ho2 (q)  p)>t
= (Ho  p)t Σ2e (Ho  p)>t , (4.39)
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Figure 4.3: The LPV data-generating system So in the p-noisy case.
by employing Cox et al. (2015a, Theorem 3, p. 64). To obtain a monic filter it
is key that either g0o = g0 ∈ Rny ×ny (where g0 will be absorbed in the covariance
2
) or Ho1 (q) is assumed to have a zero coefficient associated to q 0 (i. e., Ho1 (q) =
Σ
Pe∞
o,1 −i
is not monic). An exact formulation for the splitting of (4.39) is not
i=1 hi q
straightforward. To obtain a zero remainder during construction, an appropriate
set of rational functions with polynomials in both the nominator and denominator
should be chosen. However, this topic is out of the scope of the thesis. We merly
point out that input noise (Ho1  p) eo,[1] can be absorbed in the output noise model
under mild assumptions.
In case Go (q), Ho1 (q), Ho2 (q) are the IIRs corresponding to a data-generating
system defined in an SS form (4.5), then we have more restrictions to remain within
the static, basis affine dependency structure. Either the noise on the input is a
white noise process, i. e., Ho1 (q) = Inu , or the IIR is of zeroth order with structural
assumptions on the input matrices, i. e., Ho1 (q) = K(pt ) with B(pt ) = B0 ∈ Rnx ×nu ,
D(pt ) = D0 ∈ Rny ×nu . In both cases, the covariance Σ in (4.6) and the matrix
functions G(), H() will absorb the noise process on the input.
In the remainder of the thesis, we will not separately consider the case of noise
on the input. We assume that the underlying data-generating system aligns with
the above described scenarios and precaution is taken w.r.t. the chosen model
parameterizations during identification. A thorough investigation on more involved
noise scenarios on the input for both IO and SS representations remain a topic for
future research.

4.6.2

Noisy observations of the scheduling signals

In practice, noise free observations of the scheduling signal might be an unrealistic
assumption as the scheduling variable is often related to a measured signal, thus, it
is potentially affected by measurement noise (see Figure 4.3). Hence, observations
pt of the scheduling signal pot can be modeled with an additive measurement noise
ηto , i. e.,
pt = pot + ηto ,
(4.40)
where ηto can be any arbitrary noise signal. The EIV problem on the scheduling
signal is more difficult than on the input level, since the stochastic noise affecting
the scheduling observations is distorted by nonlinear functions. Hence, equivalently
representing the noise on the scheduling signal with an output additive noise is generally not possible. Currently, there exists no uniform framework to treat the EIV
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problem on the scheduling signal in a general fashion. However, in Section 6.2.5,
we will explore how to handle white noise on the scheduling signal in case ai and
bj are polynomial functions in pt .

4.7

Conclusion

In this chapter, we analyzed the representation capabilities and properties of commonly used LPV noise representations. As such, we have contributed to the main
research goal, by exploring the modeling capabilities of noise structures regarding
Subgoal 1.
In Sections 4.2, 4.3, and 4.4, we introduce noise representations for the LPV-IO,
SS, and IIR forms which were used to define the concept of data-generating systems.
More specifically, the aforementioned representations are extended with stochastic
dynamics to include effects caused by measurement noise, unknown external disturbances, or unmodeled system dynamics. Both the IO and SS representations
are equipped with noise dynamics in a similar representation form. As a contribution, the representation capabilities of the SS representation with a general
noise model are compared with its corresponding innovation noise form, fulfilling
Subgoal 1.(a). We have shown that the innovation form (4.10) requires a Kalman
gain with rational and dynamic dependence on the scheduling signal to represent
a general noise setting. However, this function can be approximated by simpler
dependency structures. In some case even an equivalent LPV-SS representation
with static, basis affine dependency on the scheduling signal can be found by including additional states, resulting in a non-state minimal representation of the
original process. Furthermore, it has been shown how IO and SS representations
can be equally formulated in an IIR form. As transfer functions type of formulation
is absent in the LPV system theory, this IIR form is essential in formulating the
predictor for IO and SS representations in Chapter 5. The resulting IIR of the
data-generating system is shown to be a convolution in the input u and noise eo .
In Section 4.5, as an extension of the IIR, we have also derived a double sided
expansion representation of data-generating systems involving a convolution of the
input u and output y. From the system identification point of view, this dual
sided formulation has two advantages compared to the IIR: i) the representation
only depends on the current sample of eo and identification of (4.35) leads to a
minimum variance estimate (see Chapter 6); and ii) the representation can be
asymptotically stable, even if the process dynamics represented by BdIO or BdSS are
unstable. On the other hand, if the double sided expansion is used to formulate a
model structure for identification, then it generally results in an increase of model
complexity compared to the IIR form as will be shown in Chapters 6, 7 and 9. The
following chapters rely heavily on these representations to capture the underlying
data-generating system.
In Section 4.6, we showed that the EIV problem on the input and output signal
can be represented as one lumped, additive noise representation on the output
under some minor restrictions. Hence, in such case, the representation can be
identified using the PEM framework in a closed-loop setting. This partially achieves
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our Subgoal 1.(b), although easing these structural restrictions remains an objective
for future research. Contrary to the previous case, no general framework exists to
handle the EIV problem on the scheduling signal. This does not imply that the EIV
problem on the scheduling signal is impossible to solve, however, we require more
insights. In Section 6.2.5, we explore a method to obtain a consistent estimate under
scheduling noise for a model parameterization with static, polynomial dependency
on the scheduling signal.

Chapter 5

Identification problem settings
and model structures

n this chapter, the LPV identification problem setting is introduced,
formulating LPV model estimation as a classical prediction-error minimization problem. Various choices of possible assumptions and their effect
on the problem setting itself are analyzed in the LPV case. To obtain a
general problem setting and render the analysis flexible, an IIR representation form of the data-generating system and models is utilized (as discussed
in Section 5.1). This allows a unified formulation of model estimation for
both the IO and SS forms, where this formulation is exploited in later
chapters. To analyze different prediction-error methods, concepts of informativity of the data sets, identifiability of the model set, and consistency
and convergence of estimation schemes are formulated. Additionally, we
further specify the LPV concept of the open- and closed-loop identification
setting under a prediction-error minimization objective. In Section 5.2,
LPV extensions of various classical IO model structures are overviewed
and, as a contribution, their informativity and identifiability are investigated. A novel concept of an LPV moving average with exogenous inputs
(MAX) model structure is also introduced and analyzed, which is of particular interest for formulating alternative subspace identification approaches
in Chapter 9. In Section 5.3, the discussion is moved to LPV-SS models
where the notion of identifiability under both general and innovation noise
models are explored.

I
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The LPV prediction-error framework

The prediction-error method (PEM) framework has proven to be a powerful
paradigm to identify models in the LTI or nonlinear case, e. g., see Ljung (1999).
The underlying principle of the framework, as seen in Chapter 1, has been
successfully applied to countless practical examples. Based on similar observations
in the LPV case, we will also use the prediction-error principle to addressed the
identification problem setting in this thesis and the prediction-error framework is
applied to develop our model estimation methodologies detailed in later chapters.
To do so, first we will briefly review the prediction-error framework formulated for
the LPV setting in Tóth et al. (2012b).
In PEM, model estimates are obtained by minimizing their associated
prediction-error with respect to a loss function where the model parameters are
the optimization variables. Hence, the three main ingredients for PEM, supplied
by the user, are: 1) the parameterized model structure, 2) the data set with the
associated identification setting, and 3) the identification criterion. These choices
imply a specific estimation problem and, therefore, characterise which solution
methods or algorithms are applicable. The goal of this chapter is to introduce LPV
PEM and provide an overview of these main ingredients. Furthermore, we will
also introduce the concepts of model parameterizations, model sets, informativity
of the data set, conditions for identifiability of the model set, and consistency and
convergence of an estimation methodology. These definitions enable sophisticated
analysis of the properties of the estimates in terms of variance, bias, consistency,
and convergence for specific identification settings and model structures. The
essential element here is that both LPV-IO or LPV-SS representations of the
underlying data-generating system can be formulated in terms of an IIR under
mild conditions and, therefore, a uniform treatment of PEM and the above
mentioned concepts can be introduced for the IO and SS model classes.
In Section 5.2, LPV extensions of various classical IO model structures are
overviewed based on Tóth et al. (2012b) and, as a contribution, their informativity and identifiability is investigated. Furthermore, an LPV moving average with
exogenous inputs (MAX) model structure is also introduced and analyzed, which
structure has never been applied in LPV literature. The MAX model is of particular interest for formulating alternative subspace identification approaches (see
Chapter 9). In Section 5.3, the discussion is moved to LPV-SS models where the
notion of identifiability under both general and innovation noise models is explored.
The contributions of this chapter are: 1) proving the concepts of informativity,
identifiability, consistency, and convergence for the MAX model set with the mean
squared error criterion, and 2) exploring the notions of identifiability for LPV-SS
model structures with general and innovation noise models.

5.1.1

Data-generating system

The LPV data-generating system So in an IO or SS form can be equivalently
represented by its convergent IIR (if the representations are asymptotically stable,
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see Section 4.4). As the concept of transfer functions is missing in the LPV case
and, hence, to provide a general formulation of the identification problem given
either an IO or SS modeling concept, an IIR representation form can be used.
Following the classical PEM setting, e. g., see Ljung (1999), the data-generating
system is considered as a discrete-time deterministic filter Go (q) whose output is
influenced by a stochastic noise process vo in an additive manner (see Figure 4.1).
Hence, a data-generating LPV system So is formulated as
yt = (Go (q)  p)t ut + vto ,

(5.1)

where the process part Go (q) is represented in terms of an LPV impulse response
form (2.16). The IIR (2.16) is assumed to be convergent, i. e., Go (q) under P
corresponds to an asymptotically stable LPV system (see Definition 2.7). In the
LTI case, the output additive noise process vto can jointly represent additive input,
output, and process noise under some mild conditions (Ljung 1999). Similarly, in
the LPV case, the noise process vto in terms of an IIR can characterise additive
input, output, and process noise under similar mild conditions, however, it cannot
represent additive noise on the scheduling signals (see Section 4.6.2). The noise
process vo is assumed to be characterized as
vto = (Ho (q)  p)t eot ,

(5.2)

where Ho is a monic, convergent LPV-IIR (5.2), i. e., it corresponds to an asymptotically stable LPV filter, and eot is a sample path of a zero-mean white noise
process with a normal distribution N (0, Σ2e ) where Σ2e is the variance. Similar to
the LTI case, asymptotic stability of Ho (q) in the deterministic sense is a necessary assumption of the prediction-error setting (see Ljung 1999), otherwise Φvo (ω)
would not be bounded yielding that identification of Go (q) is an ill-posed problem.
Furthermore, it is important to point out that v o is a quasi stationary signal (see
Lemma 4.2).

5.1.2

One-step-ahead prediction of v o

The aim of PEM is to minimize the prediction-error or, in other words, to obtain a
predictor of the output signal yt that can “optimally” forecast yt given the past data.
In classical PEM, the output yt is predicted by the minimum variance estimate of
yt , which results in the one-step-ahead predictor of yt . However, to characterize a
predictor of yt it is essential to clarify how vto is predicted at a given time-step t
from the observations vτo for τ ≤ t − 1. To this end, (5.2) is equivalent to
vto = eot +

∞
X

(hoi  p)t eot−i ,

(5.3)

i=1

implying that the deconvolution given {vτo }τ ≤t−1 and trajectory of p defines
{eoτ }τ ≤t−1 . Note that causal dynamic dependence of the IIR is guaranteed if hoi
depends only on the current and the backward-time-shifted values of p, e. g., pt ,
pt−1 , pt−2 , etc.
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Relation (5.3) can provide different ways to define the predictor of vto , for example by the maximum a posteriori predictor or by the mean value of the distribution of vto . Following the classical concept, we assume that observations of
eo(t−1) = {eoτ }τ ≤t−1 and p(t) = {pτ }τ ≤t are given. Under this information set, the
objective is to find the one-step-ahead predictor of vto , which minimizes the `2 -loss
function:

2
o
(5.4)
= argmin E kvto − δk2 | eo(t−1) , p(t) .
v̂t|t−1
δ∈Rny

It is straightforward to show that the minimizer of (5.4) is given by the conditional
o
mean: v̂t|t−1
= E{vto | eo(t−1) , p(t) }. As eo(t−1) and p(t) are given, application of the
expectation operator results in
o
v̂t|t−1
=

∞
X

E{(hoi p)t | p(t)}eot−i =

i=1

∞
X

(hoi p)t eot−i = (Ho (q) − Iny )p t eot ,

(5.5)

i=1

Note that (5.5) also minimizes the mean-squared error of the prediction, i. e.,
v̂t|t−1 = argmin w∈RZ Ē{kvto − wt k22 }. Obviously, assuming eo(t−1) to be known
is impractical. Hence, formulating the prediction of vto in terms of observation of
o
v(k−1)
= {vτo }τ ≤t−1 , it is required that Ho (q) has a stable inverse, i. e., there exists a monic convergent LPV-IIR denoted as Ho† (q) such that Ho† (q)Ho (q) = Iny .
Note that if such a Ho† (q) exists, then it is a bilateral inverse of Ho (q), i. e.,
Ho† (q)Ho (q) = Ho (q)Ho† (q) = Iny (see Appendix A.2). This implies that
eot = (Ho† (q)  p)t vto .

(5.6)

Then using (5.6), we can write (5.5) as
o
v̂t|t−1
= ((Iny − Ho† (q))  p)t vto ,

(5.7)

which is the LPV form of the classical one-step-ahead predictor result (Ljung 1999).

5.1.3

One-step-ahead prediction of y

With the established predictor of v o , we can focus on derivation of a predictor of
the output y. Note that (5.1) implies that
vto = yt −

∞
X

(gio  p)t ut−i .

(5.8)

i=0

Hence, given the information set (y(t−1) , u(t) , p(t) ), based on (5.8), we can obtain
o
the information set (v(t−1)
, u(t) , p(t) ). Under the latter set of observations, the
one-step-ahead prediction of yt w.r.t. the `2 loss is

2
o
ŷt|t−1 = argmin E kyt − δk2 | v(t−1)
, u(t) , p(t) .
(5.9)
δ∈Rny

Again, straightforward application of the expectation operator yields that
o
ŷt|t−1 = (Go (q)  p)t ut + v̂t|t−1
.

(5.10)
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By substituting (5.8) into (5.7), (5.10) can be written as


ŷt|t−1 = (Go (q)  p)t ut + (Iny − Ho† (q))  p t yt − (Go (q)  p)t ut

= (Ho† (q)Go (q)  p)t ut + (Iny − Ho† (q))  p t yt .
(5.11)
This corresponds to the LPV form of the classical result of the LTI case (see
Ljung 1999). Note that in a similar manner, k-step ahead predictors can also be
formulated in this setting, but such concepts are out of the scope of this thesis.

5.1.4

Identification setting

The data set DN can be collected in an open- or closed-loop setting. In this section,
we will generalize these concepts and summarize the main assumptions for the LPV
identification setting.
5.1.4.1

Open-loop setting

The majority of the identification literature assumes that data is collected in an
open-loop setting, i. e., the data is recorded without interference of a feedback loop
(see Figure 4.1). It is assumed that the noise on the system can be captured by
a time-varying output additive noise and, therefore, the data-generating system
assumed in this setting coincides with the representation (5.1). This setting has
the following two main assumptions:
A5.1 The quasi-stationary input signal u is assumed to be uncorrelated with eot ,
i. e., Ē{ut (eot+τ )> } = Ē{ut (eot−τ )> } = 0 for all τ ∈ N0 .
A5.2 The quasi-stationary scheduling signal p is assumed to be uncorrelated with
eot .
Assumption A5.1 coincides with the majority of literature on LTI system identification, e. g., Eykhoff (1974); Ljung (1999); Verhaegen and Verdult (2007); Pintelon
and Schoukens (2012), while Assumption A5.2 is an additional requirement of the
LPV case. Note that, due to Assumption A5.1, the input u is also uncorrelated
with the colored noise v o . This latter property is essential to obtain unbiased estimates during identification of certain model classes using the least-squares criterion
(see Chapter 6). Unless stated otherwise, we assume that the open-loop setting is
the default setting throughout this thesis.
5.1.4.2

Closed-loop setting

Many systems are operating under feedback control to guarantee safety of the process or to stabilize an unstable plant. The closed-loop setting is usually required
for operation of chemical processes, such as separating mixtures by crystallization
or distillation; aircrafts, such as fighter jets or quadcopters; and mechanical servo
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Figure 5.1: The data-generating system So in the closed-loop setting.
systems, such as robotic arms or positioning systems. Consequently, for these systems, collecting data is only possible under the presence of a stabilizing controller.
The closed-loop setting is displayed in Figure 5.1 and is given by the following
relations
yt = (Go (q)  p)t ut + (Ho (q)  p)t eot ,

(5.12a)

ut = rt − (Co (q)  p)t yt ,

(5.12b)

where r : Z → Rnu is the the reference signal and Co ∈ R[q]nu ×ny is the controller in
IIR form that guarantees asymptotic stability of the closed-loop system from (r, eo )
to y. Obviously, Assumption A5.1 from the open-loop setting is violated in this
setting. Therefore, in the closed-loop case, we rely on the following assumptions:
A5.3 The feedback scheme does not contain an algebraic loop. Hence, either the
process or the controller has no direct feed-through.
A5.4 The quasi-stationary input signal u is assumed to be uncorrelated with
future values of eot , i. e., Ē{ut (eot+τ )> } = 0 for all τ ∈ N0 .
A5.5 The quasi-stationary reference signal r and scheduling signal p are assumed
to be uncorrelated with eot .
An algebraic loop in the identification setting can lead to well-posedness problems
in realization schemes and potential bias of model estimates. Hence such a scenario
is not considered in this thesis. The interested reader is referred to Weerts et al.
(2016).
Due to the feedback loop, the input ut is correlated with past values of eot ,
i. e., Ē{ut (eot−τ )> } 6= 0 for τ ≥ 0, however, due to causality of the feedback, it
is a reasonable assumption that ut is uncorrelated with future values of eot as in
Assumption A5.4. Neglecting this correlation leads to potential estimation bias
and, hence, we will take special percussion for formulating our estimation methods
in the closed-loop setting (see Chapters 6 and 9).
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Model set and the concept of model estimation

Using the concept that the data-generating system can be separated to a process
and noise part, we can introduce models to capture each of them in a parametrized
form. Based on this, introduce the LPV model set in the form of
(G(q, θg ), H(q, θh )) ,

(5.13)

where G(q, θg ) and H(q, θh ) are the IIRs of the process part, denoted as Gθg , and the
noise part, denoted as Hθh , of the model structure respectively and θg ∈ Θg ⊆ Rng
with θh ∈ Θh ⊆ Rnh are the parameters to be estimated. Note that these parameters are not necessary associated with the parametrization of impulse response
coefficients directly, but can correspond to the parametrization of the coefficients
of the process and noise models given in an SS or IO form. The functional dependencies on the scheduling signal, e. g., ψ [i] () in (2.23), could be included in the
parameterization Θ. However, for the sake of simplicity, the following discussion is
focused on estimating the coefficients θ following the classical perspective. Introduce θ = col(θg , θh ) ∈ Θ ⊆ Rnθ , the vector of independent parameters in θg and
θh .
Denote G = {Gθg | θg ∈ Θg } and H = {Hθh | θh ∈ Θh } the collection of all
process and noise models with the considered parametrization and similarly denote
the overall parametrized model (5.13) as Mθ . Then, based on the model structure
Mθ , the model set, denoted as M , takes the form
M = {(Gθg , Hθh ) | θ = col(θg , θh ) ∈ Θ}.

(5.14)

This set corresponds to the set of candidate models in which we seek the model
that explains data gathered from So the best, under a given criterion. We denote
by S0 ∈ M , when the data-generating system is in the model set, i. e., ∃θo =
col(θo,g , θo,h ) ∈ Θ such that Go (q) = G(q, θo,g ) and Ho (q) = H(q, θo,h ) for all p ∈ PZ .
With respect to (5.13), we can define the one-step-ahead prediction-error as
εt|θ = yt − ŷt|θ,t−1 ,

(5.15)

ŷt|θ,t−1 = (Wu (q, θ)  p)t ut + (Wy (q, θ)  p)t yt ,

(5.16)

where
is the one step-ahead-predictor of the model output with sub-predictors
Wu (q, θ) = H † (q, θh )G(q, θg ),
†

Wy (q, θ) = Iny − H (q, θh ),

(5.17a)
(5.17b)

according to (5.11).
Denote a data sequence of So by DN = {yt , ut , pt }N
t=1 . Then the basic philosophy of prediction-error based identification is to find θ w.r.t. a given parametrized
model Mθ with parameter space Θ ⊆ Rnθ and a data set DN such that the onestep-ahead predictor (5.16) associated with θ provides a prediction-error εθ which
resembles to a zero mean white noise eo “as much as possible.” This objective
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Figure 5.2: The data-generating system So and the predictor model Mθ .
can be formulated as the minimization of εθ in terms of an identification criterion
V (DN , θ), like the least-squares (LS) criterion:
V (DN , θ) =

N
1 X
1
kεt|θ k22 = kεθ k2`2 ,
N t=1
N

(5.18)

such that the set of minimizing values Θ̂N ⊆ Θ is
Θ̂N = argmin V (DN , θ).

(5.19)

θ∈Θ

In case Card(Θ̂N ) = 1, then we call θ̂N the parameter estimate of the model set M
that satisfies {θ̂N } = Θ̂N , otherwise a parameter estimate is given by θ̂N ∈ Θ̂N .
Other criteria can also be used to characterize estimation of θ in (5.13) as a
minimization of (5.15) w.r.t. a chosen measure (see Ljung 1999) or to introduce
other objectives, e. g., minimization of the support of θ, or weights, like forgetting
factors, etc. However for the sake of simplicity, we restrict further discussion to
the classical LS case.

5.1.6

Identifiability and Informativity

It is important to guarantee uniqueness of the minimum of the identification criterion (5.19) together with the distinguishability of prediction for different values of
θ under a given model set Mθ . Distinguishability of the model set and uniqueness
of the identification criterion minimum are important properties to analyze convergence of estimates towards θo characterizing the true underlying system (when
S0 ∈ M ) and to guarantee well-posedness of estimation problem. Hence, we define
the following property:
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Definition 5.1 (Identifiability) Mθ , defined by (5.13) with a parameter domain
Θ ⊆ Rnθ , is called locally identifiable at a θ1 ∈ Θ, if ∃δ > 0 such that for all θ2 ∈ Θ
in kθ1 − θ2 k2 ≤ δ:
Wy (q, θ1 ) = Wy (q, θ2 )

and

(5.20)

Wu (q, θ1 ) = Wu (q, θ2 ),

implies that θ1 = θ2 . The model structure is said globally identifiable if the sane
holds for any θ1 ∈ Θ and for any arbitrary large δ.

Furthermore, it is also important to formalize how a given data set DN provides
distinguishability between differently parameterized predictors:
Definition 5.2 (Informative data) For Mθ , defined by (5.13) with Θ ⊆ Rnθ ,
a quasi-stationary data set DN = {ut , yt , pt }N
t=1 is called informative, if for any
θ1 , θ2 ∈ Θ
n
Ē


(Wy (q, θ1 ) − Wy (q, θ2 ))  p t yt +

(Wu (q, θ1 ) − Wu (q, θ2 ))  p t ut

2
2

o

= 0,

(5.21)

with Ē being the generalized expectation operator, implies that
Wy (q, θ1 ) = Wy (q, θ2 )

and

Wu (q, θ1 ) = Wu (q, θ2 ).

(5.22)


Definitions 5.1 and 5.2 are based on Ljung (1999); Bazanella et al. (2010); Tóth
et al. (2012b).
Note that Definition 5.1 means that different parameterizations of the model
set are distinguishable in terms of their associated sub-predictors. Definition 5.2
implies that the data set DN is such that this property of distinguishability is not
compromised under the given set of observations, i. e., criterion (5.18) results in
different values under different θ if Mθ is globally identifiable. Note that informativity alone guarantees only that the predictors are uniquely identifiable under the criterion (5.18), but not the individual parameters θ. Hence, informativity does not guarantee global identifiability, i. e., Wy (q, θ1 ) = Wy (q, θ2 ) and
Wu (q, θ1 ) = Wu (q, θ2 ) 6⇒ θ1 = θ2 . Only the combination of informativity and
identifiability can guarantee that V (θ, DN ) has a unique global optimum in the
statistical sense.

5.1.7

Consistency and convergence

To analyze the quadratic identification criterion (5.18), it is important to remove
the effect of sample based realizations of u, p, and eo . Hence, the asymptotic properties of the resulting parameter estimate using various methods can be analyzed
for N → ∞, similarly as in the LTI case. The effect of individual sample based
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realizations of u, p, and eo in (5.18) is removed by introducing the mean squared
prediction-error (MSE) V∞ (θ)
N
1 X
E{kεt|θ k22 } = Ē{kεt|θ k22 },
N →∞ N
t=1

V∞ (θ) = lim

(5.23)

such that the set of minimizing values Θ? ⊆ Θ is
Θ? = argmin V∞ (θ),

(5.24)

θ∈Θ

where θ? is an estimate of the model set M given the MSE criterion if it satisfies
θ? ∈ Θ? . It is well-known that the criterion function V (DN , θ) converges uniformly
in θ ∈ Θ to the limit function V∞ (θ), i. e., supθ∈Θ kV (DN , θ) − V∞ (θ)k1 → 0 with
probability 1 as N → ∞, in case the predictor model and its gradients are stable
for each θ ∈ Θ (see Lemma 8.2 Ljung 1999).
Furthermore, for the analysis, the data set DN shall have the following technical
assumption:
A5.6 Let DN be a sequence {ut , pt , yt }N
t=1 of jointly quasi-stationary signals u,
p, y satisfying the dynamic relations (5.1)-(5.2) of an asymptotically stable
open-loop LPV data-generating system or satisfying (5.12) of an asymptotically stable closed-loop LPV data-generating system.
With (5.23)-(5.24) and Assumption A5.6 characterized, the following important
definition of estimator properties can be given:
Definition 5.3 (Convergence) For a data set DN subject to Assumption A5.6
and model structure Mθ , the parameter estimate θ̂N ∈ Θ̂N is called convergent if
Θ̂N → Θ?

with probability one as N → ∞.



Note that convergence implies that the asymptotic parameter estimate is independent from the particular noise realization in the data-sequence.
Definition 5.4 (Consistency) Given a model structure Mθ with model set M
and a data set DN , which is subject to Assumption A5.6 and is informative w.r.t.
Mθ . A convergent parameter estimate θ̂N → θ? is called consistent if either of the
following conditions holds:
• If So ∈ M , then Go (q) = G(q, θg? ) and Ho (q) = H(q, θh? ) for all θ? ∈ Θ? .
• If So 6∈ M but Go ∈ G and G(q, θg ), H(q, θh ) are independently parameterized,
then Go (q) = G(q, θg? ) for all θg? ∈ Θ?g .

Definitions 5.3 and 5.4 are based on Ljung (1999); Bazanella et al. (2010);
Tóth et al. (2012b). Note that consistency of the estimator combined with global
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identifiability of the model set M at the true system parameters θo implies either
that Θ? = {θo } for So ∈ M or that Θ?g = {θg,o } for So 6∈ M but Go ∈ G.
Definition 5.4 does not imply that any method used to solve the estimation
problem (5.19) under a global identifiable Mθ and informative data set DN is
guaranteed to obtain the minimum solution of V (), as V () can be nonconvex
under the given model set.

5.1.8

The problem setting of prediction-error minimization

The general objective of system identification for PEM is to obtain a consistent
estimate, in terms of Definition 5.4, of the parameters θo , describing the LPV
system to be identified, based on an observed data sequence DN = {ut , pt , yt }N
t=1
of the system So . Recall that the three main ingredients for PEM, supplied by
the user, are: 1) the model structure including parameterization, 2) the data set
with the identification setting, and 3) the identification criterion. In the following
sections, we investigate various choices of model parametrization using IO and
SS representations to define Mθ , their identifiability, their associated conditions
of informativity on the data set DN and convexity of the identification criterion
V () with respect to the MAX model set will be proven. Applying these results,
the consistency of prediction-error minimization based identification methods of
Chapters 6 and 7 can be investigated.

5.1.9

Connection between PEM and ML optimization

The prediction-error setting is closely related to maximizing the likelihood function
of the estimate with respect to the chosen parametrization. To see this connection,
assume that the noise process eot of the data-generating system So has covariance
Σ2e = Iny σe2 (5.53a), then the log-likelihood function given a data set DN associated
with the model Mθ is
L(θ, σe2 ) = −

N ny
1
log(σe2 ) − 2 εN |θ
2
2σe

2
2

(5.25)

,

where the prediction-error vector εN |θ for the data set DN is given by
εN |θ =

h

>
y1> − ŷ1|θ,0

...

>
>
yN
− ŷN
|θ,N −1

i>

.

(5.26)

Due to the special structure of the log-likelihood function L() (5.25), its maximum
2
for θ and σe2 can be found by first minimizing the least-squares problem εN |θ 2
2
w.r.t. θ and then maximizing it w.r.t. σe . Advantageously, this decoupling allows
to obtain the unbiased, minimum variance estimate of the θ by prediction-error
methods and this concept is widely used in system identification, e. g., see Eykhoff
(1974); Söderström and Stoica (1983); Ljung (1999); Verhaegen and Verdult (2007).
If the Gaussian assumption with a diagonal covariance on the pdf of eot is violated,
then the prediction-error method leads to estimates without the ML property; however, they achieve a minimum prediction-error. If the noise is distributed according
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to eot ∼ N (0, Σ2e ) with an arbitrary Σ2e  0, then the log-likelihood function reads as
2
L(θ, Σ2e ) = − N2 log(det(Σ2e )) − 12 εN |θ Σ−2 . In this case, the asymptotic properties
e
of the PEM estimator are very closely related to the ML estimate, e. g., see Ljung
(1999, Chapter 9). The model estimates are unbiased and asymptotically normally
distributed, but the estimates are not minimum variance (Ljung 1999, Problem
9E.4). Minimum variance can be obtained in case the noise variance Σ2e is known
a-priori or by jointly estimating θ and Σ2e . However, to simplify the optimization
problem of (5.25), this step is usually not included. Hence, in the remainder of
this thesis, the PEM problem is solved by minimizing the LS criterion V (DN , θ)
defined in (5.18) to find the parameters θ, i. e., via (5.19).

5.2
5.2.1

IO model structure and their properties
Input-output model structures

The first ingredient for prediction-error methods is the selection of the model structure. Following the classical concept of PEM (Ljung 1999; Tóth et al. 2012b),
the process Gθ and noise Hθ model sets can be composed of various forms and
parametrizations of LPV-IO representations.
5.2.1.1

General class of IO model structures

Process model. Consider the parameterized model Mθ , where the process part
Gθg is defined as
(5.27)

(A(q, θg )  p)t y̆t = (B(q, θg )  p)t q −τd ut .

In (5.27), y̆ denotes the noise-free output of the process part, τd ≥ 0 is the input
delay, and the p-dependent polynomials are
A(q, θg ) = Iny+

na
X

ai (θg ) q −i ,

i=1

B(q, θg ) =

nb
X

bj (θg ) q −j ,

(5.28)

j=0

with orders na , nb ≥ 0, time delay τd ≥ 0 and ai (θg ), bj (θg ) are parametrized as:
(ai (θg )  p) = ai,0 +

nα
X
l=1

ai,l (αi,l  p) ,

(bj (θg )  p) = bj,0 +

nβ
X

bj,l (βj,l  p) , (5.29)

l=1

where ai,l ∈ Rny ×ny , bj,l ∈ Rny ×nu are the parameters and αi,l , βj,l ∈ R are
(a priori specified) coefficient functions. The aforementioned parametrization is
a ,nα
often referred to as the linear parameterization in the functions {αi,l }ni=1,l=1
and
nb ,nβ
{βj,l }j=0,l=1
. The unknown parameters describing the process part are collected
as


θg = vec a1,0 a1,1 . . . ana ,nα b0,0 . . . bnb ,nβ
∈ Θg ⊆ Rng,
(5.30)
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with ng = n2y na (nα + 1) + ny nu (nb + 1)(nβ + 1). Advantageously, the linear parameterization can lead to convex estimation methods in some cases if a set of
nb ,nβ
a ,nα
basis functions {αi,l }ni=1,l=1
and {βj,l }j=0,l=1
is chosen a-priori. This set of basis
functions can represent a large number of functional dependencies on the scheduling signal. Other parameterizations then (5.29), in general, will lead to nonconvex
optimization to find an estimate and, therefore, are increasing the problem complexity without significant increase of the range of functional dependencies that can
be captured. Alternatively, an LFR type of formulation could be used to have a
more concise parameterization of rational dependencies, but this has not yet been
explored. Note that basis functions that have causal dynamic dependence on p will
lead to causal dependency in the process model dynamics (5.27).
The linear parameterization depends heavily on prior information of the possible type of dependency structures in the data-generating system. To obtain a
consistent estimate, the model set should include the p-dependency structures aoi
and boj of the underlying data-generating system. More specifically, for a consistent
nβ
α
estimate it should hold that aoi ∈ Span({αi,l }nl=0
) and boj ∈ Span({βj,l }l=0
). On the
other hand, the choice of the function can be arbitrary in case nothing is a-priori
known of the system at hand, i. e., in a black-box scenario. In the black-box case,
two options are available: 1) considered a general set of basis functions αi,l , βi,l ,
e. g., by functional Taylor series expansion, or 2) perform nonparametric estimation
to identify these functional dependencies in a nonparametric fashion. Including a
too large set of functions may easily lead to over-parametrization, while restriction
of αi,l and βj,l to only a few basic functions can lead to serious structural bias.
To avoid over-parametrization or structural bias, the model order and structural
dependence selection can be performed by sparse estimation or statistical regularization (shrinkage) methods (e. g., see Tóth et al. 2012c). In this thesis, we will
not discuss these model order and structural dependence selection schemes. Alternatively, nonparametric identification methods can be applied to jointly estimate
the unknown linear parameters θg and functional dependencies αi,l and βj,l , see
the discussion in Section 6.3. For the remainder of this section, we assume that
nb ,nβ
a ,nα
the set of basis functions {αi,l }ni=1,l=1
and {βj,l }j=0,l=1
are known a-priori or are
estimated in a pre-estimation step.
Noise model. Similar to the process model, the noise model Hθh is defined as
(D(q, θh )  p)t vt = (C(q, θh )  p)t εt|θ ,

(5.31)

where the p-dependent polynomials D ∈ R[q]ny ×ny and C ∈ R[q]ny ×ny are defined
similarly as A() and B() in (5.28) with orders nd , nc ≥ 0. These polynomials
are considered to be monic, i. e., c0 (θh ) = d0 (θh ) = Iny , and they have a linear
nc ,nγ
d ,nδ
parametrization in terms of the functions {γi,l }i=1,l=1
, {δj,l }nj=1,l=1
and parameters
θh = vec



c1,0

c1,1 . . . cnc ,nγ d1,0 . . . dnd ,nδ



∈ Θ h ⊆ Rn h ,

(5.32)

with nh = n2y nc (nγ + 1) + n2y nd (nδ + 1), respectively. To apply the PEM, the IIR
H(q, θh ) of (5.31) is assumed to have a stable inverse, denoted as H † (q, θh ), for
all values of θh ∈ Θh , see discussion in Section 5.1.3. Note that H(q, θh ) will have
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causal dynamic dependence if (5.31) is chosen to be causal. The noise model (5.31)
is capable to express a large variety of noise processes, including LTI rational noise
models (for nγ = 0 and nδ = 0, the matrix functions C() and D() correspond LTI
filters).
Overall model structure. Combining (5.27) and (5.31) will lead to the overall
model structure (5.33), where θ = col(θg , θh ) ∈ Θg ×Θh ⊆ Rnθ with nθ = ng +nh in
case the parametrizations of Gθ and Hθ are independent. Otherwise θ is constructed
from θg and θh such that it contains only independent parameters. The overall
parametrized model Mθ is given as
(A(q, θg )  p)t y̆t = (B(q, θg )  p)t q −τd ut ,

(5.33a)

(D(q, θh )  p)t vt = (C(q, θh )  p)t εt|θ ,

(5.33b)
(5.33c)

yt = y̆t + vt .

The corresponding noise model (5.33b) admits an IIR representation Ho (q), which
in case of polynomial parametrization of the coefficient functions ci and dj , is
equivalent to (4.26b). In fact, (5.33) is the LPV extension of the so-called BoxJenkins (BJ) model structure. Various subclasses of (5.33) can be formulated,
similar to the LTI setting, which are given next.
5.2.1.2

LPV-FIR model

Considering the IIR form (5.1) of the process part of So , a particularly interesting
idea is to truncate this series expansion to get an approximation of the original
system (5.1) under the assumption that vto = eot (H(q, θh ) = Iny ). Hence, by
introducing the following polynomial model structure:
yt =

nb
X

gi (θg )  p


t

ut−i + εt|θ = (B(q, θg )  p)t ut + εt|θ ,

(5.34)

i=0

where each coefficient gi (θg ) of the polynomial B(q, θg ) is linearly parametrized in
nb ,nβ
terms of the functions {βi,l }i=0,j=1
and parameters θg , a rather simple but effective
approximation of the original system can be achieved. This model structure is the
LPV form of the well-known LTI finite impulse response (FIR) model. Note that,
the FIR model structure can also be derived from (5.33) by setting A(q, θg ) =
C(q, θh ) = D(q, θh ) = Iny with associated predictor model (5.11):
Wu (q, θ) = B(q, θg ),

Wy (q, θ) = 0.

(5.35)

Using the concept of finite truncation of the IIR, general series expansion models, for instance using orthonormal basis functions, can be introduced (see, e. g.,
Tóth et al. 2009; Tóth 2010; Darwish 2017). However, the OBF framework is out
of the scope of this thesis. However, as the OBF framework does not connect to the
research objective of this thesis. Therefore, the corresponding model structures are
not detailed here and the interested reader is referred to the preceding references.
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LPV-ARX model

By considering D(q, θh ) , A(q, θg ) and C(q, θh ) , Iny in (5.33), the LPV version
of the so-called auto regressive with exogenous input (ARX) model structure is
obtained:
(A(q, θg )  p)t yt = (B(q, θg )  p)t q −τd ut + εt|θ ,
(5.36)
with θ = θg . It is important to highlight that w.r.t. (5.17):
Wu (q, θ) = B(q, θg ) q −τd ,

Wy (q, θ) = Iny − A(q, θg ).

(5.37)

This means that if A() and B() are linearly parameterized, then the predictor
(5.16) (and hence (5.15)) is linear in θ, therefore, the solution of (5.19) can be analytically computed (see Section 6.2.1.1). This type of model structure is commonly
applied in LPV-IO approaches, e. g., Bamieh and Giarré (2002); Giarré et al. (2006);
Wei (2006), and in LPV subspace schemes, e. g., van Wingerden et al. (2009).
5.2.1.4

LPV-MAX model: a new model structure

The LPV moving average with exogenous input (MAX) model structure is not
widely studied nor applied in practice. The MAX model structure consists of an
FIR model for both the plant and noise process. In this thesis, it will be shown
that employing the MAX formulation instead of the ARX formulation can lead to
a significant reduction of the number of the to be estimated parameters in LPV
subspace identification (see Chapter 9). This model structure plays a key role
in this thesis, however, its properties are not well studied in the literature. To
this end and as a contribution of this thesis, we will prove the informativity and
identifiability conditions in Section 5.2.2 and convexity of the MSE criterion w.r.t.
the model parameters is proven in Section 5.2.3.
The LPV-MAX model structure is defined as:
yt = (B(q, θg )  p)t q −τd ut + (C(q, θh )  p)t εt|θ .

(5.38)

Applying the bilateral inverse in Lemma 4.3, the predictor model is:
Wu (q, θ) =

∞
X

Iny − C(q, θh )

i=0
∞
X

Wy (q, θ) = −

i

B(q, θg ) q −τd ,

i
Iny − C(q, θh ) .

(5.39a)
(5.39b)

i=1

Note that the infinite sum term appears in the latter equation due to the inversion
of the scheduling dependent noise model, see Lemma 4.3. This term is convergent,
as H † () is assumed to be stable. Note that the one-step-ahead predictor ŷt|t−1
of the MAX model set is not linear in the coefficients compared to the ARX case.
However, we can prove that, under the informativity of the data set and linear
parametrization of the coefficient functions, the LS criterion V () (5.18) has only
one stationarity point, see Section 5.2.3, and the original parameters θo associated
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with the data-generating system (in case So ∈ M ) can always be obtained. Actually,
the predictor already suggests that the filter Wy (), i. e., C † () in terms of (5.39b),
can uniquely be reconstructed due to uniqueness of the inverse (Lemma 4.3) and
the predictor can be proven identifiable under similar conditions as the ARX model
structure (Theorem 5.2). Therefore, C() is identifiable and the filter Wu () (5.39a)
can also be uniquely determined, see Section 5.2.2.
5.2.1.5

LPV-ARMAX model

An extension of the ARX model structure can be achieved by introducing a moving
average part on in the noise model (C(q, θh ) 6= Iny ). The resulting auto regressive
moving average with exogenous input (ARMAX) model is given as
(A(q, θg )  p)t yt = (B(q, θg )  p)t q −τd ut + (C(q, θh )  p)t εt|θ .

(5.40)

This significantly reduces the restrictiveness of the modeling assumption on the
noise, but the price to be paid is that the predictor (5.16) is again not linear in θ
even under a linear parametrization of the model coefficient functions as
Wu (q, θ) =

∞
X

i
Iny − C(q, θh ) B(q, θg ) q −τd ,

(5.41a)

i=0

Wy (q, θ) = Iny −

∞
X

i
Iny − C(q, θh ) A(q, θg )).

(5.41b)

i=0

The exact parameterization relation of Wu () (5.42a) and Wy () (5.42b) are provided in (4.26) with aok , . . . , dok replaced by ak (θg ), . . . , dk (θh ) and dk (θh ) , ak (θg ).
5.2.1.6

LPV-BJ and OE model structures

Completely independent parametrization of Gθg and Hθh of (5.33) corresponds to
an LPV-BJ model structure. The BJ structure allows to describe a wide range
of process and noise dynamics without forcing any shared parameters. Of course
this generality has a heavy price in terms of a complicated one-step-ahed predictor
characterized by
Wu (q, θ) =

∞
X

∞
X
j
i
Iny−A(q, θg ) B(q, θg ) q −τd , (5.42a)
Iny−C(q, θh ) D(q, θh )×

j=0

Wy (q, θ) = Iny −

i=0
∞
X

I ny

j
− C(q, θh ) D(q, θh ).

(5.42b)

j=0

A simplification of this structure in terms of C(q, θh ) , D(q, θh ) , Iny , leads to
the OE type of model structure. Other simplifications on the parameterization
of the LPV-BJ models can also be introduced. For example, the identification
schemes Laurain et al. (2010); Zhao et al. (2012); Tóth et al. (2012d) apply a
simplified noise model set Hθ that represents rational LTI transfer functions, i. e.,
a p-independent BJ noise model.
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Informativity and identifiability of IO models

In the previous section, various model structures have been introduced for which
informativity of a given data set and identifiability of a particular model structure are required to be analyzed. Conditions for identifiability and informativity
have been studied in Giarré et al. (2006); Wei and Del Re (2006); Dankers et al.
(2011), for LPV-ARX models with polynomial dependence of the coefficients on
the parameters. Based on these results, the following theorem holds true:
Theorem 5.1 (Identifiability, LPV-ARX model) The LPV-ARX model
structure (5.36) with linear parametrization (5.29) is uniformly globally identinβ
α
fiable w.r.t. P, if and only if each set of functions {αi,l ()}nl=0
and {βj,l ()}l=0
nb
na
with αi,0 () = 1 and βj,0 () = 1 for all i ∈ I1 and j ∈ I0 , used in the
parametrization (5.29), is linearly independent on P.

Proof: See Dankers et al. (2011, Theorem 3).



Note that here independence is meant w.r.t. functions with domain P. Following
a similar type of reasoning, we can prove identifiability conditions for the newly
introduced MAX model set.
Theorem 5.2 (Identifiability, LPV-MAX model) The LPV-MAX model
structure (5.33) with linear parametrization (5.29) is globally identifiable w.r.t. P,
nβ
nγ
with βi,0 () = 1 and
if and only if each set of functions {βi,l ()}l=0
and {γj,l ()}l=0
nb
nc
γj,0 () = 1 for all i ∈ I0 and j ∈ I1 , used in the parametrization (5.29), is linearly
independent on P.

Proof: See Appendix A.3.



Identifiability conditions for other model structures, i. e., LPV-ARMAX, LPVOE, LPV-BJ, have not been established yet. However, they require independence
(necessary condition) of the basis functions used in the parametrization of each
p-dependent coefficient and also co-primeness of certain pairs of polynomials just
like in the LTI case, see Gevers et al. (2009); Bazanella et al. (2010). However,
the sufficient conditions to guarantee identifiability in these cases have not been
explored yet and they are objective for future research.
Next, we investigate the informativity conditions in the open-loop identification
setting based on Definition 5.2 (see Figure 5.2). For two parameterizations θ1 , θ2 ∈
Θ, define
∆Wy (q) = Wy (q, θ1 ) − Wy (q, θ2 ),

∆Wu (q) = Wu (q, θ1 ) − Wu (q, θ2 ).

Then it follows that the informativity condition (5.21) equals
2

Ē {([∆Wu (q) + ∆Wy (q)Go (q)]  p) u + ([∆Wy (q)Ho (q)]  p) eo } = 0.

(5.43)
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As u and eo are assumed to be independent, straightforward application of E in Ē
gives that (5.43) is equivalent with
Ē




[∆Wu (q) + ∆Wy (q)Go (q)]  p u


Ē [∆Wy (q)Ho (q)]  p eo

2
2

= 0,

(5.44a)

= 0.

(5.44b)

Now we can seek for conditions on u and p for which the above conditions imply
that ∆Wu (q) = ∆Wy (q) = 0. In case eo 6= 0 and Σ2e  0, (5.44b) holds if and only
if Ē{∆Wy (q)  p} = 0 as p is independent from eo .
The conditions (5.44) for the ARX model structure read as
(5.45a)

∆Wy (q) = A(q, θ1 ) − A(q, θ2 ),
∆Wu (q) = B(q, θ1 ) q

−τd

− B(q, θ2 ) q

−τd

(5.45b)

.

Note that, Ē{∆Wy (q)  p} = 0 does not necessarily imply that ∆Wy (q) = 0 for
all admissible trajectories of pt . In case of global identifiability of Mθ , the latter
condition transforms to a necessary and sufficient condition on p (see proof of
>
. . . ϕα
Theorem 5.3), which is that the data matrix Φα = [ ϕα
1
N ] satisfies that
>
Ē{Φα Φα }  0 where
ϕα
t =



(α1,1  p)t

...

(αna ,nα  p)t

>

(5.46)

.

Similarly, we need to find necessary and sufficient conditions on u and p such that
2

Ē {(∆Wu (q)  p) u} = 0

⇒

(5.47)

∆Wu (q) = 0.

Assume that the LPV-ARX model structure is globally identifiable. Now in order
to guarantee that (5.47) holds with (5.45), a necessary and sufficient condition is
that Φu = [ ϕu1 . . . ϕuN ]> satisfies Ē{Φ>
u Φu }  0 where
ϕut =



u>
t−τd

(β0,1  p)t u>
t−τd

...

(βnb ,nβ  p)t u>
t−τd −nb

>

.

(5.48)

Theorem 5.3 (Informative data set, LPV-ARX case) Given a globally identifiable LPV-ARX model structure (5.36), denoted by Mθ , with linear parametrization (5.29) and scheduling region P. Then a quasi-stationary data set DN generated
by So [defined via (5.1) and (5.2)] obtained in the open-loop identification setting
>
is informative w.r.t. Mθ , if and only if Ē{Φ>

α Φα }  0 and Ē{Φu Φu }  0.
Proof: See Appendix A.3.



Note that in case of a given data set DN with finite N , the above conditions
translate to the existence of a set of time-instances Kα = {t1 , . . . , tn1 } and Ku =
{t1 , . . . , tn2 } with Card(Kα ) = na (1 + nα )n2y and Card(Ku ) = nu ny (nb + 1)(nβ + 1)
y
>
such that Φα = [ ϕt1 . . . ϕα
and Φu = [ ϕut1 . . . ϕutn2 ]> satisfy that
tn1 ]
>
>
Φα Φα  0 and Φu Φu  0. These conditions are the minimal necessary conditions
which are required to be satisfied by the data set DN to guarantee informativity.
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In case of the LPV-MAX, the conditions (5.44) read as
Ē




[B(q, θ1 ) − B(q, θ2 )]  p q −τd u


Ē [C(q, θ1 ) − C(q, θ2 )]  p eo

2
2

1

= 0,

(5.49a)

= 0.

(5.49b)

Following similar arguments as for the ARX case, in case of a globally identifiable
Mθ , for C(q, θ1 ) − C(q, θ2 ) = 0 to hold, it is necessary and sufficient that the data
matrix Φγ = [ ϕγ1 . . . ϕγN ]> satisfies Ē{Φ>
γ Φγ }  0 where
ϕγt =



(γ1,1  p)t

...

(γna ,nα  p)t

>

.

(5.50)

Note that the condition (5.49a) for the LPV-MAX model is equivalent to the LPVARX case (5.47). Hence, for a globally identifiable LPV-MAX model set, the data
should also satisfy Ē{Φ>
u Φu }  0 to guarantee informativity of the data set.
Theorem 5.4 (Informative data set, LPV-MAX case) Given a globally identifiable LPV-MAX model structure (5.38), denoted by Mθ , with linear parametrization (5.29) and scheduling region P. Then a quasi-stationary data set DN generated
by So [defined via (5.1) and (5.2)] obtained in the open-loop identification setting
>

is informative w.r.t. Mθ , if and only if Ē{Φ>
γ Φγ }  0 and Ē{Φu Φu }  0.
Proof: The proof follows by similar arguments as the proof of Theorem 5.3.



In Dankers et al. (2011), Theorem 5.3 has been applied as design rules for
piecewise and periodic scheduling trajectories. Furthermore, informativity conditions for other LPV-IO model structures (5.33), i. e., ARMAX, OE, or BJ, and
conditions in the closed-loop identification setting could be derived similar to the
LTI case in Gevers et al. (2009). However, extending the results to the LPV case
remain objectives for future research.

5.2.3

Convexity of MSE under MAX model structure

Surprisingly, for the MAX model set with an informative data set DN it can be
proven that there exists only one stationary point of the MSE criterion (5.23) w.r.t.
the model parameters and the criterion is bounded from below, i. e., the MSE is
strictly convex under the MAX model set. Hence, the global minimum of (5.18) is
unique and it can always be obtained by optimization methods like Algorithm 6.1.
Theorem 5.5 (Stationary points of MAX identification) Given the datagenerating system (4.3) So with functional dependencies (5.29) where Ao (q) =
Do (q) = Iny and the model structure (5.38) with functional dependencies (5.29)
1 The LPV-MAX model structure represents a truncated convolution in the signals u and eo
and, therefore, (5.43) is simply given as


 2
Ē [B(q, θ1 ) − B(q, θ2 )]  p q −τd u+ [C(q, θ1 ) − C(q, θ2 )]  p eo = 0.
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where n̂b ≥ nb , n̂c ≥ nc , i. e., So ∈ M , and an informative data set DN as in
Theorem 5.4. In the open-loop identification setting (Assumptions A5.1 and A5.2),
the global minimum for the MAX identification problem is
N
1 X
E{kεt|θ k22 } = Tr (Σe ),
N →∞ N
t=1

θ? = argmin lim
θ∈θ

(5.51)

which is the only stationary point of minθ V∞ (θ) and is consistent in terms of
θ ? = θo .

Proof: See Appendix A.3.



To the author’s knowledge, the LTI counterpart of Theorem 5.5 has not been
published, however, it can be obtained by combining the results in Söderström
(1975, Section 5) and Stoica and Söderström (1982). The MAX model set and
Theorem 5.5 plays an important role to decrease the number of parameters required
in the subspace schemes of Chapter 9 and still preserving the uniqueness properties
of the associated estimation scheme.

5.3
5.3.1

SS model structure and their properties
State-space model structures

Similar to Section 5.2.1, various model structures can be defined using SS representations. These structures are used to capture an estimate of the underlying
data-generating system So that admits the following LPV-SS representation
xt+1 = A(pt )xt + B(pt ) ut + vto ,

(5.52a)

eot ,

(5.52b)

yt = C(pt ) xt + D(pt )ut +

where, in line with previous chapters, the matrix coefficient
 functions
nψ
A(p), . . . , D(p) are affine in the set of a priori specified basis functions ψ [i] (p) i=1 .
In Chapter 4, we have defined two different noise representations, namely: 1) the
innovation noise form and 2) the general noise representation. For the SS
innovation form, the sequences vto and eot are the sample path realizations of the
zero-mean stationary processes:
vto = K(pt )eot ,

eot ∼ N (0, Ξ),

(5.53a)

where Ξ ∈ Sny with Ξ  0 and the matrix coefficient function K(p) has a static,
basis affine dependency structure similar to A(p), . . . , D(p). Remark that the innovation noise eot has been denoted by ξt in previous chapters. On the other hand, in
the general noise case, it is assumed that vto and eot are the following sample path
realizations:
 o 


Q S
vt
∼
N
(0,
Σ
),
Σ
=
,
(5.53b)
v
v
eot
S> R
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where Q ∈ Snx , S ∈ Rnx ×ny , and R ∈ Sny with Q, R, Σv  0. Note that both
noise models (5.53a) and (5.53b) represent different noise scenarios. In contrast
to the LTI case, the noise representation (5.53b) is not asymptotically equivalent
with (5.53a), see Section 4.3 for a detailed discussion.
In order to capture (5.52), the model Mθ is chosen to be similar to the datagenerating system (5.52). To this end, we parameterize the matrix functions
A(pt , θg ), . . . , D(pt , θg ) as:
A(pt , θg ) = A0 +
C(pt , θg ) = C0 +

nψ
X

[i]

Ai ψ (pt ),

B(pt , θg ) = B0 +

nψ
X

i=1

i=1

nψ
X

nψ
X

[i]

Ci ψ (pt ),

D(pt , θg ) = D0 +

i=1

Bi ψ [i] (pt ),
(5.54)
[i]

Di ψ (pt ),

i=1

and, in case of an innovation form with (5.53a), the following parameterization of
K(pt , θh ) is used:
nψ
X
K(pt , θh ) = K0 +
Ki ψ [i] (pt ),
(5.55)
i=1

where {A0 , . . . , Knψ } are unknowns matrices, i. e., parameters of the model, and
nψ
{ψ [i] (p)}i=1
are the same basis as in (5.52). In addition, the initial state xt0 ∈ Rnx
is often co-estimated in SS identification schemes. The unknown initial state is
assumed to have the following prior:
(5.56)

xt0 ∼ N (x1 , P1 ),

where P1 ∈ Snx with P1  0. The initial state is found at t0 and we index the
parameterization x1 , P1 with one, as it is associated to the first sample in the data
set DN . For the innovation noise case, the initial state (5.56) is often parameterized
by only the mean x1 as the state-sequence is estimated in a conditional mean sense.
Hence, we consider the following parameterization of the initial state


x>
for innovation form,
(5.57a)
1,
θx ,

 >
> >

x1 vec{P1 }
,
for general form,
(5.57b)
where the parameterization of the initial state has nθx = nx or nθx = 21 nx (nx + 3)
unknown parameters for the innovation or general noise model structures, respectively 2 . For notational simplicity, define the following sub-parameter vectors:

>

>
θA = vec{A0 }> . . . vec{Anψ }> , θB = vec{B0 }> . . . vec{Bnψ }> ,

>

>
θC = vec{C0 }> . . . vec{Cnψ }> , θD = vec{D0 }> . . . vec{Dnψ }> ,
and, in case of the innovation form

θK = vec{K0 }> . . .

>
,

variances P1 ∈ Snx and Σv ∈ Snx +ny are symmetric, hence, only 12 nx (nx + 1) or
+ ny )(nx + ny + 1) parameters are necessary for the parameterization, respectively.

2 The
1
(nx
2

vec{Knψ }>
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2

with θA ∈ R(1+nψ )nx , θB ∈ R(1+nψ )nx nu , θC ∈ R(1+nψ )ny nx , θD ∈ R(1+nψ )ny nu , and
θK ∈ R(1+nψ )nx ny . Hence, the underlying data-generating system (5.52) with noise
dynamics (5.53a) or (5.53b) will be captured in terms of the following parameters:
θ=



θg> θh> θx>

>
,

θg ,




θh ,

>
>
>
>
θA
θB
θC
θD

θK ,
vec{Σv },

>
,

for innovation form,
for general form,

(5.58)

where θg ∈ Θg ⊆ Rnθg is the process model parameter space with nθg = (1 +
nψ )(n2x + nx nu + nx ny + ny nu ) and θh ∈ Θh ⊆ Rnθh is the noise model parameter
space with nθh = (1+nψ )(nx ny ) for the innovation form and nθh = 21 (nx +ny )(nx +
ny + 1) for the general form. The complete parameter space is given by Θ =
Θg × Θh × Θx where Θg , Θh , and Θx are closed hypercubes.

5.3.2

Identifiability of SS models

In line with the LTI case, the state-minimal LPV realization problem is non-unique
with respect to the manifest behavior BSS of (5.52). See Lemma 2.6 or Petreczky
et al. (2017) for an in-depth treatment of the associated equivalence class in both
the CT and DT cases. Based on Lemma 2.6, define the following set of equivalent
parameters for jointly state-minimal LPV-SS models in the form of (5.52) under
the static, basis affine parameterization of (5.54):
Iθ =

n

∃T ∈ Rnx ×nx s.t. rank(T ) = nx and
> o

, (5.59)
θ0 = Sg> (θ, T ) Sh> (θ, T ) Sx> (θ, T )

θ0

where the manifold S : Rnθ × Rnx ×nx → Rnθ defines all possible representations
with equivalent manifest behavior based on the invertible matrix T ∈ Rnx ×nx with
h
Sg (θ, T ) = vec{T −1 A0 T }> . . . vec{T −1 Anψ T }>
vec{C0 T }> . . . vec{Cnψ T }>

vec{T −1 B0 }> . . . vec{T −1 Bnψ }>
i>
vec{D0 }> . . . vec{Dnψ }> . (5.60)

where Sg (θ, T ) : Rnθg × Rnx ×nx → Rnθg and the manifold Sh : Rnθh × Rnx ×nx →
Rnθh is defined as
(
>
vec{T −1 K0 }> . . . vec{T −1 Knψ }> , for innovation form, (5.61a)
Sh (θ, T ) =
vec{EΣv E > },
for general form,
(5.61b)
where E = diag([T −1 Iny ]). Furthermore, the manifold Sx : Rnθx × Rnx ×nx → Rnθx
is given by
Sx (θ, T ) =

for innovation form, (5.62a)

T −1 x1 ,

(


(T −1 x1 )>

>
vec{T −1 P1 T −> }> ,

for general form.

(5.62b)
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Note that Iθ is also known as the indistinguishable set (Lee and Poolla 1999; Verdult
et al. 2003). Therefore, our objective is to obtain an estimate θ that lies within
θ ∈ Iθo , where θo are the parameters of the underlying data-generating system
w.r.t. the parametrization (5.58). To formulate the identifiability conditions, the
following assumption is made on the data-generating system:
A5.7 The state-minimal SS representation (5.52) with static, basis affine dependency structure of the system So is structural state-observable w.r.t. to
the pair (A(pt ), C(pt )). In addition, in case of the innovation form, the
SS representation of So is structural state-reachable w.r.t. to the pair
(A(pt ), [B(pt ) K(pt )Ξ−1 ]) or, in case of the general noise model, it is structural state-reachable w.r.t. to the pair (A(pt ), B(pt )) with Σv  0.
Due to the assumed joint state minimality of the considered models in Assumption A5.7, it is proven by Lemma 2.6 that (5.59) defines the complete set of stateminimal isomorphic parameterizations for the deterministic part of the SS form.
To prove identifiability of the LPV-SS model structure in innovation form, the
initial state xt0 should be included into the formulation of the one-step-ahead
predictor (5.16). To this end, the one-step-ahead predictor (5.16) is extended as
(5.63)

ŷt|θ,t−1 = (Wu (q, θ)  p)t ut + (Wy (q, θ)  p)t yt + (Wx (q, θ)  p)t ,
for t ∈ [t0 , ∞) = T and the sub-predictors are given by
(Wu (q, θ)  p)t = D(pt , θ) +

t−t
X0

C(pt , θ)

j=1

(Wy (q, θ)  p)t =

t−t
X0

C(pt , θ)

"j−1
Y

j=1

(Wx (q, θ)  p)t = C(pt , θ)

"j−1
Y

#
Ã(pt−i , θ) B̃(pt−j , θ)q −j ,

(5.64a)

i=1

#
(5.64b)

Ã(pt−i , θ) K(pt−j , θ)q −j ,

i=1

"t−t
Y0

#
(5.64c)

Ã(pt−i , θ) xt−t0 (θ).

i=1

Recall that Ã(pt , θ) = A(pt , θ) − K(pt , θ)C(pt , θ) and B̃(pt , θ) = B(pt , θ) − K(pt , θ) ×
D(pt , θ). The original concept of the predictor (5.16) is applicable for (5.63) as left
compact support of the involved signals is assumed, i. e., ∃τ ∈ Z such that xt = 0
for all t < τ . Furthermore, due to asymptotic stability of Ã(), Wx (q, θ) → 0 as
t − t0 → ∞. In addition, note that the sub-predictors (5.64a) and (5.64a) coincide
with (4.33a) and (4.29b), respectively.
The predictors (5.64) are multi-quadratic in the basis functions of the chosen
parametrization (5.54). If we define all unique combinations of these functions
ψ̃t ⊗ ψt as
h
µt = ψt>

[1]

[1]

ψt ψt

[1]

[nψ ]

. . . ψt ψt

[2]

[2]

ψt ψt

[2]

[3]

ψt ψt

[nψ ]

. . . ψt

[nψ ]

ψt

i>
, (5.65)
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n (n +3)

where µ : Z → M ⊂ Rnµ with dimension 3 nµ = ψ 2ψ
, then we can arrive
to a so-called extended scheduling dependency. These considerations lead to the
following identifiability conditions:
Theorem 5.6 (Identifiability, LPV-ß innovation form) An LPV-ß model
structure Mθ defined via (5.52) with linear parametrization (5.54) and noise process (5.53a) for which Assumption A5.7 holds is globally identifiable up to an equivnµ
alence set Iθ in terms of (5.59), if and only if the set of functions {µ[i] ()}i=0
with
[0]
µ () = 1 defined in (5.65), used in the parametrization (5.54), are linearly independent on P. In other words, the LPV-ß model structure Mθ with equivalence
set Iθ admits two unique IIRs in terms of (4.29), such that, for a θ1 ∈ Θ and any
θ2 ∈ Θ
Wy (q, θ1 ) = Wy (q, θ2 ), Wu (q, θ1 ) = Wu (q, θ2 ), and Wx (q, θ1 ) = Wx (q, θ2 ), (5.66)
n

µ
holds if and only if θ2 ∈ Iθ1 and the set of functions {µ[i] ()}i=0
with µ[0] () = 1 is
linearly independent on P.


Proof: See Appendix A.3.



Claim 5.1 (Identifiability, LPV-ß general form) An LPV-ß model structure Mθ defined via (5.52) with linear parametrization (5.54) and noise process
(5.53b) for which Assumption A5.7 holds is globally identifiable up to an equivanψ
lence set Iθ in terms of (5.59), if and only if the set of functions {ψ [i] ()}i=0
with
ψ [0] () = 1, used in the parametrization (5.54), are linearly independent on P and
the model associated covariances Σv , P1 are positive definite. In other words, the
LPV-ß model structure Mθ with equivalence set Iθ admits two unique IIRs in
terms of (4.29), such that, for any θ1 ∈ Θ and a θ2 ∈ Θ
Wy (q, θ1 ) = Wy (q, θ2 ), Wu (q, θ1 ) = Wu (q, θ2 ), and Wx (q, θ1 ) = Wx (q, θ2 ), (5.67)
n

ψ
holds if and only if θ2 ∈ Iθ1 and the set of functions {ψ [i] ()}i=0
with ψ [0] () = 1 is
linearly independent on P and the covariances Σv , P1 are positive definite.


Similar arguments to Theorem 5.6 can be made for the identifiability of LPV-SS
representations with affine dependence using an equivalent LFR representation (Lee
and Poolla 1999, Lemma 4.2). Alkhoury et al. (2017) derives notions to evaluate if a
sparsly parameterized LPV-SS model structure with affine dependence is uniquely
identifiable.
3 The


dimension nµ is given by

nψ + 1
1




+

nψ + 1
2




− 1 where

n
k


denotes the

binomial coefficient. Hence,

2(nψ + 1)! + nψ (nψ + 1)! − 2nψ ! (nψ − 1)!
(nψ + 1)!
(nψ + 1)!
nψ (nψ + 3)
+
−1=
=
.
nψ !
2(nψ − 1)!
2nψ !(nψ + 1)!
2
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Conclusion

In this chapter, first an overview of the LPV prediction-error minimization framework based on the IIR representations of the process and noise dynamics has been
made in Section 5.1. Utilizing the PEM framework, the identification setting for a
wide class of various model structures can be established. The framework allows
to define informativity properties for data sets, identifiability notions for a specific
model class, and convergence and consistency concepts for estimation methods. In
addition, we have generalized the open- and closed-loop LPV identification settings
and their main assumptions, applied in the remainder of the thesis.
In Section 5.2, we have introduced the LPV-IO ARX, FIR, MAX, ARMAX,
OE, and BJ model structures to capture the underlying data-generating system.
These model structures are linear parameterization based on a priori chosen set of
basis functions αi,l , . . . , δj,l to describe the scheduling dependency structure. We
have introduced the not widely studied MAX model structure, which will play a
key role to reduce the number of the to-be-estimated parameters in LPV subspace
identification (see Chapter 9). As a contribution of this thesis, we have studied the
properties of the MAX model structure. We have given conditions on the set of
basis functions to enforce global identifiability of the LPV-ARX and MAX model
structures, i. e., conditions for unique distinguishability between different parameterizations within the model set. However, identifiability only implies that there
exists a data set under which the parametrization of the model is distinguishable
in terms of the associated prediction-error. For this purpose, we have derived informativity conditions on the data set for successful identification of LPV-ARX
and MAX models, see Section 5.2.2. In addition, as a contribution of this thesis,
we have proven that the MSE criterion under the MAX model structure is convex w.r.t. the model parameters and its minimum, in the asymptotic sense, is at
the true system parameter θo . The convexity property guarantees that we can
always obtain the global minimum of the loss function during estimation, similarly
to the ARX case (see Section 5.2.3). Due to this property, the MAX model set can
be applied to reformulate the LPV subspace schemes in the open-loop case (see
Chapter 9) to reduce the parametrization size without sacrificing convexity of the
estimation method.
In Section 5.3, LPV-SS model structures have been introduced (5.52) with two
different noise representations. As a contribution of this thesis, the notion of identifiability for these model structures is established. It has been shown that identifiability for jointly state-minimal LPV-SS model sets is only guaranteed up to
a constant non-singular transformation matrix and, therefore, consistency of estimation is required to be understood w.r.t. the equivalence set Iθ in (5.59). These
insights will be applied to the nonlinear estimation techniques in Chapter 7, the
IO to SS realization techniques in Chapter 8, and subspace schemes in Chapter 9.
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Chapter 6

Identification methods for
input-output models

prediction-error setting has been introduced in the previous chapter,
where the concept of model sets have been explored and necessary
conditions for informativity of the data set, conditions for identifiability of
the model set, and a definition of consistency and convergence for identification methods have been formulated. In this chapter, the prediction-error
setting is applied to formulate methodologies to solve the minimization
problem for parametric IO models in Section 6.2 and nonparametric IO
models in Section 6.3 (parametric SS models are explored in Chapter 7).
More specifically, the prediction-error minimization is solved by linear regression (for specific cases), pseudo-linear regression (general case), and,
alternatively, via an instrumental variable method. The schemes are analyzed in terms of variance, bias, consistency, and convergence of the model
estimates. Within the parametric setting, in this thesis, we assume that the
set of basis functions describing the nonlinear dependency on the scheduling signal are provided a-priori or are estimated in a pre-estimation step.
Contrary, a nonparametric LPV-IO setting is also introduced to jointly estimate the basis functions and unknown coefficients by employing linear
regression from an empirical Bayesian perspective.

A
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Introduction

Identification of IO models in the LTI setting has a rich literature, e. g., see Eykhoff
(1974); Söderström and Stoica (1983); Ljung (1999); Pintelon and Schoukens (2012)
to mention a few. Various IO estimation methodologies have also been extended
to the LPV setting, e. g., see Section 1.2.4 for an overview. The purpose of this
chapter is to summarise various LPV-IO methods from the literature and provide
extensions to reduce the computational complexity, tackle different noise scenarios,
and provide different perspectives on the estimation problems. These IO identification schemes and their stochastic understanding are essential for the first step of
the three-step identification scheme presented in Chapter 10.
To this end, the prediction-error setting formulated in Section 5.1 is applied to
minimize the least-squares criterion w.r.t. the IO models. More specifically, for various IO parameterizations, the (regularized) linear regression, pseudo-linear regression, and instrumental variable methods are formulated to obtain an estimate. The
contributions of this chapter are: 1) provide a brief summary of existing LPV-IO
methods with their consistency and convergence properties investigated, 2) introducing the correlation analysis in the LPV setting (Section 6.2.3), 3) deriving a
computationally efficient algorithm to estimate the regularization parameters for
MIMO regularized linear regression (Section 6.2.2.4), 4) exploring the PEM setting
under noise-corrupted scheduling measurements (Section 6.2.5), and 5) establishing PEM framework for nonparameteric BJ models from a Bayesian perspective
(Section 6.3.1) where a nonparametric relization like method is introduced to attain the underlying process and noise models from the one-step-ahead predictor
(Section 6.3.5).
This chapter is separated to the estimation of parametric LPV-IO and nonparametric LPV-IO in Section 6.2 and Section 6.3, respectively.

6.2

Prediction-error minimization for parametric
LPV-IO models

In this section, prediction-error methods for parametric input-output model structures is investigated in the LPV setting. In Section 6.2.1, various methodologies
to minimize the LS criterion (5.18) for various model sets defined in Section 5.2.1
are given and consistency and convergence of these methodologies are investigated.
A regularized paradigm for minimizing the predictor-error is given in Section 6.2.2
for the case that the identification setting is ill-posed, which is not uncommon in
the LPV setting, e. g., due to large parameterizations in subspace identification
(see Table 1 van Wingerden and Verhaegen 2009). These settings are all explored
under the assumption that the scheduling signal is measured without noise. In
Section 6.2.5, we turn our focus to prediction-error minimization under noisy observations of the scheduling signal.
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Prediction-error minimization

In Sections 5.1 and 5.2, the prediction-error setting and the IO model set are
discussed. The core concept is to obtain a parameter estimate θ̂N ∈ Θ̂N of the
parameter θo describing the data-generating system So in (4.3) by minimizing the
least-squares criterion, i. e., by
Θ̂N = argmin V (DN , θ), with V (DN , θ) =
θ∈Rnθ

N
1
1 X
kεt|θ k22 = kεθ k2`2 ,
N t=1
N

(6.1)

where DN = {ut , pt , yt }N
t=1 is the observed data sequence of the system So and the
one-step-ahead prediction-error εt|θ = yt − ŷt|θ,t−1 (5.15) is minimized with respect
to the parameterized IO model Mθ
(A(q, θg )  p)t y̆t = (B(q, θg )  p)t q −τd ut ,

(6.2a)

(D(q, θh )  p)t vt = (C(q, θh )  p)t εt|θ ,

(6.2b)

yt = y̆t + vt ,

(6.2c)

where the polynomials A(), . . . , D() are linearly parameterized, see (5.28), in a
nb ,nβ
nc ,nγ
a ,nα
, {γj,l }j=0,l=1
, and
set of a-priori chosen basis functions {αi,l }ni=1,l=1
, {βj,l }j=0,l=1
nd ,nδ
{δj,l }j=0,l=1
. The unknown parameters θ are given by θ = col(θg , θh ) ∈ Θg ×
Θh ⊆ Rnθ with nθ = ng + nh in case the parametrizations of Gθ and Hθ are
independent. Otherwise θ is constructed from θg and θh such that it contains only
independent parameters. With respect to (6.2), the one-step-ahead predictor of
the model output is
ŷt|θ,t−1 = (Wu (q, θ)  p)t ut + (Wy (q, θ)  p)t yt ,

(6.3)

with sub-predictors
Wu (q, θ) =

∞
X

∞
X
j
i
Iny−C(q, θh ) D(q, θh )×
Iny−A(q, θg ) B(q, θg ) q −τd ,

j=0

Wy (q, θ) = Iny −

(6.4a)

i=0
∞
X

j
Iny − C(q, θh ) D(q, θh ).

(6.4b)

j=0

For the detailed discussion on PEM and the IO model set, see Chapter 5.
As the three ingredients for the prediction-error framework are defined (model
structure, data set, and identification criterion) and various methodologies can be
derived to solve the prediction-error minimization problem. Similar to the LTI
case, the considered global prediction-error setting, the predictor-error (6.2), w.r.t.
each of the introduced model structures, can be rewritten as a linear or a pseudolinear regression. This yields that estimation of these structures is available via
a (iterative) least-squares estimate. Alternatively, other nonlinear optimization
schemes can be applied in the absence of the linear-in-the-coefficients property of
(5.11) (Zhao et al. 2012), which is not covered in this thesis for IO model structures.
Furthermore, consistency and variance properties of the estimated parameters via
these methods will be also investigated.
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6.2.1.1

Estimation of ARX models

First consider the LPV-ARX model structure with D(q, θh ) , A(q, θg ) and C(q, θh )
, Iny . A particular property of this structure with the linear parametrization (5.29)
of A(q, θg ) and B(q, θg ) is that the sub-predictors in (6.4) become linear-in-theparameters θ with θ = θg , see (5.37), and (6.3) can be written as

ŷt|θ,t−1 = ϕ>
(6.5)
t ⊗ Iny θ,
where
ϕt =



>
−yt−1

>
−(α1,1  p)t yt−1

...

>
−(αna ,nα  p)t yt−n
a

(β0,1  p)t u>
t−τd

...

u>
t−τd

(βnb ,nβ  p)t u>
t−τd −nb

>

Clearly, (6.5) is a linear regression equation and the minimum of (6.1) is


LS
θ̂N
= Φ̄†N ⊗ Iny vec{ȲN } = Φ†N YN ,
where Φ† =


1
> −1 1
N ΦΦ
NΦ
Φ̄N = [ ϕn+1

is the Moore-Penrose pseudo-inverse and
...

ϕN ],

ȲN = [ yn+1

...

. (6.6)

(6.7)

1

yN ],

with Φ̄N ∈ Rny na (1+nα )+nu (1+nb )(1+nβ )×M , ȲN ∈ Rny ×M , ΦN ∈ Rnθ ×M , YN ∈
Rny M , and M = N − n with n = max(na , τd + nb ). The estimate (6.7) for the
ARX model structure is a unique minimal solution of (6.1) if the data set DN
is informative, i. e., rank(ΦN ) = nθ see Theorem 5.3. Eq. (6.7) has been used in
many works, e. g., Bamieh and Giarré (2002), to estimate LPV-IO models, however, in the introduced prediction-error framework it is justified that (6.7) is the
minimal solution (6.1) in case of an LPV-ARX model structure. The LS estimate is
well-known to be convergent (e. g., see Ljung 1999) and consistency can be shown
similarly as in the LTI case:
Theorem 6.1 (Consistency of the ARX model estimate) Given an asymptotically stable and globally identifiable LPV-ARX model structure Mθ with a compact parameter range Θ. Let DN denote the data set collected from an LPV data
LS
generating system So subject to Assumption A5.6. The estimate θ̂N
, given by the
LS
LS estimate (6.7), is consistent in terms of Definition 5.4 with {θ̂N
} = Θ̂N , if
So ∈ M , where M is the model set associated with Mθ under θ ∈ Θ, and DN is
informative w.r.t. M .

Proof: Considering the regressor ϕt (6.6), the LS estimate (6.7) coincides with
the LTI case. The theorem can be proven by similar arguments as in Ljung (1999,
Section 7.3).

1 Note that our underlying data-generating system is a MIMO system, hence, the solution of
the MIMO least-squares problem is equivalently to

−1
1
1
LS
LS
LS
θ̄ˆN
=
ȲN Φ̄>
Φ̄Φ̄> ,
θ̂N
= vec{θ̄ˆN
},
N
N

of the same problem.
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Example 2.1 (cont’d) We would like to estimate the IO representation (2.10) by an LPV-ARX
model Mθ with na = 1, nb = 2, τd = 0, and the following linear parameterization where np = 1
(a1 (θ)  p)t = a1,0 + a1,1 cos(pt+1 )pt−1 ,

(b0 (θ)  p)t = b0,0 ,

(b1 (θ)  p)t = b1,0 + b1,1 p2t−2 ,

(b2 (θ)  p)t = b2,1 sin(pt ),

with basis functions (α1,1  p)t = cos(pt+1 )pt−1 , (β1,1  p)t = p2t−2 , and (β2,1  p)t = sin(pt ).
The regressor ϕt associated to this LPV-ARX model structure Mθ is

>
>
>
− cos(pt+1 )pt−1 yt−1
u>
u>
−p2t−2 u>
sin(pt )u>
ϕt = −yt−1
,
t
t−1
t−1
t−2
and the parameter vector is
θ = vec

6.2.1.2



a1,0

a1,1

b0,0

b1,0

b1,1

b2,1



.

Estimation of FIR models

Comparable to the ARX model set, the one step-ahead-predictor of an LPV-FIR
model with D() = A() = C() , Iny can be written as a linear regression similar
to (6.5) where
ϕt =



u>
t

(β0,1  p)t u>
t

...

(βnb ,nβ  p)t u>
t−nb

>

.

(6.8)

If So ∈ M and, consequently, v o is a sample path of a white noise sequence, then
the associated model estimate of (6.7) is unbiased, consistent, and of minimum
variance, as in the LTI case. Consistency is implied directly by the ARX result in
Theorem 6.1. In case Go ∈ G but So 6∈ M (e. g., v o is a realization of a colored noise
process but satisfying Assumptions A5.1 and A5.2), then the estimate is unbiased
and consistent, however, the estimator looses the minimal variance property.
6.2.1.3

Parameter estimation, general noise models

Considering other model sets rather than the FIR or ARX, minimizing the
prediction-error can only be performed by iterative schemes as no analytic solutions are known for (6.1). Under such model structures, nonlinear optimization
techniques can be applied to minimize (6.1), like gradient-based minimization.
The latter approach can be applied by computing the partial derivatives of the
predictor (6.2) w.r.t. θ (for the LTI formulations see Ljung (1999, Sec. 10.3)
and for the gradient computation in the LPV-IO case see Zhao et al. (2012)).
The application of any advanced nonlinear (least-squares) solver only requires
formulations for this specific application and it is omitted in this thesis in the
IO case. Unfortunately, two particular difficulties can also hinder the use of
these nonlinear optimization methodologies: 1) if the scheduling dependencies are
over-parametrized, then the number of possible saddle points of (6.1) can seriously
increase which can slow down or even prevent convergence to the global optimum;
2) In case of large-scale systems, the computational time can be substantial
compared to other approaches. Alternatively, a pseudo-linear regression approach
can be taken similar to the LTI case (e. g., see Ljung 1999, Section 7.5), due to the
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special structure of the LS criterion V () and the model set M . The concept of
the pseudo-linear regressor is to find a least-squares form, similar to (6.7), where
the regressor ϕt is based on the current parameter θ. Hence, an iteration of the
pseudo-linear regression requires a computationally simple recursion to determine
the local regressor ϕt|θ and, subsequently, an estimate similar to (6.7), as will be
shown next.
Consider the LPV-MAX and LPV-ARMAX cases, where (A(), B(), C()) are
linearly parameterized P
as in (5.29). By multiplying (6.3) with C(q, θh ) on the left,
∞
it follows that C(q, θh ) j=0 (Iny − C(q, θh ))j = Iny and hence
(C(q, θh )  p)t ŷt|t−1 = (B(q, θg )  p)t ut−τd + ([C(q, θh ) −A(q, θg )]  p)t yt ,

(6.9)

in terms of the sub-predictors (5.41). By adding (Iny − C(q, θh )  p)t ŷt|t−1 to both
sides of (6.9) and using εt|θ = yt − ŷt|θ,t−1 , (5.16) is equivalent with
ŷt|θ,t−1 = (B(q, θg )p)t ut−τd+([Iny −A(q, θg )]p)t yt+ [C(q, θh )−Iny ]p)t εt|θ . (6.10)
Important is to note that the prediction-error εt|θ in (6.10) can be computed recursively by (5.40) given the model parameters θ, i. e., εθ = −A()y + B()q −τd u +
(C()−Iny )ε with ετ |θ = 0 for τ ≤ 0. As the signals u, y, εθ are available, Eq. (6.10)
results in a linear-in-the-parameter model and an LS estimator can be applied by,
considering a regressor ϕt similar to (6.6), but extended as
ϕt|θ =



>
−yt−1

>
−(α1,1  p)t yt−1

(β0,1  p)t u>
t−τd
ε>
t−1|θ

...
...

>
−(αna ,nα  p)t yt−n
a

u>
t−τd

(βnb ,nβ  p)t u>
k−τd −nb

(γ1,1  p)t ε>
t−1|θ

...

(γnc ,nγ  p)t ε>
t−nc |θ

>

. (6.11)

For the MAX model, the problem simplifies further as, the first na (nα +1) elements
in ϕt|θ associated with (I − A())y disappear from the regressor ϕt|θ (6.11). In both
the MAX and ARMAX cases, the predictor (6.10) can be rewritten as a linear-inthe-parameter model

ŷt|θ,t−1 = ϕ>
(6.12)
t|θ ⊗ Iny θ,
where an estimate of the unknown model parameters θ is the solution of

PLR
θ̂N
= Φ̄†N |θ ⊗ Iny vec{ȲN },

(6.13)

with Φ̄N |θ = [ ϕn+1|θ . . . ϕN |θ ] being the regressor matrix with n = max(na ,
τd + nb , nc ). Eq. (6.13) is often called a pseudo-linear regression as tje regressor is
dependent on the parameter θ. Hence minimization of (6.1) follows by an iterative
(recursive) LS approach where the recursive estimate θ̂k+1 is computed by (6.13)
based on the prediction-error εt|θ̂k of the previous iteration associated with θ̂k .
Similarly, pseudo-linear regression based solutions of the estimations of LPVOE and LPV-BJ models can be derived. To this end, introduce the noise-free model
output y̆θ = (G(q, θ)  p)u based on the given parameterization θ. The sequence y̆θ
can be recursively obtained by applying

y̆t|θ = Iny − (A(q, θg )  p)t y̆t|θ + (B(q, θg )  p)t ut−τd .
(6.14)
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with y̆τ |θ = 0 for τ ≤ 0. Next, substituting (5.42) into (5.16) and left multiply this
result with C(q, θh ) gives:

(C(q, θh )  p)t ŷt|θ,t−1 = (D(q, θh )  p)t y̆t|θ + [C(q, θh ) − D(q, θh )]  p t yt . (6.15)
Substitute (6.15) into (C(q, θh )  p)t εt|θ = (C(q, θh )  p)t (yt − ŷt|θ,t−1 ) and rearrange
the result to get

εt|θ = Iny − (C(q, θh )  p)t εt|θ + (D(q, θh )  p)t (yt − y̆t|θ ).
(6.16)
Similar to the MAX and ARMAX cases, both y̆t|θ and εt|θ can be obtained given
a parameter value θ. Additionally, by defining ξθ = y − y̆θ , Eq. (6.16) represents a
linear-in-the-parameter model given by

εt|θ = yt − ŷt|θ,t−1 ,
with ŷt|θ,t−1 = ϕ>
(6.17)
t|θ ⊗ Iny θ,
where
ϕt|θ =



>
>
>
−y̆t−1|θ
−(α1,1  p)t y̆t−1|θ
. . . −(αna ,nα  p)t y̆t−n
a |θ

(β0,1  p)t u>
t−τd

...

(βnb ,nβ  p)t u>
t−τd −nb

>
>
(γnc ,nγ  p)t ε>
t−nc |θ −ξt−1|θ −(δ1,1  p)t ξt−1|θ

u>
t−τd

ε>
t−1|θ

(γ1,1  p)t ε>
t−1|θ . . .
>
>
. . . −(δnd ,nδ  p)t ξt−n
. (6.18)
d |θ

For the OE model set, the last nc (nγ + 1) + nd (nδ + 1) elements in ϕt|θ (6.18)
associated with γi,j and δi,j should be discarded. The model (6.17) can be applied to minimize (6.1) by an iterative LS approach where the next iterate θ̂k+1
is computed by (6.13) based on the regressor ϕt|θ̂k in (6.18) defined by the previous estimate. Finding an adequate estimate for the ARMAX, OE, and BJ models
heavily depends on a proper initial guess. In the LTI case, various ideas on obtaining an initial estimate have been proposed by, for example, estimating first
an OE model or by subspace identification see Goodwin and Sang Sin (1984, Section 8.4) or Ljung (1999, Section 10.5). However, attaining an initial estimate for
pseudo-linear regression is outside of the scope of this thesis and we will initialize
by estimating an ARX model (see line 1 in Algorithm 6.1).
It is important to investigate consistency and convergence of the pseudo-linear
regression (6.17) in the LPV-MAX, ARMAX, OE and BJ cases. Based on the
classical proofs, the following theorems hold:
Theorem 6.2 (Convergence of pseudo-linear regression) Given an asymptotically stable model structure Mθ in the form of (6.2) on the compact parameter
range Θ. Let DN denote the data set collected from an LPV data-generating system
So subject to Assumption A5.6. Under the assumption that Algorithm 6.1 converges
PLR
to the global minimizer of (6.1), then θ̂N
estimated by the pseudo-linear regression (6.13) is convergent in terms of Definition 5.3.

Proof: See Appendix A.4.



In Theorem 6.2, the convergence proof implies that the global minimum of
θ̂N (6.1) uniformly converges to θ? = argmin θ∈Θ Ē{kεt|θ k22 } if N → ∞. However,
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we would like to point out that the theorem does not imply that the global minimum
can be obtained by Algorithm 6.1, as it depends on the convergence properties
of the used optimization method to solve the underlying nonlinear optimization
problem. The minimization problem (6.1) remains a nonlinear problem in the
unknown parameters, except for the FIR, ARX, and MAX model structures.
Theorem 6.3 (Consistency of pseudo-linear regression) Given an asymptotically stable model structure Mθ with a compact parameter range Θ. Let DN denote
the data set collected from an LPV data-generating system So subject to Assumption A5.6. Under the assumption that So ∈ M , where M is the model set associated
with Mθ under θ ∈ Θ, DN is informative w.r.t. M , and Algorithm 6.1 provides the
global minimizer of (6.1), then θ̂N estimated by pseudo-linear regression (6.13) is
consistent in terms of Definition 5.4. If, in addition, the model structure is globally
identifiable at θo , then {θo } = Θ? .

Proof: See Appendix A.4.



This theorem is not surprising in the view of the established framework, but
what is remarkable is that the previously introduced tools are sufficient to prove
such results. However, extension of Theorem 6.3 to the case when only Go ∈ G is
guaranteed is non-trivial and it is the objective of further research.
The pseudo-linear regression method, summarized in Algorithm 6.1, can estimate general LPV-BJ models (6.2). With a restricted parameterization, Algorithm 6.1 can also be used to estimate the parameters of a MAX, ARMAX, or
OE models by modifying the regressor ϕt as described in this section. For specific
model sets, the simulation of y̆θ or construction of εθ is even not required.
The consistency property in Theorem 6.3 implies that the convergence point
is unique, as Mθ is globally identifiable at θ? and DN is informative w.r.t. to
Mθ . However, consistency of the estimator does not imply that minθ V (DN , θ) is
without local minima. For the MAX model set, the LS criterion V () only has one
PLR
stationary point, see Section 5.2.3, then θ̂N
(6.13) is the global minimum of (6.1).

6.2.2

Regularized linear least-squares

A well-know issue in estimation of models with a large number of parameters is the
high variance of the resulting estimate compared to more parsimonious parameterizations. For instance, this problem arises when estimating FIR, MAX, or ARX
models with high orders and complicated dependency structures, required for SS
realization or subspace methods (see Chapter 8 and 9). Regularization makes it
possible to efficiently control the so-called bias-variance trade-off, i. e., dramatically
decrease the variance by introducing a relatively small bias on the estimates (Chen
et al. 2012), which usually increases the prediction performance of the model estimate. We are going to utilize this property in the IO estimation step of the
three-step identification scheme in Chapter 10.
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Algorithm 6.1: Pseudo-linear regression for LPV-BJ models
Input : Data record DN = {ut , pt , yt }N
t=1 and an LPV-IO model structure
Mθ with unknown model parameters θ. Mθ is assumed to be
globally identifiable and the data set DN is assumed informative.
Output: Final model estimate θ̂k
1

2
3
4

5

6
7
8

Estimate an initial model with an LPV-ARX structure via the LS
method (6.7) resulting in θ̂0 and set k = 0.
repeat
k 7→ k + 1.
Estimate the noise-free output y̆t|θ̂k−1 by computing the response of
Mθ̂k−1 on {ut , pt }N
t=1 via (6.14). Compute ξθ̂k−1 = y − y̆t|θ̂k−1 .
Compute the one-step-ahead prediction-error εt|θ̂k−1 of Mθ̂k−1 w.r.t.
DN using (6.16).
Construct the regressor vector ϕt|θ̂k−1 via (6.18).
Update the parameters by the estimate θ̂k = Φ†N |θ̂

k−1

YN .

until θ̂k has converged or the maximum number of iterations is reached.

6.2.2.1

Tikhonov regression

To formulate a regularized form of the least-squares method, we define the following
MIMO data-matrices of (6.7) as
>
Φ>
N = Φ̄N ⊗ Iny ,

YN = vec{ȲN },

The resulting output predictor of the MIMO model is
ŶN = Φ>
N θ,

(6.19)

where ŶN ∈ Rny M ×1 is the predicted output, ΦN ∈ Rnθ ×ny M is the regressor matrix
for the linear regression case with parameters θ ∈ Rnθ ×1 . A similar formulation is
>
directly possible for the pseudo-linear regression case by using Φ>
N |θ = Φ̄N |θ ⊗ Iny ∈
ny M ×nθ
as the regressor matrix instead of ΦN . Using this notation, the Tikhonov
R
regression problem is (e. g., see Golub and Van Loan 2013, Section 6.1.5)
2
2
min kΦ>
N θ − YN kWe + kθkWr ,
θ

(6.20)

√
where kxkW = x> W x denotes the weighted Euclidean norm, We , Wr ∈ Rnθ ×nθ
are positive semi-definite (symmetric) regularization matrices. The matrices YN ,
ΦN , and θ are constructed according to (6.7), (6.8), or (6.13) for the ARX, FIR,
or pseudo-linear regression, respectively. The analytic solution of (6.20) is
−1
RWLS
θ̂N
= Φ N W e Φ>
ΦN We YN .
(6.21)
N + Wr
The regularization matrix Wr is chosen such that ΦN We Φ>
N + Wr is invertible.
RWLS
LS
Note that θ̂N
= θ̂N
in case We = Inθ and Wr = 0. In the next subsection, the
bias-variance trade-off achieved by (6.20) is analyzed.
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Bias-variance property of Tikhonov regression

Let us investigate this bias-variance property of the weighted regularized leastsquares estimator (6.21). The core concept is that we allow the estimate to be
biased via the regularization term, while at the same time the variance of the
estimate is decreased significantly leading to a lower mean squared parameter estimation error. The MSE for any estimator θ̂N is given by
n

>o
MSE(θ̂N ) = E θ̂N − θo θ̂N − θo
n
o
n
o
n
o
= E (θ̂N −E{θ̂N})2 +E (E{θ̂N}−θ0 )2 +2E (θ̂N −E{θ̂N})(E{θ̂N}−θ0 )
n
o
2
(6.22)
= E (θ̂N −E{θ̂N})2 + E{θ̂N}−θ0 ,
{z
} | {z }
|
variance
bias
Note that (6.22) is defined on the parameters and the MSE V () (6.1) on the
signals y and ŷ. First, we explore this property for the weighted least-squares
WLS
without regularization, i. e., Wr = 0. The weighted least-squares estimate θ̂N
with the associated expectation and estimator variance are given by (assuming
that So ∈ M )
−1
WLS
θ̂N
= ΦN W e Φ >
ΦN We YN ,
(6.23a)
N
n
o
 WLS


−1
E θ̂N
ΦN W e Φ>
= E ΦN W e Φ >
= θ0 ,
(6.23b)
N
N θo + EN
n
o


 WLS
−1
>
> −1
ΦN We EN EN
We> Φ>
var θ̂N − θo = E ΦN We Φ>
N
N Φ N W e ΦN
−1


> −1
= ΦN W e Φ >
ΦN We IM ⊗ Σ2e We> Φ>
N
N ΦN We ΦN . (6.23c)
Hence, in line with previous consistency results, the weighted least-squares estimate (6.21) with Wr = 0 is unbiased (6.23b), under the condition that ΦN We Φ>
N
WLS
is invertible. Based on (6.23), the MSE of θ̂N
is given by
 WLS
WLS
MSE(θ̂N
) = var θ̂N
− θo .
Hence, the MSE of the parameter estimation error is completely determined by the
variance. The regularized version of the weighted least-squares (6.20) results in
−1
RWLS
WLS
θ̂N
= ΦN W e Φ>
ΦN W e Φ>
,
(6.24a)
N + Wr
N θN

−1
RWLS
>
>
E{θ̂N
}= ΦN We ΦN + Wr
ΦN W e Φ N θ o ,
(6.24b)

−1
RWLS
E{θ̂N
− θo }= ΦN We Φ>
ΦN W e Φ >
N + Wr
N θo − θo


−1
>
>
= ΦN W e ΦN + W r
ΦN W e Φ>
N −(ΦN We ΦN +Wr ) θo
−1
= − ΦN W e Φ >
Wr θ o ,
(6.24c)
N + Wr


−1
RWLS
RWLS
WLS
θ̂N
−E{θ̂N
}= ΦN We Φ>
ΦN W e Φ >
− θo ,
(6.24d)
N +Wr
N θ̂N

 > >
−1
−1
RWLS
>
2
>
var{θ̂N
}= ΦN We ΦN +Wr ΦN We IN ⊗Σe We ΦN ΦN We ΦN +Wr . (6.24e)
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From (6.24c) it is clear that including a regularization term, i. e., a non-zero regularization matrix Wr , introduces a bias on the estimate. Furthermore, recall that
the matrices ΦN We Φ>
N and Wr are symmetric positive definite. Increasing the
magnitude of Wr , in a Frobenius norm sense, puts more weight on the regularization and will decrease the variance (6.24e) by decreasing the Frobenius norm of
−1
(ΦN We Φ>
, however, on the other hand, it increases the bias. This pheN +Wr )
RWLS
nomenon can be seen as a trade-off between bias and variance. The MSE of θ̂N
is obtained by substituting the bias (6.24c) and the variance (6.24e) expressions
into (6.22) and is given by
RWLS
MSE(θ̂N
) = ΦN W e Φ>
N + Wr

6.2.2.3

−1 



ΦN We IN ⊗ Σ2e We> Φ>
N

−1
+ Wr θo θo> Wr ΦN We Φ>
. (6.25)
N + Wr

An empirical Bayesian approach to optimize regularization

One of the main questions is how to chose the regularization matrix Wr , such
that an optimal bias-variance trade-off is found in terms of the minimum of (6.1).
Minimizing the MSE of θ in (6.25) directly is not possible in practice, as the true
parameters θo are unknown. Hence, other methods have been be formulated based
on Cp statistics (Hastie et al. 2009), cross-validation (Ljung 1999), predicted residual sums of squares (Wang and Cluett 1996), generalized cross-validation (Golub
and Van Loan 2013, Section 6.1.4), Stein’s unbiased risk estimator (Stein 1981),
or marginal likelihood optimization (Rasmussen and Williams 2006). Pillonetto
and Chiuso (2015) have shown that optimization of the marginal likelihood based
on an empirical Bayes method (Carlin and Louis 1996) provides efficient balancing
between data fit and model complexity (expressed in the hyperparameters) with a
reasonable computational load compared to other methods. In this empirical Bayes
method, it is assumed that the parameter vector θo has a Gaussian prior:
θo ∼ N (0, Pα ),
where the covariance matrix Pα is a function of some hyperparameters α ∈ Rnα .
The priori distribution θo is zero mean, because we have no prior on the parameters
and, therefore, its expected range of variation is completely captured by the covariance Pα . In the Bayesian setting, under the assumption that u and p are given
realizations, hence, ΦN is deterministic, the output vector YN and the parameters
θo according to (6.19) are jointly Gaussian variables:


  

P
Pα ΦN
θo
0
∼N
, >α
.
(6.26)
2
YN
0
ΦN P α Φ>
N Pα ΦN +IM ⊗ Σe
It can be shown that the maximum posterior estimate and minimal variance estimate of θ0 given YN is equivalent to the weighted regularized least-squares estimate
RWLS
θ̂N
, e. g., see Chen et al. (2012), if the weighting and regularization matrices
are
We = IM ⊗ Σ−2
Wr = Pα−1 .
(6.27)
e ,
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The Gaussian prior makes it possible to achieve estimation Σ2e and α from data that
maximizes the likelihood of the posterior distribution of θo and YN . The covariance
matrix Pα and the noise covariance matrix Σ2e satisfy

2
YN ∼ N 0, Φ>
N P α ΦN + I M ⊗ Σe .
Hence, the likelihood function of the observation YN given α and Σ2e can be used
to arrive to their posteriori estimate:
α̂ = argmax f (YN |α) = argmin −2 log f (YN |α)
α∈Rnα

= argmin log det
α∈Rnα

α∈Rnα

2
Φ>
N Pα ΦN +IM ⊗Σe



2
+YN> Φ>
N Pα ΦN +IM ⊗Σe

−1

YN , (6.28)

where the constant terms are excluded and f (·) is the probability density function
of the multivariate normal distribution (6.26). In general, Σ2e can also be estimated
by the ML optimization or by first estimating an FIR or ARX model with leastsquares and use the sample variance as the estimate of the noise variance, e. g.,
see Chen and Ljung (2013). Hence, in the sequel we assume that Σe is given or has
already been estimated. For a detailed discussion of the empirical Bayes method
compared to other methods see Chen et al. (2012); Pillonetto et al. (2014). The
choice of the parametrization of Pα is of high importance as it governs the “quality”
of the estimate where the optimal choice is Pα = θo θo> , which leads to the minimum

> −1 −1
>
RWLS
in (6.25). Parameterization of
) = ΦN (IM ⊗ Σ−2
MSE(θ̂N
e )ΦN + (θo θo )
Pα requires to be highly flexible, but with only a few number of parameters, which
can be achieved by exploiting structural knowledge of the underlying system, e. g.,
decay of the magnitude of the Markov parameters for the FIR case. For this
purpose, various kernel functions are employed, see Chen et al. (2012) for a detailed
discussion. This thesis is not focused on finding the “optimal” kernel for specific
settings, but we are rather interested in applying regularization in estimation of
LPV-IO models with a large number of data points. Hence, a novel extension
of Chen and Ljung (2013) under a given parameterization of Pα to the MIMO case
is provided, which is a numerically attractive and robust method to maximize the
likelihood (6.28) and to compute the estimate (6.21) by QR factorizations.
6.2.2.4

Numerically efficient implementation

To numerically minimize (6.28), it is important to compute, for a given α, the log
likelihood (6.28) efficiently. However, (6.28) contains inversions and determinants
of large matrices. In Chen and Ljung (2013), a numerically attractive approach is
given to compute the likelihood, which is here extended to the MIMO case. As the
correlation matrices Pα and Σ2e are positive definite, for a given α, take their lower
Cholesky factorization
Pα = L1 L>
1,
and use this factorization to define

ỸN = IM ⊗ L−1
YN ,
2

Σ2e = L2 L>
2,


−1 
Φ̃N = ΦN IM ⊗ L>
.
2

(6.29)

(6.30)
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By first applying Sylvester’s Determinant Theorem and the Schur complement to
the elements within the det(·) in (6.28), then using the matrix inversion Lemma
on the remaining part of (6.28) and using (6.29)-(6.30), allows to rewrite the log
likelihood (6.28) as



−1
2
>
>
α̂ = argmin N log det (L2 ) − ỸN> Φ̃>
L
I
+
L
Φ̃
Φ̃
L
L>
nθ
N 1
1 N N 1
1 Φ̃N ỸN
α∈Rnα



>
+ log det Inθ + L>
+ ỸN> ỸN . (6.31)
1 Φ̃N Φ̃N L1
Note that the dimensions have changed from ny M ×ny M to nθ ×nθ , which decreases
the computational complexity, as commonly ny M  nθ . Unfortunately, Inθ +
>
L>
1 Φ̃N Φ̃N L1 is often ill-conditioned, hence, QR factorization is used to compute
the marginal likelihood cost in (6.31) via a two-step approach. First, in case that
data set DN is informative, we have that


rank Φ̃>
(6.32)
ỸN = nθ + 1,
N
then [ Φ̃>
ỸN ] has a unique thin QR factorization, see (Golub and Van Loan
N
>
2013, Theorem 5.2.3, p. 248), which corresponds to the fact that Inθ + L>
1 Φ̃N Φ̃N L1
is positive definite, hence (6.31) has a unique solution. The two steps are:
• Pre-processing step. Take the thin QR-factorization
 >



Φ̃N ỸN = Q1 R1 = Q1 R1,1 R1,2 ,

(6.33)

nθ +1×nθ
where Q1 ∈ Rny M ×nθ +1 with Q>
, and R1,2 ∈
1 Q1 = Inθ +1 , R1,1 ∈ R
nθ +1×1
R
.

• Cost function. Take the thin QR-factorization



R1,1 L1 R1,2
R2,1
= Q2 R2 = Q2
Inθ
0
0

R2,2
r


,

(6.34)

nθ ×nθ
where Q2 ∈ R2nθ +1×nθ +1 has the property Q>
,
2 Q2 = Inθ +1 , R2,1 ∈ R
nθ ×1
R2,2 ∈ R
, and r ∈ R. Combining (6.33) and (6.34) gives
 >
 

Q1 0
Φ̃N L1 ỸN
=
Q2 R2 .
(6.35)
0 Inθ
I nθ
0

Using (6.35) and the orthogonality property of Q provides
>
>
R2,1
R2,1 = L>
1 Φ̃N Φ̃N L1 + Inθ ,

>
R2,2
R2,2 + r2 = ỸN> ỸN ,

>
R2,2
R2,1 = ỸN> Φ̃>
N L1 ,

which simplifies the marginal likelihood (6.31) as follows




2
2
α̂ = argmin N log det (L2 ) + log det (R2,1 ) + r2 ,
α∈Rnα

where R2,1 and r2 depend on the hyper-parameters α.

(6.36)

(6.37)
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The cost function in (6.37) is computed for each iteration and (6.37) is evaluated
in a standard line-search algorithm, e. g., fmincon in Matlab. Note that the preprocessing step is used to decrease the dimension from (ny M + nθ ) × (nθ + 1) to
(2nθ + 1) × (nθ + 1) of the QR factorization (6.34) in each iteration. Furthermore,
Eq. (6.37) avoids any inversion of matrices as seen in (6.28). In addition, QRfactorization of α̂ can be used to compute the parameter estimate in (6.21) by
−1
RWLS
θ̂N
= L1 R2,1
R2,2 .

Concluding, the aforementioned scheme can be applied to efficiently obtain the
regularization parameter in the case that ny M  nθ . In case nθ > M , the dual
form of the least-squares problem is formulated where a linear kernel is applied,
see Suykens et al. (2002) for an in-depth treatment. With this formulation, the LS
problem (6.20) is reduced to the size of M × M and this reformulation has been
already applied to LPV subspace identification (van Wingerden et al. 2009).

6.2.3

Correlation analysis of FIR model

The concept of correlation analysis (CRA) can be applied to attain an unbiased
estimate of each parameter individually for FIR models like (5.34). This low computational complexity alternative to the LS estimate (6.7) can be used in case the
FIR model has an enormous amount of parameters. For example, such case might
occur when identifying the IIR of an LPV-ß representation with a large truncation order. The CRA avoids estimation of the complete one-step-ahead predictor
in (6.7) by making use of the stochastic properties of u, p, y, v. In this section,
u and p are assumed to be sample paths of the stochastic processes u, p, respectively. To distinguish the stochastic process from its sample path, the stochastic
processes are denoted with bold face characters. Note that y obtained from (5.34)
is a sample path of the stochastic process y that satisfies yt = (Bo (q)  p)t ut + vto .
In the remainder, for notational simplicity, we introduce the ‘signal’ (β j,0  pt ) = 1
which is associated to the coefficient bj,0 . The first step in the CRA is to define
the three-dimensional cross-correlation.
Definition 6.1 (three-dimensional cross-correlation) The three-dimensional
cross-correlation function for the jointly stationary signals (u, y, β j,l  p) is defined
as

Ryβj,l u (τβ , τu ) = E yt (β j,l  p)t−τβ u>
(6.38)
t−τu ,
n

where j ∈ In0 b , l ∈ I0 β and τβ , τu ∈ N0 are the time-shifts associated with β and u,
respectively.

Lemma 6.1 (CRA for the FIR models) The FIR parameters in θ satisfy
bj,l =
n

Ryβj,l u (0, j) −2
Σu ,
σβ2j,l

(6.39)

where j ∈ In0 b , l ∈ I0 β , τβ , τu ∈ N0 , var(u) = Σ2u , σβ2j,0 = 1, and var(β j,l p) = σβ2j,l ,
if the following assumptions hold:
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C6.1 The output is generated by a stable LPV-FIR system satisfying So ∈ M .
C6.2 The noise processes vto is quasi-stationary and zero mean (it can be a colored noise process).
C6.3 The input process u is a white noise process with finite variance (var(u) =
Σ2u ) and is independent of vto .
C6.4 Each process β nb ,nβ  p is assumed to be a white noise process with finite
variance (σβ2j,0 = 1, var(β j,l  p) = σβ2j,l ). The processes β j,l  p are
mutually independent and β j,l  p is independent of u and vto .

Proof: See Appendix A.4.



Condition C6.4 is not over-restrictive, for example, if each βj,l is a function
[l]
of pt−j only with np = nβ , the analytic function βj,l is odd and bounded with
βj,l (0) = 0, and it is driven by a white noise scheduling signal p[i] with finite
variance, then C6.4 is satisfied. Note that the parameters in (6.39) do not depend
on the time-instant t and we can even consider nb = ∞ in a limit sense. An
approximation of the cross-correlation and variances in Lemma 6.1 can be used to
estimate the parameters by a finite measured data set DN . The variances of the
involved processes are estimated by the unbiased sample variance estimate and the
k-dimensional cross-correlation is approximated via
R̂yβj,l u (τβ , τu ) =

N
X
1
yt (βj,l  p)t u>
t−τu .
N − τu + 1 t=τ +1

(6.40)

u

It is assumed that the stochastic processes u, β, y, vo are such that
limN →∞ R̂yβj,l u () = Ryβj,l u (). For example, this assumption holds with probability 1 if u, β, y are jointly ergodic (Petreczky and Bako 2011).
The proposed CRA method may need a large data set and N  τu such that
variance of (6.40) is low enough for an accurate parameter estimate. If the process
vo is a zero mean coloured noise, but satisfying condition C6.2, the CRA estimate
is unbiased but it is statistically inefficient (Ljung 1999), i. e., the variance of the
estimated parameters does not correspond to the Cramér-Rao bound. Therefore,
a relatively larger data set is required to reduce the parameter estimation variance, compared to the case when vo is a stationary white noise with Gaussian
distribution. However, a particular advantage of the CRA estimation is that the
parameters can be estimated
 individually and the computational complexity scales
with O N (2 + n2y + ny nu ) 2 . Hence, the problem scales linearly in N , nu , and
quadratically in ny . The CRA can also be used to estimate the sub-Markov coefficients of the underlying IIR of an LPV-ß model (see Appendix B.1 for details).
For the basis reduced realization schemes of Chapter 8 only a subset of the subMarkov parameters is needed for realization. Hence, targeting with the CRA only
these coefficients can significantly reduce the computational demand, compared to
identification of the full impulse response.
2 Unbiased

sample variance scales with O(2N + n2y ) and (6.40) scales with O(N ny nu ).
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6.2.4

Instrumental variables

6.2.4.1

Open-loop data collection

Consistent identification of the data-generating system So with a BJ model structure (6.2) using prediction-error minimization leads to a nonlinear optimization
problem, see Section 6.2.1.3. To avoid the nonlinear optimization, an instrumental variable (IV) based approach can be used, see Söderström and Stoica (1983);
Young (1984) for application of IV in the LTI case and Butcher et al. (2008); Laurain et al. (2010); Tóth et al. (2012d) for its extension to LPV system identification.
The IV estimator is employed to obtain a consistent estimate of the plant model
Gθ in (6.2a), while keeping the assumption that vto is zero mean, quasi-stationary
process (possibly a colored noise process). The IV estimator can be seen as a
modification of the least-squares estimate of (6.7) with the following expression:
N
N
1 X
1 X
IV
yt ζt>
ϕt ζt>
θ̄ˆN
=
N t=1
N t=1

!−1
=

N
1 X
yt ζt> Γ−>
N ,
N t=1

IV
IV
θ̂N
= vec{θ̄ˆN
}, (6.41)

where the parameterization is θ = θg , the regressor ϕt is equal to (6.6), and ζ ∈
Z → Rny na (1+nα )+nu (1+nb )(1+nβ ) is the so-called instrument and it is chosen by the
user to satisfy the following conditions (e. g., see Ljung 1999, Section 7.6):
C6.5 Γ−1
∞ = lim

N →∞



1
N

N
P
t=1

ζt ϕ>
t

−1

exists, i. e., Γ∞ is nonsingular;

C6.6 the instrument ζt is not
with the noise vto corrupting the output
 correlated
o >
measurements, i. e., Ē vt ζt = 0.
By constructing the instrument ζ that satisfies Conditions C6.5 and C6.6, this
‘simple’ IV estimate (6.41) will be consistent and it avoids nonlinear optimization
techniques to find an estimate under general noise scenarios, which lies at the core
of the IV concept. Theorem 6.4 proves consistency of the IV estimator (6.41) and
note that consistency also implies convergence in terms of Definition 5.3.
Theorem 6.4 (Consistency of the IV estimator) Given an asymptotically
stable and globally identifiable Gθ with a compact parameter range Θ. Let DN
denote the data set collected from an open-loop LPV data-generating system So
IV
subject to Assumption A5.6. The estimate θ̂N
given by the IV estimate (6.41) is
consistent in terms of Definition 5.4, if Go ∈ G, where G is the process model set
associated with Gθ under θ ∈ Θ, DN is informative w.r.t. Gθ , and the instrument
ζt is constructed to satisfy Conditions C6.5 and C6.6.

Proof: See Appendix A.4.



Considering Conditions C6.5 and C6.6, there is wide range of choices available to construct the instruments providing a consistent estimate of the process
dynamics Go (q). Adequately choosing the instrument ζt for the IV estimate will
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decrease the variance on the parameter estimate and, therefore, there is a wide
literature on generating an instrument leading to small parameter variance, e. g.,
see Söderström and Stoica (1983). In the case where vto = eot leading to So ∈ M ,
i. e., the underlying system has an OE structure, the optimal instrument ζtopt is
the noise-free version of the regressor ϕt , i. e., replacing yt with y̆t in ϕt , which
leads to a minimum variance IV estimate (Söderström and Stoica 1983; Laurain
et al. 2010). Unfortunately, the noise-free observations y̆t of the data-generating
system So are not available. Therefore, an estimate of y̆t is applied as instrument,
which, for example, is obtained by computing the output response of a previous
model estimate (similar to the pseudo-linear regression line 4 of Algorithm 6.1).
After applying the IV estimate (6.41), the instrument ζt can be refined iteratively
by applying the updated model parameters.
The aforementioned iterative procedure is given in Algorithm 6.2 and it extends
the multi-step procedure of Ljung (1999) to the LPV case, as suggested in Butcher
et al. (2008). The recursive IV scheme in Algorithm 6.2 is formulated in order to
mitigate the effect of the estimated noiseless signals on the IV scheme and hence
“maximize” the accuracy of the IV solution by iteratively refining the instruments.
If the method is executed with only one step, then it is also known as the IV4
method (Butcher et al. 2008). In general, the IV4 method will have higher parameter variance compared to the multi-step method in Algorithm 6.2. To decrease the
variance on the parameter estimates compared to the multi-step method, a (simplified) refined IV (RIV) scheme can be employed (Laurain et al. 2010). The RIV
also estimates a noise model Hθ , where the instrument ζt is refined by filtering the
input signal ut and estimated noiseless output signal y̆t|θ̂ using both the estimated
plant and noise model. However, the LPV-RIV scheme in Laurain et al. (2010)
only estimates an LTI noise model. For further details, the interested reader is
referred to Laurain et al. (2010).
6.2.4.2

Closed-loop data collection

The IV scheme can also be applied in the closed-loop identification setting specified
in Section 5.1.4.2. In this setting, the input ut might become correlated with the
o
noise process vto , i. e., Ē{ut (vt−τ
)> } =
6 0 with τ > 0, and, therefore, the instrument (6.42) will violate Condition C6.6. However, the external reference signal
rt (see Figure 5.1) offers the possibility to generate an instrument ζt as it is uncorrelated with v o (Condition A5.5) if it is recorded and stored in the data set
DN = {rt , ut , pt , yt }N
t=1 . The instrument ζt in (6.42) can be constructed as:
ζt =



>
−y̆t−1|
θ̂

k−1

>
−(α1,1  p)t y̆t−1|
θ̂

>
rt−τ
d

...

k−1

(β0,1 

>
p)t rt−τ
d

...

>
−(αna ,nα  p)t y̆t−n

(βnb ,nβ 

a |θ̂k−1

>
p)t rt−τ
d −nb

>

. (6.43)

where y̆t|θ̂k−1 is based on rt instead of ut . It is important that the reference signal
rt is informative, similarly to ut and pt in Theorem 5.3, in order to satisfy C6.5.
It can be shown that the instrument (6.43) will only lead to a statistically efficient
estimate if the input signal is noise-free. To lower the variance of the parameter
estimate, the applied controller should be known and/or the noise model should be
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Algorithm 6.2: Recursive IV
Input : Data record DN = {ut , pt , yt }N
t=1 and an LPV-IO process model
structure Gθ (5.27) with unknown parameters θ. Gθ is assumed to be
globally identifiable and the data set DN is assumed informative.
Output: Final model estimate θ̂k of (5.36).
1

2
3
4

5

6
7

Estimate an initial process model Gθ̂0 via the LS method (6.7) resulting in
θ̂0 and set k = 0.
repeat
k 7→ k + 1.
Estimate the noise-free output y̆t|θ̂k−1 by computing the response of
Gθ̂k−1 on {ut , pt }N
t=1 via (6.14).
Build the instrument

>
>
>
ζt = −y̆t−1|θ̂k−1 −(α1,1  p)t y̆t−1|θ̂k−1 . . . −(αna ,nα  p)t y̆t−na |θ̂k−1
>
u>
(β0,1  p)t u>
. . . (βnb ,nβ  p)t u>
. (6.42)
t−τd
t−τd
t−τd −nb
Estimate θ̂k by (6.41).
until θ̂k has converged or the maximum number of iterations is reached.

parameterized. For a further discussion on the (refined) IV estimates in closed-loop
condition see Söderström et al. (1987); Gilson and Van den Hof (2005); Pintelon
and Schoukens (2012) in the LTI setting and Tóth et al. (2012d) in the LPV case.

6.2.5

PEM under noise-corrupted scheduling measurement

Most of the LPV identification methods rely on the assumption that only the output
measurements are corrupted by noise, while the observations of the scheduling
signal are considered to be noise-free. However, in practice, this might be an
unrealistic assumption, as the scheduling variable can be related to a measured
signal and, thus, it is affected by a measurement noise (see Figure 4.3). Hence,
in this section, the observations pt of the scheduling signal pot is assumed to be
affected by an additive measurement noise ηto , i. e.,
pt = pot + ηto ,

(6.44)

where ηto is a sample path of a Gaussian distributed white noise process with
ero-mean and finite variance ση2 , i. e., η ot ∼ N (0, ση2 ). Furthermore, we assume
that ηto is independent of the noise vto corrupting the measurements of the output
signal yt . Note that considering ηko independent of vto is a realistic assumption
when the scheduling variable is considered to be an external signal of the system
or it is measured independently from the rest of the signals (like an operating
point, temperature distribution in destination column, dynamic pressure in case
of an aircraft control problem, etc.). In such case, the noise ηto corrupting the
measurements of pot is independent of the noise vto which in turns corrupts the
output observations. However, in case pt is obtained from measurements of IO
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signals trough a scheduling map, then correlation between ηto and vto might be
present. This setting will not be considered in this thesis and remains an objective
for future research.
Identification in the p-noisy setting presented in this section is based on the
paper Piga et al. (2015).

6.2.5.1

Overview of identification in p-noisy case

Assuming noise on the scheduling variables corresponds to a so-called errors-invariables (EIV) problem for which several identification methods have been proposed in the LTI context (Zheng 1998; Hong et al. 2007; Söderström 2007). In the
LPV setting, in order to model a broader class of behaviors, the dependency on
the scheduling variable is mostly considered to be nonlinear. This renders the EIV
problem more difficult than in the LTI case since the stochastic noise affecting the
scheduling observations is distorted by nonlinear functions. The only contributions
available in the literature addressing the identification of LPV models from noisecorrupted measurements of both the output and the scheduling signal are given in
Cerone et al. (2013) and Butcher et al. (2008). The contribution in Cerone et al.
(2013) focuses on the identification of LPV-IO systems in the SM identification
context, see Chapter 1 for details. Important is to note that the applicability of
the approach in Cerone et al. (2013) is limited to small/medium scale LPV identification problems, because of high computational complexity. In addition, selecting
the unbiased model, i. e., nominal model, in this framework remains an open question. In Butcher et al. (2008), the advantage of using an IV-based estimate in the
LPV setting is exploited to cope with realistic assumptions on the output noise
instead of applying nonlinear optimization, similar to the IV in Section 6.2.4. In
case of noisy dependency, it is shown in Butcher et al. (2008) that unbiased estimates can be computed if i) the instrument is uncorrelated with the scheduling
variable noise, i. e., C6.5 and C6.6 hold, and ii) the scheduling dependency is linear. The latter condition limits the applicability of the IV-based scheme in Butcher
et al. (2008). In order to minimize the variance of the IV estimate, the refined IV
methods should chose the instrument to be correlated with the noise-free observations of the output and of the scheduling signal (Laurain et al. 2010; Tóth et al.
2012d). Although the refined IV algorithm can be used to iteratively compute an
approximation of the noise-free output, computing a variable which is correlated
with the noise-free scheduling signal, and at the same time uncorrelated with the
measurement noise, can be a difficult task in many applications, in particular when
the scheduling signal is not directly manipulatable.
In this thesis, a bias-correction is added to the basic IV regressor (6.41) to
identify LPV models from noise-corrupted measurements of the output and the
scheduling signal. The advantages of the proposed method w.r.t. the approach
in Butcher et al. (2008) are a twofold: i) it provides a consistent estimate of LPV
models with polynomial dependence on the scheduling variable; ii) the instrument is
only required to be uncorrelated with the noise corrupting the output observations.
Thus, an approximation of the noise-free scheduling signal is not needed.

Chapter 6 Identification methods for input-output models

126
6.2.5.2

Data-generating system

For the sake of exposition, the following methodology is described from the singleinput single-output (SISO) setting with a scalar scheduling variable pot ∈ R (i. e.,
np = 1). However, extension to the MIMO setting is straightforward. In this
section, the process part of data-generating system So (4.3a) is dependent on the
noise-free input and scheduling trajectories {ut , pot }. The polynomial functions
Ao ∈ R[q] and Bo ∈ R[q] are similar defined as in (2.8) in which aoi ∈ R and
boj ∈ R are polynomial functions in the scheduling variable pot with degree nψ , i. e.,
(aoi  po )t = aoi,0 +

nψ
X

aoi,s (pot )l ,

(boi  po )t = boj,0 +

l=1

nψ
X

boj,s (pot )l ,

(6.45)

l=1

where aoi,l ∈ R and boj,l ∈ R (with l ∈ {0, . . . , nψ }) are unknown constants. The
polynomial basis (6.45) is chosen as it can arbitrarily well approximate any smooth
nonlinear function around a given operating point (Taylor series approximation).
Therefore, the exploration of a consistent estimate of this basis under noisy scheduling signals is important as it can lead to general approximators. For the sake of
simplicity, in (6.45), the polynomials aoi and boj are considered with the same degree
nψ . Nevertheless, the discussion reported in the sequel can be straightforwardly
extended to the case when aoi and boj have different degrees. Based on the polynomial dependency (6.45), the data-generating system So can be written in the
following compact form
>
yt = (ϕot ) θo + vto ,
(6.46)
where θo are the true parameters stacked similar to (5.30) and ϕot is given by
>


ψto = 1 pot . . . (pot )nψ , χot = −y̆t−1 . . . −y̆t−na

ut−τd . . . ut−nb −τd

>
,

ϕot = χot ⊗ ψto .

6.2.5.3

Model structure

To obtain an estimate of the parameter θo , the ARX model structure Mθ in (6.5) is
applied. The associated p-dependent functions A(q, θ), B(q, θ) are defined in (5.28)
where ai (θ), bj (θ) are polynomials in the scheduling variable pt with degree nψ
similar to (6.45). Hence, the unknown parameter vector is θ = θg ∈ Rnθ with
dimension nθ = (nψ + 1)(na + nb + 1). Important is to note that our data set
DN = {ut , pt , yt }N
t=1 contains the noise-corrupted scheduling variable, hence, the
observed regressor ϕt at time t is defined as
ϕt = χt ⊗ ψt ,

(6.47)

with
ψt =



1 pt . . . (pt )nψ

>

, χt = −yt−1 . . . −yt−na

ut−τd . . . ut−nb −τd

>
.
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Asymptotic behavior of the IV estimate under scheduling noise

The IV estimator (6.41) is considered for this problem setting to cope with the
effect of vto and we will analyze what we can do to avoid a bias resulting from ηto .
IV
In order to analyze the asymptotic behavior of the IV estimate θ̂N
, let us first
decompose the output signal yt in (6.46) as follows:
yt = ϕot

>

>

θo + vto = [χot ⊗ ψto ] θo + vto =
>

>

>

= [χt ⊗ ψt ] θo +[χt ⊗ ψto −χt ⊗ ψt ] θo + [χot ⊗ ψto − χt ⊗ ψto ] θo + vto
>

>

>

= [χt ⊗ ψt ] θo + [χt ⊗ (ψto − ψt )] θo + [(χot − χt ) ⊗ ψto ] θo + vto .

(6.48)

IV
can be decomposed as follows:
Based on (6.48), the parameter estimate θ̂N

term A

z

term B

}|
{
N
N
N
X
X
X
1
1
1
>
>
IV
θ̂N
= Γ−1
ζt yt = Γ−1
ζt [χt ⊗ ψt ] θo + Γ−1
ζt [χt ⊗(ψto −ψt )] θo
N
N
N
N t=1
N t=1
N t=1
+

}|

1
Γ−1
N

N

|

N
X

{

ζt [(χot

−

z

>
χt )⊗ψto ] θo

1
+Γ−1
N

t=1

{z

term C

} |

N

N
X

ζt vto . (6.49)

t=1

{z

term D

}

where ΓN and the instrument ζ is defined in (6.41). The asymptotical behavior
of each term in equation (6.49) is now analyzed. First, note that, because of the
definition of the regressor ϕt (6.47), the term (6.49-A) is equal to θo . As far as
the terms (6.49-C) and (6.49-D) are concerned, they converge toward zero as N
goes to infinity. This follows from the fact that (χot − χt ) and vto are zero mean
and they are not correlated with the instrument ζt (see Butcher et al. (2008) for a
proof). Term (6.49-B) is guaranteed to converge to zero only when C6.5, C6.6 and
the following conditions are fulfilled (Butcher et al. 2008):
• The coefficient functions ai (θ) and bj (θ) depend affinely on the scheduling
variable pt , i. e., Ē {[χt ⊗ (ψto −ψt )]} = 0 since, if ai and bj are affine functions
of pt , we have:

 



1
1
0
Ē {ψto −ψt } = Ē
−
=
E
= 0;
pot
pt
−ηto
• The instrument ζt is not correlated with the noise ηto affecting the scheduling
signal measurements, i. e., E{ζt ηto } = 0 for all t.
Thus, when at least one of the above conditions is not satisfied, the term (6.49IV
B) introduces a bias in the estimate θ̂N
. Note that, in principle, the latter condition
is not hard to fulfill since the instrument ζt is chosen by the user. However, in
practice, in order to reduce the variance of the estimate of the system parameters
θo , the instrument ζt should be correlated with the noise-free regressor ϕot (given by
χot ⊗ ψto ), as discussed in Laurain et al. (2010). Although, an approximation of the
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noise-free output can be obtained through iterative schemes based on simulation of
pre-estimated models (e. g., see Laurain et al. 2010), approximating the noise-free
scheduling signal pot is not an easy task. In order to overcome such a problem,
two realizations of pot are used in Butcher et al. (2008), where the instrument is
simulated using the second data set and the regressor is based on the first data set.
The methodology of Butcher et al. (2008) only considers affine dependency (linear
basis and a constant), avoiding complications in the estimator with higher order
moments in case of the polynomial basis in (6.45).
To overcome the limitations of requiring a second data set and extending biasfree estimation to the polynomial basis, we propose an algorithm to eliminate the
bias introduced by the term in (6.49-B). This allows to compute a consistent estimate for a LPV-IO process model with a single data set under the conditions that:
i) the scheduling signal observations pt are corrupted by noise; ii) the coefficient
functions ai (θ) and bj (θ) depend polynomially on pt .
6.2.5.5

A bias-corrected IV estimate

Construction of a consistent estimator
Denote with ∆IV (θo , ψ, ψ o ) the term in (6.49-B), i. e., let
∆IV (θo , ψ, ψ o ) = Γ−1
N

N
1 X
>
ζt [χt ⊗(ψto −ψt )] θo .
N t=1

(6.50)

The term ∆IV (θo , ψ, ψ o ) is a bias introduced by the scheduling noise. Note that
∆IV (θo , ψ, ψ o ) depends both on the true system parameters θo and on the noise-free
observations pot of the scheduling signal. As a consequence, ∆IV (θo , ψ, ψ o ) cannot
be computed from the observations DN = {ut , pt , yt }N
t=1 and thus it cannot directly
IV
be subtracted from the estimate θ̂N .
IV
Recall that the IV estimate in (6.49) reads as lim θ̂N
= θ0 + lim ∆IV (θo , ψ, ψ o )
N →∞

N →∞

(w.p. 1). So, if a consistent estimate can be obtained, then it can substitute θo
in ∆IV () and the bias factor can be corrected in the IV estimate. Following this
concept, the following corrected IV estimate is introduced:
CIV
IV
CIV
θ̃N
= θ̂N
− ∆IV (θ̃N
, ψ, ψ o ),

(6.51)

where ∆IV () in (6.50) is evaluated at θ̃CIV and the instruments ζt are chosen
according to Conditions C6.5 and C6.6. Algebraic manipulation of (6.51) leads to
CIV
θ̃N
=

N
N
1 X
−1 1 X
>
ζt [χt ⊗ ψto ]
ζt yt .
N t=1
N t=1
|
{z
}
R(ψto )

(6.52)
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CIV
Theorem 6.5 (Consistency of θ̃N
) Given a model structure Gθ with static,
polynomial dependency similar to (6.45). Let DN denote the data set collected from
the open-loop LPV data-generating system So (6.46) subject to Assumption A5.6.
Let us assume that the following limit exists:

(Γo∞ )

−1

N
1 X
−1
>
ζt [χt ⊗ ψto ]
.
N →∞ N
t=1

= lim

(6.53)

If Go ∈ G, where G is the process model set associated with Gθ under θ ∈ Θ,
CIV
is a consistent estimate of the true
and Conditions C6.5-C6.6 hold, then θ̃N
parameters θo , i. e.,
with probability one as N → ∞.

CIV
θ̃N
→ θo

(6.54)


Proof: See Appendix A.4.



CIV
Note that, consistency of θ̃N
in Theorem 6.5 is based on the implicit assumpo
o
tions that χt −χt and vt are zero mean and both of them are not correlated with the
instrument ζt . Hence, the instrument is constructed to satisfy these assumptions
in Section 6.2.5.6.
CIV
,
Unlike the scheduling-noise bias ∆IV (θo , ψ, ψ o ), the correction term ∆IV (θ̃N
o
CIV
ψ, ψ ) does not depend on the true parameter vector θo . However, θ̃N cannot be
CIV
, ψ, ψ o ) depends on the noise-free observations pot of the
computed since ∆IV (θ̃N
CIV
(6.52)
scheduling variable. In order to overcome such a problem, the estimate θ̃N
N
o >
is modified by replacing each matrix Ωt := ζt [χt ⊗ ψt ] (for t ∈ I1 ) with a matrix
Ψt (constructed through the procedure described next) satisfying the following
conditions:

C6.7 The matrix Ψt does not depend on the noise-free scheduling signal ψto ,
but only on the noisy observations ψt and on the variance ση2 of the noise
corrupting these measurements for all t ∈ IN
1 .
N
N
1 X
1 X
>
ζt [χt ⊗ ψto ] = lim
Ψt ,
N →∞ N
|
{z
} N →∞ N t=1
t=1

C6.8 lim

w.p. 1.

Ωt

Construction of the matrices Ψt
Under the assumption that the variance ση2 of the noise corrupting the scheduling
signal observations is known, the matrices Ψt satisfying conditions C6.7 and C6.8
can be constructed through the following procedure (inspired by Piga and Tóth
2014):
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(i) For each t ∈ IN
1 , compute the analytical expression of the matrix E {Ωt | YN },
>
which denotes the conditional expected value of the matrix Ωt = ζt [χt ⊗ ψto ]
given the output observation sequence YN . Note that, since each component
of ψto is a polynomial in pot , the entries of E {Ωk | YN } are described by an
affine combination of the monomials pot , (pot )2 , (pot )3 , . . ..
(ii) For each monomial
pot , (pot )2 , (pot )3 , . . ., compute the coefficients κi,t , such that
 i
o i
(pt ) = E pt + κi,t for i = 1, 2, . . ..
Property 6.1 (Construction of κi,t ) Given the noisy scheduling signals
pt = pot + ηto where ηto is a sample path of η ot ∼ N (0, ση2 ), then αi,t associated

to (pot )i = E pit + αi,t is given by
E {κi,t } = −


i 
X
i
(pot )i−j γj ,
j

(6.55)

j=1

 
i
where j is the binomial coefficient and γj indicates the j-th order moment
of ηto , i. e.,


if j = 0,
 1,
0,
if j is odd,
γj =
(6.56)

 Q 2j (2i − 1)σ i ,
if
j
is
even.
η
i=1

Proof: See Appendix A.4.



To obtain a unbiased estimate of (pot )l that does
 not depend on any polynomial (pot )i , the unbiased estimate (pot )i = E pit + κi,t with Property 6.1
is applied. The estimate is determined by recursive computations as (pot )l
depends on pot , (pot )2 , . . . , (pot )l−1 only, which can be substituted by its already computed unbiased estimate. The recursion is starting from l = 1 with
pot = E {pt }, as Property 6.1 implies E {κ1,t } = 0.
(iii) The matrix Ψt is obtained by replacing, in the analytical expression of
E {Ωt | YN }, the monomials pot , (pot )2 , (po )3 , . . . with its unbiased estimate
based on pt + κ1,t , p2t + κ2,t , p3t + κ3,t , . . ..
To provide an example of the elimination of (pot )l by recursions used in Step (ii),
note that Property 6.1 implies E {κ1,t } = 0, which results in a unbiasedestimate
pot = E {pt }. Similarly, Eq. (6.55) states that κ2,t = −ση2 where (pot )2 = E p2t −ση2
for all t ∈ IN
1 . Then, for i = 3, according to (6.55), κ3,t is given as
E {κ3,t } = −3pot ση2 .
Since, based on the previous computation, pot = E {pt }, we get:

E {κt,3 } = −3E {pt } ση2 = E −3pt ση2 .
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This means that κ3,t = −3pt ση2 . Thus, the unbiased estimate of (pot )3 dependent

on only pt and ση2 is (pot )3 = E p3t − 3pt ση2 for all t ∈ IN
1 . Similar arguments can
be made for i > 3 to eliminate pot from κi,t .
An example of the construction of Ψt is given in Example 6.1. Note that the
structure of the matrices Ψk only depends on the monomials used to parameterize
the p-dependent coefficient functions ai and bj in (6.45).
Property 6.2 (Conditions C6.7 and C6.8 of Ψt ) The computed matrices Ψt
satisfy Conditions C6.7 and C6.8 under the assumption that the amplitudes of the
measured output and of the true scheduling signals are bounded, i. e., there exists

an  ∈ R such that: ky̆k`∞ <  and kpo k`∞ < .
Proof: See Appendix A.4.



The assumption that the noise η o corrupting the scheduling signal has a Gaussian distribution is only required for the computation of the κi,t coefficients in
the construction of the matrices Ψt . In case of other distributions, the statistical
moments of ηo are required to construct Ψt . Therefore, the Gaussian distribution
assumption can be relaxed by assuming that the moment-generating function of ηo
is known or it can be estimated.
Connection to Hermite polynomials
The construction procedure of Ψt with respect to polynomial basis on the scheduln
ing signal, i. e., (pt )l for l ∈ I1 ψ , has a close resemblance to Hermite polynomials.
Example 6.1 (Construction of Ψt ) Consider an LPV data-generating system So (4.3) with
process dynamics (4.3a) of the form:
o
y̆to = −a1,2 (pot )2 y̆t−1
+ b0,2 (pot )2 ut ,

Then, according to the definitions, we have:

>
ψto = (pot )2 ,
χt ⊗ ψto = −yt−1 (pot )2 ut (pot )2 .

>
The instrument ζt is given as ζt = −y̆t|θ p2t ut p2t
where y̆t|θ is is chosen to be uncorrelated
with the noise process vto to satisfy C6.6. Then, the matrix Ωt = ζt (χt ⊗ ψto )> is given by


y̆
y
p2 (po )2 −y̆t−1|θ ut p2t (pot )2
Ωt = t−1|θ t−1 2 t o t 2
.
2
2
o
2
−ut yt−1 pt (pt )
ut pt (pt )

Start with Step (i), E Ωt | YN is given by


 y̆t−1|θ yt−1
−y̆t−1|θ ut
(pot )4 + (pot )2 ση2
.
−ut yt−1
u2t
χt = [−yt−1 ut ]>,

ψt = p2t ,

Step (ii) reviles that

(pot )2 = E p2t − ση2 ,


(pot )4 = E p4t + 3ση4 − 6ση2 p2t ,

then, in Step (iii), the matrix Ψt is given by
Ψt = p4t − 5p2t ση2 + 2ση4





y̆t−1|θ yt−1
−ut yt−1

−y̆t−1|θ ut
u2t


.
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The Hermite polynomial family contains two different forms: the probabilists’ and
physicists’ Hermite polynomials and, in our case, the unbiased estimate of (pot )l has
a similar form to the probabilists’ Hermite polynomials. These Hermite polynomials have been applied, for example, in noisy algebraic fitting problems (Markovsky
2012, Section 6.3). Hermite polynomials form an orthogonal basis on the Hilbert
space and the probabilist polynomials are known to be orthogonal with respect to
the standard normal probability density function, i. e., (Olver et al. 2010, Chapter
18):
E{Hen (pt )} = pot ,

where pt ∼ N (pot , 1),

where Hen () is the n-th probabilists’ Hermite polynomial. Without providing the
details, this connection to Hermite polynomials allows to show that the matrix Ψt is
constructed such that it forms an orthogonal basis with respect to an exponential
−x2
weighting e 2 , including the normal probability density measure (Olver et al.
2010, Chapter 18). Hence, to obtain an unbiased estimate, we are interested in
seeking a basis that is orthogonal on the hypothesized noise scenario. The presented
methodology of deriving such an orthogonal bases opens the way to extend the
method for various basis functions, e. g., powers of cosines or exponential, or to
different noise distributions.

A consistent parameter estimate under noisy scheduling observations
The matrix Ψt represents the expectation of Ωt and it is constructed by using
the available observations of pt and the knowledge of the variance ση2 of the noise
corrupting these observations. Thus, a computable corrected IV estimate θCIV is
>
given by replacing in (6.52) the term Ωt = ζ [χt ⊗ ψto ] with its expected value Ψt ,
i. e.,
!−1
N
N
1 X
1 X
CIV
θ̂N =
Ψt
ζt yt .
(6.57)
N t=1
N t=1
CIV
Theorem 6.6 (Consistency of θ̂N
) Given a model structure Gθ with static,
polynomial dependency similar to (6.45). Let DN denote the data set collected from
the open-loop LPV data-generating system So (6.46) subject to Assumption A5.6.
Let us assume that the limit (Γo∞ )−1 in (6.53) exists. If Go ∈ G, where G is the
process model set associated with Gθ under θ ∈ Θ, and Conditions C6.5, C6.6,
CIV
and C6.8 hold, then θ̂N
is a consistent estimate of the true parameters θo , i. e.,
CIV
θ̂N
→ θo

with probability one as N → ∞.

(6.58)


Proof: See Appendix A.4.
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Algorithm 6.3: Itterative bias corrected IV
Input : Data record DN = {ut , pt , yt }N
t=1 and an LPV-IO process model
structure Gθ (5.27) with unknown parameters θ. Gθ is assumed to be
globally identifiable and the data set DN is assumed informative.
Output: Final model estimate θ̂k of (5.36).
1

2
3
4

5

6
7

Estimate an initial process model Gθ̂0 via the LS method (6.7) resulting in
a biased model estimate θ̂0 and set k = 0.
repeat
k 7→ k + 1.
Estimate the output y̆t|θ̂k−1 by computing the response of Gθ̂k−1 on
{ut , pt }N
t=1 via (6.14).
Build the instrument ζt via (6.60) using {ut , y̆t|θ̂k−1 , pt }N
t=1 and
compute Ψt .
Estimate θ̂k via (6.57).
until θ̂k has converged or the maximum number of iterations is reached.

6.2.5.6

Choice of the instrument ζt

CIV
As discussed in the previous section, the instrument ζt used to compute θ̂N
in (6.57) has to satisfy Condition C6.6, which means that ζt has to be chosen by
the user so that it is independent of the output noise realization vto . It is worth
pointing out that, in case the scheduling signal measurements are not affected by
noise, the optimal instrument ζtopt minimizing the asymptotic covariance matrix of
the estimated parameters is given by the noise-free regressor (see Section 6.2.4),
i. e.,

ζtopt = ϕot = χot ⊗ ψto .

(6.59)

Consequently, the instrument chosen to address the bias-corrected IV solution is
inspired by the instrument proposed in the LPV identification setting with noisefree scheduling signal. More precisely, the variable ζt is chosen to be maximally
correlated with the noise-free part of the sample ϕot . Note that neither χot nor ψto
are available in practice. Nevertheless, since ζt is not required to be uncorrelated
with the noise ηto affecting the scheduling signal measurements 3 , the following
instrument can be used to approximate the optimal instrument in (6.59):
ζt = χ̂t ⊗ ψt ,

χ̂t = [ −y̆t−1|θ . . . −y̆t−na |θ ut−τd . . . ut−nb −τd ]>, (6.60)

with y̆t−1|θ , . . . , y̆t−na |θ are computed, for example, by simulating (6.14) based on
o
{ut , pt }N
t=1 . In this case, E{y̆t−τ |θ ηt } = 0 for τ ∈ N0 and, hence, the instrument
(6.60) is valid. The extension of the recursive IV scheme in Algorithm 6.2 to the
bias corrected IV scheme is given in Algorithm 6.3.
3 Due

to the static dependency structure on ai and bj in (6.45).
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6.2.5.7

Estimation with unknown noise variance

The application of the proposed identification approach is limited, in principle,
to the case when the variance ση2 of the noise ηto affecting the scheduling signal
measurements is known. In this section, we present an approach to extend the
applicability of the developed identification procedure to the case when ση2 is not
a-priori available.
In order to estimate the noise variance ση2 , an additional equation relating ση2
and the system parameters θo is required. Inspired by the papers Zheng (1998);
Hong et al. (2007), where bias-eliminated least-squares algorithms for identification
of LTI systems in the errors-in-variable framework are discussed, we will introduce
an additional to-be-estimated parameter. This parameter is a-priori known to be
zero and, therefore, it will translate into an additional constraint that enables us to
estimate the unknown noise variance. So, let us introduce the following augmented
vectors:

>

>
,
,
ζ t = ζt> pt ut−nb −1
θo = θo> 0
and the augmented matrices Ψt (with t ∈ IN
1 ) which are constructed in order to
satisfy the condition:
N

1X  >
ζ t χt ⊗(ψto )>
N →∞ N
t=1
lim

pt ut−nb −1



N
1 X
Ψt ,
N →∞ N
t=1

= lim

w.p. 1. (6.61)

Note that Ψt can be constructed by the same procedure used to define the matrix
PN
Ψt , described in Section 6.2.5.5. Consider now the term N1 t=1 ζ t yt which is
guaranteed to satisfy the following property:
N
N
1 X
1 X
ζ t yt = lim
Ψt θ o ,
N →∞ N
N →∞ N
t=1
t=1

lim

w.p. 1.

(6.62)

Eq. (6.62) follows from the fact that
h
i
>
>
>
yt = [χot ⊗ ψto ] θo + vto = (χot ) ⊗(ψto ) pot ut−nb −1 θo +vto .
Eq. (6.62) provides an (asymptotic) additional relation between the noise variance
ση2 (which appears in the construction of Ψt ) and the true system parameters θo .
Specifically, an estimate of the noise variance ση2 and the system parameters θo can
be computed by combing (6.57) and (6.62) for finite N . This leads to the set of
bilinear equations in the unknown variables (θ, σ 2 ):
!−1
N
N
1 X
1 X
θ=
Ψt (σ 2 )
ζt yt ,
(6.63a)
N t=1
N t=1
"
#
"
 #
N
N
1 X
1 X
θ
2
,
(6.63b)
ζ t yt
=
Ψt (σ )
0
N
N
k=1

nθ +1

t=1

nθ +1

where the symbol Ψt (σ ) has been used to highlight that the matrix Ψt depends
on the unknown noise variance σ 2 . In (6.63b), [  ]n denotes the n-th component
2
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of a vector. Indeed, as N → ∞, the pair (θo , ση2 ) becomes the solution of the set of
equations in (6.63). The solution of (6.63) can be easily computed through a grid
over different noise variances, as described in the following:
2
CIV
(i) Generate a set {σi2 }M
i=1 of MCIV equally-spaced points in the interval [0, σ η ],
with σ 2η being an upper-bound of the expected noise variance ση2 .
(i)
CIV
through (6.63a)
(ii) For all the points {σi2 }M
i=1 generated at step (i), compute θ̂
2
2
with σ = σi , i. e.,

θ̂

(i)

=

N
1 X
Ψt (σi2 )
N
k=1

!−1

N
1 X
ζt yt .
N t=1

(iii) Among the MCIV parameter vectors θ̂(i) computed at step (ii), the estimate
CIV
is given by the vector θ̂(i) which satisfies (6.63b) with the least error.
θ̂N
Remark 6.1 The identification approach developed in this section for noisy
scheduling observations can be extended, in principle, to the case of multidimensional scheduling variable pot (i. e., np > 1), at the cost of increased computational
complexity. As a matter of fact, increasing the dimension of the scheduling
variable pot requires to consider a larger number of monomials to characterize
the p-dependent coefficient functions ai (θ) and bj (θ). As a consequence, the
construction of the matrices Ψt (and Ψt ) requires to compute a larger number of
coefficients κi,t . Furthermore, in order to solve equations (6.63), a gridding of an
np -dimensional box should be performed. Thus, in case the variance of the noise
corrupting the scheduling observations is unknown, the computational complexity
of the developed algorithm increases exponentially with np .

6.2.5.8

Simulation example for identification in the p-noisy case

The purpose of this section is to demonstrate the performance of the developed
identification approach through a numerical example and to show how the noise
on the measurements of the scheduling signal can deteriorate the estimate of the
system parameters if the bias-correction scheme is not applied. The considered
data-generating system So is described by (4.3) with
(ao1  po )t =1 − 0.5pot − 0.3(pot )2 ,

(bo1  po )t =0.5 − 0.4pot + 0.1(pot )2 ,

(ao2  po )t =0.5 − 0.7pot − 0.5(pot )2 ,

(bo2  po )t =0.2 − 0.3pot − 0.2(pot )2 .

In this example, we will focus on the comparison between the bias-correction approach in Algorithm 6.3 and the IV based approach in Algorithm 6.2, hence the
data-generating system is assumed to belong to the chosen model class. The following LPV model structure is used:
yt = −

2
2
X
X
(ai (θ)  p)t yt−i +
(bj (θ)  p)t ut−j + εt .
i=1

j=1
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The functions ai and bj are parameterized as follows:
(a1 (θ)  p)t =a1,0 + a1,1 pt + a1,2 p2t ,

(b1 (θ)  p)t =b1,0 + b1,1 pt + b1,2 p2t ,

(a2 (θ)  p)t =a2,0 + a2,1 pt + a2,2 p2t ,

(b2 (θ)  p)t =b2,0 + b2,1 pt + b2,2 p2t .

Note that Go ∈ G. The input ut is taken as a sample path realization of a whitenoise sequence with uniform distribution U(0, 1) and length N = 4000, while the
noise-free scheduling signal pot is given by:
pot = 0.2 + 0.4 sin(0.035πt) + U(0, 0.3).
The noises vto and ηto corrupting the output and the scheduling signal measurements, respectively, are sample path realizations of independent white Gaussian
noise processes with standard deviation σv = 0.08 and ση = 0.10. This corresponds to the following signal-to-noise-ratios:
SNRy = 10 log

PN

2

o
o
t=1 (yt − ȳ )
= 17dB,
PN
o 2
t=1 (vt )

SNRp = 10 log

PN

2

o
o
t=1 (pt − p̄ )
= 21dB,
PN
o 2
t=1 (ηt )

with y o and po denoting the mean value of the noise-free output and scheduling
signal, respectively. Note that, since vto is white, the data-generating system (6.46)
is an LPV system with an OE type of model structure. In order to empirically
study the statistical properties of the developed bias-correction scheme, a Monte
Carlo study with NMC = 100 runs with new noise and input realizations in each
run is carried out.
The model parameters θ are computed with the following three approaches:
i) IV based approach in Algorithm 6.2, ii) bias-corrected IV identification approach
with known noise variance ση2 in Algorithm 6.3, and iii) bias-corrected IV identification approach with unknown noise variance ση2 . In the latter case, the parameter
CIV
estimate θ̂N
is then computed through the procedure discussed at the end of
Section 6.2.5.7, by setting the upper-bound σ̄η2 on the noise variance equal to 0.2,
and by gridding the interval [0 σ̄η2 ] with MCIV = 100 equidistant points.
The obtained results are reported in Table 6.1, which shows the average of the
estimated parameters and their standard deviation over the 100 Monte Carlo runs.
Table 6.1 shows that the estimate of the system parameters is very sensitive to
the noise on the scheduling signal measurements. As a matter of fact, although
the SNR on the scheduling signal measurements is relatively moderate (21 dB),
the IV based identification approach in Algorithm 6.2 provides a biased parameter
estimate, with a bias which, in some cases, has the same magnitude as the true
value of the parameters (e. g., see the estimate of the parameters a1,1 , a2,2 and
b1,2 ). On the other hand, in line with the theory, the bias-corrected IV method
proposed in the thesis provides an unbiased estimate of the true system parameters
θo , also when the noise variance is a-priori unknown.
The performance of the IV based approach in Algorithm 6.2 and the biascorrected IV identification approach with unknown noise variance ση2 is also tested
on a noiseless validation data sequence of length Nval = 200. In Table 6.2, the MSE
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Table 6.1: Mean and standard deviation of the estimates of the model parameters
over the 100 Monte Carlo runs with N = 4000 samples in the data set.

a1,0
a1,1
a1,2
a2,0
a2,1
a2,2
b1,0
b1,1
b1,2
b2,0
b2,1
b2,2

mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std
mean
std

True
value

IV
IV-estimate θ̂N

1
–
−0.5
–
−0.3
–
0.5
–
−0.7
–
−0.5
–
0.5
–
−0.4
–
0.1
–
0.2
–
−0.3
–
−0.2
–

0.8904
0.0163
−1.1307
0.1302
−0.4929
0.1494
0.4276
0.0065
−1.0638
0.0803
−0.0261
0.1098
0.4906
0.0035
−0.3316
0.0240
0.0423
0.0259
0.1482
0.0084
−0.5648
0.0382
−0.2610
0.0513

bias-corrected
CIV
estimate θ̂N
2
(ση known)
0.9987
0.0171
−0.4936
0.1461
−0.3127
0.1657
0.4997
0.0080
−0.7015
0.0943
−0.5134
0.1134
0.5006
0.0028
−0.4012
0.0267
0.0995
0.0316
0.2002
0.0069
−0.2948
0.0432
−0.2035
0.0643

bias-corrected
CIV
estimate θ̂N
2
(ση unknown)
1.0006
0.0182
−0.4922
0.1493
−0.3143
0.1699
0.5005
0.0083
−0.6882
0.0985
−0.5169
0.1148
0.5006
0.0031
−0.4038
0.0271
0.1004
0.0378
0.1997
0.0070
−0.2879
0.0476
−0.2071
0.0672

Table 6.2: Validation results of the estimated models. Average and standard
deviation over the Monte Carlo simulation of the best fit rate (BFR) and of the
mean squared error (MSE).
IV
IV estimate θ̂N
CIV
Bias-corrected IV θ̂N

BFR [%]
mean std
45
21
96
2

MSE [-]
mean
std
1.78·10−2 7.10·10−3
1.04·10−4 9.04·10−6

between y̆to , ŷt|θ,t−1 and the best fit rate (BFR) are reported. The BFR is defined
as
(
)
PN
1
o
t=1 kyt − ŷt|θ,t−1 k2
N
BFR = max 1 −
, 0 · 100%,
PN
1
o
o
t=1 kyt − y k2
N
and computed on the simulated response ŷ of the estimated models. The obtained
results show that bias-corrected algorithm significantly outperforms the standard
IV approach in the p-noisy case, as expected.
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Prediction-error minimization for
nonparametric LPV-IO models

In the parametric setting of Chapter 5 and Section 6.2, we assumed that the set
of basis functions αi,l , . . . , δj,l in (5.29) are known a-priori (see discussion in Section 5.2.1). In case that these basis functions are not known a-priori or overparameterization with regularization is not an option, then the so-called nonparametric methods offer an attractive alternative approach to jointly identify the underlying basis functions αi,l , . . . , δj,l and the model parameters θ directly from data.
Hence, these set of methods are encouraging to tackle our Sub-goal 2, estimating
nonlinear dependency structures directly from data. As it was discussed in Chapter 1, the following LPV nonparametric identification approaches have already been
introduced for LPV-IO mode estimation: i) the dispersion function method (Hsu
et al. 2008), ii) the LPV-LS-SVM methods (Tóth et al. 2011a; Piga and Tóth 2013),
iii) the IV LS-SVM extension (Laurain et al. 2015), and iv) the Bayesian setting
based approaches (Golabi et al. 2014, 2017; Darwish 2017). All aforementioned
approaches have been exclusively developed for LPV-FIR and LPV-ARX models
under the assumption that the data-generating system satisfies the noise assumptions, i. e., So ∈ M . Both LS-SVM and Bayesian approaches have their roots in
the reproducing kernel Hilbert space (RKHS) theory (Aronszajn 1950) and admit
an `2 -regularization interpretation (Chen et al. 2012), which is helpful to analyze
the properties of the estimates. The main motivation to pursuing the nonparametric setting is: i) the data-driven optimization fo the bias/variance trade-off on the
estimates and ii) the underlying functional dependencies are estimated nonparametrically without a-priori specifying any set of basis functions.
Inspired by the recent advances in nonparametric identification of LTI models in
the PEM setting (Pillonetto et al. 2011) and designing optimal kernels (Pillonetto
et al. 2014), we aim at formulating a nonparametric estimator of the one-step-ahead
predictor for an LPV-BJ model, preserving the generality of the hypothesized noise
class and achieving the maximum likelihood property of the PEM without heavy
computational complexity. After estimating the predictor, it is possible to back
calculate the underlying BJ form. The predictor is identified in a nonparametric
sense, where not only the coefficients are estimated as functions, but also the whole
time evolution of the impulse response. We follow a Bayesian approach for the
nonparametric estimation by modeling the predictor as a realization of a zero-mean
Gaussian random field, which can be completely characterized by its covariance
(kernel) function that acts as a basis generator to describe both the functional
dependencies and the time evolution of the impulse response of the predictor. To
this end, inspired by Pillonetto et al. (2011), a multidimensional Gaussian kernel
is used which encodes: i) the possible structural dependencies on the scheduling
signal by using radial bases functions (RBFs) and ii) the stability of the predictor
by including a decaying term, which models the vanishing influence of the past
input-scheduling-output pairs on the predicted output.
To this end, in Section 6.3.1, empirical Bayes estimation based on Gaussian
processes is applied to identify the one-step-ahead predictor (5.11). The identification setting is formulated in that section and, subsequently, an appropriate
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kernel K is designed for the estimation problem at hand in Section 6.3.2. Finally,
in Sections 6.3.3 and 6.3.4, estimation of the unknown structural dependencies is
resolved.
The nonparametric setting presented in this section is a joint work and it is
based on the papers Darwish et al. (2015, 2017).

6.3.1

Bayesian setting for PEM

To ease the notation without a loss of generality, the covariance on the noise eot (5.2)
is assumed to be diagonal, i. e., Σe = diag([ σ12 · · · σn2 y ]) 4 . Hence, the (λ)−th
output channel of the BJ data-generating system So can be written as:
[yt ]λ =

ny ∞
nu X
∞
X
X
X
 o


(huj p)t λ,γ [ut−j ]γ + [et ]λ , (6.64)
(hoyi p)t λ,γ [yt−i ]γ +
γ=1 i=1

γ=1 j=1

which corresponds to the infinite ARX form (4.30) where [hyi ]λ,γ denotes the (λ, γ)th element of the matrix function hyi and [yt ]λ is the (λ)-th element of the vector
yt . For notational simplicity, we assume that hoyi and houi causally dependent
on p, where the backward time-shift in p cannot exceed the time-shift of y or u,
respectively, i. e., pt , . . . , pt−i . However, in case the data-generating system So has a
different dependency structure, the scheduling dependency of the multidimensional
Gaussian kernel developed in Section 6.3.2 can be easily reformulated.
To develop to nonparametric setting, the data-generating system (6.64) should
be considered as a Gaussian process.
Definition 6.2 (Gaussian process) (Rasmussen and Williams 2006) A GP is
a collection of random variables: f (x), indexed by x ∈ Rd , any finite number of
which have a joint Gaussian distribution.

This means that a GP f (x) with x ∈ Rd is completely characterized by its mean
and covariance/kernel functions m(x) = E {f (x)} and K(x, x0 ) = cov (f (x), f (x0 )),
respectively, where f (x) is a real function and it is denoted by
f (x) ∼ GP(m(x), K(x, x0 )).

(6.65)

Note that this definition basically extends the notion of random variables with
normal distribution to normally distributed functions with domain Rd .
To coincide with the Gaussian process concept, we consider the data-generating
system (6.64) as a (non)linear function f : Rd → R with arbitrary dimension d
4 To

consider the most general setting where the noise variance Σe can be non-diagonal and
possibly parameter-varying, we require to hypothesized the noise process Ho (q) and the noise
model Hθ to have a parameter-varying leading coefficient, i. e., hoj 6= Iny (the parameter-variation
of the noise can be modelled in Ho (q) instead of Σe similar to (4.37)). However, only very little
literature is known on performing prediction-error minimization under non-monic Ho (q). Hence,
this topic remains an objective for future research, see Chapter 11.
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based on the measurable signals ut−τ , pt−τ , yt−τ with τ ∈ N0 . More specifically,
(6.64) can be written as
ny
nu
X
X
y
u
[yt ]λ=
fλ,γ
(x(t) ) +
fλ,γ
(x(t) ) +[et ]λ ,
γ=1

|

{z

fλy (x(t) )

|

(6.66)

γ=1

} |

{z

fλu (x(t) )

{z

}
}

fλ (x(t) )=[ŷt|t−1 ]

λ

where x = u , p , y
is the shorthand notation of the past measurements
till time t, e. g., u(t) = {ut }τ ≤t , fλ represents the one-step-ahead predictor of output
channel λ in terms of (5.9), and fλy , fλu represent the nonlinear sub-predictors
Wy (q, θo ), Wu (q, θo ) in (5.17) that form the one-step-ahead predictor ŷt|t−1 as
(t)

(t)

(t)

(t−1)



∞
 X
 o

y
fλ,γ
x(t) =
(hyi p)t λ,γ [yt−i ]γ ,
i=1

∞
 X
 o

u
fλ,γ
x(t) =
(hui p)t λ,γ [ut−j ]γ , (6.67)
i=1

which, under the stability assumption of the data-generating system, correspond
y
to convergent IIRs evaluated on the data with fλ,γ
: P×...×P×Y×...×Y → R
y
u
u
and fλ,γ : P × . . . × P × U × . . . × U → R. Exact expressions of fλ,γ
() and fλ,γ
()
in terms of αi,l , . . . , δj,l can be derived from (4.32). Note that we have rewritten
the data-generating system So in an equivalent infinite ARX form. To obtain a
y
u
nonparametric estimate of the subpredictors, the IIRs fλ,γ
, fλ,γ
are assumed to be
a particular realization from a zero-mean Gaussian random field, i. e.,
y
y
fλ,γ
∼ GP(0, Kλ,γ
),

u
u
fλ,γ
∼ GP(0, Kλ,γ
),

(6.68)

y
y
u
respectively, where fλ,γ
, fλ,γ
can be completely defined by their covariances Kλ,γ
,
u
Kλ,γ
. In the Bayesian setting, these covariance functions encode the prior knowledge and assumptions about the to be estimated functional dependency. Therefore,
the kernel functions are needed to be appropriately designed for the problem at
hand, in order to have a successful identification process. The kernel function is
usually parameterized with some unknown hyperparameters parameters α, similar
to the regularized least-squares in Section 6.2.2.3. These hyperparameters are chosen to express a wide variety of properties, but at the same time restrict the high
degree of freedom by encoding the expected properties of the underlying system.
This results in a decreased variance of the functional estimates. It is important that
the associated restrictions are sensitive to the choice of α, i. e., α can be efficiently
y
u
used to decrease the hypothesized set of functions expressed by Kλ,γ
, Kλ,γ
towards
a small set capturing the properties of the unknown function. At the same time, α
must be also low dimensional such that its optimization in the considered Bayesian
setting can be efficiently performed via marginal likelihood optimization (similar
to (6.28)).

At this point, we would like to highlight that, compared to Section 6.2.2.3,
the kernel is not used to impose an “optimal” way of regularizing the parametric
estimate, but the kernel is applied to estimate the model in a nonparametric way.
Constructing an appropriate kernel for either of these two settings is highly related,
however, the final model estimate is completely different.
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Kernel design for the one-step-ahead predictor

First of all, within the LPV framework, the relation between the input and output
is assumed to be linear, but with coefficients (aoi , . . . , doi in (4.3)) that are dependent
on the so-called scheduling signal p. In many situations, the functional dependencies consist of a p-independent (LTI) part and a p-dependent part, which should
be represented in the kernel. In addition, the kernel should explicitly guarantee
the stability of the estimated one-step-ahead predictor to restrict the degrees-offreedom in the resulting estimation of (6.64) to a function class that satisfies the
y
u
expected properties. To conclude, the kernel functions Kλ,γ
, Kλ,γ
should be parameterized to i) describe possible structural dependencies on p, ii) encode asymptotic
stability of the predictor, and iii) take the LTI part into account. The derivation
of the kernel for the one-step-ahead predictor is outside of the scope of this thesis
and the interested reader is referred to Darwish et al. (2017); Darwish (2017). For
the sake of completeness, we summarize the results.
The one-step-ahead predictor ŷt|t−1 (6.66) is assumed to be asymptotically stable and, therefore, it can be arbitrary well approximated by truncating the corresponding infinite sum, i. e.:
n

nu
y
X
X


y
u
f¯λ (x̄(nf ) ) = ŷt|t−1 λ =
f¯λ,γ
(x̄(nfy ) ) +
f¯λ,γ
(x̄(nfu ) ),
γ=1

|

{z

f¯λy (x̄(nf

y

with

(6.69)

γ=1
))

}

|

{z

f¯λu (x̄(nf

u

))

}

n

nfu
fy
X
X
 o
 

 o
 

y
u
f¯λ,γ
(x̄(nfy ) ) =
(hyip)t λ,γ yt−i γ , f¯λ,γ
(x̄(nfu ) ) =
(hujp)t λ,γ ut−j γ , (6.70)
i=1

j=1

where nfy and nfu are sufficiently large, nf = max(nfy , nfu )is the maximum truncation order, and x̄(ξ) is the set of past measurements x̄(ξ) = u(ξ,nfu ) , p(ξ,nf ) , y(ξ,nfy )
with u(ξ,i) , p(ξ,i) , y(ξ,i) being the vectors of past values starting from time ξ till ξ−i,
> > 5
e. g., p(ξ,i)=[p>
. As a result, the covariance function associated to this
ξ . . . pξ−i ]
truncated model is
n
o
y
y
y
K̄λ,γ
(x̄(ξ) , x̄(η) ) = E f¯λ,γ
(x̄(ξ) )f¯λ,γ
(x̄(η) ) =
n

n

fy
fy 

X
X
y
[yξ−i ]γ Qλ,γ
(p(ξ,i) , p(η,j) ) [yη−j ]γ , (6.71)

i=1 j=1

where

y
Qλ,γ
(p(ξ,i) , p(η,j) ) = E

n
 o
 
(hoyi  p)ξ λ,γ (hoyi  p)η λ,γ .

u
u
The functions K̄λ,γ
and Qλ,γ
are defined in a similar fashion.
5 In case an other dependency structure on the scheduling signal is hypothesized for the underlying data-generating system So then the kernel for the one-step-ahead predictor is modified
by changing p(ξ,i) . For example, if each hoyi and houj is dependent on pt , . . . , pt−4 only, then take
p(ξ,i) = [pt , . . . , pt−4 ].
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y
u
The kernels Qλ,γ
and Qλ,γ
are dependent on the unknown functional dependencies. Hence, the goal is to design a parameterized function, that qualifies as a
y
u
symmetric positive real kernel function to capture Qλ,γ
and Qλ,γ
and also ensuring
stability of the realizations of f¯y and f¯u . A general formulation of an LPV kernel
y
function that encodes the prior knowledge about the underlying IIR fλ,γ
is (see
Darwish et al. 2017; Darwish 2017, for a discussion)
y,p
y
y,lin
(p(ξ,i) , p(η,j) ),
Qλ,γ
(p(ξ,i) , p(η,j) ) = Qλ,γ
(i, j) +Qλ,γ
{z
}
| {z } |
linear part

(6.72)

p-dependent part

where
y,lin
Qλ,γ
(i, j) = α1y r1(α2y , i, j),
y,p
Qλ,γ
(p(ξ,i) , p(η,j) ) = α3y r2 (α4y , i, j) exp −

(6.73a)
2!
p(ξ,i) −p(η,j) 2
,
2
[ςy (i, j)]λ,γ

(6.73b)

with α1y , α3y are scaling parameters, r1(), r2 () → 0 as i, j → ∞ to describe the decay
rate, i. e., to ensure that the IIR is convergent. The exponential function in (6.73b),
also known as the radial basis function, describes the structural dependency on the
scheduling signal in a nonparametric manner, where [ςy (i, j)]λ,γ is the kernel width.
By defining various functions rk , the well-known kernel types from the LTI context
can be introduced, such as the diagonal (DI) kernel and tuned/correlated (TC)
kernel
( i
α δi,j ,
for DI,
(6.74a)
rk (α, i, j) =
αmax(i,j) δi,j , for TC,
(6.74b)
where δi,j is the Kronecker delta function for k = 1, 2. The kernel (6.73) describes the covariance of the one-step-ahead predictor of the underlying datagenerating system. The kernels parameterized by the so-called hyperparameters
>

associα = α1y . . . α4y [ςy (i, j)]λ,1 . . . [ςy (nfy , nfy )]λ,ny α1u . . . [ςu (nfu , nfu )]λ,nu
ated to the output channel λ, which are unknown for the data-generating system
and they should be estimated from data (see next section).

6.3.3

Estimating the predictor from data

The Gaussian process f¯λ and its associated kernel have been discussed for the
one-step-ahead predictor in Sections 6.3.1 and 6.3.2, respectively. This lays the
foundation to identify the truncated one-step-ahead predictor model (6.69) of the
underlying data-generating system in a nonparametric setting. Similar to parametric identification, the estimation is accomplished in the PEM framework by
minimizing the `2 norm of the prediction-error εt|θ based on the given data set
N
DN = {yt , ut , pt }t=1 . Let α denote the vector of unknown hyperparameters re



> >
> >
lated to the output channel λ, YN = yn>f +1 . . . yN
, YN0 = y1> . . . yN
, YNλ =
 >

 >

>
> >
> >
[[ynf +1 ]λ · · ·[yN ]λ ] , UN = u1 · · · uN , and PN = p1 · · · pN .
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In the Gaussian regression framework, the minimum variance estimate fˆλ of the
predictor f¯λ (6.69) for output channel λ conditioned on a fixed α is (Rasmussen
and Williams 2006)
N
X

fˆλ (•) = E f¯λ (•) | YN0 , UN , PN , α =
θ̂t−nf K̄λ ( • , x̄(t) ),

(6.75)

t=nf +1

where the associated truncated kernel is
K̄λ ( • , x̄(t) ) =

ny
X

y
K̄λ,γ
( • , x̄(t) ) +

nu
X

u
K̄λ,γ
( • , x̄(t) ),

γ=1

γ=1

and θ̂t−nf is the (t − nf )-th component of the vector
θ̂ = Σy (α)

−1

YNλ ,

with Σy (α) ∈ RN −nf ×N −nf being invertible and given by
[Σy (α)]i,j = K̄λ (x̄(nf +i) , x̄(nf +j) ) + σλ2 δi,j .
y
u
Note that fˆλ , K̄λ , K̄λ,γ
, K̄λ,γ
are dependent on the unknown hyperparameters α
due to the kernel construction (6.73), however, for notational simplicity, α is not
included as an argument in these functions.
The nonparametric minimum variance estimate fˆλ in (6.75) depends on the
unknown hyperparameters α. As already discussed in Section 6.2.2.3, optimization of the marginal likelihood provides an appropriate balancing between data fit
and model complexity in hyperparameter estimation compared to other methods
(Pillonetto and Chiuso 2015). More specifically, an estimate for θ is obtained by
maximizing the log-marginal likelihood of the observations YNλ given α (excluding
constant terms):


>
−1 λ
Σy (α)
YN .
α̂ = argmin log det Σy (α) + YNλ
α

(6.76)

The marginal likelihood optimization (6.76) is similar to (6.28). However, the
numerically efficient implementation discussed in Section 6.2.2.4 is not applicable,
as Σy (α) is a square N − nf × N − nf matrix.
According to the empirical Bayes approach, e. g., see Rasmussen and Williams
(2006), the minimum variance estimate of the predictor fˆλ (6.75) is obtained by
substituting the optimized α̂ for α in (6.75). Furthermore, due to the assumed
Gaussian setting, the one-step-ahead predictor estimate fˆλ has an associated posterior Gaussian distribution with covariance

−1
(6.77)
var fˆλ (•) = K̄λ ( • , • ) − ψλ> [Σy (α̂)] ψλ ,
where
ψλ =



K̄λ ( • , x̄(nf +1) ) . . .

K̄λ ( • , x̄(N ) )

>

.
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The variance of the estimate (6.77) implicitly defines the confidence region and,
therefore, provides a quality measure of the estimate.
The Gaussian process estimation framework is closely connected to RKHS based
methods (Wahba 1990), where the minimum variance estimate fˆ (6.75) is the
solution of Tikhonov-type variational problem. The characterizing RKHS space
HK prescribes the hypothesis space or, connecting back to the PEM setting, the
“model set” of the functions to be estimated. Resorting to the RKHS point of view
is used to prove convergence and consistency of the estimator (6.75), see Darwish
(2017) for a detailed discussion.

6.3.4

Estimating the individual coefficient functions hyi , huj

The previous subsection defines how to obtain the consistent, minimum variance estimate of the one-step-ahead predictor fλ w.r.t. the RKHS space HK given the datagenerating system (6.64). This estimate can be decomposed to obtain an estimate
of the individual coefficient functions hyi , huj defining the sub-predictors (6.70). In
Section 6.3.5, the estimated individual coefficient functions of the one-step-ahead
predictor are used to obtain a nonparametric estimate of the underlying process
Go and noise Ho dynamics.
y
From Pillonetto et al. (2011, Theorem 4), it can be seen that the kernels Qλ,γ
,
y
u , where, H y
u
, HQλ,γ
,
H
induce mutually orthogonal subspaces HQλ,γ
deQ
Qλ,γ
λ,γ
y
u
note the associated RKHS with Qλ,γ
, Qλ,γ
, respectively. As a result, the minimum
variance estimate of the individual coefficient functions ĥyi , ĥuj can be obtained as
the orthogonal projection of fˆλ ∈ HK̄λ , where HK̄λ is the RKHS associated with
y
u , respectively, as follows:
K̄λ , onto HQλ,γ
, HQλ,γ
u
Qλ,γ

N
X


y
θ̂t−nf [yt−i ]γ Qλ,γ
ĥyi  • λ,γ =

•


, p(t,i) ,

(6.78)

t=nf +1

and the corresponding variance estimate is given by

 
−1 y
y
y >
( • , • )− ψλ,γ
Σy (α̂) ψλ,γ
,
var ĥyi  • λ,γ = Qλ,γ

(6.79)

where
y
ψλ,γ
=

h



y
Qλ,γ
( • , p(nf +1,i) ) ynf −i+1 γ

···


 i>
y
Qλ,γ
( • , p(N,i) ) yN −i γ
.

Such a variance estimate provides a quantification of the uncertainties of the estimated coefficient functions by highlighting the regions that suffer from poor excitation. Hence, such information can be used to further improve the estimate.
The minimum variance estimate of ĥuj (•) and its associated covariance can be
formulated in a similar fashion and is therefore omitted.
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Calculating the estimated process and noise models

In the previous section, the identification of the one-step-ahead predictor ŷt|t−1 of
the underlying system So has been achieved in terms of the the truncated filters
Wu (q) and Wy (q) using the estimated coefficient functions ĥyi , ĥuj (6.78). However,
for the original data-generating system, the process dynamics Go (q) and noise
dynamics Ho (q) appear in a complicated relationship in (6.78). If So has a BJ
noise model, i. e., we take the most general noise assumption in our framework,
then Wu (q) = Ho† (q)Go (q) and Wy (q) = Iny − Ho† (q), see (5.17). The goal is to
obtain a model of both Go (q) and Ho (q) from our nonparametric estimator and,
in this section, we present a novel method for this purpose. Obtaining a separate
estimate of the process model Go (q) (4.21) and Ho (q) (4.21) is necessary for further
utilization of the model to, e. g., controller synthesis (Formentin et al. 2016), SS
realization, etc.
To this end, the truncated sequence of the nonparametric estimates ĥyi ,
ĥuj (6.78) obtained in the previous section with order nfy , nfu , respectively, are
used (see Section 6.3.4). To start, note that Ŵy (q) = Iny − Ĥo† (q) in (5.11) for a
finite order estimate corresponds to
n

†

(Ĥ (q)  )t = Iny −
•

fy
X

(ĥyi  • )t q −i ,

(6.80)

i=1

where the time-instance t is included to the expression (ĥyi  • )t . To recover an
estimate of Ho (q), the bilateral left inverse of Ĥ † (q) in (6.80) is calculated. By
applying (4.23) on (6.80), after some algebra, the inverse relations boil down to
min(nfy ,j)

(ĥj  )t =
•

X

(ĥyi  • )t (ĥj−i  • )t−i ,

(6.81)

i=1

for i ≥ 1 where ĥy0 = Iny . Recursion (6.81), in practice, is computed up to the
truncation order nfy , with a residual truncation error nfy expressed by (4.25).
An important aspect of the recursion (6.81) is that it is solely dependent on ĥyi .
Therefore, the noise filter can be constructed from the estimated one-step-ahead
predictor. In a similar fashion, a nonparametric estimate of the process coefficient
filters ĝi is found by left multiplying Ŵu (q) with Ĥ(q) in (6.81), i. e., left multiplying
Ĥ † (q)Ĝ(q) (5.11) with Ĥ(q), which, after some algebra, gives
min(nfu ,j)

(ĝj  • )t = (ĥuj  • )t +

X

(ĥi  • )t (ĝj−i  • )t−i ,

(6.82)

i=1

with j ≥ 1 and (ĝ0  • )t = (ĥu0  • )t . In case the functional estimates ĥyi and ĥuj
are replaced by the true functions hyi and huj , the original coefficient functions gj
and hi of Go (q) and Ho (q) can be recovered with (6.81) and (6.82). The estimated
individual coefficient functions ĥyi and ĥuj are assumed to be independent and
normally distributed, however, due to the multiplication of these functions, the
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estimates ĝj and ĥj are not normally distributed any more. Hence, the variance
of ĝj and ĥj cannot be found in contrary to ĥyi and ĥuj (6.77). Yet, combining
the nonparametric identification approach of Section 6.3.3 with the nonparametric
realization will lead to a simple identification approach, which avoids nonlinear
optimization to find an estimate of Go (q) and Ho (q).

6.3.6

Numerical simulation in the nonparametric setting

In this section, the performance of the presented nonparametric approach for the
identification of LPV-BJ models based on their one-step-ahead predictor is shown
by means of a Monte-Carlo study.
The considered data-generating system is a MIMO system with nu = 2, ny = 2
and np = 2 in the form of (4.3). The LPV-BJ data-generating system has a plant
model order of na = nb = 2 and a noise model order of nc = nd = 2 and the matrix
coefficient functions are given in Appendix B.2.
The one-step-ahead predictor is estimated using an identification data set with
three different sizes N = {200, 500, 1000} and the performance of the estimated
model is examined on a validation data set that contains Nval = 200 samples. The
identification and validation data sets are generated with independent realizations
of a sample path of a white noise input signal u with uniform distribution, i. e.,
[ut ]λ ∼ U(−1, 1), λ = 1, 2. The scheduling signals are given by
[pt ]λ = 0.4 sin(0.035t +

λπ
) + 0.25λ + U(−0.15, 0.15), for λ = 1, 2.
5

The variance of the white noise eot driving the noise process is chosen such that the
signal-to-noise ratio (SNR) is
PN

2
t=1 [y̆t ]λ
SNR[y]λ = 10 log PN
= 20dB.
o 2
t=1 [vt ]λ

To analyze the statistical properties of the presented identification approach, a
Monte-Carlo study with NMC = 100 runs is carried out. At each run, a new
realization of the input ut , the scheduling signal pt and the noise eot are taken.
To simplify the marginal likelihood optimization in (6.76), we will decrease the
amount of hyperparameters by taking the following assumptions to construct our
kernels. Firstly, for the output channel λ all the IIRs associated with the suby
predictor fλy in (6.66), i. e., fλ,γ
for γ = 1, . . . , ny , share the same decay rate, i. e.,
we take α2 = α4 in (6.73), with different scaling parameters. The same assumption
holds true for the IIRs associated with the sub-predictor fλu . Secondly, for every
IIR fλy , the kernel width is assumed to be the same for all coefficient functions
within this IIR, i. e., [ςy (i, j)]λ,γ in (6.73b) are the same for all i, j. The same holds
true for fλu . For a truncation order n = nfy = nfu = 10, these assumptions lead to
34 parameters instead of 144 (see Darwish et al. 2017).
The performance of the realization of the IIRs of the process and noise models
is assessed in terms of the coefficient functions ĝi and ĥi , respectively. We use the
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Table 6.3: Mean and std of the average BFR of the realized process IIR coefficients
for NMC = 100 runs. The performance criterion is based on the value of the realized
functions on the validation data set based scheduling trajectory.
BFR[%]
mean
ĝ0
std
mean
ĝ1
std
mean
ĝ2
std
mean
ĝ3
std
mean
ĝ4
std

N = 200,
n = 10
DI
TC
88.90 88.85
4.613 4.760
74.88 74.97
6.787 6.928
64.04 65.25
16.10 14.77
51.92 53.74
24.50 25.00
17.81 20.27
17.19 18.20

N = 500,
n = 10
DI
TC
93.15 93.18
2.501 2.567
84.10 84.20
4.344 4.269
78.06 78.78
10.66 9.798
65.62 66.48
17.81 18.41
29.21 30.43
18.37 19.21

N = 1000,
n = 10
DI
TC
95.27 95.28
1.662 1.684
88.82 88.86
2.883 2.867
84.11 84.25
7.355 7.189
73.04 73.81
14.16 14.20
41.74 44.00
17.79 18.11

validation data set to compute the best fit ratio (BFR):
PN
1

k[(gio  p)t ]j,k − [(ĝi  p)t ]j,k k2 
[BFR]j,k = 100% · max 1 − N 1t=1
,0 ,
PN
o  p) ]
o]
k[(g
−
[ḡ
k
t
j,k
j,k
i
i
t=1
2
N

(6.83)

where [·]j,k denotes the (j, k)-th element and ḡio is the average of the parameter
variation along the given scheduling trajectory.
Table 6.3 shows the mean and standard deviation of the average BFR over all
n
i ∈ I1 y , j ∈ In1 u elements in (6.83) for NMC = 100 runs. The table shows that
the BFR decreases for high index numbers i. As the system is asymptotically
stable, the coefficient functions decay to zero. Hence, for a high index number,
the contribution of the associated coefficient function is lower in the measured
output signals. The relative magnitude difference also explains that a higher index
number has an increased variance. Also, increasing the number of samples in the
identification data set increases the prediction performance and lowers the variance
on the estimate in almost all cases, as expected. No significant difference is noticed
between the DI and the TC kernels.
In Figure 6.1, the true coefficient function g1o is compared to the mean and
sampled standard deviation (std) of the estimated coefficient function ĝ1 for NMC =
100 runs. The scheduling trajectory applied has 190 increasing and equally distant
samples between the minimum and maximum value of the scheduling signal used
in the identification data set. The figure shows that the functional estimate is close
to the original functional shape.
In overall, by Table 6.3 and Figure 6.1, it is evident that the parameter-varying
matrix functions gio associated with the original data-generating system can be consistently recovered. As a next step, separation of the individual coefficient functions
α1,1 , . . . , δnd ,nδ from the identified process gi and noise dynamics hj can be performed or the estimated process gi could be used for control synthesis. However,
this is outside of the scope of this thesis.
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Figure 6.1: The true parameter-varying matrix function g0,1 is compared with
the mean and ± sampled std of the estimated matrix function ĝ1 for N = 1000,
nf = 10, and TC kernel on NMC = 100 runs. The functions are displayed between
the minimum and maximum value of the scheduling signal used in the identification
>
>
data set, i.e., pmin = [−0.2955 − 0.0248] to pmax = [0.7588 1.0296] .
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Conclusion

In this chapter, we have formulated methodologies to solve the minimization problem for parametric IO models in Section 6.2 and nonparametric IO models in Section 6.3. We have briefly overviewed various LPV-IO methods from the literature
and provided further extensions to reduce the computational complexity and tackle
different noise scenarios.
To be specific, in Section 6.2.1, under the informativity and identifiability conditions, we overviewed LPV-IO estimation methods applying the LS criterion. More
specifically, for the ARX and FIR models, the linear regression problem leads to
a least-squares solution. The pseudo-linear regression has been formulated to consistently identify MAX, ARMAX, OE, and BJ model structures, while avoiding
gradient based optimization techniques. Moreover, convergence and consistency of
the LS, IV, and PLR estimator have been proven, making the IO identification
setting of the chapter well founded.
We have introduced regularization for the least-squares estimator in the
MIMO setting and shown its well-known bias-variance trade-off capabilities in
Section 6.2.2. This trade-off is of high importance when applying the (pseudo)
linear least-squares estimate to a model with many parameters, as we will see
with the pre-estimation step for SIDs in Chapters 8 and 9. To obtain the
hyperparameters that balance the bias-variance trade-off in a data-driven fashion,
as a contribution of this thesis, the empirical Bayesian method in the MIMO
setting has been introduced for which a numerically efficient implementation has
been provided. The efficiency of this implementation will be demonstrated on a
simulation example in Section 10.4.
In Section 6.2.3, for the FIR case, a correlation analysis based estimator has
been derived in the LPV setting. Advantageously, the CRA allows to estimate the
individual parameters without introducing any bias, opposed to the predictor based
linear least-squares where incorrect, underdetermined parameterization of the full
model leads to biased estimates. On the other hand, the CRA comes at the cost
of more restrictions on the measured signals in the data set compared to (pseudo)
linear regression.
We presented the basic instrumental variable method to identify the process
model Gθ in case v o is a colored, zero-mean noise process with possible time-varying
distribution in Section 6.2.4. Similar to the LTI case, the LPV-IV scheme can also
obtain consistent estimates under the closed-loop identification setting in case the
reference signal is available, along the input, scheduling, and output sequence at
the cost of increased variance on the parameter estimate. In Section 6.2.5, as a
contribution of this thesis, the IV method is extended with the bias correction
scheme to consistently identify an IO model under a general noise scenario with
noise observations of the scheduling signal. We have shown how to construct an
unbiased estimate, in case the scheduling dependent basis functions are polynomial
in p. It turns out that the bias correction for the polynomial basis coincides with
the Hermite polynomial sequence. This connection shows that the bias correction
concept projects the p-noisy data into a space independent from the noise measured
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on the scheduling signal. Hence, we have partially answered Subgoal 1.(c), treating
the EIV problem on the scheduling signal. Our analysis opens the way to explore
different basis functions and distributions of the noise on the scheduling signal,
which hopefully lead to a uniform framework to tackle this EIV problem.
The parametric setting of Section 6.2 heavily depends on the assumption that
the set of basis functions αi,l , . . . , δj,l , describing the nonlinear dependencies on the
scheduling signal, is known a-priori. Objective of Subgoal 2 was to explore possibilities to identify these underlying basis functions from data. It turns out that the
nonparametric setting in Section 6.3 offers an attractive approach to jointly identify the underlying basis functions αi,l , . . . , δj,l and the linear model parameters θ
directly from data without specifying any parameterization in terms of fixed basis
functions. Opposed to the nonparametric methods in the literature that identify
ARX or FIR models, we have shown how to obtain a consistent nonparametric
estimate of the one-step-ahead predictor for BJ type of models avoiding nonlinear
optimization at the expense of estimating the one-step-ahead predictor filter. To
reconstruct the original process Go (q) and noise Ho (q) dynamics, we have presented a nonparametric realization-like scheme, which is based on simple algebraic
recursions. Hence, our proposed methodology is capable of identifying the process
G(q, θ) and noise H(q, θ) representations of the BJ type based on linear leastsquares methods. Realization of the individual coefficient functions αi , . . . , δj from
the identified process gi and noise dynamics hj could be interesting to be further
investigated.

Chapter 7

Identification methods for
state-space models

n this chapter, LPV-SS identification is investigated from the viewpoint
of maximizing the likelihood function, where the loss function is based
on the prediction-error of the model estimate. In this sense, an ML estimate guarantees the lowest mean squared prediction-error in the stochastic
PEM framework, see Section 5.1.9. The PEM identification setting has
been introduced in Chapter 5 together with the analysis of the role of
the general and innovation noise models in this setting and the notion of
identifiability of LPV-SS representations. In this chapter, two different
methodologies are proposed to solve the estimation problem for SS models
with basis affine dependency on the scheduling signal. To estimate the SS
models in innovation from a ML perspective, an LTI gradient based approach is extended to the LPV setting in Section 7.2. By exploring the
implementation details, an algorithmically attractive minimal injective parameterization concept is extended to the LPV case and global convergence
of the resulting overall scheme to a local minimum is proven. Alternatively,
to achieve the considered ML objective, SS models can be identified based
on an expectation-maximizing algorithm, where global convergence to a
local stationary point is proven as detailed in Section 7.3.

I
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7.1

Introduction

In this chapter, the goal is to obtain an estimate of the underlying data-generating
system So that admits the following LPV-SS representation
xt+1 = A(pt )xt + B(pt ) ut + vto ,

(7.1a)

eot ,

(7.1b)

yt = C(pt ) xt + D(pt )ut +

where the matrix coefficient
A(p), . . . , D(p) are affine in the set of a priori
 functions
nψ
specified basis functions ψ [i] (p) i=1 , see (2.23). In Section 5.3, we have defined
two different noise representations, namely: 1) the innovation noise form and 2) the
general noise representation. For the SS innovation form, the sequences vto and eot
are the sample path realizations of the zero-mean stationary processes:
vto = K(pt )eot ,

eot ∼ N (0, Ξ),

(7.2a)

where Ξ ∈ Sny with Ξ  0 and the matrix coefficient function K(p) has a static,
basis affine dependency structure similar to A(p), . . . , D(p). Note that the innovation noise eot has been denoted by ξt in previous chapters. The general noise
representation assumes that vto and eot are realizations of the following processes:
 o 


Q S
vt
∼
N
(0,
Σ
),
Σ
=
,
(7.2b)
v
v
eot
S> R
where Q ∈ Snx , S ∈ Rnx ×ny , and R ∈ Sny with Q, R, Σv  0. Remark that both
noise models (7.2a) and (7.2b) represent different noise scenarios, see Section 4.3.
In Section 5.3.1, the SS model set with the innovation and general noise have
been introduced to capture the underlying system So (7.1). For these two parameterizations θ, we have shown that consistency of SS identification is only obtained
up to the equivalence set Iθo (5.59), e. g., see Theorem 5.6 and Claim 5.1. This
equivalence set Iθo defines all SS representations that have equivalent behavior
BSS and, therefore, these SS models are indistinguishable from data. Hence, in this
chapter, our objective is to efficiently find, in a stochastic and computational sense,
an consistent estimate θ̂ of θ ∈ Iθo of the underlying system matrices (5.54), given
[i] nψ
a data set DN = {ut , pt , yt }N
t=1 and the bases {ψ }i=1 . Consistency and stochastic
efficiency is achieved by tackling the problem from a maximum likelihood perspective. Obtaining the maximum likelihood estimate results in the minimization of
the variance of the parameter estimates, while preserving the minimum predictionerror property. Advantageously, in many cases, minimizing the prediction-error
will also lead to the maximum likelihood estimate, see Section 5.1.9.
Recall from Section 5.1.5 that possible values of θ ∈ Θ define the considered
model set M defined in (5.14), where the associated process model is denoted by
Gθg and the noise model is denoted by Hθh , characterizing the model structure Mθ .
Throughout this chapter, the following assumption is made
A7.1 So ∈ M , meaning that ∃θg0 ∈ Θg such that Gθg0 = Gθo,g and ∃θh0 ∈ Θh such
that Hθh0 = Hθo,h .

7.2 Gradient based PEM for LPV-SS models

153

To obtain a maximum likelihood LPV-SS model estimate two solutions are
explored: 1) a gradient-based (GB) search method (Section 7.2), and 2) an expectation maximization (EM) algorithm (Section 7.3). Both methods are compared
in Section 7.4, analyzing their advantages and disadvantages.

7.2
7.2.1

Gradient based PEM for LPV-SS models
Introduction

In this section, the data-generating system So (7.1) with innovation noise (7.2a)
is aimed to be identified by applying a gradient-based optimization technique to
minimize the prediction-error in the PEM setting. This form of identification has
been widely used in the literature to both linear and nonlinear state-space models
(Ljung 1999, Chapter 10.2; Verhaegen and Verdult 2007, Chapter 7; Lee and Poolla
1997, 1999; Verdult et al. 2002b, 2003; Wills and Ninness 2008, to mention a few).
Using the innovation model structure (5.58), the optimal one-step-ahead predictor
ŷt|θ,t−1 formulated in Section 5.1.3 is derived by substituting the output-equation
into the state-equation and, thereby, eliminating the innovation noise in the stateequation. Hence, the one-step-ahead predictor reads as
x̂t+1|θ,t = (A(pt , θg )−K(pt , θh )C(pt , θg )) x̂t|t−1
+(B(pt , θg )−K(pt , θh )D(pt , θg )) ut + K(pt , θh )yt ,

(7.3a)
(7.3b)

ŷt|θ,t−1 = C(pt , θg )x̂t|θ,t−1 + D(pt , θg )ut ,

where A(), . . . , K() as defined in (5.54)-(5.55). Following the prediction-error
setting of Section 5.1, we are interested in obtaining a model estimate θ̂N by
θ̂N = argmin V (DN , θ) = argmin
θ∈Θ

θ∈Θ

εN |θ

2
2

,

(7.4)

where θ as defined in (5.58) and the prediction-error vector εN |θ for the data set
DN = {ut , pt , yt }N
t=1 is given by
i>
h
>
>
>
. . . yN
− ŷN
.
(7.5)
εN |θ = y1> − ŷ1|θ,0
|θ,N −1
As is widely known in the LTI case, which also holds for the LPV case, the minimization of the LS criterion (5.18) is a nonlinear optimization over the parameter
space θ ∈ Θ. The solutions of this optimization can be found by applying dedicated
nonlinear optimization tools (Ljung 1999, Chapter 10.2; Verhaegen and Verdult
2007, Chapter 7; Lee and Poolla 1997, 1999; Verdult et al. 2002b, 2003; Wills and
Ninness 2008). In this section and as a contribution of this thesis, the gradient
based search algorithm of Wills and Ninness (2008) for the LTI case is extended
to identify the LPV-SS model with basis affine dependence. In the next section,
we develop an algorithmically attractive minimal injective parameterization concept for the LPV case and we prove monotonic, global convergence of the resulting
overall scheme optimization to a local minimum. The computational efficiency of
this scheme is demonstrated on numerical examples in Chapter 10.
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7.2.2

The concept of the gradient-based search method

In the numerical optimization community, solving a nonlinear least-squares problem, e. g., our identification problem (7.4), under various types of parameterizations
has a rich literature, e. g., see Dennis Jr. and Schnabel (1983, Chapter 10), Å.
Björck (1996, Chapter 9) or Nocedal and Wright (2006, Chapter 10). Solving the
problem is most commonly accomplished by the Gauss-Newton type or LevenbergMarquardt type of iterative gradient-based methods. In each iteration, the optimization (7.4) is solved by requiring a descending search direction r around the
current estimate θk defined by

r ∈ r | kεN |θk+J (θk , DN ) r k2 ≤ kεN |θk+J (θk , DN ) r 0 k2 , r ∈ ∆θ , ∀r 0∈ ∆θ , (7.6)
where ∆θ ⊆ Rnθ is the so-called trust-region and J (θk , DN ) is the Jacobian matrix
defined as
∂εN |θ
.
(7.7)
J(θk , DN ) ,
∂θ θ=θk
Computing the Jacobian matrix J() is discussed later on. For the LevenbergMarquardt method, the trust-region ∆θ ⊆ Rnθ is chosen adaptively according to
the fitness of the local approximation of εN |θ (see discussion later on) guaranteeing a
descending solution. Alternatively, for the Gauss-Newton method, the trust region
is ∆θ = Rnθ and, in an additional step, the step length α is determined to avoide
that the next iterate
θk+1 = θk + αr ,
(7.8)
is outside the convergence region of Newton’s method and to ensure kεN |θk+1 k2 ≤
kεN |θk k2 after the search direction r has been determined. The convergence speed
of the iterative optimization scheme can be increased by appropriately selecting
the step length α, as discussed later.
Let us focus on finding an adequate search direction r , defined in (7.6), and,
therefore, the trust region ∆θ . The search direction can be obtained by employing
the well-known and fairly simple Gauss-Newton method for any unconstrained,
nonlinear optimization problem. The search direction r is found by solving (Nocedal
and Wright 2006, Eq. (2.15))
∇2 εθk |r r = ∇εθk |r ,

(7.9)

where ∇εθ|r is the gradient and ∇2 εθ|r is the Hessian of the least-squares function
2

εN |θ 2 w.r.t. θ. For the least-squares problem (7.4), the gradient and Hessian are
(Nocedal and Wright 2006, Eq. (10.4)-(10.5)):
∇εθk |r = 2J >(θk , DN )εN |θk ,
∇2 εθk |r = 2J >(θk , DN )J(θk , DN ) + 2

ny N
X
X [i]
 [i]
[i]
[i]
(yt − ŷt|θk ,t−1 )∇2 yt − ŷt|θk ,t−1

2
.
2

i=1 t=1

Obtaining the last term of the right-hand side of ∇2 εθk |r can be computationally
expensive compared to determining J (θk , DN ) and its contribution near the opti [i]
2
[i]
[i]
[i]
mum can be small, i. e., either ∇2 yt − ŷt|θk ,t−1 2 or yt − ŷt|θk ,t−1 can be small
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in that region. Hence, it is often suggested in the literature to approximate the
Hessian by ∇2 εθk ≈ J >(θk , DN )J(θk , DN ), which is also known as Gauss-Newton
type of optimization. This approximation lowers the rate of convergence of the iterations from quadratic to superlinear. On the other hand, in these Gauss-Newton
type of methods, the search direction r is completely determined by the Jacobian
matrix J() avoiding the computationally expensive Hessian.
In many cases, the approximated Hessian matrix J >()J() can be rank deficient
and the search direction r solving (7.9) cannot be uniquely obtained. As a possible
remedy, a regularization term can be included to the approximate Hessian, commonly known as the Levenberg-Marquardt method. More specifically, the search
directions are defined by the vectors r that satisfies
 >

J (θk , DN )J(θk , DN ) + λInθ r = −J >(θk , DN )εN |θk ,
(7.10)
where λ = 0 coincides with the Gauss-Newton method and λ > 0 is the LevenbergMarquardt method. Hence, in the Levenberg-Marquardt method, the trust region
∆θ in (7.6) is determined based on the predictive capabilities of the Hessian approximation and the space ∆θ is altered by tuning the regularization parameter
λ, see (Nocedal and Wright 2006, Section 10.3) for a detailed discussion of this
approach. Obtaining an appropriate value for λ to have global convergence is
discussed later.
Note that, the solution set of (7.10) corresponds to the constrained optimization of the first-order Taylor expansion of the criterion (7.4) around the current
parameter θk , i. e., the least-squares problem (7.4) is approximated as (Nocedal
and Wright 2006, Lemma 10.2)
min εN |θ
θ

2
2

≈ min εN |θ + J(θk , DN ) (θ − θk )
θ

2
2

, subject to θ ∈ ∆θ .

(7.11)

Hence, the approximation of the optimization in (7.11) coincides with the search
direction r proposed in (7.6).
Next, we focus the attention on determining the expression of the Jacobian
matrix J() and obtaining r . Based on (7.5), the ith -column of the Jacobian matrix (7.7) associated with the ith element of θ is given by

>
>
>
∂εN |θ
∂ ŷ1|θ,0
∂ ŷN
|θ,N −1
=−
.
...
∂θi
∂θi
∂θi
Employing the one-step-ahead predictor (7.3), the latter equation reads as
∂ ŷt|θ,t−1
∂ x̂t|t−1
∂C(pt , θg )
∂D(pt , θh )
=
x̂t|t−1 + C(pt , θg )
+
ut ,
∂θi
∂θi
∂θi
∂θi

(7.12a)

with


∂ x̂t+1|t
∂
=
(A(pt , θg ) − K(pt , θh )C(pt , θg )) x̂t|t−1
∂θi
∂θi
∂ x̂t|t−1
+ (A(pt , θg ) − K(pt , θh )C(pt , θg ))
∂θi
∂
∂K(pt , θh )
+
(B(pt , θg ) − K(pt , θh )D(pt , θg )) ut +
yt , (7.12b)
∂θi
∂θi
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where the recursion is initialized with x̂1|0 = x1 . Note that the partial derivative
w.r.t. θ of the coefficient function A(), . . . , K() is fairly simple, due to its affine parameterization (2.23). The partial derivative of the prediction output with respect
to the unknown initial state x1 is given by
"t−1
#
Y
∂ ŷt|θ,t−1
∂x1 (θx )
= C(pt , θg )
A(pt−i , θg ) − K(pt−i , θh )C(pt−i , θg )
. (7.12c)
∂θi
∂θi
i=1
Hence, the Jacobian matrix J() in (7.7) can be computed using the recursions (7.12) given the data set DN and the current model estimate θk . However,
to obtain a numerically well conditioned Jacobian matrix, the dynamics of the
predictor model (7.3) need to be asymptotically stable in terms of Definition 2.7.
If the dynamics are not asymptotically stable, then the absolute value of the
entries of the Jacobian matrix can become large for specific trajectories of the
scheduling signal.
The search direction r in (7.10) can be found via an SVD of the Jacobian matrix

 > 

 S1 0
V1
J(θk , DN ) = U1 U2
= U1 S1 V1> .
(7.13)
0 0
V2>
Using (7.13), the relation of (7.10) has a unique, minimum 2-norm solution,
see Golub and Van Loan (2013, Theorem 5.5.1), in terms of
r = −V1 S12 + λI

7.2.3

−1

S1 U1> εN |θk .

(7.14)

Data-driven local coordinates

As seen in Section 5.3.2, the fully parametrized model structure Mθ with parameters (5.58) corresponds to an overparameterized estimation problem. Under the
assumption that So ∈ M , the obtained state-minimal model θ is an isomorphic
to the data-generating system θo defined by the equivalence set Iθo in (5.59), see
discussion in Section 5.3.2. Theorem 5.6 proves that this equivalence set represents
all possible isomorphic state-minimal representations with equivalent dependency
structure. Hence, the transformation matrix T ∈ Rnx ×nx defines all free variables
for the model structure Mθ . In other words, Theorem 5.6 reviles that the dimension of the minimal (injective) parametrization is
nρ = nθ − n2x .

(7.15)

Consequently, the Jacobian J(θk , DN ) is likely to be rank deficient, i. e., possibly
the loss function has multiple, often infinitely many, model parametrizations with
equal minimal cost because of the equivalence set Iθ . Hence, this can cause the
numerical solver to wander among solutions within Iθ , i. e., θk+1 ∈ Iθk . In the
literature, many approaches are given to cope with such overparameterization and
its associated problems with the numerical solvers. One option is to use canonical
SS forms, but, for the MIMO case, it is a priori unknown which particular state
basis should be chosen, i. e., which canonical form, to acquire the least number of
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nonzero elements for the state matrices representing the system behavior and, in
general, these canonical forms need dynamic dependence.
To overcome this overparametrization problem, many authors have proposed
an affine transformations of the full parametrization into a lower dimensional datadriven local coordinate (DDLC) frame, see Lee and Poolla (1999); Verdult (2002);
Verdult et al. (2003); McKelvey et al. (2004) for LTI, bilinear, and LPV systems,
based on the equivalence set Iθ . An extension can be found in Ribarits et al.
(2004) for the separable-least-squares case in combination with the DDLC for LTI
systems. The DDLC frame is the ortho-complement of an affine approximation
of the equivalence set around the current model parameters. Consequently, the
DDLC ensures that the nonlinear optimization does not wander among parameterizations with equivalent behavior BSS . In the LTI case, the DDLC is proven
to be very effective as it is fundamentally based on the equivalence set to provide
the injective parameterization. In the LPV case, the effectiveness of the DDLC has
only been shown empirically, however, as a contribution of this thesis, Section 5.3.2
provides the fundamental proof that the equivalence set Iθ represents all possible
isomorphic state-minimal representations and, therefore, it is the minimal injective
parametrization for the LPV case. Next, we explain the DDLC concept for the
LPV setting.
The core concept of the DDLC is to define a tangent space Q to the indistinguishable manifold
S(θ, T ) =



Sg> (θ, T ) Sh> (θ, T ) Sx> (θ, T )

>

,

where Sg () as in (5.60), Sh () as in (5.61a), and Sx () as in (5.62a). The manifold S() is clearly a nonlinear mapping with respect to the transformation matrix T . Nonetheless, for a given state-minimal LPV-SS parametrization θ with
the static, basis affine dependency strucutre where θ ∈ Iθo , the indistinguishable manifold S(θ, T ) is a function of T , which is a differentiable manifold on
{T ∈ Rnx ×nx : rank(T ) = nx }. With a slight abuse of notation, a first-order approximation around the given local parametrization, i. e., T = Inx , is given by
S(θ, Inx + Ṫ ) ≈ θ +

∂S(θ, T )
vec{T }>

(7.16)

vec{Ṫ },
T =Inx

2

where the tangent space Q ∈ Rnθ ×nx is defined by
Q=

∂S(θ, T )
vec{T }>

h
= − A0 ⊗ Inx − Inx ⊗ A>
0

...

Anψ ⊗ Inx − Inx ⊗ A>
nψ

−Inx ⊗ C0>

...

−Inx ⊗ Cn>ψ

T =Inx

B0 ⊗ Inx

...

Bnψ ⊗ Inx

0n2x ×(1+nψ )ny nu

K0 ⊗ Inx

...

Knψ ⊗ Inx

x1 ⊗ Inx

i>

. (7.17)

For an in-depth treatment of the derivation, e. g., see McKelvey et al. (2004, Lemma
3) for the LTI case. Selecting the search direction r = Qvec{Ṫ } in (7.10) for any
Ṫ will locally result in input-scheduling-output equivalent models with identical
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`2 prediction loss, i. e., optimization cost. Hence, the concept of the DDLC is to
only consider an orthogonal-complement P of the tangent space Q as a parameter
space, defined as
P > P = Inρ ,

span(P ) ⊕ span(Q) = Rnθ ,

P > Q = 0,

(7.18)

where span(X) is the column space of matrix X. The orthogonal complement
P can be obtained, e. g., from a QR factorization or SVD of Q 1 . Therefore, a
minimal LPV-SS representation with affine parameter dependency can locally be
parametrized by the DDLC frame as
(7.19)

θ(ρ) = θ + P ρ,

where ρ ∈ Rnρ the reduced minimal degrees of freedom for the model parameters.
Including the local coordinate frame to the optimization problem (7.11) results in
min εN |θk + J(θk , DN )P ρ
ρ

2

.

(7.20)

The DDLC Jacobian matrix of εN |θk +P ρ with respect to ρ is defined as
JDDLC (θk , DN ) =

∂εN |θk +P ρ
∂ρ

= J(θk , DN )P,

(7.21)

ρ=0

where JDDLC (θk , DN ) ∈ RN ×nρ , containing n2x less columns than the Jacobian
matrix J(θk , DN ). Hence, exploring the solution space by using JDDLC () decreases
the computational complexity. Substituting the relationship (7.21) into (7.20) gives
min kεN |θk + JDDLC (θk , DN )ρk22 .
ρ

(7.22)

Hence, the search direction q ∈ Rnρ for the Levenberg-Marquardt or Gauss-Newton
method is given by
 >

>
JDDLC (θk , DN )JDDLC (θk , DN ) + λInρ q = −JDDLC
(θk , DN )εN |θk .
(7.23)
The search direction r in (7.10) and q in (7.23) are different and their connection
is provided in Lemma 7.1. With the Jacobian matrix JDDLC (θk , DN ), a solution q
to (7.23) can be found similar to (7.14) by computing the following SVD

 > 

 S̄1 0
V̄1
= Ū1 S̄1 V̄1> .
(7.24)
JDDLC (θk , DN ) = Ū1 Ū2
0 0
V̄2>
The search direction of (7.23) is given by
q = −V̄1 S̄12 + λI

−1

S̄1 Ū1> εN |θk .

(7.25)

Lemma 7.1 (Equivalence of the search direction) Let Q be given by (7.17)
and a corresponding matrix P satisfy the equations in (7.18). Further, let r and q
be given by (7.14) and (7.25), respectively. Then:
r = P q.
1 The



orthogonal-complement P is found by computing the QR factorization QQ RQ = Q and
removing the first n2x columns of QQ .
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According to Wills and Ninness (2008), the point of Lemma 7.1 is that for the
particular choice of r given by (7.14) (there are infinitely many when λ = 0), r is
in the column range space of P , and for the particular choice of q (again there may
be infinitely many) given by (7.25), the relationship P q = r holds. The DDLC
parameterization reduces the search space dimension by n2x while preserving the
minimal norm solution.

7.2.4

Extended Gauss-Newton approach

In Section 7.2.2, the concept of the gradient-based methodology has been introduced. However, the step length α in (7.8) and the regularization parameter λ
in (7.10) need to be chosen to obtain a globally convergent iterative scheme, ideally with a high rate of convergence. In the literature, different methodologies exist
to obtain the step length α, e. g., backtracking line search, interpolation line search,
golden section, Fibonacci search, e. g., see Nocedal and Wright (2006, p. 62-63) for
an overview. Similarly, finding the regularization parameter λ or, equivalently, obtaining an accurate trust region ∆θ has an extensive literature, for example, based
on heuristically increasing or decreasing λ, exact or approximate trust-region algorithms, see Nocedal and Wright (2006, p. 267-268) for an overview. In Wills
and Ninness (2008), the developed gradient-based paradigm is specific for SS identification and it contains of fairly computationally inexpensive steps that appears
to be more robust with a higher convergence rate then the used pem function in
the system identification toolbox of Matlab (Wills and Ninness 2008, Section VII).
Finding the most adequate solver for our least-squares problem (7.11) is outside
of the scope of this thesis and this investigation is recommended for future research. Hence, we implemented similar steps as the enhanced Gauss-Newton based
search method of Wills and Ninness (2008) to obtain an LPV-SS estimate of the
data-generating system.
7.2.4.1

The main concept

To solve the nonlinear minimization, Wills and Ninness apply the LevenbergMarquardt method for finding the search direction qk and, to find the step length
α, a backtracking line search method based on the Armijo-Goldstein condition
is implemented. For example, see Dennis Jr. and Schnabel (1983, Section 6.3)
or Nocedal and Wright (2006, Chapter 3) for a full mathematical derivation of line
search methods. Important is to note that any unconstrained, nonlinear optimization method is globally convergent to a local minimum if the Wolfe conditions are
satisfied under some mild technicalities (Dennis Jr. and Schnabel 1983, Theorem
6.3.3). In our case, the Wolfe conditions read as
kεN |θk +αPk qk k22 ≤ kεN |θk k22 + β1 α∇ε>
θk |q qk ,
∇ε>
θk +αrk |q qk

≥

β2 ∇ε>
θk |q qk ,

(7.26a)
(7.26b)
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where 0 < β1 < β2 < 1, rk is the search direction at the k-th step, ∇εθk |q ,
>
JDDLC
(θk , DN )εN |θk is the gradient 2 for obtaining qk . Eq. (7.26a) is also known as
the Armijo-Goldstein condition and (7.26b) as the Wolfe condition on a curvature.
In the sequel, the focus is turned to finding λ and α to satisfy (7.26). However, note
that, the Wolfe curvature condition (7.26b) is automatically satisfied if the search
direction is descending ∇ε>
θk |q qk < 0 and α is selected by the Armijo backtracking
method based on (7.26a) (Shultz et al. 1982). As such, the regularization parameter
λ and, therefore, the search direction qk is selected to enforce ∇ε>
θk |q qk < 0 and the
step length α is computed by the backtracking method. Next, we will explore both
ideas.
7.2.4.2

Finding the search direction

The enhanced Gauss-Newton approach finds a search direction qk (7.25) in the
DDLC frame parameterization. An important ingredient of this is to choose an effective number of non-zero singular values in (7.25) which is important to increase
the convergence speed by discarding less dominating search directions in case the
local approximation is inaccurate. The search direction is found by using an automated strategy of regularization that selects only the singular values in S̄1 that
satisfy (sn + λ) ≥ γ(s1 + λ) with some ratio γ ∈ (0, 1]. The ratio is chosen adaptively, based on the value of the step length α in the previous iteration. If the step
size α is small then εN |θk−1 is poorly approximated around the previous estimate
θk−1 , i. e., the previous search direction was not adequate to take a “large” step (in
Wills and Ninness 2008, α < 0.55 is considered “small”). Hence, the methodology
should focus on the dominant directions only, therefore γ is doubled. The other
way around, if α = 1 in the previous iteration, then less dominating search directions can be included into the search direction and, therefore, γ is divided by 4.
This concept is found in lines 16-17 of Algorithm 7.1, however, this principle by its
own is not guaranteed to satisfy ∇ε>
θk |q qk < 0.
Satisfying ∇ε>
θk |q qk < 0 implies that the search direction qk and the gradient
∇εθk |q cannot be orthogonal to each other. Hence, a mechanism is included to find
the regularization λ and truncation γ values to avoid orthogonality of the vectors
by an angle of arccos(ν) 3 , where we take ν = 10−2 . This concept is found in
Condition (7.31) of Algorithm 7.1. If (7.31) is not satisfied, then the regularization
λ and truncation γ values are changed iteratively according to one of the following
two rules (lines 6-11 in Algorithm 7.1):
1. (default) Reduce γ by a constant factor 1/4 to increase the condition number
of the Jacobian matrix and allow less dominant directions to be included. The
2 Note

that, due to Lemma 7.1,
>
>
>
∇ε>
θ |q qk = εN |θ JDDLC (θk , DN )qk = εN |θ J(θk , DN )rk = ∇εθ |r rk .
k

k

k

k

3 Recall that the dot-product of two vectors u ∈ Rn and v ∈ Rn is given by: u · v = u> v =
kuk2 kvk2 cos(φ) where φ is the angle between the vectors. The product is zero if the vectors are
orthogonal.
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parameter γ is increased until γ ≥  whereafter the fallback rule is invoked,
as the default rule might never result in an update satisfying (7.31).
2. (fallback) The regularization term λ is increased by factor 2.
The fallback rule is proven to find a search direction qk that eventually satisfy
∇ε>
θk |q qk < 0 with finite factor 2 steps (see Wills and Ninness 2008, Lemma A.1).
7.2.4.3

Backtracking

As ∇ε>
θk |q qk < 0 is satisfied, the backtracking algorithm needs to find a step length
α ∈ (0, 1] to satisfy Condition (7.26a). Recall that, by limiting the value of α
to (0, 1] and satisfying (7.26a) will automatically lead to Condition (7.26b) to
hold (Shultz et al. 1982). This concept is implemented in the a line search based
method of Wills and Ninness (2008) to find a step length α (equivalent to Dennis
Jr. and Schnabel 1983, Algorithm 6.3.5) and the optimization is globally convergent. The value of α is updated according to α 7→ 0.5α. Obviously, the update of
0.5 can be replaced by an arbitrary number between 0 and 1, however, Dennis Jr.
and Schnabel (1983) advises to keep the update within [0.1, 0.5] with 0.5 as the
‘robust’ option. This is implemented in line 12-15 of Algorithm 7.1.
Additionally, in Wills and Ninness (2008), the choice of an appropriate β1 is
not discussed. The β1 value enforces a minimum decrease in the function value
to select the step length α. A choice of β1 = 10−4 is often sufficient according to
Dennis Jr. and Schnabel (1983, p. 126) and Nocedal and Wright (2006, p. 33).
7.2.4.4

Convergence and consistency of the Gauss-Newton approach

Global convergence of the GB method to a local stationary point can be obtained
if the dynamic truncation of the Jacobian matrix is excluded:
Lemma 7.2 (Global convergence of Algorithm 7.1) Assume that V (DN , θ)
is continuously differentiable and Lipschitz continuous on θ ∈ Θ. The sequence of
estimates {θk } ∈ Θ, k ≥ 0 generated by the GB Algorithm 7.1 with γ = 0 and  = 0
have gradient vectors ∇εθk |q (7.27) that tend to zero, i. e., limk→∞ ∇εθk |q = 0. 
Proof: Direct application of Dennis Jr. and Schnabel (1983, Theorem 6.33), Wills
and Ninness (2008, Theorem 6.1), or Nocedal and Wright (2006, Theorem 3.2), as
the Wolfe conditions (7.26) are enforced in each step.

Global convergence of the GB method which includes dynamic truncation of
the Jacobian matrix has not been derived yet. However, in the empirical study in
Section 10.4 and that of Wills and Ninness (2008) in the LTI case, the GB method
is observed to converge monotonically to a local stationary point. Recall that the
truncation ratio γ is iteratively decreased to include all singular values at a certain
point before increasing the regularization term.
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Algorithm 7.1: Enhanced Gauss-Newton based search for DDLC parameterized LPV-SS identification based on Wills and Ninness (2008)
Input : An initial estimate θ̂0 , together with
β1 ∈ (0, 12 ),
λmin > 0,
γ ∈ (0, 1],
αmin > 0,

ν ∈ (0, 1),
 > 0,

λ = 0,
k = 0.

Output: Final LPV-SS model estimate θ̂k (5.58).
1
2
3
4

repeat
k 7→ k + 1.
Find the orthogonal Pk satisfying (7.18) for model estimate θk .
Compute the prediction-error vector εN |θk in (7.5), the Jacobian
matrix JDDLC (θk , DN ) in (7.7), and the associated gradient
>
∇εθk |q = JDDLC
(θk , DN )εN |θk .

5

(7.27)

Compute the ordered SVD
JDDLC (θk , DN ) = U SV > .

6
7

8

(7.28)

repeat
Find the index n of the smallest singular value si in S that satisfies
(sn + λ) ≥ γ(s1 + λ). Let Un , Vn be the first n columns of U , V ,
and set Sn as


λ
λ
Sn = diag s1 + , . . . , sn +
.
(7.29)
s1
sn
Compute the search direction qk as
(7.30)

qk = −Vn Sn−1 Un> εN |θk .
9
10
11

if γ >  then γ 7→ max(, 0.25γ),
else λ 7→ max(λmin , 2λ).
until the vectors ∇εθk |q and qk are not fully orthogonal, i. e., the
following is satisfied
− qk> ∇εθk |q ≥ ν ∇εθk |q

14

α 7→ 1.
repeat
α 7→ 0.5α.

15

until εN |θk +αPk qk

12
13

16
17
18
19

2
2

≤ εN |θk

2
2

2

qk

2

.

(7.31)

+ αβ1 ∇ε>
θk |q qk .

if α = 1 then γ 7→ max(, 0.25γ), λ 7→ λ2 ,
else if α ≤ αmin then λ 7→ max(λmin , 2λ).
Set θk+1 = θk + αPk qk .
until the following termination condition is satisfied
−1
>
∇ε>
∇εθk |q ≤ .
θk |q JDDLC (θk , DN )JDDLC (θk , DN ) + Inρ

(7.32)
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Due to the nonlinear nature of the least-squares problem (7.4), Lemma 7.2
only proves global convergence to a local minimum. As is widely known, some
unwanted local optima might be “far” from Iθo in the prediction-error sense. The
initial estimate requires to be in the region of attraction of Iθo to converge to Iθo .
Quantifying an explicit bound on this neighborhood is generally not possible as it
is dependent on the actual dynamic relations and the data set DN . Therefore, we
require a proper initial estimate that can be obtained by realization or subspace
methods provided in Chapters 8 and 9. However, how to obtain an proper initial
estimate will be discussed in Section 7.4.
It is important to note that ∃θ ∈ Θ that can lead to an unstable predictor
model (7.3). In this case, technically speaking, the parameters associated to an
unstable model will violate the Lipschitz continuity condition of V∞ () if N → ∞
(V∞ () is unbounded). Practically speaking, the instability can lead to a range of
predicted outputs that can not be covered by computational tools and, therefore,
the Jacobian matrix J() is undefined. Hence, obtaining a descending search direction qk or appropriate α is generally not possible. The GB algorithm should be
initialized with a stable predictor model. During iterations, it is quite unlikely for
the update step to result in an unstable predictor model because the line search
condition (7.26a) is violated as unstable predictors significantly increase the cost
function value. However, in rare cases, the gradient based method is unable to find
a descending update. To improve robustness of the algorithm, the parameter set
and search direction could be restricted to parameterizations with asymptotically
stable predictor models. However, further research is needed to extend the concepts
presented in Chapter 3 toward this direction.

7.3
7.3.1

Expectation maximization for LPV-SS models
Introduction

The expectation maximization methodology has its origin in signal processing, e. g.,
see Isaksson (1993); Shumway and Stoffer (2010), where it was originally introduced
to estimate model parameters for data sets with missing data. The key element
of the EM method is to presume the existence of a complete data set (YN , XN ),
which contains not only the actual observations YN , but also the missing sequence
XN . The missing data in the SS identification case is the state-sequence. With
this choice, the maximization of the marginal likelihood has an explicit solution,
however, the method needs to alternate between reconstructing the state-sequence
and obtaining an estimate of the associated SS model. Based on this idea, LTISS identification methods are developed in Shumway and Stoffer (1982); Watson
and Engle (1983) and computationally robust state estimators of the EM for LTI,
bilinear, and LPV representations is provided in Gibson and Ninness (2005); Gibson
et al. (2005); Wills and Ninness (2011), respectively. Note that the GB and EM
methods identify LPV-SS models with different noise modeling capabilities and,
opposed to the LTI case, the representation capabilities are not asymptotically
equivalent, see Section 4.3 for a detailed discussion. Therefore, we also present the
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EM methodology as alternative and we will compare both methods in Section 7.4.
The main underlying reasoning and a brief overview of the method will be given
in this section and the interested reader is referred to Gibson et al. (2005); Wills
and Ninness (2011) for all details. As a contribution of this thesis, convergence of
the EM method for the LPV case is proven in Section 7.3.5.

7.3.2

The principal idea of EM

As aforementioned, if the state-sequence xt was observable, then the identification problem boils down to maximizing the associated probability density function
fθ(xt+1 , yt ) with respect to θ, which is a linear-in-the-parameter problem given the
model (5.52) with dependency structure (5.54) and noise structure (5.53b), as explained later. Employing Bayes’ rule on the probability density function fθ (xt+1 , yt )
gives
log fθ (yt ) = log fθ (xt+1 , yt ) − log fθ (xt+1 |yt ),
(7.33)
where fθ (x|y) is a shorthand for the Gaussian probability density function of x
conditional on y. However, the state-sequence is not measurable neither are the
true parameters θo known, therefore, the state-sequence can only be reconstructed
by an estimate θ̂ of θo . To achieve this, based on the data set DN , the probability
functions fθ (xt+1 , yt ), fθ (xt+1 |yt ) are approximated by their expectation for an
estimate θ̂, i.e.,


log fθ (yt ) , L(θ) = Eθ̂ log fθ (xt+1 , yt )|DN − Eθ̂ log fθ (xt+1 |yt )|DN
= Q(θ, θ̂) − V(θ, θ̂).

(7.34)

To simplify the notation, we will use L(θ) to indicate the likelihood function. The
distance of the log-likelihood L() between θ and current estimate θ̂ is

 

L(θ) − L(θ̂) = Q(θ, θ̂) − Q(θ̂, θ̂) + V(θ̂, θ̂) − V(θ, θ̂) ,
(7.35)
where V(θ̂, θ̂) − V(θ, θ̂) ≥ 0 is the Kullback-Leibler divergence metric between
log fθ (xt+1 |yt ) and log fθ̂ (xt+1 |yt ), which is zero for θ̂ = θ, see Gibson and Ninness
(2005, Theorem 2). Hence, any new choice of the estimate θ ∈ Θ that increases
Q(θ, θ̂) above the current estimate Q(θ̂, θ̂) will also increase the likelihood of the
estimate θ, i. e.,
Q(θ, θ̂) > Q(θ̂, θ̂)
⇒
L(θ) > L(θ̂).
(7.36)
As Q(θ, θ̂) can be maximized analytically (see Lemma 7.4) if known, the concept
of maximizing Q(θ, θ̂) to maximize the marginal log-likelihood L(θ) is applied iteratively to estimate θ̂k by the following two steps:
1. Expectation step, which calculates Q(θ, θ̂k ).
2. Maximization step, which computes
θ̂k+1 = argmax Q(θ, θ̂k ).
θ∈Θ

(7.37)
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The expectation step

According to our setting and Bayes’ rule, the state and the output are distributed
as follows





 
xt+1
A0 . . . Anψ B0 . . . Bnψ
ψ̃t ⊗ xt
fθ
xt , ut ∼ N
, Σv . (7.38)
yt
C0 . . . Cnψ D0 . . . Dnψ
ψ̃t ⊗ ut
{z
}
|
Λ

Then, the approximated log-likelihood function Q(θ, θ̂k ) based on DN and θ̂k is:
Lemma 7.3 Based on the LPV-SS representation (7.1) with noise structure (7.2b), parametrization (5.58), and Gaussian prior (5.56) on the initial state,
the joint log-likelihood approximation Q(θ, θ̂k ) is
n
o

>
−2Q(θ, θ̂k ) = log det P1 +N log det Σv +Tr P1−1 Eθ̂k (x1 − µ) (x1 − µ) | y +


>
Tr Σ−1
ΦD − ΨD Λ> − ΛΨ>
, (7.39)
v
D + ΛΣD Λ
where
ΦD

ΨD

ΓD




Eθ̂k xt+1 x>
x̂t+1|N yt>
N
t+1 |DN
X
,
= 
>
>
yt x̂t+1|N
yt yt
t=1


 >
>
ψ̃t>⊗ x̂t+1|N u>
ψt ⊗ Eθ̂k xt+1 xt |DN
N
t
X
,
= 
>
>
>
>
t=1
ψ̃t ⊗ yt ut
ψ̃t ⊗ yt x̂t|N
 >


>
ψ̃t ψ̃t>⊗ x̂t|N u>
ψt ψt ⊗ Eθ̂k xt xt |DN
N
t
X
,
= 
>
>
>
>
t=1
ψ̃t ψ̃t ⊗ ut x̂t|N
ψ̃t ψ̃t ⊗ ut ut
x̂t|N = Eθ̂k{xt |DN } .

(7.40a)

(7.40b)

(7.40c)
(7.40d)


Proof: The joint density function fθ (xt+1 , yt ) is a product of density functions
for each time-instance, which can be shown by applying Bayes’ rule on the Markov
process given by the pdf (7.38). Proving (7.39) directly follows using (7.38) with
a given θ̂k , e.g., see Wills and Ninness (2011, Lemma 1).

In the expectation step, the unknown state trajectory xt in (7.40) can be estimated via various approaches, e. g., particle filtering (Schön et al. 2011) or Kalman
filtering (Gibson and Ninness 2005; Shumway and Stoffer 2010). The particle filter
is able to reconstruct the state of general nonlinear state-space models with possible non-Gaussian distributions. In this thesis, we consider the computationally
less demanding Kalman filter approach. The components

1/2
>/2
>
Eθ̂k xt x>
Eθ̂k{xt | DN } = x̂t|N ,
t | DN = x̂t|N x̂t|N + (P  p)t|N (P  p)t|N ,
 >
>
Eθ̂k xt xt−1 | DN = x̂t|N x̂t−1|N + (H  p)t|N ,
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are estimated in three steps, first by applying forward Kalman filtering, then using
a backward Kalman smoother, and last, a backward one-lag covariance smoother.
The forward filter and backward smoother are employed to obtain (P  p)t|N , however, the backward smoother is included to remove effects from an incorrect initial
state estimate x̂1 or P̂1 . The one-lag covariance smoother is used to compute
(H  p)t|N . As is widely known (Deyst and Price 1968; Anderson and Moore
1979), the recursions are stable for any parameterization of θ and, therefore, lead
to an adequate estimate of x̂t|N , (P  p)t|N , and (H  p)t|N even for an unstable model. Moreover, the required conditional expectations and correlations of
the states are determined by a square-root Kalman filtering strategy, guaranteeing that the state-covariance matrices (P  p)t|t , (P  p)t|t−1 , and (P  p)t|N
will be semi-positive definite and symmetric, even for finite precision computations, see Wills and Ninness (2011, Lemma 2). For notational simplicity, we
will remove the  p notation, e. g., (P  p)t|N becomes Pt|N . For a given θ̂k , let
Pnψ
Pnψ
Ât = Â0 + i=1
Âi ψ [i] (pt ), . . . , D̂t = D̂0 + i=1
D̂i ψ [i] (pt ) and Q̂, Ŝ, R̂, x̂1 , P̂1 be
the estimates associated with θ̂k in (5.58). Then, the aforementioned filtering operations are given as follows (see Anderson and Moore 1979; Shumway and Stoffer
2010 for extensive discussion):
The robust Kalman filter is a forward recursion given by

−1
>
−1
Kt = Pt|t−1 Cˆt> Cˆt Pt|t−1 Cˆt> + R̂ = R4,11
R4,12 ,
x̂t|t−1 = Āt−1 x̂t−1|t−1 + B̄t−1 ut−1 + ŜR̂−1 yt−1 ,


x̂t|t = x̂t|t−1 + Kt yt − Cˆt x̂t|t−1 − D̂t ut ,

(7.41a)
(7.41b)
(7.41c)

with x̂1|0 = x̂1 and P1|0 = P̂1 . The Kalman filter in (7.41a-7.41c) is robustly
computed via the following thin QR-factorizations
#
"
>/2
Pt−1|t−1 Ā>
t−1
= Q3 R3 ,
(7.41d)
Q̄>/2
"
#


R̂>/2
0
R4,11 R4,12
=
Q
,
(7.41e)
4
>/2
>/2
0
R4,22
Pt|t−1 Cˆt> Pt|t−1
where Q̄ = Q̂ − ŜR̂−1 Ŝ> , Āt = Ât − ŜR̂−1 Cˆt , and B̄t = B̂t − ŜR̂−1 D̂t which give the
predicted estimated covariance and the updated estimated covariance matrices as
>/2

Pt|t−1 = R3 ,

>/2

Pt|t

= R4,22 .

(7.41f)

Note that iterations between (7.41d) and (7.41e) fully define the sequence
 1/2 N +1
 1/2 N
Pt|t−1 t=1 and Pt|t t=1 without using (7.41a-7.41c).
The sequences


N +1
N
x̂t|t−1 t=1 and x̂t|t t=1 are computed using the inverse of the upper trianglar
matrix (7.41a).
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The robust Kalman smoother is a backward recursion given by

x̂t|N = x̂t|t + Jt x̂t+1|N − x̂t+1|t ,
>
−1
−1
Jt = Pt|t Ā>
,
t Pt+1|t = R5,11 R5,12

(7.42a)
(7.42b)

for t = N, . . . , 1, initialized with the covariances computed by (7.41f). In line with
the Kalman filter recursion, a thin QR-factorization is employed as follows
 >/2 >

>/2
Pt|t Āt
Pt|t


R5,11 R5,12


>/2
,
(7.42c)
0
 Q̄
 = Q5
0
R5,22
>/2
>
0
Pt+1|N Jt
where the square rooted smoothed estimated covariance matrix is given by
>/2

(7.42d)

Pt|N = R5,22 .

The one-lag covariance smoother is the following backwards recursion
 >
>
,
(7.43a)
Ht|N = Pt|t Jt−1
+ Jt Ht+1|N − Āt Pt|t Jt−1
for t = N − 1, . . . , 2, initialized by
HN |N = (Inx − KN CˆN )ĀN −1 PN −1|N −1 ,

7.3.4

HN +1|N = ĀN PN |N .

The maximization step

With an estimate of the state trajectory, the marginal likelihood maximization has
an explicit solution for estimating θ̂k+1 as given by Lemma 7.4.
Lemma 7.4 Based on (7.40) with ΓD  0 and a fixed θh ∈ Θh and P1 ∈ Snx , the
estimate of θg and x̂>
1


 >
>
= argmax Q θ(θg , x1 ), θ̂k ,
(7.44)
θ̂g x̂>
1
θg ∈Θg
x1 ∈Rnx

has its unique maximum at


Â0 . . . Ânψ B̂0 . . . B̂nψ
= ΨD Γ−1
D ,
Ĉ0 . . . Ĉnψ D̂0 . . . D̂nψ

x̂1 = x̂1|N .

(7.45a)

In addition, the stationary point of Q(, θ̂k ) with respect to θh and P1 ∈ Snx is found
for
1/2 >/2
Σ̂v = L>
P̂1 = P1|N P1|N ,
(7.45b)
22 L22 ,
with the upper Cholesky factorization

  >
L11
ΓD Ψ>
D
=
ΨD ΦD
L>
12

0
L>
22



L11
0

L12
L22


.

(7.46)
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Proof: See Wills and Ninness (2011, Lemma 3).



Under the assumption that ΓD  0, the factorization (7.46) also ensures that Σ̂v
in (7.45b) is symmetric and positive definite. If the Kalman recursions (7.41d)1/2 >/2
(7.41e) and (7.42c) are initialized with P̂1  0 then P1|N P1|N  0 (Gibson et al.
2005, Lemma 5.1).

7.3.5

The EM algorithm

The expectation and maximization steps described in Sections 7.3.3 and 7.3.4 lead
to a simple two stage algorithm as given in Algorithm 7.2. However, the conditions
for global convergence to a stationary point have only been established for the LTI
and bilinear cases (Gibson and Ninness 2005; Gibson et al. 2005). Hence, in this
section, we explore the conditions to guarantee a globally convergent algorithm.
Lemma 7.4 assumes that ΓD  0 to have uniqueness of the solution. To guarantee
a positive definite ΓD , the following excitation conditions are necessary:
Lemma 7.5 (Informative data set for the EM method) Given an LPV-SS
model parameterized by θk as in (5.58) with Σv , P1  0 and a data set DN . If the
N
input sequence {ut }N
t=1 and the evolution of the basis functions {ψ̃t }t=1 satisfies
N
1 X
ψ̃t ψ̃t>  0,
N t=1

N
1 X
ut u>
(7.47)
t  0,
N t=1

then the combination of (7.47) and the estimate of Eθ̂k xt x>
t | DN by the Kalman
filter (7.41) and smoother recursions (7.42) lead to a positive definite ΓD as defined
in (7.40c).


Proof: See Appendix A.5.



Lemma 7.5 extends the result in Gibson et al. (2005, Lemma 4.4) for bilinear
SS representations to LPV-SS forms. The lemma defines the necessary condition
for the EM method to have unique solutions during each step in the iteration. The
established result on uniqueness of the update is required to show convergence of
the EM method.
Lemma 7.6 (Global convergence of the EM Algorithm 7.2) Let θk ∈ Θ
for k = 1, 2, . . . be a sequence of estimates generated by EM Algorithm 7.2, where
N
the input sequence {ut }N
t=1 and the evolution of the basis functions {ψ̃t }t=1 satisfy (7.47). Let θ? be a stationary point of L(θ), then the sequence {L(θk )}∞
k=1
converges monotonically to L(θ? ).

Proof: The results provided in Gibson and Ninness (2005, Theorem 3) for the
LTI case are directly applicable to the LPV case with inclusion of Lemma 7.5. 
Lemma 7.6 implies that a sequence θk ∈ Θ generated by the EM Algorithm 7.2
results in
lim θk ∈ Iθ? ,
where L(θ̂k+1 ) ≥ L(θ̂k ),
k→∞

7.4 Comparing the GB and EM method
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Algorithm 7.2: The EM algorithm for LPV-SS (Wills and Ninness 2011)
Input : An initial estimate θ0 of the parameter set (5.58), together with
Qrel > 0,

Qabs > 0,

αrel > 0,

αabs > 0,

k = 0.

Output: Final LPV-SS model estimate θ̂k (5.58)
1
2
3

4
5
6

repeat
k 7→ k + 1.
1/2

Given the current estimate θ̂k , obtain the values {x̂t|N , Pt|N , Ht|N }N
t=1
by the robust Kalman filter recursions (7.41), then the robust Kalman
smoother recursions (7.42) followed by the one-lag covariance
smoother (7.43).
Construct the data matrices ΦD , ΨD , and ΓD in (7.40).
Obtain θ̂k+1 by maximizing Q(θ, θ̂k ) according to (7.45b).
until All of the following termination conditions are satisfied:
|Q(θ, θk+1 ) − Q(θ, θk )|1
≤ Qrel , |Q(θ, θk+1 )−Q(θ, θk )|1 ≤ Qabs ,
min(|Q(θ, θk+1 )|1 , |Q(θ, θk )|1 )
|θk+1 − θk |1
≤ αrel ,
|θk+1 −θk |1 ≤ αabs .
min (|θk+1 |1 , |θk |1 )

(7.48)

with equality if and only if ∃k ? ∈ N such that θ̂k? +1 ∈ Iθ̂k? . The method converges
to a stationary point θ? of L() as the Kullback-Leibler distance V(θ̂, θ̂) − V(θ? , θ̂)
diminishes if θ̂k approaches θ? . Similar to the GB method, the EM method requires
the initial estimate to be in the region of attraction of Iθo to converge to Iθo . In
other cases, the algorithm converges to other stationary points. Quantification
of an explicit bound of this neighborhood is hard to give as it is dependent on
the actual dynamic relations and the data set DN . However, how to obtain an
proper initial estimate that is in this desired region of attraction will be discussed
in Section 7.4.
In our implementation of the EM algorithm (7.2), the termination conditions
are determined on the absolute and relative tolerance on the difference of the
likelihood function Q() and the parameter update θk+1 −θk (0-th order termination
condition). These conditions can be found in (7.48).

7.4

Comparing the GB and EM method

The GB and EM methods have been explored to obtain an LPV-SS model with
different noise representation in Sections 7.2 and 7.3, respectively. In this section, the GB scheme is compared to the EM method discussing their advantages
and disadvantages. The GB scheme applies an enhanced Gauss-Newton method
that includes: 1) an automated strategy of regularization and SVD truncation on
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the Jacobian matrix to obtain a search direction, 2) an Armijo line search backtracking rule, and 3) lowering the dimension of the parameter space by using the
DDLC frame. Comparing, the EM algorithm consist of two steps in each iteration: 1) the expectation step that involves a Kalman filter, Kalman smoother, and
one-lag covariance recursion, and 2) the maximization step that is performed by
least-squares fitting and a Cholesky factorization. Both methods can be used in an
open-loop and closed-loop identification setting. The combination of improved GB
search strategy and the DDLC frame increases the computational demand per iteration, however, in general, it increases the convergence rate (see Wills and Ninness
2008, Fig. 1-3 for an empirical result). The EM method is relatively straightforward to implement and the computational load scales linearly with the data set
length. The EM algorithm usually converges rapidly in early stages, but its rate
of convergence near the maximum is substantially lower than GB method, e. g.,
see Watson and Engle (1983); Gibson et al. (2005). Hence, a strategy would be to
switch from EM to GB if the convergence becomes slow. For the GB method, the
DDLC frame restricts the search space of the Levenberg-Marquardt concept, while
the unique linear least-squares fitting in the maximization step of the EM method
in Lemma 7.4 renders the DDLC superfluous. As a possible idea to increase the
convergence speed, the EM method could be equipped with regularization, DDLC,
and backtracking rules as the GB method. However, computing the backtracking
rule requires to evaluate the log-likelihood function Q() and, indirectly, simulating
the state-sequence for different model parameters to find an adequate step size.
Hence, it involves all iterations of the expectation-step to evaluate different step
sizes, while this computational resource could be used for the next iterate in the
EM paradigm (the backtracking for the GB method is required to obtain global
convergence). Alternatively, a simple “damped” step in the EM method could be
taken near the optimum, e. g., similar updating with a fixed α < 1 in (7.8). However, global convergence should be proven in such case and finding alternatives to
increase the convergence speed of the EM remains a topic for future research.
Algorithms are also compared with respect to their floating point operations
(FLOPs) per iteration. The amount of FLOPs in the GB method depend on
the amount of steps in the recursions involved in truncation, regularization, and
backtracking rules. Hence, comparing the variable amount of FLOPs of the GB
method to the fixed amount of FLOPs the EM methodology achieves is difficult.
The FLOPs for the EM method are given in Gibson and Ninness (2005, Table 1).
Gibson and Ninness have stated that standard
Gauss-Newton with DDLC leads

to a FLOP count of O max(nu , ny )n3x N and the EM leads to a FLOP count of
O(n3x N ) in the LTI case. For the enhanced Gauss-Newton method, we empirically
obtained comparable computational times with the EM for the same amount of
iterations (see Chapter 10), indicating that the enhanced Gauss-Newton does not
require significantly more FLOPs compared to the EM method.
The GB method requires that the innovation model (7.3) is asymptotically
stable for the current estimate, else an adequate search direction might not be
obtained. Current literature cannot guarantee that an adequate choice of K(p) with
an affine scheduling dependency can stabilize the predictor (7.3) for any possible
value of A(p). Therefore, the GB technique is limited to identification of systems
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with a stable predictor in the form (7.3). This restriction on the model is not
required for the EM algorithm, as the reconstruction of the state estimates by the
Kalman filter, Kalman smoother, and the one-lag covariance smoother for the EM
algorithm is proven to be stable even for an unstable model.
Both methods can obtain maximum likelihood estimates, if the data-generating
system in (7.1) has noise representation (7.2a) (with et ∼ N (0, σe2 Iny )) for the
GB or has the general noise representation (7.2b) for the EM scheme. Based on
Section 4.3, we want to point out that the associated noise models Hθ for the GB
and EM have different modeling capabilities and are not equivalent, even in the
asymptotic case, contrary to the LTI case. Therefore, the GB model set and EM
model set represent different behaviors BSS .
To conclude, both methods are nonlinear iterative optimization techniques and
cannot be used as stand alone methods without a proper initial estimate, as they
are prone to convergence to a local minima, see Lemmas 7.2 and 7.6. Such local
minima might not resemble the dynamics of the original data-generating system.
For example, Wills and Ninness (2008, Table III) show the number of failed model
identification iterations for inefficient initial estimates on an LTI-SS identification
problem. Hence, in Chapters 8 and 9, we will explore realization and subspace
schemes to identify an LPV-SS model by convex optimization and unique matrix
decomposition techniques, but without the maximum likelihood property. However,
these schemes can be used to provide a numerically efficient method to initialize GB
or EM methods. The efficiency of this combination will be shown in Chapter 10.

7.5

Conclusion

In this chapter, LPV identification in the PEM framework has been extended from
IO representations of Chapter 6 to the SS case. Applying the framework, a maximum likelihood LPV-SS estimate of the underlying system can be obtained.
The parametric LPV-SS model (7.1) with innovation noise (7.2a) is estimated
in Section 7.2 employing an enhanced Gauss-Newton method that includes: 1) an
automated strategy of regularization and SVD truncation on the Jacobian matrix to obtain a search direction, 2) an Armijo line search backtracking rule, and
3) lowering the dimension of the parameter space by using the DDLC frame. As a
contribution of this thesis, this LTI GB paradigm in Wills and Ninness (2008) is
extended to the LPV case. The main technical difference comes from the DDLC
frame. In the literature, the LPV DDLC is empirically shown to work well, however, in light of the identifiability notation of Theorem 5.6, the minimal injective
parameterization can be proven and, therefore, the use of the DDLC can be justified. In addition, global convergence of the GB method for the LPV model set
to a local minima is proven under some mild conditions. We have shown that the
obtained SS estimate is unbiased, has minimum variance, and it is asymptotically
normally distributed if the initial estimate is in the region of attraction of Iθo ,
et ∼ N (0, σe2 Iny ), and the true system is in the model set, i. e., So ∈ M . In case
et ∼ N (0, Ξ), the parameter estimate is unbiased and asymptotically normally
distributed, but not minimum variance.
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Section 7.3 describes the identification of the LPV-SS structure (7.1) with noise
model (7.2b) by utilizing the expectation maximization technique of Wills and
Ninness (2011). The EM algorithm consist of two steps in each iteration: 1) the
expectation step that involves a Kalman filter, Kalman smoother, and one-lag
covariance recursion, and 2) the maximization step that is performed by linear
least-squares fitting and a Cholesky factorization. As a contribution of the thesis,
we have extended the global convergence proof of the EM method from the bilinear
case to the LPV setting. The SS estimate from the EM method is unbiased,
minimum variance, and asymptotically normally distributed if the initial estimate
is in the region of attraction of Iθo .
The algorithmic differences between the GB and EM method are compared in
Section 7.4. Both methods can be used in a closed-loop identification setting and
their main difference can be found in the noise representation of the models that
the methods can identify. The GB identifies the innovation form, while the EM
identifies the general form. This is an important difference as these representations are not asymptotically equivalent. It is discussed that both the GB and EM
methods are nonlinear optimization techniques prone to local minima, where the
initial estimate should be in the region of attraction of Iθo . To provide an initial
seeding in the region of attraction of Iθo , we will explore realization and subspace
based techniques to obtain an initial LPV-SS estimate in Chapters 8 and 9. We will
see that applying these methods will result in an estimate that generally does not
qualify as a ML estimate. These estimates will be utilized as initialization for the
GB and EM algorithms to further refine them and reach ML efficiency as shown
in the simulation study in Section 10.4.

Chapter 8

State-space realization for basis
affine scheduling dependency

he nonlinear iterative SS identification methods of Chapter 7 require
efficient initial estimates to avoid undesired local minima. The objective of this chapter is to explore computational attractive LPV realization theory to transform an IO representation, e. g., an estimated IO
model, to an equivalent SS form with static, basis affine dependence on
the scheduling signal that could be used for initialization of the aforementioned methods. Section 8.2 defines three special IO structures that have
direct SS realizations without any additional computations, but they have
limited representation capabilities. To address the problem in a general
setting, LPV realization theory is introduced for the deterministic part of
the model dynamics as described in Section 8.3. Unfortunately, the resulting Ho-Kalman like realization scheme has an exponential computational
complexity and, as a contribution of this thesis, a basis reduced reformulation is introduced to decrease the computational complexity significantly
to “linear complexity” in Section 8.4. As a separate contribution of this
thesis, we present an LPV-SS model order reduction scheme in Section 8.3,
where the Galerkin projection is found by a computationally efficient modification of the Ho-Kalman scheme. This model order reduction method
offers an alternative to obtain the state-minimal realization of an identified
IO model or it allows to reduce the state dimension of the special IO structures with direct SS realization that trade high excessive state dimensions
for a simple realization scheme.

T
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Introduction

Within this thesis, the primary objective is to obtain an SS estimate of the underlying data-generating system So . The introduced direct SS methodologies are nonlinear problems in the optimization parameters, see Chapter 7. Obtaining a proper
initial seeding is key for these methods to converge to an adequate minimum. In
the LTI framework, realization theory based SS model estimation approaches have
proven to provide suitable estimates in many cases, which can be used for seeding
ML refinement methods as discussed in Chapter 7. These so-called subspace identification (SID) methods identify an IO model that corresponds to the data-equation
associated with the to-be-estimated SS model. From this IO model, an SS realization is obtained by employing realization theory based on matrix decomposition
techniques. The advantage of these schemes compared to the methods discussed in
Chapter 7 is that the first step is based on convex optimization, often with analytical solutions, and the second step corresponds to solving algebraic problems with
efficient numerical techniques like, SVD, QR decomposition, etcetera. Due to the
success of these approaches, various extensions of SIDs have been proposed in the
global LPV identification setting (see Chapter 1). Unfortunately, in the LPV case,
these approaches suffer heavily from the curse of dimensionality and can result in
ill-conditioned estimation problems with overwhelming computational and memory
needs for real-world applications, e. g., van Wingerden and Verhaegen (2009, Table
1). Due to these problems, the advantages offered by SID in the LTI case are lost
in their LPV extension.
To take a fresh look at the problem, in this chapter, we start by re-visiting LPV
realization theory for the process model without considering any noise representation. We aim at novel reformulation of the realization step that decreases the computational complexity. These results will be essential for stochastic-deterministic
SID methods to increase their computational efficiency in Chapter 9. Hence, in this
chapter, the main focus is on transforming an IO from into its equivalent, jointly
state-minimal SS representation of the following form
xt+1 = A(pt , θ)xt + B(pt , θ) ut ,

(8.1a)

yt = C(pt , θ) xt + D(pt , θ)ut ,

(8.1b)

where all signals u, p, xd , y as in (2.22) and the parameterized matrix coefficient
functions A(), . . . , D() as in (5.54) with θ = θg where θ ∈ Θ ⊆ Rnθ with nθ =
(1 + nψ )(n2x + nx nu + ny nx + ny nu ).
In line with the LTI case, the state-minimal LPV realization problem of the behavior BdSS associated to (8.1) has non-unique solutions. Based on Section 5.3.2, we
define the following equivalence set for state-minimal LPV-SS representations (8.1)
with static, basis affine dependency structure
n
o
Iθg = θ0
∃T ∈ Rnx ×nx s.t. rank(T ) = nx and θ0 = Sg (θ, T ) ,
(8.2)
where the manifold Sg is defined in (5.60). Note that Iθg defines the complete set
of state-minimal isomorphic parameterizations of the SS representation (8.1) see
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Lemma 2.6. The main objective of the chapter is to find the realization θ that
lies within θ ∈ Iθgo , where θo contains the “true” parameters associated with a
state-minimal SS representation of the system So . In this chapter, we rely on the
following assumption:
A8.1 The state-minimal SS representation with static, basis affine dependency
structure of the system So is structural state-observable and structural
state-reachable in terms of Lemma 2.7.
Assumption A8.1 is a reasonable assumption, because unobservable modes in the
system So are not identifiable. Similarly, unreachable modes of the system So are
captured in the initial condition and they asymptotically converge to zero due to
the assumed stability.

8.2

Direct IO to SS realizations

As a first step, we start exploring general LPV realization theory to transform any
IO representation into an SS form. An LPV-SS representation of the underlying
system or model can be obtained from an LPV-IO representation by finding the socalled state-map, see Tóth (2010, Section 4.3) or Tóth et al. (2011b). The state-map
is found by the cut-and-shift procedure and, with the state-map found, a realization
is obtained by solving a set of polynomial equations in the shift operator q. The
realization procedure is guaranteed to result in a state-minimal SS representation,
however, the dependency structure of this realization can have arbitrary complexity,
i. e., the resulting matrix coefficient functions A, . . . , D can be any real meromorphic
functions in R ·×· . The complete realization scheme is not given here, however, we
provide two examples for illustration.
Example 8.1 (Principle idea of the cut-and-shift procedure) Let us assume the following
SISO LPV-IO representation of the underlying system
yt + pt yt−1 + (1 − pt )yt−2 = ut + (1 + pt )ut−1 .

(8.3)

The state variable is chosen such that it contains all lagged signals of the input and output, e. g.,
[1]

yt = xt + ut ,

where

[1]

xt = −pt yt−1 − (1 − pt )yt−2 + (1 + pt )ut−1 .

(8.4)

The state-equation for the first state reads as
[1]

[2]

xt+1 = −pt+1 yt − (1 − pt+1 )yt−1 + (1 + pt+1 )ut = −pt+1 yt + xt + (1 + pt+1 )ut ,
where the second state x[2] is again chosen to contain all past signals of the input and output.
Hence, we have cut away the parts of the equation where the time is not aligned with our IO
variables or the state-equation and put the remaining terms in a new state variable, aligning
time, that is shifted in time to formulate an additional state-equation. This procedure is repeated
recursively till the last state-equation, where all signal variables are finally shifted to the timeinstance t. The resulting state-equations are
[1]

[2]

[2]

xt+1 = −pt+1 yt + xt + (1 + pt+1 )ut ,
The output variable is removed from the states x[1] , x[2] by
of (8.4). The resulting realization is



−pt+1
(A  p)t (B  p)t
=  −1 + pt+2
(C  p)t (D  p)t
1

xt+1 = −(1 − pt+2 )yt .
[1]

employing the relation yt = xt + ut
1
0
0


1
−1 + pt+2  .
1

(8.5)
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Next, the general cut-and-shift procedure of Tóth (2010) is demonstrated to obtain
a companion-observability canonical form:
Example 8.2 (Cut-and-shift procedure for canonical forms) (Tóth 2010, Section 4.3) Let
us assume the following IO representation of the underlying system
pt yt + (1 − pt )yt−1 + (1 + pt )yt−2 = ut−2 ,

(8.6)

which, from the behavioral point of view, is equivalent to the following Kernel form





 yt

 yt
pt+2 q 2 + (1 − pt+2 )q + (1 + pt+2 ) −1
= 0,
= Ry (q) −Ru (q)
ut
ut

(8.7)

where Ry , Ru ∈ R[q]. To obtain a companion-observability canonical form of (8.7), the first step
is to establish a state-map. The state-map of (8.7) associated with this type of canonical form is
constructed by direct application of (Tóth 2010, Eq. 4.58), and results in
"
#
q+ p1 −1 0
t+1
X(q) =
.
(8.8)
1
0
In the second step, the following set of polynomial equations in the shift operator q should be
solved (Tóth 2010, Eq. 4.45):
# 
# 
"

"
 
q2 + p 1 q − q 0
q+ p1 −1 0
α11 α12
0 β1
Xu1 (q)
t+2
t+1
=
+
R(q),
+
α21 α22
0 β2
Xu2 (q)
q
0
1
0
|
|
{z
}
{z
}
{z
}
{z
}
|
|
A

qX(q)



1

|

0
{z

Sy


}

=



γ1

|

γ1
{z
C

BSu

X(q)

"


q+

1
pt+1

−1

1

}
|

{z

X(q)

0
0

#
+


|

}

0


δ1 +Xy (q)R(q),
{z
}

DSu



0 1
and Sy =
where α11 , . . . , δ1 ∈ R and Xu1 , Xu2 , Xy ∈ R[q] are unknown, Su =


0 1
are the selection matrices corresponding to the input-output partition (following the
notation of Tóth (2010)). From the set of equations, it follows that
1
− 1,
pt+2
1
=−
+ 1,
pt+1
1
=
,
pt+2

1
,
pt+2

α11 = 0,

α12 = −

β1 =

α21 = 1,

α22

β2 = 0,

γ2 = 1,

δ1 = 0,

Xu1

Xu2 = 0,

Xy = 0,

resulting in the companion-observability canonical form

0 −p 1 − 1


t+2

(A  p)t (B  p)t
=
1 −p 1 + 1

t+1
(C  p)t (D  p)t
0
1

γ1 = 0,

1
pt+2

0



.


(8.9)

0

The constructed canonical form is complete state-observable, structurally state-reachable, and
state-minimal (Tóth 2010, Claim 4.1).

Examples 8.1 and 8.2 demonstrate that affine IO representations (8.3) and (8.6)
with static and affine dependence will lead to an SS form (8.9) and (8.9) with
rational, dynamic dependence on the scheduling signal. However, enforcing static,
basis affine dependence of the SS form is not straightforward.
The majority of the control synthesis methods requires an SS form with static,
basis affine dependence on the scheduling signal. The focus of this chapter is to investigate these realization schemes that result in this specific dependency structure.
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The problem will be tackled the other way around compared to the cut-and-shift
procedure. We will determine the behavior-equivalent LPV-IO representation of
an SS representations with static, basis affine dependency. From these specific IO
forms, we try to return to its equivalent SS form. In the remainder of this section,
we will consider specific LPV-IO representations that have direct SS realization
with static, affine dependency structure. We will show that by introducing a seriously large state dimension it is possible to capture the dependency structure of
the IO representations completely. In Section 8.3, we will consider the realization
problem for the general case, also aiming at state-minimality.
In Tóth et al. (2012a), it is shown that there exists specific LPV-IO representations that have direct SS realization, which are often state-minimal, without
dynamic dependency on the scheduling signal. Contrary to Tóth et al. (2012a),
the realization presented here is provided in the MIMO case, however, extending
from SISO to MIMO is rather straightforward. In the MIMO case, these direct
realizations are not guaranteed to be state-minimal, while in the SISO case the
shifted and observability forms provide a minimal realization. To overcome this
problem, a model order reduction scheme is presented in Lemma 8.3 that can attain a state-minimal realization preserving the static and basis affine structure.
The three forms based on Tóth et al. (2012a); Tóth (2013) are presented in the
sequel.

Shifted Form
Assume that the underlying data-generating system is in the following LPV-IO
form
nb
na
X
X
ai (pt−i )yt−i = b0 ut +
bj (pt−j )ut−j ,
(8.10)
yt +
i=1

j=1

where b0 ∈ Rny ×ny , ai : P → Rny ×ny , and bj : P → Rny ×nu depend statically
on the scheduling signal. The simple cut-and-shift procedure of Example 8.1 can
be applied to obtain a realization with static, basis affine dependency, due to the
special dynamic dependency structure of ai and bj . Take the following output- and
state-equations
h
[1]
[1] >
yt = xt + b0 ut ,
xt =
xt
 [i+1]
[i]
xt
−ai (pt )yt + bi (pt )ut ,
xt+1 =
−ai (pt )yt + bi (pt )ut ,

...

[n] >

xt

i>

,

if i < n,
if i = n,

where n = max(na , nb ), ai (pt ) ≡ 0 for i > na , bi (pt ) ≡ 0 for i > nb , and xt ∈
Rny n is the state. Important is to remark that the state- and output-equations
have static and basis affine dependence on the scheduling signal, while the IO
representation (8.10) has dynamic dependency. Using the output-equation, yt can
[i]
be eliminated from the state-equation xt+1 . The resulting SS representation is (for
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notational simplicity take na = nb )


−a1 (p)

..

.
 


..
A(p) B(p)
=
.

C(p) D(p)
 −an −1 (p)
a

 −ana (p)
I nu

Iny

0
..
.

0
..
.

..

.
0
0
···

0
0
0


··· 0
b1 (p) − a1 (p)b0

.
..
..

. ..
.


.
.
..
..
. (8.11)
. ..

· · · Iny bna −1 (p) − ana −1 (p)b0 

··· 0
bna (p) − ana (p)b0 
··· 0
b0

Hence, if the coefficient functions ai , bj in (8.10) have basis affine dependency on
the scheduling signal, i. e.,
ai (p) = ai,0 +

nψ
X

[l]

ai,l ψ (p),

bj (p) = bj,0 +

l=1

nψ
X

bj,l ψ [l] (p),

(8.12)

l=1

where ψ [l] : P → R, ai,l ∈ Rny ×ny , bj,l ∈ Rny ×nu , then state-space representation (8.11) has a static and basis affine dependency structure. Although, the IO
form (8.10) has dynamic dependency on the scheduling signal, due to the cut-andshift procedure, this special dependency structure it will lead to a state-space representation with static dependency. Therefore, this IO model is called the shifted form
(SF) (Tóth et al. 2012a). The affine dependency structure in (8.11) is preserved
by assuming b0 to be parameter independent and ai , bj to have affine dependency
on the scheduling signal (8.12). This form is state-minimal in the class of SISO
representations with static, basis affine dependency structures. In the MIMO case,
joint minimality can be achieved by applying the model order reduction scheme of
Lemma 8.3.

Observability Form
Another special IO structure is the following
yt +

na
X

(8.13)

ai (pt−na )yt−i = bna (pt−na )ut−na ,

i=1

where ai : P → Rny ×ny and bna : P → Rny ×nu are again statically dependent on
the scheduling signal. Take the following state-bases
[1]

[i]

[i+1]

yt = xt and xt+1 = xt

→

[i+1]

xt

[i]

= xt+1 = yt+i

for i = 1, . . . , na .

Then, shifting (8.13) forward in time with na instances results in
[n ]

a
xt+1
=−

na
X
i=1

[i]

ai (pt )xt + bna (pt )ut−na .
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>
Construct the full state as xt = [ (x[1]
t+1 )
the following SS realization




A(p) B(p)
C(p) D(p)







=





[na ] > >
(xt+1
) ] ∈ Rny na to arrive to

...

···
..
.
0
..
.. ..
.
.
.
0
··· 0
−ana (p) −ana −1 (p) · · · · · ·
I ny
0
··· ···
0
..
.
..
.
0

Iny

0
..
.

0
..
.
..
.
I ny
−a1 (p)
0

0
..
.
..
.
0
bna (p)
0






. (8.14)





The state transformation is based on the realization theory of observability canonical forms and, therefore, (8.14) is referred to as the observability form (OF) (Tóth
2010). The realization has static, basis affine dependency if ai , bj are basis affine as
in (8.12). Due to its construction, (8.14) is minimal in the SISO case and, for the
MIMO case, a minimal form is obtained via construction the basis of its observability matrix following Young’s selection scheme II, see Tóth (2010, Sec. 4.1.1)
for more details, or via the model order reduction scheme of Lemma 8.3.

State extended form

The third and last special IO structure that will be considered is

yt +

na
X

ai (pt )yt−i =

i=1

nb
X

(8.15)

bj (pt )ut−j ,

j=0

where ai : P → Rny ×ny and bj : P → Rny ×nu are statically dependent on the
scheduling signal. Then, the following output and state-equations can be taken:
[k]

[1]

xt+1 = yt ,
[na +1]
xt+1

[k−1]

xt+1 = xt
[na +l]
xt+1

= ut ,

=

for k = 2, . . . , na ,

= yt−k+1 ,

[n +l−1]
xt a

= ut−l+1 ,

for l = 2, . . . , nb .

These states are past values of the inputs and outputs, hence, (8.15) can be rewritten as
[1]

yt = xt+1 = −

na
X
i=1

[i]

ai (pt )xt +

nb
X
j=1

[j+na ]

bj (pt )xt

+ b0 (pt )ut .
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[n]
>
Construct the full state as xt = [ (x[1]
. . . (xt )> ]> ∈ Rny na +nu nb with
t )
n = na + nb , then the resulting SS form of (8.15) is




A(p) B(p)
=
C(p) D(p)

−a1 (p) · · · −ana −1 (p) −ana (p) b1 (p)
 I ny
0
···
···
···


..
.
.
.
..
.
.
.

.
.
.
.
.

 0
.
.
.
I
0
0
ny

 0
...
0
0
0

 0
.
.
.
0
0
I
nu


..
..
..
..

.
.
.
···
.

 0
···
···
···
···
−a1 (p) · · · −ana −1 (p) −ana (p) b1 (p)

· · · bnb −1 (p) bnb (p) b0 (p)
···
···
0
0
..
..
..
..
.
.
.
.
0
...
0
0
0
...
0
Inu
0
...
0
0
..
..
..
.
.
.
0
···
I nu
0
0
· · · bnb −1 (p) bnb (p) b0 (p)









. (8.16)








Eq. (8.16) is referred to as the state extended form (EF), because the state is an
extension of all past inputs and outputs. Note that the IO model of the EF in (8.15)
has no structural restrictions and an IO form with static, basis affine dependency
results in an SS representation with again static, basis affine dependency. However,
this directly realized ß form (8.16) has a higher state order compared to the SF or
OF forms and it can be non-state minimal. Hence, a model order reduction scheme
of Lemma 8.3 can be applied to find the minimal state order under the considered
basis affine dependency structure.
By examining the SF (8.10) and OF (8.13) forms, it is obvious that they can
only capture a restrictive set of behaviors, while the EF (8.15) form represents a
general IO model with static, basis affine dependency. On the other hand, the
realization of the EF form comes at the expense of an significantly increased state
dimension. Together with Example 8.1, this leads us to an interesting question: Is
there a trade-off between state order and complexity of the dependency structure?
We aim at exploring this question in the next section.
Trade-offs of minimality
Surprisingly, in the LPV modeling framework there seems to be trade-off between
allowing more complex dependency structures with smaller state order nx or simplified dependency structures with increased state order nx . This property has
been demonstrated in Example 4.1, however, we will continue the discussion here.
The state-minimal order of the state-space representation can be different if we
consider different classes of dependency, e. g., affine functional class compared to
rational functional class. However, SS representations from different classes with
different state orders can be equivalent in therms of their associated behavior B
(see Lemma 2.2). These concepts also holds for the direct realizations presented.
For example, the realization in Example 8.1 Eq. (8.9) contains dynamic dependency
with a state dimension of nx = 2, while employing the EF form in (8.16) would
lead to static dependency with nx = 3. In general, to eliminate dynamic and/or
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rational dependency in the resulting SS form we reformulate Lemma 2.2 as 1




A 0
B
0
0
(M1  p)A (p)(M2  p) =
 p, (M1  p)B (p) =
 p,
∗ ∗
∗
(8.17)




←
−
C 0 (p)(M2  p) = C 0  p,
In0x = M 1 M2  p.
Hence, to eliminate the dynamic dependency, the objective is to find a
0
0
0
0
M1 ∈ R nx ×nx , M2 ∈ R nx ×nx , and A0 (p), . . . , C 0 (p) with state dimension n0x
that solves (8.17). To find a solution to (8.17), symbolic methods can be
applied where M1 and M2 need to be appropriately parameterized. To keep the
computational complexity low, an iterative method can be applied with in each
step increasing functional complexity of M1 and M2 and/or increasing state order
n0x of S 0 until a solution is found. Unfortunately, uniqueness and existence of the
solution is not guaranteed and a detailed analysis remains for future research.
Estimating the SF (8.10), OF (8.13), and EF (8.15) models comes at a significant lower computational cost compared to the realization and subspace schemes
presented in Section 8.3 and Chapter 9, respectively. As a downside, the SF (8.10)
and OF (8.13) forms are more restrictive in their corresponding behavior, compared
to the EF (8.15) structure. On the other hand, the realization of the EF form comes
at the expense of an significantly increased state dimension. In addition, the three
forms are not guaranteed to be state-minimal in the MIMO setting. In Section 8.3,
methodologies are presented to obtain a state-minimal representation or to find a
more economically sized approximation for control synthesis. These concepts are
applied to the stochastic setting in Chapter 9.

8.3

Deterministic LPV-ß realization

The direct realization approaches in Section 8.2 consider a restrictive set of LPV-SS
representations or the realization comes at the expense of a significantly increased
state dimension. To obtain a state-minimal representation or to find a more economically sized approximation, a more involved methodology is employed in this
section. We are interested in finding the realization θ that lies within θ ∈ Iθgo
defined in (8.2), where θo contains the parameters of the data-generating SS representation (8.1). In this section, we focus on obtaining a realization of the process
dynamics, i. e., the deterministic case. This case is important as we are mainly
interested in capturing these dynamics of the data-generating system and often it
is sufficient for initialization of the schemes discussed in Chapter 7. These concepts will be further used as a stepping stone towards accomplishing stochastic
realization of the system description including a noise model in Chapter 9.
In order to obtain a realization of the underlying representation (8.1) from
its IIR form (see Section 4.4), the LPV counterpart of the deterministic LTI HoKalman realization algorithm (Ho and Kalman 1966) is employed, which has been
introduced in (Abbas 2010; Tóth et al. 2012a). A rigorous proof on the existence
1 Eq.

−
→†
(8.17) connects to Lemma 2.2 as T = M1 and T = M2 .
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of the IIR and its corresponding SS realization are given in Petreczky et al. (2017).
To this end, let us restate some fundamental equations from Section 2.2.2 to be
used in this section. The representation (8.1) can be equivalently expressed as (for
i, j > 0)
j
Y

"
xt =

Rj Mt,j ūjt

+

#
(8.18a)

A(pt−i ) xt−j ,

i=1

(8.18b)

ȳit = Nt,i Oi xt + (Li  p)t ūti ,
where



ut−1


ūjt =  ...  ,
ut−j





yt
..
.


ȳit = 



ūti = 


,

yt+i−1



ut
..
.


,

ut+i−1

(Li  p)t =


Dt
0
0

C
B
D
0
t+1
t
t+1


C
A
B
C
B
D
t+2
t+1
t
t+2
t+1
t+2


..
..
..

.
.

" .
#
"
#
"
#

i−1
i−2
i−3
Q
Q
Q

Ct+i−1
At+i−j Bt Ct+i−1
At+i−j Bt+1 Ct+i−1
At+i−j Bt+2
j=2

j=2

...
...
...
..
.

0
0
0
..
.

. . . Dt+i−1






,





j=2

with the shorthand notations At , . . . , Dt for A(pt ), . . . , D(pt ) and
Kt|j = ψ̃t ⊗ . . . ⊗ ψ̃t−j ⊗ Inu ,


Mt,j = diag Kt−1|0 , . . . , Kt−1|j−1 ,
Define the following matrices


M 1 = B 0 · · · B nψ ,

Mk =

>
Lt|i = ψ̃t> ⊗ . . . ⊗ ψ̃t+i
⊗ Iny ,

Nt,i = diag Lt|0 , . . . , Lt|i−1 .



A0 Mk−1

···

then the j-step extended reachability matrix is given as


Rj = M1 · · · Mj ,
where Rj ∈ Rnx ×(nu
trix, define

Pj

l=1 (1+nψ )


>
N1 = C0> · · · Cn>ψ
,

l

Anψ Mk−1



(8.19)

,

(8.20)

(8.21)

) . Analogously to the extended reachability ma
>
Nk = (Nk−1 A0 )> · · · (Nk−1 Anψ )> , (8.22)

then the i-step extended observability matrix is given as
Oi =



N1> · · · Ni>

>

,

(8.23)
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i
l
where Oi ∈ R(ny l=1 (1+nψ ) )×nx . Combining the fundamental equations given
in (8.18) result in the following deterministic data-equation:

P

"
ȳit

=

Nt,i Oi Rj Mt,j ūjt

+ (Li 

p)t ūti

+ Nt,i Oi

j
Y

#
A(pt−i ) xt−j .

(8.24)

i=1

The fundamental data-equations given in (8.18) and (8.24) are based on the underlying SS relations. The goal is to obtain the system matrices and, inherently,
construct a state-basis of the state. To this end, the state-basis should be observable from the behavior BdSS . The behavior BdSS of the SS representation is uniquely
captured by its corresponding IIR form, see Section 4.4, which can be exploited to
accomplish the realization similar to the LTI case. From its IIR representation, an
SS from is realized. To obtain a reconstructable state-basis, it is a necessity that the
extended observability and reachability matrices are of full rank, see Lemma 2.7.
However, the individual elements in these matrices are not represented within the
IIR, but the product between the observability and reachability is represented by
the sub-Markov parameters (the products Ci Aj · · · Ak Bl see (4.28)). More specifically, the product of these matrices is known as the extended Hankel matrix of (8.1)
and it can be defined as
Hij = Oi Rj ,
(8.25)
j
i
l
l
where Hij ∈ R(ny l=1 (1+nψ ) )×(nu l=1 (1+nψ ) ) . The entries of the Hankel matrix
are the sub-Markov parameters and they can be directly read out from the IIR.
This Hankel matrix is the key of the realization problem as it has the following
property:

P

P

Lemma 8.1 (Existence of a realization) Given an LPV system S with an
IIR representation (2.16). The system S has an SS representation with static,
basis affine dependency (2.23), involving the linearly independent basis functions
nψ
{ψ [i] }i=0
on P with ψ [0] =1, if and only if the IIR has a multi-linear dependency
nψ
structure (4.28) with the basis {ψ [i] }i=1
and Hij constructed from the corresponding
sub-Markov parameters satisfies
sup rank(Hij ) = nx < ∞.
i,j≥1

Furthermore, nx is the state dimension of any jointly minimal LPV-ß realizanψ
tion (2.22) of S with static, basis affine dependency (2.23) using {ψ [i] }i=1
.

Proof: See the proof in Petreczky et al. (2017, Theorem 3).



The result in Lemma 8.1 is not surprising, as an SS representation is structurally
observable and reachable if and only if rank(Onx ) = nx and rank(Rnx ) = nx
(Lemma 2.7). With Lemma 8.1 it can be verified if a given SS representation with
basis affine dependency is jointly state-minimal. Hence, let’s verify joint stateminimality of Example 8.1 by the state extended form.
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Example 8.1 (cont’d) The IO representation (8.3) has the following state extended form:


−pt −(1 − pt ) 1 + pt 1



1
0
0
0 
A(pt ) B(pt )
.
(8.26)
=
 0
0
0
1 
C(pt ) D(pt )
−pt −(1 − pt ) 1 + pt 1
Let us verify state minimality

1 1 0 −1
1
R3 =  0 1 0
1 0 0
0

of the affine model (8.26). See that


0 0 0
0
−1

0 0 0
1
,
O2 =  −1
0 0 0
1
1

−1
0
0

0
0
0

1
1
−1

>
1
−1  ,
−1

where R3 is constructed by excluding B1 . The extended Hankel matrix is
1
 0

 −1
=
 0
 0
0


H23

−1
0
−1
0
2
0

0
0
0
0
0
0

−1
2
1
0
0
−2

0
0
0
0
0
0

0
0
0
0
0
0

0
0
0
0
0
0

>



 ,



rank(H23 ) = 3.

By direct application of Lemma 8.1, it is concluded that the minimal state dimension of (8.26)
is three under the considered basis affine dependency structure.

As known from the LTI case, Lemma 8.1 implies that the extended Hankel
matrix can be used to find a minimal SS representation of the underlying system.
For this purpose, the Ho-Kalman like realization scheme of Tóth et al. (2012a) can
be used. Define the following shifted Hankel matrix


←
−
H ij = Oi A0 . . . Anψ (I1+nψ } Rj ),
(8.27)
where the block-wise Kronecker product } is defined as


(I1+nψ } Rj ) = I1+nψ ⊗ M1 . . . I1+nψ ⊗ Mj .
With the construction of the Hankel matrix (8.25) and the shifted Hankel matrix (8.27), a minimal realization of the underlying system is found via Lemma 8.2.
Lemma 8.2 (Ho-Kalman scheme for LPV representations) Take i, j > 0
such that rank(Hij ) = nx and compute the SVD
(8.28)

Hij = U S̃V > .

Denote by Unx , Vnx the first nx columns of the matrices U ,V , respectively and by
S̃nx the upper nx × nx matrix of S̃. Consider the matrices



−
†←
†
Â0 . . . Ânψ = Ôi H ij (I1+nψ } R̂j ), B̂0 . . . B̂nψ = (R̂j )[:,1:nu (1+nψ )] ,
h
i>
(8.29)
Ĉ0> . . . Ĉn>ψ = (Ôi )[1:ny (1+nψ ),:] ,


−1/2

with R̂j = S̃nx Vn>x , Ôi = Unx S̃nx and the pseudo-inverses R̂†j = Vnx S̃nx
1/2

−1/2

S̃nx

1/2

, Ôi† =

Un>x . Subscript [:, 1 : nu (1 + nψ )] indicates the selection of the first nu (1+nψ )
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rows and [1 : ny (1 + nψ ), :] the first ny (1+nψ ) columns. The matrices (8.29) give a
jointly state-minimal LPV-SS representation of So (8.1) under an affine dependency
structure (2.23), i. e.,

θ = vec{Â0 }> . . . vec{Ĉnψ }>

vec{D0 }> . . . vec{Dnψ }>

>

∈ Iθgo . (8.30)


Proof: See Appendix A.6.



Unfortunately, the Hankel matrix Hij in Lemma 8.2 grows exponential in the i
Pi
Pj
and j parameter and polynomial in nψ , i. e., (ny l=1 (1+nψ )l )×(nu l=1 (1+nψ )l ).
Note that, i and j are needed to be chosen large enough, such that rank(Hij ) = nx
is satisfied. This means that memory limits of a computer can quickly play a role
in computing the above given scheme for even moderate scale systems. Additionally, the realization scheme is conceptually applicable to unstable systems, however,
high powers of A0 , . . . , Anψ may result in a badly conditioned Hankel matrix making numerrically accurate computation of the realization challenging. In the next
sections, we present two modifications of the Ho-Kalman scheme in Theorem 8.1
and Lemma 8.3 to decrease its computational complexity by a basis reduced realization scheme or for the application of model order reduction, respectively.

8.4

The basis reduced Ho-Kalman realization

The size of the i-step extended observability Oi and j-step extended reachability
Rj matrices in the realization method Lemma 8.2 grow exponentially in i, j and
grow polynomially in the scheduling dimension nψ . The utilized extended Hankel
matrix (8.25) has many repetitive elements. To illustrate this, take nψ = 0 where
the Hankel matrix Hi,j is given as


C0 B0
C0 A0 B0 C0 A20 B0 . . .
 C0 A0 B0 C0 A20 B0 C0 A30 B0 . . . 


Hi,j =  C0 A2 B0 C0 A3 B0 C0 A4 B0 . . .  .
0
0
0


..
..
..
..
.
.
.
.
To make adequate use of the repetitive property, a basis reduced realization scheme
is presented in this section, as a contribution of this thesis, where only the nonrepetitive parts of the extended Hankel matrix are selected. This principle drastically decreases the computational load, compared to the full realization scheme
of Ho and Kalman (1966); Tóth et al. (2012a). The proposed scheme does not depend on any approximations, hence, it is an exact, deterministic realization scheme.
To indicate which sub-Markov parameters are selected, we need to introduce
[Ivs ]n as the set of all n-length sequences of the form (i1 , . . . , in ) with i1 , . . . , in ∈ Ivs .
The elements of Ivs will be viewed as characters and the finite sequences of elements
of Ivs will be referred to as strings. Then [Ivs ]n is the set of all strings containing
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 n n
exactly n characters. The string α ∈ I0 ψ 0 is called a “selection” with n ≥ 0 where
 nψ n
 n n
n
I
= {} ∪ I0 ψ ∪ . . . ∪ I0 ψ and  denotes the empty string. As an example,
 10 2 0
I0 0 = {, 0, 1, 00, 01, 10, 11}. Define by #(α) the amount of characters of a single
string. Applying a sequence α will give the ordering of multiplication of matrices
nψ
{Ai }i=0
, which for #(α) ≥ 1, is defined by
#(α)

Aα =

Y

(8.31)

A[α]i = A[α]1 A[α]2 · · · A[α]#(α) ,

i=1

where [α]i denotes the i-th character of the string α. Note that A = I. To
characterize a single sub-Markov parameter, the (i, j)-th element of the matrix
Cγ Aα Bβ ∈ Rny ×nu is denoted by
[j]

(8.32)

Cγ[i] Aα Bβ ,

which corresponds to the (i, j)-th element of the matrix Cγ Aα Bβ ∈ Rny ×nu for
n
n
n
[j]
[i]
α ∈ [I0 ψ ]n0 , β ∈ I0 ψ , γ ∈ I0 ψ with Cγ the i-th column of Cγ and Bβ the j-th row
of Bβ . Based on the above defined notation, a selection of the extended reachability
matrix (8.21) is denoted by

ς = (α1ς , β1 , j1 ), . . . , (αnς r , βnr , jnr ) ,
(8.33)


n n
n
where α1ς , . . . , αnς r ∈ I0 ψ 0 , β1 , . . . , βnr ∈ I0 ψ , and j1 , . . . , jnr ∈ In1 u . Using this
basis, a sub-matrix of the extended reachability matrix is selected, defined by
h
i
[j ]
Rς = Aας1 Bβ[j11 ] · · · Aαςnr Bβnnr
,
(8.34)
r

where Rς ∈ Rnx ×nr and [jk ] denotes the jk -th column of Bβk for k = 1, . . . , nr . For
example, the basis selection given by
ς = {(, 0, 1), (3, 2, 1), (032, 1, 3)} ,
results in the sub-matrix of the extended reachability matrix given by
i
h
Rς = B0[1] A3 B2[1] A0 A3 A2 B1[3] .
Analogously, a basis of the extended observability matrix (8.23) is selected by

ν = (i1 , γ1 , α1ν ), . . . , (ino , γno , αnν o ) ,
(8.35)
 n n
n
n
where α1ν , . . . , αnν o ∈ I0 ψ 0 , γ1 , . . . , γno ∈ I0 ψ , and i1 , . . . , ino ∈ I1 y . This defines
the sub-matrix of the extend observability matrix as
Oν =

 

[i ]
Cγ11 Aαν1

>

···



[i ]
Cγnnoo Aανno

> >

,

(8.36)

where Oν ∈ Rno ×nx and [ik ] denotes the ik -th row of Cγk for k = 1, . . . , no . It is
important that the selected basis are informative to attain a realization. Based on
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the structural observability and reachability concept in Lemma 2.7, the sets ς and
ν are informative when rank(Rς ) = nx , rank(Oν ) = nx , and, hence, rank(Oν Rς ) =
nx . If this condition is satisfied, then we call the selection ς and ν a basis selection.
For such case, define
Hν,ς = Oν Rς , Hν,ς,k = Oν Ak Rς ,
Hν,k = Oν Bk ,

(8.37)

Hk,ς = Ck Rς ,

where Hν,ς ∈ Rno ×nr , Hν,ς,k ∈ Rno ×nr , Hν,k ∈ Rno ×nu and Hk,ς ∈ Rny ×nr . Note
that the sub-Hankel matrices Hν,ς , Hν,ς,k , Hν,k , and Hk,ς in (8.37) are composed
of specific sub-Markov parameters from the IIR in (2.16).
Theorem 8.1 (Basis reduced Ho-Kalman realization) Define a basis selection ς, ν with nr , no ≥ nx and rank(Hν,ς ) = nx . Compute the SVD
(8.38)

Hν,ς = U S̃V > .

Denote by Unx , Vnx the first nx columns of the matrices U ,V , respectively and S̃nx
the upper nx by nx matrix of S̃. Consider the matrices
Âk = Ôν† Hν,ς,k R̂†ς ,

B̂k = Ôν† Hν,k ,
−1/2

(8.39)

Ĉk = Hk,ς R̂†ς ,
−1/2

n

and Ôν† = S̃nx Un>x for k ∈ I0 ψ . The
with the pseudo-inverses R̂†ς = Vnx S̃nx
matrices (8.29) give a jointly state-minimal LPV-SS representation of So (8.1)
under an affine dependency structure (2.23), i. e.,

θ = vec{Â0 }> . . . vec{Ĉnψ }>

vec{D0 }> . . . vec{Dnψ }>

>

∈ Iθgo . (8.40)


Proof: Due to the construction of the sub-Hankel matrices (8.37), the proof can
be found by equivalent arguments as Lemma 8.2.

This bases reduced realization of Theorem 8.1 can considerably decrease the
size of the Hankel matrix and, therefore, reduce the computational load, compared
to realization with the full Hankel matrix of Lemma 8.2. In the basis reduced
realization,
applied on a no × nr matrix instead of a matrix with
Pi the SVD is onlyP
j
size ny l=1 (1 + nψ )l × nu l=1 (1 + nψ )l in the full realization case. Note that
no , nr = nx in the ideal case, hence, this is the computational lower-bound that
can be achieved. The amount of sub-Markov parameters in (8.37) is no nr + (1 +
nψ )(no nr +no nu +ny nr ), which increases linearly in all parameters nψ , nr , no , nu , ny ,
Pi
Pj
compared to ny l=1 (1 + nψ )l · nu l=1 (1 + nψ )l , which grows exponentially with
increasing i and j and polynomially with increasing nψ . To illustrate, the SS
realization with input/output dimension ny = nu = 2, state dimension nx = 4,
and scheduling dimension nψ = 5, the full Hankel matrix H2,2 has 7056 elements,
while the sub-Hankel matrices for nr = no = 10 have only 940 elements.
In case the Hankel matrix (8.25) and the shifted Hankel matrix (8.27) (for
Lemma 8.2) or the sub-Hankel matrices (8.37) (for Theorem 8.1) are filled with
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estimated sub-Markov parameters, the state order nx can be chosen based on the
magnitude of the singular values S̃nx , i. e., an approximate realization (e. g., see
Kung 1978). Due to the variance of the estimated sub-Markov parameters, the
singular values s̃i in S̃ for i ≥ (nx + 1) will have a nonzero value, but usually
with a much lower magnitude compared to the first nx singular values. Hence, a
gap in magnitude can be noticed between the nx -th and the (nx + 1)-th singular
values, which is widely exploited in LTI subspace identification methods to determine the state order (Van Overschee and De Moor 1996; Verhaegen and Verdult
2007). Similarly, in the LPV case, due to Lemma 8.1, the decomposition of the
extended Hankel matrix or the sub-Hankel matrices also provides an efficient way
to determine the state order of the realization. Hence, the state order for the SS
realization of an estimated IO model can be determined in a data-driven way. The
efficiency of the basis reduced scheme is compared to other subspace schemes on a
simulation example in Section 10.4.
The basis reduced realization scheme is less suitable for model order reduction, if
an LPV-SS realization is already available. In such case, the search for an adequate
bases and the construction of the sub-Hankel matrices can be omitted. In the next
section, a computationally more attractive scheme can be formulated for model
order reduction.

8.5

Application to model order reduction

In the previous, the focus was on realizing a state-space model from the sub-Markov
parameters. Alternatively, the above given scheme can also be applied for model
order reduction when the LPV-SS realization is already given. More specifically
and as a contribution of this thesis, we will employ the Ho-Kalman concept to find
a computational attractive alternative for model order reduction for a given SS
realization by avoiding construction of the extended Hankel matrix. Such scheme
is particularly interesting for the direct realization methods presented in Section 8.2
to obtain the minimal state order of a SS representation. Therefore, assume that
the given SS representation has state order nS with joint state minimal order nx
and the goal is to find an approximative realization of order nx̂ with nx̂ ≤ nx ≤ nS .
This subsection is a joint work and it is based on the paper Schulz et al. (2017).
The reduction scheme applies Galerkin projection to project an SS realization
into a lower dimension, i. e., x̂t = T xt with a full row rank projection matrix
T ∈ Rnx̂ ×nx . This projection matrix can be taken to be parameter independent, as
isomorphism between minimal SS representations with static and basis affine dependency structure is fully defined by such a transformation matrix (see Lemma 2.6).
Inspecting Lemma 8.2, the transformation matrix can be found from the structural
reachability matrix Rj and observability matrix Oi as given in Lemma 8.3.
Lemma 8.3 (Model order reduction scheme) Choose i and j large enough
such that rank(Oi ) = nx and rank(Rj ) = nx , respectively. Perform the following QR decompositions Oi = QO RO , R>
j = QR RR , and the SVD decomposition
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>
RO RR
= U S̃V > . Then a realization of the SS matrices is found by

Âl = T † Al T,

B̂l = T † Bl ,

(8.41)

Ĉl = Cl T,

where l = 1, . . . , nψ and the projection matrix is
−1

>
T = RR
Vnx̂ S̃nn2x̂ ,

−1

(8.42)

T † = S̃nx̂2 Un>x̂ RO ,

where Unx̂ , Vnx̂ denotes the first nx columns of the matrices U , V , respectively, S̃nx̂
denotes the upper nx̂ by nx̂ matrix of S̃, and 1 ≤ nx̂ ≤ nx . In (8.42), T † is the left
pseudo-inverse of the projection matrix T , i. e., T † T = Inx̂ . If nx̂ = nx is chosen,
then the matrices (8.41) give a jointly minimal LPV-SS representation of So (8.1)
with affine dependency structure (2.23).

Proof: See Appendix A.6.



Remark 8.1 Lemma 8.3 only requires the computation of the RO and RR matrices, which can be obtained by UDU factorization. Remark that the QR factorization
> >
>
> >
>
implies Ok> Ok = RO
QO QO RO = RO
RO and Rk Rk = RR
QR QR RR = RR
RR .
>
>
nS ×nS
By obtaining the UDU decompositions Ok Ok = UO DO UO ∈ R
and Rl R>
l =
1

>
DR UR ∈ RnS ×nS then the required matrices are found by RO = DO2 UO and
UR
1

2
UR , respectively.
RR = DR



The pre-decomposition of the observability and reachability matrix is useful
from two view-points (combining Lemma 8.3 and Remark 8.1). Firstly, it avoids
construction of the exponentially growing Hankel matrix and the shifted Hankel
matrix. Secondly, the UDU factorization is computationally cheaper then the
SVD (Golub and Van Loan 2013) to determine the rank nx and obtaining RO , RR .
>
After the pre-decomposition, in Lemma 8.3, the SVD is performed on RO RR
∈
P
P
nS ×nS
ny il=1 (1+nψ )l ×nu jl=1 (1+nψ )l
R
only compared to the SVD on Hij ∈ R
in
Lemma 8.2.
Theoretical global error bounds between the original and model order reduced
approximation have not been developed yet for nx̂ ≤ nx (as known in the LTI
case (Antoulas 2008)) and remain objectives for future research. However, approximate error bounds can be computed using the µ-test in the Enhanced LFR
toolbox (Magni 2006).
For example, this efficient model order reduction scheme can be used to obtain
the state-minimal realization or a reduced order model of the SF, OF, and EF
forms given in Section 8.2. This concept is validated on a simulation example and
identification of a gasoline engine based on real-world data in Section 10.2. It will be
shown that the combination of the identification of a simplified model with model
order reduction can outperform subspace identification approaches, presented in
Chapter 9.
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Remark 8.2 The schemes in Lemma 8.2, Lemma 8.3, and Theorem 8.1 can directly be applied to realize an LPV-SS form with dynamic, affine dependency on
the scheduling signal. Instead of considering the basis functions to be statically
dependent on p, i. e., ψ [i] (pt ), it can be assumed that the basis functions ψ [i] have
dynamic dependence, i. e., (ψ [i]  p)t . Extension of the schemes to this setting is
straightforward. However, the primary research objective is to obtain an ß model
with static, basis affine dependency and, therefore, this chapter and Chapter 9 are
considered with respect to the static basis functions ψ [i] (pt ).

8.6

Conclusion

In this chapter, LPV realisation theory has been discussed to travel from IO to
SS representations with static, basis affine dependence on the scheduling signal.
To contribute to the primary research objective, the emphasis has been put on
obtaining methods with a low computational load.
In Section 8.2, the chapter is started by highlighting specific IO forms that allow
for a direct SS realization. These three special forms have a significantly lower
computational complexity to obtain an SS form at the cost of limited modeling
capabilities or a possibly increased (non-minimal) state order.
To overcome the limited modeling capabilities, a deterministic LPV-SS realization scheme has been presented in Section 8.3. The Ho-Kalman like method
obtains its realization based on a Hankel matrix that grows polynomially or exponentially in some parameters. Therefore, as a contribution of this thesis, two cases
are presented to reduce the computational complexity significantly.
Firstly, in Section 8.4, the dimensionality problem of the original realization
scheme is tackled by introducing a basis reduced methodology. By selecting the
non-repetitive elements in the Ho-Kalman realization, an exact basis reduced
scheme is obtained. In case the Hankel matrix is filled with estimated sub-Markov
parameters, the basis selection provides a trade-off between computational
complexity and model estimates. Th efficiency of the basis reduced scheme is
compared to other subspace schemes on a simulation example in Section 10.4.
This methodology partially achieves Subgoal 3, where we intent to decrease the
computational complexity of IO to SS realization theory. In the following chapter,
these concepts are extended to the stochastic setting.
Secondly, as a separate contribution, Lemma 8.3 describes an efficient model
order reduction scheme by adapting the original realization scheme. This reduction
scheme assumes that an LPV-SS realization is already available. The method
obtains a projection by decomposing the reachability and observability matrix and
reducing its size to the state dimension before applying a SVD. This efficient scheme
can be used to obtain the state-minimal realization or a reduced order model of
the SF, OF, and EF forms given in Section 8.2. In Section 10.2, this concept is
validated on a simulation example and identification of a gasoline engine based on
real-world data.

Chapter 9

Linear parameter-varying
subspace identification
n this chapter, the focus is shifted towards stochastic LPV realization
theory based on the innovation model. As a contribution of this thesis,
we apply realization theory to extend various well-known LTI subspace identification (SID) approaches to the LPV case. In Section 9.1, the fundamental open-loop, closed-loop, and predictor based data-equations are derived
for the LPV case that form the starting point of the SIDs. We explore the
fundamental differences between the LTI and LPV settings and highlight
the difficulties in the LPV case. In Section 9.5, we formulate maximumlikelihood estimation based and realization based projection SIDs on the
open-loop data-equation to obtain an estimate of the state-sequence. Similarly, in Section 9.6, the closed-loop data-equation is investigated to derive maximum-likelihood estimation based and realization based projection
SIDs for the closed-loop setting. Implementation of these methods to estimate LPV-SS representations with static, basis affine dependency leads
to an exponential complexity, due to similar reasons observed in the deterministic realization in Chapter 8 and, therefore, our novel basis reduced
paradigm is introduced to obtain the “linear complexity” in Section 9.7.
Following the ideas of Chiuso (2007b), we apply the “optimal” predictor
based formulation to the LPV open-loop and closed-loop methods and we
reduce the computational complexity with the basis reduction paradigm,
in Section 9.8. The aforementioned SIDs realize the state-sequence from
which the system matrices can be estimated by least-squares fitting, as presented in Section 9.9. In Section 9.10, the computational complexity of the
methods in this chapter and the previous chapter are compared. It turns
out that the open-loop formulation leads to a significant reduction of the
unknown parameters compared to the closed-loop formulation.
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Introduction

In the previous chapter, we have tackled the LPV realization problem on the
deterministic dynamics only. In this chapter, the discussion is moved to the
deterministic-stochastic setting by following and extending the ideas from the LTI
framework. Unfortunately, in the LPV case, the subspace approaches known in the
literature, which have been extended on their LTI counterparts, suffer heavily from
the curse of dimensionality with overwhelming computational needs for real-world
applications, e. g., van Wingerden and Verhaegen (2009, Table 1). By extending
the results of Chapter 8, we are going to systematically explore LPV subspace
identification. To the author’s knowledge, this is the first in-depth examination of
the LPV subspace identification problem. Our investigation will follow well-known
concepts and frameworks from LTI literature (e. g., Van Overschee and De Moor
1996; Verhaegen and Verdult 2007) and it is also based on preliminary studies in
the LPV setting (Verdult 2002; Verdult and Verhaegen 2005; van Wingerden and
Verhaegen 2009). Due to the generality of our derived framwork, we will also extend
the most of the well-known LTI SIDs to the LPV setting, significantly advancing
the LPV SID theory.
We would like to emphasize that the realization problem is tackled from the
global identification perspective, contrary to some results in the literature (Felici
et al. 2007; van Wingerden et al. 2007; Lopes dos Santos et al. 2008) 1 . The global
LPV setting introduces difficulties which are not seen in the LTI case, due to the
parameter-varying nature of the underlying representation. We will return to this
topic later on.
The goal is to obtain an SS model estimate of the data-generating system So
by the following LPV-SS representation with a general noise form
xt+1 = A(pt )xt + B(pt ) ut + G(pt )vto ,

(9.1a)

H(pt )eot ,

(9.1b)

yt = C(pt ) xt + D(pt )ut +

where all signals u, p, x, y, v o , eo and the matrix coefficient functions A, . . . , H
are defined in (4.5). To identify the SS representation (9.1) under general noise
behavior, we apply its equivalent LPV-SS innovation-form (Lemma 4.1):
x̌t+1 = A(pt )x̌t + B(pt ) ut + (K  p)t ξt ,
yt = C(pt ) x̌t + D(pt )ut + ξt ,

(9.2a)
(9.2b)

where A(), . . . , D() have static, basis affine dependency as given in (2.23), ξ is the
innovation noise, and the Kalman gain (K  p)t has dynamic, rational dependence
on the scheduling signal as given in Lemma 4.1.
As presented in Section 4.3.1, the SS representation (9.2) can be split into a
deterministic part
xdt+1 = A(pt )xdt + B(pt ) ut ,
ytd

=

C(pt ) xdt

+ D(pt )ut ,

(9.3a)
(9.3b)

1 Lopes dos Santos et al. (2008) initialises the recursions for its global identification methodology by SID in the local setting.
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and a stochastic part
xst+1 = A(pt )xst + (K  p)t ξt ,
yts

=

C(pt ) xst

+ ξt ,

(9.4a)
(9.4b)

with yt = ytd + yts . In this chapter, the main focus is on obtaining a jointly stateminimal SS form of (9.3) from an IO form as given in Definition 2.6. In this chapter,
if not specifically stated, the state-minimality property of an SS representation is
defined w.r.t. the class of static and basis affine dependency on the scheduling
signal. The structural joint minimality of (9.3) can be verified by Lemma 2.7.
In Section 8.3, the realization scheme can be used to reconstruct the process
part of the data-generating system (9.3) for an LPV-IO model, excluding noise dynamics. Identification of the noise dynamics is generally advised as it is necessary
for an asymptotically efficient estimate (Chiuso 2007b,a). Accordingly, the field of
subspace identification applies realization theory to find SS forms based on these
minimum variance IO models including a noise model. Conceptually, this construction is performed by either a direct realization method or by an intermediate
projection step. In the latter idea, a projection is found to estimate the unknown
state-sequence via matrix decomposition methods, then the SS matrices are estimated in a least-squares fashion. Obtaining such state-sequence is rooted in the
realization theory, as the state-basis should coincide with the behavior of the underlying system. To develop a unified framework to extend concepts from different
known LTI methodologies to the LPV case, we are going to focus on projection
based schemes. Next, we derive the fundamental data-equations for the stochastic
setting on which the schemes will be based, similar to (8.18) in the deterministic case. Based on these equations, we will highlight the main difficulties of LPV
subspace identification that are not evident in the LTI setting.
To formulate the projection based subspace schemes, we will start by deriving
the data-equations, an IO surrogate form of the SS representation, in Section 9.2.
In Section 9.3, based on the formulated data-equations, the difficulties faced in
LPV subspace identification will be discussed. Based on these insights, the tobe-estimated model, parameterized data-equations, and the identification setting
will be introduced in Section 9.4. In Section 9.5, the stochastic state realization
problem in the open-loop setting will be tackled from a maximum-likelihood point
of view and a realization point of view. The concepts to solve the open-loop state
realization problem will be extended to the closed-loop case in Section 9.6. To
decrease the computational complexity of the introduced SID schemes, the basis
reduced concept of Chapter 8 will be extended to the stochastic state realization
problem for the open-loop and closed-loop setting in Section 9.7. In addition, we
extend the “optimal” formulation known from the LTI setting to our framework
in Section 9.8. In Sections 9.5-9.8, various methods are introduced to obtain an
estimate of the state-sequence based on the data-equations. From the estimated
nψ
state-sequence, the state-space matrices {Ai , Bi , Ci , Di , Ki }i=0
will be estimated
completing the data-driven “realization” by two least-squares estimation problems,
as discussed in Section 9.9. In Section 9.10, the various realization and subspace
methods described in Chapters 8 and 9 will be compared based on their computational complexity.
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9.2

The LPV data-equations

9.2.1

The open-loop data-equation

Similar to the deterministic data-equation (8.18), we would like to relate the signal relations to a data-equation including the stochastic dynamics. These dataequations form the starting point of the subspace schemes. To derive the fundamental data-equation, the innovation form (9.2) is employed that captures the SS
form with general noise (9.1). Using the output-equation (9.2b), the output w.r.t.
a future window f ∈ N+ starting from time-instance t can be written as
ȳft = (Of  p)t x̌t + (Ľf  p)tˇz̄tf + ξ¯ft ,

(9.5)

with



ȳft = 

yt
..
.



,

yt+f−1



(Of  p)t = 




t
ˇz̄f = 


 ut+f−1
ξt+f−1

C(pt )
..
.



C(pt+f )

f
Q

ut
ξt
..
.





,





ξt
..
.


ξ¯ft = 



,

ξt+f−1



A(pt+f −i )



,


(B̌  p)t

=



B(pt )

(K  p)t



Ď(pt )

=



D(pt )

0ny ×ny



,

,

i=1

(Ľf  p)t =


Ďt
0
0

C
B̌
Ď
0
t+1 t
t+1


Ct+2 At+1 B̌t
Ct+2 B̌t+1
Ďt+2


..
..
..

.
.
.







f−2
f−3
f−1

Q
Q
Q
Ct+f−1
At+f−i B̌t Ct+f−1
At+f−i B̌t+1 Ct+f−1
At+f−i B̌t+2
i=2

i=2

...
...
...
..
.

0
0
0
..
.

. . . Ďt+f−1

i=2

where At , . . . , Ďt is a shorthand notation for A(pt ), (B̌  p)t , . . .. These open-loop
equations are rarely used in the literature, as the innovation noise ξt is unknown.
In light of the MAX identification setting in Chapter 5, the innovation noise ξt can
be obtained, which renders the open-loop equations attractive for further investi>
gation, similar to Mercère et al. (2016) in the LTI setting. Let žt = [u>
t ξt ] be the
extended input signal to the system. Next, the state can be decomposed by using
the past values of the input and noise:
" p
#
Y
p
x̌t = (Řp  p)tˇz̄t +
A(pt−i ) x̌t−p ,
(9.6)
i=1






,
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where p ∈ N+ denotes the past window and the p-step time-varying reachability
matrix is


p−1

Q
(Řp  p)t = (B̌  p)t−1 A(pt−1 )(B̌  p)t−2 . . .
A(pt−i ) (B̌  p)t−p .
i=1

The past data is given as
ˇz̄pt =



u>
t−1

>
ξt−1

...

u>
t−p

>
ξt−p

>

(9.7)

.

Remark the subtle difference in notation between the future data vector ˇz̄tf and
p
past data vector ˇz̄t . The initial condition x̌t−p in (9.6) can be removed by shifting
the output-equation (9.5) p instances back in time. Hence, the state-equation (9.6)
can be written as
" p
#
Y
p
ˇ
x̌t = (Řp  p)t z̄t +
A(pt−i ) ×
i=1



(Of†

t−p

 p)t−p ȳf


t−p
t−p
− (Of† Ľf  p)t−pˇz̄f − (Of†  p)t−p ξ¯f
. (9.8)
t−p

The state x̌t can be represented by the past data {uτ , pτ , yτ , ξτ }τ =max(t+f−p,t) without any approximations. In the parametric subspace
Qpschemes, the
 past window p
is assumed to be chosen large enough such that
A(p
)
t−i x̌t−p ≈ 0 (valid
i=1
for asymptotic stable systems), which removes the need to invert the observability
matrix function. The form (9.8) can be useful for formulating the nonparametric
KCCA to the open-loop setting without any approximations, similar to Rizvi et al.
(2018). In this thesis, we will stay with the parametric setting and we will rely on
the assumption that p is large enough to removes the effect of the initial condition.
Furthermore, combining the output-equation based on future values (9.5) with
the state-equation based on the past values (9.7) results in the open-loop dataequation
" p
#
Y
p
t
t
t
ȳ = (Of Řp  p)tˇz̄ + (Ľf  p)tˇz̄ + ξ¯ + (Of  p)t
A(pt−i ) x̌t−p ,
(9.9)
f

t

f

f

i=1

which has the form of a MIMO LPV-IO model. Estimating the underlying IO
relationship of (9.9) requires the input u and the innovation noise ξ to be uncor>
related, i. e., Ē{ut ξt−τ
}=
6 0 for τ > 0. It is well-known in LTI subspace schemes
(for example see Jansson 2005; Chiuso 2007b; Verhaegen and Verdult 2007) that
violation of this condition results in a biased estimate of the relationship (9.9) in
the PEM setting. The signals u and ξ are uncorrelated in case the experiment is
performed in the open-loop identification setting (see Section 5.1.4.1), hence the
name of (9.9).

9.2.2

The closed-loop data-equation

In case data is collected in the closed-loop identification setting (see Section 5.1.4.2),
>
the input u and the innovation noise ξ will be correlated, i. e., Ē{ut ξt−τ
} 6= 0 for
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τ ≥ 0. To avoid the bias due to this correlation, the data-equation (9.9) can be
written in an alternative form. Analogously to LTI identification, e. g., Jansson
(2005); Chiuso (2007b); Verhaegen and Verdult (2007), the output-equation (9.2b)
is substituted in the state-equation (9.2a), resulting in the following closed-loop
state dynamics
x̌t+1 = (Ã  p)t x̌t + (B̃  p)t z̃t ,
(9.10)
> >
where z̃t = [u>
t yt ] and the corresponding matrix functions are

(Ã  p)t = A(pt ) − (K  p)t C(pt ),

(B̃  p)t = [B(pt ) − (K  p)t D(pt ) (K  p)t ].

It is important to note that (9.10) does not contain the stochastic process ξt .
Hence, with (9.10), the state-equation can be treated in a deterministic setting.
However, moving from the open-loop to the closed-loop dynamics comes at the
cost of dynamic, rational dependency of the Ã and B̃ matrix functions due to the
Kalman matrix K  p. Hence, opposed to the LTI setting, using the closed-loop
state-equation increases the model complexity. However, identification in a closedloop setting is important and we will also proceed to derive LPV SID schemes in
this setting. Using (9.10), the stacked output-equation (9.5) can equivalently be
represented as
ȳft = (Õf  p)t x̌t + (L̃f  p)t˜z̄tf + ξ¯ft .
(9.11)
In Eq. (9.11), (Õf  p)t denotes the observability matrix with Ã instead of A,
(L̃f  p)t is constructed with Ã, B̃, the future values ˜z̄tf are similarly stacked as ˇz̄tf
in (9.5). In line with the open-loop state-equation (9.6), the state can be written
as a combination of past signals
" p
#
Y
p
x̌t = (R̃p  p)t˜z̄t +
(Ã  p)t−i x̌t−p ,
(9.12)
i=1

where p ∈ N+ is the past window and (R̃f  p)t denotes the reachability matrix
with Ã and B̃. The initial condition x̌t−p in (9.12) can be removed by shifting the
output-equation (9.11) p samples back in time. Hence, the state-equation (9.12)
can be written as
" p
#
Y
p
x̌t = (R̃p  p)t˜z̄t +
(Ã  p)t−i ×
i=1



t−p
t−p
t−p
. (9.13)
(Õf†  p)t−p ȳf − (Õf† L̃f  p)t−p˜z̄f − (Õf†  p)t−p ξ¯f
t−p

The state x̌t can be represented by the past data {uτ , pτ , yτ , ξτ }τ =max(t+f−p,t) without any approximations. This specific formulation has been applied to the KCCA
methodology (Rizvi et al. 2018) as even the inverse relations can be captured due
the nonparametric nature of that scheme. Similar to the open-loop case in (9.8), in
this thesis,hwe rely on the assumption
that the past window is chosen large enough
i
Qp
such that
(
Ã

p)
x̌
≈
0.
Combining (9.11) and (9.12) results in the
t−i
t−p
i=1
closed-loop data-equation:
" p
#
Y
p
t
t
t
ȳ = (Õf R̃p  p)t˜z̄ + (L̃f  p)t˜z̄ + ξ¯ + (Õf  p)t
(Ã  p)t−i x̌t−p .
(9.14)
f

t

f

f

i=1
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Derivation of the predictor

A commonly applied formulation for subspace identification is the predictor form,
e. g., see Chiuso and Picci (2005); Chiuso (2007b); van Wingerden and Verhaegen
(2009). The SID method employ a two-sided expansion form that can be seen as
an infinite order ARX representation, which gives a predictor of the underlying IO
model relationship, see Section 4.5 for the infinite ARX form and Section 5.1.3 for
the one-step-ahead predictor formulation. To obtain the one-step-ahead predictor
of the state, we will remove the innovation noise from the state-equation. To this
end, by applying the closed-loop state dynamics, the one-step-ahead predictor of
the state based on the past window p is


" p
#
p
i−1
Y
X
Y
 (Ã  p)t−j  (B̃  p)t−i z̃t−i .
x̂t|t−1 =
(Ã  p)t−i x̌t−p +
i=1

i=1

j=1

To formulate the one-step-ahead predictor for the output, the predictor of the state
is substituted into the output-equation (9.2b) and the predictor formulation in (5.9)
is applied, resulting in:
"
ŷt|t−1 = C(pt )

p
Y

#
(Ã  p)t−i x̌t−p

i=1

+

p
X
i=1


C(pt ) 

i−1
Y


(Ã  p)t−j  (B̃  p)t−i z̃t−i + D(pt )ut . (9.15)

j=1

Note that (9.15) is independent of the innovation noise ξt . The initial state x̌t−p
can be removed by letting p → ∞, because the signals are assumed to have left
compact support. In this case, Eq. (9.15) is the one-step-ahead predictor of an
infinite order ARX model.
hQ In practice,ia truncation window of p is used that is
p
large enough such that
i=1 (Ã  p)t−i x̌t−p ≈ 0.
The one-step-ahead predictor of the output can be similarly stacked as the
closed-loop data-equation (9.14) leading to the predictor-based data-equation:
" p
#
Y
t|t−1
p
t
ˆf
= (Õf R̃p  p)t˜z̄t + (L̃f  p)t˜z̄f + (Õf  p)t
(Ã  p)t−i x̌t−p .
(9.16)
ȳ
i=1

Remarkably, the predictor based data-equation (9.16) is the one-step-ahead predictor of ȳft in the closed-loop data-equation (9.14). Hence, the SS representation of So
can be captured by the predictor (9.15) from which the data-equation (9.16) can be
constructed. This similarity arises as both derivations rewrite the output-equation
in terms of the trajectory of u, y and eliminate past values of ξ. Advantageously,
in the LTI case under the general noise scenario, the system matrices (including
the Kalman gain) are asymptotically time-invariant. Hence, in the LTI case, the
system matrices A, . . . , K are real matrices, simplifying the identification of the predictor (9.15) under the closed-loop setting (with Ã = A − KC and B̃ = B − KD).
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Hence, the predictor (9.15) under the closed-loop setting has equivalent number
of unknowns compared to its the open-loop MAX formulation making the closedloop/predictor formulation widely used, in the LTI case. In the LPV case, the
setting becomes more involved, as the Kalman gain will not converge to a steady
state solution and Ã  p = A(p) − (K  p)C(p) and B̃  p = B(p) − (K  p)D(p)
requires a more complex parameterization, see Section 4.3 for more details.

9.3

Difficulties in LPV subspace identification

The known LTI and LPV subspace schemes are based on the aforementioned dataequations or abbreviations of it. In the LPV case, the data-equations have meromorphic coefficient functions in pt from the initial time up to time t due to the
multiplication with the Kalman gain. As seen in Section 4.3, the Kalman gain
can be approximated by truncating the dependency on the scheduling signal. Unfortunately, even in the truncated case, the Kalman gain is a dynamically and
rationally dependent function with p-dependent polynomials in the numerator and
denominator. As no steady-state solution exists, identification of this structure
is complex. Besides this issue, the subspace schemes rely on matrix decomposition techniques on Of Rp to obtain a realization of these two matrices, however,
the techniques cannot be directly applied to the parameter-varying matrices. As
will be demonstrated later on, the main difficulty comes from the time-varying observability matrix, as the dependency structure of the reachability matrix can be
absorbed as an extended input vector. Therefore, compared to the LTI case, the
two following difficulties are found for LPV subspace identification:
1) how to parameterize the Kalman gain Kp and handle the associated complex
IO parameterization;
2) how to, in the parametric case, solve the state realization problem under the
typically time-varying observability matrix.
To obtain a least-squares or convex IO estimation, there are two possible directions to take: 1) parameterizing K using a pre-specified set of basis functions
dependent on the scheduling variable, or 2) estimating K in a nonparametric sense.
In this thesis, we focus on the parametric case only. Alternatively, the nonparametric framework could be employed to estimate the unknown state-sequence (Verdult
et al. 2004; Rizvi et al. 2018). However, it is currently unknown how to extrapolate
a parametric model estimate from a nonparametric estimate. An idea would be to
estimate a parametric model of (9.3) by lease squares fitting based on the estimated
state-sequence (by a nonparametric setting). Unfortunately, it is unclear how to
design a Kernel to respect the static, basis affine structure in (9.2a). This direction
remains an open question and is not addressed in this thesis.
To obtain an SS realization, the Hankel matrix should be decomposed and, in
many cases, the obtained observability matrix is inverted. In the LPV case, decomposing and inverting a parameter-varying matrix function is not trivial, due to the
parameter dependency. Fortunately, the basis affine parameter dependency on the
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Example 9.1 (MOESP with time-varying B and D) Consider the following system
xt+1 = Axt + B(pt )ut ,
yt = Cxt + D(pt )ut + eot ,

(9.17)

where the noise process is a sample path of eot ∼ N (0, Iny σ 2 ). The data-equation of this system
is
Y0,f,N = Of X0,f,N + (Lf  p)t U0,f,N + E0,f,N ,
(9.18)
where Lf is constructed with (A, B, C, D), Y0,f,N , X0,f,N , U0,f,N , and E0,f,N are matrices constructed similar to


yi
yi+1 . . .
yi+N −1
 yi+1

yi+2 . . .
yi+N


Yi,s,N = 
.
..
..
.
.
..
..


.
.
yi+s−1 yi+s . . . yi+N +s−2
Let us apply the ideas of LTI multivariable output-error state-space (MOESP) identification,
e. g., see Verhaegen and Verdult (2007, Section 9.3). In particular, right multiply the data2
equation (9.18) with the orthogonal projection of U , i. e., Π⊥
U :
⊥
⊥
Y0,f,N Π⊥
U0,f,N = Of X0,f,N ΠU0,f,N + E0,f,N ΠU0,f,N ,

(9.19)

Actually, (9.19) reduced to the LTI case. Hence, the LTI MOESP (Verhaegen and Verdult 2007,
Lemma 9.3) can be applied to find the range space of the observability matrix Of and, subsequently, a realization of (9.17).

reachability matrix can be absorbed as an extended input vector. Hence, a timeinvariant observability matrix would simplify the problem significantly and wellknown LTI subspace schemes can directly be applied. In Example 9.1, we provide
a simple example and this example can be extended to the general noise scenario
with a time-invariant observability matrix by slightly modifying the PO-MOESP
methodology (Verhaegen and Verdult 2007, Section 9.6.1). Another option to cope
with the time-varying observability matrix would be to have a periodic scheduling
signal for which the observability matrix becomes time-invariant between periods
(Felici et al. 2007) or to relate models to each other under piecewise constant
scheduling signals (van Wingerden et al. 2007). However, in this thesis, no such
assumption is taken on the scheduling signal and we will focus on applying the
well-known LTI subspace concepts to the LPV case where we explore how to cope
with the time-varying observability matrix.

9.4

Parametric subspace identification setting

In this section, we present subspace schemes using a Kalman gain K that is assumed
to depend on a pre-defined set of static, basis functions in an affine manner. This
“simple” affine parameterization is pursued, because the computational complexity
of estimating the underlying IO structure is already significant, see Table 9.1 or van
Wingerden and Verhaegen (2009, Table 1). Hence, using higher order polynomials
m×n with n ≥ m is given by Π⊥ = I −
orthogonal projection Π⊥
n
U of U ∈ R
U
2
⊥
The orthogonal projection matrix is idempotent, i. e., (Π⊥
U ) = ΠU and, more
importantly, it has the property U Π⊥
U = 0.
2 The

U > (U U > )−1 U .
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in the scheduling signal for the parameterization are computationally challenging. In addition, usage of this affine form in PBSIDopt has been found adequate
in practical applications (Luspay et al. 2009; van Wingerden et al. 2009; Schulz
et al. 2016). If, in the future, the computational capabilities can be increased
significantly then it is straightforward to extend the provided framework to more
complex parameterizations.
In the remainder of this chapter, the data-generating system So is aimed to be
captured by the following SS model
x̌t+1 = A(pt , θg )x̌t + B(pt , θg ) ut + K(pt , θh )ξt ,
yt = C(pt , θg ) x̌t + D(pt , θg )ut + ξt ,

(9.20a)
(9.20b)

where A(), . . . , K() have a static, basis affine parameterization as in (5.54)
and (5.55). The unknown parameters are collected as θ = [ θg> θh> ]> and the
initial condition x1 is not parametrized θx> = ∅. Hence, based on Section 5.3.2,
we are interested in obtaining an estimate of a θ ∈ Iθg,h
of the underlying
o
data-generating system parameters θo . The indistinguishable set Iθg,h is defined as
Iθg,h =

n

θ0

∃T ∈ Rnx ×nx s.t. rank(T ) = nx and
> o

θ0 = Sg> (θ, T ) Sh> (θ, T )
, (9.21)

where the manifold Sg is given as in (5.60) and Sh as in (5.61a). For the subspace
identification setting, the following standard assumptions are taken
A9.1 ξt is a sample path realization of the white noise process ξ t ∼ N (0, Ξ2 ).
A9.2 The state-minimal SS representation with static, basis affine dependency
structure of the system So is structural state-observable w.r.t. to the
pair (A(pt ), C(pt )) and structural state-reachable w.r.t. to the pair(A(pt ),
[B(pt ) K(pt )Ξ−1 ]) in terms of Lemma 2.7.
A9.3 The open-loop dynamics A(pt ) or closed-loop dynamics Ã(pt ) are asymptotically stable for the open-loop or closed-loop cases, respectively.
A9.4 The
sufficiently large,
Qp past window
 p is chosenQ
 such that
p
i=1 A(pt−i ) x̌t−p ≈ 0 or
i=1 (Ã  p)t−i x̌t−p ≈ 0, ∀p ∈ BP for the
open-loop or closed-loop cases, respectively.
In addition, we will also include Assumption A7.1, i. e., the data-generating system
So is in the model set: So ∈ M . Assumption A8.1 is a reasonable assumption,
because unobservable modes in the system So are not identifiable. Similarly, unreachable modes of the system So are captured in the initial condition and they
asymptotically converge to zero due to Assumption A9.3. With Assumption A9.3,
the influence of the past state x̌t−p can be neglected in (9.9), (9.14), or (9.16). This
property is widely applied in SID (Van Overschee and De Moor 1996; Verdult and
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Verhaegen 2002; Jansson 2003; Chiuso and Picci 2005; van Wingerden and Verhaegen 2009). See Verdult and Verhaegen (2002, Lemma 5) for an upper-bound on
the error of this assumption.
In state-of-the-art subspace schemes (Verdult and Verhaegen 2005; van Wingerden and Verhaegen 2009) where all system matrices are affinely parameterized, the
underlying IO relations become quadratically dependent on the scheduling signal,
due to the application of the closed-loop data-equation with A(p) − K(p)C(p) and
B(p) − K(p)D(p). This quadratic dependency structure increases the parameterization of the underlying IO estimation problem significantly. Therefore, a common
choice in LPV subspace identification is to either take C(p)/D(p) or K(p) parameter
independent (Verdult and Verhaegen 2005; van Wingerden and Verhaegen 2009)
to avoid the increased parameterization. In the following section, we derive a realization scheme based on the open-loop equations which significantly reduces the
parameterization without relying on this assumption.
We will focus on extending the LTI N4SID, MOESP, CVA, and PBSID principles to the LPV case. There are two significant differences with respect to the
LTI case. Firstly, almost all LTI formulations apply a (partial) ARX model structure, however, in the LPV case, the LPV-ARX model comes with significant larger
parameterization compared to the MAX representation in the open-loop setting.
Secondly, we apply a predictor pre-estimation step to identify the unknown quantities of the matrices Of Řp , Ľf , Õf R̃p , etc. and construct the full matrices instead
of estimating the matrices Of Řp , Ľf , Õf R̃p directly using the data-equations (9.9)
or (9.14). Direct estimation of the matrices by the oblique projections comes with
a significant computational cost (Verdult and Verhaegen 2002, Table 1) compared
to the predictor formulation (van Wingerden and Verhaegen 2009, Table 1), especially in the LPV case. Furthermore, direct estimation of the matrices will not take
the structural restrictions of Ľf into account. In this case, the zero elements are
also estimated and, hence, the direct estimation will lead to a non-causal model as
pointed out in Shi and Macgregor (2010). Therefore, we follow an alternative by
estimating a predictor in the pre-estimation step and construct Of Řp , Ľf , Õf R̃p
to lower the computational demand and to enforce a causal model, similar to recent literature Larimore (2004); Qin et al. (2005); Jansson (2005); Chiuso (2007b);
Verhaegen and Verdult (2007).

9.5

9.5.1

State realization in the open-loop setting:
time-invariant observability matrix
Main concept

Let’s return to the open-loop data-equation (9.9) and remark that the observability
and reachability matrices can be decomposed in a parameter independent and
parameter dependent structure due to the affine parameter structure of (9.20)
(similarly to the deterministic case in (8.18)). Moreover, Assumption A9.4 removes
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the right last part in the data-equation (9.9) and the equation reads as
p
ȳft = Nt,f Of Řp M̌t,p ˇz̄t + (Ľf  p)tˇz̄tf + ξ¯ft ,
| {z } | {z }

(9.22)

(Of p)t (Řp p)t

where
ξ
Ǩt|p
= ψ̃t ⊗ . . . ⊗ ψ̃t−p ⊗ Iny ,

ξ
ξ
u
u
= diag Ǩt−1|0
, Ǩt−1|0
, . . . , Ǩt−1|p−1
, Ǩt−1|p−1
.

u
Ǩt|p
= ψ̃t ⊗ . . . ⊗ ψ̃t−p ⊗ Inu ,

M̌t,p

Data-equation (9.22) describes the IO relations of the data-generating system based
on an SS form. The form of this relation is similar to the deterministic case in
Section 8.3. The unknowns in this IO relation are the sub-Markov parameters
Ci Aj · · · Ak Bl and Ci Aj · · · Ak Kl that can be estimated by the LPV-MAX model
(see Section 6.2.1.3).
In this section, the state realization is accomplished by assuming that a sub-part
of the structural observability matrix Of associated with the parameter independent
part of the SS representation, i. e., C0 and A0 , is full column rank. Hence, the
following assumption is taken:
A9.5 The structural observability matrix w.r.t. the scheduling independent part
of the SS representation is of rank nx , i. e., rank(Of0 ) = nx or rank(Õf0 ) = nx
for the open-loop or closed-loop case, respectively, where




C0
C0
 C 0 A0 
 C0 (A0 − K0 C0 ) 




Of0 = 
Õf0 = 
,
.
..
..




.
.
C0 Af−1
0

C0 (A0 − K0 C0 )f−1

Assumption A9.5 defines that the state is fully observable by the time-invariant
part, which is a common assumption in LPV subspace identification and has been
successfully applied in some practical applications (Luspay et al. 2009; van Wingerden et al. 2009; Schulz et al. 2016).
Using this assumption, the observability Of0 can be split from the dataequation (9.22). To this end, see that (9.22) is equivalent to
p

p

∗
ȳft − (Ľf  p)tˇz̄tf − Nt,f
Of∗ Řp M̌t,pˇz̄t = Of0 Řp M̌t,pˇz̄t + ξ¯ft ,

(9.23)

where

>
>
>
N1∗ = C1> · · · Cn>ψ
,
L∗t|i = ψ̃t> ⊗ . . . ⊗ ψ̃t+i−1
⊗ ψt+i
⊗ Iny ,




>
∗
∗
∗
A0 )> · · · (Ni−1
Anψ )> , Nt,i
Ni∗ = (Ni−1
= diag L∗t|0 , . . . , L∗t|i−1 ,

>
Of∗ = (N1∗ )> · · · (Nf∗ )> .
Based on (9.23), introduce the so-called open-loop corrected future:
p
∗
ˇft,(c) = ȳft − (Ľf  p)tˇz̄tf − Nt,f
ȳ
Of∗ Řp M̌t,pˇz̄t ,

(9.24)
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which can be computed from an estimate of (9.22) in terms of the parameterized
LPV-IO form. Then, using this surrogate variable, (9.23) can be reduced to a
data-equation excluding the time-variation in the observability matrix:
ˇft,(c) = Of0 Řp M̌t,pˇz̄pt + ξ¯ft .
ȳ

(9.25)

Important is to see that (9.25) corresponds to a static model without the timevarying observability matrix avoiding the second key problem in LPV SID, see
Section 9.3. Hence, the representation (9.25) forms the starting point for finding
an estimate of the state-bases. In the sequel, we formulate maximum-likelihood
estimation based and realization based projection SIDs, see Sections 9.5.2 and 9.5.4
respectively, on the open-loop data-equation (9.25) to obtain an estimate of the
state-sequence

9.5.2

Maximum-likelihood estimation

The corrected formulation (9.25) is the fundamental data-equation to obtain an
estimate of the state-sequence. In this section, the state estimation problem will
be investigated via the concept of the CCA, or also known as the CVA, to attain a
maximum-likelihood estimate. The CCA is a well-known method that finds a (lower
dimensional) space that maximizes the correlation between two random variables,
which, in our case, translates to the objective of finding the linear combination,
ˇft,(c)
i. e., the unknown linear model (9.25), that maximizes the correlation between ȳ
p
and M̌t,pˇz̄t . The original CCA problem does not assume that the measured data
is based on an underlying system, e. g., see Rao (1979); Härdle and Simar (2007,
Chapter 14). In such case, the methodology cannot be connected to a maximumlikelihood estimator of a model or its associated state. Alternatively, under the
assumption that the data is generated by an SS model, the CCA methodology
can also be employed to obtain an estimate of the state-bases associated to the
SS model, e. g., see Chiuso (2007b); Gičans (2009); Katayama (2005); Larimore
(1983, 1997, 2005, 2013) to mention a few. Chiuso (2007b); Katayama (2005)
prove statistical optimality by formulating the optimal one-step-ahead predictor
of the state based on either the past or future data. We will take an alternative
viewpoint by formulating an estimate of the state-sequence by maximizing the
log-likelihood function associated to the LS estimation problem of the unknowns
ˇft,(c) and M̌t,pˇz̄pt of the model (9.25). Quantifying the
Of0 Řp based on the signals ȳ
log-likelihood function associated to this estimation problem enables us to estimate
the state order in a data-driven fashion, see Section 9.5.3. As recognized in Gičans
(2009), Larimore (1983, 1997, 2005, 2013) claims many properties of the statebases formulated from this viewpoint, however, the mathematical derivations are
scattered within the literature and appear to be incomplete. We will follow similar
reasoning as in Gičans (2009) is used for the LTI case and we will elaborate on
some inconsistencies found in Gičans (2009).
The clutter of accents and indexes used in the previous section are avoided in
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this subsection for notational simplicity. Hence, representation (9.25) reads as:
yt = Of Rp zt + ξt = Of xt + ξt ,
| {z }

with

(9.26)

zt = Mtˇz̄t ,

Hf,p

where ξt is a sample path realization of a Gaussian distributed white noise with
variance Σ2ξ (note that Σ2ξ = If ⊗ Ξ2 ). In this section, we will focus on estimating
Hf,p , Of , Rp , the state-basis for xt , and the variance Σ2ξ associated with (9.26).
More specifically, employing Bayes’ rule on the likelihood function f () associated
with (9.26) leads to



f yt , zt Hf,p , Σ2ξ = f yt zt , Hf,p , Σ2ξ f zt Hf,p , Σ2ξ .
The data zt is observed without noise, therefore, maximizing the likelihood
function

with respect to its parameters is solely based f yt zt , Hf,p , Σ2ξ . The likelihood
function is dependent on the unknown model parameters Hf,p and unknown noise
variance Σ2ξ and these unknowns will be parameterized as H and we will use a
symmetric parameterization Σ2 for Σ2ξ . The representation (9.26) has the Markov
property, i. e., the next time-instance is fully characterized by the current timeinstance, and, therefore, the likelihood is related to a data set DN as
N

 Y
f yt zt , H, Σ2 ,
L(H, Σ2 ) = f YN ZN , H, Σ2 =

(9.27)

t=1

with the following data-matrices


ZN = z1 . . . zN ,

YN =



y1

...

yN



.

o
The maximum of (9.27) is found at the true model parameters H = Ȟf,p
, Σ2o =
2
2
Σξ and an estimate of H and Σξ is therefore obtained by maximizing (9.27) or,
equivalently, minimizing the log-likelihood

min − log L(H, Σ2 ) =

H∈Θ
Σ2 ∈S

N

min

H∈Θ
Σ2 ∈S

 1 X > −2
1
1
f ny N log(2π) + N log det Σ2 +
ε Σ εt|H , (9.28)
2
2
2 t=1 t|H

where the one-step-ahead prediction-error is εt|H = yt −Hzt and the future window
>
is f. As the signals are assumed to be persistently exciting, i. e., ZN ZN
 0, the
well-known unique stationary point of (9.28) is obtained at (Gibson et al. 2005,
Lemma 3.3) 3
Ĥf,p =
3

1
>
> −1
YN ZN
(ZN ZN
) ,
N

The estimate Σ̂2ξ =

1
ε ε>
N t|Ĥ t|Ĥ

Σ̂2ξ =

1
1
> >
YN YN> − Ĥf,p ZN ZN
Ĥf,p .
N
N

(9.29)

is simplified by recognizing the following



−1
>
1
1
1
> 1
>
ZN (YN − Ĥf,p ZN )> =
ZN YN − YN ZN
ZN ZN
ZN
N
N
N
N

−1 1
1
1
> 1
>
=
ZN YN> − ZN ZN
ZN ZN
ZN YN> = 0.
N
N
N
N
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However, the interest is not in an estimate of Hf,p , but to attain a realization of
the state, Of , and Rp separately, that together will maximize the likelihood (9.27).
To start, assume that xt in (9.26) is observed without noise or, equivalently, Rp
is known a-priori. Then, similar to (9.28), the solution to the linear least-squares
problem is

−1
1
1
1
1
>
>
> >
YN XN
XN XN
,
Σ̂2ξ = YN YN> − Ôf XN XN
Ôf ,
(9.30)
N
N
N
N


where XN = x1 . . . xN . Substituting XN = Rp ZN in (9.30) results in
Ôf =

−1
1
> >
R p ZN ZN
Rp
,
N

−1
1
1
1
>
> >
> >
2
Rp ZN ZN Rp
Σ̂ξ = YN YN − 2 YN ZN Rp
Rp ZN YN> .
N
N
N
Ôf =

1
> >
YN ZN
Rp
N



(9.31a)
(9.31b)

The log-likelihood function associated with (9.31), given Rp , ZN and YN , is
1
f ny N (log(2π) + 1)
2
!!

−1
N
1
1
1
>
> >
> >
>
+
log det
YN YN − 2 YN ZN Rp
Rp ZN ZN Rp
Rp ZN YN . (9.32)
2
N
N
N
− log L(Ôf Rp , Σ̂2ξ ) =

Note that the last product in (9.28) simplifies as
N
o
1
1 n
1X >
= − f ny N.
εt|Ô R Σ̂−2
εt|Ôf Rp = − Tr N Σ̂2ξ Σ̂−2
−
ξ
ξ
p
f
2 t=1
2
2

Next, the focus will be on obtaining the p-step extended reachability matrix
Rp that minimizes the log-likelihood (9.32). Indirectly, the estimate also fixes the
estimate of the state-bases of xt . Similar to Larimore (2005), take the following
constrained SVD
1
>
YN ZN
Ṽ ,
N
1
= Ũ > YN YN> Ũ ,
N

S̃ = Ũ >
s.t.

I ny f

I(nu +ny ) Ppi=1 (1+nψ )i = Ṽ >
Pp

i

1
ZN ZN Ṽ ,
N

Pp

i

(9.33)

ny f×ny f
where Ũ ∈ R
, Ṽ ∈ R(nu +ny ) i=1 (1+nψ ) ×(nu +ny ) i=1 (1+nψ ) , and S̃ ∈
Pp
ny f×(nu +ny ) i=1 (1+nψ )i
R
. This constrained SVD is unique in case of YN YN>  0
and ZN ZN  0, which comes naturally under the persistency of excitation conditions. The matrix S̃ is a diagonal matrix with
Pp the ordered singular values
s̃21 ≥ . . . ≥ s̃2n ≥ 0 and n = min(ny f, (nu + ny ) i=1 (1 + nψ )i ). In case of infinite data, i. e., N → ∞, S̃ will contain exactly nx nonzero singular values which
are equal to one (see Remark 9.1). In case of finite data, the state order nx can
be selected based on the Akaike-criterion, see Section 9.5.3, or by a gap in magnitude between the singular values. In the following discussion, we assume that
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Pp
ny f ≤ (nu + ny ) i=1 (1 + nψ )i to simplify notation. Note that, opposed to the
normal SVD, the matrices Ũ and Ṽ in (9.33) will not be unitary matrices anymore (see (9.46)) and we return to its construction in Lemma 9.2. In early literature (Larimore 1983, 1990b), the constrained SVD was performed with arbitrary
positive-definite weight Λ ∈ S such that I = Ṽ > ΛṼ called the CVA method. The
CCA and CVA method coincides with the weighting choice in (9.33). The CVA
method with Λ 6= N1 ZN ZN leads to a minimal prediction-error solution (Larimore
1990b, Eq. (10)), but will not lead to a maximum-likelihood estimate as shown
next.
Eq. (9.33) is equivalent to
1
1
>
YN YN> = (Ũ Ũ > )−1 ,
ZN ZN
= (Ṽ Ṽ > )−1 ,
N
N
1
>
YN ZN
= (Ũ Ũ > )−1 Ũ S̃ Ṽ > (Ṽ Ṽ > )−1 = Ũ † S̃(Ṽ † )> ,
N

(9.34)

by applying the pseudo-inverses. Substituting the relations (9.34) into the second
line of (9.32) leads to



−1

N
> −1 >
log det (Ũ Ũ > )−1 − Ũ † S̃(Ṽ † )> R>
Rp
Rp Ṽ † S̃ > (Ũ † )>
p Rp (Ṽ Ṽ )
2



−1

N
log det Ũ † det Iny f − S̃(Ṽ † )> R>p Rp (Ṽ Ṽ > )−1 R>
=
×
p
2



Rp Ṽ † S̃ > det (Ũ † )> . (9.35)
In (9.35), the product property of the determinant is applied: det(AB) = det(A) ·
det(B). It is important to see that the constrained SVD (9.33) only decomposes
the signal relations based on the (co)variances and the decomposition does not
change the minimization of (9.32). To simplify the notation, define the following
variable:
Q , (Ṽ † )> R>
(9.36)
p ,
Pp

i

with Q ∈ R(nu +ny ) i=1 (1+nψ ) ×nx . The new variable Q defines a change of the
variable Rp to Q, which is an injective mapping as Ṽ is full rank. Applying this
transformation, (9.35) reads as





1
− N log det (Ũ Ũ > )−1 det Iny f − S̃Q(Q> Q)−1 Q> S̃ > .
2

(9.37)

Hence, the log-likelihood function (9.32) is rewritten by decomposing the datamatrices YN and ZN . This means that the goal of minimizing (9.32) is equivalent
to minimizing (9.37) with a change of variables. To continue the discussion, note
that the inverted expression in (9.37) reads as
Q> Q = Rp (Ṽ Ṽ > )−1 R>
p = Rp

1
1
> >
>
ZN ZN
Rp = XN XN
,
N
N

(9.38)

which is the sample variance of the to-be-chosen state variable. The realized state is
an isomorphic representation with respect to the original SS form of the underlying
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>
data-generating system (Lemma 2.6). Hence, its sample variance N1 XN XN
can be
chosen to be any arbitrary positive definite matrix. In CCA, the variance is chosen
to be identity, hence, all states have equal magnitude and are maximally uncorrelated. This choice further simplifies the minimization problem (9.37) as inversion
of the decision variable is omitted. As such, minimizing the log-likelihood (9.37)
renders to
 

 

min log det Iny f − S̃QQ> S̃ > = min log det Iny f − Q> S̃ > S̃Q , (9.39)
Q> Q=Inx

Q> Q=Inx

by applying Sylvester’s determinant identity. To find an expression for minimzating
the log-likelihood, we would like to remind the reader that the determinant of a
matrix is the product of its eigenvalues. Hence, we state the following technical
lemma on the eigenvalues:
Lemma 9.1 (Poincaré separation theorem) Let A ∈ Sn and B ∈ Rn×r such
that B > B = Ir . For the eigenvalues λi {} of a matrix sorted in descending order,
the following holds


λi B>AB ≤ λi {A} ,
i = 1, . . . , r.
Proof: For example, see (Rao 1973, p. 64).



From Lemma 9.1 it becomes clear that the choice Q> Q = Inx will not lead to
a single, trivial solution of (9.39). The matrix Q can still be chosen to increase
or decrease the eigenvalues resulting in different values for the determinant. Using
Lemma 9.1, let us investigate the individual descending sorted eigenvalues


λny f−i+1 Inx − Q> S̃ > S̃Q = 1 − λi Q> S̃ > S̃Q

≥ 1 − λi S̃ > S̃ = 1 − s̃2i , (9.40)
for i = 1, . . . , nx . Hence, minimization of the marginal likelihood (9.39) has a
lower-bound based on the product of the singular values in S̃. The lower-bound is
clearly obtained if

>
Q = I nx 0
,
which also satisfies Q> Q = Inx . There might be other solutions to the minimization problem of (9.39), however, we take the solution equal to the CVA solution
of Larimore (1983). Hence, the latter choice of Q maximizes the marginal likelihood function (9.32). An estimate of the reachability matrix R̂p is obtained by
reformulating (9.36) as


R̂p = Q> Ṽ > = Inx 0 Ṽ > ,
(9.41)
which results in selecting the first nx columns of Ṽ . Then, the estimates of the
observability (9.31a) and noise covariance (9.31b) are equivalent to
†
Ôf = Ũ † S̃(Ṽ † )> R̂>
p = Ũ S̃Q,

Σ̂2ξ

> −1

= (Ũ Ũ )
†

†

† >

− Ũ S̃(Ṽ )

(9.42a)

† >
† >
R̂>
p R̂p Ṽ S̃ (Ũ )

= Ũ (Iny f − S̃QQ> S̃ > )(Ũ † )> ,

(9.42b)
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> >
where (Ṽ † )> Ṽ = N1 Rp ZN ZN
Rp = Inx due to (9.33) and (9.38). Note that the
multiplication S̃Q selects only the first nx singular values of S̃. Combining the
estimates (9.41) and (9.42a) results in an estimate of Hf,p :

Ĥf,p = Ũ † S̃QQ> Ṽ > .

(9.43)

The minimal log-likelihood function corresponding to the estimates (9.41)-(9.43) is
−

log L(Ĥf,p , Σ̂2ξ )
=

!
Y

nx
N
1
f ny N
2
>
(1 − s̃i )
(log(2π) + 1) +
log det
YN YN
=
2
2
N
i=1
nx
2  N X
f ny N
N
(log(2π) + 1) −
log det Ũ
+
log(1 − s̃2i ).
2
2
2 i=1

Interesting is to compare the estimates of the Hankel matrix Ĥf,p (9.43) and the
noise Σ̂2ξ (9.42b) to the stimates in (9.29). To this end, substitute the signal relations (9.34) in (9.29) and obtain
1
> 1
> −1
YN ZN
( ZN ZN
) = Ũ † S̃ Ṽ > ,
N
N

1
1
> >
Σ̂2ξ = YN YN> − Ĥf,p ZN ZN
Ĥf,p = Ũ † Iny f − S̃ S̃> (Ũ † )> .
N
N

Ĥf,p =

(9.44a)
(9.44b)

The estimates (9.42b) and (9.43) are almost identical to (9.44) where only the first
nx singular values are selected, due to S̃Q. In case the number of data points goes
to infinity, i. e., N → ∞, then S̃ will contain exactly nx nonzero singular values
that are equal to one (see Remark 9.1) and, hence, both estimates coincide. If
the estimate is based on finite data, then the Q matrix selects the first nx singular
values similar to the Ho-Kalman procedure. In conclusion, the CCA maximizes the
marginal-likelihood function of the linear estimation problem (9.25) w.r.t. to the
unknowns Of0 , Řp and the covariance Ξ2 (Larimore 1997; Bauer and Ljung 2002).
Lemma 9.2 (CCA for LPV systems: open-loop case) Given an LPV datagenerating system which has an SS representations that is the model set (9.20)
(Assumption A7.1) and a data set DN satisfying Assumptions A5.1-A5.2 with
>
Žp,N Žp,N
 0. Under Assumptions A9.1-A9.5, compute the following SVD
− 21
1
1
− 12
(c)
(c) >
(c) >
>
Y̌f,N Y̌f,N
Žp,N Žp,N
Y̌f,N Žp,N
= U S̃V > ,
N
N

(9.45)

where the matrices Ũ and Ṽ in (9.33) are given by
Ũ =

1
− 12
(c)
(c) >
Y̌f,N Y̌f,N
U,
N

Ṽ =

1
− 12
>
Žp,N Žp,N
V.
N

(9.46)

Then, a maximum-likelihood realization of the state-sequence is given by
X̂N = Ṽn>x Žp,N ,

with

1
>
X̂N X̂N
= Inx .
N

(9.47)
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The associated log-likelihood function of this estimate is given by
− log L =

nx
2  N X
f ny N
N
log(1 − s̃2i ).
(log(2π) + 1) −
log det Ũ
+
2
2
2 i=1

(9.48)


Proof:
By straightforward mathematical manipulations it can be shown
that (9.46) satisfies the constrained SVD in (9.33). All other arguments follow
from the discussion in this section.

From the estimated state-sequence in (9.55), the state-space matrices
nψ
{Ai , Bi , Ci , Di , Ki }i=0
can be estimated by two least-squares estimation problems,
see the discussion in Section 9.9.
Remark 9.1 The original CCA is a well-known method that finds a (lower dimensional) space that maximizes the correlation between two random variables, e. g.,
see Rao (1979); Katayama (2005); Härdle and Simar (2007). Hence, without considering the underlying data-generating system, the maximum correlation between
ˇft,(c) and M̌t,pˇz̄pt is constructed by finding the linear combination A and B such
ȳ
that
n
o
ˇft,(c) , B M̌t,pˇz̄pt ,
max R Aȳ
(9.49)
A,B

where the unknown matrices are A ∈ R·×fny , B ∈ R·×(nu +ny )
correlation is
R {AX, BY } = A var{X}A>

− 21

Pp

i
i=1 (1+nψ )

A cov{X, Y }B > B var{Y }B >

− 21

.

and the
(9.50)

It is well-known, e. g., see Härdle and Simar (2007, Chapter 14), that the optimization problem (9.49) can be reformulated in the following constrained optimization problem
n
o
ˇft,(c) , M̌t,pˇz̄pt ,
max
cov ȳ
A,B
(9.51)
p
ˇft,(c) }A> = Iny ,
s.t.
A var{ȳ
B var{M̌t,pˇz̄t }B > = Inθ .
The solution to (9.51) is found by applying the constrained SVD
n
o
ˇft,(c) , M̌t,pˇz̄pt = U S̃V > ,
cov ȳ
n
o
ˇft,(c) U = Ifny
subject to U > var ȳ

p
V > var M̌t,pˇz̄t V = I(nu +ny ) Ppi=1 (1+nψ )i .

(9.52)

and the canonical correlation vectors are constructed as (e. g., see Härdle and Simar
2007, Theorem 14.1)
t,(c) − 21

ˇf
A = U > var{ȳ

}

,

p

1

B = V > var{M̌t,pˇz̄t }− 2 .
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..
.

p
M̌t,pˇz̄t

..
.

xt

..
.

x0t

..
.

ˇft,(c)
ȳ

(Of0 )†

Řp

Figure 9.1: Canonical-correlation analysis (CCA) finds linear combinations of the
p
ˇft,(c) that have maximum correlation. Maximizinput ˇz̄t and the corrected output ȳ
ing the canonical correlation will result in equivalent canonical vectors xt and x0t
ˇft,(c) = Řp M̌t,pˇz̄pt if N → ∞.
in terms of xt = x0t = (Of0 )† ȳ
The canonical correlation vectors maximize the correlation of the following canonical correlation variables
ˇft,(c) ,
η = Aȳ

p
φ = B M̌t,pˇz̄t ,

with

R{η, φ} = S̃,

where the singular values in S̃ are called the canonical correlation coefficients. Due
to the linear relation of the system (9.25), the canonical correlation vectors should
correspond to a state realization xt (see Figure 9.1), i. e.,
t,(c)

ˇf
xt = (Of0 )† ȳ

,

p

(9.53)

x0t = Řp M̌t,pˇz̄t ,

and, if N → ∞, maximizing the correlation coefficients results in xt = x0t where
the canonical correlation coefficients s̃1 , . . . , s̃nx = 1 and si = 0 for i > nx . Hence,
a realization of the controllability and observability matrix is given as:
t,(c)

ˇf
Of0 = var{ȳ

1

} 2 Unx Snx ,

p

1

Řp = Vn>x var{M̌t,pˇz̄t }− 2 .

(9.54)

Note that the estimates of the observability and reachability in (9.54) coincide
with (9.42a) and (9.41). Similarly, an estimate of the state x̂t is reconstructed
p
using the controllability matrix (9.54) multiplied by the data M̌t,pˇz̄t as:
p

1

p

x̂t = Vn>x var{M̌t,pˇz̄t }− 2 M̌t,pˇz̄t .

(9.55)

In Katayama (2005, Lemma 8.4), the state-sequence xt and x0t in (9.53) are shown
to have equivalent stochastic properties and both are the minimal splitting subspace
based on the observable signals. This argument provides equivalence between the
signals in a stochastic sense and, therefore, proving that both of the canonical correlation vectors qualify as the state-sequence. However, in Katayama (2005), the
connection to the marginal likelihood function is not provided and model order selection is not performed in a data-driven fashion based on an information criterion,
similar to Section 9.5.3.
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Remark 9.2 It is also possible to reconstruct the deterministic state-sequence xdt
in (9.3) by using the following corrected future
p
d
∗
∗
¯p
ˇft,(d) = ȳft − Nt,f Of RK
ˇt
ȳ
p Mt,p ξt − (Ľf  p)t z̄f − Nt,f Of Rp Mt,p ūt ,
d
where RK
p is the reachability matrix w.r.t. K(pt ), Ľf is constructed with A, B̌, C, Ď,
and (9.23) reduces to a data-equation excluding the time-variation in the observability matrix:
ˇft,(d) = Of0 Rp Mt,p ūpt + ξ¯ft .
ȳ
(9.56)

In the corrected future (9.56), all effects of the stochastic process xst (9.4) are removed from the output. Reconstructing the state-sequence (9.55) by applying the
ˇft,(d) and Mt,p ūpt would lead to xdt . Hence, the signal
CCA of Lemma 9.2 between ȳ
relation can be written as:

 


xdt+1
A0 · · · An ψ B 0 · · · B n ψ
ψ̃t ⊗ xdt
=
.
¯p
yt − Nt,1 O1 RK
C0 · · · Cnψ D0 · · · Dnψ
ψ̃t ⊗ ut
p Mt,p ξt − ξt
The A, . . . , D matrices can be found by a least-squares approach, however, an estimate of the noise model cannot be found directly from these signal relations. In
order to complement these estimates, we can turn to realization theory. More specifically, construct the following matrix from the estimated sub-Markov parameters in
the pre-estimation step:


Γ = Of0 K0 . . . Knψ .
Then, construct the observability matrix Ôf0 with the estimated Â and Cˆ matrices
to give a realization of the noise model:


K̂0

...

K̂nψ



 †
= Ôf0 Γ̂.

Inversion of the observability matrix is acceptable, because the observability matrix
is assumed to be full column rank (Assumption A9.5). The aforementioned method
is not the only scheme to obtain a realization of the noise model, however, it avoids
re-estimation of coefficients and/or additional construction of latent signals.
In this Section, we are interested in the stochastic realization of both the process
and noise model directly. Hence, we will not work with (9.56), but with (9.23). 

9.5.3

Data-driven model order selection

The state order in both the Ho-Kalman and subspace schemes can be selected
based on a expected sharp decrease in the magnitude of the singular values (Van
Overschee and De Moor 1996; Verhaegen and Verdult 2007). Alternatively, the
stochastic interpretation of the CCA concept allows to determine the model order
in a data-driven fashion based on the likelihood function of the estimate (9.48).
In the literature, various model order selection criteria have been applied to
find an optimal choice of the model order in terms of the bias-variance trade-off
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in a data-driven way. A biased estimate is obtained if the model order is chosen
to small, while over-parameterization will lead to an increased variance. Hence, in
the literature, many order selection criteria have been formulated such as Akaike
information criterion (AIC), Bayesian information criterion, minimum description
length, etcetera (Ljung 1999; Hurvich et al. 1990; Pintelon and Schoukens 2012).
These criteria are usually composed of the accuracy of the model estimate together
with a penalty term of the model complexity. The criteria are based on fundamental
statistical principles, which lead naturally to the use of an information or entropy
criterion. Unfortunately, only little literature is available on model order selection
for SS estimation problems. In this thesis, we apply the information criterion used
in the CVA approach in Larimore (2005), however, it is recommended to further
investigate which information criteria is better suited in the SS case.
In Larimore (2005), the following corrected AIC is proposed for this application
AIC(nx ) = −2 log f (YN ) + 2f (nx )M (nx ) = f ny N (log(2π) + 1)
n
X
2 
log(1 − s̃2i ) + 2f (nx )M (nx ), (9.57)
− N log det Ũ
+N
i=1

where M (nx ) stands for the number of parameters in the SS model
 ny (1 + ny )
− nx 2 .
M (nx ) = (1 + nψ ) nx (nx + nu + 2ny ) + ny nu +
2

(9.58)

Note that we removed the equivalence class of parameters corresponds to n2x
in (9.58) (see Section 7.2.3 for details) and parameterization of the covariance
matrix corresponds to only an upper-diagonal parameterization, due to its
n (1+n )
expected positive-definite property, i. e., requires y 2 y parameters. For nψ = 0,
the amount of parameters in (9.58) coincides with (Larimore 1990b, Eq. (20)) in
the LTI case. The AIC measure is known to be inefficient for small data records
and, therefore, many modifications are known (Hurvich et al. 1990; Pintelon
and Schoukens 2012, Section 19.7). In (9.57), the original AIC is obtained for
f (n) = 1. However, to increase efficiency for the short data record case, the
following correction factor is applied (Hurvich et al. 1990) (suggested by Larimore
2005):
N

.
(9.59)
f (nx ) =
n +1
M (nx )
N−
+ y2
ny
This provides that the model order can be estimated by minimizing the AIC
in (9.57):
nx̂ = argmin AIC(n).
n f

n∈I1 y

The AIC removes the need for cross-validating the model order selection with a
second data set. The criterion provides additional insight to model order selection
based on statistical evidence opposed to other ad-hoc arguments based model order
selection schemes as suggested in Section 8.4. Moreover, the AIC() is based on
already computed singular values s̃i and the matrix Ũ resulting in a selection
scheme with low computational complexity.
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Realization based estimation

In Section 9.5.2, a statistical viewpoint has been taken based on only the inputscheduling-corrected output signals. Alternatively, inspired by the Ho-Kalman
scheme in Lemma 8.2, the problem can be tackled from the realization point of
view, i. e., the realization is obtained by decomposing the sub-Markov coefficients
in Of0 Řp . Opposed to the Ho-Kalman scheme, we are interested in the statesequence of the innovation form (9.20) including noise dynamics. Note that the IO
form associated with the innovation form in (9.25) is similar to the deterministic
IO representation in (8.24). For example, the realization based Ho-Kalman scheme
in Lemma 8.2 can be applied by replacing Oi Rj with Of Řp . In the LTI case,
these ideas have been extensively exploited resulting in many variants of subspace
identification schemes, e. g., see Van Overschee and De Moor (1996); Qin (2006);
Verhaegen and Verdult (2007). As recognized in Van Overschee and De Moor (1996,
Theorem 12 p. 106-108), most of the LTI subspace schemes only differ by left- and
right-multiplication of the Hankel matrix with different weightings. Following this
concept, a unified LPV formulation of subspace schemes can be introduced:
Lemma 9.3 (Unified LPV open-loop predictor-based state estimation)
Given an LPV data-generating system which has an SS representations that is
the model set (9.20) (Assumption A7.1) and a data set DN satisfying Assumptions A5.1-A5.2. Under Assumptions A9.1-A9.5, let Of0 Řp be the estimated subHankel matrix via (9.25). Compute the following SVD
(9.60)

W1 Of0 Řp W2 = U SV > ,
where the full rank weightings can be taken as

HK



W1 = I,
W2 = I,


 W1 = I,

 12
N4SID
>
 W2 = Žp,N Žp,N
,




> − 21
(c)
(c)

 W1 = Y̌f,N
Y̌f,N
,
CCA
1



 W = Ž Ž > 2.
2
p,N p,N

Then, a realization of the state-sequence is given by
1

X̂N = S 2 Vn>x W2−1 Žp,N .

(9.61)


Proof: The LPV estimation problem can be rewritten in an LTI formulation,
because the IO model (9.25) representing the SS form of the data-generating system
p
ˇft,(c) Hence, the derivation for LTI
is linear time-invariant from the signals M̌t,pˇz̄t to ȳ
subspace schemes can be directly applied. For a detailed proof, see Van Overschee
and De Moor (1996, Chapter 4.3). To illustrate, it is not difficult to show that
1

Of0 = W1−1 Unx Sn2x ,

1

Řp = Sn2x Vn>x W2−1 .

(9.62)
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Hence, taking (9.6) and Assumption A9.4 into account, right-multiplying the reachability matrix Řp in (9.62) with the data matrix Žp,N leads to a realization of the
state as in (9.61).

An important fact from Lemma 9.3 is the absence of the closed-loop dynamics,
contrary to the LTI case (Van Overschee and De Moor 1996; Qin 2006), and the
required pre-estimation step. Opposed to the LTI case, we do not apply oblique
projections to remove the effect of future inputs, see Example 9.1 (9.19) (the oblique
projection is an indirect LS estimation and prediction step). In the LPV case, we
apply the pre-estimation step making the oblique projections of the future input
superfluous and, therefore, a MOESP like weighting is not present. The unified
formulation in Lemma 9.3 applies N4SID and CCA like weightings to the estimated
Hankel matrix, which is not a LPV extension of these methods, due to the missing
oblique projections. In addition, it is important to note that the CCA in Lemma 9.2
and the CCA in Lemma 9.3 are different as the first is based on the signal relations
while the latter is based on the sub-Markov coefficients. This theoretical split can
also be found in the LTI literature between Larimore (1990b) and Van Overschee
and De Moor (1996), respectively. Both principles are equivalent for infinite data
N → ∞, as the oblique projections and least-squares estimates are consistent and
unbiased (Bauer and Ljung 2002). On finite data, the weighting that leads to the
smallest prediction-error is case dependent.
The estimated state-sequence in the unified formulation (9.61) is not guaranteed
to have unit variance compared to the estimated state-sequence by the CCA method
in (9.55). In the LTI case, it can be shown that the resulting model is stochastically balanced for this choice of the state-sequence (9.61) (Arun and Kung 1990),
similar to deterministic Ho-Kalman realization. In the LPV case, the observability
and reachability Gramians are scheduling-dependent and the state-sequence (9.61)
is most likely structurally and stochastically balanced, but formally proving this
property is a subject for future research.

9.6
9.6.1

State realization in the closed-loop setting:
time-invariant observability matrix
Main concept

As for the open-loop case, the observability and reachability matrices in the closedloop data-equation (9.14) can be decomposed in a similar fashion to a parameter
independent and parameter dependent structure due to the affine parameter structure of (9.20). In addition, Assumption A9.4 implies that the right last part in
data-equation (9.14) vanishes and (9.14) reads as
p
(9.63)
ȳft = Ñt,f Õf R̃p M̃t,p ˜z̄t + (L̃f  p)t˜z̄tf + ξ¯ft .
| {z } | {z }
(Õf p)t (R̃p p)t

Construction of the matrices Ñt,f , Õf , R̃p , and M̃t,p in the closed-loop case is
slightly more complicated due to the multi-quadratic parameterization of Ã(pt )
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and B̃(pt ). First, define
A0 = A0 − K0 C0 ,

B0 = B0 − K0 D0 ,

A0i = Ai − Ki C0 − K0 Ci ,

−Ki Ci ,
Aij =
−Ki Cj − Kj Ci ,

B0i = Bi − Ki D0 − K0 Di ,

−Ki Di ,
for i = j,
Bij =
−Ki Dj − Kj Di . otherwise,

for i = j,
otherwise,

In addition, define all unique combinations of the scheduling variable ψ̃t ⊗ ψt as
h
µt = ψt>

[1]

[1]

ψt ψt

[1]

[nψ ]

[2]

. . . ψt ψt

[2]

[2]

ψt ψt

[3]

ψt ψt

[nψ ]

. . . ψt

[nψ ]

ψt

i>
, (9.64)

n (n +3)

is the extended scheduling
where µ : Z → M ⊂ Rnµ with dimension nµ = ψ 2ψ
variable 4 . Next, let us define the p-step extended reachability matrix of (9.63):
M̃u1 =



B0

B01

...

M̃y1
M̃ij



K0

...

K nψ

=

B0nψ

,

B11

...



= A0 A01 . . . A0nψ A11 . . .
h
i
R̃p = M̃u1 M̃y1 . . . M̃up M̃yp ,

B1nψ

B22

A1nψ

...

A22 . . .

Bnψ nψ



,


Anψ nψ (Inµ̃ ⊗ M̃ij−1 ),

with i = {u, y} and define the f-step extended observability matrix of (9.63) as
>
Cn>ψ ,

>
...
Ñj = (Inµ̃ ⊗ Ñj−1 ) A0> A01
h
i>
Õf = Ñ1> · · · Ñf> .


Ñ1 = C0> · · ·

>
A0n
ψ

>
A11
...

>
A1n
ψ

>
A22
...

>
An>ψ nψ ,

(n +1)(n +2)

>
nµ̃
.
Finally, define µ̃t = [1 µ>
and nµ̃ = nµ + 1 = ψ 2 ψ
t ] with µ̃t ∈ M̃ ⊂ R
Then, using the definition of the p-step extended reachability and f-step extended
observability matrix, the scheduling dependent data-matrices are given as
>
>
L̃t|i = µ̃>
t ⊗ . . . ⊗ µ̃t+i−1 ⊗ ψ̃t+i ⊗ Iny ,

= µ̃t ⊗ . . . ⊗ µ̃t−j−1 ⊗ ψ̃t−j ⊗ Iny ,
Ñt,i = diag L̃t|0 , . . . , L̃t|i−1 ,

y
y
u
u
= diag K̃t−1|0
, K̃t−1|0 , . . . , K̃t−1|j−1
, K̃t−1|j−1
.

u
K̃t|j
= µ̃t ⊗ . . . ⊗ µ̃t−j ⊗ Inu ,
y
K̃t|j

M̃t,j

The stochastic observability and reachability matrices R̃p and Õf have the following
properties:
4n
µ


is given by

nψ + 1
1




+

nψ + 1
2




−1 where

n
k


denotes the binomial coefficient.

Hence,

2(nψ + 1)! + nψ (nψ + 1)! − 2nψ ! (nψ − 1)!
(nψ + 1)!
(nψ + 1)!
nψ (nψ + 3)
+
−1=
=
.
nψ !
2(nψ − 1)!
2nψ !(nψ + 1)!
2
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Lemma 9.4 (Stochastic structural state-observability and statereachability: closed-loop case) The LPV-SS representation (9.20) with
state dimension nx is stochastically structurally state-observable if and only
if rank(Õnx ) = nx . Similarly, the SS representation (9.20) is stochastically
structurally state-reachable if and only if rank(R̃nx ) = nx .

Proof: By considering z̃t as the new input signal and µt as the new scheduling
signal, we can apply the same argument as in Lemma 2.7.


Lemma 9.5 (Existence of a stochastic realization) Given a data-generating
LPV system So with an IIR representation (4.19)-(4.20). The system So has an
SS representation (4.17) with static, basis affine dependency (2.23), involving the
nψ
linearly independent basis functions {ψ [i] }i=1
, if and only if the IIR has a multilinear dependency structure (4.29) given Kp = K(p), using the linearly independent
nµ
basis functions {µ[i] }i=0
on P with µ[0] = 1 constructed from (9.64), and Õi R̃j
constructed from the corresponding sub-Markov parameters satisfies
sup rank(Õi R̃j ) = nx < ∞.
i,j≥1

Furthermore, nx is the state dimension of any jointly minimal LPV-ß realizanψ
tion (4.17) of So with static, basis affine dependency (2.23) using {ψ [i] }i=1
.

Proof: By considering z̃t as the new input signal and µt as the new scheduling
signal, we can apply the same argument as in Lemma 8.1.

Note that Lemmas 9.4 and 9.5 do not include any restrictions on the input
or scheduling sequences. To consistently estimate the parameters in Õf R̃p
we require rank(Ξ2 ) = ny (persistency of excitation on ξt ) and persistency of
p
excitation on M̃t,p˜z̄t . The unknown coefficients Ci A0 · · · A0 B0 , Ci Aij · · · Aij Bij ,
Ci A0 · · · A0 Ki , Ci Aij · · · Aij Ki for i, j = 0, . . . , nψ found in Õf R̃p and L̃f are the
sub-Markov parameters of the multi-quadratic parameterization of the closed-loop
formulation (9.63). These unknown quantities are identified using an LPV-ARX
model, see Section 6.2.1.1. For a discussion of informativity on the data for the
ARX model set, see Section 5.2.2.
Similar to the deterministic or open-loop case, Lemma 9.5 implies that the
previously developed concepts can be applied to obtain a realization of the model
in the closed-loop setting. This concept has successfully been used in the LPV
literature, e. g., in Verdult and Verhaegen (2002); van Wingerden and Verhaegen
(2009); Larimore (2013) to mention a few. To this end, the closed-loop counterpart
of (9.23) is
p

p

∗
ȳft − (L̃f  p)t˜z̄tf − Ñt,f
Õf∗ R̃p M̃t,p˜z̄t = Õf0 R̃p M̃t,p˜z̄t + ξ¯ft ,

(9.65)
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where

Ñ1∗ = C1> · · ·

>
Cn>ψ ,

>
∗
...
Ñj∗ = (Inµ̃ ⊗ Ñj−1
) A0> A01
h
i>
Õf∗ = (Ñ1∗ )> · · · (Ñf∗ )> ,

>
A0n
ψ

>
A11
...

>
A1n
ψ

>
A22
...

>
An>ψ nψ ,

∗
Ñt,i
= diag L̃∗t|0 , . . . , L̃∗t|i−1

>
>
L̃∗t|i = µ̃>
t ⊗ . . . ⊗ µ̃t+i−1 ⊗ ψt+i ⊗ Iny ,



From (9.65), the closed-loop corrected future can be introduced as
p
∗
˜ft,(c) = ȳft − (L̃f  p)t˜z̄tf − Ñt,f
ȳ
Õf∗ R̃p M̃t,p˜z̄t ,

(9.66)

then using the same idea as in the open-loop case, (9.65) is reduced to a dataequation excluding the time-variation in the observability matrix:
˜ft,(c) = Õf0 R̃p M̃t,p˜z̄pt + ξ¯ft .
ȳ

(9.67)

The closed-loop form (9.67) enables to treat the state realization problem equivalent
to the open-loop case.

9.6.2

Maximum-likelihood estimation

The corrected formulation (9.67) is the fundamental data-equation to obtain an
estimate of the state-sequence. The goal is to obtain an estimate of the statesequence, which is derived by the reasoning of the CCA or CVA methodology
similarly to the open-loop case in Section 9.5.2. Hence, the derivation of the
maximum-likelihood estimate is omitted and only the finial result is given. For
notational simplicity, let us define the following data-matrices
h
i


(c)
˜f1,(c) . . . ȳ
˜fN,(c) .
Ỹf,N = ȳ
Z̃p,N = M̃1,p˜z̄p1 . . . M̃N,p˜z̄pN ,
Lemma 9.2 for the closed-loop data-equation is formulated as:
Lemma 9.6 (CCA for LPV systems: closed-loop case) Given an LPV datagenerating system which has an SS representations that is the model set (9.20)
(Assumption A7.1) and a data set DN satisfying Assumptions A5.3-A5.5 with
>
Z̃p,N Z̃p,N
 0. Under Assumptions A9.1-A9.5, compute the following SVD
− 21
1
− 12
1
(c)
(c) >
(c) >
>
Ỹf,N Ỹf,N
Ỹf,N Z̃p,N
Z̃p,N Z̃p,N
= U S̃V > ,
N
N

(9.68)

where the matrices Ũ and Ṽ in (9.33) are given by
Ũ =

− 12
1
(c)
(c) >
Ỹf,N Ỹf,N
U,
N

Ṽ =

1
− 12
>
Z̃p,N Z̃p,N
V.
N

(9.69)

Then, a maximum-likelihood realization of the state-sequence is given by
X̂N = Ṽn>x Z̃p,N ,

with

1
>
X̂N X̂N
= Inx .
N

(9.70)

Chapter 9 Linear parameter-varying subspace identification

218

The associated log-likelihood function of this estimate is given by
− log L =

nx
2  N X
fny N
N
log(1 − s̃2i ).
(log(2π) + 1) −
log det Ũ
+
2
2
2 i=1

Proof: Based on a similar argument as for Lemma 9.2.

(9.71)



Note that, Lemma 9.6 is the LPV counterpart of the LTI SS-ARX scheme
presented in Jansson (2003). Hence, the contribution of our framework is the
extension and the generalization of the CCA to the LPV setting making it possible
to directly extend the SS-ARX scheme. In addition, as a contribution, the derived
CCA setting allows to prove the maximum-likelihood property and to obtain the
log-likelihood function of the estimate, which have not been presented even in the
LTI case, see in Jansson (2003). Moreover, the CCA setting allows the model order
nx to be selected based on the relative magnitude of the singular values or by the
AIC scheme introduced in Section 9.5.3.

9.6.3

Realization based estimation

The state estimation problem has been tackled from the input-scheduling-corrected
output statistics point of view in Lemma 9.6. Alternatively, the state-sequence realization problem can be interpreted as a weighted decomposition of the stochastic,
closed-loop Hankel matrix Õf0 R̃p . More specifically, the concepts introduced for
the open-loop case in Section 9.5.4 can be directly extended to the closed-loop case
leading to a unified theory and immediate extension of various subspace methods
to the LPV case:
Lemma 9.7 (Unified LPV closed-loop predictor-based state estimation)
Given an LPV data-generating system which has an SS representations that is
the model set (9.20) (Assumption A7.1) and a data set DN satisfying Assumptions A5.3-A5.5. Under Assumptions A9.1-A9.5, let Õf0 R̃p be the estimated subHankel matrix via (9.67). Compute the following SVD
W1 Õf0 R̃p W2 = U SV > ,

(9.72)

where the full rank weightings can be taken as

HK






> − 12

(c)
(c)

 W1 = I,
 W1 = Ỹf,N
Ỹ
,
f,N
W1 = I,

 21 SS-ARX
PBSID
1

2
>
W2 = I,
 W2 = Z̃p,N Z̃p,N

,

>
W2 = Z̃p,N Z̃p,N
.

Then, a realization of the state-sequence is given by
1

X̂N = S 2 Vn>x W2−1 Z̃p,N .

(9.73)
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Proof: Based on a similar argument as for Lemma 9.3.
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The unified formulation in Lemma 9.7 applies PBSID and SS-ARX like weightings to the estimated Hankel matrix, however, the resulting estimators are not the
LPV extensions of these methods, due to the missing oblique projections. Equivalence only holds in an asymptotic sense in case N → ∞. It is important to note
that the CCA in Lemma 9.6 and SS-ARX in Lemma 9.7 are different, as the first
is based on the signal relations and the latter uses the sub-Markov coefficients.
The estimated state-sequence in the unified formulation (9.73) does not have
unite variance as the estimated state-sequence by the CCA method in (9.70). In
the LTI case, it can be shown that the resulting model is stochastically balanced
for this choice of the state-sequence (9.61) (Arun and Kung 1990), similar to the
deterministic Ho-Kalman realization. In the LPV case, the observability and reachability Gramians are scheduling dependent and the state-sequence (9.61) is most
likely structurally and stochastically balanced, but formally proving this property
is subject for future research.
Remark 9.3 In Chiuso (2007b); van Wingerden and Verhaegen (2009) the implementation and derivation of the PBSID method is accomplished differently. Without exploring the above given general theory, the authors aimed at a computationally
efficient estimator by accomplishing the SVD on W1 Õf0 R̃p Z̃p,N = U SV > with a re1
alization of the state by X̂N = S 2 Vn>x . Obviously, this method is equivalent to the
above defined PBSID weighting, but it is computationally more efficient as it avoids
the square root operation in (9.72). Additionally, Chiuso (2007b) proves asymptotic
equivalence between LTI PBSID and LTI SS-ARX. Extension of this proof to the
LPV case has not been accomplished yet, but it is likely to hold.

Remark 9.4 The choice of the weightings W1 and W2 has been discussed by many
authors. In the LTI case, it has been proven that the weight W1 has no influence on
the asymptotic accuracy of the estimates, see Bauer and Ljung (2002); Gustafsson
and Rao (2002); Chiuso and Picci (2004); Chiuso (2007b). On the other hand, on
finite data, the optimal choice is still an open question.


9.7

Reduced state realization: general case

In Sections 9.5 and 9.6, the state-sequence realization problem has been tackled
under the assumption that the time-invariant part of the observability matrix is
full column rank, i. e., under Assumption A9.5. This full rank condition can imply
strong restrictions on the realization scheme and might be easily violated. Modifying Lemmas 9.3 and 9.7 to realize the state-sequence for the open-loop Of case or
closed-loop Õf case is straightforward, however, including these additional entries
Pf
i
will increase exponentially the size of the matrices, i. e., Of ∈ Rny i=1 (1+nψ ) ×nx
Pf
i
or Õf ∈ Rny i=1 (1+nµ ) ×nx compared to Of0 , Õf0 ∈ Rfny ×nx . In the current literature, no global LPV subspace scheme is known that avoids Assumption A9.5
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without any restrictions on the scheduling signal. As a contribution to the stateof-the-art, in this section, the exponential growth is circumvented by extending the
bases selection scheme of Section 8.4. In the following discussion, the open-loop
and closed-loop cases are jointly treated.
To introduce the basis reduced scheme to stochastic realization, the notation is
extended, due to the additional parameters of the multi-quadratic parameterization
of the closed-loop equation (9.63). To this end, the selection ς of the reachability
matrix Řp or R̃p is re-defined as follows:

ς = (α1ς , β1 , j1 , δ1 ), · · · , (αnς r , βnr , jnr , δnr ) ,

(9.74)

where, for the open-loop case,
 n p
n
n +n
αlς ∈ I0 ψ 0 , βl ∈ I0 ψ, jl ∈ I1 u y, δl = 0, selecting Aαςl [Bβl Kβ1 ][jl ] , (9.75a)
or, for the closed-loop case,

 
 ας ∈ In0 µ p , βl ∈ In0 µ, jl ∈ In1 u, δl = 0, selecting Aας B [jl ] ,
βl
l
0
l
 ας ∈ Inµ p , β ∈ Inψ, j ∈ Iny, δ = 1, selecting A ς K [jl ] ,
l
l
l
α l βl
0 0
0
1
l

(9.75b)

with l = 1, . . . , nr . The combination in (9.75b) is needed to select the appropriate
columns associated with M̃ui or M̃yi , respectively. For example, in the open-loop
case, the selection ς = {(0, 1, 2, 0), (12, 0, nu + 3, 0), (, 4, 1, 0)} on R̃p defines
R̃ς =

h

[2]

A0 B1

[3]

A1 A2 K0

[1]

B4

i

.

The selection of the observability matrix is not changed significantly compared
to the deterministic case. The extended observability matrix Of in the open-loop
data-equation (9.22) is equivalent to the extended observability matrix in the deterministic data-equation (8.24) and its basis selection is equivalent to (8.35). In the
closed-loop case, the extended observability matrix Õf in the data-equation (9.63)
only extends the parameterization w.r.t. A. To this end, this selection is modified
 n f
 n f
by α1ν , . . . , αnν o ∈ I0 µ 0 (in stead of αlν ∈ I0 ψ 0 ).
Similar to the deterministic case, if the sets ς and ν are chosen such that
rank(Řς ) = nx , rank(Oν ) = nx , and rank(Oν Řς ) = nx ; or rank(R̃ς ) = nx ,
rank(Õν ) = nx , and rank(Õν R̃ς ) = nx for the open- or closed-loop cases, respectively, then we call the selection ς and ν a basis selection. In practice, selecting
a new basis can be performed based on the condition number. A new basis is
added to ς or ν if it decreases the condition number by a certain value. However,
adequate selection rules to obtain the basis are yet to be developed.
Furthermore, we will indicate with (ZZ > )ς a selection of rows from a data
matrix Z. The selection only selects the rows and columns associated with ς. More
specifically, this selection is executed by multiplying Z with a selector matrix Sς :
(ZZ > )ς = Sς ZZ > Sς> ,
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where the l-th row of Sς is [0 . . . 0 1 0 . . . 0] if the #(αlς , βl , jl , δl )-th element
equal to one for l = 1, . . . , nr . With a selection ς (9.74), the specific non-zero entry
is given as
 P#(α)
i

 i=1 (nu +ny )(1+nψ ) +(nu +ny )β +j


P

#(α)−i
 + #(α)−1 [α]
,
for open-loop,

i=0
i+1 (1+nψ )


#(α, β, j, δ) = P#(α) n (1+n )i +n (1+n )(1+n )i−1 
(9.76)
u
µ
y
ψ
µ

i=1



P

#(α)

+ i=1 [α]i 2+nµ +nψ ) (1+nµ )#(α)−i





+nu βl (1−δ)+δ (1+nµ )nu +ny β +j, for closed-loop.
The new definitions (9.74)-(9.76) are applied to indicate which elements in the
extended observability matrix, extended reachability matrix, or data matrix are
selected.
Lemma 9.8 (Reduced, unified LPV predictor-based state estimation)
Given an LPV data-generating system which has an SS representations that is
the model set (9.20) (Assumption A7.1) and a data set DN satisfying Assumptions A5.1-A5.2 or Assumptions A5.3-A5.5 for the open-loop or closed-loop case,
respectively.
 n f
In the open-loop case, define a column selection ν with α1ν , . . . , αnν o ∈ I0 ψ 0 ,
n
n
γ1 , . . . , γno ∈ I0 ψ , and i1 , . . . , ino ∈ I1 y and a row selection ς according to (9.75a)
where the dimensions of the selection are no , nr ≥ nx . If the estimated sub-Hankel
matrix Oν Řς satisfies rank(Oν Řς ) = nx , then construct the matrices
Hν,ς = Oν Řς W,

(9.77)

Hν,p = Oν Řp Žp,N ,

where the full rank weightings can be taken as
HK: W = I,

>
N4SID: W = Žp,N Žp,N

 21
ς

.

 n f
In the closed-loop case, define a column selection ν with α1ν , . . . , αnν o ∈ I0 µ 0 ,
n
n
γ1 , . . . , γno ∈ I0 ψ , and i1 , . . . , ino ∈ I1 y and a row selection ς according to (9.75b)
where the dimensions of the selection are no , nr ≥ nx . If the estimated sub-Hankel
matrix Õν R̃ς satisfies rank(Õν R̃ς ) = nx , then construct the matrices
Hν,ς = Õν R̃ς W,

(9.78)

Hν,p = Õν R̃p Z̃p,N ,

where the weightings can be taken as
HK: W = I,


 21
>
.
PBSID: W = Z̃p,N Z̃p,N
ς

Under Assumptions A9.1-A9.4, compute the SVD Hν,ς = U SV > . Then a realization of the state-sequence is given by
−1

X̂N = Snx2 Un>x Hν,p .

(9.79)
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Proof: Recall that in the open-loop case XN = Řp Žp,N or, equivalently, in the
closed-loop case XN = R̃p Z̃p,N . Using the SVD, a realization of the basis reduced
1
ˆ = U S 12 in the open-loop or
observability matrix is taken as Ô = U S 2 or Õ
ν

ν

closed-loop case, respectively. Then, in the open-loop case:
1

S − 2 U > Hν,p = Ôν† Hν,p = Řp Žp,N = X̂N .
1
ˆ † H = X̂ .
Similarly, for the closed-loop case, write S − 2 U > Hν,p = Õ
N
ν ν,p



Lemma 9.8 is solely based upon the predictor Oν Řf or Õν R̃f (open-loop or
closed-loop case, respectively), which predicts a part of the corrected output that
is not directly measurable. For example, take D = 0 and ν to select C1 , then the
[1]
predictor provides the unmeasurable output ŷt = C1 xt . Therefore, a CCA type of
method or weighing can only be applied by selecting C0 and for the CCA method
is not clear if the maximum-likelihood property still holds. Hence, CCA under the
proposed basis reduction formulation of the data-equation is not presented in this
thesis. Alternatively, reconstructing these unmeasurable signals would imply, in
most cases, division by the value of the scheduling signal in each time step. As the
elements of the scheduling signal can be zero or close to zero, such an approach
is generally not expected to lead to a numerically well-posed estimator. However,
specific selections w.r.t. a given scheduling trajectory might succeed providing an
interesting idea to be explored in future research.
Remark 9.5 Lemma 9.8 can be simplified by taking the SVD on Hν,p = U SV > ,
1

then the state can be reconstructed as X̂N = Sn2x Vn>x . However, this comes with an
increased computational cost compared to the SVD on Hν,ς .


9.8

Reduced state realization: “optimal”
formulation

A specific modification of the predictor based schemes is called the “optimal” formulation that was introduced in Chiuso (2007b) for LTI-SS identification setting.
Chiuso argues that certain terms responsible for the effect of the initial condition
on the data-equation can be removed, which would be associated with high-order
products of A or Ã. More specifically, due to the asymptotic decrease in the
Markov coefficients, Chiuso proves that this initial condition mismatch falls within
the variance of the estimator due to the finite data estimation problem, if the past
window p is chosen large enough. In other words, the IO predictor model with
order p can represent the data up to its noise variance, which translates to taking
the following assumption
Qp

A9.6 Theh past window p iis chosen sufficiently large, such that
i=1 A(pt−i ) ≈ 0
Qp
or
i=1 (Ã  p)t−i ≈ 0, ∀p ∈ BP for the open-loop or closed-loop case,
respectively.
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An exact expression for choosing the past window is not provided, as it is dependent on the entire identification setting, such as the used input excitation, dynamics of the underlying system, or data set size. Removing these effects from the
data-equation, Chiuso argues that its optimized version results in equal or lower
estimator variances then the CCA or the original PBSID methods under non-white
input signals (Chiuso 2007b, Theorem 5.3). The following interpretation of the
proof of Chiuso’s Theorem 5.3 can be given: as the initial condition mismatch in
future outputs can be neglected, fewer parameters need to be estimated in the preestimation step compared to the CCA or the original PBSID method, resulting in
a lower variance on the estimated parameters on finite data.
Reflecting on our prior assumptions, Assumptions A9.4 and A9.6 are almost
similar, however, due to Assumption A9.6, the open-loop expression Of Řp gets an
upper-triangular shape


N1 M̌1
N2 M̌1
..
.




Of Řp ' 

 Np M̌1
0

...
...
.
..

N1 M̌p−1
N2 M̌p−1
..
.

N1 M̌p
0
..
.

...
...

0
0

0
0





,



(9.80)

where Ni as in (8.22) and M̌j is constructed as in (8.20) with B̌ instead of B.
Hence, if the future window f exceeds p, then the future outputs yt+p+i with
i = 1, . . . , f − p in the data-equation (9.80) are solely based upon future values of
ūtf and ξ¯ft . Similar upper-triangular shape can be seen in the closed-loop expressions. The matrix (9.80) is constructed from the sub-Markov parameters, which
are estimated using an LPV-MAX or LPV-ARX model via the a PEM method,
see Section 6.2.1. Comparing this “optimal” formulation to our previous general
setting, the representation of Of Řp in (9.22) needs the estimation of an LPV-MAX
or LPV-ARX model of order f + p − 1. However, the matrix (9.80) requires an estimated model of only order p. A comparison of both settings on practical examples
remains to be explored, however, the same results are expected as in the LTI case.
For the sake of generality, we also give an “optimal” formulation of Lemma 9.8:

Lemma 9.9 (Reduced, “optimal”, unified LPV predictor-based state estimation) Given an LPV data-generating system which has an SS representations
that is the model set (9.20) (Assumption A7.1) and a data set DN satisfying Assumptions A5.1-A5.2 or Assumptions A5.3-A5.5 for the open-loop or closed-loop
case, respectively.
 n n
In the open-loop case, define a column selection ν with α1ν , . . . , αnν o ∈ I0 ψ 0 ,
n
n
γ1 , . . . , γno ∈ I0 ψ , and i1 , . . . , ino ∈ I1 y and a row selection ς according to (9.75a)
where the dimensions of the selection are no , nr ≥ nx . Construct the following
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matrices
(
[Hν,ς ]k,l '

[i ]

[j ]

[#(αςl ,βl ,jl ,δl )]

Cγkk Aανk Aαςl B̌βll Žp,N
0,

, for #(αkν αlς ) ≤ p,
otherwise,

(9.81a)


[i ]
[i ]
Cγ11 Aαν1 M̌1 . . .
Cγ11 Aαν1 M̌p−#(αν1 )
01×n(αν1 )


..
..
..
Žp,N , (9.81b)
Hν,p ' 
.
.
.


[ino ]
[i1 ]
Cγno Aανno M̌1 . . . Cγ1 Aανno M̌p−#(ανno ) 01×n(ανno )


where Hν,ς k,l indicates the k, l-th element of Hν,ς for k = 1, . . . , no and l =


[#(αςl ,βl ,jl ,δl )]

1, . . . , nr . In (9.81a), Zp,N
βl , jl , δl )-th row of Zp,N .

corresponds to the selection of the #(αlς ,

 n n
In the closed-loop case, define a column selection ν with α1ν , . . . , αnν o ∈ I0 µ 0 ,
n
n
γ1 , . . . , γno ∈ I0 ψ , and i1 , . . . , ino ∈ I1 y and a row selection ς according to (9.75b)
where the dimensions of the selection are no , nr ≥ nx . Construct the following
matrices
 [i ]
ς
[jl ] [#(αl ,βl ,jl ,δl )]
k

, for #(αkν αlς ) ≤ p and δl = 0,
 Cγk Aανk Aαςl Bβl Z̃p,N
ς
[Hν,ς ]k,l ' Cγ[ik ]Aαν A ς K [jl ]Z̃ [#(αl ,βl ,jl ,δl )], for #(αν ας ) ≤ p and δl = 1, (9.82a)
αl βl p,N
k l

k
 k
0,
otherwise,

 [i ]
[i ]
Cγ11 Aαν1 M̃p−#(αν1 )
01×n(αν1 )
Cγ11 Aαν1 M̃1 . . .


..
..
..
Z̃p,N , (9.82b)
Hν,p ' 
.
.
.


[i ]
[i ]
Cγn1oAανno M̃1 . . . Cγ1no Aανno M̃p−#(ανno ) 01×n(ανno )
Under Assumptions A9.1-A9.3, A9.6 and rank(Hν,ς ) = nx , compute the SVD
Hν,ς = U SV > . Then a realization of the state-sequence is given by
−1

X̂N = Snx2 Un>x Hν,p .

(9.83)


Proof:
Due to Assumption A9.6, the matrices (9.81a) or (9.82a) represent
Hν,ς = Oν (Řp Žp,N )ς or Hν,ς = Õν (R̃p Z̃p,N )ς for the open-loop or closed-loop
settings, respectively. Furthermore, the matrices (9.81b) or (9.82b) represent
Hν,p = Oν Řp Žp,N or Hν,p = Õν R̃p Z̃p,N , respectively. In addition, due to the
assumption that ν, ς are selected such that rank(Hν,ς ) = nx , it follows that Oν or
Õν are full column and Řς or R̃ς are full row rank. Hence, in the open-loop case,
using the SVD of Hν,ς = U SV > and taking a structurally balanced truncation
1

−1

Ôν = Unx Sn2x we obtain Snx2 Un>x Hν,p = Ôν† Oν Řf Žp,N = X̂N . Similarly, in the
closed-loop case, use the SVD decomposition and take the balanced truncation
ˆ † Õ R̃ Z̃
ˆ = U S 12 we get S − 12 U > H = Õ
Õ

nx
ν
nx nx
nx ν,p
ν ν f p,N = X̂N .
To give some intuition on the underlying mechanism of the basis selection
scheme in Lemma 9.9 it is important to highlight that the notation in (9.81)
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or (9.82) indicates which rows of (9.80) are selected for the realization and how
the rows are ordered. For an example for the construction of matrix (9.81a), take
ν = {(2, 1, 3), (1, 4, )} and ς = {(, 0, nu + 1, 0), (32, 1, 3, 0)} with past window size
p = 2, then
"
Hν,ς =

9.9

[2]

[1]

C1 A3 K0
[1] [1]
C4 K0

#
"
[2]
C1 A3 M̌1
01×1
,
H
=
ν,p
[1]
[3]
[1]
C4 A3 A2 B1
C4 M̌1

01×nu (1+np )2
[1]
C4 M̌2

#
.

Estimation of the state-space matrices

The aforementioned stochastic realization methods are projection based schemes
where the state is reconstructed as an intermediate step. So, either applying
Lemma 9.2, Lemma 9.3, Lemma 9.6, Lemma 9.7, Lemma 9.8, or Lemma 9.9 leads
to an estimate x̂ of the state-sequence. In the final step, the state-space matrinψ
ces {Ai , Bi , Ci , Di , Ki }i=0
are estimated completing the data-driven “realization”.
Inspecting the output- and state-equations in (9.20) and assuming knowledge of
{ut , pt , x̂t , yt }N
t=1 , a maximum-likelihood estimate can be formulated for ξt and the
state-space matrices by two least-squares estimation problems, e. g., see Verdult
and Verhaegen (2002, Section 2.5). The first least-squares problem is to obtain the
matrices associated with the output-equation (9.20b):



−1
>
>
ΦN,out ΦN,out
,
D̂0 . . . D̂nψ = YN ΦN,out

Ĉ0 . . . Ĉnψ

(9.84)

according to the analytic solution of a standard `2 -loss minimization problem with
additive residual error. The regression matrix in (9.84) is

ΦN,out =

ψ̃1 ⊗ x̂1
ψ̃1 ⊗ u1

...
...

ψ̃N ⊗ x̂N
ψ̃N ⊗ uN


.

Using the output-equation (9.20b), an estimate of the innovation noise is found in
the form of the residual error of (9.84):


ξˆ1

...

ξˆN




= YN − Ĉ0 . . . Ĉnψ

(9.85)


D̂0 . . . D̂nψ ΦN,out .

Similarly, based on the state-equation (9.20a), the state-update and input matrices
are estimated by the following least-squares estimator:



−1
0 >
ΦN,sta ΦN,sta Φ>
, (9.86)
Â0 . . . Ânψ B̂0 . . . B̂nψ K̂0 . . . K̂nψ = X̂N
N,sta

0
where the regression matrix ΦN,sta and the state data X̂N
are given by



ΦN,sta

ψ̃1 ⊗ x̂1
=  ψ̃1 ⊗ u1
ψ̃1 ⊗ ξˆ1

...
...
...


ψ̃N −1 ⊗ x̂N −1
ψ̃N −1 ⊗ uN −1  ,
ψ̃N −1 ⊗ ξˆN −1

0
X̂N
=



x̂2

...

x̂N



.
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Table 9.1: Overview of the complexity of the realisation methods investigated in
Chapters 8 and 9. The design variables are na , nb ≥ 0 and p, f ≥ 1 (recall that
nµ̃ = nµ + 1 = 21 (nψ + 1)(nψ + 2)). The following abbreviations are used: shifted
form (SF); the observability form (OF); the state extended form (EF); deterministic LPV Ho-Kalman (HK); and deterministic, basis reduced Ho-Kalman (RHK).
Applying the open-loop data-equation: the canonical correlation analysis and the
unified formulation are denoted with OPB; the basis reduced unified formulation
with ROPB; and the “optimal” basis reduced unified formulation with ROPBopt .
Based on the closed-loop data-equation: the canonical correlation analysis and the
unified formulation are denoted with CPB; the basis reduced unified formulation
with RCPB; and the “optimal” basis reduced unified formulation with RCPBopt .
The asterisk indicates the dimensions for an optional post-step reduction to obtain
a state minimal representation.
Number parameters in IO
pre-estimation

SVD on H ∈ Ra×b

SF

ny nu (1 + nb (1 + nψ ))
+ n2y na (1 + nψ )

a ≤ ny max(na , nb ) *
b ≤ ny max(na , nb ) *

OF

ny nu (1 + nψ ) + n2y na (1 + nψ )

a ≤ ny na * , b ≤ ny na *

EF

ny nu (1 + nb )(1 + nψ )
+ n2y na (1 + nψ )

a ≤ ny na + nu nb *
b ≤ ny na + nu nb *

HK

nu ny

Pf+p

+ nψ )i

P
a = ny P fi=1 (1 + nψ )i
b = nu pi=1 (1 + nψ )i

RHK

nu ny

Pf+p

+ nψ )i

a = no , b = nr

OPB

P
i
nu ny f+p
i=1 (1 + nψ )
P
f+p
2
i
+ ny i=2 (1 + nψ )
P
i
nu ny f+p
i=1 (1 + nψ )
P
f+p
2
i
+ ny i=2 (1 + nψ )
P
i
nu ny P p+1
i=1 (1 + nψ )
p+1
2
i
+ ny i=2 (1 + nψ )

a = fny
P
b = (nu + ny ) pi=1 (1 + nψ )i

P
i
ny (1 + nψ ) nu f+p
i=0 nµ̃ 
Pf+p−1
+ ny (1 + nψ ) i=0 niµ̃
P
i
ny (1 + nψ ) nu f+p
i=0 nµ̃ 
Pf+p−1
+ ny (1 + nψ ) i=0 niµ̃
P
i
ny(1 + nψ ) nuP p+1
i=0 nµ̃
p
i
+ ny (1 + nψ ) i=0 nµ̃

a = fnP
y
P
b = nu pi=1 niµ̃ + ny pi=1(1+ nψ)i

ROPB
ROPBopt
CPB
RCPB
RCPBopt

i=1 (1

i=1 (1

a = no
b = nr
a = no
b = nr

a = no
b = nr
a = no
b = nr
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Figure 9.2: The dimension of the scheduling variable nψ is compared to the
n (n +3)
extended scheduling dimension nµ= ψ 2ψ
. Dimension nψ is applied in the multilinear parameterization of the open-loop setting and dimension nµ is associated
with the multi-quadratic parameterization of the closed-loop case, see Table 9.1.

9.10

Comparison of the realization schemes

In this chapter and in the previous chapter, multiple realization schemes have been
presented. It is important to analyze the complexity of the proposed methods.
Table 9.1 provides an overview of the number of parameters required for the IO
pre-estimation step and the size of the matrix on which the realisation scheme
performs the SVD. The design variables are na , nb ≥ 0 and p, f ≥ 1. Recall
that nµ̃ = nµ + 1 = 21 (nψ + 1)(nψ + 2). The optional step to obtain the minimal state order for the shifted form (SF), the observability form (OF), and the
state extended form (EF) of Section 8.2 is found by Lemma 8.3 with pre UDU decomposition step, see Remark 8.1. The deterministic LPV Ho-Kalman (HK) and
basis reduced Ho-Kalman (RHK) methods are explained in Lemma 8.2 and Theorem 8.1, respectively. The CCA and unified formulation based on the assumption
that the parameter-independent part of the observability matrix is observable (Assumption A9.5) are combined in one category in the upcoming discussion, because
they require the same pre-estimation step and the SVD is executed on a matrix
with equivalent size. The stochastic realization methods based on the open-loop
data-equation are: 1) the canonical correlation analysis and the unified formulation of Lemma 9.2 and Lemma 9.3, respectively, denoted by OPB, 2) the basis
reduced unified formulation denoted by ROPB of Lemma 9.8, and 3) the “optimal”
basis reduced unified formulation denoted by ROPBopt of Lemma 9.9. Based on
the closed-loop data-equation: 1) the canonical correlation analysis and the unified
formulation of Lemma 9.6 and Lemma 9.7, respectively, denoted by CPB, 2) the
basis reduced unified formulation denoted by RCPB of Lemma 9.8, and 3) the
“optimal” basis reduced unified formulation denoted by RCPBopt of Lemma 9.9.
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From Table 9.1 it becomes clear that the direct IO to SS formulations in Section 8.2
require an IO pre-estimation step for which the parameters grow linearly in the input dimension nu , scheduling dimension nψ , and model orders na , nb and they
grow quadratically in the output dimension ny . These three formulations provide
the lowest computational complexity for the pre-estimation step.
The pre-estimation for the LPV Ho-Kalman scheme and its basis reduced adaptation have a parameterization that grows linearly in the input dimension nu and
output dimension ny , but exponentially in p, f, and polynomially in the scheduling
dimension nψ (note that we changed the variables from i,j in Chapter 8 to f,p, respectively). This deterministic realisation scheme can be applied in the closed-loop
scenario if the sub-Markov parameters are estimated by a closed-loop identification
scheme, such as the IV method of Section 6.2.4.
The stochastic realization schemes, i. e., CCA, unified, “optimal” unified, and
the bases reduced adaptations, have an IO parameterization that grows linearly in
the input dimension nu , quadratically in output dimension ny , exponentially in p,
f, and polynomially in the scheduling dimension nψ , nµ . These realization schemes
approximately double their coefficients compared to the Ho-Kalman approaches,
as the noise model is also parameterized.
Analyzing the aforementioned results it becomes clear that the simplified direct methods SF, OF, EF are computationally most favorable. These three special
forms have a significantly lower computational complexity to obtain an SS form at
the cost of limited modeling capabilities or a possibly increased (non-minimal) state
order. Moving to predictor based subspace schemes, the parameterization for the
open-loop case leads to a significant reduction in the parameters compared to the
closed-loop formulation. The difference is solely caused by the required extended
scheduling signal µ, where Figure 9.2 highlights how the dimension nµ relates to nψ .
Keep in mind that the required amount of parameters in the pre-estimation step
grows polynomially in the dimension nψ , nµ . Therefore, in the LPV case, there is a
clear disadvantage for applying the closed-loop formulation compared to the openloop formulation. This property is not present in the LTI case and it is a unique
feature of the LPV problem. Hence, the LPV-MAX model plays an important role
to significantly lower the amount of parameters at the cost of convex optimization (instead of linear least-squares). Alternatively, the number of parameters for
pre-estimation of the closed-loop formulation can be significantly reduced by assuming that (C(), D()) or K() is scheduling independent and, therefore, reducing
the multi-quadratic parameterization to a multi-linear parameterization. Under
this assumption, the number of parameter for pre-estimation of the open-loop and
closed-loop formulation are almost equivalent and, hence, this simplification is a
common assumption in LPV subspace identification. However, this assumption
can seriously affect the representation capabilities of the assumed model structure.
Inspecting Table 9.1, the “optimal” formulation might require less parameters in
the IO pre-estimation step compared to the other formulations, i. e., model order
is p + 1 compared to p + f. However, the past and future window should be chosen
sufficiently large to avoid bias in the IO model estimate. Hence, in practice, the
model order of the IO model is dominant to adequately capture the underlying IIR
and, from this model order, p, f can be chosen accordingly.
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In Table 9.1, the dimensions associated with the direct IO to SS formulations of
Section 8.2 are also reported for an optional post-step model order reduction scheme
to obtain a state minimal representation using Lemma 8.3. The SVD is applied on
a Hankel matrix that grows linearly in the input dimension nu , output dimension
ny , and model orders na , nb . Remarkably, the realization is not dependent on
the dimension of the scheduling signal nψ as this dimension only plays a role in
constructing the matrices prior to the SVD.
The basis reduced modification of the deterministic and stochastic realization
schemes lead to a significant reduction of the Hankel matrix. Instead of exponential growth in p, f and polynomial growth in dimension nψ , nµ , it leads to linear
growth in the number of selected bases no , nr ≥ nx (with no = nr = nx in the
ideal case). Hence, in case the Hankel matrix is filled with estimated sub-Markov
parameters, the basis selection provides a trade-off between computational complexity and accuracy of the resulting SS model. However, more research should
be done to provide a deeper insight into this trade-off and how to (automatically)
obtain an adequate basis.

9.11

Conclusion

In this chapter, as a major contribution of this thesis, the LPV state realization
problem has been thoroughly investigated both from the deterministic point of view
and from the stochastic point of view leading to a unified LPV subspace theory. To
the author’s knowledge, this chapter is the first in-depth examination of the LPV
subspace identification problem, which is based on well-known results from LTI
literature (e. g., Van Overschee and De Moor 1996; Verhaegen and Verdult 2007)
and preliminary studies in the LPV setting (Verdult 2002; Verdult and Verhaegen
2005; van Wingerden and Verhaegen 2009). The provided unified subspace theory
also allowed to extend various well-known LTI SIDs to the LPV setting. This
chapter contains a significant contribution to the state-of-the-art that allows to
increase the applicability of LPV state-space identification in practice.
To formulate the problem, in Section 9.2, open-loop and closed-loop dataequations, needed for realization, are presented based on the innovation-form with
a Kalman gain that has dynamic, rational dependence on the scheduling signal.
Moreover, the similarities between the closed-loop data-equation and the predictor based formulation are given. In Section 9.3, based on these data-equations,
the two main bottlenecks of LPV subspace identification are discussed: i) how to
parameterize the Kalman gain K  p and handle the associated complex IO parameterization, and ii) how to, in the parametric case, solve the state realization problem
under the time-varying observability matrix. To tackle the first item, we chose to
parameterize the Kalman gain such that it has static, basis affine dependence on
the scheduling signal, as discussed in Section 9.4.
Following the ideas of Verdult and Verhaegen (2005); van Wingerden and Verhaegen (2009), in Sections 9.5 and 9.6, the second bottleneck is tackled by assuming
that the time-invariant part of the observability matrix is of full row rank, i. e., Assumption A9.5 holds. It allows to tackle the problem from the maximum-likelihood
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point of view by applying the CCA principles and from the realization point of view
by applying the Ho-Kalman like ideas. Similar to Chapter 8, the state dimension
nx can be selected by the gap in the singular values based on the estimated Hankel
matrix. Alternatively, the CCA viewpoint allows to estimate the state order nx in
a data-driven way based on the Akaike information criterion.
The full rank property on the time-invariant part of the observability matrix
might be unrealistic in some practical cases. Therefore, in Section 9.7, Assumption A9.5 is dropped and we presented a realization theory based concept to obtain the state-sequence. However, the resulting realization method is accompanied
with a significant increase in the computational complexity. To overcome these
complexity issues, the basis reduced methodology of Section 8.4 is extended to the
deterministic-stochastic setting and, thereby, tackling the dimensionality problems.
In Section 9.8, we have analyzed the “optimal” predictor based formulation and
have extended this concept to the LPV case, while avoiding the full rank assumption
on time-invariant part of the observability matrix known from the literature. To
decrease the computational complexity, we have also introduced the basis reduced
formulation to this setting. Hence, this chapter leads to the extension of the LTI
CVA, N4SID, SS-ARX, PBSID, PBSIDopt like schemes to the LPV case on both
the open-loop and closed-loop data-equation.
In Section 9.10, the various realization and subspace methods described in
Chapters 8 and 9 were compared based on their computational complexity. Especially, we were interested in the growth with respect to the input, scheduling,
output dimensions and with respect to the design variables. We have shown that
applying the open-loop data-equation in the LPV case can significantly decrease
the complexity of the IO estimation problem and the basis reduced formulation reduces the size of the Hankel matrix significantly before performing the SVD. Hence,
by re-visiting realization theory, we have contributed to Subgoal 3, i. e., lowering
the computational complexity of the LPV realization and subspace schemes.
To pursue the main research objective, the idea was to obtaining a proper initial
seeding for the nonlinear SS identification methods in Chapter 7 by applying the
realization or subspace schemes presented in Chapter 8 and this chapter. The
presented realization and subspace schemes will not result in a maximum-likelihood
SS model estimate and, hence, the SS model estimate will be refined with the
nonlinear SS identification methods to reach the maximum-likelihood property. We
will further elaborate on this concept in Chapter 10 and provide various simulation
examples to show the validity of these combinations.

Chapter 10

Three-step identification
scheme

ased on the results of previous chapters, in this chapter, the LPV-SS
identification problem is tackled by combining the LPV-IO identification methods with LPV-IO to LPV-SS realization schemes and maximumlikelihood refinement steps. Hence, we propose a novel method that consists of the following three steps: 1) estimation of an LPV-IO model to
capture the underlying dynamics, then 2) LPV-IO to LPV-SS realization
of the estimated model, and 3) refinement of the LPV-SS model estimate
from a ML point of view by a nonlinear optimization methodology. The
resulting modular LPV-SS identification approach is described in detail in
Section 10.1. In Sections 10.2, 10.3, and 10.4 some combinations of methods corresponding to the steps of this versatile scheme are validated by
numerical simulation studies and by identification of a gasoline engine to
demonstrate the statistical efficiency and relatively low computational load
of the proposed scheme.

B
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The three-step identification scheme

The primary research objective of this thesis is to develop a data-driven framework to estimate accurate, low complexity LPV state-space models of the datagenerating system in a computationally efficient manner. Previous chapters provide novel LPV-SS identification methodologies and, therefore, we have advanced
the state-of-the-art and contributed to the primary research objective. However,
the individual methods discussed in these chapters have the following drawbacks:
i) the IO to SS realization schemes provide SS model estimates which, in general,
are not related to any stochastic identification criterion and, therefore, the estimated models do not have ML property nor any lower-bound on the variance of
estimators can be proven, and ii) due to the nature of the nonlinear optimization,
in the PEM case, both EM and GB methods can be computationally demanding
depending on the number of iterations and their convergence is heavily influenced
by proper initial seeding.
The main contribution of the chapter is to combine the different methods into
one versatile framework to overcome the drawbacks of one single approach and to
validate the proposed scheme on various examples. The core idea is to apply IO
estimation with IO to SS realization to obtain a proper initial seeding for a nonlinear
optimization method. Combining these concepts leads to an SS model estimate
with ML property and, therefore, the model estimate has the lowest predictionerror. To summarize the concept, the three-step scheme is composed from to
the following steps: 1) estimation of an LPV-IO model to capture the underlying
dynamics, then 2) LPV-IO to LPV-SS realization of the estimated model, and
3) refinement of the LPV-SS model estimate from a ML point of view by a nonlinear
optimization methodology.
In Figure 10.1, these three steps with their corresponding methodologies are
displayed. The strength of the three-step scheme is that additional methodologies
can be added to each step by the user. For example, this modularity makes it
possible to include new schemes developed in the future. Note that the methods for
the closed-loop setting also provide a consistent estimate in the open-loop setting,
however, the converse does not necessarily hold, i. e., methods for the open-loop
setting might result in a biased estimate in the closed-loop setting. In the remainder
of this section, the possible methodologies are explored with cross-references to their
corresponding sections, lemmas, or theorems.
In Step 1 for the open-loop (OL) setting, we have discussed the following IO
estimation methodologies:
1.A

MAX model identification by (regularized) pseudo linear regression
(PLR) in Sections 6.2.1.3, 6.2.2, and B.3.

1.B

FIR model estimation by (regularized) linear regression (LS) in Sections 6.2.1.2 and 6.2.2 or correlation analysis (CRA) in Section 6.2.3.

1.C

SF, OF, EF models can be identified by (regularized) linear regression,
pseudo-linear regression, or instrumental variable (IV) approach detailed
in Sections 6.2.1.1, 6.2.1.3, 6.2.2, 6.2.4, 6.2.5, and B.3, depending on the
hypothesized noise model structure and identification setting.

10.1 The three-step identification scheme

233

For the closed-loop (CL) setting, the following IO estimation methodologies have
been introduced:
1.D

SF, OF, or EF models can be identified by closed-loop IV (Section 6.2.4.2).

1.E

FIR model estimation by closed-loop IV (Section 6.2.4.2).

1.F

ARX model identification by (regularized) linear regression (Sections 6.2.1.1 or 6.2.2).

The various methodologies are used to obtain an IO model of the underlying
data-generating system. The hypothesized identification setting and noise scenario
should coincide with the methodology to obtain a consistent estimate.
In Step 2 of proposed identification methodology, an SS form is realized from the
estimated IO model. Depending on the chosen IO model set M , the deterministic
realization in Chapter 8 or stochastic subspace schemes in Chapter 9 can be applied, see Figure 10.1. Based on the open-loop data-equation (9.22), the following
subspace schemes can be applied:
2.A.i

The canonical correlation analysis (Lemma 9.2) or the unified formulation
(Lemma 9.3) together denoted by OPB.

2.A.ii The basis reduced unified formulation (ROPB) in Lemma 9.8.
2.A.iii “Optimal” basis reduced unified formulation (ROPBopt ) in Lemma 9.9.
Alternatively, based on the deterministic data-equation (8.24), the deterministic
realization schemes can be applied
2.B.i

Deterministic LPV Ho-Kalman in Lemma 8.2 (HK).

2.B.ii

Deterministic, basis reduced Ho-Kalman in Theorem 8.1 (RHK).

2.B.iii Model order reduction scheme based on the Ho-Kalman concept
in Lemma 8.3 (MRHK). This scheme is only used as an optional
post-processing step in combination with the SF, OF, or EF models to
reduce the model order of their corresponding direct SS realization.
These deterministic realization schemes are formulated in Chapter 8 on the identified plant model Gθ only. In case a noise model Hθ is also identified, these deterministic realization schemes can be extended to also determine the noise model.
Applying the open-loop data-equation, the Hankel matrix Hf,p is constructed from
Of and Řp (see Section 9.5.1). For HK, RHK, this choice will automatically require
a MAX model to be identified. Using the closed-loop data-equation, the Hankel
matrix Hf,p is constructed from Õf and R̃p , which require the ARX model set. For
the SF, OF, EF structures with direct SS realization, the ARMAX model set is
needed and the IO estimation technique should be chosen w.r.t. the identification
setting. To reduce the model order of Mθ , the MRHK would require Of , Řp .
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Based on the closed-loop data-equation (9.63), the following stochastic subspace
schemes can be applied:
2.C.i

The canonical correlation analysis (Lemma 9.6) and unified formulation
(Lemma 9.7) together denoted by CPB.

2.C.ii

The basis reduced unified formulation (RCPB) in Lemma 9.8.

2.C.iii “Optimal” basis reduced unified formulation (RCPBopt ) in Lemma 9.9.
Note that the stochastic subspace schemes in 2.A and 2.C will lead to a realization
of the state-sequence and, subsequently, the state-space matrices are “realized” by
two least-squares estimation problems, see Section 9.9.
In Step 3 of the proposed identifications scheme, the realized state-space forms
provided by Step 2 are applied as initial seedings for either of the following nonlinear
optimization techniques:
3.A

The enhanced Gauss-Newton (GB) method in Section 7.2.

3.B

The expectation-maximization (EM) scheme in Section 7.3.

Combining these three-steps leads to a consistent state-space estimate of the
underlying system So represented in an SS form, in case these methods are applied
in their correct identification setting. It is important to validate the aforementioned three-step identification approaches resulting from various combinations of
the detailed methodologies. In the next three sections, we will discuss some of these
combinations of the three-step scheme. In all cases, the estimation is performed
using one identification data set DN and the performance of the resulting model
estimate is assessed on a separate validation data set Dval . In this chapter, the
performance criterion used is the best fit rate (BFR) 1
(
)
PN
1
t=1kyt − ŷt k2
N
, 0 · 100%,
(10.1)
BFR = max 1− 1 PN
t=1kyt − ȳk2
N
where ȳ defines the mean of the output yt in Dval and ŷt is the simulated/predicted
output w.r.t. the data set Dval . With simulated output, we indicate the output
generated by simulating the SS model without the noise model (∞-step-ahead
predictor) and with the predicted output we indicated the output generated by
the one-step-ahead predictor. With this difference, the performance of the process
model Gθ or the combination of the process model Gθ and the noise model Hθ can
be assessed. We will vary the signal-to-noise ratio
SNRy[i]

PN

[i]

(yt )2
= 10 log PNt=1 s,[i]
,
)2
t=1 (yt

1 Usually the BFR is defined per channel. Eq. (10.1) is the average performance over all
channels.
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Step 2 IO to SS realization
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Figure 10.1: The three-step approach. In Step 1, the linear regression and pseudo
linear regression can be formulated with and without regularization. The asterisk
indicates an optional post-processing model order reduction step of Lemma 8.3
(MRHK), which is for the SS forms of the SF, OF, or EF only.
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to assess the performance of the methodology under the presence of different noise
scenarios. The [i] denotes the i-th channel, i. e., element of the vector signal,
[i]
and SNR[i]
y is the corresponding SNR on the output y . Further details on the
individual identification settings are provided in the corresponding sections.
In this section, we consider the PBSIDopt of van Wingerden and Verhaegen
(2009) as the state-of-the-art scheme and, therefore, the PBSIDopt is used in each
example as a base line performance to compare our newly develop approachs with.
We use the scripts provided by the authors of van Wingerden and Verhaegen (2009).
The PBSIDopt coincides with our RCPBopt of Lemma 9.9 where the time-invariant
observability matrix Õf0 and the full extended reachability matrix R̃p are selected
in the basis selection. In addition, van Wingerden and Verhaegen (2009) apply a
Kernel based approach to significantly decrease the computational complexity of
the IO estimation problem and the regularization parameter is obtained by generalized cross-validation (Golub and Van Loan 2013, Section 6.1.4). These two
concepts could be included into Step 1 of the three-step scheme to improve numerical properties. Such an extension is an important objective for future research.
In Section 10.2, identification of the SF model with the optional MRHK step
is compared to the PBSIDopt method. There will be two case studies, one on a
simulation example and the second is on measurement data from a gasoline engine.
The open-loop MAX formulation is compared to the PBSIDopt on a simulation
example in Section 10.3. In Section 10.4, the FIR model estimate with basis reduced realization scheme is compared to the PBSIDopt , successive approximation
identification algorithm (Lopes dos Santos et al. 2008), and the robust identification/invalidation method (Bianchi and Sánchez-Peña 2009) on a moderate sized
simulation example. An extensive study on real measurement data for all combinations of the three-step approach is not included due to the large number of
combinations.

10.2

Simplified IO models compared to subspace
identification

In this section, the identification of the SF model with the optional model order
reduction step is compared to the PBSIDopt method. With this study, we would
like to explore if the underlying SS data-generating representation can be captured
in the simplified IO structure without a significant loss of performance. The SF
structure reduces the amount of unknown parameters significantly compared to
the original subspace schemes, see Table 9.1. Both methods are applied in a simulation study (Section 10.2.1) and also experimental data from a gasoline engine
(Section 10.2.2). In Schulz et al. (2016), it has been shown that the augmented
form (comparable to the EF) and OF are not capable of estimating the gasoline engine in a simplified identification setting (e. g., without varying the engine speed).
Hence, these two model sets are omitted in the following discussion.
This section is a joint work and it is based on the paper Schulz et al. (2017).

10.2 Simplified IO models compared to subspace identification

10.2.1
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Simulation example

In this simulation example, the identification fourth order LPV-SS model introduced in Verdult et al. (2002a) with input dimension nu = 2, output dimension
ny = 3, and scheduling dimension nψ = 3 is investigated. For the estimation and
validation data sets, the input, scheduling, and noise signals are designed as in
Verdult et al. (2002a), with an average SNR of about 20 dB.
For the SF based on an ARX model, we vary the order of the introduced polynomials as nb ≤ na ≤ 6 and, for the SF with an ARMAX noise model, we vary
nb ≤ na ≤ 6 with nc ≤ na . This restriction on the order of the polynomials is
imposed to decrease the number of possible combinations. Note that, for the ARX
case, the order of na and nb will directly impose the state dimension of the resulting
SS realization by nx = na ny and, similarly, the resulting state dimension for the
ARMAX case is nx = na ny . In both cases, we will consider various combinations
of na , nb , nc and, in case a combination leads to an equivalent state order nx ,
the model with the highest BFR is taken based on the simulated model output
compared to the validation data set Dval . The ARX model structure is identified
by linear regression and the instrumental variable approach with a maximum of
10 iterations, where the model with the highest BFR is taken based on the simulated model output. The ARMAX model structure is estimated with pseudo-linear
regression and it is terminated after 10 iterations. Separately, we also apply the
model order reduction scheme MRHK to the ARMAX model structure. In this
case, we estimate each combination up to state dimension nx = 18 and model
order reduction is applied to each identified model. Then, we select the reduced
model with the highest BFR. For the PBSIDopt , we estimate for each past window
p ≤ 6 various models of order up to pny and the model with the highest BFR (10.1)
is taken based on the simulated model output compared to the validation data set.
Figure 10.2 provides the BFR based on the simulated output w.r.t. the model
order nx for the investigated approaches. The SF based ARX model does not coincide with the data-generating system and, therefore, it leads to a biased estimate
with lower BFR compared to the other methods. From the figure it is clear that
the SF based ARMAX estimation and realization method has similar performance
to PBSIDopt on this particular example. As expected, the SF based ARMAX with
model order reduction and the PBSIDopt are able to obtain the minimal state order
of four. However, ARMAX model estimation requires significant less parameters
to obtain similar result compared to the PBSIDopt . This indicates that estimation
of the IO structures that have a direct SS form combined with order reduction
schemes can achieve a significantly lower computational complexity compared to
PBSIDopt while retaining similar performance.

10.2.2

Air-path of a gasoline engine

Next, we identify a dynamic model of a gasoline engine that can be used to improve
the torque generation characteristics of the engine. The generated torque directly
depends on the amount of fresh air mfa entering into the cylinder. Inputs used
to control the fresh air entering the cylinder are the throttle valve position utv
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Figure 10.2: The BFR of the simulated model response on Dval for the SF based
ARX model, the SF based ARMAX model, the SF based ARMAX model with SS
model order reduction (MRHK), and closed-loop PBSIDopt scheme based on the
benchmark example of Verdult et al. (2002a).
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Figure 10.3: The BFR of the simulated model response on Dval for the SF based
ARX model, the SF based ARMAX model, the SF based ARMAX model with SS
model order reduction (MRHK), and closed-loop PBSIDopt scheme based on the
gasoline engine data set.
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Figure 10.4: Schematics of the air-path system.

and intake valve position uiv . The controlled outputs are the amount of fresh
air inside the cylinder mfa and the intake manifold pressure pim . The air-path
system encompassing the dynamics of the air entering into the cylinder is shown
schematically in Figure 10.4. This air-path system is nonlinear and, in this section,
the dynamics of this system will be captured by an LPV-SS model.
Measurements were obtained from a test rig at IAV GmbH and the measurements are taken with a time-varying engine speed neng . These time variations make
identification more complex compared to the setting in Schulz et al. (2016). The
measurements were sampled at 0.01 s and various choices of the scheduling variables were assessed, since an adequate selection is not known a-priori. The best

>
results are obtained with scheduling variables p = neng utv pim
and they
are shown in Figure 10.3. The results are obtained with a similar strategy applied
for selecting the design variables na , nb , nc , p, f in Section 10.2.1.
For model orders up to three, PBSIDopt gives better results compared to the
IO identification using the SF based ARX and ARMAX model structures without
MRHK. The accuracy of the models obtained by LPV-IO identification, is increasing by increasing the state dimension, i. e., filter orders na , nb , nc , respectively.
Reducing the state order of SF based ARMAX models by MRHK leads even to
superior BFR at low state orders compared to PBSIDopt . In contrast, PBSIDopt
obtains fluctuating performance on this example. In case the engine speed neng is
kept constant PBSIDopt outperforms the IO models, see Schulz et al. (2016, Figure
1). It is unclear to why the PBSIDopt is unable to mach the performance of the
ARMAX estimation.
From two simulation examples, it becomes clear that, for certain cases, the
SF with MRHK is capable of capturing the underlying dynamics with similar or
better performance then the PBSIDopt . The advantages of the SF, OF, and EF
based IO estimation and realization compared to subspace schemes (PBSIDopt )
are: i) the IO estimation problem requires significantly less parameters to be estimated, ii) the estimation problem scales better w.r.t. the scheduling dimension and
design parameters (see Table 9.1), and iii) the SS realization is obtained without
any computationally expensive realization step as the model order reduction step
is optional.
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Open-loop and closed-loop subspace schemes

In this section, the capabilities of the newly introduced MAX identification setting
is tested for capturing the underlying data-generating system and it is compared
to the performance of the well-known ARX pre-estimation of SIDs. More specifically, we compare the MAX identification setting with basis reduced Ho-Kalman
realization to the closed-loop PBSIDopt subspace scheme.

10.3.1

The identification setting

The identification scheme is tested on the benchmark model used in Verdult and
Verhaegen (2005). The benchmark contains a MIMO LPV-SS model with input
dimension nu = 2, scheduling dimension np = 2, state dimension nx = 2, and
output dimension ny = 2. We added the following parameter-independent Kalman
gain


0.32 0.16
K  p = K0 =
.
0.64 0.24
In this example, the simulation output or one-step-ahead predicted output ŷ of the
estimated model is compared to measured output or the one-step-ahead predicted
output y of the oracle (i. e., the one-step-ahead predicted output y using the original
data-generating system), respectively. The validation data set Dval is created as
in Verdult and Verhaegen (2005).
Next, we provide a summary of the used design variables, which were tuned
empirically to obtain the highest BFR. In the realization step, the RHK scheme
uses nr = 10, no = 8 bases, where the controllability matrix is spanned by ς =
{(, 0, 1),(, 0, 2),(, 1, 1),(0, 0, 1),(0, 0, 2),(1, 0, 1),(1, 0, 2), (2, 0, 1),(2, 0, 2),(1, 1, 1)}
and the observability is spanned by ν = {(1, 0, ),(2, 0, ),(1, 0, 0),(2, 0, 0),(1, 0, 1),
(2, 0, 1),(1, 0, 2),(2, 0, 2)}. The truncation order is n̂b = 4 and n̂c = 2. To evaluate
the statistical properties of the identification scheme, NMC = 100 Monte Carlo runs
are carried out. In each run, a new realization of the input and scheduling signal
is used. Due to the MAX model set, we use the pseudo linear regression (PLR)
to find an estimate. In this example, we use two different methods for finding
the search direction in each for the PLR iterations: i) `2 regularized least-squares
estimate, or ii) enhanced Gauss-Newton optimization method. Applying the
Gauss-Newton method in Algorithm 7.2 for PLR is discussed in Appendix B.3.
For the `2 regularized least-squares estimate, we optimized the regularization
parameters by line-search and found λ1 = 1, λ2 = 100 for SNR = ∞ dB and
λ1 = 0.1, λ2 = 1 for SNR = {40, 10} dB (λ1 is w.r.t. the process parameters and
λ2 w.r.t. the noise parameters). The iterations of the PLR with `2 regularization
are terminated if the relative tolerance or absolute tolerance on the parameter
estimate θ̂ is lower then θrel = 10−4 or θabs = 10−6 , respectively, or it is terminated
if 100 iterations have been reached. For the enhance Gauss-Newton method, we
use β1 = 10−4 , γ = 10−8 , λmin = 10−5 , αmin = 0.001, ν = 0.01,  = 10−6 , and
a maximum of 100 iterations. The case study is performed on a Macbook pro
laptop, late 2013 with an 2.6GHz Intel core i5 processor and Matlab 2014b.
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Table 10.1: Mean and standard deviation (std) of the BFR of the identification
algorithm per Monte-Carlo run for different SNRy = {∞, 40, 10} dB. The BFR
is based on the simulated output and one-step-ahead predicted output of the estimated model on Dval for NMC = 100 Monte-Carlo simulations. GB indicates
the enhanced Gauss-Newton optimization method. The PBSIDopt has a past and
future window equal to p = f = 3.

∞dB
40dB
10dB

10.3.2

mean
std
mean
std
mean
std

LPV-MAX and PLR
Sim.
Pred.
96.46
96.46
0.5843 0.5840
96.52
97.08
0.5954 0.4496
90.78
84.98
1.570
1.780

LPV-MAX and GB
Sim.
Pred.
96.69
97.21
0.5511 0.4354
96.87
97.17
0.5429 0.4163
90.76
84.29
1.662
1.804

PBSIDopt
Sim.
Pred.
99.50
99.64
0.1164 0.0834
99.48
99.04
0.1306 0.0553
93.06
85.25
0.8757 0.5100

Analysis of the results

Table 10.1 displays the mean and standard deviation of the BFR of the identification algorithm for different SNRy = {∞, 40, 10} dB. The table indicates that all
approaches are capable of identifying the underlying dynamics. However, the MAX
with the RHK approach is mildly outperformed by the PBSIDopt . The PBSIDopt
has a numerically efficient implementation, as explained in van Wingerden and
Verhaegen (2009). The used kernel based approach has not been implemented for
the MAX with RHK. In addition, we noticed that the iterations of the PLR are not
robust, as reflected by the increased standard deviation due to the high amount of
parameters in the IO model. On the other hand, with this thesis, we would like
to show how to conceptually reduce the amount of parameters used to identify the
input-output model if K(), C(), and D() are parameter varying. Hence, evolving
the MAX approach to a numerically efficient implementation is for future research.

10.4

Comparing the three-step scheme to the stateof-the-art

In this section, the performance of various SS identification schemes are assessed
on a moderate sized system via a Monte-Carlo simulation study using a randomly
generated stable LPV-SS model in innovation form with scheduling independent
innovation matrix, i. e., K(pt ) = K0 . Such a simple innovation form is chosen, because all aforementioned methodologies should theoretically be able to consistently
identify this particular representation. With this study, we will explore the performance of our proposed methods and compare them to other LPV identification
schemes in terms of computational load and its corresponding performance. The
Monte-Carlo study shows the performance of the methods in the following cases:
1. Correlation analysis with basis reduced Ho-Kalman LPV-SS realization (without refinement step),

Chapter 10 Three-step identification scheme

242

2. Correlation analysis with basis reduced Ho-Kalman LPV-SS realization and
EM or GB refinement step,
3. Regularized FIR estimation with basis reduced Ho-Kalman LPV-SS realization
(without refinement step),
4. Regularized FIR estimation with basis reduced Ho-Kalman LPV-SS realization
and EM or GB refinement step,
The above specified methods are compared to the state-of-the-art of LPV-ß identification methods, such as the PBSIDopt (van Wingerden and Verhaegen 2009),
the successive approximation identification algorithm (SA) (Lopes dos Santos
et al. 2008), and the robust identification/invalidation method (RI) (Bianchi and
Sánchez-Peña 2009). Furthermore, the estimated ß model of these approaches
are refined, as for the CRA and FIR estimates, by using the resulting ß model
as initialization for the EM or GB method. Hence, it is assessed which approach
can provide better initialization for the ML step and how far the delivered models
are from the ML estimate. The case study is performed on a Macbook pro laptop,
late 2013 with an 2.6GHz Intel core i5 processor and Matlab 2014b and, for the
existing schemes, the scripts provided by the authors of Lopes dos Santos et al.
(2008); van Wingerden and Verhaegen (2009); Bianchi and Sánchez-Peña (2009)
are used.

10.4.1

Data-generating system and model structure

The data-generating system is randomly selected in terms of an ß model (5.52)
with innovation noise (5.53a), input-output dimensions nu = ny = 2, scheduling
dimension nψ = 5, minimal state dimension nx = 4, and affine dependence, i. e.,
the known basis functions are ψ [i] = p[i] with p[i] denoting the ith element of p.
The ß model represented system has a scheduling independent matrix function,
i. e., K(pt ) = K0 . The system was constructed such that (2.11) and the innovation
form based output substituted equation
x̌t+1 = (A(pt )−K0 C(pt ))x̌t +(B(pt )−K0 D(pt ))ut +K0 yt ,
are asymptotically input to state stable on the domain pt ∈ P = [−1, 1]5 , with
a quadratic Lyapunov function defined by a constant symmetric matrix (Scherer
1996). The LPV-SS model is given in Appendix B.4.

10.4.2

Identification setting

The identification data set is constructed from white u with uniform distribution
ut ∼ U(−1, 1), and white p with random binary distribution on (−0.9, 0.9), each of
length N = 5 · 103 . The noise process ξ is taken as a white noise with distribution
ξ t ∼ N (0, Ξ) where Ξ is diagonal and it is chosen such that the SNR is set for
various Monte-Carlo experiments as SNRy[i] = {40, 25, 10, 0} dB for all i = 1, . . . , ny .
In this setting, the signals are jointly ergodic and the parameters can be consistently
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Table 10.2: The mean and the standard deviation (between parentheses) of the
achieved BFR and execution time of the estimation algorithms per Monte Carlo
run for different SNR[i]
y = {40, 25, 10, 0} dB is given based on NMC = 100 Monte
Carlo simulations. The BFR is based on the one-step-ahead predicted output of the
estimated model using the validation data set, except the methods with an asterisk
which are based on the simulated output. The correlation analysis (CRA), finite impulse response (FIR), the predictor-based subspace identification (PB), successive
approximation identification (SA), and the robust identification/invalidation (RI)
method are applied and their provided estimates are refined by the expectationmaximization (EM) or gradient based (GB) algorithm. The SA2 indicates the
results for the SA method where the system to be identified had np = 2 scheduling signals. The number in superscript indicates how many successful trails are
obtained out of the 100 runs.
(a) Best fit ratio

CRA∗
CRA + EM
CRA + GB
FIR∗
FIR + EM
FIR + GB
PB
PB + EM
PB + GB
SA2
SA2 + GB
SA
SA + GB
RI∗
RI + EM
RI + GB

40dB
81.47 (4.106)
99.71 (0.05576)
99.86 (0.02888)
99.32 (0.1466)
99.73 (0.05327)
99.86 (0.02886)
95.90 (1.185)
98.50 (0.2035)
99.79 (0.05832)
82.97 (12.90) 77
97.29 (13.56) 77
65.57 (4.225) 18
97.75 (8.483) 16
99.25 (0.1876)
99.73 (0.05359)
99.86 (0.02887)

BFR
25dB
(4.433)
(0.1710)
(0.1600)
(0.2872)
(0.1679)
(0.1600)
(2.761)
(0.2849)
(0.1600)
(9.771) 83
(0.1216) 81
(3.283) 13
(0.1306) 13
(0.9813)
(0.1710)
(0.1600)

[%]
10dB
(4.504)
(0.5744)
(0.8313)
(1.346)
(0.5432)
(0.8313)
(3.051)
(1.703)
(0.8312)
(10.70) 56
(2.363) 53
(3.630) 24
(6.373) 24
(5.991)
(0.5441)
(0.8313)

75.07
74.13
87.81
83.55
74.14
87.81
61.35
78.80
87.57
73.78
90.49
53.24
87.51
26.66
74.34
87.81

0dB
(5.823)
(1.804)
(2.513)
(3.868)
(1.788)
(2.513)
(8.831)
(4.875)
(2.893)
(12.04)
(2.249)
(8.806)
(2.358)
(15.25)
(1.663)
(2.513)

Time Elapsed [s]
25dB
10dB
2.269 (0.1481)
2.254 (0.1389)
8.297 (0.2722)
8.325 (0.2701)
8.626 (0.6105)
8.318 (0.3661)
10.87 (0.5037)
9.887 (0.3615)
16.88 (0.6055)
15.98 (0.2845)
17.21 (0.8603)
15.91 (0.5069)
88.47 (0.5274)
89.34 (10.171)
92.84 (0.5456)
93.70 (10.173)
97.62 (1.317)
97.66 (10.223)
21.52 (8.165) 83 27.81 (0.6406) 56
26.94 (8.126) 81 32.38 (2.715) 53
108.9 (3.442) 13 108.7 (3.361) 24
118.0 (3.615) 13 117.7 (3.559) 24
103.4 (5.261)
106.1 (5.933)
109.3 (5.307)
112.0 (5.979)
110.3 (5.352)
113.0 (6.004)

2.229
8.351
12.94
9.10
15.21
19.62
88.43
92.79
100.2
26.86
34.21
107.0
122.3
108.9
114.8
121.3

0dB
(0.1519)
(0.2978)
(1.146)
(0.4474)
(0.3635)
(1.236)
(0.4078)
(0.4136)
(0.4811)
(3.883) 37
(3.687) 37
(0.3076) 29
(1.793) 27
(6.406)
(6.438)
(6.465)

81.44
98.80
99.27
98.74
98.80
99.27
86.25
98.02
99.27
83.83
99.51
65.55
99.31
95.75
98.80
99.27

81.14
91.31
95.81
94.19
91.26
95.81
75.89
92.39
95.81
83.04
96.68
66.18
94.51
76.11
91.29
95.81

37
37
29
27

(b) Time elapsed

CRA∗
CRA + EM
CRA + GB
FIR∗
FIR + EM
FIR + GB
PB
PB + EM
PB + GB
SA2
SA2 + GB
SA
SA + GB
RI∗
RI + EM
RI + GB

2.324
8.806
12.52
11.29
17.74
18.53
88.55
92.92
100.9
23.52
31.42
106.8
124.1
102.2
108.1
111.4

40dB
(0.2253)
(0.3795)
(2.184)
(0.7721)
(0.8581)
(1.350)
(0.7299)
(0.7455)
(0.7703)
(7.446) 77
(7.370) 77
(0.2399) 18
(9.356) 16
(5.707)
(5.726)
(5.777)
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identified (Petreczky and Bako 2011). The performance of the scheme is tested on
a validation data set Dval of length Nval = 200, with different excitation conditions
as the estimation data set in terms of


0.5 cos(0.035t)
ut =
+ δt,u ,
(10.2a)
0.5 sin(0.035t)


2iπ
[i]
pt = 0.25−0.05i+0.4 sin 0.035t+
+δt,pi ,
(10.2b)
5
where δt,u ∈ Rnu , δt,pi ∈ R are element wise i.i.d. sequences with U(−0.15, 0.15).
To study the statistical properties of the developed identification schemes, a MonteCarlo study with NMC = 100 runs is carried out, where in each run a new realization
of the input, scheduling, and noise sequences are taken. However, the same NMC =
100 realization based data sets are given to all methods. The data set is available
at www.rolandtoth.us.
We will assess the performance of the CRA, FIR, and RI model estimates
without the refinement step by comparing the simulated output ŷ of the estimated
model to the true output y. In all other cases, the one-step-ahead predicted output
ŷ of the estimated model is compared to the one-step-ahead predicted output y of
the oracle (i. e., the one-step-ahead predicted output y using the original SS model
of the data-generating system). This dichotomy in assessing different signals is
caused by the fact that the CRA, FIR, and RI do not identify a noise model, hence,
the one-step-ahead predicted output is equal to the simulated output, therefore,
comparing it to the measured simulated output is more adequate. On the other
hand, the remaining methods include an estimate of a noise model, thus the plant
and noise model are assessed by using the one-step-ahead predictor. In this case,
they are compared w.r.t. the oracle, as its output prediction performance is the
maximum achievable given the data set.
Next, we will provide a summary of the used design parameters, and their
values are empirically chosen to provide the highest BFR. The FIR model order is
chosen nh = 2 and the kernel is Pα = αI. The hyperparameter α is tuned by using
the Bayesian MIMO formulation in Section 6.2.2. In the realization step, the RHK
scheme uses no = nr = 10 bases, where the controllability matrix is spanned by ς =
{(, 0, 2), (, 1, 2), (, 2, 1), (, 2, 2), . . . , (, 5, 2)} and the observability is spanned by
ν = {(1, 0, ), . . . , (2, 1, ), (2, 2, ), (1, 3, ), . . . , (1, 4, ), (1, 5, ), (2, 5, )}. The basis
of the Hankel matrix is selected by using the entries of the full Hankel matrix
with the largest absolute value. For the PBSIDopt method, the future f and past
window p are chosen as f = p = 3. For the SA method, the number of block
rows in the Hankel matrix is chosen to be 4 and the iterative procedure is stopped
if the 2-norm of the eigenvalues of the A0 matrix do not change more then 10−6
or if the number of 100 iterations is reached. For the RI method only the first
150 data samples are taken into account, as the computational complexity of the
problem does not allow to use all data points of DN . For the EM method, the
relative and absolute tolerance on the marginal log likelihood are chosen as 2 · 10−3
and 104 , respectively, with a maximum of 20 iterations. For the GB method, we
use β1 = 10−4 , γ = 0.75, λmin = 10−5 , αmin = 0.001, ν = 0.01,  = 10−6 , and a
maximum of 20 iterations.
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Analysis of the results

Table 10.2 shows the mean and the standard deviation of the BFR on Dval and
execution time of the estimation algorithms per Monte Carlo run for different
SNRy = {40, 25, 10, 0} dB. Note that the SA method often did not converge (13%20%) for the underlying system with np = 5 scheduling signals, hence, also a
simulation study is performed where data-generating system only depends on the
first two scheduling signals, i. e., np = 2. In addition, remark that, the RI method
only identifies C(·), D(·) and assumes A(·), B(·) to be known.
The table shows that the FIR with bases reduced realization outperforms
the CRA, PBSIDopt , SA, and RI methods. The CRA performs the worse,
because regularized methods, such as FIR, provide estimates with lower parameter
MSE by tuning the bias/variance trade-off compared to the CRA. However, the
bias/variance trade-off comes with a higher computational cost of around 4 times.
The PBSIDopt is outperformed by the FIR, as it needs to estimate much more
parameters (see Table 9.1). The increased amount of parameters to be identified
is clearly reflected by the increased computational time. However, PBSIDopt can
identify models where the one-step-ahead predictor dynamics are stable, but not
necessary the system dynamics and it can be used in a closed-loop identification
setting.
The SA method has, in many cases, problems with convergence. Presumably,
this is caused by the LTI subspace method to find the initial seeding of the iterative
scheme. The subspace method identifies a parameter independent state matrix A.
However, the variations of this matrix w.r.t. the scheduling signal p are too severe
to be neglected. This conclusion seems to be supported by the substantially higher
BFR and the significant more converging trials if the data-generating system has
np = 2 instead of np = 5.
It is expected that the RI method outperforms the FIR, as the A(·), B(·) matrix
functions are known a priori. However, the computational complexity of the RI
method only allows to use a small portion of the data set DN for estimation (our
case 150 out of 5000), hence, a large decrease in its performance is seen for lower
SNRs.
The BFR performance criterion indicates that the additional refinement step,
with the EM or GB method, will lead to a better estimate of the model, as expected. Only in case of the SNR[i]
y = 0 dB noise scenario, the EM refinement step
does not improve the estimate. The GB method outperforms the EM method in
all cases. Partially, this might be caused by the additional steps used to improve
the numerical properties in the GB method, i. e., the automated strategy of regularization, SVD truncation of the Jacobian matrix, and line search backtracking
rule, compared to the EM method and the lower performance can be caused by the
slower rate of convergence of the EM. Additionally, the underlying data-generating
system does not fall within the expected noise model set of the EM methodology,
leading to an approximation with a lower BFR compared to the GB. Therefore,
no conclusions can be drawn on comparing EM with GB based on this simulation
study. In addition, we would like to highlight that the CRA and FIR are not statistically efficient under these noise scenarios, as they do not identify a noise model.
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Therefore, the BFR of CRA and FIR without refinement step can be further increased by identifying a MAX model.
Summarizing, the presented three-step approach results in a maximumlikelihood estimate and accomplishes this with a lower computational time
and higher performance w.r.t. existing state-of-the-art LPV-ß identification
approaches on this simulation example.

10.5

Conclusion

In this chapter, we have combined the results of previous chapters into one versatile
LPV-SS identification scheme, the so-called three-step approach. In Section 10.1,
the core idea of this methodology is discussed, which leads to the following three
steps: 1) estimation of the an LPV-IO model to capture the underlying dynamics,
then 2) LPV-IO to LPV-SS realization of the estimated model, and 3) refinement
of the LPV-SS model estimate from a ML point of view by a nonlinear optimization
methodology. Section 10.1 provides a summary of all the discussed methodologies
from the previous chapters.
In Section 10.2, the SF model estimation with direct realization and optional
model order reduction step has been compared to the PBSIDopt method. Two
case studies have been presented, one is a simulation example and the second is
based on experimental data of a car engine. In both examples, the SF based
SS model obtains comparable or better performance then the PBSIDopt method.
The advantages of the SF based SS model compared to the PBSIDopt are: i) the
IO estimation problem requires significantly less parameters, ii) the estimation
problem scales better w.r.t. the scheduling dimension and design parameters (see
Table 9.1), and iii) the SS realization is obtained directly and MRHK is an advised
but optional step. From the two examples it becomes clear that the simplified SF,
OF, and EF representations with direct realization could significantly decrease the
computational complexity of identification without a loss in performance.
The MAX model estimation with basis reduced Ho-Kalman formulation is compared to the PBSIDopt with ARX model estimation on a simulation example in Section 10.3. With the simulation example, the effectiveness of using the MAX model
instead of the widely applied ARX model is demonstrated. It has been shown that
the MAX formulation is capable of capturing the underlying dynamics, however, it
is still outperformed by the numerically efficient implementation of the PBSIDopt
(van Wingerden and Verhaegen 2009). On the other hand, with this thesis, we
would like to show how to conceptually reduce the amount of parameters used
to identify the input-output model if K(), C(), and D() are parameter varying.
Hence, an similar numerically efficient implementation is an important objective
for future research.
In Section 10.4, the effectiveness of the three-step scheme based on the FIR
model estimate has been demonstrated on a real-world sized MIMO LPV-ß model
identification problem under harsh noise conditions and the three-step scheme has
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been compared to other methods. Combinations of the scheme were able to consistently identify the system within seconds, significantly faster than its competitors
and with better performance on this simulation example.
The simulation studies presented in this chapter show that specific combinations of the three-step LPV-SS identification scheme can achieve LPV-SS model
estimates with significantly better computational performance compared to the
state-of-the-art, while preserving or improving the accuracy of the model estimate.
Therefore, the three-step method partially achieves our Subgoal 5. To fully answer
this subgoal, an extensive study on both simulation data and real measurement data
for different combinations of the three-step approach should be performed, but this
remains objective for future research. Nevertheless, with the presented modular
three-step identification scheme, we have progressed in the primary research objective to obtain accurate, low complexity LPV-SS models in a computationally more
efficient manner compared to the previously available state-of-the-art methods.
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Chapter 11

Conclusions and
Recommendations

h e development of a data-driven framework to estimate accurate, low
complexity LPV state-space models of the data-generating system in
a statistically and computationally efficient manner has been the primary
research objective of this thesis. In Section 11.1, the thesis is summarized.
Its main contributions are highlighted in Section 11.2 to discuss up to what
extent the research objectives have been fulfilled. Suggestions for future
research directions are proposed in Section 11.3.

T
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11.1

Chapter 11 Conclusions and Recommendations

Overview and summary

To capture non-stationary and nonlinear behavior exhibited in many physical systems, the LPV framework has proven to be an attractive modeling paradigm. However, to apply the existing, powerful LPV control synthesis methods, often an accurate but low-complexity LPV-SS model of the underlying system is required,
see the discussion in Section 1.1. The current state-of-the-art LPV identification
schemes for SS models have various restrictions which prevent efficient identification
of moderate to large-scale systems in a reasonable computational time-span (see
Section 1.2.3.6). Hence, the primary research objective of this thesis has been to
develop a data-driven framework to estimate LPV-SS models in a computationally
and statistically efficient manner.
From the literature, the main bottleneck to achieving the primary research
objective is twofold: methods to efficiently provide initial estimates for nonlinear
direct SS PEM methods are missing and, in the LPV case, there is no fundamental
analysis for LPV-SS noise structures with the associated statistical interpretation.
To tackle these problems and accomplish the primary research goal, in this thesis,
the objective was set to reconsider the “standard” assumptions and principles of
identification and conduct an in-depth examination of them from the viewpoint of
LPV systems.
We have investigated the representational capabilities of the noise structures
in an SS form. We have shown the noise structure with a static, basis affine
Kalman gain, commonly used in subspace identification, can lead to a non-minimal
state-state representation when capturing general noise structures. To capture the
general noise structure by an innovation form, the Kalman gain should have rational
and dynamic dependence on the scheduling signal.
We have conducted an in-depth study into IO to SS realization theory for both
models without noise structure and models with noise structure to find alternatives to decrease the computational load. As a main contribution of this thesis, the
study of realization theory has led to a novel unified formulation of LPV subspace
identification techniques. The unified formulation extends various well-known LTI
subspace schemes to the LPV setting. We have decreased the computational load
significantly by introducing our basis reduced methodology and by reformulating
the IO structure in the open-loop identification setting to a MAX model that has
significantly less to-be-estimated parameters. This reexamination of LPV realization theory and the formulation of new subspace schemes have resulted in various
methods to efficiently initialize the nonlinear SS PEM methods.
As a result, a three-step identification scheme has been proposed to unify different identification methods and obtain an SS model estimate with the maximumlikelihood property. The three steps of this modular identification method are:
1) estimation of the Markov coefficient sequence of the underlying system (Chapter 6) then 2) obtain an LPV-SS realization from the estimated coefficients by
using a realization scheme or projection based subspace method (Chapters 8 and
9), and 3) to have an ML estimate, refining the LPV-SS model from Step 2 by GB
and/or EM optimization (Chapter 7). This modular framework contains various
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methods to identify LPV-SS models with varying complexity and it is applicable
in the open- and closed-loop identification settings.
These results are based on the following major contributions of this thesis:
• The representation capabilities of innovation noise models in SS structures is
analyzed with respect to the general noise setting (Section 4.3). We have shown
that the innovation form (4.10) should have a Kalman gain with rational and
dynamic dependence on the scheduling signal to represent general noise scenarios. Using a static, basis affine gain K(), commonly used in subspace schemes,
can lead to additional states, resulting in a non-state minimal representation
of the original process.
• Formulate a unified theory for LPV subspace identification from both the
maximum-likelihood and realization perspective (Chapter 9).
• Introducing the novel concept of basis reduced realization to decrease the computational complexity of IO to SS realization schemes (Chapter 8 and 9).
• Perform a comparative study of a wide range of SS identification methods
(Chapter 10).
• Establishing informativity, identifiability, consistency, and convergence conditions for the MAX model set and proving that the mean squared predictionerror criterion is a convex function under this model set (Section 5.2.3).
• A novel method to verify robust stability, robust state convergence, and robust
performance for discrete-time LPV-SS representations with static, basis affine
scheduling dependence is presented based on parameter-dependent Lyapunov
functions (Chapter 3).
In Section 11.2, the obtained results are summarized and classified according to
subgoals formulated in Section 1.4 together with additional contributions with less
impact.

11.2

Results of the thesis

In the sequel, the results obtained in this thesis are outlined and categorized according to the subgoals defined in Section 1.4.
Subgoal 1: Effect of the noise structures
An important issue in identification is to adequately model the noise structure in
the hypothesized identification scenario, which should lead to consistent and unbiased estimates. The stochastic interpretation of LPV identification under various
scenarios has not been well explored in the literature. Hence, one subgoal has been
to explore the effect of various noise assumptions for IO and SS representations.
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In Section 4.3, as a contribution of this thesis, the modeling capabilities of
SS representations with a general noise model have been compared with noise
representations of the innovation type, as formulated in Subgoal 1.(a). We have
shown that the innovation form (4.10) should have a Kalman gain with rational and
dynamic dependence on the entire scheduling signal trajectory to represent both
process and measurement noise. However, due to the fading memory effect of the
Kalman filter, this function can be arbitrarily well approximated by assuming that
the scheduling dependency is constructed from the time window {pt−i }τi=0 only
with τ ∈ N0 , i. e., (K  p)t is dependent on only {pt−i }τi=0 . It is also shown that in
some cases, an equivalent LPV-SS innovation representation with static, basis affine
dependency on the scheduling signal can be found by including additional states,
resulting in a non-state minimal representation. This increased state dimension
contradicts the well-known asymptotic results in the LTI case and it has significant
consequences to LPV subspace identification schemes that apply static, basis affine
noise forms. More specifically, the LPV subspace identification methods can lose
their rank revealing property under these general noise conditions.
In Section 4.6.1, we have explored how to handle additive noise on the input signal, i. e., the errors-in-variables (EIV) problem on the input as formulated Subgoal
1.(b). Under some restrictions, the additive noise on the input can be pulled to
the output, where the input and output noise are combined into one additive noise
representation on the output signal. In this case, the input is correlated with the
lumped noise sequence; hence, the estimation problem is required to be handled in
the closed-loop identification setting. For example, the underlying process dynamics Go (q) can be captured by a closed-loop instrumental variable method avoiding
the modeling of the noise structure at the cost of losing the minimum variance property of the estimate. To attain the minimum variance property, the noise structure
should be included in the model set. To obtain a consistent, minimum variance
IO estimate including a noise representation, we can either have: 1) the leading
coefficient g0o of Go (q) should be parameter independent, i. e., g0o = g0 ∈ Rny ×nu ,
or 2) the leading coefficient ho,1
of Ho1 (q) should be zero, i. e., ho,1
= 0. To ob0
0
tain a consistent, minimum variance SS estimate with static, affine dependency
structure, we can either have: 1) the noise on the input is a white noise sequence,
i. e., Ho1 (q) = Inu , or 2) the noise polynomial Ho1 (q) has static, affine dependence
and the input coefficient matrices B(pt ), D(pt ) are parameter independent, i. e.,
Ho1 (q) = K(pt ), B(pt ) = B0 ∈ Rnx ×nu , and D(pt ) = D0 ∈ Rny ×nu . This partially answered our Subgoal 1.(b). Relaxing these structural restrictions remains
for future research (see Section 11.3.1).
The EIV problem on the scheduling signal is more difficult compared to EIV in
the input sequence, since the stochastic noise affecting the scheduling observations
is distorted by nonlinear functions. Currently, there exists no general framework to
treat the EIV problem on the scheduling signal in a schematic fashion. The objective of Subgoal 1.(c) was to provide a method that can handle the EIV setting on
the scheduling signal. In Section 6.2.5, as a contribution of this thesis, a consistent
LPV-IO identification method has been formulated to solve the EIV problem on
the scheduling signal based on a bias correction and IV scheme. The approach
and the corresponding analysis has been derived under the assumption that noise
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corrupting the scheduling signal is a white Gaussian process and the scheduling
dependent coefficient functions are parameterized by a polynomial basis. It turns
out that bias correction results in a Hermite polynomial sequence. The analysis
also provides an understanding of bias correction under generic dependence and
enables exploration of different basis functions than polynomial parameterizations
of the coefficient functions.
To conclude, we have partially answered the targeted subgoals and an in-depth
and unified stochastic framework for the scheduling EIV problem remains the objective of future research.
Subgoal 2: Estimating unknown dependency on the scheduling signal
Throughout this thesis, we have mostly relied on the assumption that the dependency on the scheduling signal is known a priori or chosen by the user and it is
represented by a set of basis functions α1,1 , . . . , δnd ,nδ or ψ [i] . However, such an
assumption is not always realistic in practice, as it requires a significant prior knowledge of the data-generating system. Therefore, in Section 6.3, a Gaussian process
based method has been introduced to jointly estimate the basis functions and the
associated unknown coefficients in a nonparametric setting. The associated LPV
identification problem depends on appropriately chosen kernel functions in order
to capture the underlying dynamics. We applied the DI and TC like LPV kernels
introduced in Darwish et al. (2017), where the kernels have a specific correlation
structure in the convolution of the past inputs and outputs to encode asymptotic
stability of the model estimate and these correlation structures are parameterized
by the hyperparameters. To include the scheduling dependency, the kernel also consists of radial basis functions to describe the scheduling dependency structure. As
a contribution of this thesis, a consistent nonparametric estimate of the one-stepahead predictor for BJ type of models is obtained avoiding nonlinear optimization.
Hence, we moved from the state-of-the-art LPV nonparametric methods that identify ARX or FIR models to the more general BJ forms. The original process G and
noise H dynamics are reconstructed by a nonparametric realization scheme based
on simple algebraic recursions. Via a simulation example, we have demonstrated
that the original process and noise dynamics can be consistently identified with
the introduced method. However, separation of the individual coefficient functions
αi , . . . , δj of the original BJ structure from the identified process gi and noise hj
dynamics remains an open objective for future research.
Additionally, as a contribution of this thesis, to obtain an estimate of the hyperparameters that represent the kernel, a marginal likelihood problem has been
formulated and an efficient numerical implementation was derived. The simulation
example in Section 6.3.6 demonstrated that the formulated marginal likelihood
optimization is able to successfully tune the hyperparameters in the LPV case.
Subgoal 3: IO to SS realization theory
As recognized in the introduction of this thesis, the main bottleneck in the state-ofthe-art of LPV subspace identification is the polynomial or exponential growth of
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the data matrices w.r.t. the input, scheduling, and output dimensions. The exponentially growing size of these matrices effect the model estimation by: 1) obtaining
an estimate of these matrices requires an exponentially increasing parameterization
in the identification step and, 2) in the subsequent step, applying a decomposition
method is performed on a large-sized matrix. In order to lower the computational
load of the subspace schemes, LPV realization theory has been re-visited to find
alternative solutions for the realization problem.
In Section 8.2, three simple previously introduced IO parameterizations with
a direct SS realization have been reviewed. These special forms have an insignificant computational complexity for SS realization, however, the simplicity is gained
at the cost of limited modeling capabilities or a possibly increased (non-minimal)
state order. These IO model parameterizations grow linear in the input dimension,
scheduling dimension, and model orders na , nb and it grows quadratic in the output
dimension. More importantly, the realized state order of the SS model estimate
grows linear in the IO model orders na , nb , input dimension, and output dimension. As a contribution in this thesis, we presented a realization based scheme
to obtain the minimal state order for these non-minimal SS estimates with a low
computational complexity. In particular, the data matrices that are decomposed
grow linear in the state order of the non-minimal SS estimate. This linear complexity is more favorable than the polynomial or exponential complexity of the IO
models in the presented subspace schemes. Hence, these simple parameterizations
provide a low computational alternative to the full realization or projection based
subspace identification schemes. Moreover, the realization based scheme to obtain
the minimal state order can also be applied as a model order reduction scheme
with low computational complexity, where the state order can be selected based on
the magnitude of the singular values of a specific data matrix. If the model order
should be reduced significantly, this singular value test provides a powerful tool to
select the trade-off between state order and accuracy.
We also explored deterministic realization theory to obtain a state-minimal SS
form without any restrictions. We have reviewed the Ho-Kalman like deterministic
LPV-SS realization scheme in Section 8.3. The extended Hankel matrix required
to obtain a realization grows polynomially or exponentially in some parameters.
Hence, as a contribution of the thesis, we have developed a basis reduced methodology to decrease this growth by selecting the non-repetitive elements of the Hankel
matrix only. The required amount of rows and columns grows linearly with the
selected bases, with a minimum governed by the state order. In the identification
case, the bases selection provides a trade-off between computational complexity
and accuracy of the model estimates. As demonstrated in Chapter 10, the basis
reduced realization methods have similar performance with a significantly lower
computational overhead compared to the full subspace schemes.
To obtain a minimum variance estimate, the model of the underlying system
should also capture the noise dynamics. Hence, the state-realization problem for
LPV-SS representations in the stochastic setting has been explored in Chapter 9,
which is one of the most significant contributions of this thesis. To this end,
we have formulated the fundamental open-loop, closed-loop, and predictor-based
data equations of the LPV-SS representation in the innovation-form with rational,
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dynamic dependency on the scheduling signal. From a practical point of view,
the realization problem has been further developed for an innovation form with
static, basis affine dependence on the scheduling signal. Then, we have formulated
the realization problem based on a CCA argument providing valuable insights on
obtaining a maximum likelihood estimate of a state-sequence, under the assumption
that the parameter independent part of the LPV representation is fully observable.
The introduced realization theory led to a uniform interpretation of LPV statespace model estimation, giving extensions of CVA, N4SID, SS-ARX methods of
the LTI literature to the LPV case. Dropping the assumption that the parameter
independent part of the observability matrix should be of full rank leads to a
significant increase in the complexity of the unified subspace scheme. To overcome
this complexity issue, the basis reduced methodology has been introduced to this
stochastic setting to reduce the complexity to linear, similarly to the basis-reduced
Ho-Kalman scheme.
Exploration of the stochastic-deterministic LPV-SS realization theory uncovered that the current state-of-the-art methods use an unnecessary large parameterization in the open-loop setting in case the data-generating system is asymptotically stable. More specifically, current LTI and LPV subspace approaches employ
an ARX formulation to capture the underlying system. In the LPV setting, the
ARX model has a multi-quadratic parameterization in the scheduling signal and
its time-shifts. Alternatively, as a contribution of this thesis, the IO data relation
is formulated as a convolution in the input u and the noise sequence ξ, opposed
to the convolution in input u and output y of the ARX formulation. The resulting LPV-MAX representation requires Markov coefficient functions that are only
multi-linear in the scheduling signal and its time-shifts. The MAX parameterization grows exponentially in nψ opposed to exponential growth in 12 nψ (nψ +3) of the
ARX case, resulting in a significant decrease in the number of the to-be-estimated
parameters. In addition, we have proven that a consistent estimate of the MAX
model structure can be obtained by convex optimization, see Section 5.2.3. We
would like to point out that the increased complexity of the ARX form is specific
to the LPV setting and it is not observed in the LTI case.
To conclude, we have re-visited realization and system theory to attain novel
results to decrease the computational complexity of state-space estimation and
unified the LPV subspace theory.
Subgoal 4: ML estimation: the three-step approach
The primary research objective is to estimate accurate, low complexity LPV statespace models of the data-generating system in a statistically and computationally
efficient manner. However, we have seen that, in general, the SID schemes will not
result in an ML SS estimate, while direct PEM methods for SS models that result
in an ML estimate are nonlinear optimization techniques. The core concept of previous subgoals was to derive various computationally efficient methods to obtain
a proper initial SS estimate that is refined by direct SS PEM methods to obtain
the ML property and, hence, achieve the primary research objective. This combination has lead to the novel three-step identification approach with: 1) LPV-IO
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identification, 2) LPV IO to SS realization, and 3) LPV-SS ML refinement step,
see Section 10.1.
For the LPV-SS ML refinement step, we have explored the gradient-based optimization (Section 7.2) and expectation-maximization algorithm (Section 7.3) to
improve the computational efficiency of the methods. To analyze the applied SS
model class and as a contribution of this thesis, identifiability conditions for SS
models with general noise or innovation noise structures have been derived to provide insights of the applied model class of the EM and GB methodologies, respectively. In line with the LTI case, we have shown that a state-minimal LPV-SS
representation is uniquely identifiable up to a parameter independent transformation matrix. As a contribution of this thesis, we have extended the gradient-based
enhance Gauss-Newton solver for LTI-SS PEM in Wills and Ninness (2008) to the
LPV setting for identifying an SS model with innovation noise structure. To expand to the LPV setting, we have proven the validity of applying the data-driven
local coordinate frame based on the identifiability results for SS model class. The
DDLC excludes possible numerical wandering of the GB solver among isomorphic
SS solutions and, hence, it increases the convergence speed of the solver. Moreover,
global convergence of the GB algorithm to a stationary point has been proven in
the LPV setting based on the LTI results in Wills and Ninness (2008). To identify
the SS model with general noise structure, the expectation-maximization method
of Wills and Ninness (2011) has been summarized. The method comes without
any analysis in the LPV setting; therefore, as a contribution of the thesis, we have
proven global convergence to a stationary point of the EM method. The convergence proof is based on the bi-linear case in Gibson et al. (2005). Hence, we
analyzed how to computationally efficient obtain an ML SS estimate and, thereby,
we answer Subgoal 4.(b)
To increase modularity and applicability of the three-step approach, we have
explored properties of the LPV-MAX identification setting to prove that a model
estimate can be obtained by convex optimization. These results provide the mathematical foundation that the novel open-loop SID schemes based on the MAX
model structure can efficiently obtain an SS model estimate and, hence, it can be
included in the three-step framework. To obtain the convexity results, we have
proven unique identifiability of the MAX model set and we have proven informativity conditions. Informativity is established under very mild conditions on the
data set, i. e., full rank condition of the regression matrix. To the author’s opinion, this is the mildest condition to obtain unique solutions in the unregularized
identification setting and these results are comparable to the LPV-ARX informativity criterion. More importantly, the global minimum of the MSE criterion with
respect to the model parameters is proven to have only one stationary point located at the true model parameters. Hence, the methodology is consistent and the
global optimum can be found by numerical optimization irrespective of the initial
seeding. In this thesis, the optimization is performed by pseudo-linear regression
where both the model parameters and the unknown noise sequence are estimated.
We have explored the properties of the LPV-MAX identification setting to support
open-loop subspace identification and answer Subgoal 4.(a).
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Subgoal 5: Validation of the three-step paradigm
The three-step framework and the involved methods introduced in this thesis have
been applied and analyzed on multiple examples and the framework has been compared to the state-of-the-art in Chapter 10. The numerical examples show the versatility of the proposed scheme and the performance of the individual components.
In the following discussion, we summarize the validation results of Chapter 10.
The three special IO parameterizations with a direct SS realization have the
following advantages compared to Ho-Kalman like realization or subspace identification schemes: i) the IO estimation problem requires significantly fewer parameters, ii) the estimation problem scales linearly w.r.t. the scheduling dimension and
design parameters (see Table 9.1), and iii) the SS realization is obtained directly
and finding the minimal state dimension by a model order reduction method is
optional. From the two examples in Section 10.2 it becomes clear that, for some
applications, the simplified IO representation could significantly decrease the computational complexity without a loss in prediction performance.
In case the special IO forms with direct SS realization turn out to be insufficient
to capture the underlying system, then a full realization or subspace scheme can be
employed. The basis reduced Ho-Kalman method (RHK) with MAX formulation
is compared to the “optimally” weighted predictor based subspace identification
(PBSIDopt ) with ARX formulation on a simulation example in Section 10.3. With
the simulation example, the effectiveness of using the MAX model instead of the
widely applied ARX model is demonstrated. In the open-loop identification setting,
the MAX formulation offers a solution with lower computational complexity, but
with similar prediction performance than the ARX case.
In Section 10.4, a competitive simulation study is presented to compare the
FIR and CRA methods with RHK to the following methods from the literature:
PBSIDopt , successive approximation identification algorithm (SA), and robust
identification/invalidation method (RI). The simulation example shows that the basis reduced formulation of the realization step is capable of significantly decreasing
the computational time of the SS realization step. More relevantly, our proposed
regularized FIR estimation with RHK realization has equivalent performance or
outperforms the PBSIDopt , SA, and RI LPV-SS identification methods in terms
of prediction performance and, simultaneously, has a significantly lower computational demand. Next to our proposed methods, the PBSIDopt is an adequate
candidate to provide an initial SS model estimate. In this simulation example, the
SA method was unable to converge in many of the Monte Carlo trials and the RI
is only capable of estimating the C(), D() matrices while assuming A(), B()
known. Furthermore, the BFR performance criterion indicates that the additional
refinement step, with the EM or GB method, will lead to a better estimate of
the model, as expected. Table 10.2(b) shows that both refinement methods come
with a low computational time. To the author’s opinion, the proposed three-step
paradigm defines a data-driven framework to estimate high performance, low complexity LPV-SS state-space models in a computationally efficient manner. However,
an extensive study on both simulation data and real measurement data for various
combinations of approaches in the the three-stages of the framework should be
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performed, but remain an important objective for future research.
Subgoal 6: Robust stability and performance
Asymptotic stability of the underlying dynamics either in open-loop or in combination with a stabilizing controller is a common assumption in identification.
In the literature, verification and analysis of stability and performance have been
mainly derived for continuous-time systems. Hence, as a contribution of the thesis, Chapter 3 deals with the verification of robust quadratic stability, robust state
convergence, and robust quadratic performance of discrete-time linear systems that
exhibit bounded rates of variation on their scheduling signals. More specifically,
quadratic Lyapunov functions are used that are affine in the scheduling signal,
where the partial convexity argument, known from the continuous-time case, is extended to handle third-order terms of the resulting feasibility problem. A numerical
example is given to show that the method proposed is less conservative than other
existing methods with slack variables or quadratic stability with a p-independent
Lyapunov function. This traceable LMI test has the potential to be applied in
observer and controller design and perhaps in identification schemes to enforce
asymptotic stability of the estimated model and, hence, increasing applicability to
real-world problems. However, these extensions remain for future research.

11.3

Future work

Significant progress has been made towards efficient linear parameter-varying statespace identification; however, in view of the primary research objective, the following problems and/or challenges are suggested for future research:
1) Investigate the joint EIV problem w.r.t. colored input and scheduling noise
sequences to identify models under general noise conditions. An essential
element to develop such a method would be to perform ML estimation under
scheduling dependent noise distributions.
2) Formulate LPV-SS subspace identification in continuous-time to support the
CT control synthesis literature, as the majority of LPV identification literature is formulated for the discrete-time case.
3) Applying nonparametric noise modeling to complement subspace identification in handling general noise conditions. More specifically, the innovation noise structure is proposed to be estimated nonparametrically to cope
with the possible dynamic, rational dependency structure, while retaining the
parametric static, basis affine structure in the process model. This combination would enable to estimate SS structures under general noise conditions.
4) From a nonparametrically estimated one-step-ahead predictor, obtain a realization of the (polynomial) coefficient functions A(), . . . , D() to construct a
BJ or SS form. This would enable to apply convex estimation techniques to
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identify SS or BJ models including estimation of the dependency structure
on the scheduling signal.
5) Explore new possibilities to further decrease the computational load and/or
IO parameterization for subspace identification. For example, apply orderrecursive least-squares methodologies to enable automated model order selection and avoid unnecessary over-parameterization of the IO structure.
These five topics should bring the LPV identification research field closer to achieve
the SS identification challenge of Section 1.3. In the sequel, we will elaborate on
these research lines.

11.3.1

Stochastic framework for general noise models

EIV estimation under colored noise on the scheduling signal should be further investigated. In this thesis, the proposed bias correction scheme can only handle
white Gaussian noise on the scheduling signal in a static, polynomial IO model,
where the noise on the scheduling signal is independent of the additive output
noise vto . To tackle the EIV problem under general noise conditions, these concepts
should be extended to be able to: 1) handle other scheduling dependency structures, 2) to handle correlation between the scheduling noise signal and the output
noise sequences, and 3) to handle a colored noise process on the scheduling signal.
Extending our proposed bias correction scheme to other type of basis functions,
such as cosines or exponential, should be feasible. Similarly, it should be possible
to extend the pseudo-linear regression with the bias correction concepts to obtain
consistent estimates in case the noise on the scheduling and output sequences are
correlated. The long-term goal would be to formulate a solution to tackle the aforementioned three items in one uniform EIV framework for the scheduling signal.
An alternative direction for future research is to extend the current PEM framework to identify nonmonic noise filters Ho and, more importantly, to be able to
handle a parameter-varying noise distribution of eo . The assumptions that Ho is
monic and eo is parameter independent simplifies the extension of LTI PEM framework to the LPV setting, however, identification of the following simple model
yt = b0 ut + (c0,0 + c0,1 pt )εt|θ or identification of the general or innovation noise
structures are not covered. Including parameter-varying noise distribution to the
PEM framework would: 1) be a solution to remove the restrictions on the EIV
problem on the input (see Section 4.6.1), and 2) directly extend the EM method
to obtain an estimate in case G(), H() are parameter-varying.
We also suggest to use the developed results of this thesis and derive LPV
subspace schemes from a stochastic point of view, like Bauer and Ljung (2002);
Chiuso and Picci (2005); Katayama (2005) for the LTI case. This investigation
would provide useful insights to formulate schemes under general noise scenarios.
Exploring this setting would provide theoretical knowledge to fully understand
statistical optimality in these LPV SID schemes. In addition, it might be possible
to avoid the innovation noise structure and apply the general noise model directly
and, thereby, decreasing the computational complexity of the SID schemes.
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Continuous-time LPV-SS subspace identification

Another possible direction for future research would be to extend LPV subspace
identification schemes to the continuous-time setting. The results from Chapters 8
and 9 provide valuable starting points to formulate the procedure in a frequency domain setting. Alternatively, the Löwner framework, recently formulated for model
order reduction, e. g., see Mayo and Antoulas (2007); Lefteriu and Antoulas (2010),
could be extended for (approximate) continuous-time LPV subspace identification.

11.3.3

Semi-nonparametric subspace methods

In Chapter 4, the connection between the general noise model and innovation
noise has been explored. It has been shown that the resulting Kalman gain is
required to have dynamic, rational dependency on the scheduling signal to obtain
equivalence between the two representations. To achieve estimation under such
a complicated dependency of the Kalman gain, a joint framework is necessary
to combine a parametric model for the deterministic part and a nonparametric
functional estimate to capture the complex Kalman gain. The kernelized CCA
procedure proposed in Rizvi et al. (2018) is a promising starting point towards
such an estimator.

11.3.4

(Non)parametric recovery of the underlying model

Estimation of the dependency structure in the parametric setting is a cumbersome
and the basis functions are usually estimated in a (computationally expensive) preestimation step. Therefore, the nonparametric LPV identification methods form
an alternative to avoid the pre-estimation step, have convex optimization problem,
and estimate the scheduling dependence in one step. However, the estimation of the
one-step-ahead predictor for BJ models leads to a nonparametric estimate where
the original process and noise dynamics are lumped together. Therefore, we have
presented a novel nonparametric IO approach to reconstruct the original process
G and noise H structures of the underlying system. However, the individual BJ
coefficient functions ai (), . . . , di () are not recovered and obtaining these coefficient
functions remains an objective for future research.
An additional future objective is to realize a parametric structure from the estimated nonparametric model in either IO or SS form. In this case, the flexible
estimation of the dependency structure by the nonparametric setting can be used
to attain a parametric model. We would like to have a parametric model, as it is
applied in the majority of observer and control synthesis methods. Either parametric recovery of the nonparametric model or semi-nonparametric identification
has only been explored mildly.

11.3.5

Decreasing the computational complexity of SIDs

The main bottleneck of the subspace schemes presented in this thesis is the (double)
exponential growth of the to-be-estimated parameters of the IO model in the design
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variables. This rapid growth renders subspace identification of moderate to largescale systems infeasible. The model order (design variable) is chosen based on
the asymptotic rate by which the Markov parameters decay to zero and should
be chosen large enough to capture all the dynamics of the underlying system.
However, the IO model is a multi-dimensional convolution not only in the input or
output sequence but also in the scheduling signal. Therefore, the truncation value
is based on the worst case rate of convergence in all directions. Other branches in
the convolution could decay to zero faster and require lower truncation orders. To
include an automated selection of flexible model orders for the convolution in each
direction, the order-recursive least-squares methodologies could be applied, similar
to Furnival and Wilson Jr. (1974); Larimore (1990a); Kay (1993, Section 8.6).
Potentially, these order-recursive least-squares approaches remove unnecessary high
model orders in the various convolution directions and decrease the number of
the to-be-estimated parameters in a data-driven fashion. Realizing an SS model
of such flexible IO estimates can be performed by the introduced basis reduced
formulations of this thesis. The basis selection is chosen based on the estimated
sub-Markov parameters that contain all the essential dynamics of the underlying
system. Exploitation of this idea should lower the computational complexity of
the IO estimation step and should provide reliable software implementations of
subspace methodologies.
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Appendix A

Proofs
n this appendix, the proofs of the theories and lemmas of this thesis
are presented. The proofs rely heavily on the notation and concepts
introduced in the previous chapters.

I
A.1

Proofs of Chapter 3

Proof: (Sufficiency for AQS, Theorem 3.2)
We need to prove that if (3.8) and (3.9) are satisfied then V() in (3.6) is a Lyapunov
function. When (3.8) is satisfied, then V(x, p) > 0 for all x 6= 0 and ∀p ∈ P and
V(x, p) = 0 for x = 0 and ∀p ∈ P; hence, the first two properties of a parameterdependent Lyapunov function are satisfied (Definition 3.1). Last, we need to show
that ∆V(x, p, r) < 0 for each x 6= 0 and ∀(p, r) ∈ P × V. For the Lyapunov
function (3.6), computation of (3.5) gives


∆V(x, p, r) = x> A>(p)S(p+r)A(p)−S(p) x,
(A.1)
where S(p + r) = S(p) + S(r) − S0 using (3.7). Note that (3.9) guarantees that
∆V(x, p, r) < 0 for all x 6= 0 and all admissible (p, r) ∈ P×V, implying condition
three in Definition 3.1. Hence, if (3.8) and (3.9) are satisfied then V(x, p) qualifies
as a Lyapunov function and the LPV system represented by (3.1) is guaranteed to
be globally asymptotically stable by Theorem 3.1.

Proof: (Maximum of L at the vertices, Lemma 3.1)
Pnp
n
[j]
For sufficiency, assume that Qi,i + 3 j=1
(Qj,i,i + Qi,j,i + Qi,i,j )p∗  0, ∀i ∈ I0 p
[n ]

[1]

[i]

and let p∗ = (p∗ , . . . , p∗ p ) be the global maximizer of L(·) over P. If p∗ is not
[i]
at a vertex of the hyper-rectangle, i. e., pi < p∗ < pi , then
[i−1]

g(p[i] ) = L(p∗1 , . . . , p∗

[i+1]

, p[i] , p∗

[np ]

, . . . , p∗

)=

2
3
F0,i + p F1,i + p[i] F2,i + Qi,i,i p[i] ,
[i]
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where
F0,i = Q0 +

np
X

[j]

Qj p∗ +

j=1
j6=i

F1,i

np
X

[j] [k]

Qj,k p∗ p∗ +

j,k=1
j,k6=i

np
X

[j] [k] [l]

Qj,k,l p∗ p∗ p∗ ,

j,k,l=1
j,k,l6=i

np
np

X
X
[j]
[j] [k]
= Qi +
(Qi,j + Qj,i )p∗ +
(Qi,j,k + Qj,i,k + Qj,k,i )p∗ p∗ ,



j=1
j6=i

j,k=1
j,k6=i

np


X
[j]
(Qj,i,i + Qi,j,i + Qi,i,j )p∗ .
F2,i = Qi,i +
j=1
j6=i
2

[i]

g(p )
See that (A.2) is partially convex on [pi , pi ] if 21 ∂∂(p
= F2,i + 3Qi,i,i p[i]  0,
[i] )2
therefore its maximum on that interval is on the end points pi , pi . So,


[i] 
y> g p∗ y ≤ max y >g(pi )y, y >g(pi )y ,

(A.3)

where y 6= 0. However,

[i]
y > g(p∗ )y ≥ max y >g(pi )y, y >g(pi )y ,

(A.4)

since p∗ is the global maximizer of L(·); hence,
y>g(p∗i )y = max(y>g(pi )y, y>g(pi )y).

(A.5)

Concluding, the maximum of g(·) is obtained at the edges {pi , pi } of pi . By repeating the same argument for each i implies that, the maximum of L(·) is at a vertex of
the hyper rectangle P. Furthermore, at the vertices w ∈ P, the partial-convexity
constrained reads as (3.11).

Proof: (AQS by partial convexity, Lemma 3.2)
The proof has two parts: i) sufficiency conditions for asymptotic stability, and
ii) showing that S(p)  0 for all p ∈ P is implied by satisfying (3.12)-(3.13).
Combining i) and ii) results in a Lyapunov function V(x, p) (3.6) by Theorem 3.2,
and AQS is proven.
Part i. The function Ld (p, r) (3.9) is affine in r, hence the maximum of (3.9)
is at the vertices V , i. e.,
∀p ∈ P and ∀v ∈ V .

Ld (p, v) ≺ 0,

(A.6)

To prove AQS, fix r ∈ V and define R(r) = S(r) − S0 , then we have
Ld (p, r) = −S(p) + A>
0 R(r)A0 +

np
X

[i]
A>
i R(r)Ai p

2

i=1
np

+

X
i=1

 [i]
>
A>
0 R(r)Ai + Ai R(r)A0 p +

np
X
i,j=1, i6=j

[i] [j]
>
A>
+ A>
i R(r)Aj p p
0 S0 A0
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+

np
X

[i]
A>
i Si Ai p

3

i=1
np

+

X
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+

np
X

 [i]
>
>
A>
i S0 A0 + A0 Si A0 + A0 S0 Ai p

i=1

A>
i S j A0

+

A>
0 Si Aj

+

A>
i S0 Aj



[i] [j]

p p

i,j=1

+

np
X

+

np
X

[i] [j] [k]
A>
i Sj Ak p p p

i,j,k=1, i6=j6=k
>
>
A>
i Sj Ai + Aj Si Ai + Ai Si Aj



2
p[i] p[j] .

(A.7)

i,j=1, i6=j

Based on the partial-convexity argument, Eq. (A.6) holds if it holds on P and the
following condition is satisfied

∂ 2 Ld (p, r)
>
>
>
>
= 2A>
i R(r)Ai +6Ai Si Ai pi +2 Ai Si A0 +A0 Si Ai +Ai S0 Ai +
[i]
2
∂(p )
np
X

>
>
+2
A>
i Sj Ai + Aj Si Ai + Ai Si Aj pj  0,
j=1, i6=j

which can be rewritten as
∂ 2 Ld (p, r)
= A>
[S(p) + R(r)] Ai +A> (p)Si Ai + A>
i Si A(p) 
{z
}
|i
∂(p[i] )2

(A.8a)

0

A> (p)Si Ai + A>
i Si A(p)  0.

(A.8b)

Note that (A.8a) to (A.8b) is valid, as A>
i [S(p) + R(v)] Ai requires to be semipositive definite on the interval P only. As a consequence, the multi-convexity argun
ment (A.8b) becomes independent of v ∈ V. If (A.8b) holds for all (i, w) ∈ I1 p × P
then (3.12) is convex on the domain (p, r) ∈ P × V and, by using Lemma 3.1, (3.12)
should only be tested on the vertices of the hyper rectangle.
Part ii. This part will be proven by contradiction. Since δpt = 0 is admissible,
we have
A> (p)S(p)A(p) − S(p) ≺ 0.
(A.9)
In addition, P is compact and, therefore, S(p) is a compact function on P. Let us
assume that ∃p1 ∈ P such that S(p1 ) is singular and take x1 ∈ ker(S(p1 )) with
x1 6= 0, then
 >

> >
x>
(A.10)
1 A (p1 )S(p1 )A(p1 ) − S(p1 ) x1 = x1 A (p1 )S(p1 )A(p1 )x1 ≥ 0.
However, (A.10) contradicts (A.9), hence, (A.9) ensures that S(p) cannot be singular for all admissible p ∈ P. As S(p) is compact on P and the eigenvalues
of A(pc ) are within the unit disc, S(pc )  0 by the D-stability result (Chilali
et al. 1999). Then, by continuity of the eigenvalues of S(p), (A.9) ensures that
aInx  S(p)  bInx with 0 < a ≤ b < ∞ as defined in (3.18) for all admissible p ∈ P
and, therefore (3.8) is satisfied.
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Proof: (AQS with guaranteed state decay, Theorem 3.3)
Note that (3.16) with 0 <  < 1 corresponds to an extension of Lemma 3.2. Hence,
feasibility of (3.16)-(3.17) with S(p)  0 for all p ∈ P implies AQS of (3.1) with
the Lyapunov function V(x, p). Therefore, two parts remain to√be proven: i) the
condition S(p)  0 for all p ∈ P is implied if |λi (A(pc ))| < 1 −  is satisfied
together with (3.16)-(3.17) and ii) the decay of the state xt .
Part i. This part will be proven by contradiction. Since δp = 0 is admissible for
0 <  < 1, we have
A> (p)S(p)A(p) − S(p) ≺ 0.
(A.11)
In addition, P is compact and, therefore, S(p) is a compact function on P. Let us
assume that ∃p ∈ P such that S(p) is singular and take x ∈ ker(S(p)) with x 6= 0,
then


x> A>(p)S(p)A(p) − S(p) x = x> A>(p)S(p)A(p)x ≥ 0.
(A.12)
However, (A.12) contradicts (A.11), hence, (A.11) ensures that S(p) cannot be
singular
for all admissible p ∈ P. As S(p) is compact on P and, as |λi (A(pc ))| <
√
1 −  is required, S(pc )  0 by D-stability results (Chilali et al. 1999). Then by
continuity of the eigenvalues of S(p), (A.11) assures that aInx  S(p)  bInx with
0 < a ≤ b < ∞ as defined in (3.18) for all admissible p ∈ P and, therefore, (3.8) is
satisfied.
Part ii. Note that (A.11) implies that there exists an 0 <  < 1 such that
∆V(x, p, r) + V(x, p) =


x> A> (p)S(p + r)A(p) − (1 − )S(p) x = x> Ld (p, r, )x ≤ 0, (A.13)
for all (p, r) ∈ P × V and x0 6= 0. Eq. (A.13) provides that V() decays along
solutions of (3.2) or (3.1) with ut ≡ 0 for t ≥ 0 according to V(xt , pt ) ≤ (1 −
)t V(x0 , p0 ) for all t ∈ N0 . In addition, akxk22 ≤ V(x, p) ≤ bkxk22 for all p ∈ P
and x ∈ X since S(p) is positive definite and bounded, hence, we can find that

kxt k22 ≤ ab (1 − )t kx0 k22 for all t ∈ N0 .
Proof: (Simple AQS, Lemma 3.3)
Note that (3.19) is equivalent to (3.16), however, in (3.19) pt+1 ∈ P and pt ∈ P
are treated as independent variables, which implicitly implies that ν i = pi − pi and
n
ν i = pi − pi for i ∈ I1 p . Note that the function L1 (p1 , p2 ) for p1 , p2 ∈ P is affine in
p2 , hence (3.19) holds if and only if
L1 (p1 , l) ≺ 0,

∀p1 ∈ P and ∀l ∈ P.

(A.14)

Fix l ∈ P and , then the partial-convexity on the domain P implies
∂ 2 L1 (p1 , l)
[i]

∂(p1 )2

= A>
i S(l)Ai  0,

∀l ∈ P,

(A.15)
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n

and i ∈ I1 p . As (3.20) enforces S(l)  0, (A.15) is satisfied. Hence, satisfying (3.19)
and (3.20) results in AQS. Robust state convergence can be proven similarly to Part
iii of the proof of Theorem 3.3 and is therefore omitted.

Proof: (Induced `2 -gain bound, Lemma 3.4) See that the (1, 1)-block of (3.25)
implies AQS (Theorem 3.2). In addition, for ε > 0, Eq. (3.25) ensures that
(A.16)

∆V(x, p, r) + y> y − γ 2 u> u < 0,

for all (u, p, r, x, y) ∈ (U, P, V, X, Y) admissible by (3.1). Hence, the proof of the
`2 -gain bound (Definition 3.4) can be found by similar arguments as in Scherer and
Weiland (2015, Theorem 5.16).

Proof: (Sufficiency for induced `2 -gain bound, Theorem 3.4) Sufficiency
for affine `2 -gain performance is obtained with robust state convergence if we satisfy (3.26) and the following set of inequalities:
 >

A (w)Si Ai +A>i Si A(w) Si Bi
n
 0, for all (i, w) ∈ I1 p × P.
(A.17)
Bi> Si
0
This statement can be proven by straightforward application of Theorem 3.3 and
Lemma 3.4. Hence, in the remainder of the proof it is shown that (A.17) is equivalent to (3.27). For notational ease, we define Nk (w, i) := A>(w)Si Ai +A>i Si A(w).
For the inequality (A.17) to hold, the blocks on the diagonal need to be positive semi-definite, i. e., Nk (w, i)  0. The matrix Nk () might be rank deficient,
i. e., rank(Nk ()) = nN ≤ nx . Hence, after an appropriate congruence transform
on (A.17), we obtain the following partition:


ek (w, i) 0 Mi,1
N

ek (w, i)  0,
0
0 Mi,2 
with
N
(A.18)
  0,

>
>
Mi,1 Mi,2 0
ek (w, i) ∈ SnN and [M > M > ]> is the partitioning of Si Bi after column
where N
i,1
i,2
and row re-arrangement with Mi,1 ∈ RnN ×nw , Mi,2 ∈ Rnx −nN ×nw . Note that, in
ek () = Nk (), Mi,1 = Si Bi , and Mi,2 = ∅. Then,
case Nk () is positive definite, N
perform a Schur transform on (A.18) to obtain that (A.18) is equivalent to


0
Mi,2
 0,
with Ñk (u, i, α)  0.
(A.19)
>
> e −1
Mi,2
−Mi,1
Nk (u, i, α)Mi,1
Then (A.19) implies that the blocks on the diagonal are required to be positive
> e −1
ek () is positive definite, the latter
semi-definite, i. e., −Mi,1
Nk ()Mi,1  0. As N
condition is met if and only if:
> e −1
Mi,1
Nk (w, i)Mi,1 = 0

⇐⇒

Mi,1 = 0.

Then, it follows from (A.19) that Mi,2 = 0. Next, the matrix Si Bi can be reconstructed from elementary matrix operations based on Mi,1 and Mi,2 and we can
conclude that Si Bi = 0 (undo partition (A.18)).
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A.2

Proofs of Chapter 4

Proof: (LPV-SS representation with innovation noise, Lemma 4.1)
The idea of the innovation process ξ t is such that ξ t consists of that part of yt not
dependent of yt−1 , yt−2 , . . . (Anderson and Moore 1979), i. e.,
(A.20)

ξ t = yt − E∗ {yt | Yt−1 , Ut },

where E∗ {·} is the minimum variance estimator and Yt−1 , Ut indicates the sets of
observations {yt−1 , . . . , yt0 }, {ut , . . . , ut0 }, respectively. The signal yt generated
by (4.5) is a sequence of Gaussian random variables as ut is known exactly. Hence,
the output signal y is split into a ‘deterministic’ part of yt as y̌t = E∗ {yt | Yt−1 , Ut }
and a white noise ξ t with Gaussian distribution. The variables y̌t and ξ t are uncorrelated, i. e., E{y̌i ξ >
i } = 0 for i = 0, . . . , t because of the orthogonality property
of the minimum variance estimator. Without loss of generality, we assume that
ξ 0 = y0 − E∗ {y0 }. Hence, as the initial condition is known, there exists a causal
filter from y0 , . . . , yt to ξ t by computing the minimum variance estimator based
on (4.5). On the other hand, dependence of yt on ξ 0 , . . . , ξ t can be shown in a
recursive way (Anderson and Moore 1979). Therefore, the data set y0 , . . . , yt and
ξ0 , . . . , ξt are uniquely related to each other and the following holds
E{yt | y0 , . . . , yt−1 , Ut } = E{yt | ξ 0 , . . . , ξ t−1 , Ut }.

(A.21)

For notational simplicity, we drop the notation Ut in the conditional expectation.
In addition, for any variable xt which has a joint Gaussian distribution with yt it
holds that
x̌t = E{xt | y0 , . . . , yt−1 } = E{xt | ξ 0 , . . . , ξ t−1 }.
(A.22)
Substituting (A.21) and (A.22) into (A.20) and taking the output equation relation (4.10b) into account, gives
(A.23)

yt = C(pt )x̌t + D(pt )ut + ξ t .
We will assume that the initial state xt0 = 0 is known

1

.

As ξ 0 , . . . , ξ t+1 are mutually uncorrelated, the conditional expectation (A.22)
can be split up, e. g., see Anderson and Moore (1979, Theorem 2.4, Ch. 5), and
combined with (4.10a), which gives
x̌t+1 = E{xt+1 | ξ 0 , . . . , ξ t−1 }+E{xt+1 | ξ t }−E{xt+1 }
= A(pt )x̌t +B(pt )ut +E{xt+1 | ξ t }−E{xt+1 }.

(A.24)

Note that xt+1 is uncorrelated with ξ t−i for i > 0. The state xt+1 and ξ t are
jointly Gaussian distributed variables, hence
−1

E{xt+1 | ξ t } = E{xt+1 } + cov [xt+1 , ξ t ] var [ξ t ]

(ξ t − E{ξ t }) ,

(A.25)

1 This proof can be extended to x
t0 ∈ N (0, Pt0 ). However, it involves additional constraints
to ensure that the noise sequences v and e can be causally computed from y, see Anderson and
Moore (1979, Theorem 3.4, Ch. 9). For simplicity, this case will not be considered here.
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by using the minimum variance estimator property, e. g., see Anderson and Moore
(1979, Theorem 2.1, Ch. 5). Define the error of the state estimate by x̃t = xt − x̌t .
To compute cov [xt+1 , ξ t ], notice that:
n
cov [xt+1 , ξ t ] = cov [xt+1 , C(pt )x̃t + H(pt )eot ] = E [A(pt )(xt −E{xt })+G(pt )vto ]
o
>
× [C(pt )x̃t +H(pt )eot ]
= A(pt )Pt|t−1 C >(pt ) + G(pt )SH>(pt ), (A.26)
where Pt|t−1 = var [x̃t ] is the shorthand notation for the prior state estimation-error
covariance Pt+1|t := (P  p)t+1|t ∈ R nx ×nx . To compute var [ξ t ], note that (4.5b)
and (A.23) are equal in yt , hence, by using the transitive property of equality, the
variance of ξ t is given as
Ξt = var[ξ t ] = var [C(pt )x̃t +H(pt )eot ] = C(pt )Pt|t−1 C >(pt ) + H(pt )RH>(pt ), (A.27)
where Ξt is a shorthand for Ξt := (Ξ  p)t ∈ R ny ×ny . Substituting (A.25), (A.26),
and (A.27) in (A.24) gives
x̌t+1 = A(pt )x̌t + B(pt )ut + Kt ξ t ,


Kt = A(pt )Pt|t−1 C >(pt )+G(pt )SH>(pt ) Ω−1
t ,

(A.28a)
(A.28b)

where Kt is a shorthand for Kt := (K  p)t ∈ R nx ×ny .
As a last step, we need to compute the prior state estimation-error covariance
Pt|t−1 . Subtracting (A.28a) from (4.5a) gives
x̃t+1 = A(pt )x̃t + G(pt )vto − Kt ξ t = [A(pt )−Kt C(pt )] x̃t +G(pt )vto −Kt H(pt )eot .
Then


Pt+1|t = [A(pt ) − Kt C(pt )] Pt|t−1 A>(pt ) − C >(pt )Kt> G(pt )QG >(pt )
+ Kt H(pt )RH>(pt )Kt> − G(pt )SH>(pt )Kt> − Kt H(pt )S> G >(pt )
= A(pt )Pt|t−1 A>(pt ) + G(pt )QG >(pt ) − Kt [C(pt )Pt|t−1 A>(pt ) + H(pt )S> G >(pt )]
+ Kt Ωt Kt − [A(pt )Pt|t−1 C >(pt ) + G(pt )SH>(pt )]Kt> ,
Combining (A.28b) and (A.29) gives (4.10d).

(A.29)


Proof: (Convergence of (P  p), Theorem 4.1)
The following proof extensively uses the result of Deyst and Price (1968), however, Deyst and Price make use of the posterior covariance matrix (P  p)t|t (with
shorthand notation Pt|t ) instead of the prior covariance matrix (P  p)t|t−1 (with
shorthand notation Pt|t−1 ). Hence, we will first construct the proof w.r.t. the
posterior covariance matrix. The covariance matrix is given as (e. g., see Shumway
and Stoffer 2010, Property 6.1)
Pt|t = (Inx − Kt C(pt )) Pt|t−1 ,

(A.30)
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where Kt is the shorthand notation for (K p)t . Eq. (A.30) is proven to be bounded
as (see (22) and (34) Deyst and Price 1968)




α2
1
Inx  Pt|t 
+ α1 Inx ,
(A.31)
α2 β2 + 1
β1
and the prior covariance can be found from the posterior as (e. g., see Shumway
and Stoffer 2010, Property 6.1)
Pt+1|t = Āt Pt|t Ā>
t + Q̄.

(A.32)
(τ )

Remark that P̂0,τ in (4.12) is an initial estimate of Pt−τ |t−τ to construct Pt|t .
First, take the eigenvalue decomposition Z = U DU > , where U is a matrix
containing the eigenvectors and D is a diagonal matrix containing the eigenvalues
λi ≥ 0 of Z. For a positive definite matrix Z, it holds that
Z = U DU >  Tr (D) U U > = Tr (Z) I.

(A.33)
(τ )

Second, we will apply Lemma A.1 and Lemma A.3. The mismatch Pt|t − P̂t|t

is upper-bounded by the evolution of the error dynamics Ŵ associated with
K̂, see Lemma A.1, and the `2 norm of the error dynamics is upperbound as given in Lemma A.3. So, take the eigenvalue decomposition of
Pnx 2
(τ )
>
Pt|t − P̂t|t = j=1
λj,t wj,t wj,t
and define zj,t := λj,t wj,t . Then, combining results
of Lemma A.1 and Lemma A.3, i. e., combining the trace of the left-hand side
of (A.38) with (A.41) gives
nx
X
j=1

nx
nx
X
X

>
ξ τ γ1−1 γ2 kzj,t−τ k22
kzj,t k22 ≤
Tr zj,t zj,t
=
j=1

j=1


= ξ τ γ1−1 γ2 Tr Pt−τ |t−τ − P0,τ . (A.34)
Joining (A.33) and (A.34) results in

(τ )
Pt|t − P̂t|t  ξ τ γ1−1 γ2 Tr Pt−τ |t−τ − P0,τ Inx .
Left and right multiplying by Āt and Ā>
t , respectively, and substituting (A.32)
gives


n
o
(τ )
(τ )
τ −1
>
Āt Pt|t − P̂t|t Ā>
=
P
−
P̂

ξ
γ
γ
Tr
P
−
P̂
2
0,τ Āt Āt
t+1|t
t−τ |t−τ
t
1
t+1|t
n
o
 ξ τ γ1−1 γ2 δ1 Tr Pt−τ |t−τ − P̂0,τ Inx . (A.35)
Taking into account (A.31) and using (4.13), the following holds
n
o
Tr Pt−τ |t−τ − P̂0,τ < nx (β1−1 + α1 ).

(A.36)

To conclude the proof, the spectral norm of a matrix A is kAk2 = σmax (A). Hence,
applying the spectral norm on (A.35) and substituting (A.36) results in
(τ )

Pt|t−1 − P̂t|t−1

2

≤ ξ τ γ1−1 γ2 δ1 nx (β1−1 +α1 ),

(A.37)
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which is equivalent to (4.14) when substituting γ1 , γ2 with (A.40c). Note that,
the upper-bound is time independent, i. e., it should hold for every t ∈ T, which
concludes the proof of Theorem 4.1.

Lemma A.1 (Bounded error dynamics) Given (4.13) and the error dynamics (4.11i), it holds that

 t−1

 t−1
Y
Y
(τ )
0  Pt|t − P̂t|t 
Ŵi Pt−τ |t−τ − P̂0,τ
Ŵi> ,
i=t−τ

(A.38)

i=t−τ
(τ )

where Ŵi is the filter error dynamics w.r.t. K̂i+1 constructed from P̂i|i given
(τ )

in (4.10c)-(4.10d) with P̂i|i initialized at time i − τ by P̂0,τ in (4.12).
Proof:



Let us first proof the lemma for τ = 1. As Pt|t is the optimal solution
(τ )

0
for Kt , then Pt|t
is constructed from Ki for i = t0 , . . . , t − τ − 1 and Kj

for

(τ )
Kj .

0
0
j = t − τ, . . . , t with Kj 6=
Remark that Pt|t
is suboptimal; hence, Pt|t

Pt|t (Anderson and Moore 1979, Theorem 2.1). Therefore,
(1)

(1)

0
Pt|t
− P̂t|t  Pt|t − P̂t|t .

(A.39a)

Also see that (A.30) can be written, by using (4.10d), as

>
Pt|t =(I −Kt C(pt )) Āt−1 Pt−1|t−1 Ā>
t−1 +G(pt−1 )Q̄G (pt−1 )
>

>
(I − Kt C(pt )) + Kt−1 RKt−1
.

Combining (A.39a) and (A.39b) results in


(1)
>
 Pt|t − P̂t|t .
Ŵt−1 Pt−1|t−1 − P̂0,τ Ŵt−1

(A.39b)

(A.39c)

Then repeating the upper-bound (A.39c) for τ time steps proves the upper-bound,
i. e., the right-hand side of (A.38).
Similar argument can be used for proving the lower-bound. Now, initialize with
0
P̂0,τ and use Kj for j = t − τ, . . . , t to construct P̂t|t
, i.e., find an suboptimal
(τ )

(τ )

0
0
, which results, for τ = 1,
solution with P̂t|t
 P̂t|t . Hence Pt|t − P̂t|t  Pt|t − P̂t|t
in the following lower-bound


(1)
>
Wt−1 Pt−1|t−1 − P̂0,1 Wt−1
 Pt|t − P̂t|t .
(A.39d)

As Pt−1|t−1 − P̂0,τ is semi-positive definite (by construction of P̂0,τ ), the left-hand
side of (A.39d) is bounded by zero.
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Lemma A.2 (Lyapunov function of the time-varying Kalman filter) If the
LPV-SS representation (4.5) satisfies conditions (4.11f)-(4.11h) then the posterior
filter error dynamics (4.11i) are globally asymptotically stable. Additionally, there
exists a real scalar function V(st , t) such that
0 < γ1 kst k22 ≤ V(st , t) ≤ γ2 kst k22 , st 6= 0,
V(st , t) − V(st−1 , t − 1) ≤
where
γ1 =

β1
,
1+α1 β1

γ2 =

γ3 kst k22

1
+ β2 ,
α2

< 0, st 6= 0,

γ3 = −β32 β5−1 β6 .

(A.40a)
(A.40b)
(A.40c)


Proof: The proof follows, as in Deyst and Price (1968).



Lemma A.3 (Bounded τ -step error dynamics) If the LPV-SS representation (4.5) satisfies conditions (4.11f)-(4.11h) then the τ -step posterior filter error
dynamics (4.11i) are bounded as
kst k22

=

t−1
Y

2

i=t−τ

where ξ =

≤ ξ τ γ1−1 γ2 kst−τ k22 ,

Wi st−τ

(A.41)

2

γ2
γ2 −γ3 .



Proof: To simplify notation, define Vt := V(st , t). Proving this lemma is based on
the results of Lemma A.2. Substituting the upper-bound of (A.40a) into (A.40b)
gives
Vt − Vt−1 ≤ γ3 kst k22 ≤ γ3 γ2−1 Vt < 0.
Therefore, the following holds
Vt − ξVt−1 ≤ 0,

ξ=

1
,
1 − γ3 γ2−1

(A.42a)

where ξ ∈ [0, 1) as γ3 γ2−1 < 0. Hence, Vt − ξ τ Vt−τ ≤ 0. Combining this τ -step
Lyapunov bound and (A.40a) gives
γ1 kst k22 ≤ Vt ≤ ξ τ γ2 kst−τ k22 ,

(A.42b)

The proof is completed by applying the `2 norm on (4.11i) and substituting (A.42b).


A.2 Proofs of Chapter 4

273

Proof: (Quasi stationarity of v o , Lemma 4.2)
Consider v o defined by (4.20) where Ho (q) is an arbitrary asymptotically stable
monic LPV-IIR and eo is a sample path realization of eot ∼ N (0, Σ2e ) where Σ2e
the variance and eo is independent from p. For vo to qualify as a quasi-stationary
process there should exist
c1 , c2 ∈ R such that i) kE{vto }k2 < c1 for all t, and

o
o
>
ii) Tr Ē{vt (vt−τ ) } 2 < c2 for all τ (e. g., see Ljung 1999). To prove the first
property, note that
(∞
)
∞
X
X

o
o
o
(hi  p)t et−i =
(hoi  p)t E eot−i = 0,
(A.43)
E{vt } = E
i=0

i=0

as p is independent from eo and all hoi  p are bounded and convergent. To show
the second property, consider
∞
X
=E
(hoi  p)t eot−i

(

Rvo vo (t, τ ) =

o
E{vto (vt−τ
)> }

i=0

∞
X
(hoj  p)t−τ eot−i−τ

!> )

j=0

=

∞
X

(hoi  p)t Σ2e (hoi−τ  p)>
t−τ . (A.44)

i=τ

As Ho (q) is asymptotically stable, its associated Markov coefficients satisfy hoi → 0
as i → ∞ (Tóth 2010, Theorem 5.1). Hence, for a given p ∈ BP and τ ∈ N0 , there
exist 0 < α, β < ∞ such that

o
Tr (hoi−τ  p)>
≤ ny βe−iα ,
(A.45)
t−τ (hi  p)t
2
where (A.45) holds for all i ∈ N0 . Note that direct application of Neumann’s trace
inequality (Lemma A.4) implies that the singular values of (hoi−τ  pt−τ )> (hoi  pt )
are upper-bounded by sj ≤ βe−iα for j = 1, . . . , ny (take B = Iny in Lemma A.4).
Let us return to (A.44) where,
Tr {Rvo vo (t, τ )}

2

X

∞
o
>
o
2
= Tr
(hi−τ  p)t−τ (hi  p)t Σe
2

i=τ

≤

∞
X



Tr (hoi−τ  p)>t−τ (hoi  p)t Σ2e

≤
2

i=τ

≤

∞
X
i=τ

βe−iα

ny
∞ X
X

n
o
o
2
sj (hoi−τ  p)>
t−τ (hi  p)t sj {Σe }

i=τ j=1
ny

X


λj {Σ2e } = Tr Σ2e

j=1

βe−τ α
. (A.46)
1 − e−α

In (A.46), we make use of Lemma A.4 and the fact that the singular values of a
positive definite matrix Σ2e are equivalent to its eigenvalues, and the trace is the
summation of the eigenvalues. Hence, Eq. (A.46) shows that

Tr R̄vo vo (τ )

2

=

N
1 X
Tr {Rvo ,vo (t, τ )}
N →∞ N
t=1


1
N βe−τ α
Tr Σ2e
,
N →∞ N
1 − e−α

≤ lim

lim

2
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exists for each p ∈ BP . This concludes that all moments of v o are bounded
in the generalized sense, which is a necessary and sufficient condition for quasistationarity.

Lemma A.4 (Neumann’s trace inequality) If A and B are n × n complex
matrices and s1 ≥ . . . ≥ sn ≥ 0 denote ordered singular values, then
kTr {AB}k2 ≤

n
X

si {A}si {B}.

i=1

Proof: For example, see Marshall et al. (2011, Theorem B.1).

(A.47)



Proof: (Bilateral inverse of A, Lemma 4.3)
First, we will prove that A† (q) in (4.23) is a unique, left inverse of A(q), i. e.,
A† (q)A(q) = In . Then we will show that A† (q) is also the unique right inverse of
A(q), proving that it qualifies as a bilateral inverse. Expand the infinite summation
A† (q)A(q) for a finite order nf :
S(q) =

nf
X

Ri (q)A(q) = A(q) + R(q)A(q) + . . . + Rnf (q)A(q),

i=0

and multiply from the left with R(q)
R(q)S(q) = R(q)A(q) + R2 (q)A(q) + . . . + Rnf +1 (q)A(q).
Note that in the above expressions the order of multiplication still matters due
to the general dependency structure on p. Next, subtracting the two previous
expansions gives
(In −R(q))S(q) = A(q) − Rnf +1 (q)A(q),
A(q)S(q) = A(q)−Rnf +1 (q)A(q) = A(q)−A(q)Rnf +1 (q),
(A.48)

S(q) = In −Rnf +1 (q).

Note that, in the second line of (A.48), the property Rnf +1 (q)A(q) = A(q)Rnf +1 (q)
is used, which trivially follows by expanding the terms and factorising them again.
As the filter A(q) is asymptotically stable, the filter Rnf → 0 in terms of a convergence to a zero function as nf → ∞. Hence, using (A.48)
A† (q)A(q) = lim

nf →∞

nf
X
i=0

Ri (q)A(q) = In − lim Rnf +1 (q) = In .
nf →∞

(A.49)

Applying the same derivation on A(q)A† (q) gives that A(q)A† (q) = In −
lim Rnf +1 (q) = In and is therefore omitted.
nf →∞

Taking a finite order nf , the approximation error of the inverse is Rnf +1 (q). It
remains to be proven that the `2 signal norm of the approximation error in (4.25)
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n +1 
exists, i. e., that (In −A(q))p f u in (4.25) qualifies as an `2 signal. Note that
the expression is a polynomial in A(q) with An (q) → 0 in terms of a convergence
to a zero function for n → ∞ as the filter A(q) is asymptotically stable and that u
is an `2 signal. Hence, the individual coefficients (A(q)  p)n ut are `2 signals and
their finite summation is also an `2 signal. Hence, the `2 norm in (4.25) exists.
Note that A(q) being monic is a crucial property for this derivation to be valid
and for nonmonic A(q) the existence of a bilateral inverse is not guaranteed.

Proof: (Bilateral inverse Ho† for IO representations)
Given an asymptotically stable LPV-IO representation (4.1) with polynomials Co ∈
R[q]n×n and Do ∈ R[q]n×n . Let Co and Do be monic in the sense that c0 = d0 = In .
Then by Lemma 4.3, i. e., expansion w.r.t. v o , it holds that the IIR of (4.3a) is
Ho (q) =

∞
X

i
Iny − Do (q) Co (q),

(A.50)

i=0

which is convergent due to the assumed asymptotical stability Definition 2.7. Furthermore, as each coefficient function is multiplied by only q −i with i ≥ 0 on the
left, Ho (q) has causal-dynamic dependence on p. Now consider recursive substitution, i. e., expansion w.r.t. ut in (4.1) resulting in the IIR
Ho† (q) =

∞
X

i
Iny − Co (q) Do (q).

(A.51)

i=0

Note that the above expansion is not guaranteed to be convergent. Assume that
Co (q) and Do (q) is such that Ho† (q) is convergent, which implies that the system
represented by Ho† (q) is asymptotically stable.
For the ease of notation, consider Ho , Co and Do as operators. The expression
Ho (q)Ho† (q) equals to
Ho (q)Ho† (q) =

∞
X



∞
X
j
(In − Do (q)) 
Co (q) (In − Co (q))  Do (q) = In ,
i

i=0

j=0

{z

|

}

In

while Ho† (q)Ho (q) is
Ho† (q)Ho (q)

=

∞
X

"
(In − Co (q))

j

j=0

∞
X

#
Do (q) (In − Do (q))

i

Co (q) = In .

i=0

|

{z
In

}

Both expression make use of Lemma 4.3. This concludes that Ho† (q) is the
unique bilateral inverse of Ho (q).
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A.3

Proofs of Chapter 5

Proof: (Identifiability, LPV-MAX model, Theorem 5.2)
Following the same line of reasoning as in Dankers et al. (2011, Theorem 3) for
the ARX case, the identifiability of the MAX model can be proven. Applying
Definition 5.1, it must be shown that for any θ1 , θ2 ∈ Θ with θ1 6= θ2 there exists a
data set which results in different predicted outputs. The difference between two
predictors can be written in matrix form
yt|θ1 ,t−1 − yt|θ2 ,t−1 = (θ1 − θ2 )Φ`

(A.52)

where

Φ` =

P`β ⊗ Inu
0

0
P`γ ⊗ Iny



U`
E`o



= P`β,γ Z` ,

with
P`β =


Inb

 diag [ β0,1  pt . . . βnb ,1  pt ]


..

.

diag [ β0,nβ  pt . . . βnb ,nβ  pt ]


I nb

diag [ β0,1  pt+` . . . βnb ,1  pt+` ] 

,
..

.

. . . diag [ β0,nβ  pt+` . . . βnb ,nβ  pt+` ]
...
...
..
.

P`γ =

Inc
I nc
 ...

 diag [ γ1,1  pt . . . γnc ,0  pt ]
. . . diag [ γ1,1  pt+` . . . γnc ,0  pt+` ] 


,

..
..
..


.
.
.


diag [ γ1,nγ  pt . . . γnc ,nγ  pt ] . . . diag [ γ1,nγ  pt+` . . . γnc ,nγ  pt+` ]


 o

et−1 . . .
0
ut
...
0
..
..




..
..
..
..




.
.
.
.
.


 o.

 ut−nb . . .

 et−n . . .

0
0
b








.
.
.
.
o
.
.
..
..
..
..
..
..
U` = 
E` = 
,
,




o
 0


. . . et+`−1 
...
ut+` 

 0





..
..
..
..
..
..




.
.
.
.
.
.
0
. . . eot+`−nb
0
. . . ut+`−nb


where ` ≥ (nb + 1)(1 + nβ )nu + nc (1 + nγ )ny . Note that P`β,γ is a flat and Z` a tall
matrix. Applying vectorization on the difference between the predictors (A.52),
gives


Z`> (P`β,γ )> ⊗ Iny vec{θ1 − θ2 }.
(A.53)
From the difference between the two predictors in (A.53), it is clear that P`β,γ Z`
should be of full row rank to have identifiability. Clearly, there exists a trajectory
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of u to make rank(Z` ) = ` full rank (e. g., ut white noise signal independent of eot ).
Hence, what remains is to show that P`β,γ is not rank deficient.
n

β
(Necessary). If the functions {βi,l ()}l=0
with βi,0 () = 1 for i ∈ In0 b are linearly
dependent then rows in P`β that are functions of βi,l () can be written as linear
combinations of other βi,k () with l 6= k. Hence, P`β losses its full row rank. Similar
argument can be made for P`γ .

n

n

β
γ
(Sufficient). The functions {βi,l ()}0=1
and {γj,l ()}0=1
with βi,0 () = 1 and
nb
nc
γj,0 () = 1 for all i ∈ I0 and j ∈ I1 are linearly independent and, hence, there
exists a trajectory for the scheduling signal to make P`β,γ of full row rank, e. g.,
see Dankers et al. (2011, Theorem 1) for construction of a scheduling signal.


Proof: (Informative data set, LPV-ARX case, Theorem 5.3)
Based on the discussion of (5.48), we need to prove the necessity and sufficiency
of the conditions guaranteeing Ē{∆Wy (q)  p} = 0 and Ē{(∆Wu (q)  p)u} = 0. To
start, see that Ē{∆Wy (q)  p} = 0 is equal to

α
Ē θy,1 (φα
(A.54)
t ⊗ Iny ) − θy,2 (φt ⊗ Iny ) = 0,
where θy = [ a1,0 . . . ana ,nα ] and θy,1 and θy,2 represent two possible different
parameterizations. Note that, for two arbitrary matrices A, B, the eigenvalues of
A ⊗ B are the combination of the eigenvalues of A and B, e. g., see Golub and Van
Loan (2013, Sec. 12.3.1, p. 708). Hence, Ē{Φ>
α Φα ⊗ Iny }  0 holds if and only if
Ē{Φ>
α Φα }  0.
(Necessity). If Ē{Φ>
α Φα }  0, then (A.54), which is possible to achieve under
global identifiability of Mθ (independence of the basis), implies that θy,1 = θy,2 .
(Sufficiency). If Card{Support{θy,1 } ∪ Support{θy,2 }} = (1 + nα )na n2y , then
θy,1 = θy,2 implies (A.54) only if Ē{Φ>
α Φα }  0.
As the implication must hold for all possible values of θy , the condition
>
Ē{Φ>
α Φα }  0 is necessary and sufficient. The condition Ē{Φu Φu }  0 to imply
Ē{(∆Wu (q)  p)u} = 0 can be similarly shown in the spirit of the above given
proof.

Proof: (Stationary points of MAX identification, Theorem 5.5)
We will prove that there is only one stationary point to the MAX identification
problem. The concept of the proof is based on Söderström (1975, Section 5) in
the LTI case. Let us rewrite εθ in terms of u and eo using the underlying datagenerating system (4.3) So (with A() = D() = Iny ) and the MAX model (5.38)
εt|θ = (C † (q, θ)  p)t





(B(q, θo ) − B(q, θ))  p t q −τd ut + (C(q, θo )  p)t eot .

Let us denote C † (·) with the following expression:
C † (q, θ) = Γ(q, θ) =

∞
X
i=0

Γi (θ) q −i , with Γ0 (θ) = Iny and Γi (θ) ∈ R ny ×ny . (A.55)
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The noise eo is assumed to be uncorrelated with the input u (Assumption A5.1),
therefore, the mean squared prediction-error criterion (5.18) separates as
(A.56)

V∞ (θ) = V∞,1 (θ) + V∞,2 (θ),
where V∞ (θ) = limN →∞ E{V (DN , θ)} with
 n

V∞,1 (θ) = Tr Ē [Γ(q, θ)(B(q, θo ) − B(q, θ))]  p ut
t



u>t

 o
[(B (q, θo ) − B (q, θ))Γ (q, θ)]  p
,
>

>

>

·
t
 n
o
o o > >
>
V∞,2 (θ) = Tr Ē (Γ(q, θ)C(q, θo )  p)t et (et ) (C (q, θo )Γ (q, θ)  p)t .

(A.57a)
(A.57b)

Lemma A.5 (see below) proves that for V∞,2 there is only one stationary point.
Hence, C(q, θ) = C(q, θo ) at this stationary point if and only if the data is informative, i. e., Ē{Φ>
γ Φγ }  0 (see Theorem 5.4). Next, we need to prove that V∞,1 has
only one stationary point. Note that V∞,1 (θ) in (A.57a) can be written as a linear regression problem (see (A.53)). In addition, the underlying matrix coefficient
function C() is a polynomial in q −1 with parameter-varying coefficients and it is
monic; hence it is full rank in the functional sense and, therefore, its inverse Γ()
is also full rank. Hence, V∞,1 has only one stationary point at θ = θo if and only

if Ē{Φ>
u Φu }  0 (See Theorem 5.4).
Lemma A.5 (Stationary points of MA identification) Given the data generating system (4.3) So with functional dependencies (5.29) where Ao (q) = Do (q) =
Iny , Bo (q) = 0 and the moving average (MA) model structure (5.38) with functional dependencies (5.29) where B(q, θg ) = 0, n̂c ≥ nc , i. e., So ∈ M , and an
informative data set DN with Ē{Φ>
γ Φγ }  0 (see Theorem 5.4). In the open-loop
identification setting (Assumptions A5.1 and A5.2), the global minimum for the
MA identification problem is
N
1 X
E{kεt|θ k22 } = Tr (Σe ),
N →∞ N
t=1

θ? = argmin lim
θ∈Θ

(A.58)

which is the only stationary point of minθ V∞ (θ) and it is consistent in terms of
θ ? = θo .

Proof: The concept of the proof follows a similar path as Stoica and Söderström
(1982) in the LTI case. The loss function V∞ (θ) for the MA identification problem
is equivalent to V∞,2 (θ) in (A.57b). It is important to show the existence of only
one stationary point in (A.58). The stationary points of (A.58) are solutions of the
following equations
∂V∞ (θ)
= 0,
∂[ci,j ]k,l

n

n

∀k, l ∈ I1 y , ∀i ∈ In̂1 c , j ∈ I0 γ ,

(A.59)
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where [ci,j ]k,l denotes the (k, l)-th element in ci,j , where ci,j represents all elements
of θ (5.32) (note that A() = D() = Iny , B() = 0 for the MA representation).
Define Q(θ) = Ē{εt|θ ε>
t|θ } such that V∞ (θ) = Tr Q(θ), then the partial derivative (A.59) can be obtained by standard derivation rules


∂εt|θ
∂Tr Q(θ) ∂Q(θ)
>
= 2Ē εt|θ
,
0 = Tr
∂Q(θ) ∂[ci,j ]k,l
∂[ci,j ]k,l

(A.60)

Taking the partial derivative of (5.38) with B() = 0 w.r.t. the model parameters
ci,j gives
∂εt|θ
+ sk s>
(A.61)
0 = (C(q, θ)  p)t
l (γi,j  p)t εt−i|θ ,
∂[ci,j ]k,l
for each t ∈ Z, where si is a selector vector for which only the i-th element is
non-zero, and, for notational simplicity, (γi,0  p)t = 1, ∀t ∈ Z. Note that (A.61)
can be written as
∂εt|θ
= −(Γ(q, θ)  p)t sk s>
l (γi,j  p)t εt−i|θ .
∂[ci,j ]k,l

(A.62)

Hence, substituting (A.62) in (A.60) gives
(
0 = Ē

ε>t|θ

)
∞
X
>
(Γr (θ)  p)t sk sl (γi,j  p)t−r εt−i−r|θ
r=0

(∞
)
X
= s>
εt−i−r|θ ε>t|θ (Γr (θ)  p)t (γi,j  p)t−r sk ,
l Ē
r=0

Hence, we find that (A.59) is equivalent to:
(∞
)
X
Ē
Ri+r (θ, t)(Γr (θ)  p)t (γi,j  p)t−r = 0,

n

∀i ∈ In̂1 c , j ∈ I0 γ,

(A.63)

r=0

with Rk (θ, t) = εt−k|θ ε>t|θ for k ≥ 0. The remainder of the proof depends heavily on
two technical lemmas: Lemma A.6 and Lemma A.7. To prove the unique stationary
point, it is key to show that the prediction-error ε becomes a white noise signal
with equivalent statistical characteristics as eo . Hence, we need to show Ē{Ri } = 0
for i ≥ 1 before the existence of only one stationary point is proven. The proof is
divided into three parts:
i) The set of equations (A.63) is only satisfied if the cross-correlation of the
prediction-error satisfies Ē{Ri } = 0 for i = 1, . . . , n̂c ;
ii) Ē{Ri (·)} = 0 for i = 1, . . . , n̂c implies that Ē{Ri (·)} = 0 for i > n̂c ;
iii) Due to part i), ii), and the informative data set DN , prove that there exist
only one stationary point of V∞ (θ) and is found if θ = θo .
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(Part i) Start with j = 0, which implies (γi,0  p) = 1. Eq. (A.63) is expanded,
leading to the following set of equations for i = 1, . . . , n̂c :
Ē{R1 (θ, t)} + Ē{R2 (θ, t)(Γ1 (θ)  p)t} + · · · + Ē{Rn̂c (θ, t)(Γn̂c −1 (θ)  p)t}
(∞
)
X
+ Ē
Rk+n̂c (θ, t)(Γk+n̂c −1 (θ)  p)t = 0,

(A.64a)

k=1

Ē{R2 (θ, t)} + · · · + Ē{Rn̂c (θ, t)(Γn̂c −2 (θ)  p)t}
(∞
)
X
Rk+n̂c (θ, t)(Γk+n̂c −2 (θ)  p)t = 0, (A.64b)
+ Ē
k=1

..
.
(∞
)
X
Ē{Rn̂c (θ, t)} + Ē
Rk+n̂c (θ, t)(Γk (θ)  p)t = 0. (A.64c)
k=1

Define the following matrix
#
#
"k−1
"k−1
Y
Y
>
>
(φ (θ)  p)t−i ,
(φ(θ)  p)t−i 1̄ 1̄
(Mk (θ)  p)t =

(A.65)

i=0

i=0

where φ() and 1̄ as in (A.70) and (A.71), respectively. The matrix coefficient
function Mk (θ)  0 is semi-positive definite by construction for all trajectories of
p and Mk (θ) → 0 for k → ∞ for all trajectories of p, as the inverse filter Γ() is
assumed to be asymptotically stable. Using the result of Lemma A.6, Lemma A.7,
and (A.65), we can write the following relation:
(
Ē

∞
X

)
Rk+n̂c (θ, t)(Γk+m (θ)p)t

k=1

(
= Ē

∞
X

X>
0 (θ, t

"k+m−1
# )
Y
>
− k)(Mk (θ)p)t
(φ (θ)p)t−i 1̄

k=1

i=k

(
= Ē

∞
X

)
X>
0 (θ, t

− k)(Mk (θ)p)t (Ym (θ)p)t−k

,

k=1

where m = 0, . . . , n̂c − 1, [
as in (A.75).

Qk−1
i=k

 ] = Iny (for m = 0), Yi () as in (A.73), and X0 ()

Let us return to the set of equations in (A.64). It is important to note
that the behavior of an LPV system is time-invariant if yt , ut , pt are
shifted simultaneously with the same time-shift, e. g., yt−τ = (G  p)t−τ ut−τ
for τ ∈ N (see Tóth 2010, Definition 3.3). In addition, due to the quasistationarity property of signals resulting from the LPV filtering of stationary
signals, the expressions inside Ē{} can be shifted arbitrarily in time, e. g.,
Ē{Ri (θ, t)(Γj (θ)p)t} = Ē{Ri (θ, t − τ )(Γj (θ)p)t−τ}. Hence, Eq. (A.64) is written
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as the following set of equations:



(Γm (θ)p)t 








..






.


(∞
)






X


(Γ
(θ)p)
0
t−m
>
>
 +Ē
Ē X0 (θ, t) 
X0 (θ, t − k)(Mk (θ)p)t (Ym (θ)p)t−k = 0,


0





k=1





..







.




0
for m = 0, . . . , n̂c −1. Next, let the set of equations be stacked into a column vector
in descending order for m, i. e., m = n̂c − 1, . . . , 0, resulting in
(∞
)
n
o
X
>
>
Ē X0 (θ, t)(N(θ)p)t + Ē
X0 (θ, t − k)(Mk (θ)p)t (N(θ)p)t−k = 0, (A.66)
k=1

where


(N(θ)  p)t= (Y0 (θ)  p)t · · · (Yn̂c −1 (θ)  p)t =

Iny (Γ1 (θ)p)t (Γ2 (θ)p)t
 0
Iny
(Γ1 (θ)p)t−1

 0
0
In y

 ..
..
..
 .
.
.
0
0
0


. . . (Γn̂c −1 (θ)p)t
. . . (Γn̂c −2 (θ)p)t−1 

. . . (Γn̂c −3 (θ)p)t−2 
.

..
..

.
.
...

I ny

The right hand side of (A.66) is time-shifted with k giving that (A.66) is equivalent
with
)
(
∞
o
n
X
>
>
Mk (p, θ)t+k N(p, θ)t =
Ē X0 (θ, t)N(p, θ)t + Ē X0 (θ, t)
k=1
∞


X
Mk (p, θ)t+k N(p, θ)t
Ē X>
0 (θ, t) Iny +

(

)
= 0. (A.67)

k=1

Note that N() is full rank and Mk ()  0 where both properties are independent
of the trajectory of scheduling signal or choice of θ. Hence, (A.67) holds if and
only if two conditions are satisfied: Ē X0 (θ, t) = 0 for all p ∈ BP , θ ∈ Θ
(implying Ē{R1 ()} , . . . , Ē{R
Pn̂∞c ()} = 0 for all p ∈ BP , θ ∈ Θ) and, therefore,
Ri () is uncorrelated with k=1 Mk ()N(). (With similar reasoning, equivalent
n
conditions can be found for j ∈ I1 γ , but these additional conditions are redundant.)
(Part ii) As Ē{Ri ()} = 0 for i = 1, . . . , n̂c , Lemma A.7 implies that Ē{Ri ()} = 0
for any i > n̂c .
(Part iii) Recall that
Ē{Ri (θ, t)} = Ē{εt−i|θ ε>
t|θ }
n

o
>
= Ē [Γ(q, θ)C(q, θo )]p t−i eot−i (eot ) [C >(q, θo )Γ(q, θ)]p t . (A.68)
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Due to the construction of Γi in Lemma A.6 it is obvious that the condition
Ē{Ri ()} = 0 in (A.68) for all i ≥ 1, p ∈ BP , and θ ∈ Θ holds if and only if
o >
o
Γ(q,
P∞ θ)C(q, θo ) = Iny . In this case, Ri () = et−i (et ) becomes uncorrelated with
k=1 Mk ()N(), hence, the stationarity conditions (A.67) are satisfied. To avoid
identifiability problems, the scheduling signal should be persistently exciting, i. e.,
Ē{Φ>
γ Φγ }  0 (see Theorem 5.4). Only in this case, all variables are uniquely
distinguishable meaning that Γ(q, θ)C(q, θo ) = Iny if and only if θ = θo . Hence,
there exist only one stationary point of V∞ (θ) and it is equal θ = θo .

Lemma A.6 (Construction of C † ()) The sequence {Γi }∞
i=1 defined in (A.55) is
given as:
"j−1
#
Y
>
>
(Γj (θ)p)t = 1̄
(φ (θ)p)t−i 1̄,
(A.69)
i=0

where
1̄ =



I ny

0

...

0

−(c>
1 (θ)p)t
..


.
(φ(θ)p)t = 
 −(c>
n̂c −1 (θ)p)t
−(c>
n̂c (θ)p)t


>

(A.70)

,

Iny
..
.
0
0

···
..
.
···
···

0
.. 
. 
.
I ny 


(A.71)

0


Proof: The definition of Γ(q, θ) in (A.55) provides that C(q, θ)t Γ(q, θ)t = Iny for
all admissible trajectories of the scheduling variable p ∈ PZ . Hence, by collecting
the terms with equivalent time-shift, it follows for i ≥ 1:
(Γi (θ)p)t +(c1 (θ)p)t (Γi−1 (θ)p)t−1 +· · ·+(cn̂c (θ)p)t (Γi−n̂c (θ)p)t−n̂c = 0, (A.72)
where Γ0 = Iny and, for notational simplicity, Γi = 0 for i < 0. Introduce
(Yi (θ)p)t =



(Γ>
i (θ)p)t

···

(Γ>
i−n̂c +1 (θ)p)t−n̂c +1

>

,

then (A.72) can be written as:
(Yi (θ)p)t = (φ>(θ)p)t (Yi−1 (θ)p)t−1 ,

i ≥ 1.

The latter expression leads to
(Yl (θ)p)t =

"l−1
Y

#
>

(φ (θ)p)t−i (Y0 (θ)p)t−l ,

(A.73)

i=0

with (Y0 (θ)p)t−l = 1̄. As (Γi (θ)p)t = 1̄> (Yl (θ)p)t , the lemma is proven.
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Lemma A.7 (Correlation structure of the MA identification problem) If
(γi,j p) is uncorrelated with the noise eo , which holds in the open-loop identification
setting (Assumptions A5.1 and A5.2), then the following statement is true

Ē Rk+n̂c (θ, t)(Γr (θ)p)t (γi,j  p)t−r =
(
" k−1
#
)
Y
>
Ē X0 (θ, t − k)
(φ(θ)p)t−i 1̄ (Γr (θ)p)t (γi,j  p)t−r , (A.74)
i=0
n

for k ≥ 1, i ∈ In̂1 c , j ∈ I0 γ , and r ≥ 0, where


Rn̂c (θ, t − k) · · · R1 (θ, t − k − n̂c + 1) .
X>
0 (θ, t − k) =

(A.75)


Proof: Note the following relation for k ≥ 1
n
Ē Rk+n̂c (θ, t) + Rk+n̂c −1 (θ, t − 1)(c>
1 (θ)p)t + · · ·

o
+ Rk (θ, t − n̂c )(c>
(θ)p)
(Γ
(θ)p)
(γ

p)
t
r
t
i,j
t−r
n̂c

n
>
>
= Ē εt−n̂c −k|θ ε>
t|θ + εt−1|θ (c1 (θ)p)t + · · ·

o
>
+ ε>
(c
(θ)p)
(Γ
(θ)p)
(γ

p)
t
r
t
i,j
t−r
n̂
t−n̂c |θ
c
n
o
>
= Ē εt−n̂c −k|θ yt (Γr (θ)p)t (γi,j  p)t−r

>
n
o
= Ē εt−n̂c −k|θ (C(q, θo )p)t eot (Γr (θ)p)t (γi,j  p)t−r = 0.
(A.76)
Define the following parameter varying matrix
Xk (θ, t) =



Rk+n̂c (θ, t) . . .

Rk+1 (θ, t − n̂c + 1)

>

.

The recursion (A.76) implies
n
o
>
Ē (γi,j  p)t−r (Γ>
(θ)p)
1̄
X
(θ,
t)
=
t
k
r
n
o
> >
Ē (γi,j  p)t−r (Γ>
r (θ)p)t 1̄ (φ (θ)p)t Xk−1 (θ, k − 1) ,

k ≥ 1.

Obviously, a recursion similar to (A.76) can be found by substituting (Γr (θ) 
p)t (γi,j  p)t−r with ([φ(θ)Γr (θ)]  p)t (γi,j  p)t−r . Hence, applying this substitution,
the following expression is found
n
o
o >
Ē (γi,j  p)t−r (Γ>
(θ)p)
(e
)
X
(θ,
t)
=
t
k
r
h k−1
n
i
o
Y
>
>
Ē (γi,j  p)t−r (Γ>
(θ)p)
1̄
(φ
(θ)p)
X
(θ,
t
−
k)
,
t
t−i
0
r
i=0

k ≥ 1.

Appendix A Proofs

284
This concludes the proof.



Proof: (Identifiability, LPV-ß innovation form, Theorem 5.6) The proof
is dived into two parts. In part i, it is proven that the individual unknown subMarkov coefficients of the IIRs Wu , Wy , and Wx are uniquely distinguishable if and
nµ
only if the set of functions {µ[i] ()}i=0
with µ[0] () = 1 are linearly independent on
P. In Part ii, it is proven that Iθ is the complete set of equivalent parameterizations.
(Part i) Definition 5.1 states that identifiability is defined as distinguishability
between the two predictive IIRs. Petreczky et al. (2017, Lemma 3) proves existence
of IIRs of the LPV-SS representation (5.52) with affine dependency structure (5.54)
and that the IIR coefficients are equal to the Markov coefficients C()Ã()B̃() and
C()Ã()K(). Furthermore, Petreczky et al. (2017, Lemma 2) proves that two IIRs
associated to two differently parameterized LPV-SS representation are equivalent
if and only if the sub-Markov parameters associated to the IIRs are equivalent.
nµ
However, this is proven for an affine dependency structure and for {µ[i] ()}i=1
being
a linear basis on P. Considering the notation of Section 9.6, then the quadratic
basis in ψ can be considered as an affine basis in the extended scheduling map µ.
Hence, this resolves the issue of the quadratic basis instead of affine. Extending
nµ
the proof to find conditions on the basis functions {µ[i] ()}i=1
is straightforward.
The first part of the proof of Petreczky et al. (2017, Lemma 2) shows that the
equivalence only holds if the Markov coefficients are equivalent. Considering the
notation of Section 9.6, a single Markov coefficient in Wu can be written as
#
"j−1

h
i
Y
Ã(pt−i ) B̃(pt−j ) = C0 M̃uj . . . Cnψ M̃uj
C(pt )
ψ̃t ⊗ µ̃t−1 ⊗. . .⊗ µ̃t−j ⊗ Inu ,
|
{z
}|
{z
}
i=1
u
ψ̃t ⊗K̃t−1|j−1

ϑj,u

j

for j = 1, . . . , t − t0 with ϑj,u ∈ Rny ×nu (1+nµ ) (1+nψ ) as the parameterisation where
u
K̃t−1|j−1
coincides with the closed-loop formulation in Section 9.6. Similarly, a
single Markov coefficient in Wy is
"j−1
#
Y
C(pt )
Ã(pt−i ) K(pt−j ) =
i=1



ψ̃t ⊗ µ̃t−1 ⊗ . . . ⊗ µ̃t−j−1 ⊗ ψ̃t−j ⊗ Iny ,
C0 M̃yn . . . Cnψ M̃yn
|
{z
}|
{z
}


y
ψ̃t ⊗K̃t−1|j−1

ϑj,y

j−1

2

for j = 1, . . . , t − t0 with ϑj,y ∈ Rny ×ny (1+nµ ) (1+nψ ) as the parameterisation.
For the initial condition, the single Markov coefficient in Wx is
"t−t
#

Y0


Ã(pt−i ) xt0 = C0 M̃xt−t0 . . . Cnψ M̃xt−t0
C(pt )
ψ̃t ⊗ µ̃t−1 ⊗. . .⊗ µ̃t0 ⊗ Inx ,
|
{z
}|
{z
}
i=1
ϑt−t0 ,x

u
ψ̃t ⊗K̃t−1|t−t

0
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t−t0

with ϑt−t0 ,x ∈ Rny ×nx (1+nµ )

(1+nψ )

where

M̃x1 = xt0 ,


M̃xj = A0 A01 . . . A0nψ A11 . . . A1nψ A22 . . . Anψ nψ (Inµ̃ ⊗ M̃xj−1 ).
Hence, to show distinguishability between the two Markov coefficients, we need
to show that the difference between two parameterizations (ϑj,u , ϑj,y ), (ϑ0j,u , ϑ0j,y )
for j = 1, . . . , t−t0 −1 and (ϑj,u , ϑj,y , ϑj,x ), (ϑ0j,u , ϑ0j,y , ϑ0j,x ) for j = t−t0 is zero if and
only if (ϑj,u , ϑj,y ) = (ϑ0j,u , ϑ0j,y , ) or (ϑj,u , ϑj,y , ϑj,x ) = (ϑ0j,u , ϑ0j,y , ϑ0j,x ), respectively.
Hence, for j = 1, . . . , t − t0 − 1, the condition:

 
 µ
ϑj,u ϑj,y − ϑ0j,u ϑ0j,y
Pj,l = 0,
(A.77)
should hold with l ≥ max(nu (1 + nµ )j (1 + nψ ), ny (1 + nµ )j−1 (1 + nψ )2 ) where
h
h
i
h
ii
µ
y
y
u
u
Pj,l
= ψ̃t ⊗ K̃t−1|j−1
K̃t−1|j−1
. . . ψ̃t+l ⊗ K̃t+l−1|j−1
K̃t+l−1|j−1
. (A.78)
Similarly, for j = t − t0 , the condition:
 µ

 
ϑt−t0 ,u ϑt−t0 ,y ϑt−t0 ,x − ϑ0t−t0 ,u ϑ0t−t0 ,y ϑ0t−t0 ,x
P̃t−t0 ,l = 0, (A.79)
should hold with l ≥ max(nu (1+nµ )t−t0 (1+nψ ), ny (1+nµ )t−t0 −1 (1+nψ )2 ), nx (1+
nµ )t−t0 (1 + nψ ) where
h
h
i
y
µ
u
u
K̃t−1|t−t
K̃t−1|t−t
P̃t−t
= ψ̃t ⊗ K̃t−1|t−t
...
0 −1
0 −1
0 ,l
0 −1
i
h
y
u
u
K̃
K̃t+l−1|t−t
ψ̃t+l ⊗ K̃t+l−1|j−1
t+l−1|t−t0 −1 . (A.80)
0 −1
µ
µ
The parameters are uniquely distinguishability if and only if Pj,l
and P̃t−t
0 ,l
are of full row rank. Similar condition for D() in (5.64a) can be constructed
and, therefore, it is omitted. Note that ψt is included in µt and conditions on µt
automatically apply to ψt .
n

µ
(Sufficiency of part i) Assume that {µ[i] ()}i=0
are linearly independent on P,
then it is clear that there exist trajectories of the scheduling signal, which make the
µ
µ
rows and columns of Pj,l
and P̃t−t
linearly independent based on (A.78), e. g., if p
0 ,l
µ
is a realization of a (multivariate) white noise signal. Hence, Pj,l
is full column rank
for j = 1, . . . , t−t0 −1 with l ≥ max(nu (1+nµ )j (1+nψ ), ny (1+nµ )j−1 (1+nψ )2 ) and
µ
P̃t−t
is full column rank for l ≥ max nu (1 + nµ )t−t0 (1 + nψ ), ny (1 + nµ )t−t0 −1 (1 +
0 ,l
nψ )2 ), nx (1 + nµ )t−t0 (1 + nψ ).

n

µ
(Necessary of part i) Assume that {µ[i] ()}i=0
are linearly dependent, then the
µ
µ
rows of Pj,l and P̃t−t0 ,l can be written as a linear combinations of each other and
µ
µ
Pj,l
and Pt−t
can never be full column rank under any trajectory of the scheduling
0 ,l
signal. Concluding, the Markov parameters are uniquely distinguishable if and only
nµ
if the set of functions {µ[i] ()}i=0
with µ[0] () = 1 are linearly independent on P.

It is important to remark that distinguishability for all individual parameters in
the IIRs Wu () (5.64a), Wy () (5.64b), and Wx () (5.64c) has been shown with Part
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i. Providing unique distinguishability of the IIRs, we can apply all arguments of the
proof of Petreczky et al. (2017, Lemma 2) and is therefore omitted in the thesis.
To summarize the result, three IIRs associated to two differently parameterized
nµ
are
LPV-SS representations (5.52) with the linear independent basis {µ[i] ()}i=0
equivalent if and only if the sub-Markov parameters associated to the IIRs are
equivalent.
(Part ii) Note that the transformation matrix function T  p of Lemma 2.6
– that defines IO equivalence between LPV-SS representations with arbitrary
scheduling dependency – can only be a parameter independent real matrix, due
to the state minimality Assumption A5.7 and Petreczky et al. (2017, Theorem 1)
based on the extended scheduling signal µ. Recall that the sub-Markov parameters
of the IIR Wu for θ2 ∈ Iθ1 are given as:


#(α)
Y
Cγ (θ2 )Aα (θ2 )Bβ (θ2 ) = Cγ (θ1 )T 
T −1 Aα (θ1 )T  T −1 Bβ (θ1 ),
(A.81a)
i=1

 n t−t0
n
n
for all α ∈ I0 µ 0 , γ ∈ I0 ψ , and β ∈ I0 µ . Similarly, the sub-Markov parameters
of Wy for θ2 ∈ Iθ1 are given as:


#(α)
Y
Cγ (θ2 )Aα (θ2 )Kβ (θ2 ) = Cγ (θ1 )T 
T −1 Aα (θ1 )T  T −1 Kβ (θ1 ),
(A.81b)
i=1

 n t−t0
n
for all α ∈ I0 µ 0 , β, γ ∈ I0 ψ . Thirdly, the sub-Markov parameters of Wx () for
θ2 ∈ Iθ1 are given as:


#(α)
Y
Cγ (θ2 )Aα (θ2 )xt0 (θ2 ) = Cγ (θ1 )T 
T −1 Aα (θ1 )T  T −1 xt0 (θ1 ),
(A.81c)
i=1

 n t−t0
n
for all α ∈ I0 µ
, γ ∈ I0 ψ where equivalence holds if and only if T is non−1
−1
singular, i. e., T T = T T = Inx . The equivalence in (A.81) holds for all elements
in the IIRs Wu (), Wy (), and Wx (). The parameters in D remain unaffected by
the transformation matrix as it is not effected by the state variable x. Due to the
joint state minimality assumption A5.7, there does not exist a realization of the
representation with lower state dimension, see Lemma 8.1, and, therefore, θ is of
minimal dimension. Assessing (A.81), it is obvious that the set of equivalent IIRs
is fully defined by a parameter independent transformation matrix, i. e., θ2 ∈ Iθ1 ,
which concludes the proof.
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Proofs of Chapter 6

Proof: (Convergence of pseudo-linear regression, Theorem 6.2)
In terms of (6.1):
Θ̂N = argmin V (DN , θ) = argmin
θ∈Θ

θ∈Θ

1
kεθ k2`2 .
N

Substituting (5.15), it follows that


εt|θ = H † (q, θh )  p t yt − H † (q, θh )G(q, θg )  p t ut .
As y = y̆ + v o = (Go (q)  p)u + v o ,

 
εt|θ = H † (q, θh ) Go (q) − G(q, θg )  p t ut + H † (q, θh )Ho (q)  p t eot . (A.82)
{z
}
|
{z
}
|
(Wg (q,θ)p)t

(We (q,θ)p)t

where
Wg (q, θ) =

∞
X

j
Iny − C(q, θh ) D(q, θh )×

j=0

"∞
X

I ny

#
∞
X
i
− Ao (q) Bo (q)−
Iny − A(q, θg ) B(q, θg ) ,
i

i=0

We (q, θ) =

∞
X

i=0

∞
X
j
i
Iny − C(q, θh ) D(q, θh ) ×
Iny − Do (q) Co (q).

j=0

i=0

As both Wg () and We () are stable LPV filters (implied by the uniform asymptotic stability of the model set and the asymptotic stability of the data-generating
system), εθ = eo if and only if
G(q, θg ) = Go (q),

H(q, θh ) = Ho (q).

(A.83)

Based on the previous considerations, it follows that εθ is a quasi-stationary
sequence if DN with N → ∞ is quasi-stationary, i. e., DN is subject to Assumption A5.6. In case Θ is compact, this trivially implies that (e. g., see Ljung 1999,
Section 8.3)
2

lim sup kV (DN , θ) − V∞ (θ)k2 → 0,

N →∞ θ∈Θ

w.p. 1.

This means that V (DN , θ) uniformly converges in θ ∈ Θ to V∞ (θ). Based on this,
Θ̂N also uniformly converges to Θ? = argmin θ∈Θ V∞ (θ) as in the LTI case (Ljung
1999).
Hence, the recursive LS estimate (6.13) converges to the minimum of (6.1),
?
θN
= argmin θ∈Θ V (DN , θ) (Stoica et al. 1985). This implies uniform convergence
of (6.13) in terms of the above proven result.


Appendix A Proofs

288

Proof: (Consistency of pseudo-linear regression, Theorem 6.3)
We will follow the line of reasoning in Ljung (1999, Proof of Theorem 8.3). As the
data-generating system is in the model set So ∈ M , we have for any θ ∈ Θ
o
n
o
n

2
>
.
(A.84)
V∞ (θ) − V∞ (θo ) = 2Ē ε>
+
Ē
ε
−
ε
−
ε
ε
t|θ
t|θ
t|θ
t|θ
t|θo
o 2
o
Recall that
εt|θo = −(Ho† (q)Go (q)  p)t ut + (Ho† (q)  p)t yt = eot .
Furthermore, the difference between the prediction-errors
εt|θ − εt|θo = ŷt|θ,t−1 − ŷt|θo ,t−1 ,
is independent of the noise signal eot in both the open-loop and closed-loop setting,
due to Assumptions A5.1-A5.5. Hence, the first term in (A.84) is zero. The last
term in (A.84) is strictly positive if Wy (q, θ) 6= Wy (q, θo ) or Wu (q, θ) 6= Wu (q, θo ),
because of the informativity condition (5.21) on the data set DN . Therefore, we
can conclude that the estimator is consistent in terms of Definition 5.4. In addition,
if the model structure is globally identifiable at θo , then it trivially follows that the
minimum is a unique convergence point, i. e., {θo } = Θ? .

Proof: (CRA for the FIR models, Lemma 6.1)
The proof is found by computing the expected value of the cross-correlation between
the stationary signals (u, y, β j,l  p), where the signals are assumed to be ergodic.
Let us substitute the FIR model (5.34) for y with θo in Ryβj,l u (0, j), which gives
Ryβj,l u (0, j) =

= E (b0 (p, θo )t ut + · · · + bnb (p, θo )t ut−nb +vto ) (β j,l  p)t u>
t−j
nβ
n

o
n
X
= E bj,0 +
bj,l (β j,l  p)t ut−j (β j,l  p)t u>
b0 (p, θo )t ut + · · ·
t−j + E
l=1


o
+ bj−1 (p, θo )t ut−j+1 + bj+1 (p, θo )t ut−j+1 + · · · + vto (β j,l  p)t u>
t
= bj,l σβ2j,l Σ2u .

(A.85)

Eq. (A.85) holds due to the whiteness property of the processes u, (β j,l  p) and
their independence by C6.2 and C6.4. Also see that E{vto (β j,l  p)t u>
t−j } = 0, as
vo and β j,l  p are assumed to be independent of u. Reordering (A.85) concludes
the proof.

Proof: (Consistency of the IV estimator, Theorem 6.4)
In order to prove Theorem 6.4, the same line of reasoning is used as in Butcher
et al. (2008), however, we extend the results to the affine parameterization in the
basis functions (5.29).
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Under the assumption that Go ∈ G, we can write the data-generating system
So in the following compact form by applying vectorization

yt = (ϕot )> ⊗ Iny θo + vto ,
where ϕt as defined in (6.6). By substituting the latter equation in the IV estimate
(6.41) and applying vectorization, the following is obtained
( N
)
( N
)

 >
1X
1X
−1
−1
IV
>
o >
o
yt ζt = (ΓN ⊗Iny )vec
(ϕt ) ⊗Iny θo +vt ζt
θ̂N = (ΓN ⊗Iny )vec
N t=1
N t=1
)
(
N
1 X o >
−1
v ζ
(A.86a)
= (ΓN ⊗ Iny )vec
N t=1 t t
+



Γ−1
N

N


1 X
ζt ϕ>
⊗
I
ny θ o .
t
N t=1
|
{z
}

(A.86b)

ΓN

Due to the construction of the instrument, i. e., Conditions C6.5 and C6.6,
Eq. (A.86a) converges to zero as N → ∞ and the inverse Γ−1
N in (A.86b) exists
where Γ−1
Γ
=
I.
This
implies:
N
N
w.p. 1 as N → ∞,

IV
θN
→ θo ,

(A.87)

which proves consistency and, therefore, also convergence of the estimator.



CIV
, Theorem 6.5)
Proof: (Consistency of θ̃N

In order to prove Theorem 6.5, the following necessary results coming from the
application of the results presented in Butcher et al. (2008) are first reported:
N
X
1
>
ζt [(χot −χt )⊗ψto ] = 0,
N →∞
N
t=1

lim

N
X
1
ζt vto = 0,
N →∞
N
t=1

lim

(A.88)

with probability 1. Eq. (A.88) holds since χot −χt and vto are zero mean and both
of them are not correlated with the instrument ζt .
Theorem 6.5 is now proven. Substitution of (6.48) in (6.52) leads to:
CIV
θ̃N
= R(ψ o )−1

N
X
1
>
ζt [(χot −χt )⊗ψto ] θo
N
t=1

+ R(ψ o )−1
+ R(ψ o )−1

N
X
1
ζt vto
N
t=1
N
X
1
>
ζt [χt ⊗ ψto ] θo .
N
t=1
|
{z
}
R(ψ o )

(A.89a)
(A.89b)
(A.89c)
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Based on (A.88), Eq. (A.89a) and (A.89b) converge to zero as N → ∞. This
implies (6.54).

Proof: (Construction of κi,t , Property 6.1)
We are searching for a solution of κi,t in


(pot )i = E pit + κi,t = E (pot + ηto )i + κi,t ,

(A.90)

where ηto is a realization of η ot ∼ N (0, ση2 ). Eq. (A.90) can be rewritten as

E {κi,t } = (pot )i − E (pot + ηto )i .
(A.91)

The solution of E (pot + ηto )i is

E (pot + ηto )i =

Z

∞

−∞

(pot + τ )i q

1

2

e

τ
− 2σ
2

η

dτ

2πση2


i 
2
X
− τ2
1
i
(pot )i−j τ j q
e 2ση dτ
=
j
−∞
2πσ 2

(A.92)



i 
i 
X
 o j X
i
i
o i−j
=
(pt ) E (ηt ) =
(pot )i−j γi ,
j
j

(A.93)

Z

∞

j=0

η

j=0

j=0

where γi provides the moments of (ηto )j as given in (6.56). In (A.92), the binomial
theorem for series expansions is applied and (A.93) uses the central moment of a
normal distribution. Substituting (A.93) into (A.91) leads to (6.55).

Proof: (Conditions C6.7 and C6.8 of Ψt , Property 6.2)
The matrices Ψt satisfy Condition C6.7 by construction. To prove Condition C6.8,
we rely on Lemma A.8. Let us denote with [  ]i,j the (i, j)-th entry of a matrix.
Define the variable [νt ]i,j as follows:
h
i
>
Ψt −ζt [χt ⊗ ψto ]
= [νt ]i,j .
(A.94)
i,j

By construction of the matrix Ψk (see Section 6.2.5.5), we have:
E {[νt ]i,j | YN } = 0 for all k = 1, . . . , N.
Moreover, since the noise process η o corrupting the scheduling signal observations
is white, we have:
E {[νk ]i,j [νt ]i,j | YN } = 0 for all k, t ≥ 0, k 6= t.
Note also that, since the noise-free output signal y̆t and the scheduling variable pot
are assumed to be bounded, then E {[νt ]i,j [νt ]i,j | YN } is bounded for any index-pair
t > 0, i. e., there exists a positive constant i,j such that
E {[νt ]i,j [νt ]i,j | YN } < i,j for all t > 0.
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Based on the above considerations, we have:
N X
N
X

E{[νk ]i,j [νt ]i,j | YN } =

k=1 t=1

N
X

E {[νt ]i,j [νt ]i,j | YN } < i,j N.

t=1

Therefore, from Lemma A.8, it follows that
N
1 X
a.s.
[νt ]i,j −−→ 0 as N → ∞,
N t=1

or equivalently, (see (A.94))
"N
#
"N
#
1 X
1 X
o >
Ψt
= lim
ζt [χt ⊗ ψt ]
lim
N →∞ N
N →∞ N
t=1
t=1
i,j

w.p. 1.

i,j


Lemma A.8 (Ninness’ Strong Law of Large Numbers) Let {νt } be a sequence of random variables with arbitrary correlation structure (not necessarily
stationary) that is characterized by the existence of a finite value C such that
N
N X
X

(A.95)

E {νt νs } < CN.

t=1 s=1

Then,
N
1 X
a.s.
νt −−→ 0,
N t=1

as

N → ∞.

(A.96)


Proof: See Ninness (2000).



CIV
Proof: (Consistency of θ̂N
, Theorem 6.6)

Theorem 6.6 is proven similarly to Theorem 6.5. More specifically, let us decompose
CIV
the estimate θ̂N
as follows
!−1 N
N
X 1
X
1
>
CIV
Ψt
ζt [(χot − χt ) ⊗ ψto ] θo
(A.97a)
θ̂N =
N
N
t=1
t=1
!−1
N
N
X
1
1 X o
+
Ψt
ζt vt
(A.97b)
N
N t=1
t=1
!−1
N
N
X
1
1 X
>
+
Ψt
ζt [χt ⊗ ψto ] θo .
(A.97c)
|
{z
}
N
N
t=1
t=1
Ωt

From (A.88), Eq. (A.97a) and (A.97b) converge to zero as N → ∞. Furthermore,
since the matrices Ψt are constructed in order to satisfy Condition C6.8, the term
in (A.97c) converges to θo as N → ∞. This implies (6.58).
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A.5

Proofs of Chapter 7

Proof: (Informative data set for the EM method, Lemma 7.5) The proof
follows the same line of reasoning as in Gibson et al. (2005, proof of Lemma 4.4).
To start, note that the Kronecker product of two positive definite matrices results
in a positive definite matrix, i. e., for any A ∈ Sn B ∈ Sm with A, B  0 it holds
that A ⊗ B  0 (can be proven by direct application of the eigenvalues of this
product, see Golub and Van Loan 2013, p. 708). Define the following matrices
N
1 X
ψ̃t ψ̃t> ⊗ x̂t|N x̂>
A =
t|N ,
N t=1

C =

N
1 X
ψ̃t ψ̃t> ⊗ ut u>
t ,
N t=1

N
1 X
ψ̃t ψ̃t> ⊗ x̂t|N u>
B=
t
N t=1

D=

N
1 X
ψ̃t ψ̃t> ⊗ Pt|N .
N t=1

Recognize that ΓD in (7.40c) is equivalent to


A +D B
ΓD =
.
B>
C

(A.98)

Since Σv , P1  0, the robust Kalman filter (7.41) and smoother (7.42) results in a
positive definite covariance matrix (P  p)t|N see Gibson et al. (2005, Lemma 5.1),
hence there exists an αP > 0 such that αP Inx ≺ (P  p)t|N for t = 1, . . . , N . Hence,
under the condition (7.47), it holds that:
D=

N
N
1 X
1 X
ψ̃t ψ̃t> ⊗ (P  p)t|N 
ψ̃t ψ̃t> ⊗ αP Inx  0.
N t=1
N t=1

(A.99)

Let us return to the construction of ΓD and note that ΓD excluding the D matrix
is

> 

N 
1 X ψ̃t ⊗ x̂t|N
A
B
ψ̃t ⊗ x̂t|N
=
 0,
B> C
ψ̃t ⊗ ut
ψ̃t ⊗ ut
N t=1
by construction. Moreover, as C  0 is assumed in (7.47) with the Kronecker
product property A, B  0 ⇔ A⊗B  0, therefore, the following Schur complement
is also positive-semi definite:

 



I
0
A
B
I −BC −1
A − BC −1 B > 0
 0.
=
0
I
0
C
B> C
−C −1 B > I
Adding D to the equation results in

A − BC −1 B > + D
0

0
C


 0.

Applying the Schur complement to ΓD in (A.98) results in

 



A +D B
I
0
I BC −1 A −BC −1 B > +D 0
 0.
=
0
I
B>
C
0
C C −1 B > I
(A.100)
Hence, the matrix ΓD is positive definite if (7.47) and Σv , P̂1  0 are satisfied. 
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Proofs of Chapter 8

Proof: (Ho-Kalman scheme for LPV representations, Lemma 8.2) The
matrix has rank(Hi,j ) = nx , hence, it allows the SVD decomposition Hi,j =
Unx S̃nx Vn>x (e. g., see Golub and Van Loan 2013, Corollary 2.4.7). In light of (8.25),
1/2
1/2
take, as a choice, R̂j = S̃nx Vn>x and Ôi = Unx S̃nx . Notice that rank(R̂j ) =
rank(Ôi ) = nx . Orthonormality of Unx and Vnx implies that (Unx )−1 = Un>x . The
first nu (1 + nψ ) columns of R̂j contain the B̂i matrices by the definition (8.20).
Similarly, Ĉi can be extracted from the first ny (1+nψ ) columns of Ôk (8.23). Next,
←
−
left multiplying H lk with the left inverse of Ôk and right multiplying it with the
right inverse of R̂k , results in a realization of Âi by the definition of the shifted
Hankel matrix (8.27).

Proof: (Model order reduction scheme, Lemma 8.3) Take the following
structurally balanced truncation for the observability and reachability matrices:
1
1
Ôi = QO Unx̂ S̃n2x̂ and R̂j = S̃n2x̂ Vn>x̂ Q>
R . Then,


←
−
−1
− 12
> >
Ôi† H ij (I1+nψ }R̂†j ) = S̃nx̂2 Un>x̂ Q>
O QO RO A0 . . . Anψ (I1+nψ }RR QR QR Vnx̂ S̃nx̂ )


= T † A0 . . . Anψ (I1+nψ } T ). (A.101)
Hence, the construction of the Âl matrices is proven. Recall that Cl is constructed from the first ny (1 + nψ ) columns of the Hankel matrix, i. e., H1j =
[ C1 . . . Cnψ ]Rj . Therefore, Ĉi is






H1j R̂†j = C1 . . . Cnψ Rj R̂†j = C1 . . . Cnψ T = Ĉ1 . . . Ĉnψ . (A.102)
Hence, the construction of Ĉl is justified. Similar argument can be made for the
construction ofB̂l andis therefore omitted. Finally, we show that T † T = Inx̂ . Note
that Un>x̂ U = Inx̂ 0 , Vn>x̂ V = Inx̂ 0 for any nnx̂ (orthogonality property).
 
> − 1
−1
−1 
−1
>
Vnx̂ S̃nx̂2 = S̃nx̂2 Inx̂ 0 S̃ Inx̂ 0 S̃nx̂2 = Inx̂ . 
Hence, T † T = S̃nx̂2 Un>x̂ RO RR
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Appendix B

Others
n this appendix, some connections between methods are given. Furthermore, the simulation model of Section 6.3.6 is displayed. This appendix
rely heavily on the notation and concepts introduced in the previous chapters.

I

B.1

CRA for LPV-ß models

Estimating the sub-Markov parameters (4.28) using the CRA is described in this
section. Opposed to LPV-FIR estimates, the sub-Markov coefficients can be found
individually. CRA results in an estimation procedure which grows linearly in the
number of data points and is used to estimate each parameter individually. Hence,
the correlation based estimation method has a relatively low computational load.
The CRA makes use of the stochastic property of u, p, w, v, hence, in this section, u
and p are assumed to be sample paths of the stochastic processes u, p, respectively.
Note that, in such case, x and y, obtained from LPV data-generating system with
a SS representation with general noise structure, are sample paths of stochastic
processes x, y which satisfy (see Section 4.3.1)
xt+1 = A(pt )xt + B(pt ) ut + G(pt )vt ,

(B.1a)

yt = C(pt ) xt + D(pt )ut + H(pt )et ,

(B.1b)

The matrix functions A(·), ..., H(·), defining the SS representation (B.1) are defined
as affine combinations in ψ [i] (see (2.23) and (4.7)), e. g.,
A(p) = A0 +

nψ
X

Ai ψ [i] (p)

(B.2)

i=1

In the section, ψ t denotes the process [ 1 ψ [i] (pt ) · · · ψ [nψ ] (pt ) ]> . The first
step in the CRA for processes defined in a LPV-SS form is to extend Definition 6.1
to the k-dimensional cross-correlation.
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Definition B.1 (k-dimensional cross-correlation) The k-dimensional crosscorrelation function for the jointly stationary signals (u, y, ψ) is defined as

> 
←
−(τs1 )
←
−(τsn ) ←
−
(τu )
u
,
Ryψs1 ···ψsn u (τs1 , . . . , τsn , τu ) = E yt ψ s1 · · · ψ sn
←
−
←
−(τ )
[i]
where [·] (τ ) denotes the signal shifted τ steps backwards in time, i. e., ψ i = ψt−τ ,
nψ
si is a specific index sequence with s1 , . . . , sn ∈ I0 , and τsi ∈ N0 is the time-shift
associated with the specific basis index si .

Theorem B.1 (sub-Markov parameters) The sub-Markov parameters of the
process defined by (B.1) satisfy
Cs1 As2 As3 · · · Asn−1 Bsn =

Ryψs1 ···ψsn u (τs1 , . . . , τsn , τu ) −2
Σu ,
σψ2 s · · · σψ2 s

(B.3)

n

1

where var(u) = Σ2u , σψ2 0 = 1, and var(ψ [i] ) = σψ2 i ; and
Ds1 =

Ryψs1 u (0, 0) −2
Σu ,
σψ2 s

(B.4)

1

where τsi = i − 1 and τu = τsn are the time-shifts of the signals ψ [s1 ] , . . . , ψ [sn ] , u
n
for a specific index sequence s1 , . . . , sn ∈ I0 ψ , if the following assumptions hold:
C1 The output signal is generated by a stable LPV system (B.1) with affine dependency structure (B.2).
C2 The noise processes v, e are distributed as in (4.6).
C3 The input process u is a white noise process with finite variance (var(u) = Σ2u )
and is independent of v, e.
[i]

[i]

C4 Each process ψ t , ψt (pt ) is assumed to be a white noise process with finite
n
variance (σψ2 0 = 1, var(ψ [i] ) = σψ2 i for i = I1 ψ ). The processes ψ [i] are
mutually independent and ψ [i] is independent of u, v, and e.
Proof: The proof is found by computing the expected value of the cross-correlation
between the stationary signals y, ψ, u, where the signals are assumed to be ergodic.
Let us first show the relation of the direct feed through matrices Ds1 . Let us
substitute the IIR (4.19) for y in Ryψs1 u (0, 0), which gives
n
o
[s ]
Ryψs1 u (0, 0) = E (D(pt )ut +C(pt )B(pt−1 )ut−1 +· · ·+yts )ψ t 1 u>
t
(
!
)
nψ
n
o
X
[i]
[s1 ] >
[s ]
=E
D0 +
Di ψ t ut ψ t ut + E C(pt )B(pt−1 ) (ut−1 ) ψ t 1 u>
t
i=1
[s ]

2
2
+ · · · + E{yts ψ t 1 u>
t } = Ds1 σψs1 Σu . (B.5)

B.2 The LPV-BJ data-generating system

297

Eq. (B.5) holds due to the whiteness property of the processes (u, ψ) and their
[s ]
independence. Also see that E{yts ψ t 1 u>
t } = 0, as v, e, and ψ are assumed to
be independent of u and ys satisfies the relation given in (4.27), therefore, ys is
[s ]
s [s1 ]
>
independent from u. Hence, E{yts ψ t 1 u>
t } = E{yt ψ t }E{ut } = 0. For all other
sub-Markov parameters, let us consider an ordering of the signal shifts as τsi = i−1,
τu = τsn , which results in the following formulation
Ryψs1 ···ψsn u (τs1 , . . . , τsn , τu ) =
n
←
−(τ )  −(τu ) > o
←
−(τ )
u
= E (D(pt )ut + C(pt )B(pt−1 )ut−1 + · · · + yts ) ψ s1s1 · · · ψ snsn ←



o


n
←
←
−(τ ) 2 ←
−(τ ) 2
−(τu ) ←
−(τu ) > +
u
u
· · · ψ snsn
= E Cs1 As2 · · · Asn−1 Bsn ψ s1s1


←
−(τ ) ←
−(τ )  −(τu ) >
E (D(pt )ut +· · ·+yts ) ψ s1s1 · · · ψ snsn ←
u
(B.6)

= Cs1 As2 · · · Asn−1 Bsn σψ2 s1 · · · σψ2 sn Σ2u .
Reordering (B.5) and (B.6) concludes the proof.



Remark B.1 It is possible to get the same sub-Markov parameters with different
multiplications of ψ si and corresponding shifts, e.g., Ryψs1 ψs2 u (0, 1, 1) gives the
same sub-Markov parameter Cs1 Bs2 as Ryψs1 ...ψs4 u (0, 1, 4, 4, 1). In scope of the
estimation of these sub-Markov parameters, we impose the above given ordering to
keep the multiplications with ψ [si ] minimal.
Condition C4 is not over restrictive, e. g., if each ψi is a function of pi only,
each analytic function ψi is odd and bounded with ψi (0) = 0, and it is driven by
a white noise scheduling signal pi with finite variance, then C4 is satisfied. Note
that the sub-Markov parameters in (B.1) do not depend on the time instant t. An
approximation of the cross-correlation and variances in Theorem B.1 can be used
to estimate the sub-Markov parameters by a finite measured data set DN . The
variance of the involved signals is estimated by the unbiased sample variance and
the k-dimensional cross-correlation is approximated via
R̂yψi ···ψj u (τi , . . . , τj , τu ) =

N
X
←
−(τ )
←
−(τ )  −(τu ) >
1
yψi i ··· ψj j ←
u
.
N − τu + 1 t=τ +1
u

It is assumed that the stochastic processes u, ψ, x, y, w are such that
limN →∞ R̂yψi ···ψj u (·) = Ryψi ···ψj u (·). For example, this assumption holds with
probability 1 if u, ψ, x, y are jointly ergodic. Joint ergodicity has been proven in
case ψ is a random binary noise and u is a white noise Petreczky and Bako (2011).

B.2

The LPV-BJ data-generating system

In Section 6.3.6, a MIMO LPV-BJ data-generating system in the form of (4.3) is
identified with ny = 2, nu = 2, np = 2. The matrix coefficient functions associated
to the model are given below.
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Coefficient functions of the process dynamics are given by
#
"
[2]
0.2 + 0.12(pt−1 )2
0
,
(a1  p)t =
[1]
[1]
0
0.2 + 0.35 tan−1 (pt ) cos(pt−1 )
#
"
[1]
[2]
0.19 + 0.15 tan−1 (pt−1 ) cos(pt−2 )
0
,
(a2  p)t =
[2]
0
0.17 + 0.11(pt−1 )2
#
"
[1]
[1]
1 − exp(−0.6pt )
0.64 − 0.72 exp(0.7pt )
,
(b0  p)t =
[2]
[2]
[1]
0.2 + 0.98 tan−1 (0.66pt )
0.3 − 0.4(pt )2 + 0.5pt
"
#
[1]
[2]
[1]
0.24 − 0.32(pt )2 + 0.4pt−1
0.22 exp(0.4pt−1 )
(b1  p)t =
,
[2]
[1]
[2]
0.16 + 0.9 tan−1 (0.63pt ) 0.22 − 0.5(pt )2 + 0.45t−1
"
#
[2]
[2]
0.16 + 0.64 tan−1 (0.8pt−2 )
0.14 + 0.7 tan−1 (0.6pt−2 )
.
(b2  p)t =
[1]
[1]
[2]
0.64 − 0.64 exp(−0.6pt−1 ) 0.17 − 0.32(pt )2 + 0.32pt−1
Coefficient functions of the noise dynamics are given by
"
#
[1]
[1]
0.3 + 0.45(pt )3 + 0.3(pt−1 )2
0
(c1  p)t =
,
[2]
0
0.3 + 0.45(pt−1 )2
"
#
[1]
0.24 + 0.36(pt−1 )2
0
(c2  p)t =
,
[2]
[2]
0
0.24 + 0.36(pt−2 )3 + 0.24(pt−1 )2
q
"
#
[1]
0.3
+
0.3
kp
k
0
1
t
(d  p) =
,
1

t

[2]

0
"
(d2  p)t =

B.3

0.45 + 0.45 sin(pt )
[2]

0.34 + 0.34 sin(pt−1 )
0

0q
[1]
0.23 + 0.23 kpt−2 k1

#
.

Enhanced Gauss-Newton method for pseudolinear regression

In Algorithm 6.1, an algorithm to solve the the pseudo-linear regression problem
has been presented. However, for ill-posed regression problems, the method might
not converge or an estimate is obtained with high parameter variance. In such cases,
the enhanced Gauss-Newton of Section 7.2 could be applied (Algorithm 7.1). In
this section, we will discuss how Algorithm 7.1 can be adopted for pseudo-linear
regression. This enhanced optimization strategy for PLR is applied in Section 10.3
for the MAX model set.
Recall that the predictor (6.10) can be rewritten as a linear-in-the-parameter
model

ŷt|θ,t−1 = ϕ>
(B.7)
t|θ ⊗ Iny θ,

B.3 Enhanced Gauss-Newton method for pseudo-linear regression
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where ϕt|θ as in (6.18) and θ the unknown model parameters parametrizing the IO
model. Furthermore, take
ΦN |θ = (Φ̄N |θ ⊗ Iny ),

YN = vec{ȲN },

with the regression matrix Φ̄N |θ and the output data matrix ȲN as in (6.13).
Similar to the enhanced strategy for LPV-SS identification in Section 7.2.2, the
LS criterion for IO estimation is approximated as (see (7.11))
min εN |θ
θ

2
2

≈ min εN |θ + J(θk , DN ) (θ − θk )
θ

2
2

, subject to θ ∈ ∆θ ,

(B.8)

where the trust region ∆θ in (7.6) is determined automatically by the search algorithm. The prediction-error εN |θ in (B.8) is given by
(B.9)

εN |θ = YN − Φ>
N |θ θ,
kεN |θ k22

= (YN −
=

>
Φ>
N |θ θ) (YN

−YN> Φ>
N |θ θ

−

Φ>
N |θ θ)

>

− θ ΦN |θ YN + YN> YN + θ> ΦN |θ Φ>
N |θ θ,

(B.10)

and the Jacobian J() by
J(θk , DN ) =

∂εN |θ
∂θ

= −Φ>
N |θ .

(B.11)

θ=θk

Substituting (B.11) and (B.9) into (B.8) gives:
>
>
εN |θ + J(θk , DN )(θ − θk ) = YN − Φ>
N |θ θk − ΦN |θ (θ − θk ) = YN − ΦN |θ θ, (B.12)

The later result implies that the first order tailor approximation is not an approximation, but the relation is equivalent. Actually, the LS estimator for a linear-inthe-parameter problem given here has a well-known analytic solution, see (6.13),
to the minimization problem (B.8). In the next discussion, we explore the similarities of the enhanced Gauss-Newton method in Algorithm 7.1 with the original
PLR (6.13).
Recall that the search direction r can be found for, i. e., see (7.10),
 >

λ ≥ 0,
J (θk , DN )J(θk , DN ) + λInθ r = −J >(θk , DN )εN |θk ,
which leads to the search direction r (for ΦN |θ Φ>
N |θ + λInθ  0):

−1 

Φ YN − Φ>
r = ΦN |θ Φ>
N |θ + λInθ
N |θ θk .

(B.13)

(B.14)

In addition, recall that the parameter is updated by θk+1 = θk + αr with α ∈ (0, 1],
see (7.8), which leads to (for λ = 0 and α = 1 with ΦN |θ Φ>
N |θ  0):

−1

 
−1
>
>
θk+1 = θk + r = θk + ΦN |θ Φ>
Φ
Y
−
Φ
θ
=
Φ
Φ
ΦN |θ YN .
N
k
N |θ
N |θ N |θ
N |θ
N |θ
Clearly, the latter equation coincides with the original PLR estimate (6.13) in case
no regularization (λ = 0) is applied neither is the step-length shortened (α =
1). Hence, the enhanced Gauss-Newton strategy can be applied for pseudo-linear
regression by using (B.11), YN , and not using the data-driven local coordinate
frame (J() = JDDLC ()).
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B.4

The LPV-SS data-generating system

In Section 10.4, a MIMO LPV-SS data-generating system in the form of (4.17)
is identified with ny = 2, nu = 2, np = 5, and nx = 4. The matrix coefficient
functions associated to the representation are rounded to 6 decimals and they are
given below. The non-rounded LPV-SS model and the identification data set are
available at www.rolandtoth.us



−0.065245
0.099110
−0.084621 −0.009569
 0.096083
−0.046627 −0.084403
0.004002 

A0 = 
 −0.043781 −0.042986 −0.064186 −0.121163 ,
−0.076983 −0.068565 −0.064501
0.038984


0.011095
−0.062437
0.072496
0.038594
 −0.062437
0.091482
−0.017329 −0.057707 
,
A1 = 
 0.072496
−0.017329
0.055421
−0.065208 
0.038594
−0.057707 −0.065208
0.013427


0.040454 0.049778 0.103830 0.022075
 0.049778 0.027550 0.029055 0.105401 

A2 = 
 0.103830 0.029055 0.032796 0.010348 ,
0.022075 0.105401 0.010348 0.050834


0.049609
−0.082443 −0.047484
0.000639
 −0.082443
0.030216
0.040552
−0.003600 
,
A3 = 
 −0.047484
0.040552
0.079801
0.104469 
0.000639
−0.003600
0.104469
0.073790


−0.032474 −0.014396 −0.151690 −0.109769
 −0.014396 −0.096949
0.112418
−0.115597 
,
A4 = 
 −0.151690
0.112418
0.016775
0.021329 
−0.109769 −0.115597
0.021329
−0.075671


0.130974
−0.027786 0.086944
0.111792
 −0.006878 −0.022796 0.100591 −0.059360 
,
A5 = 
 0.135397
0.071591
0.109275 −0.034815 
−0.049488
0.088273
0.083619
0.074408


0.091739
0.228071
−0.058556 0.273617
C0 =
,
−0.091103 −0.042053
0.102020
0.282613


0.260392 −0.202810
0.153452
0
C1 =
,
0
−0.062359 −0.364362 0.022048


−0.008021 0.179873
0.038384
0
C2 =
,
0.383469
0.211867 −0.189766 −0.180358


0
0.041044 0.178610 −0.141088
C3 =
,
0.227664
0
0.382875
0


−0.051454
0
−0.270415 0.038711
C4 =
,
0.217975
0.163866 −0.229130
0


−0.345789 −0.116207 0.115786 −0.117671
C5 =
,
0.359012
−0.033932 0.229883
0


0.000001
−0.041514
 −0.308404
0.000001 
.
K0 = 

0
−0.550476 
0.207546
0.882452




−0, 034283
0, 067726

0
−0, 316098 
,
B0 = 
 0, 054655
−0, 016328 
−0, 011343
0


0.085029 −0.178414

0
−0.373212 
,
B1 = 

0
0.114276 
0.106139 −0.017143


0.031402
0.192656
 0.223429
−0.044178 
,
B2 = 
 0.119912
0.189336 
−0.406198 −0.089911


−0.304270 0.265701
 −0.184154 0.027659 
,
B3 = 


0
0
0.040582
0


0.035124
−0.148993

 −0.149703
0

B4 = 
 −0.235363 −0.143698 ,
0.070748
0.050691


0
0.289771

 0.212473
0
,
B5 = 
 0.013946
0.034334 
0.259047 −0.019484


−0.097310 0.085101
D0 =
,
0
0


0 −0.398260
D1 =
,
0
0


0
0.051620
D2 =
,
0.034637
0


0
0
D3 =
,
0 −0.075154


0
0
D4 =
,
−0.257703 −0.353716


0 0
D5 =
,
0 0
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Summary
he ever-increasing need to improve performance, efficiency, or energy consumption for dynamical systems challenges engineers and scientists to provide
innovative solutions. To meet with these objectives, it is important to acquire an
accurate model of the system at hand, describing the dynamical behavior of these
systems, which often consists of non-stationary and nonlinear physical phenomena.
These challenging dynamical effects can be described with the linear parametervarying (LPV) model class. The LPV model class assumes a linear signal relation
between the inputs and outputs of the system, while these linear relations are allowed to be functions of a measurable, time-varying signal, the scheduling variable.
Modeling non-stationary and nonlinear effects with the LPV framework enables to
apply powerful, convex observer and control synthesis methods with performance
guarantees by exploiting the linearity of the model class. Therefore, LPV observer
and control synthesis have been applied to a wide range of applications. The common assumption in these synthesis schemes is that an LPV state-space (SS) model
of the underlying system is available.

T

Inspired by powerful data-driven modeling methods available for linear timeinvariant (LTI) systems, an LPV-SS model of the system could be obtained via
system identification methods based on observations of the plant. Despite current
advances in LPV identification, how to obtain accurate, low-complexity LPV-SS
models in a computationally efficient way from measurements remains an open
question. There is a lack of understanding on how to systematically derive various
LPV identification methods under different noise scenarios, how to analyze these
identification schemes, how to accomplish experiment design, and how to complete
the identification cycle, just like in the LTI setting.
The aim of this thesis is to establishing a unified, modular LPV-SS identification
framework to facilitate estimation of moderately sized systems. We propose to
tackle the LPV-SS identification problem by a novel method that contains the
following three steps: 1) estimation of an LPV input-output (IO) model to capture
the underlying dynamics, then 2) LPV-IO to LPV-SS realization on the estimated
model, and 3) refinement of the LPV-SS model estimate from a maximum-likelihood
(ML) point of view by a nonlinear optimization methodology. However, to develop
these tools, we tackle some underlying bottlenecks by reconsidering fundamental
assumption and principles for LPV identification accompanied with an in-depth
examination of realization theory to find alternative approaches.
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In order to obtain an ML estimate in the third step, the associated LPV-SS
identification schemes lead to nonlinear optimization problems which can be solved
in an iterative manner. However, these methods require efficient initial estimates
to avoid local minima. To obtain a proper initialization, an IO model estimate
of the underlying system obtained by convex methods could be transformed into
an equivalent SS form by either a direct realization method or by an intermediate
projection step. However, both classes of techniques are not well studied in the literature for the LPV setting and current approaches have an overwhelming computational load. As a major contribution of this thesis, we studied and develop IO to
SS realization theory for both classes of concepts from a deterministic and stochastic point of view. In the deterministic setting, an innovative reformulation of an
existing so-called Ho-Kalman realization scheme is introduced that achieves “linear
complexity” by efficient basis selection. This extension of the scheme decreases the
computational complexity significantly compared to the original method. Based on
the results in the deterministic setting, we develop projection based stochastic LPV
realization theory to transform the data-equation – a surrogate IO representation
with a noise model – into an equivalent state-space form with an innovation noise
model. To obtain a unified understanding of these so-called subspace identification
(SID) techniques, the fundamental open-loop, closed-loop, and predictor based
data-equations are derived for the LPV case, which forms the starting point of the
developed LPV SIDs. As a major contribution of this thesis, we derive a uniform
formulation for the projection based LPV SID problem to obtain an SS estimated
established on a maximum-likelihood and realization argument; thereby extending
various well-known LTI SID approaches to the LPV case. Furthermore, we show
that applying the moving average with exogenous inputs (MAX) IO model set in
the LPV open-loop identification setting can significantly decrease the complexity
of the IO estimation problem for SIDs and the basis reduced formulation lowers
the computational complexity significantly in the IO to SS model realization step
leading to better scalable SID schemes. Hence, we achieve a unified understanding
of LPV IO to SS realization theory with computationally efficient methods leading
to various pre-estimation schemes to initialize the direct LPV-SS methods in the
third step of the proposed identification scheme.
To obtain a stochastically efficient estimate, it is key to have identification
schemes that can handle various noise scenarios, i. e., different noise scenarios on
the input, scheduling, and output signals. However, in the LPV setting, the representation capabilities of general noise models are not explored. It is our finding that
the innovation noise model, that is often applied in the LTI setting, is restricted
in the LPV case and it requires dynamic, rational dependence on the scheduling
signal to model general noise scenarios. However, capturing such general noise
parameterization leads to more complicated dependency structures in the estimation methods and, therefore, an innovation noise model with static, basis affine
dependency on the scheduling signal is popular in LPV identification literature. In
some cases, we show that the general noise model can be equivalently formulated in
an SS representation with static, basis affine dependency on the scheduling signal
by including additional states, resulting in a non-state minimal representation of
the original process. Hence, well-known LPV SIDs can lose their rank revealing
property in certain identification settings.
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The often-used assumption that the input and scheduling signal are measured
without noise might be unrealistic. We show that this so-called errors-in-variable
(EIV) problem on the input signal can be included in a lumped, additive noise
representation on the output under some minor restrictions. In a closed-loop identification scenario, we additionally assume that the input can be correlated with
the output additive noise. Contrary to the EIV on the inputs, no general framework exists to handle the EIV problem on the scheduling signal. In this thesis, we
solve the EIV problem on the scheduling signal for a model parameterization with
static, polynomial scheduling dependency structure. This analysis provides insight
for future developments to obtain consistent estimates under an EIV scenario for
other dependency structures.
In this thesis, the IO and SS identification methods in the first and third step
of the proposed scheme are built on fundamental assumptions and principles of the
LPV prediction-error identification setting. To analyze various prediction-error
methods, concepts of informativity of the data sets, identifiability of the model set,
and consistency and convergence of estimation schemes are defined and analyzed.
More specifically, in this thesis, informativity and identifiability conditions are
proven for the LPV MAX model structure. This particular structure is of interest
for formulating alternative subspace identification approaches. Furthermore, the
notion of identifiability for LPV-SS models under both general and innovation noise
model is proven. These results are applied to improve the numerical properties of a
direct gradient-based LPV-SS prediction-error method in the three-step approach
of the proposed scheme.
The aforementioned prediction-error theory is applied to derive various
prediction-error minimization schemes to solve the identification problem for
different LPV-IO and SS model sets under various identification settings. The
schemes are analyzed in terms of variance, bias, consistency, and convergence of
the obtained model estimates. For several methods, we obtain ML properties of
the estimate guarantying stochastic efficiency.
As common, we assume throughout the majority of this thesis that the dependency on the scheduling signal is represented by a prior chosen parameterization. To handle the case when the dependency structure is unknown, we develop
a Gaussian-based method to jointly estimate the basis functions and the associated unknown coefficients in a nonparametric setting. It is our finding that the
introduced Gaussian method can obtain a consistent nonparametric estimate of
the one-step-ahead predictor for Box-Jenkins type of models while avoiding nonlinear optimization. The original process and noise dynamics are reconstructed by
a nonparametric realization scheme based on simple algebraic recursions resulting
in a model estimate with a low computational complexity.
To increase the applicability of LPV identification tools, we investigate the
verification of robust quadratic stability, robust state convergence, and robust
quadratic performance of LPV representation that exhibit bounded rates of variation on their scheduling signals. Stability and performance are guaranteed based
on quadratic Lyapunov functions that are affine in the scheduling signal. Tractable
linear matrix inequality tests are obtained by using the partial convexity argument.
This developed method can be applied in future research to incorporate stability
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conditions in model estimation techniques.
Based on the aforementioned theoretical results and as a major contribution
of this thesis, we propose the modular three-step LPV-SS identification methodology. Based on detailed simulation studies and an empirical identification study
of a gasoline engine, it is our finding that the three-step framework can achieve
statistical efficiency with a relatively low computational load compared to state-ofthe-art methods. Concluding, this thesis represents a major step towards efficient
identification of linear parameter-varying state-space models.
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his thesis presents a novel and unified identification scheme to
estimate linear parameter-varying (LPV) state-space (SS)
models with a statistically and computationally efficient procedure.
The thesis reconsiders the fundamental assumptions and principles
for LPV identification accompanied with an in-depth examination of
realization theory to develop new understandings of the underlying
problems, which will improve the state-of-the-art. More specifically,
we develop a stochastic understanding of LPV-SS identification by
defining and analyzing various LPV noise models, informativity of the
data sets, identifiability of the model set, and consistency and
convergence of the investigated and proposed estimation
schemes. In addition, in this thesis, a new theory for LPV-SS
realization together with a unified theory of LPV subspace
identification is developed. These new insights enable us to
introduce a modular three-step identification scheme to deliver
computationally and stochastically efficient estimates of SS models.
The three-step scheme is validated and compared to existing
methods in detailed simulation studies and on an identification
example of a gasoline engine.
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