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Summary

Propagating Fractures in Swelling Ionized Hydrogels: XFEM
analysis

Hydrogels are widely utilized in the field of biomedical and pharmaceu-
tical science because of their strong similarity to biological tissues. Swelling
and crack propagation plays an important role in ionized hydrogels. It is es-
sential to investigate the swelling ability and its fracture behaviours during
swelling before pulling them into applications.

First, a biphasic model based on Biot’s theory in large deformation
is derived to typically describe the swelling behaviour of ionized hydro-
gel. In swelling of ionized hydrogel, the ionic contribution plays the main
role. That is in sharp contrast to non-ionized hydrogel, which often swell
up to volume strains of thousand of percent. The osmotic effect induced
by salt concentration difference is taken into account. The compressible
Neo-Hookean model is used to describe the stress-strain relation of the hy-
drogel. 2D and 3D numerical examples show the capability of the swelling
behaviour which is triggered by salt concentration difference within and
around the hydrogel.

Later on, the fracture model is coupled into the biphasic model to cap-
ture the fracture behaviour in swelling hydrogels. The fracture criterion
is based on effective stress, not total stress. In a shrinking test, the effec-
tive stress state is investigated with crack opening by decreasing osmotic
pressure in the solid. Though the macroscopic effective stress decreases, lo-
cally at the crack tip there is effective stress concentration. The increased
effective stress leads the crack to open and can induce crack propagation,
which is a local effect independent of far-field conditions. This result indi-
cates that crack propagation in swelling media is an intrinsically multiscale
phenomenon, whereby the crack propagation cannot be controlled solely
by manipulating the far-field effective stress. Oppositely, the increasing
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osmotic pressure in the gel results in propagation of an initial crack. The
effective stress concentrates at the crack tip and controls the crack prop-
agation. The numerical example of 3D swelling driven fracture is given
afterwards, indicating the capabilities and limitations of the current model.

The growth of a fracture can be summarised by the nucleation, growth
and coalescence of micro-separations. In Chapter 4, we take nucleation into
consideration and study the effects of hydrogel properties on nucleation as
well as on propagation. Because of the interest of SAP in applications is
mainly restricted to cross-linked hydrogels, we focus on the effects from the
cross-linked part ( In hygienic products like diapers, the SAP is designed
as a cross-linked shell around the softer hydrogel ). The result shows that
the stiffness ratio between the cross-linked part and the uncross-linked part
is an essential factor to qualify the swelling behaviour of SAPs. The deli-
cate balance between the swelling and failure is the key in microstructural
design of SAPs. The current model has the capacity of modelling crack nu-
cleation during swelling. The results present a cascade of nucleations and
the nucleation is highly influenced by both properties of cross-linked shell
and the core. Fewer cracks nucleate with higher ultimate strength of the
shell because it has higher resistance to deform before failure. The cracks
nucleate more with stiffer cross-linked shell.

In Chapter 5, the interest goes to the stepwise crack propagation in-
vestigation in homogeneous hydrogel in finite deformation. The motivation
of the stepwise study comes from the experimental finding of Pizzocolo et
al.. The staccato propagation is presented both in air and in water. The
observation of stepwise propagation is independent of the time step. With
increasing stiffness, the propagation step size is increasing. The decreasing
pause duration comes with increasing stiffness. Both of these numerical
findings are consistent with experimental data of Pizzocolo et al.. The gen-
eral explanation of staccato propagation is coupled with the pressure at the
crack tip.The pressure increases when the crack grows and decreases when
it pauses. The decline of the pressure is due to the fluid flow from the crack
tip to its neighbouring area.

In conclusion, the current model integrates the XFEM formulation in
finite deformation of Irzal et al., the osmotic swelling model of Kraaijeveld
et al. and the ELP model of Remij et al. and derive it based on the
framework of Lagrangian description. It is pretty robust in dealing with
different crack behaviours in hydrogels such as crack propagation and nu-
cleation in 2D during swelling. It works for homogeneous material as well
as heterogeneous material. The crack can propagate through several el-
ements within one time step, which is more flexible and realistic to the

x
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actual fracture phenomenon. The extension to 3D is possible but further
optimization need to be done. The model simulations clearly demonstrate
that crack propagation in swelling media is an intrinsically multiscale phe-
nomenon. The crack propagation can be triggered by a local effective stress
increasing at times when the far-field effective stress decreases. The model
further demonstrates that a cohesive zone model can induce step wise crack
propagation in a homogeneous gel.

xi
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1
Introduction

In 1926, Dorothy Jordan Lloyd defined the gel as ’The colloidal condition,
the gel, is one which is easier to recognize than to define’. Hydrogels are cur-
rently viewed as water insoluble, cross-linked, three-dimensional networks
of polymer in water and provides required mechanical strength and phys-
ical integrity [Niu et al., 2015]. They are highly absorbent, which could
contain up to 90% of water. Because of their significant water content,
they reveal strong similarity to biological tissues. In recent decades, hy-
drogels are widely utilized in the field of biomedical and pharmaceutical
sciences. Contact lenses, the functional materials in disposable diapers,
cartilage prosthesis and drug delivery (it is easier to release the drug in a
controllable and precise way) are just a few examples of applications.

Swelling is the intrinsic ability of hydrogels. It results from either a
changing salt / ions concentration in surrounding contacted solution or
a change in pH or a gush of fluid. During swelling, hydrogels often de-
velop cracks (Fig. 1.1) [Wognum et al., 2006]. Swelling and cracking
are intimately coupled in many applications: earthquake nucleation in a
fault [Miller et al., 2004], degeneration and herniation of the intervetebral
disc [Battié et al., 2004, 2007, 2008] and spontaneous cleavage of woods
[Tjeerdsma et al., 1998]. Therefore, it is desirable to study the correlation
between swelling and cracking.

1.1 Super absorbent polymer

A super absorbent polymer (SAP) is a cross-linked polyelectrolyte which
starts to swell when contact with aqueous solutions. The swelling is driven
by the osmotic difference between the polymer and its contacted solution.
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(a) (b) (c)

Figure 1.1: Fracture developing in a cross-linked hydrogel during swelling. Time
runs from (a) to (c).

It is a widely commercially used material in modern polymer technology.
These polymers can absorb up to 1500 g of water per gram (Fig. 1.2
[Mechtcherine et al., 2012]). Commercial usage of SAP is started from 1980s
with the first application in diapers. Except for the fields of biomedical
and hygiene applications, SAP has come into notice in concrete technology.
SAP has been introduced as a new component for the production of concrete
materials, it brings new possibilities with respect to water control regarding
the rheological properties of fresh concrete.

The commercial interest of SAP is based on the cross-linked polymer.
SAP would dissolve into the liquid rather than absorbing the liquid without
cross-linking [Sweijen, 2017]. Properties of SAP are highly dependent on
the composition and structure of the SAP, they are particularly tailored
for the specific application. Generally, the SAP used in hygiene products
specially in diapers requires adequately high absorption capacity as well
as adequate high gel strength. Fossum et al. [2009] developed absorbent
structures comprising water-swellable material that contains coated water-
swellable polymers. The coating delays the swelling of the SAP until the
coating fractures, allowing the fluid to penetrate deep into the SAP particle
layer.

In this work, swelling behaviour is only discussed within an individual
SAP particle by means of two- and three-dimensional simulations. The ef-
fect of coating will be discussed specially when taking fracture into account.
Parameters such as stiffness, porosity, permeability within the particle will
be taken into consideration.
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Figure 1.2: Dry and swallen SAP particle (figure is from Mechtcherine et al.
[2012]).

1.2 Mechanics and modelling of fracture

Fracture is a common in natural world and industrial products, no matter
whether you aware or unaware of it. Like an industrial product, during
manufacturing process, usually imperfections (voids, inclusions, defects etc.
) are unavoidable. The onset of the fracture starts from the nucleation of
micro-separations in a small processing zone around these imperfections.
The existence of micro-separations weakens and reduces the stiffness and
strength of the material. When the material undergoes external loading,
the existing micro-separations can grow and finally interconnected to form
a visible crack. In summary, the development of a fracture is involving
processes of nucleation, growth and coalescence of micro-separations.

In modelling fracture process in the processing zone, all effects are
lumped into a single model. Fracture can be modelled with standard finite
element method (FEM) by remeshing [Schrefler et al., 2006]. Computa-
tional efforts spent on remeshing are the down side of this method. A
model with considerably refined mesh can minimize the mesh difference
after crack propagation.

Xu and Needleman [1994] prepared all element edges for separation to
model inter-element fracture. Possibilities of all crack paths are predeter-
mined by element edges. In this way, remeshing is avoided. However, a fine
mesh is required to achieve the accuracy of the crack propagation.

In order to avoid remeshing, Belytschko and Black [1999] locally add
additional degrees-of-freedom (DOF) on nodes crossed by the discontinu-
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Figure 1.3: Process of fracture.

ity (crack or fracture, discontinuity is used as a terminology in numeri-
cal simulation), denoted as the extended finite element method (XFEM).
Approaches with standard FEM require the mesh topology to conform
to the discontinuities, XFEM allows for the mesh to be separated from
them, which dramatically simplifies the modelling of crack propagation [Be-
lytschko et al., 2015]. Wells and Sluys [2001] further extended the method
to a cohesive surface formulation using a jump to represent cohesive zone in
the displacement field of continuum elements [Réthoré et al., 2008, Kraai-
jeveld et al., 2013]. Following the same line, Leonhart and Meschke [2011]
take fluid into consideration and investigate the crack propagation in par-
tially saturated porous media. Based on XFEM, Remij et al. [2015] develop
an enhanced local pressure model (ELP) with an additional, separate DOF
for the fluid pressure in the discontinuity to capture the pressure difference
in the crack and the bulk.

Thanks to the observation of the intermittent fracture growth in the
rock [John, 1972], the numerical investigation of stepwise crack propagation
got wide attention. Different models such as the Central Force Model, finite
element method, extended finite element method are used to study the
crack propagation behaviours in saturated porous media [Cao et al., 2017,
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(a) (b)

Figure 1.4: (a) Schematic representation of the process zone (grey shaded) with
micro-separations around the crack tip. (b) Schematic representation of the cohe-
sive zone approach to fracture modeling. The opening of the fracture is denoted
as v, the traction as t.

2018, Remij et al., 2016]. They find out that numerical simulations are very
sensitive to the model method and material parameters, and the stepwise
crack propagation relates to the fluid flow around the crack tip. Recently,
Pizzocolo et al. [2012] experimentally show the intermittent crack growth
in hydrogel, which extend the investigations from rocks to hydrogels.

1.3 Objective and layout of the thesis

The objective of this thesis is to explore the phenomenon of crack prop-
agation induced by swelling in hydrogels. We integrate the XFEM finite
formulation of Irzal et al. [2013], the osmotic swelling effect of Kraaijeveld
et al. [2013] and the ELP model of Remij et al. [2015] into one model and
extend the model into finite strain to achieve crack propagation in swelling
hydrogels.

In Chapter 2, the finite strain formulation of the swelling hydrogel is pre-
sented. The governing equations are based on the momentum and mass bal-
ances, together with the nonlinear kinematics. Two- and three-dimensional
examples are given to show the swelling behaviour of hydrogels when con-
tacting a changing salt concentration.

The swelling model is integrated with XFEM and ELP model in Chap-
ter 3 to realize swelling driven crack propagation in large deformation. Two
numerical examples show the performances of (1) swelling with crack open-
ing and (2) swelling with crack propagation. This coupled model is also
working for the three-dimensional case with limitations.

Chapter 3 concludes with special case studies applying the implemented
model. The effect of intrinsic properties of hydrogels specially the coating
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layer on crack propagation and crack nucleation are explored in Chapter
4. In Chapter 5, we emulate the experiments published by Pizzocolo et al.
[2012] and demonstrate that the model reproduces several salient features
of their experiments, with particular reference to the staccato propagation
mode. Conclusions and outlook are formulated in Chapter 6.



2
2D and 3D biphasic model for satu-
rated ionized porous media

2.1 Introduction

Hydrogels are well suitable for applications in fields of such as biomedical
and personal care because of their extraordinary water absorption. It is
very important to quantify the swelling ability of hydrogels before putting
them into application.

As a matter of fact, a single phase model can never predict the inter-
stitial fluid flow or related osmotic effect [Ehlers et al., 2009]. A biphasic
model in large deformation is considered here to describe porous media with
a solid skeleton and an interstitial fluid flow within the pores. Momentum
balance, mass balance and kinematics are derived within the frame of La-
grangian descriptions. A compressible Neo-Hookean model [Wilson et al.,
2005] is assumed for 2D and 3D analysis. Newton-Raphson method and
spatial discretization are used to solve the nonlinear equation system.

2.2 Governing equations

An ionized porous media is described as a charged solid skeleton and an
interstitial fluid within pores. The material is assumed to be isothermal,
homogeneous and fully saturated. The ion flow is considered to be ex-
tremely fast compared with the fluid flow, and the ions reach equilibrium
state with an external salt concentration immediately. Therefore, only the
solid phase (s) and the fluid phase (f) are taken into consideration,

ϕs + ϕf = 1, (2.1)
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with ϕ the volume fraction.
The model is set up within the framework of large deformation. It

consists of momentum balance, mass balance and couples with the swelling
effect of the bulk material. The swelling is introduced into the model by
means of chemical potential. The chemical potential is defined as

μf = p − π (2.2)

where p is the hydraulic pressure and π denotes the osmotic pressure.

2.2.1 Kinematics

Within the framework of Lagrangian description of large deformation, the
current material point x is located differently as it was in the reference
configuration (Fig. 2.1).

Figure 2.1: Motion of a saturated biphasic porous medium. Ω0 and Ω represent
the reference configuration and current configuration respectively.

The displacement field at any time t can be described as

u(X, t) = x(X, t) − X. (2.3)

The deformation gradient is defined by

F = ∂x
∂X . (2.4)

Define J as the Jacobian between the current and reference configu-
rations. It is taken as the ratio of an infinitesimal volume dΩ in current
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configuration to the corresponding volume dΩ0 in the reference configura-
tion:

J = dΩ
dΩ0

. (2.5)

It can be easily shown that J = det F.
In Lagrangian description, the strain field is represented by Green-

Lagrange strain E:
E = 1

2(C − I), (2.6)

with C = FT · F the right Cauchy-Green deformation tensor.

2.2.2 Momentum balance

It is assumed that there is no mass transfer and thermal gradients during
the process. The inertia, gravity and the compressibility of the solid / fluid
are neglected. The momentum balance for the solid phase reads

∇ · σσσ = 0. (2.7)

The total stress tensor σσσ is decomposed into two parts: effective stress σσσe

and hydraulic pressure p,
σσσ = σσσe − pI. (2.8)

Eqn. (2.7) can be rewritten in the reference configuration as

∇0 · P = 0, (2.9)

where P is the total first Piola-Kirchhoff stress tensor, similarly, reads

P = Pe − JpF−T , (2.10)

with J = det F the volumetric ratio of the solid between the deformed and
reference configurations. F is the deformation gradient tensor, which is
obtained by taking the gradient of the position vector (x) with respect to
the reference configuration,

F = ∇0x. (2.11)

2.2.3 Mass balance

Under the same assumptions, the mass balance in reference configuration:

J̇ + ∇0 · Q = 0, (2.12)
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with J̇ = Jdivv and Q the seepage flux follows Darcy’s relation, it reads

Q = −K · ∇0μf . (2.13)

In eqn. (2.13), K = JF−1 · k · F−T is the permeability tensor in reference
configuration with k = kint

μ . Here, kint represents the intrinsic permeability
tensor and μ denotes the viscosity of the fluid.

2.2.4 Swelling behaviour

The difference of the osmotic pressure within the porous medium and its
external fluid allows the exchange of ions and fluid, leading to swelling
or shrinking of the material. Based on Van’t Hoff empirical relation, the
osmotic pressure difference in ionic equilibrium, is given by

Δπ = RT
√

(cfc)2 + 4(cex)2 − 2RTcex, (2.14)

where R is the gas constant, T the temperature, cfc the fixed charge density
and cex the external salt concentration.

The detailed description of electrochemical potential and swelling mech-
anism is addressed in Chapter 3.

2.2.5 Constitutive relations

The solid itself in porous media is incompressible, while the entire solid
matrix is compressible. Here, we use compressible Neo-Hookean model to
describe the stress-strain relation. The Cauchy effective stress is given as
[Wilson et al., 2005]

σσσe = −1
6

ln J

J
GI(−1 + 3(J + ns,0)

(−J + ns,0) + 3 ln(J)Jns,0

(−J + ns,0)2 ) + G

J
(F · FT − J2/3I),

(2.15)
where G and ns,0 represent the shear modulus and the initial solid volume
fraction, respectively. As J tends to ns,0, fluid content vanishes and eqn.
(2.15) turns into incompressible.

In order to guarantee the strain energy has a zero minimum value at
the undeformed state [Kellermann and Attard, 2016], the eqn. (2.15) is
rewritten for 2D case,

σσσe = −1
6

ln J

J
GI(−1+ 3(J + ns,0)

(−J + ns,0) + 3 ln(J)Jns,0

(−J + ns,0)2 )+ G

J
(F·FT −JI), (2.16)

The total stress tensor takes osmotic swelling into consideration,

σσσ = σσσe − (μf + π)I. (2.17)
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Using the relation of S = JF−1 · σσσ · F−T , we rewrite the total stress tensor
with respect to the reference configuration,

S = Se − (μf + π)C−1, (2.18)

with S the second Piola-Kirchhoff stress tensor.

2.3 Weak form and descritization

2.3.1 Weak form

The weak form of balance equations is based on the standard Galerkin
method by multiplying the relative momentum and mass balance with an
admissible test function (η for the displacement field, ξ for the chemical
potential field). ∫

Ω0
ηηη∇0 · PdΩ0 = 000 (2.19)∫

Ω0
ξJ̇dΩ0 +

∫
Ω0

ξ∇0 · QdΩ0 = 0 (2.20)

Using partial integration and Gauss theorem, coupling with boundary
conditions, eqn. (2.19) and (2.20) become∫

Ω0
∇0ηηη : PdΩ0 =

∫
Γ

ηηη · t0dΓ (2.21)

−
∫

Ω0
ξJ̇dΩ0 +

∫
Γ0

∇0ξ · QdΩ0 =
∫

Γ
ξq0dΓ (2.22)

The term ∇0ηηη : P in eqn. (2.21) can be replaced by ΔE : S (Appendix
A), where ΔE = 1

2(FT · ∇0ηηη + (∇0ηηη)T · F). Hence, the momentum balance
goes to ∫

Ω0
ΔE : SdΩ0 =

∫
Γ

ηηη · t0dΓ (2.23)

2.3.2 Discretization

The spatial discretization is derived by dividing the whole body into el-
ementwise meshes and the balance equations are discretized by means of
the Lagrange interpolation polynomial of finite element shape functions.
The displacement and chemical potential fields for a single element are
discretized as follows:

u = Na, μf = Hb, (2.24)
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with N, H the standard test functions for the nodal displacement and
chemical potential respectively. The discretized form of Green Lagrange
strain field for a single element as

ΔE =
n∑

I=1
BIaI , (2.25)

where

BI =

⎡
⎢⎢⎣

∂NI

∂X1
∂x1
∂X1

∂NI

∂X1
∂x2
∂X1

∂NI

∂X2
∂x1
∂X2

∂NI

∂X2
∂x2
∂X2

∂NI

∂X1
∂x1
∂X2

+ ∂NI

∂X2
∂x1
∂X1

∂NI

∂X1
∂x2
∂X2

+ ∂NI

∂X2
∂x2
∂X1

⎤
⎥⎥⎦

for I = 1, · · · , ne number of nodes per element.
The discretized gradient of the chemical potential is defined as:

∇μf = ∇Hb. (2.26)

The time derivation is approximated using a weighted-time scheme.
The differential term is carried out linearly by considering the difference
between current and previous steps, read as(dZ

dt

)
n+θ

= Zn+1 − Zn

Δt
(2.27)

Zn+θ = θZn+1 + (1 − θ)Zn, (2.28)

where Z is the total solution vector, Δt is the time increment, Zn and Zn+1
are state vectors at times of tn and tn+1 and θ is a parameter bounded by
[0, 1].

Using above discretization scheme with momentum and mass balance
equations, we get[

Kuu Cuμ

Cμu θΔtKμμ

] [
Δu
Δμf

]
=

[
fext

u − f int
u

fext
μ − f int

μ

]
(2.29)

The matrices in eqn. (2.29) are given as

Kuu =
∫

Ωe

BT
I DBIdΩe +

∫
ωe

BSBdΩe

Kμμ = −
∫

Ωe

k∇0HT∇0HdΩe

Cuμ = −
∫

Ωe

JBT
I (mH)dΩe

Cμu = −
∫

Ωe

JHTmTBIdΩe.
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The external and internal forces of the displacement field and the chemical
potential field are

fext
u =

∫
Γt

NTtt+Δt
0 dΓ

f int
u =

∫
Ωe

BT
I Sj−1dΩe

fext
μ =

∫
Γq

ΔtHT(θQt+Δt
0 + (1 − θ)θQt

0)dΓ

f int
μ = Jj−1Cμu · (ut+Δt

j−1 − ut) + ΔtKμμ · θμt+Δt
j−1 + (1 − θ)μt,

The unspecified matrices in equations above please find them in Chapter
3.

2.4 Numerical examples

2.4.1 Two-dimentional swelling

We consider a circular hydrogel plate with a porosity of 0.83 (Fig. 2.2). The
centre node is fixed and the node located on the border of the inner circle are
constrained in y direction. The hydrogel has a shear modulus of 0.05 MPa
with an initial fixed charge density (cfc

0 ) of 0.332e−3mmol/mm3. The plate
is surrounded by a solution with a physiological external salt concentration
(cex) of 0.154e−3mmol/mm3. The salt concentration difference drives the
plate to swell.

Fig. 2.3 shows the distribution of chemical potential. The swelling
starts from the outer boundary to the center until it reaches its equilibrium
state. This is a transitional process, which results in a gradient between
the center and the outer boundary (Fig. 2.3b). The size difference in Fig.
2.3a and Fig. 2.3b shows the swelling amount during the given swelling
time.

We plot the volumetric ratio of a selected node on the outer circle to
quantify the swelling amount (Fig. 2.4). The volumetric ratio is increasing
during swelling and it reaches a plateau when there is no chemical potential
difference between the gel and the surrounding solution.

Fig. 2.5 reveals the relation between the chemical potential and the
volumetric ratio. 0 in x-axis represents the center of the plate. The chemical
potential is increasing from the center to the outer circle due to the swelling
starts from outer to center. Similarly, the outer region deforms more than
the center, gives higher volumetric ratio.
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Figure 2.2: Sketch of a 2D circle swelling example. The cross on the outer circle
is a selected node.

2.4.2 Three-dimensional swelling

For a three-dimensional swelling analysis, a spherical hydrogel is consid-
ered. The geometry and boundary conditions are illustrated in Fig. 2.6.
Parameters are listed in Table 2.1.

Fig. 2.7 shows the deformation of the sphere at the beginning and
after 20 s swelling. In order to have a clearer insight into the distribution
of the chemical potential, the middle plane is chosen (Fig. 2.8). The
chemical potential distribution is similar as in two-dimensional swelling.
The swelling starts from the outer surface to the center, the equilibrium
of the chemical potential is reached at the outer surface when it contacts
with the surrounding solution. The equilibria spreads towards the center.
The swelling of the hydrogel is homogeneous because of the homogeneous
material and symmetrical boundary conditions. Small indents (noted in
red circles in Fig. 2.8) on the surface is due to the constraints on the inner
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(a) (b)

Figure 2.3: The chemical potential distribution at the beginning (left) and at
time = 10 s (right).
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Figure 2.4: Volumetric ratio of the selected node (× in Fig. 2.2).

sphere.
From the point of view of three dimension, an eighth sphere is clipped

to show its chemical potential distribution within the sphere (Fig. 2.9).
The distribution within the sphere is symmetric. The chemical potential
displays a gradient from the surface to the center, which is agree with the
transient swelling process that starts from the outer surface to the center.
The chemical potential difference is the driven force of the swelling.

2.5 Summary

A biphasic model of porous media in large deformation has been developed
with numerical examples in 2D and 3D respectively. We restrict our atten-
tion to regular shapes like circles or spheres. This implementation is done
in software that has XFEM readily available from the work of Remij et al.
[2015]. The performance of the present swelling model is comparable to the
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Figure 2.5: Variation of volumetric ratio and chemical potential from the center
to the circle along the direction of x-coordinate.

Name Symbol Value
Gas constant R 8.3145 J·mol−1·K−1

Temperature T 298 K
Shear modulus G 1.75 MPa

Intrinsic permeability kint 1.0e−11 mm2

Porosity ϕ 0.83
Initial fixed charge density cfc

0 332.0e−6 mmol/mm3

External salt concentration cex 154.0e−6 mmol/mm3

Table 2.1: Material properties for 3D swelling

work of Wilson et al. [2005] and Schroeder et al. [2010]. This means that
the model is robust for stiffnesses of more than 0.3 MPa. For application
involving shear moduli of a few KPa, the reader is referred to the work Yu
[201] who use mixed hybrid finite elements.
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Figure 2.6: Sketch of a sphere swelling example (RCore = 0.2 mm, ROuter = 0.5
mm). The center of the sphere is fixed, other constraints are applied on the surface
of the sphere: two nodes of x-axis are constrained in y-and z-directions, two nodes
on y-axis are constrained in x- and z-directions and the other two on z-axis are
constrained in x-and y-direction. A changing chemical potential is applied on the
outer surface of the sphere.

(a) (b)

Figure 2.7: The displacement distribution in the direction of y-axis at the be-
ginning (left) and at state after 20 s (right).
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Figure 2.8: Chemical potential distribution of the central plane.

Figure 2.9: Chemical potential distribution of one eighth of the sphere.



3
Swelling Driven Crack Propagation
in Large Deformation in Ionized Hy-
drogel

Abstract
Swelling and crack propagation in ionized hydrogels plays an important
role in industry application of personal care and biotechnology. Unlike non-
ionized hydrogel, ionized hydrogel swells up to strain of many 1000’s %. In
this chapter, we present a swelling driven fracture model for ionized hydro-
gel in large deformation. Flow of fluid within the crack, within the medium
and between the crack and the medium are accounted for. The partition of
unity method is used to describe the discontinuous displacement field and
chemical potential field respectively. In order to capture the chemical po-
tential gradient between the gel and the crack, an enhanced local pressure
model is adopted. The capacity of this numerical model to study the frac-
ture and swelling behaviors of ionized gels with low Young’s modulus (< 1
MPa) and low permeability (< 10−16m4/Ns) is demonstrated. Two numer-
ical examples show the performance of the implemented model (1) swelling
with crack opening and (2) swelling with crack propagation. Simulations
demonstrate that shrinking of a gel results in decreasing macroscopic stress
and simultaneously increasing stress at crack tips. Different scales yield
opposite responses, underscoring the need for multiscale modelling. While
cracking as a result of external loading can be prevented by reducing the
overall stress level in the structure, reducing overall stress levels will not
result in reducing the crack initiation and propagation due to swelling.
Reproduced from: Jingqian Ding, Joris J.C. Remmers, Szymon Leszczynski, and Jacques M. Huyghe, (2018).
Swelling Driven Crack Propagation in Large Deformation in Ionized Hydrogel. Journal of Applied Mechanics,
021007.
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The industry optimizes the function of porous products by tuning the de-
sign of its microstructure. Cellular composites are of particular interest as
they offer great flexibility in tailoring specific physical properties by control-
ling the compositions and/or microstructural architecture of the constituent
phases [Cadman et al., 2013]. The products are widely used in our daily life,
though the microstructure is hardly perceptible by naked eyes. We take dia-
pers as an example to illustrate. One of the main components of disposable
diapers is the core made from super absorbent polymers (SAP), responsible
for absorbing urine. A high performance diaper requires (1) high absorbing
capacity and speed, (2) effectively locking away the urine inside the diaper
during wearing and (3) maximization of the use of the functional material.
A considerable improvement is achieved by cross-linking the surface of the
super absorbent polymer beads. This stiffer layer forces the bead to build
up sufficient swelling pressure before fracturing the cross-linked layer to
allow for swelling. The delay in swelling gives a chance to the urine gush to
reach deeper layers of the diaper. Both experiments and numerical simula-
tions are needed for microstructural designs. Performing experiments is an
indispensable tool to study and optimize structural designs. Present exper-
imental tools, however, have difficulty combining high temporal resolution
and 3D-microstructural visualization. Numerical simulation is a state-of-
the-art and efficient method to analyze microstructures of materials when
experiments do not provide enough information.

SAP is successfully modeled as an ionized hydrogel [Huyghe and Janssen,
1997, Lanir et al., 1998, Frijns et al., 2005, Ding et al., 2017b, Yu et al.,
2017]. Ionized hydrogels consisting of an ionized deformable solid skeleton
and an interstitial fluid have received considerable attention in industry
because of their unique properties like super absorption. Flory-Rehner de-
veloped the equilibrium swelling theory to describe the mixing of polymer
and interstitial solvent [Flory, 1953]. The free energy of the hydrogel is the
sum of three parts, that is the mixing part, elastic part and ionic part re-
spectively. For non-ionized hydrogel, the ionic contribution is non-existent.
Therefore mixing energy is the driving force for swelling [Duda et al., 2010,
Baek and Pence, 2011, Chester and Anand, 2011, Selvadurai and Suvorov,
2016]. SAP is an ionized hydrogel, in which the ionic contribution plays the
main role. In present paper, we ignore the contribution of mixing, only take
the contributions of mixing and ions into consideration. Ionized hydrogels
subjected to changes of salt concentrations often swell up to volume strains
of thousands of percent. This is in sharp contrast to non-ionized gels that
swell at most to a few times their own volume [Peppas and Mikos, 1986].
Ionized hydrogels also often develop cracks during swelling or shrinking
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[Wognum et al., 2006] (Fig. 3.1). Equilibrium swelling behavior of a cross-
linked gel is well known [Flory, 1953, Lee et al., 2003]. Transient behavior
is much more complex [Bertrand et al., 2016, Tanaka et al., 1987]. While
initial and end state are both circular cylindrical, transient states involve
bending and twisting and symmetry breaking [Holmes et al., 2011].

Figure 3.1: Swollen SAP particle showing cracking cross-linked surface during
swelling

Fewer studies take defects of the hydrogels into consideration. The ex-
periment of a highly cross-linked ionized gel shows failure of the sample dur-
ing swelling [Kraaijeveld, 2009]. The presence of discontinuities influences
the swelling mechanics of the porous media, like swelling rate. Moreover,
beyond a critical velocity a single crack can undergo local crack branching
events [Moulinet and Adda-Bedia, 2015]. Therefore, it is strongly desirable
to study the coupling between the swelling and crack propagation. Crack-
ing and swelling are intimately coupled in many other applications: the
spontaneous cleaving of wood [Tjeerdsma et al., 1998], chilblains on skin
[Jurkovich, 2007], chapping and faulting of clays and shale, earthquake
nucleation in a fault [Miller et al., 2004], degeneration and herniation of
the intervertebral disc [Battié et al., 2004, 2007, 2008]. In many of these
applications, however, the cracking is undesired, while in the case of super-
absorbent polymer in diapers, the cracking is desired.

Swelling of ionized hydrogels require a thermodynamic analysis [Huyghe
and Janssen, 1997, Huyghe et al., 2007] which is profoundly different from
the thermodynamic analysis of swelling of non-ionized gels [Eringen, 1994,
Mijnlieff and Jaspers, 1969]. In its most general form, swelling of ionized
hydrogels require an analysis including a charged polymer network, a fluid
and ionic constituents, all of them following their own kinematics. Because
the polymer network and the ions are charged, an electric potential field
develops in the gel. The electric potential gradients are the combined effect
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of Donnan potentials, diffusion potentials and streaming potentials [Erin-
gen, 1994]. In the very special case of an ionic species diffusing much faster
than the pressure, we can simplify the quadriphasic theory to the biphasic
swelling theory [Wilson et al., 2005]. In case of SAP, the diffusion coefficient
of ions is several orders of magnitude higher than the pressure diffusion co-
efficient, indicating that a biphasic model is a good approximation of the
swelling.

In the last decades, several models have been developed to represent
the crack propagation and swelling behaviors. Hundred years ago, Griffith
[1921] used the minimum energy theorem to simulate a crack propagation in
a solid over a certain length. Later on, the Griffith’s linear elastic fracture
mechanics (LEFM) was combined with the finite element method. Though
LEFM is a powerful tool to simulate crack propagation, finite elements
using LEFM often suffer mesh-dependency because of the singularity at
the crack tip [Ingraffea and Saouma, 1985, Knops, 1994]. Dugdale [1960]
and Barenblatt [1962] proposed an alternative for LEFM, to account for the
non-elastic deformation ahead of the crack tip: the cohesive zone model.
Needleman [1987] extended the cohesive zone approach by defining the
cohesive relation along the surface to avoid the determination of the length
of the cohesive zone. Most of these Finite Element Method (FEM) models
require remeshing, which is computationally unfriendly [Schrefler et al.,
2006]. In order to avoid the need for remeshing, Belytschko and Black
[1999] and Moës et al. [1999] added additional degrees of freedom to the
existing nodes in the elements which were crossed by the discontinuity,
denoted as the extended finite element method (XFEM) or partition of
unity approach. Afterwards, Wells and Sluys [2001] extended the method
to a cohesive surface formulation using a jump to represent cohesive zone in
the displacement field of continuum elements. The strong discontinuity has
been introduced in porous media by Larsson and Larsson [2000]. Following
the same line, Leonhart and Meschke take the moisture transport in the
opening discontinuities into account and analyzed the crack propagation in
partially saturated porous media Leonhart and Meschke [2011].

Irzal et al. [2013] extended the partition of unity approach into porous
media and successfully simulated crack propagation in saturated porous
media in the finite deformation regime. Irzal et al. define the pressure field
as continuous across the discontinuity while the fluid flow in the discontinu-
ity is discontinuous. The most obvious shortcoming of continuous pressure
description is that a fine mesh near the discontinuity is required to capture
the pressure gradient. Too coarse a mesh leads to spurious oscillation during
fracturing [Remij et al., 2015]. Particularly, media with low permeability
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and low stiffness require very fine mesh. Recently, Remij et al. [2015] devel-
oped an enhanced local pressure (ELP) model with an additional, separate
degree of freedom for the fluid pressure in the discontinuity, in addition to
the pressure left and right of the crack. By doing this, Remij et al. create
a double discontinuity of pressure across the crack. In order to quantify
the (unresolved) pressure gradient perpendicular to the crack, Terzaghi’s
analytical solution of pressure difference is used [Terzaghi, 1943]. The ELP
model shows significant advantages compared to the continuous pressure
description when simulating low permeability media [Remij et al., 2015].
However, Remij et al. limited themselves to the infinitesimal deformation
case.

Based on the framework of the partition of unity approach, Kraaijeveld
et al. [2013] take osmotic forces into consideration. In their studies, the
results are meant to indicate trends rather than quantitative predictions.
Kraaijeveld et al. limit themselves to the infinitesimal deformation. For
hydrogels, we need large deformation and considerably low stiffness and low
permeability to capture the trend of swelling driven fracture in applications.
In the present study, we integrate the finite deformation XFEM-formulation
of Irzal et al., the osmotic swelling of Kraaijeveld et al., and the enhanced
local pressure of Remij et al. into one model of crack propagation in swelling
gel.

3.1 Nonlinear kinematics

Consider a body Ω crossed by a discontinuity (Fig. 3.2) and use the par-
tition of unity principle to describe the displacement field and chemical
potential field separately. The total displacement field of the solid skeleton
is described by a regular displacement field û and an additional displace-
ment field ũ [Irzal et al., 2013],

u(X, t) = û(X, t) + HΓd(X)ũ(X, t), (3.1)

where X is the material point in reference configuration of the solid and
HΓd is the Heaviside step function, which is defined as

HΓd
=

{
1 x ∈ Ω+

0 x ∈ Ω− (3.2)

From the displacement description in eqn. (3.1), the position vector x
of the deformed configuration can be written as

x(X, t) = X + û(X, t) + HΓd(X)ũ(X, t) (3.3)
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Figure 3.2: A domain is crossed by a discontinuity Γd (dashed line) with two
resulting subdomains Ω+ and Ω−. nΓd

is defined as the normal of the discontinuity
surface Γd pointing to the subdomain Ω+

where x is the material point in deformed configuration. The deformation
gradient F is obtained by taking the gradient of eqn. (3.3) with respect to
the reference configuration,

F = ∇0x (3.4)

The chemical potential of the fluid is a measure for the fluid flux. The
chemical potential inside the discontinuity is different from the chemical
potential in the hydrogel (Fig. 3.3). We consider a jump over the discon-
tinuity and describe the total chemical potential field as

μf (X, t) = μ̂f (X, t) + HΓdμ̃f (X, t) (3.5)

In the discontinuity, the chemical potential is equal to

μf
d = μf X ∈ Γd (3.6)

in which μf
d is the chemical potential in the discontinuity.

3.2 Balance equations

We consider two parts for the balance equations, in the bulk material and
inside the discontinuity respectively.

3.2.1 Bulk behavior

The body is considered as a solid skeleton fully saturated with interstitial
fluid. It is assumed that during the process there is no mass transfer nor
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Figure 3.3: Schematic representation of the enhanced local chemical potential.
The dark grey area represents the crack. The chemical potential variation across
the crack is composed of two parts: (1) the chemical potential degree of freedom
which is discontinuous over both boundaries of the crack (bold continuous line);
(2) the analytical solution of consolidation (dotted line) from which the flux of the
fluid between crack and hydrogel is calculated

thermal gradients. Moreover, inertia, gravity and compressibility of solid
or fluid are neglected. With these assumptions, the momentum balance of
the mixture reads

∇ · σσσ = 0 in Ω (3.7)

where σσσ is the total stress tensor, and defined as

σσσ = σσσe − pI (3.8)

with σσσe the effective stress tensor and p the pore fluid pressure. When
swelling is introduced, the p can be defined as the sum of chemical potential
μf and an osmotic pressure Δπ:

p = μf + Δπ (3.9)

where Δπ will be explained in section 5 swelling behavior.
Using the above expression, eqn. (3.8) can be rewritten as

σσσ = σσσe − (μf + Δπ)I (3.10)

The momentum equation (4.6) can be rewritten in the reference config-
uration as

∇0 · P = 0 in Ω (3.11)

with P = Jσσσ · F−T the total first Piola-Kirchhoff stress tensor

P = Pe − J(μf + Δπ)F−T (3.12)
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with J = detF the volumetric ratio of the solid between the deformed
and reference configurations, and Pe = Jσσσe · F−T the effective first Piola
Kirchhoff stress.

The boundary conditions on the reference configuration are

n0 · P = t̄0 on Γt

u = ū0 on Γu

with Γt ∪ Γu = Γ, Γt ∩ Γu = ∅. Here n0 is the outward unit normal vector
to the hydrogel in reference configuration.

Conservation of mass for an incompressible fluid and solid yields the
mass balance in reference configuration:

J̇ + ∇0 · Q = 0 (3.13)

with J̇ = Jdivu̇ and Q the seepage flux follows the Darcy’s relation in
presence of a concentration gradient. The fluid flow in the gel in the current
configuration is following Darcy’s relation, which is described as

q = −k · ∇μf (3.14)

with k = kint
μ the permeability tensor. Here, kint is the intrinsic perme-

ability and μ denotes the viscosity of the fluid. Assuming k is isotropic and
constant in time and space, we get

k = kI (3.15)

Dragging q into the reference configuration, it reads

Q = JF−1 · q = −K · ∇0μf (3.16)

with
K = JF−1 · k · F−T (3.17)

The boundary conditions of mass balance on the reference configuration
are:

n0 · Q = q̄0 on Γq

μf = μ̄f
0 on Γp

with Γq ∪ Γp = Γ, Γq ∩ Γp = ∅.
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3.2.2 Discontinuity behavior

The nonlinear discontinuity behavior in the cohesive zone is governed by
a traction separation law. The traction from the bulk is coupled with
the chemical potential inside the discontinuity. Assuming normal stress
continuity from the bulk to the discontinuity, we have the local momentum
balance

σσσ · n = td − pf
dn (3.18)

in which n is the unit normal vector to the discontinuity in current con-
figuration, pf

d denotes the pressure in the discontinuity. Using Nanson’s
formula, we rewrite eqn. (3.18) with respect to the reference configuration
(Detailed derivation see Appendix C),

P · nΓd
= J ||F−T · nΓd

||td − Jpf
dF−T · nΓd

(3.19)

with nΓd
the unit normal vector to the discontinuity in the reference con-

figuration and ||·|| here denotes the Eulerian norm.
The local mass balance is found by integrating the continuous mass bal-

ance across the discontinuity [Irzal et al., 2013]. Defining 〈·〉 = (·+ + ·−)/2
as the average of the corresponding values at the discontinuity surfaces, we
obtain

nΓd
· (Q+

Γd
− Q−

Γd
) = Jun

∂

∂s
(kd

∂μf
d

∂s
) − Jun〈∂v

∂s
〉 − Ju̇n (3.20)

where nΓd
·Q+

Γd
is the flux of fluid from the crack into the formation nΓd

·Q−
Γd

is the flux of fluid from the crack into the formation Ω− and kd (mm5/Ns) is
the conductivity in the discontinuity and reads [Boone and Ingraffea, 1990]

kd = (un)3

12μ
(3.21)

with s the distance along the crack in the reference configuration, v the
velocity of the surrounding solid in the direction of the crack and un =
ũ · nΓd

is the opening of the crack.

3.3 Constitutive equations

3.3.1 Mechanical behavior of the gel and the discontinuity

We use the compressible Neo-Hookean model,

σσσe = K(J − 1)I + G

J
(B − J2/3I) (3.22)
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where K is the bulk modulus, G is the shear modulus, B = F · FT is the
left Cauchy-Green deformation tensor and I is the unit tensor. We assume
that the material parameters K and G do not depend on the local osmotic
state. In order to solve the equation in an incremental iterative way, we
linearize it as

δσσσe = D : δE (3.23)

with D the tangent stiffness matrix and E = 1
2(FT · F − I) the Green-

Lagrange strain.
Crack propagation is based on the equivalent traction of the solid skele-

ton, here we use cohesive constitutive relation to describe this traction
acting on the crack surface. The equivalent traction is associated at the
crack tip by averaging the effective stress around the crack tip. If the equiv-
alent traction exceeds the ultimate strength of the cohesive law, the crack
starts to propagate. The equivalent traction teq is computed from tractions
in normal and shear direction at the crack tip [Camacho and Ortiz, 1996]:

teq(θ) =
√

t2
n + t2

s/β (3.24)

where θ is the angle of discontinuity with respect to the x-axis and β rep-
resents the ratio between the normal and shear strength of the material. tn

and ts represent the tractions in normal and tangent directions respectively,
defined as

tn = nT · σσσe · n, ts = tT · σσσe · t (3.25)

with n the normal component directed to Ω+ and t the tangential compo-
nent towards the propagating direction of the discontinuity.

3.3.2 Small scale chemical potential coupling

Due to the discontinuous chemical potential, the gradient between the dis-
continuity and the gel is undetermined. As the consolidation distance is
small compared to the dimensions of the finite elements near the discon-
tinuity, we can approximate the chemical potential gradient using the 1D
analytical solution for a semi-infinite gel. The fluid leakage is taken from
the analytical solution and given by [Remij et al., 2015]

Q · n = k

2
μf

d − μf
f√

cvt
π exp−η2

4cvt − η
2 erfc( η

2
√

cvt
)

(3.26)

Here, μf
f is the chemical potential in the gel at the edge of the discontinuity,

t is the time that expired after the discontinuity was inserted, η is the
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distance from the discontinuity to a point in the gel and cv the diffusion
coefficient, which is defined as

cv = k(K + 4
3G) (3.27)

3.4 Swelling behavior

3.4.1 Electrochemical potential

For a charged hydrogel, ionic constituents are very sensitive to the electric-
potential field ξ. Therefore , we do not use the chemical potential for an
ionic component but the electrochemical potential, of which the gradient
also accounts for the electric force:

μ̄α = μ̄α
0 + RT ln cα + pV̄ α + zαFξ α = +, − (3.28)

here, μ̄α and μ̄α
0 are the electrochemical potential per mole in current and

reference state relatively, R is the gas constant, T is the temperature. cα

is the salt concentration, zα is the valence of the ion and F is the constant
of Faraday.

Since the establishment of the electrostatic equilibrium is very fast, we
can assume electroneutrality:

c+
in = c−

in + cfc (3.29)

with cfc the fixed charge density.
Because the diffusion time of ions is much shorter that the pressure

diffusion, we assume ionic equilibrium at all times:

μ̄α
in = μ̄α

ex α = +, − (3.30)

where the subscript in and ex represent the internal and external of the
hydrogel. As the solution is dilute, the contribution pV̄ α is negligible with
respect to the term RT ln cα. With this assumption, the internal and ex-
ternal chemical potential of the salt are

μ̄in = μ̄+
in + μ̄−

in = μ̄+
0 + μ̄−

0 + RT ln(c+
inc−

in) (3.31)
μ̄ex = μ̄+

ex + μ̄−
ex = μ̄+

0 + μ̄−
0 + RT ln(c+

exc−
ex) (3.32)

Using the relation of eqn. (3.30), we get

c+
inc−

in = c+
exc−

ex (3.33)
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Substitute the relation of c+
in = c−

in + cfc into eqn. (3.33) with cfc the fixed
charge density, the internal salt concentrations are defined as

c+
in =

cfc +
√

(cfc)2 + 4(c+
exc−

ex)
2 (3.34)

c−
in =

−cfc +
√

(cfc)2 + 4(c+
exc−

ex)
2 (3.35)

3.4.2 Swelling mechanism

To introduce swelling into the model, the gradient of chemical potential
is introduced. The chemical potential of the fluid is the difference of the
hydraulic pressure and the osmotic pressure (Eqn. (3.9)).

Van’t Hoff empirical relation defines the osmotic pressure in terms of
concentration of ions, gas constant R and temperature T . The osmotic
pressure in equilibrium is given by

π = RT (c+ + c−) = RT
√

(cfc)2 + 4(cex)2 (3.36)

The difference in osmotic pressure between the material and the surround-
ing is given by

Δπ(ε) = RTΓin

√
(cfc)2 + 4(cex)2 − 2RTΓexcex (3.37)

where Γin and Γex are internal and external osmotic coefficient respectively.
We simulate the swelling from a swollen reference state (initial state),

where the porous medium is already in equilibrium with an external salt
concentration. An osmotic pressure exists and the solid matrix is stressed.
The constitutive modeling describes the deformation from a stress free state
to the current state. In order to fulfill the conformity, we introduce a
’prestress’ procedure into the modeling (Fig. 3.4).

We assume that the material is homogeneous and isotropic. In this
case, the effective stress in the principle directions is equal to the osmotic
pressure everywhere, reads

σσσe = ΔπI (3.38)

The Lagrangian right Cauchy-Green deformation tensor in swollen ref-
erence state is homogeneous and isotropic:

C = CiI (3.39)

with i denotes initial, Ci denotes the Lagrangian right Cauchy-Green de-
formation tensor in every direction.
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Figure 3.4: Sketch of the dry, swollen reference and current state of the gel. Xd,
X and x are points of the dry, swollen reference and current state respectively

Since all the values are known and the medium is in equilibrium (μf
in =

μf
ex = 0). For large deformation, it holds

cfc
d = cfc

i (ϕf
d + Ji − 1)

ϕf
d

(3.40)

cfc = ϕf
dcfc

d

(ϕf
d + J − 1)

(3.41)

Si(E) = JiF
−1
i · σi · F −T

i = JiΔπC−1
i = Δπ (3.42)

with ϕf
d representing the volume fraction in stress-free state for fluid part.

Because Neo-Hookean material model is nonlinear, the initial Lagrangian
right Cauchy-Green deformation tensor C is found by solving the equation
f(C) = Se−JΔπC−1 iteratively using a Newton-Raphson procedure. Since
Cxx = Cyy = Ci in free swelling, we only need to solve initial strain once,

Cn+1
i ≈ Cn

i − f(Ci)
f ′(Ci)

(3.43)

Finally, the initial deformation gradient tensor Fi is computed from Ci:

Fi = FiI =
√

CiI =
√

JiI (3.44)

From eqn. (3.22) and eqn.(3.38) we find:

Δπ = Si = K(Ji − 1) + G(1 − (Ji)−1/3) (3.45)

From eqn. (3.45), Ji can be computed.
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3.5 Weak form

Galerkin’s method is used to arrive at the weak form of the balance equa-
tions. Eqn. (4.5) and (3.13) are multiplied by admissible test functions for
the displacement and chemical potential respectively. The test functions
for the displacement field and chemical potential field are:

ηηη = η̂ηη + HΓdη̃ηη; ξ = ξ̂ + HΓdξ̃ (3.46)

Multiplying momentum balance equation eqn. (3.11) with δη, using
Gauss’ theorem and corresponding boundary conditions, the weak form of
momentum balance reads:

∫
Ω0

(∇0η̂ηη + HΓd∇0η̃ηη) : PdΩ0 =
∫

Γt

ηηη · t0dΓt −
∫

Γd

ηηη · (P · nΓd
)dΓd (3.47)

The term ∇η̂ηη : P can be replaced by the work-conjugate term ΔE : S.
ΔE describes the variation of the Green-Lagrange strain field E = 1

2(C−I)
and S is the total second Piola-Kirchhoff stress tensor. Hence, the above
momentum balance becomes:
∫

Ω0
ΔÊ : SdΩ0 +

∫
Ω0

HΓdΔẼ : SdΩ0 =
∫

Γt

ηηη · t0dΓt −
∫

Γd

ηηη · (P · nΓd
)dΓd

(3.48)
Following the same procedure as momentum balance, the weak form of

mass balance is

−
∫

Ω0
(ξ̂ + HΓd

ξ̃)J̇dΩ0 +
∫

Ω0
∇0(ξ̂ + HΓd

ξ̃) · QdΩ0 =
∫

Γq

(ξ̂ + HΓd
ξ̃)q0dΓq

(3.49)
The fluid leakage is not considered in eqn. (3.49), which is included in
chemical potential coupling. The weak form of mass balance in the discon-
tinuity is

∫
Γd

ψnΓd
· (Q+

Γd
− Q−

Γd
)dΓ +

∫
Γd

ψJu̇ndΓ +
∫

Γd

ψJun〈∂v

∂s
〉dΓ

−
∫

Γd

ψJun
∂

∂s
(kd

∂μf
d

∂s
)dΓ = 0 (3.50)

with ψ the test function for discontinuous mass balance.



Crack propagation in swelling porous media 33

Rewrite balance equations into continuous and discontinuous separately:∫
Ω0

ΔÊ : SdΩ0 =
∫

Γt

η̂ηη · t0dΓt∫
Ω0

HΓd
ΔẼ : SdΩ0 +

∫
Γd

HΓd
η̃ηη · (P · nΓd

)dΓd =
∫

Γt

HΓd
η̃ηη · t0dΓt

−
∫

Ω0
ξ̂J̇dΩ0 +

∫
Ω0

∇0ξ̂ · QdΩ0 =
∫

Γq

ξ̂q0dΓq

−
∫

Ω0
HΓd

ξ̃J̇dΩ0 +
∫

Ω0
∇0(HΓd

ξ̃) · QdΩ0 =
∫

Γq

HΓd
ξ̃q0dΓq

The mass balance for the fluid flow inside the discontinuity can be
rewritten as∫

Γd

ψ
1

12μ
u3

n

∂

∂s

∂μf
d

∂s
dΓd = ψ

1
12μ

u3
n

∂μf
d

∂s
|Sd

−
∫

Γd

1
12μ

u3
n

∂ψ

∂s
· ∂μf

d

∂s
dΓd (3.51)

the first term of eqn. (3.51) describes the boundary condition applied on
the discontinuity.

3.6 Spatial discretization

The balance equations are discretized in spatial domain by using the par-
tition of unity of finite element method. The test functions, discrete dis-
placement field, chemical potential field and Green-Lagrange strain field
for a single element can be described as:

ηηη = Nη̂ηη + HΓd
Nη̃ηη u = Nû + HΓd

Nũ
ξ = Hξ̂ξξ + HΓd

Hξ̃ξξ μf = Hμ̂μμf + HΓd
Hμ̃μμf

ψ = Vψψψ μf
d = Vμμμf

d

with N, H and V the standard shape functions for the nodal displace-
ment, chemical potential and chemical potential in the discontinuity re-
spectively. we discretize Green-Lagrange strain field for one element as

ΔEe =
n∑

I=1
BIηηηI (3.52)

with

BI =

⎡
⎢⎣

∂NI

∂X
∂x
∂X

∂NI

∂X
∂y
∂X

∂NI

∂Y
∂x
∂Y

∂NI

∂Y
∂y
∂Y

∂NI

∂X
∂x
∂Y + ∂NI

∂Y
∂x
∂X

∂NI

∂X
∂y
∂Y + ∂NI

∂Y
∂y
∂X

⎤
⎥⎦
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for I = 1, · · · , ne number of nodes per element.
The discretized gradient of the chemical potential is defined as:

∇0μf = ∇0Hμ̂μμf + HΓd
∇0Hμ̃μμf (3.53)

Using eqn. (3.53) to discretize weak form of balance equations, we get
∫

Ωe

BT
I SdΩe =

∫
Γt

NT t0dΓt∫
Ωe

HΓd
BT

I SdΩe +
∫

Γd

HΓd
NT (P · nΓd

)dΓd =
∫

Γt

HΓd
NT t0dΓt

−
∫

Ω
JHT mT ∇vsdΩ +

∫
Ω

∇0HT QdΩ =
∫

Γq

HT q0dΓq

−
∫

Ω
HΓd

JHT mT ∇vsdΩ +
∫

Ω0
∇0HΓd

HT QdΩ0 =
∫

Γq

HΓd
HT q0dΓq

and for the mass balance in the discontinuity, it reads
∫

Γd

VT nΓd
· (Q+

Γd
− Q−

Γd
)dΓ +

∫
Γd

JVT u̇ndΓ +
∫

Γd

JVT un〈∂v

∂s
〉dΓ

+
∫

Γd

J
1

12μ
u3

n

∂VT

∂s
· ∂μf

d

∂s
dΓ = VT 1

12μ
u3

n

∂μf
d

∂s
|Sd

(3.54)

The time derivatives of u and μf are approximated in a typical step
of the computation using a weighted-time scheme. The differential term is
approximated linearly by considering the residual values between current
and previous steps, the values of the independent variables are weighted
results of the current and previous steps.

(dZ
dt

)
n+θ

= Zn+1 − Zn

Δt

Zn+θ = θZn+1 + (1 − θ)Zn

where Z is the total solution vector, Δt indicates the time increment, Zn

and Zn+1 are the state vectors at times tn and tn+1, and θ is a parameter
bounded by [0, 1]. The momentum and mass balance are evaluated at time
tn + θΔt. The scheme is unconditionally stable for θ ≥ 1

2 [Kraaijeveld,
2009]. We will use an Euler backward scheme by adopting θ = 1. To have
a stable time integration, we need to satisfy the condition [Vermeer and
Verruijt, 1981]

Δt >
(Δx)2

cv
(3.55)
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with Δx the element length [Booker and Small, 1975].
In order to solve non-linear system equations in an iterative way, we

need linearize them by using

Sj = Se + δS
μf

j = (μf )e + δμf

with subscript j and e the current and previous time step. Finally, the
resulting system is written as

K∂a = r (3.56)

with

K =

⎡
⎢⎢⎢⎢⎢⎣

Kûû Kûũ Cûμ̂ Cûμ̃ 0
Kũû Kũũ Cũμ̂ Cũμ̃ Qũμd

Cμ̂û Cμ̂ũ θΔtKμ̂μ̂ θΔtKμ̂μ̃ 0
Cμ̃û Cμ̃ũ θΔtKμ̃μ̂ θΔtKμ̃μ̃ 0
Qμdû Fμdũ θΔtQμdμ̂ θΔtQμdμ̃ Fμdμd

⎤
⎥⎥⎥⎥⎥⎦

,

∂a =

⎡
⎢⎢⎢⎢⎢⎣

∂û
∂ũ
∂μ̂
∂μ̃

∂μf
d

⎤
⎥⎥⎥⎥⎥⎦ and r =

⎡
⎢⎢⎢⎢⎢⎣

fext
û

fext
ũ

Δtfext
μ̂

Δtfext
μ̃

Δtfext
μd

⎤
⎥⎥⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎢⎢⎣

f int
û

f int
ũ

f int
μ̂

f int
μ̃

f int
μd

⎤
⎥⎥⎥⎥⎥⎦

The above matrices are categorized into three parts and given in Appendix
B.

3.7 Example

3.7.1 Verification of swelling test

The implementation of swelling with prestress is checked by inducing a
small change in external salt concentration on a specimen which is confined
in a column with top open. The column is with a height of 1.0 mm and
a width of 0.5 mm (Fig. 3.5). The bottom of the specimen is fixed and
in contact with the external salt concentration. The sides are constrained
to be allowed only to move in the height. A changing of the external salt
concentration (Δc) with 7.5e-6 mmol/mm3 is adopted at the bottom. We
assume the simulation is under plane strain deformation, the analytical
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Figure 3.5: The geometry and boundary condition of swelling verification test

solution derivation is given by Kraaijeveld [2009]. The material properties
are given in Tab. 3.1.

The change in salt concentration causes a change at the top of the spec-
imen (Fig. 3.6). The change in height approaches the analytical solution.

3.7.2 Swelling test

Wognum et al. [2006] performed some experiments on hydrogel and inves-
tigate the influence of decreasing osmotic pressure on the opening of cracks
in the disc. We consider a two-dimension rectangular domain with a 0.5
mm crack in the middle of right hand side (Fig. 3.7). The top and bot-
tom of the sample are clamped. The left side and the crack are in contact
with an external salt concentration, which can move freely. We assume
that the crack is closed and the sample is in equilibrium with the external
salt concentration (150.0e−6 mmol/mm3). Tab. 3.2 lists material prop-
erties. Simulation is run with an increase in external salt concentration
from 150.0e−6 mmol/mm3 to 200.0e−6 mmol/mm3, the initial strain for
the simulation is 0.105.

Fig. 3.8 shows the simulated normal 2nd Piola-Kirchhoff stress distri-
bution after an increase in external salt concentration. The stress around
the crack tip is almost twice as high as the rest of the material. Plotting
macroscopic stress and stress at the crack tip over time (Fig. 3.9), we find
that in the case of increasing external salt concentration, the average stress
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Name Symbol Value
Gas constant R 8.3145 J·mol−1·K−1

Temperature T 298 K
Shear modulus G 0.375 MPa
Bulk modulus K 0.5 MPa

Intrinsic permeability kint 2.8e−13 mm2

Porosity ϕ 0.8
Initial fixed charge density cfc

0 −200.0e−6 mmol/mm3

External salt concentration cex 15.0e−6 mmol/mm3

Table 3.1: Material properties for swelling verification

Name Symbol Value
Bulk modulus K 0.5 MPa
Shear modulus G 0.375 MPa

Intrinsic permeability kint 2.8e−13 mm2

Fluid dynamic viscosity μ 1.0e−9 MPa s
Porosity ϕ 0.8

Gas constant R 8.3145 J·mol−1·K−1

Temperature T 298.0 K
Initial fixed charge density cfc

0 −200.0e−6 mmol/mm3

External salt concentration cex 200.0e−6 mmol/mm3

Internal osmotic coefficient Γin 0.9
External osmotic coefficient Γex 0.9

Table 3.2: Material properties for swelling test

decreases, while the stress at the crack tip increases. Local stress concentra-
tion at crack tip increases the risk of crack propagation and causes material
failure. Fig. 3.10 shows the displacement changes of the middle point of
left side and the top point of the crack over time respectively. Increasing
the external salt concentration results in a left side shrink of 20 μm and
a crack opening of 26 μm. Both displacement plots reach an equilibrium
state when the sample has no osmotic pressure difference between the gel
and the surrounding solvent.
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Figure 3.6: The height change at the top is caused by the change of salt concen-
tration at the bottom. The blue solid line denotes the transient numerical solution
and the red solid line is the equilibrium analytical solution

Name Symbol Value
Shear modulus (Core) GCore 0.05 MPa
Shear modulus (Outer) GOuter 0.9 MPa
Intrinsic permeability kint 1.0e−11 mm2

Porosity ϕ 0.83
Initial fixed charge density cfc

0 332.0e−6 mmol/mm3

External salt concentration cex 154.0e−6 mmol/mm3

Table 3.3: Material properties for fracture-swelling test

3.7.3 Fracture-swelling test

We consider a circular sample consisting of two different materials (Fig.
3.11 ). The soft core provides larger swelling amount and the crack prop-
agates within one material only. We fix the middle point and constrain
the node located on the boundary between core and outer part at 0◦ in y
direction. An initial crack (red solid line) lies on the 45◦ to the x-axis. A
changing chemical potential is applied at the surface, leading to swelling of
the hydrogel. The material properties different from previous example are
listed in Tab. 4.1.

Fig. 3.12 plots the traction loading on the crack surface vs. the crack
opening. In current simulation, Mode I fracture is assumed and we use an
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Figure 3.7: The left side of the sample and crack are in contact with a salt
solution of concentration cex. The right side is a symmetry plane. The crack (0.5
mm) is placed in the middle of the right side (length: 1 mm height: 0.5 mm)

Figure 3.8: Simulated normal 2nd Piola-Kirchhoff stress distribution S22 (MPa)
after an increase of external salt concentration from 0.15 M to 0.2 M

exponential cohesive law which reads

tn = τultexp(−unτult

Gc
) (3.57)

The traction and crack opening relation in Fig. 3.12 agree with the eqn.
3.57, the traction exponentially fades away toward crack tip.

Fig. 3.13 shows the crack propagation over time. At the beginning,
the crack opens without propagation, when the average stress at the crack
tip exceeds the ultimate strength (in this example, it is at 11s), the crack
starts to propagate. The crack is not continuously propagating while the
hydrogel is swelling. To some degree, it stops to propagate and the hy-
drogel keeps on swelling (Fig. 3.15 and 3.16). This phenomenon is also
observed in industrial products. The existence of the crack introduces in-
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Figure 3.9: Macroscopic stress and local stress of the crack tip (MPa)
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Figure 3.10: Displacement plots of the middle point of left side and the top
surface of the crack (mm)

homogeneous swelling, the swelling amount around the crack is more than
in the surrounding media which causes a decrease of the average stress at
the crack tip.

Fig. 3.14 to Fig. 3.16 show the initial state and the displacement distri-
bution of the sample at 15 s and 30 s separately. We could observe obvious
swelling from initial to final state, and the crack opens and propagates dur-
ing swelling. The crack is a blunt crack which is typical for a soft material.
The crack length at time 15 s and 30 s are the same, the opening of which
at 30 s is larger than at 15 s.
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Figure 3.11: The geometry and boundary conditions of the sample. A changing
chemical potential is applied along the outer surface. The red solid line is the
initial crack (ROuter = 0.5 mm, RCore = 0.2 mm)

3.8 Discussion

In this paper, we present a large deformation enhanced local chemical po-
tential model to study the osmotic force driven crack growth. The driving
force that we really care about, is the gradient of chemical potential between
the solvent and the gel. In order to change this gradient, we increased and
decreased the external salt concentration in numerical examples of swelling
test and fracture-swelling test separately. Both simulations were performed
without external mechanical force. The swelling test shows that a decrease
in osmotic pressure in the solid (increase in external salt concentration)
leads to an opening of an existing closed crack in hydrogels. The local
stress concentration at the crack tip indicates a high risk of crack propa-
gation. This result is consistent with the findings of Wognum et al. [2006]
that decreasing osmotic pressure in a hydrogel enhances the opening of
existing cracks, despite the concomitant decrease in effective stress. This
demonstrates the distinctive multi-scale nature of the crack propagation
in swelling media. Even when macroscopic stress decreases, locally at the
crack tip, the increasing stress can induce crack propagation. This crack-
ing phenomenon caused by decreasing osmotic pressure, is a local effect
independent of far field conditions. What matters is that local shrinking
occurs as a consequence of changing osmotic conditions at the crack tip. A
similar phenomenon should be expected for a non-ionized material subject
to chemical osmosis, however, the effect is less pronounced for chemical
osmosis than for Donnan osmosis.
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Figure 3.12: Traction vs. opening of the crack
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Figure 3.13: Crack propagation over time

Oppositely, the fracture-swelling test was performed by increasing the
osmotic pressure in the gel (decrease in external salt concentration) and
results in propagation of an initial crack. Effective stress concentrates at
crack tip and this effective stress controls the crack propagation. A high
performance super absorbent particle requires a soft gel core which guar-
antees the absorbing capacity and a stiffer gel outer layer which delays the
swelling until fracture occurs. This numerical tool analyzes the behavior
of crack propagation during swelling, and together with experimental re-
sults, it may leads to optimization of the microstructural design of the gel
particle. Numerous other applications are available: dehiscence of biologi-
cal structures, the spontaneous cleaving of wood [Tjeerdsma et al., 1998],
chilblains on skin [Jurkovich, 2007], chapping and faulting of clays and
shale, earthquake nucleation in a fault [Miller et al., 2004, Faulkner et al.,
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Figure 3.14: Initial state of the sample

Figure 3.15: Displacement distribution of the sample at 15 s

2006, Thomas et al., 2009, Nolet, 2009], degeneration and herniation of the
intervertebral disc [Battié et al., 2004, 2007, 2008]. The multiscale mech-
anism depicted in fig. 3.9 are key to many of those spontaneous cracking
phenomena indicating the importance of osmotic forces in crack propaga-
tion. Typically cracks are prevented in structures by reducing stress levels.
This is a very effective way to prevent fractures as a consequence of exter-
nal mechanical load. Reduction in overall stress levels in the structure may
often not be the answer to the need for prevention of crack initiation and
propagation caused by osmotic effects. The poor correlation between spine
loading and intervertebral disc tears is exemplary of this state of affairs
[Battié et al., 2008].

3.9 3D swelling-fracture example

Two 3D numerical examples are given, one is fracture driven by mechanical
loading and swelling, the other the swelling is the only driven force.
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Figure 3.16: Displacement distribution of the sample at 30 s

3.9.1 Mechanical loading and swelling driven

We consider a cubic hydrogel with a length of 10 mm (Fig. 3.17). The
bottom surface is fixed, all four side surfaces are constrained, only the top
surface is allowed to swell and move. The top surface is contacted with a
changing chemical potential and has a mechanical loading applied on it. A
notch cut through the right surface with a depth of 2.2 mm (red surface).
The mode I fracture is considered here with a toughness of 0.001 N/mm
and the ultimate strength of 0.005 MPa. The rest properties are the same
as listed in table 2.1.

Figure 3.17: Sketch of a cubic sample with an initial notch (red surface). The top
surface is contacted with a changing chemical potential and a mechanical loading
is applied on it.

Fig. 3.18 shows the evolution of crack surfaces under mechanical loading
and swelling with a zoom factor of 10 in opening direction. The ultimate
strength is very low and small stress concentration at the crack tip will lead
to crack propagation. The mechanical loading here plays the main role to
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(a) (b)

(c) (d)

Figure 3.18: The evolution of crack surfaces. (a) Initial crack opens without
propagation. (b) Crack propagates. (c) Crack cuts through the whole cubic and
two surfaces are complete apart. (d) Rotation of (b) to show partial connection of
two surfaces.

cause the crack propagation. At the beginning, the initial notch opens
without any propagation (Fig. 3.20a). When the stress at the notch front
exceeds the ultimate strength, the crack starts to propagate (Fig. 3.20b).
Because of the low ultimate strength, the propagating crack almost cut
through with partial connections between two surfaces (Fig. 3.18d). Fig.
3.18c is the final state of the crack, the hydrogel is complete failure and
two surfaces are disconnected with each other.

3.9.2 Swelling driven

We consider a sphere hydrogel with a shear modulus of 3.0 MPa. The
geometry and boundary conditions are the same as in 2.4.2. An initial
crack cut through part of the sphere which is noted in blue (Fig. 3.19).
The ultimate strength of the hydrogel is 1.0 MPa and the toughness is 0.001
N/mm. The crack propagates along the plane which is given by a normal
vector and a point on the fracture front. The crack in current example is
only allowed to propagate towards the center.

Fig. 3.20 shows the evolution of the crack which is driven by swelling.
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Figure 3.19: Initial crack cut through part of the sphere (blue).

(a) Crack surfaces before propagation (b) Crack surfaces after propagation

Figure 3.20: The evolution of crack surfaces.

Left is the initial crack surfaces with crack opening. Right shows the crack
after propagation, part of the crack front propagates when it reaches the
ultimate strength.

3.9.3 Conclusion for 3D swelling driven fracture in hydro-
gels

The 3D swelling driven fracture model is implemented base on the 3D par-
tition of unity based hydraulic fracture model of Remij [2017] and extend it
from small deformation to large deformation with osmotic effect being con-
sidered. The limitations still exist with the 3D fracture model. Simulations
are restricted to tetrahedron elements. The span of the fracture surface is
followed by a triangular or a rectangular plane within an element which is
cut through. When the spanned surface is a rectangular, the surface is not
correct anymore because that the four cross-points do not form a plane. At
the moment, we accept this numerical artefact and the main point of this
example is to depict the possibility of swelling driven fracture in hydrogels
in three-dimension.

As we can see from the two numerical examples of 3D simulation, 3D
swelling driven crack propagation is doable. From the computational as-
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pects, there is still some issues to be listed. Crack propagation with mechan-
ical loading and swelling works much better than that with pure swelling.
The 3D swelling driven is very parameter sensitive, it easily goes to con-
vergence issue during propagation.





4
Effects of intrinsic properties on
fracture nucleation and propagation
in swelling hydrogels

Abstract
In numerous industrial applications, microstructure of materials is critical
for performance. However, finite element models tend to average out the
microstructure. Hence, finite element simulations are often unsuitable for
optimisation of the microstructure. The present paper presents a mod-
elling technique that addresses this limitation for superabsorbent polymers
(SAP) with partially cross-linked surface layer without averaging out the
microstructure. SAPs are widely used in industry for a variety of functions.
Different designs of the cross-linked layer has different material properties,
influencing the performance of the hydrogel. In this work the effects of in-
trinsic properties on the fracture nucleation and propagation in cross-linked
hydrogel are studied. The numerical implementation for crack propagation
and nucleation is based on the framework of the extended finite element
method (XFEM) and the enhanced local pressure model (ELP) to capture
the pressure difference and fluid flow between the crack and the hydrogel
and coupled with cohesive method to achieve crack propagation without re-
meshing. Two groups of numerical examples are given: (1) effects on crack
propagation, (2) effects on crack nucleation. Within each example, we stud-
ied the effects of the stiffness (shear modulus) and ultimate strength of the
material separately. Simulations demonstrate how small changes in intrin-
sic properties transforms the crack behaviour of the hydrogel altogether,
hence offering a numerical tool for the structural design of the cross-linked
hydrogel.
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As industrial applications require computational tools that resolve the mi-
crostructure of the products rather than tools that smooth out microstruc-
ture, increasingly high demands of versatility and robustness are required of
finite element codes. Indeed, heterogeneities, discontinuities, microcracking
and contact problems can potentially complicate a microstructural compu-
tation. As an example of a microstructural computation, we study swelling
of hydrogel beads. Swelling or drying volume transitions of ionized hy-
drogels can be induced by a continuous change of various conditions, such
as temperature, pH, electric field and salt concentration [Tanaka, 1992].
The degree of volume transformation depends on composition and struc-
ture of the cross-linked network [Ikeda-Fukazawa et al., 2013, Saunders and
Moussa, 2012]. Because of their swelling behaviour, ionized hydrogels have
received considerable attention for pharmaceutical and industrial applica-
tions like drug delivery or disposable diapers. Many swelling processes of
hydrogels start from a dry state. When the dry hydrogel is placed in a
solvent, it absorbs fluid and swells. During this volume transformation, a
stress field is created within the hydrogel, and to some degree, cracks are
generated.

As US patent US7517586B2 addressed, hydrogel-forming polymers used
as absorbents require adequately high sorption capacity as well as ade-
quately high gel strength [Fossum et al., 2009]. The response of a layer of
SAP beads to a gush of fluid typically results in swelling of the top layer
of beads, disallowing the fluid to penetrate into the deeper bead layers.
This is because the permeability of the top layer is adversely affects by the
swelling of those beads. Stiffness resists deformation of hydrogel particles
during swelling and avoids gel blocking within a swollen gel bed. This extra
stiffness is achieved by increasing the level of surface cross-linking of the
beads. A surface cross-linked hydrogel increases gel stiffness delaying the
absorbent capacity until brittle fracture allows the beads to swell freely.
It is crucial to optimize the balance between absorbent capacity and gel
strength.

The effect of the microstructure of the material on swelling capacity
has been well tested, however, few studies take the effects of damage into
consideration. Cervera et al. [1990] developed a computational model to
analyse the progressive cracking due to the swelling of concrete in large
concrete dams. Zhang et al. [2012] numerically studied the phenomenon of
crack healing induced by swelling in gels. Guo et al. [2016] found out that
the intrinsic properties of the interface between a polymeric hydrogel and
a rigid substrate have great influence on the opening profile of the interface
crack. Although the studies mentioned above deal with crack behaviour
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induced by swelling, there is still a long journey to go. Considering that the
structural optimization of the hydrogel is largely affected by the intrinsic
properties of the cross-linked and original hydrogel, it is important to study
the effects of material properties on crack behaviour.

XFEM is an efficient tool to simulate fracture growth without re-meshing.
It was first applied by Belytschko and Black [1999] by adding an additional
degree of freedom on nodes which belong to the element crossed by the dis-
continuity. Wells and Sluys [2001] incorporated the method with a cohesive
surface formulation to achieve the crack propagation in any arbitrary direc-
tions. Following the same line, Leonhart and Meschke took the moisture
transport in opening discontinuities into account and analysed the crack
propagation in partially saturated porous media [Leonhart and Meschke,
2011]. Kraaijeveld et al. [2013] took osmotic forces into consideration and
studied mode I crack propagation in saturated ionized porous media in
small deformation. Irzal et al. [2013] extended the partition of unity ap-
proach of fracturing porous media into the finite deformation regime. In
order to capture the pressure gradient across the discontinuity, Remij et al.
[2015] developed the enhanced local pressure model (ELP): a separate de-
gree of freedom for the pressure in the discontinuity is added to the pressure
left and right of the crack. Furthermore, the level set method (LSM) [Sto-
larska et al., 2001] is commonly incorporated with XFEM to model crack
growth. LSM here is used to locate the crack and its tip and it simplifies
the selection of the enhanced nodes in XFEM.

In the present work, a finite deformation model is presented to study the
crack behaviour of a heterogeneous swelling hydrogel. We integrate XFEM
and ELP to capture the pressure difference and fluid flow between the crack
and the hydrogel, use cohesive zone method to achieve crack propagation
without re-meshing [Ding et al., 2017b].

4.1 Model background

4.1.1 Kinematic relations

We consider a body Ω crossed by a discontinuity (Fig. 4.1). The body
is divided into two subdomains Ω+ and Ω−. The total displacement field
of the solid skeleton is described by a regular displacement field û and an
enhanced displacement field ũ,

u(X, t) = û(X, t) + HΓd
(X)ũ(X, t), (4.1)
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Figure 4.1: The body Ω is crossed by a discontinuity (dashed line). nΓd
repre-

sents the normal of the discontinuity surface pointing to Ω+.

where X is the material point in the reference configuration of the solid,
HΓd

is the Heaviside step function, defined as

HΓd
=

{
1 X ∈ Ω+

0 X ∈ Ω− . (4.2)

The chemical potential field is discontinuous across discontinuity and
the hydrogel, it is defined as

μf (X, t) = μ̂f (X, t) + HΓd
(X)μ̃f (X, t), (4.3)

In the discontinuity, the chemical potential is equal to an independent
variable μd,

μf = μd, X ∈ Γd. (4.4)

Hence, the value of the chemical potential jumps from μ̂f to μd to μ̂f + μ̃f

as one crosses the discontinuity from Ω− to Ω+.

4.1.2 Balance equations

We consider the body as a solid skeleton with fully saturated interstitial
fluid. It is assumed that there is no mass transfer or thermal gradients,
inertia and gravity are neglected. Based on Biot’s theory, the momentum
balance reads

∇ · σσσ = 0 in Ω, (4.5)

with σσσ the total stress, which is decomposed into the effective stress σσσe and
the pore fluid pressure p,

σσσ = σσσe − pI, (4.6)
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with I being the unit tensor.
Equation (4.5) and (4.6) can be written with respect to the reference

configuration, using the transformation of P = Jσσσ · F−T , read

∇0 · P = 0 in Ω0 (momentum balance),
P = Pe − JpF−T (total first Piola-Kirchhoff stress),

where Pe is the effective first Piola-Kirchhoff stress.
Conservation of mass for an incompressible fluid yields the mass balance

in the reference configuration,

J̇ + ∇0 · Q = 0, (4.7)

with J̇ = Jdivu̇ and Q = −K · ∇0μf the seepage flux obeying the Darcy’s
relation in presence of concentration gradient. In the equation of the seep-
age flux, K is the permeability tensor back transformed to the reference
configuration, μf is the chemical potential, defined as

μf = p − π, (4.8)

with p the hydrostatic pressure, π the osmotic potential.
The fracture process behaviour is governed by a traction separation

law. Here, we assume stress continuity from the gel to the discontinuity,
the local momentum balance is described as

P · nΓd
= J ||F−T · nΓd

||td − J(μf
d + πd)F−T · nΓd

, (4.9)

in which nΓd
is the normal of the discontinuity Γd, td is the traction, μf

d

and πd are the chemical potential and osmotic pressure respectively within
the discontinuity.

The local mass balance is obtained by integrating the continuous mass
balance across the discontinuity.

nΓd
· (Q+

Γd
− Q−

Γd
) = Jun

∂

∂s
(kd

∂μf
d

∂s
) − Jun〈∂v

∂s
〉 − Ju̇n, (4.10)

where kd is the conductivity in the discontinuity

kd = (un)3

12μ
, (4.11)

with μ the viscosity of the fluid, un = ũ·nΓd
the opening of the discontinuity.
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4.1.3 Swelling behaviours

Swelling equilibria between the hydrogel and the immersed fluid must fulfill
μin = μex (μin is the chemical potential within the hydrogel, μex describes
the chemical potential of the surrounding fluid).

The difference of the osmotic pressure between the hydrogel and the
surrounding fluid allows ions or fluid to go into or go out of the hydrogel,
leading to swelling or shrinking. Because the ionic diffusion coefficient of
SAP is two orders of magnitude larger than the pressure diffusion coefficient
of SAP, we assume the ionic constituent to be drained. Based on Van’s Hoff
empirical relation, the osmotic pressure difference is given by

Δπ(ε) = RT
√

(cfc)2 + 4(cex)2 − 2RTcex, (4.12)

where R is the gas constant, T the temperature, cfc the fixed charge density
and cex the external salt concentration.

4.1.4 Nucleation mechanism

Crack nucleation and growth are part of the fracture development. Micro-
cracks nucleated is based on the stress state of the solid skeleton. The
stress state is obtained by averaging effective stresses around the crack
tip. Remmers [2006] used a Gaussian weighted function to calculate the
averaged stress:

σσσav =
nint∑
i=1

ωi

ωtot
σσσi

ωtot =
nint∑
j=1

ωj ,

here nint is the number of integration points in the domain, ωi is the weight
factor relating to the integration point i. The weight factor is defined as

ωi = 1
l3a

e
−r2

i
2l2a , (4.13)

where la is the length scale parameter, ri denotes the distance between the
integration point i and the crack tip.

4.1.5 Crack propagation mechanism

The crack propagation is governed by the stress state of the crack tip.
The stress is calculated by averaging the stress around the crack tip. The
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traction td in eqn. (4.9) acting on the fracture surface is based on the
cohesive constitutive relation, governs the propagation of the crack. When
the averaged stress of the crack tip exceeds the ultimate strength, the crack
starts to propagate. The normal traction tn is described as

tn = τultexp(−unτult

Gc
), (4.14)

where τult is the ultimate strength of the material and Gc denotes the frac-
ture toughness.

4.1.6 Constitutive equation

In this paper we use a compressible Neo-Hookean model. Though the solid
itself is incompressible, due to its porous structure, the entire solid matrix
is compressible. The Cauchy stress Wilson et al. [2006, 2007] is given by

σσσ = −1
6

ln J

J
GI(−1 + 3(J + ns,0)

(−J + ns,0) + 3 ln(J)Jns,0

(−J + ns,0)2 ) + G

J
(F · FT − J2/3I),

(4.15)
where G is the shear modulus and ns,0 represents the initial solid volume
fraction. As J tends to ns,0, fluid content vanishes and eqn. (4.15) becomes
an incompressible law.

When osmotic swelling is included, the total stress reads

σσσtot = σσσ − (μf + π)I. (4.16)

4.2 Numerical examples

4.2.1 Crack propagation

We consider a circular sample consisting of three different materials (Fig.
4.2). We fix the middle point and constrain the node located on the bound-
ary between core and middle part at 0◦ in y direction. A changing chemical
potential is applied at the outer surface, which leads to the swelling of the
medium. The material properties are listed in Tab. 4.1.

Fig. 4.3 and 4.4 show the behaviour of crack propagation with different
stiffnesses and ultimate strength of the shell. The crack propagates over
time for four different shell shear moduli (2 MPa, 3 MPa, 3.5 MPa and 4.5
MPa) and same ultimate strength of the shell (Fig. 4.3). For G = 2.0 MPa,
the initial crack opens without propagation. For the other 4 examples,
every initial crack propagates. Generally, a stiffer material reaches high
stress faster than a softer material with the same amount of deformation,
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Figure 4.2: The geometry and boundary conditions of the sample. A changing
chemical potential is applied along the outer surface. The red solid line indicates
the initial crack. (RShell = 0.5 mm, RInner = 0.45 mm, RCore = 0.2 mm)

causing material failure and crack growth. The higher the shear modulus
is, the earlier the initial crack propagates as seen in Fig. 4.3 with crack
propagation plotting for G = 3.0, 3.5 and 4.5 MPa. At the same time, a
stiffer shell resists the particle to deform and helps to keep the shape of the
particle. Less deformation comes with smaller stress in the middle part,
which suppresses the crack growth (Fig. 4.5). This is the reason why the
crack length of G = 4.5 MPa is much smaller than with G = 3.0 MPa and
G = 3.5 MPa.

Similarly, we fixed the shear modulus of the shell, and study the effect of
various ultimate strength (0.3 MPa, 0.4 MPa, 0.5 MPa and 0.6 MPa) of the
middle material (Fig. 4.4). The effect of ultimate strength is straightfor-
ward. The ultimate strength does not contribute to the propagating length
of the crack. It increases capacity of the material to resist tension, and
only affects the rate of propagation. The higher the ultimate strength, the
later the crack starts to propagate. It is advisable to achieve relatively high
ultimate strength in material design to obtain higher elongating resistance.

4.2.2 Crack nucleation

The energy accumulates within the hydrogel particle when it swells. There
are two ways to dissipate energy, propagate existing cracks or nucleate new
cracks. In section 4.1 we discussed the behaviour of crack propagation. In
the current section, we discuss the behaviour of crack nucleation.
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Name Symbol Value
Shear modulus (core) G 0.05 MPa
Shear modulus (middle) G 1.5 MPa
Shear modulus (shell) G 4.0 MPa
Intrinsic permeability kint 1.0e−11 mm2

Fluid dynamic viscosity μ 1.0e−9 MPa s
Porosity ϕ 0.83
Ultimate strength (core) τult 0.01 MPa
Ultimate strength (middle) τult 0.3 MPa
Ultimate strength (shell) τult 0.52 MPa
Toughness Gc 0.01 N/mm
Gas constant R 8.3145 J·mol−1·K−1

Temperature T 293.0 K
Initial fixed charge density cfc

0 332.0e−6 mmoleq/mm3

External salt concentration cex 154.0e−6 mmol/mm3

Table 4.1: Material properties

The same geometry (Fig. 4.2) and material properties (Table 4.1) are
used here to model crack nucleation. In order to avoid too many cracks
nucleating at the same time too close together, we make an extra constraint
that there are at least 30 elements between two cracks. We compare the
nucleation state within three groups: different shear moduli of the shell,
different ultimate strength of the shell and different shear moduli of the
middle part of the sample.

The point at 45◦ to the x-axis in the first quadrant is the initial crack.
In Fig. 4.6 we plot the nucleations with the shell ultimate strength of 0.48
MPa, 0.52 MPa and 0.54 MPa, respectively. There is no nucleation with
ultimate strength of 0.54 MPa. For τult = 0.52 MPa, it has 5 nucleations.
When τult decreases to 0.48 MPa, the nucleations increases to 7.

Fig. 4.7 shows the nucleation locations with different shear moduli of
the shell. There are 9 nucleations for G = 4.5 MPa and 5 nucleations for
G = 4.0 MPa. No new cracks nucleated for G = 3.0 MPa. Similarly, Fig.
4.8 plots the nucleation locations with different shear moduli of the middle
part of the particle. It shows that there are 7, 5 and 0 nucleations relating
to G = 1.0, 1.5 and 1.7 MPa, respectively. The distribution of nucleations
is roughly symmetric about the diameter crossing the initial crack.

Fig. 4.9 is the chemical potential distribution within the crack with
different time steps. The nucleation process shows a cascade phenomenon
(Fig. 4.9). At the time of 4.8 s, the initial crack propagates without any
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Figure 4.3: Crack propagation profile over time with different stiffnesses of the
shell.

nucleation. 0.1 s later, there is 1 nucleations. Another new crack nucleated
after 0.1 s. At the time of 5.1 s, the previous 2 nucleations keep growing
and another 3 new cracks are generated.

4.3 Discussion

This study illustrates how the relationship between microstructure and
function of a product can be studied using dedicated non-linear multi-
physics, multicomponent, finite element analysis. The type of analysis done
in this study is possible with commercial codes, because they lack vital op-
tions needed. The feasibility of complex non-linear analyses combining large
deformations and mesh free multiple crack propagation through a swelling
heterogeneous material has been demonstrated. There is much more need
for robustness of the XFEM code in computations that resolves the mi-
crostructure, as deformations are locally very large and heterogeneities
hampers the smoothness of the solutions. This investigation is mainly fo-
cused on the effects of intrinsic properties on the fracture behaviour. We
studied two dissipative mechanisms here, one is propagation of existing
cracks, the other is nucleation of cracks. From the results, it appears that
the crack propagation and nucleation are largely affected by the intrinsic
properties of the material, but particularly the properties of the cross-linked
shell around the softer swelling hydrogel particle.

Generally, the higher the shear modulus of the shell, the earlier the
initial crack propagates. Besides, a stiffer shell resists the particle to de-
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Figure 4.4: Crack propagation profile over time with different ultimate strengths
of the shell.

form and helps to keep the shape of the particle. Less deformation comes
with smaller effective stress in the middle part, which suppresses the crack
growth. However, a swelling media requires high swelling capacity. There-
fore, there need to be a balance between the swelling of the inner part
and the elastic stiffness of the outer part. This numerical simulation can
be used as a tool to optimize the material property of the gel in the mi-
crostructural design of the swelling hydrogel particle. By comparing the
crack propagation with different ultimate strength of the shell, we find out
that the ultimate strength only affects the rate of the propagation. The
higher the ultimate strength is, the slower the crack propagates.

From Fig. 4.6 to Fig. 4.8, we conclude that:

• The higher the ultimate strength of the shell, the fewer cracks nucle-
ate.

• The higher the shear modulus of the shell, the more cracks nucleate.

• The higher the shear modulus of the middle part of the particle, the
fewer cracks nucleate.

• The distribution of nucleations is roughly symmetric about the diam-
eter crossing the initial crack.

Fig. 4.9 presents a cascade of nucleations with different crack openings
with material properties of Tab. 4.1. The events illustrate that the failure
of the gel builds up in stages. It starts from fewer defects and weakens
the material while the material is still functioning. When more and more
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(a) Original geometry (b) G = 2 MPa

(c) G = 3 MPa (d) G = 4.5 MPa

Figure 4.5: The displacement profile with different shear moduli of the shell

defects appears and interact with each other, the material finally fails.
The process of the defects is the same as the process of the nucleation.
The opening of cracks is not only depending on the stress state, but also
depending on the neighbouring cracks. If the neighbouring crack are located
close to the current crack with relatively large opening, it will impede the
opening of the current crack.

The software presented in this paper is a great numerical support for
the design of a proper cross-linked shell, such as special cross-link density
to achieve specific stiffness and fracture resistance. The stiffness ratio be-
tween inner part and the shell is a critical parameter that determines the
performance of the product. A high ratio delays the swelling of the hydrogel
and too high a ratio disallows the failure of the hydrogel altogether.
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(a) time 4.8 s (b) time 4.9 s
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Figure 4.9: Nucleations in different time (s), red circles emphasize on nucleation
spots.
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An investigation of the stepwise
Mode I crack propagation in hydro-
gels

Abstract
Stepwise crack propagation is evidently observed by experiments both

in geomaterials and in hydrogels. Pizzocolo et al. [2012] show experimental
evidence that mode I crack propagation in hydrogel is stepwise. The pat-
tern of the intermittent crack growth is influenced by many factors, such
as porosity of the material, the permeability of the fluid, the stiffness of
the material etc. The pause duration time is negatively correlated with
the stiffness of the material, while the average propagation length per step
is positively correlated. In this paper, we integrate extended Finite Ele-
ment Method (XFEM) and Enhanced Local Pressure Method (ELP), and
incorporate cohesive relation to reproduce Pizzocolo et al.’s experiments in
the finite deformation regime. We investigate the stepwise phenomenon in
air and in water respectively under mode I fracture. Our simulations show
that despite the homogeneous material properties, the crack growth under
mode I fracture is stepwise and this pattern is influenced by the hydraulic
permeability and the porosity of the material. Simulated pause duration
is negatively correlated with stiffness and the average propagating length
is positively correlated with stiffness. In order to eliminate the numerical
artefacts, we also take different time increments into consideration. The
staccato propagation does not disappear with smaller time increments, the
pattern is approximately insensitive to the time increment. However, we
do not observe stepwise crack growth scheme when we simulate fracture in
homogeneous rocks.
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Stepwise crack evolution in geomaterials has been shown experimentally
or numerically in fluid saturated environment as well as with non-porous
materials. John [1972] observes that the growth of marcroscopic tension
fracture is intermittent which is influenced by the porosity and permeabil-
ity of the rock since the early 1970’s. Numerically, stepwise process ignites
heated discussion. Cao et al. [2017] use the Central Force Model, the stan-
dard extended finite element method (XFEM) to investigate the interac-
tion between crack tip advancement and fluid flow in fracturing saturated
porous media. They find out that the numerical simulation of crack propa-
gation is very sensitive to the model, method and the material parameters.
Remij et al. [2016] introduced the enhanced local pressure (ELP) model
to capture the sharp pressure gradients between the discontinuity and the
bulk. They numerically study the propagation of the mode II fracture in
a homogeneous non-dilatant geomaterial. The simulation show stepwise
progression. It turns out that the stepwise progression is caused by a nu-
merical artefact and their simulations do not point at a physical origin of
the stepwise growth in shear fracture. No dilatancy is considered in these
mode II calculations.

Stepwise crack process is not restricted to geomaterials. Pizzocolo et al.
[2012] experimentally show that the crack propagation of the hydrogel fol-
lows a stepwise scheme under tensile load either in air or immersed in water.
They find out that the pause duration is in the same order of magnitude as
the pressure diffusion time of the gel. Pressure diffusion time is calculated
as the square of the average propagation length in one step, divided by the
pressure diffusion coefficient.

Hydrogel is widely used in pharmaceutical industry and tissue engi-
neering. Many efforts have been put in the investigating the swelling be-
haviours in equilibrium and transient state. Hong et al. [2008] present a
theory of coupled diffusion and large deformation since the migration of
small molecules in polymeric gels result in the swelling of the network and
forming an aggregate. Swelling induced surface instability and buckling
patter formation are found in gels based on the transient analysis of con-
current large deformation and its mass transport [Zhang et al., 2009]. Ding
et al. take the fracture into consideration during the swelling of gels [Ding
et al., 2017a]. Pizzocolo et al.’s observation brings the further investigation
in fracture behaviour in swelling-induced hydrogels.

Reproduced from: Jingqian Ding, Ernst W. Remij, Joris J.C. Remmers and Jacques M. Huyghe, (2018). An
investigation of the stepwise Mode I crack propagation in hydrogels. Journal of Applied Mechanics.
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In the following we numerically reproduce Pizzocolo et al.’s experiments
and investigate stepwise crack progress under mode I fracture. We integrate
XFEM and ELP [Remij et al., 2015] to avoid re-meshing during crack prop-
agation and capture the pressure difference and fluid flow between the crack
and its surrounding formation. The cohesive relation is employed to account
for the plastic behaviour at the front of the crack tip. At the same time,
we take chemical potential into consideration for simulations in water.

5.1 Model background

We integrate XFEM and ELP model, take chemical potential effect into
consideration to achieve crack propagation in swelling hydrogels [Ding et al.,
2017b]. The displacement and chemical potential fields in a discontinuity
crossed finite element mesh are considered to be discontinuous from the
discontinuity to the hydrogel formation [Kraaijeveld et al., 2013, Irzal et al.,
2013, Remij et al., 2015]. The displacement field is described by a regular
displacement field û and an enhanced displacement field ũ,

u(X, t) = û(X, t) + HΓd
(X)ũ(X, t), (5.1)

where X is the material point in the reference configuration of the hydrogel,
HΓd

is the Heaviside step function, defined as

HΓd
=

{
1 x ∈ Ω+

0 x ∈ Ω− (5.2)

The chemical potential of the fluid is a measure of the fluid flux. The
chemical potential field is enriched like the displacement field,

μf (X, t) = μ̂f (X, t) + HΓd
μ̃f (X, t). (5.3)

The chemical potential μf
d inside the discontinuity is different from the

chemical potential in the hydrogel left and right from the crack. If one end
of the discontinuity is located at the surface of the hydrogel and directly
contacts with surrounding solution, the chemical potential of the disconti-
nuity is equal to the chemical potential of the solution,

μf
d = μf X ∈ Γd. (5.4)

The momentum balance and mass balance in the hydrogel and in the
discontinuity are considered. We consider the hydrogel as a solid skeleton
with fully saturated interstitial fluid. It is assumed that there is no mass
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transfer between fluid and the solid and no thermal gradient. Inertia and
gravity are neglected. Based on Biot’s theory, the momentum balance in
the hydrogel reads

∇ · σσσ = 0 in Ω, (5.5)

with σσσ the total stress, which is decomposed into the effective stress σσσe and
the pore pressure p,

σσσ = σσσe − pI, (5.6)

where I is the unit tensor. When swelling is introduced, the p can be defined
as the sum of the chemical potential μf and the osmotic pressure Δπ:

p = μf + Δπ. (5.7)

In this paper, the compressible Neo-Hookean model is used [Wilson
et al., 2006, 2007],

σσσ = − 1
6

ln J

J
GI(−1 + 3(J + ns,0)

(−J + ns,0) + 3 ln(J)Jns,0

(−J + ns,0)2 )

+ G

J
(F · FT − JI),

where G is the shear modulus, ns,0 is the initial solid volume fraction.
F represents the deformation gradient tensor and J = det F denotes the
volumetric ratio of the solid between the deformed and reference configu-
rations,. The solid and fluid phases are incompressible, due to its porous
structure, the entire solid matrix is compressible. As J tends to ns,0, fluid
vanishes and eq. (5.8) turns into incompressible.

The momentum equation (5.5) can be rewritten in the reference config-
uration as

∇0 · P = 0 in Ω, (5.8)

with P = Jσσσ · F−T the total first Piola-Kirchhoff stress tensor.
Conservation of mass for an incompressible fluid yields the mass balance

in the reference configuration:

J̇ + ∇0 · Q = 0, (5.9)

with J̇ = J∇ · u̇ and Q the seepage flux defined by the Darcy’s relation in
presence of chemical potential gradient,

Q = −K · ∇0μf , (5.10)

with K the permeability tensor in the reference configuration.
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The softening of the material is governed by the cohesive law which lies
in front of the crack tip. The stresses at the crack tip are a weighted sum
of local stresses in the Gauss integration points:

σσσtip =
nint∑
i=1

ωi

ωtot
σσσi, (5.11)

where nint is the total integration points in the domain with i = 1, . . . , nint,
σσσi the stress in the integration point i, ωi the weight factor in the integration
point i and ωtot the total weight factor. The weight factor is defined as

ωi = (2π)2/3

l3
exp

(
− r2

i

2l2

)
, (5.12)

ri is the distance between the integration point i and the crack tip, l is
the specific length which determines how quickly the influence of a sample
point decays away from the tip.

Assuming normal stress continuity from the hydrogel to the discontinu-
ity, we have the local momentum balance in reference configuration

nΓd
· P = J ||F−T · nΓd

||td − JpdF−T · nΓd
, (5.13)

in which nΓd
is the unit normal of the discontinuity in the reference con-

figuration pointing towards Ω+, ||·|| denotes the Eulerian norm, td is the
traction and pd denotes the pressure in the discontinuity. The tensile trac-
tion cohesive law is employed, which is the function of the crack opening
un,

tn = τult exp(−unτult

Gc
), (5.14)

here τult is the ultimate strength of the hydrogel, Gc is the fracture though-
ness, tn is the normal component of td and un = ũ · nΓd

.
The local mass balance is found by integrating the continuous mass

balance across the discontinuity,

nΓd
· (Q+

Γd
− Q−

Γd
) = Jun

∂

∂s
(kd

∂μf
d

∂s
) − Jun〈∂v

∂s
〉 − Ju̇n, (5.15)

where Q+
Γd

is the flux of the fluid from the discontinuity into the hydrogel
Ω+ and Q−

Γd
is the fluid flux from the discontinuity into the hydrogel Ω−.

s is the distance along the crack in the reference configuration, v presents
the velocity of the hydrogel in the direction of the crack and kd is the
conductivity in the discontinuity, defined as [Boone and Ingraffea, 1990]

kd = (un)3

12μ
, (5.16)
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with μ the viscosity of the fluid.
The swelling is triggered by the chemical potential gradient between the

hydrogel and its surrounding solvent. The chemical potential of the fluid is
the difference of the hydraulic pressure and the osmotic pressure. Van’t Hoff
empirical relation defines the osmotic pressure in terms of concentration of
ions, gas constant R and temperature T . The osmotic pressure difference
between the hydrogel and the surrounding is given by

Δπ = RT
√

(cfc)2 + 4(cex)2 − 2RTcex, (5.17)

as the ions inside the hydrogel is assumed in equilibrium with the external
ion concentration. Indeed, as the diffusion coefficient of the ions is signifi-
cantly larger than the pressure diffusion coefficient, the ionic constituents
are drained. For the detailed finite element discretization and derivation
we refer to Ding et al. [2017a].

5.2 Numerical simulation of Pizzocolo’s experi-
ment

We consider a specimen of the same geometry as Pizzocolo et al. [2012]
employed in their experiments (Fig. 5.1). The specimen is clamped on
the bottom and on the top with a 5 mm initial crack on the middle of the
left side. A loading speed of 3 mm/min is applied on the top with a time
increment of 0.1 s. The simulations were performed in air and in water
respectively. The hydrogel has a shear modulus of 1.2 MPa. The ultimate
strength of the hydrogel is 0.08 MPa with the fracture toughness of 0.001
N/mm. The intrinsic permeability is taken as a constant of 1.0e−14 mm2.
The dynamic viscosity of the water is 1.0e−9 MPa s. There is no chemical
potential boundary condition applied when the test is in air, while it is
applied on the free surface (left side and right curving side) and along the
crack surface when the test is in water..

We first investigate and compare the crack propagation behaviour in
air with propagation in water (Fig. 5.2 and 5.3). In Fig. 5.2 it can be seen
that the tip propagates in a step-wise pattern both in air and in water. The
propagation length per time step and the time span during which the crack
propagation pauses make no big difference between in air and in water. The
propagation length covers several elements. Therefore, it is unlikely that
the step-wise phenomenon is caused by the limitation that the crack must
propagate through the entire element. With the same simulation time, the
crack in air propagates a bit farther than in water, and the crack in water
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Figure 5.1: Sketch of the single edge notch specimen with tensile loading

stops propagating earlier than in air. The final crack path in air and water
are shown in Fig. 5.3. The crack length in air is a bit longer than in water
at same total propagation time. The crack propagates with a slight turn
into the positive y-direction.

Fig. 5.4 to Fig. 5.7 show the crack propagation profile at different times
in air. At the beginning, the initial notch opens without any propagation
(Fig. 5.4). When the averaged stress at the crack tip exceeds the ultimate
strength, the crack starts to propagate. From the time step 56 to 70, the
crack stops propagating while it keeps on opening. The averaged stress at
the crack tip during this period is decreasing over time.

In order to investigate material properties effects on crack propagation
pattern, we reproduce simulations with different time increments in air and
different porosities in water. Fig. 5.8 plots tip displacements with three
different time increments in air (0.1 s, 0.05 s and 0.01 s). It illustrates
that the crack propagation pattern is roughly independent of time incre-
ments. The time increments affect the crack propagation at the beginning
(subfigure (a) in Fig. 5.8) only. The crack propagates with large steps
at first when larger time increments are used. The propagating length is
subdivided into smaller lengths when smaller time increments of 0.01 s are
used. From the subfigure (b) we observe that the discretization does not
affect the staccato pattern of crack propagation beyond the first seconds of
crack propagation. The step-wise crack propagation does not vanish with
smaller time increments.

Pizzocolo et al. address that the porosity of the stiffer hydrogel is ex-
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Figure 5.4: Crack propagation at time step 14
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Figure 5.5: Crack propagation at time step 15

Figure 5.6: Crack propagation at time step 56

Figure 5.7: Crack propagation at time step 70
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Figure 5.9: Tip displacement versus time in water with different porosities.

tremely low because of the high amount of cross-linker. Different porosities
influence the fluid movement within the hydrogel even at same hydraulic
permeability, which may have effect on fracture behaviour. We plot tip dis-
placements versus time in water with different porosities in Fig. 5.9. There
is no crack propagation for the hydrogel with porosity of 0.1. The crack
starts to propagate earlier and faster with larger porosity. Meanwhile,
larger porosity causes longer crack propagation. The crack propagations
with different porosities still show clear stepwise phenomenon.

In cohesive zone method coupled fracture simulation, specific length (l)
is the parameter which determines how quickly the effect of a point fades
away from the crack tip. Wells and Sluys [2001] approximately take three
times the element size as the specific length. In Fig. 5.10 we plot tip dis-
placements with different specific lengths in air. Neither small nor large
specific lengths smooth the tip advancement. Crack propagations show
clear stepwise phenomena with all specific lengths with different patterns.
The crack starts to propagate later with larger specific length. The crack
propagation is governed by the average stress around the crack tip. For
same stress distribution, the average stress decreases with increasing spe-
cific length. The influence becomes significant with larger specific length,
the average stress at the crack tip grows slowlier and the crack starts to
propagate later. The pause time is notably influenced by the specific length,
specially with smaller specific length. The crack propagation appearances
for l = 0.75, 1.5 and 3.0 mm are roughly the same.

One assumption of intermittent crack propagation is that the propagat-
ing scheme is caused by the drain and undrain process at the crack tip. Fig.
5.11 and 5.12 plot the pressure at the crack tip and the crack opening at
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Figure 5.11: The pressure at the crack tip during crack propagation.

the end of the cohesive zone during crack propagation in air. The pressure
arises when the crack grows and decreases when crack pauses to propa-
gate. Similarly, the opening at the end of the cohesive zone experiences an
approximate open close iteration during the crack growth and rest, while
the overall opening is increasing. The opening decreases during the crack
growth and increases when the crack pauses.

The time span during the crack propagation pause is studied with differ-
ent shear moduli in air (Fig. 5.14). The time span is negatively correlated
with the shear modulus. Similarly, the average propagating length is also
affected by the shear modulus but with positive correlation (Fig. 5.16).

We employ material properties as Remij et al. Remij et al. [2016] in our
mode I simulation with time increment of 0.1 s (Fig. 5.17). The material
has a shear modulus of 37.5 MPa. The ultimate strength is 0.4 MPa, the
fracture toughness is 0.2 N/mm. The intrinsic permeability of the material
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Figure 5.14: Relation between the stiffness of the hydrogel and the time span
during pause in air of experimental results from Pizzocolo et al. [2012]
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Figure 5.16: Relation between the stiffness of the hydrogel and the average
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crack propagation is observed.

is 0.28e−13mm2 and the fluid dynamic viscosity is the same as in other
examples. There is no crack rest during propagation observed. The two
plateaus at the beginning and at the end of the plotting represent the initial
crack length and the crack length which cut through the whole specimen
relatively. The crack propagation shows approximately a linear increase
with time after the first large crack growth. The stepwise phenomenon
disappears with a stiffer porous material.

5.3 Conclusion and discussion

XFEM/ELP finite deformation simulations of crack propagation in a homo-
geneous hydrogel demonstrates staccato propagation, independently from
the time discretisation. This result is consistent with the experiments by
Pizzocolo et al. [2012] and demonstrates that heterogeneous material prop-
erties are not needed to obtain staccato propagation. The simulated prop-
agation step size increases with stiffness. The simulated pause duration
decreases with increasing stiffness. Both of these findings are qualitatively
consistent with the experimental finding of Pizzocolo et al. [2012]. Pizzo-
colo et al. [2012] find that in air environment the crack propagates faster
than in aqueous environment. The simulation of crack propagation in water
is almost as fast as in air. This computational result is inconsistent with
Pizzocolo et al. experiment. This discrepancy may be due to the absence
of surface tension in the air simulations. The crack propagation is governed
by the average stress at the crack tip. When the average stress exceeds the
ultimate strength, the crack starts propagating. Both in air and in water,
we find that to some degree, the averaged stress decreases while the crack
keeps opening without further propagation. The crack in water stops ear-
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lier than in air. The simulation is consistent with Pizzocolo’s experiments
for:

• the (blunt) shape of the crack

• the staccato propagation both in air and in water

• the increasing propagation step size with increasing stiffness

• the decreasing pause duration with increasing stiffness.

The specific length is an important numerical parameter which qualita-
tively determines the rate of a point decays away from the crack tip. The
pause time is significantly influenced by the specific length, specially when l
is small. This influence tends to stabilize when l increases. The crack with
larger specific length starts to propagate later than with smaller specific
length. This is caused by the approach of averaged stress, which is much
smaller than the actual stress at the crack tip. The stepwise crack growth
is not disappear with all different specific lengths, we could deduce that the
stepwise phenomenon is not influenced by the numerical fitting parameter.

The jump of pressure at the crack tip and the crack opening at the end of
the cohesive zone correlates with the advancing of the crack. The pressure
increases when the crack grows and decreases when it pauses. The general
decline of the pressure is caused by the impervious boundary conditions in
air. This is confirmed by Cao et al. [2018] with the stepwise investigation
in quasi-static situations with Standard Galerkin Finite Element Method
(FEM) with remeshing. The decline of pressure during the rest of the crack
growth is due to the fluid flow from the crack tip to its neighbouring domain.
The relationship between propagation and opening is just the other way
around. The opening grows when the crack pauses and it narrows during
the growth of the crack.

The porosity of the hydrogel affects the fluid movement within the hy-
drogel. The fluid movement around the crack tip results in the decline
of the pressure during the rest of the crack propagation. Larger porosity
causes longer crack propagation with the same situation while the crack
propagation pattern is still stepwise.

The step-wise crack propagation is insensitive to the time increments.
Smaller time increment only affects the crack propagation behaviour at
the beginning, while the step-wise crack propagation does not vanish with
smaller time increments. The result is different from Remij et al.’s conclu-
sion in the stepwise propagation investigation of a mode II fracture. Indeed,
they find that decreasing of the incremental time leads to crack arrest in
one time step followed by crack propagation in the next. The porosity of
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the material has a large impact on the crack length with the same situa-
tion while the crack propagation pattern is still stepwise. The relations of
the time span during the crack pauses and the average propagating length
with the stiffness are in agreement with Pizzocolo et al.’ s experiments.
Remij et al. [2016] argue that there is no step-wise progress for a mode II
fracture in a homogeneous geomaterial in the absence of dilatancy. The
observation of the stepwise fracture growth in mode II numerical simula-
tions is attributed to a numerical artefact. Similarly, we do not observe any
stepwise crack scheme in mode I fracture when we use the same material
as Remij et al. used for mode II fracture.



6
Conclusions and outlook

6.1 Conclusions

In this thesis, a meshfree swelling driven fracture model in large deformation
has been developed. We bring the XFEM formulation in finite deformation
of Irzal et al. [2013], the osmotic swelling model of Kraaijeveld [2009] and
the ELP model of Remij et al. [2015] into an integrated model and derive
it based on the framework of Lagrangian description. The model is capable
to describe fracture propagation behaviour in 2D and 3D during swelling.
Crack nucleation in 2D is also achieved by the current model.

In Chapter 2, a biphasic model based on Biot’s theory in large defor-
mation is derived to typically describe the swelling behaviour of ionized
hydrogel. In swelling of ionized hydrogel, the ionic contribution plays the
main role. That is in sharp contrast to non-ionized hydrogel, which often
swells up to volume strains of thousand of percent. The osmotic effect
induced by salt concentration difference is taken into account. The com-
pressible Neo-Hookean model is used to describe the stress-strain relation
of the hydrogel. 2D and 3D numerical examples show the capability of
the swelling behaviour which is triggered by salt concentration difference
within and around the hydrogel.

In Chapter 3, the fracture model is coupled into the biphasic model to
capture the fracture behaviour in swelling hydrogels. The fracture criterion
is based on effective stress, not total stress. In a shrinking test, the effec-
tive stress state is investigated with crack opening by decreasing osmotic
pressure in the solid. Though the macroscopic effective stress decreases, lo-
cally at the crack tip there is effective stress concentration. The increased
effective stress leads the crack to open and can induce crack propagation,
which is a local effect independent of far-field conditions. This result indi-
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cates that crack propagation in swelling media is an intrinsically multiscale
phenomenon, whereby the crack propagation cannot be controlled solely
by manipulating the far-field effective stress. Oppositely, the increasing
osmotic pressure in the gel results in propagation of an initial crack. The
effective stress concentrates at the crack tip and controls the crack prop-
agation. The numerical example of 3D swelling driven fracture is given
afterwards. This example indicates the capabilities and limitations of the
current model in the field of three dimensions.

In Chapter 4, we take nucleation into consideration and study the effects
of hydrogel properties on nucleation as well as on propagation. Because
of the interest of SAP in applications is mainly restricted to cross-linked
hydrogels, we focus on the effects from the cross-linked part ( In hygienic
products like diapers, the SAP is designed as a cross-linked shell around
the softer hydrogel ). The result shows that the stiffness ratio between the
cross-linked part and the uncross-linked part is an essential factor to qualify
the swelling behaviour of SAPs. The delicate balance between the swelling
and failure is the key in microstructural design of SAPs. The current model
has the capacity of modelling crack nucleation during swelling. The results
present a cascade of nucleations and the nucleation is highly influenced by
both properties of cross-linked shell and the core. Fewer cracks nucleate
with higher ultimate strength of the shell because it has higher resistance
to deform before failure. The cracks nucleate more with stiffer cross-linked
shell. This model can be a great numerical support for the design of a proper
cross-linked SAP to achieve specific stiffness and fracture resistance.

In Chapter 5, the interest goes to the stepwise crack propagation inves-
tigation in homogeneous hydrogel in finite deformation. The motivation of
the stepwise study comes from the experimental finding of Pizzocolo et al.
[2012]. They find that crack propagation in hydrogels in mode I is step
wise. we numerically demonstrate this phenomenon. The staccato propa-
gation is presented both in air and in water. The observation of stepwise
propagation is independent of the time step. With increasing stiffness, the
propagation step size is increasing. The decreasing pause duration comes
with increasing stiffness. Both of these numerical findings are consistent
with experimental data of Pizzocolo et al. [2012]. The general explanation
of staccato propagation is coupled with the pressure at the crack tip.The
pressure increases when the crack grows and decreases when it pauses. The
decline of the pressure is due to the fluid flow from the crack tip to its
neighbouring area.

In conclusion, the current model is pretty robust in dealing with differ-
ent crack behaviour in hydrogels such as crack propagation and nucleation
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in 2D during swelling. It works for homogeneous material as well as hetero-
geneous material. The crack can propagate through several elements within
one time step, which is more flexible and realistic to the actual fracture phe-
nomenon. The extension to 3D is possible but further optimization need to
be done. The model simulations clearly demonstrate that crack propaga-
tion in swelling media is an intrinsically multiscale phenomenon. The crack
propagation can be triggered by a local effective stress increasing at times
when the far-field effective stress decreases. The model further demon-
strates that a cohesive zone model can induce step wise crack propagation
in a homogeneous gel, in agreement with experimental data from Pizzocolo
et al. [2012].

6.2 Outlook

Swelling and fracture behaviours were comprehensive investigated under
different circumstances in a single ionized hydrogel, but there are many
remaining topics need to be solved and require further consideration.

In this work, swelling examples in 2D and 3D with current biphasic
model are only presently with regular shapes. Swelling with irregular
shapes can be simulated in some cases but lack robustness. Convergence
is the major issue when simulate irregularly shaped particles, which may
be caused by local imbalance between neighbouring nodes. Yu [201] de-
veloped a swelling model based on mixed hybrid finite element method
(MHFEM) by introducing an additional balance of flux. MHFEM based
swelling model can handle irregularly shaped particles and is more robust
than FEM based swelling model. Coupling MHFEM swelling model with
fracture mechanism to simulate swelling induced fracture in an irregular
hydrogel is a promising line for further improvement of the robustness.

Personal hygiene products contain dense packings of hydrogel particles
or beds of hydrogels instead of a single hydrogel particle. The swelling
investigation of a hydrogel bed in grain-scale is of benefit to the industrial
design of hydrogel based products. Sweijen [2017] applied Discrete Element
Method to describe swelling of a bed of particles under different conditions
assuming simplified geometries for the individual beads, no cracking and
pore network flow between the beads. To combine the real geometry of the
single swelling particle, even take fraction into consideration, is a big chal-
lenge in regard of computational time and robustness of algorithm. How-
ever, this extension may result in major breakthroughs in understanding of
the mechanisms underlying the functioning of personal hygiene products.

The enhanced local pressure model is robust by introducing an addi-
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tional degree of freedom to describe the pressure inside the crack. No mesh
refinement is required to resolve the steep pressure gradient at the crack
surface between the crack and the formation. The crack propagation is
governed by the average effective stress state around the crack tip, which
is also the critical value to determine the nucleation of the fracture. How-
ever, the average stress results in inaccuracy in certain scenarios, such as
the negative stress caused by the confining pressure. Phase field model
is a common method to determine the direction of the crack propagation.
The drawback of the phase field model compared to XFEM is that simu-
lation with a coarse mesh is no more possible. The combination of phase
field and XFEM may open the road to simulations with coarse mesh while
circumventing the disadvantages of an average stress criterion for crack
propagation.

The development of fracture is involving processes of nucleation, growth
and coalescence of the micro-separations. The current model can only han-
dle nucleation and growth of the fracture, the coalescence need to be consid-
ered for the next step to draw the whole picture of fracture. In hydraulic
fracturing porous media, the criterion of the intersection and growth of
cracks is the competition between the average stress state and the fluid
diverting within the crack. Remij [2017] successfully developed the algo-
rithm to achieve crack intersection in small deformation. This algorithm is
worth extending to fit large deformation in hydrogels with low computa-
tional costs. The simulation with complete fracture processes will yield a
realistic scenario.

The application of an XFEM fracture model for finite deformation goes
well beyond the field of hydrogels. Indeed, most of biology is taking place in
living cells whose cytoplasma is a gel-like medium of stiffness comparable to
the soft hydrogels used in diapers. i.e. well below 1 MPa. Examples where
XFEM combined with swelling may prove useful are the fatigue fracture of
osteocyte processes and mitosis of living cells [Dooley et al., 2012, 2014].
Meniscal tears and cartilage damage are examples involving a combination
of crack propagation and swelling.
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ES derivation

(∇ηηη) : P = (∇η)ijPji

= (∇η)ijSjkF T
ki

= F T
ki(∇η)ijSjk

= (FT · ∇ηηη) : S

The second piola-kirchhoff stress S is symmetry, we could rewrite the above
formulation as

(FT · ∇ηηη) : S = (1
2(FT · ∇ηηη + (∇ηηη)T · F) + 1

2(FT · ∇ηηη − (∇ηηη)T · F)) : S

= 1
2(FT · ∇ηηη + (∇ηηη)T · F) : S

= ΔE : S





B
System equations

The stiffness matrices:

Kûû =
∫

Ωe

BT
I DBIdΩe +

∫
Ωe

BT SBdΩe

Kûũ =
∫

Ωe

HΓd
BT

I DBIdΩe +
∫

Ωe

HΓd
BT SBdΩe

Kũû =
∫

Ωe

HΓd
BT

I DBIdΩe +
∫

Ωe

HΓd
BT SBdΩe

Kũũ =
∫

Ωe

H2
Γd

BT
I DBIdΩe +

∫
Γ+

d

h2NT TNdΓ

Kμ̂μ̂ = −
∫

Ωe

k∇0HT ∇0HdΩe

Kμ̂μ̃ = −
∫

Ωe

kHs
Γd

∇0HT ∇0HdΩe

Kμ̃μ̂ = −
∫

Ωe

kHs
Γd

∇0HT ∇0HdΩe

Kμ̃μ̃ = −
∫

Ωe

k(Hs
Γd

)2∇0HT ∇0HdΩe

with B defined as

B =
[

∂NI

∂X 0
0 ∂NI

∂Y ,

]

for I = 1, . . . , ne number of nodes per element. In the matrices, terms∫
Ωe

BT
I DBIdΩe and

∫
Ωe

BT SBdΩe represent material contribution and ge-
ometric contribution respectively.
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The coupling matrices:

Cûμ̂ = −
∫

Ωe

JBT
I (mH)dΩe

Cûμ̃ = −
∫

Ωe

JHs
Γd

BT
I (mH)dΩe

Cũμ̂ = −
∫

Ωe

JHΓd
BT

I (mH)dΩe

Cũμ̃ = −
∫

Ωe

JHΓd
Hs

Γd
BT

I (mH)dΩe

Cμ̂û = −
∫

Ωe

JHT mT BIdΩe

Cμ̂ũ = −
∫

Ωe

JHΓd
HT mT BIdΩe

Cμ̃û = −
∫

Ωe

JHs
Γd

HT mT BIdΩe

Cμ̃ũ = −
∫

Ωe

JHΓd
Hs

Γd
HT mT BIdΩe

The matrices for fluid flow in the discontinuity:

Qũμd
= −

∫
Γd

hNT ndVdΓ

Q(2)
μdũ =

∫
Γd

3
12μ

∂VT

∂s

∂V
∂s

μf
dhu2

nnT
d NdΓ

Qμdμd
=

∫
Γd

1
12μ

∂VT

∂s
u3

n

∂V
∂s

dΓ

Qμdμ̂ = −2Ca

∫
Γd

VT HdΓ

Qμdû =
∫

Γd

unVT tT ∂N
∂s

dΓ Q(3)
μdũ =

∫
Γd

1
2unVT tT ∂N

∂s
dΓ

Q(2)
μdμd

= 2Ca

∫
Γd

VVT dΓ Q(1)
μdũ =

∫
Γd

hVT ndNdΓ

Qμdμ̃ = −2Ca

∫
Γd

VT HdΓ

And the terms Fμdũ and Fμdμd
are defined as

Fμdũ = Q(1)
μdũ + θΔtQ(2)

μdũ + Q(3)
μdũ

Fμdμd
= θΔt(Qμdμd

+ Q(2)
μdμd

)
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In matrices relating to the fluid flow in the discontinuity, we have term
N which derivative in the tangential direction of the discontinuity, we write
it as

∂N
∂s

= ∇0NT WM (B.1)

with W a supporting matrix in four-node element

W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and M is a support matrix containing the contributions of the tangent
vector on its diagonal M = diag[tx, ty, tx, ty, tx, ty, tx, ty].

The external and internal forces:

f ext
û =

∫
Γt

NT tt+Δt
0 dΓ

f int
û =

∫
Ωe

BT
I Sj−1dΩe

f ext
ũ =

∫
Γt

HΓd
NT tt+Δt

0 dΓ

f int
ũ =

∫
Ωe

HΓd
BT

I Sj−1dΩe +
∫

Γd

hNT (Jj−1||F−T
j−1 · nΓd

||tdj−1

− Jj−1μdj−1F−T
j−1 · nd)dΓ

f ext
μ̂ =

∫
Γq

ΔtHT (θQt+Δt
0 + (1 − θ)Qt

0)dΓ + ΔtHT (θQt+Δt
Γ + (1 − θ)Qt

Γ)|Sd

f int
μ̂ = Jj−1Cμ̂û · (ût+Δt

j−1 − ût) + Jj−1Cμ̂ũ · (ũt+Δt
j−1 − ũt) + ΔtKμ̂μ̂ · (θμ̂t+Δt

j−1

+ (1 − θ)μ̂t) + ΔtKμ̂μ̃ · (θμ̃t+Δt
j−1 + (1 − θ)μ̃t)
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f ext
μ̃ =

∫
Γq

ΔtHΓd
(θQt+Δt

0 + (1 − θ)Qt
0)dΓ

f int
μ̃ = Jj−1Cμ̃û · (ût+Δt

j−1 − ût) + Jj−1Cμ̃ũ · (ũt+Δt
j−1 − ũt) + ΔtKμ̃μ̂ · (θμ̂t+Δt

j−1

+ (1 − θ)μ̂t) + ΔtKμ̃μ̃ · (θμ̃t+Δt
j−1 + (1 − θ)μ̃t)

f ext
μd

= HQ|Sd

f int
μd

= Qμdû · (ût+Δt
j−1 − ût) + (Q(1)

μdũ + Q(3)
μdũ) · (ũt+Δt

j−1 − ũt) + ΔtQμdμ̂ · (θμ̂t+Δt
j−1

+ (1 − θ)μ̂t) + ΔtQμdμd
· (θμt+Δt

dj−1
+ (1 − θ)μt

d) + Δt
δH
δs

(θqt+Δt
tj−1 + (1 − θ)qt

t)

with qt the tangential fluid flow inside the discontinuity:

qt = 1
12μ

u3
n

∂HT

∂s
μd.



C
Nanson’s formula derivation

Relation between the surface element da in current configuration and the
relative surface element dA in the reference configuration. Define an el-
ementary surface element dA by two delineating elementary vectors dX1
and dX2,

dA = dX1 × dX2, (C.1)

which is perpendicular to the surface dA and equal in size to the elementary
surface dA. Similarly, the corresponding elementary surface da is defined
by the corresponding elementary vectors dx1 and dx2,

da = dx1 × dx2, (C.2)

with
dx1 = F · dX1 (C.3)

dx2 = F · dX2. (C.4)

Substitute eqn. (C.3) and (C.4) into eqn. (C.2), we obtain

da = (F · dX1) × (F · dX2)
= F� · (dX1 × dX2)
= JF−T · dA,

where F� = JF−T is the cofactor tensor of F.
Rewrite da and dA with respect to the corresponding unit vector, we

get
da = dan dA = dAnΓd

. (C.5)

Thus, we can write
dan = JF−T · (dAnΓd

). (C.6)
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Use Nanson’s formula, we have

n = F−T · nΓd

||F−T · nΓd
|| . (C.7)

Substitute eqn. (C.7) and P = Jσσσ · F−T into eqn. (3.18), we have

P · nΓd
= J ||F−T · nΓd

||td − Jpf
dF−T · nΓd

.
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