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Abstract

In the field of parameterized complexity the efficiency of algorithms is measured in terms of an
explicit parameter instead of (only) the general concept of input size. This is particularly useful for
difficult computational problems. For graph problems, three classical parameters are the cutwidth,
pathwidth and treewidth, which are strongly related. Lokshtanov et al.[17] have shown for many
graph problems parameterized by both treewidth and pathwidth, the most efficient algorithms
known are in fact optimal, assuming the Strong FExzponential Time Hypothesis (SETH) holds.
However, their lower bounds leave the cutwidth out of scope.

As such, we investigate the behaviour of one of the problems studied by Lokshtanov et al.,
TRIANGLE PARTITION, when parameterized by cutwidth. Based on the approach taken by Lok-
shtanov et al., we show that assuming SETH, there cannot exist an € > 0 such that TRIANGLE
PARTITION can be solved in O*((2 — £)°*W(¢)/2) time. This contrasts the results known for path-
width and treewidth, which state TRIANGLE PARTITION cannot be solved in O*((2 — )PW (%))
and O*((2 — )t (%)) respectively. Our second result is an algorithm which exploits the relation
between the cutwidth and pathwidth of graphs where each edge is contained in a triangle. Using a
simple preprocessing algorithm and a dynamic programming algorithm on a path decomposition
of the resulting graph, we find an upper bound of (’)*(Q%th(G)) time.

In an attempt to improve on this bound, we investigate a communication variant of TRIANGLE
PARTITION, where the graph is divided between two players. Their goal is to solve the problem
using a minimum amount of communication. The parameter we use for TRIANGLE PARTITION
COMMUNICATION is the number of edges connecting the parts of the two players. By constructing
a large family of graphs, each requiring a unique message in any communication protocol, we show
a lower bound of Q(%) bits. Note the mismatch between this lower bound and the one found
for the classic version, which suggests this approach is unlikely to prove fruitful with respect to
finding an optimal algorithm for TRIANGLE PARTITION. Finally, we describe a communication
algorithm based on a branching algorithm executed by both players, which leads to an upper
bound of O(1.54369%).
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Chapter 1

Introduction

Many interesting graph problems have been shown to be NP-hard [9, 14]. One approach to
designing algorithms for such problems is through parameterization, generally with the goal of
finding an algorithm whose complexity is only superpolynomial in the chosen parameter (known
as fized-parameter tractable algorithms). To be precise, a parameterized problem is fixed-parameter
tractable if every instance (I, k) can be solved in f(k)|I|°(), for an arbitrary function f. Generally
speaking, for many graph problems there are numerous interesting parameters which allow such
algorithms. Three classical parameters are the cutwidth, pathwidth and treewidth of a graph. Each
of these parameters measures the interconnectedness of the graph in their own way. The relation
between the parameters is well known; for any graph G the relation ctw(G) > pw(G) > tw(G)
holds [16].

Recently it has been shown that the most efficient algorithms known for many problems on
graphs parameterized by treewidth are optimal under the Strong Ezponential Time Hypothesis
(see theorem 2.1) [17]. The proof is stated in terms of pathwidth, which implies a lower bound on
both the complexity of parameterization by pathwidth and by treewidth, but leaves cutwidth out
of scope. Since then, more results have been found for graph problems parameterized by cutwidth.
For some problems the lower bound found for pathwidth has been extended to cutwidth, such as
DOMINATION SET and INDEPENDENT SET[2]. For other problems more efficient algorithms in
terms of cutwidth have been found, most notably ¢-COLORING [12]. The contrast between the
results for different graph problems motivates research into problems for which matching upper
and lower bounds in terms of cutwidth are not yet known. As such, we investigate whether the
additional structure of cutwidth over treewidth is of algorithmic use for the problems TRIANGLE
PACKING and TRIANGLE PARTITION.

An instance I of TRIANGLE PACKING consists of a graph G and an integer p. The goal is to
decide whether G contains p vertex-disjoint triangles. Specifically, I is a yes-instance if and only
if there exists a set S C P(V(G)) such that [S| > p and all distinct s,s" € S satisfy s Ns' = 0,
|s| = 3 and for all distinct u,v € s: {u,v} € E(G).

TRIANGLE PARTITION is a special case of TRIANGLE PACKING where p = 'V(BG)‘. As such, an
instance of TRIANGLE PARTITION consists solely of a graph G. Because TRIANGLE PARTITION is
a special case of TRIANGLE PACKING, any upper bound on the complexity of TRIANGLE PACK-
ING also holds for TRIANGLE PARTITION, and any lower bound on the complexity of TRIANGLE
PARTITION also holds for TRIANGLE PACKING.

TRIANGLE PARTITION is NP-complete on general graphs [9]. Inclusion-exclusion can be used
to solve it in O*(2™) time and polynomial space on general graphs [4]. This can be improved upon
to O*(1.769™) if one is allowed exponential space [15] and to O*(1.496™) if one is allowed a failure
probability exponentially small in n [3]. The problem remains NP-complete when restricted to
planar graphs [9], but for triangle packing approximation algorithms do exist [1]. When restricted
to graphs of degree at most three, the problem can be solved in polynomial time [23]. However,
when restricted to graphs of degree at most four, it is NP-complete again and it has even been
shown it cannot be solved in subexponential time unless ETH fails [23]. However, very fast
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CHAPTER 1. INTRODUCTION

exponential time (O*(1.02445™)) algorithms do exist on this class of graphs [23].

For both TRIANGLE PACKING and TRIANGLE PARTITION, we will also consider a one-way
communication variant. This means there are two players, Alice and Bob, who need solve a
problem together. Both players receive some information and Alice needs to send a message to
Bob such that Bob can solve the decision problem. The complexity of a protocol is measured in
the size of the message Alice sends to Bob. Studying such variants has proved fruitful in the past,
as the result in communication complexity could be used as a basis for a dynamic programming
algorithm for the original version of the problem [12].

Specifically, an instance I of TRIANGLE PACKING COMMUNICATION consists of a graph G,
an integer n and a set A C V(G). Alice is given a graph G4 = G[Ng[A4]], Bob is given a
graph Gp = G[N¢[B]] where B = V(G) \ A. We denote set of vertices both players have access
to by A = V(Ga) N V(Gg), which we will refer to as the boundary. For this problem, Bob
needs to decide whether G contains n vertex-disjoint triangles. As before, TRIANGLE PARTITION
COMMUNICATION is a special case of TRIANGLE PACKING COMMUNICATION where n = &f)'
Both these communication problems are parameterized by the number of edges in G where one of
the vertices is contained in A and the other is not. Note that this is strongly related the concept
of cutwidth, since this is precisely the cutwidth of the cut after the last vertex in A for any linear
layout whose ordering contains all vertices of A before the vertices not in A.

Our first result is a lower bound on the complexity of TRIANGLE PARTITION, in which we
show it cannot be solved in O*((2 — €)W (%)/2) time for any € > 0. We obtain this by analyzing
the cutwidth of the graph constructed by Lokshtanov et al.[17] as a reduction from CNF-SAT
to TRIANGLE PARTITION. Note the contrast with the bound when parameterized by pathwidth,
which is O*(2PV()). This suggests that TRIANGLE PARTITION is a problem where the more
restricted parameter of cutwidth allows for more efficient algorithms. As our second result, we
show this is indeed the case by providing a O*(21¢*%(®)) time algorithm. This algorithm is
based on the observation that while in general there are graphs whose cutwidth and treewidth are
equal, these graphs can be reduced to equivalent instances where the cutwidth and treewidth do
significantly differ. As such, we can use dynamic programming on a tree decomposition of these
reduced instances.

In an attempt to further improve upon this algorithm, we study a communication variant of
TRIANGLE PARTITION. We prove a lower bound on the communication complexity by constructing
a large family of graphs and argue why a unique message must be sent for each of these graphs. We
define this family of graphs by constructing a graph for each monotone ternary boolean function.
The idea behind this approach came from the bound on the number of monotone binary boolean
functions obtained in [13]. Surprisingly, we found a lower bound of Q*(3%/3) for the communication
complexity, which is larger than the lower bound we found for the computational complexity.
Finally, we describe a communication protocol based on a branching algorithm, which provides an
upper bound on the communication complexity of O*(1.54369%).
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Chapter 2

Preliminaries

We use the shorthand [n] for the set {1,2,..,n} and [m..n] for {m,m+1,...,n}.

Complexity Assumptions

When analyzing the complexity of exponential-time algorithms we use O* notation, which sup-
presses polynomial factors in both the total input size and the variables inside, in addition to
constant factors. In the ¢-SAT problem one has to decide whether a given boolean formula, in
conjunctive normal form with clauses containing at most ¢ literals, has a satisfying assignment.
As the hardness assumption for our lower bound we use the Strong Ezponential Time Hypothesis
(SETH for short). Intuitively, SETH states that no significant improvements can be made over
exhaustive search for ¢-SAT for arbitrary ¢g. As the name suggests, it is a (significantly) stronger
variant of Exponential Time Hypothesis (ETH) which states that for fixed ¢ > 3, ¢-SAT cannot
be solved in sub-exponential time.

Theorem 2.1 (Strong Exponential Time Hypothesis [10, 11]). For every e > 0, there is a constant
q such that g-SAT on n variables cannot be solved in O*((2 — e)™).

Both ETH and SETH are fairly popular conjectures for proving lower bounds on exact expo-
nential time algorithms [18]. For example, Cygan et al. [7] show an equivalence between SETH
and the assumption that a number of other NP-hard problems cannot be solved significantly better
than by exhaustive search. Though there may not be a strong consensus that SETH holds, im-
proving on lower bounds based on SETH is at least as hard improving our best known algorithms
for a large number of problems.

Theorem 2.2 (Stirling’s Approximation [20]). Foralln > 0 : v2rn"t2e™" < n! < e\/2rn"tze ",

Graphs

Unless further specified, when we talk about a graph G = (V, E) we mean a simple graph. Spe-
cifically, G is undirected, unweighted, and does not contain self loops or parallel edges. We
denote the vertex set and edge set as V(G) and E(G) respectively. For u,v € V(G), we write
the edge between u and v as the pair {u,v}. For V' C V(G), the induced subgraph G[V'] is
the graph (V/,E(G) U (V' x V")). The open and closed neighborhood of a vertex v € V(G)
are Ng(v) = {u € V(G) | {u,v} € E(G)} and Ng[v] = Ng(v) U {v} respectively. We ex-
tend this definition to sets of vertices V' C V(G) as follows: Ng(V') = U,cy» Na(v) \ V' and
Ng[V'] = Uyevs Nalv]. For all these definitions we may drop the reference to G when there is no
risk of confusion as to which graph is being considered.

A linear layout of a graph G is a bijection 7 : V(G) — {1,...,|[V(G)|}. The cut after vertex v
is the set of all edges with one endpoint before or at v and the other endpoint after v. Formally, it
is the set {{u,w} € E(G) | 7(u) < 7(v) An(w) > w(v)}. An example is shown in figure 2.1. The
number of edges in such a cut is referred to as the width of the cut. The cutwidth of a linear layout
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7 is defined as width of the largest cut of 7 and is denoted ctw (7). The cutwidth of a graph G is
the minimum cutwidth over all possible linear layouts of G and is denoted ctw(G).

Testing if an arbitrary graph has cutwidth at most k is NP-hard [9], but FPT-algorithms for
finding linear layouts of minimum cutwidth do exists [22]. Cutwidth has been extensively studied
[22, 6, 5, 19] and is closely related to several other graph parameters [16, 5].

|
! Figure 2.1: A visualization of the cut

after v, containing all edges crossing
the dotted line. The edges contained
in the cut are highlighted in red. The
v linear layout is implicitly defined as
left-to-right in the image.

A path decomposition of a graph G is pair (X, P) where P is a path graph and X = {X; | i €
V(P)} is a family of subsets of V(G) (referred to as bags) satistying the properties:

L Uevp) Xi = V(G), every vertex of G is contained in some bag
2. Y{u,v} € E(G) : Ji € V(P) : {u,v} C X;, every edge of G is contained in some bag
3. Yv € V(G) the set {i | v € X} induces a connected subgraph of P

The pathwidth of such a decomposition is max;cy (p) | X; —1|. The pathwidth of G is the minimum
width among all path decompositions of G. When analyzing the pathwidth of a graph, we will
use an equivalent definition of pathwidth through mized search games.

In a mixed search game, our goal is to decontaminate the graph. Initially, all edges of the
graph are contaminated. We clear edges by either placing a cleaner on both endpoints of the edge,
or by moving a cleaner over the contaminated edge. Edges become immediately recontaminated
whenever there is a path from any contaminated edge to any cleared edge without any cleaners
on the path. A search strategy is a sequence of moves of the following types:

1. placement of a new searcher on a vertex
2. removal of a searcher from a vertex

3. movement of a searcher from a vertex over an incident edge to the neighbouring vertex

A strategy is a winning strategy if after execution all edges are cleared. Takahashi, Ueno and
Kajitani [21] showed the minimum number of searchers required for a winning strategy is equivalent
to the pathwidth of a graph.

Branching Algorithms

One of the simplest and most commonly used techniques for designed parameterized algorithms
is branching. A branching algorithm solves the problem by building a search tree. Whenever
a decision has to be made, the branching algorithms splits the into multiple sub-problems, each
representing a possible choice for the decision that had to be made. In order to argue correctness,
one generally argues why some sequence of decisions made by the algorithm finds a solution, if it
exists. In order to argue complexity, one generally bounds the size of the search tree as a function
of the parameter.

In order to obtain the complexity of the branching algorithm, we can derive a branching vector
for each of the rules that define the choices made by the algorithm. This branching vector has
an entry for each subproblem defined by the rule, and the entry corresponds with the reduction
in the parameter caused by this decision. When an algorithm is defined by multiple rules, which
apply under different circumstances, it is common to simply analyze the algorithm in terms of the
worst-case branching vector. By solving the recurrence implied by the branching vector, we can
obtain a branching number associated with the rule [8, Chapter 3.2]. This branching number is
the base of the exponent in the upper bound on the running time.

4 Triangle Partition on graphs of bounded Cutwidth



CHAPTER 2. PRELIMINARIES

Ternary boolean functions

A ternary boolean function is any function of the form f :{0,1,2}" — {0,1}. Such a function is
monotone when x < 2’ = f(z) < f(2') where we define 2 < 2’ if and only if V¢, z; < 2j.

Proposition 1. For any monotone ternary boolean function f there exists a formula ¢ of the

form &(x) = Njcpm) Viem (@i > ciy) with ¢ ; € {0,1,2} such that f(x) =1 if and only if ¢(z) is
satisfied.

Proof. Let X be the set of all maximal vectors z € {0, 1,2}" such that f(x) = 0, that is all vectors
x € X with f(z) = 0 such that there exists no 2’ with f(z’) = 0 and = < 2’. If X is empty, f must
be constant 1, and we can choose the empty formula ¢ (that is, a formula without any clauses).
From now on, we assume X is non-empty. Since f is monotone, f(z) = 0 if and only if < ' for
some z' € X. We define ¢(z) = A cx Viepy (xi > 7).

Suppose f(xz) = 1, then there must not exist some z’ € X with z < 2/, which means for all
x' € X there must be some i € [n] such that x; > z}, which clearly implies all the clauses are
satisfied and thus ¢(z) = 1.

Conversely, if f(xz) = 0, there is some ' € X such that z < 2/, which means for all i € [n]
x; < x}, which shows the clause corresponding to 2’ is not satisfied, thus ¢(z) = 0. O

A vector z € {0,1,2}™ is balanced if and only if it is a permutation of the vector z* with ) =i
mod 3. Let X be the set of all balanced vectors = € {0,1,2}". We can associate a monotone
ternary boolean function f with each subset X C X by defining fx(x) = 1 if and only if there
exists an 2’ € X such that 2’ < z.

Proposition 2. Let X, X' C X such that X # X', then fx # fx-.

Proof. Without loss of generality, let € X and ¢ X’. Clearly, fx(z) = 1 since trivially « < z.
Since all ' € X are permutations of each other, the only 2z’ € X with the property 2’ < z is z
itself. Since x ¢ X', there is no such 2’ € X’ thus fx/(x) = 0. Therefore fx # fx. O

Corollary 2.1. Let F be the set of all monotone n-dimensional ternary boolean functions. Then
logy | F| = Q(2).

Proof. As a clear consequence of Proposition 2, we find |F| > 21%¥1 As such, we will need to
show |X| = Q( 37) Note that since the number of balanced vectors on length n # 0 mod 3 is at
most 9 times the number of balanced vectors of size n’ for the largest n’ < n with n’ =0 mod 3,
we may assume n = 0 mod 3 for our asymptotic bound. By definition of X, we can clearly see
X = () - (2"/ 3). Writing out the binomial coefficients gives us

n/3) " \n/3
1= () (o)

B n! ' (2n/3)!

—(n/3)(2n/3)! (n/3)!(n/3)!
n!

= (n/3)(n/3)(n/3)!

n!

((n/3)1)?

Using Stirling’s approximation for the factorials and absorbing the constant factors in the big-2
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notation, we find

=0 Ve

(/3 (/35 e—n/s)?’
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Chapter 3

Lower Bound on algorithmic
complexity

In this chapter we prove a runtime lower bound for solving TRIANGLE PARTITION on graphs of
bounded cutwidth. We modify the lower bound for parameterization by pathwidth previously
shown by Lokshtanov et al.[17] to be applicable to parameterization by cutwidth.

We first describe a reduction from CNF-SAT to TRIANGLE PARTITION by constructing a graph
G* parameterized by a formula ¢, such that G* can be partitioned into triangles if and only if ¢
is satisfiable. We follow the approach taken by Lokshtanov et al., whom first construct a graph G
parameterized by a formula ¢ which has a triangle packing of size mn(n + 1) + m(n + 1) if and
only if ¢ is satisfiable. Next, they extend the graph G to a graph G’ with the claimed property
that G’ can be partitioned into triangles if and only if ¢ is satisfiable. Unfortunately, G’ cannot
be partitioned into triangles regardless of ¢, since some vertices are never 'cleaned up’ as we will
show in further detail after describing the construction. After that, we will be further extending
the graph G’ into a graph G* in order to resolve this issue and we prove that G* does satisfy the
required property. Finally, we will bound the cutwidth of G* in order to derive the desired lower
bound.

We first describe the graph G as constructed by Lokshtanov et al. and summarize their proof
of the properties of G. A drawing of G is shown in figure 3.1.

Lemma 3.1. There is a polynomial-time algorithm that, given a CNF formula ¢ on n variables
and m clauses, outputs a graph G such that G has a packing of mn(n+1)+m(n+1) vertez-disjoint
triangles if and only if ¢ is satisfiable.

Proof. Let vy, ..., v, be the variables of ¢ and C1, ..., Cy, the clauses of ¢. For each i € [n] we add a
path P; containing 2m(n+1)+1 vertices and a vertex set T; of size 2m(n+1). We denote the ¢-th
vertex of P; and T; by p! and t{ respectively. For each i € [n], [ € [2m(n + 1)] we add the edges
{t},pt} and {t}, pi*1}. For each j € [m] we add n+1 gadgets. In particular, for all € [0..n] we add

79
~r ~

the vertices ¢, d} and the edge {c7, c/l\g }. We will refer to this pair as CA’; Furthermore, whenever

a variable v; occurs positively in C; we add the edges {Eg,tf("”'ﬂ )} and {c’l\; 2D for each
7 € [0..n]. When v; occurs negatively in C; we add the edges {¢] £20mr D=1y and {az, ¢2lmr =1
for each r € [0..n].

Next we formulate the properties of G as separate claims. Note that these claims correspond

to [17, Lemmata 18, 19] respectively.

iyl

Claim 1. ¢ is satisfiable = G has a packing of mn(n + 1) + m(n + 1) vertez-disjoint triangles.

Proof. Suppose ¢ is satisfiable and consider a satisfying assignment of ¢. For every variable v; that

is set true in the assignment we pack the triangles {t*'~1, p? =1 p?'} for I € [m(n + 1)]. For every

variable v; set to false in the assignment we pack the triangles {t2', p2!, p? 11 for | € [m(n + 1)].

Triangle Partition on graphs of bounded Cutwidth 7
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@é? @ag ®6,"n

Figure 3.1: The graph G, constructed as a reduction from SAT to TRIANGLE PACKING. The grey
edges represent edges that may or may not be present depending on the formula ¢. The super
vertices represent cliques with identical neighborhood.

Doing this for each variable gives us mn(n+1) packed triangles. Since the assignment is satisfying,
every clause has a literal which evaluates to true. That is, either a negative literal —v; with the

v; set to false, or a positive literal v; with v; set to true. As such, for all 0 < r < n, if v;

2(mr+j) o Tt (mrJrj)}
]) 90 ,L

remains to be packed and we add

occurs positively in Cj, then ¢ remains to be packed and we can add {¢

Conversely, if v; occurs negatively in C;, we know tQ(mTﬂ )=

{er, d} ; 2(mr+d)= "}, Doing so for all 0 < r < n and j € [m] packs an additional m(n+1) triangles,

for a total of mn(n+ 1) + m(n+ 1). |
Claim 2. G has a packing of mn(n + 1) + m(n + 1) vertez-disjoint triangles = ¢ is satisfiable.

Proof. We first observe that for any i € [n], any packing of G[P; U T;] contains at most m(n + 1)
triangles, since the only triangles in G[P; U T;] are {t{,p!, pi™'} for £ € [2m(n + 1)], and no two
subsequent triangles can be packed since they share a vertex. Secondly, we observe that, for any
j and r, all triangles containing either ¢ c; or d; contain both these vertices.

Now suppose P is a packing of G' containing mn(n + 1) + m(n + 1) vertex-disjoint triangles.
Let PP C P “be the packing containing those triangles of P which do not contain any vertex of the
form ¢} or d7 Note that P’ is a triangle packing of the graph G[U P U T;]. Furthermore, by
our second observatlon there can be no more than n(m+1) triangles i 1n P, which aren’t contained
in P’. Therefore, P’ must contain at least mn(n + 1) triangles. Since G[U,¢(, Pi U T3] contains

8 Triangle Partition on graphs of bounded Cutwidth



CHAPTER 3. LOWER BOUND ON ALGORITHMIC COMPLEXITY

n connected components, namely G[P; U T;] for ¢ € [n], which each contain at most m(n + 1)
triangles, we also that find P’ must contain at most mn(n + 1). Therefore, P’ contains precisely
mn(n + 1) triangles, by packing m(n + 1) triangles in each G[P; U T;]. Thus P must also pack
m(n+1) triangles in each G[P; UT;]. Note that since P contains an additional m(n + 1) triangles,

it must also pack each pair {c}, (2\;
The only triangles present in G[P; U T;] are of the form {t},p!,p'™'}, which we will refer
to as Aé. Note that we cannot pack two subsequent triangles Aé,AﬁH since they share the
vertex pit'. The only way to pack m(n + 1) triangle in G[P; U Tj] is to pack the triangles
AL A3, L AR AZRT2 2R ...,A?m(nﬂ) for some k € [0..m(n + 1)]. Note that for unless
k=0 or k= m(n+ 1), we skip one triangle when going from A?*~! to A?**2 By the pigeon
hole principle, there must be some r € [0..n] such that for no ¢ € [n] the skip takes place between
AF™ L and AZH2™ ] For this fixed r, we know for each i € [n] either AZ™ ™! or A" +2 must
be used in the packing. For all variables v; we set them to true if AfmTH is packed and false if

A?"”” is packed.

} in some triangle.
!
i

For every j, the pair {¢}, &\;} is packed in some triangle. The third vertex of this triangle must

be either £2™ ) or 2" for some i € [n]. If it contains ¢2"" )

; , then C; must have a
2(mr+j)

positive literal of v;. Since ¢; was not packed in G[T; U P;], and the skip was not between
A?"”'H and A?”LT'+2W, we know A?"”'H must have been packed and therefore v; is set to positive,

which satisfies C';. The argument to show that C; contains a negative literal and v; is set to false
2(mr+j7)—1

when t; is contained in the triangle is analogous. |

Since G can be constructed in polynomial time, we combine the previous claims to complete
the proof. O

Next, Lokshtanov et al. modify the construction to work for TRIANGLE PARTITION. They
construct G by adding a clique Q! on four vertices for i € [n] and I € [m(n+1)] to G. All vertices
from Q! are connected to t?l and 2. Furthermore, for all i € [n — 1] and [ € [m(n + 1)] the
vertices from Q! are connected to Qé-&-l‘ Let p € {0,1,2} such that 2n+2 = p mod 3. We remove
p vertices from @', for [ € [m(n+1)]. At this point, Lokshtanov et al. claim G’ can be partitioned
into triangles if and only if ¢ is satisfiable [17, Lemma 20]. However, for any i € [n], the set P;
contains an odd number of vertices, and any triangle containing a vertex from P; contains exactly
two vertices from P;. Therefore, any triangle packing will leave at least one vertex from each P;
unpacked and thus G’ cannot be partitioned into triangles, regardless of ¢.

In order to modify the construction to work for TRIANGLE PARTITION, we will further adapt
G’ to a graph G*, as shown in figure 3.2.

Lemma 3.2. There is a polynomial-time algorithm that, given a CNF formula ¢ on n variables
and m clauses with each clause containing at most q literals, outputs a graph G* with linear layout
7 such that G* can be partitioned into vertez-disjoint triangles if and only if ¢ is satisfiable and
ctw(m*) < 2n + 2q + 56.

Proof. Let G be as constructed in Lemma 3.1. As Lokshtanov et al. did, we add a clique Q! on
four vertices for i € [n] and I € [m(n + 1)] to G. We connect the vertices in Q! to t2] and 2/,
for i < n —1 we connect them to the vertices from Q! to @',,. We also remove p vertices from

! for I € [m(n +1)] for p € {0,1,2} such that 2n+ 2 = p mod 3. Finally, we add cliques Q; of
size four for ¢ € [2n]. Similar to before, we connect the vertices in @; with the vertices in Q;11 for
all i € [2n — 1]. For i € [n] we connect the vertices in @Q; with p}. For i € [n + 1..2n] we connect
the vertices in @Q; with pl, 11_;- We formulate the properties of G* as separate claims. The proof
of the first two claims mostly follows the steps taken by Lokshtanov et al. but also takes into
account the leftover vertices in the P;.

Claim 3. ¢ is satisfiable = G* can be partitioned into triangles.

Proof. Suppose ¢ is satisfiable. Then G has a triangle packing of the form described above, by
Claim 1. Since G is a subgraph of G*, we can embed this packing in G*. We will extend this

Triangle Partition on graphs of bounded Cutwidth 9
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2m(n+1) 2m(n+1)+1
P15 Pl ) Qan

2m(n+1) 2m(n41)+lL
Do Py Qa2n—1

6
(D) QD)

Sas Bz

@6? @53 @6:,3

- J

Figure 3.2: The graph G*, constructed as a reduction from SAT to TRIANGLE PARTITION. The
grey edges represent edges that may or may not be present depending on the formula ¢. The
super vertices represent cliques with identical neighborhood. The second column is highlighted.

packing with additional triangles, such that all the vertices of G* are contained in a triangle. For
every | € [m(n + 1)] we do the following. Let i* € [n] the unique index such that both 2! and
t2=1 are already packed. For all i € [n] such that i # i* exactly one of 2! and +2'~! is used. We
pack each of these unused vertices into a triangle with two vertices from the clique adjacent to
them. That is, for each i # i* we pack either 2! or t?l_l together with two vertices from Q..

Next, we pack the leftover vertices from Q%,QL, ..., Q!, in the following manner. In ascending
order of i, we pack all vertices from Q! into a triangle with some of vertices from Q! 11+ We do
so until we reach i*, at which point either 0, 1 or 2 vertices from Q.. will already be packed
with vertices from @!._;. Note that the case where i* = 1 is also contained in the case where
0 vertices were used. If either no vertex or only one vertex was previously packed, we pack a
triangle containing only vertices from Q.. We then continue as before, packing all vertices from
Q! into a triangle with some vertices from @!,,. When we reach @Q!,, all vertices from the Q' are
packed because the total number of vertices considered is a multiple of three. This was ensured
by removing p vertices from the final clique, since we considered two vertices from each clique and
two additional vertices from QL..

Finally, we need to pack the leftover vertices from P; for i € [n]. This leftover vertex is always
either the first vertex p! (when v; is false) or the final vertex p?m("H)H (when v; is true). We
pack this vertex into a triangle together with two vertices from the adjacent clique. Afterwards, in
ascending order of 7 € [2n] we pack the vertices from Q; into triangles. If the number of unpacked
vertices in a clique Q); is three or more, we pack a triangle containing only vertices from @;. Then

10 Triangle Partition on graphs of bounded Cutwidth
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any leftover vertices are packed into a triangle with some number of vertices from ;1. Since
the total number of vertices packed this way are 2 - 4n 4+ n = 9n, this can be partitioned into
triangles exactly. Since we have packed all vertices of G* into triangles, G* can be partitioned
into triangles. |

Claim 4. G* can be partitioned into triangles = ¢ is satisfiable.

Proof. Suppose G* can be partitioned into triangles. We show ¢ is satisfiable by first showing G
has a triangle packing of size mn(n + 1) + m(n + 1). Let us consider which triangles from the
partition are contained entirely in G. First we consider the vertices in the paths P; for i € [n]. We
observe that any triangle containing a vertex from P; contains either only the first vertex, only
the final vertex, or exactly two subsequent vertices from P;. Since every vertex must be packed
in some triangle and the total number of vertices in P; is 2m(n + 1) + 1, we can conclude the
packing must contain one triangle containing either only the first or only final vertex from P;,
and m(n + 1) triangles containing two subsequent vertices from P;. Since the third vertex of the
m(n 4+ 1) triangles is always a vertex from T;, we can conclude that each P; UT; contains at least
m(n + 1) triangles from the packing. Since the graph G contains P; U T; for all ¢ € [n], G must
contain all mn(n + 1) triangles.

Next, we consider the triangles containing the clause vertices ¢ and (@T for j € [m], r € [0..n].
First note that any triangle containing either of these vertices must also contain the other. Since
the only vertices adjacent to these clause vertices are contained in G, we can safely assume the
triangle containing these vertices is entirely contained in G.

Therefore, the triangle packing of G containing all triangles in the triangle partition of G*
which are entirely contained in G contains at least mn(n + 1) + m(n + 1) triangles. Therefore we
can conclude ¢ is satisfiable by Claim 2. |

We now proceed to bound the cutwidth of G*. In order to do so, we partition the graph G*
into m(n + 1) columns. For k € [m(n + 1)], the k-th column contains the following vertices p2*,
pfk_l, t2k, t?k_l for i € [n] together with the unique pair of clause vertices adjacent to these
vertices and the cliques Q¥ for i € [n]. Additionally, the first column also contains the cliques Q;
for i € [n] and the final column also contains the vertices p. ™" *!
i€ [n].

Let 7* be the linear layout of G’ which contains the columns in order, where each column
is ordered as follows. Column k first contains the two clause vertices contained in that column.
Next, it contains the vertices p?* !, 281 p2k 2k and the clique Q¥ in that order, for fixed i € [n]
in ascending order. In the first column the clique @; is ordered directly before the vertex p%. In
?m(nH)H and clique Q2,_; are ordered directly before Qm("+1).

7

and the cliques @,,; for

the final column the vertex p

Claim 5. ctw(7*) < 2n + 2¢ + 56.

Proof. Consider an arbitrary vertex v € V(G’) and the cut consisting of all edges crossing the gap
after v in m*. Suppose v lies in column k.

If v is either of the clause vertices, the cut will contain the 2n edges from the variable vertices
of the previous column to the variable vertices of this column and the (at most) 2¢ edges from the
clause vertices to the variable vertices of this column or the edge between the clause vertices and
at most ¢ edges from the clause vertices to variable vertices. Since ¢ > 1, the width of such a cut
is at most 2q + 2n.

If v is any of the variable vertices for the i-th variable, the cut contains 2n edges connecting
the variable vertices of this column with the variable vertices of the next column (for the first
i variables) and previous column (for the other variables), up to eight edges from the variable
vertices for the i-th variable to the clique Q¥, the 16 edges from the clique Q¥ ; to the clique QF,
and the (at most) 2¢ edges from the clause vertices to the variable vertices (that come after 7).
Unless k = 1, there are an additional 16 edges connecting @,, and Qp41. If k=1 or k =m(n+1)
an additional 16 edges from @Q; to ;41 or from Q2,_; to Q2,—;—1 are also contained. This means
that in total the width of such a cut is at most 2n + 2q + 56.

Triangle Partition on graphs of bounded Cutwidth 11
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If v is vertex from the clique @; for some i € [n], the cut contains up to four edges connecting
the clique to p}, up to four edges connecting the vertices of the clique with each other and up
to 16 edges Q; to Q;+1. It also contains 2(i — 1) edges connecting variable vertices for the first
1 — 1 variables to the variable vertices of the next column. Additionally, up to 2¢q edges connecting
the clause vertices to the variable vertices may be contained in the cut. Furthermore, 16 edges
connecting the clique Q} | with @} and 16 edges connecting @Q,, with Q,,11 are contained in the
cut. As such, the width of such a cut is at most 2¢q + 2n + 38.

Similarly, if v is either p2™ "D *1

7
. 2 1)+1
connecting p»m("+ )+

; to Qa2n_;, up to four edges connecting vertices within Qo,_; with each
other, 2(n — i) edges connecting the variable vertices of this column with the variable vertices of
the previous column, up to 2¢ edges connecting variable vertices to the clause vertices, 16 edges
connecting Qap—; to Q2n—i—1 and Qo2,—;11, and another 16 edges connecting @, with Q,41.
Therefore, the width of such a cut is at most 2q 4+ 2n + 40.

If v is a vertex from the clique Qf, the cut contains 2n edges connecting the variable vertices
of this column with the variable vertices of the next column (for the first ¢ variables) and previous
column (for the other variables), at most 2¢q edges connecting the variable vertices with the clause
vertices, up to six edges from the variable vertices for the i-th variable to the clique Q¥, the 16
edges connecting this clique to the next and previous cliques, another 16 edges connecting @,
with Q.41 and up to four edges between the vertices of QF. Thus the width of such a cut is at
most 2n + 2q + 42.

Thus regardless of the cut considered, its size is always bounded by 2n + 2¢ 4+ 56, which by

definition implies ctw(7*) < 2n + 2¢ + 56. |

or a vertex from @Qo,_;, the cut contains up to four edges

Since both G* and 7* can be constructed in polynomial time, we combine the previous claims
to complete the proof. O

Theorem 3.3. Assuming SETH, there is no € > 0 such that TRIANGLE PARTITION on a graph
G given along with a linear layout ™ can be solved in time O*((2 — ¢)<tW(m)/2),

Proof. Suppose TRIANGLE PARTITION on a graph G with linear layout 7 can be solved in O*((2 —
£)tw(m)/2) 'We show this contradicts SETH, by showing that this implies the existence of a § > 0
such that n-variable ¢-SAT can be solved in O*((2 — §)™) for any fixed q.

Let ¢ be a n-variable ¢-SAT formula for any fixed ¢g. We solve the satisfiability problem on ¢
by constructing G* and 7* by Lemma 3.2 and solve TRIANGLE PARTITION on it with the assumed
algorithm. This procedure would take O*((2 — )tW(7)/2) = O*((2 — )" +ta+28) = O*((2 — &)™).
Note that we can drop the contribution of ¢ in the O*-notation since we assumed ¢ to be a fixed
constant. Since this holds for any ¢, it directly contradicts SETH. O
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Chapter 4

Upper Bound on algorithmic
complexity

In this chapter we prove an upper bound on the complexity of TRIANGLE PARTITION on graphs of
bounded cutwidth. We do so by describing an algorithm which reduces a graph G to a graph G’,
such that G allows a triangle partition if and only if G’ allows a triangle partition, but additionally
satisfies the property pw(G’) < 3ctw(G). This allows us to use the 'naive’ path decomposition
algorithm on G’ and obtain an upper bound of O* (2%““’(6)).

The modification algorithm is rather straightforward. For every edge in G, we simply check if
it’s part of at least one triangle. If it isn’t, we simply remove it from the graph, since it clearly
cannot be used in a triangle partition. Let G’ be the graph obtained by doing so, then clearly
ctw(G’) < ctw(G) since G’ is entirely contained in G. Note that this reduction algorithm has
polynomial complexity.

Lemma 4.1. There is a polynomial-time algorithm that, given a graph G where each edge is
contained in a triangle with with linear layout w, outputs a path decomposition P satisfying
pw(P) < 3ctw(m) + 2.

Proof. We will denote the i-th vertex in m by v;. We will define a path decomposition of G via
mixed search games. Our search strategy S consists of |V (G)| rounds. The 4-th round corresponds
to the cut after v;. Whenever we refer to the degree of a vertex, we mean the degree of a vertex in
the graph induced on the edges over the cut. At the start of round i, we add a cleaner to v; unless
it already contains a cleaner. We then remove all cleaners from vertices with degree 0. Finally,
any cleaner on a vertex with degree 1 left of the cut we move along the edge unless there is a
cleaner on the other endpoint, in which case we remove the cleaner on the left endpoint instead.

In order to prove the lemma, we need to prove two properties of S, which formulate as two
separate claims.

Claim 6. The mized search strategy S cleans all edges of G without allowing recontamination.

Proof. We prove this claim by induction. Our induction hypothesis states at the end of round ¢ all
edges between vertices left of the cut after v; are clean, and no recontamination occurs. Clearly,
during the first round this is true, since there aren’t any edges entirely left of the cut.

Suppose at the end of round ¢ — 1 all edges left of the cut are clean. During round ¢, we first
add a cleaner to the vertex v;. As such, any edge between a vertex left of the cut with a cleaner on
it and v; is cleaned. We now argue that at this point all edges left of the cut are clean. The edges
one might suspect are still contaminated are edges connecting a vertex w left of the cut which
did not have a cleaner on it with v;. Clearly, we didn’t remove the cleaner from w at any point,
because every round since we put a cleaner on w had the edge {w,v;} still in the cut. Thus, if
there is no cleaner on vertex w, it must have moved along an edge. Since this only happens when
w has only a single incident edge over the cut, it must have moved along {w,v;}. Therefore, this
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edge was cleaned in some earlier round. By our induction hypothesis, no recontamination occurs
thus it must still be clean during this round. Therefore we can conclude that at this point all
edges entirely left of the cut are clean.

However, we still have to argue that during the rest of this round we don’t recontaminate any
edges. We remove all cleaners from vertices with degree 0. This can only happen to vertices left
of the cut. This means the only path from a contaminated edge to this one must use an edge over
the cut. Since every edge over the cut has a cleaner on one of its endpoints, no recontamination
can occur when we remove this cleaner. Finally, we may move some cleaners along edges. The
only way this could cause recontamination is if there is some path to a contaminated edge which
does not use the edge along which the cleaner moves. Since we only move the cleaner if there
is only a single incident edge over the cut, this cannot happen, thus at the end of this round all
edges left of the cut are still clean.

Thus, by induction we can conclude that after the final round all edges entirely left of the cut
are cleaned and no recontamination occurred. Since all edges are entirely left of the cut, this is

sufficient to prove our claim.
|

Claim 7. The mized search strategy S can be executed using %th(ﬂ') + 1 cleaners.

Proof. Let L;, R; C V(G) be the vertices containing a cleaner at the end of round i left and right
of the cut respectively. To prove the claim, it suffices to show |L; U R;| < 3ctw(G) for all i € [n],
since at most one additional cleaner is placed between the end of two consecutive rounds.

We first observe any vertex in R; must have degree at least 2. If a vertex right of the cut
contains a cleaner, it must be because the cleaner was moved over an edge. This only happens if
the other endpoint of that vertex was incident to only one edge over the cut. Since this edge is
part of some triangle, there must be another vertex on the left side of the cut that also has an
edge to the same vertex on the right, which means that vertex must be incident to at least two
edges. As a consequence, for any ¢ we find ctw(m) > 2|R,|.

Next, we observe the same must be true for any vertex in L;. After all, if a vertex left of the
cut had either degree 0 or 1, the cleaner would have been removed or moved respectively.

Finally, we note that any vertex in R; must have a neighbour left of the cut without a cleaner
on it, since the cleaner must have moved from somewhere. This allows us to derive a second
inequality on ctw(7), by counting the number of edges over a cut in terms of |R;| and |L;|:

ctw(m) > Z d(v) + Z d(u) — |E(G) N (L; x R;)|

vel; u€ER;
> 2L+ Y d(u) = Y d(u) -1
ueER; uER;
> 2|L;| + | Ry

Together with the first inequality this gives us ctw(m) > max{2|R;|,2|L;| + |R;|}. If |L;| = 0,
we immediately find |L;| + |R;| = |R;| < thT(”) Otherwise, there is an « such that |R;| =
a - |L;|. This reduces our inequality to ctw(7) > max{2a|L;|, (2 + «)|L;|}. We now have to show
|Li| + |R;| = (1 + @)|L;| < 2ctw(m). We will do so by a case distinction on the value of .

Suppose « > 2, then our inequality reduces to ctw(w) > 2a|L;|. This allows us to derive

1
(1+a)|Li] < (Ga+ )L

3
< §Oé|Lz'|

3 ctw(m)
2 2

<

= thw (m)
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Now suppose a < 2, then our inequality reduces to ctw(w) > (2 + «)|L;|. This allows us to
derive

ctw(m)
2+«

Since the right hand side is an increasing function in «, and we know 0 < o < 2, we know it
attains its maximum at o = 2, where it attains the value 3ctw(r).

Thus, at the end of any round there are at most %ctw(w) cleaners in the graph. Since during
each round we introduce (at most) a single cleaner, this implies S can be executed with at most
Sctw(m) + 1 cleaners. |

(1+a)lLi] < (1+a)

Thus, by the equivalence of mixed search games and pathwidth as discussed in chapter 2, the
path decomposition P implicitly defined by S satisfies pw(P) < 2ctw(r) + 2. O

This lemma combined with the reduction algorithm described earlier proves the main result of
this chapter.

Theorem 4.2. Given a graph G and a linear layout w, there exists an algorithm which solves
TRIANGLE PARTITION on G in O*(21¢tW(m),

Proof. We first remove all edges from G not contained in any triangle to obtain the graph G'.
Clearly, G’ allows a triangle partition if and only if G allows a triangle partition, so we may solve
triangle partition on G’ instead of G. Since G and G’ share their vertex set, 7 is linear layout of G’
as well with a width no more than in G. Lemma 4.1 can be used to obtain a path decomposition P
of G’ from 7, which satisfies pw(P) < 3ctw(w). Using the straightforward dynamic programming

approach on P gives us a complexity of O* (2%““’(")). O
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Chapter 5

Lower Bound on communication
complexity

In this chapter we will derive a lower bound on the complexity of TRIANGLE PARTITION COM-
MUNICATION. Recall that in this variant of TRIANGLE PARTITION, the graph G is divided among
two players, Alice and Bob. Together they have to decide whether G can be partitioned using
minimal communication. Roughly speaking, we derive the lower bound by constructing a family
of graphs G each representing a possible part of G that Alice may receive. G is constructed such
that Alice must send a unique message for each graph in the family. This allows to argue that any
protocol which uses a large number of unique messages must also use large messages.

We construct G parameterized by a monotone ternary boolean function f : {0, 1,2}" — {0,1}.
We define G = {G/ | f € F} where F is the family of all monotone n-dimensional ternary boolean
functions. Let f : {0,1,2}" — {0,1} be a monotone function. By Proposition 1 there exist
coefficients ¢; ; € {0,1,2} such that f(z) = AJ., Cj where Cj = V[ (z; > ¢; ;). We use these
coefficients to construct a graph G, which is visualized in figure 5.1.

For each i € [2n], we add a path P; containing 2m + 1 vertices, with the [-th vertex denoted
by p!. We also add a vertex set T} of size 2m, denoting the [-th vertex by .. We connect these by
adding the edges {t!, pl} and {#, pé“} for [ € [2m]. We then pair up these structures. Specifically,
for all i € [n], I € [m] we add the edges {ta."1, 12"} and {t3.=1 3!}, Finally, for each i € [n] we
add the edge {p37" 1", p3/""'}.

For each j € [m] we add a vertex ¢;. For each i € [n] we add edges dependent on the coefficients
¢ij- If ¢i; = 0 we connect & to t2) "}, 377" and t37. If ¢;; = 1 we connect & to t2) "} and 377"
If ¢;; = 2 we don’t add any edges. These three cases are visualized in figures 5.2, 5.3, and 5.4
respectively.

Next we add a path of cliques for each j € [m]. For each j € [m] and i € [2n] we add a clique
Q! of size four. We connect the clique vertices in Q7 with 77" and ;7 and the clique @’ 41 (unless

i = 2n). For each j € [m] we remove k € {0,1,2} vertices from @}, for k such that 4n+4—k =0
mod 3. We remove these vertices so that the vertices we wish to partition in triangles using these
cliques is a multiple of 3, thus preventing any left-over vertices.

Next we add one final path of cliques. That is, for each i € [2n] we add a clique Q; of size four.
We connect each vertex of clique @; to each vertex in cliques Q;—1 and @Q;+1 (when they exist)
and the vertex p;. We do not need to remove any vertices from the final clique of this path, since
the number of vertices we wish to partition with these cliques is a multiple of 3, regardless of n.
This concludes the construction of G.

Next we describe a family of graphs Gg = {G* | = € {0,1,2}",¢ € {0,1,2}} which represent
different options Bob might get as his part of the graph. We use these graphs to argue why a
unique message must be sent for each G/. Let x € {0,1,2}" and ¢ € {0,1,2}. G? contains the
gadgets B; for i € [n]. All B; have the vertices b} and b7 and the edge {b},b?} which will be

177
part of the boundary. The rest of B; depends on whether x; is zero, one, or two. These cases are
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ht o105
2 2m+ 2
! " Py by
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Figure 5.1: The graph G and the boundary A. Edges incident to clause vertices are not drawn
fully. The super vertices represent cliques with identical neighborhood.

Figure 5.2: The edges con- Figure 5.3: The edges con- Figure 5.4: The edges con-
necting ¢; when ¢; ; = 0. necting ¢; when ¢; ; = 1. necting ¢; when ¢; ; = 2.

visualized in figures 5.5, 5.6 and 5.7 respectively. If z; = 0 we add the vertices b} and b} and the
edges {b2,b3}, {b2,b}}, and {b3,b}}. If 2; = 1 nothing further is added to B;. If x; = 2 we add

an additional vertex b7 and the edges {b},b3} and {b?,b?} to B;. Additionally, G% contains two
additional gadgets B} and B;. The gadget BY is a clique of size four, and is part of the boundary.
The gadget B; will be a clique of a size ¢ and will be fully connected to B.

In order to construct the complete graph G from the parts G 4 and G we connect them in the
following manner. For each ¢ € [n] we add the edges {p%ﬁﬁl,b}}, {pgznﬂ,b%}, and {pggnﬂ,bf}.
Finally we completely connect the cliques Q2, and Bj. We will denote the graph constructed in
this manner as G4 ® Gp.

Next we will argue that for every pair of functions f, f’ € F, the graphs associated with them
behave differently with respect to our communication problem. This allows us to conclude Alice
must send a different message for each graph in G, which in turn implies the protocol must use

messages of at least size Q(%)

Lemma 5.1. For every pair G7, GI" where f # [ there exists a graph G such that ezactly one
of Gf & Gp, GI @ Gp can be partitioned into triangles.
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om+1 71 3 2m+1 1 om+1 71
Py b b; P21 b; Py b
3
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T omtl 2 7l T omtl 2 T omtl g2
Do b; b; Py b; Py b;

Figure 5.5: The gadget B; Figure 5.6: The gadget B; Figure 5.7: The gadget B;
when z; = 0. when z; = 1. when z; = 2.

Proof. Since f # f’ there must be some x € {0,1,2}™ such that f(z) # f'(z). Let us assume
without loss of generality that f(x) = 1 and f/(x) = 0 and let ¢ be such that |V (G¥)|+|V(G%)| =0
mod 3. Then G/ & G% can be partitioned into triangles and G/* & G cannot.

Claim 8. Gf © G* can be partitioned into triangles.

Proof. For each pair P;, T; for i € [2n] we pack triangles in either the even or the odd configuration.
The even configuration contains the triangles {p?', p?' ™, 2} for | € [m] and the odd configuration
contains the triangles {p?l_l, p?l, t?l_l} for I € [m]. The vertices from P; UT; not yet packed into
triangles are either {t?=' | I € [m]} U {p}} or {t? | I € [m]} U {p?™ "'} in case of even or odd
configuration respectively.

The values of x; determine which configuration we use for the pairs Po;_1, To;—1 and Ps;, Tb;.
If x; = 0, we use the odd configuration for both pairs. If z; = 1, we pack Py;_1, T5;—1 in the even
configuration and Py;, T; in the odd configuration. If x; = 2, we use the even configuration for
both pairs.

The gadget B; is constructed precisely such that whichever of the vertices pgﬁtl,pg?”"‘l remain
unpacked by the configuration can be partitioned into triangles with the vertices in B;. If ; =0
both p2™*+! and p2™*! are yet unpacked into a triangle. We add the triangles {p37*+! p2m+1 pl1
and {b7,b?,b}} to the packing. If x; = 1, only pg?”l remains to be packed, which we do by
adding the triangle {p3/" ™, b}, b2} to the packing. If 2; = 2, both vertices are already packed into

triangles, however in this case we can pack B; itself into the single triangle {b}, b2, b3}.

1071

Now let us consider how to pack the clause vertices ¢; for j € [m]. Since f(z) = 1 by
assumption, we know for each j € [m] there must be some ¢ € [n] such that z; > ¢; ;. If ; =1

and ¢; ; = 0, we add the triangle {t;g:ll, t;g,ﬁj} to the packing. If z; = 2 and ¢; ; is either zero or

one, we add the triangle {t37~|,¢37"" &} to the packing. Now for each j € [m], there is exactly

one i € [n] such that all four vertices t%g:ll , tég_l, tgz 71, tgz are already packed into triangles, and

for all other i € [n] exactly one of t32~1,¢37 | and of 377", 5/ has been packed. These leftover

vertices will be packed into triangles with the vertices from the cliques Qf . For each i € [2n] and
j € [m] we add the triangle containing the leftover vertex (whenever it exists) with two vertices
from the adjacent clique. o ‘

For each j € [m], we have a path of cliques Q7}, @7, ..., @, with some number of vertices of the
cliques already packed. To be precise, from two of the cliques no vertices have been packed and
from all other cliques exactly two vertices have been packed. This means that the total number
of unpacked vertices is 2(2n —2) +8 —k =4n+4 — k for k € 0,1,2 such that dn +4 —k =0
mod 3. We pack these vertices in the following manner. We go through the cliques in ascending
order of i, each time packing the vertices in a triangle possibly also containing vertices from the
next clique. If the clique has zero unpacked vertices, we go to the next clique. If the clique has one
unpacked vertex, we pack it with two vertices from the next clique. If the clique has two unpacked
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vertices, we pack it with one vertex from the next clique. If the clique has three unpacked vertices
we simply pack them into a single triangle. If the clique has four unpacked vertices we pack it into
two triangles, one containing three vertices from this clique and the other containing one vertex
from the current clique and two vertices from the next clique.

Note that in all these cases we use at most two vertices from the next clique. Since every clique
except the last each have at least two unpacked vertices at the start of this procedure, it cannot
fail before the packing of the penultimate clique. Note that at this point we may have packed
some vertices from the penultimate clique into a triangle with vertices from the clique before it.
At the point where we start packing the penultimate clique, we know all vertices from cliques
before it must have been packed. Since we started with 4n + 4 — k unpacked vertices, which is
a multiple of three, we know the number of unpacked vertices at this point is also a multiple of
three. Furthermore, all unpacked vertices are in either the penultimate or final clique, which are
two subsequent cliques. Therefore, all remaining vertices are connected and thus form a clique.
Thus, they can clearly be partitioned into triangles.

The only vertices yet to be packed into triangles are the p} for P; packed in the even config-
uration, the vertices from the path of cliques @; and the vertices from the cliques B} and Bj.
We first pack the vertices p} into a triangle with two vertices from the adjacent clique Q;. Then
the path of cliques contains some cliques with four unpacked vertices and some cliques with two
unpacked vertices. We pack this path of cliques using the same procedure as we used to pack
the previous paths of cliques. The final clique in the path may contain some number of unpacked
vertices at the end of the procedure. If there is one unpacked vertex in the final clique, we pack
it together with two vertices from Bj. If there are two unpacked vertices in the final clique we
pack them together with one vertex from Bj. Afterwards all unpacked vertices form a clique, and
since by choice of ¢ the total number of vertices is divisible by three, we are able to partition the
remaining vertices in triangles. Thus we have partitioned the entire graph into triangles. |

Claim 9. G @ G?% cannot be partitioned into triangles.

Proof. We will prove this by contradiction. Suppose there exists a packing which partitions G/ '@
G? into triangles. We start by considering the paths P; for ¢ € [2n]. Other than the first and final
vertices of each path, these vertices can only be packed into triangles containing two subsequent
vertices from P; and the unique vertex from T; adjacent to both of them. This property leads to
the fact that any triangle partition must put the paths into either the odd or even configuration
as described before.

Suppose that the final Vertex meH is packed into the triangle {p?’”,pf"“rl 2™}, then the
previous vertex in the path p ~1 can only be packed into the triangle {pl2 ,pfm ! tf"“z .
This in turn implies there is only one triangle in which p2m 3 can be packed, and this property
propagates backward, until the only vertex of the path P; that is unpacked is the first. This
describes precisely the even configuration which we defined previously. Conversely, suppose that
the final vertex pZm+1 is not packed into the triangle {p?™ 7pfmﬂ t2m}. Then {p2m Lopim, t?mfl
must be in the packing since it’s the only triangle containing p?™ but not pzm+1 Similar to before,
this implies in which triangle p2m 2 must be packed. Since this property again propagates through
the path, we find that this describes the odd configuration. Thus we can conclude that the path P;
must be packed into the even configuration when p?™*! is used in the triangle {p?™, p?™ !, 12
and in the even configuration otherwise.

Next, let us consider the gadgets B; for i € [n]. We will consider the three forms B; can have
depending upon z; separately. If z; = 0, clearly the triangle {b?, b3, bf} must be in the packing.
Then there is only one triangle which can be in the packing containing b}, thus {meH,pg:’”l b}
must also be in the packing. Note that this also implies that both Pgi_l and P5; must be put into
the odd configuration. If z; = 1, there is only a single triangle containing b7, thus the triangle
{b},02,p5" 1} must be in the trlangle This means the only triangle in Wthh pa ! can be
packed is {p3™ 17]92"”rl 37, }. Thus in this case we can also derive that Py; is put into the odd
configuration and P; 1 in the even configuration. Finally, if z; = 2, the triangle {b}, b?, b3} must

177177
clearly be contained in the packing. This implies p2 mtl1 Zm+1

must be packed in {p3",,ps"Ht t2m
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and p37" ™t in {p3, p37 Tt #2711 thus implying that both paths are in even configuration. As such,

we can derive the configurations of Ps;—; and Ps; from the value of z;.

To derive our contradiction, we will now investigate the relation between the configuration of
the paths and the packing of clause vertices. We first observe that the only way to pack a clause
vertex ¢; is to find an i € [n] such that ¢i,j = 0 and Py;_; is in the even configuration or ¢; ; = 1
and Py;_1 and P; are both in the even configuration (note that these ¢; ; are the coefficients for the
function f’, not those of f). By the direct relation between the value of x; and the configuration
of Py;—1 and P»;, this is equivalent to finding an ¢ € [n] such that ¢; ; =0 and 2; > 1l or ¢;; =1
and x; = 2. In either of these cases we find x; > ¢; ;. Since such ¢ must exist for all j, this implies
f'(z) =1, which contradicts our assumption that f’(z) = 0. |

Combining these two claims completes the proof of the lemma. O

Theorem 5.2. Any one-way communication protocol which solves TRIANGLE PARTITION COM-

MUNICATION has communication complexity Q(#), where the parameter k is the number of edges
connecting the two parts.

Proof. Since for every f # f’ there exists a G such that exactly one of Gf & G, G!" & Gy can
be partitioned into triangles by Lemma 5.1, any communication protocol must send a different
message for Gf and G ", Since these were arbitrary members of G, the number of unique messages
used in the protocol must be at least |G|. Since the messages are binary strings, the size of
largest message in the protocol must be at least the logarithm of the number of unique messages.
Therefore, the size of this message is bounded from below by log, |G|. By construction of G, we
clearly find |G| = |F|, which combined with Corollary 2.1 proves a lower bound on the size of the
largest message of Q(%) Since the number of edges between the parts of the graph is 3n + 16,
this gives the required bound. O
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Chapter 6

Upper Bound on communication
complexity

In order to derive an upper bound on the communication complexity, we will describe a com-
munication protocol which solves the TRIANGLE PARTITION COMMUNICATION. Recall that for
communication problems, we measure the efficiency of a protocol in terms of the amount of com-
munication, not runtime complexity. This means that any local computation by Alice and Bob
is essentially ‘free’, even if they require exponential time. Roughly, the protocol works as follows.
First, both Alice and Bob run an algorithm to determine which subsets of the boundary A are
relevant. Alice determines for each relevant subset S € A if G4 U S can be partitioned into
triangles. Alice then communicates which of these S allow Alice to find a partition. Next, for
each of these S, Bob computes if Gg U (A\ S) can also be partitioned into triangles. Finally, Bob
determines that G can be partitioned into triangles if and only if there was such a S such that
both Alice and Bob could partition their respective parts into triangles.

Before going into further detail, we will give a quick reminder on the problem setting. Alice
and Bob have to decide whether a graph G can be partitioned into triangles, however either player
only has a part of the graph. Specifically, for some set A C V(G), Alice only has access to the
graph G 4 = G[N¢[A]] and Bob only has access to Gg = G[Ng[B]] where B = V(G) \ A. Observe
that any triangle containing a vertex in A is contained in G 4, and any triangle containing a vertex
from B is contained in Gg. Note that there is a set of vertices, which we will denote by A, to
which both players have access. We call this set the boundary.

We call § C A a witness of a partition P if every triangle in P is contained either entirely in
AU S or entirely in BU (A '\ S). For any witness S, both G[AU S] and G[B U (A \ S)] can be
partitioned into triangles.

The algorithm used to determine which subsets S C A are relevant is crucial for both the
complexity and the correctness of the protocol. In order to guarantee correctness, it is essential
that for any graph which can be partitioned into triangles, at least one witness of a partition is
chosen. On the other hand, the communication complexity of the protocol scales linearly with the
number of relevant subsets, so we want an algorithm which chooses a small number of those.

We will use a branching algorithm to decide which subsets of the boundary are relevant. This
algorithm will branch by labeling the vertices in the boundary with labels in {0,1}. Intuitively,
label 0 corresponds with a vertex being assigned to Alice, and label 1 corresponds to a vertex
being assigned to Bob. When we say we give a vertex the trivial label we mean the label 0 if the
vertex is in A and the label 1 if the vertex is in B. Each vertex in the branching tree will have
a partial labeling of the vertices from the boundary. Each leaf of the branching tree will have a
complete labeling of the vertices in the boundary, from which we define S to be the set of vertices
which are labeled by zero.

Let £ : L — {0,1}/*l be a labeling of some L C A and let T be a triangle in G. We say a
triangle is local if it is contained entirely in A or entirely in B. We say ¢ has labeled T' partially
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if there exist vertices u,v € T N A such that v € L and v ¢ L. Furthermore, we say ¢ has labeled
T inconsistently if there exists u,v € T N L such that £(u) # ¢(v). Finally, we say ¢ has labeled T
incorrectly if T C A and there exists a vertex v € T with ¢(v) = 1 or, symmetrically, 7' C B and
there exists a vertex v € T' with £(v) = 0. Note that only local triangles can be labeled incorrectly.
We say a labeling ¢ and a partition P are consistent if no triangle in P is labeled inconsistently
or incorrectly, and no triangle in P is both non-local and partially labeled. Note that if ¢ is a
complete labeling of A and consistent with a partition P, then the set S = {v € A | £(v) =0} is
a witness of P.

Let G\ be the bipartite graph induced by the vertex sets AN A and BN A. To be precise,
let ' ={e e (ANA)x (BNA)|ee E(G)} and V' = (ANA)U(BNA), then G} = (V', E’).
For a partial labeling ¢ of A, we define the graph G, as the subgraph of G4 induced on the set
of vertices not yet labeled by ¢. The parameter of a vertex in the branching tree is the number of
edges in Gy, where £ is the labeling associated with that vertex of the branching tree. Whenever
we refer to the degree of vertices in the branching algorithm, we mean the degree in Gy.

The branching algorithm is defined by five rules, which should always be applied in order (eg.
rule three should only be applied if neither rule one or two can be applied). For each rule, we
will also prove that if there is a partition consistent with the partial labeling at a node on which
that rule was matched, one of the children of that node in the branching tree also has a labeling
consistent with a partition. In order to bound the number of relevant subsets generated we will
analyze the branching vector for each of the rules which branch into multiple scenarios.

Rule 1. Suppose a vertex v has degree zero. Then we label v as trivially.

Proof. Suppose there exists a partition P consistent with the current labeling . Let ¢’ be the
labeling extending ¢ by labeling v trivially. Let T" be the triangle in P containing v. Since v has
degree zero in Gy, T must be local. Therefore, £’ cannot have labeled T incorrectly. Furthermore,
since ¢ did not label T incorrectly, ¢ must also label T consistently. Finally, even though we may
have partially labeled T', ¢’ is still consistent with P since T is local. O

Since this is a reduction rule rather than a branching rule, we do not need to discuss its impact
on the number of leaves in the branching tree.

Rule 2. Suppose a vertex v has degree one and its only neighbour w also has degree one. Then
we label both v and w trivially.

Proof. Suppose there exists a partition P consistent with the current labeling ¢. Let ¢ be the
labeling extending ¢ by labeling v and w trivially. Let T be the triangle in P containing v and T”
the triangle in P containing w.

If T =T, then clearly it is non-local. Furthermore, it must contain a third vertex adjacent to
both v and w. Since both vertices have degree one in Gy, the third vertex of this triangle must
already be labeled. This would imply ¢ partially labeled the non-local triangle 7', which conflicts
with our assumption that £ is consistent with P. Thus we can conclude T' # T’. Furthermore,
both triangles T and T’ must be local. By similar reasoning as in the proof of Rule 1, we can
conclude P and ¢’ are consistent. O

Similar to the previous rule, this is again a reduction rule rather than a branching rule and
thus cannot increase the number of leaves in the branching tree.

Rule 3. Suppose a vertex v has k > 2 neighbours of degree one. Then we branch into 2+ d(v) — k
different scenarios. In the first, we label v and all neighbours of degree one with the trivial label
of the degree one vertices. In the second, we label all degree-one neighbours trivially and leave v
unlabeled. In the other d(v) — k branches we each label a different neighbour u with d(u) > 2, the
vertex v and all its degree-one neighbours with the trivial label of the degree-one neighbours.

Proof. Let wy, ..., wi be the degree-one neighbours of v and let uq, ..., u,, the other neighbours of
v (with m = d(v) — k). Suppose there exists a partition P consistent with the current labeling ¢.
Let ¢} be the labeling extending ¢ by labeling v and wy, ..., w with the trivial label of wy. Let
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{3 be the labeling extending ¢ by labeling wy, ..., wy trivially. For i € [m], let £;_ 5 be the labeling
extending ¢ by labeling v, u; and wi, ..., wg with the trivial label of w;. Let T be the triangle in
P containing v.

Suppose T doesn’t contain any of the vertices wy, ..., w. In that case, each of wy, ..., w; must
be contained in local triangles. Thus by arguments as in 1, £ is consistent with P.

Suppose T' contains exactly one of the vertices wy, ..., wi. Without loss of generality, let that
vertex be wi. This means ws, ..., w; must be contained in local triangles, and thus labeling them
trivially is still consistent with P. Furthermore, the third vertex of T" must be unlabeled by ¢,
since T is non-local. Thus it must be a neighbour of either v or w; in Gy, which means it must be
one of uy,...,up,. If u; € T, the labeling ¢;_, must be consistent with P since it labels T" entirely
and consistently (and 7' cannot be labeled incorrectly since T is non-local).

Suppose T contains two of the vertices wy, ..., wi. Without loss of generality, let these vertices
be wy, wy. This means ws, ..., wr must be contained in local triangles, and thus labeling them
trivially is still consistent with P. Furthermore, since T is both consistently and entirely labeled,
we can conclude £} is consistent with P. O

In the branch where we label both v and its degree one neighbours, the number of edges
between unlabeled vertices is reduced by d(v). In the branch where we only label the degree one
vertices, the number of edges between unlabeled vertices is only reduced by k. In the branch where
u; is labeled, the parameter is reduced by d(v)+d(u;) —1. Since d(u;) > 2, this is at least d(v) + 1.
As such, the branching vectors associated with this rule are of length d(v) — k 4 2, containing an
entry with value k, an entry with value d(v) and d(v) — k entries with value d(v)+1. Since k > 2,
we can use numerical analysis to determine the worst branching vector of this form is {2,3,4}
which has an associated branching number of (approximately)f 1.46557.

Rule 4. Suppose a vertex v has degree one and its only neighbour w has degree d. Then we branch
into d different scenarios. In the first, we only label v trivially. In the others, we label each vertex
of the triple {u,v,w} with the trivial label of v for the different neighbours u of w (except for v).

Proof. Let the neighbours of w be v, u1, ..., ugw)—1. Suppose there exists a partition P consistent
with the current labeling £. Let ¢ be the labeling extending ¢ by labeling v trivially. Let ¢; for
i € [2..d(w)] be the labeling extending ¢ by labeling the triple {u;_1,v,w} with the trivial label of
v. Let T be the triangle in P containing v.

If T does not contain w, it must be a local triangle. As seen in the proof of 1, this implies ¢/
and P must be consistent.

If T contains w, it must be a non-local triangle. Therefore, the third vertex of T" must be
unlabeled by £. Since it must be adjacent to both v and w, it must be a neighbour of one of them
in Gy. This means it must be one of w1, ..., ug()—1. If u; € T, the labeling £;_; must be consistent
with P since it labels T entirely and consistently (and 7' cannot be labeled incorrectly since T is
non-local). O

In the first branch, we reduce the parameter by only one. In the branch labeling {u, v, w}, the
parameter is reduced by d(u) + d(w) — 1. Because rule 3 did not apply, we know the degree of u
must be at least two. Thus the branching vector of this rule is of length d(w), containing a single
1 and d(w) — 1 terms of d(w) + 1. Numerical analysis shows that the branching vector of this form
with the largest associated branching number is the vector (1,4,4) with a branching number of
(approximately) 1.54369.

Rule 5. Suppose either all vertices on one side have degree at least two (ie. either all vertices of
A or all vertices of B). Let the number of vertices on that side be m. Then we branch into 2™
different scenarios. Each of these scenarios corresponds to a unique labeling of the m vertices on
the side where all vertices have degree at least two and the trivial labeling of the vertices on the
other side.

Proof. Suppose there exists a partition P consistent with the current labeling ¢. Suppose the side
containing the degree-two vertices is A. Let £’ be the labeling extending ¢ with ¢'(v) =0 if v € A
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and the triangle containing v is local and ¢'(v) = 1 otherwise. Clearly, all triangles are consistent
and correct. Since all vertices are labeled, no triangle is partially labeled. Thus ¢ is consistent
with P. The case where the side containing the degree-two vertices is B is symmetric. O

If our parameter is k, we know m < k/2 since all vertices have at least degree 2. Thus
we branch into at most 2¥/2 scenarios, each of which is a leaf in our branching tree. Thus the
branching number of this rule is v/2.

Lemma 6.1. Given an instance I of the TRIANGLE PARTITION communication problem with
parameter k, there exists an algorithm which finds a set S C P(A) such that |S| = O(1.54369%)
and S contains a witness if and only if I is a yes instance.

Proof. Let I be an instance of TRIANGLE PARTITION with parameter k. The branching algorithm
described above will produce a tree, where each leaf corresponds to a labeling of the vertices in
the boundary. For each labeling, we obtain a subset of the boundary by selecting precisely the
vertices labeled 0. Let S be the set of all sets obtained by doing so for each leaf. Since each of
the rules have a branching number of at most 1.54369, we can derive |S| = O(1.54369%). If T is
a yes instance, there must exists some witness for it. Since each rule conserves the existence of a
witness, this witness must be contained in S. If I is a no instance, there cannot exist any witness,
thus S also cannot contain any. O

We use this algorithm to complete the communication algorithm described at the start of this
chapter. Both Alice and Bob will run the branching algorithm on the boundary separately, not
requiring any communication. This gives them both the set of relevant subsets S. For each S € §
Alice determines whether G[AU S] can be partitioned into triangles and Bob determines whether
G[BU (A\ 9)] can be partitioned into triangles. Alice sends Bob a message containing for each
S € § whether Alice’s part could be partitioned. Bob determines if there was any S € S for which
both players could partition their respective parts and outputs his findings.

Theorem 6.2. Given an instance I of the TRIANGLE PARTITION COMMUNICATION with para-
meter k, there is a communication protocol which decides whether I is a yes instance with com-
munication complexity O(1.54369%).

Proof. Let I be an instance of TRIANGLE PARTITION with parameter k. By lemma 6.1, S contains
a witness if and only if I is a yes instance. Suppose [ is a yes instance, then both Alice and Bob will
conclude their part of the graph can be partitioned for this witness. After receiving the message
from Alice, Bob can conclude that this is a yes instance. If I is a no instance, then Bob will not
find any witness, and conclude that I is a no instance.

The message requires one bit of information for each S € &, thus it has a length of |S|. By
lemma 6.1, this is at most O(1.54369%). O
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Chapter 7

Conclusions

In this chapter we will give a short recap of the primary results and discuss the relations between
them.

As a lower bound on the complexity of TRIANGLE PARTITION, we’ve shown that there cannot
exist an € > 0 such that TRIANGLE PARTITION can be solved in O*((2 —&)°tW(©)/2) time. We did
this by analyzing the cutwidth of a graph constructed as a reduction from CNF-SAT to TRIANGLE
PARTITION. The ctw(G)/2 in the exponent appears to be rather inherent to the problem, or at
the very least to the approach taken in constructing the lower bound. Therefore we are skeptical
to the existence of a better lower bound, even though we were unable to find a matching upper
bound. Instead, the upper bound we managed to find is O*(Q%CtW(G)) by using the property that
any graph that contains only edges contained in a triangle must have relatively large cutwidth
compared to its pathwidth. Because we did not exploit the low cutwidth directly, but rather
use the fact that it implies low pathwidth, we expect a more direct use may result in a better
algorithm.

For TRIANGLE PARTITION COMMUNICATION we have shown a lower bound of Q(%) by con-
structing a graph for each monotone ternary boolean function and proving that a unique message
is required for each these graphs. Note that this suggests that any dynamic programming ap-
proach where the columns represent different cuts will not surpass this bound. We also describe
a communication protocol based on a branching algorithm which proves an upper bound on TRI-
ANGLE PARTITION COMMUNICATION of O(1.54369%). It seems plausible that this algorithm could
be improved upon further, possibly even to match the lower bound we found.

One could try to formulate a dynamic programming approach using the messages from the
communication protocol to define the rows, which would result in an improvement over the
O*(27tW(G)) algorithm we described. Unfortunately, due to the Q(3%/3) lower bound on the
communication complexity, even with improvements to the communication protocol, it will not
be possible to find a O*(2°*%(%)/2) algorithm using this method. Therefore if the goal is to find
an optimal algorithm (and prove its optimality), we recommend to either approach the problem
directly (ie. not using dynamic programming based on a communication strategy) or first attempt
to find a lower bound matching the communication lower bound for the original problem.
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