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Abstract—We present an improved calculation for reflection and
transmission coefficients in the context of a mode-matching method
with optimization, which makes the results more reliable and accurate as the number of modes employed in the mode-matching
method is increased. This method is successfully demonstrated in
a series of waveguide structures.
Index Terms—Optical waveguide, mode matching, optimization,
Newton method.

I. INTRODUCTION
ITH high efficiency and precision, the mode-matching
method (MMM, also called eigenmode expansion
method) [1] is a powerful approach to deal with optical waveguide discontinuities between two z-invariant structures (z is the
propagation direction) that are common in propagation problems [2]–[4]. It confines the boundary-value problem to the
boundary conditions only by utilizing the continuity of the tangential components of the electric and magnetic fields at the
interface between two z-invariant waveguides.
There is abundant literature on the propagation of waves in
optical waveguides. In the early development of MMM, multilayer waveguides with simple structures and accurate analytic
solutions were the main research subjects [5], [6] and it showed
good efficiency and convergence in such applications. For example, the multi-mode interference (MMI) coupler itself is a single
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segment, which is a good engineering example of MMM used in
silicon photonics [7]. Subsequently, this method was extended
to deal with three-dimensional waveguides by slicing the structure in a number of segments in which the permittivity profile
remains z-invariant. In each segment, the field is expanded in a
set of modes, which are calculated by a mode solver [8], [9]. By
applying the tangential continuity conditions and the mode orthogonality relations [10], the different segments can be related
by a scattering matrix [11]. The high computational efficiency
of MMM is attributed to the use of the mode expansion instead
of a spatial discretization [12].
In practical applications, much more attention is paid to the
simulation of open waveguide structures in which the solution domain is infinite, which is mathematically challenging
in numerical calculations. Currently, perfectly matching layers (PML) terminated by a perfectly reflecting boundary (PRB)
condition are widely used [11]. Under the PML condition, the
continuous spectrum of non-guided modes can be approximated
by a series of discrete complex modes. Although the modal orthogonality and normalization of these modes are not as critical
as guided modes, all modes can be dealt with, by similar analytical and numerical techniques [13].
The combination of MMM and a mode solver using PMLs
and PRBs are well suited to transmission problems [7], but there
are challenges when dealing with reflection and scattering. In
the actual calculation, we get unphysical reflection and transmission coefficients that seriously violate the conservation of
energy in some cases (as will be shown in Fig. 6 later on).
In the basic concept of MMM, an infinite number of complex
modes are employed in the calculation to satisfy the tangential
continuity, while in practice the number of modes is finite. Consequently, the continuity condition fails and there is a field mismatch error [9]. However, this does not mean that the mismatch
error always reduces for an increasing number of modes, due to
the unphysical nature of the modes calculated by mode solvers
that exploit PMLs. Those unphysical modes, which increase
exponentially in the PML cladding, increase the condition
number of the coefficient matrix and make the results unreliable. To make the algorithm more stable, we introduce an
L2 -norm constraint based on the conservation of energy and
transform the linear equations into an optimization problem. In
spite of the increasing computational overhead, the results of
the improved method are much more robust with a relatively

0733-8724 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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In the mode solver applied here, the PML boundary condition
is implemented via stretching coordinates. The introduction of
the imaginary part in the coordinates reduces the field reciprocity
relation defined for the exact solution of Maxwell’s equations
to a sesquilinear form instead of a true inner product since
this form does not satisfy conjugate symmetry and positivedefiniteness. The theoretical orthogonality derived from the field
reciprocity relation [10], is not a stable relation in the numerical
approximation and therefore we do not exploit the orthogonality.
Similar to the solution of the above equations in [11] and [15],
B
we can integrate the z component of Eq. (1a)×(hA
tk + htk ) and
A
B
(etk + etk ) × Eq. (1b) over the interface at z = 0, respectively,
and obtain
 +   2
 + 
 1
D1
a
D
D2
b
D
=
, (2)
D 3 −D 3
a−
D 4 −D 4
b−
Fig. 1. The waveguide consist of structure A and B, which are both z-invariant
and surrounded by PML. They The propagation direction is z and there is a
permittivity discontinuity interface at z = 0.

where the block matrices D i ∈ C N ×N (i = 1, 2, 3, 4) are determined by the inner product of the field vectors as follows:
A
B
D 1 (j, i) = eA
i , hj + hj 

small field-mismatch error and do not vary drastically with the
number of modes and relative index contrast.

3

D (i, j) =

II. GENERAL FORMULARIZATION OF THE
MODE-MATCHING METHOD
Assume the propagation direction is along the z direction
and the transverse cross section is the xy plane. The modematching interface is characterized by two distinct waveguide
sections (Fig. 1) with z-invariant permittivity profiles and both
are surrounded by PML in the transverse plane. The absorption
properties of the PML regions are controlled by three parameters, which definition can be found in [14]. Assuming that N
modes are employed on both sides, the transverse fields can
be written as a linear superposition of the forward (denoted by
‘+’) and the backward (denoted by ‘-’) modes with in general
complex propagation coefficients βk as:
Et =

N


−j β k z
j βk z
(a+
+ a−
)et,k (x, y),
ke
k e

Ht =

−j β k z
(a+
k e

−

where the subscript t denotes the transverse component. et and
ht are the transverse electric and magnetic fields and a±
k are the
coefficients of the forward and backward traveling modes.
The continuity of the tangential electric and magnetic fields
at the discontinuous interface z = 0 are expressed as follows
[9], [11]:
− A
(a+
k + ak )et,k (x, y) =

k =1
N

k =1

(a+
k

N


− B
(b+
k + bk )et,k (x, y),

B
A
D 4 (i, j) = eA
i + ei , hj ,

1
ei , hj  =
(ei × hj ) · zds.
2

We can rewrite Eq. (2) as
 + 
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b
D
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=
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(3b)
(4)

D1
−D 3
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(5)

where D denotes the transfer matrix across the discontinuous
interface.

(1a)

(1b)

k =1

where the superscripts A and B denote the waveguide sections
for z < 0 and z > 0, respectively.

0
I



a+
b−


(6)

D1 2
11
where I ∈ RN ×N is the identity matrix and D = [ D
D2 1
D 2 2 ].
For the two z-invariant semi-infinite waveguides, we assume
the forward fundamental mode is launched, so the coefficients
of the input field are given by the vector a+ = [1, 0, ..., 0]T
and there is only this source in the structure A, so there is no
backward wave in structure B, i.e. b− = 0. Then Eq. (6) can be
expressed in a more compact way as

M · x = f,

k =1
A
a−
k )ht,k (x, y)

+

(3a)

A
eB
i , hj 

Eq. (5) can be rewritten as follows:
 +  

b
D 11
I −D 12
=
0 D 22
a−
−D 21

j βk z
a−
)ht,k (x, y),
ke

k =1

N


eA
i

III. COMBINATION OF MMM AND OPTIMIZATION

k =1
N


A
B
D 2 (j, i) = eB
i , hj + hj ,

where M = [ I0
+

[ ba− ]

−D 1 2
D2 2

D1 1
] and f = [ −D
21

(7)
+

0
a
I ] [ b−

] are known,

while x =
is unknown.
We realize that Eq. (5) is not strictly an equality in practical
conditions and according to the conservation of energy at the
interface at z = 0 (where every mode has been normalized and
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its power equals 1) if there are infinitely many modes employed,
we have
1 = a+ 2 + b− 2 = a− 2 + b+ 2 ,

(8)

where  ·  denotes the Euclidean norm on a vector space.
Here, we present the introduction of the L2 -norm constraint
based on Eq. (8) and solve Eq. (7) as a constrained optimization
problem:
min F (x) = M · x − f 2

(9)

x=g

Next, we simplify the above problem based on the concept of
penalty-function methods [16] as follows:
min F (x) = M · x − f 2 + c(x − g)2
x

(10)

where c is the penalty parameter. Here, we set c = 1000.
Then we use Newton’s method to solve the above problem.
At first, we transfer the objective function F (x) in the complex
field to the equivalent function F r (y) in the real field:
F r (y) = M r y − f r 2 + c(y − g)2 ,
r eal(x)
eal(M )
where y = [ im
], M r = [ rim
ag (x)
ag (M )

−im ag (M )
]
r eal(M )

Fig. 2. The three waveguide structures have similar profile of permittivity
with different width.

(11)
and f r =

r eal(f )
].
[ im
ag (f )
It is easy to get the Hessian matrix of F r as follows:


g
yy T
2 r
r T
r
.
∇ F (y) = 2(M ) · M + 2c 1 −
I + 2c
y
y3
(12)
For any vector ȳ ∈ R4N and vector y ∈ R4N , which satisfies
y ≈ g,

(y T ȳ)T (y T ȳ)
≥0
y3
(13)
The above inequality shows that F r (y) is a locally convex
function. According to the optimization theory in [16], we can
get the minimum of F r in the local region where y ≈ g.
To evaluate the performance of the improved MMM, the field
mismatch error Δ(F ) is defined as follows:

2
max(F in pu t + F r ef l − F tr an  )
Δ(F ) =
(14)

2
max(F in pu t  )
ȳ T ∇2 F r (y)ȳ ≈ 2(M r ȳ)T (M r ȳ) + 2c

Here F can be the electric or magnetic field. F in pu t and F r ef l
denote the input excitation field and the reflected field in structure A, respectively, while F tr an denotes the transmitted field
in structure B. In the next section we will compare the errors
obtained from solving Eq. (7) by directly solving the equations
for the general MMM and from Eq. (11) for MMM-O.
IV. VALIDATION OF THE PROPOSED ALGORITHM
For Eq. (7), there is a simplified calculation (MMM-S) at the
expense of accuracy. In the simplified algorithm, the reflected
field is assumed to have the same profile as the incoming field.
In this section, we present the mismatch errors calculated by
MMM-O and compare them with the MMM (In MMM, Eq. (7)

is solved directly by matrix inversion) and MMM-S. Here we
define three waveguide structures with different width of the
core illustrated in Fig. 2:
r Structure I: height = 0.3 μm, width = 0.4 μm,
nc = 3.18
r Structure II: height = 0.3 μm, width = 0.6 μm,
nc = 3.18
r Structure III: height = 0.3 μm, width = 1.2 μm,
nc = 3.18
r Structure IV: height = 0.3 μm, width = 1.2 μm,
nc = 5.18
The computational region without PML is 4 μm × 4 μm and
the PML parameters are set as explained in [17] and we let
αj,m ax = 2, j = 1, 2, 3, 4. They control the absorption properties of the PML regions. The modes of every z-invariant structure are calculated by a vector finite element mode solver with
rectangular elements. The algorithm and formulas of this mode
solver are based on Chapter 8 in [18].

A. Small Transverse Discontinuity
First, we chose Structure I as structure A and Structure II
as structure B. The width discontinuity between them is relatively small. The fundamental mode of structure A is injected
at z = z1 . We calculate the reflection coefficients at z = z2
and transmission coefficients at z = z3 . In all the examples
below, we set z1 = −5 μm, z2 = −10 μm and z3 = 10 μm.
Fig. 3 shows the sum of squares of transmission and reflection
coefficients of these three methods at the discontinuous interface. The figure indicates that the results of MMM-O and
MMM-S satisfy the energy conservation well, while there are
serious deviations in MMM. Fig. 4 demonstrates that MMM-O
has a smaller error and better convergence than MMM-S.
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Fig. 3. The variation of the total energy of reflection and transmission with
the number of employed modes.

Fig. 5. The variation of the condition number of coefficient matrix M versus
the number of employed modes.

Fig. 4. The variation of the field mismatch error with the number of employed
modes.

Fig. 6. The variation of the total energy of reflection and transmission versus
the number of employed modes.

B. Large Transverse Discontinuity
Then, we replace Structure II with III, which aggravates the
discontinuity at the interface z = 0. The difference in the profiles
of permittivity leads to a different distribution of modes, which
has great influence on the coefficient matrix M in Eq. (7).
Fig. 5 shows the mode index growth trend in the condition
number of M (defined as M −1  · M ) along with the number of employed modes (N ). The high condition number implies
the unreliability of matrix inversion [19], which is reflected by
the large deviations in MMM. The high-index contrast can also
cause a significantly large error. So the Δ(F ) is larger in total
than that in the small refractive-index contrast case. In the small
transverse discontinuity case, the penalty function in MMM-O
and the reduced dimension in MMM-S are effective to avoid
the ill-conditioning of the coefficient matrix. However, only
MMM-O exhibits good performance in the large transverse discontinuity case. Fig. 6 shows that good stability of MMM-O
is obtained as the number of employed modes increases, while
the overall error of MMM and MMM-S becomes very large
and has a diverging trend. As the number of modes increases,
MMM-O exhibits a better convergence. From the perspective

of error and stability, MMM-O is clearly better than the other
two methods. However, MMM-O has a serious shortcoming, its
computational cost. To reduce the computational complexity, we
replace Newton’s method with a quasi-Newton BFGS algorithm
with Armijo line search. Nevertheless, its computational effort
is still several times higher than that of the other two methods.
This conclusion can be illustrated by Fig. 7. It demonstrates the
CPU times of the example in Section IV-B calculated by the
three methods respectively.
A PML is an artificial material and modes that exist within
the PML are nonphysical. The PML region is lossy, therefore
the orthogonality of nonphysical modes does not always hold,
which causes the noise and singularity of the coefficients matrix.
There may be some nonphysical modes used to calculate the
scattering parameters if the number of modes we choose is
more than the number of guided modes. So it does not mean
that the field mismatch error reduces with the increasing number
of modes, as shown in Fig. 4. In cases for which we do not know
the most suitable number of employed modes, the stability of
the algorithm with N is especially necessary and important.
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Fig. 7. The variation of the CPU time versus the number of employed modes
when calculating the example in Section IV-B.

Fig. 8. The variation of the normalized energy of transmission and reflection
with the number of employed modes where Structure A is Structure I and
Structure B is Structure III.

C. Comparison With FDTD
We provide two examples to show the accuracy of MMMO through the comparison with FDTD (Lumerical F DT D
Solution [20]). We choose stabilized PML parameters in FDTD
for more reliable results. However, the FDTD results are considerably mesh dependent, and therefore not suitable as a true
benchmark, mainly because the optimal mesh size is not known.
Instead, the FDTD results should be seen as an estimation for
the order of magnitude of the reflection and transmission coefficients. The first case is the large transverse discontinuity case in
Section IV-B (Fig. 8 shows the comparison between MMM-O
and FDTD for Structure I and Structure III). As to the second
case, we keep Structure I as structure A and choose Structure IV
as structure B (Fig. 14 compared FDTD shows the comparison
between MMM-O and FDTD for Structure I and Structure IV).
The two figures show that the results of MMM-O converge to
that of FDTD well. Compared with FDTD, especially when
computing long-distance transmission, the efficiency of MMMO is still considerable.
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Fig. 9. The variation of the total energy of reflection and transimision with the
number of employed modes where Structure A is Structure I and Structure B is
Structure IV.

Fig. 10. The variation of the normalized energy of transmission and reflection
as a function of the wavelength λ.

D. Transmission and Reflection as a Function
of the Wavelength
This time we choose Structure IV as structure A and Structure I as structure B. We change the wavelength λ from 1.05 μm
to 1.85 μm with step Δλ = 0.5 μm. The energy of transmission and reflection of the wave propagating in the structure are
shown in Fig. 10. According to the trend line, we can conclude
that the transmission decreases and reflection increases with the
increase in wavelength. The total energy of transmission and
reflection at the discontinuous interface reflects the validation
of energy conservation in MMM-O. The energy at z = 10 μm
and z = −10 μm shows that the loss of light in the PML, which
corresponds to the radiation loss for the open waveguide, is
stable as the wavelength increases except for some fluctuations.
E. The Coupling Between Fiber and SOI
To prove the practicality of the algorithm, we consider a more
realistic case, in which the input waveguide (structure A) is a
conventional single-mode optical fiber coupled to a silicon-oninsulator waveguide (SOI, structure B). The design of SOI is
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V. DISCUSSION AND PMLS IN MODE ANALYSIS

Fig. 11. The size and refractive index of the single mode optical fiber as
structure A.

Fig. 12.

The size and refractive index of the SOI, as structure B.

The PML technique is widely used to truncate the infinite
domain in numerical simulations. It can be applied in the modal
expansion of open waveguides, which are unbounded in the
transverse plane. There are several numerical methods to calculate the modes of the bounded waveguide with PML, such as the
finite difference method, finite element method and the rigorous
coupled wave analysis (RCWA). In [22]–[24] the completeness
of the modes for plate waveguides, fibers and three-dimensional
structures with PMLs was proven, respectively. Theoretically,
PMLs should absorb all incident waves without reflection, but
the PMLs still have some reflection after being discretized [25].
The determination of PML parameters affects the numerical
accuracy of the modes of open waveguides and, as a consequence, it affects the transmission and reflection coefficients
based on these modes. The modes with discrete spectra obtained by numerical calculation can by roughly divided into two
categories, i.e., guided modes and complex modes. Complex
modes can be seen as the packets of radiation modes [23] and
they are not orthogonal in the real domain [15], especially those
modes that exist mainly in the PMLs. As the number of this
type of mode increases, the condition number of the coefficient
matrix increases and the singularity of the same matrix is intensified, resulting in the deviations in the figures obtained from
MMM. Naturally, we look for ways to get an optimal solution
without the interference caused by the singular nature of the coefficient matrix. Fortunately, with the conservation of energy as
a constraint, we successfully avoid this singularity and achieved
good results.
VI. CONCLUSION
We proposed an improved method to solve the equations
obtained from MMM. By introducing the constraint condition
based on the conservation of energy and adding it to the object
function as a penalty, the equations are solved as an unconstrained optimization problem. Although compared with MMM
and MMM-S, the computational cost of our proposed method is
several times higher than that of MMM / MMM-S, our method
yields more stable convergence and smaller field-mismatch error. It is suitable for a larger range of mode selection and
geometric discontinuity.

Fig. 13. The total energy of transmission (reflection) at z = 10 μm (z =
−10 μm) of MMM, MMM-S, MMM-O and FDTD.

based on [21]. The sizes and refractive indexes of the fiber and
SOI are shown in Figs. 11 and 12.
The comparison of the total energy of transmission (reflection) at z = 10 μm (z = −10 μm) calculated by MMM-O,
MMM, MMM-S and FDTD are shown in Fig. 13. If we regard
the results of FDTD as a benchmark, the figure demonstrates
that MMM-O has the minimum error in transmission, while
MMM-S has the minimum error in reflection. Considering the
accuracy of transmission and reflection at the same time, MMMO is undoubtedly the best choice. It makes both errors relatively
small.
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