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Summary
Computational homogenization of acoustic metamaterials towards emergent
generalized continua

Acoustic metamaterials are a special class of heterogeneous materials with extraordinary elastic wave manipulation capabilities. They aim for improved solutions in low
frequency vibration and noise control, precision sensing, wave guiding, acoustic energy
harvesting, sonar cloaking of objects etc.. The metamaterial concept revolutionizes the
cutting edge in high precision, civil, biomedical and defence technologies. Originating from the work of Veselago in the 1970s, the field of acoustic metamaterials has
vastly grown in recent times with the discovery of various potential applications and
the publication of promising experimental results. Most acoustic metamaterials are
based on one or a combination of two main scattering phenomena, namely Bragg scattering and local resonance. Bragg scattering occurs in periodic lattices at frequency
regimes where the wavelength of the elastic wave is close to the lattice constant, while
local resonance occurs in hybrid materials with embedded micro-resonators (arranged
in a lattice fashion or otherwise,) around their natural frequencies. Unlike Bragg scattering, local resonance can scatter elastic waves at wavelengths much larger than the
size of the resonators. Hence, local resonance based metamaterials are typically manufactured using a relatively stiff host matrix material, making it more suitable for low
frequency applications in civil engineering, while Bragg scattering based metamaterials
are more favoured in ultrasonic applications. Scientific challenges in the field of acoustic
metamaterials lies in the formulation of effective homogenized continuum models that
reproduce their essential dispersive behaviour. More recent efforts have been put forth
towards computational homogenization (FE2 ) methods for simulating transient boundary value problems on acoustic metamaterials with complex micro- and macro-structural
geometries and a non-linear material response while offering a significant computational
speedup over direct numerical simulations. Furthermore, another aspect of growing interest is to exploit enriched/generalized continua as proposed by Eringen in the 1960s,
to model the exotic effective elastodynamics of acoustic metamaterials. For instance,
local resonance effects can be modelled by an enriched micro-inertial continuum, where
additional internal kinematic degrees of freedom are introduced to capture the dynamics
of the embedded micro-resonators. The same has also been demonstrated with respect
to Bragg scattering effects using more generalized continuum models.
There are two main challenges towards developing a generalized multiscale framework
for acoustic metamaterials, namely the definition of the micro and macro scales, and the
formulation of the scale transition relations. Firstly, the classical definition of scales must
be appropriately reformulated as it is only valid in the low frequency, long wavelength
limit where local resonance and Bragg scattering effects are absent. Secondly, since there
is a huge range of possible acoustic metamaterial designs with varying microstructural
v
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topologies, it is not possible to characterize the effective elastodynamics for an arbitrary
metamaterial design a priori. Instead, the macroscopic fields for a given design have
to be formulated based on the knowledge of its characteristic microstructural vibration
mode shapes in the given frequency range of analysis. Hence, the enriched/generalized
macro-scale continuum of acoustic metamaterials has to emerge from the underlying
multiscale framework.
This dissertation presents two novel numerical multiscale approaches for the modeling and analysis of acoustic metamaterials. The first approach is specialized to local
resonance based metamaterials, while the second approach is more general. For the sake
of simplicity, material nonlinearity and dissipation have been neglected throughout the
present investigation in favor of a linear elastic microstructural description. The outline
of the thesis is as follows. The background and motivation is presented in Chapter 1.
Chapter 2 presents a dynamic homogenization framework based on the extension of the
classical quasi-static formulation, towards local resonance metamaterials. A relaxed scale
separation principle is proposed where the classical scale separation (long wavelength
approximation) is retained for the matrix while the inclusion is allowed to behave dynamically, thus allowing for local resonance effects. For a given unit cell microstructure,
the micro-dynamics is modeled using a compact set of local resonant eigenmodes. The
modal amplitudes of these modes emerge as additional internal kinematic variables at
the macro-scale, yielding an effective macro-scale continuum with enriched micro-inertial
effects. Exploiting the homogenized enriched continuum framework, Chapter 3 and 4
present computationally efficient and accurate, dispersion and boundary value problem
analyses of local resonance metamaterials. Chapter 3 proposes a semi-analytical analysis approach of 1D local resonance metamaterial structures based solely on the negative
effective mass density effect, while Chapter 4 explores the finite element analysis of 2D
structures of local resonance metamaterials exhibiting both negative mass density and
negative stiffness effects.
Chapter 5 introduces a general homogenization framework for acoustic metamaterials exhibiting both Bragg scattering and local resonance. A robust definition of scales
is formulated based on the Floquet-Bloch transform, which is independent of any requirement on scale separation. Based on this, a new, “Floquet-Bloch” (FB) average is
introduced, which in conjunction with a set of characteristic projection/weight functions,
is used to extract the generalized macro-scale quantities from the corresponding full scale
field. The projection functions are constructed from the Floquet-Bloch eigenmodes of
the microstructural unit cell, computed at certain points in the Brillouin zone within
the frequency regime of interest. Chapter 6 investigates the macro-scale boundary value
analysis of the generalized framework. Finally, conclusions and future recommendations
are given in Chapter 7.
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CHAPTER

1

Introduction
1.1

Background and motivation

Acoustic metamaterials are artificially designed composites that exhibit extraordinary
elastic wave manipulation capabilities not observed in ordinary materials [1–5]. The
field originally stemmed from research on electromagnetic metamaterials [6, 7] and later
expanded into the domain of elastic waves. Over the past three decades, the field of
acoustic metamaterials has gained tremendous popularity with the discovery of many
potential applications encompassing a plethora of exotic wave phenomena borne out of
specialized design concepts. Although acoustic metamaterials cover a broad term with
various design concepts and mechanisms, most designs are based primarily on one or a
combination of two phenomena, namely Bragg scattering and local resonance. Bragg
scattering occurs in periodic composites when the wavelength of the incoming wave is of
the same order as the lattice constant of the structure resulting in destructive interference
of the incoming and reflected waves. This leads to the formation of bandgaps/stopbands,
i.e. a range of frequencies where the sound exponentially decays in space within the
metamaterial medium. Acoustic metamaterials exclusively based on Bragg scattering
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output

Figure 1.1: A typical LRAM unit cell consisting of a cylindrical lead inclusion with a
rubber coating embedded in an epoxy matrix. The combination of a heavy lead core and
the soft rubber coating acts like a local resonator with an eigenmode as shown above.
The transmission spectrum of a waveguide built using the LRAM unit cells is also shown
to illustrate the bandgap generated due to the local resonance mode.
1
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are also referred to in literature as phononic crystals. On the other hand, local resonance
acoustic metamaterials (LRAMs) are composites with embedded “micro-resonators”,
which couple with the incoming wave at frequencies close to their natural frequency,
at which point the wave is strongly scattered in the medium leading to a bandgap. It
is analogous to Raman scattering [8] which describes the scattering of electromagnetic
waves in a medium due to resonant vibrations of its constituent molecules. Unlike Bragg
scattering, local resonance can be triggered in the subwavelength regime, i.e. when the
wavelength of the propagating wave is much larger than the characteristic length scale
of the metamaterial (e.g. unit cell size). Furthermore, local resonance, as such, does
not require a periodic arrangement of the resonators to be effective. In addition to
bandgaps, acoustic metamaterials can also exhibit exotic dispersive behavior resulting
in a zero/negative refractive index [9, 10], hybrid polarization modes [11] etc., as well as
emergent wave phenomena such as rotational (Cosserat) waves in ordinary composites
[12]. Figure 1.1 illustrates a LRAM unit cell and the bandgap generated by it, based on
the well-known design proposed by Liu et.al. [13] .

1.1.1

Potential applications

Numerous potential applications of acoustic metamaterials at various frequency regimes
have been conceptualized. The bandgap mechanism allows acoustic energy to be effectively manipulated, i.e. either reflected back to the source serving sound shielding
applications [14, 15], or localized to a damper for enhanced dissipation (inhibiting transmission and reflection) [16, 17] or to convert it to electric energy through a transducer
[18]. LRAMs in particular find application in vibration isolation of civil structures since
they can be designed for high structural stiffness and low target frequencies in the audible
and seismic wave regimes. On the other hand, phononic crystals have applications in the
MHz up to the THz regime ranging from ultrasonic to thermal applications [19–22]. By
introducing artificial defects in phononic crystals, ultra sensitive frequency sensing has
been realized [23]. Negative refractive index metamaterials have potential for realizing
an acoustic super lens, which allows focusing elastic/sound waves with a resolution much
higher than allowed by the classical Rayleigh limit [9, 24]. Geometrical and material nonlinearities have also been exploited towards tunable [25] and non-reciprocal [26] acoustic
metamaterials. Functional grading has been applied to achieve superior wave redirection capabilities including acoustic cloaking [27–29]. In recent developments, space-time
phononic crystals, i.e. composites whose material properties vary periodically with both
space and time have been proposed to provide another means to achieve non-reciprocal
metamaterials [30]. Acoustic topological insulators, i.e. metamaterials which only allow
sound propagation along the surface of the material have also been realized [31].

1.1.2

Modeling of acoustic metamaterials

The design of the unit cell plays a key role in determining the overall elastodynamic
response of acoustic metamaterials. Standard finite element (FE) based numerical approaches can be used to robustly model such materials. However, the computational
cost of direct numerical simulation (DNS) is prohibitive, since acoustic metamaterials
are composed of many unit cells forming a complex heterogeneous structure requiring
a very fine mesh. Therefore, several alternative approaches have been proposed that
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allow a more computationally efficient implementation. The underlying mathematical
frameworks for such approaches can be broadly classified into two categories, namely
the Floquet-Bloch expansion [32, 33] and homogenization theory [32, 34–36]. Both
frameworks essentially allow the decomposition of the total (full-scale) problem into two
sub-problems namely, the macro-structure problem involving the boundary conditions
on the metamaterial structure, and the micro-structure problem involving the analysis on a single unit cell domain. The sub-problems are considerably cheaper to solve
compared to the direct (full-scale) problem. The decomposition into the sub-problems
is facilitated by different characteristic assumptions in each of the frameworks. The
Floquet-Bloch expansion assumes a periodic material distribution while homogenization
theory adopts a (large) scale separation principle i.e. the wavelength of the propagating
wave is much larger than the characteristic length scale of the micro-structure.
The Floquet-Bloch expansion expresses the steady state solution of an acoustic metamaterial problem as a spectral expansion [32] with respect its characteristic FloquetBloch eigenmodes, each modulated by a harmonic carrier wave defined by its respective
eigen-wavevector. The Floquet-Bloch eigenvalue problem is evaluated over a periodic
unit cell domain, constituting the micro-structure problem. The macro-structure problem is a simple algebraic problem on the amplitude of the modulation waves which
is obtained by imposing the boundary conditions on the macro-structure. The finite
element method (FEM) can be applied to solve the unit cell problem, leading to an efficient numerical methodology for the dispersion and boundary value analysis of periodic
acoustic metamaterials [37–41]. FEM is favored for its robustness towards modeling
complex unit cell designs with highly contrasting material properties. Dynamic model
order reduction [42, 43] has also be applied to the unit cell problem in order to increase
computational efficiency. Other solution approaches such as the plane wave expansion,
multiple scattering theory, etc., have also been applied to specific unit cell designs. The
main limitation of the methods developed based on the Floquet-Bloch expansion thus
far is that they are restricted to steady state analysis on simple boundary value problems
such as reflection/transmission at a single interface or for 1D macro-structures.
Homogenization theory, as stated earlier makes use of a scale separation principle,
allowing a two-scale (micro-macro) problem decomposition. However, the classical definition of scales [34] is only valid in the very low frequency regime, where the response
at the level of the micro-structure is quasi-static, thereby excluding metamaterial phenomena. Various dynamic homogenization theories based on a modified scale separation
principle have been proposed to extend the framework towards acoustic metamaterials.
Restricting to LRAMs, a successful extension has been achieved by proposing a relaxed
scale separation principle [36, 44, 45] that only enforces the long wave requirement in the
matrix domain, while the wavelength in the resonator domain is allowed to scale freely
and independently, thereby permitting local resonance. Here, the micro-scale problem is
defined over a representative volume (e.g. the periodic unit cell or a statistically representative volume in case of a random micro-structure) of the metamaterial. On the other
hand, the macro-scale problem is defined over the global domain with respect to a homogenized effective medium that reproduces the same elastodynamic response at the coarse
scale as the original heterogeneous medium. In literature, various analytical methods
have been developed for deriving the effective medium description of simplistic microstructures [4, 5, 11, 45, 46]. In recent years, multiscale frameworks for obtaining the
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effective elastodynamic medium for a general metamaterial micro-structure design have
been proposed by several authors [47–49]. However, only a few papers exist [44, 50] that
have exploited such frameworks towards efficient numerical methodologies for LRAMs
involving complex micro- and macro-structural geometries and sophisticated structural
boundary conditions (such as transient loading). Furthermore, the application of model
order reduction techniques [51] towards simplifying the micro-scale problem has also not
yet been explored. In addition, the computational homogenization methods have only
been demonstrated on the most common subclass of LRAMs that only exhibit negative mass effect, while the more special subclass exhibiting negative stiffness or double
negative (combined negative stiffness and mass) effects has not been investigated.
Homogenization based approaches for modeling Bragg scattering effects have also
been attempted but in general remain limited to a narrow range of frequencies. The
classical macro-scale wavelength is of the same order as the size of the unit cell as the
applied frequency approaches the Bragg scattering regime. Higher order asymptotic
homogenization approaches have been proposed that add corrections for lower scale
separations encountered in the Bragg regime [48, 52–54]. However, they are usually
only accurate upto the onset of Bragg scattering and break down for higher frequency
dispersion branches. A different approach was proposed in [49, 55] where the scale
separation was defined with respect to the Floquet-Bloch wave instead of the classical
wave, leading to a generalized macro-scale continuum of the form proposed by Mindilin
[56]. This allowed high frequency phenomena in the deep Bragg scattering regime to
be captured, however still limited to a narrow frequency range around the propagation
frequency of the corresponding Floquet-Bloch wave. The modified definition of scales
brakes down beyond this frequency range. Hence, a more robust framework for defining
scales is required for modeling Bragg scattering in a wider range of frequencies. This was
first achieved by the framework of Willis [57–60], who formulated a spectral definition
of scales based on the Floquet-Bloch formalism. Other authors [61–63] also contributed
exploiting this concept. The resulting framework is capable of accurately capturing
Bragg scattering in a wider range of frequencies. However, the approach still fails to
model the very high frequency behavior for general unit cell designs. The reason for
this limitation was identified by Nassar et.al. [61, 64], who showed that the uniform
volume averaging operator is suboptimal at frequencies beyond the low-order branches.
At higher frequencies, exotic wave modes emerge, especially for 2D and 3D unit cell
geometries, which can transport energy even at vanishing average displacement, e.g.
rotational/Cosserat waves [12].
Another challenge with Floquet-Bloch based homogenization is the setup of the
boundary conditions on the homogenized problem. Only a few papers attempted research in this direction [62, 63, 65]. So far, no proper solution exists that provides a
computationally viable approach for boundary value analyses for a wide range of frequencies.

1.2

Scope and objectives

The main objective of this thesis is to propose a computationally efficient homogenization scheme for modeling acoustic metamaterials with arbitrary unit cell design and
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sophisticated macro-scale boundary conditions. The thesis also aims for a robust framework capable of capturing various acoustic metamaterial phenomena in a wide range of
frequencies. To this end, a number of subjects will be addressed:
1. Numerical multiscale modeling of LRAMs: While several theoretical frameworks on the homogenization of LRAMs have been proposed, they are hardly
exploited towards efficient computational methodologies. Furthermore, the integration of model order reduction techniques popularly used in the field of structural
dynamics into a numerical multiscale framework for LRAMs has also not been explored.
2. Computational homogenization of negative stiffness effects: Among the
computational homogenization methodologies for LRAMs, none have specifically
been applied to LRAMs with negative stiffness/double negative effects.
3. A general homogenization framework for acoustic metamaterials: Homogenization frameworks based on the Floquet-Bloch formalism have the potential to model the elastodynamics of acoustic metamaterials in a wide range of
frequencies. However, the formulation of the homogenization operator has to be
generalized in order to capture emergent phenomena at higher frequencies. This
has not yet been extensively investigated.
4. Boundary value analysis of homogenized continua: Solving boundary value
problems of a homogenized continuum applicable in a wide range of frequencies
poses a considerable challenge. A robust computationally efficient methodology
has not been proposed thus far.
For the sake of simplicity, material nonlinearity and dissipation effects have been
neglected throughout the present investigation in favor of a linear elastic description.
Furthermore, the influence of bulk and edge defects is disregarded by considering perfectly periodic and macro-structures containing complete unit cells only.

1.3

Outline of the thesis

The outline of this thesis is as follows. Chapter 2 presents a dynamic homogenization
framework based on the extension of the classical quasi-static formulation, towards local
resonance metamaterials [66]. A relaxed scale separation principle is proposed where
the classical scale separation (long wavelength approximation) is retained for the matrix while the inclusion (resonator) is allowed to behave dynamically, thus allowing for
local resonance effects. For a given unit cell micro-structure, the micro-dynamics is
modeled using a compact set of local resonant eigenmodes. The modal amplitudes of
these modes emerge as additional internal degrees of freedom at the macro-scale, yielding an effective micromorphic-type macro-scale continuum with enriched micro-inertial
effects. Exploiting the homogenized enriched continuum framework, Chapter 3 and 4
present computationally efficient and accurate, dispersion and boundary value problem
analyses of local resonance metamaterials. Chapter 3 proposes a semi-analytical analysis approach for local resonance metamaterial structures based solely on the negative
effective mass density effect [67], while Chapter 4 explores the finite element analysis of
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local resonance metamaterial structures exhibiting both negative mass density and negative stiffness effects [68]. Chapter 5 introduces a general homogenization framework for
acoustic metamaterials exhibiting both Bragg scattering and local resonance [69]. A robust definition of scales is formulated based on the Floquet-Bloch transform, replacing
the conventional scale separation requirement. Exploiting this, a new, Floquet-Bloch
(FB) average is introduced, which in conjunction with a set of characteristic projection/weight functions, is used to extract the generalized macro-scale quantities from
the corresponding full scale field. The projection functions are constructed from the
Floquet-Bloch eigenmodes of the micro-structural unit cell, computed at certain points
in the Brillouin zone within the frequency regime of interest. Chapter 6 investigates the
solution of boundary value problems on the basis of the generalized framework. Finally,
conclusions and recommendations for future research are given in Chapter 7.

CHAPTER

2

Homogenization of Locally Resonant Acoustic
Metamaterials towards an emergent enriched
continuum
Reproduced from:
A. Sridhar, V. G. Kouznetsova, and M. G. D. Geers.
Computational Mechanics, 57(3):423-435, 2016.

Abstract
This contribution presents a novel homogenization technique for modeling heterogeneous
materials with micro-inertia effects such as Locally Resonant Acoustic Metamaterials.
Linear elastodynamics is used to model the micro and macro scale problems and an
extended first order Computational Homogenization framework is used to establish the
coupling. Craig Bampton Mode Synthesis is then applied to solve and eliminate the
micro-scale problem, resulting in a compact closed form description of the microdynamics
that accurately captures the Local Resonance phenomena. The resulting equations represent an enriched continuum in which additional kinematic degrees of freedom emerge
to account for Local Resonance effects which would otherwise be absent in a classical
continuum. Such an approach retains the accuracy and robustness offered by a standard
Computational Homogenization implementation, whereby the problem and the computational time are reduced to the on-line solution of one scale only.

2.1

Introduction

The study of the elastodynamics of heterogeneous materials has led to the discovery
of a special class of a composite material known as Acoustic Metamaterials [2]. They
exhibit remarkable acoustic properties ranging from near zero transmissibility [13], enhanced absorption [70], negative dynamic mass density [5]/ bulk modulus [10], negative
refractive index [24], super anisotropy, zero rigidity [71] etc. These exotic phenomena
have numerous potential applications such as low frequency noise attenuation [70], isolation of civil structures from seismic waves [14], superlenses with a resolution beyond
the Rayleigh limit [9] [24], waveguides that can be used to channel acoustic waves, etc.
Two important physical phenomena are responsible for the extraordinary properties
of Acoustic Metamaterials, Local Resonance and Bragg Scattering [1]. These two phenomena operate at different length scales, whereby Bragg scattering is dominant for
wavelengths (of the propagating wave) of the same order as the size of microstructural
7
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phases and Local Resonance at larger wavelengths. This work exclusively deals with the
modeling of the latter phenomena, which are typically applied in the lower frequency
regime. The subclass of Acoustic Metamaterials exhibiting Local Resonance is known as
Locally Resonant Acoustic Metamaterials (LRAM). A typical unit cell micro-structure
of a LRAM consists of a matrix with an embedded inclusion or a substructure [1]. These
inclusions/substructures consist of two parts, a central region with high mass density
supported by a surrounding highly compliant region (for eg. rubber coated lead inclusions [13], also see Figure 2.4). This enables the unit cell to exhibit low frequency
localized vibration modes (see Figure 2.5) that strongly couple to the long wavelength
propagating wave in the matrix at the resonance frequency. The strong coupling around
this frequency is what is responsible for the Local Resonance phenomena [13] [5].
A plethora of techniques is available for modeling the elastodynamics of heterogeneous
materials although not all are equally suitable for describing LRAM. Direct Numerical
Simulation (DNS) of LRAM structures using Finite Element Method (FEM) is highly
unpractical due to the large scale difference involved in such problems. Therefore it
is necessary to develop efficient methods with more ingenuity. The Bloch-Floquet (or
simply Bloch) theory [1] provides a general solution for the propagation of free waves (
i.e. steady state waves in an infinite medium) in any periodic heterogeneous material.
Substitution of the Bloch solution into the governing equations reduces the entire analysis to a single unit cell. The unit cell problem can then be solved numerically using
various discretization methods such as Plane Wave Expansion [72], Variational Method
[73], Finite Difference Time Domain [2] and FEM [38]. FEM provides a high flexibility
in the design of the unit cell topologies at the cost of convergence with respect to the
mesh size. This limitation can be overcome to a great extent by using model reduction
techniques [42, 43]. A homogenization scheme based on the Bloch theory was proposed
by Willis [45, 60] and revisited again in [61]. The techniques based on Bloch theory has
been highly successful in the study of free wave propagation but is mostly limited to
this case. It is difficult if not impossible to account for complex transient loading and
macroscopic boundary effects using this theory. Apart from Bloch theory, another generalized solution for transmission of free waves in a heterogeneous medium is given by
the Multiple Scattering Theory [74]. It can be used to predict macroscopic transmission
spectra and provides superior convergence with respect to discretization size, yet it is
highly restricted to simple unit cell topologies. To the best of our knowledge it has only
been implemented for spherical inclusions and granular media.
Another modeling approach is provided by Enriched or Micromorphic Continuum
Theory [75], first proposed for elastodynamics by Mindlin [56]. It introduces additional
macroscopic kinematic fields that account for the internal micro-scale dynamics in an
otherwise homogeneous macroscopic medium. A new material property called ‘microinertia’ is postulated that characterizes the microdynamics. However, the only notable
attempt at developing an enriched model that is especially capable of accounting for
Local Resonance has been made by Sun et.al. [76]. Homogenization, namely Asymptotic Homogenization [47–49, 53, 55, 77] has also been a highly successful approach for
modeling dispersion behavior in heterogeneous materials but few works exist that are
specifically suitable for modeling LRAM.
The techniques developed thus far have been successful in studying LRAM behavior
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but do not provide a generalized description. A more comprehensive modeling technique for LRAM should enable the description and analysis of complex micro-structure
topologies, transient response at both scales and finite macroscopic structures with various boundary conditions. Motivated by this challenge, this contribution presents a novel
framework for modeling LRAM that is not only general in its description but also highly
efficient, enabling a fast and straightforward numerical implementation.
An extended first order Computational Homogenization framework [78] is taken as
the point of departure to setup the multiscale transient dynamic problem. Except for
linear elasticity and relaxed scale separation assumption the framework is general and
the full balance of the linear momentum is solved at both scales.The relaxed scale separation principle introduced here retains the long wavelength (quasistatic) assumption
on the matrix material but relaxes it on the inclusions. This accounts for the transient
dynamic behavior of the micro-structure characterizing micro-inertia effects, especially
Local Resonance. A Computational Homogenization framework can be efficiently combined with FEM techniques for multiscale problems, which in turn gives the freedom to
incorporate complex micro-structure topologies and finite macro-structure geometries,
arbitrary transient excitation and sophisticated boundary conditions. The first use of
Computational Homogenization to model LRAMs was made by Pham et al. [44]. The
approach proposed in this work is distinctly different as it aims at obtaining a closedform description of the macroscopic continuum, which is enriched to incorporate the
effect of micro-scale dynamics. To eliminate the on-line (expensive) solutions of the
micro-scale problems at each time step, typically used in a computational homogenization approach, a technique called the Craig Bampton Mode Synthesis [51] is employed.
It entails a decomposition of the solution into two parts, the quasistatic response and
internal dynamics, which makes it possible to condense the behavior of the micro-scale
model upto the macroscopic level by applying homogenization. The method employs
eigenmodes to extract the relevant dynamics of the micro-scale problem, which effectively captures Local Resonance effects with a minimum set of degrees of freedom. A
highly compact closed-form description of a linear elastic LRAM results and the corresponding expressions effectively represent an enriched continuum where the emerging
additional field accounts for the microscopic Local Resonance phenomena. This approach therefore provides a simple, efficient and general description of a linear elastic
LRAM. This not only enables an efficient numerical implementation but also provides
an intuitive understanding of the behavior of such materials.
The formulation used here to setup the micro and macro-scale problems is defined for
a Cauchy continuum in a two-dimensional space. The method can be easily extended
to three-dimensions or other specialized continua such as shells, beams etc. . The paper
is organized as follows. Section 2.2 presents the overall methodology, including the
homogenization framework for the problem and the techniques used to reduce the model
towards an enriched continuum. In Section 2.3, the model is numerically validated
against DNS for a 1D compressional wave test on a well known example of a LRAM
structure. The conclusions are given in Section 2.4.
The following notations are used throughout the paper to represent different quantities and operations. The Cartesian basis vectors are given by ~ek , k = 1, 2, 3. Unless
otherwise stated scalars, vectors, second- and fourth-order Cartesian tensors are generally denoted by a (or A), ~a, A and A respectively. The standard tensor operations are
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~ ~b = Aij bj~ei
denoted as follows, dyadic product: ~a ⊗ ~b = ai bj~ei ⊗ ~ej , dot product: A.
~ : B
~ = Aij Bji (Einstein summation is used here and for
and double contraction: A
all tensor operations). The conjugate of any second order tensor, A is indicated as
AC = Akj ~ej ⊗ ~ek . Matrices of any type of quantity are in general denoted by (•) and
the special case of a column matrix is denoted by (•). Submatrices of matrix a or b are
e
e
denoted by the left superscript mna and mb respectively. Transpose of a matrix is given
e
as (•)T .

2.2

Homogenization and reduction methodology: towards
an enriched continuum

The classical first order homogenization framework extended to the transient dynamic
case is used to setup the multiscale problem. The full balance of linear momentum
is considered at both scales. Scale transition relations are formulated that dictate the
coupling between the scales. Once the framework is defined, the focus is shifted to
the micro-scale problem which is reformulated in a discretized form. Using the Craig
Bampton technique, a compact reduced model of the micro-structure is obtained. The
scale transition relations are then applied to upscale the reduced micro-scale balance
equations, yielding the governing macro-scale continuum equations, providing a closed
form description of the enriched macroscopic continuum.

2.2.1
2.2.1.1

Homogenization Framework
Separation of Scales

In the classical first order homogenization scheme, the separation of scales principle
requires the following relation to hold true for a heterogeneous material with n microstructural constituents (cavities, grains, inclusions, matrix etc. ):
lj << λj , j = 1..n ,

(2.1)

where lj is the typical size of the j th micro-structure constituent and λj the corresponding
shortest characteristic wavelength of the microstructural constituent for a given applied
excitation. Under this assumption, the micro inertial response of the micro-structure becomes negligible leading to a purely quasistatic response. Therefore a more relaxed scale
separation principle is here adopted. Let nhet and nmat be the number of microstructural
phases constituting the heterogeneities and the core matrix, respectively:

Core matrix (long wavelength approximation): lj << λmat
,
j
het

Heterogeneities: lk ≤ λk ,

j = 1..nmat ,
k = 1..nhet ,

(2.2)

th and k th conwhere λmat
and λhet
j
k are the shortest characteristic wavelengths in the j
stituents of the matrix and the heterogeneity for a given applied excitation, respectively.
The long wavelength approximation still applies to the matrix whereas a more relaxed
hypothesis holds for the heterogeneities. The microstructural lengths can now scale
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with the wavelengths associated to heterogeneities, incorporating possible micro-inertia
effects.
2.2.1.2

Macroscale Problem

Let DM represent the domain of the macro-scale problem and ∂DM its boundary. Let ~xM
give the position vector of any point in this domain. A Cauchy continuum is assumed
~ M~uM representing the primary kinewith the displacement vector ~uM and its gradient ∇
matic fields. It will be shown later that static rotational equilibrium is not necessarily a
priori satisfied at each continuum point which requires the use of the full displacement
gradient instead of the symmetric linear strain tensor. The governing equation in the
absence of external body forces is given by the linear balance of momentum,
~ T − ~p˙ M = ~0 ,
∇.σ
M

(2.3)

where σ M and ~pM are the macroscopic stress tensor and momentum respectively. Appropriate initial and boundary conditions should be applied but these are not explicitly
stated here since they are not important for the subsequent derivations. The macroscale constitutive response1 is derived from the solution of the microscopic problem via
homogenization. In classical Computational Homogenization schemes, this macroscopic
constitutive response is not obtained through a closed-form equation. This is different
(and better) for the present case, see Section 2.2.3, which constitutes an important step
forward.
2.2.1.3

Microscale Problem

To each material point of DM , a fine scale domain D with boundary ∂D is associated,
where the micro-scale problem is defined. The domain is selected such that it captures
the local microstructural effects at that point. It is termed the Representative Volume Element (RVE). For (locally) periodic micro-structures, the RVE is defined as the
unit cell that spans the (local) micro-structure. For the sake of simplicity, no specific
subscripts are used to indicate the variables associated to the microstructural domain.
Let the total volume and the infinitesimal volume element of D be represented by V
and dV respectively and an infinitesimal surface element of ∂D be represented by dS.
A Cauchy continuum is assumed for the microscopic problem with the kinematic field
variables given by displacement ~u and linear strain . In order to capture the micro
inertial effects, the full balance of momentum has to be considered in the RVE,
~ T − ~p˙ = ~0 .
∇.σ

(2.4)

A linear elastic material is considered. For every material constituent domain α D ⊂ D,
the following constitutive relations hold,
α

~ sym~u ,
σ = αC : ∇
α
α
¨.
~p˙ = α ρ ~u

α

(2.5a)
(2.5b)

1
Note that the constitutive model includes both the relation for the macroscopic stress and momentum in terms of the kinematic variables.
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~ sym~u = 1 (∇~
~ u + (∇~
~ u)C ) and α ρ and α C stand for the mass density and the
Where ∇
2
elastic material stiffness of the constituent α respectively. A perfect bonding condition
is assumed;
α

~n.ασ = β ~n.βσ ,
α

β

(2.6a)
α

β

~u = ~u at ∂ D ∩ ∂ D .

(2.6b)

Here α~n = −β ~n are the unit normal vectors to the interface between both constituents.
The initial and boundary conditions on the RVE required to solve the micro problem
will be defined upon introducing the scale transition relations.
2.2.1.4

General Microscopic Kinematics

The kinematics of the RVE corresponding to a point ~xM of DM is given by the following
first order representation of the microscopic kinematics at that point,
~ M~uM )C .(~x − ~xR ) + w
~u = ~uM + (∇
~ .

(2.7)

Here, ~xR is a reference vector whose definition will be given later and w
~ , called the
microfluctuation field, represents the fine scale variations due to the micro-structure
heterogeneities. This field provides the necessary kinematic degrees of freedom to describe the Local Resonance phenomena.
2.2.1.5

Scale Transition Relations

With the introduction of the microfluctuation field w
~ , additional constraints in form of
boundary conditions on the RVE are required to ensure the well posedness of the problem. These conditions usually follow from the (chosen) relations coupling both scales.
They essentially represent the kinematic coupling between the macro and micro-scale
and are called downscaling relations. In the micro-macro direction upscaling relations
recover the macroscopic stress and momentum from the solution of the RVE boundary
value problem. They result by inserting the downscaling relations into the Hill-Mandel
macrohomogeneity condition, generalized to the transient dynamic case. The up and
downscaling relations together constitute the scale transition relations that dictate the
coupling between the two scales.
Downscaling Relations (Kinematic Boundary Conditions): The condition on
the macroscopic displacement is formulated as the overall rigid body displacement of
the RVE. This is equivalent to constraining the microfluctuation at a single arbitrary
point, say a~x, on the RVE boundary to zero.
w
~ (a~x ∈ ∂D) = ~0 .

(2.8)

The second condition on the macroscopic displacement gradient follows the established
averaging theorem [35]
Z
1 ~
~ M~uM .
∇~u dV = ∇
(2.9)
V
D
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~nB
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Figure 2.1: Sketch of the boundaries of a RVE and its normal vectors.
Substituting the RVE kinematics given by Equation (2.7) into the above expression and
simplifying results in
Z
~ wdV = 0 .
∇~
(2.10)
D

This gives the constraints on the microfluctuation field, which is easily converted to a
boundary integral by applying Gauss theorem
Z
~n ⊗ w
~ dS = 0 ,
(2.11)
∂D

where ~n is the outward normal to the RVE boundary. Relation (2.11) gives the minimal
kinematic constraint that enforces Equation (2.9) for a given macroscopic displacement
gradient. It has been shown in the literature that this constraint is too weak and generally leads to poor results for small RVEs. Therefore a stronger form known as periodic
boundary condition (pbc) is applied instead, which provides much better RVE size convergence [79]. The assumption of periodic boundary displacements can be justified for a
transient problem if the matrix is assumed to behave quasi-statically. Indeed, this holds
true in the case of the relaxed scale separation principle given by Equation (2.2), which
retains the long wavelength assumption on the matrix. The periodic boundary conditions can be formulated as follows. Considering a RVE with a periodic rectangular shape
(in 2D), the boundary is split into four edges: left, right, bottom and top, denoted by
L, R, B and T, respectively. The four vertices are denoted by p1 , p2 , p3 and p4 (see Figure 2.1). Let the position vectors of the vertices be represented by p1~x, p2~x, p3~x and p4~x,
respectively. The normal unit vector at every corresponding pair of points on opposite
boundary sides satisfies, ~n(~x ∈ ∂ L D) = −~n(~x ∈ ∂ R D) and ~n(~x ∈ ∂ B D) = −~n(~x ∈ ∂ T D).
By constraining the microfluctuations on the edges to be periodic, i.e.
w
~ (~x ∈ ∂ L D) = w
~ (~x ∈ ∂ R D) ,
T

B

w
~ (~x ∈ ∂ D) = w
~ (~x ∈ ∂ D) ,

(2.12a)
(2.12b)

Equation (2.11) is automatically satisfied.
Making the choice, a~x = p1~x in Equation (2.8) and substituting it in Equation (2.12), gives the following condition on the
microfluctuations at nodes p1 , p2 and p4 (which will be used in a later section)
p1

w
~ = p2 w
~ = p4 w
~ = ~0 .

(2.13)
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Upscaling Relations (Hill-Mandel Condition): According to the principle of virtual work, the total internal virtual work must be conserved for a dynamic system for
any imposed kinematics. The Hill-Mandel principle extends this concept to relate the
two scales where the volume averaged virtual work of the RVE is equated to its macroscopic equivalent in a material point. Therefore, equating the volume average of the
virtual work of Equations (2.3) and (2.4) gives
Z
Z
1
1 ˙
sym
~
~ M~uM ) + ~p˙ M .δ~uM .
σ : δ(∇ ~u)dV +
~p.δ~udV = σ M : δ(∇
(2.14)
V
V
D

D

Rewriting the left hand side of the above expression in terms of the virtual work of the
external boundary tractions ~t = ~n.σ on the RVE gives,
Z
1 ~
~ M~uM ) + ~p˙ M .δ~uM .
t.δ~u dS = σ M : δ(∇
(2.15)
V
∂D

Substituting Equation (2.7) into the above expression and making use of Equations (2.12)
and (2.13) gives
Z
Z
Z
1 ~
1 ~ ~
1
C
~t.δ~
t.δ~uM dS +
t.δ(∇M~uM ) .(~x − ~xR ) dS +
w dS
V
V
V
∂D
∂D
∂D
| {z }
(2.16)
=0, via (2.8) & (2.12)

~ M~uM ) + ~p˙ M .δ~uM .
= σ M : δ(∇
Which upon simplification reads,
1
σM =
V

Z

~t ⊗ (~x − ~xR ) dS ,

(2.17)

∂D

1
~p˙ M =
V

Z

~t dS .

(2.18)

∂D

This gives the corresponding upscaling relations. Note that in homogenization of static
problems, ~xR vanishes from Equation (2.17) due to static equilibrium (zero net traction
on the boundary) of the RVE. This is no longer the case in a dynamic setting where
the net tractions do not vanish, see Equation (2.18), indicating the dependency of the
macroscopic stress on ~xR and also on the micro-inertial effects. By employing Gauss
theorem and the microscopic balance given by Equation (2.4), the boundary integral
form of Equations (2.17) and (2.18) can be written in the equivalent volume integral
form as follows,
Z
1
σM =
(σ + ~p˙ ⊗ (~x − ~xR )) dV ,
(2.19)
V
ZD
1
~pM =
~p dV .
(2.20)
V
D
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Note that Equation (2.19) highlights the explicit coupling of the macroscopic stress to
the microscopic momentum, again indicating the influence of micro-inertial effects on
the macroscopic stress.

2.2.2

Discretization and Model Reduction

Using standard discretization techniques, e.g. based on the Finite Element Method
(FEM), the discrete balance of momentum of the RVE can be written as follows
¨ = ~f .
K.~u + M.~u
e
e e

(2.21)

¨ and ~f represent the nodal displacements, accelerations and applied forces
Here ~u, ~u
e e
e
respectively in which the quantities associated to each node are represented by a vector
and assembled in a vector column fashion. K represents the stiffness tensor matrix and
M the mass tensor2 matrix which transform the nodal displacement and acceleration
vectors respectively into internal nodal force vectors. In the derivations that ensue,
standard Galerkin projection is used to perform model reduction.
2.2.2.1

Periodic Boundary Condition

In order to apply the periodic boundary conditions it is necessary to partition the system
into tied (constrained) and retained nodes denoted by the characters ‘t’ and ‘r’ respectively. The tied nodes constitute the right and the top edge nodes along with vector
point p3 and the retained nodes constitute the remaining boundary nodes and the nodes
in the RVE interior. The discrete form of Equation (2.12) can be written in terms of
displacements as follows,
~u = B~u + p4~uIˇ − p1~uIˇ ,
e
e
e
e
R
~u = L~u + p2~uIˇ − p1~uIˇ ,
e
e
e
e
p3
~u = p4~u + p2~u − p1~u ,
T

(2.22)
(2.23)
(2.24)

where Iˇ denotes a column with unit scalar entries of the same size as B~u and L~u. The
e
e
e
above expressions give the constraint relations on the tied nodes in terms of the retained
nodes. Let T* represent the scalar reduction matrix reflecting this linear transformation;
" #
r
~u
= T* r~u .
(2.25)
te
~u
e
e
Applying the reduction (2.25) on Equation (2.21) leads to the reduced discrete governing
equations in terms of the retained nodes

2

r
* r¨
* r
= ~f .
K. ~u + M. ~u
e
e
e

(2.26)

Since scalar value shape functions are usually used to discretize the system, the mass matrix would
in general be a scalar matrix, but for convenience of derivations, it has been transformed to a tensor
matrix by multiplication with an identity tensor
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Where
T

*
*
*
K = T KT ,

2.2.2.2

T

*
*
*
M = T MT ,

r

~f = T* T~f .
e
e

(2.27)

Craig Bampton Reduction

The Craig Bampton Mode Synthesis [51] (or Craig Bampton for short) is a popular
substructuring technique used in structural dynamics to obtain reduced models of complex assembled systems (e.g. cars, planes etc). It involves a reduced description of the
dynamic response of the interior of every subsystem or substructure with respect to
prescribed displacements at the external boundary of each subsystem. The total response is then obtained by assembling the individual reduced substructure models at
the boundaries separating the substructures. This concept can be applied to a multiscale framework where the micro-scale problem is treated as a substructure of the
macro-scale problem. Eigenmodes of the interior dynamics are used as a reduced basis,
which perfectly capture the Local Resonance phenomena.
With the periodic boundary conditions incorporated, the Craig Bampton procedure
can now be applied. The total dynamic response of any structure under prescribed
displacements (velocities, accelerations) can be expressed as a superposition of its corresponding quasistatic response and its internal dynamics spanned by a minimal set of
eigenmodes of the structure with the prescribed nodes fixed. This is illustrated in Figure 2.2. This decomposition is essential since it separates the Local Resonance effects
from the rest of the mechanical response thereby enabling the construction of a reduced
model. The quasistatic response gives the instantaneous mechanical response whereas
the internal dynamics represents the inertial response due to Local Resonance. The two
subproblems are next treated independently and later superposed to obtain the total
solution. Note that the incorporation of internal dynamics is made possible due to the
assumption of the relaxed scale separation principle given by Equation (2.2). In general,
when applied incorrectly, the Craig Bampton reduction could lead to stiff and sometimes
incorrect responses since the eigenmodes are computed on a constrained system, which
may not capture the actual dynamics. However this is not an issue for homogenization
as long as the prescribed displacement nodes lie on the matrix (which does not exhibit
relevant dynamical behavior in the frequency ranges satisfying the relaxed separation of
scales) and not the inclusion.
In order to proceed with the derivations, the retained nodes must be further partitioned into prescribed and free nodes denoted by ‘p’ and ‘f’, respectively. The prescribed
nodes include nodes p1 , p2 and p4 and the free nodes consist of the remaining nodes.
The partitioned form of Equation (2.26) is written as
"pp ∗ pf ∗ # " # "pp ∗ pf ∗ # "p # "p #
p
¨
~f
~u
~u
K
K
M
M
. f e + fp ∗ ff ∗ . f ¨e = f e ,
(2.28)
fp ∗
ff ∗
~0
~u
~u
K
K
M
M
e
e
e
f

where ~0 represents a column of length Nf (where Nf indicates the number of free nodes)
e
in which each entry is a zero vector. It can be seen that no external forces act on the
free nodes.
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Figure 2.2: Illustration of the Craig Bampton decomposition. The total dynamic response of an RVE to prescribed boundary displacements can be represented as a superposition of its quasistatic response and its internal dynamics spanned by a set of
eigenmodes with the prescribed nodes fixed.
Quasistatic Response: The quasistatic response is recovered by omitting the mass
contribution in Equation (2.28), enabling to solve for the free degrees of freedom using
a static condensation procedure. The solution can then be represented in terms of the
prescribed displacements as follows (subscript ‘qs’ is used for quasistatic)
"
# " #
f
~uqs
S
= pp .p~u .
(2.29)
e
p
~u
I e
e
The term S represents the static condensate (also known as the Schur complement)
*
, and pp I represents a 3 × 3 matrix with each entry containing
of the stiffness matrix K
a second order identity tensor. The expression for S reads
ff

−1

*
S=− K

fp

*
.
. K

(2.30)

Using Equation (2.29) as a reduced basis, model reduction of Equation (2.28) gives
the governing equations for the quasistatic response expressed in displacements of the
prescribed nodes only
p
¨ = p~f ,
Kqs .p~u + Mqs . ~u
(2.31)
e
e
e
Where,
Kqs =

pp *

pf

ff

−1

*
*
K− K
. K

fp

*
. K
,

CT ff

pf

pp

*
*
*
Mqs = S . M
. S +2 M
.S+ M
.

(2.32)

Here, the superscript (•)CT represents the transpose of a matrix in which each of the
tensor entries are conjugated.
Internal Dynamics: The internal dynamics is added to the solution in order to compensate for neglecting the contribution of the inertial forces when calculating the quasistatic response. This correction is essential in accounting for Local Resonance. The
solution of the dynamic subproblem is expressed as a superposition of Nq eigenmodes
(here Nq << 2Nf , 2Nf being the number of free degrees of freedom), computed with
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prescribed nodes fixed. The expression for this reads
"
# " #
f
~udyn
Φ
= pq~ η ,
ep
0 e
~u
e

(2.33)

where Φ represents the vector matrix containing the eigenmodes, η the corresponding
e eigenmodes also
column of generalized scalar displacements, i.e. the amplitude of the
pq
referred to as modal displacements and ~0 represents a 3 × Nq zero vector matrix. The
eigenvalue problem and the mass normalization condition of each eigenmode s, where
s = 1, 2, ..Nq are respectively, given as
ff

f

ff

*
*
( K
− sω 2 M
).sΦ = ~0 ,
e
e
s T ff * s
Φ . K. Φ = 1 ,
e
e

(2.34)
(2.35)

f
where s ω is the eigenfrequency corresponding to sΦ and ~0 represents a zero vector
e
e
column of length Nf . To yield a computationally efficient model, the basis should be
constructed such that it only contains the essential (or excited) modes that trigger
Local Resonance. A more quantitative mode selection criteria is briefly described in
Section 2.2.3. In addition, the retained eigenmodes must also satisfy the scale separation
principle given by Equation (2.2). Applying Equation (2.33) to reduce Equation (2.21)
with the help of Equations (2.34) and (2.35) gives

ω 2 η + η̈ = q 0 ,
e
e e
q
where 0 is a zero scalar column of length Nq and,
e
1

ω 0
0


ω =  0 ...
0  .
0

0

Nq

(2.36)

(2.37)

ω

Note that Equation (2.36) describes a set of Nq uncoupled spring mass systems with
eigenfrequencies given by ω. This gives the simplest description of Local Resonance
without any coupling to the macroscopic dynamics. This coupling will be obtained by
combining the solutions of the two subproblems.
Linear Superposition: The full solution is now expressed as a superposition of the
quasistatic response f~uqs and the internal dynamics f~udyn . Combining Equation (2.29)
e
e
and (2.33) gives,
" # "
# "
#" #
f
f
η
~u
~uqs + f~udyn
Φ S.
= e p e
= pq~ pp
,
(2.38)
pe
pe
~u
~u
0
I.
~u
e
e
e
Projecting Equation (2.28) on the subspace of Equation (2.38) gives the reduced coupled
dynamic model of the RVE.
p

¨ ,
ω 2 η + η̈ = −~
mTc . ~u
e
e e p
p
¨+m
Kqs .p~u + Mqs . ~u
~ c η̈ = ~f ,
e
e
e
e

(2.39)
(2.40)
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where

ff *

pf

*
.Φ ,
m
~ c = SCT . M .Φ + pp I. M

(2.41)

is the vector matrix providing the coupling between the two equations.

2.2.3

Emerging Enriched Continuum

The discrete form of the downscaling relations given by Equation (2.13) with account
for Equation (2.7) is represented as
~ M~uM )C .∆~x ,
~u = p I.~uM + (∇
e
e
e

p

(2.42)

where p I is an identity column of length 3 and ∆~x = p~x − ~xR pI , where pI is a unit scalar
e
e
e
e
e
column of size 3. Similarly, the discrete form of the upscaling relations Equation (2.17)
and (2.18) is given as
1 p~ T
f ⊗ ∆~x ,
V e
e
p
1
p
T
~p˙ M =
I . ~f .
V e e

σM =

(2.43)
(2.44)

The macroscopic constitutive relations can now be recovered by substituting Equation (2.40) and (2.42) into the above expressions:
σM =

1
~ M~uM + 1 (∆~x T ⊗ Kqs .p I)LC .~uM +
(∆~x T ⊗ Kqs ⊗ ∆~x)LC : ∇
V
V | e
{z
e
e
e }
=O(i)

1
1
¨M +
~ M~u
(~
mcT ⊗ ∆~x)T η̈ + (∆~x T ⊗ Mqs ⊗ ∆~x)LC : ∇
,
V
{z
e e V | e
e }

(2.45)

≈O(ii)

1
¨M
(∆~x T ⊗ Mqs .p I)LC .~u
V | e
{z
e }
=O(iii)

1
¨M + 1 p IT .M .p I.~u
¨M + 1 p I.~
~ M~u
~p˙ M = p IT .Mqs ⊗ ∆~x : ∇
m η̈
qs
V |e
V e
V e ce
{z
e}
e
=O(iii)

+

1 p T
~ M~uM + 1 p I T .Kqs .p I .~u M
I .Kqs ⊗ ∆~x : ∇
V |e
V |e {z e
{z
}
e}
=O(i)

.

(2.46)

=O(i)

Here O stands for the zero tensor and (•)LC stands for the left conjugate of a higher
order tensor defined as ALC
jikl = Aijkl . As shown in the above expression, several terms
are zero or can be neglected. The corresponding justification for each of these terms is
given below:
O(i) : These terms are identically zero because p I is in fact the null space of Kqs as it
e
describes the rigid body modes imposed by the prescribed nodes.
O(ii) : This term gives the elastic inertia (inertial contribution to deformation modes) and
for the materials of concern here it is negligible compared to the elastic stiffness
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(i.e. (∆~x T ⊗ Mqs ⊗ ∆~x)LC << (∆~x T ⊗ Kqs ⊗ ∆~x)LC ). Although the total term,
e
e
e
¨M can become
~eM~u
(∆~x T ⊗Mqs ⊗∆~x)LC : ∇
significant at higher applied frequencies, ω
e ~ ¨
e2
(since ∇M~uM ∝ ω ), these frequencies approach the homogenizability limit (where
scale separation is violated), hence it is justified to drop this term in the considered
regime.
¨M and ~p˙ M and ∇
¨M . They
~ M~u
O(iii) : These are the cross coupling terms between σ M and ~u
are in general not zero and depend on the choice of ~xR , which was yet unspecified.
The choice of ~xR does not influence the accuracy of the final solution. Hence, the
value of ~xR is simply chosen such that these terms become zero. The physical
interpretation of these terms will be unraveled in future work.
The homogenized constitutive expressions given by Equation (2.45) and (2.46) can now
be written in a compact closed-form as follows,
Nq
1 Xs s
~
σ M = CM : ∇M~uM +
H η̈ ,
V

(2.47)

Nq
1 X s~ s
˙
j η̇ ,
~pM = ρM~uM +
V

(2.48)

s=1

s=1

where,
1
(∆~x T ⊗ K∗qs ⊗ ∆~x)LC ,
V
e
e
1p T
p
I .Mqs . I ,
ρM =
V e
e
s
H = sm
~ Tc ⊗ ∆~x ,
e
e
s
~j = p I T .s m
~c .
e e

CM =

(2.49a)
(2.49b)
(2.49c)
(2.49d)

Here CM represents the effective elasticity tensor, ρM is the average mass density of the
s
RVE. The terms s H and ~j represent the coupling of the sth modal degree of freedom to
the macroscopic stress and momentum respectively. They can be used to determine the
relevant eigenmodes for the reduced basis. Local Resonance modes must have at least one
nonzero (and finite) coefficient in H or ~j. The displacement gradient in Equation (2.47)
can be replaced with the linear strain tensor due to the symmetries present in the
homogenized elasticity tensor CM . However s H can be asymmetric since rotational
eigenmodes can exist, introducing angular inertia into the system violating the rotational
equilibrium condition accompanying the symmetry of the stress tensor. Hence, this
triggers the asymmetry of the macroscopic stress tensor in materials with micro-inertia,
in general. In the example problem considered in this work, the rotational modes have
a negligible Local Resonance amplitude and thus the effect of angular inertia does not
contribute here. They will be discussed in more detail in forthcoming work.
Finally, the balance of momentum of the internal dynamics needs to be expressed
in its homogenized continuum notations. Applying Equation (2.42) to Equation (2.39)
gives
s
¨M , s = 1..Nq .
¨M − s H : ∇
~ M~u
ω η + sη̈ = − ~j.~u

s 2s

(2.50)
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The emerging macroscopic governing equations of the enriched continuum can be
summarized below
Macroscopic Balance of Momentum.
~ T − ~p˙ M = ~0 .
∇.σ
M

(2.51)

Microscopic Balance of Momentum. (To be solved at the macro-scale)
s
¨M , s = 1..Nq .
¨M − s H : ∇
~ M~u
ω η + sη̈ = − ~j.~u

s 2s

(2.52)

Homogenized Constitutive Relations.
~ M~uM +
σ M = CM : ∇

Nq
1 Xs s
H η̈ ,
V

(2.53a)

s=1

Nq

1 X s~ s
j η̇ .
~pM = ρM~u˙ M +
V

(2.53b)

s=1

Note that η is an emergent field variable, which effectively ‘enriches’ the macroscopic
continuum with the micro-inertia effects, in the micromorphic sense as initially defined
by Eringen [75]. It constitutes an internal field variable that does not explicitly appear
in the classical macroscopic balance equation, and is therefore appropriately termed as
internal dynamics.
The entire procedure can be summarized as follows. Starting from the discretized
balance of momentum of the RVE, periodic boundary conditions are first applied to
the boundary nodes. The Craig Bampton decomposition is introduced by expressing
the solution as the superposition of the quasistatic response and the internal dynamics
represented by an optimum eigenmode basis. This expression is then used to obtain a
reduced balance of momentum of the system. The scale transition relations are then
applied to transform the reduced balance of momentum into the homogenized enriched
macroscopic continuum equations. The eigenmode problem is typically solved off-line,
in advance. The macro-scale on-line solution procedure therefore reduces to a single
scale enriched problem. The procedure is illustrated in Figure 2.3.

2.3
2.3.1

Numerical Validation
Local Resonance Acoustic Metamaterial (LRAM)

For the purpose of validation of the presented model, a well known and understood
LRAM design of [13] is adopted. The structure of the unit cell and the macroscopic
lattice structure are shown in Figure 2.4 . It consists of an epoxy matrix with an
embedded lead inclusion coated with soft rubber. In [13] spherical inclusions were used.
Since derivations are carried out in 2D space, the inclusions are modeled as infinite
cylinders instead. The geometric and material properties of the LRAM are given in
Table 2.1. The high compliance of rubber combined with the high mass density of lead
compared to the epoxy triggers the observed low frequency localized resonance modes.
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Figure 2.3: Summary of the main steps involved in computing the enriched continuum
model .

Epoxy
Silicone rubber
Lead inclusion

Figure 2.4: Example of a LRAM unit cell designed by [13].
Table 2.1: The geometric and material properties of the unit cell under study.
Geometrical Properties
Radius of lead inclusion
5 mm
Thickness of rubber coating 2.5 mm
Length of the unit cell
20.1 mm

parameter
ρ [×103 kg/m3 ]
λ [N/m2 ]
µ [N/m2 ]

Material Properties
lead
rubber
11.6
1.3
10
4.23 × 10
6 × 105
10
1.49 × 10
4 × 104

epoxy
1.18
4.43 × 109
1.59 × 109
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Figure 2.5: Local Resonance mode shapes and their associated eigenfrequencies and
momentum coupling coefficients of the unit cell under consideration.
The FEM model of the RVE was constructed using the Marc Mentat software package.
The discretized system contains close to 6000 degrees of freedom. An eigenvalue analysis
was carried out on the system and the first 10 in plane eigenmodes were extracted. Out
of these 10 modes, only 2, 3, 5 an 6 are Local Resonance modes with finite values of
the momentum coupling coefficient. The remaining modes have either zero or negligible
values of their respective stress and momentum coupling coefficients. Modes 2 and 3 and
5 and 6 are degenerate with eigenfrequencies 360 Hz and 1239 Hz respectively. The mode
shapes, the eigenfrequencies and the momentum coupling coefficients of each mode are
given in Figure 2.5. Modes 3 and 5 are coupled along the ~e1 direction and modes 2 and 6
are coupled along the ~e2 direction. The mode shapes overlap strongly with those found
in [13], hence it can be concluded that these are indeed the Local Resonance modes.
A simple estimation can be made to verify if the RVE under consideration satisfies
the scale separation criteria. By neglecting the Local Resonance effects, an approximate
estimation of the matrix resonance frequency reads
cMij
,
2L
q

ωmat ≈

(2.54)

C

Mij
where L is the length of the RVE and cMij =
ρM is the speed of sound for a given wave
mode (cM11 indicates compressive wave and cM12 , shear wave, etc.). The above expression
gives the order of the frequency at which the matrix starts behaving dynamically and the
relaxed scale separation is violated. Therefore, it can be used to obtain an estimation
of the limiting frequency. Substituting the values of the respective quantities into the
above expression gives a value of the order of 104 Hz for both shear and compressive wave
modes. The frequencies of interest determined by the Local Resonance eigenfrequencies
(360 Hz and 1239 Hz) lie well within the limiting frequency. Thus the LRAM under
consideration is well suited for applying the proposed homogenization method.

2.3.2

Macroscopic problem construction

The developed homogenized enriched continuum is next verified against Direct Numerical Simulation (DNS). For the sake of simplicity, the macroscopic problem is restricted
to a 1D compressional wave propagation test. The DNS model is constructed by sequentially stacking 100 RVEs as shown in Figure 2.6a. In order to ensure an effective
1D macroscopic behavior for this 2D system, periodic boundary conditions are applied
to the top and bottom edges of the RVEs to mimic an infinitely large structure in the
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Periodic Boundary Condition
DNS
L=2.1 [m]

Num. of unit cells=100

uinp (t)

−3
1 ×10

uinp (t) [m]

uinp (t)

Homogenized
System
(a) Macroscopic problem setup.

0

0
2π/ω
4π/ω
uinp (t) = 5e−4(1 − cos(ωt))

(b) Input displacement function.

Figure 2.6: Construction of the macroscopic compression wave test using DNS and the
enriched homogenized model. The right edge is constrained and a prescribed displacement uinp (t) is applied on the left edge.
vertical direction. The right edge of the system is fully clamped, and prescribed displacements are applied on the left edge. A harmonic loading function of frequency ω is
applied on the left end for 2 time periods as shown in Figure 2.6b. The finite element
model of the total DNS system contains over 500,000 degrees of freedom.
The homogenized model of the system is constructed by discretizing a 1D enriched
continuum using 100 linear finite elements with 101 nodes. The problem is discretized
in time using an implicit Newmark scheme. The nodal degrees of freedom consist of
the horizontal macroscopic displacement and the two generalized modal displacements
associated with Mode 3 and 5 (only the modes providing coupling in ~e1 direction are
retained since the problem considered here only involves wave propagation in this direction). The right most node is constrained and the prescribed displacements are applied
on the left most node (see Figure 2.6a).
Four transient simulations tests were performed at different excitation frequencies ω,
which are selected to probe various regions of interest. It is well known in the literature
[13], that the Local Resonance coupling is strongest in the frequency regions above
each eigenfrequency known as ‘stop bands’. For the simulation, the first excitation
frequency is selected at 200 Hz which is far below the first eigenfrequency where the
Local Resonance effects should have a weak influence. The response is expected to be
predominantly quasistatic at this frequency. The second frequency is selected at 450
Hz which is in the first stop band. The Local Resonance coupling will be strong there.
The third frequency is selected at 800 Hz which is in between the two stop bands and
the fourth is selected at 1330 Hz in the second stop band. The results are shown in
Figure 2.7. Two plots of the horizontal displacement are displayed for each excitation
frequency, one as a function of position after two time periods and the second as a
function of time at x=0.42 m. The homogenized solution matches the DNS results in
an excellent manner, thus validating the developed method.
A quasistatic homogenization solution (i.e. the simulation with Local Resonance effects ignored) is also shown in order to be able to judge the impact of the Local Resonance coupling. At 200 Hz, the behavior of the LRAM is still captured reasonably well
by the quasistatic solution. At 400 Hz, the quasistatic solution cannot reproduce the
LRAM behavior at all, showing the pronounced influence of the Local Resonance phenomenon which is picked up remarkably well by the proposed homogenization scheme.
Even though the transient simulation is carried out for only 2 time periods without
damping, a strong wave decay effect of the stop band is clearly visible in the simulation.
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Figure 2.7: Plot of horizontal nodal displacement versus a) position after two time periods of the input excitation (t = 4π/ω) and b) time at position x=0.42 m for excitation
frequency i) ω=200 Hz, ii) ω=450 Hz, iii) ω=800 Hz and iv) ω=1330 Hz.
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At 800 Hz, propagating waves reappear in the LRAM but the wavelength and speed are
significantly higher compared to that of the quasistatic wave. This is due to the fact
that the resonance of the first eigenmode causes decoupling of the mass from its host
matrix reducing the overall effective dynamic mass density of the system. This in turn
causes the wave speed to increase resulting in a longer wavelength. Finally, at 1330 Hz,
the wave decay phenomena is again active, this time due to the second stop band.
To conclude, the above results illustrate the importance of correctly accounting for
the micro-inertia effects in homogenizing the behavior of LRAM. The proposed enriched
continuum resulting from the homogeniation and reduction scheme is effective in achieving the correct response.

2.4

Conclusions

This paper presented a novel approach towards the modeling and analysis of LRAM with
linear elastic constituents. By applying the Craig Bampton reduction to a transient dynamic Computational Homogenization framework, a compact closed form description
has been obtained. The resulting equations reveal that an enriched continuum model
emerged, with additional degrees of freedom representing the internal dynamics of the
micro-structure. The method was validated against the DNS solution for a 1D transient compressional wave test of a LRAM structure consisting of a rubber coated lead
inclusions at different excitation frequencies. An excellent match was thereby obtained.
An order of 3 decade reduction in the problem size with respect to DNS was achieved
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without any loss of accuracy. The comparison of the results with the quasistatic solution
showed the strong influence of Local Resonance on the macroscopic dynamics beyond
the low frequency (long wavelength) quasistatic regime.
The main features and advantages of the developed technique, that distinguishes it
from other available techniques for the modeling and analysis of materials with Local
Resonances (or long wavelength micro-inertia effects in general), can be summarized as
follows,
• Generality: The full balance of momentum is considered at both scales, which
allows the incorporation of complex boundary conditions, transient loading and
arbitrary topologies.
• Efficiency:
– Model reduction allows for a highly compact representation of the micro-scale
problem which naturally implies improved numerical efficiency.
– An Enriched macroscopic homogenized continuum description emerges, allowing to use any appropriate solution technique. Therefore discretization
schemes with superior convergence properties such as Spectral Element Method
etc. can be used as well.
– It also offers an additional benefit over standard transient dynamic multiscale
implementations in the fact that the homogenization procedure has to only
be carried out once and not at each time step.
• Extendability: Many possibilities exist for further extending the present formulation, e.g. to incorporate moderate nonlinearities [80] [81], damping, multiphysical
effects, material nonlocality (second order gradient) etc.
In conclusion, the approach presented here aims to pave the path towards integrating
core capabilities of Computational Mechanics into the realm of Acoustic Metamaterials.
This could provide a breakthrough needed for the practical design and production of
such materials for real world applications.

2.5

Acknowledgements

The research leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP7/2007-2013)
/ ERC grant agreement no [339392].

CHAPTER

3

A semi-analytical approach towards plane wave
analysis of local resonance metamaterials using a
multiscale enriched continuum description
Reproduced from:
A. Sridhar, V. G. Kouznetsova, and M. G. D. Geers.
International Journal of Mechanical Sciences, 133:188-198, 2017

Abstract
This work presents a novel multiscale semi-analytical technique for the acoustic plane
wave analysis of (negative) dynamic mass density type local resonance metamaterials
with complex micro-structural geometry. A two step solution strategy is adopted, in
which the unit cell problem at the micro-scale is solved once numerically, whereas the
macro-scale problem is solved using an analytical plane wave expansion. The macro-scale
description uses an enriched continuum model described by a compact set of differential
equations, in which the constitutive material parameters are obtained via homogenization of the discretized reduced order model of the unit cell. The approach presented here
aims to simplify the analysis and characterization of the effective macro-scale acoustic
dispersion properties and performance of local resonance metamaterials, with rich microdynamics resulting from complex metamaterial designs. First, the dispersion eigenvalue
problem is obtained, which accurately captures the low frequency behavior including the
local resonance bandgaps. Second, a modified transfer matrix method based on the enriched continuum is introduced for performing macro-scale acoustic transmission analyses on local resonance metamaterials. The results obtained at each step are illustrated
using representative case studies and validated against direct numerical simulations. The
methodology establishes the required scale bridging in multiscale modeling for dispersion and transmission analyses, enabling rapid design and prototyping of local resonance
metamaterials.

3.1

Introduction

Acoustic metamaterials can be used to engineer systems that are capable of advanced
manipulation of elastic waves, such as band-stop filtering, redirection, channeling, multiplexing etc. which is impossible using ordinary materials [1, 3, 82, 83]. This can
naturally lead to many potential applications in various fields, for example medical
27
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technology, civil engineering, defense etc. The extraordinary properties of these materials are a result of either one or a combination of two distinct phenomena, namely
local resonance and Bragg scattering. Bragg scattering is exhibited by periodic lattices
in the high frequency regime where the propagating wavelength is of the same order
as the lattice constant. Local resonance, on the other hand, is a low frequency/long
wavelength phenomena and, in general, does not require periodicity. “Local resonance
acoustic metamaterial” (LRAM) is therefore the term used here to distinguish the subclass of acoustic metamaterials based solely on local resonance. The present work is only
concerned with the modeling and analysis of LRAMs restricted to linear elastic material
behavior in the absence of damping.
Based on the primary medium of the wave propagation, LRAMs can be further classified as solid (e.g. [13]) or fluid/incompressible media (e.g. [84]) based. This paper
is concerned only with the modeling of solid type LRAMs. A typical representative
cell of such LRAMs is characterized by a relatively stiff matrix containing a softer and
usually heavier inclusion. The micro-inertial effects resulting from the low frequency
vibration modes of the inclusion induce the local resonance action. The complexity of
the geometry of the inclusion plays an important role in the response of the LRAM.
For instance multi-coaxial cylindrical inclusions have been proposed [85], which exhibit
more pronounced micro-inertial effects due to the larger number of local resonance vibration modes, hence leading to more local resonance bandgaps. The symmetries of the
inclusion also play a key role. A ‘total’ (or omni-directional) bandgaps, where any wave
polarization along any given direction is attenuated within a given frequency range is
observed in micro-structures exhibiting mode multiplicity (or degenerate eigenmodes)
resulting from a combined plane and 4-fold (w.r.t. 90 degree rotation) symmetry. For
geometries with only plane symmetry, ‘selective’ (or directional) bandgaps, which only
attenuate certain wave modes in a given frequency range can be observed. Furthermore,
if the inclusion is not plane symmetric with respect to the direction of wave propagation, hybrid wave modes, which are a combination of compressive and shear wave modes
can be observed. In general, a more extensive micro-dynamic behavior results from an
increased complexity in the LRAM design.
A plethora of approaches are available for modeling LRAMs. For steady state analysis
of periodic structures, the Floquet-Bloch theory [33] gives the general solution that
reduces the problem to the dispersion analysis of a single unit cell. The unit cell problem
can then be further discretized and solved using appropriate solution methodologies. A
popular technique highly suited to composites with radially symmetric inclusions is given
by Multiple Scattering theory (MST) [74, 86]. However, MST has not been successfully
applied to more complex unit cell designs. The finite element (FE) method provides a
robust approach for modeling arbitrary and complex unit cell designs. Such an approach,
also known as the wave finite element (WFE) method, has been extensively employed
in literature for analyzing periodic structures including acoustic metamaterials [37–40].
Since LRAMs operate in the low frequency, long wave regime, it is appropriate to exploit this fact towards approximating the general solution, leading to simpler methodologies. This is equivalent to ignoring nonlocal scattering effects resulting from reflections
and refractions at the interfaces of the heterogeneities. This is the formal assumption
made in many dynamic homogenization/effective medium theories [4, 36, 44, 66, 87, 88]
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which recover the classical balance of momentum, but where the local resonance phenomena manifests in terms of dynamic (frequency dependent) constitutive material parameters. The most striking feature of the effective parameters is that they can exhibit
negative values, which indicates the region of existence of a bandgap. The specific macroscale coupling of the local resonance phenomena is dictated by the vibration mode type
of the inclusion [4]. A negative mass density is obtained in LRAMs exhibiting dipolar resonances e.g., [5]. Similarly, a negative bulk and shear modulus are obtained in
LRAMs exhibiting monopolar and quadrupolar resonances , e.g. [71], though not further considered in this work. The homogenized models accurately capture the dispersion
spectrum of LRAMs provided that the condition on the separation of scales is satisfied,
i.e. the wavelength of the applied loading is much larger compared to the size of the
inclusion. This can be ensured in the local resonance frequency regime by employing a
sufficiently stiff matrix material compared to that of the inclusion.
The expression for the effective parameters of materials with radially symmetric
inclusions has been obtained using analytical methods using the Coherent Potential
Approximation (CPA) approach [4].
A generalization towards ellipsoidal inclusions
has also been presented in [46, 87], thereby extending the method of Eshelby [89] to
the dynamic case. Analytical models for unit cells composed discrete elements (e.g.
trusses) have also been derived [88, 90, 91]. For arbitrary complex micro-structures, it is
necessary to adopt a computational homogenization approach. A FE based multiscale
methodology in the framework of an extended computational homogenization theory
was presented in [44, 66].
The present work builds upon the computational homogenization framework introduced in [66]. A first-order multiscale analysis is combined with model order reduction
techniques to obtain an enriched continuum model, i.e. a compact set of partial differential equations governing the macro-scale behavior of LRAMs. The reduced order
basis is constructed through the superposition of the quasi-static and the micro-inertial
contribution, where the latter is represented by a set of local resonance eigenmodes of
the inclusion. In the homogenization process, the generalized amplitudes associated to
the local resonance modes emerge as additional kinematic field quantities, enriching the
macro-scale continuum with micro-inertia effects in a micromorphic sense as initially
defined by Eringen [75]. An equivalent approach for modeling LRAM was derived using
asymptotic homogenization theory in [36], but was not further elaborated and demonstrated as a computational technique.
In this work, the enriched continuum of [66] is exploited to develop an ultra-fast
semi-analytical technique method for performing dispersion and transmission analysis
of LRAMs with arbitrary complex micro-structure geometries that retains the accuracy
of WFE methods at a fraction of the computational cost. A modified transfer matrix
method is developed based on the enriched continuum that can be used to derive closed
form solutions for wave transmission problems involving LRAMs at normal incidence.
Furthermore, the dispersion characteristics of the enriched continuum and their connection to various symmetries of the inclusion are discussed in detail. In order to ensure
the accuracy of the method in the frequency range of the analysis, a procedure for verifying the homogenizability of a given LRAM is introduced. Although the enriched
continuum predicts both negative dynamic mass and elastic modulus effects, the latter
exhibits a significant coupling only at frequencies close to and beyond the applicability
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(homogenizability) limit of the present approach. Since such effects cannot be robustly
modeled, they will not be considered in the present paper.
The structure of the paper is as follows. The relevant details of the enriched multiscale methodology are briefly recapitulated in Section 3.2. In Section 3.3, a plane
wave transform is applied to obtain the dispersion eigenvalue problem of the enriched
continuum. The influence of the inclusion symmetry on the dispersion characteristics
is highlighted. Based on the obtained dispersion spectrum, a procedure for checking
the applicability (homogenizability) of the problem in the frequency range of analysis
is elaborated that provides a reasonable estimation of its validity. In Section 3.4, a
general plane wave expansion is applied to derive a modified transfer matrix method for
performing macro-scale transmission analyses of LRAMs at normal wave incidence. The
results obtained in each of the sections are illustrated with numerical case studies and
validated against direct numerical simulations (DNS). The conclusions are presented in
Section 3.5.
The following notation is used throughout the paper to represent different quantities
and operations. Unless otherwise stated, scalars, vectors, second, third and fourth-order
Cartesian tensors are generally denoted by a (or A), ~a, A, A (3) and A (4) respectively;
ndim denotes the number of dimensions of the problem. A right italic subscript is used
to index the components of vectorial and tensorial quantities. The Einstein summation
convention is used for all vector and tensor related operations represented in index
notation. The standard operations are denoted as follows for a given basis ~ep , p =
1, ..ndim , dyadic product: ~a ⊗ ~b = ap bq~ep ⊗ ~eq , dot product: A · ~b = Apq bq~ep and double
contraction: A .. B = Apq Bqp . Matrices of any type of quantity are in general denoted
by (•) except for a column matrix, which is denoted by (•). A left superscript is used
e
to index quantities belonging to a group and to denote sub-matrices of a matrix for
instance for a and b, by mna and m b, respectively. The transpose of a second order
e
e
tensor is defined as follows: for A = Apq~ep~eq , AT = Aqp~ep~eq . The transpose operation
also simultaneously yields the transpose of a matrix when applied to one. The first
˙ and (¨•) respectively. The zero vector is
and second time derivatives are denoted by (•)
~
denoted as 0.

3.2

An enriched homogenized continuum of local resonance
metamaterials

This section summarizes the essential features of the enriched continuum model introduced in [66]. The framework is based on the extension of the computational homogenization approach [34] to the transient regime [44]. The classical (quasi-static) homogenization framework relies on the assumption of a vanishingly small micro-structure in
comparison to the macroscopic wavelength. No micro-inertial effects are recovered in this
limit. The effective mass density obtained in this case is a constant and is merely equal
to the volume average of the micro-structure densities, unlike the frequency dependent
quantity observed in metamaterials.
The key aspect rendering the classical computational homogenization method applicable to LRAMs is the introduction of a relaxed scale separation principle. Making use of
the typical local confinement of the resonators in LRAM, the long wave approximation
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is still assumed for the matrix (host medium), while for the heterogeneities (resonators),
full dynamical behavior is considered. Note, that the long wavelength approximation
poses a restriction on the properties of the matrix which has to be relatively stiff in
order to ensure that it behaves quasi-statically in the local resonance frequency regime.
With this relaxed separation of scales, the multiscale formulation for LRAM is established. The full balance of linear momentum equations are considered at both the
micro and macro-scales. The domain of the micro-scale problem associated to each
point on the macro-scale domain, termed the Representative Volume Element (RVE),
is selected such that it is statistically representative, i.e. captures all the representative
micro-mechanical and local resonance effects at that scale. For a periodic system, the
RVE is simply given by the periodic unit. The homogenization method can be applied
to a random distribution of inclusions provided that there is sufficient spacing between
the inclusions (i.e. excluding the interaction between the resonators).
The Hill-Mandel condition [92], which establishes the energy consistency between
the two scales, is generalized by taking into account the contribution of the momentum
into the average energy density at both scales. As such, the resulting computational
homogenization framework is valid for general non-linear problems. Restricted to linear elasticity, a compact set of closed form macro-scale continuum equations can be
obtained. To this end, exploiting linear superposition, the solution to the micro-scale
problem is expressed as the sum of the quasi-static response, which recovers the classical homogenized model, and the micro-inertial contribution spanned by a reduced set of
mass normalized vibration eigenmodes s~φ, of the inclusion (shown in continuum form)
as follows,
X
s~
~u+
~um (~xm ) = ~u + S(3) (~xm ) : ∇~
φ(~xm )sη ,
(3.1)
s∈Q

where ~um and ~xm represent the micro-scale displacements and position vector respectively, ~u the macro-scale displacement and s η the generalized (modal) amplitude of the
sth local resonance eigenmode of the inclusion indexed by the set Q. The size of Q
denoted by N (Q) gives the number of modal degrees of freedom. The third order tensor
S(3) (~xm ) represents the quasi-static response of the RVE to applied macro-scale strain
under periodic boundary conditions. The eigenmodes are obtained via an eigenvalue
analysis of a single inclusion unit under fixed displacement boundary condition. For
LRAMs, these eigenmodes naturally represent the local resonance vibration modes of
the system. Only one inclusion needs to be considered here even for random distributions since all relevant micro-inertial properties can be obtained from it. The generalized
degrees of freedom associated to these eigenmodes then emerge at the macro-scale as additional internal field variables, thus resulting in an enriched continuum description. FE
is used to discretize and solve for the quasi-static response and the eigenvalue problem.
Further details of the derivation of this framework can be found in [66]. In the
following, only the final equations describing the homogenized enriched continuum are
given.
The macro balance of momentum
~ · σ T − ~p˙ = ~0 .
∇

(3.2)
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The reduced micro balance of momentum (to be solved at the macro-scale)
¨ − s H .. ∇
¨, s ∈ Q .
~ ~u
ω res sη + sη̈ = −s~j · ~u

s 2

(3.3)

The homogenized constitutive relations
X
.. ∇~
s
~u+ 1
H sη̈ ,
V
s∈Q
X
1
s~ s
~p = ρ~u˙ +
j η̇ .
V

σ=C

(4)

(3.4a)
(3.4b)

s∈Q

Here, σ represents the macro-scale Cauchy stress tensor and ~p the macro-scale mo(4)
mentum density vector. The terms C and ρ are, respectively, the effective linear
(static) elastic stiffness tensor and the effective mass density of the RVE (the over-bar
(•) is used to distinguish an effective material property from its respective counterpart of a homogeneous material). These are the classical quantities obtained under the
quasi-static approximation of the micro-structure and are not to be confused with their
dynamic counterparts [4]. The term sωres represents the eigenfrequency (in radians per
second), of the sth local resonance eigenmode of the inclusion. The formulation of Q depends on the minimum number of eigenmodes, required to sufficiently accurately capture
the dispersive behavior of the system in the desired frequency regime. A more precise
mode selection criterion is discussed in Section 3.3. The set Q is indexed in the order
of increasing eigenfrequencies, i.e. for r, s ∈ Q, r < s implies r ωres ≤ s ωres . The coupling
between the macro and reduced micro-scale balance equations is represented by the vector s~j and the tensor s H. The vector s~j describes the coupling of dipolar local resonance
modes, whereas s H gives the coupling of monopolar, torsional and quadrupolar modes.
(4)
Finally, in equation (3.4), V represents the volume of the RVE. The coefficients C , ρ,
s~j, s H and s ω
res (s ∈ Q) constitute the set of effective material parameters characterizing
an arbitrary LRAM RVE. They are obtained through discretization and model reduction
(See [66] for details). Specifically, the parameters s~j and s H are obtained by projecting
the computed inertial force per unit amplitude of the local resonance eigenmodes onto
the rigid body and the static macro-strain deformation mode respectively. The explicit
expressions for these effective parameters in continuum form are given as follows,
Z
s~
(3.5a)
j=
ρ(~xm ) s~φ(~xm ) dV ,
V
Z
s
s~
H=
φ(~xm ) · (ρ(~xm )S (3) (~xm ))dV ,
(3.5b)
V

where ρ(~xm ) represents the mass density of the heterogeneous micro-structure. Subsequently, the system (3.2)–(3.4) can be solved at the macro-scale.
In the following sections, the analysis will be restricted to dipolar local resonances, i.e.
the coefficient s H will be disregarded in the sequel. The justification for this is as follows.
Since the primary concern of the present paper is to develop an accurate methodology
comparable to standard numerical methods, the analysis is restricted to the deep subwavelength regimes, where the applicability of the method (i.e. homogenizability of the
problem) is guaranteed. The details of the homogenizability criterion are elaborated
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in Section 3.3.3, where it is required for the effective stiffness of the matrix structure
(both shear and compressive) to at least 100 times higher than that of the inclusion.
In this case, the boundary of the inclusion is effectively rigid, thereby suppressing the
action of monopolar and quadrupolar eigenmodes, which necessarily require a deformable
boundary [4]. This fact has also been evidenced in [36] where a homogenized model has
been derived via asymptotic homogenization. Indeed, within the homogenizability limit
of the proposed method, the bandgaps due to negative stiffness effects have negligible
bandwidths and appear as flat branches (see for e.g. the branch corresponding to mode
7 in Figure 3.2a representing a monopolar resonance). Since only dipolar resonances are
dominant in the regime considered here, it is therefore justified to neglect the term s H
in further derivations for the sake of simplification.

3.3

Dispersion analysis

In this section, a plane wave analysis is carried out on an infinite enriched continuum,
i.e. without taking into account macro-scale boundary conditions. First, a plane wave
(Fourier) transform is applied on equations (3.2)–(3.4) to obtain the dispersion eigenvalue problem valid for an arbitrary LRAM RVE design. The relation between the
emergent dispersion characteristics and the properties of the dynamic mass density tensor and the geometric symmetries of the inclusion is then discussed. A procedure for
checking the homogenizability of the approach is then established via dispersion analysis.
Three example periodic unit cell designs are introduced as case studies to illustrate the
influence of the inclusion geometry on the general dispersion characteristics of LRAMs
and to validate the methodology against standard Bloch analysis.

3.3.1

Theoretical development

The plane wave transform of any continuous field variable can be expressed as,
~

(•) = (ˆ•)eik·~x−iωt ,

(3.6)

where the (ˆ
•) represents the transformed variable, ~k denotes the wave vector, ω the frequency and i the imaginary unit. The wave vector can be represented by its magnitude
and direction as ~k = k~eθ , where k = 2π
λ is the wave number, λ the corresponding wavelength and ~eθ a unit vector in the direction of wave propagation. The above expression
provides the plane wave transform in an infinite medium. Applying the transformation (3.6) to equations (3.2)–(3.4) while disregarding s H as discussed before (see the
last paragraph in Section 3.2) yields,
ˆ = ~0 ,
i~k · σ̂ T + iω~p

(3.7a)

ˆ, s ∈ Q
ωres η̂ − ω 2 sη̂ = ω 2 s~j · ~u


(4)
ˆ ,
σ̂ = i C · ~k · ~u
!
X
1
s~ s
ˆ = −iω ρ~u
ˆ+
~p
j η̂
.
V

(3.7b)

s 2 s

s∈Q

(3.7c)
(3.7d)
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ˆ by substituting equations (3.7c) and (3.7d) into equation (3.7a)
Eliminating σ̂ and ~p
and combining it with equation (3.7b) results in the following parameterized eigenvalue
problem in ω,

 " # " #
"
#
T
1~
2
T
ˆ
~
~
ρI
j
2
V
 ·~u = 0 ,
 k Cθ O
(3.8)
−
ω
e
e
2
~
η̂
O
~j
O
ω res
I
e
e
e
e
where Cθ = ~eθ ·C

(4)

·~eθ , ω res is a NQ ×NQ diagonal matrix of the eigenfrequencies, η̂ and
e
~j are column matrices of size NQ containing the modal amplitudes s η and the coupling
e
~ and O are column matrices of size NQ with all entries equal
vectors s~j, respectively; O
e
e
to the zero vector ~0 and scalar 0, respectively. The above eigenvalue problem is the
so-called k − ω form, in which ω is the eigenvalue and k and ~eθ are parameters. The
problem consists of ndim + NQ variables, which gives the number of dispersion branches
predicted by the model. The alternative ω − k form in which k is the eigenvalue and ω
and ~eθ are the parameters can be obtained by eliminating η̂ from the system of equations
e
(3.8) resulting in
ˆ = ~0 ,
(3.9)
(k 2 Cθ − ω 2 ρ(ω)) · ~u
where
ρ(ω) = ρI +

X
s∈Q

ω2
s
J,
sω2 − ω2
res

(3.10)

where sJ = V1 s~j ⊗ s~j is a measure of the translational inertia associated to each local
resonant eigenmode, termed modal mass densities and ρ(ω) is the effective dynamic
mass density tensor which is a well known quantity in the literature [5, 11, 36, 45, 61].
In most works, however, the expression for the dynamic mass density is derived for a
particular unit cell design often after some simplifications and approximations. Here,
on the contrary, equation (3.10) holds for arbitrary geometries, for which it is obtained
numerically.
The solution to equation (3.9) at a given ω yields ndim eigen wave numbers kp (ω),
p = 1..ndim and corresponding eigen wave vectors denoted by ~υp (ω). These vectors are
also termed polarization modes. Let ~υp (ω) be normalized with respect to Cθ , i.e.
~υp · Cθ · ~υq = δpq .

(3.11)

In the present context, only positive real or imaginary eigenvalue solutions are considered
to avoid ambiguity in the direction of wave propagation or decay respectively. If ~υp (ω)
is parallel to ~eθ (i.e. ~υp × ~eθ = ~0) for a given p, the corresponding wave mode is purely
compressive. On the other hand if ~υp (ω) is orthogonal to ~eθ (i.e. ~eθ ·~υp = 0), the resulting
mode is purely shear. All other combinations represent hybrid modes.
For an arbitrary RVE geometry and wave direction, the dispersion problem (3.8)
and (3.9) can be solved numerically which, owing to the reduced nature of the enriched
continuum problem, is computationally much cheaper in comparison to standard Bloch
analysis techniques, especially in the 3D case. It is arguably cheaper even compared to
reduced order Bloch analysis techniques [42, 43] since the spectrum of the homogenized
problem is much smaller than the Bloch spectrum leading to a more compact dispersion
equation.
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If Q accounts for all dipolar modes, the following relation holds due to the mass
orthogonality of eigenmodes
X
s
J = µinc ρI ,
(3.12)
s∈Q

where µinc is the static mass fraction of the inclusion defined as the ratio of the mass of
the inclusion (including the central mass and the compliant support) and the total mass
of the RVE. The above relation can be used to formulate a mode selection criterion for
setting up Q. Projecting equation (3.12) along some arbitrary set of orthonormal basis
vectors ~ep , p = 1..ndim gives a set of scalar equations,
X

s

µJp = µinc .

(3.13)

s∈Q

where, sµJp = (ρ)−1~ep · s J · ~ep , s ∈ Q is the modal mass fraction of the local resonant
eigenmode along ~ep for p = 1..ndim . In practice, it is sufficient if the above expression is
satisfied in the approximation as the local resonance modes in general will never fully be
able to capture all the mass of the inclusion. The tolerance can vary based on the design
requirements but a good measure would be 5% of the inclusion mass fraction. Thus,
Q should be the smallest set of low frequency eigenmodes that satisfies equation (3.13)
within the given tolerance.

3.3.2

Relation between the dispersion characteristics, the dynamic
mass density tensor and geometrical symmetries of the inclusion

The dispersion characteristics of a LRAM are primarily determined by the properties of
ρ(ω). It is anisotropic in general and its components can take all values from [−∞, +∞]
at different frequencies. A bandgap exists at ω when at least one of the eigenvalues
of ρ(ω) is negative. From equation (3.10), it can be concluded that a bandgap is
always initiated at s ω, s ∈ Q, where the determinant of ρ jumps from ∞ to −∞. For
frequencies close to s ω, the dispersion is strongly determined by the properties of the
corresponding s~j vector due to the large magnitude of its coefficient in equation (3.10).
Around that frequency, the polarization modes ~υp , p = 1, ..ndim obtained from the
dispersion problem (3.9) become oriented with respect to s~j, either along the vector or
orthogonal to it. If s~j is not parallel or orthogonal to ~eθ , hybrid wave solutions are
obtained. Note, that hybrid wave modes can also result from the anisotropy of the
effective static stiffness tensor. However, only the hybrid modes resulting from local
resonances are considered here.
A “total” bandgap is formed in the frequency range where all the eigenvalues of ρ
are negative (i.e. it is negative definite). Within this range, all waves regardless of
the direction will be attenuated. When ρ is only negative semi-definite, a “selective”
bandgap is formed that attenuates some of the wave modes. Two bandgaps will overlap
only if a pair of eigenfrequencies s ω, r ω, s, r ∈ Q, s 6= r are sufficiently close enough and
the s~j is orthogonal to r~j. In the special case of a system exhibiting mode multiplicity,
i.e. s ω = r ω and ks~jk = kr~jk, the bandgaps will overlap perfectly. Such a situation
is guaranteed for an inclusion domain with isotropic constituents that possesses the
following symmetries; plane symmetry with respect to 2 mutually orthogonal axes, and a
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4-fold (discrete 90 degree) rotational symmetry about the normal to these axes (exhibited
for e.g. by a square, cross, cylinder, hexagonal prism etc.) . In this case, all r~j vectors
will be aligned along one of the symmetry axis. For a 3D inclusion, a mode multiplicity
of 3 is observed provided the inclusion has plane symmetry about 3 mutually orthogonal
axes and 4-fold rotational symmetry about these axes.
For such a highly symmetric inclusion domain, the set Q can be re-parameterized
by gathering all the s~j vectors with duplicate eigenfrequencies and labeling them using
the same number. Let QS represent such a set. Here N (QS ) = n−1
ep ,
dim N (Q). Let ~
p = 1, ..ndim be the unit vectors representing the symmetry axis. For every s ∈ QS , a
√
set of vectors {s~jp = sµJ ρV ~ep , p = 1, ..ndim } is obtained where sµJ = (ρV )−1 ks~jp k2 ,
is the modal mass fraction associated to that degenerate eigenmode group. With this,
the expression for the effective mass density tensor (3.10) for plane + 4-fold symmetry
case can be re-written by gathering all the terms under the duplicate eigenfrequencies
as follows,
X

ρ(ω) = ρI +

s∈QS

= ρ(1 +

ndim
ω2
1 X
s~
jp ⊗ s~jp ,
sω2 − ω2 V
res
p=1

ω2

X
s∈QS

sω2

res

s

− ω2

µJ )I ,

(3.14)

P dim
~ep ⊗~ep = I has been used. Thus, the mass density tensor becomes
where the fact np=1
isotropic and diagonal in this case. Such a tensor is always either positive or negative
definite at any given frequency. Therefore, an inclusion with plane and 4-fold symmetry
only exhibits total bandgaps and no hybrid wave solutions.
For inclusions with only plane symmetry with respect to ~ep , p = 1, ..ndim (but not
the 4-fold symmetry), for e.g. an ellipsoid, rectangle etc., degenerate eigenmodes are
no longer guaranteed, however the s~j vectors will still align along ~ep .
Now the set
p
0
p
0
s
Q is divided into ndim subsets Q defined as Q = {s ∈ Q| ~ep · J · ~ep 6= 0} for
p = 1..ndim . Using equation (3.10), the mass density tensor can now be re-written for
the plane symmetry case as follows,

ρ(ω) = ρ I +

nX
dim

ω2

X

p=1 s∈p Q0

sω2

res

− ω2


s

µJ ~ep ⊗ ~ep  ,

(3.15)

where s µJ = (ρV )−1 ks~jk2 . Thus the mass density tensor is now orthotropic, or diagonal
with respect to the axis defined by ~ep , p = 1, ..ndim . If the wave propagates along one
of the symmetry axis, i.e. ~eθ = ~ep for some p = 1, ..ndim , then no hybrid wave mode
solutions will be obtained at all frequencies due to local resonance. Furthermore, if Cθ
can be diagonalized with respect to ~ep , which is the case if the effective stiffness tensor is
either isotropic or orthotropic with the orthotropy axis aligned with the symmetry axis
of the inclusion, equation (3.9) can be fully decoupled giving ndim independent scalar
equations,
kp2 C θpp − ω 2 ρpp (ω) = 0 , (no summation on p),
(3.16)
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where,
ρpp (ω) = ρ

X

1+

s∈pQ0

ω2
s
µ
sω2 − ω2 J
res

!
.

(3.17)

Here, C θpp = ~ep · Cθ · ~ep and ρpp (ω) = ~ep · ρ(ω) · ~ep . The solution for the wave number
derived from equations (3.16) and (3.17) is given as
v
!
u
2
X
ω u
ω
sµ
t 1+
kp (ω) =
,
sω 2 − ω 2 J
c0θp
res
p 0

(3.18)

s∈ Q

where,
s
c0θp =

C θpp
,
ρ

(3.19)

represents the effective wave speed in the quasi-static limit of the system. In accordance
with the normalization of ~υp with respect to Cθ given by equation (3.11) , the expressions
for the wave polarization modes are
1
~υp = q
~ep .
C θpp

(3.20)

Hence, in the plane symmetric case, one compression mode (with ~υp ||~eθ for a given
value of p) and two shear (one in the 2D case) modes (with ~υq ⊥ ~eθ for p 6= q) are
always observed without formation of hybrid wave modes, for wave propagation along
the symmetry axis.
Since the combined plane and 4-fold symmetry is a special case of plane symmetry,
the scalar dispersion relations (3.18) also hold in this case.

3.3.3

Homogenizability limit

A criterion on the applicability limit of the developed semi-analytical analysis can be obtained heuristically. The relaxed scale separation principle (stated above in Section 3.2 )
no longer applies when the wavelength of the macroscopic wave in the matrix approaches
the size of the heterogeneities. At that limit, higher order scattering effects start to play
a role which is not accounted for by the present homogenization theory. A safe estimate
for the scale separation limit is when the matrix wavelength is at least 10 times the
relevant microstructural dimension, i.e. kp < 0.2 π` , where ` is the relevant dimension for
all p = 1, ..ndim .
For the local resonance frequencies to lie within this limit, the effective stiffness of the
matrix structure (both shear and compressive) has to be at least 100 times higher than
the effective stiffness of the inclusion. The high stiffness of the matrix structure also
implies that the local resonances will be internally contained, i.e. preventing any interaction between neighboring inclusions. This also imposes a constraint on the maximum
volume fraction of the inclusions, which is largely determined by the material properties
of the matrix and the desired frequency limit of analysis. A stiffer matrix material can
internally contain the local resonances at higher volume fractions compared to a compliant matrix. Similar arguments apply to the cases of random inclusion distributions
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Figure 3.1: The unit cell designs used for the case studies (a) UC1, (b) UC2 and (c)
UC3.
where the inclusions can be arbitrarily close to one another, which can ostensibly result
in some interaction. Hence it is assumed here that, in the case of random inclusion
distributions, there is still sufficient distance between any two neighboring inclusions.
The approximate frequency limit of the homogenization method can be estimated
by solving the dispersion equation (3.8) at k = 0.2 π` along a given wave direction.
The smallest eigenfrequncy for which the corresponding group velocity is non-negligible,
indicating a matrix dominant wave, gives a conservative estimation of the homogenizability limit of the method. Local resonance modes occurring beyond this limit might
exhibit significant nonlocal interactions between neighboring inclusions, at which point
the present homogenization method will become inaccurate and ultimately fail.

3.3.4

Numerical case study and validation
Din
Dout
w
`
V

Diameter of lead inclusion
Outer diameter of rubber coating
Width of hard rubber insert
Length of the unit cell (`1 = `2 )
Volume of unit cell

10 mm
15 mm
2 mm
20 mm
400 × 103 mm3

(a) Geometric parameters of the unit cell

Material
Epoxy
Lead
Soft rubber
Hard rubber

ρ [kg/m3 ]
1180
11600
1300
1300

E [MPa]
3.6 × 103
4.082 × 104
0.1175
11.75

ν
0.368
0.37
0.469
0.469

(b) Istropic linear elastic material parameters

Table 3.1: The geometric and material parameters of the considered unit cell designs
In order to validate the proposed semi-analytical methodology and to illustrate the
results presented thus far, the dispersion properties of three 2D LRAM RVE designs
shown in Figure 3.1 are studied. A periodic micro-structure is assumed, hence the RVEs
considered here represent the periodic unit cell. The periodicity is assumed for the sake of
simplicity of analysis since the distribution is captured by a single inclusion. It also allows
Bloch analysis [38] to be performed in order to compute the reference solution. However,
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the results obtained for a periodic unit can to a large extent be applied to a random
distribution of the inclusions as well, provided that the average volume of the matrix
material over the macroscopic domain remains the same and that the inclusions are well
spaced between each other, i.e. the localized resonances are not influenced. This is
because the effective dynamic mass density tensor, which solely determines the bandgap
properties (i.e. its position and size) resulting from local resonance, is unaffected by
the distribution of the inclusions. The only difference between a periodic and a random
distribution is the degree of anisotropy of the resulting effective static stiffness. Thus,
only the phase speeds of the propagating waves along oblique angles with respect to the
lattice vectors will be different in this case.
The considered unit cell designs are based on that of Liu et al. [13], each consisting of
a square epoxy matrix with an embedded rubber coated cylindrical lead inclusion. The
difference between the designs is in the configuration of the rubber coating such that
each unit cell exhibits a different degree of symmetry. The first design in Figure 3.1a
is both plane symmetric with respect ~e1 and ~e2 and 4-fold symmetric about ~e3 . The
second design in Figure 3.1b is only plane symmetric with respect to the ~e1 − ~e3 and
~e2 −~e3 planes, in which a patch of hard rubber replaces the soft rubber as shown in the
figure. The third design in Figure 3.1c is obtained by rotating the inclusion in the second
design 22.5o counterclockwise with respect to ~e3 . These three examples will exemplify the
influence of the dynamic mass anisotropy on the formation of total bandgaps, selective
bandgaps and hybrid wave modes. The designs are henceforth labeled as UC1, UC2 and
UC3, respectively. Plane strain kinematics is assumed in the ~e1 − ~e2 plane. The values
of the geometric and material parameters of the three designs are given in Table 3.1a
and Table 3.1b, respectively 1 . A finite element discretization is used to obtain the
numerical models of the unit cells. Four-node quadrilateral finite elements were used
with a maximum mesh size restricted to 0.57 mm in the matrix and 0.2 mm in the rubber
coating. The models comprise on average 8000 elements and 15000 degrees of freedom.
Convergence of the results with respect to the discretization size has been verified.
The homogenized enriched continuum parameters are extracted from the finite element models by applying the method described in [66]. The values of the computed
static effective parameters are given in Table 3.2a. Due to the high compliance of the
rubber coating in comparison to the epoxy, the overall effective stiffness of each unit cell
only differs up to 1%, and hence this difference is neglected in the Table. The effective
mass densities of all the designs are identical. The first 15 local resonance eigenmodes
are determined and the corresponding enriched material parameters are computed for
each case. The mode shapes of some of the modes are displayed in Figure 3.2 for reference. Among these, only modes 2, 3, 5 and 6 of UC1 and modes 1, 3, 4, 6 and 9 of
UC2 and UC3 unit cells are dipolar and possess a sufficient modal mass fraction along
one of the considered directions. Modes 1 and 4 of UC1 represent the torsional resonances, involving the central inclusion and the coating, respectively. Mode 7 of UC1 is
of monopolar type as evidenced from the fact that it is plane symmetric. The dipolar
modes 2 and 3 in UC1 and 1 and 3 in UC2 and UC3 represent the vibration of the
central core whereas modes 5 and 6 in UC1 and 4, 6 and 9 in UC2 and UC3 represent
localized vibration in the coating without any involvement of the central inclusion. The
1
The material properties of the two rubber materials used here are hypothetical and do not target a
particular rubber material.
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Design

UC1 & UC2 & UC3

(4)

C 1111 = C 2222 = 1.955

C
[GPa]

C 1122 = C 2211 = 0.546
C 1212 = C 2121 = C 1221 = C 2112 =
0.26
3201.6

ρ [kg m-3 ]

(a) Effective static material properties. Only non-zero compo(4)
nents of C
are shown.

Design

UC1
s~j = √sµ ρ~
J er

Mode
s

ω [Hz]
s

µJ

r=1

UC2 & UC3
√
s~j =
s~j = √sµ ρ~
sµ ρ~
J e1
J e2
√s
√s
s
0
s
~
~
( j = µJ ρ~e1 )
( j = µJ ρ~e20 )

r=2

2

5

3

6

1

6

3

4

9

355.7

1239

355.7

1239

508

1615

936

1263

2053

0.724

0.0468

0.724

0.0468

0.75

0.0157

0.704

0.0675

0.0013

(b) Enriched continuum effective properties associated to the local resonance eigenmodes. Here ~e10 and
~e20 rotated by 22.5o with respect to ~e1 and ~e2 , respectively

Table 3.2: Homogenized enriched continuum material properties of the considered unit
cells.
properties of the dipolar modes are given in Table 3.2b. The sum of the modal mass
fractions of the dipolar modes is almost 98% of the total mass fraction of the inclusion
(µinc = 0.787) along any given direction, hence forming a sufficient basis that satisfies
the mode selection criterion given by equation (3.13). However, for the sake of validation, all 15 modes were considered in the analysis. Furthermore, similar to the static
properties, the effective properties describing local resonance modes are identical for the
UC2 and UC3 modes, with the only difference being the orientation of the coupling
vector s~j of UC3, which would be rotated by 22.5o counter-clockwise with respect to the
corresponding ones of UC2.
The dispersion spectra for the considered unit cells are computed using equation (3.8)
and validated against the spectra computed using Bloch analysis [38] as shown in Figure
3.2. An excellent match is observed between the spectra computed using the two methods for all designs within the displayed frequency range. The group velocities observed
at approximately 0.2 times the distance from Γ to X for the three unit cells are all close
to zero, hence confirming again that within the considered frequency range, the analysis
lies well within the homogenizability limit discussed in Section 3.3.3.
Only total bandgaps are observed in the case of UC1 as expected and mostly selective
bandgaps are observed for UC2 and UC3. Two narrow total bandgaps are seen for
UC2 and UC3 in a narrow frequency range above the eigenfrequncy of the 3rd and 6th
eigenmode at 936 and 1615 Hz respectively as shown in Figure 3.2b and 3.2c. The
formation of hybrid wave modes is clearly visible in UC2 and UC3 along Γ-M and
X-M, when the wave direction is not aligned along the respective symmetry axis of
the inclusion. The hybrid wave effects are localized around the first local resonance
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Figure 3.2: The dispersion spectra of the considered unit cells, (a) UC1, (b) UC2 and
(c) UC3 computed using Bloch analysis (black dashed lines) and the presented semianalytical (SA) approach (colored lines). The mode shapes of some of the local resonant
eigenmodes and their associated dispersion branches are also shown. The topmost colorbar represents the cosine of ~υp , p = 1, 2, with respect to ~eθ , red indicating a pure
compression wave and blue a pure shear wave, intermediate colors represent hybrid
wave modes. The colorbar below indicates the norm of the displacements of the local
resonance eigenmodes.
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Figure 3.3: The general macroscopic acoustic boundary value problem for normal wave
incidence.
frequency. The loss of hybrid wave mode effects when the wave propagation is perfectly
oriented along the symmetry axis can also be observed. Furthermore, the bandgaps of
UC2 and UC3 appear at exactly the same frequency locations, which is a consequence
of the fact that both designs possess the same set of eigenfreqencies and modal mass
fractions. Several flat branches are also observed in both spectra corresponding to the
modes with zero modal densities (i.e. torsional, monopolar modes etc.). Hence it is
confirmed that these modes indeed do not influence the dispersive properties of the
system and the modes indicated by the proposed selection criterion are adequate.
Finally, it should be emphasized that the total computational cost of the reduced
dispersion problem including the offline cost of computing the enriched material parameters which involves meshing, matrix assembly and model reduction for a given unit cell
design, is significantly smaller compared to Bloch analysis on the full FE model (even
with all 15 modes included). The Bloch and the homogenized analysis were both executed using a MATLAB script on a desktop computer with an Intel i7-3630 QM core
and 6GB memory. The Bloch analysis took on an average 230 seconds for each unit cell,
while the homogenized analysis took a total time (including offline and online costs) of
about 4 seconds, indicating a tremendous gain (∼50 times in this case) in computational
speed.
To summarize this section, the various local resonance effects resulting from complex
micro-structure designs such as total and selective bandgaps and hybrid wave modes
have been illustrated. The semi-analytical model accurately captures all effects in the
given frequency regime, while being computationally much more efficient and faster
compared to a full Bloch analysis.

3.4

Transmission analysis

In this section, a transmission analysis framework is derived for wave propagation in
an enriched media at normal incidence. It is a generalization of the standard transfer
matrix method [93] used in the analysis of plane wave propagation through a layered
arrangement of several dissimilar materials, which can in general be distinct locally
resonant metamaterials, described by enriched effective continuum. The technique can
be extended to oblique wave incidence, but this is beyond the scope of the present paper.
The framework is applied to analyze the steady state responses of systems constructed
using PlySym and UC3 unit cell designs including the influence of the finite size of the
structure and the boundary conditions.
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3.4.1

Theoretical development

The general problem can be described as a serial connection of m layered (enriched)
media with the first and the last layer being semi-infinite as shown in Figure 3.3. Since
only normal wave incidence is considered, the wave direction vector ~eθ defines the 1D
macro-scale coordinate axis. Let x represent the corresponding spatial coordinate. The
general plane wave solution at x corresponding to medium r can be expressed as a
ˆf and r~u
ˆb
sum of the forward and backward propagating components represented by r~u
respectively. Hence,
ˆ(x) = r~u
ˆf (x) + r~u
ˆb (x) .
~u

(3.21)

The bounding semi-infinite media will posses only a forward wave or a backward wave
depending whether its boundary is on the left or the right side, respectively. Each
component of the total displacement is composed of the individual wave modes
rˆ

nX
dim

r

rˆ

p=1
nX
dim

r

~uf (x) =

~ub (x) =

r
~υ p rξˆfp ei kp x ,

r

~υ p rξˆbp e−i kp x ,

(3.22a)

(3.22b)

p=1

where, r ξˆfp and r ξˆbp , p = 1, ..ndim are the wave mode amplitudes of the forward and
backward waves, respectively. These can be found by making use of the normalization
condition (3.11), giving
r

ˆf (x)e−i kp x ,
ξ fp = r Cθ · r~υ p · r~u
rˆ
ˆb (x)eirkp x .
ξ bp = r Cθ · r~υ p · r~u
rˆ

(3.23a)
(3.23b)

Next, the traction-displacement relation needs to be setup. Let r~ˆt+ (x) denote the macroscale traction vector in the rth medium with respect to ~eθ (a “−” superscript is used
to indicate traction with respect to −~eθ ). This can be determined from the effective
homogenized constitutive relation (3.4a), disregarding the last term as discussed before
(see the last paragraph in Section 3.2), i.e.
ˆ+
r~

t (x) = ~eθ · r σ(x) = ~eθ · r C

(4)

.. ∇
ˆ(x) .
~ ~u

(3.24)

The displacement gradient is expressed in terms of the plane wave solution by making
use of equations (3.21), (3.22) and (3.23),
ˆ(x) = i rkp
~ ~u
∇

nX
dim 


ˆf (x) − ~eθ ⊗ r~υ p ⊗ r Cθ · r~υ p · r~u
ˆb (x) ,
~eθ ⊗ r~υ p ⊗ r Cθ · r~υ p · r~u

p=1
nX
dim 


ˆf (x) − ~eθ ⊗ r~υ p ⊗ r Cθ · r~υ p · r~u
ˆb (x) ,
~eθ ⊗ r~υ p ⊗ r Cθ · r~υ p · r~u

= iω rκp

p=1

(3.25)

Chapter 3. A semi-analytical approach towards plane wave analysis of local resonance
metamaterials using a multiscale enriched continuum description
44
where r κp (ω) = ω −1rkp (ω) has been introduced. Substituting equation (3.25) in (3.24)
gives,
ˆ+
r~

ˆf − iω r Z(ω) · r~u
ˆb ,
t (~x) = iω r Z(ω) · r~u

(3.26)

where,
r

Z(ω) =

nX
dim

r

Cθ · (rκp (ω)r~υ p (ω) ⊗ r Cθ · r~υ p (ω)) ,

(3.27)

p=1

is the effective impedance of the considered metamaterial medium, defined as the conˆf or iω r~u
ˆb )
stitutive parameter relating the macro-scale traction to the velocity (iω r~u
at a given interface. Note from equation (3.26) that a positive sign is assigned to the
impedance with respect to the forward wave component of the total velocity and a negative sign is assigned to the impedance with respect to the backward wave component. It
is frequency dependent unlike the impedance of ordinary homogeneous elastic materials.
Another relation that is needed for solving the boundary problem is the transfer
operation, which, given a quantity known at x, returns its value at another point x + ∆x
within the corresponding medium. The expression for components r (ˆ•)f (x + ∆x) and
r (ˆ
•)b (x + ∆x) in terms of r (ˆ
•)f (x) and r (ˆ•)b (x) respectively is obtained by applying
equation (3.22) and (3.23),
r

r

(ˆ•)f (x + ∆x) =

(ˆ•)b (x + ∆x) =

nX
dim 

r


r
~υ p ⊗ r Cθ · r~υ p ei kp ∆x · r (ˆ•)f (x) = r T(∆x) · r (ˆ•)f (x) ,

p=1
nX
dim 

r


r
−1
~υ p ⊗ r Cθ · r~υ p e−i kp ∆x · r (ˆ•)b (x) = r T (∆x) · r (ˆ•)b (x) ,

p=1

(3.28)
where,
r

T(∆x) =

nX
dim

r

r

~υ p ⊗ r Cθ · r~υ p ei kp ∆x ,

(3.29)

p=1

is the effective transfer operator.
Finally, the continuity conditions at the media interfaces are established. Let r x give
the coordinate of the rth and (r + 1)th interface. Applying equations (3.21) and (3.26),
the traction and displacement continuity conditions between the r and (r + 1)th medium
rx can respectively be written as,
ˆ+ r
r~

t ( x) + r+1~ˆt− (rx) = ~0
ˆf (rx) − r~u
ˆb (rx)) − iω r+1 Z(ω) · (r+1~u
ˆf (rx) − r+1~u
ˆb (rx)) = ~0 ,
iω r Z(ω) · (r~u
ˆ(rx) = r~u
ˆf (rx) + r~u
ˆb (rx) = r+1~u
ˆf (rx) + r+1~u
ˆb (rx) .
~u

(3.30a)
(3.30b)

Therefore any general problem can be solved by applying equations (3.28) and (3.30)
for all media with the appropriate constraints/boundary conditions.
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homogeneous
medium

actuator
Figure 3.4: The acoustic transmission problem.

3.4.2

Numerical case study and validation

The acoustic transmission analysis framework is applied on the simple macro-scale case
study shown in Figure 3.4. The system consists of a metamaterial medium made of
n = 10 unit cells starting at x = 0 till x = n`, where ` is the size of the unit cell. The 1D
macro-scale coordinate axis and the wave propagation direction are taken along ~e1 as
defined in the unit cell Figure 3.1. An acoustic actuation source is applied at x = 0, which
prescribes a given displacement at the interface. The metamaterial medium is bounded
on the right side by a semi-infinite homogeneous medium and on the left by an actuation
source that applies a prescribed displacement. The impedances of the bounding medium
and the actuation source are matched with the impedance of the matrix material within
the LRAM. The solution to this problem using the semi-analytical approach is derived in
Appendix A. To verify the semi-analytical solution, a direct numerical simulation (DNS)
is carried out using a standard FE software package (COMSOL). The full waveguide
structure used in the DNS is built by serially repeating the FE unit cell model used for
the dispersion analysis in Section 3.3.4. Periodic boundary conditions are applied to
the top and bottom edges to mimic an infinitely large structure in the vertical direction.
An acoustic impedance boundary condition is added at both the ends to account for the
impedance of the bounding media and the actuation source. The assembled system has
a number of degrees of freedom in the order of 105 .
The transmission analysis using the semi-analytical approach and DNS are first carried out for the LRAM medium consisting of UC2 unit cells. The results are shown in
Figure 3.5a. The analysis is performed for applied unit horizontal and vertical displacements separately (while fixing the displacement in the other direction). The absolute
value of the displacement is measured at the right interface which gives the corresponding transmission coefficient with respect to the applied excitation. The expression for the
transmission coefficient obtained using the semi-analytical approach is given by equation (A.8). Due to the plane symmetry of the UC2 along ~e1 , no hybrid wave solutions
exist and a horizontal applied displacement will excite a pure compressive wave and a
vertical displacement will excite a pure shear wave. Hence, only the component of the
transmission coefficient corresponding to that of the non-zero applied displacement is
shown in the figure. The applied frequency range is 350-2100 Hz in order to capture the
first two compressive wave bandgaps and the first three shear wave bandgaps (see Figure 3.2b). An excellent match between the semi-analytical model and DNS is obtained.
One of the interesting observations is that the shear transmission bandgaps are more
pronounced (deeper) than those of the compressive wave. This can be attributed to the
fact that the effective shear stiffness of the unit cell is much lower than its compressive
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Figure 3.5: The transmission ratio for applied horizontal (vertical) excitation and measured horizontal (vertical) displacement in the example macro-scale problem using (a)
UC2 and (b) UC3 as the LRAM medium computed using the semi-analytical approach
(SA) and direct numerical simulation (DNS).
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Figure 3.6: The transmission ratio for applied horizontal excitation and measured vertical displacement in the example macro-scale problem using UC3 as the LRAM medium
computed using the semi-analytical approach (SA) and direct numerical simulation
(DNS).
stiffness. Due to the requirements of the scale separation, the semi-analytical model
is only valid for a relatively stiff matrix material. Beyond this limit, Bragg scattering
effects start to play a role, leading to hybridization of Bragg and local resonance effects
[94]. This effect does enhance the attenuation performance of the metamaterial but at
a cost of overall structural stiffness, hence there is a tradeoff. LRAMs can therefore be
employed in applications where a higher structural stiffness are required.
Next, the transmission analysis is performed exactly with UC3 as the LRAM medium
(Figure 3.5b). Again, the results obtained from the semi-analytical approach match very
well with DNS. The UC3 response is similar to UC2 except for the reduced attenuation
rate and some additional cross coupling of transmission spectra at the local resonance
frequencies. This is due to the fact that a propagating hybrid wave mode will always
be excited in UC3 for pure horizontal or vertical excitations at the local resonance
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frequencies, leading to some residual transmission. The effects due to the hybrid wave
modes occurring in UC3 metamaterial are further illustrated in Figure 3.6, where the
absolute vertical displacement at the right interface is shown, for the unit horizontal
applied displacement. The frequency now ranges from 300 − 700Hz in order to capture
the effects due to the first local resonance at 508Hz. Comparing the results with DNS
shows, once again, a perfect match between the two approaches. The peak vertical
displacements in the LRAM medium is observed exactly at the first local resonance
frequency and drops rapidly away from it, indicating the formation of hybrid modes
due to the dynamic anisotropy of the mass density tensor at the resonance frequency.
This characteristic response of the UC3 LRAM can lead to interesting applications. As
a consequence of horizontal applied displacements on the LRAM, a shear wave will be
excited in the homogeneous medium bounding the LRAM. This enables the design of
selective mode converters that convert an incident wave mode into another mode upon
transmission at particular frequencies for normal wave incidence.

3.5

Conclusion

A multiscale semi-analytical technique was presented for the acoustic plane wave analysis of (negative) dynamic mass density type LRAMs. It enables an efficient and accurate
computation of the dispersion characteristics and acoustic performance of LRAM structures with complex RVE geometries in the low frequency regime. The technique uses a
two scale solution ansatz in which the micro-scale problem is discretized using FE (capturing the detailed micro-dynamic effects of a particular micro-structure) and where an
analytical plane wave solution is recovered at the macro-scale analysis. This approach
offers two main advantages over traditional Bloch based approaches for dispersion and
transmission analysis of LRAMs.
• First, as mentioned earlier, it is computationally remarkably cheap, even in comparison to the reduced order Bloch analysis approaches. The computation of the
homogenized enriched material coefficients forms the biggest part of the overall numerical cost which involves meshing, matrix assembly and model reduction. For a
particular RVE design, this computation has to be performed only once and therefore constitutes an offline cost. The dispersion spectrum is then computed very
cheaply due to the highly reduced nature of the corresponding eigenvalue problem. The mode selection criterion ensures that the resulting model is as compact
as possible without sacrificing the accuracy of the solution.
• Second, it permits an intuitive and insightful characterization of LRAMs and its
dispersive properties in terms of a compact set of enriched effective material parameters. The only limitation of the method is that it is only applicable towards
the analysis of LRAMs in the low frequency regime.
The primary result of the work is the derivation of the dispersion eigenvalue problem of
the enriched continuum, which gives the fundamental plane wave solution in an infinite
LRAM medium. The problem can be conveniently framed in the k − ω or ω − k form,
the latter allowing evanescent wave solutions to be computed. Furthermore, the simple
structure of the dispersion model leads to clarifying qualitative and quantitative insights.
For instance, the relation between the geometric symmetries, the dynamic anisotropy of
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the resulting dynamic mass tensor and the nature of the dispersive behavior becomes
clear, i.e. the formation of selective/total bandgaps and/or hybrid wave modes at certain
frequencies. Several case studies were used to illustrate the approach. The effective
continuum description was combined with a general plane wave expansion resulting in
a modified transfer matrix method on enriched media. The analysis was restricted to
normal wave incidence, but it can easily be extended to the general case of an oblique
incidence.
As discussed earlier, complex designs induce extended micro-dynamics, which manifests itself at the macro-scale in two important ways. First, in the proliferation of local
resonance modes, which trigger the formation of additional bandgaps in the dispersion
spectrum. And second, in the dynamic anisotropy of the material response which leads
to the formation of selective bandgaps and hybrid wave modes. These effects can be
exploited towards developing more advanced filters and frequency multiplexers, which
target specific wave modes at multiple desired frequencies. The developed framework
was applied to case studies revealing interesting phenomena such as pronounced shear
transmission bandgaps compared to the compressive ones (due to the difference in the
elastic stiffness). The localized hybrid mode formation in considered LRAM unit cell
was used to demonstrate a potential application towards selective mode conversion,
where the energy of the incident normal wave mode can be channeled into a different
mode within a certain frequency range. Hence, the presented semi-analytical approach
serves as a valuable tool for optimization and rapid prototyping of LRAMs for specific
engineering applications.
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Abstract
This paper demonstrates the application of a recently developed enriched micro-inertial
continuum based homogenization framework towards numerical dispersion and boundary value problem analyses of local resonance metamaterials exhibiting sub-wavelength
negative stiffness and double negative effects (i.e. simultaneous negative effective mass
density and stiffness). This is a novel development since homogenized structural dynamic analyses that specifically incorporate negative stiffness effects have not yet been
extensively explored. The proposed methodology is successful in approximating the negative stiffness effect to a certain degree. Accordingly, an appropriate error estimation
procedure based on dispersion analyses is proposed to identify the limits of the reliability
of the homogenized model. The resulting methodology provides a highly efficient framework for the analysis of double negative metamaterial problems involving a non-trivial
macroscopic loading, the influence of the applied boundary conditions, and a complex
unit cell design. This is illustrated through a case study involving the refraction analysis
of a double negative metamaterial prism.

4.1

Introduction

Acoustic metamaterials have attracted a wide-spread attention in recent years based
on their extraordinary elastic wave manipulation capabilities, e.g. band-stop filtering,
redirection, channeling and multiplexing, which are usually unreachable by conventional
materials [1–3]. These specially designed composites initiate novel applications in wave
transformation, noise attenuation, seismic wave isolation, acoustic cloaking and superresolution imaging [14, 70, 76, 95–98]. Two phenomena are responsible for the abovementioned extraordinary properties, namely Bragg scattering and local resonance. The
former relies on the perfect periodicity of the structure and is dominant in the highfrequency (short-wavelength) regime, while the latter is also active in the low-frequency
(long-wavelength) regime not requiring material periodicity. This paper focuses on the
49
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analysis of a subclass of acoustic metamaterials solely based on local resonance, henceforth termed local resonance acoustic metamaterials (LRAMs).
Due to the sub-wavelength characteristic of LRAMs, their governing elastodynamic
behavior can be modeled as an effective homogeneous continuum with dynamic (frequency dependent) material coefficients that reproduce the dispersion effects due to
local resonance [3, 4]. A stopband emerges when either the effective dynamic mass
density or elastic material parameter becomes negative in a certain frequency range.
Depending on the mechanism, the local resonance stopband can therefore be further
classified as either a negative mass density or a negative stiffness based effect. A double negative metamaterial is the one which simultaneously exhibits negative mass and
negative stiffness effects in a certain frequency range. The combined effect leads to a
passband characterized by a negative effective group velocity and, consequently, a negative effective refractive index [6]. This effect may have potential applications in the
field of subwavelength imaging towards an acoustic superlens, whose wavelength resolution surpasses the classical Rayleigh limit [3]. Relevant publications on the design and
analysis of double negative LRAMs are [24, 71, 99, 100].
In the literature, various analytical methods have been developed for deriving the
effective medium description of simplistic micro-structures [4, 5, 11, 46]. In recent years,
formal multiscale frameworks for deriving the effective medium for a general metamaterial micro-structure design was proposed by several authors [44, 47–49, 66]. Furthermore,
exploiting numerical solution methods (e.g. FEM), a two-scale computational homogenization (FE2 ) framework suitable for simulating LRAM problems involving arbitrary,
complex micro and macro-structure geometry, transient macro-scale loading, nonlinear
material response etc. was proposed by Pham et.al. [44]. In subsequent papers, this
framework was modified [66] and combined with dynamic model reduction techniques
(restricted to linear elasticity) resulting in an emergent enriched micro-inertial homogenized continuum of a micromorphic type, as defined by Eringen [75]. The new framework
provides a basis for constructing computationally efficient multiscale techniques for large
scale LRAM boundary value problems and thereby a viable alternative to direct numerical simulations (DNS). Furthermore, in [67], a plane wave based semi-analytical approach
for the rapid computation of the dispersion and transmission spectra of LRAM structures exploiting the enriched micro-inertial continuum was developed. This approach
provides a computationally cheaper alternative to the widely used wave based FE methods [37–40] for steady state analysis of LRAMs. Finally, different approaches towards
deriving micro-inertial continua of LRAMs presented in the literature [77, 101] are to
be mentioned.
The homogenized enriched continuum model proposed in [66, 67] has thus far only
been used to analyze negative mass based metamaterials, while the negative stiffness
effect has remained unexplored. This paper addresses this yet unstudied aspect of the
homogenized enriched continuum and demonstrates the applicability of the model to
the description of the negative stiffness/double negative effects, leading to an efficient
computational multiscale framework for dispersion and structural dynamics analysis of
acoustic metamaterials exhibiting such effects.
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The structure of the paper is as follows. The essential aspects of the enriched microinertial continuum and the underlying homogenization framework are briefly recapitulated in Section 4.2 with a particular emphasis on the aspects related to the negative stiffness effects, not considered in previous publications. The dispersion eigenvalue
problem of the enriched continuum is then derived by assuming a plane wave ansatz
in Section 4.3. Next, the characteristics of the negative stiffness and the negative mass
density stopbands are separately analyzed using a simplified model of the homogenized
enriched continuum in Section 4.4. The results obtained here are used to gain useful
insights on the negative stiffness approximation. In Section 4.5, an error estimation
procedure assessing the reliability of the predicted negative stiffness effects is detailed.
In Section 4.6, a computational multiscale analysis based on a negative refraction prism
problem is presented, based on the homogenized enriched continuum. Finally, the conclusions are given in Section 4.7.
The following notations are used throughout the paper to represent different quantities and operations. Unless otherwise stated, scalars, vectors, second, third and fourthorder Cartesian tensors are generally denoted by a (or A), ~a, A, A(3) and A(4) , respectively; ndim denotes the number of dimensions of the problem. The zero vector is denoted
as ~0. A right italic subscript is used to index the components of vectorial and tensorial
quantities. The Einstein summation convention is used for all vector and tensor related
operations represented in index notation. The standard operations are denoted as follows for a given basis ~ep , p = 1, ..ndim , dyadic product: ~a ⊗ ~b = ap bq~ep ⊗~eq , dot product:
A · ~b = Apq bq~ep and double contraction: A .. B = Apq Bqp . Matrices of any type of
quantity are in general denoted by (•) except for a column matrix, which is denoted by
(•). The transpose of a second order tensor is defined as follows: for A = Apq~ep ⊗ ~eq ,
e
AT = Aqp~ep ⊗ ~eq . The transpose operation also simultaneously yields the transpose of
the corresponding component matrix. The first and second time derivatives are denoted
˙ and (¨
by (•)
•), respectively.

4.2

The homogenized enriched continuum of LRAMs

This section summarizes the main aspects of the enriched continuum model introduced
in [44] and [66]. The framework is based on the extension of the classical two-scale
computational homogenization formalism [34, 35] with added micro-inertia effects resulting from local resonance. The classical (non-enriched) approach postulates a scale
separation principle which requires the characteristic size of heterogeneities to be much
smaller than the (smallest) relevant wavelength of the macroscopic loading. This limit
restricts the response of the micro-structure to be strictly quasi-static, thus excluding
any micro-inertial effects, resulting in non-dispersive homogenized governing equations.
To circumvent this, a relaxed scale separation principle was proposed in [44] where the
classical scale separation was only required on the macroscopic wavelength in the matrix
domain of the LRAM whereas the wavelength in the inclusion domain was allowed to
scale freely, thereby allowing for local resonance effects. The extended framework based
on the relaxed separation of scales requires the solution of the full balance of linear momentum equations at both the micro and macro-scales. The domain of the micro-scale
problem, termed the Representative Volume Element (RVE), is given by the periodic
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unit of the LRAM. For randomly distributed inclusions, the RVE is selected such that
it is statistically representative, provided that there is sufficient spacing between the
inclusions to ensure the locality of the resonant behavior. The long wave assumption
on the matrix domain of the LRAM justifies the use of periodic boundary conditions on
the RVE to be applied to the micro-scale displacements (micro-fluctuations) resulting in
a (spatially) local effective constitutive behavior. As such, the multiscale framework is
valid in a nonlinear setting. A FE spatial discretization combined with an implicit Newmark time integration scheme was introduced in [44] to solve the micro and macro-scale
problems in a nested manner.
Restricting the analysis to linear elasticity, a model order reduction based on staticdynamic decomposition was first applied on the FE model of the RVE in [66]. The
reduced basis consists of the quasi-static response of the RVE (under the applied macroscopic load) and a set of low frequency eigenmodes of the RVE under fixed boundaries
that capture the local resonance modes of the LRAM. Applying the scale transition
relations on the reduced model yields a compact set of homogenized enriched continuum equations where the modal amplitudes of the local resonance eigenmodes emerge
as additional internal kinematic field variables (in addition to the displacements) at the
macro-scale.
Details of the derivation of this framework can be found in [66]. The final equations
describing the homogenized enriched continuum are expressed as follows:
The macro balance of momentum
~ M · σ TM − ~p˙ M = ~0 .
∇

(4.1)

¨M − s HM .. ∇
¨M , s ∈ Q .
~ M~u
ω res sη M + sη̈ M = −s~jM · ~u

(4.2)

Local resonance dynamics
s 2

The homogenized constitutive relations
¨M +
~ M~uM + DM(4) : ∇
~ M~u
σ M = CM(4) : ∇

X

s

HM sη̈ M ,

(4.3a)

s∈Q

~pM = ρM~u˙ M +

X

s~

jM sη̇ M .

(4.3b)

s∈Q

Here, σ M represents the macro-scale Cauchy stress tensor, ~pM the macro-scale momentum vector, ~uM the macro-scale displacement vector and s ηM the generalized (modal)
amplitude of the sth local resonance eigenmode of the inclusion indexed by the set Q.
The subscript (•)M here denotes a macro-scale quantity. The coefficients CM(4) and ρM
represent the classical effective linear (static) elastic stiffness tensor and the effective
(volume average) static mass density, respectively. The enriched material parameters
are sωres , s~jM and s HM , representing the eigenfrequency, the momentum coupling and the
stress coupling, of the sth local resonance mode respectively. A nonzero s~jM coefficient
indicates a dipolar local resonant mode [4] while monopolar and quadrupolar modes are
represented by the s HM coefficient. Finally, D(4)
M is an emergent tensor that represents
the inertia with respect to the elastic deformation of the whole RVE. Note that the terms
s
D(4)
M and HM were neglected in previous works [66, 67] where only the negative mass
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effects due to the dipolar local resonance were considered. Yet, these terms can play
an important role in predicting narrow negative stiffness effects in specially designed
LRAM unit cells, which is further exploited in this paper. To summarize, the (tensorial)
s~j , s H and s ω
coefficients CM(4) , D(4)
M
res (∀ s ∈ Q) constitute the set of effective
M ρM ,
M
homogenized material parameters characterizing a given LRAM.
The number of the enriched local resonance degrees of freedom, given by NQ , depends
on the minimum number of eigenmodes required to sufficiently accurately capture the
dispersive behavior of the system in the desired frequency regime. A simple mode
selection criterion for composing a compact reduction basis can be devised as follows.
First, compute the set of low frequency eigenmodes up to the eigenfrequency that is
several times higher than the highest desired frequency range of analysis. Let these
modes be indexed by the set Q̃. For all s ∈ Q̃, compute the following terms,
s

s

µD kl

sj2

Mk
,
ρM
sH 2
M kl
=
DM klkl

µρ k =

(4.4)
∀ k, l = 1, .., ndim (no summation on k or l ) ,

(4.5)

where s jM k , s HM kl and DM klkl are the scalar components of their corresponding tensor
counterparts, and s µρ k and s µD kl represent the component modal mass and modal elastic inertia fractions of the sth mode, respectively. They give the percentage contribution
of the local resonant mode to the total inertia of the RVE and hence, an estimate of
the strength of its macro-scale coupling. The set Q is composed by retaining only those
modes from Q̃ that have at least one of the values of s µρ k or s µD kl (k, l = 1, ..ndim )
greater than a specified cutoff. Based on the stopband analysis presented in Section 4.4,
a conservative heuristic estimate of the cutoff value on s µρ k and s µD kl can be made,
for example, at 2.5% and 20%, respectively, to ensure an adequate coupling preserving
accuracy of the model, without sacrificing model compactness.

4.3

The dispersion eigenvalue problem of the enriched continuum

In this section, the dispersion eigenvalue problem of the homogenized enriched continuum
is derived by assuming a plane wave ansatz on the field variables, i.e. ~uM and s ηM
~

(•) = (ˆ•)eik·~xM −iωt ,

(4.6)

where notation (ˆ
•) is used to denote the transformed variable. In (4.6), ~k and ω represent
the wavevector and frequency of the plane wave, respectively and i is the imaginary unit.
The wave vector can be represented in terms of its magnitude and direction as ~k = k~eθ ,
where k = 2π
eθ is the unit
λ is the wave number, λ the corresponding wavelength and ~
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direction of propagation. Applying the plane wave transform (4.6) to equations (4.1)–
(4.3) yields,
ˆM = ~0 ,
i~k · σ̂ TM + iω~p
s 2 s
ˆM + ω 2 s HM : i~k ⊗ ~u
ˆM , s ∈ Q
ωres η̂ M − ω 2 sη̂M = ω 2 s~jM · ~u
X

s
ˆM − ω2
σ̂ M = CM(4) − ω 2 DM(4) : i~k ⊗ ~u
HM s η̂ M ,

(4.7a)
(4.7b)
(4.7c)

s∈Q

!
ˆM +
ˆM = −iω ρM~u
~p

X

s~

s

jM η̂ M

.

(4.7d)

s∈Q

ˆM are eliminated by substituting equations (4.7c) and (4.7d) into
The terms σ̂ M and ~p
equation (4.7a). Combining it with equation (4.7b) results in the following eigenvalue
problem of the k − ω form where ω is the (unknown) eigenvalue and k and ~eθ act as
parameters.
Homogenized dispersion problem: k − ω form
"
#
"
#! " # " #
2 e · (D(4) )LT · ~
LT
ˆM
~T
~0
eθ ~jTM − i~k · HTM
·~u
k 2~eθ · (C(4)
· ~eθ O
θ
M
M )
2 ρM I + k ~
−
ω
=
,
e
e
e
2
~
~jM + iHM · ~k
η̂ M
O
O
ω res
I
e
e
e
e
e
(4.8)
where ω 2res denotes a diagonal matrix of size NQ containing the squares of eigenfrequencies and ~jM , HM and η̂ denote the column matrices of size NQ containing the corresponde e
e
~ and O are the column matrices of size NQ with
ing quantities for each resonance mode; O
e
e
all entries equal to the zero vector ~0 and scalar 0, respectively; and finally, (•)LT stands for
the left transpose of a tensor, i.e. A(4)LT = (Aijkl~ei ⊗~ej ⊗~ek ⊗~el )LT = Aijkl~ej ⊗~ei ⊗~ek ⊗~el .
The dispersion problem can also be expressed in the ω − k form, where k is the (unknown) eigenvalue and ω and ~eθ are the parameters. To this end, eliminating η̂ M from
e
equations (4.8) and re-arranging the expression gives,
Homogenized dispersion problem: ω − k form
LT
(k 2~eθ · (C(4)
· ~eθ − ω 2 ρM dyn (ω)) · ~eφp = ~0 ,
M dyn (ω))

(4.9)

where C(4)
M dyn (ω) and ρM dyn (ω) represent the effective dynamic stiffness and mass density
tensors, respectively, expressed as,
!
2
X
ω
(4)
2
s
C(4)
D(4)
HM ⊗ sHM ,
(4.10)
M +
M dyn (ω) = CM − ω
sω 2 − ω 2
res
s∈Q

ρM dyn (ω) = ρM I +

ω2

X
s∈Q

sω 2

res

− ω2

s~

jM ⊗ s~jM ,

(4.11)

s
s
s
s~
s~
with sH(4)
M = HM ⊗ HM and JM = jM ⊗ jM . Here, the subscript (•)M dyn distinguishes
the dynamic macroscopic parameters from their quasi-static counterparts. The unit
normalized eigenvectors of equation (4.9) are denoted by ~eφp , where p = 1, ..ndim , and
called, the polarization mode. A polarization mode, ~eφp for some p ∈ {1, .., ndim } parallel
to ~eθ (i.e. ~eφp · ~eθ = 1), represents a pure compressive (P) wave whereas a polarization
mode that is orthogonal to ~eθ (i.e. ~eφp · ~eθ = 0) represents a pure shear (S) wave. All
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other orientations represent hybrid wave modes.
For an arbitrary RVE geometry and wave direction, the dispersion problem (4.8) and
(4.9) can be solved numerically. Due to the reduced nature of the enriched continuum
problem, this is now computationally much cheaper in comparison to standard Bloch
analysis techniques, especially in the 3D case. The achieved reduction is arguably also
larger compared to the reduced order Bloch analysis techniques [42, 43] due to the
simplifying assumptions made in the homogenization.

4.4

Characteristics of the negative mass density and the
negative stiffness stopbands

In this section, analytical closed form expressions of the stopband frequencies of the negative mass density and the negative stiffness stopbands are derived based on a simplified,
non-dimensionalized version of the homogenized enriched continuum model. Note that
comparable analyses have been performed in the literature [5, 11, 45, 102] based on
other models. The main purpose of this section is to exploit the analytical expressions
to compare and contrast the two effects, and more importantly, to acquire insight into
the nature of the negative stiffness effect as predicted by the homogenized enriched
continuum.
The following assumptions are made to ease the analytical derivation. The macroscale dimension is reduced to 1 (ndim = 1), and only a single local resonance mode
coupled to either the macro stress or momentum is assumed. The resulting approximation nevertheless retains the core aspects of the micro-inertial model. Applying those
assumptions to the dispersion equation (4.9) and solving for k gives,
s
k=ω

CM dyn
,
ρM dyn

(4.12)

where,
2
CM dyn (ω) = CM − ω 2 DM − HM
2
ρM dyn (ω) = ρM + jM

ω4
,
2 − ω2
ωres

ω2
.
2 − ω2
ωres

(4.13a)
(4.13b)

Here, jM , HM , CM , CM dyn and ρM dyn represent the scalar, one dimensional, versions of
their corresponding tensor counterparts. Furthermore, in the subsequent analysis either
HM = 0 or jM = 0 will be adopted in the above expression, focusing on either the
negative mass or negative stiffness effect, respectively. Recasting equation (4.13) in
terms of non-dimensionalized parameters gives,
2
CM dyn (Ω) = ωres
DM (Ω2mat − Ω2 − µD

ρM dyn (Ω) = ρM (1 + µρ

Ω2
),
1 − Ω2

Ω4
),
1 − Ω2

(4.14)
(4.15)
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where the non-dimensionalized parameters are given by
2
HM
,
DM
j2
µρ = M ,
ρM
ω
Ω=
,
ωres
r
1
CM
Ωmat =
.
ωres DM

µD =

(4.16)
(4.17)
(4.18)
(4.19)

Here, µρ and µD represent the modal mass and elastic inertia fraction, respectively, Ω the
applied frequency normalized with respect to ωres and Ωmat the approximate resonance
frequency of the matrix, also normalized with respect ωres . The modal mass fraction, µρ
directly gives the resonator mass as a fraction of the total mass of the RVE. The modal
elastic inertia fraction, µD , while proportional to the mass of the resonator, also depends
on the inertial amplification provided by the coupling mechanism of the negative stiffness
resonator [103]. The frequency bounds of the local resonant stopband can be found by
equating k in equation (4.12) to 0 and ∞ and solving for Ω.
The solution for the normalized frequency bounds (lower, Ωlow and upper, Ωup ) and
the bandwidth (BWnorm ) due to the negative mass density effects only (µρ 6= 0, µD = 0)
is given as,
Ωlow = 1,

(4.20a)

1
Ωup = p
,
1 − µρ

(4.20b)

1
−1.
BWnorm = Ωup − Ωlow = p
1 − µρ

(4.20c)

Similarly, the solution for the normalized frequency bounds and the bandwidth due to
negative stiffness effects (µD 6= 0, µρ = 0) is given as follows

Ωlow

v
q
u
u 1 + Ω2 + (1 − Ω2 )2 + 4µ Ω2
D mat
t
mat
mat
=
,
2 (1 − µD )

Ωup = 1,
BWnorm

v
q
u
u 1 + Ω2 + (1 − Ω2 )2 + 4µ Ω2
D mat
t
mat
mat
=1−
.
2 (1 − µD )

(4.21a)
(4.21b)
(4.21c)

Comparing equation (4.20c) with (4.21c), it is clear that the normalized bandwidth
due to negative mass effects is determined by one parameter only, namely µρ , whereas
the negative stiffness effects are governed by two parameters, µD and Ωmat . The plots
of the BWnorm versus the normalized parameters are given in Figure 4.1. The negative
mass stopband (Figure 4.1a) scales strongly with µρ , especially for higher values of µρ ,
whereas the negative stiffness stopband (Figure 4.1b) only scales significantly with µD
for lower values of Ωmat . For Ωmat >> 1, the stopband essentially vanishes regardless of
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Figure 4.1: The plot of the normalized bandwidths of the stopbands due to (a) negative
mass density and (b) due to negative stiffness effects as a function of the corresponding
non-dimensionalized enriched continuum parameters.
the value of µD , at which point the negative stiffness effect no longer manifests itself at
the macro-scale.
The parameter Ωmat is strongly connected to the homogenizability of the multiscale
framework. Since Ωmat represents the factor of separation between the local resonance
and the matrix resonance frequency, the condition Ωmat >> 1 needs to be satisfied in
order to ensure that the response of the matrix domain is predominantly quasi-static
in the local resonance frequency regime ( ω ∼ ωres / Ω ∼ 1). The parameter Ωmat can
therefore be considered as a measure quantifying the separation of scales within the
matrix domain at ω ∼ ωres . Higher order asymptotic corrections with respect to Ωmat
are required to adequately model the negative stiffness effect for Ωmat approaching 1.
Accordingly, the present methodology only approximates narrow negative stiffness effects
for Ωmat & 1 with restricted accuracy. This justifies the need for an error estimation
procedure to identify the applicability and reliability of the homogenized model, which
is presented in the next section.

4.5

Assessment of the reliability limits of the homogenized
model

This section presents a heuristic approach for determining the limits of applicability
and reliability of the homogenization model. As discussed in Section 4.4, the negative
stiffness effect is only significant in low scale separation regimes where the homogenizability of the problem is not necessarily guaranteed. Hence, it is required to introduce
an appropriate accuracy measure to identify its reliability limits. The best and the most
straightforward error measure for any given macroscopic problem would be to compare
the homogenized solution with the DNS. This is naturally infeasible as it would downgrade the prime purpose of a multiscale analysis. Therefore, the dispersion analysis is
proposed here as the benchmark for assessing the accuracy of the enriched homogenized
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model in a relatively cheap and reliable way. The reference solution is determined using
Bloch analysis on a metamaterial unit cell which accounts for all higher order scattering
effects. Here, the finite element based Bloch analysis [38] is used as it is directly compatible with the present numerical multiscale framework, where the periodic boundary
conditions on the RVE are replaced by the Bloch boundary conditions. The additional
computational problem now takes the form of a k − ω eigenvalue problem on the RVE
for a given set of k points and wave directions. Since the problem is limited to a single
RVE, the overall cost remains significantly lower than DNS. By restricting the analysis
to a few important wavevector points, a relatively cheap approach for evaluating the
reliability of the model results. This evaluation has to be performed only once for a
given RVE and therefore contributes to the offline costs only.
Since the underlying enriched continuum homogenization framework retains a periodic boundary condition on the RVE for all wavenumbers (as required by the relaxed
scale separation principle), the dispersion model derived from it (equations (4.9) and
(4.8)) corresponds to a Bloch analysis at k = 0 (provided that sufficient number of the
periodic eigenmodes are incorporated into the model). The model therefore deviates for
wavenumbers further from zero in regimes where the relaxed scale separation does not
hold. Accordingly, a first measure quantifying the reliability of the model is obtained
by computing the errors in the predicted eigen frequencies at the symmetry points of
the edge of the Brillioun zone. The frequency range of the applicability of the enriched
continuum model is then determined by the lowest eigenfrequency within the computed
set that does not satisfy a required error tolerance. Subsequent evaluations can be performed in a similar fashion at selected points inside the Brillioun zone. The number of
wavevector points selected ultimately depends on the desired accuracy, to be balanced
with computational cost limitations of the overall analysis.
Note that since the stopbands/passbands due to the negative stiffness/double negative effect are typically very narrow ( 1% of the local resonance frequency), even a
small error in the eigenfrequency might be significant relative to the stopband/passband. Thus, in order to obtain a more sensitive estimate, the bandwidth error of the
predicted stopbands/passbands can be computed instead. This can be determined by
evaluating the difference between the eigenfrequencies computed at the edge of the Brillioun zone and at k = 0.

4.6

Dispersion and macro-scale boundary value analysis of
a double-negative example problem

This section presents a case study to demonstrate the applicability of the enriched homogenized continuum model for dispersion and macro-scale boundary value problem
analyses of metamaterials with double negative effects. First, the dispersion spectrum
of the considered LRAM unit cell is computed using the enriched continuum and validated against Bloch analyses. Next, inspired by the works of [24], an example steady
state macro-scale boundary value problem of a negatively refracting metamaterial prism
is solved using the enriched homogenized continuum.
The considered double negative LRAM unit cell is shown in Figure 4.2. The inclusion
within the metamaterial unit cell is modeled using discrete spring-mass mechanisms. It
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Figure 4.2: The considered double negative LRAM unit cell.
Table 4.1: Geometric and material properties of the considered unit cell.
Property
Length of unit cell
Diameter of inclusion
Initial herringbone angle
Central resonator stiffness
Central resonator mass
Herringbone resonator stiffness
Herringbone resonator mass
Young’s modulus of matrix
Poisson’s ratio of matrix
Mass density of matrix

Symbol
`
D
α
β1
m1
β2
m2
Emat
νmat
ρmat

Value
20 [mm]
10 [mm]
15o
62.5 [MPa]
0.6429 [kg]
125 [MPa]
0.3215 [kg]
25 [GPa]
0.3
2000 [kgm−3 ]

is embedded in a continuum matrix modeled in 2D with a plane strain assumption.
The discrete inclusion model is justified since the present work focuses on the emerging effects and not on the actual manufacturing of the metamaterial. Nevertheless, the
spring mass model can be easily converted to practice using compliant mechanisms. The
inclusion consists of a resonator directly coupled to the matrix and a pair of outer resonators, connected via a herringbone shaped, two-bar mechanism as shown in the figure.
The negative stiffness and mass effects necessary for the double negative passband are
generated separately by the outer and central resonators, respectively. The parameters
of the unit cell given in Table 4.1, are selected such that a double negative passband
emerges within the homogenizable regime. The inclusion constitutes about 75% of the
total mass of the RVE, which can be achieved in a realistic setting. The initial angle
of the herringbone mechanism as shown in Figure 4.2 is kept very low at 15o in order
to generate a high inertial amplification [103], thereby greatly enhancing the negative
stiffness effect.
The matrix of the unit cell is discretized using a FE mesh with plane strain quadrilateral elements with a maximum element size of 2 [mm]. Convergence of the results
with respect to the mesh size has been verified. The spring-mass inclusion model is
coupled to the FE model of the matrix at the respective nodes. The total number of
degrees of freedom of the resulting model is 272. The homogenized enriched continuum
properties are derived using the procedure given in [66]. The computed enriched material parameters are given in Table 4.2. Three local resonance modes are identified and
included in the description of the enriched continuum. The first mode is the oscillation
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Table 4.2: The computed homogenized enriched continuum parameters of the considered
double negative LRAM. Quantities not displayed in the table are equal to zero.
Property
ρM [kg m-3 ]
CM(4) [GPa]

DM(4) [kg m−1 ]

sω

[Hz]
1
3
[kg 2 m− 2 ]

res

s~j

M

sH

M

1

1

[kg 2 m− 2 ]

Value
3180
CM1111 = CM2222 = 19.6
CM1122 = CM2211 = 6.77
CM1221 = CM2112 = CM1212 = CM2121 = 5.09
DM1111 = 2.269 DM2222 = 0.132
DM1122 = DM2211 = 0.093 DM1221 = DM2112 =
0.029
DM1212 = DM2121 = 0.329
s=1
s=2
s=3
2234
3017
3152
39.82~e1
0
39.94~e2
1.48~e1 ⊗ ~e1 +
0
0
0.215~e2 ⊗ ~e2

of the central spring mass, the second and third modes are, respectively, the out of
phase and in-phase oscillations of the outer resonators (see Figure 4.3a for reference).
The dispersion spectrum of the homogenized model is computed using equation (4.9),
for a wave propagating in the ~e1 direction and plotted in Figure 4.3a. Both the real
and imaginary components of the wavenumber are shown. Three distinct bands are observed: a negative mass stopband (2233-3146 [Hz]) along the compressive wave branch
due to the action of the central resonator, a narrow negative stiffness band (2936-3017
[Hz]) also along the compressive wave branch due to the out of phase motion of the
outer resonators and finally, a negative mass stopband (3144-4445 [Hz]) along the shear
wave branch due to the in-phase oscillations of the outer resonators. The overlap of
the negative stiffness and mass stopband along the compressive branch yields a double
negative passband from 2936-3017 [Hz].
The dispersion spectrum predicted by the homogenized model is validated against
the spectrum computed using the standard FE Bloch analysis [38]. A very good match
exists between the homogenized model and the Bloch spectrum in the frequency regime of
interest. The bandwidth error equals 12.9% in the double negative passband predicted
by the homogenized model. A closer look at the double negative passband reveals
an excellent agreement between the two spectra at low wavenumbers with a gradual
divergence at higher wavenumbers. This provides further evidence that the bandwidth
error results from higher order scale effects not accounted for in the homogenization
framework. Furthermore, the group velocity in the passband is nearly zero at high
wavenumbers. This implies that a 12.9% error in the bandwidth is still acceptable since
most of the error stems from less critical regions within the passband. The computational
cost of the homogenized dispersion analysis mainly consists of evaluating the enriched
material parameters and the reliability assessment via Bloch analysis, both performed
in an “offline” stage only once for a given unit cell design. The cost of solving the
dispersion problem (equation (4.9)) is insignificant as it only involves a few unknowns.
Thus, the total cost is of the same order as a Bloch analysis for a few wavenumbers
only and is therefore significantly lower compared to a full Bloch analysis. It however
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Figure 4.3: Plot of (a) the dispersion spectrum of the double negative LRAM computed
using Bloch analysis (blue) and the enriched homogenized model (red) along with the
corresponding local resonance mode shapes and (b) the frequency response of relevant
components of the effective dynamic mass density and stiffness tensor. The double
negative passband region is shaded in cyan. Note, that within the double negative
passband, the homogenized dispersion spectrum appears to not predict any solutions at
higher wavenumbers. This is just a consequence of the ω − k approach, which requires
densely spaced frequency points in order to capture the spectrum at near zero group
velocities.
should be emphasized that the main added value of the proposed model is its direct
applicability to the solution of (initial) boundary value problems in finite domains as
will be illustrated in the following.
A macro-scale steady state boundary value analysis of the double negative prism is
carried out next. The setup of the problem, inspired by the works of Zhu et. al. [24],
is illustrated in Figure 4.4. It consists of a rectangular domain made up of a homogeneous medium, with an embedded metamaterial prism. The relevant dimensions of
the macro-scale problem are indicated in Figure 4.4 and given in Table 4.3. The size
of the metamaterial region spans a domain effectively composed of 7020 unit cells. The
homogeneous region is made up of the same material as the matrix of the metamaterial unit cell. A horizontal harmonic traction of 1.67 [MPa] is applied on a part of the
domain boundary to simulate an incident compressive wave, orthogonal to one of the
sides of the prism (see Figure 4.4 for reference). An absorbing boundary condition via
matched impedance with respect to the homogeneous medium is applied on the rest of
the boundary to prevent multiple reflections within the homogeneous domain, aiding the
visualization of the refracted wave. However, the reflections within the LRAM prism domain and at the traction boundary are not mitigated, serving the aim of illustrating the
ability of the developed homogenization framework to simulate finite domain boundary
value problems with general boundary conditions. Fully resolving the metamaterial domain by directly modeling all the unit cells would lead to a computationally prohibitive
simulation. Instead, here the metamaterial domain is modeled using the developed
homogenized enriched continuum model, leading to a significant reduction in computational costs, as will be discussed later. Note, that the enriched continuum approach
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has been validated against direct numerical simulations (DNS) on other boundary value
problems in [66, 67] and therefore this validation step is not repeated here.

absorbing
boundary
prescribed
traction

Figure 4.4: The setup of the macroscopic problem: a rectangular domain of a homogeneous medium with an embedded double negative LRAM prism (dark shaded). A
horizontal harmonic traction is uniformly applied on the marked area of the left boundary. Absorbing boundary conditions are applied on all other external boundaries.

Table 4.3: Geometric properties of the macro-scale problem.
Property
Base length of domain
Height of domain
Base length of prism
Height of prism
Length of excitation region

Symbol
B
H
b
h
a

Value
6 [m]
12 [m]
1.8 [m]
3.12 [m]
1.74 [m]

The problem is discretized using a uniform linear quadrilateral FE mesh with element size 60 [mm]×60 [mm]. This element size accurately resolves wavelengths up to 300
[mm] without noticible dispersion effects for the parameters used in the present analysis.
The same, linear, approximation is applied to both the displacement and micro-inertial
degrees of freedom. Each node in the mesh contains 5 degrees of freedom: 2 displacements and 3 enriched degrees of freedom. The total number of degrees of freedom of the
resulting model is about 42,000. The steady state simulation in the frequency domain is
carried out at 2985 [Hz], 3000 [Hz] (both in the negative refraction regime) and 3600 [Hz]
(in the ordinary (positive) refraction regime). Due to Poisson effects, a compressive wave
yields both a compressive and a shear wave upon refraction. To resolve the individual
waves, (i.e. P and S polarized waves) a Helmholtz decomposition is employed where the
irrotational (curl-free) and divergence free components of the macroscopic displacement
gradient field are computed, which is detailed in Appendix B.
The plots of the real component of the total displacement and the P and S polarized displacement gradients at each of the applied frequencies are given in Figure 4.5.
The negative refraction effects occurring in the double negative zone are apparent,
Figure 4.5(a)–(f) especially in contrast to the ordinary (positive) refraction effect Figure 4.5(g)–(i). Multiple refracted waves of each polarization can be observed, mostly
resulting from multiple internal reflections within the LRAM prism. It is interesting to
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Figure 4.5: The steady state response of the double negative metamaterial prism system
for a normal incident compressive wave at an applied frequency of 2985 [Hz] (a–c), 3000
[Hz] (d–f) and 3600 [Hz] (g–i). The LRAM exhibits negative refraction at 2985 [Hz] and
3000 [Hz] and ordinary (positive) refraction at 3600 [Hz]. Plots (a), (d) and (g) give
the total real displacement; (b), (e) and (h) the real P polarized displacement gradient;
and (c), (f) and (i) the real S polarized displacement gradient. The colorbars in the left
column are associated to the displacements while the colorbars in the right column are
associated to the polarized displacement gradients, corresponding to the given applied
frequency simulation. The values of the refraction angles (θrP and θrS ) determined using
Snell’s law are also displayed and plotted using solid black vector arrows. The dashed
black line denotes normal to the surface.
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note that in the negative refraction regime, the energy is mostly channeled through the S
wave upon refraction, thus presenting an example of mode conversion, a well known feature of double negative LRAMs [24, 104]. For comparison, the values of refraction angles
computed using Snell’s law (see Appendix C) are also given in Figure 4.5 and plotted
there as solid black arrows. A good match results between the prediction of Snell’s law
and the primary refracted waves computed through the multiscale simulation.
The script for the entire FE simulation was implemented in MATLAB on a standard
desktop computer with an Intel(R) Core(TM) i5-4200H CPU, 2.80GHz processor and
4GB RAM, without parallelization. Due to the relatively small RVE model, the runtime
for the offline computations of the homogenized coefficients was negligible. The direct
Bloch analysis (for the estimation of the accuracy of the homogenized model) took
4.5 [s] for 100 wavenumber points. Finally, the runtime of the macro-scale enriched
continuum boundary value problem simulation (online) was about 20 [s] for a given
applied frequency. The gain in terms of computational costs by using the homogenized
enriched continuum based framework instead of the fully resolved DNS can be indirectly
quantified by comparing the number of degrees of freedom involved. In the DNS case,
the LRAM prism domain would entail a periodic repetition of the discretized RVE
model while the mesh in the homogeneous part would need to be refined in the vicinity
of the prism to ensure nodal connectivity. The total number of degrees of freedom of
the DNS model can therefore be estimated to be in the order of 106 , which exceeds
the homogenized model by a factor of 100. Thus, a significant reduction in the overall
computational cost can be expected.

4.7

Conclusions

This paper demonstrated the application of the homogenized enriched continuum approach, by solving a computationally efficient macroscopic boundary value problem that
enables the analysis of negative stiffness and double negative LRAMs. Unlike negative
mass, the negative stiffness effect is only approximated by the homogenized enriched
continuum, limiting it to narrow stopbands. Simplified analytical expressions for the
stopband bandwidths generated by each effect were derived and it was shown that a low
scale separation is required in order to observe significant negative stiffness effects. To
ensure the reliability of the model in this regime, an assessment criteria based on the
relative error in the eigen-frequencies between the enriched continuum and the reference
Bloch spectra at relevant wavevector points was introduced. Special attention was also
given to the relative error in the predicted bandwidth of the stopbands/double negative
passbands as it gives a more sensitive estimate of the accuracy of the predicted negative
stiffness effect.
The methodology was demonstrated on a 2D case study of a negatively refracting
LRAM prism. The finite element method was used to discretize the micro and macro
problems. The steady state response to an incident compressive wave on the LRAM
prism was simulated in the propagating zone and within the negative refraction zone.
A clear illustration of the positive and negative refraction effects was shown. The high
computational gain using the enriched continuum as opposed to the DNS was discussed,
accompanied by a reduction in the total number of degrees of freedom by a factor of
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100. A detailed dispersion analysis of the considered LRAM was also carried out where
the spectrum of the enriched continuum model was validated against the full Bloch
spectrum. Close inspection of the spectra revealed that the error between the two was
only significant at higher wavenumbers within the passband where the group velocities
are very low (and therefore the negative refraction effect is weak). This implies that a
relatively high bandwidth error can be tolerated for practical purposes. The exact value
of a generally applicable limit, for any given unit cell, still remains an open question.
Despite the reduction in accuracy, the present methodology offers an approach that
is fairly easy to implement using standard FE methods under arbitrary transient loading
and boundary conditions and complex LRAM unit cell geometries, at a fraction of the
cost of a full scale direct numerical simulation.
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A general multiscale framework for the emergent
effective elastodynamics of metamaterials
Reproduced from:
A. Sridhar, V. G. Kouznetsova, and M. G. D. Geers.
Journal of the Mechanics and Physics of Solids, 111:414–433, 2018

Abstract
This paper presents a general multiscale framework towards the computation of the
emergent effective elastodynamics of heterogeneous materials, to be applied for the analysis of acoustic metamaterials and phononic crystals. The generality of the framework
is exemplified by two key characteristics. First, the underlying formalism relies on the
Floquet-Bloch theorem to derive a robust definition of scales and scale separation. Second, unlike most homogenization approaches that rely on a classical volume average,
a generalized homogenization operator is defined with respect to a family of particular
projection functions. This yields a generalized macro-scale continuum, instead of the
classical Cauchy continuum. This enables (in a micromorphic sense) to homogenize
the rich dispersive behavior resulting from both Bragg scattering and local resonance.
For an arbitrary unit cell, the homogenization projection functions are constructed using the Floquet-Bloch eigenvectors obtained in the desired frequency regime at select
high symmetry points, which effectively resolves the emergent phenomena dominating
that regime. Furthermore, a generalized Hill-Mandel condition is proposed that ensures
power consistency between the homogenized and full-scale model. A high-order spatiotemporal gradient expansion is used to localize the multiscale problem leading to a series
of recursive unit cell problems giving the appropriate micro-mechanical corrections. The
developed multiscale method is validated against standard numerical Bloch analysis of
the dispersion spectra of example unit cells encompassing multiple high-order branches
generated by local resonance and/or Bragg scattering.

5.1

Introduction

Acoustic metamaterials and phononic crystals are specially designed composites enabling extraordinary manipulation of mechanical waves, such as band-stop filtering,
redirection, channeling, multiplexing etc., which is impossible with conventional materials [1, 2]. These properties are a result of two distinct scattering phenomena occurring
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separately or jointly, i.e. Bragg scattering and local resonance. The emergent wave resulting from both Bragg scattering and local resonance is coherent and is associated
with a well defined dispersion spectrum. The most striking feature of such a spectrum
is the appearance of bandgaps, which are the frequency ranges where no real (i.e. propagating) wave solution exists. The exotic properties of these metamaterials are mostly
a consequence of these physical phenomena.
This paper presents a multiscale modeling framework for acoustic metamaterials and
phononic crystals restricted to the linear elastic regime without dissipation. The underlying motivation consists in the development of efficient computational techniques for
transient structural dynamics analyses of acoustic metamaterials and phononic crystals
with arbitrary rich dispersive behavior in reasonably broad frequency regimes. Although
the multiscale analysis techniques developed thus far [44, 50, 66, 105] have demonstrated
an advantage for solving large scale problems compared to the direct numerical simulations of the fully resolved models, the homogenization theories underlying these methods
are limited to certain special micro-structures within a narrow frequency range of validity (typically in the low frequency regime). These limitations are a consequence of
the definition of scales and the underlying scale separation justifying these approaches.
This becomes clear through the adopted homogenization formulation, i.e.
• The kinematic and dynamic assumptions made on the micro-scale fluctuations
resulting from the material heterogeneities.
• The formulation of the homogenization (/smoothening/regularization) operator
that is used to project (upscale) the micro-scale quantities onto the macro-scale.
In the low frequency, long-wavelength regime (where no dispersion is observed), a quasistatic assumption on the micro-scale fluctuations subjected to periodic boundary conditions is justified and the homogenization operator is taken to be a uniform volume
average over the unit cell as required by two-scale convergence [106]. The resulting homogenized model retains the Cauchy continuum form with local constitutive response.
Extensions to this model have mostly been focused on relaxing the assumptions on the
micro-scale fluctuations, while little attention has been paid towards generalizing the
homogenization operation beyond the uniform volume average.
Higher order spatial and/or temporal asymptotic corrections to the quasi-static, periodic micro-fluctuations have been proposed [48, 50, 52–54] that extend the classical
theory to shorter wavelength regimes. The resulting effective constitutive equations are
(weakly) nonlocal, containing higher order spatial and/or temporal derivatives of the
displacements. Such models are capable of capturing the dispersion of the initial (also
called acoustic) branches and sometimes, the second-order (also called optical) branches.
An important step towards developing a general homogenization framework (for geometrically periodic micro-structures) has been investigated extensively in the works of Willis
[57–60] and further developed by other authors [61, 62, 64, 107] that fully relaxes any
assumptions on micro-scale fluctuations and extends the range of possible macro-scale
wavelengths to the entire Brillouin zone. Here, the general solution for the micro-scale
fluctuations is provided by the Floquet-Bloch theorem [32, 33]. The resulting effective constitutive model is strongly nonlocal in both space and time. Furthermore, an
additional coupling between the homogenized stress and velocity, and momentum and
strain has also been demonstrated. The potential of this approach in terms of capturing
Bragg scattering branches in 3D composites has been shown in [107]. However, despite
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its generality even these approaches are theoretically limited to only a few low-order
branches [62]. The reason for this limitation was identified in [61], where the use of the
uniform volume averaging operator was shown to be suboptimal at frequencies beyond
the low-order branches.
At higher frequencies, exotic wave modes emerge especially for 2D and 3D unit cell
geometries, which can transport energy even at vanishing average displacement, e.g. rotational/Cosserat waves [12]. Indeed, in such cases, it is necessary to resort to a micromorphic macro-scale continuum description of the type hypothesized by Eringen [75] and
[56, 108, 109], instead of the classical Cauchy continuum. Furthermore, micro-inertial
effects dominate at these frequencies where adjoining material domains within the unit
cell start to vibrate out of (harmonic) phase with respect to each other. In this case,
it is necessary to recover the phase information which is lost through uniform volume
averaging. It is therefore necessary to generalize the formulation of the homogenization
operation by introducing an appropriate weighted average that properly captures the
emergent phenomena upon projection at the macro-scale.
The formulation of this weighted projection is well understood for local resonance
based metamaterials e.g. [13], where the inclusion vibrates out of phase with respect
to the matrix beyond the local resonance frequencies. The volume average is performed solely over the matrix whereas the dynamics of the inclusion are seperately
modeled, normally on the subspace of local resonance eigenmodes of the inclusion
[36, 45, 58, 110]. Computational homogenization techniques for exclusively modeling
local resonance acoustic metamaterials have successfully demonstrated this [44, 66]. The
formulation of the homogenization operator for a general micro-structure that can also
exhibit Bragg scattering is less straightforward. Relevant work in this direction include
[49, 55], where the Floquet-Bloch eigenvector of the unit cell, obtained via dispersion
analysis, at a given point on the Brillouin zone was proposed as the projection function
for the homogenization operator. The modified homogenization theory allowed capturing
exactly, the dispersion spectrum in the proximity of the eigenfrequncy of the FloquetBloch mode. Taking this concept further, the homogenization operation was enriched
in [64] using a family of projection functions in addition to the uniform one, in order
to capture multiple emergent phenomena and the corresponding dispersion branches.
The method was validated on a simple 1D example unit cell, but the full potential of
this generalization still remains to be explored and exploited towards more complex unit
cells and macro-scale problems.
This paper presents an important step forward towards the development of a general multiscale elastodynamic framework that overcomes the limitations of the previous
approaches. No assumptions are made on the design of the micro-structure (other than
linear elasticity and geometric periodicity) or the range of applied frequencies. The
underlying multiscale formalism is based on the Floquet-Bloch transform which gives a
precise definition of scales via spectral decomposition, that does not require any additional assumptions on scale separation. Furthermore, following the proposition of [64], a
set of dedicated generalized projection functions is introduced to formulate the homogenization operation. The resulting upscaled model is therefore a generalized, emergent
micromorphic continuum. For a given arbitrary periodic micro-structure, the projection
functions are formulated using Floquet-Bloch eigenvectors obtained at selected high
symmetry points in the Brillouin zone in the desired frequency range of analysis, which
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ensures the precise resolution of the emergent elastodynamics in that regime. A generalized Hill-Mandel condition is proposed to guarantee internal power equivalence between
the fully resolved and the homogenized models. This is exploited to derive a general
multiscale formulation. The global problem is localized (i.e. reduced to a problem on a
single unit cell) by assuming a high-order spatio-temporal gradient expansion with respect to the macro-scale displacements as ansatz for the full scale displacements, yielding
a series of recursive local unit cell problems that can be readily solved. The resulting
homogenized macro-scale governing equations constitute a set of high-order partial differential equations with constant coefficients. The unit cell problem is discretized using
a finite element (FE) discretization, yielding a computational multiscale methodology
capable of modeling arbitrary geometrically complex unit cell problems.
The proposed methodology is validated by comparing the dispersion spectra of the
homogenized continuum against standard Bloch analysis [37] for a couple of example
2D unit cell designs exhibiting local resonance and/or Bragg scattering, computed for a
wide range of frequencies capturing several high-order branches. The complex spectra are
also presented in order to validate the evanescent wave solutions, which are responsible
for important boundary layer effects [40, 63]. The solution of macro-scale transient
boundary value problems is beyond the scope of this paper since this requires dedicated
numerical schemes and will be the subject of future work. However, the validation
against the dispersion spectra has its own added value since it demonstrates, arguably
for the first time, a methodology for computing homogenized effective properties of
acoustic metamaterials/phononic crystals with complex unit cell designs applicable in
the high frequency regime.
The outline of the paper is as follows: Section 5.2 presents the underlying multiscale
formalism. The Floquet-Bloch transform is briefly introduced, followed by the definition of scales and the general concept of the homogenization and its inverse, localization
operation. In Section 5.3, the formalism is applied towards the homogenization of the
linear Cauchy elastodynamic equations. The formulation of the homogenization and
localization operations is elaborated, the later based on micro-mechanical unit cell analyses derived via a high-order gradient expansion ansatz. The numerical case study and
validation are presented in Section 5.4. The conclusions and future outlook are given in
Section 5.5.
The following notation is used throughout the paper to represent different quantities
and operations. The number of dimensions of the problem is denoted by ndim . A
general mth order Cartesian tensor is denoted as A(m) . However, special notation is
normally used for scalars, vectors and second order tensors denoted by a (or A), ~a and
A, respectively. A right subscript is used to index Euclidean components with respect
to a basis ~ep , p = 1, ..ndim , e.g. ~a = ap~ep , where the Einstein summation convention
is used for repeated indices in all vector and tensor related operations represented in
index notation. The standard tensor operations are denoted as follows, dyadic product:
~a ⊗ ~b = ap bq~ep ⊗ ~eq , dot product: A · ~b = Apq bq~ep , double contraction: A : B = Apq Bqp
and a general mth order contraction: A(m) m B(m) = Apqr..z Bz..rqp . Matrices of any type
of quantity are in general denoted by (•) except for a column matrix, which is denoted
by (•). A left superscript is used to index quantities belonging to a group and to denote
e
sub-matrices of a matrix, for instance for a and b, by mna and m b, respectively. The
e
e
transpose operation (•)T performs the full permutation of the components of a tensor,
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e.g. for A(4) = Apqrs~ep ⊗ ~eq ⊗ ~er ⊗ ~es , A(4)T = Asrqp~ep ⊗ ~eq ⊗ ~er ⊗ ~es . The transpose
operation also simultaneously yields the transpose of a matrix when applied to one.
√
The Euclidean norm is represented by k · k, e.g. k~ak = ~a · ~a∗ , where (•)∗ denotes the
complex conjugate of a given quantity. Finally, the first and second time derivatives are
˙ and (¨
denoted by (•)
•), respectively.

5.2

Multiscale formalism

In this section, the core mathematical aspects and definitions of the proposed homogenization technique are discussed in a formal fashion, independent of any description of
the system to which it will later be applied. First, the Floquet-Bloch transform is briefly
introduced1 on a coordinate space with an underlying lattice. The transform is then employed to extract a precise definition of the micro- (fast) and macro- (slow) scales based
on the spectral decomposition of an arbitrary function. Subsequently, two operators are
introduced. The first, termed “homogenization”, is an operator that maps an arbitrary
function onto a space of slow-scale modal functions via a set of orthonormal projection
functions. The second operator, termed “localization”, gives the generalized inverse of
the homogenization. The general properties of these operators and other important
quantities are discussed.

5.2.1

The Floquet-Bloch transform

Let Ω = Rndim , where R is the real set, represent an ndim dimensional unbounded
Euclidean position domain and ~x the spatial position vector of any point on it with
respect to some arbitrary origin O. Similarly, let Ω? = Rndim represent the corresponding
Fourier domain dual to Ω and ~k the wave-vector characterizing any wave defined on it
with the null wavevector at Γ. Let L2 represent the space of square integrable functions
parameterized with respect to some set. The Fourier transform F (introduced here
for reference), gives the mapping of a function defined on the position domain, say
f (~x) ∈ L2 (Ω) to a corresponding function on the Fourier domain, f˜(~k) ∈ L2 (Ω? ) as
follows,
Z
~
˜
~
f (k) = F[f (~x)] =
f (~x)e−ik·~x dΩ ,
(5.1)
~x∈Ω

where the notation (˜
•) is introduced to denote the corresponding transformed function
and i denotes the imaginary unit. The inverse Fourier transform is given by
Z
1
~
−1 ˜ ~
f˜(~k)eik·~x dΩ? .
(5.2)
f (~x) = F [f (k)] =
(2π)ndim
~k∈Ω?

Let {~`j } ⊂ Rndim be a set of ndim linearly independent basis vectors called lattice
vectors. A (Bravais) lattice, L with respect to {~`j } is defined as the subset of all points
on Ω spanned by the linear combination of the lattice vectors with integer coefficients,
1

Interested readers are suggested to refer [32, 33] for more details on the theory behind the FloquetBloch transform
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Fourier domain

Position domain

O

Figure 5.1: Illustration of a 2D lattice (L) and its unit cell (T) and the corresponding
reciprocal lattice (L? ) and the first Brillouin zone (T? ).
i.e.
L = {~x ∈ Ω | ~x = nj~`j ∀ nj ∈ Z} ,

(5.3)

where Z is the set of integers. The magnitude of the lattice vectors, given by `j = k~`j k is
called the lattice constant along the respective direction. For a given lattice, a (primitive
or Wigner-–Seitz) unit cell, T is defined as the set of all position vectors that are closer
to O than to any other point in L. Hence,
T = {~x ∈ Ω | k~xk < k~x − ~yk ∀ ~y ∈ L − {~0}} ,

(5.4)

where ~0 represents the zero vector. The corresponding dual of the lattice defined on the
Fourier domain Ω? , called the reciprocal lattice, L? is given as [33],
L? = {~k ∈ Ω? | ~k = nj ~βj ∀ nj ∈ Z} ,

(5.5)

where {~βj } ⊂ Ω? represents the set of reciprocal lattice vectors that uniquely satisfy the
following condition
~βi · ~`j = 2πδij ,
(5.6)
where δij denotes the Kronecker delta.
Similarly, the corresponding dual of the unit cell space defined on Ω? , called the
(first) Brillouin zone, T? , is the set of all wave vectors that are closer to Γ than to any
other point in L? [33]. Hence,
T? = {~k ∈ Ω? | k~kk < k~k − ~ζk ∀ ~ζ ∈ L? − {~0}} .

(5.7)

An illustration of T, T? , L and L? introduced thus far is given in Figure 5.1. It can
be noted from the definitions (5.5) and (5.7), that T? and L? are mutually exclusive
sets with the exception of the zero wave vector. This fact will become relevant for the
spectral definition of scales introduced subsequently.
With the above definitions, the expression for the Floquet-Bloch transform FFB :
2
L (Ω) → L2 (T? , T), of a function f (~x) with respect to L is given as,
1 X
~
fˆ(~k, ~x) = FFB [f (~x)] = ?
f (~x + ~y)e−ik·(~x+~y) ,
|T |
~y∈L

(5.8)
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Q dim
where the notation (ˆ
•) denotes the transformed quantity and |T? | = nj=1
βj gives the
size of the Brillouin zone. The inverse Floquet-Bloch transform is defined as,
Z
~
−1 ˆ ~
fˆ(~k, ~x )eik·~x dΩ? .
(5.9)
f (~x) = FFB [f (k, ~x)] =
~k∈T?

From equation (5.8), the following periodicity property of the Floquet-Bloch transform
can be inferred,
fˆ(~k, ~x + ~y ) = fˆ(~k, ~x) ∀ ~y ∈ L .

(5.10)

The Plancherel identity for the transform holds [32], i.e.
Z

kf (~x)k2 dΩ =

(2π)ndim
|T|

~x∈Ω

where |T| =

5.2.2

Qndim
j=1

Z

Z

kfˆ(~k, ~x)k2 dΩdΩ? ,

(5.11)

~k∈T? ~x∈T

`j represents the volume of the unit cell.

Definition of scales

The Floquet-Bloch transform is now employed to extract new definitions of the “macro”
and “micro” scales. Unlike standard homogenization approaches where a function is
decomposed either additively or asymptotically into its macro and micro-scale contributions, the decomposition is achieved here in a spectral fashion. The former decompositions rely on the assumption of a reasonably large scale separation between the two
scales, whereas the present approach is fully general. Moreover, another key difference
is that in standard homogenization approaches, a separate spatial domain and corresponding position vector is associated to the micro-scale, whereas the present approach
relies on the single position vector, ~x only.
For a domain with an underlying lattice, the macro or slow-scale, hereafter denoted
by capital “M”, represents all fluctuations characterized by wave vectors lying in the first
Brillouin zone T? . The micro or fast-scale, hereafter denoted by small “m”, represents
all fluctuations characterized by wave vectors in the reciprocal lattice L? . The scale
separation is therefore purely a consequence of the spectral limit of waves parameterized
by the two (mutually exclusive) Fourier sub-domains. From the definition of T? in
equation (5.7), it can be deduced that the shortest wave at the macro-scale has the
wavelength λ = 2 min(`j ) (λ = 2` for ndim = 1). Similarly, from the definition of L? in
equation (5.5), the longest wave, other than the constant function, that can be identified
at the micro-scale has the wavelength λ = max(`j ) (λ = ` for ndim = 1).
To illustrate this concept in a formal fashion, the inverse Floquet-Bloch transform
(5.9), is re-written as follows,
Z
~
f (~x) =
fˆ(~k, ~x ) eik·~x dΩ? .
(5.12)
| {z } |{z}
~k∈T?

fast

slow

Since fˆ(~k, ~x) is periodic according to (5.10), it only characterizes waves in L? and hence
~
by definition, the micro-scale variations of f (~x). Similarly, the modulation term eik·~x only
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macro (slow) variation

micro (fast) variation

Figure 5.2: Illustration of the spectral decomposition of the scales via the inverse
Floquet-Bloch transform for ndim = 1.
characterizes waves in T? and hence by definition, the macro-scale variations of f (~x).
Therefore, for any function f (~x), the inverse Floquet-Bloch transform gives the explicit
spectral decomposition of its fast and slow components as a convolution with respect to
~k over T? . The spectral decomposition is schematically illustrated in Figure 5.2.
Based on equation (5.12), two special subsets of L2 (Ω) called macro and micro-scale
functions are henceforth defined. A (purely) macro-scale function (denoted by subscript
(•)M ) is defined as the function that does not exhibit any micro-scale variations and
whose Floquet-Bloch transform is constant with respect to ~x. The inverse Floquet-Bloch
transform (5.12) for a macro-scale function, fM (~x) therefore reads
Z
~
fM (~x) =
fˆ(~k) eik·~x dΩ? .
(5.13)
~k∈T?
~
The subset of Fourier waves {eik·~x , ∀ ~k ∈ T? } spans all macro-scale functions.
On the other hand, a (purely) micro-scale function (denoted by subscript (•)m ) is
defined as one that does not exhibit any macro-scale variations and is hence periodic
with respect to L. For any micro-scale function, say fm (~x), one has

fm (~x + ~y ) = fm (~x) ∀ ~y ∈ L .

(5.14)

Since micro-scale functions are periodic, no slow-scale modulation except for a constant
is needed. The Floquet-Bloch expansion (5.12) of fm (~x) thus reads,
fm (~x) = fˆm (~0, ~x) .

(5.15)

~
The subset of Fourier waves {eik·~x , ∀ ~k ∈ L? } spans all micro-scale functions.
Next, the Floquet-Bloch volume average operator h•iFB , henceforth called FB-average
is defined by making use of equation (5.12) as follows,


Z
Z
1
~

FM (~x) = hf (~x)iFB =
fˆ(~k, ~x0 )dΩ eik·~x dΩ? ,
|T|
~k∈T?

~x0 ∈T

Z

~
F̂ (~k) eik·~x dΩ? ,

=
~k∈T?

(5.16)
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where
F̂ (~k) ≡

Z

1
|T|

fˆ(~k, ~x)dΩ.

(5.17)

~x∈T

Clearly, FM is a macro-scale function in accordance with definition (5.13). The FBaverage sequentially superimposes three operations, a Floquet-Bloch transform (5.8), a
volume average over the unit cell domain T and an inverse Floquet-Bloch transform (5.9),
yielding a low-pass filter like operator that averages out the fast-scale contributions only
and returns a corresponding slow-scale function in real space. The concept behind the
FB-average is based on the ensemble averaging for periodic media introduced in the
works of Willis [57, 59], with the added feature of combining the forward and inverse
Floquet-Bloch transforms into a single operation. This is done to retain a description
of the multiscale procedure in the coordinate space, instead of the Fourier space. The
FB-average forms the basis for defining the homogenization operation, introduced subsequently.
From equations (5.13), (5.14) and (5.16), the following properties of the FB-average
of macro and micro-scale functions can be deduced. A macro-scale function fM (~x), is
invariant under FB-average, i.e.
hfM (~x)iFB = fM (~x) .

(5.18)

The FB-average of a micro-scale function fm (~x), is a constant, i.e.
~ hfm (~x)i = ~0 .
∇
FB

(5.19)

Furthermore, it can be shown that the FB-average of the gradient of a function is
equal to the gradient of the FB-averaged function. Applying the gradient operator on
both sides of equation (5.12) and using the chain rule gives
Z
Z
~
~ (~x) =
~ fˆ(~k, ~x) ei~k·~x dΩ? +
i~kfˆ(~k, ~x) eik·~x dΩ? .
(5.20)
∇f
∇
~k∈T?

~k∈T?

Taking the FB-average defined in (5.16), on both sides of the above expression and using
the fact that the FB-average of the gradient of a periodic function vanishes following
the Gauss divergence theorem, yields the expected result, i.e.
Z
Z
D
E


1
~
~ fˆ(~k, ~x0 ) dΩ ei~k·~x dΩ?
∇f (~x)
=
∇
FB
~k∈T? |T| ~x0 ∈T
|
{z
}
=~0 (Gauss div. theorem)

Z
+
~k∈T?

1
|T|

Z




~
i~kfˆ(~k, ~x0 ) dΩ eik·~x dΩ? ,

~x0 ∈T

~ hf (~x)i .
=∇
FB

(5.21)

Finally, the treatment of the temporal scale is briefly discussed. So far, time was
ignored in the development of the multiscale formalism. Since the primary goal of this
work is to model dynamic processes at the macro and micro-scale, it is necessary to
clarify this aspect. In the present context, it would be possible to include time into the
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formulation ab initio. The coordinate and wave vector spaces must then be expanded to
accommodate the time t and frequency ω variables respectively, i.e. Ω(~x, t) = Rndim +1
and Ω? (~k, ω) = Rndim +1 . Similarly, the concepts of lattice, the unit cell and the reciprocal
spaces can also be naturally expanded with respect to t and ω. A combined space-time
multiscale framework might be of interest for some specific problems, but it is beyond
the scope of the present investigation. The formalism presented here can therefore be
considered as a special case.

5.2.3

The generalized homogenization and localization operators

Consider {r ~φm (~x) ⊂ L2 (L? ), ∀ r ∈ P}, representing a set of (real) orthonormal microscale vector projection functions, parameterized by the discrete set P ⊂ N, where N,
represents the natural set. The orthonormality is defined as follows,
D
E
r~
= δrs ∀ r, s ∈ P ,
(5.22)
φm · s~φm
FB

With this, the homogenization operator with respect to set P, denoted by SP , is
defined as a transform that projects (“homogenizes”) an arbitrary vector (or tensor)
function, say ~g(~x), to a discrete set of macro-scale generalized scalar (or the corresponding one order lower tensor) “modal” functions r GM (~x), as follows,
E
D
r
GM (~x) = SP [~g(~x)] = ~g · r ~φm
∀r∈P.
(5.23)
FB

The above operation introduces the key generalization to the homogenization approach
of Willis [57, 59] where only a single projection function, usually the unit constant
function was assumed. The inverse process, termed localization, is not uniquely defined,
since the set of micro-scale projection functions is in general not complete. However, any
valid definition of the localization operator, SQ−1 , defined with respect to some arbitrary
set of micro-scale functions parameterized by the set Q, has to satisfy the following
consistency condition,
SP [SQ−1 ] = 1 .
(5.24)
The precise formulation of the localization operator becomes important in the context of
multiscale analysis of a given problem. However, one particular definition of localization
can be immediately obtained by utilizing the same micro-scale function basis {r φm , ∀ r ∈
P} to define both operations. This gives,
~g(~x) = SP−1 [rGM (~x)] + ~g0 (~x) =

X

r~

φm r GM + ~g0 ,

(5.25)

r∈P

where ~g0 is the null space error of SP−1 [rGM (~x)]. The error tends to zero in the limit
of completeness of the micro-scale functions, i.e. L2 (P) → L2 (L? ). This follows from
the equivalence of the norms of the full scale and homogenized functions, stated in the
following.
Let the complete set be denoted by Pcom . The homogenization operator corresponding to this choice is called the complete homogenization operator, Scom . The inverse
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−1 , is then unique and given by
operation, termed complete localization Scom

X

−1 r
~g(~x) = Scom
[ GM (~x)] =

r~

φm r G M .

(5.26)

r∈Pcom

The following transformation identities in local and global form hold for the complete
homogenization mapping,
Local identity:
X
kr GM (~x)k2 , ∀ ~x ∈ Ω
(5.27)
k~g(~x)k2 FB =
r∈Pcom

Global identity
Z

2

k~g(~x)k dΩ =
~x∈Ω

X

Z

kr GM (~y)k2 dΩ .

(5.28)

r∈Pcom ~y∈Ω

The proofs of the above identities are given in Appendix D. The validity of the above
identities serves as sufficient proofs for the error term ~g0 in equation (5.25) to tend to
zero in the limit of completeness.

5.3

Multiscale analysis: application to the Cauchy elastodynamic equation

The multiscale formalism presented in Section 5.2 is now applied to homogenize the
Cauchy elastodynamic equations. Small displacements and linear elasticity are assumed
for the sake of simplicity. Furthermore, a periodic micro-structure is assumed, reflected
by the definition of the lattice.
Starting with a general definition of the homogenization operator, the general expression for the macro-scale balance is derived by upscaling the Cauchy equations. Next,
the generalized Hill-Mandel relation is proposed to ensure the equivalence of the FBaverage power of the full-scale and homogenized system. This is employed to derive
the general multiscale analysis problem. The global multiscale problem is then localized (i.e. reduced to a set of problems involving the unit cell domain only), using a
high-order spatio-temporal gradient expansion with respect to the macro-scale displacements, leading to a series of recursive micro-scale unit cell problems. The resulting
macro-scale governing expressions are a set of higher order partial differential equations
with constant coefficients. Convergence of the homogenized model to the limit case is
shown for the homogenization projection basis approaching completeness. Finally, the
construction of a particular homogenization projection basis is discussed.
The balance of momentum of the full-scale system is given as
~ · σ − ~p˙ + ~b = ~0 ,
∇

(5.29)

where σ represents the symmetric Cauchy stress tensor, ~p the momentum density and
~b an arbitrary fictitious body force that is introduced for the purpose of establishing
the coupling between the full-scale and homogenized systems. Its exact formulation
will be clarified later. The use of an artificial/fictitious body forcing term towards
homogenization is reminiscent of the work by Willis [57–60].
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The linear elastic periodic constitutive equations are given by,
~ u(~x) ,
σ(~x) = C(4)
x) : ∇~
m (~
~p(~x) = ρm (~x)~u˙ (~x) ,

(5.30a)
(5.30b)

with ~u the displacement and C(4)
m and ρm , the stiffness tensor and mass density, respectively. The periodicity of the material parameters implies that they are micro-scale
functions as defined in (5.14). The stiffness tensor, in addition to the global symmetry,
exhibits the following minor symmetries, Cm ijkl = Cm jikl = Cm ijlk = Cm jilk , where
Cm ijkl represents the components of C(4)
m with respect to an orthonormal Cartesian ba~ u directly in equation (5.30), rather
sis. The symmetry properties allow the use of ∇~
than the symmetrized linear strain tensor. The treatment of the boundary conditions is
ignored in this work for the sake of simplicity.

5.3.1

The general multiscale problem

The macro-scale balance is obtained by homogenizing (projecting) equation (5.29) using
the projection operator SP defined in equation (5.23). Therefore one obtains,
D
E
D
E
D
E
r~
r~
r~
˙
˙
~
~
~
~
SP [∇ · σ − ~p + b ] = ∇ · σ · φm
− ~p · φm
+ b · φm
= 0 ∀ r ∈ P. (5.31)
FB

FB

FB

Using the chain rule, the term with the divergence is further expanded,
D
E
D
E
D
E
D
E
~ · (σ · r ~φm )
~ r~φm
∇
− σ:∇
− ~p˙ · r ~φm
+ ~b · r ~φm
= 0 ∀ r ∈ P.
FB

FB

FB

(5.32)

FB

Applying equation (5.21) (generalized to the divergence operator) to the first term on
the left hand side of (5.32), the general expression for the macro-balance is obtained,
~ · rΣ
~ M − rχM − r q̇ M + r BM = r 0, ∀ r ∈ P ,
∇

(5.33)

D
E
Σ M = σ · r ~φm
,
FB
D
E
r
~ r ~φm )
χM = σ : (∇
,
FB
D
E
r
q M = ~p · r~φm
,
D
EFB
r
B M = ~b · r~φm
.

(5.34a)

where,
r~

(5.34b)
(5.34c)
(5.34d)

FB

~ M and r qM represent the homogenized macro-scale stress and momentum, respecHere r Σ
tively, r χM represents a non-classical contribution, called hereafter the internal stress and
r B , the homogenized macro-scale body force. The form of the above balance (5.33)
M
resembles that of well known micromorphic theories [56, 75, 108].
In order to derive the homogenized constitutive relations in an energetically consistent
manner, it is necessary to state the equivalence of energy/power between the full-scale
and homogenized systems. Following the identity on the local norm (5.27), it can be
deduced that the local, FB-average internal power over a unit cell is fully preserved
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under homogenization in the limit of completeness of the projection basis, i.e.

E
D
X 
~ M + r U̇ M (r χM + r q̇ M ) ,
~ r U̇ M ) · rΣ
~ ~u˙ : σ + ~u˙ · ~p˙
=
(∇
∇
FB

(5.35)

r∈Pcom

where
r

E
D
U̇ M = SP [~u˙ ] = ~u˙ · r ~φm

,

(5.36)

FB

gives the generalized macro-scale velocities. The above expression (5.35) represents the
absolute/unconditional equivalence of the FB-average internal power of the homogenized
system for arbitrary realizations of σ, ~p˙ and ~u˙ when the projection basis is complete.
Similarly, the equivalence of the total power taken over the whole domain also holds
following the global identity (5.28). However, the explicit expression for this is not
shown here. The absolute equivalence of power forms the theoretical limit where all
information of the micro-scale is recovered at the macro-scale and the homogenized
model is completely equivalent to the full-scale heterogeneous one. Such a limit can
never be achieved in practice since it would require an infinite number of projection
functions.
In the practical case of a finite projection basis contained in the set P, rather than
Pcom , the absolute equivalence of the FB-average power (5.35) no longer holds in general
for arbitrary values of the full-scale quantities. However, the following weaker, conditional equivalence of internal power can still be enforced,

D
E
X
~ M + r U̇ M (r χM + r q̇ M ) .
~ ~u˙ : σ + ~u˙ · ~p˙
~ r U̇ · rΣ
(5.37)
∇
=
∇
M
FB

r∈P

The above expression generalizes the Hill-Mandel principle employed in classical computational homogenization [78] towards a family of weighted projection functions. In
order to satisfy the above equality, some constraints on the full-scale quantities have to
be placed. To that end, a choice that allows maximum freedom to capture the fine-scale
fluctuations due to the material heterogeneities is to explicitly constrain the space of
the body force term ~b while retaining a relaxed description of the kinematics (~u˙ ) and
the internal forces (σ, ~p˙ ). This only places a limit on the range of possible external
loadings that can theoretically be captured by the homogenized model, which is more
acceptable from a practical point of view. To recover the condition on ~b, the equalities
of the FB-average internal and external powers of the full-scale and homogenized models
are expressed first, as follows,
E
D
E
D
~ ~u˙ : σ + ~u˙ · ~p˙
,
(5.38a)
∇
= ~b · ~u˙
FB
 X FB
X
r
~ r U̇ · rΣ
~ M + r U̇ M (r χM + r q̇ M ) =
∇
BM r U̇M .
(5.38b)
M
r∈P

r∈P

If relation (5.37) holds, then following the above expressions, the equality of the the FBaverage external powers of the full-scale and homogenized systems must also be satisfied,
i.e.
D
E
X
r
~b · ~u˙
=
BM r U̇M .
(5.39)
FB

r∈P
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The general expression of ~u˙ in terms of the finite set of macro-scale velocities r U̇M , r ∈ P
is given following equation (5.25) as,
~u˙ =

X

φm U̇M + w
~˙ ,

r~ r

(5.40)

r∈P

where w
~˙ is the residual velocity fluctuations in the null space of SP−1 [r U̇M ]. Substituting
equation (5.40) in (5.39) and making use of property (5.18) gives,
E
D
E
X
XD
r
r
~b · r ~φm
=
BM r U̇M .
(5.41)
U̇M + ~b · w
~˙
r∈P

FB

FB

r∈P

Following the orthonormality of the projection functions r ~φm given in (5.22) and the
fact that w
~˙ is orthogonal to r ~φm under FB-average for all r ∈ P, the most straightforward expression for ~b that satisfies the above condition for all kinematically admissible
realizations of w
~˙ and r U̇M , r ∈ P is therefore
~b =

X

r~ r

φm BM .

(5.42)

r∈P

Thus by restricting the range of body forces ~b to the space L2 (T? , P), (as opposed to
L2 (T? , Pcom )), the generalized Hill Mandel condition (5.37) is now satisfied. The quantities r BM ∀ r ∈ P, now assume the role of the arbitrary body forces. Similar arguments
for the choice of the body forces were also proposed in the work of Nassar et. al. [64].
Substituting the above expression and the constitutive law (5.30) into equation (5.29)
and combining it with equation (5.36), where the velocities are now replaced with displacements, gives the following general multiscale problem
¨ + ~φT B M = ~0 ,
~ · (C(4)
~ u) − ρm~u
∇
m : ∇~
m
D
E
e e
~φm · ~u
= UM .
FB
e
e

(5.43a)
(5.43b)

In the above expression, the summation over P is replaced by a matrix multiplication,
with B M , U M and ~φm representing column matrices of length nP containing all the core e
e
responding terms indexed
by P, where nP is the number of homogenization functions
taken into consideration. This representation will be followed from here onwards for the
sake of compactness. The second expression (5.43b) is included in the multiscale problem to explicitly state the corresponding kinematic coupling condition between macro
and full-scale quantities, conjugate to the force coupling provided by B M . The above
e
problem (5.43) can be solved exactly for arbitrary body forces if the Green’s function
of the system is known. However, this is impossible to determine for complex unit
cell designs. Instead, a localization step is introduced whereby an ansatz is assumed
in terms of the generalized macro-scale displacements U M to recover the displacements
e
~u and the macro-scale body forces B M . A particular form of the such an ansatz will
e
be given in Section 5.3.2. Substitution of this solution ansatz into the multiscale problem (5.43) then allows eliminating the macro-scale degrees of freedom, leaving the microscale quantities only, thereby localizing the problem to the unit cell domain T. A series
of unit cell problems is obtained in the process depending on the nature of the ansatz
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macro-scale generalized continuum

Homogenization

Localization

unit cell analysis
heterogeneous Cauchy continuum

Figure 5.3: Illustration of the general multiscale procedure.
taken. The localized problem can be represented in a general operator form by proposing ~u = SQ−1 [r UM ] and sBM = AM [r UM ], r, s ∈ P, where AM represents the homogenized
elastodynamic operator that yields the macro-scale body forces s BM , upon application
of the macro displacements r UM . Substituting this into equation (5.43) and eliminating
the macro-scale displacements r UM gives,
A[SQ−1 ] = SP−1 [AM ] ,
SP [SQ−1 ] = 1 ,

(5.44a)
(5.44b)

~ · (C(4)
where, A = ρm (¨
•) − ∇
m : (•)), is the full-scale elastodynamic operator, and whereby
use of definitions (5.23) and (5.25) has been made. Note that the consistency condition on SQ−1 , equation (5.24), is accounted for by the above localized multiscale problem (5.44).
The general homogenization procedure is illustrated in Figure 5.3.

5.3.2

Localization via spatio-temporal gradient expansion

For the ansatz to be used on the displacements ~u and the macro-scale body forces B M
e
leading to the general solution of the multiscale problem, a space-time Floquet-Bloch
expansion might be considered. However, such an ansatz would complicate the solution,
as it leads to strongly nonlocal effective constitutive equations. Instead, a perturbation
approach is employed towards localization. To that end, the following spatio-temporal
gradient expansion with respect to the generalized macro scale displacements U M , trune
cated at order nA and nB with respect to space and time, respectively, is proposed for
the displacements ~u and the generalized macro-scale body forces B M ,
e


nB
nA
X
X
∂b ~ a
(a+1)T
~u(~x, t) = 
Nmab (~x) a b ∇
U M (~x, t) ,
(5.45a)
∂t
e
e
b=0,2,.. a=0,1,..


nB
nA
b
X
X
∂ ~ a
(a)
B M (~x, t) = 
AMab a b ∇
U M (~x, t) ,
(5.45b)
∂t
e
e
b=0,2,.. a=0,1,..
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(a+1)

where Nmab is a (a + 1)th order tensor column of length nP representing the micro-scale
e
~ a ) and
displacement correction function associated to the ath order spatial gradient (∇
(a)
bth order time derivative (∂ b /∂tb ) of U M . Similarly, AMab gives the corresponding ath
e
order macro-scale homogenized constitutive tensor matrix of size nP × nP associated
to the ath order spatial gradient and bth order time derivative of U M . Only even order
e
terms are assumed with respect to the time derivative as there are no velocity depen(a)
dent forces in the problem. For a = 0, 1, 2, the effective constitutive parameter AMab
becomes a scalar, a vector or a second order tensor, respectively (likewise a vector or a
(a+1)
second-order tensor for Nmab ). The micro-scale correction functions are time indepene
dent and therefore represent quasi-static (instantaneous) micro-mechanical corrections
to the applied macro-scale forcing. This is justified so long as the homogenization basis
sufficiently captures the details of the micro-dynamic vibration modes. The assumed
localization SQ , and homogenized elastodynamic operator AM , in this case is given by
the expression between brackets in equations (5.45a) and (5.45b) respectively. The resulting homogenized macro-scale governing law (5.45b) is a set of higher-order partial
differential equations with nP generalized degrees of freedom and constant coefficients.
Note, that the proposed spatio-temporal gradient expansion ansatz (5.45) resembles
that of asymptotic (homogenization) approaches [48] with the exception of the missing scaling parameter that appears in the higher order terms, since the classical scale
separation does not apply here.
Substituting the ansatz (5.45) into equation (5.43), applying the chain rule and making use of the property (5.18) yields,
nB
X

nA
X

b
b
~ · (C(4) : ∇N
~ (a+1)T a ∂ (∇
~ a U M )) + C(4) · N(a+1)T a+2 ∂ ∇
~ a+2 U M
∇
m
m
mab
mab
∂tb
∂tb
e
e
e
e
b=0,2,.. a=0,1,..




b
(a+1)T
(a+1)T
(4)
a+1 ∂ ~ a+1
~ · C(4)
~
+ ∇
·
N
+
C
:
∇N
∇ UM
m
m
mab
mab
∂tb ! e
e
e


b
b+2
(a)
(a+1)T a ∂
a
T
a ∂ ~a
~
~
= ~0 T ,
(5.46a)
−ρm NMab
(∇ U M ) + φm ⊗ AMab
∇ UM
b+2
b
∂t
∂t
e
e
e
e
e
nB
X

nA D
E
X
~φm · N(a+1)T
mab
FB
e
b=0,2,.. a=0,1,.. e

a

∂b ~ a
∇ UM = UM .
∂tb
e
e

(5.46b)

Before proceeding, the following operators are introduced for the sake of compactness,
~ · (C(4)
~
K[•] = ∇
m : ∇(•)) ,

(4)
~
~
G[•] = C(4)
,
m : ∇(•) + ∇ · Cm · (•)

(5.47b)

Q[•] = C(4)
m · (•) .

(5.47c)

(5.47a)
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Rewriting equation (5.46) using the shorthand notations given by equation (5.47),
nB
X

nA
X

(a+1)T

K[Nmab
e

b=0,2,.. a=0,1,..

(a+1)T

+G[Nmab
e

nB
X

]

a

∂b ~ a
(a+1)T
(∇ U M ) + Q[Nmab ]
∂tb
e
e

a+2

∂ b ~ a+2
∇ UM
∂tb
e

b+2
∂ b ~ a+1
(a+1)T a ∂
~ a U M)
∇
U
−
ρ
N
(∇
M
m
M
ab
b+2
∂tb
∂t
e
e
e

!
b
∂
(a)
~ a UM
+~φTm ⊗ AMab a b ∇
= ~0 T ,
∂t
e
e
e
a+1

]

nA D
E
X
~φm · N(a+1)T
mab
FB
e
b=0,2,.. a=0,1,.. e

a

∂b ~ a
∇ UM = UM .
∂tb
e
e

(5.48a)
(5.48b)

In order to derive the cell problems for the correction functions, it is emphasized that
equation (5.48) has to be satisfied for all independent realizations of the macro-scale
variables. This is only possible if the terms gathered under each independent macroscale variable vanishes. This yields the following cell problems for each order of the
corrections
Cell problem w.r.t. U M ,
e
~ T ] + ~φT AM00 = ~0T ,
K[N
m00
m
e
eD
e E
~φm · N
~ m00
=I.
FB
e e

(5.49a)
(5.49b)

~ M,
Cell problem w.r.t. ∇U
e
~ M10 = −G[N
~ Tm00 ] ,
K[NTm10 ] + ~φmT ⊗ A
e
e
E
D e
~φm · NT
~
=0.
m10
FB
e
e

(5.50a)
(5.50b)

~ 2U M,
Cell problem w.r.t. ∇
e
(3)T
~T ] ,
K[Nm20 ] + ~φmT ⊗ AM20 = −G[NTm10 ] − Q[N
m00
e
e
e
E
eD
~φm · N(3)T
=O.
m20
FB
e e

(5.51a)
(5.51b)

Cell problem w.r.t. Ü M ,
e
~ Tm02 ] + ~φmT ⊗ AM02 = ρm N
~ Tm00 ,
K[N
e D e
e
E
~φm · N
~ Tm02
=0.
FB
e e
General cell problem w.r.t.

∂b ~ a
(∇ U M )
∂tb

(5.52a)
(5.52b)

for a = 0, 1, 2, 3..nA , b = 0, 2, 4...nB

e
(a+1)T

K[Nmab
e

(a)
(a)T
(a−1)T
(a+1)T
] + ~φmT ⊗ AMab = −Ha−1 G[Nma−1b ] − Ha−2 Q[Nma−2b ] + Hb−2 ρm Nmab−2 ,
e
e
e
e
(5.53a)
D
E
~φm · N(a+1)T
= δ0(a+b) I(a) .
(5.53b)
mab
FB
e
e
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where I(a) represents the ath order identity tensor and Hy the Heaviside step function
defined as
(
1
if y ≥ 0
Hy =
.
(5.54)
0
if y < 0
The solution to the cell problems involves the recursive inversion of the operator K
under the respective constraint conditions (5.53b) and the periodic boundary condition
(a+1)
according to the definition of Nmab as a periodic micro-scale function.
Here, the
(a) e
homogenized coefficients, AMab act like Lagrange multipliers enforcing the corresponding
constraint conditions. The total number of problems that needs to be solved at each
(a+1)
order, taking into account the tensor symmetries of Nmab resulting from the fact that
2
2
e
∂
∂
∂xi ∂xj (•) = ∂xj ∂xi (•), is equal to nP , nP (a + 1) and 0.5nP (a + 2)(a + 1) for ndim = 1, 2
and 3, respectively. Hence the sum total number of cell problems nprob , upto order nA
and nB , that needs to be solved is given as,

1

if ndim = 1

 2 nP (nB + 2)(nA + 1)
nprob =

1
2
4 nP (nB + 2)(nA + 3nA + 2)


 1 n (n + 2)(n3 + 6n2 + 11n + 6)
B
A
A
A
12 P

if ndim = 2

(5.55)

if ndim = 3 .

Therefore, the number of cell problems to solve, and hence the total computational cost
of homogenization, significantly increases with the increase of the spatial order of the
gradient expansion (nA ) for 2D and 3D problems.
The fictitious body forces are now disregarded in equation (5.45b) since they do
not play any role in further analysis. The generalized governing macro-scale partial
differential equations are re-expressed as follows,
nB
X

nA
X

b=0,2,.. a=0,1,..

(a)

AMab

a

∂b ~ a
∇ UM = 0 .
∂tb
e
e

(5.56)

The effective constitutive relations can now be obtained with respect to the proposed
ansatz by substituting equations (5.30) and (5.45a) into equation (5.34),
nB
nA D
E
X
X
~φm · Cm · N(a+1)T
~
ΣM =
mab
FB
e
e
b=0,2,.. a=0,1,.. e

a+1

∂ b ~ a+1
∇
UM
∂tb
e

nA D
E
b
X
a ∂ ~a
~φm · Cm : ∇N
~ (a+1)T
∇ UM ,
mab
∂tb
FB
e
e
e
a=0,1,..
b=0,2,..
nB
nA D
E
b
X
X
a+1 ∂ ~ a+1
~ ~φm : Cm · N(a+1)T
χM =
∇
∇
UM
∂tb
FB
e mab
e
e
e
b=0,2,.. a=0,1,..
nB
nA D
E
b
X
X
a ∂ ~a
~ ~φm : Cm : ∇N
~ (a+1)T
+
∇
∇ UM ,
mab
∂tb
FB
e
e
e
b=0,2,.. a=0,1,..

+

nB
X

nB
nA D
E
X
X
~φm · ρm N(a+1)T
qM =
FB
e mab
e
b=0,2,.. a=0,1,.. e

a

∂ b+1 ~ a
∇ UM .
∂tb+1
e

(5.57a)

(5.57b)

(5.57c)
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Figure 5.4: The schematic of the proposed homogenization procedure using select
Floquet-Bloch eigenmodes as the projection basis and a high-order spatio-temporal gradient expansion with quasi-static micro-scale corrections, as ansatz for the localization
operation. Offline and online stages are explicitly indicated.
As the homogenization basis set approaches completeness, i.e. P → Pcom , the higher(a+1)
order micro-scale corrections have to vanish, i.e. r Nmab → O(a+1) for a > 0 and b > 0.
This follows from the consistency requirement given by equation (5.53b), since the null
space L2 (L? )\L2 (P) in which the corresponding corrections terms reside tends to zero
~ m00 → r ~φm based on the same reasoning. This completes
in the limit. Furthermore, r N
the basic convergence analysis of the multiscale approach, which assures that the homogenized model will adequately recover the full-scale dynamics provided a sufficiently
rich homogenization basis is used. The precise mathematical proof of the convergence
is beyond the scope of the present investigation. An analysis of the positive definiteness
of the homogenized coefficients, needed to assure stable free wave solutions is also not
pursued in this paper.

5.3.3

Formulation of the homogenization projection functions

As discussed previously, the choice of the homogenization projection functions is essential
for the efficiency of the proposed approach. The homogenization projection functions
can be formulated either ad hoc using some standard or heuristic functions, or via prior
numerical analyses of a given micro-structure. From a former viewpoint, the choice of the
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projection functions depends primarily on the contrast between the material properties
of the heterogeneities, at least up to the first few dispersion branches. For unit cells
with a high material contrast, the softer and/or denser phase domains vibrate out of
phase with the neighboring domains beyond some resonant frequency. In this case it
makes sense to use the material distribution itself to define the projection functions such
that for each material phase domain, the corresponding projection function performs a
uniform average over that domain only, as proposed in [36, 58]. On the other hand, for
micro-structures with a low material contrast, a smooth projection using for instance
Fourier series is more appropriate [64]. At higher frequencies, both these approaches
become less effective due to the increased complexity of the micro-dynamics, especially
for 2D and 3D micro-structures. There is no general approach suitable for medium
contrast materials using predefined functions.
For a linear-elastic periodic micro-structure, the projection functions can also be
formulated a-posteriori using its Floquet-Bloch eigenvectors computed via the dispersion
eigenvalue analysis of the unit cell [38]. Such an approach is much more robust and can
be easily applied to an arbitrary (periodic) unit cell design in any given frequency regime.
It is therefore highly suited for computational multiscale analyses of complex problems.
Moreover, since the eigenvectors represent actual free wave solutions of the system, a
moderately large basis can provide a fairly rich micro-mechanical/dynamic description
as the starting point for the formulation of the localization operator. This justifies
supposing an approximate localization ansatz in the form of a spatio-temporal gradient
expansion with quasi-static (time independent) micro-scale corrections (5.45).
A strategy for selecting the optimal the Floquet-Bloch eigenvectors for the homogenization basis can be taken from model order reduction techniques in dispersion analysis, e.g. [42], where it is recommended to include the Floquet-Bloch eigenvectors at high
symmetry points of the Brillouin zone in the desired frequency range. Only a subset of
those eigenvectors is usually sufficient with a higher preference towards Γ eigenvectors
compared to those at other symmetry points. Depending on the accuracy of the micromechanical corrections, the present analysis indicate that an adequate estimate of the
size of the projection basis is around 1.5-3 times the number of dispersion branches to be
described in the frequency range of analysis. Evidently, this is a heuristic estimate, limited to the examples considered so far and a more precise mode selection criteria is needed
in order to develop computationally efficient strategies. Furthermore, all Floquet-Bloch
eigenvectors other than those at Γ are complex functions. Since the generalized degrees
of freedom are assumed to be real, the real and imaginary components of the eigenvector
are extracted as separate projection functions. An orthonomalization procedure, such
as Gram-Schmidt has to be implemented on the eigenvector basis to enforce satisfaction
of equation (5.22) as they are not mutually orthogonal in general.
An overview of the proposed homogenization procedure developed thus far is shown
Figure (5.4).

5.4

Numerical case study and validation

In order to validate the proposed multiscale approach, a dispersion analysis of the homogenized model (5.56), is performed and validated against standard Floquet-Bloch
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analysis [38] on example unit cell micro-structures. The analysis of transient boundary
value problems is beyond the scope of the present investigation. The dispersion eigenvalue problem of the homogenized model was obtained by applying a space-time Fourier
transform on the governing equations (5.56). The frequency is ranged to encompass
multiple dispersion branches for each example case.
M2

M1
M3
M
X

(a) HybridAM

(b) HardScat

Figure 5.5: The unit cells used for the case studies (a) HybridAM, and (b) HardScat

Table 5.1: The (a) geometric and (b) isotropic linear elastic material parameters of the
considered unit cells
(a)

Din
Dout
`

10 mm
15 mm
20 mm

(b)

Material
M1
M2
M3

ρ [kg/m3 ]
11600
1300
1180

E [MPa]
4.08 × 104
0.1175
36

ν
0.37
0.469
0.368

Two 2D (plane strain) unit cells, shown in Figure 5.5, are used for the case studies.
Each unit cell exhibits rich and varied dispersive phenomena that are not at reach for
most homogenization approaches, which either rely on a large scale separation, or a
simplified heuristic homogenization relation. The first unit cell, shown in Figure 5.5a,
is based on the well known local resonance metamaterial proposed by Liu et.al. [13],
consisting of a square matrix with an embedded hard cylindrical inclusion with a soft
coating. The geometrical and material parameters of this unit cell are given in Table 5.1,
and are the same as that of [13] with the exception of Young’s modulus of the matrix
material (labeled M3), which has a value two orders of magnitude lower than the epoxy
material used in [13]. This value reduces the wavelength in the matrix, leading to
additional Bragg scattering effects which hybridizes with the local resonance phenomena
in the low frequency regime, making this a challenging homogenization problem. This
unit cell is hereafter referred to as, HybridAM. The second unit cell, Figure 5.5b, is
derived from the first by removing the coating. This gives a pure phononic crystal that
only exhibits Bragg scattering due to a single hard scatterer in the matrix medium. It
is hereafter referred to as HardScat.
The same finite element discretization is used for Bloch and unit cell analysis (5.53).
Eight-node quadrilateral finite elements were used with a maximum mesh size of 0.57
mm in the matrix and 0.2 mm in the coating. The models comprised on average 8000
elements and 15000 degrees of freedom. Convergence of the results with respect to the
discretization size was verified.
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Two types of dispersion analyses are carried out on the unit cells (see Figure 5.6 &
5.7), a k − ω and a ω − k analysis. In the k − ω analysis the wave-vector is applied as a
parameter in the problem and the frequency is obtained as the solution. The wave-vector
points along the Γ–X–M–Γ path, representing the boundary of the irreducible Brillouin
zone is traced during the analysis. To study the convergence of the homogenization
method with the choice of the homogenization basis and the order of the expansion
ansatz, three versions of the analysis, denoted V1, V2, V3 are considered:
• V1: Only Γ (periodic) eigenmodes are included. The gradient corrections are
computed up to nA = 2 and nB = 2 with the maximum combined order of any
term restricted to 2, i.e. a + b ≤ 2.
• V2: The same Γ eigenmodes as used in V1 are included. The gradient corrections
are computed up to nA = 4 and nB = 2 with the maximum combined order of any
term restricted to 4, i.e. a + b ≤ 4.
• V3: X and M eigenmodes are now also included while discarding some Γ eigenmodes that play a lesser role. The gradient corrections are computed up to nA = 4
and nB = 2 with the maximum combined order of any term restricted to 4, i.e.
a + b ≤ 4.
A convergence analysis for each model version is performed as well, where the homogenization basis is enriched with the respective Floquet-Bloch eigenmodes till no significant
improvement in the spectrum with further enrichment in considered frequency regime
is seen.
Next, the ω − k analysis is performed, where the frequency and the wave direction
are applied as parameters and the eigenvalue problem is solved with respect to the wave
number. The ω − k analysis additionally provides imaginary and complex wave number
solutions, which are useful in wave attenuation analysis in the bandgap frequencies,
and towards general boundary value problems, as such solutions are dominant at the
external traction boundaries. For the ω − k analysis, the wave direction was fixed along
Γ–X and V3 was used to compute the homogenized dispersion spectrum. The first 14
wave number eigenvalues (including complex conjugates) are plotted at each frequency.
The HybridAM unit cell is first analyzed within the frequency range of 0–2000 Hz encompassing approximately the first 12 dispersion branches. The V1 model is computed
using the first 15 Γ eigenmodes as homogenization shape functions, yielding a homoge(a)
nized model with 105 independent material parameters, i.e. components of relevant AMab
tensors, (not accounting for the geometrical symmetry of the unit cell). This is less than
what is predicted by equation (5.55) since the terms with combined order (a + b) greater
than 2 are not included. The dispersion spectrum is plotted against Bloch analysis results in Figure 5.6a. An adequate match can be seen at most points except at higher
frequencies around M and X. V2 is computed next, yielding 315 independent parameters.
The dispersion spectrum of V2, given in Figure 5.6b, shows a small improvement over
V1 but still exhibits some mismatch at X and M points. In the computation of V3, only
the first 11 Γ eigenmodes are used and 9 additional high frequency X and M eigenmodes
are added resulting in a homogenized model with 420 independent material parameters.
The dispersion spectrum using V3 given in Figure 5.6c now shows a perfect match with
Bloch analysis. Finally, in the considered frequency range, the ω − k analysis is carried
out using the converged V3 model. The results are shown in Figure 5.6d. To visualize
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Figure 5.6: Dispersion analysis of HybridAM unit cell using the homogenized model (in
red) compared to Bloch analysis (in blue).
the complex components of the wave number, the real and imaginary parts and the
phase are plotted separately. The wave number is normalized with respect to the size of
the unit cell. The homogenization and Bloch analysis results match perfectly also for the
ω − k analysis . The evanescent wave solutions are particularly important for modeling
the boundary layer phenomena at the system interfaces and as such are not accounted
for by most homogenization theories that assume an infinite medium [63]. However, as
shown here, such solutions arise naturally through the proposed homogenized model.
The combined presence of Bragg scattering and local resonance is evident from the nature of the evanescent wave solutions in the bandgap frequencies. Additionally, complex
wave solutions also appear in the first bandgap region. This effect did not occur in the
more stiff unit cell tested in [13] and generally in local resonance metamaterials with
a highly stiff matrix. This highlights the emergence of complex wave phenomena due
to hybridization of Bragg and local resonance scattering as discussed e.g. in [94]. The
homogenization method developed here robustly captures such effects.
The same analysis is now repeated for the HardScat unit cell within the frequency
range of 0–12000 Hz encompassing approximately the first 17 dispersion branches. The
V1 model is now computed using the first 25 Γ eigenmodes, yielding a homogenized
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Figure 5.7: Dispersion analysis of HardScat unit cell using the homogenized model (in
red) compared to Bloch analysis (in blue).
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Figure 5.8: Demonstration of the choice of the projection functions using k − ω analysis:
(a) V2 is recomputed by excluding the 3rd Γ mode, into the homogenization basis. The
colorbar reflects the normalized displacements of the mode depicted in the insert. (b)
V2 is further enhanced with higher order gradient corrections, while still excluding the
3rd Γ mode. Bloch analysis results are included for comparison purposes.
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model with 175 independent material parameters (not accounting for the unit cell geometrical symmetry). The dispersion spectrum is plotted against Bloch analysis in
Figure 5.7a. A nearly perfect match results in the Γ–X region but the X–M–Γ region still exhibits a considerable mismatch, especially for the acoustic branches. V2 is
computed next, yielding 535 independent parameters. The dispersion spectrum of V2,
plotted in Figure 5.7b shows significant improvement over V1, especially in repairing
the mismatch in the acoustic branches, but some errors around high frequency X and M
points still persist. The V3 model is computed using only the first 16 Γ eigenmodes and
14 additional high frequency X and M eigenmodes and has a total of 630 independent
material parameters. The dispersion spectrum of V3, Figure 5.7c now matches perfectly
in the considered frequency regime. The ω − k analysis using V3 is carried out as well.
The homogenized model again matches perfectly with Bloch analysis, as revealed by
Figure 5.7d.
To further highlight the importance of the selection of the homogenization basis, the
dispersion spectrum of V2 of the SolidScat unit cell is recomputed without including
the 3rd Γ eigenmode, while keeping the rest the same. The excluded mode, is a periodic
rotational mode, as shown in the insert in Figure 5.8a. Comparing the dispersion spectrum of the stripped V2 model with Bloch analysis using the k − ω approach, as shown
Figure 5.8a, clearly indicates a total loss in the ability of the homogenized model to
capture the 3rd and 4th dispersion branches and to a lesser extent some other branches.
The stripped V2 model is next enhanced with higher order gradient correction terms
with nA now equal to 6 and nB = 4 and a + b ≤ 6, while still excluding the 3rd Γ
eigenmode. The resulting dispersion spectrum is shown in Figure 5.8b, where no real
improvement in the accuracy occurs. This demonstrates the fundamental importance of
the selection of the projection functions in constructing the accurate localization space,
which cannot be simply compensated by higher order expansion corrections.
It can therefore be concluded, that equipped with the appropriate projection functions and sufficient expansion corrections terms, the homogenization method adequately
captures rich dispersive phenomena up to arbitrarily high frequencies, including regions
with relatively high mode densities. The use of the Γ eigenmodes was justified in this
case as it proved to be sufficient for the analysis, while including X and M modes provided further improvement to the dispersion response at higher frequencies, local to the
corresponding wave-vector points. The size of the homogenization basis use here was
only slightly larger than the number of branches predicted in each case. A gradient expansion with nA = 4 and nB = 2 with maximum order restricted to 4 (i.e. a+b ≤ 4) was
shown to be necessary and sufficient. The resulting homogenized models are a fraction
of the size of the FE models needed to resolve the full-scale system, hence the multiscale
approach constitutes a powerful model order reduction technique.
Finally, a short comment on the computational costs of the multiscale methodology
is made. The cost of computing the homogenized model, or the offline cost, consists
of the computation of Floquet-Bloch eigenvectors for constructing the homogenization
basis and solution to the cell problems to extract the homogenized material parameters
(see Figure 5.4 for the reference). The number of cell problems that need to be solved
can be considerable due to the need for a large homogenization basis and upto fourth
order spatial gradient corrections. However, this process only needs to be performed
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once for a given material. The subsequent online cost of the computation of a macroscale problem is bound to be a few orders of magnitude lower compared to the direct
numerical simulation especially for 2D and 3D problems, since a coarser discretization
can be assumed for the homogenized system. Thus, the offline costs can be easily
offset. This claim however remains to be demonstrated on an example macro-scale
initial boundary value problem and will be the subject of future work.

5.5

Conclusions and Outlook

A general multiscale framework towards the computation of the emergent effective elastodynamics of acoustic metamaterials and phononic crystals was presented. The proposed multiscale formalism was founded on the Floquet-Bloch transform that provided
a robust definition of the scales. Unlike most approaches that assume a uniform homogenization operation, a generalized homogenization operation based on a family of
weighted projection functions was introduced that allows to describe a wide range of
exotic emergent macro-scale wave phenomena. The general multiscale analysis problem
was derived via the generalized Hill-Mandel relation that ensures internal power consistency between the homogenized and full-scale systems. Linear elasticity and material
periodicity were assumed during the derivations. The general problem was localized
by a high-order spatio-temporal gradient expansion ansatz, resulting in a higher order partial differential governing equation with constant coefficients at the macro-scale.
The homogenization basis was formulated for a given unit cell micro-structure, using
the Floquet-Bloch eigenvectors obtained at certain high symmetry points in the desired
frequency range. This has two implications: (i) the description of the generalized macroscale balance law is not presupposed but determined via computational analysis of the
given micro-structure. This ensures accurate resolution of the appropriate emergent
elastodynamics at a broad range of frequencies, independent of the complexity of the
micro-structure; (ii) it provides a fairly rich micro-kinematic/dynamic description for
the construction of the localization space thereby justifying the use of the approximate
spatio-temporal gradient expansion ansatz with quasi-static micro-scale corrections.
The multiscale methodology was validated against Bloch analysis via a comprehensive dispersion analysis including k −ω and ω −k formulations for two 2D unit cells, each
with a unique dispersion behavior, i.e. an acoustic metamaterial exhibiting both local
resonance and Bragg scattering effects and a pure phononic crystal. FE was used to discretize and solve the unit cell problems. An excellent convergence up to very high order
branches was observed using the fourth-order spatial and second-order temporal expansion with a relatively small homogenization basis (about twice the size of the number
of branches predicted), consisting of selected high symmetry Floquet-Bloch modes. The
validation of the complex wavenumber solutions using the ω − k analysis indicates the
applicability of the multiscale approach towards solving boundary value problems. The
fundamental importance of the proper selection of the homogenization basis functions
was demonstrated by excluding one of the important basis functions. The stripped basis
was incapable of reproducing certain dispersion branches, even with increased order of
gradient corrections.
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This contribution therefore presents a first and important step towards the development of powerful computational multiscale methodologies for acoustic metamaterials
and phononic crystals. Several future development directions that need to be investigated in order to fully realize this goal are listed in the following.
• In order to solve transient boundary value problems at the macro-scale, appropriate numerical discretization techniques must be introduced for the homogenized
equations (5.56). The approximation functions must be sufficiently smooth in order to capture the high-order spatial (and possibly temporal) gradient terms. The
precise computational cost benefit of the resulting overall multiscale methodology
compared to direct numerical simulation remains to be quantified in the process.
Special attention should be paid to the treatment of macro-scale boundary conditions in view of the boundary layer effects due to the evanescent wave solutions
[63].
• A more sophisticated mode selection criterion is needed for the efficient construction of the homogenization basis for any given problem, beyond the approach
presented here.
• The framework provides a remarkable flexibility towards the formulation of the
localization operator. Instead of the gradient expansion proposed here, a spectral
expansion of the micro-scale corrections with respect to high-order polynomial
macro-scale shape functions, e.g. Chebyshev, can be considered, thereby combining multiscale modeling with spectral FE methods [111], leading to different,
potentially rich alternatives for the macro-scale governing equations.
• Extensions towards material and geometrical non-linearities is also possible, but
can be challenging, since the general multiscale problem (5.43) can no longer be
localized using a linear localization operation. An appropriate linearization step
may need to be introduced.
• Another aspect that may be addressed in the future is the incorporation of the
transformational acoustics concepts [27] into the multiscale methodology for the
design of acoustic cloaks. Although it is relatively straightforward to demonstrate
the transformational invariance of the homogenized equations derived using the
current homogenization framework, the main challenge will be to solve the inverse problem for the determination of the geometrical and material properties of
the unit cell micro-structure that yields the same effective material properties as
determined from the coordinate transformation at all points in the domain.
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Frequency-domain macro-scale boundary value
analyses on the emergent generalized equations
of acoustic metamaterials
Abstract
This paper presents the computational frequency-domain boundary value analysis solving the general homogenization framework of acoustic metamaterials. The framework
features a novel definition of the macro-scale fields as the weighted volume average of
the corresponding fine scale fields with respect to a family of characteristic projection
functions. This results in a generalized macro-scale continuum that accurately captures
the dispersion spectrum of acoustic metamaterials over a wide range of frequencies, including local resonance and Bragg scattering. Restricting to 1D elastodynamics and
frequency-domain response for the sake of compactness, the boundary value problem on
the generalized macro-scale continuum is setup and discretized using a Galerkin B-spline
approximation. The homogenized continuum features more boundary conditions than can
be derived from the full-scale problem. Therefore, an additional procedure for determining
the macro-scale boundary conditions is outlined. Furthermore, an artificial high-order
spatial damping is introduced into the overall balance in order to mitigate the short wave
spurious solutions exhibited homogenized model. The methodology is validated against
direct numerical simulation on an example periodic 2-phase composite structure. Thus,
a breakthrough towards numerical multiscale methodologies for acoustic metamaterials
for high frequency applications in the Bragg scattering regime is demonstrated.

6.1

Introduction

Acoustic metamaterials are specially designed composites which exhibit extraordinary
elastic wave manipulation properties not seen in ordinary materials, leading to many
potential breakthroughs in noise isolation, acoustic cloaking, precision sensing, waveguiding etc [1–3]. The exotic properties of acoustic metamaterials are a result of two main
phenomena, namely Bragg scattering and local resonance [1]. Bragg scattering occurs in
periodic composites when the wavelength of the propagating wave is comparable to the
lattice constant. Opposed to that, materials with embedded micro-resonators, called
local resonance acoustic metamaterials (LRAM), exhibit strong coupling also in the
subwavelength regime, i.e. when the wavelength of the propagating wave is much larger
than the unit cell size, while the affected frequency should be around the resonance
frequency of the resonators.
95
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Due to the large scale separation present in LRAMs, several papers have proposed
modified effective elastodynamic theories which capture the effect in the form of a dynamic effective constitutive model [5, 6, 11, 45, 102] or equivalently an enriched microinertial continuum [77, 101]. Formal homogenization theories bridging the effective models to the classical elastodynamics have also been proposed by various authors [44, 46–
49, 66]. Furthermore, exploiting numerical solution methods (e.g. FEM), a computational homogenization (FE2 ) framework suitable for simulating LRAM problems involving arbitrary, complex micro-structure geometries, transient macro-scale loading on
finite size domains, nonlinear material response etc. have also been proposed [44, 105].
Alternatively, restricted to linear elasticity, Sridhar et.al. [66] combined the framework
of Pham et.al. [44] with dynamic model reduction techniques resulting in an emergent
enriched micro-inertial homogenized continuum. This framework served as a basis for
the semi-analytical analysis of LRAM designs [67] and allowed to construct computationally efficient multiscale techniques for large scale LRAM boundary value problems,
which constitutes a viable alternative to direct numerical simulations (DNS) [68].
While most efforts in developing new homogenization frameworks have focused on
the local resonance phenomena, a homogenized description of the Bragg scattering phenomena is much more challenging and has been attempted in only few papers. The
reduced scale separation can be taken into account in asymptotic homogenization by
adding high-order correction terms [48, 50, 52–54]. However, such approach is still
limited to the first (acoustic) dispersion branch and in some cases, the second (first
optical) branch. In higher frequency regimes, the classical scale separation completely
breaks down rendering standard approaches inapplicable. However, for a periodic microstructure, a spectral decomposition of the fields into slow and fast wavelengths is still
possible by means of the Floquet-Bloch theory [32, 33]. Direct application of the theory
allows to reduce the infinite domain of an acoustic metamaterial problem to a single
periodic unit, leading to computationally efficient approaches for dispersion [37, 38, 42]
and transmission analyses [39–41].
The Floquet-Bloch theory therefore provided the basis for formulating a general homogenization framework applicable in the high frequency Bragg scattering regime. One
of the pioneering steps in this direction was made by Willis [57–60] and subsequently by
other authors [61–64, 107]. However, [61, 69] demonstrated that the theoretical formulation still lacks the ability to capture the dispersion spectrum at high frequencies. The
key missing concept was the generalization of the homogenization operator, which is
usually defined as the spatial average over the unit cell volume. In the work of Boutin et
al. [49] and Craster et al. [55] on high frequency homogenization, it was shown that the
macroscopic fields can be defined as large scale modulations of the Floquet-Bloch eigenmode in a given frequency. The homogenized equations emerging from such an approach
captures the local elastodynamics in a narrow range around this eigenfrequency, even at
very high frequencies. This motivated Sridhar et.al. [69] to extend this idea and define
the homogenization operator as a weighted volume average with respect to a family of orthogonal projection functions composed of a set of Floquet-Bloch eigenmodes computed
at selected points in analyzed the frequency range. This concept, combined with the
Floquet-Bloch formalism, enabled to setup homogenization framework of acoustic metamaterials [64, 69]. The resulting macro-scale balance equation describes an emergent
generalized elastodynamic continuum of the micromorphic type, as defined by Eringen
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[75]. The framework demonstrated the ability to accurately predict dispersion phenomena in a wide range of frequencies including Bragg scattering, emergent elastodynamic
phenomena like rotational waves and the hybridization of Bragg scattering and local
resonance effects [69].
In this paper, the next step is taken by exploiting the general elastodynamics homogenization framework towards the numerical solution of macro-scale boundary value
problems. This is a novel development since only few works have investigated homogenized boundary value analysis in the high frequency regime [62, 63, 65]. For the sake
of simplicity and compactness, the present analysis is restricted to frequency-domain
analysis in the 1D domain. The micromorphic weak form is obtained via a Galerkin
approximation. For spatial discretization, an isogeometric formulation with B-splines is
used. This provides a high-order continuity approximation leading to superior numerical dispersion properties over traditional finite element shape functions [112–115]. This
choice allows to accurate model the physical dispersion spectrum of the acoustic metamaterial without excessive refinements. Since the general homogenization framework
introduces several generalized kinematic macro-scale fields, a choice for the boundary
conditions for the generalized continuum becomes non-unique in matching the physical
boundary conditions of the full-scale problem. From the literature on the boundary value
analysis using Floquet-Bloch based approaches [40], an additional condition requiring
the applied boundary condition to only excite long wave solutions (i.e. those lying within
the Brillouin zone) on the macro-scale boundary fields can be formulated for determining
the appropriate macro-scale boundary conditions. For this, a spectral decomposition of
the general boundary value solution is needed, which is achieved by means of an eigenvalue analysis of a special high-order impedance matrix in the space of possible solutions.
The analysis yields appropriate macro-scale boundary conditions on the micromorphic
fields. The present methodology based on a family of projection functions has a distinct
advantage compared to the homogenization framework of Srivastava et.al. [62, 63] in
its ability to recover the material phase information at the boundary thereby ensuring
traction and displacement consistency at the macro-structure interfaces. This otherwise
cannot be achieved due to boundary layer effects. In [63], the traction consistency is
replaced with a boundary power consistency condition while small errors resulting from
enforcing displacement consistency is tolerated.
The structure of the paper is as follows. The theoretical aspects, including the setup
of the 1D full scale problem, outline of the general homogenization framework and the
incorporation of the macro-scale boundary conditions, are presented in Section 6.2. The
numerical dispersion analysis of the B-Spline based discretization and the dispersion
spectra predicted by the discretized macro-scale model are demonstrated in Section 6.3.
The numerical frequency-domain boundary value analysis of the homogenized generalized macro-scale continuum and its validation against direct numerical simulations
(DNS) are presented in Section 6.4 on an example problem. Finally, the conclusions are
given in Section 6.5.
The following notations are used throughout the paper to represent different quantities and operations. The partial derivative with respect to a variable y is denoted as
(•),y and the nth order derivative is denoted as (•),yn . Matrices of any type of quantity
are in general denoted by (•) except for a column matrix, which is denoted by (•). A
e
left superscript is used to specify a sub-matrix index of a matrix.
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Figure 6.1: Illustration of the 1D full-scale boundary value problem.

6.2

Homogenization of the 1D elastodynamic problem

This section presents the main theoretical aspects of the homogenization framework and
the solution strategy. First, the full-scale 1D elastodynamic equation and the associated
boundary conditions are defined for a periodic linear elastic medium. The general homogenization framework introduced in [69] is then outlined and applied to obtain the
1D homogenized generalized macro-scale continuum problem. The addition of artificial
high-order damping to suppress spurious solutions is then discussed. Finally, the weak
form of the macro-scale balance is derived.

6.2.1

Problem definition

The reference 1D full-scale heterogeneous problem is illustrated in Figure 6.1. Consider
an unbounded spatial domain R, with coordinate x. The balance of momentum for an
elastic heterogeneous continuum is given by,
σ,x − p,t = 0 ,

(6.1)

where σ and p represent the scalar Cauchy stress and momentum density, respectively,
and t the time. The linear elastic constitutive equations are given as follows
σ = Cm (x)u,x

(6.2a)

p = ρm (x)u,t

(6.2b)

where u is the displacement; Cm (x) and ρm (x) are the elasticity modulus and mass
density, respectively. Furthermore, a periodic material distribution is assumed which is
expressed as,
Cm (x + `) = Cm (x) ,

(6.3)

ρm (x + `) = ρm (x) ,

(6.4)

where ` is the characteristic lattice constant. A unit cell is obtained by considering an
arbitrary continuous subdomain of length `.
A boundary value problem is constructed on a finite sub-domain Ω of R, consisting
of Ncells discrete unit cells (fractional unit cells are not considered here) with boundaries
at x0 and xL = x0 + Ncells ` as shown in Figure 6.1. Furthermore, the macro-structure is
assumed to be constructed using symmetric unit cells and is therefore symmetric about
its center axis (as shown in the figure). This is made to ensure that there are no structural
defect modes [116] which are difficult to capture using the present framework. This is
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Figure 6.2: Illustration of the spectral scale separation. Here, λm = 2π/km and λM =
2π/kM represents the micro and macro-scale wavelength respectively.
not a serious limitation since acoustic metamaterials are manufactured composites and
it is expected that they will be designed to prevent the additional resonance modes.
Let ∂Ω = {x0 , xL } represent the set of boundary coordinates. The general boundary
conditions on ∂Ω can be defined as follows.
Traction boundary condition
σ(xs , t) = es σs (t), xs ∈ ∂Ωs

(6.5)

Displacement boundary condition
u(xp , t) = up (t), xp ∈ ∂Ωp

(6.6)

where ∂Ωp is the set of prescribed displacements and ∂Ωs , the set of prescribed tractions,
with ∂Ωs ∪ ∂Ωp = ∂Ω and ∂Ωs ∩ ∂Ωp = {} and es = −1 for xs = x0 and es = 1 for
xs = xL . The initial conditions are not explicitly stated here since they will not be used
for the regime of interest in this paper.

6.2.2

The general elastodynamic homogenization framework

The general elastodynamic homogenization framework introduced in [69] is outlined in
the following, adapted to the present 1D setting. The framework utilizes a spectral
definition of scales (illustrated in Figure 6.2) based on the characteristic length scale of
the problem. For a periodic structure, this is readily identified as the lattice constant
`. Accordingly, the macro-scale (or slow-scale) variation of a field is characterized by
all modulations with wavenumbers k (spatial frequency) lying within the (first) Brillouin zone, i.e. kM = {k | |k| ≤ π` }, while the micro-scale (or fast-scale) variation is
characterized by fluctuations with wavenumbers km = {k | |k| > π/`}, except for the
rigid body mode at k = 0. More specifically, the micro-scale variations are spanned by
Fourier functions defined on the unit cell domain, and hence parameterized by discrete
wavenumbers, km = n 2π
` , ∀ n ∈ Z (where Z is the space of integers). Since the two
wavenumber sets are exclusive (with the exception of the zero wavenumber), a distinct
separation of the two scales is obtained. Note, that unlike classical homogenization
theories [35], the requirement of large scale separation | kM |<< π/` on the macro-scale
variations is not imposed here. The above introduced concept of scales can be formalized
by the Floquet-Bloch transform [61]. Given a function g(x) ∈ L2 (R), where L2 (R) is the
space of square integrable functions parameterized on R, the Floquet-Bloch transform
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FB , of g(x) is given by
ĝ(x, kM ) = FB [g(x)] =

` X
g(x + n`)e−ikM (x+n`) ,
2π

(6.7)

n∈Z

where notation (ˆ
•) is used to denote the Floquet-Bloch transform of a function. The
function ĝ(x, kM ) satisfies the following periodicity conditions,
ĝ(x + n`, kM ) = ĝ(x, kM ) ∀ n ∈ Z
2π
ĝ(x, kM + r ) = ĝ(x, kM ) ∀ r ∈ Z .
`

(6.8a)
(6.8b)

The corresponding inverse Floquet-Bloch transform (synthesis) is given as follows,
Z

−1

g(x) = FB [ĝ(x)] =

π
`

− π`

ĝ(x, kM )eikM x dkM .

(6.9)

Following the periodicity property (6.8a), ĝ(x, kM ) per definition characterizes the microscale variations of g(x). Similarly, the harmonic modulation eikM x in equation (6.9)
describes the macro-scale variations of g(x). Thus, the Floquet-Bloch expansion (6.9),
provides a natural spectral decomposition of the micro and macro scale variations.
Using this scale separation, macro- and micro-scale functions can formally be defined
as follows. A macro-scale function, FM is one whose Floquet-Bloch transform is constant
with respect to x, i.e.
F̂M,x = 0
(6.10)
A micro-scale function fm is defined as one which is invariant under the Floquet-Bloch
transform, i.e.
fˆm (x) = fm (x)
(6.11)
Alternatively, a micro scale function can also be defined as one that is periodic with
respect to `. It should be noted that the material parameters Cm and ρm introduced
previously are micro-scale functions depending on the local coordinate.
Homogenization can now be defined as an operation that returns a macro-scale function. To this end, the Floquet-Bloch average, or FB-average, is introduced based on
expansion (6.9). The FB-average of a function g(x) is given as follows,
GM (x) = hg(x)iFB

1
=
`

Z

π
`

Z

− π`

`

ĝ(x0 , kM )dx0 eikM x dkM .

(6.12)

0

Here, ĝ(x, kM ) is averaged over the unit cell domain resulting in a spatially constant
function, which upon taking the inverse Floquet-Bloch transform yields a macro-scale
function GM . Different realizations of the macro-scale function can be achieved by taking a weighted FB-average in equation (6.12) with respect to some micro-scale weighting/projection function wm (x), i.e.
GMw (x) = hwm (x)g(x)iFB

1
=
`

Z

π
`

− π`

Z
0

`

wm (x)ĝ(x0 , kM )dx0 eikM x dkM .

(6.13)
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This is an important aspect from the physical point of view since by formulating the
projection functions based on the characteristic micro-dynamic modes of the system (i.e.
the Floquet-Bloch eigenmodes) various emergent elastodynamic phenomena occurring in
different frequency regimes can be effectively captured at the macro-scale. This concept
is exploited towards a general homogenization operator.
Let φm be a set of Ndof orthonormalized micro-scale functions parameterized by the
e orthonormality condition can be expressed as
set P. The
D
E
(6.14)
φm φTm FB = I
e e
where I is the scalar identity matrix of size Ndof and (•)T denotes the transpose of a
(column) matrix. A general homogenization operator with respect to φm , SP , is defined
e
based on the FB average (6.12) as follows,
D
E
.
(6.15)
F M = SP [f ] = φm f
FB
e
e
Therefore, the application of SP on a full-scale field f (x) yields Ndof generalized macroscale fields F M . φm spans the subspace of all possible micro-scale (`-periodic) functions
e
e P
indexed by the set
com say, and a larger P increases the projection space of the homogenization operator allowing more micro-scale information to be captured at the macroscale. In the limit when P → Pcom an invertible mapping is obtained that, when applied
[SPcom ] = 1,
on F M , will recover all information of the full scale function f such that SP−1
com
e
−1
where SPcom is the inverse of SPcom termed localization operator. However, a complete
mapping is neither practical nor desirable (nor possible in most cases) as the number of
projection functions needed would be very large (countably infinite in the limit). Thus,
the appropriate formulation of φm is critical in approximating a physical process occure
ring in the regime of interest. Indeed,
for a computationally efficient implementation, it
is desirable to have the smallest possible set of projection functions that captures the desired physical phenomena with sufficient accuracy. Thus, the selection of the projection
functions is crucial. This aspect will be detailed in Section 6.3.3.
As explained above, a unique localization operator, SP−1 cannot be realized since P
is incomplete in general. Thus a generalized localization operator, denoted as SQ−1 will
be introduced such that,
SP [SQ−1 ] = I
(6.16)
Here Q is a set (not necessarily equal to P) that parameterizes the micro-scale functions
used to construct SQ−1 . Generally, for a compact set of projection functions the space
spanned by φm cannot sufficiently capture all the micro-mechanical/dynamic response
e
of the micro-structure
in the frequency regime of interest, and a more sophisticated
−1
construction of SQ is therefore needed. In [69], the localization was expressed as a
high-order spatio-temporal gradient expansion with respect to the macro-scale quantities where the individual micro-scale functions were determined using an energy minimization problem. Here, the considered 1D problem is simple enough that the space
spanned by φm constructed using a set of characteristic dynamic eigenmodes of the microe
structure sufficiently
accurately recovers the micro-dynamic response in the frequency
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range of interest. Thus, the following localization operator for Q = P is assumed,
SP−1 = φTm [•]
(6.17)
e
The above definition is clearly consistent with the identity (6.16). This can be verified
by making use of the orthonormality condition (6.14).

6.2.3

The homogenized macro-scale boundary value problem

The homogenization framework presented in the previous section is now applied to obtain
the homogenized macro-scale equations for the 1D problem outlined in Section 6.2.1.
Since the Floquet-Bloch transform is defined on an unbounded domain, the homogenized
equations will be formulated on R first. The application of the boundary conditions will
be discussed later.
The homogenized balance of momentum is obtained by applying the homogenization
operator (6.15) to equation (6.1), which by using the Gauss divergence theorem yields
(see [69] for more details),
ΣM,x − (χM + q M,t ) = 0
e
e
e
e

(6.18)

D
E
Σ M = φm σ
FB
e
E
De
χM = φm,x σ
e
De E FB
q M = φm p
FB
e
e

(6.19a)

where,

(6.19b)
(6.19c)

Here Σ M , χM and q M are the columns (of size Ndof ) of the generalized macro-scale stress,
e e
internal stress
ande momentum fields respectively. Next, the homogenized constitutive
equations are derived through the sequential application of the localization and homogenization operators. First, the full scale displacement is approximated using the
localization operator (6.17) as
u(x, t) = φTm (x)U M (x, t)
(6.20)
e
e
where U M (x, t) represents the column of Ndof generalized macro-scale degrees of freedom
e
defined via equation (6.15) as
D
E
U M = φm u
(6.21)
FB
e
e
Substituting equation (6.20) into (6.2) and applying equation (6.19) yields,
Σ M = C M U M,x + S TM U M
e
e
e
χM = S M U M,x + AM U M
e
e
e
q M = %M U M,t
e
e

(6.22a)
(6.22b)
(6.22c)

Chapter 6. Frequency-domain macro-scale boundary value analyses on the emergent
generalized equations of acoustic metamaterials
103
where
D
E
C M = φm Cm φTm
e FB
De
E
S M = φm,x Cm φTm
e FB
De
E
AM = φm,x Cm φTm,x
eE FB
De
T
%M = φm ρm φm
e
e FB

(6.23a)
(6.23b)
(6.23c)
(6.23d)

represent the macro-scale constitutive matrices of size Ndof × Ndof . Note that the constitutive law is local in nature and the parameters are constants with respect to space
and time. Equations (6.18) and (6.22) give the set of generalized macro-scale continuum
equations. Substituting the constitutive equations (6.22) into (6.18) yields the governing
partial differential equation in terms of the generalized displacements U M
e
CM U M,xx − S asym
U M,x − AM U M − %M U M,tt = 0
M
e
e
e
e
e e

(6.24)

S asym
= S M − S TM
M

(6.25)

where
The finite domain Ω containing the homogenized generalized continuum, is considered next for setting up the boundary value problem. The full-scale problem boundary
conditions (6.5) and (6.6) have to be converted to expressions in terms of the homogenized generalized fields. First, based on equation (6.17) the localization of the full scale
stress is obtained as
σ(x, t) = φTm (x)Σ M (x, t)
(6.26)
e
e
whereas the localized full-scale displacement field was given in equation (6.20). With
(6.20) and (6.26), the full scale boundary conditions (6.5) and (6.6) can be expressed in
terms of the homogenized fields as follows
Macro-scale traction boundary condition
φTm Σ M (xs , t) = es σs (t), xs ∈ ∂Ωs
e e
Macro-scale displacement boundary condition

(6.27)

φTm U M (xp , t) = up , xp ∈ ∂Ωp
(6.28)
e e
providing 2 boundary conditions in (6.1) setting. However, the homogenized problem of
the generalized continuum requires in total 2Ndof conditions which (assuming Ndof > 1)
cannot be uniquely determined from the full-scale problem without additional information. Thus, additional conditions must be formulated in order to overcome the issue
of non-uniqueness. An additional constraint could be the requirement for power consistency at the boundaries. This was used in [63], replacing the traction consistency
requirement which could not be satisfied due to boundary layer effects encountered in
the problem. Alternatively, an additional condition based on the nature of excited solutions can be formulated towards determining the macro-scale boundary values. This
aspect is elaborated in the subsequent section. Only an aposteriori analysis on the
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boundary power consistency is carried out here (see Section 6.4).

6.2.4

Plane wave expansion of the homogenized equations: towards an
approach for spectral decomposition and filtering of solutions

In addition to the physical solution, the homogenized generalized macro-scale continuum also admits several duplicate/spurious solutions. This is due to the definition of
the homogenization operation, which introduces multiple macro-scale fields to represent a single fine-scale field, resulting in an over prediction of the number of admissible
wave solutions in the problem. The spurious solutions introduce a numerical error in
the solution of the boundary value problem and must therefore be attenuated. The
decomposition of the frequency-domain solution into the primary and spurious solutions
is given by the analytical plane wave expansion of the homogenized equations. This is
used to shed light on the nature of the spurious solutions and to formulate an approach
to mitigate these solutions in the numerical setting.
The plane wave expansion of U M at frequency ω, which can be expressed as
e
U M (x, t) =
e

2N
dof
X
r=1

r e

yM (ω) r V̂ M (ω)ei( kM (ω)x+ωt)
e

r

(6.29)

e (ω) and r y (ω) is the eigenmode (polarization), eigen-wavenumber
where r V̂ M (ω), r kM
M
e
and amplitude of the rth wave (r = 1, ..., 2Ndof ). The corresponding eigenvalue problem
is obtained by substituting equation (6.29) into (6.24) yielding,

−rke2 C M − irke S asym
− AM + ω 2 %M
M

r

V̂ M = 0 .
e
e

(6.30)

Here, ω is treated as a parameter when solving the above problem. The amplitudes
r y are determined such that the solution (6.29) satisfies the boundary conditions (6.27)
and (6.28). However, as discussed in the previous section, the solution is not unique
for Ndof > 1 since the number of unknowns is greater than the number of boundary
conditions given by the full-scale system (equations (6.27) and (6.28). This implies that
not all wave modes in the expansion are relevant for the solution. In fact, it can be shown
that 2 solutions exist whose wavenumbers (at least the real part) lie within the Brillouin
zone, while the rest lie beyond it [37]. Thus, from the definition of macro-scale function
presented in Section 6.2, it can be concluded that the solutions outside the Brillouin
zone constitute the spurious contribution and must therefore be discarded. However,
a priori identification of these solutions via plane wave expansion is only possible for
simple boundary value problems. A more general approach is therefore needed in order
to adapt the method towards complex boundary value problems involving 2D/3D macrostructures. To this end, high-order spatial derivatives of the generalized displacements
as a measure to selectively filter out short wave solutions from a problem. For instance,
the spurious solutions within the bulk of the homogenized media can be attenuated by
introducing the following term into equation (6.30)
−iζω rke2γ Z M − rke2 C M − i rke S asym
− AM + ω 2 %M
M

r

V̂ M = 0 ,
e
e

(6.31)
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where the first term has been added with ζ, γ and Z M as parameters. For γ ≥ 2, the
above term provides a high-order damping that is proportional to the (2γ)th power of
the wavenumber, thus high wavenumbers solutions will now additionally exhibit a large
evanescent component, thus being effectively attenuated within the bulk of the system.
The higher the value of γ, the stronger the bias towards higher wavenumbers. The choice
of the coefficient Z M is arbitrary but a suitable formulation that maintained proportional
damping on all generalized macro-scale displacements was found to be the homogenized
acoustic impedance matrix
q
Z M = C M %M ,
(6.32)
The parameter ζ is tuned for a given numerical discretization such that the primary
solution is minimally perturbed while the spurious solutions are sufficiently attenuated.
With this, the modified macro-scale balance equation (6.18) takes the form
(−1)γ+1 ζZ M U M,x2γ t + ΣM,x − (χM + q M,t ) = 0
e
e
e
e
e

(6.33)

The addition of the high-order damping term increases the order of the macro-scale
equation from 2 to 2γ. A natural assumption on the higher-order boundary conditions is
to require all higher order space derivatives of the macro-scale generalized displacements
at the boundary to vanish, i.e.
U M,xx (x) = 0 ∀ x ∈ ∂Ω
e
e
U M,xxx (x) = 0 ∀ x ∈ ∂Ω
e
e
..
.

(6.34a)
(6.34b)

While the high-order damping mitigates spurious solutions within the bulk of the medium,
the concept of the high-order derivative can be further exploited to determine the macroscale boundary values such that the spurious solutions are also minimally excited at the
interfaces of the macro-structure. This aspect is detailed in Section 6.4.2.1.

6.2.5

Weak form of the generalized macro-scale balance

Finally, the weak form of the homogenized macro-scale equations facilitating the numerical discretization of the problem is obtained as follows. First, integrating equation (6.33)
over Ω with respect to the test function δU M gives,
e
Z


δU TM (−1)1+γ ζZ M U M,x2γ t + Σ M,x − (χM + q M,t ) dx = 0 .
(6.35)
e
e
e
e
e
x∈Ω

The weak form is then obtained by applying the Gauss divergence theorem and taking
into account condition (6.34) giving,
Z 

δU TM,xγ ζZ M U M,xγ t + δU TM,x Σ M + δU TM (χM + q M,t ) dx − (δU TM Σ M ) |xxL0 = 0 . (6.36)
e
e
e
e
e e
e e
e
e
x∈Ω

For the purpose of the dispersion analysis, the weighted residual on the unbounded domain R is obtained by replacing Ω with R and dropping the boundary terms (since all the
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Figure 6.3: Illustration of the (quadratic, p = 2) B-spline shape functions on an unbounded domain.
macro-scale fields are assumed to be zero at ±∞) in the above expression. Accordingly
one obtains,
Z 

δU TM,xγ ζZ M U M,xγ t + δU TM,x Σ M + δU TM (χM + q M,t ) dx = 0
(6.37)
e
e
e
e
e e
e
x∈R

6.3

Numerical dispersion analysis

This section discusses the numerical dispersion analysis of the macro-scale equations.
The purpose of this analysis is twofold, namely to study the dispersion characteristics
of the homogenized discrete problem versus the homogenized continuum formulation
and versus the reference Bloch analysis on the unit cell. First, the discrete balance
stencil is defined on an unbounded domain. The numerical dispersion equation is then
obtained by applying the discrete Fourier transform on the discretized balance equation.
Next, the analytical spectral characteristics of various order B-spline approximations
are investigated. Finally, the numerical dispersion spectrum is validated against a direct
Bloch analysis for an example unit cell. The influence of the high-order damping term
is also illustrated.

6.3.1

Discrete homogenized continuum model on an infinite domain

The generalized displacement field U M on R is discretized as follows,
e
∞
X
UM (x) ≈
Ψp (x + nh) (n) U dM
e
e
n=−∞

(6.38)

Here, Ψp (x) represents the pth order B-spline polynomial shape function with a compact
span Ωspan = {x ∈ R | −(p + 1)h/2 ≤ x ≤ (p + 1)/2h}, h is the spacing between the
control points and (n) U dM are the discrete amplitudes associated to the nth shape function.
e
The B-spline shape functions (for p = 2) on an unbounded domain are illustrated in
Figure 6.3. The explicit expressions of the B-spline functions can be found in e.g.
[115, 117].
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Substituting equation (6.22) and (6.38) into the weak form (6.37) in combination
with the homogenized constitutive equations (6.22) and using a Galerkin approximation
for the test functions yields the following discretized stencil equations,
p 
X

(n)

n=−p

D(n) U dM,t +
e





K + (n) G + (n) Q (n) U dM + (n) M (n) U dM,tt = 0
e
e
e

(n)

(6.39)

where,
(n)

Z
Ψp,xγ (x) Ψp,xγ (x + nh)dx

D = ζZ M

(6.40a)

x∈Ωspan
(n)

Z
K = CM

Ψp,x (x)Ψp,x (x + nh)dx

(6.40b)

x∈Ωspan
(n)

Z

Z

G = S TM

(Ψp (x)Ψp,x (x + nh)) dx

(Ψp,x (x)Ψp (x + nh)) dx + S M
x∈Ωspan

x∈Ωspan

= (S M − S TM )

Z
(Ψp (x)Ψp,x (x + nh)) dx

(since Ψp,x is an odd function)

x∈Ωspan

Z

= S asym
M

(Ψp (x)Ψp,x (x + nh)) dx

(6.40c)

x∈Ωspan
(n)

Z
Q = AM

Ψp (x)Ψp (x + nh)dx

(6.40d)

Ψp (x)Ψp (x + nh)dx

(6.40e)

x∈Ωspan
(n)

Z
M = %M
x∈Ωspan

Note that evaluation of (n) D requires shape functions with a minimum polynomial order
p = γ. Since γ > 2, linear shape functions cannot be used to model the high-order
damping. The integration is performed numerically using a standard Gauss integration
scheme corresponding to the polynomial of the given shape function, where the elements
were defined as the domain between two control points, thus Ωspan contains p+1 elements.

6.3.2

Spectral characteristics of the discretization

The discrete Fourier expansion of

(n) U d

M

is given as follows

e
(n)

U dM = Û dM eikM nh+iωt
e
e

(6.41)

where Û dM are the coefficients of the discrete Fourier transform of (n) Û dM . Substituting
e
the above expression into equation (6.39) and gathering the terms with respect to the
Fourier coefficient gives,

iωκ2γ (kM )ζZ M + κ2 (k)C M + κ1 (kM )S asym
+ AM − ω 2 %M Û dM = 0
M
e
e

(6.42)
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Figure 6.4: The spectral characteristics of a B-spline approximation for different orders
p for the homogenized generalized problem, described by the parameters (a) κ1 (kM ), (b)
κ2 (kM ) and (c) κ2γ (kM ).
where,

κ2γ (kM ) = M −1


Z
p
X



n=−p

κ2 (kM ) = M −1



Ψp,xγ (x) Ψp,xγ (x + nh)dx eikM nh

x∈Ωspan



p
X


Z

n=−p





Ψp,x (x) Ψp,x (x + nh)dx eikM nh

Z
p
X



n=−p

M (kM ) =

p
X
n=−p

(6.43b)

x∈Ωspan



κ1 (kM ) = M −1

(6.43a)



Ψp (x) Ψp,x (x + nh)dx eikM nh

(6.43c)

x∈Ωspan




Z





Ψp (x) Ψp (x + nh)dx eikM nh

(6.43d)

x∈Ωspan

are the functions characterizing the spectral behavior of a given B-spline discretization
for the homogenized generalized continuum. Comparing the discrete problem (6.42)
to the equivalent continuum equation (6.31) reveals that the numerical discretization
accurately approximates the continuum dispersion spectra in the regime where κ1 (kM ) ≈
2 , κ (k ) ≈ k 2γ . First, the functions κ and κ are computed for
kM , κ2 (kM ) ≈ kM
2γ M
1
2
M
various p refinements and plotted against kM in Figure 6.4a and 6.4b. Figures 6.4a
and 6.4b, show that the characteristic functions of the discretized problem recover the
continuum spectra in the low wavelength regime kM << π/h and degrade in accuracy
for kM approaching the discretization limit (π/h). Furthermore, the overall accuracy
significantly improves with increased polynomial order. However, κ1 fails to converge
at kM = π/h regardless of the refinement order p. This is a direct consequence of
discretizing equations with odd-order spatial derivatives. Under Galerkin projection,
the discretized displacement field becomes orthogonal to its odd-order approximation
in the limit kM → π/h. Thus the numerical dispersion spectrum will never converge to
the actual spectrum at wavenumbers approaching the discretization limit. As discussed
in Section 6.2.4, the physical macro-scale solution lies within the Brillouin zone with
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Property
Young’s modulus Ei [MPa]
mass density ρi [kg/m2 ]
volume fraction µi
length ` [mm]

phase 1 (soft)
0.3
0.8
0.4

phase 2 (hard)
2
2.5
0.6
10

Table 6.1: Geometric and material properties of the considered unit cell
wavenumbers |kM | ≤ π/`. Therefore, the h refinement should be significantly smaller
than ` in order to avoid errors due to numerical dispersion affecting the solutions within
the Brillouin zone. Increasing the order p of the B-spline approximation improves the
dispersion characteristics and would therefore allow for a relatively coarse discretization.
Next, κ2γ is computed for the parameter combinations p = 2 and γ = 2, p = 3 and
γ = 2, and p = 3 and γ = 3 and plotted in Figure 6.4c. The response of κ2γ is indeed
sensitive to high wavenumbers. As expected, the sensitivity improves significantly for
higher γ (with p kept constant). Similarly, a p refinement also increases the sensitivity
of the damping to higher wavenumbers, although the effect is less pronounced.

6.3.3

Validation against Bloch analysis

The numerical dispersion spectrum is now validated against Bloch analysis for an example unit cell model. An ω − k analysis is performed where the dispersion eigenvalue
problem is solved by treating k as the eigenvalue and ω as the unknown to solve for.
This is obtained for the homogenized model by substituting equation (6.41) into (6.39)
and gathering the terms with respect to the exponential functions yielding,
2p
X
n=0

!
(n)

P (ω)eikM nh

Û M = 0
e
e

(6.44)

where,
(n)

P (ω) = iω (n)Dp + (n) K p + (n) Gp + (n) Qp − ω 2(n)M p

(6.45)

The dispersion analysis is carried out on an example unit cell micro-structure as
shown in Figure 6.5, i.e. a two-phase composite with a hard heavy phase and a compliant
light phase. The choice of the particular unit cell configurations does not play a role
in a dispersion analysis but it is given for the sake of completeness. The unit cell in
configuration A (Figure 6.5) was selected here for the analysis. The values of the material
and geometrical parameters are described in Table 6.1.
A Bloch analysis is carried out using the FEM approach described in [37]. Here,
the unit cell is discretized using standard linear shape functions in order to obtain the
characteristic mode shapes of the system for constructing the projection basis and to
provide the reference spectrum for the purpose of validation. A uniform element size of
equal to 0.01` was adopted for the unit cell model, which ensures adequate convergence
of the predicted spectra within the Brillouin zone and within the analyzed frequency
range of 0-5000 Hz.
The chosen projection functions φm are formulated using the Floquet-Bloch eigene cell model at the symmetry points Γ and X (i.e./
modes, computed using the FEM unit
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Figure 6.5: The considered 1D unit cell represented in two possible symmetric configurations.
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Figure 6.6: Plot of (a) the first 5 Γ (kM = 0) Bloch modes and (b) the real component
of the first 4 X modes (kM = π/`) for the unit cell configuration A. These modes are
used to formulate the projection functions after a Gram-Schmidt orthogonalization.
kM = 0 and kM = π/` respectively). The first 5 Γ Bloch modes and the real components
of the first 5 X Bloch modes are shown in Figure 6.6. Using these functions, a total
of 10 projection functions with 10 corresponding generalized degrees of freedom results.
A Gram-Schmidt procedure was applied to the set of modes in order to orthonormalize
them, satisfying equation (6.14).
The analysis is first carried out on the homogenized model without any artificial
damping. The ω − k dispersion spectra of the proposed unit cell computed using a Bloch
analysis, the homogenized continuum dispersion equation (6.30) and the homogenized
numerical dispersion equation (6.44) using cubic (p = 3) B-splines with h = 1/3` and
ζ = 0 are shown in Figure 6.7. The homogenized continuum dispersion spectrum matches
exactly at all frequencies at least with respect to the primary solutions (i.e. within
the Brillioun zone). The homogenized numerical spectrum also predicts the primary
solution accurately within the Brillioun zone, thereby validating the numerical dispersion
model for the given discretization parameters. Additional spurious solutions exhibited
by the numerical spectrum at high wavenumbers still emerge as a consequence of the
discretization approximation.
The influence of the artificial high-order damping on the numerical dispersion model is
assessed in Figure 6.8. A 6th order damping term is adapted i.e. γ = 3 with ζ = 0.00002.
From figures, the selective damping of the spurious solutions can be clearly seen while
the solutions within the Brillioun zone remain unaffected. For the given parameters,
most solutions beyond the Brillioun zone exhibit a spatial evanescense of magnitude
greater than 0.05π/`.
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Figure 6.8: Comparison of the numerical dispersion spectrum for p = 3 and γ = 3 with
(a) ζ = 0 and (b) ζ = 0.00002 in the range of analysis. The propagating solution, defined
as part of the full solution with complex magnitude < 0.05π/` is highlighted using red
circles. The effect of the artificial damping on the spurious solutions is clear.
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Figure 6.7: The dispersion spectrum of the proposed unit cell computed using Bloch
analysis (Bloch) [37], the homogenized analytical dispersion model (H-Pln) given by
equation (6.30), the Homogenized numerical model (H-Num) given by equation (6.44)
with ζ = 0, p = 3.
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Figure 6.9: Illustration of the (quadratic, p = 2) B-spline shape functions on a bounded
domain.

6.4

Numerical boundary value analysis

This section presents the numerical solution of a frequency-domain boundary value problem formulated at the homogenized macroscopic scale. First, the discretized homogenized boundary value problem is obtained. Next, a minimal impedance mode approach
is presented for the determination of the enriched boundary conditions that ensures
minimum excitation of the spurious short wave solutions at the boundaries. The results
are compared with DNS for an example problem.

6.4.1

Discrete enriched continuum model on a finite domain

The pth order B-spline approximation (illustrated in Figure 6.9 for quadratic B-splines)
of U M defined on Ω is expressed as follows,
e
U M (x, t) ≈ (ΨTfp (x) ⊗ I)UMd (t)
e
e
e
= Θ(x)UMd (t)
e

(6.46)

where Ψfp (x) is a column containing N D = Ncells `/h + p, pth order B-Spline shape
e
functions defined on Ω, I the identity matrix of size Ndof , UMd , is a column containing
e
NGdof = Ndof ND discretized degrees of freedom and ⊗, the Kroneker product operator.
Note the matrix notation adopted here in the finite domain case for the sake of convenience as opposed to the stencil notation used in Section 6.3 (equation 6.38). A uniform
control point distribution with spacing h is assumed except at the boundaries where
the spacings are collapsed to recover the delta property, i.e. 1 Ψfp (x0 ) = NS Ψfp (xL ) = 1,
assuming each shape function is labeled in an ascending order from left to right. Substituting equation (6.22) and (6.46) into (6.36) yields the following discrete balance
equation for the homogenized enriched continuum on the finite domain Ω
K T U dM + DU dM,t + M U dM,tt = F dM
e
e
e
e

(6.47)
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where,
KT = K + G + Q
Z
K=
ΘT,x C M Θ,x dx
Zx∈Ω
(ΘT,x S M Θ + ΘT S TM Θ,x )dx
G=
Zx∈Ω
ΘT AM Θdx
Q=
x∈Ω
Z
ΘT,xγ C M Θ,xγ dx
D=
x∈Ω
Z
M=
ΘT %M Θdx

(6.48a)
(6.48b)
(6.48c)
(6.48d)
(6.48e)
(6.48f)

x∈Ω

F dM = Ψfp (xL ) ⊗ Σ ML − Ψfp (x0 ) ⊗ Σ M0
e
e
e
e
e

6.4.2

(6.48g)

Frequency domain analysis and validation

A frequency-domain analysis can be performed by assuming the following solution on
the macro-scale displacements and tractions
U dM = Ũ dM eiωt
e
e
Σ M0 = Σ̃ M0 eiωt
e
e
Σ ML = Σ̃ ML eiωt
e
e

(6.49a)
(6.49b)
(6.49c)

where (˜
•) is used to indicate a frequency-domain solution. Substituting equations (6.49)
into (6.47) yields the following frequency-domain problem,
K dyn (ω)Ũ dM = F̃ dM
e
e

(6.50)

where,
K dyn = K T + iωD − ω 2 M
d

F̃ M = Ψfp (xL ) ⊗ Σ̃ ML − Ψfp (x0 ) ⊗ Σ̃ M0
e
e
e
e
e
6.4.2.1

(6.51)
(6.52)

Determination of macro-scale boundary conditions via the least
impedance boundary mode approach

This section describes an approach that exploits the high-order impedance matrix D for
determining macro-scale boundary conditions that minimize the appearance of spurious
solutions at the boundaries. First, the solutions for all possible combinations of prescribed boundary displacements are computed. The solutions are then projected onto
D and the eigenmodes corresponding to the smallest two eigenvalues are retained. In
principle, the solutions corresponding to the eigenmodes must be the primary long wave
solutions since D is least sensitive to them (as discussed in Section 6.2.4 and 6.3). Hence,
these eigenmodes represent the macro-scale boundary modes of interest at a given frequency. The amplitudes corresponding to the two boundary modes are then uniquely
determined by applying equations (6.27) and (6.28).
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Let the degrees of freedom be partitioned into the boundary and internal dofs represented as b (•) and i (•), respectively. Let S be a NGdof × 2Ndof matrix representing the
solution to equation (6.50) for different applied generalized boundary displacements i.e.
Ũ dM = S b Ũ dM
e
e

(6.53)

given as follows,
"
S=

bS

#

iS

(6.54)

i

S = −(iiK dyn )−1ibK dyn

(6.55)

b

S=I

(6.56)

where I represents an identity matrix of size 2Ndof . With this, a new reduced high-order
impedance matrix Dred is defined, obtained by projecting S onto D as follows
Dred = S *T DS

(6.57)

where (•)∗ represents the complex conjugate. Let λj and Xj be, respectively, the j th
eigenvalue and eigenmode of Dred obtained from the following eigenvalue problem,
(Dred − λj I)X j = 0
e
e

(6.58)

The least impedance boundary mode approach proposes that the macro-scale boundary
values should be determined by a linear combination of the eigenmodes of Dred corresponding to the smallest two eigenvalues of the system. Assuming that the eigenvalues
are sorted according to their magnitudes, this implies that the boundary displacements
can be formulated as
b d
Ũ M = α1 X 1 + α2 X 2
(6.59)
e
e
e
where α1 and α2 are unknowns determined by applying the boundary conditions (6.27)
and (6.28). Thus, substituting equations (6.53) and (6.59) into equation (6.50) and
applying localization at the boundaries one obtains,
φTm0 (α1 p X 1 + α2 p X 2 ) = up (x) ∀x ∈ ∂Ωp
e
e
e
φTm0 (sb K dyn + siK dyn iS)(α1 X 1 + α2 X 2 ) = σs (x) ∀xs ∈ ∂Ωs
e
e
e

(6.60a)
(6.60b)

where the boundary degrees of freedom have been further partitioned into the nodes
on which prescribed displacements and tractions are applied, represented by p (•) and
s (•), respectively. Determination of α and α from the solution of the system of equa1
2
tions (6.60) therefore yields the solution to the macro-scale boundary value problem
written as follows,
Ũ dMimp = S(X 1 α1 + X 2 α2 )
(6.61)
e
e
e
where the subscript “imp” is used to indicate that the solution has been derived via the
least impedance mode approach.
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6.4.2.2

Numerical example

In the following, several numerical analyses are performed using the homogenized model
and compared with DNS. First, the frequency domain response of the macro-structure
constructed by sequentially joined unit cells in configuration A (see Figure 6.5) is computed. Next, the procedure is repeated with the unit cell configuration B. The following
choices apply to both simulations.
• The macro-structure is constructed using Ncells = 10 cells.
• A unit displacement is prescribed on the left boundary (i.e. ũ0 = 1) while a traction
free condition is assumed on the right boundary (i.e. σ̃L = 0).
• The homogenization is performed using the projection functions as introduced in
Section 6.3.3. The projection functions for configuration B are obtained by simply
applying a shift of `/2 on the projection functions of configuration A.
• The mesh parameters used in Section 6.3.3 are applied here to discretize the macroscale homogenized model, i.e. cubic (p = 3) B-splines with h = `/3, γ = 3 and
ζ = 2 · 10−5 .
• The full scale model is discretized using regular FE shape functions with a uniform
mesh size of 0.001`.
The applied frequency ranges from 0 to 5000 [Hz]. The least impedance boundary
mode approach is applied. The full-scale traction at the left boundary σ̃0 and the full
scale displacement at the right boundary ũL are computed during the analyses and the
results are plotted in Figures 6.10 to 6.13. Furthermore, the full-scale and homogenized
powers at x0 , Pfull and Phomo respectively, given as
P̃full = σ̃0 ũ0
P̃homo = Σ̃ TM0 Ũ M0
e e

(6.62)
(6.63)

are also plotted for the two simulations in Figures 6.11 and 6.13, respectively. This gives
an indication of the resulting mismatch in terms of boundary power consistency. From
Figures 6.10 and 6.12, it can be seen that the homogenized results in terms of σ̃0 and
ũL exhibit an overall excellent match with DNS for both unit cell configurations. The
responses for the two configurations A and B (Figure 6.5) are not identical especially
at higher frequencies (as seen in the traction plot) thus demonstrating the ability of
the general homogenization framework to recover the influence of the material phase
distribution. The power plots shown in Figures 6.11 and 6.13 reveals that homogenized
boundary power is not consistent for frequencies beyond the first bandgap. In this
regime, the magnitude of the homogenized boundary power is on average an order of
magnitude lower compared to the full-scale boundary power. This inconsistency appears
to be an inherent feature of the Floquet-Bloch homogenization. It relates with the work
of Srivastava et.al. [62, 63] where an inherent inconsistency is observed in the boundary
tractions and displacements for equal powers.
The accurate simulation of the transmission response of the example metamaterial
structure demonstrates the applicability of the general homogenization framework towards the analysis of boundary value problems in the frequency domain. A computational cost benefit analysis with respect to DNS is not attempted here since the simplicity
of the 1D problem considered does not allow the demonstration of the full computational
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Figure 6.10: Plot of (a) the displacement at x0 and (b) the traction response at xL
computed using the homogenized model (red) and DNS (blue) for micro-structural configuration A.
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Figure 6.11: The full-scale versus homogenized power for micro-structural configuration
A.
efficiency potential. However, a remarkable computational cost reduction may be expected for more complex problems involving 2D/3D micro and macro-structures.

6.5

Conclusion

This paper presented the numerical frequency-domain boundary value analysis exploiting
the general homogenization framework for the analysis of a 1D heterogeneous problem.
The main challenge faced here was the issue of the non-uniqueness of the boundary
conditions corresponding to the full-scale problem. The general homogenization operator
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Figure 6.12: Plot of (a) the displacement at x0 and (b) the traction response at xL
computed using the homogenized model (red) and DNS (blue) for micro-structural configuration B.
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Figure 6.13: The full-scale versus homogenized power for micro-structural configuration
B.
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extracts a family of macro-scale fields from a full-scale field. This allows dispersion
phenomena at a wide range of frequencies to be modeled accurately. However, the
resulting homogenized macro-scale equation requires more boundary conditions than
those given by the full scale problem. An additional requirement on the boundary
mode to only solve for the primary solution and not additional spurious solutions was
proposed in order to uniquely determine the macro-scale boundary conditions. To this
end, a least impedance boundary mode approach was proposed as an additional step to
obtain the final solution. The approach was based on the concept of the spectral bias
of the high-order spatial gradient operator towards short wave solutions. Based on this,
a high-order impedance operator was derived which was used to attenuate the spurious
short wave solutions both in the bulk domain (in form of the high-order damping) and
at the boundaries (in form of the minimum impedance mode procedure).
A Galerkin B-spline discretization was used to approximate the homogenized macroscale equations. The methodology was compared with DNS for both numerical dispersion and frequency-domain boundary value analysis on an example periodic 2-phase
laminate composite structure. The numerical dispersion analysis revealed that cubic
B-splines with a refinement of 1/3 the unit cell size yields a sufficient accuracy within
the Brillouin zone of the spectrum. In the frequency-domain analysis, two different
symmetric unit cell realizations for a given material phase distribution were used in the
simulation. The homogenized model showed excellent match with the DNS in capturing
the transmission response in the frequency range of analysis for both cases. A distinct
response emerged for the two unit cell configurations, thereby illustrating the ability of
the homogenization framework in recovering the influence of the material phase distribution at the boundaries, unlike previous attempts [62, 63]. In spite of the encouraging
results obtained, the framework still does not satisfy boundary power consistency condition. This is a concern which needs further considerations when developing other
numerical solution methodologies (e.g. transient analysis) in future work. Overall, the
results demonstrate a promising potential of the methodology towards boundary value
analysis.

6.6

Acknowledgements

The research leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP7/2007-2013)
/ ERC grant agreement n [339392].

CHAPTER

7

Conclusions and Recommendations
The aim of the thesis was to present a computationally efficient homogenization approach
for modeling the complex elastodynamics of acoustic metamaterials. To this end, two
numerical multiscale homogenization frameworks have been presented. The first is a
homogenization approach towards an enriched (micro-inertia) continuum of the micromorphic type, that is exclusively applicable to LRAMs. The second approach is a more
general homogenization framework that is applicable to metamaterials exhibiting both
Bragg scattering and local resonance. Common to both frameworks is the concept of
emergent macroscopic fields, characteristic for micromorphic continua, which constitutes
the central theme of the thesis. Traditionally, homogenization approaches postulate the
macroscopic balance law in advance and only the effective constitutive relations are
extracted from the micro-scale. It was shown here that generalized macroscopic laws
characteristic for a given metamaterial design can be extracted in an emergent fashion.
In the case of the homogenized enriched continuum framework, this is achieved by introducing the static-dynamic decomposition of the Craig-Bampton type, which led to
the generalized amplitudes of the local resonance modes to emerge as new macro-scale
fields (i.e. micromorphic degrees of freedom) upon upscaling. In the case of the general
homogenization framework, the macro-scale law is derived based on the characteristic
eigendynamics of the system in the frequency regime of interest. This is a powerful concept that enables modeling of exotic phenomena in acoustic metamaterials in a broad
frequency regime, which is out of scope for other existing approaches.
The key concepts and results of the two frameworks presented in this thesis are
summarized in the following. The recommendations for future work are highlighted
subsequently.

7.1
7.1.1

Summary of main concepts and results
The enriched continuum based homogenization framework for
LRAMs

The multiscale formalism
The classical scale separation principle requires the macroscopic wavelength to be much
larger than the characteristic wavelength of the underlying micro-structure. However,
this assumption implies that the contribution of the micro-scale inertial forces vanishes
at the macro-scale. To circumvent this, a relaxed scale separation was introduced, which
retains the classical scale separation on the matrix domain, while the wavelength in the
inclusion is allowed to be of the same order as the macroscopic length scale. This enables
119
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the description of micro-inertial effects due to local resonance by considering the full
balance of momentum at the micro-scale. Moreover, since the elastodynamic response
in the matrix follows the classical scale separation much of the theoretical framework
underlying first order computational homogenization can be applied, thereby retaining
the advantages offered by such approaches. The formalism is, as such, applicable to a
general nonlinear setting towards finite strains and material nonlinearity.
For the kinematic scale transition relations, the standard unit cell volume average is
retained for the displacement gradient while the rigid body displacement of the matrix
is equated to the macro-scale displacement. The upscaling relations are derived from
the kinematic downscaling relations in a variationally consistent manner, exploiting the
Hill Mandel condition. The RVE is defined as the smallest statistically representative
volume that allows the description of random micro-structures. However, only microstructural designs with well separated inclusions can be considered in order to prevent
interactions between neighboring resonators.
Towards an emergent enriched continuum
As stated earlier, the homogenization framework based on the relaxed scale separation
is in general applicable towards nonlinear problems. However by restricting to linearity,
a novel multiscale homogenization approach offering significant gain in computational
efficiency over standard implementations has been obtained by incorporating model order reduction techniques in the multiscale framework. Here, a Craig-Bampton mode
synthesis has been applied on the micro-scale problem where the total micro-scale displacement field is represented as the sum of the quasi-static response to the applied
macro-scale loading and the dynamic corrections defined on a compact set of local resonance eigenmodes. This results in a reduced dynamic micro-scale model, which, upon
upscaling yields an enriched macro-scale continuum of the micromorphic type, with the
generalized amplitudes of the eigenmodes as the emerging degrees of freedom. Hence,
the two scale dynamic problem is reduced to a single scale problem on the enriched (micromorphic) continuum, providing an efficient framework for simulating LRAMs. The
compactness of the eigenmode basis is ensured by a mode selection criterion that only
retains the local resonant modes with an inertial contribution above a certain cut-off
value.
Computational benefits and LRAM design
The homogenized enriched continuum framework provides a platform for developing
highly efficient computational analysis of complex transient and steady state boundary
value problems on LRAMs. The total computational cost can be split into the cost of
computing the homogenized coefficients using the discretized RVE model and the cost
of solving the discretized macro-scale problem on the enriched continuum. The former
constitutes an off-line computation, which has to be performed only once for a given
RVE design. Depending on the particular problem of interest, the macro-scale analysis
can also be performed semi-analytically (using a plane wave ansatz for instance) yielding
the dispersion spectrum and scattering coefficients, e.g., the reflection and transmission
ratios. For more complex macro-scale problems, a numerical approach based on e.g.
FEM can be applied. Here, a coarse mesh can be used at the macro-scale resulting
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in a highly reduced discretized model compared to DNS. For 2D micro-structures, a
reduction up to two orders of magnitude in the total number of degrees of freedom
of the homogenized macro-scale problem compared to DNS has been demonstrated on
various examples.
In addition to providing an efficient computational method, the homogenized enriched
continuum framework also serves as a basis for characterizing arbitrary LRAM unit cell
designs based on their homogenized material coefficients. These effective coefficients
allow characterization of various dispersive properties, such as the bandwidth and frequency of the stopbands, nature of local resonance (e.g. monopolar, dipolar, quadrupolar
etc.) and polarizations of the local resonance modes. This adequately helps in properly
designing LRAMs.
Numerical multiscale analysis of negative stiffness/double negative effects
The developed homogenized enriched framework has also been demonstrated to capture
the negative stiffness effect in LRAMs, which unlike negative mass effect is a higher
order dispersion phenomena which only manifests significantly in the homogenizability
limit. In order to ensure the accuracy of the analysis, a computationally efficient error
estimation procedure based on prior dispersion analyses is additionally proposed. The
methodology has been illustrated on an example case study demonstrating refraction
through a double negative metamaterial prism. Thus, the homogenized enriched continuum framework can be applied towards boundary value analyses on LRAMs with
negative stiffness and double negative effects.

7.1.2

Generalized homogenization framework for acoustic metamaterials

The multiscale formalism
The generalized homogenization framework proposed in this thesis is applicable to linear
periodic acoustic metamaterials. It is based on a spectral definition of scales formalized
by the Floquet-Bloch theory. Accordingly, a macro-scale variation of a field is fully characterized by fluctuations with wavelengths larger than the unit cell size, while the microscale variation is fully characterized by fluctuations with wavelengths smaller than it.
Unlike standard homogenization, where the range of possible macroscopic wavelengths
is limited by the scale separation principle, the full range of possible wavelengths is not
captured through this new definition. This allows the proposed framework to be applied
at any frequency regime including the high frequency Bragg scattering regime, where
standard homogenization approaches break down.
Homogenization using a weighted volume average
In addition to the Floquet-Bloch definition of scales, another novel concept introduced
here is the weighted volume averaging with respect to a family of linearly independent
projection functions, redefining the homogenization operator. This allowed to determine
a set of generalized (micromorphic-like) macro-scale fields, describing various emergent
phenomena occurring in metamaterials at high frequencies. A larger projection basis
allows more information of the micro-scale to be recovered at the macro-scale, which
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in the limit (i.e. an infinite set of projection functions) fully recovers the entire dispersion spectrum of the metamaterial. In practice, a finite projection basis is used, fully
characterizing the relevant phenomena in the frequency domain of interest. To this end,
projection functions were selected from the set of Floquet-Bloch eigenmodes computed
at high symmetry points within the Brillouin zone in the frequency regime of interest.
Choice of projection basis
The choice of the (orthogonal) projection functions in the homogenization operator is
essential for accurate modeling of the dispersion spectrum of a given acoustic metamaterial in the frequency regime of interest. This was demonstrated by removing a particular
eigenmode characterizing a rotational wave mode from the basis, disabling the homogenized model in capturing the corresponding dispersion branch as well as some higher
frequency branches. Therefore, the projection basis must be carefully constructed based
on all the characteristic wave modes in the frequency range of interest.
Localization via high order spatio-temporal gradient expansion
Given the homogenization projection basis, the simplest formulation of the localization operation exploits the same functions to reconstruct the fine scale fields in terms
of the corresponding macro-scale quantities. This was shown to be adequate for 1D
micro-structures with a projection basis consisting of a set of Floquet-Bloch modes of
the acoustic metamaterial. However, in the case of 2D/3D unit cells, a more sophisticated localization formulation is needed in order to accurately model the complex
micro-mechanical/dynamical response in terms of the macro-scale quantities. Such an
operator can be obtained via the solution of the general multiscale problem, which requires pointwise (local) energy consistency between the full scale and the homogenized
model. The general solution to the multiscale problem is computationally prohibitive,
hence an approximate localization operator is used instead, using a high order spatiotemporal gradient expansion with respect to the generalized displacements. Plugging
the localization ansatz into the general homogenization problem yields a series of unit
cell problems for each order of the expansion, the solution of which provides the homogenized macro-scale coefficients. The resulting governing macro-scale balance law is a
higher-order partial differential equation with respect to the generalized displacements.
The higher-order spatio-temporal gradient expansion was shown to be important for
safeguarding the accuracy of the dispersion spectrum of the homogenized continuum.
Numerical boundary value analysis using the general homogenization framework
The numerical boundary value analysis using the general homogenization framework was
demonstrated on a 1D problem in frequency domain. Quintic B-spline shape functions
were used to discretize the problem. The indeterminacy in the macro-scale boundary
conditions was resolved by means of a minimum impedance mode procedure based on the
eigenvalue analysis of the high-order impedance matrix. An artificial high-order damping
was also introduced to attenuate the spurious short wave solutions in the problem. The
overall methodology accurately predicted the response to boundary excitation for a
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wide range of frequencies. However, a mismatch between the homogenized and full-scale
boundary power in the Bragg scattering regimes was observed upon aposteriori analysis.
The resolution to the issue remains an open question in the thesis.
The methodologies presented in this thesis serve as stepping stones towards a general
purpose homogenization scheme enabling the engineering analysis of acoustic metamaterials in finite domains with complex unit cell designs and sophisticated boundary conditions. A breakthrough was especially made here in the efficient numerical boundary
value analysis of negative mass and/or stiffness based LRAMs, and in the homogenization of exotic acoustic metamaterial phenomena in a wide range of frequencies.

7.2

Recommendations for future research

In spite of the significant progress made in this thesis, there is still a lot of room for
future research on the numerical multiscale modeling of acoustic metamaterials. These
are presented below.
Incorporation of nonlinearity, material dissipation etc: Nonlinearity and dissipation effects were not considered throughout the thesis. However, these effects can
play an important role in acoustic metamaterials. Material dissipation must be considered when quantifying sound attenuation properties of acoustic metamaterials. It
can also have an effect on its stopband characteristics. Nonlinearity plays a role in certain metamaterial designs where it is exploited to generate exotic phenomena that have
unique applications, for example in nonreciprocal metamaterials [26].
Whereas linear material dissipation effects can still be incorporated in the presented
frameworks, the extension towards fully nonlinear poses some challenges. The CraigBampton reduction assumes the linear superposition principle and the Floquet-Bloch approach assumes a perfectly periodic constitutive response, both of which no longer apply
in the nonlinear case. It is conceivable however to incorporate aspects of perturbation
theory into the two frameworks presented here to incorporate moderate nonlinearities.
Simulation of complex boundary value problems using the general homogenization framework: In addition to complex micro-structures, a homogenization framework also allows the analysis of sophisticated macro-structure problems. This
is a unique advantage of homogenization over other approaches such as Floquet-Bloch
expansion [39] which are usually restricted to steady state response in simple macrostructures. The application of the general homogenization framework towards more
complex boundary values analyses involving transient loading and 2D/3D micro and
macro-structures was out of scope of the present thesis and should be investigated in
future work.
Optimization of acoustic metamaterials: The homogenized enriched continuum
framework has a potential towards optimal design of LRAMs. At present, design of
LRAMs is done for superior acoustic properties like wide stopbands, for instance. However, this requires the computation of the dispersion/transmission spectra for each design
iteration. The enriched continuum framework could play a huge role in largely reducing
the computational cost involved in such simulations. Furthermore, the macro-scale computations could be avoided altogether by making use of the presented semi-analytical
approach. Combining the homogenized enriched continuum framework with topology
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optimization [118–120] approaches therefore provides an interesting direction for future
work.
Higher order scale corrections for negative stiffness effects: Higher order scale corrections should be incorporated into the homogenized enriched continuum
framework in order to accurately capture the negative stiffness effects at low scale separations. The generalized homogenization framework provides the means to achieve this.
However, this was not explored in this thesis.
Optimal selection of projection functions: The projection basis for the general
homogenization operator was formulated using Floquet-Bloch eigenmodes computed at
high symmetry points in the frequency regime of analysis. While this ensures that
the basis sufficiently captures the characteristic eigen-dynamics of the system, a more
rigorous mode synthesis procedure may help to ensure compactness of the selected basis
while preserving accuracy.
Modeling of defects and functional material grading: Another aspect that is
not accounted for by the frameworks presented in this work is the inclusion of lattice
defects and smooth macro-scale variations of the constitutive properties with respect to
space and/or time. These aspects will have multiple potential applications which are
not yet explored in the literature. It would be of great value to incorporate these in a
homogenization framework.
There is still a large scope for development and improvement of the numerical homogenization techniques for acoustic metamaterials. The need for computationally efficient
and robust multiscale methodologies will grow steadily, as society is relying more and
more on computer simulations for engineering design of high tech acoustic applications.

APPENDIX

A

Solution to the acoustic transmission case study
problem
The acoustic transmission analysis framework discussed in Section 3.4 is applied to
obtain the results described in Section 3.4.2 and Figure 3.4. The actuation source on
the left is indexed as 1, the LRAM medium in the middle as 2 and the homogeneous
medium on the right 3. Note that medium 3 has only forward traveling waves since it
is semi-infinite. The coordinates of the left (x = 0) and the right interface (x = n`)
are represented by 1 x and 2 x, respectively. Let the prescribed displacement acting on
ˆapp and the resulting reactive traction be denoted as
the interface at 1 x be denoted as 1~u
ˆt . The transmitted wave displacement into medium 3, ~u
1~
ˆ(2 x) as a function of 1~uapp
app
gives the main result of this section.
Applying the boundary conditions on the plane wave solution given by equation (3.30)
yields,
ˆb (1 x) ,
ˆf (1 x) + 2~u
~uapp = 2~u


ˆt = −iω 1 Z · 1~u
1~
ˆapp − iω 2 Z · 2~u
ˆb (1 x) ,
ˆf (1 x) − 2~u
app

1ˆ

ˆb (2 x) ,
ˆf (2 x) + 2~u
ˆf (2 x) = 2~u
ˆ(2 x) = 3~u
~u


ˆf (2 x) .
ˆb (2 x) − iω 3 Z · 3~u
ˆf (2 x) − 2~u
~0 = iω 2 Z · 2~u

(A.1a)
(A.1b)
(A.1c)
(A.1d)

Note that the overbar is not applied on medium 1 and 3 to indicate that they are not hoˆb (2 x) with respect to 2~u
ˆf (2 x) using equations (A.1c)
mogenized quantities. Solving for 2~u
and (A.1d) gives
2ˆ

ˆf (2 x) ,
~ub (2 x) = ARe · 2~u

(A.2)

ARe = (2 Z + 3 Z)−1 · (2 Z − 3 Z) ,

(A.3)

where,

is the effective reflection coefficient tensor at the given interface. Applying the transfer
ˆf (2 x) = 2 T(n`) · 2~u
ˆf (1 x) and 2~u
ˆb (1 x) =
operation as defined by equation (3.28) gives 2~u
2 T(n`) · 2~
ˆb (2 x). Combining the result with equation (A.2) gives
u
2ˆ

ˆf (1 x) .
~ub (1 x) = 2 T(n`) · ARe · 2 T(n`) · 2~u
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ˆf (1 x)
Substituting the above expression into equation (A.1a) and solving for 2~u
−1 1
ˆapp .
~uf ( x) = I + 2 T(n`) · ARe · 2 T(n`)
· ~u

2ˆ 1

(A.5)

ˆf (2 x) is obtained
Now, applying the transfer operation to equation (A.5), the solution 2~u
as
−1 1
ˆapp .
~uf ( x) = 2 T(n`) · I + 2 T(n`) · ARe · 2 T(n`)
· ~u

2ˆ 2

(A.6)

ˆf (3 x) = ~u
ˆ(2 x) gives the
Finally, using equations (A.2) and (A.1c) and the fact that ~u
desired result


ˆf (3 x) = I + ARe · 2 T(n`) · I + 2 T(n`) · ARe · 2 T(n`) −1 · 1~u
ˆapp
~u
ˆapp ,
= ATr · 1~u

(A.7)

where ATr is the effective transmission coefficient between the applied displacement and
the transmitted wave in medium 3, expressed as

−1
ATr = I + ARe · 2 T(n`) · I + 2 T(n`) · ARe · 2 T(n`)
.

(A.8)
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Wave field decomposition
The total displacement solution is a mixture of P and S wave fields. One of the well
known decomposition techniques is the Helmholtz decomposition [121]. In this method,
~ is expressed as
the total displacement field, U
~ = ∇A
~ +∇
~ × B,
~
U

(B.1)

~ denote the scalar and vector Lamé potentials, respectively. The first and
where A and B
~ respectively. Since
second terms of in (B.1) represent P and S wave components of U,
the P wave is irrotational and the S wave divergence free in an isotropic medium, one
can apply the divergence and curl operators on equation (B.1), thereby yielding
~ · ∇A,
~
P =∇
~S = ∇
~ × (∇
~ × B),
~

(B.2a)
(B.2b)

which clearly indicates that the P and S wave components are carried by the scalar P
and vector ~S respectively. In a 2D case, equation (B.2) can be further simplified as,
P = ∂Ux /∂x + ∂Uy /∂y,

(B.3a)

S = ∂Ux /∂y − ∂Uy /∂x .

(B.3b)

It can be seen from equations (B.3) that P and S physically represent strains and
hence exhibit a phase shift of π/2 compared to the actual displacement field. Although
such a decomposition is less accurate in the metamaterial zone due to its anisotropy, it
is still efficient and convenient to separate P and S components of the refracted waves
in the isotropic homogeneous material zone, which is the main interest here.
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Determination of refraction angles using Snell’s
law
The classical Snell’s law for the refraction angle of the P and S wave resulting from a
single incident (P or S) wave at the interface of two isotropic media is given as follows
[122]
sin θi
sin θrP
sin θrS
=
=
,
(C.1)
v1
v2P
v2S
where θi is the incidence angle, θrP and θrS the refracted angles of the P and S waves,
respectively, v1 the (effective) phase velocity in the first medium and, v2P and v2S the
(effective) phase velocity of the P and S waves in the second medium, respectively.
Note, that the above expression always predicts a positive refraction angle (for positive
incidence), even in the negative refraction regime. Hence, a negative sign is “manually”
added in this regime.
Strictly speaking, the above law cannot be applied to the LRAM prism problem
discussed in Section 4.6, since the LRAM is anisotropic and the assumption of a single incident wave is not valid due to the multiple internal reflections within the prism
domain. Therefore, it only serves here as an approximation provided for reference.
The parameters in equation (C.1) are determined as follows. The incident angle is
computed as θi = arctan(b/h). The wave speeds are estimated as,
v1 =

p
CMdyn1111 (ω)/ρMdyn11 (ω),
q
v2P = Ẽmat /ρmat ,
p
v2S = Gmat /ρmat ,

(C.2a)
(C.2b)
(C.2c)

where,
Ẽmat =

1 − νmat
Emat ,
(1 + νmat )(1 − 2νmat )
Emat
Gmat =
.
2(1 + νmat )
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APPENDIX

D

Transformation identities for the complete
homogenization/localization transform
The transformation identities (5.27) and (5.28) are derived for the complete homogenization/localization mapping. The local form of the identity is derived first for an arbitrary
vector function ~g(~x) and its homogenized counterpart r GM (~x), r ∈ Pcom . Partially substituting equation (5.26) into the FB-average of the norm of ~g(~x) gives,
E
X D
r
~g · r ~φm
GM ,
(D.1)
k~gk2 FB =
FB

r∈Pcom

where property (5.18) has been used. Applying equation (5.23) (with P = Pcom ) to the
above expression yields the desired result,
k~gk2

FB

X

=

krGM k2 .

(D.2)

r∈Pcom

To prove the global identity, the Plancherel identity of the Floquet-Bloch transform (5.11)
is taken as the point of departure. Re-writing the identity with respect to ~g(~x) while
exploiting the definition of the FB-average operator (5.16) gives,
Z D
Z
E
2
ndim
k~ˆg(~k, ~x)k2
dΩ? ,
(D.3)
k~g(~x)k dΩ = (2π)
FB

~x∈Ω

~k∈T?

Before proceeding, some necessary relations are established Applying the Floquet-Bloch
transform defined in (5.8) to equations (5.23) and (5.26) gives,
D
E
r
Ĝ(~k) = ~ˆg(~k, ~x) · r ~φm (~x)
, ∀ r ∈ Pcom ,
(D.4a)
FB
X
r~
~ˆg(~k, ~x) =
φm (~x) r Ĝ(~k) ,
(D.4b)
r∈Pcom

where the invariance property of micro-scale functions under Floquet-Bloch transform
(5.15) has been used and r Ĝ(~k) and ~ˆg(~k, ~x) are given as,
r

1 Xr
~
Ĝ(~k) = ?
GM (~y)e−ik·~y ,
|T |

(D.5a)

~y∈L

1 X
~
~ˆg(~k, ~x) = ?
~g(~x + ~y)e−ik·(~x+~y) .
|T |
~y∈L
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Partially substituting equation (D.4b) into (D.3) and subsequently making use of equation (D.4a) gives,
Z
E
X Z D
2
ndim
dΩ? ,
~ˆg(~k, ~x) · r ~φm (~x) r Ĝ∗ (~k)
k~g(~x)k dΩ = (2π)
FB

r∈Pcom ~
k∈T?

~x∈Ω
ndim

= (2π)

Z

X

kr Ĝ(~k)k2 dΩ? .

(D.6)

r∈Pcom ~
k∈T?

The inverse of equation (D.5a) (following equation (5.9)) is given as,
Z
~
r
r
Ĝ(~k)eik·~y dΩ? .
GM (~y) =

(D.7)

~k∈T?

Partially substituting equation (D.5a) into (D.6) and subsequently making use of
equation (D.7) gives,
Z

Z
(2π)ndim X X
k~g(~x)k dΩ =
|T? |
2

r

~
Ĝ(~k) r GM (~y)eik·~y dΩ? ,

r∈Pcom ~y∈L ~
k∈T?

~x∈Ω

= |T|

X X

kr GM (~y)k2 ,

(D.8)

r∈Pcom ~y∈L

where use has been made of the fact that |T||T? | = (2π)ndim as inferred from equation (5.6). Since the norm is invariant with respect to the position of the origin O of
the lattice, the set L in the above expression can be replaced with a translated one, say
L∆~y = {~y + ∆~y, ∀ ~y ∈ L} for some arbitrary ∆~y. Therefore, by taking the ensemble
average over all realizations of ∆~y within T, the summation in equation (D.8) can be
S
replaced with an integral over Ω (since Ω =
L∆~y ). This yields the desired result,
∆~y∈T

Z

2

k~g(~x)k dΩ =
~x∈Ω

X

Z

kr GM (~y)k2 dΩ .

r∈Pcom ~y∈Ω

(D.9)
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