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Sometimes, structural components experience service conditions that have not taken into account at the design
stage. In this study, the eﬀects of the boundary conditions on the crack propagation life have been evaluated
using the modiﬁed Virtual Crack Closure Technique for a surface crack existing at the root of a shoulder ﬁllet
notch in a circular stepped bar under bending. The results show that the presence of a unilateral boundary
condition at the shoulder ﬁllet notch signiﬁcantly inﬂuences the SIF’s and therefore the number of cycles to
failure, but the shape of the crack front does not change during propagation.

1. Introduction
Mechanical components designed to withstand cyclic and/or
monotonic loading are sometimes found to be subjected to service
conditions that have not been taken into account at the design stage.
Examples might be found in mechanical assemblies used in automotive,
aerospace, naval, and railway ﬁelds. In these cases, internal connections
or joints give rise to contact and/or frictional forces whose values are
almost always not known a priori because their magnitude is inﬂuenced
by the actual dimensions of the parts, which can only be bounded by
tolerances [1]. Moreover, backlash modiﬁcation between the parts due
to wear and severe operating conditions might also contribute to a
change in the internal boundary conditions, leading to unexpected
loads acting on the component.
In the railway industry, due to increased speed and weight of the
vehicles, special attention is paid to preserve track geometry quality
[2–6]. Being the track geometry degradation a crucial problem with
respect to train-safety related phenomena, as Thermal Track Buckling
and Track Lateral Shift mechanisms [7–9], special elastic elements are
currently used in railroad superstructure [10,11], but some speciﬁc
zones of the track are still susceptible to high vibration levels.
When not employed as shafts, cylindrical parts are occasionally
employed as tie-rods to transmit axial displacements and forces.
However, these components are often subject to a bending moment due
to vibrations [1]. Shoulder ﬁllet notches are commonly used to secure
cylindrical rods or shafts to other structural members, introducing

⁎

stress concentration. It is well known from the theory of elasticity that
the stress state in the notched section is altered from the nominal one
because of the eﬀect of stress concentration. The severity of the notch
eﬀect increases with increasing D/d and decreasing r/d ratios, where D
and d are, respectively, the maximum and minimum diameter of the
cylindrical rod, whereas r is the shoulder ﬁllet radius, see Fig. 1. It is
quantiﬁed by the Stress Concentration Factor (SCF) and its extent affects both the nucleation and the propagation phases of the fatigue life
of the component. Indeed, the notch root is likely to be a possible site of
crack nucleation [12]. Whilst the eﬀect of the severity of the notch root
on the crack initiation life can be estimated using the local strain ﬁeld
[13], accurate Stress Intensity Factor (SIF) solutions [14] are necessary
to account for it in the crack propagation phase of the fatigue life. In
this sense, an unexpected boundary condition would determine a different SIF, aﬀecting the fatigue crack growth rate and, therefore, the
crack propagation life. If the dimensioning of the component is based
on damage tolerance design philosophy, this has an eﬀect both on the
inspection strategies and on inspection methods and intervals [15],
which guarantee no catastrophic failure due to fatigue cycling experienced in service during such time period [14].
As mentioned before, shoulder ﬁllet notches are introduced to
couple bodies. It can be the case that the shoulder of the ﬁllet notch is in
contact with other bodies, determining internal boundary conditions.
An example can be the constraining of a shaft by the mean of a bearing
that the shoulder might get in contact with, as in the case of railway
axles. This paper considers a round stepped bar constrained to another
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Generic body

of the aspect ratio of the initial crack.
In this study, the SIF solution for semi-elliptical surface crack with
its center at the root of the shoulder ﬁllet of a round bar subjected to
bending load is obtained using the Finite Element (FE) method. The
eﬀect of the severity of the notch is quantiﬁed considering various
geometries, namely diﬀerent values of r/d and d/D. The SIF distribution
along the crack front has been calculated by using the modiﬁed VCCT,
applied to ﬁnite elements having linear displacement interpolation
functions. In addition, the SIF solution is obtained considering an additional unilateral boundary condition that simulates the interaction of
the plane surface of the shoulder ﬁllet with a generic body, ideally
introduced to constraint the round bar. The change of the crack shape
as a function of the relative crack depth is evaluated by simulating
fatigue crack growth using two parameters crack propagation law,
starting from initial defects having diﬀerent aspect ratio η = a/c. The
eﬀect of the unilateral boundary condition is quantiﬁed in terms of SIF,
change in crack shape, and crack propagation life for the considered
geometries. To evaluate the eﬀect of the unilateral boundary condition,
the results are compared with the case in which it is not modeled.
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2. Models and methods
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2.1. The considered geometry

Fig. 1. Geometry of the component considered for the analysis (a) and detail of
the crack front (b).

As shown in Fig. 1a, the component under examination is a stepped
bar of circular cross-section, whose maximum and minimum diameters
are D and d, respectively. A shoulder ﬁllet having radius r is present.
ANSYS Workbench 18.2 was used to generate the ﬁnite element model
of the structural component. In the simulations, d/D is equal to 0.347,
0.463, and 0.694, and the radius of the ﬁllet is such that r/d is equal to
0.04, 0.08, and 0.2. The material considered is structural steel, which is
modeled using an isotropic linear elastic material model having a
Young modulus E = 210 GPa, and a Poisson ratio υ = 0.3. The modeled
crack is shown in Fig. 1b. The shape of the ﬂaw is assumed to be semielliptical and the center of the ellipse is ﬁxed at the location where the
maximum theoretical stress is induced by the applied bending load,
thus it is located where the curvature radius presents a discontinuity. A
semi-elliptical crack front geometry has been chosen because both numerical and experimental studies show that, even if the initial crack
front shape is not perfectly semi-elliptical, during the propagation
phase its geometry approaches to a semi-elliptical one
[23,24,28,29,31]. For these reasons, the geometry is solely deﬁned by
the ellipse semi-axes, see Fig. 1b. It is common to refer to the crack
depth a = |OA| and the aspect ratio η = a/c, where c = |OC'|. Once
these two quantities are deﬁned, the point C, that is the intersection
between the crack front and the free surface, is identiﬁed if the geometry of the cross section is fully deﬁned. The component is constrained
on the left side through a key slot which connects the rod to a second
generic body ﬁxed to the ground. The load is applied on the right end
side.

body, which is assumed to be in contact and not with the shoulder of
the ﬁllet notch. The contact established in this location determines a
unilateral constraint that, because of the impenetrability condition,
only allows separation of the contacting surfaces.
For cracks growing in mode I, the crack front is often assumed to
maintain either the straight or the semi-elliptical shape during the
propagation phase, therefore the SIF solutions mostly exist for these
crack shapes [16]. In the former case, one parameter, namely the crack
depth a, is used to fully deﬁne the crack; in the latter, two parameters
are suﬃcient, namely the crack depth a and the semi crack width c, see
Fig. 1. The ratio a/c deﬁnes the crack aspect ratio η. According to Fig. 1,
if it is assumed that the center of the semi-ellipse can translate along the
local axis ς2 during crack propagation, a third parameter needs to be
introduced. Also, it is known that a semi-elliptical crack growing in a
full section element under bending loading tends to change its shape, in
such a way that after the crack dept reaches the neutral axis of the
nominal cross-section, the curvature of the crack front is inverted [17].
In order to evaluate the SIF distribution along the crack front, different methods are available in commercial FE software. In most of the
investigations, quarter-point elements [18] are employed, and the SIF
distribution along the crack front is computed by displacement extrapolation. The Virtual Crack Closure Technique (VCCT) [19] makes use
of nodal forces and nodal displacements to estimate the energy release
rate, under speciﬁc assumptions. In the contour integration method
[20], the J integral is computed using integration contours around the
crack tip. Diﬀerently from the ﬁrst two methods, the VCCT allows a
good evaluation of the SIF using linear elements and does not show
convergence problems at the free surface [21].
In the literature, SIF solutions for round bars under axial and
bending loading were obtained using the displacement extrapolation
method, therefore using quarter point elements to mesh the crack tip,
both for straight cracks [22] and semi-elliptical surface cracks [23–30].
In the latter case, using shape models having two and three parameters
it was possible to simulate the inversion of the curvature of the crack
front. Some of these studies [24–26] refer to cracks developing at the
root of shoulder ﬁllet notches of diﬀerent severity. Also, the shape
change of the crack front was investigated simulating fatigue crack
growth [28]. To do so, the aspect ratio was related to the relative crack
depth, namely a/d. An asymptotic behaviour was found, independently

2.2. The virtual crack closure technique
The crack closure technique is based on the assumption that energy
ΔE released when the crack tip is extended by Δa is equal to the energy
required to close the crack by the same extent along an element side
[19]. In the past, two ﬁnite element models were necessary to obtain
the solution. Recently, the virtual (or modiﬁed) crack closure technique
has been developed. It is based on the additional assumption that the
stress ﬁeld in the vicinity of the crack tip does not change signiﬁcantly
when the crack grows by the (small) amount Δa. By introducing this
hypothesis one calculation becomes suﬃcient to evaluate the energy
released in the crack extension:

ΔE =
246

1
(RX Δu + RY Δv )
2

(1)
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modeling of the generic body. The normal contact behavior is simulated
using the Augmented Lagrange method, which allows a small penetration independently of the normal stiﬀness factor, which is set by
default equal to one. The tangential contact behavior is not modeled,
therefore the contact is intended to be frictionless. The body has been
discretized using 3D elements with linear shape functions, SOLID185 in
ANSYS.
In order to calculate the energy release rate using ANSYS subroutines, the elements around the crack front need to be hexahedral
with linear displacement interpolation functions. In addition, the mesh
around the crack tip has to be regular, and the nodes of the ﬁrst row of
elements along the crack front located on the crack faces have to be
coincident, see Fig. 4. To perform the investigation, both the ellipse
semi-axes, a and c, and the maximum diameter of the bar, D, are deﬁned as parameters. Due to the contact, the numerical model is solved
using the iterative Newton-Raphson solution method by employing the
default settings provided by the software.

y

j

k

x

Fig. 2. Crack geometry schematic representing the forces and the displacements
used to determine the energy release rate according to the VCCT.

where Δu and Δv are equal to the virtual displacements at the crack tip
after crack extension, and RX and RY are the nodal reactions at the crack
tip along the directions x and y, respectively, as shown in Fig. 2. This is
possible because when the crack tip is at the location k, the displacements evaluated in j will be approximated by the displacements approximated at the location i evaluated when the crack tip is located at
node j. The energy release rates GI and GII for a crack under mode I and
II, resp., are deﬁned as:

GI =

RY Δv
R Δu
; GII = X
2Δa
2Δa

2.4. Fatigue crack propagation
The fatigue crack propagation is simulated using the SIF results
obtained by the ﬁnite element model for both the considered scenarios:
with and without unilateral boundary condition at the shoulder. The
load cycle is considered to be ﬂuctuating with a stress ratio R, deﬁned
as the ratio between the minimum and the maximum applied load,
equal to 0. A two parameters crack propagation law is employed to
evaluate the crack growth increment both at point A and C:

(2)

A similar procedure is employed to 3D geometries, more information can be found in [19,32]. In linear elastic fracture mechanics
(LEFM), the Stress Intensity Factor, K, is the parameter employed to
characterize the stress ﬁeld in the vicinity of the crack tip. The general
formulation of the SIF is [12]:

K = βσ πa

da
dc
= Cp ΔK (A)mp;
= Cp ΔK (C )mp
dN
dN

where da/dN and dc/dN are expressed in [mm∙cycle−1], ΔK at points A,
ΔK(A), and C, ΔK(C), in [N∙mm−3/2], and Cp = 3.0 ∙ 10−13 and mp = 3
are the parameters of the Paris law, assuming, in this study, typical
values for structural steel [34].
The strategy depicted in Fig. 5 is employed to determine the size and
the shape of the crack front after the application of a load cycle. The
cyclic increment evaluated at the points A and C is deﬁned as a vector
normal to the crack front having length Δa = da/dN × ΔN and
Δc = dc/dN × ΔN, respectively, where ΔN is such that the maximum
between Δa/a and Δc/c is equal to 1% [28]. Consequently to the application of ΔN load cycles, the position of the points A* and C* are
calculated, and the semi-axes are determined by ﬁnding the equation of
the ellipse passing through the points A* and C* and centered at the
point O. Therefore, the following system of equations in the variables a
and c is solved:

(3)

where a is the crack depth, σ is the nominal stress acting in the ﬂawed
section, and β is the dimensionless SIF, or geometry correction factor,
which takes into account the load type and the geometry. The relation
between the SIF and the energy release rate is expressed as [12]:

G=

K2
E∗

(5)

(4)

where for isotropic linear elastic material E* = E in plane stress condition, and E* = E/(1 − ν2) in plane strain condition.
2.3. The FE model

2

(x A∗ − x 0 )
⎧
+
⎪
a2
2
⎨ (x C∗ − x 0 )
+
⎪
a2
⎩

Considering the symmetry of the component, the load, and the
boundary conditions, only half of the geometry has been modeled, see
Fig. 3. The bending load on the right end side is applied using ANSYS
internal subroutines [32]. Instead, the interaction with the generic
body, determining the boundary condition on the left end side, is simulated considering two cases. In the ﬁrst case, it is supposed that the
bodies are in contact on any surface except at the shoulder, as it can
happen because of the presence of backlash. Instead, in the second
scenario, the unilateral boundary condition at the shoulder of the ﬁllet
notch is also modeled. This is modeled by further meshing the surfaces
expected to be in contact with the generic body, by making use of
contact technology. Therefore, contact and target elements [33] are
used to further discretize the surfaces of interest. The contact elements
belong to the scoped surface, therefore their nodes are coincident and
fully constrained to the body, as it occurs for simulations involving
contact nonlinearities. The rigid target elements are coincident with the
elements of the scoped surfaces in the initial condition, but uncoupled
to the mesh of the surface. Moreover, the target elements are fully
constrained. The latter choice is based on the assumption that the
generic body is more rigid than the circular bar, and avoids the

(y A∗ − y0 )2
c2
(yC∗ − y0 )2
c2

=1
=1

(6)

The values of a and c resulting from the system of equations correspond to the length |OA*| and |OC’*|, respectively, whereas x0 = 0
and y0 = d/2 are the coordinates of the point O, i.e. the center of the
ellipse.
3. Results and discussion
In this section, the results are presented and discussed. At ﬁrst, the
values of the Theoretical Stress Concentration Factor for the uncracked
geometries considered in this study (d/D = 0.347, 0.463, and 0.694,
and r/d = 0.04, 0.08, and 0.2) are evaluated and compared with those
of the literature. Then, the fracture mechanics results of the ﬁnite element model are presented for the corresponding cracked geometries,
with and without considering the eﬀect induced by the unilateral
constraint at the shoulder. Successively, a two parameters crack propagation law is employed in both the above-mentioned cases to predict
247
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aͿ Symmetry boundary condiƟons

b) hnilateral boundary condiƟons

c) Inserted crack

d) Mesh of the model

Fig. 3. Finite element model: symmetry (a) and unilateral (b) boundary conditions, inserted crack (c), and mesh (d).

Fig. 4. Mesh around the crack tip.

the evolution of the crack front geometry for diﬀerent values of the
initial aspect ratio η, given d/D and r/D, when a cyclic bending load is
applied.

Fig. 5. Deﬁnition of the crack growth increment directions.

see Fig. 6.
When the unilateral boundary condition at the shoulder of the ﬁllet
notch is modeled, the SCF decreases with increasing d/D, and tends to
assume values lower than one for increasing r/d and d/D, meaning a
decreasing severity of the stress state.
The SIF has been evaluated both at the deepest point A and at the
intersection of the crack front with the free surface, i.e. the point C, see

3.1. Stress intensity factor and stress concentration factor solutions
The SCF is quantiﬁed using the same numerical model as described
in Section 2.3 without modeling the crack, and evaluating the normal
stress along the Z direction at the notch root, see Fig. 3. Similarly to the
solution for stepped bar of circular cross-section reported in the literature [35], the SCF increases with increasing d/D and decreasing r/d,
248
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Fig. 6. SCF for the considered geometries modeling (cs) and not modeling (fs) the unilateral constraint at the shoulder of the ﬁllet notch.

the crack tip. Moreover, the ratio between βcs and βfs can be considered
to be uniform along the crack front, as it can be qualitatively seen by
comparing Figs. 7a and b. As it can be seen in Fig. 8, this holds for all
the considered geometries. Indeed, the ratio βcs/βfs at the points A and C
assumes the same value.
Fig. 9 shows the eﬀects of notch severity on the dimensionless SIF,
calculated in the presence of the interaction between the shoulder and
the adjacent body. Also, the SIF increases by increasing d/D. Passing
from relavively small to relatively high values of the notch radius (from
r/d = 0.04 to r/d = 0.2), β decreases at point C, whereas point A,
namely the deepest point of the crack front, is almost insensible to
notch radius variations; for shallow cracks, this implies the SIF at point
C is lower than that evaluated at point A, independently by the relative
crack depth a/d. In other words, the eﬀect of the unilateral constraint is
solely dependent on the geometry and can be considered as an apparent
increase of the cross-section.

Fig. 7. β as a function of a/d for diﬀerent values of η and r/d = 0.04, when the
unilateral constraint at the shoulder is not modeled (a) and when it is modeled
(b).

3.2. Fatigue crack propagation
The results of the crack propagation are shown in Figs. 10 and 11. It
is clear that in all the cases, and despite the non-linearity introduced by
the contact forces at the shoulder, the shape of the crack front evolves
to unique inclined asymptotes, independently from the initial aspect
ratio.
The SIF analyses reported in Section 3.1 determined that βcs/βfs is
uniform along the crack front and dependent on the local geometry, i.e.
r/d and d/D, see Fig. 8. Therefore, in case the unilateral constraint at
the shoulder of the ﬁllet notch is modeled, Eq. (5) leads to a fatigue
crack growth rate under constant amplitude loading which is (βcs / βfs )mp
times lower than in case the constraint at the shoulder of the ﬁllet notch
is not modeled. It can be concluded that the fatigue life is increased up
to 12.5%, depending on r/d and d/D ratios.
For stress cycles having R < 0, the shoulder ﬁllet, which in general
induces a less severe stress ﬁeld at the crack tip, determines a continuous shift of the neutral axis as a function of the applied load, due to
the non-linear nature of the contact between the shoulder and the
generic body. Moreover, during the load ﬂuctuation, when the bending
moment tends to close the crack, it is possible that a portion of the crack
front is again loaded in such a way that the SIF is non-zero. This is
visible in Fig. 12, where the SIF is plotted along the crack front for
diﬀerent crack depth and aspect ratio values. It clearly results that, even
if the deepest point of the crack front did not cross the nominal neutral
axis of the notched cross-section (i.e. for a/d < 0.5), a portion of the
crack front is surrounded by stresses that tend to open the crack tip. As
results of the analyses, it is found that this phenomenon increases with
decreasing the aspect ratio and increasing the crack depth. This determines additional SIF ﬂuctuations that might contribute to the fatigue
crack growth. In this case, the number of applied load cycles to failure is
reduced and, if the dimensioning of the component is made according
to damage tolerant design philosophy, this should determine an

Fig. 8. βcs/βfs as a function of r/d for diﬀerent values of d/D.

Fig. 5. In order to evaluate the SIF from the energy release rate using
Eq. (4), a plane strain ﬁeld is assumed at point A, and a plane stress ﬁeld
at point C, since it lies on the free surface. Of particular interest is the
trend of β, which allows calculating the SIF for each value of the applied
load. For this reason, β is obtained by inverting Eq. (3):

β=

K
σ πa

(7)

The results are determined for η equal to 0.33, 0.66, and 1.00, and
are shown in Figs. 7–9. It is found that the SIF at the point C is greater
than the SIF evaluated at the point A, an exception is made for shallow
cracks, namely η = a/c < 0.33. This is attributed to the stress concentration occurring at the root of the notch.
Fig. 7a shows the results obtained with the scenario in which the
shoulder ﬁllet is not in touch with the generic body (βfs), whereas
Fig. 7b shows the eﬀect of the contact forces at the shoulder (βcs). By
comparing the trends of β it clearly results that the contact of the
shoulder with the generic body determines a less severe stress ﬁeld at
249
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Fig. 9. β as a function of a/d for diﬀerent values of η and r/d, when the unilateral constraint at the shoulder is modeled. d/D = 0.694 (top), 0.463 (middle), and 0.347
(bottom).

ratio a/c evolves to a unique inclined asymptote, independently from its
initial value, and taking or not into account the non-linearity introduced by the contact at the shoulder. Going from small to high notch
radius, the asymptotic branch moves upwards in an a/c vs. a/d diagram, and the aspect ratio evolves more slowly towards the asymptote.
In this sense, the trend looks to be not aﬀected by d/D values. The eﬀect
of the notch severity on the dimensionless Stress Intensity Factor, β,
along the crack front appears to be evident only for the portion of the
crack front in the vicinity of the free surface. With high notch radius or
lower d/D ratio, β decreases at point C and remains constant at point A.
This is attributed to the lower severity of the notch, i.e. the lower
Theoretical Stress Concentration Factor associated with the nominal
geometry.
The ratio between βcs and βfs, respectively obtained by considering
and not the eﬀect of the unilateral constraint at the shoulder, is found to
be uniform along the crack front but dependent on the geometry, i.e. r/
d and d/D.
From the analysis of the SIF solutions, it results that the occurrence
of the contact at the shoulder ﬁllet has a beneﬁc eﬀect on the crack
propagation life. For 0.347 ≤ d/D ≤ 0.694 and 0.04 ≤ r/d ≤ 0.20, the
crack propagation life is found to increase up to approximately 12.5%.
When the unilateral constraint at the shoulder of the ﬁllet notch is
present, a portion of the crack front might be surrounded by a stress
ﬁeld that tends to open the crack tip, even if the nominal stress at the
crack front would tend to close the crack, that is when a/d < 0.5. This
phenomenon is of particular interest if R < 0.

Fig. 10. Results of the crack propagation for an initial defect (a0/d = 0.04 and
η0 = 1.0, 0.66, and 0.33) with (CS) and without (FS) modeling the unilateral
constraint at the shoulder. The results are shown in the semi-logarithmic scale.

increase of the frequency of the inspections.
4. Conclusions
The crack front evolution of an elliptical ﬂaw existing in a notched
round stepped bar loaded in bending has been analysed using the
Virtual Crack Closure Technique, considering or not the nonlinear eﬀect
induced by the contact forces due to the interaction between the
shoulder and adjacent components. It is found that the crack aspect
250
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Fig. 11. Results of the crack propagation for an initial defect (a0/d = 0.04 and η0 = 1.0, 0.66, and 0.33) for diﬀerent values of r/d (0.04; 0.08; 0.2), and d/D (0.694;
0.463; 0.347) when the unilateral constraint at the shoulder is modeled. The results are shown in the semi-logarithmic scale.

Fig. 12. SIF distribution along the crack front for a/c = 0.33 (dot and dash), 0.66 (dash), and 1.0 (continuous) and diﬀerent values of a/d. Results obtained for
bending load that tends to close the crack face when the unilateral constraint at the shoulder is modeled.
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