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Chapter 1
Introduction

1.1 A random world

For centuries, scientists and philosophers have been discussing about the true
nature of the universe. Is the universe a truly deterministic system with absolute
universal laws (like the speed of light c), or is it just a matter of a random event
that our universe came into this existence with all matter following randomly
defined universal laws.

Newtonian physics helped establish the ideas of deterministic physics, i.e. if
we know the present state of a system, it is possible to predict with absolute
certainty what the future states of the system will be. This was found to be ac-
curate at the length and time scales humans interacted with their environments.
The unpredictable nature of universe in a deterministic world was established
by the chaos theory. It stated that if changing initial conditions of a determinis-
tic system even slightly could lead to considerably different outcomes, perhaps
predicting the nature of universe will always remain impossible.

It was later observed that at smaller length scales, matter was not following
Newtonian principles. With the discovery of pollen grains exhibiting random
motion, it was believed that perhaps there might be such thing as true random-
ness which does not depend on the present state of the system. Einstein later
dispelled this notion by proving that the randomness originated from something
smaller, microscopic interactions between the pollen grains and the surrounding
medium. These interactions decorrelated on time scales considerably smaller
that what human eyes can perceive making the system apparently random.
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This was also the time when statistical mechanics was being developed. The
law of large numbers allowed the study of macrosystems by studying the pos-
sible number of microstates present. Since these microstates were affected by
random thermal fluctuations (about system equilibrium), we could observe the
effect of the apparent "random fluctuations" present in the system, provided we
observed the system long enough. Randomness was now used as a tool, since
it was impossible to estimate the macrostate of any system by estimating all
possible interactions occurring at the microlevel.

The notion of pure randomness again ceased to exist until the initial work of
Erwin Schrödinger in the field of Quantum physics. This new field of science did
not work on the deterministic nature of particles but on a probabilistic nature
of particles as waves. The possibility that all matter exists not as particles but as
waves was at first incomprehensible. Using Schrödinger’s equation, one could
predict the future and past probability of matter to be present in any state based
on the probability of the present state. There is however a catch here. Even if
the initial system was in a pure (deterministic) state, quantum physics predicts
its time evolution to be probabilistic.

Does the existence of such probabilities to represent the state of any system
imply that the nature of life is eventually governed by randomness? Or is the
underlying randomness a universal consequence of observers never being able
to measure anything with absolute certainty since any observation changes the
state of the system?

Stephen Hawkings’s comment on the notion of this randomness was: "Quan-
tum physics might seem to undermine the idea that nature is governed by laws, but
that is not the case. Instead it leads us to accept a new form of determinism: Given
the state of a system at some time, the laws of nature determine the probabili-
ties of various futures and pasts rather than determining the future and past with
certainty."

1.2 Stochastic simulations

Our understanding of the universe might be relying on determination of the
degree of randomness of life itself, however, this does not stop us to utilize
randomness as a tool to study phenomena occurring at length or time scales
where underlying processes might appear uncorrelated.

Consider the Navier Stoke’s equation:
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The above equation follows Newtonian mechanics to predict the changes
occurring over the state of a packet of fluid of constant volume V. (a) is the
change in fluid velocity with time and along the flow direction (x, y , z in a 3D
Cartesian coordinate system). The equation predicts the above change to occur
because of 3 primary processes which are (b): gradient in the pressure of the
fluid, (c): the viscous drag on the parcel of fluid because of its motion relative
to neighbouring fluid parcels and (d): the external force on the system (usually
gravity).

Obtaining the solution to the above equation under different conditions is
very lucrative in the fields of aerospace engineering, weather forecasting, chem-
ical reactor technology etc.

When the solution to Eq.(1.1) can not be solved analytically (for example for
turbulent flow), deterministic or stochastic modelling techniques can be used.

Deterministic modeling techniques like finite difference and finite element
methods rely on discretizing space and time and (if proper boundary conditions
are provided) solve for the future states of the velocity of the system from time
t = 0. A deterministic model will always produce the same results (at each point
of time and space) if the initial conditions are kept the same.

Stochastic modeling techniques, on the other hand, rely on the randomness
of individual spatio-temporal processes to predict the next state of the system. If
the stochastic process involves determination of future events only on the basis
of the present state of the system (no other historical information), we call it a
Markov processes.

When applied to physical systems, such stochastic approaches can reduce
complex models to a set of basic interactions, opening the possibility to encode
model behavior through a set of rules which can be efficiently implemented on
a computer. These implementations are highly scalable as well.

The inherent randomness of these stochastic approaches is not only essen-
tial for the simulation of real-life random systems, it is also of great benefit
for deterministic numerical computation. The randomness permits stochastic
algorithms to naturally escape local optima, enabling better exploration of the
search space, a property not present in deterministic approaches.

Consider Eq.(1.1) again. (a) is a nonlinear effect that changes the present
state of the system. If we assume that the next spatio-temporal component of
velocity can be calculated using only the present spatio-temporal state of veloc-
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ity (which is used to calculate (a)), we can generate a corresponding Markovian
process.

When a reaction occurring at some location inside the volume element V ,
we need to solve Eq.(1.1) for multiple reagent species. If the reagents are not
homogeneously distributed in the volume element, different regions will expe-
rience different mobilities. This adds to the complexity of the model system and
deterministic approaches will now take significantly higher computational time
(based on complexity of reaction) to generate the output state.

Instead of solving the complete mathematical equation as the number of
processes increase, in this work we will focus on segregating processes on their
relatively different time scales. Next, we will utilise hybrid algorithms that in-
corporate deterministic approaches to resolve relatively simple processes (like
external force) and stochastic approaches to resolve computationally complex
processes (momentum diffusion, reaction).

1.3 Coarse-grained modelling

Most processes that we observe around us are a consequence of interactions
between matter. As our knowledge progressed, we started to understand the
meaning of matter. Gas comprises of atoms and molecules, which in turn are
composed of electrons, protons and neutrons.

To simulate processes for any matter, we need not necessarily account for
all the possible interaction between molecules. This is where coarse-graining
comes into picture. Coarse-graining aims to predict the output states of a system
based on input states that form a simplified representation of what occurs at
smaller length scales.

This is a very general theme in non-equilibrium statistical mechanics: when-
ever a coarse-graining description is performed in such a way that the micro-
scopic variables are eliminated in terms of a fewer number of macroscopic (or
mesoscopic) variables, then the eliminated degrees of freedom show up in the
dynamics of the macroscopic variables in the form of dissipation and noise.

Coarse-graining approaches, thus, become quite useful when the molecular
level information is not exactly available. Reactive flows, colloidal suspensions,
phase separation, protein-folding represent a fraction of the model systems that
utilize approximating the microscopic degrees of freedom.

Coarse-graining schemes are powerful approaches that can be combined
with stochastic modelling techniques. The resulting simulation setups can be



1.4 Mesoscale modeling 5

used to (a) capture fluid flow behaviour, (b) capture surface reactions. The
modelling of these 2 schemes is the focus of this thesis.

1.4 Mesoscale modeling

Many of the chemicals and fuels encountered in our daily life are products of
chemical conversion in reactors, where catalyst materials are used to acceler-
ate the conversion rate without being consumed themselves. Heterogeneous
catalysis, i.e. reactions taking place on the surface of a solid catalytic material
(deposited on or inside a structured or porous support) is the most common
type of catalytic conversion. The design and optimization of heterogeneous cat-
alytic reactors is an intrinsically multiscale and multiphysics problem: the mi-
croscale (intrinsic) kinetics are determined by quantum chemical effects, while
the macroscale (effective) kinetics are often limited by flow and diffusion of
reactant and product species around and through the support structures.

Figure 1.1: Schematic of corrugated walls inside a heterogenous chemical reactor. Cat-
alytic sites are present in the pores. The catalytic sites themselves might have
microscale pores representing reactive sites inside a catalyst.

A number of (deterministic and stochastic) computational algorithms have
been developed to capture these effects. Density functional theory modeling(DFT)
[10, 73] is one such approach to study molecular electronics, whereas micro-
kinetic modeling [24] focuses on the surface chemistry of reactions with the
aim of generating rate constants for different reaction pathways that lead to
product generation. At the macroscale, discrete element method (DEM) [66],
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direct numerical simulations (DNS) [71] model large multi-component systems
by looking at the particle interactions and resolving the hydrodynamic forces
surrounding these particles. The connection between these two scales is critical
as information needs to be passed from the microworld in some usable form to
the macroworld and this is where the need for the mesoscale world emerges
with a smooth transition from a discrete environment to the continuum. Figure
1.1 highlights the three different scales as mentioned above.

1.5 Outline of this work

This work consists of primarily two different parts. The first part consists of
building up a mesoscale approach that coarse-grains fluid into point particles.
If proper physical rules are established for the interactions between these point
particles, they can represent different components of a fluid in a chemical re-
actor which can undergo a chemical reaction. Since a typical chemical reaction
also consists of millions of atoms adsorbing and desorbing, we again utilise a
stochastic coarse-graining approach to model such reactions.

Chapter 2 presents Stochastic Rotation Dynamics (SRD) as the mesoscale
approach that is used to model fluid flow and component diffusion. After com-
paring SRD with other coarse-graining schemes, we describe in detail the step
by step approach to simulate an n-component fluid. We describe the three main
time scales, convection, diffusion and reaction that need to be efficiently re-
solved for each individual component. A Langmuir-Hinshelwood type of kinet-
ics has been used to model reactions. Since this kinetics incorporates adsorption
of reactants on reaction surface followed by a surface reaction and desorption
of products back in the bulk, we believe this to be an ideal starting point to
mimic real reaction systems. We describe the techniques used to calculate dif-
ferent parameters (for example adsorption and desorption probabilities) and
explain how a combination of the three different processes with our stochastic
approaches would correctly describe the physics of the system.

Having described the methodology in Chapter 2, we perform a few valida-
tion cases in Chapter 3 to test our mesoscale model and also perform a few
additional simulations that are comparatively difficult with deterministic algo-
rithms.

1. Fluid flow across a sphere

2. Pressure drop in a packed bed
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3. Linear order reactions on a spherical surface

4. Linear and nonlinear order reactions on a flat strip

5. Linear and nonliner order reactions in a packed bed

The second part of the thesis examines the physical chemistry of lateral in-
teractions of adsorbed protons in solid acid catalysis.

Computational modelling is being widely used in the field of catalysis when
empirical theory does not provide clear prediction of results over the entire
domain of initial reactor conditions. A critical cause for this is the coupling
between intermediary elementary reactions with the chemistry of the catalyst
over the span of the catalyst lifetime. Alkylation reactions for the production
of high octane fuel is one such example. Previous experiments have shown a
region of high alkylation selectivity for 10 hours followed by a non-exponential
decay in propylene conversion with a subsequent increase in oligomer selectivity
[18,30].

In Chapters 4 and 5, we will perform mean-field and stochastic simulations
for the alkylation reaction under differential conditions. In Chapter 4, we will
describe the lumped kinetics of 2 different proton catalyst models used in this
work. We highlight the importance of competing deprotonation reactions and
oligomer forming reactions in deactivating the active proton sites. It was ob-
served that a non-exponential decay in propylene conversion exists only when
non-selective proton sites are present and laterally interact with the primary
proton sites.

In Chapter 5, we resolve the laterally interacting proton catalyst model into
a 3 proton model. A nonlinear dynamics analysis helps understand the physics
of the system. Stochastic simulations are then performed in the absence and
presence of vacancy sites over the catalyst surface. Using percolation theory, we
will predict conditions when the different proton sites present will behave as
isolated protons.

In Chapter 6, we extend our kinetic model to study the alkylation reaction
under integral conditions of a CSTR and a PFR. It will be seen that, in contrast
to the differential conditions, a non-exponential decay, in a CSTR, occurs be-
cause of the presence of differently active carbenium ions which are a part of
the catalytic cycle of the single proton catalyst model. A theory is developed
that predicts the catalyst deactivation rates when deprotonation, dominated by
either of the 2 carbenium ions, deactivates the catalyst. The analysis has been
extended to predict the reason for the substantially fast decay of catalyst activity
in a PFR.





Chapter 2
Multicomponent reactor
modeling - Theory

2.1 Introduction

Stochastic Rotation Dynamics (SRD) has previously been implemented to study
various systems such as polymer flow [60, 76], phase separation in binary and
tertiary mixtures [99], colloidal suspensions [72], vesicles in shear flow [67],
enzyme catalysis [11] and anisotropic interaction in liquid separation [54].

The SRD model has previously been extended to include homogeneous re-
actions. Rohlf et al. [77] used the approach by including birth-death stochastic
processes to study limit cycle formation in the Selkov model. The approach
developed is called reactive multi particle collision model (RMPC). SRD has
also been extended to simple heterogeneous reactions occurring on the surface
of a spherical catalyst particle [25, 38, 95, 96]. In these works, it is assumed
that the reaction happens instantaneously with a certain probability once the
reactant species collides with the catalytic sphere. The method has first been
applied to static catalytic particles [25,96] and later extended to self-propelled
nanomotors [38, 95]. This method applies to instantaneous reactions that are
only transport limited and not reaction limited.

Most real heterogeneous chemical systems have certain rate determining
steps associated with the individual processes, such as adsorption, desorption
and individual elementary reaction steps that require overcoming large activa-
tion barriers. The aim of this chapter (and the next) is to show that SRD can also
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be used to study such multi-component systems involving various time scales
associated with both transport and reaction limitations. Other particle based
techniques have been previously used to study reaction-diffusion systems [74],
but the introduction of a surface reaction model that incorporates different reac-
tion rates for each participating process in this work extends the model beyond
previous studies. Squires et al. [89] have developed a first-order adsorption
desorption model under quasi-steady state equilibrium conditions. The present
model will expand further on the model of Squires et al.. by giving the adsorbed
species different pathways of desorption and reaction.

As the number of participating components in the system increases, the
classical definition of diffusion, according to Fickian framework, is not ade-
quate [50, 94]. Further, for reactions involving gases, a difference in number
of moles of products and reactants will result in an internal pressure gradient
which can still be accounted for in the mutual diffusivity at unsteady state or a
pseudo steady state. All these effects can be incorporated in the Maxwell-Stefan
framework for diffusional transport.

This chapter is arranged as follows. In Section 2.2, we focus on the develop-
ment of a multicomponent fluid model using SRD. In Section 2.3, we estimate
the Maxwell-Stefan diffusion coefficient for a binary SRD fluid. In Section 2.4,
we develop a methodology to represent a reactive surface (catalyst) at any loca-
tion in our system. Probability parameters for the rate constants of adsorption
of reactant SRD fluid on the catalyst, and further processes like surface reaction
and desorption, are determined. In Section 2.5, we introduce two surface reac-
tion models, Langmuir model and Langmuir Hinshelwood model, that will be
used to represent reaction system in this chapter and the next. Damköhler num-
bers are derived for linear and nonlinear reactive conditions in Section 2.5.4.
Finally, we review the boundary conditions and mutual diffusivity with reactive
flow in Section 2.6.

2.2 Multicomponent fluid model

Any fluid in SRD is represented as a system of N coarse-grained particles. N
is typically a large number (N > O(106)). Each particle is a point particle with
some mass. The SRD particles do not actually represent a collection of real fluid
atoms/molecules. They are more conveniently represented as a concept to solve
the compressible Navier-Stokes equations with thermal fluctuations accounting
for microscopic interactions between real particles.
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2.2.1 Streaming and collision

Consider an n-component fluidic system placed inside a model reactor. N SRD
particles are placed, such that the total mass of all fluid particles in the reactor
is

∑n
i=1χi mi N , where χi and mi are the mole fraction and mass of component i

respectively.
The two steps for the SRD algorithm are the streaming and the collision step.

During the streaming step, for every discrete time interval ∆tc , the coordinates
of each SRD particle i are updated using a first order Euler scheme

rt+1
i = rt

i +vt
i∆tc , (2.1)

where rt
i and vt

i are the position and velocity vector of particle i at time t. The
particles do not interact with each other during the streaming step. Instead, the
effects of particle collisions are efficiently captured during the collision step as
follows: the 3-D space is coarse grained into a grid of cubic lattice cells of size
a0 where within each cell the particle velocity is updated using the expression

vt+1
i ,ω = v̄ω+Ω(vt

i ,ω− v̄ω) (2.2)

Here v̄ω is the center-of-mass velocity of all particles in the cell same cell, ω, as
particle i and therefore takes into account the presence of neighboring particles.
Ω is a stochastic rotation matrix that rotates the velocity vector of each particle
in the center of mass reference frame around a randomly oriented axis by a fixed
angle α. For a 2D system, the randomly oriented axis must be perpendicular to
the 2D plane, so either up or down from that plane with equal probability. In
3D, the random vector lies on the surface of a sphere.

Figure 2.1 shows 2 different kinds of SRD particles (marked red and black)
present in a 2D Cartesian space with square grids of size a0 each.

In some cases a body force is used to drive a flow in the fluid. In such a
case, the velocity update by the collision step, Eq.(2.2) is immediately followed
by another update in velocity vt+1

i = vt+1
i + g∆tc , where g is the acceleration

associated with this body force. Note that care must be taken to not apply
a large body force to stay away from Mach number limitations caused by the
high compressibility of the SRD fluid [72]. Also, the external body force will
supply energy to the system which will result in an overall increase of the energy
of the system, leading to an increase in the average temperature. A Galilean
invariant thermostat proposed by Padding and Louis [72] has therefore been
implemented.

3

2
N f r ee kB Tmeas =

∑
ω

∑
i∈ω

1

2
mi (vi ,ω− v̄ω)2 (2.3)
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Figure 2.1: Space divided into grid cells of size a0. 2 different SRD particles are shown
(in red and black) with different mass.

The kinetic energy term is calculated for all particles i in cell ω, followed by
computing this term for all cells. N f r ee is the instantaneous number of particles
in any cell ω minus 1. The thermostat performs a global rescaling of the velocity
fluctuations in the center of mass frame to calibrate the temperature for the
next time step. This is the reason for substracting 1 to estimate N f r ee since we
remove the degrees of freedom of the centre of mass system of each cell. If To

represents the desired (thermostat) temperature, all relative velocities (vi ,ω−v̄ω)
are rescaled by

p
To/Tmeas

1.
For the coarse-grained scheme represented by Eq.(2.1) and Eq.(2.2), the

following properties are always valid for particles in a grid cell. (a) The mo-
mentum is conserved, (b) the energy is conserved, and (c) the phase space
distribution of system of particles is constant with time (Liouville’s theorem).
Using the defined collision rules, it was found that the velocities of the parti-
cles equilibrate to a Maxwell distribution [59]. Rotating the relative particle
velocities randomly is inspired by molecular chaos. Molecular chaos states that
the velocities of colliding particles are uncorrelated and independent of particle

1This strong velocity rescaling is generally inappropriate in systems with small numbers of parti-
cles such as in Molecular Dynamics simulations (because of artificial suppression of kinetic energy
fluctuations expected in the canonical ensemble), but in systems with very large numbers of parti-
cles the expected relative kinetic energy fluctuations are very small anyway.
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position. It was also shown by Malevanets and Kapral [59] that the streaming
and collision step generate an H-value that always reduces until it reaches a
minimum (for the Maxwell distribution of particle velocities). This is a direct
consequence of the second law of thermodynamics.

Under these conditions, the macroscopic behaviour of the system (at both
equilibrium and non-equilibrium) is found in accordance with the hydrody-
namic (Navier-Stokes) equations conforming to the ideal-gas equation of state.

The assumption of molecular chaos, however, breaks down when the colli-
sion time step ∆tc is so small that particles might remain in the same grid cell
after multiple collisions. As such, particles within the same cell might remain
correlated over several time steps. Since these "correlations" are modified as the
flow conditions will vary, Galilean-invariance is broken [39]. A random grid cell
shift procedure is thus employed just before the collision procedure to ensure
Galilean invariance. For this procedure, the origin of each lattice is displaced by
a stochastic 3D vector (which is same for all lattices per time step) whose mag-
nitude of each Cartesian component is defined by a random number between 0
and a0. If the mean free path of particles is more than half the grid cell size,
this shift procedure is not required as the particles undergo momentum transfer
both within and outside the grid cells in subsequent time steps.

2.2.2 Boundary conditions (near walls)

Figure 2.2: Due to grid-shift procedure, cells near boundaries can become underfilled.

Due to the grid-shift procedure, certain cells near the boundary will be un-
derfilled. It was found by Lamura et al. [52] that under no-slip conditions, this
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will lead to improper low viscosity values in these cells near boundaries leading
to an apparent "slip" velocity parallel to the wall. To reduce this artificial effect,
Lamura et al. [52] proposed the introduction of pseudo-particles to account for
this artificial low viscosity caused by a lack of having the same number of parti-
cles in a boundary cell as present in a bulk cell. For a multicomponent fluid, we
mention the following boundary rules, inspired by Lamura et al. [52], to handle
no-slip boundary conditions.

Figure 2.2 shows a 2D representation of boundary cells near a wall at y = 0.
If the total volume of the simulation setup is V , mbulk = ∑k

i=1χi mi N /V repre-
sents the average mass inside a bulk grid cell for a k-component mixture. If
the mass m′ recorded inside a grid cell near a boundary is less than mbulk ,
extra momentum has to be imparted to this cell to account for the collisional
part of the model. This can be done by adding the fluctuating momentum of
a single particle of mass (mbulk − m′) to the total momentum of the bound-
ary grid cell. This is simply a Maxwell-Boltzmann distributed momentum of
variance (mbulk −m′)kB T in each Cartesian direction. If N (0,1) is a Gaussian
random number with mean 0 and unit variance, N (0,kB T /(mbulk −m′) will be
the random number that gives the Cartesian velocity component of this artificial
particle. The modified net momentum of the grid cell in the Cartesian direction
under consideration will be:

ptot = pr eal + (mbulk −m′)N
(
0,

kB T

mbulk −m′
)

(2.4)

where pr eal is the total momentum of all real particles within the grid cell. The
center of mass velocity of the underfilled boundary cells is now, v̄= ptot /mbulk .

2.2.3 Simulation parameters

In a mechanical system, one is free to choose 3 independent units; all other
units can subsequently be expressed in these 3. In our work, m0, kB T and a0

are the 3 units used to parametrize all the other physical parameters in SRD,
see Table 2.1.

The dimensionless mean free path is defined as the average distance an SRD
particle moves before subsequent collision, normalized by the cell size a0:

λ=∆tc

√
kB T

m0

1

a0
(2.5)

If m0 = 1.0, kB T = 1.0, a0 = 1.0 (which is generally what we define), λ=∆tc .
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Unit Dimension

Length a0

Energy kB T
Mass of solvent m0

Time t0 = a0

√
m0

kB T

Diffusion coefficient D0 =
a2

0

t0
= a0

√
kB T

m0

Velocity
a0

t0
=

√
kB T

m0

Acceleration
a0

t 2
0

= kB T

a0m0

Fluid Simulation parameters

γ : average number of particles per grid cell
∆tc : SRD streaming time step
α : SRD rotation angle

Table 2.1: Simulation parameters used and their units.

Transport coefficients like viscosity and diffusion coefficient for single species
SRD fluids have extensively been studied in [34,40,46,68,75,98,100]. The dif-
fusion coefficient is written in a parametric form as

D

D0
= kB T∆tc

2m0

( 3γ

(γ−1+e−γ)(1−cosα)
−1

)
(2.6)

When α= 0◦, the particles do not change their trajectories upon collision as
a result of which D →∞. When α= 180◦, particles face an inversion of velocity
representing a condition with minimum possible diffusivity, D. As the number of
particles in the grid cell (γ) increases, a single particle will face more collisions
within a single time step, reducing the diffusivity. However, as γ increases, there
is a saturation and for γ→∞, the diffusivity expression becomes independent
of γ.

The above equation, Eq.(2.6), is accurate for larger mean-free paths λ >
0.6. However, deviations occur for smaller mean-free paths when long-time
kinetic correlations develop. In such a case, the probability of two or more
particles occupying the same grid cell at subsequent time steps increases rapidly
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leading to an under-estimation of the diffusion coefficient given by Eq.(2.6).
The corrections have been studied by Ripoll et al. [76].

When there are more than 1 species involved, we will always use the mass
of one primary species to perform a parameterization as described above.

2.3 Multicomponent diffusivity

When the fluid consists of more than one component, the mutual interaction
between particles is described by a mutual diffusivity coefficient. For systems
representing ideal gases with low interaction between particles of different com-
ponents, a Fickian definition of mutual diffusivity is used. However, for real
fluids when cross-interaction terms dominate, a Maxwell-Stefan approach [50]
is necessary.

By the Maxwell-Stefan approach, the diffusion coefficient is calculated as an
inverse drag coefficient. The presence of other species in the fluid is accounted
for by the following approach.

2.3.1 Maxwell and Fickian diffusivity

Consider a fluid with n different species present. The thermodynamic force
acting on particles of species i , in a certain direction z, is given by Fi =−dµi /d z
where µi is the chemical potential (per mole) of species i . This force is balanced
(in a quasi-steady state) by a friction force felt by species i due to its velocity
relative to the n − 1 other species in the mixture. This force balance can be
written as

Fi =−∇µi =
n∑

j=1
j 6=i

χ j
RT

Di j
(ui −u j ) (2.7)

where χ j is the mole fraction of species j , RT /Di j is the drag coefficient between
species i and j and (ui −u j ) is the relative velocity of species i with respect to
species j .

For a two-component fluid, the force balance is

−∇µ1 =χ2
RT

D12
(u1 −u2) (2.8)

Multiplying both sides in Eq.(2.8) by χ1/RT gives

− χ1

RT
∇µ1 = χ1χ2u1 −χ1χ2u2

D12
(2.9)
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The flux of species i can be written as Ni = χi ct ui , where ct is the total
concentration of all species in the volume element. This transforms the above
equation into

− χ1

RT
∇µ1 = χ2N1 −χ1N2

ct D12
(2.10)

Since chemical potential depends on the pressure, temperature and species
composition,

∇µi =∇T,pµi + ∂µi

∂P
∇P + ∂µi

∂T
∇T (2.11)

where ∇T,pµi is the gradient of the chemical potential of species i for constant
temperature and pressure. From the definition of chemical potential at constant
temperature and pressure, µi =µo

i +RT log Aiχi , we obtain

− χ1

RT
∇T,pµ1 =−(

1+χ1
∂ ln A1

∂χ1

)∇χ1 =−Γ12∇χ1 (2.12)

where A1 is the activity coefficient of species 1 and Γ12 is the thermodynamic
factor between species 1 and 2. This thermodynamic factor elucidates the non-
ideal mixing between fluids and is a function of mixture composition. It can
also be expressed in terms of Gibbs free energy of the system [26] as

Γ12 = χ1χ2

RT

d 2G

dχ2
1

(2.13)

We previously defined Ni as the flux of species i . A more important quantity
is the flux of species i with respect to the molar averaged velocity of participat-
ing components, Ji . This is the diffusive flux of species i .

We can find the diffusive flux of species i as follows: Ji = ci (ui −u) =χi ct (ui −
u), where ct u =∑n

i=1 ci ui . This flux Ji can now be written as Ji = Ni −ci u. For the
2 component system described above, J1 = N1−c1(χ1u1+χ2u2) = N1(1−χ1)−χ1N2.
Using Eq.(2.10), Eq.(2.12), χ2 = 1−χ1 and neglecting gradients in p and T , we
now obtain

J1 =χ2N1 −χ1N2 =−ct D12Γ12∇χ1 (2.14)

Comparing the above equation with Fick’s first law of diffusion,

D f i ck = D12Γ12 (2.15)
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For ideal mixtures, for which thermodynamic correction factor is 1, the Fickian
diffusion coefficients will give correct results, however the higher this cross-
mixing, the higher the value of Γ12 and greater the contrast between the two
coefficients.

An advantage of using a particle based approach like SRD is that we need
not enforce the Maxwell-Stefan diffusion coefficients on the system. These co-
efficients should evolve from the simulation setup if proper dynamics has been
incorporated.

Maxwell-Stefan diffusivity for multicomponent mixtures has been studied
previously using Molecular Dynamics, see e.g. [101]. In this work, we will anal-
yse the mutual diffusivity constants in binary mixtures using the two following
approaches.

2.3.2 NEMD approach

The Non-Equilibrium Molecular Dynamics approach (NEMD) [6] works by ap-
plying equal and opposite constant external forces on different components in
a fluidic mixture such that the net external force is zero and the net momentum
across all particles remains conserved at each discrete time step. For a binary
mixture, the approach can be simplified and force and momentum conservation
equation can respectively be written as

N m1χ1a1 +N m2χ2a2 = 0 (2.16a)

N m1χ1u1 +N m2χ2u2 = 0 (2.16b)

where ai is the acceleration caused by the constant external force acting on
particles of species i . N gives the total number of particles in the system. ui is
the average velocity of all particles of species i .

For sufficiently small external forces, the velocity response is

du1

d t
= a1 +

kB Tχ2

m1D12
(u2 −u1) (2.17a)

du2

d t
= a2 −

kB Tχ1

m2D12
(u2 −u1) (2.17b)

The factor kB T /D12 represents the mutual mobility between species 1 and 2
caused by internal friction. Note the difference between kB T in the above equa-
tion and RT in Eq.(2.7): in Eq.(2.17), we express the force per particle, whereas
in Eq.(2.7) we made use of the chemical potential per mole.
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The coupled differential equations, Eq.(2.17)(a) and (b), can now be solved
exactly to obtain the terminal velocity of particles under this constant external
force. For t →∞, the terminal velocity of species 1 is

u1(∞) = a1m1m2D12

kB T (m1χ1 +m2χ2)
(2.18)

For sufficiently small external forces, we therefore expect a linear dependence
of the terminal velocity of a species on the external force, which can be used
to calculate the value of the mutual diffusion coefficient D12 at any specific
composition χ1.

2.3.3 Green-Kubo Relations

Another approach is to employ linear response theory from non-equilibrium
statistical mechanics. It has been shown [101] that the velocity response of
a molecule of a certain species in presence of another species can be used to
estimate the Maxwell-Stefan diffusion coefficients.

To arrive at the so-called Green-Kubo relation for the mutual diffusion co-
efficient, the static response of the model system to an externally applied field
needs to be studied [32]. The Hamiltonian Ho of the system changes when an
external perturbation λB is applied to it at t = 0. The Hamiltonian changes to
H = Ho−λB . A system variable A(t ) responds to this external force by generating
a response which is studied in [32,101,102]

We consider a system where an external force perturbs the Hamiltonian of
the system as represented by Eq.(2.16), with the external force in a certain di-
rection, which we will call the x-direction. The following mapping can be made
for our system. The external force λ= N2m2a2 (Ni = Nχi ), the coupled system
variable is the center-of-mass x-position of species 2, B , and the stationary re-
sponse is generated for variable A = u1. It has been shown by Vandeven [101]
that combining this linear response theory with momentum conservation equa-
tion, Eq.(2.16) and stationary response of species 1 at t → ∞, Eq.(2.18), the
Green-Kubo relation for the Maxwell-Stefan diffusion coefficient can be deter-
mined as follows:

D12 = χ2

3N1

(m1χ1 +m2χ2

m2χ2

)2
∫ ∞

0

〈[ N1∑
i=1

v i
1(0).

N1∑
j=1

v j
1 (t )

〉
d t (2.19)

where summation over individual velocities of particles of species 1 is done.
It has been shown by Vandeven [101], Schoen and Hoheisel [83] and Hansen
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and McDonald [36] that the above expression can be also written as follows to
better highlight the cross-terms:

D12 = χ2

3N1N 2
2

∫ ∞

0

〈[
N2

N1∑
i=1

v i
1(0)−N1

N2∑
j=1

v j
2 (0)

]
.
[

N2

N1∑
k=1

vk
1 (t )−N1

N2∑
l=1

v l
2(0)

]〉
d t

(2.20)
The above expression gives a Green-Kubo relation that has time dependent

inter-species terms and cross-species terms. If the cross-species terms are ne-
glected, we arrive at what is generally called the pure mutual Maxwell-Stefan
diffusion coefficient Do

12:

Do
12 =

χ2

3

∫ ∞

0
〈v1(0).v1(t )〉d t + χ1

3

∫ ∞

0
〈v2(0).v2(t )〉d t (2.21)

vi refers to average particle velocities of species i .
For the scenario when foreign species 2 is distinguished only by tag or color,

this pure diffusion coefficient becomes the self-diffusion coefficient of either of
the species.

D12 = Do
12 = D1,sel f =

1

3

∫ ∞

0
〈v(0).v(t )〉d t (2.22)

When species are different but a majority of species 1 is present, χ1 À χ2,
species 2 particles will effectively observe an environment as what is observed
by a typical species 1 particle. As such, the velocity auto-correlation of species
2 will be approximately equal to that of species 1 and Do

12 ≈ D1,sel f .
Simulations were carried out to calculate the diffusion coefficient from the

above two approaches.

2.3.4 Estimation of Maxwell-Stefan diffusivity

For the NEMD approach, the SRD system was initialized with an equimolar
binary mixture of particles with mass m1 and m2. The self-diffusivity coefficients
of these particles are in ratio D1/D2 = m2/m1, Eq.(2.6). The total number of
SRD particles in a unit cell is 10.

In Figure 2.3, the terminal velocity of particles of species 1 is calculated
versus an applied force a1. The dimensions of velocity and acceleration can be
found in Table 2.1.

m1 = 1.0 and m2 takes values 0.2,0.5,1.0,2.0. When m2 = 1.0, the D12 value
obtained from the slope is equal to the self-diffusivity coefficient of both parti-
cles 1 and 2. As m2 decreases, the self-diffusivity of species 2 increases which
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Figure 2.3: Terminal velocity (dimensions a0t−1
0 ) of particles of type 1 versus accelera-

tion (dimensions a0t−2
0 ) in presence of particles of type 2 with mass m2 6= m1.

From the slope of the above curve, we can estimate the mutual diffusion co-
efficient D12 with dimensions a2

0 t−1
0 , Eq.(2.18). χ1 =χ2 = 0.5, ∆tc = 0.1

corresponds to lesser friction between adjacent particles. As such, the mutual
diffusivity between species 1 and 2 is expected to increase.

To calculate the mutual diffusion coefficient using the Green-Kubo relation
Eq.(2.21), 2 species of mass m1 = 0.5 and m2 = 1.0 are chosen. A fixed number
of 10 SRD particles per unit cell is chosen and the number fraction of species 1,
χ1, is varied from 0 to 1. The velocity correlation functions for both particles are
then calculated to estimate the mutual diffusivity D12. This is shown in Figure
2.4.

The straight curve Do
12 is the pure mutual diffusion coefficient when no cross-

correlation terms are included. The higher the difference between D12 and Do
12,

the more the different species interact and act like non-ideal mixtures. The
difference is maximum when χ1 = 0.5.

We have highlighted in the above sections, the need for Maxwell-Stefan dif-
fusivity coefficients and the numerical techqniues to calculate them with SRD.
When we introduce reactions in our system, we will again see why Fickian dif-
fusion coefficients greatly simplify the system.
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Figure 2.4: Variation of mutual diffusivity as a function of χ1. Straight line is the pure
mutual diffusivity, Do

12 (Eq. (2.21)), and starred line is D12 (Eq. (2.20))

2.4 Introducing reactions

In this section, we will highlight the approach developed to implement a hetero-
geneous chemical reaction at any location in a model reactor. The active region
where a reaction occurs will be represented by a 2D catalytic surface that leads
to concentration gradients of reactant and product species in the bulk.

2.4.1 Reaction model setup

Figure 2.5 shows a schematic of a typical reactor configuration that will be used
to determine the kinetic rate constants involved in a chemical reaction. Once a
basic approach is highlighted, we can perform complex reactions along different
geometries.

The simulation box has dimensions W , H and L. Periodic boundaries apply
along the x-axis and z-axis. Walls are placed along the y-axis at y = 0 and y = H .
At y=0, a region Lcat in width and W in length at the z−center of the simulation
box. This strip contains Ncat sites in total to collect any active SRD species. This
constant value Ncat represents the total active sites present in a real reaction
system.

Any SRD particle that bounces on the strip has a probability p i
ad s of attaching

to the strip. This probability parameter is a measure of the enthalpy of activation
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Figure 2.5: The catalyst is present at the center of the system with dimensions Lcat ×W ,
The kinetic rate constants for particles of type i are ki

ad s and ki
des and the

diffusivity of particle of type i is Di .

for adsorption and arises from the Eyring-Polanyi equation in the Transition
State theory [51]. If an SRD particle is adsorbed, the position of the particle
on the strip is recorded. At any simulation time step ∆tc , an adsorbed particle
has three choices. There is a probability of desorption, p i

des , that the particle
leaves the surface, a probability p i

r that it reacts to form another species on the
surface, and a probability 1−p i

des −p i
r that it stays adsorbed. When the particle

desorbs, it desorbs from the recorded location, which is an approximation for
diffusion limited surface reactions.

2.4.2 Desorption profile

When no reaction occurs inside the system, the collisions at the wall (y = 0
and y = H) are performed with a no-stick boundary condition. Adsorption of
particles leading to reaction and further desorption of product particles involves
a certain amount of time for which these particles remain at the surface. It is
therefore necessary to simulate the desorption process effectively to maintain
a net zero velocity at the boundaries without changing the particle interaction
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dynamics in the bulk. This is accomplished by matching the velocity distribution
of desorbing particles with that of reflected particles (no reaction) from the
walls. The tangential component of velocity imparted to the desorbed particles
is the same as that of the incoming particles whereas the normal component is
just the reverse.

For our particular system with walls along the y direction, the velocity of
desorbing particles of species i along the x and z direction follows a Maxwell-
Boltzmann distribution with mean 0 and a standard deviation

√
kB T /mi . How-

ever, the y component of the velocity of the incoming particles collected during
a time interval ∆tc has a bias. The velocity distribution in the normal direction
is given by

P (vy ) = mi

kB T
vy e−mi v2

y /2kB T (2.23)

A particle desorbs back into the system from its recorded position at the cat-
alytic site into the bulk fluid. Actually, the particle desorption can occur anytime
between the discrete time step (t ,t+∆tc), therefore we choose a random time
from the interval [0,∆tc ] and displace the particle with its new velocity over this
time.
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Figure 2.6: Probability distribution of the z-position of particles desorbed within a time
step ∆tc for different particle masses. The catalyst is placed at center of
system with a Lcat =2.0, ∆tc = 1.0,kB T = 1.0.

If we assume a catalytic strip with uniform disitribution of adsorbed parti-
cles (this will be true only when Lcat << L), we can estimate the probability
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Figure 2.7: Probability distribution of the y-position of particles desorbed within a time
step ∆tc for different particle masses. ∆tc = 1.0,kB T = 1.0.

distribution of the desorbed particles in the 3 Cartesian directions as follows.
First, we choose W j , which is a random number that selects position from

the surface of catalyst for desorption in j = x, y, z direction. Along the x and z-
direction, Wx and Wz follows a uniform distribution Wx,z ∼U (Lz /2−Lcat /2,Lz /2+
Lcat /2). Along the y-direction Wy = 0 (catalyst placed at y = 0).

Then we choose V j , a random number that select the velocity in j = x, y, z
direction. Along the x and z-direction, Vx and Vz are chosen from a normal
(gaussian) distribution, Vx,z ∼ N (0,kB T /m). Along the y direction, Vy follows
the distribution given by Eq.(2.23).

Finally, we choose T , a random number that selects the time between (0,∆tc)
chosen for particle desorption. T follows a uniform distribution, T ∼U (0,∆tC )

Desorbed particle distribution in any direction can now be calculated as W j +
V j T .

Let Z o =Wz +Vz T . The probability distribution of Vz T = K is equal to

P (K ) = 1

∆tc

√
mi

8πkB T
Υ

(
0,

mK 2

2kB T∆t 2
c

)
(2.24)

where Υ(α,β) is the incomplete gamma function. The distribution of Z o =Wz+K
is shown in Figure 2.6.

Figure 2.7 shows the probability distribution of Y o =Wy +Vy T .
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2.4.3 Linking probabilities to intrinsic rates

Implementing adsorption rates in a probabilistic manner for either microscale or
macroscale models has been shown previously, e.g. in [4]. Desorption is usually
a chemically activated step while adsorption takes place with comparative ease.
The rate constant for such processes can be calculated from the Eyring-Polanyi
equation of the Transition State Theory [51].

ki = kB T

h︸ ︷︷ ︸
(ki neti c f actor )

. e−∆G︸ ︷︷ ︸
(T her mod ynami c f actor )

(2.25)

The Gibbs energy of activation ∆G (here expressed per particle) determines
the thermodynamic ease and the pre-exponential factor kB T /h determines the
kinetic ease of carrying out any processes i (adsorption, desorption, reaction).

The adsorption-desorption process will equilibrate with a constant Keq =
kad s /kdes that determines the occupancy of the available catalyst surface sites.
Here kad s is the adsorption rate constant and kdes is the desorption rate con-
stant for a first order adsorption-desorption scheme to and from the catalytic
strip respectively.

We now calculate these intrinsic rates in terms of the SRD simulation pa-
rameters we have discussed earlier in this section. Pooley and Yeomans [75]
have previously used a kinetic theory approach in SRD to calculate viscosity
and thermal conductivity expressions. Here, we extend the kinetic model of an
ideal gas to derive an expression for the collisional rate at walls. The collisional
frequency, Z , i.e. the number of collisions occurring per unit area of the wall
per unit time step is equal to

Z = 1

2

N

V
〈|vy |〉 (2.26)

where N is the total number of particles inside the simulation box, V is the
box volume, and 〈|vy |〉 is the first moment of velocity component of particles
present in the bulk in the direction normal to the wall. The above expression
is valid for a non-interactive surface where no adsorption occurs on the wall,
thus the number density, N /V can be considered constant across the simula-
tion box. When adsorption occurs at the catalyst, N /V should be replaced by
γl , the local number density of particles near the catalytic surface. γl will be
a function of time when adsorption over the catalyst starts. It will be so until
the reaction attains a steady state. Since the velocity distribution of SRD parti-
cles follows a Maxwell-Boltzmann distribution in any direction in the bulk, the
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average velocity expectation is

〈|vy |〉 =
√

2kbT

πm
(2.27)

Here m is the mass of the species that is under consideration.
Combining Eq.(2.26) and Eq.(2.27), we get

Z = γl

√
kbT

2πm
(2.28)

The dimensions of Z are a−2
0 t−1

0 , or in SI: m−2s−1. If the total area of the catalyst
surface is Acat and the probability that a striking particle sticks is pad s , the
attacking rate kon on the full catalyst surface can be written as

kon = pad s Ay Z = pad s Ayγl

√
kbT

2πm
(2.29)

The dimensions of kon are t−1
0 , or in SI: s−1. The adsorption rate constant,

with dimensions m3s−1, can be found by dividing out the local concentration of
particles near the surface:

kad s = pad s Acat

√
kbT

2πm
(2.30)

Upon comparing the above equation with Eq.(2.25), pad s will be an inde-
pendent simulation parameter that accounts for the thermodynamic factor in
the determination of the rate constant kad s and Acat

√
kB T /2πm is the kinetic

factor.
To derive an expression for kdes , the desorption rate, consider an adsorbed

particle on the catalytic surface. The probability that such a particle does not
desorb after n∆tc time steps is (1−pdes )n . So with a probability 1− (1−pdes )n ,
the particle can desorb at any time between 0 and n∆tc . Since the particle
desorption is usually a first order process [88], the first order desorption of
a particle from the surface is exponential with a decay rate kdes . Thus, for a
continuum process, the probability that a particle will desorb anytime between
0 and n∆tc is 1− e−kdes n∆tc . Equating the discrete and continuum probabilities
leads to

1− (1−pdes )n = 1−e−kdes n∆tc (2.31)
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from which the desorption rate kdes is calculated as

kdes =− ln(1−pdes )

∆tc
(2.32)

A similar analysis can be done for the reaction rate to obtain

kr =− ln(1−pr )

∆tc
(2.33)

2.5 Surface Reaction Models

Having described the multicomponent fluid model with representation of in-
trinsic reaction rates in terms of simulation parametrs, we now first introduce
a simple adsorption-desorption scheme for a single species, followed by the in-
troduction of an irreversible surface reaction involving a reactant and a product
species. Our objective is to implement a model which covers the full spectrum
from simple first-order reaction rates to non-linear reaction rates.

2.5.1 Langmuir Model

For a first order Langmuir model, detailed equilibrium expressions of occupancy
of a catalytic surface have been previously derived in [62,63]. With the knowl-
edge of the rate parameters described in Section 2.4.3, we can now solve the
Langmuir model with the following rate equation for fractional occupancy of
reactant A on the surface given by

Ncat dθA/d t = k A
ad sγA,lθ−k A

des NcatθA (2.34)

where θA(t ) is the fraction of adsorbed particles A at the surface and θ(t ) =
1−θA(t ) is the fraction of unbounded sites available for adsorption. γi ,l is the
local number density of species i (here species A) over the catalytic surface.
k i

ad s and k i
des represent adsorption and desorption rate constants for species i .

The solution to Eq.(2.34) is

θA(t ) = θA,eq (1−e−(k A
ad sγA,l /Ncat+k A

des )t ) (2.35)

where θA,eq is the occupancy at equilibirum

θA,eq =
K A

eqγA,l

1+K A
eqγA,l

(2.36)
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and K A
eq = k A

ad s /(Ncat k A
des ). The net rate for the combined phenomena is equal to

k A
tot = k A

ad sγA,l +k A
des and in terms of time scales, 1/τA

tot = 1/τA
ad s +1/τA

des , where
τA

ad s , τ
A
des are the time scales associated with adsorption and desorption of A.

The same model has been used by Squires et al. [89] to study surface reactions,
in a quasi-steady state, within a reactor with flow. In the next chapter, we will
expand on the model by allowing for the study of the temporal and spatial
evolution as the system approaches equilibrium.

2.5.2 Langmuir Hinshelwood model

The Langmuir model can be extended to include a chemical reaction once a
particle of type A is adsorbed on to the catalytic surface. The product particle B
can desorb from the catalytic surface and enter the bulk. Consider the following
Langmuir Hinshelwood reaction model [44]

A
k A

ad s



k A
des

A∗ k A
r−−→ B∗

kB
des



kad sB

B

The rate equations for this model are:

Ncat
dθA

d t
= k A

ad sγA,lθ−k A
des NcatθA −k A

r NcatθA (2.37a)

Ncat
dθB

d t
= k A

r NcatθA −kB
des NcatθB +kB

ad sγB ,lθ (2.37b)

where θA and θB are the surface coverages of adsorbed particles A, referred
to as A∗, and adsorbed particles B , referred to as B∗, on the catalytic strip
respectively. k A

r is the rate constant for the forward conversion reaction. Table
2.2 summarizes the independent and dependent parameters used in the model.

The steady state coverage for θA and θB can be calculated by solving Eq.(2.37)
for long-time estimates:

θA,eq =
K A

eqγA,l

1+K A
eqγA,l +K B

eqγB ,l +k A
r

(K A
eqγA,l

kB
des

+
K B

eqγB ,l

k A
des

+ 1

k A
des

) (2.38)

θB ,eq =
K B

eqγB ,l +k A
r

(K A
eqγA,l

kB
des

+
K B

eqγB ,l

kB
des

)

1+K A
eqγA,l +K B

eqγB ,l +k A
r

(K A
eqγA,l

kB
des

+
K B

eqγB ,l

k A
des

+ 1

k A
des

) (2.39)
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Input parameter Expression

Sticking probability p i
ad s

Desorbtion probability p i
des

Reaction probability pr+
Bulk number density γi ,0

Output parameter Expression

Local number density
over catalyst

γi ,l

Fractional surface
coverage of component i

on catalyst

θi

Fractional vancacy on
catalyst

θ

Derived Rate constants Expression

Adsorption rate k i
ad s =

√
kbT

2πmi
p i

ad s Acat

Desorption rate k i
des =− ln(1−p i

des )/∆tc

Reaction rate k i
r =− ln(1−p i

r )/∆tc

Equilibrium constant K i
eq = k i

ad s /(Ncat k i
des )

Table 2.2: Independent, dependent and derived parameters in the model.

By comparing these theoretical predictions with SRD results, we can show
the validity of the particle-based simulation approach.

2.5.3 Sequential treatment of reaction procedure

With the introduction of a catalytic strip, Figure 2.5, the time evolution of the
surface coverage according to the Langmuir and Langmuir Hinshelwood model
is a matter of interest.

For a system consisting entirely of reactant A particles with initial num-
ber density γA,0, when adsorption starts, the instantaneous adsorption flux is
k A

ad sγA,0.
When diffusion in the fluid facilitates faster transport of particles to the sur-
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face than reaction can occur, γA,l ∼ γA,0 (Number density of A near the surface
is equal to number density of A in the bulk) and the system is reaction limited.
If reaction progresses fast enough that diffusion can not transport products to
the catalytic strip sufficiently fast, we will call the system diffusion limited and
γA,l < γA,0.

Under diffusion-limited situations, for a first-order Langmuir model, the sur-
face coverage of A, θA,eq was calculated with the simulations and compared
with Eq.(2.36). For low to moderate probabilities of desorption, the results
are in agreement with the expression. However, for higher value of p A

des , (ex-
p A

des > 0.5), discrepancies were recorded in the calculation of θA,eq .
For a given time step, all particles that could be adsorbed were allowed to

adsorb on the strip, thus increasing θA. This was immediately followed by des-
orptions from the strip. To demonstrate how this approach changes θA,eq , let
us consider an example with a strip comprised of Ncat = 1000 catalytic sites.
Let 100 SRD particles be permitted to be adsorbed on this strip at a time step.
Therefore, at this time step, θA increases by a value of 0.1 before starting des-
orptions. When desorption is tried, the number of particles on the catalytic strip
is higher than would have occurred had desorption been taking place simulta-
neously with the adsorption2. This effect grows for higher pdes and the θA,eq

obtained in this case is lower than what is expected.
The above issue arises because of the treatment of adsorption and desorp-

tion processes sequentially instead of simultaneously. The difference can be
made arbitrarily small (for fixed adsorption and desorption rates) by subdivid-
ing the simulation time step ∆tc in a number of smaller steps with alternating
adsorption and desorption steps.

Here we propose two different approaches, by which the same time step ∆tc

can be retained.

(a) Adaptive rate method

We re-write the differential equation for θA, Eq.(2.34), as

Ncat
dθA

d t
= k A

ad sγA,l (1−θA)
(
1− k A

des

k A
ad sγA,l (1−θA)

NcatθA

)
(2.40)

The equation can be interpreted as follows. At each time step, for every
particle adsorbed, approximately NcatθAk A

des /k A
ad sγA,l (1−θA) number of parti-

2For a macro world, things always appear to happen simultaneously, however at smaller scales,
the individual processes always occur sequentially
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cles need be desorbed from the catalytic surface (NcatθA gives the total num-
ber of adsorbed A on the surface at any time). As NcatθAk A

des /k A
ad sγA,l (1−θA)

tends to 1, the system approaches equilibrium. Equilibrium is, thus, said to be
achieved when for every adsorption, there is a corresponding desorption. By
rewriting the expression for dθA/d t as given by Eq.(2.40), the analytical ex-
pression, Eq.(2.36), is more accurately reproduced, as shown in Table 2.3.

p A
des K A

eqγA,l θA,eq

Eq.(2.36)
θA,eq

Eq.(2.34)
θA,eq

Eq.(2.40)
0.1 1.348 0.574 0.571 0.572
0.3 0.398 0.285 0.278 0.283
0.5 0.205 0.170 0.16 0.167
0.7 0.124 0.105 0.092 0.101

Table 2.3: Observed values of θA,eq for increasing p A
des . Parameter set used: kB T = 1.0,

∆tc = 1.0, mA = 1.0, γA,0 = 8, Acat = 2.0, p A
ad s = 1.0, Ncat = 100.

The scheme can be generalized as follows. Let the following different pro-
cesses be occurring over the adsorbed states A∗ and B∗:

∆θA

∆tc
= k1θ−k2θA −k3θA +k4θB (2.41a)

∆θB

∆tc
= k6θ+k3θA −k4θB −k5θB (2.41b)

We define the fastest intermediary step between time interval t and t +∆tc

as ψ(t ) = M ax(kiθ j ). Since any process leads to loss or gain of SRD particles on
surface, ψ(t ) can only take integer values (≥ 1). The method involves rewriting
the rate equations with respect to the process ki acting on θ j . The modified rate
equations then become

∆θA

∆tc
=ψ(t )

(
k ′

1θ−k ′
2θA −k ′

3θA +k ′
4θB

)
(2.42a)

∆θB

∆tc
=ψ(t )

(
k ′

6θ+k ′
3θA −k ′

4θB −k ′
5θB

)
(2.42b)

where k ′
i = ki /ψ(t ). For any time t = n∆tc , the rate constants of all intermediary

steps are modified by ψ(t ). The reaction cycle is initiated by the first occurrence
of ψ(t ) after which a sequential treatment of the other processes with modified
rates occurs. This is repeated until all the occurrences of ψ(t ) are exhausted.
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In order to determine the new probabilities of an intermediary process, we
perform the following analysis. The independent adsorption probabilities can
be written as a function of adsorption rate constant (Table 2.2), p i

ad s = ck i
ad s

where c is a constant that depends on simulation parameters and fluid prop-
erties. The modified adsorption probability for the scheme discussed becomes
p ′

ad s = ck ′
ad s . The probability of desorption and surface reaction to other surface

species is linked to the rate constants as pdes = 1−exp(1−kdes∆tc ). The modified
probability then becomes p ′

des = 1−exp(1−k ′
des∆tc ).

A reaction cycle involving nonlinear reaction pathways, for example kθAθB ,
can be easily modified using the above approach. The modified rate can be
written with respect to either species A or B. If written for species B, the mod-
ified rate becomes k ′ = kθA/ψ(t ), and a probability parameter can now be ob-
tained. Since k ′ ≤ k, the linearization approach used to model with scheme Eq.
(2.42) will always be numerically more accurate than a sequential treatment,
Eq. (4.2).

It has to be mentioned that there is an inherent error attached to this solution
which is of the order of magnitude of 1/Ncat . Increasing Ncat will reduce this
error but increase the computational time. Therefore it is imperative that we
select values of Ncat with an error tolerance that does not hinder the model
computationally.

(b) Matrix formulation

The second method involves writing the rate of change in surface species in-
volved in matrix formulation and solving it numerically over the streaming time
step of the fluid. The scheme Eq.(4.2) can be written in matrix formulation as ∆θ/∆tc

∆θA/∆tc

∆θB /∆tc

=
−k1 −k6 k2 k5

k1 −k2 −k3 k4

k6 k3 −k4 −k5

 .

 θ

θA

θB


The above matrix calculates the surface species concentration at the end of

time step ∆tc . With this information, we can numerically predict the total num-
ber of adsorptions, desorptions and reactions to occur over the catalytic strip
between time t and t +∆tc . If ∆θi , j represents the number of occurrences of
reaction step ki acting over θ j between time t and t +∆tc , the modified proba-
bility for any process becomes ∆θi , j /θ j (t ). If ∆θt ,A is the numerically computed
fractional number of adsorptions of species A between t and t +∆tc , the modi-
fied probability of adsorption for time t is ∆θt ,A/θA(t ). A similar analysis works
for any intermediary process.
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For nonlinear rates like kθAθB with number of occurrences between t and t+
∆tc equal to ∆θt ,A,B , the modified probability will be ∆θA,B /θA(t ) or ∆θA,B /θB (t )
depending on which surface species is chosen as reference.

2.5.4 Damköhler Numbers

In general, the system complexity will increase with the inclusion of additional
intermediary processes because competition between these processes will start.
Invariably, one or two processes typically determine the overall rate of the re-
action. We will compare these rate limiting processes with the mass transfer of
the reactants to the catalyst surface.

We note that for a first-order Langmuir model, Sec.2.5.1, it can be imagined
that A adsorbs on the catalytic strip, followed by an instantaneous conversion to
species B and desorption of species B which does not re-adsorb on the catalyst.
The Langmuir model can then be written as the Langmuir Hinshelwood model
with k A

des = 0,k A
r →∞ and kB

ad s = 0. Since A → B occurs almost instantaneously
now, the reactive flux is controlled by the adsorptive flux of A on the strip.

For this approach, Squires et al. [89] have already shown that the diffusive
flux is

JD ∼ D A(γA,0 −γA,l )W H

δ
(2.43)

where γA,0 is the concentration of reactant A in the bulk, γA,l is the concentra-
tion near the catalyst surface at pseudo-steady state. δ is the boundary layer
thickness and D A is the diffusivity of A. The reactive flux at steady state (equal
to the adsorptive flux) is given as

JR = k A
ad sγA,lθvac (2.44)

where θvac is the fractional vacancy of sites on the catalytic strip at a steady
state. At steady state conditions, the adsorptive and the desorptive fluxes will
be equal, leading to:

öhler −expr
γA,l

γA,0
= (

1+ k A
ad sθvacδ

D AW H

)−1 = 1

1+Da
(2.45)

The Damköhler number is here defined as,

Da = k A
ad sθvacδ

D AW H
(2.46)
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If Da ¿ 1, γA,l ∼ γA,0 and the system is reaction limited. If Da À 1, γA,l ∼ 0
and the system is diffusion limited. When K A

eqγA,l ¿ 1, according to Eq.(2.36),
θvac = 1−θA,eq ∼ 1, and surface will equilibrate quickly enough to enter a quasi-
steady state [89]. Da will be now linear in k A

ad s . However, for comparatively
large k A

ad s , Da can become strongly dependent on the surface properties since
dependency on θvac appears which is further dependent on Ncat .

For the Langmuir Hinshelwood model presented in Eq.(2.37), production of
B will face depend on the rate-determining step. In Table 2.4, we highlight the
flux of product B produced when either adsorption of A, surface reaction of A∗
or desorption of B∗ are rate limiting.

Rate-limiting
process

Flux

Adsorption(A) k A
ad sγA,lθvac

Reaction(A) k A
r θA,eq Ncat

Desorption(B) kB
desθB ,eq Ncat

Table 2.4: Flux of product B produced, when each of the mentioned process is rate lim-
iting.

Again, if adsorption of A is the rate-determining step, the reaction kinetics
can be approximated to a Langmuir model. Desorption of A negatively influ-
ences the formation of product B since fewer A∗ particles are available for
conversion. When adsorption of A is rate determining, and desorption of A
also negatively influences the process, the effective rate of reaction becomes
k A

ad sγA,lθvac −k A
des NcatθA,eq . Under these conditions, equating the reactive flux

to diffusive flux gives

γA,l

γA,0
=

1+ k A
desθA,eq Ncatδ

γA,0D AW H

1+ k A
ad sθvacδ

D AW H

(2.47)

When any other intermediary step determines the rate, we will follow the ap-
proach outlined henceforth. If surface reaction of A∗ is rate limiting, the flux
equation is given as (see Table 2.4)

D A(γA,0 −γA,l )W H

δ
= k A

r θA,eq Ncat (2.48)
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Rewriting this expression gives

γA,l

γA,0
= 1− k A

r θA,eq Ncatδ

D AγA,0W H
= 1−Dar (2.49)

We refer to Dar as the modified Damköhler number for the case where the
reaction process is the limiting step. The above equation provides a limitation
on the expression: k A

r θA,eq Ncatδ/D AγA,0W H < 1 which has to be true always as
JD,max = D AγA,0W H/δ is the maximum possible diffusive flux from the bulk to
the surface. If Dar ¿ 1, we can re-write Eq.(2.49) as γA,l /γA,0 = 1/(1+Dar ),
similar to Eq. (2.45) but using the modified Damköhler number.

For slow desorption of B∗, the approach similar to a slow reaction of A∗ can
be followed, leading to

γA,l

γA,0
= 1−Dad (2.50)

where
Dad = kB

desθB ,eq Ncatδ/D AγA,0W H (2.51)

Re-adsorption of B again negatively influences the formation of B and the
surface coverage over the catalyst shifts in favor of B∗ particles reducing the
number of A∗ particles. We can perform a similar analysis as highlighted above
to generate new Damköhler numbers.

The ability to measure the reaction situation in any regime gives our model
a definite edge as we are able to capture phenomena from a linear regime to
a nonlinear reaction regime, with the information about the overall reaction
order being stored in the expression of θvac ,θA,eq ,θB ,eq . This information can be
expressed by generating corresponding Damköhler numbers for any situation.

The dimensionless analysis done here can be used to generalize most of the
reaction procedures falling within the Langmuir or the Langmuir Hinshelwood
models. Although rate equations have been written assuming mA = mB , gener-
alization of the above scheme for mA 6= mB will also follow the same approach.

In the next section, we again look at boundary conditions in the presence of
a reaction in the system.

2.6 Revisiting boundary conditions and mutual dif-
fusivity

Most of the SRD simulations we will perform will have a periodic boundary con-
dition along at least one Cartesian direction. Consider a system as represented
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Figure 2.8: Influx of solvent species from open boundary z = 0 and outflux of mixture
from boundary z = L.

by Figure 2.8 where influx of solvent species at z = 0 is followed by a reaction
such that the mass of individual SRD particles at inflow is not equal to the mass
of individual SRD particles at outflow (z = L). If we wish to create a model sys-
tem such that the total mass and momentum outflux of outgoing SRD particles
should be equal to the total mass and momentum influx of incoming SRD parti-
cles, we need to ensure that proper boundary conditions are met. Such kinds of
systems are highly desirable when analysis has to be performed at mechanical
equilibrium.

We now observe the rules that allow for (a) replacing n SRD particles with
1 single SRD particle and (b) replacing 1 SRD particle with n individual SRD
particles under the scheme defined above.

2.6.1 Adding particles

We explore the mass and momentum conservation rules for the case where
addition of n > 1 particles of different mass and velocity leads to the formation
of a single new particle.

By mass conservation,

m′ =
n∑

i=1
mi (2.52)

where mi is the mass of initial particles and m′ is the mass of the new particle.
Let the velocity of individual particles be vi +d vi where vi is the average

velocity of all n initial particles and d vi is the deviation of the velocity of particle
i from vi .

To generate v ′+d v ′ as the velocity of a new particle, we perform momentum
conservation, m′v ′ = ∑n

i=1 mi vi which gives the first moment of velocity of the
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new particle as

v ′ =
∑n

i=1 mi vi∑n
i=1 mi

(2.53)

Since the temperature of the ensemble of SRD particles is stored in the ve-
locity fluctuations of each particle, we need to generate the second moment of
the velocity of a new particle such that the total energy of the system is pre-
served (when averaged over multiple instances of this process). The expected
fluctuating energy of all initial particles is :

Ei ni t i al =
1

2
〈

n∑
i=1

mi d v2
i 〉 =

n

2
kB T (2.54)

We equate this to the expected fluctuating energy of the final particle,E f i nal .

E f i nal =
1

2
〈m′d v ′2〉 = n

2
kB T (2.55a)

〈d v ′2〉 = nkB T

m′ (2.55b)

The above equation implies that the new particle formed should be given a
random velocity fluctuation from a normal distribution with standard deviation√

kB T

m′/n
to conserve the total fluctuating kinetic energy of the system. Note that

m/′n is just the average mass of the initial particles.

2.6.2 Splitting particles

Splitting a single particle, with mass m′, velocity v ′ and velocity fluctuation d v ′,
requires the same approach as above: conservation of mass, and ensemble aver-
aged conservation of momentum and fluctuating kinetic energy. Note that it is
important to identify what part of the velocity of the original single particle can
be identified as the average v ′; this can be accomplished e.g. by evaluating the
cell-averaged velocity of all particles in the cell in which the particle is located
(or another suitable local average over a sufficiently large number of particles).
If n > 1 new particles are created with mass mi , by mass conservation,

m′ =
n∑

i=1
mi (2.56)
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If the velocity of i th particle is vi +d vi , where vi is the mean velocity and
d vi is the velocity fluctuation, by momentum conservation,

m′v ′ =
n∑

i=1
mi vi (2.57)

From Eq.(2.56), vi = v ′ is a possible solution of Eq.(2.57). The expected fluc-
tuation energy of the initial particle Ei ni t i al is kB T /2. The expected fluctuating
kinetic energy of the final particles E f i nal must therefore be

E f i nal =
1

2
〈

n∑
i=1

mi d v2
i 〉 =

1

2
kB T (2.58)

A solution to the above equation is 〈d v2
i 〉 = kB T /m′. Therefore, we can gen-

erate a velocity fluctuation for all the new particles from a normal distribution
of standard deviation

√
kB T /m′. The implication of this is that new particles

formed are at a lower temperature than the initial particle by a fraction mi /m.
However also note that the product nkB T is actually conserved, meaning that
the local pressure is not changed by this operation. Changing the number of
particles in a system with an ideal gas equation of state inevitably leads to pres-
sure effects. We found that initially keeping the pressure constant and then
letting the thermostat take care of slowly adjusting the temperature (and there-
fore slowly increasing the pressure) led to milder effects in the transition region
than direct enforcement of the correct temperature.

2.6.3 Particle positions

In case of adding particles, only particles in the vicinity of half a cubic cell
length a0/2 are combined together since a velocity gradient present along any
direction might lead to particles adding from regions of very different velocities.
Following this, the coordinates of the new particle should be the coordinates of
the center of mass of all the other particles.

m′r′ =
n∑

i=1
mi ri (2.59)

When splitting particles, since the velocity of new particles is the same as the
initial particle, new particles can be positioned at the same location as the initial
particle. This creates a region with high number density and low individual
temperature of the formed particles momentarily until they distribute their mass
in the bulk and attain the same temperature as the bulk.
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2.6.4 Maxwell-Stefan diffusion: Unequal consumption and
generation over catalyst

Chemical reactions might involve change in pressure at the reaction site as com-
pared to the bulk if the total moles of gaseous product species is different from
the total moles of reactant product species. A pressure difference towards or
away from the catalyst will affect the diffusivity in the whole region.

Consider a reaction A → nB occuring at a catalytic strip in the simulation
box of Figure 2.5. The reaction leads to a change in the number of particles and
mass per particle, leading to change in diffusivity of product particles, Eq. (2.6).
At z = 0 and z = Lz product particles B are removed following the conservation
principles defined in the previous sections. At x = 0 and x = Lx , particles are re-
entered into the system from the other end without any change in their physical
property. There is no convection, only diffusion leading to transient velocity
gradients that disappear at steady state. The net force on a particle of reactant
or product species i can be written as [94]

RT di =∇Tµi −Fi (2.60)

where ∇Tµi is the gradient in chemical potential at constant temperature (all
reactions in SRD are done under isothermal conditions) and Fi is the external
force on the system. For the present case, the external force is a transient force
that originates because of change in number of moles during a reaction. This
leads to a pressure gradient in the system. At steady state, the external force
becomes zero but the reaction is now supported by the pressure gradient in the
system. It has been shown that under forces leading to pressure gradients in the
system, the force equation can be rewritten as [94]

di = Γ∇χi + (χi −ωi )
∇P

P
− 1

P

(
γi Fi −ωi

n∑
j=1

γ j F j

)
(2.61)

where χi , ωi , γi are the number fraction, mass fraction and number density of
species i and ∇P is the pressure gradient in the system. At steady state, the
force per particle di, in a system with n different species, can be equated to the
diffusive flux according to the relation:

γt d =−[B ]J (2.62)

where γt is the total number density of particles of all species, d is the column
matrix containing di, J is the column matrix containing diffusive fluxes Ji , and



2.6 Revisiting boundary conditions and mutual diffusivity 41

B is the matrix with coefficients given by

Bi i = χi

D1n
+

n∑
k=1
i 6=k

χk

Di k
(2.63a)

Bi j =−χi

( 1

Di j
− 1

Di n

)
(2.63b)

where Di j is the Maxwell-Stefan diffusion coefficient for species i and j or the
inverse drag-coefficient experienced by species i under influence of species j .
For a binary mixture, Eq. (2.62) can be written as

J1 =−γt D12d1 (2.64)

For the model reaction system involving two components, at steady state, Fi = 0,
Eq. (2.61) can be used in Eq. (2.64) to get

J1 =−γt D12

(
Γ∇χ1 + (χ1 −ω1)

∇P

P

)
(2.65)

The diffusive flux (J) of reactant and product species can also be calculated
at steady state of the simulation by looking at the rate of disappearance of
reactant species or rate of generation of product species per square meter of the
catalytic strip per unit time step which is a constant determined by the reaction
rate parameters and model initialization. This can in turn be used to estimate
the change in effective diffusivity of the system because of the presence of any
reaction.

When the difference in moles of product and reactant species due to reaction
is small, a pressure gradient is not present and Eq. (2.65) can be written as
(similar to Eq. (2.14))

J1 =−γt D12Γ∇χ1 (2.66)

We will end the discussion on building a multicomponent reactive model
using SRD here. In the next chapter, we will consider a few examples of non-
reactive and reactive flows using this model.





Chapter 3
Multicomponent reactor
modeling - Examples

Having described the methodologies required to model a multicomponent re-
actor system in Chapter 2, we will now simulate a few examples using our
modelling approach. In Section 3.1, we briefly discuss modeling fixed spherical
particles present in a simulation box with open boundaries. A dimensional anal-
ysis is provided in Sections 3.1.3. Next, we perform a few validation cases in
Section 3.2 and Section 3.3. These examples will start with classical transport
phenomena problems like axial dispersion in a slit, flow across a sphere and
pressure drop in a packed bed column, Section 3.2. Then in Section 3.3, we in-
troduce a first order reaction of a reactant specices over (a) an isolated sphere in
a reactive bath and (b) an arrangement of spheres in a packed-bed column. We
finally introduce nonlinearity in the reactor, Section 3.4, by (a) making the re-
action rate expression nonlinear, and (b) changing the self-diffusivities of prod-
uct and reactant species. The nonlinearities can be accounted for in modified
Damköhler numbers. We end with the conclusions and report the scalability of
our method for more complex reaction mechanisms.

3.1 Spherical geometry

To model flow or reactions over a curved geometry like a sphere, the lattice cells
in an SRD fluid near boundary walls should be adapted and the catalytic surface



44 Multicomponent reactor modeling - Examples

needs to be modified.

3.1.1 Boundary cells near walls

The system will have periodic boundaries, with no-slip boundary surfaces of the
spheres. As mentioned in Section 2.2.2, a grid-shift procedure helps achieve
Galilean-invariance in the fluid where the collision lattice is shifted in space
before collision by a random displacement between 0 and a0 in each Cartesian
direction. Due to this displacement, all lattice cells inside the sphere which are
at a distance

p
3a0 from the surface need to be checked for ghost-cell boundary

conditions (since lattice cells can move a maximum of (0, a0) in each direction,
the maximum amplitude of shift can be

p
3a0).

3.1.2 Catalytic sphere

When the complete surface of a sphere is reactive, the pressure over the sphere
(because of participating reactive species) can be different at different positions.
A single averaged catalytic surface will then give wrong predictions. To tackle
this, the surface of the sphere can be divided into β surfaces. Assuming a flow in
z direction, there is azimuthal symmetry (at sufficiently low particle Reynolds
numbers) in the system along the z axis in case of a single sphere (for multiple
spheres, we will assume there is an approximate azimuthal symmetry). Hence,
the sphere surface can best be divided into β strips with equal areas such that
βAβ = 4πR2 where Aβ is the area of a single divided strip and R is the radius of
the sphere. An equal surface area of each strip is achieved by slicing the sphere
into β equal parts along the axis that lies parallel to the direction of flow.

3.1.3 Dimensionless Analysis

In a reactor, the three main processes namely convection, reaction and diffusion
often occur at different time scales. It is convenient in such temporal multiscale
systems to measure the variables of a process X occurring at a time scale with
respect to the variables of another process Y at a different time scale. We, thus,
define characteristic dimensions, at a characteristic time scale, to analyze any
variable of any process at any time scale. The three dimensions chosen are the
the following ones:
R: Radius of a single sphere R over which flow will pass or a length scale defined
otherwise,
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D A: self-diffusion coefficient of main (solvent) species A,
ηA: viscosity of the main (solvent) species A.
Some physical quantities (that will be used in this chapter) and their dimensions
are shown in Table 3.1. For any physical quantity X, we will represent the
corresponding dimensionless quantity as Xo.

Physical Quantities Dimensions

Length R (or H)

Diffusion D A

Viscosity ηA

Time
R2

D A

Mass
ηAR3

D A

Energy ηARD A

Velocity
D A

R

Number Density R−3

Pressure
ηAD A

R2

Mass Density
ηA

D A

Table 3.1: Physical quantities with their dimensions.

3.2 Cold flow studies

All of the modelling examples are performed in either of the following two
simulation boxes.

The first one is the geometry with walls along y = 0 and y = H , as defined in
Figure 3.1 (same as Figure 2.5, shown here again for ease). The box dimensions
in x and z direction are W and L, respectively. In this geometry, the unit of
length used to non-dimensionalize our system will be H , the distance between
walls.
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Figure 3.1: Representation of simulation box with walls along y-direction. The catalytic
surface will be placed in the z-center of the simulation box.

Figure 3.2: Representation of simulation box with open-boundaries and sphere present
inside the system. The spherical surface will act as a catalyst.
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For the second geometry, we will have a 3D box (Lx ,Ly ,Ly ) with periodic
boundaries in all 3 directions, as seen in Figure 3.2. In this geometry, we will
consider flow or reaction across a single sphere or a collection of spheres. The
unit of length will be the radius R of a single sphere.

3.2.1 Axial Dispersion

We first validate the model for a convection-diffusion system. Gill and Sankara-
subramanian [33], and Kolev et al. [48] have given an exact solution for the
parallel plate laminar flow problem for binary systems.

For a fully developed laminar profile, with flow occurring in the z direction,
the spatial and temporal distribution of concentration of any component (in a
binary mixture) will obey the following partial differential equation:

∂γi ,0

∂t
+ui

0
4

H 2 [y(H − y)]−D AB∇2γi = 0 (3.1)

The above equation has been written for the configuration as shown in Fig-
ure 3.1 without the catalytic strip. D AB is the Maxwell-Stefan diffusion coef-
ficient for mutual diffusion in a binary mixture. When the diffusivity of both
species is the same, D AB = D A = DB , or the mutual diffusivity equals diffusivity
of either of the components [50]. γi ,0 represents the number density of particles
of type i. ui

0 is the maximum velocity of particles A or B in the center of the slit.
A solution to Eq.(3.1) is provided in [48].

In the SRD model, initially the system is full of solvent particles A until
laminar flow is achieved. This time is set as t=0. Following this, B particles,
having the same mass as A, are introduced at t = 0 inside a narrow region from
z=0 to z = αL, where α = 0.05. This is done by randomly replacing solvent
particles A in this narrow region by B particles within a single time step until
a number density γB ,0 is achieved for the B particles. For times t > 0, the B
particles in this tracer volume will disperse inside the system due to convection
and diffusion. The temporal and spatial concentration of this tracer volume has
been studied in [48]. A sensor region is defined in the center of the domain that
records the time-dependent number density of B .

To ensure a particle is not doubly counted in the sensor region after it
has travelled more than one system length (since the system is periodic in z-
direction), an artificial coordinate zi ,a stores the unfolded z-coordinates of B
particles such that when a particle crosses a periodic boundary, this coordinate
is updated as if it encounters no periodic boundary.
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Figure 3.3: Test of axial dispersion of B particles in a solvent of A particles under flow
conditions. Here the time dependence of number density of B in the sensor
region for Pe = 1 is shown. Inverted triangles represent simulation data,
solid line is the analytical solutions of Eq.(3.1).

Figure 3.4: Time dependence of number density of B in the sensor region for Pe = 10.
Inverted triangles represent simulation data, solid line is the analytical solu-
tions of Eq.(3.1).
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We now look at the temporal number density profile of B particles measured
in the tracer region for two cases with different Peclet number. The Peclet num-
ber is defined as Pe = Lu/2DB = Lu/2D A = Louo/2. Here L/2 is the length along
the z-axis from z = 0 until the position of sensor, u is the average z-velocity of
particles B, i.e. 2uB

0 /3. (Note the dimensionless unit expressions as well).
In Figures 3.3 and 3.4, the temporal concentration profile of particles has

been plotted for the aforementioned cases. Note that the length scale chosen is
H , the height of the 3D planar system along the y-direction. There is a time lag
observed before any concentration is recorded. This dead zone is the time taken
for the fastest particles to reach the tracer region. The peak observed represents
the most probable time taken by particles to reach the sensor from the start of
the system, tmp = L/3u which is the time required by any particle with velocity
equal to the average velocity u = 2uB

0 /3 to cover the distance L/2. The simulation
results (inverted triangles) are compared with the analytical formula mentioned
in Kolev et al. [49] (lines).

A higher fraction of SRD particles were recorded, as compared to the solu-
tion, at the peak of the curve. This is a numerical effect which can be present
because of insufficient number SRD cells along the y-direction. Other than that,
we find a good agreement between the simulation model predictions and the
analytical formula, indicating that convection and diffusion are correctly mod-
elled.

3.2.2 Flow across a sphere

SRD has previously [2, 52] been used to model flow past a circular and square
2D cylinder and 3D spheres. Here we will verify our implementation, by com-
paring the predicted flow field around a 3D sphere with previously established
results [2,52].

The model system consists of a sphere of radius R present in a box of di-
mensions Lx ,Ly ,Lz (Figure 3.2) with the sphere center at Lx /2, Ly /2, Lz /4. The
boundaries of the simulation box are periodic and the surface of the sphere
has no-slip boundary conditions. To ensure that the periodic boundaries do
not affect the hydrodynamics of the system, we choose Lz > Lx ,Ly ≥ 10R (z be-
ing the direction of flow). An SRD fluid A is present inside the box at t = 0.
For all t > 0, a constant body force is applied on the fluid, leading to a flow
along the z direction. When mechanical equilibrium is established, the veloc-
ity profile of the fluid along the z-direction can be studied. For small values
of Re = ρA vmax (2R)/ηA (in dimensionless units Re = 2ρo

A vo
max), the streamlines

basically follow the shape of the sphere without the presence of recirculation
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zones. As Re increases, a recirculation zone is formed behind the sphere [12]
followed by vortex shedding [93] for Re > 200.

▼
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Experiments

Allahyarov and Gompper, 2002

▼ Present Work

20 40 60 80 100
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Figure 3.5: The length of wake behind the sphere as a function of Re.

The size of the wake region is defined as the length of the region with a
negative time-averaged velocity behind the sphere. In Figure 3.5, we compare
the results obtained from our SRD model with those of Allahyarov and Gomp-
per [2] and the experimental data from Taneda [93]. Between 20 < Re < 100,
the graph shows a monotonous increase in the wake length which is in good
agreement with established results.

3.2.3 Pressure drop in a packed column

The wake formation behind a sphere depicts a phenomenon where coupled
convection and viscosity effects cause disturbance in the flow of fluid behind a
sphere. The fluid faces resistance in its path leading to a pressure difference
at difference faces of the sphere along the direction of fluid flow. In a packed-
bed arrangement of spheres, this pressure difference adds up and for laminar
flows at relative low Re, the pressure drop per unit length of the reactor can be
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correlated by the Kozeny-Carman relation, valid for Re<10 [8],

∆P

Lz
= 150

ηAus

(2R)2

(1−ε)2

ε3 (3.2)

where us is the superficial velocity of fluid in the reactor and ε is the poros-
ity. The above equation can be non-dimensionalized according to Table 3.1 as
follows:

f = ∆P

Lz

R3

ηAD A
= 75

us R

2D A

(1−ε)2

ε3 = 75Re

4ρo
A

(1−ε)2

ε3 (3.3)

where ρo
A is the dimensionless mass density whereas Re can also be written as

Re = 2ρo
Auo

s (3.4)

To model this pressure drop, we consider an open-boundary 3D box (Lx ,Ly ,Lz)
with Ns randomly placed spheres. A periodic boundary system ensures no wall-
effects are included. Spheres lying close to the boundaries are wrapped around
to contribute to the packed column, see Figure 3.10. The SRD fluid is placed
around the spheres at t = 0. The SRD particles are then given an acceleration g
along the +z-axis. The mean free path of SRD particles should remain compa-
rable or smaller than the smallest distance between spheres inside the packed
column. This will ensure that the continuum approximation (Knudsen number
¿ 1) will still be valid in these simulations.

At mechanical equilibrium, the hydraulic pressure drop per unit length will
be equal to the net force density on all SRD particles inside the packed column
is ∆P/L = ρA g .

We can thus study the response of an independent acceleration g on the
dependent variable us , according to f = ρo

A g o , where f is given by Eq.(3.3)
Figure 3.6 plots the dimensionless pressure drop f as a function of Re and

compares the results from the simulations for different bed porosities ε. Dashed
lines represent the dimensionless Kozeny-Carman relation and the inverted tri-
angles are the points obtained from SRD results. The match is quite good which
shows that the fluid hydrodynamics at low gas porosities can be efficiently mod-
eled by our current approach.

3.3 Reactive studies

In Section 2.5.4, we analysed Langmuir-Hinshelwood kinetics for a A → B re-
action and estimated the Damköhler numbers when any single participating
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Figure 3.6: Dimensionless pressure drop as a function of particle Reynolds number,
Re, for ε = 0.4,0.5,0.6. For each curve, g o is varied to obtain a uo

s which
determines Re. Simulation parameters in terms of SRD units, Table 2.1:
γA = 20a−3

0 , ∆tc = 0.1t0, mA = 1.0m0, Ns = 150, Lz = 300a0, Lx = Ly = 50a0.

process in the reaction cycle (adsorption, desorption or site reaction) was rate
determining. It was established that a linear assumption of reaction is only valid
when the adsorption of reactant species A on the catalytic surface will be the
rate determining step.

The following validation cases demonstrate the applicability of an SRD based
fluid in a system with convection, diffusion and a linear (adsorption rate lim-
ited) reaction occurring at different time scales.

3.3.1 Irreversible reaction on a sphere

We first consider an example of a sphere placed in an infinite bath of reacting
solvent A such that a linear reaction occurs at the surface of a sphere [58]. The
competing processes are the reaction of A at the surface which leads to a local
concentration gradient, causing an incoming diffusion flux of A. Diffusion and
reaction compete in this unsteady state process.

To simulate this process, a sphere of radius R is placed in the center of the
simulation box, Figure 3.2. In this example, the surface of the sphere is one
single reactive "strip" since absence of convection ensures the system is isotropic.
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The reaction at the surface of the sphere gives rise to a concentration gra-
dient leading to a diffusive flux of the reactant towards the catalyst, further
fueling the reaction. The surface reactive boundary condition [13] is

D AB
∂γA(r, t )

∂r

∣∣∣
r=R

= k A
ad sγA(t ) (3.5)

D AB is the time varying mutual diffusivity of A and B near the catalytic
surface since the process is at an unsteady state. If the catalytic strip achieves a
steady state almost instantaneously, no concentration depletion region is formed
near the sphere and the total number density of particles over the sphere always
remains a constant. In this simple example, since particles A and B are only
distinguishable by a tag, D AB = D A.

Lu et al. [58] have presented an analytical solution for the number density
γA(r, t ) of reactant species A in the region surrounding the sphere.

γA(r o , t o)

γA(1,0)
= 1− Da

r o
(
1+Da

) [
erfc

( x

2
p
τ

)
−eτ+x erfc

(2τ+x

2
p
τ

)]
(3.6a)

τ= (1+Da)2t o , x = (1+Da)
(
r o −1

)
(3.6b)

where γA(1,0) is the constant number density of A in the region outside the
sphere, r > R, at t = 0. The Damköhler number Da is equal to the dimensionless
rate constant k A,o

ad s .
For x = 0,r o = 1, close to the surface of the sphere, Eq. (3.6) becomes

γA(1, t o)

γA(1,0)
= 1− Da(

1+Da
) [

1−eτ erfc(
p
τ)

]
(3.7)

At steady state, limτ→∞,

γA(1, t o)

γA(1,0)
= 1

1+Da
(3.8)

For a reaction limited case, Da << 1, the local concentration over the surface
of the sphere stays almost constant with time and for a diffusion limited case,
Da >> 1, the diffusive flux of reactants is not able to compensate for the fast
reaction and the concentration decreases quickly near the catalytic surface, see
Figure 3.7. For fast-reactions, the dimensionless half-life of the reactant con-
centration near the catalytic surface occurs approximately over the time scale
t o = 1/(1+Da)2 ≈ 1/Da2 where t o = 1 represents time scale for diffusion over a
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Figure 3.7: Change in local concentration of reactant A at r o = 1 with time t o for 3
Damköhler numbers, Da = 0.1,1,10. Da = k A,o

ad s for a linear assumption of
reaction. Theory Eq. (3.7) versus SRD predictions.
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Figure 3.8: Logarithm of half-life time of reactant concentration as a function of loga-
rithm of the Damköhler number.
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length scale of sphere radius. The logarithm of the dimensionless half-life time
is plotted against the logarithm of Damköhler number, Figure 3.8.

Figure 3.9 shows the concentration of A as a function of distance r o away
from the sphere after a diffusive time scale, t o = 1 for different Damköhler num-
bers.
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Figure 3.9: Change in concentration of reactant A with distance r o at t o = 1. Theory, Eq.
(3.6), versus SRD results.

It becomes a computational challenge to tackle a simple reaction-diffusion
case when Da << 1 or Da >> 1. As has been observed in this example, SRD is
quite accurate in resolving the two processes even when they occur at complete
different time scales. The next step is to introduce a third time scale into our
problem, the convective time scale.

3.3.2 Dispersion with reaction in a packed bed

Up to this point, we have validated the model for at most two competing pro-
cesses (reaction - diffusion, convection - diffusion) at the same time. Now, we
introduce a linear (adsorption rate limited) reaction, as described in Sec 3.3.1,
over the surfaces of all spheres in the packed bed, as defined in Sec 3.2.3, and
study conversion across the reactor length as a function of the interplay between
convection, diffusion and reaction.
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The system, see Figure 3.10, has periodic boundaries at x = 0, x = Lx , y =
0, y = Ly , z = 0, z = Lz . The direction of flow is the z-direction. To neglect
transverse dispersion effects, we will always ensure that Lz /Lx > 10, Lz /Ly > 10
[20,47]. For gas-like fluids, the longitudinal dispersion DL depends on the bulk
diffusivity of the fluid components, the average fluid velocity and the sphere
diameter [3,20,35]:

DL

D A
= 1

τ′
+ 1

12

u(2R)

D A
(3.9)

where τ is the tortuosity of the packed bed column and u is the average fluid
velocity in the longitudinal direction. For a packed bed of spheres, we can set
τ=p

2 [53]. Non-dimensionalizing Eq. (3.9) with the help of Table 3.1, we find

Do
L = 1

τ′
+ uo

6
(3.10)

We will consider a three-component system, containing a majority inert sol-
vent species S, a reactive species A which can adsorb over the surface of the
catalytic spheres and undergo a reaction, to produce product species B . For a
linear adsorption rate-limited reaction, the reaction rate constant will be k A

ad s .
A, B and S only differ by a tag, therefore we can make the simplifying assump-
tion of constant diffusivity/dispersion across the axial direction as long as Re is
not too high(< 200).

The reactor is filled with solvent particles S at the start of the simulation at
t = 0. We maintain a constant body force on the fluid for all t > 0 and let the
system attain mechanical equilibrium, similar to Sec 3.2.3. This initial run time
of the setup is time tst ar t .

For all t > tst ar t , the following two processes occur. Firstly, as solvent S starts
to move out of the system at z = Lz , it is made to re-enter from the boundary
at z = 0 as species A. For more information about mass and momentum conser-
vation when carrying out this step for different mass particles, see Section 2.6.
As species A starts to fill the reactor, the reaction over the sphere starts with
rate k A

ad s producing species B . As has been discussed in the previous section,
for a linear assumption of reaction, B once formed will not desorb back on any
catalytic sphere and eventually exits the system at z = Lz . For every particle B
leaving the system, a particle A re-enters the system from z = 0. As the reaction
progresses, the system will develop a distribution of S, A, B along the reactor
length. Any species that diffuses back and leaves the system at z = 0 will be
reintroduced from the boundary at z = Lz as the same species. However, such
an implementation will also result in B formed at the start of the reactor to
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Figure 3.10: (a) 2D schematic of the 3D model reactor. The reactor has periodic bound-
aries in 3 directions. A body force is applied to the fluid to induce a flow in
+z direction. Periodic images of the spheres overlapping with the periodic
boundaries are indicated in color. (b) Schematic of reaction mechanism
over the catalytic sphere. Each sphere has Ncat catalytic strips along the
direction of flow. ki

r are the reaction rates of adsorbed species i . (c) Inside
a volume element of length ∆z, the consumption rate of reactants is a sum
of individual reactions occurring inside the volume.
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re-enter the reactor from z = Lz after diffusing backwards, affecting the output
concentration of reactants or products.

To remove this effect, we define inert inlet and outlet regions of length L
near the boundaries in the z-direction whose dimension should be at least the
minimum of Ly ,Lx [21]. Species A will only react between z = L and z = Lz −
L. This inlet region gives the product species B , formed just near the inlet
region, some space to diffuse back (without leaving the system) and eventually
be convected away by the flow in +z direction.

The simplifications involved in resolving the system into three primary time
scales are the following. Firstly, the catalyst should equilibrate almost instanta-
neously, as compared to convective and reactive time scales, to avoid depletion
region formation near the catalyst and also to ensure the reaction remains lin-
ear [86]. Secondly, the time taken for particles to disperse across one box-length
in the transverse direction (x, y) should be comparable or more than the time
taken for particles to convect across the reactor length in the flow direction.

The variation of the number density of reactant species A along the z direc-
tion can now be written as

DL
d 2γA

d z2 −u
dγA

d z
+ r A = 0 (3.11)

where u is the average steady state z-velocity of solvent particles S at t = tst ar t

(under our assumptions, the system distribution of velocities of particles across
the reactor for t < tst ar t and t > tst ar t will be the same) and r A is the rate of
consumption of A per unit volume per unit time, r A = −kγA. Note that the
previously mentioned k A

ad s differs from the current k. We can derive its value as
follows.

Consider a cross-sectional volume element of length ∆z along z direction
and Lx ,Ly along x and y direction respectively. For a sufficiently high number
of spheres in the model reactor, the total number of catalytic spheres in this
volume element will be equal to N∆z = Ns∆z/Lz . If the adsorption flux of A on
a single sphere is k A

ad sγA(t )Acat , the adsorption flux of A in the volume element
will be k A

ad sγA(t )Acat Ns∆z/Lz . The volumetric adsorption flux kγA(t ) will be

k γA(t ) = k A
ad s Acat Ns

Lx Ly Lz
γA(t ) (3.12)

Lx Ly Lz is the volume of the model reactor, Acat = 4πR2 and Ns , the total
number of catalytic spheres, can be related to the total reactor volume as

4

3
NsπR3 = (1−ε)Lx Ly Lz (3.13)
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Using Eq. (3.12) and (3.13), we can write the volumetric reaction rate constant
as

k = 3

4

k A
ad s (1−ε)

R
(3.14)

and the dimensionless volumetric reaction rate constant is

ko = 3

4
k A,o

ad s (1−ε) (3.15)

An analytical solution for Eq. (3.11) has been presented in [55]. The re-
actant concentration Ψ(z) = γA(z)/γA,0 across the length of the reactor λ= z/Lz

is

Ψ= (1+q)exp
( q

2 PeL(1−λ)
)− (1−q)exp

(− q
2 PeL(1−λ)

)
(1+q)2 exp( q

2 PeL)− (1−q)2 exp(− q
2 PeL)

(3.16)

where q =p
1+4DaL/PeL. PeL = uoLo

z /Do
L is the dimensionless Peclet num-

ber relating the convection and dispersion time scales along the longitudinal
length in the reactor. DaL = koLo

z /uo is the Damköhler number relating the re-
action and convection time scales along the longitudinal direction over a length
L. Note the difference with the Damköhler number defined in Section 3.3.1
which related the reaction and diffusion time scales over a single sphere radius.

Figures 3.11 and 3.12 plot the variation of reactant concentration along
the reactor length for DaL = 1.0 and DaL = 10.0 respectively. For the present
simulation framework, the reaction occurs between z = L and z = Lz −L, so the
effective reactor length should be L′

z = Lz −2L.
All the simulations in Figures 3.11 and 3.12 have the following fixed dimen-

sionless parameters (refer to Section 3.1.3 and Table 3.1): γo
A = 3000, ∆t o

c = 0.07,
mo

A = 0.00045, Ns = 1000, Lo
x = Lo

y = 10, Lo
z = 100, ε = 0.5. The base units are

R = 4.47a0, ηA = 15.27m0/(t0a0), D A = 2.07a2
0/t0

For an SRD fluid, the corresponding Schmidt number, Sc under the given
γo

A ,∆t o
c ,mo

A is 0.2 representing a gas-like fluid behavior (H2,g ). All simulations
predict Reynolds number Re < 100. Table 3.2 highlights the variables parameters
used to obtain the different DaL and PeL.

For DaL < 1, the reaction time scales are longer than the convective time
scales, which makes the situation uninteresting to present here (but is generally
observed in many real chemical reactors). When DaL ≥ 1, the boundary layer
length around the catalytic spheres will determine the concentration of A. When
PeL > DaL, diffusion is the slowest process. Convection resists reaction at the
start of the reactor but due to the small boundary layers of reactant around the
spheres, reaction is supported along the length of the reactor. When PeL << 1,
convection becomes slower than diffusion and the reactor behaves like a CSTR.
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Figure 3.11: Variation of reactant concentration, Ψ(z) = γA(z)/γA,0, along the length of
the reactor, λ= z/L′

z . Dashed line is the analytical solution from Eq.(3.16),
and inverted triangles are the solution points from SRD simulations. Note
that the DaL and PeL values obtained are approximate because the input
parameters have to be tuned to generate output variables (DaL ,PeL) that
are related to each other by a common variable uo . Case shown with DaL =
1. For simulation parameters, see Table 3.2.
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Figure 3.12: Variation of reactant concentration, Ψ(z) = γA(z)/γA,0, along the length of
the reactor, λ= z/L′

z for DaL = 10. For simulation parameters, see Table 3.2.
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Dimensionless
numbers

Parameter set

DaL = 1, PeL = 0.1,
Re = 0.087

g o = 0.05, p A
ad s = 0.002,

L′o
z = 10

DaL = 1, PeL = 1,
Re = 0.43

g o = 0.27, p A
ad s = 0.004,

L′o
z = 20

DaL = 1, PeL = 10,
Re = 3.2

g o = 2.0, p A
ad s = 0.02,

L′o
z = 30

DaL = 10, PeL = 1,
Re = 0.87

g o = 0.55, p A
ad s = 0.15,

L′o
z = 10

DaL = 10, PeL = 10,
Re = 4.9

g o = 3.1, p A
ad s = 0.45,

L′o
z = 20

DaL = 10, PeL = 100,
Re = 21

g o = 13.8, p A
ad s = 0.5,

L′o
z = 75

Table 3.2: Variable parameter set used to predict the different dimensionless number
sets. All units have been non-dimensionalized according to Table 3.1

3.4 Nonlinear reactor models

In the previous sections, we have validated the SRD model for first order reac-
tion system when the mass diffusivity of the reactants equals the mass diffusivity
of the products. In this section, we will consider a model reactor as described
in Section 3.3.2 and present two situations where (a) the reaction order is non-
linear, and (b) product diffusivity is different from reactant diffusivity.

3.4.1 Reaction on a catalytic strip

In this case, reactions occur at the center of the system on a catalytic strip, as
shown in Figure 3.1. We will use a Langmuir Hinshelwood type of reaction
again for conversion of A to B . The product particles B , formed on the strip,
diffuse out into the bulk of the system after desorption. At z = 0 and z = L,
particles B are removed from the system. For every removal of B , a correspond-
ing A has to be reintroduced from the opposite boundary (while maintaining
mass, momentum and energy principles if mA 6= mB ). This boundary condition
can be imagined as analogous to the boundary condition established when con-
sidering two different bodies at different temperature under thermal diffusion
limitations.
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Figure 3.13: Dimensionless number density of product B (γB H2/D A) plotted along the
z and y direction of the model reactor for small wall-to-wall distance, H =
4a0, at steady state. γA,0 = 100a−3

0 , ∆tc = 1.0t0 p A
ad s = 1.0, p A

des = 0.02, p A
r =

0.9, pB
des = 0.7, pB

ad s = 0.01.

Figure 3.14: Dimensionless number density of product B (γB H2/D A) plotted along the
z and y direction of the model reactor for large wall-to-wall distance, H =
40a0, at steady state. γA,0 = 100a−3

0 , ∆tc = 1.0t0 p A
ad s = 1.0, p A

des = 0.02,
p A

r = 0.9, pB
des = 0.7, pB

ad s = 0.01.
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Figure 3.15: Depletion in local concentration of A, at steady state, across the reactor
length where catalytic strip is present at the center of the system. Da is
varied by changing the probability of adsorption of A. The parameter set
used is γA,0 = 10a−3

0 , ∆tc = 1.0t0, p A
des = 0.1, p A

r = 0.7, pB
des = 0.7, H = 4,

W o =W /H = 0.5, Lo = L/H = 5, Lo
cat = Lcat /H = 0.5, Ncat = 1000

A concentration profile for both reactants and products is formed along the z
direction with the product B concentration going to 0 at the ends of the system.

Here we will consider a pseudo one-dimensional case where we examine
the concentration gradient along a single direction while there is effectively
no gradient present in the other two directions. To achieve this, we place an
identical catalyst along the wall at y = H sharing the same x and z coordinates.

Once product B is desorbed back into the system, it starts diffusing from the
strip in all 3 directions. Because the catalytic strip covers the entire width W in
the x-direction there will be no concentration gradient along this direction. If
the wall-to-wall distance H is sufficiently small, gradients in the y-direction will
also be small. Figures 3.13 and 3.14 show that the distance H between the two
strips, is relevant for replicating a pseudo 1D model.

We first consider a reaction situation when adsorption of A is slow enough
that the Langmuir Hinshelwood model can be approximated to a first order
Langmuir model (slow adsorption of A but fast surface reaction of A∗ and des-
orption of B∗). For such a situation, Figure 3.15 shows the number density
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Figure 3.16: At steady state, the production rate of B and adsorption rate of A with
increase in p A

ad s . The parameter set used is γA,0 = 10a−3
0 , ∆tc = 1.0t0, p A

des =
0.1, p A

r = 0.7, pB
des = 0.7, H = 4a0, W o = W /H = 0.5, Lo = L/H = 5, Lo

cat =
Lcat /H = 0.5, Ncat = 1000

profile across the length of the reactor in z-direction. For increasing Da1, the
dip in γA,l /γA,0 deepens representing an increasing conversion of A to B at the
catalytic surface. Da is increased by increasing the probability of adsorption of
A. Simulation parameters are mentioned in the captions of the figures.

In Figure 3.16, the rate of adsorption of A and generation of B is plotted for
different probabilities of adsorption of A. When adsorption of A is the slowest
process, increase in p A

ad s corresponds to a linear increase in rate of formation
of B and Da = k A

ad sθvacδ/D AW H , see Section 2.5.4. When the adsorption rate
of A becomes fast enough, the reaction is no longer linear in k A

ad s . Now θvac =
f (k A

ad sγA,l ,k A
des ,k A

r ,kB
des ). As such, the Damköhler analysis has to be modified

to accommodate for an accurate representation of flux of B generated. As p A
ad s

increases, ko goes to values from 0.2 to 0.6. At high probability of adsorption,
the time scale over which A diffuses over a length scale H becomes comparable
to the time scale over which B is produced.

A similar analysis has been done for the case when the surface reaction rate

1Da is defined as the Damköhler number under reaction conditions when adsorption of A on the
catalytic surface is the rate-determining step, Section 2.5.4
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Figure 3.17: The depletion in local concentration of A, at steady state, across the reactor
length. Dar is varied by changing p A

r . The parameter set used is the same
as in Fig.3.15 except p A

ad s = 1.0, Ncat = 100, γA,0 = 100a−3
0 . p A

r is varied
from 0.1-0.9.

Figure 3.18: At steady state, the production rate of B is observed as p A
r increases. The

parameter set used is the same as in Figure 3.15 except p A
on = 1.0, Ncat =

100, γA,0 = 100a−3
0 . p A

r is varied from 0.1-0.9.
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Figure 3.19: Product concentration profile across the length of the reactor for different
simulation times, t f . The dimensionless time, t o

f = t f D A/H2

becomes rate determining. Figure 3.17 shows the variation of local number
density of A across the length of the reactor for different Dar by changing the
probability of reaction. The modified Damköhler number Dar can have a max-
imum value of 1. In Figure 3.18, the reaction rate and rate of production of
B have been plotted against the probability of reaction, p A

r . For small p A
r , the

surface coverage of B∗ is still low, causing a lower production rate of B . As p A
r

increases, production of B increases linearly as long as desorption of B∗ is fast.
For higher values of p A

r , the reaction competes with adsorption of A and desorp-
tion of B∗. As such, the surface coverage of B∗ will be nonlinearly dependent
on the different rate constants.

The two above cases highlight the model applicability to cases where multi-
ple processes compete to determine the overall rate of production.

The evolution of the concentration profile of B across the length of the re-
actor is a process governed by diffusion entirely. The number density depends
on the effective rate of the reaction, but the time required to achieve a linear
profile is a diffusive process. The evolution happens according to Fick’s sec-
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ond law, generating a error function solution of the number density profile. For
large reactor lengths, the diffusive time is of the order of tD = L2/DB . In such
cases, we need to make sure that the simulations are run for a sufficiently long
time to achieve the steady state. Figure 3.19 shows the evolution of the con-
centration profile of product particles inside the bulk. The half maxima of the
temporally varying concentration profile was found to be proportional to

p
DB t ,

as expected.

3.4.2 Binary nonlinear reaction system

For the packed-bed column with linear order reaction occurring over the cat-
alytic spheres, Figure 3.10, we simulate reactor conditions under which the
reaction rate is no longer linear in k A

ad sγA,l . We consider two situations: (a)
when re-adsorption of B is allowed, and (b) when the rate of desorption of B is
decreased.

A
k A

ad s



k A
des

A∗ k A
r−−→ B∗

kB
des



konB

B

The rate of disappearance of A near the catalyst surface at steady state is
k A

ad sγA,l (z)θeq (z)−k A
des NcatθA,eq (z) which is equal to the rate of generation of B

at steady state, −kB
des NcatθB (z)+kB

ad sγB ,l (z)θeq (z), which in turn is equal to the
rate of surface reaction k A

r NcatθA,eq (z).
In Section 3.3.2, the kinetics equations were written under the condition

p A
des = 0.0, p A

r = 1.0, pB
des = 1.0, pB

ad s = 0.0. The rate of disappearance of A then
becomes k A

ad sγA,l (for any p A
ad s). This linearity assumption generates a Damköh-

ler number which is a constant along the longitudinal direction. This is not the
situation now since generation of B is dependent on surface coverage of ad-
sorbed species on the catalyst. This surface concentration also varies along the
reactor length.

The reactor setup is the same as described in Section 3.3.2. However, then
the equilibration time of each catalytic surface was zero. This enabled us to as-
sume a steady state concentration of reactants and products across the reactor
already after a time tst ar t + tr eactor where tr eactor = Lz /u, the typical residence
time of particles inside the reactor. Now, we also have to account for the equi-
libration lifetime, teq , of each catalytic surface present in our system. We can,
approximately, determine this lifetime as follows. When k A

r → 0, the equili-
bration lifetime is of the order of Max{(k A

ad sγA,l /Ncat +k A
des )−1, (kB

ad sγB ,l /Ncat +
kB

des )−1}. Similarly, when k A
r → ∞, the equilibration lifetime is of the order
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Min{(k A
ad sγA,l /Ncat + k A

des )−1, (kB
ad sγB ,l /Ncat + kB

des )−1}. Using this analysis, we
can always pre-determine a suitable time after which every catalyst can be as-
sumed to be equilibrated.

Now, at time t = tst ar t + tr eactor + teq , we analyse the steady state concentra-
tion profiles of the reactants and the products.

Figures 3.20 and 3.21 show the deviation from the linear reaction order for
2 base cases, DaL=1.0, PeL=10.0 and DaL=10.0, PeL=10.0 (shown by thick
black lines in both figures) as probability parameters change.

pads
B

0.0 pads
B

0.3

pads
B

0.6 pads
B

0.9

Figure 3.20: Variation of reactant concentration, Ψ(z) = γA(z)/γA,0, along the length of
the reactor, λ = z/L′

z . Dashed line is the fit obtained for the starred points
where concentration in model reactor is calculated. The thick black line rep-
resents the case DaL = 1.0,PeL = 10.0 respectively. Effect of altering proba-
bility of surface reaction of A∗ to B∗ with Ncat = 100, p A

ad s = 0.5. The rest
of simulation parameters are same as used in Figure 3.11.

In Figure 3.20, pB
des is fixed at 0.01 and pB

ad s is varied from 0 to 0.9. p A
ad s is

kept constant (see Table 3.2). For pB
ad s=0.0, the adsorption of reactant A is still

the slowest process and the curve almost overlaps with the base case. As pB
ad s

increases, the readsorption flux of product B increases along the length of the
reactor. This, in turn, shifts the fractional coverage over the catalyst in favor of
B . The effect is visible in the concentration of A along the reactor length since
more unreacted A is now convected along the longitudinal direction.

For Figure 3.21, pB
ad s is fixed at 0.5 and pB

des is varied from 0 to 0.9. The
higher desorption probability of B allows more reactant species A to adsorb,
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Figure 3.21: Variation of reactant concentration, Ψ(z) = γA(z)/γA,0, along the length of
the reactor, λ = z/L′

z . Dashed line is the fit obtained for the starred points
where concentration in model reactor is calculated. The thick black line
represents the case DaL = 10.0,PeL = 10.0. Effect of altering probability
of desorption of B∗. Ncat = 100, pB

des = 0.01 is observed. The simulation
parameters are same as used in Figure 3.12.

and consecutively react to form product B .

3.4.3 Unequal species diffusivity

Now, we will study the system when the reactant and product species have
different diffusivity values.

With the same reactor model as defined in Section 3.3.2, we initiate a re-
action A → nB . By mass conservation, mA = nmB where n > 1 or n < 1. For
an SRD fluid, changing the mass of particles inversely affects their diffusivity,
see Eq. (2.6). Since we are mainly interested to measure the effects of bulk
diffusivity in the mixture, a first-order reaction is considered (p A

ad s > 0, p A
des =

0.0, p A
r = 1.0, pB

des = 1.0, pB
ad s = 0.0).

We consider the case DaL=1.0, PeL=10.0 with the same simulation param-
eters as used to generate the corresponding curve in Figure 3.11. Section 3.3.2
mentions the conservation rules applied to handle boundary conditions when
particles A or B leave the periodic boundaries.

When mB < mA, the mutual diffusivity of the mixture is higher than the self-
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Figure 3.22: Variation of reactant concentration, Ψ(z) = γA(z)/γA,0, along the length
of the reactor, λ = z/L′

z . Dashed line is the fit obtained for the starred
points where concentration in model reactor is calculated. Simulations
are performed when mB 6= mA and compared with the base case with
mB = mA = 1.0 (red dashed line) for DaL = 1.0,PeL = 10.0 of Figure 3.11.

diffusivity of reactant A. This translates to a lower frictional force experienced
by A while traversing the reactor, thereby, reducing the residence time of species
A between a volume element z and z +d z. This effect is visible in Figure 3.22
where for mB < mA , more unreacted A is present along the reactor length as
compared to the situation with mB = mA. For mB > mA, the effect is reversed
and the mobility of A decreases.

It should also be noted that the above reaction system does not conserve
the number of particles in the system which is a source of an internal pressure
difference generated along the longitudinal direction. This pressure adds up
to the external pressure difference when mB < mA(n > 1). Conversely, when
mB > mA(n < 1), this internal pressure goes against the external pressure. This
effect itself can be incorporated into the Maxwell-Stefan diffusivity between A
and B . Further information is provided in Section 2.6.4.
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3.5 Discussion and Conclusion

We have presented a particle-based mesoscale modeling technique that is able
to accurately resolve different processes occurring on time scales that differ
on orders of magnitude. We have highlighted the basic modeling techniques
involved in modeling a simple reactor system (involving convection, diffusion
and reaction) using SRD. The analysis was first carried out for a linear reaction
assumption, followed by the incorporation of a reaction cycle following Lang-
muir Hinshelwood kinetics. The ability of the SRD model to also account for
multicomponent diffusion opens up a whole new domain of complex reaction
systems that can be modeled.

To model a real chemical reactor, the number of processes occurring at differ-
ent time scales might be much larger than 3. Even if the kinetics is given by the
simple Langmuir Hinshelwood model, intermediary processes like adsorption,
desorption, and surface reaction become important. As the number of partici-
pating components increase, the system complexity increases and resolution of
each and every process becomes challenging.

The generation of different product species in such a multicomponent non-
linear scheme will directly affect the behavior of the bulk fluid as well. Different
species in the bulk will have different self-diffusivity. The pairwise interaction
between species can be incorporated in a mutual diffusivity expression, which
has been presented in this work, using SRD, for a binary mixture but can be ex-
tended for any n component solution. Unequal moles of reactants and products
might lead to an internal pressure force pointing away from or towards the reac-
tion site, the contribution of which has been incorporated in the Maxwell-Stefan
diffusion coefficients.

Another time scale of importance is the equilibration time of the catalytic
strip. For all cases with linear reaction assumption, we assumed that the cat-
alyst equilibrates or achieves a pseudo steady state instantly. When this is not
observed, regions of low density (depletion regions) may form near the catalytic
strip which can be a source of another driving force (only for higher values of
Sc). When reactions occur inside complex geometries, a new time scale will be
present which relates to the time taken for the reactant fluid to move through a
pore towards the reaction site (pore diffusion).

The combined effect of the above described processes is reflected in the out-
put concentration of any species from the reactor system. A macroscale reactor
might involve length scales much larger than the length scales of individual pro-
cesses which will result in the incorporation of another time scale in the system.

With a large number of processes to resolve at the hydrodynamic and reac-
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tion level, SRD has been shown to be quite effective in resolving particle-particle
interactions quickly for a large number of components. The computational effi-
ciency of the algorithm therefore makes it easy to couple this scheme with any
reaction-based scheme for complex geometries, as long as the reaction steps
conform to the mean-field assumption.

We would like to end the discussion for this work by guiding the readers in-
terested in further resolving the system of interest. For reaction schemes where
a mean-field assumption does not hold true (island formation or phase transi-
tion at the catalytic sites), a stochastic treatment to the individual reaction steps
on the catalytic surface has to be done, which will add up to the simulation time.
For such complex reaction schemes, one may further use Machine Learning to
develop an algorithm that observes a stochastic reaction cycle. The algorithm is
then able to predict the output fractional vacancies of different species based on
input of (a) reaction rate constants at time t , (b) fractional vacancy of surface
sites at time t , and (c) the hydrodynamic time step ∆tc .







Chapter 4
Surface deactivation kinetics of
the alkylation reaction

4.1 Introduction

Surface chemical reactivity is strongly affected by lateral interactions between
chemisorbed reaction intermediates. Then, for a catalytically reactive surface,
sites of activity cannot be considered to behave independently. On transition
metals, lateral interactions may lead to collective phenomena such as surface
island overlayer formation or dynamical phenomena such as time dependent
oscillatory reaction kinetics [27].

The physical chemistry of lateral interactions of protons in solid acid cataly-
sis is much less investigated. However, it has become clear that close proximity
of protons to each other tends to enhance their reactivity.

Classical ion exchange experiments demonstrate a reduction in intrinsic pro-
ton reactivity when protons become exchanged by cations. It induces a strength-
ening of the proton bond zeolite framework mainly caused by the negative
charge that is generated on the zeolite framework [22]. This was also demon-
strated by early quantum-chemical calculations with cluster models of the zeo-
lite framework [80]. A recent experimental study on methanol activation shows
enhanced reactivity at high proton concentration [23]. Enhanced catalyst de-
activation when proton concentration is larger is found in a model study of the
methanol to olefin (MTO) reaction [64].

For the alkylation reaction of propylene and isobutane that is catalyzed by
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solid acid catalysts, we will computationally study catalyst deactivation as a
function of proton concentration. Proton reactivity differences can be caused
by changes in framework composition or structure of the zeolite. Instead, in
the simulations that we present, the zeolite framework composition is not al-
tered and proton reactivity differences are due to a proton removing reaction
caused by a non-selective deactivation reaction. We also ignore possible (and
critical) heat effects. Because of the different nature of participating reactions
(for example adsorption, hydride transfer, deprotonation, desorption), reaction
rate constants will be affected differently as reaction temperature changes.

Whereas often pore or site blocking, that may cause mass transfer limita-
tions, are the cause of accelerated deactivation [5], for the low temperature
alkylation reaction such deactivation is initially not dominant. A molecular
mechanism then initiates catalyst deactivation.

Alkylation of propylene or n-butene with isobutane is a widely used refinery
process, based on neat sulfuric acid or hydrogen fluoride as catalyst. In this low
temperature reaction, branched C7 or C8 alkanes (the alkylate) are formed as
useful high octane fuel. Replacement of this homogeneous process by a het-
erogeneous process is highly desirable [16]. The main drawback of the use
of a heterogeneous solid acid catalyst is its short lifetime of approximately 10
hours [30,105].

Experimental studies of deactivation kinetics of this reaction show, after an
initial period of selective alkylate formation, accelerated deactivation and a de-
layed production of oligomerization product [28,29]. Research on the recently
developed Alkyl Clean process [9, 17] has demonstrated that initial deactiva-
tion is due to the formation of deactivating hydrocarbons that can readily be
removed in a successive low temperature hydrogenation reaction step.

The delayed production of alkene oligomers and high reactivity of deacti-
vating adsorbed coproduct molecules indicate that the deactivation mechanism
has a molecular chemical origin. If pore blocking and mass transfer limitations
would cause deactivation, oligomerization would not continue after alkylate
production has decayed. We will present model deactivation kinetics simula-
tions that show such accelerated decline of alkylate production and overshoot
of oligomer production.

The low temperature deactivation of the alkylation reaction is different from
deactivation kinetics of high temperature solid acid catalytic reactions such as
catalytic cracking or the MTO reaction, where deactivation is dominated by pore
or site blocking of the zeolite catalyst micropores by deposition of carbonaceous
residue of low reactivity, which has to be oxidatively removed [1, 69, 107]. An
additional reason for accelerated decay is the often inhomogeneous reactant
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and product distribution in catalytic plug flow reactors [43]. This is critical
to alkylation deactivation kinetics where alkene concentration has to be kept
low. It is this reason that the alkylation reaction is preferentially performed in a
slurry reactor or Continuously Stirred Tank Reactor (CSTR). Comparison of plug
flow reactor data with CSTR shows an increase in lifetime from 30 minutes to
15 hours [18].

The fundamental reason why in many solid acid, catalyzed reactions cata-
lyst deactivation is rapid is the usual presence of alkenes as reactant, reaction
intermediate or product. Even when saturated molecules are converted as, for
example, alkanes in the catalytic cracking reaction or methanol in the MTO
reaction, alkenes will be formed as reaction intermediates [79,103].

Alkenes are highly reactive and will readily oligomerize. They are often de-
sirable reaction intermediates, but apart from leading to formation of desired
product, they will, through successive reactions, also produce deactivating car-
bonaceous residue or coke [79]. In the alkylation reaction, this problem is even
more severe since propylene or n-butene is used as a reactant.

Different from high temperature catalysis, where catalyst deactivation is
mainly due to coke deposition, catalyst deactivation of the alkylation reaction
is initially dominated by proton consumption. It is the result of a competitive
chain of reactions of unsaturated reaction intermediate molecules that is related
to the [28,37,70,106]. Proton consumption then is due to the formation of sta-
ble substituted cyclopentadienyl positively charged carbenium ions. This hap-
pens when the Lewis basicity of the deprotonated zeolite frame work reaction
center is less than that of the reaction intermediate which becomes protonated.
The proton consumption will not only reduce the surface concentration of the
protons that are left, but these protons will also have reduced intrinsic reactiv-
ity. This is, amongst others, due to the earlier mentioned negative charge that
proton removal generates on the zeolite lattice.

We will conclude this introductory section with a short summary of current
understanding of the molecular mechanism of the alkylation reaction. It will
provide an opportunity to introduce the two reaction channels that are the main
cause of catalysts deactivation. We will, at the closure of this section, also
introduce the laterally interacting proton model that is the core topic of these
two chapters.

Several catalytic reaction cycles combine to convert alkene and isobutane
into alkylate. The complex network of the alkylation reaction is reasonaly well
understood. We will base our model on the catalytic mechanism of the reaction
previously presented [7,9] and the earlier founding work by Schmerling [82].

Liu et al. [57] have extensively studied the full reaction mechanism of the
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alkylation reaction of propylene and i -butane to give C7 and C8 isomers using
quantum-chemically calculated elementary reaction rate constants of the many
elementary reaction steps that constitute the corresponding catalytic cycles.
These elementary reaction rate constants then have been applied in microki-
netic simulations of the complete reaction system. The information deduced
from these microkinetic simulations will be used here as input to the lumped
kinetics simulations. In order to make the analysis of the deactivation kinet-
ics tractable, the kinetic simulations will be based on a simplified, but useful,
version of the alkylation reaction cycle.

A schematic representation of this cycle is shown in Figure 4.1 that is useful
to discuss the kinetics conditions that determine high alkylate selectivity and
slow catalyst deactivation.

Figure 4.1: Scheme of the alkylation reaction cycle including deactivation reaction paths.
Desirable rate relations are indicated for high selectivity of alkylate and slow
deactivation rate.

The reaction consists of an initiation cycle and a propagation cycle. As we
will see, no deactivation will occur when the propagation cycle has no feed
forward loop connection with the reaction initiation cycle.

The alkylation reaction starts with the adsorption of propylene to a proton.
This results in a propyl carbenium cation that becomes adsorbed to the surface
as an alcoxy intermediate. The propyl carbenium ion initiates the alkylation re-
action by consecutive reaction with isobutane that gives (undesirable) propane
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as a product and the desirable isobutyl cation as reaction intermediate. It will
depend on the specific zeolite whether this carbenium ion will remain adsorbed
to the surface or will be a carbenium ion intermediate that nearly freely rotates
and weakly interacts with the surface [78,97].

In the initiation reaction, the reaction of the propyl cation with another
propylene molecule that gives a protonated oligomer competes with the for-
mation of the isobutyl cation by reaction of isobutane. The oligomerization
reaction will initiate consecutive reactions that deactivate the catalyst.

The reaction of isobutane with the propyl cation is an example of a hydride
transfer reaction. Transfer of the hydride ion converts the propyl cation into
propane. The isobutyl cation intermediate that is cogenerated from isobutane
now carries the positive charge. As long as the rates of the respective hydride
transfer reactions are fast, deactivation will be suppressed and alkylate selectiv-
ity will be high.

The hydride transfer reaction has been quantum-chemically well investi-
gated [42, 45, 57]. Especially when larger carbenium ions are involved, the
corresponding reaction intermediates can be considered as nearly freely mov-
ing. Their formation gets relatively low activation barriers when proton reactiv-
ity is large [103]. Transition states of the alkene oligomerization reaction have
more constrained mobility and a stronger interaction with the proton reaction
center and are hence less proton reactivity demanding [56, 103]. Therefore,
competition between hydride transfer and oligomerization reactions is in fa-
vor of the hydride transfer reaction when catalyzed by highly reactive proton
sites [30,57].

Once isobutyl cations are formed, the propagation reaction cycle begins.
The isobutyl cation reacts with a propylene molecule to give a C+

7 cation. In a
next reaction step, hydride transfer with isobutane will produce the C7 alkylate
molecule and the isobutyl cation is regenerated. The propagation cycle con-
tinues by reaction of the isobutyl cation with another propylene molecule etc.
The isobutyl cation can be considered the organo-catalyst of the propagation
reaction cycle. In this propagation reaction cycle, the proton does not play an
explicit role. The role of the proton becomes different when parasitic deprotona-
tion reactions occur that convert the iC+

4 cation and C+
7 cation to their respective

olefins. Then a proton is donated back to the solid. The rate of deprotonation
reactions becomes suppressed by competitive hydride transfer reactions of the
C+

7 or iC+
4 cations with isobutane.

The occurrence of the deprotonation reactions opens a second deactivation
channel next to propylene oligomerization. The olefins produced by deprotona-
tion will also initiate consecutive oligomerization reactions that deactivate the
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catalyst.
Additionally, a feedforward loop with the reaction initiation cycle opens due

to regeneration of protons. This will reinitiate the initiation reaction channel
that competes with the deactivating propylene oligomerization.

Theoretically, the alkylation catalyst will be infinitely stable as long as depro-
tonation of intermediate carbenium ions does not occur since then the initiation
reaction cycle will not be reactivated.

In the following sections, detailed kinetics simulations will be presented
based on the mechanistic principles discussed here and illustrated in Figure 4.1.
Catalyst models will be compared with laterally interacting and non-interacting
protons. For further comparison, we will also present kinetics simulations as a
function of proton concentration.

Figure 4.2: Schematic illustration of the laterally interacting two proton reactivity cat-
alyst model: the dual interacting proton catalyst model. (a) Illustration of
the three proton states: reactive state H+

1 that catalyzes alkylate production,
deactivated state H+

2 with no reactivity and state H+
3 , where the proton has

lower reactivity and will only catalyze alkene oligomerization.

The laterally interacting proton catalyst model that we will use is illustrated
in Figures 4.2 and 4.3. This dual interacting proton catalyst model simplifies
differences in reactivity between protons to only two kinds: a strongly reac-
tive and a weakly reactive proton. Within the interacting proton model, three
different proton site states are defined, the strongly reactive proton state H+

1 ,
a deactivated proton state H+

2 and the weakly reactive proton state H+
3 . The
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Figure 4.3: The dynamics of proton deactivation in the dual interacting proton catalyst
model. Deactivation of the reactive H+

1 proton state by catalytic reactions is
slow, but once a deactivated proton state H+

2 is a neighbor, a proton in its
H+

1 state is rapidly converted into a proton in the less reactive H+
3 state. The

latter also deactivates slowly by catalysis, but only catalyzes oligomerization
and consecutive deactivating reactions.

strongly reactive proton state H+
1 catalyzes alkylate formation as well as olefin

oligomerization. It deactivates, by deactivating side reactions of the alkylation
reaction cycle, to state H+

2 . Once a proton in state H+
1 has a non-reactive H+

2
proton state as neighbor, due to the now present negative charge on the zeolite
framework, it will nearly instantaneously (faster than a picosecond) convert to
a proton state of lower reactivity, H+

3 , that cannot catalyze alkylate formation.
Protons in H+

3 state will only catalyze alkene oligomerization. They will also
deactivate to proton state H+

2 .
Experimental evidence of protons of different reactivity that give selective

alkylation versus alkene oligomerization only is from Lercher et al. [28, 29].
For zeolites of the faujasite structure, they demonstrated that differences in
alkylation selectivity between La promoted X and Y zeolites relate to the loca-
tion of the reactive proton near La positions in cavities of the zeolite frame-
work [84, 87]. Microkinetics simulations of La and non-La containing zeolite
confirm the large selectivity difference of such protons, that can be distinguished
by their large difference in ammonia adsorption energy [57].

In this and the following chapter, for later reference, we will present kinet-
ics simulations of deactivation of the alkylation reaction for a single alkylation
reactive proton state catalyst model. This will be followed by analogous simu-
lations of the dual interacting proton catalyst model of Figures 4.2 and 4.3. In
the course of deactivation, it generates next to a reactive proton also the less
reactive proton. Results will be compared with kinetic simulations of a cata-
lyst model that also contains two kinds of protons with different reactivity, but
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in this case they do not laterally interact and both are present at the start of
the reaction. The highly reactive proton is alkylation selective and the weakly
reactive proton only catalyzes oligomerization.

In the following two chapters, we will analyze the nonlinear dynamics of
the dual interacting proton model by comparing mean field and stochastic sim-
ulations. We will show that the high coverage of the proton sites with reac-
tion intermediates leads to deviations from the mean field kinetics simulations.
Surface percolation of proton dynamics affects dependence of deactivation on
proton concentration. A simple three proton state model, that is not explicitly
coupled with kinetics that we introduced previously [104], will not suffice. The
chapter is concluded with a short discussion after which study of the interacting
proton model is continued in the next chapter.

4.2 Deactivation kinetics of the alkylation reaction

The alkylation reaction network model of the kinetics simulations in this section
is shown in Figure 4.4. The catalyst model contains only protons of the same re-
activity that do not laterally interact. Kinetics of the laterally interacting proton
model based on an analogous catalytic cycle will follow in the next section.

The purpose of this section is to show, by modelling deactivation kinetics,
the effect of the two deactivation channels on alkylation selectivity. One deacti-
vation channel is the oligomerization of propylene and consecutive deactivation
(k10 and k11, Figure 4.4). The other deactivation channel is caused by the depro-
tonation reactions of carbenium ions iC+

4 (k3) and C+
7 (k5) and their respective

consecutive deactivation reactions (k6, k7). In the deprotonation reactions (k3

and k5), a proton is regenerated that will reinitiate the initiation reaction cycle
by protonation of propylene (k9).

We will also illustrate, in this section, the feed forward relation between
the carbenium ion deprotonation reactions (k3, k5) and catalyst deactivation
through the propylene oligomerization channel (k10).

Another important aspect is the deactivation rate as a function of proton
concentration. We will show that even when protons do not laterally interact,
the deactivation rate increases with catalyst surface proton concentration. This
happens because surface proton concentration influences the partial iC=

4 , C=
7

and C=
n intermediate product concentrations in the reaction medium. The reac-

tion starts with all protons in state H+
1 and stops when protons in state H+

1 are
completely converted into deactivated state H+

0 .
Rate expressions of surface concentrations H+

1 , H+
0 ,C+

3 , iC+
4 and C+

7 and of
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Figure 4.4: The catalytic reaction cycle of the alkylation reaction including deactivation
reaction paths. Catalysis by a single reactivity, non-laterally interacting pro-
ton catalyst model. H+

1 is the reactive proton state, H+
0 is the deactivated

proton state. The summation of respective concentrations H+
1 , H+

0 , C+
3 , iC+

4 ,
C+

7 is constant.

reaction intermediates iC=
4 , C=

7 and oligomers C=
n have been formulated in the

next Section 4.2.1. There, we discuss details of the solution of the correspond-
ing lumped kinetics equations, where we followed the approach as outlined
in [61]. The lumped elementary reaction rate constants depend implicitly on
reagent concentrations. Kinetics simulations correspond to differential con-
ditions, where change in reactant concentration by reaction can be ignored.
Products accumulate as in a batch CSTR reactor, the preferred reactor for alky-
lation [18, 30]. The proton concentration dependence is calculated through
definition of dimensionless reaction rate constants.

Because we will see for the dual interacting and non-interacting proton cata-
lyst models, that deactivation times of the respective products will be different,
accumulated product cannot be used as a measure of product selectivity. A
steady state alkylate selectivity that measures the fraction of propylene incor-
poration into alkylate, can be defined in the intermediate reaction time regime
where surface intermediate concentrations are finite and stationary. It is calcu-
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lated from the expression:

S(C7) = Ċ7

˙(C7 + Ċ3 + Ċ=
7 +x.Ċ=

n )
×100. (4.1)

Since we do not consider the oligomer length explicitly, x is set equal to
one. The rates of production, Ċi , are deduced from the slopes of the Ci (t )
vs t curves. In alkylation catalysis, next to the selectivity, catalyst lifetime is
usually the measure by which the activity of different catalysts are compared.
The catalyst lifetime is defined as the time when the rate of production starts
to decline exponentially. Catalyst decline rate is defined as the inverse slope of
the logarithmic plot of ˙C (t ) vs t when the catalyst deactivation rate has become
exponential. The unit of time is set to k−1

1 , which is maintained the same in
the simulations. In the respective figures (or legends), we mention alkylation
selectivites as well as lifetimes and deactivation rates.

We will compare kinetics simulations when (a) alkylate is the major product
and when (b) oligomerization of alkenes dominates. The differences are defined
by respective default elementary reaction rate parameters that remain the same
throughout the paper, unless mentioned specifically.

First principle microkinetics simulations based on quantum-chemically cal-
culated elementary reaction rate data representative for these two cases are
available [57]. In these simulations, a faujasite zeolite with reactive and less
reactive protons was compared. The default reaction rate parameters selected
in the kinetics simulations of this paper have been chosen to give approximate
agreement with the data of the microkinetics simulations. The default reaction
rate constant of the initiating hydride transfer reaction k1 (Figure 4.4), which
is scaled to 1, has been chosen to be equal to the rates of the reactions of the
propagation cycle (k1=k2=k4=1). Reaction rate constants of deprotonation of
iC+

4 and C+
7 are chosen an order of magnitude less (k3=k5=0.1). Reaction rate

constants of proton deactivation by alkenes or alkene oligomers again are cho-
sen another order of magnitude smaller (k6=k7=k11=0.01). Reaction rate of
propylene protonation to form intermediate carbenium ion is fast (k9=10). k10,
the lumped elementary reaction rate constant of reactant alkene oligomeriza-
tion has been chosen to vary. For high alkylation selectivity, k10 is chosen equal
to k1, the elementary reaction rate constant of hydride transfer. For the low
alkylation selectivity case, k10 is chosen as 10 times k1. This increased reaction
rate constant can be considered to be due to an increased reactant concentration
of propylene. There is no k8. This is reserved for the elementary reaction rate
constant of proton dynamics in the dual site interacting proton catalyst model
to be discussed in the next Section 4.3.
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4.2.1 Single reactivity proton catalyst model

For the reaction network representing the single proton deactivation, Figure
4.4, the reaction steps are shown in Table 4.1.

Reaction
Reaction
number

Reaction
current

C+
3 + iC4 →C3 + iC+

4 R1 k1C+
3

iC+
4 +C=

3 →C+
7 R2 k2iC+

4

iC+
4 → iC=

4 +H+
1 R3 k3iC+

4

C+
7 + iC4 →C7 + iC+

4 R4 k4C+
7

C+
7 →C=

7 +H+
1 R5 k5C+

7

iC=
4 +H+

1 → H+
0 R6 k6H+

1 .iC=
4

C=
7 +H+

1 → H+
0 R7 k7H+

1 .C=
7

C=
3 +H+

1 →C+
3 R9 k9H+

1

C+
3 →C=

n +H+
1 R10 k10C+

3

C=
n +H+

1 → H+
0 R11 k11H+

1 C=
n

Table 4.1: Intermediary steps for the single proton deactivation cycle, Figure 4.4.

The corresponding time evolution of surface and product species is:
dC+

7

d t
= v2 − v4 − v5

diC+
4

d t
= v1 − v2 − v3 + v4

d H+
1

d t
= v3 + v5 − v6 − v7 − v9 + v10 − v11

d H+
0

d t
= v6 + v7 + v11

dC+
3

d t
=−v1 + v9 − v10

diC=
4

d t
= v3 − v6

dC=
7

d t
= v5 − v7
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dC3

d t
= v1

dC7

d t
= v4

dC=
n

d t
= v10 − v11

where vi is the reaction current for reaction channel i given in Table 4.1.
The surface species balance is: H+

1 +H+
0 +iC+

4 +C+
7 +C+

3 = H+
1 (t = 0) =σ where

σ is the number density of catalyst. σ= Ncat /Acat where Ncat and Acat are the
number of active catalyst sites and area of the catalyst respectively. The balance
can be normalized to H+

1 +H+
0 + iC+

4 +C+
7 +C+

3 = H+
1 (t = 0) = 1 as we will shortly

see how.
The time evolution of surface and product species can be written in the fol-

lowing matrix form:

Ċ+
7
˙iC+

4
Ḣ+

1
Ḣ+

0
Ċ+

3
˙iC4

Ċ=
7

Ċ3

Ċ7

Ċ=
n


=



0 1 0 −1 −1 0 0 0 0 0
1 −1 −1 1 0 0 0 0 0 0
0 0 1 0 1 −1 −1 −1 1 −1
0 0 0 0 0 1 1 0 0 1
−1 0 0 0 0 0 0 1 −1 0
0 0 1 0 0 −1 0 0 0 0
0 0 0 0 1 0 −1 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −1


.



v1

v2

v3

v4

v5

v6

v7

v9

v10

v11


Ẋ = S.v, where S is the Stoichiometric matrix. X is the column matrix containing
concentration of species in order:
X = {C+

7 , iC+
4 , H+

1 , H+
0 ,C+

3 , iC=
4 ,C=

7 ,C3,C7,C=
n }

v is the column matrix {v1, v2, v3, v4, v5, v6, v7, v9, v10, v11}. At time t = 0, v is ini-
tialized as v(t = 0) = {0,0,1,0,0,0,0,0,0,0}

Effect of active catalyst site number density on reaction cycle

The complete catalytic cycle involves reaction steps where interaction between
surface proton sites or carbenium ions and the products occurs in the reac-
tion medium. When the number density, σ, of active catalyst site changes, the
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product formation is affected which affects the whole reaction cycle. We will
quantify the effect of σ by re-adjusting the reaction rate parameters as follows.
Consider the formation rate of the oligomer C=

n (product in reaction medium)
and C+

3 (surface intermediate) given by:

dC=
n

d t
= k10.C+

3 −k11.H+
1 .C=

n (4.2a)

dC+
3

d t
=−k1C+

3 +k9.H+
1 − k10.C+

3 (4.2b)

The concentration of coreagents iC=
4 and C=

3 is accounted for in the respec-
tive lumped elementary reaction rate constants. Kinetics solutions apply to dif-
ferential conditions. The maximum surface coverage of C+

3 , H+
1 and all other

surface intermediaries at any time can be σ. We therefore, normalize the surface
intermediates by σ. Eq. (4.2) then looks like:

dC=
n /d t =σ.k10.C+∗

3 −σ.k11.H+∗
1 C=

n (4.3a)

σ.dC+∗
3 /d t =−σ.k1.C+∗

3 +σ.k9.H+∗
1 −σ.k10C+∗

3 (4.3b)

Where * represents the normalized concentration. For products, we in-
troduce a normalized concentration C=∗

n = C=
n /σ which represents the product

formed per active catalyst site density. Eq. (4.3) now reads

σ.dC=∗
n /d t =σ.k10.C+∗

3 −σ2.k11.H+∗
1 C=∗

n (4.4a)

σ.dC+∗
3 /d t =−σ.k1.C+∗

3 +σ.k9.H+∗
1 −σ.k10C+∗

3 (4.4b)

Introducing a new parameter k∗
11 =σ.k11 finally gives:

dC=∗
n /d t = k10.C+∗

3 −k∗
11.H+∗

1 C=∗
n (4.5a)

dC+∗
3 /d t =−k1.C+∗

3 +k9.H+∗
1 −k10C+∗

3 (4.5b)

We will use the above analysis to perform a normalization of all product
species and adsorption rate constants (k6, k7, k11). In all our discussions from
hereon, the reaction rate constants and product concentrations will include the
contribution of number density σ = 1 (unless mentioned otherwise). The nor-
malized surface species concentration of species i is expressed as θni

4.2.2 Deactivation kinetics for high and low alkylation selec-
tivity

We will compare deactivation kinetics when alkylation selectivity is relatively
high and low. It will mainly depend on the reaction rate ratios of hydride trans-
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fer reactions (k1 and k4) versus the reaction rates of propylene oligomerisation
(k10) and deprotonation (k3, k5) respectively. We will also consider the effect of
proton concentration on selectivity and deactivation rate of the reaction.

In Figure 4.5, we consider the case where alkylate production dominates.
We select rate of reaction initiation by hydride transfer to the C+

3 cation to be
comparable to the rate of olefin addition (k1=k10=1). For this case, Figure 4.6
compares deactivation rate as a function of proton concentration. Figure 4.7
gives results of kinetics simulations where the elementary reaction rate of olefin
oligomerization is much faster (k1=1, k10=10).

For high alkylation selectivity, the relative concentration or reactant propy-
lene has to be low compared to that of isobutane. Figures 4.5(a) and (b) show
surface coverage in the initiation and deactivation time regimes respectively.
Product distributions and their respective rates of deactivation are shown in
Figures 4.5(c) and (d).

Figure 4.5(a) shows rapid initial proton consumption and overshoot of C+
3

formation. After a relatively short time,C+
3 intermediate formation is overtaken

by iC+
4 and C+

7 formation and a steady state situation evolves. The steady state
alkylate selectivity is mentioned in the legend and equals 62%. Figure 4.5(c)
illustrates the accumulation of reaction products with time. As the catalyst starts
to deactivate, the accumulated product concentration reaches its maximum. In
this case, steady state selectivity and accumulated product selectivity are similar.
In the dual interacting and non-interacting proton catalyst models that we will
discuss in the next Section 4.3, this will not be the case since deactivation times
of the different products will be different.

Figure 4.5(d) illustrates the rate of catalyst deactivation that starts at time
40 in the simulations. Then deactivated proton state H+

0 starts to appear in
Figure 4.5(b). The main reaction product is C7 alkylate. The next coproducts
are propane C3 and propylene oligomer C=

n , followed by iC=
4 and C=

7 formation.
The lifetime of the catalyst is 200 time units as deduced from the logarith-

mic plots of product rates of formation, when the slope starts to deviate from
zero (see Figure 4.8(a)). When deactivation rate has become exponential, the
catalyst deactivation rate becomes equal to 0.0075 time−1. In alkylation kinet-
ics, differences in steady state selectivity multiplied by catalyst lifetime is the
determinant that defines their productivity.

Whereas the elementary reaction rate constant of propylene oligomerisation
is ten times larger than the deprotonation reaction rate constants, in the sim-
ulations the respective apparent reaction rates are nearly the same (the factor
of two difference observed in Figures 4.5(c) and (d) derives because protons
are generated by the two deprotonation reactions iC+

4 and C+
7 ). The reduced
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relative rate of the oligomerization reaction is because oligomerisation has to
compete with hydride transfer in the initiation reaction. Experiments of the

(a) (b)

(c) (d)

Figure 4.5: Deactivation kinetics: the case when alkylate production dominates
(k1=k10=1, k2=k4=1, k3=k5=0.1, k6=k7=k11=0.01, k9=10). For kinetic
symbols, refer to Figure 4.4. The rate of hydride transfer is comparable to
that of propylene oligomerization. (a) shows change in reactant surface con-
centration at short time scale. (b), (c) and (d) show for longer time scales
the change in surface concentrations, product formation and rate of product
formation respectively as a function of time. The output concentration of C3
and C=

n and their rate of formation are the same (overlap of green and brown
curves in (c) and (d)). Also output concentrations iC=

4 and C=
7 are the same

(overlap of black and blue curves in (c) and (d)).
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alkylation reaction of n-butene and isobutane [31] show, in the regime of high
alkylation selectivity, coreaction products due to addition of butenes to the C8

olefins. They can be considered a signature of the deprotonation reaction of the
intermediate carbenium ions.

It is interesting to compare the variation in decay time with initial concentra-

(a) (b)

(c) (d)

Figure 4.6: The effect of proton surface concentration on catalyst deactivation. Same
reaction rate parameters as in Figure 4.5, the case of dominant alkylate pro-
duction. Comparison of deactivation rates is made with a reduced proton
density by half (broken curves). (a) shows change in reactant surface con-
centration with time, (b) and (c) show product formation and rate of product
formation normalized per proton with time (d) compares initial H+

1 and C+
3

surface concentration as a function of time.
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tions of protons. Although the protons do not laterally interact, the proton con-
centration affects selectivity and deactivation rate of the reaction, because re-
action intermediates will have different concentrations in the reaction medium.
This is illustrated in Figure 4.6.

In the steady state regime, the respective selectivities are the same but de-
activation times are different. This makes selectivity of accumulated products
different. In Figure 4.6(a), the delay of deactivation when surface concentration
reduces is illustrated by the different time dependencies of the surface interme-
diate. As shown in Figure 4.8(b), a reduction in proton density by half increases
catalyst lifetime time from 200 time steps to 260 time steps. The rate of decline,
see Figure 4.6(c), decreases by a factor of 30% (the alkylation deactivation rate
is 0.005 time−1). When the proton density is reduced by half, Figure 4.6(b), a
higher product formation rate per proton occurs. This happens because in the
initiation cycle at reduced proton density there is less deactivating propylene
oligomerization. In Figure 4.6(d), this is reflected in the increased C+

3 surface
concentration when the proton density is reduced.

When the proton density decreases, two competing phenomena occur. Firstly,
the product formation per unit surface area gets reduced because of less reac-
tive sites. Then the deactivation of H+

1 by readsorption of oligomers (k6, k7, k11)
produced via the reaction steps k3, k5, k10 also becomes less.

Figure 4.7 shows results of kinetics simulations when the reaction rate of
propylene oligomerization is large compared to that of the hydride transfer re-
action rate (k1/k10 = 0.1). Now the rate of propylene oligomer formation, C=

n ,
is high compared to that of alkylate C7 production and rate of deactivation has
become substantially faster. The steady state alkylate selectivity is calculated
where the surface coverage of the reaction intermediate is maximum: it has
dropped to 12.3%. The catalyst life time equals 50 time steps and the deactiva-
tion rate becomes 0.03 time−1.

The above kinetics simulations apply to a batch reactor and differential con-
ditions where the reactant concentration does not change during the reaction.
Experimentally, the preferred reactor for the alkylation reaction is a CSTR, be-
cause of a uniform reactant concentration and becasue the reactant alkene con-
centration can be kept low. When executed with initial excess isobutane and
100% conversion of reactant alkene [18], alkylation selectivity is high and the
rate of catalyst deactivation is relatively slow. The catalyst lifetime can be of the
orders of 10 hours or more. Then the reaction rate of hydride transfer is large
compared to the apparent reaction rate of alkene oligomerization and interme-
diate carbenium ion deprotonation. The kinetics can be considered similar to
the one shown in Figure 4.5.
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Of course, as long as in the experiment conversion of propylene remains
100%, no change in propylene conversion is observed. But rates of alkylate
and light alkane production decrease gradually and there is a gradual increase
of oligomers due to the deprotonation reaction [28–30]. Once alkene conver-

(a) (b)

(c) (d)

Figure 4.7: Deactivation Deactivation kinetics: case of low alkylation selectivity. The
rate of propylene oligomerization is fast compared to that of hydride trans-
fer (k1=1, k10=10, k2=k4=1, k3=k5=0.1, k6=k7=k11=0.01, k9=10). (a)
shows change in surface concentration at short time scales. (b), (c) and (d)
show, on longer time scales, the change in surface concentrations, product
formation per unit proton and rate of product formation per unit proton re-
spectively as a function of time.
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sion drops below 100%, due to the suddenly increased alkene concentration,
the relative rate of alkene oligomerization increases sharply, alkylate selectivity
drops sharply and the rate of catalyst deactivation increases [18, 29]. Now the
kinetics simulations of Figure 4.7, with the increased rate constant of propylene
oligomerization (k10), apply.

(a) (b)

(c)

Figure 4.8: (a) and (b): Log plot of concentration of products as a function of time for
the parameter set used in Figure 4.5 and 4.6 with k1= k10=1. (a) proton
surface concentration = 1, (b) proton surface concentration = 0.5. (c) Log
plot of concentration of products as a function of time for the parameter set
used in Figure 4.7 with k1=1, k10=10.
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4.2.3 The feedforward relation between the deprotonation
and oligomerization reaction

In Figure 4.1, catalyst deactivation goes through two deactivation channels.
One deactivation channel competes with the initiation reaction cycle. Then
propylene oligomerization competes with the hydride transfer reaction of isobu-
tane with propyl cation. The other deactivation channel results from the depro-
tonation reactions of iC+

4 and C+
7 . This reaction parasitizes on the propagation

reaction cycle. At the same time, it reinitiates the initiation reaction cycle. This
can be demonstrated by a simulation where the elementary reaction rate con-
stants of deprotonation k6 and k7 are put equal to zero, see Figure 4.9(a).

(a) (b)

Figure 4.9: The feedforward relation between rates of carbenium ion deprotonation and
propylene oligomerization. Default parameters for dominant alkylate pro-
duction (k1=k10=1,k2=k4=1, k3=k5=0.1 k11=0.01, k9=10). (a) Time de-
pendence of rate of change of products when reaction rates of deprotona-
tion of carbenium ions in the propagation reaction cycle are zero, k6=k7=0,
k10=1; steady state S(C7)= 100%. (b) compares 2 cases. Solid lines show
the rate of product formation similar as in Figure 4.5, where both deac-
tivation channels contribute to catalyst deactivation. Dashed lines show
rate of product deactivation when deactivation channel through propylene
oligomerisation is closed (k6=k7=0.01, k10=0, steady state S(C7)= 75%).

Figure 4.9(a) shows a short transient period of initial propylene oligomer
formation, that is rapidly taken over by constant production of alkylate with
100% selectivity. After the initial transient period, the initiation reaction cycle
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is taken over by the propagation reaction cycle that cannot deactivate because
of the absence of the deprotonation reactions.

The feedforward relation between deprotonation and propylene oligomeri-
sation is illustrated in Figure 4.9(b). In this figure, a comparison is made be-
tween the two deactivation channels by suppressing the propylene oligomeri-
sation reaction. This case is compared with both deactivation channels being
operational (default case). It illustrates that when alkylation selectivity is high,
the dominant deactivation channel is carbenium ion deprotonation. Catalyst
lifetime is not significantly affected. It is only reduced by half and the rate
of catalyst deactivation is increased by a factor of two when both deactivation
channels contribute. Alkylation selectivity is slightly higher when propylene
oligomerization is suppressed.

4.3 Dual reactivitiy proton catalyst models

Here we will compare deactivation kinetics according to the dual interacting
proton catalyst model of Figures 4.2 and 4.3 with catalyst deactivation by a
dual non-interacting proton catalyst model. This dual non-interacting proton
catalyst model contains two kinds of protons of different reactivity as the dual
interacting proton model, but these protons have no lateral interaction. They
are permanently present during reaction.

In the dual interacting proton catalyst model, three proton states H+
1 , H+

2
and H+

3 are defined. Proton states H+
1 and H+

3 are strongly reactive and weakly
reactive, respectively, proton state H+

2 is the deactivated proton state. Proton
state H+

1 is converted to proton state H+
3 when on a neighboring site a proton is

present in the deactivated proton state H+
2 . Protons H+

1 produce alkylate as well
as alkene oligomers. Protons H+

3 only catalyse propylene oligomer formation.
In the dual interacting proton model, at the start of the reactions only protons
in state H+

1 are present.
In contrast to the dual non-interacting proton catalyst model, protons in re-

active proton state H+
1 are not converted into protons of weakly reactive proton

state H+
3 . Protons in respective proton states H+

1 and H+
3 are present from the

start of the reaction. Different from the dual interacting proton catalyst model,
their deactivated states will not affect the reactivity of protons in either proton
state H+

1 or H+
3 .

The comparison of the two catalyst models is relevant since it has been sug-
gested [28, 29] that the experimentally observed delayed production of alkene
oligomerization is due to the additional presence of weakly reactive protons
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Figure 4.10: Catalytic reaction cycle of the alkylation reaction of propylene and isobu-
tane according to the dual interacting proton catalyst model. Conservation
of surface species: H+

1 +H+
2 + H+

3 + C3+ + C+
3 ’+ iC+

4 + C+
7 =1.
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Figure 4.11: The dual non-interacting proton catalyst model mechanism. Protons of the
two catalyst cycles are not shared, but oligomer production C=

n interacts
with both reactions cycles. Protons in state H+

1 catalyze alkylation and
oligomerization, protons in state H+

3 only catalyze oligomerization. Con-
servation of surface species: H+

1 + H+
2 + iC+

4 + C+
7 + C+

3 = 1/2, H+
2 + H+

3
+ C+

3 ’= 1/2.

that only catalyze alkene oligomerization. This continues after the decline of
alkylate production, which is catalyzed by strongly reactive protons.

Here we will show that an increase in oligomer production, once alkylate
production has declined, is only consistent with a laterally interacting proton
catalyst model. We will also see that alkylate production has a reduced lifetime
when catalyzed by the dual interacting proton catalyst model compared with the
lifetime when isolated protons catalyze the reaction. This is due to a decrease
of neighboring deactivated proton sites.

Figure 4.10 shows the catalytic reaction cycle of the dual interacting proton
catalyst model. Part of the elementary reactions are similar as in Figure 4.4,
the catalytic reaction cycle of the single proton case, except that proton state
H+

1 is converted to the less reactive state H+
3 , when a deactivated proton state

H+
2 becomes a neighbor site. Since this conversion has an electronic cause, the

corresponding rate constant k8 is fast compared to chemical reaction rates. Its
default value is chosen so fast that kinetics is not affected by its further increase.
The proton state H+

3 will not initiate the alkylation reaction, but only catalyze
the oligomerization reaction of propylene. Default parameters of the reaction
rate constants of oligomerization by proton in state H+

3 are chosen the same as
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oligomerization by the proton in state H+
1 .

Figure 4.11 shows the reaction cycles that correspond to the dual non-
interacting proton catalyst model. It shows two independent reaction cycles.
One reaction cycle is the same as in Figure 4.4, the other concerns the oligomer-
ization of propylene only and the corresponding proton deactivation.

The ordinary differential equations that calculate the time dependence of
the dual interacting proton catalyst model and the dual non-interacting proton
catalyst model are solved in analogous fashion as the kinetics equations that
correspond to the reaction cycle of the single proton reactivity model of Figure
4.4. The solutions of the corresponding kinetics equations are given now.

4.3.1 Dual interacting proton catalyst model

For the reaction network representing the dual interacting proton catalyst model,
Figure 4.10, the reaction steps are shown in Table 4.2.

Reaction
Reaction
number

Reaction
current

C+
3 + iC4 →C3 + iC+

4 R1 k1C+
3

iC+
4 +C=

3 →C+
7 R2 k2iC+

4

iC+
4 → iC=

4 +H+
1 R3 k3iC+

4

C+
7 + iC4 →C7 + iC+

4 R4 k4C+
7

C+
7 →C=

7 +H+
1 R5 k5C+

7

iC=
4 +H+

1 → H+
2 R6 k6H+

1 iC=
4

C=
7 +H+

1 → H+
2 R7 k7H+

1 C=
7

H+
1 +H+

2 → H+
3 R8 k8H+

1 H+
2

C=
3 +H+

1 →C+
3 R9 k9H+

1

C+
3 →C=

n +H+
1 R10 k10C+

3

C=
n +H+

1 → H+
2 R11 k11H+

1 C=
n

C=
3 +H+

3 →C+
3
′ R ′

9
k ′

9H+
3

C+
3
′ →C=

n +H+
3 R ′

10
k ′

10C+
3
′

C=
n +H+

3 → H+
2 R ′

11
k ′

11H+
3 C=

n

Table 4.2: Intermediary steps for the single proton deactivation cycle, Figure 4.10.

The corresponding time evolution of surface and product species is:
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dC+
7

d t
= v2 − v4 − v5

diC+
4

d t
= v1 − v2 − v3 + v4

d H+
1

d t
= v3 + v5 − v6 − v7 − v9 + v10 − v11

d H+
2

d t
= v6 + v7 + v11 + v ′

11

d H+
3

d t
= v8 − v ′

9 + v ′
10 − v ′

11

dC+
3

d t
=−v1 + v9 − v10

dC+
3
′

d t
= v ′

9 − v ′
10

diC=
4

d t
= v3 − v6

dC=
7

d t
= v5 − v7

dC3

d t
= v1

dC7

d t
= v4

dC=
n

d t
= v10 − v11 + v ′

10 − v ′
11

where vi is the reaction current for reaction channel i given in Table 4.2.
The normalized surface species balance is: H+

1 +H+
2 +H+

3 + iC+
4 +C+

7 +C+
3 +C+

3
′ =

H+
1 (t = 0) = 1 The time evolution of surface and product species can be written

in the following matrix form.



100 Surface deactivation kinetics of the alkylation reaction

Ẋ =



0 1 0 −1 −1 0 0 0 0 0 0 0 0 0
1 −1 −1 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 −1 −1 −1 −1 1 −1 0 0 0
0 0 0 0 0 1 1 0 0 0 1 0 0 1
0 0 0 0 0 0 0 1 0 0 0 −1 1 −1
−1 0 0 0 0 0 0 0 1 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 −1 0
0 0 1 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 −1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 −1 0 1 −1



.



v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

v ′
9

v ′
10

v ′
11


Ẋ = S.v
X = {C+

7 , iC+
4 , H+

1 , H+
2 , H+

3 ,C+
3 ,C+

3
′, iC=

4 ,C=
7 ,C3,C7,C=

n }
v is the column matrix {v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v ′

9, v ′
10, v ′

11}. At time
t = 0, X is initialized as X(t = 0) = {0,0,1,0,0,0,0,0,0,0,0,0}

4.3.2 Two independently active proton catalyst model

For the reaction network representing the dual proton deactivation, Figure 4.11,
the reaction steps are shown in Table 4.3. The corresponding time evolution of
surface and product species is:
dC+

7

d t
= v2 − v4 − v5

d H+
2
′

d t
= v ′

11

diC+
4

d t
= v1 − v2 − v3 + v4

d H+
3

d t
=−v ′

9 + v ′
10 − v ′

11

d H+
1

d t
= v3 + v5 − v6 − v7 − v9 + v10 − v11

dC+
3
′

d t
= v ′

9 − v ′
10

d H+
2

d t
= v6 + v7 + v11

dC+
3

d t
=−v1 + v9 − v10

diC=
4

d t
= v3 − v6
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Reaction cycle (a)
Reaction
number

Reaction
current

C+
3 + iC4 →C3 + iC+

4 R1 k1C+
3

iC+
4 +C=

3 →C+
7 R2 k2iC+

4

iC+
4 → iC=

4 +H+
1 R3 k3iC+

4

C+
7 + iC4 →C7 + iC+

4 R4 k4C+
7

C+
7 →C=

7 +H+
1 R5 k5C+

7

iC=
4 +H+

1 → H+
2 R6 k6H+

1 iC=
4

C=
7 +H+

1 → H+
2 R7 k7H+

1 C=
7

C=
3 +H+

1 →C+
3 R9 k9H+

1

C+
3 →C=

n +H+
1 R10 k10C+

3

C=
n +H+

1 → H+
2 R11 k11H+

1 C=
n

Reaction cycle (b)
C=

3 +H+
3 →C+

3
′ R ′

9
k ′

9H+
3

C+
3
′ →C=

n +H+
3 R ′

10
k ′

10C+
3
′

C=
n +H+

3 → H+
2
′ R ′

11
k ′

11H+
3 C=

n

Table 4.3: Intermediary steps for the single proton deactivation cycle, Figure 4.11.

dC=
7

d t
= v5 − v7

dC3

d t
= v1

dC7

d t
= v4

dC=
n

d t
= v10 − v11 + v ′

10 − v ′
11

where vi is the reaction current for reaction channel i given in Table 4.3.
The normalized surface species balance is:

H+
1 +H+

2 + iC+
4 +C+

7 +C+
3 = H+

1 (t = 0)
H+

2
′+H+

3 +C+
3
′ = H+

3 (t = 0)
H+

1 (t = 0) = H+
3 (t = 0) = 0.5

The time evolution of surface and product species can be written in the fol-
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lowing matrix form.

Ẋ =



0 1 0 −1 −1 0 0 0 0 0 0 0 0
1 −1 −1 1 0 0 0 0 0 0 0 0 0
0 0 1 0 1 −1 −1 −1 1 −1 0 0 0
0 0 0 0 0 1 1 0 0 1 0 0 0
−1 0 0 0 0 0 0 1 −1 0 0 0 0
0 0 1 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 1 0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 −1 1 −1
0 0 0 0 0 0 0 0 0 0 1 −1 0
0 0 0 0 0 0 0 0 0 0 0 1 −1



.



v1

v2

v3

v4

v5

v6

v7

v9

v10

v11

v ′
9

v ′
10

v ′
11


Ẋ = S.v

X = {X1,X2}
X1 = {C+

7 , iC+
4 , H+

1 , H+
2 ,C+

3 , iC=
4 ,C=

7 ,C3,C7,C=
n }

X2 = {H+
2
′, H+

3 ,C+
3
′,C=

n }
v is the column matrix v = {v1, v2, v3, v4, v5, v6, v7, v9, v10, v11, v ′

9, v ′
10, v ′

11}. At
time t = 0, X is initialized as X1(t = 0) = {0,0,1,0,0,0,0,0,0,0}, X2(t = 0) = {0,1,0,0}

4.3.3 Discussion on deactivation kinetics

In Figures 4.12 and 4.13, the deactivation patterns of the dual interacting pro-
ton catalyst model and the non-interacting proton catalyst model are given. For
the dual interacting proton catalyst model, in Figures 4.12(a) and (b) changes
in production formation and rate of product deactivation are shown with time.
Default kinetic parameters have been chosen which, for the single proton cata-
lyst model, give high alkylate selectivity.

Different from the single proton catalyst model, now the deactivation times
of reaction products are different. The selective alkylate production lifetime
is now 100 time steps, 0.5 times shorter, and the decline rate of alkylate pro-
duction 0.065 time−1, 8.33 times faster than that of the single proton catalyst
model. After the decline of selective alkylate production, there is an overshoot
of oligomer production. This overshoot of oligomer production is also apparent
from Figure 4.12(b) which shows the time dependence of production rates of
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(a) (b)

Figure 4.12: Deactivation kinetics of dual interacting proton catalyst model. Default ki-
netics model parameters are the same as for high alkylate selectivity in the
single proton catalyst model (k1=1, k2= k4=1, k3=k5=0.1, k6=k7=0.01,
k8=10, k9=k9’=10, k10=1, k10’= 1, k11=k11’=0.01). (a) Product forma-
tion normalized per proton, (b) rate of product deactivation normalized per
proton as a function of time.

products.
Similar as in alkylation batch experiments, this catalyst model will only show

high alkylate selectivity when the reaction is stopped in time before the oligomer
overshoot production sets in. Steady state selectivities are mentioned in the
legends. The steady state alkylate selectivity is now 56% which is, as expected,
slightly less than that for the single proton catalyst model.

As we will explain in detail in the next chapter, enhanced deactivation of
alkylate production and overshoot of oligomer production derives from the
rapid conversion of proton state H+

1 to the less reactive proton state H+
3 once a

deactivated proton state H+
2 appears next to it. Protons in state H+

3 are initially
absent in the dual interacting proton catalyst model. Their later formation is the
reason for the overshoot in oligomerization production after alkylation decline.
In Figure 4.14, complementary to Figures 4.12 and 4.13, the time evolution of
surface intermediates is shown. Product evolution closely follows the occupa-
tion of H+

1 and H+
3 protons.

Figure 4.13(a) and (b) show, for the same elementary reaction rate de-
fault parameters, comparable data for the dual non-interacting proton catalyst
model. Compared to the proton concentration in the dual site interacting proton
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(a) (b)

(c) (d)

Figure 4.13: For the same parameter set as defined in Figure 4.12, (a), (b), (c) and (d)
show kinetics of dual non-interacting proton catalyst model. Concentration
of iC=

4 (black line) and C=
7 (blue line) always overlap. (a) Product for-

mation normalized per proton as a function of time. (b) rate of product
formation normalized per proton as a function of time, (c) and (d) show
product formation per proton and rate of product formation per proton
with protons H+

3 less reactive (k10’=0.5; k11’=0.005). C3 formation rate
overlaps with iC=

4 and C=
7 rate of formation after an initial spike.
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catalyst model, in these figures, the concentrations of respective proton states
H+

1 and H+
3 have been initialized to cover half the surface each.

As explained in the previous section, this reduction in proton density causes
the deactivation of alkylate production to be delayed by a factor of 1.3 compared
to the single proton case, Figure 4.6(c).

Dramatic is the now high initial relative rate of oligomer production com-
pared to that in the other two proton catalyst models. This is caused by the
high oligomerization rate of the H+

3 protons. In the dual non-interacting proton
catalyst model, different from the other catalyst models, oligomerization by the
H+

3 protons does not compete with the hydride transfer reaction. The lifetime
of alkylate production is 250 time steps which is slightly longer than that of
the single proton catalyst model of 200 time steps but the lifetime of oligomer
production has decreased to 130 time steps. Now, after decline of oligomer-
ization, alkylate production dominates. Compared to the single proton catalyst
model, the steady state alkylate selectivity has decreased by 61%. Because of its
longer lifetime, accumulated alkylate production is higher than that of oligomer
production.

The kinetics as shown in Figures 4.13(a) and 4.13(b) will sensitively depend
on the rate of deactivation of the H+

3 protons by the oligomer molecules. The
oligomerization catalysis by the weakly reactive protons in state H+

3 , that are
not able to catalyze alkylation, should be slower than that of the H+

1 protons
that are able to catalyse this reaction. Such a decreased rate of deactivation
of the less reactive protons H+

3 is consistent with their known lower rate of
propylene oligomerization. Sarazen et al. [81] indicate a decrease by at least a
factor of ten in oligomerization rate when the reactivity of highly reactive and
less reactive protons in faujasite zeolite are compared.

Figures 4.13(c) and 4.13(d) present oligomer product formation and deac-
tivation rates of products, when accordingly the respective reaction rate con-
stants catalysed by protons in proton state H+

3 (k10’, k11’) are reduced by half.
Compared to Figures 4.13 (a) and (b), now steady state alkylate selectivity in-
creases, but oligomer production dominates also at longer times. The lifetime
of oligomer production is 260 time steps and its deactivation rate 0.01time−1 is
now close to that of alkylation (0.009 time−1). Importantly, different from the
dual interacting proton catalyst model, beyond deactivation of alkylation, the
slope of oligomerization rate change is always negative.

In the dual non-interacting proton catalyst model, the reactivity of proton
states H+

1 and H+
3 is coupled through deactivation by oligomers that are pro-

duced by both proton states. When normalized to the same initial H+
1 proton

concentration, the alkylation lifetime of the dual non-interacting proton catalyst
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(a) (b)

(c) (d)

(e) (f)

Figure 4.14: Surface concentration plots (on the left) and log of rate of change of con-
centration plots (on the right) for (a) and (b): the dual interacting proton
catalyst model Figure 4.12, and (c), (d), (e), (f): the dual non-interacting
proton catalyst model, Figure 4.13
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model is reduced by 5% compared to the single proton catalyst model.

4.4 Summary

In this chapter, we presented simulations with default elementary reaction rate
constants that give, for the single proton catalyst model, relatively high alkylate
selectivity. In the next chapter, for the dual interacting proton catalyst model,
we will also analyze simulations when alkylate selectivity is low.

This chapter has provided evidence that alkylate production lifetime is longest
when only reactive protons H+

1 are initially present and these protons are iso-
lated. The deactivation rate increases by an order of magnitude when lateral in-
teractions between protons H+

1 are present. Because of the generation of weakly
reactive protons H+

3 , later in time, delayed production of oligomers occurs after
decline of alkylate production.

Different from the dual interacting proton catalyst model, the dual non-
interacting proton catalyst model has a lower initial selectivity of alkylate pro-
duction than that of oligomer formation. As earlier mentioned, this selectivity
difference is due to the apparent higher rate of oligomer formation by the also
initially present protons H+

3 that cannot catalyse alkylate formation.
In the next chapter, we will analyze the proton dynamics that is fundamental

to the kinetics differences induced by the lateral interactions of the protons. The
rate of alkylate production follows the dynamics of protons H+

1 , and the rate of
oligomer production follows the dynamics of protons H+

3 .





Chapter 5
Three proton model of the
alkylation reaction

5.1 Introduction

The kinetics modelling in the previous chapter has demonstrated that deactiva-
tion kinetics changes nonlinearly when protons interact laterally. In the follow-
ing Section 5.2, we will analyze the dynamics of a three proton state model that
shows deactivation dynamics similar to that of a dual site interacting proton
catalyst model. The advantage of this three proton model is that analytical so-
lutions of its dynamics can be found. We will use nonlinear dynamics to deduce
the relation between the rates of deactivation of protons in respective H+

1 and
H+

3 states and their rate of interconversion.
Later, in Section 5.3, we will couple the three proton model to the full reac-

tion kinetics for the dual reactivity proton catalyst models. We will compare
stochastic simulation results with solutions of the corresponding mean field
equations. The stochastic simulations will be used to study deactivation kinetics
of laterally interacting protons as a function of proton coordination.

5.1.1 Dynamics of the three proton state model

The mean field ordinary differential equations that describe the time evolution
of probabilities ni of the respective proton states H+

i are given by Equations
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(5.1):

dn1

d t
=−k12n1 −mk13n1n2 (5.1a)

dn2

d t
= k12n1 +k32n3 (5.1b)

dn3

d t
= mk13n1n2 −k32n3 (5.1c)

The rate constants k12 and k32 refer to the respective proton deactivation
rates of proton states H+

1 and H+
3 . As in the dual site interacting proton catalyst

model, proton state H+
1 represents the reactive proton state that catalyzes the

alkylation reaction and proton state H+
3 represents the proton state that only

catalyzes propylene oligomerization. The rate constant k13 is the rate of con-
version of proton state H+

1 to proton state H+
3 when it gets as a neighbor the

deactivated H+
2 proton state. Since the rates of local surface atom rearrange-

ment and electronic changes will be several orders of magnitude faster than the
deactivation rates of proton states H+

1 and H+
3 respectively, one expects k13 to

be large compared to k12 and k32. m in Eq. (5.1) is the number of neighbors of
a proton.

If in Eqs. (5.1), k13 is set equal to zero, the equations Eq. (5.1a) and Eq.
(5.1c) decouple and the probabilities ni correspond to that of the dual non-
interacting proton catalyst model. Each proton will decay exponentially, with
decay constants 1/k12 and 1/k32, respectively.

In the simulations of the dual interacting proton catalyst model shown in
the previous chapter, Figures 4.12(a) and (b), we observe a delayed oligomer
production after alkylation production has declined. Since this reflects the re-
spective dynamics of protons H+

1 and H+
3 , we are interested to know for which

relationship of the rate constants in Eq. (5.1), deactivation of protons in state
H+

1 , that catalyse alkylation, occurs fast and protons in state H+
3 , that only catal-

yse oligomerization, remain active after deactivation of the H+
1 protons.

The condition for this to happen is that proton state probability n3 crosses
state probability n1 (see Figure 5.1). One can deduce an approximate condition
(a proof will be given in the next Section 5.2.2):

k12 +2mk13 > k32 (5.2)

According to this relation, when conversion rate of proton state H+
1 to proton

state H+
3 is fast, after decay of alkylation, oligomer formation still increases

and it decays later. This delay becomes independent of k13 when it exceeds a
maximum value.
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When the intrinsic rate of deactivation of proton in state H+
1 (k12) is small, a

high rate of conversion of proton state H+
1 to proton state H+

3 (strong coupling
between the protons; 2mk13) is necessary to overcome the rate of deactivation
of the protons in state H+

3 (k32). A low rate of proton state H+
1 deactivation

implies dynamics that corresponds to high initial alkylate selectivity. As was
illustrated in Figure 4.13, when proton states are decoupled, the rate of de-
activation of proton H+

3 (reflected in the deactivation rate of oligomerization)
is larger than the deactivation rate of proton state H+

1 (reflected in the deac-
tivation rate of alkylation). The proton dynamics that correspond to kinetics
of dual interacting proton catalyst model kinetics of Figure 4.12 and dual non-
interacting proton catalyst model of Figure 4.13, both calculated with the same
default parameters, is shown in Figure 5.1.

Figure 5.1: Dynamics of the three proton state model. Rate parameter values: k12=0.01,
k32=1.0. Comparison of time evolution of proton state probabilities ni of
protons H+

i respectively with strong coupling of the protons (k13=10.0, solid
lines) and absence of coupling of the protons (k13 =0, dashed lines). The
time evolution of respective proton states H+

1 , H+
2 and H+

3 are simulated with
rate constants such that state probability n3 crosses state probability n1.

Figure 5.1 shows proton dynamics of the interacting three proton catalyst
model, where condition Eq. (5.2) is satisfied (for k13 = 10). A comparison is
made with the independent proton dynamics (k13 = 0).

The rate constant of proton state H+
1 deactivation has been chosen slower
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than that of proton state H+
3 . The strong coupling between proton states causes,

in the coupled system, deactivation of proton state H+
1 to be faster than that of

proton state H+
3 . Slow exponential decay of proton state H+

1 transforms into fast
non-exponential accelerated decay. This is even the case when the deactivation
rate constant of reactive proton state H+

1 (k12=0.01) is initially slower than that
of the less reactive proton state H+

3 (k32=1). We will now show a nonlinear
dynamics analysis [90] of Eqs. (5.1), where four different deactivation rate
regimes are identified. It will become evident that only one deactivation rate
regime shows dynamics as found in Figure 5.1.

5.2 Nonlinear dynamics analysis of the dual site
interacting two proton model

5.2.1 Mean-field solutions and phase portraits

In this section, we will analyze the mean-field solution of Eq. (5.1) and visualize
the corresponding phase portrait and the dependence on the parameter values.
The mean field solutions Eq. (5.1) can be re-written in dimensionless form by
the transformations, t ′ = k32t , p = k12/k32, q = mk13/k32 as

dn1

d t ′
=−pn1 −qn1n2 (5.3a)

dn2

d t ′
= pn1 +n3 (5.3b)

dn3

d t ′
= qn1n2 −n3 (5.3c)

With n1(t=0) =1-n4, n2(t=0)= n3(t=0)= 0. A surface site can be in one
of four states. The probability that the proton is in the reactive proton state H+

1
is n1, in the deactivated state H+

2 , n2, and in the less reactive state acidic H+
3 is

n3. A site can also be not occupied by a proton with probability n4. Because of
conservation of surface species,

∑4
i=1 ni =1 we can convert the three equations,

Eq.(5.3) into two equations:

dn′
1

d t ′
=−pn′

1 −q ′n′
1n′

2 (5.4a)

dn′
2

d t ′
= (p −1)n′

1 +1−n′
2 (5.4b)



5.2 Nonlinear dynamics analysis of the dual site interacting two proton model 113

where q ′ = q(1−n4), n′
i = ni /(1−n4) for i ∈ {1,2,3}.

For the mean-field analysis, we only consider cases with n4=0 (n′
i = ni , q ′ =

q). Because of the scaling used in Eq. (5.4), mean field results can be readily
converted into explicit dependence on n4. Stochastic simulations, for which
such scaling is not always possible when n4 is not equal to zero, will be discussed
in the next Section 5.2.3. Note that the presence of inert sites n4 on the catalyst
surface is equivalent to a surface with reduced catalyst site density σ where
σ= 1−n4.

p compares the intrinsic rate of decay of proton state H+
1 with the rate of

decay of proton state H+
3 . p/q compares the intrinsic rate of decay of state H+

1
with the rate constant of conversion of state H+

1 into state H+
3 . We will show

that we can distinguish 4 different cases that depend on whether p > 1 or p < 1
and p/q À 1 or p/q ¿ 1. We will illustrate this by qualitatively discussing the
respective phase portraits of dependence of n1 with n2 for these 4 cases.

For the system represented by Eq.(5.4), the 2 fixed points in the (n1, n2)
space are (0, 1) and ((p + q)/q(1− p) ,−p/q). Since p/q > 0, the fixed point
((p + q)/q(1−p) ,−p/q) (which is a saddle point) [90] always lies outside the
region of interest since n2 can never be negative.

The Jacobian matrix of the evolution of the system can be written as

J =
[
∂ṅ1/∂n1 ∂ṅ2/∂n1

∂ṅ1/∂n2 ∂ṅ2/∂n2

]
=

[−p −qn2 −qn1

p −1 −1

]
We observe the dynamics of the system around the fixed point (0,1). The

eigenvalues (λ1, λ2) can be determined by looking at the diagonal elements of
the Jacobian. λ1 =−1, λ2 =−p−q. The corresponding eigenvectors are obtained
by solving: [−p −q −λ 0

p −1 −1

]
.

[
w1

w2

]
= 0

to obtain

w1 =
[

0
1

]
, w2 =

[
p+q−1

1−p

1

]
The eigenvectors determine the trajectory of approach of the dynamical sys-

tem from (n1,n2) = (1,0) to (n1,n2) = (0,1).
The state space of all the possible set of (n1, n2) values a trajectory originat-

ing from (1, 0) can go through, is defined as:

Ω= {(n1,n2) ∈R+|n1 +n2 ≤ 1} (5.5)
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For any phase portrait in this state space, the slope of a trajectory at any
point can be written as

dn2

dn1
=−n1(p −1)+1−n2

pn1 +qn1n2
(5.6)

Consider the curve formed by the set of points of constant slope, dn2/dn1 =−1.
This represents an isocline,

γ=−dn2

dn1
= 1 (5.7)

The equation of the isocline γ= 1 is given by,

n2 = 1−n1

qn1 +1
(5.8)

Any trajectory originating from the initial point (1, 0), for any parameter
choice, will have a slope dn2/dn1 = −1 such that it is always parallel to the
n1 +n2 = 1 curve initially.

We will use Figure 5.2 to deduce the behavior of the isoclines on the param-
eter values and use this information to explore 4 possible cases. Figure 5.2(a)
shows the behavior of a typical isocline γ= 1 (dashed line). The triangle formed
by the lines n1 +n2 ≤ 1, n1 = 0, n2 = 0 is the state space, Ω. The solid line inter-
secting the isocline is the trajectory (n1, n2) originating from (1, 0). This point
of intersection marks the point where dn3/d t = 0. The region above the isocline
is the region with dn3/d t > 0 marking the region where n3 production by the
non-linear effect is more than n3 depletion by decay to n2. The region below the
isocline is the region dn3/d t < 0. Figure 5.2(b) schematically shows the effect
of increasing p on the trajectories for fixed q.

Along the line n1+n2=1, we can calculate the slope -dn2/dn1, we call it γ∗.
γ∗ gives a fair estimation of how closely the trajectory is following the curve
n1 +n2=1 (when γ∗=1, trajectory will be sticking to the line). γ∗ is written as:

γ∗ = p

p +q −qn1
= p/q

p/q +1−n1
(5.9)

When p/q À 1, γ∗ reaches value close to 1, i.e. it sticks to the line n1+n2=1
more, indicating reduced nonlinear effect. As p/q reduces, the nonlinear effect
leading to n3 generation deviates the trajectory further and further away from
the n1 +n2=1 curve, a direct consequence of the nonlinearity.

Figures 5.2(c) and (d) show the effect of changing (p, q) parameters on the
trajectories (solid lines) and the isoclines γ∗ (dashed lines). With increasing q,
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(a) (b)

(c) (d)

Figure 5.2: Illustrative examples of a phase portrait. (a) Example of an isocline. The
dashed line represents the isocline γ = 1 and the black line is the trajectory
originating from (1, 0). The region above the isocline is where dn3/dt > 0
and the region below is where dn3/dt<0. The crossing point of the isocline
and the trajectory gives the position of n3,max . (b) shows a schematic figure
of effect of changing p on trajectories when q remains constant. (c) and (d)
compare trajectories and isoclines (γ∗) for different values of p/q with p À 1
and p ¿ 1 respectively. Trajectories (solid lines) and isoclines (γ∗) (dashed
lines) are shown as a function of p/q.
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the isocline deepens until it becomes almost parallel to n2 = 0 with concentration
of n1 approaching 0 even when n2 is far from the stable node.

Note that for both Figures 5.2(c) and (d), the sticking region reduces when
p/q reduces. However, when p À 1, the trajectories have a higher tendency to
remain parallel to n1 +n2=1 for longer times. For p ¿ 1, no resistance is found
to increasing q values since n1 to n2 decay almost stops playing a role beyond
the initial decay times.

We will show in the next section that when the condition p + 2q − 1 > 0 is
approximately satisfied, we will get a crossing point of the curves n3 and n1.
There will always be a crossing point when p > 1. When p < 1, the crossing over
is determined by q. When q is too small, there will be no crossing.

We will now discuss the different phase portraits and the corresponding tran-
sient behavior for the 4 cases outlined below. Corresponding time dependent
profiles and the phase portraits are shown in Figure 5.3-5.4.

Case I: p > 1, p/q > 1: In this case, decay of H+
1 is exponential and a fast

process. As such, formation of H+
3 is negligible. There is always a crossing over

of H+
3 by H+

1 . In Figure 5.3(a) and (b), for parameter values p=100 and q=10,
the phase portrait and the time evolution of the system is shown. The eigenval-
ues for vectors w1, w2 around the stable node (0, 1) are -1 and -110 respectively
(w1 is the eigenvector parallel to the axis n1=0). The trajectory enters the node
along the slow eigenvector w1, Figure 5.3(a). In the time evolution curve, Fig-
ure 5.3(b), this means that H+

1 will disappear after some initial time following
which we see growth of H+

2 and decay of H+
3 on a time scale of k32. There is

always a crossing over of H+
1 by H+

3 .
Case II: p > 1, p/q < 1: Decay of H+

1 is still nearly exponential. There is
substantial delayed production of H+

3 . The amount of H+
3 production and delay

relates to q. This is illustrated in Fig. 5.2(c) where a high p/q value makes
the trajectory stick to the n1 +n2=1 line, and a low p/q value shows a higher
tendency for n3 formation.

In Figures 5.3(c) and (d), for parameter values, p=10, q=100, the phase
portrait and the time evolution of the system is shown. Trajectory will always
enter parallel to n1=0 (w1 is again the slower eigenvector), and thus the cross-
ing over will always occur.

Case III: p < 1, p/q > 1: In this case, decay of n1 is purely exponential.
There is a crossing over when q exceeds a particular value (p + 2q − 1 > 0).
No significant H+

3 production because of weak nonlinear rate q. In Figures
5.4(a) and (b), for parameter values, p=0.1,q=0.01, the phase portrait and the
time evolution of the system is shown. The isocline and the trajectory overlap
with the n1 +n2=1 curve, Figure 5.2(d) and thus H+

1 decay to H+
2 happens
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(a) (b)

(c) (d)

Figure 5.3: On the left are the phase portraits for cases I and II respectively. Parameter
values are indicated in the respective figures. The dashed line is the isocline
γ = 1 where dn3/dt = 0, and black line is the trajectory followed by the
system originating from (1, 0). Figures on the right show the corresponding
state probabilities as a function of time.
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(a) (b)

(c) (d)

Figure 5.4: On the left are the phase portraits for cases III and IV respectively. Parameter
values are indicated in the respective figures. The dashed line is the isocline
γ = 1 where dn3/d t = 0, and black line is the trajectory followed by the
system originating from (1, 0). Figures on the right show the corresponding
state probabilities as a function of time.
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exponentially on a time scale of 1/k12.
Case IV: p < 1, p/q < 1: This case shows a strong non-exponential decay of

H+
1 . H+

3 production becomes significant, depending on the nonlinear parameter
q. Crossing over occurs for higher values of q (p +2q −1 > 0). H+

3 production
again has a substantial delay compared to the deactivation of H+

1 .
In Figure 5.4(c) and (d), for parameter values p=0.1, q=10, the phase

portrait and the time evolution of the system is shown. When p ¿ 1, the sticking
region offers no resistance to the trajectories, Figure 5.2(c). This is seen in
Figure 5.4(d) where a sudden non-exponential decay of n1 is observed after an
initial slow exponential decay. Beyond this initial time, the decay rate k12 does
not play a role.

Cases II and IV are the most interesting cases. As we discussed in the last
chapter, they relate to experimental decay patterns of the alkylation reaction. It
is also interesting to note that both cases III and IV will undergo crossing over
of H+

3 by H+
1 beyond a certain parameter set, but the production of H+

3 in case
III is negligible, so we do not consider this case explicitly. Figure 5.5 shows one
such parameter set for case IV where no crossing over is observed.

Figure 5.5: State probability profiles of n1, n2, n3 with time. No crossing over observed
for the parameter set p = 0.01, q = 0.4.

Case IV is also interesting since the role of p in determining the dynamics of
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the system is minimal. When p ¿ 1 and p/q ¿ 1, a small production of H+
2 will

lead to strong nonlinear coupling between H+
1 and H+

2 leading to H+
3 generation.

p only determines the time until which the nonlinear coupling initiates but does
not modify the dynamics of the system beyond that.

Figure 5.6: State probability n3 with time for q=0.5 and p = 0.1,0.01,0.001 (case IV). For
smaller values of p, the fraction coverage of n3 only gets delayed, which is
observed in the curve shifting to the right.

Figure 5.6 shows that as long as the condition p/q ¿ 1, is satisfied the inher-
ent rate of decay of H+

1 to H+
2 , p, plays a minimal role in determining n3,max .

The system waits for an initial decay of H+
1 to H+

2 following which the nonlinear
interaction between H+

1 and H+
2 overtakes.

5.2.2 Crossing-over analysis

Determining the critical parameter values for a crossing over to occur is impor-
tant since it helps predict the species (H+

1 or H+
3 ) that is going to be present

in majority at larger time. This, in turn, can be used to calculate whether the
major product formed is due to reaction with H+

1 protons or H+
3 protons.

The following condition states that if crossing over of n3 over n1 occurs, then
at the point n1 = n3 the slope dn3/d t>dn1/d t . The absence of such a point will
imply the absence of crossing over. The inequality is written as
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−n3 +qn1n2 >−pn1 −qn1n2 (5.10a)

−n3 +qn1(1−2n1) >−pn1 −qn1(1−2n1) (5.10b)

This leads to the following expression:

p +2q −1

4q
> n1 > 0 (5.11)

Since 4qn1 > 0 for all n1,
p +2q −1 > 0 (5.12)

k12 +2k13 −k32 > 0 (5.13)

This gives us a necessary condition for crossing over but not a sufficient
one. A more accurate condition is given by Eq.(5.18), the derivation of which
will follow soon. A representative figure, Figure 5.7, shows the crossing over
around this condition.

(a) (b)

Figure 5.7: Time based plots of state probabilities n1, n2, n3. On the left, p+2q = 0.9 (no
crossing over), on the right p +2q = 1.3 with crossing over.

It is important to observe that for case IV (p < 1, p/q < 1), a maximum in
n3 occurs around the same time when state probabilities n1 and n2 are almost
equal, Figure 5.4.

When p ¿ q, dn1/d t = -pn1 −qn1n2 (pn1 ¿ qn1n2). Eq. (5.3) can now be
rewritten as:



122 Three proton model of the alkylation reaction

dn1

d t
=−qn1n2 (5.14a)

dn2

d t
= n3 (5.14b)

dn3

d t
=−n3 +qn1n2 (5.14c)

The system is now initialized with n1 = 1− ε, n2 =, n3 = 0 at t=0 (ε¿ 1).
ε plays the role of perturbing the system from its initial state (n1 ,n2)= (1, 0)
to (1-ε, ε). This is required since if n1 = 1 at t=0, there will be no further
deactivation (since p=0).

Note that, |dn1/d t | ∼ |dn2/d t | around the point of intersection n1 = n2, Fig-
ure 5.7 (the symmetry in slopes of decay of n1, n2 around the point n1 = n2

breaks when p becomes comparable to or more than 1).
Under the conditions stated above, we can say when n1 = n2, dn3/d t = 0,

dn3

d t
=−n3 +qn1n2 = 0 =−(1−2n1)+qn2

1 (5.15)

The quadratic equation can be solved to give an approximate value of n1 =
n10 when dn3/dt=0:

n10 = n20 =
√

1+q −1

q
(5.16)

and n3,max :

n3,max = 1−2

√
1+q −1

q
(5.17)

At the point of crossing over when n1 = n2, n1 < n3,max . The maximum
value of n1(=n3,max) can be used in Eq. (5.11) for a better approximation in
determination of the condition for crossing over

p +2q −1

4q
> 1−2

√
1+q −1

q
> 0 (5.18a)

p −2q +8
√

1+q −9 > 0 (5.18b)

For q ¿ 1, the equation again transforms to Eq. (5.12).
The validity of expression in Eq. (5.17) is checked in Figure 5.8 where n3,max

is plotted against q. The dashed line represents the analytical value calculated
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(a) (b)

Figure 5.8: n3,max vs q for p=0.01. Comparison of analytical expression obtained with
the solution of mean-field equations. For small values of q, the match is
exact. For higher values, the deviation increases until it becomes constant.

according to Eq. (5.17), and the solid line represents the actual n3,max obtained
by solving Eq. (5.3).

Figure 5.8(a) compares the trend for small value of q and Figure 5.8(b)
extends the plot to high values of q. It is seen that there is a linear increment
in the curve until q = 0.5, after which the curve changes slope. This also marks
the point where the deviation of the analytical expression from the calculated
mean-field solution starts to increases. The point q = 0.5 is located at the
critical boundary of p +2q < 1 for crossing over. For small value of q, n3,max can
be approximated to q/4 and for larger values of q, it takes the form 1−2/

p
q

Before returning to the full kinetics of the alkylation reaction, we present
stochastic simulations [19, 41, 91] of the dynamics of the three proton state
model and compare this with the mean field solutions.

5.2.3 Stochastic solution of the three proton state model.

In the stochastic simulations, the protons are considered to be located on a
lattice as indicated in Figure 5.9. A proton can have as neighbor another proton
in the same state. In addition, we will consider also the possibility of inert site
vacancies that will have state probability n4. Method details on the stochastic
simulations are provided now.
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Figure 5.9: 2D Lattice representation of the laterally interacting three proton catalyst
model.

The stochastic system comprises of a hexagonal lattice (Figure 5.9) with pe-
riodic boundary conditions to account for an infinite surface in the two Cartesian
directions. The lattice has N rows and columns. Each lattice point can have 4
possible states, ni , i=1-4. At t=0, P4N 2 (0<P4<1) sites are chosen at random
and assigned a state of non-reactive n4. For all t>0, lattice points are selected at
random from the remaining (1- P4)N 2 sites until the whole lattice is traversed.

At any time step, t > 0, if the randomly selected site (i , j ) is n1, then with a
probability P12, it converts to n2. If site (i , j ) is n2, then each of the 6 neighbors
of (i , j ) are scanned for n1. If the neighbor is n1, it is converted to n3 with
a probability P13 otherwise no action is taken. If site (i , j ) is n3 then with a
probability P32 the site is converted to n2. If site (i , j ) is n4, no action is taken.

Probability parameters Pi j are not entirely the same as the rate parameters
ki j given in Eq. (5.1). The following approach can be generalized to determine
a relation between probability parameters and corresponding rate constants.
Consider the conversion of n1 to n2 in absence of any other processes. The
probability that n1 does not convert to n2 after n time steps (with a unit time
step) is (1−P12)n . So, with a probability 1− (1−P12)n , n1 can convert to n2

any time between these n time steps. From continuum approach, the same
probability for a first order process turns out to be 1-e−k12 . The two probabilities
can be equated to obtain P12 = 1−e−k12 .
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When establishing a match with mean-field equations Eq.(5.1), it turns out
that the parameter m takes a value equal to the number of nearest neighbors
of a lattice site for the stochastic system. It is intuitive that the presence of a
higher number of nearest neighbors increases the local density of n1 around n2

and a higher non-linear effect is to be expected. A master equation expression
suggests the same.

Figure 5.10 compares the mean-field simulations with the stochastic simula-
tions in terms of the time-evolution of probabilities of protons states for cases I,
II and IV. The dashed lines show the time evolution for the stochastic case where
probability parameters with m = 6 (hexagonal lattice). Probability parameters
are chosen such that the (p, q) values are the same as corresponding mean-field
expressions.

Figures 5.10(a) and (b) show comparative simulation plots for cases I and II
respectively. The match between mean-field Eq.(5.2) (solid line) and stochastic
simulations (dashed line) is quite good for Figure 5.10(a), for p/q > 1. How-
ever, a slight negative deviation in n3,max is noticed for case b when p/q < 1.
This deviation increases in Figure 5.10(c), where p/q ¿ 1, case IV. However, for
the same case IV, when p/q approaches 1, the deviation reduces significantly,
Figure 5.1(d).

The deviation from the mean-field situation is expected whenever p < 1 < q.
The reason for this is the assumption of homogenous n1 density surrounding
n2 states in the mean-field analysis. Such a homogeneity breaks when simu-
lations are performed where the nonlinear interaction of n1 −n2 sites leads to
generation of n3 regions that grow around n2. This reduces the overall non-
linear effect, since n2 never sees the global n1 density but the density local to it.
This effect will only be visible when the nonlinear rate dominates other rates,
p < 1 ¿ q. When the decay rate k12 is slower than k32 (p < 1), the system has
to wait for the transient n3 layer surrounding n2 regions to decay (following
which n1 sites can interact with n2 sites) with a rate k32 to restart the nonlinear
n3 generation process. The effective non-linear rate qe f f ,s under this condi-
tion becomes lower than q but still greater than 1. This effect diminishes as
p → 1(k12 ∼ k32) since while the system is waiting for n3 to convert to n2, a pos-
sible decay of n1 to n2 at any other lattice site will again initiate n3 formation.
The effect also reduces when p ¿ q < 1. Here, the decay of n3 to n2 is fastest
which reduces the time period of temporary blockage of n2 by n3.

It is also important to see in the mean-field case that as q →∞, n3,max → 1.
However, n3,max (s), in the stochastic simulations, will not increase beyond a
value of q = qmax since for q À 1, k32 becomes so slow in comparison to k13 that
it determines the overall non-linear rate by blocking n2 sites. A limiting value
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(a) (b)

(c) (d)

Figure 5.10: Comparison of mean-field (straight lines) and stochastic simulations
(dashed lines) when number of vacancies n4 = 0. (a) and (b) represent
examples for cases I and II respectively, (c) and (d) are two regimes of case
IV with different values of p/q with p < 1.
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was already found when at q = qmax ∼ 50 for p < 1.

For the corresponding mean-field solution of case IV with p < 1 < q, the rate
of decay of n1 to n2 does not influence n3,max (see Figure 5.6). For the stochastic
case, it is clear from the above discussion that increasing p will increase the
value of n3,max . Because of temporary blocking of n2 by n3, the decay of n1 to n2

helps regenerate the nonlinear process, thereby resulting in increased formation
of n3 states.

When n4 is non-zero and vacancies are present, the contribution to the decay
time of n1 by the nonlinear rate is further inhibited. n2 regions over the lattice
site are blocked by both n3 and n4 sites suggesting the deviation from mean-field
solution should increase further. For any other case (I, II, III), this deviation will
be very small and the mean-field approach can still be used thereof.

Significant differences between mean field solutions and stochastic simula-
tions can be observed for case IV in the simulations of Figure 5.11. For con-
venience of comparison, they have been done with same parameter values as
used in Figure 5.10(c). Stochastic simulations slow down rates of deactivation.
Differences in fast decay time of proton state H+

1 and delayed deactivation time
of proton state H+

3 decrease.

The normalization for mean-field and stochastic simulations, in presence of
surface vacancies n4, can be done by using transforming ni by n′

i = ni / (1-n4).
The mean-field solution represents Eq. (5.3) with a modified nonlinear rate
q ′ = q(1−n4).

The effect of n4 on n3,max is similar to the effect of q ′ on n3,max . In Figure
5.8, the x-coordinate can be replaced by q ′/(1−n4) and transformed to get a
new coordinate n4 = 1− (q ′/q).

Figure 5.12 shows the comparison of n′
3,max obtained by the mean-field and

stochastic simulations as a function of n4 when p = 0.01, q = 10. For the mean-
field solution, when n4 = 0, q ′ = q and as n4 → 1, q → 0. In Figure 5.8(a), when
q<0.5, n3,max increases linearly with q. A similar argument holds true when
n4 > 0 where n′

3,max increases linearly with q ′ when q ′ < 0.5. For the case in
consideration (p = 0.01, q = 10,n4 > 0), this occurs at a corresponding value of
n4 = 1− q ′/q ∼ 1 - 0.5/10 = 0.95. Now, n3,max will linearly reduce to 0 with
increasing value of n4 (for n4 > 0.95).

The value of n′
3,max(s) for the stochastic simulations shows an interesting

dependence on n4 which is quite different from the corresponding mean-field
expression. An inflection point is observed around the value n4=0.5 below
which the n3,max(s) curve decelerates to 0 for n4=1.
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(a) (b)

(c)

Figure 5.11: Comparison of mean-field (solid lines) and stochastic simulations (dotted
lines) with no vacancies; m = 6, k12= 0.01, k13=10; k32 =1, corresponding
to case IV, Figure 5.10(c). (b) and (c) show the comparison of normalized
time-evolution curves for mean-field and stochastic simulations when va-
cancies in proton concentrations are present. n4 is the state probability that
the proton site is a vacancy. b) n4 = 0.3, k13’ = k13(1-n4)=7 (c) n4=0.7,
k13’ = k13(1-n4)=3. The deactivation times increase by a factor of 2 and 3
respectively when n4=0.3, n4=0.7.
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Figure 5.12: Comparison of n′
3,max vs n4. Mean-field (solid line) and stochastic simula-

tion (dotted line) compared.

5.2.4 Proton coordination dependence.

The inflection point represents a change in the mode of propagation of ’n2 re-
gions surrounded by n3 regions with time’ all across the lattice as shown in
Figure 5.13. When n4 = 0 (and p < 1 < q), these regions start spreading outward
at the earliest formation of n2 at any lattice site. In presence of inert sites, this
propagation becomes difficult. It is shown that when n4 = 0.3, Figure 5.13(a),
there is always an open path in the form of n1 sites between any 2 of these prop-
agating regions on the lattice. When n4 becomes very large, the system enters a
blocked regime, Figure 5.13(b). In this regime, the primary source of formation
of H+

2 by the nonlinear interaction is strongly hindered by the presence of inert
particles that form closed regions on the lattice, restricting the propagation.

This problem is analogous to site percolation. We define propagation of
n2 surrounded by n3 as a measure of connectivity over the porous hexagonal
lattice. For high values of n4, long-range connectivity is absent over the lattice,
but for small n4, percolation of n2-n3 regions leads to connectivity of the order
of lattice size. It is predicted that for a hexagonal lattice, at an occupation
probability pc = 0.5, site percolation first occurs. The occupation probability,
a measure of openness in the system, is the opposite of inert sites present in
our system. The occupation probability is analogous to 1-n4,c , where n4,c is the
critical n4 below which long-range connectivity is observed for the first time. It
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Figure 5.13: Distribution of proton state coverages in the stochastic simulations at dif-
ferent simulation times. Comparison of mode of propagation of deactivated
proton state H+

2 regions surrounded by proton state H+
3 in a hexagonal lat-

tice with k12=0.01, k13=10, k32=1. (a) n4=0.3 at time t = 5, (b) n4 = 0.7
at time t = 15.

was observed that the stochastic simulations hit a critical point at n4,c=0.5 after
which it enters a blocked regime(the inflection point). This matches the critical
probability pc = 1−n4,c = 0.5 for the HCP lattice [92].

The same situation can be observed by changing the number and arrange-
ment of the nearest neighbor to generate different lattices. For a hexagonal
lattice, the nearest number of neighbors, N=6. For a square lattice, N=4 and
for a honeycomb lattice, N=3. The reason for choice of these lattices is that
the percolation threshold has already been determined for theses lattice. For a
square lattice, pc=0.59, and for a honeycomb lattice, pc=0.69.

Stochastic simulations were performed for the 3 lattices with q = 100, p =
0.001, Figure 5.14. Inflection point for the honeycomb lattice occurs at n4,c=0.3,
1−n4,c=0.7, which is close to critical probability pc=0.69. For the square lat-
tice, inflection point occurs at n4,c=0.4, 1−n4,c=0.6, and the critical probability
for the square lattice is 0.59. Note that, although q is same for all the 3 cases,
n′

3,max (s) is highest for N=6, and lowest for N=3 denoting the presence of in-
creasing percolation with increase in nearest neighbors.

The question then arises, at what value of p will the inflection point vanish
or rather, at what ratio of k12/k32 will the blocking of n2 −n3 regions by n4 stop
playing a major role in determining generation of n3.

Figure 5.15 shows the n′
3,max(s) vs n4 curves for different values of p form

0.01 to 0.1. The inflection point occurs at n4 = 0.5 for p=0.01, 0.025 and van-
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Figure 5.14: Comparison of n′
3,max vs n4 for Honeycomb lattice (N=3), square lattice

(N=4), HCP lattice (N=6) with parameter values, p=0.001, q=100.

Figure 5.15: Comparison of n′
3,max(s) vs n4 curves for different values of p from 0.01

to 0.1 (q=100). The inflection point is found to disappear for value of
p>0.05.
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ishes at values of p > 0.05. This is expected since with higher p, n1 decay to n2

at multiple lattice sites ensures that the decay of n3 to n2 does not become rate
determining to initiate the further nonlinear formation of n3.

5.3 Stochastic simulations of the dual interacting
proton catalyst model

Here we extend the analysis of the previous Section 5.2 with simulations for the
dual interacting proton catalyst model as a function of surface vacancy concen-
tration. The full kinetics according to reaction cycle of Figure 4.10 is coupled to
stochastic dynamics of the protons.

5.3.1 Dynamics of the dual interacting proton catalyst model

The hexagonal lattice description for interaction in the dual interacting proton
catalyst model is similar to the description for the three proton state model
described in the previous Section 5.2.3.

To simulate an L ×L hexagonal lattice in 2 dimensions, two factors should
be remembered in the selection of L. Firstly, L2 > 1/psl ow , where psl ow is the
smallest probability parameter (derived from corresponding rate parameters for
proton dynamics). Secondly, L > ξ where ξ is the correlation length for the 2D
hexagonal lattice. This ensure homogeneity of surface species across the lattice
for small n4.

The rate parameters are transformed into probability parameters, Section
5.2.3. If the rate constant corresponds to adsorption of a product species onto
the surface (k1, k2, k6, k7, k9, k11, k9’, k11’), pi = 1− exp(−ki Ci /L) where Ci

is the concentration of adsorbent species). For all other reaction steps, pi =
1−exp(−ki ). The division by L2 accounts for normalization of product species
by active catalyst number density. The expression can be generalised as pi =
1− exp(−Ki∆t ) wher Ki = ki Ci /L for reaction involving adsorption and Ki = ki

otherwise.
At t = 0, the lattice sites are occupied by either H+

1 with a probability 1-n4 or
are vacant otherwise. As time progresses, each lattice site can be occupied by
(H+

1 , H+
2 , H+

2 ’, H+
3 , C+

3 , C+
3 ’, iC+

4 , C+
7 ) or be vacant. For each time step (∆t=1

unit), the lattice is traversed randomly to select lattice point (i , j ) with surface
species Xi , j . The overall consumption of surface species per Xi , j can be caused
by z processes with individual rates K1, K2, ... Kz . The combined probability of
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consumption of Xi , j is given as ptot = 1−exp(
∑z

i=1 Ki ) (∆t=1). Next, a random
number between (0,1) is generated: r and . If ptot < r and , the species Xi , j will
undergo consumption. To select the exact process, another random number
between (0, 1) is chosen, r and1. Process w out of the z processes is selected
based on the condition, Sw−1 < r and1 < Sw where S(w) = ∑w

i=1 Ki /
∑z

i=1 Ki and
Sw = 0.

For every product of type j formed, the concentration is stored in an array
pr d and updated as pr d [ j ] = pr d [ j ]+1 (we account for normalization per ac-
tive catalyst in the adsorption rate constants so an increment of products by 1,
instead of 1/L2, is justified).

If the site (i , j ) is H+
2 , the only possible process that can occur is the nonlinear

interaction between H+
1 and H+

2 to form H+
3 . We do not perform this operation

if site (i , j ) is H+
1 . The steps to perform the stochastic nonlinear interaction are

mentioned in the previous Section 5.2.3.

5.3.2 Deactivation kinetics

Stochastic simulations differ again from mean field simulations. However re-
markably, when alkylation selectivity is high (Figure 5.16), in contrast to the
three proton state model, stochastic simulations now show enhanced rate of
deactivation and short catalyst lifetimes. Analogous to the three proton state
model, delay of deactivation of oligomerization when alkylate production has
deactivated becomes less.

When alkylation selectivity is low (Figure 5.18), one finds that the deac-
tivation rate is decreased compared to the mean field simulation with longer
catalyst lifetimes.

The differences between mean field and stochastic simulations relate to pro-
ton mobility limitations caused by surface overlayer patterns of adsorbed reac-
tion intermediates.

In the figure legends, alkylation catalysis and oligomerization lifetimes are
mentioned. Selectivities are mentioned in the respective caption to the figures.

The stochastic simulations of Figure 5.16(a) and 5.16(b) show shorter cat-
alyst lifetime of alkylate and oligomerization production than the mean field
simulations. As mentioned, this is due to pattern formation of reaction interme-
diates adsorbed on the surface lattice. Differently from the three proton state
model, the surface becomes now also occupied by C+

3 , iC+
4 , C+

7 cations, see
Figure 5.17(a). Once a deactivated proton state H+

2 is generated, it will have a
reduced probability to meet a proton in state H+

1 . This will reduce the initial rate
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(a) (b)

(c) (d)

(e) (f)

Figure 5.16: Mean field (solid lines) and stochastic simulations (dotted lines) of the dual
interacting proton catalyst model for default parameters. Default kinet-
ics parameters are (k1=k10=k10’=1, k2= k4=1, k3=k5=0.1, k6=k7=0.01,
k8=10, k9=k9’=10, k11=k11’=0.01), which are the same as the condition
for high alkylate production in dual interacting proton catalyst model. (a),
(c) and (e) show product formation normalized per proton and (b), (d)
and (f) show rate of product formation (normalized per proton) with time
and proton vacancy concentrations n4=0, 0.3, 0.7 respectively. Rate of
deactivation decreases subsequently as n4 increases. For n4=0.7, alkylate
deactivation rate reduces in the stochastic simulations for longer times. For
all (b), (d), (f) mean field steady state S(C7)=63%, stochastic steady state
S(C7)=60%.
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Figure 5.17: Plots of the site concentration on the lattice for (a) high alkylation selectiv-
ity, (b) low alkylation selectivity at time t = 70, t = 15 respectively (n4=0).

of proton state H+
3 generation. Because proton state H+

3 dominates oligomer re-
moval rate, oligomer production now is increased. This intermediate oligomer
concentration then causes quicker deactivation of state H+

1 .
With an increase in surface vacancies (Figure 5.16 (c), (d), (e), (f)), the

mean field and stochastic simulations show an increasingly longer alkylation
lifetime and slower deactivation time. In the stochastic simulations, the relative
lifetime of alkylation increases more than in the mean field simulations, but
the relative increase in lifetime of oligomerization is less, as is the case for the
respective deactivation rates. Initial steady state selectivity of alkylation does
not change. When n4=0.7, protons in stochastic simulations start to behave as
isolated protons. This is due to the loss of H+

2 percolation, Section 5.2.4. In
the mean-field simulation, the delay in peak oligomer formation is still 40 time
steps.

Figures 5.18 show that when steady state alkylate selectivity is fast, oligomer-
ization product formation always dominates. A double peak in oligomer produc-
tion is observed. The first peak is due to the H+

1 protons that rapidly deactivate,
the later maximum is from oligomer production by the proton in the H+

3 state.
Different from what was observed in Figures 5.16, the stochastic simulation in
Figures 5.18 now show a delay in the rate of deactivation of oligomer produc-
tion by the H+

3 proton states. The deactivation rate of proton state H+
1 by C=

n is
so rapid that the meeting probability with proton state H+

2 dominates. A rep-
resentative surface overlayer intermediate pattern is shown is Figure 5.17(b).
Because oligomer concentration is already high, a further change in oligomer



136 Three proton model of the alkylation reaction

(a) (b)

(c)

Figure 5.18: Single proton catalyst model. Comparison of mean field (solid line) and
stochastic simulation (dotted lines) for the reaction network given in Figure
4.4. The case of low selectivity to alkylate formation. (k1=1, k10=k10’=10,
k2= k4=1, k3=k5=0.1, k6=k7=0.01, k8=10, k9=k9’=10, k11=k11’=0.01)
(a), (b) and (c) show surface concentrations, normalized product formation
and normalized rate of product formation as a function of time. Steady
state S(C7)=19% for mean field simulation and S(C7)=31% for stochastic
simulation.
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concentration will have no significant effect. In the stochastic simulations, de-
layed formation of proton state H+

3 is now the cause of the slower rate of decay.

5.4 Conclusion

In Chapters 4 and 5, we presented kinetics simulations of deactivation rates
of the alkylation reaction of propylene with isobutane catalyzed by a variety
of surface models of the solid acid catalyst. The question is addressed how
lateral interactions between protons will change catalyst stability and product
distribution as a function of time.

Catalyst deactivation by protons which laterally interact has been computa-
tionally studied with a dual interacting proton catalyst model. In the dual inter-
acting proton catalyst model, initially only reactive protons are present which
selectively produce alkylate. In time, they become deactivated. This induces
still present reactive protons to convert to less reactive protons which now only
catalyze propylene oligomerization. The latter reaction also deactivates in time.

The existence of protons selective to alkylation, different from protons that
only oligomerize alkene oligomerization, is consistent with experiments [14,
16, 29, 30, 65, 85] and theory [57]. Strongly acidic protons promote alkylate
production over alkene oligomerization. This is because reactive protons favor
the hydride transfer reaction between isobutane and carbenium ion versus the
propylene oligomerization reaction. Catalyst deactivation occurs through two
deactivation reaction channels that do not operate independently of each other.

Deprotonation of reaction intermediate carbenium ions will initiate catalyst
deactivation by generation of alkenes. This leads to deactivation because of
consecutive deactivating oligomerization reactions. This deactivation reaction
channel is mainly operational at high alkylate selectivity. This second deactiva-
tion reaction channel, which dominates when alkylate selectivity is low, is reac-
tant alkene oligomerization. This reaction competes with the hydride transfer
reaction that initiates the alkylation reaction.

The presence of these two deactivation channels is consistent with the two
experimental selectivity regimes of high and low alkylate selectivity observed
in the CSTR experiment [29]. Selective alkylation catalysed by solid acid cat-
alysts has to be done with high isobutane-alkene ratio at integral conditions in
a CSTR that enables initially 100% conversion of reactant alkenes. This mini-
mizes alkene concentration and provides a uniform distribution of reactant and
product in the reactor. Then alkylate selectivity is high [18]. There is initially
no observable catalyst deactivation. Catalyst deactivation becomes observable
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once catalyst protons have become deactivated such that conversion of reactant
alkene drops below 100%.

Experimentally, the change in product selectivity as a function of reaction
time can be followed also in the 100% propylene conversion regime. In this
reaction regime where alkylation selectivity is high, a gradual decline in alky-
late and alkane production rate is observed [29]. Also, a steady production rate
increase of oligomer molecules happens that derives from deprotonated carbe-
nium ions. It shows that when alkylate selectivity is high, main deactivation is
due to the deprotonation reactions of intermediate carbenium ions.

Because of ongoing deactivation in the experiment, conversion of alkene
will at some moment decrease to less than 100%. Due to the increased propy-
lene reactant concentration, the rate of the propylene oligomerization reaction
increases and the hydride transfer reaction rate will no longer be able to com-
pete with it. Then, selective alkylate production decreases sharply and reactant
alkene oligomers become the main product [29].

These observations agree with kinetics simulations of the deactivation of
the alkylation reaction. When alkylate selectivity is high, main deactivation is
due to disruption of the propagation reaction cycle through deprotonation of
intermediate carbenium ions. When oligomer production dominates, the de-
protonation reaction becomes replaced by deactivating alkene oligomerization
as the main cause of catalyst deactivation.

Kinetics simulations with the dual interacting proton catalyst model show
that lateral interactions strongly and negatively affect the lifetime of the alkyla-
tion catalyst. Additionally, it is found that due to the increased rate of alkylate
deactivation, oligomer production continues after deactivation of alkylate pro-
duction.

Whereas, as a function of time, the CSTR experiment shows initially high
alkylation activity and delayed oligomer production when alkylate selectivity
declines, this is no indication that lateral interactions as discussed in this paper
play a role. In the experiment that initially converts alkene 100%, the decline of
alkylate production followed by an increase of oligomer production is the result
of the sudden increase in alkene concentration. This happens when alkene
conversion decreases to less than 100% due to gradual loss of reactive protons.

In the simulations, we have compared kinetics of the dual interacting proton
catalyst model with two other catalyst models: a single proton catalyst model
and a dual non interacting proton catalyst model. In the absence of lateral in-
teractions, it is found that an increased local proton concentration will also in-
crease catalyst deactivation rate. It increases locally the concentration of alkene
intermediates that rapidly deactivate the catalyst. Therefore, a reduced sur-



5.4 Conclusion 139

face concentration of protons is beneficial to catalyst lifetime. Experiments by
Mores et al. [64] on the deactivation of the MTO reaction report a related pro-
ton concentration effect that extends catalyst lifetime. In reference to Schüßler
et al. [85], that deals with the alkylation reaction, it is also reported that a
decreased proton concentration enhances the lifetime of the catalyst.

A comparison of the dual interacting proton catalyst model and a dual non-
interacting proton catalyst model shows that even in the absence of lateral
interactions, the additional presence of protons that only catalyse propylene
oligomerization has a large negative effect on catalyst selectivity and also re-
duces catalyst life. When alkylation is ongoing, oligomer production by protons,
that are not selective to alkylate production, is much faster than that by the alky-
late producing protons. Experimental results [29] confirm the conclusion that
additional presence of weakly reactive sites decrease catalyst life.

Nonlinear dynamics analysis suggests that the deactivation kinetics of later-
ally interacting protons as simulated with the dual interacting proton catalyst
model is not necessarily specific to the alkylation reaction. It may occur in re-
actions catalyzed by laterally interacting protons that require highly reactive
protons for selective production of a desirable product. Examples of such reac-
tions in addition to the alkylation reaction are the MTO reaction or the catalytic
cracking reaction [15]. Interestingly, this implies that the effect is expected to be
absent in hydrocracking or hydroisomerisation reactions, that are less sensitive
to proton reactivity since conversion of intermediate olefins are then reaction
rate controlling [79].

Stochastic simulations have been compared with mean field simulations.
Stochastic simulations find differences with mean field simulations since ad-
sorbed reaction intermediates are not homogeneously distributed on the work-
ing catalyst. When applied to the dual interacting proton catalyst model, one
finds that coverage of the surface by reaction intermediates inhibits additional
conversion of reactive protons into weakly reactive protons. Because of the large
difference in overall oligomer production rate between reactive protons, which
catalyse alkylation, and weakly reactive protons, which only catalyse oligomer-
ization, this affects a selective alkylation catalyst differently from a catalyst that
dominantly produces oligomers.

Compared to mean field simulations, the spatial heterogeneity allowed in
stochastic simulations reduces the lifetime of a selective alkylation catalyst, but
makes it slightly longer when alkylation selectivity is low. The stochastic sim-
ulations show that laterally interacting protons behave kinetically as isolated
protons, when on a hexagonal lattice the proton vacancy concentration is in
excess of 50%.





Chapter 6
The different timescales of
alkylation catalysts’ life

6.1 Introduction

In Chapters 4 and 5, we analysed the physical chemistry of solid acid catalyst
deactivation that suddenly accelerates. The aim was to observe the nonlinear
dynamics of the reaction kinetics that causes the lifetime and selectivity of a
catalyst to be very different in a well-mixed reactor versus a tubular plug flow
reactor. In contrast to the previous chapters, the work in this chapter focuses
on the reaction kinetics at integral conditions. Since experiments are also per-
formed at integral conditions, it enables comparison of theory with experiment.
The two experimental studies we will refer to are those by Feller et al. [29],
which provides selectivity as well as conversion data, and De jong et al. [18],
which provides data of alkene conversion with time. In the latter case, exper-
imental data was used to model 4 rate equations from which a deactivation
profile of propylene conversion, as a function of time, was obtained. No direct
relation with the kinetic parameters of these rate equations and microkinetic
parameters, as we used in the previous chapters, can be made. The goal of
this chapter is to develop a theory that can identify parameters used in previ-
ous models, as done in the paper by de Jong et al. [18], with the microkinetics
parameters that are deduced from quantum chemical theories.

In addition to the data from Feller et al. [29] and de Jong et al. [18] for the
CSTR, data is also available for the alkylation deactivation kinetics in a plug flow
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reactor [105], [14]. The catalyst lifetime in a plug flow reactor is order of 100
times shorter than catalyst lifetime in a CSTR. We will develop the theory that
provides the dimensionless parameters that define and explain this difference.

It will turn out that in a CSTR, the longer life is essentially due to the homo-
geneous distribution of reagents in the reactor so that a low alkene concentra-
tion can be maintained. In the plug flow reactor, a reaction zone will develop
with a gradient in propylene concentration. Due to this inhomogenity, deactiva-
tion of the reaction zone is expected to be fast as compared to the lifetime in a
batch reactor. It was, however, observed that the lifetime of this catalyst will be
dominated by the amount of olefin that becomes adsorbed beyond the reaction
zone. We will identify catalyst parameters that should extend lifetime of the
catalyst under different integral conditions. We will also demonstrate that the
main reaction causing catalyst deactivation will be the deprotonation reaction
of intermediate carbenium ions.

In this chapter, we will consider two scenarios. The first situation occurs
when iC+

4 carbenium ion is the MARI (most active reaction intermediate) during
catalyst lifetime. The second scenario occurs when a significant concentration of
C+

7 is also present (2 MARIs). It appears that, to be able to fit experimental data
by Feller et al. [29], the second situation occurs. In the absence of selectivity
data, as in de Jong et al. [18], the theory with only iC+

4 is apparently sufficient.
The results of this chapter will show important differences between cata-

lyst deactivation under differential and integral conditions. It will appear that
the non-exponential behaviour we were looking for in catalyst deactivation at
differential conditions, with a dual interacting proton catalyst model, is not re-
quired under integral conditions. The non-exponential decay is now observed
because of initiation of deactivation by deprotonation of C+

7 ions as compared
to deprotonation by iC+

4 when propylene conversion is high. For this reason, in
this chapter, we will only consider the single proton catalyst model.

In Section 6.2, of this chapter, we will present the modified catalytic reac-
tion cycle, now containing reaction steps that explicitly depend on reagent and
reaction intermediate concentration. We will illustrate the different timescales
of the alkylation reaction in the CSTR. In Section 6.3, product and reagent con-
centrations are defined as a function of steady state propylene concentration.
A dimensionless number, similar to the Damkohler number, is defined. Critical
values of this Damkohler number predict the onset of non-exponential catalyst
deactivation. In Section 6.4, we compare mean-field simulations of the reac-
tion in a CSTR with reaction rate parameters deduced from experimental data
provided by de Jong et al. [18] and Feller et al. [29]. The dimensionless anal-
ysis is extended to predict the differences in deactivation lifetimes under plug
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flow reactor conditions in Section 6.5. We conclude this chapter with a short
discussion on in Section 6.6.

6.2 Reaction mechanism

Figure 6.1: Alkylation reaction consisting of the inititation, propagation and deactivation
cycle.

Here we will introduce the three regimes of catalyst lifetime for the alky-
lation reaction. A schematic representation of the key reaction cycles is given
in Figure 6.1. The lumped reaction kinetics shown is slightly different as com-
pared to the reaction kinetics of the single proton catalyst model discussed in
Chapters 4 and 5. The reaction consists of reaction initiation (k1,k9,k10) and
reaction propagation (k2,k4). Both cycles are coupled to deactivation reactions
(k6,k7,k11). There would be no catalyst deactivation if the carbenium cations,
which are part of the propagation reaction cycle that produces the branched
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alkane alkylate product, would not deprotonate. The deprotonation reactions
(k3,k5,k12) regenerate free protons that reinitiate the non-selective (this is be-
cause catalyst deactivating oligomerization reactions compete with regenera-
tion of the carbenium ions that act as organo catalysts in the reaction propa-
gation cycle). initiation reaction cycle. A high reactivity of the protons sup-
presses deprotonation reactions, and favors the hydride transfer reaction that
produces desirable alkanes. A low alkene concentration also suppresses deacti-
vating alkene oligomerization reactions.

The alkylate producing mechanism is similar to that demonstrated by de

(a) (b)

(c) (d)

Figure 6.2: The three different time regimes: initiation, propagation and deactivation
for the case with high alkylate selectivity. (a) and (c) show the surface inter-
mediate and product concentration for the 3 time scales with a single MARI.
(b) and (d) show the surface intermediate and product concentration in the
presence of 2MARIs. θ is the fractional surface coverage when compared to
the initial active proton sites.
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Jong et al. [18] and Feller et al. [29], except for the essential extensions with
deprotonation reactions. We limit reaction to that between propylene and isobu-
tane, instead of n-butene with isobutane, because it reduces the number of prod-
ucts. For the same reason, in the simulations, we aggregate all alkylate isomers
into one C7 product. In experimental studies, a substantial fraction of alkylate
and oligomer is found to be cracked to lower product molecules. Whereas this
cracking reaction may lead to some increase of the oligomerization reactions,
it is not essential to catalyst deactivation and, therefore, was not explicitly in-
cluded.

The catalyst life of the alkylation reaction can be distinguished into three
different stages: catalyst initiation, a quasi-steady state regime, and the onset
of catalyst deactivation.

During catalyst initiation, alkylate selectivity is low. Propylene adsorption
starts the catalyst initiation cycle with protons converting to protonated propy-
lene, C+

3 , isobutyl cation, iC+
4 , and the C+

7 carbenium ions, see Figures 6.2(a)
and (b). There is a peak in C+

3 formation corresponding to a small overshoot
in oligomer selectivity. As more propylene is adsorbed on the surface, proto-
nated propylene is replaced by iC+

4 ions by the hydride transfer reaction with
isobutane that produces propane (k1).

At the onset of the quasi-steady state, two possibilities exist. The majority of
the catalyst surface can be dominated by iC+

4 carbenium ions (1 MARI), Figure

(a) (b)

Figure 6.3: Surface intermediate concentration normalized by available active site con-
centration (θ∗). (a) 1 MARI: normalized iC+

4 concetration remains constant
during propagation timescale. (b) 2 MARI: Normalized iC+

4 concentration
reduces while C+

7 concentration increases. C+
7 during deactivation timescale

is constant now.
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6.2(a), or shared between iC+
4 and C+

7 ions (2 MARIs), Figure 6.2(b). These dif-
ferences are quantum chemical in nature and relate to the competition between
hydride transfer reactions leading to alkylate formation (k4) versus competing
deprotonation reactions of the carbenium ions (k3,k5,k12).

The surface concentration of H+
0 ions, the deactivated sites, increases during

the quasi-steady state regime. Deprotonation of active iC+
4 carbenium ions ini-

tiates catalyst deactivation. The rate of catalyst deactivation is equal to the rate
of reduction in iC+

4 ion concentration.
In the quasi-steady state regime, there is a steady generation of the product

alkylate, Figure 6.2(c) and (d). As we will see later, alkylate concentration is
proportional to the product of active proton site concentration and propylene
concentration at the quasi-steady state. Even though catalyst continues to de-
activate, an increase in the quasi-steady state propylene concentration ensures
steady alkylate production.

Propylene conversion remains high until the onset of non-exponential cat-
alyst deactivation. Now, alkylate selectivity reduces with a rapid increase in
oligomer selectivity. The onset of this third stage is characterized by almost
complete consumption of iC+

4 ions. The catalyst deactivation time scale is mea-
sured until alkylate selectivity becomes half. As shown in Figure 6.2(a) and (c),
under the conditions of 1 MARI, the time scale of catalyst deactivation, To , is
relatively shorter than the time scale of the quasi-steady state operation of the
catalyst, Td . This is because majority of the catalyst deactivation has already
occured during the quasi-steady state catalyst operation.

In the presence of 2 MARIs, C+
7 ions are not consumed during the quasi-

steady state. Catalyst deactivation time scale is now controlled by the deproto-
nation of C+

7 ions, whose consumption in the quasi-steady state was extremely
slow when compared to iC+

4 ions. The deactivation time scale is, thus, rela-
tively longer as compared to the deactivation time scale for the case with a
single MARI.

Figure 6.3 shows the active proton site normalized surface intermediate con-
centration as a function of time for the cases with 1 MARI and 2 MARIs.

6.3 Unsteady state CSTR

In this section, we will define the ODEs that correspond to the single proton
catalyst model as described in the previous section, for the unsteady state CSTR.
We use a matrix approach, [61], to analyse the time dependence of the reaction
intermediate concentrations.
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It was observed that the critical condition that enables the formation of a
quasi-steady state is the slow rate of catalyst deactivation as compared to the
rate of alkylate production. Under this condition, catalyst deactivation can be
decoupled from the rate equations of reaction intermediates at the quasi steady
state when alkylate selectivity is high.

As discussed in Section 6.2, the quasi-steady state regime is dominated by
concentration of 2 intermediates, iC+

4 and C+
7 . In one situation, when only iC+

4
is the MARI, one cannot really speak of a quasi-steady state since deactivation
of iC+

4 ions by deprotonation reactions still occurs. In the other situation, in the
presence of C+

7 ions as well, we observe a real quasi-steady state since the con-
centration of C+

7 ions remains constant. For both cases, we will be able to, under
the assumption of high alkylate selectivity1, derive an analytical theory based on
reduced differential equations for reaction intermediate concentration, selectiv-
ity as well as lifetimes of the catalyst. These expressions contain dimensionless
parameters that are a combination of microkinetic reaction rate constants and
these dimensionless parameters can be extracted from experimental data.

For the reaction network representing the single proton catalyst model, Fig-
ure 6.1, the reaction mechanism is shown in Table 6.1.

Reaction
Reaction
number

Rate
constant

C+
3 + iC4 →C3 + iC+

4 R1 k1

iC+
4 +C=

3 →C+
7 R2 k2

iC+
4 +C=

3 →C=
7 +H+

1 R3 k3

C+
7 + iC4 →C7 + iC+

4 R4 k4

C+
7 →C=

7 +H+
1 R5 k5

H+
1 +C=

7 → H+
0 R6 k6

H+
1 +C=

10 → H+
0 R7 k7

H+
1 +C=

3 →C+
3 R9 k9

C+
3 +C=

3 →C=
n +H+

1 R10 k10

H+
1 +C=

n → H+
0 R11 k11

C+
7 +C=

3 →C=
10 +H+

1 R12 k12

Table 6.1: Intermediary steps for the new single proton catalyst model, Figure 6.1.

1When oligomer selectivtiy is high, C+
3 ion concentration also has to be accounted for.
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The corresponding time evolution of reaction intermediates is given by:
dC+

7

d t
= v2 − v4 − v5 − v12

diC+
4

d t
= v1 − v2 − v3 + v4

d H+
1

d t
= v3 + v5 + v10 + v12 − v9 − v6 − v7 − v11

d H+
0

d t
= v6 + v7 + v11

dC+
3

d t
=−v1 + v9 − v10

dC=
10

d t
=φ(C=o

10 −C=
10)+ v12 − v7

dC=
7

d t
=φ(C=o

7 −C=
7 )+ v3 + v5 − v6

dC3

d t
=φ(C o

3 −C3)+ v1

dC7

d t
=φ(C o

7 −C7)+ v4

dC=
n

d t
=φ(C=o

n −C=
n )+ v10 − v11

dC=
3

d t
=φ(C=o

3 −C o
3 )− v2 − v3 − v9 − v10 − v12

diC4

d t
=φ(iC o

4 − iC4)− v1 − v4

where φ is the inverse mean residence time in the CSTR, and v1 = k1.iC4.C+
3

v2 = k2.C=
3 .iC+

4 , v3 = k3.C=
3 .iC+

4 , v4 = k4.iC4.C+
7 ,

v5 = k5C+
7 , v6 = k6.C=

7 .H+
1 , v7 = k7.C=

10.H+
1 , v9 = k9.C=

3 .H+
1 , v10 = k10.C=

3 .C+
3 , v11 =

k11C=
n H+

1 , v12 = k12.C=
3 .C+

7

The above system was analysed by observing the time evolution of reaction
intermediates in the following matrix form,
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Ẋ =



0 1 0 −1 −1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 −1 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 1 0 0 1 0 0 0 0 0 0 −1 0 0 0 0
0 0 1 0 1 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1
0 −1 −1 0 0 0 0 −1 −1 0 −1 1 0 0 0 0 0 0 −1 0 0 0 0 0 0
−1 0 0 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0


.



v1
v2
v3
v4
v5
v6
v7
v9

v10
v11
v12
vi ,6
vi ,7
vi ,8
vi ,9

vi ,10
vi ,11
vi ,12
vo,6
vo,7
vo,8
vo,9

vo,10
vo,11
vo,12



Ẋ = S.v, where S is the stoichiometry matrix,
X = {C+

7 , iC+
4 , H+

1 , H+
0 ,C+

3 ,C=
10,C=

7 ,C3,C7,C=
n ,C=

3 , iC4}
v is the column matrix {v1, v2, v3, v4, v5, v6, v7, v9, v10, v11, v12, vi ,6, vi ,7, vi ,8, vi ,9, vi ,10

vi ,11, vi ,12, vo,6, vo,7, vo,8, vo,9, vo,10, vo,11, vo,12}. vi , j = φX( j )o and vo,i = φX( j ) are
the inflow and outflow rates of j th element of X respectively.

6.3.1 Reagent concentration at quasi-steady state

We will now present our theory after decoupling the rate of catalyst deactivation
from rate of formation of reaction intermediates. The quasi-steady state concen-
trations are expressed as a function of dimensionless propylene concentration,
x, and active proton site density, σ′(t ).

In order to compare the physical processes occurring on the two separate
scales (flow and reaction), we will non-dimensionalize our system as follows.
The dimensionless time is t ′ = φt . The dimensionless concentration of active
proton sites inside the CSTR is σ′ =σ/iC o

4 , where iC o
4 is the inlet isobutane con-

centration. Dimensionless reaction intermediate concentration is C ′ = C /iC o
4 .

The reaction rate constants are non-dimensionalized as k ′
i = ki .iC o

4 /φ, except
the dimensionless deprotonation rate constant k5 which is k ′

5 = k5/φ. x =C=
3 /iC o

4
denotes the dimensionless propylene concentration.
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Product
Quasi-steady state
concentration

C ′
7

αk4xσ′

C ′
3

κ2xσ′

C ′=
7

κ2σ
′

1+R6σ′ x

C ′=
n

χκ2σ
′

1+R11σ′ x2

C ′=
10

αk ′
12σ

′

1+R7σ′ x2

Table 6.2: Concentration of products of the alkylation reaction in the quasi steady state
regime of catalyst lifetime, 1 MARI.

6.3.1.1 Single MARI, with deactivation of iC+
4 ions

For the majority of this chapter, we will consider an analysis where iC+
4 is the

MARI. As we will see later, analysis with iC+
4 as the only MARI describes the

quasi-steady state regime accurately even when there are 2 MARIs.
In order to arrive at the system of equations as shown below, we make

the following assumptions. Firstly, σ(t ) ∼ iC+
4 (t ), i.e. the active proton den-

sity is equal to the concentration of iC+
4 ions. Secondly, if the quasi steady state

propylene concentration is low as compared to quasi-steady state isobutane con-
centration, isobutane concentration can be considered constant throughout the
catalyst lifetime, i.e. equal to iC o

4 .
Table 6.2 summarises the quasi-steady state expressions for the concentra-

tions of products.

Surface intermediate concentration

Although, iC+
4 is the major reaction intermediate, fractional concentrations of

other surface intermediates can be calculated. The quasi-steady state concen-
tration of C+

7 carbenium ion can be obtained by assuming the derivative of dis-
appearance of C+

7 with time to be zero (Bodenstein principle).
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dC+
7
′

d t ′
= v2 − v4 − v5 − v12 = k ′

2xσ′−k ′
4C+

7
′−k ′

5C+
7
′−k ′

12xC+
7
′ = 0

C+
7
′/σ′ =αx −α k ′

12

k ′
4 +k ′

5

x2
(6.1)

where α= k ′
2/(k ′

4 +k ′
5). We assume k ′

12x << k ′
4 +k ′

5 for the above equation to be
valid.

The quasi-steady state concentration of C+
3
′ is

dC+
3
′

d t ′
= v9 − v1 − v10 = (v3 + v5 + v10 + v12)− v1 − v10 = 0

= k ′
3xσ′+k ′

5C+
7
′+k ′

12xC+
7
′−k ′

1C+
3
′ = 0

(6.2)

At quasi-steady state, reaction currents coming in and leaving out of H+
1 will

be equal, i.e. v9 = v3 + v5 + v12 + v10 (the reaction rates contributing to catalyst
deactivation, v6, v7, v11, are slow as compared to the other reaction rates).
Substituting concentration of C+

7
′ from Eq.(6.1), we obtain

C+
3
′/σ′ = 1

k ′
1

κ2x +αk ′
12

k ′
1

x2 +O(x3) (6.3)

where κ2 = k ′
3 +k ′

5α. In order to calculate quasi-steady state concentration of
H+

1
′,

d H+
1
′

d t ′
= v3 + v5 + v12 + v10 − v9 = 0

= k ′
3xσ′+k5C+

7
′+k ′

12xC+
7
′+k ′

10xC+
3
′−k ′

9xH+
1
′ = 0

(6.4)

H+
1
′/σ′ = κ2

k ′
9

+ αk ′
12 +χκ2

k ′
9

x + k ′′
12

k ′
9

χx2 +O(x3) (6.5)

where χ = k ′
10/k ′

1. The concentration of H+
1
′ can be considered independent of

x provided κ2 >> (k ′′
12 +χκ2)x. When k12 = 0, this translates to the condition

χx << 1.

Product concentration

The quasi-steady state concentrations of the products can be estimated similarly.
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dC=
n

d t
= v10 −φ(C=o

n −C=
n )− v11 = 0

dC=
n
′

d t ′
=χκ2x2σ′−C=

n
′−R11C=

n
′σ′ = 0

(6.6)

C=
n
′ = χκ2σ

′

1+R11σ′ x2 +O(x3) (6.7)

where C=o
n = 0, R11 = κ2k ′

11/k ′
9.

The quasi-steady state concentration of C=
7 is:

dC=
7

d t
= v3 + v5 +φ(C=o

7 −C=
7 )− v6 = 0

C=
7
′ = κ2σ

′

1+R6σ′ x +O(x2)

(6.8)

where C=o
7 = 0, R6 = κ2k ′

6/k ′
9.

dC=
10

d t
= v12 +φ(C=o

10 −C=
10)− v7 = 0

C=
10

′ =α k ′
12σ

′

1+R7σ′ x2 +O(x3)

(6.9)

where C=o
10 = 0, R7 = κ2k ′

7/k ′
9

dC7

d t
= v4 +φ(C o

7 −C7) = 0

C ′
7 =αk ′

4σ
′x +O(x2)

(6.10)

where C o
7 = 0

dC3

d t
= v1 +φ(C o

3 −C3) = 0

C ′
3 = κ2σ

′x +O(x2)
(6.11)

Reaction R12 is a nonlinear deprotonation reaction which has chemistry sim-
ilar to reaction R10. As such, for the analysis that follows, we will ignore the
contribution of k12.
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Product
Concentration for
t ′ > Td

C ′
7

k ′
4σ

′

C ′
3

κ2

α
σ′

C ′=
7

κ2/α

1+R6σ′

C ′=
n

κ2/α

1+R7σ′ x

C ′=
10

k ′
12σ

′

Table 6.3: Product concentration when C+
7 is the MARI, t ′ > Td

6.3.1.2 Dual MARI, with deactivation of C+
7 ions

When the hydride transfer reaction, k4, is slow as compared to the reaction that
converts iC+

4 to C+
7 (k2), a constant concentration of C+

7 is observed under quasi
steady state conditions.

For t ′ < Td , the reaction intermediate concentration can be calculated based
on the analysis shown in previous subsection since iC+

4 deactivation occurs by
deprotonation of iC+

4 . The only difference is that σ′
i is modified by σ′

i −C+
7 (Ti ),

where σ′
i is the active proton site density at the start of reaction, and C ′+

7 (Ti ) is
the concentration of C+

7 ions at the start of quasi-steady state. For t ′ > Td , C+
7 is

the MARI. In this regime, σ′(t ) ∼ C+
7 . The reaction intermediate concentration

can now be calculated, similar to the approach discussed in the previous section,
as follows.

iC ′+
4 = 1

αx
σ′ (6.12)

C ′+
3 = κ2

αk ′
1

σ′ (6.13)

H+
1
′ = κ′2

αk ′
9

1

x
+ χκ2

αk ′
9

(6.14)

C=
n
′ = 1

α
χκ2σ

′x (6.15)
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C=
7
′ = 1

α
κ2σ

′ (6.16)

C ′
7 = k ′

4σ
′ (6.17)

C ′
3 =

1

α
κ2σ

′ (6.18)

Table 6.3 highlights the product concentration as a function of propylene
concentration, x, and the active catalyst site density (when C+

7 is the MARI)
when t ′ > Td .

6.3.2 Propylene concentration

A similar quasi-steady state analysis, as shown above can be performed to pre-
dict propylene concentration, x, as a function of reaction rate parameters. Es-
timating an analytical expression for the value of x at quasi-steady state con-
ditions will enable us to derive expressions for selectivity and conversion as a
function of the non-deactivated active proton site density, σ′.

As the catalyst deactivates, the propylene concentration will also change. We
will account for the active proton site density at any time instant in a dimen-
sionless parameter λ that is initially equal to the Damkohler number, comparing
the convective time scales with the reactive time scales. 3 different λ values are
identified where the solution of x will undergo a transition. These different
regimes identify approximate relations of x as a function of λ, to be used in
calculation of disappearance of σ′ in the next subsection.

6.3.2.1 Single MARI, iC+
4

Using, Table 6.1, the consumption rate of propylene is estimated as:

dC=
3

d t
=−v2 − v3 − v9 − v10 − v12 +φ(C=o

3 −C=
3 ) = 0

d x

d t ′
=−κ1σ

′x −2χκ2σ
′x2 + (xo −x) = 0

(6.19)

where κ1 = k ′
2 +2k ′

3 +αk ′
5 and we ignore contribution from reaction rate R12.

Eq.(6.19) is a quadratic equation in x with solution given by

x =
√

(1+κ1σ′)2 +8xoχκ2σ′− (1+κ1σ
′)

4χκ2σ′ (6.20)
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After rearrangement of terms, we arrive at the following expression for x:

x

xo = 1

1+λ

√
1+ξ−1

ξ/2
= 1

1+λ f (ξ) (6.21)

where λ= κ1σ
′, ξ= 4ξmλ

(1+λ)2 , ξm = 2xoχκ2/κ1. λ is closely related to the Damkohler

number while ξm compares the apparent rates of oligomer formation and alky-
late formation.

As the reaction progresses, deactivation of proton sites leads to a reduction
of σ′ which corresponds to a reduction of λ. f (ξ) is a measure of the deviation
of the solution from a scenario where propylene consumption results in the
generation of only alkylate, and no oligomer. Figure 6.4 shows the effect of
parameters λ and ξm as the reaction progresses.

When ξm << 1, x/xo = 1/(1+λ). When ξm >> 1, we can separate the solution
of x into different regions. The first region is the region of high alkylate selectiv-
ity, where propylene consumption produces alkylate as the major product and
oligomer as the minor product. This region occurs for ξ values below 1, Fig-
ure 6.4(a). For ξÀ 1, propylene consumption produces oligomer as the major

product and alkylate as the minor product. Using the formula ξ = 4ξmλ

(1+λ)2 , we

can determine approximate critical values of λ where ξ = 1. These values are
λ1 = 4ξm and λ2 = 1/4ξm .

Under conditions of λi >> 1 (where λi is the value of λ at the start of reac-
tion), we can simplify the solution of x from Eq.(6.21) as follows:

x

xo =


1

λ
, λ> 4ξm

1

2
√
ξmλ

, 1/4ξm <λ< 4ξm

1, λ< 1/4ξm

(6.22)

Eq.(6.22) finally predicts the reason for the constant production of alkylate
in the quasi-steady state even when the catalyst deactivates. This is because
for λi > 4ξm , xσ′ is a constant, see Table 6.2. The oligomer concentration,
proportional to x2σ′, is a quantity that increases linearly with x, which increases
as the catalyst deactivates.

We can check the continuity of our approximate results at the critical bound-
aries. At λ = 4ξm , x/xo |+ = 1/4ξm , x/xo |− = 1/2

√
ξm4ξm = 1/4ξm . At λ = 1/4ξm ,

x/xo |+ = 1/2
√
ξm/ξm/4 = 1, x/xo |− = 1.
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(a) (b)

(c) (d)

Figure 6.4: (a) Shows the variation of parameters λ and ξ as reaction progresses. Ini-
tially, at t = 0, λ = λi has a large value and ξ is comparatively small. As λ
reduces due to catalyst deactviation, ξ increases until it peaks for λ= 1. This
is also the point when maximum oligomer formation occurs. Further reduc-
tion of λ reduces ξ. (b) Dependence of ξ on λ for different values of ξm . (c)
Variation of f (ξ) as a function of ξ. (d) Shows the dependence of ξm on the
steady state concentration of propylene. For higher values of ξm , x/xo takes
values close to 0 for smaller values of λ. This translates to a region of high
propylene conversion.
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When higher order terms are accounted for, the solution can be modified as:

x

xo =



1

λ
− ξm +1

λ2 , λ> 1.8ξm

1√
ξmλ

− λ

2(λ+1)ξm
, 1/ξm <λ< 1.8ξm

1

2
√
ξmλ

, 1/4ξm <λ< 1/ξm

1, λ< 1/4ξm

(6.23)

In the presence of 2 MARIs, at quasi-steady state, the active catalyst density
comprises of a diminishing term because of iC+

4 and a constant term because of
C+

7 . The C+
7 concentration can be calculated from Eq.(6.1) and Eq.(6.22), which

is equal to αxo/κ1. The propylene concentration at the quasi-steady state is still
given by Eq.(6.21). However, the λi value has to be updated to λ′

i =λi −αxo .
For t ′ > Td , the region of catalyst deactivation, the propylene concentration

can be written, using Table 6.3, as

d x

d t ′
=−κ1

α
σ′−2χ

κ2

α
σ′x + (xo −x) = 0 (6.24)

x

xo =
1− λ

αxo

1+ξm
λ

αxo

(6.25)

In the above expression, λ comprises of contribution only by C+
7 ions. Since

λ(t ′ = Td ) = αxo , the solution becomes discontinuous since x/xo ∼ 0 at t ′ = Td .
The discontinuity does not affect the solution much as long as λi À 1.

6.3.3 Catalyst Deactivation

In this section, we discuss the relation between critical values of λ as the catalyst
deactivates. The time scales of the dynamics of alkylation reactions in relation
to deactivation are defined by the value of x where it starts to increases from
a low steady state value to a high value, which corresponds to an onset of
rapid decrease in propylene conversion, t ′ = Td . The second time moment, To

is the moment where the alkylate selectivity has reduced to a factor of half. In
this section, we will deduce the expressions for Td and To that correspond to
these different conversion and selectivity values. We will see that this implies a
particular value of initial λi with respect to a critical values of ξm , µ and µ′. µ
and µ′ are intermediary values of λ and are defined below.
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6.3.3.1 Important dimensionless numbers

a.) µ: Catalyst deactivation rate switchover from lower order in x to higher
order in x

The rates of deactivation reactions R6,R11 (ignoring the contribution of C=
10),

scale linearly with H+
1 concentration. The value of x above which deactiva-

tion by C=
n dominates and below which deactivation by C=

7 dominates is given
by R6 = R11χx. Since the chemistry of adsorption of both alkenes can be con-
sidered similar, k6 ∼ k11. We define µ as the first critical λ below which rapid
catalyst deactivation by oligomer readsorption accelerates x towards xo , further
increasing oligomer selectivity. When a single MARI is present, µ is given by

µ= xoχ (6.26)

when xoχ> 4ξm . Conversely, when xoχ< 4ξm ,

µ= (xoχ)2

4ξm
(6.27)

b.) µ′ : Point of half-alkylate selectivity.

Alkylate selectivity is defined as:

S(C ′
7) = C ′

7

C ′
7 +C ′

3 +C=
7
′+2C=

n
′+2C=

10
′ (6.28)

Oligomer selectivty is defined as:

S(C=
n
′) = 2C=

n
′+C=

7
′

C ′
7 +C ′

3 +C=
7
′+2C=

n
′+2C=

10
′ (6.29)

C=
7 is included in the expression for oligomer selectivity expression since the

chemistry of these two alkenes makes them difficult to separate experimentally.
Assuming R6σ

′ << 1, R7σ
′ << 1, R11σ

′ << 1, see Table 6.2, and ignoring con-
tribution of k ′

12, the alkylate selectivity can be approximated as

S(C ′
7) = 1

1+ 2κ2

αk ′
4

(1+χx)
(6.30)
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When S(C ′
7) = 1/2,

2κ2

αk ′
4

(1+χx) = 1. The value of λ at which half-selectivity

occurs is defined as µ′. From Eq.(6.22),

µ′ = µ

β
(6.31)

when µ/β > 4ξm where β = αk ′
4/2κ2 −1. The expression for selectivity now be-

comes
S(C ′

7) = 1

1+ (1+µ/λ)

1+β
(6.32)

When µ/β< 4ξm , from Eq.(6.22)

µ′ = µ

8κβ2 (6.33)

The expression for selectivity now becomes

S(C ′
7) = 1

1+ (1+√
µ/λ)

1+β

(6.34)

6.3.3.2 Deactivation timescales

For the case with 1 MARI, when λi > µ, which will see in the next section is
generally the case, a major fraction of the catalyst is already deactivated by
time Td . This deactivation occurs by the deprotonation of iC+

4 ions to form C=
7

which readsorbs on the catalyst leading to deactivation. The second deactiva-
tion cycle is initiated by reaction R10. Even when k10 is high, the coupling of
the initiation cycle with the propagation cycle, via R1, makes R10 non-selective.
The reaction channel R10 is nonlinear in the quasi-steady state proyplene con-
centration, whereas deprotonation reactions R3 and R5 are linear in propylene
concentration. The nonlinear effects keep increasing as the catalyst deactivates.
For λ<µ, oligomer readsorption dominates the catalyst deactivation. We define
λ=µ as the point where t ′ = Td .

For the situation with 2 MARIs, the surface is shared between iC+
4 and C+

7
carbenium ions. The catalyst propagation time is now measured as the time
taken for iC+

4 concentration to be reduce considerably as compared to C+
7 ion

concentration. t ′ = Td is now defined as the time when λ = 4ξm . By this time,
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Figure 6.5: Variation of propylene conversion (X ) and alkylate selectivity (S) across the
three time scales: reaction initiation (Ti ), quasi-steady state (Td ), and cata-
lyst deactivation (To).

iC+
4 can be assumed to be exhausted. For t ′ > Td , catalyst deactivation is con-

trolled by deprotonation of C+
7 ions to form C=

7 or via the coupling to produce
C=

n .
Figures 6.5 and 6.6 show, for the single MARI scenario, a schematic dia-

gram for the variation of propylene conversion (X ) with time and the variation
propylene concentration under different conditions of critical λ values. Figure
6.7 shows the variation of propylene concentration with λ for the case with 2
MARIs.

The presence of σ′ term in the expression for steady state propylene concen-
tration, Eq.(6.21), accounts for the temporal variation of propylene consump-
tion. The fractional change of σ′ occurs over a relatively longer time scale as
compared to the time scale of alkylation, oligomerisation and deprotonation
reaction channels. As long as this is satisfied, catalyst deactivation can be de-
coupled from these reaction channels and solved independently:

dσ

d t
=−v6 − v7 − v11

dσ′

d t ′
=−R6C=

7
′σ′−R11C=

n
′σ′

=−Rκ2σ
′2

1+Rσ′ x(1+χx)− χRκ2σ
′2

1+Rσ′ x2(1+χx)

(6.35)
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assuming R6 ∼ R11. If Rσ′ << 1, and using R = κ2k ′
6/k ′

9,

dλ

d t ′
=−k ′

6

k ′
9

κ2
2

κ1
λ2x(1+χx)2 (6.36)

We define

kd = k ′
6κ

2
2xo

k ′
9κ1

(6.37)

where kd is the deactivation rate until t ′ = Td for the case with 1 MARI. The
deactivation rate is proportion to (a) the ratio of readsorption rate constant of
higher alkene as compared to the adsorption rate constant of propylene, and
(b) κ2

2/κ1 which relates to the ratio of deprotonation rate constants versus the
rate of alkylate formation.

In order to arrive at time scales Td and To , we integrate the above equation
as follows. For the case with 1 MARI, λ(Ti ) =λi . Eq.(6.36) is solved by ignoring

Figure 6.6: Variation of propylene concentration (1− X , black line) and ξ (blue line) as
reaction progresses. The broken line represents the simplified solution of
x/xo . At time t = Ti , λ = λi . As catalyst deactivates, λ decreases. At λ = µ,
catalyst has deactivated by a fraction ∼µ/λi . For λ> 4ξm , x/xo = 1/λ, and for
λ< 4ξm , x/xo = 1/

√
4λξm . At λ= 1, peak of oligomer production is observed.

Point of half-selectivity (of exists) occurs between λ=µ and λ= 1.
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Figure 6.7: For the case with 2 MARIs, variation of propylene concentration (1−X , black
line) as reaction progresses. The broken line represents the simplified solu-
tion of x/xo . At time t = Ti , λ=λi −αxo . Now, at λ= 4ξm , quasi-steady state
ends with a start in consumption of C+

7 ions. For λ> 4ξm , x/xo = 1/λ, and for
λ< 4ξm , x/xo = (1−λ/xoα)/(1+ξmλ/α).

Deactivation
Time

1 MARI 2 MARI

Td
1

kd
ln(

λi

µ
)

1

kd
ln(

λi −αxo

µ
)+ 1

µ2kd
(µ2 − (4ξm )2)

To

1

µ2kd
(µ2 − (4ξm )2) +

32k ′
9

√
4ξm

k ′
6κ2µ2

(
√

4ξm −√
µ′)

α2

kd
ln(

4ξm +αxo

µ′ )

Table 6.4: Time scales for Td and To under two intitial reactor conditions.

contribution by the higher order terms in x and integrated from λi to µ to
obtain Td . Beyond Td , only higher order contributions of x are considered and
Eq.(6.36) is solved from µ to µ′.

For the case with 2 MARI, λ(Ti ) =λi −αxo . Eq.(6.36) is solved until λ= 4ξm

to obtain Td . Beyond this, C+
7 is assumed the MARI and the definition of x is
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replaced by Eq.(6.25). Now λ(Td ) =αxo .
Of course, when our dimensionless parameter λ gets close to ξm , we cannot

anymore with confidence simplify the reaction, and our solutions become more
approximate.

Table 6.4 gives simplified expressions for the time scales under scenarios
with 1 MARI and 2 MARI. As can be seen from the expressions of To for the case
with 2 MARIs, the catalyst deactivation is longer by a factor α2 (α is always
larger than 1 for our particular study).

Calculation of σ′
i :

The total number of moles of active sites can be calculated as:

σi = ρc ∗Θc /(Mw,SiO2 (1+Si /Al )) (6.38)

The above quantities are selected based on their following typical values
used in experiments. ρc : catalyst particle density = 500-1000 kgcat al y st /m3

cat ;Θc :
Catalyst holdup = 0.2 m3

cat /m3
r eactor ; Mw,SiO2 := Molecular weight of SiO2 =

60 kg /kmol ; Si /Al = 2.5-15 mol/mol. σi is thus found to obtain values in the
range 0.1−1.0 kmolcat /m3

r eactor .
When the alkylate space velocity is 0, the olefin concentration is given by:

C=o
3 = 1

(1+P/O)
∗Φ/Mw,O (6.39)

where P/O : Paraffin to Olefin ratio (iC4/C=
3 ) = 6.7-30 v/v; Φ : Liquid density=

400-500 kg /m3
r eactor , Mw,O : Molecular weight of olefin = 42 kg /kmol . The

input olefin concentration, C=o
3 , takes values between 0.3-1.5 kmol /m3

r eactor .
The isobutane concentration can be calculated similarly,

iC=o
4 = P/O

(1+P/O)
∗Φ/Mw,P (6.40)

to get values in the range 5− 10 kmol /m3
r eactor . σ′

i can be calculated as
σi /iC o

4 to get values between 0.01-0.2.

6.4 Comparison with CSTR experiments

In this section, we will predict the dimensionless parameters from the experi-
mental data provided by de Jong et al. [18] and Feller et al. [29]. In essence, we
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estimate λi , σi , µ, µ′, ξm and relate this with the microkinetc parameters dis-
cussed in the previous section. Since there are more parameters than equations
to fit, we use relative values of microkinetc rate constants that were previously
obtained from quantum chemical calculations by Liu et al. [57].

▲

▲ ▲
▲ ▲

▲

▲



  








▲ de Jong et al.  Simulations
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3
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Figure 6.8: Comparison of simulations with experimental data from de Jong et al. [18].
Time scales are normalized by Td , the propagation time scale. Simulation
conditions: σi = 0.06, φ = 0.002, iC o

4 = 1.0, xo = 1/30, iC o
4 = 1.0, k1 = 0.1,

k2 = 40, k3 = 0.1, k4 = 40, k5 = 0.01, k6 = 10, k7 = 0, k9 = 200, k10 = 100, k11 = 1,
k12 = 0, λi = 1200, µ= 33, µ′ = ξm ∼ 0.2, µ′ = 0.16.

6.4.1 Single MARI, iC+
4

Here, we will use the microkinetic model with a single MARI, iC+
4 . Figure 6.8

shows the fit between the proposed microkientic model and the experimental
data by de Jong et al. [18]. The simulated reactor conditions are under the
situation with αxo ¿ λi . This ensures a single MARI. A high initial conversion
is ensured by λi = 1200. At t ′ = Td , λ = µ and the conversion starts to reduce.
At this time, only µ/λi ∼ 2.8% of the original active catalyst sites are remaining.
The majority of catalyst sites have already been deactivated before t ′ = Td .

Figure 6.9 shows the comparison of experimental data by Feller et al. [29]
and microkinetic simulations when the rate constants are the same as used to
obtain Figure 6.8. Initial reactor conditions are modified. Under the simu-
lated reactor conditions, approximately 16% of active catalyst sites remain ac-
tive when conversion starts to reduce. Beyond Td , our model predicts a fast
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Figure 6.9: Comparison of simulations with experimental data from Feller et al. [30]
with a single MARI, iC+

4 . At t = Td , conversion starts to reduce but simula-
tions always predict a steeper deactivation rate in the region Td , as compared
to the experimental data provided by Lercher et al.. Simulation conditions
are same as in Figure 6.8 except: σi = 0.05, φ = 0.002, xo = 1/6.7, λi = 1000,
µ= 160, µ′ ∼ 1. ξm ∼ 3.
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Figure 6.10: The case with 2 MARIs. Conversion as a function of time. Simulation con-
ditions: σi = 0.05, φ = 0.002, xo = 1/6.7 k1 = 0.1, k2 = 40, k3 = 0.1, k4 = 0.02,
k5 = 0.005, k6 = 10, k7 = 0, k9 = 200, k10 = 100, k11 = 1, k12 = 0. λi = 1000,
µ= 160, µ′ ∼ 1. ξm ∼ 3.
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deactivation of remaining catalyst, as compared to the experiments. Theoreti-
cally, a slower deactivation in the region t ′ > Td is now only possible if a major
fraction of a more stable reaction intermediate is still active. We now perform
the comparison with the reaction parameters that generate 2 MARIs.

6.4.2 Dual MARIs, contribution of iC+
4 and C+

7

Figures 6.10 and 6.11 show the comparison between experimental data pro-
vided by Feller et al. [29] and the microkinetic simulations with 2 MARIs. At
time t ′ = Ti , C+

7 occupies around 30% of the active catalyst sites since αxo ∼ 300
and λi ∼ 1000. This fraction of catalyst does not decay until t ′ = Td . Beyond this
time, C+

7 is the single MARI. Catalyst deactivation in this region is controlled
not only by C=

n readsorption but also by slow C+
7 deprotonation.

The simulations comparing selectivity data, Figure 6.11, show a non-zero
oligomer selectivity at t ′ = Ti which is caused by a small fraction of C=

7 produced
initially.

Although, propylene conversion was found to reduce for t ′ > Td , the high
alkylate selectivity value already starts to reduce before this time. This is be-
cause propylene consumption remains close to 100% until almost all iC+

4 has
disappeared. However, deprotonation of iC+

4 in intermediary time regimes al-
ready produces oligomers, which reduces alkylate selectivity.
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Figure 6.11: The case with 2 MARIs. Selectivity as a function of time. Simulation condi-
tions are same as Figure 6.10.
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From the fit of experimental data to microkinetic simulations, we predict
that the catalyst used by de Jong et al. [18] is of a high quality than the cat-
alyst used by Feller et al. [29]. Increasing the active proton density will have
improved catalyst lifetime, however the increment is logarithmic, see Table 6.2.

6.5 Plug Flow Reactor

We will now analyse the dynamics of deactivation of the alkylation reaction in
a plug flow reactor. The time scale of deactivation in a PFR, with respect to the
reactor length and flow velocity, can be used to estimate the rate of oligomer
readsorption, k11. As was done for a CSTR, the theory can be developed if we
assume that the time scale for the development of an initital reaction profile in
a PFR is fast compared to the time scale of the catalyst deactivation. We will
use our theory to develop an expression for selectivity as a function of time and
we will develop expressions for the catalyst deactivation times. It will be found
that the presence of 2 MARIs will not affect the deactivation times. In the end,
we will present a comparison of expressions of different lifetime regimes in a
PFR versus a CSTR.

6.5.1 Reaction profile

A schematic diagram describing the reaction dynamics of the alkylation reac-
tion is given in Figure 6.12. The figure shows the profiles of propylene, alkylate
and oligomers along the reactor length, at the initial quasi-steady state. A re-
action zone of length zc is formed, at the end of which nearly all propylene is
consumed. Near the entrance of the reactor, there is a small zone where iC+

4 ,
C+

7 and C+
3 ions are present over the catalyst surface at the steady state. In the

main reaction zone, only iC+
4 and C+

7 remain. Beyond the reaction zone, all the
active catalyst sites are unprotected proton sites, H+

1 . Now, olefins will readily
readsorb over the catalyst beyond the reaction zone.

Figure 6.13 shows a schematic of oligomer readsorption beyond the reac-
tion zone. The primary reaction zone deactivates slowly. A propagating front of
oligomer concentration is observed beyond the reaction zone, which moves for-
ward in the direction of flow with a constant velocity vp1. Whenever the reactor
length is large enough for a gradient in olefin concentration to form beyond the
reaction zone, we will record a high alkylate selectivity at the end of the reactor,
albeit for a short time. When the oligomer front reaches the end of the reactor,
alkylate selectivity will start to reduce until all protons beyond the reaction zone
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have been deactivated. Now, selectivity will be equal to the selectivity observed
at the end of the reaction zone.

The above analysis will only be true, as we will show in the following section,
when the time scale of catalyst deactivation by readsorption is substantially
shorter than the catalyst deactivation in the reaction zone.

Figure 6.12: Schematic of the alkylation reaction in a plug flow reactor. There is a re-
action zone of length zc in which almost 100% of the reaction takes place.
Beyond this reaction zone, oligomers readsorb on the unprotected proton
sites, H+

1 .

We will later show that deactivation also occurs by movement of the reaction
zone when oligomer readsorption is absent, but we predict that this is not the
case in the experiments by Weitkamp et al. [105].

For the reaction occurring under plug flow conditions, we write the complete
derivative of change of propylene concentration as:

d x

d t ′
+ d x

d z ′ =−κ1x.σ′−2χκ2x2σ′ (6.41)

Here, a new dimension L relating to the length of the reactor system is
introduced. The dimensionless quantitites are obtained as: length z ′ = z/L, time
t ′ = t .v/L, concentration of protons σ′ =σ/[iC o

4 ]. All the reaction rates are non-
dimensionalised as k ′

i = Lki iC o
4 /v except k ′

5 which is k ′
5 = Lk5/v .
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Figure 6.13: The case when oligomer readsorption beyond the reaction zone causes
rapid deactivation. The reaction zone deactivates slowly as compared to
oligomer readsorption. A deactivating oligomer concentration profile prop-
agates with velocity vp,1 in the reactor. Along the reactor length (at points
A,B ,C ,D), catalyst activity is written as time progresses.

κ1 = k ′
2 +2k ′

3 +k ′
5, κ2 = k ′

3 +k ′
5, λ= κ1σ

′
In order to solve the partial differential equation, Eq.(6.41), we assume the

time derivative of x to be 0. The solution, thus obtained, will be the initial
quasi-steady state of the reaction. As was done in the previous section, if cat-
alyst deactivation occurs on a scale relatively different than primary reactions,
the time derivative is decoupled and accounted for separately by looking at de-
activation of active proton sites. Eq.(6.41) can now be solved to obtain the
following solution for propylene under quasi-steady state conditions.

x = xo

(
1

1+ξm

)
e−λz ′

1−
(

ξm
1+ξm

)
e−λz ′

(6.42)

where ξm = 2xoχκ2/κ1

We can now calculate the steady state profiles of products formed.

dC ′
7

d z ′ =αk ′
4xσ′ (6.43)

C7
′ =αk4

′
∫ z ′

0
xσ′d z ′ = xoαk4

′

κ1
(

ln(ξm +1−ξme−λz ′ )

ξm
) (6.44)
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Integral Variation along z′ limz→∞∫
x′σ′d z′ xo

κ1

( ln(ξm +1−ξm e−λz ′ )
ξm

) xo

κ1
(

ln(ξm +1)

ξm
)

∫
x′2σ′d z′ xo

2χκ2
(1− ln(ξm +1−ξm e−λz ′ )

ξm
− e−λz ′

(ξm +1−ξm e−λz ′ )
)

xo

2χκ2
(1− ln(ξm +1)

ξm
)

Table 6.5: Integral of higher order powers in propylene concentration along reactor
length.

C ′
7,max =C ′

7 lim
z ′→∞

= xoαk4
′

κ1
(

ln(ξm +1)

ξm
) (6.45)

C=
n concentration at quasi steady state can be calculated as

d(Cn
=′)

d z ′ =χκ2x2σ′−R11C=
n
′σ′ (6.46)

The deactivation term can be ignored to estimate the spatial profile of oligomer
concentration at quasi-steady state

C=
n
′ =χκ2

′
∫ z ′

0
x2σ

′
d z ′

= xo

2

(
1− log(ξm +1−ξme−λz ′ )

ξm
− e−λz ′

(ξm +1−ξme−λz ′ )

) (6.47)

C ′=
n,max =C=

n
′ lim

z→∞= xo

2
(1− ln(ξm +1)

ξm
) (6.48)

Based on the above analysis, the concentration of C3 and C=
7 can also be

calculated, using Table 6.5, to determine the selectivity of alkylate formation as

S(C7
′) = C7

C7 +C3 +2Cn
=+C=

7

=
αk4

′ ∫ z ′
0 xd z ′

(αk4
′+κ2 +κ2)

∫ z ′
0 xd z ′+ (2χκ2)

∫ z ′
0 x2d z ′

Under limits of z →∞,

S = 1

1+ 2κ2

αk4
′ +

κ1

αk4
′
ξm − ln(ξm +1)

ln(ξm +1)

(6.49)

Under conditions of ξm << 1,
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S = 1

1+ 2κ2

αk4
′

(6.50)

For ξm >> 1,

S = 1

1+ 2κ2

αk4
′ +

κ1

αk4
′

ξm

ln(ξm)

(6.51)

6.5.2 Deactivation times: Oligomer readsorption

We will now derive approximate expressions for the time scale of catalyst de-
activation and compare these expressions with the time scales obtained in the
case of a CSTR.

The length of the reaction zone, zc , was analysed and found to be approxi-
mately equal to:

zo = 2ln(2)

λi (1+ξm)
(6.52)

The end of the reaction zone is characterized by the following conditions,
x(zc )/xo ∼ 0, C=

n
′(zc ) ∼ C=

n,max
′, C=

7
′(zc ) ∼ C=

7,max
′, σ′(zc ) ∼ σ′

i where σ′
i is the

dimensionless active catalyst site density.
The spatial and temporal distribution of oligomers and active catalyst den-

sity is given by the following coupled equations (σ′(t ) ∼ H+
1 ):

dC=
n
′(z ′, t ′)

d z ′ =−k11
′C ′=

n σ′

dσ′(z ′, t ′)
d t ′

=−k6C ′=
7 σ′−k11

′C ′=
n σ′

(6.53)

where t ′ = 0 is defined as the time where initial quasi-steady state profiles are
formed.

The coupled system can be solved under 2 conditions:

a.) Oligomer concentration exceeds proton site density, C ′
n(zc ,0) Àσ′(zc ,0)

In this case, oligomer concentration is in excess as compared to the total num-
ber of proton sites available. As such, spatial oligomer concentration can be
assumed constant to estimate the decay of catalyst as

dσ′(z ′, t ′)
d t ′

=−k6C ′=
7,maxσ

′−k11
′C ′=

n,maxσ
′ (6.54)
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All the active catalyst beyond the reaction zone will now deactivate around
the same time at the time scale To,P = 1/(k ′

6C ′=
7,max +k ′

11C ′
n,max ).

b.) Proton site density exceeds oligomer concentration, C ′
n(zc ,0) ¿σ′(zc ,0)

Now, a concentration profile of oligomers is observed along the reactor length
with no initial catalyst deactivation, see Figure 6.13. The quasi-steady state is
formed with proton density beyond the reaction zone given by σ′

i .

dC=
n
′(z ′, t ′)

d z ′ =−k11
′C=

n
′σ′

i (6.55)

C=
n
′(z ′,0) =C=

n,max
′ exp(−k ′

11σ
′
i z ′) (6.56)

As catalyst near z = zc starts deactivating, the oligomer profile beyond the re-
action zone moves forward. This propagating oligomer front further deactivates
the latter protons. The reaction zone remains steady. The width of the prop-
agating oligomer front can be estimated from Eq.(6.56) as ∆zpr op = 1/(k ′

11σ
′
i ).

The time scale over which this front deactives is almost equal to the time scale
of catalyst deactivation at z = zc which is To,P = 1/(k ′

6C ′=
7,max +k ′

11C=
n,max

′). The
velocity of propagation is now given as:

v ′
p1 =

∆zpr op

To,P
= C ′

n,max

σ′
i

+
C=

7,max

σi
= xo

λi

(κ1

2
(1− log(1+ξm)

ξm
)+κ2

log(1+ξm)

ξm

)
(6.57)

The time scale of deactivation of the catalyst beyond the reaction zone is
equal to 1/v ′

p1. This time scale can be compared with deactivation time scale,
Td , under quasi-steady state CSTR conditions.

To,P

Td
∼ λi

ln(λi )

k ′
6

k ′
9

κ2
2

κ2
1

(6.58)

When deactivation is dominated by C=
7 readsorption,

To,P

Td
∼ λi

ln(λi )

k ′
6

k ′
9

κ2

κ1
(6.59)

It has to be noted that the above analysis assumes that the time scale φ used
in CSTR is approximately similar to the inverse residence time in the PFR. When
the units of time are not the same in the 2 reactors, the time scale ratio can be
obtained by multiplying the ratio by a factor φL/v .
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The above analysis is correct only when the reaction zone deactivates over
a time scale longer than the deactivation by oligomer readsorption beyond the
reaction zone. The time scale of deactivation in the primary reaction zone is
approximately k9/κ2k ′

11C=
n,max

′ when χxo/2 < 1, and 2k9/κ2k ′
11χxoC=

n,max
′ other-

wise. The required condition translates to

k ′
9

κ2k ′
11C=

n,max
′ À

1

k ′
11C=

n,max
′

k ′
9 À κ2

(6.60)

when χxo/2 < 1, and

2k ′
9

xoχκ2k ′
11C=

n,max
′ À

1

k ′
11C=

n,max
′

k ′
9 À

xoχκ2

2

(6.61)

when χxo/2 > 1
The reactor length should be sufficiently larger than zc +∆zpr op in order to

observe almost 100% alkylate selectivity. The time scale over which this high
alkylate selectivity is observed is

To,p1 =
1− zo −∆zpr op

v ′
p1

=
1− 1

λi

( ln(2)

(1+ξm)
+ κ1

k ′
11

)
v ′

p1

(6.62)

The time scale over which the region beyond the reaction zone is completely
deactivated is

To,p2 = 1− zo

v ′
p1

(6.63)

The alkylate selectivity expression at end of reactor can be written as:

S = 1

1+ κ2

αk4
′
(
1+exp(−k ′

11σ
′
i (1− zo − v ′

p1t ′)
)
+ κ1

αk4
′
ξm − ln(ξm +1)

ln(ξm +1)
exp(−k ′

11σ
′
i (1− zo − v ′

p1t ′))

(6.64)



174 The different timescales of alkylation catalysts’ life

Figure 6.14: Oligomer readsorption does not occur beyond the reaction zone. Oligomer
concentration remains constant across reactor length beyond the reaction
zone. Propagation of propylene concentration profile as catalyst deacti-
vates. Blue curves show the distribution of catalyst deactivation rates.

6.5.3 Deactivation times: No oligomer readsorption

Here, we consider the situation when oligomer readsorption occurs in the pres-
ence of propylene. Under these conditions, there will be almost negligible
oligomer readsorption beyond the reaction zone since propylene concentration
becomes exhausted now. A propagating front of propylene concentration is vis-
ible, as shown in schematic Figure 6.14 which deactivates the proton sites.

The catalyst deactivation can be expressed as

dσ′

d t ′
=−(R6

′C=
7
′+R11

′C=
n
′)xσ′ (6.65)

where R ′
6 = Lk ′

6κ2[iC4]o2/vk ′
9,R ′

11 = Lk ′
11κ2[iC4]o2/vk ′

9.
In the reaction zone, there is a point where deactivation by oligomer read-

sorption peaks. This value can be analytically calculated by looking at the max-
ima of the product C=

3
′.C=

n along the flow direction (z ′), which translates to
maxima of x

∫
x2d z. Using some assumptions, we can arrive at a value of zo

under oligomer deactivation domination condition:

zo = ln(2)

λi (2+ξm)
(6.66)

The characteristics of the points z = zo are that C=
n
′(zo) ∼ C=

n,max
′/2 and

x/xo ∼ 1/2. Catalyst deactivation at the peak will be given by (when χxo/2 < 1)

dσ′

d t ′
=−1

4
R11

′C=
n,max

′xoσ′ (6.67)
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The deactivation time is of the order

To,C = 4

xoR ′
11C ′=

n,max +xoR ′
6C ′=

7,max

= 4

R6xo2
(1

2
(1− ln(1+ξm)

ξm
)+ κ2

κ1

ln(1+ξm)

ξm

)
(6.68)

The selectivity at the end of reactor will be given by Eq.(6.49). The primary
reaction front now propagates along reactor length with a velocity vp2. This ve-
locity can be calulated by considering the approximate width of the propagating
front, Eq.(6.66), and the time over which it deactivates, Eq.(6.68)

vp2 = zo

To,C
(6.69)

When deactivation by oligomer readsorption dominates,

To,C

Td
= 4(2+ξm)

xo ln(2)

λi

ln(λi )

κ2

κ1
(6.70)

When deactivation by C=
7 dominates,

To,C

Td
= 4(2+ξm)

xo ln(2)

λi

ln(λi )
(6.71)

6.5.4 Stochastic simulations

In Section 5.3 of the previous chapter, details for the stochastic modeling of the
proton catalyst model were highlighted that accounted for all the intermediary
reaction steps.

Here, we extend the model to account for the bulk transport of reactants and
products in a 1D channel (z direction). The space, that represents the complete
reactor length, is discretized into Q strips. For each strip, a separate lattice is
present where reactions occur as given by the proton catalyst model, Figure 6.1.
If the reactor length is L, the length of each discrete strip is ∆zs =Q/L. For each
time step ∆ts , N1 number of iC4 and N2 number of C=

3 moles enter and occupy
the strip between z = 0 and z = ∆zs . For all time steps, we traverse the surface
lattices randomly in each strip, as done in Section 5.3. Now, the new insight
comes because of the presence of an adsorption term that directly depends on
the local concentration of reactants over the catalyst surface. After the lattice
traversal, the spatial coordinate of reactants remaining and products formed are
updated by ∆zs .
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Figure 6.15: A typical stochastic simulation for the alkylation reaction under plug flow
conditions with reaction rate parameters similar to Figure 6.11.

Figure 6.15 shows a typical simulation for the reaction rate parameters used
to obtain the match from CSTR experiments, Figure 6.10. The ratio of propylene
to isobutane is kept xo = 0.1.

Initially, at time t ′ = t1 (straight line), alkylate and oligomer concentration
profiles are formed beyond the primary reaction zone. As catalyst beyond the
reaction zone deactivates, oligomer front propagates forward. Until t ′ = t2

(dashed line), alkylate selectivity at the end of reactor will be 100 %. At t ′ = t3

(circles), selectively starts to reduce. The tonal alkylate produced is also low
whih is attributed to the slow deactivation of catalyst in the reaction zone. For
t ′ > t4 (inverted triangles), almost all the catalyst beyond the reaction zone has
deactivated.

6.5.5 PFR results

Initial simulations with almost similar reaction rate parameters, as used to sim-
ulate the reaction in a CSTR, also predict the quick deactivaiton of catalytic sites
in a plug flow reactor.

Figure 6.16 shows the comparison of our stochastic simulations when comapred
to the data provided by Weitkamp et al. [105]. For the (slightly modified)
reaction rate parameters, a high selectivity value was observed until a time
t ′ = 0.04Td . This is the time when oligomer adsorbs beyond the reaction zone
and deactivates catalyst sites. The quick deactivation slows around t ′ = 0.07Td .
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Figure 6.16: Comparison of simulations with dual MARI for PFR. Time scales are nor-
malized by Td , the propagation time scale in a CSTR when reaction rate
parameters are the same. The case with 2 MARIs. Simulation conditions:
k1 = 0.5, k2 = 40, k3 = 0.1, k4 = 0.2, k5 = 0.005, k6 = 10, k7 = 0, k9 = 100,
k10 = 100, k11 = 1, k12 = 0, v = 1.0, L = 100, xo = 1/10, iC o

4 = 0.9L, σi = 0.9L

This is the point where the peak of the oligomer front has reached the exit of
the reactor. A slow deactivation time will be observed now, which is caused by
the slow deactivaiton of the reaction zone.

6.6 Discussion

In this chapter, we have developed a multiscale kinetic theory that relates mi-
crokinetic simulations of a shorter time scale with the longer time scale of cat-
alyst deactivation. The microkinetic simulations of the alkylation reactions are
presented based on the corresponding ODEs, with an emphasis on deactiva-
tion kinetics in a CSTR vs a PFR. We demonstrate the presence of 3 reaction
regimes: catalyst initiation, a quasi-steady state with almost constant propylene
conversion, and catalyst deactivation.

In the quasi steady state regime, under high alkylation conditions, the car-
benium ion C+

7 is stable and the carbenium ion iC+
4 slowly deactivates. In the

deactivation regime, there is rapid buildup of propylene. The main deactiva-
tion mechanism is the deprotonation of the carbenium ions that starts in the
quasi-steady state regime. This is taken over by rapid oligomerisation of proy-
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plene. Based on the observation of steady state iC+
4 and C+

7 concentration, an
analytical theory has been developed under high alkylation conditions. The
theory applies to a CSTR and a PFR. For the CSTR, the preferred reactor for
the alkylation reaction, the theory identifies 4 dimensionless parameters. These
parameters help predict important relations between catalyst deactivation state
and the external reactor conditions. These dimensionless parameters can be fit
with experimental data, which provides a validation of the theory in relation to
microkinetic parameters.

We have provided a fit to the CSTR experiments from Feller et al. [30]. It
turns out that in the condition where we also have selectivity data available, the
theory applies where C+

7 is the stable intermediate. When only conversion data
is available, iC+

4 is the major reaction intermediate. iC+
4 concentration now

starts reducing at the onset of the quasi-steady state.
In the PFR, a reaction zone develops with a substantially higher average

propylene concentation than present in CSTR at quasi-steady state. The main
deactivation mechanism is the adsorption of the non-selective olefins on the
unprotected protons beyond this reaction zone. It is this adsorption of olefins
after the reaction zone, that causes the initial high alkylate selectivty of the
reaction executed in PFR, as compared to the reaction in a CSTR. However, the
lifetime is very short. The catalyst lifetime is now controlled by the adsorption
rates of oligomers in relation to the relative amounts of protons present in the
reactor. A relation could be deduced, which compares the rate of deactivation in
the CSTR and the PFR. Comparison with experiments will enables us to predict
the catalyst parameters and reactor conditions that have to be changed in order
to predict a higher lifetime of alkylate selectivity.



Summary

In this thesis, we have studied different multiscale reaction kinetics ap-
proaches under different flow regimes. The mesoscopic scale is relevant for
catalytic reactions of short time and length scales when coupled to reactive
fluid dynamics. In the field of chemical reactor engineering, the design and
optimization of heterogeneous catalytic reactors is an intrinsically multiscale
and multiphysics problem: the microscale (intrinsic) kinetics are determined
by quantum chemical effects, while the macroscale (effective) kinetics are of-
ten limited by flow and diffusion of reactant and product species around and
through the support structures.

In the first part of this thesis, a particle based modeling technique using
stochastic rotation dynamics (SRD) to simulate a multicomponent nonlinear
reactive system is shown. The multiscale approach is used to resolve the 3
primary time scales of convection, diffusion, and reaction. The approach is
from a reactor modeling perspective. An advantage of using such schemes is the
stochastic approach of simulating reactions, similar to microkinetic modelling.
The probability parameters capture the thermodynamic and kinetic properties
of the intermediate reaction steps occurring as part of the catalyst reaction cycle.

In Chapter 2, we provide the theory and simulation methodology for a mul-
ticomponent nonlinear reaction occurring in a simple catalytic reactor model.
When kinetics similar to a Langmuir Hinshelwood is assumed, a methodology
to account for the sequential treatment of adsorption, surface reaction and des-
orption processes is defined. We estimate the probabilities that directly relate to
respective reaction rate constants. It was observed that a linear reaction order,
for a simple A → B reaction, is only possible when reactant adsorption is the
rate-limiting process. Damkohler numbers, comparing reaction and diffusion
time scales, are generated when there are multiple intermediary reactive steps.
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In Chapter 3, we observe nonlinear reactor dynamics for the reaction over a
catalytic strip in absence of flow, and the reaction over catalytic spheres in flow
through a packed-bed column. We visualize the change in product and reactant
concentration profiles as adsorption, desorption or surface reaction probabilities
change. For the reaction on a catalytic strip, the reaction order was found to
become increasingly non-linear as the reactant adsorption probability increases,
since the adsorption flux now competes with reaction flux and the product des-
orption flux.

For the reaction in a packed-bed column, increasing the product readsorp-
tion probability caused a higher surface concentration of product species over
the catalyst. Consecutively, the rate of adsorption of reactant species decreases,
reducing the overall reaction order along the packed-bed column. On the other
hand, increasing the product desorption probability will enable a higher adsorp-
tion rate of reactant, thereby increasing the overall reaction order.

In the presence of an apparently linear reaction order (reactant adsorp-
tion being the rate-determining step), the self-diffusivity coefficients of product
species was changed. When product species had higher self-diffusivity values, as
compared to reactant species, the reactant species experienced lower frictional
force along the packed-bed column. The overall reaction order now keeps re-
ducing (less than 1) along the length of the packed bed column. When product
particles are bulky, i.e. less diffusive, the reaction order increases (greater than
1) along the column length.

In the second part of the thesis, we analyse the deactivation kinetics of the
alkylation reaction to produce high-octane fuel. A need for the replacement of
liquid acid catalyst with solid acid catalyst has motivated a theoretical under-
standing of the deactivation cycle of this reaction. We have extended the pre-
vious theory for the alkylation reaction based on available experimental data,
and data available for short time scale microkinetic simulations to develop a
theory to predict the catalytic evolution for longer time scales at differential
and integral reactor conditions.

The main question of the study is to find the reason for the non-exponential
decay of propylene conversion, especially in a CSTR. The second question is,
can we develop a theory that explains why in a PFR catalyst deactivation times
are a factor of 2 orders of magnitude shorter than in a CSTR.

In Chapters 4 and 5, we perform the alkylation reaction under differential
conditions. It was observed that a non-exponential decay here is found only
under the conditions when lateral interactions between differently active proton
sites are present.

In Chapter 4, we introduce the lumped kinetics of the alkylation reaction,
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which were derived from microkinetic simulations. Catalyst deactivation was
found to occur via two deactivation channels, carbenium ion deprotonation and
olefin formation, that do not operate independently of each other. Two different
catalyst models considered were the single reactivity proton catalyst model, and
the dual interacting proton catalyst model.

The dual interacting proton model consists of a highly reactive proton that
selectively catalyses alkylation, and a weakly reactive proton that only con-
tributes to enhanced oligomerisation. For the interacting proton catalyst model,
one finds that coverage of the surface by intermediate carbenium ions inhibits
additional conversion of reactive protons into weakly reactive protons. Because
of the large difference in overall oligomer production rate between reactive
protons and weakly reactive protons, this affects an alkylate selective catalyst
differently from a catalyst that predominantly produces oligomers.

Kinetics simulations with the dual interacting proton catalyst model show
that lateral interactions strongly and negatively affect the lifetime of the alkyla-
tion catalyst. Additionally, it is found that as the catalyst deactivates, oligomer
production continues while alkylate production reduces.

A nonlinear dynamics theory, developed in Chapter 5, accounts for the in-
teractions between the 2 different proton sites as the catalyst deactivates. The
theory is supported by corresponding stochastic simulations of the alkylation
reaction to deduce the conditions when mean-field simulations can be applied.
We determined the conditions where complete mixing of the different proton
sites over the catalyst surface was observed. The accuracy of the mean-field ki-
netics solution reduces when patterns of differently reactive protons are formed
in the presence of increasing vacancies on the catalyst. The theory identifies
the different reaction pattern regimes. Compared to mean field simulations, the
spatial heterogeneity allowed in stochastic simulations reduces the lifetime of
a selective alkylation catalyst, while also reducing the alkylate selectivity. The
stochastic simulations show that laterally interacting protons behave kinetically
as isolated protons, when on a hexagonal lattice the proton vacancy concentra-
tion is in excess of 50%.

In Chapter 6, we perform a theoretical analysis of the alkylation reaction
under integral conditions. We observed that 2 main reaction intermediates, iC+

4
and C+

7 , occupy the majority of the active catalyst sites during catalyst life. The
non-exponential behaviour we were looking for in catalyst deactivation at dif-
ferential conditions, with a dual interacting proton catalyst model, was now ob-
served because of initiation of deactivation by deprotonation by C+

7 carbenium
ions as compared to deprotonation by iC+

4 ions.
In a continuously stirred tank reactor, 3 different catalyst lifetimes were de-
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fined: catalyst initiation, a quasi-steady state, and catalyst deactivation. High
alkylate selectivity occurs in the quasi-steady state regime, where it was ob-
served that iC+

4 concentration reduces while C+
7 concentration remains con-

stant. A dimensionless analysis predicts the quasi-steady state lifetime and the
onset of catalyst deactivation. Our theory predicts a logarithmic growth in cat-
alyst lifetime with an increase in active proton density.

The theory has subsequently been extended to study the reaction in a plug
flow reactor. In a PFR, due to the inhomogeneous distribution of propylene, a
reaction zone is formed at the start of the reactor. At the end of this reaction
zone, oligomer readsorption occurs over the unprotected catalyst sites. With
time, the catalyst beyond the reaction zone deactivates and the oligomer front
moves until all catalyst, beyond the reaction zone, has deactivated. The de-
activation timescale in a PFR as compared to the deactivation timescale in a
CSTR was found to depend on the ratio of carbenium ion deprotonation rate
versus alkylate formation rate. At longer timescales, the experimental differ-
ence between catalyst lifetime observed for the 2 reactors (CSTR and PFR) can
be explained based on these results.
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