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Summary
Title: Numerical modeling for urban sound propagation:
developments in wave-based and energy-based methods
Prediction of sound propagation plays a key role in the planning and
design process of urban areas. During the last decades, multiple techniques have been developed for the computation of sound fields in cities.
The main techniques are known as wave-based methods (principally, for
the low frequency region) and also geometrical and energy-based methods (mostly, for high frequencies). However, for accurate evaluation of
urban sound propagation, including all propagation effects, more efficient methods are needed. The main focus of this doctoral research is
to improve the efficiency of some of these computational methods for
urban sound propagation. In the first part of the research, a hybrid
wave-based methodology was developed, where the Fourier pseudospectral time domain (Fourier PSTD) method was combined with the time
domain discontinuous Galerkin (DG) technique, improving overall efficiency in the low frequency region. In the second part of this thesis,
the applicability of an energy-based method based on the diffusion equation for sound propagation in urban environments was investigated and a
novel method to compute the diffusion coefficients for urban applications
is presented and evaluated, for the high frequency area of the spectrum.
DG has been successfully applied to room acoustics problems, which
can be considered extreme cases of an inner city environment; the analysis of its performance is presented, showing the great potential of the
DG method for this type of acoustics problems (including urban applications), where high-order accuracy and geometrical flexibility are of great
importance.
The Fourier PSTD method provides an efficient way of modelling
acoustic propagation problems as described by the linearised Euler equations, but is limited to real-valued frequency independent boundary conditions and predominantly staircase-like boundary shapes. In order to
overcome these limitations, a hybrid approach to solve the linearised Euler equations, coupling Fourier PSTD in the bulk of the domain with a
nodal DG method near the boundaries, was developed. The accuracy
of the hybrid approach is presented for one and two-dimensional acoustic problems and the main sources of error are investigated. The main
conclusion is that the hybrid methodology does not introduce significant
errors, compared to the Fourier PSTD stand-alone solver.
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Additionally, the hybrid technique has been employed to solve an
urban application problem, where the landscape is used as a noise mitigation measure from a distant environmental source. Wind effects were
incorporated in the hybrid model by using an effective sound speed.
The comparison of the results for a flat ground scenario with the results
of the fast field programme model for different wind conditions showed
good agreement. Moreover, it was shown that the insertion of the rough
terrain investigated in this section is a very effective noise mitigation
measure in the low frequency range, under different wind conditions.
The diffusion equation method, based on the propagation of sound
energy, is a simple and attractive tool for scenarios where the diffuse
field is predominant. The method relies mainly on a single parameter
- the non-homogeneous diffusion coefficient D - that requires further
understanding for canyon-type street configurations.
The main contribution of the second part of the thesis is to present
a novel methodology for the calculation of the diffusion coefficients for
urban applications, based on the solutions of a wave-based method. The
approach is presented for two-dimensional scenarios composed of rectangular domains. Specifically, the method has been applied to a straight,
long street and to more complex urban cases, such as the perpendicular intersection of two long streets and a T-junction configuration. The
proposed methodology has been proven to be a valid approach in areas
where the sound field is smoothly decaying in a predominant direction,
but the method fails when the gradient of the energy density approaches
zero.
Additionally, the applicability of the diffusion equation to inner city
environments is explored by comparing the numerical solutions of the
diffusion equation model with experimental results of a real urban configuration in the city centre of Eindhoven. For this case, a factor is
suggested to correct the two-dimensional diffusion coefficients to be employed in the three-dimensional diffusion equation implementation. The
results of the comparison are promising; however, the discrepancies found
in some areas are still important, probably because the sound field of the
real street might not be as diffuse as expected.
Finally, a novel implementation of the diffusion equation based on a
finite volume methodology is presented for sound propagation problems.
The main goal of this implementation is to improve geometrical flexibility when solving the diffusion equation, while keeping a low order and
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thereby obtaining a time efficient method. The order of accuracy and the
stability proof of this implementation are presented and the suitability of
the method is demonstrated for a spherical and cubical volume using unstructured meshes. Additionally, the implementation has been compared
with the experimental reverberation time results of a real room. Overall,
the results of these evaluations show the finite volume implementation
to be highly accurate.
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1.1

General introduction

Background on numerical models for urban
sound propagation

“A particular procedure for accomplishing or approaching something to
be expressed as numbers”, is a sentence that combines the definitions
of the words numerical and method, as defined in the online version of
the Oxford dictionary (Stevenson, 2010). Additionally, methodology is
defined as a system of methods used in a particular area of study and
model is a simplified description, especially a mathematical one, of a
system or process to assist calculations and predictions. These definitions
describe the main tools for acoustic analysis in this thesis and will be
used extensively through this document.
In general, numerical methodologies employed in urban sound propagation aim to predict the sound field in order to improve the acoustic
quality of the built environment, including the control of environmental
noise, and for auralization purposes. In this sense, prediction of sound
propagation plays a key role in the planning and design process of urban
areas reducing the unwanted effects of noise and, overall, improving the
acoustic quality in cities. The main motivation of this thesis is to contribute to the sustainable abatement of environmental noise problems1
by further developing some of the numerical techniques utilised for the
prediction of urban sound fields.
Inner-city environments have been and still are widely investigated,
e.g. (Wiener et al., 1965), (Lyon, 1974), (Bullen & Fricke, 1976), (Heutschi,
1 Nowadays, there is an common understanding, considering environmental noise as a public
health problem as indicated in the Environmental Noise Guidelines for the European Region (WHO,
2018). The evidences of the adverse health effects of noise pollution (WHO, 2011), such as annoyance,
sleep disturbance and cardiovascular diseases, are no longer under discussion but under evaluation.
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1995), (Kang, 2000), (Picaut, 2002), (Iu & Li, 2002), (Picaut et al.,
2005), (Le Pollès et al., 2005), (Van Renterghem et al., 2006), (Hornikx
& Forssén, 2008), (Lee & Kang, 2015) and (Echevarria Sanchez et al.,
2016), mainly because the acoustic field in these environments is very
complex and challenging (Hornikx, 2016) for the following reasons:
• The generation of sound in inner cities as a combination of natural
and human-induced sounds at multiple locations. Each source has
its own acoustic complexity regarding spectral content, temporal
response, directivity, etc.
• The propagation of sound is affected by the topology of the buildings
and by other urban elements such as vegetation, urban furniture,
etc., producing multiple reflections (and the associated absorption),
(frequency dependent) scattering and diffraction processes along the
propagation path.
• Additionally, outdoor sound propagation over long distances is influenced by complex atmospheric effects such as refraction, atmospheric absorption and turbulence (Salomons, 2001).
Obviously, a numerical model that aims to predict the sound field
in an urban environment needs to capture the propagation effects in
a more or less simplified manner, depending on the required precision.
It is important to mention that the accuracy of the results does not
depend exclusively on the numerical model, but also on the precision
of input data such as absorption and scattering coefficients, geometrical
data, source features, etc. Additionally, numerical methods need to be
computationally efficient.
Multiple techniques have been developed during the last decades for
the computation of sound propagation in urban areas. The classification
of methods for computational urban acoustics as proposed by (Hornikx,
2016) will be employed from now on:
• Geometrical acoustics (GA) methods.
• Wave-based (WB) methods.
• Energy-based (EB) methods.
Page 2
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Wave-based methods implicitly include all the complex phenomena of
sound propagation, such as diffraction and meteorological effects. One
of the main advantage of WB methods is their accuracy when compared with other numerical techniques for sound propagation, such as
GA or EB methodologies. However, state-of-the-art WB methods are
still computationally expensive and the calculation burden is boosted
when increasing the maximum frequency of interest and the domain
size. These methods can be further classified by discerning between
time and frequency domain techniques. Time domain methods solve the
time domain physical equations in contrast to frequency domain methods, that solve the governing equations in the frequency domain. In
general, WB time domain methods are adequate for small to mid-scale
urban sound propagation problems (Hornikx, 2016) and a broad frequency band with a single calculation, which reduces the computational
burden. The significant increase of the computational power in recent
decades has boosted the interest in this type of methodologies and many
efforts have been directed in the last years towards the optimisation of
WB tools e.g., (Botteldooren, 2007), (Hornikx & Dragna, 2015) and
(Georgiou & Hornikx, 2016). A detailed review of WB methods concerning urban acoustics can be found in (Hornikx, 2016), showing the
benefits and drawbacks of the different methodologies. Overall, most of
the state-of-the-art wave-based techniques for urban sound propagation
require a spatial discretisation of between 6 and 10 points per wavelength
to resolve the highest frequency of interest keeping the dispersion error
within reasonable limits, as reported in (Hornikx, 2016). This requirement is a key factor for the efficiency of the WB methods and can be
considered one of their major limitations. Another aspect influencing
the performance of WB methods for sound propagation in urban cases is
associated with the surfaces as for instance, the pavement or the façades
of the buildings. The influence of these elements is twofold. On the one
hand, the orientation and the geometrical irregularities of the surfaces
determine the direction and type of reflections when the sound waves
meet the boundaries. On the other, the impedance of the boundaries
determines the amount of energy being absorbed by the surface. These
effects are frequency dependent for urban sound propagation problems.
Therefore, these two features of surfaces are key for the precision of the
WB solutions. Mainly, the influence of the geometrical features of the
surfaces depends on the spatial discretisation technique employed by the
WB solution method. In this sense, some WB techniques, such as the
Page 3
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parabolic equation, the modal finite element method or the fast field
programme, have difficulties handling complex geometries. Some others present geometrical constraints. For instance, the finite differences
time domain or the Fourier pseudospectral time domain method are limited to staircase-like boundary shapes. Regarding the absorption of the
surfaces, a proper formulation of the time domain impedance boundary
conditions has not yet been proposed for some WB solution methods e.g.,
the discontinuous Galerkin or the Fourier pseudospectral time domain
methods.
On the other hand, GA and EB methods can be considered as simplified techniques for the computation of sound propagation. An overview
of the GA methods employed in urban acoustics can be found in (Hornikx
& Forssén, 2008). Typically, GA methods require that the boundary
surfaces are larger than the wavelength of the calculated frequency and
therefore, mostly appropriate for the high frequency range. In fact, at
high frequencies the sound field becomes more diffuse, making energy
methods more adequate for this type of problems. In contrast to WB
methods, these techniques do not implicitly include all physical phenomena of wave propagation. However, these models are very efficient and
have attracted a lot of attention for decades. In fact, the common noise
assessment method in Europe for strategic noise mapping (CNOSSOSEU) (Anfosso-Lédée et al., 2012) is based on a GA methodology. In
general, EB solution methods are based on diffuse field assumptions.
A revision of the main contributions to the diffuse-based solution techniques for room and urban acoustic problems can be found in Chapter
4. EB solution methods employ a surface or volume discretisation of the
domain, in contrast to the common ray-like approach of GA methods
(Savioja & Svensson, 2015). For inner city environments where multiple reflections play an important role, GA methods are limited as the
number of reflections boosts the computational burden, while EB solution methods are very efficient if the environment can be modelled by
a diffusion process. Therefore, diffuse-based solution techniques are a
good alternative to GA methods when the sound field resembles an inner space, as for inner city environments. One of the main drawbacks of
diffuse-based solution techniques for urban sound propagation is the lack
of a reliable methodology to obtain the main parameters controlling the
diffusion process for complex configurations of such environments. For
some EB solution methods as the diffusion equation, the applicability
to urban environments is not yet mature and more understanding of the
Page 4
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sound propagation process is needed to establish their limitations.
Overall for urban areas, there is consensus for using WB methods in
the low-frequency range2 , while using simplified techniques for mid and
high-frequencies (Hornikx, 2016). Also, WB techniques are mostly used
when the effect of individual buildings and surfaces are to be investigated at a small scale. On the other hand, energy-based and geometrical
acoustics methods are more suitable for engineering-level acoustical surveys of extended areas. While each technique still remains in a limited
frequency range and at different scales, some efforts are directed towards
the implementation of hybrid solutions e.g. (Southern et al., 2013) or
improving the computational efficiency of the stand-alone methods as,
for instance (Mehra et al., 2012), (Hornikx et al., 2012) or (Hamilton &
Bilbao, 2017).

1.2

Scope of this thesis

The efforts in this research were directed towards further developing
existing numerical methods, helping them to become more mature for
urban sound propagation problems. The scale of the problems investigated in this thesis ranges from a single street up to about 500 m, what
might be considered a small to mid-scale area of a city. Moreover, it is
very difficult to comprehend all the already mentioned effects of sound
propagation in inner-city environments using the same numerical technique in the complete frequency range of interest. It is for this reason,
that the efforts of this thesis are divided into contributions to existing
numerical methods that in combination enable solutions in the complete
frequency range of interest. The present research was focused on WB and
EB methods, particularly the time domain version of these models. This
thesis has been divided into two main parts compiling the numerical developments for urban sound propagation in wave-based and energy-based
methods, respectively, and with the scope of separately covering the full
frequency range of interest for this type of problem with the presented
contributions.

1.3

Numerical techniques employed in this thesis

The methods employed in this thesis solve a partial differential equation
(PDE), or set of PDEs, mathematically describing a physical process of
2 The image source method can be used for low frequencies as well, if the configuration does not
include too many reflections.
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sound propagation. In this research, the time domain models are based
on solving PDEs for acoustic quantities as a function of time and space.
The techniques involve the temporal and spatial discretisation of the
problem under consideration and the solutions can be obtained as a time
evolution of the acoustic variables or as a spatial distribution of the sound
field at a certain time, as the examples shown in Figure 1.1. Two type
of equations3 have been employed in this research: a wave equation and
a diffusion equation. WB solution techniques, as the ones described in
1.3.1, have been utilised to obtain solutions of a wave equation describing
the transient propagation of sound waves; while an EB solution technique
(see Section 1.3.2) has been used to solve a diffusion equation of the sound
energy in the domain under investigation.
1.3.1

Wave-based solution methods

Two wave-based techniques are employed in this thesis and are presented
in this section: the Fourier pseudospectral time domain method (Fourier
PSTD) and the nodal discontinuous Galerkin (DG) method. The techniques are presented in more detail in Sections 3.3.1 and 2.3.2 of this
thesis, respectively. These techniques have been selected to build an efficient hybrid model combining the benefits of DG at the boundaries,
while keeping the efficient Fourier PSTD in the bulk of the domain.
The hybrid method proposes a solution to overcome the limitations of
the latter technique when handling complex geometries and boundary
conditions.
The Fourier pseudospectral time domain method

The Fourier PSTD method discretises the computational domain on an
orthogonal equidistant mesh, with a grid spacing determined by the
smallest acoustic wavelength of interest. The spatial resolution is theoretically bounded only by the Nyquist sampling criterion, i.e. two points
per wavelength. Fourier PSTD is a high order method where the spatial derivatives are solved in the wavenumber domain by using discrete
Fourier analysis of the spatial solutions. The stencil for the computation of the spatial derivatives corresponds to the complete domain in
each direction and the use of discrete Fourier transforms requires the
acoustic solutions to be periodic to avoid Gibbs phenomenon (Hornikx
& Waxler, 2008). The method has been shown to be an effective way
3 The physical equations solved in this research are presented in the chapters of the thesis where
they are employed.
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Figure 1.1: Typical example of solutions from a time domain method (Figures from the
application case presented in Chapter 3): a) impulse response and b) spatial distribution of
the sound pressure level at a certain moment of time.

of modelling sound propagation as presented, for instance, in (Hornikx
et al., 2010) and (Georgiou et al., 2019). However, although developments have been presented by Hornikx et al. to locally refine the grid
using multidomain implementations (Hornikx et al., 2012) and to apply
Fourier PSTD to orthogonal curvilinear coordinates for near-rigid moderately curved surfaces (Hornikx & Dragna, 2015), the method is limited
to predominantly staircase-like boundary shapes. Regarding boundary
conditions, non-reflecting terminations can be solved by, for instance, using perfectly matched layers (PMLs) (F. Q. Hu, 1996). In cases of rigid
boundaries and boundary media with a different density, solutions have
been successfully presented, for instance by Hornikx et al. (Hornikx
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et al., 2010). One approximation for impedance boundary conditions
was introduced in (Spa et al., 2011). However, no accurate solution for
frequency dependent boundary conditions has been presented thus far
(Hornikx, 2016). The latest development of this method was the incorporation of directivity in the Fourier PSTD method using spherical
harmonics (Georgiou & Hornikx, 2016). Therefore, Fourier PSTD is a
very efficient technique for computing sound propagation problems but
is limited to real-valued frequency independent boundary conditions and
predominantly staircase-like boundary shapes.
The nodal discontinuous Galerkin method

DG exhibits almost no restrictions with respect to geometrical complexity and has great potential for the implementation of boundary conditions. DG is a local method that discretises the spatial domain into
non-overlapping mesh elements, in which the governing equations are
solved elementwise, and uses the so-called numerical flux at adjacent
element interfaces to communicate the information between them. DG
combines the favourable properties of existing wave-based time domain
methods as it preserves high order accuracy, allows for local refinement
by a variable polynomial order and element size, and therefore can deal
with complex geometries. Because equations are solved elementwise,
the method allows for easy parallelisation and massive calculation acceleration opportunities (Modave et al., 2016). Therefore, DG is a very
suitable numerical method for acoustic propagation problems as shown
in (Wang et al., 2019) for room acoustic problems as part of this thesis.
However, some developments towards acoustic applications are still in
progress. For instance, although results for impedance boundary conditions with the DG method have been presented (Reymen et al., 2008),
a proper formulation of these boundary conditions in the framework of
DG has not been published yet.
1.3.2

Energy-based solution methods

In the second part of this thesis, investigations related to an energy-based
solution method, the diffusion equation (DE), are presented for urban
sound problems. The DE is described in detail in Section 4.4. The technique is based on the propagation of sound energy and is a simple and
therefore attractive tool for scenarios where the sound field is spatially
smooth after multiple reflections (Pasareanu et al., 2012) and resembles an indoor space, as for instance in inner city environments. The
Page 8
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method describes a diffusion process and is well-known for computing
sound fields in rooms with a low amount of sound absorption and diffusely reflecting boundaries. However, this method, which relies mainly
on a single parameter describing the diffusivity of energy propagation
- the diffusion coefficient D - requires further understanding for urban
environments. The hypothesis assumed in this research is that the sound
field can be approximated by a diffusion process in canyon-type street
configurations. In room acoustics problems4 , the diffusion coefficient is
typically assumed to be a constant term when the walls are uniformly
diffusing the sound energy and the formulation has already proven to be
valid. In contrast, for urban scenarios as the ones investigated in this
work, the diffusivity of sound energy has different properties in different directions; as a consequence, the diffusion coefficient is not uniform
(Picaut, Simon, & Hardy, 1999). Therefore, the sound field in urban
streets cannot be described by a constant D, but by a non-uniform diffusion process, equivalent to the sound field in long rooms as e.g. in
(Visentin et al., 2012) and (Foy et al., 2016). Although some authors
have derived analytical expressions or methodologies to estimate the coefficients for urban cases, for instance (Picaut, Simon, & Hardy, 1999)
and (Le Pollès et al., 2005), there is still a lack of knowledge regarding
the correlation between the geometrical features and disposition of the
streets and how the diffuse sound energy propagates in urban cases.
For sound propagation problems, the DE has been successfully implemented mostly using the finite differences time domain (FDTD) method,
for instance in (Picaut, 2002) and (Navarro et al., 2012) and finite element methods (FEM), e.g. (Valeau et al., 2002) (Jing & Xiang, 2007)
and (Jing & Xiang, 2008). FDTD solvers are geometrically constraint
due to the use of staircase-type boundary shapes, and the finite element
methods (Cohen, 2002) (Okuzono et al., 2016) employ integration points
within the mesh elements depending on the selected polynomial order.
Since the solutions of the DE only exhibit smooth spatial variations
within a mean free path, it seems logical to use a low order approach
as the finite volume (FV) method instead of the FEM for the calculation of the spatial derivatives of the equation. FV methods have been
used for the implementation of acoustic equations for room applications
as for instance (Botteldooren, 1994)5 (Bilbao, 2013) and (Bilbao et al.,
4 Room

acoustics problems refers here only to concave proportionate rooms, i.e. single-room
scenarios with proportionate dimensions.
5 The author of this paper did not employ finite volume methods directly, but developed FDTD
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2016), but not for the implementation of the DE for sound propagation
as proposed in this thesis.

1.4

Thesis objectives

The main motivation of this thesis is to contribute to the sustainable
abatement of environmental noise problems by improving the capabilities of some computational methods used for outdoor/urban sound propagation. The research has become a twofold investigation, dividing this
thesis into two main parts with the following objectives:
1. PART I. This part is devoted to the developments in wave-based
methods mostly for the computation of atmospheric sound propagation for domains with DG near the ground surface and Fourier
PSTD in the (moving and inhomogeneous) propagation domain
above it. Additionally, the applicability of DG for room acoustics
applications has been tackled as well in this initial part. Specifically:
(a) Developing and demonstrating a novel hybrid method for outdoor sound propagation problems to allow the computation of
complex geometries.
(b) Addressing the positioning of DG as a mature wave-based method
for room acoustic applications, as a first step towards the utilisation of DG as a stand-alone solver for applications in outdoor
environments.
2. PART II. This part is dedicated to the developments associated
with the energy-based diffusion equation method at a small-scale
urban scenarios:
(a) Developing a novel methodology to obtain diffusion coefficients
for urban applications that resemble indoor spaces, as inner city
environments.
(b) Exploring the applicability of the diffusion equation for inner
city environments such as canyon-type streets, by the comparison of the numerical results of the DE model with experimental
results of a real configuration.
methods over quasi-Cartesian grids using conservation laws.
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(c) Implementing the DE for sound propagation using a finite volume numerical scheme to improve the geometrical flexibility of
the approach, while keeping a low order and thereby a time
efficient method for the computation of the spatial derivatives
of the governing equation.

1.5

Main contributions

The research contributions are listed below:
• The hybrid methodology (Pagán Muñoz & Hornikx, 2017) presented
in this thesis is a major contribution for the inclusion of more flexibility in the boundaries, regarding complex geometries and frequency dependent boundary conditions. The flexibility of DG has
been combined with the efficiency of Fourier PSTD and the novel
scheme facilitates the computation of complex shaped domains and
the inclusion of frequency dependent boundary conditions.
• As a shared contribution, this thesis plays a part in the positioning
of DG as a reference and well-established method for room acoustic
applications as presented in (Wang et al., 2019). This work can be
considered as a first step towards the utilisation of DG as a standalone solver for applications in outdoor environments. The work
done by the author of this thesis to this contribution is presented
in Sections 2.2 and 2.5.4.
• The diffusion equation has proven to be a mature EB method for
room acoustics applications (Valeau et al., 2006) (Navarro et al.,
2012) (Foy et al., 2016), but for the application to urban scenarios
the approach still lacks of suitable diffusion coefficients. A major
contribution of this thesis is the presentation of a novel methodology
to locally compute the non-homogeneous and directional diffusion
coefficients for urban environments from a WB method.
• The applicability of the diffusion equation (when using the diffusion
coefficients from the proposed methodology) has been explored for
inner city environments by comparing numerical results of the DE
model with experimental results from real measurements in the city
centre of Eindhoven.
• A shared contribution of this thesis is the implementation of DE
for sound propagation, using a finite volume scheme to improve the
Page 11
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geometrical flexibility of the approach while keeping a low order and
thereby a time efficient method for the computation of the spatial
derivatives of the governing equation. Apart from contributions to
the general parts of Chapter 6 and the supervision of the person
implementing the numerical scheme, the specific work done by the
author of this thesis to this contribution is presented in Section 6.6.

1.6

Thesis structure and related publications

This thesis is divided into two main parts devoted to the developments
in wave-based and energy-based methods, respectively. Additionally the
thesis includes two general chapters: Chapter 1 presenting a general
introduction and Chapter 7, featuring the main thesis conclusions.
Part I of the thesis is divided into two chapters: Chapter 2, where
the positioning of DG as a mature wave-based method for room acoustic
applications has been addressed (this chapter is a first step towards the
utilisation of DG as a stand-alone solver for applications in outdoor
environments), and Chapter 3, where a hybrid approach to solve the
linearised Euler equations (LEE), coupling Fourier PSTD with a nodal
discontinuous Galerkin method, is introduced. These chapters are mostly
based on work presented in the following Journal Papers, respectively:
• Wang, H., Sihar, I., Pagán Muñoz, R., & Hornikx, M. (2019). Room
acoustics modelling in the time-domain with the nodal discontinuous Galerkin method. The Journal of the Acoustical Society of
America, 145(4), 2650–2663.
• Pagán Muñoz, R., & Hornikx, M. (2017). Hybrid Fourier pseudospectral / discontinuous Galerkin time-domain method for wave
propagation. Journal of Computational Physics, 348, 416–432.
Part II of the thesis is divided into three Chapters. The methodology
for obtaining diffusion coefficients for urban applications is presented in
Chapter 4 and the applicability of the diffusion equation to a real inner
city environment is explored in Chapter 5. Finally, Chapter 6 presents
the numerical implementation of the diffusion equation for sound propagation using a finite volume method. The following Journal Papers
related to this part of the thesis are in preparation:
• Pagán Muñoz, R., Navarro, J.M., Hornikx, M. Obtaining diffusion coefficients for the diffusion equation in urban applications.
Manuscript in preparation for submission.
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• Goestchel, Q., Pagán Muñoz, R., Trikootam, S., and Hornikx, M.
Numerical solution of the diffusion equation by the finite volume
method. Manuscript in preparation for submission.
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This chapter is based on the Journal Paper:
• Wang, H., Sihar, I., Pagán Muñoz, R., & Hornikx, M. (2019). Room
acoustics modelling in the time-domain with the nodal discontinuous Galerkin method. The Journal of the Acoustical Society of
America, 145(4), 2650–2663.
The contributions of the author of this thesis to this research are
indicated in Section 1.5.

2.1

Abstract

The performance of the time domain nodal discontinuous Galerkin (DG)
method is evaluated when solving the linear acoustic equations for room
acoustic purposes. A nodal DG method is used for the evaluation of the
spatial derivatives, and for the time-integration an explicit multi-stage
Runge-Kutta method is adopted. The scheme supports a high order approximation on unstructured meshes. To model frequency-independent
real-valued impedance boundary conditions, a formulation based on the
plane wave reflection coefficient is proposed. Semi-discrete stability of
the scheme is analysed using an energy method. The performance of
the DG method is evaluated for four three-dimensional configurations.
The first two cases concern sound propagation in free field and over a
flat impedance ground surface. Results show that the solution converges
with increasing DG polynomial order and the accuracy of the impedance
boundary condition is independent on the incidence angle. The third
configuration is a cuboid room with rigid boundaries, for which an analytical solution serves as the reference solution. Finally, DG results for a
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real room scenario are compared with experimental results and the comparison is quite satisfactory. This chapter presents the accuracy of DG
for free field scenarios and domains including reflections, plus the long
term stability of the method, all of these being necessary features for outdoor sound propagation. Therefore, this chapter is a first step towards
the utilization of DG to compute urban sound propagation problems.

2.2

Introduction

Computer simulation of the sound field in indoor environments has been
investigated during the period since the publication (Schroeder, 1961)
of Manfred R. Schroeder. After all these years, prediction methods for
room acoustic applications are still under development in an effort to
improve efficiency of the calculations and accuracy and realism of the
results, hand in hand with the advances in computer power. In acoustics, the computational techniques are mainly separated between wavebased, geometrical and diffuse field methods. Each of these methodologies has been amply presented in literature. Concepts, implementations
and applications of room simulation methods are reviewed by Vorländer
(Vorländer, 2013), Savioja et al. (Savioja & Svensson, 2015) and Hamilton (Hamilton, 2016) for geometrical and wave-based methods, while
diffuse field methods are described for instance by Valeau (Valeau et al.,
2006) or Navarro et al. (Navarro et al., 2012).
In contrast with the high-frequency simplifications assumed in the
geometrical and diffuse field methods, wave-based methodologies solve
the governing physical equations, implicitly including all wave effects
such as diffraction and interference. Among these methods, time domain
approaches to model wave problems have attracted significant attention
in the last decades, since they are favoured for auralization purposes
over frequency domain methods. The main wave-based time domain
numerical techniques employed in room acoustics problems are FDTD
(Botteldooren, 1995) (Sheaffer et al., 2014) (Spa et al., 2015) (Hamilton
& Bilbao, 2017), FEM (Okuzono et al., 2016) and FV methods (Bilbao,
2013), and Fourier spectral methods such as the adaptive rectangular
decomposition (ARD) method (Mehra et al., 2012) and pseudospectral
time domain methods (Spa et al., 2010) (Hornikx et al., 2012) (Hornikx
et al., 2015).
In the last years, the discontinuous Galerkin time domain method
(DG) (Cockburn & Shu, 1989) is another approach gaining importance,
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mainly in the aero-acoustic community (Reymen et al., 2005) (Della
Ratta Rinaldi et al., 2012) (Nytra et al., 2017). DG discretises the spatial domain into non-overlapping mesh elements, in which the governing
equations are solved elementwise, and uses the so-called numerical flux
at adjacent elements interfaces to communicate the information between
them. DG combines the favourable properties of existing wave-based
time domain methods for room acoustics as it preserves high order accuracy, allows for local refinement by a variable polynomial order and
element size, and therefore can deal with complex geometries. Also because equations are solved elementwise, it allows for easy parallelisation
and massive calculation acceleration opportunities (Modave et al., 2016),
like other methods as FDTD and FV. DG can be seen as an extension
to FV by using a polynomial basis for evaluating the spatial derivatives, leading to a higher order method. Also, DG can be seen as an
extended FEM version by decoupling the elements without imposing
continuity of the variables, thereby creating local matrices. Therefore,
DG is a very suitable numerical method for acoustic propagation problems including, definitely, room acoustics. However, some developments
towards room acoustic applications are still missing: although results
for impedance boundary conditions with the DG method have been presented (Reymen et al., 2008), a proper formulation of these boundary
conditions in the framework of DG has not been published. In contrast, frequency-dependent impedance conditions have been extensively
developed in other methodologies (FDTD, FV) (Bilbao, 2013). In the
present work, a frequency-independent real-valued impedance boundary
formulation, based on the plane wave reflection coefficient is proposed,
following the idea firstly presented by Fung and Ju (Fung & Ju, 2001).
To the authors’ best knowledge, no reference is found in scientific
literature about the application of DG to room acoustics problems. The
aim of this work is to address the positioning of DG as a wave-based
method for room acoustics. The accuracy of the method for this type
of applications is quantified and the developments needed to arrive at
a fully-fledged DG method for room acoustics are summarised as future
work.
The chapter is organised as follows. In Section 2.3, the governing
acoustic equations are introduced as well as the solution by the time
domain DG method. The formulations of impedance boundary conditions and its semi-discrete stability analysis are presented in Section 2.4,
and are in this work restricted to locally reacting frequency independent
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conditions. Section 2.5 quantifies and discusses the accuracy of the implemented DG method for sound propagation in several scenarios: 1)
Free field propagation in a periodic domain; 2) A single reflective plane;
3) A cuboid room with acoustically rigid boundaries; 4) A real room.
Finally, conclusions and outlook can be found in Section 2.6.

2.3

Linear acoustic equations and numerical DG
model

Within this section, the physical equations describing the acoustic propagation as investigated in this chapter, the linearised Euler equations,
and the numerical DG technique are presented.
2.3.1

The linearised Euler equations

Acoustic propagation investigated in this chapter is governed by the
LEE. These equations are obtained from the Navier-Stokes equations
assuming negligible molecular viscosity effects and small amplitudes of
the acoustic fluctuations compared with the ambient values. This allows
the linearisation of the equations around a uniform mean state of the
ambient values of density, velocity and pressure. All physical variables
are therefore decomposed into their ambient values, denoted by subscript
0, and the acoustic fluctuations.
ρtot = ρ0 + ρ,
vtot = v0 + v,
ptot = p0 + p.

(2.1)

where, ρ is the density, v = [vx , vy , vz ] the velocity vector and p the pressure. In three-dimensional Cartesian coordinates, the equations read:
∂q
∂q
+ Aj
+ Cq = 0,
∂t
∂j



q=



ρ
ρ0 vx
ρ0 vy
ρ0 vz
p




,






Aj = 



v0,j δx,j
δy,j
δz,j
0
v0,j
0
0
0
0
v0,j
0
0
0
0
v0,j
0 c20 δx,j c20 δy,j c20 δz,j
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0

 v0,j ∂v0,x
∂j

 v ∂v0,y
C =  0,j ∂j

∂v
 v0,j ∂j0,z
0

0

0

0

∂v0,x
∂x
∂v0,y
∂x
∂v0,z
∂x
(1−γ) ∂p0
ρ0 ∂x

∂v0,x
∂y
∂v0,y
∂y
∂v0,z
∂y
(1−γ) ∂p0
ρ0 ∂y

∂v0,x
∂z
∂v0,y
∂z
∂v0,z
∂z
(1−γ) ∂p0
ρ0 ∂z

0
0
0
0
∂v
(γ − 1) ∂j0,j





,



with q the acoustic variable vector and vj the velocity components with
index j equal to x, y or z. The matrix Aj accounts for the Jacobian
flux, whereas C includes the non-uniform atmospheric mean flow, with
γ the heat capacity ratio and δi,j denotes the Kronecker delta function.
The adiabatic speed of sound can be calculated as c20 = γp0 /ρ0 .
To simplify the model, in this work the propagation medium is at
rest and its temperature is constant in space and time. Therefore, the
LEE are reduced to the coupled linear acoustic Equations 2.3, where
the acoustic variables are the velocity components v and the pressure p
while the properties of the medium are defined by the density ρ0 and the
adiabatic speed of sound c0 .
∂v
= −∇p,
∂t
1 ∂p
= −∇ · v.
ρ0 c20 ∂t
ρ0

(2.3)

2.3.2 Nodal DG time domain method
The nodal DG method is used for solving the simplified form of the LEE
as presented in Equation 2.3. In this section, the equations are expressed
as the linear hyperbolic system in Equation 2.4.


∂q
+ ∇ · F (q) = 0,
∂t


vx
 vy 

q(x, t) = 
 vz  .
p

(2.4)

where x = [x, y, z] and the flux is defined in Equation 2.5 and the constant Jacobian flux matrix in Equation 2.6.
F = [f x , f y , f z ] = [Ax q, Ay q, Az q],
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0
0
0

0
0
 0
Aj = 
 0
0
0
ρ0 c20 δx,j ρ0 c20 δy,j ρ0 c20 δz,j

δx,j
ρ0
δy,j 
ρ0  ,
δz,j 

ρ0



(2.6)

0

with index j equal to x, y or z.
Discontinuous Galerkin methods are based on local polynomial approximations of degree NDG . The computational domain ΩDG is divided
into a set of KDG non-overlapping conforming elements Dk

ΩDG =

K
DG
[

Dk .

(2.7)

k=1

In this work, the numerical DG methodology is based on the quadrature free approach introduced by Atkins and Shu (H. L. Atkins & Shu,
1998) and following the algorithms for the nodal approach presented
by Hesthaven and Warburton (Hesthaven & Warburton, 2008). The
choice of the location of the interpolation nodes follows the indications
of section 3.1 in (Hesthaven & Warburton, 2008). The global solution is
approximated by a direct sum of the local piecewise polynomial solutions
as

q(x, t) ≈ q h (x, t) =

K
DG
M

q kh (x, t).

(2.8)

k=1

The method approximates the variables by a linear combination of
locally defined base functions in each element and uses the so-called
numerical flux at the element interfaces ∂Dk . Additionally, the numerical
flux allows physical boundary conditions to be prescribed where ∂Dk is
a boundary of ΩDG . The number of basis functions Np is determined
by the selected polynomial order NDG and the dimensionality of the
problem d. For simplex elements of the type segments, quadrilaterals or
hexahedra, the number of local base functions, equivalent to the number
of nodes in each element, can be computed as Np = (NDG + 1)d . For
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triangles or tetrahedra Np is computed using
d
Y
(NDG + i)

i

i=1

.

(2.9)

The approximate DG solution of element Dk is expressed using a
nodal interpolation approach as

q kh (x, t)

=

Np
X

q kh (xki , t)lik (x),

(2.10)

l=1

with q kh (xki , t) the unknowns in element Dk and lik (x) the multidimensional Lagrange polynomial basis of order NDG based on the nodes
x ∈ Dk , which satisfies lik (xki ) = δij . The locally defined basis functions
Np
. The Galerkin proconstitutes a function space as Vhk = span{lik (x)}i=1
jection is followed by choosing test functions equal to the basis functions.
The solution is found by imposing that the local residual is orthogonal
to all the test functions in Vhk ,
Z
Dk




∂q kh
k
k
+ ∇ · F h (q h ) lik dx = 0.
∂t

(2.11)

Integration by parts and applying the divergence theorem results in
the local weak formulation:
Z
Dk



∂q kh k
l − F kh (q kh ) · ∇lik
∂t i



Z
dx = −
∂Dk

n · F ∗ lik dx,

(2.12)

where n = [nx , ny , nz ] is the outward normal vector of the element sur+
face ∂Dk and F ∗ (q −
h , q h ) is the so-called numerical flux from element
Dk to the adjacent element through the intersection between them. In
contrast to the classical continuous Galerkin method, the discontinuous
Galerkin method uses local basis functions and test functions that are
smooth within each element and discontinuous across the element boundary. As a result, the solutions are not unique at the intersections ∂Dk .
+
This explains the necessity of the numerical flux F ∗ (q −
h , q h ) defined as
a function of the interior and exterior solutions of each boundary of the
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element. From now on, the solution value from the interior side of the
intersection is denoted by a superscript “−” and the exterior value by
“+”.
Applying integration by parts once again to the spatial derivative
term in Equation (2.12) yields the strong formulation:
Z
Dk






Z
∂q kh
k
k
∗
k
k
k
+ ∇ · F h (q h ) li dx =
n · F h (q h ) − F lik dx. (2.13)
∂t
k
∂D

In this study, the flux-splitting approach in (LeVeque, 2002) is followed and the upwind numerical flux is presented in the following derivation. Let consider the case where the element Dk lies in the interior of the computational domain. As is shown in Equation (2.13),
the formulation of the flux along the surface normal direction n i.e.,
n · F = (nx f x + ny f y + nz f z ) is of interest. To derive the upwind flux,
the hyperbolic property of the system is used, decomposing the normal
flux on the interface ∂Dk into outgoing and incoming waves. Mathematically, an eigen decomposition applied to the normally projected flux
Jacobian An = (nx Ax + ny Ay + nz Az ) yields to:


0
0
0
 0
0
0
An = 
 0
0
0
2
2
ρ0 c0 nx ρ0 c0 ny ρ0 c20 nz

nx 
ρ0
ny 
ρ0 
nz 
ρ0

= LΛL−1 ,

(2.14)

0

with


−nz ny
nx /2
 nz −nx ny /2
L=
−ny nx
nz /2
0
0 ρ0 c0 /2


−nx /2
−ny /2
,
−nz /2
ρ0 c0 /2


0
0
Λ=
0
0

0
0
0
0


0
0
0
0 
 . (2.15)
c0 0 
0 −c0

The upwind numerical flux is defined by considering the direction of
the characteristic speed as in Equation 2.16, where Λ+ and Λ− contain
the positive and negative entries of Λ, respectively. Physically, Λ+ (Λ− ,
respectively) corresponds to the characteristic waves propagating along
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− −1 +
(n · F )∗ = L(Λ+ L−1 q −
h + Λ L q h ).

(2.16)

Finally, the semi-discrete formulation is obtained by substituting the
nodal basis expansion of Equation (2.10) and the upwind flux of Equation
(2.16) into the strong formulation given in Equation (2.13), which can
be further recast into the following Equations 2.17 in matrix form:
f

Mk

M

M

M

k
k ∂ph

∂t

+

DG
X
∂vx kh
kr
1
M kr F̂ vx ,
+ Sxk pkh =
∂t
ρ0
r=1

k
k ∂vy h

fDG

k
k ∂vz h

fDG

(2.17a)

X
kr
1
+ Syk pkh =
M kr F̂ vy ,
∂t
ρ0
r=1

(2.17b)

X
kr
1
M kr F̂ vz ,
+ Szk pkh =
∂t
ρ0
r=1

ρ0 c20 Sxk vx kh

+

ρ0 c20 Syk vy kh

+

ρ0 c20 Szk vz kh

=

(2.17c)

fDG
X

kr

M kr F̂ p ,

r=1

(2.17d)
where the second superscript r denotes the rth face ∂Dkr of the element Dk and fDG is the total number of faces of the element Dk . vx kh ,
vy kh , vz kh and pkh are vectors representing all the unknown nodal values
vx kh (xki , t), vy kh (xki , t), vz kh (xki , t) and pkh (xki , t) respectively, for instance
kr

kr

kr

vx kh = [vx kh (xk1 , t), vx kh (xk2 , t), . . . , vx kh (xkNp , t)]T . While, F̂ u , F̂ v , F̂ w and

kr
F̂ p are flux terms associated with the integrand n · F kh (q kh ) − F ∗ over
the element surface ∂Dkr in the strong formulation Equation (2.13).
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The mass M k , stiffness Sjk and face element matrices M kr are defined
in Equations 2.18 as:
k
Mmn

(Sjk )mn
kr
Mmn

Z
=
Dk

Z
=
Dk

k
lm
(x)lnk (x) dx
k
lm
(x)

Z
=
∂Dkr

∂lnk (x)
dx
∂xj

kr
lm
(x)lnkr (x) dx

∈ RNp ×Np ,
∈ RNp ×Np ,

(2.18)

∈ RNp ×Nf p ,

When the upwind flux is used, the flux terms for each acoustic variable
read as:
F̂vkr
x

2
kr
kr
c0 nkr
c0 nkr
c0 nkr
nkr
x ny
x
x nz
x
kr
kr
=−
]
−
]
−
]
+
[vx kr
[v
[v
[pkr ],
y
z
h
h
h
2
2
2
2ρ0 h
2

F̂vkr
y
F̂vkr
z
F̂pkr

kr
kr
c0 nkr
c0 nkr
c0 nkr
nkr
y
x ny
y nz
y
kr
kr
kr
=−
[vy h ] −
[vx h ] −
[vz h ] +
[pkr ],
2
2
2
2ρ0 h
2
kr
kr
c0 nkr
c0 nkr
nkr
c0 nkr
y nz
x nz
z
z
kr
kr
[vz kr
]
−
[v
]
−
[v
]
+
[pkr ],
=−
xh
yh
h
2
2
2
2ρ0 h
c20 ρ0 nkr
c20 ρ0 nkr
c20 ρ0 nkr
c0 kr
y
x
z
kr
=
[vx h ] +
[vy kr
]
+
[vz kr
[p ],
h
h ]−
2
2
2
2 h
(2.19)

kr
ls
kr
kr
ls
kr
kr
ls
where [vx kr
h ] := vx h − vx h , [vy h ] := vy h − vy h , [vz h ] := vz h − vz h
kr
kr
ls
and [ph ] := ph −ph are the jump differences across the shared intersection face ∂Dkr or equivalently ∂Dls , between neighbouring elements Dk
and Dl , vx kr
h , etc., are the nodal value vector, over the element surface
kr
∂D .

In this work, flat-faced tetrahedra elements are used so that each
tetrahedron can be mapped into a reference tetrahedron by a linear
transformation with a constant Jacobian matrix. As a consequence, the
integrals in the above element matrices i.e., M k , Sjk and M kr , need to
be evaluated only once. The reader is referred to (Hesthaven & Warburton, 2008) for more details on how to compute the matrices locally and
efficiently.
2.3.3

Numerical dissipation and dispersion properties

For a discontinuous Galerkin scheme that uses polynomial basis up to order NDG , it is well known that generally the rate of convergence in terms
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of the global L2 error is hNDG +1/2 , h being the element size (Lasaint
& Raviart, 1974). The dominant error comes from the representations
of the initial conditions, while the additional dispersive and dissipative
errors from the wave propagations are relatively small and only visible
after a very long time integration (Hesthaven & Warburton, 2008). The
one-dimensional eigenvalue problem for the spatially propagating waves
is studied in (F. Hu & Atkins, 2002) and it is reported that the dispersion
relation is locally accurate to (κh)2NDG +2 , where κ is the wavenumber.
Actually, when the upwind flux is used, the dissipation error has been
proved to be of order (κh)2NDG +2 while the dispersion error is of order (κh)2NDG +3 (Ainsworth, 2004). When the centred numerical flux
is used, the dissipation rate is exactly zero, but the discrete dispersion relation can only approximate the exact one for a smaller range
of the wavenumber (F. Q. Hu et al., 1999). Extensions to the twodimensional hyperbolic system on triangle and quadrilateral mesh are
studied in (F. Hu & Atkins, 2002) and the same numerical dispersion
relation as the one-dimensional case are reported. In (Ainsworth, 2004),
a rigorous mathematical proof of the above numerical dispersion relation
and error behaviour is provided for a general multi-dimensional setting
(including three-dimensional).

2.3.4

Time integration with the optimal Runge-Kutta
method

After the spatial discretisation by the nodal DG method, the semidiscrete system can be expressed in a general form of ordinary differential
equations (ODE) as:


dqh
= L qh (t), t ,
dt

(2.20)

where L the spatial discretisation operator of DG. A low-storage explicit
Runge-Kutta method is used to integrate Equation 2.20, as presented in
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Equations 2.21.
qh (0) = qh n ,
(

k(i) = ai k(i−1) + ∆tDG L tn + ci ∆tDG , qh (i−1) ,
qh (i) = qh (i−1) + bi k(i) ,

for i = 1, . . . , s

qh n+1 = qh (s) .
(2.21)
where ∆tDG = tn+1 − tn is the time step, qh n+1 and qh n are the solution
vectors at time tn+1 and tn respectively, s is the number of stages of a
particular scheme. In this work, the coefficients ai , bi and ci were chosen
from the optimal Runge-Kutta scheme reported in (Toulorge & Desmet,
2012).

2.4

Impedance boundary conditions and
numerical stability

In this section, a new formulation of the impedance boundary condition based on the plane wave reflection coefficient is proposed to simulate the locally-reacting surfaces with frequency-independent real-valued
impedances. Additionally, the stability properties of the DG scheme is
discussed.
2.4.1

Numerical flux for frequency-independent impedance
boundary conditions

The numerical flux F ∗ plays a key role in the DG scheme. Apart from
linking neighbouring interior elements, it serves to impose the boundary conditions and to guarantee stability of the formulation. Boundary
conditions can be enforced weakly through the numerical flux either by
reformulating the flux subject to specific boundary conditions or by providing the exterior solution q +
h (H. Atkins, 1997). In both cases, the solutions from the interior side of the element face (equivalent to boundary
surface) q −
h are readily used, whereas, for the second case, the exterior
solutions q +
h need to be suitably defined as a function of interior solution
q−
based
on
the imposed conditions. In the following, the impedance
h
boundary condition is prescribed by reformulating the numerical flux. It
should be noted that throughout this study, only plane-shaped reflecting boundary surfaces are considered. Furthermore, only locally-reacting
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To reformulate the numerical flux at an impedance boundary, the
characteristics of the underlying hyperbolic system is employed as well as
the reflection coefficient R for plane waves at normal incidence. Firstly,
the same eigendecomposition procedure is performed for the projected
flux Jacobian on the boundary as is shown in Equation (2.14). Secondly,
by pre-multiplying the acoustic variables q with the left eigenmatrix
L−1 , the characteristics corresponding to the acoustic waves (Chu &
Kovásznay, 1958) (Thompson, 1987) read:
  

ωo
p/ρ0 c0 + vx nx + vy ny + vz nz
=
,
ωi
p/ρ0 c0 − vx nx − vy ny − vz nz

(2.22)

where ωo corresponds to the outgoing characteristic variable that leaves
the computational domain and ωi is the incoming characteristic variable.
The general principle for imposing boundary conditions of hyperbolic
systems is that the outgoing characteristic variable should be computed
with the upwind scheme using the interior values, while the incoming characteristic variable is specified conforming with the prescribed
behaviour across the boundary. The proposed real-valued impedance
boundary formulation is accomplished by setting the incoming characteristic variable as the product of the reflection coefficient and the outgoing characteristic variable i.e., ωi = R · ωo . Finally, the numerical flux
on the impedance boundary surface can be expressed in terms of the
interior values qh− as follows:

0


0

(n · F ∗ ) = LΛ 
−
−
−
−
 ph /ρ0 c0 + vx h nx + vy h ny + vz h nz 
−
−
−
R · (p−
h /ρ0 c0 + vx h nx + vy h ny + vz h nz ).


(2.23)

For given constant values of the normalised surface impedance Zs ,
the reflection coefficient can be calculated from R = (Zs − 1)/(Zs + 1),
which is consistent with the fact that the numerical flux from the nodal
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DG scheme is always normal to the boundary surface. When the reflection coefficient is set to zero it can be easily verified that the proposed
formulation reduces to the characteristic non-reflective boundary condition, which is equivalent to the first-order Engquist-Majda absorbing
boundary condition (Engquist & Majda, 1977).
2.4.2

Numerical stability of the DG scheme

In this section, the stability properties of the DG scheme are discussed.
Firstly, the semi-boundedness of the spatial DG operator together with
the proposed impedance boundary conditions is analysed using the energy method. Secondly, the fully discrete stability is discussed and the
criterion for choosing the discrete time step is presented.
Stability of the semi-discrete formulation

Under a certain initial condition and impedance boundary condition,
the governing linear acoustic Equations 2.3 constitute a general initialboundary value problem. For real-valued impedance boundary conditions, the classical von Neumann (or Fourier) stability analysis can no
longer be applied, because the necessary periodic boundary conditions for
the Fourier components do not exist. To analyse the stability or boundedness of the semi-discrete system, the energy method (Gustafsson, 2008)
is adopted here. The principle is to construct a norm and to demonstrate it does not grow with increasing time. This technique has also
been applied in other acoustic simulation methods (Bilbao et al., 2016)
(Hamilton, 2016), even in the fully-discrete case.
For the numerical solution of the acoustic variables e.g., vxh (x, t), the
local inner product and its associated L2 norm in function space Vhk are
defined as
vx kh , vx kh Dk


Z
=
Dk

vx kh (x, t)vx kh (x, t)dx = kvx kh k2Dk .

(2.24)

Similarly, over the element surface ∂Dkr , define

kr
vx kr
h , vx h ∂Dkr



Z
=
∂Dkr

kr
kr 2
vx kr
h (x, t)vx h (x, t)dx = kvx h k∂Dkr ,

(2.25)

kr
where vx kr
h is the numerical solution on the element surface ∂D . Now,
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the discrete acoustic energy norm inside single element Dk can be defined

This definition is in complete analogy with the continuous acoustic
energy, denoted as E, throughout the whole domain Ω as
Z
E=
Ω

1 2 ρ0 2
p + |v |dx.
2ρ0 c20
2

(2.27)

By summing all the local discrete acoustic energies over the volume
and the boundaries, it can be proved in Appendix A that the total disK
DG
X
Ehk , is governed
crete acoustic energy, which is denoted as Eh =
k=1

by:

d
Eh = −
dt

X
∂Dmt ∈FB

 1 − Rmt
2ρ0 c0

2
kpmt
h k∂Dmt +


ρ0 c0
mt 2
(1 + Rmt )kvhn
k∂Dmt . . .
2

X  1
ρ0 c0 kr kr
2
k[pkr
knx [vx h ] . . .
h ]k∂Dkr +
2ρ
c
2
0
0
∂Dkr ∈FI

kr
kr
kr 2
+ nkr
[v
]
+
n
[v
]k
,
kr
yh
zh
y
z
∂D
−

(2.28)

where FI and FB denote the union set of interior elements and elements
with at least one surface collocated with a physical boundary. [·] demt
mt
note the jump differences across the element surfaces. vhn
= nmt
x vx h +
mt
mt mt
nmt
y vy h +nz vz h denotes the outward velocity component normal to the
impedance boundary. Rmt is the normal incidence plane-wave reflection
coefficient along the tth boundary surface of element ∂Dm . ∂Dkr and
∂Dls refers to the same element intersection surface between neighbouring elements Dk and Dl . Since each norm is non-negative and R ∈ [−1, 1]
holds for a passive impedance boundary (Dragna et al., 2015), it is proved
that the semi-discrete acoustic system resulting from the DG discretisation is unconditionally stable for passive boundary conditions with a
real-valued impedance.
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It is worth mentioning that the second sum term of the above equation
(2.28) is related to the energy dissipation inside the computational domain, due to the use of the upwind scheme. This dissipation will converge
to zero when the jump differences across the shared element interfaces
converge to zero at a rate corresponding to the approximation polynomial order. The first sum of the above equation (2.28) is associated with
the energy flow through the impedance boundary. One advantage of
using the reflection coefficient to impose the impedance boundary condition is that the following singular cases can be considered without the
need for exceptional treatments.
• Hard wall case. As Zs → ∞ or R → 1, vhn → 0, then the boundary
energy term converges to 0, meaning that the energy is conserved.
• Pressure-release condition. As Zs → 0 or R → −1, ph → 0, then
the boundary energy term once again converges to 0, and the energy
is conserved as well.
Stability of the fully discrete formulation and time step choices

The above analysis is devoted to the stability analysis of the semi-discrete
formulation Equation (2.20), which in matrix form reads as:
dqh
= L h qh ,
dt

(2.29)

where Lh is the matrix representation of the spatial operator L. Ideally, the fully discrete approximation should be stable, at least under
a reasonable upper bound on the time step size. Unfortunately, the
theoretical ground for stability of a discretised PDE system is not very
complete (Gustafsson, 2008), particularly for high order time integration methods. A commonly-used approach based on the von Neumann
analysis is to choose the time step size ∆tDG small enough so that the
product of ∆tDG with the full eigenvalue spectrum of Lh falls inside the
stability region of the time integration scheme. It should be noted that
this is only a necessary condition for a general initial-boundary value
problem, with the sufficient condition being more restrictive and complex (Reddy & Trefethen, 1992) (Kreiss & Wu, 1993). However, for real
world problems, this necessary condition serves as a useful guideline.
It is computationally unfeasible to compute the eigenvalue of Lh before the simulation is started for various unstructured mesh, polynomial
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order and boundary conditions. For the DG method, it is found that for
the first order system of Equation 2.20, the gradients of the normalised
2
NDG -th order polynomial basis are of order O(NDG
/h) near the boundary part of the element (Hesthaven & Warburton, 2008), consequently
the magnitude of the maximum eigenvalue λN scales with the polyno−2
2
mial order NDG as: max(λN ) ∝ NDG
, indicating that ∆tDG ∝ NDG
.
This severe time step size restriction limits the computational efficiency
of high polynomial order approximations. In all the numerical experiments presented in this work, the temporal time steps are determined in
the following way (Toulorge & Desmet, 2012):
∆tDG = νDG · min(rD ) ·

1
,
c0

(2.30)

where rD is the radius of the inscribed sphere of the elements. As a
reference, the tabulated maximum allowable Courant number νDG of the
RKF84 scheme for each polynomial order NDG can be found in (Toulorge
& Desmet, 2012). In each of the following numerical tests, the exact value
of νDG are explicitly stated for completeness.

2.5

Applications

To investigate the applicability of the nodal DG time domain method
as described in Sections 2.3 and 2.4 for room acoustics problems, various three-dimensional numerical tests are designed and compared in
this section. The first test is a free field propagation of a single frequency plane wave under periodic boundary conditions. In this case,
the dissipation error in terms of the wave amplitude and the dispersion error are investigated. The second configuration is a sound source
over an impedance plane. The accuracy of the proposed DG formulation to simulate frequency-independent impedance boundary conditions
is verified. The third configuration is a sound source in a cuboid room
with rigid boundary conditions, embodying an approximation to a real
room including multiple reflections. The modal behaviour of the space
is investigated for different polynomial order NDG of the basis functions
when compared with the analytical solution, together with an analysis of
the sound energy conservation inside the room to quantify the numerical
dissipation. Finally, the fourth configuration is adopted to demonstrate
the applicability of the method to a real room. The configuration is
a room with complex geometry and a real-valued impedance boundary
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condition. In this configuration, the pressure response functions in the
frequency domain are compared with the measured results at several receiver locations. For the acoustic speed and the air density, c0 = 343
m/s and ρ0 = 1.2 kg/m3 are used in all calculations. Due to the fact
that there are duplicated nodes along the element interfaces, in this
work, the number of degrees of freedom per wavelength Nλ,DG is used to
give a practical indication of the computational cost up to a maximum
frequency of interest fmax . It is computed as

Nλ,DG =

c0

r
3

fmax

Np KDG
,
V

(2.31)

where Np KDG is the number of degrees of freedom for a single physical
variable in the computational domain, V is the volume of the whole
domain.
2.5.1

Free field propagation in periodic domain

To verify the accuracy of the free field propagation, we consider a cubic
computational domain of 1 m3 , which is discretised with 6 congruent
tetrahedral elements. In each direction, 10 × 10 × 10 receivers are evenly
spaced in the domain. The domain is initialised with a single frequency
plane wave propagating in the x -direction only:

p(x, t = 0) = sin(−2πx),
1
vx (x, t = 0) =
sin(−2πx),
ρ 0 c0
vy (x, t = 0) = 0,
vz (x, t = 0) = 0.

(2.32)

The wavelength is chosen to be equal to 1 m, such that periodic
boundary conditions can be applied in all directions. As mentioned in
Section 2.3.3, when an initial value problem is simulated, the approximation error associated with the representations of the initial conditions
is a dominant component. In order to rule out this approximation error and to assess the dissipation and dispersion error accumulated from
the wave propagation alone, the solution values at receiver locations
recorded during the first wave period T of propagation are taken as the
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reference values. The solutions sampled during later time period inverval t = [(n − 1)T, nT ] are compared with these reference values, where
n = 10, 20, 30, . . . , 100. The amplitude and phase values of the single
frequency wave at each of the receiver locations are obtained from a
Fourier transform of the recorded time signals without windowing. The
dissipation error amp in dB and the phase error φ in % are calculated
as follows:

|Pref (x)| 
amp = max 20 log10
,
|PnT (x)|
 φ P (x) − φ P (x)

nT
ref
φ = max
× 100% ,
π

(2.33)

where Pref (x) and PnT (x) are the Fourier transform of the recorded
pressure values at different locations,
during the first time period and

th
the n period respectively. φ · extracts the phase angle of a complex
number.
Simulations for NDG = 5, 6, 7 corresponding to Nλ,DG = 6.9, 7.9, 8.9
have been carried out and a single time step size ∆tDG = T /100 =
1/(100 ∗ 343) was used for all simulations to make sure the time integration error was much smaller than the spatial error.
The dissipation and the phase error from the explicit Runge-Kutta
time integration were calculated based on the descriptions presented in
(Bogey & Bailly, 2004) and shown as dashed lines in Figure 2.1. As can
be seen, both the dissipation error and the phase error grow linearly with
respect to the propagation distance. For the 5th order polynomial basis
Nλ,DG = 6.9, the averaged dissipation error is approximately 0.035 dB
when the wave travels one wavelength distance while the phase error is
0.095%. Both errors drop to 0.002 dB and 0.005% respectively when the
Nλ,DG increases to 8. When the Nλ,DG is equal to 8.9, the dissipation
error is 1.1 · 10−4 dB per wavelength of propagation and the phase error
is less than 3 · 10−4 %.
2.5.2

Single reflective plane

To verify the performance of the proposed impedance boundary condition, a single reflection scenario is considered and the reflection coefficient
obtained from the numerical tests is compared with the analytical one
based on a locally reacting impedance. The experiment consists of two
simulations. In the first simulation, we consider a cubic domain of size
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Figure 2.1: a) Amplitude error amp and b) phase error φ for the periodic propagation of
a single frequency plane wave Equation 2.32.

[−8, 8] m, where the source is located at the centre [0, 0, 0] m, and two
receivers are placed at xr1 = [0, 0, −1] m and xr2 = [0, 4, −1] m. In this
case, the free field propagation of a sound source is simulated and sound
pressure signals are recorded at both receiver locations. In the second
simulation, a plane reflecting surface is placed 2 m away from the source
at z = −2 m. The measured sound pressure signals contain not only the
direct sound but also the sound reflected from the impedance surface. In
both cases, initial pressure conditions are used to initiate the simulations

−log(2)
b2

p(x, t = 0) =e
v(x, t = 0) =0,

(x−xs )2 +(y−ys )2 +(z−zs )2



,

(2.34)

corresponding with a Gaussian pulse centred at the source coordinates
[xs , ys , zs ] = [0, 0, 0]. The half-bandwidth of this Gaussian pulse is chosen
as b = 0.25 m. Simulations are stopped at around 0.0321 s in order to
avoid waves reflected from the exterior boundaries of the domain. In
order to eliminate the effects of the unstructured mesh quality on the
accuracy, structured tetrahedra meshes are used for this study, which
are generated with the meshing software Gmsh (Geuzaine & Remacle,
2009). The whole cuboid domain is made up of structured cubes of the
same size, then each cube is split into 6 tetrahedra elements. The length
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Let pd (t) denote the direct sound signal measured from the first simulation, then the reflected sound signal pr (t) is obtained by eliminating
pd (t) from the solution of the second simulation. Let r1 denote the distance between the source and the receiver and r2 is the distance between
the receiver and the image source (located at [0,0,-4] m) mirrored by the
reflecting impedance surface. The spectra of the direct sound and the
reflected sound, denoted as Pd (f ) and Pr (f ) respectively, are obtained
by Fourier transforming pd and pr without windowing. The numerical
reflection coefficient Qnum is calculated as follows:
Qnum (f ) =

Pr (f ) · G(κr1 )
,
Pd (f ) · G(κr2 )

(2.35)

where
G(κrn ) = eiκrn /rn ,

(2.36)

is the Green function in three-dimensional free space. κ is the wavenumber. The analytical spherical wave reflection coefficient Q reads (Di &
Gilbert, 1993):
κr2
Q=1−2
Zs eiκr2

Z

√

∞

e
0

qκ
−Z
s

2

2

e rp +(z+zs +iq)
q
dq,
rp2 + (z + zs + iq)2
iκ

(2.37)

where Zs is the normalised surface impedance, z = 1 is the distance
between the receiver and the reflecting surface, zs = 2 is the distance
between the source and the surface, rp is the distance between the source
and the receiver projected on the reflecting surface.
Simulations with polynomial order NDG = 5 up to NDG = 8 are
carried out with the corresponding νDG and time step ∆tDG presented
in Table 2.1.
The results of the numerical tests for Zs = 3 are illustrated in Figure
2.2. Nλ,DG is calculated based on the frequency of 500 Hz. The comparison of the magnitudes of the spherical wave reflection coefficient for both
the normal incidence angle θ = 0◦ and the oblique incidence (θ = 53◦ )
are shown in Figures 2.2a and 2.2b respectively. The phase angle comparison is presented in Figures 2.2c and 2.2d. It can be seen that with
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Table 2.1: Courant number νDG and time step ∆tDG for single reflection case (h=0.5 m).

NDG
5
6
7
8

νDG
0.185
0.144
0.114
0.094

∆tDG [s]
9.721 · 10−5
7.550 · 10−5
5.993 · 10−5
4.908 · 10−5

increasing polynomial order NDG (or Nλ,DG ), the numerical reflection
coefficient converges to the analytical one in terms of the magnitude and
the phase angle. Also, the accuracy is rather independent on the two
angles of incidence θ. In order to achieve a satisfactory accuracy, at least
Nλ,DG = 12 are needed.
2.5.3

Cuboid room with rigid boundaries

In this section, the nodal DG method is applied to sound propagation in a
three-dimensional room with rigid boundaries (R = 1). In contrast to the
previous applications, sound propagation inside the room is characterised
by multiple reflections and sound energy is conserved. The domain of the
room is [0, Lx ] × [0, Ly ] × [0, Lz ] m3 , with Lx = 1.8, Ly = 1.5 and Lz = 2
m. Initial conditions are given as in Equations (2.34), with b = 0.2 m.
The source is positioned at [0.9, 0.75, 1] m, and a receiver is positioned at
[1.7, 1.45, 1.9] m. In a similar fashion to the previous test case, the room
is discretised using structured tetrahedral elements of size 0.4 m. The
analytical pressure response in a cuboid domain can be obtained by the
modal summation method, and can in the three-dimensional Cartesian
coordinate system be written as (Kuttruff, 2007)

p (x, t) =

∞ X
∞ X
∞
X

p̂lmn (t) ψlmn (x) cos (ωlmn t) ,

(2.38a)

l=0 m=0 n=0








lπx
mπy
nπz
ψlmn (x) = cos
cos
cos
,
Lx
Ly
Lz
s 

2  2
2
lπ
mπ
nπ
ωlmn = c0
+
+
,
Lx
Ly
Lz

(2.38b)
(2.38c)

with ψlmn the modal shape function, p̂lmn the modal participation factor,
ωlmn the natural angular frequency, and l,m,n the mode indices. Since reflections from the room boundaries occur without energy loss, the modal
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Figure 2.2: Numerical reflection coefficient calculated by Equation 2.35 with different polynomial orders, compared with the theoretical result according to Equation 2.37 (black dashed
line): a) magnitude for receiver 1, θ = 0◦ , b) magnitude for receiver 2, θ = 53◦ , c) phase
angle for receiver 1, θ = 0◦ , d) phase angle for receiver 2, θ = 53◦ .

participation factors are constant over time. To obtain p̂lmn (0), the iniPage 39

Chapter 2

2

2

Discontinuous Galerkin method for room applications

tial pressure distribution is projected onto each modal shape as:

p̂lmn (0) =
Λlmn

1

Z

p(x, t = 0)ψlmn (x)dx,
Λ
Z lmn Ω
2
ψlmn
(x)dx.
=

(2.39a)
(2.39b)

Ω

The integration in Equation 2.39a can be calculated separately for
each coordinate. For example, for the x -coordinate, the indefinite integration can be expressed in terms of the error function as:
Z

2
e(−a0 (x−xs ) ) cos(b0 x)dx =



√
2

π − 4ab00 −ib0 xs 
erf(B) + e(i2b0 xs ) erf(B ∗ ) + C,
√ e
4 a0

(2.40)

with
B=

√
ib0
a0 (x − x0 ) + √ ,
2 a0
log (2)
,
a0 =
b2
lπ
b0 =
,
Lx

(2.41)

and C is a constant. Equation (2.38a) is used as the reference solution
with modal frequencies up to 8 kHz. Furthermore, to show the applicability of the nodal DG method for a long time simulation, 10 s is taken
as the simulation duration.
To solve for this configuration, the νDG numbers and time steps for
the approximating polynomial orders of NDG = 3 up to NDG = 7 are
presented in Table 2.2.
The sound pressure level is computed as:
P (f )
Lp = 20 log10 √
,
2P0
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NDG
3
4
5
6
7

νDG
0.355
0.248
0.185
0.144
0.114

∆tDG [s]
1.400 · 10−4
9.810 · 10−5
7.322 · 10−5
5.687 · 10−5
4.514 · 10−5

with P0 = 2 · 10−5 Pa, and P (f ) the spectrum of recorded pressure time
signal p(t) at the receiver location. The end of the time signal is tapered
using a Gaussian window with a length of 3.5 s to avoid the Gibbs effect.
Figure 2.3a shows the sound pressure level at the receiver location.
The numerical solutions show excellent agreement with the reference solution, with the accuracy of the numerical solution increasing as the
polynomial order increments. Figure 2.3b displays the results in the
frequency range from 950 to 1000 Hz. This figure shows that the resonance frequencies are not well represented for NDG ≤ 5, for which Nλ,DG
varies between 4.5 and 6.6 in this frequency range. On the other hand,
the resonance frequencies are correctly represented for NDG ≥ 6, where
the minimum number of Nλ,DG is 7.2. The correct representation of
the room resonance frequencies indicates that the numerical dispersion
is low in the DG solution. The numerical dispersion aspect is essential
with regards to auralization as shown by Saarelma et al. (Saarelma et
al., 2016), where the audibility of the numerical dispersion error from the
finite difference time domain simulation was investigated. Furthermore,
Figure 2.3b shows that the amplitude of the resonances is smaller than
for the reference solution for low order polynomials.
2.5.4

Real room with real-valued impedance boundary
conditions

The final scenario presents a comparison between experimental and numerical results of a real room. The room was located in the Acoustics
Laboratory building (ECHO building) at the campus of the Eindhoven
University of Technology. Geometrical data of the room, including the
dimensions and the location of the source and microphone positions are
presented in Figure 2.4. The room has a volume of V = 89.54 m3 and a
boundary surface area of S = 125.08 m2 .
The source is located at [1.7, 2.92, 1.77] m and the microphones (M)
were located at [3.8, 1.82, 1.66] m for M1 and [4.75, 3.87, 1.63] m for M2.
The height (z -coordinate) of the sound source location was measured at
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Table 2.2: Courant number νDG and time step ∆tDG for a rigid cuboid room (h=0.4 m).
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Figure 2.3: Sound pressure level at receiver position in the configuration of the threedimensional rigid cuboid room for different polynomial orders presented for: a) complete
evaluated frequency range and b) sound pressure level between 950 Hz and 1000 Hz.
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the opening (highest point) of the used sound source (B&K type 4295,
OmniSource Sound Source). The measurements were performed using
one free-field microphone B&K type 4189 connected to a Triton USB
Audio Interface. The impulse responses were acquired with a sampling
frequency of 48 KHz with a laptop using the room acoustics software
DIRAC (B&K Type 7841). The input channel was calibrated before
starting the measurements using a calibrator (B&K type 4230). The
sound signal used for the excitation of the room is the DIRAC built-in eSweep signal with a duration of 87.4 seconds connected to an Amphion
measurement amplifier. At each microphone position, three measurement repetitions were performed. The results presented in this section
for M1 and M2 represent the average of the three repetitions.
The room was discretised in 9524 tetrahedral elements by using the
mesh software Gmsh and the largest element size was 0.5 m. A detail of
the mesh is shown in Figure 2.4b. The same initial pressure distribution
as for the three-dimensional cuboid room of Section 2.5.3 was used. The
polynomial order used in the calculations was NDG = 4 with a Courant
number of νDG = 0.25. The computed impulse responses had a duration
of 15 seconds. The model used Nλ,DG = 13 for the frequency of 400 Hz.
All the boundaries of the model were computed using a uniform realvalued reflection coefficient of R = 0.991. The coefficient was calculated
from the experimental results at M1 by computing the Q-value of the
resonance at f0 = 97.9 Hz and using
R=1−

δr 8V
,
c0 S

(2.43)

with
δr =

2πf0
,
2Q

(2.44)

the decay constant of the room’s resonance (Kuttruff, 2007).
Both impulse responses from the measurements and simulations were
transformed to the frequency domain by using a forward Fourier transform. The end of the time signals was tapered by a single-sided Gaussian
window with a length of 500 samples (approximately, 5.6 ms) to avoid
the Gibbs effect. Furthermore, the time function of the numerical source
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(a)

(b)

(c)

(d)

Figure 2.4: Graphical data of the room under investigation: (a) Isometric view; (b) Isometric view with surface elements; (c) Plan view; (d) Section view; (e) Picture during the
measurements.

was obtained from the following analytical expression

ps,ana (t) =

2
2
rsr − c0 t − log(2)
rsr + c0 t − log(2)
e b2 (rsr −c0 t) +
e b2 (rsr +c0 t) ,
2rsr
2rsr

(2.45)

with rsr the source-receiver distance. This function was transformed to
the frequency domain to normalise the calculated impulse responses in
DG by the source power spectrum. Likewise, the experimental results
were normalised by the B&K 4295 sound power spectra. The source
spectra of an equivalent source B&K 4295 was obtained by measurements in the anechoic room of the Department of Medical Physics and
Acoustics at Carl von Ossietzky Universität Oldenburg. The corrected
results should be taken with care at frequencies below 50 Hz, due to limitations of the anechoic field in the determination of the power spectra
of the source. The numerical and experimental results were normalised
at 100 Hz, using the results of position M1.
The comparison of numerical and experimental solutions is shown in
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Figure 2.5 for narrow and 1/3 octave frequency bands. The results are
satisfactory considering that only one uniform real-valued impedance
has been used for the whole frequency range of interest. The biggest
deviation, 3.6 dB, is found at position M2 in the 63 Hz 1/3 octave band,
while for position M1 the maximum deviation is 2.8 dB in the 250 Hz
1/3 octave band. The average deviation for the 1/3 octave band spectra
is 1.2 dB for M1 and 2.3 dB for M2. Overall, the deviations shown in
Figure 2.5 are within a reasonable range. Factors like the geometrical
mismatches between the real room and the model or the uncertainty in
the location of the source and microphone positions are influencing the
deviations.

2.6

Conclusions

In this chapter, the time domain nodal discontinuous Galerkin method
has been evaluated as a technique to solve the linear acoustic equations
for room acoustic purposes. A nodal DG method was used for the evaluation of the spatial derivatives, and for time-integration a low-storage optimised 8-stage explicit Runge-Kutta method is adopted. A new formulation of the impedance boundary condition, which is based on the plane
wave reflection coefficient, is proposed to simulate the locally-reacting
surfaces with frequency-independent real-valued impedances and its stability is analysed using the energy method.
The time domain nodal discontinuous Galerkin method was implemented for four configurations. The first test case is a free field propagation, where the dissipation error and the dispersion error are investigated using different polynomial orders. Numerical dissipation exists
due to the upwind numerical flux. The benefits of using high-order basis are demonstrated by the significant improvement in accuracy. When
Nλ,DG is around 9, the dissipation error is 1.1 · 10−4 dB and the phase
error is less than 3 · 10−4 % under propagation of one wavelength. In
the second configuration, the validity and convergence of the proposed
impedance boundary formulation is demonstrated by investigating the
single reflection of a point source over a planar impedance surface. It
is found that the accuracy is rather independent on the incidence angle.
As a third scenario, a cuboid room with rigid boundaries is used, for
which a long time (10 seconds) simulation is run. By comparing against
the analytical solution, it can be concluded again that with a sufficiently
high polynomial order, the dispersion and dissipation error become very
small. Finally, the comparison between numerical and experimental soluPage 45
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Figure 2.5: Sound pressure level Lp in the real room configuration for the experimental and
the DG results in narrow frequency bands (black broken line and red solid line, respectively)
and 1/3 octave bands (black dot and red dot, respectively) for the microphone positions a)
M1 and b) M2.
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In this study, the performance of the time domain nodal DG method
is investigated by comparing with analytical solutions and experimental
results, without comparing with other commonly-used room acoustics
modelling techniques such as FDTD and FEM. The aim of this work
is to demonstrate the viability of the DG method to room acoustics
modelling, where high-order accuracy and geometrical flexibility are of
key importance. With the opportunity to massively parallelise the DG
method, it has a great potential as wave-based method for room acoustic
purposes. Whereas the results show that high accuracy can be achieved
with DG, some issues remain to be addressed. The improvements in
accuracy using high-order schemes come at a cost of smaller time step
size for the sake of stability. There is a trade-off between a high-order
scheme with a small time step and fewer spatial points and a low-order
methods, where a larger time step is allowed but a higher number of
spatial points are needed to achieve the same accuracy.
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tions shows that DG is a suitable tool for acoustic predictions in rooms.
Taking into account that only one uniform real-valued impedance has
been used for the whole frequency range of interest, the results are quite
satisfactory. In this case, the implementation of frequency dependent
boundary conditions will clearly improve the precision of the numerical
results.

3

Hybrid Fourier PSTD / DG time domain
method for wave propagation

The major part of this chapter is based on the Journal Paper:
• Pagán Muñoz, R., & Hornikx, M. (2017). Hybrid Fourier pseudospectral / discontinuous Galerkin time-domain method for wave
propagation. Journal of Computational Physics, 348, 416–432.
Additionally, Section 3.6 presents an application case of the hybrid
method.

3.1

Abstract

The Fourier pseudospectral time domain (PSTD) method was shown
to be an efficient way of modelling acoustic propagation problems as
described by the linearised Euler equations (LEE), but is limited to realvalued frequency independent boundary conditions and predominantly
staircase-like boundary shapes. This chapter presents a hybrid approach
to solve the LEE, coupling Fourier PSTD with a nodal discontinuous
Galerkin (DG) method. DG exhibits almost no restrictions with respect
to geometrical complexity and has great potential for the implementation of boundary conditions. The aim of this novel method is to allow
the computation of complex geometries and to be a step towards the
implementation of frequency dependent boundary conditions by using
the benefits of DG at the boundaries, while keeping the efficient Fourier
PSTD in the bulk of the domain. The hybridisation approach is based
on conformal meshes to avoid spatial interpolation of the DG solutions
when transferring values from DG to Fourier PSTD, while the data transfer from Fourier PSTD to DG is done utilising spectral interpolation of
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the Fourier PSTD solutions. The accuracy of the hybrid approach is
presented for one and two-dimensional acoustic problems and the main
sources of error are investigated. It is concluded that the hybrid methodology does not introduce significant errors compared to the Fourier PSTD
stand-alone solver. An example of a cylinder scattering problem is presented and accurate results have been obtained when using the proposed
approach. No instabilities were found during long-time calculation using
the current hybrid methodology on a two-dimensional domain. Finally,
the hybrid methodology has been employed to solve a two-dimensional
atmospheric sound propagation problem to evaluate scattering sections
as a noise mitigation measure for low frequency noise. The main goal
of this study was to evaluate the effectiveness of the scattering sections
under different downwind conditions. Therefore, wind effects have been
incorporated in the hybrid model by using an effective sound velocity.
The results of the calculations for the flat ground scenario have been successfully compared with the results of the fast field programme (FFP)
model for all the investigated wind conditions. In general, it can be
concluded that the insertion of the investigated rough terrain is a very
effective noise mitigation measure in the low frequency range under different wind conditions.

3.2

Introduction

The benefits of using high order methods when solving time dependent wave propagation problems have been identified, for instance, by
(Hesthaven et al., 2007). Among high order methods, Fourier pseudospectral techniques have been shown to be an effective way of modelling wave propagation (Hornikx et al., 2010) and, particularly, the
Fourier pseudospectral time domain technique has been shown to be suitable for acoustic applications (Hornikx et al., 2015). However, although
developments have been presented by Hornikx et al. to locally refine
the grid using multidomain implementations (Hornikx et al., 2012) and
to apply Fourier PSTD to orthogonal curvilinear coordinates for nearrigid moderately curved surfaces (Hornikx & Dragna, 2015), the method
is limited to predominantly staircase-like boundary shapes. Regarding
boundary conditions, non-reflecting terminations can be solved in Fourier
PSTD, e.g. by using perfectly match layers (PMLs) (Liu, 1998). In case
of rigid boundaries and boundary media with a different density, solutions have been successfully presented, for instance by Hornikx et al.
(Hornikx et al., 2010), and an approximation for impedance boundary
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The present chapter introduces a hybrid approach to solve the linearised Euler equations to handle arbitrary boundary shapes. The idea
of spatially coupling numerical methodologies in order to get the benefits
of each solver has already been presented by many authors (Utzmann et
al., 2006), (Moczo et al., 2007), (Léger et al., 2012), (Lisitsa et al., 2012),
(Lisitsa et al., 2016). In particular, Platte and Gelb proposed a hybrid
method for the solution of partial differential equations for non-periodic
problems, combining Fourier and Chebychev spectral methods (Platte &
Gelb, 2009), but the problem of handling complex geometries remained
unsolved. Attempts to combine structured and unstructured mesh types
in order to tackle problems with complex boundary shapes have been
considered before, e.g. (Nordström & Gong, 2005), (Utzmann et al.,
2006), (Degerfeldt & Rylander, 2006), (Léger et al., 2012), but none of
the approaches made use of the efficient Fourier PSTD for propagation
in the main regions.
The aim of the novel hybrid methodology presented in this work is to
allow the computation of arbitrary boundary shapes by using the benefits of the nodal discontinuous Galerkin method at the boundaries while
keeping Fourier PSTD in the bulk of the domain, as in the schematic
example shown in Figure 3.1 for a two-dimensional domain. DG exhibits almost no restrictions with respect to geometrical complexity and
has great potential for the implementation of boundary conditions. The
method has been successfully implemented for acoustic applications, e.g.
(Dumbser & Munz, 2005), (Toulorge & Desmet, 2010) and (Wang et al.,
2019). The method allows refining the polynomial order NDG and/or the
element size h locally and it is well suited for parallel computing. Overall, DG is a suitable option to complement Fourier PSTD. However, in
contrast with the spectral accuracy of Fourier PSTD, the DG error typically converges with order h(NDG +1) given that more than π points per
wavelength are present (Hesthaven & Warburton, 2008), (Zhang & Li,
2010). Moreover, polynomial-based methods as DG lead to small elements to resolve geometrical details of boundaries, imposing restrictions
to the time step. Due to its higher demand on the spatial discretisation
and time step, DG is only used for the computation of the regions near
the boundaries in the hybrid approach. In particular, this approach is
beneficial for atmospheric sound propagation in urban scenarios, with
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conditions was introduced in (Spa et al., 2011). However, no accurate solution for frequency dependent boundary conditions has been presented
thus far (Hornikx, 2016).

3
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DG near the ground surface and Fourier PSTD in the (moving and inhomogeneous) propagation domain above it, as the case presented in
Section 3.6. The present work is framed as part of the further developments of the open-source implementation of the Fourier PSTD method
for acoustic propagation openPSTD (Hornikx et al., 2016). In that line,
directivity has been incorporated in Fourier PSTD using spherical harmonics by Georgiou et al. (Georgiou & Hornikx, 2016) and the present
work aims to be a step towards the implementation of arbitrarily shaped
frequency dependent boundaries.

Figure 3.1: Schematic example of an application of the hybrid method in a two-dimensional
domain.

This chapter is structured as follows. Section 3.3 presents the main
features of the physical equations and the stand-alone numerical methods. In Section 3.4, the hybridisation process is detailed. The main
sources of error of the hybrid method are investigated in Section 3.5,
where results from the hybrid method are compared with the results
from a Fourier PSTD stand-alone solver and analytical solutions. Section 3.5 also includes a test for stability of the method. Finally, in Section
3.6 an application case of the hybrid method is presented.

3.3

Physical and numerical methods

In this chapter, the Fourier PSTD method is presented. The physical
equations describing the acoustic propagation (the LEE) are presented in
Section 2.3.1, as well as the numerical nodal DG method in Section 2.3.2.
Therefore, those descriptions are not included in the present chapter.
3.3.1

Fourier PSTD method

Fourier PSTD is a time domain method suitable for the computation of
acoustic propagation problems governed by the LEE. This set of equaPage 52
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tions can be found, for instance in (Hornikx et al., 2010). Fourier PSTD
discretises the computational domain on an orthogonal equidistant mesh
with a grid spacing ∆xP S determined by the smallest acoustic wavelength of interest. The spatial derivatives are computed separately on
a one-dimensional basis in the wavenumber domain using the Fourier
pseudospectral method (Hornikx et al., 2010). For instance, Equation
3.1 is used to compute the spatial derivatives in x -direction for the pressure and the horizontal velocity component in a one-dimensional domain
Ω1 = {xl ∈ [0, L1 ]} where, xl = l∆xP S and L1 = (NP S − 1)∆xP S , with
NP S the total number of grid points. The transformation of the discrete
acoustic variables is done by using Fourier analysis, where F and F −1 are
the forward and inverse discrete Fourier transform as defined in Equation 3.2. The derivatives are calculated by multiplying the transformed
discrete variables by the derivative operator iκx,n , with i the imaginary
number and κx,n the wavenumber vector defined in Equation 3.3. When
applying the Fourier transform, sampling the wavenumber domain with
increment ∆κx leads to periodicity of the acoustic variables in the spatial domain, and sampling the spatial domain leads to the requirement
of two spatial points to solve the minimum wavelength. Derivatives in
the y- and z -direction can be found similarly.
∂p1
∂x
∂vx,1
∂x


= F −1 iκx,n F(p1 ) , 0 ≤ l ≤ NP S − 1,
l∆xP S

(3.1)
=F

−1


iκx,n F(vx,1 ) , 0 ≤ l ≤ NP S − 1.

l∆xP S

F(·) = ∆xP S

NX
P S −1

(·)e−iκx,n xl ,

l=0

1
F −1 (·) =
NP S ∆xP S

κx,n =

(3.2)

NP S /2

X

(·)eiκx,n xl .

n=−NP S /2+1

2πn
NP S
NP S
NP S
, n ∈ [−
+ 1, −
+ 2, ...,
].
NP S ∆xP S
2
2
2

(3.3)

Additionally, to solve a time domain problem as defined by the LEE,
the pseudospectral method needs to be complemented with a time marching scheme. In this work, unless otherwise indicated, the time marching
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for the Fourier PSTD method is computed using the optimised lowstorage six-stage Runge-Kutta scheme presented by Bogey and Bailly in
(Bogey & Bailly, 2004), referred to as RKo6s, as used in previous Fourier
PSTD applications, for instance in (Hornikx et al., 2010) and (Hornikx
et al., 2012). Runge-Kutta methods compute a single time step by intermediate steps to obtain a higher order of accuracy. The RKo6s coefficients have been optimised to minimise the dissipation and dispersion
errors for frequencies corresponding to 4 points per wavelength. Assuming now that the matrix L contains all the spatial derivative terms,
the LEE can be rewritten in non-conservative and compact notation as
in Equation 3.4, and the RKo6s solutions are given by the expressions
shown in 3.5 where, q is the non-conservative solution vector, ∆tP S is
the Fourier PSTD discrete time step and γi the RKo6s coefficients given
in (Bogey & Bailly, 2004). The stability condition is established by the
Courant number νP S and the Fourier PSTD time step is computed as
∆tP S = νP S ∆xP S /c0 , with c0 the speed of sound.


∂q(x, t)
= −Lq(x, t),
∂t


vx
 vy 

q=
 vz  .
p

q(x, t0 ) = q(x, t),
q(x, ti ) ≈ q(x, t0 ) − γi ∆tP S (Lq(x, ti−1 )),
q(x, t + ∆tP S ) ≈ q(x, t6 ).

3.4

for i = 1, ..., 6,

(3.4)

(3.5)

Hybrid methodology

There are a number of alternatives on how to spatially couple two numerical methods. One approach is to use a non-overlapping domain decomposition, coupling the domains at the interface, e.g. (Degerfeldt &
Rylander, 2006) and (Nordström & Gong, 2006). The second methodology is to couple them in a region where the methods overlap, for instance
(Platte & Gelb, 2009) and (Léger et al., 2012). The second approach
has been followed in this work, mainly because the coupling algorithm
needs to include a Gaussian window function to impose periodicity of
the Fourier PSTD solution. The methodology is summarised in Figure
3.4. In one part of the overlapping area, the values of the Fourier PSTD
solutions are transferred to DG, while in the second part the values of
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DG are copied to Fourier PSTD. In the latter part, the Gaussian window
is applied, i.e. the window size is coincident with the size of the copy
zone from DG to Fourier PSTD. The approach is based on conformal
meshes to avoid spatial interpolation of the DG solutions, as shown in
Figure 3.2. However, the interpolation of the Fourier PSTD solutions is
needed before copying values to the DG solver. Since the solutions are
updated over a zone rather than at a single point, the method uses local
time stepping and the data update is only done after the larger time step
as indicated in the time diagram of Figure 3.5.

Chapter 3

a)

b)

Figure 3.2: One overlapping element from the hybrid Fourier PSTD/DG conformal mesh
for a) two-dimensional case (quadrilateral DG element) and b) one-dimensional case. The
figure shows the nodal distribution in DG for polynomial order NDG = 5 (circles) and the
Fourier PSTD nodes (crosses).

In the next sections, the hybrid method is described in detail. Specifically, the spatial and time discretisation is presented in Sections 3.4.1
and 3.4.2, respectively. In Section 3.4.3 the data processing and exchange between the numerical solvers is detailed. The data processing
includes the spectral interpolation of the Fourier PSTD solutions and
the windowing of the Fourier PSTD variables. Finally, a description of
the filtering approach to minimise numerical instabilities is included in
Section 3.4.4 and the boundary conditions used in the coupling zone in
Section 3.4.5.
3.4.1 Physical domain and spatial discretisation
The hybridisation process is developed for a non-staggered or collocated
grid. The physical domain Ω = {x ∈ [xlef t , xright ]} is divided into
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two numerical subdomains with an overlapping area or copy zone, as
shown in Figure 3.3 for a one dimensional case, with xlef t,DG = xlef t and
xright,P S = xright : ΩP S = {xP S ∈ [xlef t,P S , xright,P S ]}, ΩDG = {xDG ∈
[xlef t,DG , xright,DG ]} and Ωcz = {xcz ∈ [xlef t,P S , xright,DG ]}.

Figure 3.3: Sketch of a one-dimensional example of the hybrid mesh. The circles represent
DG nodes and the crosses Fourier PSTD nodes (for clarity, the internal nodes of the DG
elements are not represented in the figure).

The grids are conformal in the coupling zone in order to avoid interpolation of the DG solutions. The spatial discretisation is determined by
the smallest wavelength or maximum frequency of interest. The maximum frequency in Fourier PSTD fmax,P S is limited by the spatial Nyquist
condition and is related to the grid spacing according to the following
expression fmax,P S = co /(2∆xP S ). This condition is known as the two
points per wavelength condition. The size of the one-dimensional elements in DG h is equal to the element size in Fourier PSTD. Therefore,
the two points per wavelength condition in Fourier PSTD corresponds
with two elements per wavelength in DG. Following the indications by
Chevaugeon et al. in (Chevaugeon et al., 2007), typically, 2 or 3 elements per wavelength are sufficient for polynomial orders 4 or 5 in
aero-acoustics applications. Additional information regarding the error
of DG for various polynomial orders can be found in Chapter 2 when
the wavelength is equal to the element size. In this work, NDG = 4 was
the minimum polynomial order considered in the analysis of the hybrid
method and the results in Section 3.5 are according to the Chevaugeon et
al. indications. Moreover, as shown in Figure 3.4 for a one-dimensional
case, the data exchange area has Tcz elements and it is divided in one
area where the values of the Fourier PSTD solutions are copied to DG
and a second zone where the DG values are transferred to Fourier PSTD.
For higher dimensions, the DG grid is divided in a structured area, corresponding to the coupling zone, and an unstructured part that fits with
the irregular boundary, as shown for instance in the grid detail in Figure
3.12 for the scattering problem. All two-dimensional problems presented
in this work are built with quadrilateral elements but the extension to
triangles is straightforward.
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Figure 3.4: Post-processing and data exchange in the coupling zone of the hybrid method
(for DG polynomial order NDG = 4).

3.4.2

Time discretisation

Both solvers can use local time stepping without transferring data at
intermediate steps. In this section, following the work by Bogey and
Bailly (Bogey & Bailly, 2004), the accuracy constraints from the RungeKutta method RKo6s have been used as given by the Courant number νP S ≤ 0.5 for the Fourier PSTD calculations. For DG, νDG is
initially taken from the optimal working conditions for a dissipation
error Emag = 0.0001 dB as defined in (Toulorge & Desmet, 2012) for
the RKF84 method. Courant numbers νDG are given as a function of
the polynomial order of DG and are more restrictive than νP S when
NDG > 2. The differences between Fourier PSTD and DG time steps are
related to the Courant numbers and the minimum spatial resolution.
In the hybrid process, the data are post-processed and exchanged
after every Fourier PSTD time step. The final DG time step ∆tDG is
calculated after computing the minimum integer number of DG time
steps shyb that fits one Fourier PSTD time step, such that the conditions
given in (Toulorge & Desmet, 2012) are fulfilled. In this work, shyb is
referred to as the time step factor. This time process is schematically
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shown in Figure 3.5.

Figure 3.5: Time diagram of the hybridisation process.

3.4.3

Data processing and exchange

The hybridisation approach follows three main steps, as indicated in
Figure 3.4: Step 1) consists of performing spectral interpolation of the
Fourier PSTD solutions in order to find the values at the DG internal
nodes in the copy zone. In step 2), data is exchanged between solvers in
the data-exchange areas. Finally, the acoustic Fourier PSTD variables
are multiplied by a spatial Gaussian window in step 3) before computing
the next time iteration.
Spectral interpolation

To obtain the values of the Fourier PSTD variables at the DG nodal
positions, spectral interpolation in the x -direction of the Fourier PSTD
solutions q of the whole domain is performed using
q(xl − ∆xint,j ) = Fx−1 [eiκx,n ∆xint,j Fx [q(xl )]].

∆xint,j = (rp,j − 1)

∆xP S
, j = [2, ..., N p − 1].
2

(3.6)

(3.7)

with, ∆xint,j representing the distances between the Fourier PSTD nodes
to the DG internal nodes calculated using Equation 3.7, where rp,j contains the j coordinates of the DG nodes in the one-dimensional reference
element, i.e. rp,j ∈ [−1, 1]. The interpolated solutions q(xl − ∆xint,j )
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Data exchange

Since the grids are conformal in the coupling zone, the values of the DG
solutions are already collocated at the Fourier PSTD nodes and therefore,
can directly be mapped to the Fourier PSTD solutions. In this work, the
copied value from DG to each Fourier PSTD node is the average of the
solutions of all conformal DG nodes, i.e. from the elements that share
the same node. The other data transfer occurs from Fourier PSTD to
DG, following the interpolation according to the previous section.
Windowing to the Fourier PSTD solutions

As part of the coupling algorithm, the field Fourier PSTD variables are
multiplied by a Gaussian window to obtain spatial periodicity and minimise the wrap-around effects due to the used discrete Fourier Transform
for the spatial derivative operator. The window is built using Equation
3.8 and following the indications from Hornikx et al. in (Hornikx et al.,
2012).
w(lw , Nw ) = e−αw log(10)

lw −Nw
Nw

2βw

, 0 ≤ lw ≤ Nw − 1.

(3.8)

The single sided exponential part of the window has Nw number of nodes
and is coincident with the coupling area from DG to Fourier PSTD.
The coefficient αw and βw are selected from the work by Hornikx et al.
(Hornikx et al., 2012). The values of αw are calculated as a function
of the window size using αw = (Nw + 3)/14 for Nλ = 2.5 points per
wavelength, while βw = 3 in all cases.
3.4.4 Filtering
The coupling algorithm includes a low-pass filtering approach to minimise numerical instabilities arising from the Fourier PSTD solver, simPage 59
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can be interpolated again in the y- and z -direction in a similar way
for higher dimensional problems. The interpolation is done by a transformation of the Fourier PSTD solutions to the wavenumber domain,
where the transformed variables are multiplied with an exponential that
shifts the location of the Fourier PSTD nodes to the location of the DG
nodes. Since the grids of both solvers are conformal, the interpolation
is only needed to the internal nodes of the DG elements and the distance from the Fourier PSTD nodes to each internal node is constant
for every element. Therefore, for simplex elements of the type segments,
quadrilaterals or hexahedra, Np − 2d interpolations of the Fourier PSTD
solutions are needed.
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ilar to that reported in (Hornikx et al., 2015). In this work, a low-pass
Gaussian frequency filter is used to filter the high frequency components
of the Fourier PSTD solutions after every time step. For two dimensional
cases, the low-pass filter is built using Equation 3.9.



fnx ,ny









=









−αf log(10)

|nx |∆κx −κc
κmax −κc

−αf log(10)

|nx |∆κx −κc
κmax −κc

2βf

−αf log(10)

|ny |∆κy −κc
κmax −κc

e
for κc /∆κx < |nx | and |ny | ≤ κmax /∆κy ,

2βf

,

2βf

e
,
for κc /∆κx < |nx | ≤ κmax /∆κx and |ny | ≤ κc /∆κy ,
−αf log(10)

|ny |∆κy −κc
κmax −κc

(3.9)

2βf

e
for κc /∆κy < |ny | ≤ κmax /∆κy and |nx | ≤ κc /∆κx ,
1, for |nx | ≤ κc /∆κx and |ny | ≤ κc /∆κy ,

with, κc the cut-off wave number, κmax = π/∆xP S and [∆κx , ∆κy ] the
resolution of the wave number vector for each dimension. After every
time step, the spatial Fourier PSTD variables qPS (x) are transformed to
the wavenumber domain QPS (κ) by using a forward Fourier transform.
The transformed variables are filtered through multiplication by fnx ,ny
and transformed back to the spatial domain using the inverse Fourier
transform before computing the next time interaction. The filter has
zero dissipation up to the cut-off wave number and a Gaussian decay
from that point. In all calculations presented in this work, the following
parameters of the Gaussian filter have been used: κc = 1/(2.3∆xP S ),
αf = 4 and βf = 4. The consequence of the filter is that the minimum
numbers of spatial points per wavelength increases, see also results of
Section 3.5.
3.4.5

DG boundary conditions in the coupling zone

The boundary condition imposed in DG at the end of the coupling zone
is the characteristic non-reflective boundary condition, i.e. the nonreflective boundary condition for waves incident normal to the boundary.
After a full time step in the Fourier PSTD method, the wave has traveled
a half element size, while the values from Fourier PSTD are imposed in
the whole overlapping DG element. Therefore, the boundary condition
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at this termination of DG is not influencing the results, i.e. it could be
a rigid or impedance boundary condition as well.
Extracting the solutions in the copy zone

Since in the hybrid method both solvers are overlapping in the copy
zone, the spatial solution in this area needs to be built at each node
from the solution of one of the solvers. The spatial solutions of the
whole domain are constructed from the DG solutions in the interval
[xlef t,DG , (xright,DG − TczP SDG ∆xP S )] and from the Fourier PSTD solutions in the interval [(xright,DG − (TczP SDG − 1)∆xP S ), xright,P S ], where
TczP SDG is the number of elements of the copy area from Fourier PSTD
to DG. For DG, only solutions at the boundary nodes of each element
are considered. In this way, the spatial solution of the whole domain is
built at equally space points and the transformation to the wavenumber
domain can be computed when necessary.

3.5

Accuracy of the method

In this section, different sources of error of the hybrid methodology are
discussed for a one-dimensional implementation. For the errors investigated in the subsequent sections, the other sources are kept constant.
Additionally, this section includes the extension to two-dimensional cases
for a scattering problem. The scattering problem is compared with analytical solutions in order to establish the accuracy of the two-dimensional
implementation. For the speed of sound and medium density, c0 = 343
m/s and ρ0 = 1.2 kg/m3 , have been used in all calculations. The features
of all the scenarios are summarised in Appendix B.
In the following sections, the error will be expressed as a function
of points per wavelength (Nλ ). In this work, Nλ is computed by only
taking into account the spatial discretisation of the Fourier PSTD domain ∆xP S determined by the maximum frequency of interest fmax , i.e.
Nλ = (c0 /fmax )/∆xP S . It is considered that the main application of the
hybrid methodology is computing scenarios where the Fourier PSTD domain is much bigger than the DG domain, and the latter is restricted to
the complex boundaries as, for instance, for atmospheric sound propagation in urban scenarios. Clearly, the bigger the Fourier PSTD domain
is, compared with the DG domain, the closer the degrees of freedom of
the hybrid method are to the stand-alone Fourier PSTD method.
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Initial and boundary conditions

In this work, all the calculations are initiated with a broadband pressure
distribution in the Fourier PSTD domain.
2

p(x, t0 ) = Ae−bs (|x−xs |) .

(3.10)

where, A is the amplitude,
bs determines the bandwidth of the specp
2
trum, |x − xs | = (x − xs ) + (y − ys )2 and xs = [xs , ys ] is the source
location. In the domain, a zero-valued velocity distribution v(x, t0 ) =
0 is used for the two-dimensional cases and the velocity distribution
v(x, t0 ) = −p(x, t0 )/ρ0 c0 for the one-dimensional problems. The time
domain computation in DG is initialised with a zero-valued pressure and
velocity distribution.
The computational domain needs to be truncated by an artificial
boundary in order to have a finite domain. For the experiments, two
types of boundaries are implemented: rigid and non-reflecting surfaces.
Acoustically rigid boundaries, i.e. boundaries where the acoustic waves
are totally reflected, are modeled by imposing a zero velocity perturbation normal to the boundary and a zero-valued normal derivative of the
pressure.
The second type of boundaries used in this work is a non-reflecting
surface. The perfectly match layer technique and the characteristic nonreflective boundary, as described in Section 3.4.5, are employed here
in order to obtain a reflection-free implementation. The PML is employed when required for both Fourier PSTD and DG methods. The
technique was first presented for electromagnetic problems by Berenger
(Berenger, 1994) and has been widely used in acoustic numerical computations, for instance in (Echevarria Sanchez et al., 2016), (Hornikx
& Van Renterghem, 2016) and (Liu, 1998). The main drawback of the
PML is the increase of the computational cost since the thickness of the
layer influences the accuracy of the method (F. Q. Hu, 1996). The PML
factors σ = [σx , σy , σz ]T are computed using Equation 3.11 for σx and
can be calculated similarly for the y- and z - components.

σx = βp

x − xP M L
Dp

mp
,

xP M L ≤ x ≤ xP M L + Dp .

(3.11)

where, βp is the maximum amplitude of the PML function, mp an expoPage 62
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nent and Dp the thickness of the layer.
3.5.2

Errors in one-dimensional implementations

The one-dimensional computational domain used to compute the errors is shown in Figure 3.6 and has a total length of 190 m. The number
of DG elements is fixed in all computations TDG = 102, whereas the
number of nodes in Fourier PSTD NP S changes as a function of the size
of the copy zone. In this way, the travelling time of the wave in the DG
domain is kept constant for all cases and thereby the error contribution
from the DG solver. However, in an efficient implementation of the hybrid methodology, the number of DG elements should be minimised. The
DG polynomial order (NDG ) employed in each problem will be indicated
in the subsequent sections.

Hard boundary

PML

Ω
xs
xref xr1

ΩDG
Ωcz,n

xr2

ΩPS,n

x

x=0

Figure 3.6: Sketch of the one-dimensional hybrid domain. The number of elements in the
DG domain ΩDG (brown) is fixed in all computations, whereas the number of nodes in the
Fourier PSTD domain ΩP S,n (green) changes as a function of the size of the copy zone in
each experiment. The right end of the computational domain Ω (blue) is terminated using
a PML (indicated as the black dotted vertical line), while the left-hand side is computed in
DG using an acoustically hard boundary (indicated as the red vertical line). A left-travelling
Gaussian pressure distribution is imposed at xs and recorded at positions xr1 and xr2 after
being reflected. Additionally, the pressure distribution is recorded at a reference position
xref close to the source.

In all one-dimensional scenarios, the grid spacing ∆xP S = h = 0.1 m
and the spatial sampling frequency is computed as fs = c0 /∆xP S . The
initial conditions imposed in Fourier PSTD are a broadband pressure
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In this section, the main sources of error of the hybrid methodology are
investigated related to the temporal scheme and to the coupling between
DG and Fourier PSTD.
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distribution as given in Equation 3.10 with, A = 1, bs = 0.0706(1/∆x)2
m−2 and xs = 30 m, and a velocity distribution v(x, t0 ) = −p(x, t0 )/ρ0 c0 .
A boundary condition based on a PML implementation is used on the
right-hand side of the one-dimensional domain, while the left-hand side
is an acoustically rigid boundary. To minimise the error contribution
from the PML, a 100-elements layer has been used together with PML
parameters β = 20000 and m = 4 (an error evaluation from the PML can
be found in (Hornikx et al., 2012)). The left-hand side of the DG domain
is computed using an acoustically hard boundary whereas the right end
is where the values from Fourier PSTD are copied and the characteristic
non-reflective boundary condition is imposed there. The reflected wave
is then recorded at positions xr1 = 40 m and xr2 = 150 m in the Fourier
PSTD domain. Additionally, the same scenario is computed using a
Fourier PSTD stand-alone solver, where the hard left boundary of the
domain is modeled using an image source mirror technique (Hornikx et
al., 2010). The same spatial and temporal discretisation as in the hybrid
model is used in the stand-alone solver. The main settings in all the
one-dimensional calculations underlying the results of this section are
summarised in Table B.1.
The errors of the time recorded signals, amp (fi ) and φ (fi ), are calculated from the sound pressure solutions and the ends of the signals
are tapered by a window to avoid aliasing. The errors are computed
by transforming the recorded acoustic variables to the frequency domain
(Q(fi )) using a forward Fourier transform. The amplitude and dispersion errors are calculated using Equation 3.12 for representing the errors
as a function of frequency, where ∆... (fi ) = |Q...,ref (fi )| − |Q... (fi )| and
∆φ... (fi ) = |φ[Q...,ref (fi )] − φ[Q... (fi )]|. Additionally, for presenting the
errors as the maximum value in a certain frequency range, Equation 3.13
is used.
amp (fi ) =

|∆ana (fi )| − |∆calc (fi )|
,
|Qref (fi )|

(3.12)

|∆φana (fi ) − ∆φcalc (fi )|
φ (fi ) =
,
π
amp (f1 , f2 ) = sup(amp (fi )); fi ∈ [f1 , f2 ],
φ (f1 , f2 ) = sup(φ (fi )); fi ∈ [f1 , f2 ],

(3.13)

where, Qana,ref is the analytical and Qcalc,ref the numerical solution of
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a recorded signal at a receiver located close to the source (xref = 20
m), and Qana and Qcalc are the analytical and the numerical solution,
respectively, at the different recording positions, xr1 and xr2 .

ˆamp (fi ) =
ˆφ (fi ) =

|Q̂ana (fi )| − |Q̂calc (fi )|
|Q̂ana (fi )|

,
(3.14)

|φ[Q̂ana (fi )] − φ[Q̂calc (fi )]|
,
π

ˆamp (f1 , f2 ) = sup(ˆamp (fi )); fi ∈ [f1 , f2 ],
ˆφ (f1 , f2 ) = sup(ˆφ (fi )); fi ∈ [f1 , f2 ],

(3.15)

where, Q̂ana is the analytical spatial solution of the one-dimensional problem and Q̂calc is the spatial numerical solution.
The error related to the temporal scheme

This section presents the time evolution of the dispersion and dissipation
errors of a one-dimensional implementation of the hybrid approach. The
combination of temporal schemes is used in this section.
The Runge-Kutta dispersion and dissipation errors can be computed
analytically per time step following the work by Bogey and Bailly (Bogey
& Bailly, 2004). Additionally, the errors from the numerical methods are
computed using Equations 3.14 and 3.15. The dispersion and dissipation
errors are presented in the frequency range corresponding with (0, f5s )
points per wavelength for the hybrid method and the Fourier PSTD
stand-alone solver. In this range, the Runge-Kutta error is expected to
dominate the total error. In these evaluations, the order of the polynomial approximation in DG is set to NDG = 5, with a Courant number
νP S = 0.5 and a time step factor shyb = 3. The amplitude and phase
errors are presented in Figure 3.7 for a window size of 30 (Figures 3.7a
and 3.7b) and 100 elements (Figures 3.7c and 3.7d), where the vertical
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Additionally, the errors of the spatial solutions, ˆamp (fi ) and ˆφ (fi ),
from the numerical methods are computed by transforming the spatial
variables to the wavenumber domain at every time step using a forward
Fourier transform and a conversion from the wavenumber domain to
the frequency domain (Q̂(fi )) by using an adiabatic speed of sound,
i.e. fi = κi co /2π. The errors and their maximum values in a certain
frequency range are computed using Equations 3.14 and 3.15.
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lines represent the time instances when the centre of the pressure distribution enters/leaves the DG area. The errors are computed up to 2000
time steps from the sound pressure solutions.
Figure 3.7 shows good agreement between the numerical and the analytical RK errors for the hybrid method. Clearly, Runge-Kutta errors
are dominating the global error of the hybrid approach except at time
instances when the Gaussian distribution is travelling through the copy
zone. Additionally, there is an error increase when the pressure distribution reaches the boundary, corresponding with the lack of periodicity
of the spatial variables when computing the Fourier transform at those
time instances. The comparison between the Runge-Kutta amplitude
and phase error, i.e. graphs 3.7a and 3.7b or 3.7c and 3.7d, shows that
dispersion errors are always higher. This is in line with the findings in
(Hornikx et al., 2012). Moreover, in general, local errors are reduced
when increasing the window size. Finally, it is clear, from the analysis of
Figure 3.7, that the error from the hybrid method tends to converge with
the error of the stand-alone solver for long-time propagation scenarios.
The error related to the coupling: DG to Fourier PSTD

As mentioned in Section 3.4.3, the hybrid methodology uses a Gaussian
window to keep spatial periodicity in the Fourier PSTD domain after
transferring values from DG. In this section, the error contribution of
this coupling includes both actions, copying values from DG to Fourier
PSTD and windowing. The influence of this error is investigated in this
section.
In order to minimise the errors arising from the temporal scheme,
the time steps in Fourier PSTD and DG are equal, i.e. the time step
factor shyb = 1, and calculated using a Fourier PSTD Courant number νP S = 0.05, following Section 3.4.2. Moreover, the Runge-Kutta
time method used in Fourier PSTD is RKF84, to suppress errors arising
from a mismatch in the errors from different RK methods. Under these
conditions, the acoustic variables have been recorded in all cases for a
duration of 53200 time samples. Coupling errors from window sizes Nw
from 10 to 100 nodes are investigated, while keeping the size of the copy
zone from Fourier PSTD to DG equal to TczP SDG = 1 element for all
cases. Additionally, the hybrid method has been evaluated for different DG polynomial orders, NDG = [4, 5, 6, 7, 10], in order to analyse the
influence of this parameter.
The same scenario has been solved with a Fourier PSTD stand-alone
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Figure 3.7: Time evolution of the amplitude ˆamp (0, f5s ) and phase ˆφ (0, f5s ) errors of the
hybrid method (solid black line) together with the analytical Runge-Kutta error of the
hybrid (red ’o’ markers) and the stand-alone Fourier PSTD solver (broken green line), at
recording point xr2 . Figures (a) and (b) present the amplitude and phase error, respectively,
for a window size Nw = 30. Figures (c) and (d) represent amplitude and phase errors,
respectively, for Nw = 100. The vertical lines represent the time instances when the centre
of the pressure distribution enters/leaves the DG area.
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solver using a mirror technique to model the hard reflecting surface. In
this section, the stand-alone solver has been computed using the same
Runge-Kutta method as in the hybrid case, i.e. RKF84, as well as the
filter described in Section 3.4.4. All other parameters, e.g. time step and
spatial resolution, are the same as in the hybrid case.
Errors amp and φ of the hybrid method (NDG = 10) together with
the error from the stand-alone Fourier PSTD solver as a funtion of points
per wavelength (Nλ ) are shown in Figure 3.8. The errors are presented
in Figures 3.8a and 3.8b for a window size Nw = 30, and in graphs
3.8c and 3.8d for Nw = 100. All graphs include the analytical RungeKutta errors of the calculated scenario. Figure 3.8 shows that a smaller
window size increases the overall error at all frequencies of the hybrid
methodology, i.e. the window error is, in general, dominating the total
error of the hybrid method for small window sizes down to 2.5 points
per wavelength. On the other hand, the stand-alone solver is mainly
dominated by the Runge-Kutta error except for frequencies close to 2.5
points per wavelength where other sources of error take over, as described
in (Hornikx et al., 2012). This latter feature is found as well in the hybrid
method (graphs 3.8c and 3.8d), for frequencies Nλ < 3 for the amplitude
error and Nλ < 2.5 for the phase error, corresponding with the same
trend found in the stand-alone solver. Moreover, for large Nλ values, the
errors of the hybrid method are larger than the errors from the standalone solver but they are, in this frequency range, already very low and
therefore, of less relevance. Additionally, the influence of filtering, as
described in Section 3.4.4, is visible in Figure 3.8 for frequencies between
2.5 and 2 points per wavelength. In this figure, the cut-off frequency of
the filter is represented by a vertical dotted line.
fs
fs
The amplitude amp (0, 2.5
) and phase φ (0, 2.5
) errors from coupling
DG to Fourier PSTD are presented in Figure 3.9, recorded at xr2 , showing the analysis for different DG polynomial orders (NDG = [4, 5, 6, 7, 10])
and together with the results of the stand-alone solver. Additionally, the
figure includes the analytical error for the window function reported in
(Hornikx et al., 2012) for 2.5 points per wavelength. In that work, the
analytical window error was found from the largest errors, either amplitude or phase. In all cases the phase error was found to be smaller
than the amplitude error; hence, the analytical error was built from the
amplitude error solutions. The same tendency is found here for the hybrid method, with amplitude errors always higher than the phase error.
Moreover, a good agreement between the amplitude and the analytical
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Figure 3.8: Amplitude amp and phase φ errors as defined in Equation 3.12 of the hybrid
method (solid black line) together with the error from the stand-alone Fourier PSTD solver
(broken green line) as a function of points per wavelength (Nλ ), at recording point xr2 .
Figures (a) and (b) present the amplitude and phase error, respectively, for a window size
Nw = 30. Figures (c) and (d) represent amplitude and phase errors, respectively, for Nw =
100. The graph includes the analytical Runge-Kutta error of the calculated scenario (red
line with ’o’ markers). The vertical dotted line represents the cut-off frequency of the filter.
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Figure 3.9: Error from the hybrid method (darker solid lines represent lower DG polynomial
orders corresponding to higher errors for large window sizes) together with the error from
the stand-alone Fourier PSTD solver (broken line) as a function of the window size according
to Equation 3.13, at recording point xr2 . The figure shows, up to 2.5 points per wavelength,
fs
fs
) and (b) phase φ (0, 2.5
) errors, for different DG polynomial
the (a) amplitude amp (0, 2.5
order (NDG = [4, 5, 6, 7, 10]). Additionally, the figures include the analytical window error
reported in (Hornikx et al., 2012) (red line with ’o’ markers) and the analytical Runge-Kutta
error (green line with ’x’ markers), both for 2.5 points per wavelength.

window error for window lengths Nw < 50 is found in 3.9a, i.e. the
window function dominates the errors in that range for NDG ≥ 7, and
the same conclusions can be drawn for the phase error in Figure 3.9b.
Furthermore, Figure 3.9 shows how, for larger Nw values and DG polynomial order NDG ≥ 7, the error from the Fourier PSTD solver dominates
the hybrid error for both, amplitude and phase.
Finally, Figure 3.10 presents the errors, amp (0, f3s ) and φ (0, f3s ), for
two different wave-travelling distances, recorded at xr1 and xr2 , for DG
polynomial order NDG = 10. In this frequency range, the error is always
dominated by the Runge-Kutta scheme when the window size is big
enough, as shown in graphs 3.8c and 3.8d. The influence of the RungeKutta error is shown in Figure 3.10, where the longest travelled-distance
(recorded at xr2 ) shows a higher error. In all cases, the error of the
hybrid method converges with the error of the stand-alone solver for
high enough window sizes. Nevertheless, for smaller copy zone areas the
window error takes over and therefore, the travelling distance is not of
influence anymore in this scenario.
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Figure 3.10: Error from the hybrid method (red solid line and green broken line) together
with the error from the stand-alone Fourier PSTD solver (black and grey dotted lines with
’o’ marker) and the Runge-Kutta error (black and grey broken lines with ’.’ marker) as a
function of the window size according to Equation 3.13. The figure shows, up to 3 points per
wavelength, the (a) amplitude amp (0, f3s ) and (b) phase φ (0, f3s ) errors, for two different
wave-travelling distances recorded at points xr1 and xr2 and for NDG = 10.

3.5.3

Extension to two-dimensional problems

The hybrid methodology has been tested in two-dimensional problems,
with the objective of demonstrating the accuracy and applicability of
the novel approach. The analysis in this section focusses on the amplitude error, since the dispersion error has proven to be smaller for the
one-dimensional results. One case is posed in this section: a scattering
problem for which analytical solutions are available. In all scenarios, the
order of the polynomial approximation in DG is set to NDG = 5, with a
Fourier PSTD grid spacing ∆xP S = 0.1 m, a Courant number νP S = 0.5
and a time step factor shyb = 13, unless otherwise indicated. As for
the one-dimensional problems, the main features of the two-dimensional
scenarios are summarised in Table B.2.
Scattering problem

In order to assess the impact of irregular geometries, an acoustical scattering problem is studied. The computational Fourier PSTD domain is
the rectangle, with NP S,x ×NP S,y = 240×600 grid points, shown in Figure
3.11. A detail of the two-dimensional hybrid grid around the scatterer is
shown in Figure 3.12, where the cylinder is in the centre of the domain
with a radius acyl = 10∆x m. In Figure 3.11, the grey area represents
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Table 3.1: Characteristics of the DG grids and windows used for the scattering problem.

Grid name
SC1
SC2
SC3

Total
9740
3584
9930

Structured
9561
3360
9516

Elements
Unstructured
224
224
414

Ta
100
62
100

Tcz
39
20
39

Vertices
On scatterer
128
128
256

the DG domain with a dimension of Ta ∆x × Ta ∆x. This area is shown
in more detail in Figure 3.12, where the black dots represent the Fourier
PSTD grid nodes. The DG grid is built with quadrilateral elements and
is divided in a structured area, corresponding with the coupling zone,
and an unstructured part surrounding the scatterer. Therefore, the coupling zone for the scattering problem is a square with a square hole,
centred at the origin of the domain, where the coupling zone length is
Tcz ∆x = (TczP SDG + TczDGP S )∆x m. The details of the computed grids
are given in Table 3.1, where, in all cases, TczP SDG = 1 element.
In Figure 3.11, the circle of points around the scatterer represents 315
recording positions at a distance of ar = 71∆x m from the origin of the
domain at angles ξrn = [0 : 0.02 : 2π] radians, while the red solid line
represents the centre of the plane wave excitation located at xs = 100∆x
m from the origin. The initial conditions, imposed in Fourier PSTD, are
a broadband pressure and velocity distribution as given
p in Equation 3.10
3
1 2
−2
with, A = 1, bs = 16 ( ∆x ) [m ] and |x − xs | = (x − xs )2 . In DG,
the time domain computation is initialised with a zero-valued pressure
and velocity distribution. The left and right boundaries of the Fourier
PSTD domain are terminated with a PML using Equation 3.11, while
periodic boundary condition applies for the upper and lower limits. The
main parameters of the PML are β = 20000, m = 4 and D = 50∆x
m. Regarding the DG domain, the boundary of the scattering object is
acoustically hard whereas the external DG boundary is where the values
from Fourier PSTD are imposed.
The results presented in this section are computed from the acoustic
pressure scattered by the cylinder. The total wave field consists of an
incident and a scattered field, of which the incident field is the incident
plane wave. In order to obtain only the scattered solutions, the same
scenarios are computed without the scatterer, i.e. the wave field is built
only with the incident plane wave and this field is subtracted from the
total wave field. The acoustic variables are recorded in both cases (with
and without the scatterer) at the receiver positions shown in Figure 3.11
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Figure 3.11: Computational hybrid domain for the calculation of the scattering problem.
The scatterer is in the origin of the domain with a radius of 10∆x m. The grey area inside
the broken line square represents the DG domain with a side length of Ta ∆x m. The circle
of points surrounding the scatterer are the recording positions at a distance ar = 71∆x m
from the centre of the scatterer. The red solid line represents the centre of the plane wave
excitation located at 100∆x m from the origin. The left and right boundaries (dotted black
lines) are terminated with a PML, while periodic boundary condition applies for the upper
and lower limits (solid black lines).

during a recording time trec = 1200∆tP S s.
The scattered wave field represents an outward travelling wave from
the cylinder and can analytically be written as a composition of cylindrical waves. To solve such a problem, it is convenient to use cylindrical
coordinates with the centre on the axis of the cylinder (the z -axis is the
cylinder axis). The incident and total pressure field can be computed
with

Pinc (r, φ) =

n=∞
X

Ain Jn (κr)einφ .

n=−∞
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Tcz x

3

Ta x

Figure 3.12: Detail of the conformal grids close to the scattering object. The grey area
corresponds with the DG domain with a side length of Ta ∆x m while the black dots represent
the Fourier PSTD nodes. The DG grid is built with quadrilateral elements and is divided in a
structured area, corresponding with the coupling zone, and an unstructured part surrounding
the scatterer. The number of structured elements between the sides of the squares is Tcz .

Ptot (r, θ) =

n=∞
X


Ain Jn (κr) + Ar,n Hn(1) (κr) einθ .

(3.17)

n=−∞

Aacyl ,n = −Ai

n

Jn (κacyl ) +

Zn 0
J (κacyl )
iωρ n

(1)

Zn
H 0 (1)
n (κacyl )
iωρ

Hn (κacyl ) +

.

(1)

(3.18)

where r and φ are the radial and angular coordinates, Hn (κr) the Hankel function of order n and first kind, Jn (κr) the Bessel function of first
kind and order n, A the amplitude of the incident wave, κ the wavenumber and Zn the surface impedance. By using the former expressions,
the analytical scattered pressure in the frequency domain Pana,SC (fi ) is
computed and compared with the results of the hybrid numerical method
Phyb,SC (fi ), after normalising by the source power. Since the problem has
axial symmetry, only the results of receivers positions at angles from zero
to π radians are presented in the directivity patterns shown in Figure
3.13 for three different frequencies expressed as points per wavelength
with respect to the Fourier PSTD grid, Nλ = 2.5, Nλ = 5 and Nλ = 32.
Furthermore, Figure 3.14 presents the waveforms of the scattered pressure field for receivers located at π/2, 3π/4 and π radians, comparing
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the numerical and analytical results. Figures 3.13 and 3.14 show a good
agreement between the solutions. Additionally, an amplitude error comparison is presented in Figure 3.15 for the different evaluated grids given
in Table 3.1. The amplitude error is calculated from

|Phyb,SC (fi )| − |Pana,SC (fi )|
; fi ∈ [f1 , f2 ],
|Pana,SC (fi )|

(3.19)

using the numerical scattered pressure recordings transformed to the frequency domain by using a forward Fourier transform and the analytical
solutions. Taking SC1 grid as the reference case, Figure 3.15 shows how,
reducing the copy zone size as in case SC2, mainly affects the precision
of the method around 2.5 points per wavelength. On the other hand, by
increasing the number of vertices on the cylinder (case SC3), reduces the
error in a large part of the frequency range1 . Once more, the influence
of filtering, as described in Section 3.4.4, is visible in Figure 3.15 for
frequencies between 2.3 and 2 points per wavelength.
As indicated by Hamilton (Hamilton, 2016), numerical instabilities
have been reported in the adaptation of spectral methods to non-trivial
geometries. In this work, a long-time calculation using the current hybrid
methodology on a rectangular domain with a scatterer and with NP S,x ×
NP S,y = 240 × 160 grid points has been carried out to identify possible
late-time instabilities. All Fourier PSTD boundaries are periodic in this
scenario while keeping the rest of grid characteristics as shown in Table
3.1 for SC1. The scenario is excited with a pressure distribution as
indicated in Section 3.5.1 at coordinates (xs , ys ) = (8, 0) m. The total
wave field pressure is recorded at position (xr , yr ) = (1, 6) m and the
time evolution is shown in Figure 3.16. No sign of instability is found
from this results after 10 seconds of propagation.

1 In this investigation, no curved elements have been used and therefore, this source of error will
always contribute to the total error.
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Figure 3.13: Directivity patterns of the scattered pressure field for a) Nλ = 2.5, b) Nλ =
5 and c) Nλ = 32 points per wavelength. A plane wave is incident at 0 radians. The
graphs compare the solution of the computation using the hybrid method on grid SC1 with
the analytical solution of the scattering problem. The solutions have been referred to the
maximum value of the analytical solution.
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Figure 3.14: Waveforms of the scattered pressure field for receivers located at a) π/2, b) 3π/4
and c) π radians. A plane wave is incident at 0 radians. The graphs compare the solution
of the computation using the hybrid method on grid SC1 with the analytical solution.
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Figure 3.15: Amplitude error of the hybrid method for computing the scattering problem on
different grids for receivers located at a) zero and b) π radians. A plane wave is incident at
0 radians. The error is computed from the scattered pressure and referred to the analytical
solution for all grid cases. The vertical green line represents the cut-off frequency of the
filter.
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Figure 3.16: Pressure responses recorded at position (xr , yr ) = (1, 6) m and computed with
the hybrid method in a rectangular domain with a scatterer cylinder located at the centre
with periodic boundary conditions in the outer limit of the domain and an acoustically hard
boundary of the scatterer: a) whole computation and b) only first part of the computation.
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3.6

Application case of the hybrid method

The hybrid methodology has been employed to solve a two-dimensional
atmospheric sound propagation problem. The scenario represents the
propagation of low frequency noise (below 200 Hz) from an airport runway to a close-by noise-sensitive area under different wind conditions.
The main purpose of the simulation is to evaluate the insertion loss (IL)
of a number of scattering sections placed on the ground close to the sensitive area, covering a certain distance between source and receiver. This
type of scattering objects have been used, for instance, in the vicinity
of Schiphol airport in Amsterdam to mitigate noise from ground aircraft
taxiing. The effectiveness of this noise control measure was investigated
by (Bosschaart et al., 2012) by means of scale and actual-size experiments and the Green’s function parabolic equation (GFPE) numerical
model. In that investigation, Bosschaart et al. presented a numerical
study validated by experimental work for different configurations of the
scatterers. The Schiphol airport authorities wanted to know if a 10 dB
low frequency noise reduction at 2.5 km from the closest runaway was
possible and the possibility was confirmed by their investigation. The
GFPE model (Sack & West, 1995) is a frequency domain WB model
capable of including wind and ground absorption effects, but only computes forward sound propagation, i.e. cannot include (implicitly) the
attenuation effect of scattering objects. Another alternative is the fast
field programme (FFP) (Salomons, 2001) as a full wave method capable of computing sound propagation under the atmospheric conditions
of this investigation. However, difficulties with obstacles and complex
geometries have already been reported, as for instance in (Hornikx et al.,
2010). Therefore, the use of the hybrid methodology, as proposed in this
chapter, gives a deeper insight into the problem. However, this atmospheric sound propagation problem requires the inclusion of wind effects
in the model. Therefore, a refracting atmosphere has been implemented
in the hybrid model as presented in Section 3.6.2.
The main goal of this application case is to evaluate scattering sections as a noise mitigation measure for low frequency noise under different downwind conditions. The effect of ground roughness as a mitigation measure of surface transport noise was investigated in (Bashir
et al., 2014). One of the conclusions of that work was that part of the
energy loss, when applying roughness to the ground, was due to the
transformation of incident sound energy to surface waves. In that study,
regularly-spaced parallel wall arrays were explored as a ground roughness
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mechanism. Another related work was presented by (Van Renterghem
et al., 2017) where the meteorological effects on the noise reducing performance of a closely spaced array of low parallel walls was investigated.
It was concluded that upwind conditions do not deteriorate the insertion
loss of the ground roughness in the low frequency range. However, at
high sound frequencies the insertion loss was strongly reduced by downward refraction.
The evaluated scenarios and the employed methodology are presented
in Section 3.6.1. Section 3.6.2 presents the technique to include wind
conditions in the hybrid method for the present study. The results are
shown and analysed in Section 3.6.3.
3.6.1

Scenarios and methodology

Figure 3.17 represents the two-dimensional domain under investigation
and a detail of the scatterers. All the evaluated scenarios represent atmospheric sound propagation over acoustically hard ground. The dimensions of the domain (Lx , Lz ) = (500, 100) m are shown in Figure 3.17a,
where the source is represented by the big red dot on the left side of the
domain at coordinates (xs , zs ) = (10, 3) m. Additionally, three receivers
heights have been explored at a horizontal distance of 480 m from the
source location: z1 = 2 m, z2 = 4 m and z3 = 6 m. These receivers
are represented by the small red dots on the right side of the domain.
Moreover, Figure 3.17a includes an indication of the different areas of
the hybrid method, where the DG model extends until 30 m above the
ground and the coupling zone has a z -dimension of 20 m starting at 10
m above the ground.
The order of the polynomial approximation used in these scenarios
was NDG = 4 and the Fourier PSTD grid spacing ∆xP S = 0.5 m. Therefore, the Fourier PSTD model was designed to solve a maximum frequency of fmax,P S = 343 Hz. The results are shown in this section up to
the 1/3 octave band of 200 Hz, that corresponds with Nλ ≈ 3 points per
wavelength with respect to the Fourier PSTD grid. The main parameters of the hybrid model used in this section are presented in Table B.3.
For all cases, the sound pressure was recorded at the receivers positions
for a duration of 2106∆t s, with ∆t = 1/(2fmax,P S ) ≈ 0.0014 s. The discretisation in time is explained in Section 3.6.2. The DG mesh was built
with 67792 quadrangles using the mesh generator Gmsh (Geuzaine &
Remacle, 2009). The DG model used Nλ,DG ≈ 10.2 degrees-of-freedom
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per wavelength to solve up to the maximum frequency of interest computed using Equation 3.20.
r

fmax

Np KDG
,
SDG

(3.20)

where SDG [m2 ] is the surface area of the DG domain.
The impulse responses were transformed to the frequency domain by
using a forward Fourier transform. The end of the time signals was
tapered by a single-sided Gaussian window with a length of 800 samples
(approximately, 1.1 s) to avoid the Gibbs effect. The IR of the source
function was recorded in free field conditions and transformed to the
frequency domain to normalise the frequency solutions by the source
spectrum. All the sound pressure levels presented in this section are
relative to the free field level.

(a)

(b)

Figure 3.17: Domain under investigation with the hybrid method. The figure presents a) the
full investigated domain for the case with the scatterers on the ground between the source
(red big dot on the left side of the figure) and the receivers (red small dots on the right side)
and b) a detail of the scatterers.

The scattering ground area is constructed by using a periodic pattern
of wedge-shape terrain deformations as presented in Figure 3.17b. Each
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wedge has a height of 3 m and a width of 11 m as the ones evaluated
in the experimental validation in (Bosschaart et al., 2012). In total, 15
shapes have been used, covering approximately the 35% of the sourcereceiver distance. In order to compute the IL, the same scenario but
with a flat terrain is solved. The influence of the ground absorption in
this work has not been investigated. The initial and boundary conditions
of the model are equivalent to the ones given in Section 3.5.1 and are
presented in Table B.3. The boundaries of the model are considered as
acoustically hard and implemented in DG as indicated in Section 3.5.1.
Additionally, the sound pressure level results of the hybrid method for
the flat scenario have been compared with the results of a FFP model
for all the wind scenarios.
3.6.2

Including wind in the hybrid method

The main goal of this study is to evaluate the effectiveness of the scattering sections under different downwind conditions. Therefore, wind
effects needed to be included in the hybrid model. This is done in the
present work by replacing the value of the sound velocity for the static
atmosphere c0 in the LEE (see Equations 2.3) by an effective speed of
sound cef f (z), according to the wind profile of interest. In this investigation, a logarithmic profile is assumed that only depends on the vertical
z -component and is computed using Equations 3.21 and 3.22. A horizontal wind component (x -direction) uw,x [m s−1 ] is added to the speed
of sound. This approach is commonly used for cases where the horizontal propagation distances are much larger than the vertical span of
the domain, and the horizontal wind velocity component is predominant
over the others (Salomons, 2001). Therefore, the LEE as presented in
Equations 2.3, are still valid to describe this type of problems, and only
the replacement of c0 by cef f (z) is needed.
cef f (z) = c0 + uw,x (z).

uw,x (z) = b(u) log


z
+1 ,
z0

(3.21)

(3.22)

where b(u) is the friction velocity and z0 is the ground roughness assumed to be equal to 0.1 m in this study as in (Bosschaart et al., 2012).
Four wind conditions have been explored in this investigation: no-wind,
uw,x (z = 10m) = 5.1 m/s with b(5.1 m/s) = 1.1, uw,x (z = 10m) = 7 m/s
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with b(7 m/s) = 1.52 and uw,x (z = 10m) = 10 m/s with b(10 m/s) = 2.17.
The condition where uw,x (z = 10m) = 5.1 m/s is equivalent to the one
used in (Bosschaart et al., 2012).
The time discretisation of the models was done as in Section 3.4.2,
but for the computations of the time steps the maximum value of the
effective sound velocity cef f has been employed for each case. For instance, for the Fourier PSTD solver the time step was computed as
∆tP S = νP S /(∆xP S max(cef f (z))).
Results and analysis of the application case of the
hybrid method

In this section, the results of the calculations of the different scenarios
of the application case of the hybrid method are presented. Figure 3.18
presents snapshots of the sound pressure field in the scenario with the
scatterers for the no-wind case at times: a) 0.3 s, b) 1 s, c) 1.2 s and d)
1.4 s. The evolution of the sound propagation is visible in this figure,
where the action of the scatterers when the wave front hits them is clearly
shown in Figures 3.18b, 3.18c and 3.18d. Additionally, Figure 3.19 shows
the same time snapshot after 1.2 s of sound propagation, but in this case
for the different evaluated wind cases. As expected, the figure shows how,
for the case with no-wind (Figure 3.19a), the wave front has travelled a
shorter distance than for the cases with downwind conditions (Figures
3.19b, 3.19c and 3.19d).
An example of the recorded impulse responses is presented in 3.20 for
two of the evaluated wind cases at the 4 m height receiver: a) no-wind
Figure 3.20a and b) uw,x (z = 10m) = 10 m/s in Figure 3.20b. Each
graph presents the difference between the scenario with the scatterers
and the flat ground. The comparison of Figures 3.20a and 3.20b shows
the influence of the wind in the results.
The results of the comparison of the hybrid method with a FFP model
when solving some of the investigated scenarios are presented in Figure
3.21 for the flat scenarios and all the wind conditions investigated in this
section. Overall, the figure shows rather good agreement between the
methods. For the homogeneous atmosphere comparison shown in Figure
3.21a, the discrepancies are negligible, while for the wind cases are more
noticeable as the wind velocity is increased and at higher frequencies.
The spectrum of the sound pressure relative to the free field level Lp
[dB] is presented in Figure 3.22. Four graphs are shown in this figure,
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(a)

(b)

(c)

(d)

Figure 3.18: Snapshots of the hybrid model for the no-wind scenario of Lp
20 log10 (|p| / |pmax |) at times: a) 0.3 s, b) 1 s, c) 1.2 s and d) 1.4 s.
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(a)

(b)

(c)

(d)

Figure 3.19: Snapshots of the hybrid model for all the evaluated wind conditions of Lp =
20 log10 (|p| / |pmax |) at time 1.2 s. The figure shows the results for the scenarios: a) no-wind,
b) uw,x = 5.1 m/s, c) uw,x = 7 m/s and d) uw,x = 10 m/s at z = 10m.
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Figure 3.20: Impulse responses of the application case of the hybrid method for a) no-wind
condition and b) uw,x (z = 10m) = 10 m/s, for the 4 m above ground receiver. The black
lines represent flat ground scenarios and the red lines the cases when including the ground
scatterers.

each of them presenting a different wind scenario for the flat ground and
for the ground with the scatterers, and representing all the receiver positions. For the analysis of these results, it is important to indicate that
the receiver position at 2 m above the ground in the rough scenario does
not have direct line of sight with the source, when compared with the
other receivers. Figure 3.22a presents an almost constant frequency response for the flat scenario and for all the wind cases corresponding with
the well-known constructive interference that amounts +6 dB relative to
the free field level. For the flat ground scenarios in Figures 3.22b, 3.22c
and 3.22d, it is clear that the downwind refraction increases the levels,
at least in the first part of the spectrum, for all receiver positions. This
effect is in line with the results reported in Section 4.6.4. of (Salomons,
2001). The spectrum of the non-flat case is more complicated, due to
the complexity of the interference caused by the multiple reflection paths
with the scatterers. In general, the levels are lower than for the flat scenario, as expected from a noise mitigation measure. Moreover, for the
rough terrain case, the levels at higher frequencies of the 2 m receiver are
much lower than for the receivers at higher positions due to the indicated
non line of sight situation.
Finally, the insertion loss results are presented in Figure 3.23. The
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Figure 3.21: Comparison of the hybrid method with the FFP model for the flat scenarios.
The black lines represent results of the hybrid method and the red lines results when using
FFP. The three plots shown in each graph represent the receiver height above the ground at
2 m (solid line), 4 m (dash line) and 6 m (dotted line). The presented scenarios are: a) nowind, b) uw,x (z = 10m) = 5.1 m/s, c) uw,x (z = 10m) = 7 m/s and d) uw,x (z = 10m) = 10
m/s.
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Figure 3.22: Sound pressure level spectra of the application case of the hybrid method for
the different evaluated scenarios. The black lines represent the flat ground scenarios and
the red lines the cases when including the ground scatterers. The three plots shown in each
graph represent the receiver height above the ground at 2 m (solid line), 4 m (dash line)
and 6 m (dotted line). The presented scenarios are: a) no-wind, b) uw,x (z = 10m) = 5.1
m/s, c) uw,x (z = 10m) = 7 m/s and d) uw,x (z = 10m) = 10 m/s.
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results of IL are obtained by using Equation 3.23, where Lp,sc represents
the sound pressure level spectra of the case with the scatterers and Lp,f l
the flat ground sound pressure level results.
(3.23)

Therefore, positive values of IL represent a noise reduction when inserting the scatterers in the sound propagation path. The IL spectra
are presented for narrow frequency bands together with the 1/3 octave
bands results. Overall, Figure 3.23 shows a sound reduction for all the
evaluated wind conditions and recording positions. Only some discrete
frequencies present negative values of the IL for higher wind velocity
cases, but all the 1/3 octave bands present sound reduction when using
the rough terrain. As reported in (Van Renterghem et al., 2017), complex
sound interference effects such as the ones created by the scatterers, are
useful for sound reduction in a homogeneous atmosphere. The authors
reported that conclusion for mid to high-frequency ranges. In the case
presented in this chapter, the scatterers are reducing the sound levels
overall, in the whole investigated frequency range above 14 Hz; therefore, the conclusion in (Van Renterghem et al., 2017) can be extended to
low frequency for the investigated case. Additionally, higher downwind
velocities are favourable for noise reduction at frequencies below 100 Hz.
The situation gets more complicated at higher frequencies where the action of the wind conditions lead to more complex interference effects,
reducing the noise control reduction potential of the scatterers. As indicated in (Bosschaart et al., 2012), the design of the scatterers was done
for the octave frequency band of 31.5 Hz and they are effective in that
frequency range. For the static atmosphere, the IL in the 1/3 octave
frequency band of 31.5 Hz is equal 3.8, 4.7 and 5.7 dB for the receivers
at 2, 4 and 6 m, respectively. Clearly, the scatterers are more effective
at higher positions in this frequency band. This effect is less prominent
for the downwind cases. The maximum attenuation for the static atmosphere is achieved at the 2 m position at 200 Hz where IL = 23.5 dB,
while for the non-homogeneous atmosphere, the maximum reduction is
achieved at the 100 Hz 1/3 octave band where the value of IL reaches
28 dB at the position 2 meters above the ground for a wind velocity
uw,x (z = 10m) = 10 m/s. In general, it can be concluded that the insertion of the rough terrain investigated in this section is very effective in
the low frequency range and for different wind conditions.
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IL(f ) = Lp,f l (f ) − Lp,sc (f ).
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Figure 3.23: Insertion loss results of the application case of the hybrid method for the
different evaluated scenarios. The lines represent the narrow band frequency results and
the markers, the 1/3 octave band frequency results. The graphs shows the results for the
different receiver heights above the ground: a) 2 m, b) 4 m and c) 6 m. The results of
the different wind conditions are presented as: no-wind black lines and circles, uw,x (z =
10m) = 5.1 m/s blue broken line and squares, uw,x (z = 10m) = 7 m/s green dotted line and
diamonds, and uw,x (z = 10m) = 10 m/s red dash-dotted line and crosses.
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3.7

Conclusions

The methodology has been presented for one and two-dimensional
cases, where the computational domain is decomposed into Fourier PSTD
and DG subdomains with overlapping areas. The solutions of the LEE
are approximated in each subdomain by one of the numerical methods
and the results are exchanged in the overlapping area. The approach is
based on conformal meshes in the coupling zone to avoid spatial interpolation of the DG solutions. However, a spatial spectral interpolation
scheme is needed in the hybridisation process for the Fourier PSTD solutions in order to obtain the values at the internal nodes of the DG
elements. The coupling algorithm includes a Gaussian window function
to impose periodicity of the Fourier PSTD solutions. Hence, the hybrid
approach couples the solutions over a zone rather than at the interface
of the numerical methods. Therefore, the solvers can use local time stepping without transferring data at intermediate steps. Since, in this work,
the Courant numbers in DG are more restrictive than in Fourier PSTD,
the data update between the solvers is only done after ∆tP S time steps.
Finally, the method includes a low-pass filtering approach to minimise
numerical instabilities arising from the Fourier PSTD solver.
In general, the hybrid method has been shown to be a suitable tool
for computing sound propagation problems for domains with arbitrary
boundary shapes with a clear application for urban atmospheric sound
propagation problems. Additionally, the approach is a step towards the
implementation of arbitrarily shaped frequency dependent boundaries
in Fourier PSTD. Additionally, the novel hybrid methodology shows no
significant additional error when compared with a Fourier PSTD standalone solver when using a suitable selection of the main parameters.
In the high frequency range, the global error of the hybrid method is
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A novel numerical hybrid approach has been presented to solve the linearised Euler equations, coupling Fourier pseudospectral time domain
methodology with the nodal discontinuous Galerkin method. The aim
of the hybrid approach is to allow the computation of arbitrary boundary conditions and complex geometries, by using the benefits of the DG
methodology close to the boundaries while keeping the efficient Fourier
PSTD method in the bulk of the domain. The novel approach was developed mainly for atmospheric sound propagation in urban scenarios,
with DG near the ground surface and Fourier PSTD in the (moving and
inhomogeneous) propagation domain above it.
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generally dominated by the Gaussian window or by the Runge-Kutta
time scheme:
• The window error is, in general, responsible for the total error for
small windows (Nw = 30) down to 2.5 points per wavelength.
• For higher frequencies, around 2 points per wavelength, the aliasing
error and the influence of the filtering takes over the error.
• If a suitable window length and DG polynomial order are considered, the error is dominated by the time scheme.
In the low frequency range, the hybrid error is, in general, higher
than the stand-alone solver error; but in this frequency range, the errors
are already very low and therefore, of less relevance. Similar conclusions
can be drawn from the extension to two-dimensional problems. The
results show the influence of the size of the copy area in the hybrid error,
mainly around 2.5 points per wavelength. For this case, the precision of
the results can be improved by increasing the resolution of the cylinder,
since no curved elements have been used in this investigation. Moreover,
a long-time calculation using the hybrid methodology on a rectangular
domain with a scatterer has been carried out to identify possible latetime instabilities. The results show no sign of instability after 10 seconds
of sound propagation.
Wind effects have been incorporated in the hybrid model by using an
effective sound velocity. The comparison of the results for a flat ground
scenario with the results of the fast field programme (FFP) model for
different wind conditions shows good agreement.
For the application case solving an atmospheric sound propagation
problem, it can be concluded that the insertion of the investigated rough
terrain is a very effective noise mitigation measure in the low frequency
range and for different wind conditions. Overall, the results of the presented 1/3 octave frequency bands show a noise reduction for all the
evaluated wind conditions and recording positions. The IL ranges from
2.1 up to 28 dB corresponding with the 1/3 octave bands of 160 and 100
Hz, respectively, both values for the highest evaluated wind condition,
while for a static atmosphere the IL ranges from 4.3 dB at 31.5 Hz up
to 23.5 dB at 200 Hz 1/3 octave band.
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4.1

Obtaining diffusion coefficients for urban
applications

Abstract

The diffusion equation (DE) has proven to be a mature energy-based
method for room acoustics applications, but for the application to urban
scenarios the approach still lacks suitable diffusion coefficients. In this
chapter, a novel methodology for the calculation of the diffusion coefficients for urban applications, based on the solutions of a wave-based
(WB) method, is presented. The method locally computes the coefficients as the proportionality factor between the acoustic intensity and
the gradient of the sound energy density given by Fick’s first law of diffusion. The approach is tested for simplified two-dimensional scenarios,
representing a straight, long street and the perpendicular intersection
of two long streets. The proposed methodology is shown to be a valid
approach in areas where the sound field is smoothly decaying in a predominant direction, but the method fails when the gradient of the energy
density approaches zero. The investigation proves that the sound field
of the evaluated cases is described by a non-homogeneous diffusion coefficient and problematic areas of the spatial domain have been identified.
When comparing the results of the two-dimensional DE model with the
results of the WB method, it can be concluded that the discrepancies
are very reasonable for such a simple model, when problematic areas are
excluded from the analysis.

4.2

Introduction

The diffusion equation describes sound propagation by a diffusion process
of the sound energy. The method relies mainly on a single parameter Page 95
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the diffusion coefficient D - that requires further understanding for urban
environments. The hypothesis assumed in this chapter is that the sound
field can be approximated by a diffusion process in canyon-type street
configurations. For these cases, the diffusivity of sound energy has different properties in different directions and as a consequence, the diffusion
coefficient is not uniform (Picaut, Simon, & Hardy, 1999). Although
some authors have derived analytical expressions or methodologies to
estimate the coefficients for urban cases, for instance (Picaut, Simon, &
Hardy, 1999) and (Le Pollès et al., 2005), there is still a lack of knowledge regarding how the diffuse sound energy propagates in urban cases.
The main contribution of this chapter is to present a novel methodology to spatially compute the diffusion coefficient by using solutions of a
wave-based method for urban environments.
The background of the DE is presented in Section 4.3, reviewing the
contributions for room and urban acoustic problems. Section 4.4 presents
the principles of the diffusion equation for sound propagation with special
emphasis on the presentation of the non-homogeneous and directional
diffusion coefficient in Section 4.4.1. In this work, the computation of
the coefficients is done by using the sound pressure and acoustic velocity of the discontinuous Galerkin wave-based time domain method at a
large number of receivers; the approach is also valid for any numerical
method that allows the steady state acoustic intensity and sound energy
density to be computed at discrete positions of the domain under investigation. The coefficients are basically obtained using the ratio between
the acoustic intensity J and the gradient of the sound energy density ∇w
established by Fick’s first law of diffusion. The full methodology of obtaining the diffusion coefficient is detailed in Section 4.5. The numerical
implementation of the models used in this chapter are presented in Section 4.6 together with the post-processing and analysis of the solutions
of the WB model. The approach has been used in two simplified twodimensional scenarios, described in Section 4.7: a straight, long street
and an intersection of two perpendicular long streets. The solutions of
the diffusion coefficients for these scenarios are presented in Section 4.8.
Moreover, Section 4.8 presents the analysis of the sound field for the investigated cases and therefore, contributes to a better understanding of
the spatial distribution of the sound field in this type of environments.
In this direction, sound propagation in interconnected urban streets was
investigated by (Kang, 2001) with the aim of using boundary absorption
as a noise mitigation measure. In that investigation, Kang used a three
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dimensional radiosity model, assuming diffusely reflecting boundaries.
The analysis was focused on the sound pressure level spatial distribution
and the reverberation time, as a function of different absorption conditions, (multiple) source location and geometrical arrangements. The
possibility of comparing the results in (Kang, 2001) with the results of
the DE as employed in this thesis should be explored in future work.
Then, in Section 4.9, those coefficients have been used in the calculation
of the spatial sound energy distribution using the DE for the investigated
cases; the results are then compared with the reference solutions of the
WB model.

4.3

Background of the DE

The DE model is a statistical energy-based technique that ignores phase
information of wave propagation and relies on the concept of sound particles travelling along straight lines and carrying a certain amount of
energy, as described for instance in (Le Pollès et al., 2004). Therefore, it
is only applicable to the reverberant or late part of the acoustic transient
solution, where the effects of wave interference are averaged and sources
are not correlated. The model was initially proposed for room acoustics
problems by (Ollendorf, 1969) and more recently revisited by (Picaut et
al., 1997), based on the formulation derived by (Kuttruff, 1973); but it
can also be used to compute other environments such as street-canyons
where the reverberant energy is predominant. The DE is derived and
described in detail in Section 4.4.
4.3.1

The DE in room acoustics

As indicated, most of the original developments of the DE model for
sound propagation were proposed for room acoustics problems, as for
instance (Ollendorf, 1969) (Picaut et al., 1997). Since then, additional
work revolving around the DE for room acoustics has been presented
for specific cases such as the investigation by (Escolano et al., 2010),
where a geometrical acoustic approach is used to determine the number
of reflections necessary to obtain a similar solution from the DE model
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Additionally, in Chapter 5, a T-shape street configuration has been
investigated using the methodology presented here for comparison with
experimental results. It is not the aim of this investigation to study the
diffusion coefficient of the sound field for a large number of scenarios, but
to present the methodology used to obtain the coefficients, facilitating
the understanding of the acoustic field.
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in quasi-cubic rooms. There have also been investigations of the applicability of the DE to coupled spaces by (Xiang et al., 2009) and by (Billon
et al., 2006).
Of special interest for the present research is the work about the
applicability of the DE to long rooms by (Picaut, Simon, & Polack,
1999), where a non-uniform distribution of the absorption in the space is
investigated and the diffusion coefficients are derived from experiments,
and the work by (Visentin et al., 2012), where the local value of D is
investigated by using a particle-tracing model based on geometrical room
acoustics principles and a non-homogeneous or spatial varying diffusion
coefficient is obtained.
Visentin et al. (Visentin et al., 2012), (Visentin et al., 2015) introduced a formulation to investigate the diffusion process in long rooms
that served as inspiration for the research presented in this section of the
thesis. Mainly, they reviewed the validity of Fick’s first law of diffusion
(Tyrrell, 1964) for rooms and derived the diffusion coefficient based on
the ratio of the intensity and the spatial gradient of the energy density.
Fick’s law states that the flow of acoustic energy (sound intensity vector
J ) occurs from regions of high energy to areas of low energy concentration, with a proportionality relation between the acoustic intensity and
the sound energy density gradient (∇w) as described in Equation 4.1.
The proportionality factor in the equation is the diffusion coefficient D
[m2 s−1 ].
J = −D∇w.

(4.1)

For room acoustics problems with proportionally dimensioned enclosures, the diffusion coefficient is set to D = λc0 /3, where λ is the meanfree path, i.e. the statistical distance between two consecutive reflections,
defined as λ = 4V /S (with, V the room volume and S the total surface
area of the room boundaries), and c0 the sound velocity (Kuttruff, 2009).
A geometrical method was used in (Visentin et al., 2012) to model
the propagation of sound particles. The sound energy and the acoustic
intensity were evaluated at discrete positions of the domain. Additionally, some scale model experiments were performed that supported the
findings of the numerical results. The diffusion coefficient was found to
be non-homogeneous along the length (longer dimension) of the room,
at least for values of the absorption coefficient α ≥ 0.1. The rate of
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increase of D with the distance from the source was dependent on the
cross sectional area of the room and on the absorption coefficient.

4.3.2

The DE in urban acoustics

Overall, the DE model is likely to be very applicable to urban scenarios
when the environment resembles an indoor space, as in many built-up
districts in cities with narrow street canyons. This type of urban innercity scenarios are very complex and challenging (Hornikx, 2016) due,
for instance, to multiple sources and reflections, diversity of street and
intersection configurations, diffraction, lack of precise information about
the scattering and absorption coefficients of the façades and pavement,
etc. Greater understanding of these issues is still required. Nowadays, it
is clear that the (back-) scattering of sound by façade irregularities plays
an important role in the sound energy distribution in urban canyons.
These features of the diffuse reflections are included in the single term of
the DE, the diffusion coefficient D, hence the simplicity of the method.
Associated work to diffuse field-based methods for urban cases at
macroscale level can be found, for instance, in the investigation by Yeow
(Yeow, 1979) who used the information of the external reverberation
in urban built-up environments to formulate his theory. Essentially, he
treated the reverberation of built-up areas in cities like a limiting case
of the interior reverberation in rooms, based on the classical acoustical
approach for this type of space. The analysis of the sound field focused
on a statistical representation of the reverberation time and on the spaPage 99
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The latest main contribution to the diffusion model was the extension to include mixed reflections, i.e. a proportion of specular and diffuse
reflections (Foy et al., 2016). The work can be seen as a continuation
of the research presented in (Foy et al., 2009), where an empirical formulation was presented with the same purpose. The study presented in
2016 proposed a mathematical derivation of the diffusion model leading
to an analytical expression of the diffusion coefficient that is function of
the mean free path, the scattering coefficient and the absorption at the
domain boundaries. However, the model is limited to a homogeneous
diffusion coefficient and the authors proposed as further work a local
definition of the mean free path to include the inhomogeneous character
of the diffusion process in long spaces. The investigation showed good
agreement with a geometrical model when using an uniform scattering
and low absorption coefficient (α = 0.01). However, for higher absorption values (α = 0.1) the authors reported only a moderate agreement.
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tial distribution of sound pressure from a single source. The model was
based on an averaged absorption coefficient of the boundaries of the
space, assuming complete absorption of an imaginary enclosing box containing the urban space and a diffuse field mean free path. The results
were compared with experiments. Difficulties were reported regarding
the ideal assumptions of the method that needed further attention. Another associated investigation to urban environments was presented by
Bullen (Bullen, 1979), who surveyed urban areas using different geometrical techniques, based on the propagation of sound particles, referred as
phonons, and the probability of a phonon to disappear accounting for
the absorption. Bullen investigated the precision of the state-of-the-art
geometrical modelling strategies using different amounts of information
from the environment and concluded that sufficiently accurate results
may be obtained with comparatively little information. Mainly, the mean
free path length between buildings, the absorption coefficient and if the
receiver was located in the sight of the source or not. Additional investigations to compute sound propagation in urban areas when using diffuse
field-based methods can be found, for instance, in the investigation by
(Kuttruff, 1982) where a description of a technique for rough estimation
of community noise levels from traffic flows at a macroscale level was
presented. The technique was based on the propagation of incoherent
sound particles as a diffuse process and sound propagation is shown as
a multiple scattering process. The approach did predict average values in a certain urban configuration, based on a two-dimensional plane
loosely filled with buildings differing in size, shape and orientation. The
simplified model took into account the density of buildings in the area
under investigation, the approximate mean free path and the absorption
probability of sound, but did not include, for instance, diffraction. The
results showed only trends of sound distribution as it propagates away
from the source and were compared with Monte Carlo results. A similar
approach was presented in the same period by Leschnik, W. (Leschnik,
1980), where buildings were treated as scattering objects. In this case
the results were compared with an urban scale model and with measurements in urban areas and forests. The author claimed a good agreement
of the results for such a simplified methodology. More recently, Walerian and Janczur (Walerian & Janczur, 1994) compared three models by
Kurze (Kurze, 1985), Kuttruff (Kuttruff, 1982) and Yeow (Yeow, 1979),
when computing noise propagation in a segment of a built-up area presenting results for the sound excess attenuation. The conclusions of the
Page 100

4

Obtaining diffusion coefficients for urban applications

A milestone in the field researching the DE for sound propagation is
the presentation of the paper “A Mathematical Model of Diffuse Sound
Field Based on a Diffusion Equation” (Picaut et al., 1997), where the
concept of an ideal diffuse sound field was extended by using the DE
model (see Section 4.4). Much subsequent research was based on this
paper and the same authors have presented extended work on applying
the DE to urban scenarios1 . In the paper (Picaut, Simon, & Hardy,
1999), Picaut et al. adapted the diffusion equation for urban scenarios,
solving a rectangular street with the orthogonal principal axes of the
Cartesian coordinate system, parallel to the geometry of the street. This
can be considered the first main effort to estimate D for urban scenarios.
In contrast to the classical formulation for rooms, the diffusion coefficient
is not uniform in streets and depends on the direction of propagation.
They claimed one of the reasons for this, was that in these streets, the
scattering by the building façades and the pavement is normally not
uniform; while additionally, there is no reflection at the ends and at the
top of the street. Consequently, the expression for D based on the meanfree path for room acoustics has no meaning in urban environments.
Therefore, the diffusion coefficient was, for first time, defined as a set of
directional parameters 4.2 in Cartesian coordinates for the rectangular
street:




Dx 0
0
D =  0 Dy 0  .
0
0 Dz

(4.2)

Picaut et al. presented the following assumption for the streets coef1 In (Picaut et al., 1997), the authors presented the derivation of the DE model for room acoustics
problems, but they gave solutions for one-dimensional rectangular enclosures, including an infinitelong room solution, which is equivalent to a urban case.
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investigation indicated that these diffuse-field based models can only be
used as a rough sound field estimation; this is mainly because of the
model assumptions and simplifications, and the different methodologies
when estimating the main model parameters. These are primarily, the
mean free path and one attenuation factor. Essentially, for each urban
configuration, these parameters needed to be determined experimentally.
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ficients, where lx , ly , lz , represent the rectangular street dimensions:
Dy
Dz
Dx
=
=
= D,
lx
ly
lz

(4.3)

where D is referred as the diffusion parameter in [m s−1 ]. Equation 4.3
showed good agreement with experimental data in (Picaut, Simon, &
Hardy, 1999), but has not been theoretically justified. The coefficients
were estimated using an empirical law based on experimental results and
the presented predicted solutions of reverberation time and sound attenuation were in accordance with scale model experiments. They claimed
that the main limitation of the method was the lack of knowledge about
the correlation of the diffusion parameter D with factors as frequency,
size and disposition of the façade irregularities.
In the same year, the paper (Picaut, Hardy, & Simon, 1999) presented
a numerical simulation of sound propagation in urban areas with a periodic disposition of buildings based on a geometrical acoustics model to
prove that noise propagation follows a diffusion process in such environments. The work was a step towards more realistic modelling of sound
propagation in cities with the diffusion equation by proposing a modified
DE2 depending on two main parameters: a coefficient accounting for the
air attenuation and boundary absorption and the diffusion coefficient, in
this case depending on the geometrical disposition of buildings and the
frequency and roughness of the walls. The work presented a derivation
for the diffusion coefficient specifically for the investigated problem from
the statistical study of the propagation of sound rays using a geometrical
method. The goal was not to find an exact value of the coefficient, but to
prove the adequacy of the modified DE to compute sound propagation in
urban areas. Once more, the main difficulty reported was to determine
a general expression for the diffusion coefficient which includes different
possible urban configurations and reflection laws3 .
As a continuation of the work in (Picaut, Simon, & Hardy, 1999), the
paper (Picaut, 2002) kept exploring the idea of a set of frequency dependent diffusion coefficients for modelling an urban sound field with the
2 This modified DE was not implemented in (Picaut, Hardy, & Simon, 1999), nor in later ones to
the author knowledge.
3 In this work, reflection laws refers to the way an incident wave changes direction when meeting
another media and is reflected back to the media where was originated. The reflection law can vary
from a specular type of reflection to a scattered reflection in all directions.
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Some years later, two consecutive works were presented regarding
the application of the diffusion equation to rectangular street canyons
(Le Pollès et al., 2004) (Le Pollès et al., 2005). In these papers, the
authors presented a general formulation based on the transport theory
to model the propagation of sound particles and proved that for this
type of street the formulation can be reduced to the diffusion equation.
They presented expressions for two and three-dimensional single-valued
diffusion coefficients, only dependent on the street size, the ratio specular/diffuse reflections and the reflection law of the façades. They used
the approach to derive an analytical model for diffuse sound propagation
in street canyons for Lambert’s law of surface reflections and other laws
going from uniform diffusion to a concentrated beam around the normal
of the façade. However, the model did not include sound absorption at
the boundaries. The results are compared with experiments in a real
street and with numerical solutions of sound particles propagation in a
street canyon. In these studies, the ratio of specular to diffuse reflection,
so-called accommodation parameter (between 0 non-specular, and 1 totally specular reflection), is used for tuning the diffusion coefficient. The
results showed a good agreement between the model and the numerical
simulations, especially for narrow streets and when the reflection laws of
the façades were not completely specular.
More recently, a paper for the calculation of complex urban scenarios based on an energy-based method was presented by Pasareanu et al.
(Pasareanu et al., 2012). The main formulation used in this investigation was based on the work by Picaut et al. The aim of the research
was to extend the used of the DE to larger urban applications. The
DE was implemented using a finite differences time domain technique to
solve a simplified urban environment, based on equally spaced buildings
and a more realistic scenario based on an army training facility. The
diffusion coefficient was calculated based on (Le Pollès et al., 2005), but
at each point of the grid a different value was computed, depending on
the geometrical parameters (mainly the distance to the closest boundaries in each direction). Therefore, this work brings back the idea of a
non-homogeneous diffusion coefficient within the numerical domain. The
results from the DE are compared with the solutions of a geometrical
technique (ray tracing model) and a wave-based method (FDTD). They
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DE. The main parameters of influence were reported as the reflection law
of building façades, the building size and the direction of propagation.
The main conclusion was that D could only be found by experiments.
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noticed that the diffusion coefficient was not accurate in the z -dimension
(height of buildings) and confirmed that the DE does not include edge
diffraction, which was very noticeable at the street intersections when
compared with the results of the wave-based method.
After exploring the key papers related to diffuse field-based methods,
it is clear that the diffusion equation is an attractive tool for cases where
the sound field resembles an indoor space, as for instance in inner city
environments. The method is pretty mature for room acoustics problems
and very simple, since it relies mainly on a single diffusion coefficient.
However, it requires further understanding for urban environments. As
already mentioned, the hypothesis assumed in this research is that the
sound field can be approximated by a diffusion process in canyon-type
street configurations. In room acoustics problems, the diffusion coefficient is typically assumed to be a constant term when the walls are uniformly diffusing the sound energy and the formulation is already proven
to be valid. In contrast, for urban scenarios the diffusivity of sound
energy is directional and non-uniform (Picaut, Simon, & Hardy, 1999).
Therefore, the sound field in urban streets must be described by a nonuniform D, similar to the findings in (Visentin et al., 2012) for long
rooms. Although some authors have derived analytical expressions or
methodologies to estimate the coefficients for urban cases, for instance
(Picaut, Simon, & Hardy, 1999) and (Le Pollès et al., 2005), there is still
a lack of knowledge regarding the correlation between the geometrical
features and disposition of the streets and how the diffuse sound energy
propagates in urban cases. The present investigation aims to enlighten
some of these aspects.

4.4

Principles of the acoustic diffusion equation

The equations describing diffusion processes are known as Fick’s laws,
honouring Adolf Fick who presented the original work in 1855 describing
the diffusion of a salt-water system (Fick, 1855). That investigation introduced the concept of the diffusion coefficient. Fick’s first law, adapted
to a diffuse sound energy field, has already been shown in Section 4.3
using vector notation (Equation 4.1) for a three-dimensional system. As
previously indicated, this equation presents the diffusion coefficient D
as the proportionality factor between J and ∇w. Fick’s second law
- or more popularly the diffusion equation - is obtained by combining
Fick’s first law and a continuity equation (Equation 4.4 introduced below) (Mehrer, 2007). In this section, the diffusion equation is derived
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following (Picaut et al., 1997).

The formulation in (Picaut et al., 1997) and followed in this section
is based on a particle collision theory, i.e. a number of sound particles
are propagating in straight lines with a velocity c0 , carrying the same
amount of energy, until they find a scattering surface in their trajectory.
Then, the energy of the particle is reduced proportionally to the absorption coefficient of the surface and the particle’s trajectory changes
direction according to a reflection law. The diffusion equation is only
valid if the density of the scatterers is high enough. Furthermore, the
interaction between particles is neglected. Under these circumstances,
the propagation of sound particles can be assimilated to the dynamics
of particles in a gas, and the local sound energy density described as the
density of particles at a certain receiving position.
Interaction between sound particles and objects is characterised by
the so-called scattering cross-section Qsc and the density of scatterers nsc .
In a three-dimensional space, the scattering objects are commonly repre2
, with a total
sented by spheres with surface areas that equal ssc = 4πRsc
2
cross section Qsc = πRsc . Furthermore, when a particle hits a scattering
object, it is scattered with a probability proportional to (1 − α) and absorbed with a probability α, where α is the average absorption coefficient
of the scattering object. Therefore, the total scattering cross-section can
be divided into two separate terms: Qsc = Qs + Qa ≡ Qsc (1 − α) + Qsc α,
corresponding with the scattered and absorbed part, respectively.
At any instant t, a sound particle is defined by its position r and
velocity c, with kck = c0 . Moreover, the distribution of particles is described by the density function f (r, c, t), and the equation of continuity
4.4 holds for this problem. Since this density function is also modified
by collisions between particles and objects, the scattering terms are included in the equation of continuity, obtaining Equation 4.5, originally
derived by Morse and Feshbach (Morse & Feshbach, 1953), where the
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The concept of an ideal diffuse sound field in a space is characterised
by an equal energy density throughout the space and an equal energy
flow in all directions, i.e. no net energy flow. A natural extension of the
concept of the ideal diffuse sound field was presented by Picaut et al.
(Picaut et al., 1997) for room acoustics applications, introducing sound
absorption at the boundaries and, as a consequence, the possibility of a
non-uniform sound energy density field and a net flow of energy within
the domain.
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element in the velocity space dVv is used and assumes that some particles vanish from (second term on the right) and some other are scattered
into the element (third term on the right) due to collisions. Additionally,
in Equation 4.5, it is assumed that the magnitude of the velocity of the
particles does not change and the particles are scattered with the same
probability in all directions after the collisions.
∂
f (r, c, t) ≈ −c∇f (r, c, t),
∂t

(4.4)

∂
f (r, c, t) = − c∇f (r, c, t)
∂t
− nsc c0 (Qs + Qa )
ZZZ
nsc Qs c0
+
f (r, c0 , t)dVv0 .
4π

(4.5)

By integrating the density function over the velocity space, as in Equation 4.6, the energy density w(r, t) [kg m−1 s−2 ] is obtained, representing
the number of sound particles per unit volume or the energy content of
a sound wave per unit volume, and equally, the energy flow or acoustic
intensity J (r, t) [kg s−3 ] is defined in Equation 4.7. The transport of
the sound energy is characterised by the acoustic intensity, which it is a
vector pointing in the direction of sound propagation.
ZZZ
w(r, t) =

f (r, c, t)dVv ,

(4.6)

cf (r, c, t)dVv .

(4.7)

ZZZ
J (r, t) =

Assuming that the acoustic intensity J (r, t) is small, the density function is replaced by its first order approximation of the expansion in powers of c (Equation 4.8):
f (r, c, t) ≈

1
3
w(r, t) +
c · J (r, t),
4π
4πc20

(4.8)

and Equation 4.5 becomes 4.9. Equation 4.9 can be splitted into two
equations by considering which terms change sign from the terms that
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do not, when the direction of the velocity is reversed. Equation 4.10
includes the terms changing sign and neglects the ∂J /∂t term (the rate
of change of J was assumed to be small). Equation 4.11 refers to the
terms not changing sign. Equation 4.10 is equivalent to Fick’s first law
and introduces a homogeneous diffusion coefficient in the derivation as
D = c0 /3Qsc nsc .
∂
3 ∂
3
w(r, t) + 2 c J (r, t) ≈ − c∇w(r, t) − 2 c · ∇(c · J (r, t))
∂t
c0 ∂t
c0
3
− Qa nsc c0 w(r, t) − Qsc nsc c · J (r, t),
c0
(4.9)
c0
∇w(r, t),
3Qsc nsc

3
∂
w(r, t) ≈ − 2 c · ∇(c · J (r, t)) − Qa nsc c0 w(r, t).
∂t
c0

(4.10)

(4.11)

The final step towards obtaining the diffusion equation consists of
replacing the energy flow expression given in Equation 4.10 in Equation
4.11 and averaging over all velocity directions. The diffusion equation,
including the diffusion coefficient D, is finally defined in Equation 4.12.
The absorption by the domain surfaces is included in σ [s−1 ], which
represents the probability rate of a sound particle to be absorbed during
one second.
∂
w(r, t) ≈ D∇2 w(r, t) − σw(r, t).
∂t

(4.12)

Recalling now the concept of an ideal diffuse field, Equation 4.8 reduces to 4.13:
f (r, c, t) ≈

1
w(t),
4π

(4.13)

meaning that the density function is the same in every location and
direction of the domain. Therefore, by taking the next term in the
expansion in powers of c, as done in Equation 4.8, the concept of the ideal
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diffuse sound field is extended, allowing for non-uniform sound energy
and a mean energy flow in the field. For the extension to be valid, the
variations of w(r, t) and J (r, t) per mean free path must however be
small.
4.4.1

The diffusion coefficient in urban scenarios

The diffusion coefficient is defined for room acoustics problems by Valeau
et al. in (Valeau et al., 2006) as a term of the diffusion equation that
takes into account the room morphology through the mean free path λ
[m]. This classical definition corresponds with the theoretical derivations
presented in the previous section for rooms of proportionate dimensions,
where D takes a constant value depending on the geometrical properties
of the space as D = λc0 /3, where λ is defined for these spaces as λ =
1/Qsc nsc = 4V /S.
However, when the space is more complex, as for instance in a long
room or in a canyon-type street, the diffusion coefficient is not as simple.
As previously indicated, in 2012, Visentin et al. (Visentin et al., 2012)
carried out an investigation to study the validity of Fick’s law of diffusion
in room acoustics from a numerical evaluation of the gradient Equation
4.10. One of the main conclusions of the study was that D = λc0 /3,
is only valid in areas close to the source in long rooms, while linearly
increasing with distance from the source. Therefore, they proved that
the sound field in long rooms is described by non-homogeneous diffusion,
i.e., with a spatially varying diffusion coefficient, at least for values of
the absorption coefficient α ≥ 0.1.
In this type of space, where one dimension is much bigger than the
others, the mean free path is not homogeneous and spatially depends
on the location of the source and receiver. In receiver areas close to the
source in an infinite long room, the distance between successive reflections is shorter (limited by the distance between parallel surfaces when
the sound particles travel as a standing wave in the corridor), than in
areas far from the excitation, where the sound particles have on average
a larger angle with respect to the source. As already mentioned, Foy
et al. (Foy et al., 2016) proposed further research for a local definition
of the mean free path to properly interpret the non-homogeneous character of the diffusion process in long spaces. In this sense, a similar
study as (Sumarac-Pavlovic & Mijic, 2007) about the influence of the
shape of rooms on their acoustic response, based on the free path length
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distribution4 , is probably missing for urban acoustics applications.



Dx (r)
0
0
Dy (r)
0 .
D(r) =  0
0
0
Dz (r)

(4.14)

In order to derive the DE including D(r), let the dimensions of a
rectangular long street be lx , ly and lz , where the longest dimension
corresponds to lx and lx >> [ly , lz ], as the geometry presented in Figure
4.1. The pavement and the building façades areas are defined in m2 as
Sp = lx ly and Sf = lx lz , respectively, while the openings of the street
are defined as Sos = ly lz for the side openings and Sot = lx ly for the top
opening. Let, the volume of the street be V m3 with a total surface area
S m2 .
Following the derivation in (Picaut, Simon, & Hardy, 1999), based
on the energy conservation principle, the energy flow through S to the
inside volume is opposite to the variation of sound energy by unit time
in the street; this is presented in Equation 4.15 and further simplified
in Equation 4.16, when no internal sound source is present and with n
4 The mean free path is defined as the mean value of the statistical distribution of the free path
lengths.
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The hypothesis assumed in this research is that the sound field can be
approximated by a diffusion process in canyon-type streets configurations
by using the DE model as presented in Equation 4.12 without fundamental modifications. In this type of street, the diffusivity of sound energy
has different properties in different directions and, as a consequence,
the diffusion coefficient is not uniform and depends on the direction of
propagation (Picaut, Simon, & Hardy, 1999). Additionally, as already
mentioned, the diffusion process of sound energy in spaces where one
dimension is greater than the others was found to be non-homogeneous
along that dimension (Visentin et al., 2012). Therefore, Equation 4.12
needs some modifications to include a directional spatially dependent
diffusion coefficient, as presented in Equation 4.14 for three-dimensional
rectangular streets in Cartesian coordinates.
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Figure 4.1: Geometry of a rectangular street with dimensions lx , ly , lz .

being normal to the boundaries.

ZZZ

ZZ
n · J (r, t)dS =

V

S

∂
∇ · J (r, t)dV = −
∂t

ZZZ
w(r, t)dV,
V

(4.15)
ZZZ 
V


∂w(r, t)
+ ∇ · J (r, t) dV = 0.
∂t

(4.16)

Additionally, the diffusion gradient Equation 4.10, assuming the diffusion coefficients given in 4.14, is transformed to Equation 4.17.
J (r, t) = −D(r)∇w(r, t).

(4.17)

Combining Equations 4.16 and 4.17, the DE is obtained for nonhomogeneous directional coefficients, as presented in Equation 4.185 .
The sound energy field is found by solving Equation 4.18 with a set of
initial and boundary conditions. The equation is valid for homogeneous
5 In

this derivation, the spatial variations of D(r) are assumed to be small.
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and non-homogeneous coefficients.
∂
w(r, t) = D(r)∇2 w(r, t).
∂t

Method for obtaining diffusion coefficients for
urban applications

In this section, a methodology for obtaining directional and spatially
non-homogeneous frequency dependent diffusion coefficients D(r) based
on the numerical evaluation of Equation 4.19 for simplified urban scenarios is presented. The methodology begins from the frequency domain J (f )6 and ∇w(f )7 , calculated from solutions of a full wave-based
method at a large number of equally-spaced discrete locations in the domain under investigation. The method is detailed for two-dimensional
rectangular cases (or a combination of rectangular cases as for a cross
street scenario). The approach is based on solving Equation 4.19 by
evaluating the ratio between the frequency solutions of the steady state
components of J and the corresponding energy density gradients ∇w.
" #
Jx
Jy

"
=−

Dx

0

0

Dy

#"
#
∇x w
∇y w

.

(4.19)

One assumption in the derivation of the diffusion Equation 4.12 shown
in Section 4.4 is that the variations per mean free path of w, J , and thus
D, must be small. However, the solutions of a full wave-based method,
as proposed here, implicitly include the interference effects due to the
wave nature of sound propagation and therefore, the results are not as
smooth as the diffusion equation would demand. In order to reduce
this effect, calculating the energy density and the intensity in broader
frequency bands, as indicated in Section 4.5.1, contributes to smoothing
the results, as well as the local spatial averaging performed according
to Section 4.5.2. After the calculation and local averaging, the sound
energy density gradient is computed as presented in Section 4.5.3. In
Section 4.5.4, the gradient and the acoustic intensity are then averaged
over the narrow dimension of the street. Before obtaining the diffusion
6 Only

the active part of the intensity is used in the calculations.
otherwise indicated, the reference to the frequency domain in the solutions has been
omitted for subsequent references to this quantities, i.e. J(f ) = J and ∇w(f ) = ∇w.
7 Unless
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coefficients, a smoothing process over the acoustics intensity and sound
energy density is applied according to Section 4.5.5. Finally, the diffusion
coefficients are obtained according to Section 4.5.6. A block diagram of
the whole process is included in Section 4.5.7.
4.5.1

Broad band frequency calculation

The energy density and the active part of the acoustic intensity, indicated
generically in Equation 4.20 by Ψ(r, f ), are calculated for a broad frequency band fbb by a summation of the results from the lowest frequency
of interest fl to the highest fu , as indicated in Equation 4.20.

Ψ(r, fbb ) =

fu
X

Ψ(r, f ).

(4.20)

f =fl

4.5.2

Receivers and local spatial averaging process

A large number of discrete locations r in the spatial domain is needed in
order to obtain a meaningful representation of the sound field to get the
diffusion coefficients. The total number of receivers in the whole domain
is Nr and the distance between receivers is denoted as ∆r [m] for every
Cartesian dimension. ∆r is chosen to be constant everywhere in the
domain for the ease of the averaging process and the later calculation of
the spatial energy gradient. It is reasonable to think that the distance
between recording positions and therefore, the total number of receivers
has an influence in the final results of D depending on the frequency
range of interest. In Section 4.9.4, the results of the diffusion coefficients
for a case where the number of receivers has been reduced is presented
together with the case of using all the receivers positions in the calculation. This evaluation proves if enough receivers have been used in the
experiments presented in this chapter.
The spatial average of the broadband w and J are computed at a
number of equally spaced recording positions in each Cartesian direction
nr . They are arithmetically averaged and the result is assigned to the
central position. The total number of averaged positions is nr = n2r . As
an example, Figure 4.2 shows the details of the recorded and averaged
positions of one scenario for nr = 5. Therefore, the total number of
evaluation positions Nr is reduced to Nr = bNr /nr c, and the distance
between positions is now ∆r. The averaged frequency solutions are referred as Jx (r), Jy (r) and w(r) for a certain frequency range. In Section
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4.9.4, a comparison of the diffusion coefficients and the sound pressure
results when using those coefficients in the DE for different values of nr
is presented.

3
Recorded position
Averaged position
Source

10

2.8
2.6

8
6

y [m]

y [m]

2.4

4

2.2
2
1.8
1.6

2

1.4
1.2

0
2

4

1.2 1.4 1.6 1.8

6

2

2.2

x [m]

x [m]

(a) Detail of the positions in a two- (b) Closer look into the averaging prodimensional domain
cedure

Figure 4.2: Detail of the spatial averaging procedure: a) Recording and average positions
at the left most side of one horizontal street, including a source position (green circle), and
b) closer look into the domain for nr = 5 and nr = 25.

4.5.3

Energy density gradient calculation

The next step is to compute the energy density gradient over the whole
domain by using central differences for interior data points, while using
single-sided differences along the edges of the domain. The following
notation is used for the spatial discretisation of the energy density in the
two-dimensional domain: wi,j = w(i∆r, j∆r). The gradient calculation
is described in the following Equations 4.21 for interior data points and
4.22 for the positions located at the edges:

wi+1,j − wi−1,j
,
2∆r
wi,j+1 − wi,j−1
≈
,
2∆r

∇x wi,j ≈
∇y wi,j
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w2,j − w1,j
,
∆r
wNx ,j − wNx −1,j
≈
,
∆r
wi,2 − wi,1
≈
,
∆r
wi,Ny − wi,Ny −1
≈
,
∆r

∇x w1,j ≈
∇x wNx ,j
∇y wi,1
∇y wi,Ny

(4.22)

where Nx and Ny are the total number of averaged points in the x - and
y-direction, respectively.
4.5.4

Averaging from 2D to 1D solutions

Since the streets considered in this approach are rather narrow, a second spatial averaging process is performed over the results Jx (r), Jy (r),
∇x w(r) and ∇y w(r). Essentially, the two-dimensional solutions are
transformed into a set of one-dimensional results for each Cartesian dimension by spatially averaging the results over the other direction. In
this approach, it is assumed that the solutions are constant along the
narrower dimension of the street. When one of the results is expressed,
for instance, by Jx (r x ), it means that the values have been averaged and
only spatial values along the x -dimension remain, i.e. the values in the
y-direction have been averaged.
4.5.5

Smoothing process over the sound energy density and
the acoustic intensity

Despite the spatial averaging process and the calculation of solutions
in a broad frequency band, the results still present strong variations
within the spatial domain. In order to reduce these local variations,
a moving averaged process is applied to the solutions obtained in the
previous Section 4.5.4, that is equivalent to low-pass filtering the data.
The response of the smoothing process is given by the Equation 4.23
for a generic solution ψx (r x ). The filter smooths the data by replacing
each data point with the average of the neighbouring data points defined
within a certain span defined as nspan = 2Nsm + 1.

ψx,sm (i) =

1
(2Nsm + 1)

[ψx (i + Nsm ) + ψx (i + Nsm − 1) + . . .
· · · + ψx (i − Nsm )],
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where ψx,sm (i) is the smoothed value for the ith data point and Nsm
is the number of data points at each side of point i. The span must
be an odd integer number. Moreover, the end points of the function
are not smoothed. Finally, the span is adjusted for data points that
cannot accommodate the specified number of neighbours on either side
by reducing the number of points.
4.5.6

Calculation of the diffusion coefficient

4.5.7

Dx (r x ) = −

Jx (r x )
,
∇x W (r x )

(4.24)

Dy (r y ) = −

Jy (r y )
.
∇y W (r y )

(4.25)

Block diagram of the method

The process is summarised in the block diagram presented in Figure 4.3.

4.6

Numerical models

The numerical methodologies and the post-processing techniques employed in this chapter are described in the subsequent sections. The first
method, the time domain discontinuous Galerkin method, has already
been described in Chapter 2 and therefore, only a brief introduction
of the method and the implementation used in this chapter is given in
Section 4.6.1. Moreover, the post-processing of the time domain DG
solutions, pressure p(r, t) and velocity vector v(r, t) = [vx (r, t), vy (r, t)],
to obtain the frequency domain acoustic intensity and energy density,
is described in Sections 4.6.2 and 4.6.3. The second methodology is
the diffusion equation and in Section 4.6.4 the details of its numerical
implementation are presented.
4.6.1

Nodal discontinuous Galerkin time domain method

The nodal DG method is used for solving the linearised Euler equations
as presented in Equation 2.3. Discontinuous Galerkin methods are based
on local polynomial approximations of degree NDG as presented in detail
in Section 2.3.2. The computational domain ΩDG is divided into a set of
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The diffusion coefficients are finally computed at the averaged positions,
for the frequency range of interest, using Equations 4.24 and 4.25.
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From WB model
w(r, f ), J (r, f )

Broadband values [fl , fu ]
w(r, fbb ), J (r, fbb )

Local spatial average
w(r, fbb ), J (r, fbb )

Gradient calculation ∇w(r, fbb )

Average 2D to 1D
∇w(r r , fbb ), J (r r , fbb )

Smoothing process

Diffusion coefficients Dx (r x , fbb ),
Dy (r y , fbb )
Figure 4.3: Block diagram of the method for obtaining diffusion coefficient for urban applications.

KDG non-overlapping conforming elements. The method approximates
the variables by a linear combination of locally defined basis functions in
each element and uses the so-called numerical flux at the element interfaces ∂Dk . Additionally, the numerical flux allows to prescribe physical
boundary conditions where ∂Dk is a physical boundary of ΩDG . The
number of base functions Np is determined by the selected polynomial
order NDG and the dimensionality of the problem d. For simplex elements of the type triangles, as used in this work, the number of local
basis functions, equivalent to the number of nodes in each element, can
be computed as in Equation 2.9. The numerical implementation of the
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DG methodology is based on the quadrature-free approach introduced
by Atkins and Shu (H. L. Atkins & Shu, 1998) and follows the algorithms for the nodal approach presented by Hesthaven and Warburton
(Hesthaven & Warburton, 2008). The common numerical upwind flux
was employed for the calculations in this section. Finally, an explicit
Runge-Kutta time integration scheme to compute the time derivatives
of the LEE was utilised. The DG models were discretised in time using the optimised forth-order eight-stage Runge-Kutta scheme, referred
to as RKF84 as derived by Toulorge and Desmet (Toulorge & Desmet,
2012). The calculation of ∆tDG follows the indications described in Section 2.4.2.
Time domain solutions from DG

The impulse responses (IRs) of the acoustic solutions of DG are recorded
at equally spaced multiple locations r in the domain. These solutions
represent the steady state condition when transformed to the frequency
domain. The source and receivers locations in a two-dimensional coordinate system are indicated as rs = [xs , ys ] and rnr = [xnr , ynr ], respectively. The total number of recorded time steps is denoted by Nt with
indexes nt = (1, 2, . . . , Nt ) and the time step is computed depending on
the maximum frequency of interest fmax according to ∆t < 1/(2.5fmax )
[s]. The end of the time signals is tapered by a single-sided Gaussian window with a length ≈ 6 ms to avoid Gibbs phenomenon. As by definition,
the diffusion equation does not include the coherent part of the sound
field8 , the beginning of the IRs is tapered by windowing the first part
of the IRs. The length of the window depends on how fast the coherent
part of the sound field is reduced after several reflections, i.e. it depends
on the diffusion coefficient of the boundaries. In the present work, a
quadratic residue diffuser (QRD) has been employed in the boundaries
of the domains to obtain a high scattering and diffusion coefficient at frequencies above 500 Hz. When properly designed, the QRDs are known
for presenting high values of these coefficients (Cox et al., 2006). The
details of the QRD are presented in Section 4.7. The window length
is constructed by computing the number of time steps (n1a ) the direct
sound takes to arrive to every receiver location in the case of receivers
located in the line-of-sight from the source. The cases where the receiver
location is not in the line-of sight from the source, the number of time
8 In the present work, the extension presented by Foy et al. (Foy et al., 2016) for including
scattering within the room acoustics diffusion model has not been implemented.
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steps until the first arrival (n1a ) has been computed from the distance
between the source and the closest diffracted corner, plus the distance
from that corner to the receiver position. Both cases are computed using
Equations 4.26. The location of the closest diffracted corner is referred
as rc = [xc , yc ].




q
1
2
2
n1a =
|xs − xr | + |ys − yr | , line-of-sight,
c0 ∆t

q
1
n1a =
|xs − xc |2 + |ys − yc |2
c0 ∆t

q
2
2
+ |xc − xr | + |yc − yr |
, non-line-of-sight.

(4.26)

The windowing function Γw is constructed with zeros until t1a , followed by a single-side exponential function with Nw time steps (tw =
Nw ∆t [s]) and nw = (0, 1, . . . , Nw − 1), and ones until Nt , as indicated in
Equation 4.27. The value of αw determines the value of the exponential
part of the window at its end points and βw controls the spectral content
(Hornikx et al., 2012). The length of the exponential window Nw is fixed
in this work to remove the direct sound and assuming that all reflections
are non-coherent for frequencies above 500 Hz, according to the design
of the QRD.



 0
Γw =
e−αw log(10)


1

for 1 ≤ nt ≤ n1a ,
nt −Nw
Nw

2βw

for n1a < nt ≤ n1a + Nw ,
for n1a + Nw < nt ≤ Nt .

(4.27)

Figure 4.4 shows an example of the early part of one IR computed by
DG before and after removing the direct sound or first arrival.
4.6.3

Post-processing and analysis in the frequency domain

The time domain solutions are now transformed to the frequency domain by using Equations 4.28, where F is a forward Fourier transform.
These solutions represent the steady state of the governing Equations
2.3 solved for the evaluated geometrical domain including boundary and
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Figure 4.4: Example of the early part of one IR before and after removing the direct sound
or first arrival using Nw = 20.

initial conditions for the selected source and receiver positions.
P (r, f ) = F(p(r, t)),
Vx (r, f ) = F(vx (r, t)),
Vy (r, f ) = F(vy (r, t)).

(4.28)

As an example, the frequency spectrum of a pressure solution at one
position in a two-dimensional urban canyon is presented in Figure 4.5,
before and after removing the direct sound or first arrivals. From the
transformed variables, the acoustic intensity components (Equation 4.29)
and the sound energy density (Equation 4.30) are calculated (Kuttruff,
2007).
1
Jx (r, f ) = <(P (r, f )Vx (r, f )∗ ),
2
1
Jy (r, f ) = <(P (r, f )Vy (r, f )∗ ),
2
w(r, f ) =

ρ0
1
|P (r, f )|2 ,
|V (r, f )|2 +
2
2ρ0 c20
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Figure 4.5: Example of a frequency spectrum from the street canyon model, before and after
removing the direct sound or first arrivals.

p
where, |V (r, f )| = |Vx (r, f )|2 + |Vy (r, f )|2 , ∗ stands for the complex
conjugate and < for a real part of the complex number.
4.6.4

Numerical implementation of the diffusion equation

The diffusion equation with a constant diffusion coefficient has been implemented on a finite difference scheme by Navarro et al. (Navarro et
al., 2012). In this work, the DE is presented in Equation 4.31 for a
directional non-homogeneous diffusion coefficient. The implementation
details presented in this section are given for three-dimensional domains,
although the corresponding two-dimensional implementation has been
the one used in this chapter. The equation is evaluated at a number of
equally spaced positions r 0 of the geometrical domain. The right hand
side of the DE 4.31 is the excitation term located at position rs0 , that
assumes an omnidirectional source radiating a certain power denoted
by P (t). No atmospheric attenuation is included in this work. The
boundary conditions are incorporated in the model using Equations 4.32
(Jing & Xiang, 2007). These equations make used of the so-called exchange coefficient hbn for each of the boundaries bn of the domain. The
exchange coefficient used in this investigation is presented in Equation
4.33 from (Jing & Xiang, 2008). The coordinates of the boundaries in the
x -dimension are denoted by xbx . The notation for the other dimensions
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is equivalent.

2
0
2
0
∂w(r 0 , t)
∂ 2 w(r 0 , t)
0 ∂ w(r , t)
0 ∂ w(r , t)
− Dx (r 0 )
−
D
(r
)
−
D
(r
)
=
y
z
∂t
∂x2
∂y 2
∂z 2
P (t)δ(r 0 − rs0 ), in V,
(4.31)

∂
w(x0bx , y 0 , z 0 , t) + hbx w(x0bx , y 0 , z 0 , t) = 0,
∂x
∂
0
0
0
−Dy (x0 , yby
, z 0 ) w(x0 , yby
, z 0 , t) + hby w(x0 , yby
, z 0 , t) = 0,
∂y
∂
0
0
0
, t) + hbz w(x0 , y 0 , zbz
, t) = 0,
−Dz (x0 , y 0 , zbz
) w(x0 , y 0 , zbz
∂z

−Dx (x0bx , y 0 , z 0 )

(4.32)

hbn =

c0 αbn
.
2(2 − αbn )

(4.33)

The main governing differential Equation 4.31 and the boundary conditions 4.32 have been implemented using a finite differences scheme.
The spatial domain is discretised using an orthogonal grid and the Laplacian of the energy density is computed using a finite difference approach
at the nodes of the equally-spaced (∆x0 = ∆y 0 = ∆z 0 = ∆r0 ) grid. The
temporal part of the differential equation is discretised using a constant
time step ∆t0 . The equation is solved using the so-called Dufort and
Frankel explicit finite difference scheme (Du Fort & Frankel, 1953) that
is considered as unconditionally stable for linear parabolic equations,
under certain conditions. The scheme presents a truncation error of order O [(∆t0 )2 ] + O [(∆r0 )2 ] + O [(∆t0 )2 (∆r0 )−2 ]. The following notation
is used for the discretised dependent variable, the non-homogeneous din
rectional diffusion coefficients and the source term, respectively: wi,j,k
=
0
0
0
0
0
0
0
n
w(i∆r , j∆r , k∆r , n∆t ), Dxi,j,k = Dx (i∆r , j∆r , k∆r ) and Pis ,js ,ks =
P (i∆rs0 , j∆rs0 , k∆rs0 , n∆t0 ), and in the same way for the other directions.
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The finite difference representation of Equation 4.31 is as:

n+1
wi,j,k
=

1
[wn−1 (1 − βυi,j,k )
1 + βυi,j,k i,j,k
n
n
+ βxi,j,k (wi+1,j,k
+ wi−1,j,k
)

(4.34)

n
n
+ βyi,j,k (wi,j+1,k
+ wi,j−1,k
)

+

n
βzi,j,k (wi,j,k+1

+

n
wi,j,k−1
)

Pins ,js ,ks
Γs ],
+ 2∆t
υs
0

where βυi,j,k = βxi,j,k + βyi,j,k + βzi,j,k , with βxi,j,k = Dxi,j,k 2∆t0 /(∆r0 )2
and in a similar way for each Cartesian direction, assuming equal spatial
discretisation in every direction. The source term of Equation 4.31 has
power density Wm−3 as unit, and it is included in Equation 4.34 following the indications given in (Valeau et al., 2006) where υs is a volume
enclosing the source and Γs is a function equal to 1 inside that volume
and 0 otherwise9 .
The expressions for the boundary conditions are presented in Equation 4.35 only for the boundaries of the domain in the x -dimension at
locations i = 0 and i = Lx , but the formulation for the other dimensions
is similar. The exchange coefficient at those locations is referred in the
equations as hbx0 and hbxL , respectivelly. In order to keep a second-order
accuracy in the spatial derivative as in the rest of domain, a three point
finite difference formula for the first derivative is employed.

n+1
w0,j,k

=

wLn+1
=
x ,j,k

n+1
n+1
4w1,j,k
− w2,j,k

3+

2 ∆x hbx0
Dx0,j,k

,

4wLn+1
− wLn+1
x −1,j,k
x −2,j,k
3+

2 ∆x hbxL
DxL ,j,k

(4.35)
.

x

This scheme is stable if the stability condition of Equation 4.36 (Navarro
9 For

two-dimensional cases, υs is a surface area enclosing the sound source.

Page 122

4

Obtaining diffusion coefficients for urban applications

et al., 2012) is met, a condition which is unconditionally true.
βυ2i,j,k − 1
1 + βυ2i,j,k + 2βυi,j,k

4.7

≤ 1.

(4.36)

Urban scenarios

Two simplified urban problems have been investigated in this chapter:
a straight, long street (LS) and the perpendicular intersection of two
long streets (LX). The two-dimensional domains are shown in Figure
4.6. In Chapter 5, an additional domain is investigated: a T-junction
street (TS) for comparison with experimental results of a real situation
in the city centre of Eindhoven.
39.54m

2.70m

a)

2.70m
39.54m

18.48m

18.42m

2.70m

Figure 4.6: Dimensions of the investigated two-dimensional urban domains: a) straight, long
street (LS), b) perpendicular intersection of two long streets (LX). The dimensions of the
scenarios shown in this figure do not include the thickness of the diffusers.

Two additional non-urban scenarios have been evaluated with the
wave-based method: a long and a proportionate room, referred as LR
and SR, respectively. The results of LR and SR are presented and analysed in Appendix C. The analysis presented in that appendix gives a
detailed insight of the acoustic field for room environments, that helps
understanding the behaviour of the diffusion coefficient in directions, areas or complete domains where there is not a predominant direction of
the flow component of the energy along the space. Appendix C shows
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how negative or highly fluctuating diffusion coefficients could be obtained, which is considered a limitation of the proposed methodology.
4.7.1

Wave-based DG two-dimensional scenarios

Since the DE is only accounting for the diffuse part of the sound energy, it seems reasonable to build the DG scenarios in a way that the
diffuse part of the reflections are dominant over the specular part. As is
well-known (Cox et al., 2006), this process depends on the dimensions of
the irregularities of the boundaries and on the frequency of the incident
sound. The surfaces of the domain can be described using the scattering
coefficient s as a measure of the amount of sound scattered away from
the specular reflection direction and a diffusion coefficient dΨ that measures the quality (in terms of spatial uniformity) of reflections produced
by the surface (Cox et al., 2006). Both coefficients range from 0 to 1. A
zero value of the scattering coefficient represents totally specular reflections from the surface, while a value of one represents completely diffuse
reflections. On the other hand, when the same sound energy is scattered
in all directions from the surface, the diffusion coefficient is one; if the
sound energy is scattered only in one direction the coefficient is zero. For
wavelengths much larger than the typical dimension of the irregularities,
the reflection is predominantly specular, as if the surface were flat, see
Figure 4.7. While for dimensions of the irregularities in the same order as the wavelength, the sound wave is diffusely reflected. When the
dimensions are smaller than the wavelength of the incident sound, the
reflection is specular again but, in this case from the local surface plane.
In this latter case, the reflection contributes to the non-coherent sound
field due to the effect of multiple reflections.

Figure 4.7: Frequency ranges for scattering from a periodic surface of repetition distance a,
and roughness depth h (Cox et al., 2006).
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A high value of dΨ is desirable in order to lead to a highly incoherent
field in the domain, this additionally means a high value of s that promotes a diffuse field. In this research, the surfaces have been designed
by using quadratic residue diffusers (QRDs). The QRDs are designed
to produce sound scattering of the incident wave at the boundaries and
therefore, the diffuse part of the reflections will be dominant over the
specular part in the frequency range of interest. The arrangement of the
QRDs followed the indications in (Cox et al., 2006) and the design was
done in this study for frequencies higher than 500 Hz. The geometrical
details of the QRD are given in Figure 4.8, each QRD is composed of
Nw = 11 wells of different depths dw [m] and a width of 0.06 m.

0.66m
0.06m

Chapter 4

0.03m

0.09m

0.16m
0.12m

Figure 4.8: Geometrical detail of the two-dimensional quadratic residue diffuser used in the
boundaries of the scenarios to simulate the scattering of the façade’s irregularities. The
design of the diffuser has been done following the indications in (Cox et al., 2006) to obtain
a high scattering coefficient in the frequency range of interest. The QRD is composed of
Nw = 11 wells of different depths dw and a width of 0.06 m.

The material at the bottom of each well is simulated with a frequency
independent real absorption coefficient for normal incidence αn = 0.1,
while the fins are implemented as acoustically hard surfaces. A numerical
experiment was conducted to calculate the absorption coefficient of the
diffuser for random sound incidence αr by performing DG simulations.
The details of the experiment are given in Appendix D. The results of
this evaluation are presented in Figure 4.9c for 1/1 and 1/3 octave bands.
The new computed values αr were used in the DE calculations presented
in Section 4.7.2. Additionally, Equations 4.37 and 4.38 have been used for
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the evaluation of the scattering coefficient s and the diffusion coefficient
dΨ of the QRDs used in this study as indicated in (Cox et al., 2006). The
results of s are presented for different frequency resolutions in Figure
4.9b, showing a high scattering value from frequencies above 500 Hz.
The diffusion coefficient of the QRD is presented in Figure 4.9a as the
averaged value for all source positions dΨ and was calculated from the
results of the experiments in Appendix D.
2

Nw
1 X
e−2iκdw ,
s=1−
Nw n=1

(4.37)

where κ = 2πf /c0 [m−1 ] is the wavenumber.
P
P
( ni=1 10Li /10 )2 − ni=1 (10Li /10 )2
P
dΨ =
,
(n − 1) ni=1 (10Li /10 )2

(4.38)

where Li is the sound pressure level at the receiver i, Nr is the number
of receivers and Ψ is the angle of incidence for a fix source position Ns .
The DG scenarios for LS and LX have been designed for a frequency
range of interest from 500 to 2500 Hz. The scenarios have been modelled
using QRDs, representing façade irregularities with a constant low sound
absorption coefficient, while the beginning and the end of the streets are
simulated as completely absorbent openings. The details of the boundaries (building façades) are displayed in Figure 4.10. Figure 4.10a shows
the leftmost side of the scenarios (valid for LS and LX), including the
source position. A detail of the intersection of the horizontal and vertical
streets of the LX scenario is shown in Figure 4.10b10 .
The calculations in DG are initiated with a broadband pressure distribution and zero velocity.

p(r, t = 0) = As e
v(r, t = 0) = 0,

−log(2)
b2
s

(x−xs )2 +(y−ys )2


,

(4.39)

where As is the amplitude and bs is the half-bandwidth of the Gaussian
distribution that determines the spectral content of the excitation.
10 The horizontal street will be sometimes referred as the main street and the vertical street as the
side streets.
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Figure 4.9: Results of the QRD used in this study for 1/1 (black big circles) and 1/3 (red
small circles) octave bands: a) the diffusion coefficient dΨ , b) the scattering coefficient s,
and c) the random incidence absorption coefficient αr computed according to the method
presented in Appendix D.

Three types of boundaries have been implemented: acoustically rigid,
frequency-independent (locally reacting) real-valued boundary conditions
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Figure 4.10: Geometrical detail of the boundaries of the DG scenarios: a) left most side of
the horizontal streets (valid for LS and LX), including the source position (green circle),
and b) the intersection of the horizontal and vertical streets (only LX).

and non-reflecting surfaces based on a PML implementation. Acoustically rigid boundaries, i.e. boundaries where the acoustic waves are
totally reflected, are modelled by imposing a zero velocity perturbation normal to the boundary and a zero-valued normal derivative of
the pressure. The PML implementation has been implemented following the indications of the technique presented by Berenger (Berenger,
1994) for electromagnetic problems. Finally, the details of the frequencyindependent real-valued boundary conditions are presented in 2.4.
The main parameters used in the configuration of the DG calculations
are given in Table 4.1. The scenarios are discretised using the mesh generator Gmsh version 3.0.6 (Geuzaine & Remacle, 2009). A geometrical
detail of the mesh is presented in Figure 4.11, where only triangular
elements have been used.
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Features and parameters
Polynomial order (NDG )
Number mesh elements
Type mesh elements
Max. characteristic length (h) [m]
DoF per wavelength (Nλ,DG )
Time scheme
Courant number (νDG )
Time step (∆tDG ) [s]
Recording time [s]
Max. frequency [kHz]
PML (Dp [m] , βp , mp )
Source properties (As , bs )
Source location (xs , ys ) [m]
Total recording positions Nr
Total averaged positions Nr
Averaged points nr
Distance receivers ∆r [m]
Min. dist. receiver to boundary [m]
Window Γw (αw , βw , tw [ms])
Absorption coefficient αn [−]
Smoothing Nsm

LS

LX

4
99220
Triangular
0.06
≈ 14.4
RKF84
0.276
≈ 3.36 10−6
2
2.8
(0.4, 20000, 4)
(1, 0.0626)
(0.5, 0.7)
9850
394
25
0.1
0.15
(7, 4, ≈ 2.4)
0.1
5

4
188974
Triangular
0.06
≈ 13.7
RKF84
0.276
≈ 3.13 10−6
2
2.8
(0.4, 20000, 4)
(1, 0.0626)
(0.5, 0.7)
19075
763
25
0.1
0.15
(7, 4, ≈ 2.4)
0.1
5

Figure 4.11: Detail of the mesh used for computing the models built with triangular elements.
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4.7.2 The diffusion equation scenarios
The diffusion equation has been implemented according to the indications in Section 4.6.4 to compute the sound field using the directional non-homogeneous diffusion coefficients as obtain from the proposed method in Section 4.5. The DE has been used to solved the basic
geometries presented in Figure 4.6, corresponding with two-dimensional
scenarios composed of rectangular domains where one dimension is much
bigger than the other: a straight, long street scenario LS and the perpendicular intersection of two long streets scenario LX. In both cases, DE
has been evaluated at equally spaced locations r 0 separated a distance
∆r0 [m].
As explained in Appendix C, the methodology for obtaining D fails
for scenarios where there is not a predominant direction of the acoustic intensity along the space, which is the case for the narrow part of
the investigated cases. Therefore, in this research a spatial dependency
is only considered for the diffusion coefficients corresponding with the
propagation of energy along the long-dimension of the streets, while for
the narrow dimension, a constant value was used.
The one-dimensional diffusion coefficients of the LS scenario as obtained from the WB method, Dx (r x , fbb ) and Dy (r y , fbb )11 , are incorporated to the DE model after few additional manipulations. Let us assume
in this description that the longest dimension of the two-dimensional
rectangular domain is equivalent to the x -dimension and the shortest
to the y-dimension, i.e. Lx >> Ly . The one-dimensional diffusion coefficients corresponding to the longest dimension of the street Dx (r x )
are linearly interpolated to obtain the coefficients at the DE positions
Dx (r 0 x ). The interpolated solutions are transformed to two-dimensions,
i.e. Dx (r 0 ), by assuming that they are constant along the smaller dimension of the street. For the narrower dimension, a constant diffusion
coefficient is assumed Dy (r 0 ) = πc0 Ly /8 as in (Le Pollès et al., 2005) in
the whole domain. Additional values of Dy (r 0 ) have been tested in the
calculations in order to investigate the influence of this parameter and
presented in Section 4.9.1.
For the application of these manipulations to the more complex LX
scenario, the domain has been decomposed into two rectangular subdomains, referred as the horizontal and the vertical street, with coordinates of the corresponding two-dimensional subdomains indicated as
11 For

clarity, the reference to frequency is omitted from this point.

Page 130

4

Obtaining diffusion coefficients for urban applications

0
0
= (x0H , yH
) and rV0 = (x0V , yV0 ), respectively. Let us assume that
rH
the dimensions of the horizontal subdomain are Lx,H >> Ly,H , with
0
x0H ∈ (0, Lx,H ) and yH
∈ (0, Ly,H ). Similarly, the vertical subdomain is
described by the dimensions Ly,V >> Lx,V , where x0V ∈ (0, Lx,V ) and
yV0 ∈ (0, Ly,V )12 . The horizontal subdomain is finally defined by the
coordinates of the corners where the vertical street crosses the horizontal street x0H,c1 , x0H,c2 ∈ (0, Lx,H ) and, correspondingly, for the vertical
0
0
subdomain yV,c1
, yV,c2
∈ (0, Ly,V ).
0
0
The one-dimensional diffusion coefficients Dx,H (rx,H
) and Dy,V (ry,V
),
are transformed to two-dimensions as for the LS scenario, by assuming
they are constant along the smaller dimension of the rectangular sub0
0
domains, obtaining Dx,H (rH
) and Dy,V (rV0 ). While for Dy,H (rH
) and
0
Dx,V (rV ) the following Equations 4.40 are used:

πc0 Ly,H
, for 0 ≤ x0H ≤ x0H,c1 ,
8
x0H,c2 ≤ x0H ≤ Lx,H ,
πc0 Lx,V
0
Dx,V (rV0 ) =
, for 0 ≤ yV0 ≤ yV,c1
,
8
0
yV,c2
≤ yV0 ≤ Ly,V .

(4.40)

Therefore, the same procedure was followed as for the LS scenario for
each subdomain, except that the values obtained from the WB method
prevail in the crossing area. This latter approach causes a discontinuity
of the coefficients around the intersection of the streets that requires
further attention in future research. For greater clarity, an example of
the distribution of the diffusion coefficients in the LX scenario is given in
Figure 4.12. The decomposition of LX in horizontal and vertical streets
will be employed when presenting some of the results of this scenario.
Moreover, there are some areas of the domain where negative or highly
fluctuating diffusion coefficients are obtained that do not fulfil the assumptions of the DE. These values are replaced by approximating the
coefficients using a curve fitting approach. The fitted values are referred
as D∗ . The problematic values are only expected at areas where the gradient of the energy density changes sign and the division by zero effect
12 In the description presented in this section, the coordinates of the subdomains are assumed to
start at zero. The description should be adapted for any other reference.
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(a)

(b)

Figure 4.12: Two-dimensional example of the spatial distribution of the diffusion coefficients
in the LX scenario: a) Dx , b) Dy .

might occur as, for instance, in nearby areas of the source and in the
street crossing of the LX scenario. The details of the fitting approach
are given below and in Section 4.9.2.
Both scenarios have been implemented using the random incidence
absorption coefficient calculated according to Appendix D. The value of
the absorption for the façade boundaries αf was obtained by averaging
the values of αr (fc ) in the frequency range of interest, while for the
street openings a value αo = 1 was selected. For this latter case, a
complete absorption of the sound energy at the street openings might
not be handled properly, as reported by (Picaut, Simon, & Hardy, 1999).
To explore the influence of the complete absorption at the openings
of the streets and the value of the diffusion coefficient in the problematic
areas, three cases of the scenarios have been calculated.
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• Case 1: Dx for LS, and Dx,H and Dy,V for LX are as obtained
following Section 4.5, except in the nearby area of the source where
the values are replaced by the results of a curve fitting process
D∗ according to Equation 4.41 for LS and Equation 4.42 for the
horizontal subdomain of LX.
0
Dx (rH
) = Dx∗ , for 0 ≤ x0 ≤ x0s ,

(4.41)

0
∗
Dx,H (rH
) = Dx,H
, for 0 ≤ x0H ≤ x0H,s ,

(4.42)

• Case 2: As in case 1, except in the areas close to the openings where
the values are replaced by the results of a curve fitting approach
according to Equations 4.43 and 4.44, for LS and LX scenarios,
respectively.
0
) = Dx∗ , for x0op ≤ x0 ≤ Lx ,
Dx (rH

(4.43)
Chapter 4
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0
∗
Dx,H (rH
) = Dx,H
, for x0H,op ≤ x0H ≤ Lx,H ,
∗
0
Dy,V (rV0 ) = Dy,V
, for 0 ≤ yV0 ≤ yV,op1
,
∗
0
Dy,V (rV0 ) = Dy,V
, for yV,op2
≤ yV0 ≤ Ly,V ,

(4.44)

• Case 3: As in case 2, but the domains are extended at the openings
(excluding the opening close to the source) of the streets by a distance lext [m] according to Equations 4.45 and 4.46, for LS and LX
scenarios, respectively.
0
Dx (rH
) = Dx∗ , for x0op ≤ x0 ≤ Lx + lext ,

(4.45)

0
∗
Dx,H (rH
) = Dx,H
, for x0H,op ≤ x0H ≤ Lx,H + lext ,
∗
0
Dy,V (rV0 ) = Dy,V
, for − lext ≤ yV0 ≤ yV,op1
,
∗
0
Dy,V (rV0 ) = Dy,V
, for yV,op2
≤ yV0 ≤ Ly,V + lext ,
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All the calculations have been computed for a duration of time of 0.5
s using a time step of ∆tDE = 0.1 ms and the space is discretised using
∆r = 0.1 m, following the indications in (Navarro et al., 2012). The
source location is the same as for the DG calculations.
The results of these calculations are presented as the sound level pressure solutions for the positions on the longest dimension of the street by
averaging the energy density solutions along the shorter dimension, i.e.
at positions r 0 x for the LS scenario, and for rh0 and rv0 , for the horizontal
and vertical streets of the LX scenario. The sound pressure level Lp [dB],
has been computed from the spatial energy density solution of the DE
model by using the following Equation 4.47:
0



Lp (r ) = 10 log10


w(r 0 )ρ0 c20
,
p2ref

(4.47)

where pref = 2 · 10−5 Pa.

4.8

Results of the WB scenarios and calculation of
the diffusion coefficients

In this section, the results of the acoustic intensity, the energy density
and the gradient of the energy density are presented as calculated from
the solutions of the WB method. Additionally, the calculated diffusion
coefficients are shown for the computed models (LS and LX).
4.8.1

Diffusion coefficients in the long street scenario

A two-dimensional representation of the sound field in the street of the LS
scenario is presented in Figure 4.13. The first graph, Figure 4.13a, shows
how the energy density field is decaying along the street, while 4.13b
presents the direction of the acoustic intensity field. It can be observed
in the figure that the intensity field has a predominant direction from the
source towards the right end of the street in most of the domain, but in
the areas near the source (see the detail in Figure 4.13c of the left side of
the domain), the direction field resembles a random pattern or, at least,
no predominant direction can be observed. However, it is clear that part
of the energy travels towards the left opening of the street, while part
travels to the right. There is a change of direction of the intensity field
around the source location. This effect can be observed more clearly in
the results given in Figure 4.14 that are analysed below. Similar to the
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cases shown in Appendix C, this area of the long street is not suitable for
obtaining correct diffusion coefficients with the methodology proposed in
this chapter. Additionally, it is in this area where the influence of the
location of the source is more noticeable, even after removing the direct
field during the post-processing of the signals.

Close to the right-hand end of the street, there is a predominant
direction of the intensity, as shown in Figure 4.13b. Additionally, in this
area, there is a drop of the value of the diffusion coefficients that can
be explained due to the fact that the back-scattering in nearby areas of
the openings is highly reduced. As mentioned before, there is a change
of direction of the intensity field around the source location, that can
be observed by the change of sign of Jx in Figure 4.14b. In the same
area, the energy density presents its maximum value, decaying towards
both openings (see the area around the source location in Figure 4.14a).
Overall, it can be concluded that the openings of the street affect the
results in their proximity, questioning the validity of the methodology
for computing the diffusion coefficients in these areas.
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The set of graphs shown in Figure 4.14 presents the results of w, Jx ,
∇x w and Dx of this scenario. Apart from the area in the proximity of
the source and openings, the one-dimensional solutions in Figure 4.14
show an increase of the diffusion coefficient along the street, while the
energy density resembles an exponential decay as the distance from the
source increases. This is in line with the diffusion coefficients reported
by Visentin (Visentin et al., 2012) for long rooms. As a consequence of
the decay of the energy density, the gradient smoothly approaches zero
as the slope of the energy decay decreases (see Figures 4.14a and 4.14c).
The intensity follows a similar exponential pattern as the energy density,
smoothly decaying with distance from the source as shown in 4.14b.
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Figure 4.13: Sound field representation of the two-dimensional street model LS, including
the source position (circle at the left side of the street). Results for the broadband frequency
from 500 Hz to 2.5 kHz: a) normalised energy density level distribution, b) direction of the
acoustic intensity field for the averaged receivers, and c) direction of the acoustic intensity
field in the area close to the source for all receivers.
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Figure 4.14: Results of a two-dimensional long horizontal street (LS) simulation performed
with DG and the methodology summarised in Figure 4.3. a) The energy density, b) the
acoustic intensity, c) the gradient of the energy density and d) the diffusion coefficient. The
results are presented for the x -dimension of the street.
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Diffusion coefficients in the cross-street scenario

A more complex situation is encountered when analysing the results of
the LX model that are presented in this section. However, some conclusions can be extended from the previous Section 4.8.1 and supported by
the findings in Appendix C.
The distribution of the sound energy density and the direction of the
acoustic intensity field in a two-dimensional representation of the LX
results are presented in Figure 4.15 for the frequency range of interest.
In the steady state, the energy density is distributed along the main
street, but part of the energy is distributed to the side streets as well.
This is more clear when looking at the direction of the intensity field
in the crossing, as shown in Figure 4.16. Therefore, the flow of energy
occurs from the source towards the ends of the main and side streets.
As in the previous section, the acoustic variables (w, J, ∇w and D)
are presented in sets of graphs in each figure, but in this case the results
are presented for both, the horizontal (Figure 4.17) and the vertical street
(Figure 4.18). Each graph includes red dotted vertical lines indicating
the position of the crossing street. Of particular interest in the main
horizontal street is the analysis of the acoustic field around the crossing
area that can be observed in Figure 4.17. The energy density presented
in Figure 4.17a is smoothly decaying until the crossing area where a
more significant drop occurs, corresponding with the distribution of the
energy towards the side streets. This can be observed as well in the
results of Jx (see Figure 4.17b). Clearly, after the crossing area, the
energy density and the acoustic intensity decay at a slower rate than
before the crossing. The diffusion coefficient results present a clear drop
in the horizontal street right before the crossing and a sudden increase
before entering the main street again. In the vertical street, the analysis
is equivalent. The energy density is distributed from the crossing to the
side streets. Figure 4.18b shows how the acoustic intensity propagates
with opposite directions in each side street. The coefficients present a
big fluctuation in the crossing and then an increase with distance when
entering the side streets until the proximity of the openings, as shown in
Figure 4.18d.
A final comparison is presented in Figure 4.19 for the results of the
horizontal street of the LX model with those of the LS model. The results
are similar except for the crossing street in LX; therefore, the figure is
of interest to understand how the crossing of the street is affecting the
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(a)

(b)

Figure 4.15: Sound field representation of the two-dimensional cross street scenario LX. The
figure presents the results at the average positions for the broadband frequency from 500 Hz
to 2.5 kHz: a) normalised energy density level distribution, and b) direction of the acoustic
intensity field.
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Figure 4.16: Direction of the acoustic intensity field of the two-dimensional cross street
scenario LX in the crossing area.

horizontal long street acoustic field. Until approximately 12 m from the
left opening of the main street, both scenarios present equivalent results
for the diffusion coefficient (see Figure 4.19d). It is from that distance
that the effect of the crossing can be clearly observed in the diffusion
coefficient results. At the crossing, Figures 4.19a and 4.19b show a clear
reduction of the values of the w, Jx in the LX scenario, corresponding to
the distribution of energy into the side streets. This drop of the energy
density affects the results of ∇wx , when compared with the values of the
LS case (see Figure 4.19c). The values of ∇wx are quite similar in both
scenarios except in the proximity of the crossing area. Furthermore, the
slope of decay of the w and Jx is smaller in the area after the crossing than
before in the LX scenario. The consequence is that after the crossing,
the diffusion coefficients increases faster for the LX case.
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Figure 4.17: Results of the two-dimensional horizontal street of the intersection model (LX)
simulation performed with DG and the methodology summarised in Figure 4.3. a) The
energy density, b) the acoustic intensity, c) the gradient of the energy density and d) the
diffusion coefficient. The results are presented for the x -dimension of the street.
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Figure 4.18: Results of the two-dimensional vertical street of the intersection model (LX)
simulation performed with DG and the methodology summarised in Figure 4.3. a) The
energy density, b) the acoustic intensity, c) the gradient of the energy density and d) the
diffusion coefficient. The results are presented for the y-dimension of the street.
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Figure 4.19: Comparison of the results of the LS scenario (grey solid line) and the horizontal street of the LX scenario (black broken line). The results are presented along the
x -dimension: a) the energy density, b) the acoustic intensity, c) the gradient of the energy
density and d) the diffusion coefficient.
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Analysis of results and conclusions of the DE
scenarios

In this section, the results of the DE for the LS and LX scenarios are
presented for three different cases as indicated in Section 4.7.2. The diffusion coefficients employed in the DE calculations are presented together
with the sound pressure results. The coefficients have been calculated
following the indications given in Section 4.5 and they are used in the
DE model as presented in Section 4.7.2.
All the results in this section are shown in comparison with the results
of the WB model. The selected parameter for the comparison is the
sound pressure level Lp [dB]. The level has been computed from the
energy density solutions of the DE by using Equation 4.47. For the WB
solutions, the sound pressure level is obtained directly from the pressure
solutions. In both cases, i.e. the sound pressure level computed from
the DE and from DG, the level is referred as Lp,dd , to make clear that
the direct sound contribution, or the first diffraction from the corner in
the LX scenario, was not included in the final results. The solutions of
the DE model for the Lp,dd parameter are normalised to the solutions of
the WB method at a distance of 10 m from the left opening of the main
street for the LS and the horizontal street of the LX scenario and at -10
m in the vertical street of LX. The solutions are representing the sound
level attenuation along the streets.
As indicated in Section 4.7.2, three cases of each scenario have been
calculated depending on the selected values of Dx for LS, and Dx,H and
Dy,V for LX. For case 3, the value of the extension of the domain was
lext = 50 m.
4.9.1

Influence of the coefficients in the narrow dimension

As indicated in Section 4.7.2, the Dy coefficients of the LS scenario and,
the Dy,H and the Dx,V coefficients of the LX scenario are assumed constant in the whole domain13 . Since the narrow part of the street is equivalent for LS and LX, it is reasonable that the same value can be used for
both scenarios. In order to estimate a value for this parameter, several
calculations of case 1 of the LS model have been computed, for different
values of Dy (from 30 to 1000 m2 s−1 ). The influence of this parameter
in the results is presented in Figure 4.20, where it can be observed that
13 Except

in the crossing of both streets where the values obtained from the DG method prevail.
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for values of Dy > 300 m2 s−1 , the differences are insignificant. All the
calculations presented in Sections 4.9.3 and 4.9.5, have been done using
a constant value of Dy = Dy,H = Dx,V = 363.7 m2 s−1 . This value is
obtained from Dy = πc0 ly /8, where ly is the narrow dimension of the
streets following the indications in (Le Pollès et al., 2005).
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Figure 4.20: Results of the influence of Dy .

4.9.2

Curve fitting the diffusion coefficients

The values used for the replacement of the coefficients are obtained by
a curve fitting approach of the one-dimensional coefficients computed
from a certain spatial range of the x -coordinates for the LS scenario, x0H
for the LX horizontal (LXH) scenario and yV0 for the vertical street of
LX (LXV). Two types of fitting have been used: quadratic polynomial
fitting using the so-called fit function with the type of fitting poly2 and
linear polynomial fitting using the same function with the type of fitting
poly1 as described in (MathWorks, 2008). For the polynomial fitting,
the solutions are obtained from Equation 4.48 for the x -dimension. The
equation for the y-coordinates is equivalent. Table 4.2 summarises the
type of fitting, the range of data used to calculate the curve and the
polynomial coefficients C0 , C1 and C2 obtained for each scenario.
2

Dx∗ (r 0 x ) = C2 r 0 x + C1 r 0 x + C0 .

(4.48)

Table 4.3 presents the ranges of the DE domains where the diffusion coefficients have been replaced by the approximated values. The
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Table 4.2: Main parameters and results of the curve fitting process of the diffusion coefficients
for the DE model calculations.
a)
b)
c)
d)
e)

Scenario
LS (x0 )
LXH (x0H )
LXH (x0H )
LXV (yV0 )
LXV (yV0 )

Range† [m]
(0, 29.9)
(0, 12.4)
(25.4, 28.4)
(−13.6, −1.1)
(8.9, 15.9)

Type∗
QP
QP
LP
QP
QP

C2

C1

C0

4.49
4.89
0
−0.07
2.6

34.06
25.11
1.45 103
−86.04
4.99

97.20
122.31
−3.45 104
47.44
361.1

(†) Minimum
(*) QP:

and maximum coordinates of the range.
quadratic polynomial fitting and LP: linear polynomial fitting.

subscripts in the ranges indicate the corresponding fitting in Table 4.2.
Finally, in the intersection area of LXV, the values of Dy,V between yV0
coordinates (−1.1, 3.9) m have been replaced by a linear interpolation
of the values at those coordinates to avoid the fluctuating and negative
coefficients in this area.
Table 4.3: Ranges in metres of the DE domains where the diffusion coefficients have been
replaced by an approximation. The subscripts in the ranges indicate the corresponding
fitting in Table 4.2.
Scenario
LS (x0 )
LXH (x0H )
LXV (yV0 )

Source area
(0, 1.9)a
(0, 1.9)b
−

Opening 1
(29.9, 40∗ )a
(28.5, 40∗ )c
(−18∗ , −13.7)d

Opening 2

Intersection

−

−

−
(15.9, 18∗ )e

−
(−1.1, 3.9)†

(*) These
(†) In

values are extended by lext = 50 m for case 3.
this range, a linear interpolation has been employed.

4.9.3

DE results for the long street scenario

Figure 4.21 shows the comparison of the results of the three cases of
the LS model in the graphs presented in the left side, comparing the
results of Lp,dd of the DE model with the ones obtained with the WB
method. The right column of graphs presents the diffusion coefficients
as obtained in Section 4.8.1 from the novel method and the ones used in
the DE calculations after the manipulations indicated in Section 4.9.2.
In the analysis of the results, it is important to understand the behaviour of the DE for non-homogeneous and directional diffusion coefficients that can be observed from an initial analysis of Figure 4.21. The
figure shows how for lower values of the diffusion coefficient the decay
of the sound pressure levels is faster than for higher values. This is a
general conclusion that applies in all the subsequent analysis for the LS
scenario, as well as for the results presented in Section 4.9.5 for the LX
scenario.
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This analysis is more obvious when looking at the level differences of
the results from both models presented in Figure 4.22. For the major
part of the street, up to approximately 30 metres, the level differences
are mostly below 1 dB for all cases. Only around the source area the
differences are slightly higher, but this area is of less importance if the
direct sound field is added to these calculations in a future stage. Furthermore, cases 2 and 3 present differences below 0.5 dB, except in that
area close to the source. As a conclusion, it seems clear that the areas
close to the boundaries and around the source need more attention in
further research, but overall discrepancies are very reasonable for such a
simple model (DE).
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The DE results of the three calculated cases (see black lines of Figures
4.21a, 4.21c and 4.21e) present differences at the right part of the graphs,
while they are equivalent in the left part where the conditions of all the
cases are the same. Case 1 presents the biggest deviations of all the cases
close to the right boundary. The values of the coefficient in this area (see
Figure 4.21b) are clearly deviating the results from the ones obtained by
the WB method. If those coefficients are replaced for the ones show in
Figure 4.21d as in case 2, the match between the sound pressure results
of both models is very reasonable. Relocating the right boundary 50 m
away as in case 3 gives similar results to the previous one. The WB
results seem to be affected by the reduction of the back-scattering at the
very end of the domain and this effect is not detected in the DE results.

4

Obtaining diffusion coefficients for urban applications

34

10000
WB
DE

32

Used in DE
Calculated

8000
28

Dx [m2 s-1]

Lp,dd [dB]

30

26
24
22

6000

4000

2000

20
18

0
0

10

20

30

40

0

10

20

x [m]

30

40

30

40

x [m]

(a)

(b)

34

10000
WB
DE

32

Used in DE
Calculated

8000

28

Dx [m2 s-1]

Lp,dd [dB]

30

26
24
22

6000

4000

2000

20
18

0
0

10

20
x [m]

30

0

40

10

20

x [m]

(c)

(d)

34

10000
WB
DE

32

Used in DE
Calculated

+50 m

8000

28

Dx [m2 s-1]

Lp,dd [dB]

30

26
24
22

6000

4000

2000

20
18

0
0

10

20
x [m]

30

40

0

10

20

30

40

x [m]

(e)

(f)

Figure 4.21: The graphs on the left show the comparison of the DE and WB results of the LS
scenario for the three computed cases: a) case 1, c) case 2 and e) case 3. The graphs on the
right column are showing the diffusion coefficients Dx as computed from the novel method
(red broken line) and the ones used in the DE calculations (black solid line), corresponding
to the three computed cases. The extension to the right of the domain by lext = 50 m in
case 3 is not shown in the results.
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4.9.4

Influence of the spatial resolution and averaged
positions

In this section, the influence of the number of receivers used in the WB
method for the calculation of the diffusion coefficients according to Section 4.5 is evaluated. The coefficients have been evaluated reducing the
number of receivers Nr and the results are compared with the case when
all the receivers positions have been employed. The spatial resolution
employed in the original calculation, i.e. ∆r = 0.1 m, has been doubled
in this evaluation (∆r = 0.2 m) to reduce the total number of receivers
from Nr = 9850 to Nr = 2561. In both cases, the number of averaged
points was nr = 25. The results are presented in Figure 4.23 for the
sound pressure level together with the diffusion coefficients used in the
DE model for the case 1 of the LS scenario.
This evaluation proves that enough points have been used in the experiments presented in this chapter when ∆r = 0.1 is used. Although,
some differences are found around the source area and close to the opening when reducing the number of recording positions in DG, the differences in the rest of the domain are negligible. In any case, an empirical
or theoretical evaluation to determine the optimal distance between receivers and therefore, a study of the influence of these parameters in the
final results remains as further work in future investigations.
Additionally, a comparison of the diffusion coefficients and the associated sound pressure results from the DE model for different values of the
Page 149

Chapter 4

Figure 4.22: Level differences of the results of the WB and DE models for the LS scenario
and the three evaluated cases.
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Figure 4.23: Influence of the number of receivers Nr in a) Lp,dd and b) Dx . The black line
represents the case when using Nr = 9850 receivers with a resolution ∆r = 0.1 m and the
broken red line the case Nr = 2561 receivers with a spatial resolution ∆r = 0.2 m.

averaged number of receivers nr is presented in this section for the case
1 of the LS scenario. Figure 4.25 presents the Lp,dd results for different
values of nr from 1 to 9 and Figure 4.24 presents the associated diffusion
coefficients.
Figure 4.24 shows how the coefficients are smoother as the value of nr
is higher. This effect is very clear at least for the lower values of nr . The
results of the sound pressure level shown in Figure 4.25 present negligible
differences for values of nr > 5 and therefore, the choice of nr = 5 used
for the experiments presented in this chapter is adequate.
4.9.5 DE results for the cross-street scenario
The perpendicular intersection of two long streets, the LX scenario,
presents a more complicated scenario than the previous one. The effect
of the intersection affects the results of the side streets and the continuation of the main street, as it is shown in the next figures. The results of
this section are presented separately for the horizontal and the vertical
streets. As in section 4.9.3, Figure 4.26 presents the comparison of the
sound pressure level results of both models for the horizontal street in the
left column of graphs and the diffusion coefficients in the right column.
From distances > 12 m from the source area, the results of both models
start diverging due to the influence of the intersection in the diffusion coefficients in all evaluated cases (see Figures 4.26a, 4.26c and 4.26e). The
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Figure 4.24: Values of Dx used in the DE model for the evaluation of the influence of the
number of spatial averaged positions nr from 1 to 9, presented in graphs a) to i), respectively.

coefficients in the area between approximately 12 and 20 m from the left
opening, do not increase their value anymore as the distance from the
source increases, but start decaying, as shown for instance in 4.26b. As
a consequence, the decay of the sound pressure level is faster in this area
for the DE results. In contrast, for the WB model, the sound levels are
smoothly decaying until the intersection (approximately, at 18 m from
the source area), where they suddenly drop. This drop corresponds with
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Figure 4.25: Influence of nr in the DE results.

energy flowing to the side streets. Since the faster decay of the DE results starts some metres before the location of the crossing, the results of
both models start diverging from that point, as already mentioned. At
the continuation of the main street after the crossing, the levels of the
WB model decay at a slower rate than before the intersection, as shown
for instance in Figure 4.26a. For case 1 of the DE model, it is reasonable
that the coefficients in the main street continuation area close to the
right opening present deviations, equivalently to the analysis of the LS
street in Section 4.9.3 explaining the discrepancy in the slope of the decays between both models found in Figure 4.26a. For cases 2 and 3, the
slope of the decays get closer to the WB method in the continuation of
the main street, but still presenting some differences (see Figures 4.26c
and 4.26e).
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Figure 4.26: The graphs on the left show the comparison of the DE and WB results of the
horizontal street of the LX scenario for the three computed cases: a) case 1, c) case 2 and e)
case 3. The graphs on the right are showing the diffusion coefficients Dx as computed from
the novel method (red broken line) and the ones used in the DE calculations (black solid
line), corresponding to the three computed cases. The extension to the right of the domain
by lext = 50 m in case 3 is not shown in the results.

If the analysis of the results in the horizontal street is done now over
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the level differences presented in Figure 4.27, it is clear that the conclusions for the area close to the source up to approximately 12 m are
equivalent to the ones obtained in Section 4.9.3. From that point, the
deviations grow to ≈ 1.7 dB for the three evaluated cases until the intersection of the vertical street. Around the intersection area and up
to the right end of the main street, clear differences can be observed
between the results of case 1 and the ones of case 2 and 3. As for the
LS scenario, the higher deviations are presented for case 1, while cases 2
and 3 present differences with the WB model below 1 dB for the major
part of the main street.
2
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Figure 4.27: Level differences of the results of the WB and DE models for the horizontal
street of the LX scenario and the three evaluated cases.

Regarding the vertical street, it is important to remember that the
sound pressure level results of the DE model have been normalised by
the Lp,dd of the WB method at the y-coordinate -10 m. It is also important to remember that the results in the vertical street are affected by
the deviations found in the area of the main street closed to the intersection, but since the normalisation of the results has been done inside
the side street, the results presented in Figure 4.28 show their maximum
deviations around the crossing area. Therefore, the following analysis is
done only over the decays in the side streets and not at the intersection
and nearby areas.
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Figure 4.28: The graphs on the left show the comparison of the DE and WB results of the
vertical street of the LX scenario for the three computed cases: a) case 1, c) case 2 and e)
case 3. The graphs on the right are showing the diffusion coefficients Dy as computed from
the novel method (red broken line) and the ones used in the DE calculations (black solid
line), corresponding to the three computed cases. The extension in both directions of the
domain by lext = 50 m in case 3 is not shown in the results.

Figure 4.28 shows, in general, a good agreement of the decays in both
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side streets. As previously observed, the deviations are more evident
close to the openings of the street. Since the normalisation is done in
the left side street, the results fit better with the WB method in that
area where case 2 clearly presents the best results, as in previous cases.
For all cases, the level differences shown in Figure 4.29 are below 1.5 dB
(excluding the intersection and nearby areas).
As a general conclusion of the cross-street scenario presented in this
section and in addition to the conclusions drawn in Section 4.9.3, the
intersection of the street present a challenge for future research. But,
overall, the results are quite promising towards the use of the DE for
urban scenarios.
4
Case 1
Case 2
Case 3

|Lp,dd,WB - Lp,dd,DE| [dB]

3.5
3
2.5
2
1.5
1
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Figure 4.29: Level differences of the results of the WB and DE models for the vertical street
of the LX scenario and the three evaluated cases.
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5.1

Applicability of the diffusion equation to a real
inner city environment

Abstract

The applicability of the diffusion equation to inner city environments is
explored in this chapter, by comparing the numerical solutions of the
DE model with experimental results of a real urban configuration. The
methodology presented in Chapter 4 is here used in a T-junction canyontype street configuration and a factor is suggested to correct the coefficients to be employed in a three-dimensional DE model. The experiments
to evaluate the sound propagation in a real urban area were performed at
the junction of two streets, Rechtestraat and Hooghuisstraat, in the city
centre of Eindhoven, the Netherlands. The results of the comparison are
promising. However, discrepancies have been found in some areas, most
likely because the sound field of the real street might not be as diffuse as
expected. The results of this chapter should be considered as an initial
attempt of an application case and a step towards a deeper insight into
the applicability of the DE for urban cases, while further experiments
need to be carried out in future investigations.

5.2

Introduction

The first experimental full-scale studies related to urban sound propagation date back to the 1940s as for instance, the test performed to
evaluate the attenuation rates with distance of the air raid sirens in the
city of Detroit (Ball, 1942). In 1965, one of the first experimental studies
investigating sound propagation in inner city environments with sound
source positions located a few meters above the ground while registering
meteorological conditions was presented by (Wiener et al., 1965) - see
pictures of this experimental campaign in Figure 5.1. Wiener et al. faced
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problems obtaining permission to measure in the narrow street canyons
in the city of Boston. The narrowest street evaluated in the investigation was about 30 m wide. In this study, measurements at intersections
and into side streets were included. However, the side streets were not
at the same level as the main street but about 6 m below (a multilevel
street configuration), making it very difficult to extract conclusions of
interest for the present chapter. This research was later reviewed in
(Lyon, 1974) where some indications of sound attenuation ratios along
longitudinal and cross streets were presented.
Some years later, two consecutive studies were presented by Yeow
showing experimental results of reverberation time and attenuation decays of sound pressure levels with distance in a built-up area of Malaysia
(Yeow, 1976) (Yeow, 1977). Both studies represented the global (frequency independent) results as a function of the packing area, i.e. the
building area per unit ground area, for different configurations; it was
concluded that the reverberation time was only dependent on the disposition of the building at each site, while sound attenuation was dependent on the building height, packing function and absorption. During
these years, most of the experimental studies were concerned with the
reverberation time in streets and do not include sufficient data to be
interpreted nowadays for current applications. For instance, Steenackers
et al. presented a method to compute traffic noise levels for single streets
from simple reverberation time measurements in the cities of Antwerp
and Brussels (Steenackers et al., 1978) and the reverberation time in a
high-rise city was experimentally evaluated at positions in the line-ofsight of the sound source and around the corner positions in the city of
Hong Kong (Ko & Tang, 1978). Since then, full-scale experiments reporting sound propagation in inner city environments were scarce until
the 2000s, when the experimental work in inner cities was revitalised,
as for instance in (Iu & Li, 2002) for the validation of numerical models. This latter paper presents the results of acoustic measurements in a
narrow street canyon with perfectly flat façades, in what is not a very realistic representation of a real city environment. Of more interest for this
thesis is the experimental work presented by Picaut et al. (Picaut et al.,
2005) describing the sound field in a street canyon in the city of Nantes.
The sound field was found to be quite uniform in the cross section of
the examined street and the investigation revealed a mostly frequency
independent sound attenuation along the street. These experiments did
not include any evaluation of sound propagation into crossing streets. In
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(a)

(b)

Figure 5.1: Pictures from (Wiener et al., 1965) during the experimental sound propagation
campaign carried out in the city of Boston: a) meteorological tower and b) sound source.
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the last decade, two investigations presented experimental results of the
influence of buildings on sound propagation in complex built-up areas
(Albert & Liu, 2010) and (Yang et al., 2017), but these studies did not
draw any conclusion at the scale of interest of this thesis and did not
present any evaluation of a canyon type street. Additionally, in the current decade, the paper by (Thomas et al., 2013) presented an extensive
experimental campaign for sound level prediction based on reverberation measurements. In total, 99 streets in the city of Ghent, Belgium,
were surveyed with a mobile measurement system. The investigation
presented a simplified model to estimate sound levels in streets for noise
mapping purposes based on a parameter referred to as the reflection
ratio (RR) and few geometrical features of the street (width, average
height, and façade roughness). RR was defined as the reverberant to direct sound energy ratio and was used to determine the energy contained
in the reverberant sound field. The validation was done by a detailed
experiment in an urban street canyon and by comparing with the model
results in (Heutschi, 1995), good accordance was reported. The proposed model and the experimental results in (Thomas et al., 2013) can
be used in future work for comparison purposes with the methodology
presented in this chapter. Overall, full-scale experimental work describing sound propagation in complex configurations of street canyons are
scarce, probably due to the complexity of this type of activity.
This chapter presents the methodology and the investigated area in
Section 5.3, followed by the description of the numerical scenarios for
the WB method and the DE in Sections 5.4.1 and 5.4.2, respectively.
Furthermore, Section 5.4.2 includes a description of the methodology to
calculate the three-dimensional coefficients from two-dimensional solutions. The main details of the experimental campaign are presented in
Section 5.5. The diffusion coefficients, as derived from the WB calculations and the DE model, are presented and analysed in Section 5.6.
Finally, in Section 5.6.2 the results of the DE model are compared with
results from experiments. The analysis and conclusions of the comparison are included in that section.

5.3

Methodology

The main goal of this chapter is to present the comparison of the numerical solutions of a three-dimensional DE model with experimental
results of a real urban case. The method described in Chapter 4 to
obtain diffusion coefficients in urban environments has here been used
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in a T-junction canyon-type street configuration. The investigated area
in this chapter is located in the city centre of Eindhoven, the Netherlands, where the experimental campaign was conducted in June 2016 to
describe sound propagation in this urban configuration.

5.3.1

Investigated area

As shown in the pictures in Figure 5.2, the T-junction is found at the
crossing between Rechtestraat and Hooghuisstraat. The picture shown
in Figure 5.2b gives an impression of the type of buildings in this area
and of the complex topology of the façades, for instance the irregularities
created by balconies or overhanging shades. This complexity favours diffuse reflections over the specular ones but, as explained in Section 4.7.1,
diffuse reflections depend on the dimensions of the irregularities of the
boundaries as a function of the frequency of the incident sound. Therefore, the dominance of the diffuse reflections over the specular ones is not
guaranteed for the sound field under investigation. The hypothesis assumed in this investigation is that the sound field can be approximated
by a diffusion process in the selected site as in Chapter 4 for canyon1 Due to the maximum frequency of interest and the dimensions of the domain, it is not possible
to employ the proposed technique using a three-dimensional WB model. This issue remains as a
challenge for future work.
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In Chapter 4, the approach to obtain the diffusion coefficients was
presented for two-dimensional1 scenarios composed of rectangular domains where one dimension was much bigger than the other. In the
present chapter, a three-dimensional real case, as presented in Section
5.3.1, has been decomposed and simplified into two numerical scenarios: the scenario referred as LT, representing the plan view of the street,
i.e. x - and y- dimensions, and the rectangular scenario LTz for the section view in the y- and z -dimension. Furthermore, the results of the
LT scenario are separated into two rectangular domains corresponding
with the horizontal and vertical streets, according to the plan view of
the domain. Moreover, a correction factor has been proposed to transform the two-dimensional diffusion coefficients for the three-dimensional
DE implementation of the T-junction. The main goal of these numerical calculations is to compare the DE results of the scenarios described
in Section 5.4 with the results of the experimental campaign described
in 5.5. As in Chapter 4, all results (numerical and experimental) are
presented here for the broadband frequency range from 500 Hz to 2.5
kHz.
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type street configurations. The materials used in the construction of
the façades are very diverse but can be considered to present a low absorption coefficient. The façades are predominantly built with different
types of brick, glass and concrete. Absorption coefficients of this type
of materials can be found in Table 5.1. The pavement of the streets has
been considered as acoustically hard in this investigation.
Table 5.1: Normal incidence absorption coefficients in octave bands used in the T-junction
scenario (Cox & D’Antonio, 2004)
Material
Smooth brickwork
Glass, ordinary window
Concrete block

500
0.12
0.18
0.31

1000
0.16
0.12
0.29

2000
0.22
0.07
0.39

The width of the streets ranges from 10 to 11 m and the height of the
buildings varies from 12 to 19 m. The investigated length of Rechtestraat
was 41.6 m and 52 m for Hooghuisstraat, including the length of the
intersection2 .

5.4

Numerical scenarios

The numerical models have been built based on the geometry presented
in Figure 5.3, where the origin of the Cartesian axis is defined in Rechtestraat. The DE domain is constructed as the three-dimensional representation of Figure 5.3, while the two-dimensional WB scenarios are
built as the plan view indicated by the blue lines for the LT case and
the section view of Rechtestraat, represented by the red lines for LTz.
Additionally, Figure 5.3 includes the approximate location of the sound
source as a black sphere at Rechtestraat for the three-dimensional DE
model.
All the WB scenarios are based on a simplified representation of the
real domain following these assumptions:
• The absorption and the scattering coefficients of the façades are
considered uniform in the whole domain.
• The details of the façades, as balconies and recessions, are not explicitly included in the scenarios. Instead, the boundaries of the
2 These lengths were not fully investigated by both methods employed in this chapter, i.e. numerically and experimentally, due to computational and time restrictions, respectively. The lengths
investigated by the numerical models were 41.6 m and 29 m for Rechtestraat and Hooghuisstraat,
respectivelly. While for the experimental campaign, the length of Rechtestraat was 30.4 m and the
length of Hooghuisstraat was 52 m.
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(a) Rechtestraat is the horizontal street and Hooghuisstraat the vertical street.

(b) Rechtestraat is the street on the right and Hooghuisstraat the one on the left.

Figure 5.2: T-shape canyon-type street configuration between Rechtestraat and Hooghuisstraat in the city centre of Eindhoven, the Netherlands. The Figure includes: a) an aerial
view of the area under investigation (Map data c 2019 Google Netherlands) and b) a picture
of the streets crossing (Street View June 2017 c 2019 Google Netherlands).
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Figure 5.3: Simplified geometry for the numerical models of the T-junction under investigation. The origin of the Cartesian axis is defined in Rechtestraat. The black sphere represents
the approximate location of the sound source for the three-dimensional DE model. The red
lines and the blue lines are the two-dimensional representation of the LTz and LT scenarios,
respectively. The horizontal and the vertical planes cross the source in the two-dimensional
models.

WB cases are constructed using the QRDs as presented in Section
4.7.1, assuming the reflections in the model to be highly diffuse.
• The pavement of the LTz scenario is considered flat and perfectly
reflective.
• The surfaces of the buildings are parallel or orthogonal to each
other.
• The scenarios are terminated with completely absorbent boundaries, representing the continuation and the open top of the streets.
For the three-dimensional DE model, the height of the streets is considered uniform in the whole domain and no atmospheric attenuation is
considered in the numerical model. As in the DG models, the scenarios
are terminated with fully absorbent boundaries at the openings.
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5.4.1

Two-dimensional wave-based DG scenarios

As already indicated, two-dimensional scenarios have been solved with
DG referred to as LT and LTz3 . The geometry of the LT scenario is
presented in Figure 5.4, while the dimensions of the rectangular LTz
scenario are Ly = 10.72 m and Lz = 18.72 m. The size of the LT
scenario was reduced to a length of 29 m for Hooghuisstraat to limit the
large number of recording positions in the calculations.

10.
56m

18.
48m

20.
40m

10.
72m

10.
48m

Table 5.2 presents the main features and parameters of the LT and
LTz scenarios used for the computation with the DG model. The boundaries representing the façades of the buildings are equivalent to the ones
presented in Section 4.7.1 for both scenarios, i.e. they are built using
a periodic disposition of the QRDs presented in that section. In contrast, the normal absorption coefficient of the LT and LTz scenarios for
these boundaries was set equal to αn = 0.25. The value is slightly higher
than the average of the absorption coefficients shown in Table 5.1 for the
selected materials and represents an approximation of the absorption coefficient of street canyon façades. The value corresponds to a random
incident absorption coefficient αr = 0.234 for the frequency range of interest. The pavement of the streets in the LTz scenario was modelled
3 Since the width of both streets are very similar, only the section view of Hooghuisstraat has
been computed and the same results have been used for Rechtestraat.
4 The random absorption coefficient has been evaluated in a similar manner to the numerical
calculation presented in Appendix D.
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Figure 5.4: Geometry of the LT scenario. The black dot indicates the position of the sound
source. The horizontal street is Rechtestraat and the vertical street is Hooghuisstraat.
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as an acoustically perfectly reflecting surface and the street openings in
both cases, including the open top, are terminated by non-reflecting surfaces based on a PML implementation as in Section 4.7.1. The initial
conditions and the mesh generation have been done equivalent to the
procedure followed in Chapter 4. The receivers are spread in a grid disposition over the whole domain at a distance ∆r = 0.1 m between them
and at a minimum distance from the boundaries as shown in Table 5.2.
Table 5.2: Main features and parameters of the DG models.
Features and parameters
Polynomial order (NDG )
Number mesh elements
Type mesh elements
Max. characteristic length (h) [m]
DoF per wavelength (Nλ,DG )
Time scheme
Courant number (νDG )
Time step (∆tDG ) [s]
Max. frequency [kHz]
PML (Dp [m] , βp , mp )
Source properties (As , bs )
Source location [m]
Total recording positions Nr
Total averaged positions Nr
Averaged points nr
Distance receivers ∆r [m]
Min. dist. receiver to boundary [m]
Window Γw (αw , βw , tw [ms])
Absorption coefficient αn [−]
Smoothing Nsm

LT

LTz

4
430143
Triangular
0.06
≈ 12.2
RKF84
0.276
≈ 2.98 10−6
2.8
(0.4, 20000, 4)
(1, 0.0626)
(xs , ys ) = (0.4, 5.28)
60425
2417
25
0.1
(x, y) = (0.4, 0.32)
(7, 4, ≈ 8.2)
0.25
5

4
133660
Triangular
0.06
≈ 12.1
RKF84
0.276
≈ 3.13 10−6
2.8
(0.4, 20000, 4)
(1, 0.0626)
(ys , zs ) = (5.36, 1.5)
18000
720
25
0.1
(y, z) = (0.25, 0.25)
(7, 4, ≈ 8.2)
0.25
5

As in Chapter 4 for the cross street scenario, the LT domain has been
decomposed in two rectangular subdomains corresponding with Rechtestraat and Hooghuisstraat. Therefore, from the results of the DG model,
three main sets of one-dimensional diffusion coefficients are obtained:
• Dx,H from the horizontal street (Rechtestraat including the junction) of the LT scenario.
• Dy,V from the vertical street (Hooghuisstraat including the junction) of the LT scenario.
• Dz from the LTz scenario.
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5.4.2

Three-dimensional DE scenario

The three-dimensional DE scenario corresponds to the geometry presented in Figure 5.3. The DE model is implemented as indicated in
Section 4.6.4, based on a finite differences approach. A uniform spatial
discretisation of the model was employed ∆r0 = 0.5 m. The dimensions
of the three-dimensional DE model for Rechtestraat were Lx,H = 41.5 m
and Ly,H = 10.5 m, and for Hooghuisstraat Lx,V = 10.5 m, Ly,V = 29
m, with Lz = 18.5 m in both cases. All the calculations were computed
for a time duration of 0.5 s5 using a time step of ∆tDE = 0.001 s. The
source location is the same as for the DG calculations. Both scenarios
have been implemented using the random incidence absorption coefficient αr,f = 0.23 at the façades, while for the street openings a value
αr,o = 1 was selected. Finally, the pavement was implemented as a fully
reflective surface with αr,p = 0.

Including the coefficients in the DE model

The one-dimensional diffusion coefficients from the WB model corresponding to the longest dimension of the rectangular domains, i.e. Dx,H ,
Dy,V and Dz were linearly interpolated to obtain the coefficients at the
DE positions r 0 x , r 0 y and r 0 z , respectively. These values are used in
the DE calculations after a few additional manipulations. The onedimensional diffusion coefficients are transformed to two-dimensions by
assuming that the computed coefficients are constant along the smaller
dimension of the street. For the narrow dimensions, a constant diffusion
coefficient is assumed in the whole domain as Dy,H = πc0 Ly,H /8 and
Dx,V = πc0 Lx,V /8 as indicated in (Le Pollès et al., 2005). In the crossing
area, the values obtained from the WB method, i.e. Dx,H and Dy,V ,
prevail over the values of the narrow dimension, i.e. Dx,V and Dy,H .
This latter approach causes a discontinuity of the coefficients around the
intersection of the streets that requires further research in future work.
5 Longer

computation times were evaluated showing no significant differences in the results.
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In order to compare with the experimental solutions, only the sound
level pressure results of the three-dimensional DE model at a height of
1.8 m above the ground are presented in Section 5.6.2. The solutions are
shown for the longest dimensions of each street by averaging the energy
density solutions along the shorter dimension. The sound pressure level
Lp [dB], has been computed from the spatial energy density solution of
the DE model by using Equation 4.47.
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As in Chapter 4, there are some problematic areas of the domain,
corresponding with the proximity of the source, the openings and the
street junction, where highly fluctuating and negative diffusion coefficients might be obtained. As previously done, these values are replaced
by approximating the coefficients using a curve fitting approach of the
one-dimensional results computed from a certain spatial range. Two
types of fitting have been used: quadratic polynomial fitting and linear
polynomial fitting as in Section 4.9.2. The solutions are obtained from
Equation 4.48 for the x -dimension and equivalently for the y- and z dimensions. Table 5.3 summarises the type of fitting, the range of data
used to calculate the curve and the polynomial coefficients C0 , C1 and
C2 for each case.
Table 5.3: Main parameters of the curve fitting process for the T-junction scenario.
a)
b)
c)

Scenario
LTH (x0H )
LTV (yV0 )
LTz (z 0 )

Range† [m]
(6, 15)
(−17, −8)
(5, 15)

Type∗
QP
LP
LP

C2

C1

C0

0.3
0
0

70.97
−49.63
68.16

72.59
626.8
571.69

(†) Minimum
(*) QP:

and maximum coordinates of the range.
quadratic polynomial fitting and LP: linear polynomial fitting.

Table 5.4 presents the ranges of the DE domains where the diffusion coefficients have been replaced by the approximated values. The
subscripts in the ranges indicate the corresponding fitting in Table 5.3.
Table 5.4: Ranges in meters of the DE domains where the diffusion coefficients have been
replaced by an approximation. The subscripts in the ranges indicate the corresponding
fitting in Table 5.3.
Scenario
LTH (x0H )
LTV (yV0 )
Lz (z 0 )

Source area
(0, 6)a
−
(0, 5)c

Opening 1
(31.5, 40.5)a
−
(15.5, 18.5)c

Intersection
−
(−7.5, 10)b
−

In order to obtain three-dimensional diffusion coefficients, a correction
factor ζD is proposed in this section. To compute the correction factor,
the ratio between the classical definitions of the diffusion coefficient for
two and three-dimensional enclosures have been employed. The classical
definition, based on the mean free path λ is presented in Equation 5.1
Dd =

λ d c0
,
d
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where d indicates the dimensionality of the problem and λd is given in
Equation 5.2 for two and three-dimensional cases.
πSΩ
,
PΩ
4VΩ
=
,
SΩ

λ2D =
λ3D

(5.2)

where VΩ [m3 ], SΩ [m2 ] and PΩ [m] are the volume, surface area and
perimeter of the enclosure, respectively. Finally, the correction factor is
computed using Equation 5.3.
ζD =

D3D
.
D2D

(5.3)

Table 5.5: Correction factor to obtain three-dimensional diffusion coefficients calculated
using Equation 5.3.




ζD
D2D m2 s−1
Scenario
D3D m2 s−1
LT
1392.2
2431
0.57
LTH
1334.2
2283.5
0.58
LTV
1130.7
1810.3
0.62

In this work, the two-dimensional diffusion coefficients are multiplied
by a factor ζD = 0.6, in order to obtain the three-dimensional ones. In
Section 5.6.2, Figures 5.13b, 5.13d and 5.14 present the diffusion coefficients as used in the DE calculations. These figures correspond with the
results for Dx,H , Dy,V and Dz , respectively.

5.5

Experimental campaign

In the area under investigation, acoustic measurements were conducted
in the morning of June 12th , 2016 to describe the sound propagation in
a T-junction urban configuration. The complexity of any experimental
campaign is increased in this case, due to the annoyance cause by the
noise generated by the sound source to the inhabitants in the area and
the presence of people walking in these streets. Therefore, the time
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Different values of the correction factor have been computed for the
complete domain LT and the subdomains LTH and LTV as presented in
Table 5.5.

5

Applicability of the diffusion equation to a real inner city environment

window to perform the measurements was restricted to between 08:00
and 12:00 hours by the local authorities.
The source and microphone positions are schematically presented in
Figure 5.5. The source (B&K type 4292-L) was located in the centre
line of Rechtestraat at 20 m from the corner c1 of the junction and at
a height of 1.5 m. The measurements were performed using 16 microphones ISEMcom model CSTB (2 units) and model CHTB (14 units)
connected to 8 recorders Sony Tascam DR-40 (one microphone per channel of the recorder). The 16 microphones have been arranged in an array
disposition as shown in the pictures in Figures 5.6b and 5.7. Each red
dot in Figure 5.5 represents 4 microphones at 1.27, 2.34, 3.5 and 4.9 m
height from the pavement. The first array of microphones in Rechtestraat was placed at 6 m from the source and from that point every 4
m as indicated in Figure 5.5b. In Hooghuisstraat, the first array was
placed at 2 m distance from the corner c2 and from that position every
4 m as in the previous case. The pressure responses were acquired with
a sampling frequency of 48 kHz with a laptop using the software DIRAC
(B&K Type 7841). In all the input channels, a pressure calibration tone
was recorded before starting the measurements using a calibrator (B&K
type 4230). These recordings were used when processing the signals to
calibrate all channels. The sound signal used for the excitation was the
DIRAC built-in exponential sweep signal with a duration of 43.7 s. The
signal was sent to an Amphion measurement amplifier connected to the
sound source. At each microphone array position, two measurement repetitions were performed. The results presented in this section correspond
with the average pressure responses of the two repetitions. The main meteorological parameters during the measurement period were registered
from the closest weather station to the area under investigation6 . The
data was provided by the KNMI (Royal Netherlands Meteorological Institute) as ten minutes mean values. The minimum and maximum mean
values during the measurement period for the temperature were 19.5◦
and 20.9◦ C, and for the wind velocity 1.09 and 2.78 m/s, at 10 m above
the ground.
The results presented in Section 5.6.2, represent the average of the
results from all the 16 microphones of the array, i.e. a unique value is
given for each array position that corresponds with a height of 1.8 m in
the centre of the street. the values are presented separately for the main
6 The

data was measured by KNMI Weerstation in Eindhoven, The Nederlands.
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street (Rechtestraat) and the side street (Hooghuisstraat)7 .
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Figure 5.5: Schematic plan of the microphones (red dots) and source (black dot) location
for the experimental campaign. a) Shows the full domain and the black lines between the
microphones indicate the centre of the streets and b) zooms in the area of the domain
close to the source to show the most important distances. In this detail of the domain, the
broken lines represent an imaginary continuation of the streets in order to establish a virtual
position of the corners (small blue dots c1 and c2) used to reference some distances.

7 In order to have a higher resolution in the junction for Hooghuisstraat, the microphone arrays
in this area have been averaged horizontally and the result assigned to the centre of the vertical
street.
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(a) Source located in the centre of Rechtestraat.

(b) Microphone array located at Hooghuisstraat

Figure 5.6: Pictures of the experimental campaign.
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Figure 5.7: Microphone array located at Rechtestraat.
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Analysis of results and conclusions

The results of the WB model to obtain the diffusion coefficients for the
LT and LTz scenarios are presented in Section 5.6.1. Those coefficients
have been transformed for the three-dimensional DE model as indicated
in Section 5.4.2. The results of the diffusion equation scenario for the
T-junction are presented in Section 5.6.2 in comparison with the results
of the experiments. The analysis of the comparison is presented in that
section together with the main conclusions of this investigation.
5.6.1

Results of the WB model and calculation of the
diffusion coefficients

Figures 5.8 and 5.9 present the results of the two-dimensional acoustic
field for the normalised energy density level Lw [dB re. max.] and the
the direction of the acoustic intensity field J for the LT and the LTz
scenarios, respectively. Both figures present the location of the source
as a black dot and how sound decays from that position towards the
openings of the street. As in Chapter 4, the intensity field is more
complex around the source position and at the junction of the streets, but
outside of those areas there is a predominant direction of propagation.
The results of the main parameters obtained from the WB model are
shown in the set of graphs presented in Figures 5.10, 5.11 and 5.12. Additionally, the results presented in Figures 5.10 and 5.11, include vertical
red lines to indicate the crossing of the streets.
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(a)

(b)

Figure 5.8: Sound field representation of the two-dimensional street scenario LT, including
the source position (circle at the left side of the main street). The results present: a) the
normalised energy density level Lw distribution and, b) the direction of the acoustic intensity
field.
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(a)

(b)

Figure 5.9: Sound field representation of the two-dimensional street scenario LTz, including
the source position (circle at the bottom of the street). The results present a) the normalised
energy density level distribution and, b) the direction of the acoustic intensity field.

Page 176

5

Applicability of the diffusion equation to a real inner city environment

10-13

9

10-11

3

8

2
1

6

Jx [Kg s-3]

w [Kg m-1 s-2]

7

5
4

0
-1

3
-2

2
1

0

10

2.5

20

30

-3

40

0

10

20

x [m]

x [m]

(a)

(b)

10-13

30

40

9000
8000

2

6000

1
0.5

5000
4000

Chapter 5

Dx [m2 s-1]

wx [Kg m-2 s-2]

7000
1.5

3000
2000

0

1000
-0.5
-1

0

0
10

20

30

40

-1000

x [m]

0

10

20

30

40

x [m]

(c)

(d)

Figure 5.10: Results at Rechtestraat of the two-dimensional LT scenario. The red dotted
vertical line indicates the position of the crossing side street. The figure presents the results
for a) the energy density, b) the acoustic intensity, c) the gradient of the energy density and
d) the diffusion coefficient, for the vertical x -dimension of the street.
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Figure 5.11: Results at Hooghuisstraat of the two-dimensional LT scenario. The red dotted
vertical line indicates the position of the crossing main street. The figure presents the results
for a) the energy density, b) the acoustic intensity, c) the gradient of the energy density and
d) the diffusion coefficient, for the vertical y-dimension of the street.
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Figure 5.12: Results for the height, z -dimension, of the street in the two-dimensional scenario
(LTz). The figure presents the results for: a) the energy density, b) the acoustic intensity,
c) the gradient of the energy density and d) the diffusion coefficient.
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Results of the DE model in comparison with the
experiments

Figure 5.13 presents the results of the attenuation of the sound pressure
levels of the DE model when compared to the experiments at 1.8 m
above the pavement, representing the centre line of the streets. The
results are presented separately for the main (Rechtestraat) and the side
street (Hooghuisstraat), in Figures 5.13a and 5.13c, respectively. The
experimental sound pressure level results have been normalised to the
Lp results of the DE at 10 m from the left opening of the main street.
In this investigation, any transient evaluation of the sound field has not
been included. The experimental sound levels shown in Figure 5.13a
present a slightly fluctuating decay with increased distance to the source.
Right before the crossing of the street at approximately 18 m from the
source, the gradient of the decay rate is lower, probably due to the backscattering produced from the façades of Hooghuisstraat. In the junction
area, the sound decay is faster due to the sound energy travelling into the
side streets. The results of the sound field at Hooghuisstraat present a
slightly more complex situation, as shown in Figure 5.13c. In this street,
there is a clear increase of the levels occurring approximately at 10 m
from the corners c1 and c2. This effect needs further understanding by a
deeper analysis of the experimental impulse responses and the topology
of the configuration, but it is an obvious indication of a sound field not
as diffuse as initially expected. Figures 5.13b, 5.13d and 5.14 present the
diffusion coefficients employed in the DE calculations.
When comparing these experimental results with the DE solutions, it
is very interesting to observe that the gradient of the sound pressure level
decays are quite similar. Additionally, the level differences Lp,exp − Lp,DE
between the results from the experiments and the numerical DE model
are presented in Figure 5.15, for a) Rechtestraat and for b) Hooghuisstraat. The results in Rechtestraat are promising for such a simplified
numerical scenario. For the main street, the level differences are around
±1 dB, while for Hooghuisstraat they are approximately in the same
range in the junction and in the area right around the corner, but the
differences rise to 5 dB as the distance from the corner is bigger. The
results of this section should be considered as a preliminary application
case and further experiments need to be carried out in future research.
It would be very interesting to evaluate the proposed methodology for
a higher number of real canyon type street configurations, such as the
ones presented in (Thomas et al., 2013).
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Figure 5.13: Comparison of DE and experimental results at 1.8 height above the pavement
for the T-junction scenario. The results are presented for a) the main street (Rechtestraat)
and c) the side street (Hooghuisstraat). Additionally, the figure includes the diffusion coefficients b) Dx,H and d) Dy,V as computed from the novel method (red broken line) and the
ones used in the DE calculations (black solid line).
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Figure 5.14: Diffusion coefficient Dz for the T-junction scenario, as computed from the novel
method (red broken line) and the one used in the DE calculations (black solid line).

2
1
0
-1
-2

2
1
0
-1

0

10

20
x [m]

30

40

-2

(a)

-15

-10

-5
y [m]

0

5

10

(b)

Figure 5.15: Level differences between the experimental and the numerical results of the
T-junction urban case in a) the main street (Rechtestraat) and b) the side street (Hooghuisstraat).
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6.1

Numerical implementation of the DE for sound
propagation using a FV method

Abstract

A novel implementation of the diffusion equation (DE) based on a finite volume (FV) methodology is presented for sound propagation problems. The energy-based diffusion equation is a parabolic partial differential equation representing sound fields in spaces with diffusely reflecting boundaries. Currently, finite differences and finite element methods
are the most common solvers used for this model, but only suitable for
staircase-like geometries or overusing computational resources, respectively. The main goal of this implementation is to improve the geometrical flexibility of the DE, while keeping a low order and thereby obtaining
a time efficient method for the computation of the spatial derivatives of
the governing equation. The theoretical aspects of this implementation
are presented and the suitability of the method is demonstrated for a
spherical and cubical volume using unstructured meshes. Additionally,
the implementation has been compared with the experimental reverberation time results of a real room. Overall, the results of those evaluations
have proven the FV implementation to be highly accurate.

6.2

Introduction

There are several numerical techniques that have been used for the implementation of diffusion equations in the different fields of application
of the model, as the finite differences method, finite element method
(FEM) or discontinuous Galerkin (DG). Amongst them, FV schemes
are methods of choice for a large number of engineering applications due
to their conservation properties (Droniou, 2014). For sound propagation problems, the DE has been successfully implemented numerically,
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mostly using the finite differences method, for instance in (Picaut, 2002)
and (Navarro et al., 2012) and using FEM, e.g. (Valeau et al., 2002)
(Jing & Xiang, 2007) and (Jing & Xiang, 2008). In this chapter, using
a FV method as solver for the diffusion equation in sound propagation
problems is proposed and explored with the aim of gaining geometrical flexibility and computational efficiency. The main reasons for this
implementation is that the finite differences solvers are geometrically
constrained due to the used of staircase-type of boundary shapes, while,
on the other hand, the FEM employs integration points within the mesh
elements depending on the selected polynomial order. Since the solutions of the DE only exhibit smooth spatial variations within a mean
free path, it seems logical to use a low order approach as the FV method
instead of the FEM for the calculation of the spatial derivatives of the
equation.
In this chapter, few details about the background of the diffusion
equation are presented in Section 6.3. Section 6.4 presents the finite volume method when applied to solve the DE. Finally, in Section 6.5, the
error evaluation results are presented by using the presented methodology for the calculation of two scenarios with the same diffuse field
reverberation time: a sphere and a cube. In Section 6.6 the FV implementation is compared with experimental results for a real room. The
FV implementation of the DE presented in this chapter and tested in
concave rooms is a first step towards the future implementation for urban
applications, as the ones presented in Chapters 4 and 5. The conclusions
of this chapter are presented in Section 6.7.

6.3

The diffusion equation model

The diffusion equation for sound propagation is presented in detail in
Chapter 4 and only some details of the model are given here. The equations describing the DE model as implemented in FV are presented in
Equations 6.1 for the volume of the domain V and 6.2 for the boundaries
∂V . These equations are presented for a homogeneous diffusion coefficient in contrast with the ones used in Chapter 4 for urban cases. The
implementation of the DE in FV for urban applications will be developed
in further work.
∂
w(r, t) − D∇2 w(r, t) = P (t)δ(r − rs ),
∂t
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−D

∂
w(r, t) + h(b) (r, α(b) )w(r, t) = 0,
∂n

on ∂V,

(6.2)

with w the sound energy density [kg m−1 s−2 ], D the diffusion coefficient
[m−2 s−1 ], c0 the sound velocity in the fluid media [m s−1 ], r the position
vector [m], t the time [s], P (t) the source term [W m−3 ], rs the source
position vector [m] and δ the Dirac delta function. On the left-hand side
of Equation 6.1, the first term stands for the temporal variation of the
sound energy density and the second term represents the spatial diffusion
by using the Laplacian operator. The right-hand side describes the spatial location of the volume source and its acoustic power. Equation 6.2
represents the Neumann boundary condition for the domain boundaries,
based on the modified DE and the mixed boundary conditions (Jing &
Xiang, 2007). The exchange coefficient h(b) is presented in Equation 6.3,
according to (Jing & Xiang, 2008), where α(b) represents the random
incident absorption coefficient.
h(b) =

6.4

c0 α(b)
.
2(2 − α(b) )

(6.3)

The finite volume method

6.4.1

Element definition

The FV method is derived on the basis of the integral form of the conservation law of the PDE of interest (LeVeque, 2002). A volumetric
discretisation is used in this method by using non-overlapping elements
Nel (finite volumes). The solutions at discrete locations follow from the
approximation of volume integrals over each finite volume by using the
divergence theorem to convert the divergence term of the PDE to surface integrals. The solutions are updated after each time step by using
fluxes from adjacent elements. Since the flux entering one element is
identical to the one leaving the adjacent one, the method is considered
conservative. In a FV method, the solutions of Equations 6.1 and 6.2 are
Page 185

Chapter 6

In this section, the FV method for the implementation of the DE model
for sound propagation is described. The definition of the FV technique is
included in Section 6.4.1, followed by the formulation of the cell-centred
scheme and the boundary conditions in Sections 6.4.2 and 6.4.3, respectively. Finally, the scheme is presented locally for one element, together
with the truncation error and the stability analysis in Section 6.4.4.
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computed at the centre of the elements. In Fig. 6.1, a two-dimensional
projection of two elements (Ωj and Ωk ) of a three-dimensional polyhedral
unstructured mesh is represented. The unknown variables, wj and wk ,
are computed at the centre of the elements. The common area between
the elements and the distance between the centres of the elements are
indicated as Sj,k and hj,k , respectively. The outward normal vectors from
the common surface area are represented as nj,k for element Ωj and nk,j
for Ωk . Element Ωj is an element connected to a boundary and Sj,(b)
represents its boundary area.

Sj,k

nk,j

hj,k

ѡj

Sj,(b)

ѡk

nj,k

𝛺k

𝛺j

Figure 6.1: Variable definitions for polyhedral 2D elements.

6.4.2

Theoretical formulation of the cell-centred FV

Following the finite volume method formulation as described in (Bilbao,
2013) and (Bilbao et al., 2016), Equation 6.1 is integrated over every
element Ωj and simplified by applying the divergence theorem, where the
second order derivatives of the Laplacian are transformed into first order
derivatives represented by the Nabla operator, as shown in Equation
6.4. The discrete energy density wj is defined in Equation 6.5, using one
integration point per element:
∂
∂t

Z

Z
w (r, t) dr − D

Ωj

∇w (r, t) · ndr =
∂Ωj

Z
P (t) δ (r − r s ) dr,
Ωj
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1
wj =
Vj

Z
w (r, t) dr,

(6.5)

Ωj

with j the spatial subscript for the considered element index and Vj its
volume [m3 ]. The diffusion flux term is simplified as a summation (see
Equation 6.6), with one integration point fj,k at the centre of each face:
Z
∇w (r, t) · ndr ≈
∂Ωj

Nel
X

Sj,k qjk

k=1

∂wj
∂nj,k

,

(6.6)

fj,k

with, qjk = 1 if Ωj and Ωk have a common surface, null otherwise, and j
∈ {1,...,Nel } the indexes of the elements in the mesh.
Equation 6.7 recasts the DE model in the formulation to be solved by
the FV method, where the discrete spatial and temporal derivatives will
be evaluated numerically as described in Section 6.4.4.
Nel
X
∂wj
∂wj
Vj
−D
Sj,k qjk
∂t
∂nj,k
k=1

= Vj
fj,k

Nel
X

δkjs P,

(6.7)

k=1

with δkjs the Kronecker delta.
Boundary conditions

In the cell-centred FV method, the gradient projection over the face
normal to one boundary element is expressed in Equation 6.2. The value
can be easily replaced in the volume discretisation of Equation 6.7 for
every face of an element corresponding to a boundary of the domain, as
indicated in Equation 6.8.

−D∇wj · n = −D

∂wj (r, t)
= −h(b)j,k wj ,
∂n

on ∂V.

(6.8)

Note that for the element formulation, the incoming fluxes from the
boundary are always considered positive, which explains the signs in
Equation 6.8.
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Local scheme for one element

The discretisation of the time and space derivatives of Equation 6.7 has
been implemented using the scheme presented in (Du Fort & Frankel,
1953), adapted to a first order spatial derivative. The final local formulation for element j is given in Equation 6.9, after inserting the boundary
conditions formulation of Equation 6.8 in Equation 6.7, and including
the finite differences discretisation of the time and spatial derivatives.
The superscript n is used to represent the temporal discretisation:

Nf
X
wjn+1 − wjn−1
Sj,k
Vj
−D
2∆t
hj,k
k=1
Nbf
X
k=1

Sj,k h(b)j,k

!
n+1
n−1
w
+
w
j
j
wkn −
−
2
!
wjn+1 + wjn−1
= Vj Pjn ,
2

(6.9)

with Nf and Nbf the number of faces and boundary faces of the element, respectively. When a tetrahedral mesh is used, Nf = 4 − Nbf and
Nbf cannot be bigger than 3. Note that the term accounting for the
boundary absorption, i.e., the term including the exchange coefficient
h(b)j,k , is always negative, representing the energy lost in the element.
The order of the approximation (Du Fort & Frankel, 1953) is originally:
O (∆t2 ) + O (∆r2 ) + O (∆t2 /∆r2 ) (Strikwerda, 2004). The numerical
method presented in Equation 6.9 will be referred in this work as cellcentred finite volume method with an adapted Dufort & Frankel (ADF)
scheme.
Truncation error

The truncation error of Equation 6.9 is analysed in this section. According to Syrakos et al. (Syrakos & Goulas, 2006), the truncation error
from the FV method (Equation 6.5) must be of the same order as the
discretisation scheme used for the derivatives. Let us define the numerical discretised sound energy density as: w̄ (r j , tn ) = w̄jn = wjn + nj , with
nj the numerical error. The reformulated global truncation error for the
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ADF scheme is then:

τjn



= Vj

ADF

Nf
X
w̄jn+1 − w̄jn−1
w̄kn − w̄jn
−D
Sj,k
2∆t
hj,k
k=1

Nf
w̄jn+1 − 2w̄jn + w̄jn−1
∆t2 X
Sj,k
+D
hj,k k=1
2∆t2
!
Nbf
X
w̄jn+1 + w̄jn−1
+ Rj − fjn ,
−
Sj,k Aj,k c0
2
k=1

(6.10)

with
Rj = −Vj P n δ (j − js ) ,

fjn

(6.11)

Nbf
N
X
X
∂ w̄jn
∂ w̄jn
−D
Sj,k qj,k
−
Sj,k Ac0 w̄jn + Rj .
= Vj
∂t
∂n
j,k f
k=1
k=1

(6.12)

Replacing w̄jn in Equation 6.10 by their Taylor expansions in time or
space respectively and considering that hj,k = 2∆rj,k , it is possible to
show that the truncation error of the ADF scheme is:



2

= O ∆t



+O

2
∆rj,k




+O

∆t2
∆rj,k



+ O ∆t2


BC

,

(6.13)

with ∆rj,k being the distance between the element centre and the corresponding face centre. This scheme is valid only for an orthogonal mesh
(Demirdžić, 2015). In case of non-orthogonality, the hypothesis formulated in Equation 6.14 is that the second order space discretisation is
degraded to first order depending on the orthogonality indexes χj 1 of
1 The orthogonality indexes for cells are computed using the face normal vector, the vector from
the cell centroid to the centroid of each of the adjacent cells and the vector from the cell centroid
to each of the faces as indicated in (ANSYS, 2009). The orthogonality indexes range from 0 for the
worst quality to 1 for the best quality elements.
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the mesh:
τjn


ADF



2
= (1 − χj ) O (∆rj,k ) + χj O ∆rj,k
+ O ∆t2



∆t2
+O
+ O ∆t2 BC .
∆rj,k

(6.14)

Proof of stability - Von Neumann analysis

Similarly to the work presented in (Navarro et al., 2012) for finite differences, it is possible to prove the stability condition of the scheme
(Strikwerda, 2004). In order to simplify Equation 6.9, the derivation is
done only for one element within the volume (i.e., Nbf = 0) and removing
the source term (see Equation 6.15):
N

(1 +

γj ) wjn+1

= (1 −

γj ) wjn−1

f
Sj,k n
2∆tD X
+
w ,
Vj k=1 hj,k k

(6.15)

N

f
∆tD X
Sj,k
.
with γj =
Vj k=1 hj,k

Then, a plane wave is assumed as the numerical solution (see in Equation 6.16).
t

T

w (r j , tn ) = ξ ∆t e−iKj ·rj ,

(6.16)

with Kj = [Kjx , Kjy , Kjz ] the wave number vector. After inserting this
solution in Equation 6.15 and reformulating the expression, Equation
6.17 is obtained:
(γj + 1) ξ 2
"

N

f
2∆tD X
−
Vj k=1



Sj,k −ikKj khj,k cos(θj,k )
e
hj,k

#
ξ + γj − 1 = 0.

(6.17)

Simplifying this latter equation for a cubic mesh (i.e., Nf = 6), EquaPage 190
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tion 6.18 is derived:
(γj + 1) ξ 2
#
Nf −3 
2∆tD X
2Sj,k
−
cos (kKjk k hj,k ) ξ + γj − 1 = 0.
Vj k=1 hj,k
"

(6.18)

Finally, Equation 6.18 is equivalent to Equation 6.19:
(γj + 1) ξ 2 − [2γj cos (kKjk k hj,k )] ξ + γj − 1 = 0.

(6.19)

The roots of this second order polynomial are similar to the ones presented in (Navarro et al., 2012). It is then straightforward to show that
kξk ≤ 1 (Strikwerda, 2004) and therefore, the scheme is unconditionally stable. Moreover, the explicit scheme is consistent only if ∆t2 /∆rj,k
tends to zero as ∆t2 and ∆rj,k approach zero. Similarly to the finding
by Navarro, et al. (Navarro et al., 2012), this approach leads to the condition given in Equation 6.20, which optimises the error of the schemes.
∆t2
2∆t2
=
≈ 10−8 .
∆rj,k
hj,k

Error evaluation of the cell-centred FV
implementation

To determine if the methodology presented in this chapter to solve the
DE as presented in Equations 6.1 and 6.2 is accurate on an irregularly
meshed volume, the results obtained from the FV implementation have
been compared with diffuse field reverberation time values. Two scenarios were solved in this section: one sphere with radius Φ = 5 m and
one cube with side lengths Γ = 10 m. The parameter controlling the
number of elements of the mesh is the characteristic length lc [m], which
defines a measure of the size of the mesh elements as the radius of the
circumscribed sphere for a tetrahedron (Geuzaine & Remacle, 2009). A
detail of a mesh used for the sphere is displayed in Figure 6.2 and the
parameters lc and Nel for the different meshes solved in this analysis are
given in Table 6.1. For both cases, the diffusion coefficient was calculated using the classical definition (Kuttruff, 1973) as D = λc0 /3 with
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the mean free path λ = 4V /S for proportionate rooms with volume V
and surface area S. The modified absorption factor as defined in (Jing &
Xiang, 2008) was used in the models, with a uniform value of the absorption coefficient in the whole domain α(b) = 0.1. A source power of 10−2
W is used to excite the centre of the domain and it is interrupted after
2 s to evaluate the decay of the sound energy density. The sound energy
density is proportional to the sound pressure squared and therefore, the
reverberation time Tnum can be finally computed as in (Navarro et al.,
2012). Tnum is computed at randomly disposed receivers in the domain
and the solutions presented in this section are the averaged values of all
receivers. The final results are compared with the diffuse field values
using Equation 6.21 from (Kuttruff, 2009).
V
Tth = 0.161 ,
A

(6.21)

where A is the equivalent absorption area computed according to the
modified absorption presented in (Jing & Xiang, 2008), i.e. A = h(b) /c0
(see Equation 6.3 for the exchange coefficient h(b) used in this work). The
time step ∆t for each scenario has been calculated using expression 6.20,
assuming the distance between the centres of the elements as a constant
value equal lc .

Figure 6.2: Interior view of the sphere mesh with uniform characteristic lengths of elements.

The relative error T [%] of the numerical results of the reverberation
time Tnum referred to the diffuse field values Tth is computed using expression 6.22. Additionally, two more relative errors are given as results
of the present section for the sphere case: vol [%] Equation 6.23 and
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surf [%] Equation 6.24, which corresponds respectively to the numerical
error of the volume and surface discretisation when compared with the
analytical expressions of those parameters for the sphere.



|Tth − Tnum |
100,
Tth

(6.22)


|Vana − Vnum |
100,
Vana

(6.23)

T1 =

vol =


surf =


|Sana − Snum |
100,
Sana

(6.24)

where Vana = 34 πΦ3 [m3 ] and Sana = 4πΦ2 [m2 ].
Sphere (sp)
(lc [m], Nel [−])

Cube (cb)
(lc [m], Nel [−])

(3, 108)
(2.5, 379)
(1.8, 761)
(1.5, 1177)
(1, 2701)
(0.8, 5140)
(0.7, 8458)
(0.6, 13226)
(0.5, 20745)

(5, 100)
(2.5, 373)
(2, 730)
(1.5, 1581)
(1, 4673)
(0.9, 8127)
(0.8, 10228)
(0.7, 15787)
(0.6, 22806)

The reverberation time and the associated error results are presented
in Figure 6.3.
In the case of the cube, the numerical model overestimates the reverberation time, independently of the number of elements in the mesh
when compared with the diffuse field value Tth,cb , as shown in Figure 6.3a.
For the sphere, there is a clear influence of the number of mesh elements
in the results but, these tend to converge to the value of the the cube.
Clearly, the error in the sphere is caused by the spatial discretisation of
the volume and surface area of the domain for coarser meshes. In any
case, the errors shown in Figure 6.3b are within the 5% tolerance value
(Navarro et al., 2012) for Nel > 400, which shows the appropriateness of
the FV implementation, even when using rather coarse meshes.
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Table 6.1: Main parameters of the meshes used in the error evaluation of the FV models.
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3

12

Tnum,cb

T1,cb

Tnum,sp

2.8

10

Tth,cb = Tth,sp

T1,sp
vol,sp

8

surf,sp

T [s]

[%]

2.6
6

2.4
4
2.2

2

2
102

103

104

0
102

103

Nel [-]

Nel [-]

(a)

(b)

104

Figure 6.3: The reverberation time and the associated error results. Figure a) shows the
numerical and diffuse field reverberation time results for the sphere (sp) and cube (cb)
models. The diffuse field value of the reverberation time is equal for the cube and the
sphere cases. Figure b) shows the errors for the sphere T,sp , vol,sp and surf,sp (solid lines)
and, the cube T,cb (dash line) models. The errors are presented for the comparison of the
reverberation time with the classical solution (circles) when using the modified absorption
(Jing & Xiang, 2008), and the error of the volume (red squares) and surface (green diamonds)
for the sphere.

6.6

Application case and experimental comparison

In this section, the experimental results of the reverberation time in a
real room are compared with the numerical results obtained from the
FV implementation of the DE. The room was located in the Acoustics
Laboratory building (ECHO building) at the campus of the Eindhoven
University of Technology (see picture in Figure 6.4). Geometrical data
of the room, including the dimensions and the location of the source
and microphone positions are presented in Figure 6.5. The room has a
volume of V = 89.54 m3 and a boundary surface area of S = 125.08 m2 .
Two source (S) and six microphone (M) positions (three per source
location) have been used for the measurements. The locations are given
in Table 6.2. The height (z -coordinate) of the sound source location is
measured at the opening (highest point) of the used sound source (B&K
type 4295, OmniSource Sound Source).
The measurements were performed using one free-field microphone
B&K type 4189 connected to a Triton USB Audio Interface. Impulse
responses were acquired with a sampling frequency of 48 KHz with a
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Figure 6.4: Picture of the room located in the Acoustics Laboratory building (ECHO building) during the measurements.

Number

(x, y, z) [m]

Number

(x, y, z) [m]

S1
M1
M2
M3

(5.45, 0.7, 1.57)
(2.01, 2.88, 1.37)
(4.07, 2.73, 2, 02)
(2.87, 0.84, 1.66)

S2
M4
M5
M6

(1.7, 2.92, 1.77)
(3.8, 1.82, 1.66)
(1.77, 1.16, 1.02)
(4.75, 3.87, 1.63)

laptop using the room acoustics software DIRAC (B&K Type 7841).
The input channel is calibrated before starting the measurements using
a calibrator (B&K type 4230). The sound signal used for the excitation
of the room is the DIRAC built-in e-Sweep signal with a duration of 87.4
seconds connected to an Amphion measurement amplifier. At each microphone position, three measurement repetitions were performed. The
results presented in this section represent the average of all measurements as given by DIRAC. The software computed the reverberation
time based on the first 30 dB decay of the room responses. The experimental results of the reverberation time Texp [s] are presented in Table
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Table 6.2: Location of source and microphone positions for the experimental study.
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(a)

(b)

(c)

Figure 6.5: Geometrical data of the room under investigation for the application case of the
DE model using the FV method: a) isometric view, b) plan view and c) section view.
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6.4 in octave bands from 2502 Hz to 4 kHz. These results have been used
to calculate the absorption coefficient of the room for random incidence
αr per octave band fc (see Table 6.4). The values of αr have been computed using Equation 6.25 derived from (Kuttruff, 2009), and assuming
the absorption of all the surfaces of the room to be homogeneous.
αr (fc ) = 0.161

V
STexp (fc )

.

(6.25)

For the DE model, the diffusion coefficient was calculated using D =
λc0 /3 with λ = 4V /S. The room was discretised using four different
meshes created by the mesh generator tool Gmsh version 3.0.6 (Geuzaine
& Remacle, 2009) and shown in Figure 6.6. The total number of elements
Nel , the characteristic length lc and the time step used to solve each mesh
are presented in Table 6.3. The reverberation time results of the room for
the different discretisations are referred as Tnum(M s) , with Ms including
a number from 1 to 4, where 1 corresponds with the finer mesh and 4
the coarser.

Mesh

Nel

lc [m]

∆t [s]

Ms1
Ms2
Ms3
Ms4

6680
2060
1107
790

0.5
1
1.5
2

5 10−5
≈ 7.07 10−5
≈ 8.66 10−5
1 10−4

The total simulation time was 9 seconds and a source power of 10−2 W
is used to excite the domain and it is interrupted after 2 s to evaluate the
decay of the sound energy density. The reverberation time was computed
from the sound pressure level decay of 30 dB from the steady state level
minus 10 dB. The random incidence absorption coefficients αr calculated
from the experimental results of the reverberation time (see Table 6.4)
are used in the DE model assuming a uniform value in the whole domain
for each frequency band.
The reverberation time results of the FV implementation of the DE
model presented in Table 6.4 represent the average of all receivers. Additionally, Figure 6.7 presents the results of the error evaluation when
2 This

frequency band was selected to be above the Schroeder’s frequency (Kuttruff, 2009).
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Table 6.3: Main parameters of the meshes employed in the FV implementation of the DE
for the experimental comparison.
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(a)

(b)

(c)

(d)

Figure 6.6: Meshes used
comparison: a) fine mesh
lc = 1 m and Nel = 2060
and d) coarser mesh Ms4

to discretise the domain in the DE model for the experimental
Ms1 with lc = 0.5 m and Nel = 6680 elements, b) mesh Ms2 with
elements, c) mesh Ms3 with lc = 1.5 m and Nel = 1107 elements
with lc = 2 m and Nel = 790 elements.

comparing the numerical and experimental results by using Equation
6.26.

T2 =


|Texp − Tnum |
100.
Texp

(6.26)

The errors are quite low (less than 1%) for all the frequencies and
within the 5% tolerance value (Navarro et al., 2012), even for the coarser
grid. The different spatial discretisations of the scenarios have little influence in the results of Figure 6.7. Overall, it can be concluded that the
FV implementation of the DE model, is highly accurate when compared
with a real case concave room.
As future work, the implementation needs to be extended for nonhomogeneous directional diffusion coefficients and compared with a more
complex real sound field where the results have a higher spatial variation.
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Table 6.4: Experimental and numerical results of the evaluated room.

fc

αr [−]
Texp [s]
Tnum(M S1) [s]
Tnum(M S2) [s]
Tnum(M S3) [s]
Tnum(M S4) [s]

250 Hz

500 Hz

1 kHz

2 kHz

4 kHz

0.014
8.43
8.40
8.40
8.40
8.40

0.018
6.49
6.46
6.46
6.46
6.46

0.02
5.75
5.71
5.71
5.71
5.71

0.026
4.41
4.38
4.38
4.38
4.38

0.035
3.33
3.30
3.30
3.30
3.30

1

0.8

Ms1
Ms2
Ms3
Ms4

[%]

0.6

0.4

0.2

0

250

500

1000

2000

4000

Frequency 1/1 oct. [Hz]

Figure 6.7: Error T2 of the FV implementation of the DE model for the fine and coarse
mesh when compared with the experimental results.

Conclusions

A finite volume implementation of the DE has been presented in this
research. The error evaluation for different scenarios and configurations
has been shown when the results are compared with analytical solutions
and with experimental results in a real room. Overall, it can be concluded that the FV implementation of the DE model is highly accurate.
The errors associated to the calculation of the reverberation time with
the novel implementation for a sphere and a cube scenario when compared with the analytical solutions are below 5% when the domains are
discretised with enough elements, even when using rather coarse meshes.
Additionally, for a concave highly reverberant room, the reverberation
time error difference of the FV implementation when compared with experimental results is below 1% for the octave frequency bands between
250 Hz and 4 kHz.
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6.7

7

Conclusions and future work

The main conclusions of the thesis are extracted and presented in two
sections corresponding with the findings related to the developments in
wave-based methods in Section 7.1 and energy-based methods in Section
7.2. Additionally, Section 7.3 is devoted to summarising the research
lines to be developed in future work.

7.1

Wave-based methods

The positioning of discontinuous Galerkin as a mature wave-based model
for room acoustic applications has been addressed in Chapter 2. This
is a first step towards the utilisation of DG to compute outdoor sound
propagation problems which is the main scope of this thesis. DG has
been implemented for solving the spatial derivatives of the linearised
Euler equations, while using a low-storage explicit Runge-Kutta method
as the time scheme.
The main conclusions of Chapter 2 are listed below:
1. The method has proven to be suitable for addressing indoor acoustics
problems when compared with analytical and experimental results:
• The convergence when compared with analytical solutions of the
proposed frequency independent impedance boundary formulation
has been demonstrated.
• For a cuboid room with rigid boundaries, it can be concluded that
with a sufficiently high polynomial order, the dispersion and dissipation errors become very small.
• A comparison with experimental results of a real room showed that
the average deviations in the frequency range of interest are 1.2
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dB and 2.3 dB at the evaluated positions. Taking into account that
only one uniform real-valued impedance has been used for the whole
frequency range of interest, these results are satisfactory.
In Chapter 3, a novel numerical hybrid approach has been presented
to solve the linearised Euler equations, coupling Fourier pseudospectral time domain methodology with the nodal discontinuous Galerkin
method. The aim of the hybrid approach is to allow the computation
of arbitrary boundary conditions and complex geometries by using the
benefits of the DG methodology close to the boundaries, while keeping
the efficient Fourier PSTD method in the bulk of the domain. The novel
approach was developed mainly for atmospheric sound propagation in
urban scenarios, with DG near the ground surface and Fourier PSTD in
the (moving and inhomogeneous) propagation domain above it.
The conclusions from this chapter are:
2. The hybrid method has not shown a significant additional error when
compared with a Fourier PSTD stand-alone solver and using an adequate selection of parameters. Therefore, it is demonstrated to be a
suitable tool for computing sound propagation problems for domains
with arbitrary boundary shapes, with a clear application for urban
atmospheric sound propagation problems. Additionally, the approach
is a step towards the implementation of arbitrarily shaped frequency
dependent boundaries in Fourier PSTD.
3. In the high frequency range, the error is generally dominated by the
Gaussian window or by the Runge-Kutta time scheme:
• The window error (for window sizes of Nw ≤ 30) is, in general,
responsible for the error down to 2.5 points per wavelength.
• For higher frequencies, around 2 points per wavelength, the aliasing
error and the influence of the filtering takes over the error.
• If a suitable window length and DG polynomial order are chosen,
the error is dominated by the time scheme.
4. In the low frequency range, the error is, in general, higher than the
stand-alone solver error; but in this frequency range the errors are
already very low and therefore, of less relevance.
5. The results show no sign of instability after 10 seconds of sound propagation.
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In Chapter 3, the application case of the hybrid methodology to solve
an atmospheric sound propagation problem was additionally included.
The case consisted of the evaluation of scattering sections as a noise
mitigation measure for low frequency noise. Wind effects using the effective sound speed approach were incorporated in the hybrid model for
this calculation. The following conclusions have been drawn from this
work:
6. The comparison of the results for a flat ground scenario with the
results of the fast field program (FFP) model for different wind conditions shows a good agreement.
7. The insertion of the investigated rough terrain is a very effective noise
mitigation measure in the low frequency range and for different wind
conditions:
• The IL results in 1/3 octave bands present a noise reduction for all
the evaluated wind conditions and recording positions.
• The IL ranges from 2.1 dB up to 28 dB corresponding with the 1/3
octave bands of 160 and 100 Hz, respectively; both values happen
to correspond with the highest evaluated wind condition.

Energy-based methods

A novel methodology for the calculation of diffusion coefficients for the
diffusion equation has been proposed in Chapter 4 for urban applications, based on the solutions of a wave-based method. The approach is
based on locally computing the diffusion coefficients as the proportionality factor between the acoustic intensity and the gradient of the sound
energy density given by Fick’s first law of diffusion. The variations per
mean free path of w, J , and thus D, must be small and therefore, main
efforts of the proposed methodology are oriented towards reducing the
fluctuations of the solutions when using a full WB model. The approach
is presented in Chapters 4 and 5 for two-dimensional1 scenarios composed of rectangular domains where one dimension is much bigger than
the other. The method has been applied to a straight, long street and
to more complex urban cases, in particular the intersection of two perpendicular long streets and a T-junction configuration. Furthermore, a
1 Due to the maximum frequency of interest and the dimensions of the domain, it is not possible
to employ the proposed technique using a three-dimensional WB model. This issue remains as a
challenge for future work.

Page 203

Chapter 7

7.2

7

Conclusions and future work

factor has been suggested to correct the coefficients to be employed in a
three-dimensional DE implementation for the T-junction scenario.
Regarding the methodology for the calculation and the results of the
diffusion coefficients, the following conclusions have been drawn:
1. The proposed methodology to compute the diffusion coefficients has
been proven to be a valid approach in areas where the sound field is
smoothly decaying in a predominant direction.
2. The method fails when the gradient of the energy density approaches
zero. These cases are associated with areas of the domain where there
is not a predominant and unique direction of the energy flow as near
the source, the openings and the streets crossing.
3. The diffusion coefficients are found to be non-homogeneous, equivalently to the findings for long room cases (Visentin et al., 2012).
4. In a long space without intersections, the value of the diffusion coefficients increases as the distance from the source becomes greater.
In Chapter 4 the DE has been implemented to compute the sound
field using directional and non-homogeneous diffusion coefficients. The
coefficients are obtained from the proposed methodology after few additional manipulations for the longest dimension of the rectangular domains, while for the shortest dimension, a constant value is assumed
as in (Le Pollès et al., 2005). For more complex scenarios, the values
obtained from the WB method prevail in the crossing areas.
The following conclusions have been drawn from the results of the
scenarios evaluated in Chapter 4:
5. When comparing the results of the two-dimensional DE model with
the results of the WB method, it can be concluded that the discrepancies are very reasonable for such a simple model when excluding
the areas where the method fails from the analysis:
• The DE results of the long street scenario presents differences with
the WB method below 1 dB.
• The results from the cross street scenario presents more complex
results, but still the discrepancies are within a reasonable range.
The differences are mostly below 1.5 dB for both the horizontal
and the vertical street.
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These are the main conclusions from Chapter 5:
6. The results of the comparison of the DE model with a real case experiment are very promising for such a simplified model. In Rechtestraat,
the level differences are around ±1 dB as well as in the first area of
Hooghuisstraat. However, at 10 m from the corner in Hooghuisstraat,
there is an increase of the sound levels in the experimental results and
the differences with the numerical results rise to 5 dB in this area.
7. The slopes of the decays of the experimental sound levels as a function
of distance are quite similar to the numerical results.
These latter results should be considered as an initial attempt of an
application case.
A finite volume implementation of the DE has been presented. The
error evaluation for different scenarios and configurations has been shown
with results compared to analytical solutions and with experimental results of a real room. The conclusions of the comparison are:
8. Overall, it can be concluded that the FV implementation of the DE
model is highly accurate. The errors associated with the calculation
of the reverberation time with the novel implementation for a sphere
and a cube scenarios when compared with the analytical solutions
are below 5% when the domains are discretised with enough elements
(Nel > 400), even when using rather coarse meshes.
9. For a concave highly reverberant room, the reverberation time error
difference of the FV implementation when compared with experiments
in a real room is below 1% for the octave frequency bands between
250 Hz and 4 kHz.

Future work

Future work related to the wave-based method is proposed as follows:
• The hybrid method should be implemented for the complete version
of the linearised Euler equations (Equations 2.2), in order to include
arbitrary flow fields and other atmospheric effects.
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• It is of central importance to rigorously derive the formulation
for general frequency-dependent impedance boundary conditions as
well as extended reacting boundary conditions for the DG time domain method that will be incorporated to the hybrid model, as well
as for other acoustics applications of the stand-alone solver.
• Future efforts should be directed to reduce the copy zone area in
the hybrid DG / Fourier PSTD method.
• A three-dimensional version of the hybrid method should be implemented.
The results shown in this research prove that the DG method is highly
accurate. However, some issues remain to be addressed to reach the
maturity of the method for urban, room and other acoustics applications,
and also for the formulation of the boundary conditions:
• Further investigations are needed to find the most efficient combination of polynomial order and mesh size to achieve a certain
accuracy.
• The local adaptivity of polynomial orders and time steps should
be explored as a feasible approach for improving the computational
efficiency of the method.
The potential of the DE method for the application of the method for
inner city scenarios has been demonstrated in this thesis. However, for a
mature applicability in these environments, further studies are needed.
• Exploring the influence of different parameters on the diffusion coefficient: topology of the streets configuration, absorption, scattering
and surface diffusion coefficients.
• It is of central importance to get a deeper understanding of the
behaviour of the diffusion coefficient at problematic areas such as
the street crossings. This will help to propose a technique avoiding
the discontinuities of the coefficients around the intersections, as
seen with the current approach.
• Regarding the deviations found at the openings, further investigations are needed to establish if the sound field in these areas fulfil
the conditions for the application of the DE.
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• Efforts can be directed towards the hybridisation of the DE with a
method that computes the early part of the impulse response as for
instance, by combining DE with a geometrical method.
• In this investigation, any transient evaluation of the sound field
has not been included. Therefore, it remains a future task to compare parameters as the reverberation time, when using the proposed
methodology.
Regarding the method to obtain the diffusion coefficients, there is a
necessity for further work in the following areas:
• Perform an empirical or theoretical evaluation of the optimal distance between receivers in the wave-based method and possibly the
evaluation of other techniques for smoothing and fitting the calculated coefficients.
• The method should be tested from the solutions of a three dimensional WB model and investigated to establish whether the alternative proposed in this thesis can be extrapolated to other urban
scenarios.
As future work related to the implementation of the DE using the FV
method:
• Extend the implementation to non-homogeneous directional diffusion coefficients.

Chapter 7

• Perform a comparison with more complex real cases where the sound
field presents a higher spatial variation.
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Wang, H., Sihar, I., Pagán Muñoz, R., & Hornikx, M. (2019, apr). Room acoustics
modelling in the time-domain with the nodal discontinuous Galerkin method. The
Journal of the Acoustical Society of America, 145 (4), 2650–2663.
WHO. (2011). Burden of disease from environmental noise - Quantification of
healthy life years lost in Europe (Tech. Rep.).
WHO. (2018). Environmental Noise Guidelines for the European Region (Executive
Summary) (Tech. Rep.).
Wiener, F. M., Malme, C. I., & Gogos, C. M. (1965). Sound Propagation in Urban
Areas. The Journal of the Acoustical Society of America, 37 (4), 738–747.
Xiang, N., Jing, Y., & Bockman, A. C. (2009). Investigation of acoustically coupled
enclosures using a diffusion-equation model. The Journal of the Acoustical Society
of America, 126 (3), 1187–1198.
Yang, H.-S., Kang, J., & Kim, M.-J. (2017). An experimental study on the acoustic
characteristics of outdoor spaces surrounded by multi-residential buildings. Applied
Acoustics, 127 , 147–159.
Yeow, K. (1976). External reverberation times observed in built-up areas. Journal
of Sound and Vibration, 48 (3), 438–440.
Yeow, K. (1977). Decay of sound levels with distance from a steady source observed
in a built-up area. Journal of Sound and Vibration, 52 (1), 151–154.
Yeow, K. (1979). Room acoustical model of external reverberation. Journal of
Sound and Vibration, 67 (2), 219–229.
Zhang, T., & Li, Z. (2010). Optimal error estimate and superconvergence of the DG
method for first-order hyperbolic problems. Journal of Computational and Applied
Mathematics, 235 (1), 144–153.

Page 219

Page 220

Appendices

The following appendices are included in the next pages:

A. Derivations of the total discrete acoustic energy of the semi-discrete
system
In this appendix, it is proven that the total discrete acoustic energy is governed
by Equation 2.28 as presented in Chapter 2.
B. Main parameters used in the calculations with the hybrid model
In this appendix, the main parameters used in the computations of the errors
when using the hybrid method presented in Chapter 3 are summarized per
figure of results for one and two- dimensional cases and for the application
case.
C. Diffusion coefficients calculated for closed spaces
This appendix contains the description, results and analysis of two additional
scenarios solved with the wave-based DG method, a long room (LR) and a
proportionate room (SR). The analysis of this work gives a detailed insight
of the acoustic field that helps understanding the behaviour of the diffusion
coefficient when computed according to Chapter 4.
D. Numerical evaluation of the QRDs
This appendix contains the details of the numerical experiments designed for
the evaluation of the random sound absorption coefficient of the QRD used in
the urban models presented in Chapter 4.
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A

Derivations of the total discrete acoustic energy
of the semi-discrete system

This appendix is based on the Journal Paper:

• Wang, H., Sihar, I., Pagán Muñoz, R., & Hornikx, M. (2019). Room acoustics
modelling in the time-domain with the nodal discontinuous Galerkin method.
The Journal of the Acoustical Society of America, 145(4), 2650–2663.

The contributions of the author of this thesis to this research are indicated in
Section 1.5.
In this appendix, it is proven that the total discrete acoustic energy is governed
by Equation 2.28 as presented in Chapter 2. It can be seen that the local energy can
be recovered from the product of the element mass matrix M k and the nodal vectors
vx kh as follows:
Np
X

Z

(vx kh )T M k vx kh =

Dk

vx kh (xki , t)lik (x)

i=1

Np
X

vx kh (xkj , t)ljk (x)dx

j=1

kvx kh k2Dk .

=

Furthermore, it can be verified that

(vx kh )T Sxk pkh

Z
=

Np
X

D k i=1

pkh (xki , t)lik (x)

Np
X
j=1

vx kh (xkj , t)

∂ljk (x)
dx
∂x

∂vx kh 
∂vx kh (x, t)
dx = pkh ,
=
pkh (x, t)
∂x
∂x Dk
Dk
Z
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and

(vx kh )T M kr pkr
h =

Np
X

Z

∂D kr i=1

Nf p

vx kh (xki , t)lik (x)

X
j=1

Nf p

Z
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h (x, t)ph (x, t)dx = vx h , ph


∂D kr

.

Now, the total discrete acoustic energy Eh of the semi-discrete formulation of
Equations 2.17 can be calculated. By pre-multiplying Equation 2.17a with ρ0 (vx kh )T ,
Equation 2.17b with ρ0 (vy kh )T , Equation 2.17c with ρ0 (vz kh )T , Equation 2.17d with
1
(pkh )T and sum them together, using the relations mentioned in Equations (A.1,
ρ0 c20
A.1), yields
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where the divergence theorem is used to obtain the surface integral term as

k
k
∂pkh 
k ∂ph
k ∂ph
...
k + vy h ,
k + vz h ,
D
D
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∂z Dk
k
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x vx h , ph ∂D kr + ny vy h , ph ∂D kr + nz vz h , ph ∂D kr

vx kh ,

r=1

Substitute the numerical flux Equations 2.19 into Equation A.1 and use Equation
A.1, after some simple algebraic manipulations, the semi-discrete acoustic energy
Page 224

Derivations of the total discrete acoustic energy of the semi-discrete system

balance on element yields
f

d k X kr
E =
R ,
dt h r=1 h

(A.1)

where


1 kr kr
kr
ωo , ph + ρ0 c0 vhn
∂D kr
2


kr kr
Rkr
h = ph , vhn ∂D kr − . . .

1
kr
+ ωils , pkr
h − ρ0 c0 vhn ∂D kr
2

is the discrete energy flux through the shared surface ∂Dkr or equivalently ∂Dls
between the neighboring elements Dk and Dl in the interior of the computation
domain. ω0 and ωi are the characteristic waves defined in Equation 2.22. By using
the condition that the outward normal vector of neighboring elements are opposite,
the final form of energy contribution from the coupling across one shared interface
reads


−

1
k[pkr ]k2 kr
2ρ0 c0 h ∂D

ls
Rkr
h + Rh =

ρ0 c0 kr kr
kr
kr
kr 2
knx [vx h ] + nkr
+
y [vy h ] + nz [vz h ]k∂D kr ,
2

which is non-positive. This ends the discussion for the interior elements. Now, for
elements that have at least one surface lying on the real-valued impedance boundary
e.g., element Dm with surface ∂Dmt ∈ ∂Ωh , the numerical flux is calculated using
Equation 2.23. After some algebraic operations, the energy flux through the reflective
boundary surface becomes:
Rmt
h =−

 1 − Rmt
2ρ0 c0

2
kpmt
h k∂D mt +


ρ 0 c0
mt 2
(1 + Rmt )kvhn
k∂Dmt
2

(A.2)

Finally, by summing the energy flux through all of the faces of the mesh, we get
the total acoustic energy of the whole semi-discrete system as in equation (2.28).
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A

B

Main parameters used in the calculations with
the hybrid model

In this appendix, the main parameters used in the computations of the errors when
using the hybrid method presented in Chapter 3 are summarised per figure of results
for one and two-dimensional cases, and for the application case.
Table B.1: Main parameters for the one-dimensional computations presented in figures 3.7,
3.8, 3.9 and 3.10
Figure 3.7

Dimensions [m]
Nw
NDG
∆xP S = h [m]
p(x, t0 ) [Pa]


v(x, t0 ) ms−1

(A, bs m−2 , xs [m] )
(xref , xr1 , xr2 ) [m]
BC (left/right)
PML (Dp [m], βp , mp )
RK Fourier PSTD
RK DG
νP S
shyb
Time steps
Filter (hybrid/stand-alone)

Figure 3.8

Figure 3.9

Figure 3.10

1900∆xP S
[30,100]
5

10

[10:1:100]
4,5,6,7,10
10

0.1
2
Ae−bs (|x−xs |)
−p(x, t0 )/ρ0 c0

1, 0.0706(1/∆x)2 [m−2 ], 300∆xP S
(100, 400, 1500)∆xP S
(rigid/PML)
(100∆xP S , 20000, 4)
RKF84
RKo6s
RKF84
0.5
0.05
3
1
53200
2000
(yes/−)
(yes/yes)
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Table B.2: Main parameters used in the two-dimensional problems presented in figures 3.13,
3.14, 3.15 and 3.16
Figures 3.13 3.14

NP S,x × NP S,y
Tcz
Vertices cylinder
acyl [m]
NDG
∆xP S = h [m]
p(x, t0 ) [Pa]


v(x, t0 ) ms−1
(A, bs m−2 )
xs = (xs , ys ) [m]
xr = (xr , yr ) [m]
ar [m]
ξrn [rad]
BC (left & right)
BC (up & down)
BC (cylinder)
PML (Dp [m], βp , mp )
RK Fourier PSTD
RK DG
νP S
shyb
Time steps
Filter (hybrid/stand-alone)

Figure 3.15

Figure 3.16

240 × 600
39
128

240 × 160
39
128

[20, 39]
[128, 256]
10∆xP S
5
0.1
2

Ae−bs (|x−xs |)
0
(1, 3/16(1/∆xP S )2 )
(10, −)
−
71∆xP S
[0:0.02:2π]
(PML)
(periodic)
(rigid)
(50∆xP S , 20000, 4)
RKo6s
RKF84
0.5
13
1200
(yes/−)
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Table B.3: Main parameters used in the application case of the hybrid method.
Features and parameters

Application case

NP S,x × NP S,y
Tcz
Polynomial order (NDG )
∆xP S [m]
p(x, t0 ) [Pa]


v(x, t0 ) ms−1
(A, bs m−2 )
xs = (xs , zs ) [m]
xr = (xr , zr ) [m]
BC (left & right & up)
BC (ground)
PML (Dp [m], βp , mp )
RK Fourier PSTD
RK DG
νP S
shyb
Recording time steps (∆t) [ms]
Number of recorded time steps
Filter

1000 × 180
39
4
0.5
2
Ae−bs (|x−xs |)
0
(1, 3/16(1/∆xP S )2 )
(10, 3)
(490, [2, 4, 6])
PML
Hard
(40∆xP S , 20000, 4)
RKo6s
RKF84
0.5
10
≈ 1.4
2106
Yes
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This appendix contains the description, results and analysis of two additional models
solved with the wave-based DG method, a long (LR) and a proportionate room (SR),
in line with the work presented in Chapter 4.

C.1

DG models

The boundaries of the models solved in this appendix are equivalent to the ones
presented in 4.7.1, i.e. using QRDs to represent wall irregularities. The room models
did not include completely absorbent boundaries; instead all boundaries are designed
using the QRDs (see the details of the diffusers in section 4.7.1). The dimensions of
the long room model are equivalent to the ones presented in Figure 4.6 for the LS
model, i.e. lx = 39.54 m and ly = 2.7 m. While for SR the dimensions are lx = 7.98
m and ly = 5.34 m. The main parameters of the models are given in table C.1
and the mesh was constructed using Gmsh 3.0.6 (Geuzaine & Remacle, 2009). The
investigated frequency band ranges from 500 up to 2.5 kHz.

C.2

Results and analysis of the DG models

In this section, the results of the DG room models are presented and analysed.

C.2.1

Long room

In the work presented by Visentin et al. (Visentin et al., 2012) where this type of
space was numerically investigated, the diffusion coefficient was locally estimated by
the ratio of the norm of the acoustic intensity kJ (r)k to the norm of the gradient
of the sound energy density k∇w(r)k. Therefore, it was not possible to obtain
negative diffusion coefficients. Probably, the technique employed by Visentin et al.,
and motivated by the used of a geometrical approach (particle tracing method),
altered the results of the diffusion coefficients at the ends of the investigated long
room, where the sound energy is concentrated near the end walls. In a long room,
the steady-state energy density decays with distance from the source and the energy
gradient smoothly converges to zero along the longer dimension. For most of the
space, there is a clear flow of energy occurring from the source towards the limit
walls at the ends, but at the end of the long room, because of the end wall reflection,
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Table C.1: Main features and parameters of the DG models.
Features and parameters
Polynomial order (NDG )
Number mesh elements
Type mesh elements
Max. characteristic length (h) [m]
DoF per wavelength (Nλ,DG )
Time scheme
Courant number (νDG )
Time step (∆tDG ) [s]
Recording time [s]
Max. frequency [kHz]
Source properties (As , bs )
Source location (xs , ys ) [m]
Total recording positions Nr
Total averaged positions Nr
Averaged points nr
Distance receivers ∆r [m]
Min. dist. receiver to boundary [m]
Window Γw (αw , βw , tw [ms])
Absorption coefficient αn [−]
Smoothing Nsm

SR

LR

4
33506
Triangular
0.06
≈ 13.2
RKF84
0.276
≈ 3.36 10−6
2
2.8
(1, 0.0626)
(0.5, 0.7)
3927
150
25
0.1
0.15
(7, 4, ≈ 3)
0.1
5

4
91326
Triangular
0.06
≈ 12.7
RKF84
0.276
≈ 3.36 10−6
2
2.8
(1, 0.0626)
(0.5, 0.7)
9850
394
25
0.1
0.15
(7, 4, ≈ 2.4)
0.1
5

the energy density increases and the gradient of the energy density changes sign in
nearby areas. The consequence is a negative diffusion coefficient that the DE cannot
model. Additionally, in the area where the gradient approaches zero, big fluctuations
of the diffusion coefficient are obtained due to the division by zero effect.
These findings are sustained from the results presented in Figure C.1 for the
two-dimensional model LR. The presented graphs show w (Figure C.1a), Jx (Figure
C.1b), ∇wx (Figure C.1c) and Dx (Figure C.1d), calculated following the approach
presented in section 4.5. Moreover, in this area of the room close to the end wall, the
intensity changes direction in some locations. This latter effect cannot be observed in
Figure C.1b due to the averaging processes, but it is shown in Figure C.2b for some
locations close to the end wall. Overall, in this section, the effect of the change of
sign of the gradient in the diffusion coefficient can be observed, associated to negative
and highly fluctuating values of the diffusion coefficient.

C.2.2

Proportionate-room

The results are shown in Figure C.3 and C.4, for the x -dimension and y-dimension
of the room, respectively. In this model, a theoretical diffusion coefficient Dth is
shown together with the one calculated with the methodology given in section 4.5.
As mentioned in section 4.4, the diffusion coefficient is well-defined for enclosures with
proportionate dimensions. For a two-dimensional
domain Ω, Dth = λΩ c/2 and the
 
mean free path λΩ = πSΩ /PΩ , where SΩ m2 is the area and PΩ [m] the perimeter
of the domain. For the model evaluated in this section, the diffusion coefficient has
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Figure C.1: Results of a two-dimensional long room (LR) simulation performed with DG
and the methodology summarised in Figure 4.3. a) The energy density, b) the acoustic
intensity, c) the gradient of the energy density and d) the diffusion coefficient. The results
are presented for the x -dimension of the room.

been calculated by assuming a rectangular room, i.e. not including the surface area
and the perimeter surface of the QRDs, and Dth = 861.83 m2 s−1 . Additionally, the
direction of the intensity field is presented in Figure C.2, for all the recorded positions
in the domain (Figure C.2a) and for the averaged positions (Figure C.2b).

C.2.3

Conclusions

The methodology for computing the diffusion coefficients proposed in section 4.5,
fails for scenarios where there is not a predominant direction of the flow component
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(a)

(b)

Figure C.2: Intensity direction in a two-dimensional long room LR, including the source
position (black circle at the left side of the room). Results for the broadband frequency: a)
direction of the acoustic intensity field for the averaged receivers, and b) direction of the
acoustic intensity field in the area close to the right boundary for all receivers.

of the energy along the space. For the LR scenario, the effect occurs in the area
close to the end wall (see Figure C.2b). This causes that the energy density gradient
is fluctuating around zero and, therefore, the already mentioned division by zero
effect occurs, obtaining negative and highly fluctuating diffusion coefficients. In the
SR scenario, big fluctuating coefficients are obtained around the source area and
the diffusion coefficients do not converge with the theoretical values in most of the
domain. Since the DE cannot compute negative or highly fluctuating values of D,
this issue is considered a limitation of the novel methodology.
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Figure C.3: Results of a two-dimensional proportionate room (SR) simulation performed
with DG and the methodology summarised in Figure 4.3. a) The energy density, b) the
acoustic intensity, c) the gradient of the energy density and d) the diffusion coefficients
black solid line Dx and red broken line Dth . The results are presented for the x -dimension
of the room.
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Figure C.4: Results of a two-dimensional proportionate room (SR) simulation performed
with DG and the methodology summarised in Figure 4.3. a) The energy density, b) the
acoustic intensity, c) the gradient of the energy density and d) the diffusion coefficients
black solid line Dy and red broken line Dth . The results are presented for the y-dimension
of the room.
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(a)

(b)

Figure C.5: Sound field representation of the proportionate room model SR, including the
source position (black circle). Results for the broadband frequency: a) direction of the
acoustic intensity field for all the receivers, and b) direction of the acoustic intensity field
for the averaged receivers.
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This appendix contains the details of the numerical experiment designed for the
evaluation of the random sound absorption coefficient of the QRD used in the urban
models presented in Chapter 4.
The model M1 consisted of a single diffuser baffled in an acoustic hard surface,
as shown in Figure D.1 (only one source position is shown in this figure), while
the rest of the domain is terminated with a PML. The dimensions of the numerical
domain range from -3.4 to 3.4 m in the x -dimension, and from -0.4 to 3.4 m in
the y-dimension. From the origin of the model (see Figure D.1), at 1 m, Nr = 35
recording positions have been located around the diffuser. The recording positions r
have been located every 5◦ , equally distributed from 85◦ to −85◦ , assuming 0◦ to be
perpendicular to the x -axis from the origin of the domain. Under these conditions
the model was solved for Ns = 17 source locations rs , one at a time. The sources
were located at 2 m from the origin, at an angle ranging from 80◦ to −80◦ , every
10◦ . An analogous second model M2 was constructed by removing the diffuser from
the domain. The QRD was replaced with a flat acoustically hard surface in order to
obtain the solutions from the specular reflection without absorption. A final third
model M3 was built to obtain only the direct field from the source positions. The
third model was constructed replacing the hard surface and the diffuser by a PML
termination. The main parameters and features of these models are given in table
D.1.
The transient acoustic solutions of the pressure p(r, t) and velocities v(r, t) were
evaluated at the recording positions for every location of the source. The processing
of these signal was done analogously to the one described in section 4.6.2, but in this
case, the direct sound, was removed by subtracting the corresponding results of the
model M3 from the solutions of models M1 and M2. One example of pressure IRs
and the corresponding frequency spectrum of models M1 and M2 is shown in Figure
D.2.
The processing was done until obtaining the frequency spectra of the acoustic
intensities of both models, i.e. the intensity JM 1 (rs , f ) of the sound reflected by the
QRD and the intensity JM 2 (rs , f ) when the sound is reflected by an acoustically
hard surface. These intensities were obtained after integrating over all angles of
the receiver positions. The next step consisted of getting the results in octave and
1/3 octave bands. Finally, the absorption coefficient of the QRD was calculated as
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Figure D.1: Sketch of the numerical experiment to evaluate the sound absorption coefficient
of the QRD. The red line represents the acoustic hard baffle. The black dots surrounding
the diffuser are the recording positions and the green dot one source position (in total 17
source positions have been evaluated). The rest of the domain, i.e. the upper, left and right
boundaries are terminated with a PML.
Table D.1: Main features and parameters of the DG models for the evaluation of the QRD
random incidence absorption coefficient.
Features and parameters
Polynomial order (NDG )
Number mesh elements
Type mesh elements
Max. characteristic length (h) [m]
DoF per wavelength (Nλ,DG )
Time scheme
Courant number (νDG )
Time step (∆tDG ) [s]
Recording time [s]
Maximum frequency [kHz]
PML (Dp [m] , βp , mp )
Source (As , bs )
Total source locations Ns
Total recording positions Nr
Absorption coefficient wells αn [−]

M1

M2

M3

4
11454
Triangular
0.06
≈ 10.56
RKF84
0.276
≈ 3.13 10−6
0.1
2.8
(0.4, 20000, 4)
(1, 0.0626)
17
35
0.1

4
11454
Triangular
0.06
≈ 10.56
RKF84
0.276
≈ 3.13 10−6
0.1
2.8
(0.4, 20000, 4)
(1, 0.0626)
17
35
–

4
12896
Triangular
0.06
≈ 10.6
RKF84
0.276
≈ 3.13 10−6
0.1
2.8
(0.4, 20000, 4)
(1, 0.0626)
17
35
–

described by Equation D.1 for random incidence.

αr (fc ) =

Ns
2
1 X
|JM 2,i |
.
Ns i=1 |JM 1,i |2
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Figure D.2: Samples of IR solutions and spectra of models M1 and M2 for the evaluation of
the QRD absorption: a) IR solution of model M1, b) IR solution of model M2, c) Sample
of spectra of solutions M1 and M2.
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