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a b s t r a c t
The limitations of the available imaging modalities for prostate cancer (PCa) localization result in suboptimal protocols for management of the disease. In response, several dynamic contrast-enhanced imaging
modalities have been developed, which aim at cancer detection through the assessment of the changes
occurring in the tumor microenvironment due to angiogenesis. In this context, novel magnetic resonance dispersion imaging (MRDI) enables the estimation of parameters related to the microvascular
architecture and leakage, by describing the contrast agent kinetics with a dispersion model. Although a
preliminary validation of MRDI on PCa has shown promising results, parameter estimation can become
burdensome due the convolution integral present in the dispersion model. To overcome this limitation,
in this work we provide analytical solutions of the dispersion model in the time and frequency domains,
and we implement three numerical methods to increase the time-efﬁciency of parameter estimation. The
proposed solutions are tested for PCa localization. A reduction by about 50% of computation time could
be obtained, without signiﬁcant changes in the estimation performance and in the clinical results. With
the continuous development of new technological solutions to boost the spatiotemporal resolution of
DCE-MRI, solutions to improve the computational efﬁciency of parameter estimation are highly required.
© 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Tumor proliferation and the formation of metastasis are
dependent on angiogenesis, i.e., the process by which a vascular
network is formed to provide the tumor with oxygen and nutrients necessary for its growth, and with an escape route to enter the
systemic circulation, thus allowing its spreading [1–3].
In cancer, angiogenesis is a chaotic process leading to the formation of an irregular and dense network of tortuous and fragile
microvessels, characterized by increased permeability, arteriovenous shunts, and complex ﬂow patterns [4].
Extensive research is focused on the development and testing
of novel anti-angiogenic drugs aimed at blocking angiogenic processes and/or targeting angiogenic tumor vasculature [5]. Focal
therapies for localized cancers are also available [6,7], but their
efﬁcient and timely use requires reliable diagnosis and accurate
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cancer delineation. In response to the need for early evaluation
and monitoring of therapeutic response to angiogenic treatment,
and for earlier and improved cancer localization, several dynamic
contrast-enhanced (DCE) imaging methods are being developed for
in-vivo, non-invasive assessment of tumor angiogenesis [4,8,9]. To
this end, research is especially focused on non-ionizing solutions
with MRI and US [10–13].
In DCE magnetic resonance imaging (MRI), the injected contrast agent, typically based on gadolinium chelates, leaks across the
vascular endothelium into the interstitium, thus offering the opportunity to probe tumor vasculature through the assessment of the
contrast distribution between the intravascular and extravascular
spaces. To this end, suitable pharmacokinetic models are ﬁtted to
contrast concentration time curves (CTCs) measured at each voxel
by DCE-MRI, leading to the estimation of quantitative parameters
that are related to the physiology underlying tumor angiogenesis
[8,11,14].
In this context, magnetic resonance dispersion imaging (MRDI)
has recently been proposed as a new method to characterize the
functional and structural changes in the tumor microvasculature,
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by describing the intravascular kinetics of an extravascular contrast
agent as a convective-dispersion process [11,15]. The intravascular transport of the contrast agent from the injection site to the
capillaries, where the contrast leakage in tissue takes place, is
modeled by the convective-dispersion equation, thus enabling the
characterization of the microvascular architecture [10,11,15]. In
fact, dispersion is due to the combined action of molecular diffusion, due to Brownian motion of the contrast molecules, and
convection through the vascular network, mainly determined, in
the microcirculation, by the multipath trajectories in the microvascular bed [16]. This novel method has been tested for prostate
cancer (PCa) localization with promising initial results [15,17],
encouraging further research.
In the United States, PCa has the highest incidence (27% of
estimated new cancer cases) and the second highest mortality
(10% of estimated cancers deaths) in males [18]. These statistics
are comparable to the European ﬁgures [19] and, more in general, to those of developed countries [20]. Current PCa diagnostics,
mainly relying on Prostate Speciﬁc Antigen (PSA) test, Digital Rectal Examination (DRE), and repeated systematic biopsies [21,22],
has several limitations for cancer localization, proper patient selection for active surveillance or therapy, and treatment guidance and
follow-up [23]. This highlights an urgent need for reliable imaging
methods able to localize PCa [21,24]. In this regard, assessment
of the angiogenesis-related changes in the tumor microvasculature may provide a valid imaging option, based on the established
link between cancer aggressiveness, that is the risk of developing metastasis, and the microvascular density (MVD), typically
assessed by immunohistological analysis [3,25,26].
In MRDI, parameters related to the microvascular architecture
(dispersion parameter, ) and to the microvascular permeability
(leakage parameter, kep ) are estimated at each voxel by ﬁtting
CTCs measured with DCE-MRI by a dispersion model. This leads
to the generation of parametric maps which are able to highlight some of the features characterizing angiogenic processes and
thus can reveal the presence of cancer. The proposed dispersion
model describes the tissue contrast concentration as a convolution
between the intravascular contrast concentration, described as a
Brownian motion process according to the convective-dispersion
equation, with the interstitium impulse response, represented by
a mono-exponential decay, and describing the contrast leakage in
the extravascular space.
Due to the non-linear nature of the model, iterative leastsquared-error minimization is used for parameter estimation.
When the noise samples are independent, Gaussian-distributed,
and with constant variance, the least-squares estimation (LSE) is
equivalent to the maximum-likelihood estimation (MLE), which is
known for its desirable mathematical and optimality properties,
including sufﬁciency, consistency, efﬁciency, and parametrization
invariance [27,28]. Several noise sources may corrupt DCE-MRI
images including measurement noise, electronic noise in the
receiver coils, thermal noise, and inductive losses in the sample
[29,30]. In amplitude, the Gaussian distributed noise present in the
acquired complex data is converted into Rician noise after computation of the signal magnitude. However, for signal-to-noise ratio
(SNR) greater than 3, the Rician distribution is well approximated
by a Gaussian distribution [29]. In time, noise in consecutive frames
can be assumed to be independent due to the Brownian motion of
the contrast particles over time [31].
The presence of the convolution integral in the dispersion
model increases the computational burden of the ﬁtting routine
by introducing N2 multiplications at each iterative step, where N is
the number of time samples in the CTC. This limitation can be overcome by ﬁnding a closed-form solution of the convolution integral
in the time domain, thereby reducing the algorithm complexity to
O(N).

Another opportunity to avoid the computation of the convolution integral is offered by the Fourier domain, where, according to
the convolution theorem, the convolution of two functions is transformed into a simple product [32,33]. Although the transformation
in the Fourier domain through the discrete Fourier transform (DFT)
involves again a number of multiplications proportional to N2 , a
more efﬁcient implementation of the DFT, known as the Fast Fourier
Transform (FFT), allows to reduce this number to NlogN [32,33]. As
a result, studying the model in the Fourier domain may decrease
the computational burden of the estimation method.
Beside the reduction in the computation time, analytical solutions of the dispersion model permit the calculation of the
analytical Jacobian, thus facilitating the investigation of model
identiﬁability [34,35] and reduction [36–38].
Based on the promising results obtained by MRDI for PCa localization, in this work three solutions to increase the computational
efﬁciency of the method are proposed and tested in PCa. The proposed solutions are obtained (i) by ﬁnding a closed-form analytical
solution of the convolution integral in the time domain; (ii) by ﬁnding the analytical expression of the Fourier transform of the model,
thus replacing the convolution integral with a simple product; (iii)
by numerically transforming the two terms of the convolution integral in the Fourier domain and inverse transforming their product,
thus exploiting the computational advantages of the FFT. The new
solutions boost the time performance of parameter estimation by
reducing the number of operations to be performed at each step
of the iterative ﬁtting routine. Moreover, the shape of the objective function is also changed, leading to possible reduction in the
estimation error [39]. The performance of the proposed solutions
are tested by dedicated simulations, and compared with the original method in terms of computation time, accuracy, precision,
repeatability, and robustness to noise of the estimation procedure.
Moreover, a preliminary clinical evaluation is carried out on 15
patients scheduled for radical prostatectomy because of biopsyproven PCa.
2. Theory
2.1. Dispersion modeling by temporal convolution
The tissue concentration of a contrast agent in a voxel can be
expressed as a weighted sum of the concentration in the extravascular and capillary compartments as
Ct (t) = vp Cp (t) + ve Ce (t),

(1)

where Ct (t) is the tissue contrast concentration, Cp (t) and Ce (t) are
the intravascular and extravascular concentrations, respectively,
and vp and ve are the intravascular and extravascular fractional
volumes, respectively.
Assuming the volume transfer constant (Ktrans ) for the transport
of the contrast agent between the intravascular and extravascular
spaces to be equal in both directions, the extravascular concentration kinetics can be described by the model of Tofts et al. [14]
as

ve

∂Ce (t)
= K trans (Cp (t) − Ce (t)).
∂t

(2)

Solving Eq. (2) with initial conditions Ce (0) = Ct (0) = 0, and
further assumption of negligible contribution of the plasma compartment to Ct (t) (i.e., vp  0), the contrast concentration at each
voxel for t ≥ 0 is described as
Ct (t) = K trans Cp (t) ∗ e−kep t ,
K trans /ve

(3)

where kep =
is the black-ﬂux rate from the extravascular
space into the plasma compartment, and the symbol * represents
the convolution integral.
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The kinetics of the contrast agent in the intravascular space
can be modeled as a convective-dispersion process, by which the
Brownian motion of the contrast molecules, due to molecular diffusion, is superimposed to the spatial translation of the contrast bolus,
due to the drag force of the carrier ﬂuid (i.e., blood). A local characterization of the dispersion process is provided by the modiﬁed
local density random walk solution of the convective-dispersion
equation [10], which is described by



Cp (t − t0 ) = ˛

−

e
2(t − t0 )

(t−−t0 )2
2(t−t0 )

,

(4)

where ˛ is the time-integral of Cp (t), t0 is the theoretical contrast
injection time,  is the mean transit time of the contrast particles
between injection and detection sites, and  is the intravascular
dispersion parameter, given by the local ratio between contrast
convection (squared velocity v2 ) and dispersion (dispersion coefﬁcient D). In the presence of convection through a microvascular
network, dispersion is mainly determined by the multipath trajectories across the microvascular bed [16]. For these reasons, the
local dispersion parameter has been adopted to characterize the
microvascular architecture [10].
If the kinetics of the extravascular leakage are much slower
than the intravascular dispersion (i.e., kep  ), then the adiabatic
approximation can be made [40], and the intravascular concentration Cp (t) in Eq. (3) can be substituted by Cp (t) given in Eq. (4). The
resulting dispersion model is thus obtained as



Ct (t − t0 ) = A

−

e
2(t − t0 )

(t−−t0 )2
2(t−t0 )



∗ (e−kep t ).

(5)

with A = Ktrans ˛.
2.2. Closed-form solution of the convolution integral
A closed-form solution of Eq. (5) can be obtained as

 

Ct (t − t0 ) =

A




√
√
 −kep (t−t0 )+
· [e2 z (erf ( zt +  /t) − 1)
e
8z

√
z

+ e−2


√
(erf ( zt −  /t) + 1)],

=

1
 − kep
2

⎪
⎩  = 1 2

,

(7)

2

with the condition  > 2kep , in accordance with the adiabatic
approximation. A more detailed derivation of Eq. (6) can be found
in Appendix A.
2.3. Dispersion model in the frequency domain
Using the time-translation property, the Fourier transform of
Eq. (5) can be calculated as
F[Ct (t − t0 )](jω) = e−jωt0 F[Ct (t)](jω),
where Ct (t) can be written as


Ct (t) = A


2



(8)



1 −  (t−)2
e 2t
u(t)
t


∗ (e

−kep t

u(t)) ,

(9)

with u(t) being the unit step function described by



u(t) =

1 for

t≥0

for

t<0

0

.

⎩

Deﬁning f1 (t) and f2 (t) as



f1 (t) =
f2 (t) =


2
1 − (t − )
u(t)
e 2t
,
t

(11)

e−kep t u(t)

and using the convolution property, we can calculate the Fourier
transform of Eq. (5) as

 

F A






f1 (t) ∗ f2 (t) (jω) = A
2


F1 (jω)F2 (jω),
2

(12)

where F1 (jω) and F2 (jω) are the Fourier transforms of f1 (t) and f2 (t),
respectively. This leads to the following solution in the frequency
domain
F [Ct (t − t0 )] (jω) =


·A

1
kep + jω



 −jωt0 + 1
e
 + jω
2
2

− 12


e

−2

1 2
2

1
2

+jω


.

(13)

The derivation of Eq. (13) is explained in more detail in Appendix
B.
3. Methods
3.1. Fitting algorithm
The ﬁtting algorithm implemented for parameter estimation is
described by the ﬂow-chart in Fig. 1. In a balance between estimation error and computation time, parameter estimation was
obtained by combining a grid search for the parameter t0 with an
iterative loop for the rest of the parameters. According to simulations, a 2-s resolution was chosen for the t0 grid; reduction of
the resolution below 2 s does not lead to further improvement in
the parameter estimation. For each t0 in the grid, the rest of the
parameters were estimated by non-linear least square (LS) curve
ﬁtting with the Trust-Region Reﬂective method [15], and the best
ﬁt was ﬁnally chosen according to the LSE criterion. Iterative LS
curve ﬁtting was performed using four different methods:

(6)

where erf represents the error function, and the following
substitutions have been made:

⎧
⎪
⎨z

⎧
⎨

25

(10)

• Time Convolution (TC): each CTC is ﬁtted by Eq. (5).
• Time Closed-form (TCF): each CTC is ﬁtted by Eq. (6).
• Frequency Product (FP): each CTC is ﬁtted by Eq. (5). However,
in this case the direct calculation of the convolution integral at
each iterative step is avoided by calculating the two terms of the
convolution integral, transforming them in Fourier domain, and
ﬁnally anti-transforming their product. From Eq. (12) this can be
written as
Ct (t − t0 ) = F−1

  
F A




f1 (t) ∗ f2 (t)
2

.

(14)

• Frequency Closed-form (FCF): the analytical Fourier transform
of the dispersion model provides an opportunity to ﬁt the CTC in
the frequency domain. However, the measured CTC is a sampled,
windowed version of the real signal and thus its frequency content cannot be fully determined due to spectral leakage during
the application of the FFT [41]. In order to take windowing into
account, the model in Eq. (13) should be convoluted with a sinc
function, thus introducing again the calculation of a convolution
integral at each step of the ﬁtting routine. To overcome this problem, each CTC is ﬁtted in the time domain by the inverse FFT of
the model in Eq. (13). To avoid aliasing in the time-domain during the application of the inverse FFT, the model in Eq. (13) is ﬁrst
oversampled with more samples (empirically chosen to be 2500),
increasing the frequency resolution and thus virtually extending
the time-window.
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Fig. 1. Flow-chart describing the parameter estimation routine.

The ﬁtting algorithms were implemented in Matlab® (The MathWorks Inc., Natick, MA) running on a standard desktop computer.
To evaluate the reliability of the estimated parameters, the coefﬁcient of determination R2 is determined for each CTC ﬁt. CTC ﬁts
with R2 < 0.75 are discarded and excluded from further analysis.

3.2. Simulations
To evaluate the performance of the proposed solutions, 1080
clean CTCs were simulated with the partial differential equation in
Eq. (2) in a ﬁnite-difference approach, with intravascular concentration as in Eq. (4). The obtained simulated CTCs were sampled
at a resolution of 3.1 s, for a total number of 60 time samples. The
parameters  and kep were varied in the ranges [0.005; 4] s−1 and
[0.005; 3] min−1 , respectively, according to the values found in the
literature [10,42]. Due to the adiabatic approximation, the simulated parameter space was further limited by the condition  > kep .
The performance of the four methods was compared in terms
of estimation time, accuracy, precision, repeatability, and robustness to noise. Based on our noise characterization (Sections 3.4
and 4.3), Gaussian noise was added to the simulated CTCs. The
signal-to-noise ratio (SNR) was varied from inﬁnity to 15 dB by
changing the standard deviation  of the simulated noise, according to  = CTCpeak /10 SNR/20 , with CTCpeak being the maximum of
the curve. For each SNR, estimation accuracy and precision were
assessed by calculating the normalized mean error (NME) and its
standard deviation  NME , respectively. To evaluate repeatability, a
ﬁt-reﬁt approach was used. The simulated CTCs were ﬁtted 10 times
for each SNR level, and the coefﬁcient of variation was calculated as
the ratio between the standard deviation and the mean value of the
parameter estimates over the 10 different ﬁts. Since the probability
density function of the CV does not follow a Gaussian distribution,
the median CV was calculated to represent its statistics. Furthermore, the time performance of the four methods was evaluated by
calculating the average computation time needed to ﬁt one CTC.

3.3. Clinical validation
The clinical evaluation was performed on 15 patients referred
for radical prostatectomy because of biopsy-proven PCa. All the
included patients signed informed consent. The validation data
were collected at the Academic Medical Center (AMC), University of Amsterdam (the Netherlands). After intravenous injection
of a 0.1 mmol/Kg bolus of Gadobutrol (Gadovist, Bayer), DCE-MRI
was performed with a 1.5-T MRI scanner (Magnetom Avanto,
Siemens) equipped with a transrectal coil. The sequence settings were TR/TE/FA = 50 ms/3.9 ms/70 degrees, the voxel size was
1.67 × 1.67 × 4 mm3 , and the time resolution was 3.1 s/volume (for
7 slices). The number of frames acquired ranged from 45 to 80.
To enable quantiﬁcation, the native T1 relaxation maps were
calculated by ﬁtting the signal S obtained with an inversion recovery sequence (inversion time, TI = 50, 100, 300, 600, 1500 ms) to
an exponential function of the form S = A(1 − 2 exp(− TI/T1 )), where
A is a ﬁtting parameter. The time intensity curves measured with
DCE-MRI were then converted to concentration-time curves (CTCs),

according to the relationship [43]:
Ct (t) = −

1
TR R1

⎧ ⎛
⎞⎫
 − TR

− TR
⎪
⎪
⎬
⎨
SE(t) e T10 − 1 + (e T10 (1 − cos FA)
TR ⎟
⎜
· ln ⎝

 − TR
  −
⎠
T10 ⎪
⎪
⎭
⎩
1 + cos FA SE(t) e T10 − 1 − 1
(15)
where SE(t) = (S(t) − S(0))/S(0) represents the signal enhancement
at time t, TR is the repetition time of the dynamic sequence, R1 is the
tissue relaxivity (R1 = 4.5 s−1 mM−1 ), FA is the ﬂip angle, and T10
is the native T1 as calculated with the inversion recovery sequence.
Histology specimens from patients with biopsy-proven PCa
were obtained and analyzed at the AMC. A pathologist ﬁxed in formalin the prostate specimens, cut them in slices of approximate
thickness of 4 mm, and delineated the cancerous areas based on
the microscopic analysis of cell differentiation (Fig. 3). The histology specimens are cut in parallel slices with the same orientation
and thickness as the imaging planes, thus enabling visual matching
of each histology slice to the corresponding MRI plane. Histology
slices where PCa presented scattered foci or was not consistent
in adjacent slices were not considered suitable for reliable cancer
localization and were excluded from the validation.
To evaluate the ability of the relevant parameters ( and kep )
to diagnose PCa, the MRDI parametric maps were compared to the
histology (Fig. 2). More in detail, regions-of-interest (ROIs) were
drawn on the gray-scale DCE image prior to contrast injection to
mark benign and malignant tissue based on the corresponding histology slices. Based on these ROIs, the classiﬁcation performance
of the estimated parameters was evaluated on a voxel level in a
total of 91 MRI slices in terms of sensitivity, speciﬁcity, negative
predictive value (NPV), positive predictive value (PPV), and area
under the receiver operating characteristic (ROC) curve. To calculate sensitivity, speciﬁcity, NPV, and PPV, the optimal classiﬁcation
threshold was determined based on the ROC curve, according to the
top-left corner criterion [44]. Due to the relatively small size of the
dataset, the procedure was carried out by 5-fold cross-validation
on the 15 patient dataset [45]. By this procedure, the dataset was
randomly subdivided in 5 groups of 3 patients. The optimal threshold was then determined on a training set comprising 4 groups (12
patients) and applied to a validation set comprising the remaining
group (3 patients), rounding in a way that all the groups would be
once part of the validation set. The procedure was then repeated
for 20 random 5-fold subdivisions.
3.4. Noise analysis
In Section 2, the error-free physiological models representing
the concentration of a contrast agent in a voxel of tissue have been
presented. However, since the acquired samples will be corrupted
by several sources of noise, a more appropriate description for the
measured Cm (t) can be written as
Cm (t) = C(t, ) + r(t),

(16)
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Fig. 2. Parametric maps of  and kep obtained with the four different methods.

where Cm (t) is the measured CTC, C(t, ) is a mathematical
model describing the CTC by the set of model parameters =
[˛, kep , , , t0 ], and r(t) are the residuals, i.e., the discrepancies
between the measured data and the model. In the LSE method, the
best set of parameters  is searched for by minimizing the sum of
squared discrepancies as

 = argmin

 N



(Cm (ti ) − C(ti , ))

2

,

(17)

i=1

where N is the number of time samples in the CTC. Another commonly used method for parameter estimation is the MLE method,

which ﬁnds the best set of parameters  by solving the following
maximization problem

 = argmaxL( |Cm (t)),

(18)
Fig. 3. Histology specimen corresponding to the parametric maps in Fig. 2.

where L( |Cm (t)) is the likelihood function, which is proportional
to the probability p( |Cm (t)) of observing the data, given a set of
model parameters . Although the application of the LSE method
is more straightforward, the MLE method is particularly attractive
because of his optimality properties, including sufﬁciency, consistency, efﬁciency, and parametrization invariance. However, if the
noise samples are normally distributed, independent and with constant variance, the MLE gives the LSE solution [27,28].
To verify the optimality of the chosen LSE method, the noise in
the CTC was characterized by studying the residuals r(t) on a voxel
basis. Noise normality was tested by ﬁtting a Gaussian distribution
with zero mean to the distribution of the residuals in each MRI
plane. Moreover, to verify that the noise samples are uncorrelated,
a white-noise test was performed by studying the autocorrelation
function of r(t) at each voxel, which can be estimated as


Rrr ( ) =

M
1

N

white noise, the autocorrelation function takes the form of a pulse
at = 0:

!

Rrr ( ) = E r(t)r(t + )

(19)

i=1

where is the time lag, and M is the number of samples used to
calculate the autocorrelation function at each time lag . These are
bounded by the condition M + < N. The estimated autocorrelation
is also associated with a certain variance. If we deal with Gaussian

=

r2

if

=0

0

if

=
/ 0

,

(20)

with r2 being the variance of the residuals, and E{ . } the expectation
R2 ( ) is given by
operator. The expected variance 
rr

R2rr (


)

=E

=
r(ti )r(ti + ),

"

#

(
Rrr ( ) − Rrr ( ))2

$

⎧ 4
2
2R (0)2
⎪
⎨ r = rr
if
M

⎪
⎩ r4

M

Rrr (0)2
=
M
M

=0
(21)

if

=
/ 0

Based on this, the autocorrelation function of the residuals was estimated at each voxel, and it was veriﬁed that the autocorrelation
samples for =
/ 0 were within the two-sided conﬁdence inter2 , thus indicating an
val for 99% reliability, computed as ±2.33

Rrr (

)

estimated autocorrelation typical of Gaussian-white noise.
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Fig. 4. NME calculated for the estimation of (a)  and (b) kep with the four different methods. The standard deviation  NME is given by the error bars.

Table 1
Time performance obtained in simulated data.

t ±  t (s)
Reduction (%)

1.25 ± 0.18
0.0

TCF

FP

0.82 ± 0.13
34.8

0.66 ± 0.09
47.2

Calculated (TC)
Quadratic fit (TC)
Calculated (TCF)
Linear fit (TCF)
Calculated (FP)
NlogN fit (FP)
Calculated (FCF)
NlogN fit (FCF)

FCF
250

1.66 ± 0.24
−8.0

4. Results
4.1. Simulations
In Fig. 4, the estimation accuracy and precision at different level
of the SNR are evaluated in terms of NME and its standard deviation
 NME . The repeatability of the methods was assessed in terms of
median CV over 10 repetition of the ﬁtting procedure. This was
smaller than 10−5 % in all cases.
Table 1 reports the average time t needed to ﬁt one CTC with
the four different methods. A signiﬁcant reduction of the computation time with respect to the original method (TC) by 34.8% and
47.3% was achieved with the FP and TCF methods (p-value < 0.01),
respectively, while the computation time signiﬁcantly increased
by 32.0% with the FCF method (p-value < 0.01). The signiﬁcance of
the results (p-value) was assessed by two-tailed paired Student’s
t-test. In Fig. 5, the time needed to ﬁt the CTC extracted from one
voxel is plotted against the number of time samples N in the CTC.
The computation time showed a quadratic dependency on N for
the TC method (R2 = 0.99), a linear dependency for the TCF method
(R2 = 0.76), and a N log N dependency for the FP and FCF methods (R2 = 0.92 and R2 = 0.80, respectively). However, the difference
between a linear trend and a N log N trend cannot be appreciated
for the investigated range of N.

Compuation time [s]
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100

200
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Fig. 5. Dependency of the computation time on the number of time samples for the
TC method (circles), TCF method (squares), FP method (triangles), and FCF method
(diamonds).

4.2. Clinical validation
Table 2 reports the results of the clinical validation performed on
a voxel level in 15 patients in terms of sensitivity, speciﬁcity, NPV,
PPV, evaluated by 5-fold cross-validation on 20 random patient
subdivisions, and ROC area, evaluated on the whole patient dataset

Table 2
Results of the clinical validation.

Sensitivity (%)
Speciﬁcity (%)
PPV (%)
NPV (%)
ROC AUC

Sensitivity (%)
Speciﬁcity (%)
PPV (%)
NPV (%)
ROC AUC

 (TC)

 (TCF)

 (FP)

 (FCF)

80.6 ± 2.7
86.2 ± 0.7
68.0 ± 3.5
92.9 ± 0.3
0.91

80.5 ± 3.0
87.0 ± 0.7
69.9 ± 3.4
92.6 ± 0.3
0.91

81.0 ± 2.9
86.4 ± 0.8
67.9 ± 3.5
93.0 ± 0.4
0.91

80.9 ± 2.7
86.1 ± 0.7
68.1 ± 3.9
93.0 ± 0.3
0.90

kep (TC)

kep (TCF)

kep (FP)

kep (FCF)

56.1 ± 3.4
63.3 ± 1.4
35.3 ± 1.3
80.4 ± 1.0
0.60

65.4 ± 2.9
59.4 ± 1.2
37.6 ± 1.1
82.2 ± 1.1
0.63

56.2 ± 3.4
64.7 ± 1.1
36.1 ± 1.0
80.7 ± 1.0
0.61

36.6 ± 3.8
65.3 ± 4.3
28.5 ± 2.5
74.1 ± 1.9
0.42

S. Turco et al. / Biomedical Signal Processing and Control 26 (2016) 23–33

29

100

90

80

Sensitivity [%]

70

60

50

40

κ
k

(TC)
(TC)

30

κ
k

(FP)
(FP)

20

κ
k

(TCF)
(TCF)

10

κ
k

(FCF)
(FCF)

0
0

ep

ep

ep

ep

10

20

30

40

50

60

70

80

90

100

100 − Specificity [%]
Fig. 6. Receiving operator characteristic (ROC) curves for  and kep obtained with the four different methods over the whole dataset.

Table 3
Parameters’ values in the benign and malignant ROIs.
(s−1 )
Benign
TC
TCF
FP
FCF

kep (min−1 )
Malignant

0.06 ± 0.14
0.05 ± 0.10
0.06 ± 0.14
0.04 ± 0.08

Benign

1.28 ± 1.43
1.18 ± 1.39
1.33 ± 1.46
1.12 ± 1.36

Malignant

0.04 ± 0.08
0.04 ± 0.08
0.04 ± 0.08
0.08 ± 0.09

0.08 ± 0.13
0.08 ± 0.12
0.08 ± 0.12
0.10 ± 0.12

Table 4
Time performance obtained in patient data.

Pixel (t ±  t (s))
Slice (t ±  t (min))
Patient (t ±  t (min))
Reduction per slice (%)

TC

TCF

FP

FCF

0.95±0.27
14.8±4.8
89.5±26.7
0.0

0.50±0.17
7.9±3.1
47.7±18.5
46.7

0.47±0.15
7.4±3.0
45.0±18.2
49.7

1.03±0.31
16.0±6.0
97.4±37.7
−8.8

(Fig. 6). For all methods, the percentage of pixels with successful ﬁt
(R2 > 0.75) in the selected ROIs was greater than 90%. The mean and
standard deviation of the estimated parameters in the benign and
malignant ROIs are reported in Table 3. Fig. 7 shows an example
of CTC and the corresponding ﬁts obtained with the four different methods. Regarding the time performance, Table 4 reports the
average time t needed to ﬁt one CTC. A signiﬁcant reduction of
the computation time with respect to the original method (TC) by
46.8% and 50.9% was achieved with the FP and TCF methods (pvalue < 0.01), respectively, while the difference was not signiﬁcant
between the TC and FCF methods (p-value = 0.08), and between the
TCF and FP methods (p-value = 0.2). The signiﬁcance of the results
(p-value) was assessed by two-tailed paired Student’s t-test.

was veriﬁed by ﬁtting the histogram of the residuals by a zeromean Gaussian function (Fig. 8a). The coefﬁcient of determination
of the ﬁt, evaluated in the 91 MRI planes included in the study, was
0.92 ± 0.10.
The white-noise test was performed on a voxel basis by estimating the autocorrelation function of the residuals. For Gaussian
white-noise, this is expected to be zero with a certain variance for
/ 0. The autocorrelation function and the 99% two-sided
any lag =
conﬁdence interval for =
/ 0 were estimated on 41,563 voxels, and
showed that 87% of the autocorrelation samples were within the
conﬁdence interval (Fig. 8b).

4.3. Noise analysis

MRDI enables PCa localization through the assessment of the
changes occurring in tumor vasculature due to cancer angiogenesis
[15]. In MRDI, the tissue concentration of an extravascular contrast agent is modelled as a convolution between the intravascular

Noise analysis consisted of testing the Gaussian-white-noise
character of the residuals. The Gaussian distribution of the noise

5. Discussion
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Fig. 7. Measured CTC samples (stars) and the ﬁts obtained with the TC method
(circles), TCF method (squares), FP method (triangles), and FCF method (diamonds).

concentration, described as a convective-dispersive transport process through the vascular bed, and the tissue impulse response,
modelled as a mono-exponential decay and describing the contrast
leakage into tissue. Estimation of quantitative parameters related
to the microvascular architecture and leakage leads to the generation of parametric maps that can reveal the presence of cancer. At
SNR levels shown in the available data, the size of detectable tumors
is, in principle, only limited by the resolution of the imaging system, and in general smaller than clinically signiﬁcant cancers (i.e.,
0.5 mm3 ) [46]. Therefore, MRDI is a promising new tool for aiding
decision-making in PCa management between active surveillance
and curative intervention, for monitoring tumor progression during active surveillance, and for treatment guidance and follow-up.
Moreover, in the context of multi-parametric MRI (mpMRI), by
which PCa diagnosis is made by integrating the information available from different MRI techniques [47], MRDI may improve mpMRI
performance by providing the currently lacking information on the
microvascular architecture.

In this work, three novel parameter estimation methods for
quantitative assessment of angiogenesis with MRDI have been proposed and tested in PCa. The new methods have been obtained (i)
by ﬁnding a closed-form analytical solution of the convolution integral in the time domain; (ii) by ﬁnding the analytical expression of
the Fourier transform of the model, thus replacing the convolution
integral with a simple product; (iii) by numerically transforming
the two terms of the convolution integral in the Fourier domain
and inverse transforming their product, thus exploiting the computational advantages of the FFT.
Because of the non-linearity of the dispersion model, parameter estimation has been performed by non-linear LSE. Under the
condition of Gaussian white noise, this method gives the same
results as the MLE, which is known for its optimality properties.
In MRI images, Gaussian noise can be assumed for SNR larger
than 3 [28]. Moreover, within the limited bandwidth of the measured CTCs, whose upper limit is smaller than 0.15 Hz, noise can be
assumed to be white, and thus uncorrelated [48]. These hypotheses have been veriﬁed experimentally on the whole dataset by
testing the Gaussian distribution of the residuals, and by performing a white-noise test on their autocorrelation function. Therefore,
the chosen LSE method can be considered equivalent to the MLE.
However, in future work, the provided analytical solutions may
be exploited to implement parameter estimation with the MLE
approach. This would allow to relax the assumption of Gaussian
white noise, making the solution more general. Moreover, the
numerical implementation of the MLE method would reduce the
estimation problem to the resolution of a system of equations [49],
and thus it may result in better time performance and improved
estimation.
Parameter estimation can be burdensome because of the convolution integral present in the dispersion model, which introduces
N2 multiplication at each iterative step, leading to an asymptotic
algorithm complexity of O(N2 ). This was reduced to O(N log N),
by using the convolution property of the Fourier transform and
exploiting the computational efﬁciency of the FFT, and to O(N), by
ﬁnding a closed-form solution of the convolution integral in the
time domain.
Summarizing our results, a reduction in the computation time
by about 50% can be achieved with the FP method, without significant changes in the estimation precision and accuracy, evaluated

Fig. 8. (a) Histogram of the residuals and corresponding zero-mean Gaussian ﬁt calculated for one MRI slice. (b) Estimated autocorrelation function of the residuals and
corresponding conﬁdence interval for 99% reliability calculated for one CTC.
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by dedicated simulations, and in the clinical performances, evaluated in 15 patients. Beside a poorer estimation of kep by the FCF
method (Tables 2 and 3), which might be due to differences in
the shape of the objective function, the estimation performance
was very similar between all proposed methods. With the current
implementation, the results showed no clear further advantage in
using the analytical solution of the dispersion model in the time
domain (TCF method) nor in the frequency domain (FCF method).
Therefore, according to the obtained results, the FP approach should
be chosen as the preferred ﬁtting algorithm for implementation of
the MRDI method.
Regarding the FCF method, oversampling in the frequency
domain in order to avoid aliasing in the time domain led to an
increase in the computation time due to the virtually much larger
number of samples. Alternatively, the truncation of the CTC in the
time domain could have been taken into account by convoluting
the frequency model in Eq. (13) with a sinc function. However, this
would have added to the computational burden of the inverse FFT
the calculation of a convolution integral at each step of the ﬁtting
routine, thus leading again to an increase in the computation time.
Compared to the FP method, the TCF method showed similar
estimation accuracy and precision, but lower time performance in
simulated data; however there was no signiﬁcant difference in the
classiﬁcation and time performance obtained in patient data. In
this work, the proposed ﬁtting algorithms for parameter estimation were compared using the same numerical method based on
least square curve ﬁtting. In future work, the advantage of having
analytical solutions will be further investigated. A more optimized
solutions could be implemented for the TCF method by providing the analytical Jacobian of the model to the ﬁtting algorithm.
Moreover, identiﬁability analysis may provide deeper insight on
the model structure, and clarify whether some parameters are
weakly identiﬁable or interdependencies between parameters are
present. In this case, model reduction techniques can be applied
to reduce the number of parameters to be estimated, providing
a better description and understanding of the underlying physiological process, and potentially leading to more accurate results.
Typically, available methods for investigating model identiﬁability (e.g., Taylor series approach, generating series method, local
state isomorphism approach, and methods based on the parameteroutput sensitivity matrix [34,35]) requires the calculation of partial
derivatives. As a result, application of this techniques may be
facilitated by the provided analytical solutions of the dispersion
model.

Although our preliminary validation was performed in PCa, the
method is based upon physiological features of tumor growth and
development, and thus it can possibly be extended in the future to
any form of cancer where angiogenesis plays an important role.

6. Conclusion

F(jω) = F[f (t)] =
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Appendix A. Derivation of the model’s closed-form solution
The derivation of Eq. (6) is here explained in more detail. By
expressing Eq. (5) as
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The integral in Eq. (A.2) can be solved by using the known integral in Ref. [38], Section 1.3.3, No. 20,
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In fact, by making the change of variables in Eq. (7), the integral
in Eq. (A.2) can be written as
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0

Therefore, Eq. (A.4) can be solved using Eq. (A.3), leading to the
solution given in Eq. (6).
Appendix B. Derivation of the model’s Fourier transform
The derivation of Eq. (13) is here explained in more detail. The
Fourier-transform of a function f(t) is deﬁned as [41]

%

In this work three solutions to improve the computational efﬁciency of parameter estimation in MRDI were proposed and tested
for PCa localization. The proposed solutions were obtained by
exploiting the computational efﬁciency of the FFT, and by ﬁnding
analytical solutions of the dispersion model in the time and frequency domains. A 50% reduction in the computation time was
obtained without signiﬁcant changes in the estimation performance and in the clinical results.
Analytical solutions of the dispersion model provide an opportunity to further improve parameter estimation in MRDI by the
investigation of model reduction techniques and the implementation of maximum likelihood estimation.
The continuous development of new technological solutions
boosting the spatiotemporal resolution of DCE-MRI loops leads to
the need for improved analysis able to deal with large numbers of
voxels and time frames. Also in this context, the proposed solutions for optimized model ﬁtting provide an important asset with
long-term perspective.
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With f1 (t) =
u(t) as in Eq. (11), we compute the
te
Fourier-transform F1 (jω) of f1 (t) as
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where the integral is from 0 to +∞ because of the step function u(t)
in the deﬁnition of f1 (t) in Eq. (11). Then by Ref. [38], Section 2.4.17,
No. 3 (choice  = 1, p = 12 , q = 12 2 , b = − jωt), we obtain

⎡


⎤
1


1 2 1 +jω
−
−2
√
2
1
2
2
⎦.
F1 (jω) = e  ⎣
e
 + jω
2

[20]

[21]

(B.3)
[22]

Next, we calculate F2 (ω) by the Fourier-transform of f2 (t) as

%

∞

F2 (jω) =
0

e−kep t e−jωt =

−1
1
e−(jω+kep )t |∞
0 = k + jω .
kep + jω
ep

(B.4)

[23]

Again, the integral is limited from 0 to +∞ because of the multiplication with u(t). Substituting Eqs. (B.3) and (B.4) in Eq. (12) leads
to the Fourier transform of the dispersion model given in Eq. (13).
[24]
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