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Abstract

Communication using chaotic systems is considered from a control point of view. It is
shown that parameter identication methods may be eective in building reconstruction
mechanisms, even when a synchronizing system is not available. Three worked examples
show the potentials of the proposed method.
Keywords: Communication, chaotic systems, system identication

1 Introduction
In recent years there has been a tremendous interest in studying the behavior of chaotic
systems. Two particularly interesting ideas which have emerged during this time are (chaos)
synchronization and chaos control. Recent reviews on these subjects can be found in, for
instance, two special issues devoted to the subject, see 4],18] (where in fact 4] is a follow up
of an earlier special issue on the same subject of the same journal (3])).
Synchronization and controlled synchronization of chaotic systems is a topic that has become
popular, among others, because of its possible use in communication, see 15],14]. Recently,
in 11] a control perspective on synchronization was given, which enables to resolve various
synchronization problems as an observer problem. Thus, 11] illustrates, among others, the
bene ts of incorporating control theoretic ideas in the study of communication using chaotic
systems.
Part of the research of the rst author was performed while visiting the Department of Electrical and
Electronic Engineering, University of Western Australia, Nedlands, Australia, supported by the Australian
Research Council.
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It is the purpose of the present paper to further illustrate these bene ts. More speci cally,
we will look at some problems in communication using chaotic systems for which (standard)
synchronization-based schemes may not yield the reconstruction of encoded messages, but
that can be resolved using control theoretic ideas. The present paper is an expanded version
of the paper 8].
In communication using chaotic systems, one considers a transmitter system T of the form
(
f (x ) x 2 IRn
T xy_ =
(1)
= h(x)
y 2 IR
where  is a time-varying message satisfying min  (t)  max (8t) and y 2 IR is the
transmitted signal (i.e., the coded message). It is assumed that the system T is chaotic for
all constant  satisfying min    max. The task is now to build a receiver system R
that reconstructs the message (t) from the coded message y (t).
A possible advantage of using chaotic systems for communication is that the transmitted
signal y will be a chaotic signal, which implies that it has a broad spectrum. This gives
the opportunity to use the chaotic system under consideration for wideband communication
(cf. 10]). Further, the fact that y is a chaotic (and thus seemingly random) signal gives the
hope that chaotic systems may also be used for secure communication. All of this of course
presupposes that y will also be a chaotic (or at least suciently complex) signal when  is
time-varying. In most publications on communication with chaotic systems (and this paper
is no exception) this is tacitly assumed, although not always stated explicitly. However, it
seems reasonable to expect that indeed y will be chaotic if  is mainly slowly time-varying,
meaning that is  is slowly time-varying for most of the time, but may exhibit occasional
jumps. Typically, this is the case for binary messages.
If one considers the problem of reconstruction of  as described above from a control theoretic
point of view, two possible ways to approach the problem come to mind. The rst approach
is that of system inversion. Interpreting  in (1) as an input and y as a measurement, one
sees that (1) gives a mapping from  to y . In the problem of system inversion, the task is
to nd an (asymptotic) inverse of this mapping. This approach will be pursued in future
research (note, however, that this idea has also been studied in 7]). The second approach,
that will be pursued in this paper, and which in a sense was initiated for a particular case
by Corron and Hahs in 6], is that of system identi cation. In system identi cation, the
task is to estimate unknown (possibly slowly time-varying) parameters of a system, based
on measurements taken from the system. For linear systems, system identi cation is wellestablished (for an overview, see e.g. 17]). In this paper, it will be shown on three examples
that these identi cation methods may be helpful in communication using chaotic systems.
Although all three examples concern chaotic, and thus nonlinear, systems, it is possible to
use the standard \linear" identi cation algorithms once the systems are decomposed and/or
transformed properly. Further, the communication schemes in the last two examples may be
expected to be more secure than the scheme proposed by Corron and Hahs (6]), as will be
argued in the paper.
The organization of this paper is as follows. In the following section, we rst introduce three
examples that illustrate that parameter identi cation methods may be eective in commu2

nication with chaotic systems. After this, the essential identi cation background will be
reviewed. In the following three sections, a reconstruction mechanism for each of the three
examples will be derived. In the rst example, it will be shown among others that the communication scheme that was proposed by Corron and Hahs in 6] ts well in the identi cation
based approach to communication. In the last two examples, we will see that the existence
of a synchronizing subsystem is not necessary for the existence of a reconstruction mechanism. Rather, one will typically have that (partial) synchronization occurs after message
reconstruction. In Section 6, some conclusions will be drawn.

2 Parameter identication methods
In this section, we briey introduce the so called equation error identier that may be used
to estimate unknown parameters for linear time-invariant systems.
At rst sight, it may seem somewhat strange that parameter identi cation methods for linear
systems may be used for building reconstruction mechanisms in communication with chaotic
(and thus nonlinear) systems. Therefore, we will rst look at three examples illustrating
that indeed these linear parameter identi cation methods may be useful in the design of
a reconstruction mechanism. After having introduced these examples, we will review the
essential identi cation background.
Example 2.1 Consider the following set up for secure communication that was proposed by
Corron and Hahs in 6]. The transmitter is a three-dimensional system T of the form
8
>
x_ = f (x  x  x ) + g(x1 x2 x3)
>
< x_ 12 = f12(x11 x22 x33)
T > x_ = f (x  x  x )
(2)
3
3 1 2 3
>
: y = x1
where  is a message that is mainly slowly time-varying and satis es min  (t)  max (8t).
Further, y 2 IR is the transmitted signal (i.e., the coded message). Also, a second system is
considered that has the form
(_
x^2 = f2 (y x^2 x^3)
(3)
x^_ 3 = f3 (y x^2 x^3)
It is assumed that the (x2 x3)-subsystem in (2) synchronizes with (3), in the sense that for
T , together with the system (3) we have for all initial conditions that
lim (x (t) ; x^i (t)) = 0 (i = 2 3)
(4)
t!+1 i
We now show that the problem of estimating  may be viewed as a linear parameter identi cation problem. If one assumes that the systems (2) and (3) have synchronized, the dynamics
of y in (2) are given by
y_ (t) = u1(t) + u2 (t)
(5)
where
u1 (t) := f1 (y (t) x^2(t) x^3(t))
(6)
u2 (t) := g(y(t) x^2(t) x^3(t))
3

We then see that (5) may be interpreted as a linear time-invariant system with output y and
inputs u1, u2 . Further, our task is now to obtain a mechanism that estimates  for the linear
system (5), based on the measurements y , u1 , u2 . This problem may be interpreted as a
linear parameter identi cation problem, and will be treated as such in the sequel.
Note that in the above example the \distance" between the message  and the transmitted
message y is small, in the sense that already the rst time-derivative of y explicitly depends
on  (in control theoretic terms, this is expressed by saying that the relative degree (cf. 9])
of y with respect to  equals 1). If one would like to use the above scheme for secure communication, this might be a drawback since it might mean that  is not hidden well enough.
Indeed, a simple numerical dierentiation scheme could be enough to allow eavesdroppers to
decode the coded message. Therefore, from the point of view of secure communication, it
might be worthwhile to consider schemes where the relative degree of y with respect to 
is greater than 1. The following two examples have this property. Further, these examples
illustrate that when one considers systems with a relative degree that is greater than 1, the
assumption of existence of a synchronizing subsystem will in general not be of use any more.

Example 2.2 In this example, we consider Chua's circuit, which, in dimensionless form, is
described by the equations
8
>
< x_ 1 = (;x1 + x2 ; (x1))
x_ = x ; x + x
(7)
>
: x_ 23 = ;1x2 2 3
where

(x1) = m1 x1 + m0 ;2 m1 (j x1 + 1 j ; j x1 ; 1 j)

This system is known to have a so called double scroll chaotic attractor for  = 15:6, m0 = ; 87 ,
m1 = ; 75 , and 23 <  < 31 (see e.g. 1]). We assume that y = x2 is the transmitted signal.
Note that in this case the relative degree of y with respect to  equals 2. Further note
that, although it has been shown experimentally that for constant  the (x1 x3)-subsystem
synchronizes with the system
(_
x^1 = (;x^1 + x2 ; (^x1 ))
(8)
x^_ 3 = ;x2
(see e.g. 5]), we cannot use this synchronizing subsystem in our reconstruction mechanism,
since it explicitly depends on the unknown parameter . In order to come up with a a
reconstruction scheme for , we rst assume that, besides x2 , we can also measure x1. The
equations for x2 and x3 in (7) then have the following form:
8
>
< x_ 2 = ;x2 + x3 + u
(9)
> x_y3 == ;x x2
:
2
where we interpret u := x1 as a known input. Thus, (9) has the form of a linear control
system depending on an unknown parameter , so that again linear parameter estimation
methods may be used to obtain a reconstruction mechanism for .
4

Example 2.3 We consider the following R!ossler system:
8
>
> xx__ 1 == ;x x+2 ;xx3
<
2
1
2
>
x
_
=
2
+
(
x
;
4)x3
3
1
>
:

(10)

y = x3

where we assume that  is a slowly time-varying message satisfying 0:3 < (t) < 0:5 (8t)
and x3 (0) > 0. Note that in this case the relative degree of y with respect to  equals 3. It
is known (see e.g. 15]) that for (10) the (x1 x2)-subsystem does not synchronize with the
system
(_
x^1 = ;x^2 ; x3
x^_ 2 = x^1 + x^2
Thus, in this case no synchronizing subsystem that can be used in a reconstruction mechanism
inspired by the scheme in 6] exists. However, it is possible to reconstruct  based on the
measurement y . A rst step in this reconstruction is the observation that (10) may be
transformed into a system with so called linearizable error dynamics (see e.g. 12],11]). More
speci cally, note that, since x3(0) > 0, we have that x3(t) > 0 (8t  0). Thus, for (10) the
coordinate change 1 = x1, 2 = x2 , y~ = 3 = log x3 is well-de ned. In these new coordinates,
(10) takes the form
0 _ 1
0
10 1 0
1
!
0 ;1 0
1 0
1
1
B@ _2 CA = B@ 1  0 CA B@ 2 CA + B@ 0 0 CA ;;y~ey~
_3
1 0 0
0 1 | 2e {z; 4 }
3
(11)
|
{z
}
| {z }

y~ =

3

B

A()

(~y )

Hence, (11) consists of a linear system _ = A() + Bu, where the matrix A() depends
linearly on , interconnected with a static nonlinearity u = #(~y), that only depends on (a
function of) the transmitted signal x3 . This gives that also in this case linear parameter
identi cation methods may be used to build a reconstruction mechanism for .
Having illustrated the fact that linear parameter identi cation methods may be eective in
communication with chaotic systems, we now describe how a so called equation error identier
may be obtained. We will restrict to linear time-invariant systems with one output and two
inputs that depend on one unknown parameter. The restriction to systems with only one
input and the extension to systems with more than two inputs are straightforward. The
exposition is based on 17]. For further details, the reader is referred to this reference.
In the rest of the paper, we use the following notation and terminology. By IRs], we denote
the set of all polynomials in the indeterminate s with real coecients. Let a 2 IRs]. Then
there exist an n 2 IN and a0     an 2 IR such that a has the form

a(s) =

n
X

j =0

aj sj

(12)

If an 6= 0, we de ne deg(a) := n. The polynomial a is called monic if an = 1. Further, a is
called Hurwitz if all zeros of a are in the open left half plane of the complex plane.
5

For a function f (t) that is k times continuously dierentiable, we de ne
k

f (k) (t) := ddtkf (t)

Let a 2 IRs] of the form (12) be given, and let f (t) be n times continuously dierentiable.
We then de ne

  X
n
a dtd f := aj f (j )
j =0

We now consider a linear time-invariant system  depending on an unknown parameter 
with two inputs and one output, and transfer matrix


(13)
G(s) = pq ((ss)) rq((ss))


As is well known (see e.g. 16]), the fact that the transfer matrix of  is given by (13) implies
that, given input functions u1 (t), u2(t), the output y (t) of  satis es the following linear
dierential equation:

d

d

d

q dt y = p dt u1 + r dt u2

(14)

We make the following assumptions:
 The polynomials p (s), q (s), r(s) depend linearly on .
 For all , we have that deg(q ) = n and q is monic.
 For all , we have that deg(p) deg(r) < n.
As a consequence of these assumptions, the polynomials p  q r have the following form.
p(s) = p0(s) + p1(s)
(15)
q (s) = q0(s) + q1(s)
r(s) = r0(s) + r1(s)
where p0  p1 r0 r1 q0 q1 2 IRs] have the form
n;1
pi (s) = P pij sj

(i = 0 1)

rij sj

(i = 0 1)

ri (s) =
q0(s) =
q1 (s) =

j =0
nP
;1

j =0
nP
;1

j =0
nP
;1
j =0

(16)

q0j sj + sn
q1j sj

In system identi cation, the task is now to build a reconstruction mechanism for , based
on the measurements y , u1 , u2 . Note that in our description of  with the transfer matrix
G(s), we have a description that depends on  in a nonlinear way, in spite of the fact that
the polynomials p, q , r depend on  in a linear way. In the equation error method, a rst
6

step in building a reconstruction mechanism for  is to obtain a (asymptotic) description of
 that depends on  in a linear way. This is achieved as follows. Let u1 (t) and u2(t) be input
signals for , and let y (t) be a corresponding output signal of  . Thus, y (t) satis es the
dierential equation (14). Let k 2 IRs] be Hurwitz, and assume that deg(k) = n. Further,
let y~(t) be a signal satisfying the dierential equation

 
 
    
 
(17)
k dtd y~ = p dtd u1 + r dtd u2 + k dtd ; q dtd y
From the above, it follows that y~ may be interpreted as the output of a linear time-invariant
system with \inputs" y , u1 , u2 and transfer matrix


H (s) = k(s)k;(sq)(s) pk((ss)) rk((ss))
(18)

Writing

k(s) =

nX
;1
j =0

kj sj + sn

and de ning the row vectors
pi := (pi0    pin;1 ) (i = 0 1)
p := p0 + p1
qi := (qi0    qin;1 ) (i = 0 1)
q  := q0 + q1 
ri := (ri0    rin;1) (i = 0 1)
r := r0 + r1
k := (k0    kn;1 )
a realization (16]) of H(s) is then given by
8 _
>
< w~0 = K w~0 + Ly
w~_ = K w~ + Lu (i = 1 2)
>
: y~i = (k ;i q)w~i0 + pw~1 + rw~2
where
0 0 1 0   0
B
0
0 1   0
B
B
..
.. . . . . . .
..
B
.
.
.
B
K := B
.
.
.
.
B
..
..
.. ..
B
0
B
@ 0 0   0
1

(19)

(20)

;k0 ;k1          ;kn;1

1
001
CC
BB 0 CC
CC
CC  L := BBB ... CCC
CC
BB . CC
CA
@ .. A
1

Now note that from (14),(17), it follows that y~ in fact satis es the following dierential
equation.

d

k dt (~y ; y) = 0

(21)
7

Since k is Hurwitz, this implies that we have
lim (~y(t) ; y (t)) = 0
t!+1

(22)

where the convergence is exponential. From this fact and the fact that H(s) depends on 
in a linear way, we see that we now have indeed obtained an asymptotic description of 
that depends on  in a linear way.
A next step in the procedure to obtain an equation error estimator for  is to consider a copy
of the system (20), where  is replaced by its estimation ^ . Thus, we obtain a system
8
>
< w_ 0 = Kw0 + Ly
w_ = Kw + Lu (i = 1 2)
(23)
>
: y^i = (k ;i q0 ;i q1^)w0 + (p0 + p1^)w1 + (r0 + r1^)w2
Making use of (20),(22),(23), it is then straightforwardly shown that
y^(t) ; y(t) = (w(t))(^(t) ; ) + (t)
(24)
where (t) tends to zero exponentially for t ! +1, and (w) is de ned by
(w) := (;q1w0 + p1 w1 + r1 w2)
(25)
To (23), an update mechanism for ^ of the following form is added:
^_ = ; (t w)(^y ; y) > 0
(26)
Using (24), it is then easily shown that we have

d (^ ; )2 = ;2 (t w)(w)(^ ; )2 ; 2 (t) (t w)(^ ; )
(27)
dt
Exploiting the fact that (t) tends to zero exponentially, it may then be shown (see 17] for
details) that ^(t) ;  ! 0 (t ! +1) exponentially, if the following conditions are satis ed.
 (t w(t)) is bounded on 0 1).
 (t w(t))(w(t))  0 on 0 1).
 (t w(t))(w(t)) is persistently exciting (P.E.) on 0 1), i.e., there exist 1  2 > 0
such that for all t 2 0 1) we have
1 

Zt+
t

( w( ))2(w( ))2d  2

(28)

In the literature, a wide range of possible choices of the function (t w) is available. It goes
without saying that each dierent choice of will lead to a dierent estimator with dierent
properties. An estimator that possesses good properties in many cases is the least squares
estimator with exponential forgetting factor, that is obtained by choosing
(t w) := ; (w)p(t) ( > 0)
(29)
8

where the function p(t) is a solution of the dierential equation
p_ = ; ((w)2p2 ; p) ( > 0 p(0) > 0)

(30)

In the sequel, we will tacitly assume that the signals (t w(t))(w(t)) appearing in our
reconstruction mechanisms are P.E. To a degree, this tacit assumption is justi ed by the fact
that it has been shown in 2] that for quite a wide choice of functions (t w) we will have
that (t w(t))(w(t)) is P.E. when the signals y (t), u1 (t) and u2 (t) have a power spectrum
that is not concentrated at too few a number of peaks. Since in the applications we will be
looking at, the signals y (t),u1(t),u2(t) will be produced by a chaotic system, it follows from
the fact that chaotic systems produce signals with a broad continuous power spectrum (cf.
13]), that indeed (t w(t))(w(t)) may be expected to be P.E.

3 The Corron-Hahs scheme with synchronization
We continue with Example 2.1. The transfer matrix G(s) of the system (5) is given by


G (s) = 1 


s s

Thus, we have in the notation of the previous section,
p(s) = 1
q(s) = s
r(s) = 
Letting  > 0, we have that the polynomial k(s) := s +  is Hurwitz. Thus, in this case the
system (20) has the form
8
w_ = ;w + y
>
>
< w_ 01 = ;w01 + u1 = ;w1 + f1(y x^2 x^3)
(31)
>
w_ 2 = ;w2 + u2 = ;w2 + g(y x^ 2 x^3)
>
: y^ = w0 + w1 + ^w2
Further, we have in this case that
(w) = w2
(32)
Choosing
(t w) := sign(w2)
(33)
1 + jw2j
we then obtain the following adaptation law for ^ :

w2) (^y ; y )
^_ = ; sign(
1 + jw2j

>0

(34)

9

Remark 3.1 The reconstruction mechanism (31),(34) is not exactly the same as the recon-

struction mechanism proposed in (6]). However, if one looks at (31),(33) more closely, one
sees that for the reconstruction one does not need to know w0 and w1 separately, but that
knowledge of the linear combination w0 + w1 suces. Thus, de ning
w~0 := w0 + w1
w~1 := w2
one arrives at the following reconstruction mechanism:
8 _
>
w~0 = ;w~0 + y + f1 (y x^ 2 x^3)
>
< w~_ 1 = ;w~1 + g(y x^2 x^3)
(35)
>
>
w~1 ) y ; y ) ( > 0)
: ^_ = ; sign(
1+jw~1 j (^
which is exactly the reconstruction mechanism proposed in 6]. Note, however, that in 6]
this reconstruction mechanism was obtained in a dierent way. Further, in 6] the authors do
not require the function (t w) in (33) to be persistently exciting. However, if one carefully
checks the derivation in 6], it turns out that also in 6] this requirement is needed.

4 Chua's circuit with partial synchronization
In this section, we continue our investigation of the possibility to build a reconstruction scheme
for  for the Chua circuit (7) from Example 2.2. As we have seen in Example 2.2,  may be
reconstructed by using linear parameter identi cation techniques if, besides the transmitted
signal y = x2 , also the signal x1 is available for measurement. This may be done by setting
u := x1 in the linear system (9).
It is easily checked that the transfer function G(s) of (9) is given by

G(s) = s2 + ss + 

Thus, in the notation of Section 2 we have in this case
p(s) = s
q (s) = s2 + s + 
For (9), the least squares estimator with exponential forgetting factor then takes the following
form:
8 w_ = w
> 01
02
>
w
_
=
;
k0w01 ; k1 w02 + y = ;k0w01 ; k1w02 + x2
02
>
>
>
< w_ 11 = w12
w_ 12 = ;k0w11 ; k1 w12 + u = ;k0w11 ; k1w12 + x1
(36)
>
^)w01 + (k1 ; 1)w02 + w12
>
y
^
=
(
k
;

0
>
>
^_ = w01p(^y ; y ) ( > 0)

>
: p_ = ; (w2 p2 ; p) ( > 0)
01
where k0 k1 2 IR are such that the polynomial k(s) := s2 + k1 s + k0 is Hurwitz.
10

From the above, it follows that, if x1 could be measured, the reconstruction of  could
be achieved by employing the scheme (36). To achieve reconstruction when x1 cannot be
measured, we add the following estimator of x1 to our reconstruction scheme:
x^_ 1 = (;x^1 + x2 ; (^x1 ))
(37)
and let the reconstruction scheme (36) depend on x^1 instead of x1 , i.e., we replace the reconstruction scheme (36) by the following reconstruction scheme:
8 w$_ = w$
>
01
02
>
>
_
k0 w$01 ; k1 w$02 + x2
w
$
=
;
02
>
>
_
w
$
=
w
$
12
< 11
_ 12 = ;k0 w$11 ; k1 w$12 + x^1
w
$
(38)
>
$)w$01 + (k1 ; 1)w$02 + w$12
>
y
$
=
(
k
;

0
>
>
$_
>
: p$_ == ;w$01(w$p$012($yp$;2 ;y) p$)( >( 0)> 0)
where now $ denotes the estimate of . We then have the following result that is proved in
19].

Theorem 4.1 Assume that for (36) we have that
lim (^(t) ; ) = 0

(39)

t!+1

and that
lim (^x (t) ; x1(t)) = 0
t!+1 1

(40)

Then for (38) we have that
lim ($(t) ; ) = 0
t!+1

(41)

From Theorem 4.1, it follows that if only the transmitted signal y = x2 can be measured, then
 can be reconstructed, provided x^1(t) approaches x1(t). In 5], it was shown experimentally
that this will indeed be the case for constant . However, one needs to be somewhat careful
here for the following reasons. De ne the error signal e(t) := x^1 (t) ; x1 (t). Then, for the
parameter values given above, e satis es the following dierential equation:
e_ = 15:6(; 72 e + 73 (sat(e + x1 ) ; sat(x1)))
(42)
where sat() is the saturation function given by sat(x) = 21 (j x + 1 j ; j x ; 1 j). A rst
observation is that the equilibrium e = 0 of (42) is unstable when x1(t) 0. This implies
in particular that when (7) is initialized in the origin, we will not have that e tends to zero.
It may be argued that from a practical point of view this is not a serious objection, since in
practice one will have (7) \running" when communicating. However, as was shown in e.g.
3], the system (7) for the given parameter values is chaotic in the sense of Shil'nikov. This
implies in particular that the origin is a homoclinic point for (7), which gives by the above
that e will also not tend to zero when (7) is initialized on the homoclinic orbit. Further, this
11

implies that when (7) is initialized near the homoclinic orbit, we will at least not have that e
will tend to zero quickly. This leads to the conclusion that the best one could hope is that e
will tend to zero quickly for a generic choice of x1 .
Theoretical evidence for the asymptotic stability of e = 0 for (42) with a generic choice of x1
is obtained in the following way. Consider in the (x1 e)-plane the compact set S enclosed by
the straight lines e = ; 23 (x1 1), e = ;3(x1 1), e = 3 (see Figure 1). Further, consider
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Figure 1: The set S in the (x1 e)-plane
the function V (e) := 21 e2 . It may then be shown that V_ = ee_  0 on S fx1 ; axisg, and
V_ = 0 on @S fx1 ; axisg, while V_ < 0 outside S fx1 ; axisg. A rst conclusion that may be
drawn from this, is that fe 2 IR j jej  3g is a globally attracting invariant set of (42) for all
x1 . Also, the location of S in the (x1 e)-plane suggests that we will have asymptotic stability
of e = 0 for (42) if the residence time of x1 (t) in the region jx1 j > 1 is large in comparison
with the residence time of x1(t) in the region jx1j  1. Simulations for constant values of 
between 23 and 31 indicate that (asymptotically) we will have that jx1(t)j  1 for about 20%
of the time, while x1 (t) < ;1 respectively x1(t) > 1 for about 40% of the time.
In Figure 2 the proposed reconstruction scheme is illustrated by means of a simulation. Here,
the parameters were chosen as k0 = 256, k1 = 32, = 800,  = 0:001.
In this section, we employed a partially synchronizing subsystem (37) rather than a completely
synchronizing subsystem as is often the case in communication using chaotic systems. However, there is also another (partial) synchronization aspect present in the scheme. Namely, it
follows that once we have that ^ = , we will have that y^ ! y , or, in other words, we will
have that (k0 ; )w01 + (k1 ; 1)w02 + w12 and x2 will synchronize. Taking time-derivatives,
this gives on its turn that also (k0 ; k1)w01 + (k0 ; )w02 ; k0w11 and x3 will synchronize.
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Figure 2: Simulation results for the Chua system: (a)  (dashed) and ^ (solid) (b) estimation
error
Thus we see that, although our scheme is only based on partial synchronization beforehand,
it will also exhibit partial synchronization once  has been estimated correctly.

5 Rossler system without synchronization
In this section, we continue our investigation of the possibility to build a reconstruction
scheme for the R!ossler system (10) from Example 2.3. As we have seen in Example 2.3,  may
be reconstructed by applying linear parameter identi cation techniques to the transformed
system (11).
It is easily checked that the transfer matrix G (s) of (11) is given by

s2 ; s + 1
;
G(s) = s3 ;s s
2 + s s3 ; s2 + s

!

Thus, in the notation of Section 2 we have
p(s) = s ; 
q(s) = s3 ; s2 + s
r(s) = s2 ; s + 1
The least squares estimator with exponential forgetting factor for (11) then takes the following
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form:

8 w_ i = Kwi + Lui (i = 0 1 2)
>
>
< y^ = 0(w) + ^1(w)
>
^_
>
:  = ; 1(w)p2(^y2; y) > 0

(43)

p_ = ; (1(w) p ; p)  > 0
where u0 := log(x3), u1 := ;x3 , u2 := x23 ; 4,

0
0
K=B
@ 0

1
0

1

0 1

0
0
1 C
A  L = B@ 0 CA
;k0 ;k1 ;k2
1

k0  k1 k2 2 IR are such that the polynomial (s) := s3 + k2s2 + k1s + k0 is Hurwitz, and
0 (w) := k0w01 + (k1 ; 1)w02 + k2w03 + w12 + w21, 1 (w) := w03 ; w11 ; w22.

In Figure 3, the proposed reconstruction scheme is illustrated by means of a simulation. Here,
the parameters were chosen as k0 = 512, k1 = 192, k2 = 24, = 800,  = 0:002.
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Figure 3: Simulation results for the R!ossler system: (a)  (dashed) and ^ (solid) (b) estimation
error
It may further be shown that, like in Section 3, the scheme (43) will exhibit partial synchronization once  has been estimated correctly.

6 Conclusions
We have studied communication with chaotic systems using ideas from systems and control
theory. Since in general the unknown message -which is to be reconstructed- is not available
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beforehand, direct standard synchronization schemes may not be eective. We therefore propose an adaptive identi cation scheme that would enable the message reconstruction without
explicitly assuming (partial) synchronization. This method forms a generalization of a method
developed in 6] and is applicable in a far more general setting than in 6]. It should be noted
that the message to be reconstructed has to be slowly time-varying, so that the identi cation
scheme is fast enough for the reconstruction. Typically in communication this will be the
case, in particular when dealing with piecewise constant (binary) messages. Moreover, the
identi cation technique presented here is quite robust as far as channel noise is concerned,
provided we are dealing with binary messages. It is clear that in this case the application of
standard linear identi cation schemes may not provide a converging parameter estimation,
but the estimator will tend towards a (small) neighborhood of the parameter. Obviously,
the size of this region will depend on the measurement noise. We plan to come back on the
issue of noise in communication and synchronization in a future publication. Two illustrative
simulations of the proposed identi cation schemes are included, together with a discussion of
the validity of the imposed conditions.
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