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Summary
A spectral element based framework for ecient computation of
electromechanical problems

Applied to magnetic, electric, thermal and eddy current eld modelling in electrical machines

The design specifications that aim for high-performance indices of electrical machines (EMs)
cannot be achieved without efficient computation strategies. Existing tools such as the finite element method (FEM) have proved their relevance for a broad range of applications.
However, high aspect-ratio features of complex geometries, as well as increased accuracy
requirements demand high mesh densities resulting in immense computational loads. Alternatively, semi-analytical methods (SAMs) are faster than numerical approximations and
provide accurate results. However, they are limited to simple geometries with linear material
properties.
This thesis adopts a higher-order element method for modelling EMs and compares its performance with the low-order finite element approach. Similar to the FEM, the employed
higher-order elements approximate both the geometry and solution with a set of basis functions. The particular method considered in this thesis is the spectral element method (SEM).
The latter utilises a set of orthogonal basis functions for square domains to solve a particular
partial differential equation (PDE). The square domains, with dedicated mapping functions,
can map quadrilateral elements with curved boundaries. The mapping of square domains
gives extra flexibility for meshing complex geometries. Moreover, the flexibility to choose
an arbitrary order of the basis functions for spectral elements (SEs) allows obtaining a large
variety of mesh configurations and superior accuracy. For a broad class of electromechanical
devices, high aspect-ratio elements have to be used. Furthermore, SEs are larger than finite
elements for the same geometry, implying that fewer elements are used. These large SEs
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can be scaled with the change of the geometry and maintain the accuracy by increasing or
decreasing the basis function order. The latter feature eliminates the need for re-meshing at
each design step. These unique characteristics of SEs cause them to outperform low-order
elements in terms of both the accuracy, maintaining similar to SAM convergence properties,
and meshing flexibility of complex geometries.
The formulation of SEM for a two dimensional, simplified, elliptic PDE is presented and implemented. Given the nature of elliptic equations, the formulation holds for several essential
physical domains for machine design, e.g. magnetic, electric, and thermal. The nonlinear material properties will result in a system of nonlinear equations for which a Newton-Raphson
(NR) iterative approach is adopted to locally linearise the material properties at each iteration
and solve the system of equations within a given tolerance.
Additionally, a hybrid model is proposed to model moving parts by combining SAM with
SEM. To that end, a SAM region, based on a Fourier modelling (FM) presented in this thesis,
approximates the solution by a finite Fourier series and couples the fixed and the moving
part of the machine meshed with SEs. Movement of the regions is realised by changing
the argument of Fourier series in SAM, which results in a reduced computational load since
re-meshing at an arbitrary position is not required. Besides, having the magnetic field distribution in the airgap available as a Fourier series allows the mechanical performance to be
evaluated analytically from the Fourier coefficients and, therefore, exclude numerical integration errors.
The formulation of the modelling approach presented in this thesis is verified on both analytical and experimental results. For the analytical verification, a closed-form solution is
derived for a model of a rotating electrical machine. The analytical model is compared with
both SEM and FEM. The results show that the approximation of the solution by SEM is more
accurate than that of FEM for the same number of linear equations, or degrees of freedom
(dof), of the problem. For the analytical model used in this thesis, the FEM model achieves
a maximum absolute error of 10e-4 T in terms of the flux density, whereas, SEM gives 10e12 T with half of dof compared to FEM. Additionally, a permanent magnet flux-switching
machine is selected for numerical and experimental verification. The hybrid SEM-FM with
reduced problem size gives an excellent estimation of the torque compared with measurement
results. Other electromechanical applications have also been modelled with SEM. In particular, the electromechanical dynamics of a magnetic levitation device and thermal domain of
a synchronous permanent magnet linear machine. The results have shown that the models
based on SEM approximate the performance with a significantly smaller size of the problem
compared to available modelling techniques.
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Introduction
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Towards electromechanical energy conversion

1.1 Towards electromechanical energy conversion
The improvement of the quality of life through engineering, has left an imprint on our planet,
both on the surface and below by creating necessary chains of infrastructures. It also resulted
in the development of industries, means of transportation etc. These are made possible by an
amount of power which is immensely larger than the human body can produce. The power
enables the execution of work which changes the form of energy — a process called energy
conversion. In this thesis, particular attention is paid to apparatus for electromechanical
energy conversion. This process is especially attractive due to its reversibility, as mechanical
energy can be easily converted into electrical, and vice versa. The device responsible for this
transformation is generally known as the electrical machine (EM).
Electromechanical energy conversion, empowered by the forces generated by magnetic fields,
is naturally accompanied by other phenomena which generate other forms of energy such as
thermal, which are usually undesired. Additionally, the demands towards the performance of
EMs, high acceleration for instance, lead to the increase of their power density which can be
implemented in two ways. One is to increase the operating currents, resulting in increased
heat losses. The other way is to increase the operating voltage, which exposes the electrical
insulation to a higher stress and, consequently to a shorter lifetime of the device, unless
special measures are considered [20, 92].

1.2 Modelling approaches
In the previous section electric, magnetic and thermal domains are mentioned to be of high
importance for EM design. Initially meant to support the desired energy transformation, only
the electromagnetic contribution is useful. However, other side-effects are also taking place
such as heat generation or fast wearing of the insulation. The extent to which these-side
effects can be minimised is characterised by the efficiency and reliability of the EM. The
efficiency plays a crucial role in the design process, where additional specifications of the
machine are taken into account such as power density, mechanical and electrical parameters, cost etc. These constraints could impair the maximum obtainable efficiency and consequently, the model-based design of the conversion phenomena becomes relevant in order to
minimise costly experimental trials.
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Most EMs generate forces originating from magnetic fields. Magnetic fields are preferred
instead of electrical ones due to more favourable properties of the materials [83]. The estimation of the spatial distribution of the magnetic field in an EM is crucial. These magnetic
fields can be computed applying the known physical laws. For simplified models of EMs,
analytical functions are derived to represent the field distribution. If the derivation of an analytical solution becomes impossible, more generic methods are considered which consist
of dividing the geometry into multiple sufficiently small elements, each of which approximates the solution with elementary functions. These methods are numerical in nature, since
they give an approximation for the exact solution and are prone to potential error depending
on both division of the geometry and types of elementary functions. One of the methods is
called the finite element method (FEM), for which the most often used elementary functions
are first or second order polynomials [81]. As the name suggests, the FEM divides the geometry into a finite number of elements, and the element density determines the accuracy of the
solution. For complex geometries or higher accuracy requirements, this approach results in
models that tend to be computationally demanding and very often the design process lasts too
long to be acceptable. For classical machines, which have been researched for a long time,
the underlying physics is very well understood. Consequently, several modelling approaches
including some analytical approximations are available which will offer fast and accurate
performance analysis of new designs [36, 43, 104]. However, for relatively new machine
topologies where complex geometries and highly nonlinear characteristics are present, reliable equivalent analytical models are not available. Therefore, fewer assumptions considered
lead to computationally demanding FEM models due to lack of the designer’s experience
with the novel machine types [54].
The derived analytical functions mentioned above, are often composed of truncated Fourier
series. The models which employ these functions turn out to be computationally light, and at
the same time give good results. The reasoning behind is twofold. Firstly, they approximate
the solution only in the crucial part of the machine [19]. Secondly, the approximation with
truncated Fourier series converges to the exact solution faster compared to the functions used
in the FEM. The Fourier series are infinitely differentiable and the error of their approximation is decreasing as the width of the frequency spectrum is increased. Owing to this feature,
the convergence type is called spectral which manifests itself by an exponentially decreasing
error of the approximation by widening the frequency range. In fact, this aspect is extended
to other types of the elementary basis functions, including polynomials, which are recognized
as high-order [15].
The significance of high-order basis functions in the approximation of the solutions for partial
differential equations (PDEs) has been shown by the so-called spectral method (SM), where
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the solution is approximated by a finite series of specific basis functions. In the first place,
the superior convergence feature of the SM was researched in modelling fluid dynamics [59].
There is an extensive research output which explores the SM around challenges in the computation of fluid dynamics [15, 18, 57, 75]. For modelling EMs, the SM becomes attractive as
well, especially because EM design involves a multi-physical approach. The quantities that
couple the physical domains have to be calculated accurately to minimise error propagation
through the model.
A multi-domain approach has been proposed in [18, 57, 75] where multiple spectral elements
(SEs) are grouped together to form the spectral element method (SEM) and model complex
shapes of geometries which contain discontinuities in the material properties, and at the same
time make use of accurate high-order approximation. The application of the SM by means of
Fourier series, and also other high-order basis functions in EM models becomes a potential
solution to improving the accuracy and computational speed of the model.

1.3 Research objectives
In this thesis the extent to which the modelling of EMs can benefit from applying higher
order elements is investigated and quantified. To that end, the following research objectives
are formulated.

1.3.1 To investigate the computational performance of high-order
elements in modelling electrical machines
The increased accuracy delivered by high-order spectral methods with respect to the loworder FEM represents a key factor for the examination of its computational performance in
modelling EM geometries. Hence, the following sub-objectives are defined:

To formulate and implement the spectral element method dedicated to electrical
machine modelling
The investigation of the benefits but also side-effects such as increased computational load of
the SEM is of major importance. The break-even point between computational load and the
accuracy of the results has to be found between high- and low-order methods. To allow for
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these aforementioned analyses to take place, it is proposed to tailor the available formulations
in the literature dedicated for SEM to EM modelling.

To develop a method for eciently dealing with displacement of moving parts
The possibility to model the moving parts of an EM displaced at various positions is essential. For the traditional FEM, a remeshing procedure precedes each computational step.
Alternatively, the FEM adopts various techniques to couple these regions, ensure that the
model works at different positions and avoid the re-meshing. Both options require additional
computational effort, and the accuracy of the results is affected. A technique for modelling
the moving parts of EMs should be developed in the SEM.

To enable reliable modelling of nonlinear materials
A crucial requirement for EMs is modelling nonlinear material properties such as those from
soft magnetic materials. Consequently, the high-order computational method should be capable of modelling these materials. The quadratically converging Newton-Raphson (NR)
iterative approach used in the FEM should be verified for robustness when applied for the
SEM case.

1.3.2 To verify the employed method
The verification of the selected modelling technique should be performed to objectively observe its strong points and limitations. The SEM solution is expected to exponentially converge for smooth solutions. However, the extent to which fast convergence of SEs holds for
EM models has to be verified. As for most practical applications, the analytical expressions
cannot be derived, the performance evaluation is to be realised by comparing with experimental results. Therefore, a non-idealised complex test-case that covers the previously mentioned
aspects of a machine design should be considered.

6
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1.4 Thesis structure
The thesis is divided in six chapters. The second chapter presents an overview of some alternative methods to model EM which are mainly based on truncated Fourier series and lumped
parameter models. Historically, these alternative methods are researched for two main reasons. Firstly, before the availability of FEM those methods were the only option to estimate
the machine performance. Secondly, very often FEM becomes computationally heavy, so the
computational load needs to be decreased for a model which would be used in an optimisation
routine. The necessary mathematical apparatus to build a SE tool which is used to evaluate
the SEM performance for EMs, including the material modelling with nonlinear characteristics is introduced in the third chapter. The fourth chapter provides the method to model the
moving parts. The air gap between the mover and the stator is modelled by coupling SEM
with the semi-analytical method (SAM) which is introduced in chapter two, thus enabling the
modelling of an arbitrary relative position for the members of the EM. The verification of the
modelling framework from this thesis is presented in the fifth and sixth chapter and includes
several steps for SEM verification, i.e. analytical, experimental and verification of computation for the temperature and electric potential distribution. The fifth chapter is dedicated
to modelling of rotating machines while the sixth presents the modelling of other machines
such as permanent magnet linear machine and a levitation device. The thesis closes with the
seventh chapter which contains the conclusions drawn from the work presented in this thesis,
scientific contributions and also recommendations for future research.

Chapter 2
An overview of modelling
methods for electrical
machines
Undoubtedly, the design process of an electrical machine (EM) includes a modelling phase
which requires a reliable method that can be used in an optimisation loop. The large variety of
electromechanical systems does not offer an easy choice for a universal modelling technique.
Instead, the selected modelling method will depend on the type and topology of the EM. The
requirements of the application will define the desired accuracy and tolerances.
This chapter contains an overview of available modelling techniques dedicated to EMs, and
a discussion on their advantages and limitations. Firstly, the generally adopted assumptions
of EM models are introduced. Secondly, the so-called semi-analytical methods (SAMs) are
discussed. These techniques are based on Fourier series representation of the field solution.
Depending on the technique, they are applied for modelling of the field solution in the airgap
only, or in the entire geometry. Lastly, numerical methods such as finite element method
(FEM) are briefly introduced, with low and high-order elements which predominantly determine the accuracy and computational load of the model.

This chapter is based on:
- M. Curti, J. J. H. Paulides, and E. A. Lomonova, “An overview of analytical methods for magnetic field computation,” in EVER 2015. IEEE, Mar 2015, pp. 1–7.
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2.1 Assumptions for modelling
The modelling of an EM is an essential step in its design procedure. It dominates the decision
making when selecting topologies and provides quantitative estimations about the EM performance during optimisation routines. To estimate the performance of an EM, the magnetic
fields have to be modelled. An EM is a complex system consisting of several physical components, however, only few have active magnetic parts. Therefore, in order to simplify the
mathematical model, several assumptions are made. These assumptions are introduced in the
next subsections, and concern the geometrical and physical simplifications. The decoupling
of the physical domains leads to the reduction of the model complexity without significantly
affecting the final results.

2.1.1 Geometrical assumption
Periodicity
The arrangement of the magnetic sources in a long stroke EM, i.e. magnets or coils, depends
on the mechanical degree(s) of freedom for which the device is designed. For instance,
in case of a linear or rotating machine, the magnetic sources are positioned in a periodic
pattern along the axis of movement. An example of such a periodic structure is shown in
Figure 2.1a where the periodicity is along the θ −axis, and in Figure 2.1b with periodicity
along the x−axis. These periodical arrangements, theoretically ensure limitless movements
of the EM members as a consequence of the current being injected into the windings. In
practice, however, “limitless movement" is possible for rotating EMs only. Moreover, linear
machines are exposed to end-effects of their geometry. Therefore, for these types of machines
special attention has to be paid when imposing the assumptions of periodicity.

Reduction of one geometrical dimension
The magnitude of the force, or torque, is increasing with the air gap volume which separates the moving part from the stationary part, under the condition that the airgap height is
fixed. This follows from the fact that the amount of mechanical shear stress, which causes the
- K. Ramakrishnan, M. Curti, D. Zarko, G. Mastinu, J. J. H. Paulides, and E. A. Lomonova, “Comparative Analysis
of Various Methods for Modelling Permanent Magnet Machines,” IET Electric Power Applications, vol. 11, no. 4,
pp. 540–547, Jan 2017.
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Figure 2.1: The geometry of a periodical segment of rotating (a) and linear (b) permanent
magnet machine

movement, is increasing with the surface enclosing the airgap volume [68]. Consequently,
the depth of the periodic pattern, which lies along the z−axis in Figure 2.1, is proportional
to the amount of stress. Scaling is used to enhance the mechanical performance. Increasing the depth also gives the opportunity to simplify the physical model significantly. The
z−component of the magnetic field distribution goes to zero, and is non-zero only at the extremities of the geometry which often can be neglected for long machines (along z−axis)
with respect to width on (x, y) or (r, θ ) plane. Therefore, the problem can be formulated in
two dimensions (2Ds) assuming that the geometry is infinitely long in the z−direction which
results in a considerable simplification of the model.

2.1.2 Physical assumptions
Apart from geometrical assumptions, there are some physical considerations which can substantially simplify the model and, at the same time, accurately predict the machine behaviour.
The behaviour of the magnetic and electric fields are described by Maxwell’s equations, connecting the following physical quantities:
~H [A/m] magnetic field strength,
~J [A/m2 ] current density,
~E [V/m] electric field strength,
~B [T] magnetic flux density,
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~D [C/m2 ] electric flux density,
ρe [C/m3 ] electric volume charge density,

which are intimately coupled through constitutive relations and give rise to electromagnetic
waves for time varying sources. However, the relative electric permittivity is orders of magnitude smaller than the relative magnetic permeability, and the frequencies at which the majority of electro-mechanical devices operate are well below 1 MHz or wavelengths over 300
m, which exceeds the sizes of the majority of EMs [41]. The considered assumptions allow
the use of the quasistatic magnetic and electric field equations
∇ × ~H = ~J,
∂~B
∇ × ~E = − ,
∂t
∇ ·~B = 0,
∇ · ~D = ρe ,

(2.1)
(2.2)
(2.3)
(2.4)

followed by the constitutive relations
~B = µr µ0~H + µ0 M,
~

(2.5)

~D = ε0~E +~P,

(2.6)

~J = σ~E,

(2.7)

~ is the magnetisation, µ0 is the permeability of free space, µr is the relative permewhere M
ability of the medium, ε0 is the free space permittivity and ~P is the material polarisation.
At the interface of two media, the following boundary conditions describe the behaviour of
the field vectors at the interface of both materials
(~E 1 − ~E 2 ) ×~n = ~0,

(2.8)

(~H 1 − ~H 2 ) ×~n = ~J s ,

(2.9)

(~B1 −~B2 ) ·~n = 0,

(2.10)

where ~n is the unit vector perpendicular to the surface of the interface.
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2.2 Magnetic vector potential
For the performance estimation of the majority of EMs, the magnetic flux density, ~B, is
calculated via the magnetic vector potential (MVP) [41], ~A. Given that the magnetic flux
density is a divergence free field it can be defined as:
∇ ×~A = ~B.

(2.11)

The MVP is introduced as the curl of ~B in order to reduce the number of equations to be solved
at the expense of increasing the order. Expressing ~H from (2.5) and substituting in (2.1) and
exploiting the vector calculus identities, the expression of the quasistatic MVP is obtained




∂~A
~ ,
∇ × ν∇ ×~A = ~J + σ
+ ∇ × ν µ0 M
∂t

(2.12)

where ν = 1/µ, with µ = µ0 µr . For 2D problems, the equation (2.12) simplifies to
∇ · (ν∇Az ) = J z + σ



∂ Az
~ .
+ ∇ × ν µ0 M
∂t

(2.13)

If the time derivative is zero, (2.13) reduces to the magnetostatic formulation for 2D problems. Equation (2.13) is a simplified parabolic equation. These equations can be used to
describe other physical phenomena which are introduced in the next section.

2.2.1 Generalisation for other physical domains
Thermal domain
The steady state distributions of other physical quantities in different domains can be expressed similarly to the MVP. For thermal problems the temperature distribution T is modelled. The material properties are the thermal conductivity, k, the mass density, ρ, heat
capacity, c p and heat source, g [72]. The heat equation becomes
∇ · (k∇T ) = ρc p

∂T
− g.
∂t

(2.14)
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With the assumption that the time derivative is zero, an elliptic equation is obtained which
describes the steady-state temperature distribution
∇ · (k∇T ) = −g.

(2.15)

Electrostatic domain
For an electrostatic problem, the electric potential V~E can be computed by solving the electrostatic equation

∇ · ε∇V~E = −ρe ,

(2.16)

where ε = ε0 εr is the permittivity of the material.

Generic
Considering a static case, by assuming that the time derivatives are zero. the equations (2.13)
to (2.16), are a simplified form of an elliptic partial differential equation (PDE)
∇ · (c∇ϕ) = s,

(2.17)

where, c, ϕ and s, are the generic material property, potential distribution and the source
term, respectively.

2.3 Modeling of electrical machines
The necessity to precisely model EMs is emerging from the increasing standards for their
performance and application specific design instead of off-the-shelf solutions. EM modelling is not a single domain problem. The physics of the EM involves mainly magnetic,
electric, thermal and mechanical analysis. These physical domains can be decoupled, where
the magneto-static domain is the primary problem to be solved, since magnetic forces are
driving the energy conversion. As mentioned in subsection 2.1.1, an important aspect is that
the majority of EM topologies consist of periodical segments, this property is easy to observe
in rotating machines where the periodicity is always present as shown in Figure 2.1, which is
inherent to its circular configuration and direction of movement. After the physical domains
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Figure 2.2: The equivalent representation of a magnetic circuit (a) by a circuit with lumped
parameters (b).

are separated, more assumptions can be taken into account to simplify the magneto-static
model, and at the same time accurately predict the behaviour of the machine [30]. Very often
the magnetic circuit in an EM can be separated from the rest of the geometry, in this way
simplifying it further as no significant magnetic flux is flowing in its exterior. In the magnetically active part of an EM, the most substantial amount of energy is contained in the airgap,
which separates the static and moving part of the EM, due to the low relative permeability of
air with respect to iron parts [71, 97]. Consequently, the modelling of the magnetic field distribution in the airgap is essential since it captures the flux linkage between stator and mover.
Furthermore, the magnetic field distribution needs to be accurately estimated to ensure accurate results for force computations. Therefore, many modelling techniques are focused on
capturing the field distribution in the airgap. Some of these methods are introduced in brief
in the following subsections.

2.3.1 Magnetic equivalent circuit
The magnetic equivalent circuit (MEC) theory matured before the FEM was widely applied
in the modelling of EM. The intuitive prerequisites, which consists in a priori predictions
of the flux paths, and its simplicity make it attractive enough to be used till the present day.
High permeability materials and EM topologies that confine most of the flux to the geometry
itself make MEC applicable for a wide range of EM types. An example of a MEC is shown
in Figure 2.2 where a classical geometry of a ‘C’ core is presented. In Figure 2.2a a magnetic
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structure is presented, whereas in Figure 2.2b the corresponding equivalent circuit is shown.
The magnetic permeability of the ‘C’-shaped structure is much higher than that of air, consequently, the flux generated by the coil is concentrated in it, as shown in Figure 2.2a. This
allows to neglect the flux which “leaks" out of the geometry. Therefore lumped parameters
can be used to represent the resistance, or the reluctance of the used material of the magnetic
flux and magnetomotive forces are representing the magnetic sources. Circuit theory can be
applied to find the flux for the given lumped parameters [71]. This technique is robust and
widely applicable for a wide range of machines. However, it only gives a rough estimation
of the machine performance. The main disadvantage consists in the necessity to use a priori
knowledge, or estimation of the flux paths that will be present in the circuit. If the flux paths
are difficult to predict, or when the required accuracy is high, the MEC becomes dense and
solving the fluxes in the circuit becomes computationally expensive.

2.3.2 Electrical machine models based on Fourier analysis
Semi-analytical solution
A simplified form of the elliptic equation from (2.17), with the assumption that homogeneous
and linear material is used, is the 2D Laplace equation which has a constant coefficient c and
zero source term, i.e.
∇2 ϕ = 0.

(2.18)

For a two-dimensional problem, the Laplace equation can be solved by the technique of separation of variables. The solution ϕ is represented as a product of two independent functions

ϕ(x, y) = X(x)Y (y).

(2.19)

By representing the solution with X(x) and Y (y), (2.18) is split into two separate ordinary
differential equations
X(x)00 + X(x)λ 2 = 0,
00

2

Y (y) −Y (y)λ = 0,

(2.20)
(2.21)
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where λ is an arbitrary shared constant between X(x) and Y (y). The solutions in a Cartesian
coordinate system are:
X(x) = C1 sin(λ x) +C2 cos(λ x),
Y (y) = C3 e

λy

−λ y

+C4 e

,

(2.22)
(2.23)

where C1−4 are the unknowns which are defined by the boundary conditions. Finally, the
solution of ϕ in a generalised coordinate system (ξ ,η) is found by combination of infinite
solutions from (2.22) and (2.23)
∞

ϕ = g0 (η) + ∑ (an (η) sin(ω n ξ ) + bn (η) cos(ω n ξ )) ,

(2.24)

n=1

where, for Cartesian coordinate system, g0 , an and bn are
an (y) = C1n eω n y +C2n e−ω n y ,
ωny

bn (y) = C3n e

−ω n y

+C4n e

,

g0 (y) = A0 + B0 y,

(2.25)
(2.26)
(2.27)

and, for polar coordinate system
an (r) = C1n rω n +C2n r−ω n ,
bn (r) = C3n r

ωn

+C4n r

−ω n

,

g0 (r) = A0 + B0 ln(r),

(2.28)
(2.29)
(2.30)

where ω n results from the shared scalar λ and represents the spatial frequency of the solution.
The functions g0 , an and bn in (2.24), are decoupled from the trigonometric function. It
should be noted, that the trigonometric basis functions are periodic in the entire range of ξ .
Periodic basis functions, make the solution from (2.24) suitable for modelling the magnetic
field distributions of EM since, as mentioned in the section 2.3 they have a periodic structure.
The semi-analytical solution from (2.24) becomes a useful tool to model the magnetic field
in the airgap of EMs. Therefore, a closed form of the solution for the distribution of the
magnetic field in the airgap of a slotless EM generated due to a periodic arrangement of the
magnets or coils is derived [12, 43, 104].
As a result, the extension of the semi-analytical solution leads to a modelling method presented as Fourier modelling (FM). In this section a series of approaches is presented to model
slotted structures by making use of the analytical solution presented in (2.24).
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Figure 2.3: Estimation of the airgap field distribution with the Carter coefficient. The real
geometry (a). The slot configuration replaced with an equivalent airgap (b).

Carter's coecient
With Carter’s coefficient, the effect of the slotted structure, like the one from Figure 2.3a, is
taken into account globally. The slotted airgap is replaced by an equivalent slotless airgap
altered by an additional reluctance from the slots as is represented in Figure 2.3b. With this
method, the reduced magnitude of the flux density derived from (2.24), due to the presence
of slots, is computed. The shear stress generated by the magnetic field will be incorrect, since
the equivalent airgap remains effectively slotless. However, a reasonable estimate of the flux
linkage and back electromotive force is obtained [19, 77, 78].

Scalar and complex relative permeances
Instead of using the Carter coefficient along the entire airgap, a position-dependent permeance can be computed along the middle line of the airgap. The permeance is predefined by
some flux paths which cross the airgap as is shown in Figure 2.4a. The scalar permeance will
capture the local deformation of the flux density in the paths affected by the presence of the
slots. This implies that only the normal component of the flux density is adjusted to account
for the presence of slots, whereas the tangential component is assumed to be unaffected.
The airgap relative permeance is computed more precisely based on conformal mapping [37,
79]. The relative permeance of both flux paths along the normal and tangential direction is
represented as a complex function as shown in Figure 2.4b. The imaginary and real part
contains the reluctances in tangential and normal directions, respectively. Consequently, the
distribution of magnetic flux density in a slotless airgap is recalculated using complex relative
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Figure 2.4: Computation of relative permeance in the airgap region. Scalar relative permeance based on flux paths (a). Complex relative permeance based on conformal mapping (b).

permeance improving the approximation of both tangential and normal field components
obtained from the slotless airgap field solution [99].

Fourier modeling for sub-domain problem
The homogeneous solution obtained by the separation of variables from (2.24) can be used
to model the individual slots as well. In this case, the slots are identified as individual regions
as shown in Figure 2.5a. In each region, the solution from (2.24) is used to approximate
the field distribution. Coupling between the regions is realized by satisfying the boundary
conditions from (2.9) and (2.10). In this case, the frequencies of the Fourier coefficients
from the slot regions have to match those from the airgap region despite their different spatial
frequencies [43, 77].
The above mentioned technique gives a very good approximation for simple geometries with
orthogonal domains. The employed domains have their boundaries always parallel to the
axes of the coordinate system of choice where the solution is known. However, the solution for Laplace equation cannot model the non-homogeneous distribution of the material
property. Therefore, nonlinear iron cannot be modelled. Moreover, the modelling of slots
implies infinite permeability of the teeth to implicitly satisfy boundary conditions through
the trigonometric bases [59, 91].

Fourier modeling with convolution
A significant limitation of the sub-domain FM is the impossibility to model the finite permeability of the teeth as in Figure 2.5a. To overcome this limitation, a solution of the elliptic
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Figure 2.5: Fourier modelling based on sub-domains (a) and on convolution (b).

equation with variable material coefficients is derived in the spatial frequency domain. The
elliptic equation will contain the product of two Fourier series both the solution and the permeability distribution. In the spatial frequency domain however, the multiplication of two
functions is realised by convolution [98]. The solution allows the representation of the permeability distribution along the x−axis in case of a Cartesian, and θ −axis in case of a polar
coordinate system, respectively as shown in Figure 2.5b. As a result, the slotted region of
an EM is approximated with a truncated Fourier series, the number of regions involved in
the problem is considerably reduced, and modelling of the slotted structure is simpler than
with the sub-domain technique, because it is approximated by a Fourier series. Moreover,
the permeability now can take any finite and homogeneous value in the teeth [86].

2.3.3 Finite element method
In the previously mentioned approaches, Fourier modelling approximates the solution by a
truncated spatial harmonic series in predefined sub-domains. In case of the finite element
method (FEM), the space is discretised in a finite number of elements. It is common practice
to divide one dimensional problems in segments, two dimensional ones in triangles and three
dimensional ones in tetrahedra, due to the flexibility in terms of geometrical shapes that
can be meshed. The approximation of the solution on the element nodes is performed by
Galerkin approach which is to minimise the residuals in each element. Since the residuals
are minimised in the elements, the method involves integration, i.e. the weak formulation of
the partial differential equation. The residuals are projected on a series of basis functions via
the inner product [75, 88]. Most FEM software tools use so-called hat and bubble functions
consisting of first and second order polynomials, which form first and second order elements,
respectively. They are presented in Figure 2.6 [3, 38, 67].
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Figure 2.6: Shape functions used for FEM. One dimensional case (a). Two dimensional
case, the shape functions are represented by nodes on the elements (b).

The FEM is extensively used in modelling and design of EM. The available FEM libraries in
various programming languages and the software interfaces give the necessary flexibility to
model complex geometries, nonlinear material properties and coupled physical phenomena.
However, the fact that elements are low-order impedes the convergence to the exact solution,
this is shown in more detail in chapter 5. Therefore, to increase the accuracy of the model,
higher mesh densities are necessary. Alternatively, increasing the order of the element can
be considered, and thereby, profiting from the increased convergence rate of higher order
methods.

2.3.4 Higher-order methods
Higher-order methods use higher than second order elements for spatial discretisation [95].
The increase of the basis function order in the element is motivated by the gain in accuracy.
Third order elements, for instance, can ensure continuity of both the solution and its first
derivative on the shared boundary of two elements, hence it can have C1 continuity of the
solution [8]. In contrast, first and second-order elements implemented with hat and bubble
functions, from Figure 2.6 are C0 , meaning that only the solution is continuous. Using higherorder elements results in a more complex implementation, and the computational load is also
increasing. Therefore, the trade-off between high and low-order elements is defined by the
obtained accuracy of the solution and the required computational power.
The choice between the order of the elements defines the meshing methods. For elements
with a fixed order, the error is diminished by increasing the element density in the geometry, which is called h−type refinement. The ability to increase the polynomial order for
each element introduces another refinement type which depends on the polynomial degree p,
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(a)

(b)

Figure 2.7: Mesh topologies for electrical machines. Second order triangular mesh (a).
High-order quadrilateral mesh (b).

therefore, p−type refinement. The combination of both refinements, called hp refinement,
is challenging to realise with triangular elements [15]. Moreover, high-order triangular elements are losing the high convergence rate properties with increasing p [96]. In the available
FEM software h−type is mostly used with options to switch between first and second-order
elements and meshing algorithms are used to mesh the geometries with predetermined relaxation coefficients to tune the mesh density where the solution gradients are expected to be
higher. In contrast, high-order elements can use a fairly coarse mesh, and instead, increase
the order of the element, p−refinement, to satisfy the accuracy requirements. In this way, the
computationally expensive meshing routines are avoided. An arbitrary order of the element
can be achieved by using spectral elements (SEs), which approximate the solution by an arbitrary number of basis functions, very often these are also polynomials, the most popular
are Legendre basis [88]. The SE can mesh a geometry such as in Figure 2.7b with quadrilateral elements, this method is called spectral element method (SEM). Quadrilateral elements
are superior to triangular ones in terms of high-order implementation, i.e. high convergence
rate is also preserved for very high-orders. Therefore, p−refinement can be used to achieve
the desired numerical accuracy [91]. In Figure 2.7b quadrilaterals are used to mesh the EM
geometry which are considerably larger than in case of a low-order FEM mesh as shown in
Figure 2.7a. It can be seen that a similar meshing technique as FM is applied to spectral
element method (SEM) as well. In fact FM is also categorized as a high-order method, since
it approximates the solution in the domains with a set of basis trigonometric functions instead of polynomials. A trigonometric basis, being infinitely differentiable, posses a faster
(spectral) convergence compared to polynomial basis [15].
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2.4 Closing
In this chapter an overview of modelling techniques applied to electrical machines has been
presented. First, the assumptions that are generally applied to an EM model have been discussed. They include the simplification of geometrical features and decoupling of the physical domains. The magnetostatic, electrostatic and thermal domains have been described by
a generic elliptic equation. A special case for the magnetostatic domain has been presented,
where the generic elliptic equation is assumed to have constant coefficients and the computational domain has the boundaries parallel to coordinate system. This case allows for an
analytical solution for the MVP to be derived through separation of variables principle representing a Fourier series description for the field solutions. Modelling techniques based on
this solution are computationally fast and accurate. However they can only be applied to
simplified geometries with linear material properties. Nevertheless, the analytical solution
is used to develop modelling methods used to approximate the performance of EM designs.
The modelling methods based on FM still give some flexibility for EM models. The methods
that apply Carter’s coefficient, scalar and complex permeability approximation give insights
in the distribution of the field in the airgap. Whereas, the Fourier sub-domain technique and
Fourier with convolution integration can compute the magnetic fields in the machine slots
and teeth, respectively.
The low-order finite element method has been presented as a generic tool for modelling of
EM. However, for higher accuracy this method requires high discretisation which increases
the size of the problem. High-order methods have been introduced as an alternative because
they exhibit a faster convergence rate due to implication of higher order elements. Therefore, fewer degrees of freedom are necessary for the same accuracy. The high-order SE are
obtained through a mathematical formulation which can generate elements with an arbitrary
order and therefore, define the SEM. The detailed derivation and implementation of SEM is
presented in the next chapter.

Chapter 3
The spectral element method
Comprehensive modelling of various types of field distributions is imperative for designing
electric machines and actuators. Correspondingly, the requirements towards modelling techniques in terms of computational effort and accuracy are increasing and continuously changing the criteria for the choice of the computational method. To that end, with its high order
element approach, the spectral element method (SEM) becomes a promising computational
method for modelling electrical machines (EMs).
This chapter introduces the high-order SEM for EM modelling. First, the considered partial
differential equation (PDE) is formulated in terms of Galerkin’s approach. Secondly, the necessary mathematical apparatus for the implementation of the approximation of the solution
to the PDE by means of SEM is presented. An iterative scheme is also given to solve nonlinear magnetostatic systems. The scheme includes the local linearisation by means of the
Newton-Raphson method. And lastly, the boundary conditions (BCs), matrix assembly and
the meshing principle adopted in this thesis are discussed.

This chapter is based on:
-M. Curti, J. J. H. Paulides, and E. A. Lomonova, “Magnetic Modeling of a Linear Synchronous Machine with
the Spectral Element Method,” IEEE Transactions on Magnetics, vol. 53, no. 11, pp. 1–6, 2017.
-M. Curti, T. A. van Beek, J. W. Jansen, B. L. J. Gysen, and E. A. Lomonova, “General Formulation of the
Magnetostatic Field and Temperature Distribution in Electrical Machines Using Spectral Element Analysis,” IEEE
Transactions on Magnetics, vol. 54, no. 2, pp. 1–9, 2018.
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Outline of the chapter

3.1 Outline of the chapter
The SEM formulation is based on various mathematical subjects which are necessary to
introduce before being able to implement the method for a particular problem. These topics
are briefly discussed in this chapter with the references providing more details. The content
is structured as follows:
• The Galerkin approach for the approximation of a PDE solution expressed by the weak
formulation is presented. Furthermore, the obtained weak form of the PDE is discussed
in terms on both, a square and arbitrarily shaped quadrilateral.
• The formulation of the SEM is presented. The approximation of a PDE with Galerkin
method comprises the utilisation of basis functions which are used in their modal or
nodal form. A brief discussion on motivation to select the nodal approach is given.
The matrix form of the approximation of an elliptic PDE via SEM is presented.
• The Newton-Raphson method is used to solve the system of nonlinear equations for the
case when nonlinear material properties have to be modelled. An example containing
nonlinear soft-magnetic material is given.
• Lastly, the implementation of various BC, the SEM implementation and principles for
mesh generation are discussed.

3.2 The Galerkin method
As mentioned in section 2.3.3, Galerkin’s method is based on the weak formulation of the
PDE. It can be explained based on a generic differential equation
L ϕ = s,

(3.1)

where L is a differential operator. The Galerkin method does not enforce the solution to
strongly satisfy the differential equation (3.1). However, the solution is globally respected on
an average level for the entire domain
Z
Ω

(L ϕ − s) β dΩ = 0

(3.2)
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with β = 1. Equation (3.2) can be recognised as a minimisation problem, where the residual
R = L ϕ − s is set to zero globally on Ω. In fact, β = 1 is a particular case of the Galerkin
method which, in the more general case is
hR, β i = 0, in Ω.

(3.3)

That is, the Galerkin method projects the residuals on a subspace, or set of basis functions β
via the inner product h·, ·i. For (2.17), the weak form results in
Z

(∇ · (c∇ϕ) − s) β dΩξ ,η = 0.

(3.4)

Ωξ ,η

Re-ordering the terms in the right and left hand side of the equation, and applying the transformation which involves Green’s first identity gives
I

c∇ϕ ·~nβ dl −

Z

Ωξ ,η

∂ Ωξ ,η

∇β · (c∇ϕ)dΩξ ,η =

Z

sβ dΩξ ,η .

(3.5)

Ωξ ,η

This approach is independent of the coordinate systems. In the next subsections, the essentials for a rectangular and an arbitrary quadrilateral domain are presented.

y
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x
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Figure 3.1: Contravariant fluxes in the rectangular domain (a) and the quadrilateral domain (b).
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3.2.1 Essentials for a rectangular
A rectangular domain can be defined in an orthogonal coordinate system e.g. a Cartesian
one. For Cartesian coordinate systems, the divergence and gradient operators result in:
"

I

βc
∂ Ωx,y

|

∂ϕ
∂x
∂ϕ
∂y

#T " #
nx
ny
{z

dl −

Z

"

Ωx,y

∂β
∂x
∂β
∂y

}

Fn

#T "
c

∂ϕ
∂x
∂ϕ
∂y

#

Z

dΩx,y =

sβ dΩx,y ,

(3.6)

Ωx,y

| {z }
~F

where the flux ~F in the domain, and the contour flux Fn normal to the boundary can be
identified.
With (3.6) the solution of the elliptical PDE of (2.17) is approximated in a rectangular domain, and the boundary conditions are imposed via the contour integral. Multiple domains
could be coupled by sharing the boundaries with neighbouring domains. The continuity of
the solution of the domains that share their boundaries is satisfied by equating the contour
integral from (3.6). The sub-domains which are used to build the entire geometry where
the field distribution has to be solved are often called elements. Therefore, multiple spectral
elements (SEs) coupled together create the spectral element method (SEM).

3.2.2 Essentials for a quadrilateral
Geometries with curved edges cannot be meshed with rectangular elements. Approximating
the curved boundaries by multiple straight edges will introduce discontinuities [13, 50]. To
overcome this issue, quadrilateral elements with curved boundaries are introduced [57]. The
quadrilateral domain is mapped to a computational domain [−1, 1]2 . In the quadrilateral with
curved boundaries, the flux ~F, identified in (3.6) is defined by the local coordinate system.
Because the axes of the quadrilateral are curvilinear the contravariant fluxes, shown in the
Figure 3.1, are used to express (3.6)
I
∂ Ωξ ,η

Fn β dl −

Z

Ωξ ,η

" ∂ β #T "
#
F (1)
∂ξ
∂β
∂η

F (2)

Z

dΩξ ,η =

sβ dΩξ ,η .

(3.7)

Ωξ ,η

The fluxes expressed in (3.7) are similar to those from (3.6). However, in case of a quadrilateral with curved boundaries the fluxes will be, locally in the domain, subject to a mapping
transformation. For an arbitrary quadrilateral, the transformation of fluxes is executed via
mapping functions. The derivation of the equations under transformation is provided below.
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Mapping functions for arbitrary quadrilaterals
In order to map a conventional [−1, 1]2 square into an arbitrary quadrilateral, bounded by four
sides which are defined by the curves ~Γ1−4 , the transfinite interpolation method is used [65].
The transfinite map M~ , is given by


1
M~ =
(1 − ξ )~Γ4 (η) + (1 + ξ )~Γ2 (η) + (1 − η)~Γ1 (ξ ) + (1 + η)~Γ3 (ξ )
2
(3.8)
1
−
(1 − ξ )[(1 − η)~Γ1 (−1) + (1 + η)~Γ3 (−1)]
4

+ (1 + ξ )[(1 − η)~Γ1 (1) + (1 + η)~Γ3 (1)] ,
as a result
M~ = X(ξ , η)~x +Y (ξ , η)~y,

(3.9)

contains the mapping components related to the ~x− and ~y−directions. The curves ~Γk will
generally be straight lines or arcs in the geometries of EMs. However, any other smooth
curve can be used as well.

Derivation of contravariant uxes
Non-rectangular SEs feature of the domains imposes the transformation of the differential
equations into the computational domain. As expressed in the left-hand side of the domain
integral from (3.6), the dot product is taken between the gradient of the basis functions and
the flux that is perpendicular to ξ and η, i.e. expressed by the contravariant fluxes.
The derivations are made by applying vector and tensor analysis in a curvilinear coordinate
system [57, 62]. To transform the derivatives of the functions from the physical domain, such
as the one in Figure 3.1, into the computational domain [−1, 1] the Jacobian matrix is used


 
∂f
∂X
∂ξ   ∂ξ

 

=

 
 ∂ f  ∂X
∂η

∂η

 
∂Y
∂f
 ∂x 
∂ξ 
 
 .
 
∂Y   ∂ f 
∂η

(3.10)

∂y

In future references, the metric terms obtained in the square matrix from (3.10) are denoted
for convenience as X ξ ,Y ξ and X η ,Y η , respectively. The metric terms are computed from the
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derivatives of (3.8), obtaining:
"
#
~Γ1 (ξ )
~Γ3 (ξ )
∂ M~
1 ~
∂
∂
=
Γ2 (η) −~Γ4 (η) + (1 − η)
+ (1 + η)
−
∂ξ
2
∂ξ
∂ξ



i
1h
(1 − η) ~Γ1 (1) −~Γ1 (−1) + (1 + η) ~Γ3 (1) −~Γ3 (−1) ,
4
(3.11)
"

#

∂ M~
1
∂~Γ4 (η)
∂~Γ2 (η) ~
=
(1 − ξ )
+ (1 + ξ )
+ Γ3 (ξ ) −~Γ1 (ξ ) −
∂η
2
∂η
∂η



i
1h
(1 − ξ ) ~Γ3 (1) −~Γ1 (−1) + (1 + ξ ) ~Γ3 (1) −~Γ1 (−1) .
4
∂ M~
∂ M~
and
, contain the components X ξ ,Y ξ and X η ,Y η , respectively.
∂ξ
∂η
The determinant of the Jacobian, is

The metric terms

Jdet = X ξ Y η −Y ξ X η .

(3.12)

The relationship between the covariant and contravariant fluxes is:
"
#
F (1)
F (2)

"
=
|

Yη

−X η

−Y ξ

Xξ
{z
G

#
#"
F(1)
F(2)

,

(3.13)

}

where F(1) and F(2) are the covariant fluxes along the axis ξ and η, respectively. For convenience, the transformation matrix from covariant to contravatiant vectors is denoted by G.
From the nonconservative form of the gradient [62] follows



 
∂ϕ
∂ϕ
∂ϕ
∂ϕ
c∇ϕ =
Yη
−Y ξ
x̂ + −X η
+ Xξ
ŷ .
Jdet
∂ξ
∂η
∂ξ
∂η
c

The covariant fluxes are defined as
"
#
" ∂ϕ #
F(1)
c T ∂ξ
=
G ∂ϕ .
Jdet
F(2)
∂η

(3.14)

(3.15)
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By substituting (3.15) and (3.13) into (3.7) the expression of the Galerkin method in a nonsquare quadrilateral is obtained
I

Fn β dl −

∂ Ωξ ,η

Z

Ωξ ,η

" ∂ β #T
∂ξ
∂β
∂η

GG

T

c
Jdet

" ∂ϕ #
∂ξ
∂ϕ
∂η

Z

dΩξ ,η =

sβ dΩξ ,η .

(3.16)

Ωξ ,η

3.2.3 Physical interpretation of uxes
The fluxes introduced in (3.6) and later on, represented in an arbitrary quadrilateral domain as
contravariant fluxes, can be used for the interpretation of the physical fluxes such as magnetic
or thermal ones, for instance.
From a magnetic point of view, the contour integral from (3.5) integrates all incoming and
outgoing fluxes of the domain Ωξ ,η . Following Gauss’s law, the divergence of magnetic flux
should always be zero. Therefore, the contour integral vanishes. A particular interesting fact
is that it is possible to identify the similarities of fluxes defined for the Galerkin method and
flux tubes defined for a magnetic equivalent circuit (MEC). If in a domain the flux along the
ξ −axis is zero, the only flux will flow along η which is similar to a MEC element, where no
leakage is allowed through the tube walls [71]. A significant difference is, however, that the
fluxes within MEC tubes are homogeneously distributed when mapped in the computational
domain, and therefore, could be represented by scalars which makes it possible to solve with
simple circuit theory. In contrast, the Galerkin method provides the local distribution of the
field quantities in the computational domain itself.

3.3 Formulation of the spectral element method
The Galerkin method is generic and independent of the bases used. The use of a finite number
of bases makes it numerically computable. Low-order methods use a limited set of bases β .
The finite element method (FEM) introduced in the section 2.3.3, uses linear hat functions
and quadratic bubble functions. De facto, the solution is approximated with a second-order
polynomial.
In this work, a generalized formulation is considered which allows the usage of a high number
of bases. The inner product from (3.5) is computed directly using basis functions which
exhibit superior convergence towards the exact solution [57, 58]. In some sources the method
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Figure 3.2: Polynomial basis functions used for spectral methods. Chebyshev (a), Legendre (b) and Legendre-Gauss-Lobatto basis (c).

is called Galerkin method with numerical integration [75], Nodal Galerkin method [57] or
Galerkin spectral method [16–18]. The formulation of SEM is elaborated in this section.

3.3.1 Nodal and modal approximation
Fast convergence, reduced computation time and high accuracy of a modelling technique
determine the choice for Fourier modelling (FM), even though the actual geometrical features
are very often lost as a result of adopted assumptions [43, 101–104]. One of the major
restrictions of trigonometric bases is the inherent periodic BC which limits their application.
The basis functions that are applied for more flexible BCs and used in EM models are polynomial bases. In Figure 3.2 three sets of basis functions are represented. Just like trigonometric
Fourier bases, they are orthogonal and the approximation error decreases at an exponential
rate with respect to the number of bases involved [15, 91]. The Chebyshev basis from Figure
3.2a is mostly used in the collocation formulation of the spectral method (SM). However,
for the implementation of the Galerkin formulation, an additional weight function has to be
introduced in order to preserve the orthogonality [57, 88]. For this reason, Legendre basis
functions, which are shown in Figure 3.2b, are used. They are specifically tailored to maintain
the orthogonality with the unity weight function [88]. This choice simplifies the mathematical formulation and the implementation itself, despite some parameters of the implementation
being calculated numerically in an iterative manner [15, 57]. Legendre polynomials can be
represented in a three-term recursion form
LN+1 (ξ ) =

2N + 1
N
ξ LN (ξ ) −
LN−1 (ξ ),
N +1
N +1

with L0 = 1 and L1 = ξ .

(3.17)
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The Legendre basis functions can be used as presented in (3.17), for the approximation of a
PDE solution where the basis coefficients (modes) are unknowns. This modal approach has
been first used in spectral methods [16, 17, 70]. However, very often the approximation of
the PDE solution on a set of grid-points in a domain, turns out to be more convenient, or
necessary, than its modal counterpart. The methods which approximate the solution on a set
of grid points are called pseudo-spectral methods [18, 75]. An example of the advantage of
pseudo-spectral methods is the modelling of an EM with nonlinear iron. In this case, an iterative approach is used to solve the nonlinear system. If the solution in each iteration is found
based on the modal approach, the transformation from modal to space form is necessary to
evaluate the residuals from the nonlinear characteristic of the material, and therefore, adds
extra computational complexity.
The transformation from modal to nodal approach is coupled to Gaussian quadrature, which
is used to approximate the integrals of functions which are given on a discrete set of points ξ j

N

If =

∑ f (ξ j )q j =

j=0

Z b

f (ξ )dξ + ε,

(3.18)

a

where q j are the quadratures, or weights which are used to integrate the function f , and ε is
the integration error. The nodes ξ j are used to build the grid in a SE, and their position is
directly dependent on the basis function used to approximate the function f (ξ ). Therefore,
finding their position is of a particular importance. If the points ξ j and the quadratures q j are
known, they can be used to approximate the inner product
N

∑ β (ξ j )n j β (ξ j )m j q j =

j=0

Z b
a

β (ξ j )n j β (ξ j )m j dξ = Cδn,m ,

(3.19)

where, if β is a set of orthogonal basis functions, the result of the inner product gives the delta
function δn,m with a coefficient C dependent on the type of functions used. If the basis functions are polynomials, the points ξ j are their roots [11, 15, 57]. In Figure 3.2b, it is shown,
that the roots of Legendre polynomials are not situated on the boundary of domain [−1, 1].
This makes the implementation of BCs more complex since the implementation of a BC will
imply interpolation. An alternative is to introduce the Legendre Gauss-Lobatto (LGL) nodes,
computed from Legendre polynomials shown in Figure 3.2c and defined as:
LLGLN = LN+1 − LN−1 .

(3.20)

Therefore, by subtracting the previous Legendre basis from the next, with respect to N, the
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extremities go to zero. Unfortunately, in contrast to Chebyshev polynomials, the roots of LGL
cannot be calculated analytically. Consequently, an iterative solver is used to compute the
roots [44]. The results are stored in a vector for further reference:
h
iT
~ξ = ξ 0 , ξ 1 , · · · , ξ N .

(3.21)

The quadrature weights for the LGL roots are used for the integral approximation of functions
of degree 2N + 1 or less, the quadrature weights for LGL roots are calculated as
qj =

2
.
N(N + 1)(L(ξ j ))2

(3.22)

Similar to (3.21), the quadratures, are stored in a vector ~q. The approximation of two dimensional (2D) integrals is realised with 2D quadratures, the orthogonality of the grid is
considered, therefore a [N + 1] × [M + 1] matrix is obtained with an independent order of
polynomial N and M per axis
Q2D =~qξ~qTη .

(3.23)

3.3.2 Interpolation and dierentiation
Interpolation
After having obtained the solution of a PDE on LGL roots, it is crucial to be able to interpolate it over the entire domain, either for visualisation purposes, post processing, or other
computation routines. Although the reconstruction of the solution from its modal representation is more precise than interpolation [57], the nodal form is preferred to account for the
convenience introduced in the previous section. The Lagrangian polynomial basis, for interpolation of given function from nodes j to query points p is given by
N

f (ξ p ) =

∑ f j l j (ξ p ),

(3.24)

j=0

where
N

ξ p −ξn
,
n=0 ξ j − ξ n

l j (ξ p ) = ∏

n6= j

(3.25)
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are the Lagrangian bases. The evaluation of (3.25) however, will have O(n2 ) complexity,
requiring more computational effort than other interpolation techniques such as Newton’s
interpolation formula with O(n) [11]. Therefore, equation (3.25) is expressed as
l j (ξ p ) =

wj
,
n
(ξ p − ξ j ) ∑Nn=0 ξ pw−ξ

(3.26)

j

where the barycentric weights, w j , are computed as
wj =

1

.

N

(3.27)

∏ (ξ j − ξ n )
n6= j

Now the interpolation procedure is decoupled, the component which gives the O(n2 ) complexity is included in (3.27) and it is independent of the interpolation points, ξ p , therefore
it is computed only once per element. For the rest of the interpolation, equations (3.24) and
(3.26) are used and can be represented as a matrix product
~finterp = L~fnodes ,

(3.28)

where the Lagrange [P × (N + 1)] matrix, L, is evaluated on LGL nodes with (3.26), ~fnodes is
a column vector that stores the function values on the LGL nodes and the obtained column
vector ~finterp contains the interpolated values on the P points.

Dierentiation
Finding the derivative of the interpolation is just as important as interpolation itself. The
derivative matrix D is computed by taking the derivative of (3.26), obtaining
di, j = l 0j (ξ i ),

(3.29)

for nondiagonal elements of the matrix D the l 0j (ξ i ) is computed as
l 0j (ξ i ) =

wj
wi



1
ξi −ξ j


.

(3.30)

However, computing the matrix D at higher orders becomes sensitive to round-off errors. To
overcome this issue, the knowledge that the derivative of a constant is zero is used [6, 10].
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Consequently the diagonal terms are adjusted as follows:
N−1

dk,k = −

∑


dk, j .

(3.31)

j=0
j6=k

The derivative matrix plays a crucial role in finding the approximated solution in SE. By directly replacing the derivative operators, the derivative matrices are used in the collocation
approximation of the strong form of the differential equation [15, 57, 91], whereas for the
implementation of the Galerkin approach, the quadratures are used to approximate the integrals. To find the partial derivative with respect to ξ , for instance, of a 2D function each
row is multiplied with the derivative matrix from (3.29). Whereas, the multiplication with
the columns will give the partial derivatives with respect to η. Therefore, the 2D derivative
matrices are obtained by applying the Kronecker multiplication “⊗" between the identity and
the derivative matrix
LD = I ⊗ D,
ξ

(3.32)

LDη = D ⊗ I.

(3.33)

The obtained derivative matrices for 2D functions are multiplied with vectorized 2D nodal
functions to give the partial derivatives. Kronecker multiplication copies N + 1 derivative
matrices in the resulting LD or LDη to ensure that each row or each column, respectively,
ξ
of the 2D function is multiplied with D.

3.3.3 Implementation of the Galerkin method
Galerkin method for one element in matrix form
The LGL nodes in a complex EM geometry defined by multiple SEs, will contain the approximated solution of the PDE. All unknowns on those nodes are stored in a column matrix
~u. The global system of equations which has to be solved for those unknowns is stored in the
global matrix E giving the following linear system in matrix form
E~u = ~b,

(3.34)

where ~b contains the source terms and the BCs for the given problem. The complex geometry
is meshed with multiple SEs. Consequently, in the global matrix each element will contain
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its own set of equations
E∗~u∗ = ~b∗ ,

(3.35)

where the symbol ∗ denotes a submatrix for each element. Equation (3.35) represents the
matrix form of (3.7). For the approximation of the PDE solution, the fluxes, basis functions, sources and other coefficients are approximated by a truncated series of Lagrangian
basis functions from (3.24), the partial derivatives are replaced by the derivative matrices
from (3.32) and (3.33) and the integrals are replaced by the quadratures from (3.23).
A source free element surrounded by other elements will have the contour integral equal to
zero, therefore, only the implementation of the domain integrals from (3.7) is addressed in
this section. The contour integral is used in the next sections where other types of BCs are
introduced. The matrix product from (3.7) will result into a sum of two terms which are
written as
E∗ = −(E∗I1 + E∗I2 ),

(3.36)

E∗I1 = LDT diag(vec(Q2D ))F(1) ,
ξ

(3.37)

E∗I2 = LDT diag(vec(Q2D ))F(2) ,
η

(3.38)

where

and LDT , LDT are the transposed derivative matrices obtained with the Kronecker multipliξ

η

cation, vec( ) is a vectorisation operation, and returns a column vector form of the input
matrix by stacking its columns and diag( ) returns a diagonal matrix with the input vector on
the diagonal. The term ~b∗ contains both the source components in the element and the BCs.
An element with a source term ~b∗ contains
~b∗ = vec(Jdet ◦ S ◦ Q2D ),

(3.39)

where ’◦’ is the Hadamard product, i.e. matrix element-wise multiplication and S is the
source matrix representing the distribution of the source in the domain. The contravariant
fluxes in matrix form from (3.37) and (3.38) are obtained from (3.16). Because all components in the latter are represented by their matrix form, the unknown values of the potential
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are stored in a separate~u∗ vector
#
"
F(1)
F(2)




L
D
= C ◦ Jdet −1 ◦ GGT  ξ  .
LDη

(3.40)

3.4 Iterative solver for nonlinear materials
Whenever the coefficients in (2.17) are constant, the equation is linear. Therefore, a PDE
solver approximates its solution with a system of linear equations. However, when any of
the constants become nonlinear functions dependent on the solution itself, the equation becomes nonlinear. From a physical point of view, the nonlinear equation describes the field
distribution in the materials which have a nonlinear characteristic with respect to that field.
Particularly, the magnetic permeability, thermal conductivity and electrical permittivity of the
material have a nonlinear dependency with respect to the magnetic field strength, temperature
and electric field, respectively.
The system of nonlinear equations is solved iteratively. A commonly used method is NewtonRaphson as it has a quadratic convergence if the initial guess is close to the solution [4].
Given a nonlinear function f (x), the iterative procedure to find xn for which f (xn ) is as close
as possible to 0 starts with an initial guess for xn . The principle of the Newton-Raphson
(NR) method is to linearise the function at the point xn to provide the next guess which is the
intersection of the linearised function, being the tangent of f (xn ), with the x−axis
xn+1 = xn − ∆xn .

(3.41)

Following the equation for the tangent of f (xn ) the increment ∆xn is calculated as
∆xn =

f (xn )
.
f 0 (xn )

(3.42)

A similar approach is applied for a system of nonlinear equations. If (3.34) becomes nonlinear, the residuals of the equation are defined as
R(~u) = E(~u)~u −~b,

(3.43)

At a given iteration, n, the residuals tend to go to zero, and at a given threshold the iteration
process is stopped. Similar to (3.41), the solution for the system of nonlinear equations is
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updated as follows
~un+1 =~un − ∆~un ,

(3.44)

with the increment ∆~un computed as
∆~un =

R(~un )
.
R0 (~un )

(3.45)

3.4.1 Application to the magnetostatic problem
In this section the Newton-Raphson (NR) method is applied to the nonlinear magnetostatic
problem. The iron reluctivity has a nonlinear dependence on H or B. In order to linearise
the system of nonlinear equations in R(~un ), R0 (~un ) is computed in each iteration. In case of
a magnetostatic problem, the vector of unknowns ~u stores the values of the magnetic vector
potential (MVP). For the derivative of the residual with respect to the solution vector ~u, is
obtained
∂ R(~u) ∂ E(~u)~u
=
,
∂~u
∂~u

(3.46)

as the vector ~b is independent of ~u. Taking into account equations (3.36), (3.37), (3.38),
(3.40) and applying the chain rule

T
∂H ∂B
∂ E(~u)~u LDTξ 
=
.
diag(vec(Q2D ))
∂~u
∂ B ∂~u
LDT
|{z}
η

(3.47)

νinc

It can be noted, that after applying the chain rule, the term

∂ H/
∂B

is identified as the incremental reluctivity which is a tensor resulting from the derivative of ~H with respect to ~B.
Before taking the derivative it is identified that
"

#
F(2)~u
H=
,
−F(1)~u

(3.48)

and from (3.14)
"
∂B
−1 −X η
= Jdet
∂~u
Yη


#
LD
ξ 

.
−Y ξ
−LDη
Xξ

(3.49)
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It can be seen that (3.48) and (3.49) are π /2 rotated, because of the curl operator in 2D
obtained from the simplification of expressions (2.12) to (2.13). After the corrections it is
obtained:

T


L
∂ E(~u)~u LDTξ 
D
=
diag(vec(Q2D ))BGT  ξ  .
∂~u
LDη
LDT
η

(3.50)

For isotropic materials, the tensor matrix B is expressed from ∂ H /∂ B as
B=

"
1
0

"
B2y
dC
C+ 2
dB −Bx By
1
#
0

−By Bx
B2x

#
.

The reluctivity on the nodes stored in C and the derivative

(3.51)

dC /
dB2

are computed from the

B(H) characteristic of the magnetic material. The B(H) curve can be represented by either a
list of points or approximated by an analytical function [49].

3.5 Boundary conditions
The elliptic equation describes the phenomena in other physical domains as well, as explained
in section 2.2.1. In this section, the BCs applied to the elliptic equations are briefly introduced
and their physical meaning is explained.
In order to solve the unknown field quantities at the LGL roots, various BCs are considered;
• Continuous boundary conditions;
• Dirichlet boundary conditions;
• Neumann boundary conditions;
• Robin boundary conditions.

Continuous boundary condition
The spectral element method is a multi-domain approach to solve PDEs in complex geometries. Therefore, it is important to have the continuity of the solution between the domains,
or elements, which satisfy the underlying physics of the equations. The continuity of the
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solution is preserved by the Galerkin formulation, the continuity of its first normal derivative (the flux normal to the boundary) is ensured by equating the contour integral from (3.7)
on the shared edges of the adjacent elements. The continuity between the elements is implemented in the global matrix, E, by the summation of the equation coefficients from the
element boundaries that have shared roots.

Dirichlet boundary condition
The Dirichlet BC fixes the 2D magnetic vector potential for magneto-static application, the
temperature for thermal domain, or the electric potential in case of an electrostatic problem
on the boundary of the domain. The Dirichlet BC imposes a solution along the boundary
giving
ϕ = u(x, y), on ~Γk ,

(3.52)

where u(x, y) represents the desired solution on the boundary and index k represents the index
of the line. To implement the Dirichlet BC, the entries of ~u in (3.34), that correspond to the
lines and points where the condition is assigned, is given by
bi = ϕ i ,

(3.53)

where ϕ i is the imposed potential at the boundary and index i corresponds to the LGL roots
on the boundary. The corresponding rows in global matrix E are replaced by a diagonal filled
with ones.

Neumann boundary condition
Neumann BC is introduced at the interfaces to impose the values of the fluxes, or mimic axes
of symmetry. In this case, the first derivative of the magnetic vector potential has to satisfy
∂ϕ
= ~u(x, y), on ~Γk ,
∂~n

(3.54)

For the implementation of this BC, the contour integral from (3.7) is used. For instance,
forcing a normal flux gives
bi = ui qi .

(3.55)
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Unlike the Dirichlet BCs, the corresponding rows in E remain unchanged. Furthermore,
permanent magnets with homogeneous magnetization can be represented by a Neumann BC
on the boundaries of the magnet region parallel to the magnetization direction. At these
interfaces, the magnetization, M 0 , of the permanent magnet is considered
bi = fni M 0 qi ,

(3.56)

where

~fn =


q

vec(sign(J
)
Y2ξ + X2ξ Fb ), for ~Γ1 , and ~Γ3 ,

det



(3.57)


q


vec(sign(J ) Y2 + X2 F ), for ~Γ , and ~Γ ,
2
4
det
η
η b
where Fb is the value on the boundary.

Robin boundary condition
The Robin BC is a combination of the Dirichlet and Neumann BCs and occurs in the thermal
domain at interfaces where convection is present. For the thermal domain, the Robin BC is
given by
k

∂T
+ hT = hT∞ , on ~Γk ,
∂n

(3.58)

where h is the convection coefficient and T ∞ is the ambient temperature. In a similar way,
the linearised thermal radiation can be included with a radiation heat transfer coefficient.
To implement this BC, the operator ~fn contains the values to be forced on the boundary.
Therefore, on the right hand side is obtained,
~b = −~fn hT ∞ ◦~q + vec(Jdet ◦ S ◦ Q2D ).

(3.59)

Furthermore, the global matrix E is summed with a diagonal matrix T with the diagonal
entries given by
tii = − fn i h.

(3.60)
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3.6 Multi-domain problem for spectral element
The formulation of SEM presented in this thesis is based on Galerkin’s method, which makes
it very similar to FEM. However, the dimensions of the mesh elements are significantly different. The order of the basis functions used in SEM can take any arbitrary positive integer,
being limited only by the size of the element in the physical domain and the data type which
is used to compute the metrics [82]. Contrarily, FEM approximates the solution with a loworder polynomial, generally limited to 1 or 2. Increasing the order of the polynomial basis
gives the opportunity for SEM to use relatively larger elements. Consequently, the number of
mesh elements is reduced. Therefore, the complexity of the geometries in case of EM allows
the usage of a low number of elements [57]. In this section, the used technique to assemble
spectral element in a multi-domain problem is presented followed by the introduction of a
technique to populate the global matrix E.

3.6.1 Mesh generation
The spectral mesh elements can be defined in such a way that a minimum number of elements
is used to describe the given geometry. Subsequently, the elements can be scaled with the
geometry and the polynomial degree of the basis functions can be adjusted to maintain the
accuracy. The mesh quality affects the accuracy of the solution. This happens mainly due to
the finite number of decimals available for a given data type. The mesh quality is linked with
the determinant of the Jacobian, which indicates the scaling of the [−1, 1]2 domain to the
physical quadrilateral [48, 80]. Therefore, sharp angles, or curves with very high curvatures
result in a high condition number of the global matrix E, and the least significant decimals
influence the accuracy. For this reason, quadrilaterals should keep the inner angles close to
orthogonal and maintain the trade-off between mesh sizes and order of basis functions.
In Figure 3.3, an example of a three element geometry is presented. The 2D meshed geometry
consists of elements, lines and points. Each line and point is indexed locally element-wise,
and globally in the whole geometry. A detailed definition of each component of the geometry
is presented in the next subsections.
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Figure 3.3: 2D mesh generation in the x, y global coordinate system. Each element is indexed
with large font numbers and contains a local coordinate system ξ , η. Local, element-wise
indexing is marked in italic, and underlined numbers and global indices are with normal
font.

Table 3.1: Definition of lines for Figure 3.3

id
1
2
3
4
5
6
7
8
9
10

Start point

End Point

Other

1
2
3
4
5
7
8
1
8
4

2
3
4
5
6
6
7
8
3
7

segment
segment
curve
segment
segment
segment
curve
segment
segment
segment
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Table 3.2: Definition of the elements based on global indexing of points and local indexing
of element edges noted in this table with “e".

id
1
2
3

P1

P2

P3

P4

e1

e2

e3

e4

1
3
4

2
4
5

3
7
6

8
8
7

1
9
4

2
3
5

9
-10
6

8
7
10

Points
A point, which is a vertex of a quadrilateral element, in a 2D geometry is defined by the
values of abscissa and ordinate in the x, y coordinate system. Therefore, their coordinates are
stored according to their global indices.

Lines
If a line is a straight segment, then two points are sufficient. To describe a curve however,
additional parameters should be included. For instance, in case of an arc, the centre point,
radius or angle of the arc is necessary. For the start and the end-point of a line, the directions
of the local coordinate system have to be taken into account. In Table 3.1 the definition of
the lines is presented.

Elements
Both points and lines define the mesh elements. It is essential to have the local indexing
of lines and points in the same succession for each element. The starting point and line are
assigned following the position of the local coordinate system which can be arbitrarily chosen
within the element. However, to make the meshing more consistent, the axes from different
elements should point in the same direction if possible. It should be noted, that in some
cases the axes of the local coordinate system do not have the same direction in all elements.
For instance, elements 2 and 3 share line 10 which, in case of element 3 is aligned with its
η−axis, whereas, from element 2 it is opposite to local ξ −axis. In this case, as is shown in
Table 3.2, a minus sign has been added in the element description to take that into account.
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Figure 3.4: Global matrix for the geometry from Figure 3.3 with N = 5.

3.6.2 Assembling the global matrix
The essence of assembling the global matrix is to place the coefficients of the linear system
from (3.35) for each element into the global matrix in order to satisfy the continuity of BCs
between neighbouring elements. The coefficients in the equations for the internal solution
of the element are separated from the ones for lines and points, as is shown in Figure 3.4.
Consequently, each coefficient has a predefined place in the global matrix. When the direction
of axes for the local coordinate system for two elements which share one line are opposite, for
instance line 10 from element 2 indicated in Table 3.2, the coefficients of the corresponding
line are flipped in the global matrix. Flipping the submatrix of the element ensures that the
operands on the fluxes are executed in the proper direction [57]. In Figure 3.4, for the outer
edges of the geometry a non-zero Dirichlet BC is imposed. Following the instructions from
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nodes, quadratures
and derivatives
2. Maps, metrics and Jacobian

Edges info of elements

- Maps and metrics
- Jacobian determinant

Mesh object

3. Materials and BC
Equation coefficients
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4. Build submatrices E* and R'*

E* and R'*
5. Assembly the global matrix

Indexes for corners
lines and elements

The global matrix

6. Solve the linear system

The solution

Indexes for corners
lines and elements
Main steps
Inputs/Outputs

Figure 3.5: Main steps in the flow chart for SEM implementation. The inputs and outputs
are contoured with dashed lines.

section 3.5 the rows for the corresponding lines and points that have imposed potentials are
replaced with an identity matrix that will force the Dirichlet values from ~b.

3.7 The owchart for the spectral element method
The SEM formulation presented in this chapter has been implemented in a computational
framework in the MATLAB environment. In Figure 3.5, the flowchart of the implementation
is shown, consisting of six consecutive steps:
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1. Generate nodes and quadratures. Reading the mesh object. Extracting the information about values of N and M for each element and generate the corresponding LGL
nodes (roots of function from equation (3.20)), quadratures (equation (3.22)) and the
derivative matrices (equations (3.29), (3.30) and (3.31)).
2. Maps, metrics and Jacobian. The LGL nodes are used to approximate all element
edges ~Γk , with k from 1 to 4. Each curve is defined by a parametric function for the x
and y axis with ξ or η as parameters. The edges defined by the parametric functions
are used to build the maps (equation (3.8)), metrics (equation (3.11)) and Jacobian
determinants (equation (3.12)).
3. Materials and BC. At this step all members of equation (3.36) are computed. The
2D derivative matrices are computed with equations (3.32) and (3.33). In a similar
approach, using the Kronecker multiplication, the 2D transposed derivative matrices
are computed. Other members are computed according to section 3.3.3.
4. Building the submatrices E and R’. In case when the physical problem to be solved
has linear material properties, only the E∗ is computed, otherwise, the NR algorithm
has to be implemented, and the derivative of the residual R’∗ is additionally computed.
Steps 4 to 6 are repeated until the threshold increment (equation (3.45)) is met.
5. Assembly of the global matrix. The information about vertices, lines and elements is
stored in the mesh object. Assembling the submatrices in the global matrix is realised
based on this information. The mesh object gives information about each element,
shared edges and vertices. The assembly of the global matrix is effectuated in accordance with section 3.6.2.
6. Solving the linear system. At this step, the solution is solved given the global matrix
and the right-hand side of the equation.

3.8 Mesh topologies for Electrical Machines
Geometry related mesh
The meshing strategies available in commercial finite element software are primarily based
on the geometry complexity and its aspect ratio. The mesh is generated before knowing
the estimated solution unless an adaptive mesh principle is used. In case of large SE, fewer
elements are necessary to discretise one periodic structure of the machine. In Figure 3.6a such
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(a)

(b)

Figure 3.6: A periodical structure of an electrical machine with fully conforming mesh (a),
and nonconforming mesh in the airgap (b).

Iron

Strand
Insulation

Non-conforming
interface

Magnified
slot region

Figure 3.7: Examples of non-conforming mesh. The middle of the airgap and the slot interface decouple the mesh in different parts of the machine.

a periodic segment for the iron part is presented consisting of four SE delimited by grey lines.
From the geometrical viewpoint, the elements are well defined since their angles are close
to 90◦ , and the boundary is formed from straight lines, or circles in case of rotating machines,
which do not require more nodes to approximate than the contained solution. Moreover, in
an optimisation routine, the mesh will scale together with the geometry, so re-meshing is not
necessary. However, one would like to keep the flux paths in the tooth accurately computed,
and for this reason, the number of nodes is increased on the axes perpendicular to the flux
lines.
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Non-conforming mesh
Discretisation with large elements can give considerable flexibility for different mesh topologies with respect to smaller, low-order elements. It should be noted, that the SEM implementation from this work is dedicated to conforming high-order mesh. An example of a highorder conforming mesh is presented in Figure 3.6a, where a shared line of two neighbouring
elements will have the same number of LGL nodes for both elements. The top and bottom
geometry of the machine is connected with an array of elements in the airgap maintaining
the conforming mesh. The case of Figure 3.6a is a simple geometry, where the number of
elements on the magnet array and the one from the slots are the same. However, in case when
the regions separated by the airgap move or “slide" with respect to each other, the mesh in the
airgap is exposed to shearing and the quality of the mesh degrades. Alternatively, the airgap
mesh could be reconfigured [64], or implementation of nonconforming mesh should be considered. An example of a nonconforming mesh is shown in Figure 3.6b, where, in the middle
of the airgap the lines are not necessarily shared by two elements. For the implementation
and the matrix assembly in case of nonconforming elements, different techniques can be applied such as Mortar techniques [34, 61, 100], based on L2 projections, or ITERNODES [35]
based on interpolation techniques.
Another advantage of nonconforming mesh is presented in Figure 3.7, where the non-conforming
mesh interface is presented and marked with green lines. It not only allows the sliding of the
moving surfaces but also couples the conformal mesh from the mover and the stator without
affecting the mesh quality. Separating the meshing of individual objects in the geometry is
very convenient, especially if their geometrical dimensions are significantly different. One
example is the meshing of individual strands for skin depth, or proximity effect, estimation.
Alternatively, the airgap nonconformity can be achieved by using a so-called airgap element
which expresses the solution in the airgap by means of a semi-analytical solution which
includes a truncated Fourier series, addressed in chapter 2. The technique is introduced in
[32] and further discussed in [76]. Although this technique jeopardises the sparsity of the
linear system, in exchange, its approximation will have spectral convergence, and the solution
of the magnetic field in the airgap will be represented in the frequency domain which is
convenient for the analysis of machines. This approach is extended to SEM implementation
in this thesis and incorporated in the next chapter.
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3.9 Closing
In this chapter, the basic derivation of SEM for the Galerkin method and its numerical implementation in matrix form has been presented. It approximates the PDE with a set of basis
functions which, in this thesis, have been chosen to be LGL polynomials. The Galerkin
method has been formulated in a square computational domain. The geometry is discretised
into quadrilateral domains which are mapped into the computational domain. For more flexible mesh elements, SEM has been formulated for a non-square quadrilateral with curved
boundaries. For the elliptical equation with nonlinear coefficients, a system of nonlinear
equations has been obtained that requires an iterative solver. Due to its quadratic convergence, the Newton-Raphson scheme has been selected, and the derivation for nonlinear magnetostatic case has been presented. Lastly, the assembly of the coefficients of a linear system
of equations has been shown. The equations from each element are assembled such that
they respect the continuity boundary condition. The formulation presented in this chapter
has been implemented in a numerical platform which is designed for EM modelling. To
enable the nonconforming mesh which has been introduced in the previous section, a semianalytical SE can be used in the airgap. The mathematical formulation of this hybrid model
is introduced in the next chapter.

Chapter 4
Hybrid coupling of spectral
element method and Fourier
modelling
Modelling moving parts of electrical machine (EM) requires the flexibility to solve the problem at an arbitrary position of the moving parts. With the assumption that the machine is
represented by a geometry in a two dimensional (2D) coordinate system, modelling the moving parts of an EM resumes to model the sliding surfaces on a shared line. For the Fourier
modelling (FM) moving of a region is simulated by changing the argument of the trigonometric function to match the displacement offset. For finite element method (FEM), the sliding
surfaces are implemented by means of nonconforming mesh discussed in section 3.8. This
chapter introduces a hybrid technique to couple two sliding surfaces by inserting of an FM
element in the airgap to interface the nonconforming mesh configurations of the stator and
the rotor. In this way, the solution in the airgap is approximated with a Fourier series, which
becomes convenient for post-processing while fast spectral convergence is preserved.
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Motivation
Mover SE mesh

Stator SE mesh

Airgap (Fourier region)
Interface lines

Figure 4.1: The position of the interface lines with respect to the airgap.

4.1 Motivation
The semi-analytical solution of the Laplace equation became very useful in the modelling of
electrical machines [24, 43, 77, 78, 85, 87, 104], since the solution contains a finite Fourier
series it has been named FM. This method is applied to machines with simple slotless structures, up to three dimensional (3D) complex geometries, yet possible to be represented by a
group of cuboidal sub-domains [31, 84].
For more structurally complex machines which exhibit high saturation levels of the iron, FM
fails to give accurate results [53, 90]. Alternatively, another method which has proven its
merits over time, dedicated for magnetic devices, is the magnetic equivalent circuit (MEC).
MEC maintains a powerful advantage when approximating the flux in a priori known paths,
Most of the soft-magnetic materials have high magnetic permeability, and therefore the main
magnetic flux flows within it becoming predictable and well behaved [71, 90]. This results in
a relatively small system of equations, which is generally sparse, and the computation time
is significantly less compared to FEM. However, this technique might result in large systems
when the flux paths are not well known in advance, and the magnetic equivalent elements
should be refined [1, 73, 74]. Another challenge is to couple the magnetic network from the
stator part with the one from the moving part. For a coarse MEC, parametrised elements are
placed in the airgap, which connect the two networks and their reluctances are changing with
the position of the mover [90].
An additional alternative to couple the networks from the moving to the fixed part is replacing the airgap network with a single FM element [1, 7], as shown in Figure 4.1. This
principle is equally applicable to 3D geometries [73]. A similar approach has been proposed
in [32], where the FM element is used in combination with the FEM mesh. Additionally,
the so-called airgap element has been used to enhance the numerical results of the computed
torque [94], which has been validated with measurements [55]. The advantages of using FM
as an interface layer are listed below
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1. Modal representation of the solution in the airgap. The Fourier coefficients of the
magnetic field in the airgap represent a significant advantage, since this gives direct
input data for harmonic analysis of EM [45, 76]. Moreover, the evaluation of forces or
torques can be performed in the frequency domain, and therefore, avoiding numerical
integration errors [1].
2. Mesh free-coupling for the moving parts, meaning that the coupling errors are not
dependent on the position of the mover and the discretisation is independent of the
airgap length.
3. Default periodic boundary conditions. The trigonometric basis functions are periodic
as mentioned in chapter 2. Consequently modeling one period of the machine with
this basis is natural, especially for rotating machines. However, this also limits the
technique to periodical structures.
With regard to the above listed advantages, the coupling between moving and stationary parts
via FM is presented in this chapter.

4.2 Prerequisites for coupling the Fourier modelling
with spectral elements
Interfacing the airgap region with the geometrical structures on the stator or rotor part will
require a set of boundary conditions to be respected on the interface lines. The interface
lines are represented by ζ in Figure 4.1. In literature on FM, the boundary conditions for
coupling multiple regions are based on the continuity of the first derivatives of the magnetic
vector potential (MVP), or MVP itself [43, 86, 102]. To couple MEC with the FM region, for
instance, the continuity of the magnetic scalar potential and the tangential component of the
magnetic field strength are considered [7, 73].
To couple spectral elements (SEs) with the FM layer, the continuity of MVP on the paths ζ
is proposed
AzSEM |ζ −AzFM |ζ = 0,

(4.1)

where AzSEM is the MVP nodal solution obtained from spectral element method (SEM), and
AzFM is the solution on ζ obtained by FM. The second boundary condition refers to the
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tangential component of magnetic field strength H t :
H tSEM |ζ −H tFM |ζ = J ζ ,

(4.2)

where J ζ is the source located on the path ζ .

4.3 Modal and nodal transformations at the boundary
4.3.1 Modal to nodal transformation
The coupling between SEs with a FM layer involves a coupling between one method which
is formulated spatially, in nodal form, with a method which is formulated modally, in the
frequency domain. Consequently, the formulation of the boundary conditions between the
methods will contain some transformation matrices which will transform the nodal representation of the solution on ζ in modal form and vice-versa. Applying the boundary conditions
from (4.1) by equating (2.24) and (3.16), result in the following matrix equation
h
Tf

" #
i ~u
∗ζ
= 0,
−H f
~u f

(4.3)

where ~u∗ζ and ~u f are the unknown potential values from the spectral element nodes on ζ
and the Fourier coefficients for the FM layer, respectively, and H f is the Fourier frequency
matrix which contains the coefficients for the FM equations of (2.25), (2.26) and (2.27) for a
Cartesian coordinate system, and (2.28), (2.29) and (2.30) for a polar coordinate system. The
boundary conditions are applied at both interfaces, therefore, for each interface the following
matrix is assembled


K+ cos(θd ) K− cos(θd ) −K+ sin(θd ) −K− sin(θd ) ~z ~z
 +

 K sin(θd ) K− sin(θd ) K+ cos(θd )
K− cos(θd ) ~z ~z

,
Hf = 
(4.4)
~zT
~zT
~zT
~zT
k 0


~zT
~zT
~zT
~zT
0 1
~
~
where K+ , K− and k are diag(eωy
), diag(e−ωy
) and y in case of a Cartesian coordinate
~
~
ω
−
ω
~ is a vector containing
system and diag(r ), diag(r ) and ln(r) for polar coordinates, ω
the spatial frequencies and ~z denotes a zero vector. The displacement angle θd is used to
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model the relative movement of the two coupled parts. The transformation matrix T f , which
transforms the MVP from ζ into Fourier coefficients, is derived in the next section.
For the second boundary condition from (4.2), the following expression is obtained in matrix
form
h
E∗ζ

" #
i ~u
∗ζ
= ~b∗ζ ,
−Hs
~u f

(4.5)

where Hs is the frequency domain matrix. Given that the above mentioned boundary condition is applied on path ζ , only the rows from the global matrix E which expresses the MVP
on the ζ line are considered. The resulting block matrix is denoted as E∗ζ . The frequency
domain matrix enforcing the Neumann boundary condition, namely H t on ζ , is computed as
"
Hs = diag(~q∗ζ )
h
~
eωy

h
~
eωy

~
−e−ωy

~
−e−ωy

i

i

sin(~θ~
ωT + θd )diag(~
ω)
(4.6)

#
cos(~θ~
ωT + θd )diag(~
ω)

1

Z ,

for the Cartesian coordinate system, and
"
Hsi = diag(~q∗ζ )
h
~
rω−1

h
~
rω−1

~
−r−ω−1

~
−r−ω−1

i

i

sin(~θ~
ωT + θd )diag(~
ω)
#

cos(~θ~
ωT + θd )diag(~
ω)

1/r

(4.7)

Z ,

for the polar coordinate system, where θ is a vector containing the Legendre Gauss-Lobatto
(LGL) nodes and~q∗ζ the LGL quadratures scaled for each element edge coinciding with the
boundary ζ .

4.3.2 Nodal to modal transformation
Computation of frequency domain matrices, which expresses the modal formulation on SEM
nodes from ζ is straightforward, as shown in the previous section. However, the Fourier
coefficients from the unknown solution on ζ are obtained through an inner product operation.
The problem is graphically represented in Figure 4.2, where the interface line is segmented
in M SEs with one dimension (1D). Each element can have an arbitrary geometrical size and
degree of Legendre polynomial, i.e. an arbitrary number of LGL nodes. The solution, on
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j =0, 1, 2 ... N1

N2

n=5, 4, 3, 2, 1

n=5, 4, 3, 2, 1

Figure 4.2: Visual representation for projection of a piecewise nodal function on Fourier
series.

ζ is approximated by Legendre polynomials in each element, hence in a piecewise manner,
as illustrated in Figure 4.2. In a similar way, the solution can be approximated by a sum of
trigonometric basis functions along the entire ζ
Q

f (ζ ) ≈

∑ (an sin(ωn ζ ) + bn cos(ωn ζ )) + g0 .

(4.8)

n=1

Finding the trigonometric coefficients, involves projection of the function on ζ onto trigonometric functions with help of the inner product, i.e. through the Fourier transform:
1
g0 =
2τ

Z2τ

f (ζ )dζ ,

(4.9)

0

an =

1
τ

1
bn =
τ

Z2τ

f (ζ ) sin(ωn ζ )dζ ,

(4.10)

f (ζ ) cos(ωn ζ )dζ .

(4.11)

0

Z2τ
0

Taking into account that from the SEM side, the approximation of f (ζ ) is piecewise, and
the approximation on each element is in the form of (3.24), the projection takes place on the

Hybrid modelling

57

whole domain as a sum of integrals

1
g0 =
2τ





 

 N  Zθk

 




∑  ∑  f j l j (ξ )dζ 
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(4.12)
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bn = ∑  ∑  f j
cos(ωn ζ )l j (ξ )dζ  .
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(4.14)

Ibn, jk

The integrals from (4.12), (4.13) and (4.14), cannot be solved analytically. Therefore, the
LGL quadratures are used to approximate the integrals. Also, it can be seen, that the nodal
values of the function f j on ζ are independent from the integration, allowing to solve it a
priori. The Fourier coefficients of the approximated function f j (ζ j ) are computed by using
the transformation matrices resulting from (4.12), (4.13) and (4.14), i.e.


f0



i
h


g0 = I 1g00 , I 1g01 , · · · , I 1g0N + I 2g00 , · · · , I M
g
0N
M 
1
|
{z
}

f1
..
.



,



Tg0

fNtot

(4.15)
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3. Assembly the new global matrix

Edges info of elements

Figure 4.3: The flowchart for the implementation of coupling. The inputs and outputs are
contoured with dashed lines.
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T~
b

where I is the result of the integrals, the superscript is the index of each element and the
subscript N tot = ∑M
k=1 (Nk ) + 1 is the total number of nodes on ζ . The matrices which are
multiplied with the nodal function on ζ are the transformation matrices which form the T
matrix from (4.3) and will be denoted as Tg0 , T~b and T~a for future reference.

4.4 Full matrix assembly
The matrix components introduced in the previous sections are assembled to form a new
global matrix which incorporates the sub matrices of SEM for the elements of both the stator
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E

Figure 4.4: Non-zero elements for the matrix Enew .

and the moving part of the EM plus the coupling matrices introduced in this chapter. A
flowchart containing the main steps is presented in Figure 4.3. After the global matrix is
built for all SEs, the additional matrices for FM are prepared. First, the interface elements
are identified, the information such as the number of elements, their individual length in the
computational domain and the number of LGL nodes is necessary. Secondly, the matrices
T f , Hs and H f are built. And lastly, the computed matrices are assembled with E creating a
new global matrix. The new global matrix is identified as
"
Enew =

E

−Hs

Tf

−H f

#
.

(4.18)
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The transformation matrices Tg0 , T~b and T~a are used to transform the nodal values on the
interface of spectral elements with the FM region into dc, sine and cosine coefficients, respectively to satisfy the boundary conditions. Together they form the transformation matrix
T f . A graphical representation of the new global matrix Enew from (4.18) is illustrated in
Figure 4.4. The matrix is built based on the geometry of a rotating flux switching machine
introduced in chapter 5. For visualisation purposes the degree of the polynomials in the spectral elements is reduced, and the harmonics in the FM are increased. In Figure 4.4 it is shown
how the transformation matrices for the trigonometric components are assembled to form the
complete T f matrix. As can be seen, the coefficients of T f as well as Hs are distributed in the
places where the lines and points of the interfacing lines ζtop and ζbottom are found. Matrix
H f , is a square matrix of [4Q + 2]2 in size which corresponds to the number of unknowns
in the FM region. The matrices T f and Hs are populated with more columns and rows with
zeros, to match the degrees of freedom (dof) of E. Finally, the matrices T f and Hs will have
sizes of [(4Q + 2) × (dofSEM )] and [(dofSEM ) × (4Q + 2)], respectively.

4.5 Performance of the coupling
By deriving and subsequently computing the matrices T f , H f , Hs and assembling them in
the global matrix, the coupling between the moving and fixed part of an EM can be realized.
In this way, the conforming spectral meshes from both parts are decoupled and in the airgap
an FM region is placed. The approximation of the solution in the FM will guarantee spectral
convergence, due to the truncated Fourier series, with the condition that no jumps in the
solution derivatives or discontinuities in the element boundary exist [32].
In case of a position dependent problem, the matrices Hs and H f , have to be recomputed by
changing the displacement angle θd only at one interface for each position, the displacement
angle on the other interface remains unchanged. The computation of these matrices is significantly less expensive than the computation of T f as a whole, because only the values of the
trigonometric functions have to be evaluated, whereas for T f , the quadratures to approximate
the integrals have to be selected in order to obtain the desired accuracy of the transformation,
and their evaluation requires additional computational effort.
The choice of implementing a boundary condition from two different basis function has its
implication on the accuracy of the solution. The efficiency of the coupling will depend on
both refinement of FM and SEs regions, and the coupling of the two types of basis functions
might have slower convergence rate than in the one from FM or SEs regions themselves. This
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side-effect is encountered in mortar techniques for nonconforming meshes and dealt with in
the coupling of FM region with first order FEM, where, the transformation from space to
frequency domain is implemented with the help of the fast Fourier transformation [32]. The
error evaluation of the coupling and the discretisation approach in this thesis are discussed in
chapter 5.

4.6 Closing
In this chapter, a hybrid method which couples SEs from the stationary and moving part of
EM has been introduced. The coupling has been realised with the help of transformation
matrices which are used to transform the nodal solution from SEs into modal coefficients
for Fourier series and vice versa. This hybrid method for SEs and FM regions decouples
the conforming mesh for SEs on the interface with the airgap and offers the possibility to
translate or rotate the mover to an arbitrary position. The FM region placed in the airgap
contains the approximated solution in modal form, therefore, the solution can be directly used
for harmonic analysis of the machine and mechanical forces and torques can be calculated.
Computational performance and choice of number of harmonics are discussed in chapter 5.

Chapter 5
Application of spectral
element method for rotating
electrical machines
In this chapter, the mathematical models introduced in the previous chapters of this thesis
are applied to rotating machines. Particularly, the implementation of the spectral element
method (SEM) from chapter 3, and coupling of the stationary and moving parts of an electrical machine (EM) from chapter 4. The verification is divided into two stages. Firstly, the
SEM is applied to a simplified model of a rotating EM for which an analytical expression of
the distribution of the magnetic field in the airgap exists. The computational performance of
the SEM solution is compared to that of finite element method (FEM) based on the solution
obtained from the simplified model. Secondly, the simulations from the SEM model of a
flux switching permanent magnet machine (FSPMM) are compared with results from a FEM
model and verified with experimental measurements.

This chapter is based on:
- M. Curti, J. W. Jansen, and E. A. Lomonova, “Convergence analysis of SEM and FEM based on analytical field
distribution in the airgap,” in 2018 IEEE Int. Magn. Conf., Singapore, 2018.
- M. Curti, J. W. Jansen, and E. A. Lomonova, “Convergence analysis of spectral element method for magnetic
devices,” Int. J. Appl. Electromagn. Mech., Preprint, pp. 1–7, Mar 2018.
- L. A. J. Friedrich, M. Curti, B. L. J. Gysen, and E. A. Lomonova, “High-Order Methods Applied to Nonlinear
Magnetostatic Problems,” Math. Comput. Appl., vol. 24, no. 1, p. 19, Jan 2019.
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Figure 5.1: The equivalent simplified geometry of a rotating machine. The sheet currents
are imposed at the boundaries to model the windings in the slots (a). The sheet-current
distribution on the stator ( js ) and rotor ( jr ) boundaries of the slotless airgap (b).

5.1 Performance comparison
To obtain a fair comparison of the performance of SEM with respect to FEM, the solution of
the reference problem should be analytical, so that exact values are available on both sets of
mesh nodes used by the methods. To that end, an analytical solution of the magnetic flux density distribution is computed in the airgap of an EM. The EM model is simplified by replacing
the stator and rotor windings with a distribution of current sheets on the boundary as shown
in Figure 5.1a [104]. This simplification allows the derivation of an analytical solution of the
field in the airgap which is in the form of a Fourier series. Moreover, the approximation of the
airgap field with Fourier series has been experimentally tested and proven to be efficient [55].
The distribution of the surface current density on the airgap boundaries is defined by a finite
number of harmonics. In this comparison the sole purpose of the EM model is to perform the
analyses on the SEM and FEM rather than on the machine itself [21, 22, 39, 40].

The analytical solution
With the assumption of the concentrated current sheets at the interface of the slots with the
airgap and the approximation of the current sheets with a finite number of harmonics it is
possible to obtain an analytical expression for the field distribution as given by (2.24). At
the interface of the rotor and stator with the airgap, the boundary conditions from (2.9) are
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imposed:
H t |rs = js ,

(5.1)

H t |rr = jr ,

(5.2)

where, H t is the tangential component of the magnetic field strength, j denotes the surfacecurrent density distribution on the stator and rotor boundaries, rr is the outer radius of the
rotor and rs is the inner radius of the stator.
The normal component of the magnetic field Bn and the tangential component of the magnetic
field strength, H t , are derived from (2.24)
Bn =

rs Q
∑ (b1n cos(ωn θ ) + b2n sin(ωn θ )) ,
r n=1

(5.3)

Q

H t = − ∑ (h1n sin(ωn θ ) + h2n cos(ωn θ )) ,

(5.4)

ωn
−ωn
b1n = ωn C3n rk1
+C4n rk2

(5.5)

n=1

where

ωn
b2n = −ωn C1n rk1



−ωn 
+C2n rk2

(5.6)



ωn −1
−ωn −1
h1n = ωn C1n rk1
−C2n rk2
/µ0


ωn −1
−ωn −1
h2n = ωn C3n rk1
−C4n rk2
/µ0

(5.7)

rk1 = r/rs ,

(5.9)

rk2 = r/rs .

(5.10)

(5.8)

and

is scaled by the constant rs [42]. The unknowns C1−4n are solved per harmonic by applying
the boundary condition equations in (5.1) and (5.2). After solving the system of equations,
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the unknowns for sine and cosine terms are

1  −ωn −1
−ωn −1
rk1
ans − rk2
anr ,
∆n

1  ωn −1
ωn −1
C2n =
rk1 ans − rk2
anr ,
∆n

1  −ωn −1
−ωn −1
C3n =
rk1
bns − rk2
bnr ,
∆n

1  ωn −1
ωn −1
C4n =
rk1 bns − rk2
bnr ,
∆n

C1n =

(5.11)
(5.12)
(5.13)
(5.14)

with


ωn −1 −ωn −1
ωn −1 −ωn −1
∆n = ωn −rk1
rk2
+ rk2
rk1
,

(5.15)

where the sine and cosine coefficients of the current density distribution are ans and bns for
the stator and anr and bnr for the rotor boundaries, respectively. Finally, equations (5.11) to
(5.14) are used to obtain the analytical expression for the magnetic field distribution in the
airgap.
To obtain the analytical solution for the magnetic field distribution from Figure 5.2b the
number of harmonics Q is set equal to 60. The exact same harmonic source description with
Q = 60 is imposed in the SEM and FEM models. By increasing the refinement for both
methods, the convergence is evaluated with respect to the degrees of freedom (dof).

5.1.1 The reference model of the electrical machine
The simplified geometry of the EM from Figure 5.1a has an inner stator radius of 40 mm
and a 1 mm airgap. The sources from the rotor and the stator slots are concentrated in the
equivalent current sheets measuring 1/(µ0 ) A/mm in magnitude. The slots with the threephase windings have the same width as the teeth. The commutation angle in the stator is 234◦
and the rotor position is displaced by 3◦ . The obtained field solution in accordance with
the sheet currents from Figure 5.1b for both, the tangential and radial components of the
magnetic flux density along a path in the middle of the airgap is shown in Figure 5.2a. The
spatial distribution of the magnetic flux density, |~B|, in the airgap is shown in Figure 5.2b.
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Figure 5.2: The analytical solution in the airgap: the tangential and normal component of the
magnetic flux density in the middle of the airgap (a), the magnitude of the spatial magnetic
flux density distribution (b).

5.1.2 Discretisation of the geometry
To compare the results generated by both SEM and FEM, the geometry is discretised in
elements of various order. Higher order elements are quadrilaterals and the solution in each
element is solved using the SEM formulation as introduced in chapter 3. For quadrilateral
mesh elements three different mesh topologies composed of two, five and fifteen elements as
shown in Figure 5.3a-c, respectively, are considered.
The first and second order elements are considered for FEM, they are shown in Figure 5.3d.
As it can be seen, they have a triangular shape and are generated by using the partial differential equation (PDE) toolbox from MATLAB [66]. The basis functions of the elements are
presented in Figure 2.6a.

5.1.3 Convergence results
The magnetic flux density in the airgap determines both the electrical performance of the
machine through the flux that links the stator and its mechanical performance [41]. Consequently, it is important to accurately estimate the magnetic flux density distribution in the
airgap. Therefore, the average relative error is considered as a comparison criterion for the
numerical results. The relative error is computed as
v
u Z
u1
ε =t
(|~B|−|~B1 |)2 dS,
S
S

(5.16)
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(d)
(c)
(b)
(a)

Figure 5.3: Three SEM mesh configurations of the airgap, consisting of (a) two, (b) five
and (c) fifteen elements and the triangular FEM mesh (d).

where |~B| is the analytical and |~B1 | is numerical approximation of the magnetic flux density
distribution from either FEM or SEM and S is the area of the entire geometry.

FEM model
The numerical approximation by FEM implemented in the MATLAB PDE toolbox is based
on a triangular mesh constructed with first order p = 1 and second order p = 2 shape functions. An example of this triangular mesh is shown in Fig. 5.3d. The mesh density is generated in a homogeneous manner by enforcing a minimum size of the triangular elements.

SEM model
The major difference between SEM and FEM are the features of the mesh elements. Unlike FEM, the SEM implementation in this thesis uses quadrilaterals with curved boundaries,
where the solution is approximated through high-order Legendre Gauss-Lobatto (LGL) polynomials, giving the possibility to choose between fewer high-order elements (p refinement)
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Figure 5.4: The convergence obtained with nel = 15 configuration. The number of Legendre
Gauss-Lobatto nodes is equally varied on both the radial and angular direction from 1 to 30
in each element.

or more elements with a lower polynomial degree (h and p refinement) [15]. For the airgap, three mesh topologies with two, five and fifteen elements as shown in Figure 5.3 are
investigated.
The degrees of the polynomial are decoupled per direction along the sides of the quadrilaterals. As a result, a lower polynomial order can be used for the short sides and a higher-order
for the long sides of (elongated) elements. In Figure 5.5b the convergence results are shown
for all three spectral element (SE) meshes. For each mesh topology p-type refinement is
performed in order to increase the accuracy of the approximated solution. The refinement
procedure is performed in the manner described below.
1. The minimum degree of the polynomial along the radial axis, Nr , necessary for the refinement of the elements to reach the round-off error, is found. For the mesh topology
with nel = 15 from Figure 5.3c, the degree of the polynomial is varied from 1 to 30 in
the radial and angular direction of each element. The convergence is presented in Figure 5.4 and it is observed that the round-off errors are achieved at 12 kdof. Furthermore,
it is observed, that the angular and radial lengths of each element differ significantly,
therefore, the radial edges of the element, are overmeshed. Consequently, the degree
of the polynomial in the radial direction, Nr , is decreased until the error increases. It is
found that for Nr ≥ 14 the error remains the same. The obtained minimum value will
remain the same for all three mesh configurations since the radial length remains the
same for all mesh configurations.
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Figure 5.5: Convergence and simulation time with eight points indicated for reference in
Table 5.2. The convergence of FEM on a triangular mesh with first and second order elements (a). The convergence of SEM for three mesh configurations (b).

2. The degree of the polynomial along the angular axis Nθ is increased equally in all
elements until the approximation is close to the round-off error. For all SE mesh configurations, Nr is increased from 1 to 14 using:

Nr = ceil

eNθ k2
k1


,

(5.17)

where k1 is the ratio between the radial height and arc length of the element, whereas k2
is adjusted for each mesh topology to satisfy Nr ∈ [1, 14]. The exponential relationship
is chosen due to already expected exponential characteristic of the convergence plot.
The coefficients k1 and k2 for each element, as well as the ranges of Nθ for each mesh
configuration are presented in Table 5.1.

Discussion on results
In Figure 5.5a, the convergence of the solution on the triangular mesh is shown. It is observed
that the accuracy for the mesh topology with first order elements is lower than that of the
Table 5.1: Parameters for p-type refinement in SEM

nel
2
5
15

Nθ start
20
8
3

Nθ end
130
60
30

k1
31.5
12.6
4.2

k2
4.65 × 10−2
8.5 × 10−2
1.35 × 10−2
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Figure 5.6: Nonzero elements in the global matrices as function of dof for FEM (a) and
SEM (b). The simulation time for FEM (c) and for SEM (d).

Table 5.2: Performance comparison for FEM and SEM

#

Method

Figure

Mesh information

Error [T ]

dof

t, ms

1
2

FEM
FEM

p = 1, two layers
p = 1, eight layers

8.4 × 10−3
9.8 × 10−4

375
3700

0.2
2.4

3
4
5

FEM
FEM
FEM

p = 2, two layers
p = 2, four layers
p = 2, five layers

1.4 × 10−3
4.2 × 10−4
2.1 × 10−4

1300
3700
7200

2.9
3.7
8.2

6
7
8

SEM
SEM
SEM

Nr = 4, Nθ = 19, nel = 15
Nr = 5, Nθ = 105, nel = 2
Nr = 3, Nθ = 91, nel = 2

9.7 × 10−4
2.9 × 10−5
9.0 × 10−4

1400
1300
732

29.0
37.0
6.3
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second order elements for the same number of dof. Moreover, with the increase of the mesh
density, the accuracy is limited to an algebraic type of convergence [15]. SEM can give
a very good approximation of the solution with a relatively small system of equations in
contrast with FEM. The convergence is verified on the analytical solution obtained for the
reference EM model. The test is performed for all three mesh topologies by varying Nθ
from Nθ start to Nθ end from Table 5.1 and Nr is computed using (5.17). When comparing the
convergence of FEM and SEM from Figure 5.5 the advantage of SEM is evident. At the
same number of dof, SEM can provide superior convergence compared to FEM. Eight points
indicated by ’◦’ in Figure 5.5 are stored in Table 5.2 for further reference. The size of the
system to be solved can be quantified by the number of dof.
The first order finite element mesh is less accurate than one with second order with respect to
dof, this can be observed in Figure 5.5a. At the same time, a similar mesh density will result
in a higher number of dof, for p = 2, as indicated in rows 1 and 3 of Table 5.2. However,
a higher polynomial degree at the same number of dof also means a higher accuracy as
indicated in rows 2 and 4. This effect can also be noticed when comparing FEM and SEM
results, i.e. rows 3 and 7. Generally, the errors of both methods do not differ more than one
or two orders in magnitude for dof ≤ 2000. It can be observed that the higher the number
of spectral elements the lower the accuracy for the same dof. For nel = 15 only around 1300
dof the approximation gives a lower error than FEM, as seen in rows 3 and 6, which, in fact
the points from rows 3 and 6 are very close to the intersection between FEM p = 2 and SEM
nel = 15 convergence curves.
This behaviour of exponential convergence is generally observed for smooth or analytical
solutions [57, 75]. For this comparison, an analytical solution is used which is composed of
a finite number of harmonics i.e. smooth and infinitely differentiable functions. The convergence of SEM is only limited by the smoothness of the solution. For FEM, the accuracy is
limited by the sizes of the mesh, this is observed in Figure 5.5a. Therefore, by increasing the
number of spectral elements while decreasing N, the convergence pattern will be similar to
one from FEM. This behaviour is visible from Figure 5.5b, where increasing the number of
elements is reducing the convergence rate.
High convergence rate obtained by fewer large SEM elements comes at a cost; the increase of
the element order reduces the sparsity of the linear system. As a result the computational time
is increased as well [69]. This is illustrated in the Figure 5.6 where the plot of the computation
time and the number of nonzero elements with respect to dof for each mesh configuration is
presented. It is observed that the number of nonzero elements and the computation time for
SEM is two orders of magnitude higher than in the FEM case.
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Figure 5.7: The convergence of the FEM and SEM solution, respectively versus the computation time (a). Zoomed region from Figure 5.7a (b).

Comparing the error versus dof and computation time versus dof separately, does not give
a clear indication to the method which performs better. Aiming for a high accuracy with
less dof using SEM might result in longer computation times, and conversely, fast and dense
low-order elements might jeopardize the accuracy. Moreover, the timings presented in Figure 5.7c-d are measured for the solving process alone, thus excluding the meshing time.
Generally, the meshing time for FEM will be much higher compared to SEM considering
that only few high-order elements are used to represent the geometry. Nevertheless, a clearer
picture on the performance of the methods can be seen when the errors versus the computation times are compared directly. In Figure 5.7 such a comparison is presented, where the
simulation for FEM are extended such that both refinements, p = 1 and p = 2 reach approximately 165 kdof in size. From Figure 5.7a it is clear that for higher error requirements SEM is
an obvious choice. The methods reach similar performance at errors equal to 10−3 [T], thus,
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Figure 5.8: Graphical representation of a periodical section of the FSPMM machine.

the break-even point of computational effort and accuracy is just before reaching 7000 dof.
A closer look at FEM performance is presented in Figure 5.7b. Most of the simulations
with p = 2 are below those with p = 1 indicating better performance for second order mesh.
However, the difference is not as big compared to SEM simulations.
Following the results obtained in this comparative analysis, several remarks can be made. On
one hand, fewer dof are necessary for SEM to obtain the same accuracy compared to FEM
and the convergence rate for SEM is higher. On the other hand, by increasing the order of the
elements, the computational effort for the same size of the system is increasing. Generally, in
case of an EM, the mesh density is higher in the airgap and its vicinity compared to the rest
of the geometry. Therefore, reducing the size of the problem with SE at least in the airgap
region is highly attractive.

5.2 Verication with a rotating ux switching machine
In this section the formulation and implementation of SEM from this thesis is verified by an
actual design of an EM. Both numerical and experimental verifications are considered. For
the verification of both aspects, the comparison criteria are not as straightforward as in case
of verification with analytical results. For this reason, the challenges encountered during the
comparison of FEM and SEM model performance with an EM are emphasised.
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Numerical challenge
In the previous section it has been shown that the convergence of SEM is superior to the one
of FEM. However, in practice, when SEM is applied to a complex geometry of an EM there
are many aspects which make the comparison of the numerical performance more complex:
• For such complex structures, there is no analytical solution to the equation of interest.
Therefore, there is no absolute reference to compare the results with, and calculate
the exact error. Only the relative discrepancies between two methods can be computed [29].
• The computation of discrepancies for local quantities such as the magnetic vector potential (MVP) or magnetic field will include interpolation errors, since the locally approximated quantities are computed on different grid points.
• In case the discrepancies of numerical results of a global quantity are to be computed
such as force or torque, the accuracy of the solution from different parts of the geometry
does not have the same impact on the computed global quantity. As a consequence,
different parts of the geometry could be discretised with a different mesh density. As
a rule of thumb, the airgap region of an EM will have the highest density of the mesh,
and the outer parts of the geometry will have the lowest. However, no exact rules exist
for meshing criteria. Therefore, the relaxation of the mesh relies on the experience of
the user, or by adaptive meshing which influences the number of dof significantly.

Experimental challenge
To experimentally validate the numerical tools for field computations, simplified magnetic
circuits are considered. These types of circuits and magnetic sources are carefully selected.
Magnets are avoided to eliminate the errors from the magnetisation curve, their non-uniform
distribution or non parallel direction in the magnet itself. Instead, coils are preferred with
precisely controlled supply systems. Moving parts of the circuits are also avoided to limit
geometrical tolerances [14]. However, the simplified magnetic circuits do not incorporate the
features of the model introduced in this thesis such as an airgap, moving parts or magnets,
which are crucial for EM design. In order to be in line with the subjects discussed in this
thesis, a more complex model of a rotating machine is selected, which will also allow to exploit the periodical arrangement of its structure. Moreover, a complex geometry with highly
saturated iron parts is preferred to check whether the nonlinear solver converges. A good candidate in such a test-case is the flux switching permanent magnet machine (FSPMM) which
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Table 5.3: Geometrical parameters of FSPMM

Symbol
θr
θs
θrs
θrh
Rr
Rsh
Rrb
Rrth
Rrbh
hm
Wtb
Wt
Rsb
Rs
αs
La
g

Description
Rotor tooth-pitch
Stator tooth-pitch
Rotor slot-angle
Rotor hole-angle
Rotor outer-radius
Shaft radius
Rotor teeth base radius
Top corner of the rotor hole
Base of the rotor hole
Height of the magnet
Rotor-slot width
Width of the stator-tooth
Stator-slot base radius
Stator outer radius
Skew angle
Axial length
Airgap height

Value
36
30
43.55
23.3
28.745
11
16.315
17.13
14
2.31
12.7
12.94
48.04
53.3
6
128
0.6

Unit
◦
◦
◦
◦

mm
mm
mm
mm
mm
mm
mm
mm
mm
mm
◦

mm
mm

covers all the aspects of EM modelling as discussed in this thesis. One periodical section of
the geometry is presented in Figure 5.8.
In the stator part of the FSPMM, the teeth contain three components, specifically a sandwiched layer of magnet material between two iron parts. The magnets in the stator will bias
the magnetic flux in the machine and therefore improve its performances in terms of power
density [51, 52]. The coils are placed in the stator slots and are of the concentrated winding
type. Moreover, the generated flux from the magnets will be concentrated in the neighbouring
iron teeth, which, as a consequence become locally saturated. In order to accurately model
this machine, not only the airgap has to be refined, but also the stator teeth so that the flux
distribution from the magnets is properly approximated. In the following sections, a detailed
analysis is provided for the discretisation of the geometry with SEM and FEM.

5.2.1 Geometry and mesh
The geometrical dimensions for FSPMM are presented in Table 5.3 and the geometrical parameters are shown in Figure 5.10. The magnetic material M270-35A is used to build the
lamination stack, its single valued BH curve is presented in Figure 5.9. The magnets are
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Figure 5.9: The single valued BH curve for the soft magnetic material M270-35A.

sintered Neodymium-Iron-Boron N40SH with a minimum magnetisation of 1.2 T and a relative permeability of 1.05. The coils have 16 turns with two parallel strands, each having a
1.06 mm diameter excluding the insulation.

Spectral element mesh
Given that a SE has a quadrilateral shape, a structured mesh can be used. However, in this
case building the mesh becomes more difficult and the number of elements is increasing.
Contrary, if it is allowed for a node to share more, or less than four elements, the number
of elements is reduced, but the quality of the results could degrade due to an ill-conditioned
system on account of poor quality elements [56].
In Figure 5.10 the spectral element mesh is presented. The SE mesh is built such that the
lowest number of quadrilateral elements is used. For this reason, the mesh nodes, in red, are
shared by three, four or five elements, hence, the mesh is not structured. In addition, for this
particular geometry, SEs become smaller where a concentration of geometrical features is
present, such as in the back iron of the rotor from Figure 5.10a. A coarser mesh is used in the
regions which are closer to the airgap, because the geometry becomes simpler in both, rotor
and stator geometry, in contrast to a finite element mesh as shown in Figure 5.11.
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(a)

(b)

Figure 5.10: Dimensions and spectral element method mesh for the rotor (a) and stator (b)
geometry.

The geometrical sizes of the elements alone do not directly define the accuracy of the contained solution, because the polynomial degree used for the solution approximation can be
different from element to element. However, considering that the implemented toolbox builds
conforming meshes only, the order of LGL polynomials on a shared line in two different elements should be identical. This results in a limitation, since it might result in undesired
clustering of LGL nodes, as is the case for the rotor back iron, shown in Figure 5.11a. In
contrast, for the stator mesh, the increased density of nodes is at the interface with the airgap,
and, in an advantageous way, the spacing between the nodes is increased in the back iron of
the stator due to the cylindrical geometry of the machine.
In the airgap region, three mesh regions are defined. Two mesh regions are composed of
spectral elements which can be identified at the top of the rotor in Figure 5.11a and bottom of
the stator in Figure 5.11b, situated at the interface of the stator and rotor geometry with the
airgap. These elements have a very high aspect ratio compared to other elements, having the
edges along the θ −axis elongated. These thin elements have a polynomial order equal to one
in the radial direction. The middle layer in the airgap is a Fourier region, and two SEs layers
which are isolating the discontinuities from the whole machine geometry and Fourier region.
These discontinuities are usually originating from the sharp corners of high permeable iron
teeth. In this way, the solution in the semi-analytical region of the airgap becomes more
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(a)
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(c)
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Figure 5.11: Mesh configuration for FSPMM from Figure 5.8. Spectral element mesh for
the rotor (a) and the stator (b). Second order finite element triangular mesh for the rotor (c)
and the stator (d).

accurate and less than 90 harmonics are used for the model of this machine which has proven
to be enough for accurate approximation of the torque calculation performed in section 5.2.4.

Finite element mesh
In case of the finite element mesh, the second order triangular mesh is generated based on
some predefined meshing algorithms embedded in commercial software Flux2D [38]. In
Figure 5.11c and 5.11d an example of a FEM mesh is presented. A mesh density fixed by the
mesh length is imposed on the outer stator boundary and airgap. Whereas, the rest of lines
and faces have predefined relaxation parameters. In the airgap, at least two mesh layers are
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used in order to ensure a good approximation of the solution at the interface of the moving
regions. As a result, even for a coarse mesh, more nodes are concentrated in the airgap than
in the rest of the geometry.

5.2.2 Renement of the Fourier element in the airgap
The element with Fourier modelling (FM) couples the solution from the stator and the rotor
via transformation matrices introduced in chapter 4. The stator consists of six repetitions
of the tooth geometry and the rotor consists of five. Consequently, each stator and rotor
geometry repetition are interfacing the FM element with five and four spectral elements,
respectively. Therefore, from the stator-side there are thirty spectral line elements and twenty
from the rotor-side. Each element can have an arbitrary number of LGL nodes. However,
because the element mesh has a periodic pattern, only three variables are defined for the LGL
nodes of the stator elements and two for the rotor elements. Each stator element will have
(Nslot + 1) LGL nodes for the element connected to the slot of the machine and (Nmagnet + 1)
and (Niron + 1) for the elements connected to the magnet and the iron elements, respectively.
Similarly, for the rotor discretisation (Nrotor slot + 1) and (Nrotor iron + 1) nodes are assigned to
the rotor slot and tooth, respectively as indicated in Figure 5.10.
Although the number of parameters for the airgap refinement has been reduced to six, i.e.
Nslot , Niron , Nmagnet , Nrotor slot , Nrotor iron and the number of harmonics, Q, an appropriate combination has to be selected. Therefore, a refinement principle has to be defined to be able
to control the coupling consistency errors which might limit the convergence rate [32]. The
choice of the number of harmonics and the number of LGL nodes has to be related, and at
the same time it has to be consistent with the desired coupling error. A method to choose the
right number of LGL nodes with respect to the size of the element itself and the total number
of harmonics, is proposed.

Coupling errors
The coupling errors are recognised as the error originating from the interpolation approximation errors and aliasing effects. They are expected to decay when a proper number of LGL
nodes is selected for a given number of harmonics. In Figure 5.12a a typical situation is
presented for the coupling between an SE and an FM element. Commonly, it is expected that
a spectral element will cover only a part of the FM element length and the entire length will
be shared by multiple SEs. Therefore the aim is to identify the maximum error in a specific
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Sine wave
Spectral Element
LGL nodes

Fourier harmonic
Fourier Element

(a)

Approximation error
LGL nodes:
N=3

(c)

Polynomial approximations
LGL nodes:
N=3
N=9

(b)

Approximation error
Nodes:
LGL, N=3
Initial guess points
Computed min and max of

(d)

Figure 5.12: Representation of one of the SEs which interfaces a Fourier element (a). Polynomial approximation with Lagrangian interpolation of a sine wave (b). Approximation
error when aliasing is not present (c). Approximation error when aliasing is present (d).

element from a specific harmonic. However, it can also be recognised that if the interpolation
and aliasing errors are satisfactory for the highest harmonic from the considered finite series,
then the lower harmonics will contain smaller errors for the same particular element. Therefore, the objective can be reduced to satisfy the coupling errors from to the highest harmonic,
Q, only, i.e.
N

ε = sin(ωQ θ ) − ∑ sin(ωQ θ j )l j (θ ).

(5.18)

j=0

where the argument θ is bounded by θk−1 and θk , and k = 2, 3, 4...nel denotes the number
of spectral elements along the FM element. A certain norm of the error can be selected as a
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threshold. For simplicity, the infinity norm is selected which results in finding the maximum
value of |ε| in the bounds of a given spectral element.
A common case is presented in Figure 5.12b, where the highest harmonic in a truncated
Fourier series is approximated with a polynomial in LGL nodes. It is observed that for N = 3
the error is higher than in case of N = 9. Therefore, the error can be checked after N is
increased gradually, until the threshold is satisfied. The maximum and minimum of ε are
found by finding the zeros of its first derivative. The zeros are found through the NewtonRaphson (NR) routine. To make sure that sufficient initial points are selected and the points
are at the right position, two different scenarios are identified and presented in Figures 5.12c
and 5.12d, respectively. The first scenario is when the spectral element covers less than half
a harmonic, and the second scenario is when the element covers one or more. For the first
scenario, the number of maxima and minima of ε is equal to N and the initial points are
positioned in the middle of each two LGL nodes. For the second scenario, the combined
number of maxima and minima is higher or equal to the number of harmonic halves in the
spectral element range, this situation is presented in Figure 5.12d. In this case, the number
of initial points is equal to the number of harmonic halves and are equally distributed in the
spectral element range. The initial points from both scenarios are presented in Figure 5.12d
and the positions after the NR algorithm have approximated the maxima and minima with a
given tolerance.

5.2.3 Local and global solution validation with nite element
model
In Figure 5.13 the approximation of the MVP calculated by SEM and the evaluated discrepancy between the results obtained with FEM are presented. The discrepancy plot is shown in
Figure 5.13b, where the solution from SEM elements are interpolated on the FEM nodes by
the Lagrangian interpolation formula presented in (3.24) and extended to a two dimensional
formulation. The magnetic field components along the airgap middle line are presented in
Figure 5.14. In order to be able to apply the Langrangian interpolation formula, for each
FEM node, several steps are executed.
• Each FEM node is contained by a spectral element or is shared by two if the node is
on a mesh line or node.
• After each FEM node has been located in a SE, its position has to be found from the
physical domain into the computational ([-1, 1]2 ) domain. The position of the points in
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Figure 5.13: Results for the magnetic vector potential distribution obtained by SEM, spatial
magnetic vector potential distribution (a), and the discrepancy calculated from SEM results
on FEM nodes (b).

the computational domain are found using the mapping function from (3.8). Since its
inverse cannot be found analytically, the location of the nodes are found in an iterative
manner.
• Having the point position in the computational domain, the Lagrangian interpolation
can be executed.
As can be seen the maximum discrepancy between the two numerical models is within 5%
which represent a good agreement. The error is based on the maximum value of MVP and
the discrepancy. Both SEM and FEM models are modelled with approximately 5000 dof.
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Figure 5.14: The magnetic field components along the middle airgap line of the machine
computed by SEM and FEM.

Following the obtained simulations, it is difficult to judge which models presents more accurate results, due to the challenges presented earlier in this chapter. The conclusion that can
be drawn, however, is that the SEM model, including the nonlinear model of the material,
converges to the solution and gives accurate results.

5.2.4 Torque computation
Both numerical methods are verified based on the computation of the so called “cogging
torque", which is the torque originating solely from the permanent magnets, i.e. the EM is at
no load. The cogging torque computation is numerically challenging and will give an impression on the capabilities of numerical methods. The torque profile repeats each 6◦ , meaning
that a small change in the global matrix, due to rotor displacement, leads to a significant
change in the results. It is important therefore, that the simulations are accurate.
The cogging torque is generated as a result of a change in the magnetic energy stored in the
machine under movement. Moreover, the flux from the magnets placed in the stator part will
be concentrated in the stator teeth and, as a consequence, saturate it. Therefore, capturing the
saturation level of the iron in this machine is important. In Figure 5.15 the cogging torque
computed by both SEM, using the Maxwell stress tensor, and FEM, using the virtual work
method, with various mesh densities is presented [25]. The details on the refinement of the
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airgap for both methods are shown in the Table 5.4. For SEM, the number of LGL nodes
in each spectral element interfacing the Fourier region are computed to satisfy a maximum
relative error of the coupling with the highest harmonic equal to 0.5. For FEM, the airgap
elements are fixed to a certain element edge length. A good approximation of the torque
is already observed for a lower number of dof for SEM. At around 7 kdof SEM results are
globally within 5 % apart from the calculations obtained with more than 10 kdof. Similar
accuracy is achieved by FEM with more than 10 kdof, and the change in the element length
from 0.3 to 0.1 leads to an increase of the mesh layers from 2 to 8 which leads in an escalation
of the number of dof.

5.2.5 Experimental comparison with numerical results
The design of the FSPMM has a skewed rotor. To take into account the 6◦ rotor skew-angle,
the two dimensional (2D) model is divided into 15 segments along the axial direction and
shifted with equal increments from 0 to 6 degrees. The verification of the numerical methods
with the measured cogging torque will be difficult as the machine has been exposed to milling
after the magnets and coils have been placed in the stator. As a result the geometrical tolerances and the approximations of the material properties will lead to a significant deviation
from calculations of which the exact cause cannot be separately identified [51].
However, a reasonable estimation of the measured torque profile can be achieved when injecting currents in the coils. For simplicity, a 5 A direct current is injected in one phase of the
machine and −2.5 A in the other two, to mimic the 0◦ commutation angle. At the fixed commutation angle, the rotor is rotated and the torque measurements are collected. The FSPMM
is equiped with a torque sensor and a resolver allowing to measure the absolute position of the
shaft and the applied torque. Numerical estimations of the torque are performed with FEM
and SEM for each position where the torque on the shaft is measured. Fifteen computations
are performed for each measured position to account for the skewed shape of the rotor. Two
cases are investigated for both methods where a fine and coarse mesh are considered.
Table 5.4: Spatial refinement of SEM and FEM for the results in Figure 5.15.

line

Harmonics

1.
2.
3.
4.

20
40
60
100

Nslot , Niron , Nmagnet ,
Nrotor slot , Nrotor iron
2, 5, 2, 6, 3
2, 8, 3, 9, 4
3, 11, 5, 14, 6
5, 19, 8, 23, 9

FEM airgap element
length [mm]
1
0.7
0.3
0.1
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Figure 5.15: Numerical results for the cogging torque computation obtained with SEM
through the Maxwell stress tensor (a), and FEM through the virtual work method (b).

For the fine mesh case, the first line of refinement from Table 5.4 is considered for FEM and
the third line for SEM, so that the number of dof for both methods is similar. The computed
torque for the non-skewed case is shown in Figure 5.16a. Although the first refinement line
from Table 5.4 does not provide an accurate cogging torque computation, the results for the
case when the current is injected, is in a good agreement with SEM leading to a maximum
discrepancy of 0.337 Nm. Additionally, when skewing is taken into account, the discrepancy
is decreased to 0.053 Nm, which is considerably smaller compared to the maximum error
with respect to measurement. The measurements of the torque are presented in Figure 5.16b.
The measurement for each position is accompanied with a ±5% error bar with respect to the
peak value of the measured torque. Therefore, it gives an impression on the accuracy for each
point calculated. It can be seen that the predictions from both methods are in agreement with
measurements. A maximum discrepancy of 0.258 Nm and an average relative error of 0.133
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(a)

(b)
Figure 5.16: Comparison of numerical and experimental results. Numerical results for the
fine mesh without skewing (a). Numerical results with skewing compared with experiments (b).

Nm is observed constituting 7.2% and 3.8% absolute error with respect to the peak torque,
respectively.
For the coarse mesh case, the minimum length of the airgap elements is increased up to 1.5 mm.
Additionally, the mesh relaxation is increased in the stator and rotor structure, such that a
system with 3236 dof is obtained. In case of SEM the refinement from the first line from
Table 5.4 is applied, and the number of LGL nodes is reduced in the radial direction for elements in the rotor and stator geometry such that the linear system of equations has 3060 dof.
The results before applying skewing are shown in Figure 5.17a. The maximum discrepancy
between FEM and SEM is 1.346 Nm. After skewing is applied, the discrepancy still remains
significant and measures 0.44 Nm at its maximum value. The FEM error with respect to
measurements is 0.154 Nm on average and 0.46 Nm at its maximum value which represent
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(a)

(b)
Figure 5.17: Comparison of numerical and experimental results. Numerical results for the
coarse mesh without skewing (a). Numerical results with skewing compared with experiments (b).

4.3 % and 13 % with respect to the measured peak torque, respectively. In contrast, the SEM
error compared to measurements is 0.08 Nm in average, and 0.33 Nm at its maximum value
which represent 2.3 % and 9.2 % with respect to measured peak torque, respectively. The
lower average error in case of SEM is due to the smaller peak torque obtained with respect
to the previous case. The numbers which summarise the results discussed in this section are
presented in Table 5.5.
To summarise, the calculations are compared with measurements at approximatively 6k and
3k dof. Due to the skewed structure, the coarse mesh of both methods estimates the torque
profile with less than 4.5 %. Nevertheless, SEM results show a higher accuracy in both cases.
Additionally, the difference can be observed in the computation of the torque without skewing, in Figure 5.17a. In case of SEM, only 20 harmonics are considered. Consequently, the
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Table 5.5: Comparison of numerical to experimental results. The absolute errors are based
on the maximum value of the measured torque.

εmax, fine
εavg, fine
εmax, coarse
εavg, coarse

SEM
0.26 Nm; 7.2 %
0.13 Nm; 3.8 %
0.33 Nm; 9.2 %
0.08 Nm; 2.3 %

FEM
0.26 Nm; 7.2 %
0.13 Nm; 3.8 %
0.46 Nm; 13 %
0.15 Nm; 4.3 %

high gradients are removed and the torque profile is smoothened decreasing the peak torque.
However, the profile remains symmetric, in contrast to FEM results, where high asymmetric
jumps are present due to the numerical errors introduced by the coarse discretisation.
The computation time is another important factor for definition of the SEM performance.
However, a comparison study in this respect was not possible to carry out in a precise manner. The FEM software used in this thesis to model the FSPMM is a commercial product
from Altair [38] and SEM has been implemented in MATLAB. Consequently, the current
version of SEM implementation requires improvements in computation and the assembly of
the global matrix coefficients. As it has been shown in the previous section, the break even
point between the accuracy and the computation time of both methods can be found when
they run in similar conditions. Therefore, the implementation of SEM on platforms similar
to those for FEM dedicated to EM modeling remains a future recommendation.
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Closing

5.3 Closing
The 2D spectral element method is applied to rotating EM, its performance is tested in two
steps:
• Numerical results generated from a commercial FEM software package and from the
SEM toolbox implemented based on formulations presented in this thesis have been
compared with an analytical reference problem. SEM exhibits a superior convergence
rate with respect to FEM, for the same dof, the error of SEM is two orders of magnitude
lower. Therefore, at higher accuracy requirements, SEM can deliver faster and more
accurate results compared to FEM.
• Numerical simulations are compared on a real design of a rotating flux switching permanent magnet machine. The discrepancy of the modelled field is approx 5% obtained
by SEM and FEM with approx 5000 dof.
The results of cogging torque converge faster in case of the SEM model compared to
FEM. Numerical simulations from both methods agree well with torque measurements.

Chapter 6
Additional electromechanical
applications of spectral
element method
The spectral element method (SEM) implementation is further verified with three other models, namely an eddy current, thermal and electrostatic problem. First, for the eddy current
problem the accuracy of the elements deformation due to movements is verified. Secondly,
in the thermal case, the same element configuration from the magnetic domain is preserved
and the heat sources, calculated in the magnetic model, are interpolated on the thermal model
nodes. And lastly, the electrostatic example is dealing with high aspect ratio elements which
appear due to thin insulation and sharp corners of the geometry. The results from the thermal and electrostatic case are compared with those from the finite element method (FEM)
whereas the computation of the eddy current example is compared with measurements.

This chapter is based on:
- M. Curti, T. A. van Beek, J. W. Jansen, B. L. J. Gysen, and E. A. Lomonova, “General Formulation of the
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Trans. Magn., vol. 54, no. 2, pp. 1–9, 2018.
- T. A. van Beek, M. Curti, J. W. Jansen, B. L. J. Gysen, J. J. H. Paulides, and E. A. Lomonova, “Spectral element
model for 2-D electrostatic fields in a linear synchronous motor,” in 2017 IEEE Int. Electr. Mach. Drives Conf.
IEMDC 2017, Miami, 2017.
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Axisymmetric geometry
Coil 1, N1
Coil 2, N2

Figure 6.1: Geometry of the electrodynamic levitation device.

6.1 Eddy current modelling in a levitated plate
As a benchmark problem for eddy current modelling a TEAM case is selected which consists
in a levitated plate by a set of two serially connected concentric coils [46]. Because of
its rotational symmetry, the axisymmetric geometry is modelled in a cylindrical coordinate
system [9]. The schematic representation of the benchmark is shown in Figure 6.1. The
physical and geometrical quantities are presented in Table 6.1. A current controlled source
excites the coils which are inducing eddy currents in an aluminium plate. The interaction
force between the currents in the coils and the induced eddy currents causes the plate to
levitate.
The governing partial differential equation (PDE) in the plate is given by


1
ν∇rAθ
∇·
r



∂ Aθ
= Jθ + σ
.
∂t }
| {z

(6.1)

J θ -eddy

As indicated, the time derivative of Aθ multiplied by the electrical conductivity of the material
represents the induced eddy current distribution. Consequently, the generated electrical force
is computed as
~Fel = ~J eddy × (∇ ×~A)

(6.2)

following from the Lorentz force [41]. The generated electrical force is coupled with the
mechanical model of the plate, defining the position of the barycenter zb
Fz,el
∂ 2 zb
=
− g.
∂t 2
m

(6.3)
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Table 6.1: Geometrical and physical parameters of the levitation device.

Symbol
ω1
ω2
ω3
d1
d2
h1
h2
z0
N1
N2
Ipeak
i(t)
f0
σ
m
g

Value
28
15
130
41
46.5
52
3
3.8
960
576
20
Ipeak sin(2π f0t)
50
3.4 · 107
0.107
9.8

mm
mm
mm
mm
mm
mm
mm
mm

A
Hz
1/(Ωm)
kg
m/s2

Description
Width of the first coil
Width of the second coil
Diameter of the plate
Distance from the axis to the first coil
Distance between coils
Height of the coils
Height of the plate
Initial height of the plate from the top of the coils
Number of turns of the first coil
Number of turns of the second coil
Peak current in the coils
Time-dependent current
Current frequency
Conductivity of the plate (aluminium)
Mass of the plate
Gravitational acceleration

The ordinary differential equations (ODEs) are numerically solved. The ODE expressing
the eddy currents is solved from (6.1) using the backward Euler approach and the equation
of motion (6.3) is analytically solved between two time steps assuming that ~Fel is linearly
varying preserving the slope of the previous iteration [5]. The time step size is 0.1 ms. The

0.1

0.1

0.08

0.08

0.06

0.06

z [m]

z [m]

PDE expressing the eddy currents (6.1) is solved numerically using both SEM and FEM. The
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Figure 6.2: The geometry discretisation for TEAM problem 28 [46]. Mesh for SEM (a).
Mesh for FEM (b)
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Figure 6.3: The solution of the magnetic vector potential (MVP) and the distribution of eddy
currents in the plate at time instance 0.3 ms.

discretisation, or meshing, of the geometry for both methods is shown in Figure 6.2. For the
SEM mesh shown in Figure 6.2a, 28 high-order quadrilateral elements are used. They can
have different p−refinement on the local ξ and η axis. The elements underneath the plate are
stretching in z−direction with the levitation of the plate. As a result the system of equations
has 590 degrees of freedom (dof). On the contrary, the FEM mesh as seen in Figure 6.2b, is of
a triangular form approximating the solution with second order polynomials. Each time the
plate changes its height due to movement, the surrounding region is remeshed in such a way
that the number of elements is around 2290 and the system of equations is approximatively
1200 dof in size. Deforming, or stretching the spectral elements (SEs) avoids the necessity
to remesh the space around the mover and the number of dof of the elements exposed to the
deformation is significantly lower compared to the case when a low-order mesh is used, i.e.
FEM [47]. For the problem discussed in this section, 4+1 Legendre Gauss-Lobatto (LGL)
nodes are used in the z−direction for the elements exposed to stretching.
Both the MVP and the eddy current distribution in the plate are presented in Figure 6.3. The
simulation of the movement of the plate as a result of the repulsion force between the eddy
currents in the plate and the currents in the coils is presented in Figure 6.4. The discrepancy
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Figure 6.4: The position of the plate resulted from transient simulations of FEM and SEM
compared with measurements provided in [46].

between the results of both methods is 0.24 mm on average and the maximum discrepancy
is 0.74 mm. Comparable errors are reached when comparing the simulations with experiments. The maximum error obtained is 4.6 mm and on average, the error is 0.6 mm. A large
maximum error is present at the beginning of the transient simulation, where the transient effects of the power source are not taken into account. Moreover, the conductivity change with
the temperature and the aerodynamic resistance are also neglected affecting the simulation
accuracy.

6.2 Electric potential and temperature
For the validation of the electric potential and temperature, the geometry of a high voltage permanent magnet synchronous linear machine (PMSLM) is selected as a benchmark,
which is shown in Figure 6.5 [60]. The dimensions and material properties are presented
in Table 6.2. The steady-state temperature distribution is investigated solely in the translator, while the electric potential is computed in a slot of the translator, where individual coil
strands are modelled. Moreover, it should be noted that the selected benchmark is not optimized for a particular application. The assumptions and the conditions for this electrical
machine (EM) are selected solely for the sake of analysis and verification of the numerical
platform implemented in this thesis, and thus, they are not subject to a particular physical
interpretation [27].
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Figure 6.5: The permanent magnet synchronous linear machine selected as benchmark for
modelling of the electrostatic and thermal domains.
Table 6.2: Dimensions and material parameters of PMSLM.

Symbol
y1
y2
y3
y4
y5
D
τm
αm
τc
tins
αc
Brem
µr,pm
vx
Jp

Value
5
9
10
20
25
100
12
2/3
16
1
9/16
1.2
1
4.8
1.56

mm
mm
mm
mm
mm
mm
mm
mm
mm
T
m/s
A/mm2

Description
Height to the origin of the magnet array
Height to the base of the airgap
Height to the base of the phase slots
Height to the slot base
Height of the translator
Depth of the domain
Pole pitch of the permanent magnets
Permanent magnet width ratio
Pole pitch of the phase coils
Thickness of the insulation
Phase-slot width ratio
Remanent flux density of permanent magnets
Relative permeability of permanent magnets
Velocity of the translator
Peak current density

6.2.1 Computation of the temperature distribution
The steady-state temperature distribution in the translator is obtained from the heat dissipated
in both, the coils and the translator core due to ohmic and iron losses, respectively. The ohmic
losses are due to the current density J p through coils and the iron losses are generated by the
time-variation of the magnetic field in the core material of the translator. The distribution
of the flux lines is shown in Figure 6.6 [23, 26]. The magnetic flux density in the iron and
its change in time are obtained by both the variation of the current density in the slots and
the movement of the magnet array with a constant speed, vx . Furthermore, the iron loss
calculation is based on the Bertotti model as described in [28]. The losses components are
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computed as
1
qfe =
τ

Zτ

Phys + Pc + Pex dt,

(6.4)

0

where
Phys = ch B2 f ,

Pc = σ

d2
12



(6.5)

dB(t)
dt

2
,

(6.6)

,

(6.7)

and

Pex = ce

dB(t)
dt

1.5

where
f=

vx
,
2τm

(6.8)

and are based on the coefficients ch200 and ce200 presented in the Table 6.3. The losses
components Phys , Pc and Pex are the hysteresis, eddy current and excess losses, respectively.
The coefficients are obtained from curve fitting of the flux density levels and losses given in
the data-sheet of the material [89].
Highest losses are expected in the translator, therefore, only the translator is considered for
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Figure 6.6: Equipotential lines of the magnetic vector potential in PMSLM benchmark generated by both, coils and permanent magnets in accordance with data provided in Table 6.2.
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Figure 6.7: Temperature distribution in the translator of the PMSLM due to the losses in the
coils and iron from SEM.
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Figure 6.8: Validation of the temperature distribution obtained with SEM compared with
FEM on the line Ltest1 shown in the Figure 6.5.

Table 6.3: Material properties, environmental conditions and coefficients of M400-50A for
Bertotti iron loss and thermal calculations.

Symbol

Value

σiron
ρiron
ch200
ce200
tl
kiron
kcoil
kins
hconv
Tamb

2 · 106
7850
272.5
0.1806
0.5
28
1
0.5
10
20

Description
S/m
kg/m3
Wsm3 /T2
Wm3 /(T/s)1.5
mm
W/m·K
W/m·K
W/m·K
W/m2 ·K
oC

Electrical conductivity
Mass density
Hysteresis loss coefficient at 200 Hz
Excess loss coefficient at 200 Hz
Lamination thickness
Thermal conductivity of iron
Thermal conductivity of coil
Thermal conductivity of the insulation
Convection coefficient (natural air cooling)
Ambient temperature
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thermal analysis. The heat sources quantified by the magnetic model are interpolated from
the p−refinement used in the magnetic model to one from the thermal model, keeping the
same element configuration at the same time. The thermal characteristics of the materials
are presented in Table 6.3. No forced cooling is applied to the machine. Therefore, the same
convection coefficient hconv is applied on the top (y = 25) mm and bottom (y = 10) mm of the
translator. Applying the periodic and Robin boundary conditions explained in chapter 3, the
temperature distribution from Figure 6.7 is obtained. The temperature distribution obtained
by SEM is verified with one computed by FEM on the line Ltest1 indicated in Figure 6.5.
The results are presented in Figure 6.8. A relative discrepancy of 7 · 10−2 ◦ C is reached
between the two methods which indicates that the temperature distribution has been correctly
predicted.

6.2.2 Distribution of the electric potential
For the validation of the electrostatic problem, the electric potential due the coil strands
close to the tooth corner as shown in Figure 6.9 is computed. The necessary dimensions of
the strands and material properties are given in Table 6.4. Strands 1 to 4 have the electric
potentials as indicated in Figure 6.9 to mimic the voltage drop [93].
The iron parts of the translator and the magnet array are grounded, therefore a zero Dirichlet
boundary condition is applied at the interfaces with the insulation. On the right-hand side
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Wire insulation
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1000 V
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4

1

w
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Figure 6.9: The four coil strands closest to the tooth selected for electrostatic modelling with
SEM.
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Table 6.4: Dimensions and material parameters of the investigated electrostatic model of the
linear actuator.

Symbol
w1
w2
d
g
r1
wins
rcor
εwi
εins
εair

Value
0.56
1.12
1.12
1
0.5
0.04
0.01
1
2
1

Description
Width of the center of the coil strand to the slot
Width between the centers of the coil strands
Height between the centers of the coil strands
Length of the airgap
Radius of the coil strand
Thickness of the strand insulation
Radius of the corner of the tooth
Relative permittivity of the wire insulation
Relative permittivity of the insulation
Relative permittivity of the air

mm
mm
mm
mm
mm
mm
mm

1000

3
2.5

800

y [mm]

2

600

1.5
400
1
200

0.5
0

0
0

0.5

1

1.5
x [mm]

2

2.5

3

Figure 6.10: The electrostatic field distribution for the geometry in the Figure 6.9.

and at the upper part of the geometry, the symmetry is ensured by forcing the tangential component of the electric potential to zero. The distribution of the electric potential is modelled
and the results are presented in Figure 6.10.
In order to verify the correctness of the simulations, the same model is implemented in FEM
and the simulations are compared on the line Ltest2 shown in Figure 6.11. A maximum
discrepancy of 5 V is obtained, showing that the results of both methods are in a good agreement.
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Figure 6.11: The electrostatic potential on the line Ltest2 computed by SEM and FEM.

6.3 Closing
In this chapter, the SEM implementation has been applied to several relevant electromechanical problems. A levitated plate by means of eddy currents has been modelled with SEM,
the domains surrounding the plate were deformed to account for movement, the high-order
elements were able to maintain the accuracy of the solution and allow the elongation, at the
same time, the results match well with the measurements. For the thermal models, the heat
sources were computed from the magnetic model, the same mesh element configuration has
been used for both, magnetic and thermal model such that the interpolation between two
physical domains on different p−refinement of the elements is as accurate as possible. The
electric potential has been computed in the slot of a linear machine, a high aspect ratio of elements has been used to account for insulation thickness and sharp corners. A close match has
been obtained when comparing the results from SEM and FEM making the toolbox suitable
for the machine design covering multiphysical aspects.

Chapter 7
Conclusions and
recommendations
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7.1 Conclusions
In this thesis, a high-order method combining the spectral element method (SEM) with
Fourier modelling (FM) has been proposed to model electrical machines (EMs) and its performance has been analysed. The following conclusions with respect to the research objectives
stated in the first chapter are provided.

7.1.1 The investigation of the computational performance of highorder elements in modelling of the electrical machine
Formulation and implementation of the spectral element method for the electrical
machine modelling
A high-order approximation of partial differential equations (PDEs) has been formulated and
implemented for a complex geometry of an EM. The flexibility of curvilinear and quadrilateral spectral elements (SEs) allows the modelling of EM with similar geometrical complexity
compared to finite element method (FEM). The higher accuracy per element allows to mesh
the geometry with much larger elements compared to low-order FEM which significantly
reduces the meshing time. The employed high-order orthogonal basis functions in each element result in a fast convergence rate towards the exact solution. For a particular example,
being a reference model of an EM selected for verification in this thesis, the compared results
are promising as concluded in the next subsections.

Semi-analytical method for the relative movement
To separate the conforming meshes from the moving and stationary part of an EM, and to
simultaneously maintain a coupled solution in the entire geometry, a hybrid modelling technique has been proposed. The proposed hybrid technique based on FM and SEM not only
allows to accurately model the entire geometry, it also enables the possibility of modelling
the moving part of the machine at arbitrary positions, i.e. independently from the elements
position or number of Legendre Gauss-Lobatto (LGL) nodes. Moreover, the computation of
subsequent positions does not require heavy computations as only the transformation matrix
on one interface is computed with respect to the updated position, and it has O(n) complexity.
Furthermore, the solution in the airgap is obtained in the form of a truncated Fourier series
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which avoids numerical integration errors for the torque or force computation. However, because of different basis functions being used to approximate the solution in the rest of the
geometry, consistency errors are unavoidable and are greatly affecting the coupling. A technique to estimate the right degree of polynomial in each SE interfacing the semi-analytical
element for a given threshold error has been proposed and has been proved to be efficient for
the hybrid coupling.

Modelling of nonlinear magnetic materials
To include the nonlinear properties of materials, a nonlinear solving scheme has been adopted
based on the iterative Newton-Raphson (NR) method. It has been observed from a numerical
example that the NR approach, common in the FEM, also provides stable results for the
higher order element method.

7.1.2 Verication of the spectral element method for modelling
electrical machines
The performance of the SEM for modelling EMs has been verified. The performance has
been analysed on an EM analytical model and a flux switching permanent magnet machine
(FSPMM) for which physical measurements have been collected.
The analytical verification has confirmed the superior convergence rate of the SEM with
respect to the FEM, resulting in higher accuracy for a similar number of degrees of freedom
(dof). The limitations of algebraic convergence of the FEM cause its mesh density to increase
fast for higher accuracy requirements. However, the fast convergence feature of the SEM
comes at a cost, the overall system of equations becomes less sparse when the order of the
polynomials is increased in each element. In this way, solving the system of equations might
become more computationally intensive at a similar number of dof compared to the FEM.
Consequently, a "break-even" point has been found for a given accuracy and computational
load. For the example considered in this thesis, SEM allows to achieve more accurate results
at a lower computational load starting from an absolute error of 10−3 T in terms of magnetic
flux density.
The SEM model of an FSPMM design has offered higher accuracy with fewer dof compared
to FEM. The geometry of the FSPMM contains sharp corners which limits the high convergence rate of SEM. Nevertheless, with the same accuracy requirement, SEM has provided
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similar results compared to FEM at a considerably reduced number of dof. Similar behaviour
has been observed when comparing the simulations with measurements, where at a similar
size of the problem SEM in terms of dof, gives a higher accuracy compared to FEM.
In this thesis the elliptical equation is applied for magnetostatic, electrostatic and thermal
domains. Consequently, a unified SEM implementation is maintained for all three physical
domains by respecting the appropriate physical constants and boundary conditions. Thus an
existing h-refinement can be maintained for every physical quantity and only the p-refinement
can be adjusted to accommodate the desired accuracy of the solution. Moreover, in case of
modelling the movement with SEs, the elements can be exposed to the elongation while
keeping the necessary accuracy of the results. This feature has been verified on a levitation
device where an aluminium plate is electromagnetically lifted by induced eddy currents.

7.2 Contributions
This work has presented a two dimensional (2D) high-order element approach for modelling
electrical machines. Embracing the available research in spectral methods, adapting them
for electromechanical models and quantifying their performance with respect to available
modelling tools have been the main challenges. Correspondingly, the contributions of this
thesis can be summarised as:
• The formulation of a hybrid modelling technique has been proposed and successfully
applied. The hybrid model couples high-order spectral elements and Fourier regions
which are used in the airgap, between the stator and the mover, to allow for an effective
model at arbitrary positions. It has been shown that this formulation preserves superior
convergence, allowing a nonconforming mesh in the airgap to be used.
• A computational framework based on the spectral element method adapted for EM
modelling has been implemented. It allows to model electromechanical devices in the
magnetostatic, thermal and electrostatic domain. Elements with curved boundaries are
used to mesh complex geometries. Spectral curvilinear edged domains are dramatically decreasing the mesh density, avoiding therefore the computationally costly mesh
generation.
• The spectral element method has been validated by analytical and experimental data to
model electrical machines. A quantitative analysis has been provided to show the benefits and limitations of higher-order elements. The SEM based framework has demonstrated that fewer degrees of freedom can be used to simulate global and local quantities
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for the same accuracy compared to FEM. The results are obtained from an analytical
solution based reference electrical machine model. Furthermore, modelling of an electrical machine with SEM has been validated with experimental measurements.

7.3 Recommendations
7.3.1 Investigation of the mesh methodologies
A lower number of spectral elements can be used to mesh the same geometry compared to
low-order elements. This feature has the potential to reduce the computational burden for
mesh generation processes. Large mesh elements also involve the utilisation of elements
with curved boundaries which require special mesh generation techniques.
The meshing technique used in this thesis implies that the lowest possible number of elements should be used to mesh the geometry with quadrilaterals. Furthermore, the increase in
accuracy is achieved by refining the number of LGL nodes on the element edges. Given that
the SEs are conforming, both element-wise and based on LGL nodes, the geometry become
densely meshed in the regions where high accuracy is not always primordial, especially in
radial geometries such as those of rotating electrical machines. In this case, the performance
of nonconforming SE, at least in terms of LGL nodes, should be investigated.
The mesh elements that align to the solution, or field guided [63] are an alternative to mesh elements being defined by the geometry. In this case the polynomial refinement of the elements
is directly aligned with the gradient of the solution.
Additionally, the mentioned break-even point between computation time and accuracy of
hp−refinement can be problem dependent. The gradients of the solution and the aspect
ratio of the geometry are important factors which determine both the mesh density and the
accuracy. Therefore, additional investigation is necessary for the configuration of elements
and their density for EM modelling.
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7.3.2 Incorporation of the spectral element method in existing
numerical platforms
The toolbox developed in this thesis has been implemented in MATLAB. Hence, it benefits
from the highly vectorised principle of programming granting the possibility to fast prototyping of the numerical methods. However, it is limited by the memory management and the
solvers available in MATLAB. By incorporating the SEM formulation in an existing FEM
platform, one can benefit from its memory allocation, and optimised direct [33], iterative [2]
or parallel solvers specifically designed for large and sparse matrices.

7.3.3 Extension of spectral element method to three dimensional
electrical machine models
Modelling EM in three dimensional (3D) becomes challenging for FEM platforms, in terms
of mesh generation and long solving times. These limitations impose the usage of second
order mesh in order to relax its density. Going beyond the second order mesh becomes a
logical continuation, since similar to the computational fluid dynamics domain, it has not
been proved that a second order element is an optimum point for hp−refinement [95]. Thus,
the application of SEM for 3D models of EM is of particular interest, as it can significantly
reduce the dof. A special advantage is the large mesh elements which are used to mesh the
geometry, the dimension of the mesh will allow the user to manually check and alter the
problematic elements, and at the same time to maintain the approximation accuracy due to
flexible p-refinement. Additionally, high-order SE formulation allows the employment of
different basis functions per dimension. Thus, geometries featuring periodic structures could
be approximated by the functions favouring the periodical characteristics and the rest of the
dimensions maintaining the LGL nodes used in this thesis.
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Acronyms
1D

one dimension

2D

two dimensional

3D

three dimensional

BC

boundary condition

dof

degrees of freedom

EM

electrical machine

FEM

finite element method

FM

Fourier modelling

FSPMM

flux switching permanent magnet machine

LGL

Legendre Gauss-Lobatto

MEC

magnetic equivalent circuit

MVP

magnetic vector potential

NR

Newton-Raphson

ODE

ordinary differential equation

PDE

partial differential equation

PMSLM

permanent magnet synchronous linear machine

SAM

semi-analytical method

SE

spectral element

SEM

spectral element method

SM

spectral method

110

List of symbols

List of symbols
Symbol

Description

Unit

A

Magnitude of magnetic vector potential

B

Magnitude of magnetic flux density

C

Unknown for the semi-analytical solution

D

Magnitude of the displacement current

[C/m2 ]

E

Magnitude of electric field

[V/m]

F (1)

Contravariant flux perpendicular to η

[Wb/m]
[T]
[-]

[-]

F (2)

Contravariant flux perpendicular to ξ

[-]

Fn

Flux normal to the boundary

[-]

F(1)

Covariant flux along ξ

[-]

F(2)

Covariant flux along η

[-]

H

Magnitude of magnetic field strength

I
Jdet

The result of an integration
Determinant of Jacobian

J

Magnitude of the current density

L

Legendre polynomial basis

M

Magnitude of the magnetisation

N

Degree of polynomial basis on the ab-

P

Magnitude of the material polarisation

Q

Total number of harmonics for the ap-

[A/m]
[-]
[-]
[A/m2 ]
[-]
[A/m]
[-]

scissa
[C/m2 ]
[-]

proximation
[◦ C]

T

Temperature

V~E

Electrical potential

X

x — component of the map

[-]

Y

y — component of the map

[-]

Ωξ ,η

Computational domain

[-]

Ωx,y

Physical domain

[-]

β

A set of basis functions

[-]

ε0

Permittivity of free space

εr

Permittivity of material

[-]

ε

Relative electrical permitivitty of the ma-

[-]

[V/m]

[F/m]

terial
η

The ordinate in the computational domain

[-]

L

General differential operator

[-]
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Symbol

Description

R

Residuals

µ0

Permeability of free space

µr

Relative permeability

Unit
[-]
[H/m]
[-]

µ

Permeability of the material

ν

Magnetic reluctivity

[H/m]

ω

Spatial harmonic

ρe

Electric charge density

[C/m3 ]

ρ

Mass density of the material

[kg/m3 ]

σ

Electric conductivity

ε

Generic error

ϕ
~Fel
~F
~Γ

Generic potential

[-]

Magnitude of the electrical force

[N]

Flux

[-]

A curve which defines one of the bound-

[-]

[J/(kg·K)]
[-]

[S/m]
[-]

aries of a quadrilateral domain
M~
~a
~b

Transfinite interpolation map

[-]

Weights for sine function in a vector

[-]

Weights for cosine function in a vector
Normal flux

[-]
[-]

Integration quadrature

[-]

~n

Normal vector

[-]

ξ

The abscissa in the computational domain

[-]

a

Weight for sine function

[-]

b

Weight for cosine function

[-]

cp

Heat capacity of the material

c

Generic material property

[-]

g0

Zero frequency component of the decom-

[-]

~fn
~q

[J/(kg·K)]

posed function
g

Heat source

[J/s]

k

Thermal conductivity of the material

l

Lagrange basis functions

[W/(m·K)]
[-]

q

Integration quadrature

[-]

s

Generic source distribution

[-]

t

Time

[s]

w

Barycentric weights

[-]
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List of matrix symbols
Symbol

Description

Unit

B

Magnitude of magnetic flux density in

[T]

matrix form
C

Material property in matrix form

[-]

D

One dimensional derivative matrix

[-]

E

Global matrix of the linear system of

[-]

equations
(1)

F

Contravariant flux 1

[-]

F(2)

Contravariant flux 2

[-]

Fb

Normal fluxm

[-]

G

Transformation matrix from covariant to

[-]

H

contravariant base vector
Fourier matrix

[-]

H

Magnitude of magnetic field strength

I

Identity matrix

[-]

Jdet

Determinant of Jacobian.

[-]

LDT
η

Transposed partial derivative matrix with

[-]

[A/m]

respect to η
LDT
ξ

Transposed partial derivative matrix with

[-]

respect to ξ
LDη
LD

Partial derivative matrix with respect to η

[-]

Partial derivative matrix with respect to ξ

[-]

L

Matrix of Lagrange basis functions eval-

[-]

ξ

uated on points j
Q2D

Two dimmensional quadrature

[-]

R

Residuals

[-]

S

Generic source distribution

[-]

T

Transformation matrix

[-]

X
Y

x — component of the map
y — component of the map in matrix form

[-]
[-]

Z
~b

Zero matrix

[-]

Right hand side of the linear system of

[-]

equations

List of matrix symbols
Symbol

Description

~u

Vector with unknowns for the global ma-
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[-]

trix
~z
~
ω

Spatial frequency vector

~ξ

Matrix with LGL roots in the reference

Zero vector

domain

[-]
[rad/m]
[-]
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Desigur, am să închei acest capitol cu câteva cuvinte de mult, umire către oamenii apropiat, i
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