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Abstract
In the field of geometry, we know a lot of mathematical theorems. They have been discovered and
proved over the past years. However, a geometric proof sometimes requires spatial insight and creative
steps of construction. Ideally, we would like to avoid those steps and we hope to find a step-by-step
approach to prove a geometric theorem. In fact, algebra provides for such an approach, using the concept
of Gröbner bases. A geometric theorem can generally be translated in algebraic ‘hypotheses’ and ‘theses’
in the form of polynomial equations. It is then possible to verify a theorem by computing a Gröbner
basis of a certain ideal constructed by these polynomial equations. This provides for a structured and
straightforward approach. Furthermore, we can use the method of Gröbner bases to discover new theorems, or hypotheses under which a theorem might be true. In this paper, the Gröbner basis method has
been explored and used for proving some geometric theorems as well as for ‘rediscovering’ some geometric
theorems. We conclude this paper with a step-by-step approach for proving and discovering geometrical
theorems and a discussion.
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INTRODUCTION

Introduction

Geometry is one of eldest sciences of the world and it is known as one of the two fields of pre-modern
mathematics. The word geometry comes from the Ancient Greek word γωµτ ρια, meaning “earth” (geo)
“measurement” (metron). It was used by ancient peoples like the Egyptians and Babylonians to measure
their land ([2], p.33-37). They discovered ideas about length, areas, volumes, etc., which were used for
practical needs. These relations in geometry were found in an empirical way, and were not proved in the way
we are used to nowadays. Classical geometry was mostly focused on compass and straightedge constructions,
and was ‘revolutionized’ by Euclid, who introduced the axiomatic methods which we still use today [6].
Nowadays, we are used to proving theorems by logical arguing rather than providing for empirical evidence.
At secondary school we already learn a few principles of proving geometric theorems in a structured way.
However, these proofs sometimes still need a few steps of construction and spatial insight. We will illustrate
this in the example below.

1.1

Example: The triangle midpoint theorem

In this example, we will show one of the well-known ways of proving the triangle midpoint theorem.
Theorem 1.1 (Triangle midpoint theorem). The line segment connecting the midpoints of two sides of a
triangle is parallel to the third side and is congruent to one half of the third side.
Proof. Let A, B and C be the vertices of a triangle. Let D be the midpoint of AC and let E be the midpoint
of BC. We draw a line segment between vertex D and E as can be seen in the figure below. We want to
show that AB k DE and that |DE| = 12 |AB|.

Figure 1: Triangle ABC with midpoints D and E
Draw a line starting in vertex B, parallel to AC and extend the line DE. Let I be the point of intersection
of these two lines.

Figure 2: Triangle ABC with midpoints D and E and extended lines
3
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Now we first need to show congruence of triangles CDE and BIE.

∠DCE = ∠IBE (alternate angles)


CE = BE (by definition of the midpoint) 4 CDE ∼
= 4BIE


∠DEC = ∠IEB (opposite angles)

INTRODUCTION

(ASA).

From this, we can conclude that BI and CD have equal length and we will use this to show that ABID is
a parallelogram as follows:

BI = CD (congruent triangles)



AD = CD (by definition of the midpoint)
ABID is a parallelogram.

⇒ AD = BI



AD k BI by construction
Hence, we have DE k AB, which proves the first part of the theorem.
Since ABID is a parallelogram, we also have that DI and AB have equal length and we can use this to show
the result.

DI = AB (parallelogram)


1
DE = IE (congruent triangles) DE = AB

2

⇒ DE = 21 DI
and this proves the second part of the theorem.
As can be seen in the example above, we need to add and extend line segments, which sometimes might seem
very random. These steps require spatial and creative insight to come up with the idea to add exactly those
lines which are needed for the proof. One might wonder if it is possible to avoid these constructive steps and
find an ‘automatic’ approach instead. Ideally, we would like to find a structured step-by-step method and
maybe even an automatized way of proving geometric theorems. Luckily, by using algebraic methods, this
might actually be possible.

1.2

Algebraic geometry proving

The main idea of algebraic theorem proving is to translate the problem into polynomial equations. Introducing (Carthesian) coordinates in the geometric space results in a way to describe a geometric figure in
polynomial equations (the ‘hypotheses’). The theorem can generally also be expressed as one or more polynomial equations (the ‘thesis’). We can introduce three steps that need to be taken in order to prove a
geometric theorem algebraically:
1. Translate the geometric theorem into an algebraic problem by introducing coordinates and equations;
2. Solve the algebraic problem;
3. Translate the algebraic solution back to a geometric solution.
For the second step, which is the part where we actually solve the problem (or prove the thesis), we will use
a method relying on Gröbner bases. This algebraic concept will be further explained in section 3.
A lot of geometric theorems have already been discovered and most of them have also been proved. The
usual way of discovering a theorem is by suspecting a certain property in empirical ways. We then need to
prove or disprove this theorem in order to know if the theorem holds. The way of algebraic geometry proving
that will be described in this paper, can also be used to develop new theorems. This can be done by following
the same steps described above, where the last step is the most important.
First, we need to elaborate on the first step in our approach, which will be done in the next section.
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HYPOTHESES AND THESES IN A GEOMETRIC THEOREM

Hypotheses and theses in a geometric theorem

When we want to prove a geometric theorem by using algebra, we need to translate the geometric problem
into an algebraic one. As already stated in the introduction, we will need to express the figure and the
theorem in polynomial equations. In order to do that, we first have to introduce coordinates. When we have
a geometric simplex, for example a triangle, we can assign coordinates to each vertex.
Example 2.1. Let ABC be a triangle. We can assign coordinates to each vertex as follows: let A, B
and C be given by the coordinates A(u1 , u2 ), B(u3 , u4 ) and C(u5 , u6 ).
From now on, the variables u1 , u2 , u3 , ... will typically be used to describe coordinates that can be chosen
arbitrarily; these will be called independent variables. We will denote the set of independent variables
by u = (u1 , .., un ). Furthermore, to simplify the problem, it is typically useful to locate the origin in one
of the vertices and to rotate the figure such that one vertex is on one of the axes. This will reduce the
number of variables and unknowns that we have, which will come in handy especially when working in higher
dimensions. In the example, we could set the values of u1 , u2 and u4 to zero, resulting in the coordinates
A(0, 0), B(u3 , 0) and C(u5 , u6 ). Here we rotated the triangle such that the origin is located in vertex A, and
vertex B lies on the x-axis. The assigning of coordinates to triangle ABC is illustrated in the figure below.

(a) Triangle ABC

(b) Triangle ABC with coordinates

(c) Triangle ABC is rotated such that the origin lies in A and B is on
the x-axis

Figure 3: Assigning coordinates to triangle ABC
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HYPOTHESES AND THESES IN A GEOMETRIC THEOREM

After assigning coordinates to the vertices, we can describe the figure by polynomials, which will be called
the hypotheses. It is best explained in an example.
Example 2.2. Let ABC be an isosceles triangle with base AB and legs AC and BC. We assign
coordinates as follows: A(0, 0), B(u1 , 0) and C(u2 , u3 ). Since ABC is isosceles, we have that |AC| =
|BC|. Therefore we can describe ABC with the following hypothesis:
u22 + u23 = (u2 − u1 )2 + u23
In the same way that we can describe the figure using polynomial equations (the hypotheses), we can also
translate the theorem into a polynomial equation, which we will call the thesis. The hypotheses and theses
are equations, which are related to certain geometric properties of vectors and analytic geometry. A few
examples are listed below.
• We can describe the geometric property that two line segments have the same length by the definition
of vector lengths, as we have already seen in the example. The length of a vector v = (v1 , ..., vn ) is
given by
q
|v| =

v12 + v22 + .... + vn2 .

Usually, if we want that v and w have the same length, we will in fact use that |v|2 = |w|2 , since we
want to avoid working with roots.
• Another geometric property that we will see very often, is that two lines or line segments are perpendicular (or orthogonal). We then use the property that the inner product of two perpendicular vectors
v and w is equal to zero. The inner product of two vectors v = (v1 , ..., vn ) and w = (w1 , ..., wn ) is
defined as
v · w = v1 w1 + v2 w2 + ... + vn wn .
So for two perpendicular vectors v and w we have that
v1 w1 + v2 w2 + ... + vn wn = 0.
• For two parallel vectors, we can use the fact that they are scalar multiples of each other. In 2D, we can
just calculate the slopes of both vectors and set them equal to each other. For two vectors v = (v1 , v2 )
2
and w = (w1 , w2 ) this would mean that vv12 = w
w1 which would result in the following equation:
v2 · w1 − v1 · w2 = 0.
Note that in this case v1 6= 0 and w1 6= 0.
In 3D, we can use that the cross product, or vector product, of two vectors is equal to zero. The cross
product of two vectors v = (v1 , v2 , v3 ) and w = (w1 , w2 , w3 ) is defined as
    

v1
w1
v2 w3 − v3 w2
v2  × w2  = v3 w1 − v1 w3  .
v3
w3
v1 w2 − v2 w1
Setting this equal to zero thus results in three equations.
• Finally, a geometric property that is also important in this paper, is the notion that three vertices A, B
and C are collinear, meaning that they all lie on one line. We can use that if A, B and C are collinear,
# »
# »
the direction vectors AB and BC (or another pair) are parallel.
Recall from the introduction that after translating the geometric problem into an algebraic problem, we can
actually solve the problem. In our case, this means proving the theorem. In the following section, we will
illustrate a possible algebraic approach of the theorem proved in section 1.1.
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HYPOTHESES AND THESES IN A GEOMETRIC THEOREM

The triangle midpoint theorem using algebra

In this example, we will again prove the triangle midpoint theorem, but now we use algebra.
Theorem 2.1 (Triangle midpoint theorem). The line segment connecting the midpoints of two sides of a
triangle is parallel to the third side and is congruent to one half of the third side.
Proof. Let A, B and C be the vertices of a triangle in the plane. Let D and E be the midpoints of AC and
BC respectively. The properties of triangles are unchanged under translations and rotations in the plane.
Hence, we can translate the triangle such that vertex A is located in the origin and AB is aligned with the
horizontal x-axis. Now we can assign coordinates to all the vertices: A = (0, 0), B = (u1 , 0), C = (u2 , u3 )
where u1 , u2 , u3 ∈ R. The triangle can be seen in the figure below. Observe that u1 = 0 and u4 = 0 would
not result in a triangle anymore; therefore we impose the conditions u1 6= 0 and u3 6= 0.

Figure 4: Triangle ABC with midpoints D and E and their coordinates in the plane
Let D = (x1 , x2 ), E = (x3 , x4 ). This results in the following hypotheses:
2x1 = u2

since D is the midpoint of AC,

(1)

2x2 = u3

since D is the midpoint of AC,

(2)

2x3 = 2u2 + (u1 − u2 )

since E is the midpoint of BC,

(3)

2x4 = u3

since E is the midpoint of BC.

(4)

Note that for vertices D and E we did not use the independent variables u4 , u5 , ... but we used the variables
x1 , ..., x4 . These variables cannot be arbitrarily chosen, but they need to satisfy certain equations, in general,
these will be the hypotheses. In the remainder of the paper, the variables x1 , x2 , x3 , ... will typically be used
to describe vertices, which cannot be arbitrarily chosen but need to satisfy certain equations. These variables
will be called dependent variables and we denote by x = (x1 , ..., xm ) the set of all dependent variables.
Now that we have the hypotheses, we still need to find the thesis polynomial. In this case, we want to prove
that line segment DE is parallel to AB and that the length of segment DE is half the length of segment AB.
The first part of what we want to prove (DE k AB) translates to the polynomial (using the formula for the
slope of a line segment)
x4 − x2 = 0.
If the theorem holds, the thesis must be true. Looking at the hypotheses, we can see that this polynomial
equality follows immediately from the hypotheses. Since 2x2 = u4 = 2x4 , we have that x2 = x4 and therefore
the thesis is proved. Note that for the thesis above, we actually divide by u1 when calculating the slope of
AB, which is where we need our previously set condition that u1 6= 0.
Secondly, we want to prove that |DE| = 21 |AB|. This gives us the following thesis:
(x3 − x1 )2 + (x4 − x2 )2 =

1 2
u .
4 1

(5)
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HYPOTHESES AND THESES IN A GEOMETRIC THEOREM

Again, we need to show that the thesis is true. Substituting the hypothesis polynomials into (5) gives
1
1
1
1
1
( (u1 + u2 ) − u2 )2 + ( u3 − u3 )2 = u21
2
2
2
2
4
from which we can see that the thesis follows from the hypotheses.

2.2

Introducing some algebraic concepts

The previous example illustrates a possible approach for proving a theorem using algebra. As stated in the
introduction, we want to develop a structured way of proving a geometric theorem. In order to do that, we
need to introduce some general notation.
We already explained in the example that we will use two kinds of variables: dependent variables, denoted by
x = (x1 , ..., xm ) and independent variables, denoted by u = (u1 , ..., un ). Furthermore, the polynomial equations which form our hypotheses will be of the form h1 (u, x) = 0, ..., hp (u, x) = 0. We will call h1 , ..., hp the
hypothesis polynomials of a geometric theorem. In the same way, we will denote the thesis polynomials
by t1 , ..., tq and the polynomial equations which form the theses will be of the form t1 (u, x) = 0, ...tq (u, x) = 0.
Generally, we will only denote the hypotheses and thesis polynomials, but not the corresponding equations.
Example 2.3. For the example in section 2.1 we would write the hypothesis polynomials as
h1 = 2x1 − u2
h2 = 2x2 − u3
h3 = 2x3 − u1 − u2
h4 = 2x4 − u3
We would have the following theses polynomials:
t1 = x4 − x2
1
t2 = (x3 − x1 )2 + (x4 − x2 )2 − u21
4
Recall that we want the thesis to follow directly from the hypotheses. We can translate a geometric theorem
defined by the hypothesis polynomials h1 , ..., hp and thesis polynomials t1 , ..., tq into
∀u, x ∈ Rn+m : h1 (u, x) = 0, ..., hp (u, x) = 0 ⇒ t1 (u, x) = 0, ..., tq (u, x) = 0.
So if we can show that the thesis follows from the hypotheses, then we know that the theorem is true. For
simplicity, we will generally assume that the theorem can be described by one thesis (which will also be the
case in most of the examples) and we denote this thesis by t. In section 2.1, we could easily see that the
thesis followed directly from the hypotheses. Unfortunately, it will not always be that easy. We need another
way to automatically prove that the thesis follows from the hypotheses. One way of doing this, and this will
generally be the approach we use in this paper, is by using Gröbner bases. These will be explained in section
3. We first need to introduce some algebraic concepts, such as the variety. We use the definition from ([4],
chapter 1).
Definition 2.1. (Variety) Let k be field and let f1 , ..., fs be polynomials in k[x1 , ..., xn ]. Then we set
V (f1 , ..., fs ) = {(a1 , ..., an ) ∈ k n |fi (a1 , ..., an ) = 0 for all 1 ≤ i ≤ s}.
We call V (f1 , ..., fs ) the (affine) variety defined by f1 , ..., fs . Generally, geometric theorems require us to
work in the field of reals.
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Example 2.4. The variety defined by f1 = x2 + y 2 − 1, V (x2 + y 2 − 1), is a circle with radius 1 centered
at the origin.
V (x2 + y 2 + 1) = ∅ since x2 + y 2 + 1 = 0 has no solutions (in R).
V (xy, xy − 1) = ∅ since xy = 0 and xy − 1 = 0 have no common solutions.
Observe that the hypotheses define a variety
H = V (h1 , ..., hn ) ⊆ Rm+n ,
which we will call the hypothesis variety. Furthermore, we will denote the thesis variety V (t) by T . We
stated before that a theorem is true if the thesis follows from the hypotheses. In terms of varieties we can
say that a theorem is geometrically true if the hypothesis variety H is contained in the thesis variety T
([4], chapter 6.4).
Another important algebraic concept we need to define before being able to move on to Gröbner bases, is an
ideal. We will use the definition from ([4], chapter 1).
Definition 2.2. (Ideal) A subset I ⊆ k[x1 , ..., xn ] is an ideal if it satisfies:
1. 0 ∈ I
2. If f, g ∈ I, then f + g ∈ I
3. If f ∈ I and h ∈ k[x1 , ..., xn ], then hf ∈ I.
We will call hf1 , ..., fs i = {p1 f1 + ... + pn fn |pi ∈ k[x1 , ..., xn ]} the ideal generated by f1 , ..., fs .
Note that V (I) = V (hf1 , ..., fs i) = V (f1 , ..., fs ).
Example 2.5. Recall the hypotheses and theses from the midpoint theorem in section 2.1. Now let
I = hh1 , h2 , h3 , h4 i. We can check if t1 and t2 are elements of the ideal I. Since we can write t1 as
t 1 = x4 − x2 =

1
1
1
1
(2x4 − u3 ) − (2x2 − u3 ) = h4 − h2
2
2
2
2

we can conclude that indeed t1 ∈ I. We can do the same for t2 which yields:
t2 = (x3 − x1 )2 + (x4 − x2 )2 −

1 2
u1
4

1
1
1
1
(u2 + 2x1 − 4x3 )(2x1 − u2 ) + (u3 + 2x2 − 4x4 )(2x2 − u3 ) + (u1 − u2 + 2x3 )(2x3 − u1 − u2 ) + (2x4 − u3 )(2x4 − u3 )
4
4
4
4
1
1
1
1
= (u2 + 2x1 − 4x3 )h1 + (u3 + 2x2 − 4x4 )h2 + (u1 − u2 + 2x3 )h3 + (2x4 − u3 )h4 .
4
4
4
4
=

So we can again conclude that t2 ∈ I. In fact, we have now provided another algebraic proof of the
triangle midpoint theorem.
We need to define one more concept, namely the radical of an ideal, again taken from ([4], chapter 4).
Definition 2.3. The radical of an ideal I ⊆ k[x] is
√
I = {f ∈ k[x]|f m ∈ I for some positive integer m}.
√
√
Furthermore, we have that V ( I) = V (I) and the fact that if I is an ideal, then the set I is an ideal as
well [4].
p
We will call the ideal hh1 , ..., hn i, the hypotheses ideal and we can use Hilbert’s Nullstellensatz (from
[4], Chapter 4) to introduce a new theorem.

9
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Theorem 2.2. (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let f, f1 , ..., fs ∈
k[x1 , ..., xn ]. Then
f ∈ I(V (f1 , ..., fs )) ⇐⇒ f m ∈ hf1 , ..., fs i
for some integer m ≥ 1. Here I(V ) denotes the ideal of a variety which is defined as follows:
I(V ) = {f ∈ k[x1 , ..., xn ]|f (a1 , ..., an ) = 0 for all (a1 , ..., an ) ∈ V }.
Observe that I(V ) is also an ideal itself ([4], chapter 1).
We already stated before that a theorem is geometrically true if and only if the thesis variety T is contained
in the hypotheses variety H. In fact, we can now state the following theorem (from [3]):
Theorem 2.3. The following statements are equivalent:
(a) a theorem T defined by hypothesis variety H and thesis variety T is geometrically true.
p
(b) t ∈ hh1 , ..., hn i in k[u, x].
(c) 1 ∈ hh1 , ..., hn , tz − 1i in k[u, x, z] where z is a new variable in k.
Because this theorem is very important for the result we want to obtain, we will include a short proof of this
theorem, which is inspired by the proof of a proposition in ([4], chapter 1).
Proof. (a) ⇐⇒ (b) follows from Hilbert’s Nullstellensatz. We will show (b) ⇐⇒ (c).
p
“⇒” Suppose t ∈ hh1 , ..., hn i. This means that tm ∈ hh1 , ..., hn i ⊆ hh1 , ..., hp , tz − 1i for some positive
integer m. Clearly, tz − 1 ∈ hh1 , ..., hp , tz − 1i as well. Now we can write
1 = tm z m + (1 − tm z m ) = z m · tm + (1 + tz + ... + tm−1 z m−1 )(1 − tz)
which yields that 1 ∈ hh1 , ..., hn , tz − 1i.
“⇐” Suppose 1 ∈ hh1 , ..., hn , tz − 1i. This means we can write
1 = c1 (x, u, z)h1 + ... + cn (x, u, z)hn + q(x, u, z)(1 − tz)

(6)

with ci , q ∈ k[x, u, z]. Now set z = 1t . Then substituting this in (6) gives
1
1
1 = c1 (x, u, )h1 + ... + cn (x, u, )hn .
t
t
Note that now the ci ∈ k[x, u, 1t ]. Multiply both sides with tm (with m sufficiently large to clear all
the denominators) to obtain
tm = p1 h1 + ... + pn hn
p
where pi ∈ k[x1 , ..., xn ]. So we have that tm ∈ hh1 , ..., hn i ⇒ t ∈
hh1 , ..., hn i which proves the
theorem.

Now that we have this theorem, we still need a way to show that the thesis is an element of the hypotheses
ideal (part (b) of theorem 2.3) or that 1 ∈ hh1 , ..., hn , tz − 1i (part (c) of theorem 2.3). For this, we will use
Gröbner bases, which we will explain in the next section.
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GRÖBNER BASES

Gröbner bases

In the previous section we found two algebraic ways to show that a theorem is geometrically true. In the case
of the triangle midpoint theorem, the ‘easy’ polynomials allowed us to obtain the result manually. However,
it will not always be that simple. Imagine that we are working in a higher dimensional space and we want to
prove a theorem. One can imagine that the number of variables and hypothesis polynomials will grow and
it will not be possible anymore to do the algebraic computations by hand. We will want to use a computer
to do these computations, but in order to do that, we need a structured method. This method, as already
mentioned before, will be using Gröbner bases. In order to understand the meaning and relevance of a
Gröbner basis, we first need to introduce an ordering of terms on polynomials.

3.1

The leading term of a polynomial

We will see later that Gröbner bases rely on the leading terms of the polynomials in an ideal. We can easily
define the leading term of a polynomial in one variable. We will use the definition from ([4], chapter 2).
Definition 3.1. (Leading term) Given a nonzero polynomial f ∈ k[x], let
f = c0 xm + c1 xm−1 + ... + cm ,
where ci ∈ k and c0 6= 0. Then we say that c0 xm is the leading term of f (Notation: LT(f ) = c0 xm ).
In other words, the leading term of a polynomial in one variable x is the term with the highest exponent of
x.
Example 3.1. For a polynomial in one variable, we have the ordering: 1 < x < x2 < x3 < ....
So for f = 3x3 + x2 − 1 we have that LT(f ) = 3x3 .
The definition of a leading term in one variable is quite straightforward and very intuitive. However, we will
usually work with polynomials in more than one variable. There are several logical (monomial) orderings
possible, as we will illustrate in an example.
Example 3.2. Let f = 5x3 y 2 + 2x2 y + x2 y 4 + xyz − 1. Now we might wonder how we should choose
the leading term of this polynomial. We could say LT(f ) = 5x3 y 2 since this is the term where x has the
highest power (and alphabetically, x > y). Or we could choose LT(f ) = x2 y 4 since it has the higest total
sum of exponents. We could even argue that LT(f ) = xyz since it is the term containing the highest
number of variables.
The example above shows that there are many ways to order the terms in a polynomial such that one term
is ‘bigger’ than another. Usually, this is denoted by the symbol ‘>’. The monomial ordering that is most
commonly used, and will be used in this paper as well, is the lexicographic ordering. It is defined by ([4],
chapter 2) as follows.
αn
1
Definition 3.2. (Lexicographic order) Let xα be the monomial xα = xα
1 · · · xn . We can reconstruct this
monomial from the n-tuple of exponents α = (α1 , ..., αn ) ∈ Zn≥0 . We say α > β if the leftmost nonzero entry
of the vector difference α − β ∈ Zn is positive. We will write xα > xβ if α > β.

Observe that we also introduce the ordering x1 > ... > xn . Usually, we will use different letters to indicate
variables and we will then use their alphabetic order, such that x > y > z.
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Example 3.3. We will illustrate the lexicographic ordering by two examples:
• Let xy 2 and y 3 z 4 be two terms in a polynomial. We can write α = (1, 2, 0) and β = (0, 3, 4), and
therefore α − β = (1, −1, −4). Since the leftmost entry is 1 > 0, we can say that xy 2 > y 3 + y 4 .
• Let 2x3 y 2 z 4 and 5x3 y 2 z be two terms in a polynomial. We can write α = (3, 2, 4) and β = (3, 2, 1)
and therefore α − β = (0, 0, 3). Since the leftmost nonzero entry in this case is 3, we have that
2x3 y 2 x4 > 5x3 y 2 z. Note that constants are not taken into account in the lexicographic ordering.
Now that we have defined the lexicographic ordering, we can define the leading term of a polynomial in
more than one variable. We also need a few different notions which are all defined below. We again use the
definition from ([4], chapter 2).
P
Definition 3.3. Let f = α aα xα be a nonzero polynomial in k[x1 , ..., xn ] and let > be a monomial order.
(i) The multidegree of f is
multideg(f ) = max(α ∈ Zn≥0 |aα 6= 0)
where the maximum is taken with respect to >.
(ii) The leading coefficient of f is
LC(f ) = amultideg(f ) ∈ k.
(iii) The leading monomial of f is
LM(f ) = xmultideg(f ) .
(iv) The leading term of f is
LT(f ) = LC(f ) · LM(f ).
To illustrate the meaning of these concepts, we will look at an example.
Example 3.4. Let f = 4xy 2 z + 4z 2 − 5x3 + 7x2 z 2 . We have the following n-tuples α: (1, 2, 1),
(0, 0, 2), (3, 0, 0) and (2, 0, 2). The maximal α with respect to lexicographic ordering is (3, 0, 0), such
that multideg(f )= (3, 0, 0). The leading term of f is therefore LT(f ) = −5x3 . And in decreasing order,
we would write f as f = −5x3 + 7x2 z 2 + 4xy 2 z + 4z 2 .
We are now able to identify the leading terms of polynomials. Before we can say anything about Gröbner
bases, we still need to define the ideal of leading terms as follows (from ([4], chapter 2)).
Definition 3.4. Let I ⊆ k[x1 , ..., xn ] be an ideal and fix a monomial ordering on k[x1 , ..., xn ]. Then:
(i) We denote by LT(I) the set of leading terms of nonzero elements of I. Thus
LT(I) = {cxα | there exists f ∈ I\{0} with LT(f ) = cxα }.
(ii) We denote by hLT(I)i the ideal generated by the elements of LT(I).
We should note that for I = hf1 , ..., fn i, the ideals hLT(f1 ), ..., LT(fn )i and hLT(I)i might be different ideals!
hLT(f1 ), ..., LT(fn )i ⊆ hLT(I)i, but hLT(I)i will sometimes be strictly larger. We will illustrate this in an
example.
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Example 3.5. Let I = hx22 − x1 , x2 i. We use the lexicographic ordering on k[x1 , x2 ]. We can write
x1 = x2 · x2 − 1 · (x22 − x1 ) ∈ I.
Since x1 = LT(x1 ), we have x1 ∈ hLT(I)i. However, x1 ∈
/ hx22 , x2 i where x22 and x2 are the leading terms
of x22 − x1 and x2 respectively.
Hilbert’s basis theorem states that every ideal I ⊆ k[x1 , ..., xn ] has a finite generating set. In other words,
I = hg1 , ..., gt i for some g1 , ..., gt ∈ I ([4], chapter 2). We can use this theorem to conclude that the ideal of
leading terms also has a finite generating set. This finite generating set is also known as a Gröbner basis of
an ideal, which we will use for our algebraic proving methods.

3.2

Gröbner bases and their properties

We will start by defining the definition of a Gröbner basis, using the definition from ([4], chapter 2).
Definition 3.5. (Gröbner basis) Fix a monomial order on k[x1 , ..., xn ]. A finite subset G = {g1 , ..., gt } of an
ideal I ⊆ k[x1 , ..., xn ] different from {0} is said to be a Gröbner basis of I if
hLT(g1 ), ..., LT(gt )i = hLT(I)i.

Example 3.6. Recall the ideal from example 3.5. We showed that {x22 − x1 , x2 } was not a Gröbner
basis for I. A Gröbner basis would be {x1 , x2 } since this satisfies the property.
In general, we will find that Gröbner bases are not unique. Since this is a desired property, we need to
define a special Gröbner basis, namely the reduced Gröbner basis. The Gröbner bases computed by most
computer algebra systems will typically be the reduced Gröbner bases. We will use the definition provided
by ([4], chapter 2).
Definition 3.6. (Reduced Gröbner basis) A reduced Gröbner basis for a polynomial ideal I is a Gröbner
basis G for I such that:
(i) LC(g) = 1 for all g ∈ G
(ii) For all g ∈ G, no monomial of g lies in hLT(G\{g})i.
Notation: RGB(I).
The reduced Gröbner basis is in fact unique (for a given monomial ordering) which allows us to compute if
two sets of polynomials {f1 , ..., fs } and {g1 , ..., gt } generate the same ideal. In order to do that, we compute
the reduced Gröbner basis for hf1 , ..., fs i and hg1 , ..., gt i. Then the ideals are equal if and only if their reduced
Gröbner bases are the same. We state the following theorem from ([4], chapter 2).
Theorem 3.1. I = I + hf i ⇐⇒ RGB(I) = RGB(I + hf i) ⇐⇒ f ∈ I.
This theorem also allows us to determine if a polynomial f is an element of a certain ideal I, which will be
very useful for the geometric proving that we want to do.
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Example 3.7. We use again the same ideal as in example 3.5. We already showed that x1 ∈ I, but
we will now show the same by using the reduced Gröbner basis. We use the computer algebra system
Mathematica [1] to compute the reduced Gröbner basis. This yields
RGB(x22 − x1 , x2 ) = {x1 , x2 }
and
RGB(x22 − x1 , x2 , x1 ) = {x1 , x2 }.
We can see that the reduced Gröbner bases are the same, meaning that indeed x1 ∈ I.
Now that we have explained the basics of Gröbner bases, we need to understand what this means for our
algebraic proving methods. Recall from theorem 2.3 that a theorem is geometrically true if and only if the
thesis is a member of the hypotheses ideal. Using the theorem above, this means that we need to check if
the reduced Gröbner bases of the hypotheses ideal remains the same if we add the thesis. Let’s check this
for the triangle midpoint theorem.
Example 3.8. We will state again the polynomials that we use for this theorem:
h1 = 2x1 − u2 ,
h2 = 2x2 − u3 ,
h3 = 2x3 − u1 − u2 ,
h4 = 2x4 − u3 ,
t 1 = x4 − x2 ,
1
t2 = (x3 − x1 )2 + (x4 − x2 )2 − u21 .
4
We can now compute the Gröbner bases, and we obtain:
RGB(h1 , h2 , h3 , h4 ) = {−u3 + 2x4 , −u1 − u2 + 2x3 , −u3 + 2x2 , −u2 + 2x1 },
RGB(h1 , h2 , h3 , h4 , t1 ) = {−u3 + 2x4 , −u1 − u2 + 2x3 , −u3 + 2x2 , −u2 + 2x1 }
and
RGB(h1 , h2 , h3 , h4 , t2 ) = {−u3 + 2x4 , −u1 − u2 + 2x3 , −u3 + 2x2 , −u2 + 2x1 }.
These Gröbner bases are indeed the same, as we would have expected.
The other way that we found in theorem 2.3 to show that a theorem is geometrically correct, was to show
that 1 ∈ hh1 , ..., hn , tz − 1i. Again we can use the reduced Gröbner basis to do this. We will show this result
as well for the triangle midpoint theorem.
Example 3.9. We want to show that 1 ∈ hh1 , h2 , h3 , h4 , t1 z − 1i and 1 ∈ hh1 , h2 , h3 , h4 , t2 z − 1i. We
compute the Gröbner bases for the ideals, and obtain
RGB(h1 , h2 , h3 , h4 , t1 z − 1) = {1}
and
RGB(h1 , h2 , h3 , h4 , t2 z − 1) = {1}.
which gives us the desired result.
We will generally use this last result and we will formulate this as a theorem.
Theorem 3.2. RGB(h1 , ..., hp , tz − 1) = {1} if and only if the theorem defined by hypothesis polynomials
h1 , ..., hn and thesis polynomial t is geometrically true.
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This theorem follows directly from theorem 2.3 and theorem 3.1. Observe that we now have found what
we wanted, a systematic way to prove a geometrical theorem by using algebra. There are many different
computer algebra systems which contain a command to compute Gröbner bases. The notation of ‘Gröbner’
in those computer systems can sometimes be ‘Groebner’. A Gröbner basis can be computed by Buchberger’s
algorithm, which is commonly used in computer algebra systems. We will not include a description of this
algorithm since our goal does not require Gröbner bases computations by hand. We refer to ([4], chapter
2) for a full explanation of Gröbner bases and Buchberger’s algorithm to compute a Gröbner basis. In
general, we will use the computer algebra system Mathematica [1] to do our Gröbner bases computations.
The commands are sometimes also included if we consider it relevant. To get used to the Gröbner basis
method of algebraic geometry proving, the next section will contain some theorems which are proved using
the Gröbner basis method.
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The Gröbner basis method for algebraic geometry proving

In this section we will prove some theorems on triangles (in 2D) and tetrahedrons (in 3D) to illustrate and
get used to the Gröbner basis method for algebraic proving.

4.1

Some theorems about triangles

The first theorem that we want to prove is a theorem about the perpendicular bisectors of a triangle.
Theorem 4.1. The perpendicular bisectors of a triangle meet in one point.
Proof. Let A, B and C be the vertices of a triangle in the plane. Let D, E and F be the midpoints of
the triangle edges (see figure 5). We choose coordinates such that A is located in the origin and B on
the x-axis. We obtain the following coordinates: A = (0, 0), B = (u1 , 0), C = (u2 , u3 ), D = ( 12 u1 , 0),
E = ( 21 (u2 + u1 ), 12 u3 ) and F = ( 12 u2 , 21 u3 ), where u1 , u2 , u3 ∈ R. Let I = (x1 , x2 ) be the intersection point
of the perpendicular bisectors of AB and BC.

Figure 5: Triangle ABC with perpendicular bisectors
Since I lies on the perpendicular bisectors of AB and BC, we know that ID ⊥ AB and IE ⊥ BC. We can
therefore formulate our hypothesis polynomials as follows.
1
1
h1 = (x1 − u1 ) · u1
2
2
1
1
1
h2 = ( u2 + u1 − x1 ) · (u1 − u2 ) − ( u3 − x2 ) · u3
2
2
2

(ID ⊥ AB)
(EI ⊥ BC).

We need to prove that I lies on the perpendicular bisector of AC. We can thus formulate our thesis polynomial
as:
1
1
t = (x1 − u2 ) · u2 − ( u3 − x2 ) · u3
2
2

(IF ⊥ AC).

Now we can verify if this theorem is geometrically true, by computing the Gröbner basis of hh1 , h2 , tz − 1i.
We define the hypotheses and thesis polynomials in our computer algebra system Mathematica [1], and let
the program compute the Gröbner basis. The figure below shows the Mathematica [1] commands that are
used for this computation.
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In[1]:= h1 := (x1 - (1/2)*u1)*u1
In[2]:= h2 := ((1/2) u2 + (1/2) u1 - x1) (u1 - u2) - ((1/2) u3 - x2)*u3
In[3]:= t := (x1 - (1/2) u2) u2 - ((1/2) u3 - x2) u3
In[4]:= GroebnerBasis[{h1, h2, t*z - 1}, {z, u1, u2, u3, x1, x2}]
Out[4]= {1}
We can see that the Gröbner basis is equal to {1} and this proves the theorem. By theorem 2.3 we know
that we can actually write the thesis as a polynomial combination of the hypotheses, and we can check this
property with Mathematica [1] as well using the command PolynomialReduce. We find that we can write t
as
t = h2 − h1 ,
which is actually a very easy combination. Observe that this theorem could therefore also easily be proved
in the same way as we did in section 1.1.
The next theorem that we are going to prove is the theorem on the medians of a triangle.
Theorem 4.2. The three medians of a triangle meet in one point.
Proof. Let A, B and C be the vertices of a triangle in the plane. Let D, E and F be the midpoints of the
triangle edges.
We choose coordinates such that A is located in the origin and B on the x-axis. We obtain the following
coordinates: A = (0, 0), B = (u1 , 0), C = (u2 , u3 ), D = ( 12 u1 , 0), E = ( 12 (u2 + u1 ), 21 u3 ) and F = ( 12 u2 , 12 u3 ),
where u1 , u2 , u3 ∈ R.
Now let I = (x1 , x2 ) be the intersection point of the medians AE and CD.

Figure 6: Triangle ABC with medians
We have that I lies on AE and by using the criterion stated in section 2, we can thus use that AI k IE.
In the same way, we can use the property that I lies on CD. Our hypotheses polynomials can therefore be
formulated as follows.
1
1
h1 = x2 ( (u1 + u2 ) − x1 ) − ( u3 − x2 )x1
2
2
1
h2 = (x2 − u3 )( u1 − x1 ) + x2 (x1 − u2 )
2

(I on AE ⇒ AI k IE)
(I on CD ⇒ CI k ID).

Since we want to prove that I lies on the median BF as well, we have the following thesis polynomial:
1
1
t = x2 ( u2 − x1 ) − ( u3 − x2 )(x1 − u1 )
2
2

(I on BF ⇒ BI k IF ).

Now we can calculate the Gröbner basis of hh1 , h2 , tz − 1i by using Mathematica [1]:
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In[1]:= h1 := x2 ((1/2) (u1 + u2) - x1) - ((1/2) u3 - x2) x1
In[2]:= h2 := (x2 - u3) ((1/2) u1 - x1) + x2 (x1 - u2)
In[3]:= t := x2 ((1/2) u2 - x1) - ((1/2) u3 - x2) (x1 - u1)
In[4]:= GroebnerBasis[{h1, h2, t*z - 1}, {z, x1, x2, u1, u2, u3}]
Out[4]= {1}
and we find that it is equal to {1}, which proves the theorem.
Again, we can check if we can write the thesis polynomial as a polynomial combination of the hypothesis
polynomials. We find that this is indeed the case since and we have that
t = −h1 − h2 .

The last theorem on triangles that we are going to prove is the theorem about the altitudes of a triangle.
Theorem 4.3. The three altitudes of a triangle meet in one point.
Proof. Let A, B and C be the vertices of a triangle in the plane. We choose coordinates such that A is
located in the origin and B on the x-axis. We obtain the following coordinates: A = (0, 0), B = (u1 , 0) and
C = (u2 , u3 ), where u1 , u2 , u3 ∈ R.
Now let I = (x1 , x2 ) be the intersection point of the altitudes through vertex A and through vertex B.

Figure 7: Triangle ABC with altitudes
Since I is on the altitude of vertex A, we know that AI ⊥ BC and since I is on the altitude of vertex B, we
know that BI ⊥ AC. We can thus formulate our hypothesis polynomials as follows:
h1 = x1 (u2 − u1 ) + x2 · u3

(AI ⊥ BC)

h2 = (x1 − u1 )u2 + x2 · u3

(BI ⊥ AC).

We want to prove that I is also on the altitude of vertex C, which gives us the following thesis polynomial:
t = (x1 − u2 )u1

(CI ⊥ AB).

Now we can calculate the Gröbner basis of hh1 , h2 , tz − 1i by using Mathematica [1] in the same way as we
did in the previous cases. We find that the Gröbner basis is equal to {1}, which proves the theorem.
Again, we can check if we can write the thesis polynomial as a polynomial combination of the hypothesis
polynomials. We find that this is indeed the case since
t = h2 − h1 .
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The Gröbner basis method in 3D: Tetrahedrons

Now that we have seen that it is possible to prove theorems for configurations in 2D, one might wonder
if this method also works in spaces of more than two dimensions, and in particular in 3D. In the previous
section, we proved a few theorems about triangles. Analogously, we will now try to prove some theorems
about tetrahedrons. We first want to prove that the medians of a tetrahedron meet in one point. Before we
are able to do that, we need to clarify the definition of the median of a tetrahedron and the median plane.
Definition 4.1. (Median Plane) A median plane of a tetrahedron is a plane connecting the midpoint of an
edge to the opposite edge. Each vertex has three median planes which pass trough that vertex [8].
Now we can define the notion of a median of a tetrahedron.
Definition 4.2. (Median) A median of the tetrahedron is a line joining a vertex to the centroid of the
opposite plane [8].
We will now prove the theorem about the medians of a tetrahedron.
Theorem 4.4. The four medians of a tetrahedron meet in one point.
Proof. Let ABCD be an orthocentric tetrahedron. We choose A in the origin, B on the x-axis and C in the
x, y plane. We now assign coordinates to this orthocentric tetrahedron as follows:
A(0, 0, 0), B(u1 , 0, 0), C(u2 , u3 , 0) and D(u4 , u5 , u6 ). Let ZABC be the centroid of triangle ABC, and ZABD ,
ZACD , ZBCD be the centroids of the other triangular planes in the tetrahedron. The coordinates of these
centroids are then as follows: AABC = ( 13 u2 , 13 u1 + 31 u3 , 0), ZABD = ( 13 u4 , 31 u1 + 13 u5 , 13 u6 ), ZACD = ( 13 u2 +
1
1
1
1
1
1
1
1
1
1
3 u4 , 3 u3 + 3 u5 , 3 u6 ) and ZBCD = ( 3 u2 + 3 u4 , 3 u1 + 3 u3 + 3 u5 , 3 u6 ). The figure below shows such a
tetrahedron.

Figure 8: Tetrahedron ABCD with centroids and medians
By definition, the medians of the vertices A and B lie in the median plane through AB and since they are
not parallel, we know that they intersect [8]. Let X = (x1 , x2 , x3 ) be the point of intersection of the medians
of vertices A and B. We then know that X lies on AZBCD and X lies on BZACD . Recall from section 2
that we can then use that the cross products of the direction vectors is equal to zero.
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This gives us the following hypothesis polynomials:
h1 = x2 (u6 − 3x3 ) − x3 (u3 + u5 − 3x2 )

(AX k XZBCD )

h2 = x3 (u1 + u2 + u4 − 3x1 ) − x1 (u6 − 3x3 )

(AX k XZBCD )

h3 = x1 (u3 + u5 − 3x2 ) − x2 (u1 + u2 + u4 − 3x1 )

(AX k XZBCD )

h4 = x2 (u6 − 3x3 ) − x3 (u3 + u5 − 3x2 )

(BX k XZACD )

h5 = x3 (u2 + u4 − 3x1 ) − (x1 − u1 )(u6 − 3x3 )

(BX k XZACD )

h6 = (x1 − u1 )(u3 + u5 − 3x2 ) − x2 (u2 + u4 − 3x1 )

(BX k XZACD ).

We want to prove that all the medians are concurrent, so we still need to have that X is on the medians of
vertices C and D. We can formulate this as the thesis polynomials:
t1 = (x2 − u3 )(u6 − 3x3 ) − x3 (u5 − 3x2 )

(CX k XZABD )

t2 = x3 (u1 + u4 − 3x1 ) − (x1 − u2 )(u6 − 3x3 )

(CX k XZABD )

t3 = (x1 − u2 )(u5 − 3x2 ) − (x2 − u3 )(u1 + u4 − 3x1 )

(CX k XZABD )

t4 = (x2 − u5 ) · −3x3 − (x3 − u6 )(u3 − 3x2 )

(DX k XZABC )

t5 = (x3 − u4 )(u1 + u2 − 3x1 ) − (x1 − u4 ) · −3x3

(DX k XZABC )

t6 = (x1 − u4 )(u3 − 3x2 ) − (x2 − u5 )(u1 + u2 − 3x1 )

(DX k XZABC ).

Now we have all the ingredients to prove the result. Observe that our theorem is now defined by more
than one thesis polynomial. We know that if the hypotheses variety is contained in the thesis variety of
t1 , then thesis t1 is true. We can check this for each thesis separately by computing the Gröbner basis of
hh1 , ..., h6 , ti ∗ z − 1i for each thesis ti . However, if the hypotheses variety is contained in the thesis variety
of t1 , as well as the thesis variety of t2 , and so on for all ti , we also have that the hypotheses variety is
contained in the thesis variety of the ideal generated by all the ti . We can therefore verify the correctness of
the theorem all at once by computing the Gröbner bases of
hh1 , h2 , h3 , h4 , h5 , h6 , t1 z1 − 1, t2 z2 − 1, t3 z3 − 1, t4 z4 − 1, t5 z5 − 1, t6 z6 − 1i.
We plug in all our theses and hypotheses in Mathematica [1] and let the program compute the Gröbner
basis.
In[1]:= h1 := x2 (u6 - 3 x3) - x3 (u3 + u5 - 3 x2)
In[2]:= h2 := x3 (u1 + u2 + u4 - 3 x1) - x1 (u6 - 3 x3)
In[3]:= h3 := x1 (u3 + u5 - 3 x2) - x2 (u1 + u2 + u4 - 3 x1)
In[4]:= h4 := x2 (u6 - 3 x3) - x3 (u3 + u5 - 3 x2)
In[5]:= h5 := x3 (u2 + u4 - 3 x1) - (x1 - u1) (u6 - 3 x3)
In[6]:= h6 := (x1 - u1) (u3 + u5 - 3 x2) - x2 (u2 + u4 - 3 x1)
In[7]:= t1 := (x2 - u3) (u6 - 3 x3) - x3 (u5 - 3 x2)
In[8]:= t2 := x3 (u1 + u4 - 3 x1) - (x1 - u2) (u6 - 3 x3)
In[9]:= t3 := (x1 - u2) (u5 - 3 x2) - (x2 - u3) (u1 + u4 - 3 x1)
In[10]:= t4 := (x2 - u5)*-3 x3 - (x3 - u6) (u3 - 3 x2)
In[11]:= t5 := (x3 - u4) (u1 + u2 - 3 x1) - (x1 - u4)*-3 x3
In[12]:= t6 := (x1 - u4) (u3 - 3 x2) - (x2 - u5) (u1 + u2 - 3 x1)
In[13]:= vars := {u1, u2, u3, u4, u5, u6, x1, x2, x3, z1, z2, z3, z4, z5, z6}
In[14]:= GroebnerBasis[{h1, h2, h3, h4, h5, h6, t1*z1 - 1, t2*z2 - 1, t3*z3 - 1,
t4*z4 - 1, t5*z5 - 1, t6*z6 - 1}, vars]
Out[14]= {z3 + z6, z1 + z4, u1, u2^2 z2 + u2 u4 z2 - 4 u2 x1 z2 - u2 x1 z5 + ...}
As we can see, this does not give the desired result. Mathematica [1] returns a very large set of polynomials
as a Gröbner basis (the full output is not displayed). This would mean that the theorem is not geometrically
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true. However, we know that this theorem is true. We therefore need to find the reason that the Gröbner
basis is not equal to {1} as we would expect. Recall from 2.1 that we added two conditions to ensure that
the three vertices would really form a triangle. These conditions are called nondegeneracy conditions
and are further explained in section 5. Apparently, we also need to add a nondegeneracy condition for the
theorem that we want to prove now. If we add the condition that u1 6= 0, we find that the Gröbner basis is
in fact equal to {1}, which proves the theorem. Why we implement this condition in the way we do in the
Mathematica [1] commands below, will also be explained in the next section.
In[15]:= variables := {u1, u2, u3, u4, u5, u6, x1, x2, x3, z1, z2, z3, z4, z5, z6, k}
In[16]:= GroebnerBasis[{h1, h2, h3, h4, h5, h6, t1*z1 - 1, t2*z2 - 1, t3*z3 - 1,
t4*z4 - 1, t5*z5 - 1, t6*z6 - 1, u1*k - 1}, variables]
Out[16]= {1}
So we find that the theorem is true, under the condition that u1 6= 0, meaning that B cannot be located in
the origin. Note that this will result in a degenerate tetrahedron, since A and B will then be located in the
same point.
Before we can move on to proving a theorem about the altitudes of a tetrahedron, we need to clarify the
nondegeneracy conditions which we encountered in the theorem about medians. In the next section, we will
extend our method of algebraic geometry proving by introducing conditions and extra hypotheses. These
extra hypotheses are in fact also needed for saying anything about the altitudes of a tetrahedron, since the
altitudes of a tetrahedron are in general not always concurrent.
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Finding conditions and hypotheses

When trying to prove the theorem about the medians of a tetrahedron (theorem 4.4), we found that we
needed to impose a nondegeneracy condition in order for the theorem to be geometrically true. In this
case, it was easy to see that this was the condition needed to ensure that the vertices formed a tetrahedron.
However, sometimes we still need to ‘find’ these conditions to make sure that our Gröbner basis will equal
{1}. In this section we will explore how this can be done and also how we can find extra hypotheses which
are sometimes needed to prove a theorem.

5.1

Including nondegeneracy conditions

Recall that a theorem is geometrically true if the hypotheses variety H is contained in the thesis variety T .
Some degenerate cases may satisfy the algebraic hypotheses, although the theorem is not true for these cases.
This will cause that the hypotheses variety is not contained in the thesis variety. However, it can be the
case that a smaller set H\V (p) is contained in T , for some polynomial p. This polynomial, will be called a
nondegeneracy condition and will be defined as follows (from [3]).
Definition 5.1. (Nondegeneracy condition). A nondegeneracy condition for a geometry theorem is a polynomial c ∈ k[u, x] such that the theorem is geometrically true under the condition c 6= 0, where u, x represents
all the variables present in the hypotheses and theses.
We can now define a new variety, namely the hypotheses and conditions variety Hc as
Hc = V (h1 , ..., hn , ck − 1)
where k is a new variable, and we can say that a theorem is geometrically true if Hc is contained in T [3].
We can now formulate a new version of theorem 2.3:
Theorem 5.1. The following statements are equivalent:
(a) a theorem T defined by hypothesis variety H and thesis variety T is geometrically true under the
condition that c 6= 0.
p
(b) t ∈ hh1 , ..., hn , ck − 1i in k[u, x, k].
(c) 1 ∈ hh1 , ..., hn , ck − 1, tz − 1i in k[u, x, k, z].
The proof is similar to the proof of theorem 2.3. We already saw in theorem 4.4 how we can use this to prove
a theorem. In that case, we just tried some nondegeneracy condition which seemed logical and checked if the
theorem would be true under that condition. There is however, a way to find those nondegeneracy conditions
by using the Gröbner basis.

5.2

Finding nondegeneracy conditions

We know that polynomial configurations for which the theorem holds are elements of the set hh1 , ..., hn , ti ∩
k[u, x]. In the same way the ideal hh1 , ..., hn , tz − 1i ∩ k[u, x] contains polynomials for which the theorem
is not true. We can conclude that a nondegeneracy condition c is in an element of this set. We have the
following theorem, as stated in [3].
Theorem 5.2. A polynomial c ∈ k[u, x] is a nondegeneracy condition for a geometry theorem if and only if
cl ∈ hh1 , ..., hn , tz − 1i ∩ k[u, x]
for some l ≥ 0.
We will call hh1 , ..., hn , tz − 1i ∩ k[u, x] the ideal of nondegeneracy conditions. However, not all elements
of this ideal are nondegeneracy conditions that we can use in geometric theorem proving. We need to
distinguish a few kinds of conditions as defined in [3].
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Definition 5.2. Let c ∈ k[u, x] be a condition for a geometry theorem.
p
(i) c is a trivial condition if c ∈ hh1 , ..., hn i.
(ii) Otherwise, c is a nontrivial condition and we distinguish two cases:
a) c is a relevant condition if 1 ∈
/ hh1 , ..., hn , ci.
b) c is an irrelevant condition if 1 ∈ hh1 , ..., hn , ci.
p
Observe that if c ∈ hh1 , ..., hn i (a trivial condition) then the set V contains H, resulting in the fact that
Hc = ∅ and any thesis follows from Hc ([3]). If 1 ∈ hh1 , ..., hn , ci (an irrelevant condition) then the set {c 6= 0}
contains H and Hc = H. To find nondegeneracy conditions, we will only be looking for relevant conditions.
From theorem 5.2 it follows that we can look for conditions in the radical of the ideal hh1 , ..., hn , tz − 1i.
However, it is much easier to search for elements in the ideal hh1 , ..., hn , tz − 1i itself. Since c 6= 0 ⇐⇒ cl 6= 0
we can indeed search for conditions among the elements of the ideal hh1 , ..., hn , tz − 1i. We can do this by
computing the Gröbner basis of this ideal, and eliminating z. Mathematica [1] has a nice command to do
this:
GroebnerBasis[{poly1,poly2,...},{x1,x2,...},{y1,y2,...}]
finds a Gröbner basis in which the yi have been eliminated.
p
Recall that we can discard all the trivial conditions c for which c ∈ hh1 , ..., hn i. We can check if a condition
is trivial by using the properties of Gröbner bases which we also use for proving geometric theorems. We
can also discard all irrelevant conditions by using the criteria from theorem 5.2. After verifying that c is a
relevant condition, we calculate the Gröbner basis of hh1 , ..., hn , ck − 1, tz − 1i and check if this equals {1}
to prove the theorem. We will illustrate this in an example, which is an exercise in [3]. We will prove the
following theorem on the diagonal of a square.
Theorem 5.3. Let OABC be a square. Let D and E be the midpoints of OA and AB respectively. The two
lines connecting C with D and E divide the diagonal OB into three segments of equal length.
Proof. We assign coordinates as follows: O(0, 0), A(u1 , 0), B(u1 , u1 ) and C(0, u1 ). Note that another possibility would be to use different variables for B and include hypotheses to ensure that OABC would be a
square, but naturally, we want to keep the amount of variables as low as possibles and choose these ‘smart’
coordinates. The coordinates of D and E are then given by D( 21 u1 , 0) and E(u1 , 12 u1 ). Let F and G be
the intersections of OB with CD and CE respectively. We can assign them the coordinates F (x1 , x2 ) and
G(x3 , x4 ). Observe that these are dependent variables since they can not be arbitrarily chosen. A figure of
the situation can be seen below.

Figure 9: Square OABC with diagonal OB
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We can formulate the following hypothesis polynomials, using the properties of the intersection points F and
G.
1
h1 = (x2 − u1 )( u1 − x1 ) + x1 x2
2
h2 = x2 (u1 − x1 ) − x1 (u1 − x2 )
1
h3 = (x4 − u1 )(u1 − x3 ) − x3 ( u1 − x4 )
2
h4 = x4 (u1 − x3 ) − x3 (u1 − x4 )

(F on CD ⇒ CF k F D)
(F on OB ⇒ OF k F B)
(G on CE ⇒ CG k GE)
(G on OB ⇒ OG k GB).

We want to prove that the line segments OF , F G and BG have equal lengths. We can therefore formulate
the following two thesis polynomials:
t1 = x21 + x22 − (x3 − x1 )2 − (x4 − x2 )2
t2 =

x21

+

x22

2

2

− (u1 − x3 ) − (u1 − x4 )

(|OF | = |F G|)
(|OF | = |GB|).

Now computing the Gröbner basis of hh1 , h2 , h3 , h4 , t1 · z1 − 1, t2 · z2 − 1i does not yield {1}. We will search
for a nondegeneracy condition by eliminating z from hh1 , h2 , h3 , h4 , t1 · z − 1i.
In[8]:= GroebnerBasis[{h1, h2, h3, h4, t1*z - 1}, {u1, x1, x2, x3, x4}, {z}]
Out[8]= {u1}
This implies that c1 = u1 6= 0 would be a nondegeneracy condition for the theorem. We need to check if this
condition is nontrivial and relevant and do that as follows:
In[9]:= GroebnerBasis[{h1, h2, h3, h4, u1*k - 1}, {u1, x1, x2, x3, x4, k}]
Out[9]= {-2 + 3 k x4, x3 - x4, 2 x2 - x4, 2 x1 - x4, 2 u1 - 3 x4}
In[10]:= GroebnerBasis[{h1, h2, h3, h4, u1}, {u1, x1, x2, x3, x4}]
Out[10]= {u1}
Since line [9] returns a Gröbner basis unequal to {1}, we know that c1 is a nontrivial condition. Line [10]
also returns a Gröbner basis unequal to {1}, so we also know that c1 is a relevant condition. We can do the
same for our second thesis, t2 :
In[14]:= GroebnerBasis[{h1, h2, h3, h4, t2*z - 1}, {u1, x1, x2, x3, x4}, {z}]
Out[14]= {u1 x3 - u1 x4, 2 u1 x2 - u1 x4, 2 u1 x1 - u1 x4, 2 u1^2 - 3 u1 x4}
This gives us 4 possible conditions:
c2 = u1 x3 − u1 x4
c3 = 2u1 x2 − u1 x4
c4 = 2u1 x1 − u1 x4
c5 = 2u21 − 3u1 x4 .
We need to check for each condition if it is trivial and do this as follows.
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In[19]:= GroebnerBasis[{h1, h2, h3, h4, c2*k - 1}, {u1, x1, x2, x3, x4, k}]
Out[19]= {1}
In[20]:= GroebnerBasis[{h1, h2, h3, h4, c3*k - 1}, {u1, x1, x2, x3, x4, k}]
Out[20]= {1}
In[21]:= GroebnerBasis[{h1, h2, h3, h4, c4*k - 1}, {u1, x1, x2, x3, x4, k}]
Out[21]= {1}
In[22]:= GroebnerBasis[{h1, h2, h3, h4, c5*k - 1}, {u1, x1, x2, x3, x4, k}]
Out[22]= {1}
And we can see that all these conditions c2 , c3 , c4 and c5 are trivial. Recall that we did find a nontrivial
nondegeneracy condition for t1 , being u1 6= 0. We can therefore conclude that the theorem has one nondegeneracy condition, namely that u1 6= 0. This translates to the logical geometric statement that we can not
have a square with sides 0. We can also check if the theorem is true under this condition:
In[23]:= GroebnerBasis[{h1, h2, h3, h4, u1*k - 1, t1*z1 - 1, t2*z2 - 1},
{u1, x1, x2, x3, x4, z1, z2, k}]
Out[23]= {1}
As we can see, the Gröbner basis method returns that the theorem is indeed true under this condition, which
proves the theorem. Observe that the theorem could geometrically be true for a square with sides zero, but
we have algebraically only proven that the theorem is true for squares with sides unequal to zero.

5.3

Finding new hypotheses

So far, we have only proven theorems of which we know that they are true for a certain configuration and in
the previous section, we have found a way to find nondegeneracy conditions such that the theorem holds true.
However, if possible, we would also like to discover new theorems. We will start by finding new hypotheses
such that a certain statement might be true, but only in special cases. For example, we saw in theorem 4.4
that the medians of a tetrahedron are concurrent, just the same as in a triangle. However, this analogy is
not true for the altitudes. In a tetrahedron, the altitudes are not always concurrent. It has been proven that
this is the case in an orthocentric tetrahedron, which is a special kind of tetrahedron. One could wonder if
it would be possible to discover this condition by using the algebraic method which we have been using to
prove theorems. It seems that there is actually a way to do this, and it has already been explored by [3]. We
will first try to understand and explore this method further, before we are going to find this extra hypothesis
for the altitudes of a tetrahedron.
We want to find the cases for which both the hypotheses and theses are true. These ‘cases’ are contained
in the ideal hh1 , ..., hn , ti, so we should look for new hypotheses in this ideal. However, we should specify
a bit more, since we want to find hypotheses on the independent variables only. We should therefore look
for hypotheses in the ideal hh1 , ..., hn , ti ∩ k[u] (recall that u = (u1 , ..., un ) denotes the set of independent
variables on the hypotheses variety). At this point, we need a new theorem, which we take from [3]:
Theorem 5.4. The following statements are equivalent:
a) hh1 , ..., hn , ti ∩ k[u] 6= h0i.
b) t vanishes on none of the irreducible components of the hypotheses variety H where the variables u are
independent. (A nonconstant polynomial f is said to be irreducible if it has the property that whenever
f = g · h for some polynomials g and h, then either g or h is a constant [4], chapter 4).
c) The theorem defined by hypothesis polynomials h1 , ..., hn and thesis polynomial t is generically false.
We say that a theorem is generically false when it is not geometrically true. This means however, that there
might be special cases for which the theorem is, in fact, true.
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We can find these special cases in the form of hypotheses, which have to be in the ideal hh1 , ..., hn , ti ∩ k[u]
as already stated before. The approach will be to compute the Gröbner basis of hh1 , ..., hn , ti and eliminate
the dependent variables. This will give us a set of possible hypotheses. Adding these hypotheses to the set
of hypotheses, will yield a strictly larger hypotheses ideal and thus, a strictly smaller hypotheses variety. We
can therefore check if this new hypotheses variety is contained in the thesis variety, even though the original
hypotheses variety is not. This would mean that the theorem is, in fact, true, but only when this extra
hypothesis is added. Note that it is still possible that there are degenerate cases which satisfy the algebraic
hypotheses, so we might still need to check for nondegeneracy conditions. We will illustrate this, again, in
an example and we will follow the example from [3]. We will try to prove a theorem on the diagonals of a
parallelogram and we hope to find hypotheses on parallelograms under which the theorem is true.
Theorem 5.5. In any parallelogram, the diagonals intersect at a right angle.
Despite the fact that we know that this theorem is false, we will try to ‘prove’ it.
Proof. Let OABC be a parallelogram with vertices O(0, 0), A(u1 , 0), B(x1 , x2 ) and C(u2 , u3 ) as in the figure
below.

Figure 10: parallelogram OABC with diagonals OB and BC
Note that since it is a parallelogram, we cannot choose all the vertices at random, If O, A and C are set,
then B is as well. We can formulate the following hypothesis polynomials:
h1 := u1 (x2 − u3 )

(OA k BC)

h2 := u3 (x1 − u1 ) − x2 u2

(OC k AB)

and our thesis polynomial will be
t := x1 (u2 − u1 ) + x2 u3

(OB ⊥ AC).

Calculating the Gröbner basis does not yield {1}, just as we expected. First we will try to find nondegeneracy
conditions:
In[5]:= GroebnerBasis[{h1, h2, t*z - 1}, {x1, x2, u1, u2, u3}, {z}]
Out[5]= {-u1 u3 + u1 x2, -u1 u3 + u3 x1 - u2 x2}
In[6]:= GroebnerBasis[{h1, h2, (-u1 u3 + u1 x2)*z - 1}, {z, x1, x2, u1, u2, u3}]
Out[6]= {1}
In[7]:= GroebnerBasis[{h1, h2, (-u1 u3 + u3 x1 - u2 x2)*z - 1},
{z, x1, x2, u1, u2, u3}]
Out[7]= {1}
We find that both possible conditions are trivial. We can check if the theorem is generically false.
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In[8]:= GroebnerBasis[{h1, h2, t*z - 1}, {u1, u2, u3}, {z, x1, x2}]
Out[8]= {}
And we find that this is indeed the case. Now we can look for hypotheses in the ideal hh1 , ..., hn , ti, calculating
the Gröbner basis and eliminating all dependent variables.
In[9]:= GroebnerBasis[{h1, h2, t}, {u1, u2, u3}, {x1, x2}]
Out[9]= {u1^3 u3 - u1 u2^2 u3 - u1 u3^3}
We find the possible hypothesis: h3 := u31 u3 − u1 u22 u3 − u1 u33 = 0. Now we can check if the thorem holds
with this extra hypothesis by computing the Gröbner basis.
In[10]:= h3 := u1^3 u3 - u1 u2^2 u3 - u1 u3^3
In[11]:= GroebnerBasis[{h1, h2, h3, t*z - 1}, {z, x1, x2, u1, u2, u3}]
Out[11]= {u1 u3, u1 x2, u3 x1 - u2 x2, -u3 + u2^2 x2 z + u3^2 x2 z, 1 + u1 x1 z
- u2 x1 z - u3 x2 z, -x2 + u2 x1 x2 z + u3 x2^2 z}
Unfortunately, this Gröbner basis does not yield {1} as desired. However, we can still look for nondegeneracy
conditions.
In[12]:= GroebnerBasis[{h1, h2, h3, t*z - 1}, {u1, u2, u3}, {z, x1, x2}]
Out[12]= {u1 u3}
In[13]:= GroebnerBasis[{h1, h2, h3, (u1*u3)*z - 1}, {u1, u2, u3}, {z, x1, x2}]
Out[13]= {u1^2 - u2^2 - u3^2}
We find that c := u1 u3 is a nontrivial nondegeneracy condition and check if the theorem is true under this
nondegeneracy condition.
In[14]:= c := u1*u3
In[14]:= GroebnerBasis[{h1, h2, h3, c*k - 1, t*z - 1}, {u1, u2, u3}, {k, z, x1, x2}]
Out[14]= {1}
The Gröbner basis yields {1} which proves the theorem for parallelograms which satisfy our extra hypothesis.
Recall from section 1.2 that the third part of our approach was to translate the algebraic solution back to the
geometric solution. In the case of finding new hypotheses, this means trying to understand the geometrical
meaning of the found hypotheses. In this case we have found the extra hypothesis
h3 := u31 u3 − u1 u22 u3 − u1 u33 = 0.
We can rewrite this as
h3 := u1 u3 (u21 − u22 − u23 ) = 0.
Since we also found the nondegeneracy condition
c1 := u1 u3 6= 0,
our hypothesis becomes
h3 := u21 − u22 − u23 = 0 ⇒ u21 = u22 + u23 .
Geometrically this means that |OA| = |OC|, and thus the sides of the parallelogram must be equal. Observe
that this special kind of parallelogram is called a diamond (or rhomboid). We have found and proven that
the diagonals of a rhomboid intersect at a right angle.
Now that we found a way to discover the hypotheses under which a theorem holds true, we can try to come
back to our problem of the altitudes of the tetrahedron. We will try to use the algebraic methods we have
explored to discover when the altitudes of a tetrahedron are concurrent.
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The altitudes of a tetrahedron

Before we can say anything about the altitudes of tetrahedra, we need to know what an altitude of a
tetrahedron actually is. We need two definitions.
Definition 5.3. (Altitude Plane) An altitude plane of a tetrahedron is a concept analogous to an altitude
of a triangle. An altitude plane is a plane that passes through an edge and is orthogonal to the opposite
edge. Note that an altitude plane does not always exist; they only exist if the opposite edges of a tetrahedron
intersect each other orthogonally. We will explain this in the next example.

Example 5.1. Let ABCD be a tetrahedron. We denote the altitude plane through line segment AB
by aAB . We know that aAB passes through and is orthogonal to segment CD. Therefore AB must be
orthogonal to CD. Analogy for the other pairs of line segments suggests that altitude planes only exist in
tetrahedra with pairs of orthogonal opposite edges. This kind of tetrahedron is called an orthocentric
tetrahedron [8].
Furthermore, every vertex has three altitude planes passing through it and all these pass though the orthocenter of the opposite triangle. [8].
Definition 5.4. (Altitude) An altitude of the tetrahedron is a line passing through a vertex and perpendicular
to the opposite plane. [8]
We will first use our algebraic approach to prove that the four altitudes of an orthocentric tetrahedron are
concurrent.
Theorem 5.6. If the three pairs of opposite edges of a tetrahedron are perpendicular, then the four altitudes
of that tetrahedron meet in one point.
Proof. Let ABCD be an orthocentric tetrahedron. We choose A in the origin, B on the x-axis and C in
the x, y plane. We now assign coordinates to this orthocentric tetrahedron as follows: A(0, 0, 0), B(u1 , 0, 0),
C(u2 , u3 , 0) and D(u4 , u5 , u6 ). The figure below shows such a tetrahedron.

Figure 11: Regular orthocentric tetrahedron in the x,y,z plane
Because ABCD is an orthocentric tetrahedron, we know that altitude planes exist in this tetrahedron. The
altitudes of vertices A and B both lie in the altitude plane through AB by definition of the altitude [8].
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Since we know that they are not parallel, the altitudes of vertices A and B must therefore intersect. Let
X(x1 , x2 , x3 ) be the intersection point of the altitudes of vertices A and B. Observe that if X is on the
altitude of vertex A, then AX must be orthogonal to the opposite plane BCD. This means that AX is
perpendicular to two line segments defining that plane, e.g. BC and BD. We will use this property to
formulate the hypothesis polynomials:
h1 := x1 (u2 − u1 ) + x2 u3

(AX ⊥ BC)

h2 := x1 (u4 − u1 ) + x2 u5 + x3 u6

(AX ⊥ BD)

h3 := (x1 − u1 )u2 + x2 u3

(BX ⊥ AC)

h4 := (x1 − u1 )u4 + x2 u5 + x3 u6

(BX ⊥ AD).

We want to prove that the altitudes of C and D also pass through this intersection point X. So we have, in
this case, four thesis polynomials:
t1 := (x1 − u2 )u1

(CX ⊥ AB)

t2 := (x1 − u2 )u4 + (x2 − u3 )u5 + x3 u6

(CX ⊥ AD)

t3 := (x1 − u4 )u1

(DX ⊥ AB)

t4 := (x1 − u4 )u2 + (x2 − u5 )u3

(DX ⊥ AC).

We can now compute the Gröbner basis using Mathematica [1].
In[1]:=
In[2]:=
In[3]:=
In[4]:=
In[5]:=
In[6]:=
In[7]:=
In[8]:=

h1
h2
h3
h4
t1
t2
t3
t4

:=
:=
:=
:=
:=
:=
:=
:=

x1 (u2 - u1)
x1 (u4 - u1)
(x1 - u1) u2
(x1 - u1) u4
(x1 - u2)*u1
(x1 - u2) u4
(x1 - u4) u1
(x1 - u4) u2

+
+
+
+

x2*u3
x2*u5 + x3*u6
x2*u3
x2*u5 + x3*u6

+ (x2 - u3) u5 + x3*u6
+ (x2 - u5) u3

In[9]:= GroebnerBasis[{h1, h2, h3, h4, t1*z1 - 1, t2*z2 - 1, t3*z3 - 1, t4*z4 - 1},
{z1, z2, z3, z4, x1, x2, x3, u1, u2, u3, u4, u5, u6}]
Out[9]= {1}
We can see that the Gröbner basis yields {1} and this proves the theorem.
Despite the fact that we already know when the altitudes of a tetrahedron are concurrent, we still want to
find this hypothesis using our algebraic method. We will try to prove that the four altitudes of a tetrahedron
are concurrent for any tetrahedron, and hope to find some extra hypotheses along the way.
Theorem 5.7. The four altitudes of a tetrahedron meet in one point.
Proof. Let ABCD be a tetrahedron with vertices A(0, 0, 0), B(u1 , 0, 0), C(u2 , u3 , 0) and D(u4 , u5 , u6 ). Let
X(x1 , x2 , x3 ) be a point on the altitude of vertex A. This results in the following two hypothesis polynomials:
h1 := x1 (u2 − u1 ) + x2 u3
h2 := x1 (u4 − u1 ) + x2 u5 + x3 u6

(AX ⊥ BC)
(AX ⊥ BD).

Now we want that all the other altitudes to pass through this point as well. Our thesis polynomials can then
be written as follows.
t1 := (x1 − u1 )u2 + x2 u3

(BX ⊥ AC)

t2 := (x1 − u1 )u4 + x2 u5 + x3 u6

(BX ⊥ AD)

t3 := (x1 − u2 )u1

(CX ⊥ AB)

t4 := (x1 − u2 )u4 + (x2 − u3 )u5 + x3 u6

(CX ⊥ AD)

t5 := (x1 − u4 )u1

(DX ⊥ AB)

t6 := (x1 − u4 )u2 + (x2 − u5 )u3

(DX ⊥ AC).
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Computing the Gröbner basis does not yield {1}, just as we expected. First we will try to find nondegeneracy
conditions for the theorem.
In[10]:= GroebnerBasis[{h1, h2, h1*z1 - 1, t2*z2 - 1, t3*z3 - 1, t4*z4 - 1, t5*z5 - 1,
t6*z6 - 1 }, {x1, x2, x3, u1, u2, u3, u4, u5, u6}, {z1, z2, z3, z4, z5, z6}]
Out[10]= {u1 u3 x2 - u3 u4 x2 - u1 u5 x2 + u2 u5 x2 - u1 u6 x3 + u2 u6 x3,
u2 x1 - u4 x1 + u3 x2 - u5 x2 - u6 x3, u1 x1 - u4 x1 - u5 x2 - u6 x3}
In[11]:= c1 := u1 u3 x2 - u3 u4 x2 - u1 u5 x2 + u2 u5 x2 - u1 u6 x3 + u2 u6 x3
In[12]:= c2 := u2 x1 - u4 x1 + u3 x2 - u5 x2 - u6 x3
In[13]:= c3 := u1 x1 - u4 x1 - u5 x2 - u6 x3
In[14]:= GroebnerBasis[{h1, h2, c1*k - 1}, {k, x1, x2, x3, u1, u2, u3, u4, u5, u6}]
Out[14]= {1}
In[15]:= GroebnerBasis[{h1, h2, c2*k - 1}, {k, x1, x2, x3, u1, u2, u3, u4, u5, u6}]
Out[15]= {1}
In[16]:= GroebnerBasis[{h1, h2, c3*k - 1}, {k, x1, x2, x3, u1, u2, u3, u4, u5, u6}]
Out[17]= {1}
We find some possible nondegeneracy conditions, but as we can see in the figure above, they are all trivial.
We can check now if the theorem is generically false.
In[18]:= GroebnerBasis[{h1, h2, t1*z1 - 1, t2*z2 - 1, t3*z3 - 1, t4*z4 - 1, t5*z5 - 1,
t6*z6 - 1}, {u1, u2, u3, u4, u5, u6}, {z1, z2, z3, z4, z5, z6, x1, x2, x3}]
Out[18]= {}
We find that this is indeed the case, just as we expected. Now we can look for hypotheses in the ideal
hh1 , h2 , t1 , t2 , t3 , t4 , t5 , t6 i where we eliminate the dependent variables. We find three possible hypotheses:
In[19]:= GroebnerBasis[{h1, h2, h3, h4, h5, h6, t1, t2}, {u1, u2, u3, u4, u5, u6},
{x1, x2, x3}]
Out[19]= {u2^2 u4 - u2 u4^2 + u2 u3 u5 - u3 u4 u5, u1 u4 - u2 u4 - u3 u5,
u1 u2 - u2 u4 - u3 u5}
In[20]:= h3 := u2^2 u4 - u2 u4^2 + u2 u3 u5 - u3 u4 u5
In[21]:= h4 := u1 u4 - u2 u4 - u3 u5
In[22]:= h5 := u1 u2 - u2 u4 - u3 u5
We find that hh8 , h9 i = hh7 , h8 , h9 i, so we can disregard h7 . When we compute the Gröbner basis, this does
not yield {1}, so we need to look for nondegeneracy conditions.
In[25]:= GroebnerBasis[{h1, h2, h4, h5, h3*z1 - 1, h4*z2 - 1, h5*z3 - 1, h6*z4 - 1,
t1*z5 - 1, t2*z6 - 1}, {u1, u2, u3, u4, u5, u6}, {z1, z2, z3, z4, z5, z6, x1, x2, x3}]
Out[25]= {u2 - u4, u1 u4 - u4^2 - u3 u5}
In[26]:= c1 := u2 - u4
In[27]:= c2 := u1 u4 - u4^2 - u3 u5
In[28]:= GroebnerBasis[{h1, h2, h4, h5, c1*k - 1}, {k,x1,x2,x3,u1,u2,u3,u4,u5,u6}]
Out[18]= {u2 u4 + u3 u5, u1, u3 u4^2 x2 + u3 u5^2 x2 + u3 u5 u6 x3,...}
In[29]:= GroebnerBasis[{h1, h2, h8, h9, c2*k - 1}, {k,x1,x2,x3,u1,u2,u3,u4,u5,u6}]
Out[29]= {u2 u4 + u3 u5, u1, u3 u4^2 x2 + u3 u5^2 x2 + u3 u5 u6 x3,...}
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We find two conditions which are both nontrivial. Now we can check if the theorem holds with our two new
hypotheses and two nondegeneracy conditions.
In[30]:= GroebnerBasis[{h1, h2, h4, h5, c1*k1 - 1, c2*k2 - 1, t1*z1 - 1, t2*z2 - 1,
t3*z3 - 1, t4*z4 - 1, t5*z5 - 1, t6*z6 - 1}, {z1, z2, z3, z4, z5, z6, x1, x2, x3,
u1, u2, u3, u4, u5, u6}]
Out[30]= {1}

Now that we have found algebraic hypotheses and conditions for the theorem to be true, we still need to
translate these hypotheses and conditions to a geometric statement. The hypotheses we found are
h3 := u1 u4 − u2 u4 − u3 u5 = u4 (u1 − u2 ) − u3 u5 = 0,
h4 := u1 u2 − u2 u4 − u3 u5 = u2 (u1 − u4 ) − u3 u5 = 0.
The first one corresponds to AD ⊥ BC and the second one means that BD ⊥ AC. We can conclude geometrically that the third pair of sides, AB and CD then are perpendicular as well. Recall that a tetrahedron
with three pairs of perpendicular opposite edges is called an orthocentric tetrahedron. We therefore found
the following theorem.
Theorem 5.8. In an orthocentric tetrahedron, the four altitudes of a tetrahedron meet in one point.
Recall that this is exactly theorem 5.6 which we proved before. However, we now used the Gröbner basis
method to ‘discover’ this theorem! We should note that we also found a condition, c1 := u2 − u4 . The
variables u2 and u4 correspond to the x-coordinates of C and D, so surprisingly the Gröbner basis method
requires that C and D do not have equal x-coordinates. This result is quite surprising and unfortunately we
do not have an explanation for this at the moment. However, we are still able to formulate a step-by-step
approach for proving and discovering geometric theorems, which brings us to the next section.
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The Gröbner basis method: a step-by-step approach

In the previous sections, a lot of geometric theorems have been proved by using the Gröbner method. In the
last section we also ‘discovered’ some theorems by finding extra hypotheses. In our approach, we actually
performed certain general steps and we can formulate the following step-by-step approach for proving and
discovering geometric theorems.
1. Assign coordinates to the configuration in a smart and efficient way.
2. Formulate hypothesis polynomials h1 , ..., hn on the dependent variables by using the results of vector
theory and analytic geometry. Some examples of these kind of hypotheses can be found in section 2.
3. Formulate the theses as polynomial equations with thesis polynomials t1 , ..., tj .
4. Compute the Gröbner basis of the ideal
hh1 , ..., hn , t1 · z1 − 1, ..., tj · zj − 1i.
If this yields {1}, the theorem is geometrically true. If not, continue with the next step.
5. Look for nondegeneracy conditions by eliminating the variables zi from the Gröbner basis of
hh1 , ..., hn , t1 · z1 − 1, ..., tj · zj − 1i.
6. Check for each of the possible nondegeneracy conditions ci if it is trivial by computing the Gröbner
basis of
hh1 , ..., hn , ci · ki − 1i.
If this yields {1}, the condition is trivial and can be disregarded. If not, continue with the next step.
If all the conditions are trivial, continue with step 8.
7. Include all nontrivial nondegeneracy conditions ci in the ideal and compute the Gröbner basis of
hh1 , ..., hn , c1 · k1 − 1, ..., cl · kl − 1, t1 · z1 − 1, ..., tj · zj − 1i.
If this yields {1}, the theorem is geometrically true under the found nondegeneracy conditions. The
nondegeneracy conditions still need to be translated into geometric statements. If this does not yield
{1}, continue with the next step.
8. Check if the theorem is generically false by computing the Gröbner basis of
hh1 , ..., hn , t1 · z1 − 1, ..., tj · zj − 1i,
eliminating all dependent variables as well as all zj .
9. Look for new hypotheses hn+1 , ..., hn+p in the ideal
hh1 , ..., hn , t1 , ..., tj i,
eliminating all dependent variables.
10. Compute the Gröbner basis of
hh1 , ..., hn , hn+1 , ..., hn+p , t1 · z1 − 1, ..., tj · zj − 1i.
If it yields {1}, the theorem has been proven for a simplex satisfying the extra hypotheses. The new
hypotheses still need to be translated into geometric statements. If not, check for nondegeneracy
conditions again by repeating steps 5 until 7 (this time including the extra hypotheses).
Observe that we can start by trying to prove any random statement about a configuration, and by following
the steps listed above, we can verify if the statement is true. If the theorem does not seem to be true, we
should be able to find certain cases of the configuration where the theorem does hold. However, we should
note that we did not actually use the method to find any new theorems, so despite the fact that this is
theoretically possible, we do not know if this is actually the case in practice. We will conclude the paper
with a short summary and discussion of the project.
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Conclusion

The goal of this project was to find a way of automatically proving a geometric theorem and automatically
discovering new geometric theorems. The previous section shows the result, a step-by-step approach to prove
a geometric theorem using algebra. A lot of these steps can be performed by using a computer system, which
means that we can do it ‘automatically’. However, we still need to perform some steps by using our human
minds. For example, we still need to translate our geometric problem into an algebraic problem by using our
mind. It might be interesting to look at possibilities where this is also possible by using a computer. The
most difficult part however, is translating the algebraic solution back to a geometric solution. We discussed
a few examples where we had to translate the ‘extra hypotheses’ back to a geometric equation and although
this was not a very big problem in those examples, one can imagine that this step might sometimes be very
difficult. Another difficulty that we encountered was finding nondegeneracy conditions which do not seem
necessary, such as the one we found in section 5.4. So although we might have found a step-by-step approach
for discovering new theorems, it is still difficult to assign geometrical meaning to the polynomials that we
find along the way.
Another difficulty of this method is that the number of variables can get very high. We saw that when we are
proving a geometric theorem in 2D, we are algebraically already working in a much higher dimension. One
can imagine that the number of variables will grow even bigger when we want to prove geometric theorems on
higher dimensions. Moreover, geometric theorems in higher dimensions might also cause other problems. In
fact, one of the actual goals of this project was to extend the method of Gröbner bases to higher dimensions.
Unfortunately, we have found that simplices starting in 4D, do not behave the same way as the simplices
in 2D and 3D, especially when defining notions such as altitudes and medians. [7] and [5] have explored
these kind of notions on simplices in higher dimensions, so we refer to those articles for further research on
these simplices. Theoretically, the Gröbner basis method should work in higher dimensions as well, but as
we stated before, this might cause some trouble with the high number of variables or geometric meanings of
algebraic polynomials. However, the Gröbner basis method could actually be a useful approach for proving
theorems in higher dimensions since the ‘normal’ geometric approach will get even harder when it is difficult
to visualize the configuration. Unfortunaty, time did not allow for this to be explored in much detail in this
project, but it is an interesting aspect for further research.
To conclude, the Gröbner basis proves to be a very useful concept in this field of mathematics. We have
found a succesful way of proving geometrical theorems using the Gröbner basis and also explored a way to
discover new theorems. We hope that this will be more developed in the future, maybe even resulting in a
computer program that automatically checks for correctness of the theorem or provides for extra hypotheses
under which a statement will be true.
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