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Summary
Acoustic metamaterials are a new class of materials possessing some exotic properties,
typically going beyond the limits of materials found in nature. The extraordinary behaviour of these metamaterials, enabling extensive acoustic and elastic wave manipulation capabilities at the subwavelength level, originates from local resonance mechanisms occurring within their microstructure. A number of exciting applications have
already been envisioned or demonstrated, like acoustic cloaking, energy harvesting or
wave focusing. However, wave filtering and wave attenuation seem to be the prime use
of materials exhibiting a band gap phenomenon (the existence of frequency ranges for
which wave propagation is inhibited). Especially low frequency attenuation is nowadays
a compelling problem.
This PhD thesis aims at investigating the applicability of acoustic metamaterial designs for low frequency elastic/acoustic wave attenuation. Various microstructures have
been investigated: solid structures with multi-coated inclusions, two-phase (fluid-solid)
microstructures, graded materials. For these microstructures, realistic models of the material components have been used, e.g. visco-elastic behaviour of polymeric layers, and
visco-thermal dissipative effects in the air filling a porous material.
In Chapter 2, the main limitation concerning the performance of locally resonant
acoustic metamaterials is addressed, namely, the narrowness of the band gap frequency
range. A unit cell with multi-coated resonating inclusions is analysed in this study, accounting for the effect of visco-elasticity of the rubber coating material. The analysis is
performed using a generalised Maxwell model, which allows for an accurate description of the frequency dependent elastic properties. It is shown that the variation of the
material parameters of the rubber coating with respect to frequency influences not only
the position of the band gaps but also the effectiveness of the wave attenuation in the
frequency ranges around the band gaps. In this way, the multiple attenuation regimes
occurring at the band gap frequencies are bridged, which significantly broadens the total
range of elastic wave attenuation.
In Chapter 3, the concept of embedding resonating masses within a porous microstructure (henceforth called acoustic metafoam) is investigated. A conceptual microstructural design of an idealised unit cell is presented where a cubic pore represents a foam unit cell filled with a viscothermal fluid (air) with an embedded microresonator. Analysis of complex dispersion diagrams and numerical transmission simulations demonstrate that the local resonators incorporated in the pores significantly improve the insulation performance of an acoustic foam at low frequencies in comparison
with a standard acoustic foam.
Since further analysis of acoustic metafoam applications requires reduction of computational costs, in Chapter 4, a computational homogenisation framework is adopted
for modelling this complex microstructure. In this study, the homogenisation results are
compared with direct numerical simulations (DNS), showing that the homogenisation
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technique adequately models both viscothermal dissipation and the local resonance effect occurring within the enriched poroelastic microstructure.
Finally, moving towards realistic acoustic metafoam designs which would imply randomness or a spacial distribution of masses and stiffnesses of local resonators in the final
microstructures, in Chapter 5, graded designs are considered. The computational homogenisation is used to evaluate the effect of the properties variation at the microstructural level on the macroscopic attenuation performance.
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Introduction
1.1

Background and motivation

Noise has been classified as a pollutant by the World Health Organisation (WHO) for
some decades. As demonstrated in several research papers, the consequences of long
exposures to unwanted sounds can be detrimental to human beings as well as wild life
[123]. In particular, low-frequency sounds are reported as a possible cause of annoyance
[82] and sleep disturbance [139] of humans alongside some other severe symptoms like
respiratory impairment or aural pain [8].
The attention given recently to noise problems might be associated with the fact
that in urban environments, the sources of disturbing sounds are omnipresent (Fig.
1.1). Road traffic, railways, aircraft and wind turbines are typical urban landscape lowfrequency noise sources that, according to the recent guidelines regarding environmental noise published by WHO [111], should be controlled with respect to the level of
emitted sounds.

Figure 1.1: Typical low-frequency noise sources.
However, the attenuation of low frequency sound waves is a challenging task. First of
all, according to the mass law, sound transmission is inversely proportional to the sound
frequency and the mass per unit area of the barrier [31]. This means that the lower the
frequency the thicker or denser the barrier has to be in order to achieve an effective
insulation. On the other hand, absorbing materials are most effective when a thickness
corresponding to a quarter of the wavelength is used [133], which is practically not
feasible for long wavelengths. It is thus clear that new approaches are called for in order
to address the problem of low frequency noise attenuation.
One of the ways through which the material behaviour can be controlled and modified is microstructural design. With the growing spectrum of manufacturing possibilities
1
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and unbounded creativity of researchers, new materials with excellent properties are
being developed. For example, in the emerging field of acoustic metamaterials, promising composites with extraordinary properties that exceed the properties of its individual
components are developed, by exploiting subwavelength microstructures. Thus, the usage of novel microstructural designs might be a solution to the compelling issue of noise
pollution.
This thesis explores and extends the state-of-the-art in materials design with the purpose of finding promising solutions for the sound wave attenuation problem at lowfrequencies. Focus is put towards realistic modelling of microstructures and on unravelling the link between the effective material response and its microstructure. A combination of well-established and novel tools for the modelling of periodic microstructures
is exploited - such as Bloch analysis and computational homogenisation - in order to
examine and upgrade different material designs from locally resonant metamaterials to
acoustic metafoams.

Locally resonant acoustic metamaterials
Acoustic metamaterials [31] are materials that exhibit some extraordinary behaviour
in terms of acoustic/elastic wave propagation, typically going beyond the behaviour of
materials found in nature. Locally resonant acoustic metamaterials (LRAMs) [59] constitute therein a special class of materials, owing their exotic performance to their locally
resonating building units. It has been shown in Liu et al. [90] that the local resonance
effect has a strong influence on the wave dispersion, forming so-called band gaps in
the dispersion spectrum, which are frequency regions where no wave propagation is
possible.
Although the first manufactured LRAMs for sound attenuation purposes have been
presented in [90] (Fig. 4.3b), the first reference to the anomalous dispersion occurring in
locally resonant microstructures appeared already in [100], which presents the MaxwellRayleigh model of an elastic matrix with embedded resonant inclusions (Fig. 1.2a). This
shows that the concept of such a material interaction with waves has been present in
the scientific community for decades.

(a)

(b)

Figure 1.2: (a) Sketch taken from [100] showing the Maxwell-Rayleigh model of anomalous dispersion, (b) images of the sample that first realized a local resonance-induced
anomalous mass effect [93].
The potential of LRAMs in terms of low-frequency attenuation has been confirmed
numerous times in the literature (e.g. [128, 119]), since the resonance based origin of
the band gap formation provides flexibility in terms of frequency location. At the same

3

Introduction

time, the band gap regions due to local resonance are typically rather narrow, which
heavily limits the possible applications and triggers the question of how to broaden the
LRAMs attenuation zone.

Acoustic foams
Acoustic foams are poroelastic materials that have been widely used for sound absorption purposes [4]. The wave energy is absorbed due to the fluid-solid interaction at the
pore level, which occurs as the air molecules flow through the porous microstructure
and, while vibrating, interact with the solid skeleton. The wave energy dissipation takes
place because part of the energy is transformed into heat due to the viscothermal losses
within the boundary layers (Fig.1.3) [4].

(a)

(b)

Figure 1.3: (a) Sketch of the dissipative mechanism occurring in acoustic foams: under the stimulus of an incoming sound wave, the air flows through the mazy porous
microstructure and collides with the solid skeleton within the boundary layer region
(highlighted in grey) (b) SEM image of an acoustic foam microstructure, showing the
connected pores enclosed in the solid skeleton, reproduced from [42] with permission
from Elsevier.
It is clear that the absorption performance of acoustic foams is determined by the
microstructure. For this reason, over the years, various studies (both theoretical e.g.
[44, 52] and experimental e.g. [45]) have been conducted in order to optimise the foaming process and the microstructure with respect to the sound absorption performance. In
particular, efforts have focussed on broadening the absorption zones [48] or on controlling the attenuation frequency range [149, 35]. Despite these efforts, porous absorbers
remain most effective mainly at mid and high-frequency levels and considerably less at
low frequencies. Thus, it remains an open challenge how poroelastic materials can be
improved to address the problem of low frequency sound attenuation.

1.2

Scope and objectives

The main objective of this thesis is the microstructural design of materials with improved
wave attenuation performance. The point of departure of this work, as introduced in
section 1.1, is the combination of LRAM microstructures and acoustic foams. The main
challenges related to these material classes, addressed in this thesis are (i) to achieve
broadening of the wave attenuation frequency range (for LRAMs) and (ii) to improve
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the sound attenuation at low-frequencies (for acoustic foams). The geometrical and morphological designs of multi-phase metamaterials are analysed using the computational
techniques described in section 1.3.
In this thesis, the following topics will be addressed:
1. Viscoelastic locally resonant acoustic metamaterials: In many of the analyses
performed on LRAMs, the influence of material losses is either neglected [90]
or considered using simplified viscoelastic models such as the Kelvin-Voigt model
[138, 151]. Since polymeric materials are typically used in metamaterials, material damping is intrinsically present and might significantly influence the overall
performance of the metamaterial. It is known that the viscoelastic behaviour of
rubbers can be described accurately using the generalised Maxwell model [75].
In this thesis the generalised Maxwell model will be explored for modelling of
LRAMs.
2. Multi-coated locally resonant acoustic metamaterials with damping: It has
been demonstrated that, for multi-coated inclusions of LRAMs, multiple band gap
regions are formed [76, 130]. Moreover, material damping can enable the bridging
of different attenuation zones [21]. In this thesis it will be shown how this bridging
is influenced by the frequency dependent properties of the rubber components
when they are modelled using the viscoelastic generalised Maxwell model.
3. Acoustic metafoams design: Acoustic foams are widely used for sound absorption
applications and their efficiency at mid- and high-frequencies has been demonstrated in many sources [114, 17]. In order to extend the absorption zone to lowfrequencies, it has been proposed in the literature to introduce periodic substructures and resonators, until now, at the mesoscale (i.e. scale much larger than a
single pore size) [74, 141]. The effect on the low-frequency attenuation of embedding local resonators inside the micropores of foams will be studied in this thesis.
This gives rise to a novel concept i.e. metafoam.
4. Computational homogenisation applied to acoustic metafoams: In order to
numerically model the complex microstuctures of acoustic metafoams, an efficient computational technique is required. The computational homogenisation
framework developed for poroelastic materials [43] will be exploited to study
metafoams, whereby it is shown that it is capable of capturing the local resonance
effect.
5. Functionally graded acoustic metafoams: It has been shown that graded microstructures may exhibit superior properties in comparison with uniform and/or
random materials, e.g. [150, 20]. For LRAMs, such a gradient of resonators with
different resonant frequencies has been used to broaden the attenuation zone [6].
In this thesis, using spatially graded local resonators for broadening the attenuation regimes of acoustic metafoams will be explored.

5
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1.3

Computational methods

In this work, microstructures with complex geometries and material behaviour are considered. For this reason, the finite element method (FEM) has been used extensively in
order to study the acoustic performance of the analysed microstructural designs. The
main tools adopted in this thesis, namely Bloch analysis and computational homogenisation, are briefly summarised in this section.
Bloch analysis
In order to describe the wave propagation in a material, dispersion diagrams are often
used. These diagrams, also known as band structures, depict the relationship between
the frequency and the wave number (the temporal and the spatial frequencies, respectively) for each wave propagating in the material. Such a diagram can be obtained for
periodic microstructures, by assuming harmonic wave propagation in an infinite lattice,
based on the Bloch analysis of a single unit cell. According to the Bloch theorem [65], a
Bloch wave u(r) consists of a plane wave component (eik·r ) and a function ũ having the
periodicity of the lattice:
(1.1)
u(r) = eik·r ũ ,
where i is the imaginary unit, while r is the position vector in the physical space and
k is the wavevector in the reciprocal space. Typically, the Bloch theorem is applied,
owing to the crystallographic symmetries, within a reduced zone of the reciprocal space
(wavevector space), which is called the first Brillouin zone. Sometimes, this zone can be
reduced even further to the so-called irreducible Brillouin zone (Fig. 1.4a) [61].

𝐫

M

Γ

(a)

𝐤

X

(b)

Figure 1.4: (a) 2D periodic arrangement of a microstructure with resonating units (dark
blue) in a typical LRAM. The red square highlights the unit cell describing the infinite
microstructure. Next to the unit cell, the first Brillouin zone is shown, along with the
irreducible zone (highlighted in grey). The special points located at the center, corner,
and face are conventionally labelled as Γ, M, and X; (b) A sketch of a dispersion diagram
associated with the unit cell shown in (a), with the band gap region highlighted in grey.
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In practice, a dispersion diagram is obtained by solving an eigenvalue problem which
describes the relationship between the wavenumber k (the modulus of the wavevector
in a prescribed wave direction) and the frequency for a given microstructure. The Bloch
boundary conditions are typically applied for the analysed unit cell. In Fig. 1.4b such an
exemplary dispersion diagram obtained for a typical 2D locally resonant metamaterial
is shown. Each branch corresponds to an elastic wave polarisation (longitudinal, shear
and flat rotational waves). It can be observed that in the shaded area no wave branches
are present which means that in this frequency range no wave propagation is possible.
This is a so-called band gap region.
Computational homogenisation
In this work, direct numerical simulations of acoustic/elastic wave transmission have
been conducted in order to assess the acoustic/vibrational performance of finite size
material samples. This modelling scheme is representative for the applications, since it
includes both the impact of boundary conditions and the influence of a finite number
of unit cells. However, the computational cost of such simulations grows very quickly
with the increasing complexity of the multi-phase unit cells considered in this work.
Therefore, a computational homogenisation framework has been adopted as an efficient
tool to reduce and solve problems with finite size, complex microstructures.
A computational homogenisation scheme for poroelastic materials (schematically depicted in Fig. 1.5) has been developed by Gao et al. [41][43] for modelling the acoustic
performance of foam based microstructures. This multiscale approach allows for char-

MACRO

MICRO

Linear elastic solid

Viscothermal gaseous ﬂuid

Figure 1.5: Computational homogenisation framework for poroelastic materials: (top)
transmission simulation with homogenised material sample, (bottom) two-phase RVE.
acterising the macroscopic material behaviour based on the microscopic response of a
representative volume element (RVE). A typical RVE consists of solid and fluid parts, that
are described as a linear elastic solid and a viscothermal gaseous fluid (air), respectively.
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At the macroscopic level, the material is modelled by general momentum and mass conservation equations using the solid displacement and the fluid pressure as independent
variables.

1.4

Outline of the thesis

The outline of this thesis is as follows. In Chapter 2, the performance of a locally resonant acoustic metamaterial with multicoated coaxial inclusions of tungsten and rubber
embedded in epoxy is studied. The influence of the viscoelasticity of the rubber components described with the generalised Maxwell model is investigated along with the
possibility of bridging two separate attenuation zones by means of tuned damping. In
the subsequent chapters, the concept of an acoustic metafoam, defined as a foam-like
material with properties going beyond standard foams, is demonstrated and further explored. In Chapter 3, the concept of combining a poroelastic microstructure and a local
resonator in a single unit cell design is investigated with the purpose of improving the
acoustic performance of the material at low-frequencies. Chapter 4 shows how the multiscale approach can be used to analyse the behaviour of complex acoustic metafoam microstructures. The link between the effective properties and the macroscopic response
is demonstrated and the computational homogenisation framework is validated using
direct numerical simulations. In Chapter 5, functionally graded acoustic metafoam microstructures are introduced. It is shown that adequate variation of resonator properties
(mass and stiffness) results in broadening of the attenuation zones. Finally, conclusions
and recommendations for future research are given in Chapter 6.

CHAPTER

The attenuation performance of locally resonant
acoustic metamaterials based on generalised
viscoelastic modelling
Reproduced from:
Lewińska, M.A., Kouznetsova, V.G., van Dommelen, J.A.W., Krushynska, A.O. and Geers,
M.G.D., International Journal of Solids and Structures, 126-127:163-174, 2017.

Acoustic metamaterials are known as a promising class of materials interacting with acoustic and/or
elastic waves. Band gap formation is one of the most spectacular phenomena that they exhibit. Different ways to broaden the attenuated frequency ranges are still being actively explored. It turns out
that material damping through intrinsic viscoelastic material behaviour, if accurately tailored, may
contribute to the enhancement of the performance of a properly designed acoustic metamaterial. In
this study, a locally resonant acoustic metamaterial with periodic multicoated inclusions with viscoelastic layers is investigated. Multiple attenuation regimes obtained with the considered geometry
are joined for a certain level of viscosity of the coating layer. The analysis is performed using a generalized Maxwell model, which allows for an accurate description of nonlinear frequency dependent
elastic properties, and thus is widely used to model the behaviour of many polymeric materials in a
realistic way. The study reveals that variation of the material parameters of the rubber coating with
respect to frequency influences not only the position of the band gaps but also the effectiveness of the
wave attenuation in the frequency ranges around the band gaps.

2.1

Introduction

Acoustic metamaterials are a novel class of materials possessing some unusual properties, uncommon or non-existent in nature. The mechanism of low-frequency wave
attenuation based on the local resonance [90] attracts scientific attention due to various potential applications, e.g., noise insulation [60] or energy harvesting [86]. Unlike
phononic crystals (PCs), which is another class of materials capable of forming band
gaps (frequency ranges where no wave propagation occurs), the design of locally resonant acoustic metamaterials (LRAMs) does not require periodicity and allows generating
subwavelength band gaps [69]. The number of occurring band gaps can be controlled
through the microstructural design, for instance, by exploiting multicoated inclusions
proposed by Larabi et al. [76]. Such a microstructure has been studied based on 1D
model of dual-resonators in [54], and has been parametrically optimised in [129] and
[21], leading to a reduced distance between band gaps.
9

2

The attenuation performance of LRAMs based on generalised viscoelastic modelling

10

However, the main limitation in terms of application of LRAMs is still the fact that
the attenuated frequency ranges (even if they are multiple) are rather narrow. In the literature, a few solutions dealing with this limitation have been proposed, among which
optimizing the metamaterial topology [98], coupling of the effect of local resonance
with Bragg scattering [148, 71] and using resonators with distributed resonant frequencies [55, 68]. More recently, also the potential influence of material losses on broadening
attenuation regions, has started attracting researchers’ attention [138, 70]. Such a solution seems to be particularly promising considering the fact that material damping is an
intrinsic feature of polymeric materials typically used in LRAMs.
Studies on damped periodic structures started with the works of Mead (e.g.,
Mead [101]) in his analysis of a one dimensional periodic chain of masses with lossy
springs, and by Mukherjee and Lee [108] who have investigated transient effects in
damped laminates. Until recently, available studies mainly focused on PCs. In a number
of works investigating one- and two- dimensional PCs, broadening of band gap regions
due to the presence of viscoelastic components has been observed [40, 153]. It has been
shown by Oh et al. [110] that lossy PCs are more effective than homogeneous viscoelastic media in terms of energy dissipation. Moreover, in some cases where more advanced
material models have been considered (e.g. generalised Maxwell), a shift of the attenuation regions, due to the frequency dependent storage modulus, has been reported
[140]. These predictions have been confirmed by the experimental analysis conducted
by Merheb et al. [103]. Currently, the studies of damped PCs are taken even further, for
instance by including defect modes [155].
The influence of damping on the periodic material’s performance is not restricted
to the band gap width and position. The entire band structure changes significantly, as
reported in various studies (e.g., Moiseyenko and Laude, Laude et al. [104, 78]). Based
on the complex band structure representation, Moiseyenko and Laude [104] have found
that the losses in a phononic crystal have stronger impact on the real part than on the
imaginary part of the wave number. However, as shown in [38], high damping ratios
can actually support the wave propagation within attenuation regions by decreasing the
imaginary part of the wave number. In the work of Hussein and Frazier [57], also the
phenomena of branch overtaking and branch cut-off in the band structure have been
observed and studied.
It turns out that the influence of material damping on the performance of LRAMs
differs significantly from the case of PCs. First of all, not only the losses in the matrix
material but also within the rubber-coated inclusions should be considered. Manimala
and Sun [97] have shown, considering three types of viscoelastic models (Kelvin-Voigt,
Maxwell and Zener), that tailoring the damping within the resonators instead of relying on the dissipation in the matrix material might be beneficial for broadening the
attenuation spectrum. This has also been confirmed in the works of Wang et al. [138]
and Krushynska et al. [70], using a locally resonant acoustic metamaterial with a single coated inclusion. The viscoelastic behaviour of the rubber coating has been shown
to have a critical impact on the material performance in comparison with the damped
matrix. Moreover, in case of a LRAM, the imaginary parts of wave numbers are predominantly influenced by the material losses and, as a result, the attenuation peaks related
to the local resonances are smoothed. The dissipative effect that leads to this response

The attenuation performance of LRAMs based on generalised viscoelastic modelling

11

has also attracted attention of researchers. As a consequence, the notion of metadamping has been introduced by Hussein and Frazier [58] as an enhancement of material
dissipation due to the presence of local resonance. Later studies [40] on both viscoelastic PCs and LRAMs have concluded that the effect of damping on the band gap size is
actually more pronounced in case of PCs. However, the experimental and theoretical
studies performed by Zhao et al. [151, 152] have shown a wide absorption range at low
frequencies for a composite polymer slab with embedded local resonators, due to the
dissipative mechanisms in the coating material.
So far, the analyses of viscoelastic LRAMs typically assume simple linear viscoelastic
models, like the Kelvin-Voigt model, in order to describe the viscoelastic behaviour of the
constituents [151, 138]. With this model the material properties become complex, but
the real part of the modulus (related to the elastic response) is still constant and only
the imaginary part (associated with viscous behaviour) changes linearly with frequency.
On the other hand, using the generalised Maxwell model, which has not been used
extensively for locally resonant acoustic metamaterials, allows for a realistic variation of
both terms with respect to frequency and as a consequence more realistically describes
the material behaviour. This is important since most polymeric materials have properties
that are known to be frequency dependent [95].
In this paper, the multiple band gaps obtained with a particular microstructure with
coaxial multicoated inclusions have been joined using viscoelasticity of the coatings.
Such a concept has recently been introduced in [21] and was studied based on a simple linear viscoelastic model in 1D (for longitudinal wave polarisation only). In the
present study, an advanced viscoelastic model is used to describe the behaviour of the
rubber coating, thus providing a more realistic insight into the influence of frequencydependent material parameters on the locally resonant acoustic metamaterial performance. To this aim, a 2D analysis of a locally resonant acoustic metamaterial based on
complex dispersion diagrams and power transmission spectra is conducted. The impact
of viscoelastic material properties is studied in detail using the generalised Maxwell
model for the coating layers in the inclusions. Furthermore, it turns out that a correct
material model might be crucial if the focus is on exploiting viscoelasticity for joining
band gaps. First, it is observed that due to the variation of elastic parameters with frequency, the band gap regions exhibit a shift. Depending on the elastic properties of the
considered material, such a shift can be significant in some cases, which means that
purely elastic predictions may not be sufficient to determine the band gap location.
Therefore, while designing such a metamaterial, the dependence of the soft coating material behaviour on frequency should be verified. Secondly, if material damping is used
for the purpose of joining band gaps, the target frequency range of wave attenuation
(within the distance between the band gaps) needs to overlap with the region where the
loss tangent level is sufficiently high. Otherwise the effect of bridging may not occur.
The paper is organised as follows, first, the modelling approach based on Bloch theory for obtaining complex dispersion diagrams and the finite element calculation of the
power transmission spectra are described. Next, in section 2.2.2, details on the considered geometry and material properties are given. Finally, in section 2.3 the results of
simulations are presented and discussed. Section 2.5 summarises the main conclusions
of the paper.
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2.2

Modeling approach

The dynamic characteristics of a material can be obtained through the study of harmonic
wave propagation, which is typically analysed based on its dispersion relation: the relationship between frequency ω and wave number k. Some extraordinary properties of
locally resonant acoustic metamaterials are depicted in such diagrams, already in the
range of real wave numbers where the presence of band gaps may be captured [90, 69].
However, due to the continuity principle for the dispersion curves, branches within the
band gap ranges are present in the domain of complex wave numbers, wherein the
imaginary part of the wave number is often used as a measure of wave attenuation.
Therefore, by considering complex band diagrams (real frequencies and complex wave
numbers) information on spatial wave propagation as well as spatial attenuation of elastic waves is obtained. The analysis of the complex bands of dispersion diagrams may also
contribute to a better understanding of band gap formation since tracing the evanescent
Bloch waves becomes possible [138].

2.2.1

Complex dispersion diagram: formulation based on Bloch theory

The classical way for obtaining a dispersion relation is based on Bloch theory. The fundamental theorem for wave propagation in a periodic, infinite material states that the
wave field in such a medium is also periodic [12, 31], and as a consequence, the analysis of such a structure can be restricted to a single unit cell. The application of Bloch
theorem [65] allows to characterize the wave solution in an irreducible Brillouin zone
in the following way [31]:
u(x, k, t) = ũ(x, k)ei(k·x−ωt) ,

(2.1)

where u denotes the displacement field, ũ the Bloch displacement function with spatial
periodicity (the same as the periodicity of the structure), x the position vector, k the
wavevector, ω frequency and t time. The dispersion relation can then be easily obtained
[31]. The Bloch solution (2.1) is substituted into the equation of motion with the additional assumption that the materials are isotropic and linear elastic. The strong form of
the resulting problem is further converted into a weak form and discretised by means of
the finite element method. The resulting eigenvalue problem is given by the equation:

K(k) − ω 2 M u = 0,

(2.2)

where K and M denote the stiffness and mass matrices, respectively. Since the eigenvalues λ = ω 2 are calculated with respect to the wave number k, this approach is typically
called the ω(k) formulation.
In order to obtain the complex band structure with complex wave numbers and real
frequencies, a reformulation of the eigenvalue problem (2.2) is needed, for which the
formulation proposed in [3] is adopted. The analysis is restricted to in-plane wave polarizations, where the wave vector components kx and ky are linearly related as ky = αkx ,
with α being a real constant. The eigenvalue problem can then be written in a first-order
form:


b
b u
b = 0,
K(ω,
α) − kx M
(2.3)
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b M
b denote the new stiffness and mass matrices, respectively, and the periodic
where K,
b = [kx u, u]T . Equation (2.3) is solved with respect to real
displacement is given as u
frequencies, for a single unit cell, assuming periodic boundary conditions. It is known as
the k(ω) approach.
The k(ω) approach has been used here to incorporate viscoelasticity. Since the
governing equations may be formulated with respect to frequency using the LaplaceCarson transform, Laplace transform [13] or other, accounting for frequency dependent
mechanical properties becomes straightforward. Following such a transformation, the
frequency-dependent linear elastic constitutive relation reads:
σ(ω) = κtr(ε(ω))I + 2Gεd (ω),

(2.4)

where κ and G denote the bulk and shear moduli, respectively, and εd stands for the
deviatoric part of the strain tensor. According to the elastic-viscoelastic correspondence
principle [120], the dispersion relation in the case of a viscoelastic material can be
obtained by replacing the elastic material parameters with their frequency-dependent
counterparts in the constitutive equation (2.4), parameters κ and G have been replaced
b = G(ω).
b
by complex-valued κ
b=κ
b(ω) and G
A detailed description of the viscoelastic
material model used in this work is given in section 2.2.2.

2.2.2

Model geometry and material parameters

A locally resonant acoustic metamaterial with coaxial multicoated inclusions is considered. The geometry of the periodic unit cell of the material is shown in Figure 2.1.
Infinite tungsten cylinders are coated with two layers of rubber alternating with one
layer of tungsten. These multicoated cores are embedded in an epoxy matrix.

Figure 2.1: Geometry of the unit cell (dimensions are in mm) and the reciprocal cell in
k-vector space with the shaded area indicating the irreducible Brillouin zone
The geometry and dimensions of the investigated unit cell (Figure 2.1) have been
chosen in order to trigger multiple low frequency band gaps located close to each other,
where the band gaps are formed due to the vibration of the heavy masses (in phase
motion for the first band gap, out of phase for the second band gap). The filling fraction
(the ratio between the area of the coated inclusions and the area of the entire cell)
for the given geometry equals 60%, which is at a level where the interactions between
adjacent inclusions are not yet affecting the material performance [69].
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In order to achieve the elastic wave attenuation within the low frequency range,
heavy tungsten masses are used. Tungsten has a high mass density, as well as further
advantages, such as a low environmental threat in comparison with lead, typically used
in the literature. The properties of silicone rubber used in this work are based on [127].
The compliant nature of the medium has been considered as well as the fact that rubber
is an essentially (nearly) incompressible material, characterised by a high ratio between
bulk and shear moduli. The material properties of all components of the metamaterial
used in the elastic modelling are listed in Table 3.1.
Table 2.1: Elastic material properties of the metamaterial components (ρ denotes density, G shear modulus, κ bulk modulus, cl and cs longitudinal and shear wave velocities,
respectively)

Tungsten [49]
Rubber [127]
Epoxy [90]

ρ
(kg/m3 )

G
(GPa)

κ
(GPa)

cl
(m/s)

cs
(m/s)

19250
1300
1180

161
0.00005
1.3

311
1.3
4.6

5220
1000
2320

2888
6
1055

For the viscoelastic analysis, frequency dependent material parameters are used for
the coating constituents. The tungsten cores and epoxy matrix are assumed linear elastic.
The former is motivated by the fact that metals behave in a nearly elastic manner for
small stresses and low temperatures [75], whereas the later is based on the results
reported in [70].
Rubber, which is the material chosen for the coating layers, exhibits relaxation in both
bulk and shear properties, as most polymers. However, as pointed out by Lakes [75],
the change of the storage shear modulus is orders of magnitude higher than the bulk
modulus variation. Also, the loss peak in the case of shear is much broader. Therefore,
it is reasonable to assume that the bulk modulus remains real and constant κ
b = κ, thus
frequency independent [107]. The viscoelastic behaviour of the rubber is then described
b = G(ω)
b
by the dependence of the shear modulus G
on frequency. In this study, the
generalised Maxwell model has been chosen, which adequately captures experimentally
observed stress relaxation curves [39]. The mechanical analogue of this model consists
of a series of dashpots and springs arranged in a parallel manner (Figure 2.2). The

Figure 2.2: Schematic of generalised Maxwell model

The attenuation performance of LRAMs based on generalised viscoelastic modelling

15

relaxation of the total shear modulus includes contributions from each dashpot-spring
element with an exponential decay:
G(t) = G∞ +

n
X

Gi e−t/τi ,

(2.5)

i=1

where n is the number of modes included in the model, Gi is a shear modulus contribution, τi denotes the relaxation time defined as τi = ηi /Gi , with ηi the dashpot viscosity.
For a viscoelastic solid, the viscosity of one of the dashpots is infinite, which results in
the constant elastic term G∞ in equation (2.5). An instantaneous shear modulus is then
P
defined by G0 = G(t = 0) = G∞ + i Gi . Finally, the complex shear modulus is formulated in the frequency domain as a combination of the storage modulus G0 and the loss
b
modulus G00 , namely, G(ω)
= G0 (ω) + iG00 (ω) [96], where
G0 (ω) = G∞ +

n
X

Gi

i=1

G00 (ω) =

n
X
i=1

Gi

ω 2 τi2
,
1 + ω 2 τi2

ωτi
.
1 + ω 2 τi2

(2.6)
(2.7)

A useful parameter describing the damping property of a viscoelastic material (here
rubber) is the loss tangent given by:
tan δ =

G00
,
G0

(2.8)

which provides a measure of the ratio of energy lost to energy stored in a cyclic deformation [39].
In the present work, the generalised Maxwell model is first applied in the form of
a single-mode model, i.e. considering one relaxation time only, in order to study the
impact of the frequency of the loss tangent peak on the material performance. The equilibrium modulus G∞ = 50 kPa has been kept constant, as well as the instantaneous shear
modulus G0 . The assumed maximum loss tangent is approaching tan δ = 0.1, which has
been reported as a representative value for silicone rubber [75]. Five relaxation times
have been considered separately, namely τi = {10−1 s, 10−2 s, 10−3 s, 10−4 s, 10−5 s},
each with the same shear modulus contribution Gi = 10 kPa. The frequency dependent
material parameters are visualised in Figure 2.3. Note that with increasing relaxation
times, the loss tangent peak is shifted to higher frequencies, whereas the storage modulus growth with increasing frequency is less rapid.
Next, three different rubber materials (denoted by A, B and C) are described by a
five-mode Maxwell model. The parameters are listed in Table 2.2, and the corresponding
dependence of the storage modulus and loss tangent values on the frequency is shown
in Figure 2.4. Note that these material models are built by combining the previously
introduced single-modes in specific ways. For material A, a lower value of the individual
shear moduli Gi of all five relaxation times is chosen, in order to keep the instantaneous
shear modulus equal to G0 = 60 kPa. In case of material B, the same five relaxation
times are adopted, but with the individual shear moduli Gi = 10 kPa the same as in the
single-mode model, which results in a higher value of the instantaneous shear modulus
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Figure 2.3: Frequency dependent parameters of the single-mode Maxwell models with
different relaxation times used to simulate a viscoelastic rubber coating: (a) storage
modulus, (b) loss tangent.
G0 = 100 kPa. Finally, in case of material C, one of the five relaxation times is replaced
by a shorter one (τ = 10−6 s); the instantaneous shear modulus is the same as for
material B, i.e. G0 = 100 kPa. Materials A and B have relatively constant loss tangents,
while the loss tangent of material C decreases with frequency.
Table 2.2: Relaxation times τi and associated shear moduli Gi of three viscoelastic materials (A, B and C) described by the five-mode Maxwell model
Material A
τi (s)
10−1
10−2
10−3
10−4
10−5
∞
0

Gi (kPa)
2
2
2
2
2
50
60

Material B
τi (s)
10−1
10−2
10−3
10−4
10−5
∞
0

Gi (kPa)
10
10
10
10
10
50
100

Material C
τi (s)
10−1
10−2
10−3
10−5
10−6
∞
0

Gi (kPa)
10
10
10
10
10
50
100

17

The attenuation performance of LRAMs based on generalised viscoelastic modelling

×104

0.15

Material A
Material B
Material C

9

Material A
Material B
Material C

8

0.1

tanδ

Storage modulus G′ (Pa)

10

7
6

0.05

5
4

0

500

1000

1500

2000

0

0

Frequency (Hz)

(a)

500

1000

1500

2000

Frequency (Hz)

(b)

Figure 2.4: Frequency dependent parameters of three viscoelastic materials (A, B and C)
described by the five-mode Maxwell model: (a) storage modulus, (b) loss tangent.

2.2.3

Power transmission spectrum analysis

Since the dispersion diagrams are determined for an infinite periodic material, the wave
propagation in a finite size model is further evaluated. To this aim, transmission spectra
are typically calculated in order to obtain the amount of wave attenuation.
The finite element method simulations have been performed using COMSOL Multiphysics, following the standard approach given in e.g. [53, 80] in the frequency domain.
The model consists of 8 unit cells arranged in a bar with homogeneous matrix material
attached at both sides (Figure 2.5). Boundary conditions assigned to the structure are
as follows: in the homogeneous matrix material on the left a unit amplitude sine signal
of given frequency is applied by means of imposed displacements (in x and y direction for longitudinal and shear waves, respectively); on the left and right sides so-called
low-reflecting boundaries [132] have been used in order to mitigate the reflection from
the free boundaries. In the frequency domain, the low-reflecting boundary condition is
described by:
σ · n = −iωd · u
(2.9)
where n is the normal vector to the boundary and d is a diagonal tensor containing mechanical impedances. The following damping coefficients have been adopted: dl = cl ρ
and ds = cs ρ for normal and tangential directions, respectively, where cl and cs denote
longitudinal and shear wave velocities of the matrix material, and ρ is the density of
the matrix material. The top and bottom boundaries are modelled as periodic. Note,
that in this transmission set-up, the waves keep their original polarizations due to the
symmetries of the chosen geometry and the isotropy of the material components in
combination with periodic boundary conditions (mimicking from top and bottom an infinite material). In addition, a reference model has been considered, where the locally
resonant structure has been replaced by a homogeneous elastic epoxy material. It is
worth mentioning, that due to the choice of the damping coefficients, which match the
impedance of the matrix material, the low-reflecting boundary fully eliminates reflections in the case of homogeneous epoxy material, while for the case of metamaterial it
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is efficient only to a certain extent.
output line

excitation line

a
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8a
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periodic boundary
conditions

Figure 2.5: The numerical set-up for transmission computations
The point of departure for the power transmission analysis is the time-harmonic averaged energy balance equation, which following Cerveny and Psencik [19] can be written
in a general complex form (neglecting body forces) as:
∇ · P̄ = 2iω(K̄ − Ū ) − P̄d ,

(2.10)

where P̄ = − 21 σ · v? denotes the energy flux; K̄ = 41 ρv∗ · v the kinetic energy, Ū =
1
1
∗
∗
4 Re(σ : ε ) the potential energy, P̄d = −ω 2 Im(σ : ε ) the dissipated power; v stands
for velocity, the bar symbol is a time-harmonic average and an asterisk denotes a complex conjugate. The use of the complex form of the energy balance equation in this
study is dictated by: (1) the complex constitutive law related to the viscoelastic model
and (2) the frequency domain analysis which results in a complex wave field (the exponential time factor e−iωt has been assumed). By separating the real and imaginary parts
of equation (2.10) one obtains:
∇ · Re(P̄) = −P̄d ,

(2.11)

∇ · Im(P̄) = 2ω(K̄ − Ū ).

(2.12)

It can be noted that in the literature, the quantities Re(P̄) and Im(P̄) are called active and
reactive powers, respectively [19, 77, 18]. Since the active power carries the information
about the energy flow [18], the subsequent study is based on equation (2.11).
In order to assess the performance of a finite size metamaterial, the transmitted active
power 21 Re(σ · v∗ · n) spatially integrated over the output section Pout (see Figure 2.5),
is compared with the active power integrated over the output section calculated for the
reference case of homogeneous epoxy P0 . Power transmission is therefore given by:
T P = log10

Pout
.
P0

(2.13)

In addition, for the purpose of evaluating the contribution of the dissipative mechanisms, the dissipated power for the generalised Maxwell model can be expressed as:
1
P̄d = ω Im(σ : ε∗ ) = ωG00 εd : εd∗ ,
2
spatially integrated over the viscoelastic surface.

(2.14)
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Results

In this section, the results of the analysis are presented. Complex band structures have
been obtained for the ΓX border of the Brillouin zone (Figure 2.1) according to the
procedure described in section 2.2.1. In order to assess the performance of the locally
resonant acoustic metamaterial, attenuation diagrams have been introduced, where the
attenuation factor is given by the angle:


Im(kx )
φ = arctan
,
(2.15)
Re(kx )
which qualitatively indicates the regions of wave attenuation: the full wave propagation
occurs for an angle φ = 0. The study is completed by transmission spectra considering
longitudinal (x-polarised) and shear (y-polarised) wave propagation separately.

2.3.1

Elastic case

The lossless case is considered as a reference for the viscoelastic metamaterial. In the
studies reported in the literature, where due to the simplicity of the viscoelastic material
models, the loss tangent was linearly increasing with frequency and the real part of
the modulus was constant [138, 21], it was sufficient to present only a single elastic
reference case. However, adopting the generalised Maxwell model results in a frequency
dependence of the storage modulus. This indicates at least two reference cases: linear
elasticity with a shear modulus of the rubber coating equal to either the equilibrium
modulus G∞ or the instantaneous modulus G0 . These cases are marked as elastic G∞
and elastic G0 , respectively.
Figure 2.6 shows the complex band structure and the projections of the dispersion
curves on the real and imaginary planes calculated for the case elastic G∞ . Purely real,
purely imaginary and complex bands can be distinguished in the diagram, forming two
band gaps in the considered frequency range: the first between 677-815 Hz and the second between 906-1092 Hz. For comparison, the classical real-valued dispersion curves
obtained via the ω(k) approach [59] are also depicted in Figure 6 with solid grey lines
and show perfect agreement with the real branches of the complex band structure (aside
from the horizontal branches associated with torsional modes which are typically badly
resolved with the k(ω) approach [70]). It is worth noting that the mechanism opening
both band gaps is local resonance of the coaxial heavy masses, which has been thoroughly described by Larabi et al. [76] and Chen et al. [21]. This aspect distinguishes
these two band gaps from the ones obtained for a single resonating mass [69], where
the second band gap is related to the vibration inside the coating layer. Note that the
continuity of the branches in the dispersion diagram is preserved: the real branches surrounding the band gaps are connected by bands passing through the complex domain.
Moreover, the bands coinciding in the symmetry points are sharply bent.
In Figure 2.6, a distinction between wave types has been introduced, following Wang
et al. [138]. The colour varying from red to blue denotes the change of wave polarisation from longitudinal to shear, respectively. Note, that in the dispersion diagrams,
a very low level of mode conversion in an infinite material is observed. The longitudinal and shear waves show different behaviour, not only on the real plane projections,
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Figure 2.6: Dispersion diagrams for the linear elastic case with G∞ (a) 3D band structure
(b) 2D projections. The band gap regions are shaded. Colours represent wave polarisations from shear (blue) to longitudinal (red). Grey solid lines depict the real-valued
band structure obtained via the ω(k) approach.
where the slope of the curves corresponds to the velocities of the propagating waves,
but also inside the band gap regions, where longitudinal wave is characterised by purely
imaginary branches and the branches corresponding to shear wave are complex. What
is more, sharp cusps of Im(kx ) can be observed at the band gap opening frequencies
for longitudinal wave, whereas shear wave is characterised by a broader increase of
Im(kx ) values. It should be underlined that this character of the dispersion curve shapes
is present within both band gap regions.
The results obtained for the dispersion diagram of the elastic G0 case are similar (and
therefore not shown here) except for a shift of the band gap ranges to higher frequencies,
namely 742-893 Hz and 992-1197 Hz.
In Figure 2.7, attenuation diagrams are presented, where the colours ranging from
blue to red are associated with the lowest value of the attenuation factor φ ranging
from 0 to π/2, respectively, calculated with equation (2.15). Ranges where waves have
a propagative character are coloured in blue (Im(kx )=0), a deep red colour denotes
band gaps with purely imaginary branches (Re(kx )=0 and φ → π/2 ) and light green
to red regions are associated with complex shear wave branches passing through the
band gaps (Figure 2.6). In other words, in the elastic case, the band gap regions can be
distinguished by the absence of blue colour, and thus in Figure 2.7, the mentioned shift
of the band gaps to higher frequencies between elastic G∞ and elastic G0 cases is clearly
depicted.
The power transmission spectra used for the evaluation of the results obtained in the
previous steps on a finite size structure are presented in Figure 2.8. Within the band
gap ranges predicted by the Bloch approach (shaded regions), transmission dips can be
observed for both longitudinal and shear waves. Also the shift of the band gaps between
the two elastic cases is again visible. An apparent correspondence exists between the
imaginary projection of the dispersion diagram and the transmission spectra: transmission of longitudinal waves exhibits a rapid dip whereas the transmission abatement for
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Figure 2.7: Attenuation diagrams for the purely elastic metamaterial with different shear
moduli of the rubber coating: (a) G∞ and (b) G0 . The values of the attenuation angle φ
are depicted by colours ranging from blue (0) to red (π/2).

10

2

10

2

0

10

0

10
10

-2

10

-4

10

-6

10

-8

10

-10

10

-12

Power transmission TP

Power transmission TP

shear waves is more gradual within the band gaps. Note that the regions outside the
band gaps where the normalised power transmission exceeds 1 and characteristic ripples occur can be associated with the eigenfrequencies of the analysed finite structure.
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applied boundary conditions, not exactly matching the impedance of the metamaterial.
In turn, the location of band gaps is not dependent on the considered set-up, however,
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Figure 2.8: Normalised power transmission spectra for (a) longitudinal and (b) shear
wave polarisation for the elastic cases with G∞ and G0 . The corresponding band gap
regions are shaded in blue and grey.

2.3.2
2.3.2.1

Viscoelastic case
Single mode Maxwell model

In Figure 2.9, the complex band structure as well as its projections to the real and imaginary planes are presented for a selected viscoelastic case with a single (intermediate)
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relaxation time τ = 10−3 s. As already indicated in the elastic study, the colours of the
curves are associated with wave polarisation. As a reference, the dispersion curves obtained for the elastic case with G0 are also presented (in black). This choice is motivated
by the attenuation regions being located in both cases within the same frequency ranges.
The viscoelastic bands for frequencies approaching the elastic band gap openings are
bent out and finally deviate from the reference ones. Moreover, the previously sharp
band corners at the symmetry points are significantly smoothed, which is typical for a
band structure of viscoelastic metamaterials [138]; this occurs at both band gap regions.
It should be noted that material damping mostly affects the two cusps of the imaginary
part of the wave number of the longitudinal wave, whereas only a slight decrease is
visible in the case of the shear wave. Moreover, the wave attenuation in between the
former elastic band gap regions is confirmed by the non-zero values of Im(kx ). It is
worth mentioning that in the viscoelastic studies, a band gap in the strict sense does not
exist. Therefore, the notion of an attenuation range is used further.
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Figure 2.9: Dispersion diagrams for the viscoelastic single mode Maxwell model with τ =
10−3 s (a) 3D band structure (b) 2D projections. Colours represent wave polarisations
from shear (blue) to longitudinal (red). The band gap regions for the elastic G0 case are
shaded and the corresponding dispersion curves are shown in black.
The attenuation diagrams for single mode Maxwell models with different relaxation
times are presented in Figure 2.10. With an increasing relaxation time in the single
mode Maxwell model, a shift in the position of the attenuation ranges can be observed.
This behaviour, which has been observed also in studies of other PCs and LRAMs [89],
can be explained by the variation of the value of the rubber shear modulus G0 with
frequency and has been demonstrated for a one-dimensional case with a single inclusion
in [97] based on a discrete Zener-type oscillator. Note that a shift of approximately 100
Hz can be observed for a relatively small variation of storage modulus in the range of
50-60 kPa. In fact, even larger variations of storage modulus, in the frequency range
considered, can be encountered in case of silicone rubber as shown in experimental
studies [63, 103]. Since the level of viscosity changes for every frequency, the magnitude
of the attenuation angle in between and around band gaps varies. From this point of
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view, the favourable effect of viscosity is most pronounced in Figure 2.10b (τ = 10−4 s),
where the attenuation angle between the two attenuation regions exceeds π/6.

(a) τ = 10−5 s

(b) τ = 10−4 s

(c) τ = 10−3 s

(d) τ = 10−2 s

(e) τ = 10−1 s

Figure 2.10: Attenuation diagrams for the metamaterial with a viscoelastic rubber coating modelled by single mode Maxwell models with different relaxation times. The values
of the attenuation angle (equation (2.15)) are depicted by colours ranging from blue (0)
to red (π/2).
Based on the attenuation ranges observed in the analysis of the attenuation spectra,
two cases have been selected for a transmission study. The transmission spectrum analysis has been performed for the relaxation times τ = 10−4 s and τ = 10−3 s. The results
are shown in Figure 2.11 with a distinction between longitudinal and shear waves. As
a reference, the results for the elastic cases are also shown. In line with the predictions
from the dispersion analysis, the effect of wave mitigation in the region between the attenuation ranges is more pronounced for the case with a relaxation time τ = 10−4 s for
both wave polarisations. However, this effect is in general more pronounced in the case
of a shear wave, which can be explained by the lower group velocity of this wave polarization observed in the region in between band gaps (Figure 2.6). It has been reported
[79] that flat bands are more affected by losses. The material damping contributes also
to smoothing of the transmission dips in the longitudinal wave spectrum. In this case,
attenuation in the ranges between the elastic band gap regions is present, but rather low
in magnitude. On the other hand, the transmission spectrum for the shear wave shows
that a low level of material damping does not significantly affect the transmission dips
within the band gap regions; in fact, it contributes to the wave attenuation in a much
wider frequency range. With increasing loss tangent, wave mitigation around the band
gap regions also increases, although, minor smoothing of the transmission dips is observed as well. In both spectra, the shift of the attenuation regions in terms of frequency
due to a frequency dependent value of the storage modulus G0 of rubber is visible. The
presented results are in agreement with the predictions from the dispersion analysis.
The dissipative mechanism occurring in the viscoelastic rubber coatings is further investigated using dissipation power spectra. Based on the levels of the dissipated power
presented in Figure 2.12, the viscous dissipation in space can be assessed. Note, that the
dissipated power is divided by the output power P0 obtained for the reference epoxy
case, in order to account for the increase of the input power with frequency. First of all,
the presence of two maxima in the dissipated power graphs at the band gap openings
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Figure 2.11: Normalised power transmission spectra for the metamaterials with a viscoelastic rubber coating modelled by a single mode Maxwell model with two selected
relaxation times. The longitudinal (a) and shear (b) wave polarisations are presented
separately. In the background, the transmission curves and band gap regions for the two
elastic reference cases are shown.
for the models with both relaxation times and both wave polarisations can be observed.
Secondly, most of the dissipation takes place within the first two unit cells, which can be
inferred from the small spacing between the plots of the dissipated power for increasing
cell numbers. Moreover, it turns out that the total dissipation at the openings of the bang
gaps is higher for the viscoelastic case τ = 10−3 s, even though the values of the loss
tangent for this model are lower at the discussed frequencies. This can be explained by
higher strain values in the presence of local resonance. A significant level of dissipation
can also be noticed in between the former elastic band gap regions for both wave polarisations, with higher values obtained for the viscoelastic case τ = 10−4 s, which is
associated with the effect of joining the attenuation regions.
2.3.2.2

Multi-mode Maxwell model

Figure 2.13 presents diagrams of attenuation angles as a function of frequency for three
locally resonant acoustic metamaterials, where the viscoelastic behaviour of the rubber
coating is modelled by three different five-mode Maxwell models: materials A, B and C
(Table 2.2). A significant shift of the attenuation ranges can be observed for material A
compared to B and C, which largely results from the significant difference in the value
of G0 between these materials. In the case of material B (Figure 2.13b) the favourable
effect of joining attenuation ranges occurs (with an attenuation factor exceeding π/6). In
Figure 2.13a, due to the small loss tangent value of material A, the attenuation regions
are clearly separated, which can be observed also in Figure 2.13c, despite the fact that
the model of material C differs, with respect to material B, by only one relaxation time
(Table 2.2). Therefore, to ensure the effect of bridging the attenuation ranges, the loss
tangent of the rubber coatings should at least reach the value of 0.1. Note that the
attenuation regions are broadened also from the top and bottom in all instances, thus,
the total width of the wave mitigation range increases in comparison with the linear
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Figure 2.12: Dissipated power calculated for subsequent pairs of unit cells (starting from
the excitation side) for longitudinal (a) and shear (b) wave polarisations; green and blue
colours denote the viscoelastic case τ = 10−3 s and τ = 10−4 s, respectively.
elastic cases. This effect is most pronounced for the metamaterial with a viscoelastic
rubber coating of material B.

(a)

(b)

(c)

Figure 2.13: Attenuation diagrams for the metamaterial with a viscoelastic rubber coating of material A (a), material B (b) and material C (c) modelled by multi-mode Maxwell
models. The values of the attenuation angle (equation (2.15)) are depicted by colours
ranging from blue (0) to red (π/2).
The power transmission spectra for these materials (Figure 2.14) are in good correspondence with the predictions given by the dispersion analysis. The location and character of the transmission reduction show both the shifts due to growth of the storage
modulus G0 and the desired attenuation in the region between the elastic transmission
dips. Note that in the case of materials B and C, the shift of the band gaps in comparison with material A is more pronounced, due to the stronger difference between the
values of the storage moduli G0 . Furthermore, as demonstrated in the previous section,
although the mechanism of joining attenuation ranges in the case of a longitudinal wave
can be observed, in terms of the transmission level, it is rather modest. For shear waves,
a moderate effect of bridging the transmission dips is present even for materials A and
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Figure 2.14: Normalised power transmission spectra for metamaterials with a viscoelastic rubber coating of material A, B and C modelled by multi-mode Maxwell models. The
longitudinal (a) and shear (b) wave polarisations are presented separately. In the background, the transmission curves and band gap regions for the reference elastic case G∞
are shown.
C with rather low loss tangents, and the effect is particularly pronounced for material B
that is characterised by a higher material damping. Moreover, material damping for this
wave polarization does not significantly affect the band gap regions as for a longitudinal
wave, where the transmission dips at the opening of the band gaps range are smoothed.
Based on the dissipated power spectra shown in Figure 2.15, the losses occurring
for different multi-mode viscoelastic models can be compared. Similar to the singlemode study, the dissipation mechanisms are activated within the attenuation ranges,
where the highest dissipation peaks can be observed at the resonance frequencies. Due
to low loss tangent values of the materials A and C, the dissipation at the frequencies in
between the resonance frequencies is significantly smaller than for the case of material
B. This corresponds with the modest effect of bridging of the attenuation regions for the
first two cases. Note, that for material B the dissipation is significantly high between the
attenuation ranges and it is only 6 times lower than the dissipation observed at the band
gaps’ opening. It can be also observed that in this case the dissipation covers a broader
frequency regime.

2.4

Discussion

The study of dispersion characteristics by means of attenuation diagrams and power
transmission analyses has shown that the performance of locally resonant acoustic metamaterials is highly sensitive with respect to the material properties of the coating material. Small changes of the frequency-dependent (elastic) shear modulus result in a
significant shift of the band gap ranges. For the configuration investigated, a difference
of 10 kPa for the rubber storage modulus G0 , which is easily achievable in case of silicone
rubber [63, 103], leads to a shift of approximately 100 Hz. The loss tangent level, which
is nonlinear in the Maxwell model, strongly influences the attenuation performance of
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Figure 2.15: Dissipated power calculated for subsequent pairs of unit cells (starting from
the excitation side) for longitudinal (a) and shear (b) wave polarisations; red, blue
and yellow colours denote the metamaterials with the rubber modelled by viscoelastic
materials A, B, and C, respectively.
the metamaterial around the band gap frequencies. Therefore, taking into account the
typical nonlinear frequency dependence of both the storage modulus and the loss tangent of the coating is essential in order to localise the band gap frequencies and correctly
assess the influence of material damping.
In the presented analysis, dissipated power spectra demonstrate the efficiency of the
proposed viscoelastic metamaterial in terms of energy dissipation. A significant amount
of energy is dissipated at frequencies between resonance attenuation ranges which is the
underlying mechanism for the effect of band gap bridging. For instance, the dissipation
level within the bridged frequency intervals for the metamaterial modelled with the
rubber with almost constant loss tangent approaching 0.1 (material B) was only 6 times
lower than the highest dissipation peaks.
It has been also demonstrated, that for the purpose of bridging the wave attenuation
ranges, the viscosity of the rubber coating needs to be sufficiently high in the frequency
range of band gaps formation. Otherwise, the effect of bridging separate attenuation
regions is not pronounced. For the investigated case, the loss tangent level should reach
at least 0.1, which is a moderate value for silicone rubber. Moreover, the shift of the
attenuation ranges should be taken into account as well, if the mentioned bridging is
aimed at.
Finally, a material with an optimal value of viscosity should be chosen since material
damping may decrease the level of wave attenuation inside the band gap regions (mostly
due to the influence on local resonance). The optimal level of viscosity can be found with
the aid of the analysis presented in this work by comparing the dissipated power curves
for different loss tangents. For overdamped cases, the dissipation level will decrease due
to the annihilation of resonance effects.
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Summary and conclusion

In this paper, the dynamic behaviour of locally resonant acoustic metamaterials consisting of multicoated coaxial inclusions of rubber and tungsten embedded in epoxy has
been investigated. The concept of merging the band gaps by introducing material viscoelasticity to the rubber coating has been analysed in detail for longitudinal and shear
wave polarization. For this purpose, the generalized Maxwell model, which accounts for
a realistic (nonlinear) frequency dependence of both real and imaginary components of
the complex elastic properties, has been adopted. It should be noted that this model,
although it is the most general viscoelastic model, has not been yet exploited in the
literature for the analysis of locally resonant acoustic metamaterials, and in particular,
with the purpose of bridging band gaps.
The analysis presented in this paper shows that the frequency dependent behaviour
of the polymer coating material influences the response of the metamaterial in a twofold
manner. First of all, the variation of the storage modulus is reported as being responsible
for the shift of the band gaps in the frequency spectrum. Secondly, the loss tangent value
determines the attenuation performance of the metamaterial. These two observations
are crucial if the effect of band gap bridging is aimed at. The shift of attenuation ranges
needs to be taken into account in order to adequately estimate the frequency regions
where the attenuation is being enhanced with the aid of viscosity. Next, the level of loss
tangent in between band gaps needs to be sufficiently high for bridging to occur. Finally,
the optimal variation of loss tangent values should be found in order to favourably
combine the effect of viscous attenuation in between band gaps with the resonancebased attenuation inside the band gaps.
The findings presented in this paper may help to understand and optimise the performance of locally resonant acoustic metamaterials with viscoelastic constituents. It is
clear that more realistic modelling is a necessary step towards tuning metamaterials’
behaviour. Moreover, taking advantage of molecular methods for designing polymers
with desired properties [13] and controlling their viscoelastic behaviour (e.g. relaxation
time) may result in manufacturing of metamaterials with a fully optimised response.
Based on the present study and accounting for currently available routes towards active
control of material properties, for instance by varying the location of loss tangent peak
using electric current or magnetic field [143], some new ways of enhancing metamaterial performance can be envisioned.

CHAPTER

3

Towards acoustic metafoams: the enhanced
performance of a poroelastic material with local
resonators
Reproduced from:
Lewińska, M.A., van Dommelen, J.A.W., Kouznetsova, V.G. and Geers, M.G.D.,
Journal of the Mechanics and Physics of Solids, 124:189-205, 2019.

Acoustic foams are commonly used for sound attenuation purposes. Due to their porous microstructure, they efficiently dissipate energy through the air flowing in and out of the pores at high frequencies. However, the low frequency performance is still challenging for foams, even after optimisation
of their microstructural design. A new, innovative, approach is therefore needed to further improve
the acoustic behaviour of poroelastic materials. The expanding field of locally resonant acoustic
metamaterials shows some promising examples where resonating masses incorporated within the
microstructure lead to a significant enhancement of low frequency wave attenuation. In this paper,
a combination of traditional poroelastic materials with locally resonant units embedded inside the
pores is proposed, showing the pathway towards designing acoustic metafoams: poroelastic materials with properties beyond standard foams. The conceptual microstructural design of an idealised
unit cell presented in this work consists of a cubic pore representing a foam unit cell with an embedded micro-resonator and filled with a viscothermal fluid (air). Analysis of complex dispersion
diagrams and numerical transmission simulations demonstrate a clear improvement in wave attenuation achieved by such a microstructure. It is believed that this demonstrates the concept, which
serves the future development of novel poroelastic materials.

3.1

Introduction

Protection against noise pollution is nowadays a compelling problem due to progressing
industrialisation and omnipresent sources of disturbing and harming sounds. In particular, low frequency noise attenuation still awaits for an efficient solution, preferably
based on a material suitable for mass production.
In terms of sound absorption, porous materials like acoustic foams, fiber glass or mineral wool are usually quite efficient due to their large microstructural air-solid interface
area, which results in high viscothermal dissipation. However, the efficiency of these materials for low frequencies is significantly lower than for mid and high frequency sounds
[146]. Moreover, studies investigating the relationship between the microstructure of
conventional acoustic foams and their performance [44, 36, 23, 35] show that the shift
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of the absorption peak towards lower frequencies by means of a detailed pore design or
by increasing the reticulation rate is rather limited (if it can be achieved, it comes at a
price of lower efficiency).
An alternative to improvements at the microstructural level is to modify the materials at a scale larger than the pore size (i.e. meso scale). It has been observed that
meso-perforations (air inclusions) introduced to a porous material may be beneficial
for its acoustic performance at low frequencies (see the review paper [122] on double
porosity media and the references therein). Embedding other types of meso-scale inclusions in foam-like materials has been explored for the same purpose. A distribution of
Helmholtz resonators in the bulk of a poroelastic material has been introduced in [74]
and [37], and was recently optimised in [113]. Note that, in order to achieve low frequency performance of such panels, the sizes of resonating cavities need to be rather
large (order of centimetres). Moreover, inspired by the concept of phononic crystals
[31] (i.e. a periodic arrangement of scatterers showing sound attenuation via destructive wave interference), a periodic arrangement of metal rods has been proposed for
example in [141] and a double porosity material with an array of mass inclusions has
been reported in [25]. Although such solutions, based on meso-scale modifications of
porous materials, can offer an improvement of the attenuation level at low frequencies,
they also require significantly different designing and manufacturing steps.
Acoustic metamaterials are another class of materials that are promising in the context of low frequency sound attenuation. The dedicated microstructural design of these
materials results in higher attenuation level relative to what is achieved with traditional
materials. A number of metamaterials achieve their extraordinary properties through
a local resonance phenomenon. The prime manufactured example of a solid material
generating so called band gaps and acting as a total wave reflector due to resonating
inclusions, which effectively prohibits the propagation of waves at certain frequencies,
has been reported rather recently in [90]. Boutin and Becot [11] have proposed a material entirely composed of Helmholtz resonators (of significant size in order to attain
low frequency performance), also achieving an improvement in sound attenuation. This
concept was further developed in [47], proposing a porogranular material design with
resonators made of soft elastomer shells. Recently, the presence of shear wave band
gaps and left-handed behaviour of a cellular material entrained with water have been
demonstrated experimentally in [33], where the dispersive properties of the material
are achieved through resonance of the lattice walls.
A special type of acoustic metamaterials are the structures incorporating membrane
resonance. Such materials are typically designed to improve absorption performance as
is the case for a “dark” acoustic metamaterial [102] or in the work of Ma et al. [94]
where hybrid resonance of a decorated membrane is exploited. Yang et al. [147] have
proposed a combination of a membrane-type and a Helmholtz resonator, showing that
such degenerate resonators, when properly coupled, can also serve as an effective absorber. Recently, atypical acoustic behaviour of rigid permeable materials with thin elastic membranes embedded in a rigid microstructure has been demonstrated numerically
and experimentally in [137].
In many studies concerning metamaterials, especially those involving fluid structure
interaction, material (fluid) losses are either not included in the model or incorporated
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in a simplified way through a phenomenological parameter. For some materials, incorporating the influence of realistic damping occurring through thermal and viscous dissipation is not just a refinement of the model but may be crucial for the correct predictions
of their response. For instance, in the study by Molerón et al. [105], focusing on a metamaterial consisting of rigid slabs embedded in air, the inclusion of fluid losses changed
the predicted acoustic behaviour from perfect transmission to perfect reflection. Furthermore, Henríquez et al. [50] have reported that viscothermal dissipation in the air,
even for geometries much larger than the boundary layer thicknesses, may completely
suppress the double negative behaviour of the analysed rigid periodic structure.
In this paper, the acoustic performance of a poroelastic material enriched with resonators embedded in the pores is investigated. Unlike previous studies [44, 36, 23, 35]
aiming at optimising the pore geometry and morphology for low frequency performance,
here, a major change in terms of micro-dynamical phenomena is introduced. The microresonator is represented by a cantilever beam with a heavy mass attached at its tip,
which represents a particle embedded in the pore during the manufacturing process.
Bloch analysis performed for the proposed unit cell design predicts a significant attenuation in the low frequency range for both fast and slow compressional waves propagating through the system. This behaviour is also confirmed by a transmission analysis of a
finite size set-up by direct simulations. Moreover, it is shown that the shear viscosity of
the fluid is crucial for revealing the resonance-related attenuation mechanisms. In order
to numerically demonstrate the concept of embedding local resonators within the pores
of poroelastic material, a simple cubic unit cell is used. Supporting the recent progress in
innovative approaches to manufacturing poroelastic/cellular materials [62], this work
contributes towards the development of a new type of foams: acoustic metafoams.
The paper is organised as follows. In section 3.2, the unit cell and the modelling
approach are described. In section 3.3, the simulation results are shown, including the
analysis of the dispersion diagrams and transmission studies of the response of a single
unit cell as well as a finite size configuration. In section 3.4 the main results are further
discussed, after which conclusions are presented.

3.2
3.2.1

Modelling approach
Geometry of the unit cell

The geometry and dimensions of the unit cell have been chosen on the basis of polymer
foams [44], aiming at high absorption for low frequencies. A cubic idealised representation of the pore has struts with a square cross-section along all edges and membranes
in the faces (Figure 3.1). A small cell size of a = 100 µm is adopted, with the thicknesses
of the struts ts = 25 µm and of the membranes tm = 1 µm. These values are close to the
parameters measured experimentally in Gao et al. [42]. The membranes of four out of
six faces are partially open, with a small opening ratio of 1% (where the opening ratio
represents the area fraction of the hole in the face).
A local resonator is introduced within the microstructure of the idealised cubic cell
in the form of a cantilever decorated at its tip with a heavy (relatively to the unit
cell weight) mass of mheavy = 10−10 kg. In order to reduce the role of the geometry in this study and to focus on the contribution of the local resonance effect to
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the material performance, the dimensions of the resonating mass are minimised to
0.01 mm×0.01 mm×0.01 mm. In this way, the dissipation is not being enhanced due to
an increase of the solid-fluid interface. Moreover, two reference cases are considered,
the case of a unit cell without a resonator and a unit cell with a light resonator (i.e. the
cantilever only, omitting any external mass at its tip). The three geometries are depicted
in Figure 3.1.

z

x
y

(a)

(b)

(c)

Figure 3.1: (a) Unit cell without a resonator, (b) unit cell with a light resonator, (c) unit
cell with a resonator with a heavy mass. Light grey represents polyurethane (PU), dark
grey is the heavy mass at the tip of the resonator, light blue is the air domain.

3.2.2

Material description

The microstructure of the unit cell (Figure 3.1) consists of fluid and solid phases which
are described in the frequency domain. Conventional descriptions for each component
are adopted from Gao et al. [41] and Yamamoto et al. [145].
The solid part is modelled as in general an isotropic elastic material. Within the solid
domain, the equation of motion holds:
− ρs ω 2 u = ∇ · σ,

(3.1)

where u is the displacement vector, ω the angular frequency, ρs the solid density and σ
is the stress tensor given by σ = 4 Cs : ∇u, with 4 Cs being the total symmetric fourth
order elasticity tensor, symbol ∇ denotes the gradient operator.
At the microstructural level, dissipative effects are result from the viscothermal behaviour of the fluid. Therefore a complex description of the fluid domain is adopted. The
governing equations for a lossy compressible fluid can be written as:


iωρf0 v = −∇p + ∇ · µf (∇v + (∇v)T ) − 32 µf (∇ · v)I ,
(3.2)
ρf0 cfp iωθ = iωp − ∇ · (−κf ∇θ),
p
θ
iω = iω − ∇ · v,
p0
θ0

(3.3)
(3.4)

which represent the balance of momentum, the energy balance and mass conservation
(considering the ideal gas law), respectively. In these equations, v denotes the velocity
vector, p the pressure, θ the temperature, ρf0 the equilibrium density, µf the viscosity, cfp
the heat capacity at constant pressure, κf the thermal conductivity, i the imaginary unit,
p0 and θ0 the ambient pressure and temperature, respectively.
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In order to reduce the computational costs, external fluid domains (outside the unit
cells), used in transmission simulations (see section 3.2.4), are modelled in a simplified
way, neglecting viscothermal damping. Then, the local momentum balance and continuity equations are:
iωρf0 v + ∇p = 0,

(3.5)

iωp + c20 ρf0 ∇ · v = 0,

(3.6)

where c0 denotes the wave speed in the fluid. By combining equations (3.5) and (3.6),
the acoustic Helmholtz equation is obtained:
∇ · (∇p) + k02 p = 0,

with the wavenumber k0 =

ω
.
c0

(3.7)

This domain will be referred in the text as inviscid isothermal.
The coupling between the domains is prescribed in the following way. At the interface
between the viscothermal fluid and the solid, continuity of velocities and tractions is
assumed, along with an isothermal condition (justified by the large difference between
thermal conductivity of the solid and fluid phases). Continuity of tractions and normal
acceleration is adopted at the interfaces between the solid and the inviscid isothermal
fluid as well as between the viscothermal and inviscid isothermal fluid. At the latter
interface, also adiabatic conditions for the temperature are assumed.
The material parameters adopted for the fluid (air) and solid (polyurethane, PU)
domains are presented in Tables 3.1 and 3.2, respectively.
Table 3.1: Material properties of air (ρf0 denotes fluid equilibrium density, κf thermal
conductivity, cfp heat capacity at constant pressure, µf dynamic viscosity, θ0 and p0 equilibrium temperature and pressure, respectively) [28].
ρf0
(kg/m3 )

κf
(W/(m·K))

cfp
(J/(kg·K))

µf
(Pa·s)

θ0
(K)

p0
(Pa)

1.2

0.0257

1005

1.84 · 10−5

293

1.01 · 105

Table 3.2: Material properties of the solid phase polyurethane (PU) (ρs denotes solid
density, E Young’s modulus, ν Poisson’s ratio) [44].

3.2.3

ρs
(kg/m3 )

E
(MPa)

ν
(-)

1000

1

0.4

Bloch analysis

Free wave propagation in an infinite periodic medium is typically analysed based on
dispersion diagrams. By considering the complex band structures, the assessment of the
wave dispersion in the presence of local resonators is possible, as well as the description of the wave attenuation due to (thermo) viscous dissipation inside the unit cell.
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The wave attenuation is characterised by the imaginary part of the wavenumber (attenuation factor), where higher values indicate stronger attenuation in space. In this
study, the complex dispersion diagrams are obtained with the standard k(ω) approach
[59, 70, 138] based on the Bloch-Floquet theorem, which states that the wave solution
inside the Brillouin Zone [65] is a superposition of a periodic function and a plane wave
[31]. The Bloch-Floquet theorem is applied to all considered field variables and substituted in the governing equations (3.1), (3.2), (3.4) and (3.7) of the domains. Although
thermal effects are included in the transmission analysis, due to their marginal contribution demonstrated in section 3.3.3, they are neglected in this part of the study. COMSOL
Multhiphysics is used to solve the coupled eigenvalue problem, exploiting a user defined
weak form for a unit cell with periodic boundary conditions. The details of the strong
and weak formulations used for the Bloch analysis are given in the Appendix A. The
study is restricted to the ΓX direction of the wave propagation [31] since it coincides
with the conditions realised in the corresponding transmission analysis.

3.2.4

Transmission analysis

A numerical three-dimensional transmission set-up [25] is used in this paper to assess
the performance of the material. The finite element method simulations have also been
conducted with COMSOL Multiphysics. The set-up is inspired by an impedance tube
test, typically utilised for measuring the acoustic properties of poroelastic materials. A
three point method [50, 51] is used to measure transmission, absorption and reflection.
The tested sample is placed in between two air domains, with a pressure plane-wave
excitation assigned to the left boundary and a perfectly matched layer (PML) used at the
right boundary to reduce spurious reflections. Lateral boundaries (in y and z directions)
are periodic in this analysis. The mid-plane cross-section of the numerical model with
the position of the measurement points (mic) is shown in Figure 3.2.
mic3

mic1 mic2

z
y

L

x

PML

Figure 3.2: Transmission set-up used in the numerical simulations. Light grey represents
polyurethane (PU), dark grey is the heavy mass at the tip of the resonator, light blue is
the air domain.
Following Henríquez et al. [50], reflection r(ω) and transmission t(ω) coefficients are
obtained by:
p2 exp(−ikx1 ) − p1 exp(−ikx2 )
,
p1 exp(ikx2 ) − p2 exp(ikx1 )
p3 (exp(−ikx2 ) + r(ω) exp(ikx2 ))
t(ω) =
exp(−ikL),
p2 exp(−ikx3 )

r(ω) =

(3.8)
(3.9)
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where p1 , p2 and p3 are complex pressure values calculated at three measurement points
xi (at the positions of the microphones 1, 2 and 3, respectively), L is the length of the
sample, k denotes the wavenumber.
Power transmittance and reflectance are then expressed as: R(ω) = |r(ω)|2 and
T (ω) = |t(ω)|2 , respectively, and sum up to 1 in the absence of losses, due to the conservation of energy. In the presence of losses, the dissipated energy is given by an absorption term: A(ω) = 1 − R(ω) − T (ω). In order to distinguish the mechanisms underlying
the absorption, the fractions of viscous and thermal dissipated powers are respectively
obtained by [116, 16]:
Z
σ : ∇vdV,
(3.10)
Pv =
ZV
κ
Pt =
∆T dV,
(3.11)
V T0
and will be normalised by incident power. In the above expressions, V denotes the volume of the viscothermal fluid and the symbol ∆ is the Laplace operator.

3.3

Results

In this section, the numerical results are presented. First, the behaviour of an infinite
periodic arrangement of unit cells is assessed based on the Bloch analysis. Next, the
acoustic performance of a finite material sample (considering single and multiple cells)
is studied using the transmission set-up.

3.3.1

Dispersion diagrams

Figure 3.3 shows the dispersion diagrams obtained for the three considered 3D unit cell
geometries, of Figure 3.1, using an inviscid isothermal fluid. The wave polarisations are
identified by the ratio between the amplitudes of the displacement in the solid along the
x axis and the total displacement in the solid, both integrated over the solid domain. The
compressional and shear wave polarisations are then distinguished by colours varying
from red (1) to blue (0), respectively. As can be seen in Figure 3.3, two shear and two
compressional waves propagate in the material consisting of 3D unit cells with the solid
and fluid phases, where two shear waves (S1, S2) relate to the two perpendicular displacement directions, and two compressional (longitudinal) waves (L1, L2) correspond
to the in-phase (fast, fluid-born) and out-of-phase (slow, solid-born) motion of the fluid
and solid, respectively [2, 14].
Dispersion curves for the inviscid cases without the resonator and with the light
resonator presented in Figure 3.3a overlap in the considered frequency range and do
not exhibit any dispersive or dissipative effects (imaginary parts of the wavenumbers
all equal zero). Yet, significant dispersion can be observed for the case with the heavy
resonator in Figure 3.3b. A band gap is formed in the frequency range 445-560 Hz for
two wave polarisation: the slow (solid-born) compressional wave (L2) and one of the
shear waves (S2), as evident from the absence of the dispersion curves in the real plane
and high imaginary values of the wavenumber. It should be emphasized that due to the
presence of the two other wave types (L1, S1) inside the band gap region, a complete
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Figure 3.3: 2D projections of the complex dispersion diagrams for the unit cells with
inviscid fluid domains: (a) the unit cells without the resonator (filled circles) and with
the light resonator (open circles); (b) the unit cell with the heavy resonator. Colours
represent wave polarisations from shear (blue) to longitudinal (red).
band gap is not formed. Note, that due to the small dimensions of the unit cell, the
dispersive effects related to the cavity resonance for the wave type L1 occur at much
higher frequencies, exceeding the considered range (not shown here).
Figure 3.4 presents the 3D band structure and its 2D projections obtained for the geometry with the heavy resonator when a viscous fluid is considered (with the viscosity
of air). As a reference, the lossless case discussed previously is also shown in the graph
(in black). The viscosity of the fluid has a significant influence on the dispersion curves.
In particular, both compressional waves (L1, L2) are attenuated in the considered frequency range, with attenuation peaks located around 440 Hz. The 3D view of the band
structure (Figure 3.4a) reveals how both dispersion curves associated with these waves
bend towards the complex wavenumber domain, exhibiting a spin in the band gap region, characteristic for dissipative systems [70, 83]. The shear wave S2 (forming a band
gap in the lossless case) now shows a slight broadening of the attenuation regime in the
viscous case. No influence of the air viscosity can be observed for the other shear wave
polarisation (S1).
In order to assess the effect of the resonance on the attenuation performance of
the unit cell with the heavy resonator entrained with viscous fluid, the corresponding
dispersion curves obtained are compared with those calculated for the unit cell with a
light resonator (also accounting for the fluid viscosity). Figure 3.5 shows that for low
frequencies (below 450 Hz), the fast (fluid-born) compressional wave (L1) reveals a
higher level of attenuation in the case with the heavy resonator. On the other hand,
for frequencies above 450 Hz the attenuation factor is higher for the light resonator.
An attenuation peak located around frequency 440 Hz, which is observed for the slow
(solid-born) wave (L2) with the heavy resonator, is not present in the case of the light
resonator, for which the attenuation is slightly lower at the higher frequencies as well.
The attenuation of the compressional waves shown in the dispersion diagrams can
be associated with the dynamic behaviour of the unit cell. Therefore, in Figure 3.6 the
velocity fields in the longitudinal direction at the mid-plane cross section for different
points (marked in Figure 3.5b by A, AL, B, BL), are presented for both unit cells. The
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Figure 3.4: Complex dispersion diagrams for the unit cell with the heavy resonator and
a viscous fluid domain (air viscosity): (a) 3D band structure; (b) 2D projections. Colours
represent wave polarisations from shear (blue) to longitudinal (red). Black dots depict
the case with inviscid fluid.
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Figure 3.5: Complex dispersion diagrams for the unit cell with the heavy resonator (filled
circles) and light resonators (open circles), both filled with a viscous fluid (air): (a) 3D
band structure; (b) 2D projections. Colours represent wave polarisations from shear
(blue) to longitudinal (red).
mode shape for the fast wave, for which the fluid motion is in-phase with the solid,
shows high velocity gradients occurring around the membrane opening, if the light resonator is considered (Figure 3.6a). For the heavy resonator unit cell, the resonating
cantilever significantly enhances the velocity gradient field, in particular, through its
out-of-phase oscillations (Figure 3.6b). Analogous effects can be observed for the slow
wave (Figure 3.6c,d). The presence of the heavy resonator contributes to the higher attenuation level by, enhancing both dissipative effects and increasing reflection, as will
be demonstrated in the following sections.
In Figures 3.7 and 3.8, the band structures obtained for the unit cell with heavy resonators and viscous fluid with different viscosities are presented. For clarity, only the
compressional waves are shown and the distinction between fast (fluid-born) and slow
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Figure 3.6: Velocity fields in the longitudinal x direction at the mid-plane cross section
of the unit cells at the points indicated in Figure 3.5b: (a) AL (with light resonator), (b)
A (with heavy resonator), (c) BL (with light resonator), (d) B (with heavy resonator).
(solid-born) waves is introduced using colours, where red and green colours denote
fluid-born and solid-born waves, respectively. Intermediate colours reflect the ratio between the fluid and solid velocities in the longitudinal direction integrated over the front
face of the unit cell and averaged over the solid and fluid parts of this surface, allowing
to identify the in-phase and nearly out-of-phase motion between fluid and solid.
The 3D dispersion diagram (Figure 3.7a) also shows dispersion curves obtained for
a fluid viscosity lower than that of air i.e. µ = 0.1µair . In this case, both fluid-born and
solid-born waves exhibit less attenuation preserving the general shape of the dispersion
curves (with attenuation peaks around 440 Hz for both wave polarisations). The velocity
fields for the points marked in Figure 3.7b as A01 (Figure 3.9a) and C01 (Figure 3.10a)
reveal a reduced coupling between the solid and fluid domains, with a lower viscosity:
higher velocity gradients are present in the unit cell in comparison with the reference
air viscosity case (cf. Figure 3.6b and Figure 3.10b).

(a)

(b)

Figure 3.7: Complex dispersion diagrams for the heavy resonator unit cell and different
fluid viscosities: µ = µair marked with filled circles, µ = 0.1µair marked with open
circles: (a) 3D band structure; (b) 2D projections. Colours represent compressional wave
types from solid-born (green) to fluid-born (red).
Figure 3.8 shows that the influence of an increased fluid viscosity (µ = 10µair ) on the
dispersion diagrams depends on the wave type. For the fast wave smoothing of the attenuation factor is observed, with a decrease of the attenuation peak at 440 Hz and a minor
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increase of the imaginary parts of the wavenumbers in the frequency range 450-650 Hz.
For the slow wave, the attenuation increases in almost the entire frequency range. Velocity fields for the points marked in Figure 3.8 are shown in Figure 3.9 and 3.10. At
the point A10 significant motion of the entire solid skeleton can be observed together
with reduced velocity gradients, in comparison with the point A01 (Figure 3.9a) and A
(Figure 3.6b). On the other hand, the velocity field for the point C10 (Figure 3.10c) is
characterised by significant velocity concentrations around the membrane opening region. Note, that the attenuation of the slow wave is stronger than the attenuation of the
fast wave for all considered viscosities due to the relative viscous flow of the pore-fluid
relative to the solid frame (see Figure 3.10) [10, 2].

(a)

(b)

Figure 3.8: Complex dispersion diagrams for the heavy resonator unit cell and different
fluid viscosities: µ = µair marked with filled circles, µ = 10µair marked with open
circles: (a) 3D band structure; (b) 2D projections. Colours represent compressional wave
types from solid-born (green) to fluid-born (red).
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Figure 3.9: Velocity field in the longitudinal x direction at the mid-plane cross section of
the heavy resonator unit cells, and different fluid viscosities at the band structure points
marked in Figures 3.7 and 3.8: (a) for µ = 0.1µair indicated with A01, (b) for µ = 10µair
indicated with A10.
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Figure 3.10: Velocity field in the longitudinal x direction at the mid-plane cross section
of the heavy resonator unit cells, and different fluid viscosities at the band structure
points marked in Figures 3.7 and 3.8: (a) for µ = 0.1µair indicated with C01, (a) for
µ = µair indicated with C, (d) for µ = 10µair indicated with C10.

3.3.2

Single cell performance
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The dispersion analysis allows to assess the wave propagation and attenuation in the
infinite material domain. In order to analyse the behaviour of finite structures and distinguish between the mechanisms underlying the wave attenuation, a transmission calculation is conducted using the numerical set-up detailed in section 3.2.4. In this section,
the performance of a single unit cell as a material sample is investigated.
Figure 3.11 shows the acoustic properties of a single unit cell with viscothermal losses
for the unit cells with and without resonators. The heavy resonator cell reveals, a transmission dip at 440 Hz, which is not visible for the case with a light or no resonator
(Figure 3.11a). Based on the reflection (Figure 3.11b) and absorption (Figure 3.11c)
curves, it can be stated that at this frequency part of the energy is dissipated within the
fluid and a similar part is reflected.
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Figure 3.11: Transmission, reflection and absorption of a single unit cell with a viscothermal fluid: without resonator (dashed line); with the light resonator (red line);
with heavy resonator (green line).
In Figure 3.12, the velocity fields at the mid-plane cross-section of the three unit
cells are depicted. The unit cells without the resonator (Figure 3.12a) and with the
light resonator (Figure 3.12b) behave quite similar. A minor increase of the velocities
is present around the membrane opening, and additionally around the resonator tip for
the corresponding unit cell. The presence of the heavy resonator significantly changes
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the response of the unit cell (Figure 3.12c). At a frequency of 440 Hz, the elastic cantilever resonates and high velocity gradients can be observed within the fluid. Note, that
this velocity field qualitatively resembles the one obtained through the dispersion analysis (Figure 3.6b), suggesting that the dominant role for the transmission analysis in
the considered set-up is played by the fast (fluid-born) compressional wave. As a consequence, a high level of viscous dissipation is obtained, as well as an increase in the
acoustic impedance, resulting in a reflection peak, see Figure 3.11b.
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Figure 3.12: Velocity field in the longitudinal x direction at the mid-plane cross section
of the unit cells in the transmission simulation at 440 Hz for (a) the unit cell without a
resonator, (b) the unit cell with the light resonator and (c) the unit cell with the heavy
resonator
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In Figure 3.13, the acoustic properties obtained for the unit cell with a heavy resonator and viscothermal fluid are compared with those obtained for the inviscid isothermal fluid (described by equation (A.10)). A clear difference between both unit cells
emerges. The transmission dip observed with the viscothermal fluid is not present in the
analysis without viscothermal losses. Only an isolated reflection peak is found at 550 Hz
(Figure 3.13b), which can be associated with the global eigenfrequency of the finite system. Note, that the reflection dips are present in both cases at the frequency 560 Hz (see
logarithmic scale insert graph in Figure 3.13c), which is the frequency closing the band
gap in Figure 3.3c. Naturally, no absorption is observed if the losses are not considered
(Figure 3.13c).
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Figure 3.13: Transmission, reflection and absorption of a single unit cell with a heavy
resonator and a viscothermal fluid (black line) and an inviscid fluid (grey line).
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Based on the above results it can be therefore concluded that viscothermal losses play
a key role for the performance of the unit cell. To further scrutinise this effect, in Figure
3.14, the results of a variation of the fluid viscosity around the regular air viscosity are
presented for the unit cell with a heavy resonator. Both an increase or a decrease of
the viscosity results in smoothening of the transmission spectra and a reduction of the
transmission dip. The change of viscosity initially influences the reflection spectrum,
where for both µ = 0.1µair and µ = 10µair the peak values are already significantly
reduced compared to the value with air viscosity (Figure 3.14b). The absorption level
is only affected strongly if the viscosity is modified considerably (µ = 0.01µair and
µ = 100µair ). If the viscosity reduction is relatively small (e.g. µ = 0.1µair ) absorption
is not influenced much. This amount of viscous dissipation is still achieved due to the
local resonance effect resulting in high local velocity gradients.
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Figure 3.14: Transmission, reflection and absorption of a single unit cell with heavy
resonator and viscothermal fluid with different viscosity values.
In Figure 3.15, the amplitudes of the longitudinal velocity fields are depicted for
three different fluid viscosities, showing that the highest resonator amplitudes can be
observed if the viscosity of air is adopted, which corresponds with the largest transmission dip. This suggests that for this particular system, with the unit cell dimensions and
material parameters based on the optimisation study of Gao et al. [44], the viscosity
of air is the best among the values considered. This is also consistent with the predictions obtained in the dispersion analysis where the highest attenuation peak for the fast
(fluid-born) compressional wave has been achieved with the viscosity of air. Both reducing and enhancing the viscosity leads to the mitigation of the resonator dynamics, with
a stronger effect for higher losses µ = 10µair . The interplay between the viscosity level
and the resonance magnitude also explains the lower absorption level for the higher
fluid viscosity, see Figure 3.14c.
The small opening ratio of the membrane in this study has been used in order to
induce the viscothermal dissipation at low frequencies. In Figure 3.16, transmission, reflection and absorption for different opening ratios are shown, from fully open to closed
unit cells. It is clear that for the high attenuation to occur, a sufficiently small membrane opening is required, since the increase of the membrane opening size reduces
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Figure 3.15: Amplitudes of the velocity field in the longitudinal x direction at the midplane cross section at the frequency 440 Hz for different fluid viscosities (a) µ = 0.1µair ,
(b) µ = µair and (c) µ = 10µair
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both reflection and absorption levels. On the other hand, the presence of small membrane openings results in broadening of the absorption zone also beyond the regime of
local resonance.
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Figure 3.16: Transmission, reflection and absorption of a single unit cell with the heavy
resonator and viscothermal fluid for different membrane opening ratios

3.3.3

Multiple cell performance

In this section, results obtained for the transmission set-up with multiple unit cells as a
material sample are presented. In Figure 3.17, transmission, reflection and absorption
are shown for a row of ten unit cells with heavy resonators and a viscothermal fluid
with the viscosity of air. The performance of the unit cells with light resonators is also
depicted. In analogy to the single unit cell study, a transmission dip around 440 Hz can
be observed, which is not present in the case without added mass. Moreover, in this case,
the attenuation range spans a broader frequency range. Note, that the behaviour of the
transmission spectra for both light and heavy resonators can be directly related to the
attenuation factor for the fast compressional wave (L1) shown in Figure 3.5. According
to Figure 3.17b, the main mechanism underlying the reduction in transmission is reflection, since a high reflection peak exceeding 0.8 emerges around 440 Hz. The reflection
peak is followed by a reflection dip, which explains the increase of transmission observed
around 560 Hz. Such a behaviour is typical for locally resonant materials, where at the
end of the band gap region there is again a high transmissibility (e.g. [90, 83]). The
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absorption performance of the multiple cell set-up is rather moderate (Figure 3.17c).
Moreover, the absorption peak is shifted to higher frequencies in comparison with the
single cell behaviour, which is a result of the strong reflection at the resonance frequency.
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Figure 3.17: Transmission, reflection and absorption for a ten unit cell set-up with a
viscothermal fluid and either the heavy or light resonator.

Dissipated power normalised by incident power

Among the different dissipative mechanisms occurring in the unit cells, the major
role is played by viscous losses, as can be seen in Figure 3.18, where the lines denoting
total absorption and viscous dissipation practically overlap. Indeed, as stated in [44],
for small unit cell sizes, thermal dissipation is highly reduced. This justifies why this
contribution was neglected in the Bloch analysis.
100
viscous dissipation
thermal dissipation
total absorption

10-1
10-2
10-3
10-4
10-5
10-6

0

200

400

600

800

1000

Frequency (Hz)

Figure 3.18: Dissipation in the ten unit cell set-up
In Figure 3.19, the acoustic performance of set-ups of different sizes is shown. The
increase in the number of unit cells results in an increase of the wave attenuation in the
frequency range around 440 Hz. An increase of the reflection can be observed which is
accompanied by a decrease and a shift of a broadened absorption peak.
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Figure 3.19: Transmission, reflection and absorption for different set-up sizes with the
heavy resonators unit cells and a viscothermal fluid.

3.4

Discussion

The results of this analysis show that the proposed microstructural configuration, in spite
of its simplicity clearly indicates a potential way for improving the acoustic attenuation
of foams by combining the mechanisms of viscothermal dissipation with local resonance.
This combination constitutes a pathway towards the design of acoustic metafoams.
In this study, based on transmission, reflection and absorption spectra, as well as
complex dispersion diagrams, the behaviour of foam-like unit cells with and without
resonators has been assessed, showing that the presence of resonating masses locally
improves the noise isolation properties of the material.
The enhancement of the sound attenuation is based on the increase of both reflection
and absorption properties due to the specific design of this coupled solid-fluid system.
Moreover, by increasing the number of cells in the material, the reflection mechanism
becomes the dominating one.
To obtain the desired transmission dip, it is necessary to properly incorporate the
losses in the fluid, i.e. a realistic viscothermal description of air needs to be adopted. A
complex description of the fluid domain is fully justified since the characteristic lengths
of the pores are comparable with the thicknesses of the viscous and thermal boundary
layers. Coupling between the fluid and solid domains plays an important role in inducing
the resonance and amplifying viscothermal dissipation. Although the idea of designing
a dynamic absorber using tuned resonators (also called Lanchester damper) introduced
by Den Hartog [29], is well known in the literature (and could be explored further in
the metamaterial community), the concept proposed here goes clearly beyond that and
relies on the more complex interaction between solid and fluid including viscous effects
resulting from the non-slip interface condition. Particularly, due to the presence of the
viscous stresses, the solid and fluid domains are strongly coupled and the local resonance
has a visible effect on the performance of the material. As demonstrated through the
dispersion analysis, the combination of the local resonance of the solid and fluid viscosity
allows for the attenuation of the fast (fluid-born) compressional wave, which is key for
the development of the next generation acoustic porous materials.
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This study has also identified the main parameters governing the attenuation performance of acoustic metafoams, namely the characteristic size of the pores, the membrane
opening ratio and the viscosity of the fluid. The characteristic pore size determines the
frequencies at which absorption can be expected [44]. The opening ratio influences
the attenuation performance (see Figure 3.16). In particular, small membrane openings
broaden the absorption peak, but they should be sufficiently small for obtaining high
attenuation levels. Finally, the fluid viscosity is essential for enhancing attenuation by
ensuring a strong coupling between solid and fluid phases. Depending on other material
and geometrical parameters, an optimal level of viscosity exists for which dissipation in
the fluid is enhanced by sufficiently high amplitudes of the local resonator (in analogy
to viscoelastic solid metamaterials, as shown in Lewińska et al. [83]). In other words,
a viscosity value exists for which the attenuation factor for the fast compressional wave
is (locally) the highest. Therefore, an optimal design of the geometry could be pursued,
by controlling the characteristic dimensions of the unit cell and the viscosity of the fluid
such that the effect of the attenuation is maximised. Intrinsic parameters of the resonators (mass, stiffness) can also be varied in order to tune the operating frequency
range, as done for purely solid metamaterials e.g. in Krushynska et al. [69]. Moreover,
material damping (viscosity) of the solid should also be taken into account, since it directly influences the efficiency of the local resonator as demonstrated e.g. in Krushynska
et al. [70].
In terms of applications, the microstructural design proposed in this paper can be
used to improve the performance of porous materials by the distribution of resonating
particles inside their pores. This work might open new paths for designing porous materials, especially considering recent advancements in the control of foam manufacturing
processes [81] and the developments in 3D printing techniques for cellular materials
[62].
Limited by the computational resources for direct simulations of multiphase lossy
material with fine geometrical features, the performance of up to fifteen identical unit
cells in a row has been analysed, whereas the typical thickness of foam panels is of the
order of several centimetres using high-performance computing tools e.g. [136], these
larger thickness could be reached. On the other hand, based on the studies of band
structures, the behaviour of an infinite periodic material has been assessed, leading to
consistent conclusions. For the proposed unit cell geometry, the observed transmission
dip is followed by a transmission peak, which is typical for locally resonant acoustic
metamaterials [90, 83] and coherent with the attenuation spectra obtained based on
Bloch analysis. This fact implies that the proposed idealised structure is specifically effective for wave attenuation at a selected low frequency range. A random microstructure with non-uniform resonators, however, may have the potential of providing even
broader frequency attenuation ranges. This would require further analyses which will
be the subject of future investigations.

3.5

Conclusion

This paper presented an acoustic metafoam concept, based on a poroelastic unit cell
with an embedded resonating mass. The acoustic attenuation at low frequencies has
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been improved by combining the effects of viscothermal dissipation in the fluid (air)
with local resonance of the solid. In contrast to many previous studies, the resonators
are introduced within the pore and in the form of a resonating particle at the tip of an
elastic micro-cantilever.
Analysis of complex dispersion diagrams and numerical transmission spectra showed
that the proposed unit cell enriched with a resonator performs significantly better at low
frequencies (below 450 Hz) than its light or non-resonating equivalent. The resulting
transmission dip is profound even for a single unit cell. However, due to the resonant
origin of the attenuation the affected frequency range remains limited.
It has been shown that the enhanced attenuation only emerges if viscothermal losses
in the fluid are included. This underlines the role of the fluid-solid coupling due to which
not only the local resonance is induced but also the viscus dissipation is increased. The
complex fluid description is another feature distinguishing this work among other metamaterials involving acoustic-structure design [67], where a phenomenological description of losses is usually sufficient.
This work contributes to a novel design towards acoustic metafoams and to the development of new porous materials, with improved performance at low frequencies.

CHAPTER

4

Computational homogenisation of acoustic
metafoams
Reproduced from:
Lewińska, M.A., Kouznetsova, V.G., van Dommelen, J.A.W. and Geers, M.G.D.,
European Journal of Mechanics-A/Solids, 77:103805, 2019

Acoustic metafoams are novel materials recently proposed for low frequency sound attenuation.
The design of their microstructure is based on the combination of standard acoustic foams with locally resonant acoustic metamaterials. This results in improved sound attenuation properties due to
the interaction between viscothermal dissipation effects and the local resonance effects at the pore
level. In this paper, the non-standard behaviour of such a metafoam with a complex two-phase microstructure is analysed through a multiscale approach. The macroscopic problem is described by
general balance equations and at the microscopic scale a detailed representation of the microstructure is considered. The frequency dependent effective properties are used to explain the extraordinary
acoustic performance. The homogenisation approach is also validated using direct numerical simulations, showing that the homogenisation technique is adequate in modelling both viscothermal
dissipation and the local resonance effect within the metafoam microstructure.

4.1

Introduction

Low frequency sound attenuation in a subwavelength regime is a challenging task. On
one hand, the mass law dictates a heavy weight for a sound isolation barrier [5], whereas
on the other hand, in order to perturb or absorb the waves of long wavelengths, a large
thickness of such a barrier is required [92]. Recently, in the field of acoustic metamaterials, materials and structures are designed with exotic properties, uncommon or nonexistent in nature, overcoming constraints for sound attenuating materials. Among potential solutions for low-frequency shielding/attenuating purposes, several approaches
have been proposed: fractal acoustical metamaterials [124] with improved absorptive
and reflective properties due to the presence of multiple resonances, dark acoustic metamaterials [102] characterised by broad-band total absorption obtained with an elastic
membrane decorated with asymmetric rigid platelets or ultra-sparse metasurfaces [22]
providing a high reflectance due to either a negative bulk modulus or a negative mass
density, to name a few.
A different approach towards the low frequency noise challenge has recently been
presented in [85], where instead of designing a metastructure with an extraordinary
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behaviour, a new class of materials, acoustic metafoams, has been proposed. Acoustic metafoams rely on the combination and interaction of two interplaying attenuation
mechanisms, namely, the viscothermal dissipation occurring in standard acoustic foams
and local resonance effects. This combination results in enhanced wave absorption and
reflection. The demonstration of this concept was based on a poro-elastic unit cell with
an embedded resonating mass, where the numerical studies involved band structure
analyses and transmission spectrum calculations. However, due to the geometrical complexity of the microstructure and its small size, the direct numerical simulations of transmission were restricted to a thin material layer (up to 15 unit cells). Therefore, there is
a strong need for an efficient computational approach to assess the performance of such
materials in realistic finite size applications.
Homogenisation techniques are natural candidates for improving the computational
efficiency, allowing at the same time to account for the microscale morphology as well as
the complex physical phenomena occurring at the microstrucural level. Typically, the relationship between the microstructure of a composite and the macroscopic performance
of the material is established through frequency dependent effective parameters. Within
a dynamic homogenisation framework, the exotic behaviour of acoustic/elastic metamaterials manifests itself in a non-standard frequency dependence of the effective mass
density and elastic moduli, including the variation of these parameters towards negative
values [15]. Starting from a discrete description of locally resonant acoustic metamaterials, an analytical model can be used to obtain the frequency dependent mass density in
1D [91] and in 2D [56], and the effective medium theory can be used to predict double
negative behaviour [144]. In the literature, some useful developments for the modelling
of wave dispersion and dissipation in heterogeneous periodic materials have been proposed. Just to mention a few, Bloch based methods proposed by Willis [142] have been
used to solve inhomogeneous elastodynamics problems in steady state [109]. Among
the recent contributions within enriched homogenisation schemes, the computational
homogenisation framework proposed by Sridhar et al. [125, 126] and the variational
homogenisation framework developed by Roca et al. [118] are to be mentioned, since
both can be adopted for transient modelling of locally resonant acoustic metamaterials
(both including micro-inertia effects).
The behaviour of foam-like materials is commonly described using Biot’s theory [9].
However, for poro-elastic materials, for which the skeleton motion affects the fluid flow
within the microstructure or the microscopic solid deformation is significant, Biot’s approach is no longer sufficient. In such cases, asymptotic homogenisation frameworks
have been adopted for instance by Yamamoto et al. [145] for regular poro-elastic microstructures or by Venegas and Boutin [137] for permeo-elastic materials.
In turn, Gao et al. [43] proposed a computational homogenisation method based on
general balance laws which constitute an extension of Biot’s theory. The method of Gao
et al. is a multi-scale approach, for which the macroscale problem is described by the
classical equations of momentum and mass balance, whereas at the microscale, instead
of using the rule of mixtures [121, 24] or ensemble averaging [73], a detailed description of the unit cell with the complete fluid and solid domains is provided through
which the visco-thermal effects are accounted for. Recently, this homogenisation framework has been successfully used to investigate the influence of the microstructure on the
performance of acoustic foams [44].
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The aim of this work is to investigate the wave attenuation behaviour of acoustic
metafoams through a computational homogenisation approach. To this end, the framework proposed by Gao et al. [43] is used as a point of departure. The main novel aspects
of this work are:
• identification of the frequency dependent effective material parameters of acoustic metafoams and revealing the relation between microstructural properties and
attenuation performance of the material;
• analysis of emerging effects due to the interaction between the local resonance and
the fluid viscosity with respect to the effective parameters and acoustic behaviour
of metafoams;
• demonstrating the applicability of the homogenisation framework for modelling
acoustic metafoams and predicting sound attenuation effects for engineering applications.
The paper is organised as follows. In Section 4.2, the computational homogenisation scheme is presented followed by its particularization for to the acoustic metafoams
in a transmission set-up. In Section 4.3, results are shown with focus on a comparison between direct numerical simulations and homogenised models for several unit cell
configurations including or excluding local resonance effects and with different fluid
viscosities. The paper ends with concluding remarks.

4.2

Computational homogenisation for poro-elastic media

In this section, the main points of the multiscale computational homogenisation framework proposed in Gao et al. [41, 43] are presented. Two coupled problems are considered: the macroscopic problem where the poro-elastic material is replaced by a homogeneous material and the microscopic one with a fully heterogeneous representative
volume element (RVE) consisting of fluid (air) and solid (polymer, metal) domains. It
is assumed that scale separation holds, meaning that the characteristic length of the
external excitation is much larger than the microscopic characteristic length (i.e. the
wavelength is much larger than the cell size). The studies at both levels are conducted
in the frequency domain adopting the +iω convention with i denoting the imaginary
unit and ω being the angular frequency.

4.2.1

Microscopic problem

The microscopic poro-elastic RVE consists of a solid and a fluid domain. For the sake of
simplicity, no specific subscripts are used to indicate the variables associated with this
scale. The solid constituent is modelled as a linear elastic material with the momentum
balance equation given by:
− ρs0 ω 2 us = ∇ · σ s ,
(4.1)
where us is the solid displacement vector, ρs0 the solid density and σ s is the stress tensor given by σ s = 4 C : ∇us , with 4 C being the fourth-order elasticity tensor, which is
assumed isotropic. Symbol ∇ denotes the gradient operator at the microscopic scale.
Note, that unlike in Gao et al. [43], here, the thermal effects are not included in the
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description of the solid domain which is justified by the high contrast in thermal conductivity between solid and fluid. The solid is considered under isothermal conditions
at the ambient temperature.
The fluid domain is described using the linearised Navier-Stokes-Fourier equations:
iωρf0 vf = ∇ · σ f ,

(4.2)

iωρf0 cfp θf = iωpf − ∇ · qf ,

(4.3)

pf
θf
= iω − ∇ · vf ,
P0
θ0

(4.4)

iω

which represent the balance of momentum, the energy balance and mass conservation
(considering the ideal gas law), respectively. In these equations, vf denotes the velocity
vector which can be expressed in terms of the displacement as: vf = iωuf , pf denotes
the pressure, θf the temperature change, ρf0 the equilibrium density, cfp the heat capacity
at constant pressure and P0 and θ0 the ambient pressure and temperature, respectively.
Constitutive equations which complete the description of the fluid domain are:
σ f = −pf I + µf (∇vf + (∇vf )T ) − 23 µf (∇ · vf )I,
f

f

f

q = −κ ∇θ ,

(4.5)
(4.6)

where µf is the viscosity, κf the thermal conductivity and I the second order identity
tensor. The coupling between fluid and solid domains at the interface Si is prescribed by
continuity of velocities and tractions (with ni being a normal vector pointing from the
fluid to the solid domain):
iωus = vf
s

at

f

σ · ni = σ · ni

(4.7)

Si ,
at

Si ,

(4.8)

along with an isothermal boundary condition:
θf = 0 at

(4.9)

Si .

At the outer boundaries of the RVE, a periodic boundary condition for the solid displacement is applied on the solid surface Ses :
us = usM + (∇M usM )T · (xs − xR ) + w̃su

with

s−
s
s
w̃s+
u = w̃u , x ∈ Se

(4.10)

and a prescribed traction is defined on the fluid surface Sef :
nfe · σ f = −pf nfe

with

pf = pfM + ∇M pfM · (xf − xR ), xf ∈ Sef

(4.11)

where xs and xf are the position vectors in the microscale solid V s and fluid V f domains,
respectively, xR is a reference position vector, nfe is the outward normal vector on the
fluid surface and w̃su is the displacement microfluctuation field in the solid.
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4.2.2

Macroscopic problem

The macroscopic problem is described in terms of the solid displacement usM and the
fluid pressure pfM . The macroscopic fluid viscous stress is assumed to be negligible compared to the macroscopic pressure and sound propagation is considered as an adiabatic
process. The porosity φ is defined as the volume fraction of the fluid and remains constant. Therefore the governing equations, momentum conservation for the solid and
mass conservation for the fluid, are given by:
fsM = ∇M · σ sM ,

(4.12)

fM = ∇M · ufM ,

(4.13)

where σ sM is the macroscopic stress tensor in the solid, fsM is the inertial force exerted
on the solid, fM is macroscopic volumetric change of the fluid, ufM is the fluid displacement vector and ∇M is the spatial gradient at the macroscopic scale. Equations (4.12)
and (4.13) are solved together with macroscopic constitutive equations and appropriate
boundary conditions.
Following Gao et al. [41, 43], a set of constitutive equations derived from the solution
of the microscopic problem through homogenisation is given by:
(1 − φ)σ sM = 4C : ∇M usM − Ψsf pfM

(4.14)

φfM = −Ψsf : ∇M usM − S f pfM

(4.15)

(1 − φ)fsM = −ω 2 M s · usM + K sf · ∇M pfM

(4.16)

φufM = (K sf )T · usM + (ω 2 ρf0 )−1 K f · ∇M pfM

(4.17)

where the fourth order tensor 4C is the stiffness tensor dominated by the stiffness of the
solid skeleton and the scalar S f is dominated by the compliance of the air. The symmetric second–order tensor Ψsf is the coupling parameter and M s , K f , K sf are also
second–order tensors. The effective properties in equations (4.14)–(4.17) are required
to solve the macroscopic problem and are obtained through a number of microscopic
simulations.
At the macroscopic level a relationship between the homogenisation framework proposed by Gao et al. and Biot’s theory can be established. For this purpose, Eq. (4.16) and
(4.17) can be rewritten as:
(1 − φ)fsM = −ω 2 ρsav η s · usM + ω 2 ρc · (ufM − usM )

(4.18)

−φ∇M pfM

ufM

(4.19)

1
ρf0 sf
s
M
−
K · (K f )−1 · (φI − K sf ),
ρsav
ρsav

(4.20)

2 c

= −ω ρ ·

(ufM

−

usM )

−

ω 2 ρf0 η f

·

with
ηs =

η f = (φ2 I − φK sf ) · (K f )−1 ,

(4.21)

ρc = φρf0 K sf · (K sf )−1 ,

(4.22)
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where ρsav denotes the averaged solid density (for a possibly inhomogeneous solid
phase). Assuming that the microscopic solid displacement fluctuations can be ignored
and the volume-average fluid deformation is small enough, the following approximations hold:
η s ≈ (1 − φ)I,

(4.23)

η f ≈ φI.

(4.24)

Under these assumptions the homogenised equations reduce to Biot’s theory.

4.2.3

Micro-to-macro relations

The relationship between micro and macroscale is established through the Hill-Mandel
condition, i.e. the energy variation per unit volume in a macroscopic point equals the
volume average of the total microscopic energy variation per unit volume of the associated unit cell:
Z
1
δEM =
δEm dV.
(4.25)
V V
The macroscopic virtual energy rate can be written as:
δEM = (1 − φ)fsM · δusM + (1 − φ)σ sM : δ(∇M usM ) − φfM δpfM − φufM · δ(∇M pfM ), (4.26)
and the volume average of the microscopic virtual energy rate is:
Z
Z
Z
s
s
s
δEm dV =
(ne · σ ) dA · δuM +
(nse · σ s )(xs − xR ) dA : δ(∇M usM )
s
s
V
Se
Se
Z
Z
f
f
f
f
−δpM
ne · u dA − δ(∇M pM ) ·
(xf − xR )(nfe · uf ) dA,
Sef

Sef

(4.27)

where nse and nfe are the outward normal vectors on the solid and fluid surfaces, respectively. Recalling the energy consistency principle (4.25), the following micro-to-macro
relations result:
Z
1
(1 − φ)fsM =
ns · σ s dA,
(4.28)
V Ses e
Z
1
s
(ns · σ s )(xs − xR ) dA,
(4.29)
(1 − φ)σ M =
V Ses e
Z
1
f
φM =
nf · uf dA,
(4.30)
V Sef e
Z
1
φufM =
(nf · uf )(xf − xR ) dA.
(4.31)
V Sef e
By applying Gauss’s theorem and using the balance equations of the microscopic problem, the boundary integral form of equations (4.28), (4.29), (4.30) and (4.31) can be
rewritten by means of volume integrals:
Z
Z
Z
1
1
1
ω 2 ρs0 us dV −
ω 2 ρs0 uf dV +
(1 − φ)fsM = −
nf pf dS,
(4.32)
V Vs
V Vf
V Sef e
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1
V

Z

φfM =

1
V

(1 − φ)σ sM =

φufM =

1
V

Z
Z
1
1
(∇ · σ s )(xs − xR ) dV +
σ s dV +
(∇ · σ f )(xf − xR ) dV
V
V
s
s
f
V
V
V
Z
Z
1
1
+
σ f dV +
nf pf (xf − xR ) dS,
(4.33)
V Vf
V Sef e
Z
V

∇ · uf dV +
f

1
V

Z
V

∇ · us dV −
s

1
V

Z
Ses

nse · us dS,

(4.34)

Z

Z
Z
1
1
(∇ · uf )(xf − xR ) dV +
uf dV +
(∇ · us )(xs − xR ) dV
V
V
f
f
s
V
V
V
Z
Z
1
1
s
s
s s
R
+
u dV −
n · u (x − x ) dS.
(4.35)
V Vs
V Ses e

Note that equation (4.32) shows that both fluid and solid microscopic inertial terms
participate in the macroscopic solid inertia, whereas equation (4.33) demonstrates that
the macroscopic solid stress depends on the microscopic stresses in both domains and on
both microscopic inertial contributions, which also introduces an intrinsic length scale
in the macroscopic problem, related to the unit cell size, as can be observed from the
factor (x − xR ). This aspect has been pointed out previously, where it was discussed in
the context of the transient computational homogenisation scheme by Pham et al. [115].
Equations (4.34) and (4.35) show that microscopic volumetric changes of both the solid
and fluid phase influence two macroscopic quantities, i.e. the volumetric fluid change
and fluid displacement.

4.3
4.3.1

Results
Unit cell description

In order to assess the applicability of the homogenisation framework to an acoustic
metafoam, a cubic unit cell is considered, following [85]. This unit cell is a simplified
representation of a single foam pore along with an embedded resonator, constituting the
basic unit cell of the acoustic metafoam.
The unit cell consists of a solid polyurethane (PU) skeleton made out of thick struts
in a cubic arrangement. The struts are connected by thin membranes among which four
out of six are partially open. The rest of the unit cell is filled with fluid (air). A resonator
is additionally attached to one of the membranes in the form of a cantilever beam.
Based on Lewińska et al. [85], two unit cell configurations are considered. The first
one, denoted as “concentrated mass”, is characterised by a heavy mass at the tip of the
resonator. The second configuration, denoted as “without mass”, is characterized by the
presence of the resonator without any added mass. These two configurations are shown
in Fig. 4.1a,b. In addition to the configurations analysed in Lewińska et al. [85], a third
configuration (denoted as “distributed mass") it is considered here, which is a unit cell
characterised by a homogeneously distributed mass over the solid domain equivalent to
that of the unit cell with extra mass added. This last configuration is used to assess the
influence of mass distribution on the performance of the unit cell.
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(a)

(b)

(c)

Figure 4.1: (a) Unit cell with a no extra mass at the resonator tip, (b) unit cell with a
resonator with a heavy mass at its tip (concentrated), (c) periodic unit cell corresponding to the red shade in (b). Blue colour represents polyurethane (PU), dark grey is the
heavy mass at the tip of the resonator, light grey is the air domain.
The following dimensions for the pore are assumed. The size of the unit cell is
a =100 µm, with a strut thickness of 25 µm and a membrane thickness of 1 µm. The
membrane opening is assumed to be 1% of the membrane surface. In the case of
the unit cell with the added concentrated mass, a mass of 10−10 kg and dimensions
10 µm×10 µm×10 µm is attached to the tip of the cantilever resonator. A cantilever mass
is used in order not to enhance the dissipation by an increase of the solid fluid interface. The volume of a high density metal material corresponding to this mass would not
exceed the volume of the cell. Material properties for both the solid and fluid domains
are listed in Tables 4.1 and 4.2. In the case of the distributed mass, the solid density is
ρav =1558 kg/m3 with no changes in its elastic constants (Table 4.2).
Table 4.1: Material properties of air (ρf0 denotes fluid equilibrium density, κf thermal
conductivity, cfp heat capacity at constant pressure, µf dynamic viscosity, θ0 and P0 equilibrium temperature and pressure, respectively) [28].
ρf0
(kg/m3 )

κf
(W/(m·K))

cfp
(J/(kg·K))

µf
(Pa·s)

θ0
(K)

P0
(Pa)

1.2

0.0257

1005

1.84 · 10−5

293

1.01 · 105

Table 4.2: Material properties of the polyurethane (PU) solid phase (ρs denotes solid
density, E Young’s modulus, ν Poisson’s ratio) [44].
ρs
(kg/m3 )

E
(MPa)

ν
(-)

1000

1

0.4

In the unit cell simulations, a periodic geometry is adopted. The boundaries of the
domain used in the simulations are taken at a distance of 0.2a relative to the position
of the membranes, as illustrated in Fig. 4.1b,c. With this choice, the regions with high
gradients of pressure and velocity (the membrane opening and the resonator itself) are
located inside the unit cell, distant from the boundaries. As a consequence, for such a
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unit cell, the viscous stress contribution at the fluid outer boundary can be neglected as
done by adopting Eq. (4.11).

4.3.2

Calculation of effective properties

In order to obtain the effective properties for the constitutive equations (4.14)-(4.17)
for each of the considered unit cells, nine simulations with different loading conditions
are conducted, owing to the symmetries of the unit cells (symmetry in the xy plane,
making the x and y directions identical, but z different). The specific loading conditions
for each simulation set are listed in Tables 4.3 and 4.4. The exact arrangement of the
effective matrices is given in the Appendix B.
Table 4.3: Loading conditions used to determine the tensors M s , K f , K sf , with vectors
ex , ez denoting unit vectors in x and z directions, respectively (see Figure 4.1). The solid
deformation ∇M usM and the fluid pressure pfM are both zero.
Set

usM (m)

∇M pfM (Pa/m)

1
2
3
4

10−4 ex
10−4 ez
0
0

0
0
104 ex
104 ez

Table 4.4: Loading conditions used to determine parameters 4C , Ψsf , S f , with vectors
ex , ez denoting unit vectors in x and z directions, respectively (see Figure 4.1). The solid
displacement usM and the fluid pressure gradient ∇M pfM are both zero.
Set

∇M usM (-)

pfM (Pa)

1
2
3
4
5

10−4 ex ex
10−4 ez ez
10−4 ex ey
10−4 ex ez
0

0
0
0
0
1

In order to assess the influence of the resonating mass on the behaviour of the material, the effective properties obtained for the unit cell with the concentrated mass are
compared to those obtained for the cases without extra mass and with the distributed
mass. The components of the tensors 4C , Ψsf and the scalar S f for these three microstructures have small imaginary parts, which are equal and almost constant in the
frequency range considered. This means that the mass distribution within the unit cell
does not influence the effective stiffness of the unit cell and the dissipative effects captured by these set of parameters are low. For instance, in Fig. 4.2, the effective dynamic
fluid bulk modulus B f = φ/S f normalised by the ambient pressure P0 is presented. It
can be observed that the fluid compliance is constant in frequency (the real part) and
thermal dissipation effects are low (the imaginary part). The latter remark is coherent
with the findings in Lewińska et al. [85], where the dissipative mechanism for this type
of microstructure was shown to be dominated by the fluid viscosity.
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Figure 4.2: Real and imaginary parts of the effective parameter B f for the considered
unit cell cases normalised by the ambient pressure P0 .
The tensors M s and K sf (where (M1s , M2s , M3s ) and (K1sf , K2sf , K3sf ) denote the
diagonal components) are the effective properties that are influenced significantly by the
presence of the resonator with the concentrated mass. In Fig. 4.3a, the first component
M1s is shown, normalised with respect to the static densities of ρav =277 kg/m3 (volumeaveraged over the entire unit cell) for concentrated and distributed cases and ρav =
177 kg/m3 for the case without extra mass. The parameter M1s can be interpreted as
an effective dynamic solid density, which exhibits a large positive maximum and large
negative minimum around the resonance frequency. Characteristic for locally resonant

(a)

(b)

Figure 4.3: Real and imaginary parts of parameter M1s for the considered unit cell cases
(a), real and imaginary parts of parameter K1sf for the considered unit cell cases (b).
The band gap region is indicated by the shading.
acoustic metamaterials, within the (shaded) band gap regime estimated in the range
445-560 Hz by Lewińska et al. [85], the effective mass density becomes negative. At the
resonance frequency of 445 Hz, also a negative dip in the imaginary part of M1s can be
observed. Its sharp character is the consequence of a fully elastic response of the solid
material [112] as well as the moderate value of the fluid (air) viscosity. Note, that in
the long wavelength limit, the values of the effective mass density converge to its static
(volume-averaged) quantities. For the two other cases (without the extra mass and with
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the distributed mass), the effective densities M1s do not depend on frequency and remain
equal to the volume-averaged values.
The behaviour of the parameter K1sf depicted in Fig. 4.3b for the three cases follows
the same trend, i.e. it peaks near the resonance frequency in its real part and reveals
a negative dip for its imaginary part for the unit cell with the concentrated mass. The
parameter K1sf stays purely real and shows only a weak frequency dependence for the
other two cases (a slight growth with frequency can be noticed).
In Fig. 4.4, the frequency variation of the parameter K1f , which is related to the fluid
permeability, is depicted. Both real and imaginary values of this parameter are almost
identical for all three cases. For the cell with a concentrated mass, around 445 Hz,
the frequency dependence of Im(K1f ) slightly deviates from being linear; however, this
deviation does not exceed 0.2 · 10−5 .

Figure 4.4: Real and imaginary parts of the effective parameter K1f for the considered
unit cell cases.
The impact of the fluid viscosity on the effective properties M1s , K1sf and K1f obtained
for the unit cell with concentrated mass is depicted in Fig. 4.5 and 4.6. With decreasing viscosity, the peaks and dips of the real and imaginary spectra of both M1s and K1sf
become sharper. In turn, the higher the viscosity, the less pronounced is the parameter
variation within the band gap region. The viscosity also affects the spectrum of parameter K1f . In particular, for the lowest considered viscosity µ = 0.1µair , the real part of K1f
becomes closer to 0 and a significant increase of the imaginary part can be noticed (Fig.
4.6).
In order to verify if Biot’s theory can be applied to describe the behaviour of an acoustic metafoam, the parameters η s and η f are calculated using Eq. (4.20) and compared
with the approximation given by Eq. (4.23). In Fig. 4.7, the real and imaginary parts of
parameters η1s /(1 − φ) and η1f /φ (which are the first diagonal components) are shown
for the cases with the distributed and concentrated mass. Clearly, the approximation
underlying Biot’s theory does not apply in both cases (within the entire frequency range
considered, the real values are not equal to 1). Note that for the concentrated mass case,
the peak and dip around 445 Hz are still present, which is a consequence of the localised
resonance, as discussed before.
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(a)

(b)

Figure 4.5: Real and imaginary parts of parameter M1s for the unit cell with a concentrated mass and for different fluid viscosities (a), real and imaginary parts of parameter
K1sf for the unit cell with a concentrated mass and for different fluid viscosities (b). The
band gap region is indicated by the shading.

Figure 4.6: Real and imaginary parts of the effective parameter K1f for the unit cell with
a concentrated mass and for different fluid viscosities.

4.3.3

Macroscopic simulations

The homogenisation model is evaluated next through the comparison with direct numerical simulation (DNS) results of a transmission test [85]. The transmission set-ups
shown in Fig. 4.8 mimic the experimental transmission impedance tube test used for
assessing the acoustic performance.
In both cases, the sample is embedded in a homogeneous acoustic domain, described
by the Helmholtz equation with properties of air: wave speed c = 343 m/s, density
ρ = 1.2 kg/m3 . Plane wave excitation with unit amplitude is applied on the left boundary, whereas on the right, a perfectly matched layer is used in order to reduce spurious
reflections. On the lateral planes, periodic boundary conditions are assumed and interface conditions between the acoustic domain and the homogenised metafoam layer are
applied following [27]. A three point method [50, 51] is adopted to obtain transmission,
reflection and absorption spectra based on the averaged pressure values evaluated at the
three positions indicated by the red planes in Fig. 4.8.
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(a)

(b)

Figure 4.7: Real and imaginary parts of parameters η1s /(1 − φ) (a) and η1f /φ (b) for the
two considered cases.

Figure 4.8: Transmission set-ups: DNS (left), homogenised model (right). The green
faces depict the excitation planes, the red faces are pressure check points.
In Fig. 4.9, transmission, reflection and absorption plots are shown for both the homogenised and DNS models for the three unit cell cases considered. First of all, it can
be observed that the attenuation in the distributed mass case is in general stronger than
in the case without an extra mass due to the mass law and it occurs mostly through
reflection. Secondly, comparing the cases with the same total mass, it can be seen that
the concentrated mass case exhibits a higher attenuation at frequencies around 455 Hz
(a transmission dip occurs) than its distributed counterpart. The reflection peak in the
concentrated mass case is however followed by a reflection dip, which leads to mitigation of the attenuation performance at higher frequencies (round 600 Hz), which is
typical for resonance based materials. The absorption obtained for the unit cells with a
concentrated mass is locally enhanced in comparison with the other two cases.
In general, an adequate correspondence between the homogenisation and DNS results can be observed for all three cases. Considering the homogenised model and DNS
results obtained for the unit cell with a concentrated mass, an almost perfect match can
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Figure 4.9: Transmission, reflection and absorption spectra for the three considered
cases obtained from homogenised (H) and DNS models.
be observed, in particular, at frequencies in the range of 400-600 Hz. The homogenisation framework is therefore able to capture the local resonance effect and its influence
on the acoustic performance of the material since both reflection and absorption spectra
are in line with the DNS predictions. The ability of the homogenisation framework to
reproduce this behaviour is due to the frequency dependent effective properties encoded
in the constitutive equations. The presence of the reflection peak is a consequence of the
peak and dip in the spectrum of the real part of the solid effective density M1s , along
with very low values of the parameter Re(K1f ). On the other hand, the absorption level
is governed by the imaginary parts of the parameters M1s , K1sf , K1f .
A minor discrepancy between the homogenised and DNS models exists for all cases,
which increases with frequency. This is related to the gradual deterioration of the assumed scale separation assumption; in other words, the higher the frequency, the more
important second-order effects will become. Moreover, for higher frequencies, the viscous stress contribution becomes more significant, whereas the boundary conditions
adopted for the RVE as given by Eq. (4.11) neglect the viscous stresses. In Fig. 4.10,
the ratios between the effective viscous stress and the local pressure averaged on the
cross-sections in the DNS for the case without extra mass are shown. Ten cross sections
for each shift are considered, where the shift 0 denotes cross sections through the cell
membrane and the shift 0.5a is related with cross sections taken through the resonator.
Based on Fig. 4.10, it can be stated that for the adopted choice of RVE periodicity (with
the shift of 0.2a), the viscous stress to pressure ratio is relatively low, however, increasing
with frequency. A similar conclusion holds for the other unit cell cases considered.
As mentioned in Lewińska et al. [85], the wave attenuation in case of acoustic
metafoams emerges from the presence of the local resonance together with the strong
coupling between solid and fluid domains. A variation of the fluid viscosity (which determines the level of coupling) significantly influences the effective parameters within
the resonance frequency range (for the concentrated mass unit cell), and as a consequence, the homogenised acoustic performance at the macroscale is affected as shown
in Fig. 4.11. The highest attenuation at a frequency of 445 Hz occurs for the (default)
air viscosity, however the broadest attenuation range is exhibited for a higher viscosity
µ = 10µair . In fact, for the higher and lower viscosity cases, the attenuation mechanism
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Figure 4.10: Surface averaged viscous stress to pressure ratio at different cross sections
in DNS for the case without extra mass.
changes relative to the air viscosity case; the reflection peak is reduced and higher levels
of absorption emerge. The origin of this macroscopic behaviour is embedded in the effective properties. In the higher viscosity case, the lower reflection level is related with
a significantly smoother spectrum of the solid effective density M1s . The absorption peak
emerges as a result from the more persistent smooth imaginary part of parameter K sf .
The weaker reflection for the lower viscosity case is caused by a higher value of Re(K1f )
and the higher absorption is the effect of an increase of Im(K1f ). These findings can be
directly translated to the unit cell design, where instead of modifying the viscosity of the
fluid, analogous effects can be achieved by for instance changing the membrane opening
ratios.

Figure 4.11: Transmission, reflection and absorption spectra for the case with a concentrated mass obtained from homogenised simulations for different values of the fluid
viscosity.

4.4

Conclusions

In this paper, for the first time a computational homogenisation approach has been applied to study the behaviour of acoustic metafoams. These materials are challenging
from the homogenisation perspective, since not only the microstructure consists of fluid
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and solid parts with a strong coupling between them, but also a local resonance of the
solid occurs inside the pores. The homogenisation technique recently proposed by [43]
was known to correctly predict the behaviour of standard acoustic foams. In this contribution, it has been used to obtain frequency dependent effective properties of the
acoustic metafoam and to identify the parameters that have a dominant influence on
the macroscopic behaviour of the material. It has been demonstrated that both the presence of the resonator and the fluid viscosity have a significant influence on the effective
material properties and as a result on the sound attenuation behaviour. A good match
between DNS solutions and homogenised results has been observed showing that the
framework is able to capture the extraordinary behaviour of acoustic metafoams. However, it is worth mentioning that the extension of Biot’s theory proposed by Gao et al.
[43] is required to capture the effect of local resonance. This work paves the way for
designing realistic poro-elastic materials with enhanced performance at low frequency,
since it enables modelling materials with complex microstructures, while taking into
account their realistic sizes.

CHAPTER

5

Broadening the attenuation range of acoustic
metafoams through graded microstructures
Reproduced from:
Lewińska, M.A., van Dommelen, J.A.W., Kouznetsova, V.G., and Geers, M.G.D.
in preparation

Low frequency sound attenuation is a challenging task, because of the severe mass, stiffness and
volume constraints on the absorbing and/or reflecting barriers. Recently, significant improvements
in low frequency sound attenuation has been achieved by introducing the acoustic metafoam concept,
which combines the mechanism of conventional acoustic foams - high viscothermal dissipation - with
the working principle of locally resonant acoustic metamaterials - wave reflection at low frequencies.
However, the attenuation improvement provided by periodic materials containing a single type of
resonators is confined to a narrow frequency range. To overcome this limitation, graded acoustic
metafoams are proposed and studied here, where a distribution of local resonators with varying
properties (mass and stiffness) is introduced. It is demonstrated that, through a suitable design
of mass and stiffness distribution of the resonators, the broadening of the frequency attenuation
ranges can be effectively achieved. Graded acoustic metafoams are, therefore, a natural development
direction for achieving broad frequency attenuation zones.

5.1

Introduction

Low frequency noise is a significant problem, especially in urban environments that are
saturated with sources of unwanted sounds [111]. Acoustic waves of long wavelengths
propagate easily in space, which makes their attenuation challenging [26]. The available material solutions for low-frequency sound insulation and absorption are typically
demanding in terms of space [5, 92]. A potential solution to this noise problem could be
the use of acoustic metamaterials, i.e. man-made materials targeting this functionality
with properties beyond natural ones [59]. However, most of the matamaterials are still
not suitable for mass production [72].
Along this line, the recently proposed acoustic metafoams [85], which consist of
a poro-elastic material endowed with local resonators, might be a promising approach, since this foam based microstructure can be potentially manufactured via
well-controlled foaming processes. As demonstrated in Lewińska et al. [85], acoustic
metafoams combine the benefits of standard acoustic foams and locally resonant acoustic metamaterials (LRAMs), thus exhibiting improved attenuation at low frequencies
65
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while preserving the visco-thermal dissipation effects typical of standard foams. However, this improved attenuation performance at low frequencies is primarily related to
the local resonance mechanism, which is confined to a narrow frequency range. In order
to overcome this limitation, in this paper, functionally graded acoustic metafoams are
introduced and explored for the purpose of broadening the attenuation zone.
Functionally graded microstructures, with a spatial variation in the composition
and/or microstructure, have been proposed in the literature as an advanced alternative
to uniform or random microstructures. It has been demonstrated that such microstructural arrangements often result in improved material performance for multiple applications, such as in Zhang et al. [150], where a superior load-bearing capacity of elastically
graded ceramics has been shown, or in Li et al. [88], where a higher strength has been
reported for a gradient cellular structure compared to its uniform metallic equivalent.
In some cases, using an appropriate graded design can also trigger exotic material behaviour. For instance, in wave propagation problems, asymmetric transmission has been
achieved in Chen et al. [20] using a graded grating of phononic crystal slabs, while in
Deng et al. [30] a graded phononic crystal microstructure enabled wave focusing.
Recently, functionally graded microstructures have been considered as a potential
direction for improving acoustic/elastic wave insulation performance of materials. For
example, for the class of porous materials that are widely used for sound absorption
purposes, it has been demonstrated that adopting adequate material gradients can result in a broadening of the absorption regions and an increase of the absorption levels.
Such an effect has been observed by Doutres and Atalla [34], who numerically analysed polyurethane foams with graded reticulation rates. They reported a considerable
increase of the absorption values at high frequencies along with a smoothing of the absorption spectra due to the impedance mismatch reduction. A polylactide open cell foam
and an Al alloy open cell foam with a gradual pore size variation have been investigated,
respectively, in Mosanenzadeh et al. [106] and Ke et al. [64] by means of numerical and
experimental analyses. In these studies, the graded microstructures outperformed samples with uniform cell sizes as long as the large cells were facing the incoming wave.
Furthermore, in the field of locally resonant acoustic metamaterials (LRAMs), which
are a promising solution for low frequency sound attenuation problems [59], it has been
demonstrated that the use of functionally graded microstructures can address the main
application limit of these materials, i.e. the narrowness of the band gaps. In Banerjee
et al. [6], a microstructure with a graded arrangement of resonating units has been
used in order to extend the upper border of the attenuation bandwidth. By means of
a 1D theoretical analysis, it has been shown that gradually varying the resonator stiffness is, in general, more effective compared to the variation of the resonator mass.
An extended attenuation bandwidth has also been reached by Krödel et al. [68], who
proposed graded microstructures for seismic applications and investigated their performance experimentally.
The impact of microstructural grading on the performance of acoustic metafoams has
not been explored yet in the literature, which is the focus of this paper. It is shown that
by using graded microstructures, it is possible to broaden the attenuation zone while
preserving the unique attenuation features of the acoustic metafoams. The analysis is
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performed by means of computational homogenisation, which enables the identification of macroscopic effective parameters that control the acoustic response of the material. The dependence of these parameters on the stiffness and mass variation of the
resonators is computed and used to design functionally graded metafoam models. The
broadening of the attenuation regime occurring in graded microstructures is rationalized by means of simpler computational models containing two masses with distinct
resonance frequencies. The simplified two-mass analysis enables the identification of an
improved spatial grading to be used in order to achieve attenuation range broadening.
Additionally, for non-smooth mass gradients, bridging of attenuation zones is achieved
by means of material damping in the solid skeleton. The attenuation band in the graded
microstructures approximates to the envelope of the attenuation bands of the single
mass/stiffness resonators, with a non-trivial interplay between wave energy absorption
and reflection. This computational strategy proves to be a versatile tool for the design of
new graded metafoams with remarkably broad attenuation ranges. Finally, the performance of two graded mictrostructures with continuously varying mass and stiffness of
the resonators is demonstrated.
The paper is organised as follows. In Section 5.2, the computational homogenisation
scheme for acoustic foams [43, 84], is briefly recapitulated. In Section 5.3, the configurations analysed in this work are presented. The results obtained for several graded
microstructural configurations at the micro- and the macro-scales are shown in Section
5.4. The paper ends with concluding remarks.

5.2

Computational homogenisation

This section summarises the main aspects of the multi-scale computational homogenisation framework for porous acoustic materials initially proposed by Gao et al. [41, 43],
and recently applied to the case of acoustic metafoams in Lewińska et al. [84]. In this
framework, two coupled problems are considered at two scales. At the micro-scale,
a multi-phase representative volume element (RVE) is modelled, including both solid
(polymer or metal) and fluid (air) domains. At the macro-scale, the heterogeneous
poro-elastic material is homogenised towards an equivalent homogeneous material. The
framework assumes complete scale separation, implying that the characteristic length of
the external excitation (i.e. the wavelength) is much larger than the microscopic characteristic size. At both macro- and micro-scales, the study is conducted in the frequency
domain by adopting the "+iω" convention with i denoting the imaginary unit and ω
being the angular frequency.
Micro-scale
The RVE of the poro-elastic microstructure consists of fluid (denoted by the superscript
"f") and solid (denoted by superscript "s") domains. In order to simplify the notation, no
subscripts are used in the following for variables associated with the micro-scale. The
solid is assumed linear elastic, obeying the classical momentum balance equation:
− ρs0 ω 2 us = ∇ · σ s ,

(5.1)
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where us is the solid displacement vector, ρs0 the solid density and σ s is the stress tensor given by σ s = 4 C : ∇us , with 4 C the fourth-order elasticity tensor, which is assumed isotropic. When skeleton damping is also considered, the elasticity tensor becomes complex-valued: 4 C∗ = (1 + iη)4 C, with η being an isotropic loss factor. The
symbol ∇ denotes the gradient operator at the microscopic scale.
The governing equations in the fluid domain are the linearised Navier-Stokes-Fourier
equations:
i
h
iωρf0 vf = ∇ · −pf I + µf (∇vf + (∇vf )T ) − 23 µf (∇ · vf )I ,
(5.2)


iωρf0 cfp θf = iωpf − ∇ · −κf ∇θf ,
(5.3)
iω

θf
pf
= iω − ∇ · vf .
P0
θ0

(5.4)

These equations represent the balance of momentum, the energy balance and the mass
conservation (considering the ideal gas law), respectively, and they already include the
constitutive equations for the stress in the fluid σ f and the heat q f (Fourier’s law). In
these equations, vf denotes the fluid velocity vector (note that vf = iωuf ), pf indicates
the pressure, θf the temperature change, ρf0 the equilibrium density, cfp the heat capacity
at constant pressure, P0 and θ0 are the ambient pressure and temperature, respectively,
µf the fluid viscosity, κf the thermal conductivity and I the second order identity tensor.
The domain coupling at the fluid-solid interface Si is achieved by enforcing continuity
of the velocities and tractions:
iωus = vf
s

at

f

σ · ni = σ · ni

(5.5)

Si ,
at

Si ,

(5.6)

with ni the normal vector pointing from the fluid to the solid domain. An isothermal
boundary condition is imposed at the fluid-solid interface:
θf = 0 at Si .

(5.7)

Periodic boundary conditions are applied for the solid displacements on the outer RVE
boundaries (thus on the solid external RVE surface Ses ):
us = usM + (∇M usM )T · (xs − xR ) + wsu

with

s−
s
s
ws+
u = wu , x ∈ Se

(5.8)

while on the fluid external surface Sef tractions are prescribed according to:
nfe · σ f = −pf nfe

with

pf = pfM + ∇M pfM · (xf − xR ), xf ∈ Sef

(5.9)

where xs and xf are the position vectors in the micro-scale solid V s and fluid V f domains, respectively, xR is a reference position vector, nfe is the outward normal vector
on the fluid surface and wsu is the displacement microfluctuation field in the solid (with
+ and − denoting opposite corresponding boundaries).
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Macro-scale
The problem at the macroscale is defined in terms of the solid displacement usM and
the fluid pressure pfM . Sound propagation is considered as an adiabatic process, while
the viscous stress of the macroscopic fluid is assumed to be negligible in comparison
with the macroscopic pressure. The porosity φ, which is defined as the volume fraction
of the fluid domain, is assumed to remain constant. Thus, the governing equations, i.e.
momentum conservation for the solid and mass conservation for the fluid, are given by:
fsM = ∇M · σ sM ,

(5.10)

fM = ∇M · ufM ,

(5.11)

where σ sM is the macroscopic stress tensor in the solid, fsM is the inertial force exerted
on the solid, fM is the macroscopic volumetric change of the fluid, ufM is the fluid displacement vector and ∇M is the spatial gradient at the macroscopic scale. The system
of equations (5.10) and (5.11) is closed by the macroscopic constitutive equations and
boundary conditions.
Following Gao et al. [41, 43], the macroscopic constitutive equations take the following form:
(1 − φ)σ sM = 4D : ∇M usM − Ψsf pfM

(5.12)

φfM = −Ψsf : ∇M usM − S f pfM

(5.13)

(1 − φ)fsM = −ω 2 M s · usM + K sf · ∇M pfM

(5.14)

φufM = (K sf )T · usM + (ω 2 ρf0 )−1 K f · ∇M pfM

(5.15)

where the fourth order tensor 4D is the homogenised stiffness tensor, which is dominated by the stiffness of the solid skeleton, while the scalar S f is dominated by the
compliance of the fluid. The symmetric second–order tensor Ψsf is the coupling parameter and M s , K f and K sf are also second–order tensors associated with the effective
solid density, the effective fluid permeability and the coupling term, respectively. The
effective constitutive properties in equations (5.12)–(5.15) are obtained from the microscopic RVE through a number of microscopic simulations as detailed in [84].
Micro-to-macro relations
In computational homogenisation, the Hill-Mandel condition typically establishes the
relationship between the micro- and macro-scales. This condition states that the energy
variation (increment) per unit volume in a macroscopic point should equal the volume
average of the microscopic energy variation (increment) of the associated unit cell:
Z
1
δEM =
δEm dV.
(5.16)
V V
For the considered poro-elastic constituents, the macroscopic virtual energy rate can be
written as:
δEM = (1 − φ)fsM · δusM + (1 − φ)σ sM : δ(∇M usM ) − φfM δpfM − φufM · δ(∇M pfM ), (5.17)
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and the volume average of the microscopic virtual energy rate can be computed from
the virtual power at the RVE boundary as:
Z
Z
Z
s
s
s
(nse · σ s )(xs − xR ) dA : δ(∇M usM )
(ne · σ ) dA · δuM +
δEm dV =
Ses
Ses
V
Z
Z
−δpfM
nfe · uf dA − δ(∇M pfM ) ·
(xf − xR )(nfe · uf ) dA, (5.18)
Sef

Sef

where relations (5.8) and (5.9) have been used; nse and nfe are the outward normal
vectors on the solid and fluid surfaces, respectively. The energy consistency principle
(5.16) then leads to the following micro-to-macro relations:
Z
1
(1 − φ)fsM =
ns · σ s dA,
(5.19)
V Ses e
Z
1
s
(ns · σ s )(xs − xR ) dA,
(5.20)
(1 − φ)σ M =
V Ses e
Z
1
f
φM =
nf · uf dA,
(5.21)
V Sef e
Z
1
φufM =
(nf · uf )(xf − xR ) dA.
(5.22)
V Sef e
Equations (5.19)–(5.22) allow to compute the macroscopic quantities fsM , fM , ufM and
ufM from a set of microscopic simulations as described in detail in section 5.3.2. The
resulting effective properties can be then obtained using Equations (5.12)–(5.15).

5.3
5.3.1

Simulation set-up
Model configurations

In this work, the acoustic metafoam material is parametrised using the geometry of the
unit cell shown in Fig. 5.1a and its variations. This unit cell has been introduced and
used in Lewińska et al. [85, 84]. This simplified representation of a single foam pore
consists of a solid polyurethane (PU) skeleton filled with air. The skeleton is made out
of thicker solid struts connected by thin membranes (among which four out of six are
partially open, the top and bottom membranes are closed). A local resonator is attached
to one of the membranes in the form of a cantilever beam with an added mass at the tip.
As a reference case, the same geometry of the unit cell is used without the added mass
(but with the cantilever) referred to as the ’reference case’.
The following dimensions for the pore are assumed. The size of the unit cell is
a = 100 µm, with a strut thickness of 25 µm and a membrane thickness of 1 µm. The
membrane opening is assumed to be 1% of the membrane surface. The default unit
cell has a resonator cantilever with dimensions 45 µm×10 µm×10 µm, with a mass of
10−10 kg and dimensions 10 µm×10 µm×10 µm attached at its tip. The mass and cantilever length/stiffness variations considered in this paper will be normalized with respect to this default unit cell.
Material properties for the solid and fluid domains used in the analysis are listed in
Tables 5.1 and 5.2.
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Figure 5.1: (a) The reference unit cell without added mass (left), and the unit cell with
a resonator with a heavy mass at its tip (right), (b) a double cell consisting of two unit
cells with different resonator masses. Blue colour represents polyurethane (PU) solid
skeleton, dark grey and dark orange are the different heavy masses at the tip of the
resonator, light grey is the air domain.
Table 5.1: Material properties of air (ρf0 denotes fluid equilibrium density, κf thermal
conductivity, cfp heat capacity at constant pressure, µf dynamic viscosity, θ0 and P0 equilibrium temperature and pressure, respectively) [28].
ρf0
(kg/m3 )

κf
(W/(m·K))

cfp
(J/(kg·K))

µf
(Pa·s)

θ0
(K)

P0
(Pa)

1.2

0.0257

1005

1.84·10−5

293

1.01·105

Table 5.2: Material properties of the polyurethane (PU) solid phase (ρs denotes solid
density, E Young’s modulus, ν Poisson’s ratio) [44].
ρs
(kg/m3 )

E
(MPa)

ν
(-)

1000

1

0.4

In order to identify the combinations of the resonator mass and stiffness that may
induce a broad attenuation zone, Bloch analyses have been performed, following a standard lossless approach as described in Lewińska et al. [85]. The resonator’s mass is
varied through its density and the resonator’s stiffness is changed by varying the length
of the cantilever to which the resonating mass is attached. The band gap frequency
ranges for solid-born waves are shown in Fig. 5.2 with respect to the varied parameters. It can be observed that the lower the mass, the higher and narrower the frequency
band gaps are. On the other hand, an increase of the resonator stiffness (by shortening
the cantilever length) results in broader band gaps but higher frequency ranges. The
same dependency has been observed for standard LRAMs, for instance, in Krushynska
et al. [69].
Based on the intrinsic dependency of the band gap frequencies on the resonator tip
mass (Fig. 5.2a), several double cells have been constructed and investigated. These
consist of two single unit cells with different masses. For case A, the mass difference is
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Figure 5.2: Band gap frequency ranges at the variation of the cantilever resonator properties (a) mass and (b) cantilever length, both normalised with respect to the default
values. Blue lines depict the opening and closing frequencies of the band gap regions,
black dashed lines mark the total width of the attenuation zone targeted in Section 5.4.2
for graded microstructures.
small, i.e. mass ratios are 1.0 and 0.9. In case B, the mass difference is larger, i.e. density
ratios are 1.0 and 0.6. In case A, the band gap frequencies formed due to the two masses
are close to each other (445-560 Hz and 465-575 Hz), whereas in case B, the band gap
opening frequency of the smaller mass corresponds approximately to the closing band
gap frequency of the heavier mass (570-665 Hz and 445-560 Hz).
Finally, fully graded microstructures (Fig. 5.3) have been studied, where the mass
and stiffness vary linearly in space in the ranges (0.3–1.0) and (0.6–1.0) in terms of
the normalised mass density and normalised cantilever length, respectively. For such
parameter variation ranges, an expected total attenuation zone may be estimated from
Fig. 5.2 lying between 445 and 800 Hz indicated in Fig. 5.2 by dashed black lines.

Figure 5.3: Sketch of the functionally graded microstructures: variation of mass (top),
variation of cantilever length, i.e. stiffness (bottom).

5.3.2

Computation of effective properties

In order to obtain the effective properties for the macroscopic constitutive equations
(5.12)-(5.15) for each of the considered unit cells, five simulations with different loading
conditions are conducted, which are sufficient for investigating wave propagation in the
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x direction (Fig. 5.1). The specific loading conditions for each simulation set are listed
in Tables 5.3 and 5.4.
Table 5.3: Loading conditions used to determine the tensors M s , K f , K sf , with vector
ex denoting the unit vector in x direction (see Figure 5.1). The solid deformation ∇M usM
and the fluid pressure pfM are both prescribed zero.
Set

usM (m)

∇M pfM (Pa/m)

1
2

10−4 ex
0

0
104 ex

Table 5.4: Loading conditions used to determine parameters 4C , Ψsf , S f , with vectors
ex , ey denoting unit vectors in x and y directions, respectively (see Figure 5.1). The solid
displacement usM and the fluid pressure gradient ∇M pfM are both prescribed zero.

5.3.3

Set

∇M usM (-)

pfM (Pa)

1
2
3

10−4 ex ex
10−4 ex ey
0

0
0
1

Transmission analysis

A transmission analysis is performed in order to assess the acoustic attenuation performance of the homogenised poro-elastic medium. To this end, a transmission impedance
tube set-up is reconstructed numerically (Fig. 5.4). A sample with a thickness of 10
unit cells is embedded in a homogeneous acoustic domain, which is described by the
Helmholtz equation and by using the properties of the air: the wave speed is taken as
c = 343 m/s, while the density is ρ = 1.2 kg/m3 . On the left boundary, a plane wave
excitation with a unit pressure amplitude is applied. On the right boundary, a perfectly
matched layer is used in order to reduce spurious reflections. On the lateral planes,
periodic boundary conditions are assumed and interface conditions between the acoustic domain and the homogenised metafoam layer are applied, following [27]. A three
point method [50, 51, 85] is adopted to obtain the transmission, reflection and absorption spectra. According to this method, the averaged pressure values are evaluated at
three positions, namely two planes before and one plane after the sample. The numerical model is solved using COMSOL Multiphysics. The adopted quadratic mesh has a
size not exceeding 1/6 of the wavelength and for the graded case, it is refined to 100
elements per sample length.

5.4

Results and discussion

In this section, the graded acoustic metafoams are analysed. To this aim, first the effective properties for each configuration are obtained through the computational homogenisation procedure. Next, the macroscopic acoustic response of the material samples is investigated.
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Figure 5.4: Transmission set-up for homogenised sample. The green faces depict the
excitation planes, the red faces are pressure probing points.

5.4.1

Configuration with two masses

The configurations A and B with a double cell with two different masses described in
Section 5.3 are compared with the single cell performance. The comparison of the configurations with two different stiffnesses leads to analogical conclusions. Therefore only
the double cell with different masses is presented in this paper.
Effective properties
As stated in Lewińska et al. [84], the tensors M s and K sf (where M1s , M2s , M3s and
K1sf , K2sf , K3sf denote the diagonal components with respect to the unit cell basis, see
Fig. 5.1) contain the effective properties that are significantly influenced by the presence of the resonators with an added mass. Moreover, these are also the parameters that
determine the acoustic response of the sample. Since the difference in K f for the analysed cases is insignificant and the behaviour of both tensors M s and K sf has a similar
character, in Fig. 5.5 only the real and imaginary parts of M1s are shown. In Fig. 5.5a
and 5.5b, the values obtained for the cases A and B (described in section 3) are compared with the single unit cell cases, with the resonator mass ratios 0.9 or 1.0 and 0.6
or 1.0 are considered, respectively. Here, the main characteristics of M1s as a function of
frequency that govern the transmission performance are described, as discussed in the
next subsection. Multiple peaks and dips can be observed for the double cell cases that
coincide with the locations of the peaks and dips in the relevant single unit cell configurations. However, the maxima and minima for the double cell do not reach the same
values as in the single cells, which alters the magnitude of the attenuation as will be
demonstrated in the transmission analysis. Moreover, compared with the single unit cell
cases, the real part of M1s is zero at four distinct frequencies instead of two. The zeros
occurring for the sign change for this parameter from negative to positive can be correlated with the reduction of the reflection, which in the two-mass cell will, in general,
occur at two frequencies, in contrast with the single mass cell, where this phenomenon
occurs at a single frequency. The extent of the reduction in reflection, and specifically the
accompanying bandwidth, further correlates with the slope of the real part of M1s at the
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Figure 5.5: Real and imaginary parts of the effective material parameter M1s for the
double cell cases A (a) and B (b), compared with the corresponding single unit cell
cases.
zero crossing. This slope is steep in case A while it changes gradually in case B, implying
a negligible reduction of the reflection bandwidth for case A and a large bandwidth for
case B. Furthermore, in case A, the imaginary part of M1s does not vanish at the zeros of
the real part, which implies the persistence of absorption.
One of the solutions proposed in the literature for bridging attenuation zones formed
by multiple resonators of different eigenfrequencies, is by using material damping [83,
21]. Therefore, case B is also considered with a material damping coefficient equal to
0.1 for the PU skeleton. In Fig. 5.6, the smoothing effect of the damping can be observed
for both the real and imaginary parts of M1s ; moreover, the real part of M1s stays positive
and the values of the imaginary part of M1s decrease in between the dips.

Figure 5.6: Real and imaginary parts of the effective material parameter M1s for the
double cell case B and its damped variant.

Transmission simulations
In Fig. 5.7, transmission, reflection and absorption spectra are shown for the double cell
case A and the two corresponding single mass unit cell cases. The attenuation provided
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by the mixture of two resonating masses is slightly broader compared to each single
case. It is however not a true envelope of the single resonator cases due to the lower
mass content in the double cell (lower mass content results in narrowing the band gap
regions). At the frequency of 455 Hz, corresponding to the zero of Re(M1s ) in Fig. 5.5a,
a narrow dip in the reflection spectrum and a sharp peak in the absorption can be
observed. This result correlates with the behaviour of M1s as discussed previously.
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Figure 5.7: Transmission, reflection and absorption spectra for the double mass double
cell case A, compared with the corresponding single mass unit cell variants.
In Fig. 5.8, transmission, reflection and absorption spectra are shown for case B and
for the two corresponding single mass unit cell cases. The attenuation zone in case B
is covering a broader frequency range than for case A since the resonance frequencies
are more separated, but the transmission peak in between these frequencies has a larger
width with higher values. Again, the location and width of this peak can be associated
with the behaviour of Re(M1s ) shown in Fig. 5.5b. The increase of transmission is a result
of the significant decrease of reflection at this frequency. Two higher peaks can in turn
be observed in the absorption spectrum. In between these peaks the absorption values
are instead decreasing, and this result correlates with the vanishing of Im(M1s ).
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Figure 5.8: Transmission, reflection and absorption spectra for the double mass double
cell case B, compared with the corresponding single mass unit cell variants.
In Fig. 5.9, the influence of the skeleton damping on the macroscopic attenuation
response of case B is reported. Bridging of the attenuation zones emerges as a result of
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the smoothing of the reflection spectrum (which is a consequence of the modification of
the effective parameters due to material damping). In particular, the reflection improves
in the region between the reflection peaks. Moreover, the absorption level increases in
the entire attenuation zone, as expected.
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Figure 5.9: Transmission, reflection and absorption spectra for the double mass double
cell case B, with and without skeleton material damping.
To summarise, this study shows the microstructural origin of the improved transmission response of microstructures with multiple masses. The importance of using fine
mass gradings (∼ relative steps 0.1) in order to broaden attenuation regimes without introducing intermediate transmission peaks is highlighted. It has been also demonstrated
that in the case of coarser mass gradings, the attenuation zones can be smoothened by
skeleton material damping.

5.4.2

Graded metafoam

In this section, the performance of functionally graded acoustic metafoams with varying mass and stiffness of the resonators is analysed. The acoustic response of graded
metafoams is compared with metafoams endowed with uniform resonators, as well as
with the reference foam without added mass.
Effective properties
The effective properties of the unit cells studied until now vary with frequency, and this
dependence changes as a function of the resonator mass and the cantilever length (the
stiffness). In order to obtain the effective properties of the graded structures where mass
or stiffness varies along the sample length, several single unit cell computations at the
micro-scale level have been performed for a discrete number of density ratios and cantilever lengths (eight sets of simulations per graded structure, denoted by dot-markers in
Fig. 5.2). It is thereby assumed that either the mass or the cantilever length change linearly in space (i.e. along the sample length). The local effective properties of the graded
structure have then been determined by linear interpolation between the computed effective properties, yielding a continuous dependency of each effective property on both
frequency and space.
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In Fig. 5.10, both real and imaginary parts of the parameter M1s normalised with
respect to the PU density ρs are shown for the graded mass case with normalised mass
ratios varying between 1.0 and 0.3 along the sample length. With decreasing mass (i.e.
increasing position along the sample length) the characteristic peak and dip for this
parameter are gradually mitigated and shifted to higher frequencies in a non-linear
manner.

(a)

(b)

Figure 5.10: Colour-maps depicting the dependency of the real (a) and imaginary (b)
parts of the parameter M1s on frequency and space for a graded mass density varying
from 1.0 to 0.3 along the normalised position.
Similarly, when the cantilever length is decreased from 1.0 to 0.6 (with increased
normalised position), the local resonance frequency increases, shifting the peak and dip
of the parameter M1s (normalised with respect to PU density ρs , Fig. 5.11). The higher
the frequency, the higher the peak and dip values. This is a consequence of keeping the
resonator mass constant throughout the sample, since the magnitude of the peaks and
the dips is proportional to the unit cell mass content.

(a)

(b)

Figure 5.11: Colour-maps depicting the dependency of the real (a) and imaginary (b)
parts of the parameter M1s on frequency and space for a normalised cantilever length
(stiffness) gradient from 1.0 to 0.6 along the normalised position.
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Transmission simulations

The acoustic responses of the considered graded metafoams are shown in the transmission spectra plotted in Fig. 5.12 and 5.13. Although the maximum attenuation level is locally lower than for the sample with the uniform resonators, in both cases (graded mass
and stiffness) the attenuation zones are significantly broadened for the graded structure, spanning the entire targeted frequency width (denoted by black dashed lines).
Moreover, compared with the uniform case with the same total mass (Fig. 5.12), the
graded mass case is characterised by the attenuation reaching lower frequencies. Similarly to the two-mass problem discussed in the previous section, the incorporation of
a mass gradient results in a transmission dip with a varying level of attenuation. The
smaller the mass, the higher the number of cells that are needed in order to provide the
same level of attenuation. In turn, stiffness variation (Fig. 5.13) results in a flat attenuation zone, meaning that each wave frequency in the range 440-800 Hz is almost equally
attenuated. This is a consequence of the fact that, although the stiffness is varied, the
mass content is constant.
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Figure 5.12: Transmission, reflection and absorption spectra for a metafoam sample with
a graded mass distribution, a metafoam sample with uniform resonators of normalised
mass 1.0 and 0.65 (for which the total mass equals the total mass of the graded material)
and the reference sample without added mass.
In both cases, with the introduction of a graded microstructure, the peak reflection
level drops. It can also be observed that the amount of reflection varies in the attenuation
zone. The absorption instead is improved in the entire frequency span for both cases.
Note, that for acoustic metafoams, the dissipation enhancement occurs due to the local
resonance mechanism, and therefore the overall broader absorption spectrum originates
from the contribution of the graded resonators with varying eigenfrequencies.
Note, that the small oscillations in the transmission, reflection and absorption spectra within the attenuation zones are a consequence of the linear interpolation of the
effective properties between the set of discrete points (Fig. 5.10 and Fig. 5.11). Indeed, the number of wiggles is equal to the number of simulations sets for which the
effective properties have been computed and between which the interpolation has been
performed. These wiggles can be eliminated either by using a larger number of discrete
simulations sets, or by adopting a nonlinear interpolation scheme. However, this does
not alter the main result of the broadened attenuation zone.
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Figure 5.13: Transmission, reflection and absorption spectra for a metafoam sample with
graded stiffness, a metafoam with uniform resonators and the reference foam sample
without added mass.
Within the scope of this study, also the opposite grading direction (positive) has been
considered for variation of both stiffness and mass of the resonators. Transmission, reflection and absorption spectra (not shown in this paper) overlap with the presented
results (negative gradient), which demonstrates that there is no influence of the grading
direction on the acoustic performance of the sample. Since the order of the resonators
in the grading seems to have a negligible impact, it is suggested to investigate further a
random polydisperse distribution of resonators which might be favourable from a manufacturing point of view.

5.5

Conclusions

In this paper, the acoustic performance of functionally graded metafoams with a broadened attenuation range has been demonstrated. First, the concept of extending the frequency attenuation region by combining metafoam unit cells with two differently tuned
resonators has been investigated, resulting in two transmission dips corresponding to
the performance of each individual unit cell. Next, microstructures with spatially graded
resonating masses or resonator stiffnesses have been considered, resulting in a single,
broad attenuation zone delimited by the minimum and maximum local resonant frequencies of the corresponding unit cells.
The analyses, based on a computational homogenisation technique, have shown that
for the design of functionally graded acoustic metafoams, the continuous variation of the
resonator properties is crucial in order to avoid the occurrence of transmission peaks inside the attenuation zone. However, the presence of such undesired disturbances can be
mitigated by means of solid skeleton (viscous) damping. Such damping generally occurs
in real applications, for example when a polymeric foam material is adopted. Finally, it
has been shown that for the graded microstructures investigated in this paper, the resulting attenuation levels are higher and more uniform in frequency when using a graded
resonator stiffness, compared to resonator mass grading. Moreover, the lack of sensitivity of the transmission simulations to the gradient direction suggests that a random
distribution of different resonators could be efficient as well. The analysis of acoustic
metafoams with a polydisperse distribution of resonators is therefore recommended.
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The findings presented in this paper can be used as a guidance for design and manufacturing of acoustic metafoams with an improved low frequency attenuation response
compared to conventional acoustic foams.

CHAPTER

6

Conclusions and recommendations
The aim of this thesis was to investigate different state-of-the-art microstructural material designs for noise cancellation, in order to achieve broad attenuation zones at low frequencies. The point of departure was a novel class of materials - locally resonant acoustic metamaterials (LRAMs) - and their intriguing resonance based behaviour. Within
this project, two main material design paths have been explored: the microstructural
modification of standard LRAMs incorporating material damping and the combination
of local resonators with acoustic foams, resulting in a new material concept (acoustic
metafoams).
The key concepts and results of this thesis are summarised in the next section, followed by recommendations for future work.

6.1

Summary and main results

Visco-elastic multi-coated LRAMs
In order to broaden the attenuation zone exhibited by standard locally resonant metamaterials, first, a multi-coated coaxial inclusion has been considered resulting in the
formation of multiple separate low frequency band gaps. Next, by means of material
damping of the coating layers, the two attenuation zones have been bridged forming a
wide attenuation spectrum. By using the generalised Maxwell model to describe the viscoelastic behaviour of rubber components, the study provided further insights regarding
the impact of the frequency dependent material behaviour on the metamaterial performance and, in particular, on the mentioned bridging effect. The main conclusions are as
follows:
• The frequency dependent properties of the polymer coatings affect both the band
gap location and the dissipative mechanisms. These aspects are crucial if bridging
of the attenuation zones is to be pursued.
• Optimal polymer properties can be found, that provide the desired location of
the attenuation zones along with a strong dissipation in the frequency range in
between the band gaps (without impairing the local resonance behaviour inside
the band gaps).
• The importance of realistic modelling of the behaviour of material components
constituting the metamaterial has been highlighted.
Note, that multi-coated designs are still being actively explored in the literature, with the
aim of broadening the attenuation zones [154, 87]. The findings of this study regarding the influence of advanced viscoelastic modelling of resonator coatings have been
83
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confirmed recently in Alamri et al. [1]. Moreover, the experimental demonstration of
the effect of joining multiple band gaps by means of material viscosity for blast load
case has been shown very recently in Barnhart et al. [7], while in Tan et al. [131] the
computational homogenisation technique of Sridhar et al. [125] has been extended in
order to account for viscoelasticity and also in this case the band gap bridging has been
demonstrated.

Acoustic metafoam concept
Local resonators have been used in this thesis in order to enrich the microstructure of
poroelastic materials, forming a new class of materials: acoustic metafoams. The performance of this material has been studied based on the conceptual microstructural design
of a micropore decorated with a resonator in the form of a cantilever beam with a heavy
mass. Dispersion analyses along with direct numerical simulations of wave transmission
have been used to demonstrate the favourable attenuation effects occurring in the lowfrequency range. Next, a computational homogenisation framework has been adopted to
establish the link between the metafoam effective properties and its acoustic response.
Finally, functionally graded acoustic metafoams have been introduced and the potential
of further broadening of the attenuation zones has been explored.
The main conclusions based on these studies are:
• The proposed design of acoustic metafoams exhibits improved sound wave attenuation properties at low frequencies in comparison with standard acoustic foams.
The attenuation is a result of the strongly enhanced reflection and the improved
absorption.
• The wave attenuation enhancement is the outcome of the interplay between the
local resonance and viscothermal dissipation. Moreover, it turns out that including
fluid losses is essential for the observation of the emerging effect.
• The computational homogenisation framework developed for standard poroelastic materials can be used to capture the extraordinary behaviour of metafoams.
By means of the multi-scale technique established in this work, the design of
metafoam unit cells can be improved, through determination of a set of effective
parameters responsible for the acoustic performance.
• Broader attenuation zones have been obtained by using functionally graded microstructures with a distribution of resonator properties (mass and stiffness). It
has been shown that the variation of resonators stiffness is the most effective,
since the obtained attenuation zone is uniform within the given frequency range.
In the Beads vs beats project a joint team of researchers from the Eindhoven University of Technology and the University of Wageningen, led by Dr. A. Poortinga, worked
to manufacture and test the acoustic properties of foamed polymers with beads embedded in their pores, exploiting the results of this thesis, in trying to process a working
Metafoam. Another work aiming at the experimental study of acoustic metafoams has
been done by di Antonio et al. [32] and van de Straat et al. [135] in collaboration with
SABIC.
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Recommendations

In this section, some recommendations are provided for future research on the microstructural design of the acoustic metamaterials and metafoams, with the focus on
the problem of bridging the attenuation zones in multi-coated LRAMs and possible enhancement of the acoustic metafoam performance.

Towards realistic modelling: accounting for losses
This thesis has shown that the material losses, i.e. the damping of the polymer coatings
in LRAMs and the viscothermal dissipation of the air filling the acoustic metafoams, have
a significant impact on the vibrational/acoustic performance of the metamaterials. The
realistic modelling of the dissipative effects has been shown to be essential for capturing
the bridging of the attenuation zones in the case of LRAMs and the low-frequency attenuation of the acoustic metafoams. For modelling acoustic metamaterials with embedded
local resonators, it is therefore recommended to properly account for the intrinsic material losses. This is worth being highlighted, since it is not yet common practice in the
metamaterial community, where in many cases only static elastic properties are used
[90, 117] rather than the full dynamic moduli.
Furthermore, in order to support the design of new, damped LRAMs, the experimental characterisation of the viscoelastic material properties of the metamaterial constituents should be carried out. As it has been demonstrated, full control on the attenuation zone formation is provided by the frequency dependent moduli.

Further design exploration
The designs analysed in this dissertation have been limited to simplified geometrical
cases. The solid LRAMs have been studied in two-dimensions only, whereas an idealised
cubic, three-dimensional unit cell has been used in the case of the acoustic metafoams.
Further (numerical) investigations going beyond these specific simplified designs are
therefore suggested.
As for the solid LRAMs, the concept of bridging the attenuation zones can also be
realised within a three-dimensional material. The metamaterial sample modelled in this
way would be more generic in terms of the possible applications, as it would attenuate
the elastic waves in all directions rather than in the planar directions only.
The geometry of the acoustic metafoam pore can approximate the reality better by
adopting a Kelvin cell design, which is known to be representative for standard acoustic foams [46]. In such a case, the local resonators could be attached to the skeleton
in different locations (either on the membranes or on the struts) in the form of heavy
particles. Next, by using the computational homogenisation framework, the design parameters of the pore can be optimised aiming at the best sound attenuation performance.
Moreover, such a realistic unit cell would be also a good point of departure for further
testing of functionally graded microstructures. Since in this work only the parameters
of the local resonators have been varied in the graded microstructures, an investigation involving gradients of pores’ properties, like cell size or membrane opening ratio,
is recommended. Such an analysis would allow for further control of the acoustic performance of the metafoam, leading to further possible improvements of the absorption
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level. After investigating acoustic metafoams with gradually changing properties, a random distribution of the unit cells in space could be assessed. A random microstructural
design may be the most representative one for a metafoam that is produced through an
established foaming process [66, 36].

Experimental validation and materials engineering
Finally, the numerical investigations performed in this thesis should be compared with
experimental results. Recently [7], it has been demonstrated experimentally that the
material damping of the rubber coatings can indeed bridge the attenuation zones. As a
next step, since the connection between viscoelastic polymer properties and joining the
band gaps has been established, it should be possible to engineer polymer properties
in order to improve such a bridging effect or, conversely, to strongly separate them.
A further research pathway is to introduce mechanisms for the active control of the
polymer damping factor, aiming at the local increase in frequency of the loss tangent (in
between the band gaps), resulting in an enhanced bridging effect.
As for the acoustic metafoams, experimental validation of the resonance based attenuation effect at low-frequencies shown in this thesis through the computational modelling is strongly recommended. The study could be based initially on testing a prototypical geometry close to the studied model. A simplified prototype could be manufactured using currently available additive manufacturing techniques [134] and tested in
a dedicated impedance tube. After the validation, the study can be extended to realistic random microstructures. Numerical simulations using (more realistic) Kelvin cells
would provide the necessary insights for the design of the microstructures, that can be
manufactured using foaming processes that are suitable for mass production.
To conclude, although the low-frequency noise attenuation problem is still awaiting new, optimal solutions, this thesis demonstrates that novel material concepts can
be pursued through advanced microstructural design. The hope is that, through these
novel approaches for acoustic attenuation, human beings living in this fast developing
industrial world will still be able to enjoy the silence.

APPENDIX

A

Weak formulations for dispersion diagrams
calculations
In the appendix the details concerning the complex band structure calculation for a two
phase unit cell consisting of a solid frame entrained with either a complex viscous or
an inviscid fluid are presented. For this purpose, the weak forms of governing equations
with the application of Bloch theorem are presented.

Acoustic field with viscous effects
The governing equations (see equations (3.2), (3.3), (3.4) assuming that thermal dissipation is negligible allowing to discard the temperature field) are:


iωρf0 v = −∇p + ∇ · µf (∇v + (∇v)T ) − 23 µf (∇ · v)I ,
(A.1)
p
ρf0 ∇ · v = −iω 2 .
(A.2)
c0
Next, Bloch wave solutions are assumed in the form:
p = p̃ exp(ik · x),

(A.3)

v = ṽ exp(ik · x),

(A.4)

∇p = (∇p̃ + ip̃k) exp(ik · x),

(A.5)

∇v = (∇ṽ + ikṽ) exp(ik · x),

(A.6)

∇ · v = (∇ · ṽ + ik · ṽ) exp(ik · x),

(A.7)

where p̃ and ṽ are the Bloch pressure and velocity functions with spatial periodicity (identical to the periodicity of the structure), x is the position vector and k is the
wavevector. In these equations, the dyadic product is denoted as: ab = an bm en em .
The final weak form describing the acoustic field with viscous effects is obtained after
the substitution of the Bloch wave solutions in equations (A.1) and (A.2), followed by
the multiplication with their respective test functions φf , φf and integration over the
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fluid domain V f :
Z
−i
V
Z

f

ωρf0 ṽ
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−



dV

f
VZ
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+
+i

Z
−
∂V f

∂V f

(A.8)
ρf0

Z

f
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(A.9)
where nf is the unit outward normal to the boundary ∂V f of the domain V f .

Acoustic inviscid isothermal fluid
The acoustic Helmholtz equation is given (see equation (3.7)) by:
∇ · (∇p) + k02 p = 0,

with

k0 =

ω
.
c0

(A.10)

The weak form obtained for equation (A.10) after the substitution of Bloch wave solution is written as:
Z
Z
a
−
∇φ · (∇p̃ + ip̃k) dV + i
k · (∇p̃ + ip̃k) φa dV
a
Va
V
Z
Z
2
a
+
k0 p̃φ dV +
na · ((∇p̃ + ip̃k)φa ) dΓ = 0
(A.11)
Va

∂V a

where φa is a test function, V a denotes the fluid domain, na is the unit outward normal
to the boundary ∂V a of the domain V a .

Elastic solid
The equation of motion for elastic solid is given (see equation (3.1)) by:
− ρs ω 2 u = ∇ · (4 Cs : ∇u).

(A.12)
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The Bloch wave solutions assumed in this case are:
u = ũ exp (ik · x) ,
∇u = (∇ũ + ikũ) exp (ik · x) ,

(A.13)
(A.14)

where ũ is the Bloch displacement function with spatial periodicity (identical to the
periodicity of the structure).
The weak form obtained for equation (A.12) after the substitution of the Bloch wave
solution is written as:
Z
Z
2
s
φs k : 4 Cs : (∇ũ + ikũ)dV
ρω ũ · φ dV − i
−
s
s
V
V
Z
Z

s T
4 s
ns · 4 Cs : (∇ũ + ikũ) · φs dΓ = 0,
+
(∇φ ) : ( C : (∇ũ + ikũ) dV −
Vs

∂V s

(A.15)
where φs is a test function, V s denotes the solid domain, ns is the unit outward normal
to the boundary ∂V s of the domain V s .
Coupling conditions at the interface between fluid and solid are adopted as described
in section 3.2.2 through the boundary terms in the weak forms of the governing equations (using weak contributions assigned to surfaces). A set of fully coupled equations is
solved similarly as done for instance in [99].
In order to obtain an eigenvalue problem, the k-vector is written as k = kα, where k
is the amplitude of the wave vector along the unit propagation direction α. Since only
the ΓX direction of wave propagation is considered here, wavenumbers k = kx ex are
calculated for given frequencies.
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Matrix form of effective properties of acoustic
metafoams
The macroscopic constitutive relations (5.12), (5.13), (5.14) and (5.15), using the Voigt
notation, and taking into consideration the unit cell symmetries, are expressed as:
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