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Abstract
The xMAS language allows the high-level modeling of communication fabrics. For microarchitectural models expressed in xMAS, it was shown that liveness can be proven effectively
using a reduction to SAT. Verbeek et al. extended xMAS with finite state machines (FSMs) to
model and verify liveness of the combination of cache coherence protocols and interconnects.
To support state machines, they extended the existing reductions to SAT to incorporate FSMs.
We present counterexamples showing that this technique is unsound and fails to detect certain
deadlocks. We propose an alternative reduction of liveness for xMAS networks with FSMs to
SAT. We prove the correctness of our approach and evaluate its performance.
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Introduction

Formal verification has been successfully introduced in many design flows of hardware and software
systems. More and more often, the sign-off decision for hardware blocks is taken solely on the
results of formal proofs, the so-called formal sign-off. Scaling formal verification to the system
level remains a challenge.
The xMAS language [7] and associated techniques for invariant generation [5], property checking [5], and deadlock hunting [12, 16] have been proposed to address this challenge. These techniques are very efficient and were extended to performance validation [15], asynchronous circuits [3], progress verification [8], generalized to language families [17], and directly related to the
Register Transfer Level [13, 14, 10].
Initially focused on the analysis of communication fabrics, Verbeek et al. [18, 19] introduced
state machines into xMAS. The state machine extension allows the modeling and analysis of
complex cooperating state machines under the constraints imposed by micro-architectural choices.
In particular, they demonstrated the verification of large systems consisting of nodes running cache
coherence protocols and communicating via a Network-on-Chip. The work by Verbeek et al. aims
to scale verification to the system level by translating liveness verification of xMAS extended with
(finite) state machines to satisfiability. Sadly, as we will show in this paper, their method fails to
detect some deadlocks, and is therefore unsound.
Contributions. We present an example of an xMAS network with an FSM that has a dead
input channel, and demonstrate that the approach from [19] fails to detect this dead channel.
This demonstrats that the approach is unsound. To address the issue, we propose an alternative
transformation of liveness verification of xMAS networks with FSMs into a satisfiability problem.
Similar to the work from [19], we extend the idle and block equations from [12]. We prove that
our extension to idle and block equations is sound, i.e., if the xMAS network has a path to a state
with a local deadlock, then there exists a satisfying assignment to the satisfiability problem we
1

generate. We recall the invariants from [18], that are used to restrict the number of false deadlocks
detected by our approach. Finally, we use a set of benchmarks to demonstrate that our approach
is efficient.
Structure of the paper. In the following sections, we introduce the relevant part of the xMAS
language. We introduce xMAS networks, the definition of liveness of channels and idle and block
equations in Section 2. We recall Verbeek et al.’s extension of xMAS with automata and present
a counterexample in Section 3. In Section 4 we present our xMAS finite state machines (FSMs).
The idle and block equations for FSMs and their soundness are described in Section 5. Section 6
adapts the invariants from [19] to our FSMs. Our implementation is evaluated in Section 7. We
conclude in Section 8.

2

Preliminaries

In this section we introduce the syntax and semantics of xMAS, specify liveness of channels, and
reiterate how liveness can be transformed into a safety problem using idle and block equations.

2.1

xMAS syntax

xMAS [7] is a graphical language aimed at modeling and verifying communication fabrics. An
xMAS network comprises a number of primitives connected by typed channels. The core xMAS
primitives are provided in Figure 1.

Figure 1: Core xMAS primitives
A queue is a FIFO buffer with k places. A function transforms messages using a specified
function f . Sources and sinks inject and consume messages. Sources and sinks are assumed to be
fair, namely, they always eventually inject or consume messages. A fork duplicates the message
at its input to its two outputs. The duplication occurs if and only if the two outputs are ready
to accept a copy of the input message. The join is the dual of the fork. The output of the join
depends on function h applied to the data at the two inputs. Typically, one of the input channels
is identified as a data input and the other input channel is called a token input, and the data
input is simply forwarded to the output. A switch routes messages depending on their content
and a switching function s. A merge is a fair arbiter passing input messages to its output.
The progress of messages between two primitives is controlled by a simple handshake protocol.
Each channel consists of three signals, one for data and two boolean control signals called irdy
and trdy. Consider the transfer of data between two primitives called A (the initiator) and B
(the target) via channel x. We say that A is ready to transfer data through x.data if x.irdy is
true. We say that B is ready to accept the data if x.trdy is true. The data transfer happens if
and only x.irdy ∧ x.trdy.
2

Formally, for instance, the function primitive is defined in terms of its input port i, output
port o and function f as follows:
o.irdy := i.irdy

i.trdy := o.trdy

o.data := f (i.data)

We here see that the function primitive is a purely combinatorial component that applies a function
to whatever data is available on its input, provided the initiator of the input and the target of the
output are ready.

1
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x

Figure 2: xMAS example.
Example 1. Consider the xMAS network in Figure 2. We use this network as a running example.
The network consists a source, a queue, and a sink. The source produces tokens t. Channel x is
the output channel of the source, hence:
x.irdy := oracle ∨ pre(x.irdy ∧ ¬x.trdy)

x.data := t,

where pre is the standard synchronous operator that returns the value of its argument in the
previous clock cycle, and false in the very first cycle. Non-determinism of the data generation of
the source is represented by the unconstrained primary input oracle [7]. Channel x is the input
channel of the queue, for which we have:
x.trdy := ¬is full.
This signifies that a queue can always accept a data transfer when it is not full. Channel y is the
output channel of the queue, for which we have:
y.irdy := ¬is empty

y.data := head,

where head refers to the data at the head of the queue. The queue is ready to transfer data
whenever it is not empty. The same channel y is the input channel of the sink, and we have:
y.trdy := oracle ∨ pre(y.trdy ∧ ¬y.irdy).
This definition is analogous to that of x.irdy.

2.2

Semantics of xMAS networks

All components in an xMAS network are stateless, except for the queues. The semantics of an
xMAS network consists of two parts. First, a combinatorial part, that updates the values of the
irdy, trdy and data signals of the channels, that ultimately determines the state changes that
are enabled. Second, a sequential part that performs the synchronous update of the state of all
components. We here introduce that semantics in more detail. For a more elaborate exposition
the reader is referred to [20].
Definition 1 (xMAS network). An xMAS network N is a tuple (P, G), where
• P is a set of xMAS primitives
• G is a set of channels
such that every channel x ∈ G connects exactly one output port of a primitive to an input port
of a primitive, and all ports of the primitives are connected to exactly one channel.
3

Given a channel g ∈ G, by C(g) we denote the set of colors that can be transferred through g.
By C we denote the set of all colors of the given network.
We assume that an xMAS network is syntactically correct, and that it does not contain combinatorial cycles of irdy and trdy signals. This can be statically checked [11]. Furthermore, when
the input of a channel is ready, we can be sure the data that is on the channel is in the set C(x).
Formally, for all channels x ∈ G, x.irdy =⇒ x.data ∈ C(x).
We describe the semantics of an xMAS network as a state transition diagram. The network
state is the composition of the local states of all primitives. For queues, their state is determined
by the content of the queue. All stateless primitives have a single state. Given a primitive p ∈ P ,
we denote the set of local states of p by S p . Q
The global state in the network is the product of the
states of the individual primitives, i.e., S = p∈P S p .
Every primitive has a transition relation from state to state that reads from a set of input
channels and writes to a set of output channels. For primitive p ∈ P , states s, s0 ∈ S p , inputs
{x1 (d1 ),...,xn (dn )}/{y1 (e1 ),...,ym (em )}

x1 (d1 ), . . . xn (dn ), and outputs y1 (e1 ), . . . ym (em ) we write s −−−−−−−−−−−−−−−−−−−−−−−−−→ s0
for the transition from state s to s0 while reading d1 , . . . , dn from channels x1 , . . . xn , and writing
~ y (~
~
x(d)/~
e)

e1 , . . . en to channels y1 , . . . , ym . We abbreviate this using s −−−−−−→ s0 . Whether such a transition
is enabled is controlled by the values irdy, trdy and data of each of the channels involved. We
~ y (~
~
x(d)/~
e)

write enabled (s −−−−−−→ s0 ) if the transition is enabled. In case a primitive allows for nondeterminism, a scheduler resolves this non-determinism, and selects one enabled transition. We
~ y (~
~
x(d)/~
e)

write selected (s −−−−−−→ s0 ) if the transition is selected.
Note that the scheduler ensures that in every local state, exactly one transition is selected.
Also, progress is forced, so, if from a given (local) state a transition is enabled, it is guaranteed
that one of the enabled transitions will be taken.
Given a global state (s0 , . . . , sn ), the global transition relation from this state is now defined
using the following operational rule:
0
{x01 (d01 ),...,x0k (d0k ))}/{y10 (e01 ),...ym
(e0m )}

0
s0 = s00 ∨ s0 −−−−−−−−−−
−−0−−−−−−−−−−−−1−−−1−→ s00
..
.
n
n
n
n n
n
n
{xn
1 (d1 ),...,xkn (dkn ))}/{y1 (e1 ),...ym (emn )}

sn = s0n ∨ sn −−−−−−−−−−−−−−−−−−−−−−−−−1−−−−→ s0n
X

(s0 , . . . , sn ) −→ (s00 , . . . , s0n )
S
S
where X = 0≤i≤n 1≤j≤ni xij (dij ), X 6= ∅.
This transition relation is too large since it allows components not to take a transition, even
when a transition is enabled. We therefore prune the transition relation by removing all transitions
X0

X

(s0 , . . . , sn ) −→ (s00 , . . . , s0n ) for which there exists a transition (s0 , . . . , sn ) −−→ (s000 , . . . , s00n ) such
that X ⊂ X 0 .
Note that the semantics implies that, whenever there is no primitive with a selected transition,
the state transition system is in a global deadlock.
Example 2. Recall the example from Figure 1. First we consider the semantics of the individual
components in the network. The source writes tokens t to channel x, which is visualized in
Figure 3a. The queue needs to keep track of its state. The semantics of the queue is depicted in
Figure 3b. Since we only have tokens t, and the size of the queue is 1, it is enough for the queue
to remember whether it is full or empty. When the queue is empty (state p0 ), it can read from
x and go to the full state (p1 ). When it is full, it can write its content to channel y and return
to the initial state. The sink can repeatedly read from its input channel y, which is reflected in
Figure 3c. The semantics of the whole network, synchronizing communication on channels x and
y is depicted in Figure 3d.
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!x(t)

?y(t)

?x(t)
p0

s0

p1

q0

!y(t)
(a) Source.

(b) Queue.

(c) Sink.

{x(t)}

(s0 , p0 , q0 )

(s0 , p1 , q0 )

{y(t)}
(d) Semantics of the network.

Figure 3: State machines for the semantics of the network in Figure 1.

2.3

Paths

Liveness of channels is defined using linear temporal logic (LTL). LTL and its semantics are
considered standard, and we refer to text books such as [2] for the details. The semantics of
LTL quantifies over all paths. To interpret LTL on xMAS networks, we first define paths in such
networks.
Definition 2 (Path). A path is a possibly infinite sequence of global states π = ~s0 , ~s1 , ~s2 , . . .,
X
such that for all j > 0, ~sj−1 −→ ~sj for some X. We use π[j] to denote the state at position j in
the path, i.e., ~sj , and π[i..] to denote the suffix of π starting at ~si . The set of paths starting in
a state ~s is denoted using Paths(~s), and for an xMAS network N we write Paths(N ) to denote
Paths(~s0 ), where ~s0 is the initial state of the network N . For finite paths π = ~s0 , . . . , ~sn we define
last(π) = ~sn .
Further we introduce the notion of maximal path.
Definition 3 (Maximal path). Given a path π, we say that π is maximal if and only if it is
infinite, or it is finite, and last(π) has no outgoing transitions.

2.4

Liveness of channels

In xMAS, a channel is live whenever, always when its initiator is ready to transfer data, transfer
will eventually be successful, meaning that both initiator and target are ready. This is formalized
using the following LTL property.
Definition 4 (Live channel [12]1 ). Consider an xMAS network N = (P, G). Channel x ∈ G is
live if and only if
N |= G(x.irdy =⇒ F(x.irdy ∧ x.trdy)).
Furthermore, channel x is live for value d if and only if
N |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.trdy ∧ x.data = d)).
1 Gotmanov et al. [12] use property G(x.irdy =⇒ F x.trdy), which does not guarantee that the transfer
eventually succeeds if persistency is not assumed.

5

Channels in xMAS networks are typically assumed to be (forward) persistent.
Definition 5 (Forward persistency [12]). Consider an xMAS network N = (P, G). Channel x ∈ G
is forward persistent if and only if for all d ∈ C(x)
N |= G((x.irdy ∧ x.data = d ∧ ¬x.trdy) =⇒ X(x.irdy ∧ x.data = d)).
In what follows, we assume channels to be forward persistent. Note that, when assuming
forward persistency, both notions of live channels introduced previously are closely related.
Lemma 1. For all xMAS networks N = (P, G), and all channels x ∈ G, if x is forward persistent,
then
N |= G(x.irdy =⇒ F(x.irdy ∧ x.trdy)).
if and only if for all d ∈ C(x)
N |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.trdy ∧ x.data = d)).
Proof. Fix xMAS network N and channel x, such that x is forward persistent. We prove both
directions separately.
⇒ Assume N |= G(x.irdy =⇒ F(x.irdy ∧ x.trdy)). Now, consider an arbitrary path π in N .
To prove: π |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.trdy ∧ x.data = d))
Fix arbitrary i ≥ 0, and assume π[i..] |= x.irdy ∧ x.data = d. According to the assumption,
∃j ≥ i such that π[j..] |= x.irdy ∧ x.trdy. Let j be the smallest such index. Since π is
persistent, for all k such that i ≤ j ≤ k, π[k] |= x.irdy ∧ x.data = d, so π[j..] |= x.irdy ∧
x.data = d∧x.trdy, hence π |= G((x.irdy∧x.data = d) =⇒ F(x.irdy∧x.trdy∧x.data =
d)).
⇐ Assume for all d ∈ C(x), N |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.trdy ∧ x.data =
d)). Consider an arbitrary path π in N . To prove: π |= G(x.irdy =⇒ F(x.irdy ∧ x.trdy))
Fix arbitrary i ≥ 0 and assume π[i..] |= x.irdy. According to the semantics of xMAS,
there exists d ∈ C(x) such that π[i..] |= x.data = d. Hence, π[i..] |= x.irdy ∧ x.data = d.
According to the assumption, then π[i..] |= F(x.irdy ∧ x.trdy ∧ x.data = d), hence π[i..] |=
F (x.irdy ∧ x.trdy), so π |= G(x.irdy =⇒ F(x.irdy ∧ x.trdy)).
Using the assumption of forward persistency, we can now simplify the definition of a live
channel. This is formalized in the following theorem, which is an adaptation of a similar, but
weaker theorem in [12].
Theorem 1. For all xMAS networks N = (P, G), and all channels x ∈ G, if x is persistent, then
N |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data = d ∧ x.trdy))
if and only if
N |= FG(¬x.irdy ∨ x.data 6= d) ∨ GFx.trdy.
Proof. Let N = (P, G) be an arbitrary xMAS network, and x ∈ G an arbitrary channel, such that
x is persistent, i.e., for all d ∈ C(x), N |= G((x.irdy ∧ x.data = d ∧ ¬x.trdy) =⇒ X(x.irdy ∧
x.data = d)).
We prove both directions separately.
⇒ Suppose N |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data = d ∧ x.trdy)), and let π be
an arbitrary path in N . We need to show that π |= FG(¬x.irdy ∨ x.data 6= d) ∨ GFx.trdy,
from which the result immediately follows.
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Assume that π 6|= FG(¬x.irdy ∨ x.data 6= d), i.e., π |= GF(x.irdy ∧ x.data = d). We show
that π |= GFx.trdy, i.e., ∀i ≥ 0.∃j ≥ i.π[j . . .] |= x.trdy. Let i ≥ 0 be arbitrary. Since
π |= GF(x.irdy ∧ x.data = d), there exists i0 ≥ i such that π[i0 . . .] |= x.irdy ∧ x.data = d.
Let i0 be such. Since π[i0 . . .] |= (x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data = d ∧ x.trdy)
according to our assumption, we have π[i0 . . .] |= F(x.irdy ∧ x.data = d ∧ x.trdy), hence
there exists j ≥ i0 such that π[j . . .] |= x.irdy ∧ x.data = d ∧ x.trdy. Since we have chosen
i arbitrarily, we find π |= GFx.trdy.
⇐ Suppose N |= FG(¬x.irdy ∨ x.data 6= d) ∨ GFx.trdy. Let π be an arbitrary path in N . We
show that π |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data = d ∧ x.trdy)).
We distinguish cases based on the property that holds in π.
– π |= FG(¬x.irdy ∨ x.data = d). We know there exists k ≥ 0 such that for all j ≥ k,
π[j . . .] 6|= (x.irdy ∧ x.data = d). Let k be such.
We show that for all i ≥ 0, π[i . . .] |= (x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data =
d ∧ x.trdy). For the case i ≥ k this follows immediately, since x.irdy ∧ x.data = d
does not hold. So, suppose 0 ≤ i < k, and assume x.irdy ∧ x.data = d. Towards
a contradiction, suppose that π[i . . .] |= G¬(x.irdy ∧ x.data = d ∧ x.trdy). Since
we have π |= G((x.irdy ∧ x.data = d ∧ ¬x.trdy) =⇒ X(x.irdy ∧ x.data = d)
due to forward persistency, we have that for all j ≥ i, π[j] |= x.irdy ∧ x.data = d,
in particular, this contradicts the fact that π[k . . .] 6|= x.irdy ∧ x.data = d, hence
π |= G((x.irdy ∧ x.data = d) =⇒ F(x.irdy ∧ x.data = d ∧ x.trdy)).
– π |= GFx.trdy. Let i ≥ 0 be arbitrary, and assume π[i . . .] |= x.irdy∧x.data = d. From
our assumption, for some j ≥ i we have π[j . . .] |= x.trdy. Consider the smallest such
j. We prove that π[j . . .] |= x.irdy ∧ x.data = d ∧ x.trdy. From forward persistency,
and the fact that j is the smallest index such that π[j . . .] |= x.trdy ∧ x.data = d, we
find that for all k, i ≤ k ≤ j, π[k . . .] |= x.irdy ∧ x.data = d, hence π[j . . .] |= x.irdy ∧
x.data = d∧x.trdy. Therefore, π |= G((x.irdy∧x.data = d) =⇒ F(x.irdy∧x.data =
d ∧ x.trdy)).
This inspires the following simplification [12]. We say that a channel is idle for d if eventually
the initiator will never send message d along that channel, and it is blocked if eventually the target
will never be able to receive message d along that channel.
Definition 6 (Idle and blocked channels [12]). Let x be an arbitrary channel in an xMAS network,
and let d ∈ C(x). We define
idle(x(d)) := FG(¬x.irdy ∨ x.data 6= d)
block(x) := FG¬x.trdy
Using these definitions, and Theorem 1, we have the following for forward persistent channels
in an xMAS network.
Corollary 1. Let N be an xMAS network, with x a forward persistent channel in N . We have
the following correspondences:
1. for all d ∈ C(x), channel x is live for d iff N |= idle(x(d)) ∨ ¬block(x),
V

2. channel x is live iff N |=
d∈C(x) idle(x(d)) ∨ ¬block(x).
Proof. The proofs for path parts follow from our previous results as follows:
1. directly from Theorem 1.
2. directly from part 1 of this corollary and Lemma 1.
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A local deadlock is defined as a dead channel, where a channel is dead for value d if and only
if it is not live for d. This means there exists a path in the xMAS network to a state that satisfies
¬idle(x(d))∧block(x). In other words, a channel is dead whenever its initiator is ready to transfer
datum d and its target will never be ready to accept the data. In the rest of this article, we use
the following definitions.
Definition 7 (Formulas for live and dead channels). Let N be an xMAS network, with x a forward
persistent channel in N , and d ∈ C(x). We define
live(x(d)) := idle(x(d)) ∨ ¬block(x)
dead(x(d)) := ¬live(x(d))
^
live(x) :=
live(x(d))
d∈C(x)

dead(x) :=

_

dead(x(d))

d∈C(x)

This definition allows us to formally define a dead channel.
Definition 8 (Dead channel). Let N be an xMAS network, with x a forward persistent channel in
N , and d ∈ C(x). Channel x is dead for d if and only for some path π ∈ Paths(N ), π |= dead(x(d)).
Observe that in the definition of dead channel we evaluate the LTL formula over a path,
whereas for determining whether a channel is live we evaluate the corresponding LTL formula
over a network.
In Definition 7, we only defined block(x). We can refine this definition by introducing
block(x(d)) as follows.
block(x(d)) := FG(¬x.trdy ∨ x.data 6= d)
It is easy to see that block(x) implies block(x(d)) for any d ∈ C(x). In the definition of live(x(d))
we can freely replace block(x) by block(x(d)) as shown by the following lemma.
Lemma 2. Let N be an xMAS network, with x a forward persistent channel in N , and d ∈ C(x).
Then N |= live(x(d)) if and only if N |= idle(x(d)) ∨ ¬block(x(d)).
Proof. Let N , x and d be such. We prove both directions separately.
⇒ Suppose N |= live(x(d)), hence N |= idle(x(d)) ∨ ¬block(x). Fix an arbitrary path π in N .
We have to show that π |= idle(x(d)) ∨ ¬block(x(d)). Assume π |= ¬idle(x(d)). We show
that π |= ¬block(x(d)), i.e., for all i ≥ 0, there is j ≥ i such that π[j..] |= x.trdy ∧ x.data =
d. Fix arbitrary i ≥ 0. Since π |= ¬idle(x(d)), for some j ≥ i, π[j..] |= x.irdy ∧ x.data = d.
Since π |= ¬block(x), for some k ≥ j, π[k..] |= x.trdy. Consider the smallest such k, than
according to forward persistency, π[k..] |= x.irdy ∧ x.data = d, hence π[k..] |= x.data =
d ∧ x.trdy, so π |= ¬block(x(d)).
⇐ Suppose N |= idle(x(d)) ∨ ¬block(x(d)). Fix an arbitrary path π in N , and assume
π |= ¬idle(x(d)). Then π |= ¬block(x(d)), i.e., π |= GF(x.trdy ∧ x.data = d), then it
immediately follows that π |= GF(x.trdy), hence π |= block(x).
As a consequence, we can freely use definitions of block that depend on a single data value.
Additionally, it follows straightforwardly that, whenever a channel x is dead for d, that channel
is blocked for all values e. This is formalized by the following lemma.
Lemma 3. Let N be an xMAS network with x a forward persistent
V channel in N , and d ∈ C(x).
Then for all paths π ∈ Paths(N ), π |= dead(x(d)) implies π |= e∈C(x) block(x(e)).
Proof. Fix an xMAS network N and channel x, and let d ∈ C(x). Let π ∈ Paths(N ) such that
π |= dead(x(d)). Let e ∈ C(x) be arbitrary. Since π |= dead(x(d)), π |= ¬idle(x(d)) ∧ block(x),
so π |= block(x), which immediately implies π |= block(x(e)).
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2.5

Idle and block equations

The main contribution of Gotmanov et al. [12] is to express deadlock conditions for each primitive
using equations over boolean variables. If these idle and block equations are satisfiable, a (possible)
deadlock has been detected; if they are unsatisfiable, the network is guaranteed to be deadlock
free. The method is sound but incomplete; if the equations are satisfiable, the assignment to the
boolean variables may constitute a deadlock state that is unreachable in the network. This is
alleviated to some extent by incorporating invariants that approximate the reachable states.
The boolean variables express the conditions under which a primitive will never try to output
value d, denoted using variable idledx , or never try to read from channel x, denoted using variable
blockx . The encoding is such that, whenever there exists a path π in the xMAS network such
that π |= dead(x(d)), then there is a satisfying assignment to the variables in the idle and block
equations in which idledx is false, and blockx is true.
As an example, we consider the idle and block equations for the function primitive with input
channel x and output channel y, for input value d. Equations for idle and block are encoded as
follows:
blockx = blocky

^ 
idleey =
(f (d) = e) =⇒ idledx
d∈C(x)

Intuitively, this means that the input channel of the function primitive is blocked if its output
channel is blocked, and the output channel is idle for value e if the input channel is idle for all
values that are mapped onto e by the function f .
Note that in this way, the idle and block equations essentially approximate the LTL specifications of idle and block defined before.
Example 3. We demonstrate idle and block equations in an xMAS network using the running
example from Figure 2. Channel x is the output channel of the source, which can produce tokens
k infinitely often, hence its output is not idle:
idlex := ⊥.
Channel x is the input channel of the queue. The queue is blocked if it is full and its output is
blocked:
blockx := full ∧ blockx ,
Channel y is the output channel of the queue. The output of the queue is idle, when the queue is
empty, and its input is idle:
idlex := empty ∧ idlex .
Finally, channel y is the input channel of the sink. The sink can consume data infinitely often, so
x is not blocked:
blockx := ⊥.

3

Life and death of state machines in xMAS

Verbeek et al. describe an extension of xMAS with finite state machines for the integrated verification of, for instance, cache coherence protocols together with their underlying communication
fabric [18, 19].
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3.1

xMAS automata

We first recall the definition of finite state machines and the corresponding semantics as described
by Verbeek et al.
Definition 9 ([19, Definition 1]). Let D denote the type of packet. An XMAS automaton is a
tuple (S, T, s0 , CI , CO ) with S the set of states, T the set of transitions, s0 the initial state and
CI (CO ) the set of in (out) channels. A transition t ∈ T is a tuple (s, s0 , ε, ϕ) with s and s0 the
begin and end states, function ε :: CI × D 7→ B an event and function φ :: CI × D * (CO × D) a
transformation.
In this definition, * indicates a partial function. Given transition (s, s0 , ε, ϕ), ε(x, d) = True
indicates that the transition can be enabled by packet d at input channel x. Likewise, ϕ(i, d)
indicates the output packet that is produced at a specified output channel. If nothing is produced,
this is denoted using ⊥.
Before giving the semantics of xMAS automata, we first define when a transition is enabled.
Definition 10 ([19, Definition 2]). Let A be an xMAS automaton. Let t = (s, s0 , ε, φ) be a
transition of A.
enabled (t, x) := A.s ∧ x.irdy ∧ ε(x, x.data) ∧ rdy(ϕ(x, x.data))
where A.s indicates A is currently in state s, rdy(⊥) = True, and rdy(y, e) = y.trdy.
Finally, for xMAS automata, the semantics in terms of irdy and trdy signals are defined as
follows.
Definition 11 ([19]). Let A = (S, T, s0 , CI , CO ) be an xMAS automaton. Assume selA is a fair
selection function that chooses an enabled transition and the corresponding input channel that
enables the transition. We now define:
x.trdy := selA = (x, )
y.irdy := selA = (y, t) ∧ ϕ(x, x.data) = (y, )
(
e if selA = (y, t) ∧ ϕ(x, x.data) = (y, e)
y.data :=
⊥ otherwise
where t = (s, s0 , ε, ϕ).
Verbeek et al. next construct idle and block equations for xMAS automata as follows. First,
they state that an xMAS automaton is dead if “there exists a state for which all outgoing transitions
can be dead”. This results in the following idle and block equations for xMAS automaton A =
(S, T, s0 , CI , CO ) [19]:
_
^
^ ^
deadAA :=
.A.s ∧
ε(i, d) =⇒ (blockϕ(x,d) ∨ idlex(d) )
s∈S

t=(s,s0 ,ε,ϕ)∈T x∈CI d∈C(x)

blockx(d) := deadAA ∨

^

¬ε(x, d)

t=(s,s0 ,ε,ϕ)∈T

idley(e) := deadAA ∨

^

^

^

ε(x, d) =⇒ ϕ(x, d) 6= (y, e)

t=(s,s0 ,ε,ϕ)∈T x∈CI d∈C(x)

The intent is for the definition to be such that, when the automaton is considered in the
context of an xMAS network N , and there exists a path π in N such that π |= dead(x(d)), for
input channel x of the automaton, then blockx(d) is true. Likewise, if for some path π in N such
that π |= dead(y(e)) for output channel y, then idley(e) is false.
Intuitively, in the definition above, block is true at an input channel if and only if either all
transitions in the state machine can never be taken or the state machine has no transition reading
on that channel. Similarly, idle holds at an output channel if and only if either all transitions can
never be taken of the state has no transition writing on that channel.
10

3.2

Life and death of state machines: a counter-example

Unfortunately, there are xMAS networks with finite state machines that, according to the approach
of Verbeek et al. are deadlock free, but that do in fact contain a deadlock. This is illustrated by
the following example.
Example 4. Consider the state machine in Figure 4 with two input channels x and y, connected
to sources, and two output channels u and v, connected to sinks. All channels only transfer datum
d.
The functions ε and ϕ are defined (per transition) as follows:
ε1 (i, d) := i = x

ϕ1 (i, d) := (u, d)

ε2 (i, d) := i = y

ϕ2 (i, d) := (v, d)

ε3 (i, d) := i = x

ϕ3 (i, d) := (v, d)

So, initially in s0 , the machine can either read d from channel x and produce d on channel u,
and stay in s0 , or it can read d from channel y once, and produce d on channel v, and reach s1 . In
that state, the machine never reads from y nor writes to channel u, and only reads from x, writes
to v, and stays in s1 .

x

u
ε1 : ϕ1
s0

y

ε3 : ϕ3
ε2 : ϕ2

s1
v

Figure 4: Finite state machine with deadlock not detected by Verbeek et al.’s approach
Still, according to the definition by Verbeek et al., the machine is not dead as it will read x
infinitely often. In particular, blocky(d) is false, since ε2 (i, d) = i = y, hence ε2 (y, d) = True
according to their definition. Clearly, once state s1 is reached, messages waiting on channel y will
never be read.
The example clearly illustrates that, even though channel y is dead for d, this is not detected
by the idle and block equations, since blocky(d) is false. The encoding by Verbeek et al. to idle
and block equations is therefore unsound.
Intuitively, the problem with their definition is as follows. If a state machine has no available
enabled transitions, idle and block are true on all channels. This is captured by deadA, and is,
in fact, correct. The error lies in the second part of each definition. A state machine can block a
channel while still having a transition reading that channel. For instance, if that channel is read
finitely many times. A similar argument holds for idle and output channels.

4

Finite state machines

Verbeek et al.’s definition of xMAS automata [18, 19] allows for the symbolic description of channels and data read and written along transitions. However, it still only allows reading and writing
(at most) one channel on every transition. To simplify presentation in this paper, we adapt the
definition of xMAS automata into what we call finite state machines (FSMs). The key difference between FSMs and xMAS automata is that we require explicit definition of every datum
read/written on a transition. Note that this does not fundamentally alter the expressive power:
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the number of channels, as well as the data transferred along the channels are generally assumed
to be finite, so they can simply be expanded in the finite state machine.
In the rest of this section we introduce finite state machines into xMAS.
Definition 12 (Finite state machine). A finite state machine (FSM) is a tuple (S, s0 , I, O, T ),
where:
• S is a finite set of states;
• s0 ∈ S is an initial state;
• I is a finite set of input channels;
• O is a finite set of output channels
• T ⊆ S × ((I × C) ∪ { }) × ((O × C) ∪ { }) × S is the transition relation. We require T to be
total, i.e., every state has at least one outgoing transition.
We also let G = I ∪ O be the set of all channels used by the FSM.
We typically use names s, s0 , s0 , s1 , . . . for states, and x and y for channels, and we write ?x(d)
to denote a read of data d on input channel x, and !y(e) to denote a write of data e on output
?x(d)/!y(e)

channel y. We typically write s −−−−−−−→ s0 to denote (s, (x, d), (y, e), s0 ) ∈ T .
Remark 1. Henceforth, we require every transition to read from a channel and to write to a channel
for the sake of simplicity. In other words, we assume the signature T ⊆ S × (I × C) × (O × C) × S.
/!y(e)

This is not a fundamental restriction. Transitions t = s −−−−→ s0 that do not read from an
input channel can be modeled by introducing a new channel xt that is connected to a source and
?xt /!y(e)

?x(d)/

the FSM, and be replaced by s −−−−−−→ s0 . Likewise, transitions t = s −−−−→ s0 that do not
write to an output channel can be modeled using a channel yt connected to a sink and the FSM,
?x(d)/!yt

/

and be replaced by s −−−−−−→ s0 . Transitions s −−→ s0 that neither read an input channel nor
write an output channel can be modeled using a combination of the above.
We also introduce some notation that will be helpful in defining idle and block equations for
FSMs.
Notation 1. Given FSM (S, s0 , I, O, T ), we introduce the following notation. For state s ∈ S, we
have the incoming and outgoing transitions of s:
x(d)/y(e)

in s (s) = {s0 −−−−−−→ s00 ∈ T | s = s00 }
x(d)/y(e)

out s (s) = {s0 −−−−−−→ s00 ∈ T | s = s0 }
For channels x ∈ G, and data d ∈ C(x) we have the transitions reading d from x and writing d
to x:
i/o

read (x, d) = {s −−→ s0 ∈ T | i = x(d)}
i/o

write(x, d) = {s −−→ s0 ∈ T | o = x(d)}
In an FSM, exactly one state is current at a time, this state is denoted cur (s). A transition
x(d)/y(e)

s −−−−−−→ s0 is enabled if and only if s is the current state, the input channel x is ready to send
d, and the output channel y is ready to receive. Note that whether the input and output channels
are ready depends on the environment of the FSM.
x(d)/y(e)

Definition 13. Given FSM (S, s0 , I, O, T ), transition s −−−−−−→ s0 ∈ T is enabled, denoted
x(d)/y(e)

enabled (s −−−−−−→ s0 ) iff each of the following hold:
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• cur (s), and
• x.irdy ∧ x.data = d, and
• y.trdy.
In any given state, there can be multiple enabled transitions. To resolve this non-determinism,
a scheduler sel is introduced that, at every clock cycle, selects an enabled transition. If a transition
t is selected, we denote this using selected (t). Note selected (t) =⇒ enabled (t). Generally, sel
x(d)/y(e)

is assumed to be fair, i.e., if state s is visited infinitely often with s −−−−−−→ s0 enabled, then
x(d)/y(e)

s −−−−−−→ s0 will be selected infinitely often.
The environment of the finite state machine, in order to execute, relies on the FSM indicating
whether it is ready to send along an outgoing channel, or to read along an incoming channel. The
semantics in terms if irdy, trdy and data is defined as follows.
Definition 14. Given FSM (S, s0 , I, O, T ), for x ∈ I we define
x(d)/y(e)

x(d)/y(e)

x(d)/y(e)

x(d)/y(e)

• x.trdy := ∃s −−−−−−→ s0 ∈ T.selected (s −−−−−−→ s0 )
For y ∈ O we define
• y.irdy := ∃s −−−−−−→ s0 ∈ T.selected (s −−−−−−→ s0 )
(
x(d)/y(e)
x(d)/y(e)
e if ∃s −−−−−−→ s0 ∈ T.selected (s −−−−−−→ s0 )
• y.data :=
⊥ otherwise
Note that y.data is well-defined since always exactly one of the enabled transitions is selected.
Example 5. Consider the xMAS network in Figure 5. The network consists of two FSM components. The first FSM has an input channel u, that is connected to a source, and an output channel
x that is connected to the second FSM. The second FSM has input channels x (connected to the
first FSM), and v, connected to a source, and it has output channel y connected to a sink. The
data along all channels consists of a single token t.
x

?x(t)/!y(t)

?u(t)/!x(t)
u

s0

s1

t0

?u(t)/!x(t)

v

y

?v(t)/!y(t)

Figure 5: Synchronization example
The state transition diagram of the semantics of the network consisting of these two FSMs
with the sources and sink, and channels u, v, x, y, according to the semantics from Section 2.2 is
as shown in Figure 6.
Since the scheduler non-deterministically chooses between enabled transitions, and irdy is only
set for the output channel of a selected transition, whenever irdy is set for an output channel of
an FSM, than the target of that channel is ready to receive, i.e., trdy is set.
Lemma 4. Given an xMAS network N with an FSM (S, s0 , I, O, T ), for y ∈ O, we have
y.irdy =⇒ y.trdy in all global states of N .
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{u(t), x(t), y(t)}
(s0 , t0 )

(s1 , t0 )
{u(t), x(t), y(t)}

{v(t), y(t)}

{v(t), y(t)}

Figure 6: State machine semantics of the network with the FSMs from Figure 5
Proof. Fix an arbitrary global state in N . Let y be a channel in the FSM, with y.irdy set to
x(d)/y(e)

true. According to Definition 14, there exists a transition s −−−−−−→ s0 such that cur (s) and
x(d)/y(e)

x(d)/y(e)

x(d)/y(e)

selected (s −−−−−−→ s0 ). Since selected (s −−−−−−→ s0 ) =⇒ enabled (s −−−−−−→ s0 ), we have
x(d)/y(e)

enabled (s −−−−−−→ s0 ). By Definition 13, we immediately get y.trdy.
Finite state machines in xMAS are non-deterministic. In principle, this could lead to an
enabled transition being ignored for an infinite amount of time. Since we assume the existence of
fair schedulers to resolve the non-determinism in finite state machines, we only verify liveness of
the xMAS network along fair paths. Such paths are defined as follows.
Definition 15. Given a path π, we say that π is fair if and only if for all FSM primitives
M
M
M
M
M = (S M , sm
0 , I , O , T ) and local transitions t ∈ T , we have π |= (GFenabled (t)) =⇒
(GFselected (t))

5

Idle and block equations for FSMs

To define idle and block equations for finite state machines in the spirit of [12], recall that there are
two reasons for an input channel of an FSM to become dead. The first is structural: no state from
which the channel can be read is ever reached again. The second depends on the environment: no
transition along which the channel is read ever becomes enabled (in particular because the output
channel that transition writes to is blocked).
The following two notions help capture this intuition. If a state is never reached, we say that
it is idle. Likewise, if a transition is never enabled, we say that it is dead. Formally, this is defined
as follows.
Definition 16 (Idle states and dead transitions). Consider FSM (S, s0 , I, O, T ). For s ∈ S and
t ∈ T we define the following.
idle(s) := FG¬cur (s)
dead(t) := FG¬enabled (t)
We now establish some properties about finite state machines in the context of an xMAS
network. We show that whenever an FSM is in a particular state, it will stay in that state as long
as none of its outgoing transitions are enabled.
Lemma 5. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N , and let ~s be
a global state in N . Let s ∈ S be an arbitrary state in M . Then
^
~s |= G((cur (s) ∧
¬enabled (t)) =⇒ Xcur (s))
t∈out s (s)
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Proof. We need to show that the property holds for all paths π ∈ Paths(~s). So, consider an
arbitrary such path. Towards a contradiction, suppose
^
π 6|= G((cur (s) ∧
¬enabled (t)) =⇒ Xcur (s)).
t∈out s (s)

This is equivalent to
π |= F((cur (s) ∧

^

¬enabled (t)) ∧ X¬cur (s)).

t∈out s (s)

Therefore, according to the LTL semantics, for some j ≥ 0, we have
^
π[j..] |= (cur (s) ∧
¬enabled (t)) ∧ X¬cur (s).
t∈out s (s)

So, in π[j], the FSM is in state s, none of its outgoing transitions are enabled, and in π[j + 1], the
FSM is in some state s0 ∈ S, with s 6= s0 . However, according to the semantics of xMAS networks,
the FSM either takes an enabled transition, or s = s0 , hence we have a contradiction.
We also derive the following property from persistency of channels. Whenever none of the
outgoing transitions of a state in an FSM ever becomes enabled, then for all outgoing transitions
of that state, if the input channel of the transition is ready to send a particular value, it will
remain ready to send that value.
Lemma 6. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . For all local
states s ∈ S, all global states ~s, and paths π ∈ Paths(~s) if
^
π |= G(
¬enabled (t))
t∈out s (s)
x(d)/y(e)

then for all s −−−−−−→ s0 ∈ out s (s), it holds that
π |= G((cur (s) ∧ x.irdy ∧ x.data = d) =⇒ X(x.irdy ∧ x.data = d))
Proof. Let s be an arbitrary state in the FSM, and let ~s be an arbitrary global state in N , and
π ∈ Paths(~s). Assume that
^
π |= G(
¬enabled (t)).
t∈out s (s)

Towards a contradiction, suppose that
π 6|= G ((cur (s) ∧ x.irdy ∧ x.data = d) =⇒ X(x.irdy ∧ x.data = d)) .
Hence,
π |= F ((cur (s) ∧ x.irdy ∧ x.data = d) ∧ X(¬x.irdy ∨ x.data 6= d)) .
According to the LTL semantics, there exists j ≥ 0 such that
π[j..] |= (cur (s) ∧ x.irdy ∧ x.data = d) ∧ X(¬x.irdy ∨ x.data 6= d).
Since channels are persistent, it must be the case that π[j..] |= x.trdy. But then we have π[j..] |=
cur (s) ∧ x.irdy ∧ x.data = d ∧ x.trdy. However x.trdy is only true if there is an outgoing
x(d)/y(e)

x(d)/y(e)

transition s −−−−−−→ s0 in s such that π[j..] |= enabled (s −−−−−−→ s0 ) according to Definition 14,
which contradicts our assumption.
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These lemmata allow us to relate a transition eventually never becoming enabled along a path,
to the observation that, along the same path, either the source state of the transition is idle, the
input channel is idle, or the output channel is blocked.
Lemma 7. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . For all
x(d)/y(e)

transitions t = s −−−−−−→ s0 ∈ T , all global states ~s, and all paths π ∈ Paths(~s),
π |= FG¬enabled (t) if and only iff π |= idle(s) ∨ idle(x(d)) ∨ block(y).
x(d)/y(e)

Proof. Fix an arbitrary transition t = s −−−−−−→ s0 , global state ~s, and path π ∈ Paths(~s).
We prove both directions separately.
⇒ Suppose that π |= FG¬enabled (t). So, there is an index i ≥ 0 such that
π[i..] |= G¬enabled (t).

(1)

Towards a contradiction, suppose π 6|= idle(s) ∨ idle(x(d)) ∨ block(y(e)). Hence, π |=
¬idle(s) ∧ ¬idle(x(d)) ∧ ¬block(y(e)). Therefore, also:
π |= ¬idle(s)

(2)

π |= ¬idle(x(d))

(3)

π |= ¬block(y)

(4)

Since ¬idle(s) ≡ GFcur (s), from Equation (2) and the semantics of LTL, there exists k1 ≥ i
such that π[k1 ..] |= cur (s).
Since ¬idle(x(d)) ≡ GF(x.irdy ∧ x.data = d), from Equation (3) and the semantics of LTL,
there exists k2 ≥ k1 such that π[k2 ..] |= x.irdy ∧ x.data = d. Fix the smallest such k2 ,
and observe that for all l such that k1 ≤ l ≤ k2 , we have π[l..] |= cur (s) according to our
assumption and Lemma 5.
Since ¬block(y) ≡ GFy.trdy, from Equation (4) and the semantics of LTL, there exists
k3 ≥ k2 such that π[k3 ..] |= y.trdy. Fix the smallest such k3 , and observe that for all l such
that k2 ≤ l ≤ k3 , we have π[l..] |= x.irdy ∧ x.data = d according to our assumption and
Lemma 6. Furthermore, we have π[l..] |= cur (s) according to our assumption and Lemma 5.
But then, in particular, we have that
π[k3 ..] |= cur (s) ∧ x.irdy ∧ x.data = d ∧ y.trdy
x(d)/y(e)

hence π[k3 ..] |= enabled (s −−−−−−→ s0 ). But since k3 ≥ i, this contradicts Equation 1.
⇐ Suppose π |= idle(s) ∨ idle(x(d)) ∨ block(y). We split the three cases.
– π |= idle(s). By definition of idle, π |= FG¬cur (s). So, there exists i ≥ 0 such that for
x(d)/y(e)

all j ≥ i, π[j..] |= ¬cur (s). Since ¬cur (s) implies ¬enabled (s −−−−−−→ s0 ) according
x(d)/y(e)

to Definition 13, we have shown for all j ≥ i, π[j..] |= ¬enabled (s −−−−−−→ s0 ), hence
x(d)/y(e)

π |= FG¬enabled (s −−−−−−→ s0 ).
– π |= idle(x(d)). By definition of idle, π |= FG¬(x.irdy ∧ x.data = d). This again
x(d)/y(e)

immediately implies π |= FG¬enabled (s −−−−−−→ s0 ) according to Definition 13.
– π |= block(y). The reasoning is again similar to the previous cases.
The following lemma shows that output channels of a finite state machine are never dead. This
is a consequence of how the semantics of FSMs resolves non-determinism.
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Lemma 8. Given an xMAS network N with an FSM (S, s0 , I, O, T ), for all global states ~s and
for channels y ∈ O and e ∈ C(y), we have for all paths π ∈ Paths(~s), π 6|= dead(y(e)).
Proof. Let ~s, y ∈ O, e ∈ C(y) and π ∈ Paths(~s) be arbitrary.
Towards a contradiction, suppose π |= dead(y(e)). Hence, π |= ¬idle(y(e)) ∧ block(y(e)).
Since π |= ¬idle(y(e)), by definition of idle π |= ¬FG(¬y.irdy∨y.data 6= e) hence π |= GF(y.irdy∧
y.data = e).
Since π |= block(y(e)), π |= FG(¬y.trdy ∨ y.data 6= e). Hence, there exists i ≥ 0 such that for
all j ≥ i, π[j..] |= ¬y.trdy ∨ y.data 6= e. Let i be such. Since π |= GF(y.irdy ∧ y.data = e), for
some k ≥ i, we have π[k..] |= y.irdy ∧ y.data = e. According to Lemma 4, y.irdy =⇒ y.trdy,
hence π[k..] |= y.trdy ∧ y.data = e, which is a contradiction. So, π 6|= dead(y(e)).

5.1

Idle and block equations for FSMs

We extend idle and block equations for xMAS networks by providing equations for finite state
machines. The equations refer to some variables that are defined in idle and block equations of
other components. Specifically, idle of incoming channels and block of outgoing channels is used
in the encoding.
Definition 17 (Idle and block equations for FSMs). Consider an FSM M = (S, s0 , I, O, T ). For
x(d)/y(e)

s ∈ S, x ∈ I, y ∈ O, d ∈ C(x), e ∈ C(y), and s −−−−−−→ s0 ∈ T we define the following boolean
equations.
^
^
deadt
blockx =
blockdx
blockdx =
t∈read(x,d)

idleey

=

^

d∈C(x)

idley =

deadt

t∈write(y,e)
x(d)/y(e)

deads−−−−−−→s0 = idles ∨

idleey

e∈C(y)

idledx

∨ blocky

^

deadt

idles = ¬cur s ∧

^

t∈in s (s)

The formula SAT(M ) consists of the conjunction of all of the above equations for all states,
transitions and channels. We refer to the encoding of an entire network N as SAT(N ).
The intuition behind the encoding is as follows. If a state is not current, and none of its
incoming transitions can ever become enabled, the state is effectively unreachable, and thus the
state is idle. In turn, a transition is dead if it can never become enabled. This is the case if either
its source state or its incoming channel is idle, or its outgoing channel is blocked. An input channel
is blocked for a given data value if no transition will read that value from the channel. Likewise an
output channel is idle for a value if that value is never written to it. An output channel is idle if it
is idle for all values, meaning that no value will ever be written to it. In input channel is blocked
if it is blocked for all values. Intuitively, one might argue that an input channel should be blocked
if it is blocked for some value, however, since we are interested in detecting dead channels, and in
Lemma 3 we have proven that if a channel is dead, it is blocked for all values that could be sent
along that channel, using conjunction here is sufficient to obtain soundness.

5.2

Soundness of idle and block equations

We finally prove that the idle and block equations that we have constructed are sound in the sense
that, if there is a channel that is dead for a particular value, then there is a satisfying assignment
to the boolean equations that shows this.
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5.2.1

Consistency with the environment

The idle and block evaluations of FSMs are evaluated in the context of the idle and block equations
of the entire network. To focus our reasoning to the part considering only the finite state machines,
we assume consistency of assignments on the other components in the network. Correctness of
the equations of the rest of the network follows from the original results in [12].
Definition 18 (Consistency). We say that an assignment σ that assigns constants to variables
is consistent for an equation Φ = Ψ in the encoding to idle and block equations if and only if
σ(Φ) = σ(Ψ). The assignment σ is consistent for Boolean variable v if the defining equation v = Φ
is consistent.
Note that in the above, σ(Φ) denotes the value that is obtained by assigning the constant from
σ to every variable in Φ, and subsequently simplifying the resulting formula.
To formalise the assumption on the environment under which we can construct a satisfying
assignment for the idle and block equations of an FSM, we assume we have a consistent assignment
for all variables V that are not controlled by the FSM. For the variables R that are relevant to the
truth value of the FSM, we further assume that they get a value that is consistent with a given
path.
Definition 19. Consider the encoding SAT(N ) of an xMAS network N , let π ∈ Paths(N ) be a
path, and σ an assignment to the variables in SAT(N ). Let V and R be subsets of the variables in
SAT(N ). We say that σ is π-consistent with respect to V and R if σ is consistent for all variables
v ∈ V , and
• if blockdx ∈ R then π |= block(x(d)) iff σ(blockdx ) = >, and
• if idledx ∈ R then π |= idle(x(d)) iff σ(idledx ) = >.
Given an FSM M = (S, s0 , I, O, T ), we define
R(M ) = {idledx | x ∈ I, d ∈ C(x)} ∪ {blockx | x ∈ O}
V (M ) = {blockdx | x ∈ I, d ∈ C(x)} ∪ {blockx | x ∈ I}
∪ {idledx | x ∈ O, d ∈ C(x)} ∪ {idlex | x ∈ O}
∪ {deadt | t ∈ T }
We write V (SAT(N )) for the set of all variables in the encoding SAT(N ). Note that V (M ) denotes the variables controlled by an FSM, an V (SAT(N ))\V (M ) consists of all variables controlled
by the environment.
5.2.2

Building a satisfying assignment

For the soundness proof, the idea is now as follows. If we have a path π in network N on which
channel x in an FSM is dead for d, and variable assignment σ that is π-consistent with respect to
V (SAT(N )) \ V (M ) and R(M ), then we can modify σ to some σ 0 such that σ 0 remains consistent,
and such that it is a satisfying assignment for SAT(N ) ∧ ¬idledx ∧ blockdx .
Note that for soundness, we only have to consider the input channels of FSMs, since we have
already shown that output channels of FSMs cannot be dead in Lemma 8.
Theorem 2. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . Let
x ∈ I be channel with d ∈ C(x). If there exists a fair maximal path π ∈ Paths(~s) such that
π |= dead(x(d)), and an assignment σ that is π-consistent with respect to V (SAT(N )) \ V (M )
and R(M ), then there exists a satisfying assignment to the formula SAT(N ) ∧ ¬idledx ∧ blockx .
We postpone the proof of the theorem, and first prove some additional results from which
the theorem follows. In particular, observe that a maximal path can either be finite or infinite,
and in an infinite path in an xMAS network, the FSM can be stuck in a state locally. We
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construct satisfying assignments for each of the cases, and show that the assignments are satisfying
assignments to the equations.
We first define the assignment for the case where an FSM is stuck locally (either on a finite or
an infinite fair maximal path).
Definition 20. Let M = (S, s0 , I, O, T ) be an FSM in an xMAS network N , π a path in N ,
and let σ be a variable assignment that is π-consistent with respect to V (SAT(N )) \ V (M ) and
R(M ). Given a state s ∈ S, we define the variable assignment σs to V (SAT(N )) as follows. For
all variables v 6∈ V (M ), σs (v) = σ(v). For v ∈ V (M ), the assignment is as follows. For states
s0 ∈ S, transitions t ∈ T , channels x ∈ I, y ∈ O, and d ∈ C(x), e ∈ C(y):
σs (cur s0 ) := s = s0
σs (blockdx )
σs (idledy )

σs (idles0 ) := s 6= s0

:= >

σs (blockx ) := >

:= >

σs (idley ) := >

σs (deadt ) := >

When it is clear from the context that we evaluate a SAT formula in the context of σs we omit
it, and write, e.g., cur s0 instead of σs (cur s0 ).
We first show that if a (fair) maximal path in a network containing the FSM is finite (and thus
ends in a global deadlock), the previous definition gives a satisfying assignment for the encoding
to SAT.
Lemma 9. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . For all finite
fair maximal paths π ∈ Paths(N ), such that last(π) |= cur (s) for some s ∈ S, and all assignments
σ that are π-consistent with respect to V (SAT(N )) \ V (M ) and R(M ), the assignment σs is a
satisfying assignment.
Proof. Assume there exists a fair maximal path π ∈ Paths(N ) such that π is finite and last(π) |=
cur (s) for some s ∈ S.
We check consistency of the assignment σs . Note that σs is consistent for all equations that are
generated for other components. We therefore consider only the equations generated for M . Note
that the equations for block and idle of channels are trivially consistent since they only depend
on dead, and all occurrences of dead are assigned >. We therefore focus on the other two cases:
V
idleq . We first show for arbitrary q ∈ S, idleq = ¬cur q ∧ t∈in s (q) deadt . If q = s, then idleq = ⊥,
V
V
and cur q = >, therefore, ⊥ = idleq = ¬cur q ∧ t∈in s (q) deadt = ⊥ ∧ t∈in s (q) deadt = ⊥
V
V
is consistent. If q 6= s, then > = idleq = ¬cur q ∧ t∈in s (q) deadt = ¬⊥ ∧ t∈in s (q) > = >
is consistent.
x(d)/y(e)

d
x(d)/y(e)
deadt . For arbitrary q −−−−−−→ q 0 ∈ T we show deadq−−
−−−−→q0 = idleq ∨ idlex ∨ blocky is
d
x(d)/y(e)
consistent. If q 6= s, then > = deadq−−−−−−→q0 = idleq ∨ idlex ∨ blocky = > ∨ idledx ∨
x(d)/y(e)

blocky = >. If q = s, then since π is maximal, we have last(π) |= G¬enabled (q −−−−−−→ q 0 ).
Furthermore, since last(π) |= cur (s), we have last(π) |= ¬idle(s). Thus, from Lemma 7 it
follows that idle(x(d)) or block(y); since both are in R(M ), and σ is π-consistent, idledx ∨
blocky = >, and σs is consistent.
In case a path is finite, but the FSM is stuck in a local deadlock, the same assignment is also
a satisfying assignment.
Lemma 10. Let M = (S, s0 , I, O, T ) be an FSM that appears inan xMAS network N . For all fair

V
maximal paths π ∈ Paths(N ), and all s ∈ S such that π |= FG cur (s) ∧ t∈out s (s) ¬enabled (t) ,
and all assignments σ that are π-consistent with respect to V (SAT(N )) \ V (M ) and R(M ), the
assignment σs is a satisfying assignment.
Proof. Assume there 
exists a fair maximal path π ∈ Paths(N
) such that π is infinite, and let s ∈ S

V
be such that π |= FG cur (s) ∧ t∈out s (s) ¬enabled (t) .
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We check consistency of the assignment σs . Note that σs is consistent for all equations that
are generated for other components by construction. We therefore consider only the equations
generated for M . Note that the equations for block and idle are trivially consistent since they
only depend on dead, and all occurrences of dead are assigned >. We therefore focus on the
other two cases.
V
idleq . We first show for arbitrary q ∈ S, idleq = ¬cur q ∧ t∈in s (q) deadt . If q = s, then idleq = ⊥,
V
V
and cur q = >, therefore, ⊥ = idleq = ¬cur q ∧ t∈in s (q) deadt = ⊥ ∧ t∈in s (q) deadt = ⊥
V
V
is consistent. If q 6= s, then > = idleq = ¬cur q ∧ t∈in s (q) deadt = ¬⊥ ∧ t∈in s (q) > = >
is consistent.
x(d)/y(e)

d
x(d)/y(e)
deadt . For arbitrary q −−−−−−→ q 0 ∈ T we show deadq−−
−−−−→q0 = idleq ∨ idlex ∨ blocky is
d
x(d)/y(e)
consistent. If q 6= s, then > = deadq−−−−−−→q0 = idleq ∨ idlex ∨ blocky = > ∨ idledx ∨
x(d)/y(e)
blocky = >. If q = s, then we have deadq−−
= ⊥, and we need
−−−−→q0 = >, and idle
V q
d
to show that idlex ∨ blocky = >. Since q = s, π |= FG(cur (q) ∧ t∈out s (q) ¬enabled (t)).
V
Therefore, π |= FGcur (q) as well as π |= FG t∈out s (q) ¬enabled (t)). From this, it follows
x(d)/y(e)

that π |= ¬idle(q), and π |= FG¬enabled (q −−−−−−→ q 0 ). Thus, according to Lemma 7, π |=
idle(q) ∨ idle(x(d)) ∨ block(y). Since π |= ¬idle(q), we have π |= idle(x(d)) ∨ block(y(e))
according to Lemma 7. Since idle(x(d)) and block(y(e)) are in R(M ), and σ is π-consistent,
we get that idledx ∨ blockey = >. Thus it follows that σs is consistent.
The assignment σs was used to construct a satisfying assignment in case the FSM is stuck in
a local deadlock. When an FSM is not stuck, we construct a satisfying assignment based on an
infinite path π.
Definition 21. Let M = (S, s0 , I, O, T ) be an FSM in an xMAS network N , let π ∈ Paths(N ) be
an infinite path, and let σ be a variable assignment that is π-consistent with respect to V (SAT(N ))\
V (M ) and R(M ). We construct assignment σπ such that for all v ∈ V (SAT(N )) \ V (M ), σπ (v) =
σ(v), and for all v ∈ V (M ), σπ (v) is as follows.
Since π is infinite and the network and all its data is finite, π is a lasso that consists of a prefix
π[0] . . . π[i] and a cycle π[i]π[i + 1] . . . π[i + n] such that π[i + n + 1] = π[i]. So, π[i] is the first state
on the lasso that is on the cycle. Let s ∈ S be such that π[i] |= cur (s), i.e., s is the local state of
the FSM at the beginning of the loop.
For states s0 ∈ S, transitions t ∈ T , channels x ∈ I, y ∈ O, and d ∈ C(x), e ∈ C(y):
σπ (cur s0 ) := s = s0
σπ (idles0 ) := ∀0 ≤ k ≤ n.π[i + k] |= ¬cur (s0 )
σπ (deadt ) := ∀0 ≤ k ≤ n.π[i + k] |= ¬enabled (t)
σπ (blockdx ) := ∀t ∈ read (x, d).∀0 ≤ k ≤ n.π[i + k] |= ¬enabled (t)
σπ (blockx ) := ∀d ∈ C(x).∀t ∈ read (x, d).∀0 ≤ k ≤ n.π[i + k] |= ¬enabled (t)
σπ (idledy ) := ∀t ∈ write(y, e).∀0 ≤ k ≤ n.π[i + k] |= ¬enabled (t)
σπ (idley ) := ∀e ∈ C(y).∀t ∈ write(y, e).∀0 ≤ k ≤ n.π[i + k] |= ¬enabled (t)
When it is clear from the context that we evaluate a SAT formula in the context of σπ we omit
it, and write, e.g., cur s0 instead of σπ (cur s0 ).
We next show that for infinite, fair maximal paths in a network containing the FSM, on which
the FSM is not stuck locally, the previous definition gives a satisfying assignment for the encoding
to SAT.
Lemma 11. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . For
all infinite fair maximal paths π ∈ Paths(N ), and all assignments σ, if for all s ∈ S, π |=
W
GF cur (s) =⇒ t∈out s (s) enabled (t) , and σ is π-consistent with respect to V (SAT(N )) \ V (M )
and R(M ), then the assignment σπ is consistent.
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Proof.
fair maximal infinite
path π ∈ Paths(N ) and σ such that for all s ∈ S, π |=
 Fix an arbitrary

W
GF cur (s) =⇒ t∈out s (s) enabled (t) , and σ is π-consistent with respect to V (SAT(N )) \ V (M )
and R(M ).
We check that the assignment σπ is consistent. For this, let i be such that it denotes the start
of the cycle on π, and suppose s ∈ S is such that π[i] |= cur (s).
V
idleq . We first show for arbitrary q ∈ S that idleq = ¬cur s ∧ t∈in s (s) deadt . We distinguish two
V
cases. If idleq = >, then π[i..] |= G¬cur (q). Since π is fair, π |= FG t∈in s (q) ¬enabled (t),
otherwise, one of the transitions would eventually be selected, and q would be reached.
Then, for all transitions t ∈ in s (q), π |= FG¬enabled (t), hence deadt = > for all such
transitions. Since π[i..]
V |= cur (s), and π[i..] |= G¬cur (q), s 6= q, thus cur q = ⊥. Therefore,
> = idleq = ¬cur q ∧ t∈in s (q) deadt = >.
If idleq = ⊥, then if V
π[i] |= cur (q), cur q =V>, and the result follows immediately from
⊥ = idleq = ¬cur q ∧ t∈in s (q) deadt = ⊥ ∧ t∈in s (q) deadt = ⊥. Suppose π[i] 6|= cur (q).
Then, for some k such that 0 ≤ k ≤ n, π[i + k] |= cur (q). Let k be the smallest such
that π[i + k] |= cur (q). Observe that k > 0. Then,
V π[i + k − 1] |= enabled (t) for some
t ∈ in s (q). Hence, deadt = ⊥ for this t. Then, t∈in s (q) deadt = ⊥, therefore idleq =
V
¬cur q ∧ t∈in s (q) deadt = ¬cur q ∧ ⊥ = ⊥ is consistent.
x(d)/y(e)

d
x(d)/y(e)
deadt . For arbitrary q −−−−−−→ q 0 ∈ T , we show deadq−−
−−−−→q0 = idleq ∨ idlex ∨ blocky is
consistent.
x(d)/y(e)

x(d)/y(e)
0
If deadq−−
−−−−→q0 = >, then π[i + k] |= ¬enabled (q −−−−−−→ q ) for all 0 ≤ k ≤ n, hence

x(d)/y(e)

π |= FG¬enabled (q −−−−−−→ q 0 ). If there exists 0 ≤ k ≤ n such that π[i + k] |= cur (q), then
x(d)/y(e)

it must be the case that π |= idle(x(d))∨block(y), otherwise π |= GFenabled (q −−−−−−→ q 0 ),
which is a contradiction. Since idledx , blocky 6∈ V (M ), idledx = > or blocky = > since σ
x(d)/y(e)
is π-consistent w.r.t V (SAT(N )) \ V (M ) and R(M ), and > = deadq−−
−−−−→q0 = idleq ∨
d
idlex ∨ blocky = > is consistent.
x(d)/y(e)

x(d)/y(e)
0
If deadq−−
−−−−→q0 = ⊥, then π[i + k] |= enabled (q −−−−−−→ q ) for some k. Then
π[i + k] |= cur (q), thus idleq = ⊥, and also, from the definition of enabled, it follows
immediately that π |= ¬idle(x(d)) ∧ ¬block(y). Since idledx , blocky 6∈ V (M ), idledx = ⊥
and blocky = ⊥ since σ is π-consistent w.r.t V (SAT(N )) \ V (M ) and R(M ). Therefore,
d
x(d)/y(e)
⊥ = deadq−−
−−−−→q0 = idleq ∨ idlex ∨ blocky = ⊥ is consistent.
V
blockdx . We show blockdx = t∈read(x,d) deadt for arbitrary channel x and d ∈ C(x). Observe

that blockdx = > if and only if ∀t ∈ read (x, d), 0 ≤ k ≤ n, π[i + k] |= ¬enabled (t). By
definition of dead, deadt = > for all such transitions t as well, and the assignment is
consistent by definition.
V
blockx . Consistency of blockx = d∈C(x) blockdx follows immediately from the definitions.
V
idleey . Showing for arbitrary channel y and e ∈ C(y) that idleey = t∈write(y,e) deadt and idley =
V
e
d
e∈C(y) idley are consistent is analogous to the case of blockx .
V
idley . Consistency of idley = e∈C(y) idleey follows immediately from the definitions.
Hence σπ is a consistent satisfying assignment to SAT(N ).
The following lemma shows that if an xMAS network N satisfies idle(s) for some FSM state
s, then there exists a satisfying assignment to SAT(N ) in which idle(s) = >.

21

Lemma 12. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N , and let
s ∈ S be a local state in M . If there exists a fair maximal path π ∈ Paths(N ) such that π |= idle(s),
and an assignment σ that is π-consistent with respect to V (SAT(N ))\V (M ) and R(M ), then there
exists a satisfying assignment to the formula SAT(N ) ∧ idles .
Proof. Fix an arbitrary local state s, and assume there exists a fair maximal path π ∈ Paths(N )
such that π |= idle(s). Let σ be an assignment as specified. According to the definition of idle,
π |= FG¬cur (s). We distinguish two cases: either π is finite, or π is infinite.
π is finite. Let p ∈ S be such that last(π) |= cur (p). According to Lemma 9, σp is a satisfying
assignment for SAT(N ). Since π |= idle(s), last(π) 6|= cur (s), hence σp (idles ) = >, and the
assignment also satisfies SAT(N ) ∧ idles .
π is infinite. We distinguish two cases.
V
First, assume π |= FG(cur (s0 ) ∧ t∈out s (s0 ) ¬enabled (t)) for some s0 ∈ S. Let p be such a
state. According to Lemma 10, σp is a consistent assignment for SAT(N ).
Since π |= idle(s), for some i ≥ 0, and all j ≥ i, π[j] |= ¬cur (s), which means it must be the
case that p 6= s, hence σp (idles ) = > hence σp is a satisfying assignment for SAT(N ) ∧ idles .
V
Otherwise, π 6|= FG(cur (s0 ) ∧ t∈out s (s0 ) ¬enabled (t)) for all s0 ∈ S. Hence, for all s0 ∈ S,
W
π |= GF(cur (s0 ) =⇒ t∈out s (s0 ) enabled (t)). According to Lemma 11, σπ is consistent with
SAT(N ).
Let i be the index that signals the start of the loop of the lasso. Observe that, since
π |= idle(s), π |= FG¬cur (s), so for all 0 ≤ k ≤ n, π[i + k] |= ¬cur (s), hence σπ (idles ) = >,
and σπ is a satisfying assignment for SAT(N ) ∧ idles .
So, in all cases, a satisfying assignment for SAT(N ) ∧ idles exists.
We finally return to the proof of Theorem 2 to establish that our idle and block equations are
sound. The structure of the proof is similar to that of the previous lemma.
Theorem 2. Let M = (S, s0 , I, O, T ) be an FSM that appears in an xMAS network N . Let
x ∈ I be channel with d ∈ C(x). If there exists a fair maximal path π ∈ Paths(~s) such that
π |= dead(x(d)), and an assignment σ that is π-consistent with respect to V (SAT(N )) \ V (M )
and R(M ), then there exists a satisfying assignment to the formula SAT(N ) ∧ ¬idledx ∧ blockx .
Proof. Assume there exists a fair maximal path π such that π |= dead(x(d)). Let σ be an
assignment as specified.
By definition of dead, π |= ¬idle(x(d)) ∧ block(x), hence π |= ¬idle(x(d)) and π |= block(x).
Since idledx 6∈ V (M ), σ(idledx ) = ⊥ according to the assumptions.
We distinguish two cases
π is finite. Let p ∈ S be such that last(π) = p. Then according to Lemma 9, the assignment σp
is consistent with SAT(N ). Note that σp (blockx ) = > and since idledx 6∈ V (M ), σp (idledx ) =
σ(idledx ) = ⊥). Hence we have a satisfying assignment for SAT(N ) ∧ ¬idledx ∧ blockx .
π is infinite. We distinguish two cases.
V
First, suppose π |= FG(cur (s0 ) ∧ t∈out s (s0 ) ¬enabled (t)) for some s0 ∈ S. Let p be such.
According to Lemma 10, σp is consistent with SAT(N ). Using similar reasoning as in the
previous case, we can conclude that σp is a satisfying assignment for SAT(N ) ∧ ¬idledx ∧
blockx .
V
Otherwise, for all s0 ∈ S, we have π 6|= FG(cur (s0 ) ∧ t∈out s (s0 ) ¬enabled (t)), i.e., π |=
W
GF(cur (s0 ) =⇒ t∈out s (s0 ) enabled (t)).
According to Lemma 11, σπ is consistent with SAT(N ). Note that since π |= dead(x(d)),
π |= block(x(e)) for all e ∈ C(x), according to Lemma 3. Consider arbitrary e ∈ C(x),
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we show that the assignment satisfies blockex . From this and the definition it immediately
follows that is satisfies blockx . Let i be the index that signals the start of the loop of the
lasso π. Since π |= block(x(e)), π |= FG(¬x.trdy ∨ x.data 6= e). By definition of enabled ,
this implies π |= FG(¬enabled (t)) for all t ∈ read (x, e). Hence, for all 0 ≤ k ≤ n, π[i + k] |=
¬enabled (t) for all t ∈ read (x, e). By definition of σπ , we then have σπ (blockex ) = >. Since
this holds for all e, by definition also σπ (blockx ) = >, and σπ is a satisfying assignment for
SAT(N ) ∧ ¬idledx ∧ blockx .
So, assuming that idle and block equations for other components are sound, we have proven
that also the idle and block equations for finite state machines are sound.

5.3

Examples

We reconsider the example that illustrated the approach from [18, 19] was unsound, and show
that our approach correctly detects deadlocks.
Example 6. Recall the finite state machine from Figure 4. We repeat it here as Figure 7, and
update the notation to be consistent with our definitions. Note that the FSM only uses a single
color as data, and data is therefore omitted from the figure.

x

o
?x/!o
s0

y

?x/!z

?y/!z

s1
z

Figure 7: Finite state machine from Figure 4
The full SAT encoding of this example is the following:
idles0 = ¬cur s0 ∧ deads0 −x/o
−→s1
x/z
idles1 = ¬cur s1 ∧ deads0 −y/z
−→s1 ∧ deads1 −−→s1
x/o

= idles0 ∨ idlex ∨ blocko

dead

y/z

= idles0 ∨ idley ∨ blockz

dead

x/z

= idles1 ∨ idlex ∨ blockz

dead

s0 −−→s1
s0 −−→s1

s1 −−→s1

x/z
blockx = deads0 −x/o
−→s1 ∧ deads1 −−→s1

blocky = deads0 −y/z
−→s1
idleo = deads0 −x/o
−→s1
idlez = deads1 −x/z
−→s1
The environment is such that it guarantees that idlex = idley = blocko = blockz = ⊥. Now,
the following assignment is a satisfying assignment for this system:
cur s0 := ⊥

cur s1 := >

idles0 := >

idles1 := ⊥

deads0 −x/o
−→s1 := >

deads0 −y/z
−→s1 := >

blockx := ⊥

blocky := >

idleo := >

idlez := ⊥
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deads1 −x/z
−→s1 := ⊥

Note that this assignment satisfies blocky = >. We thus satisfy ¬idley ∧ blocky , hence y is dead,
and we correctly detect the deadlock in this network.

6

Invariants

In the form introduced thus far, there are many satisfying assignments to Boolean equations that
are not reachable. To restrict the number of satisfying assignments, the reachable state space can
be approximated using invariants as proposed by Chatterjee and Kishinevsky [6]. Essentially, for
every channel x, and datum d ∈ C(x), a variable λdx is introduced that represents the number of
times d was transferred along channel x, i.e., the number of clock ticks at which x.irdy ∧ x.data =
d ∧ x.trdy held true. For queues q, #q.d denotes the number of d-packets in the queue. For every
primitive, the λ values for input and output channels are related, and for queues the content is
taken into account.
For example, for queues with input channel x and output channel y, we have λdy = λdx − #q.d,
i.e., the number of times d has been transferred along the outgoing channel equals the number of
times d has been received, minus the number of d-packets that are still in the queue.
For the function
P primitive that we saw before, with input channel x, output channel y and
function f , λey = {λdx | f (d) = e}, i.e., the number of times e is sent along y equals the number
of times a packet d that is mapped onto e has been received along x.
Verbeek et al. described invariants for xMAS automata. We here translate the approach to
our setting.
The first invariant requires that the FSM is always in exactly one state. Note that we abuse
notation and write cur s = 1 whenever cur s = >.2 This is [19, Invariant (1)]:
X
cur s = 1.
s∈S

The second invariant relates the number of times incoming and outgoing transitions of a state
s have been taken. This uses variables κt , denoting the number of times transition t has been
taken. The resulting invariant for a state s is [19, Invariant (2)]:


X
X
κt = 
κt  + cur s − (s = s0 )
t∈in s (s)

t∈out s (s)

Note that s = s0 takes care of the fact that the automaton initially ends up in the initial state s0
without taking a transition, and cur s accounts for the situation where, if s is the current state,
we still have to take an outgoing transition.
Due to our simplified presentation of FSMs, the other invariants presented in [19] can be
simplified. They relate the number of times data has been transferred along an input channel of
an automaton to the number of times a transition reading that data has been taken, and likewise
for output channels.
For the input channels we thus get a simplification of [19, Invariant (3)], where for x ∈ I and
d ∈ C(x), we get:
X
λdx =
κt .
t∈read(x,d)

For output channels y ∈ O and d ∈ C(y), we get a similar equation inspired by [19, Invariant (4)]:
X
λdy =
κt .
t∈write(y,d)

These invariants are incorporated in our proofs in a similar way as in [6, 19].
2 The

expression can easily be expanded to a boolean condition.
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7

Experiments

We have implemented the idle and block equations described in Section 5 in our MaDL design &
verification toolset [1]. This toolset uses an an xMAS model as input, and from this it automatically
generates an SMT problem that directly incorporates the idle and block equations. The SMT
problem is then solved by a state-of-the-art SMT-solver to verify liveness. Additionally, the toolset
can generate a model that encodes the xMAS network and the way it behaves responding to
external stimuli in the SMV specification format. In the SMV model, block and idle equations are
used as invariants. This enables the nuXmv model-checker [4] to check reachability of a state in
which a channel of the given xMAS model is not idle and blocked.

7.1

Experimental setup

We perform experiments with two kinds of models. The first set of models is inspired by “go/no go”
testing. The second models a power domains architecture, and is inspired by industrial practice.
Every model in the set has a corresponding modification in which some channel is dead.
Go/no go models The “go/no go” models are built as follows. The basic building block is the
FSM, depicted in Figure 8. The FSM has two inputs and two outputs. It FSM reads from the
first input, writing the signal which is read to the second output. Then it reads from the second
input, and depending on the data, which was read from both inputs, it either writes ok , or nok to
the first output. By combining two such FSMs we obtain a “go/no go” building block, depicted
in Figure 9.
?i2 (nok )/!o1 (nok )

i1
s1
i2

?i1 (nok )/!o2 (nok )

?i2 (ok )/!o1 (ok )

s0

?i2 (ok )/!o1 (nok )

?i1 (ok )/!o2 (ok )

?i2 (nok )/!o1 (nok )

o1
s2
o2

Figure 8: “go/no go” FSM.
We construct models of varying sizes by composing these blocks similarly to the way one builds
a binary tree, i.e., we add new “go/no go” blocks by connecting the output of each new block
we are adding to an input of a block which is a leaf of the tree. Every “go/no go” model has a
number in its name, which denotes the number of FSMs from Figure 8.
To obtain “go/no go” models with deadlocks, we modify deadlock-free “go/no go” models by
altering an FSM which is part of a building block whose inputs are not connected to another
“go/no go” block. The modification is done as follows. We add a new state with a self-loop
reading ok from channel i. We also add a transition from s0 to this new state, on which nok is
read from channel i. The modified FSM now has a reachable state in which channel i is blocked
for nok , and in which all output channels of the FSM are idle.
Power domain models Systems on chip require power efficiency. This is achieved by a power
control architecture that turns power domains on and off depending on the needs of an application.
For our experiments, we model a dynamic power management policy, which is an abstraction of
the ones used in industrial practice.
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i

i1

o1

i2

o2

o

i0

i01

o01

i02

o02

Figure 9: “go/no go” block.
A power domain controller powers on the domain when a device belonging to the domain shows
activity. When there is no activity within the power domain, and all device controllers indicate
that their respective devices are turned off, the power domain controller cuts power.
req 1
device 1

deny 1

ctlr 2

state 1

active 1
signal
combo
active 2
device 2

deny 2

ctlr 2

active
top
ctrl
signal
combo

state 2

state

req 2

Figure 10: Power domain.
Within every power domain, there is a number of device-controller pairs. Devices are modeled
using two FSMs: the activity generation FSM (Figure 11c), and the device FSM (Figure 11a). We
also connect a source to the input of every activity generator. The device FSM reacts to turn on
and turn off requests. Note that a turn off request can be denied. Device controllers are modeled
by the FSM depicted in Figure 11b. A controller responds to activity, by requesting to turn on
the corresponding device. Upon turning on the device, the controller sends a turned on signal to
the power domain controller. In the absence of activity, the controller sends a turn off request to
the device, and in case the request is not denied, the controller sends a turned off signal further
to the domain power controller. Activity and powered on signals are combined using the FSM
depicted in Figure 11d. We scale the power domain models by adding more power domains and
more device-controller pairs to domains.
26

!deny(0)

?act(1)/!req(1)

off

off

?req(1)

?deny(0)/!state(0)

to on

!state(1)

!deny(1)

?deny(1)
on

to off

on

to off

!act(1)
?req(0)

?act(0)/!req(0)

(a) Device.

(b) Controller.

?i(1)/!o(1)
off

low

1 on
?i(0)/!o(0)

?i/!active(0)

?i/!active(1)

?i0 (0)/!req(0)

?i0 (1)/!o(1)

?i(0)

?i(1)

?i0 (1)
high

2 on

Both
?i0 (0)

(c) Activity generator.

(d) Signal combo.

Figure 11: FSMs for power domains.
Power domains, and within these domains the devices and device controllers are indexed. To
add a deadlock to a model, we change the FSM of the device controller with the highest index
within the power domain that has the highest index as follows. We add a new state which can
be reached from the on state by reading 0 from channel act. From the newly added state, it is
only possible to read 1 from act. Therefore, from this new state, channel act is dead for 0, and
all outgoing channels of the FSM are idle.
All experiments were conducted on a MacBook Pro 2015, 2,7GHz Intel Core i5, 16Gb RAM,
running MacOS Sierra. For SMT problem solving, we use the Z3 SMT-solver, version 4.8.0 64bit [9]. For reachability checks, we use NuXmv, version 2.0.0 64-bit [4]. Instructions to reproduce
the experiments and the script used to obtain the results reported in this paper can be found
at [1].
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Model

#FSMs

Deadlock free

go no go 7
go no go 7 dl
go no go 11
go no go 11 dl
go no go 15
go no go 15 dl
go no go 23
go no go 23 dl
go no go 31
go no go 31 dl
go no go 63
go no go 63 dl
power 1 5
power 1 5 dl
power 2 5
power 2 5 dl
power 3 5
power 3 5 dl
power 4 5
power 4 5 dl
power 5 5
power 5 5 dl
power 6 5
power 6 5 dl
power 7 5
power 7 5 dl

14
14
22
22
30
30
46
46
62
62
126
126
25
25
51
51
77
77
103
103
129
129
155
155
181
181

3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7
3
7

SMT
Result Time (s)
3
1.488
7
1.549
3
3.781
7
3.833
3
4.162
7
5.134
3
12.925
7
13.887
3
18.265
7
15.894
3
67.812
7
65.104
7
2.453
7
2.323
7
7.714
7
7.683
7
16.691
7
16.713
7
30.156
7
35.731
7
47.905
7
54.214
7
73.473
7
67.092
7
93.207
7
149.617

Table 1: Experimental results
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Reachability
Result
Time (s)
3
3.237
7
10.012
3
9.764
7
21.875
3
11.087
7
28.036
3
33.465
7
69.259
3
43.432
7
91.137
3
178.331
7
293.121
3
126.708
7
55.676
3
375.586
7
283.736
3
880.156
7
567.414
3
1830.834
7
879.080
3
4027.134
7
1937.699
3
7204.605
7
2293.866
3
10780.738
7
4245.406

7.2

Results

The times required for the experiments are included in Table 1. The Model column indicates the
model that is evaluated, #FSMs reports the number of FSMs in the model. In the Deadlock free
column, 3 indicates that the model is deadlock free, 7 indicates the model has a deadlock. For
SMT and reachability (using nuXmv), we report the Result, where 3 indicates the tool reports
the model is deadlock free, and 7 indicates the tool reports the model contains a deadlock. For
each of the instances we also report the running time (in seconds).
The numbers we used in the model names have the following meaning. In case of the “go/no
go” models, the number signifies the number of “go/no go” FSM pairs. In case of the power
domains models, the first number denotes the number of domains, and the second number denotes
the number of device-controller pairs in every power domain.
For “go/no go” models, both SMT and reachability report that deadlock free models are indeed
deadlock free, and in models with a deadlock indeed a deadlock is detected. The largest deadlock
free “go/no go” model contains 126 FSMs, and is proven to be live using SMT in 1 minute and 7
seconds. Reachability analysis takes almost 3 minutes for the same model. The largest “go/no go”
model with a deadlock also contains 126 FSMs. Using SMT, a deadlock is reported in 1 minute
and 5 seconds. Using reachability it can be proven that a deadlock state is reachable in 4 minutes
53 seconds.
For power domain models, SMT always reports deadlocks, whereas reachability correctly produces an output that is consistent with the expected result. The largest deadlock-free power
domain model contains 181 FSM. SMT reports a possible deadlock, and the reachability check
shows that there are no reachable deadlock states in approximately 3 hours. The largest power
domain model with a deadlock contains 181 FSM, for which SMT reports a deadlock in 2 minutes
and 29 seconds. Using reachability, existence of a deadlock state was proven in 1 hour and 10
minutes.

7.3

Discussion

The performance results show that using SMT for liveness verification outperforms reachability
for xMAS extended with FSMs. This is in line with our expectations, and also aligns with results
for standard xMAS [12]. The experiments also show that for some deadlock-free models, SMTbased verification reports false deadlocks. This comes from the incompleteness of the SMT-based
method.
From the results we conclude that both SMT-based verification and the reachability perform
well. To compare the scalability of both, we split the experimental data into four groups: “go/no
go” deadlock-free, “go/no go” deadlock, power domain deadlock-free, and power domain deadlock
models. In Figure 12, we visualize the performance results for these groups of models using line
graphs. Note, that for the y-axis, we use a logarithmic scale. From the visualization, we conclude,
that both the SMT-based method and the reachability analysis scale exponentially, but SMT is
significantly faster.
Although false deadlocks may be reported using the SMT encoding, it serves as a good preprocessing step for full reachability. In case no deadlocks are reported, one can be sure the model is
deadlock free, and the verification terminates quickly. Full reachability only needs to be computed
for models for which deadlocks are reported.

8

Conclusions

We demonstrated that the approach to verify liveness of xMAS networks with finite state machines
proposed by Verbeek et al. [19] is unsound. We proposed an alternative method to prove liveness of
xMAS networks containing FSMs. Furthermore, we proved our method is sound. We evaluated our
technique on a set of benchmarks, and show that it performs well compared to reachability using
nuXmv. The method is incomplete in the sense that the method can report deadlocks for models
that are deadlock free. This was also observed for some of the examples in our experiments. For
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Figure 12: Visualization of the results.
cases where a possible deadlock is reported, but it is not known if the deadlock state is reachable or
not, we showed that the reachability analysis can be done reasonably efficiently using a symbolic
model checker.
Future work. As future work it should be investigated whether more false deadlocks can be
eliminated by deriving stronger invariants. Also, investigating an alternative encoding to SMT
by including reachability, inspired by bounded model checking, could make the method complete
provided an appropriate bound can be derived. Additionally, the finite state machines presented
in this paper always read from and write to exactly one channel. This restriction could be relaxed
to read and write multiple channels on a single transition. This enables more compact modeling
of some finite state machines; for instance, the go/no go FSM in Figure 8 could be updated to
simultaneously read from i1 and i2 .
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