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Abstract
This thesis researches possible methods to automatically grade 2D graphical inputs of a free-form
drawn function and give substantial feedback when a wrong answer was given. The proposed
methods are created algorithms. Each method gives information of the performance of the drawn
function on a specific property. This is done by comparing the drawn curve to the actual correct
curve. For both curves a discrete representation will be used, to keep the proposed methods more
simple and comprehensible. The drawn function is checked on general errors, local errors, domain
and whether the drawn function is ascending and descending on the right places. The errors are
given with using the Hausdorff distance as a measure for comparing the drawn curve to the correct
curve. The results show that the proposed methods on their own give the right information of the
performance of the drawn curve. It is certainly possible to use this information and translate it
into substantial feedback. However, giving substantial feedback automatically remains a challenge.
Still, these methods give solid foundation and are the first steps to tackling this challenge. The
results of this thesis will be used, implemented and further improved in the automated grading
software of AlgebraKiT.

A method for evaluating digitally drawn functions with applications in high school education iii

Contents
Contents
1 Introduction
1.1 Motivation . . . . . .
1.2 Problem Description .
1.3 Problem Formalization
1.4 Goals . . . . . . . . .
1.5 Outline . . . . . . . .

v

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

1
1
2
2
3
3

2 Literature Study
2.1 A teacher’s comment . . . . . . . .
2.1.1 Solving the exercise . . . .
2.1.2 Scoring the exercise . . . .
2.1.3 Other comments . . . . . .
2.2 State-Of-The-Art Methods . . . . .
2.2.1 M-rater . . . . . . . . . . .
2.2.2 Martelly’s Bachelor Thesis .
2.3 Curve Matching Methods . . . . .
2.3.1 Least Squares Curve Fitting
2.3.2 Hausdorff Distance . . . . .
2.3.3 Fréchet Distance . . . . . .

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

5
5
5
6
7
7
8
9
11
11
12
13

3 Proposed Methods
3.1 Preliminaries . . . . . . . . . . . . . . .
3.1.1 Drawn Curve . . . . . . . . . . .
3.1.2 Correct Curve . . . . . . . . . .
3.1.3 Display or Cartesian Coordinates
3.2 Evaluating The Curve . . . . . . . . . .
3.2.1 General Closeness . . . . . . . .
3.2.2 Local Closeness . . . . . . . . . .
3.2.3 Domain . . . . . . . . . . . . . .
3.2.4 Monotonicity . . . . . . . . . . .

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

16
16
16
17
18
19
19
20
20
21

4 Results
4.1 Interface Creating Test Data . . . . .
4.2 Text data . . . . . . . . . . . . . . . .
4.3 Results Testing Proposed Methods . .
4.3.1 General Closeness: Choosing δ
4.3.2 Testing Local Closeness . . . .
4.3.3 Testing Domain . . . . . . . . .
4.3.4 Testing Monotonicity . . . . .
4.3.5 Testing Pitfalls . . . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

22
22
23
23
23
27
28
29
30

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.
.
.
.

A method for evaluating digitally drawn functions with applications in high school education

v

CONTENTS

4.3.6

Non-polynomial Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . .

30

5 Conclusion
5.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

41
41
42

Bibliography

43

vi A method for evaluating digitally drawn functions with applications in high school education

Chapter 1

Introduction
A core subject in middle school is mathematics. A subject loved by a few, but feared by a lot
of students. There are multiple ways to teach this course, but still the most used method is the
old-fashioned way of following a course book. The book contains exercises that students can make
in their notebook. But in this age where the digital world is playing a large role in our lives, it
would be more than logical to find a way to complement these methods with digital aids.
AlgebraKiT is an engine that offers tools that enable interactive mathematics exercises, with
step-by-step evaluation, hints and error feedback. The primary focus of AlgebraKiT has been
to improve digital education on the subject of algebra. At the moment, however, research and
development is invested into graphical-oriented domains of mathematics. A key problem in this
domain that is still open to research is the automated evaluation of student-drawn graphs. In this
thesis the possibilities of solving this key problem will be discussed.
This thesis researches possible methods to automatically grade 2D graphical inputs of a freeform drawn function and give substantial feedback on it. When this method is implemented it
takes away a lot of the workload for teachers. The results of the students can be stored automatically and the frequently made mistakes can be visualized. This gives insights in the problems
students stumble upon and can be discussed during class. The students benefit from this method
as well. First of all, students get meaningful feedback which aids the learning process. Next to
this, this feedback can be given on any time of the day which helps in preparing for classes and
asking focused questions during classes.

1.1

Motivation

In the Netherlands, digitization in education is already happening a lot. Mostly in exact subjects. After the graphical calculator, the desktop is with 71.1% the most used device by students
[11]. When using a digital device, students namely make use of services and educational apps
like Kahoot or Office365. Digital methods are already being used in exact subjects by 54.3% of
the students during tests and exams. However, research shows that students are only moderately
satisfied about the current use of digital learning resources [11]. This could improve by making
more use of interactive digital learning methods. But even more, there is room for improving the
methods themselves.
An automated grading system like AlgebraKiT, which also gives a student substantive feedback,
can not only be used for tests and exams, but it could also be helpful during studying for mathematics in and after class. The most obvious benefit of AlgebraKiT is the decrease of workload
for a teacher, since it can take over the grading tasks. For the student it has the benefit of being
available to provide feedback on an exercise any time of the day. Next to this it can generate an
A method for evaluating digitally drawn functions with applications in high school education
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unlimited number of exercises and because of the interactive way of learning it could motivate
students to start studying.
The Dutch high school exam program for both mathematics A and B ([5], [6]) includes the understanding of standard functions (power functions, exponential and logarithmic functions an
trigonometrical functions). This also means students are expected to be able to draw a graph of
such a function. Developing software that is able to automatically grade these drawn graphs could
be of great help for students.

1.2

Problem Description

Like most other automatically grading systems, for now AlgebraKiT is mostly restricted to evaluating structured input like numbers or structured text. This project will specifically focus on
digitizing the learning method for the subject on function graphs. In secondary school there are
several topics within this subject ranging from drawing the graph itself to discussing properties
of a graph to deduce the formula out of a drawn graph. When checking an answer automatically,
the challenge lays in checking if a student has drawn a graph correctly. Since it is unlikely that a
hand-drawn graph perfectly pictures the correct answer, what is the best way to judge if a graph
is drawn correctly enough?
To formalize the problem, first the wants and needs of the desired method have to be defined. In
general, AlgebraKiT wants a method to generally check whether a function is drawn correctly. An
exercise for this type of question could be, for example: Given is the function f (x) = 2x2 − 6x − 4.
Draw the function in the given coordinate system.
In order to evaluate the given answer of the student, the most important thing to find out seems
to be what defines an incorrectly drawn function. So, the first step would be to find a way to measure the error of the answer. Next to this, to test whether a student understood the mathematical
concept, it is important to check whether the properties of the function are drawn correctly. Some
of these properties are for example: the domain, the extremes, the roots and the type of function.
At AlgebraKiT the exercises are created by an author or are automatically generated which gives
infinite exercises for the student to practice. Because grading a drawn function needs to be done
differently depending on the exercise, the author should be able to choose on what properties the
drawn function should be tested. That is why the method has to consist out of sub-methods, each
checking a different property of the drawn function.
The method should not only be able to evaluate whether the student’s input is correct or not, but
ideally in the end, it should also be able to give hints or feedback to a student if needed. A hint,
for instance, could be: calculate the important coordinates of the function first and draw them in
the coordinate system. And an example of the feedback, that is given after the answer is submitted
is: check the function again, should the drawn graph be a parabola opening upward or downward?
All in all, the goal is to create a method, stated like an algorithm, to check whether a drawn
function with its properties matches close enough to the correct answer.

1.3

Problem Formalization

It is given that a student makes an AlgebraKiT exercise via a digital device like a laptop, tablet,
mobile phone, etc. The drawn function is being stored as a set S = {S1 , . . . , Si , . . . Sn } of drawn
strokes. Each stroke Si = {(x1 , y1 , . . . , (xni , yni )} is defined by a set of coordinates. The coordinates are recorded during the drawing process. Every time, from the moment the pen touches the
2
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screen, the positions are being recorded with regular time intervals. When the pen lifts up from
the screen, the recording stops and the stroke is stored. A new stroke is created when the pen
touches the screen again. This drawn curve S has to be evaluated by comparing it to a function
that is drawn correctly. Define the correct curve as a set C = {(x1 , y1 ), . . . , (xm , ym )} consisting
of coordinates laying on the curve.
Now, a few questions arise. For instance, how to evaluate the drawn curve by comparing curve S
to curve C, in order to give substantial feedback to the students? Next to that, what is in general
a good approach for determining whether curve is drawn correctly? Is the input data sufficient to
evaluate? Because of the unsteadiness of the hand, the drawing will probably contain some noise
and how can this be filtered? On paper a student draws his own coordinate system and can determine a suitable step size, so maybe some handwritten character recognition has to be applied?
There also exist a lot of variations of functions, like power functions, trigonometrical functions,
rational functions, etc. Each of these functions have different properties they should be tested on.
How should the method tackle this? Since an exercise can be so versatile, a lot of questions have
to be answered. But to make the problem more comprehensible, a simpler instantiation of the
problem will be made:
• The number of stored coordinates of the drawn curve is enough to represent the drawing
• The drawn coordinate system is already given with the exercise and does not need to be
drawn by the student
• The domain that should be covered by the drawing is the domain of the coordinate system
• The exercises ask concretely to draw a function, not to sketch it. The problem will not focus
on sketches, however it could be possible that the grading also is able to give feedback on
the quality of the sketch.

1.4

Goals

Now that the preliminaries have been set, it is time to structure the actual problem in certain
goals. Like stated earlier, the main goal is to create a method, consisting of sub-methods, to
evaluate whether a drawn function with its properties matches the correct answer. The methods
should be formulated in algorithms, such that they can be implemented in the final system of
AlgebraKiT. In order to achieve this, the following sub-goals are stated:
1. Define a suitable measure for the correctness of a drawn curve;
2. Create a method that can indicate where the drawn curve is lacking;
3. Create methods to test the drawn curve on certain properties: roots, extremes, domain,
asymptote;
4. Define an overall score based on the result of the methods;
5. Convert the results of the methods into substantial feedback.

1.5

Outline

This paper is structured as follows. Chapter 2 gives a summary of the pre-research and literature
studies needed for the problem. Chapter 3 describes the created methods and how they have been
constructed. Chapter 4 shows the results of the methods in action. Finally, chapter 5 includes the
final verdict of the method and advice for further research and development.
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Chapter 2

Literature Study
This literature study will help in covering the answers for the sub-questions listed in section 1.4.
First the wants and needs of a teacher for an automatic grading system will be discussed. This
clarifies what are the important features a system should have, from the point of view of a teacher.
Then the field will be discovered, by taking a dive into the state-of-the-art methods for evaluating
curves. Ultimately, different curve-matching methods will be discussed, to possibly find a suiting
one for this case.

2.1

A teacher’s comment

To find out what the wishes are for an ideal function drawing evaluator from a teacher’s perspective,
a high school teacher of mathematics has been interviewed. From this, it becomes clear that
students are taught to structurally solve mathematics exercises. Also a teacher has a certain way
of scoring curve drawing exercises. An exercise is rarely fully incorrect and can be scored with
only a part of the full points. To be consistent in grading, teachers have standard scoring rubrics
they stick to. Solving function drawing exercises from a student’s perspective and grading these
from a teacher’s perspective will be discussed in the following subsections.

2.1.1

Solving the exercise

Currently in the Netherlands, the most used mathematics teaching method books are from the
series Getal en Ruimte and Moderne Wiskunde published by Noordhoff. Both series provide a
method book for each specific grade. In the series Getal en Ruimte, the student is taught to tackle
drawing a function, like y = x2 − 2. This is explained by a teacher on an education website from
WiskundeAcademie [16] as follows:
1. Make a table. This table consists of seven x-values with its corresponding y-values. In this
case this would give Table 2.1
2. Draw a suitable coordinate system. A system is suitable when it covers one more than
the minimum and maximum values of your calculated x- and y-coordinates. In this case
[xmin , xmax ] = [−3, 3] and [ymin , ymax ] = [−2, 7]. So the coordinate system should have a
horizontal domain of [−4, 4] and a vertical image of [−3, 8]. Note that, this step does not
hold when a different scaled coordinate system is a better option. For example, when a
x

-3

-2

-1

0

1

2

3

y

7

2

-1

-2

-1

2

7

Table 2.1: Table corresponding to y = x2 − 2
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Figure 2.1: Correctly drawn curve for f = x2 − 2
function has a domain [−10−3 , 10−3 ], then of course a student should not use this standard
rule of drawing coordinate systems.
3. Draw the calculated points in the coordinate system. Place clear dots on the calculated
coordinates.
4. Draw a line through the points. This line should be a smooth curve. On paper, this means
that there should be no noticeable bumps in the curve. Furthermore, this line should go
through the last two points meaning that it should not stop exactly at the end points, but
drawn a bit further.
An example of how a correct answer should look is shown in Figure 2.1.
From this structure, one can discuss what the input interface should contain. For the interviewed
teacher it was important that giving the answer digitally should resemble giving the answer on
paper as much as possible. Currently, the exams will be made on paper, so even though students
can practice with digital exercises, in the end they have to able to solve it on paper as well.
Ideally, the interface should have a grid as background resembling the graph paper used in mathematics classes. Then there should be an option to write on scrap paper, where a student can
scribble down a table with the coordinates or other calculations. On paper, a student is required
to draw the coordinate system using a ruler, so the input interface should have an option to draw
straight lines and easily define the axes. Drawing the coordinate system digitally should not be
made difficult or time consuming. Drawing points in the coordinate system could, for example, be
done by using a snap-to-grid function, that forces the points to be placed on grid points. This has
the downsize that it would not support non-integer coordinates and it can give too much of the
answer away to the student. For drawing a line through the points, a pen tool should be available.
Keep in mind that when using a pen tool with, for example, a track pad or a mouse it is hard to
draw a smooth curve. This can have a bad influence on the user experience. This could be solved
by automatically smoothing the drawn curve, which on the other hand has the consequence that
it gives again a hint away to the student.

2.1.2

Scoring the exercise

To be consistent in grading the answer on the same exercise from different students a scoring
rubric is established. This is done by either the teacher himself or given by the instance providing
the exam, when an exam is taken on a larger scale. The rubric is different for each exercise, that
is why all possible check points will be listed. Keep in mind that the scores for check points can
6
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differ, depending on the learning goal of the exercise or the class grade of the student. Younger
students still need to understand the mathematical concept, so the thought process behind the
answer should be evaluated. Whereas older students are expected to be more familiar with the
concept, so will not be judged so hard on little mistakes like not labeling the axes of the coordinate
system.
The first check point of the rubric is the coordinate system. Full points will be given if the system
is drawn with a ruler, the x- and y-axes have the correct length with the numbers indicating the
step size and, lastly, the axes are labeled. All points that should have been calculated and written
down in a table, should be drawn clearly in the coordinate system and moreover drawn at the right
coordinate. It is important that the curve through the points is smooth and goes through the two
points at the end. For each mistake that is made the points will be reduced. So it is possible that
an answer is scored with 0 points due to too many mistakes, while still half of the answer is correct.
The check points mentioned above are the most common made mistakes. During the interview the
teacher also mentions that uncommon mistakes also happen. These mistakes are mostly a result of
working inaccurately or small thinking errors. For example, a minus sign can be overlooked which
causes an error in the calculation of the coordinates. Sometimes it happens that a student has
no clue how to tackle the exercise. In practice this mostly results in leaving a blank answer, this
calls for extra guidance in solving the exercise. Especially when a student is still learning, noticing
the lack of understanding and offering this guidance in an early stage can prevent a knowledge gap.
For a teacher it is desirable to get a clear insight in the type of mistakes a student makes. This
information can be used to give more attention to these subjects during class, making the lectures
more effective. Furthermore, the scoring rubrics automatically adjust on the type of student and
type of exercise. The exercises should be generated automatically, so a student has access to many
exercises for practice.

2.1.3

Other comments

During the interview, the teacher suggested to extend the method and develop a way to evaluate
pictures of drawn functions on paper. Lastly, to motivate the students it would be nice to add a
game element like Kahoot, which is a digital interactive competitive quiz used during class.
A lot of suggestions and options have been presented for developing an automatic grader for
drawn curves. Before making any choices, some state-of-the art methods will be discussed and
reviewed.

2.2

State-Of-The-Art Methods

Digital learning methods have been supported by the Dutch government since 2009 [18]. Multiple
research studies have shown that using digital learning methods contribute positively to education
([20], [13], [8]). [13] shows that, these methods provide benefits in mathematics education and
provide tools for new ways of thinking and learning . Also, according to [8], using digital tools will
create an active learning environment that is more effective for both teachers and students. Since
the indicated positive influence on education, different digital education tools and apps have been
developed.
For mathematics or other beta subjects, there already exist multiple automatic grading engines
like Kassandra [21], Wiris Quizzes [19] and M-rater [7]. Out of these three engines, M-rater is the
only one that supports grading digitally drawn curves. The urge for such an engine seems to be
present at other education instances as well, since there exists another bachelor thesis on the same
problem [12]. In the following subsections both methods for automated drawn curve grading will
A method for evaluating digitally drawn functions with applications in high school education
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Figure 2.2: M-rater user interface with points as graph object

be discussed.

2.2.1

M-rater

M-rater engine is a commercial brand and provides an automated scoring engine for computerdelivered response items when the response is a number, an equation, or a graph [7]. The way this
engine handles the latter can be interesting as a guide for this project. The interface lets students
enter a graph by clicking points on the grid that lay on the desired function. These points will
automatically snap to the grid, which makes it easier to be precise for the student. After defining the type of graph object, the engine automatically generates this object that represents the
smooth curve. The scoring is determined by the plotted points and the chosen type of graph object.
M-rater supports the following graph objects: points, lines, line segments, graphs of smooth
functions, graphs of piecewise-linear functions and connected line segments. Some examples can
be found in Figure 2.2 and Figure 2.3. An interesting feature that is offered is after clicking points
and creating the graph object, the points can be moved individually causing the graph object to
change accordingly. This can contribute to the understanding of the construction of a graph and
realizing how shifting points influences the final graph.
Smooth function

Connected line segments
Piecewise linear function

Figure 2.3: Examples of graph objects
8
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The graph editor needs to be configured by an author. This is the person, possibly a teacher,
who writes the exercise and the required answer into the engine. The editor can be configured for
the following items: the choice of the viewing window, the axis labels, en- or disabling the snap-to
grid option, the number of graph objects to be plotted, the types of graph objects to be plotted
and their labels and the colors. Giving so many configuring options gives a lot of control to the
author, but has the downside that it is not able to automatically set these configurations to make
it easier for the author.
Next to configuring the editor, an author should also specify the scoring rubrics. This can be
a lot of work for an author, since an answer has many varieties and the rubrics must specify how
partial scores is to be assigned. Also care must be taken in writing these rubrics, since M-rater
will score the items exactly as stated. Which leaves the responsibility to the author on testing the
exercise thoroughly.
All in all this method offers a nice solution for automatic grading if the time constructing the
exercises weighs up to the time it takes to hand-score these exercises one by one. If the engine is
only going to be used on a small set of students, it could not be worth to spend the time configuring the engine. But once an exercise is configured and fully tested, it gives a qualitative grading,
since it is based on tailored rubrics.

2.2.2

Martelly’s Bachelor Thesis

There exists a bachelor thesis which also covers a method for automatically grading graphs, but
with the aim of using it in higher education. The problem is also tackled on a Computer Science
level, so also considering the right way of gathering and visualizing the output. This section will
give an insight on his take on the problem.
Martelly created a full system consisting out of three parts: automatic grading, student input
and a teacher interface. The automatic grading tackles the algorithmic and calculation part of
the problem. The student input is an interface where a student draws the function. The teacher
interface consists of all functions needed to configure the exercise.
The automatic grading is done by running independent tests on the drawing. The results are sent
back to the student in the form of textual feedback and a numerical grade, which is a weighted
average of the numerical outcome of the tests. One independent test will be referred as a criterion. A criterion can be run multiple times with different parameters. Each type has its own
method of grading, but some have shared approaches to dealing with noise. Pass fraction is a
common approach used in multiple criteria. In the criteria pass fraction is used, each drawn point
is checked independently from the other points. If the fraction of points passing the criterion over
the total points is above a certain treshold, full credits for this criterion are still given. Error
margin is used in multiple criteria to compensate the difficulty in drawing precisely. This margin
is measured in pixels in stead of cartesian coordinates, since pixels relate more directly to the
drawing experience.

Now that the method is clear, the student user interface will be discussed. While allowing the
input to be as freeform as possible, the student should be able to easily produce and submit.
A student inputs the drawing on a web interface emulating drawing on graph paper, therefore
the interface is kept simple. A screenshot of the interface is shown in Figure 2.4. The interface
automatically draws the labels and axes. The teacher selects the minimum and maximum of both
axes, as well as the step size and the corresponding labels. After survey, it appeared that students
enjoyed using the interface, but had difficulties with drawing straight lines and smooth curves.
A method for evaluating digitally drawn functions with applications in high school education
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Figure 2.4: A screenshot of the student interface in Martelly’s bachelor project
They advised to add a line tool and a smooth pencil tool.
This paragraph will discuss the teacher user interface, where a teacher can create a question.
To do so, a teacher has to choose which criteria, with associated parameters, he wants to run on
an exercise. Furthermore, the settings for how the graphing area will be displayed have to be set.
As a teacher changes the parameter in each setting or criterion, visualization of the choices are
updated live. See Figure 2.5 for a screenshot of the teacher user interface. At the bottom of the
interface, there is a space designed to test the set criteria. Here, a teacher can draw on the given
coordinate system and receive the grade and feedback a student would receive with the chosen
criteria. From survey it appeared that teachers were overall very positive about the program. The
system was not easy to understand, but after getting the hang of it, it could be really useful in
high school math classes. According to the survey takers, the strongest point about the system
was that students can draw free-form curves. What could be improved was the textual feedback,
which, for the students, contained intimidating words like monotonic.
All in all, the proposed method by Martelly is received as a very helpful tool. However, in
the test results it performed weak on the Function Followed criterion, where the algorithm had
77% agreement with human graders. So, improvement could be made in that area. On the other
criterion tests, the algorithm had at least 98% agreement.
Alternative methods for the Function Followed criterion, to tackle the low performance of it,
will be discussed in the following section.
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Figure 2.5: A screenshot of the teacher user interface in Martelly’s bachelor project

2.3

Curve Matching Methods

When evaluating a curve by comparing it to another one, it is important to find a suitable method
of determining the difference between the curves. The process of comparing two given curves
is called curve matching. In subsection 2.2.2 it appeared that expressing the difference between
curves in terms of the pixel distance was not sufficient enough. Literature shows that there
exist other types of curve matching methods. It is possible to approximately describe a curve
by a discrete sequence of points. Given that representation one can consider distances between
sequences as a reasonable surrogate for distance between points. For example, in bio-informatics
calculating the edit distance [17], finding the longest common subsequence [9] or performing the
Smith-Waterman algorithm [2] are methods used for sequence alignment. These methods are very
useful when it comes to comparing strings in bio informatics, but since the cartesian distance is
not taken into account, these methods do not suffice for comparing two curves drawn in 2d. To
explain this, if the drawn curve differs only a bit from the correct curve and has no exact matching
coordinates due to the noise in free-form drawings, then the bio-informatics methods will give the
result that the curve is not similar but gives no information on the cartesian distance. So it is
necessary to consider the cartesian distances between the curves as well. Some curve matching
methods that do this will be discussed in this section. The goal is to find a suiting method to
express the amount of dissimilarity between two curves.

2.3.1

Least Squares Curve Fitting

Curve fitting is often used to construct a mathematical model for some experiment with n observations consisting of dependent y-variables measured at specified independent x-values. A frequently
used curve fitting method is the least squares method [22], which finds a function f (x) to describe
the general trend in the data of the experiment.
Define a set of n data points as D = (x1 , y2 ), (x2 , yx ), . . . , (xn , yn ). Then the residuals ri are
defined as the differences between the observed y-values yi and the fitted curve y-values f (xi ):
ri = yi − f (xi ),

i = 1, 2, . . . , n

The vector r ∈ Rn consisting of the values ri is the residual vector. The aim is to minimize the
norm of vector r. For this, different vector norms can be used. The most common error
measures
q P
Pn
n
are the average error n1 krk1 = n1 i=1 |ri |, the root-means-squared error √1n krk2 = n1 i=1 |ri |2
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Figure 2.6: Using the roots-mean-squared-error as a similarity measure between two curves gives
large errors in steep parts of a curve
and the maximum error krk∞ = maxi=1,...,n |ri |. When the root-means-squared-error is being
minimized, in order to find parameters for f (x), the method is called the least squares method.
The model f (x) can be a function of arbitrary form. Minimizing the norm is relatively easy
when the model f (x) has the form of a polynomial function f (x) = c0 + c1 x + c2 x2 + · · · + ck xk ,
where k is the order of the polynomial. If this fitting method is going to be used later on, then this
can come in handy, since in high school students mostly have to draw polynomial functions. The
outcome of the optimal parameters for the model f (x) does not directly contribute to retrieving
the dissimilarity between two curves. However, the residuals that are calculated to retrieve this
function could provide a numerical expression for the dissimilarity between two curves. When the
drawn curve fulfills the role of the n observations and the correct curve is f (x), the residual for
each point in the drawn curve can be calculated. When summing these residuals, this could be
a numerical expression for the general closeness. The idea behind this is fairly simple, but note
that it stumbles upon a problem when evaluating steep parts of a curve. Since only the vertical
distance is considered, the residuals of steep parts of the curve will be significant larger. This is
visualized in figure Figure 2.6.
Next to this, using this curve fitting method could be useful when visualizing the drawn curve,
since it can give a model for a smooth representation of the drawn points. Furthermore, the fitted
parameters can be compared to the parameters of the correct function.

2.3.2

Hausdorff Distance

The Hausdorff distance is a measure between two sets of points. It is, for example, used in
similarity determination of two shapes [10]. Let two sets A and B be given. Then, the Hausdorff
distance dH (A, B) is the maximum of the minimum distances between the points in A and the
points in B. So formally the Hausdorff distance dH (a, B) is defined as
dH (A, B) = sup inf d(a, b).
a∈A b∈B

Note that, with this definition dH (A, B) 6= dH (B, A). In some cases it is more useful to use the
symmetrical Hausdorff distance defined as
dH sym = max{dH (A, B), dH (B, A)}
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Figure 2.7: Two curves represented by two point sets S and C

There exist multiple algorithms for calculating the Hausdorff distance between two finite sets.
Let two sets A and B be given, with |A| = n and |B| = m. Standard algorithms using Voronoi
diagrams can compute the Hausdorff distance dH (A, B) in time O((n + m)log(n + m)). There
exists a more advanced algorithm presented in [15], which performs better in terms of traversal
cost, priority queue maintenance cost, distance calculation cost and the total execution time.
Given two curves represented by two sets S and C containing points laying on the curve (Figure 2.7), the symmetric Hausdorff distance can be calculated. This gives the maximal minimum
distance between a point from set S and a point from set C. Using this in the given problem, this
gives the dissimilarity between to curves based on the maximum shortest distance between two
points. This still does not give information about the dissimilarity over the whole curve. In practice this is dangerous, since possible outliers can have a great impact on the Hausdorff distance. A
variation, the fractional Hausdorff distance, exists as a solution for this problem. This distance is
given by the largest Hausdorff distance between A and B, such that at least 90% of the points in
A are within the Hausdorff distance to B, so d(a, B) ≤ dH . In practice, for comparing two curves
this would give a nice measure for similarity for at least 90% of the points of the drawn curve.

2.3.3

Fréchet Distance

The Hausdorff distance does not take into account the order of points and would say two sets are
close to each other, even though the shapes that are represented by these points are not similar at
all. For an example, see Figure 2.9. In this example the two shapes are not similar, but all points
in one shape lay close to a point in the other shape. When the correspondence of a shape has to be
taken into account, the Fréchet distance can be used. The Fréchet distance is the most common
measure of similarity between curves that takes into account the location and ordering of points
along the curves. Its application can be found in various fields like map matching, handwriting
recognition, clustering and protein structure alignment [1].
The Fréchet distance is often explained with the following metaphor. Say a man is walking
his dog, while holding the leash. The man is walking along a monotonic path f and the dog walks
along a monotonic path g, then the Fréchet distance is equal to the shortest possible leash that is
needed to walk these paths. The formal definition for the Fréchet distance dF (f, g) between two
paths f : [0, 1] −→ R2 and g : [0, 1] −→ R2 is
dF (f, g) = inf max kf (α(t)) − g(β(t))k,
α,β t∈[0,1]

where α : [0, 1] −→ [0, 1] and β : [0, 1] −→ [0, 1] are monotonically non-decreasing functions. These
α and β are parametrizations for the optimal mapping through time such that the maximum
A method for evaluating digitally drawn functions with applications in high school education 13
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Figure 2.8: Two completely different shapes with a small Hausdorff distance

Figure 2.9: A man walking along path f and a dog walking along path g. The length of the
shortest possible leash that is needed to walk these paths equals the Fréchet distance.
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distance between f (α(t)) and g(β(t)) is minimum. Finding the Fréchet distance between two
curves is an optimization problem, since a parametrization that minimizes the distance has to be
found. Computing this is firstly done by tackling the decision variant of the problem. So given
two paths f and g in R2 , decide whether there exists parametrizations α(t) and β(t), such that
dF (f, g) ≤ δ. If so, then compute these parametrizations.
Discrete Fréchet Distance
A variation on the Fréchet distance is the discrete one and is described in detail in [4]. Let
P : [0, n] −→ V be a polygonal curve. This means that given an n ∈ N+ for each i ∈
{0, 1, . . . , n − 1} and λ ∈ [0, 1] the curve is defined as P (i + λ) = (1 − λ)P (i) + λP (i + 1).
Then define σ(P ) = (u1 = P (0), . . . , up = P (n)) as sequence of endpoints of each line segment.
Consider two polygonal curves P and Q and their corresponding endpoint sequences σ(P ) =
(u1 , . . . , up ) and σ(Q) = (v1 , . . . , vq ). A coupling L between P and Q is a sequence
(ua1 , vb1 ), (ua2 , vb2 ), . . . , (uam , vbm )
such that a1 = b1 = 1, am = p, bm = q and for all i = 1, . . . , q we have ai ≤ ai+1 and bi ≤ bi+1 .
So in words, this means that the order of the points in P and Q is respected. Define the length
|L| of coupling L as
|L| = max d(uai , vbi ).
i=1,...,m

Then given the polygonal curves P and Q, the discrete Fréchet distance is defined as
ddF (P, Q) = min{|L| |L is a coupling between P and Q}
Solving a discrete Fréchet decision problem can be done in O(n2 (log log n)2 / log n time [3].
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Chapter 3

Proposed Methods
This chapter describes a method for evaluating drawn functions. The criteria that a drawn function
should meet are established by reasoning how a teacher would evaluate a drawn function explained
in subsection 2.1.2. Based on these criteria the choice has been made to make a method consisting
of sub-methods. Each sub-method checks a different criterion of the curve, which is the key to
providing substantial feedback in the end. Namely, if a sub-method detects an error in the drawn
curve, it is possible to pinpoint which property of the drawn curve did not meet the correct answer.
First a short overview of the sub-methods will be given, later in section 3.2 these methods will be
explained in more detail.
• Closeness General: Gives the similarity of the drawn curve and the correct curve per
segment, by using the Hausdorff distance as a measure. It can output an error for each
segment of the drawn curve.
• Closeness Critical Points: Given points on a curve that should be checked extra strictly,
the method determines whether the drawn curve satisfies to these points. These critical
points can for example be, the extrema and the intersecting points with the axes. The
output is the error for each critical point.
• Domain: Compares the covered domain by the drawn curve to the required covered domain.
It can output the percentage that covers the required domain.
• Monotonicity: Checks if the drawn curve is correctly monotonically increasing or decreasing on sub-domains. These sub-domains with their corresponding sign are automatically
determined by this method. The method can output the points of the drawn curve that do
not satisfy the conditions.
The method will be implemented so they can be tested in practice. Because of the amount of
available libraries, Python will be used for implementation.

3.1

Preliminaries

3.1.1

Drawn Curve

The student is asked to draw his answer on the canvas, which is the drawing space on the screen
containing a given coordinate system. When a student submits his drawing to the system to check
for feedback, a file with data of the drawing is received. Among other things, this data represents
the drawn curve by a set of k strokes S = (S1 , . . . , Sk ). A stroke Si = ((x1 , y1 ), . . . , (xni , yni ))
with (i = 1, . . . , k) is constructed by recording the location of the pointer with equal time intervals
from the moment the pointer touches the canvas until the pointer leaves the canvas. This location
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is given in display coordinates. Note that each device has its own amount of pixels and its own
size, depending on the device it could be easier or harder to draw a smooth curve with less noise.
So it is a difficult challenge when one wants to give formal grades to students using different devices.
For the sake of making the problem easier in practice, the points of all strokes Si ∈ S will
be combined and ordered into a set of points S̃. Such that S̃ = ((x1 , y1 ), . . . , (xn , yn )), where
Pk
n = i=1 ni and x1 ≤ x2 ≤ · · · ≤ xn .
Because the number of points can vary depending on the drawing speed, it is likely that some sections of the curve are recorded less accurate, when the curve is drawn to quickly. For the method
that is going to be used later, to be more accurate it is useful to create more points representing
this curve. The number of points that is created is chosen to be 5000. A laptop screen with an
above average resolution could have a resolution of 2880 × 1800 pixels. So, say the drawn curve is
a horizontal line across the whole screen, then 5000 points on this line of equal distance from each
other covers all the intended colored pixels at least once. For an arbitrary drawn curve S̃ these
points are created using linear interpolation in the following way:
Algorithm (Resampling) - Let
p l represent the length of the linearly interpolated curve Ŝ of
Pn−1
S̃. So l = i=1 li , where li = (xi+1 − xi )2 + (yi+1 − yi )2 is the length between to neighbouring
l
points (xi , yi ) and (xi+1 , yi+1 ) . Let δ = 4999
be the distance between each neighbouring point
in the interpolated curve Ŝ. With the following steps the points of Ŝ are created and are being
separated into 50 segments consisting of 100 points.
Algorithm 1 Resampling Curve
δ0 = 0 j = 1
. count of the created segment
m=0
. count of number of created points
for i = 1 to i = n-1 do
4:
Let T = {δ0 , δ0 + δ, δ0 + 2δ, . . . , δ0 + kδ}, where k = b lδi c

1:
2:
3:
5:
6:
7:
8:
9:

for t ∈ T do
if m mod 100 == 0 then
j =j+1
end if
Increase the count of the number of points created, so m = m + 1
Create a new point for segment Ŝj that is given by the parametrization

10:
11:
12:
13:

(x̂(t), ŷ(t)) = (xi , yi ) + (xi+1 − xi , yi+1 − yi ) ∗
14:
15:
16:

t
li

end for
Before continuing to the next segment set δ0 = δ − (li − kδ)
end forLastly add the last point (xn , yn ) to Ŝ
Having performed the algorithm, this yields Ŝ = (Ŝ1 , . . . , Ŝ50 ) where Ŝi = ((x1 , y1 ), . . . , (x100 , y100 )).

3.1.2

Correct Curve

Together with the points of drawn curve, the data file also contains the function that was asked
to draw. Define this function as
f (x) : [d1 , d3 ] −→ [d2 , d4 ]
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To represent this curve again 5000 points separated into 50 segments will be created. Creating
5000 points with equal space between each x-coordinate, is relatively easy by just calculating f (x)
as the corresponding y-coordinate. However, this will result into less points representing the steep
parts, which means a less accurate comparison to the drawn curve. So the choice has been made
to equally space out the points with respect to the length of the curve. When these points are
spaced out equally over the full curve on domain [d1 , d3 ], it is necessary to calculate the length of
the curve from one point to the other. This could be done by using the arc length formula to find
where the next point should be created. Running these calculations is relatively complex, so to
reduce the amount of operations in the algorithm, an approximation for the length of the curve
from point to point will be used.
To create an approximation for the curve, first create 5000 points on this curve without taking
into account the length of the curve. For a function f (x) : [d1 , d3 ] −→ [d2 , d4 ] an approximation
C̃ = ((x1 , y1 ), . . . , (xi , yi ), . . . , (x5000, y5000 )) is made. Let (x1 , y1 ) be the far left point of the function which lays inside the bounding box and let (x5000 , y5000 ) the the far right point. Where each
xi is defined as
d3 − d1
· (i − 1)
xi = d1 +
4999
and each yi is given by
yi = f (xi )
As noted earlier, this does not give a consistent accuracy over the whole curve. But with this
approximation C̃ of the curve, Algorithm 1 for creating points on equal distances explained in subsection 3.1.1 can be performed. This yields Ĉ = (Ĉ, . . . , Ĉ), where Ĉi = ((x1 , y1 ), . . . , (x50 , y50 ))

3.1.3

Display or Cartesian Coordinates

Display coordinates are the coordinates given in pixels in the display coordinate system. As one
might have noticed, the points of Ŝ are given in display coordinates and the points of Ĉ are given
in cartesian coordinates. Both types will be of use later in the method, so it is useful to write an
algorithm that transforms display coordinates to cartesian coordinates and vice versa.
The data file of the drawn curve also contains information on the bounding box B and the number of pixels corresponding to one step size defined as ppu (pixels per unit). The bounding box
B = ((b1 , b2 ), (b3 , b4 )) is given by two cartesian coordinates, where (b1 , b2 ) represents the top left
corner and (b3 , b4 ) represents the bottom right corner. The pixels per unit ppu = (ppux , ppuy ) are
given by two values indicating the number of pixels used for one step in the cartesian coordinate
system in the x and y direction respectively. These values are variable, because the choice has
been made to let the bounding box be proportional to the screen size.
With this information algorithms 2 and 3 can be performed to transform coordinates to either
display or cartesian coordinates.
Algorithm 2 From Display To Cartesian
1:
2:
3:
4:
5:
6:

INPUT: Point (xd , yd ) given in display coordinates, ppu = (ppux , ppuy ) and B =
((b1, b2), (b3, b4))
xO = −b1 · ppux
. display x-coordinate of origin
yO = b2 · ppuy
. display y-coordinate of origin
d −xO
xc = xppu
x
O −yd
yc = yppu
y
return (xc , yc )
. point in cartesian coordinates
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Algorithm 3 From Cartesian To Display
1:
2:
3:
4:
5:
6:

INPUT: Point (xc , yc ) given in cartesian coordinates, ppu = (ppux , ppuy ) and B =
((b1, b2), (b3, b4))
xO = −b1 · ppux
. display x-coordinate of origin
yO = b2 · ppuy
. display y-coordinate of origin
xd = ppux · xc + xO
yd = yO − ppuy · yc
return (xd , yd )
. point in display coordinates

3.2
3.2.1

Evaluating The Curve
General Closeness

Since each device has a different size and a smaller device will give a less precise drawing than a
large one, it is necessary to consider the display coordinates when determining the general closeness. If a point is represented in cartesian coordinates it can be transformed to display coordinates
with algorithm 3. So for this section it is assumed that all points are given in display coordinates.
Note that next to the number of pixels, also the device size affects the accuracy of the drawing. Although it is fairly easy to retrieve this device information, this information is not given in
the provided data. So for this method, the device size will not be taken into account.
The Hausdorff distance is a nice way to express the similarity of two curves, which is described in
subsection 2.3.2. Just giving the Hausdorff distance between Ĉ and Ŝ will give only information
on the specific point causing the largest error. This is not enough information to give feedback on
the whole curve. This is why earlier in 3.1.1 and 3.1.2 the curves are divided into segments. The
method calculates the Hausdorff distance between segments of Ĉ and segments of Ŝ. In this way,
it is clear for each part of Ĉ how well the student has drawn.
Let d∗i be the score for segment Ĉi . This score is determined as follows.
d∗i =

min

j=1,...,50

dHsym (Ŝj , Ĉi ),

where dHsym (Ŝi , Ĉj ) is the symmetrHausdorff distance between the sets Ŝi and Ĉj . Recall that
these point sets Ŝi and Ĉi represent sections of the discretized curves. In algorithm 4 it is shown
how this is executed. In the algorithm hausdorffdist(Ĉi , Ŝj ) is a function provided by the python
Algorithm 4 Segment Error
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

INPUT: Ĉ = (Ĉ1 , . . . , Ĉ50 ), Ŝ = (Ŝ1 , . . . , Ŝ50 )
d∗ = [∞, ∞, . . . , ∞]
for i = 1 to 50 do
for j = 1 to 50 do
di,j = hausdorffdist(Ĉi , Ŝj )
if di,j < d∗ [i] then
d∗ [i] = di,j
end if
end for
end for

. List of scores for each Ĉi ∈ Ĉ

library, which returns the hausdorff distance dHsym (Ŝi , Ĉj ) as described a paragraph above.
Now that for all sections the smallest Hausdorff distance has been determined, decide for what
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value the distance is too large. There should be some parameter δ that indicates the maximum
tolerated distance. This will be discussed in the results in subsection 4.3.1

3.2.2

Local Closeness

As explained in subsection 2.1.1 a student is expected to draw a curve following a series of steps.
One of these steps is calculating the corresponding y-value to some logically chosen x-values to
determine the coordinates of points laying on the curve. These points have to be drawn clearly in
the coordinate system. Only when that is done, a smooth curve is through these points should be
drawn. A teacher typically checks whether the points are calculated and drawn correctly, to see if a
student has understood the exercise. The whole grading procedure can be found in subsection 2.1.2.
To be able to give automatic feedback on the specific calculated points, there should be an algorithm available that is able to evaluate these points. Just like for the general closeness described
in subsection 3.2.1, the Hausdorff distance is used to determine a measure for the local closeness.
Only this time it is not comparing all segments of the drawn curve to the correct curve, it only
considers the correctly calculated points to the segment of the drawn curve that should correspond
to it. Next to that, since the points have to be calculated, the accepted distance should be smaller.
Again, the display coordinates will be considered for the same reasons as for the general closeness
(subsection 3.2.1).
Let P = ((x1 , y1 ), . . . , (xn , yn )) be the set of points that are expected to be calculated and drawn
with care in the coordinate system. The corresponding segment of Ŝ to point (xi , yi ) is defined as
S̄i = ((x̄1 , ȳ1 ), . . . , (x̄mi , ȳmi )) such that
∀(x̄, ȳ) ∈ S̄i : |x − xi | ≤ δc · ppux ,
where δc is a parameter that is chosen in subsection 3.2.2. Since in this case the interest lays on
evaluating these points, define d∗i as the score for point (xi , yi ) ∈ P , with
d∗i = dH ((xi , yi ), S̄i )

3.2.3

Domain

A method to observe on which domain the function is drawn could be useful in providing specific
feedback on the covered domain. When a function is drawn only on a small part of the required
domain, but otherwise the curve is drawn perfectly, it is discouraging when that curve is considered as entirely incorrect. Feedback indicating the type of error is much more motivating for a
student.
The percentage of the domain of the entire domain that should at least be covered is set to
be p = 90%. The required domain is determined by the domain [xmin , xmax ] of the correct curve
Ĉ. Now given the drawn curve Ŝ = (Ŝ1 , . . . , Ŝ50 ), the covered domain is found by searching for
the lowest and highest x-coordinate, x̂min and x̂max . The covered domain is then given by

ρ=

x̂max − x̂min
· 100
xmax − xmin

If ρ ≥ 90, the drawn curve satisfies the required domain. Bear in mind that with this method
it is possible to just draw two dots on either end of the required domain and pass this test. This
means that the results of this method should at least be combined with the results of the general
closeness method, to give valuable feedback.
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3.2.4

Monotonicity

A function f is monotonically increasing on domain [α, β] if
∀ α ≤ x1 ≤ x2 ≤ β : f (x1 ) ≤ f (x2 )
and a function f is monotonically decreasing on domain [α, β] if
∀ α ≤ x1 ≤ x2 ≤ β : f (x1 ) ≥ f (x2 ).
When a curve is increasing on a domain, the sign on that domain is said to be + and when a curve
is decreasing the sign is −. To get a general idea of the shape of the curve, this method checks the
sign of a curve on certain sub-domains. Since this method should be able to consider fluctuating
functions, such as higher order polynomials, there should be a method for automatically finding
where the sign of a curve changes. Only then the sign changes of the drawn curve can be compared
to the correct ones.
Let a function f : [b1 , b3 ] −→ [b2 , b4 ] be given. The general idea is to find sub-domains of [b1 , b3 ] on
which f is either monotonically increasing or decreasing. To be more precise, the method should
find sub-domains [α1 , β1 ], . . . , [αi , βi ], . . . [αm , βm ] such that:
• [α1 , β1 ] ∪ · · · ∪ [αm , βm ] = [b1 , b3 ]
• ∀i = 1, . . . , m − 1 : βi = αi+1
• if f is monotonically increasing on [αi , βi ], then f is monotonically decreasing on [αi+1 , βi+1 ]
and vice versa.
After finding these sub-domains with their corresponding signs, find the signs on these sub-domains
for the drawn curve. One problem that occurs now, is that because of potential vibrations or an
unsteady hand, it could be that the drawn curve is not smooth. These bumps in the curve make
it hard to find the intended sign for one sub-domain. This can be remedied by fitting a curve fˆ(x)
on the drawn curve Ŝ. fˆ(x) is found with a least squares regression as explained in [14].
The method checks if the following condition holds for all i = 1, . . . , m
∀ αi ≤ x1 ≤ x2 ≤ βi : f (x1 ) ≤ f (x2 ) ⇒ fˆ(x1 ) ≤ fˆ(x2 ) ∨ f (x1 ) ≥ f (x2 ) ⇒ fˆ(x1 ) ≥ fˆ(x2 ).
Since the drawn curve is not perfect, it is likely that fˆ(x) is not monotonic on the full given
sub-domains. Even if Ŝ is considered to be drawn correctly, it could be that at the end of the
sub-domains fˆ(x) is not monotonic. To solve this, the method is more relaxed towards the end of
the sub-domains. So whenever an error is detected in the left end [αi , αi + 0.5] of the domain or
in the right end [βi − 0.5, βi ], the method will not consider it as an error. The value 0.5 is chosen
based on trial-and-error, but note that this is a fixed value and not sufficient in every case.
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Chapter 4

Results
The defined method in chapter 3 will be brought to practice and should therefore be tested on real
input to find out how it performs. For this, actual data as if it was drawn by a student is needed.
Therefore, specially for this purpose an input interface is made. This chapter will describe the
possibilities of this interface and how this input data is used for testing the algorithm.

4.1

Interface Creating Test Data

The interface for creating the test data is made with javascript and contains the basic tools for
a student to draw a graph. It is made in cooperation with AlgebraKiT, using the pre-knowledge
from another project. The interface is built with the goal to easily create the necessary data for
testing (described in section 4.2), while making sure that the test data represents realistic data.
In Figure 4.1 a screenshot of the interface is shown. Since one of the requirements of the final
software is to mimic drawing on paper, the choice has been made to let the drawing be completely
free-form. On the right of the interface a large canvas represents grid paper. This canvas already
contains a predefined coordinate system, of which the bounding box has been given by the user.
The bounding box can be specified on the top left, by typing in the desired upper-left and the
lower-right coordinate of the system. A user can draw a graph by clicking, holding and moving
the mouse on the canvas. To stop drawing, simply stop holding the click and click-and-hold again
to start drawing another stroke. It is possible to undo the last stroke by clicking the button undo
and to clear the canvas by clicking the button clear. Lastly, when the user is done with drawing
the graph, he can submit it by clicking send graph. Furthermore, to make it easier and faster for
a user to create test data, it is possible to define the function of the graph that has to be drawn.
Defining this function can be done on the left pane. This will show the function in blue on the
canvas, so that a user only has to trace this curve or use this curve as a guide in making data.
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Figure 4.1: Interface for creating test data

4.2

Text data

The data of the graph is being sent in a text-based file. It contains the intended function, the
coordinates of the drawn stroke, the bounding box and the pixels per unit. The intended function
is given as a function f (x) of x, so for example this could be x2 − x − 5. Each drawn stroke
is stored separately and is presented by a set of coordinates that were recorded on equal time
intervals. The bounding box B = ((b1 , b2 ), (b3 , b4 )) is given by the upper-left coordinate (b1 , b2 )
and the lower-right (b3 , b4 ) coordinate. The pixels per unit ppu = (ppux , ppuy ) are given by two
values indicating the number of pixels used for one step in the cartesian coordinate-system in the
x and y direction respectively.
This created data file can be imported in the program that has been written to perform the
method described in chapter 3.

4.3

Results Testing Proposed Methods

Testing the methods will be done on data created in the interface described in 4.1. Various
drawings were created for the following functions:
f1 (x) =

1
x − 2,
2

f2 (x) = −x2 + x + 5,

f3 (x) = x3 + 1

(4.1)

These three functions were chosen to represent the most used orders of polynomial functions, since
in high school a function drawing exercise usually does not go further than cubic functions. Other
non-polynomial functions, will be tested later in this chapter, since the hypothesis is that the
method is not yet general enough to tackle these types of functions.

4.3.1

General Closeness: Choosing δ

In subsection 3.2.1, a method for determining the general closeness is described. Since the input
is created by a free-form drawing, it is likely that the drawn curve contains noise. The unintended
deviations will cause a higher value for the general error and taking all of these little deviations
into account could distract from the more important errors. Namely the errors that were caused
by a mathematical misunderstanding from the student. To filter the noise, the idea is to allow a
certain deviation to be acceptable. The amount of this deviation will be expressed by parameter
δ and describes the allowed value for the Hausdorff distance between one segment of the drawn
curve to one segment of the correct curve. Note that δ is given in a number of pixels. Determining
this parameter δ is done by trying different values and reflect on the resulting error.
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(a) The drawn curve in orange and the cor-(b) The drawn curve in orange and the(c) The drawn curve in orange and the correct curve in blue for f1 = 12 x − 2
correct curve in blue for f2 = −x2 + x + 5rect curve in blue for f3 = x3 − 1

Figure 4.2: Plots of the drawn curves for f1 , f2 and f3
Before showing the results, recall that the drawn curve, represented by points, is being preprocessed to create an other representation Ŝ that works for the proposed method. Also, recall
that both the representation Ŝ for the drawn curve and the representation of the correct curve
Ŝ are segmented into parts of equal lengths, Ŝi and Ĉj respectively (i, j = 1, . . . , 50). Note that
this length is determined by the distance between the first and last point of the segment. In
the visualization of the results, one segment of the correct curve Ĉ will be represented as a line
segment, but note that in the data Ĉi is a set consisting of points not necessarily on this line.
The drawn functions f1 , f2 and f3 (4.1) are shown in Figure 4.2. Where the drawn curve is
shown in orange and the correct curve is shown in blue. It is clear that the drawn curve for f1
is not a straight line, while the expected function is linear. When a student draws a linear function on paper, the teacher wants the line to be straight by using a ruler. However, digitally and
when having the free-form drawing function as the only option, it is almost impossible to draw
so straight. That is why the assumption is made that this drawing will be considered correct in
terms of general closeness. Although, it is not desirable to neglect all errors caused by bumps in
the line. Keeping in mind that useful feedback has to be given to a student, the information on
where the larger bumps are should be kept.
In Figure 4.3 the results for varying δ for the error on the drawing of function f1 = 21 x − 2
are shown. A red circle indicates the error dj for a section Ĉj of the correct curve. Note that the
red circle is only shown when the error is significant enough, so when dj > δ. Further more, the
size of a red circle corresponds with the size of the error. What stands out immediately, is that for
every chosen δ the ends of the drawn line are causing the largest error. This is not surprising and
will most likely happen more often (see Figure 4.4 and 4.5), since a student will not draw entirely
unto the boundaries of the input canvas. Furthermore in Figure 4.3 it is obvious that choosing
δ = 5 or δ = 8 leads to an indication of too many errors to clearly visualize which parts of the
drawing were significantly wrong. Looking back on the linear function in Figure 4.2 to determine
which parts should be indicated, it seems desirable to have an indication for the bumps around
x = −6 and x = 2. This happens for δ ≤ 15 and does not happen for δ = 20. And for δ = 25 even
all information on bumps is lost en only the errors on the ends are taken into account. To make
a better decision for a suitable δ, the next paragraph discusses the results for f2 and f3 .
In the previous paragraph it became clear that δ = 8 and δ = 10 were not a good choice as
a parameter for an error tolerance, so from now on these options will not be taken into consideration. In Figure 4.2 (b) the significant error, apart from the error around the ends of the curves,
lays around x = 2.5 and x = 3 . And in Figure 4.2(c) there even seems to be no significant error.
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(a) δ = 8

(b) δ = 10

(c) δ = 12

(d) δ = 15

(e) δ = 20

(f) δ = 25

(g) δ = 30

Figure 4.3: General closeness for f1 (x) = 12 x − 2 for different δ
Now, in both Figure 4.4 and Figure 4.5 it seems like also δ = 10 indicates too many errors, since
most of the curve is covered with red circles, while generally both curves are drawn correctly. For
function f2 , δ = 15 shows the desired indicated errors very well and loses the information on the
error around x = 2.5 with δ = 20. So again, the results show that δ = 15 is a suitable choice.
Recall, that in an earlier created method by Martelly, described in subsection 2.2.2, an allowed
error of 10 pixels was chosen by trial-and-error. Although choosing δ = 15 might seem risky, since
is a more tolerant parameter for the allowed error, in our case the results showed that a lower value
for δ resulted in too many indicated errors. Additionally, with a parameter δ = 15 the method
still managed to highlight the significant errors. That is why the choice will be made to officially
set δ = 15.
As mentioned before, using the general error alone is not enough to give valuable feedback to
the student. Therefore, in the following sections the sub-methods proposed in subsection 3.2.2,
3.2.3, and 3.2.4 will be tested with drawings of the polynomial functions f1 , f2 and f3 . Where it
is needed, varying different parameters will also be tested.
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(a) δ = 10

(b) δ = 15

(c) δ = 20

(d) δ = 25

(e) δ = 30

(f) δ = 50

Figure 4.4: General closeness for f2 (x) = −x2 + x + 5 for different δ

(a) δ = 10

(b) δ = 15

(c) δ = 20

(d) δ = 25

(e) δ = 30

(f) δ = 50

Figure 4.5: General closeness for f3 (x) = x3 + 1 for different δ
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4.3.2

Testing Local Closeness

In the previous section a method for determining general closeness has been tested. Although, this
already gives a good indication of the general performance of the curve, it is useful to get more
information on the drawn curve around points that show a good mathematical understanding of
the exercise. For example, in Figure 4.6 the results of running the general closeness method on
function f1 is shown. Only the error on the right end is indicated, since the curve is not drawn
on the full domain, but overall lays close to the correct curve. However, looking with a human
eye, it is clear that the drawn curve lays consistently under the correct curve. Even if this is just
by a small distance, it is an indication of a mathematical misunderstanding. This error should be
raised when evaluating the critical points. The critical points are the local points on which the
closeness will be tested.

Figure 4.6: General closeness method on f1 = 12 x − 2 results does not detect a lot of errors.
Although the drawn curve lays consistently under the correct curve, which is an indication of a
misunderstanding of the mathematical concept and this error should be raised.
The critical points that are tested for closeness are being determined automatically and are by default defined as all points with an integer x-value inside the domain and the extremes. The choice
for these points is based on the points that are expected to be calculated by the student before
drawing the graph, as explained in subsection 2.1.2. The idea is to find a suitable parameter δc indicating the radius of the circle around each critical point, which should contain at least one point
of the drawn curve. Only then the drawn curve is considered to be close enough to that local point.
In Figure 4.7 a drawn curve for f1 = 12 x − 2 is shown with a general closeness test and local
closeness tests for various δc . The visualization should be interpreted as follows. First of all, mind
that the visualization the radius of the circles around each critical point do not correspond to the
chosen δc , because the circles would be too small to see. A circle is colored red when that circle
with radius dc does not contain a point of the drawn curve and a circle is colored green otherwise.
It is desirable to be able to give feedback on which critical points were drawn sloppy and on
the other hand recognize which critical points were drawn correctly. Looking at Figure 4.8, it
mostly stands out that the top of the parabola is drawn not precise enough, while this is an important property of the parabola. Clearly, choosing δc = 1 is too strict, since it rejects almost all
critical points and choosing δc = 10 is too relaxed, since it accepts all critical points including the
top. Choosing dc = 8 seems like a suitable choice, since it indicates the characteristic error made
at the extreme of the function. In the other drawings shown in Figure 4.7 and Figure 4.9 dc = 8
also gives a nice representation. For f1 in Figure 4.7, the test still shows that almost all critical
points were not drawn correctly. And for f3 in Figure 4.9, based on the general closeness test, it
looks like the drawn curve is not very accurate on the ends. However, with the chosen parameter
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dc = 8 it is becomes clear that the critical points were actually drawn well. But it could have
been harder to neatly connect these points with the same curvation as the correct curve, due to
the steep slope.

(a) δc = 1

(b) δc = 5

(c) δc = 8

(d) δc = 10

Figure 4.7: Local closeness for f1 (x) = 21 x − 2 for different δc

4.3.3

Testing Domain

In subsection 3.2.3 the method for checking whether the drawing is covering enough of the given
domain is given. For this, the assumption is made that the domain is already given by the bounding box, like stated in section 1.3. So, ideally the drawing should reach until the ends of the
canvas. Now, one could argue if this is the right approach, but this will be discussed in chapter 5.
Let parameter p denote the percentage of the domain that should be covered. Again, different values for the parameter will be tested. Now, first look at the results in Figure 4.10. In
parts (c), (d), (e), (f ) of the figure, the colored rectangles indicate the domain that at least needs
to be covered. A red rectangle indicates a part of the domain that should have been covered,
but is not. A green rectangle indicates that the domain is covered by the drawing according
to the proposed method in 3.2.3. A comment on this visualization, is that this is not a perfect
reflection of how the method works, since in the visualization the required domain is centered in
the middle of the canvas. Which is not a requirement in the method itself. However, the visualization gives a good idea of how the drawing performed in terms of covering the required domain.
To go a bit further into the results, in all three figures 4.10, 4.11 and 4.12 p = 100 and p = 90 give
an error. And in in figures 4.11 and 4.12 for p = 80 there is no error any more. Now looking at the
critical points method for all three function drawings, it appears that the critical points at the ends
were not drawn correctly. The drawings did not even reach these critical points. Remember that
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(a) General closeness with δ = 15

(b) δc = 1

(c) δc = 5

(d) δc = 8

(e) δc = 10

Figure 4.8: Local closeness for f2 (x) = −x2 + x + 5 for different δc

in subsection 2.1.1 it is explained how a student is taught to draw a curve. A student is expected
to calculate the coordinates for each integer x-value in the domain. So the domain should at least
cover these critical points, this happens when p = 90.

4.3.4

Testing Monotonicity

The monotonicity check does not have a parameter that can vary. So in this section the results on
running this check on different drawn curves will be shown. In figure 4.13 three tests are shown.
The parts of the drawn curve covered by a green rectangle are the parts that correspond with the
ascending or descending of the correct curve. The red rectangle indicate the part where the drawn
curve does not correspond with the correct curve.
Even though the drawn curve in Figure 4.13(a) is shifted and generally lays too far from correct
curve, the monotonicity check shows that the student at least understood that the curve should
have been monotonically increasing. The drawn parabola in Figure 4.13(b) is drawn upside down.
Remarkably, the check recognized the extreme where the slope on both curves is 0, that is why
this part is colored green. And the check correctly indicates red flags for the rest of the drawn
curve. However, it looks like at the ends of the domain where the drawn curve does not reach, the
drawn curve is considered correct. This is a mistake in the visualization, but does not affect the
textual results.
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4.3.5

Testing Pitfalls

The created methods are not completely waterproof, there are some specific cases to be cautious
about. Two cases and their given results will be shown in this section. Starting with the loophole that it is sufficient to only draw the end points of for example the linear curve, as shown in
Figure 4.14. Because of the origin of how the input data is interpreted, the method automatically
interpolates between these two points. This then creates points that were not drawn by the student. Next to this, the domain test interprets this as an all covered domain.
A similar pitfall can be found for the critical points method. For example in the case shown
in Figure 4.15 It is possible to draw only the critical points, which actually leads to a very good
result on all methods. This is very remarkable and should not be happening. To fix this, the
domain method should not only look at the end points of the drawing, but should also be able to
evaluate whether the domain is fully covered for each x-value. When this is improved, the domain
test is able to indicate this error.
In Figure 4.16, it is shown what happens when for example a student is lazy and tries to scribble
a curve. Maybe the student was hoping that this answer would suffice. The general closeness test
catches the error, because the wider scribbles are causing a larger distance. It is remarkable that
around x = −2 it seems like there are points that lay the furthest away from the correct curve.
Yet it looks like the general closeness does not agree.

4.3.6

Non-polynomial Functions

In section 1.1 it is explained what functions the students should be able to draw according to
the Dutch high school exam program for both mathematics A and B ([5], [6]). These functions
are power functions, exponential and logarithmic functions and trigonometrical functions. At the
moment the proposed methods are only tested focuses on power functions. This is due to the fact
that most of these functions can not be tested yet, since the operations in these functions can
not be processed in the method. Just to give an idea of what the method is capable of at the
moment, the results for a rational function and an exponential function are given in Figure 4.17
and Figure 4.18 respectively.
A rational function f = 1−x
1+x is tested in Figure 4.17. The general closeness test shows a lot
error, caused by the vertical asymptote. This is due to how the method constructs the correct
curve Ĉ, namely by connecting line segments. This is of course not the correct answer at all. In
further development it is easy to construct a correct curve in a way that it can handle creating
rational functions. If a better representation of the correct ration function can be made, the general closeness test would perform like it should. What could be added even more in the future is
a specific test on detecting the drawn asymptotes.
In Figure 4.18 an exponential function is tested. The given coordinate system unnecessarily
reaches too far on the left side of the domain. The general closeness shows an error on the ends,
which is caused by not drawing on the full domain. The domain test shows that almost a sufficient
amount of the curve is drawn. And lastly, the local closeness test justly points out the places where
the critical points were not drawn precisely enough. But overall the tests perform really well.
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(a) General closeness with δ = 15

(b) δc = 1

(c) δc = 5

(d) δc = 8

(e) δc = 10

Figure 4.9: Local closeness for f3 (x) = x3 − 1 for different δc
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(a) General closeness method with δ = 15

(b) Local closeness method with δc = 8

(c) p = 100

(d) p = 90

(e) p = 80

(f) p = 70

Figure 4.10: Domain test for a correct drawing of f1 (x) = 21 x − 2 for different percentages p
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(a) General closeness method with δ = 15

(c) p = 100

(d) p = 90

(b) Local closeness method with
δc = 8

(e) p = 80

(f) p = 70

Figure 4.11: Domain test for a correct drawing of f2 (x) = −x2 + x + 5 for different percentages p
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(a) General closeness method with δ = 15

(c) p = 100

(d) p = 90

(b) Local closeness method with δc = 8

(e) p = 80

(f) p = 70

Figure 4.12: Domain test for a drawing of f3 (x) = −x2 + x + 5 for different percentages p
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(a) Monotonicity check on a drawing for f1

(b) Monotonicity check on a wrong drawing for f2

(c) Monotonicity check on a drawing for f3

Figure 4.13: Examples of monotonicity check
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(a) Drawn curve and correct curve plotted

(b) Domain test

Figure 4.14: When only the end points of the curve are drawn, the domain test interprets this as
an all covered domain
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(a) Drawn curve and correct curve plotted

(b) Domain test

(c) Local Closeness test

(d) Domain test

Figure 4.15: It is possible to draw only the critical points, which actually leads to a very good
result on all methods and should not be happening
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(a) Drawn curve and correct curve plotted

(b) General Closeness test

(c) Local Closeness test

(d) Domain test

Figure 4.16: To see what happens when a student is lazy and tries to scribble a curve, hoping that
it suffices as a good answer, this drawing has been tested.
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(a) Drawn curve and correct curve plotted

(b) General closeness test

(c) Drawn curve and correct curve plotted

(d) Domain test

Figure 4.17: The method does not yet work properly for all non-polynomial functions, like this
rational function f = 1−x
1+x .
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(a) Drawn curve and correct curve plotted

(b) General closeness test

(c) Local closeness test

(d) Domain test

Figure 4.18: The method results for exponential function f = 2x . But since an unnecessary domain
on the negative part was given, the local closeness test evaluates many unnecessary points. But
overall the method works well.
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Conclusion
In section 1.4 a number of goals with some sub-goals were stated and will be repeated here for
clarity. The main goal of this project was to create method to evaluate whether a drawn function
S matches the correct answer C. To achieve this goal, the following sub-goals were created.
1. Define a suitable measure for the correctness of a drawn curve;
2. Create a method that can indicate where the drawn curve is lacking;
3. Create methods to test the drawn curve on certain properties: roots, extremes, domain,
asymptote;
4. Convert the results of the tests into substantial feedback.
This paper presents methods to evaluate the curve on general closeness, local closeness around
characteristic points, domain and monotonicity. All in all, individually the methods perform well
in indicating the errors of the drawn curve on the specific character that the method is designed
for. The method general closeness gives an overview of the performance of the drawn curve and it
can generally point out where the drawn curve did not match the correct answer. The method for
local closeness focuses on characteristic points like intersection with the y-axis, easily calculable
coordinates and extremes. The method for checking the covered domain, checks whether the
required domain is indeed covered and if not which part of the curve is missing. The monotonicity
check can give some sort idea of the shape of the drawing, since it is deducable whether the drawn
curve was ascending or descending. So with this, the first three sub-goals have been achieved.
The sub-goal that has not been achieved is automatically converting the results into substantial
feedback. Although, with some human help and the separate results of the methods, it is possible
to conclude whether the function was drawn correctly or if not what could be the possible reason
causing this error.

5.1

Discussion

The combination of these methods is a solid base for evaluating the curve. However, one should
be cautious in giving feedback based on the evaluation. In practice, students that do not need a
lot of guidance will be satisfied with feedback on specific function properties. But the students
that need the feedback the most, need to be taken by the hand in drawing the function and also
need to have explained the mathematical logic behind it. If this is not done properly, the student
can easily fall into the habit of following a certain recipe on creating the right answer without
understanding why. This can lash back during the real exam made on paper, where the student
is given more freedom and variations of the exercise.
Then there is the problem of on one hand the desire that giving the answer digitally resembles
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giving the answer on paper, but on the other hand not giving away too many clues beforehand.
During the creation of the test data, the input interface was used. First of all, the coordinate
system is given, which already takes away some of the resemblance on drawing on paper. Now,
this is done to simplify the problem, but can be adjusted in further development. Then the choice
of free-form drawing has been made with thought of not giving away clues. But in practice, it
became pretty frustrating that even though the intention of drawing specific points or drawing a
smooth curve was there, it is in no means possible to draw neatly what was intended. On paper
a student would at least use a ruler to draw a linear function. So one could argue, that creating
free-form drawings can oppose the actual evaluation of the curve. In subsection 2.1.1 the need for
this from a teacher’s point of view is also made clear. Maybe it would have been better to let the
interface have functions like: draw point, draw straight line and draw smooth curve. Where draw
a smooth curve, will turn the free-form drawn curve into a smooth curve with using Bézier curves.

5.2

Recommendations

Not all of the sub-goals have been achieved and the method can be improved in many ways. First
of all, the results showed that the domain method needs to be improved by not only letting the
two endpoints of the drawn curve determine the covered domain, but to actually evaluate the
curve for each x-value on the domain. Furthermore, for example the parameter δ used in the
general closeness method could be replaced with a function δ(x) which gives can make the method
more accurate. Further more, the numerical results can be converted into substantial feedback.
This maybe could be done with the use of clustering algorithms to categorize the different type
of mistakes and pair them with suitable feedback. Using this algorithm requires a lot of training
data to be created, so this could be an obstacle.
Of course, there could more additions to the method. Think of expanding it to be able to evaluate
non-polynomial functions and their specific properties. For example, check the asymptotes of the
drawn rational function or check the amplitude and period of a drawn trigonometrical function.
Furthermore, making the method general and let it adjust automatically to each exercise makes
it more powerful. And lastly, doing research on how to deliver the substantial feedback such that
it motivates the students in the best way. This will make sure that students have a positive association with using the method and will use it more. Which will eventually help them a lot for
their mathematics exams.
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