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Abstract
In this paper the notion of autoregressive systems over an integral domain R is introduced,
as a generalization of AR-systems over the rings lR[s] and lR[s,s-l]. Unlike the behavioral
approach, the signal space is considered as a module M over the ring R. In this setup
the problem of system equivalence is studied: when do two different AR-representations
characterize the same behavior? This problem is solved using a ring extension of R, that
explicitly depends on the signal space M. In this way the usual divisibility conditions on the
system-defining matrices can be recovered. The results apply to the class of delay-differential
systems with (in)commensurable delays. In this particular application, the ring extension of
R can be characterized explicitly.
Key Words: Autoregressive (AR)-systems, systems over rings, delay-differential systems,
behavioral approach, system equivalence.
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Introduction

In the behavioral approach to dynamical systems, introduced by J.C. Willems (see e.g. [14],
[15]), a system is described by a triple (T, W, B). Here T is the time-axis, W the space in
which the signals take their values, and B-the behavior-is a subspace of the signal space
W T . B can be seen as the set of all time-trajectories, satisfying the laws governing the system.
Often a dynamical system is described by a set of ordinary differential equations (for
continuous-time systems) or difference equations (for discrete-time systems), together with
some non-dynamic linear relations among the variables. In this situation, the behavior is the
set of all time-trajectories satisfying the system-defining equations. Collecting the variables
in a vector w, and the equations in a polynomial matrix P(s) E ~[s]pxq, the behavior is
described by the set {w I P(ft)w = O} for continuous-time systems, or {w I P(a)w = O}
in the discrete-time case. Here a denotes the shift operator a(x(t)) = x(t - 1). In both
situations we see that the behavior is the kernel of an operator, described by a polynomial
matrix in the differential operator
or the shift operator a. A system described by such a
kernel representation is called an autoregressive (AR)-system.
In this paper we study AR-systems over a more general type of ring. Instead of behaviors
described by matrices over the polynomial rings ~[s] or ~[s, S-1], we assume that the systemdefining equations are described by matrices over an arbitrary integral domain 'R. In this way
we are able to study a much larger class of systems. For example, delay-differential systems
with incommensurable time-delays fit into this framework.
This generalization from the rings ~[s] and ~[s, s-1] to arbitrary integral domains resembles in a way the extension of the theory of state space systems over fields to the ring case (see
e.g. [2], [13]). However, there is an important difference. In the theory of state-space systems
over rings, the system defining equations are studied in a rather formal way, without fixing
explicitly the context in which these equations should be interpreted. For example, the same
quadruple of matrices, representing a discrete-time system over a polynomial ring in statespace form, can be used to describe a delay system with point delays. In this approach formal
manipulations of the system-defining equations are emphasized, and these transformations
are applicable independent of the way the equations are interpreted.
For the problem studied in this paper-system equivalence-the context in which the
defining equations should be interpreted is important. This context is fixed by defining a
module M, describing the class of all time-trajectories under consideration. So M takes the
place of the signal space W T . M is a module over the ring 'R under consideration. Each
ring element corresponds to an operator acting on the elements of the module M. In this
framework a large class of dynamic equations can be described.
In comparison with the behavioral approach, the setup presented in this paper is slightly
different. Instead of explicitly describing a time-axis T, and a space W in which the signals
take their values, we take a module M over the ring 'R as the signal space. In this way it
is possible to endow the signal space with a richer structure. Furthermore, the action of the
operator corresponding to a ring element of'R, can be seen as an action on a time-trajectory
in M as a whole.

it

In this paper we study the problem of system equivalence: when are the behaviors described by two different AR-representations the same? For AR-systems over the polynomial
ring ~[s], representing continuous-time systems described by sets of linear ordinary differential equations, it is known that system equivalence can be translated into division relations
among the polynomial matrices describing the system. In this paper it becomes apparent
that in general the solution to the problem of system equivalence for AR-systems over rings
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explicitly depends on the module M of all time-trajectories under consideration. Using the
module M, the ring R is extended to a ring RM, and system equivalence is characterized by
division properties of the system defining matrices over this extended ring. In this way, the
well known result for AR-systems over lR[s] is generalized to arbitrary integral domains R.
This paper is organized as follows. First we give a formal definition of an AR-system
over a ring R. In this definition the module M of all time-trajectories under consideration
plays an important role. It is explained how this set M can be seen as a module over the
ring R. In Section 3 we describe how the ring R can be extended to a ring RM' explicitly
depending on the module M. Furthermore we show that M can be considered as a module
over the ring extension RM. Using the tools developed in Section 3, it is possible to tackle
the problem of system equivalence. This solution is presented in Section 4, and consists of
two parts: first we consider the square case, then the general case. In Section 5 we present
some applications of the results obtained in this paper. We show how the problem of system
equivalence for delay-differential systems with (in)commensurable point delays can be solved
within our framework, and derive an alternative characterization of the ring RM for this
particular case.
The results of this paper can be seen as a generalization of the case of differential-difference
systems with commensurable delays described in [5]. In fact, [5] contains already some of the
main ideas used here, but in a rather hidden way. Moreover, the proofs are quite different.
Whereas in [5J most results are based on the fact that for differential-difference systems with
commensurable delays the ring R M is a Bezout ring, we here use a more direct approach. In
this way we solve the problem of system equivalence for a larger class of systems. Nevertheless,
the approach in [5] remains interesting in its own right, because the Bezout ring property helps
to solve several other system theoretic problems, for example the question of controllability of
differential-difference systems with commensurable delays in a behavioral setting. Recently
this question was also solved in [HI], using completely different techniques.

2

AR-systems over rings

Let R be an integral domain, Le. R is a commutative ring with identity and without zero
divisors. Let M be a module over R. We think of M as the space of all time-trajectories
under consideration. Each element of R has an action on the time-trajectories in the module
M. To distinguish between an element r E R and its action on the module M, we associate
to every element r E R an operator r:

r:M----tM:

(1)

r(m)=r·m.

The set of all operators that can be obtained in this way is again a ring, which we denote by

R:
R := {r: M

----t

(2)

M IrE R}.

Of course we want that different ring elements correspond to different operators. Throughout the paper we therefore make the following assumption.
Assumption 2.1 If r E R is such that 'Vm EM: r( m)

= 0, then r = O.

Formally, Assumption 2.1 means that the surjective ring homomorphism T between Rand
r, is also injective. So Rand R are assumed to be isomorphic. Note
that Assumption 2.1 puts a condition on the module M. This module should contain enough
elements in order to distinguish between operators corresponding to different elements of R.

R, described by T( r) =

2

Since Rand R are isomorphic, M may also be considered as a module over R. This
means that the pair (R, M) satisfies the following conditions:

(i) M is a commutative group with respect to addition,
(ii) for all r, rI, r2 E R and for all m, mI, m2 E M we have

r(mI + m2)
(rl + r2)(m)
(rIr2)(m)

I(m)

+ r(m2),
rI(m) + r2(m),

(3)
(4)
(5)
(6)

r(mI)

fl(r2(m)),
m,

where 1 denotes the identity element of R.
Next we extend our framework to the multivariable case. Let P be a p X q matrix over
the integral domain R. Let M be a module over R. By replacing each entry Pij of P
by the corresponding operator Pij : M M, the matrix P is turned into an operator
P : Mq - MP, where Mq and MP are spaces of multivariable time-trajectories.
Definition 2.2 Let R be an integral domain, and M a module over R. Let P E Rpxq.
Then the pair (P,Mq) describes the AR-system in Mq, belonging to P. The behavior of this
system is given by

(7)
In Definition 2.2 the matrix P determines the algebraic structure ofthe system: it contains
the equations describing the laws governing the system. The module M determines how the
equations described by P should be interpreted. The behavior of a system (P, Mq) is the
kernel of the operator P in Mq. If the module M has been fixed, or if there is no confusion
on the the interpretation at hand, the behavior B( P, Mq) is also denoted by ker( P).
Example 2.3 Let R = ~[s] and M I = COO(~), the space of all arbitrarily often continuously
differentiable functions from ~ to R To each polynomial r E R corresponds an operator
r :MI M I , obtained after substitution of the differentiation operator
for s. For
P E Rpxq the behavior B(P, Mi) is the solution set of a p-tuple of linear algebraic- and
ordinary differential equations in q variables.
Next consider the same ring, but now in combination with the module M 2 = ~z of all
functions from Z to R After substitution of the unit shift operator a defined by

1t

(ax)(t) = x(t - 1),

MD,

a polynomial r E R is turned into a difference operator r. The behavior B(P,
determined
by a matrix P E RPx q, represents a discrete-time system with q variables, governed by a set
of P difference equations.
If P and Q are matrices over the ring R with q columns, and a module Mover R has
been fixed, the behaviors B(P, Mq) and B( Q, Mq) are uniquely determined. Although the
matrices P and Q may be different, it is still possible that their behaviors are the same.

Definition 2.4 Let P E RPl x q , and Q E RP2 X q. Let M be a module over R. Then the
AR-systems (P, M q) and (Q, M q) are called equivalent if

(8)
3

Example 2.5 Consider the polynomial ring n = lR[s, z], and let M = COO(IR). A polynomial
p(s,z) E lR[s,z] is turned into an operator on M = COO(IR) by substituting the differential
operator 1t for s, and the unit shift operator (7 ((7 : M -----+ M : ((7x)(t) = x(t - 1)) for z.
Since the operators %t and (7 commute, and Assumption 2.1 is satisfied, the polynomial ring
n and the ring of operators n are isomorphic. It is obvious that M is a module over n.
Now we consider two matrices over lR[s, z]:

0)

_(Z-l (z-1)s+z2 1)
s2 + SZ
Q SZ
ZS2 + (z2 + z)s s .
z
l'
The behavior B( Q, M 3) is characterized by all triples (Xl, X2, X3) E M 3, satisfying the two
P

= (s

o

differential-difference equations:

XI(t - 1) - XI(t) + X2(t - 1) - X2(t) + X2(t - 2) + X3(t)
XI(t - 1) + X2(t - 1) + X2(t - 2) + X2(t - 1) + X3(t)

0,

(9)

O.

(10)

Differentiation of (9), and subtracting this equation from (10) yields

XI(t)

+ X2(t) + X2(t -

1)

= O.

Therefore every trajectory (Xl, X2, X3) E B( Q, M 3) also satisfies the first differential-difference
equation describing the behavior B( P, M 3 ).
Since (Xl, X2, X3) E M3, equation (10) can be integrated; in this way we obtain
(11)
with K a constant in R Application of the shift operator on (11), and multiplication by -1
yields

-XI(t - 2) - X2(t - 2) - X2(t - 3) - X2(t - 2) - X3(t - 1) = -K.

(12)

Also equation (9) may be shifted in time:

XI(t - 2) - XI(t - 1) + X2(t - 2) - X2(t - 1) + X2(t - 3) + X3(t - 1)

= O.

(13)

Addition of (11), (12), and (13) yields

X2(t - 1) + X3(t)

= O.

Therefore (Xl, X2, X3) E B( Q, M 3) also satisfies the second equation describing the behavior
B(P, M 3 )). We conclude that

Using similar techniques, one may also prove that the inclusion in the opposite direction
holds. So P and Q describe the same behavior; the AR-systems (P,M 3 ) and (Q,M 3 ) are
equivalent.
In this paper we study the problem of system equivalence: given a module M over the ring
describing the same behavior. Instead of using
ad hoc methods like in Example 2.5, this question is solved using division properties of the
system defining matrices P and Q over a ring extension of n, determined by the module M.
So the interpretation of the system defining equations plays a role in the problem of system
equivalence. This is already suggested in Example 2.5. There the behaviors B(P, M 3 ) and
B( Q, M 3 ) are the same, although there does not exist a matrix U over 1R[s, z] such that
Q = UP. In Chapter 5 we will see that P and Q do exhibit division properties in a ring
extension of lR[s, z], depending on the module M.

n, we want to characterize all matrices over n

4

3

An important ring extension

Given a module M over the integral domain n, the ring n is not a complete description of
all linear operators from M to M. In the problem of system equivalence it turns out that the
ring n is sometimes too small. To overcome this difficulty we introduce a ring extension of
n, explicitly depending on the module M. Each element of this ring extension corresponds
to a linear operator from M to M.

Definition 3.1 Let n be an integral domain, and let M be a module over n. Let r E Q(n),
where Q(n) denotes the quotient field of n. Then a pair P, q E n is called an admissible
fractional representation of r if

(i) r --

E
g'

(ii) q: M

-----+

M is surjective,

(iii) ker(q) C ker(p).
The set nM is defined as the ring extension of n, consisting of all elements in Q(n), for
which there exists an admissible fractional representation.
Note that not every element in Q(n) has an admissible fractional representation, Le.

nM ~ Q(n).
Lemma 3.2 nM is a subring of Q(n). nM is an integral domain and n

c nM.

Proof: Let rl, rz E nM, with admissible fractional representations E1.
and ~,
respectively.
gl
g2
To show that nM is a subring of Q(n) we have to verify that both rl - rz and rl . rz are
elements of nM.
Clearly we have rl - rz = Plg2-P2g1.
Moreover, qIqZ is surjective since both qi and qz
glg2
are surjective. Let x E ker(qIqZ), Le. qIqZ(X) = O. Then qz(x) E ker(ql) C ker(PI), hence
PIqZ( x) = PI (qz(x)) = O. Analogously, since qi and qz, and therefore also qi and tfi commute,
we have ql(X) E ker(qz) C ker(pz), and therefore PZql(X) = O. So x E ker(PIqz - Pzql), and
thus PIqZ - pzql, qIqZ is an admissible fractional representation of rl - rz, Le. rl - rz E nM.
Next, consider rl·rZ = PIP2.
Again, it is obvious that qIqZ is surjective. Let x E ker(qIqz).
ql g2
Then qz(x) E ker(qd C ker(PI), so PIqZ(X) = O. Since PI and qz commute, it follows that
PI(X) E ker(qz) C ker(pz). We conclude that x E ker(pZPI) = ker(PIPZ), and thus ~~~~ is an
admissible fractional representation of rl rz. Hence rl rz E nM'
Since every element pEn has an admissible fractional representation !' it is obvious
that n c nM. Moreover, since n is an integral domain, we have 1 E nM, and nM is also
an integral domain.
_
Definition 3.3 Let r E nM, with admissible fractional representation ~. Then the operator
r : M -----+ M is defined in the following way. Let m EM. Choose w E M such that
q(w) = m. Then r(m):= pew).
It is not immediately clear that the action of r (with r E nM) on elements of M is well
defined. If ~ is an admissible fractional representation of r, we know that q is surjective. So
there exists awE M such that q( w) = m, but w is not necessarily unique. Therefore we have
to show that the value of r( m) is independent of the solution w of the equation q( w) = m.
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Moreover, since r E 'RM may not have a unique admissible fractional representation, we also
have to prove that the operator r is independent of the chosen fractional representation ~.
Let m E M. Let WI, W2 EM be such that q( WI) = q(W2) = m. Since q is a linear operator,
we have q( WI - W2) = O. Therefore WI - W2 E ker(q) C ker(p). Hence p( WI - W2) = 0, and
thus p( WI) = p(W2). This implies that r( m) is independent of the solution W of q(w) = m.
Next, let PI
and P2
be two admissible fractional representations of r E 'RM. Then
ql
q2
PIq2 = P2qI· Let m E M, and let WI, W2 E M be such that qI( wd = q2(W2) = m. To
show that r is independent of a particular fractional representation, we have to verify that
PI( WI) = P2(W2). Since qI is surjective, there exists ayE M such that qI(Y) = W2. Because
qI and q2 commute, we have

qI(Q2(Y) - wI) = Q2(qI(Y)) - qI(WI) = q2(W2) - qI(WI) = m - m = O.
Hence q2(Y) - WI E ker(qI) C ker(PI), and therefore also PI(Q2(Y) - wI) = O. Recalling that
PI Q2 = P2QI, we find

Let 'RM denote the set of all operators from M to M that are obtained by applying
Definition 3.3 to the elements of'RM. Then Assumption 2.1 guarantees that different ring
elements in 'RM correspond to different operators in 'RM:
Lemma 3.4 Let r E 'RM, and assume that

"1m EM: r(m) = O.

Then r = O.
Proof: Let r E 'RM, and let 'qE. be an admissible fractional representation of r. Assume that
r(m) = 0 for all mE M. Let x E M. Choose m := q(x). Then p(x) = r(m) = O. So, for all
x EM: p( x) = 0, and Assumption 2.1 implies that P = 0, hence r = O.
•

In the next theorem it is shown that the module structure of Mover 'R carries over to
the ring extension 'Rj'v!. This observation plays a crucial role in our solution to the problem
of system equivalence.
Theorem 3.5 Let'R be an integral domain and M be a module over'R. Then M is also a

module over 'RM.
Proof: Since M is a module over 'R, Mis-by definition-a commutative group with respect
to addition. So we only have to prove that for all r, rI, r2 E 'RM, and for all m, mI, m2 E M,
formulae (3) - (6) hold.
Let r E 'RM with admissible fractional representation r = ~. Let mI, m2 EM. Choose
WI, W2 E M such that q( wI) = mI and q(W2) = m2. Then r( mI) + r( m2) = p( WI) + p(W2).
On the other hand, q( WI + W2) = q( WI) + q(W2) = mI + m2, and thus

r(mI

+ m2) = P(WI + W2) = p(wI) + p(W2) =

r(mI) + r(m2).

To prove (4), let rI, r2 E 'RM, with admissible fractional representations rl = ~, and
r2 = P2,
respectively. Let m EM. Choose WI, W2 E M such that qI (WI) = m and Q2 (W2) =
q2
m. Then

6

Using the same arguments as in the proof of Lemma 3.2, one verifies that P1q2~P2q1
is an
q1 2
admissible fractional representation of TI + TZ' Since qz is surjective, there exists a v E M
such that qz(v) = WI. Now ql and qz commute, and thus qZ(WZ-ql(V)) = qz(WZ)-ql(qZ(V)) =
m - m = 0, i.e. (wz - ql(V)) E ker(qz) C ker(pz). So pz(wz - qt(v)) = 0, and therefore
PZql (v) = pz( wz). This formula is used in the computation of (TI + TZ)( m). First note that
qIqZ(V) = ql(WI) = m. Then it follows that

+ pzql)(V) = PI(qZ(V)) + PZql(V) =
PI(WI) + pz(wz) = TI(m) + Tz(m).
(PIqZ

(14)

Next we prove (5). Let again E!.
and El.
be admissible fractional representations of TI, TZ E
q1
q2
RM, respectively. Let mE M, and choose Wz EM such that qz(wz) = m. Then Tz(m) =
pz(wz). Choose WI EM such that ql(WI) = pz(wz). Then by definition

TI(Tz(m)) = PI(wd.
According the proof of Lemma 3.2, TI TZ = P1P2
is an admissible fractional representation of
q1q2
TI TZ· Since ql is surjective, there exists an x E M such that ql (x) = Wz. Recalling that ql and
qz commute, we find qIqZ(X) = qZ(ql(X)) = qz(wz) = m. Hence TITz(m) = PIPZ(X), In order
to compute PIPZ(X), note that ql(PZ(X) - wd = PZ(ql(X)) - ql(WI) = pz(wz) - pz(wz) = 0,
where we used the definitions of x, WI, Wz, and the fact that ql and pz commute. We conclude
that (pz(x) - WI) E ker(ql) C ker(PI), so PIPZ(X) - PI(wd = PI(PZ(X) - WI) = 0, and thus

(15)

TITz(m) = PIPZ(X) = PI(WI) = TI(Tz(m)).

•

Since the correctness of (6) is trivial, this completes the proof.

Theorem 3.5 implies that the rings RM and RM are isomorphic. From (14) and (15) it
follows that the mapping T : RM ----+ RM : T( T) = r is a surjective ring homomorphism.
According to Lemma 3.4, T is also injective. Therefore, M can also be considered as a
module over RM.
Let P E Rpx q, and consider the system (P,Mq) over R. Since R C RM and M is also
a module over RM, (P, Mq) can also be considered as a system over the ring RM. This
change in point of view does not change the behavior of the system, because both the set of
laws governing the system, and the space of all time-trajectories under consideration remain
the same. In fact, the class of AR-systems over R is embedded in the class of AR-systems
over RM. In this way, our freedom to manipulate the system defining equations determined
by the matrix P, without actually changing the behavior, is enlarged, provided that the ring
RM is indeed larger than R. This is often the case, for example for differential-difference
systems with commensurable delays.
Example 3.6 Let R = lR[s, z] and M = COO(lR), and consider (as in Example 2.5) p E R as
for s and the
a delay-differential operator from M to M, obtained after substitution of
unit delay operator a for z. Let T = I;z E lR(s, z), and define P := 1 - z and q := s. On
COO(lR) the operator q (pure differentiation) is clearly surjective. Moreover

it

ker(q)

= {constant functions} C {periodic functions in Coo (lR) with period 1} = ker(p) ,

so ~ is an admissible fractional representation of T, hence TERM. It is obvious that T ¢ R,
and therefore the ring RM is strictly larger than R. The operator
to T, acts on elements f E COO(lR), and is given by

(r(J))(t)

= 1~1 f(r)dr.
7

r

E RM, corresponding

Given an integral domain R and a module Mover R, the ring R can be extended to
the integral domain RM' and M is a module over RM. At this point we are in the same
situation as before, so one might repeat the same extension procedure in order to obtain a
ring extension of RM. The next result indicates that such a repetition is useless since the
ring extension of RM does not contain any new elements.
Proposition 3.7 Let R be an integral domain, and let M be a module over R. Let RM be
the ring extension of R as described in Definition 3.1. Let S M denote the ring obtained after
applying the same ring extension procedure to RM, i.e. SM = (RM)M' Then

(16)
Proof: The inclusion RM C SM is trivial, so we only have to show that all elements of
SM are contained in RM. First note that SM C Q(R): since all elements of R M belong to
the quotient field Q(R), a fraction of elements of RM also belongs to Q(R). Let u E SM
with admissible fractional representation u = !:.l.
with respect to RM' Le. rl and r2 satisfy
TZ
conditions (i), (ii), and (iii) of Definition 3.1, with R replaced by RM. Both rl and r2 have an
admissible fractional representation over R, say rl = E1.
and r2 = El.,
respectively. Regarding
ql
qZ
U as an element of Q(R) we have
E1.

PIq2
u -rl- -ql- - - r2 - pz - P2 ql
qz

We have to show that ((PlqZ)) is an admissible fractional representation of u over R.
PZql
By assumption, the operator r2 is surjective. For the admissible fractional representation
r2 = pz, this implies that P2 is surjective. Since E1. is an admissible fractional representation
~
n
of rl, also ql is surjective, and therefore P2qI is surjective.
Let wE ker(P2ql), and define y:= q2(ql(W)). Using Definition 3.3 it follows that r2(Y) =
P2(ql(W)) = O. Since ker(r2) C ker(rl)' we have rl(Y) = O. On the other hand, rl(Y) may be
computed directly, using Definition 3.3. Recalling QI(Q2(W)) = Q2(QI(W)) = Y, we find

o = rl (y) = PI (Q2 (W)) = PI Q2 (W).
Hence w E ker(PIQ2), and we conclude that u =

PlqZ
PZql

E RM.

•

Proposition 3.7 indicates that the transition from the integral domain R to R M is not
always a ring extension. For the problem of system equivalence it is interesting to know, under
which conditions R = RM. In this paper, this question cannot be answered completely; we
only mention the following partial result.
Proposition 3.8 Let R be an integral domain and let M be a module over R. Assume that
the following two conditions are satisfied:

(i) R is a Bezout domain.
(ii) If pER is such that ker(p) = {O}, then P is a unit in R.
Then R = RM.
Proof: Since the other inclusion is trivial, we only have to show that RM C R. Let r E RM'
with admissible fractional representation r = E.
Because R is a Bezout domain, the ideal
q
(p, Q) generated by P and Q is a principal ideal. So there exist ad E R such that (p, Q) = (d),
and a, b E R such that p = ad and Q = bd. Since Ii is surjective, both band d are surjective.
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Next we prove that ker(b) C ker(a). Let w E M be such that b( w) = O. Since d
is surjective, there exists ayE M such that w = dey). Then bd(y) = b(w) = 0, hence
y E ker(q) C ker(p), and thus we have 0 = p(y) = ad(y) = a(w). So wE ker(a), and we
conclude that also %is an admissible fractional representation of r.
By construction, the elements a, b E R are coprime in the Bezout ring R, so there exist
g, hER such that

a·g+b·h=1.
This implies that ker(b)
thus

x

= {O}, because if x E M

is such that b(x)

= 0, also a(x) = 0, and

= lex) = ag + bh(x) = y(a(x)) + h(b(x)) = o.

Using Assumption (ii), we conclude that b is a unit in R, i.e. b- I exists and is an element of
R. Therefore r = %= a . b- I E R.
•
Example 3.9 Consider the situation described in Example 2.3, with R = lR[s], i.e. R is a
principal ideal domain, and M I = COO(IR), and M 2 = IRz.
In the continuous-time interpretation, an operator p corresponding to a polynomial pER
has kernel {O} if and only if P is a nonzero constant. Since every linear ordinary differential
equation has a nontrivial solution, only elements of IR\{O} correspond to injective operators
from M I to MI. Since IR\{O} is exactly the set of units of R, condition (ii) of Proposition
3.8 is satisfied, and RMI = R.
In the discrete-time interpretation the polynomial PI (s) = s corresponds to the unit shift
operator from M 2 to M 2 • Although this operator is injective, the polynomial PI is not a
unit in R, and condition (ii) of Proposition 3.8 is violated. All rational functions of the form
s\ .pes), with pER and k E Nu {O} belong to RM2' Moreover, all elements of RM2 can be
written in this form. Hence RM2 = IR[S,s-I].

4

System equivalence

For the study of the relationship between system equivalence and division properties (over the
ring RM) of the matrices characterizing an AR-system, we need an additional assumption.
Assumption 4.1 Vq E R\{O} : q: M

---+

M is surjective.

Assumption 4.1 implies that condition (ii) in Definition 3.1 for admissible fractional representations is always satisfied. For continuous-time systems the assumption is often satisfied,
e.g. for differential-difference operators with (in)commensurable time-delays (see Section 5).
However, unlike Assumption 2.1, Assumption 4.1 is restrictive. For several discrete-time systems the condition is not satisfied. Some of these situations may be treated using different
techniques, not included in this paper.
Remark 4.2 Most results in this section can be adapted to the situation in which Assumption 4.1 does not hold. However, using this assumption (valid in a lot of interesting
applications) the theory becomes more elegant.
The results on system equivalence are divided into two groups. First we consider square
matrices; subsequently these results are used in the solution of the general case.
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Proposition 4.3 Let P E RPxp and Q E Rqxp, and assume that det(P)

B(P,MP)

c

Then

B(Q,MP)

3U E RM qxP : Q
In particular, if B(P,MP)
Q= U·P.

i- O.

c

= U . P.

B(Q,MP), then U:= Q. p- I is a matrix over R~P, satisfying

#

Proof: "{=" Let U E RM qxP be such that Q = UP, and let wE B(P,MP), Le. pew)
Then Q(w) = UP(w) = U(P(w)) = U(O) = o. So w E B(Q,MP).
"===?" Assume that B(P,MP) C B(Q,MP), and define

I
U := Q . p- =

det~p) . Q . adj(P).

= O.

(17)

We prove that U E R~p.
Since det(P) i- 0, det(P) is surjective. For i = 1, ... , q and for j = 1, ... ,p, we denote by
ei and ej the i-th and j-th unit vector, and by (Q. adj(P))ij the (i,j)-th entry of Q. adj(P).
We show that for all these entries the inclusion ker( det( P)) C ker( (Q . adj( P) )ij) holds.
Let WI E ker( det( P)), and define w := WI . ej E MP. Then, according to Cramer's rule

p. adj(P)(w) = det(P)· I(w) = det(P)(wI)' ej = O.
Hence-by assumption-adj(P)(w) E ker(P) C ker(Q), so in particular Q. adj(P)(w)
This implies that

= O.

0= erQ· adj(P)(w) = erQ· adj(P)(ejWI) = (Q. adj(P))ij(WI),
and thus WI E ker((Q· adj(P))ij). Since WI E ker(det(P)) and the entry (i,j) were chosen
arbitrarily, we conclude that U E R~p. Using (17) it is obvious that UP = Q p- I P = Q. •
Lemma 4.4 Let P E RPxp and Q E RqxP. Assume that det(P)
B( P, MP). Then rank( Q) = p, so in particular q ~ p.

i-

0 and B(Q,MP) C

Proof: Assume that rank(Q) < p. Then there exists a 0 i- v E RP such that Qv = O. This
implies that for all w E M, v(w) E MP is an element of ker(Q). Since ker(Q) C ker(P),
it follows that for all w E M, (Pv)(w) = P(v(w)) = O. So, according to Assumption 2.1,
Pv = 0, and because det(P) i- 0, we conclude v = O. This contradicts our assumption, and
therefore p = rank(Q) ~ min(p,q) ~ q.
•
Theorem 4.5 Let P, Q E RPx p, and assume that det(P)

B(P,MP)

i- O.

Then

= B(Q,MP)

~

3U E RM PxP , U invertible over RM' s.t. Q = U . P.

In particular, if B(P,MP) = B(Q,MP), then U:= Q. p- I is a matrix over RM, that is
invertible over RM, and satisfies Q = U . P.
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Proof: "~" This direction is obvious: since both U and U- 1 are matrices over RM, one
may use the same argument as in the proof of Proposition 4.3.
"==:::}" Since B( P, MP) C B( Q, MP), Proposition 4.3 implies that U := Q . p- 1 is a matrix
over RM, satisfying U . P = Q. We show that U is invertible over RM.
Because B(Q,MP) c B(P,MP), Lemma 4.4 indicates that det(Q) ::f O. Define V :=
p. Q-l = det(Q)P, adj(Q). According to Proposition 4.3, V E R~P, and VQ = P. Now
P = VQ = VU P. Since det(P) ::f 0, we have VU = I, and U is invertible over RM with
•
inverse V.
Theorem 4.5 solves the question of system equivalence for AR-systems described by a
square matrix P (with det(P) ::f 0, but this condition is not very restrictive). According
to Proposition 4.3, the behavior ker(P) is contained in the behavior ker(Q), if and only
if P is a right divisor of Q over RM. If additionally Q is a right divisor of P over RM'
the behaviors ker( P) and ker( Q) are the same. Conversely, Theorem 4.5 also characterizes
the transformations on P that do not change its behavior: premultiplication with invertible
matrices over RM is allowed.
Remark 4.6 To test system equivalence it suffices to compute the matrix U = QP-l. Then
ker( P) C ker( Q) if and only if U is a matrix over RM. If additionally U is invertible over
RM, the behaviors ker( P) and ker( Q) are equal.

Next we consider the general (non-square) case.
Proposition 4.7 Let P = (PI I P2), with PI E RPxp and P2 E RPxm, and assume that
det(P1 )::f O. Let Q = (Ql I Q2), with Ql E qxp and Q2 E Rqxm. Then

n

B(p,MP+m) C B(Q,MP+m)
3U E RM qxP : Q = U . P.
In particular, if B(p,MP+m) C B(Q,MP+m), then U:= QIPl-l is a q X P matrix over RM,
satisfying Q = U . P.
In the proof of this result we need the following lemma:
Lemma 4.8 Let P E RPxp with det(P)

::f O.

Then P : MP

----+

MP is surjective.

Proof: Let y E MP. Since det( P) ::f 0, det( P) is surjective, and thus there exists awE MP
such that det(P) ·I(w) = y. Define x:= adj(P)(w). Then, according to Cramer's rule

P(x)

= P(adj(P)(w)) = p. adj(P)(w) = det(P)· I(w) = y.

•

Proof of Proposition 4.7: Since "~" is obvious, we only prove "==:::}".
Assume that B(p,MP+m) C B(Q,MP+m). Then also B(P1 ,MP) C B(Ql,MP), which
can be seen as follows. Let WI E B(Pl, MP), and extend WI to a vector w E MP+m, by
defining the last m entries of w equal to O. Then w E ker(P) C ker(Q), and thus 0 = Q( w) =
Ql(Wl) + Q2(0) = Ql(Wl), i.e. WI E ker(QI).
Next apply Proposition 4.3 to the matrices PI and Ql' Defining U := QIPl-l, we know
that U E R~~? and Ql = UP1 • So it suffices to show that Q2 = UP2.
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Let W2 E Mm. Since det( PI) =I 0, we know, according to Lemma 4.8, that there exists a
WI E MP such that PI (WI) = - P2(W2). Then

(PI

I P2) (

:~ ) = PI (WI) + P2(W2) = 0,

and thus also (Ql I Q2) (

(Q2 - UP2)(W2)

:~

) = O. Therefore

= Q2(W2) -

UP2(W2)

= Q2(W2) + UP1(Wl) = Q2(W2) + Ql(Wl) = o.

Since W2 E Mm was arbitrary, Lemma 3.4 implies that Q2 - UP2 = O.

•

At this point we may generalize Theorem 4.5 to the non-square case. Two matrices P and
Q of full row rank characterize the same behavior if and only if P and Q are right divisors of
each other over the ring RM.

Theorem 4.9 Let P E RPxm, with rank(P)
B(P,M m ) = B(Q,M m )

= p!

and Q E Rqxm, with rank(Q)

= q.

Then

p = q and 3U E R~?, U invertible over RM, such that Q = U . P.
In particular! if B(P, Mm) = B(Q, Mm), and if PI is a pxp block of P satisfying det(P1 ) =I 0,
and Ql is the corresponding p X P block of Q, then U := Q1Pl-l is an element of R~P! that
is invertible over RM, and satisfies Q = U . P.
Proof: "~" is trivial, so we only prove "~".
Since B(p,Mm) c B(Q,Mm), and m 2: p = rank(P), we may apply Proposition 4.7:
there exists a U E Rlt? such that Q = UP.
However, also the inclusion in the opposite direction holds: B( Q, Mm) c B( P, Mm).
Furthermore, m 2: q = rank(Q), and again using Proposition 4.7, we find a matrix V E R~q
such that P = VQ.
Combining both equalities, we conclude that P = VU P, and Q = UVQ. Since both P
and Q have full row rank, both matrices are right-invertible over Q(R), and thus VU = I p ,
and similarly UV = I q. This implies that p = q, hence U E R~P with inverse V satisfies the
cl~m.
•
Remark 4.10 If P E RPx(p+m) with rank(P) = p and Q E Rqxm with rank(Q) = q,
it is easily verified whether ker(P) = ker(Q). Let PI be a p X P block of P such that
det(P1 ) =I 0, and collect the remaining columns of P in the matrix P2 • Partition the matrix
Q correspondingly into matrices Ql E Rqxp and Q2 E Rqx(m-p). Then ker(P) C ker(Q) if
and only if U := Q1Pl-l is a q X P matrix over RM such that U . P2 = Q2. If additionally
p = q and U is invertible over RM, then the behaviors ker(P) and ker(Q) are equivalent.
In all results on system equivalence given in this section, the matrices P and Q describing
an AR-system are assumed to be matrices over the ring R. The transformation matrix U
however, is a matrix oyer RM. Note that in this way also the case of AR-systems over
RM (i.e. with matrices P and Q over RM) is included. According to Proposition 3.7, the
ring RM is not extended after application of Definition 3.1: (RM)M = R M . Therefore,
the results of this section remain valid if R is replaced by RM. This means that system
equivalence for AR-systems over the ring RM has been characterized by division properties
of the system-defining matrices over the same ring RM. In particular, if a matrix P over
RM is premultiplied by an invertible matrix over RM, the behavior does not change.
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5

An application: differential-difference systems

Consider a differential-difference system with k incommensurable time-delays Tl," ., Tk. Incommensurable means that the numbers Tl, ... , Tk E ~+ are linearly independent over Q. In
this section we show that this class of systems fits into the framework proposed in this paper,
and derive a formula for the ring nM in this particular case.
Define n := ~[s, ZI,' .. , Zk], and let M = £(~) be the space of all infinitely differentiable
complex functions on ~, under the topology of compact convergence in all derivatives. This
means that a sequence of functions (fn)nEN in £(~) converges to I E £(~) if In converges
uniformly to I on every compact set n c ~, and the same holds true for all derivatives of
In and I, respectively. Equipped with this topology, the module COO(~) is turned into the
Frechet space £(~) (see e.g. [11, p. 107]).
For i = 1, ... , k we define CTi as the delay operator on M corresponding to time-delay Ti:

-it

Note that the differentiation operator
and the delay operators CT1, • .. , CTk mutually compEn
corresponds
to an operator Ii : M -----+ M, obtained after
mute. Each polynomial
substitution in p of -it for sand CTi for Zi (i = 1, ... ,k). Let n = {Ii: M -----+ M I PEn}.
Since the time-delays Tl, ... , Tk are incommensurable, different ring elements pEn correspond to different operators Ii E n, Le. Assumption 2.1 is satisfied. So nand n are
isomorphic rings, and M is a module over n. By choosing a suitable P E nnxm, a set of n
differential-difference equations in m variables can be described as an AR-system (P, Mm)
over the ring n with behavior B(P, Mm).
Next we have to verify whether Assumption 4.1 is satisfied: for all q E n\ {O}, q : M -----+
M is surjective. In the particular application at hand, this nontrivial question was studied
by Ehrenpreis in [4]. The results in [4, Section 3] guarantee that indeed Assumption 4.1 is
satisfied. An alternative idea to prove the surjectivity of non-zero elements in n is given in
[5]. So the class of differential-difference systems fits into the framework of AR-systems over
rings, and the solution to the problem of system equivalence using the ring extension nM
applies. However, for this particular application, there exists an alternative characterization
of the ring nM, that is of great practical interest.
Let pEn. After substitution of the exponential functions e- TiS for the indeterminates Zi
(i = 1, ... , k), the polynomial p is turned into an exponential (or quasi) polynomial p:
- ( ) =ps,e
( - T I S , ... ,e -TkS) .
ps

Let ft := {p I pEn} denote the ring of all exponential polynomials that can be obtained in
this way. Then it is easily verified that the rings n, n, and ft are isomorphic.
For a polynomial pEn, the relationship between the differential-difference operator
Ii : £(~) -----+ £(~) and the exponential polynomial p may be illustrated using Bohl functions.
For A E <C and j E N, let e>",j denote the Bohl function e>..,j(t) = t j - 1e>..t. Obviously e>",j E
£(~). Since :t(e>..,I) = Ae>..,I, and CTi(e>..,I) = e->" Ti e>..,1 for all i = 1, ... , k, we obtain for every
polynomial pEn:
(18)
So, using the exponential polynomial p, the image of an exponential function under the
operator Ii is easily computed. Next we extend formula (18) to Bohl functions e>",j with
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>

1. Let j E N, and consider for a moment e>',j as a function of two variables, t and A.
Then

j

(19)

(A

where we used formula (18) and the fact that in this particular situation the operators
)j-l
and p commute. Using formulae (18) and (19) one can easily verify whether a function e>',j
belongs to the kernel of an operator p E n. This result is stated in the next proposition, and
can be considered as a generalization of a similar result in [1, p. 55] and [6, p. 18].
Proposition 5.1 Let PEn, and let for A E <C and j E N, e).,j denote the Bohl function
e).,j(t) = tj-1e>.t. Then

e>',j E ker(p),

A is a zero of p of multiplicity at least j.

•

The relationship between the differential-difference operator p and the exponential polynomial p is now used to obtain an alternative characterization of the ring n M . For this
purpose we introduce the ring
Q(n)anal;=

{~q

E Q(n) I p,q E nand

e
is analytic in q.
q

(20)

Theorem 5.2 For differential-difference systems with incommensurable time-delays, modeled as AR-systems over the ring n = lR[s, Zl,' .• , Zk], with the module M = £(IR) as signal
space, we have

(21 )

In the proof of formula (21) we need the following result of De Rijcke on the structure
of closed translation invariant subspaces in the Fnkhet space £(IR). The proof of this result
can be found in [9, Theorem3.33], and is based on earlier works of Schwartz and Kahane (see
[12], [7], [8]).
Proposition 5.3 A closed linear subspace V of £(IR) is translation invariant if and only if
there exists a countable set ~ C <C and a mapping N ; ~ ---+ N such that
V = span{ e>',j

I A E ~,j =

1, ... , N(A)}.

•

For every PEn, it is obvious that if j E ker(p) and r E 1R, then the translation g of
j, defined by g(t) := j(t - r) (t E 1R), is also an element of ker(p). Furthermore, since the
operator p : £(IR) ---+ £(IR) is continuous, its kernel is closed. Therefore ker(p) is a closed
translation invariant subspace of £(IR), and thus Proposition 5.3 describes the structure of
ker(p). This observation is used to prove that nM = Q(n)anal'
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Proof of Theorem 5.2: "RM C Q(R)anal" Let r E RM with admissible fractional representation E. Then we know that ker(q) C ker(p), and we have to show that g is analytic on

C

q

q

Since if =1= 0 is analytic on <C, it has only finitely many zeros in every compact subset of
C In particular, ij has at most count ably many zeros, no accumulation point of zeros, and
every zero has finite multiplicity. Therefore it suffices to show that every zero of if is also a
zero of p (including multiplicities).
Let A be a zero of if of multiplicity j. Then Proposition 5.1 implies that q( e>-,j) = O. Since
ker(q) C ker(p), we also have p( e>-,j) = O. Applying again Proposition 5.1, we conclude that
A is a zero of p of multiplicity at least j. In this way all zeros of if may be treated successively,
and thus ~ is analytic on C Hence ~ E Q(R)anal'

"RM ::) Q(R)anal" Let Eq E Q(R)anab Le. Eq E Q(R) and g
q is analytic on C We show
that ~ is an admissible fractional representation. Since q is surjective, we only have to verify
that ker(q) C ker(p).
First recall that ker(q) is a closed translation invariant subspace of [(lR). According
to Proposition 5.3, this implies that there exists a countable set ~ C ce and a mapping
N : ~ ---+ N, such that
ker(q)

= span{ e>-,j I A E ~,j = 1, ... , N(A)}.

Using Proposition 5.1, it is obvious that every A E ~ is a zero of if of multiplicity at least
N(A). Since ~ is analytic on <C, it follows that every A E ~ is a zero of p of multiplicity at
least N(A). Again applying Proposition 5.1, we find that
span{e>-,j

I A E ~,j =

1, ... ,N(A)} C ker(p).

Since ker(p) is a closed linear subspace of [(lR) , we conclude that
ker(q)

= span{e.\,j

I

AE

~,j

= 1, ... ,N(A)} C ker(p).

•

The importance of Theorem 5.2 is obvious. To verify whether a rational function r =
Q(R) belongs to RM, it suffices to check whether the related meromorphic function

E E
'{

~ is analytic on

C

So, instead of testing the condition ker(q) C ker(p), which requires
the solution of a differential-difference equation, one may verify whether all zeros of the
exponential polynomial ij are also zeros of p (including multiplicities).
The problem of system equivalence for differential-difference systems with commensurable
delays (i.e. the case k = 1, only one delay operator (j with time-delay r), has recently been
solved in [5] in a somewhat different way. Let us check whether in this situation our results
are consistent with [5].
For systems with commensurable delays, R = lR[s, z] and M = [(lR). Also the rings R,
R, and Q(R)anal are easily adapted to this situation. In [5] the ring
1t := {-pE Q(R)
zn. q

I

PER, q E lR[s] , n E Nu {O},
such that

p _: ce ---+ ce is analytic}

e-nrsq

(22)

was introduced, and it was shown that 1t is a Bezout ring, Le. every finitely generated ideal
of 1t is principal. Using this property, system equivalence for differential-difference systems
with commensurable delays was characterized by division properties over the ring 1t. So
Theorem 4.9 holds with RM replaced by 1t. This indicates that in this situation the rings 1t
and RM should be identical. The next proposition confirms this conjecture.
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Proposition 5.4 For delay-differential systems with commensurable delays we have
R-M = Q(R.)anai =

7i~.

Since 7?-M = Q(R~)anai (Theorem 5.2), and according to definition (22), ~-( C
Q(R~anai, we only have to show that Q(R)~j C 7~.
Let E Q(R~)anai and assume without loss of generality that p, q e 7?. are coprime. This
implies that in (02 the polynomials p and q have a finite number of common zeros. If p or q
is univariate, this is trivial; otherwise coprimeness of p and q guarantees that their resultant
is a nonzero univariate polynomial (see e.g. [3, p. 153, 159]), and one may proceed as in
the univariate case. Since
is analytic on C, all zeros of ~ are also zeros of ~ (including
multiplicities), and we conclude that ~ has finitely many zeros. (If ~ and ~ have infinitely
many common zeros in C, p and q have an infinite number of common zeros in (02, and p and
q are not coprime). Using [5, Proposition 2.6], we conclude that q is of the form q = z7~ q*,
with n q Nu {O} and q* e R[s]\{O}, and thus E 7i~.
Proof:

Example 5.5 The behaviors in
T E R~, described by

(

~

z
—
—

(~

z—1
sz

/

~—‘

of the differential-difference systems with time-delay

U

1)~and
(z—1)s+z2
zs2
+ (z2 + z)s

are equivalent because

u=1

L~(R)3

Q

=

s1

)

UP, with

1
S

First we show that U is a matrix over

??.M.

Let u11

=

with p

=

z

—

1 and q

=

s.

Then
= e~—1 is analytic in C because 0 is a zero of ~ = e~T5 — 1. This implies that
~Uii E Q(??.)anai = l?.M, which was also shown in a different way in Example 3.6. Furthermore
det(U) = —1, SO U is invertible over l?.M, and system equivalence follows with Theorem 4.9.
Note that in this example (which is in fact the same as Example 2.5) there does not exist a
matrix over 7?., that transforms P into Q, i.e. P is not a right divisor of Q over 7?..

6

Conclusions

In this paper we solved the problem of system equivalence for AR-systems over an arbitrary
integral domain 7?.. For this type of systems, the signal space is assumed to be a module M
over 7?.. After introduction of a ring extension ??-M of 7?., explicitly depending on the mod
ule M, system equivalence was characterized by division properties on the system-defining
matrices over the ring 7?’M•
The theory is applicable to differential-difference systems; in this case the ring 7?.M takes
a special form and is described by the pole-zero cancellation properties of two exponential
polynomials that are obtained by the formal Laplace transformation of the corresponding
delay-differential operators. This alternative characterization facilitates the verification of
system equivalence considerably. Further research is necessary to characterize the ring ??.M
in other applications.
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