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ABSTRACT: In this paper, a model predictive control (MPC)
strategy for nonlinear homogeneous reaction systems is proposed.
The nonlinear system is ﬁrst transformed to a linear parameter
varying (LPV) system by means of a linear transformation known
as extents decomposition. The resulting LPV system is further
converted to a linear time invariant (LTI) system by means of a
parametric state feedback and feedforward control laws. The use of
this description results in linear MPC with a quadratic performance index and nonlinear state parameter constraints. However,
based on the polytopic nature of the parameter of the LPV
systems, the constraints are transformed to a set of intersected
polyhedrons. The ﬁnal result is a linear MPC problem with linear
constraints that can be easily converted and solved as a quadratic
programming problem. Finally, the performance of the control strategy is illustrated in simulation and compared with a controller
based on a constant-parameter LTI model.

1. INTRODUCTION
The main characteristics of the process industry is the large-scale
conversion of mass and energy for the production of materials
with speciﬁc value and use. In particular, reaction systems are
fundamental for such objectives, because it is generally at the
reaction step where products can be crafted to meet the desired
quality characteristics. Therefore, monitoring and controlling
reaction system is key for a safe, sustainable, and satisfactory
operation (Backx et al.1). Such systems are nonlinear and,
therefore, require nonlinear model-based monitoring and
control strategies. In the control of reaction systems, we can
ﬁnd several approaches, such as nonlinear proportional−
integral−derivative (PID), model predictive control (MPC),
sliding-mode control, and power-shaping control, to name a few.
Speciﬁcally, in the area of nonlinear MPC, we can ﬁnd
approaches using neural networks,2 MPC using multiple
models,3 linear parameter varying (LPV) models,4 nonlinear
PID with MPC,5 speciﬁc nonlinear optimization algorithms for
reaction systems,6,7 and robust MPC strategies.8,9 Although all
these control strategies have shown good performance, their
generalization and implementation are deﬁnitely a major
drawback, especially if the system is subject to constraints.
Lately, the use of LPV systems has become a very popular
modeling technique, because of its ability to give the system a
linear representation that captures the behavior of the original
nonlinear system. In other words, LPV systems describe a family
of linear systems parametrized by a vector of scheduling
signals.10 The capability of LPV systems to approximate
© 2020 American Chemical Society

nonlinear behaviors is really appealing, since linear control
techniques can be implemented on the basis of a more rigorous
design.
Designing control strategies for systems given by LPV
representations is not an easy task, especially if the system is
subject to constraints. Some of the MPC approaches proposed
for LPV systems have been described in the work done by Lu
and Arkun11 and Casavola et al.12 We can also ﬁnd multiparametric approaches described as explicit MPC for LPV
systems,13 tube-based model predictive control (TMPC),14,15
MPC for quasi-LPV systems (QMPC)16,17 and model learning
MPC.18 Although MPC methods for LPV systems proposed in
the literature are well-deﬁned mathematically, the real-time
implementations are diﬃcult, because of their complexity and
high computational load. Therefore, there is a need for modelbased strategies that are computationally eﬃcient and easy to
commission and maintain.
It is well-known that reaction systems are driven by transport
and thermodynamic phenomena. Mass and energy conservation
laws are used to build models that allow for a precise description
of the process dynamics at the expense of increasing model
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complexity, making them impractical for online model-based
operation. Despite the aforementioned complexity, these
reaction system models exhibit a speciﬁc structure of sum of
eﬀects that can be exploited to obtain a suitable representation
for control and estimation. In this sense, the concept of extents
transformations was introduced by Asbjörnsen19 to address
reaction variant and invariant dynamics in batch reaction system.
The former approach was extended by Amrhein et al.20 to
reaction systems with inlets and outlets and multiphase systems
(Bhatt et al.,21Marquez-Ruiz et al.22). The extent transformation
is a subspace decomposition approach by means of a linear map
that decouples relevant variables for control (inputs, outputs,
and disturbances), while maintaining the physical meaning of
the variables. The extent-based representation of the process
presents many advantages, such as model reduction, identiﬁcation of reaction systems from measured data, parametric
sensitivity analysis, model-based control, etc. One of the key
features of the extent transformation is that it allows the
development of an LPV representation with a diagonal state
matrix.23
In this paper, the aforementioned LPV representation is used
to propose a new MPC strategy for nonlinear homogeneous
reaction systems. Given the time-varying nature of the
parameter in the LPV formulation, parametric state-feedback
and feed-forward laws are designed. These parametric control
laws are exploited to convert the original LPV system into a
linear time invariant (LTI) system. In addition, the state
feedback and feed-forward laws require full state information.
Therefore, observers are also developed to estimate unmeasured
states and disturbances. The eﬀect of these control laws allows to
recast the original nonlinear MPC problem as a linear MPC with
a quadratic performance index and nonlinear state-parameter
constraints. The latter are then transformed to a set of
intersected polyhedrons based on the assumption that the
parameter varies within a polytope. The procedure simpliﬁes the
original problem, resulting in a linear MPC with linear
constraints. The linear MPC is ﬁnally solved as a quadratic
programming problem.
The paper is organized as follows: In section 2, mechanistic
model of a homogeneous reaction systems based on mass and
energy conservation laws is discussed. This is followed by the
introduction of extent of reaction and inlets and the LPV
representation. In section 3, we describe the control strategy for
extent-based LPV systems. In section 4, observability analysis, as
well as state and reaction rate estimation, are performed,
exploiting the LPV structure. In section 6, the proposed control
strategy is applied to a case study of a CSTR with an equilibrium
reaction. Finally, section 6 presents the conclusion of this work.
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Figure 1. Homogeneous reaction system.

where n(t ) ∈ S is the number of moles, T (t ) ∈  the
temperature, and V the reaction mixture volume. r ∈ RI is
the reaction rate vector, uin ∈ p and uout ∈ 1 are the inlet and
outlet mass ﬂows, respectively; m is the reacting mixture mass,
N ∈ RI × S the stoichiometric coeﬃcient matrix, Win ∈ S × p the
inlet composition matrix (deﬁned as Win = Mw−1win),
M w ∈ S × S the diagonal molecular weight matrix, and
win ∈ S × p the matrix of weight fraction. Finally, the terms
θ(t), α(t), β(t), and γ(t) are deﬁned as
θ (t ) =

T
C p Tin
ΔH ⊖
uout
f N
in
, α (t ) =
, β (t ) =
,
m (t )C p
m (t )C p
m (t )
mix

mix

1
γ (t ) =
m (t )C p

mix

where
ΔHf⊖

C p Tin = [C p ,1Tin,1 , ..., C p , pTin, p] ∈ 1 × p ,
in

in

in

and

1×S

∈  is the vector of standard enthalpy of formation.
If we assume no or small variations in the parameters, the
reaction rate represented in the vector r is the main nonlinearity
in eq 1. The reaction rate r is usually modeled using the massaction principle and the Arrhenius equation. This particular
parametrization of the reaction rate can be exploited for analysis,
as well as for controller and observer design purposes. In the
following, for ease of notation, we drop the explicit dependency
of n, T, and θ on time.
Assumption 1. In this work, the time-varying parameters α, β,
and γ are assumed to be constant. Note that it can be done by
assuming a local controller that keeps the total mass in the process
constant (m(t) = m) or inside a bounded set m ∈ .
2.1. Decoupling Disturbances: Extent of Reaction and
Inlet Flow. The change observed in the number of moles of
each species in a chemical reaction is proportional to their
stoichiometric coeﬃcients νi. This proportionality is exactly the
same for all the species present in the reaction, which allows for
the study of the reaction as a unique global dynamic eﬀect. A way
to quantify this feature is introducing a variable to measure the
evolution of a reaction as a whole, called the extent of reaction xr.
This new variable xr characterizes the extent or degree of
completion achieved by a particular reaction (Smith et al.24). In
the speciﬁc case where the variations in the number of moles is
only due to a chemical reaction, the moles space can be
partitioned in two subspaces: the reaction variant subspace and
the reaction invariant subspace, with the reaction variant
subspace dynamics being solely described by the extent of
reaction. The space partition can be performed ﬁnding a suitable
invertible linear map, such that the initial conditions in the mole

2. LPV REPRESENTATION OF HOMOGENEOUS
REACTION SYSTEMS
Consider a homogeneous reaction system with S species, RI
independent reactions, p independent inlet ﬂows, and one outlet
ﬂow (shown in Figure 1).
The mass and energy balance equations for this system are
given by
ÉÑ Ä
É
ÉÅÄ
ÑÉ
ÅÄÅ
ÑÉ Ä
ÅÄÅ
ÅÅ n(̇ t ) ÑÑÑ
Å n(t ) ÑÑÑ ÅÅÅÅWin 0 ÑÑÑÑÅÅÅÅ uin(t ) ÑÑÑÑ ÅÅÅÅ NT ÑÑÑÑ
ÑÑ = − θ(t )I ÅÅÅ
ÅÅ
ÑÑ + ÅÅ
Ñ
Å
Ñ
Ñ
Å
Å
Ñ
Ñ
ÅÅ
S + 1Å
ÅÅT (t )ÑÑÑ ÅÅÅ α(t ) γ(t )ÑÑÑÅÅÅÅQ (t )ÑÑÑÑ + ÅÅÅ β(t )ÑÑÑÑVr(t ),
ÅÅṪ(t )ÑÑÑ
ÑÑÖ ÅÇ
ÅÅÇ
ÑÖ
ÑÖÅÇ in ÑÖ ÅÇ
ÑÖ
ÅÇ
É
ÄÅ
ÅÅ n(0) ÑÑÑ ÄÅÅÅ n0 ÉÑÑÑ
ÑÑ ÅÅ ÑÑ
ÅÅ
ÑÑ = Å Ñ
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ÅÅÅT (0)ÑÑÑ ÅÅÅÇT0 ÑÑÑÖ
(1)
ÑÖ
ÅÇ
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space n0 are mapped exactly to 0 in the reaction space.
Furthermore, if the process contains other physical contributions, e.g., one or several inlet streams, the moles space is now
aﬀected by two independent dynamics, i.e., reaction and inlet
ﬂows. This situation corresponds to the general case of
continuous stirred-tank reactors, and the extent of reaction
cannot be directly computed as done previously. To give a
solution to this problem, the extents of reaction are
complemented with the extent of inlet ﬂow (Amrhein et al.20).
Generally, it can be shown that it is possible to ﬁnd a linear
transformation ; : S → RI + p + 1 such that the system given by
the model described by eq 1 can be expressed in terms of new
decoupled states with zero initial conditions in the reaction and
inlet spaces. This new representation is given as

the chemical reaction, and the inlet space corresponds to such
variations due to inlet streams present in the system. The
structure of this representation can serve for system analysis.
Since the model is perfectly decoupled, the uncontrollable states
(initial conditions in the mole space) and disturbances (reaction
rates) are obvious. Model-based techniques such as model
reduction or state-disturbance decoupling are considerably
simpliﬁed.
The existence of the linear map ; can be viewed as an input/
disturbance-to-state decoupling problem. Notice the ﬁrst
requirement is that im(NT) ⊕ im(Win) ⊕ im(n0) ⊆ S , which
guarantees uniqueness of the decomposition, where ⊕ is the
direct sum. The second requirement is that ker(N) ∩ ker(WTin) =
5 , which guarantees the existence of trajectories in the moles
space that are reaction and inlet invariant. The last requirement
is that im(n0) ⊆ 5 , which implies that the initial conditions
must lie in the reaction and inlet invariant subspace, providing
independent information about the trajectories in the mole
space. If these conditions are satisﬁed, then the reaction, inlet,
and invariant subspaces can be generated performing an
orthogonal decomposition of the moles space. Finally, note
that eq 2 can be written as

É
ÄÅ ÉÑ
ÅÄÅ x ̇ ÑÉÑ ÄÅÅÅ− θI 0
0 0 ÑÑÑÑ ÅÄÅ xr ÑÉÑ ÄÅÅÅ 0 0 ÉÑÑÑ
ÅÅ IR ÑÑ
ÅÅ r ÑÑ ÅÅ
RI
ÅÅ I ÑÑ
ÑÑ ÅÅÅ ÑÑÑ ÅÅ
Ñ
ÅÅ ÑÑ ÅÅ
Ñ
Ä
É
ÅÅ ÑÑ
ÑÑ ÅÅ ÑÑ ÅÅ
Ñ
ÅÅ x ̇ ÑÑ ÅÅ
Å
Ñ
Ñ
u
Å
Ñ
x
Ñ
I
0
Å
Ñ
in
ÅÅ in ÑÑ ÅÅ 0
Å
Ñ
Å
Ñ
θ
−
I
0
0
in
p
Ñ
ÑÑ ÅÅ ÑÑ ÅÅÅÅ 0 ÑÑÑÑ
p
ÑÑ ÅÅÅ ÑÑÑ + ÅÅÅ
ÅÅ ÑÑ = ÅÅ
ÑÑ ÅÅ ÑÑ + ÅÅ ÑÑ ß
Vr
ÑÑ ÅÅ ÑÑ ÅÅ
ÅÅ ̇ ÑÑ ÅÅ
Ñ ÅQ Ñ Å Ñ
Ñ
ÅÅ λ ÑÑ ÅÅ 0
− θ 0 ÑÑÑ ÅÅÅÅ λ ÑÑÑÑ ÅÅÅÅ 0 0 ÑÑÑÑ ÅÅÇ in ÑÑÖ ÅÅÅÅ 0 ÑÑÑÑ d
0
ÅÅÅ ÑÑÑ ÅÅÅ
ÑÑ Å Ñ ÅÅ α γ ÑÑ
ÅÅ β ÑÑ
ÅÅṪ ÑÑ ÅÅ
ÅÇ ÑÖ
ÅÇ ÑÖ ´ÅÇÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ
0
0 ≠ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ
0 − θ ÑÑÑÖÖÆ ÅÇT ÑÖ ´ÅÇÖÖÖÖÖÖÖÖ≠ÖÖÖÖÖÖÖÑÖÖÆ
B

ß
D

A(θ)

(2)
p

RI

where xr ∈  is the extent of reaction, xin ∈  the extent of
inlet ﬂow, and λ ∈ 1 the discounting factor for the initial
conditions. Also, the number of moles can be calculated using
the extents from the following equation:
T

n = N xr + Winxin + n0λ

x ̇ = A(θ )x + Bu + Dd
y = Cx

(3)

For model-based control purposes, especially MPC, the plant
states must be available at each time instant to perform
prediction and optimal input computation. However, there are
some unmeasured number of moles, which makes the
development of an observer to estimate these unmeasured
states necessary. Moreover, the reaction rate r aﬀects the number
of moles and the temperature in the reactor, making the
estimation of the reaction rate also relevant for control. In order
to simplify the dynamic nature of r, the reaction will be
interpreted as an artiﬁcial bounded external disturbance. This
approach is actually valid under some mild assumptions that will
be explained in section 4.

3. MPC OF HOMOGENEOUS REACTION SYSTEMS
USING EXTENT-BASED LPV MODELS
We ﬁrst analyze the system described in eq 2 before providing
the details of the MPC formulation. Note that, in the model
described by eq 2, the manipulated variables uin and Qin do not
have any eﬀect on the extents of reaction xr and, therefore, the
states xr are uncontrollable modes. This fact is stated in the
following theorem.
Theorem 1. Consider the homogeneous reaction system given by
the set of equations described by eq 2, where the reaction rate r is
assumed as a bounded disturbance r ∈ , with  being convex and
compact. Then, if θ ≠ 0, the system described by eq 2 is
uncontrollable, where the uncontrollable modes are stable if θ > 0. In
addition, the uncontrollable modes are separable and correspond to
the extents of reaction xr and the discount factor λ.
The proof follows along the lines of the Hautus test of
controllability26 and can be found in the work of Marquez-Ruiz

• ;1TNT = IR , ;1TWin = 0R × p
•
•

=

=

0p × R , ; 2TWin
01 × R , ; 3TWin

= Ip

= 01 × p

• rank([N Win ]) = RI + p < S
• rank(NTWinn0]) = RI + p + 1 ≤ S .
• 1ST− R − p ; 3Tn0 ≠ 0
T

Finally, it is important to mention that the inverse of ; ,
; −1: RI + p + 1 → S can be calculated as
; −1 = [ NT Win n0 ]

(6)

where x = [xTr xTin λ T]T, u = [uTin Qin]T, and d = Vr. The output y =
[nT T]T is given by
Ä É
ÅÄÅ n0 ÑÉÑ
ÄÅ n ÉÑ ÄÅÅW 0 ÉÑÑÅÄÅ x ÑÉÑ ÅÅÅÅ NT ÑÑÑÑ
ÅÅ ÑÑ
ÅÅ ÑÑ ÅÅ in ÑÑÅÅ in ÑÑ ÅÅ ÑÑ
ÑÑÅÅ ÑÑ + ÅÅ ÑÑxr + ÅÅÅ 0 ÑÑÑλ
ÅÅÅ ÑÑÑ = ÅÅÅ
ÅÅ ÑÑ
Ñ
Å
Ñ
ÅÇT ÑÖ ÅÅÇ 0 1 ÑÑÖÅÇT ÑÖ ÅÅÅ ÑÑÑ
ÅÅÇ ÑÑÖ
(7)
ÅÇ 0 ÑÖ

Remark 1. The linear transformation ; : S → RI + p + 1 can be
written as
Ä É
ÄÅ x ÉÑ ÅÅÅÅ ;1T ÑÑÑÑ
ÅÅ r ÑÑ ÅÅ ÑÑ
ÅÅ ÑÑ ÅÅ ÑÑ
ÅÅ x ÑÑ = ÅÅ T ÑÑn
ÅÅÅ in ÑÑÑ ÅÅÅ ; 2 ÑÑÑ
ÅÅ ÑÑ ÅÅ ÑÑ
ÅÅÇ λ ÑÑÖ ÅÅ T ÑÑ
ÅÅÇ ; 3 ÑÑÖ
(4)
where ;1 is the transformation matrix of the reaction space, ;2 the
transformation matrix of the inlet space, and ;3 the transformation
matrix of the reaction and inlet f low invariant space, all with
discounted initial conditions n0. The calculation of the matrices ;i ,
∀i = 1, 2, 3 can be done by means of a singular value decomposition
of NT and Win. Details about this procedure can be found in the
works of Srinivasan et al.25 and Amrhein et al.20 Also, the
aforementioned transformation requires the following conditions:
; 2TNT
; 3TNT

Article

(5)

One of the advantages of the moles space decomposition is
the preservation of the physical meaning of each of the generated
subspaces. In this sense, the reaction space corresponds to that
of variations in the number of moles due to the contribution of
2244
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et al.22 The proof can be easily particularized to the single-phase
homogeneous reaction systems case. Separating the uncontrollable states (xr and λ), the system described by eq 2 can be
written as

y = Ccxc + Cux u

ÄÅ ÉÑ
ÅÅ 0 ÑÑ
ÅÅ ÑÑ
Å Ñ
†
Kd = −B D = −ÅÅÅ β ÑÑÑ
ÅÅ ÑÑ
ÅÅ γ ÑÑ
ÅÇ ÑÖ

x ̇ = A(θ )x + Bu + Dd
y = Cx + Cux u

(9)

Equation 9 will be used in the next sections to formulate MPC
controllers for the system given by the model described by eq 1.
Given a system of the form described by eq 2, we consider the
following problem:

{uk + j}j = 0

∑

ek + j

j=0

2
Q

+ uk + j

2
R

+ Δuk + j

(12)

2
S

(10)

pmix

subject to

≠ 0 for homogeneous reaction systems is always satisfied if the
product mCpmix is bounded.
Now, with the state representation described by eq 11 and the
parametric feedback and feedforward controllers, we can write a
discrete model of the system as follows:

xk + j + 1 = Ad (θk + j)xk + j + Bd uk + j + Dd dk + j
yk + j = Cdxk + j + Cu , dxu , k + j
xk + j ∈ , uk + j ∈  , dk + j ∈ 
xk + N ∈ Ω ,

K

The proof of the Theorem 2 can be found in the work of
Marquez-Ruiz et al.23
Remark 2. Note that, if γ ≠ 0, the rank(B) = p + 1, then B† = B−1
= K, where † is the Moore−Penrose pseudoinverse. This fact leads to
the conclusion that the inverse of B can be always calculated
1
analytically. Also, by the definition of γ = mC , the condition of γ

N−1

+

(11)

where ϑ are the constant desired poles of the closed-loop system, and
v ∈ p are the new input variable of the system. K(θ) and Kd are
given by
É
ÅÄÅ
ÑÉÑ
ÅÄÅ I
0 ÑÑÑÑ
ÅÅ(θ − ϑ)Ip 0
ÑÑ
ÅÅ p
ÅÅ
ÑÑ
Å
ÑÑ
Å
Å
ÑÑ
K (θ ) = ÅÅÅ α
ÑÑ = (θ − ϑ) ÅÅÅÅ α 1 ÑÑÑÑ
θ
−
ϑ
ÅÅ (ϑ − θ )
ÑÑ
ÅÅ−
Ñ
ÅÅ
Ñ
ÅÅ γ γ ÑÑÑ
γ ÑÑÑÖ
Å´ÇÖÖÖÖÖÖÖÖÖÖÖ≠ÖÖÖÖÖÖÖÖÖÖÖÑÖÆ
ÅÅÇ γ

(8)

with xc = [xinT T ]T ∈ p + 1 are the controllable states and xu =
[xTr λ]T are the uncontrollable states. Matrices Ac, Bc, Cc, and Dc
can be easily removed from eq 2, eliminating the uncontrollable
states. Deﬁne xc = x such that eq 8 can be written as eq 9,

2
P

B̅

A̅

y = Cx + Cux u

xċ = Ac(θ )x + Bc u + Dcd

minN −1 xk + N

Article

xk + 1 = Ax̃ k + Bṽ k

θk + j ∈ Θ

yk = Cx̃ k + Cũ x u, k

where Ad, Bd, Cd, Cd,u and Dd are the discrete versions of the A, B,
C, Cu, and D matrices in eq 9. These matrices can be found
following, for instance, the procedures proposed in Tóth.10 In eq
10, ek+j = yref − yk+j, and ∥x∥2Q = xTQx with Q ≥ 0. The system is
subject to hard constraints on state xk+j ∈ , input uk+j ∈ , and
θk+j ∈ Θ, ∀k ≥ 0, where  ⊂ p + 1, and  ⊂ p + 1 are assumed
convex and compact. Finally, Ω ⊆  is an invariant set of the
system. In this work, the sets , , and Ω are assumed
polyhedrons, i.e., described by linear inequalities of the form  =
{uk+j|Axxk+j < bx},  = {xk+j|Axxk+j ≤ bx}, Ω = {xk+N|ANxk+N ≤ bN}.
Solving the optimization problem described by eq 10 is not an
easy task. Note that the constraints are nonlinear, because of the
multiplication between the predicted states and the parameters
θ. However, in this paper, we make use of the diagonal structure
of the A matrix, and the physical interpretation of the parameter
θ to solve eq 10. To this end, the parametric state feedback and
feedforward proposed by Marquez-Ruiz et al.23 for the extentbased LPV systems is used, and this stated in the following
theorem.
Theorem 2. Consider the homogeneous reaction system given by
the set of equations described by eq 9, where the reaction rate r is
assumed to be a measured or estimated disturbance. Then, if γ ≠ 0,
there exist a parametric feedback gain K(θ ) ∈ p + 1 × p + 1, and a
feedforward gain Kd ∈ p + 1 × RI such that u = K(θ)x + v + Kdd, and
the closed-loop representation of the system described by eq 9 has an
equivalent LTI representation given by

uk = K (θk)xk + vk − Kddk

(13)

where Ã , B̃ , C̃ , and C̃ u are the discrete versions of A̅ , B̅ , C, and Cu.
Having obtained an LTI system representation, we can
formulate a linear MPC problem as follows:
N−1

minN −1 xk + N

{vk + j}j = 0

2
P

+

∑
j=0

ek + j

2
Q

+ vk + j

2
R

+ Δvk + j

2
S

(14)

subject to
xk + j + 1 = Ax̃ k + j + Bṽ k + j
yk + j = Cx̃ k + j + Cũ x u, k + j
uk + j = K (θk + j)xk + j + vk + j − Kddk + j ∈ 
xk + j ∈ , θk + j ∈ Θ
xk + N ∈ Ω

where the new optimized variables are {vk + j}Nj =−01.
Assumption 2. The disturbance vector dk+j and the uncontrollable states xu,k+j are assumed constant in the prediction horizon, i.e.,
dk+j = d̂k and xu,k+j = x̂u,k, ∀j = 0, ..., N − 1.
The constraint uk+j = K(θk+j)xk+j + vk+j − Kddk+j ∈  can be
replaced for a constraint just in terms of vk+j, as follows:
2245
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uk + j = K (θk + j)xk + j + vk + j − Kddk + j ∈  ⇒ vk + j ∈ 

denotes the diﬀerence between the actual and the previous value
of the control action. Hence, Δv is a bidiagonal matrix whose
elements are −Ip+1 and Ip+1.
3.2. Constraint Satisfaction and Calculation of . We
note that, with the parametric feedback and feedforward, the
states constraints Axxk+j ≤ bx are unaﬀected by the parameter θ
and do not have to be addressed at the moment. However, the
input constraints are dependent on the parameter θ and must be
addressed. Constraint satisfaction means that

(15)

where  is deﬁned as
 = {vk + j|K (θk + j)xk + j + vk + j − Kddk + j ∈  , ∀ θk + j ∈ Θ}
(16)

We can then express eq 14 as
N−1

minN −1 xk + N

{vk + j}j = 0

2
P

+

∑

ek + j

j=0

2
Q

+ vk + j

2
R

+ Δvk + j

Article

2

A uuk + j ≤ bu

S

∀ θk + j ∈ Θ

(20)

Replacing uk+j = K(θk+j)xk+j + vk+j − Kddk+j into eq 20 yields

(17)

subject to

A uv + A uK (θk + j)xk + j ≤ bu + A uKddk

xk + j + 1 = Ax̃ k + j + Bṽ k + j

∀ θk + j ∈ Θ

(21)

min
max
≤ uout ≤ uout
}, m
Now, due to uout ∈ out = {uout ∈ 1|uout
1 min
max
∈  = {m ∈  |m ≤ m ≤ m }, and θ = uout/m, the set Θ is
given by a polytope with four vertices. This fact is explained by
Figure 2.

yk + j = Cx̃ k + j + Cũ xu , k + j
xk + j ∈ , vk + j ∈ 
xk + N ∈ Ω, θk + j ∈ Θ

3.1. Quadratic Programming (QP) Problem. Now, in
order to calculate the optimal control solution ṽ = {vk+j}N−1
j=0 =
[vkT, ..., vk+N−1T], the nominal problem described by eq 17 can be
transformed to a quadratic programming (QP) problem. Let ỹ =
[yTk , ..., ykT+ N−1] and x̃ = [xTk+1, ..., xTk+N−1] denotes the sequences
of predicted values of the output yk and states xk. The prediction
model described by eq 13 then can be written as
Γ
ß

ỹ =

Free Response

+

Λv ̃
ß

Forced Response

Figure 2. Polytope for θ generated by the boundaries of uout and m.

(18)

Therefore, the set Θ can be seen as a convex hull with vertices
σi and is represented by
nσ
nσ
|
l
o
o
o
o
Θ=m
θ
θ
=
μ
σ
,
μ
=
1,
μ
≥
0
}
∑
∑
i
i
i
i
o
o
o
o
(22)
i=1
i=1
n
~
with nσ = 4.
Remark 3. If the mass m remains constant, the set Θ can be
reduced to just two vertices. This is the case when a perfect mass
controller is implemented and the outlet f low is given by uout(t) =
p
∑i = 1 uin , i .
Based on the work of Kvasnica et al.,27 and the polytopic
nature of Θ, the following lemma can be stated:
Lemma 1. Let i be a set defined as

with Γ = C̅ Φxk + C̅ ux̂u,k and Λ = C̅ Ψ, where C̅ = diag([C̃ , ..., C̃ ]),
C̅ u = [C̃ Tu , ..., C̃ Tu ]T, and
ÄÅ ÉÑ
ÉÑ
ÄÅ
ÅÅ Ã ÑÑ
ÅÅ B̃
μ 0 ÑÑÑ
0
ÅÅ ÑÑ
ÅÅ
ÑÑ
ÅÅ 2 ÑÑ
ÅÅ
Ñ
ÅÅ Ã ÑÑ
ÅÅ AB
̃ ̃
μ 0 ÑÑÑ
B̃
Å
Ñ
Å
Φ = ÅÅÅ ÑÑÑ, Ψ = ÅÅÅ
ÑÑ
ÅÅ ∂ ÑÑ
ÅÅ ∂
∂
∏ ∂ ÑÑÑÑ
ÅÅ ÑÑ
ÅÅ
ÅÅ N ÑÑ
ÑÑÑ
ÅÅ N − 1
ÅÅ Ã ÑÑ
ÅÅÇ Ã
B̃ Ã N − 2 B̃ μ B̃ÑÑÖ
Ç Ö
Now, replacing eq 18 into eq 17, we get the following
quadratic program form:
min v ̃THv ̃ + 2f T v ̃ + c
ṽ

(19)

subject to

i = {vk + j|K (σi)xk + j + vk + j − Kddk + j ∈  , ∀ i = 1 , ..., nσ }

x ̃ ∈ N =  × ··· × 

(23)

v ̃ ∈ N =  × ··· × 

The set , given by

xk + N ∈ Ω

 = 1 ∩ ··· ∩ nσ

then is a polytope that satisfies eq 16.
The proof of the lemma can be seen in ref 27. Now, by
stacking vectors with future states and control inputs, eq 21 can
be written as

where H, f, and c are deﬁned as follows:
T

H = Λ Q̅ Λ + R̅ +

(24)

ΔTv S ̅ Δ v

f = (Γ − yref̃ )T Q̅ Λ − (Δ v I ̅vk − 1)T S ̅ Δ v

( uv ̃ + ( uK̃ (σi)x ̃ ≤ )u + ( uK̃ddk

c = (Γ − yref̃ )T Q̅ (Γ − yref̃ ) + (Δ v I ̅vk − 1)T S ̅ (Δ v I ̅vk − 1)

∀ θk + j ∈ Θ

[buT ,

(25)

buT]T , K̃ d = [KTd , ...,

where ( u = diag([A u , ..., A u]), )u =
...,
KTd ]T, and K̃ (σi) = diag([K(σi), ...,K(σi)]). Now, replacing x̃ =
Φxk + Ψṽ in eq 25 yields

where ỹref = [yTref, ..., yTref]T, I̅ = [ITp+1, ..., ITp+1]T, Q̅ = diag([Q, ..., Q]),
R̅ = diag([R, ..., R]), and S̅ = diag([S, ..., S]). Note that c is the
minimum cost and cannot be changed during the optimization,
because it is independent of ṽ. The solution of eq 17 then can be
approximated by the solution of eq 19. In this formulation, Δv

(( u + ( uK̃ (σi)Ψ)v ̃ ≤ ()u + ( uK̃ddk − ( uK̃ (σi)Φxk)
(26)
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Finally, eq 26 can be written as Av,iṽ ≤ bv,i, with Av,i =
(( u + ( uK̃ (σi)Ψ) and bv,i = ()u + ( uK̃ddk − ( uK̃ (σi)Φxk),
∀i = 1, ..., nσ, and N = {[v |̃ A v , i v ̃ ≤ bv , i , ∀ i = 1 , ..., nσ ]} can be
seen as the intersection of nσ polyhedrons.
Figure 3 shows the general control structure proposed in this
paper, including the estimation block. The next section provides
information on the estimation procedure.

Article

Therefore, the estimation of num ∈ S − Sm is necessary to
reconstruct the extent of reaction xr, the discounting factor λ, the
uncontrollable states xu, and the reaction rate r, based on the
knowledge of n and ; . Finally, the conditions for the estimation
of num are given in the next theorem,
Theorem 3. Consider the homogeneous reaction system given by
the set of eq 2, where the reaction rate r is assumed as a bounded
i T
y
disturbance. If rankjjj Nm Win, m n0, m 0 zzz = RI + p + 2, and θ
0
0
0
1
k
{
≠ 0, the system described by eq 2 is always observable.
The proof of Theorem 3 can be found in Appendix A.
4.1. Asymptotic Observer. Let us introduce the change of
variable z = βxr + T. By diﬀerentiating the former expression
with respect to time, and replacing in eq 2, the following
equation is obtained:
z ̇ = −θz + αuin + γQ in

(28)

Then, the resulting overall dynamics become
ÅÄÅ x ̇ ÑÉÑ ÄÅÅÅ−θI 0 0 ÉÑÑÑÄÅ x ÉÑ ÅÄÅ I 0 ÑÉÑÄ É
ÅÅ in ÑÑ ÅÅ
p
ÑÑÅÅÅ in ÑÑÑ ÅÅÅ p ÑÑÑÅÅ uin ÑÑ
ÅÅ ÑÑ ÅÅ
ÑÑÑÅÅÅ ÑÑÑ ÅÅÅ
ÅÅ ̇ ÑÑ = ÅÅ
ÑÑÑÅÅÅ ÑÑÑ
ÅÅÅ λ ÑÑÑ ÅÅÅ 0 −θ 0 ÑÑÑÑÅÅÅ λ ÑÑÑ + ÅÅÅ 0 0 ÑÑÑÅÅÅÅQ in ÑÑÑÑ
ÅÅ ÑÑ ÅÅ
ÑÇ Ö
ÑÅ Ñ Å
ÅÅÇ z ̇ ÑÑÖ ÅÇ 0
0 −θ ÑÑÖÅÅÇ z ÑÑÖ ÅÅÅÇ α γ ÑÑÑÖ
Ä
ÑÉÑÄÅ ÉÑ ÄÅ n ÉÑ
ÅÄÅ n ÑÉÑ ÅÅÅÅ Win
ÑÅ xin Ñ ÅÅ 0 ÑÑ
†Ñ
ÅÅ ÑÑ = ÅÅ
C Z ÑÑÅÅÅ ÑÑÑ + ÅÅ ÑÑλ + CN qz
ÅÅ ÑÑ ÅÅ
ÅÇT ÑÖ ÅÅ 0 N ÑÑÑÑÅÅÇ z ÑÑÖ ÅÅÅÇ 0 ÑÑÑÖ
(29)
Ç
Ö
ÄÅ T ÉÑ
Å
Ñ
where CN = ÅÅÅ N 0 ÑÑÑ, qz ∈ ker(Z), and Z = [β 1].
ÅÇ 0 1 ÑÖ
The representation is in the form ẋa = Aa(θ)xa + Bu, with
xa ∈ p + 2 , u ∈ p + 1, and y ∈ S + 1. Moreover, this model is
now suitable to develop the AO, and it does not contain the
nonlinearities arising from the reaction rate r. The mathematical
formulation of the AO is then given by Table 1.

Figure 3. Schematic representation of the proposed control structure
including the estimation strategy for extent-based LPV homogeneous
reaction systems.

4. STATE AND DISTURBANCE ESTIMATION
In order to perform the estimation of the number of moles and
the disturbance signal r, a sequential state and disturbance
estimation strategy based on the work of Marquez-Ruiz et al.28 is
implemented. The sequential strategy consists of an asymptotic
observer (AO), to estimate the number of moles, and a
parametric reaction rate estimator (RRE), to determine the
reaction rate r. A scheme of the sequential strategy is shown in
Figure 4.

Table 1. Asymptotic Observer (AO) Structure
model

asymptotic estimator

ym = [ nmT T ]T = Cmy

x̂̇a = Aa(θ)x̂a + Bu
x̂r = β†(ẑ − T) + qr, qr ∈ ker(β)

y = Czxa + Cλλ + CNqz

n̂as = NTx̂r + [Win n0 0 ]xâ

ẋa = Aa(θ)xa + Bu

The advantage of using this representation is that no direct
information on the reaction rate r is necessary in the observer
design. The estimation of x̂r is dependent on qr ∈ ker(β). The
latter variable is a function of the measured number of moles nm.
The computation of qr is explained through the following
lemma.
Lemma 2. Consider the asymptotic observer given in Table 1,
where x̂r = β†(ẑ − T) + qr, with rank(β) = 1, and qr ≠ 0. The null
space vectors qr can be computed as
ÅÄÅ n − W x − n λ ÑÉÑ
Å m
in, m in
0, m Ñ
ÑÑ
qr = [ Nm† β † ]ÅÅÅÅ
ÑÑÑ
ÅÅ
ÑÑÖ
T − ẑ
ÅÇ
Notice that, to guarantee the existence of the lef t pseudoinverse of
NTm, rank(Nm) = RI. As a consequence, Sm ≥ RI, i.e., the number of
measured species must be larger or equal to the number of
independent reactions.
Moreover, the asymptotic estimator is stable and convergent if
θ > 0.29 This condition corresponds to the detectability
condition from the model described by eq 2.

Figure 4. Sequential state and reaction rate estimation estimation
strategy.

This scheme works under the following assumption:
Assumption 3. The temperature T and the number of moles of
Sm components nm ∈ m can be measured, where Sm < S. This
implies that the moles of S − Sm components (num) are not
measured; mathematically, the number of moles n can be written as
Ä
É
ÄÅ
É
ÄÅ n ÉÑ
ÅÅWin,um ÑÑÑ
ÅÄÅ n um ÑÉÑ ÅÅÅÅ NuTm ÑÑÑÑ
ÅÅ 0,um ÑÑ
Å
Ñ
ÅÅ ÑÑ ÅÅ
Ñ
ÑÑλ
Å
Ñ
Ñx + Å
Ñx + ÅÅ
n = ÅÅ ÑÑ = ÅÅ
ÅÅÇ nm ÑÑÖ ÅÅ N T ÑÑÑÑ r ÅÅÅWin, m ÑÑÑ in ÅÅÅÅ n0, m ÑÑÑÑ
Ç
Ö
ÅÅÇ m ÑÑÖ
(27)
ÇÅÅ
ÖÑÑ
T
p × (S − Sm)
where Num ∈ RI × (S − Sm), Nm ∈ RI × Sm , Win,u
,
m ∈ 

T
p × Sm T
Win,
, n0,um ∈ 1 × (S − Sm), and n0,Tm ∈ 1 × Sm .
m ∈ 
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Asymptotic observers have been extensively studied in the
literature (see, for example, the works of Bhatt30 and Dochain et
al.31). The design presented here is similar in structure to those
described in the literature, but it uses temperature measurements rather than enthalpy measurement, exploiting the
transformation variable Z to reconstruct the states. Generally,
this facilitates implementation, since enthalpy measurement is
not available during plant operation.
4.2. Reaction Rate Estimator (Disturbance Estimation). Recall that the reaction rate is considered to be a
disturbance signal given by d = Vr. In order to simplify the
modeling of the reaction rate, it is assumed that r ∈ , with 
being a convex and compact set. This implies that the reaction
dynamics are asymptotically stable. Therefore, the representation in eq 2 is written as
ÄÅ ÉÑ ÅÄÅ
ÑÉÄ É Ä É
ÅÅÅ x ̇ÑÑÑ ÅÅÅ A(θ ) D ÑÑÑÑÅÅÅÅ x ÑÑÑÑ ÅÅÅÅ B ÑÑÑÑ
ÑÅ Ñ + Å Ñu
ÅÅÅ ÑÑÑ̇ = ÅÅÅ
ÅÅÇ d ÑÑÖ ÅÅ 0 R(θ )ÑÑÑÑÅÅÅÇ d ÑÑÑÖ ÅÅÅÇ 0 ÑÑÑÖ
Ç
Ö
´ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ≠ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ
ÖÆ

Table 3. Parameters of the Case Study
parameter

values and units

k of

6.06 × 105 m3 kmol−1 h−1

kor

9.84 × 106 m3 kmol−1 h−1

Eaf

63800 kJ kmol−1

Ear

71710 kJ kmol−1
8.314 kJ kmol−1 K−1

ÉT
ÅÄÅ 0.01665 0
0 0 ÑÑÑÑ
Å
N = [−1 −1 1 1] , Win = ÅÅÅ
Ñ
ÅÅÇ 0
0.03121 0 0 ÑÑÑÖ
The initial conditions are n0 = [0.5,1,0.5,0]T kmol, and T0 =
373 K. The states, outputs, and inputs of the system are deﬁned
as x = [nA,nB,nC,nD,T]T, y = [nA,nB,T]T and u = [uin,1,uin,2,Q]T. In
this example, the boundaries for the outlet ﬂow and mass are
given by out = {1 ≤ uout ≤ 20} and  = {50 ≤ m ≤ 105};
therefore, the vertices σi of the polytope are {0.02, 0.0095, 0.4,
0.1905}. In order to test the control strategy, the desired poles ϑ
are selected be equal to −1, and set point changes in nA and nB
are done at 200 h, and at 400 h for T. Figures 5, 6, 7, and 8 show
R

(30)

xė = Ae (θ )xe + Be u

Article

where R(θ) = −θIRI. Based on eq 30, the reaction rate estimator
has the form described by Table 2,
Table 2. Reaction Rate Estimator (RRE) Structure
model

disturbance estimator

ẋe = Ae(θ)xe + Beu
ym = y = Cexe

x̂̇e = Ae(θ)x̂e + Beu + L(θ)(y − ŷ)
ŷ = Cex̂e, Ce = [Cm 0 ]

This estimator takes the state information from the estimates
provided by the AO. Because of the sequential strategy
implemented here, the convergence of the RRE must be faster
than that of the AO. This can be ensured tuning the observer
gain L(θ). However, the selection of L(θ) is restricted by the
structure of the matrix C, which is displayed in the following
theorem.
Theorem 4. Consider the model given in Table 2, and assume
that θ is measured. If the matrix Cm is full-column rank, then there
exists a parametric observer gain that is deﬁned as L(θ) =
[ L1T(θ ) L 2T(θ )]T with L1 = (μ − θ)C†m, and L2 = μ(μ − θ)D†C†m,
where μ is the desired pole location, such that |μ| > |θ|.
The proof of Theorem 4 can be found in Appendix B.

Figure 5. Closed-loop trajectories of the outputs nA, nB, and T of the
MPC-LPV-based controllers (solid line, ) and the MPC-LTI-based
controllers (dashed line, - - -).

5. CASE STUDY
Let us consider a nonisothermal contunuously stirred tank
reactor (CSTR) where a reversible reaction A + B ⇌ C + D
occurs. The system has four species nA, nB, nC, and nD (S = 4),
one independent reaction (RI = 1), and two constant and
independent inlets uin,1 and uin,2 (p = 2) of A and B. The reaction
rates obey the mass-action principle and the Arrhenius law, and
are given by the expressions

the simulation results for outputs y, inputs u, and the parameter θ
of the MPC (eq 14) (called MPC-LPV) and the same controller
assuming θ constant in the model used by the controller (called
MPC-LTI). Clearly, the performance of the MPC-LPV is better
than MPC-LTI. The main reason for that is the MPC-LTI
controller is not taking variations in θ into account. This leads to
having a mismatch between the LTI model and the nonlinear
model. Therefore, the MPC-LTI controller is taking decisions
that aﬀect θ drastically (see Figure 8).
It is important to highlight that the constant θ for MPC-LPV
is not the same as that for MPC formulations that use models
obtained by linearization or by system identiﬁcation around an
operating point. The modeling approach used here considers r
to be a disturbance. Therefore, in this paper, we have compared
the MPC-LPV procedure with another technique with the same
considerations, i.e., considering r to be a disturbance (MPCLTI).

r = k f CAC B − krCCC D
ij −Ea f ,r yz
zz
k f , r = kof ,r expjjjj
zz
RT
k
{

where kf,r is the pre-exponential factor in the Arrhenius law, and
Ea is the activation energy of the reaction. In this example, the
numerical values of the parameters are given in Table 3.
The matrices N and Win are given by
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6. CONCLUSION
This paper proposes a model predictive contol (MPC) strategy
that is able to take into account parametric variations that aﬀect
the plant dynamics. The approach exploits the extent
representation, given its decoupled dynamics. This representation allows for the detection of uncontrollable modes, and even
time-scale separation in the process dynamics. To deal with
parameter variation inherent to the extent-based LPV
representation, state-feedback and feed-forward laws are
developed to remove the eﬀect of the time-varying dynamics
the process. The state and disturbance information necessary to
compute the control laws are estimated by means of observers.
The parametric control laws allow for the design of a linear MPC
with quadratic cost at the expense of introducing nonlinear state
and parameter constraints. The MPC design is further simpliﬁed
by limiting the parameter to a polytopic set that can be
represented by intersections of multiple polyhedrons. This very
simple but key step helps to formulate a linear MPC problem
with linear constraints, and ﬁnally it is solved using quadratic
programming.
The development of the MPC-LPV controller is tested and
compared against an MPC-LTI controller in a nonisothermal
CSTR where a single equilibrium reaction is performed. The
idea is to demonstrate how the MPC-LPV outperforms the
traditional MPC-LTI because of the incorporation of the varying
parameter in the control loop. This example shows how this
small piece of information is crucial to designing reliable control
systems for reaction systems.
This approach is appealing because it provides a way of
embedding dynamic information in the model-based control
design, while accounting for diﬀerent scenarios in the reaction
system. Furthermore, the contribution of this work is the
complexity reduction of the control strategy by means of LPV
models, compared to more-traditional MPC implementation.
The development takes advantage of sound properties of
physical reaction system: the decoupled dynamic spaces, the
boundedness of the reaction rate, and the general polytopic
nature of the parameter set.

Figure 6. Expanded view of the closed-loop trajectory of T: MPC-LPVbased controllers (solid line, ) and the MPC-LTI-based controllers
(dashed line, - - -).

Figure 7. Closed-loop trajectories of the inputs uin,1, uin,2 and Q of the
MPC-LPV-based controllers (solid line, ) and the MPC-LTI-based
controllers (dashed line, - - -).
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APPENDIX A

ÄÅ T
ÉÑ
Å
Ñ
L e t Cm = ÅÅÅÅ Nm Win, m n0, m 0 ÑÑÑÑ(Sm+ 1) × (RI + p + 2), a n d l e t
ÅÅÇ 0 0
0
1 ÑÑÖ
RI + p + 2
be the diagonal state matrix.
A∈
Let rank(Cm) = RI + p + 2, and assume that the pair (A,Cm) is
not observable. Because of the lack of observability, by the
Popov−Belevich−Hautus (PBH) theorem, there exists a vector
v ≠ 0 such that
Proof of Theorem 3: Observability

Av = −θv , Cmv = 0
Figure 8. Evolution of the scheduling parameter θ of the MPC-LPVbased controllers (solid line, ) and the MPC-LTI-based controllers
(dashed line, - - -).

However, since Cm is full-column rank, it follows that
rank(Cm) = RI + p + 2 ⇔ ker(Cm) = ⌀. Hence, only v = 0 is
contained in the kernel of Cm. This contradicts the PBH theorem
and the assumption of unobservability of the pair (A,Cm).
■
2249

https://dx.doi.org/10.1021/acs.iecr.9b04412
Ind. Eng. Chem. Res. 2020, 59, 2242−2251

Industrial & Engineering Chemistry Research

■

■

APPENDIX B

Proof of Theorem 4: L(θ)

Article

AUTHOR INFORMATION

Corresponding Author
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Performing block LDU decomposition on the left-hand side
matrix, we get
É
ÉÄ
ÄÅ
ÉÑ ÄÅ
ÉÑ ÅÄÅ
ÅÅ
ÑÑ ÅÅ
M1
D ÑÑÑÑ
0
I
0 ÑÑÑÑ ÅÅÅÅ A
ÅÅ
ÑÑ ÅÅ I A−1D ÑÑÑÑ ÅÅÅÅ
ÑÑ
ÑÑ ÅÅ
ÅÅ
Ñ
=
ÑÑ
Å
Ñ
Å
Ñ Å
ÅÅ− L C A−1 I ÑÑÑ ÅÅÅ 0 R + L C A−1D ÑÑÑ ÅÅÅ 0
I ÑÑÖ ÅÅÅÅÇ− (M 2 − R )D†M1 R ÑÑÑÑÖ
ÑÖ ÅÇ
ÅÇ
ÑÖ Ç
2 m
2 m

Multiplying both sides with the inverse of the block upper
triangular matrix on the left-hand side gives us
É
É
D ÑÑÑÑ ÅÄÅÅ
−1 Ñ
Ñ
ÑÑ ÅÅ I − A D ÑÑÑ
ÑÑ ÅÅ
ÑÑ
†
I ÑÑÖ
− R )D M1 R ÑÑÑÖ ÅÅÇ 0
M1

ÑÉÑ
ÑÑ
ÑÑ
ÑÑ
Ñ
†
†
−1
− R )D M1 (M 2 − R )D M1 A D + R ÑÑÑÖ
− M1 A−1D + D

M1

(B-2)

The matrix on the right-hand side of the equation can be made
block triangular if we choose L1 = (A − M1)C†m. Replacing L1 in A
= A − L1Cm, it follows that A = A − (A − M1)C†mCm = M1, and
−M1A−1D + D = −M1M−1
1 D + D = 0. Thus, eq B-2 results in
ÉÑ
ÉÑ ÄÅÅ
ÄÅ
ÑÑ
ÑÑ ÅÅ
ÅÅ M1
M1
0
0
ÑÑ
ÑÑ ÅÅ
ÅÅ
Ñ
ÑÑ = ÅÅ
ÅÅ
ÅÅ− L C R + L C M D ÑÑ ÅÅ− (M − R )D†M (M − R )D†M M −1D + R ÑÑÑÑ
ÅÇ
2 m
2 m 1 Ñ
2
1
2
1 1
Ö ÅÇ
ÑÖ

(B-3)

Furthermore, notice that L2 = (M2 − R)D M1C†m ensures that
−L2Cm = −(M2 − R)D†M1, and that R + L2CmA−1D = R + (M2 −
R)D†M1C†mCmA−1D = M2. Finally, the closed-loop observer
†

dynamics in eq B-3 are given by
ÄÅ
É
ÅÅ
M1
0 ÑÑÑÑ
ÅÅ
ÑÑ
ÅÅ
ÅÅ− (M − R )D†M M ÑÑÑ
ÅÅÇ
2
1
2Ñ
ÑÖ
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In particular, let us establish M1 = −μIRI+p+2 and M2 = −μIRI.
Since A = −θIRI+p+2, and R = −θIRI, it is desired that |μ| > |θ|.
Hence, the observer is given by L1 = (μ − θ)C†m, and L2 = μ(μ −
θ)D†C†m.
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