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a b s t r a c t
To describe bubbly ﬂows, an accurate prediction of the bubble rise velocity is crucial. For non-Newtonian ﬂuids,
closures for the bubble rise velocity provided in the literature are usually empirical and rather restricted in their
applicability. In this work, a Front-Tracking Computational Fluid Dynamics model has been used to investigate
the behaviour of a single bubble rising in a power-law ﬂuid, for a very wide range of viscosities covering both
shear-thinning and shear-thickening behaviour, where the power-law exponent n was varied between 0.5 and
1.5 and for three diﬀerent bubble diameters (viz. 0.5 mm, 2 mm and 4 mm). The non-Newtonian behaviour of
the continuous phase strongly inﬂuences the shape of the single rising bubbles caused by the viscosity proﬁles
that develop in the ﬂow ﬁeld. As a consequence, large non-spherical bubbles become more spherical in shearthickening ﬂuids (in comparison to the same bubble in a Newtonian liquid), whereas small spherical bubbles
lose their sphericity in shear-thinning ﬂuids. To determine the bubble rise velocity for bubbles in non-Newtonian
ﬂuids with a power law behaviour, the drag closure derived for bubbles rising in Newtonian liquids proposed by
Dijkhuizen et al. (2010), which combines viscous drag and shape-induced drag in a single correlation, is adapted
using a modiﬁed Reynolds number. In this work it is shown that this adapted correlation is able to predict the
terminal rise velocity of single bubbles rising in non-Newtonian power-law ﬂuids within 20% accuracy for the
majority of the investigated cases, provided that the drag regime does not change.

1. Introduction
Bubbly ﬂows are encountered in a multitude of unit operations in
a large variety of industrial applications. Often, the continuous liquid
phase exhibits non-Newtonian behaviour, as e.g. in bioreactors [2] or
in polymers production (e.g. polycondensation or polymer devolatilization) [3].
For the design and optimization of process equipment involving bubbly ﬂows it is crucial to accurately predict the bubble rise velocity, since
this will largely determine the column hydrodynamics and mass/heat
transfer characteristics, and consequently the performance of the equipment. In the pseudo steady-state, the balance between the drag force
and the buoyancy forces determines the terminal rise velocity. Although
non-Newtonian ﬂuids are common in industry, a complete description
of the drag coeﬃcient for a bubble rising in such ﬂuids is still not available [4]. In most cases, the provided closures are empirical and usually
limited in their applicability.
With the increase in computational power, numerical simulation
has proven to be an eﬀective tool in gaining fundamental understanding of multi-phase gas-liquid ﬂows. In the framework of Computational

∗

Fluid Dynamics (CFD), a multi-scale modelling strategy has been applied
[5–7], where micro-scale detailed models are used to develop closure
relations for unresolved, higher scale models, such as Euler–Lagrange
and Euler–Euler models (see Fig. 1). The latter treats both phases as a
continuum, basically averaging bubble properties on the Eulerian grid,
while the former includes more details by tracking each bubble in a Lagrangian manner. Despite the loss of details compared to lower scale
models, these methods are computationally favorable, allowing simulations up to industrial scale. On the other hand, the accuracy of the
applied closures, for instance to describe phase interactions (hydrodynamic forces, mass and heat transfer), strongly inﬂuences the quality of
the simulation results of these unresolved models.
Direct Numerical Simulations (DNS) represents a viable option to
study phase interactions, to gain fundamental understanding of the
physics of bubbly ﬂows and to obtain closures for higher scale models. This approach has been demonstrated in the past for Newtonian
ﬂuids [1,8,9], where it has been applied for the study of the drag and
lift forces on single bubbles and bubbles rising in swarms.
Previously, bubbles in non-Newtonian ﬂuids have been studied using
diﬀerent CFD models. Wu [10] used Fluent 12.0 to perform Euler-Euler
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gle bubbles. The starting hypothesis is that it is possible to correct an
existing correlation for Newtonian ﬂuids, as for instance the one of Dijkhuizen et al. [1], to account for the non-Newtonian behavior of the
liquid using a generalized Reynolds number [24], as will be explained
later.
The manuscript is organized as follows: ﬁrst, the Front-Tracking
model used in this work is described and veriﬁed. Subsequently, the
bubble shapes and viscosity proﬁles for non-Newtonian ﬂuids will be
investigated. To conclude, an outline of the drag coeﬃcient for diﬀerent power-law ﬂuids will be proposed.
2. Model description

Fig. 1. Multi-scale modelling strategy for bubbly ﬂows, depicting a FrontTracking model (Direct Numerical Simulations), a Discrete Bubble Model
(Euler–Lagrange) and a Two-Fluid model (Euler–Euler) (adapted from Lau et al.
[7]).

simulations of bubbles rising in shear-thinning ﬂuids in anaerobic digesters, although using a drag law derived for Newtonian ﬂuids. Lattice
Boltzmann methods have been successfully employed in the past for
simulations of bubbles rising in complex ﬂuids. For instance, Frank and
Li [11] simulated a sixth-order Maxwell ﬂuid and were able to capture
the negative wake and the bubble teardrop shape, which corresponded
to their experimental data. In addition, Liu et al. [12] employed a Volume of Fluid (VOF) method to study the behavior of multiple bubbles
(couples and triplets) rising in shear-thinning ﬂuids. This study focused
mostly on collisions and coalescence. Radl et al. [13] investigated the
rise of bubbles in diﬀerent viscous and viscoelastic ﬂuids, with the inclusion of mass transfer, with a hybrid 2D Front-Tracking/Front-Capturing
model. Their simulations were limited to 2D, due to the high grid resolution needed by the species solver. Zhang et al. [14] adopted a level-set
method to investigate the velocity and viscosity distribution around a
single bubble rising in a shear-thinning ﬂuid, described by a Carreau
viscosity model. Some attempts have been done in the past to adapt existing drag correlations to non-Newtonian power-law ﬂuids, such as Rodrigue [15], who considered shear-thinning polymers at low to moderate Reynolds numbers. The proposed correlation is not suitable for high
Reynolds numbers, where it does not converge to a constant as has been
well-established in recent years. More recently, Ohta et al. [16, 17] developed a Coupled Level Set Volume of Fluid model, which they used to
study the shape and velocity of bubbles rising in both shear-thinning and
shear-thickening power-law ﬂuids, and compared it with experimental
data. Premlata et al. [18, 19] also used a VOF method with adaptive grid
reﬁnement to study the behaviour of bubbles rising in Carreau–Yasuda
ﬂuids. Their study focused on the three-dimensional rising behaviour
of single bubbles, and they were able to qualitatively compare their experimentally obtained images of the bubbles to simulation results. The
same model has been applied to study viscosity-stratiﬁed ﬂuids and viscoplastic materials [20–22]. An extensive analysis of bubbles rising in
viscoplastic ﬂuids has been provided by Tsamopoulos et al. [23], where
the bubble rise velocity and the drag coeﬃcient are determined assuming axial symmetry and steady ﬂow. Perhaps the most relevant work
related to this manuscript is the one of Chhabra [24], where it has
been found that standard Newtonian correlations can be adapted to well
predict the drag coeﬃcient of non-deformable, solid spheres in shearthinning power-law ﬂuids, as demonstrated by experimental results.
A comprehensive quantitative description of the drag coeﬃcient for
bubbles rising in non-Newtonian ﬂuids has not yet been reported in literature, to the knowledge of the authors. The aim of this work is thus
to ﬁll this gap and give a description of the drag coeﬃcient for powerlaw non-Newtonian ﬂuids (both shear-thickening and shear-thinning),
following the approach of Dijkhuizen et al. [1] and starting from sin-

The Front-Tracking model used in this work has previously been developed, validated and applied for simulations of bubbles rising in Newtonian liquids. An extensive description of the model and its extensive
validation for bubbles rising in a liquid can be found in Dijkhuizen et al.
[1], Baltussen et al. [25, 26] and Roghair et al. [27, 28]. In this paper,
the model will only be shortly introduced with particular focus on the
implementation of the non-Newtonian viscosity model. For further details the reader is referred to the aforementioned papers.
2.1. Hydrodynamics modeling
In the Front Tracking model the surface of the bubbles is represented
by a triangulated mesh, where the ﬂuid ﬂow (both in the dispersed
and continuous phase) is described by the incompressible Navier–Stokes
equations and continuity equation using a one-ﬁeld approximation:
𝜌

𝜕𝐮
+ 𝜌∇ ⋅ (𝐮𝐮) = −∇𝑝 + 𝜌𝐠 + ∇ ⋅ 𝝉 + 𝐅𝜎
𝜕𝑡

∇⋅𝐮=0

(1a)
(1b)

where u is the ﬂuid velocity, 𝝉 is the stress tensor, which will be described in more detail in the next sections, and F𝜎 represents a singular
source-term for the surface tension force at the interface:
)
(
(2)
𝐅𝜎,𝑖→𝑚 = 𝜎 𝐭𝑚𝑖 × 𝐧𝑚𝑖
which is calculated from the position and orientation of the interfacial
markers [28]. The equations are discretized with a ﬁnite-diﬀerence technique on a staggered Eulerian grid. The convection terms and the oﬀdiagonal terms of the stress tensor are discretized explicitly, while the
diagonal terms of the stress tensor are discretized implicitly resulting in
a semi-implicit treatment of the stress tensor enhancing the numerical
stability. The ﬂow ﬁeld is solved using a two-stage projection-correction
method, where a pressure-correction step based on the continuity equation is taken iteratively after solving the three dimensional momentum
balance equations. Both the implicit part of the stress tensor and the
pressure correction are solved with an incomplete Cholesky conjugate
gradient (ICCG) method [8,29]. To approximate an inﬁnite quiescent
liquid medium, a free-slip boundary condition is applied at the domain
walls. The window shifting technique [5] is used to keep the bubble at
approximately the same position relative to the domain, which reduces
the computational costs.
2.2. Surface mesh
The gas-liquid interface is composed of Lagrangian tracking points,
connected to form a triangular mesh, where each of the triangular cells is
called a surface marker. The Lagrangian points are moved with the local
liquid velocity, which is interpolated from the ﬂuid velocity ﬁeld to the
Lagrangian tracking points using cubic splines, using a 4th order Runge–
Kutta time stepping scheme. As a consequence of the separate movement
of each marker point, the triangular markers change their conﬁguration
at every time step, which will eventually lead to a decrease in the mesh
quality and therefore a decrease in the overall accuracy of the surface
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Table 1
Truncation limits for the power-law model for each consistency index K.

tension force calculation. Moreover, the bubble volume may no longer
be conserved. To maintain good interface mesh quality, ensure bubble
volume conservation and enhance model performance, (volume conservative) remeshing is an important step in the Front-Tracking technique.
A detailed description of the applied remeshing procedures can be found
in Roghair et al. [27, 28].
2.3. Viscosity model
In (inelastic) non-Newtonian ﬂuids, the apparent shear viscosity is
not constant, as in Newtonian ﬂuids, but is a function of the shear rate.
For a Newtonian ﬂuid, the stress tensor 𝝉 is given by:
(
)
𝝉 = −𝜇 ∇𝐮 + (∇𝐮)𝑇 ≡ −𝜇 𝜸̇
(3)
in which 𝜸̇ represents the rate of strain tensor. A frequently applied
model to describe the rheology of non-Newtonian ﬂuids, excluding
visco-elastic behaviour, is the generalized Newtonian model, which simply replaces the viscosity 𝜇 in Eq. (3) with an apparent viscosity 𝜂 as
a function of the shear rate [30]. The shear rate can be written as the
magnitude of the rate of strain tensor:
√
1
̇
𝛾̇ =
(𝜸̇ ∶ 𝜸)
(4)
2
With the generalized Newtonian model, the stress tensor is calculated
as:
)
(
𝝉 = − 𝜂 ∇𝐮 + (∇𝐮)𝑇 ≡ −𝜂 𝜸̇
with 𝜂 = 𝜂(𝛾)
̇

𝜂− [Pas]

𝜂+ [Pas]

10−3
10−2
10−1

10−5
10−4
10−3

1019
1020
1021

2.4. Physical properties
Since the interface position is exactly known, the phase fraction 𝜙 in
each Eulerian cell can be computed exactly through geometrical analysis [29]. If a cell contains both liquid and gas, the physical properties
density and viscosity need to be scaled accordingly into a macroscopic
property. The density of the ﬂuid cell is calculated by weighted averaging with the phase fraction, while the viscosity (or the non-Newtonian
apparent viscosity) is calculated via harmonic averaging of the kinematic viscosities following the work of Prosperetti [32]:
𝑛phase −1

𝜌(𝐱) =

∑
𝑝=0

𝜌(𝐱)
=
𝜇(𝐱)

𝜙𝑝 (𝐱)𝜌𝑝

𝑛phase −1

∑
𝑝=0

𝜙𝑝 (𝐱)

(8a)

𝜌𝑝

(8b)

𝜇𝑝

(5)

Several empirical models have been proposed in the literature to describe the relation between 𝜂 and the shear rate, and the simplest and
most widely used correlation is the power-law model (or Ostwald – de
Waele relationship):
𝜂 = 𝐾 𝛾̇ 𝑛−1

(6)

In Eq. (6), K represents the consistency index, while n is the ﬂow behaviour index, a constant characterizing the ﬂuid: for 𝑛 = 1 the relation
reduces to a Newtonian ﬂuid, for n < 1 the ﬂuid is shear-thinning (viscosity reduces with the shear rate) and for n > 1 the ﬂuid is shear-thickening
(viscosity increases with the shear rate). Although often applied, this
model contains a very important physical and numerical shortcoming,
as discussed by Gabbanelli et al. [31]. When the ﬂuid is quiescent, or
in general in a zero-shear situation, the viscosity becomes inﬁnite for
a shear-thinning rheology, while it becomes zero for shear-thickening
ﬂuids. Moreover, most non-Newtonian ﬂuids present even more complex behaviour than what is captured with a power-law expression: for
instance, they often show Newtonian plateaus around a limited nonNewtonian region. More complex models have been developed to overcome this problem, such as the Carreau model, but these models are
usually only valid for a limited type of behaviour (e.g. shear-thinning).
A simple but eﬀective solution is to use a truncated power-law model
[31]:
⎧𝜂0 ,
⎪
𝜂 = 𝜂(𝛾)
̇ = ⎨𝐾 𝛾̇ 𝑛−1 ,
⎪
⎩𝜂∞ ,

K[Pasn ]

In previous works, the Front-Tracking model has been used to derive
a drag correlation for both single bubble [1] and bubbles rising in a
swarm [8]. The terminal velocity of a bubble is determined by a force
balance between buoyancy and drag, as described by Roghair et al. [8].
Assuming that the liquid is inﬁnite with zero bulk velocity, the drag
coeﬃcient can be expressed as:
(
)
4 𝑑 𝑏 𝜌𝑙 − 𝜌𝑔 𝐠
𝐶𝐷 =
(9)
3 𝜌 |𝐮 |2
𝑙| ∞|
The aim of this paper is to give a comprehensive description of the drag
coeﬃcient of single bubbles rising in non-Newtonian power-law ﬂuids.
Thus, the starting point is the adoption of the drag correlation obtained
by Dijkhuizen et al. [1]. In particular, Dijkhuizen et al. [1] described
the drag coeﬃcient as:
√
𝐶𝐷 = 𝐶𝐷 (Re)2 + 𝐶𝐷 (Eo)2
(10)
where the Reynolds dependent part, as described by a correlation developed by Mei et al. [33], is used to model the frictional stress (for smaller
spherical bubbles):
𝐶𝐷 (Re) =

𝛾̇ < 𝛾̇ 0
𝛾̇ 0 ≤ 𝛾̇ ≤ 𝛾̇ ∞

2.5. Drag coeﬃcient

(7)

𝛾̇ > 𝛾̇ ∞

where 𝜂 0 and 𝜂 ∞ are the viscosities calculated with the respective limiting shear rates. To keep consistency between the diﬀerent cases, it
has been chosen to express the limits in terms of 𝜂, as described in
Table 1. Note that the + or − subscripts in Table 1 represent 0 or ∞,
according to the rheology of the selected ﬂuid, i.e. for shear-thinning liquids + and − represent 0 and ∞, respectively, while for shear-thickening
liquids + and − represent ∞ and 0. Although these limits guarantee numerical stability especially during the ﬁrst time step, when the ﬂuid is
quiescent and there is no shear, the limits are selected wide enough to
maintain a power-law rheology in the whole domain for the remaining
of the simulations and thus the selected limits do not aﬀect the terminal
rise velocity of the bubbles.

⎛
16 ⎜
1+
Re ⎜
1+
⎝

2
16
Re

+

3.315
Re

⎞
⎟
⎟
⎠

(11)

and the Eötvös dependent part, ﬁtted by Dijkhuizen et al. [1], is used to
model the form-drag (i.e. shape-induced, for large deformable bubbles):
𝐶𝐷 (Eo) =

4Eo
9.5 + Eo

(12)

This correlation achieves a smooth transition when shifting from spherical to deformed bubbles [1].
The Eötvös number can be easily calculated a priori, using physical
properties and the bubble diameter:
Eo =

𝑔Δ𝜌𝑑𝑏2
𝜎

(13)

However, the Reynolds number in Eq. (11)) depends amongst other parameters on the ﬂuid viscosity (which depends on the local shear rate)
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Fig. 2. Comparison of simulation results with their analytical solutions for the
steady-state velocity proﬁle of a 2D single phase non-Newtonian ﬂow between
two parallel plates for diﬀerent power-law exponents (following the direction
of the arrow: 𝑛 = 0.2; 0.5; 0.8; 1; 1.2; 1.5; 1.8).
Table 2
Relative error between the numerical and analytical solutions of the velocity proﬁle for a
2D single phase non-Newtonian ﬂow between
two parallel plates.
n

𝜖 rel

0.2
0.5
0.8
1
1.2
1.5
1.8

0.36%
0.13%
0.11%
0.10%
0.10%
0.10%
0.10%

Fig. 3. Rising velocity of a 4 mm bubble rising in a shear-thinning 𝑛 = 0.5 ﬂuid.
(a) Constant bubble to domain ratio (1:5) and (b) varying domain and bubble
size.
Table 3
Terminal velocity for a 4 mm bubble at diﬀerent grid resolutions.
n

db

domain3

𝑢𝑡,𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 [ms−1 ]

0.5

10
10
20
20
10
10
20
20
10
10
20
20

50
100
100
200
50
100
100
200
50
100
100
200

0.2647
0.2709
0.2744
0.2757
0.2743
0.2770
0.2784
0.2818
0.2405
0.2456
0.2460
0.2509

1

and the bubble rise velocity. The latter is obtained from the simulation as the time-averaged rate of displacement of the bubble center of
mass. The viscosity, in contrast, cannot be directly taken from the simulation results, as it is represented by a ﬁeld, not by a single, well-deﬁned
value as in Newtonian ﬂuids. Instead, the deﬁnition for the generalized
Reynolds number for power-law ﬂuids, as introduced by Chhabra [34],
is used in this work:
Re∗ =

𝜌𝑢2−𝑛 𝑑𝑏𝑛
𝐾

(14)

The rationale behind this choice is that the physics determining the drag
coeﬃcient is not altered by the ﬂuid rheology (as for instance with contaminated ﬂuids) but can rather be captured by the changing apparent
viscosity in a similar way as for Newtonian liquids, thus using the modiﬁed Reynolds number given in Eq. (14). This has been demonstrated
for spheres in shear-thinning liquids by Chhabra [24].

3. Veriﬁcation
The used Front-Tracking model has been thoroughly validated before by Dijkhuizen et al. [1] and Roghair et al. [8] for a wide range
of Newtonian liquids and bubble sizes. In this paper the model veriﬁcation focuses on the implementation of the non-Newtonian truncated
power-law viscosity model and on the grid convergence study.

1.5

3.1. Viscosity model
To verify the correct implementation of the viscosity model, a simple test case is represented by a single phase unidirectional pressuredriven ﬂow between two parallel plates, separated by a distance 2L in
the y direction, orthogonal to the ﬂow direction x. Assuming that the
only non-zero velocity component is ux (y), it is possible to simplify the
Navier-Stokes equations (see Eqs. (1a) and (1b)) to obtain the stationary
velocity proﬁle as:
𝑛+1 )
(
)1∕𝑛 (
|𝑦| 𝑛
𝐿 𝜕𝑝
𝑛
1 − || ||
𝑢𝑥 (𝑦) = 𝐿
𝑛 + 1 𝐾 𝜕𝑥
|𝐿|
(
𝑛+1 )
|𝑦| 𝑛
2𝑛 + 1
= 𝑢𝑖𝑛
1 − || ||
(15)
𝑛+1
|𝐿|
where uin represents the inlet velocity, and y the distance from the center
of the channel in the positive or negative direction, as it is symmetric.
For a liquid described with the truncated power-law viscosity model
(Eq. (7)) three distinct regions can be identiﬁed:
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Fig. 4. Apparent viscosity proﬁles at 1s of simulation time around a (a), (b), and (c) 4 mm; (d), (e), and (f) 2 mm; (g), (h), and (i) 0.5 mm bubble in three diﬀerent
ﬂuids: left shear-thinning, middle Newtonian and right shear-thickening. The colors range from lower (blue) to higher viscosity (red). (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Table 4
Physical properties of the air-water system.

•
•
•

Table 5
Overview of the numerical setup.

Property

Symbol

Value

Setting

Value

Gas density
Gas viscosity
Liquid density
Surface tension

𝜌g
𝜇g
𝜌l
𝜎

1.25 kgm−3
1.8 × 10−5 Pas
1000 kgm−3
0.073 Nm−1

Eulerian grid
Domain size/bubble diameter
Bubble diameter/grid ratio
Time step
Total simulation time

200 × 200 × 200
10
20
1 × 10−5 s
1s

a Newtonian region close to the walls (maximum shear)
a power-law region in between
a Newtonian region close to the center (no shear)

Since the 𝛾̇ limits are selected as broad as possible, the two Newtonian regions are reduced to a very small region of the domain, so that
it is possible to assume that the power-law model holds in the entire
domain.

Table 6
Settings used in the diﬀerent simulation cases.

∗

Case

db [mm]

1
2
3

4.0
0.5
2.0

K [mPasn ]∗
1;10;100

Diﬀerent viscosity limits, see Table 1.

Eo[−]

n [-]

2.15
3.35 × 10−2
0.54

0.5;0.8;1;1.2;1.5
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Fig. 5. Proﬁles of the shear rate (𝛾)
̇ at 1s of simulation time around a (a),(b), and (c) 4 mm; (d),(e), and (f) 2 mm; (g),(h), and(i) 0.5 mm bubble in three diﬀerent
ﬂuids: left shear-thinning, middle Newtonian and right shear-thickening. The colors range from lower (blue) to higher shear rates (red). (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

The simulations have been carried out with a rectangular domain
where the distance between the plates (12 mm) is much smaller than
in both other directions (50 cm). In the y-direction (perpendicular to
the direction of the ﬂow) a number of 100 grid cells has been used.
The two plates have a no slip boundary condition, while for the depth
(the z-direction) a free slip boundary is applied. The other simulations
parameters are: a time step of 10−2 s, an inlet velocity of 𝑢𝑖𝑛 = 0.01 ms−1 ,
a ﬂuid density of 1000 kg/m3 and a consistency index 𝐾 = 10−3 Pasn ).
Several ﬂow behaviour indices have been tested, including a fully
Newtonian case for completeness. The results of the validation are
shown in Fig. 2.
The relative error has been calculated as in Eq. (16) for all the cases,
and is given in Table 2.

𝜖𝑟𝑒𝑙

‖
𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 ‖
‖𝐮𝑥 − 𝐮𝑥
‖
‖
‖2
=
‖ 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 ‖
‖𝐮𝑥
‖
‖
‖2

(16)

Note that the relative error here is always a positive value, while the
relative error in the next sections is calculated without the norm to show
the sign of the deviations. The simulation results match very well with
the analytical solutions, with a maximal error of only 0.36%, thus conﬁrming the implementation of the viscosity model and the validity of the
power-law regime in the whole domain. It is important to mention that
the grid used for the actual rising bubble simulations is twice as reﬁned
in all directions, in order to accurately capture all dynamic ﬂuctuations
in shear rates in the domain, which is one of the main outcomes of the
grid dependency study presented below.
3.2. Grid dependency
The dependency of the terminal rise velocity of a bubble on the
resolution of both the computational domain and the bubble itself has
been studied. In the grid-dependency investigation by Dijkhuizen et al.
[1] for bubbles rising in viscous liquids, the minimally required domain-
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Fig. 8. Terminal velocity of a 4 mm bubble as a function of the non-Newtonian
exponent n for a consistency index 𝐾 = 10−3 Pasn .
Fig. 6. Bubble aspect ratio E as a function of the exponent n for all the diﬀerent
cases performed.

Fig. 7. Comparison of the Newtonian and shear-thickening cases for a 4 mm
bubble. (a) and (b), rising patterns. (c) and (d), viscosity proﬁles. The colors
range from lower viscosity (blue) to higher viscosity (red). (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

to-bubble ratio was determined to be 10, in order to adequately resolve
both the bubble motion and the proﬁles in the domain with suﬃcient
detail; in smaller domain sizes the hydrodynamics is not adequately
captured.
To show the eﬀect of the grid resolution, a grid convergence study
has been performed using a 4 mm bubble in a Newtonian, a shearthinning and a shear-thickening liquid with a consistency index 𝐾 =
10−3 Pasn . The bubble is wobbling in both the Newtonian and shearthinning liquids and thus indicates the minimum number of grid cells
required in a bubble diameter to fully capture the dynamic motion of
the gas-liquid interface. For the shear-thickening case, the bubble interface is much less dynamic, as the bubble interface remains nearly or
completely spherical while rising, and shows strong similarities to the
high-viscosity simulations by Dijkhuizen et al. [1], giving information
on the domain-to-bubble ratio.
In such case, both the shear-thinning and the Newtonian bubbles
show oscillations in the rise velocity, as a consequence of the wobbling
behaviour. In Fig. 3(a), an increasing bubble resolution shows a large
diﬀerence in the rising velocity proﬁle of the bubble. Indeed, a bubble
resolution of at least 20 grid nodes is required to adequately capture the
amplitude of the oscillations.
Moreover, from Fig. 3(b) it is visible that the domain size inﬂuences
the simulation as well. Indeed, the 100 × 100 × 100 grid cells case is not
enough to accurately represent the system, especially for more viscous
cases where Dijkhuizen et al. [1] showed that a bubble-to-domain ratio
of 10 is required. Despite the diﬀerences, Table 3 shows that the average terminal velocities are, in all cases, similar with minor deviations
between all the diﬀerent cases, even with a relatively low resolution.
To conclude, to be able to capture both the bubble dynamics and the
domain proﬁles with suﬃcient detail, a grid of 200 × 200 × 200 with a
bubble diameter of 20 grid elements has been selected. A further reﬁnement to the grid has been deemed unnecessary in view of the extensive
computational eﬀort already required compared to the expected gain in
resolution.
4. Results
With the veriﬁed Front-Tracking model, single bubbles rising in various shear-thinning and shear-thickening ﬂuids showing a power-law
rheology have been simulated. First, the analysis focuses on the eﬀects
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in Section 2.5. An overview of the selected numerical settings is provided in Table 5.
The default physical properties are chosen to represent the air-water
system for the Newtonian cases (see Table 4), while the apparent viscosity is described with the power-law model given by Eq. (7). Simulations
have been performed for diﬀerent values for the exponent and for different bubble diameters, as detailed in Table 6, while for all the selected
bubble diameters three diﬀerent consistency indices K (1, 10 and 100
times the one of water) have been chosen. For these cases, also the viscosity limits, described in Eq. (7), have been increased by one or two
orders of magnitude, accordingly. For all the cases, simulations with
𝑛 = 0.5, 0.8, 1, 1.2 and 1.5 have been performed.
4.2. Apparent viscosity proﬁles and bubble shape

Fig. 9. Terminal velocity of a 4 mm bubble as a function of the non-Newtonian
exponent n for diﬀerent consistency indices: (a) 𝐾 = 10−2 Pasn and (b) 𝐾 =
10−1 Pasn .

of the non-Newtonian viscosity proﬁles on the bubble shape, while the
second part will discuss their rise velocity and drag coeﬃcient.
4.1. Numerical setup
As mentioned before, the simulation domain is a cube with
200 × 200 × 200 grid cells. A triangulated mesh of a spherical bubble
(with a bubble diameter-to-grid ratio of 20) is placed inside the domain,
initialized with zero velocity, with its center at a vertical position of 60%
of the domain height. This position allows the bubble wake to be completely resolved, while the velocity ﬁeld at the top of the domain above
the bubble remains quiescent.
With the selected time step of 1 × 10−5 s suﬃcient temporal resolution is achieved and the simulation is continued for 1 s simulation time,
in order to obtain a pseudo-steady state, also for the larger bubbles that
are known to oscillate during their rise. An initial transient period of
0.2 s is discarded for the time-averaging to determine the terminal velocity of the bubble and the drag coeﬃcient, as described in more detail

The non-Newtonian behaviour of the continuous phase has a large
inﬂuence on the bubble shape, as well as on the bubble behaviour. In
Figs. 4 and 5, snapshots of the bubble for the diﬀerent cases are shown
together with the apparent viscosity proﬁles and shear rate proﬁles
(namely 𝛾).
̇ It is possible to immediately recognize the direct correspondence between the magnitude of the shear rate and the apparent
viscosity. For instance, Figs. 4(a) and 5(a) show a complementary
image of the shear proﬁles and the apparent viscosity. The bubble is
clearly rising in a meandering motion, as noticeable from the wake. In
all cases, the front and wake of the bubble are the regions of higher
shear, meaning lower or higher viscosity depending on the type of
ﬂuid. Interestingly, the 2 mm bubble of Fig. 5(d) is wobbling, as clearly
visible from the wake shape, but does not meander as much as the 4 mm
bubble.
The bubble aspect ratio for all the diﬀerent cases is shown in Fig. 6.
As expected, in all the shear-thickening cases the bubble shape becomes
more spherical as a consequence of the increased viscosity in the ﬂuid
immediately surrounding the bubble.
As already mentioned, the bubble trajectory is strongly aﬀected by
the non-Newtonian behaviour of the ﬂuid: for the 4 mm case, the Newtonian ﬂuid exhibits a meandering and wobbling bubble, whereas for
the shear-thickening non-Newtonian cases the same bubble is rising in
a straight line, as shown in Fig. 7. This is similar to a bubble rising in a
more viscous ﬂuid. The viscosity is mainly aﬀected at the bubble front
(where there is a highly shear-thickening region) and then the liquid
passes the bubble forming a higher viscosity tail in the wake. Since the
larger bubble rises faster, the viscosity reaches a higher maximum value
in front of the bubble, while the viscosity is aﬀected in a larger part of
the domain for the smaller 0.5 mm bubble.
When inspecting the shear-thinning cases, it is possible to observe
that the bubble sphericity has somewhat decreased (see Fig. 6). The
meandering 4 mm bubble maintains this behaviour and this is also visible in the viscosity proﬁle which follows the bubble pattern. In all three
shear-thinning cases displayed in Fig. 4, two higher viscosity regions can
be observed at the walls (as also observed before by Ohta et al. [16]).
Interestingly, unlike the shear-thickening case, the regions with a higher
viscosity are located at the walls, while regions of lower viscosity are in
front of the bubble and in the wake, which follows the meandering path
of the bubble for the 4 mm case. Same as before, the 4 mm bubble rises
faster, and therefore the viscosity reaches higher (and lower) values due
to larger velocity gradients.
The quantiﬁcation of these eﬀects on the drag coeﬃcient is discussed
in the next section.
4.3. Drag coeﬃcient
From the Front-Tracking simulations, the time-averaged terminal
rise velocity (and thus the drag coeﬃcient) of a single rising bubble is
directly available as part of the solution. The computed time-averaged
terminal rise velocity is compared with the terminal velocity ut (Re∗ , Eo)
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Fig. 10. Terminal velocity of a 0.5 mm bubble as a function of the nonNewtonian exponent n for consistency index 𝐾 = 10−3 Pasn .

calculated using the drag coeﬃcient detailed in Section 2.5, which is a
function of the modiﬁed Reynolds number (Re∗ ) given by Eq. (14). In
Fig. 8, the terminal velocity of a 4 mm bubble rising in ﬂuids with different non-Newtonian exponents n and consistency index 𝐾 = 10−3 Pasn
is shown. For this case with a relatively large Eo number (Eo = 2.15),
the terminal velocity (directly related with the drag coeﬃcient) does
not signiﬁcantly depend on the power-law exponent, because form-drag
(viscosity independent) dominates. Only for the case with the highest
value for the power-law exponent investigated, viz. 𝑛 = 1.5, the terminal
velocity slightly decreases, corresponding to the results of a very shearthickening liquid. This is due to the higher viscosity, which reduces the
Re number slightly and increases the bubble sphericity, causing a small
deviation from the drag coeﬃcient expected for a Newtonian ﬂuid, also
shown in the ﬁgure. Clearly, the correlation is able to predict the terminal rise velocity well and matches the computed Front-Tracking terminal velocity within a 20% deviation margin. When the consistency
index K is increased by one or two orders of magnitude (see Fig. 9(a)
and (b)), the eﬀect of the highly shear-thickening regime becomes much
more pronounced, starting to decrease the terminal velocity of the bubble even more as a consequence of the high viscosity around the bubble
itself. The correlation using the modiﬁed Reynolds number is still able to
predict the bubble terminal velocity considerably well, with deviations
within 20%.
For smaller bubbles, the Reynolds number decreases, increasing the
contribution of the Reynolds dependent part of the drag on the total
drag coeﬃcient. For a 0.5 mm bubble a similar dependency of the terminal velocities on the non-Newtonian exponent is found, as shown in
Fig. 10: for exponent values above 𝑛 = 1, the drag coeﬃcient increases
drastically, decreasing the terminal velocity of the bubble.
However, despite the similarities in the overall behaviour, there is a
large deviation observed between the simulation result and the prediction by the drag correlation based on the modiﬁed Reynolds number for
the shear-thinning region for small bubbles, where for 𝑛 = 0.5 the error
is approximately 87%. This indicates that the correlation is not able to
fully describe the drag force in this regime.
First of all, the shape of the bubble is changing from spherical (aspect ratio of 1 for 𝑛 = 1) to slightly ellipsoidal (aspect ratio of 0.9, see
Fig. 4(g)). In addition to the shape change, the bubble starts to slightly
rise in a meandering motion, as visible in Fig. 12. The cause for the
large deviation between the terminal velocity computed with the FrontTracking model and the velocity predicted by the drag closure is that for

Fig. 11. Terminal velocity of a 0.5 mm bubble as a function of the nonNewtonian exponent n for diﬀerent consistency indices: (a) 𝐾 = 10−2 Pasn and
(b) 𝐾 = 10−1 Pasn .

a bubble of this size rising in a Newtonian ﬂuid, the drag on the bubble
is dominated by frictional stresses. For the case of a Newtonian ﬂuid,
the bubble shape is spherical in this regime and the drag coeﬃcient is
dominated by the Reynolds-depending part, which is given by the correlation of Mei et al. [33]. This means that the Eo-dependent part of
Eq. (10) is completely negligible, but in the simulation it is not. Indeed,
the correlation from Mei et al. [33] does not account for wake dynamics and shape deformations, and the Eo-dependent part (Eq. (12)) was
never ﬁtted for bubbles of this size. Because also small bubbles in shearthinning ﬂuids experience large shape deformations, the application of
the closure from Dijkhuizen et al. [1], based on the correlation by Mei
et al. [33] for the Reynolds-depending part, will result in a large deviation in the estimation of the terminal velocity. Indeed, for the same
bubble diameter rising in more viscous ﬂuids (with a consistency index
K higher by one and two order of magnitudes) a much better agreement with the correlation (see Fig. 11) is obtained, where the deviation
is again within 20% of deviation. This is consistent with the retained
sphericity of the bubble in a more viscous environment. On the other
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Fig. 12. Highlight of a 0.5 mm bubble rising in a ﬂuids
with a non-Newtonian exponent 𝑛 = 0.5 and a consistency index 𝐾 = 10−3 Pasn . On the left, velocity proﬁle.
On the right, viscosity proﬁle.

Fig. 13. Parity plot of all simulation cases showing the calculated vs. simulated
terminal velocities. The dashed lines represent the ± 20% deviation margin.

hand, with a lower exponent 𝑛 = 0.2 for 𝐾 = 10−2 Pasn , the strong shearthinning behaviour results again in large deviations in the estimation
of the terminal velocity with a deviation of about 74% with an aspect
ratio of the bubble of 0.91. As a ﬁnal remark, the authors want to underline that this speciﬁc case describes an extreme type of power-law
liquid. Indeed the ﬂuid viscosity reached around the bubble is in the
order of the gas viscosity, which would be extremely improbable in nature. More often, shear-thinning ﬂuids present a higher K value, see for
instance Venneker et al. [35].
To conclude, a summary of the results is presented in Figs. 13 and
in 14, where all the cases described in Table 6 are compared with the
terminal velocity and drag coeﬃcient obtained from the correlation of
Dijkhuizen et al. [1] using the modiﬁed Reynolds number. Here, is noticeable that the case with a bubble diameter of 0.5 mm falls outside
the 20% deviation margin, while all the other cases, including the 2
mm bubble, are within 20% of deviation and the majority of occurrences
(80% of the cases) lie within 10% of accuracy. The drag coeﬃcient curve
shows this as well, where the transition between frictional (Eq. (11)) and
form-drag (Eq. (12)) is visible. This is captured very well for the higher
Eo number bubbles (i.e. 2 mm and 4 mm), while the transition is not
captured well for the 0.5 mm bubble with 𝑛 = 0.5 and 𝐾 = 10−3 Pasn ,

Fig. 14. Drag coeﬃcient as a function of Re∗ for diﬀerent bubble sizes. Comparison of simulation results and correlation. ∗ The new ﬁt corresponds to
−3
Eo
𝐶𝐷(Eo) = 9.45+
+ 1.65×10
, as suggestion for a better ﬁt.
Eo
Eo

as previously discussed. The Eotvos-dependent part of the drag correlation, given in Eq. (12), can be easily adjusted to account for this case,
for instance by adding 1.65 × 10−3 ∕Eo. This will result in a better ﬁt for
the transition while marginally aﬀecting higher Eo cases, as shown in
Fig. 14. The authors would like to stress to the reader that this is merely
a suggestion on how to improve the ﬁtting to include the missing point,
because for a proper correction of the drag correlation many more points
at diﬀerent Eo numbers should be included.
5. Conclusions
With a simulation study using a Front-Tracking model, it is shown
that non-Newtonian ﬂuids drastically alter the bubble shape as a consequence of the developed viscosity proﬁles. Especially, large nonspherical bubbles become more spherical in shear-thickening ﬂuids,
while the opposite is true for small spherical bubbles in shear-thinning
ﬂuids. The drag relation proposed by Dijkhuizen et al. [1], and hereby
adapted to use the modiﬁed Reynolds number (Re∗ ), is able to predict
the drag coeﬃcient and hence the terminal velocity for moderately nonNewtonian ﬂuids (e.g. 0.5 ≤ n ≤ 1.5) within 20% accuracy in most cases,
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excluding the case for very small bubbles rising in a strongly shearthinning ﬂuid with very low viscosity, viz. 𝑑𝑏 = 0.5 mm, 𝐾 = 10−3 Pasn
and 𝑛 = 0.5. In this case, the bubble aspect ratio diﬀers strongly from
unity and the bubble starts meandering. This behaviour is not accounted
for in the drag correlation, as the Newtonian bubble is perfectly spherical and wake dynamics do not play a role. The rise velocity of the same
bubble in more viscous ﬂuids with a higher consistency index K do retain their sphericity and do not meander, and the rise velocity is well
predicted by the correlation within the 20% deviation margin.
Finally, this work should be further extended to investigate more
complex types of ﬂuids, including visco-elasticity and memory eﬀects,
and to include swarm eﬀects, ultimately giving the possibility to develop
a complete drag closure for unresolved models for all types of ﬂuids.
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