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Abstract

We consider a single-server queueing system with Poisson arrivals in which the speed
of the server depends on whether an associated fluid reservoir is empty or not. Conversely, the rate of change of the content of the reservoir is determined by the state of
the queueing system, since the reservoir fills during idle periods and depletes during
busy periods of the server. Our interest focuses on the stationary joint distribution
of the number of customers in the system and the content of the fluid reservoir, from
which various performance measures such as the steady-state sojourn time distribution of a customer may be obtained.
We study two variants of the system. For the first, in which the fluid reservoir is
infinitely large, we present an exact analysis. The variant in which the fluid reservoir
is finite, is analysed approximatively through a discretization technique.
The system may serve as a mathematical model for a traffic regulation mechanism
- a two-level traffic shaper - at the edge of an ATM network, regulating a very bursty
source. We present some numerical results showing the effect of the mechanism.
Keywords and phrases: single-server queue, fluid queue, traffic regulator
1991 Mathematics Subject Classification: 60K25, 90B22

1
1.1

Introduction
The model

We consider a single-server queueing system at which customers arrive according to a
Poisson process with rate >.. Customers arriving while the server is busy wait for their
turn if there is a free waiting position and are lost otherwise.
During idle periods of the server a fluid commodity which we shall designate as credit
accumulates in a reservoir at a constant rate r + > O. The credit reservoir depletes during
busy periods of the server at a constant rate r _ > 0 as long as the reservoir is nonempty.
It may be helpful to think of credit as energy which the server gathers when idle and
consumes when busy.
The amounts of service which customers require (in the presence of credit) are independent and exponentially distributed random variables with mean 1/ J11, which results in
a departure rate of J11 as long as there are customers in the system and the credit reservoir
is nonempty. When the credit reservoir becomes empty, however, the server slows down
and the departure rate drops to J12 :::; J11.
We shall let X t denote the number of customers in the system and Gt the content of
the credit reservoir at time t. The interaction between the processes {Xt , t 2:: O} and
{Gt , t 2:: O} is summarized schematically in Figure 1. Obviously, the two-dimensional
process {(Xt, Gt ), t 2:: O} constitutes a Markov process which, under a suitable stability
condition, possesses a unique stationary distribution. Our foremost aim is to obtain this
distribution.

+r+ if X t = 0

t
~

J11 if Ct > 0
J12 if Ct = 0

-r- if X t

>0

Figure 1: Interaction between the processes {Xt, t 2:: O} and {Gt , t 2:: O}.
Our model may be viewed as a member of a class of models known as fluid queues.
In the literature on such models the rate of ·change of the content of the fluid reservoir is
usually determined by the current state of an autonomous stochastic process evolving in
the background, see, e.g., [3], [15] and [20]. As far as we know, the model at hand is the
first to be analysed in which the dependence works both ways, that is, the evolution of the
regulating process is no longer autonomous, but depends on the state of the fluid reservoir
(unless J11 = J12). An important motivation for studying the present model has been to
investigate whether such behaviour yields to analysis.
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Since the first version of this paper was written, another model exhibiting two-way
dependence has been analysed in [11], [2] and [12], using different techniques. The model
describes two interacting fluid reservoirs, one for information and one for credit. In [11]
the credit reservoir is assumed to be infinitely large, while [2] and [12] deal with the case
of a finite credit reservoir.
Another motivation for studying the present model is that it may serve as a model for a
traffic regulation mechanism in an ATM network. This application is described in Section
6.

1.2

The rest of the paper

We will first discuss the case of an infinite credit reservoir. Although primarily interested
in the model with infinite waiting room, we shall start off, in Section 2, by studying
the case in which the number of customers in the system is bounded by some number N.
Subsequently, in Section 3, we let N -+ 00 in the expressions found to obtain the stationary
distribution of {(Xt, Ct ), t 2:: O} (and related quantities of interest) when the waiting room
is unbounded. The analysis amounts to solving a system of differential-difference equations
resembling the system of equations appearing in Markov-modulated fluid flow models (see,
e.g., [3], [8], [20], [21] and [9]).
An approach similar to that for the infinite credit reservoir does not seem to lead to
tractable results when the reservoir has finite capacity. By way of introduction to our
approach to this case, we will present, in Section 4, an alternative analysis for the model
with infinite credit reservoir and infinite waiting room, in which we keep track of the amount
of credit by observing the number of suitably defined credit quanta rather than the actual
volume of credit in the reservoir. Subsequently, in Section 5, we use an extension of this
discretization technique to obtain an approximate solution for the finite-reservoir model.
We also validate this approximation by simulation. We believe that the discretization
technique of Sections 4 and 5 has much wider applicability (see, e.g., [2]), and consider its
presentation as one of the main contributions of this paper.
Finally, in Section 6 we turn to the application we have in mind, that of a traffic
regulation mechanism operating on a very bursty on-off source. We present some numerical
results that have been obtained by the methods of Section 5 and show the trade-off between
extra delay incurred by the regulation mechanism on the one hand and burstiness reduction
of the regulated traffic stream on the other.

2
2.1

Finite waiting room and infinite credit reservoir
Preliminaries

We assume in this section that the waiting room is bounded and has N -1 waiting positions,
so that the state space N of {Xt, t 2:: O} is given by N = {O, 1, ... , N}. Clearly, to have
stability of the process {(Xt, Ct ), t 2:: O}, it is necessary and sufficient that the expected
2

net rate (or mean drift) of credit into the reservoir, conditional on the reservoir being
non-empty, be negative. Since

A (A)2
(A)N}-l
+ ... + f.ll
{ 1 + f.ll + f.ll
is the stationary probability of the server being idle in an M / M /1/ N system with arrival
rate A and service rate f.ll, this condition translates into

A

- > (TN,

(2.1)

f.ll

where (TN

(TN(r +, r _) denotes the unique positive solution of the equation

x+x 2 +···+x N

r+
r_

(2.2)

=-.

In what follows we shall assume that condition (2.1) is satisfied.
Letting

Fi(t, u)

Pr[Xt = i, Ct ::; u],

t ~ 0, u ~ 0, i EN,

(2.3)

it is not difficult to show that the Kolmogorov forward equations for the process {(Xt , Ct ),
t ~ O} are given by

aFo(t,u)
aFo(t,u)
at
+ r+ au
8Fi (t,u)
aFi(t,u)
at
- r_ au

-AFo(t, u)

+ f.llFl(t, u) -

AFi_1(t,U) - (A

(f.ll - f.l2)F1(t, 0)

+ f.ll)Fi(t,u) + f.llFi+l(t,U)

(2.4)

But, assuming that the process is in equilibrium, we may set F i ( t, u) - F i ( u) and also
%tFi(t, u) _ 0 for all i EN in (2.4) and, hence, obtain the system
r+F~(u)

-r_F/(u)

+ f.llFl(U) - (f.ll - f.l2)F1(0)
AFi- 1 (u) - (A + f.ll )Fi ( u) + f.llFi+l (u)
+ (f.ll - f.l2)(Fi (O) - Fi+l(O)),
AFN-1(U) - f.llFN(U) + (f.ll - f.l2)FN(0).
-AFo(u)

(2.5)
i E N\{O,N}

Since credit accumulates whenever the server is idle, the solution to (2.5) must satisfy
the boundary condition

Fo(O) = O.

(2.6)
3

Also, letting

Pi

=lim Fi(u) = lim Pr[X = i],
u->oo

t

t->oo

(2.7)

i EN,

the limiting distribution of the (non-Markov) process {Xt, t;?: O}, we must obviously have

(2.8)
Finally, the solution to (2.5) should satisfy the rate balance equations

(2.9)
We note that, by letting u
equivalent to
lim F!(u) = 0,

u->oo

2.2

---t 00

in (2.5), these balance equations are readily seen to be

(2.10)

i EN.

The stationary distribution of {eXt, C t ), t

> O}

By differentiating (2.5) we obtain a system of differential equations for the derivatives

(2.11)
which is conveniently written down in matrix notation as

f'(u) = H~/Q'Jvf( u).

(2.12)

Here superscript T denotes transpose,

and RN and QN are the (N

+ 1) x (N + 1) matrices
N

RN

_

diag(r +, '-r_, -r _~ ... , -r_),

(2.13)

and

(2.14)

o

J-ll

o

-(,,\

+ J-ll)
J-ll

,,\
- J-ll

The next lemma gives us crucial information about the eigenvalues of R"ilQ'Jr. The lemma
is (essentially) a special case of [8, Theorem 1], which, in turn and for the most part, is a
special case of [15, Theorem 1]. The latter result, however, does not give the simplicity of
the eigenvalues.
4

d

N
Lemma 2.1 The eigenvalues
), i E N, of R]:/Q']:; are all real and simple,. ordering
N
N
) > for i > 1.
them in increasing order of magnitude one has e~N) < 0, ei ) = 0, and

d

°

Since the eigenvalues of R]:/Q']:; are all distinct, the general solution of (2.12) is of the
form
N

f(u) = LCiexP{eJN)u}y(i),
i=O

dN

where y(i) is the suitably normalized eigenvector corresponding to the eigenvalue
) and
Ci is a constant, i E N. However, the boundary conditions (2.10) and the above lemma
are readily seen to imply that all constants Ci with the exception of Co must vanish. As a
consequence we must have

f( u)

= Co exp {e~N)u} y(O)

for some constant Co. Upon integrating this result and writing
follows immediately that

y

for

-coy(O) /e~N),

it now
(2.15)

where p - (Po,PI, ... ,PN)T with Pi, i EN, as defined in (2.7).
Since y is, apart from normalization, the unique eigenvector of R]:/ Q']:; corresponding
N
to the single negative eigenvalue ea ), its components Yi, i EN, satisfy the relations
/-llYl = (A
/-llYi+l = (A

+ r +et))yO
+ /-ll - r _e~N))Yi -

(2.16)

i E N\ {O, N}.

AYi-I,

Moreover, the boundary conditions (2.6) and (2.9) entail that the components of p should
satisfy the recurrence relations

Po = Yo
/-l2Pi+l = APi - (/-ll - /-l2)Yi+l,

(2.17)

i E N\ {N},

besides the normalization condition (2.8). Thus we have a total of 2N
pendent equations for the 2N + 2 quantities Yi and pi, i EN.
Summarizing, we have found the following.
Theorem 2.2 The stationary distribution Fi(u) - Pr[Xt = i, Ct
the process {(Xt , Ct ), t ~ O} is given by

:::;

+ 2 linearly inde-

u], i EN, u ~ 0, of
(2.18)

where ~~N) is the smallest eigenvalue of R]:/Q']:;, and the quantities Pi and Yi, i EN, are
determined by (2.8) and the recurrence relations (2.16) and (2.11).
5

It is now a simple exercise to determine the stationary distribution of the process
{( X t , Ct ), t 2: O}, once e~N) is known. To obtain more information on this smallest
eigenvalue we define the sequence of polynomials {Pn}~=o by the recurrence relation

n = 2,3, ... ,

(2.19)

and, letting

a =

l'1m
N-too

aN =

r+
r+

(2.20)

+ r_ ,

state the following result.
Theorem 2.3 The smallest eigenvalue e~N) of the matrix R"i/Q'h is the unique negative
zero of the polynomial PN(x), N = 1,2, ... , and {e~N)}N=l constitutes a strictly decreasing
sequence with limit

l' t(N)
= N-too
1m ',,0

t(oo) _

',,0

_

-

-

A - /11 a
.
r+

(2.21 )

This theorem, the proof of which has been relegated to the Appendix, tells us that
the eigenvalue e~N) is the unique zero of PN(x) in the interval (e~oo), 0). This knowledge
enables us to use a very stable and efficient bisection algorithm to compute e~N).

3

Infinite waiting room and infinite credit reservoir

3.1

Preliminaries

We will use the results of the previous section to analyse the system in which both waiting
room and credit reservoir are unbounded. Throughout this section N = {O, 1, ... }, but
otherwise the notation and terminology of the previous section are maintained.
Obviously, stability of the service system (apart from the credit reservoir) now requires
that A < /12, To have stability of the content of the credit reservoir we must impose
(1 -

~) r + - ~r _ < 0,
/11

/11

since A/ /11 is the probability of the server being busy in an M/ M /1/00 system with arrival
rate A and service rate /11, Thus, in order to have stability of the entire system (and
/11 2: /12), we will assume
a

A
</11

~

A
- < 1,

(3.1)

/12

6

with (J' given by (2.20).
As an aside we note that the assumption /11 ~ /12 is motivated by the application we
have in mind, but the model yields to analysis without it. Actually, the ensuing analysis
remains valid under the stability condition /11(J' < A < /12, apart from the case A = /12(J',
which requires some additional work.
Defining Fi(t,u) and Fi(u) as in the previous section, our task is now to solve the
system

-AFo(u) + /11 F1(U) - (/11 - /12)F1(0)

r+F~(u)

AFi- 1(U) - (A + /11)Fi(u)

-r -Ff(u)

+ (/11 -

+ /11Fi+1(U)

(3.2)

/12)(Fi(0) - Fi+l(O)),

i E N\{O},

with boundary conditions (2.6), (2.8) and (2.10). Our approach is to let N -+ 00 in
the solution for finite N in Theorem 2.2, and subsequently check whether the resulting
expressions satisfy the required conditions.

3.2

The stationary distribution of {(Xt, C t ), t

> O}

In view of Theorems 2.2 and 2.3 we obtain

Fi(u) = Pi - Yi exp { -(A - /11(J') r:}'
if we let N

-+ 00.

i EN,

(3.3)

Also, the recurrence relation (2.16) reduces to

Y1 = (J'Yo
Yi+1 =

(~+
(J') Yi - ~Yi-1'
III (J'
/11

i E N\ {O},

(3.4)

from which we immediately obtain

(3.5)
With this result the relation (2.17) becomes

Po = Yo
/12Pi+l = APi - (/11 - /12)(J'i+l yo ,

i EN.

(3.6)

Writing
00

P(x)

= LPiXi,
i=O

we subsequently get

(AX - /12)P(X) =

/11 (J'X - /12
Yo,
1 - (J'X

(3.7)

7

that is,

(3.8)
It follows that

Pi=,\ Yo

- /12(7

{(/11-/12)(7i+1+('\-/11(7)(~)i},
/12

It remains to determine Yo, but (2.8) tells us that P(l)

yo =

(/12 - ,\)(1 - (7)
/12 - /11 (7

(3.9)

iEN.

= 1, so that (3.7) yields
(3.10)

.

Substitution of (3.5), (3.9) and (3.10) in (3.3) finally gives us the expression for Fi(u)
given below in Theorem 3.1, which is readily checked to satisfy the required conditions.
Theorem 3.1 The stationary distribution F i ( u) == Pr[Xt = i, C t
the process {( X t , Ct ), t ~ O} is given by

::;

u], i E N, u ~ 0, of

Corollary 3.2 The marginal stationary distributions of the number of customers in the
system and of the content of the credit reservoir are given by

(1 - (7) ){,(\ - /11(7 ) ( -,\ )
Pr [X t = z0] = (,\ (/12 - ,\)
)(
- /12(7 /12 - /11 (7

/12

i+ (/11 - /12 )(7i+I} , z.E.lv.r (3.11 )
A

and
Pr[Ct

> u]

=

/12 - ,\ exp { -(,\ - /11(7)u } ,
/12 - /11(7
r+

u

~

o.

(3.12)

When /11 = /12 = /1 the service system behaves as an independent MIMll system, and
so the distribution of the number of customers in the system must be geometric, as indeed
is indicated by (3.11). Moreover, the expression given in (3.12) reduces to
Pr[Ct

> u]

= 1 - '\1/1 exp {-(,\ -

1-(7

/1(7)~} ,
r+

u ~ O.

(3.13)

The latter result is surprisingly simple when compared to the solution of the model studied
by Virtamo and Norros [21], see also [1], which may be considered as dual to the model at
hand when /11 = Il2. Indeed, in [21] a fluid reservoir is analysed which fills at a constant
rate when there are customers in a background MIMl1/°o system, but empties at a
constant rate when the reservoir is nonempty and there are no customers in the system
8

- exactly the opposite of what happens in the model at hand. The essential difference
between the two models becomes manifest when one considers an M/M/1/N rather than
an M/M/1/oo system as flow-regulating system. Indeed, the matrix R N of (2.13) and
Lemma 2.1 changes sign in the Virtamo-Norros context and, as a consequence, the number
of negative eigenvalues, that is, the number of eigenvalues appearing in the stationary
distribution, changes from 1 into N - 1.

3.3

The stationary sojourn and waiting time distributions

We can obtain the distribution of the stationary sojourn time S of an arbitrary customer by
conditioning on the state of the Markov chain {(Xt , Ct ), t ~ O} on arrival of the customer.
Indeed, invoking PASTA we easily get
Pr[S> s]

+

1

ST -

o

=

~ {pr [Ei+1(1l1) > ~: s] Fi(O)

Pr [ E i+l(1l1)

> -U

r_

+ -112
III

( s - -U

r_

)]

dFi(u)

+

1

00

Pr[Ei+1(1l1)

> s]dFi(u) ,
}

ST_

where Ei+l (Ill) denotes an Erlang-distributed random variable with parameters i + 1 and
Ill, representing the amount of work in the system (the time required to serve all customers
present at rate Ill) immediately after the arrival of a customer, given that this customer
finds i customers in the system. Subsequent substitution of the result of Theorem 3.1 yields
after tedious but straightforward calculations an explicit expression for the distribution
of S. The distribution of the stationary waiting time W may be obtained by a similar
calculation. The results are summarized in the next theorem.
Theorem 3.3 The distribution of the stationary sojourn time S is given by

Pr[S> s]

= (exp {-,,\0-- 1(1 - o-)s} + (1- () exp {-(1l2 - ,,\)s} , s ~ 0,

(3.14)

while the distribution of the stationary waiting time W satisfies
Pr[W> s] = (o-exp {_,,\0-- 1(1- o-)s}

+ 17exP {-(1l2 -

"\)s} ,

s ~ 0,

(3.15)

where

Clearly, when III > 1l2, then ( > 0, so that S has a hyperexponential distribution.
When III = 112 the sojourn time of a customer is not influenced by credit and therefore
its distribution is simply the sojourn time distribution in an M/M/1 queue, and hence
exponential. Indeed, ( = 0 in this case.

9

4

Alternative analysis via discretization

The model in which both waiting room and credit reservoir are bounded can in principle be
analysed in a way similar to that of Section 2, with the complication that all N eigenvalues
of the matrix Ri/Q'fv, rather than only one, playa role in the solution. As a result of
this complicating aspect it does not seem possible to obtain the solution of the model
with infinite waiting room and finite credit reservoir by letting N tend to infinity as in
Subsection 3.2. By way of introduction to our alternative (approximative) approach to
this problem in the next section, we will now present an alternative analysis for the model
in which both waiting room and credit reservoir are unbounded.
The basic idea behind the analysis is to discretize the state space for credit by observing
quanta of credit rather than volume of credit. Indeed, we imagine that at the beginning of
each idle period the reservoir receives a quantum of credit whose size is initially zero but
increases at rate r + during the idle period, so that the size at the end of the idle period is
exponentially distributed with parameter A/r+. We also imagine that during busy periods
these quanta of credit are drained at rate I_in their order of arrival, and disposed of as
soon as their sizes are reduced to zero. We shall denote the number of credit quanta in the
reservoir at time t by f{t. In other words, f{t can be viewed as the state of a counter at
time t, which increases by one at the beginning of each idle period and decreases by one
each time a quantum of credit has been disposed of.
Our interest now focuses on the two-dimensional process {(Xt'!<t), t :::: O}, for which
we want to compute the stationary distribution. Once we know this distribution we shall
be able to calculate the stationary distribution of the original process {(Xt , Ct), t :::: O}.
The process {(Xt , f{t), t :::: O} does not constitute a Markov process, since the length of
an idle period of the server determines the size of a credit quantum, and, hence, influences
future behaviour of the process after the idle period. However, if we disregard periods of
time corresponding to idle periods of the server and consider the process only during busy
periods, then we are dealing with a process which is a Markov process, since the sizes of
the credit quanta currently present (including the one that is being drained, if any) are
independent of the past. Note in particular that the leduction in size of the quantum that
is currently being drained (if any) is determined by the past of the new process, but, since
idle periods and hence credit quanta before being drained are exponentially distributed
(with parameter A/I+), the past of the new process does not provide any information
about the current size of the quantum, which is still exponentially distributed.
Letting q( i, j) denote the stationary probability that the new process is in state (i, j),
the balance equations for this process are readily seen (see also Figure 2) to be given by

(A

+ J12)q(i,0)

= Aq(i -1,0)

with the convention q(O, 0)

(A(l
(A(l

+ (AI_/r+)q(i, 1) + J12q(i + 1,0),

i E N\{O},

(4.1)

= 0, and

+ I _/r +) + J11)q(1, 1)
+ 1_/1+) + J11)q(1,j)

J12q(1, 0) + (AI _/1 +)q(1, 2) + J11q(2, 1)
(4.2)
J11q(1,j - 1) + (AI _/1 +)q(l,j + 1) + J11q(2,j),
jEN\{O,l}, (4.3)
10

(.\(1

+ r-Ir+) + J-Ll)q(i,j)

.\q(i -1,j)

+ (.\r_Ir+)q(i,j + 1) + J-Llq(i + 1,j),
i E N\{O, I}, j E N\{O}.

Figure 2: Flow diagram of the Markov process with r

(4.4)

= r-Ir+

The solution of the system (4.1) - (4.4) is given in the next lemma, which can easily
be verified by substitution.
Lemma 4.1 The stationary probabilities q(i,j), i E N\{O}, j EN, satisfy

. .)
q (Z,]

(Ill

= b(J i T (J) J ' i,j

E

(4.5)

N\{O},

and
i E N\{O},

(4.6)

with (J as defined in (2.20) and b being a normalizing constant.
As an aside we note that a deductive proof of this lemma may be based on the fact
that for j "2 1 the probabilities q(i,j) must be of the form

q(i,j) = bai f3i,
which is revealed by a careful analysis of the transition structure.
We next look at the complete process {(Xt, J{t), t "2 O} and let p(i,j) denote the
stationary probability that the process is in state (i,j) (state (a,j) now corresponds to
an idle server and j quanta of credit in the reservoir, including the one in development).
We recall that the process {(Xt, J{t), t "2 a} is not a Markov process, because the sojourn
time of the process in state (a,j) equals the amount of credit that is added during that
period, which, in turn, influences future behaviour of the process. However, it is clear
11

that p( i, j)fq( i, j) equals the stationary probability that the server is busy, and hence is
constant for all i E N\ {O} and j E N. Moreover, it is intuitively obvious that the rate
balance equations

>'p(O, l) = J12P(1, 0)
>'p(O,j) = J1lP(1,j-1),

(4.7)

jEN\{O,l},

must hold true, a result that can be formally justified by Miyazawa's rate conservation law
(see [16], in particular the arguments on p. 17). Interestingly, substitution of the preceding
results in (4.1) - (4.4) lead to equations for the probabilities p( i, j) which are precisely the
balance equations that we would be justified in writing down directly if {(Xt , L t ), t ;::: O}
were a Markov process. We can now conclude the following.
Theorem 4.2 The stationary distribution p(i,j) == Pr[Xt
process {(Xt , f{t), t;::: O} is given by p(O, 0) = 0,

= i,

f{t

= j],

i, j E

N, of the

(4.8)

and
..)

P( Z,)

where

C

C

=

CIJ

i

(J1llJ)j
T

'

i EN, j E N\ {O},

(4.9)

is a normalization constant given by

_ (J12 - >.)(>. - J1llJ)(1=
J1l (J12 - J1llJ)1J

IJ)

(4.10)

.

We can now easily recover the result of Theorem 3.1. Indeed, given the number of credit
quanta at an arbitrary point in time, their sizes must be independent and identically
distributed according to an exponential distribution with parameter >'fr+. Hence, with
Ej(>.fr +) denoting an Erlang-distributed random variable with parameters j and >.fr+, we
have
00

Fi(u) = p(i,O)

+ LP(i,j)Pr[Ej(>'fr+)::; u].

(4.11)

j=l

Substitution of (4.8) - (4.10) and a little algebra subsequently lead to the required result.

5
5.1

Infinite waiting room and finite credit reservoir
Preliminaries

We will now assume that the credit reservoir has finite capacity D, but otherwise maintain
the notation and assumptions of the previous section. Evidently, the stability condition
12

for this model is A/ /12 < 1. We will not analyse the model directly but rather apply a
modification of the approach of Section 4 to a model which approximates the model at hand.
As a result we obtain an approximation for the stationary distribution of {(Xt , Ct ), t ~ O},
which, however, can be made arbitrarily accurate at the cost of increasing computing time.
The approximative model differs from the model at hand in the way credit is collected
and spent. As in Section 4, we let credit be composed of quanta, of which a maximum
number M, say, is now allowed in the credit reservoir. Instead of collecting one credit
quantum in the reservoir during an idle period, as in Section 4, we now collect a random
number of credit quanta in the following way. At the beginning of each idle period the
reservoir, if it is not full, receives a credit quantum whose size is initially zero but increases
at rate 1'+ until either the idle period or an exponentially distributed spell of mean l/v
has ended, whichever happens first. In the latter case, and if there is still room, a second
credit quantum is added whose size again grows at rate 1'+ until either the remaining idle
period or the length of anew, exponentially distributed spell of mean 1/ v, has ended. If
the latter happens first, a third quantum is added to the reservoir if possible, and so on,
until either the complete idle period has come to an end or the total number of credit
quanta has reached level M, whichever happens first. Note that letting v = 0 amounts to
creating one credit quantum per idle period, as in Section 4.
Clearly, the size of each credit quantum is exponentially distributed with mean l' +/ (A +
v). Moreover, ifthere were no restrictions on the number of credit quanta, the total volume
of credit added during an idle period would be exponentially distributed with mean 1'+/ A.
As in Section 4, we imagine that during busy periods of the server the credit quanta are
drained at rate 1'_ in their order of arrival, and disposed of as soon as their sizes are reduced
to zero.
It is intuitively clear that the approximate model will resemble the original model closer
and closer by letting l/v, and hence the mean size of a credit quantum, tend to zero and
simultaneously letting M, the maximum number of credit quanta in the reservoir, tend to
infinity in such a way that

Mr+ =D

A+V

(5.1)

'

with D being the maximum volume of credit in the reservoir in the original model. This
intuition is validated by the numerical results of Subsection 5.3.
In the next subsection we will show how to perform an exact analysis of the approximative model. We let L t denote the number of credit quanta in the reservoir at time t,
and our aim is to compute the stationary distribution of the process {(Xt , L t ), t ~ O}. It
will be convenient to let

,n = (

A)

1- A

+v

n-l

A

A + v'

'Yn - ];n ,m =
00

(

1- A

A)

+v

n-l

'

n = 1,2, ... ,

so that In is the probability that n credit quanta are added to the reservoir during an
idle period, conditional on the reservoir having sufficient capacity. Evidently, the stability
conditions for the approximative and the original model are identical.
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5.2

Analysis of the approximate model

As in Section 4, we first disregard periods of time corresponding to idle periods of the server
and consider the process {(Xt, Ld, t ~ O} only during busy periods, as a result of which we
are dealing with a two-dimensional Markov process with state space {(i,j), i E N\ {O}, j E
M}, where M
{O, 1, ... , M}. Letting q(i,j) denote the stationary probability that this
new process is in state (i,j), and writing

7=('\+1/)1'_,

(5.2)

1'+

the balance equations for the new process are given by

(,\ + f-l2)q(i, 0) =

,\q(i - 1,0)

+ 7q(i, 1) + f-l2q(i + 1,0),

i E N\ {O},

(5.3)

with the convention q(O, 0) _ 0, and
j-I

(,\ + f-ll + 7)q(1,j)

=

f-l2/jq(l,O)

+ f-ll L

I'j-kq(l, k)

k=l

+ 7q(1,j + 1) + f-lIq(2,j),
j E M\ {O, M},

(5.4)

M-I

+ f-ll L 1M-kq(1, k) + f-llq(2, M),
k=l
1,j) + 7q(i,j + 1) + f-lIq(i + 1,j),

f-l21Mq(1, 0)

('\+7)q(l,M)

(,\ + f-ll + 7)q(i,j)

,\q(i -

(5.5)

i E N\ {O, I}, j E M\ {O},

(5.6)

with the convention q(i, M + 1) = O. Evidently, one of these equations is redundant; in
what follows we shall not make use of (5.5).
To solve the equations we first note that taking j = M in equation (5.6) yields the
difference equation

(,\ + f-ll + 7) q(i, M) =

'\q (i - 1, M)

+ f-ll q(i + 1, M),

i E N\ {0, I}.

(5.7)

The most general solution of this difference equation gives q( i, M) as a linear combination
of ith powers of the roots of the equation
(5.8)
But one of the roots being larger than 1, its weight in the linear combination must be zero,
and so

q(i,M) = Ao,ow i ,

(5.9)

i E N\{O},

where Ao,o is some constant and w is the smallest root of the equation (5.8), that is,

(5.10)
14

Subsequently substituting (5.9) into equation (5.6) for j = M - 1, we obtain an inhomogeneous difference equation for the probabilities q( i, M - 1). It follows that
(5.11)
for some constant A and
TwA oo
Al,l - ,\
, 2'
- J-llW

since the first term in (5.11) constitutes the (summable) solution of the homogeneous
equation, while the second term is a particular solution of the inhomogeneous equation. It
will be convenient to represent q( i, M - 1) as
(5.12)
with a constant Al,o which is yet to be determined.
Our next step is to substitute (5.12) into (5.6) for j = M - 2 and solve the resulting
difference equation for the probabilities q(i, M - 2). Thus proceeding, we can work our
way back from q( i, M) to q( i, 1) and find after some simple calculations that

q(i,M - j)

= wi

EA;,k(i ~}

j E M\{M}, i E .N\{O},

(5.13)

with constants Aj,k satisfying
2
. _ J-llW Aj,k+I + TwAj-l,k-l
A j,k ,\
2
,j E
- J-llW

M\{O,M}, k = 1,2, ... ,j,

(5.14)

where Aj,j+I = O.
Upon substitution in equation (5.3) of the expression we have thus found for q( i, 1)
we subsequently obtain an inhomogeneous difference equation for the probabilities q( i, 0).
Solving this equation under the conditions q(O,O) = 0 and Li q( i, 0) < 00, yields after
some algebra
(5.15)
with constants AM,k satisfying
A

- w((,\
M,k -

+ J-l2 -

2J-l2 W)A M,k+I - J-l2 wA M,k+2 - TAM-l,k)
,\ _ (,\ + J-l2)W + J-l2W2
'

k E M\{M}, (5.16)

where AM,M = AM,M+l _ O.
At this point it is convenient to express the stationary state probabilities p( i, j) of the
process {(Xt, L t ), t ~ O} in terms of the probabilities q(i,j) in a way similar to that of
Section 4. Indeed, it is clear that p(i,j)/q(i,j) must be equal to the stationary probability
15

that the server is busy, and, hence, must be constant for i E N\ {o} and j EM. Moreover,
the rate balance equations

(-\ + lI)p(O, 1)
(-\ + lI)p(O,j) =
-\p(O, M)

1l2P(1, 0)
IIp(O,j - 1) + Illp(l,j - 1), j = 2,3, ... , M - 1
= IIp(O, AI - 1) + III {p(l, M - 1) + p(l, M)},

(5.17)

must hold true, by Miyazawa's rate conservation law (see [16]). It follows in particular
that the equations (5.4) (which we have not used yet) may be rewritten as

(-\ + III + r)p(l,j) =

-\p(O,j)

+ rp(l,j + 1) + IllP(2,j),

j E M\{O,M},

(5.18)

precisely the equation balancing probability flow in and out of state (l,j) which we would
have written down directly if the process {(Xt , L t ), t 2: O} were a Markov process.
After a little algebra we can now conclude the following.

Theorem 5.1 The stationary distribution p(i,j) _ Pr[Xt
of the process {(Xt , L t ), t 2: O} is given by p(O, 0) = 0,

= i,

Lt

= j],

i EN, j E M,

j E M\{O,M},

(5.19)

(5.20)
and
p(i,j) = cq(i,j),

i E N\{O}, j EM,

(5.21)

where c is a normalization constant, Dij is Kronecker's delta, the q(i,j) are given by (5.13)
and (5.15), and the (M + l)(M + 2)/2 constants Aj,k, j E M, k = 0,1, ... ,j, are determined (apart from normalization) by AM,M = 0, and the linear equations (5.14), (5.16),
and (5.18).
It is now a matter of routine to calculate performance characteristics such as the mean
number of customers in the system and hence, by applying Little's law, the mean sojourn
time of a customer.

5.3

Validation of the approximative model

To investigate how well the discretization technique works we compare the mean sojourn
time of a customer in the original model with the mean sojourn time of a customer in the
approximative model. The results for the original model have been obtained by simulation,
while the results for the approximative model have been calculated via the procedure
outlined in the previous subsection.
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In the last column of Table 1 we have listed the values of E[Sd, the mean sojourn time
of a customer in the original model when the credit reservoir is bounded by D, for several
values of D and four sets of values of the other parameters. Throughout we have chosen
l' + = 1. We have also indicated a 95% confidence interval for the values of E[Sv]. In each
case these confidence intervals were obtained from 40 runs of 10 7 arrivals.
Other columns in Table 1 list the corresponding values of E[SV,MJ, the mean sojourn
time in the approximative model when the number of credit quanta is bounded by M,
for various values of M. The parameter v in the approximative model has always been
chosen such that (5.1) is satisfied. Computing the quantities E[SV,M] requires a fraction
of a second, which is negligible compared to the effort required to obtain E[Sd. We can
conclude from the results of Table 1 that E[SV,M] is a good approximation for E[Sv]
already for small values of M.

D
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0.5

1

2

1.5

1

1

2

1.5

2

1

1.5

1.1

0.5

1

1.5

1.1

1

1

1.5

1.1

2

M

1
2
5
1
2
5
1
2
5
2
3
5
2
3
5
2
3
5
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1.640

1.617
1.436

1.603
1.410

1.773

1.776
1.644

1.777
1.646

1.868

1.879
1.805

1.884
1.817

8.865

8.870
8.436

9.455

9.488
9.322

9.750

9.774
9.720

1.598
1.400
1.151
1.777
1.647
1.436
1.886
1.821
1.732
8.871
8.438
7.726
9.499
9.339
9.120
9.781
9.729
9.681

1.596
1.395
1.143
1.777
1.648
1.437
1.886
1.823
1.735
8.872
8.439
7.727
9.504
9.347
9.133
9.784
9.734
9.685

1.594
1.392
1.138
1.778
1.648
1.437
1.887
1.824
1.737
8.872
8.440
7.728
9.507
9.352
9.140
9.786
9.736
9.688

1.591
1.385
1.128
1.778
1.648
1.437
1.888
1.826
1.741
8.873
8.441
7.730
9.513
9.361
9.155
9.790
9.741
9.693

Table 1: Convergence of E[SV,M] to its limit E[Sd (1'+

6
6.1

E[SD]

1.587
1.378
1.117
1.777
1.648
1.437
1.887
1.826
1.744
8.855
8.438
7.695
9.507
9.373
9.162
9.789
9.746
9.693

±0.003
±0.003
±0.002
±0.003
±0.003
±0.003
±0.003
±0.003
±0.003
±0.066
±0.060
±0.065
±0.069
±0.072
±0.074
±O.O71
±0.082
±0.O64

= 1).

A two-level traffic shaper
Introduction

We will show that the system with finite credit reservoir can serve as a model for a traffic regulation mechanism operating on a very bursty traffic source in an ATM network.
However, we will first give some information on traffic regulation in ATM networks.
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Probably the best-known techniques for regulating (or shaping) cell streams entering an
ATM network are variants of the leaky-bucket mechanism or token-bank throttle (see, e.g.,
[4] and [19]). The basic operation of this scheme is simple. Before entering the network
cells are sent to a buffer. In order to get access to the network a cell at the head of the
line in this buffer needs a token from a token bank. If no token is available the cell has
to wait. Tokens arrive deterministically and evenly spaced to the token bank at a rate
which equals the specified average arrival rate of the source (the sustainable cell rate). The
capacity of the token bank is finite and tokens that arrive at a full bank are blocked and
lost. The token-bank throttle guarantees that the long-term average rate at which cells
enter the network never exceeds the sustainable cell rate. However, for some period of
time, determined by the size of the token bank and the cell arrival stream, the scheme
permits a higher rate, equalling, in fact, the actual cell arrival rate.
There have been proposals for extensions of the token-bank throttle which behave as
two-level regulators (see [10] and [17]). Such shapers have the additional feature that
during periods in which the token bank is nonempty, the rate at which cells enter the
network will not exceed a second specified rate (the peak cell rate). Again, this scheme
allows a higher rate than the sustainable cell rate for some period of time, but the input rate
will never exceed the peak cell rate. The size of the token bank determines the maximum
burst duration (i.e., the maximum duration of a peak-rate period). Thus, a two-level shaper
forces the traffic to conform to three (previously negotiated) traffic parameters: sustainable
cell rate, peak cell rate and maximum burst duration.
Exact analyses of various versions of the token-bank throttle have appeared in many
papers (see [4J, [5], [6], [10], [14], [19], and the references mentioned therein). Crucial in
these analyses is that at any moment in time either the cell buffer or the token bank is
empty. Hence, the process describing both the number of cells waiting and the content of
the token bank is essentially one-dimensional. This feature is not shared by a two-level
traffic shaper and therefore its analysis is much more difficult. The behaviour of a two-level
traffic shaper has recently been studied through simulations in [17].
We will now picture a setting involving a two-level traffic shaper which is well described
by the model of Subsection 1.1. Indeed, consider a cell stream generated by an on-off
source with exponentially distributed on-times and off-times, for which the on-times are
short and the arrival rate during on-times is high. Ignoring the duration of the on-times
and the discrete nature of the cells, the stream may be looked upon as a Poisson process
in which an event is the generation of a burst of information (corresponding to a batch of
cells) whose total size is exponentially distributed with mean f)-I, say.
Next, suppose that the cell stream is sent to a buffer at the entrance of a network,
access to which is regulated by a two-level traffic shapero We ignore the discrete nature
of tokens (as we did for the cells) and regard them as a fluid commodity, which, following
[13], we may call credit. This credit then flows continuously into a reservoir (corresponding
to the token bank) as long as it is not completely filled, at a constant rate r +, say, but is
released from the reservoir only when the information buffer is nonempty, at rate r + or at
rate r + + r _, say, depending on whether the reservoir is empty or nonempty, respectively.
Note that, as far as the content of the credit reservoir is concerned, this is equivalent to
18

saying that the reservoir fills at rate r + (as long as it is not full) during idle periods of
the server, and empties at rate r _ (as long as it is nonempty) during busy periods of the
server. The information itself is released from the information buffer at rate r + + r _ as
long as there is credit, and at rate r + otherwise, implying that bursts of information leave
the network at rate O(r + + r _) as long as there is credit, and at rate Or + otherwise.
It is not difficult to see that by choosing f.ll == O(r + + r _) and f.l2 _ Or + and interpreting customers as bursts of information the model of Subsection 1.1 matches the setting
described above.

6.2

Numerical results

With the results of this paper we can evaluate the behaviour of the two-level traffic shaper
in the setting described above. To illustrate this, we look into the influence of D, the
maximum amount of credit in the reservoir, on the mean sojourn time. Furthermore, we
study the trade-off, as D decreases, between extra delay on the one hand and reduction of
burstiness of the output stream on the other.

'0

E[SD]

E[SD]

0.5

o'----_ _-'----_ _- ' -_ _----'-_ _--.J
o
10
1S
20

0 0 ' - - - - - - - ' - - - - - - - " 0 - - - " ' - 1 5_ _--.J'"

(a)

D

(b)

D

Figure 3: Behaviour of E[SD] as a function of D for the parameter settings
(a).\ = 1, f.ll = 3, f.l2 = 1.5, r_ = r+ = 1 and (b).\ = 1, f.ll = 2.2, f.l2 = 1.1, r_ = r+ = 1

In Figure 3, we display the mean sojourn time as a function of the maximum amount of
credit for two different parameter settings. When D = 0 we are dealing with a simple
MIMI1 system in which the mean sojourn time equals 1/(f.l2 - .\). For D > 0, the mean
sojourn time has been calculated with the method of Section 5. Note that, as D -+ 00,
the mean sojourn time tends to 1/(f.ll - .\), the mean sojourn time in an MIMI1 system
with service rate f.ll. The parameter settings of Figures 3(a) and 3(b) lead to mean sojourn
times of 0.5 and 0.833, respectively, when D -+ 00. We observe that a large part of the
possible reduction of the mean sojourn time is already achieved for small values of D.
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In Figure 4 we show, for the same parameter settings as before, the relation between
mean delay and burstiness of the output stream, when the maximum amount of credit in
the reservoir varies from 0 to 00.
D = 0

D=O
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o
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0.6
0.8
12
2 1.4

2

(J"D
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Figure 4: Behaviour of E[SD] and (J"b when D runs from 0 to 00 for the parameter settings
(a) A:::::: 1, f-l1:::::: 3, f-l2:::::: 1.5, r_:::::: r+:::::: 1 and (b) A:::::: 1, f-l1:::::: 2.2, f-l2:::::: 1.1, r_:::::: r+:::::: 1

We quantify the burstiness of the output stream by the variance (J"b of the output rate of
the service system, that is,

where Po, PI and P2 are the fractions of time the output rate equals 0, f-ll and f-l2, respectively.
Obviously, when D :::::: 0 then Po :::::: 1- AI f-l2, PI :::::: 0 and P2 :::::: AI f-l2. For D > 0, the fractions
have been calculated numerically using the method of Section 5. As D ---t 00, then, clearly,
Po :::::: 1 - AI f-l1, PI :::::: AI f-ll and P2 :::::: O. Graphs such as Figure 4 may be used to make the
trade-off between the benefit of burstiness reduction and the drawback of extra delay.

Appendix: Proof of Theorenl 2.3
We first establish the following lemma, where IN denotes the (N
matrix.

Lemma A.I The characteristic polynomial det [xIN
be represented as xPN ( x).

-

+ 1) x

(N

+ 1) identity

R~/Q~] of the matrix R"i/Q~ can

Proof. It is easy to see that the statement of the lemma is true if N :::::: 1, so in the
remainder of the proof we will assume N > 1. We define the sequence of polynomials
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{.6. n (X) }~=o by the relations

For 0 < n < N the polynomial .6. n (x) can be interpreted as the characteristic polynomial
of the n x n north-west truncation of Rf./Q~. Upon expanding det [xIN - RNlQ~] by its
last row we now obtain
det [xIN

-

RNlQ~]

=

(x -

~~) .6.

.6. N+l (X)

N

(x) -

~~~ .6. N - l (x)

A

+ -.6.
(x).
r_ N

It can easily be established by induction, however, that

which proves the lemma. 0

In view of Lemma 2.1 it follows in particular that PN(x) has precisely one negative zero,
which equals the smallest eigenvalue e~N) of RNlQ~.
To obtain more information on the polynomials Pn(x), n = 0,1, ... , we write

Tn(x)

= (;A-Ill) npn (A + III :_2X~)

,

(6.1)

and see that

To(x) = 1,

Tl(x) = 2x +.!.

(T,
aV;;

Tn(x) = 2xTn- l (x) - Tn- 2 (x) ,

n = 2,3, ... ,

so that {Tn(x)} constitutes a sequence of perturbed Chebysev polynomials, see, e.g., [7] or
[18]. Since, by (2.1) and (2.2),

A
-III > aN > a

=hm.

n .....oo

an,

we have Tl(O) > 1, and from [7, p. 205] we subsequently conclude that the sequence {(n,
n = 1,2, ... }, where (n is the smallest zero of Tn (x), constitutes a strictly decreasing
sequence which converges as n --t 00 to
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Translating this result in terms of Pn (x) gives us the remaining statements of Theorem
2.3.
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