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Abstract
In this study, we solve an inventory-production optimization problem in the multi-product batch
chemical industry with uncertainty in demand. The problem is considered as a combination of a
single-stage capacitated M/D/c queueing problem and a single-echelon inventory problem. An
optimization model is developed to find the optimal assignment of products to make-to-order or
make-to-stock, and simultaneous selection of (𝑟, 𝑞) inventory policies for make-to-stock
products. The objective is to minimize cost of inventory and production while maintaining service
level. In order to solve the model, an approximation of a mixed-integer nonlinear programming
problem is developed based on mixed-integer linear programming relaxations. A decoupled
service level constraint is satisfied through a greedy heuristic in which reorder levels are
optimized. The results of a case study of Company X suggest assigning 87% of products to MTS
and to have large reorder quantities. Combining these two results leads to large batches. In
addition, reorder levels should be negligibly small, because large batches lead to high service
level. Therefore, the model can be simplified to a capacitated economic order quantity problem
by ignoring the service level constraint. A comparison of the current situation of Company X and
the optimal solution of the model demonstrates a potential reduction of production costs of 55%.
Even more interesting is that the average total cost in the optimal solution is 30% lower than the
average production costs in the current situation.
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Managerial summary
Introduction
Current methods of Company X regarding MTO/MTS strategies and inventory policies are
suboptimal. Major differences exist in the order fulfillment with respect to MTO and MTS
strategies between Company X and Company Y. Currently, 95% of orders are MTO and 5% of
orders are MTS at Company X, whereas 20% of orders are MTO and 80% of orders are MTS at
Company Y. More specifically, products can be divided into three classes at Company X: (1)
planning department strictly follows inventory policies (5%), (2) planning department decides on
size and timing of production (76%), and (3) planning department releases a production order
for every customer order (19%). Products of the first class are formally MTS and the products of
the second and third classes are formally MTO. Products are classified by the planning
department based on some logical reasoning that includes multiple factors such as demand,
product development, and availability of input materials. Products are reclassified if one or
multiple factors change significantly. This manual decision making is inconsistent and
suboptimal.
For products of the first and second classes, Slim4 software is used to determine and suggest
(𝑅, 𝑆) inventory policies per product based on demand forecasts, where 𝑅 is the review period
and 𝑆 is the order-up-to level. When the inventory position is below the order-up-to level at a
review moment, a replenishment order is placed that increases the inventory position to at least
the order-up-to level. The suggested inventory policies are strictly followed for products of the
first class, whereas for products of the second class the planning department mostly rejects the
suggested inventory policies. Only the suggested safety stocks are used for products of the
second class. The planning department decides on the size and timing of production these
products. Therefore, current methods are not standardized as instead, final decisions are made
by individual planners based on logical reasoning. This results in inconsistent and suboptimal
decision making. This is especially the case for products of the second class, which is by far the
largest class. The main problem with Slim4 is that it does not take into account essential
characteristics of the production system of Company X, which is necessary to determine cost
efficient inventory policies.
Hence, there is much room for improvement. A new method, in the form of an optimization
model, is developed against which the current situation is compared in terms of performance.
Accordingly, suggestions for improvement are provided.

Model
An optimization model is developed in which products are assigned to MTO or MTS, and
simultaneous selection of (𝑟, 𝑞) inventory policies for MTS products. The (𝑟,𝑞) inventory policy
is used, where 𝑟 denotes the reorder level and 𝑞 denotes the reorder quantity. Whenever the
inventory of a product drops below the reorder level, a replenishment order of size 𝑞 is placed.
The (𝑟, 𝑞) inventory policy is used as it allows for cost efficient production and high
responsiveness to demand. The objective of the model is to minimize cost of inventory and
production while maintaining a service level. Service level is defined as the probability that a
customer order is fulfilled in full within the customer leadtime. Furthermore, each product is
allocated to a single production server (blender) in order to facilitate defining service level.

Case Study
The model was applied and solved in a case study of Company X. The model was optimized for
70 products, which were selected from in total 519 products that were sold at least once in the
period from January until July of 2019. First, we reduced the selection from 519 to 206 products
by including only products of which all required data was available. After that, 70 of these 206
products were selected at random in order to limit computation time of the model.
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Results and Conclusions
MTO/MTS strategies in the optimal solution and in the current situation of Company X and
Company Y are compared in the following table.
Optimal solution
Company X
Make-to-order (% of products) 13
Make-to-stock (% of products) 87

Current situation
Company X
95
5

Current situation
Company Y
20
80

The results show that Uithoorn is not optimizing their MTO/MTS strategies. Uithoorn has
significant room for improvement compared to Company Y. Company Y already has an almost
perfect solution.
Furthermore, a comparison of the inventory policies between the optimal solution and the
current situation of Company X is not possible as the types of inventory policies and the
MTO/MTS strategies are too different. Instead, the average batch size is compared in the
following table.

Average batch size (kilograms)

Optimal solution
19363

Current situation
10455

The average batch size is almost doubled in the optimal solution compared to the current
situation, which is the result of more products assigned to MTS and large reorder quantities for
MTS products. In addition, reorder levels in the optimal solution are negligibly small as large
batches already lead to a high service level.
A comparison of the costs in the optimal solution and the current situation is presented in the
following table.
Optimal solution
Average total cost per day (€)
20390
Average inventory costs per day (€)
7290
Average production costs per day (€) 13100

Current situation

29060

The average production costs per day are decreased by 55%. Even more interesting is that the
average total cost of inventory and production per day in the optimal solution is 30% lower than
the average production costs per day in the current situation. These results demonstrate that
total cost can be reduced significantly by increasing the number of MTS products and giving
them large reorder quantities. Inventory costs in the current situation are not taken into account
because of unavailable data. However, it would be interesting to make a comparison of the
average total cost in the optimal solution and the current situation.
The main reason that such large cost reductions are possible is that the model, as opposed
to the methods in the current situation, incorporates the following vital characteristics of the
production system of Company X: (1) service time of production is fixed and independent of
batch size, (2) production costs per batch are independent of batch size, and (3) inventory costs
are low compared to production costs. The first characteristic leads to production in large
batches to lead to a high service level. A production server is utilized the same amount of time
for a small or large batch and production in large batches requires fewer batch productions.
Therefore, production in large batches leads to low utilization of production servers and
subsequently, a high service level. Furthermore, production in large batches leads to low
production costs due to the second characteristic. The third characteristic leads to low production
costs to lead to low total cost. Combining the three characteristics makes it appealing to produce
5

in large batches, which can be achieved with MTS production and large reorder quantities.
Companies with similar production system characteristics are also likely to benefit from using
the model presented.
The presented model can be simplified to a capacitated EOQ problem with MTO/MTS
decisions and fixed product to server allocation. This simplification is achieved by simply
removing the service level constraint.

Recommendations
Based on the results and observations during the research, a list of recommendations is made.
Company X should:
➢ Adopt the method of the presented model or the simplified capacitated EOQ
model.
The potential cost reduction with the method of the presented model is staggering, hence
Company X should seriously consider adopting the method of the presented model or
the simplified capacitated EOQ model. Furthermore, the presented model is more
accurate than the capacitated EOQ model. In addition, it is already implemented and
validated in this thesis. On the other hand, the capacitated EOQ model requires less
computation time and it is easier to understand and implement.
➢ Research the accuracy of the optimal solution found in the case study before
implementing it.
The case study was performed for the period from January until July of 2019, hence the
performance of the found optimal solution may have worsened as parameters may have
changed. The results of the sensitivity analysis should be used to determine the impact
of parameter changes on the optimal solution. Furthermore, it is recommended to
implement the optimal solution completely or not at all, because products are highly
interdependent.
➢ Assign more products to MTS.
Benefits of more MTS production are lower cost, less hectic planning, and more
standardized production. Disadvantages of more MTS production are more pouring over
of stocked product from one to another package type, more frequent cleaning of
blenders, and lower perceived customer service in terms of product customization.
➢ Use large reorder quantities for MTS products.
Benefits of large reorder quantities for MTS products are lower cost, fewer batches, lower
utilization of production servers (blenders), and less hectic planning. Disadvantages of
large reorder quantities for MTS products are more products on stock becoming spoiled
or obsolete and higher peaks of demand at filling up stage.
➢ Research alternative methods for determining reorder levels for MTS products.
This is a convenient way to overcome limitations of the presented model (see next
section).
➢ Do frequent updating of the optimal solution.
This leads to better performance of the model.
➢ Improve data repository.
This leads to improved performance of the model and it facilitates evaluation of the
performance of the model.
➢ Adopt the presented model at other Company X and Company Y facilities.
This leads to potentially more cost reduction and standardization of methods.
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Limitations and Future Research
A list of limitations and approaches on how to overcome them in future research:
• Availability of raw materials and intermediate products is overestimated.
Possible approaches:
o A multi-echelon approach based on multi-echelon inventory theory by Atan (2017) to
incorporate availability of raw materials and intermediate products.
o Optimizing reorder levels based on the probability that a production order for a product
has to wait for input materials.
• Customer leadtime is fixed.
Possible approaches:
o Allocating MTO products to multiple servers and producing them on the server with
the shortest waiting time in queue.
o Introducing priority for MTO over MTS products, i.e., a production order for an MTO
product can be served before all MTS production orders already in the queue.
• Product spoilage is ignored.
Possible approaches:
o Incorporate spoilage into the model by defining the amount of spoiled products per
unit time as a function of the expected inventory. This requires knowledge of the
expected expiration dates of products and potentially, the expected expiration dates
of input materials. After that, the definitions of average inventory position and average
inventory costs can be extended in a straightforward way.
• Product lifecycle is ignored.
Possible approaches:
o First, optimization of the presented model, after which the expected number of
replenishment orders during the expected residual lifetime is determined using the
decisions of the optimal solution. Finally, making a cost-benefit analysis to determine
whether the expected benefits of using the optimal solution exceed the expected cost
of rejected products at the end of the lifecycle.
• Allocation of products to a single server.
Possible approaches:
o Allow allocation of products to more than one server. This makes modeling more
complex as the demand of a product is divided over multiple servers.
• Filling up stage could be the bottleneck.
Possible approaches:
o First, determining whether the filling up stage becomes the bottleneck in the optimal
solution through simulation of the production system using the optimal solution. If the
filling up stage becomes the bottleneck, the amount of additional filling up capacity in
terms of workers and/or filling up machines required to remove the filling up stage as
bottleneck is to be determined. The last step is to make a cost-benefit analysis of the
total cost in the current situation and the total cost in the optimal solution including the
cost of additional filling up capacity.
o Removing the black box of the filling up stage and incorporating it into the presented
model in detail instead.
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Introduction
This report contains a Master Thesis Project of Operations Management and Logistics for the
OPAC group at Eindhoven University of Technology (TU/e). This research will be conducted for
Company X and performed at the Headquarter for the Europe, Middle East, and Africa region
(EMEA). Company X, hereafter shortened to Company X, is a manufacturer of chemical process
fluids and customized lubricants. The aim for the research is production-inventory optimization
of Company X. Optimization is desired with respect to tactical and strategic level decisions.
In this chapter, a contextual description of Company X and Company X EMEA is given. After
the context, a description of the problem and research questions is provided. After that, a
literature review is provided. The literature review that has been conducted is provided, and the
research methodology is described. Next, the research scope is defined. Finally, the research
outcomes are described with a list of deliverables.

Problem description
Supply chain (SC) managers have identified major differences in the order fulfillment with
respect to make-to-order (MTO) and make-to-stock (MTS) strategies between Company X and
Company Y. Currently, 95% of orders are MTO and 5% of orders are MTS at Company X,
whereas 20% of orders are MTO and 80% of orders are MTS at Company Y. This large
difference suggests that there is a potential for improvement of product assignment to MTO or
MTS at both companies. Given the upcoming merger of Company X and Company Y, it is
interesting to explore this potential. For this thesis, we decided to evaluate and possibly improve
the situation of Company X; however, this does not necessarily mean that the situation of
Company Y is optimal or even superior. At Company X, inventory policies are determined by
Slim4 software for raw materials, intermediate products, and MTS final products. However, these
inventory policies are not fully complied with by the planning department, i.e., for many types of
goods the reorder quantities are determined manually. The main problem with Slim4 is that it
does not incorporate all the essential characteristics of Company X’s SC that is necessary to
determine cost efficient inventory policies. Slim4 is discussed in more detail in Chapter 2.
Furthermore, some MTO final products are stocked. For these final products, the central
planning department decides on the size and timing of production orders based on criteria
related primarily to expected demand and production resource utilization. These methods result
in suboptimal costs and hectic planning. Hence, a mathematical optimization model is desired
with decisions regarding assignment of final products to MTO or MTS and inventory policies for
MTS final products. The model will be based on the SC of Company X. The objective of both
models will be to reduce cost of inventory and production, while maintaining service level.
In this section, we elaborate more on the problem description. First, internal processes of
Company X are described, after which the aim and research questions are specified.

Processes
Company X has two production factories, one warehouse, multiple quality and innovation
laboratories, and an office. Inventory is held in the warehouse and outside on the site. In addition,
external warehousing capacity is provided as an external service by Company Z, a company
specialized in warehousing and logistics. Company Z uses two warehouses to store Company
X’s goods, located in Amsterdam and Amstelveen. The warehouse in Amstelveen is used to
store material as ADR, referred to European agreement concerning the international carriage of
dangerous goods by road. ADR is a treaty that governs transportation of hazardous material.
Company Z is currently expanding the warehouse in Amsterdam to replace the warehouse in
Amstelveen. Company X has unlimited capacity at the warehouse of Company Z to store raw
12

materials, intermediate products, and final products. Furthermore, the facility Company X is
roughly twice the size of the second largest facility in EMEA, which is Company X Barcelona.
Company X is a 100% business-to-business company: all customers of Company X are
businesses. Customers have demand for one or multiple different products. Some customers
have long term agreements with Company X to place orders at fixed moments in time, but this
is rather an exception than the norm. In most cases, customers place orders with a frequency
and size that is not known to Company X beforehand; therefore, demand is not deterministic.
Demand is uncertain but stationary, hence its mean and variance remains roughly constant
throughout the product lifecycle. The product lifecycle is the timespan between the first and last
sale of a product. During previous research at Company X, the expected lifecycle was
approximated with historical data (van Ginderen, 2001). It was found that the average lifecycle
for any product was 12 months and that the lifecycle probability distribution showed
characteristics of a right skewed Normal distribution. The end of product lifecycle often coincides
with the introduction of a new version of the same product. Products that are past their lifecycle
are officially labeled obsolete; however, in reality, most of the left-over inventories of these
products are still sold as a new version. Furthermore, demand is uncorrelated across products,
because products are highly specific and substitution is rarely possible.
Goods are perishable. Goods have a predetermined expiration date at the end of which their
qualities are checked. Expiration dates of goods are extended in case of goods meeting quality
requirements. Goods that become spoiled are rejected.
Customer orders are required to be delivered on time in full (OTIF) and backlogs are kept.
The customer leadtime is ten working days on average. This means that on average a customer
order has to be ready for customer shipment at the latest ten days after its arrival. Moreover, the
customer leadtime is always a whole number of days in order to prevent hectic planning.
Orders are placed per kilogram and customers decide on the means of packaging. The four
primary means of packaging with their standard volumes are:
Pail (=5 or 25 liters)

Drum (≈200 liters)

IBC (≈1.000 liters)

Tank truck (≈37.500 liters)

Package volumes are in liters and raw materials are ordered in liters as well, whereas final
products are sold in kilograms. Most raw materials are liquids, and some are powders.
Intermediate and final products are all liquids. Each liquid has a unique density (kg/L). Drums
and intermediate bulk containers (IBC) are also used for storage of raw material and intermediate
products. Furthermore, there are bulk storage tanks that are fixed at the facility. Raw materials
and intermediate products are stored in bulk storage tanks.
Bulk storage tank (≈50.000 – 250.000 liters)

The primary production process consists of mixing different raw materials into chemical process
fluids. In the mixing process, chemical reactions occur and the density (kg/m3) of the mixture
changes often. Mixing is a linear process as the input/output ratio is not a function of the batch
13

size. Some final products require two mixing processes: preprocessing of raw materials into
intermediate products and subsequently final processing of intermediate products and/or raw
materials into final products. Raw materials, intermediate products, or a combination of both is
used in the production of a final product. In addition, raw materials and intermediate products
can be used in the production of multiple different final products. Therefore, the production
structure is both convergent and divergent. Besides, some final products are used in the
production of other final products. On average, 10 to 20 different raw materials and/or
intermediate products are used in the production of a final product.
Final products and a few intermediate products are produced in blenders. The other
intermediate products are produced in reactors. There are 21 blenders and 2 reactors in total
with capacities ranging from 135 to 34.211 liters. Blenders have a general fixed maximum
allowed batch size and a product specific fixed minimum allowed batch size. A minimum batch
size per product is required, because most mixing screws cannot reach the bottom of the
blender. Reactors have a fixed batch size per intermediate product, because of the chemical
reactions involved. Moreover, intermediate products that are produced in blenders also have a
fixed batch size.
Production batches are scheduled on a “one per blender/reactor per working day” basis. More
than 80% of batches are produced within a working day and the remainder of the batches require
two working days, which sometimes includes the weekend. The processing time of a batch is
determined by the product type and not the batch size. This conclusion is supported by a thesis
by van Ginderen (2001) and internal research by Kemeling (1997) at Company X. Even though
these researches are from a long time ago, they are still relevant as the production process at
Company X has not changed much over the last 20 years.
After the mixing process, the quality of the batch is checked. Adjustments are made to
batches that do not meet the quality requirements. Intermediate products that meet the quality
requirements are stored in bulk storage tanks or proceed to the filling up process. The process
of storing intermediate products in bulk storage tanks is not considered filling up, because these
goods are transported directly from a reactor or blender to a dedicated bulk storage tank via
pipelines. Thus, this process does not require any resource allocation planning. Final products
that meet the quality requirements proceed to the filling up process. At Company X, one factory
is installed to fill up tank trucks and the other factory is installed to fill up drums, IBCs, and tank
trucks. One distinctive server is available per package type per factory allowing for a total of four
batches to be filled up simultaneously. Drums cannot be filled up from the IBC server and vice
versa. Besides, pails are filled up from drum or IBC. This process is done manually without a
filling up server. Also, stocked products are sometimes manually poured over from one to
another package type without a filling up server.
The duration of the filling up process consists of a fixed and a variable part. The fixed part
consists of connecting a blender/reactor to a filling up server, printing labels for the packages,
and some administrative tasks. This takes approximately 0.25 hours (15 minutes) per batch (van
Ginderen, 2001). The variable part consists of labeling and preparing the packages in front of
the filling up server and the actual filling up of the batch. The actual filling up of the batch takes
the most time. The speed of filling up batches depends on product viscosity. On average, 6000
liters of product is filled up per hour. The average batch size has been approximately 12000
liters of product during the period from 2015 until 2019. This results in a 2 hours versus 0.25
hours ratio of duration between the variable and fixed part of the filling up process. In addition,
the filling up process is not identified as the bottleneck stage in the current situation.
Moreover, the production and filling up of a batch is typically scheduled on two consecutive
days. On the first day, the batch is produced in a blender where it remains until it is filled up on
the next day. Shipments of the resulting packaged product can be as early as the day after filling
up is finished. So, the time between the start of production of a final product until it is ready for
shipment is typically equal to two whole days.
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The process is structured is displayed in Figure 2.

Figure 1. Primary production process of Company X.
To determine whether there are any spoiled goods on stock, additional quality checks are
performed on top of the quality checks that are part of the primary production process. Additional
quality checks are performed upon arrival of material and again periodically after that, for
example once every three months. The time between quality checks depends on the type of
goods. The necessity for quality checks increases with the cost of holding inventory
In order to deal with demand uncertainty, a desire for short customer leadtimes, and price
fluctuations, goods are held on inventory, including raw materials, intermediate products, and
final products packed in pails, drums, IBCs, and bulk storage tanks. Most raw materials, all
intermediate products, and 5% of final products are strictly stocked according to inventory
policies. Important reasons for not stocking some of the raw materials are limited storage
capacity and highly variable demand. These unstocked raw materials are typically supplied to
the facility just-in-time in large quantities in tanker trucks, which are then poured over directly
into blenders or reactors for production. Since most raw materials and all intermediate products
are stocked, it can be stated that procurement of raw materials and production of intermediate
products are performed to stock in most cases. Therefore, the majority of customer orders can
be fulfilled either immediately from stock or after production of final products. In case not enough
raw materials or intermediate products are available for the production of a final product, these
can often be procured or produced just-in-time (JIT) before they are actually needed. Therefore,
leadtime of a final product is typically the waiting time in queue before production plus two days
for the primary production process as was mentioned before.
Inventory points and the internal goods flow of the SC of Company X is displayed in Figure
3.
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Figure 2. Inventory points and goods flow in the supply chain of Company X.
At the leftmost inventory point in Figure 3, raw materials are stored, packaged in drum, IBC, and
bulk storage tank. In the middle of the diagram, storage of inventory of intermediate products
packaged in drums, IBCs, and bulk storage tanks is shown. On the righthand size, inventory
point final products are stored, packaged in drum, IBC, and pail. Raw materials and final products
are stored both at the production facility and at the external warehouses, whereas intermediate
products are stored only at the production facility. Intercompany transshipments with other
Company X EMEA facilities can be used to replenish or deplete inventory of raw material,
intermediate products, and final products. In addition, initial and periodic quality checks are
performed for raw materials, intermediate products, and final products.

Aim and Research questions
The aim of this thesis can be summarized as follows:
Develop a mathematical model to optimize decisions regarding MTO or MTS and inventory
policies in order for cost of inventory and production to be minimized while maintaining service
level.
Over the course of this thesis, we will develop an optimization model based on the current SC
of Company X. This model will then be solved, compared, and tested in a case study to find
optimal MTO or MTS decisions and inventory policies. SC managers of Company X are satisfied
with the current service level and want to maintain it while reducing the total cost of inventory
and production. Inventory costs include all costs associated with holding inventory. Production
costs include all costs associated with the processes required for the transformation of raw
materials into packaged products, such as set up costs, processing costs, and filling up costs.
In order to achieve this, the following research questions (RQ) will be answered during this
research:
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RQ 1: What are the methods currently used to make MTO or MTS decisions and to determine
inventory policies, and how do they perform in terms of cost of inventory and production along
with service level?
Before developing an optimization model, first the as-is situation of Company X will be mapped
and evaluated. Acquiring an understanding of the methods used at Company X can facilitate
optimization modeling. Furthermore, the performance of the current methods can provide a
benchmark to compare the performances of the policies obtained in this thesis. Consequently,
answering this research question may increase willingness to adopt the models.
RQ 2: Which products should be assigned to MTO and which products should be assigned to
MTS, and what inventory policy should be used for MTS final products in order to minimize cost
of inventory and production while maintaining service level?
Product assignment to MTO or MTS and inventory policies for MTS products are interdependent;
therefore, both should be optimized simultaneously. A mathematical model will be developed to
answer this research question.
RQ 3: How does the model perform in the case of Company X?
In order to test the performance of the model resulting from RQ 2, it should be tested in a case
study, which will be based on the SC of Company X. Important performance criteria are
computation time and model robustness. Computation time is the time required to compute an
optimal solution and model robustness is the sensitivity of a model to parameter changes. Model
robustness can be determined through sensitivity analysis. Besides, sensitivity analysis can be
used to evaluate the impact and viability of assumptions.

Literature Review
In this section, a literature review is given. The purpose of this literature review is twofold. Firstly,
it is used to establish a theoretical framework and methodology. Secondly, it is used to
demonstrate the relevance of this research by identifying a gap in the literature. In this section,
a classification of supply chain management (SCM) issues is provided, after which the types of
supply chain optimization (SCO) models are discussed. Different approaches for dealing with
uncertainty are discussed and finally, the available literature on production-inventory
optimization and in particular with respect to MTO or MTS decisions and inventory policies is
discussed.
Papageorgiou (2009) distinguishes three main categories for SCM issues: (1) SC design
(infrastructure), (2) SC planning and scheduling and (3) SC control (real-time management). A
matrix with SCM issues is presented in Figure 4 (Fleischmann, Meyr, & Wagner, 2008).
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Figure 3. Supply chain management matrix (Fleischmann, Meyr, & Wagner, 2008).
The total of 23 issues are classified according to SCM levels (vertical axis) and SC processes
(horizontal axis). Long-term, mid-term, and short-term issues relate to the strategic, tactical, and
operational SCM level, respectively. The SC processes are procurement, production,
distribution, and sales, which are sorted according to goods flow. Each combination of a SCM
level with a SC process represents a class. Classes are interdependent and connected through
information flows.
Holistic optimization of SCs is generally too complex and hence, SCO is limited to a few
issues from one or multiple classes. Issues on a higher SCM level have potential for more cost
savings. Furthermore, higher SCM level decisions establish a framework for lower SCM level
decisions (Matingrad, Roghanian, & Rasi, 2013).
There are two types of SCO models: mathematical programming and simulation-based
(Papageorgiou, 2009). Mathematical programming is most applicable for issues on the strategic
and tactical level, whereas simulation-based models are mostly used for issues on the
operational level. Mathematical programming models can be steady-state or multi-period
(Papageorgiou, 2009). Steady-state models are often used for location-allocation problems and
multi-period models are often used for planning problems. The focus of this thesis is on static
problems and hence, steady-state models are most interesting. Besides, heuristic methods are
often used to find an approximated solution for complex and computationally heavy optimization
models.
An important aspect of SCO modeling that dramatically increases complexity and
computationally heaviness is uncertainty in the parameters of the model. Papageorgiou (2009)
and Barbosa-Póvoa (2014) identified that dealing with uncertainty in SCO is an emerging
research area. Papageorgiou (2009) also identified that the most popular method for dealing
with uncertainty is stochastic programming. Stochastic programming is a form of mathematical
programming with uncertain data incorporated into the constraints or objective function of the
problem. The uncertainty is usually characterized by a given probability distribution on the
parameters. Probability distributions that are often used for problems related to inventory
management optimization are the Poisson, Uniform, Normal, and Gamma distribution. The
Poisson distribution is often used to describe the arrival rate of customer orders, especially in
queueing theory (Adan & Resing, 2015). The Uniform distribution is frequently used to describe
the inventory position (Hopp, Spearman, & Zhang, 1997; Rajagopalan, 2002; Axsäter, 1997;
Federgruen & Zheng, 1992). The Normal and Gamma distributions are frequently used to
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describe the demand or customer order size (Donselaar & Broekmeulen, 2017). Another popular
method for dealing with uncertainty is robust optimization. This method is especially appropriate
when parameters are only known to be in a given uncertainty set (Gorissen, Yanikoglu, & Hertog,
2015).
The production-inventory problems addressed with this thesis (RQ 2.a and RQ 2.b) cover a
large part of the SCM Matrix. These problems are present throughout the different SC processes;
however, Company X is primarily interested in production. Furthermore, these problems cover
the tactical and strategic SCM level. MTO or MTS decisions are usually long term and on the
strategic level. Decisions regarding inventory policies are covered by the strategic and tactical
level. As stated earlier, mathematical programming is most applicable for issues on the strategic
and tactical level (Papageorgiou, 2009).
In the literature, there exists no mathematical programming model with decisions on both
MTO or MTS assignment of products and inventory policies for MTS products that is also
appropriate for chemical industry. In many papers for a general industry, decisions on MTO or
MTS product assignment are optimized based on simplistic rules, such as ABC classification
(Williams, 1984; Carr, Güllü, Jackson, & Muckstadt, 1993; Soman, Donk, & Gaalman, 2002).
Production and chemical processing characteristics are completely ignored in these approaches
as instead, only demand characteristics are considered. Moreover, there is a number of papers
that address optimization of inventory policies for chemical industry. A continuous review policy
that is frequently optimized for chemical industry is the (𝑟,𝑞) inventory policy (Zhao, Xu, & Li,
2019; Brunaud, Lainez-Aguirre, Pinto, & Grossmann, 2018). The (𝑟,𝑞) inventory policy has a
reorder level 𝑟 and a reorder quantity 𝑞. A replenishment order of size 𝑞 is placed whenever the
inventory drops below reorder level 𝑟. Another continuous review policy that is frequently
optimized for chemical industry is the (𝑆, 𝑠) inventory policy (Ravichandran, 1995; Meng &
Rajagopalan, 2016). The (𝑆, 𝑠) inventory policy has a safety stock 𝑠 and an order-up-to level 𝑆.
A production order is placed whenever the inventory position drops below the safety stock 𝑠 in
order to increase the inventory position to the order-up-to level 𝑆. Furthermore, Rajagopalan
(2002) developed a stochastic programming model for optimizing MTO or MTS decisions and
(𝑟,𝑞) inventory policies for MTS products in a multi-item stochastic batch production system. This
model assumes a simplistic production system and ignores important characteristics of chemical
industry. Sharda and Akiya (2011) address a problem of assigning products to MTO or MTS in
a multi-product chemical batch production system, which is similar to the production system of
Company X. Sharda and Akiya (2011) consider three different policies: full MTS, full
postponement, and combined MTS/postponement. Postponement is a hybrid MTS/MTO policy
in which intermediate products are stocked and finished into products when an order has arrived.
Sharda and Akiya (2011) address a problem on a more detailed and operational level as
opposed to Rajagopalan (2002). They consider operational details that affect inventory
management, such as allocation of storage capacity and shelf life expiration. In addition, their
problem is constrained by specific planning and scheduling rules. Sharda and Akiya (2011)
argue that modeling of complex chemical production systems including such operational details
is infeasible with mathematical programming approaches. Therefore, they use discrete event
simulation towards cost/benefit analysis. Sharda and Akiya (2011) found that the combined
policy with postponement applied to products with low to medium demand and high expiration
resulted in lowest cost, while not significantly impacting the service level. Even though the
problem of Sharda and Akiya (2011) is very similar to the problem described in this thesis, it is
decided to use the model of Rajagopalan (2002) as a basis for this thesis to avoid using
simulation. Therefore, further research is needed to include operational details such as those
considered by Sharda and Akiya (2011). Hartogh (2005) also addressed a similar problem in the
paper industry, i.e., MTO/MTS decisions and a combination of queueing and inventory theory.
A model was developed to evaluate the performance in terms of SC cost of a paper SC with
service level constraints. More specifically, the performance of a vendor managed
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inventory/consignment stock policy was evaluated. A similar evaluation approach is not
appropriate for this thesis, because the current MTO/MTS assignment and inventory policy
methods used by Company X ignore vital characteristics of the production system. Therefore,
developing a new method that takes into account these characteristics promises greater
potential cost reductions.
In conclusion, the problem addressed in the paper by Rajagopalan (2002) has many
similarities to the problem of RQ 2; therefore, it will be the basis for the methodology for the
problem of RQ 2.

Approach
In this section, the approaches for answering the RQs are described. Firstly, methodologies are
proposed per RQ. Secondly, the scope is defined. Lastly, the deliverables are described.

1.5.1 Methodology
In this subsection, the methods to be used to answer each research question will be elaborated
upon.
RQ 1: What are the currently used methods for making MTO or MTS decisions and for
determining inventory policies, and how do they perform in terms of cost of inventory and
production along with service level?
An identification and understanding of the methods will be developed through unstructured
interviews with employees of Company X primarily working in the production planning
department. After that, historical data will be used to assess the performance in terms of cost
and service level.
RQ 2: Which products should be assigned to MTO and which products should be assigned to
MTS, and what inventory policy should be used for MTS final products in order to minimize cost
of inventory and production while maintaining service level?
The problem of RQ 2 is considered as a combination of a single-stage queueing problem and a
single-echelon inventory problem. The single-stage queueing problem concerns the queuing
system at the final production stage, where final products are produced in blenders. The singleechelon inventory problem concerns the inventory point after the filling up stage, where
packaged final products are stored (see rightmost inventory point in Figure 3). The filling up
stage, which is located in between the final production stage and the inventory point for
packaged final products, is a black box. It is assumed that a batch of final products that enters
the filling up stage leaves packaged and ready for shipment or storage a full day later. Capacity
restrictions of the filling up stage are ignored. It is assumed that congestion at the filling up
servers can be omitted by increasing the number of processing hours for filling up or employment
of additional filling up machines. A graphical representation of the problem for RQ 2 is given in
Figure 5.
The problem of RQ 2 is very similar to the problem researched by Rajagopalan (2002).
Rajagopalan (2002) developed a hybrid MTO/MTS inventory optimization model based on a
multi-product single-echelon batch production system with uncertain demand. The model by
Rajagopalan (2002) will be used as a basis for developing a mathematical model for the problem
of RQ 2.
Rajagopalan (2002) assumed an M/G/1 queuing system with Poisson arrivals and general
service times and found that the approximation error of Poisson demand arrival rates is
insignificant. The queueing system of the problem of RQ 2 has the following characteristics:
20

arrival rates follow a Poisson distribution, service times are deterministic, multiple identical
servers are available, available servers have different capacities, and they are suitable for only
a subset of all products and these subsets overlap between servers. To formulate it
mathematically, we use a simplification where the whole process is divided into many M/D/1
queues by allocating each product to a single server. To this purpose, a binary decision variable
will be added to the model. Consequently, the replenishment leadtime distribution can be
determined with the stationary distribution for waiting time in a M/D/1 queue with service time of
one unit time by Kenji (2005), which we will use to define the service level.
Furthermore, the main decisions of the problem of Rajagopalan (2002) are the same as for
the problem of RQ 2. The decisions of the problem of Rajagopalan (2002) are on the optimal
assignment of products to MTO or MTS and the optimal values of 𝑟 and 𝑞 in a (𝑟,𝑞) inventory
policy for each MTS product.
Moreover, the objective function of the problem of Rajagopalan (2002) minimizes the total
inventory cost per unit time as a function of the average inventory position multiplied by the
holding cost per unit time. This objective function is extended for the problem of RQ 2 in order
to incorporate production cost, which can be done in a straightforward way.
The model of Rajagopalan (2002) is formulated through a stochastic mixed integer nonlinear
programming (MINLP) problem, where nonlinearity is nested in the stochastic demand. The
MINLP model is solved using a greedy heuristic. A different solution method is developed for the
problem of RQ 2, since especially the service level definition for the problem of Rajagopalan
(2002) is less complex compared to the service level definition of the problem of RQ 2. For the
problem of RQ 2, we develop an approximation of a similar MINLP problem based on mixedinteger linear programming (MILP) relaxations. The service level constraint is decoupled from
the MILP model and is satisfied through a greedy heuristic in which reorder levels are optimized.
Moreover, the service level constraint is replaced with a queue size constraint in the MILP model
ensuring a maximum replenishment leadtime with a specified minimum probability. The queue
size constraint is equivalent to the service level constraint for MTO products and is a lowerbound
for the service level for MTS products.

Figure 4. Illustration of the problem, including final production stage queuing
system and final product inventory point.
21

RQ 3: How do the models perform in the case of Company X?
The case study will consist of a sensitivity analysis. For the sensitivity analysis, the model will
be solved for a number of parameter scenarios that will be identified along the research process.

1.5.2 Scope
It is crucial to carefully and clearly specify the boundaries of the research. Setting the scope too
wide may lead to exceeding of the available time for the research, whereas setting the scope
too narrow may lead to results that are irrelevant or not realistic for Company X.
The scope is limited to the SC of the Company X. The concerned facility is the headquarter
for Company X EMEA and the leading faculty in terms of sales and production volume, which
makes it a great starting point for improvement. On the other hand, extending the scope to the
supply chain network of Company X EMEA would require detailed insight into other facilities
such as Company X Barcelona and Company X Milan, which is too time intensive. Thus,
suppliers, customers, and other Company X EMEA facilities are external parties that are out of
scope. Moreover, all processes of transportation (inbound, outbound, and transshipments),
which are all outsourced, are out of scope. This includes transportation between Company Z
and Company X. Furthermore, procurement and controlling of inventory policies for raw
materials is out of scope as raw material inventories are assumed to be ample.
The only uncertainty in this thesis is the demand. Demand is convincingly the most addressed
aspect of uncertainty in SCO, according to a systematic literature review conducted prior to this
thesis.
Company X has an extensive and changeable product portfolio, which can cause modeling
and computation times to be problematic when included. To simplify this, bulk products are out
of scope as they are restricted to MTO production.

1.5.3 Deliverables
With this thesis, we aim to deliver:
1. A public version of the master thesis report, which will be published by the TU/e, including:
a. An inventory/production optimization model with decisions on MTO/MTS strategies and
inventory policies for MTS products.
b. A comparison in terms of MTO/MTS strategies of the optimal solution and the current
situations of Company X and Company Y.
c. A comparison in terms of total cost of the optimal solution and the current situation of
Uithoorn.
d. Insights in the robustness of the model to changes to the SC parameters of Company X.
e. Recommendations on how to improve the current methods of Company X.
f. Recommendations on whether and how to implement the method of the optimization
model at Company X.
g. Recommendations on how to overcome primary limitations of the optimization model.
h. Recommendations on extending the optimization model for application to other Company
X EMEA facilities.
2. A final academic poster/PowerPoint presentation with defense at the TU/e.
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AS-IS Situation
In this chapter the current situation at Company X is mapped and evaluated. First, the MTO or
MTS production strategies and the methods for determining inventory policies for MTS products
are described. Then, the appropriateness of the (𝑅, 𝑆) inventory policy that is currently used by
Company X is discussed. Finally, the performance of the methods is presented in terms of cost
of inventory and production and service level.
Most raw materials, all intermediate products, and 5% of final products are strictly stocked
according to inventory policies. The remaining 95% of final products is formally recognized as
MTO; however, more than 80% of the 95% of formally recognized MTO final products are
actually stocked. For these so-called stocked MTO final products, inventory policies are
established as well, but only the safety stock is used from these policies. For stocked MTO final
products, the central planning department decides on the size and timing of production orders
based on criteria related primarily to expected demand and production resource utilization.
Moreover, inventory of these products is not controlled by reorder levels, instead replenishment
orders are considered with every new customer order or when there is much idle production
capacity. The remaining less than 20% of formally recognized MTO final products are actually
non stocked products. These so-called actual MTO final products are only produced whenever
a customer order arrives and they are produced in a quantity such that there is no remaining
product after fulfilling a customer order. Actual MTO final products are often bulk, since Company
X does not have the capacity to store bulk products.
Inventory policies are established using a software called Slim4. Slim4 is an integral inventory
optimization software solution for demand forecasting and planning as well as inventory
management. The objective of Slim4 is to find a balance between inventory, operational cost,
and service level. Slim4 determines the optimal inventory levels while ensuring a specified
service level. In addition, it determines optimal reorder quantities to minimize operational costs.
In doing this, first Slim4 classifies items based on historical demand data, using ABC/XYZ
differentiation. ABC analysis refers to ranking items in terms of importance. XYZ analysis refers
to ranking items in terms of difficulty of forecasting demand. More specifically, each item is
classified to one of multiple demand patterns, e.g., normal, trend, irregular, season, or outlier.
Once a month, Slim4 makes robust demand forecasts based on two years of historical sales
data, while taking into consideration important factors such as minimum order quantity and
service level. Slim4 applies appropriate algorithms to forecast the demand, while also weighing
more heavily on more recent demand. In addition, exceptions to the classified demand patterns
are generated each month by comparing the realized demand with the forecasted demand.
Examples of exceptions are incidental, structural, and pattern changes. Slim4 determines (𝑅, 𝑆)
inventory policies per product based on demand forecasts; where 𝑅 is the review period and 𝑆
is the order-up-to level. Whenever the inventory position is below the order-up-to level 𝑆 at a
review moment, then a replenishment order of at least the minimum order quantity (MOQ) is
placed. The inventory position represents all inventories in the system minus backorders
(Donselaar & Broekmeulen, 2017). MOQ is usually determined based on limitations of the
supplier or production system. In addition, safety stock is determined to protect against demand
variation.
Furthermore, Slim4 reviews on inventory levels, makes reordering suggestions accordingly,
and updates inventory policies at every review moment. There are three fixed review moments
per working day, so the review period is one third of a working day. This review period is very
short; therefore, it can lead to high production cost because of too frequent production. During
these moments first a data package is sent from the ERP system to Slim4, including master
data, sales data (historic and future), procurement data, and inventory data. After that, a data
package is sent from Slim4 to the ERP system, including updated safety stock, demand forecast,
order-up-to level, and ordering suggestion. Slim4 only makes suggestions; final decisions are
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made by the central planning department. When the central planning department decides on a
quantity and leadtime for a replenishment order it is sent to the local planning department. At
the local planning department, it is made sure that the order is satisfied in time.
Next, the appropriateness of the (𝑅, 𝑆) inventory policy is discussed. A disadvantage of the
(𝑅, 𝑆) inventory policy for Company X is that it does not use a fixed reorder quantity. Inventory
policies determined by Slim4 are based on demand only, hence disregarding important factors
such as the production system. This is suboptimal for intermediate and final products, because
these are produced internally. The structure of the production system of Company X suggests
that optimizing a fixed reorder quantity is a very effective way of reducing total cost of production
and inventory. Production costs per batch is roughly independent of batch size, hence the total
cost of production decreases roughly linearly with the average batch size. For example, there is
a demand of 1000 kilograms for a product. This demand can be produced in one batch of 1000
kilograms or two batches of 500 kilograms each. The cost of producing two batches of 500
kilograms is twice as high as the cost of producing one batch of 1000 kilograms if production
costs per batch is independent of batch size. Therefore, increasing the average batch size from
500 kilograms to 1000 kilograms leads to half the total production costs. Easy way to incorporate
the production characteristics is by making 𝑅 bigger or changing to a (𝑅, s, 𝑆) or (𝑅, s, n𝑄)
inventory policy. In an (𝑅, s, 𝑆) inventory policy the inventory position is increased to 𝑆 whenever
it is below 𝑠 upon review. In an (𝑅, s, n𝑄) inventory policy the inventory position is increased by
an amount of n times 𝑄 when it is below s upon review, where n is such that increasing the initial
inventory position by n − 1 times 𝑄 would result in it still being lower than s. Each of the given
three suggestions already lead to a significant improvement to the current method; however, a
continuous review (𝑟,𝑞) inventory policy would be even more appropriate for Company X. Only
the periodic review (𝑅, s, n𝑄) inventory policy and the continuous review (𝑟,𝑞) inventory policy
have a fixed reorder quantity, which as suggested is a very effective way of reducing total cost
of production and inventory. Moreover, we expect that the total amount of inventory is lower with
the (𝑟,𝑞) inventory policy compared to the (𝑅, s, n𝑄) inventory policy when optimized under a
service level constraint, because of better responsiveness to demand. Therefore, (𝑟,𝑞) inventory
policies will be optimized for all stocked final products.
Moreover, the (𝑟,𝑞) inventory policy is also very appropriate for stocking intermediate
products. The reorder quantity for intermediate products has to be fixed, because intermediate
products are constrained to be produced in fixed batch sizes.
On the other hand, the potential cost reduction for optimizing the current (𝑅, 𝑆) inventory
policies for raw materials is lower than for intermediate and final products, because the
replenishment process for raw materials is external (supplier). Therefore, raw materials are
considered outside of scope for this thesis.
Finally, the performance of the current methods is presented in terms of cost of inventory and
production and service level. Overviews of the cost of inventory and production for 2017 and
2018 are provided in tables 1 and 2.
Table 1. Cost of inventory in 2017 and 2018
Warehousing
Labor related (€)
Repair and maintainance (€)
Third party services* (€)
Insurance/taxes (€)
Depreciation expense (€)
Other expenses (€)
Total expenses (€)

2017
6,647,900
736,340
3,645,560
87,800
355,150
9,810
11,482,550

2018
6,879,560
837,500
5,738,390
105,560
358,300
7,600
13,926,920
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Third Party Services* refers to the services of Company Z.
Table 2. Cost of production in 2018 and 2019
Production cost
Labor related (€)
Repair and maintenance (€)
Third party services (€)
Energy (€)
Insurance/taxes (€)
Depreciation expense (€)
Other expenses (€)
Total expenses (€)

2017
17,104,050
5,697,670
1,772,720
8,194,310
574,710
3,029,040
675,070
37,047,570

2018
18,145,880
7,169,490
1,697,790
8,079,510
808,240
3,689,010
983,820
40,573,740

Tables 1 and 2 show that the ratio between total production cost and total inventory cost is
almost 4 to 1. In addition, labor is by far the largest contributor to both the cost of inventory and
production. The different cost contributors will be analyzed in more detail in the case study in
Chapter 5.
The service level is calculated with the probability that a customer order is fulfilled OTIF. A
customer order should be ready for shipment in full within the agreed upon customer leadtime.
A comparison of the service level and the demand in kilograms per month is presented in Figure
6.
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Figure 5. Service level versus demand per month.
Over the period from January 2018 until June 2019, the probability of meeting the target service
level per month is 66.7% and the average service level is 99.1%. An average service level of
99.1% is extremely high. Moreover, there is no clear correlation between demand and service
level, i.e., having higher demand does not lead to a lower service level and vice versa.
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A model to find optimal MTO & MTS final products
In this chapter first a model description is provided in Section 3.1. In Section 3.2, first the
necessity of having assumptions is discussed and then an overview of the assumptions used for
the model is given. Then, in Section 3.3, the mathematical model is formulated through a mixedinteger nonlinear programming (MINLP) problem. After that in Section 3.4, the solution method
is described.

Model description
There are 𝑁 products manufactured in a batch chemical system with two stages: first is batch
production and second is filling up the batches. Henceforth, filling up the batches is referred to
as filling up. The production stage is assumed to be the bottleneck stage. The production stage
consists of multiple servers with deterministic service times independent of batch sizes. For
clarification, service times are referred to as the amount of time a server is being utilized by a
batch, whereas processing time is referred to as the actual time needed for the process. For
example, a batch can be produced in four hours but utilize a server for the whole day. In that
case, the processing time is four hours and the service time is one day. The service time is the
processing time rounded up to a whole number of days, hence it is greater or equal to the
processing time. The production stage is approximated as a set of independent first-come, firstserved (FCFS) M/D/1 queues, one at each server. Each product is allocated to a single server,
which has a number of benefits in chemical industry: it reduces time and costs related to cleaning
of servers and it reduces the risk of cross-contamination. This allocation will be represented by
a binary variable 𝑦𝑖𝑗 , with 𝑦𝑖𝑗 = 1 if product 𝑖 is allocated to server 𝑗. Besides, each class of
products can be produced only on a specific set of servers and each server has a minimum and
maximum allowed batch size.
Periodically it is decided which products to produce according to MTO and which products to
produce according to MTS. This decision will be represented by a binary variable 𝑧𝑖 , with 𝑧𝑖 = 1
if product 𝑖 is produced MTS and 𝑧𝑖 = 0 if product 𝑖 is produced MTO. MTS products, for which
there is inventory held, are distinctively different compared to MTO products. A customer order
for an MTO product cannot be fulfilled directly from stock, but instead it needs to be scheduled
for production. A customer order for an MTS product can be fulfilled directly from stock if there
is enough inventory onhand; otherwise, it is fulfilled after replenishment of stock. Customer
orders that cannot be fulfilled immediately from stock are referred to as backorders. Backorders
are fulfilled on a FCFS basis. A backorder can still be fulfilled OTIF if the residual replenishment
leadtime is less or equal to the customer leadtime. The residual replenishment leadtime is the
time from the arrival of a backorder until it is available on stock in full. Moreover, the
replenishment leadtime is the period of time from the release of a production order until the
actual replenishment of stock. The replenishment leadtime consists of waiting time before
production, service time of production, and service time of filling up. For MTS products, the
residual replenishment leadtime is smaller or equal to the replenishment leadtime, because a
production order may already be outstanding upon the arrival of a backorder. For MTO products,
the residual replenishment leadtime is equal to the replenishment leadtime, because each
customer order is scheduled for production individually. The customer leadtime is the desired
period of time from the placement of a customer order until it is available on stock in full, denoted
by 𝑚𝑎𝑥𝐶𝑇. Backorders that cannot be fulfilled OTIF are referred to as true backorders.
Next, a small example is provided to further explain the differences between replenishment
leadtime, residual replenishment leadtime, and between backorders, and true backorders. A
MTS product 𝑖 is stocked according to a (𝑟𝑖 , 𝑞𝑖 ) inventory policy, with a reorder level of 𝑟𝑖 = 100
kilograms and a reorder quantity of 𝑞𝑖 = 3000 kilograms. A customer order for 1000 kilograms
arrives for product 𝑖, while 200 kilograms is available on hand and no production orders or
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backorders are outstanding. Since this customer order cannot be fulfilled immediately from
stock, it will be backordered. Moreover, as a consequence of the new customer order arriving,
the inventory position drops to below the reorder level 𝑟𝑖 , hence a replenishment order for 𝑞𝑖 =
3000 kilograms will be released. The replenishment order is produced in one batch and will take
six days to be available on stock in full. Therefore, both the replenishment leadtime of the
production order and the residual replenishment leadtime of the backorder are equal to six days.
The customer leadtime is equal to five days. So, the backorder cannot be fulfilled on time in full,
hence it is a true backorder. The next day at the same time another customer order of 1500
kilograms for product 𝑖 arrives. This customer order will also be backordered, but it will not initiate
the release of another production order, because the inventory position does not drop to below
the reorder level 𝑟𝑖 . Thus, the new customer order can be fulfilled from the production order that
is already outstanding. Given that already one day of the replenishment leadtime of the
outstanding production order has passed, the residual replenishment leadtime of the second
backorder is five days, which is equal to the customer leadtime. Therefore, this order can be
fulfilled on time in full, hence it is not a true backorder.
Having many true backorders results in a low service level. The desired service level is
defined with a specified minimum probability that a customer order is fulfilled in full within time
𝑚𝑎𝑥𝐶𝑇, denoted by 𝑚𝑖𝑛𝑃𝑆. The desired service level is equal for MTO and MTS products,
because it is assumed that customers are not aware of the production strategy for a specific
product. Moreover, the customer leadtime is assumed to be equal for all products but can easily
be relaxed.
For MTS products, inventory control and replenishment is defined by a (𝑟𝑖 , 𝑞𝑖 ) inventory policy,
where 𝑟𝑖 is the reorder level and 𝑞𝑖 is the reorder quantity for product 𝑖. Whenever the inventory
position of a product drops down to a level 𝑟𝑖 a replenishment order of size 𝑞𝑖 is released. The
inventory position is the sum of the inventories in the system minus the backorders (Donselaar
& Broekmeulen, 2017). The replenishment quantity 𝑞𝑖 represents the amount of cycle stock
because of batching of customer orders, and the reorder level 𝑟𝑖 represents the safety stock. We
use the (𝑟𝑖 , 𝑞𝑖 ) inventory policy because it is simple and easy to implement, it has been done so
extensively in the literature and in practice, it is appropriate for the case of Company X. For MTO
products, it is current practice that a replenishment order is released for each new customer
order and its size is simply the size of the customer order.
The release of a replenishment order initiates the release of a single or multiple production
orders dependent on the maximum batch size of the allocated server. This is because the size
of a production order cannot exceed the maximum batch size. If the size of a replenishment
order exceeds the maximum batch size, then it must be split into multiple production orders. The
number of production orders per replenishment order is defined by the number of maximum
batch sizes per replenishment order rounded up to a whole number. All production orders
belonging to a single replenishment order are scheduled consecutively on the allocated server
in order to minimize cleaning, because cleaning of a server is not needed in between consecutive
batch productions of the same product. The size of all production orders belonging to a
replenishment order is equal to the maximum batch size, except for the last one which is equal
to the remaining quantity. For example, a replenishment order of 5000 kilograms released to a
server with a maximum batch size of 1500 kilograms requires four production orders. The first
three production orders are for 1500 kilograms and the fourth production order is for 500
kilograms. This method for sizing of the batches belonging to a replenishment order minimizes
the average replenishment leadtime and it does not affect total production cost, because
production cost is not dependent on batch sizes.
The objective of the model is to minimize total cost of inventory and production while meeting
the desired service level. Inventory cost is calculated by using holding cost per weight per unit
time of a product 𝑖, denoted by ℎ𝑖 . Production cost is calculated by using production cost per
batch of a product 𝑖, denoted by 𝑝𝑖 .
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Simplification of complex trade-offs
The model contains a number of essential trade-offs. Firstly, assigning a product to MTO or
decreasing the reorder quantity of an MTS product reduces the inventory of that product.
However, it may also decrease the average size of a production order, which directly leads to
higher production cost for that product as well as a lower service level. The impact of a
decreased average production order size on the service level highly depends on demand. The
impact on the service level is greater if demand is high compared to if it is low. Given the
constraint on the service level, a lower service level may also affect the decisions of other
products in a negative way. On the other hand, the average size of a production order may also
decrease, which has the opposite effect. Whether the average size of a production order for a
product increases or decreases depends for the most part on the maximum batch size allowed
on the allocated server. This brings us to another important trade-off, which is the allocation of
a product to a server. Each server has a maximum batch size, hence allocating a product to a
server with a large maximum batch size may increase its average production order size. Besides,
allocating many products to the same server increases the waiting time at that server, which
may decrease the service level.
In conclusion, these complex trade-offs are interdependent among the different decisions of
the model and among products. Moreover, they are triangular among inventory cost, production
cost, and service level. Considering the complexity of these trade-offs and the aim of developing
and solving a tractable model that takes into account all important aspects of the problem as
well as its key trade-offs, it is necessary to make some assumptions. The following list of
assumptions are used for this model. Per assumption some motivation or literature is provided
to support it.
3.1.

The production stage is the bottleneck stage. “A bottleneck is a point of congestion in a
production system that occurs when workloads arrive too quickly for the production
process to handle” (Barone, 2019). The production stage is the bottleneck stage,
because the decisions of the model affect the utilization of production servers. Utilization
is the sole determinant of both the mean and variance of waiting time in an M/D/1 queue,
which together determine the amount of congestion at a production server. The decisions
that affect utilization are the reorder quantity and the product to production server
allocation. Decreasing the reorder quantity of products allocated to a production server
or over-allocating products to a production server can lead to increased arrival rates of
production orders at that server, which ultimately can lead to overutilization of that server.
Furthermore, it is assumed that the filling up stage is not the bottleneck stage. It is
assumed that congestion at the filling up servers can be omitted by increasing the
number of processing hours for filling up or employment of additional filling up machines.

3.2.

Customer leadtime is an integer. The main benefit of using integer leadtimes is having a
less hectic planning. Moreover, the customer leadtime is substantially long, hence using
integer leadtimes will likely not lead to lower customer satisfaction.

3.3.

Per batch one unit of service time is needed for production and a following unit time is
needed for filling up and preparing for shipment or storage. Batch production is
scheduled according to a one-per-day discipline. After production of a batch, it remains
in the server until the next working day when it is filled up and prepared for shipment or
storage. Note that filling up is not scheduled according to a one-per-day discipline, but
instead multiple batches can be scheduled per day. The actual time required for both
production and filling up varies depending on the batch size; however, each of them
rarely exceed one unit of time. Moreover, producing multiple batches per unit time is
considered too hectic.
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3.4.

Demand for products is stationary and uncorrelated across products. Demand is
stationary, because the variance of demand is approximately constant throughout the
product lifecycle. Demand is uncorrelated across products, because products are highly
specific and substitution is rarely possible. In the model of Rajagopalan (2002) this
assumption is used as well.

3.5.

Demand for products is independent of decisions of the model. The decisions of the
model are non-transparent to the customers, hence they do not affect the demand.

3.6.

Customer order and production order arrivals are according to Poisson distributions.
Production order arrivals are Poisson because of the large number of products (Zipkin,
1986; Whitt, 1993); however, this may not be appropriate when system utilization and
coefficient of variation in arrivals are high (Albin, 1982). This assumption will be validated
in Chapter 4.

3.7.

Customer order size follows a Normal distribution. The product order size is a continuous
random variable, hence using a continuous probability distribution such as the Normal
distribution is appropriate. The appropriateness of using the Normal distribution in
particular depends on the coefficient of variation (standard deviation divided by the
mean) (Donselaar & Broekmeulen, 2017). Moreover, a more robust method to test the
appropriateness is provided with multiple goodness-of-fit tests (Montgomery & Runger,
2003). This assumption will be validated in Chapter 4.

3.8.

The moment of release of a production order is Uniform per unit time. The number of
production order releases per unit time follows a Poisson distribution; however, the
moment during a unit time that a production order is released follows a Uniform
distribution. This is because customer orders can arrive at any time with Uniform
probability.

3.9.

Inventory reduces only as a result of demand. For Company X, the inventory turnover
determined with the last 12 months of kilogram shipped divided by the last month of stock
has been approximately equal to 9.5 over each month during 2018 and 2019. Therefore,
approximately 80% of all inventories is used to satisfy demand. The remaining 20% of
all inventories is not sold because of end of product lifecycle, exceeding of expiration
date, or some other reason.

3.10.

Raw material and intermediate product inventories are assumed to be ample and
unaffected by the decisions of the model. All raw materials and intermediate products
are stocked according to inventory policies that are developed to meet >95% of demand
immediately from stock. In addition, high demand raw materials and intermediate
products are replenished more often than suggested by the inventory policies, because
the holding cost for these products are very small. These products are stored in giant
storage tanks, which represent high fixed cost but low variable cost. Furthermore, raw
materials and intermediate products can often be procured or produced JIT before they
are actually needed.

3.11.

The inventory position of a product 𝑖 follows a Uniform distribution on the interval
{𝐼𝑃𝑖 ∈ ℝ| 𝑟𝑖 ≤ 𝐼𝑃𝑖 ≤ 𝑟𝑖 + 𝑞𝑖 }. The inventory position of a product 𝑖 varies randomly
between 𝑟𝑖 and 𝑟𝑖 + 𝑞𝑖 during each cycle. As the number of cycles approaches infinity the
inventory position approaches a Uniform distribution on the interval between 𝑟𝑖 and 𝑟𝑖 +
𝑞𝑖 (Hadley & Whitin, 1963). Inventory position is a determinant of inventory cost and
service level. For Company X, the inventory cost are low compared to the production
cost. In addition, the service level constraint is expected to be of little influence to the
optimal solution, because of large batch sizes. Therefore, the impact of an inaccurate
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approximation of the inventory position is expected to be minimal in terms of total cost.
This assumption will be validated in Chapter 4.
3.12.

The amount of inventory over which holding costs are paid is equal to the inventory
position of a product.
First, we assume that holding costs for Company X are paid over the sum of inventories
in the system. Inventories in the system consist of inventory onhand and the sum of
outstanding production orders. Aside from inventory onhand, outstanding production
orders also have holding costs due to dedicated input materials. Input materials are
dedicated to a production order from the moment it is released; therefore, holding costs
are considered for dedicated input materials while a production order is outstanding. The
holding costs are equal for dedicated input materials and final products, because holding
costs are equal for all goods, i.e., raw materials, intermediate products, and final
products. In addition, the total weight of dedicated input materials and final product is
equal, because the amount of production waste is negligible. Therefore, holding costs
are paid over the sum of inventories in the system. Furthermore, recall that inventory
position is the sum of inventories in the system minus backorders (Donselaar &
Broekmeulen, 2017). The amount of backordered demand outstanding per unit time is
low on average, because leadtimes are expected to be low and batch sizes are expected
to be large. So, inventories in the system are approximately equal to the inventory
position.

The mathematical model
In this section the model is formulated mathematically. First, the objective function is given. Then,
the constraints are provided. An overview of all notation used is given in Appendix A.
Objective
The objective is to minimize the sum of inventory and production costs. So, we have the following
objective function
Minimize
𝐶 = ∑ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 ,

∀𝑖,

(3.1)

𝑖

where 𝐶 denotes the total cost per unit time, 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 denotes the average inventory cost per
unit time for product 𝑖, and 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 denotes the average production cost per unit time for
product 𝑖.
The average inventory cost of product 𝑖 is given by
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 = ℎ𝑖 𝐸[𝐼 𝑂𝐻 𝑖 ],

∀𝑖,

(3.2)

where 𝐼 𝑂𝐻 𝑖 denotes the inventory onhand for product 𝑖. With Assumption 3.12 it is assumed that
𝐸[𝐼 𝑂𝐻 𝑖 ] ≈ 𝐸[𝐼𝑃𝑖 ], where 𝐼𝑃𝑖 denotes the inventory position for product 𝑖. The expected value of
𝐼𝑃𝑖 is given by
𝑞𝑖
𝐸[𝐼𝑃𝑖 ] = (𝑟𝑖 + ) ∙ 𝑧𝑖 ,
∀𝑖.
(3.3)
2
Production cost is independent of batch sizes, hence 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 is simply given by
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 = 𝑝𝑖 𝜆𝑝𝑜𝑖 ,
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∀𝑖,

(3.4)

where 𝜆𝑝𝑜𝑖 denotes the average arrival rate of production orders. The definition of 𝜆𝑝𝑜𝑖 is given
by
𝑀𝑇𝑂
𝜆𝑝𝑜𝑖 = 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 𝑧𝑖 + ∑ 𝜆𝑝𝑜𝑖𝑗
𝑦𝑖𝑗 (1 − 𝑧𝑖 ),

∀𝑖,

(3.5)

𝑗

where 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 is an intermediate variable denoting the arrival rate of production orders for
𝑀𝑇𝑂
product 𝑖 if it is MTS . In addition, 𝜆𝑝𝑜𝑖𝑗
is a parameter denoting the arrival rate of production
orders for product 𝑖 if it is MTO and allocated to server 𝑗.
The definition of 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 is given by
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 = 𝜆𝑟𝑜𝑖 𝑛𝑝𝑜𝑖𝑀𝑇𝑆 ,

∀𝑖,

(3.6)

where 𝜆𝑟𝑜𝑖 denotes the arrival rate of replenishment orders for product 𝑖 and 𝑛𝑝𝑜𝑖𝑀𝑇𝑆 denotes
the number of production orders per replenishment order for product 𝑖 if it is MTS.
The definition of 𝜆𝑟𝑜𝑖 is given by
𝜆𝑟𝑜𝑖 =

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑖

∀𝑖,

(3.7)

where 𝜆𝑐𝑜𝑖 denotes the arrival rate of customer orders for product 𝑖. In addition, 𝜇𝑖 denotes the
mean size of a customer order for product 𝑖.
The definition of 𝑛𝑝𝑜𝑖𝑀𝑇𝑆 in (3.6) is given by
𝑛𝑝𝑜𝑖𝑀𝑇𝑆 = ⌈

𝑞𝑖
⌉,
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗

∀𝑖,

(3.8)

where 𝛾𝑖 denotes the density in weight per volume of product 𝑖 and 𝑚𝑎𝑥𝐵𝑆𝑗 denotes the
maximum batch size in volume allowed on server 𝑗. To explain (3.8), the number of production
orders per replenishment order is defined by the multiple of maximum batch sizes per
replenishment order rounded up to a whole number, as was earlier mentioned in the model
description (see Section 3.1).
𝑀𝑇𝑂
The values of 𝜆𝑝𝑜𝑖𝑗
used in (3.5) are parameters and calculated in advance using
𝑀𝑇𝑂
𝑀𝑇𝑂
𝜆𝑝𝑜𝑖𝑗
= 𝜆𝑐𝑜𝑖 ∙ 𝐸[𝑛𝑝𝑜𝑖𝑗
],

∀𝑖, ∀𝑗,

(3.9)

𝑀𝑇𝑂
where 𝑛𝑝𝑜𝑖𝑗
denotes the number of production orders per customer order for MTO product 𝑖
allocated to server 𝑗. The number of production orders for an MTO product as opposed to an
𝑀𝑇𝑂
MTS product varies with the size of a customer order; therefore, the expected value of 𝑛𝑝𝑜𝑖𝑗
𝑀𝑇𝑂
is needed. Before we formulate an expression for 𝐸[𝑛𝑝𝑜𝑖𝑗
], let us first give an expression for
𝑀𝑇𝑂
𝑛𝑝𝑜𝑖 :

𝑂𝑆𝑖1
𝑀𝑇𝑂
𝑛𝑝𝑜𝑖𝑗
=⌈
⌉,
𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗

∀𝑖, ∀𝑗,

where 𝑂𝑆𝑖𝑏 ~𝑁(𝜇𝑖𝑏 , 𝜎𝑖𝑏 ) denotes a Normal random variable for the aggregated size of b customer
orders for product 𝑖, with mean 𝜇𝑖𝑏 and standard deviation 𝜎𝑖𝑏 . The mean is defined by 𝜇𝑖𝑏 = 𝑏 ∙ 𝜇𝑖
and the standard deviation is defined by 𝜎𝑖𝑏 = √𝑏 ∙ (𝜎𝑖 )2 , where 𝜎𝑖 denotes the standard deviation
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of the size of a customer order. With Assumption 3.7 it is assumed that customer orders follow
a Normal distribution. Moreover, recall that the sum of independent Normal random variables is
also a Normal random variable (Cramer, 1936). Here we simply use 𝑂𝑆𝑖1 for the size of a single
customer order, but later (in Section 3.4.2.) we use the sum of multiple customer orders.
𝑀𝑇𝑂
Then, 𝐸[𝑛𝑝𝑜𝑖𝑗
] in (3.9) is given by
∞
𝑀𝑇𝑂
𝐸[𝑛𝑝𝑜𝑖𝑗
]

= ∑ 𝑙 ∙ 𝑃[(𝑙 − 1) ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 < 𝑂𝑆𝑖1 ≤ 𝑙 ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 ] , ∀𝑖, ∀𝑗.

(3.10)

𝑙=1

Since 𝑂𝑆𝑖1 is a Normal random variable, Equation (3.10) can be calculated with
∞
𝑀𝑇𝑂
𝐸[𝑛𝑝𝑜𝑖𝑗
]

= ∑ 𝑙 ∙ (𝛷 (
𝑙=1

(𝑙 − 1) ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 − 𝜇𝑖
𝑙 ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 − 𝜇𝑖
) −𝛷(
)) ,
𝜎𝑖
𝜎𝑖

∀𝑖, ∀𝑗,

where Φ() denotes the standard notation for calculating the Normal CDF. In order to rewrite this
as a closed-form expression we use an upperbound of 𝑙 for product 𝑖, denoted by 𝑙𝑈𝐵𝑖𝑗 . We set
𝑙𝑈𝐵𝑖𝑗 at approximately the 99 percentile of the CDF of 𝑂𝑆𝑖1 given by
𝑙𝑈𝐵𝑖𝑗 = ⌈

𝜇𝑖 + 𝛷−1 (0.99) ∙ 𝜎𝑖
⌉,
𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗

∀𝑖, ∀𝑗,

where 𝛷−1 () denotes the inverse of the Normal CDF. The upper tail of the CDF of 𝑂𝑆𝑖1 is
approximated with 𝑙𝑈𝐵𝑖𝑗 + 1. So we have
𝑙𝑈𝐵𝑖𝑗
𝑀𝑇𝑂
𝐸[𝑛𝑝𝑜𝑖𝑗
] ≈ ∑ 𝑙 ∙ (𝛷 (
𝑙=1

(𝑙 − 1) ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 − 𝜇𝑖
𝑙 ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 − 𝜇𝑖
) −𝛷(
))
𝜎𝑖
𝜎𝑖

+ (𝑙𝑈𝐵𝑖𝑗 + 1) ∙ (1 − 𝛷 (

𝑙𝑈𝐵 ∙ 𝛾𝑖 ∙ 𝑚𝑎𝑥𝐵𝑆𝑗 − 𝜇𝑖
)) ,
𝜎𝑖

∀𝑖, ∀𝑗.

We use equations (3.4) – (3.10) to calculate 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 , hence calculating the objective function.
Next, we provide the constraints.
Minimum Production Capacity Constraint
The reorder quantity must be greater than the minimum batch size of the allocated server,
because a production order smaller than the minimum batch size cannot be produced.
Therefore, we set the constraint
𝑞𝑖 ≥ 𝛾𝑖 ∑ 𝑚𝑖𝑛𝐵𝑆𝑗 𝑦𝑖𝑗 ,

∀𝑖,

(3.11)

𝑗

where 𝑚𝑖𝑛𝐵𝑆𝑖𝑗 denotes the minimum batch size in volume allowed on server 𝑗 for product 𝑖.
Product to Server Allocation Constraints
To ensure that a product is allocated to exactly one server the following constraint is set
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∑ 𝑦𝑖𝑗 = 1,

∀𝑖.

(3.12)

𝑗

Furthermore, the following constraint ensures a product is assigned to a server on which it can
be produced
𝑦𝑖𝑗 ≤ 𝑣𝑖𝑗 ,

∀𝑖, ∀𝑗,

(3.13)

where the values of 𝑣𝑖𝑗 = 1(0) are parameters denoting that product 𝑖 can (not) be produced on
server 𝑗.
Service Level Constraint
In order to meet a service level, a constraint is defined that ensures the probability that a
customer order is fulfilled in full within time 𝑚𝑎𝑥𝐶𝑇, denoted by 𝑃𝑆, is at least 𝑚𝑖𝑛𝑃𝑆 given by
𝑃𝑆 ≥ 𝑚𝑖𝑛𝑃𝑆.

(3.14)

∑𝑖 𝜆𝑐𝑜𝑖 (𝑃𝑆𝑖𝑀𝑇𝑆 𝑧𝑖 + 𝑃𝑆𝑖𝑀𝑇𝑂 (1 − 𝑧𝑖 ))
𝑃𝑆 =
,
∑𝑖 𝜆𝑐𝑜𝑖

(3.15)

𝑃𝑆 is defined by

where 𝑃𝑆𝑖𝑀𝑇𝑆 and 𝑃𝑆𝑖𝑀𝑇𝑂 denote the probability that a customer order for product 𝑖 assigned to
MTS and MTO, respectively, is fulfilled in full within time 𝑚𝑎𝑥𝐶𝑇. Defining 𝑃𝑆𝑖𝑀𝑇𝑆 and 𝑃𝑆𝑖𝑀𝑇𝑂
involves some highly non-convex and nonlinear expressions. Therefore, these expressions will
not be provided here, but instead these will be included as part of the solution method in Section
3.4.
Full model
The full model formulation is given by
min

∑ ℎ𝑖 ∙ (𝑟𝑖 +
𝑖

𝑞𝑖
) ∙ 𝑧𝑖 + 𝑝𝑖 ∙ 𝜆𝑝𝑜𝑖
2

(𝑀3. 1)

s.t.
(3.5) − (3.15),
𝑦𝑖𝑗 ∈ {0,1},

∀𝑖, ∀𝑗,

𝑧𝑖 ∈ {0,1},

∀𝑖,

𝑞𝑖 ∈ [0, ∞),

∀𝑖,
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Solution method
Model (M3.1) is formulated through a non-convex MINLP problem which is difficult to be solved
to optimality. In this section, we develop an approximation of (M3.1) based on MILP relaxations.
In the rest of this section we provide:
Section 3.4.1.
Section 3.4.2.
Section 3.4.3.
Section 3.4.4.
Section 3.4.5.
Section 3.4.6.
Section 3.4.7.
Section 3.4.8.

Approximation of the maximum reorder quantity
Closed-form approximation of service level
Queue Size Constraint
Linearizations
Formulation of Model 1 through an MILP problem
Determining appropriate values of 𝑞𝐿𝐵𝑖 , 𝑞𝑈𝐵𝑖 , 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 , and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆
Greedy heuristic for satisfying the service level
Overview of notation

3.4.1 Approximation of the maximum reorder quantity
The arrival rate of production orders for MTS products involves rounding to determine the
number of production orders per replenishment order (see equations (3.6) and (3.8)). Rounding
function is a nonlinear function. However, if a replenishment order consists of at most one
production order then rounding is no longer needed. Therefore, it is proposed here that the
reorder quantity for a product should not exceed the maximum batch size allowed on the
allocated server:
𝑞𝑖 ≤ 𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ,

∀𝑖,

(3. 16)

𝑗

where 𝑚𝑎𝑥𝐵𝑆𝑗 denotes the maximum batch size allowed on server 𝑗. Constraint (3.16) ensures
that 𝑛𝑝𝑜𝑖𝑀𝑇𝑆 = 1, hence the arrival rate of production orders for MTS products is now simply
given by
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 = 𝜆𝑟𝑜𝑖 ,

(3. 17)

∀𝑖.

We support Constraint (3.16) with Proposition 3.4.1.1..
Proposition 3.4.1.1. For any 𝑞𝑖𝐵𝐼𝐺 ∈ (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 , ∞) it holds that 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) +
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) ≥ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ), ∀𝑖,
where
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) and 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) denote the inventory cost and production cost as a function of
𝑞𝑖 given that 𝑧𝑖 = 1 , respectively.
Proof. First we prove that inequality 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) ≥ 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) , ∀𝑖 holds for
all 𝑞𝑖 ∈ [0, ∞) given that 𝑧𝑖 = 1. We express 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) as a function of 𝑞𝑖 ∈ [0, ∞) (see
equations (3.6), (3.7), and (3.8)):
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) =

𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝑖
∙⌈
⌉,
𝑞𝑖
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗
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∀𝑖.

It holds that
𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝑖
∙
,
∑
𝑞𝑖
𝛾𝑖 𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗
𝜆𝑐𝑜𝑖 𝜇𝑖
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) ≥
,
∀𝑖.
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) ≥

∀𝑖,

Furthermore, 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) can be expressed as

𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) =
𝑗

𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) =
𝑗

𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗
𝜆𝑐𝑜𝑖 𝜇𝑖
∙⌈
⌉,
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗
𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗

∀𝑖,

∀𝑖.

Therefore, it also holds that

𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) ≥ 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) ,

∀𝑖.

𝑗

Then, we express 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) as a function of 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ) given that 𝑧𝑖 = 1 (see equations
(3.4) and (3.5)):
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) = 𝑝𝑖 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 (𝑞𝑖 ),

∀𝑖.

So, it can be observed that for all 𝑞𝑖 ∈ [0, ∞) given that 𝑧𝑖 = 1 it holds that

𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) ≥ 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) ,

∀𝑖.

𝑗

Next, we will prove that inequality 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) ≥ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) holds for any
𝑞𝑖𝐵𝐼𝐺 ∈ (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 , ∞). First, we express 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) as a function of 𝑞𝑖 ∈ [0, ∞) given
that 𝑧𝑖 = 1 (see equations (3.2) and (3.3)):
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) = ℎ𝑖 𝑟𝑖 +

ℎ𝑖 𝑞𝑖
,
2

∀𝑖.

𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) is a strictly non-decreasing function of the 𝑞𝑖 ∈ [0, ∞), which is shown by
𝑑𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) ℎ𝑖
= ≥ 0,
𝑑𝑞𝑖
2
Therefore, for all 𝑞𝑖 ∈ [0, ∞) it holds that
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∀𝑖.

𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) ≥ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑ 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) ,

∀𝑖.

𝑗

Given
that
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖 ) ≥ 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 )
and
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) ≥
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) for all 𝑞𝑖 ∈ [0, ∞) and that 𝑞𝑖𝐵𝐼𝐺 ≠ 𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 , it is shown that
for any 𝑞𝑖𝐵𝐼𝐺 ∈ (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 , ∞) it holds that 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝑞𝑖𝐵𝐼𝐺 ) ≥
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 (𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗 ) , ∀𝑖.
∎
Proposition 3.4.1.1. asserts that for every reorder quantity larger than the maximum batch size
allowed on the allocated server, there exists at least one reorder quantity smaller or equal to the
maximum batch size allowed on the allocated server that leads to less or equal total cost for that
product. However, incorporating the maximum reorder quantity constraint may lead to a suboptimal solution because of the Service Level Constraint (3.14). Increasing the reorder quantity
of a value higher than the maximum reorder quantity can lead to a better service level for that
product, which could lead to cheaper decisions for other products and hence possibly result in
a lower total cost aggregated over all products. Therefore, substitution of equations (3.6) and
(3.8) with (3.16) and (3.17) leads to an approximation. In a computational study we will test the
overall goodness of this approximation.

3.4.2 Closed-form approximation of service level
In this subsection a closed-form approximation is formulated for the service level. The service
level is defined as the probability that a customer order is fulfilled in full within time 𝑚𝑎𝑥𝐶𝑇. Recall
that the Service Level Constraint is given by (3.14). We first provide separate expressions for
the service level per product for MTS and MTO products.
First, a description is provided of the used approach towards a service level definition per
product for MTS products. The customer orders can be divided into five groups:
1.
2.
3.
4.
5.

Fulfilled immediately from stock, while no production order is outstanding.
Fulfilled immediately from stock, while initiating the release of a production order.
Fulfilled immediately from stock, while a production order is outstanding.
Backordered and fulfilled on time.
Truly backordered.

Recall that true backorders are referred to as backorders that cannot be fulfilled in full within time
𝑚𝑎𝑥𝐶𝑇.
In Figure 7 an example profile is presented of the inventory onhand and backorders arriving
between two stock replenishments of a product.
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Figure 6. Example profile of inventory onhand and backorders between two stock
replenishments.
In Figure 7, each drop in the graph represents a customer order arrival from the group of the
corresponding color (the numbers correspond to the groups in the list presented earlier). Note
that there is exactly one customer order from each group. Besides, there is some notation in
Figure 7 that requires explanation. 𝑡𝑏𝑡𝑖 denotes the time period from the release of a production
order until the residual replenishment leadtime of that order is equal to the customer leadtime.
In addition, 𝑆𝑇 denotes the total service time of production and filling up, 𝑚𝑎𝑥𝐶𝑇 denotes the
customer leadtime, and 𝑅𝐿𝑇 denotes the replenishment leadtime of a production order. The
notations 𝑅𝑇𝑆 and 𝑄𝑆𝑗 will be discussed in detail later.
First, we explain the different customer orders in Figure 7. The first and green order can be
fulfilled from stock and does not drop the inventory to below the reorder level of 𝑟𝑖 . The second
and blue order can be fulfilled from stock and does drop the inventory to below the reorder level
of 𝑟𝑖 , hence initiating the release of a production order. The third and yellow order arrives while
a production order is outstanding, but it can still be fulfilled immediately from stock. The fourth
and red order is backordered and cannot be fulfilled on time, since the residual replenishment
leadtime is greater than the customer leadtime. Finally, the fifth and purple order is also
backordered but can be fulfilled in time, because the residual replenishment leadtime is less or
equal to the customer leadtime.
Next, the approach used to approximate service level is described. The service level is the
probability that a customer order is not a true backorder. In the example of Figure 7, this is given
by the total number of customer orders that is not a true backorder (green, blue, yellow, and
purple) divided by the total number of customer orders. This is equal to 0.8. The example of
Figure 7 is just one of the infinite number of possible scenarios between two stock
replenishments of a product. It is difficult to formulate a definition of service level that takes into
account all possible scenarios, hence another approach is used in the form of the following
approximation:
The service level is approximately the expected total amount of not truly backordered demand
between two replenishments of stock divided by the reorder quantity.
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This approximation is convenient as calculations in terms of weight of demand are easier than
in terms of number of customer orders. In the example of Figure 7, the service level according
to this approximation is given by the sum of the green, blue, yellow, and purple order and the
part of the red order that is above zero divided by the reorder quantity 𝑞𝑖 . This is greater than
0.8. The main difference leading to this result is that the part of the red order that is below zero
is considered truly backordered demand in the approximation, whereas the complete red order
is considered truly backordered demand in the original definition. The remaining inventory
onhand after the arrival of the first true backorder should be considered truly backordered
demand, because customer orders are required to be fulfilled in full. Hence, there is an
approximation error leading to an overestimation of the service level.
The service level per product for MTS products according to the approximation is given by
𝑃𝑆𝑖𝑀𝑇𝑆 ≈ 1 −

𝐸[𝑇𝐵𝑂𝐷𝑖 ]
,
𝑞𝑖

(3. 18)

∀𝑖,

where 𝑇𝐵𝑂𝐷𝑖 denotes the expected total amount of truly backordered demand between two
replenishments of stock. The approximation error is taken into account in 𝑇𝐵𝑂𝐷𝑖 , i.e., 𝑇𝐵𝑂𝐷𝑖
represents the size of the red order in the example of Figure 7.
Before we provide a definition of 𝐸[𝑇𝐵𝑂𝐷𝑖 ] first, we isolate demand of groups 2, 3 , and 5.
We do this by considering only customer orders that arrive during time 𝑡𝑏𝑡𝑖 . Recall that 𝑡𝑏𝑡𝑖
denotes the time period from the release of a production order until the residual replenishment
leadtime of that order is equal to the customer leadtime. In the example of Figure 7, the customer
orders referred to are the blue, yellow, and red. Moreover, the number of customer orders of
Group 2 is always one, i.e., the release of a production order is initiated by one customer order.
The number of customer orders of groups 3 and 5 is greater or equal to zero, depending on the
arrival rate of customer orders and the replenishment leadtime. The total number of customer
orders of groups 3 and 5 is represented by a random variable 𝐶𝑂𝑅𝑖 , which denotes the number
of customer orders for product 𝑖 that arrive during time 𝑡𝑏𝑡𝑖 . We further refer to 𝐶𝑂𝑅𝑖 as the
number of customer orders at risk for product 𝑖.
𝐸[𝑇𝐵𝑂𝐷𝑖 ] is defined as the expected total demand of 𝐶𝑂𝑅𝑖 + 1 customer orders at risk for
product 𝑖 in excess of the inventory onhand right before the release of a production order. If the
total demand does not exceed the inventory onhand then there is zero backordered demand.
For clarification, 𝐶𝑂𝑅𝑖 + 1 is used instead of 𝐶𝑂𝑅𝑖 to account for the customer order that initiates
the release of a production order. In the example of Figure 7, the expected total demand of the
𝐶𝑂𝑅𝑖 + 1 customer orders at risk refers to the sum of the blue, yellow, and red customer orders.
In addition, the inventory onhand right before the release of a production order refers to the
inventory onhand before the arrival of the blue customer order. To formulate this definition of
𝐸 [𝑇𝐵𝑂𝐷𝑖 ], we use another variable 𝑇𝐵𝑂𝐷𝑖𝑘 , which denotes the amount of truly backordered
demand if 𝑘 customer orders at risk arrive for product 𝑖. So, 𝑇𝐵𝑂𝐷𝑖𝑘 is conditional on the value
of 𝐶𝑂𝑅𝑖 . The definition of 𝐸[𝑇𝐵𝑂𝐷𝑖 ] is given by
𝑘𝑈𝐵𝑖 +1

𝐸[𝑇𝐵𝑂𝐷𝑖 ] = ∑ 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] ∙ 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] ,

∀𝑖,

(3. 19)

𝑘=0

where 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] denotes the probability of having 𝑘 customer orders at risk for product 𝑖. To
calculate 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] in (3.19) we need the probability distribution of the number of customer
orders for a product 𝑖 during time 𝑡𝑏𝑡𝑖 . Assumption 3.6 states that customer orders arrive
according to a Poisson process, hence let 𝐶𝑂𝑖𝑡 ~𝑃𝑂𝐼𝑆(𝑡, 𝜆𝑐𝑜𝑖 ) denote the number of customer
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orders arrivals for product 𝑖 during a time period 𝑡 with an average rate 𝜆𝑐𝑜𝑖 . We replace 𝑡 in 𝐶𝑂𝑖𝑡
with 𝑡𝑏𝑡𝑖 . Then 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] is given by
𝑡𝑏𝑡𝑖

𝑃[𝐶𝑂𝑅𝑖 = 𝑘] = 𝑃[𝐶𝑂𝑖

= 𝑘],

∀𝑖,

𝑡𝑏𝑡

where 𝐶𝑂𝑖 𝑖 denotes the number of customer orders to arrive during time 𝑡𝑏𝑡𝑖 . Time 𝑡𝑏𝑡𝑖 is
defined as the replenishment leadtime minus the customer leadtime. The replenishment
leadtime can be divided into three successive parts. The first part is 𝑅𝑇𝑆, which denotes the
residual service time upon the arrival of a production order. The second part is 𝑄𝑆𝑗 , denoting the
number of production orders waiting in queue at server 𝑗, excluding the one currently in
production. 𝑄𝑆𝑗 is further referred to as queue size at server 𝑗. The queue size represents the
service times of production orders ahead in the queue, because service time of production is
one unit time. The third part is the total service time of production and filling up, which is equal
to two units time. This is all clearly visualized in the example of Figure 7. Hence, time period 𝑡𝑏𝑡𝑖
is defined by
𝑡𝑏𝑡𝑖 = 𝑅𝑇𝑆 + ∑ 𝑄𝑆𝑗 𝑦𝑖𝑗 − (𝑚𝑎𝑥𝐶𝑇 − 2),
𝑗

(3. 20)

where ∑ 𝑄𝑆𝑗 𝑦𝑖𝑗 ≥ (𝑚𝑎𝑥𝐶𝑇 − 2),

∀𝑖.

𝑗

𝑅𝑇𝑆 is Uniform from zero to one (𝑅𝑇𝑆~𝑈𝑁𝐼𝐹[0,1]), because the moment of release of a
production order is Uniform per unit time according to Assumption 3.8. 𝑄𝑆𝑗 is an integer random
variable that is given with the stationary distribution for waiting time in an M/D/1 queue (Kenji,
2005). Therefore, 𝑄𝑆𝑗 is expressed in terms of integer units of time. Besides, the waiting time in
queue at an idle server also follows a Uniform distribution from zero to one, since a production
order arriving at an idle server is produced in the next unit time. Therefore, we can use 𝑅𝑇𝑆 to
also represent the waiting time at an idle server and hence 𝑅𝑇𝑆~𝑈𝑁𝐼𝐹[0,1] holds for 𝑄𝑆𝑗 ≥ 0.
Finally, 𝑚𝑎𝑥𝐶𝑇 − 2 is simply the customer leadtime minus the service times of production and
filling up. 𝑚𝑎𝑥𝐶𝑇 − 2 is the maximum time a production order may spend in the queue upon the
arrival of a backorder in order to fulfill that backorder OTIF. In addition, the customer leadtime is
an integer (𝑚𝑎𝑥𝐶𝑇 ∈ ℕ) according to Assumption 3.2. Then, given that 𝑡𝑏𝑡𝑖 is the sum of an
𝑡𝑏𝑡
integer and an Uniform random variable, we can express 𝑃[𝐶𝑂𝑖 𝑖 = 𝑘] with 𝑡𝑏𝑡𝑖 = 𝑅𝑇𝑆 +
∑𝑗 𝑄𝑆𝑗 𝑦𝑖𝑗 − (𝑚𝑎𝑥𝐶𝑇 − 2) for ∑𝑗 𝑄𝑆𝑗 𝑦𝑖𝑗 ≥ 𝑚𝑎𝑥𝐶𝑇 − 2, ∀𝑖 by
𝑡𝑈𝐵𝑗 +1
𝑡𝑏𝑡
𝑃[𝐶𝑂𝑖 𝑖

= 𝑘] = ∑ ∑ 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] ∙ 𝑃[𝑄𝑆𝑗 = 𝑡 + (𝑚𝑎𝑥𝐶𝑇 − 2)]𝑦𝑖𝑗 ,
𝑗

𝑡=0

(3. 21)

∀𝑖,
where 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] denotes the probability of 𝑘 arrivals of customer orders at risk during time
𝑡 + 𝑅𝑇𝑆 with 𝑅𝑇𝑆~𝑈𝑁𝐼𝐹[0,1]. We show how 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] can be calculated through Lemma
3.3.2.1.
Lemma 3.3.2.1. 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] with 𝑅𝑇𝑆~𝑈𝑁𝐼𝐹[𝑙𝑏, 𝑢𝑏] can be expressed by
(3. 22)

𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘]
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𝑘

𝜆𝑐𝑜𝑖 𝑘−𝑏−1 ∙ (𝑡 + 𝑙𝑏)𝑘−𝑏 −𝜆𝑐𝑜 ∙(𝑡+𝑙𝑏)
𝑖
= (∑
𝑒
(𝑘 − 𝑏)!
𝑏=0

𝑘

𝜆𝑐𝑜𝑖 𝑘−𝑏−1 ∙ (𝑡 + 𝑢𝑏)𝑘−𝑏 −𝜆𝑐𝑜 ∙(𝑡+𝑢𝑏)
1
𝑖
−∑
𝑒
)∙
, ∀𝑖.
(𝑘 − 𝑏)!
𝑢𝑏 − 𝑙𝑏
𝑏=0

Proof. 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] can be expressed as the product of the probability mass function (PMF)
of 𝑅𝑇𝑆 and the integral of the PMF of 𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 over time 𝑟𝑡𝑠 from 𝑙𝑏 to 𝑢𝑏:
𝑢𝑏

𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] = ∫ 𝑃[𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 = 𝑘] ∙ 𝑓𝑅𝑇𝑆 (𝑟𝑡𝑠)𝑑𝑟𝑡𝑠,

∀𝑖,

𝑙𝑏

where 𝑓𝑅𝑇𝑆 (𝑟𝑡𝑠) denotes the probability density function (PDF) of 𝑅𝑇𝑆, which is Uniform and
therefore simply given by
𝑓𝑅𝑇𝑆 (𝑟𝑡𝑠) =

1
.
𝑢𝑏 − 𝑙𝑏

𝑃[𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 = 𝑘] denotes the PMF of 𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 , which is Poisson and therefore given by (Yates &
Goodman, 2014):
𝑘

𝑃[𝐶𝑂𝑖𝑡+𝑟𝑡𝑠

(𝜆𝑐𝑜𝑖 ∙ (𝑡 + 𝑟𝑡𝑠)) −𝜆𝑐𝑜 ∙(𝑡+𝑟𝑡𝑠)
𝑖
= 𝑘] =
𝑒
,
𝑘!

∀𝑖.

𝑃[𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 = 𝑘] and 𝑓𝑅𝑇𝑆 (𝑟𝑡𝑠) are combined into 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] through the convolution given
by
𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆

𝑢𝑏

= 𝑘] = ∫ 𝑃[𝐶𝑂𝑖𝑡+𝑟𝑡𝑠 = 𝑘] ∙ 𝑓𝑅𝑇𝑆 (𝑟𝑡𝑠)𝑑𝑟𝑡𝑠,
𝑙𝑏
𝑢𝑏

=∫
𝑙𝑏

= (∑
𝑏=0

−∑
𝑏=0

𝑘

1
(𝜆𝑐𝑜𝑖 ∙ (𝑡 + 𝑟𝑡𝑠)) −𝜆𝑐𝑜 ∙(𝑡+𝑟𝑡𝑠)
𝑖
𝑒
𝑑𝑟𝑡𝑠 ∙
,
𝑘!
𝑢𝑏 − 𝑙𝑏

𝑘

𝑘

∀𝑖,
∀𝑖,

𝜆𝑐𝑜𝑖 𝑘−𝑏−1 ∙ (𝑡 + 𝑙𝑏)𝑘−𝑏 −𝜆𝑐𝑜 ∙(𝑡+𝑙𝑏)
𝑖
𝑒
(𝑘 − 𝑏)!

𝜆𝑐𝑜𝑖 𝑘−𝑏−1 ∙ (𝑡 + 𝑢𝑏)𝑘−𝑏 −𝜆𝑐𝑜 ∙(𝑡+𝑢𝑏)
1
𝑖
𝑒
)∙
,
(𝑘 − 𝑏)!
𝑢𝑏 − 𝑙𝑏

∀𝑖.
∎

Furthermore, to calculate 𝑃[𝑄𝑆𝑗 = 𝑥] in (3.21) we use the stationary distribution for waiting time
in a M/D/1 queue with service time of one unit time (Kenji, 2005):

𝜋𝑗1 = 1 − 𝜌𝑗 ,

(3. 23)

∀𝑗,

𝜋𝑗0 = (1 − 𝜌𝑗 ) ∙ (𝑒 𝜌𝑗 − 1),

∀𝑗,
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𝑛−1

𝜋𝑗𝑛

= (1 − 𝜌𝑗 ) ∙ (𝑒

𝑛𝜌𝑗

𝑛−𝑣

+∑𝑒

𝑣𝜌𝑗

∙

(−1)𝑛−𝑣

𝑣=1

𝑛−𝑣−1

(𝑣𝜌𝑗 )
(𝑣𝜌𝑗 )
(
+
)) ,
(𝑛 − 𝑣)! ( 𝑛 − 𝑣 − 1)!

for 𝑛 ≥ 2, ∀𝑗,
where 𝜋𝑗𝑛 denotes the probability of 𝑛 production orders in the queue at server 𝑗 and 𝜌𝑗 denotes
the utilization of server 𝑗. The number of production orders in the queue denoted by 𝑛 in the
expression from Kenji (2005) includes the job that is currently being served. However, to get
𝑃[𝑄𝑆𝑗 = 𝑥] we need to exclude the job currently being served:
𝜋𝑗0 + 𝜋𝑗1 ,
𝑃[𝑄𝑆𝑗 = 𝑥] = { 𝑥+1
𝜋𝑗 ,

if 𝑥 = 0, ∀𝑗
if 𝑥 ≥ 1, ∀𝑗

.

(3. 24)

Moreover, the utilization 𝜌𝑗 is simply the arrival rate multiplied by the service time of production
(Rajagopalan, 2002). Since the service time of production is equal to one unit time, the utilization
of a server is the total arrival rate of production orders aggregated over all products and
intermediate products allocated to that server. Some of the intermediate products are produced
on the same servers as final products, hence their utilization of the servers is also taken into
account. 𝜌𝑗 is given by:
𝜌𝑗 = ∑ 𝜆𝑝𝑜𝑖 𝑦𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑒𝑗 ,
𝑖

∀𝑗,

(3. 25)

𝑒

where 𝜆𝑝𝑜𝑒𝑗 is a parameter denoting the arrival rate of production orders for intermediate product
𝑒 to server 𝑗. This rate can be greater than zero for multiple values of 𝑗, because the production
of intermediate products is not restricted to a single server.
Finally, in order to get a closed-form approximation of 𝐸[𝑇𝐵𝑂𝐷𝑖 ], we need to set an
upperbound for 𝑘 in (3.19), which we denote by 𝑘𝑈𝐵𝑖 , and an upperbound for 𝑡 in (3.21), which
denoted by 𝑡𝑈𝐵𝑗 . We determine 𝑡𝑈𝐵𝑖 through an iterative procedure in which ∑𝑈𝐵
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 +
(𝑚𝑎𝑥𝐶𝑇 − 2)] is calculated for incrementally increasing values of 𝑈𝐵 until ∑𝑈𝐵
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 +
(𝑚𝑎𝑥𝐶𝑇 − 2)] > 0.99. The remaining ≈ 0.01 of the probability weight in the upper tail is then
approximated by 𝑘𝑈𝐵𝑖 + 1. In this procedure, we set 𝑚𝑎𝑥𝐶𝑇 = 2 in order to get the full
distribution of 𝑄𝑆𝑗 . We demonstrate this by showing that the cumulative distribution function
(CDF) of 𝑄𝑆𝑗 is approximately equal to 1 when 𝑡 approaches infinity. The CDF of 𝑄𝑆𝑗 when 𝑡
∑∞
approaches infinity is given by ∑∞
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡] = 1 and hence also by
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 +
(𝑚𝑎𝑥𝐶𝑇 − 2)] = 1 for 𝑚𝑎𝑥𝐶𝑇 = 2. The pseudocode in Algorithm 4 for determining 𝑡𝑈𝐵𝑗 should
be executed for all 𝑗. Furthermore, we determine 𝑘𝑈𝐵𝑖 in a similar way to 𝑡𝑈𝐵𝑗 (see Algorithm
𝑈𝐵
5) by substituting ∑𝑈𝐵
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 + (𝑚𝑎𝑥𝐶𝑇 − 2)], 𝑡, and 𝑡𝑈𝐵𝑗 , with ∑𝑘=0 𝑃[𝐶𝑂𝑅𝑖 = 𝑘], 𝑘, and
𝑘𝑈𝐵𝑖 , respectively.
𝑡𝑏𝑡
So far, we have shown how 𝑃[𝐶𝑂𝑖 𝑖 = 𝑘] can be calculated with (3.21) using (3.22) - (3.25).
Furthermore, to calculate 𝐸[𝑇𝐵𝑂𝐷𝑖 ] using (3.19) we also need a closed form expression of
𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ]. First we define 𝑇𝐵𝑂𝐷𝑖𝑘 by
𝑇𝐵𝑂𝐷𝑖𝑘 = 𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 ,

for 𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 , ∀𝑘 ∈ ℕ≥0 , ∀𝑖,
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where 𝑂𝑆𝑖𝑘 denotes the aggregate size in weight of 𝑘 customer orders at risk for product 𝑖.
Important to note is that customer orders of a product are independent and identically distributed,
hence the total size of 𝑘 consecutive customer orders at risk is simply total size 𝑘 customer
orders. Then, recall that 𝑘 includes only customer orders arriving after the release of a production
order. Furthermore, recall that 𝑇𝐵𝑂𝐷𝑖𝑘 denotes the amount of truly backordered demand per
production order. Hence, to determine 𝑇𝐵𝑂𝐷𝑖𝑘 we need to also take into account inventory
onhand and outstanding backordered demand right after the release of a production order. 𝐼𝑁𝑉𝑖
denotes the inventory onhand minus the outstanding backordered demand right after the release
of a production order for product 𝑖. In the example of Figure 7, 𝐼𝑁𝑉𝑖 is represented by the
inventory onhand right after the drop from the blue customer order. In addition, 𝜀𝑖 denotes the
expected error as a result of using backorders in terms of weight instead of in terms of customer
orders. This error was already introduced before Equation (3.18). 𝜀𝑖 is defined by the inventory
level after the first true backorder per production order. We approximate 𝜀𝑖 by half the size of a
𝜇
customer order, so 𝜀𝑖 ≈ 𝑖. The appropriateness of this approximation will be tested in a
2

computational study. Finally, the lowerbound of 𝑇𝐵𝑂𝐷𝑖𝑘 is to exclude negative amounts of truly
backordered demand. Henceforth 𝐼𝑁𝑉𝑖 is referred to as the inventory level after release of a
production order. 𝐼𝑁𝑉𝑖 is defined by
𝐼𝑁𝑉𝑖 = 𝐼𝑃𝑖 − 𝑂𝑆𝑖1 ,

for 𝐼𝑃𝑖 − 𝑂𝑆𝑖1 ≤ 𝑟𝑖 , ∀𝑖,

where 𝐼𝑃𝑖 denotes the inventory position of product 𝑖 and 𝑂𝑆𝑖1 denotes the size of a single
customer order for product 𝑖. Note that 𝐼𝑁𝑉𝑖 only exists on the domain 𝐼𝑃𝑖 − 𝑂𝑆𝑖1 ≤ 𝑟𝑖 . 𝐼𝑁𝑉𝑖 is
upper bounded by 𝑟𝑖 because a production order is released when inventory level drops below
𝑟𝑖 .
The PDF of 𝐼𝑁𝑉𝑖 is given by
𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢)
𝑖
𝑓𝐼𝑁𝑉𝑖 (𝑢) =
,
for 𝑢 ≤ 𝑟𝑖 , ∀𝑖.
(3. 26)
𝐹𝐼𝑃𝑖−𝑂𝑆 1 (𝑟𝑖 )
𝑖

Furthermore, recall that 𝐼𝑃𝑖 is a Uniform random variable on the interval from 𝑟𝑖 to 𝑟𝑖 + 𝑞𝑖 and
that 𝑂𝑆𝑖𝑘 is a Normal random variable with mean 𝜇𝑖𝑘 and standard deviation 𝜎𝑖𝑘 . Let us now prove
that PDF 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) can be expressed in terms of the Normal CDF of 𝑂𝑆𝑖1 through Lemma
𝑖

3.3.2.2..
Lemma 3.3.2.2. 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) can be expressed in terms of the Normal CDF of 𝑂𝑆𝑖1 :
𝑖

𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) =
𝑖

1
𝑟𝑖 + 𝑞𝑖 − 𝑢 − 𝜇1𝑖
𝑟𝑖 − 𝑢 − 𝜇1𝑖
(𝛷 (
−
𝛷
)
(
)) ,
𝑞𝑖
𝜎𝑖1
𝜎𝑖1

Proof. 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑥) is given by the following convolution (Yoki, 2016):
𝑖

∞

𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) = ∫ 𝑓𝐼𝑃𝑖 (𝑡) ∙ 𝑓𝑂𝑆 1 (𝑡 − 𝑢)𝑑𝑡 ,
𝑖

∀𝑖,

𝑖

−∞

1 𝑟𝑖+𝑞𝑖
∫
𝑓𝑂𝑆 1 (𝑡 − 𝑢)𝑑𝑡 ,
𝑖
𝑞𝑖 𝑟𝑖
1 𝑟𝑖+𝑞𝑖−𝑥
= ∫
𝑓𝑂𝑆 1 (𝑡)𝑑𝑡,
𝑖
𝑞𝑖 𝑟𝑖−𝑥
=
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∀𝑖,
∀𝑖,

∀𝑖.

(3. 27)

where 𝑓𝐼𝑃𝑖 (𝑢) denotes the PDF of 𝐼𝑃𝑖 and 𝑓𝑂𝑆 1 (𝑢) denotes the PDF of 𝑂𝑆𝑖1 . Since 𝑓𝑂𝑆 1 (𝑡) is a
𝑖

𝑖

Normal density, we conclude that 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) can be expressed through Equation (3.27).
𝑖

∎
To calculate 𝑓𝐼𝑁𝑉𝑖 (𝑢) in (3.26), we need an expression of 𝐹𝐼𝑃𝑖 −𝑂𝑆 1 (𝑟𝑖 ), which denotes the CDF of
𝑖

𝐼𝑃𝑖 − 𝑂𝑆𝑖1 at the reorder level 𝑟𝑖 . We approximate 𝐹𝐼𝑃𝑖−𝑂𝑆 1 (𝑟𝑖 ) by numerically integrating
𝑖

𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢). To do this first we approximate 𝐼𝑃𝑖 − 𝑂𝑆𝑖1 with a discrete random variable on a finite
𝑖

domain of 𝒙𝒊 : = {−𝑀, −𝑀 + 𝑟𝑒𝑠, −𝑀 + 2 ∙ 𝑟𝑒𝑠, … , 𝑟𝑖 }, where 𝑀 is some large number and 𝑟𝑒𝑠
denotes the resolution of the variable. The upperbound of 𝒙𝒊 is 𝑟𝑖 , because 𝐼𝑁𝑉𝑖 only exists on
the domain 𝐼𝑃𝑖 − 𝑂𝑆𝑖1 ≤ 𝑟𝑖 . The accuracy of the approximation is decreasing in 𝑟𝑒𝑠. i.e., the
discrete variable approaches the continuous variable as the resolution approaches zero. Hence,
a trade-off is necessary between accuracy and computational complexity. The PMF of 𝐼𝑃𝑖 − 𝑂𝑆𝑖1
is approximated by
𝑃[𝐼𝑃𝑖 − 𝑂𝑆𝑖1 = 𝑥𝑖 ] ≈ 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑥𝑖 ) ∙ 𝑟𝑒𝑠,
𝑖

∀𝑥𝑖 ∈ 𝒙𝒊 , ∀𝑖.

We substitute 𝑓𝐼𝑃𝑖−𝑂𝑆 1 (𝑢) with 𝑃[𝐼𝑃𝑖 − 𝑂𝑆𝑖1 = 𝑢] in (3.26). Moreover, 𝐹𝐼𝑃𝑖−𝑂𝑆 1 (𝑟𝑖 ) is approximated
𝑖

𝑖

by
𝐹𝐼𝑃𝑖−𝑂𝑆 1 (𝑟𝑖 ) ≈ ∑ 𝑃[𝐼𝑃𝑖 − 𝑂𝑆𝑖1 = 𝑥𝑖 ] ,
𝑖

(3. 28)

∀𝑖.

𝑥𝑖 ∈𝒙𝒊

Next, we express 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] used in (3.19) by
𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] ≈ 𝐸[𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 |𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 ] ∙ (1 − 𝐹𝑂𝑆 𝑘 (𝐼𝑁𝑉𝑖 )) ,
𝑖

(3. 29)

∀𝑘 ∈ ℕ>0 , ∀𝑖,
where 𝐸[𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 |𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 ] denotes the expected value of 𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 provided
that 𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 . We multiply 𝐸[𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 |𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 ] by the probability that 𝑂𝑆𝑖𝑘 is in the
interval 𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 , which is given by 1 − 𝐹𝑂𝑆 𝑘 (𝐼𝑁𝑉𝑖 ).
𝑖

In order to calculate 𝐸[𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 |𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 ] we need to approximate 𝐼𝑁𝑉𝑖 . As 𝑂𝑆𝑖𝑘 is
a Normal random variable and 𝐼𝑁𝑉𝑖 is a combined random variable, we can approximate 𝑂𝑆𝑖𝑘 −
𝐼𝑁𝑉𝑖 + 𝜀𝑖 by the sum of multiple Normal random variables. More specifically, we approximate
𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 as the sum of |𝒙𝒊 | Normal random variables each denoted by 𝑂𝑆𝑖𝑘 − 𝑥𝑖 + 𝜀𝑖 , with
mean 𝜇𝑖𝑘 − 𝑥𝑖 + 𝜀𝑖 and standard deviation 𝜎𝑖𝑘 , and each with a probability of occurrence of
𝑓𝐼𝑁𝑉𝑖 (𝑥𝑖 ) for 𝑥𝑖 ∈ 𝒙𝒊 . So, we have
𝐸[𝑂𝑆𝑖𝑘 − 𝐼𝑁𝑉𝑖 + 𝜀𝑖 |𝐼𝑁𝑉𝑖 < 𝑂𝑆𝑖𝑘 ]
≈ ∑ 𝐸[𝑂𝑆𝑖𝑘 − 𝑥𝑖 + 𝜀𝑖 |𝑥𝑖 < 𝑂𝑆𝑖𝑘 ] ∙ 𝑓𝐼𝑁𝑉𝑖 (𝑥𝑖 ) ,
𝑥𝑖 ∈𝒙𝒊

(3. 30)

∀𝑘 ∈ ℕ>0 , ∀𝑖.
Approximation (3.30) can be expressed with the expected value of a lower tail truncated Normal
random variable (Johnson, Kotz, & Balakrishnan, 1970):
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𝐸[𝑂𝑆𝑖𝑘 − 𝑥𝑖 + 𝜀𝑖 |𝑥𝑖 < 𝑂𝑆𝑖𝑘 ] ≈ 𝜇𝑖𝑘 + 𝜎𝑖𝑘

𝜙(𝛼𝑖 )
− 𝑥𝑖 + 𝜀𝑖 ,
1 − Φ(𝛼𝑖 )

∀𝑘 ∈ ℕ>0 , ∀𝑖,

(3. 31)

where 𝛼𝑖 is given by
𝛼𝑖 =

𝑥𝑖 − 𝜇𝑖𝑘
𝜎𝑖𝑘

,

(3. 32)

∀𝑥𝑖 ∈ 𝒙𝒊 , ∀𝑘 ∈ ℕ>0 , ∀𝑖.

Finally, 𝐹𝑂𝑆 𝑘 (𝐼𝑁𝑉𝑖 ) in (3.29) is approximated in a similar way to (3.31):
𝑖

𝐹𝑂𝑆 𝑘 (𝐼𝑁𝑉𝑖 ) ≈ ∑ Φ (
𝑖

𝑥𝑖 ∈𝒙𝒊

𝑥𝑖 − 𝜇𝑖𝑘
) ∙ 𝑓𝐼𝑁𝑉𝑖 (𝑥𝑖 ) ,
𝜎𝑖𝑘

∀𝑘 ∈ ℕ>0 , ∀𝑖.

(3. 33)

In addition, for 𝑘 = 0 we calculate 𝐸[𝑇𝐵𝑂𝐷𝑖0 ] simply by summing 𝑓𝐼𝑁𝑉𝑖 (𝑑𝑖 ) over all 𝑑𝑖 ∈ 𝒅𝒊 : =
{−𝑀, −𝑀 + 𝑟𝑒𝑠, −𝑀 + 2 ∙ 𝑟𝑒𝑠, … , 0}:
𝐸[𝑇𝐵𝑂𝐷𝑖0 ] ≈ ∑ 𝑓𝐼𝑁𝑉𝑖 (𝑑𝑖 ) ∙ |𝑑𝑖 | ,

∀𝑖,

(3. 34)

𝑑𝑖 ∈𝒅𝒊

where |𝑑𝑖 | denotes the absolute value of 𝑑𝑖 .
Finally, to prevent that more than 100% of the demand is truly backordered we ensure that
𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] is smaller or equal to 𝑞𝑖 . Since 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] is expressed as the expected amount of
truly backordered demand between two replenishments of stock, the size of 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] cannot
exceed the size of a production order, which is given by the reorder quantity 𝑞𝑖 . Therefore, the
procedure is to first calculate 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] with (3.29) or (3.34) depending on the value of 𝑘. After
that, the value of 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] is updated by
𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ] ≈ min{𝑞𝑖 , 𝐸[𝑇𝐵𝑂𝐷𝑖𝑘 ]} ,

∀𝑘 ∈ ℕ≥0 , ∀𝑖.

(3. 35)

So far, we have shown how 𝑃𝑆𝑖𝑀𝑇𝑆 needed in (3.15) can be approximated using (3.18) – (3.35).
Furthermore, the service level for MTO products also needed in Equation (3.15) is simply given
by
𝑃𝑆𝑖𝑀𝑇𝑂 = ∑ 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝐶𝑇 − 2]𝑦𝑖𝑗 ,

∀𝑖.

(3. 36)

𝑗

𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝐶𝑇 − 2] is expressed with the sum of the state probabilities for an M/D/1 queueing
system for 𝜌𝑗 ∈ [0,1] (Iversen & Staalhagen, 1999):
𝑆𝑗𝑚𝑎𝑥𝐶𝑇−2
𝑚𝑎𝑥𝐶𝑇−2

= (1 − 𝜌𝑗 )

∑
𝑣=0

𝑣

[𝜌𝑗 (𝑣 − (𝑚𝑎𝑥𝐶𝑇 − 2))] −𝜌 (𝑣−(𝑚𝑎𝑥𝐶𝑇−2))
𝑒 𝑗
,
𝑣!

for 𝑚𝑎𝑥𝐶𝑇 − 2 ≥ 0, ∀𝑗,
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(3. 37)

where 𝑆𝑗𝑚𝑎𝑥𝐶𝑇−2 denotes the probability of less or equal to 𝑚𝑎𝑥𝐶𝑇 − 2 production orders in the
queue at server 𝑗. In this definition of 𝑆𝑗𝑚𝑎𝑥𝐶𝑇−2 by Iversen & Staalhagen (1999) the production
order that is already being served is taken into account, hence we express 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝐶𝑇 − 2]
by
(𝑚𝑎𝑥𝐶𝑇−2)+1

𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝐶𝑇 − 2] = 𝑆𝑗

,

for 𝑚𝑎𝑥𝐶𝑇 − 2 ≥ 0, ∀𝑗.

(3. 38)

In conclusion, we have now shown that the service level (3.15) can be approximated using (3.18)
– (3.38).

3.4.3 Queue Size Constraint
The Service Level Constraint (3.14) is highly non-convex and nonlinear, hence it is decided to
decouple it from the main model. Instead, a constraint on the queue size is added to the main
model in order to prevent too long queues at the servers and thereby maintain a stable system.
The queue size is the main variance inducing variable of the replenishment leadtime and
therefore it also affects the service level. The queue size is constrained by a minimum probability,
denoted by 𝑚𝑖𝑛𝑃𝑄, of having a number of production orders waiting in queue smaller or equal
to a maximum queue size denoted by 𝑚𝑎𝑥𝑄𝑆. The constraint is given by
P[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] ≥ 𝑚𝑖𝑛𝑃𝑄, ∀𝑗.

(3. 39)

Recall that 𝑄𝑆𝑗 can be expressed in terms of integer units of time. For example, we could set
𝑚𝑎𝑥𝑄𝑆 = 𝑚𝑎𝑥𝐶𝑇 − 2, such that production orders have a replenishment leadtime less or equal
to the customer leadtime with a probability of at least 𝑚𝑖𝑛𝑃𝑄. For an MTO product this would
mean that 𝑃𝑆𝑖𝑀𝑇𝑂 = P[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] and for an MTS product this would mean that 𝑃𝑆𝑖𝑀𝑇𝑆 ≥
P[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆]. So, 𝑚𝑖𝑛𝑃𝑄 can be a nice lower bound of 𝑚𝑖𝑛𝑃𝑆. Also, the Service Level
Constraint (3.14) is already satisfied through the Queue Size Constraint (3.40) for
𝑚𝑎𝑥𝑄𝑆 ≤ 𝑚𝑎𝑥𝐶𝑇 − 2 and 𝑚𝑖𝑛𝑃𝑄 ≥ 𝑚𝑖𝑛𝑃𝑆. To calculate P[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] we simply use (3.37)
and (3.38) and replace 𝑚𝑎𝑥𝑅𝑄𝑆 with 𝑚𝑎𝑥𝑄𝑆. We conjecture that the Queue Size Constraint
(3.40) can be rewritten as a simple linear formulation of an upperbound value for 𝜌𝑗 , denoted
by 𝜌𝑈𝐵.
Conjecture 3.4.3.1. Inequality P[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] ≥ 𝑚𝑖𝑛𝑃𝑄, ∀𝑗 is equivalent to inequality
𝜌𝑗 ≤ 𝜌𝑈𝐵 ∀𝑗, where 𝜌𝑈𝐵 is the solution of
𝑚𝑎𝑥𝑄𝑆+1

𝑚𝑖𝑛𝑃𝑄 = (1 − 𝜌𝑈𝐵)

∑
𝑣=0

[𝜌𝑈𝐵(𝑣 − 𝑚𝑎𝑥𝑄𝑆 + 1)]𝑣 −𝜌𝑈𝐵(𝑣−𝑚𝑎𝑥𝑄𝑆+1)
𝑒
𝑣!

.

Proof. We prove this by showing that 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] is non-increasing with respect to 𝜌𝑗 ∈
[0,1]. We know from equations (3.37) and (3.38) that
𝑚𝑎𝑥𝑄𝑆+1

𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] = (1 − 𝜌𝑗 )

∑
𝑣=0

𝑣

[𝜌𝑗 (𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))] −𝜌 (𝑣−(𝑚𝑎𝑥𝑄𝑆+1))
𝑒 𝑗
, ∀𝑗.
𝑣!
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The derivative of 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆] is given by
𝑑𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆]
= 𝑓 ′ (𝜌𝑗 ) ∙ 𝑔(𝜌𝑗 ) + 𝑓(𝜌𝑗 ) ∙ 𝑔′ (𝜌𝑗 ),
𝑑𝜌𝑗
𝑓(𝜌𝑗 ) = (1 − 𝜌𝑗 ),
𝑓 ′ (𝜌𝑗 ) = −1,
𝑚𝑎𝑥𝑄𝑆+1

𝑔(𝜌𝑗 ) =

∑
𝑣=0

𝑔 (𝜌𝑗 ) =

∀𝑗,

∀𝑗,
𝑣

[𝜌𝑗 (𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))] −𝜌 (𝑣−(𝑚𝑎𝑥𝑄𝑆+1))
𝑒 𝑗
,
𝑣!

𝑚𝑎𝑥𝑄𝑆+1
′

∀𝑗,

∑
𝑣=0

∀𝑗,

(𝑣 − 𝑚𝑎𝑥𝑄𝑆 + 1)𝑣+1
−(
) 𝜌𝑗 𝑣 ∙ 𝑒 −𝜌𝑗(𝑣−(𝑚𝑎𝑥𝑄𝑆+1))
𝑣!
𝑣

𝑣 ∙ (𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))
+(
) ∙ 𝜌𝑗 𝑣−1 ∙ 𝑒 −𝜌𝑗(𝑣−(𝑚𝑎𝑥𝑄𝑆+1)) ,
𝑣!

∀𝑗.

Then we merge the summations in order to get

𝑑𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆]
=
𝑑𝜌𝑗

𝑚𝑎𝑥𝑄𝑆+1

∑

((𝜌𝑗 − 1)(𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))

𝑣=0
𝑣

1
(𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))
+ ( − 1) 𝑣 − 1) ∙ (
𝜌𝑗 𝑣 ∙ 𝑒 −𝜌𝑗(𝑣−(𝑚𝑎𝑥𝑄𝑆+1)) ) ,
𝜌𝑗
𝑣!

We numerically check that

𝑑𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆]
𝑑𝜌𝑗

∀𝑗.

is non-positive for 𝜌𝑗 ∈ [0,1] by drawing its graph for

𝜌𝑗 ∈ [0,1]:

Figure 7. Derivative of the PMF of the waiting time in a M/D/1 queue for 𝜌𝑗 ∈ [0,1].
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Figure 8 shows exponentially decreasing curves for all 𝑚𝑎𝑥𝑄𝑆 > 0 . So, for 0 ≤ 𝜌𝑗 ≤ 1 it holds
that
𝑑𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑄𝑆]
≤ 0,
𝑑𝜌𝑗

∀𝑗.

Given this property, the Queue Size Constraint (3.40) is true for all 𝜌𝑗 ≤ 𝜌𝑈𝐵 with 𝑚𝑎𝑥𝑄𝑆,
𝑚𝑖𝑛𝑃𝑄, and 𝜌𝑈𝐵 such that the following equality holds:
𝑚𝑎𝑥𝑄𝑆+1

𝑚𝑖𝑛𝑃𝑄 = (1 − 𝜌𝑈𝐵)

∑
𝑣=0

[𝜌𝑈𝐵(𝑣 − (𝑚𝑎𝑥𝑄𝑆 + 1))]𝑣 −𝜌𝑈𝐵(𝑣−(𝑚𝑎𝑥𝑄𝑆+1))
𝑒
.
𝑣!
∎

In order to determine 𝜌𝑈𝐵 we need to solve this equality for which we use Newton’s method for
finding roots. So, a linear reformulation of Queue Size Constraint (3.40) is given by
𝜌𝑗 ≤ 𝜌𝑈𝐵,

∀𝑗.

(3. 40)

Finally, 𝜌𝑗 is calculated with (3.25).

3.4.4 Linearizations
In this section, four linearizations are described. First, a linear reformulation of the arrival rate of
production orders is described. Then, a linear reformulation of the inventory position is given.
After that, a linear reformulation of the utilization of a server is described. Finally, a linear
approximation of the arrival rate of production orders for MTS products is described.
The definition of arrival rate of production orders, denoted by 𝜆𝑝𝑜𝑖 , is given by (3.5). We
rewrite this as
𝑀𝑇𝑂
𝑀𝑇𝑂
𝜆𝑝𝑜𝑖 = ⏟
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∙ 𝑧𝑖 − ∑ 𝜆𝑝𝑜𝑖𝑗
∙ 𝑦⏟𝑖𝑗 ∙ 𝑧𝑖 + ∑ 𝜆𝑝𝑜𝑖𝑗
∙ 𝑦𝑖𝑗 ,
𝑢𝑖

𝑗

∀𝑖.

(3. 41)

𝑗

𝑤𝑖𝑗

Lemma 3.4.4.1. A linear reformulation of 𝑢𝑖 = 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∙ 𝑧𝑖 is given by
𝑢𝑖 ≤ 𝑀 ∙ 𝑧𝑖 ,

∀𝑖,

𝑢𝑖 ≤ 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ,

(3. 43)

∀𝑖,

𝑢𝑖 ≥ 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 − 𝑀 ∙ (1 − 𝑧𝑖 ),
𝑢𝑖 ≥ 0,

(3. 42)

∀𝑖,

∀𝑖,

(3. 44)
(3. 45)

Where 𝑀 is an arbitrary large number.
Proof. If 𝑧𝑖 is zero, inequality (3.42) ensures that 𝑢𝑖 is smaller or equal to zero, while inequality
(3.45) ensures that 𝑢𝑖 is greater than zero. If 𝑧𝑖 is one, then inequality (3.42) ensures that 𝑢𝑖 is
smaller than 𝑀. This upperbound is then further tightened by inequality (3.43) which ensures
that 𝑢𝑖 is smaller or equal to 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 . Furthermore, inequality (3.44) ensures that if 𝑧𝑖 is one that
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𝑢𝑖 is greater than or equal to 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 . In summary, inequalities (3.42) and (3.45) ensure that 𝑢𝑖
is zero if 𝑧𝑖 is zero, whereas inequalities (3.43) and (3.44) ensure that 𝑢𝑖 is equal to 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 if 𝑧𝑖
is one. (Coelho, 2013)
∎
Lemma 3.4.4.2. A linear reformulation of 𝑤𝑖𝑗 = 𝑦𝑖𝑗 ∙ 𝑧𝑖 is given by
𝑤𝑖𝑗 ≥ 𝑦𝑖𝑗 + 𝑧𝑖 − 1,

∀𝑖, ∀𝑗,

(3. 46)

𝑤𝑖𝑗 ≤ 𝑦𝑖𝑗 ,

∀𝑖, ∀𝑗,

(3. 47)

𝑤𝑖𝑗 ≤ 𝑧𝑖 ,

∀𝑖, ∀𝑗.

(3. 48)

Proof. Inequality (3.46) ensures that 𝑤𝑖𝑗 is one if both 𝑦𝑖𝑗 and 𝑧𝑖 are one. Inequalities (3.47) and
(3.48) ensure that if either 𝑦𝑖𝑗 of 𝑧𝑖 is zero that also 𝑤𝑖𝑗 is zero. (Coelho, 2013)
∎
Therefore, incorporating constraints (3.42) - (3.48) into the model and substituting 𝑢𝑖 and 𝑤𝑖𝑗 in
𝜆𝑝𝑜𝑖 is an exact linearization. So, 𝜆𝑝𝑜𝑖 is given by
𝑀𝑇𝑂
𝑀𝑇𝑂
𝜆𝑝𝑜𝑖 = 𝑢𝑖 − ∑ 𝜆𝑝𝑜𝑖𝑗
∙ 𝑤𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑖𝑗
∙ 𝑦𝑖𝑗 ,
𝑗

∀𝑖,

(3. 49)

𝑗

Then, the expected inventory position given by (3.3) can be rewritten as
1
𝐸[𝐼𝑃𝑖 ] = 𝑟𝑖 𝑧𝑖 + 𝑞⏟
𝑧 ,
2 𝑖 𝑖

∀𝑖.

(3. 50)

𝑎𝑖

A linear reformulation of 𝑎𝑖 = 𝑞𝑖 𝑧𝑖 is given by
𝑎𝑖 ≤ 𝑀 ∙ 𝑧𝑖 ,
𝑎𝑖 ≤ 𝑞𝑖 ,

∀𝑖,
∀𝑖,

𝑎𝑖 ≥ 𝑞𝑖 − 𝑀(1 − 𝑧𝑖 ),
𝑎𝑖 ≥ 0,

(3. 51)

∀𝑖.

(3. 52)
∀𝑖,

(3. 53)
(3. 54)

This linearization follows the same logic as Lemma 3.4.4.1. Hence, incorporating the constraints
(3.51) – (3.54) into the model and substituting 𝑎𝑖 in (3.50) is an exact linearization. So, 𝐸[𝐼𝑃𝑖 ] is
given by
1
𝐸[𝐼𝑃𝑖 ] = 𝑟𝑖 𝑧𝑖 + 𝑎𝑖
2

(3. 55)

Next, the linear reformulation of the utilization of a server is described. The nonlinear expression
for 𝜌𝑗 is given by (see Equation (3.25)):
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𝜌𝑗 = ∑ ⏟
𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑒𝑗 , ∀𝑗,
𝑖

(3. 56)

𝑒

𝑏𝑖𝑗

A linear reformulation of 𝑏𝑖𝑗 = 𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 is given by:
𝑏𝑖𝑗 ≤ 𝑀 ∙ 𝑦𝑖𝑗 ,
𝑏𝑖𝑗 ≤ 𝜆𝑝𝑜𝑖 ,

∀𝑖, ∀𝑗,
∀𝑖, ∀𝑗,

𝑏𝑖𝑗 ≥ 𝜆𝑝𝑜𝑖 − 𝑀 ∙ (1 − 𝑦𝑖𝑗 ),
𝑏𝑖𝑗 ≥ 0,

(3. 57)
(3. 58)
∀𝑖, ∀𝑗,

(3. 59)

∀𝑖, ∀𝑗,

(3. 60)

This linearization also follows the same logic as Lemma 3.4.4.1.. Hence, incorporating the
constraints (3.57) – (3.60) into the model and substituting 𝑏𝑖𝑗 in 𝜌𝑗 is an exact linearization. So,
𝜌𝑗 is given by
𝜌𝑗 = ∑ 𝑏𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑒𝑗 ,
𝑖

∀𝑗.

(3. 61)

𝑒

This definition of 𝜌𝑗 , which was previously given by (3.25), is used for calculating the Queue Size
Constraint (3.40) only. Therefore, equations (3.24) and (3.37) are still calculated with (3.25),
because the Service Level Constraint is decoupled from the model.
In summary, the described linearizations are applied to (M3.1) by adding constraints (3.42) (3.48), (3.51) – (3.54), and (3.57) – (3.60), by replacing definitions (3.5) and (3.3) with (3.49)
and (3.55), respectively, and by adding definition (3.61) to the model.

3.4.5 Linear approximation of the arrival rate of production orders for MTS
products
The arrival rate of production orders of MTS products is defined by 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 =

𝜆𝑐𝑜𝑖 𝜇𝑖
, ∀𝑖,
𝑞𝑖

which is

𝜆𝑝𝑜𝑖𝑀𝑇𝑆

the product of two positive continuous variables denoted by
and 𝑞𝑖 . The product of two
continuous variables cannot be linearized exactly; therefore, we use McCormick Envelopes to
obtain an approximate linearization. McCormick relaxation uses lower and upperbounds for the
involved variables to create an envelope shape that represents a feasible region. Tightening the
bounds results in a solution that is closer to the optimal solution, provided that the optimal
solution is within the feasible region. (McCormick, 1976)
Lemma 3.4.6.1. The McCormick approximation of 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∙ 𝑞𝑖 = 𝜆𝑐𝑜𝑖 𝜇𝑖 for 𝑞𝑖 ∈ [0, ∞) , ∀𝑖 is
given by (McCormick, 1976):
𝜆𝑐𝑜𝑖 𝜇𝑖 ≥ 𝑞𝐿𝐵𝑖 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 + 𝑞𝑖 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 − 𝑞𝐿𝐵𝑖 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 ,

∀𝑖,

(3. 62)

𝜆𝑐𝑜𝑖 𝜇𝑖 ≥ 𝑞𝑈𝐵𝑖 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 + 𝑞𝑖 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 − 𝑞𝑈𝐵𝑖 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 ,

∀𝑖,

(3. 63)

𝜆𝑐𝑜𝑖 𝜇𝑖 ≤ 𝑞𝑈𝐵𝑖 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 + 𝑞𝑖 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 − 𝑞𝑈𝐵𝑖 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 ,

∀𝑖,

(3. 64)

𝜆𝑐𝑜𝑖 𝜇𝑖 ≤ 𝑞𝐿𝐵𝑖 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 + 𝑞𝑖 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 − 𝑞𝐿𝐵𝑖 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 ,

∀𝑖.

(3. 65)
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𝑞𝐿𝐵𝑖 , 𝑞𝑈𝐵𝑖 , 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 , and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 denote the lower and upperbounds for 𝑞𝑖 and 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ,
respectively.
Proof. Inequality (3.62) ensures that 𝑞𝑖 ≥ 𝑞𝐿𝐵𝑖 or 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ≥ 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 is true. Inequality (3.63)
ensures that 𝑞𝑖 ≤ 𝑞𝑈𝐵𝑖 or 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ≤ 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 is true. The inequality (3.64) ensures that 𝑞𝑖 ≤
𝑞𝑈𝐵𝑖 or 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ≥ 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 is true. Finally, the inequality (3.65) ensures that 𝑞𝑖 ≥ 𝑞𝐿𝐵𝑖 or
𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ≤ 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 is true. So, the under estimators of the McCormick approximation are
represented by (3.62) and (3.63) and the over estimators are represented by (3.64) and (3.65).
∎

3.4.6 MILP Model 1
The complete MILP formulation of Model 1 is provided in In (M3.2).
min

∑ ℎ𝑖 ∙ (𝑟𝑖 ∙ 𝑧𝑖 +
𝑖

𝑎𝑖
) + 𝑝𝑖 𝜆𝑝𝑜𝑖 ,
2

(M3. 2)

s.t.
(3.2), (3.4), (3.8) – (3.13),
(3.16), (3.17),
(3.40),
(3.42) – (3.49),
(3.51) – (3.55),
(3.57) – (3.61),
(3.62) – (3.65),
𝑞𝑖 ∈ [0, ∞),
∀𝑖,
𝑧𝑖 ∈ {0,1},
∀𝑖,
𝑦𝑖𝑗 ∈ {0,1},
∀𝑖, ∀𝑗,
Note that the Service Level Constraint (3.14) is excluded and instead the Queue Size Constraint
(3.40) is included.

3.4.7 Determining McCormick bounds for final products.
To determine appropriate values of 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖 , we developed a heuristic method. The initial
solution of the method is the optimal solution of 𝑞𝑖 , denoted by 𝑞𝑖∗, obtained by minimizing the
objective function (3.1). We expect that the optimal values of 𝑞𝑖 for the original problem lie within
reasonable range of 𝑞𝑖∗.
In the original problem, 𝑞𝑖 is subject to the Queue Size Constraint (3.40), the Minimum
Reorder Quantity Constraint (3.11), and the Maximum Reorder Quantity Constraint (3.16). 𝑞𝑖
has a negative relationship with production cost and a positive relationship with queue size,
hence increasing 𝑞𝑖 improves the queue size as well as the production cost. On the other hand,
increasing 𝑞𝑖 leads to higher and thus worse inventory cost. So, the optimal values of 𝑞𝑖 for the
stripped problem with only the Queue Size Constraint (3.40) are approximately equal to 𝑞𝑖∗ if
inventory cost are very low compared to the production cost. Furthermore, in this case 𝑞𝑖∗ is
approximately the optimal solution if there exists a product to server allocation such that 𝑞𝑖∗ is
feasible for all products. This is likely in a situation with ample capacity. Therefore, a heuristic
method is developed to iteratively vary the values of 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖 symmetrically around 𝑞𝑖∗ in
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order to find the feasible solution with the tightest possible bounds. This solution represents the
most accurate approximation of 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 , hence it results in a solution that is closest to the optimal
solution. Let us first propose how to calculate 𝑞𝑖∗.
Lemma 1.4.8.1. The optimal reorder quantity 𝑞𝑖∗ = √

2𝑝𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖
ℎ𝑖

holds for all 𝑞𝑖∗ ∈ [0, ∞), which

denotes the optimal for the ‘stripped’ problem.
Proof. The optimal reorder quantity is found by taking the derivative of the objective function
from the original problem over 𝑞𝑖 and setting it to zero. The objective function as a function of 𝑞𝑖
is given by:
𝑞𝑖
𝜆𝑐𝑜𝑖 𝜇𝑖
𝑀𝑇𝑂
𝐶(𝑞𝑖 ) = ℎ𝑖 (𝑟𝑖 + ) 𝑧𝑖 + 𝑝𝑖 (
𝑧𝑖 + ∑ 𝜆𝑝𝑜𝑖𝑗
𝑦𝑖𝑗 (1 − 𝑧𝑖 )) ,
⏟
2
𝑞𝑖
𝑗
𝑓(𝑞𝑖 )
⏟

∀𝑖,

𝑔(𝑞𝑖 )

The function 𝐶(𝑞𝑖 ) is convex as it is the sum of a linear 𝑓(𝑞𝑖 ) and a convex 𝑔(𝑞𝑖 ). The derivative
of 𝐶(𝑞𝑖 ) over 𝑞𝑖 is given by
𝐶 ′ (𝑞𝑖 ) =

ℎ𝑖 𝑧𝑖
𝜆𝑐𝑜𝑖 𝜇𝑖 𝑧𝑖
− 𝑝𝑖
,
(𝑞𝑖 )2
2

∀𝑖,

Given that 𝐶(𝑞𝑖 ) is convex, 𝑞𝑖∗ is obtained with
0=

ℎ𝑖 𝑧𝑖
𝜆𝑐𝑜𝑖 𝜇𝑖 𝑧𝑖
− 𝑝𝑖
2 ,
2
(𝑞 ∗ )

∀𝑖,

𝑖

2𝑝𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝑖∗ = √
,
ℎ𝑖
So, the global minimum of 𝐶(𝑞𝑖 ) can be found at 𝑞𝑖∗ = √

∀𝑖,

2𝑝𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖
, ∀𝑖.
ℎ𝑖

∎
Next, the procedure for setting the bounds is described. Bounds need to be determined for all
products, because it is not known in advance whether a product will be assigned to MTO or
MTS. The procedure consists mainly of two stages. In the first stage the bounds are expanded
simultaneously for all products until a feasible solution is found and in second stage the bounds
are tightened alternatively per product until the feasible solution with tightest bounds is found. In
the first stage initially 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖 are set equal to 𝑞𝑖∗ and 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 are
determined accordingly for all products. Then 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖 are respectively increased and
decreased by some factor 𝜓 simultaneously for all products. After that (M3.2) is solved. These
two steps are repeated until a feasible solution is found. This concludes stage one of the
procedure. At the start of stage two the approximation error is calculated for each product. The
approximation error is used to determine which product’s bounds should be tightened. The
ultimate goal is to minimize the total approximation error aggregated over all products. The
approximation error for a product is given by
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𝜂𝑖 = 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 −

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑖

∀𝑖,

(3. 66)

where 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 and 𝑞𝑖 are obtained from the latest feasible solution. Next, the values of 𝑞𝐿𝐵𝑖 and
𝑞𝑈𝐵𝑖 for the product with the highest value of 𝜂𝑖 are increased and decreased, respectively,
again by factor 𝜓. After that (M3.2) is solved. These two steps are repeated until a non-feasible
solution is found. The product with the largest value of 𝜂𝑖 may change between iterations. Finally,
the values of 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖 are set to those of the second to last iteration, which is the last
iteration with a feasible solution. A detailed description of the procedure is provided in Algorithm
6.

3.4.8 Greedy heuristic for satisfying the service level
The Service Level Constraint (3.14) is excluded from (M3.2) and instead it is satisfied externally
by optimizing reorder levels through a greedy heuristic. “A greedy algorithm is an algorithm that
follows the problem solving heuristic of making the locally optimal choice at each stage with the
hope of finding a global optimum” (Creutzburg & Knackmuss, 2014). In this case the locally
optimal choice is the product of which increasing the reorder level by a drum size yields the
highest return on the service level. The majority of products are stored in drum (250L) or IBC
(1000L), hence it is practical to increase the reorder level with increments of the drum size. Van
den Berg (2012) already showed that increasing the reorder level of a product yields strictly
diminishing returns on the service level. This means for example that increasing the reorder level
of a product from 0 to 1000 kilograms results in at least as large of an increase in the service
level compared to increasing the reorder level of the same product from 1000 to 2000 kilograms.
Therefore, the locally optimal choice at each stage is also the globally optimal choice. Moreover,
van den Berg (2012) also showed that at a certain point the incremental cost of improving the
service level by increasing the reorder level for a certain product will exceed the incremental
cost of doing the same for another product. So, the solution method should be able to alternate
between optimal product choices and change their reorder levels accordingly. The greedy
heuristic is perfectly appropriate for this purpose.
Satisfying the Service Level Constraint (3.14) by changing reorder levels only makes sense
for two main reasons. Firstly, changing reorder levels does not affect the feasibility of the optimal
solution of (M3.2). Secondly, changing the reorder level for a product changes the service level
for that product only. For example, increasing 𝑟𝑖 by 2000 kilograms may increase 𝑃𝑆𝑖𝑀𝑇𝑆 and
thereby also increase 𝑃𝑆. However, it does not affect 𝑃𝑆𝑑𝑀𝑇𝑆 and 𝑃𝑆𝑑𝑀𝑇𝑂 for all 𝑑 ∈ 𝐼\𝑖, where 𝐼
denotes the set of all products. This is demonstrated with the derivative of the service level
definition (3.15) as a function of the reorder level:
𝑑𝑃𝑆(𝑟𝑖 )
𝜆𝑐𝑜𝑖 𝑑𝑃𝑆𝑖𝑀𝑇𝑆 (𝑟𝑖 )
=
∙
,
∑𝑖 𝜆𝑐𝑜𝑖
𝑑𝑟𝑖
𝑑𝑟𝑖

∀𝑖.

(3. 67)

This property makes changing reorder levels a very tractable method towards satisfying the
Service Level Constraint (3.14).
Let us now describe the greedy heuristic procedure. The initial solution for the greedy
heuristic is obtained by solving (M3.2).The optimal values for 𝑧𝑖 , 𝑞𝑖 , and 𝑦𝑖𝑗 are considered as
parameters. The reorder levels are set to 𝑟𝑖 = 0, ∀𝑖. This is also the optimal solution of (M3.2),
because 𝑟𝑖 is only subject to the Service Level Constraint (3.14). Finally, 𝑃𝑆 is calculated. This
concludes the initiation phase. Then, in each iteration, first the locally optimal product choice is
determined. This is the product for which increasing the reorder level by a drum size yields the
highest return on the service level. To do this, we calculate the cost of increasing the service
level by
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Γ𝑖 =

ΔC(𝑟𝑖 )
,
Δ𝑃𝑆(𝑟𝑖 )

∀𝑖,

(3. 68)

where Δ𝑃𝑆(𝑟𝑖 ) denotes the incremental increase of the service level as a result of increasing 𝑟𝑖
by one drum size. Δ𝐶(𝑟𝑖 ) denotes the incremental cost of increasing 𝑟𝑖 by one drum size.
Definitions of Δ𝑃𝑆(𝑟𝑖 ) and Δ𝐶(𝑟𝑖 ) are given by
Δ𝑃𝑆(𝑟𝑖 ) = 𝑃𝑆(𝑟𝑖 + 𝛾𝑖 ∙ 𝑑𝑠) − 𝑃𝑆(𝑟𝑖 ),
Δ𝐶(𝑟𝑖 ) = ℎ𝑖 ∙ 𝛾𝑖 ∙ 𝑑𝑠,

∀𝑖,

∀𝑖,

(3. 69)
(3. 70)

where 𝑑𝑠 denotes the drum size.
Then, the product with the lowest value of Γ𝑖 is identified and for that product r𝑖 is increased
by 𝑑𝑠. Finally, 𝑃𝑆 is updated and it is checked whether the Service Level Constraint (3.14) is
satisfied. If the Service Level Constraint (3.14) is satisfied, the total cost are calculated and then
the procedure is terminated. However, if the Service Level Constraint (3.14) is not satisfied then
the steps of the iterative phase are repeated. The greedy heuristic is presented in Algorithm 7.
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Case study
In this Chapter the performance of the model in Chapter 3 is tested in a case study based on
Company X. Important performance criteria are computation time and model robustness.
Computation time is the time required to compute an optimal solution and model robustness is
the sensitivity of a model to parameter changes. Model robustness is determined through
sensitivity analysis. Besides, sensitivity analysis is also used to evaluate the impact and viability
of assumptions and to emphasize the importance of collecting data.
First, the data is described. Then, the validity of questionable assumptions from Chapter 3 is
tested. After that, the main findings are presented, including a comparison of the optimal solution
of the model with the current situation of Company X. Finally, the results of a sensitivity analysis
is performed for multiple coherent parameter scenarios.

Data description
In this section, the data for the case of Company X is described. Data is collected for the period
from January 2019 up until July 2019, further referred to as the case period. The total product
portfolio in the case period consists of approximately 900 final products. The majority of these
products is excluded from the decision space, because required data is not completely available.
Products with less than two customer orders in the case period are also excluded. In addition,
products with bulk orders in the case period are excluded, because bulk production is required
MTO. The decision space includes 206 final products. For these products the model of Chapter
3 will be optimized.
The service level parameters are set based on the current situation of Company X. The
customer leadtime is 10 days, so 𝑚𝑎𝑥𝐶𝑇 = 10. The entire case study will be performed in time
unit ‘days’. The target service level of Company X is 99%, hence the probability of a customer
order to be fulfilled within 10 days should be at least 99%, so 𝑚𝑖𝑛𝑃𝑆 = 0.99. For the products
outside the decision space a service level per product of 0.99 is assumed, since the average
service level during the case period has been approximately 99% (see Chapter 2). Therefore,
these products are simply ignored.
Furthermore, the maximum queue size (see Section 3.4.3) is initially set equal to 𝑚𝑎𝑥𝑄𝑆 =
𝑚𝑎𝑥𝐶𝑇 − 2, such that a queue size greater than 𝑚𝑎𝑥𝑄𝑆 leads to true backorders. The minimum
probability of having a queue size greater than 𝑚𝑎𝑥𝑄𝑆, denoted by 𝑚𝑖𝑛𝑃𝑄, is initially set to
𝑚𝑖𝑛𝑃𝑄 = 0.80. It is expected that the queue size constraint will not have a large impact on the
optimal solution, because of large batches in the optimal solution. Hence, the value of 𝑚𝑖𝑛𝑃𝑄 is
expected to be irrelevant as long as it is not extremely close to one, e.g., 𝑚𝑖𝑛𝑃𝑄 = 0.999.
Besides, the queue size constraint 𝑚𝑖𝑛𝑃𝑄 is a lowerbound to the service level constraint, which
is specified at 𝑚𝑖𝑛𝑃𝑆 = 0.99 (see Section 3.4.3). Therefore, a value of 𝑚𝑖𝑛𝑃𝑄 greater than
𝑚𝑖𝑛𝑃𝑆 = 0.99 is not desirable. In a sensitivity analysis in Section 4.4 it is tested whether the
optimal solution changes with different values of 𝑚𝑖𝑛𝑃𝑄.
Demand is considered per individual product and in terms of kilograms. The entire case study
will be performed in weight unit ‘kilograms’. Demand parameters are estimated by fitting data
from the case period to assumed theoretical probability distributions. Customer order size per
product is fitted on a Normal distribution with an estimate mean and standard deviation.
Customer order arrival rate per product is fitted on a Poisson distribution with an estimate arrival
rate. The goodness-of-fit is tested in the next section.
The cost parameters used in the objective function are holding cost per kilogram per day and
production cost per batch. The entire case study will be performed in money unit ‘euro’. Holding
cost is determined as holding cost for storage at Company Z. Final products are stored in the
warehouse or on site at the facility of Company X or in the external warehouse of Company Z.
All final products can be stored in the external warehouse, because they are stored in mobile
54

package types (drum, IBC, and pail). The warehouse of Company Z is considered as additional
storage capacity, because of limited storage capacity at the facility of Company X. The available
storage capacity of Company Z for Company X is practically unlimited, hence it is not constrained
in the model. The average total inventory onhand of final products stored at the facility of
Company X and in the warehouse of Company Z during the case period is roughly 500.000 and
1.500.000 kilograms, respectively. Since such a large part of inventory is stored in the
warehouse of Company Z, we assume that decisions of the model leading to more or less
inventory affect the total inventory onhand at Company Z only. For example, if the optimal
solution leads to a decrease of the average total inventory onhand from 2.000.000 to 1.500.000,
then we assume that the average total inventory onhand of final products stored at the facility of
Company X and in the warehouse of Company Z is 500.000 and 1.000.000 kilograms,
respectively. Therefore, holding cost is determined as the holding cost for storage at Company
Z only. The holding cost for storage at Company Z consist of:
•
•
•

19 euro holding costs per 1000 kilograms per week.
40 euro entry costs per 1000 kilograms.
40 euro exit costs per 1000 kilograms.

The holding costs at Company Z are general for all products. Moreover, entry and exit costs are
considered. Therefore, the average inventory costs are given by
ℎ𝐸[𝐼 𝑂𝐻 𝑖 ] (enc + exc) ∙ 𝜇𝑖 𝜆𝑐𝑜𝑖 𝑧𝑖
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 =
+
,
1000
1000

∀𝑖,

(4.1)

where ℎ denotes holding cost, enc denotes entry cost, and exc denotes exit cost per 1000
kilograms. It is assumed that each kilogram of final product produced at Company X enters and
exists the warehouse of Company Z before it is shipped to a customer. In addition, entry and
exit costs are paid per kilogram of product, instead of for example per tank truck. Hence, fixed
entry and exit costs are paid once per kilogram of demand and therefore, the average total cost
of entry and exit is linear with the average demand. For the case study, Equation (3.2) is
substituted with (4.1) in (M3.2).
The production cost per batch per product is determined with a simple formula used
throughout multiple facilities of Company X EMEA:
𝑀𝐶𝑖 =

𝑅𝐻𝑖
∙ 𝑅𝑎𝑡𝑒,
𝐴𝐶𝑄𝑖

∀𝑖,

(4.2)

where 𝑀𝐶𝑖 denotes the average manufacturing cost per kilogram for product 𝑖 over a year period.
𝑅𝐻𝑖 denotes the routing hours needed to produce a batch for product 𝑖. The routing hours are
registered for each batch production. The routing hours for a batch include production activities
such as cleaning, production, and quality control and filling up activities such as line set up,
cleaning, sampling, labeling, and drumming. In addition, 𝐴𝐶𝑄𝑖 is the accounting cost quantity for
product 𝑖, i.e., the batch size. 𝐴𝐶𝑄𝑖 is standardized per product and based on other information
such as replacement, new version, and sales. 𝐴𝐶𝑄𝑖 is checked daily based on actual production
orders. Moreover, 𝐴𝐶𝑄𝑖 is updated once per month and completely updated once per year.
Finally, 𝑅𝑎𝑡𝑒 denotes the manufacturing rate calculated as the total cost of manufacturing
divided by the total hours of manufacturing in given period. 𝑅𝑎𝑡𝑒 is calculated once or twice per
year and it is equal to 𝑟𝑎𝑡𝑒 = 255 euro/hour for the case period. To get the production costs per
batch per product we calculate
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𝑝𝑖 =

𝑀𝐶𝑖
,
𝐴𝐶𝑄𝑖

∀𝑖.

(4.3)

Next, a description of the servers is provided. There are in total 21 blenders and 2 reactors
available in the two factories of Company X. Each server has a maximum allowed batch size
ranging from 135 to 34.211 liters. The entire case study will be performed in volume unit ‘liter’.
Furthermore, each server has a minimum allowed batch size per product class. Four product
classes are considered: oil, metal, water, and neat. For example, the minimum batch size for an
oil and a neat product produced in server 2 is 100 and 120 liters, respectively. For this case
study, 𝑚𝑖𝑛𝐵𝑆𝑗 is substituted with 𝑚𝑖𝑛𝐵𝑆𝑖𝑗 in (3.11), where 𝑚𝑖𝑛𝐵𝑆𝑖𝑗 denotes the minimum batch
size per product per server. In addition, a class of products can be produced only on a specific
set of servers, hence 𝑚𝑖𝑛𝐵𝑆𝑖𝑗 exists only for a specific set of servers per product. Accordingly,
the binary parameter 𝑣𝑖𝑗 , denoting whether a product 𝑖 can be produced on a server 𝑗, can be
easily derived. Finally, utilization is the sum of the arrival rates of production orders arriving per
server. The arrival rates of production orders can be obtained from a list of all batch productions
at the facility of Company X during the case period. For intermediate and final products outside
the decision space the rates obtained from this list are used, whereas for final products inside
the decision space these rates are optimized in the model. For the case study, Equation (3.61)
is substituted with
𝜌𝑗 = ∑ 𝑏𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑎𝑗 + ∑ 𝜆𝑝𝑜𝑒𝑗 ,
𝑖

𝑎

∀𝑗,

(4.4)

𝑒

where 𝜆𝑝𝑜𝑎𝑗 denotes the arrival rate of production orders for final product outside the decision
space 𝑎 to server 𝑗. Important to note that 𝜆𝑝𝑜𝑎𝑗 and 𝜆𝑝𝑜𝑒𝑗 can be greater than zero for multiple
values of 𝑗, because intermediate and final products were not produced according to a fixed
single server allocation in the case period. 𝜆𝑝𝑜𝑎𝑗 is calculated by

𝜆𝑝𝑜𝑎𝑗 =

𝑇𝑜𝑡𝑎𝑙𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑠𝑎𝑗
,
𝐶𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑

∀𝑎, ∀𝑗,

(4.5)

where 𝑇𝑜𝑡𝑎𝑙𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑠𝑎𝑗 denotes the total number of batch productions of final product 𝑎 on
server 𝑗 during the case period. In addition, 𝐶𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑 denotes the length of the case period in
number of days. 𝜆𝑝𝑜𝑒𝑗 is calculated using (4.5) by substitution of 𝑎 with 𝑒. The values of
𝑇𝑜𝑡𝑎𝑙𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑠𝑎𝑗 and 𝐶𝑎𝑠𝑒𝑃𝑒𝑟𝑖𝑜𝑑 can be easily derived from the available data.
Finally, the actual drum size is 216.5 liters. This is used as an appropriate increment for
increasing the reorder level in the greedy heuristic of Section 3.4.8.

Validation of assumptions
Some assumptions used in Chapter 3 are questionable for the case of Company X:
•
•

Customer order sizes follow a Normal distribution (Assumption 3.7).
Customer order arrivals follow a Poisson distribution (Assumption 3.6).

In this section, the validity of these assumptions is tested.
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4.2.1 Customer order sizes follow a Normal distribution
The customer order size is a positive continuous random variable that is stationary and
uncorrelated across products (see Assumption 3.4). The Normal distribution is popular for
modeling such continuous demand, but its main restriction is that it can take negative values (as
opposed to the Gamma distribution). “The probability that a Normal distributed variable is less
than zero increases with the coefficient of variation (CoV)” (Donselaar & Broekmeulen, 2017).
We examine the CoV according to criteria from Donselaar and Broekmeulen (2017):
•
•
•
•

CoV < 0.3: Normal distribution is quite accurate.
0.3 < CoV < 0.5: Normal distribution is reasonable.
0.5 < CoV < 1: Normal distribution is questionable.
CoV > 1: Normal distribution is very inaccurate.

The CoV is calculated for each of the 206 products inside the decision space. The mean CoV is
equal to 0.55, which interprets to a questionable Normal distribution. Moreover, a boxplot of the
CoV is given in Figure 9.

Figure 8. Boxplot of coefficient of variation of 206 final products.
More than 75% of products have a CoV of less than 1.0, which means that for more than 75%
of products the Normal distribution is questionable or better. This result is not sufficient to
validate the concerned assumption, hence a more detailed evaluation of CoV is performed. In
Table 3 the CoV of all products are categorized according to the criteria from Donselaar and
Broekmeulen (2017).
Table 3. Coefficient of variation of all products categorized according to the criteria from
Donselaar and Broekmeulen (2017).
Fraction of products (%)
Average number of customer orders per product

<0.3
30.6
3.7

0.3 – 0.5
20.4
8.5

0.5 – 1
34.0
23.5

>1
14.6
48.5

The Normal distribution is reasonable or better for roughly 50% of the products and it is
questionable or better for roughly 85% of the products. Moreover, the average number of
customer orders per product shows that the Normal distribution fit is better for products with a
small sample size. This could be problematic, because it is difficult to determine Normality of
very small sample sizes quantitatively. A goodness-of-fit test that is most appropriate for testing
Normality of such small sample sizes is the Shapiro-Wilk test, which is performed next. It is
decided per product whether the following null hypothesis should be rejected:
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Null hypothesis: The customer order size of product X is normally distributed.
The null hypothesis is rejected if the p-value is less than the significance level, which we set
equal to 0.05. The results are presented in Table 4.
Table 4. Shapiro-Wilk test for Normal customer orders

Fraction of products (%)

Null hypothesis is rejected Null hypothesis is not rejected
(p<0.05)
(p>0.05)
71.7
28.4

The results in Table 4 show that for more than 70% of the products the null hypothesis should
be rejected and hence for these products the customer order size is not Normally distributed.
These results suggest a worse Normality fit compared to the evaluation of the CoV. The main
reason is that the Shapiro-Wilk test requires a minimum sample size of three customer orders.
As a result, only 166 products are included in the Shapiro-Wilk test, which means that 40
(19.42%) of the 206 products in the decision space are not taken into account. Table 3 shows
that products with a quite accurate Normal distribution (CoV<0.3) have the lowest average
number of customer orders at only 3.73. Hence, the majority of products that are excluded from
the Shapiro-Wilk test are likely to have a CoV of less than three.
In conclusion, based on the results from the evaluation of the CoV it seems that the Normal
distribution is a questionable approximation of the size of customer orders. Moreover, based on
the Shapiro-Wilk test it seems that the Normal distribution is invalid for more than 70% of the
products in the decision space, mainly because of small average sample sizes. This could lead
to inaccurate solutions of the optimization model, hence it needs to be taken into account when
performing the sensitivity analysis and interpreting the results.

4.2.2 Customer order arrivals follow a Poisson distribution
To validate the assumption that customer order arrivals follow a Poisson distribution the
Kolmogorov – Smirnov (KS) test is used. The general purpose of the KS test is to compare two
continuous data samples. In this case, the KS test is used to test the goodness-of-fit of
interarrival times between customer orders on an exponential distribution, with a mean estimated
from the data. This is done to validate the assumption that interarrival times between customer
orders follow an Exponential distribution, which indirectly also validates the assumption that
customer order arrivals follow a Poisson distribution. This is because interarrival times between
Poisson events are Exponentially distributed. With the KS test it is decided per product whether
the following null hypothesis should be rejected:
Null hypothesis: The interarrival times between customer orders for product X are exponentially
distributed.
The null hypothesis is rejected if the p-value is less than the significance level, which we set
equal to 0.05. In addition, the null hypothesis is rejected if the KS statistic exceeds a certain
critical value. Critical values are obtained from a note by Lilliefors (1969). “This note presents a
table for use with the Kolmogorov – Smirnov statistic when testing that a set of observations is
from an exponential population but the population mean is not specified” (Lilliefors, 1969). This
table is presented in Figure 10.
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Figure 9 Kolmogorov – Smirnov statistic critical values (Lilliefors, 1969)
The KS test is performed as follows. First, the p-value and KS statistic are calculated by
comparing data of interarrival times with an exponential distribution, with a mean estimated from
the data. Then, the sample size of the data is used to select the corresponding critical value in
Figure 10. Finally, it is checked whether either the p-value is less than 0.05 or the KS statistic is
greater than the selected critical value. If both conditions are false, then the null hypothesis is
not rejected and hence there is no reason to assume that the interarrival times of a product do
not follow an exponential distribution.
The results of the Kolmogorov-Smirnov test are presented in Table 5
Table 5. p-values of Kolmogorov – Smirnov test for Exponential customer order interarrival rates.

Fraction of products (%)

Null hypothesis is rejected Null hypothesis is not rejected
(p<0.05)
(p>0.05)
23.5
76.5

From Table 5 it can be concluded that for roughly three out of four products the hypothesis that
customer order interarrival times follow an exponential distribution should not be rejected.
Therefore, it is likely that for these products the customer order arrivals follow a Poisson
distribution.

Main findings
In this section first, the optimal solution of the model of Chapter 3 with data from the case
described in Section 4.1 is presented. Then, a comparison is provided in terms of MTO/MTS
strategies between the optimal solution and the current situations of Company X and Company
Y. Finally, a comparison is made in terms of costs between the optimal solution and the current
situation of Company X.
The model of Chapter 3 is solved for 70 final products. The decision space is reduced from
206 to 70 final products selected at random in order to limit computation time. Since the 70 final
products are selected at random, it is likely that for some of them the assumptions tested in
Section 4.2 do not hold.
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Per product three main decisions are optimized by solving the model: (1) assignment to MTO
or MTS, (2) reorder quantity, and (3) reorder level. The second and third decisions are only made
if the product is assigned to MTS. In the optimal solution 87.1% of products are assigned to MTS
and 12.9% of products are assigned to MTO. The average reorder quantity is 11805 kilograms
and the average reorder level is 11 kilograms. The average total cost per day is 20390€,
consisting of 7290€ inventory costs and 13100€ production costs.
Next, we will look at the results in more detail. We classify products in terms of customer
order arrival rate, average customer order size, and production costs per batch. These are the
most significant parameters of the model, since they are expected to have the largest impact on
the total solution. The boundaries of the classes are determined such that products are
somewhat evenly distributed.
First, the customer order arrival rate is divided into three classes:
-

Runners: On average more than 22 customer orders per year.
Repeaters: On average between 7 and 22 customer orders per year.
Strangers: On average less than 7 customer orders per year.

The distribution of the products among the classes is presented in Table 6.
Table 6. Classification of products based on customer order arrival rate.

Fraction of products (%)

Runners
(𝜆𝑐𝑜𝑖 ≥ 0.06)
47.1

Repeaters
(0.02 < 𝜆𝑐𝑜𝑖 < 0.06)
22.9

Strangers
(0.02 ≥ 𝜆𝑐𝑜𝑖 )
30.0

Average customer order size is also divided into three classes: (1) high, (2) medium, and (3)
low. The distribution of the products among the classes is presented in Table 7.
Table 7.Classification of products based on average customer order size.

Fraction of products (%)

High
(𝜇𝑖 > 5000)
30.0

Medium
(5000 ≥ 𝜇𝑖 ≥ 1000)
40.0

Low
(𝜇𝑖 < 1000)
30.0

Finally, production costs per batch is also divided into three classes: (1) high, (2) medium, and
(3) low. The distribution of the products among the classes is presented in Table 8.
Table 8. Classification of products based on average production costs per batch

Fraction of products (%)

High
(𝑝𝑖 > 2000)
30.0

Medium
(2000 ≥ 𝑝𝑖 ≥ 1000)
35.7

Low
(𝑝𝑖 ≤ 1000)
34.3

Tables 6, 7, and 8 demonstrate that the products are evenly distributed among the classes,
hence we can make a fair comparison.
The percentage of products assigned to MTO and MTS per class of customer order arrival
rate, average customer order size, and production costs per batch is presented in Figure 11.
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Figure 10. Percentage of products assigned to MTO and MTS per class of customer order
arrival rate, average customer order size, and production costs per batch.
Figure 11 shows clearly that MTS production is the superior strategy for the vast majority of
products, especially for runners and products with low and medium order sizes.
Furthermore, a boxplot of the average reorder quantity per class of customer order arrival
rate, average customer order size, and production costs per batch is presented in Figure 12.

Figure 11. Average reorder quantity per class of customer order arrival rate, average customer
order size, and production costs per batch.
Figure 12 shows that the optimal reorder quantity follows a similar distribution for repeaters,
runners, and strangers. On the other hand, the average optimal reorder quantity increases vastly
with the average order size. Moreover, products with a high average order size have by far the
highest average optimal reorder quantity, whereas products with a low average order size have
the lowest average reorder quantity. In addition. the optimal reorder quantity of products with a
small order size has low variance. On the other hand, the optimal reorder quantity of products
with high production costs has high variance.
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Finally, the profile of the inventory position of a randomly selected product during the case
period is presented in Figure 13. This product is classified as a runner with a low average order
size and low production costs. Moreover, this product is assigned to MTS with a reorder quantity
of 4069 kilograms and a reorder level of 0 kilograms.

Figure 12. Profile of the inventory position of a random product during the case period.
Figure 13 shows that the reorder quantity for this product is optimized such that just less than
one replenishment order is required during a half year period. Hence, part of the inventory is
held for almost a half year. This could be problematic as inventories can expire.
Next, MTO/MTS strategies in the optimal solution and in the current situation of Company X
and Company Y are compared in Table 9.
Table 9. Comparison of MTO/MTS strategies
Optimal solution
Company X
Make-to-order (% of products) 13
Make-to-stock (% of products) 87

Current situation
Company X
95
5

Current situation
Company Y
20
80

The results show that Uithoorn is not optimizing their MTO/MTS strategies. Uithoorn has
significant room for improvement compared to Company Y. Company Y already has an almost
perfect solution.
Furthermore, a comparison of the inventory policies between the optimal solution and the
current situation of Company X is not possible as the types of inventory policies and the
MTO/MTS strategies are too different. Instead, the average batch size is compared in Table 10.
Table 10. Comparison of average batch size.
Average batch size (kilograms)

Optimal solution
19363

Current situation
10455

The average batch size is almost doubled in the optimal solution compared to the current
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situation, which is the result of more products assigned to MTS and large reorder quantities for
MTS products. In addition, reorder levels in the optimal solution are negligibly small as large
batches already lead to a high service level.
A comparison of the costs in the optimal solution and the current situation is presented in the
following in Table 11.
Table 11. Comparison of costs.
Optimal solution
Average total cost per day (€)
20390
Average inventory costs per day (€)
7290
Average production costs per day (€) 13100

Current situation

29060

The average production costs per day are decreased by 55%. Even more interesting is that the
average total cost of inventory and production per day in the optimal solution is 30% lower than
the average production costs per day in the current situation. These results demonstrate that
total cost can be reduced significantly by increasing the number of MTS products and giving
them large reorder quantities. Inventory costs in the current situation are not taken into account
because of unavailable data. However, it would be interesting to make a comparison of the
average total cost in the optimal solution and the current situation.

Sensitivity analysis
In this section, the performance of the model of Chapter 3 is measured in terms of model
robustness and computation time. Moreover, the results of the sensitivity analysis are used to
evaluate the impact and viability of assumptions.
The sensitivity analysis is performed by varying the parameter values for all products per
class of customer order arrival rate, average customer order size, and production costs per
batch. Parameters are varied by 30% to make sure that a significant number of products shifts
to a different class.
Beginning with the customer order arrival rate in Table 12.
Table 12. Sensitivity analysis by varying customer order arrival rate of all products per class.
run., runner; rep., repeater; stran. stranger; KG, kilograms; comp., computation; sec, second;
MTS, make-to-stock.
Original case
Total cost (€)
Inventory costs (€)
Production costs (€)
Fraction MTS (%)
Reorder quantity (KG)
Reorder level (KG)
Comp. time (sec)

20390
7290
13100
87.1
11805
10.9
101.4

Run.
+30%
21670
8330
13420
90.0
12004
22.7
13.1

Rep.
+30%
21750
8100
13660
90.0
12441
3.9
81.6

Stran.
+30%
21770
7470
14300
87.1
12887
1.1
66.1

Run.
-30%
16060
6380
9680
91.4
10019
1.0
120.5

Rep.
-30%
17600
6590
11020
88.6
10533
1.1
30.4

Stran.
-30%
17620
7110
10510
90.0
10642
1.0
25.1

Computation time is the total time required to solve the model. The results in Table 12 show that
the effect of increasing and decreasing the customer order arrival rate is similar among the
different classes. The most obvious relationship is that average total cost and average reorder
quantity increase with customer order arrival rate. Moreover, the optimal strategy of assigning
products to MTO or MTS seems robust to customer order arrival rate changes. In addition, it is
interesting to note the high variance in computation times. It is known that the computation time
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depends primarily on the number of iterations in determining McCormick bounds 𝑞𝐿𝐵𝑖 , 𝑞𝑈𝐵𝑖 ,
𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 , and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 with the procedure in Algorithm 3; however, it is unclear why this leads
to the computation times in Table 12.
Table 13. Sensitivity analysis by varying average customer order size of all products per class.
KG, kilograms; comp., computation; sec, second; MTS, make-to-stock.
Original case
Total cost (€)
Inventory costs (€)
Production costs (€)
Fraction MTS (%)
Reorder quantity (KG)
Reorder level (KG)
Comp. time (sec)

High
+30%
29360
7650
21710
82.9
12800
17.4
35.0

20390
7290
13100
87.1
11805
10.9
101.4

Med
+30%
24570
8528
16040
85.7
12812
11.3
74.6

Low
+30%
22580
8277
14500
85.7
13486
2.2
20.6

High
-30%
24870
6449
18430
80.0
12588
2.2
50.3

Med
-30%
22830
8163
14670
87.1
12860
2.1
77.3

Low
-30%
21740
7800
13940
87.1
12418
2.2
22.0

The results in Table 13 show that both increasing and decreasing the average customer order
size can lead to higher total cost. In addition, it is interesting to note the robustness of the average
reorder quantity for the high class as opposed to the low class, where the average reorder
quantity increases more strongly with the average customer order size. A possible reason is the
maximum batch size of servers. The theory is that batch sizes of many high class products likely
remain maximized regardless of a change in the average customer order size. Besides,
changing the average customer order size of high classed products in either direction leads to
significantly more MTO products.
Table 14. Sensitivity analysis by varying production costs per batch of all products per class.
KG, kilograms; comp., computation; sec, second; MTS, make-to-stock.
Original case
Total cost (€)
Inventory costs (€)
Production costs (€)
Fraction MTS (%)
Reorder quantity (KG)
Reorder level (KG)
Comp. time (sec)

20390
7290
13100
87.1
11805
10.9
101.4

High
+30%
29320
8440
20880
90.0
12564
1.2
102.2

Med
+30%
21330
7720
13610
88.6
12321
1.1
78.4

Low
+30%
24300
8870
15440
91.4
13054
3.8
18.3

High
-30%
25290
8040
17250
88.6
12218
0.0
86.7

Med
-30%
19160
6640
12520
82.9
12071
2.1
127.9

Low
-30%
20490
7380
13110
87.3
12078
0.0
406.6

What stands out in Table 14 are the high computation times, especially for decreasing production
costs for products with already low products costs. Furthermore, it is interesting to see that
lowering of the production cost per batch can lead to higher average reorder quantity even
though the fraction of MTS products is also lower.
Table 15. Sensitivity analysis by varying 𝑚𝑎𝑥𝑄𝑆 and 𝑚𝑖𝑛𝑃𝑄. KG, kilograms; comp., computation;
sec, second; MTS, make-to-stock.

Total cost (€)
Inventory costs (€)
Production costs (€)

Original case
(𝑚𝑎𝑥𝑄𝑆 = 10,
𝑚𝑖𝑛𝑃𝑄 = 0.80)
20390
7290
13100

𝑚𝑎𝑥𝑄𝑆
+1

𝑚𝑎𝑥𝑄𝑆
-1

𝑚𝑖𝑛𝑃𝑄 =
0.90

20510
7360
13150

20510
7360
13150

20420
7290
13120
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𝑚𝑖𝑛𝑃𝑄
= 0.70
20520
7370
13140

Fraction MTS (%)
Reorder quantity (KG)
Reorder level (KG)
Comp. time (sec)

87.1
11805
10.9
101.4

87.1
11728
0.0
108.1

87.1
12142
1.1
125.2

87.1
12045
0.0
113.3

87.1
11848
2.2
118.3

The parameters varied in Table 15 are very robust. This suggests that the queue size constraint
can be dropped without it affecting the service level.
In conclusion, products from the high demand and production cost classes are most sensitive
to changes, most clearly in terms of average total cost. On the other hand, the low classes are
the most robust. An explanation is the high variance among products within the high classes
compared to the low classes.
Furthermore, the relationships of different parameters with the computation time are unclear.
It is difficult to determine what exactly causes longer or shorter computation times. Fortunately,
the computation times were not problematic for the number of products used in the sensitivity
analysis. Through experimentation it was found that the computation time increases
exponentially with the number of products in the decision space. Moreover, it is found that the
procedure in Algorithm 6 is by far the most computationally heavy, because the MILP model
(M3.2) needs to be solved in each iteration. On the contrary, the greedy heuristic in Algorithm 7
is relatively fast.
Next, we will evaluate the results of the sensitivity analysis and assess the impact of
inaccurate assumptions on the model of Chapter 3. Stochasticity in the model of Chapter 3 is
nested in the queue size constraint and in the service level constraint. The queue size constraint
is based on the assumption that production orders arrive to a server according to a Poisson
process. It is likely that the actual variance of production order arrivals to the servers is lower
than that of a typical Poisson distributed variable; therefore, the waiting time distribution
functions used in (3.23) and (3.37) may be too conservative. However, the results from the
sensitivity analysis show that this inaccuracy is irrelevant for the case of Company X. Table 15
shows that the optimal solution of the problem is barely affected by varying of 𝑚𝑎𝑥𝑄𝑆 and
𝑚𝑖𝑛𝑃𝑄, which are among the main parameters of the waiting time distribution functions for an
M/D/1 queueing system. Furthermore, the service level definition is also based on the
assumption that the customer order size follows a Normal distribution. In Section 4.2. it is shown
that the majority of products in the decision space of 206 products have a customer order size
that does not follow a Normal distribution. Therefore, the appropriateness of using the Normal
distribution is questioned. However, the inaccuracy of the Normal distribution is irrelevant for the
case of Company X. The results from the sensitivity analysis clearly show that the reorder level
is negligibly low in all parameter scenarios. This is probably because of the structure of the
production system. Producing with a large average batch size is an appealing strategy, because
it leads to both lower average production costs as well as a higher service level. In addition, the
results from the sensitivity analysis show that the average inventory costs per day are
significantly lower than the average production costs per day, which suggests that the production
costs weigh heavier on the total cost than do the inventory costs. Hence, with these properties
of the problem in mind it is logical that minimizing the total cost in (M3.2) will already lead to a
high service level. The service level is almost satisfied automatically by minimizing the total cost.
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Discussion
In this section, a summary of the most important findings and their implications are presented.
Recommendations for Company X are listed, after which the limitations of the thesis and possible
directions for future research are discussed.

Conclusions
In this thesis, we resolved an inventory-production problem in the multi-product batch chemical
industry with uncertainty of demand. The problem is considered as a combination of a singlestage capacitated M/D/c queueing problem and a single-echelon inventory problem. An
optimization model is developed in which final products are assigned to MTO or MTS, and
simultaneous selection of (𝑟, 𝑞) inventory policies for MTS products. In addition, each product is
allocated to a single server. Consequently, the M/D/c queueing system was simplified into
multiple independent M/D/1 queues. The objective of the model is to minimize cost of inventory
and production while maintaining service level. In order to solve the model, an approximation of
a MINLP problem is developed based on MILP relaxations. The service level constraint is
decoupled and satisfied through a greedy heuristic in which reorder levels are optimized. The
service level constraint is substituted with a queue size constraint in the MINLP approximation,
in order to prevent long waiting times at the production servers.
The purpose of this thesis is to evaluate the performance of the current methods of Company
X with respect to MTO/MTS decisions and inventory policies. First analysis of the current
methods immediately indicated room for improvement, hence a new method is used in the form
of the developed model for comparison of performance. Therefore, the model has been applied
and solved for a case study of Company X. The model was optimized for 70 products, which
were selected from in total 519 products that were sold at least once in the period from January
until July of 2019. First, we reduced the selection from 519 to 206 products by including only
products of which all required data was available. After that, 70 of these 206 products were
selected at random in order to limit computation time. The optimal solution suggests a product
assignment of approximately 87% of the products produced MTS and 13% of the products
produced MTO. In the current situation, 10% of the products is assigned to be produced MTS
and 90% MTO. Company Y currently produces 80% MTS and 20% MTO. The results
demonstrate that Company X is not optimizing their MTO/MTS strategies. Uithoorn has
significant room for improvement compared to Company Y and Company Y already has an
almost perfect solution. Furthermore, a comparison of the inventory policies between the optimal
solution and the current situation of Company X is not possible as the types of inventory policies
and the MTO/MTS strategies are too different. Instead, a comparison is made between the
average batch sizes. The average batch size is twice as high in the optimal solution compared
to the current situation, which is the result of assigning more products to MTS and setting large
reorder quantities for MTS products. In addition, reorder levels in the optimal solution are
negligibly small as large batches already lead to a high service level. The optimal solution
suggests large cost reduction, especially in terms of production costs. A comparison is made of
the costs in the optimal solution and in the current situation. The average production costs per
day decreases by 55%. Even more interesting is that the average total cost of inventory and
production per day in the optimal solution is 30% lower than the average production costs per
day in the current situation. Inventory costs in the current situation are not taken into account
because of unavailable data. The results demonstrate that total cost can be reduced significantly
by increasing the number of MTS products and giving them large reorder quantities. Therefore,
the current methods are far from optimal. Besides, a sensitivity analysis suggests that products
with high demand or production costs are most sensitive to parameter changes, whereas
products with low demand or production costs are robust.
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The main reason that large cost reductions are possible is that vital characteristics of the
production system are taken into account in the optimization model, whereas the current
methods used by Company X are based primarily on demand and production resource
utilization. In addition, current methods are not standardized as instead, final decisions are made
by individual planners based on logical reasoning. This results in inconsistent and suboptimal
decision making. The three most vital production system characteristics that lead to the found
optimal solution are the following:
1. Service time of production is fixed and independent of batch size.
2. Production costs per batch are independent of batch size.
3. Inventory costs are low compared to production costs.
The first characteristic causes production in large batches to lead to a high service level. A
production server is utilized the same amount of time for a small batch as it is for a large batch
and production in large batches requires fewer batch productions. Therefore, production in large
batches leads to low utilization of production servers and subsequently, a high service level.
Furthermore, production in large batches leads to low production costs due to the second
characteristic. The third characteristic causes low production costs to lead to low total cost.
Combining the three characteristics makes it appealing to produce in large batches, which can
be achieved with MTS production and large reorder quantities. Companies with similar
production system characteristics are also likely to benefit from using the model presented.
The presented model can be simplified to a capacitated EOQ model with MTO/MTS decisions
and fixed product to server allocation. The capacitated EOQ model is a multi-product capacitated
variant of the famous EOQ model (see Lee and Nahmias (1993)). This simplification is easily
achieved by removing the service level constraint. The model is then simply solved with (M3.2)
excluding the Queue Size Constraint in (1.3). The service level constraint has a very small impact
on the optimal solution as large batches already lead to a high service level. Therefore, removal
of the service level constraint leads to a slightly lower service level. Besides, the only
consequence in terms of the decisions of the model of ignoring the service level constraint is
that reorder levels become zero, which is not a problem as they are negligibly small in the optimal
solution.

Recommendations
In this section, the recommendations for Company X based on the results of the case study are
listed. Company X should:
➢ Adopt the method of the presented model or the simplified capacitated EOQ model.
The optimal solution of the presented model suggests an expected total cost reduction of at
least 30%. This potential is large enough that it surpasses the negative impact that limitations
and inaccurate approximations of the presented model may have on the optimal solution. It
is recommended for Company X to change to the method of the presented model or the
simplified capacitated EOQ model based on the results of this thesis. The main advantage
of using the presented model over the capacitated EOQ model is the accuracy of the
solution. The main disadvantage is that it requires more computation time. With each
iteration of the greedy heuristic for satisfying the service level constraint, the difference in
accuracy and computation time increases linearly between the two models. Given that
reorder levels are negligibly low in the optimal solution and also under different parameter
scenarios, it is expected that there is little difference in performance between both models.
Besides, the code implementation used for the case study was made for the presented
model, but this can easily be adjusted for the capacitated EOQ model. Finally, the
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capacitated EOQ model has not been validated yet. Therefore, it is recommended for
Company X to use the presented model over the capacitated EOQ model.
➢ Research the accuracy of the optimal solution found in the case study before
implementing it.
It should be determined to what extent the parameter values of the 70 products that were
included are different now than they were during the case period, since the case study was
performed for the period from January until July of 2019. In order to make a good
assessment, the results of the sensitivity analysis should be used to determine the impact of
parameter value changes on the optimal solution. For example, if the mean customer order
arrival rate of some of the so-called ‘runners’ have changed a lot, the optimal solution is not
accurate anymore, since the model is sensitive to changes in the parameter values of
runners. Besides, if a large number of products are past their lifecycle and no new customer
orders will arrive for these products, then the optimal solution is probably not accurate
anymore. It is recommended to implement the optimal solution completely or not at all.
Products are highly interdependent and hence, using the optimal solution for some of them
while still using current methods for other products may lead to a bad overall performance.
Bear in mind that this only concerns the products for which decisions were optimized in the
model. Current methods should be continuously used for products for which decisions are
not optimized in the model.
➢ Assign more products to MTS.
The large difference in the number of products assigned to MTS in the current situation and
in the optimal solution makes that assigning more products to MTS is in general
recommended. Benefits of more MTS production are lower cost, less hectic planning, and
more standardized production. Disadvantages of more MTS production are more pouring
over of stocked product from one to another package type, more frequent cleaning of
blenders, and lower perceived customer service in terms of product customization. More
frequent cleaning will be needed as it becomes less likely that batches of the same product
are scheduled in succession.
➢ Use large reorder quantities for MTS products.
Large reorder quantities lead to large batches. Large batches in most cases lead to lower
total cost and a higher service level. The main exception is when products costs are relatively
low compared to inventory costs. Therefore, the optimal solution suggests that products with
this characteristic should be assigned to MTO or have smaller reorder quantities. Benefits of
large reorder quantities for MTS products are lower cost, fewer batches, lower utilization of
production servers (blenders), and less hectic planning. Disadvantages of large reorder
quantities for MTS products are more products on stock becoming spoiled or obsolete and
higher peaks of demand at filling up stage.
➢ Research alternative methods for determining reorder levels for MTS products.
The optimal solution suggests that reorder levels should be negligibly low as large batches
lead to high service level. In practice, there are other factors that negatively affect service
level that are not taken into account in the presented model, such as end of product lifecycle,
product spoilage, raw material and intermediate product unavailability, and batch rejection.
These factors are limitations of the model that lead to an overestimation of the service level.
Some of these limitations are addressed in Section 5.3 with suggested approaches on how
to use reorder levels to overcome them.
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➢ Update the optimal solution frequently.
In order to maintain high performance, the optimal solution needs to be updated frequently
as the product portfolio and parameter values are continuously changing. Unfortunately, the
implementation of the model is not user friendly; therefore, additional work is required to
make a tool that can be easily and repetitively used by employees of the planning department
of Company X.
➢ Improve data repository
We did not have sufficient data to use for more than 206 products. Only the products for
which all parameter values are available could be used, i.e., the products that have presence
in all of the required datasets. This was problematic as many different datasets had to be
used, e.g., demand, production cost, and product characteristics. Furthermore, the model is
quite sensitive to changes of parameter values, especially for products with high demand or
production costs. Therefore, the solution quality depends on the accuracy and completeness
of the available data. Besides, it is important to record MTO/MTS strategies and inventory
policies of all products over time to be able to evaluate them.
➢ Examine the possibility of adopting the presented model at other Company X and
Company Y facilities.
The presented model also has relevance for other Company X and Company Y facilities,
provided that the mentioned three most vital production system characteristics are present
(see Section 5.1). Adopting the method of the presented model at multiple Company X and
Company Y facilities leads to more cost reduction and standardization.

Limitations and future research
In this section, the limitations of the research are listed and approaches on how to overcome
them in future research are suggested.
•

Availability of raw materials and intermediate products is overestimated.
Raw material and intermediate product inventories are assumed to be ample, whereas this
is not possible in reality. This overestimation leads to an overestimation of service level,
since the possibility that a customer order is fulfilled too late because of backordered input
material is not taken into account. Hence, the service level definition needs an extension to
incorporate the availability of raw materials and intermediate products. However, the optimal
solution of the presented model for the case of Company X is rather insensitive to the service
level constraint. Therefore, incorporating the availability of raw materials and intermediate
products will not have a large impact on the optimal solution. On the other hand, if this is not
the case and incorporating availability of raw materials and intermediate products is expected
to lead to significantly more accurate results, it is suggested to use a multi-echelon approach
based on multi-echelon inventory theory by Atan (2015). Besides, another approach that is
more simple is to optimize reorder levels based on the probability that a production order for
a product has to wait for input materials. These probabilities should be obtainable from
historical data. Moreover, a second model in Appendix B was developed in an attempt to
incorporate availability of intermediate products. This model is used to find optimal MTO and
MTS intermediate and final products, and inventory policies for intermediate and final MTS
products, simultaneously. This model has not been validated and therefore, it is unknown
whether the math is correct. The service level definition from the model of Chapter 3 was
extended with a finite scenario approach, which was used to define the availability of
intermediate products. The size of intermediate product orders was approximated with a
finite set of values. We tried to define the probability that different intermediate product orders
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arrive in a specific sequence in order to determine the probability that an intermediate
product order is backordered. The expressions developed for this purpose are possibly
incorrect as interdependencies among intermediate product order arrivals are ignored. An
approach that could work is to make a more general approximation of the size of an arbitrary
intermediate product order, e.g., using a Normal or Gamma distribution. These distributions
are most suitable for large sets of intermediate product order sizes, i.e., intermediate
products that are used in the production of a large number of final products. If such an
approximation is appropriate, the availability of intermediate products can be defined with a
similar approach as was used for final products in the model of Chapter 3 (see Section 3.4.2).
•

Customer leadtime is fixed.
The customer leadtime is assumed to be fixed, whereas in reality, it may vary per product or
even per customer order. Especially for MTO products, this can impact the service level. A
MTO product order is more likely to be fulfilled too late if the customer leadtime is short
compared to a similar MTS product order as no inventories are held for MTO products.
Fortunately, this is not a big issue here as the majority of products should be produced
according to MTS. An approach to overcome this limitation is to allocate MTO products to
multiple servers and to produce them on the server with the shortest waiting time in queue.
Another approach is to introduce priority for MTO over MTS products, i.e., a production order
for an MTO product is served before all MTS production orders already in the queue. Plenty
of research on M/D/1 priority queueing problems is available in literature (Voznak, Halas,
Borowik, & Kocur, 2011; Khedun & Bassoo, 2015).

•

Product lifecycle and spoilage are ignored.
A major limitation of the model is that product lifecycle and spoilage are not taken into
account. Incorporating these factors would likely lead to more MTO products and smaller
batches in the optimal solution as having inventory becomes more expensive. An approach
to incorporate spoilage is to first define the number of spoiled products per unit time as a
function of the expected inventory. This requires knowledge of the expected expiration dates
of products and potentially, the expected expiration dates of input materials. After that, the
definitions of average inventory position and average inventory costs used in the presented
model can be extended in a straightforward way. Incorporating product lifecycle in the model
is more difficult as the presented model is static; therefore, parameters are assumed to be
constant over time. The following three step approach could work. First, optimization of the
presented model, after which the expected number of replenishment orders during the
expected residual lifetime is determined using the decisions of the optimal solution. Finally,
making a cost-benefit analysis to determine whether the expected benefits of using the
optimal solution exceed the expected cost of rejected products at the end of the lifecycle.

•

Allocation of products to a single server.
The main disadvantage of having fixed product to server allocation is that it limits flexibility
of production. On an operational level, it may be difficult to stick to established allocations.
For example, when a production order for a product arrives upon a long queue at the
allocated server while another suited server is free, it is tempting to produce on the server
that is free. Besides, fixed product to server allocation is a constraint in the model, hence it
may lead to higher optimal cost. On the other hand, relaxing product to server allocation may
lead to more hectic planning of production, since the planning department has to decide on
a server for every production order. The primary reason for using a fixed allocation was to
model the queueing system as multiple independent M/D/1 queues, which was needed to
define service level in the model. Given that the service level constraint has a small impact
on the optimal solution, the fixed allocation can be relaxed. An approach is to allow allocation
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of products to more than one server. Although, this makes modeling more complex as the
demand of a product is divided over multiple servers.
•

Filling up stage could be the bottleneck.
It is not researched whether producing according to the policies of the optimal solution leads
to congestion at the filling up servers. In future research, it can be assessed whether the
filling up stage becomes the bottleneck in the optimal solution by first simulating the
production system using the optimal solution. If the filling up stage becomes the bottleneck,
the amount of additional filling up capacity in terms of workers and/or filling up machines
required to remove the filling up stage as bottleneck is to be determined. Finally, a costbenefit analysis can be made of the total cost in the current situation and the total cost in the
optimal situation including the cost of additional filling up capacity. Another more rigorous
approach is to remove the black box of the filling up stage and incorporate it into the
presented model in detail instead.

71

Bibliography
Adan, I., & Resing, J. (2015). Queueing Systems. Eindhoven, The Netherlands: Department of
Mathematics and Computing Science, Eindhoven University of Technology.
Albin, L. (1982). On Poisson approximations for supersition arrival processes in queues.
Management Science, 28(2), 126-137.
Atan, Z. (2017). 1CM100 Multi Echelon Inventory Management. Retrieved from
https://canvas.tue.nl/courses/2732/files/834222?module_item_id=73949
Axsäter, S. (1997). Simple evaluation of echelon stock (R,Q) policies for two-level inventory
systems. IIE transactions, 29, 661-669.
Barbosa-Póvoa, A. (2014). Process Supply Chains Management - Where are we? Where to go
next? Frontiers in Energy Research, 2(23), 1-13.
Barone,
A.
(2019,
May
8).
Bottleneck.
Retrieved
from
Investopedia.com:
https://www.investopedia.com/terms/b/bottleneck.asp
Brunaud, B., Lainez-Aguirre, J., Pinto, J., & Grossmann, I. (2018). Inventory Policies and Safety
Stock Optimization for SUpply Chain Planning. American Institute of Chemical
Engineers, 65, 99-112.
Carr, S., Güllü, A., Jackson, P., & Muckstadt, J. (1993). An exact analysis of production-inventory
strategy for industrial suppliers. Cornell University, Ithaca, USA.
Chen, C., & Lee, W. (2004). Multi-objective optimization of multi-echelon supply chain networks
with uncertain product demands and prices. Computers and Chemical Engineering, 28(67), 1131-1144.
Chen, C., Wang, B., & Lee, W. (2003). Multiobjective Optimization for a Multienterprise Supply
Chain Network. Industrial and Engineering Chemistry Research, 42(9), 1879-1889.
Chen, C., Yuan, T., & Lee, W. (2007). Multi-criteria Fuzzy Optimization for Locating Warehouses
and Distribution Centers in a Supply Chain Network. Journal of the Chinese Institute of
Chemical Engineers, 38(5-6), 393-407.
Coelho, L. (2013, January 7). Linearization of the product of two variables. Retrieved from
Leandro-coelho.com: https://www.leandro-coelho.com/linearization-product-variables/
Cramer, H. (1936). "Über eine Eigenschaft der normalen Verteilungsfunktion". Mathematische
Zeitschrift, 405-414.
Creutzburg, R., & Knackmuss, J. (2014). Algorithms and Data Structures; Part 7: Trees and
Graphs.
Donselaar, K., & Broekmeulen, R. (2017). Stochastic inventory models for a single item at a
single
location,
Lecture
Notes
and
Toolbox.
Retrieved
from
https://canvas.tue.nl/courses/7728/files?preview=1088195
Emma. (no date). Permutations with Repetition. Retrieved from superprof:
https://www.superprof.co.uk/resources/academic/maths/probability/combinatorics/perm
utations-with-repetition.html
Federgruen, A., & Zheng, Y. (1992). An efficient algorithm for computing an optimal (r,Q) policy
in continuous review stochastic inventory systems. Operations research, 808-813.
Ferrio, J., & Wassick, J. (2008). Chemical supply chain network optimization. Computers &
Chemical Engineering, 32(11), 2481-2504.
Fleischmann, B., Meyr, H., & Wagner, M. (2008). Advanced planning.(Book) Supply Chain
Management and Advanced Planning Concepts, Models, Software, and Case Studies.
Berlin: Springer–Verlag Berlin Heidelberg.
Fry, T. (1928). Probability and its engineering uses. Princeton, Net Jersey: Princeton.
Geoffrion, A. M., & van Roy, T. J. (1979). Caution: Common Sense Planning Methods Can Be
Hazardous to Your Corporate Health. Sloan Management review, 20, 31-42.
Gzara, F., Nematollahi, E., & Dasci, A. (2014). Linear location-inventory models for service parts
logistics network design. Computers & Industrial Engineering, 53-63.
72

Hjaila, K. (2016). Towards Multi Enterprise-Wide Coordination for Large-Scale Chemical Supply
Chains. Universitat Politècnica de Catalunya, Barcelona, Spain.
Hopp, W., Spearman, M., & Zhang, R. (1997). Easily implementable inventory control policies.
Operations Research, 45(3), 327-340.
Iversen, V., & Staalhagen, L. (1999). Waiting time distribution in M/D/1 queueing systems.
Electronics Letters, 35(25), 2184-2185.
Johnson, N., Kotz, S., & Balakrishnan, N. (1970). Continuous Univariate Distributions. New York:
J. Wiley.
Kalaitzidou, M., Longinidis, P., Tsiakis, P., & Georgiadis, M. (2014). Optimal Design of
Multiechelon Supply Chain Networks with Generalized Production and Warehousing
Nodes. Industrial and Engineering Chemistry Research, 53(33), 13125-13138.
Kazemzadeh, N., Ryan, S., & Hamzeei, M. (2017). Robust optimization vs. stochastic
programming incorporating risk measures for unit commitment with uncertain variable
renewable generation. Energy Systems, 1-25.
Kenji. (2005). On the Series Expansion for the Stationary Probabilities of an M/D/1 queue.
Journal of the Operations Research Society of Japan, 48(2), 111-122.
Lehmann, E. (1986). Testing Statistical Hypotheses. New York: Springer Verlag.
Lilliefors, H. (1969). On the Kolmogorov-Smirnov Test for the Exponential Distribution with Mean
Unknown. Journal of the American Statistical Association, 64(325), 387-389.
Longinidis, P. (2013). Integration of Financial Issues in the Optimal Design of Supply Chain
Networks. University of Western Macedonia, Kozani, Greece.
Matingrad, N., Roghanian, E., & Rasi, z. (2013). Supply chain network optimization: A review of
classification, models, solution techniques and future research. Uncertain Supply Chain
Management, 1(1), 1-24.
McCormick, G. (1976). Computability of global solutions to factorable nonconvex programs: Part
i - convex underestimating problems. Mathematical programming, 10(1), 147-175.
Meng, S., & Rajagopalan, S. (2016). Fleet sizing in chemical supply chains using agent-based
simulation. Computers and Chemical Engineering, 84, 180-198.
Montgomery, D., & Runger, G. (2003). Applied Statistics and Probability for Engineers. John
Wiley & Sons, Inc.
Papageorgiou, L. (2009). Supply chain optimisation for the process industries: Advances and
opportunities. Computers & Chemical Engineering, 33(12), 1931-1938.
Rajagopalan, S. (2002). Make to Order or Make to Stock: Model and Application. Management
Science, 48(2), 241–256.
Ramezani, M., Kimiagari, A., & Karimi, B. (2014). Closed-loop Supply Chain Network Design: A
Financial Approach. Applied Mathematical Modelling, 38(15-16), 4099-4119.
Ravichandran, N. (1995). Stochastic analysis of a continuous review perishable inventory
system with positive lead time and poisson demand. Indian Institute of Management, 85,
444-457.
Schijndel, V. (2018). The Impact of Local Decision Making in a Pharmaceutical Supply Chain.
Eindhoven University of Technology, Eindhoven, Netherlands.
Sharda, B., & Akiya, N. (2012). Selecting make-to-stock and postponement policies for different
products in a chemical plant: A case study using discrete event simulation. International
Journal of Production Economics, 136(1), 161-171.
Smits, S., Wagner, M., & de Kok, T. (2004). Determination of an order-up-to policy in the
stochastic economic lot scheduling model. International Journal of Production
Economics, 90, 377-389.
Soman, C., Donk, D., & Gaalman, G. (2002). Combined make-to-order and make-to-stock in a
food production system.

73

van den Berg, R. (2012). Safety stock allocation for a heterogeneous item set an assortment
approach for multi-item inventory control. Eindhoven: Eindhoven University of
Technology.
van Donk, D., Soman, C., & Gaalman, G. (2005). A DECISION AID FOR MAKE-TO-ORDER
AND MAKE-TO-STOCK CLASSIFICATION IN FOOD PROCESSING INDUSTRIES.
EurOMA, 1-10.
van Ginderen, M. (2001). Van inzicht naar onderbouwing : het ontwerp van een
planningsmethodiek in een batchgewijze procesindustrie. Eindhoven University of
Technology, Eindhoven, Netherlands.
Whitt, W. (1993). Approximationf for the GI/G/m queue. Production and Operations
Management, 2(2), 114-161.
Williams, T. (1984). Special products and uncertainty in production/inventory systems. European
Journal of Operations Research, 15, 46-54.
Yates, R., & Goodman, D. (2014). Probability and Stochastic Processes: a friendly introduction
for electrical and computer engineers. Hoboken, USA: Wiley.
Yoki. (2016, December 16). Combine standard normal distribution with uniform distribution.
Retrieved
from
Math.stackexchange.com:
https://math.stackexchange.com/questions/2058370/combine-standard-normaldistribution-with-uniform-distribution
Zhao, Y., Xu, X., & Li, H. (2019). Inventory-Constrained Throughput Optimization for Stochastic
Customer Orders. IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND
ENGINEERING, 16(3), 1218 - 1231.
Zipkin, P. (1986). Models for design and control of stochastic, multi-item batch production
systems. Operational Research, 31(1), 91-104.

74

Appendix A Overview of notation
Below is an overview of all notation used in Chapter 3.
Notation
Indices

Description

Unit

𝑖
𝑒
Input parameters
𝑚𝑎𝑥𝐶𝑇

Final Product.
Intermediate product.

Identifier
Identifier

Customer leadtime, the
maximum time required to fulfill
a customer order.
Desired minimum probability of
fulfilling a customer order in full
within the customer leadtime.
Holding cost per weight per time
of product 𝑖.
Production cost per batch of
product 𝑖.
The arrival rate of customer
orders for product 𝑖 in time
period 𝑡, with average rate 𝜆𝑐𝑜𝑖 .

Time

𝑚𝑎𝑥𝐶𝑇 ∈ ℝ≥0

Probability

𝑚𝑖𝑛𝑃𝑆 ∈ [0,1]

𝑚𝑖𝑛𝑃𝑆
ℎ𝑖
𝑝𝑖
𝐶𝑂𝑖𝑡 ~𝑃𝑂𝐼𝑆(𝑡, 𝜆𝑐𝑜𝑖 )

𝑂𝑆𝑖𝑘 ~𝑁(𝜇𝑖𝑘 , 𝜎𝑖𝑘 )

𝜇𝑖
𝜎𝑖
𝑚𝑎𝑥𝐵𝑆𝑗
𝑚𝑖𝑛𝐵𝑆𝑗
𝛾𝑖
𝑣𝑖𝑗
𝑚𝑎𝑥𝑅𝑄𝑆
𝑅𝑇𝑆
𝜀𝑖
𝑚𝑖𝑛𝑃𝑄
𝑚𝑎𝑥𝑄𝑆
𝜌𝑈𝐵

The aggregated size of 𝑘
customer orders for product 𝑖,
with mean 𝜇𝑖𝑘 and standard
deviation 𝜎𝑖𝑘 .
The mean of the size of a
customer order for product 𝑖.
The standard deviation of the
size of a customer order for
product 𝑖.
The maximum batch size
allowed on server 𝑗.
The minimum batch size allowed
on server 𝑗.
The density of product 𝑖.
𝑣𝑖𝑗 = 1(0) denotes that product 𝑖
can (not) be produced on server
𝑗.
The maximum residual queue
size.
Residual service time.
Backorder underestimation error
Minimum probability of having
less than the maximum number
of production orders in queue.
The maximum number of
production orders in queue.
An upperbound value for
utilization of a server.
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Money / weight /
time
Money / batch
𝐶𝑂𝑖𝑡 : Arrivals
𝑡: Time
𝜆𝑐𝑜𝑖 : Arrivals /
time
𝑂𝑆𝑖𝑘 : Weight
𝜇𝑖𝑘 : Weight
𝜎𝑖𝑘 : Weight

Interval

ℎ𝑖 ∈ ℝ≥0
𝑝𝑖 ∈ ℝ≥0
𝑃𝑂𝑖 ∈ ℝ≥0
𝑡 ∈ ℝ≥0
𝜆𝑝𝑜𝑖 ∈ ℝ≥0
𝑂𝑆𝑖𝑘 ∈ ℝ
𝜇𝑖𝑘 ∈ ℝ≥0
𝜎𝑖𝑘 ∈ ℝ≥0

Weight

𝜇𝑖 ∈ ℝ≥0

Weight

𝜎𝑖 ∈ ℝ≥0

Volume

𝑚𝑎𝑥𝐵𝑆𝑗 ∈ ℝ≥0

Volume

𝑚𝑖𝑛𝐵𝑆𝑗 ∈ ℝ≥0

Weight / volume
Binary

𝛾𝑖 ∈ [0,1]
𝑣𝑖𝑗 ∈ {0,1}

Production
orders
Time

𝑚𝑎𝑥𝑄𝑆 ∈ ℕ≥0

Weight
Probability

ε𝑖 ∈ ℝ≥0
𝑚𝑖𝑛𝑃𝑄 ∈ [0,1]

Production
orders
Time active /
total time

𝑚𝑎𝑥𝑄𝑆 ∈ ℕ≥0

𝑅𝑇𝑆 ∈ ℝ≥0

𝜌𝑈𝐵 ∈ [0,1]

𝑞𝐿𝐵𝑖
𝑞𝑈𝐵𝑖
𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆
𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆
𝑞𝑖∗
𝑑𝑠
𝑟𝑒𝑠
𝑀
𝜓
Decision variables
𝑦𝑖𝑗
𝑧𝑖
𝑟𝑖
𝑞𝑖
Intermediate
variables
𝐼 𝑂𝐻
𝐼𝑃𝑖
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖
𝑃𝑂𝑖 ~𝑃𝑂𝐼𝑆(𝜆𝑝𝑜𝑖 )
𝜆𝑝𝑜𝑖𝑀𝑇𝑆
𝑀𝑇𝑂
𝜆𝑝𝑜𝑖𝑗

𝑁𝑃𝑂𝑖𝑀𝑇𝑆

Lower bound of reorder quantity
for product 𝑖.
Upperbound of reorder quantity
for product 𝑖.
Lower bound of production order
arrival rate for MTS product 𝑖.
Upperbound of production order
arrival rate for MTS product 𝑖.
The optimal reorder quantity for
product 𝑖 for the problem without
constraints.
Size of a drum.
Resolution
Some big value
Factor with which 𝑞𝐿𝐵𝑖 and 𝑞𝑈𝐵𝑖
is changed

Weight

𝑞𝐿𝐵𝑖 ∈ ℝ≥0

Weight

𝑞𝑈𝐵𝑖 ∈ ℝ≥0

Production
orders
Production
orders
Weight

𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆
∈ ℝ≥0
𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆
∈ ℝ≥0
𝑞𝑖∗ ∈ ℝ≥0

Volume

𝐷𝑆 ∈ ℝ≥0
res ∈ ℝ≥0
𝑀 ∈ ℝ≥0
𝜓 ∈ ℝ≥0

𝑦𝑖𝑗 = 1(0) if product 𝑖 is (not)
allocated to server 𝑗.
𝑧𝑖 = 1(0) if product 𝑖 is produced
MTS (MTO).
the reorder level for product 𝑖.
the reorder quantity for product
𝑖.

Binary

𝑦𝑖𝑗 ∈ {0,1}

Binary

𝑧𝑖 ∈ {0,1}

Weight
Weight

𝑟𝑖 ∈ ℝ≥0
𝑞𝑖 ∈ ℝ≥0

inventory onhand.

Weight

𝐼 𝑂𝐻 ∈ ℝ≥0

Inventory position of product 𝑖.
inventory cost per unit time for
product 𝑖.
Production cost per batch for
product 𝑖.
The number of production orders
per unit time, with average rate
𝜆𝑝𝑜𝑖 .
The production order arrival rate
for product 𝑖 if it is assigned to
MTS.
The production order arrival rate
for product 𝑖 if it is assigned to
MTO.
The number of production orders
per replenishment order for an
MTS product 𝑖.

Weight
Money / time

𝐼𝑃𝑖 ∈ ℝ≥0
𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖
∈ ℝ≥0
𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖
∈ ℝ≥0
𝑃𝑂𝑖 ∈ ℝ≥0
𝜆𝑝𝑜𝑖 ∈ ℝ≥0

𝑀𝑇𝑂
𝑁𝑃𝑂𝑖𝑗

The number of production orders
per replenishment order for an
MTO product 𝑖.

𝑃𝑆

The probability that a customer
order for product 𝑖 is fulfilled in
full within the customer leadtime.
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Money / batch
𝑃𝑂𝑖 : Arrivals
𝜆𝑝𝑜𝑖 : Arrivals /
time
Arrivals / time

𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∈ ℝ≥0

Arrivals / time

𝜆𝑝𝑜𝑖𝑀𝑇𝑂 ∈ ℝ≥0

Production
orders /
replenishment
order
Production
orders /
replenishment
order
Probability

𝑁𝑃𝑂𝑖𝑀𝑇𝑆 ∈ ℝ≥0

𝑁𝑃𝑂𝑖𝑀𝑇𝑂 ∈ ℝ≥0

𝑃𝑆 ∈ [0,1]

𝑃𝑆𝑖𝑀𝑇𝑆

𝑃𝑆𝑖𝑀𝑇𝑂

𝑇𝐵𝑂𝐷𝑖
𝑇𝐵𝑂𝐷𝑖𝑘

𝑄𝑆𝑗

𝐼𝑁𝑉𝑖

𝛼
𝛽
Linearization
variables
𝑢𝑖
𝑤𝑖𝑗
𝑎𝑖
𝑏𝑖𝑗
𝜂𝑖
State variables
𝑙

𝑘
𝑡𝑏𝑡𝑖
𝑣
𝜋𝑗𝑛
𝑚𝑎𝑥𝑅𝑆𝑄

𝑠𝑗

The probability that a customer
order for product 𝑖 assigned to
MTS is fulfilled in full within the
customer leadtime.
The probability that a customer
order for product 𝑖 assigned to
MTO is fulfilled in full within the
customer leadtime.
The amount of truly backordered
demand per production order.
The amount of truly backordered
demand per production order if 𝑘
true backorders arrive per
production order.
The number of production orders
waiting in queue at server 𝑗,
excluding the one currently in
production.
The inventory onhand minus the
outstanding backorders right
after the release of a production
order for product 𝑖.
Variable used in truncated
Normal distribution.
Variable used in truncated
Normal distribution.

Probability

𝑃𝑆𝑖𝑀𝑇𝑆 ∈ [0,1]

Probability

𝑃𝑆𝑖𝑀𝑇𝑂 ∈ [0,1]

Weight

𝑇𝐵𝑂𝑖 ∈ ℝ≥0

Weight

𝑇𝐵𝑂𝑖𝑘 ∈ ℝ≥0

Production
orders

𝑄𝑆𝑗 ∈ ℕ≥0

Weight

𝐼𝑁𝑉𝑖 ∈ ℝ≥0

𝛼 ∈ ℝ≥0
𝛽 ∈ ℝ≥0

Used to linearize (𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∙ 𝑧𝑖 ).
Used to linearize (𝑦𝑖𝑗 ∙ 𝑧𝑖 ).
Used to linearize (𝑞𝑖 ∙ 𝑧𝑖 ).
Used to linearize (𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 ).
Approximation error of
McCormick relaxation for
product 𝑖.
The number of production orders
per customer order.

Number of true backorders to
arrive per production order.
The time period per production
order for product 𝑖 during which
true backorders can arrive.
Number of production orders in
queue.
The probability of 𝑛 production
orders in the queue at server 𝑗
The probability of at most
maxRSQ production orders in the
queue at server 𝑗
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𝑢𝑖 ∈ ℝ
𝑤𝑖𝑗 ∈ {0,1}
𝑎𝑖 ∈ ℝ
𝑏𝑖𝑗 ∈ ℝ
𝜀𝑖 ∈ ℝ≥0

𝑙 ∈ ℕ≥0

Production
orders /
replenishment
order
True backorders
/ production
order
Time

𝑘 ∈ ℕ≥0
𝑡𝑏𝑡𝑖 ∈ ℝ≥0
𝑣 ∈ ℕ≥0

Production
orders
Probability
Probability

πnj ∈ [0,1]
maxRSQ

sj

∈ [0,1]

𝑡

Time period during which
customer orders arrive.
Number of customer orders
during a time period.
Set of instances for numerical
integration
Instance of numerical integration
Set of instances for numerical
integration for 𝑘 = 0
Instance of numerical integration
for 𝑘 = 0

Time

𝑡 ∈ ℝ≥0

Customer orders

𝑏 ∈ ℕ≥0

Control parameters
𝑙𝑈𝐵

Upperbound of 𝑙.

𝑘𝑈𝐵

Upperbound of 𝑘.
Upperbound of 𝑡.

Production
orders /
replenishment
order
True backorders
/ production
order
Time

Total cost.

Money

Set of all product assigned to
MTS
the cost of increasing the service
level for a product 𝑖.
The optimal assignment of
product
𝑖 to MTO or MTS from solving
MILP Model 1.
The optimal reorder quantity for
product 𝑖 from solving MILP
Model 1.
The optimal allocation of product
𝑖 to server 𝑗 from solving MILP
Model 1.
The optimal product choice.

Identifier

𝑏
𝒙𝒊
𝑥𝑖
𝒅𝒊
𝑑𝑖

𝑡𝑈𝐵
Output variables
𝐶
Greedy heuristic
notations
𝐵
𝛤𝑖
𝑜𝑝𝑡

𝑧𝑖

𝑜𝑝𝑡

𝑞𝑖

𝑜𝑝𝑡

𝑦𝑖𝑗

𝑚

𝒙𝒊 = {∀x𝑖 }
𝑥𝑖 ∈ ℝ
𝒙𝒊 = {∀x𝑖 }
𝑥𝑖 ∈ ℝ
𝑙𝑈𝐵 ∈ ℕ≥0

𝑘𝑈𝐵 ∈ ℕ≥0
𝑡𝑈𝐵 ∈ ℕ≥0
𝐶 ∈ ℝ≥0
𝐵 = {∀𝑖|𝑧𝑖 = 1}
Γ𝑖 ∈ ℝ≥0

Money / %
Service level
Binary

𝑧𝑖

Weight

𝑞𝑖

Binary

𝑦𝑖𝑗

Identifier

𝑜𝑝𝑡

∈ {0,1}

𝑜𝑝𝑡

∈ ℝ≥0

𝑜𝑝𝑡

∈ {0,1}

𝑚∈𝐵

Below is an overview of additional notation used in Appendix B.
Notation Description

Unit

Interval

Sets
𝐸𝑖
𝐼𝑒
Input parameters
𝑚𝑎𝑥𝑅𝑄𝑆 𝑃
𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇

𝐸𝑖 = {∀𝑒|𝜛𝑒𝑖
> 0}
Ie = {∀𝑖|𝜛𝑒𝑖
> 0}

Set of intermediate products
used in product 𝑖.
Set of products that use
intermediate product 𝑖.

Set

Maximum residual queue size to
fulfill a product order within
𝑚𝑎𝑥𝐶𝑇.
Maximum residual queue size
for an intermediate product order

Production
orders

𝑚𝑎𝑥𝑅𝑄𝑆 𝑃
∈ ℕ≥0

Production
orders

𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇
∈ ℕ≥0
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Set

to fulfill a dependent product
order within 𝑚𝑎𝑥𝐶𝑇.
Fraction of intermediate product
𝑒 used in product 𝑖.

𝜛𝑒𝑖
Intermediate
variables
𝑅𝑄𝑆𝑒𝑖
𝑘
𝑁𝑁𝐹𝑆𝑖𝑒

𝑢

𝑁𝑁𝐹𝑆𝑒𝑖𝑏

𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ]

State variables
𝑛
𝑈𝑠 𝑒
𝑢𝑏𝑎
𝜃𝑖𝑢𝑏𝑎
𝐻𝑎
𝑡𝑟𝑡𝑒

Intermediate
product / product

Residual queue size of an order
of intermediate product 𝑒 for
product 𝑖.
The number of orders of
intermediate product 𝑒 for
product 𝑖 that cannot be fulfilled
immediately from stock if 𝑘
orders of intermediate product 𝑒
arrive during time 𝑡𝑟𝑡𝑒 .
The number of orders of
intermediate product 𝑒 for
product 𝑖 that cannot be fulfilled
immediately from stock if
scenario 𝑢𝑏 happens
The probability that the 𝑎th order
in scenario 𝑢𝑏 for intermediate
product 𝑒 cannot be fulfilled
immediately from stock

Production
orders

Set of all possible scenarios of 𝑠
orders of intermediate product 𝑒.
The product index
corresponding with the 𝑎th order
in scenario 𝑢𝑏 .
𝜃𝑖𝑢𝑏𝑎 = 1(0) if the 𝑎th order in
scenario 𝑢𝑏 corresponds (not)
with product index 𝑖
Set of products used for the 𝑎th
permutation index.
The time period during which
orders with 𝑅𝑄𝑆𝑒𝑖 > 𝑡 +
𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 arrive for
intermediate product 𝑒

Set

79

𝜛𝑒𝑖 ∈ [0,1]

𝑅𝑄𝑆𝑒𝑖
∈ ℕ≥0

Orders

𝑘
𝑁𝑁𝐹𝑆𝑖𝑒
∈ ℕ≥0

Orders

𝑁𝑁𝐹𝑆𝑒𝑖𝑏 ∈ ℕ≥0

Probability

Identifier

𝑢

𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ]
∈ [0,1]

𝑛

𝑈𝑠 𝑒 = {∀𝑢𝑏𝑎 }
𝑛

𝑢𝑏𝑎 ∈ 𝑈𝑠 𝑒

Binary

𝜃𝑖𝑢𝑏𝑎 ∈ {0,1}

Set

𝐻 𝑎 ∈ {∀𝑖|𝜛𝑒𝑖
> 0}
𝑡𝑟𝑡𝑒 ∈ ℝ≥0

Time

Appendix B: A model to finding optimal MTO & MTS
intermediate products
This appendix contains a model to finding optimal MTO and MTS intermediate products, and
inventory policies for MTS intermediate products. This model is presented in an appendix due
to possible incorrectness of some of the math. Even though the problem is not correct, it may
lead to some useful insights on how to tackle this problem in the future. The appendix is
structured as follows. First, the problem description is provided. Second, the research question
is given, after which the methodology is described. Then, the model description is provided. After
that, trade-offs in the model are discussed and an overview of the assumptions used is given.
Then, the mathematical model is formulated through a MINLP problem. Next, the solution
method is described. Finally, conclusions are provided.

Problem description
All intermediate products are currently assigned to MTS. This policy is possibly suboptimal
regarding cost of production and inventory. Therefore, another mathematical optimization model
is desired with decisions regarding assignment of intermediate products to MTO or MTS and
inventory policies for MTS intermediate products

Research question
The research question that we tried to answer in this thesis is the following.
RQ 4: Which intermediate products should be assigned to MTO and which intermediate products
should be assigned to MTS, and what inventory policy to use for MTS intermediate products in
order to minimize cost of inventory and production while maintaining service level?
Intermediate product assignment to MTO or MTS and inventory policies for MTS intermediate
products are interdependent; therefore, both should be optimized simultaneously. Moreover,
optimizing these decisions may lead to a different optimal solution for RQ 2. Therefore, the
mathematical model for RQ 2 will be extended for RQ 4 in order to optimize decisions of
intermediate and final products simultaneously.

Methodology
The problem of RQ 4 is considered as a combination of a two-stage queueing problem and a
two-echelon inventory problem. The two-stage queueing problem concerns the queuing system
at the intermediate production stage and at the final production stage. The two-echelon inventory
problem concerns the inventory point between production stages and the inventory point after
the filling up stage. The filling up stage remains a black box. A graphical representation of the
problem of RQ 4 is given in Figure 14.
The decisions for intermediate products are the same as for final products in the problem of
RQ 2. Moreover, the queueing system at the intermediate production stage is similar to that at
the final production stage. Hence, the model from RQ 2 can be extended in a straightforward
way, except for the service level definition. The problem of RQ 2 assumes ample availability of
raw materials and intermediate products. For the problem of RQ 4, the availability of intermediate
products is dependent on the decision of the model and hence, this needs to be taken into
account as it affects the service level. The availability of intermediate products is defined with a
finite scenario approach, where the size of intermediate product orders is approximated with a
finite set of values.
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Figure 13. Illustration of the problem, including intermediate and final production stage queueing
systems and intermediate and final product inventory points.

Model description
The purpose of this model is to decide which intermediate and final products to assign to MTO
and which ones to assign to MTS, and what inventory policy to use for intermediate and final
MTS products. In Chapter 3 these decisions are made for final products only, hence the problem
in this chapter is an extension of Chapter 3. The objective is to minimize the total cost of inventory
and production for intermediate and final products. Furthermore, the service level constraint
used in Chapter 3 also applies here. So, the probability that a customer order for a product is
fulfilled within the customer leadtime 𝑚𝑎𝑥𝐶𝑇 should be greater or equal to 𝑚𝑖𝑛𝑃𝑆.
First, let us elaborate a bit more on intermediate products. Intermediate products together
with raw materials are used as input materials to final products. A single intermediate product is
used in production of one or more final products and zero or more intermediate products are
used in production of a single final product. Intermediate products are produced from raw
materials only. Some intermediate products are produced on the same servers as final products,
whereas the majority are produced on so-called dedicated servers. Dedicated servers have a
fixed batch size per intermediate product. For example, intermediate product A can only be
produced in a batch of exactly 1000 kilogram on dedicated server B. Furthermore, intermediate
products are demanded whenever a production order for a final product in which it is used is
released. The size of an intermediate product order is a fraction of the size of a production order
for a dependent final product. Therefore, the frequency and size of intermediate product orders
depends on the MTO/MTS decision and the reorder quantity of dependent final products.
The decision variables used in Chapter 3 are extended for intermediate products. So, four
decision variables are added to the model, which are denoted by
𝑦𝑒𝑗
𝑧𝑒
𝑟𝑒
𝑞𝑒

Intermediate product to server allocation, with 𝑦𝑒𝑗 = 1 if intermediate product 𝑒 is
allocated to server 𝑗.
Intermediate product assignment to MTO or MTS, with 𝑧𝑒 = 1 if intermediate product 𝑒
is produced MTS and 𝑧𝑒 = 0 if intermediate product 𝑒 is produced MTO.
The reorder level for intermediate product 𝑒 (weight).
The reorder quantity for intermediate product 𝑒 (weight).
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Simplification of complex trade-offs
The trade-offs in Chapter 3 (see Section 3.2) also exist for the problem in this chapter. Assigning
an intermediate or final product to MTO or decreasing the reorder quantity of an intermediate or
final MTS product leads to lower inventory. In addition, it may lead to a smaller or larger average
batch size, which ultimately leads to higher or lower production cost for that product and a lower
or higher service level, respectively. For intermediate products the effect of a change in the
average batch size on the service level may be even stronger. A change in the average batch
size of an intermediate product affects its availability, which ultimately affects the service level
of all dependent final products. So, in general, producing MTO or MTS but with a small reorder
quantity is a less attractive for intermediate products as opposed to final products. This is
especially true for intermediate products with many dependent final products. The trade-off
regarding server allocation is similar for intermediate and final products.
The assumptions used for Chapter 3 (see Section 3.2.) are partly relaxed, partly extended,
and partly unchanged for the problem in this chapter, but no assumptions are removed or added.
Assumptions 3.1, 3.2, 3.7, 3.8, and 3.9 are unchanged, assumptions 3.3, 3.4, 3.5, 3.6, 3.11, and
3.12 are extended for intermediate products, and Assumption 3.10 is relaxed for intermediate
products. The updated versions of assumptions 3.3, 3.4, 3.5, and 3.11 do not require additional
motivation to that provided in Section 3.2.. The updated versions of assumptions 3.6, 3.10, and
3.12 with some additional motivation are provided in an overview below. For ease of
understanding, the numbering from Section 3.2. is maintained.
B.6.

Final product orders, intermediate product orders, and production orders arrive according
to Poisson distributions. For ease of understanding, customer orders are in this chapter
referred to as final product orders to avoid confusion with intermediate product orders.
The arrival rate of intermediate product orders is the sum of the arrival rates of production
orders for dependent final products. Given that the arrival rate of production orders is
assumed to be a Poisson random variable, the arrival rate of intermediate product orders
is the sum of one or multiple Poisson random variables. Also given that these Poisson
random variables are mutually independent, the sum of them is a Poisson random
variable (Lehmann, 1986).

B.10. Raw material inventories are assumed to be ample and unaffected by the decisions of
the model. This assumption is relaxed for intermediate products, because the inventories
of intermediate products are optimized in the model.
B.12. The expected inventory onhand is equal to the expected inventory position for
intermediate and final products. Demand for intermediate products is not fulfilled
immediately but after a certain amount of time, which is similar for final products. What
is different for intermediate products, however, is that demand is fulfilled whenever a
production order for a dependent final product is ready to be produced. Recall from
Chapter 3 that this assumption is appropriate if the difference between the replenishment
leadtime and the delay in fulfilling of demand is small. The difference is approximately
equal to two units of time if there is little variance between the waiting times of the
production orders for an intermediate and a dependent final product. The variance of the
waiting time in queue is limited by the Queue Size Constraint (see Section 3.4.3.) that is
included in Chapter 3 and will also be included for the problem in this chapter. The two
units of time difference represent the service times of production and filling up of the
intermediate product. A difference of two units of time is not significant enough for this
assumption to become inappropriate because of it. Hence, the logic that was used to
validate this assumption for final products is also valid for intermediate products.
Assumptions 3.6, 3.10, and 3.12 are substituted with B.6, B.10, and B.12, respectively.
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The mathematical model
In this section we formulate the problem mathematically. For ease of exposition, only the new
definitions that are significantly different from those used in Chapter 3 are described in detail.
The objective function (3.1) is extended to
𝐶 = ∑ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑖 + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑖 + ∑ 𝐼𝑛𝑣𝐶𝑜𝑠𝑡𝑠𝑒 + 𝑃𝑟𝑜𝑑𝐶𝑜𝑠𝑡𝑠𝑒 .
𝑖

(𝐵. 1)

𝑒

Equations (3.2) – (3.15) are unchanged. In addition, (3.2) – (3.4), (3.6), (3.8), and (3.11) – (3.13)
are changed by substitution of index 𝑖 with 𝑒.
The arrival rate of production orders for intermediate product 𝑒 is defined by
𝜆𝑝𝑜𝑒 = 𝜆𝑝𝑜𝑒𝑀𝑇𝑆 ∙ 𝑧𝑒 + 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 ∙ (1 − 𝑧𝑒 ),

∀𝑒,

(𝐵. 2)

where 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 is a variable denoting the arrival rate of production orders for intermediate product
𝑒 if it is assigned to MTO.
The arrival rate of replenishment orders for intermediate product 𝑒 is defined by

𝜆𝑟𝑜𝑒 =

∑𝑖∈𝐼𝑒 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑒𝑖
𝑞𝑒

,

(𝐵. 3)

∀𝑒,

where 𝐼𝑒 denotes the set of dependent final products of intermediate product 𝑒 and 𝜛𝑒𝑖 is an
input parameter denoting the fraction of intermediate product 𝑒 used in final product 𝑖.
The arrival rate of production orders for intermediate product 𝑒 if it is MTO is given by
𝑞𝑖 𝜛𝑒𝑖
𝜆𝑝𝑜𝑒𝑀𝑇𝑂 = ∑ 𝜆𝑝𝑜𝑖 ∙ ⌈
⌉,
𝛾𝑖 ∑𝑗 𝑚𝑎𝑥𝐵𝑆𝑗 𝑦𝑖𝑗

∀𝑒.

(𝐵. 4)

𝑖∈𝐼𝑒

Full model
Min
∑ (ℎ𝑖 ∙ (𝑟𝑖 +
𝑖

𝑞𝑖
𝑞𝑒
) ∙ 𝑧𝑖 + 𝑝𝑖 𝜆𝑝𝑜𝑖 ) + ∑ (ℎ𝑒 ∙ (𝑟𝑒 + ) ∙ 𝑧𝑒 + 𝑝𝑒 𝜆𝑝𝑜𝑒 ),
2
2
𝑒

s.t.
(3.2) – (3.15),
(3.2) - (3.4), (3.6), (3.8), and (3.11) – (3.13) indexed by 𝑒,
(B.2) – (B.4),
𝑦𝑖𝑗 ∈ {0,1},
∀𝑖, ∀𝑗,
𝑧𝑖 ∈ {0,1},
∀𝑖,
𝑞𝑖 ∈ [0, ∞),
∀𝑖,
𝑦𝑒𝑗 ∈ {0,1},
∀𝑒, ∀𝑗,
𝑧𝑒 ∈ {0,1},
∀𝑒,
𝑞𝑒 ∈ [0, ∞),
∀𝑒,
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(MB.1)

Solution method
Model (MB.1) also is a MINLP problem. Hence, a similar solution method is proposed in this
section as in Chapter 3. In the rest of this section, we first provide a solution method for
calculating 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 . Then, in order to enhance understandability, we walk through the solution
method proposed in Section 3.4. step-by-step and describe for each step how it is implemented
for the problem in this chapter.
The definition of 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 given by (B.4) includes a rounding function, which is a nonlinear
function. Rounding is needed to incorporate the possibility of batch splitting (see Section 3.1. for
more details). However, we expect that the amount of batch splitting needed for MTO
intermediate products is limited for two main reasons. Firstly, it is expected that most
intermediate products will be assigned to MTS, as was already argued. Secondly, the probability
of batch splitting is small for MTO intermediate products in general. The MTO policy states that
a production order is released for every new order. Hence, batch splitting is needed if the size
of an intermediate product order exceeds the maximum batch size allowed on the allocated
server. This is unlikely for the following reason. A final product typically has multiple different
input materials; therefore, the amount of a single intermediate product used in the production of
a final product is usually only a small fraction. Assuming this, then the difference between the
production order size of a dependent final product has to vastly exceed the maximum batch size
of the allocated server of an intermediate product in order for batch splitting to be needed. It is
generally not efficient in terms of production cost to produce on servers with a small maximum
batch size, hence there is no obvious benefit in terms of cost to allocating all intermediate
products to servers with a small batch sizes. For these reasons we ignore the possibility of batch
splitting for MTO intermediate products by approximating 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 with
𝜆𝑝𝑜𝑒𝑀𝑇𝑂 ≈ ∑ 𝜆𝑝𝑜𝑖 ,

∀𝑒.

(𝐵. 5)

𝑖∈𝐼𝑒

We substitute Equation (B.4) with (B.5) in order to linearize (MB.2).
Next, the approximation of the maximum reorder quantity for final products in Section 3.4.1.
can be applied for intermediate and final products for the problem in this chapter. The validity of
this approximation for Chapter 3 is based on proposition 3.4.1.1. This proposition is true for
intermediate and final products for the problem in this chapter following the same logic.
Therefore, equations (3.16) and (3.17) are added to the model: once unchanged and once by
substitution of index 𝑖 with 𝑒. Moreover, both versions of Equation (3.6), with index 𝑖 and 𝑒, are
removed from the model.
In this section we describe how the service level definition from Section 3.4.2. needs to be
extended for the problem in this chapter. First, we discuss how availability of input material
affects service level. Service level is dependent on the availability of input materials, since a
production order can only be produced when all required input materials are available. If some
input materials for a production order are not available when it is ready for production, then the
production order is delayed until all input materials are available. Fortunately input materials do
not need to be available immediately upon arrival of demand but instead after some time period.
Moreover, demand for input material occurs when a production order for a dependent final
product is released. Hence, input materials can still be procured or produced during the waiting
time in queue of the dependent production order. Besides, it is assumed for the problem in this
chapter that only raw materials are ample; therefore, delay of production can only be the result
of intermediate products being unavailable.
To extend the service level definition from Section 3.4.2. we need to incorporate the
availability of intermediate products. First recall that a backorder cannot be fulfilled immediately
from stock and a true backorder cannot be fulfilled on time. For the problem in this chapter, a
final product backorder is a true backorder if at least one out of two conditions are met. First
condition: Upon arrival of a final product backorder, there are too many production orders in the
queue ahead of the assigned final product production order. Any number in excess of the
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maximum residual queue size for final products, defined by 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 = 𝑚𝑎𝑥𝐶𝑇 − 2, is
considered too many. Second condition: At least one of the input intermediate products is not
available on time. For this to happen at least one of the input intermediate products has to be
backordered. Moreover, upon arrival of such a backorder, there has to be too many production
orders in the queue ahead of the assigned intermediate product production order. Any number
in excess of the maximum residual queue size for intermediate products, defined by
𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 = 𝑚𝑎𝑥𝐶𝑇 − 4, is considered too many. It can be easily derived that 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 =
𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 − 2, which means that the maximum residual queue size for intermediate products is
smaller than for final products. This is to account for the production and filling up of an
intermediate product before it can be used in the production of a final product.
Next, we describe why and what extensions are needed to the service level definition for MTS
final products (see Equation (3.18)). Incorporating availability of intermediate products increases
the number of true backorders for MTS final products, since the time period of true backorder
arrivals for a final product is on average increased. In Chapter 3, this time period is denoted by
𝑡𝑏𝑡𝑖 and defined by (3.20). For the problem in this chapter this is extended to
𝑡𝑏𝑡𝑖 = 𝑅𝑇𝑆 + max (∑𝑗 𝑄𝑆𝑗 𝑦𝑖𝑗 − 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 , max (((𝑅𝑄𝑆𝑒𝑖 ∙ 𝑧𝑒 ) +
𝑒∈𝐸𝑖

(𝐵. 6)
(∑𝑗 𝑄𝑆𝑗 𝑦𝑒𝑗 ∙ (1 − 𝑧𝑒 ))) − 𝑚𝑎𝑥𝑅𝑄𝑆

𝐼𝑁𝑇

)),

for ∑𝑗 𝑄𝑆𝑗 𝑦𝑖𝑗 ≥ 𝑚𝑎𝑥𝑅𝑄𝑆 𝑝 or (𝑅𝑄𝑆𝑒𝑖 ∙ 𝑧𝑒 + ∑𝑗 𝑄𝑆𝑗 𝑦𝑒𝑗 ∙ (1 − 𝑧𝑒 )) ≥ 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 for any 𝑖. The set
𝐸𝑖 denotes the set of all intermediate products used in final product 𝑖. In addition, 𝑅𝑄𝑆𝑒𝑖 denotes
the residual queue size of a backorder for 𝑒 used in 𝑖. For clarification, the residual queue size
of a backorder is the number of production orders in the queue ahead of its assigned production
order upon its own arrival. Next, Equation (B.6) is described in words. The length of 𝑡𝑏𝑡𝑖 is
defined by the residual service time plus the residual queue size in excess of 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 of a
backorder for final product 𝑖, if it is not delayed because of any unavailable input intermediate
products. Recall that the residual service time is always Uniform from zero to one. However, if it
is delayed, then the length of 𝑡𝑏𝑡𝑖 is defined by the residual service time plus the maximum
residual queue size in excess of 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 out of all input intermediate product backorders.
Recall that for MTO production the residual queue size of a backorder is equal to the queue size
of a production order, because a production order is released every time a new order arrives.
Accordingly, we also extend Equation (3.20) to express the PMF of the number of customer
𝑡𝑏𝑡𝑖

order arrivals during time 𝑡𝑏𝑡𝑖 , denoted by 𝐶𝑂𝑖

𝑡𝑏𝑡𝑖

𝑃[𝐶𝑂𝑖

:

= 𝑘] = ∑𝑡𝑈𝐵+1
𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘] ∙ ((∑𝑗 𝑃[𝑄𝑆𝑗 = 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 ] ∙
𝑡=0

𝑦𝑖𝑗 ∙ ∏𝑒∈𝐸𝑖 (𝑃[𝑅𝑄𝑆𝑒𝑖 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙ 𝑧𝑒 + ∑𝑗 𝑃[𝑄𝑆𝑗 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙
𝑦𝑒𝑗 ∙ (1 − 𝑧𝑒 ))) + (∑𝑗 𝑃[𝑄𝑆𝑗 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 ] ∙ 𝑦𝑖𝑗 ∙ ∑𝑒∈𝐸𝑖 ((𝑃[𝑅𝑄𝑆𝑒𝑖 = 𝑡 +
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(𝐵. 7)

𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙ 𝑧𝑒 + ∑𝑗 𝑃[𝑄𝑆𝑗 = 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙ 𝑦𝑒𝑗 ∙ (1 − 𝑧𝑒 )) ∙
(∏𝑑∈𝐸𝑖∖𝑒 𝑃[𝑅𝑄𝑆𝑑𝑖 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙ 𝑧𝑑 + ∑𝑗 𝑃[𝑄𝑆𝑗 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙
𝑦𝑑𝑗 ∙ (1 − 𝑧𝑑 ))))), ∀𝑖.

To calculate 𝑃[𝐶𝑂𝑖𝑡+𝑅𝑇𝑆 = 𝑘], 𝑃[𝑄𝑆𝑗 = 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 ], and 𝑃[𝑄𝑆𝑗 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 ] we use (3.22),
𝑡𝑏𝑡𝑖

(3.24), and (3.36), respectively. So, in order to calculate 𝑃[𝐶𝑂𝑖

= 𝑘] with (B.7) we still need

expressions for 𝑃[𝑅𝑄𝑆𝑒𝑖 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] and 𝑃[𝑅𝑄𝑆𝑒𝑖 = 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ]. We can write them
both as functions of 𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] by
𝑃[𝑅𝑄𝑆𝑒𝑖 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] = 1 − 𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ],
∀𝑒, ∀𝑖 ∈ 𝐼𝑒 ,

(𝐵. 8)

and
𝑃[𝑅𝑄𝑆𝑒𝑖 = 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ]
= 𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] − 𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 1 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ], ∀𝑒, ∀𝑖

(𝐵. 9)

∈ 𝐼𝑒 .
Then, 𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] can be expressed as
𝑃[𝑅𝑄𝑆𝑒𝑖 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ]
= 𝑃[𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 < 𝑅𝑄𝑆𝑒𝑖 < 𝑡𝑟𝑡𝑒 + 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ],

∀𝑒, ∀𝑖 ∈ 𝐼𝑒 ,

(𝐵. 10)

where 𝑡𝑟𝑡𝑒 denotes the time period during which backorders for 𝑒 used in 𝑖 arrive with 𝑅𝑄𝑆𝑒𝑖 >
𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 . This can be further defined in a similar way to (3.19) by
𝑃[𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 < 𝑅𝑄𝑆𝑒𝑖 < 𝑡𝑟𝑡𝑒 + 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ]
𝑘𝑈𝐵+1
𝑡𝑟𝑡𝑒

= ∑ 𝑃[𝐶𝑂𝑒

𝑘𝑟
= 𝑘𝑟] ∙ 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
],

∀𝑒, ∀𝑖 ∈ 𝐼𝑒 ,

(𝐵. 11)

𝑘𝑟=0

𝑡𝑟𝑡𝑒

where 𝑃[𝐶𝑂𝑒

= 𝑘𝑟] denotes the probability that 𝑘𝑟 orders for 𝑒 arrive with 𝑅𝑄𝑆𝑒 > 𝑡 +

𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 during time 𝑡𝑟𝑡𝑒 . This time period is defined by 𝑡𝑟𝑡𝑒 = 𝑅𝑇𝑆 + ∑𝑗 𝑄𝑆𝑗 𝑦𝑒𝑗 − (𝑡 +
𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ) for ∑𝑗 𝑄𝑆𝑗 𝑦𝑒𝑗 ≥ (𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ), which is very similar to that of 𝑡𝑏𝑡𝑖 in (3.20).
𝑡𝑟𝑡𝑒

Hence, 𝑃[𝐶𝑂𝑒

= 𝑘𝑟] can be defined in similar way to (3.21) by
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𝑡𝑟𝑡𝑒

𝑃[𝐶𝑂𝑒

= 𝑘𝑟]

𝑡𝑈𝐵+1−𝑡

=

∑

𝑃[𝐶𝑂𝑒𝑡𝑟+𝑅𝑇𝑆 = 𝑘𝑟] ∙ ∑ 𝑃[𝑄𝑆𝑗 = 𝑡𝑟 + 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ]𝑦𝑒𝑗 ,

𝑡𝑟=0

𝑗

(𝐵. 12)

∀𝑒, ∀𝑖 ∈ 𝐼𝑒 .
Note that 𝑡𝑈𝐵 + 1 − 𝑡 is used as upperbound of 𝑡𝑟. A procedure to determine an appropriate
value of 𝑡𝑈𝐵 will be provide later on. Furthermore, 𝑃[𝐶𝑂𝑒𝑡𝑟+𝑅𝑇𝑆 = 𝑘𝑟] is calculated using (3.22)
by substitution of 𝜆𝑐𝑜𝑖 and 𝑡 with ∑𝑖∈𝐼𝑒 𝜆𝑝𝑜𝑖 and 𝑡𝑟, respectively.
𝑘𝑟
𝑁𝑁𝐹𝑆𝑒𝑖
in (B.11) denotes the number of orders for 𝑒 used in 𝑖 that cannot be fulfilled

immediately from stock out of 𝑘𝑟 orders for 𝑒 arrive with 𝑅𝑄𝑆𝑒 > 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 . To calculate
𝑘𝑟
𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
] we developed a solution method that is based on a finite scenario approach.

Basically, we want to consider all possible scenarios of 𝑘𝑟 orders. Then, we want to determine
per scenario which orders can be fulfilled immediately from stock and which ones are
backordered. A finite scenario approach is appropriate for this, because the sizes of an
intermediate product order can be approximated with a finite number of values. The size of an
intermediate product order used in an MTS final product is deterministic and is equal to a fraction
of the reorder quantity given by 𝑞𝑖 𝜛𝑒𝑖 . The order size of an intermediate product for an MTO final
product is stochastic and is equal to a fraction of the customer order size given by 𝑂𝑆𝑖1 𝜛𝑒𝑖 . We
approximate the order size for an dependent MTO final product with its mean given by 𝜇𝑖 𝜛𝑒𝑖 ,
since it is expected that most intermediate products will be assigned to MTS.
𝑘𝑟
So, in order to calculate 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
], we first need to determine all possible scenarios. A

scenario is represented by a permutation with repetition. Permutations with repetition are
sequences formed by a subset of 𝑠 elements from a set of 𝑛 elements, such that the order of the
elements is relevant and elements are repeated. For this problem, 𝑛 represents the number of
different intermediate product order sizes and 𝑠 represents the number of intermediate product
order arrivals during 𝑡𝑟𝑡𝑒 plus one. So, 𝑠 is defined by 𝑠 = 𝑘𝑟 + 1. The additional order represents
the first order of a scenario that initiates the release of a production order. This first order is also
included because it is needed to determine the inventory right after the release of a production
order and it can already be a backorder. The total number of permutations with repetition is given
by 𝑛 𝑠 . For example, an intermediate product is used in the production of three final products D,
E, and F, and there is exactly one intermediate product order arrival during 𝑡𝑟𝑡𝑒 (𝑠 = 2). Then
the set of all possible scenarios is given by 𝑈𝑠𝑛 = {DD, DE, DF, ED, EE, EF, FD, FE, FF}, where each
letter represents an intermediate product order for that final product.
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We developed a recursive algorithm to generate all permutations with repetition. In this
algorithm, first we establish for an intermediate product 𝑒 the set of final products in which it is
𝑛

used, denoted by 𝐼𝑒 . Then, for a set of scenarios 𝑈𝑠 𝑒 with 𝑛𝑒 = |𝐼𝑒 | and all 𝑠 ∈ {1 … 𝑘𝑈𝐵 + 1} we
generate matrices with 𝑛𝑒 𝑠 rows each of which representing a permutation and 𝑠 columns each
of which representing a permutation index. In addition, 𝑢𝑏𝑎 denotes the 𝑎th permutation index of
the 𝑏th permutation. Hence, 𝑢𝑏𝑎 is represented by the cell on the 𝑎th column of the 𝑏th row of the
𝑛

matrix for 𝑈𝑠 𝑒 . Then, we fix a final product 𝑖 ∈ 𝐼𝑒 at the first index of a permutation denoted by
𝑢1𝑏 and recursively call for other subsequent indices. When all permutations starting with final
product 𝑖 are generated, then another final product 𝑖 ∈ 𝐼𝑒 is fixed at the first index. This is
repeated until the last final product of set 𝐼𝑒 . The algorithm is described for intermediate product
𝑒 in more detail in Algorithm 1.
𝒏

Determining a set of scenarios 𝑼𝒔 𝒆 with 𝒏𝒆 = |𝑰𝒆 | and all 𝒔 ∈ {𝟏 … 𝒌𝑼𝑩 + 𝟏}
Step 1.
Step 2.

Set 𝑘 = 0 and 𝑠 = 𝑘 + 1;
𝑛
Generate a matrix for 𝑈𝑠 𝑒 with 𝑛𝑒 𝑠 rows and 𝑠 columns. Moreover, let 𝑢𝑏𝑎
𝑛

denote a cell on the 𝑎th row of the 𝑏th column of the matrix for 𝑈𝑠 𝑒 ;
Step 3.

Set 𝑏 = 1 and 𝑎 = 1, and create a set 𝐻 𝑎 = 𝐼𝑒 , where 𝐻 𝑎 is a set of final

products used for the 𝑎th permutation index;
Step 4.

Check
If 𝑎 = 1: Check
If 𝐻 𝑎 = {}: Check
If 𝑠 = 𝑘𝑈𝐵 + 1:
Terminate procedure;
Else:
Set 𝑘𝑟 = 𝑘𝑟 + 1 and 𝑠 = 𝑘𝑟 + 1 and then return to
Step 2;
Else:
𝑎
𝑎
𝑎
Set {𝑢𝑏𝑎 … 𝑢𝑏+𝑛
𝑠−𝑎 } = 𝑖 ∈ 𝐻 and remove 𝑖 from 𝐻 , then set

𝑎 = 𝑎 + 1 and create a set 𝐻 𝑎 = 𝐼𝑒 , and finally repeat Step 4;
If 1 < 𝑎 < 𝑠: Check
If 𝐻 𝑎 = {}:
Set 𝑎 = 𝑎 − 1 and 𝑏 = 𝑏 + 1, then repeat Step 4;
Else:
𝑎
𝑎
𝑎
Set {𝑢𝑏𝑎 … 𝑢𝑏+𝑛
𝑠−𝑎 } = 𝑖 ∈ 𝐻 and remove 𝑖 from 𝐻 , then set

𝑎 = 𝑎 + 1 and create a set 𝐻 𝑎 = 𝐼𝑒 , and finally repeat Step 4;
If 𝑎 = 𝑠: Check
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If 𝐻 𝑎 = {}:
Set 𝑎 = 𝑎 − 1 and 𝑏 = 𝑏 + 1, then repeat Step 4;
Else:
𝑎
𝑎
𝑎
Set {𝑢𝑏𝑎 … 𝑢𝑏+𝑛
𝑠−𝑎 } = 𝑖 ∈ 𝐻 and remove 𝑖 from 𝐻 , then set

𝑏 = 𝑏 + 1 and finally repeat Step 4;
Algorithm 1. Pseudocode for determining a set of order scenarios for an intermediate product.
𝑘𝑟
Then, to calculate Equation (B.11), we express 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
] by

𝑢

𝑘𝑟
𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
] = ∑ 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖𝑏 ] ∙ 𝑃[𝑢𝑏 ] ,

∀𝑘𝑟 ∈ ℕ≥0 , ∀𝑒, ∀𝑖,

𝑛
𝑢𝑏 ∈𝑈𝑠 𝑒

(𝐵. 13)

𝑢

where 𝑁𝑁𝐹𝑆𝑒𝑖𝑏 denotes the number of orders for 𝑒 used in 𝑖 that cannot be fulfilled immediately
from stock if scenario 𝑢𝑏 happens. The probability that scenario 𝑢𝑏 happens is given by
𝑠
𝑛

∀𝑢𝑏 ∈ 𝑈𝑠 𝑒 , ∀𝑒.

𝑃[𝑢𝑏 ] = 𝑃 [𝐼𝑃𝑒 − 𝑟𝑒 ≤ 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ] ∙ ∏ 𝜆𝑝𝑜𝑢𝑏𝑎 ,
𝑏

𝑏

(𝐵. 14)

𝑎=1

∏𝑠𝑎=1 𝜆𝑝𝑜𝑢𝑎 denotes the probability that all orders in scenario 𝑢𝑏 occur in the given order.
𝑏
Furthermore, 𝑃 [𝐼𝑃𝑒 − 𝑟𝑒 ≤ 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ] represents the probability that the first order in scenario
𝑏

𝑏

𝑢𝑏 leads to the inventory position dropping below the reorder level and hence initiating the
release of a production order. It is also important to note that, for example, 𝑢1𝑏 and 𝑢𝑏2 can
represent different orders used in the same final product, because a scenario can contain
multiple orders of the same final product. Given that the inventory position for intermediate
product 𝑒 is Uniform denoted by 𝐼𝑃𝑒 ~𝑈𝑁𝐼𝐹[𝑟𝑒 , 𝑟𝑒 + 𝑞𝑒 ] (see Assumption 3.11) , we can express
𝑃 [𝐼𝑃𝑒 − 𝑟𝑒 ≤ 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ] by
𝑏

𝑏

𝑃 [𝐼𝑃𝑒 − 𝑟𝑒 ≤ 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ]
𝑏

𝑏

𝑞𝑢1 ∙ 𝜛𝑒𝑢1
𝑏

={
1,

𝑏

𝑞𝑒

,

if 𝑞𝑒 > 𝑞𝑢1 ∙ 𝜛𝑒𝑢1
𝑏

𝑏

if 𝑞𝑒 < 𝑞𝑢1 ∙ 𝜛𝑒𝑢1
𝑏

,

𝑛

∀𝑢𝑏 ∈ 𝑈𝑠 𝑒 , ∀𝑒 .

(𝐵. 15)

𝑏

𝑢

𝑘𝑟
Then, in order to calculate 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖
] with (B.13) we still need a definition of 𝐸[𝑁𝑁𝐹𝑆𝑒𝑖𝑏 ], which

is given by
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𝑠
𝑢
𝐸[𝑁𝑁𝐹𝑆𝑒𝑖𝑏 ]

= ∑ 𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ] ∙ 𝜃𝑖𝑢𝑏𝑎 ,

𝑛

∀𝑢𝑏 ∈ 𝑈𝑠 𝑒 , ∀𝑒, ∀𝑖 ∈ 𝐼𝑒 ,

(𝐵. 16)

𝑎=1

where 𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ] denotes the probability that the 𝑎th order in scenario 𝑢𝑏 for intermediate
product 𝑒 cannot be fulfilled immediately from stock. In addition, 𝜃𝑖𝑢𝑏𝑎 is a binary variable with
𝜃𝑖𝑢𝑏𝑎 = 1(0) if the 𝑎th order in scenario 𝑢𝑏 corresponds (not) with final product index 𝑖.
Furthermore, it is given that the first order of each scenario leads to the release of a production
𝑢0

order, hence let 𝐼𝑃𝑒 𝑏 ~𝑈𝑁𝐼𝐹[𝑟𝑒 , 𝑟𝑒 + 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ] denote the inventory position for intermediate
𝑏

𝑏

product 𝑒 at the beginning of scenario 𝑢𝑏 . Then, 𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ] can be expressed by

𝑃 [𝑁𝐹𝑆𝑒𝑢𝑏𝑎 ]
𝑎

0,

if 𝑟𝑒 > ∑ 𝑞𝑢𝑏𝑣 ∙ 𝜛𝑒𝑢𝑏𝑣

∑𝑎𝑣=1 𝑞𝑢𝑏𝑣 ∙ 𝜛𝑒𝑢𝑏𝑣 − 𝑟𝑒

=

𝑞𝑢1 ∙ 𝜛𝑒𝑢1
𝑏

𝑣=1
𝑎

,

if 𝑟𝑒 < ∑ 𝑞𝑢𝑏𝑣 ∙ 𝜛𝑒𝑢𝑏𝑣 < 𝑟𝑒 + 𝑞𝑢1 ∙ 𝜛𝑒𝑢1 ,
𝑏

(𝐵. 17)

𝑏

𝑣=1
𝑎

𝑏

1,

if ∑ 𝑞𝑢𝑏𝑣 ∙ 𝜛𝑒𝑢𝑏𝑣 > 𝑟𝑒 + 𝑞𝑢1 ∙ 𝜛𝑒𝑢1
𝑏

{

𝑏

𝑣=1

𝑛

for all 𝑢𝑏 ∈ 𝑈𝑠 𝑒 , all 𝑒, and all 𝑎 ∈ {1,2, … , 𝑠}.
𝑡𝑏𝑡𝑖

Finally, in order to calculate 𝑃[𝐶𝑂𝑖

= 𝑘] in (B.7) we still need to define upperbounds 𝑘𝑈𝐵

and 𝑡𝑈𝐵. In Chapter 3 upperbounds 𝑡𝑈𝐵𝑗 and 𝑘𝑈𝐵𝑖 are used, which are determined using the
pseudocodes from algorithms 4 and 5, respectively. For the problem in this chapter, these
upperbounds are too specific. Instead 𝑘𝑈𝐵 and 𝑡𝑈𝐵 are used as upperbounds for 𝑘 and 𝑡 in
(3.19) and (B.7), respectively. So, the upperbounds used in this chapter are not specific to a
product or server. Moreover, 𝑘𝑈𝐵 is also used as upperbound for 𝑘𝑟 in (B.11) and 𝑡𝑈𝐵 − 𝑡 is
used as upperbound for 𝑡𝑟 in (B.12). We determine 𝑡𝑈𝐵 through a procedure similar to Algorithm
Algorithm 4, where 𝑄𝑆𝑗 is substituted with 𝑄𝑆 𝑈𝐵 . We calculate 𝑄𝑆 𝑈𝐵 by substitution of 𝜌𝑗 with
𝜌𝑈𝐵 in (3.23). Furthermore, we determine 𝑘𝑈𝐵 through a procedure similar to Algorithm 5. First,
we determine 𝑘𝑈𝐵𝑖 for all 𝑖 using the pseudocode from Algorithm 5, then we determine 𝑘𝑈𝐵𝑒 for
all 𝑒 also using Algorithm 5 by substitution of 𝑖 with 𝑒. Finally, 𝑘𝑈𝐵 is determined with 𝑘𝑈𝐵 =
max{𝑘𝑈𝐵𝑖 , 𝑘𝑈𝐵𝑒 }.
∀𝑖,∀𝑒
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𝑡𝑏𝑡𝑖

Now we have shown how 𝑃[𝐶𝑂𝑖

= 𝑘] can be calculated with (B.7) using (B.8) – (B.17) .

Furthermore, the service level per product for MTO final products given by (3.36) in Chapter 3
is extended for the problem in this chapter and is given by

𝑃𝑆𝑖𝑀𝑇𝑂 = ∑ 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑅𝑄𝑆] ∙ 𝑦𝑖𝑗
𝑗

∙ (∏ 𝑃[𝑅𝑄𝑆𝑒𝑖 ≤ 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] ∙ 𝑧𝑒

(𝐵. 18)

𝑒∈𝐸𝑖

+ ∑ 𝑃[𝑄𝑆𝑗 ≤ 𝑚𝑎𝑥𝑅𝑄𝑆] ∙ 𝑦𝑒𝑗 ∙ (1 − 𝑧𝑒 )) ,

∀𝑖.

𝑗

To calculate 𝑃[𝑄𝑆𝑗 ≤ 𝑡 + 𝑚𝑎𝑥𝑅𝑄𝑆 𝑃 ] and 𝑃[𝑅𝑄𝑆𝑒𝑖 ≤ 𝑚𝑎𝑥𝑅𝑄𝑆 𝐼𝑁𝑇 ] we use (3.36) and (B.8),
respectively. In addition, 𝜌𝑗 used to calculate 𝑃[𝑄𝑆𝑗 ≤ 𝑥] and 𝑃[𝑄𝑆𝑗 = 𝑥] in (3.36) and (3.24),
respectively, is given by

𝜌𝑗 = ∑ 𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 + ∑ 𝜆𝑝𝑜𝑒 ∙ 𝑦𝑒𝑗 , ∀𝑗.
𝑖

(𝐵. 19)

𝑒

In conclusion, the service level given by (3.15) can be extended for the problem in this chapter
by replacing (3.21) with (B.7) – (B.17), (3.36) with (B.18), and finally (3.25) with (B.19).
Then, we consider the Queue Size Constraint. This constraint is included in Chapter 3 to
prevent too long queues at the servers and thereby maintain a stable system, which is necessary
because the Service Level Constraint is decoupled from the model. This reasoning is also valid
for the problem in this chapter. Therefore, the Queue Size Constraint given by (3.46) is added
to the model. Also here 𝜌𝑗 is calculated with (B.19) instead of (3.25).
Furthermore, the linearization of the total arrival rate of production orders for final products is
adopted from Chapter 3 (see Section 3.4.4.). So, constraints (3.42) - (3.48) are added to the
model. Furthermore, for intermediate products the linearization is slightly different. The
expression for 𝜆𝑝𝑜𝑒 given by (B.2) is rewritten as
𝜆𝑝𝑜𝑒 = ⏟
𝜆𝑝𝑜𝑒𝑀𝑇𝑆 𝑧𝑒 + 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 − ⏟
𝜆𝑝𝑜𝑒𝑀𝑇𝑂 𝑧𝑒 ,
𝑢𝑒

𝑑𝑒

∀𝑒.

(𝐵. 20)

𝑢𝑒 = 𝜆𝑝𝑜𝑒𝑀𝑇𝑆 𝑧𝑒 is simply linearized with constraints (3.42) - (3.45) by substitution of 𝑖 with 𝑒. In
addition, 𝑑𝑒 = 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 𝑧𝑒 is linearized according to the same logic by with constraints (3.42) (3.45) by substitution of 𝑢𝑖 , 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 , and 𝑖 with 𝑑𝑒 , 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 , and 𝑒, respectively.
Furthermore, in order to linearize the expected inventory position of intermediate products we
add (3.51) – (3.55), once unchanged and once by substitution of index 𝑖 with 𝑒.
The linearization of the utilization of a server is also slightly different. The utilization of a
server, given by (B.19), is rewritten as
𝜌𝑗 = ∑ ⏟
𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 + ∑ ⏟
𝜆𝑝𝑜𝑒 ∙ 𝑦𝑒𝑗 , ∀𝑗.
𝑖

𝑏𝑖𝑗

𝑒
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𝑙𝑒𝑗

(𝐵. 21)

𝑏𝑖𝑗 = 𝜆𝑝𝑜𝑖 ∙ 𝑦𝑖𝑗 is linearized by adding constraints (3.57) - (3.60). 𝑙𝑒𝑗 = 𝜆𝑝𝑜𝑒 ∙ 𝑦𝑖𝑗 is linearized with
constraints (3.57) - (3.60) by substitution of 𝑏𝑖𝑗 and 𝑖 with 𝑙𝑒𝑗 and 𝑒, respectively. Finally, 𝜌𝑗 in
the Queue Size Constraint (3.40) is calculated with (B.21) and 𝜌𝑗 in (B.6) and (B.18) of the
Service Level Constraint is calculated with (B.19), because the Service Level Constraint is
decoupled from the model.
The McCormick approximation of 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 ∙ 𝑞𝑖 = 𝜆𝑐𝑜𝑖 𝜇𝑖 (see Section 3.4.6.) is applied also for
𝜆𝑝𝑜𝑒𝑀𝑇𝑆 ∙ 𝑞𝑒 = ∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒 in this chapter. So, the constraints (3.62) - (3.65) are added to the
model, once unchanged and once by substitution of 𝜆𝑐𝑜𝑖 𝜇𝑖 and 𝑖 with ∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒 and 𝑒,
respectively.
The complete MILP formulation of the model is provided in (MB.2).
Min
∑ (ℎ𝑖 ∙ (𝑟𝑖 ∙ 𝑧𝑖 +
𝑖

𝑎𝑖
𝑎𝑒
) + 𝑝𝑖 𝜆𝑝𝑜𝑖 ) + ∑ (ℎ𝑒 ∙ (𝑟𝑒 ∙ 𝑧𝑒 + ) + 𝑝𝑒 𝜆𝑝𝑜𝑒 ),
2
2

(MB.2)

𝑒

s.t.
(3.2), (3.4), (3.8) – (3.13),
(3.16), (3.17),
(3.40),
(3.42) – (3.49),
(3.51) – (3.55),
(3.57) – (3.60),
(3.62) – (3.65),
(3.2), (3.4), (3.11) - (3.13), (3.16) and (3.17), indexed by 𝑒,
(B.3) and (B.5)
(3.42) – (3.48) indexed by 𝑒;
(3.42) – (3.48) by substitution 𝑢𝑖 , 𝜆𝑝𝑜𝑖𝑀𝑇𝑆 , and 𝑖 with 𝑑𝑒 , 𝜆𝑝𝑜𝑒𝑀𝑇𝑂 , and 𝑒, respectively;
(B.20)
(3.51) – (3.55) indexed by 𝑒;
(3.57) – (3.60) by substitution 𝑏𝑖𝑗 and 𝑖 with 𝑙𝑒𝑗 and 𝑒, respectively;
(B.21)
(3.62) – (3.65) by substitution of 𝜆𝑐𝑜𝑖 𝜇𝑖 and 𝑖 with ∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒 and 𝑒, respectively;
𝑦𝑖𝑗 ∈ [0, ∞),
∀𝑖, ∀𝑗
{0,1},
𝑧𝑖 ∈
∀𝑖,
𝑞𝑖 ∈ [0, ∞),
∀𝑖,
𝑦𝑒𝑗 ∈ {0,1},
∀𝑒, ∀𝑗,
𝑧𝑒 ∈ {0,1},
∀𝑒,
𝑞𝑒 ∈ [0, ∞),
∀𝑒,
Next, the logic used to determine appropriate bounds for the McCormick approximation for
products in Chapter 3 (see Section 3.4.7.) is also valid for products and intermediate products
for the problem in this chapter. Therefore, the McCormick bounds for products 𝑞𝐿𝐵𝑖 , 𝑞𝑈𝐵𝑖 ,
𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 , and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 can be determined in the same way as in Section 3.4.7.. Furthermore,
the McCormick bounds for intermediate products denoted by 𝑞𝐿𝐵𝑒 , 𝑞𝑈𝐵𝑒 , 𝜆𝑝𝑜𝐿𝐵𝑒𝑀𝑇𝑆 , and
𝜆𝑝𝑜𝑈𝐵𝑒𝑀𝑇𝑆 are also determined with the pseudocode in Algorithm 2, where 𝜆𝑐𝑜𝑖 𝜇𝑖 and 𝑖 are
replaced with ∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒 and 𝑒, respectively. The extended procedure is given by
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Determining McCormick bounds 𝒒𝑳𝑩𝒊 , 𝒒𝑼𝑩𝒊 , 𝝀𝒑𝒐𝑳𝑩𝑴𝑻𝑺
, and 𝝀𝒑𝒐𝑼𝑩𝑴𝑻𝑺
, and 𝒒𝑳𝑩𝒆 ,
𝒊
𝒊
𝒒𝑼𝑩𝒆 , 𝝀𝒑𝒐𝑳𝑩𝑴𝑻𝑺
, and 𝝀𝒑𝒐𝑼𝑩𝑴𝑻𝑺
𝒆
𝒆
Step 1.
𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝐿𝐵𝑖

2𝑝𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖
,
ℎ𝑖

Set 𝑞𝐿𝐵𝑖 = 𝑞𝑈𝐵𝑖 = 𝑞𝑖∗ = √

2𝑝𝑖 ∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒
,
ℎ𝑖

for all 𝑖, 𝑞𝐿𝐵𝑒 = 𝑞𝑈𝐵𝑒 = 𝑞𝑒∗ = √

𝜆𝑝𝑜𝑈𝐵𝑒𝑀𝑇𝑆 =
Step 2.

𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 =

∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒
𝑞𝐿𝐵𝑒

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑈𝐵𝑖

and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 =

𝜆𝑝𝑜𝐿𝐵𝑒𝑀𝑇𝑆 =

∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒
𝑞𝑈𝐵𝑒

for all 𝑒, and finally 𝜓 = 0.1;

Set 𝑞𝐿𝐵𝑖 = 𝑞𝐿𝐵𝑖 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑖 = 𝑞𝑈𝐵𝑖 ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 =
𝜆𝑐𝑜𝑖 𝜇𝑖
for all 𝑖, and 𝑞𝐿𝐵𝑒
𝑞𝐿𝐵𝑖
∑ 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒
𝜆𝑝𝑜𝐿𝐵𝑒𝑀𝑇𝑆 = 𝑖 𝑞𝑈𝐵
, and
𝑒

𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 =

= 𝑞𝐿𝐵𝑒 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑒 = 𝑞𝑈𝐵𝑒 ∙

(1 + 𝜓),

𝜆𝑝𝑜𝑈𝐵𝑒𝑀𝑇𝑆 =

Step 3.
Step 4.

Step 5.
Step 6.

, and

∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑒
𝑞𝐿𝐵𝑒

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑈𝐵𝑖

and

for all 𝑒;

Solve (MB.2);
Check
If solution is feasible:
Continue to Step 5;
Else:
Return to Step 2;
Create set 𝐵 = {}
∑ 𝜆𝑐𝑜 𝜇 𝜛
𝜆𝑐𝑜 𝜇
Determine 𝜂𝑖 = |𝜆𝑝𝑜𝑖𝑀𝑇𝑆 − 𝑖 𝑖|, ∀𝑖 ∉ 𝐵 and 𝜂𝑒 = |𝜆𝑝𝑜𝑒𝑀𝑇𝑆 − 𝑖 𝑖 𝑖 𝑖𝑒 |,
𝑞𝑖

𝑞𝑒

∀𝑒 ∉ 𝐵;
Step 7.
Determine 𝑎 = arg max { 𝜂𝑖 , 𝜂𝑒 : ∀𝑖 ∉ 𝐵, ∀𝑒 ∉ 𝐵};
Step 8.
Check
If ∃𝑖 = 𝑎: Check
If 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓) and 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓):
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =
𝜆𝑐𝑜𝑎 𝜇𝑎
𝜆𝑐𝑜𝑎 𝜇𝑎
, and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 = 𝑞𝐿𝐵
, add 𝑎 to a set 𝐵, and check
𝑞𝑈𝐵
𝑎

𝑎

If ∃𝑒 ∉ 𝐵 ⋁ ∃𝑖 ∉ 𝐵:
Return to Step 6;
Else:
Terminate the procedure;
Else:
𝑞𝐿𝐵

𝑞𝑈𝐵

𝑎
𝑎
Set 𝑞𝐿𝐵𝑎 = (1−𝜓)
, 𝑞𝑈𝐵𝑎 = (1+𝜓)
, 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =

𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 =

𝜆𝑐𝑜𝑎 𝜇𝑎
,
𝑞𝐿𝐵𝑎

𝜆𝑐𝑜𝑎 𝜇𝑎
,
𝑞𝑈𝐵𝑎

and

and then continue to Step 9;

Else: Check
If 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓) and 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓):
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =
∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑎
∑ 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑎
, and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 = 𝑖 𝑞𝐿𝐵
, add 𝑎 to a set 𝐵, and
𝑞𝑈𝐵
𝑎

𝑎

check
If ∃𝑒 ∉ 𝐵 ⋁ ∃𝑖 ∉ 𝐵:
Return to Step 6;
Else:
Terminate the procedure;
Else:
𝑞𝐿𝐵

𝑞𝑈𝐵

𝑎
𝑎
Set 𝑞𝐿𝐵𝑎 = (1−𝜓)
, 𝑞𝑈𝐵𝑎 = (1+𝜓)
, 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =

𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 =
Step 9.
Step 10.

Solve (MB.2);
Check
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∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑎
𝑞𝐿𝐵𝑎

∑𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖 𝜛𝑖𝑎
𝑞𝑈𝐵𝑎

, and

, and then continue to Step 9;

If solution is feasible:
Return to Step 6;
Else: Check
If ∃𝑖 = 𝑎:
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝐿𝐵𝑎 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑈𝐵𝑎 ∙ (1 + 𝜓),
𝜆𝑐𝑜 𝜇
𝜆𝑐𝑜 𝜇
𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 = 𝑎 𝑎, and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 = 𝑎 𝑎 , and then
𝑞𝑈𝐵𝑎

𝑞𝐿𝐵𝑎

terminate the procedure.
Else:
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝐿𝐵𝑎 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑈𝐵𝑎 ∙ (1 + 𝜓),
∑ 𝜆𝑐𝑜 𝜇 𝜛
∑ 𝜆𝑐𝑜 𝜇 𝜛
𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 = 𝑖 𝑖 𝑖 𝑖𝑎 , and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 = 𝑖 𝑖 𝑖 𝑖𝑎, and
𝑞𝑈𝐵𝑎

𝑞𝐿𝐵𝑎

then terminate the procedure.
Algorithm 2. Pseudocode for determining McCormick bounds for intermediate and final products.
Finally, the greedy heuristic for satisfying the service level (see Section 3.4.8.) is extended in a
straight forward way for the problem in this chapter. In each iteration of the heuristic the best
choice out of all intermediate and final products is determined to then incrementally increase the
reorder level of that intermediate or final product by the drum size. The extended heuristic is
given in Algorithm 3.
Optimizing reorder levels of products and intermediate products
Step 1. Solve (MB.2);
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
Step 2. Fix 𝑧𝑖 = 𝑧𝑖 , ∀𝑖, 𝑧𝑒 = 𝑧𝑒 , ∀𝑒, 𝑞𝑖 = 𝑞𝑖 , ∀𝑖, 𝑞𝑒 = 𝑞𝑒 , ∀𝑒, 𝑦𝑖𝑗 = 𝑦𝑖𝑗 , ∀𝑖, ∀𝑗, and
𝑜𝑝𝑡

𝑜𝑝𝑡

𝑜𝑝𝑡

𝑜𝑝𝑡

𝑜𝑝𝑡

𝑜𝑝𝑡

𝑜𝑝𝑡

𝑦𝑒𝑗 = 𝑦𝑒𝑗 , ∀𝑒, ∀𝑗, where 𝑧𝑖 , 𝑧𝑒 , 𝑞𝑖 , 𝑞𝑒 , 𝑦𝑖𝑗 , and 𝑦𝑒𝑗 denote the optimal
solutions of (MB.2);
Step 3. Set 𝐵 = {∀𝑖|𝑧𝑖 = 1}, 𝐷 = {∀𝑒|𝑧𝑒 = 1}, 𝑟𝑖 = 0, ∀𝑖 ∈ 𝐵, and 𝑟𝑒 = 0, ∀𝑒 ∈ 𝐷;
Step 4. Determine Δ𝑃𝑆(𝑟𝑖 ) = 𝑃𝑆(𝑟𝑖 + 𝛾𝑖 ∙ 𝑑𝑠) − 𝑃𝑆(𝑟𝑖 ) ∀𝑖 ∈ 𝐵 and Δ𝑃𝑆(𝑟𝑒 ) =
𝑃𝑆(𝑟𝑒 + 𝛾𝑒 ∙ 𝑑𝑠) − 𝑃𝑆(𝑟𝑒 ), ∀𝑒 ∈ 𝐷;
Step 5. Determine Δ𝐶(𝑟𝑖 ) = ℎ𝑖 ∙ 𝛾𝑖 ∙ 𝑑𝑠, ∀𝑖 ∈ 𝐵 and Δ𝐶(𝑟𝑖 ) = ℎ𝑒 ∙ 𝛾𝑒 ∙ 𝑑𝑠, ∀𝑒 ∈ 𝐷;
Δ𝐶(𝑟 )
Δ𝐶(𝑟 )
Step 6. Determine Γ𝑖 = Δ𝑃𝑆(𝑟𝑖 ) , ∀𝑖 ∈ 𝐵 and Γ𝑒 = Δ𝑃𝑆(𝑟𝑒 ) , ∀𝑒 ∈ 𝐷;
𝑖

𝑒

Step 7. Determine 𝑚: = arg min { Γ𝑖 , Γ𝑒 : ∀𝑖 ∈ 𝐵, ∀𝑒 ∈ 𝐷};
Step 8. Set 𝑟𝑚 = 𝑟𝑚 + 𝛾𝑚 ∙ 𝑑𝑠;
Step 9. Check
If 𝑃𝑆 + Δ𝑃𝑆(𝑟𝑚 ) ≥ 𝑚𝑖𝑛𝑃𝑆:
Calculate C and terminate the procedure;
Else:
Return to Step 4.
Algorithm 3. Pseudocode for optimizing reorder levels of intermediate and final products.
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Conclusion
This model presented in this appendix is used to find optimal MTO and MTS intermediate and
final products, and inventory policies for intermediate and final MTS products, simultaneously.
This model has not been validated and therefore, it is unknown whether the math is correct. The
service level definition from the model of Chapter 3 was extended with a finite scenario approach,
which was used to define the availability of intermediate products. The size of intermediate
product orders was approximated with a finite set of values. We tried to define the probability
that different intermediate product orders arrive in a specific sequence in order to determine the
probability that an intermediate product order is backordered. The expressions developed for
this purpose are possibly incorrect as interdependencies among intermediate product order
arrivals are ignored. More specifically, it is expected that the math in Equation (B.13) is incorrect.
An approach that could work is to make a more general approximation of the size of an arbitrary
intermediate product order, e.g., using a Normal or Gamma distribution. These distributions are
most suitable for large sets of intermediate product order sizes, i.e., intermediate products that
are used in the production of a large number of final products. If such an approximation is
appropriate, the availability of intermediate products can be defined with a similar approach as
was used for final products in the model of Chapter 3.
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Appendix C: Algorithms
In this appendix all algorithms used in Chapter 3 are stored.
Determining upperbound 𝒕𝑼𝑩𝒋
Step 1. Set 𝑈𝐵 = 0 and 𝑚𝑎𝑥𝐶𝑇 = 2;
Step 2. Determine ∑𝑈𝐵
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 + (𝑚𝑎𝑥𝐶𝑇 − 2)] with (3.23) and (3.24);
𝑈𝐵
Step 3. If ∑𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 + (𝑚𝑎𝑥𝐶𝑇 − 2)] < 0.99:
Set 𝑈𝐵 = 𝑈𝐵 +1 and return to Step 2;
Else:
Fix 𝑡𝑈𝐵𝑗 = 𝑈𝐵 and 𝑃[𝑄𝑆𝑗 = 𝑡𝑈𝐵𝑗 + 1 + (𝑚𝑎𝑥𝐶𝑇 − 2)] = 1 − ∑𝑈𝐵
𝑡=0 𝑃[𝑄𝑆𝑗 = 𝑡 +
(𝑚𝑎𝑥𝐶𝑇 − 2)] and then terminate the procedure.
Algorithm 4. Pseudocode for determining upperbound 𝑡𝑈𝐵𝑗 .
Determining upperbound 𝒌𝑼𝑩𝒊
Step 1. Set 𝑈𝐵 = 0 and 𝑚𝑎𝑥𝐶𝑇 = 2;
Step 2. Determine ∑𝑈𝐵
𝑘=0 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] with (3.21) - (3.25);
𝑈𝐵
Step 3. If ∑𝑘=0 𝑃[𝐶𝑂𝑅𝑖 = 𝑘] < 0.99:
Set 𝑈𝐵 = 𝑈𝐵 +1 and return to Step 2;
Else:
𝑘𝑈𝐵
Fix 𝑘𝑈𝐵𝑖 = 𝑈𝐵 and 𝑃[𝐶𝑂𝑅𝑖 = 𝑘𝑈𝐵𝑖 + 1] = 1 − ∑𝑘=0 𝑖 𝑃[𝐶𝑂𝑅𝑖 = 𝑘]and then
terminate the procedure.
Algorithm 5. Pseudocode for determining upperbound 𝑘𝑈𝐵𝑖 .
Determining McCormick bounds 𝒒𝑳𝑩𝒊 , 𝒒𝑼𝑩𝒊 , 𝝀𝒑𝒐𝑳𝑩𝑴𝑻𝑺
, and 𝝀𝒑𝒐𝑼𝑩𝑴𝑻𝑺
𝒊
𝒊
Step 1.
𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝐿𝐵𝑖

Step 2.

2𝑝𝑖 𝜆𝑐𝑜𝑖 𝜇𝑖
,
ℎ𝑖

Set 𝑞𝐿𝐵𝑖 = 𝑞𝑈𝐵𝑖 = 𝑞𝑖∗ = √

Step 5.
Step 6.
Step 7.
Step 8.

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑈𝐵𝑖

and 𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 =

for all 𝑖, and set 𝜓 = 0.1;
Set 𝑞𝐿𝐵𝑖 = 𝑞𝐿𝐵𝑖 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑖 = 𝑞𝑈𝐵𝑖 ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 =

𝜆𝑝𝑜𝑈𝐵𝑖𝑀𝑇𝑆 =
Step 3.
Step 4.

𝜆𝑝𝑜𝐿𝐵𝑖𝑀𝑇𝑆 =

𝜆𝑐𝑜𝑖 𝜇𝑖
𝑞𝐿𝐵𝑖

𝜆𝑐𝑜𝑖 𝜇𝑖
,
𝑞𝑈𝐵𝑖

and

for all 𝑖;

Solve (M1.2);
Check
If solution is feasible:
Continue to Step 5;
Else:
Return to Step 2;
Create set 𝐵 = {}
𝜆𝑐𝑜 𝜇
Determine 𝜂𝑖 = |𝜆𝑝𝑜𝑖𝑀𝑇𝑆 − 𝑞 𝑖 𝑖|, ∀𝑖 ∉ 𝐵;
𝑖

Determine 𝑎 = arg max { 𝜂𝑖 : ∀𝑖 ∉ 𝐵};
Check
If 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓) and 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓):
𝜆𝑐𝑜𝑎 𝜇𝑎
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝑎∗ ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑎∗ ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 = 𝑞𝑈𝐵
,
and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 =

𝜆𝑐𝑜𝑎 𝜇𝑎
,
𝑞𝐿𝐵𝑎

𝑎

add 𝑎 to a set 𝐵, and check

If ∃𝑖 ∉ 𝐵:
Return to Step 6;
Else:
Terminate the procedure;
Else:
96

𝑞𝐿𝐵

𝑞𝑈𝐵

𝑎
𝑎
Set 𝑞𝐿𝐵𝑎 = (1−𝜓)
, 𝑞𝑈𝐵𝑎 = (1+𝜓)
, 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =

𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 =
Step 9.
Step 10.

𝜆𝑐𝑜𝑎 𝜇𝑎
,
𝑞𝐿𝐵𝑎

𝜆𝑐𝑜𝑎 𝜇𝑎
,
𝑞𝑈𝐵𝑎

and

and then continue to Step 9;

Solve (M1.2);
Check
If solution is feasible:
Return to Step 6;
Else:
Fix 𝑞𝐿𝐵𝑎 = 𝑞𝐿𝐵𝑎 ∙ (1 − 𝜓), 𝑞𝑈𝐵𝑎 = 𝑞𝑈𝐵𝑎 ∙ (1 + 𝜓), 𝜆𝑝𝑜𝐿𝐵𝑎𝑀𝑇𝑆 =
𝜆𝑐𝑜𝑎 𝜇𝑎
𝜆𝑐𝑜𝑎 𝜇𝑎
, and 𝜆𝑝𝑜𝑈𝐵𝑎𝑀𝑇𝑆 = 𝑞𝐿𝐵
, and then terminate the procedure.
𝑞𝑈𝐵
𝑎

𝑎

Algorithm 6. Pseudocode for determining McCormick bounds for final products
Optimizing reorder levels of products
Step 1. Solve (M3.2);
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
𝑜𝑝𝑡
Step 2. Fix 𝑧𝑖 = 𝑧𝑖 , ∀𝑖, 𝑞𝑖 = 𝑞𝑖 , ∀𝑖, and 𝑦𝑖𝑗 = 𝑦𝑖𝑗 , ∀𝑖, ∀𝑗, where 𝑧𝑖 , 𝑞𝑖 and 𝑦𝑖𝑗
denote the optimal solutions of (M3.2);
Step 3. Set 𝐵 = {∀𝑖|𝑧𝑖 = 1} and 𝑟𝑖 = 0, ∀𝑖 ∈ 𝐵;
Step 4. Determine Δ𝑃𝑆(𝑟𝑖 ) = 𝑃𝑆(𝑟𝑖 + 𝛾𝑖 ∙ 𝑑𝑠) − 𝑃𝑆(𝑟𝑖 ), ∀𝑖 ∈ 𝐵;
Step 5. Determine ΔC(𝑟𝑖 ) = ℎ𝑖 ∙ 𝛾𝑖 ∙ 𝑑𝑠, ∀𝑖 ∈ 𝐵;
ΔC(𝑟 )
Step 6. Determine Γ𝑖 = ΔPS(𝑟𝑖 ) , ∀𝑖 ∈ 𝐵;
𝑖

Step 7. Determine 𝑚: = arg min { Γ𝑖 : ∀𝑖 ∈ 𝐵 };
Step 8. Set 𝑟𝑚 = 𝑟𝑚 + 𝛾𝑚 ∙ 𝑑𝑠;
Step 9. Check:
If 𝑃𝑆 + Δ𝑃𝑆(𝑟𝑚 ) ≥ 𝑚𝑖𝑛𝑃𝑆:
Calculate C and terminate the procedure.
Else:
Return to Step 4.
Algorithm 7. Pseudocode for optimizing reorder levels of final products
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