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Stress-Induced Effects by the Anodic Oxide in Ridge
Waveguide Laser Diodes

M. Buda, G. lordache, G. A. Acket, T. G. van de Roer, L. M. F. Kaufmann, B. H. van Roy, E. Smalbrugge,
I. Moerman, and C. Sys

Abstract—This paper studies, both theoretically and experi- The influence of stresses introduced during processing in
mentally, stress-induced effects on the lateral far-field behavior oxide-insulated laser diodes and related stress-induced changes
for ridge-type semiconductor laser diodes where anodic oxide of the refractive index, which depend on the thickness and on

is used for the definition of the stripe width. These effects con- the sh £ th ide | ted at the bedinni f
sist of antiguiding under the stripe region, and of two positive € Shape ot (ne oxide layer, was reporied at the beginning o

waveguiding features near the stripe edges. For low-threshold the development of laser diodes [2]-{4]. Their further study
devices, these effects may be more important than thermal effects, was cast aside because the built-in effective refractive index

depending on the stress in the oxide. They put a lower limit on the step in conventional devices exceeded the influence of this
built-in index guiding to be introduced by lateral etch outside the effect. It was noticed, however, that if the active region is too

\r/:/(ijgeerrgt?ilggén_(I_)rz(lelrrntggn;ietl:]r:jt?gff Ltjﬂgsén :fr;;ilt? :)ndaeyotf)ee ?St'?;r:g asclose to the etched surface, the performance of the laser diodes

Anes = 1 x 10~2. An analytical mathematical model is deduced Pecome poorer.
for computing stresses and strains for a certain ridge-shaped  Recently, planar semiconductor lasers using the photoelastic

interface which bounds the elastic medium. waveguiding effectinduced by a WNi stress layer were reported
Index Terms—{Injection) lasers, optical waveguides, semicon- in [5]. Stress-induced lateral confinement of light in epitaxial
ductor device modeling, semiconductor lasers, strain. BaTiOs films was obtained by Barricet al.[6]. It is also shown

that a deposition process itself may introduce a significant in-
trinsic stress, in addition to the thermal stress due to the cooling
from the temperature during deposition down to room tempera-
ture. The intrinsic stress may even dominate over the stress in-
HIS PAPER is concerned with the study of stress-inducelliced by the thermal-expansion mismatch, especially when a
effects on the far field of semiconductor laser diode dédm is deposited at room temperature.
vices in the lateral direction; that is, corresponding to the dis- Experimentally, using spatially-resolved and polarization-re-
tribution of the optical field in the direction perpendicular tesolved photoluminescence, strain was measured in GaAs- and
the growth direction. For high-power operation, to avoid facétP-based semiconductor devices with a strain resolution better
damage, a larger optical stripe width would be required. Thisan10~° and a spatial resolution of aboug:n [7]-[9]. These
may be achieved by using a smaller built-in index step, whigheasurements show that the strain fields in semiconductor laser
suppresses higher order modes. There is another problem talioeles are related to both geometrical structure and processing
solved: how weak can the built-in index guiding be? conditions of the device. Metallized sharp edges, including di-
Especially for lower confinement structures, carrier-induceslectrics, such as the ridge and etched channels formed in ridge
antiguiding is decreased and thermal and stress-induced eff@gaseguide lasers, tend to have large strain fields associated with
become of importance in weak lateral waveguides. This papgbem. The strain due to soldering itself usually introduces a
aims to estimate the magnitude of the latter. Thermal effeatsughly constant strain distribution in the active region.
can be estimated from large threshold devices, where they infor our devices, anodic oxide is used to restrict the currentin-
troduce a significant delay between the beginning of the elgection outside the stripe width. We evaluate the stress in the an-
trical pulse and optical pulse, on the order gfd, if the built-in  odic oxide and estimate its effects on the profile of the effective
index guiding is not enough to overcome them [1]. The magmefractive index starting from the quasi-2-D model presented in
tude of thermal waveguiding is evaluated tobe.; ~ 103 at  [1].
threshold, for a stripe width of 8m and for a threshold current

density of 2500 A/crh. Il. M ODELING OF STRESSINDUCED EFFECTS

I. INTRODUCTION

i . i A. Introduction
Manuscript received August 23, 1999; revised May 30, 2000.
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Fig. 1. (a) Half-plane approximation. (b) Ridge-shaped approximation. Parameters related to the Appertdixateum, W = 6.5 um, W, = 6 pum,
p = 0.25 pm. (c) Ridge-shaped profiles. Parameters related to the Appendix afe:=a) pm, W = 6.5 um, W, = 6 pum,p = 0.3 pm. (b)h = 1 pm,
W =65umW, =6pum,p=2.5pum.

For simple planar gain-guided oxide-defined stripe lasefsSig. 1(a), one can obtain the stress and strain for the half-plane
such as those used early in the history of semiconductor lagera quite straightforward manner. We are looking for the
diodes, the simple case of a half-plane with two concentratpline stress problem, i.e., we assume thath@mponent
forces acting at the stripe edges can be considered. Thioighe displacement is zero and that theindy components
illustrated in Fig. 1(a). Next, ridge waveguides with a certaidepend only or: andy and not onz. We also assume that the
profile above thé)z axis are analyzed, in order to simulate théoundary value of the stress tensor is given. The symmetric
case of ridge waveguide index-guided devices as in Fig. 1@tyess tensor for the plane problem has only three distinct
and (c). A simplified shape of the ridge is considered to alloterms: ¢, ,, and ... For the ridge profile, a similar
for analytic computations. For mathematical purposes, tpeocedure is used, but considering a conformal transformation
function that describes the ridge shape and its derivative avhich relates points in the half-plane with the ridge-type
considered to be continuous. The mathematical procedure $biape (see Appendix).
deriving stresses..., oy, and the corresponding strains by The dielectric constant (and hence, the refractive index) of a
€xz, Cyy, aNde. is described in detail in the Appendix. crystal is dependent on the stress (or strain) in the crystal. This

The solution ofthe problem for the half-plane and concentrateffect is called the photoelastic effect; it is similar to the elec-
forces is well known from the literature. In particular, complexrooptic effect, which is the effect of an applied electric field on
methods are very powerful, allowing one to obtain relativelthe dielectric constant of a crystal. In the following, the same
easily an analytical solution. Using the methods from [10] fazonstants as in [2] are used to compute the changes of the re-
a concentrated force and extending to the case presentedractive index for the TE wave from the strain distribution. That
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Fig. 2. (a) Changes of the refractive index at different depths in the semiconductor material for the half-plane approximation. The stripe mmatthys 8
Changes of the refractive index@at= —0.25 pm for the shaped ridge profiles presented in Fig. 1(c). The oxide thickness;isr).&) Stress dependeneg..
along the stripe width for the ridge profiles presented in Fig. 1(c). (d) Stress dependgna®ng the stripe width for the ridge profiles presented in Fig. 1(c).

is, the change of the dielectric constaxy,,. is given by etched surface of the stripe region [see Fig. 1(b)]. Thus, we also
(p11 + p12) considered the problem of a shaped ridge separately.
Aey, = —£? - {em : [% +p44} + ez -p12} Fig. 2(b) presents the variation of the refractive index given

by a stress distribution due to two concentrated forces [as in

where the photoelastic coefficients ara = —0.165, p12 =  Fig. 1(c)], for a total stripe width of @m and different shapes.
—0.140 andpyy = —0.072. The active region is located gt = —0.25-um below the0z
axis, and the etch depth is = 1 um. A perturbation can be
observed, giving a negative contribution under the stripe region,

The computational results for the case of the half plane aaecompanied by two positive side profiles. For comparison, the
given in Fig. 2(a), which presents the change of the refracticase of the half-plane is presented. A larger magnitude of the
index, for a stripe width of &m, at different depths in the antiguiding is found for the sharp profile [case a in Fig. 1(c)]
semiconductor material. First, we notice that the influence ahd decreases if the ridge has a less steep shape. The amplitude
the oxide induced stress is mainly antiguiding (its value in thaf this effect onAn.z may be as large as abduk 1073, If the
middle of the stripe being of the order®k 10~*) and does not profile is steeper, the positive waveguiding side features become
change significantly if the active region is placed at a depth sfronger than the magnitude of the antiguiding. The reverse is
1.3m or 2.3um, for example. That is the case for gain-guidettue for the less steep profile. To give some insight into the cause
oxide-stripe devices. If the active region lies only @u3+-below of this behavior, Fig. 2(c) and (d) show the dependence of the
theOz axis, the picture is changed considerably. We see a strasigesses,,, ando,,, on the lateral coordinate. For the TE mode,
perturbation at the stripe edges, which has the maximum athe influence of the strain,.,, on the changes in the refractive
plitude value ofAn.g of aboutl.5 x 10~2, and also a slight index is more important, so that the profile of the stress
waveguiding profile under the stripe. For our ridge waveguidiependence almost reproduces the dependence of the refractive
devices, the active region is about Q«Bt below the etched ma- index change. Besides, for steeper ridge shapes, the sfjgss
terial outside the stripe region, and about Lr8-below the un- contributes most to the positive waveguiding side features and

B. Computational Results
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Fig. 3. Lateral far-field profile for §m wide stripe, weakly index-guided

devices, with and without stress-induced effects. . . . )
Fig. 4. Optical pulse shape at threshald£ 210 mA) for 8-xm stripe width,

1.5-mm long, very weakly index-guided devices.

may eventually lead to side lobes in the far field behavior, as _ o ) )
will be shown below. itative estimate. If the oxide film has a thickness t and is under

The magnitude of the negative variation of the refractiePmPpressive stress then we find the stress from [2] to be

index under the stripe is comparable to the value corresponding E-d2
to half-plane problem when the active region is placed Q.2b- 0= m (2)
below the0z axis. However, the waveguiding under the stripe
region is much reduced. The amplitude of the variations neahereE, /(1 —v) = 1.23 x 10t! dyn/cn¥ in the {100} plane of
the stripe edges for the ridge case strongly depend on fB8As,d is the thickness of the substrafe, is the Young mod-
steepness of the ridge profile. ulus, andr is Poisson’s ratio. For the specified anodic oxide,
We introduced these perturbations of the effective refractivee find a compressive stress-eB x 10° dyn/cn¥. This stress
index into the quasi-2-D model for the lateral behavior pr&ompares with a value ef3 x 10° dyn/cn? for thermally grown
sented in [1], taking a weak built-in value of the index-guidingxide films on silicon and with values in the range-e¥ x 10° to
An.g = 4 x 10~* and a superimposed thermal waveguiding-10*° dyn/cn? for SiO; : SisN, deposited on GaAs [2]. Also,
corresponding to a relatively large value of the threshold cuier comparison, the value of the stress produced by the het-
rent density of 1800 A/cf The value of the antiguiding factor erostructure interface mismatch should be mentioned. This is
used in this computation was= 2. Computing the far-field be- in the range of) — 1 x 10® dyn/cn? [2].
havior at threshold, taking into account the stress-induced effect, i . . )
we obtain the curve presented in Fig. 3. This shows a main loBe Far Field Behavior otv = 8-um Wide Stripe Devices
and two weak side lobes. These two side lobes are caused by tHEhese devices have a low confinement GaAs/AlGaAs DQW
positive perturbations that occur because of the stress-induesgimmetric structure. Each has two 8-nm GaAs quantum wells,
effects at the stripe edges, and are observed experimentallydod an optical trap layer with an Al content:of= 0.20 on the
weakly index guided devices, as will be shown in the following-side of the structure. The confinement factofis x 103
section. They cannot be attributed to antiguiding since the faer QW. The device length is 1.5 mm. The threshold current
fields corresponding to strong antiguiding are either broader @ensity is relatively large, i.e., 1800 A/Gmywith no correction
double lobed, but without a main central lobe, and associatied current spreading under the stripe width.

with larger modal losses [11]. The magnitude of the carrier-induced antiguiding is
Ancarrier antiguiding = _((b I Ag)/(4 . 71')) . )‘0 (3)
[ll. EXPERIMENTAL where

b antiguiding factor;
r confinement factor;

For evaluating the stress in the anodic oxide, we measured; gain in the active region;
the radius of curvature of a 122um thick GaAs substrate Ao  lasing wavelength (see also [1, Ch. 2]).
covered with a 0.2:m thick anodic oxide grown under con-If we assume losses of about 3000 choutside the stripe re-
stant current conditions with a current density of 5.7 mAYcrrgion, in unpumped areas, and gain values of about 500'cm
until the final voltage was 150 V. After the formation of theper QW in the stripe region, we estimate the value of the car-
anodic oxide, the sample was heat-treated at 4DGor one rier-induced antiguiding to be aboBit< 10~*. In this case, the
minute. In real ridge-type devices, the anodic oxide corresporgtsess-induced antiguiding is larger than the corresponding car-
to Al.Ga;_,As oxidized layers and not to GaAs; neverthelessier-induced effect, since our structures have a lower confine-
we use the parameters corresponding to GaAs oxide for a quaknt factor in the active region. The built-in induced index-

A. Evaluation of the Stress in the Anodic Oxide Layer
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T i
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Fig. 5. (a) CW far field in the spontaneous emission, below threstotd (40 mA). (b) Far field for short pulses (300 ns/10 ms), above threshole 280
mA). (c) CW far field above threshold (= 280 mA).

guiding was only3 — 6 x 10— for these devices, which is aindex-guiding to be provided technologically in order to obtain a
very low value. stable beam at higher power. The smallest possible values of the
This is confirmed indirectly by Fig. 4, where the shape of thexide thickness and a more systematic technological optimiza-
optical pulse is presented. We notice a large delay at threshtieh of the oxide deposition process (considering also other type
between the beginning of the electrical pulse and the onsetadfinsulators) might considerably reduce stress-induced effects.
lasing. This is the clear mark of thermal effects, as presentdtithe same time, if this effect is properly understood by further
in [1, Ch. 6]. This means that the built-in index guiding igesearch, it may be used to provide positive waveguiding instead
not enough to provide waveguiding in the lateral directioff antiguiding beneath the stripe region, using special layers
and lasing has to wait until the thermally induced profile otvith tensile and not compressive stress. This can be achieved
the effective refractive index builds-up and adds to initiadsing metals, for example.
index-guiding. The estimated value of the thermal waveguide
is in the range ofl0—3, as deduced in [1]. This conclusion is IV. CONCLUSION

also supported by the far field profiles under pulsed operation, gy ess.induced effects can be larger than carrier-induced an-

above threshold. For a 300 ns/10 ms pulse "_V'dth/mpet't'ﬂguiding in low-confinement laser diodes and may be as large
rate and an injected current of 280 mA, the far field, presentg Anes ~ 1 x 10~ for a given ridge shape and if a 0;2n
in Fig. 5(b), is broadened and has the characteristic shape {Qex anodic oxide is used for electrical isolation outside the
strong antiguiding associated with higher lateral losses [1lline region. They are manifest as antiguiding under the stripe
In the optical pulse shape above threshold, this is observedgsion and of two side waveguiding features at the stripe edges.
a rising front of the optical response, with a time constant ghe amplitude of these effects depends also on the shape of the
about 1xs. When the pulse width increases more than a f@fge. the steeper the shape, the larger the amplitude. Together
microseconds, the_rmal effects co_ntrlbute to properwe_lvegwdlmh thermal effects, they put a lower limit on the value of the
and thus the far field narrows Fig. 5(c) and the optical pul§g,jg.in index-guiding to be provided technologically in order
amplitude remains constant (Fig. 4). to obtain a stable beam at higher power. In the far field, two
Stress-induced behavior is proved by Fig. 5(a) and (c). Firgfeak side lobes are observed in the lasing regime.
Fig. 5(a) presents the far field below threshold for an injected Thinner oxide layers and more systematic technological opti-
current of 140 mA. The threshold current is about 210 mA. Twgjization of the oxide deposition process (considering also other
weak side features appear, which can be correlated with pertyie of insulators) might considerably reduce stress-induced ef-
bations at the stripe edges. Fig. 5(c) presents the far field in Gé¢ts. At the same time, if this effect is properly understood
regime, which is basically the same as the far field measurggl further research, it may be used to provide positive waveg-
under pulsed conditions if pulses are larger than a few micros%ing instead of antiguiding beneath the stripe region, using

onds, i.e., after the thermal waveguide builds up. Although ddgecial layers with tensile and not compressive stress. This can
to the high sensitivity of the CCD camera and the quality of thgs achieved using, for example, metals.

graphic file, itis not clearly seen in the figure, the two weak side

lobes can each be found at approximate? from the normal. APPENDIX
The W|dth Of the main |Obe iS abo&t?o (fu” W|dth'ha|f ampli- STRESS ANDSTRA|N COMPUTAT|ON FOR THEHALF-PLANE AND
tude). This is in qualitatively good agreement with the far field FOR A RIDGE-SHAPED INTERFACE

predicted theoretically in Fig. 3, in the above section. i _

We conclude from this that stress-induced effects are Iar%r Complex Representation of the Stress Equations for the
than carrier induced antiguiding in our low confinement stru&lane Theory of Elasticity
ture devices and, for the given configuration of the ridge andlt is shown in [10, p. 114] that two holomorphic functions
for the given oxide, are of the order ®fx 10~%. Together with ®(z), ¥(z) may be used to respresent biharmonic functions in-
thermal effects, they put a lower limit on the value of the built-iwolved in the theory of plane elasticity. Hereis the complex
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representation of a specific point having the plane coordinatesThen from [10, p. 277]
(z, ¥): z = x + ty. If the functions®(z), W(z) are known, the

+ oo
stresses are determined b 1 t
y e [T s et @
O, Y) + 0y (@, y) = 4Re(2(2)) = 2(2(2) + 2(2)) —eo
oy, Y) — 0wal®, y) + 2iowy(x, y) = 2(Z - @'(2) + ¥(z)). if » belongs to the lower half-plane and
1) +oo
1 @&
: : : o | T dt=Gi(2) -+ Gal?) ()
The corresponding strains are given by 2mi J t—=z
Cer(T, Y) if z belongs to the upper half-plane.
1 A Let now f(z) be a function holomorphic in the upper
=2 <0m($’ y)—m'(%x(% Y)t+oyy(z, y))) half-plane, with the possible exclusion of the points
ey () Y) ai, ---, a, Where it may have poles with the principal
wi® Y partsGy(z), - -+, Gn(2).
= o (oo )= g (ol W) oy (e, ) Then
= 2% Oyy\ L, Y 2()‘+N) Oxx\ Ly Y) T Oyy\ T, Y .
Cay(2, y) = L “ Oy (2, ) @) N 0] cdt = f(2) = Gi(2) — - — Gu(2).  (8)
2p 27 t—2z "

whereA, o are elastic constants related to the modulus of ele}§—7

ticity E. and to Poisson’s ratio by belongs to the upper half-plane and

+oo
1 f(t
E — u(3)\+2u)7y: A ' 3) vl #-dt:—Gl(z)—---—Gn(z) (9)
Atp 2(A+p) IR
The stress componeat . is then given by if 2z belongs to the lower half-plane.
Proceeding as in [10] with the first equation in (4), we obtain
Ozz = )\(Grr(xa y) + ny(ai, y)) +o00 Hoo +oo
P 1 1 - P/
i. / ﬂ.dt+f. / w.dt+f. / M.dt
2m t—=z 2m t—z 271 t— =z
B. Solution for the Half-Plane e N - —e°
The technique for finding the function®(z), and¥(z) is _ 1 [ N-T gt (10)
based on the theory of complex functions (Cauchy integrals)and =~ 274 t—=z

is remarkably simple if the elastic medium is semi-infinite or

bounded by a circle. We refer next to the case of a semi-infinifghere is any point in the lower half-plane.

region, i.e., the elastic medium is found in the lower half-plane. |t is difficult to predict the value of the terms which involve

The boundary is a line, extending to infinity in both directionghe complex conjugate of the functiok(z), i.e., the second

The stresses,, = N(t) ando,, = T'(t) are given on the axis and the third term in (10), with the notable exception of the

0z as functions of the abscisga situations when the boundary is circular or consists oftthe
The procedure in [10, p. 392] is extremely effective and elexis of the half-plane. For the latter case, we notice (@] is

gant. We present it briefly in order to make easily understanghe boundary value ab(z), which is holomorphic in the lower

able the extension to boundaries mapped by the funetien plane. Since on the boundary of the half plane- z, we can

w(7) to the half-plane. define the functionsb(z) and z - (), which are holomor-
For the half-plane problem, the following boundary Condbhic in the upper plane and whose boundary Valuem
tions may be written: andt - &/(t). Thus, the first integral has the valueb(z) while
the second and the third integrals in (10) vanish. We thus obtain
®(t) + 0(t) +¢- () + W(t) =N(t) —iT(?) the function®(z)
Q)+ P(t)+t-D'(t) + V(&) =N(t) +i¢T(t). (4) too
1 N —iT
Next, the properties of Cauchy integrals are used. fi(ed ®(=)=-55" = (11)
be a function holomorphic in the lower half-plane, with the pos- 0
sible exclusion of the points,, . . . , a,, where it may have poles  Performing a similar manipulation in the second equation in

with the principal partg7,(2), ..., Gn(2).Gi(2)(i = 1...n), (4), we obtain the functiod(z)
i.e., functions having the form oo
1 N +4T
; ; ; VU(z) = ——- cdt — @(2) — 29'(2). (12
G7(2’) _ Alz + A27, +o Alz ] (7) 24 P (7) 4 (7) ( )
z—a; (z—a;)? (z —a;)t Zoo
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In this way, both function®(~) and¥(>) are determined if be satisfactorily described with < 5. It is important to
we know the stress distribution at the boundary. Next, stress amatice that the transformation= w(7) is holomorphic in the
strain functions in the lower half-plane are very easily computédalver half-plane and has the poles = ip — (W - k)/(2"))
asin (1) and (2). and —2"! < g < 277t in the upper plane. Expressions

Let us apply these formulae to the case depicted in Fig. df, w'(7)andw”(r)are easily found. Boundary conditions (4)
where we have two concentrated forces per unit length, i.eecome
+Fy = 002d,, applied atz; = —W; /2 and—F, applied at
xy = W;/2. Here,o,, is the compressive stress in the oxide  ©(s)
andd,,. is its thickness. We can consider a constant force per
unit length £y as being applied to a finite width and, thus,
T(t) is equal toly = Ly /a for —(a/2) <t < (a/2) and zero O(s) + O(s) +
at rest.N(¢) is zero everywhere. We apply the formulae pre- w'(s)
sented above even #(¢) is not continuous. Similar to [1, p. = N(s) +41(s) (17)
396], the correctness of the final result may be verified directly ) ) ) )
or by comparison with results presented in [2], where all fofYheres is the line corresponding tp = 0(—o0 < £ < o0) in
mulae were obtained using another method. ther half—plane. To be able _to separa_te the functidgm) using

If we take Tya — o0..d., whena — 0, we have twos Cauchy integrals from the first equation in (17), we multiply it
functions, the integral becom§§;° T(t)-f(t)-dt = —0ppdoy- by «'(s), and thus have

FTW/2) + 0ppdoy - f(—W;/2), and the final result takes the '(5)- D(s) + o () - B(3)

: (w(s) () + W (s) -\I/(s))

€
w

w(s) - ¥'(s) +w'(s) - U(s)

simple form , ] +
o =/ (5) (N(s) =i (5))
O(z) = O;row . JIC/VQ . (13) W(8)®(s) + W' (8)P(s) + w(s) - P'(s) +w'(s) - U(s)
Sy = () (V(s) +4T(s)). (18
Correspondingly¥(z) is given by We then obtain
U(z) = —28(z) — 2B/ (2). (14) ) o )+L +°°w,($) L 3(s) s L
Thus, using (13), (14), and (1), the results in [2] are reproduced WA o §—T " ori
with remarkable simplicity. . - .
D) T AN
C. Solution for the Ridge Shape Mapped to the Half-Plane by . / M -ds = i / M -ds
the Conformal Transformation = w(7) Joo 5T e J 5T
The powerful analysis using complex representation of (19)

stress functions allows for solving analytically the ridge shape . . , .
problem if the stresses are known on the ridge boundary dhd S in the Iower.half/-plane. In deducing (19), we keep in
if the ridge shape is mapped by a conformal transformation fgnd that the function.’(s) - W(s) is the boundary value of
the half-plane. the functionw’(7) - ¥(7), which is holomorphic in the upper

1) Conformal Mapping of the Ridge Shape to thBalf-plane, and thus the Cauchy integral

Half-Plane: A reasonable approximation of the ridge shape in 1 +o0 m T(s)
Fig. 2 may be obtained if we use the transformation o T - ds
W -
B B h 1 Y 4 is zero ifr = £ +1in belongs to the lower half-plane. We have to
z=w(r) =7~ wy " ‘ (15)  then evaluate the second and the third term in (19). The functions
2arctg <%> TS W W'(1) - ®(7) andw(r) - ®’(7) are holomorphic in the upper

o o ) half-plane, with the exception of the known poles = ip —
wherer = £ + i7 is a point in the half-plane and = = + iy W - k)/(2M)), with —27—1 < i < 27—1 corresponding to the
is the corresponding point in the plane of the ridge. The poié les of the functionu(r). -7
_corresponding_ to the origin = (0, _0) isz = (0_, h), whereh Near the pointsy, = —ip — (W - k)/(2)), with —27—1 <
is the ridge height. The parameters related with the slope of < 271 (in the lower half plane), we can expand the functions

the ridge and¥ with its width. &(r) and®’ (1) as
Since analytical solutions are possible only for rational func-
tions, we use the expansion O(1) =Cop +Cis - (1 —T5) + Cop - (7 — )2 + -+ (20)
Lo . (1) =Clp + 20k - (T —T5) + - - (21)
z2=w(T)=7+—" — 7 16
) c Z W-k ( so that we have

k=—27—1 T —ip-+ o

where the constantc is determined by the condition O(7) =Cor + Cu - (1 = 1) + Cop - (1 = 7)* + -+ (22)
z = (0,h) = w(0,0). Normal shapes of the ridge can ®'(7) =Cis +2Co - (T — 73) + - +-. (23)
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If we now refer to the explicit expression af(7) (16), ac- tion of stresses. If we have two concentrated forces (two delta

cording to (9), the result of

functions) applied in the plane atr, = (—(W,/2), 0) and
= ((W;/2), 0), whereW; may be different thai¥’, we

+oo N Bl +oo B
1 / Wis) 2(s) ,o 1 / ws) ¥(s) o find
2ri J_ o s—T 2mt J_ o s—T Lo
/ ;
is given by _1 / M-ds
27 S—T
n gn=1 C— —0o0
0]
Z (= )2 ) WJ%
k=—2n" h 2" T + Tk2 — 27Ty
with 7 belonging to the lower half-plane, whet®;, = ¢(7%). =@o(7) - [ 1 - P Z W2 2
In consequence, (19) becomes k=—2nt <Tf _ T—k2>
2=t —
/ Cox
c (r —11)? .
k=—2n—1 and respectively
+oo
/ N g oo .
_L/Mds (24) 1 /w’(S)-(N+zT) p
271 s—T 97 — " ds
e ix §—T
wherer; belongs to the upper half-plane. We need now to eval-
uate the constantSy;. If we write (24) for eachr = 7, with - _f PR SIP g
—27~1 < x < 27!, we obtain a linear system &f + 1 equa- — () | 1- h Z L T T TR
tions, which has to be solved numerically in order to get the 0 [ W2 2
2" + 1 needed constants. Correspondingly, after findirg), B <Tf - r_k2>
we can findW(r)
1 "(s)- 1
— () U (r) = / Md‘%f where
2m S—T 2m1
— o o ( ) aorndorn Wf
oo & L Y S (N T A= T ) w3
/W(S) (S)'dsz—, wls) (N +iT) )-ds. Ty
S—T 27 S—T
—0o —o0 is the function®(r) for the half-plane, as in (13).
(25) As shown in [10, p. 14], the solution for concentrated forces

If we apply now (6), considering that the functiong ) - ()
andw(7) - ®’(7) are holomorphic in the lower half-plane, wit
the exception of the known polés = —ip — (W - k)/(2")),

—2n—1 <, < 271 corresponding to the poles of the function

is completely defined only if there is a definite limiting process.

hIn our case, we have a fordg, being applied to a finite width

a, and thusl’(¢) equals—Tp = —Iy/a for
w

a W a
— + —<t< -+

w(7), we obtain: 2 2~ -2 2
L gn=1 and equaldy = Ly/a for
—w' — — oY .
R CROR OROR{CEERDY e W, W
k=—2n-1 2 2 2 2
+oo P P ;
Con 1 ") AN 4T and zero in rest, as explained aboy&t) is zero everywhere.
: ﬁ - / w _ds  (26) Similarly, if we evaluate the right side of (19) and (26) for this
= 4 _

— o0

where~ is in the lower half-plane. Examining (26), we notic

that indeed, the function’(7)¥(r) does not have poles in the

lower half-plane since the expression

e

finite case, and then go to the limit, it is easy to check that the so-
lution corresponding ta — 0 is the same as the one presented
above using delta functions. For the sake of completeness, we
present this case

2=t 1 w'(s) - (N —4T)
h Cox - / — 7. ds
—w! 0} — o’ — . i —
W'(7) - (1) —w(r) (1) P k=§_l (r—m3)2 27 I s—T
2

where is in the neighbor ofry cancels the term-(h/c) - g <Wf+a> —r2 gt

s o1 (Cor/(T —T%)?), which goes to infinity when — = UO;" %2 n 2 . _z Z L
T a <Wf—a> 2 it

It remains now to find the explicit form of the term on the 2

right side of (19), (26) which depend on the specific distribu-
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and respectively
s) - (N +4T)

+oo
1 /
= / ad ds
271 S—T

—oo

W 2
Togd < f2+a> - h i
= — 0; Ow-hl ) —_ = Z Ikb
mwa Wf—a _7_2 C a1
2
(30)
where
1
Iy =
T e —1)?
2 2
Wi+ta 2 Wi—a 2
2 ) T\ ) T
2 2
() ()
2 2
2-We -7,
+ a f Tk

Wf—a
2

(me=7) l(

and respectively

Wf—i—a 2 9
2 ) Tk

e ey
ey ] ey ]

T T w—aN ] [ Wita\ o]
=) A5

9 k
If the functions®(r) and¥ () for all points corresponding to

the lower half-plane are found, and then in the found solution,
we put againr = (£, 0), we must obtain the imposed values

on the boundary. It is important to notice that, in this way, we [5]
can check the correctness of the solution, also in the computer

program, which calculates the expressions above.

After finding the functions®(r) and ¥(7), the problem is
solved. The stresses..(z, ¥), o,,(x, ¥), ozy(x, y) in the
z = 0 plane, i.e.{z, y) coordinates, are given by

2, 1) + 7y, (0 ) = 2Re(0(2))
Oyl ) — Taalt, 1) 4 20+ 70y o )
R IR OR O
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functions at the location of the active region, i.e., at a certain
depth below the boundary.

Forther plane, i.e., inthe curvilinedg, n) coordinates, sim-
ilar relationships as (1) hold

oee(§, n) + ogn(§, ) = 2Re(2(7))
UUU(£7 77) Uff( ) +2i- Ufﬁ(£7 77)

2 (o) - @) + /() - w ()]

/

W

(32)

T

~—

The latter formulae may be used to check the correctness of
the solution, as described above. That means that we must obtain
for points on th&¢ axis(n = 0), a stress functioa,,,(£), which
equals—Ty = —Fy/a for

CL+Wf<t<CL+Wf

2 2 - T2 2’
and7Zy = Fy/a for

o Wi e _Wr

2 2 - — 2 2

The stress functiom,,,,(£) must be zero everywhere on the
boundary.

Alternatively, for points in the lower half-plane, we can com-
pare the computed solution above in the limitaof— 0 with
the solution for concentrated forces, where the limit> 0 is
already included within the analytic formulae.
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