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Abstract
Recently, a new paradigm was introduced in the field of computational mechanics. The developed method, referred to as ‘Data-Driven Computational Mechanics’ (DDCM), is designed to
solve structural boundary value problems by using discrete material data points. Traditional
approaches in computational mechanics use so-called constitutive models to represent the
material behavior with a continuous function. These models are typically fit on strain-stress
data obtained from experimental characterization tests. Due to the fitting, experimental data
is replaced by one or several material parameters. Although the obtained constitutive model
gives a continuous representation of the material behavior, it will consist of some error with
respect to the experimental observations. Moreover, the development of material models can
be time-consuming, especially when complex inelastic deformation of material needs to be described. For that reason the DDCM method was developed, which bypasses the constitutive
modeling in its entirety by using the experimentally obtained data directly, while obeying
the fundamental equilibrium and compatibility laws. However, in order to solve boundary
value problems with DDCM an alternative solution procedure is required, which is carried
out by means of a distance-minimizing algorithm. More recently, this data-driven principle
was used to develop a technique capable of identifying material behavior from experiments.
The so-called ‘Data-Driven Identification’ (DDI) method provides a tool to derive material
data sets without using constitutive models. Until now, experimentally full-field techniques
were not able to identify heterogeneous stress fields without using relations for stress and
strain. Bypassing the constitutive modeling, and eliminating the errors with it, makes the
DDI technique a promising alternative in the field of full-field experimental mechanics.
In this report, DDCM is applied to structural boundary value problems to identify the exact
procedure and assess its performance. The method shows to be able to find solutions for both
linear and nonlinear elastic material data sets. However, it turns out that the accuracy of a
solution is highly dependent on the quality of the used data. Moreover, specific information
about the material’s symmetry is required to efficiently and accurately solve the boundary
value problems. The derived DDI method proved to be capable of deriving stress fields without using a constitutive law. However, the accuracy is dependent on parameters, for which
the optimal values are difficult to determine. Several recommendations are given for further
research.
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1

Introduction and background

At Philips continuous effort is made for the innovation and development of medical equipment.
Among this equipment, medical imaging devices are an important part. These devices play
a major role in both diagnostics and treatments of human abnormalities and diseases. An
example, often used in cardiology, is the imaging catheter, which allows for visualization of
the interior of blood vessels by means of ultrasound technology. Because of the narrow spaces
in which imaging devices sometimes need to operate and the interaction with the surrounding
tissue, the geometry and flexibility are essential properties for the safety of such a device.
The design of these devices is partly based on results from Finite Element (FE) models.
These models are developed to quantify the effect of dimensions, manufacturing processes,
usage conditions, and choice of materials on the performance of the medical device. The
material behavior in these models is typically described by constitutive models which relate
stress to deformation and deformation history. In this way, both straightforward and highly
complex behavior can be implemented relatively accurate. However, due to the complex
assemblies used in imaging devices, of which Fig. 1.1 shows a clear example, development
times of accurate models can rise significantly and might delay the design process. To improve
the development process of accurate material models, alternative approaches to implement
material behavior are considered, where data science might give an opening. Data science is
a comprehensive term for all kind of methods that make direct use of large amounts of data.

Figure 1.1: An example of a complex assembly of different materials used in an imaging catheter [1].

Today, data science is becoming a powerful tool with the instantly growing amount of collected and stored data. In the domain of Artificial Intelligence (AI), data processing is a topic
of high interest, where in most cases it comes down to machine learning, or deep learning
in particular. Reasons for this attention are the wide range of applications in which data
science can be applied, as well as the efficient manner to obtain predictions out of all kinds
of data. Data science is already a common concept in many fields such as commerce, advertising, and economics. However, in most scientific domains this tool is, as yet, relatively
little applied. A possible reason might be that the predictions and correlations from models,
based on data science, generally give no understanding of the underlying physics. Something
that is essential in most scientific disciplines, among which, computational mechanics. In
many scientific fields, models are mainly based on physics and knowledge of the associated
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phenomena of the problem to be modeled. Although accurate results are obtained with these
physics-based approaches, these kinds of models can be cumbersome on complex and highly
nonlinear material behavior, of which the modeling of imaging devices is a concrete example.
In these complex cases, typically two kinds of performance decrease can occur. More error
and uncertainty originates because models are not able to accurately represent the phenomena, or development and calculation times increase significantly due to the complexity in the
models. When physics-based models are compared with data science models, it turns out
that the one approach excels just where the other flaws. This observation presumes that
if both approaches can be used in a synergistic way, a hybrid framework arises consisting
of the strengths of both [2]. Hybrid models, that are combining some kind of data science
with physics, are already applied in various ways. One way is to generate data synthetically,
by means of computational methods like Finite Element Analysis (FEA). Subsequently, the
synthetic data can be used for training in machine or deep learning algorithms to eventually
bypass the FEA altogether [3–7]. Another way of hybrid modeling is to use data science to
provide parameters in a specific physics-based model [8, 9]. In this way, the identification of
parameters and corrective terms in physics-based models can be carried out accurately based
on sufficient amounts of data. In essence this is similar to traditional constitutive modeling
where data from experiments is used for fitting a constitutive model with material parameters.
Furthermore, hybrid modeling can be applied where data science is guided by physical constraints. These constraints can follow for example from conservation laws, physical relations
or boundary conditions. The constraints can guide machine or deep learning algorithms in
processing data [10–12], or use the physical constraints to improve the accuracy of a certain
data set [13–15].
In the scope of computational methods and material modeling accompanied with it, Kirchdoerfer and Ortiz recently published work where data was used directly in combination with
physical constraints to numerically solve boundary value problems [15–17]. The developed
‘Data-Driven Computational Mechanics’ (DDCM) framework uses limited data, in stressstrain space, in combination with a distance-minimizing algorithm to find a physically consistent solution of a boundary value problem without using any further constitutive information.
It must be noted that ‘data-driven’ in this context does not refer to any AI, machine or deep
learning. Instead it represents the direct use of data in this method. The recent developments in this approach show that this principle might be a promising alternative for methods
using classical constitutive modeling [18, 19]. The authors state that solving boundary value
problems in computational mechanics in general requires two types of equations, being the
conservation laws and the material laws. The first type of equations is always derived from
fundamental physics, such as conservation of mass and momentum, and must therefore always
hold for physical consistency. This implies that conservation laws in general are assumptionand uncertainty-free. The latter type of equations typically follows from empirical material
models, developed on the basis of experimental observations. As modeling requires assumptions, the derived equations always deal with some kind of uncertainty and error. The main
incentive of the authors to develop the DDCM paradigm was to reduce these uncertainties
and errors in material modeling.
To put DDCM and traditional approaches in perspective, the scope of the presented work is
narrowed down to boundary values in computational solid mechanics. Traditionally, solving
structural boundary value problems numerically always requires the same procedure. Ini2 An assessment of Data-Driven Computational Mechanics / Version 1.0
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tially, experiments are performed on the material from which load-deformation information is
retrieved. For example, this can be force-displacement or stress-strain data from a tensile test,
provide information in the axial direction. Information can also be obtained from full-field
methods, typically providing more information about the local material behavior. That information can subsequently be used to develop a constitutive model, which is generally carried
out by fitting a continuous function on the data points. As was previously stated, this way of
material modeling resembles data science techniques with model parameters. However, the
model parameters retrieved in constitutive modeling must have physical meaning. A clear
example is the Young’s modulus in linear elasticity. Finally the constitutive model is used
to solve the structural boundary value problem with numerical techniques, like FE methods.
In contrast, the DDCM method completely bypasses the constitutive modeling step. The
information retrieved from experiments is directly used to solve boundary value problems. In
traditional methods the combination of the material law with the conservation law is required
to obtain a solution. However, in DDCM no material model exists but rather discrete data
points, which demands an alternative solution approach. This way of solving is based on iteratively minimizing the distance between the data set and the physically consistent solution.
Physical consistency requires the stress-strain solution to meet both the equilibrium of forces
and the compatibility constraint for displacements and strains.
More recently, the same principle was used to develop the ‘Data-Driven Identification’ (DDI)
method [20–23]. It provides an alternative approach to obtain material data from experimental results, in which material modeling is completely excluded. DDI is especially beneficial
in full-field methods, where it is capable of determining a heterogeneous stress field without
using constitutive laws.
The aim of the work is to assess the method of DDCM and its applicability to structural
boundary value problems. In Chapter 2 the governing equations used in the DDCM paradigm
are derived. Subsequently, the exact procedure of the method is explained, and assessed with
several examples. Chapter 3 describes the DDI method in a similar way. Finally, the total
assessment is discussed in Chapter 4, where conclusions are drawn including a discussion on
the strengths and pitfalls of the DDCM paradigm.
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2

Data-Driven Computational Mechanics

The Data-Driven Computational Mechanics paradigm, introduced by Kirchdoerfer and Ortiz,
provides a method that allows to solve computational boundary value problems without
using constitutive models. Instead, the material behavior is retrieved from data sets, which
are obtained in experiments. In this chapter the DDCM paradigm is explained in depth,
based on the published work of the authors [15]. Although the authors extended their work
to dynamics [16], the focus in this chapter will be on (quasi-)static problems. Recently,
interesting developments have occurred, regarding the DDCM method applied to inelastic
problems [24], however, the scope of this project limits to elasticity. The DDCM paradigm is
based on a distance-minimizing scheme, which iteratively minimizes the distance between the
discrete data points, referred to as ‘material states’, and the physically consistent ‘mechanical
states’ that are computed. The derivation of the relevant equations is explained in Section
2.1, and the solution algorithm is explained in Section 2.2. Finally, an assessment of the
framework is carried out in Section 2.3, where strengths and shortcomings of the method are
exposed based on applications to both truss and continuum problems.

2.1

Derivation of governing equations

A discretized problem is solved by minimizing the distance between physically consistent mechanical states and the experimentally obtained material states. To take the entire problem
into account, the minimization is carried out over all mechanical states, in every integration
point i, with i = 1, . . . , Nint , where Nint is the total number of integration points. Mechanical
states in integration points consists of strains and stresses and are denoted by (εεi , σi ). In
higher dimensions, strain and stress are expressed as symmetric tensors with Ndim × Ndim
components. For convenience, the unique tensor components can be structured in columns
using Voigt notation. Accordingly, the size of the columns of the mechanical states is dependent on the dimensionality of the considered problem. The components of the mechanical
states are described in Voigt notation for respectively 1D (Ncomp = 1), 2D (Ncomp = 3), and
3D (Ncomp = 6):

ε i = [ε]i
σi = [σ]i
ε i = [εxx εyy εxy ]Ti
σi = [σxx σyy σxy ]Ti
ε i = [εxx εyy εzz εxy εxz εyz ]Ti
σi = [σxx σyy σzz σxy σxz σyz ]Ti

(2.1)

(2.2)

(2.3)

Here Ncomp is the number of unique strain and stress components. Every integration point
i is assigned a certain material behavior by means of a data set Di = {ε̂εiq , σ̂qi } with q =
i , where N i
1, . . . , Nmat
mat is the number of material states in the data set for integration
4 An assessment of Data-Driven Computational Mechanics / Version 1.0
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point i. Also the components of strain and stress for the material states in data sets Di
are structured in columns, similar to the mechanical states, as given in Eq. (2.1) - (2.3).
Note that every integration point i can be assigned a different material behavior and, with
that, a different material data set. The solution procedure requires a distance-minimizing
scheme between the mechanical states and their closest material state. To this end, in every
integration point i an energetic norm is determined to define the distance in the solution
space, with respect to the material data set:

Fi (εεi , σi ) =


min

(ε̂εiq ,σ̂qi )∈Di

1
1
i
(εεi − ε̂εiq )T Ci (εεi − ε̂εiq ) + (σi − σ̂qi )T C−1
i (σi − σ̂q )
2
2



∀i

(2.4)

The distance from a mechanical state (εεi , σi ) to data set Di is defined as the energetic norm
of the closest material point (ε̂εqi , σ̂iq ) in that set. Ci represents a numerical matrix that is
dependent on the data set assigned to the integration point. The matrix is expressed in Voigt
notation, to stay consistent with the columns used for the material and mechanical states.
Again, the size of this matrix is dependent on the considered dimensions in the problem, i.e.
the size is Ncomp × Ncomp . For example, this implies that for one-dimensional problems, where
uniaxial data is used, Ci is just a scalar value. Although Ci looks similar to a material stiffness
parameter, this constant does not represent any constitutive behavior but is rather a way to
scale the values of strain and stress to fairly determine the distance between different states
in Eq. (2.4). Nevertheless, Ci must be chosen with care, since it influences both accuracy and
convergence speed of the solver. For optimal results, matrix Ci must represent the slope of
the best linear fit through data set Di . However, to optimally structure this matrix specific
information of the material behavior is required, of which more information can be found in
Appendix A.2. The overall minimization is carried out by means of a global penalty function,
which is simply the weighted sum of the energetic norms in the integration points:

F (εεi , σi ) =

N
int
X

wi Fi (εεi , σi )

(2.5)

i=1

Parameter wi represents the weight of integration point i. What now remains is a minimization problem constrained by its conservation laws, being compatibility of all nodal displacements and equilibrium of forces. The minimization problem can be stated as follows:
min F (εεi , σi )

(2.6)

ε i = Bi u ∀i

(2.7)

(εεi ,σi )

Subject to:
and:

N
int
X

wi BiT σi = f

(2.8)

i=1

It is noted that the equilibrium equation in Eq. (2.8) is notated in a discretized way. Since
the solution of the problem will be determined based on a minimization of all Nint mechanical
5 An assessment of Data-Driven Computational Mechanics / Version 1.0
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states, this constraint is also written as a summation over the integration points i. In fact, the
summation over the integration points represents the numerical integration of the continuous
integral form of the equilibrium equation. It should be minded that the entire derivation of
the governing equations is carried out in this discrete notation. The nodal displacements are
represented by column u, which includes all nodal displacement vectors of the discretized
problem. The displacement column u is defined as follows:
u1


u =  ... 
uNnode




(2.9)

Here, Nnode is number of nodes and u1 , . . . , uNnode are the nodal displacement vectors containing as much components as the amount of considered dimensions. The exact structure
of all parameters is explained more thoroughly in Appendix A.1. In an equivalent way the
nodal force vectors f 1 , . . . , f Nnode are stored in column f :
f1


f =  ... 
f Nnode




(2.10)

Both columns u and f contain NDOF (= Nnode Ndim ) entries. Furthermore the matrix Bi ,
including information about geometry and connectivity, is introduced for each integration
point. Bi ensures compatibility as it directly couples the nodal displacements of the entire
system to the strains in integration point i. The entries are determined by the gradients of
the shape functions ∇Nj , where j = 1, . . . , Nnode . The size of matrix Bi is again dependent
on the considered dimensions, with Ncomp rows and NDOF columns. The exact definition is
given in Appendix A.1. Because the strain in a certain integration point only depends on the
displacements of the nodes comprising the element, Bi will have only a few nonzero columns.
The compatibility constraint in Eq. (2.7) can be easily fulfilled by substituting this definition
for ε i in the minimization function in Eq. (2.4). What now remains is a minimization problem
with only one equality constraint, which is a problem that can be solved with the method of
Lagrange multipliers. A general Langrange function L consists of an object function h and
a constraint function g multiplied with a Lagrange multiplier λ, as generally shown for two
arbitrary variables a and b:
L(a, b, λ) = h(a, b) − λg(a, b)

(2.11)

In general the optimum in such problems is located where the object function tangentially
touches the constraint function. Mathematically, the solution follows from equating the gradient of the Lagrangian L to zero:
∇a,b,λ L(a, b, λ) = 0

(2.12)

The partial derivatives are taken with respect to all of the variables, including the Lagrange
multiplier. The gradient must be equal to zero, yielding as many equations as variables.
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This approach can directly be applied to the distance-minimization problem, as defined by
Kirchdoerfer and Ortiz. The specific Lagrange function for this optimization problem reads:

L(u, σi , λ) =

N
int 
X
i=1

−

wi
wi
∗
(Bi u − ε̂ε∗i )T Ci (Bi u − ε̂ε∗i ) + (σi − σ̂i∗ )T C−1
i (σi − σ̂i )
2
2

N
int
X

wi BiT σi − f



(2.13)

T

λ

i=1

In Eq. (2.13) the object function h is represented by the global minimization problem in Eq.
(2.6) with the substituted compatibility constraint in Eq. (2.7), and the constraint function
g is implemented as the equality constraint following from the equilibrium of forces, denoted
in Eq. (2.8). Furthermore, a new column λ is introduced, containing the Lagrange multiplier
vectors in all nodes defined in an equivalent way as was done for u and f :
λ1


λ =  ... 
λNnode




(2.14)

The distance-minimizing iteration step is carried out with respect to the starting point
(ε̂ε∗i , σ̂i∗ ), which is the closest material state of the set {ε̂εiq , σ̂qi } in each integration point i,
followed from the mechanical state in the previous iteration. The closest material states,
(ε̂ε∗i , σ̂i∗ ), are defined by the following inequality:
1
(Bi u − ε̂ε∗i )T Ci (Bi u − ε̂ε∗i ) +
2
1
(Bi u − ε̂εiq )T Ci (Bi u − ε̂εiq ) +
2

1
∗
(σi − σ̂i∗ )T C−1
i (σi − σ̂i ) ≤
2
∀i, q
1
i
i T −1
(σi − σ̂q ) Ci (σi − σ̂q )
2

(2.15)

Eq. (2.15) must hold for the entire data set {ε̂εiq , σ̂qi } in each integration point. Note that in
the first iteration starting point (ε̂ε∗i , σ̂i∗ ) will be unknown, Section 2.2 explains what starting
point is taken in that case. The variables to be solved are u, σi , and λ. Taking the gradient
of the Lagrangian (Eq. (2.13)) with respect to these variables, as required by Eq. (2.12),
yields:

T
N
int
X
∂L
∗
=
wi Ci Bi u − ε̂εi Bi = 0
∂u
i=1

(2.16)

∂L
∗
= C−1
i (σi − σ̂i ) − Bi λ = 0 ∀i
∂σi

(2.17)

N
int
X
∂L
=
wi BiT σi − f = 0
∂λ
i=1

(2.18)
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The derived equations can subsequently be rewritten and substituted into each other to create
the following solvable system of equations:
N
int
X

wi BiT Ci Bi



N
int
X

wi BiT Ciε̂ε∗i

(2.19)

i=1

i=1

N
int
X

u=



wi BiT Ci Bi λ = f −

N
int
X

wi BiT σ̂i∗

(2.20)

i=1

i=1

The system can be solved to find the columns of displacements u and Lagrange multipliers
λ, that meet compatibility and equilibrium of forces. It can be observed that the term in
parentheses, equal in both Eq. (2.19) and (2.20), forms a matrix of size NDOF × NDOF , which
shows many parallels with the global stiffness matrix (often denoted with K) in traditional
FE methods. However, this system matrix is not equivalent to the global stiffness matrix,
since only geometrical stiffness, and no material stiffness, is included. The system matrix is
structured in such a way that each integration point has a weighted contribution to the matrix,
only at the relevant positions, due to the few nonzero columns in Bi . The new consistent
mechanical states, that are closest to the material points (ε̂ε∗i , σ̂i∗ ), follow from u and λ. The
mechanical strain in each integration point ε i simply follows from the compatibility relation:
ε i = Bi u ∀i

(2.21)

The mechanical stress σi can be obtained by rewriting Eq. (2.17) to:
σi = Ci Bi λ + σ̂i∗

2.2

∀i

(2.22)

Procedure of solution algorithm

In Section 2.1 the equations were derived to find for each of the material states (ε̂ε∗i , σ̂i∗ ), the
closest consistent mechanical states (εεi , σi ). This was carried out by solving a minimization
problem constraint by the requirements of compatibility and force equilibrium. The solution
algorithm to solve the equations provides a kind of ‘mapping’ from the material states towards
the mechanical states. In general, the material states closest to the calculated mechanical
states are different from the data points used for the mapping. If the closest material states
are subsequently used in a new iteration, it turns out that the mechanical states are iterating
towards data set Di . When the mechanical states, meeting equilibrium and compatibility,
come close to the data set, the solution is found when a convergence criterium has been
reached. The iterative procedure can be described by a twofold mapping: one mapping the
material states to the closest consistent mechanical state Pc , and the other mapping the
mechanical state to the closest material state in its data set Pd . Mapping Pc is carried out
by solving the minimization problem with the equilibrium constraint, which was derived in
Section 2.1. Mapping Pd follows from the search through the data set to find the point with
the smallest distance with respect to the mechanical state. Both mappings are defined as
follows:
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(k)
(k)
∗(k)
∗(k)
(εεi , σi ) = Pc (ε̂εi , σ̂i )

∀i

∗(k+1)
∗(k+1)
(k)
(k)
(ε̂εi
, σ̂i
) = Pd (εεi , σi )

(2.23)

∀i

(2.24)

Index k represents the iteration number. A complete iteration from one material state to the
next, consists of both mappings Pc and Pd and can be formulated as:
∗(k+1)
∗(k+1)
∗(k)
∗(k)
(ε̂εi
, σ̂i
) = Pd Pc (ε̂εi , σ̂i )

∀i

(2.25)

The iterations defined in Eq. (2.25) are illustrated in Fig. 2.1. The iteration process is
visualized for a straightforward example, being a single line element loaded in the axial
direction. One-dimensional problems as these only have a single component for strain and
stress, which implies that both mechanical and material states can be denoted by scalar
values. Then data retrieved for uniaxial tensile and compression tests can straightforwardly
be represented in a graph, as is shown in Fig. 2.1. Because the solution for stress directly
follows from the equilibrium of forces, the mechanical states for this problem are typically
located on a horizontal line in the solution space. However, it is noted that this only holds
for specific cases.

Figure 2.1: Visual representation of three iterations for a single 1D line element.

The mapping, as described in Eq. (2.25), is performed on the basis of the equations derived
in Section 2.1. The interpretation of these equations is now explained more thoroughly. For
obtaining a solution with the data-driven solver several parameters need to be defined. The
algorithm requires the definition of matrix Bi for all integration points i, these matrices capture the geometry and connectivity of the mesh. In addition, the nodal force column f must
be defined, which follows from the natural boundary conditions. Moreover, a certain material
data set Di should be assigned to every integration point. The set must contain a sufficient
amount of strain-stress states in the pre-defined range of loading to ensure that the solution
states are covered by the data. For every material data set the numerical matrix Ci has to be
defined providing the slope of the best linear fit through the data set. Providing the above
stated input, the iterative data-driven algorithm is able to start the solution of the problem.
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First the iteration index is set to k = 0 and all integration points are assigned a starting
∗(0)
∗(0)
data point, being a material state (ε̂εi , σ̂i ). Because these states are initially unknown,
Kirchdoerfer and Ortiz chose to assign randomly material states out of the corresponding
∗(0)
∗(0)
data set. Another way might be to assign every point a zero state (ε̂εi , σ̂i ) = (0, 0). In
the end, the solver should be able to provide a unique solution regardless of the starting state.
Next, the iterative procedure starts by obtaining the displacement and Lagrange multiplier
column u(k) and λ(k) , by solving the system of equations in Eq. (2.19) and (2.20). This
system can be denoted as:

Au(k) = b(k)

(2.26)

Aλ(k) = f − c(k)

Here A represents the symmetric system matrix, which will be constant in the iterative loop.
Columns b(k) and c(k) are updated during the iteration process since these include the closest
material states with respect to the previous iteration. The matrix and columns are defined
as follows:

A=
b(k) =
c(k) =

N
int
X
i=1
N
int
X
i=1
N
int
X

wi BiT Ci Bi
∗(k)

wi BiT Ciε̂εi

(2.27)

∗(k)

wi BiT σ̂i

i=1

For clarity the same system shown in Eq. (2.26) is written in matrix form. Straightforward
factorization techniques can be applied to efficiently determine solutions for u(k) and λ(k) .

A11

..

.


ANDOF 1
A11

..

.


ANDOF 1

(k)

···
A1NDOF
u1
  .. 
..
..
 . 
.
.
· · · ANDOF NDOF
uNDOF


(k)

···
A1NDOF
λ1
  .. 
..
..
 . 
.
.
· · · ANDOF NDOF
λNDOF




(k)



f1 − c1
..
.

b1
 .. 
= . 
bNDOF

(k)

(2.28)

=

fNDOF − cNDOF




When u(k) and λ(k) are obtained from solving the system in Eq. (2.26), the corresponding,
(k)
(k)
consistent, mechanical states in that iteration (εεi , σi ) can be determined from Eq. (2.21)
and (2.22).
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∗(k+1)

∗(k+1)

Next, every integration point is assigned an updated material state (ε̂εi
, σ̂i
), which
is closest to the updated mechanical state according to the definition in Eq. (2.15). Note
that this step can be computationally costly when data sets get large. Smart data-base search
techniques, such as neighbor list methods, could be used to increase efficiency in this step [20].
Finally, a convergence test is carried out by comparing the new determined material states
with the material states used at the start of the iteration. If for every integration point i
∗(k+1)
∗(k+1)
∗(k)
∗(k)
the new material state (ε̂εi
, σ̂i
) is equal to the previous (ε̂εi , σ̂i ), the algorithm
considers the calculation as converged and the solution consists of the nodal displacement col(k)
(k)
umn, u = u(k) , and the mechanical states, (εεi , σi ) = (εεi , σi ). If the convergence criterion
is not met, the new material states are inserted in the following iteration (k + 1) to determine
new mechanical and material states. The complete procedure is represented in a flow scheme
in Fig. 2.2.

Figure 2.2: Flow scheme of the DDCM iteration process.

2.3

Assessment of DDCM method

To test the performance of the algorithm, the data-driven solver will be applied to different loading cases. Initially, the assessment will be carried out on a two-dimensional truss
structure. In this case, the data sets can be simply represented by a single component, i.e.
uniaxial strain-stress data. These kind of data sets can easily be obtained from global forcedisplacement information in straightforward tensile tests. First, the truss structure will be
assessed using a nominal case where well-defined data sets are used to provide a solution.
Next, the data-driven solver is tested on lower quality data sets, i.e. poorly sampled and
scattered. Furthermore, the difference in performance when using random or zero initial
states will be taken into account. Finally, the assessment will be extended to the application
to discretized continua.
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2.3.1

Nominal truss cases

A two-bar truss configuration is considered, pinned at two joints, and loaded at the remaining
node. The width and height of the structure is equal to L = 1 m, and both trusses consist
of a cross sectional area of 20 cm2 . Initially, the truss structure will be loaded in negative y
direction with a force equal to F = 5 kN. The described configuration is illustrated in Fig.
2.3. For simplicity each truss is assigned only one integration point, this means that Nint = 2
mechanical state solutions are to be determined. Both integration points are assigned the
same material data set, which will consist of equidistantly sampled points in a linear elastic
relation as shown in Fig. 2.4. Here can be observed that this data set is generated by
sampling a linear elastic relation with Young’s modulus E = 1 GPa. This is by definition also
the optimal value for the numerical constant Ci , as it represents the slope of the best possible
fit of the data set. The integration weights wi for truss problems with one integration point in
each bar are typically equal to the volume of the bar belonging to integration point i. In this
way the unities in the equilibrium constraint in Eq. (2.8) are consistent, without requiring
an integration over the domain.
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-5

0

5
10-3

Figure 2.3: Two-bar truss structure
pinned in two joints and loaded in negative vertical direction.

Figure 2.4: Equidistantly sampled linear elastic data set consisting of Nmat = 100 data
points.

The DDCM algorithm is used to solve this structural problem. The resulting deformed
geometry can be seen in Fig. 2.5. If the horizontal and vertical displacements are considered,
the impact of using data points instead of a continuous function becomes immediately clear.
From Fig. 2.6 it can be concluded that the evolution of the displacements for increasing load
consists of clear fluctuations. This indicates that the solution state (εi , σi ) is not exactly
following the linear curve on which the data is sampled. To explain this result it is useful to
follow the iteration process in more detail.
Fig. 2.7 shows for each of the trusses how a randomly assigned initial data point is iterating
towards the solution state of this problem. First the initial state is mapped to the closest
consistent state by mapping Pc that follows from the global system of equations, as was
explained in Section 2.2. Next, the algorithm searches for the closest point in the data set,
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Figure 2.5: Deformation of a two-bar truss
structure as defined in Fig. 2.3 (scaled 10x).
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Figure 2.6: Force-Displacements curves of
both nodal degrees of freedom (DOFs) with incrementally applied load.

i.e. mapping Pd . This closest material point will be used in the next iteration. In the next
iterations the same mappings in the solution space are carried out again. Note that the
definition of the closest material point is based on the earlier defined penalty function in Eq.
(2.4) with numerical scaling constant Ci . These iterations are repeated until the consistent
state is close enough to the data set, as defined by the convergence criterion. In Fig. 2.8 it
can be seen how the solution converges. The closest material state is the same as the one
that was used to calculate the new mechanical state. The solution state is the mechanical
state in the converged iteration. Fig. 2.8 shows that this solution deviates slightly from the
linear elastic behavior on which the data was sampled. These small deviations are the direct
cause of the fluctuating character of the determined force-displacement curves in Fig. 2.6.
When the material behavior is represented by a continuous function, like a constitutive model,
a solution can be determined from the intersection between this model and the mechanical
equilibrium. However, when discrete data points are representing the material behavior, no
clear intersection can be defined. The distance-minimizing algorithm provides a tool to obtain
a solution nevertheless, but small deviations as observed in Fig 2.8 are inevitable.
By randomly assigning data points to the trusses as initial state, the converged solutions of the
data-driven solver can slightly differ even when solving the exact same problem. This ‘solution
randomness’ can be avoided if the solver is initially assigned so called ‘zero-states’. In this case
∗(0)
∗(0)
the iteration process will always start in the origin of the solution space, (ε̂εi , σ̂i ) = (0, 0),
and will therefore have the same solution for the same problem. The solution of the problem
defined in Fig. 2.3 with zero-states is visualized in Fig. 2.9. A problem with linear elastic
behavior, as shown in Fig. 2.4, can undoubtedly be solved more efficiently with traditional
constitutive modeling. All the data can be represented by a single Young’s modulus E, and
with this straightforward material model the boundary value problem can be solved in one
single calculation. The paradigm of DDCM becomes interesting when material data does not
show a clear linear relation. Fig. 2.10 pictures a nonlinear elastic data set, which is used to
solve the problem defined in Fig. 2.3. The numerical constant Ci is again the slope of the best
linear fit through the data, which will be equal to the one that was used for the linear data
set for this case. The way of solving using a nonlinear data set requires the same mappings
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Figure 2.7: Iteration procedure for solving the
truss problem in Fig. 2.3 using randomly assigned initial states.

Figure 2.8: Zoom on last iterations in Fig. 2.7.

10

as for the linear case. Again a solution is found where the mechanical states meet the data
set. Note that, in contrast with traditional approaches, no tangent of a material law needs to
be determined before iterating towards a solution.
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Figure 2.9: Iteration procedure for solving the
truss problem in Fig. 2.3 assigning zero-states
initially.
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Figure 2.10: Iteration procedure for the solution with a nonlinear elastic data set using randomly assigned initial states.

It is noted that for this problem the correct values of stress are determined correctly already
in the first iteration, which is certainly not obvious. It is a result of the fact that the truss
structure is statically determined, which indicates that the number of truss members is equal
to the nodal degrees of freedom (DOFs). In the case of a statically determined system, the
stresses in the members can be directly obtained from the equilibrium of forces, shown in Eq.
(2.8), without using a relation for stress and strain. Because a unique solution exists, the
set of mechanical states is located on a straight horizontal line with the value of the correct
solution for stress in each truss. Via Eq. (2.20) the Lagrange multipliers λ can be directly
calculated since these solutions are unique as well. Subsequently, the Lagrange multipliers
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compensate for the difference between the initially used stress σ̂i∗ and the correct solution of
stress in the integration points σi . In these specific cases of statically determined systems,
the distance-minimization of the state in the solution space with respect to the data set is
only used to solve for the strain in the trusses. Fenner and Reddy [25] defined the analysis
of pin-joint structures by comparing the number of members in the truss with the number of
DOFs. It states that a statically determined system must satisfy:
Nm = Ndim Nj − Nr

(2.29)

Here Nm = 2, Nj = 3 and Nr = 4 respectively indicate the number of members, joints
and reaction forces, Ndim = 2 represents the number of dimensions in which the truss is to
be considered. For cases where the number of members exceeds the number of DOFs, the
structure is statically undetermined, and the stress solutions cannot be calculated uniquely
from the equilibrium of forces. Additionally, information about the stress-strain behavior is
required to determine the solution. If the system consists of more DOFs than members it is
called a mechanism and will be incapable of supporting static loads. To show the difference
in solving for statically determined and undetermined truss structures, the data-driven solver
will be applied to solve for a statically undetermined system. To this end an additional roller
support is added to the truss structure. As a result, the system loses a DOF and becomes
statically undetermined. The load case is shown in Fig. 2.11. The load of F = 5 kN will be
applied in the positive x direction, which causes both trusses to be in tension. The deformed
truss structure is visualized in Fig. 2.12.
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Figure 2.11: Two-bar truss structure
pinned in two joints and slider supported, loaded in positive x direction.
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Figure 2.12: Deformation of a two-bar truss
structure as defined in Fig. 2.11 (scaled 50x).

Significant differences can be observed in the way the algorithm iterates towards the solution,
as shown in Fig. 2.13. Where for statically determined systems the correct value of stress in
all trusses was found in one iteration, the statically undetermined system is not able to find
the correct value of stress in the first iteration. This can be explained by the fact that the
equilibrium of forces, Eq. (2.8), consists of more possible solutions, which necessitates the
algorithm to find the solution of stress in an iterative manner using a relation for stress and
strain. Traditional numerical approaches solve this by using a constitutive law. However, the
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Figure 2.13: Iteration procedure in the solution of the truss problem in Fig. 2.11 using randomly
assigned initial states.

method of DDCM is designed to use data points in a distance-minimizing scheme instead.
Fig. 2.13 illustrates that the mechanical states are not located on a horizontal line, which
indicates that the algorithm iterates in the entire stress-strain solution space. However, it
must be noted that in every iteration the computed mechanical states satisfy the global
equilibrium of forces.

2.3.2

Sensitivity to data set variations

Hitherto, the data-driven solver was only assessed to well defined linear and nonlinear elastic
data sets. In practice, however, data retrieved from real experiments is not as well sampled
as shown in Section 2.3.1. To make useful statements about the performance of the method,
it should be tested on more challenging data sets. In the following paragraphs the DDCM
method will be assessed using the statically determined truss problem with poorer, i.e. lower
quality, material data. The data sets will be generated synthetically and are based on linear
elasticity. The quality of the data is decreased by variation in data density and amount of
scatter. Since the solution might be dependent on the initial states, both zero-states and
randomly assigned initial states will be assessed. The performance will be indicated by comparing the solutions with an analytically determined reference solution, for which a linear
elastic constitutive model is used. Because the stress follows directly from the equilibrium of
forces in the statically determined structure, this is not a valid quantity to test the performance of the algorithm. Instead, a Euclidean error norm of the displacement Φu in the free
joint will be used:
u − uref
Φu =

kuref k
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Data density
From the observations in Fig. 2.8, it can already be concluded that denser data sets can give
more accurate solutions. This is mainly caused by the convergence criterion that indicates
whether the data points closest to the computed mechanical states are the same as the data
points used to compute these mechanical states. With fewer points in the material data set
a local state can relatively ‘easily’ meet this criterion and the solution might deviate more
from the correct solution.
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Figure 2.14: Error norm in displacement for
increasing data density with zero-states used
initially.
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Figure 2.15: Error norm in displacement,
mean and standard deviation, for increasing
data density, where initial states are all randomly assigned from the material data set (100
runs).

Kirchdoerfer and Ortiz already showed the convergence of the DDCM paradigm with respect
to the number of data points for randomly assigned initial states with a nonlinear elastic
data set [15]. Where Kirchdoerfer and Ortiz used a complex truss structure, here something
similar will be done for the simple statically determined two-bar truss structure in Fig. 2.3.
The data set will be sampled on a linear elastic relation and is evenly distributed without
scatter. Fig. 2.14 shows how the error is decreasing for increasing number of data points,
where all initial states are assigned the zero-state. The result proves the convergence of the
algorithm with respect to the data density for this specific system and data set. Subsequently,
the same calculations are carried out with random initial states from the material data set.
Significant variance arises in the solution due to the added randomness in initial states, as
can be observed on logarithmic scale in Fig. 2.15. This variance is, together with the error,
decreasing for denser data sets and the mean of the calculations shows the same rate of
convergence as was observed when using zero-states initially.
Data scatter
Next, the algorithm is examined on scatter, which is a regularly occurring phenomenon in
material data sets. For noisy data sets, mechanical states might iterate towards outliers,
resulting in an inaccurate solution. To test the influence of the data scatter on the solution
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the same truss problem is solved with noisy data sets, , which are based on the same linear
elastic reference material law as was used for data density.
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Figure 2.16: Data set scattered by AWGN
with a signal to noise ratio of 1.
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Figure 2.17: Data set scattered by AWGN
with a signal to noise ratio of 100.

The scatter will be synthetically added to a material data set (fixed number of data points
Nmat = 100) by means of Additive White Gaussian Noise (AWGN). In this way the scatter
is added randomly and the amount of scatter can be tuned with the signal to noise ratio. It
turns out that the material data set obviously alters between a signal to noise ratios of 1 to
100. Outside that range of signal to noise ratio the data set does not significantly change.
In Fig. 2.16 and Fig. 2.17 data sets with AWGN are shown with a signal to noise ratio of
respectively 1 and 100. Because the randomness of the AWGN scatter generation must be
taken into account, the data-driven solver is tested several times on sets with the same signal
to noise ratio. In Fig. 2.18 it can be seen how the error decreases for decreasing scatter
when assigning zero-states initially to each member. Again significant variance in the error is
observable, indicating the high dependency on how the data set is exactly scattered. It can
also be observed that the error seems to remain constant outside of the indicated range of 1
to 100 in the signal to noise ratio. For the calculations where the initial states are randomly
assigned from the data set both randomness in initial states and in data set are included.
For that reason it is likely that the variance in error will be significantly larger compared to
the results in Fig. 2.18. It can be clearly observed in Fig. 2.19 that the variance is indeed
larger. Moreover, it can be seen that the mean error is substantially larger at low signal to
noise ratios when zero-states are assigned initially.
The high sensitivity of the algorithm with respect to the scatter in general becomes clear when
analyzing data sets with the highest signal to noise ratio. For a minimal scattered data set
as is shown in Fig. 2.17, computed solutions result in 10 % of error. The deviation from the
exact solution is a direct consequence of the error in strain, since the stress in the statically
determined system can be exactly obtained. In Fig. 2.20 the iteration procedure is visualized
for randomly assigned initial states. The solution of both trusses can be clearly distinguished.
The one in compression is initially assigned to a data point close to its final solution and as a
result the solution state is relatively close to the reference material law. The truss in tension,
however, starts further away from its solution. Fig. 2.21 shows that the solution converges
at an outlying data point at the edge of the data set, which is significantly far away from
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Figure 2.18: Error norm in displacement,
mean and standard deviations, for increasing
signal to noise ratio, where zero-states are assigned initially (100 runs).
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Figure 2.19: Error norm in displacement,
mean and standard deviation, for increasing signal to noise ratio, where initial states are randomly assigned from the material data set (100
runs).

the reference material law. When the solver starts with a zero-state it can be observed that
a non-zero stress solution always will end up at the edge of the data set. This results in the
higher error with less variance as was shown in Fig. 2.18. The error for randomly assigned
initial states is highly dependent on how the starting point is chosen, resulting in the large
variance in Fig. 2.19. These observations show how the DDCM method is sensitive to noisy
data sets and data sets consisting of outliers. Kirchdoerfer and Ortiz already proposed a
method to tackle this problem by a clustering analysis in a ‘Maximum Entropy’ (Max-Ent)
estimation, which is further explained in Appendix A.3.
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Figure 2.20: Iteration procedure for solving
the truss problem in Fig. 2.3, using randomly
assigned initial states and data set which is scattered by AWGN with signal/noise= 5.

Figure 2.21: Zoom on last iterations in Fig.
2.20.
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Figure 2.22: Geometry and boundary conditions of a tensile specimen with applied distributed load.

2.3.3

Application to continua

Up to now, the assessment considered only truss structures. Although the working principle
of DDCM is easier to explain and assess on uniaxial data sets, the method is not limited to
that. The same principle that was derived and explained in Sections 2.1 and 2.2 can also
be applied to discretized continua. The main challenge for this application is to cope with
the strains and stresses that are represented by columns. Accordingly, Ci is also no longer a
scalar value and has to be defined as a matrix, which is explained in more detail in Appendix
A.2. In this section the DDCM method will be assessed on a two-dimensional continuum,
being a tensile test specimen fixed in horizontal direction on the left boundary and loaded
horizontally on the right boundary, as is illustrated in Fig. 2.22. The specimen with length
L = 150 mm and height H = 40 mm is loaded with a distributed load of P = 625 kNm−1 .
Due to the geometry of the specimen a heterogeneous stress field will arise.
The domain in Fig. 2.22 will be discretized with 4-node quadrilateral elements. More information about the discretization can be found in Appendix A.1.2. The relatively coarse mesh
that will be solved by the data-driven solver is shown in Fig. 2.23.
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Figure 2.23: Mesh, consisting of 56 linear
quadrilateral elements, used to solve the problem in Fig. 2.22 with the data-driven solver.
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Figure 2.24: Mesh, consisting of 215 quadrilateral elements, used to generate material data
with FEA.

For this two-dimensional example, the mechanical states will consist of three-component strain
and stress columns in each integration point. Accordingly, the material data should be retrieved with three components as well. In practice, obtaining such data sets requires full-field
methods, e.g. Digital Image Correlation (DIC). In this example, however, results from FEA
will be employed. The stress-strain data will be generated by an analysis of the exact same
problem, using a finer mesh than the mesh will be used for the data-driven solver, which is
shown in Fig. 2.24. In the FE model the material behaves according a linear elastic constitutive law with Young’s modulus E = 1 GPa and Poisson ratio ν = 0.3. The material states
for the data-driven solver will be extracted from all integration points in the FE mesh. The
mesh pictured in Fig. 2.24 will generate 860 data points. Using this material data set and

20 An assessment of Data-Driven Computational Mechanics / Version 1.0

Technische Universiteit Eindhoven University of Technology

the optimal Ci (equal to the material stiffness matrix used in FEA), the data-driven solver
obtains the solution for σxx , shown in Fig. 2.25. To indicate the performance a comparison is made with a reference solution, which is the FE solution of the exact same mesh as
used for the data-driven solver. Note that in general a finer mesh results in a more accurate
solution, which is also the case for the data-driven solver. However, to assess the DDCM
method itself the discretization of the continua is rather irrelevant. Optimally, the solution of
the data-driven solver should match the solution of the FE calculation with the exact same
mesh. However, due to the sampling of data on the constitutive law that was used in the FE
calculation, the accuracy of the data-driven solution is dependent on the number of material
data points Nmat . The Euclidean error norm of the stress column σ between the data-driven
and reference solution in each integration point is denoted by Φσi and defined as:

Φ σi =

σi − σiref

(2.31)

σiref

The error over the domain is shown in Fig. 2.26. It can be observed that the error on a
large part of the domain is rather small, but is significant on specific locations. These larger
errors can be explained with the data sampling. On the locations with large errors the strain
and stress tensors are relatively unique compared to the rest of the domain (with mainly
deformation in xx direction). A direct consequence is that data close to these mechanical
states is sampled more poorly, resulting in a less accurate solution.
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Figure 2.25: Contour plot of horizontal stress Figure 2.26: Contour plot of RMSE of stress
component σxx on the deformed tensile specimen. tensor σ on deformed tensile specimen.

As observed in Section 2.3.2, the solution of the data-driven solver is sensitive to the data
sampling density. For that reason it is interesting to investigate whether the data-driven solver
applied to continua converges with respect to the data density. Based on the observations for
truss structures in Figs. 2.14 and 2.15, calculations using zero initial states will suffice. The
data density is increased by generating the material data with finer FE meshes. The error
norm in Eq. (2.31) is averaged over all integration points i according to:

Φ̄σ =

Nint
1 X
Φσi
Nint i=1

(2.32)

Similar to the results for truss structures convergence can be observed from the results in Fig.
2.27.

21 An assessment of Data-Driven Computational Mechanics / Version 1.0

Technische Universiteit Eindhoven University of Technology

101

100

103

104

Figure 2.27: Mean error norm in stress in the entire domain for increasing number of material data
points.
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3

Data-Driven Identification

The paradigm of DDCM shows potential for solving problems with complex material behavior.
However, a necessary condition for obtaining an accurate solution is that data sets are of good
quality. To ensure sufficient data quality, experiments and measurements should be carried out
with care. For one-dimensional problems and truss problems, data sets can be retrieved from
straightforward uniaxial experiments. In these experiments, one-component strain and stress
values can be obtained by globally measuring force and displacement. Solving continuum
problems, however, requires full-field data with local information instead. In the recent past,
several full-field measuring techniques are developed to obtain heterogeneous strain fields for
different loading conditions, e.g. tensile and bending tests. Commonly used examples of fullfield techniques are; (Integrated) Digital Image Correlation ((I)DIC), Virtual Field Method,
and the Grid Method [26]. These methods require assumptions on the relation between
stress and strain for determining the heterogeneous stress field, which is often implemented
by a constitutive model. Because the principle of the DDCM paradigm is to completely
bypass any constitutive modeling, it would be contradictory to use data sets derived with
these kinds of methods. For that reason, the data-driven principle of Kirchdoerfer and Ortiz
[15] was used to develop a technique to determine the heterogeneous stress fields in full-field
methods. The method, called Data-Driven Identification (DDI) [20], is based on a similar
optimization problem as was solved in the DDCM paradigm in Chapter 2. The application
of DDI should be considered in the scope of DIC, where different ‘snapshots’, or images, of a
deformed geometry are used to determine a number of material states, consisting of a strain
and stress. In Section 3.1 the derivation of the system of equations, which has to be solved, is
described. The working procedure of the DDI algorithm is explained in Section 3.2. Finally,
an assessment of the described method will be carried out, which can be found in Section 3.3.

3.1

Derivation of governing equations

The DDI method is fully based on the data-driven solver explained in Chapter 2. Therefore
many parameters that will be used in DDI are already introduced. Again the procedure is
expressed in terms of the so-called mechanical and material states. The mechanical states
are the strains and stresses determined in all integration points, and the material states are
the data points that will be obtained from the experiment. The goal of DDI is to obtain
material states out of the images from a certain experiment, for example, a straightforward
force-controlled tensile test. The different snapshots are indicated by X, with X = 0, . . . , NX
with NX the number of snapshots, where X = 0 is the reference image that contains the undeformed geometry at the start of the experiment. On this reference snapshot a discretization
will be carried out, on which nodes and elements will be defined. Similar to DDCM, each
element will consist of integration points i, and for each a matrix Bi is defined capturing the
geometry and connectivity. The entries of Bi represent the derivatives of the shape functions
and the exact formulation can again be found in Appendix A.1. Using the defined mesh, the
displacement field can be determined for each snapshot X and will be structured in columns
uX similarly as in Eq. (2.9). Moreover, the loads, which are required to be known for each
snapshot, are defined equivalently in column f X . The mechanical strains ε X
i directly follow
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from the compatibility constraint:
X
εX
i = Bi u

∀i, X

(3.1)

Eq. (3.1) shows for a certain snapshot X how strains in all integration points i are determined from the displacement field. Therefore, strains and displacements automatically meet
compatibility. The desired material states, (ε̂εq , σ̂q ), should be obtained as a representative
X
sampling of the mechanical states, (εεX
i , σi ). This is achieved by assigning a certain material
state to each of the mechanical states. Optimally, the material state closest in strain-stress
space is assigned to a mechanical state. Because the material states are initially unknown,
this will be achieved iteratively by optimizing the mapping parameter MiX :
MiX ∈ {1, . . . , Nmat }

∀i, X

(3.2)

The mapping parameter MiX can be equal to a member of {q = 1, . . . , Nmat }, which indicates
the set of all material states. The number of material states Nmat is a parameter that can be
chosen manually. However, according to the literature the optimal value will depend on the
number of mechanical states Nmec = NX Nint [20–23]. With the free choice of this parameter,
one can influence the solution by tuning it. In Section 3.3.3 the choice and influence of this
parameter is examined. Next to the initially unknown material states and mapping, the
mechanical stress is also unknown. The unknown variables are to be solved iteratively in a
minimization problem. This minimization is based on a local penalty function similar to the
one used in Eq. (2.4) and reads:
X
X
X
FiX (ε̂εX
i , σ̂i ,σi , Mi ) =
1 X
1 X
T
X T −1
X
X
εX
εX
(εεi − ε̂εX
i ) Ci (ε
i − ε̂
i )+ (σi − σ̂i ) Ci (σi − σ̂i )
2
2

∀i, X

(3.3)

Here Ci represents the same numerical matrix as was introduced in Chapter 2. However, its
determination in DDI is significantly less straightforward since no material behavior is available at the start of a DDI calculation. Literature states that the choice of Ci provides some
additional flexibility in the solution procedure [20]. The direct influence of this parameter
X
on the solution is assessed in Section 3.3.3. New variables ε̂εX
i and σ̂i represent the material
state to which a certain mechanical state is mapped, such that:
εq
ε̂εX
i = ε̂
σ̂iX

= σ̂q

with

MiX = q

∀i, X, q

(3.4)

A visual representation of the mapping from a mechanical towards a material state is given
in Appendix B.1. The global minimization is carried out by a weighted sum of all mechanical states, while meeting again the equilibrium equation for the mechanical stresses in each
snapshot X.
Minimize:

NX N
int
X
X

X
X
X
wi FiX (ε̂εX
i , σ̂i , σi , Mi )

X=1 i=1
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subject to:
N
int
X

wi BiT σiX = f X

∀X

(3.6)

i=1

The constraint minimization problem defined in Eq. (3.5) and (3.6) can again be solved with
the method of Lagrange multipliers. The total Lagrange function consists of four variables
and reads:

X
X
X
L(ε̂εX
i , σ̂i ,σi , λ ) =
NX N
int 
X
X
wi
X=1 i=1

2

T
εX
εX
εX
(εεX
i − ε̂
i ) Ci (ε
i −ε̂
i )+

wi X
X
X
(σi − σ̂iX )T C−1
i (σi − σ̂i )
2

−(wi BiT σiX − f X )T λX

(3.7)



The theorem from Eq. (2.12) can again be used to obtain four independent equations:
NX N
int
X
X
∂L
εX
=
wi Ci (εεX
i − ε̂
i )=0
X
∂ε̂εi
i=1
X=1

(3.8)

NX N
int
X
X
∂L
X
X
wi C−1
=
i (σi − σ̂i ) = 0
X
∂ σ̂i
X=1 i=1

(3.9)

∂L
X
X
X
= wi C−1
i (σi − σ̂i ) − wi Bi λ = 0
∂σiX

∀i, X

N
int
X
∂L
=
wi BiT σiX − f X = 0 ∀X
∂λX
i=1

(3.10)

(3.11)

The definition of the material states follows from Eq. (3.8) and (3.9), being the weighted
average of all mechanical states that are assigned to a material state. Using the definition in
Eq. (3.4) the value of the material strains and stresses can be stated as follows:

ε̂εq =

NX N
int
X
X

X
wi C i ε X
i (αi )q

∀q

(3.12)

X=1 i=1

σ̂q =

NX N
int
X
X

X
X
wi C−1
i σi (αi )q

∀q

(3.13)

X=1 i=1

with:
(

(αiX )q =

1, if MiX = q
0, if MiX 6= q
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The independent equations can be reduced to a smaller system. Substituting σiX from Eq.
(3.10) in Eq. (3.11) and substituting Eq. (3.9) in Eq. (3.10) gives the following coupled
system of equations:


N
int
X







wi BiT Ci Bi  λX

i=1

N
int
X

+



wi BiT (αiX )q  σ̂
∼

= fX

∀X, q

(3.15)

i=1
NX
X

N
int
X


X=1





wi Bi (αiX )q  λX = 0

∀q

(3.16)

i=1

Note that the terms in parentheses in Eq. (3.16) should be compensated for the element
volume if a isoparametric mapping is applied, which is explained for the DDCM method in
Appendix A.1. The column with Lagrange multipliers is structured equivalently as was done
in Eq. (2.14). In column σ̂
all material stresses σ̂q are structured as follows:
∼
σ̂1
 .. 
σ̂
= . 
∼
σ̂Nmat


3.2



(3.17)

Procedure of solution algorithm

Having derived the equations, the procedure of the DDI algorithm is explained further. A
compact representation can be found in the flow scheme in Fig. 3.1. The algorithm starts
with the known force and displacement columns, f X and uX , respectively. This requires
already some pre-processing of the snapshots obtained from for example DIC experiments. A
discretization was performed on the reference snapshot, which also defines the variables Bi
and wi , representing the geometry/connectivity matrix and the numerical integration weights
respectively. Other parameters that need to be defined are the number of material states
Nmat and the numerical matrix Ci , which can be used to tune the accuracy and sensitivity of the algorithm. In [20], the authors already made some proposals for optimal values.
Furthermore, the influence of these parameters is assessed in Section 3.3.3. Before the iteration loop starts the mechanical strains can be directly calculated from Eq. (3.1). Moreover,
X(0)
an initial mapping Mi
is required to start the iteration loop. Every mechanical state is
assigned a material state, which are as yet unknown. This means that the initial mapping
maps each mechanical state to a certain material state (ε̂εq , σ̂q ) without it having a value. An
initial mapping can be carried out randomly. However, in [20] the authors already showed
that a k-means algorithm applied to the mechanical strains provides a significant increase in
efficiency. The differences between the random initial mapping and the initial mapping based
on a k-means algorithm are visualized in Appendix B.1. With all the previously mentioned
parameters known, the iteration loop can start.
First, the material strains ε̂εq per iteration are calculated with the weighted average of all
mechanical strains assigned to a certain material state q, as defined in:
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ε̂ε(k)
q =

NX N
int
X
X

X(k)

wi Ciε i

(αiX )(k)
q

∀q

(3.18)

X=1 i=1

Subsequently, the derived coupled system of equations, shown in Eq. (3.15) and (3.16), will
(k)
and λX(k) . The coupled system is separated per snapshot
be solved to obtain columns σ̂
∼
X, and written in a compact way:
(k)

(k)
AλX(k) + SX σ̂
= fX
∼
NX 

X
(k) T

SX

∀X

(3.19)

λX(k) = 0

(3.20)

X=1

Here the NDOF × NDOF matrix A remains constant during the iteration process and only
needs to be defined once, at the start of the iteration loop and is defined the same as in
Chapter 2:

A=

N
int
X

wi BiT Ci Bi

(3.21)

i=1
X(k)

(k)

Matrix SX however, is dependent on mapping Mi
, causing the matrix to alter in every
(k)
iteration. Matrix SX typically consists of size NDOF × (Nmat Ncomp ) and is defined as:
(k)

SX =

hP

Nint
i=1

(k)

wi BiT (αiX )1

...

PNint
i=1

(k)

wi BiT (αiX )Nmat

i

∀X

(3.22)

Because the system is coupled, Eq. (3.19) and (3.20) need to be solved simultaneously,
creating one large symmetric system:











(k) 

A


S1
(k) 

S2 


.. 
. 

A
..

.
A


(k) T
S1




(k) T
S2

···


(k) T
SN X



(k)

λ1
λ2 

.. 

 . 



(k)
λNX 
SN X 

σ̂
∼
0



f1
f2
..
.











=

 NX 
f


(3.23)

0

The first NX rows in the sparse matrix (and the right member) in Eq. (3.23) represent
Eq. (3.19), and the last row represents Eq. (3.20). The matrix turns out to be close to
singular, requiring iterative methods to solve the system. The clear block structure of which
the system matrix consists, allows to solve with efficient block solvers. However, research
on efficient iterative solvers is beyond the scope of this project. In this assessment results
were obtained using the MATLAB implementation of the ‘Symmetric LQ method’. Next, the
mechanical stresses can be determined by updating the just obtained material stresses with
the ‘Lagrange-update’ according to Eq. (3.10). The definition for the mechanical stress can
be rewritten to:
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X(k)

σi

X(k)

= σ̂i

+ Ci Bi λX(k)

∀i, X

(3.24)
X(k)

With both the mechanical and material states known, mapping Mi
can be updated. Every
mechanical state runs a loop to find the closest material state according to the earlier defined
local penalty function in Eq. (3.3). The new mapping satisfies the following inequality:


X(k+1)

FiX Mi

X(k)

, ε̂εi

X(k)

, σ̂i

X(k)

, εX
i , σi





X(k)
(k) X
≤ FiX ε̂ε(k)
q , σ̂q , ε i , σi



∀i, X, q

(3.25)

Finally, a convergence test is carried out by comparing the current mapping with the previous
one. When the mapping has not altered during the iteration, the algorithm considers the
solution to be converged. This means that the algorithm is finished if for every mechanical
state the following condition is met:
X(k+1)

Mi
X(k)

The mechanical stress σi
tions of the calculation.

X(k)

= Mi

∀i, X

(3.26)

εq(k) , σ̂q(k) ) can be considered the final soluand material states (ε̂

Figure 3.1: Flow scheme of DDI iteration process.

A more visual explanation of the solution algorithm used in DDI can be read in Appendix
B.1.

3.3

Assessment of DDI method

The Data-Driven Identification method will be assessed, similarly to how the performance
of DDCM was tested. The method explained in Sections 3.1 and 3.2, will be applied to
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synthetically generated snapshots retrieved from FE calculations using a constitutive model.
The DDI will use a well-defined displacement field and force column. In practice, however,
obtaining displacement fields and converting boundary conditions to the desired force column
requires significant effort, which is excluded in this assessment. For some of these challenges,
experimental-numerical protocols are already developed [23], which will be beyond the scope
of this assessment. The extent to which the material states obtained with DDI resemble the
constitutive law, which was used to create the snapshots, is the main measure of performance.
Initially, the assessment will be carried out with a straightforward truss structure. Next, this
will be extended to a continuum.

3.3.1

Nominal truss cases

For the sake of simplicity, the DDI method is first assessed on a truss structure. As a result,
the obtained material states will consist of scalar values for strain and stress, which can be
displayed clearly. The example that will be used, is the statically undetermined two-bar
truss structure from Fig. 2.11, with the same loading conditions. An important feature of
DDI is the ability to determine the stress field without using a constitutive law. A statically
determined truss consists of a trivial stress solution, which would be inappropriate for this
example. The snapshots X of the used truss structure consist of displacement fields with
only one DOF, i.e. the horizontal displacement of the free node. The force is incrementally
applied such that in each increment both a displacement field and column of applied forces
are obtained. In Fig. 3.2 three snapshots are visualized, being the reference image (X = 0),
the final image (X = NX ), and a snapshot in the middle (X = 21 NX ). The snapshots are
generated utilizing FEA, where initially a linear elastic constitutive law, with E = 1 GPa was
applied.

1
0.8
0.6
0.4
0.2
0
-0.2
0

0.5

1

Figure 3.2: Three snapshots of the deformed truss structure, in which the displacement of the free
node represents the displacement field (scaled 100x).

Fig. 3.3 shows the DDI solution for the truss structure, wherein a total of NX = 100 different
snapshots were used. Furthermore, parameter Ci was set equal to one, the weights again wi
equal to the bar volumes, and the number of material states Nmat = 20. In Fig. 3.3 it can be
observed that both the mechanical and material states follow the linear elastic relation, that
was used for generating the displacement fields. The material states provide a relatively even
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sampling of the mechanical states, where the mechanical states form some kind of clustering
in the neighborhood of the material state to which it is mapped. It must be noted that a
solution of DDI always consists of some randomness. This is a direct result of the initial
mapping, carried out by a k-means algorithm. The starting values of the k-means algorithm
are determined randomly, which slightly influences the converged solution.
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Figure 3.3: DDI solution for deformed truss Figure 3.4: Zoom on Fig. 3.5 where the clusterstructure, based on synthetically generated snap- ing of the mechanical states around their assigned
shots with linear elastic material behavior (NX = material state is visible.
100 and Nmat = 20).

If the snapshots are created based on a nonlinear elastic constitutive model, the DDI method
succeeds to recover the reference material behavior as well. Fig. 3.5 shows the DDI solution
of the same truss problem with nonlinear reference behavior, which was obtained without any
constitutive information.
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Figure 3.5: DDI solution for deformed truss Figure 3.6: Zoom on Fig. 3.5 where the clusterstructure, based on synthetically generated snap- ing of the mechanical states around their assigned
shots with nonlinear elastic material behavior material state is visible.
(NX = 100 and Nmat = 20).

Subsequently, the method’s convergence is tested. According to the authors in [20] the number
of material states Nmat is a fixed part of the number of mechanical states Nmec . To increase
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the number of material states, the number of mechanical states must be increased as well.
For the same truss structure this can only be achieved by increasing the number of snapshots
NX , which comes down to dividing the applied load in more increments. The error norm Φσq
is determined by comparing the axial stress value of the material states σ̂q with the reference
stress for the strain in that material state σ ref (ε̂q ), where again linear elastic material behavior
is used. To fairly compare different numbers of material states, the error in stress is averaged
over all material states according to:

Φ̄σ =

1

NX
mat

Nmat

q=1

σ̂q − σ ref (ε̂q )
σ ref (ε̂q )

(3.27)

In order to make statistically justified conclusions, each calculation should be sufficiently
repeated. In this way, the influence of the randomness originated in the k-means algorithm
is captured. Fig. 3.7 shows the convergence of the DDI solution for an increasing number of
snapshots for the truss problem.
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Figure 3.7: Mean error in stress with standard deviation for increasing number of snapshots NX
(500 runs).

3.3.2

Application to continua

Next, the assessment of the DDI method is extended to continua. In this way, the coupling
with full-field methods like DIC becomes directly clear. The DDI algorithm is able to generate
heterogeneous stress fields, through the mechanical stress values, using only the displacement
field and boundary conditions. The material states follow again from a sampling of these
mechanical states accordingly. For this assessment again the two-dimensional geometry and
boundary conditions of the tensile specimen described in Section 2.3.3 are considered. The
same coarse discretization is used, depicted in Fig. 2.23. To create the snapshots also the
same linear elastic constitutive model is used with E = 1 GPa and ν = 0.3. Three of the
snapshots can be observed in Fig. 3.8, in which the displacement field is directly defined.
Note that displacement fields like these can be obtained from full-field measurements, such
as DIC.
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Figure 3.8: Three snapshots of the deformed tensile specimen, in which the nodal displacements
represent the displacement field (scaled 100x).

For this continuum, a convergence test is performed as well. Again the number of snapshots
NX is varied by using more load increments in the FEA. The error is determined by comparing
the stress in the material states with the reference material law, similarly as was carried out
for the truss structure. To define the error for the total stress tensor σ̂q , again a Euclidean
norm is used to include all stress components. This will be carried out for all material states,
after which again an average error is computed:

Φ̄σ =

1

NX
mat

σ̂q − σ ref (ε̂εq )

Nmat

q=1

kσ ref (ε̂εq )k

(3.28)

In Fig. 3.9 the mean error can be observed for different numbers of snapshots. Although
a significant error remains, the decreasing trend indicates that the method is converging for
continua as well. Because minimizing the error to an acceptable value requires a significant
number of snapshots, one can also decide to increase the number of mechanical states by
increasing the number of integration points Nint . A finer mesh on the snapshots enriches the
displacement fields and force columns, resulting in more accurate solutions. The error for the
same continuum problem, using a finer mesh (the one pictured in Fig. 2.24), is also shown in
Fig. 3.9.

3.3.3

Study on parameters

Next to the input, being the snapshots and boundary conditions, the DDI method also requires
the definition of two tunable parameters beforehand, which are the numerical matrix and the
number of material states. The parameters have a direct influence on the solution. In this
section, this influence will be examined.
Numerical matrix C
In the case of DDCM, to fairly scale the units of strain and stress in the distance minimizing
scheme, a numerical matrix Ci was introduced. It was mentioned that this matrix should
be derived directly from the material data set. This can be achieved by deriving numerical
constants and constructing the matrix accordingly, or through some kind of multi-dimensional
fit through the data. However, in DDI it is not straightforward to define Ci with the available
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Figure 3.9: Mean error norm in stress with standard deviation for increasing number of snapshots
NX (500 runs).

input. A direct consequence is that in most cases the value of the numerical matrix, in all
probability, is not chosen optimally. For that reason, the influence of this parameter on the
converged solution is investigated.
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Figure 3.10: Mean error in stress solution of two- Figure 3.11: Mean error norm in stress in solubar truss structure for different numerical constant tion of the tensile specimen for different values in
values (500 runs).
numerical matrix (500 runs).

For the two-bar truss structure and the two-dimensional tensile specimen, the value of the
numerical matrix Ci is varied over a wide range. The definition of the matrix is taken constant
over all integration points i. For the truss problem it is taken equal to C = C and for the twodimensional continuum C = CI, with C the to be varied parameter and I the identity matrix.
In Figs. 3.10 and 3.11 it can be observed that for both the truss structure and the continuum
there is almost no change in error for a large range of C. From these observations it can be
concluded that if the numerical matrix C does not contain extreme values, it has a negligible
influence on the solution. In contrast, however, Leygue et al. [20] state that reducing the
value of C mitigates the influence of noisy input data and improves the solution, which is not
investigated in this assessment. However, that research limits to only few variations of C.
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Number of material states Nmat
Another parameter that must be chosen before starting a DDI calculation is the number of
material states Nmat . The literature defines the number of material states as a fraction of the
mat
number of mechanical states, N
Nmec [20–23]. In this literature, different values are proposed
without clear reasoning. Dalémat et al. [23] mention the following about the number of
material states: ‘A too small number of material states allows the mechanical states (stress
in particular) to be far from their associated material state, it adds freedom when solving the
algorithm but implies large error. Conversely, a too large number constraints the mechanical
stresses to be close to their material data point and the algorithm can stop on local minima.’
mat
Furthermore, it is stated that for continua the ratio should equal N
Nmec = 0.01, however,
mat
Leygue et al. [21] use a value of N
Nmec = 0.05 in their example. Hence, the optimal value for
this ratio seems to be problem-dependent, but no clear way of determining the optimal value
mat
is suggested. The influence of N
Nmec on the solution will be tested for the earlier defined truss
structure and continuum.

Figure 3.12: Six-bar truss structure pinned in two joints and slider supported, loaded in positive x
direction.

The optimal value of the parameter is determined by finding solutions for varying ratios.
To investigate the ratio’s dependencies, different numbers of snapshots NX are attempted.
Next to that, the results are compared with an alternative truss structure consisting of six
bars and loaded similarly, this truss structure is pictured in Fig. 3.12. From the results
in Fig. 3.13 can be concluded that the ratio of material states seems independent of the
number of snapshots since the optimal value is approximately the same for NX = 100 and
NX = 200. The ratio is indeed problem-dependent because the optimal value for the six-bar
truss structure is significantly different. For the continuum problem the proposed value of
Nmat
Nmec = 0.01 is close to the optimized value for the tensile specimen as can be seen in Fig.
3.14. If the proposed value was used, only little error is added to the solution with the optimal
ratio, which implies that this proposed value suffices. With the reference behavior known, the
ratio of material states can be optimized. However, DDI is a method to retrieve material data
from experiments where no reference behavior is available. Hence, in those cases this value
can not be optimized, and a value should be chosen based on literature, like the proposed
mat
value of N
Nmec = 0.01 [23], not knowing what kind of error this would add. Moreover, for truss
problems in DDI no proposals at all can be found in literature. Based on the assessment a
better way of choosing this value can be suggested. The created mesh on the snapshots of
a certain experiment can be used in FEA with reference material behavior to optimize the
number of material states before the snapshots are used in the DDI algorithm. Although this
34 An assessment of Data-Driven Computational Mechanics / Version 1.0

Technische Universiteit Eindhoven University of Technology

method is rather cumbersome, it provides a way to determine this parameter more accurately.
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Figure 3.13: Mean error in stress solution of Figure 3.14: Mean error norm in stress in solutruss structures for different ratios of material tion of the tensile specimen for different ratios of
states (500 runs).
material states (500 runs).
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4

Conclusions and discussion

Based on the research in this work, several conclusions can be drawn regarding the data-driven
framework used in DDCM and DDI.

4.1

DDCM

The numerical matrix C plays a significant role in the DDCM paradigm, by scaling the units
of stress and strain in the determination of distance in the solution space. However, deriving
this matrix from a given data set requires some information about the material beforehand,
especially for higher-dimensional problems. To construct the matrix with ‘pseudo material
constants’ it should already be known to what extent the material exhibits symmetry. Furthermore, matrix C represents the best linear fit through the data, which will result in some
kind of error when material shows complex nonlinear behavior. How this error compares to
the error arising in traditional constitutive modeling is not yet clear.
The assessment on DDCM in Section 2.3 shows the high dependency on data quality. For
noisy material data sets, the data-driven solver shows a significant error. With the Max-Ent
solver, a robust method has already been proposed in literature to improve the solver concerning data scatter and outliers. However, next to the amount of noise, also the density of the
data set is an important factor. It turns out that an accurate solution only can be obtained if
the material data is sufficiently dense sampled. Particularly in higher-dimensional problems,
data sets must fulfill more requirements. Because in these cases data points typically consist
of more components in strain and stress, the data set must contain more points for a certain
accuracy. The specific type of loading, e.g. pure tension or shear, in the problem should be
represented in the data set that is used. This can be achieved by either generating a specific
data set for a certain model, or by using a very rich data set, that contains a large range of
loading conditions.
The algorithm as implemented in this assessment turns out to be computationally costly even
for straightforward problems. On the one hand, the algorithm must carry out large database
searches in every integration point to find its closest material state. This is a computationally
expensive task, especially when data sets get larger, which is desired for obtaining accurate
solutions. Smart data-base search techniques can be implemented to improve this aspect.
On the other hand, boundary value problems are always solved iteratively with DDCM, even
when material shows linear elastic behavior, which is very inefficient compared to traditional
approaches. However, more complex material behavior is solved in the same way. Traditional
methods with constitutive models use iterative methods, for which a tangent needs to be
derived, to solve these nonlinear boundary value problems.
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4.2

DDI

For the DDI method, an input of well-defined displacement fields and force columns are required. The displacement fields can be obtained similarly as in DIC for example. However,
the definition of the force columns is less straightforward to define. In the force column, the
exact nodal forces should be determined, based on the same mesh as was used to define the
displacement field. In practice, the externally applied force is known but errors can arise
when converting it to nodal forces, due to load discrepancies for example. In this assessment
only well-defined displacement and force columns were used. Hence, meaningful statements
on the exact influence of this matter can not be made.
From the assessment of DDI in Section 3.3 it can be observed that solutions provided by
the data-driven algorithm consist of significant error with respect to its reference value. Having a well-defined input, it is questionable how this error compares to errors in classical
full-field approaches where constitutive laws are applied.
Furthermore, the DDI algorithm requires the definition of two parameters, being the numerical matrix C and the number of material states Nmat . The way to derive the first parameter
is as yet not clear, but the assessment in Section 3.3 shows that for a wide range of values
this parameter has no significant influence. The latter, however, has a significant influence
on the solution. In the literature, some proposals for the number of material states are given.
It turns out that Nmat is problem-dependent, but a solid method to determine this value
is as yet unknown. With available reference behavior, as in the assessment in Section 3.3
mat
where synthetically generated input was used, the ratio N
Nmec can be optimized. However, for
the real cases where DDI could be beneficial, one can only pick a value that is based on an
(educated) guess.

4.3

Recommendations

It can be concluded that the method of Data-Driven Computational Mechanics has no added
value compared to traditional computational mechanics when the material shows ‘straightforward’ behavior such as linear elasticity. However, when the material behavior gets more
complex and constitutive models are no longer capable of describing this behavior accurately
enough, DDCM might be an improvement. The data sets used for DDCM in this project
was limited to only synthetically generated data points. To measure the performance of the
data-driven approach with respect to traditional methods, the solutions of both DDCM and
traditional constitutive modeling should be compared with experimental results of nonlinear
behaving materials.
The paradigm does show potential as it succeeds to find relatively accurate solutions, with
respect to the reference behavior. It is noted that the used data sets therefore must have
sufficient quality. For highly nonlinear inelastic problems in particular, DDCM might be
superior to traditional constitutive modeling, for which recently the methods of DDCM has
been extended [24]. Therefore it is recommended to expand the assessment to inelasticity and
test its performance by real experiments with respect to inelastic constitutive modeling. In
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this respect, the computational efficiency of DDCM and traditional methods should also be
examined.
The Data-Driven Identification method proved to be able to derive the stress field without
using material models. However, a good performance measure to validate this technique, with
respect to approaches where constitutive modeling is used, is as yet unavailable. Moreover,
the discrepancies that originate from converting the externally applied load to the nodal values could have significant influence on the derived stress field. Therefore, the exact influence
of less well-defined nodal force columns should be investigated. Finally, the optimal value
of parameter Nmat , indicating the number of material points that will be derived, should be
investigated with respect to different nonlinear material behavior.
With the increase of quality and quantity of material data, as well as the recently developed full-field techniques, this data-driven method shows more potential. However, its real
value is not yet clear.
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A

Appendix DDCM

A.1

Definition of matrix B

In the paradigm of DDCM matrix B plays an important role. The domain geometry and
nodal connectivity is captured by means of the shape functions’ derivatives. The construction
of this matrix, in the way it is implemented in this work, will be explained in this paragraph
in detail. For convenience all elements are mapped to a so-called master element with its own
isoparametric, local, coordinate system ξ. This is commonly used method in computational
mechanics. The mapping between the global and local coordinate systems is described by the
Jacobian matrix Ji , and its determinant represents the scaling of the element size in the local
and global coordinate system. This scaling must be included in the system of equations, the
earlier derived system in Eq. (2.19) and (2.20) then reads:
N
int
X



wi BiT Ci Bi det(Ji ) u =

i=1

wi BiT Ci Bi det(Ji )

wi BiT Ciε ∗i det(Ji )

(A.1)

i=1

i=1

N
int
X

N
int
X



λ=f−

N
int
X

wi BiT σi∗ det(Ji )

(A.2)

i=1

Matrix Bi (ξ) then will contain the global derivatives of the shape functions, mapped to
isoparametric coordinates. In Section A.1.1 the isoparametric definition of matrix B is explained for straightforward one-dimensional cases. Later on, the definition is extended to
higher-dimensional cases in Section A.1.2.

A.1.1

1D

For one-dimensional problems only one global (x) and local (ξ) coordinate is considered, onedimensional geometries are often build up with line elements, an example is pictured in Fig.
A.1. As was mentioned before, strain and stress in 1D can be represented with only one
(uni-axial) component (ε, σ), shown in Eq. (2.1).

Figure A.1: Example of a 5-node mesh consisting of 4 line elements in 1D (left) and the master
element in isoparametric coordinates (right).

The nodal displacements, forces, and Lagrange multipliers contain only one component, therefore, the global columns are structured as follows:
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u1x


u =  ...  ,
node
uN
x




fx1


f =  ...  ,
fxNnode




λ1x


λ =  ... 
node
λN
x




(A.3)

The matrix Bi (x), containing the global derivatives of the shape functions, consist of only
one row and NDOF = Nnode columns in 1D.


dN1 (x)
Bi (x) =
dx

···

dNnode (x)
dx



∀i

(A.4)

Eq. (A.4) shows the definition of the matrix for a certain integration point i as a function
of the global coordinate x. Bi (x) is typically a sparse matrix, with only a few nonzero
columns. This is a direct result of the definition of the shape functions Nj (x), for all nodes
with j = 1, . . . , Nnode .
∀j, l

(A.5)

1, if j = l
0, if j 6= l

(A.6)

Nj (xl ) = δjl
(

δjl =

The partition of unity property of the shape functions states that the value of Nj (x) is
equal to 1 in its corresponding node and equal to zero in all of the other nodes, which is
briefly presented in Eq. (A.5) and (A.6). In Fig. A.2 two shape functions are displayed as
function of the global coordinate. It can be observed that an integration point i located in
a certain element between nodes xj and xj−1 only has contributions of the shape functions
corresponding to these nodes. As a result matrix Bi (x) has only nonzero columns at the
positions of the nodes j compromising the element in which integration point i is located.

Figure A.2: Definition for one-dimensional linear shape functions.

However, the element, to which i belongs, is for convenience defined in the isoparametric
coordinate ξ. This implies that matrix Bi (x) must be transformed into the local coordinate
system while taking the derivatives with respect to the global coordinate system.
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dN1 (x(ξ))
dNnode (x(ξ))
Bi (x(ξ)) =
···
dx
dx


dNnode (ξ) −1
dN1 (ξ) −1
=
Ji (ξ) · · ·
Ji (ξ) = Bi (ξ)
dξ
dξ

∀i

(A.7)

It can be seen in Eq. (A.7) that the derivative of the shape functions is written concerning the
local coordinate ξ, using the Jacobian Ji (ξ), which is a scalar function for this one-dimensional
case. Because the shape functions Nj (ξ) only are nonzero at the nodes compromising the
element in which the integration point is located, Bi (ξ) only has two nonzero entries in the
example shown in Fig. A.1.

A.1.2

2D and 3D

Problems considered in two dimensions use two coordinates in both global (x, y) and local
(ξ1 , ξ2 ) system. In two-dimensional problems usually triangular or quadrilateral elements are
used, of which the latter is taken as example in Fig. A.3. Strain and stress are expressed
for every integration point i in columns consisting of 3 different entries, defined in Eq. (2.2).
The linear nodal shape functions are defined with the isoparametric coordinates:
1

Nj (ξ1 , ξ2 ) =

(1
 41 (1
4
1
 4 (1
1
4 (1



− ξ1 )(1 − ξ2 )
+ ξ1 )(1 − ξ2 )


+ ξ1 )(1 + ξ2 )
− ξ1 )(1 + ξ2 )

∀j

(A.8)

To carry out the numerical integration, Gaussian quadrature is applied, in this example each
element will consist of four integration points, as illustrated in Fig. A.3. The optimal location
of the Gauss quadrature points within this element is at a = √13 .

Figure A.3: Example of a 9-node mesh consisting of 4 quadrilateral elements in 2D (left) and the
master element in isoparametric coordinates with marked integration points (right).

The nodal displacements, forces, and Lagrange multipliers contain as many components as
the number of considered dimensions, i.e. columns are build up from the two components of
each node:
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u1x
u1y
..
.











,

u=

 Nnode 

ux
node
uN
y

fx1
fy1
..
.











,

f =

 Nnode 

fx

fyNnode

λ1x
λ1y
..
.











λ=

 Nnode 

λx

(A.9)

node
λN
y

Similar as in the one-dimensional situation, Bi (ξ) is defined with the global derivatives of the
shape functions, expressed in the local coordinates ξ = (ξ1 , ξ2 ).

Bi (ξ) =

∂N1 (ξ) −1
 ∂ξ1 Ji (ξ)



0


 ∂N1 (ξ)

∂ξ2

Ji−1 (ξ)

···

0

∂N1 (ξ) −1
Ji (ξ) · · ·
∂ξ2
∂N1 (ξ) −1
Ji (ξ) · · ·
∂ξ1

∂NNnode (ξ) −1
Ji (ξ)
∂ξ1

0





∀i
∂NNnode (ξ) −1 
Ji (ξ)

∂ξ2

∂NNnode (ξ) −1 
Ji (ξ)
∂ξ1
(A.10)

0
∂NNnode (ξ) −1
Ji (ξ)
∂ξ2

Matrix Bi (ξ), defined in Eq. (A.10), has size Ncomp × NDOF . For the example in Fig. A.3
the matrix will be 3 × 18, but only 8 of the columns will be nonzero, since 8 DOFs contribute
to integration point i.
For three-dimensional problems, an extra coordinate is added, such that the global system
consists of (x, y, z), and the local coordinate system is (ξ1 , ξ2 , ξ3 ). Usually, hexagonal or
tetrahedral elements are used in 3D. The nodal displacements, forces, and Lagrange multiplier columns are defined with three components for each node, and strain and stress consist
of 6 components as shown in Eq. (2.3).


u1x
u1y
u1z
..
.

















u=
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uNnode 
 x

 Nnode 
uy

node
uN
z

fx1
fy1
fz1
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.
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f Nnode 
 x

 Nnode 
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fzNnode



λ1x
λ1y
λ1z
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λNnode 
 x

 Nnode 
λy


(A.11)

node
λN
z

For three-dimensional problems matrix Bi (ξ) is defined as follows:
h

i

Bi (ξ) = Bi1 (ξ) · · · BiNnode (ξ)

∀i

with:

45 An assessment of Data-Driven Computational Mechanics / Version 1.0

(A.12)

Technische Universiteit Eindhoven University of Technology

∂Nj (ξ) −1
 ∂ξ Ji (ξ)
1








0




0


j
Bi (ξ) = 
 ∂Nj (ξ) −1

Ji (ξ)
 ∂ξ2

 ∂Nj (ξ) −1

 ∂ξ Ji (ξ)
3



0

A.2

0

0

∂Nj (ξ) −1
Ji (ξ)
∂ξ2
0
∂Nj (ξ) −1
Ji (ξ)
∂ξ1
0
∂Nj (ξ) −1
Ji (ξ)
∂ξ3





0


∂Nj (ξ) −1 
Ji (ξ)


∂ξ3



0


∂N1 (ξ) −1 
Ji (ξ)

∂ξ1

∂Nj (ξ) −1 

∂ξ2

∀i, j

(A.13)

Ji (ξ)

Numerical matrix C

In order to obtain an accurate solution, Ci must be determined optimally for a certain data set
Di . Although clear parallels can be observed between Ci and the elastic stiffness matrix used
in traditional constitutive modeling, the numerical constant does not include any constitutive
behavior. The matrix is rather a way to fairly scale the differences in stress and strain, and is
directly used in the penalty function (Eq. (2.4)). Ci should be chosen equal to the slope of the
best linear fit through the data in Di . This implies that if a certain data set shows clear linear
elastic behavior, the numerical tensor will be close to the elastic stiffness matrix representing
that specific linear elastic behavior. For uniaxial data, as is used in one-dimensional problems
and truss structures, the matrix reduces to a numerical constant. A proper way to determine
i
the constant is to average all stress-strain ratios of each data point q = 1, . . . , Ndata
.
i
Ndata

Ci =

X σ̂qi

q=1

ε̂iq

∀i

(A.14)

The definition shown in Eq. (A.14) is equivalent to the slope of the best linear fit through
the data set. For uniaxial data sets that mainly show linear elastic behavior, the stress-strain
ratio in each data point will be approximately equal. Constant Ci then will be close to the
Young’s modulus E of the material.
The numerical matrix Ci for higher-dimensional data, used in boundary value problems,
is determined slightly differently. The matrix must carry out the scaling between the strain
and stress Voigt columns, ε and σ . Therefor, Ci must be a Ncomp × Ncomp matrix. The
matrix could be obtained by performing some kind of high dimensional surface fit through
the data. However, it is often more convenient to reduce the data set to a number of relevant
parameters. This number of parameters is dependent on the amount of dimensions that are
included and the kind of symmetry. To clarify, this approach will be explained on the basis
of a two-dimensional example, where Ci will be a 3 × 3 matrix.
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Cxxxx Cxxyy Cxxxy


Ci =  Cyyxx Cyyyy Cyyxy 
Cxyxx Cxyyy Cxyxy i

∀i

(A.15)

Each of the 9 components in Eq. (A.15) should be determined, however, if the data set Di
shows clear isotropy, the entire matrix can be well defined with only two parameters. The
way of constructing the matrix is equivalent as is done for the elastic stiffness matrix in
traditional constitutive modeling. Based on the data an average modulus and Poisson ratio
must be determined, accordingly, plane stress or plane strain assumptions define what the
matrix will be. For data sets that show more anisotropy, more than two parameters might
be relevant. In these cases it is required to average more parameters out of the data set to
construct Ci . The extension to three-dimensional cases, where Ci will be a 9 × 9 matrix, is
carried out equivalently as is usually done in traditional constitutive modeling for the material
stiffness matrix.

A.3

Maximum Entropy estimation

Because of the poor performance of the data-driven solver with respect to scattered material data sets, Kirchdoerfer and Ortiz extended their work to be more robust on noisy
data[16]. The extension, referred to as, Maximum-Entropy (Max-Ent) Data-Driven Computing (MEDDC), includes a clustering analysis to make the solver less sensitive for outliers in a
data set. A relevance measure is assigned to all data points, where outlying points are considered less relevant than points inside the clustering. This measure is based on an Information
Theory maximum-entropy estimation [16]. In this way a cluster of data points outweighs
a single outlier, which prevents the solver to converge at outliers. To ensure an unbiased
relevance of all data points, the Shannon’s information entropy [27] is maximized,

H(p) = −

NX
mat

pq log pq

(A.16)

pq ∈ (0, 1) ∀q

(A.17)

q=1

subject to:
NX
mat

pq = 1,

q=1

where pq denotes the weight of a data point for q = 1, . . . , Nmat . In addition, the data points
σ q ) far away from a given point z = (εε, σ ) should have less weight than points
ẑq = (ε̂εq , σ̂
nearby. To include this, the following cost function is used:

U (z, p) =

NX
mat

pq d2 (z, ẑq )

(A.18)

q=1

where d2 (z, ẑq ) is the euclidean distance between the given point z and the material points
ẑq , which can be determined in an equivalent way as is defined in Section 2.1. Kirchdoerfer
and Ortiz combine the maximization of Shannon’s information entropy, in Eq. (A.16) and
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the minimization of the cost function, in Eq. (A.18), to obtain an optimization by means of
the Pareto optimality:
for fixed z, minimize:
βU (z, p) − H(p)

(A.19)

where β denotes the Pareto weight, which is a positive value indicating the width of the
clustering of the data points, and is infinite for the basic data-driven solver explained in
Chapter 2. From the solution of the Pareto optima follows the Boltzmann distribution:
pq (z, β) =

1
2
e−(β/2)d (z,ẑq )
Z(z, β)

(A.20)

Eq. (A.20) indicates the weight that is assigned to every data point q based on the distance
with z. Because the sum of all weights must add up to one, as shown in Eq. (A.17), the
Boltzmann distribution can be rewritten to:

Z(z, β) =

NX
mat

2 (z,ẑ

e−(β/2)d

q)

(A.21)

q=1

The width of the Boltzmann distribution is defined as β −1/2 , the solution is dominated by data
points inside this local clustering. The relevance of data points outside this neighborhood,
on the other hand, is negligible for the solution. According to Kirchdoerfer and Ortiz, the
improved penalty-function should be minimized to find the optimal solution, which can be
written as the free energy:
F (z, β) = −

1
log Z(z, β)
β

(A.22)

Finding the minimum of the free energy function is not as straightforward as it might seem. In
the current form F (z, β) is no longer convex, this causes iterative solvers to end up with local
optima or even no solution at all. Kirchdoerfer and Ortiz observed that the convexity is highly
dependent on parameter β. For sufficiently small values the penalty function in Eq. (A.22)
remains convex, resulting in a global optimum. To benefit from this observation in the MaxEnt iterative solver, a so-called simulated annealing schedule was defined. Initially, parameter
β is taken sufficiently small to guarantee the penalty-function’s convexity. Subsequently, its
value is increased according to the simulated annealing schedule:
1
βe(k+1)

=

NX
mat

pq (z (k) , β (k) )d2 (z (k) , ẑq )

(A.23)

q=1

from which the new parameter β (k+1) is determined according to a further control on the
annealing rate by:
β (k+1) = λβe(k+1) + (1 − λ)β (k)
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in which λ is an adjustable tuning factor that is representative for the rate of annealing. With
the minimization of Eq. (A.22), using the iteratively increasing parameter β, the MEDDC
can be considered to consist of an extra mapping compared with the DDCM in Chapter 2.
M E(k)
M E(k)
∗(k)
∗(k)
(εεi
, σi
) = PM E (ε̂εi , σ̂i )

∀i

(A.25)

This mapping PM E carries out the shift between the actual closest material state in the
E , σ M E ), which includes
data set (εε∗i , σi∗ ) and the Maximum-Entropy (Max-Ent) state (εεM
i
i
the clustering analysis of the data. The total mapping in each iteration, shown in Eq. (2.25)
for DDCM, can be written as follows:
∗(k+1)
∗(k+1)
∗(k)
∗(k)
(εεi
, σi
) = Pd Pc PM E (ε̂εi , σ̂i ) ∀i

(A.26)

The working of the MEDDC method can be visualized for the statically determined truss
structure in Section 2.3.2 with a noisy material set. In Fig. A.4 the iteration procedure of
MEDDC is shown, where the mappings in Eq. (A.26) can be distinguished. The robustness of
the algorithm with respect to outliers can clearly be observed in Fig. A.4, where the solution
iterates towards the reference material law inside the data clustering, instead of converging
in the neighborhood of outliers. For a more extensive derivation and explanation on the
Max-Ent data-driven computing paradigm, is referred to the work of Kirchdoerfer and Ortiz
[16].
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Figure A.4: Iteration procedure for solving the
truss problem in Fig. 2.3, with MEDDC using
a data set which is scattered by AWGN with
signal/noise= 5.

Figure A.5: Zoom on the last iterations in
Fig. A.4.
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B

Appendix DDI

B.1

Visualization of DDI procedure

The DDI method described in Chapter 3 will here be explained more clearly using visual
representations of the mechanical and material states. The same example with statically undetermined truss structure from Section 3.3 will be used. The displacement fields, consisting
of only one DOF, are generated with FEA using a linear elastic constitutive model. The
number of snapshots, dependent on the number of force increments, is equal to NX = 50.
Using the compatibility relation in Eq. (3.1), the mechanical strains can be calculated. The
mechanical strains, in this example, are the axial strains in the two bars in each snapshot X.
The mechanical strains (Nmec = 100) are shown in Fig. B.1.
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Figure B.1: Mechanical strains derived from the displacement fields.

Before the iteration loop starts, an initial mapping must be carried out. All mechanical states,
as yet consisting of a strain only, should be mapped to a material state, from which both the
strain and stress are as yet unknown. To keep things clear, the number of material states
is chosen to be small, Nmat = 5. When the initial mapping is carried out randomly, the
mechanical states can be distributed as in Fig. B.2.
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Figure B.2: Mechanical strains with indicated mapping, which was carried out randomly.

However, research already showed that an initial mapping based on a k-means algorithm
increases the performance of the DDI method significantly. The k-means algorithm is an
unsupervised machine learning technique, that is able to create k unlabeled clusters based
on the data input. The k-means algorithm applied to the mechanical strains, creates Nmat
groups where the mutual difference in strain in each cluster is minimized. In Fig. B.3 the
mapping based on a k-means algorithm can be observed.
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Figure B.3: Mechanical strains with indicated mapping, which was carried using a k-means algorithm.
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With the mechanical strains and initial mapping known, the iteration loop can start. First,
material strains are determined based on the weighted average defined in Eq. (3.18). In Fig.
B.4 can be observed how the material strain is the average of the mechanical strains to which
it was assigned. Note that if the random initial mapping from Fig. B.2 is used, the material
strains will all be approximately the same average value.
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Figure B.4: Material strains based on the weighted average of the mechanical strains mapped to it.

Next, the coupled system of equations in Eq. (3.19) and (3.20) can be solved to obtain the
material stress and Lagrange multipliers. The material states now consist of both a strain
and a stress value as is shown in Fig. B.5.
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Figure B.5: Material stresses obtained by solving the system of equations.

Subsequently, the mechanical stress can be calculated according to Eq. (3.24), where the
material stress, of the assigned material state, is updated with the just calculated Lagrange
multipliers. In Fig. B.6 can be observed how the mechanical states are shifted towards the
reference material behavior.
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Figure B.6: Mechanical stresses determined with the assigned material stress and the "Lagrange
update".

Finally, the mapping will be updated according to the local penalty function. For every
mechanical state, the closest material state is searched according to Eq. (3.25). In the circle
in Fig. B.7 can be seen how the mapping of some of the mechanical states has changed. As
a result the material state will shift in the first step of the next iteration, as defined by the
weighted average of strains in Fig. B.4.
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Figure B.7: Update of mapping with different material states assigned to mechanical states in the
circle. As a result the material state will shift in strain, according to the weighted averaging.
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