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Abstract

In this paper we describe a class of non-convolution type integral operators, where
the integration is with respect to parameters of special functions. This class includes the
famous Kontorovich-Lebedev, Mehler-Fock, Olevskii, Fourier-Jacobi transformations,
which are quite important, for instance, in the solutions of boundary value problems
in the mathematical theory of elasticity. Our techniques involve Mellin-Barnes type rep-
resentations of the kernels, and the Mellin transform. General boundedness conditions
and Parseval equalities are established. A series of examples are presented.

form, Mehler-Fock transform, Parseval equality.

AMS subject classification. 44A15, 44A20, 33C25, 33C40.

Introduction and Preliminary Results

We study a special class of integral operators of the form

(@uf)a) = [ Ha, o) f(r)ir,

1

Index Transforms, Kontorovich-Lebedev transform, Fourier-Jacobi trans-
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where the kernel H is given as a Mellin integral [13], i.e.

+i00

(1.2) H(z,7)= L/W H(s,m)x"*ds, s =~ +ut, x > 0.
27 Jy—ico

Note that if H(z,7) = k(z7) then H(s,7) = EM(s)77*, where k™ (s) denotes the Mellin

transform of k

EM(s) = /OOO k(z)z*d.

Such operators are called Mellin convolution type operators or general transformations of
Fourier type. They were investigated in [13, Chapter VIII]. To obtain boundedness properties
and inversion properties for such operators it is natural to use L,-Mellin transform theory.

However, when H(x,7) is essentially a function of two variables the theory of such opera-
tors, which we call index transformations, still has some gaps.

If we look at the table of the Mellin transforms for hypergeometric functions in [10] most
examples there contain 7 as a parameter in gamma-functions and they lead to integral trans-
form operators of non-convolution type. Among them one can find the Kontorovich-Lebedev,
the Mehler-Fock, the Olevskii and other transformations. An example is

1 +ic0 , 3
(1.3) — /W r (3 + %) r (3 - %) et ds = Koy (23/7), v > 0,
A

4y —100

where H(s,7) is equal to the product of two gamma-functions. It defines the Macdonald
function [3] and in turn the following Kontorovich-Lebedev type operator ([2],[4],[12],[14]-[15],
[17]-[18])

(1.4) (K Lf)(z) =2 /0 K (29T) f(7)dr

In order to derive some generalities first, we impose the following general conditions on H:
Cl. For all 7 > 0 the function s — H(s, 7) is analytic on a strip —A < Res < A, A > 0, with
possible exception of a finite number of simple poles on the imaginary axis.

C2. ForallT>0and all —A<a<b< A

lim max |H(y +it,7)| = 0.

[t|—c0 a<y<b

C3. For all v € (—A, A),v # 0 the Hilbert-Schmidt condition holds

/OO /OO [H(y + it, 7)|* drdt < .
—o0 JO

Because of the Plancherel theorem for the Mellin transform [13] and the Fubini theorem the
latter condition is equivalent to

1 o) o) o) o)
[ et Pde= [T )P e dedr < o
2m Jo —00 0o Jo
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for arbitrary 0 < k < A. This means that for 0 < k < A the operator Gy : L2(Ry;7%d7) —
Ly(Ry; 2% 71dr) is a Hilbert-Schmidt mapping. Hence Gy is a bounded and compact operator.

For special classes of functions H we want to know the best possible weight functions in
both Ly -spaces. For us the perfect set of weight functions is such that a Parseval relation
holds. In this case a candidate kernel for the inverse transform is immediately available.

Next, let ¢(s) be a function which is analytic in the strip —A < Res < A, again with
the possible exception of a finite number of 1-th order poles of the imaginary axis. We will
call ¢ a multiplier for H if the product H(s,T)p(s) has again the properties C1-C3. Let ¢
be, in addition, the Mellin transform of some function ¢ on Ry (p(s) = ¢M(s)). Then due
to the Mellin- Parseval equality [13] under suitable conditions the kernel from (1.2) for the
corresponding operator (1.1) (Gu,) (x) becomes

Hoteor) = g [ M et = [T aeno (£) €

271 Joy—ioo I

Hence, by formally changing the order of integration and invoking the definition (1.1) we have
the following Mellin convolution representation for the operator (Gy,) (2):

dg
:
A variety of examples of the operator transform (1.5) can be obtained as generalizations of
the Kontorovich-Lebedev type operator (1.4). The kernel functions will be of hypergeometric

(1.5) (Guy) (z) = /OOO Hy(x,7)rf(7)dr = /000 (Guf) (§)o (g)

type and they are conveniently defined using the Mellin transform. Those Mellin transforms
are the ratio of products of shifted Euler gamma-functions. Integral representations like (1.3)
for them are called Mellin-Barnes integrals. Particular examples are the Meijer G-function
and Fox H-function [10]. The relevant tables of Mellin transforms are given in [10].

Before we will give a number of such examples, let us first consider a simple illustration of
the operator (1.1) by taking

I

In this case calculation of the integral (1.2) leads to the result

Hs(:z:,T):{B_Sm( 1ng) 0<:1;>§11,
x> 1.

Hs(s, T

Y

A Parseval equality can be obtained directly by contour integration. It corresponds to the
Fourier sine transform, viz.

[ G @S = [ G

dx —47T/ |f(7)|*dr.
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Now, as a more serious example, consider

(1.6) H(s,r)zF(s—l—%)F(s—%).

Via (1.3) we have H(z,7) = 2K;;(2y/x) and according to the values of the integrals (2.16.52.11)
and (2.16.28.3) from [9] for any 0 < k < 1/4 one can evaluate the following iterated integral

< sinh(n7) [ B [2(2k)0(1 — 4k)
4/ 7/ K2 (2yT)e? dedr = 77 .
0 T 0 2V war=n ['2(1 — 2k)

This implies that for any 0 < k < 1/4 the Kontorovich-Lebedev transform (1.4) is a Hilbert-
Schmidt mapping Lo (R_|_; Sl;ﬁ%) — Ly (R_|_; xzk—ldx). Ultimately, we will show that (1.4)

is an isometric isomorphism between the space Lo (R_|_; %) and Ly (Ry;x~tdx). With
suitable modifications the isometric properties remain true for the operator Gy.,.

As we observe, the Kontorovich-Lebedev transform (1.4) arises from the kernel (1.6) with
multiplier ¢(s) = 1. In applications the Kontorovich-Lebedev transform is used to solve
boundary value problems formulated in cylindrical coordinates (cf. [12]).

If we put ¢(s) = I'(1/2 — p—s)/T'(1/2 4+ s),u € R, then using the relation (8.4.41.10)
in [10] under the condition 0 < v < 1/2 — u, we obtain the integral representation for the
generalized Legendre function [3], namely

T+ in)/2 = P20+ 2Ry, (2 41)

(17) - ﬁ/f: b (8 * %) b (3 - %) F(éff/;i;s)”s-

The corresponding transform (1.1) is the generalized Mehler-Fock operator [17]

(18)  MEA@) =204 [T+ i) 2 = )PPy (5 41) f()dr

The classical Mehler-Fock transform [16] is the one with g = 0. The Mehler-Fock transform is
quite important in the theory of elasticity, in particular in the analysis of stress in the vicinity
of an external crack (see [12, Chapter 7]).

All integral operators of this type are realized by integrals over parameters of special
functions. They may properly be called index transforms, see [17].

As known, cf. [1]-[2], [4], [8], [17]-[18], the Mehler-Fock transform can be generalized by
taking the Gauss hypergeometric function o [3] as a kernel. For |z| < 1 one has the power
series

(o] 7’L

(1.9) 2 Fi(a, b 2) Z )

n=0 C
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where (a), denotes the Pochammer symbol [3]. Note that in the case |z| = 1 we should add
the condition Re(¢ —a —b) > 0 and for |z| = 1, z # 1 we have —1 < Re(¢ —a —b) < 0. For
|z| > 1 the Gauss function is defined by the unique analytic continuation of this series into
the plane with a cut along the semi-axis 1 < x < co. This continuation can be obtained if
instead of the series (1.9) we consider an equivalent definition of the Gauss function in terms
of the Mellin-Barnes integral, namely

(1.10) %2“(“’5; ¢ 2) = L/ioo P(s)P'(a — s)I'(b— 5)(_2)_%7

271 J—ico ['(c—s)

where |z| < 1,]arg(—z)| < m. The series (1.9) can be found back if we evaluate the integral
(1.10) as the sum of residues of poles of the integrand, which involve the left-hand ones
s =0,—1,—2,... being separated from the right-hand poles s = a+4+n,s =b+n,n=0,1,2,...
by the contour of integration. This is possible if we assume, that these poles do not coincide,
that is, both @ and b are different from 0,—1,—2,.... Hence for |z] > 1 we can regard the
integral (1.10) as a sum of the residues of the right-hand simple poles (when a — b # n) of the
integrand. Then we obtain,

I'(e)l'(b—a 1
oFi(a,byez) = m(—z)_“zlﬂ (a, l—c+a;1l—=b+a; ;)
['(e)['(a — b) L ( 1)
1.11 — V(- Fi(b,1— b;1 — b; —
( ) F(G)F(C—b)( Z) 241 9 C—I_ ’ Cl—l— 72 9
where ¢ —b # n,n=0,+1,4+2, ..., |arg(—z)| < 7.

Now consider the product H(s,7)p(s), where we let p(s) = I'(c—a—s)/T(s+a),a <
¢,0 < Res=v<c—a,c#0,—1,—2,... . Then by means of the relation (8.4.49.16) from [10]
we obtain the kernel of the Olevskii transformation [2], [8] as

[(c—a+it/2)]? . i 1T 1T 1
(1.12) H(:z;,r):| ( (e /2) a1+ a)? 2F1<a—|-§,a—§;c;—;),x>0.

By changing the variable z = sinh™®¢, a = (a + 8 +1)/2, ¢ = 1 + o we easily obtain the
Jacobi function ¢2?(¢) as the kernel of the Fourier-Jacobi transform [1], [4]. Putting a = 1/2
we immediately obtain the generalized Mehler-Fock transform (1.8). Note here, that one more
strict generalization of the Olevskii transform was considered in [2], where the kernel (1.2)
involves the Appell Fs-function (see [3], vol.1).

Below we list some other examples of the kernel (1.2) as the inverse Mellin transform of
the kernel (1.6) with multiplier ¢, i.e. H(s,7)p(s) for special choices of the function ¢(s).
For this we use the table of the Mellin transform from [10]. Note that all these kernels are
real-valued functions for real parameters.

We arrive at the following table:

Lp(s) =1, Hy(x,7)=2K;,(2\/x);



6 S.Yakubovich and J. de Graaf

2. pls) = M=) (0 7) = [T((1 4 i7)/2 = )P~ 2L+ ) 2B (241);

3 p(s) = 02497 Holw,m) = e Ko (3)

4op(s) =T(1/2 =), Ho(e,7) = o5 Zme K (2) 5

5/2

5.p(s) = T()T(1/2 = s),  Hol(w,7) = sty T2 (VE) + Y2 p(VE)]

6. 99(5) = %7 Hw(va) \/—[&”/2(\/5);
T.op(s) = [+ 12T = )], Ho(w,7) = gty |2 s (VE) = T2 (VD)5

8. ¢(s) = T Ho(e,7) = g Kir o (V) [T (V) + Linpp(V/7))

9. p(s) = FFC(;-(IJL—;)5 ;o Hy(x,7) = = C_al“—(l_ci)T/2 - Tl 2) 0 (a + PR 7’0 _%) ;

10. (s) = [D(1/2 = p+ )7 Hla,r) = 2722 W, 1 o0

I g(s) = T2 = =), H(e,7) = [D((L+i7)/2 = @)= 2e5/210, (o).

Remark 1. The definitions of the special functions, which are mentioned in this table can
be found in [3], [7]. We deal here, for example, with Bessel’s functions of the first, second and
third kind J,(2), Y, (2), [,(z) respectively and the Whittaker function W, ().

2 The Kontorovich-Lebedev transform

In this section we will study the Kontorovich-Lebedev type operator (1.4) between two weighted
Ly-spaces. We will show it to be bijective. For the time being assume that f is a function from
the space C>°(Ry) of infinitely smooth functions with a compact support. First let us check
the Hilbert-Schmidt condition C3 for the kernel (1.3).

From (2.16.52.6) in [9] we obtain

. T _
/ / [XQ 2\/_ 2k— ldxdT = W/O [XO(Z\/E)J;WC ld{E 22+4kF2(2k) < 50

for any £ > 0. It fails when k& = 0 and as we will see below one can arrive at the operator
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[K'L] of (1.4) acting on Ly(Ry;z7'dx), as a suitable limit of a sequence of Hilbert-Schmidt
operators.
For each ¢ > 0 consider the integral

(2.1) I(c) = /OOO YK Lf)(2)]? de.

For f € C>(Ry) in view of (1.4) we have

€)= 4/000 /OOO ry f(7)f(y)drdy /OOO 2 K (2v7) Ky (24/7)d

(2.2) Ty

( 72+ y)) r (5 + Q) ‘2 F(r) fy)drdy.

where the integral over z is calculated, for example, in [17, p.45]. Hence

I(c) = 1+2€/ / 452 T_y) r(1+ + (T;y))r(uﬁw)?

r(1+5+@) r(1+5+@) anzy
= Ii(2) — L(e).

Change the variable 7 = y + 2¢t in the integral [, and rewrite it as follows

ﬁ /OOO Fly)¥(e,y)dy.

drdy

T)f
T h h et

(2.3) Ii(e) =

where

\11(5,y) = /_O; |F(1 + iy + 5(1 + it))r(l + 5(1 4 Zt))|2%

The integral (2.3) is uniformly convergent for ¢ > 0. Indeed, with f € C2°(R) we have

oo dt
W (e, y)| < C/_% T <mC
and therefore
1 (e) |<7r0/ y)|dy < co.

So this enables us to pass to the limit under sign of the integral over y for ¢ — 0 in view of
the Lebesgue theorem and to obtain

lim 1(¢) = 4= [~ e IR

e—=0 7Ty)
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In the same manner change the variable 7 = —y + 2¢¢ in the integral I and it becomes
hie) = ﬁ/j Ty)¥(e.y)dy,
where
U(e,y) = /:o ID(1 — iy + (1 +at))D(1 4 (1 + i) f(_? j: iﬁ)dt
Hence : p ) y
v (5 yl<C N m_c[g—arctan% < (h,

2e

where €y > 0 does not depend on ¢,y > 0. Consequently,

hm[2 = 4/00 hm\Il(as y)dy = 0.

Combining now these results we arrive at the desired equality

(2.4) lim [ 2= [KLf](2)]? de = dn? / h f(r)|2dr.

=0 Jo o sinh(mT)

The integral in the left-hand side in (2.4), with ¢ replaced by 0, is convergent because of
Fatou’s lemma. Further, for all ¢,0 < e <1, the integral is less than or equal to the majorant

/OOO {[[0,1](1') + x[[l,oo)(l')} |[[(Lf]($)|2 d?x oo,

and therefore the limit can be taken inder the integral sign because of the Lebesgue dominated
convergence theorem.
Thus we obtain a Parseval equality for the Kontorovich-Lebedev transform of the type

(25 [ L) S = [ )

where both integrals are finite. Now if f,(7),n = 1,..., is some sequence of C>°(R ) functions
which converges to an arbitrary function f(7) from the space Lo (R_|_, SmThCE;T)) then via (2.5)

it follows that [K'Lf,](x) converges in mean over Ly(Ry; 27 dx)- norm to F(z) say and (2.5)
remains true. We call F'(x) the Kontorovich-Lebedev transform of f. We show that apart from
sets of measure zero, there is a one-to-one correspondence between F(z) and f(7). Indeed,
for f,(7) the integral (1.4) has finite range of integration and we have

¢ oo
/0 (K Lf)(2)de = 2 /0 T fa (T (€, T)dr

where

r) = /0 * Ko (2v/T)da
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If we prove that for each & > 0, K(&,7) € Ly(Ry;7sinh(n7)), then making n — oo for almost
all > 0 we obtain

(2.6) F(x) = 2—/00 f(7)K (2, 7)dr,

which is unique in Ly-sense. For sufficiently large fixed A > 0 we have

| 7 sinhar) i = ( [+ °°) 7 sinh(77)| K (€, 7).

The integral over [0,A] is finite because of the estimate |K;;(2y/x)| < Ko(2y/). For the
integral over [A, c0) and finite range of the variable @ apply the asymptotic formula for the
Macdonald function with respect to the index (see, for example [17, p. 20])

/0 * Ko (20T

27 2T T x?
- _ —m7/2 - . _
(2.7) Kir(x) — e sin (T log — T+ 1 + —47_) [14 O(1/7)],

where 7 — +oo and 0 < x < 2\/€. So it becomes

0(/:0(17

Consequently, the Kontorovich-Lebedev transform is represented by the formula (2.6). If we

24/¢
/ Ve xsin(7 log ) dx
0

take f € Ly (R_|_, Smh(ﬂ)) which is zero for 7 ¢ [I/N, N], then by the Parseval equality (2.5)
we find

N
(2.8) [KLf](x)=2 lim TR (2¢/2) f(T)dT

N—oo J1/N

where the limit is taken in the norm of the space Ly(Ry; 2™ dz).
Next, for two functions f,h we have, as a consequence from (2.5) and the parallelogram
identity,

[ RIS = 4 [ e p ().

X

Putting

I, 0<y<r
y=rt

for almost all 7 € Ry we find that the adjoint operator [K'L]* of [K' L] is a left inverse, viz.

(29) 1) = oy T e L)

272 T
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where
(2.10) K(rz) = / " YKy (2v/T)dy.
0

First, let us show now that for each 7 > 0 R’(T, z) € Ly(Ry; a7 dx). Indeed, it is sufficient to
show that R’(T, z) € Ly((0,1); 27 dz). For this appeal to the representation of the Macdonald
function [3, Vol.2]

7 Liy(z) — Liy(x)

2 sinh(ry)

and the series representations for the modified Bessel functions Ii,,(z) (see [3, Vol. 2]).
Substitute them in (2.10), interchange the order of integration and summation using the
uniform convergence of the series. Then for + — 0 we deduce the following asymptotic

behavior of the kernel (2.10)

Kiy(z) =

A

K(r,z) = —Im [/07 I'(1+ iy):z;iy/Qdy] + o(x)

S0 ) st

The wanted estimate follows from integration by parts in the latter integral with the gamma-
function and using the boundedness of I'(1 + iy)(1 4 iy), where ¢ is the psi-function [3,
Vol.1].

Consequently, resuming the obtained results we observe that the left inverse operator takes
the form

N
(2.11) () = 21? Jim sinh(rr) [ K VEIRL f](x)‘i—x.
However, in the same manner from the Parseval equality (2.5) for an arbitrary g € La(Ry; 27 dr)
we prove that [K'L]™! is the right inverse, i.e. (2.11) is the inverse operator. We summarize
our discussion of this section in the following Plancherel theorem for the Kontorovich-Lebedev
transform.

Theorem 1. The Kontorovich-Lebedev operator (2.8) is an isometric isomorphism between

the Hilbert spaces Lo (R_|_; L) and Ly(Ry;x~'dz). The Kontorovich - Lebedev operator

sinh(7)
and its inverse are represented by the formulas (2.6), (2.9), respectively.
Remark 2. Other types of Parseval formulas for the Kontorovich-Lebedev transform can

be found in [6], [7], [11], [17]-[18].

3 The Parseval theorem for the transform (1.1)

In this section we generalize the Parseval equality (2.5) to the operator Gy,. As examples we
will exhibit both known and new equalities for particular cases of the transform (1.1).
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Let us consider two transforms (Guo,f), (Guyf) of the function f for two different multi-
pliers ¢, ¢b. We assume f to be from C(Ry).
We start with the investigation of the integral

— dx

(3.1) Lov = [ (@) (@) @rn V() =

If Gup, Guy € La(Ry;z~'dz) then by the Parseval theorem for the Mellin transform we
immediately obtain the equality

(3:2) [ GG T = o [ (G f P60 G TP

where M denotes the Mellin transform of the functions (Gu,f), (Guyf) being evaluated at
the point s = it. As we required above the kernel H,(z,7) is a Ly(R;2*~'dx)-function for
all 7. Therefore the Plancherel theorem for the Mellin transform gives

a T

(3.3) lim H,(z,7)2* 'de =T (3 + %) I (3 — —) ©(s),

a=00 /1 /q 2

where s = y+it. Further, since f € C>°(R4 ) one can multiply (1.1) by 2°~* and integrate over
z € [1/a,a]. After changing the order in the integral on the right, we arrive at the equality

(3.4) A;a(gy@f)(x)xs_ldx = /OOO Tf(7) /Ija H,(z, )z dxdr.

The left-hand side of the equality (3.4) tends to (Gu,f)™(s) in the mean square over (y —
100, + i00) when a — oo. Applying the generalized Minkowski inequality we motivate the
limit passage in mean square over (y — i00,v + ¢00) under the sign of the integral in the

right-hand side of (3.4). Indeed, we have

a

H/ooo A [Hw<sm>so<s> -/ H@<x,r>x5—ldx] r

1/a

2

a

< [ |ptsiete) - [t

dr

2

a

(35) = [0 170 HH( es) = [ Hole, e

dr — 0,
2

when a — oo. Thus we find that

(3:6)  (Guad () = #(5) [

0

Oon(T)F (3 + %) r (3 — %) dr € Ly(y — 100, v+ 100).

11
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Furthermore, from the integral (1.3) we immediately obtain the Mellin dual formula for the
product of gamma-functions

(3.7) F(s—k%)F(s——)—Z/ K (2y/x)2* 'dz, v > 0.
So (3.6) can be written in multiplier form

(3.8) (Gref )M (5) = ()L™ (s), 7 > 0,

where [K L f]™(s) is the Mellin transform of the Kontorovich -Lebedev transform (1.4). Fur-
ther, from Theorem 1 and the Mellin-Parseval equality (see (3.2)) it follows that [K L f]M(it) €
Ly(R) (v =0). To establish regularity properties of Gy, we now prove

Lemma. (i) For any f € C>*(Ry) the Mellin transform (Gu,f)M(it) can be written in
the form

(3.9) (Gua fYM (i) = 27212 T (1 4+ 2it)0(i1)(O) (1),

with

(Of)(« _Zgl’f arccosh e¥/2)d¢,

A

where fs is the Fourier sine transform of f. We have:

(ii) ©: Ly(Ry) — La(Ry) is a bounded operator;

(iii) for any o >0 O : H*(Ry) — HY(R4) is a bounded operator in Sobolev spaces. In
particular, if f € H (Ry) then (Of)(1) is a bounded function;

(iv) the function t — (Of)(t) can be extended to an analytic function in the lower half-
plane.

Proof. Substitute the integral representation, cf. (1.104) from [17],

r (5 + %) r <3 _ i_T) _ L(2s) /0°° cos(Ty)dy

2 22(s=1) cosh™ y

n (3.6). Change the order of integration,

Gl P6) = T2l [

f ) sin(Ty)drdy.

After integration by parts, using I'(2s)2s = I'(1+2s), s = it and the substitution ¢ = cosh®y
we arrive at the desired representatlon (3.9). Propositions (ii) and (iv) follow from the Lo-

theory and analytic continuation of Fourier integrals.
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Let us estimate the norm in the Sobolev space H¥, o > 0. We have,
10.f1[3. = / " |i(arccosh ¢¢/2) (1 + €)7d
0
= 2/ (1 + (21og(cosh y))*)* tanh ydy
<2 / ()21 + 4y2)*dy

<24 [T 1 )P+ 92)7dy = 2411y

Thus we obtained (iii). Now Sobolev’s lemma says: ©f € H' implies that (Of)(¢) is a
bounded and continuous function. This completes the proof.

Corollary. Let the function n(t) = I'(1 + 2it)e(it) be uniformly bounded on R. Then
(Gue/)M(it) € Ly(R) for any [ € Ly(Ry).

Indeed, this statement follows from the estimate

(G /) || Lair <27T8up|77()|||®f||L2 ) < Ol @),

in view of the fact that the representation (3.9) can be continuously extended to the whole of
Ls.

Suppose now

peu(l) = plit)y(it), L€ R

to be a positive function on the whole real axis. Substitute the expressions of (Gu,f)M (i),
(Gay f)M(it) from (3.8) in the right-hand side of (3.2), where the integral (3.6) for [K L f]M(it)

(p = 1) is to be understood in the principal value sense near 7 = £2¢. As the result we obtain

B10) L= [ GG e = o [ pe s OIK LM Gt

Note that also

(310 Tl ) = [ (G G = o [ pel OIK LM G TR TR

which is the key formula for Section 4.
Now we are ready to prove the following Parseval theorem for the general transformation

(gwa)'
Theorem 2. Lel the multiplier ¢ satisfy the conditions of the Corollary. Then Gy, is a

bounded operator from Ly(Ry) into Ly(Ry;a~tdr).
Moreover, if |o(it)| < C, where C > 0 is a constant, then Gy, ts bounded from Ly (R_|_, Smﬁf;))
into Ly(Ry;x~dx).
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Neat, if ppy(t) < C, t € R,then for f € Ly (R_|_; Td7 ) the integral (3.1) is finite and

sinh(7T)

T

(3.11) [ @ @ G T < 4w [ (e

sinh(77)

where equality is achieved when py. is a constant. Finally, if |p(it)| = C # 0, the operator Gy,

forms an isomorphism between spaces Ly (R_|_; 7d7 ) and Ly(Ry;x~ dx) with the Parseval

sinh(7T)

equality

ydo

" :4(7TC)2/OO

o sinh(mT)

(3.12) |G () VIGAIRES

In the latter case the inverse operator is given by the following expression in mean square sense

_ 1 . N dx
(3.13) (Gik0)(7) = frc Jim sinb(77) /1 | Helelge)

Proof. Indeed, the boundedness of the operator Gy, from Ly(Ry) into Ly(Ri;x~'dx)
follows from the Corollary to the Lemma. If, in addition, |¢(it)| is bounded we use the
representation (3.8) and the Parseval equalities for the Mellin and the Kontorovich-Lebedev
transforms (see (2.5), (3.10)). This gives the estimate

vde 1

LG @)P S = o [ eGP L )P

C ™ e M 2 “ y da 2 - T
<5 /_Oo|[ALf] (it) Pdtdt = 0/0 K L) = = 0/0 A
If py 4 is bounded then in a similar way one can deduce relations (3.11)-(3.12) from the equality
(3.10). It remains to prove that whenever |p(it)] = C the operator Gy, is an isomorphic
mapping of the Hilbert spaces mentioned just before (3.12) and also that the inverse operator
is given by (3.13).

From the equality (3.12) it follows analogous to (2.5) that the sequence {Gy,f.} is a
Cauchy sequence and it converges in mean to some limit function G/(x) whenever the sequence

{fu} from C% is a Cauchy sequence in L, (R-I—; L)‘

sinh(77)

|f(7)]PdT < o0.

FPurther we have

(3.14) /j(gwfn)(x)dx — /OOO 7 ful7) /j H(2,7)dzdr.

According to Schwarz’s inequality the right-hand side of the equality (3.14) is uniformly con-
vergent in n = 1,2, ... if we show that the integral

(3.15) /000 sinh(77)

T

2

13
/ TH,(z,7)dz| dr < oo
0
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for each ¢ > 0. But
(3.16)

£ d /WO@ / ( z’y) ( z’y) p(s)€
H,( r )T [s— = dyd 1.
/ (&, 7)d = i dr oy S+2 S 2 1—s yds, 0 <7 <

From (1.3) and (2.10)
QKM (7, y + it) :/ yl* (’y—l—it—l— %) r (’y—l—it— %) dy, v > 0.
0
Since R’(T, z) € Ly(Ry;x7 dx) we immediately arrive at

KM(r,it) = lim KM(r, 5 +it) € La(R).
v

We assumed |p(it)] = C' and this implies that f(jz € Ly(R) too. Consequently, in the
contour integral over s in (3.16) we can take ¥ = 0. Via the Mellin-Parseval identity we find

/H:L'T 7Td7'/ KM (7,it) Eji;dt
—25—/ [&T:l;qb(:l;f)

where qAb(:L') € Ly(Ry; 27 dw) and qu(zt) ll_l__—fl From Theorem 1 it follows that the latter

integral belongs to L, (R_|_; M) Hence the integral (3.15) is finite. Making n — oo in
(3.14) we arrive at the equality

& 00 &
/ G(x)dx = / Tf(T)/ H,(x,7)dedr
0 0 0
and for almost all z > 0

G(x) = %/OOO Tf(7) /Ox H,(u,7)dudr.

Put fx(r) = f(7), 7 € [I/N, N] and fx = 0 outside. Then one can perform the differentiation
under the sign of the latter integral and obtain

Grta) = [ f) ol )7 = (Guof)l).

/N

Via the Parseval equality (3.12)

(1660 = @t = sy ([ [7) Sl

15
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which tends to 0 as N — oco. Hence the transform (1.1)

N

(3.17) ) = (Guof) (@) = lim [ 7f(r)H,(x.7)dr

N—oo J1/N

makes sense in Ly(Ry ;27 dz). Asin Section 2, from the equality (3.12) we deduce an inversion
formula

dydx

1 sinh(7T)

1) = e [ ) @)

which is equivalent to the form of the inversion operator (3.13) if we prove that for each 7 > 0

(3.18) Gla,7) = /OT yHo(z,y)dy € Lo(Ry;2~ dz).

Similar to (3.16) for almost all # > 0 we have the representation

Py +it)z!
r t r i — = dydt
G, ) 27Td:1;/ /y <7+Z+2) ( + 2) Il —~—at v

and the Parseval equality of type

2 [ 4
= URMG ity + it Pt

s

(3.19) )/&)K?(x,T)Pagw_ldx::
0

where 0 < v < A, A > 0 and to obtain the property (3.18) we let v — 0 in (3.19), as in Section
2. Accordingly we arrive at the equality

oo d 2C* 2

/ Gz, 7) P = TR Mz i) Pt < oo
0 T T —o0

Analogously we find the form of the inversion operator for the transform Gy.,. This finishes

the proof of Theorem 2.

4 Examples

In this section we give some examples of the general transform (Gy,f)(x) and the Parseval
equalities for them, where H(s, 7) is defined by the formula (1.6). As we will see below they
may lead to different isometries of Hilbert spaces.

1. The Kontorovich-Lebedev transform. The simplest basic example leads to the
Parseval equality (Section 2) for the Kontorovich-Lebedev transform (1.4) when we let ¢(s) =
P(s) = 1.

2. The generalized Mehler-Fock transform. Let’s follow our table in the Section 1
and take line 2 which corresponds to the generalized Mehler-Fock transform (1.8). We look
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for the kernel Hy(x, ) for this case with ¢(s) = I'(1/2 — s)/I'(1/2 — p + s). Then appealing
to the formula (8.4.41.12) from [10] we evaluate the corresponding integral (1.2) and obtain

s

(4.1) Hy(x,7) = W

_ _ 2
sy (2 ).
In our case (cf. (1.8)) (Guof)(x) = [MF f](x) and the multiplier ¢(s) is defined by line 2 of

the Table in section 1. Consider the Mehler-Fock transform in the form

o0 T 2
(42)  (Guph)(@) = ma (142 | g LA (Z+1) hryar,
where we set h(1) = 7~ cosh(m7/2)|L((1 +i7)/2 — w)|*f(7). Observe that for the classical
Mehler-Fock transform (p = 0) we have h = f. Then comparing with (1.8) we immediately
find that (Gyyh)(x) = [MF f](z). Hence similar to the equality (3.10), applying the Parseval
equalities for the Mellin and the Kontorovich-Lebedev transforms (cf. (2.5)), we deduce the
following Parseval relation for the generalized Mehler-Fock transformation (1.8)

(1.3 [Pt e [T IO )

3. The Olevskii-Fourier-Jacobi transform. Take the kernel (1.12) and put ¢(s) =
['(a—s)/T'(¢—a+s) to find the kernel Hy(x, 7). The corresponding integral (1.2) is evaluated
in [10] (formula (8.4.49.14)) which gives

_[rlerigf
(4.4) Hy(x,7) = T

. 1T 1T 1
x %k <a+?,a—?;c;—;),x>0.

Note that the Gauss function (4.4) is represented by the series (1.9) for the respective pa-
rameters and x > 1. For 0 < < 1 one can understand it as an analytic continuation, cf.
(L.11).

If we write

45) L) = U [ (cm i) o (a4 o= =2 soar
(46)  LRAb) = F() [ i) (o o= L) n(r)dr,
and take

[(e—a+1i7/2) ‘2

hlr) = f(T)‘ (a+i7/2)
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we get [oFy fl(2) = (1 + x)za_c[gﬁlh](x) and as a consequence a Parseval equality of type

(4.7) /OOO PN (@) P+ o) D = 4 /0‘” SinhT(w)

X

[(ec—a+ir/2
['(a+i7/2)
4. The transform with the Whittaker function. Starting from line 10 of the Table

in Section 1 introduce the following transformation over the index of the Whittaker function

(b €R)

(4.8) Wfl(w) = 27202 [ W0, ) f (7).

0

) ‘ /()

The related transform [W,h](z) with the kernel from line 11 takes the form
(4.9) [W,h](z) = a=1/2e"/? /OO TID((1 4 07)/2 — )P W irjo(2)h(7)dr.
0

Hence as a consequence for (7) = f(7)/|['((1 +i7)/2 — p)|* we obtain the following Parseval
equality

@) TP = i

/0 sinh(77)|T((1 +47)/2) — p)

5. Integral transformations over parameters of the hypergeometric ;F/5- func-
tion. As a final example consider a generalization of the Olevskii-Fourier-Jacobi transforms

|2If(T)IQdT-

(4.5)-(4.6), which involves as its kernel the hypergeometric function 5F5, which is defined by
the series

(az)n(as)n 2"

z

> (al)n
411 L b1 bai2) =
( ) 3 2(a17a27a37 1 2’2) nz—%) (bl)n(bQ)n

Put ey =a+i7/2, aa=a—1i7/2, a3 =1b, by = ¢, by =d. If
[(a—s)I'(b—a+s)
F(c—a—l—s)F(al—a—l—s)7

then in view of the formula (8.4.50.2) from [10] we obtain

IU(a + i7/2)|*T'(b)
P(e)l(d)

where this kernel is the series like (4.11) for © > 1 and for 0 < « < 1 it is an analytic

continuation of the corresponding power series for the ;Fy-function. It can be deduced by

calculation the Mellin-Barnes integral (8.4.50.2) in [10] through the sum of residues in the left-

hand poles of the gamma-functions. Thus we arrived at the generalization of the transform

(4.6) for b # d, namely

p(s) =

x_GSFZ (a—l' %7a_ %7b7cvd7_;) 9

Hy(x,7) =

L0 [T a2

[s 12 f)(x) = ()T (d) Jo
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(4-12) X3l (a + E,a — E,b; ¢, d; —l) f(r)dr-
2 2 z

The corresponding kernel will be found from the integral like (1.2) for

[(c—a—s)I'(d—a—s)
la+s)I'(b—a—s)

(4.13) ¥(s) =

It is more convenient to calculate the integral explicitly as the sum of residues at the left-hand
poles of gamma-functions and 0 < # < 1. As a result we obtain

[(e—a+ir/2)I(d 4+ ir/2)[(—iT) ir/2

Hy(w,7) = I'(b+ir/2)[(a —iT/2)

><3F2<c—a—|— al—l—2 l—a—l— b—l—2 1+ —:1;)

[(e—a—ir/2)['(d— iT/Z) (ZT):L'_”/Q

T i T i)
(4.14) ><3F2(C_a—zad—zal—a—E;b—i,l—ir;—x).
2 2 2 2

For # > 1 the kernel (4.14) is analytically continued as a sum of residues of the corre-
sponding integrand in the right-hand poles series s =c—a+n, s=d+n, n=0,—1,-2,...
of the function ¢ (4.13) similar (1.11) for the Gauss function.

Hence making use of the evenness of the integrand one can introduce the transform as

follows

/00 c—a—ZT/Z) (d —iT/Z)F(ir)x_”/z
U'(b—ir/2)['(a+iT/2)

X3l (c_a_%7d_%71_a_%;b—%,1—i7;—$)f(7)dT.

The Parseval equality will be the following

I I TE e e = TR
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