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984 PROBLEMS AND SOLUTIONS

By making the substitution 22 = —1 + 1/(4¢(1 — t)), this becomes

J(a,b) = 3 _4b/ {[\/$2+1—x]a_1+[ ac2+1+x]a_1}e_4b“”2(ac2+1)—1—a/2dx
0
1 _4b o0 a—1 abz?, 2 —a/21
=3¢ / [\/3724-1—13] e (22 4+ 1)7/2 1 dg.

By expanding

[\/xz—ﬂ—xr_l — (@ 1)(a—1)/2§: (a— 1>( 1)kzk(a? 4 1)/,

k=0 k

we get

o 4b a—1) [* 12 —abt

n=0

Symmetry has been used to eliminate the odd terms in the sum and ¢t = 2. The
remaining integral is a tabulated Laplace transform, yielding

1 > 1 -
J(a,b) = 2—@6_% Mor <n + 5) <“2n1) W__y 3 (4b).
n=0

When a is an integer, the series terminates. This yields a closed expression as a sum
of Whittaker functions, as pointed out by the proposers.
Also solved by CARL C. GROSJEAN (University of Ghent, Ghent, Belgium).

A Parametric Integral Arising from a Mixed Boundary Value Problem
for the Laplacian

Problem 97-16, by LucCIO R. BERRONE (Instituto de Matemética “Beppo Levi,”
Rosario, Argentina).
Prove that, for every 0 < o < 27,

a sm—+2sm4w/sin°‘T"931n-g—+sing

/ln
0 in 2=9 _ 94in 2. /sin 2=9 sin & in @
sin <5 2sin §4/sin #5= sin g + sin g

The integral of the left-hand side arises in the analysis of the solution to the equation
Au = 0 in the unitary ball B;(0) C R? with mixed boundary conditions given by
(0u/on)|r, =1, u|r, =0 when I'; is an arc of length ¢, and I'y = 8B1(0)\I'y.

Solution by J. BOERSMA (Eindhoven University of Technology, Eindhoven, The Nether-

lands).

Replace o by 2a, and change the integration variable 6 into o + 6. Then the
integrand reduces to

df = —4mIn cos %.

sin =% 4+ 2sin & %, /sin ¢3¢ 2=0 gin ﬁﬂ + sin %ﬁ cos % + 4/sin? g - sin? %
In =In
sin “—5‘3 — 2sin §4/sin —2(2 sin 9‘+—9 + sin &2 °‘+9 cos % — /sin? 2 — sin? —g—
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Thus it is to be proved that

/) 2 o 2

[SIES

o cos 5 + 4/sin” § — sin o
I{a) = / In df = —4mIncos )
- ) 2 a 29
« z — = 4
cos 5 sin® § — sin” 3
for0 < a <.
We evaluate the derivative I'(a) as follows:
a 9 1 @ a
, 20032 5 8ln 5 cos g
I'(a) = 77 57 do
_o cos2 & — sin? 5 +sin® 3 | /g2 a_ sin2 %
3 o
_sing / COs 3 2
[0
cos & J_ .9
2 2
2 sin & sin § sin §
= =27 -
cos 2 5 Josine | [sin? tg cos &

By integration of I’(«), starting from I(0) = 0, we obtain the desired result

«a : Q
I{a) =/ Y s 2 df = —4rlncos 2.
0 Cos 5 2

Solution by H.-J. SEIFFERT (Berlin).
We substitute § = 2¢ + /2, —a/4 < ¢ < /4. Then,

sina;G +sing = sin (%—QS) + sin (%—1—({7) = 2sin (%) cos ¢

and

a—0
2

0
sin 3= sin? (%) cos? ¢ — cos? (%) sin? ¢ = cos? ¢ — cos? g.

sin
4

Hence, if I(a) denotes the integral in question, we have I(a) = 2J(a) — 2K («), where

a4
J(a) :/ In <cos¢+ cos? ¢ — cos? — > do

—a/4

and

a/d
K(a) = / In (cos ¢ — 4/ cos? ¢ — cos? % ) do.

—a/4

From J(a) + K(a) = alncos(a/4) and from [1, p. 563],

a/d o
J(a) =2 / In (cos ¢+ y/cos? ¢ — cos? — ) d¢ = ( 7r> In cos VE
0

we then obtain I{a) = —4mlncos (a/4).
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Also solved by CARL C. GROSJEAN (University of Ghent, Ghent, Belgium) and
the proposer.

The Asymptotic Sum of a Kapteyn Series

Problem 97-18* by D. H. WOOD and H. GUANG (University of Newcastle, Callaghan,
NSW, Australia).

Show that for positive p and &,

oo

1—¢e)m p? 1 1
S mK, T)I <( )~ <———lo s—c) e10,
P m(p m D o/1+ p2 2 g !

where I and K are modified Bessel functions, the prime indicates differentiation with
respect to the argument, and c is a constant. The series is a Kapteyn series which
arises in the solution for the inviscid flow within an infinite helical vortex of constant
radius; see equation (8) of Hardin [1]. This flow models the wake of horizontal-axis
wind turbines, propellers, and helicopter rotors in vertical flight or hover, where p
is the pitch and e represents the radial distance from the vortex whose radius has
been used to normalize p and €, so that ¢ < 1. The limiting sum is suggested by
the singularity that occurs in the immediate vicinity of any curved line vortex, as
described, for example, in section 2.3 of Saffman [2], especially equation (2.3.9). The
first term is consistent with the results of our numerical evaluations of the series for
small e, but our technique does not appear to be sufficiently accurate to check the
second term or to evaluate c.
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Solution by J. BOERSMA and S. B. YAKUBOVICH (Eindhoven University of Technol-
ogy, Eindhoven, The Netherlands).
Introduce the notation

S(a,b) = Y Km(ma)lm(mb),

where the series is convergent for a > b > 0. Then the Kapteyn series under consid-
eration is equal to the derivative

65 (a,) Z mK], (ma)I,(mb),

with a = 1/p, b=a(l —¢).
By inversion of the Fourier cosine transform in [4, form. 1.12(47)] we have

1 o0 ﬁ+ﬁ+w)
= v ——— | cos(at)dt
) W\/ab/o Qu-1/2 ( 2ab cos(zt)

K, (azx)I, (bx
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