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Abstract
In this paper we gIve an interesting example of glass modelling, VIZ. the
morphology of small glass dimples in a mould before and after pressure. We
derive a mathematical model with suitable boundary conditions and solve the
two problems by a finite element and a boundary element technique
respectively. We give a number of examples illustrating the analysis.

1 Introduction
For many years glass technology has been a craft based on expertise and
experimental knowledge, reasonably sufficient to keep the products and the
production competitive. Over the last twenty years mathematical modelling of
the various aspects of the production has become increasingly decisive,
however. This is induced in part by fierce competition from other materials
notably polymers, which e.g. have found their corner in the food packing
industry. For another part this is a consequence of environmental concerns. It is
not so much the waste (glass is 100% recyclable, a strong advantage to most
other competitors) as the energy consumption. One should realise that the
melting process of sand to liquid glass makes up for the largest cost factor of
the product. To give an idea of the relative importance of the industry
nowadays some figures: In the European Union about 25 Megaton of glass is
being produced, which represents 30 billion dollars worth. The industry

employs over 200,000 people. The figures in the United States are comparable.
Two thirds of the glass production is meant for packing ('jars and bottles").
Float glass (as used for panes) makes up for one quarter. The rest is for special
products like CRTs and fibres.
The production of glass forms goes more or less along the following lines: First
grains and additives, like soda, are being heated in a tank. This can be a device
several tens of metres long and a few metres high and wide (width being larger
than height). Here gas burners or electric heaters provide for the heat necessary
to warm up the material till some l200°C. At one end the liquid glass comes
out and is led to the pressing or blowing machine, or ends up on a bed of liquid
tin, where it spreads out to become float glass (for pane, wind shields etc.). To
obtain a glass form often a two-stage process is being used: first a blob of hot
glass is pressed into a mould to form a so called parison. Here it is cooled
down (the mould is kept at 500°C) such that a small skin of solid glass is
formed. This parison is then blown into its final shape. Such a pressinglblowing
machinery can produce a number of products at the same time; as a result a
more or less steady flow of glass products is coming out on a belt, which then
have to be cooled down further in a controlled way such that the remaining
stresses are as small as possible (and thus the strength is optimal).
Sometimes only pressing is needed. This is the case in the production of CRTs.
Here a stamp is pressed into liquid glass and after lifting it again a certain
morphology should have been transferred onto the glass screen. We shall
consider two problems arising in this process. One is how small dimples (app. 1
j.1m) in the mould are being filled by the liquid glass during the pressing phase.
The other problem is how their glassy counterparts are smoothed out after the
mould has been withdrawn. The modelling and simulation is important for the
manufacturer as these small dimples are needed for letting fluorescent dyes
stick sufficiently well.
This paper is organised as follows: First we derive a mathematical model for
the glass flow. This is done in *2, where we shall investigate the characteristics
of the flow, resulting in a Stokes equation. The latter equation combined with
suitable boundary conditions is used to simulate the flow of the two processes
mentioned above. Although the temperature plays a crucial role in the
morphology (the shape is retained only after suitable cooling has taken place),
we shall restrict ourselves to isotherm situations here. The simulation of the
flow after the stamp has been lifted is done first. In §3 we employ a boundary
element method for solving the (Neumann type) free boundary value problem

for some model configuration. The actual pressing is simulated, again for a
model problem, in §4, where we use a finite element method.

2 The model equations
In this section we shall give a mathematical model describing the glass flow.
Since our actual problem (the small dimple rheology) takes place on a
micrometer scale, we need to assess the dimensionless quantities before
proceeding to simulating these flows numerically. For the two afore mentioned
problems we shall simplify our model further and consider the morphology of
just a small drop. This simplification is done in order to compare the results
with existing analytical approximations, thus illustrating their accuracy.
The motion of glass at temperatures above 600°C can be described by the
Navier-Stokes equation for incompressible Newtonian fluids,
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Here u is the dimension free velocity,

t

the dimension free time, g the

dimension free gravity and
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the dimension free stress tensor, with the dimension free pressure p. Re, Sr
and Fr are the Reynolds, Frollde and Strouhal numbers respectively, which
characterise the flow. These numbers are expressed in the characteristic
parameters of the flow. Using a pressure Pc and a length (., characteristic for the
manufacturing process, and a typical density p and a viscosity
the processing temperature, a characteristic velocity
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and a characteristic time scale
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are found and the dimension free numbers are
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with g the gravitational acceleration.
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A typical value for the pressure during the moulding process is 105 N/m 2 • The
length scale of the surface variations of interest in is 10 JUn. The density of
glass is 2500 kg/m 3 cf. [29]. The viscosity of glass strongly depends on the
temperature. At 600 D C the viscosity is 10 12 N s/m 2• At 700, 800 and 900 D C one
finds 4.10 8 , 4.10 6 and 2.10 5 kg s/nl respectively. The Reynolds number for
such a flow varies from 10- 26 to 10. 13 , and the quotient Re/Fr is of about 10. 11 •
Inertial and gravitational effects can thus be neglected.
The motion of the fluid can thus be described adequately by the stationary
Stokes-equations for incompressible fluids

V·a =0,

(2.6)

V·u=O.
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The surface tension provides for the boundary conditions on the free surface
an =
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Here K is the curvature of the surface, r the surface tension and Pext the external
pressure. In dimension free quantities this reads
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the so called capillary numbcr.
As remarked above we will considcr the spreading of a small drop on a solid
surface as being typical for the phenomenon we are interested in. Hence we
take the size of the drop equal to the typical length scale of 10 JUn. The
pressure in a stationary drop cquals
(2.11)
with r the radius of the drop. The surface tension of glass equals 0.3 N/m. The
pressure in a 10 pm drop is thus about 105 N/nz 2 , as was the pressure in the
mould.
A major point of interest in the study of the evolution of a viscous blob under
surface tension is the range of time scales present in the problem. These time
scales can be found from a dimension analysis. A non-dimensional formulation

based on the characteristic length
implies a characteristic velocity

lc. surface tension y, and viscosity Jl this
(2.12)

and a characteristic time scale
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At first sight it may seem strange that the characteristic velocity does not
depend on the characteristic length scale. To understand this a sinusoidal
perturbation of the surface can be considered. The velocity of the surface will
be proportional to the ratio of the magnitude and the wavelength of the sinus
and thus be independent of the characteristic length. The length scale of the
geometry does not influence the velocity. On the other hand the characteristic
time is proportional to the characteristic length. As a consequence smaller
geometries will evolve faster. Under the influence of surface tension,
perturbations of the surface with a short wavelength will smooth out quickly.
The longer time scales in a geometry will thus be more or less proportional to
the largest length scale and the shorter time scales to the smallest length scales,
which is zero in the continuous case and equal to the length scale of
discretisation in the discrete case. This wide range of time scales may result in
a stiff problem, when solving the differential equations numerically.

3 Deformation of a glass drop on a glass surface
The simplest of the two problems mentioned in the introduction IS the
deformation of the little glass peak left by a dimple in the mould after it has
been withdrawn. In reality one should expect a thin skin of cool glass covering
a rather non-isothermal glass body. Yet we shall treat it as isothermal for
simplicity. In its most simplified form the geometry can be seen as a plate
coalescing with a ball (or a cylinder in a typical 2D setting). This in turn is not
so much different from the sintering of two spheres (or cylinders), which was
extensively studied in [31]. The mathematical problem can be formulated as a
Stokes equation with a Neumann boundary, viz. the free surface energy.
Since this problem essentially deals with the displacement of the boundary only
it is ideally suited for a boundary element approach (BEM). We shall first
outline the numerical method in *3.1. In *3.2 we shall discuss some simulation
results.

3.1 Numerical Solution .Method
We start by outlining the solution method for the simulation of the deformation
of a two-dimensional profile; the axisymmetric case will be discussed at the
end of this section. As mentioned above, the Stokes' flow on the halfspace is
solved by a BEM, which yields the boundary velocity field at a fixed time, in
combination with a time integration method. The BEM is applied to the integral
formulation for the Stokes problem based on the hydrodynamical single- and
double-layer potentials. In the two-dimensional case, this formulation reads for
a particular point (x) on the boundary of the halfspace (I),

.!.2 v; (x) + Jrr q;j. (x - y)v.i (y) (tr . = Jr.l
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Here the vectors v and h denote the velocity and surface tension respectively.
The latter is equal to

hex) = K(x)n(x),
where

K

is the boundary curvature and n the outward normal vector. The
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Generally, the Boundary Element Method consists of dividing the boundary
curve into elements which are defined by a set of nodal points, say N in total.
Then, on each element the velocity and tension are approximated by
Lagrangian interpolation polynomials of degree one less than the number of
nodes needed to describe a single element. Substitution of these polynomials
into the integral equation (3.1) subjected to the discretized boundary curve and
an arbitrary collocation point yields two linear algebraic equations for the 2N
unknown nodal velocities. If we vary the collocation point in these equations
over all the nodes, a square full rank system of 2N linear algebraic for the
unknown velocity field is obtained. More about the implementation of the BEM
can be found in Baneljee [2], Becker [4] and Brebbia et ai. [7].
The BEM solution described above, applies for domains with a closed
boundary curve; in the case of a halfspace, the infinite part of the boundary has
to be treated in a special way. A solution method, suggested by Beer and
Watson [5], is the introduction of so-called infinite boundary elements: the
infinite boundary part is considered as one element. To implement the infinite

shape functions, one applies the usual quadratic polynomials, by taking the
limits of the intrinsic variable, say s, equal to -1 to 00 instead of -1 to +1. In
order to apply a Gaussian quadrature formula for the numerical integration of
the thus obtained infinite integral, the integration limits have to lie between -1
and +1. This is easily achieved by a suitable substitution for the integration
variable. Finally, the velocity and tension have to obey the decay conditions at
infinity. This is performed by the assumption that their variations over the
infinite elements are as follows,
b(x)=
I

Ix 0 - x(_I\12
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SJl
I

(3.4)
,

where -1:::; S :::; 00 and Xo is an arbitrary reference point in the fluid. Note that
v(-l) and be-I) represent the velocity and the tension of the first unknown. It
appears that the same decay functions can be applied in the three-dimensional
case.
In Hopper [19], it is shown that the shape function of the coalescence of a
cylinder on a halfspace can be described by
(3.5)
where h is the maximum height of the shape, i.e. a function of the time t.
Employing an asymptotic expansion for X z -7 0 of equation (3.5) up to the
second order yields,

(1- hZy

hence x') "" -'----7"I6hx;

(3.6)

Let the truncation point be denoled by a, then for the infinite boundary shape
we obtain by substitution of equation (3.6) the following approximate
expreSSIOn
(3.7)

which is independent of h.

In the case of the axisymmetric implementation, we cannot derive such an
analytical expression, simply because this problem cannot be solved
analytically. Therefore, we apply a simpler method which has already proven
its usefulness in the past: the boundary element mesh is truncated at a
sufficiently large distance from the region of interest. This approach for the

axisymmetric case has extensively been outlined by Lee and Leal [23]; they
simulate the interface deformation caused by the rising of a spherical particle.
After solving the BEM formulation for a fixed domain, a time step has to be
carried out. The motion of the boundary is described by the application of the
Lagrangian representation for the boundary velocity v, i.e.
dx
-=v(x)

(x E r).

dt

(3.8)

Applying the above equation for the system obtained by the BEM discretization
yields a system of non-linear Ordinary Differential Equations (ODEs). Since it
appears that this system of ODEs can be st~ff for certain type of shapes (e.g.
fluid regions which are having cusp-like regions), we have implemented a
variable step, variable order Backward Differences Formulae (BDF) method to
solve these ODEs. More details about this implementation are available in Van
de Vorst [31].

3.2 Numerical Results
The numerical solution technique outlined in the previous section is tested by
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Figure 1: An excellent equivalence is obtained when the
analytical (exact) height h of the coalescing cylinder is
compared to the numerical solution. Moreover, the
difference in the height development is compared to the
coalescence of a sphere with the same initial radius.

comparing the numerical results with a problem which can be solved
analytically: the coalescence of a cylinder on a halfspace. The analytical
solution of this problem is found by a conformal mapping technique which is
described in Hopper [19]. We compare the development of the height h of the
cylinder in time. For the initial geometry we have taken a cylinder with radius
equal to 0.5, hence h = I initially. Since the numerical code requires an initial
contact between the halfspace and cylinder, we use the analytical solution
curve for h = 0.99 as initial shape. Moreover, the halfspace is truncated
between -3 and 3.
In figure 1 we have plotted by a solid line the numerically obtained decrease of
the height h; the analytical solution is denoted by bullets. It can be observed
that an excellent matching is obtained between the numerical and analytical
solution for h during a large period of time. In the end a small, but acceptable,
error occurs, due to the fact that the approximate shape of the infinite part
becomes worse. Also plotted, by a dashed line, is the numerically obtained
height development when the initial shape is used in the axisymmetric code: the
coalescence of a sphere with initial radius 0.5 on a halfspace. When both
evolutions of the height are compared, it can be seen that during the initial stage
the deformation proceeds at a similar rate; during later stages the height of the
t= 0

Coalesence of a cylinder with radius 0.5 on a halfspace
t= 0

Coalesence of a sphere with radius 0.5 on a halfspace

Figure 2: A comparison between the coalescence of a cylinder on
a plate and the coalescence of a sphere with both equal radius of
0.5 for t =0.0(0.2)3.0

sphere decreases much faster, due to the fact that the fluid flows circulary
around the sphere, while in the two-dimensional case there is a planar flow
field only. This behaviour can also be observed in figure 2 which shows the
shape evolution at subsequent time stages t = 0.0(0.2)3.0. The latter two
problems relate to a physical problem; it turns out that these solutions can be
used to determine the surface tension of a certain glass at relative low
temperatures (600°C), cf. De With and Corbijn [34].

4 Deformation of a glass drop on a solid surface
The most important problem met in the morphology transfer IS how the
geometry of the mould is actually adopted by the liquid glass during the
pressing phase. As before we shall consider a typical situation only, as this will
give sufficient insight into the general problem, (which is essentially not more
difficult numerically). We shall pay some special attention to the modelling of
the contact line (*4.1) and then to the numerical method (§4.2). In §4.3 we
illustrate this with some numerical simulations.

4.1 Modelling the contact angle
Consider now a blob of moving glass
confined by some solid boundary. The
place where fluid-solid and fluid-gas
interfaces meet is called the contact line
(which is a single point in a 2D or
axisymmetric simulation). On this line the
two interfaces form an angle, the contact

Gas

Liquid

Solid

Yas

Figure 3: the contact angle B.

angle (see figure 3). The influence of the
contact angle on fluid flow with a free boundary was first analysed by West in
1912 [33]. For a moving capillary with diameter a, he found a pressure drop (P)
between the gas in front of the meniscus and the liquid at a distance L behind
the meniscus to be given by
p

L - 2-cos8
Y
= 81lU-2
,
a

(4.1)

a

with U the velocity of the contact line and B the contact angle. In a stationary
situation the velocity of the contact line is equal to the characteristic velocity
U C ' Furthermore, if the distance L equals the diameter a, then

COS8)

y ( Ca--- .
p=8-

(

4

(4.2)

This analysis shows that both the surface tension and the contact angle are
relevant factors in a Stokes flow model if the capillary number is of the order of
1 or less.
The modelling of a moving front of a Newtonian fluid with surface tension and
a no-slip condition results in a singular problem at the contact line [10, 11, 13].
No-slip and a moving contact line are kinematically compatible, but give rise to
a multi-valued velocity. The velocity at the contact line will be discontinuous,
the stress tensor thus becomes unbounded and unbounded forces are needed for
the motion of the fluid at the contact line. There are two types of solutions to
this singularity problem: the use of molecular dynamic modelling [20, 21, 30]
and modification of the continuum mechanics model. The former is useful if
one is interested in effects on molecular scale, but the latter is more practical
for studying macro-scale effects.
Several modifications to the continuum mechanics models can be made. The
most common one is the relaxation of the no-slip condition, which can be
justified from several arguments. One assumption is that the fluid is not fixed to
the solid, but moves with a (non)-lincar friction over the surface [11, 12, 14,
16,17,18,22,24]. Another explanation for linear slip is that it originates from
the rolling motion of the fluid over a rough surface [15].
Another modification to the continuum mechanics model is the elimination of
the contact line by assuming a precursor film [3]. Copley et ai. [8]
demonstrated that the second assumption is actually not valid for glass. A third
modification would be abandoning the Newtonian character of the fluid [28,
32]. A final modification would be the introduction of a surface tension
gradient as a result of thermodynamics [27]. The latter two modifications result
in quite complicated numerical models. Moreover, all modifications involve
some unknown parameter.
Dussan V. [12] has shown that in models using slip the macro-scale flow
depends on the slip parameter only, not on the actual formulation of the slip.
Boender et ai. [6] have calculated the shape of the meniscus from a (known)
angle of the surface at some distance from the solid while ignoring the region of
a few nm from this point to the contact line. From these results it can be
concluded that any model could be adequate for the description of the macroscale flow. Knowing this and not being interested in the flow at nm scale, we
allow ourselves to use a simple linear slip model, which is the easiest to
implement of all modifications mentioned above.

The linear slip condition we use corresponds to a friction linear in the velocity
of the fluid. The friction force has to be in balance with the tangential forces on
the fluid surface, i.e.

(an)· t

= ~u· t = (~/A)U' t ,

(4.3)

with s the stress tensor, t and n the tangential and normal directions on the
interface respectively, fJ the slip coefficient and A the slip length, which is
usually between 1 and 100 nm. Since the fluid cannot move through the
boundary with the solid we also have the boundary condition

(4.4)

u·n=O.

In literature there is no cOlllmon agreement on how the contact angle at a
moving contact line behaves. One of the problems is the fact that the dynamic
contact angle is not well defined. Experimental and numerical investigations in
the neighbourhood of the contact line show that the surface of the fluid surface
undergoes rapid changes ncar the contact line up to 17m scale [6, 25]. An
interesting conclusion, given by Boender [6], is that the value of the contact
angle (at 1 nm from the solid surface) is dominant when the velocity is low.
The dynamic contact angle is then close to the static value, and the value of the
contact angle is of little importance at higher velocities when viscous forces
dominate. Considering this and the fact that we are mainly interested in the
mathematical model for a micrometer-scale flow, we will base our model, like
most researchers, on a contact angle that equals the static contact angle.
However, the prescription of a fixed contact angle is not an easy task. It
requires the velocity of the free surface to be constant near the contact line. In
stationary moving boundary tlows this is not a problem, because the whole
surface is moving with a constant velocity. Solutions for these problems can be
found with iterative approximation of the surface shape, given the position of
the contact line [1, 9, 24]. For an instationary contact line the position is a
priori unknown and the velocity of the free surface is not constant. Therefore
we will use another approach to prescribe the contact angle, which has also
been used by Bach and Hassager [1].
The static contact angle can be expressed in terms of a force using Young's
equation [35]

y cose s = Y GS -Y LS

= F,...

(4.5)

Here Os represents the static contact angle, Yes and YLs are the surface tension on
the gas-solid and liquid-solid interface and Fs the resulting force on the contact
line. We now assume that the force working at a moving contact line equals the

force on a static contact line. Numerical results (§4.3) will show that the
contact angle obtained with this force and linear slip in fact equals the static
contact angle. When using a finite element method, the force on the contact line
results in a natural boundary condition, while a fixed contact angle would result
in an essential boundary condition. The former are much easier to handle.

4.2 Finite Element Formulation
In contrast to the previous problem we shall solve 'the drop on the solid plate'
problem by a FEM. For non-isothermal situations, where we are really
interested in, we believe the latter method to have a larger versatility.
For the solution of the Stokes equation we use a finite element method based on
the following weak formulation:

fn-ll(Vu+(Vuf):VvdQ+ LpV.vdQ+ frf.vdr =0,

(4.6)

L(V ,u)qdQ

(4.7)

0,

=

where v and q represent the tcst functions and f represents the natural boundary
condition:
f=an,

(4.8)

which corresponds to a force on the surface of the fluid.
For the implementation of the surface tension we use a formulation described
by Bach and Hassager [1]. Application of the Frenet formula
dt

-=Kn
ds

(4.9)

and partial integration of the weak formulation of the surface tension force
results in the formulation

fl fy . v d s = fl(-~Xl +
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So

ds

(4.10)

which can easily be implemented in a finite element model.
The advantage of this formulation is that the surface does not have to be
smooth (S E CO). Another advantage is that the last two terms on the right-hand
side describe a force on the edges of a surface which can be used to implement
the contact angle as mentioned above in §4.1.

The problem defined above is the stationary case. The reduction to a stationary
situation is allowed since the inertial effects can be neglected. Actually our
problem is quasi-stationary, as the boundary is moving. For the time evolution
of the drop we use the following equation for the displacement,
x=u.
Here

(4.11)

x is the velocity of the boundary and u is the velocity of the fluid at the

boundary. For the time integration (4.11) we refer to §3.2.
For the discretization of the problem we have used a Galerkin formulation and
triangular Taylor-Hood elements with quadratic approximation of the velocity
and linear pressure. This element satisfies the Babuska-Brezzi condition, is
accurate and simple to implement. Moreover we did not want to use a penalty
method, because the introduced arti ficial compressibility might give unrealistic
solutions, due to the large variation in pressure near the contact line.
Every time step a completely new mesh is generated. The time required for this
is acceptable compared to the time needed to build the matrix and solve the
linear equations. It is less than 15% of the total time. The system of equations is
solve by means of a LV-decomposition.
We have implemented the problem using the finite element package Sepran
[26]. The mesh generation is done by an updated version of the mesh generator
of this package which can handle large differences in element size without
problems.
4.3 Numerical investigation of a model of an axisymmetric drop
We have chosen to simulate a drop similar to the one used by Hocking and
Rivers [17] in their calculations and observations. This is a drop of glass with a
radius ro = 10-5 111. The temperature is kept constant at 800°e. The viscosity at
this temperature J.1 = 105 Nslm 2 • The surface tension y= 0.30 Nlm. The force on
the contact line, Fs =: 0.295 Nlm, corresponds to a stationary contact angle of
10°. We did not vary this contact angle like Hocking, because a variation in the
contact angle of 5° gives a variation in the contact line force less than 2% only.
This would only give a significant variation in the solution near equilibrium,
which would not be attained in our computations.
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Figure 4:
mesh of the drop.
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Figure 5: evolution of the drop in 10 time units.

Figure 4 shows the finite element
mesh used in the computations.
Figure 5 shows the evolution of
the drop, with slip length
1 = 10-6 111, during 10 time units.
A close-up of the contact line
region during the first 0.02 time
units is given in figure 6. This
figure illustrates that in this region
the shape of the surface does not
vary much after a very short
Figure 6: evolution of the surface near
transitional period. This already
the contact line during 0.02 time units.
shows that the evolution of the
drop involves two time scales, Le.
there is a time scale in the
evol ution, the initial contact line
movement, which is much shorter
than the time scale of interest, the
evolution of the drop. As
explained in section 2 this effect
IS
introduced by the small
elements on the surface.

Figure 7: velocity field near the contact
line.
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Figure 8: contact line velocity as a function of the element size
on the contact line.
The influence of the use of larger elements on the velocity of the contact line is
shown in figure 8. The wiggles present in this figure are due to small variations
in the size of the elements during the evolution of the geometry. They are not a
result of an instability in the time integration, which has been checked very
carefully. From these results show that small elements are needed for an
accurate solution of the evolution of the drop. This can be understood from
looking at the velocity field (figure 7). The velocity is nearly constant in this
region except for the solid surface where the velocity decreases exponentially,
with a characteristic length comparable to the slip length (figure 9). The use of
elements larger than the slip length results in a poor approximation of the
velocity. However, the error introduced in the velocity near the contact line
results in an acceptable error for an element size up to 50 times the slip length.
Larger element sizes give a significant error in the evolution of the drop.
The microscopic contact angle in the discretized case, the angle at the corner of
the element at the contact line, is shown in figure 10. One can see that for
elements with a size equal to the slip length the microscopic contact angle
corresponds to the static contact angle. For larger elements this is clearly not
true, although the velocity is well approximated (figure 8).
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Figure 9: velocity of the fluid at the boundary with the solid.
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Figure 10: microscopic contact angle in the time for different
element sizes.
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Figure 11: variation velocity as function of the slip length.
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Figure 12: evolution of the angle of a spherical segment fitted
on the drop for different slip lengths.

The velocity of the contact line also depends on the slip length as can be seen
in figure 11. The slip length A has been chosen 10-6, 10.7 and 10-8 m
respectively. To compare our results with the calculations of Hocking we have
also computed the evolution of the shape of the drop as a function of the slip
length (figure 12). The shape is expressed in the angle between the surface and
a spherical segment fitted on the drop. The correspondence of our results with
those of Hocking and Rivers is remarkable.
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