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Societal Summary

The rapid advancements in communication technologies are facilitating the ad-
vent of many innovative devices and applications in different domains of our lives,
such as education, transportation, healthcare, and manufacturing. Consider, for
example, 5G mobile communication technology. One of the prime goals of this
technology is to connect all sorts of related machines operating at homes and
hospitals, on farms, or even roads. Many applications in this domain, need au-
tomatic control algorithms and call for innovative control structures to increase
human comfort, production rates, safety, accuracy, and decrease the utilization
of different resources.

One of the crucial aspects of control applications communicating over com-
munication networks is that their performance is highly affected by the quality
and the rate of communication. As agents of a control loop, such as sensors,
controllers, and actuators communicate more frequently, they operate more ef-
fectively. Traditionally, these agents of a control loop communicate periodically
with a fixed time period. However, alternatively, agents may decide to commu-
nicate only when deemed to be necessary. Communication is then said to be
triggered by events, which capture the need to transmit. The design of such
systems becomes more challenging since these events must also be defined, but
the potential benefits are many. Of special interest for this dissertation, is the
fact that unnecessary communication can be avoided, which results in decreas-
ing the agents’ power consumption and making the network available for other
applications.

The present dissertation aims at designing event-triggered control systems
for which the mentioned benefits with respect to periodic time-triggered control
can be guaranteed for any controlled system from a broad class of interest. More
specifically, the following question is tackled in this dissertation: Is it possible
to design an event-triggered control algorithm that is guaranteed to outperform
traditional periodic time-triggered control in a well-defined sense, given that they
both utilize the same amount of communication resources? Throughout this
dissertation, this research question is tackled and a positive answer is provided
in several contexts.
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The guaranteed superiority of event-triggered control over periodic time-
triggered control in several different system frameworks can be a key incentive
for different industries to adopt event-triggered control.
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Consistent Event-triggered Control
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In virtually every control loop, sensors transmit data to a controller, which in
turn decides which actuation input is applied to the controlled process. If these
data are transmitted through a shared communication network, the control sys-
tem is referred to as a networked control system (NCS). The transmission times
are determined by a scheduler, collocated with the sensors. The scheduler can
trigger transmissions either based on time or on the state of the system. The
former is called time-triggered scheduling, while the latter is referred to as event-
triggered scheduling. The scheduling and control policies should be designed in
order to guarantee stability and performance specifications of the control loop
and, often, to minimize the transmission rate. This latter requirement appears
in many applications such as wireless battery-powered sensors networks, multi-
agent robotics, and in applications where a large number of users share a limited
communication medium. In recent years, researchers have been advocating that
event-triggered scheduling and control is more adequate to meet such a require-
ment, when compared to the traditional periodic time-triggered scheduling and
control. However, there are still many open questions in the area of event-
triggered scheduling and control. One intriguing question is if it is possible to
design an event-triggered scheduler and controller (ETC), that is guaranteed to
outperform traditional periodic time-triggered controllers (PTCs) in some formal
sense given that they both utilize the same amount of communication resources.
Within this dissertation, this property is called consistency, and this research
question is addressed in many important contexts.

This dissertation starts by introducing the notion of LQ-consistent event-
triggered control for settings in which an average quadratic cost of the closed-
loop system is an adequate performance index. An ETC is called LQ-consistent if
it results in a lower average quadratic cost in comparison to that of the optimal
PTC with the same average data transmission rate. Then, an LQ-consistent
ETC for discrete-time linear systems with partial state-feedback is proposed.
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The numerical results show that the designed ETC can largely improve the
average quadratic performance of control loops in comparison to the optimal
PTC with the same average transmission rate.

The concept of LQ-consistency is extended to settings where the control
loops of several physically independent linear systems are closed over a shared
contention-based communication network. The occurrence of data collisions is
one of the main challenges in this setting since it can create coupling between
the dynamics of independent systems and hamper the design of the optimal
controller. Therefore, an ETC for discrete-time linear systems of a contention-
based communication network is proposed that not only keeps the decentralized
structure of the optimal controller but it also outperforms its non-event-based
counterpart in the sense of an average quadratic cost, for the same average data
transmission rate.

As a next contribution, we turn our attention to the average transmission
power as a criterion for the network utilization instead of the average transmis-
sion rate. The probability of every successful data transmission in a wireless
communication network is directly connected to the power of the radio signal.
This power can either be set to a constant value at every transmission time, or
it can be regulated based on the importance of the data to be communicated.
In control loops designed based on an average quadratic cost, the importance
of the communication data depends directly on a norm of the state estimation
error in the controller. Therefore, the radio signal power scheduler collocated
with the sensors can operate based on a norm of the state estimation error in the
controller, which can be seen as a state-dependent power scheduling mechanism.
Accordingly, the concept of LQ-power consistency is introduced, which refers to
any state-dependent power scheduling and control policy for linear systems that
result in a lower average quadratic cost in comparison to that of the constant
power scheduling at all times with its associated optimal controller, for the same
(or lower) average communication power. In fact, an LQ-power consistent joint
power scheduler and controller is proposed. In numerical examples, large perfor-
mance gains are observed by implementing the proposed LQ-power consistent
policy in comparison to the optimal performance of the constant power sched-
uler and its associated optimal controller, for the same average communication
power consumption.

Another performance index of interest in many control applications is the
`2-gain, which captures the minimum attenuation level of the control loop from
the disturbance input to the performance output of the system. Accordingly,
the notion of `2-consistency is defined as follows: any controller with an aperi-
odic time-triggered transmission sequence or an ETC which preserves the same
`2-gain bound as any periodic time-triggered `2-controller, however, with a lower
or at most the same average transmission rate is called `2-consistent. In order to
find an `2-consistent aperiodic time-triggered controller or ETC, firstly, we de-
termine a periodic `2-controller for different transmission time-periods following
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a game-theoretical approach. Based on these novel developments, we propose a
controller with an aperiodic transmission time sequence and an ETC such that
they preserve the same disturbance attenuation level as that of the designed
periodic time-triggered `2-controller, however, with less transmissions. The `2-
consistent controller with aperiodic transmission time sequence is proposed for
finite-time horizon problems, while the designed `2-consistent ETC is developed
for infinite-time horizon frameworks. Numerical simulations show that for typi-
cal disturbance inputs, the proposed ETC can lead to significant gains both in
terms of communication savings and disturbance attenuation compared to PTC.

The generic and theoretical nature of the above-mentioned contributions,
that prove the superiority of ETCs with respect to PTCs in several different
system frameworks, can be a large incentive for different industries to take ad-
vantage of ETCs.
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Chapter 1

Introduction

“Things come to those who wait, but only the
things left by those who hustle”

— Abraham Lincoln via Tina MiModels

Automatic control is playing a crucial role in today’s society. We can easily
perceive its impacts on several aspects of our lives and find it in most indus-
tries, such as aerospace, manufacturing, food production and delivery, high-tech
systems, automotive and mobility, etc. However, as the technological world is
becoming more and more complex, systems are getting highly intertwined, which
introduces new challenges for automation. As an example, most systems nowa-
days demand massive real-time communications and, in some applications, there
are hard deadlines on automation-related communication. Accordingly, within
the control area, researchers are constantly striving to design innovative control
paradigms, which not only provide the desired automation performance but also
meet these new challenges.

Throughout this dissertation, we will deal with the large communication
demand of control loops and try to decrease it without undermining control
performance in different scenarios. In other words, we will aim at outperforming
the existing traditional control paradigms from both control and communication
perspectives.

This introductory chapter starts with a motivation of this research in Sec-
tion 1.1. Then, in Section 1.2, we introduce some recent industrial applications,
which require a communication-aware control design. Control systems commu-
nicating over shared communication networks, some of their design challenges
and possible solutions are introduced in Section 1.3. Inspired by these solution
directions, important research questions and challenges, which highlight the re-
search contributions of this dissertation, are discussed in Section 1.4. Finally,
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Figure 1.1: Connected and IoT device forecast, source: Strategy Analytics.

we present the organization and the published outcomes of this dissertation in
Sections 1.5 and 1.6, respectively.

1.1 Motivation

According to a research conducted in 2019 by Strategy Analytics, almost 22
billion IoT1 and connected devices were deployed worldwide by the end of 2018
and this number is estimated to reach 40 billion by 2025 (Mercer, 2019). Fig. 1.1
shows the share of all different sorts of equipment and machines that constitute
this huge connected world. As we can see, almost half of it is composed of
enterprise IoT devices. Google Home, August Doorbell Cam, and Philips Hue
Bulbs and Lighting System are some famous IoT applications currently available
in the market. In the near future, IoT devices will be even more intertwined
with many aspects of our lives. This has stimulated a vast amount of research,
which is currently being carried out in different domains of technology to provide
and/or improve different infrastructures required for this rapid expansion of the
IoT applications. As an example, some believe that the proliferation of the IoT
industry is the main driving factor for the development of the fifth generation
of mobile wireless network, i.e., 5G.

In principle, the 5G standard is mainly designed for industrial applications
rather than the consumers, and is expected to initiate a fundamental paradigm

1A system of computing devices, mechanical and digital machines with unique identifiers
that have the ability to transfer data over a network without the need of human-to-human or
human-to-computer interaction.
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Figure 1.2: 5G network slicing, source: International Telecommunication Union.

shift in many new industries such as autonomous vehicles, smart traffic man-
agement, emergency networks, automation, remote medical, smart cities/grids,
virtual reality, and etc. The goal of the 5G mobile wireless network is to pro-
vide a highly flexible communication network infrastructure that can be adapted
based on the target application. One of the unique features of 5G is the network
slicing, based on which one can accommodate the requirements of the applica-
tion at hand by picking the specific characteristics of the corresponding network
slice. So far, three different slices have been introduced for the 5G network.
One of the slices is referred to as ultra Reliable Low Latency Communications
(uRLLC), which targets mission-critical applications such as self-driving vehi-
cles or e-health. The Massive Machine Type Communications (mMTC) slice is
suitable for battery-powered applications, e.g., smart cities. Furthermore, the
enhanced Mobile Broadband (eMBB) slice provides ultra-high speed commu-
nication, required e.g., for 4K video streaming or virtual reality. This slicing
is depicted in Fig. 1.2. Note that the 5G architecture is flexible enough for
the adoption of new slices, and, in particular, it can target new industrial ap-
plications in the future. It is also important to emphasize that 5G employs a
sharing technique and allows multiple slice types to co-exist in a single network
resource (Ashwood-Smith, 2019).

Automatic control is one of the cornerstones of many IoT applications, in
the sense that many applications made possible by 5G (e.g., truck platooning,
remote robotics) are control applications. We can position these applications in
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the field of networked control systems (NCSs) (Bemporad et al., 2010). An NCS
is composed of one or more physically distributed plants, which are controlled
via sensors, controllers, and actuators communicating over shared communica-
tion networks. Control applications arguably benefit from the advancements of
communication technology more than any other. They highly depend on the
communication policy and the communication quality during their service time
and, as a result, the constraints of the communication network and the data
transmission mechanism should always be taken into account in the controller
design. Limited data packet transmission rate, delays, and data losses due to
contention or fading are some of the constraints attributed to mobile wireless
communication networks and they should be handled with enough care dur-
ing the controller design. Consequently, control researchers have been spending
large efforts in recent years to introduce innovative control strategies to cope
with these network-induced challenges. For the new IoT applications, it is of-
ten very important to design controllers that can optimize their performance,
while at the same time minimize different resource utilizations, such as battery
power and communication bandwidth. Several examples of control-dependent
IoT applications are introduced next.

1.2 Modern control-dependent IoT applications

In the following, we introduce some recent IoT applications, where both the con-
trol and the communication play critical roles in their implementation, stability,
and performance.

1.2.1 Mobile and collaborative robots

Recent advancements in embedded computations, wireless communications, and
robotics have been facilitating the rapid involvement of mobile robotics plat-
forms with different levels of sophistication in various industries and human
(social) life. Robots perform better than humans in certain objectives, such as
precision and speed. Therefore, they can be complementary to humans, and pro-
vide new capabilities in many environments. Rapidly growing markets initiated
automated production by robots in many industries such as food, packaging,
logistics, automotive, manufacturing, etc. In this context, 5G is meant to pave
the way for the new generation of smart factories, i.e., Industry 4.0, that refers
to the intelligent networking of machines and processes within an industry. This
is aimed to achieve flexible production, costumer-oriented solutions, optimized
logistics and efficiency in resource utilization.

Communication technology advancements are also escalating the use of
robotics in the healthcare industry at homes or hospitals, where the patient
can be monitored and visited by general practitioners at any time and any lo-
cation. Recently, the term “Tactile Internet” has been introduced to refer to
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internet communication with extremely low latency, high availability, reliability,
and security (Fettweis et al., 2014). The goal of Tactile Internet is to deliver
haptic feedback with less than a millisecond delay and to create NCSs that could
work in an intertwined and fast way to enable automation or remote control of
highly dynamic processes. One of the most interesting applications of the Tac-
tile Internet in combination with innovative robotic platforms is Telesurgery,
which not only enables surgeons to conduct delicate surgeries with a high cer-
tainty but also they can provide this service to people all around the world while
they are sitting in their own clinic. Furthermore, Tactile Internet and robotics
can progress telerehabilitation techniques in which the therapist can steer and
correct the motions of the patient at his/her home.

1.2.2 Smart power grids

Smart grid refers to a two-way flow of electricity and information to create an
automated and distributed advanced energy delivery network. Improving power
reliability and quality, facilitating the proliferation of renewable energy, reduc-
ing greenhouse gas emissions and oil consumption, improving grid security and
increasing consumer choice are some of the incentives to replace the traditional
generating units in power systems by the smart grids.

As it is clear from this definition, information measurement and communi-
cation are two of the main components of every smart grid network. This is
especially needed due to the shift from the unilateral control of the power gener-
ation side to the bilateral control of both the power generation and consumption
sides in the smart grid systems (Hui et al., 2020). However, the communication
network used by the smart grids needs to have some stringent characteristics
such as massive links, fast transfer speed, robust security, high reliability, and
low power consumption. As an example, the number of devices needed to con-
nect to a network within a smart grid can reach up to 1 million/km2. Moreover,
fast data transfer speed and low communication latency are required to have
a successful remote frequency control in smart grid systems. All these require-
ments can be met by the arrival of 5G network in the near future, which will
smoothen the path for the expansion of the smart power grids.

1.2.3 Automated driving

One of the important trends within the automobile industry which has received
a significant amount of attention in recent years is automated driving. Some
advanced driver assistance systems such as adaptive cruise control (ACC) or
parking assistance can be seen as predecessors of automated driving, which is
now moving toward fully autonomous driving systems. Recent communication
technologies such as 5G with ultra-low latency and high reliability can accel-
erate the advent of many new automation features within the context of au-
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tonomous driving. The on-board sensors of vehicles such as radars or cameras
have a limited range of detection, therefore, they cannot guarantee safe and reli-
able automatic maneuvers such as a takeover or intersection crossing. However,
vehicle-2-vehicle (V2V) communication provides the possibility for different ve-
hicles to share their measured data with neighboring vehicles and facilitate their
autonomous movement. Moreover, V2V and vehicle-2-infrastructure (V2I) com-
munications can lay the first stone to implement coordinated collision avoidance
control algorithms by vehicles, which can tremendously decrease the drivers ef-
fort and increase the safety in traffic jams.

Furthermore, new applications such as truck platooning, which is a well-
known NCS, can speed up the inter-city transportation and decrease its cost,
while at the same time provide the opportunity to control the road traffics and
increase its safety. However, they require a communication infrastructure with
at most 10 ms data transmission latency, which can be easily met by 5G mobile
wireless network.

1.3 Networked control systems: Challenges and solutions

The advent of digital computers started the era of sampled-data systems around
1950 in which the feedback control loops are closed by periodic measurements
of the system outputs, communicating them to the controller running on a
computer and then updating the control action (Kalman and Bertram, 1959;
Ragazzini and Zadeh, 1952). Advancements in high-speed embedded architec-
tures encouraged control scientists to investigate more on sampled-data related
problems, which also bore fruit. After more than half a century of research,
sampled-data systems represent today a mature control engineering field and
many tools are available for the sampled-data control synthesis for different sys-
tem configurations (Åström and Wittenmark, 2013).

However, modern industrial applications are becoming more and more com-
plex and therefore, they have been introducing new challenges to the control
designers. The number of components, which are present in control loops is
growing and in many applications, several control loops become coupled. As a
result, different components of each control loop need to interact with each other
and/or with other control loops to fulfill the desired performance requirements
of a large system. This system complexity triggered the idea of networking dif-
ferent components of control systems such that they can communicate with each
other without the need for complex and expensive wirings. Networking can also
provide high flexibility in the design, by which new components can be easily
added to or removed from the system. Researchers called these control systems
“networked control systems” (NCS). In an NCS the plants are controlled over a
shared communication network. As one of the earliest attempts for the develop-
ment of an NCS, in 1983, Bosch GmbH started a feasibility study of networking
different sensors and actuators of passenger cars to control its different function-
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alities (Baillieul and Antsaklis, 2007). This results in the announcement of the
Control Area Network (CAN) protocol in 1987, which nowadays is the concept
of communications inside most of the modern cars.

Although networking different components of control systems facilitates the
control implementation, it brings also many design difficulties. Networks usually
have bounded capacities on the number of data packets that can be transmitted
at each unit of time. Furthermore, phenomena such as contention, data colli-
sions, delays, which are fatal for the control loops, are quite common, especially
in wireless networks. In fact, control networks are different from data networks
in the sense that they need short and frequent data packets, with real-time re-
quirements on their end-to-end transmissions time (Walsh and Hong Ye, 2001).
Therefore, any controller of interest for an NCS application should consider all
constraints introduced by the communication channel during the design phase.
The literature of designing controllers for the NCSs with guaranteed stability
and performance requirements is quite rich, see, e.g., Donkers et al. (2011), Hei-
jmans et al. (2018), Nešić and Teel (2004), Walsh and Hong Ye (2001), Walsh
et al. (2002), and Zhang et al. (2013) to mention just a few.

One of the other constraints usually imposed in many IoT applications is the
limited access to electric power by the distributed agents. Autonomous farms,
smart grids/cities, space-related machines are some of those applications, in
which the operation power usually comes from limited-capacity batteries charged
by solar panels. As a result, it is of great importance to consume the least pos-
sible amount of electric power in these applications to prolong their service-time
and the lifespan of their batteries. On the other hand, wireless communication
in these devices usually consumes a large portion of the battery power. As an
example, in an air pollution detection sensor of a smart city, the majority of the
power is consumed for the data transmission to the central station. Besides, in
some applications such as unmanned aerial vehicles, it is required to decrease
the communication due to stealth requirements.

The above-mentioned facts related to applications when resources, such as
communication bandwidth or battery power, are scarce have led to new research
directions in the domain of NCSs, referred to as event-triggered control and self-
triggered control (Heemels et al., 2012). The main goal in these fields is to de-
crease the communication rate within the control loops and utilize the resource-
constrained communication network more efficiently in IoT applications. The
descriptions of the event-triggered and the self-triggered control paradigms along
with a short related literature survey are presented next, see, e.g., Heemels et al.
(2012) and Nowzari et al. (2019) for some recent surveys.

1.3.1 Event-triggered control

Traditional digital control is implemented by periodically sampling the mea-
surement outputs and then, accordingly, updating the control input. However,
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Figure 1.3: A schematic view of an event-triggered control loop. Consider
st := max{j|j ∈ {0 . . . t} ∧ δj = 1} as the latest data transmission time up to
or before time t ∈ N ∪ {0} to the controller. Then the information set available
for the scheduler and for the controller at every t ∈ N ∪ {0} follows θt := {yi|i ∈
{0, 1, . . . , t}} ∪ {δi|i ∈ {0, 1, . . . , t− 1}} and ρt := {yi|i ∈ {0, 1, . . . , st}}, respec-
tively. Moreover, h : θt → {0, 1} represents an event-triggered scheduling law,
where by convention, δt = 1 indicates data transmission, and δt = 0, otherwise.

periodic sampling and control usually consumes much more than needed of the
available computation and communication resources in many NCS applications.
An alternative for periodic sampling, that has been proved to be able to decrease
the communication resource utilization is an event-based (or event-triggered)
sampling (Kopetz, 1993), which can also be employed in control loops. In an
event-triggered controller (ETC), the measured outputs of the system are sam-
pled and the control inputs are updated only when certain events happen in
the system, e.g., the norm of the state goes beyond a certain threshold (state-
threshold sampling policy). In between event times, the control inputs can be
determined in several ways, e.g., they can be kept constant or be updated re-
alistically based on an estimated state. A schematic view of an event-triggered
control loop for a discrete-time dynamic system is shown in Fig. 1.3.

Åström and Bernhardsson (1999) considered a first-order stochastic system
with the state-threshold sampling policy and formally showed for the first time
that in comparison to periodic sampling with the same average sampling rate,
the resulting average state variance is three times smaller. The main motivation
of the authors to investigate this problem was the event-based operation mecha-
nism of many sensors used in control applications, e.g., encoders used to measure
the angular positions in motion control. They also mentioned the on-off charac-
teristic of some actuators such as satellite thrusters as additional motivations. At
the same time, Åarzén (1999) studied an event-triggered PID controller through
numerical simulations and showed that the proposed event-triggered controller
is able to decrease the CPU computation load, however, with a minor degrada-
tion of control performance. These two works started a new research line within
the domain of control theory in which a scheduler controls the flow of output
measurements to the controller based on the measured outputs of the system.

Many other works followed. For instance, Sandee et al., 2005 recognized
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event-driven controllers suitable tools for providing a balance between sampling
frequency, control performance and the usage of processing power. Then, spo-
radic control was introduced in Henningsson et al., 2008 as an event-triggered
control strategy for systems which experience events with a given guaranteed
minimum inter-event time. It is showed that, for first-order linear stochastic
systems, sporadic control in which data transmissions are triggered as the state
goes beyond a certain threshold, outperforms periodic control in terms of the av-
erage state covariance and the control update frequency. In Tabuada (2007), an
ETC is proposed for a general deterministic nonlinear system both to guarantee
the asymptotic stability of the closed-loop system and to decrease the compu-
tation effort so that the embedded processors meet the deadlines of all other
control unrelated tasks.

These initial works have stimulated a new trend within the context of ETCs,
which aims at designing suitable ETCs to guarantee some desired performance
requirements for specific system frameworks. In Heemels et al. (2008), the ulti-
mate boundedness of the system is guaranteed when transmissions are triggered
as the norm of the stabilization (or tracking) error becomes larger than a given
threshold. Another outstanding early work in this domain is Lunze and Lehmann
(2010) in which a linear state-feedback control system is considered with an un-
known bounded disturbance input. Model-based estimation approaches have
been proposed to estimate the disturbance input and the state in the controller,
when the state is not communicating to the controller. Then the state trans-
missions to the controller are triggered when the norm of the error between the
estimated state and the real state goes beyond a given threshold. For the pro-
posed transmission policy, the existence of a minimum inter-event time and the
boundedness of the state vector are proved in this work.

In the period that followed, much research has been devoted to the em-
ployment of ETCs within the framework of Linear Quadratic Gaussian (LQG)
control, where a joint data scheduling and control policy should be designed for
linear stochastic systems following an optimization approach (Antunes and Asadi
Khashooei, 2016; Araujo et al., 2014; Asadi Khashooei et al., 2018; Balaghi I.
and Antunes, 2017; Brunner et al., 2018; Cogill et al., 2007; Goldenshluger and
Mirkin, 2017; Mamduhi et al., 2017; Molin and Hirche, 2009; Ramesh et al.,
2011). As the first attempts for solving this problem, a weighted sum of an av-
erage quadratic cost and the communication cost over a finite-time horizon was
considered as the design criterion (Molin and Hirche, 2009). In Molin and Hirche
(2009) it is proved that the joint design of the controller and the scheduler can
be separated given the condition that the scheduling policy belongs to a specific
class of policies, which just depend on the primitive random variables of the sys-
tem. In this case, the certainty equivalence controller is the optimal controller,
although the optimal state estimation, in general, cannot be determined by the
Kalman filter. However, in Rabi et al. (2016) and Ramesh et al. (2011) it is
shown that for a general event-triggered scheduling policy, the dual effect of the



12 Chapter 1. Introduction

control input is present in the control loop and as a result, the separated design
of the controller and the scheduler does not lead to the optimal policies. Be-
sides, an innovative event-triggered scheduler for an infinite-time horizon LQG
control problem is proposed in Cogill et al. (2007) by using a quadratic approx-
imate value function, which finally guarantees an upper bound on an average
quadratic control performance. We will discuss some other related contributions
within this context in Section 1.4.

One of the challenges in the design of ETCs for continuous-time systems is
to guarantee a minimum inter-event time so that the network can transmit all
data on time and the accumulation of data in the communication network is pre-
vented. In this case, it is said that the event-triggered transmission policy does
not result in Zeno-behaviour in data transmission. Furthermore, any designed
ETC for continuous-time systems needs the continuous monitoring of the mea-
sured output by the scheduler, which is not possible due to the limited capacities
of the measurement sensors and the communication networks. Therefore, some
researchers focused on designing ETCs for discrete-time approximations of the
existing continuous-time models (Eqtami et al., 2010). In these situations, the
event-triggered condition only needs to be evaluated periodically with the con-
troller’s updating time period. However, this time period might be quite short
for the scheduler and one may desire to have an event-triggered scheduler oper-
ating periodically with a different time period. To solve these issues in the design
and implementation of ETC, periodic event-triggered control (PETC) has been
introduced first in Heemels et al. (2013) and then extended in many other works
such as Antunes et al. (2012), Borgers et al. (2018), Cuenca et al. (2019), Fu and
Mazo (2018), Heemels and Donkers (2013), Heemels et al. (2015), Linsenmayer
et al. (2019), Meng et al. (2015), Postoyan et al. (2013), and Wang et al. (2016,
2020). PETC can be seen as an approach that provides a balance between pe-
riodic control and ETCs. The works in Heemels et al. (2013, 2016) give several
different PETC analysis and design tools for guaranteeing the L2-stability of
linear continuous-time systems. PETC is also investigated in the framework of
LQG control in Antunes et al. (2012) by following a roll-out optimization algo-
rithm, which finally guarantees a better average discounted cost in comparison
to the optimal periodic controller with the same average transmission rate.

Although the implementation of ETC in a single control loop can lead to sig-
nificant advantages as mentioned before, it can be more beneficial in applications
in which several control loops are sharing a resource-constrained communication
network. Consider a fleet of drones cooperating in a region for surveillance or
a swarm of ground robots are cleaning a polluted area such as a lake. All the
agents in these applications need to communicate at least with their neighbors
to not only prevent colliding with each other but also fulfill the collective as-
signed mission in the shortest amount of time. On the other hand, the wireless
communication network, which provides such connections between these agents,
cannot handle as many data exchanges as is demanded if all the agents keep
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periodically communicating with each other at a fast rate. Therefore, every
agent has to determine when and to whom to communicate its data, to prevent
congestion in the communication network and at the same time to fulfill its as-
signed mission. Accordingly, the design of decentralized or distributed ETCs has
attracted much interest in recent years. The multi-agent consensus problem is a
standard problem, which is rich enough to capture many of the technical diffi-
culties such as asynchronism or Zeno-behavior that arise in many decentralized
or distributed networked ETCs. The consensus problem tackles the problems
where a group of agents wants to agree upon various physical and virtual quan-
tities of interest and it finds application in many industrial contexts. Inspired by
this, many different ETC strategies are proposed for the multi-agent consensus
problem throughout the past decade, see, e.g., Berneburg and Nowzari (2019),
Dimarogonas and Johansson (2009), Dolk et al. (2017), Dolk et al. (2019), Mazo
and Cao (2014), Nowzari and Cortés (2016), and Wang and Lemmon (2011).
Furthermore, within the context of the LQG control, the optimality of the cer-
tainty equivalence controller in a distributed event-triggered control setting is
also discussed to some extent in the literature, see, e.g., Abara and Hirche (2017)
and Mamduhi et al. (2015a).

In the context of decentralized ETCs, some researchers take into account
the challenges that have arisen due to the shared communication network while
the control loops are fully physically decoupled. The limited capacity of the
communication channel may result in data collision, drop-outs or delays, which
can create coupling even between fully physically decoupled systems, when they
are communicating based on event-triggered algorithms. Some related results in
this context can be found in Balaghi I. et al. (2018a), Dolk and Heemels (2017),
Mamduhi et al. (2014), Mamduhi et al. (2017), and Molin and Hirche (2014).

1.3.2 Self-triggered control

Another innovative state-dependent data transmission policy that can again save
a considerable amount of communication and computation resources in compar-
ison to periodic sampling is self-triggering, which refers to a scheduling policy
that pre-computes the next sampling time at every sampling instance based on
the current status of the system and mentioned for the first time in Velasco
et al. (2003). Then any joint self-triggered scheduling policy and an appropriate
controller that preserves stability and performance requirements of the control
system is called a self-triggered controller (STC). This control scheme has re-
ceived significant attention in the literature so far (Almeida et al., 2010; Anta
and Tabuada, 2010; Gommans et al., 2014; Mazo et al., 2010; Sahoo et al., 2019;
Wang and Lemmon, 2008). In contrast to ETCs, there is no need for continu-
ous monitoring of the measured outputs of the system in frameworks with an
STC (Gommans et al., 2014). A schematic view of a self-triggered control loop
is depicted in Fig. 1.4.
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Figure 1.4: Schematic view of a self-triggered control loop. Consider st+1 as
the first data transmission time both to the controller and to the scheduler
after time t ∈ N ∪ {0}, and `t = max{i ∈ {0, 1, . . . , t}|i = si} as the last data
transmission time up to t ∈ N ∪ {0}. Then the information set available for
the scheduler and for the controller at every t ∈ N ∪ {0} follows Θt := {yi|i ∈
{0, 1, . . . `t}} ∪ {sj |j ∈ {0, 1, . . . t}} and ρt := {yi|i ∈ {0, 1, . . . , `t}}, respectively.
Moreover, q : Θt → [st + ε,∞) for ε ∈ N, represents a self-triggered scheduling
policy, which determines the next sampling time at every sampling instance.

In Wang and Lemmon (2008) an STC mechanism is proposed to guaran-
tee the L2 stability of a linear system given the condition that the disturbance
input is bounded by a linear function of the system state norm. The STC pro-
posed in Mazo et al. (2010) guarantees exponential input-to-state stability for a
continuous-time linear system with a bounded additive disturbance input, while
enforces explicit lower and upper bounds on the inter-sampling times. By re-
sorting to a model-based control policy, Almeida et al. (2010) improved the STC
proposed in Mazo et al. (2010). Within the context of linear quadratic regula-
tors, Sahoo et al. (2019) first proposed a novel ETC to guarantee asymptomatic
stability of a continuous-time linear system by following a minimax optimiza-
tion approach, where the network induced error acts as the maximizer and the
control input acts as the minimizer of a cost function. Then an STC is derived
based on the proposed ETC. The employment of STCs within the context of a
discrete-time LQG control setting is also investigated in Gommans et al. (2014),
where the disturbance input to the system has a Gaussian distribution. The
proposed STC guarantees a sub-optimal average discounted cost for the con-
trol loop, however, with a lower average inter-transmission time. Self-triggering
also finds its way to other domains of control such as model predictive control
(MPC), see e.g., Brunner et al. (2016) and Gommans and Heemels (2015) and
the references therein, where at every sampling time the controller provides the
next sampling time and all the control inputs up to that time.
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Figure 1.5: LQ-consistency concept of an ETC introduced in Antunes and Asadi
Khashooei (2016). The solid line indicates the trade-off curve related to the
optimal PTC, while the dashed line refers to an LQ-consistent ETC.

1.4 Research questions and contributions

The literature of event-triggered control has become quite rich after two decades
of extensive research on its theory and application. Most of the existing results
consider innovative event-triggered scheduling and control algorithms and pro-
vide tools to prove stability of the event-triggered control loops, while at the same
time considering different imperfections of the communication channel. Most of
these works result in the reduction of the average communication frequency at
the expense of losing some part of the closed-loop performance. However, the
superiority of ETCs over periodic time-triggered controller (PTCs) can only be
really shown if one can fully establish that with the same average (communi-
cation) resource utilization, the control performance obtained by an ETC can
be better than that of the traditional PTC. The work presented in Åström and
Bernhardsson (1999) provides this guarantee for an ETC designed for first-order
linear systems within the context of LQG control. Inspired by this work, An-
tunes and Asadi Khashooei (2016) introduces the notion of LQ-consistent ETC
which refers to any ETC that guarantees a lower average quadratic cost for
the control loop in comparison to the optimal PTC, while they both have the
same average state transmission rate to the controller. Then it proposes an LQ-
consistent ETC for state feedback continuous-time linear systems with arbitrary
order. The LQ-consistency is shown in Fig. 1.5 on the trade-off curve between an
average quadratic cost and the average transmission rate. In Antunes and Asadi
Khashooei (2016) an example is also provided showing that a well-known ETC
can actually perform worse than a periodic time-triggered controller, motivating
the need for LQ-consistent ETCs.
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Figure 1.6: The LQ-consistency concept for the ETC proposed in Chapter 2.
The dots indicate the trade-off points related to the optimal PTC, the dashed
straight lines connect every two consecutive points related to the optimal PTC,
and the solid line is associated with an LQ-consistent ETC for a discrete-time
system, which should always be below the dashed line.

The scheduling policy proposed in Antunes and Asadi Khashooei (2016)
needs to continuously monitor the measured state and check the event condition.
In order to solve this issue, Brunner et al. (2018) proposed an LQ-consistent ETC
for discrete-time linear systems, which does not need the continuous monitoring
of the state and the continuous evaluation of the event condition. In addition,
a PETC is proposed in Asadi Khashooei et al. (2018) for continuous-time linear
systems, which has the same LQ-consistency property as Antunes and Asadi
Khashooei (2016), however, similar to Brunner et al. (2018), it does not need
the continuous evaluation of the event condition. Despite all these three works,
still, some important challenges regarding the superiority of ETCs compared to
PTCs remain open. Some of these challenges will be explained next and will be
answered throughout this dissertation.

i) Partial-state feedback LQ-consistent ETC: Typically in control
loops, full-state information is not available and just partial-state information
is measured. Therefore, it is important to also investigate the design of LQ-
consistent ETCs for partial-state feedback control settings. This problem is
investigated in Chapter 2 of this dissertation in which the system is assumed
to be linear and in discrete-time. The idea of the ETC proposed in Chap-
ter 2 is mainly based on the earlier work Antunes and Asadi Khashooei (2016),
which is designed for continuous-time full-state feedback linear systems. Fig. 1.6
demonstrates the LQ-consistency property obtained for the proposed ETC in
Chapter 2. The trade-off curve between an average quadratic cost and the av-
erage inter-transmission time associated with the proposed LQ-consistent ETC
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Figure 1.7: Networked control loops through a shared contention-based commu-
nication network (SCN). P describes the plant, S the scheduler, C the controller
and z−1 a one time-step delay.

should be always below that of the optimal PTC.

ii) Decentralized LQ-consistent ETC: The setups considered in all pre-
vious works within the context of LQ-consistent ETC aimed for centralized con-
trol applications (Antunes and Asadi Khashooei, 2016; Asadi Khashooei et al.,
2018; Brunner et al., 2018). However, the rapid growth of large-scale NCSs
in many industrial applications requires decentralization of the control loops to
distribute the complexity of computations between different agents and increase
the robustness against faults and failures. Therefore, it is of great interest to
provide design methods for decentralized LQ-consistent ETCs.

To have a decentralized control framework, one has to first detect differ-
ent coupling sources, which might be either physical or network-induced in ev-
ery NCS. In applications such as truck platooning, both physical and network-
induced couplings are present between the dynamics of different agents. How-
ever, in some applications, such as smart homes, the agents usually are not
physically dependent and just share a communication channel. Throughout
Chapter 3, we consider applications with physically independent subsystems. A
schematic view of these systems is depicted in Fig 1.7. We let the subsystems
share a contention-based communication channel for their sensor-to-controller
communication.

The main reason for selecting a shared contention-based communication net-
work such as those operating based on ALOHA protocols is that they do not
require a central coordinator and as a result, are suitable options for decentral-
ized applications. However, these networks cope with the fact that only for one
user can transmit data (if it demands) at every time slot, and if more than one
scheduler attempt a data transmission at a single time slot, then a data collision
will occur and all data will be lost. This data collision phenomenon can ham-
per the optimal controller design even for physically independent control loops
when they are communicating based on event-triggered mechanisms over these
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communication networks.

Therefore, throughout Chapter 3, we introduce an event-triggered scheduling
policy for the dynamic users of a collision-prone communication channel, which
keeps different dynamic users still decoupled. Moreover, we design an optimal
controller corresponding to the proposed event-triggered scheduler and prove
that the designed ETC outperforms its non-event based counterpart from the
perspective of an average quadratic cost for every control loop, when they both
use the same amount of communication resources.

iii) LQ-power consistent control: In most of the research related to the
design and analysis of ETCs, the transmission rate is considered as the com-
munication cost and thus, an event-triggered scheduler is arbitrating the data
transmissions. However, as we know, often one of the prime goals of a (commu-
nication) resource-aware controller is to decrease the power consumption, while
guaranteeing control stability and performance. Therefore, one has to sched-
ule the transmission power based on events in control loops rather than the
transmission itself (De Castro et al., 2012; Gatsis et al., 2014).

On the other hand, often, there is not one hundred percent certainty on the
reception of the transmitted data in every wireless communication and this prob-
abilistic phenomenon depends directly on the power of the radio signal employed
for every single data transmission (Varma and Postoyan, 2016). This random
behavior can be modeled by a Bernoulli process, where the probability of success
depends on the power of the radio signal as shown in Fig. 1.8 (a) (Goodman and
Mandayam, 2000). This indicates that as the power of the radio signal is set to
be higher, the chance of successful transmission increases.

Accordingly, a new notion of consistency needs to be adopted within the
context of state-dependent transmission power scheduling and control to account
for power instead of transmission rate, which is done in this dissertation. Based
on this new notion, the goal is then to design state-dependent power scheduling
and control policies that lead to a lower average quadratic cost with the same
or less average power consumption in comparison to standard constant power
scheduling with its associated optimal controller, i.e., be so-called LQ-power
consistent. Accordingly, in Chapter 4 we investigate this LQ-power consistent
control problem. The comparison of the trade-off curves between the desired LQ-
power consistent control and the optimal constant power control is illustrated
in Fig. 1.8 (b).

iv) An `2-consistent ETC: The LQG controller is the optimal controller
for linear systems when the disturbance input follows a Gaussian process. How-
ever, in many practical applications, the characteristics of the disturbance input
are unknown and it does not necessarily follow a Gaussian process. In these
situations, a reasonable option is to design a controller that is robust against
worst-case disturbance scenarios. The `2-controllers have the above property
for discrete-time systems, and their performance is defined by the `2-gain from
the disturbance input to an output of interest. Therefore, we introduce a new
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Figure 1.8: a) Example of the relation between the success rate of every wireless
transmission and the power of the radio signal. b) Illustration of the trade-off
curve comparison of an LQ-power consistent control with the optimal constant
power control. The solid line indicates the trade-offs achieved by the constant
power scheduling policy and the optimal controller, while the dashed line is
associated with any LQ-power consistent control policy.
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Figure 1.9: The concept of `2-consistency for ETCs introduced in Chapter 6
and 7 for discrete-time linear systems. The solid line indicates the trade-off
points associated with periodic the time-triggered (PTT) `2-controllers designed
based on a game theoretical approach, while the dashed line is related to any `2-
consistent ETC designed for a given `2-gain bound γ ∈ R�0. For any realization
of the disturbance input, the trade-off resulted by the `2-consistent ETC is a
point on the dashed line.

consistency concept within the context of `2-controllers and search for the de-
sign of a joint event-triggered scheduling and control policy that outperforms
periodic `2-controllers for the same or less average transmission rate.

This problem is considered for discrete-time linear systems throughout Chap-
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ters 5, 6, and 7 of this dissertation. Based on our definition, an ETC or any
aperiodic `2-controller is called `2-consistent if it guarantees the same `2-gain
bound as the designed periodic `2-controller determined by following a game-
theoretical approach, however, by resulting in a lower (or at most the same)
average transmission rate from the sensors to the controller. This concept is
illustrated in Fig. 1.9 for ETCs. In Chapter 5, we introduce an `2-consistent
transmission time sequence and control for finite-time horizon problems. We
show that for the proposed policy, the transmission sequence converges to the
periodic one as the time horizon approaches infinity, and as a result, it cannot
typically save that much communication. To solve this issue, we propose `2-
consistent ETCs in Chapters 6 and 7. Through some numerical examples, the
proposed `2-consistent ETCs are shown to be able to save a significant amount
of communication for typical disturbances in comparison to the designed peri-
odic `2-controller, even for infinite-time horizon problems. To the best of our
knowledge, there exists just one work (Mi and Mirkin, 2019), which proposed
an ETC with a similar L2-consistency property as the one we present in this
dissertation. However, it is given for continuous-time systems (and thus L2-
gain), and most importantly, determined by following a very different approach
based on the Youla parametrization. As the results of Mi and Mirkin (2019) and
this dissertation are developed independently and follow different approaches for
different settings, they are of independent interest.

1.5 Organization of the thesis

We provide next a short description of the contents of every chapter of this dis-
sertation. The main results are categorized into two independent parts.

Part I: Introduction
Chapter 1: This chapter provides the main motivations of the work, a litera-
ture survey, and the research contributions.

Part II: Designs Based on an Average Performance Criterion
Chapter 2: In this chapter, we consider a linear time-invariant system in
discrete-time with independent and identically distributed (i.i.d.) Gaussian dis-
turbance inputs. The sensors measure partial-state (output) information that
is corrupted by i.i.d. Gaussian noise at every time step. A scheduler collo-
cated with the sensors arbitrates the transmission of the measured outputs to
the controller. When the scheduler is operating periodically, then for an average
quadratic cost, the linear certainty equivalence controller is optimal, where the
optimal state estimation is determined based on the Kalman filter. Now we
propose an ETC for this framework, which is LQ-consistent, in the sense that it
results in a lower average quadratic cost in comparison to the optimal cost for
periodic transmission, while they both have the same average transmission rate.
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Chapter 3: In this chapter, we consider several linear time-invariant systems
in discrete-time with i.i.d. Gaussian disturbance inputs. The sensors of every
system measure partial-state (output) information and communicate it to the
scheduler collocated with them. Every scheduler arbitrates data transmission
to its corresponding controller through a shared contention-based communica-
tion network. We propose an ETC, which not only preserves the decentralized
structure of the control loops, but also outperforms, in the sense of an aver-
age quadratic cost, its non-event based counterpart, which consumes the same
amount of communication resources.

Chapter 4: In this chapter, we consider a linear time-invariant system in
discrete-time with i.i.d. Gaussian disturbance inputs over an infinite-time hori-
zon. We assume that a state successful transmission to the controller at every
time step follows a Bernoulli process, where the success rate is an increasing
function of the radio signal power at every time step. We propose a power
scheduling and control policy for this system which is LQ-power consistent, i.e.,
it results in a lower average quadratic cost in comparison to the optimal cost of
the constant power scheduling, while it consumes a lower (or at most the same)
average communication power than the constant power scheduling policy.

Part III: Designs Based on a Worst-Case Performance Criterion
Chapter 5: In this chapter, we consider a linear time-invariant system in
discrete-time with additive disturbance inputs over a finite-time horizon. We de-
sign jointly a state transmission time sequence to the controller and an `2-control
policy which preserves the same `2-gain bound as a periodic time-triggered `2-
controller designed for a specific inter-transmission time, however, with less (or at
most equal) number of transmissions. Therefore, we can call it an `2-consistent
transmission sequence control.

Chapter 6: In this chapter, we consider a linear time-invariant system in
discrete-time with square summable disturbance inputs over an infinite-time
horizon. We assume that the sensors measure full-state information at every
time step. As the main contribution of this chapter, we propose an `2-consistent
ETC which guarantees the same `2-gain bound for the system as that of the
periodic time-triggered `2-controller designed by following a game-theoretical
approach, however, it requires a lower (or at most the same) average state trans-
mission rate to the controller based on the realization of the disturbance input.

Chapter 7: In this chapter, we consider a linear time-invariant system in
discrete-time with square summable disturbance inputs over an infinite-time
horizon. Here, the sensors are assumed to measure partial-state (output) infor-
mation which is corrupted by the disturbance input signal. Similarly to Chap-
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ter 6, an `2-consistent ETC is introduced for this setting which preserves the
same `2-gain bound as its periodic `2-controller counterpart designed by follow-
ing a game-theoretical approach, however, with an average transmission rate
which is lower than (or at most equal to) that of the designed periodic `2-
controller.

Part IV: Conclusions
Chapter 8: In this chapter, we conclude this dissertation and provide some
future research directions within the context of ETCs.

Part V: Appendices
Appendices A-F: In these appendices, we provide the proofs of theorems and
lemmas of the main chapters.

Appendix G: In this appendix, we consider a linear time-invariant system in
discrete-time with a Gaussian disturbance input over an infinite-time horizon.
State transmissions to the controller occur when the norm of the state estima-
tion error goes beyond a certain threshold. The controller is operating based
on linear certainty equivalence, where the state estimation is set to the exact
value of the state in case of transmission, otherwise, we use a linear model-based
estimation. As the main contribution of this work, we provide analytical bounds
on the average transmission rate and an average quadratic cost with respect to
the threshold of the event-triggered policy. We also provide the same guarantees
for the decentralized version of this problem.



1.6 Publications 23

1.6 Publications

The results presented in this thesis are based on the following publications.

Peer-reviewed conference papers:

1. M.H. Balaghi I. and D.J. Antunes, “Analysis of Linear Quadratic Control
Loops with Decentralized Event-Triggered Sensing: Rate and Performance
Guarantees,” 2017 IEEE 56th Conference on Decision and Control (CDC),
2017, pp. 6702-6707.

2. M.H. Balaghi I., D.J. Antunes, M.H. Mamduhi and S. Hirche, “A De-
centralized Consistent Policy for Event-triggered Control over a Shared
Contention-based Network,” 2018 IEEE 57th Conference on Decision and
Control (CDC), 2018, pp. 1719-1724.

3. M.H. Balaghi I., D.J. Antunes, M.H. Mamduhi, S. Hirche, “An Op-
timal LQG Controller for Stochastic Event-triggered Scheduling over a
Lossy Communication Network,” IFAC-PapersOnLine, Volume 51, Issue
23, 2018, pp. 58-63.

4. M.H. Balaghi I., D.J. Antunes and W.P.M.H. Heemels, “An L2-Consistent
Data Transmission Sequence for Linear Systems,” 2019 IEEE 58th Con-
ference on Decision and Control (CDC), 2019, pp. 2622-2627.

5. M. Balaghiinaloo, D.J. Antunes, V.S. Varma, R. Postoyan, W.P.M.H.
Heemels. “LQ-Power Consistent Control: Leveraging Transmission Power
Selection in Control Systems,” 2020 European Control Conference (ECC),
2020, pp. 1701-1706

Journal articles:

1. D.J. Antunes and M.H. Balaghi I., “Consistent Event-Triggered Control for
Discrete-Time Linear Systems With Partial State Information,” in IEEE
Control Systems Letters, vol. 4, no. 1, pp. 181-186, Jan. 2020.

2. M. Balaghiinaloo, D.J. Antunes, M.H. Mamduhi, and S. Hirche, “Decen-
tralized LQ-Consistent Event-triggered Control over a Shared Contention-
based Network,” conditionally accepted in IEEE Transactions on Auto-
matic Control.

3. M. Balaghiinaloo, D.J. Antunes, and W.P.M.H. Heemels, “An `2-
Consistent Event-triggered Control Policy for Linear Systems,” condition-
ally accepted in Automatica.

4. M. Balaghiinaloo, D.J. Antunes, and W.P.M.H. Heemels, “An `2-
Consistent Event-Triggered Control Policy for Linear Systems with Partial-
State Information,” in preparation.



24 Chapter 1. Introduction



Part II

Designs Based on an Average
Performance Criterion





Chapter 2

LQ-Consistent Event-Triggered Control for
Discrete-Time Linear Systems with Partial

State Information

An event-triggered control strategy is consistent if it achieves a better closed-
loop performance than that of traditional periodic control for the same average
transmission rate and does not generate transmissions in the absence of distur-
bances. In this chapter, we propose a consistent event-triggered control strat-
egy for discrete-time linear systems with partial state information and Gaussian
noise and disturbances when the performance is measured by an average quadratic
cost, just as in the Linear Quadratic Gaussian (LQG) framework. This strategy
incorporates a scheduler determining transmissions based on the error between
two state estimates, which are provided by a stationary Kalman filter at the sen-
sors/scheduler side and an estimator at the controller/actuators side relying on
previously transmitted data. Through a numerical example, we show that the pro-
posed strategy can achieve impressive performance gains with respect to periodic
control for the same average transmission rate.

2.1 Introduction

As mentioned in Chapter 1, event-triggered control (ETC) is an alternative to
periodic control proposed in recent years to reduce the communication burden in
networked control systems. For concreteness, consider the networked control sys-
tem depicted in Figure 2.1. The plant’s sensors operate at a given, typically fast,

This chapter is based on Antunes and Balaghi I. (2020).
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Figure 2.1: Setup: an event-triggered controller consists of a controller C and a
scheduler S; N represents the network, P represents the plant, ut, yt, σt are the
control input, output, and transmission decision, respectively, at time t. The
scheduler sends measurement/estimation data to the controller.

rate and transmit data through a network with bandwidth limitations to a con-
troller co-located with the actuators, operating at the same rate as the sensors.
A scheduler, collocated with the sensors, decides when measurement/estimation
data should be sent to the controller. The ETC problem is to design both the
control input law (controller) and the transmission decision law (scheduler) to
reduce transmissions while meeting desired performance and stability criteria.
The resulting transmission sequence is in general not periodic.

While designing optimal event-triggered controllers in a given sense is typi-
cally hard (Goldenshluger and Mirkin, 2017; Molin and Hirche, 2013; Yonggang
Xu and Hespanha, 2004), several researchers have proposed different strategies
with stability guarantees and related closed-loop performance properties (Ab-
delrahim et al., 2015; Antunes and Asadi Khashooei, 2016, 2018; Antunes and
Heemels, 2014; Araujo et al., 2014; Dolk et al., 2017; Gatsis et al., 2016b); per-
formance can be defined, for example, in terms of a quadratic cost (Antunes and
Asadi Khashooei, 2016; Antunes and Heemels, 2014; Araujo et al., 2014; Gatsis
et al., 2016b) and an `2-induced norm bound (Abdelrahim et al., 2015; Gatsis et
al., 2016b). In the present work, we follow Antunes and Asadi Khashooei (2016,
2018), where an ETC policy was proposed to guarantee two, so-called consis-
tency, properties: (i) it achieves a better closed-loop performance than that of
traditional periodic control for the same average transmission rate; and (ii) no
transmissions are generated in the absence of disturbances; performance in An-
tunes and Asadi Khashooei (2016, 2018) is measured by an average quadratic
cost just as in traditional Linear Quadratic Gaussian control. Other works have
proposed ETC strategies, relying on different ideas, that can achieve a better
performance than that of periodic control for the same average transmission rate
(first consistency property) (Antunes and Asadi Khashooei, 2016; Antunes and
Heemels, 2014; Araujo et al., 2014; Asadi Khashooei et al., 2018; Brunner et al.,
2018; Gatsis et al., 2016b). However, all these works consider that full state-
feedback is available, and, to the best of our knowledge, only Brunner et al.
(2018) has been extended to output-feedback, see Demirel et al. (2019), Brunner
et al. (2018) and also Balaghi I. et al. (2018b). Still, the policy in Brunner et al.
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(2018) is not necessarily strictly consistent in the sense that it might only achieve
the same (and not a better) performance when compared to periodic control,
and, even if the full state-feedback is available, it is only applicable when the
disturbances are Gaussian.

In the present chapter, we propose for the first time a strictly consistent ETC
policy for any linear system with partial-state feedback (output feedback) and
Gaussian disturbances and noise, under standard stabilizability and detectability
assumptions. This strategy incorporates a scheduler determining transmissions
based on the error between two state estimates, provided by a stationary Kalman
filter at the sensors/scheduler side and an estimator at the controller/actuators
side relying on previously transmitted data. In particular, transmissions are trig-
gered when a weighted (semi-)norm of this error exceeds a certain threshold; this
thresholds may be constant or, in general, depend on the time elapsed since the
last transmission. The controller follows a linear feedback law. While the strat-
egy is inspired by the full state-feedback policy in Antunes and Asadi Khashooei
(2016), it is a static transmission policy rather than dynamic as in Antunes
and Asadi Khashooei (2016), in the sense that it requires no additional auxil-
iary state variables. In the case of full state-feedback, the results also hold for
non-Gaussian disturbances, as opposed to the results in Brunner et al. (2018).

The remainder of the chapter is organized as follows. Section 2.2 introduces
the problem. Section 2.3 describes the proposed ETC method and provides the
main results. Section 2.4 discusses a numerical example and Section 2.5 provides
concluding remarks.

2.2 Problem formulation

The plant to be controlled is modelled by

xt+1 = Axt +But + wt,

yt = Cxt + vt,
(2.1)

where t ∈ N0 := N ∪ {0}, xt ∈ Rnx is the state, yt ∈ Rny is the plant’s output,
and ut ∈ Rnu is the control input at time t; the pairs (A,B) and (A,C) are
assumed to be stabilizable and detectable, respectively, and the initial condition
x0 is a random variable with mean x̌0 and covariance Φ̌0; wt, vt, for t ∈ N0

are sequences of independent and identically distributed random variables with
zero mean and finite covariance, W := E[wtw

ᵀ
t ], V := E[vtv

ᵀ
t ], for every t ∈ N0.

Letting, W = BwB
ᵀ
w, we assume (A,Bw) is controllable.

The results presented in this chapter apply to two important cases, differing
on the assumptions on the measurements:

(FS) Full state is available; i.e., yt = xt, or, equivalently, C = I and vt = 0 for
every t ∈ N0.
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(PS) Partial state measurements, assuming that x0 vt , wt for every t ∈ N0

follow Gaussian distributions and V is a positive-definite matrix.

The scheduler processes the past and the current output information up to
time t, Isct := {yr|r ∈ {0, 1 . . . , t}}, to decide whether or not to transmit new
information to the controller at time t. Therefore, the decision at time t must
be a function of Isct and this function is denoted by σt = ζt(Isct ), where σt = 1 if
there is a data transmission from sensors to the controller at time t and σt = 0,
otherwise. By convention, there is a transmission at time t = 0, i.e., σ0 = 1.
The controller must decide ut based on the information set

Ict := {yr|r ∈ {0, 1, . . . , ι(t)}},

where ι(t) := max
{
` ∈ {0, 1, . . . , t}|σ` = 1

}
is the time of the last transmission

from the initial up to the current time. We use µt to denote this function
ut = µt(Ict ). Conceptually, when a transmission occurs at time t the scheduler
can send yr for r ∈ {ι(t−1)+1, . . . , t} to the controller in a transmission packet,
but, as we shall see shortly, for the policies considered, it will suffice to send an
estimate of the state xt computed by the scheduler given Isct . An event-triggered
controller is then a set of functions π = (µ, ζ), where µ = (µ0, µ1, µ2, . . . ),
ζ = (ζ0, ζ1, ζ2, . . . ).

A crucial assumption is that the network is ideal (no packet drops and no
delays), which is implicit in the definition of the information available to the
controller, Ict . Then, since uk is a function of Ict , which is a subset of Isct , we
can assume the scheduler also knows {u0, u1, . . . , ut} at time t.

Performance is measured by the following cost2

J := lim supT→∞
1

T
E[

T−1∑
t=0

xᵀtQxt + uᵀtRut], (2.2)

for positive definite matrices R and Q. The average transmission rate associated
with a given scheduler and controller policies is R̄ = lim supT→∞

1
T E[

∑T−1
t=0 σt],

and the average inter-transmission time is τ̄ := 1/R̄.
For periodic transmission, the scheduler is specified by

σt =

{
1, if t is zero or an integer multiple of h,

0, otherwise,
(2.3)

where h coincides with the average inter-transmission time τ̄ = h. As stated in
Theorem 2.1 below, under assumptions (FS) or (PS), the optimal policy for the

2As typically done in the literature, we define the average cost performance with lim sup
instead of lim, since then we do not have to prove existence of the limit for the proposed
ETC scheme. To show existence of the limit one may resort to ergodicity (Meyn et al., 2009),
see Antunes and Heemels (2014) in the context of ETC, but this is beyond the scope of the
present chapter.
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case of periodic transmission (2.3) is a multi-rate controller composed of:
(i) an estimator at the sensor side (run by the scheduler) given by x̄t|t = xt if
(FS) holds and by the stationary Kalman filter

x̄t+1|t = Ax̄t|t +But,

x̄t|t = x̄t|t−1 + L(yt − Cx̄t|t−1),
(2.4)

if (PS) holds, where t ∈ N0, x̄0|−1 = x̌0, L = ΦCᵀ(CΦCᵀ + V )−1 and Φ is the
unique positive semi-definite solution to

Φ = AΘAᵀ +W,

Θ = Φ− ΦCᵀ(V + CΦCᵀ)−1CΦ,
(2.5)

(ii) an estimator at the actuator side (run by the controller)

x̂t+1|t = Ax̂t|t +But,

x̂t|t =

{
x̄t|t, if σt = 1

x̂t|t−1, otherwise,

(2.6)

where t ∈ N0, x̂0|−1 = x̌0, and (iii) a static control input law (run by the con-
troller and the scheduler)

ut = Kx̂t|t, (2.7)

where K := −(R+BᵀPB)−1BᵀPA, and P is the unique positive definite (since
Q is positive definite) solution to

P = AᵀPA+Q−AᵀPB(R+BᵀPB)−1BᵀPA.

Note that, in fact, the control policy for ut is a function of Ict , and it suffices
for the scheduler to send x̄t|t to the controller at transmissions times {t|σt = 1}.
Theorem 2.1. Consider (2.1) with scheduling policy (2.3) and control pol-
icy (2.6), (2.7). Moreover, assume that either (FS) or (PS) hold. Then, the
control policy minimizes (2.2), resulting in a cost (2.2) given by

J∗per(h) = tr(PW ) + tr(ZΘ) + g(h),

where g(1) = 0 and, defining Z := Kᵀ(R+BᵀPB)K,

g(h) =
1

h
tr
(
Z(

h−1∑
s=1

Y (s))
)
, h ∈ N>2, (2.8)

where Y (s) = AsΘAᵀs +
∑s−1
r=0A

rWAᵀr −Θ for s ∈ N. Moreover, g(i) 6 g(j),
if i ≺ j, i, j ∈ N. Furthermore, if

KX 6= 0, X :=

{
W, if (FS) holds

W +AΘAᵀ −Θ, if (PS) holds,
(2.9)

then g(h) � 0, for h ∈ N>2. �
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The proof can be found in the appendix. Note that J∗per(h) is an increasing
function of h ∈ N in the setting considered here, by which both scheduler and
controller operate at a fixed sampling period, coinciding with one time step of the
model (2.1), and the transmission period from the scheduler to the controller is a
parameter h ∈ N; often, (2.1) and (2.2) result from discretizing a continuous-time
plant and cost at a fixed sampling period. However, in a different setting, where
the continuous-time plant and cost are discretized with a sampling period τ that
plays the role of a parameter, at which the controller and scheduler also operate,
the cost associated with an optimal controller is in general not an increasing
function of the sampling period τ , as shown in Eker et al. (2000).

2.2.1 Problem definition

Let Jπ and τ̄π denote the average cost (2.2) and the average inter-transmission
time of an event-triggered control policy π. Note that, although for periodic
control the average inter-transmission time can only take integer values, h ∈ N,
for a general π, τ̄π can take values on the real line. Therefore, to compare the
performance of Jπ with that of periodic control we consider a function J̄per(a)
defined for a ∈ R ∩ [1,∞) where for each subinterval a ∈ [h, h+ 1), h ∈ N,

J̄per(a) = (a− h)J∗per(h+ 1) + (h+ 1− a)J∗per(h). (2.10)

Note that this function linearly interpolates between two values of the periodic
controller cost at integer transmission periods and coincides with J∗per(a) when
a is an integer. We say that an event-triggered policy π is consistent (Antunes
and Asadi Khashooei, 2016, 2018) if:

(i) Jπ ≺ J̄per(τ̄π).

(ii) The following holds: when (vr, wr) = 0, for every r ∈ N0, and Φ̌0 = 0, if
σk = 1 then σk+` = 0 for ` ∈ {1, . . . , h̄− 1}, where h̄ ∈ N ∪ {∞} is a fixed
upper bound for the inter-transmission intervals.

These two properties are adaptations of the definitions in Antunes and Asadi
Khashooei (2016, 2018) to the discrete-time and output-feedback case. The
first consistency property can be interpreted as π achieves a better closed-loop
performance than that of periodic control policy (2.6), (2.7) corresponding to
the scheduler (2.3) for the same average transmission rate (see Fig 2.2(b) be-
low). The second consistency property requires that π generates no transmis-
sions when there are no disturbances, no noise, and no uncertainty on the initial
state x0; this is possible under assumption (FS), but has probability zero under
assumption (PS). Still, this can be seen as a desired property for more general
disturbances. Note that the definition of consistency depends on h̄, which is
typically a large constant. Hence, Antunes and Asadi Khashooei (2016) uses the
terminology h̄-consistent, which is simplified here.

The problem considered in this chapter is to find a consistent policy.
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Remark 2.1. Note that we have considered the stationary Kalman filter (2.4)
instead of the Kalman filter with, in general, time-dependent gains Lt (instead
of L). These coincide if

Φ̌0 = Φ. (2.11)

However, the gains of the Kalman filter converge to L under the assumptions
considered here. Since (2.2) only depends on the asymptotic behaviour of the
system, we can directly consider the stationary filter, or assume (2.11), which
we will often do for simplicity.

2.3 Consistent ETC method and main results

The proposed ETC policy consists of a controller and a scheduler both building
upon the ones for periodic control. The estimator and controller at the actua-
tor side and the estimator at the sensor side are chosen to take the same form
as those of the optimal control law for periodic control (2.4), (2.6), (2.7). In
particular, it suffices for the scheduler to send x̄t|t to the controller at transmis-
sions times. However, the transmission policy for σk is not given by the periodic
scheduler (2.3), but it is instead described as follows.

Assume that g(h) � 0 for h ∈ N>2, which, as stated in Theorem 2.1, is the
case if (2.9) holds. Let fh, h ∈ H := {1, 2, . . . , h̄}, where h̄ ∈ N, be a non-
negative non-decreasing sequence such that f1 = 0 and

0 ≺ fh ≺ g(h), for h ∈ H \ {1}, (2.12)

and

fh+1 − fh 6 fh − fh−1, for h ∈ H \ {1, h̄}. (2.13)

This latter condition ensures that the following function, defined as in (2.10), is
concave

f̄(a)=(a− h)fh+1 + (1 + h− a)fh, a ∈ [h, h+ 1), h ∈ H \ {h̄}. (2.14)

Moreover, let φ1 = 0, φ2 = f2, and, for h ∈ H \ {1, 2}, let φh := fh − fh−1. Since
g(h) is positive for h ∈ N>2 and non-decreasing, it is always possible to find a
sequence fh satisfying (2.12), (2.13), and these conditions imply that φh is a
non-negative non-increasing sequence. In particular, one can pick fh = γ(h− 1)
for sufficiently small γ � 0, in which case φh = γ is constant for h ∈ H \ {1}.

Given fh and φh, we define the following class of scheduling policies
parametrized by a scalar α ∈ R>1,

σt =

{
1, if t = sk for some k ∈ N0,

0, otherwise,
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where k indexes the data transmissions, sk is the time at which the k-th trans-
mission occurs, s0 := 0 (by convention there is a transmission at time t = 0),

sk+1 = sk + τk,α, k ∈ N0,

and the function τk,α is given by

τk,α =

{
minBk, if Bk is non empty,

h̄, otherwise,
(2.15)

where
Bk := {β ∈ H \ {h̄}|eᵀsk+βZesk+β>αφβ+1},
et := x̄t|t − x̂t|t−1.

Note that to compute et, the scheduler also needs to run the controller equa-
tions (2.6), (2.7). Moreover, when φh = γ for h ∈ H \ {1} and h̄ is large, (2.15)
is a standard state error threshold-based policy with a constant threshold, by
which transmissions are triggered when a weighted (semi-)norm of the error et
is larger than a threshold, and which is often considered in the literature (see,
e.g., Åström and Bernhardsson (1999)). Our framework allows for more general
sequences φh, h ∈ H \ {1}, which results in state error threshold-based policies
with thresholds dependent on the time elapsed since the last transmission.

The proposed event-triggered control policy is defined for α such that

1 6 α 6 E[τk,α|Iscsk ]. (2.16)

Let L(α) := E[τk,α|Iscsk ], which does not depend on the transmission index k
when (2.11) holds, since esk+1, esk+2, . . . , esk+1

have the same probability dis-
tribution, when conditioned on Iscsk , for every k ∈ N0. In fact, letting ẽt :=
xt − x̄t|t−1, we have

et+1 =

{
LCẽt+1 + LCvt+1, if t = sk,

Aet+LCẽt+1+LCvt+1, if t ∈ {sk + 1, . . . , sk+1 − 1},

where ẽsk+1, . . . , ẽsk+1
, have the same probability distribution for every k, when

conditioned on Iscsk . Moreover, since, for every k ∈ N0 and α satisfying (2.16),
1 6 τk,α 6 h̄, we conclude that L(1) > 1 and L(h̄) 6 h̄. It is also clear that L(α)
is a non-decreasing function of α. Thus, we can plot L(α) for a dense grid of α
and check when α 6 L(α) (see Figure 2.2(a)). To compute L(α) it suffices to
perform Monte-Carlo simulations (see Section 2.4). More specifically, for each
α, one can run several times (2.1), (2.4)-(2.7), (2.15) and compute the average
inter-transmission time. While this may be computationally expensive for large
dimensional systems, it can be computed offline.

The next theorem is the main result of the chapter and states that this policy,
with α satisfying (2.16), meets the first consistency property. For α such that
α 6 L(α), let ξ := α

L(α) 6 1.
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Theorem 2.2. Suppose that fh is such that (2.12), (2.13) holds for
h ∈ {1, 2, . . . , h̄}, (2.9) and (2.11) hold, and either (FS) or (PS) hold. Let Jπ be
the performance of the proposed ETC policy (2.6), (2.7), and (2.15) for α such
that (2.16) holds when applied to (2.1). Then,

Jπ 6 ξf̄(τ̄π) + tr(PW ) + tr(ZΘ) ≺ J̄per(τ̄π). (2.17)

�

The proposed policy meets the second consistency property since if there
are no disturbances, noise and no initial uncertainty on the state, the two state
estimates x̄t|t and x̂t|t−1 coincide with the state xt, et is zero, and the inter-
sampling times τt,α are equal to h̄, for every t. Therefore, Theorem 2.2 assures
that the proposed policy is consistent.

The proof of Theorem 2.2 can be found in the appendix. It resorts to the
optional sampling theorem (Grimmett and Stirzaker, 2001, Th.11, Sec.12.4) and
to the optional stopping theorem (Grimmett and Stirzaker, 2001, Th.1, Sec.12.5)
which hold when the stopping times are bounded. This is the main reason for
assuming h̄ ≺ ∞. To extend Theorem 2.2 to the case h̄ =∞, less stringent
conditions of these two theorems can be pursued.

2.4 Numerical example

Suppose that

A =

[
0 1
−1 2

]
, B =

[
0
1

]
, C =

[
1 0

]
, Q = I,R = 0.1.

and that {w`}`∈N0
and {v`}`∈N0

follow normal distributions with zero mean
and covariance W = 0.5I and V = 0.1, respectively. Considering these numer-
ical values, one can compute g(h) and check that J̄per(a) is a convex function
and g(2)− g(1) = 14.0680. Therefore, fh = γ(h− 1) for γ ∈ (0, 14.0680) sat-
isfies the conditions in (2.12) and (2.13). We set h̄ = 100. In order to tune
the value of α for a given value of γ, we run Monte Carlo simulations for a
dense grid of α and find the value of L(α). In Fig. 2.2(a), we plot L(α) with
respect to α when γ = 14.0680. Note that α must be selected in the region in
which ξ 6 1, i.e., α ∈ [0, 3.3] to guarantee the consistency condition of the pro-
posed ETC. However, larger values can also be selected, although no guarantees
of consistency are given. In Fig. 2.2(b), the values of J∗per(h)− tr(PW + ZΘ),
for h ∈ {1, . . . , 5}, where tr(PW + ZΘ) = 21.24, are shown in dots which indi-
cates the trade-off curve for periodic control. The dashed red line represents f̄(a)
in (2.14) when γ = 14.0680. Moreover, by changing the value of α the proposed
ETC policy results in different values of average inter-transmission time and av-
erage quadratic performance in the region where the policy is guaranteed to be
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Figure 2.2: (a) Result of the Monte Carlo simulations to find the range of α
satisfying the consistency condition of the ETC, (b) Trade-off curve between
the performance and average inter-transmission time for the event-triggered and
periodic control. Note that for the same integer average inter-transmission time,
the ETC policy results in a performance cost significantly below than the per-
formance cost of periodic control.

consistent (α ∈ [0, 3.3], blue) and beyond that region (magenta). The compari-
son of these two trade-off curves not only shows the performance improvement
of the proposed ETC policy, but it also conveys the message that we can achieve
very large performance gains in comparison with periodic control by employing
the proposed ETC policy.

2.5 Conclusions

We proposed a consistent policy for discrete-time event-triggered control system
with partial information, extending Antunes and Asadi Khashooei (2016, 2018).
This policy provides a better performance than that of optimal periodic control
for the same average transmission rate. Considering network delays, packet
drops and unbounded inter-sampling times warrant future research.



Chapter 3

Decentralized LQ-Consistent
Event-Triggered Control over a Shared

Contention-Based Network

Consider a network of multiple independent stochastic linear systems where, for
each system, a scheduler collocated with the sensors arbitrates data transmissions
to a corresponding remote controller through a shared contention-based commu-
nication network. While the systems are physically independent, their optimal
controller design problems may, in general, become coupled, due to network con-
tention, if the schedulers trigger transmissions based on state-dependent events.
In this chapter we propose a class of probabilistic admissible schedulers for which
the optimal controllers, with respect to local standard LQG costs, have the cer-
tainty equivalence property and can still be determined decentrally. Then, two
scheduling policies within this class are introduced; a non-event-based and an
event-based, both with an easily adjustable triggering probability at every time
step. We then prove that, for each closed-loop system, the event-based scheduler
and its optimal controller outperforms the closed-loop system with the non-event-
based scheduler and its associated optimal controller. Moreover, we show that, for
each closed-loop system, the optimal state estimators for both scheduling policies
follows a linear iteration. Finally, we provide a method to regulate the triggering
probabilities of the schedulers by maximizing a network utility function.

This chapter is based on Balaghiinaloo et al. (2019)
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Contention-based 
SCN

... Pm

Sm

Cm

P1

S1

C1

Control-loop 1 Control-loop m

z-1z-1

Figure 3.1: Networked control loops through a shared communication network
(SCN); P describes the plant, S the scheduler, C the controller and z−1 a one
time step delay.

3.1 Introduction

Event-triggered control (ETC) pertains to strategies that manage transmissions
in a control loop based on events rather than time and it is intended for sce-
narios where communication resources are scarce or costly. Extensive research
has been carried out in the past decade on ETC, mostly focusing on a single
control loop closed over a single communication channel (Antunes and Heemels,
2014; Asadi Khashooei et al., 2018; Heemels et al., 2012; Nowzari et al., 2017;
Soleymani et al., 2017). However, communication management is especially in-
teresting in settings where the communication network is shared by multiple con-
trol loops (Mamduhi et al., 2014; Molin and Hirche, 2014; Wang and Lemmon,
2011), as illustrated in Fig. 3.1. Contention-free protocols such as time-division
multiple access (TDMA) (Kurose, 2005) enable periodic transmission for all the
control loops but lead to inefficient bandwidth usage when some of the control
loops alternate between being active and inactive. In fact, under these condi-
tions, systems operating through these protocols need a central coordinator for
the resource reallocation between different users, hence decentralized scalability
is an issue for these medium access control protocols. In turn, contention-based
protocols such as slotted-ALOHA (Kurose, 2005) are decentrally reconfigurable.
However, contention in these protocols could hamper the control design and
analysis, when the loops transmit based on events. In fact, if event-based data
triggering is influenced by the states of the systems and the control inputs, then
due to network contention, every local optimal controller depends on the state
of all network dynamic users and this hampers decentralization.

Contributions: In this chapter, we first propose a class of decentralized ad-
missible schedulers for each control loop in a contention-based setting, within
which the design of optimal control strategies can be performed in a decoupled
fashion. This class specifies that transmissions occur based on a function of
primitive random variables, i.e., disturbances, noise and any other possible in-
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dependent random variable. Then we consider a subclass of these policies for
which the triggering probability can easily be tuned. Naturally, a non-event-
based purely stochastic transmission (PST) policy belongs to this class. Our
main contribution is to propose an event-triggered controller, consisting of an
event-based scheduling policy in this class and an optimal control policy with
respect to an average quadratic cost, that outperforms the PST policy also with
the associated optimal control input. Inspired by Brunner et al. (2018), we refer
to this property as LQ-consistency. Moreover, we show that, for each system,
the local optimal state estimator for both scheduling policies follows a linear
iteration. Finally, we propose a method to regulate the schedulers based on
their triggering probabilities in order to maximize a network utility function in
the sense of providing proportional fairness between the users and taking into
account the control performance of each loop.

Related work : The event-based scheduler proposed in this work is inspired
by the stochastic threshold event-triggered transmission (STETT) policy (Brun-
ner et al., 2018; Han et al., 2017), based on which data is triggered when the
norm of the error between local and remote state estimators becomes larger
than an exponentially distributed random threshold. A similar decentralized
networked control structure, as shown in Fig. 3.1, is also investigated in Gatsis
et al. (2016a), and sufficient conditions are given for the scheduling policies in
order to guarantee the mean square stability (MSS) of all the network users.
Furthermore, Gatsis et al. (2016a) proposes an innovation-based deterministic
event-triggered scheduler, for which the triggering probability is regulated by
assuming that the state vector always follows a Gaussian distribution with a
known covariance. However, this is a simplifying assumption and typically, de-
terministic event-triggered schedulers destroy the Gaussianity of the state (Han
et al., 2017).

Comparing the performance of time-triggered and event-triggered scheduling
policies over shared communication networks has received considerable attention
in recent years (Blind and Allgöwer, 2013; Cervin and Henningsson, 2008; Xia
et al., 2017). In Cervin and Henningsson (2008), it is shown, via a numer-
ical example, that a threshold-based event-triggered scheduling policy with a
CSMA protocol results in a better performance, measured by the average state
variance, than a time-triggered policy with TDMA protocol. Moreover, Blind
and Allgöwer (2013) considers an average state variance performance index and
compares its values for different communication protocols and load conditions.
In addition, Xia et al. (2017) claims that event-triggered policies for state esti-
mation may perform worse than time-triggered policies, in the sense of average
state error covariance, if the contention-resolution mechanism of the communi-
cation network is explicitly considered. Some researchers also consider stability
of the control loops when transmitting through a shared communication net-
work (Mamduhi et al., 2016; Mamduhi et al., 2017; Ramesh et al., 2011). For
instance, in Ramesh et al. (2011), the triggering probabilities of every sched-
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uler transmitting through a network with a CSMA protocol are determined in
order to guarantee Lyapunov MSS. These triggering probabilities can be used
to tune the threshold of event-based scheduling policies. An optimal co-design
problem of an event-triggered scheduler and a controller is investigated in Molin
and Hirche (2013), establishing the optimality of the linear certainty equivalent
controller when the event-based scheduler only depends on the primitive random
variables, see also Goldenshluger and Mirkin (2017). Note that we extend the
result of Molin and Hirche (2013) for multiple control loops closed over a shared
contention-based network.

Organization: The remainder of this chapter is organized as follows: the
problem of interest and the class of admissible schedulers are introduced in Sec-
tion 3.2. The decentralized optimal control policy for the admissible schedulers
is determined in Section 3.3. In Section 3.4, the non-event-based PST policy is
discussed. The novel event-based scheduling policy is introduced in Section 3.5
and the main results are presented in Section 3.6. Moreover, network utility
maximization is discussed in Section 3.7. The presented results are validated
through a numerical example in Section 3.8 and Section 3.9 presents some con-
cluding remarks.

Notation: f(x|y) denotes the conditional probability density function (pdf)
of a random variable x given the information set y and N(ȳ, Y ) indicates a multi-
variate Gaussian pdf with mean ȳ and covariance Y . The probability of event
x is denoted by Pr(x); δ ∼ B(p) indicates that the random variable δ follows a
Bernoulli distribution with success probability p. By %(A) and tr(A) we denote
the spectral radius and the trace of the square matrix A, respectively. Moreover,
N0 := N ∪ {0} in which N is the set of natural numbers, Zst := {k ∈ Z|t 6 k 6 s},
where Z is the set of integers, and a0:k = {ai ∈ Rn|i ∈ Zk0 , n ∈ N}.

3.2 Problem setting

Consider a networked control system (NCS) comprised of multiple independent
stochastic linear time-invariant (LTI) subsystems each modeled by the following
dynamics

xik+1 = Aix
i
k +Biu

i
k + wik, yik = Cix

i
k + vik, (3.1)

in which xik ∈ Rni , uik ∈ Rmi and yik ∈ Roi are, respectively, the state, the con-
trol input and the output vectors at time step k ∈ N0, for every i ∈ Zm1 , where
m is the total number of subsystems. Let {wik|k ∈ N0} and {vik|k ∈ N0} be
sequences of independent and identically distributed (i.i.d.) Gaussian random
variables with zero means and positive definite covariances Wi = E[wikw

iᵀ
k ], and

Vi = E[vikv
iᵀ
k ], for every k ∈ N0. Moreover, the pairs (Ai, Bi) and (Ai, Ci) are

assumed to be controllable and observable, respectively. The performance of
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each subsystem is measured by the following local average quadratic cost

J i := lim sup
T→∞

1

T
E[

T−1∑
k=0

xiᵀk Qix
i
k + uiᵀk Riu

i
k], (3.2)

in which Qi and Ri are positive semi-definite and positive definite matrices with

appropriate dimensions, respectively, and (Ai, Q
1
2
i ) is assumed to be observ-

able for every i ∈ Zm1 . Therefore, each subsystem is characterized by the tuple
(Ai, Bi, Ci,Wi, Vi, Qi, Ri), which in general is different from the other subsys-
tems, i.e., they are heterogeneous.

As depicted in Fig. 3.1, we assume that the sensors of every subsystem are
collocated with a scheduler that arbitrates data transmissions in the control loop
over the shared communication network. Moreover, since different subsystems
are assumed to be physically independent, every scheduler just needs to transmit
its locally acquired information to its corresponding remote controller. We also
assume time-synchronization of the sampling process of different subsystems,
where they all have equal sampling periods. Besides the performance index (3.2)
for each individual control loop, one may also define a social quadratic cost such
as J =

∑m
i=1 J

i or a network utility function as suggested in Jang-Won Lee et al.
(2006). This will be discussed later in Sections 3.4 and 3.7.

3.2.1 Assumptions on the shared communication network

The assumptions on the shared communication network are very close to the ones
considered in the context of the contention-based protocols (Kurose, 2005) and
can be summarized as follows (more explanations in Balaghi I. et al. (2018a)):

• Time is partitioned into fixed-size slots; during each time-slot only one
user can transmit successfully.

• All subsystems are restricted to start a new transmission at the beginning
of the time-slot.

• Collision will occur if more than one user attempt to transmit, which results
in loss of the collided data.

• Every scheduler receives a data receipt acknowledgment at the same time-
slot if data transmission is successful, otherwise, it is assumed that a col-
lision has occurred.

• There is no retransmission of the collided data.

• The transmission time is assumed to be negligible with respect to the
duration of the time-slot.
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3.2.2 Information structure

In this section, we introduce the information set available for the scheduler and
the controller at every time step. Let

δik =

{
1, if the scheduler i attempts data transmission at k

0, otherwise,

and

ρik =

{
1, if the network is available for the user i at k

0, otherwise,

for every user i ∈ Zm1 , at every time step k ∈ N0. Based on the properties of the
shared contention-based communication network introduced in Section 3.2.1,
we can write ρik =

∏m
j=1,j 6=i(1 − δjk). Moreover, let σik = ρikδ

i
k be a variable

indicating a successful transmission at every time step, in which case σik = 1, and
σik = 0, otherwise. Note that based on the structure of the shared communication
network in Section 3.2.1, every scheduler receives an error-free acknowledgment
signal from the controller whenever an attempted transmission is successful, and
therefore, it knows all the previous values of ρik. Accordingly, in order to decide
on δik the scheduler has the following information set at every time step k,

Lik := {δi`, yi`|` ∈ Zk−1
0 } ∪ {ρi`|δi` = 1 ∧ ` ∈ Zk−1

0 } ∪ {yik}. (3.3)

Let x̂ik|k = E[xik|Lik] and x̂ik+1|k = E[xik+1|Lik] be the state estimations of the
current and the next time step computed by the local state estimator collocated
with the scheduler. We know that the optimal least-square state estimator at
the scheduler follows a linear iteration and can be computed recursively by the
Kalman filter as follows

x̂ik+1|k = Aix̂
i
k|k +Biu

i
k,

x̂ik|k = x̂ik|k−1 + Li(y
i
k − Cix̂ik|k−1),

(3.4)

where Li = Θ̄iC
ᵀ
i (CiΘ̄iC

ᵀ
i + Vi)

−1, and

Θ̄i = AiΘiA
ᵀ
i +W, Θi = Θ̄i − Li(CiΘ̄iC

ᵀ
i + Vi)L

ᵀ
i .

For simplicity we assume that xi0 is a Gaussian random variable with zero mean
and covariance Θi (E[(xi0−x̂i0|0)(xi0−x̂i0|0)ᵀ|Li0] = Θi), which implies that E[(xik−
x̂ik|k)(xik − x̂ik|k)ᵀ|Lik] = Θi, ∀k ∈ N0 since Θi is the fixed point of the Kalman
filter’s time-varying Ricatti equation.

When the triggering condition is satisfied, i.e., δik = 1, the scheduler trans-
mits x̂ik|k to the controller. Accordingly, the information set available for the
controller at every time step k is as follows

Hik := {x̂i`|`|σ
i
` = 1 ∧ ` ∈ Zk0 } ∪ {σi`|` ∈ Zk0 }. (3.5)
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3.2.3 Required characteristics for the scheduling policies

We define next a class of admissible schedulers for which not only the optimal
controller has the certainty equivalence property, but also it can be computed
decentrally for the dynamic users of the shared contention-based communication
network, as it will be discussed in Section 3.3. Let us denote all independent
random variables of any control loop, such as xi0, wik, vik at all time steps, as the
primitive random variables.

Definition 3.1. (Admissible schedulers) Suppose ai` ∈ Rri for all ` ∈ N0 and ev-
ery i ∈ Zm1 , represents all random variables internally generated by every sched-
uler, characterized by a set of parameters Ξi` = {θi`,j ∈ R|j ∈ Zsi1 , si ∈ N}, and

are independent from xi`, u
i
`, w

i
` and vi` for all i ∈ Zm1 and ` ∈ N0. Then any

data scheduler that depends only on the primitive random variables of its corre-
sponding control loop is said to be an admissible scheduler. Formally,

δik = g(xi0, w
i
0:k−1, v

i
0:k, a

i
0:k), (3.6)

for g : Rni × Rnik × Roi(k+1) × Rri(k+1) → {0, 1}. �

Next we introduce the concept of a tunable admissible scheduler. First, let
us define the average transmission probability at every time step k ∈ N0 as

pik := Pr[δik = 1|Tik], (3.7)

where Tik := {δi`|` ∈ Z
k−1
0 } ∪ {ρi`|δi` = 1 ∧ ` ∈ Zk−1

0 }.

Definition 3.2. (Tunable admissible scheduler) Any admissible scheduler
in (3.6) is said to be a tunable admissible scheduler if its average transmis-
sion probability (3.7) at every k ∈ N0 is only a function of the parameters of
internally generated random variables by the scheduler, i.e., pik = φ(Ξi0:k), for a
φ : Rsi(k+1) → [0, 1]. �

Note that tunable admissible schedulers are especially convenient in the con-
text of shared communication networks. In fact, if nodes of the network transmit
stochastically with probabilities that can be controlled, one can ensure a bal-
anced or fair use of the network. However, when the average transmission proba-
bility of the nodes are time-varying functions of the dynamic system’s stochastic
parameters, then its regulation is not straightforward and entails tracking the
system stochastic behaviour.

Assume that the transmission mechanism of each user of the contention-based
communication network is based on a tunable admissible scheduler with given
average triggering probability pik, ∀i ∈ Zm1 , at every time step. Then from a
single control loop perspective, the contention-based communication network can
be abstracted as if at every time step there is a probability qik =

∏m
j=1,j 6=i(1−p

j
k)

that all the other users are not trying to transmit and the network is therefore
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available. Hence, at every time step, the control loop of interest has a successful
transmission probability of ηik := Pr[σik = 1|Tik] = qikp

i
k, which directly affects

stability and the performance characteristics of that control loop, and also of
the overall NCS.

3.2.4 Problem statement

In this section, we first introduce some concepts and then state the problem to
be tackled in this chapter.

Definition 3.3. (Mean Square Stability) We say that the system with a given
scheduling and control policy is Mean Square Stable (MSS) if, for any given
initial condition x0 ∈ Rn, sup{E[xikx

iᵀ
k ]} 6 c for a c ∈ R>0 and all k ∈ N0. �

Definition 3.4. (Purely stochastic policy) For any control loop of the
contention-based communication network, the purely stochastic transmission
(PST) policy is defined as a non-event-based tunable admissible scheduler that
triggers data transmissions purely stochastically, i.e., δi,psk ∼ B(pik), where pik is
a given triggering probability at every time k ∈ N0. �

The PST policy is a suitable non-event-based tunable admissible scheduler
for transmitting through the contention-based networks. In fact, transmissions
only depend on internal random variables parameterized by the triggering prob-
abilities. On the other hand, when every tunable admissible scheduler of the
network uses the information set defined in (3.3) for deciding on data transmis-
sion, then we call the scheduling policy event-triggered or event-based. Now,
inspired by Antunes and Asadi Khashooei (2016), let us define the following
LQ-consistency property for any possible event-triggered control policy.

Definition 3.5. (LQ-Consistent ETC) For any control loop, a joint event-
triggered scheduling and control policy is said to be an LQ-consistent ETC policy
if it results in a better performance, measured by the average quadratic cost (3.2),
than that of the PST policy and its associated optimal controller, while the pro-
posed event-triggered scheduler has the same average transmission probability
given in (3.7) as the triggering probability of the PST policy at every time step.

�

Then the problem we are interested in can be stated as follows: Find an
LQ-consistent decentralized ETC policy suitable for the users of the contention-
based communication network, in the sense that it corresponds to a tunable
admissible scheduler.

3.3 Decentralized optimal control design

We start by stating the following assumption.
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Assumption 3.1. The schedulers of all the control loops of the shared
contention-based communication network are admissible according to Defini-
tion 3.1. �

In Theorem 3.1, we will establish that if Assumption 3.1 holds, then the
optimal control policy has a decentralized structure and follows the certainty
equivalence property. In this case, one only needs to implement several locally
optimal linear controllers.

Theorem 3.1. Suppose that Assumption 3.1 holds. Then for every i ∈ Zm1 ,

uik = KiE[xik|Hik], (3.8)

where
Ki = −(Bᵀ

i PiBi +Ri)
−1Bᵀ

i PiAi,

Pi = Aᵀ
i PiAi +Qi −Kᵀ

i (Bᵀ
i PiBi +Ri)Ki,

(3.9)

is an optimal control policy in the sense that it minimizes the average quadratic
cost J i given in (3.2). �

The proof procedure is similar to the one presented in Molin (2014, Lemma
2.1), however, its full details can be found in the appendix.

3.4 Purely stochastic transmission policy

In this section, we analyze a given control loop of the shared contention-based
communication network, when its scheduler is operating based on the PST policy
introduced in Definition 3.4. First, we state that, given Assumption 3.1, the
remote state estimation of this control loop is determined by a linear iteration,
which follows from the results in Imer et al. (2006) and Schenato et al. (2007).
Second, the closed-form expression of the local average quadratic cost (3.2) is
derived when all the schedulers have constant triggering probabilities at every
time step.

Corollary 3.1. (Imer et al., 2006; Schenato et al., 2007) Suppose that As-
sumption 3.1 holds and consider a given control loop with scheduler operating
based on the PST policy according to Definition 3.4, the remote state estima-
tion needed for the calculation of the optimal control policy in (3.8) is given by
x̄ik|k = E[xik|Hik], where at every k ∈ N0,

x̄ik+1|k = Aix̄
i
k|k +Biu

i
k, x̄ik|k =

{
x̂ik|k, if σik = 1

x̄ik|k−1, otherwise.
(3.10)

�
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The MSS and the performance of the control loops depend on the data trans-
mission policies. The following lemma provides a sufficient condition for MSS
and the optimal control performance of each subsystem, when its scheduler is
operating based on the PST policy.

Lemma 3.1. Consider that Assumption 3.1 holds and all the schedulers
are transmitting with constant average probabilities at every time step, i.e.,
pik = pi, ∀i ∈ Zm1 , and at all k ∈ N0. Then the control loop i ∈ Zm1 with the
PST scheduling policy and the optimal controller (3.8) characterized by (3.9)
and (3.10) is MSS if,

%(
√

1− qipiAi) ≺ 1, (3.11)

where qi =
∏m
j=1,j 6=i(1− pj). Moreover, if (3.11) holds, the optimal average

quadratic cost of the subsystem is

J ips = tr(PiWi)+

∞∑
j=0

[(1− qipi)j+1tr(AjiWiA
jᵀ
i Yi)

+ qipi(1− qipi)jtr(AjiΘiA
jᵀ
i Yi)].

(3.12)

where Yi = Kᵀ
i (Bᵀ

i PiBi +Ri)Ki. �

The first part of Lemma 3.1 is based on the results of Imer et al. (2006) and
Schenato et al. (2007), however, the full proof can be found in appendix.

A key question is how to find the optimal values of the triggering probabilities
in order to minimize a social performance index. If the scheduler of every control
loop using the network follows the PST policy with a constant success rate at
every time step, then a natural answer is to consider the following optimization
problem

(p1, . . . , pm)∗ = arg min
p1,...,pm

m∑
i=1

J ips. (3.13)

However, (3.13) is in general a non-convex and non-separable problem, and there-
fore, it is not easily solvable. In Section 3.7, we determine the constant triggering
probabilities of the schedulers based on a network utility maximization criterion,
which is more tractable.

3.5 Proposed scheduling policy using stochastic thresholds

The novel tunable admissible scheduler proposed in this work combines the fea-
tures of the STETT (Brunner et al., 2018) and the PST policies. In this section,
we first introduce the STETT policy and discuss its advantages. Then, we pro-
pose a combined scheduling policy which is a tunable admissible scheduler.
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3.5.1 Stochastic threshold event-triggered transmission

Inspired by Brunner et al. (2018), the data triggering mechanism of the STETT
policy for every linear system with Gaussian disturbance and measurement noise
is defined as

δi,stk :=

{
1, if 1

2e
iᵀ
k|k−1Ψi,−1

k|k−1e
i
k|k−1 � r

i
k,

0, otherwise,
(3.14)

in which rik ∼ exp(λik) for λik ∈ R>0 is exponentially distributed random thresh-
old, eik|k−1 := x̂ik|k − x̄

i
k|k−1 and eik|k := x̂ik|k − x̄

i
k|k are the predicted and the

updated errors between the local and the remote state estimations with the
covariances Ψi

k|k−1 := E[eik|k−1e
iᵀ
k|k−1|T

i
k] and Ψi

k|k := E[eik|ke
iᵀ
k|k|T

i
k+1], respec-

tively. At every time step, the value of eik|k−1 can be determined by subtracting

the updated state estimation by the Kalman filter (3.4) (x̂ik|k) and the predicted

state estimation (x̄ik|k−1) determined based on (3.10).
Unlike deterministic threshold event-triggered transmission policies, the

STETT policy ensures that eik|k−1 remains Gaussian distributed at all time

steps when there is no data collision or drop-out (Han et al., 2017). However, as
we shall see shortly, although after a successful transmission, eik|k−1 is Gaussian
distributed, and remains to be so until the first new attempt to transmit, in case
of data collision in the current transmission attempt, the distribution of eik|k−1

will become the sum of two Gaussians at the following time step.
To clarify this statement, note that the error used in the scheduling law (3.14)

has the following dynamics

eik+1|k = (1− σik)Aie
i
k|k + Li(Ciê

i
k+1|k + vik+1), (3.15)

where êik+1|k = xik − x̂ik|k−1 is the state estimation error of the Kalman filter

which has a Gaussian distribution with zero mean and Θ̄i as its covariance
matrix at all time steps. Note that the error dynamics in (3.15) depends only on
the information set Rik = {vi`, wi`, ri`, ρi`|` ∈ Z

k−1
0 }∪ {vik}∪ {xi0} at every k ∈ N0,

which indicates that the STETT policy (3.14) is a function of the primitive
random variables, and therefore, it is as an admissible scheduler according to
Definition 3.1.

Now if we let σik−1 = 1, then eik|k−1 = Li(Ciê
i
k|k−1 + vik), which is clearly

Gaussian. Assume now that the distribution of the predicted error (eik|k−1) is

Gaussian with an arbitrary covariance Ψi
k|k−1 at a time step k ∈ N0, i.e.,

f(eik|k−1|H
i
k) = N(0,Ψi

k|k−1). (3.16)

The next lemma shows that the pdf of the predicted error at the next time step,
i.e., k + 1, is Gaussian in case of no data triggering (δi,stk = 0), while in case of

a data triggering and collision (δi,stk = 1 ∧ ρik = 0) the pdf of the predicted error
becomes the sum of two Gaussians.
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Lemma 3.2. Assume that the distribution of the predicted error follows (3.16)
at a time step k ∈ N0. Then

pik = Pr(δi,stk = 1|Tik) = 1− (1 + λik)−
ni
2 , (3.17)

is the average data transmission probability by the STETT scheduler (3.14) at
time step k. Moreover,

f(eik+1|k|δ
i,st
k = 0,Tik) = N(0, Ψ̂i

k+1|k), (3.18)

and

f(eik+1|k|δ
i,st
k = 1, ρik = 0,Tik) =

1

pik
N(0,Ψi

k+1|k)− 1− pik
pik

N(0, Ψ̂i
k+1|k),

(3.19)
are the pdfs of the predicted error at time step k + 1 in case of no data triggering
(δi,stk = 0) and data collision (δi,stk = 1 ∧ ρik = 0), respectively, where

Ψi
k+1|k = AΨi

k|k−1A
ᵀ
i + Φi,

Ψ̂i
k+1|k =

1

1 + λik
AiΨ

i
k|k−1A

ᵀ
i + Φi,

(3.20)

in which Φi = AiΘiA
ᵀ
i −Θi +Wi. �

The proof follows by applying the Bayes law of conditional probability and
it can be found in the appendix.

From (3.17) we can conclude that in a time period between the last successful
transmission and the first subsequent data collision the triggering probability
depends only on threshold parameter λik. Therefore, we can easily regulate it as
follows

λik = (1− pik)
− 2
ni − 1. (3.21)

However, following similar arguments to the ones just given, it can be shown
that in between every two consecutive successful transmissions, every collision
doubles the number of Gaussian terms of the predicted state estimation error
pdf (Balaghi I. et al., 2018b). When the number of Gaussian terms is more
than one, the triggering probability depends not only on the parameter of the
random threshold (λik) but also on the covariances of the multiple Gaussian
terms. Therefore, it is not trivial to regulate the triggering probability desirably
after the first collision instance. This motivates the next scheduling policy.

3.5.2 Combined event-triggered transmission policy

In this section, we propose a combined event-triggered transmission (CETT)
policy πi = (µi0, µ

i
1, µ

i
2, . . . ), where µik : Lik → {0, 1} and δi,µk = µik(Lik), which in-

herits the advantages of the STETT policy and is in the class of tunable admis-
sible schedulers. Based on this policy, after every successful transmission, the
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scheduler triggers based on the STETT policy with any desired probability pik
up to the time step at which the first collision happens. After that, the scheduler
keeps triggering based on the PST policy with the desired probability pik until
the next successful transmission time. This process is repeated between every
two successive successful transmissions.

Definition 3.6. (CETT) Let ¯̀i
k := max{` ≺ k|σi` = 1} be the time of the last

successful transmission before the current time step k. Then, we can specify the
CETT policy δi,µk as follows

δi,µk =

{
δi,stk , if k= ¯̀i

k + 1 or (δi,st¯̀i
k+1

,. . ., δi,stk−1)=(0, . . . , 0)

δi,psk , otherwise,
(3.22)

where δi,stk follows (3.14) with λik determined by (3.21) for a given pik as the

average triggering probability and δi,psk ∼ B(pik) for all corresponding time steps.
�

We know that the STETT policy is only easily tunable after every successful
data transmission time up to the next data triggering time. As a result, the
CETT policy in (3.22) follows the STETT policy as long as it is easily tunable
and we can use (3.21) to regulate its triggering probability at these time steps.
However, at every transmission epoch, the CETT policy starts following the PST
policy right after the first data collision time, which can also be easily tuned.

3.6 Main results

In this section, we state the main results of the chapter. We start by intro-
ducing the optimal control policy associated with the CETT policy (3.22) in
Theorem 3.2.

Theorem 3.2. Suppose that Assumption 3.1 holds and for a given control loop
the scheduler follows the CETT policy with a given set of average triggering
probabilities Pi = {pik|k ∈ N0}. Then the control policy (3.8), characterized by
(3.9) and (3.10), is optimal in the sense that it minimizes its corresponding
average quadratic cost given in (3.2). �

The proof of Theorem 3.2 can be found in appendix, in which we show that
the pdf of the remote state estimation associated with the CETT policy (3.22)
follows a sum of Gaussians, and at every time step all Gaussian terms have the
same mean values determined according to (3.10).

Definition 3.7. (CETC) The combination of the CETT policy (3.22) and its
corresponding optimal control law (3.8), (3.9) and (3.10) is denoted by the CETC
policy. �
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The next theorem states the main result of the chapter establishing the LQ-
consistency of the CETC policy.

Theorem 3.3. Suppose that Assumption 3.1 holds and consider a control loop
when its scheduler follows the PST policy for a given set of triggering probabilities
Pi = {pik|k ∈ N0}. Suppose that this control loop is MSS when its controller
follows the optimal policy (3.8) characterized by (3.9) and (3.10). Then, the
average quadratic cost (3.2) of this control loop when its scheduler-controller is
operating based on the CETC policy is strictly smaller than that of the optimal
control performance when the scheduler is operating based on the PST policy with
identical set of triggering probabilities Pi, i.e., J iπ ≺ J ips. �

The proof of Theorem 3.3 is available in the appendix.

Remark 3.1. Based on Theorem 3.3, the MSS of each control loop with the
scheduler following the PST policy for a given set of triggering probabilities
Pi = {pik|k ∈ N0} and its associated optimal controller can also guarantee the
MSS when the control loop is operating based on the CETC policy with identical
set of triggering probabilities Pi. As an example, when pik = pi, ∀i ∈ Zm1 , and
for all k ∈ N0, then the control loops operating based on the CETC policy are
MSS if (3.11) holds.

3.7 Decentralized implementation and network utility maxi-
mization

From the discussions so far in this chapter, it can be concluded that all the
schedulers and the control policies only require local information and, therefore,
can be implemented in a decentralized fashion. In this section, we discuss how
to regulate the triggering probability of the schedulers decentrally in order to
optimize a social criterion.

We take a notion of network utility from Jang-Won Lee et al. (2006), which
considers a weighted proportional fairness between the network users. Based
on that, we assume a constant triggering probability at every time step for
every user (therefore, we drop its time index k for simplicity) and assign to
it a network utility allocation function as follows U i(ηi) = ci log(ηi), where
ηi = pi

∏m
j=1,j 6=i(1− p

j
k) is the constant successful transmission probability and

the constant ci ∈ R�0 determines the transmission priority of every user, which
can be selected based on the average quadratic performance of every control
loop (3.12). Then the optimal successful transmission probabilities are deter-
mined as follows

(η1∗, . . . , ηm∗) = arg max
η1...ηm

m∑
j=1

U j(ηj). (3.23)
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The above optimization problem results in pi∗ = ci/
∑m
j=1 c

j as the optimal trig-
gering probability for every scheduler (i ∈ Zm1 ) of the considered contention-
based communication network. Now we suggest the following methods for the
selection of ci for every i ∈ Zm1 :

(i) The coefficient ci for every subsystem i ∈ Zm1 can be selected based on
the parameters affecting its average quadratic performance. According to
Lemma 3.1, a natural choice is ci = αitr(AiWiA

ᵀ
i Yi)+(1−αi)tr(AiΘiA

ᵀ
i Yi)

where αi ∈ [0, 1] can be selected arbitrarily.

(ii) We can also select all transmission priorities to be equal which results in
pi∗ = 1/m for all i ∈ Zm1 . This triggering probability is equal to the op-
timal triggering probability for maximizing the throughput of the slotted-
ALOHA communication channel (Kurose, 2005).

Both strategies for tuning the triggering probabilities can be implemented in a
decentralized fashion, as long as every node in the network has access to ci of
all nodes.

3.8 Numerical example

In this section, we illustrate via a numerical example that the proposed CETC
policy outperforms the PST policy and we assert the performance gains. Con-
sider a scalar LTI subsystem with A = 0.9, B = 1, C = 1.5, W = 1, and V = 1.5.
Due to the decentralized structure of the proposed policies, we can consider just
a single control loop of this NCS and drop the index i of the control loop pa-
rameters. Moreover, let Q=1 and R=0.1 be the parameters of the average
quadratic performance. Then, the state feedback controller and the Kalman fil-
ter gains are K = −0.8233 and L = 0.4476, respectively. We consider a constant
triggering probability for the scheduler of this control loop at all time steps.
In Fig. 3.2, we compare the average quadratic performance of both policies for
two different constant probabilities that the network is free q ∈ {0.50, 1.00} for
this control loop at all time steps. These plots illustrate what we have observed
in Monte-Carlo simulations. For each pair of (p, q), we consider nMC = 10 as
the number of Monte-Carlo runs, where for each of them, T = 105 is the total
number of simulation time steps. The initial state for all simulations is assumed
to be zero, i.e. x0 = 0. Fig. 3.3 shows the percentage of the performance gains
of the CETC policy with respect to the purely stochastic policy, i.e., %∆J/Jps,
where ∆J = Jps − Jπ. As can be seen, when the availability probability of the
network (q) for a specific control loop is higher, the performance gain obtained
by the CETC policy is also higher.
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Figure 3.2: Average quadratic performance comparison between the PST and
the CETC policies.
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Figure 3.3: Average quadratic performance gain percentage of the CETC policy
in comparison with the PST policy.

3.9 Conclusion

This work considers multiple independent linear systems communicating through
a shared contention-based communication network with their local remote con-
trollers. We introduce a class of admissible schedulers which provides a decou-
pled optimal control design structure for the users of the shared contention-based
communication network and is proved to have the certainty equivalence prop-
erty. Then, two scheduling policies in this class of admissible schedulers are
introduced, a non-event-based and an event-based policy. Moreover, their trig-
gering probabilities are easily tunable at every time step. This feature can be
used for maximizing the utility of the network in the sense of providing propor-
tional fairness between the users of the network. It is proved that for both of
these scheduling policies, the local optimal control law is determined based on a
Kalman filter state estimator. The main contribution of this chapter is the LQ-
consistency of the proposed event-based control strategy, i.e., for any subsystem,
the loop with the event-based scheduler and its optimal control law outperforms
the non-event-based scheduling policy with its associated optimal control law,
as the triggering probability of both scheduling policies are the same at every
time step.



Chapter 4

LQ-power Consistent Control: Leveraging
Transmission Power Selection in Control

Systems

We consider a linear control system, where the sensors communicate to the con-
troller via a wireless network in which the probability of successful data transmis-
sions is an increasing function of the selected radio signal power. We tackle the
problem of jointly selecting the transmission power at every transmission time
as a function of the state, much like in event-triggered control systems, and of
designing a controller in order to minimize an average quadratic cost. Our pro-
posed power scheduler and corresponding control policy are shown to outperform
the optimal control policy when the radio signal power is constant at all times,
while using at most the same average transmission power. For this result to
hold, the function relating the transmission power to the probability of successful
transmission must be convex in the region of interest. We call such a policy
LQ-power consistent.

4.1 Introduction

Communication is a key component of automatic control systems especially when
considering complex cyber-physical systems, connecting many physical and cy-
ber agents. In fact, the quality of communication between sensors, controllers
and actuators, highly affects the control quality (Tatikonda and Mitter, 2004).
Fast wireless communication has opened the door for many control applications,
and the recent developments in wireless communication technologies, e.g., 5G,

This chapter is based on Balaghiinaloo et al. (2020)
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bring even further opportunities. In some recent applications, such as platoon-
ing, wireless communication of control data is the most suitable option (Dolk
and Heemels, 2017; Öncü et al., 2014). The area of networked control sys-
tems (Heemels et al., 2010; Hespanha et al., 2007; Pajic et al., 2011) refers
exactly to the study of these control loops, where data is exchanged through a
(wireless) communication network.

Although communication over a wireless network can facilitate the imple-
mentation of the control scheme, it brings many design difficulties due to the
underlying uncertainties and complexities (Onat et al., 2011). The limited band-
width of the communication channels and the restrictions on power consumption
of receiving and transmitting nodes are some of these challenges, which need to
be carefully accounted for. In a wireless network of sensors and controllers, which
usually consists of several small battery-powered devices distributed in a large
area, the power consumption management plays a crucial role in the operation
time of the system (Rault et al., 2014). In particular, the reliability of the data
transmission can be increased by transmitting with a higher power. However,
this results in high power consumption and consequently, reduces the power ef-
ficiency of the system. In addition, a higher transmission power increases the
probability of interference with the other wireless-based communication devices
and, therefore, may decrease the overall performance of the system. It is thus
of importance to balance reliability and efficiency/performance. In this context,
an important related challenge is to design the controller and the transmission
power policy so that the desired control objectives are met by using the least
possible transmission power.

A possible transmission power allocation strategy is to have a time-dependent
policy, which consists in increasing the transmission power based on the time
elapsed since the last successful transmission. In Satheeskumar Varma et al.
(2019), the mean square stability and linear quadratic performances are guar-
anteed for linear wireless networked control systems (WNCS) by designing a
time-dependent power scheduling policy, while the average transmission power
is minimized. The transmission power can be also scheduled based on the sta-
tus of the communication network at every time instant (Varma and Postoyan,
2016). However, in control systems, we advocate that better efficiencies can
be achieved by employing state-dependent power scheduling policies. In De
Castro et al. (2012) and Gatsis et al. (2014), the power scheduling policy is
state-dependent and a weighted sum of control and transmission power costs is
minimized. Nevertheless, an important question remains open: are we sure that
these strategies outperform a constant power scheduling policy, i.e. one that
assigns the same power at any given time instant? In other words, is it worth
to make the power scheduling policy state-dependent? The goal of this chapter
is to provide the answers to these questions.

We consider a WNCS where the transmission radio signal power can be
determined by a scheduler at every time, see, Fig. 4.1. The plant is linear time-
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Figure 4.1: Networked control system and the dependency of the successful
transmissions on the radio signal power

invariant and has discrete-time dynamics. The control objective is to minimize
an average quadratic performance of the system. Inspired by the idea of event-
triggered control (ETC), e.g., Antunes and Balaghi I. (2020) and Heemels et
al. (2013), we propose a transmission power scheduling policy, which adapts
to the current state of the plant, like in De Castro et al. (2012) and Gatsis
et al. (2014). Then, the optimal controller associated with the proposed power
scheduling policy is proved to be the linear certainty equivalent controller, where
the state expectation is determined based on a Kalman filter. Finally, provided
that the function relating the transmission power to the transmission probability
is convex in the region of interest, as illustrated in Fig. 4.2, we show that our novel
strategy is LQ-power consistent. By this we mean that the proposed strategy
(i.e., transmission power policy and controller) results in a better average optimal
quadratic performance than that of the constant power scheduling policy, while
requiring an equal or less average transmission power.

The notion of LQ-power consistency is motivated by similar works in the
literature Antunes and Asadi Khashooei (2016), Asadi Khashooei et al. (2018),
and Balaghi I. et al. (2018a), which provide ETC policies that outperform pe-
riodic control for the same average transmission rate. The main contribution
of this chapter is to show that a similar result can also be obtained by consid-
ering power, rather than average-transmission rate. Note that this result is of
a different nature with respect to previous works in the field De Castro et al.
(2012), Gatsis et al. (2014), Satheeskumar Varma et al. (2019), and Varma and
Postoyan (2016). This novelty is expected to bridge the gap between the theory
of event-triggered control and its applications. In particular, our results might
help to significantly increase the battery life in applications with stand-alone
battery-powered communicating devices in sensor and control networks.

The remainder of this chapter is organized as follows. The problem setting
is introduced in Section 4.2. The novel transmission power scheduling policy is
proposed in Section 4.3 and its LQ-power consistency is proved in Section 4.4.
The effectiveness of the results is demonstrated through an example in Sec-
tion 4.5 and we investigate the performance-power trade-off curve for different
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network characteristic curves in Section 4.6. Finally, Section 4.7 presents some
concluding remarks.

Notation: P[a|b] denotes the conditional probability density function (pdf) of
a random variable a given the information set b and N (ȳ, Y ) indicates a multi-
variate Gaussian pdf with mean ȳ and covariance Y . By Pr(.), %(A) and tr(A),
we denote the probability of an event, the spectral radius and the trace of the
square matrix A, respectively. Moreover, N0 := N ∪ {0} in which N is the set of
natural numbers.

4.2 Problem setting

We introduce the networked control system setting in Section 4.2.1. Then, we
discuss some required properties of the communication network characteristic
curve in Section 4.2.2. Finally, we state the considered problem in Section 4.2.3.

4.2.1 Networked control system setting

Consider a discrete-time linear time-invariant (LTI) system

xk+1 = Axk +Buk + wk, (4.1)

where xk ∈ Rn, uk ∈ Rm and wk are the state, the control input and the dis-
turbance, respectively, at discrete time k ∈ N0. Let {wk ∈ Rn|k ∈ N0} be a
sequence of i.i.d. Gaussian random variables with zero mean and covariance
W = E[wkw

ᵀ
k ] at every k ∈ N0. We assume W to be positive definite and the

pair (A,B) to be stabilizable. The performance of the system is measured by
the average quadratic cost

J = lim sup
T→∞

1

T
E
[ T−1∑
k=0

xᵀkQxk + uᵀkRuk

]
, (4.2)

where Q and R are positive semi-definite and positive definite matrices with
appropriate dimensions, respectively, and (A,Q

1
2 ) is assumed to be observable.

The sensor data is transmitted to the controller through a wireless commu-
nication network (see Fig. 4.1), where the probability of successful data trans-
mission depends directly on the power of the radio signal by which the data is
transmitted (De Castro et al., 2012; Gatsis et al., 2014; Satheeskumar Varma
et al., 2019; Varma and Postoyan, 2016). Let σk ∈ {0, 1} be a binary variable
indicating if there is a successful transmission at time k ∈ N0 or not. In particu-
lar, σk = 1 represents successful data transmission at time k ∈ N0, while σk = 0
indicates a packet drop. Furthermore, let us consider δk ∈ R>0 as the level of
the radio signal power. Accordingly, we have

pk := Pr(σk = 1) = f(δk), (4.3)
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Figure 4.2: The network characteristic curve describing the probabil-
ity pk = f(δk) of successful data transmission versus the radio signal power δk.
We assume f : R>0 → [0, 1] to be an increasing convex function on [0, δ̄], where δ̄
is a limit on the transmission power. Since this limit is always present this region
is called the region of interest.

where f : R>0 → [0, 1] is a known continuous function. Hence, f describes the
probability of successful data transmission with respect to the power of the ra-
dio signal. As depicted in Fig. 4.1, we consider that there is a power scheduler
collocated with the sensors of the system, which determines the power of the
radio signal at every time step. We also consider that the network sends an
acknowledgment signal to the scheduler at every k ∈ N about the status of the
transmission attempt at time k − 1. We assume that the power consumption by
the scheduler for the data reception is much lower than that is used for the data
transmission. Therefore, the power consumption for receiving the acknowledg-
ment signal by the scheduler can be neglected. Now given the above mentioned
setup, the information available to the radio signal power scheduler and to the
controller at every k ∈ N0 are

Fk :=
{
xt|t ∈ {0, . . . , k}

}
∪
{
σt, δt|t ∈ {0, . . . , k − 1}

}
, (4.4)

and
Jk :=

{
xt|t ∈ {0, . . . , k} ∧ σt = 1

}
, (4.5)

respectively. Accordingly, we can consider (joint) control and power schedul-
ing policies as uk = µk(Jk) and δk = ηk(Fk), respectively, for appropri-
ate mappings µk : Jk → Rm and ηk : Fk → R>0. Moreover, let ∆(µ,η) :=

lim supT→∞
1
T E[

∑T−1
k=0 δk] be the average radio signal power consumption of

combined time-varying power scheduling δk = ηk(Fk) and control uk = µk(Jk)
policies. The average quadratic cost (4.2) associated to this combined power
scheduling and control policies is denoted by J(µ,η).

4.2.2 Characteristic curve of the communication network

Let δ̄ be the maximum power that we can assign to the radio signal at ev-
ery k ∈ N0. Then, based on the network characteristic curve, we denote



58 Chapter 4. LQ-Power Consistent Control

by p̄ = f(δ̄) ∈ (0, 1] the highest achievable successful data transmission probabil-
ity. In standard wireless networks, the characteristic curves usually are convex
from (δk, pk) = (0, 0) up to a certain point and then they become concave and
converge to pk = 1 as δk →∞ (see Fig. 4.2) (Goodman and Mandayam, 2000).
These are often called convex-concave curves. In our work, make the following
assumption on this network characteristic curve.

Assumption 4.1. The function f : [0, δ̄]→ [0, p̄] is increasing and convex
on [0, δ̄] and f(0) = 0. �

The condition f(0) = 0 indicates that zero transmission power results in zero
successful transmission probability. The convexity of f on [0, δ̄] is a crucial prop-
erty in the upcoming analysis and design. We discuss the case when Assump-
tion 4.1 does not hold in Section 4.6.

4.2.3 Problem statement

The next definition formalizes the admissible ranges of transmission power and
successful transmission probability at every k ∈ N0.

Definition 4.1. The admissible ranges of successful transmission probability
and transmission power are S := (pmin, p̄) and C := (δmin, δ̄), respectively, where

pmin := inf{p|%(
√

1− pA) ≺ 1, p ∈ (0, p̄)},

and δmin := f−1(pmin).

The ranges in Definition 4.1 characterize the values of the transmission prob-
ability and of the transmission power ensuring mean square stability of the linear
WNCS given in Section 4.2.1. This will be discussed more after Proposition 4.1,
where we present the optimal controller and its corresponding average quadratic
cost for the networked control system when the transmission power is constant
at all times (Schenato et al., 2007).

Proposition 4.1. Consider the admissible regions C and S for system (4.1)
and a control loop in which the radio signal power is constant at all times,
i.e. δk = c ∈ C and therefore, pk = p = f(c) ∈ S for all k ∈ N0. Then the fol-
lowing statements hold.

i) The control policy µ∗ := (µ∗0, µ
∗
1, . . . ), where

µ∗k(Jk) := Kx̂k|k (4.6)

minimizes the average quadratic cost (4.2), where

K := −(BᵀPB +R)−1BᵀPA,

P := AᵀPA+Q−Kᵀ(BᵀPB +R)K,
(4.7)
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and
x̂k+1|k = Ax̂k|k +Buk,

x̂k|k =

{
xk, if σk = 1,

x̂k|k−1, otherwise.

(4.8)

ii) The control loop is mean square stable, i.e., for any given initial con-
dition x0, there exists a d ∈ [0,∞) such that sup{E[xᵀkxk]|k ∈ N0} 6 d, and its
corresponding average quadratic cost (4.2) is given by

J(µ∗,c) := tr(PW ) +

∞∑
i=0

(
1− f(c)

)i+1
tr(AiWAᵀiY ), (4.9)

where Y := Kᵀ(BᵀPB +R)K. �

The proof is available in the appendix. The optimal control approach toward
this problem results in a model-based state estimation (4.8) by the controller in
case of data dropout, like in Gatsis et al. (2014). It is worthwhile to mention
that when A is not Schur, then the optimal average quadratic cost given in (4.9)
is bounded if %

(
(1− f(c))A2

)
≺ 1. This justifies the addmissible ranges given in

Definition 4.1.
Our objective in this work is to construct a joint controller and transmis-

sion power policy (µ, η), which outperforms the constant power policies given in
Proposition 4.1, in the following sense.

Definition 4.2. (LQ-power consistent policy) For a fixed c ∈ C, where C is
given in Definition 4.1, a combined radio signal power scheduling and con-
trol policy, i.e., η = (η0, η1, . . . ), µ = (µ0, µ1, . . . ) such that δk = ηk(Fk),
uk = µk(Jk) and ∆(µ,η) 6 c, is said to be an LQ-power consistent policy if it
results in a lower average quadratic cost (4.2) than the optimal cost of the con-
stant power scheduling policy, when δk = c at all k ∈ N0. In other words, if
for a fixed c ∈ C, δk = ηk(Fk) and uk = µk(Jk) are such that J(µ,η) ≺ J(µ∗,c),
while ∆(µ,η) 6 c, where J(µ∗,c) is given in (4.9), then (µ, η) is called an LQ-
power consistent policy. �

In other words, the goal is to construct an LQ-power consistent policy.

4.3 Event-based power scheduling policy

Although the scheduler has access to the exact value of the state vec-
tor at every k ∈ N0, it can also implement a copy of the model-based
state estimator (4.8) at every k ∈ N0. We introduce ek|k−1 := xk − x̂k|k−1

and Θk|k−1 := E[ek|k−1e
ᵀ
k|k−1|Jk−1] as the predicted state estimation error and

its covariance, where they both can indeed be computed by the scheduler. Then,
we propose the model-based power scheduling policy

δk = f−1
(
Pk(ek|k−1, λk)

)
, (4.10)
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for any k ∈ N0, where f−1 : [0, p̄]→ [0, δ̄] indicates the inverse function of f ,
which exists in view of Assumption 4.1, and

Pk(ek|k−1, λk) := p̄
(

1− exp(−λk
2
eᵀk|k−1Θ−1

k|k−1ek|k−1)
)
, (4.11)

where λk ∈ R>0 is the tunning parameter of our power scheduler, which di-
rectly affects the successful data transmission probability. Based on the network
characteristic curve, Pk(ek|k−1, λk) is the successful transmission probability at
every k ∈ N0 and

P̄k(λk) :=

∫
Rn
Pk(ek|k−1, λk)P[ek|k−1|Jk−1]dek|k−1 (4.12)

is introduced as the expected successful transmission probability of (4.10) at ev-
ery k ∈ N0. It is worthwhile to mention that the power scheduling policy (4.10)
is such that the radio signal power is upperbounded by δ̄ = f−1(p̄), which is in
line with Assumption 4.1.

To employ the power scheduling policy (4.10), we have to determine Θk|k−1

and then to regulate λk in order to have a desired expected successful trans-
mission probability, i.e. P̄k(λk), at every time step. For this purpose, the next
lemma states the properties of the state estimation error pdf when the power
scheduler is operating based on (4.10).

Lemma 4.1. Consider that the power scheduler follows (4.10). Then the pre-
dicted state estimation error ek|k−1 follows a sum of Gaussians distribution at
every time step k ∈ N0. Moreover, if at a given time step k ∈ N0 we denote this
sum of Gaussians distribution by

P[ek|k−1|Jk−1] =

t∑
j=1

αjkN (0,Θj
k|k−1) (4.13)

for a given t ∈ N, where αjk � 0, j ∈ {1, . . . , t} with
∑t
j=1 α

j
k = 1 and

{Θ1
k|k−1, . . . ,Θ

t
k|k−1} is a sequence of symmetric positive definite matrices,

then Θk|k−1 =
∑t
j=1 α

j
kΘj

k|k−1 and

P[ek+1|k|Jk−1, σk = 1, xk] = N (0,W ),

P[ek+1|k|Jk−1, σk = 0] =
1

Q̄k(λk)

t∑
j=1

(
α̃jkN (0, Θ̃j

k+1|k) + α̂jk(λk)N
(
0, Θ̂j

k+1|k(λk)
))
,

(4.14)
where Q̄k(λk) :=

∑t
j=1

(
α̃jk + α̂jk(λk)

)
, α̃jk := (1− p̄)αjk and

α̂jk(λk) := p̄αjkdet(I + λkΘ−1
k|k−1Θj

k|k−1)−
1
2 ,

Θ̃j
k+1|k := AΘj

k|k−1A
ᵀ +W,

Θ̂j
k+1|k (λk) := AΘj

k|k−1(I + λkΘ−1
k|k−1Θj

k|k−1)−1Aᵀ +W.
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Moreover, the expected successful transmission probability (4.12) at all k ∈ N0 is
given by

P̄k(λk) = 1− Q̄k(λk). (4.15)

�

The proof is available in the appendix. Lemma 4.1 not only provides the pdf
of the state estimation error, but it also gives us the relationship between λk and
the expected successful transmission probability at every k ∈ N0, see (4.15). The
control designers usually have a better insight between stability/performance and
the expected successful data transmission probability at every k ∈ N0. There-
fore, (4.15) becomes a useful equation for determining λk in order to guarantee
a certain expected successful transmission probability at every k ∈ N0. Hence,
for a given p ∈ S, the solution of the following nonlinear equation

P̄k(λk) = p, (4.16)

where P̄k(λk) follows (4.15), results in an appropriate λk ∈ R>0 needed by the
power scheduling policy (4.10). Lemma 4.1 also expresses an important feature
of the power scheduler (4.10): any failure in the data transmission doubles the
number of Gaussian terms of the state estimation error pdf (except the spe-
cial situation in which p̄ = 1, which keeps the distribution a single Gaussian at
all times). On the other hand, a successful transmission resets the number of
Gaussian terms to one, see (4.14).

The following lemma states another key feature of the power scheduling pol-
icy (4.10): Employing (4.10) results in a smaller average state estimation error
covariance at every time k ∈ N0 for a given expected successful transmission
probability P̄k(λk) = p ∈ S in comparison with the constant power scheduler in
which δk = f−1(p).

Lemma 4.2. Consider that at a given time-step k ∈ N0, the pdf of the pre-
dicted state estimation error follows (4.13) and that the power scheduling pol-
icy (4.10) is employed where λk ∈ R>0 is determined by solving (4.16) for a
given p ∈ S \ {0, p̄}. Let the expected updated state estimation error covariance
at the time-step k, i.e. E[Θk|k], be denoted by Φvp and that resulting from the
constant power scheduler δk = f−1(p) be denoted by Φcp. Then Φvp ≺ Φcp. �

The proof is available in the appendix.

4.4 Main results

In the following theorem, we provide the main result of the chapter. It states
that the linear certainty equivalent controller (4.6) is optimal for the power
scheduling policy (4.10) and together they result in an LQ-power consistent
solution according to Definition 4.2.
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Theorem 4.1. Suppose that Assumption 4.1 holds and let C and S be admissible
sets according to Definition 4.1. Moreover, assume c ∈ C is a given radio signal
power level and p = f(c) is its corresponding successful transmission probability.
Then the following statements hold:

i) The optimal LQG controller is linear and determined based on (4.6)
and (4.8) when the power scheduling policy (4.10) is employed at all k ∈ N0,
where λk ∈ R>0 is determined by solving (4.16) for the given successful trans-
mission probability p = f(c) ∈ S.

ii) The combination of the controller (4.6), (4.8), and the power schedul-
ing policy (4.10), where λk ∈ R>0 is determined by solving (4.16) for
fixed p = f(c) ∈ S \ {0, p̄} at all k ∈ N0, results in a lower average quadratic
cost than when δk = c = f−1(p) at all k ∈ N0, while requiring an equal or less
average transmission power. In other words, it is LQ-power consistent in the
sense of Definition 4.2. �

The proof is available in the appendix. As we can see in Theorem 4.1, al-
though the proposed state-dependent power scheduling (4.10) is different from
the one determined in Gatsis et al. (2014), it results in an optimal controller
with the same structure. It is worth mentioning that the power scheduling pol-
icy (4.10) causes an explosion in the number of Gaussian terms, which might re-
sult in long computation times for the determination of Θk|k−1 and λk. However,
when we desire to set the expected successful transmission probability P̄k(λk) to
a constant value at all times (as this is the case in Theorem 4.1), then the values
of λk just depend on the number of time steps elapsed since the last successful
transmission. Therefore, the series of the values of λk in between every two con-
sequitive successful transmission times, i.e., {λsi+1, . . . , λsi+1

}, where σsi = 1,
for all i ∈ N0, is time-invariant and the scheduler can compute it offline, keep it
in memory and set the values of λk in every time step based on that without
the need for resolving (4.16).

4.5 Simulation results

Consider a scalar system whereA = 1.05,B = 1,W = 1. Moreover,Q = 1,R = 0.1
are the parameters of the cost function (4.2). The LQG control gain for this
system is determined as K = −0.9626. Furthermore, as shown in Fig. 4.3, the
network characteristic curve is considered to be linear for δk ∈ [0, δ̄], where δ̄ = 1
is the largest power we can assign to the radio signal, which results in p̄ = 0.8
as the highest achievable successful transmission probability at every time step.

In order to guarantee the mean-square stability of the system, the minimum
transmission probability at every time step is pmin = 1 − 1/A2 = 0.0930 as
in Definition 4.1, which is associated with δmin = 0.1162 based on the network
characteristic curve.

As the first step, we consider c = 0.4375, which results in p = 0.35 as the
expected successful transmission probability at every time step and imple-
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Figure 4.3: The considered network characteristic curve in simulation
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Figure 4.4: Behaviour of both power scheduling policies with respect to time
when k ∈ Y := {3000, . . . , 3100}, dashed red lines refer to the constant power
scheduling policy and solid blue lines refer to the power scheduling policy (4.10).
(a) The trajectory of ek|k with respect to time. (b) The transmission power
consumption of both policies. The dash-dotted line refers to the average com-
munication power of the power scheduling policy (4.10) throughout Y .

ment both the power scheduling policy (4.10) and the constant power schedul-
ing with the optimal controller (4.6), where x0 = 0. The trajectory of ek|k
when k ∈ Y := {3000, . . . , 3100} is shown in Fig. 4.4(a). As we know, the per-
formance of the system directly depends on ek|k and, as we see in Fig. 4.4(a),
the power scheduling policy (4.10) has a better performance in the attenuation
of ek|k. Moreover, the communication power consumption of both policies with
respect to time is shown in Fig. 4.4(b), which indicates that they both require
the same average transmission power.
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Figure 4.5: Trade-off curves between the average quadratic performance and the
average transmission power consumption for a control loop operating based on
the power scheduling policy (4.10) and the constant power scheduling policy.

As a next step, for every c ∈ [2δk,min, δ̄), we implement the base policy intro-
duced in Proposition 4.1 for 100 Monte-Carlo runs, each for 20000 time steps and
with zero initial condition. The average quadratic performance is shown with
respect to the constant communication power by the red dashed line in Fig. 4.5.
Then for every c ∈ [2δk,min, δ̄), which is associated with a p ∈ [2pk,min, p̄), we im-
plement the same Monte-Carlo runs, however, assuming that the power scheduler
is operating based on (4.10), where λk at every time step is regulated to guar-
antee the average transmission probability of p by solving (4.16). The trade-off
curve associated to this condition is shown by the blue solid line in Fig. 4.5. Every
point on this curve is connected by a dotted line to a point on the curve related
to the constant power scheduling policy. In principle, these connected points
are associated with the condition in which the expected successful transmission
probability of both scheduling polices are the same at every k ∈ N0. Based on
these plots in Fig. 4.5, we can easily conclude the LQ-power consistency of the
power scheduling policy (4.10) together with the linear controller (4.6) based on
Definition 4.2.
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Figure 4.6: Comparison of the trade-off curves between the average quadratic
cost and the average communication power consumption for different shapes
of f . Consider ε ∈ (0, δ̄ − δmin) as a small positive scalar. Red crosses indicate
the none LQ-power consistent region when f is non-convex on [0, δ̄].

4.6 Performance-power Trade-off curve for different network
characteristic curves

Theorem 4.1 is valid as far as Assumption 4.1 holds, i.e., the characteristic curve
of the communication network is convex on [0, δ̄]. However, this condition may
not be valid in all wireless communication networks and therefore, we cannot
argue the LQ-power consistency of (4.6) and (4.10) for all networked control
systems defined in Section 4.2.1. In this section, we discuss the LQ-power con-
sistency of (4.6) and (4.10) based on the trade-off curve between the average
quadratic cost and the average transmission power consumption for different
shapes of the network characteristic curve.

Suppose that the dashed red line in Fig. 4.6 demonstrates the trade-off curve
for a linear system when the transmission power is constant at all times, con-
sistently with what we observed in the example of Section 4.5 in Fig. 4.5. If we
employ (4.6) and η̂p = (δ0, δ1, . . . ), where all δk, k ∈ N0, follow (4.10) for a con-
stant expected successful transmission probability p ∈ S, then J(µ∗,η̂p) ≺ J(µ∗,c),
where c = f−1(p) for any arbitrary f as the network characteristic curve. How-
ever, based on the shape of f on [0, δ̄], several conditions may occur for the
average transmission power consumption, i.e. ∆(µ∗,η̂p).

By using the Jensen’s inequality, we can show that for a linear f , ∆(µ∗,η̂p) = c
and for a convex f , ∆(µ∗,η̂p) ≺ c. Therefore, in these situations, the trade-off
curves are always below the curve related to the constant power scheduling pol-
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icy for every linear system (4.1), as illustrated in Fig. 4.6. This indicates the
LQ-power consistency of (4.6) and (4.10) for all linear and convex network char-
acteristic curves. Now, suppose that f be a concave function, then ∆(µ∗,η̂p) � c
(again by resorting to the Jensen’s inequality) and we cannot argue the LQ-power
consistency of (4.6) and (4.10) for all linear system based on Definition 4.2. Fur-
thermore, for a convex-concave or any general f , we cannot even compare the
values of ∆(µ∗,η̂p) and c. In these situations, by running Monte-Carlo simu-
lations, we can find the trade-off curves related to a given linear system and
a network characteristic curve for both constant power scheduler and power
scheduling policy (4.10). Then, for the values of c ∈ C in which the trade-off
curve associated with (4.10) is below that of the constant power scheduling pol-
icy (the region of the blue line with no crosses in Fig. 4.6), (4.6) and (4.10) is
LQ-power consistent based on Definition 4.2.

4.7 Conclusions

We investigated the problem of communication power scheduling in a networked
control framework, where the data successful transmission probability directly
depends on the radio signal power. We introduced the notion of LQ-power
consistency, which refers to combined time-varying power scheduling and control
policies that result in a lower average quadratic cost than the optimal cost of
any constant power scheduler, while it consumes less or at most equal average
transmission power. We proposed a controller and a power scheduler which
depends on the state estimation error percieved by the controller and proved that
they are LQ-power consistent given the condition that the network characteristic
curve is convex in the region of interest.
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Chapter 5

An `2-Consistent Data Transmission
Sequence for Linear Systems

In this chapter, we tackle the problem of selecting a sparse data transmission
sequence for a networked control system while guaranteeing a certain `2-induced
norm bound with respect to an exogenous disturbance input. As the main con-
tribution of this work, for every periodic transmission sequence, we provide a
transmission sequence counterpart, aperiodic in general, that results in fewer or
at most the same number of transmissions while still guaranteeing an `2-control
policy with the same `2-induced norm bound as that of the periodic transmission
policy. In this sense, the proposed transmission sequence is called `2-consistent.
Moreover, we show that as the horizon approaches infinity, the proposed `2-
consistent transmission sequence counterpart of every periodic transmission se-
quence approaches a periodic transmission sequence with an equal or larger time
period.

5.1 Introduction

Traditionally, sampled-data control is implemented by periodically transmitting
the state or the output of the system to the controller and then updating the
control input. However, periodic sampling and control may require excessive re-
sources, which can be prohibitive in applications where the computation power
of the controller is limited, or the bandwidth of the communication channels is
small. Moreover, in any application, all these resources are constrained, espe-
cially when the control loops are closed over a shared communication network.

This chapter is based on Balaghi I. et al. (2019)
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Therefore, resource-aware control (Heemels et al., 2012) has received a consider-
able amount of attention in recent years in pursuit of new sampling and control
policies, which meet the constraints imposed in the networked control systems
of the future.

There are many papers that propose data transmission policies not only
to save transmissions but also to guarantee or optimize a certain performance
criterion for the control system (Han et al., 2017; Li and Elia, 2015; Mo et al.,
2011). Moreover, it has been widely demonstrated in recent years that aperiodic
control, such as event-triggered control (ETC) (Antunes and Asadi Khashooei,
2016; Antunes and Balaghi I., 2020; Antunes et al., 2012; Balaghi I. et al.,
2018a; Heemels et al., 2013, 2012; Molin and Hirche, 2014; Tabuada, 2007),
can significantly reduce the average communication frequency while keeping the
closed-loop control performance within the desired values.

Within the performance criteria considered in the context of ETC, and for
control systems in general, the `2-induced norm bound is an important perfor-
mance measure (Dolk et al., 2017; Heemels et al., 2016; Wang and Lemmon,
2009; Yu and Antsaklis, 2013). It indicates the attenuation level of the distur-
bance input at the performance output of the system and highly depends on the
sequence at which the state or the output vector is transmitted to the controller.
Some of the previous studies investigated the `2-control design problem for the
periodic data transmission to the controller (Başar and Bernhard, 2008; Mirkin
et al., 1999). Moreover, there are some other studies establishing the `2 stability
of the ETCs (Wang and Lemmon, 2009; Yu and Antsaklis, 2013) or providing
guaranteed values for the `2-gain of the proposed ETCs (Dolk et al., 2017). In
this chapter, inspired by Antunes and Asadi Khashooei (2018), we introduce
a notion of `2-consistency for a data transmission sequence, where in compari-
son to its periodic transmission counterpart, it guarantees an `2-control policy
with an equal or smaller `2-induced norm bound, while its average transmission
frequency is lower or at most is equal to that of the periodic transmission coun-
terpart. Our goal in this chapter is to propose an `2-consistent data transmission
sequence from the sensors to the controller for general discrete-time linear sys-
tems.

To achieve this goal, we approach the finite-time horizon `2-control design
problem from the perspective of non-cooperative game theory (Hespanha, 2017).
As depicted in Fig. 5.1, we consider a data scheduler that sends the state infor-
mation to the controller based on a time sequence, which should be determined
to guarantee a certain `2-induced norm bound for the system. We start by deter-
mining an `2-induced norm bound for the periodic transmission time sequence
with a single constant time period τ ∈ N. Then, for the τ -step periodic transmis-
sion sequence, we propose an `2-consistent aperiodic transmission sequence. We
also investigate the problem when the time horizon approaches infinity. In this
case, we show that the proposed `2-consistent transmission sequence counterpart
of every periodic transmission sequence approaches a periodic transmission with
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Figure 5.1: Disturbance attenuation by an `2 state-feedback controller where
G,K and S refer to the plant, the controller and the scheduler, respectively.

an equal or larger time period.
The remainder of this chapter is organized as follows: the problem of interest

is introduced in Section 5.2 and the `2-control problem is solved in Section 5.3
by resorting to game theory. Then, an aperiodic `2-consistent transmission time
sequence is introduced in Section 5.4. Finally, the effectiveness of the technique
to provide efficient transmission sequences is demonstrated through numerical
simulations in Section 5.5. Section 5.6 presents concluding remarks.

Notation: Let N0 indicate the set of non-negative integers, and Nsr = {t ∈
N0|r 6 t 6 s} for r, s ∈ N0.

5.2 Problem setting

In this section, we illustrate the configuration of the networked control system
in Section 5.2.1 and introduce the problem of interest in Section 5.2.2.

5.2.1 Networked control configuration

Consider a discrete-time linear time-invariant (LTI) system

xk+1 = Axk +Buk +Dwk, (5.1)

where xk ∈ Rn is the state vector at k ∈ NK0 , uk ∈ Rm is the control input at
k ∈ NK−1

0 and w[0,K−1] ∈ `2([0,K − 1],Rl) is a sequence of the disturbance in-
puts. Let us also assume that (A,B) is stabilizable. For the sake of simplicity,
we assume x0 = 0, although, we can also define and solve the `2-control de-
sign problem for the system with an unknown initial condition2 (Gershon et al.,
2005). The disturbance generator is assumed to have access to the state vector
at all times, and therefore, wk = Φk(Ek), where

Ek := {xi|i ∈ Nk0}. (5.2)

2In this case, we add one extra time-step to the time-horizon and consider the initial
condition as the disturbance of the previous time-step.



72 Chapter 5. An `2-Consistent Data Transmission Sequence

However, we assume a state transmission time sequence η ∈ {0, 1}K from the
sensors to the controller specified by (δη0 , δ

η
1 , . . . , δ

η
K−1) ∈ {0, 1}K , where for

all k ∈ NK−1
0 , xk is transmitted to the controller if δηk = 1, otherwise, it is

not transmitted. Therefore, the control policy is denoted by uk := Ψk(Fηk ),

k ∈ NK−1
0 , where

Fηk := {xi|i ∈ Nk0 ∧ δ
η
i = 1}. (5.3)

Furthermore, let us denote Tη =
∑K−1
i=0 δηi as the total number of transmis-

sions, and (ti, τi) for all i ∈ NTη−1
0 as the pairs of the transmission times

and the time interval up to the next transmission time, i.e. ti ∈ NK−1
0

such that t0 ≺ t1 ≺ · · · ≺ tTη−1 and {t0, . . . , tTη−1} = {k ∈ NK−1
0 |δηk = 1} and

τi = ti+1 − ti for all i ∈ NTη−1
0 where tTη = K. The goal of the `2 control prob-

lem is to attenuate the effect of the disturbance input wk on the performance
output zk of the system defined as

zk = Exk + Fuk, (5.4)

where for the sake of simplicity, we select E and F such that EᵀE = Q > 0,
F ᵀF = I, EᵀF = 0 and (A,Q

1
2 ) to be observable. Therefore, zᵀkzk = xᵀkQxk +

uᵀkuk at every k ∈ NK−1
0 .

Definition 5.1. (`2-induced norm bound) Let η ∈ {0, 1}K be given as a data
transmission sequence from the sensor to the controller of the discrete-time sys-
tem (5.1) and suppose there exists a state-feedback control policy

uk = Ψk(Fηk ), k ∈ NK−1
0 , (5.5)

for which
K−1∑
k=0

zᵀkzk 6 γ
2
K−1∑
k=0

wᵀ
kwk. (5.6)

Moreover, let

Γη :=
{
γ ∈ R�0|∃ (5.5) for which (5.6) holds

for every w[0,K−1] ∈ `2([0,K − 1],Rl)}.
(5.7)

Then, any γ ∈ Γη is an `2-induced norm bound of the system (5.1) for the data
transmission sequence η to the controller and is denoted by γη.

�

The problem of finding a control policy (5.5) such that (5.6) is met for every
sequence w[0,K−1] ∈ `2([0,K − 1],Rl) will be denoted by the `2-control problem.
Such policy always exists for sufficiently large γ ∈ R�0 and in particular the set
Γη is non-empty.
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5.2.2 Problem statement

We denote the τ -step periodic transmission sequence for τ ∈ N by pτ where
δpτk = 1 if k is zero or a multiple of the sampling period τ and δpτk = 0, otherwise.
Next, we define the concept of an `2-consistent data transmission sequence.

Definition 5.2. (`2-consistent data transmission sequence) Let K ∈ N and
τ ∈ NK1 be fixed. A data transmission sequence µ ∈ {0, 1}K is called `2-consistent
if in comparison to the τ -step periodic transmission sequence, it guarantees an `2-
control policy with the same or smaller `2-induced norm bound, however, by
using fewer or at most the same number of data transmissions. That is, for
any γpτ ∈ Γpτ as an `2-induced norm bound of the system for the τ -step periodic
transmission sequence, there exists γµ ∈ Γµ such that γµ 6 γpτ while Tµ 6 Tpτ .

�

The problem of interest in this work is to find an `2-consistent data trans-
mission sequence from the sensor to the controller.

5.3 `2-control design based on zero-sum game

This section starts by introducing a two player zero-sum quadratic dynamic game
(ZQDG) and its saddle-point solution is given in Lemma 5.1. Then, Lemma 5.2
provides the condition for the existence of the ZQDG saddle point solution, which
is beneficial for determining an `2-induced norm bound of the system. Finally,
we illustrate the behaviour of the saddle-point existence condition at different
transmission time for the periodic transmission sequence in Lemma 5.3.

Let us now denote u = u[0,K−1] and w = w[0,K−1] as the control and the

disturbance inputs during the time window NK−1
0 , respectively, and define the

following performance index

J0(u,w) :=

K−1∑
k=0

xᵀkQxk + uᵀkuk − γ
2wᵀ

kwk. (5.8)

It is well-known that the `2-control problem is solved by considering a two player
zero-sum quadratic dynamic game (ZQDG) in which the controller acts as a min-
imizer and the disturbance generator acts as a maximizer of (5.8) (see, e.g., Başar
and Bernhard (2008)). Therefore, we wish to find control and disturbance poli-
cies u∗k = Ψk(Fηk ) and w∗k = Φk(Eηk ) for all k ∈ NK−1

0 , where the pair (u∗, w∗)
with u∗ = u∗[0,K−1] and w∗ = w∗[0,K−1] satisfies the following inequalities

J0(u∗, w) 6 J0(u∗, w∗) 6 J0(u,w∗),

for every u and w, where w = w[0,K−1] ∈ `2([0,K − 1],Rl). The pair of the
control and the disturbance policies (Ψk,Φk) is called the saddle-point solution
of the ZQDG.
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In order to determine these policies, let us denote the augmented vectors of
the control and the disturbance inputs in between every two successive trans-
mission time-steps by Ui = [uᵀti , . . . , u

ᵀ
ti+1−1]ᵀ and Wi = [wᵀ

ti , . . . , w
ᵀ
ti+1−1]ᵀ, re-

spectively, for all i ∈ NTη−1
0 . Then, if the solution of the following optimization

problem

Ji(U
∗
i ,W

∗
i ) = min

Ui(Fηti )
max

wti (Eti )
. . . max

wti+1−1(Eti+1−1)

ti+1−1∑
k=ti

[xᵀkQxk + uᵀkuk − γ
2wᵀ

kwk] + Ji+1(U∗i+1,W
∗
i+1)

(5.9)

for all i ∈ NTη−1
0 exists (if it is bounded) where JNη = 0, it results in the saddle-

point solution (U∗i ,W
∗
i ) of the dynamic game at time-steps {ti, . . . , ti+1 − 1}

where U∗i is the state-feedback `2-control input for the given transmission se-
quence η. If this solutions exists, we say that he ZQDG (5.9) admits a saddle-

point solution (u∗, w∗) =
{

(U∗i ,W
∗
i )|i ∈ NTη−1

0

}
. Moreover, a bound for the `2-

induced norm of the system can be determined based on the condition under
which the ZQDG (5.9) attains a saddle-point solution. It is worthwhile to men-

tion that Ji(U
∗
i ,W

∗
i ) for all i ∈ NTη−1

0 is the saddle-point game value at every
data transmission time.

Lemma 5.1. Assume that the ZQDG (5.9) admits a saddle-point solution for a
given γ ∈ R�0 when the information available to the disturbance generator and
to the controller is described by (5.2) and (5.3), respectively, for an arbitrary
given data transmission sequence η. Then, for every k ∈ NK−1

0 ,

u∗k =Rkx̂k|k,

w∗k =Skxk + (Lk − Sk)x̂k|k,
(5.10)

are the saddle-point control and disturbance policies of the ZQDG (5.9), where

Rk = −BᵀNk+1Λ−1
k A,

Lk = γ−2DᵀNk+1Λ−1
k A,

Sk = γ−2DᵀΘk+1V
−1
k A,

(5.11)

for Λk = I + (BBᵀ − γ−2DDᵀ)Nk+1, NK = 0, and

Nk = Q+AᵀNk+1Λ−1
k A, (5.12)

for all k ∈ NK−1
0 . Moreover, Vk = I − γ−2DDᵀΘk+1, where ΘK = 0, and for

all k ∈ NK−1
0 ,

Θk =

{
Q+AᵀΘk+1V

−1
k A, if δηk = 0

Nk, otherwise.
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Furthermore, x̂k|k is determined as follows

x̂k+1|k = Λ−1
k Ax̂k|k,

x̂k|k =

{
xk, if δηk = 1

x̂k|k−1, otherwise.

(5.13)

�

The proof is available in the appendix. The following lemma provides the
saddle-point existence condition for the ZQDG (5.9).

Lemma 5.2. Consider that the disturbance generator and the controller have
access to the information sets (5.2) and (5.3), respectively, for an arbitrary given
data transmission sequence η. Then for a given γ ∈ R�0, the ZQDG admits a

saddle-point solution if for every i ∈ NTη−1
0

M̄τi
ti (γ) � 0, (5.14)

where
M̄τi
ti (γ) = γ2Iτi×l − D̄ᵀ

τiN̄
τi
ti D̄τi , (5.15)

for which

D̄τi =


D 0 0
AD D 0

. . .
Aτi−1D Aτi−2D D


τi×τi

,

and

N̄τi
ti =

{
Nti+1, if τi = 1

diag(Iτi−1 ⊗Q,Nti+τi), otherwise,
(5.16)

where Nk is determined based on (5.12). �

The proof is available in the appendix. Based on Definition 5.1 and
Lemma 5.2, any member of the following set

Γη = {γ ∈ R�0|M̄τi
ti (γ) � 0, ∀i ∈ NTη−1

0 } (5.17)

is an `2-induced norm bound of the discrete-time system (5.1) for the state
transmission time sequence η. In the following lemma, we illustrate the non-

decreasing behaviour of the eigenvalues of M̄τ
ti(γ) with respect to i ∈ NTpτ−1

0 for
the τ -step periodic transmission sequence.

Lemma 5.3. For the τ -step periodic transmission sequence and any γ ∈ Γpτ ,
the eigenvalues sequence of the matrix sequence {M̄τ

ti(γ)|i ∈ NTpτ−1} are non-

decreasing with respect to i ∈ NTpτ−1
0 and therefore, M̄τ

ti(γ) 6 M̄τ
ti+1

(γ) for

all i ∈ NTpτ−1
0 and ti = iτ . �

The proof is available in the appendix.
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5.4 `2-consistent transmission sequence

In this section, we propose an `2-consistent transmission sequence for the finite-
time horizon problems in Section 5.4.1 and then investigate its behaviour as time
horizon approaches infinity in Section 5.4.2. Then, in Section 5.4.3, we extend
the `2-consistent transmission sequence for the case when the parameters of the
performance output are time-varying.

5.4.1 Finite-time horizon problems

In this section, we introduce an `2-consistent state transmission sequence to the
controller based on Definition 5.2. The idea behind this sequence is inspired
by the non-decreasing behaviour of the eigenvalues of M̄τ

ti(γ) with respect to
transmission time-step ti for the periodic transmission sequence according to
Lemma 5.3. This data transmission sequence is formed by selecting at every
transmission time-step (ti) the largest inter-transmission time interval (τi) so
that M̄τi

ti (γ) has its minimum eigenvalue in the closest proximity of zero.

Theorem 5.1. (`2-consistent state transmission sequence) Suppose that
γpτ ∈ Γpτ is an `2-induced norm bound of the system (5.1) for the τ -step pe-
riodic state transmission sequence. Then, for γ = γpτ , the transmission time
sequence µ for which the transmission time-steps are determined as

ti+1 = ti + (νi − 1), (5.18)

for t0 = 0, and

νi = min{r ∈ N|M̄r
ti(γ) = γ2Ir×l − D̄ᵀ

r N̄
r
tiD̄r 6 0},

for all i ∈ NTµ−1
0 , where

N̄r
ti =

{
Nti+1, if r = 1

diag(Ir−1 ⊗Q,Nti+r), otherwise,
(5.19)

is `2-consistent, i.e., it results in fewer or at most the same number of transmis-
sions in comparison with the τ -step periodic state transmission sequence as γpτ

is the `2-induced norm bound of the system for both transmission sequences. �

The proof is available in the appendix. Note that the value of γpτ in The-
orem 5.1 can be selected very close to the infimum value of the set Γpτ which
is actually defined as the `2-induced norm of the system (Başar and Bernhard,
2008).
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5.4.2 Horizon approaches infinity

The `2-consistent state transmission sequence proposed in Theorem 5.1 has the
ability to decrease the number of transmissions for finite-time horizon problems,
while still guaranteeing the same value for the `2-induced norm bound of the
system. It is also of interest to evaluate the effectiveness of the proposed `2-
consistent state transmission sequence as the horizon approaches infinity. The
following lemma shows that if the time horizon is long enough, then there is
a time-step L̄ ∈ NK−1

0 where the `2-consistent state transmission sequence of

Theorem 5.1 follows the periodic transmission sequence at all k ∈ NL̄0 .

Lemma 5.4. Assume that the data transmission follows the `2-consistent
state transmission sequence µ proposed in Theorem 5.1 for a given τ ∈ N
and γpτ ∈ R�0. Then for every time-step L̄ ∈ N0, there exists a time-step K̄ � L̄
such that if K � K̄ then for every k ∈ {0, . . . , L̄}, µ ∈ {0, 1}K follows the peri-
odic transmission sequence with a fixed time period τ ′ ∈ N which is equal or
larger than τ , i.e. for all k 6 L̄

δµk =

{
1, if k = iτ ′

0, otherwise,

where i ∈ N0 and τ 6 τ ′. �

The proof is available in the appendix. Lemma 5.4 states essentially that for
the long or infinite-time horizon problems, the `2-consistent state transmission
sequence of Theorem 5.1 follows the periodic transmission sequence from the
initial time-step with a period equal or larger than τ and as time approaches
the final time-step, the transmission sequence may become aperiodic with inter-
transmission times larger than τ .

5.4.3 Time-varying performance output

In this section, we consider a class of time-varying performance outputs for the
system (5.1) as

zk = Ekxk + Fkuk, (5.20)

where Eᵀ
kEk = Qk > 0, F ᵀ

k Fk = I, Eᵀ
kFk = 0 and (A,Q

1
2

k ) is observable for all

k ∈ NK−1
0 . In order to find the set of `2-induced norm bound (5.7) for the time-

varying performance output (5.20) and any fixed transmission sequence η, we
can follow (5.17) and Lemma 5.2, where (5.16) needs to be adapted as follows

N̄τi
ti =

{
Nti+1, if τi = 1

diag(Qti+1, . . . , Qti+τi−1, Nti+τi), otherwise.

Moreover, in the following lemma, we provide the condition under which the
transmission sequence of Theorem 5.1 is `2-consistent for the time-varying per-
formance output (5.20).
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Lemma 5.5. The transmission sequence determined based on Theorem 5.1,
where (5.19) is adapted to the time varying performance output (5.20) as

N̄r
ti =

{
Nti+1, if r = 1

diag(Qti+1, . . . , Qti+r−1, Nti+r), otherwise,

is `2-consistent if Qk > Qk+1 > 0 for all k ∈ NK−2
0 . �

The proof is available in the appendix. Based on Lemma 5.5, we can design
an `2-consistent transmission sequence similar to one proposed in Theorem 5.1
when the series of eigenvalues of {Qk|k ∈ NK−1

0 } is a non-increasing function of
time.

5.5 Simulation results

5.5.1 Scalar system

Consider A = 1, B = 1 and D = 5 as the parameters of a scalar system, Q = 0.01
and K = 37. Then for every τ -step periodic transmission sequence where
τ ∈ {1, 2, 3, 4}, we can select an `2-induced norm bound from the set Γpτ given
in (5.17). These selected values are γp1 = 4.7110, γp2 = 4.8538, γp3 = 5.0204,
γp4 = 5.2089, which are all very close to the infimum value of the set Γpτ for ev-
ery τ ∈ {1, 2, 3, 4}. For these fixed `2-induced norm bounds, we determine their
`2-consistent state transmission sequence counterparts based on Theorem 5.1,
where the resulting total number of transmissions from the initial time-step is
shown in Fig. 5.2(a). As it can be seen, for the given values of K, τ and γpτ ,
transmissions follow a periodic pattern at time-steps close to the initial time-step.
However, as time approaches the final time-step, the inter-transmission times be-
come larger which results in fewer total transmissions. Fig. 5.2(b) shows the total
number of transmissions with respect to the considered `2-induced norm bound
of the system for both periodic transmission and its `2-consistent data transmis-
sion sequence counterpart. Based on that, the number of transmissions of the
`2-consistent sequence is fewer than the one for the periodic sequence while they
both guarantee the same `2-induced norm bound. Moreover, for this example, as
the final time tends to infinity, the transmission reduction (Tpτ − Tµ) achieved
by the `2-consistent sequence converges to a bounded value, which is shown in
Fig. 5.3. It indicates that if for this system time horizon converges infinity, then
the `2-consistent transmission sequence approaches periodic transmission where
the time period is equal to τ , i.e. τ ′ = τ .
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Figure 5.2: a) Number of transmissions up to time-step k for the `2-consistent
transmission sequence, b) total number of transmissions versus an `2-induced
norm bound for the periodic and `2-consistent state transmission sequences.

5.5.2 System with delayed disturbance input

Consider the linear system (5.1) with K � n and

A =


0 1 0

. . .
. . .

. . . 1
0 0


n

, B =


1
0
...
0

 , D =


0
...
0
1

 ,
where n > 2 and Q = diag(1, 0, . . . , 0). Based on these dynamics, it takes n− 1
time-steps for every disturbance input to affect the first state (or, equivalently,
the performance output) of the system while the control input affects the first
state directly. By using (5.12), we determine NK = 0 and

Nk =



diag(1, 0, . . . , 0), if k = K − 1

diag(1, 1
2 , 0, . . . , 0), if k = K − 2

. . .

diag(1, 1
2 , . . . ,

1
2 , 0), if k = K − (n− 1)

diag(1, 1
2 , . . . ,

1
2 ), if k 6 K − n,
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Figure 5.3: Transmissions reduction achieved by the `2-consistent state trans-
mission sequence as time horizon approaches infinity.

for any admissible value of γ ∈ R�0. Moreover, based on (5.17), for the τ -step
periodic feedback transmission sequence, the set of `2-induced norm bound is
given by

Γpτ =

{
( 1√

2
,∞), if τ 6 n− 1

(1,∞), otherwise,

irrespective of the time horizon K. Determining the `2-consistent state transmis-
sion sequence based on Theorem 5.1 results in a periodic transmission sequence
with τ = n− 1 for any γpτ ∈ ( 1√

2
, 1], while, it results in just one transmission at

k = 0 for γpτ ∈ (1,∞). Therefore,

Tη =

{
K−1
n−1 , if γpτ ∈ ( 1√

2
, 1]

1, if γpτ ∈ (1,∞),

and the fraction of the transmission reduction (TR) resulting by the `2-consistent
transmission sequence is

TR =
Tpτ − Tµ
K−1
τ

=

{
1− τ

n−1 , if τ 6 n− 1

1− τ
K−1 , otherwise.

This indicates that for some conditions, we can omit a large portion of the
total transmissions irrespective of the time horizon. In these situations, the
`2-consistent transmission sequence of Theorem 5.1 results in a periodic trans-
mission with average inter-transmission time larger than τ .

5.6 Conclusions

In this work, we introduced a notion of `2-consistency for a data transmission se-
quence from the sensors to the controller, which guarantees an `2-control policy
with the same or a smaller `2-induced norm bound as that of the τ -step periodic
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transmission policy, however with fewer or at most the same number of data
transmissions. Then, based on the crucial observation that for the finite-time
horizon problems, the eigenvalues of the weighting matrix of the saddle-point
zero-sum quadratic dynamic game value have a constant or decreasing behaviour
with respect to time, we propose an aperiodic `2-consistent data transmission
sequence. In principle, the proposed transmission policy increases the inter-
transmission time as time is approaching the final time-step and the eigenvalues
of the saddle-point weighting matrix are becoming smaller. This results in the `2-
consistency property. We also investigate the case where the horizon approaches
infinity. For this case, the proposed `2-consistent transmission sequence counter-
part of every periodic transmission sequence approaches a periodic transmission
sequence with an equal or larger time period.





Chapter 6

An `2-Consistent Event-Triggered Control
Policy for Linear Systems

In this article, we consider the design of an event-triggered `2-control policy, for
a setting where a scheduler is arbitrating state transmissions from the sensors to
the controller of a discrete-time linear system. We start by introducing a periodic
time-triggered `2-controller for different transmission time-periods with a given
`2-gain bound using the minimax game-theoretical approach. After that, we pro-
pose an `2-consistent event-triggered controller in the sense that it guarantees at
least the same `2-gain bound as the designed periodic time-triggered `2-controller,
however with a larger, or at most equal, average inter-transmission time. In
practice, for typical disturbances, the proposed event-triggered scheme can lead to
significant gains, both in terms of communication savings and disturbance atten-
uation, compared to periodic time-triggered policies, which is illustrated through
a numerical example.

6.1 Introduction

The advent of new communication technologies, such as 5G, will further facilitate
the rapid expansion of networked control systems (NCS) in many (industrial)
branches of our society in the years to come. In NCSs, sensors, controllers and
actuators communicate through shared communication networks. Applications
include vehicle platooning, cloud-based control, smart grids, and robot swarms.
In configurations where communication between agents happens periodically,
the well-developed theory of sampled-data control (Chen and Francis, 2012) can

This chapter is based on Balaghiinaloo et al. (2020a)
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z
x

K

Figure 6.1: The state feedback `2-controller with a resource-constraint commu-
nication network. G,K, S and N refer to the plant, the controller, the scheduler
and the network, respectively.

be used to guarantee stability and performance of these systems. However, pe-
riodic communication for control applications can be rather resource-inefficient.
In fact, control applications require large bandwidth for high communication
frequencies and, when relying on wireless technologies, can lead to a large power
consumption, which can be prohibitive when using battery powered communi-
cation devices. Therefore, managing and reducing the communication between
sensors, controllers and actuators is crucial in many networked control applica-
tions.

Event-triggered controllers (ETCs) have been proposed in the literature as
an alternative to periodic time-triggered controllers in order to decrease the
communication load in NCSs, while at the same time preserving stability and
performance requirements see, e.g., Åström and Bernhardsson (2002), Behera
et al. (2018), Heemels et al. (2012), Heemels et al. (2008), Lunze and Lehmann
(2010), Molin and Hirche (2014), Nowzari et al. (2019), and Tabuada (2007)
and the references therein. In a loop with an ETC, data transmissions between
agents (sensors, controllers, actuators) are triggered based on well-defined events
such as abrupt changes in the value of data or when estimation errors exceed
certain thresholds. A large number of studies has been carried out so far in this
research area with promising results in reducing the communication burden of
the control loops, see, e.g., Antunes and Heemels (2014), Araujo et al. (2014),
Demirel et al. (2019), Mazo and Tabuada (2008), Postoyan et al. (2011), Weer-
akkody et al. (2016), and Wu et al. (2013) and Mastrangelo et al. (2019). In some
studies, ETCs are designed in order to guarantee stability of the system (Mam-
duhi et al., 2017; Mazo and Tabuada, 2008; Postoyan et al., 2011). Others also
provide guarantees on an average quadratic cost of the event-triggered control-
loops (Antunes and Heemels, 2014; Araujo et al., 2014; Asadi Khashooei et al.,
2018; Balaghi I. and Antunes, 2017; Balaghi I. et al., 2018a; Brunner et al., 2018;
Goldenshluger and Mirkin, 2017).

Another important performance criterion for control-loops is the `2- or L2-
gain, which captures the worst-case disturbance attenuation level from an ex-
ogenous input to a performance output of the control loop for discrete-time or
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continuous-time systems, respectively. In a networked control configuration with
communication limitations, the setup as depicted in Fig. 6.1 is of interest, where
a feedback controller K attenuates the effect of the disturbance input w on the
performance output z of the plant G. Here, a scheduler S determines the time
instances when the measured state should be communicated to the controller
through a communication network N . The event-triggered scheduler should be
designed together with an appropriate controller to guarantee a certain `2- or
L2-gain bound for the closed-loop system, while the available communication
network should be able to handle the required data transmissions.

In recent years, researchers took different approaches in order to design event-
triggered `2- or L2-controllers. In particular, conditions for the L2-stability of the
proposed event-triggered transmission policies in a sampled-data control system
configuration are given in Peng and Han (2013) and Yan et al. (2015), by con-
structing Lyapunov-Krasovskii functionals. In Kishida et al. (2017), finite-gain
L2-stability is guaranteed for an uncertain linear system by jointly designing an
event-triggered mechanism in updating the control inputs and a self-triggered
mechanism in determining the next sampling time of the sensors. The expo-
nential stability and L2-gain analysis of a NCS, where the sensor to controller
and the controller to actuator communications are both based on event-triggered
mechanisms, is studied by using the delay system approach in Hu and Yue (2013).
Moreover, there are some other studies establishing the L2-stability of the sys-
tems with ETCs (Wang and Lemmon, 2009; Yu and Antsaklis, 2013) or pro-
viding guaranteed values for the `2-gain of discrete-time linear systems with an
ETC (Heemels et al., 2013). In addition, an ETC is designed for output-feedback
linear systems by considering the L∞-gain of the closed-loops in Donkers and
Heemels (2010). For nonlinear systems, ETCs are proposed in Dolk et al. (2017)
and Abdelrahim et al. (2017) that guarantee a finite Lp-gain for closed-loop
systems and prevent the Zeno behaviour in data transmissions.

In principle, employing an ETC in NCSs is beneficial only if it results in a
better performance in comparison to time-triggered periodic control when both
transmit with the same average transmission rate. This concept was first intro-
duced in Antunes and Asadi Khashooei (2016) and referred to as consistency.
In recent years, consistent ETCs in the sense of average quadratic cost have
been proposed in both centralized and decentralized NCS configurations, see,
e.g., Asadi Khashooei et al. (2018), Balaghi I. et al. (2018a), Brunner et al.
(2018), and Goldenshluger and Mirkin (2017), see also an early result for scalar
systems in Åström and Bernhardsson (2002).

We can also extend the notion of consistency to event-triggered `2- or L2-
control loops. Accordingly, an ETC is called `2- or L2-consistent if it guarantees
the same `2- or L2-gain bound as any periodic time-triggered `2- or L2-controller,
however, with a smaller or at most the same average transmission rate (Balaghi
I. et al., 2019). In spite of all works previously mentioned in the context of
event-triggered `2- or L2-control, the design of an `2- or L2-consistent ETC has
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not received much attention so far. In fact, we are only aware of two very recent
references related to our work, see Balaghi I. et al. (2019) and Mi and Mirkin
(2019). Our previous work (Balaghi I. et al., 2019) differs from the present
paper as it focusses on designing a fixed, a priori given, transmission sequence,
and not a policy, while Mi and Mirkin (2019) derive an ETC with similar L2-
consistent properties as the one we present in this paper. However, they are
given for continuous-time systems (and thus L2-gain), and, most importantly,
follow a very different approach based on the Youla parametrization, whereas we
consider discrete-time systems and follow a game-theoretical approach. As both
results are developed independently and follow different approaches for different
settings, they are of independent interest.

To be precise, in this work, for a given fixed transmission time period, we
design a periodic time-triggered `2-controller for any feasible `2-gain bound, fol-
lowing a game-theoretical approach. Then, we design an ETC guaranteeing an
equal `2-gain bound as that of the designed periodic time-triggered `2-controller,
however, with a larger (or at least equal) average inter-transmission time. In fact,
based on our proposed ETC, when the realization of the disturbance input fol-
lows the worst-case scenario, then the proposed ETC triggers data transmissions
periodically. However, when the disturbance input deviates from the worst-case
scenario, then our proposed ETC is able to skip data transmissions thereby
guaranteeing a larger average inter-transmission time than the time period of
the periodic controller, while they both guarantee the same `2-gain bound for
the system.

Implicit in the NCS of interest in the current work it that the scheduler
sends packets of information to the controller and the communication frequency
of these packets should be kept to a minimum. However, a different framework
to model communication limitations, often considered in the literature (see, e.g.,
Ishii and Francis (2002)), is to assume that the communication channel has
a limited data bit rate. As a result, the accuracy of each transmitted data
from the sensors to the controller cannot be infinity. Therefore, an interesting
research problem is to determine the accuracy (or the number of bits) of each
communicated data packet based on its importance for a given control objective.
Although this is not tackled in this present paper, we point out some recent
work where this idea is jointly employed by an event-triggered transmission
mechanism, which can at the same time reduce the communication frequency as
it is investigated in Ling (2020) and Tallapragada and Cortés (2016) to achieve
exponential and input-to-state stability for linear systems, respectively.

The remainder of this paper is organized as follows. The problem of interest
is introduced in Section 6.2 and an `2-consistent ETC is proposed in Section 6.3.
The effectiveness of the novel ETC in decreasing the communication load is
demonstrated through a numerical example in Section 6.4. Finally, Section 6.5
presents concluding remarks.

Notation: For r, s ∈ N0 := N ∪ {0}, we define Nsr = {t ∈ N0|r 6 t 6 s}
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and `d2 as the Hilbert space of square summable sequences w := {wk}k∈N0
,

where wk ∈ Rd for all k ∈ N0, and
∑∞
k=0 w

T
kwk ≺ ∞. The `2-norm of w ∈ `d2

is given by ‖w‖`2 :=
√∑∞

k=0‖wk‖2, where ‖wk‖2 = wT
kwk. Moreover, bxc indi-

cates the floor of any x ∈ R, and for matrices A, B, diag(A,B) = [A 0; 0 B].

6.2 Problem setting

We introduce the NCS with periodic communication in Section 6.2.1 and the
NCS with event-triggered communication in Section 6.2.2. The problem of in-
terest is stated in Section 6.2.3.

6.2.1 Networked control system with periodic communication

Consider the system architecture in Fig. 6.1 in which the plant G is given by a
discrete-time linear time-invariant (LTI) system

xk+1 = Axk +Buk +Dwk, (6.1)

where xk ∈ Rn, uk ∈ Rm, wk ∈ Rd are the state, the control input and the dis-
turbance, respectively, at discrete time k ∈ N0. Let w ∈ `d2 and assume that the
disturbance generator at every time step has access to all the state vectors from
the initial up to the current time-step. Therefore, wk = Tk(Ek), where

Ek := {xi|i ∈ Nk0}, (6.2)

for some mapping Tk : Ek → Rd, k ∈ N0. Moreover, let δk = 1 if xk is transmit-
ted to the controller at time k ∈ N0 and let δk = 0, otherwise. For the periodic
transmission policy with a given time period τ ∈ N, we set δk = πτk , where

πτk :=

{
1, if k is zero or an integer multiple of τ

0, otherwise.
(6.3)

Then any periodic control policy can be formulated as

uk := Rπτk (Fπτk ), (6.4)

where at every k ∈ N0,

Fπτk := {xi|i ∈ Nk0 ∧ πτi = 1} (6.5)

is the information set available for the controller and Rπτk : Fπτk → Rm is an
appropriate mapping. Albeit this general definition, in practice, the periodic
control policies of interest (see Lemmas 6.1 and 6.2 below) will only depend on
the last transmitted state. Therefore, the controller does not need to keep all
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the received state vectors in memory. The goal of an `2-controller is to attenuate
the effect of the disturbance input wk on the performance output

zk :=
[
(Exk)T (Fuk)T

]T
(6.6)

of the system, where we assume that F has full column rank. Let ETE = Q
and without loss of generality we can now assume FTF = I. Therefore,
‖zk‖2 = xTkQxk + uTkuk at every k ∈ N0. We need the following assumptions
and the definition of global asymptotic stability in the sequel.

Assumption 6.1. It holds that

i. (A,B) is stabilizable and (Q
1
2 , A) is observable,

ii. D is full row rank and DT(DDT)−1D = I. �

It is worth mentioning that D is required to be full row rank to ensure that all
the disturbance inputs affect the state vector. Furthermore, DT(DDT)−1D = I
in needed to derive an event-triggered transmission policy for every k ∈ N that
depends on Dwt instead of wt for all t ∈ Nk−1

0 , which can be easily calculated
by just having the state vectors (see Point 3. below Theorem 6.1 in the sequel).

Definition 6.1.
(
Global asymptotic stability (Aliyu, 2017)

)
The system (6.1)

with w = (0, 0, . . . ) and a given control input policy is said to be globally asymp-
totically stable (at equilibrium point xe = 0), if

i. the control loop is Lyapunov stable, i.e., for every ζ � 0, there exists
a δ � 0 such that for all initial states x0 ∈ Rn with ‖x0‖ 6 δ, it holds
that ‖xk‖ 6 ζ for every k ∈ N0,

ii. the corresponding state trajectory xk converges to xe = 0 as time goes to
infinity, i.e., limk→∞ xk = 0. �

Next, we formally define the concept of τ -periodic `2-controller for the sys-
tem (6.1).

Definition 6.2.
(
τ -Periodic `2-controller (Aliyu, 2017)

)
Given γ ∈ R�0 and

τ ∈ N, a periodic control policy Rπτk : Fπτk → Rm, k ∈ N0, for the system (6.1)
and (6.6), where Fπτk follows (6.5), such that

i. the closed-loop control system given by (6.1) and (6.4) is globally asymp-
totically stable when w = (0, 0, . . . ),

ii. when x0 = 0,2then for all w ∈ `d2,

‖z‖2`2 − γ
2‖w‖2`2 6 −ε‖w‖

2
`2 (6.7)

holds for some positive ε (independent of w),

2We can easily investigate the condition with an unknown initial condition by adding one
extra time to the time-horizon and considering the initial condition as the disturbance of the
previous time (Başar and Bernhard, 2008).
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is referred to as a τ -periodic `2-controller with `2-gain bound γ. Moreover, the
infimum value of γ ∈ R�0 for which a τ -periodic `2-controller exists with `2-gain
bound γ is called the infimal `2-gain of (6.1) and (6.6), and is denoted by γ∗τ . �

Let us define
J := ‖z‖2`2 − γ

2‖w‖2`2 , (6.8)

for all w ∈ `d2. Based on (6.7), when w = (0, 0, . . . ), the designed τ -periodic `2-
controller should result in J to be equal or less than zero for x0 = 0. However,
when w 6= (0, 0, . . . ), then J should always be strictly less than zero. Before
designing a τ -periodic `2-controller with `2-gain bound γ, one should evaluate
the existence of such a controller for the given value of γ ∈ R�0, i.e., decide
if γ � γ∗τ . However, for a given γ ∈ R�0, a τ -periodic `2-controller with `2-gain
bound γ exists if and only if, for x0 = 0, the following minimax optimization
problem results in a non-positive value, i.e. J∗ 6 0, where

J∗ = min{uk=Rπτk (Fπτk )}k∈N0
max{wk=Tk(Ek)}k∈N0

J. (6.9)

This can be concluded from the arguments in Başar and Bernhard (2008). There-
fore, the infimal `2-gain of the closed-loop system with τ -periodic transmission
is the infimum value of the set of γ ∈ R�0 for which the minimax problem (6.9)
has a non-positive value. Moreover, if for a given γ ∈ R�0, J∗ is non-positive,
then the optimal control policy determined based on (6.9) is a τ -periodic `2-
controller in the sense of Definition 6.2. In the following two lemmas, we provide
a τ -periodic `2-controller with `2-gain bound γ by solving the minimax prob-
lem (6.9). Lemma 6.1 considers the special case τ = 1 and Lemma 6.2 provides
the results for general τ ∈ N.

Lemma 6.1. (1-Periodic `2-controller) Let Assumption 6.1 hold. Then

i. there exists a γ̂ ∈ R�0 such that for every γ � γ̂, the Ricatti equation

M = ATMH−1A+Q, (6.10)

where H = I + (BBT − γ−2DDT)M , has a positive definite solution M
and γ2I −DTMD � 0. Moreover, the infimum value of γ̂ for which the
above holds coincides with the infimal `2-gain of 1-periodic `2-controllers,
i.e. γ∗1 .

ii. for any γ � γ∗1 , the control policy

u∗k = Kxk, (6.11)

where
K = −BTMH−1A, (6.12)

is a 1-periodic `2-controller with `2-gain bound γ.
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iii. for any γ � γ∗1 and τ = 1, the performance index (6.8) is upper bounded
as

J 6
∑∞
k=0

[
(uk − u∗k)TΦ1(uk − u∗k)

− (Dwk −Dw∗k)TΨ1(Dwk −Dw∗k)
]
,

(6.13)

for Φ1 = (I −BTMH−1B)−1, Ψ1 = γ2(DDT)−1 −M , where Φ1 > I and
Ψ1 � 0, and

w∗k = γ−2DTM(I − γ−2DDTM)−1(Axk +Buk). (6.14)

�

Before considering the general condition in Lemma 6.2, where τ ∈ N, let us
introduce another time variable ι ∈ N0, where ι = bkτ c and define the following
augmented control and disturbance inputs at every ι ∈ N0,

Uι := [uTιτ , . . . , u
T
(ι+1)τ−1]T,

Wι :=
[
(Dwιτ )T, . . . , (Dw(ι+1)τ−1)T

]T
.

(6.15)

Lemma 6.2. ( τ -Periodic `2-controller for τ ∈ N) Let Assumption 6.1 hold.
Then

i. there exists a γ̂ ∈ R�0 such that for every γ � γ̂, (6.10) has a positive defi-
nite solution M and γ2I − D̄T

τ M̄τ D̄τ � 0 for which M̄τ = diag(Iτ−1 ⊗Q,M)
and

D̄τ =


D 0 0
AD D 0

. . .
Aτ−1D Aτ−2D D


τ×τ

.

Moreover, the infimum value of γ̂ for which the above holds coincides with
the infimal `2-gain of τ -periodic `2-controllers for τ ∈ N, i.e. γ∗τ .

ii. for any γ � γ∗τ , the control policy

u∗k =Kx̂k|k, (6.16)

where K follows (6.12) and

x̂k+1|k = H−1Ax̂k|k, x̂k|k =

{
xk, if πτk = 1

x̂k|k−1, otherwise,
(6.17)

is a τ -periodic `2-controller with `2-gain bound γ.
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iii. consider
U∗ι = [u∗Tιτ , . . . , u

∗T
(ι+1)τ−1]T,

W ∗ι =
[
(Dwιτ )∗T, . . . , (Dw(ι+1)τ−1)∗T

]T
,

(6.18)

where u∗k follows (6.16) for all k ∈ N0, and

w∗k =

{
S̄h(Axk +Buk), if h = τ − 1

S̄h(Axk +Buk) + Πh+1Ũk+1, otherwise,
(6.19)

where h = k − ιτ , h ∈ Nτ−1
0 ,

S̄h = γ−2DTΘh+1V
−1
h , Vh = I − γ−2DDTΘh+1,

Πh = γ−2DT(I − γ−2DDTΘh)−TZh,

Θh+1 =

{
Q+ATΘh+2V

−1
h+1A, if h ∈ Nτ−2

0

M, if h = τ − 1,

Zh =

{[
ATΘh+1V

−1
h B ATV −Th Zh+1

]
, if h ∈ Nτ−2

0

ATM(I − γ−2DDTM)−1B, if h = τ − 1,

(6.20)

and Ũk+1 = [uTk+1 . . . u
T
(ι+1)τ−1]T. Then, for any γ � γ∗τ , the performance

index (6.8) is upper bounded as

J 6
∑∞
ι=0[(Uι − U∗ι )TΦτ (Uι − U∗ι )

− (Wι −W ∗ι )TΨτ (Wι −W ∗ι )],
(6.21)

where Φτ := Y0, for all τ ∈ N, and Y0 is determined based on the following
backward iteration

Y −1
h =

[
I 0
0 Y −1

h+1

]
−
[
BT 0
0 B̄h+1

]
X

[
B 0
0 B̄T

h+1

]
, (6.22)

for all h ∈ Nτ−2
0 , where Y −1

τ−1 = I −BTMH−1B,

X =

[
MH−1 H−1

H−1 M−1(H−1 − I)

]
,

and for all h ∈ Nτ−1
0 ,

B̄h = −


K

K(H−1A)
...

K(H−1A)τ−1−h

 . (6.23)
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Moreover,

Ψτ := diag
(
γ2(DDT)−1 −Θ1, . . . , γ

2(DDT)−1 −M
)
.

�

Lemmas 6.1 and 6.2 not only provide a τ -periodic `2-controller for (6.1), (6.6),
and a given τ ∈ N but also introduce upper bounds for J in (6.13) and (6.21)
that will be useful in the design of a NCS with event-triggered communication
in Section 6.3.

Remark 6.1. It is important to mention that Lemmas 6.1 and 6.2 still hold

without any change if at every time-step k ∈ N(ι+1)τ−1
ιτ , the disturbance generator

has access also to the control inputs from k up to (ι+1)τ−1, i.e., the information
set available for the disturbance generator follows

Ek = {xi|i ∈ Nk0} ∪ {uk, . . . , u(ι+1)τ−1}. (6.24)

Moreover, the disturbance input policies w∗k given in (6.14) and (6.19) are the
worst-case disturbance scenarios, when the disturbance generator has access to
the information set (6.24) at all times.

6.2.2 Networked control system with event-triggered commu-
nication

The NCS we are interested in has the same plant G as in (6.1) and the infor-
mation set of the disturbance generator also follows (6.2) (or (6.24)). However,
data transmission to the controller follows a state-dependent mechanism, which
is called an event-triggered transmission policy, and we can formulate it as

δk = µk(Hk) ∈ {0, 1}, (6.25)

where
Hk := {xi|i ∈ Nk0} ∪ {δi|i ∈ Nk−1

0 } (6.26)

is the information set available for the scheduler at k ∈ N0. Then, any appro-
priate control policy is defined as

uk = Rµk(Fµk ), (6.27)

where
Fµk := {xi|i ∈ Nk0 ∧ µi(Hi) = 1} (6.28)

is the information set available for the controller at k ∈ N0 based on an event-
triggered scheduling policy defined in (6.25) and Rµk : Fµk → Rm is a suitable
mapping. Similarly to the periodic control case, in practice, the event-triggered
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scheduling and control policies of interest (see, e.g., the proposed one in Sec-
tion 6.3) will only depend on a few membersHk and Fµk , respectively. Therefore,
the controller does not need to keep all the received state vectors in memory.
We call an event-triggered scheduler and its related controller an ETC, which
is denoted by η = (µ,Rµ). Furthermore, we introduce the average transmission
rate associated with an event-triggered scheduling policy µ and a disturbance
sequence w ∈ `d2 as f̄η(w) = lim supT→∞

1
T

∑T−1
t=0 µt(Ht) and the average inter-

transmission time as Ω̄η(w) = 1/f̄η(w). Next, we define the concept of an
event-triggered `2-controller.

Definition 6.3.
(
Event-triggered `2-controller (Yan et al., 2015)

)
Given γ ∈ R�0,

an ETC η = (µ,Rµ) for the system (6.1) and (6.6) satisfying that

i. the closed-loop control system (6.1) and (6.27) is globally asymptotically
stable when w = (0, 0, . . . ),

ii. under the assumption of zero initial condition J 6 0 for all w ∈ `d2, where
J follows (6.8),

is referred to as an event-triggered `2-controller with `2-gain bound γ. Moreover,
the infimum value of γ ∈ R�0, where (i) and (ii) hold for an ETC η designed
for (6.1) and (6.6) is called the infimal `2-gain of the event-triggered control loop
and is denoted by γ∗η . �

Remark 6.2. One could define condition (ii) in Definition 6.2 exactly in the
same way as in Definition 6.3. However, in this case, γ2I − D̄T

τ M̄τ D̄τ > 0
would be the necessary condition for the existence of a τ -periodic `2-controller
for a given `2-gain bound γ and τ ∈ N, while γ2I−D̄T

τ M̄τ D̄τ � 0 is the sufficient
condition for the existence of the proposed τ -periodic `2-control policies in (6.11)
and (6.16). The current condition (ii) of Definition 6.2 is important to determine
γ2I − D̄T

τ M̄τ D̄τ � 0 as both the necessary and sufficient conditions for the
existence of a τ -periodic `2-controller for a given `2-gain bound γ and τ ∈ N.
It is also important to mention that based on Definitions 6.2 and 6.3, event-
triggered `2-controllers have to satisfy a weaker condition than τ -periodic `2-
controllers. However, since ε in Definition 6.2 is allowed to be arbitrarily small,
this difference in definitions is negligible.

6.2.3 Problem statement

The τ -periodic `2-controllers with `2-gain bound γ determined in Lemmas 6.1
and 6.2 periodically update their state estimates based on the full-state mea-
surements of the sensors. In this way, these controllers can guarantee a desired
disturbance attenuation level γ for all disturbance inputs. For every τ -periodic
`2-controller given in Lemmas 6.1 and 6.2 we can propose an event-triggered
`2-controller counterpart η, which guarantees the same disturbance attenuation
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level γ for the system. However, based on the realization of the disturbance
inputs, its scheduler can skip some of these periodic data transmissions needed
by the τ -periodic `2-controller, thereby requiring fewer transmissions and thus
resulting in larger (or equal) values of Ω̄η(w) in comparison to τ . This ETC is
called `2-consistent according to the following definition.

Definition 6.4. (`2-consistent event-triggered controller) For any given τ ∈ N
and any `2-gain bound γ � γ∗τ of the system (6.1) and (6.6), an event-
triggered `2-controller η = (µ,Ψµ) is said to be `2-consistent with `2-gain bound
γ if

i. η has `2-gain bound γ,

ii. in comparison to the τ -periodic `2-controller (6.16) (or equivalently (6.11),
in case τ = 1) with `2-gain bound γ, the average inter-transmission time
of η is larger than, or at least equal to, τ , i.e. Ω̄η(w) > τ for all w ∈ `d2. �

The goal of this work is to propose an `2-consistent ETC for the NCS depicted
in Fig. 6.1.

6.3 `2-consistent event-triggered controller

We propose an `2-consistent ETC in this section. For simplicity we start, in
Section 6.3.1, with the case in which τ = 1, since the main ideas can already
be conveyed for this case. In Section 6.3.2, we consider the general case in
which τ ∈ N.

6.3.1 Special case τ = 1

Based on Definition 6.4, in comparison to a 1-periodic `2-controller (6.11)
with `2-gain bound γ � γ∗1 , the scheduler of an `2-consistent ETC should skip
data transmissions at some time-steps, while still guaranteeing the same `2-gain
bound γ. We know that the control policy (6.11) requires the state information
at every time-step. However, in our desired ETC setting, the controller does not
have the state information at all times and can, therefore, only use an estima-
tion x̄k|k of the state xk at time k ∈ N0. In particular, we select the controller
associated with our desired `2-consistent ETC policy as

uk = Kx̄k|k, (6.29)

where K is given as in (6.12) and x̄k|k is the state estimate in the controller. We
propose three state estimators. Two are described as

x̄k+1|k = Nx̄k|k, x̄k|k =

{
xk, if µk(Hk) = 1

x̄k|k−1, otherwise,
(6.30)
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at all k ∈ N for N ∈ {I, A} and x̄0|0 = x0. The choice N = I boils down to
keeping the estimated state constant if data is not transmitted to the controller
and N = A boils down to updating the estimated state based on the system
dynamics by ignoring the effects of both the control input and the disturbance
when µk(Hk) = 0. Additionally,

x̄k+1|k = Ax̄k|k +Buk, x̄k|k =

{
xk, if µk(Hk) = 1

x̄k|k−1, otherwise,
(6.31)

at all k ∈ N and x̄0|0 = x0, is another (possibly more reasonable for some spe-
cial disturbance inputs) state estimator in the controller. In the following theo-
rem, we propose an event-triggered scheduling policy, which together with (6.29)
and (6.30) (or (6.31)), results in an `2-consistent ETC in the sense of Defini-
tion 6.4.

Theorem 6.1. Consider system (6.1) and (6.6) and let Assumption 6.1 hold.
For a given γ � γ∗1 , consider the event-triggered scheduling policy

µk(Hk) :=

{
1, if k = 0 or Gk(Ûk, Ŵk) � 0

0, otherwise,
(6.32)

where G0(Û0, Ŵ0) := 0 and at every k ∈ N,

Gk(Ûk, Ŵk) :=
∑k
i=lk+1

[
(ûi − u∗i )TΦ1(ûi − u∗i )

− (Dwi−1 −Dŵ∗i−1)TΨ1(Dwi−1 −Dŵ∗i−1)
]
,

in which lk = max
{
r ∈ Nk−1

0 |µr(Hr) = 1
}

is the last triggering time before k,

u∗i is given as in (6.11) and for all i ∈ Nk−1
`k

,

ŵ∗i := SAxi + (L− S)Ax̄i|i,

where S = γ−2DTM(I − γ−2DDTM)−1, L = γ−2DTMH−1. Moreover, Ŵk =
{wi|i ∈ Nk−1

lk
} and Ûk = {ûi|i ∈ Nklk+1}, are the actual values of disturbances

and control inputs, respectively, where for all i ∈ Nklk+1,

ûi :=

{
Kx̄i|i−1, if i = k,

ui, otherwise,

ui is determined based on (6.29) and x̄i|i−1 follows either (6.30) for N ∈ {I, A}
or (6.31). Then, the ETC (6.32) and (6.29) is `2-consistent with `2-gain
bound γ. �

We highlight next some features of the ETC proposed in Theorem 6.1.
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1: Based on the event-triggered scheduling policy (6.32), a deviation of
the actual disturbance inputs from the worst-case disturbance scenario given
by (6.14) acts as a “reward” in order to skip data transmissions and let the con-
trol inputs deviate from the one determined for 1-periodic `2-controller in (6.11).
This reward can counteract the penalty incurred by skipping data transmissions
(as then uk 6= u∗k). This is the main intuition behind the proposed ETC in The-
orem 6.1. Moreover, as it can be easily concluded, if the disturbance inputs
follow wk = w∗k for all k ∈ N0, where {w∗k|k ∈ N0} can be seen as a worst case
disturbance input, then the proposed event-triggered scheduling policy (6.32) al-
ways triggers data transmissions, i.e., µk(Hk) = 1 at all k ∈ N0, unless ûk = u∗k,
which is typically not the case.

2: We can show that for the 1-periodic `2-controller determined in
Lemma 6.1, and for all γ � γ∗1 , J∗ = xT0Mx0, where M is given in Lemma 6.1.
As we select a smaller value for γ, M will become larger (in the sense that
Mγ1

�Mγ2
if γ2 � γ1). Furthermore, based on (6.10), we can conclude that

MH−1 will also become larger. Now, since Φ1 = (I −BTMH−1B)−1 and
Ψ1 = γ2(DDT)−1 −M , then Φ1 becomes larger and Ψ1 becomes smaller. There-
fore, the scheduling law (6.32) is expected to trigger more transmissions for
smaller values of γ and the same disturbance input sequence w.

3: In order to evaluate the event-triggered condition (6.32) at every time k ∈
N0, the scheduler needs the values of

{
Dwt|t ∈ Nk−1

0

}
and

{
Dw∗t |t ∈ Nk−1

0

}
,

which can be calculated by using Dwk−1 = xk −Axk−1 −Buk−1 and w∗k−1 =
S(Axk−1 + Buk−1) given the condition that the scheduler receives xk at ev-
ery k ∈ N0 and knows the control policy, from which the control inputs uk−1

can be replicated. Therefore, there is no need for measuring the disturbances
inputs.

6.3.2 General case τ ∈ N

For any γ � γ∗τ , the τ -periodic `2-controller (6.16) requires periodic state trans-
mission after every τ ∈ N time-steps. However, in this section, we propose an
event-triggered `2-controller with `2-gain bound γ � γ∗τ , which can skip data
transmissions at some of these time-steps. Let us introduce the augmented con-
trol policy associated with our desired ETC as

Uι = K̄τ x̄ιτ |ιτ , (6.33)

where K̄τ = B̄0 in which B̄0 is determined based on (6.23) and similar to the
previous section, we can either have

x̄(ι+1)τ |ιτ = N̄ x̄ιτ |ιτ , x̄ιτ |ιτ =

{
xιτ , if µιτ (Hιτ ) = 1

x̄ιτ |(ι−1)τ , otherwise,
(6.34)
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for N̄ ∈ {I, Aτ}, or

x̄(ι+1)τ |ιτ = Aτ x̄ιτ |ιτ + [Aτ−1B, . . . , B]Uι,

x̄ιτ |ιτ =

{
xιτ , if µιτ (Hιτ ) = 1

x̄ιτ |(ι−1)τ , otherwise,

(6.35)

as the state estimator in the controller for all ι ∈ N and x̄0|0 = x0, depending on
the characteristic of the disturbance input. In the following theorem, we propose
an event-triggered scheduler which together with (6.33) and (6.34) (or (6.35))
result in an `2-consistent ETC based on Definition 6.4.

Theorem 6.2. Consider system (6.1) and (6.6) and let Assumption 6.1 hold.
For a given τ ∈ N and γ � γ∗τ , consider the event-triggered scheduling policy

µk(Hk) :=


1, if k = 0 ∨(

k = ιτ ∧ Ḡι(Ûι, Ŵι) � 0, for some ι ∈ N
)
,

0, otherwise,

(6.36)

where Ḡ0(Û0, Ŵ0) := 0 and at every ι ∈ N,

Ḡι(Ûι, Ŵι) :=
∑ι
i=lι+1

[
(Ûi − U∗i )TΦτ (Ûi − U∗i )

− (Wi−1 − Ŵ ∗i−1)TΨτ (Wi−1 − Ŵ ∗i−1)
]

in which lι = sup
{
r ∈ Nι−1

0 |µrτ (Hrτ ) = 1
}

is the last triggering time before

ι, Ŵ ∗i = D[ŵ∗Tiτ , . . . , ŵ
∗T
(i+1)τ−1]T and U∗i follows (6.18) for all i ∈ Nι−1

`ι
, where

for L = γ−2DTMH−1,

ŵ∗iτ+h := S̄hAxiτ+h + (L− S̄h)A(H−1A)hx̄iτ |iτ ,

for every h ∈ Nτ−1
0 in which S̄h follows (6.20). Moreover, Ŵι = {Wi|i ∈ Nι−1

lι
}

and Ûι = {Ûi|i ∈ Nιlι+1}, are the actual values of disturbances and control inputs,
respectively, where

Ûi :=

{
K̄τ x̄iτ |(i−1)τ , if i = ι

Ui, otherwise,

for all i ∈ Nιlι+1, Ui is determined based on (6.33), x̄iτ |(i−1)τ follows either (6.34)
for N ∈ {I, Aτ} or (6.35) and Wi follows (6.15). Then, the ETC policy (6.36)
and (6.33) is `2-consistent with `2-gain bound γ. �

Note that the `2-consistent ETC proposed in Theorem 6.2 also has the fea-
tures discussed after Theorem 6.1.

The `2-consistency of the proposed ETC policies in Theorems 6.1 and 6.2
indicates that for the same γ ∈ R�0 as the disturbance attenuation level



98 Chapter 6. An `2-Consistent ETC for Linear Systems

where γ � γ∗τ , in case the disturbance input does not follow the worst-case
scenario given by (6.19), the event-triggered scheduler can skip data transmis-
sions at some times required by the τ -periodic controller (6.16) and results in
a larger average inter-transmission time than τ while guaranteeing the same `2-
gain bound γ. Moreover, for the proposed ETC, the behaviour of the average
inter-transmission time with respect to γ when γ � γ∗τ is not necessarily increas-
ing and it highly depends on the actual disturbance input of the system. This
can be clearly seen in Fig. 6.3 below corresponding to a numerical example.

6.4 Numerical example

Consider a scalar system where A = 1.1, B = 1, D = 1 are the parameters of the
linear model (6.1), and Q = 1. Moreover, we take wk = e−

k
200 sin( k25 ), k ∈ N0,

as the unknown disturbance input of the system. The infimal `2-gain of the sys-
tem for periodic control with the inter-transmission time-steps τ ∈ {1, 2, 3, 4}
are γ∗1 = 1.487, γ∗2 = 2.202, γ∗3 = 2.999 and γ∗4 = 3.871. According to Lem-
mas 6.1 and 6.2, for any τ ∈ N and γ � γ∗τ , we can design a τ -periodic `2-
controller with `2-gain bound γ. Then based on Theorems 6.1 or 6.2, we can de-
sign its `2-consistent ETC counterpart for this system. Based on Definition (6.4),
the proposed `2-consistent ETC can result in the same attenuation level (`2-gain
bound) as the PTC (6.11) or (6.16), however, with a smaller (or at most an equal)
average transmission rate. However, we will show that for the given system and
the disturbance input, it is even possible to achieve smaller disturbance atten-
uation levels by following the proposed ETC in comparison to the PTC (6.11)
or (6.16), while they both have the same average transmission rate.

Firstly, we consider τ = 1 and design an ETC based on Theorem 6.1. The
controller follows (6.29), where the state estimation in the controller is deter-
mined based on (6.30) for N = A. Fig. 6.2(a) shows the state trajectory related
to the ETC when τ = 1 and γ = 1.630 � γ∗1 is its corresponding `2-gain bound.
This ETC results in Ω̄η(w) = 2.033, where Ω̄η(w) denotes the average inter-
transmission time of scheduler. However, if the scheduler triggers transmissions
periodically with τ = 2, then we know that the infimal `2-gain of the system
with periodic control is γ∗2 = 2.202. The state trajectory of the periodic con-
troller (6.16) for γ = γ∗2 + ε, where ε � 0 is a small real number, and τ = 2 is
shown in Fig. 6.2(a), which indicates the better disturbance attenuation of the
ETC while they both have almost the same average transmission rate for the
given disturbance input w.

Fig. 6.2(b) compares similar situations when the ETC is designed for τ = 2
and γ = 2.924 based on Theorem 6.2. The controller follows (6.33) where the
state estimation in the controller is determined based on (6.34) for N = A2.
Again, for this system, the `2-gain bound of the system with the ETC is sig-
nificantly smaller than the minimum value that results from periodic control
while they both have almost the same average inter-transmission time-steps to
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Figure 6.2: Illustration of the improved performance of the proposed ETC in
comparison to periodic time-triggered controller (PTC) in disturbance attenua-
tion with the same average transmission rate (for the given disturbance input w)
when (a) ETC designed for τ = 1 and PTC designed for τ = 2 (b) ETC designed
for τ = 2 and PTC designed for τ = 4.
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ETC designed for =2
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Figure 6.3: Trade-off curves resulted by the `2-consistent ETC designed for τ = 1
and τ = 2 and the given disturbance input w in comparison to the one which
can be achieved by PTC.

the controller
(
Ω̄η(w) ≈ τ = 4

)
for the given disturbance input w. Fig. 6.3 is

more generic and illustrates the `2-consistency of the proposed ETC when τ = 1
and τ = 2. For the given disturbance input w, we find the average inter-
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transmission time of the system with the `2-consistent ETC designed for dif-
ferent values of γ � γ∗τ , a time horizon of 250 and zero initial condition. The
solid line shows the trade-offs one can achieve by following a periodic time-
triggered control strategy. We easily see the better trade-offs for the proposed
`2-consistent ETC in comparison to PTCs. In principle, based on the theory
(Theorems 6.1 and 6.2), for every τ ∈ N and γ ∈ [γ∗τ , γ

∗
τ+1) the trade-offs for the

proposed ETC (6.36) and (6.33) (or (6.32) and (6.29) when τ = 1) are guar-
anteed to be bellow (or at most on) the stairwise curve of PTCs for any linear
system (6.1) and disturbance input w.

6.5 Conclusions

In this work, we investigated the design of event-triggered controllers (ETCs)
for discrete-time linear systems by considering the `2-gain as a performance
criterion of the closed-loop system. Firstly, for every transmission time period,
we determined a periodic `2-controller for a given `2-gain bound, following a
game-theoretical approach. Then, we introduced the notion of `2-consistency,
which refers to any ETC that guarantees the same `2-gain bound as that of the
designed periodic `2-controller, however, with a larger or an equal average inter-
transmission time. Next, we proposed the design of an `2-consistent ETC with
some interesting features. When the disturbance input follows the worst-case
scenario at every time, the scheduler triggers transmissions periodically in order
to guarantee an `2-gain bound for the system. However, when the disturbance
input is not equal to the worst-case scenario, the `2-gain bound of our designed
ETC is still guaranteed and equal to that of the designed periodic `2-controller,
however, with a (significantly) larger average inter-transmission time. Possible
directions for future work include considering linear plants with partial state
information, non-linear plants and date bit rate constraints.



Chapter 7

An `2-Consistent Event-Triggered Control
Policy for Linear Systems with Partial-State

Information

We consider a control loop where a scheduler collocated with the sensors decides
when to transmit the measured output to the controller with the objective of saving
valuable communication resources, while still preserving satisfactory closed-loop
stability and meeting performance requirements. The sensors provide, in general,
only partial state information of the system (output feedback). The performance
of the system is defined as the `2-gain between an exogenous disturbance input
and a performance output of interest. When the scheduler triggers transmissions
periodically, we can provide necessary and sufficient conditions for the existence
of a controller that results in a given `2-gain bound. Such conditions and a cor-
responding controller are obtained using a game-theoretical approach. We tackle
the problem of designing a scheduler-controller pair that guarantees the same `2-
gain bound as the designed periodic time-triggered `2-controller, however, with
a lower or at most the same average transmission rate from the sensors to the
controller. We refer to this property as `2-consistency and we provide an `2-
consistent controller-scheduler pair. Numerical examples show significant com-
munication savings for typical disturbance inputs, when replacing the designed
periodic time-triggered `2-controller by its proposed `2-consistent event-triggered
controller counterpart, which guarantees the same `2-gain bound for the control
loop.

This chapter is based on Balaghiinaloo et al. (2020b)
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7.1 Introduction

Ensuring safe and reliable operation of control systems in the presence of un-
wanted disturbances is crucial in many control applications in several areas such
as automotive, aerospace, healthcare, power generation and many others. In
many of these (cyber-physical) applications no probabilistic information about
the disturbances is available and the system has to be designed to cope with
all possible disturbances, including worst-case scenarios (Khaitan and McCalley,
2015). This usually leads to conservative designs and often a particularly large
waste of computation and communication resources. A prime example is the
choice of conservatively large sampling and transmission rates to ensure that
signals flow rapidly among sensors, controllers and actuators so that the per-
formance requirements are met for all possible disturbances; thereby the whole
control infrastructure is configured based on worst-case scenarios, while it is in-
tended for typical (common) scenarios. This calls for more resource-aware and
more flexible computation and communication strategies that adapt based on
the actual disturbance scenarios encountered. In this article we will focus on
such designs in the context of `2-control.

The `2-control (or H∞) framework has been widely used since the 90s in order
to ensure that performance specifications are met for all possible disturbances
within a certain class. In fact, within this framework, considering a discrete-time
linear system, with partial state information, additive disturbances and a perfor-
mance output of interest, one can assert if, and design a controller such that, the
`2-attenuation level from the disturbances to the performance output is bounded
by a prescribed value for all squared summable disturbances. The infimum value
of this attenuation level is called the `2-gain of the system. The problem that
we tackle in this article, is to understand if by using a different communication
scheme (other than periodic) one can provide the same guarantees, but with a
smaller average transmission rate. In particular, we do this for the setup de-
picted in Fig. 7.1, where G, S, K and N represent the discrete-time plant, the
transmission scheduler, the controller and the communication network between
the scheduler and the controller, respectively. The goal of the joint scheduling
and `2-control policy is to attenuate the effect of the disturbance inputs w on the
performance output z of the system. This problem can be positioned in the area
of event-triggered control (ETC), see, e.g. the overviews Heemels et al. (2012)
and Nowzari et al. (2019), which tackles the problem of designing appropriate
(state or output-dependent) schedulers to arbitrate data transmission from the
sensors to the controller.

We investigated this problem in the framework of full-state feedback in Bal-
aghi I. et al. (2019) and Balaghiinaloo et al. (2020a) and here we focus on the
more challenging framework of partial-state (output) feedback. We start by
noticing that, when the scheduler triggers transmissions periodically, we can
provide necessary and sufficient conditions for the existence of a controller that
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Figure 7.1: The partial-state feedback `2-controller when communication takes
place over a resource-constraint communication network. G,K, S and N refer to
the plant, the controller, the scheduler and the network, respectively. The state
estimation in the scheduler is denoted by x̄.

results in a given `2-gain bound. Such conditions and the corresponding con-
troller are obtained using a game-theoretical approach. Thereafter we explore
the design of an ETC, borrowing the notion of “`2-consistent ETC” from our
previous works (Balaghi I. et al., 2019; Balaghiinaloo et al., 2020a). This con-
sistency concept refers to any ETC that preserves the same `2-gain bound as
a periodic time-triggered `2-controller, however, with a lower or at most equal
average transmission rate. The proposed event-triggered scheduling law in Bal-
aghiinaloo et al. (2020a) depends explicitly on the disturbance input, which
can only be calculated if the state vector is fully measured at all time steps.
However, when the sensors only measure an output (partial-state information),
rather than the full-state, then the calculation of the disturbance inputs is, in
general, not possible. The main contribution of this work is to propose such an
`2-consistent ETC for this partial-information case.

Related work : In the ETC literature one can find a considerable amount of
research that considers average quadratic cost, which can jointly capture the
effects of the average tracking errors and the control efforts as a performance
index. Finding the optimal joint event-triggered scheduler and controller to
minimize such a performance index is one of the problems of interest in the
area (Rabi et al., 2008). However, since this problem is in general hard, the
design of the control and the scheduling policies is often decoupled and some
special classes of event-triggered schedulers are often proposed (Braksmayer and
Mirkin, 2017; Molin and Hirche, 2013). For linear systems, it is shown that if
the triggering times are not affected by the control inputs, then the certainty
equivalent controller is optimal (Molin and Hirche, 2013; Rabi et al., 2016).
Therefore, the problem is simplified to the design of an optimal event-triggered
scheduler within this specific class of policies. However, this usually results also
in a challenging optimization problem. Therefore, the research in this domain
is inclined mainly toward the design of ETCs, which outperform periodic time-
triggered controls (PTCs) in the sense of an average quadratic cost (Antunes
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and Asadi Khashooei, 2016; Araujo et al., 2014; Asadi Khashooei et al., 2018;
Goldenshluger and Mirkin, 2017; Meng and Chen, 2012). In principle, any ETC
which can guarantee a better trade-off between the average quadratic perfor-
mance and the average transmission rate in comparison to the optimal PTC is
of special interest. In some recent works Antunes and Asadi Khashooei (2016),
Antunes and Balaghi I. (2020), Asadi Khashooei et al. (2018), Balaghi I. et al.
(2018a), and Brunner et al. (2018), this desired property of ETCs is referred
to as LQ-consistency and some innovative LQ-consistent ETCs are introduced
for different settings. Researchers also investigate the design of ETCs in the
context of L∞-gain and Lp-gain in recent years, see, e.g., Abdelrahim et al.
(2018), Dolk et al. (2017), and Donkers and Heemels (2010). As an example,
a class of dynamic ETCs is introduced in Dolk et al. (2017) that provides a
trade-off between inter-event times, maximum allowable delays and Lp-gains.
Furthermore, the design of ETCs from an `2 (or L2)-gain perspective has re-
ceived a great deal of attention throughout the past decade, see, e.g., Heemels
and Donkers (2013), Heemels et al. (2013, 2016), Hu and Yue (2013), Kishida
et al. (2017), Peng and Han (2013), Selivanov and Fridman (2016), Wang and
Lemmon (2009), Yan et al. (2015), and Yu and Antsaklis (2013). In most of
these studies a Lyapunov-based approach is followed to design ETCs, which can
provide a guaranteed bound for the `2 (or L2)-gain of the system. However, a
clear comparison between the average transmission rate of the proposed ETC
and its periodic time-triggered `2-controller counterpart, which guarantees the
same `2-gain bound for the closed-loop system, is often absent. Therefore, we
extend the notion of consistency for the event-triggered `2-controllers, which si-
multaneously takes into account an `2-gain bound of the control loop and the
average data transmission rate from the sensors to the controller. We are just
aware of one research paper (Mi and Mirkin, 2019), where the proposed ETC has
the same consistency property as we define in this work. However, the proposed
ETC is designed for continuous-time linear systems (L2-controller) and relies on
the Youla parametrization. As the results in Mi and Mirkin (2019) and in this
work are developed independently and follow different approaches for different
settings, they are of independent interest.

Organization: The remainder of this paper is organized as follows. Firstly, a
periodic time-triggered `2-controller is designed in Section 7.2, where the prob-
lem of interest is also introduced. An `2-consistent ETC is proposed in Sec-
tion 7.3, which is the main contribution of this work. The effectiveness of the
proposed ETC in decreasing the communication rate is demonstrated through a
numerical example in Section 7.4. Section 7.5 presents some concluding remarks.
The proofs of lemmas and theorems can be found in the appendix.

Notation: For r, s ∈ N0 := N ∪ {0}, we define Nsr = {t ∈ N0|r 6 t 6 s}
and `d2,r,s as the Hilbert space of sequences wr:s := {wt}t∈Nsr , where wt ∈ Rd for

all t ∈ N0. The `2-norm of wr:s ∈ `d2,r,s is given by ‖wr:s‖`2 :=
√∑s

t=r‖wt‖2,

where ‖wt‖2 = wᵀ
t wt. Moreover, `d2 is the Hilbert space of square summable
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sequences w = {wt}t∈N0
with norm ‖w‖`2 :=

√∑
t∈N0
‖wt‖2. A function

f : Rn → R ∪ {−∞} is said to be upper semicontinuous if f(x0) > lim supx→x0
f(x)

at all x0 ∈ Rn.

7.2 Problem formulation

Section 7.2.1 introduces the problem setting with periodic communication and
Sections 7.2.3, 7.2.4 provide controllers that guarantee an `2-gain bound with
periodic communication, relying on the notion of information state, introduced
in Section 7.2.2. In Section 7.2.5, we introduce the structure of the NCS, when
the transmissions follow an event-triggered policy. Then we present the problem
of interest in Section 7.2.6.

7.2.1 Networked control system with periodic communication

Consider the system architecture in Fig. 7.1 in which the plant G is given by a
discrete-time linear time-invariant (LTI) system

xt+1 = Axt +B1wt +B2ut,

zt = C1xt +D12ut,

yt = C2xt +D21wt,

(7.1)

where xt ∈ Rn, yt ∈ Ro, zt ∈ Rp, ut ∈ Rm and wt ∈ Rd are the state, the mea-
sured output, the performance output, the control input and the disturbance,
respectively, at discrete time t ∈ N0. A, B1, B2, C1, D12, C2, and D21

are real matrices of appropriate dimensions and w ∈ `d2. Moreover, we de-
fine δt ∈ {0, 1} to indicate whether communication takes place from sensors
to controller at time t ∈ N0 (δt = 1) or not (δt = 0). If δt = 1, all the mea-
sured outputs (yLt−1+1, yLt−1+2, . . . , yt) after the last transmission time (before

t) Lt−1 := max{` ∈ Nt−1
0 |δ` = 1} up to (and including) the current time step t

are transmitted. When the scheduler follows a periodic transmission policy with
a given time period τ ∈ N, we set δt = πτt at all t ∈ N0, where

πτt :=

{
1, if t is zero or an integer multiple of τ

0, otherwise.
(7.2)

Then, any periodic control policy can be formulated as

ut = Rπτt (Fπτt ), (7.3)

for a mapping Rπτt : Fπτt → Rm, where

Fπτt := {yi|i ∈ NLt
0 } (7.4)

is the information set available for the controller at every t ∈ N0. We need the
definition of global asymptotic stability in the sequel.
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Definition 7.1. (Global asymptotic stability) The system (7.1) with w = (0, 0, . . . )
and a given controller is said to be globally asymptotically stable (at equilibrium
point xe = 0), if:

i. it is Lyapunov stable, i.e., for every ζ � 0, there exists an ε � 0 such that
for all initial states x0 ∈ Rn with ‖x0‖ 6 ε, it holds for the corresponding
state xt that ‖xt‖ 6 ζ for every t ∈ N0,

ii. it is globally attractive, i.e., for all initial state x0 ∈ Rn, the correspond-
ing state trajectory xt converges to xe = 0 as time goes to infinity, i.e.,
limt→∞ xt = 0. �

Now we formally define the concept of a τ -periodic `2-controller for the sys-
tem (7.1).

Definition 7.2. (τ -periodic `2-controller) Given γ ∈ R�0 and τ ∈ N, a periodic
control policy Rπτt : Fπτt → Rm, t ∈ N0, for the system (7.1), where Fπτt is given
in (7.4), is referred to as a τ -periodic `2-controller with `2-gain bound γ (James
and Baras, 1995) if:

i. the control loop given by (7.1) and (7.3) is globally asymptotically stable
with w = (0, 0, . . . ), and

ii. there exists a function φ : Rn → R, satisfying φ(0) = 0, such that for
all w ∈ `d2 and any x0 ∈ Rn,

J := ‖z‖2`2 − γ
2‖w‖2`2 6 φ(x0). (7.5)

The infimum value of γ ∈ R�0 for which a τ -periodic `2-controller exists with
`2-gain bound γ is called the infimal `2-gain of (7.1), and is denoted by γ∗τ .
Moreover, the problem of finding a τ -periodic `2-controller with a given `2-gain
bound is called the `2-control problem. �

7.2.2 Information state

In this section we recall the definition of the information state (Helton and
James, 1999) for system (7.1). Then we determine the dynamics of the informa-
tion state in Lemma 7.1 for a given initial condition. Finally, we mention how
to solve the τ -periodic `2-control problem based on the information state.

Definition 7.3.
(
Information state, (Helton and James, 1999)

)
Let an upper

semicontinuous function p0 : Rn → R ∪ {−∞} be given. Then for given u0:t−1

and y0:t−1, the information state pt(xt) ∈ R ∪ {−∞} at every t ∈ N for the
system (7.1) is defined as

pt(xt) := max
w0:t−1∈`d2,0,t−1

max
x0∈Rn

{
p0(x0) +

∑t−1
i=0[zᵀi zi − γ2wᵀ

i wi];

where for all i ∈ Nt−1
0 :

xi+1 = Axi +B1wi +B2ui,
zi = C1xi +D12ui, yi = C2xi +D21wi

}
.

(7.6)
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�

The information state in Definition 7.3 is known as the largest value of a
cost to arrive to a specific state xt at a specific time step t ∈ N or as a sufficient
statistic needed for the `2-controller design. In fact, it represents an upper bound
of a cost function (p0(x0) +

∑t−1
i=0[zᵀi zi−γ2wᵀ

i wi]) at every time step, given that
all the control inputs u0:t−1 and all the measured outputs y0:t−1 are known up
to the previous time step. In the next lemma, we determine the dynamics of
the information state by solving (7.6) for a quadratic p0(x0). This becomes the
basis of the τ -periodic `2-controller design in the next section. To simplify the
notation, let us first define

Q := Cᵀ
1C1, R := Dᵀ

12D12, P := Cᵀ
1D12, L := B1D

ᵀ
21,

N := D21D
ᵀ
21, Q̃ := Q− PR−1P ᵀ, Â := A− LN−1C2,

Ã := A−B2R
−1P ᵀ, Ǎ = A− LN−1C2 −B2R

−1P ᵀ.

We also need the following assumptions.

Assumption 7.1. It holds that
i) (A,B2) is stabilizable, (C2, A) is detectable,
ii) D21 is full row rank, (Â, B1 − LN−1D21) is controllable,
iii) D12 is full column rank, and (C1 −D12R

−1P ᵀ, Ã) is observable. �

Lemma 7.1. Suppose that Assumption 7.1 holds and for a given γ ∈ R�0 and
a positive definite matrix Y0, let p0(x0) := −γ2xᵀ0Y

−1
0 x0 for all x0 ∈ Rn.

i. Suppose that St is determined to be positive definite for all t ∈ N0, where

St := Y −1
t + Cᵀ

2N
−1C2 − γ−2Q, (7.7)

in which
Yt+1 = ÂS−1

t Âᵀ +B1B
ᵀ
1 − LN−1Lᵀ (7.8)

for all t ∈ N0. Then the information state in (7.6) is bounded at ev-
ery t ∈ N and is given by

pt(xt) = −γ2(xt − x̄t)ᵀY −1
t (xt − x̄t) + Zt, (7.9)

for all t ∈ N, where the vector x̄t and the scalar Zt are given for all t ∈ N0

by
x̄t+1 = Ātx̄t + B̄tūt + D̄tȳt, (7.10)

Zt+1 = Zt + x̄ᵀt Q̄tx̄t + ūᵀt R̄tūt − γ2ȳᵀt V̄tȳt (7.11)

with x̄0 = 0 and Z0 = 0, where

Āt = ÃΠ̃−1
t , Π̃t = I − γ−2YtQ̃,

S̃t = Y −1
t + Cᵀ

2N
−1C2 − γ−2Q̃, B̄t = B2 + γ−2ÂS−1

t P,

D̄t = ÃS̃−1
t Cᵀ

2N
−1 + LV̄t, Q̄t = Q̃Π̃−1

t ,

V̄t = N−1(I − C2S̃
−1
t Cᵀ

2N
−1), R̄t = R+ γ−2P ᵀS−1

t P,

(7.12)
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with
ūt = ut − (ǔt + ũt), ȳt = yt − ỹt, (7.13)

for
ǔt := −Ǩtyt, ũt := −K̃tx̄t, ỹt := L̃tx̄t, (7.14)

and
Ǩt = R−1P ᵀS̃−1

t Cᵀ
2N
−1, K̃t = R−1P ᵀS̃−1

t Y −1
t ,

L̃t = C2Π̃−1
t .

ii. If Sk determined based on (7.7) and (7.8) has a negative eigenvalue at
a given k ∈ N0, then pt(xt) determined based on (7.6) is unbounded for
all t > k + 1. �

Remark 7.1. It is worth mentioning that at every t ∈ N0, St � 0 and the con-
trollability of (Â, B1−LN−1D21) are sufficient conditions to guarantee Yt+1 � 0
determined based on (7.8). �

Remark 7.2. We do not cover the case in which Sk has one or multiple zero
eigenvalues at a given k ∈ N0, this is beyond the scope of this article (further
discussion in Remark 7.3). �

Note that based on (7.10) and (7.11), the values of x̄t and Zt can always be
determined if the information set {yi, ui|i ∈ Nt−1

0 } is available at every t ∈ N.
In order to determine a τ -periodic `2-controller, we first consider the following
minimax optimization problem over a finite-time horizon

Ĵ∗ = max
{yt:=Tt(Et)}

t∈NT−1
0

min
{ut=Rπτt (Fπτt )}

t∈NT−1
0

Ĵ(y0:T−1, u0:T−1), (7.15)

where
Ĵ(y0:T−1, u0:T−1) := max

xT∈Rn
[pT (xT ) + q(xT )],

for some mapping Tt : Et → Ro, t ∈ N0,

Et := {yi|i ∈ Nt−1
0 }, (7.16)

at every t ∈ N0, and

q(xT ) := min
uk:=M(xk)k>T

max
wk:=N (xk)k>T

∑∞
k=T ‖zk‖2 − γ2‖wk‖2 (7.17)

is the value function of the full-state feedback zero-sum dynamic game in which
M and N are appropriate mappings. The control policy determined by the solu-
tion of (7.15) can be shown to solve a partial-state feedback `2-control problem
over the finite-time horizon (James et al., 1994). After we determine such a con-
troller by solving (7.15), we will find the conditions under which the determined
policy can be the solution of the (infinite-time horizon) τ -periodic `2-controller
as introduced in Definition 7.2. This is carried out in the following subsections.
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7.2.3 1-Periodic `2-controller

The next lemma gives necessary and sufficient conditions for the existence of a 1-
periodic `2-controller for a given γ ∈ R�0, and provides a 1-periodic `2-controller
with `2-gain bound γ. The proof can be found in the appendix and relies on the
solution to (7.15).

Lemma 7.2. (1-Periodic `2-controller) Let Assumption 7.1 hold and consider
a given γ ∈ R�0. Suppose the following conditions hold

∆1 := γ2I − Y X � 0, ∆2 := S � 0, ∆3 := γ2I −Bᵀ
1XB1 � 0, (7.18)

where X and Y are the positive definite solutions of

X = ÃᵀXH−1Ã+ Q̃, (7.19)

Y = ÂS−1Âᵀ +B1B
ᵀ
1 − LN−1Lᵀ, (7.20)

for
H = I + (B2R

−1Bᵀ
2 − γ−2B1B

ᵀ
1 )X,

S = Y −1 + Cᵀ
2N
−1C2 − γ−2Q.

(7.21)

Then, γ � γ∗1 and

i. the control policy

u∗t = −R−1P ᵀx̄ut −K(Ǎx̄ut + LN−1yt), (7.22)

is a 1-periodic `2-controller with `2-gain bound γ based on Definition 7.2,
where

K :=R−1(Bᵀ
2 + γ−2P ᵀS̃−1Ǎᵀ)G, (7.23)

for

S̃ = Y −1 + Cᵀ
2N
−1C2 − γ−2Q̃,

G = (HX−1 + γ−2LN−1Lᵀ − γ−2ǍS̃−1Ǎᵀ)−1,
(7.24)

and
x̄ut := S̃−1(Y −1x̄t + Cᵀ

2N
−1yt), (7.25)

with the state estimator

x̄t+1 = Āx̄t + B̄(ut − ǔt − ũt) + D̄(yt − ỹt), (7.26)

for all t ∈ N0, with x̄0 = 0,

Ā = ÃΠ̃−1, B̄ = B2 + γ−2ÂS−1P, Π̃ = I − γ−2Y Q̃,

D̄ = ÃS̃−1Cᵀ
2N
−1 + LV̄ , V̄ = N−1(I − C2S̃

−1Cᵀ
2N
−1),
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and
ǔt = −Ǩyt, ũt = −K̃x̄t, ỹt = L̃x̄t, (7.27)

for

Ǩ = R−1P ᵀS̃−1Cᵀ
2N
−1, K̃ = R−1P ᵀS̃−1Y −1, L̃ = C2Π̃−1.

ii. the performance index J in (7.5) is upper bounded as

J 6 γ2xᵀ0Y
−1x0 +

∑∞
t=0[(ut − u∗t )ᵀΦ(ut − u∗t )
− (yt − y∗t )ᵀΨ(yt − y∗t )],

(7.28)

for
y∗t := (C2 + γ−2LᵀXH−1Ã)(I − γ−2Y X)−1x̄t, (7.29)

and having R̄ := R+ γ−2P ᵀS−1P , then

Φ := R̄+ B̄ᵀX(I − γ−2Y X)−1B̄,

Ψ := γ2V̄ − D̄ᵀGD̄.
(7.30)

Moreover, if for a given γ ∈ R�0, one of the matrices ∆1, ∆2 or ∆3 in (7.18)
has a negative eigenvalue, then γ ≺ γ∗1 . �

Remark 7.3. We do not cover the case where for a given γ ∈ R�0, one of
the matrices ∆1, ∆2 or ∆3 has one or multiple zero eigenvalues. Note that
typically,the set of γ ∈ R for which this is the case, has zero measure. Therefore,
from a practical point of view this is not a main limitation of our work. �

Remark 7.4. Under Assumption 7.1, the solutions of the stationary Ricatti
equations (7.19) and (7.20) for a given γ ∈ R�0 should be positive definite so
that the control policy (7.22) solves the 1-periodic `2-control problem. In fact,
X is needed to be positive definite even for the state-feedback `2-control problem,
see, e.g. Başar and Bernhard (2008). Moreover, based on Remark 7.1, under
the condition that ∆2 � 0, Y is positive definite. �

7.2.4 τ -Periodic `2-controller for a τ ∈ N
This section focuses on a multi-rate periodic `2-control problem in which the
controller has access to the measured outputs only every τ time-steps. Note
that the output policy that is determined based on (7.15) depends on all the
measured outputs from the initial up to the previous time-step, i.e., up to t− 1.
We introduce another time variable κ ∈ N0, where κ = b tτ c and define the aug-
mented control and disturbance inputs at every κ as Uκ = [uᵀκτ . . . u

ᵀ
κτ+τ−1]ᵀ

and Ȳκ = [yᵀκτ . . . y
ᵀ
κτ+τ−1]ᵀ. Lemma 7.3 presents a τ -periodic `2-controller for a

general τ ∈ N based on the solution of (7.15).
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Lemma 7.3. (τ -Periodic `2-controller for τ ∈ N) Let Assumption 7.1 hold and
consider a given γ ∈ R�0. Suppose the following inequalities hold

∆1 = γ2I − Y X � 0, ∆2 = S � 0, ∆3 = γ2I −Bᵀ
1XB1 � 0,

∆2+h := γ2I − (AΠ−1Y Aᵀ +B1B
ᵀ
1 )Θh � 0, for all h ∈ Nτ2 ,

(7.31)

for Π = I − γ−2Y Q, where X, Y are the positive definite solutions of (7.19), (7.20),
respectively, S is given in (7.21), and

Θh :=

{
AᵀΘh+1V

−1
h A+Q, if h ∈ Nτ−1

1

X, if h = τ,
(7.32)

where Vh = I − γ−2B1B
ᵀ
1 Θh+1 for all h ∈ Nτ−1

1 . Then, γ � γ∗τ and

i. the control policy

u∗t =

{
−R−1P ᵀx̄ut −K(Ǎx̄ut + LN−1yt), if t = τκ, (for a κ ∈ N0)

−R−1(Bᵀ
2XH

−1Ã+ P ᵀ)x̂t|t, otherwise,

(7.33)
is a τ -periodic `2-controller with `2-gain bound γ based on Definition 7.2,
where K is given in (7.23),

x̄ut := S̃−1(Y −1x̄t + Cᵀ
2N
−1yt), (7.34)

and x̄t follows (7.26). Moreover, for all t ∈ N0,

x̂t+1|t := H−1Ãx̂t|t,

x̂t|t :=

{
X−1G(Ǎx̄ut−1 + LN−1yt−1), if t = τκ+ 1, (for a κ ∈ N0)

x̂t|t−1, otherwise,

(7.35)
where x̄ut and G follow (7.34) and (7.24), respectively.

ii. for a given κ ∈ N0,

U∗κ := [u∗ᵀκτ . . . u
∗ᵀ
κτ+τ−1]ᵀ, Ȳ ∗κ := [y∗ᵀκτ . . . y

∗ᵀ
κτ+τ−1]ᵀ, (7.36)

where u∗t follows (7.33) for all t ∈ N0,

y∗κτ := (C2 + γ−2LᵀXH−1Ã)(I − γ−2Y X)−1x̄κτ , (7.37)

and for all i ∈ Nτ−1
1 ,

y∗κτ+i := ȳ∗κτ+i + C2Π−1(x̄κτ+i + γ−2Y Puκτ+i), (7.38)
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where

ȳ∗κτ+i := γ−2(C2Π−1Y Aᵀ + Lᵀ)(Θi+1V
−1
i AΩix̄κτ+i + Ξi+1ΛiÛκτ+i),

in which Ûκτ+i := [uᵀκτ+i . . . u
ᵀ
κτ+τ−1]ᵀ,

Λi :=

{
B̂, if i = τ − 1

[B̂ Θ−1
i+1N̂

ᵀ
i+1], otherwise,

for all i ∈ Nτ1 , where B̂ := B2 + γ−2AΠ−1Y P ,

Ξi := (Θ−1
i − γ

−2B1B
ᵀ
1 − γ−2AΠ−1Y Aᵀ)−1,

Ωi := (I − γ−2YΘi)
−1,

and having N̂τ−1 := Bᵀ
2 (X−1 − γ−2B1B

ᵀ
1 )−1A+ P ᵀ, then for all i ∈ Nτ−2

1 ,

N̂i :=

[
Bᵀ

2 (Θ−1
i+1 − γ−2B1B

ᵀ
1 )−1A+ P ᵀ

N̂i+1Θ−1
i+1(Θ−1

i+1 − γ−2B1B
ᵀ
1 )−1A

]
.

Then J in (7.5) is upper bounded as

J 6 γ2xᵀ0Y
−1x0+

∑∞
κ=0[(Uκ − U∗κ)ᵀΦ̄τ (Uκ − U∗κ)

− (Ȳκ − Ȳ ∗κ )ᵀΨ̄τ (Ȳκ − Ȳ ∗κ )],
(7.39)

where Ψ̄τ := diag(Ψ0, . . . ,Ψτ−1) such that

Ψi :=

{
γ2V̄ − D̄ᵀGD̄, if i = 0

γ2V̂ − D̂ᵀΘi+1Ωi+1D̂, otherwise,

for all i ∈ Nτ−1
1 , G in (7.24) and

V̂ := N−1(I − C2S
−1Cᵀ

2N
−1), D̂ := AS−1Cᵀ

2N
−1 + LV̂ .

Moreover,

Φ̄τ :=

[
R̄+ B̄ᵀΘ1Ω1B̄ B̄ᵀΩᵀ

1N̂
ᵀ
1

N̂1Ω1B̄ Ῡ1

]
,

where for all i ∈ Nτ−2
1 ,

Ῡi := Λᵀ
i Ξi+1Λi + diag(R+ γ−2P ᵀΠ−1Y P, Ῡi+1 − N̂i+1Θ−1

i+1Ωᵀ
i+1N̂

ᵀ
i+1),

such that Ῡτ−1 := B̂ᵀΞτ B̂ +R+ γ−2P ᵀΠ−1Y P.

Moreover, if for a given γ ∈ R�0, one of the matrices ∆i, for i ∈ N2+τ
1 in (7.31)

has a negative eigenvalue, then γ ≺ γ∗τ . �

Similar to Remark 7.3, we do not investigate the situation in which for a
specific γ ∈ R�0, one of the matrices ∆i, for i ∈ N2+τ

1 , has one or multiple zero
eigenvalues.
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7.2.5 Networked control system for event-triggered communi-
cation

The NCS we are interested in the ETC setting has the same plant G as given
in (7.1). However, data transmission from the sensors to the controller are
triggered by an output-dependent mechanism, which is called an event-triggered
transmission policy. This event-triggered transmission policy can be formalized
as µ = {µt}t∈N0

, where
δt = µt(Ht) ∈ {0, 1} (7.40)

with
Ht := {yi|i ∈ Nt0} ∪ {δi|i ∈ Nt−1

0 } (7.41)

is the information set available for the scheduler at every t ∈ N0 to decide
whether to transmit (δt = 1) or not to transmit (δt = 0) at time t. Then, any
appropriate control policy is formalized as Rµ = {Rµt }t∈N0

, where

ut = Rµt (Fµt ) (7.42)

for a mapping Rµt : Fµt → Rm. The information set Fµt available for the con-
troller contains all the measured outputs up to the last triggering time. However,
based on the periodic time-triggered control policies in (7.22) and (7.33), x̄t at
every t ∈ N is a sufficient representative of all the measured outputs up to the
time step t− 1 needed by the controller. This indicates that at every trigger-
ing time step i ∈ N0, instead of {yLi−1+1, . . . , yi}, the scheduler only needs to
transmit {x̄i, yi} to the controller. Accordingly,

Fµt := {x̄i, yi|i ∈ Nt0 ∧ µi(Hi) = 1}, (7.43)

where x̄i is determined based on (7.26) at every i ∈ N0 in the scheduler. We call
any event-triggered scheduler and controller η = (µ,Rµ) an ETC. Furthermore,
we introduce the average transmission rate associated with an ETC policy η as
f̄η(x0, w) = lim supT→∞

1
T

∑T−1
t=0 µt(Ht) and the average inter-transmission time

as ω̄η(x0, w) = 1/f̄η(x0, w). Next, we define the concept of an event-triggered `2-
controller.

Definition 7.4. (Event-triggered `2-controller) Given γ ∈ R�0, an ETC
η = (µ,Rµ) for the system (7.1) is referred to as an event-triggered `2-controller
with `2-gain bound γ if

i. the closed-loop control system is globally asymptotically stable when w =
(0, 0, . . . ), and

ii. there exists a function φ : Rn → R>0 satisfying φ(0) = 0, and J 6 φ(x0),
for all w ∈ `d2, any x0 ∈ Rn, and J as in (7.5).

�
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7.2.6 Problem statement

It is possible to decrease the communication frequency between the sensors and
the controller by employing the idea of ETC, while at the same time preserv-
ing the same `2-gain bound for the control loop as the designed τ -periodic `2-
controllers in (7.22) and (7.33). This concept is introduced in the following
definition as an `2-consistent ETC.

Definition 7.5. (`2-consistent event-triggered controller) For any given τ ∈ N
and any `2-gain bound γ ∈ R�0 for the system (7.1), where the τ -periodic
`2-controller (7.33) (or equivalently (7.22), in case τ = 1) exists, an event-
triggered `2-controller η = (µ,Rµ) is said to be `2-consistent with `2-gain
bound γ, if

i. η has `2-gain bound γ, and

ii. in comparison to the τ -periodic `2-controller (7.33) (or equivalently (7.22),
in case τ = 1) with `2-gain bound γ, the average transmission rate of η is
lower than or at most equal to 1

τ , i.e., f̄η(w) 6 1
τ for all w ∈ `d2. �

Based on Definition 7.5, the goal of this work is to propose an `2-consistent
ETC for the NCS depicted in Fig. 7.1.

7.3 Main results: `2-consistent event-triggered controller

For simplicity, in Section 7.3.1 first we propose an `2-consistent ETC based on
Definition 7.5 for τ = 1. Then, in Section 7.3.2, we consider the general case.

7.3.1 Special case τ = 1

An ETC consists of two main parts; being the controller and the scheduler.
Inspired by the 1-periodic `2-controller in (7.22), we propose the controller of
our `2-consistent ETC as

Rµt (Fµt ) =−R−1P ᵀx̃ut|t −K(Ǎx̃ut|t + LN−1ỹt), (7.44)

where K is given as in (7.23),

x̃ut|t = S̃−1(Y −1x̃t|t + Cᵀ
2N
−1ỹt), (7.45)

and ỹt, x̃t|t are the estimation of yt and x̄t in the controller, respec-
tively, at every t ∈ N0. When the scheduler triggers a transmission,
i.e., δt = µt(Ht) = 1, {x̄t, yt} is communicated to the controller and, there-
fore, ỹt = yt, x̃t|t = x̄t. However, in case of no data transmission, we use the
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hold policy for the estimation of yt in the controller. Therefore, having ỹ−1 = 0,
for all t ∈ N0,

ỹt =

{
yt, if µt(Ht) = 1

ỹt−1, otherwise.
(7.46)

The main reason for not employing a model-based estimation for yt is due to the
fact that within the context of the `2-control problem, the characteristics of the
disturbance input w is usually unknown, where it can take any bounded value.
Now for x̄t|t, we introduce the following model-based estimator,

x̃t+1|t = Āx̃t|t + B̄(ut + Ǩỹt + K̃x̃t|t) + D̄(ỹt − L̃x̃t|t),

x̃t|t =

{
x̄t, if µt(Ht) = 1

x̃t|t−1, otherwise,

(7.47)

where x̃0|0 = 0 and ỹt follows (7.46) at all t ∈ N0. Next, we define the event-
triggered transmission policy µt as

µt(Ht) :=

{
1, if βt+1|t � 0

0, otherwise.
(7.48)

at all t ∈ N0, where

βt+1|t := βt|t − (yt − y∗t )ᵀΨ(yt − y∗t ) + (upt − u∗t )ᵀΦ(upt − u∗t ),

βt+1|t+1 :=

{
βt|t − (yt − y∗t )ᵀΨ(yt − y∗t ), if µt(Ht) = 1

βt+1|t, otherwise,

for all t ∈ N0, β0|0 := 0 and

upt :=−R−1P ᵀx̃ut|t−1 −K(Ǎx̃ut|t−1 + LN−1ỹt−1),

where
x̃ut|t−1 = S̃−1(Y −1x̃t|t−1 + Cᵀ

2N
−1ỹt−1). (7.49)

Moreover, for all t ∈ N0, ỹt−1, x̃t|t−1, u∗t and y∗t follow (7.46), (7.47), (7.22)
and (7.29), respectively. The next theorem states the `2-consistency of the pro-
posed ETC, i.e. (7.44) and (7.48).

Theorem 7.1. Let Assumption 7.1 hold. Then for system (7.1), the ETC with
the scheduling policy (7.48) and the control policy (7.44), where ỹt, x̃t|t fol-
low (7.46) and (7.47), respectively, is `2-consistent in the sense of Definition 7.5.

�

Remark 7.5. The main idea behind the proposed `2-consistent ETC comes di-
rectly from the upper bound of J in (7.28). As the measured outputs deviate from
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the y∗t at some t ∈ N0, it results in some negative terms, which provides the op-
portunity to skip data transmissions at some times. In principle, the proposed
ETC balances the negative terms of cost upper bound arising when yt 6= y∗t , with
the positive terms of the cost upper bound, when ut 6= u∗t due to skipped data
transmissions, such that J 6 γ2xᵀ0Y

−1x0.

7.3.2 General case τ ∈ N
Similar to the previous section, we first introduce the control input of our desired
ETC. Based on the periodic `2-controller (7.33), where the state estimation x̄t
and the current measured output yt are transmitted to the controller every τ ∈ N
time-steps, the control input of the ETC is proposed as

Rµt (Fµt ) :=


−R−1P ᵀx̃ut|t −K(Ǎx̃ut|t + LN−1ỹt), if t = τκ,

(for a κ ∈ N0)

−R−1(Bᵀ
2XH

−1Ã+ P ᵀ)x̌t|t, otherwise,

(7.50)

at every t ∈ N0, where x̃ut|t, ỹt, x̃t|t follow (7.45), (7.46) and (7.47), respectively,
and

x̌t+1|t = H−1Ãx̌t|t,

x̌t|t =


X−1G(Ǎx̃ut−1|t−1 + LN−1ỹt−1), if t = τκ+ 1, (for

a κ ∈ N0)

x̌t|t−1, otherwise.

(7.51)

Then, the event-triggered policy at all t ∈ N0 is proposed to be

µt(Ht) :=

{
1, if t = κτ for a κ ∈ N and β(κ+1)τ |κτ � 0

0, otherwise,
(7.52)

where considering Ψ̃τ = diag(Ψ1, . . . ,Ψτ−1,Ψ0),

Upκ =

 upκτ
. . .

upκτ+τ−1

 , Ỹκ =

yκτ−τ+1

. . .
yκτ

 , Ỹ ∗κ =

y∗κτ−τ+1

. . .
y∗κτ

 ,
for all κ ∈ N, where

upt :=

{
−R−1P ᵀx̃ut|t−1 −K(Ǎx̃ut|t−1 + LN−1ỹt−1), if t = τκ

−R−1(Bᵀ
2XH

−1Ã+ P ᵀ)ˇ̌xt|t−1, otherwise,
(7.53)

where x̃ut|t−1 follows (7.49),

ˇ̌xt+1|t =


X−1G(Ǎx̃ut|t−1 + LN−1ỹt−1), if t = τκ, (for

a κ ∈ N0)

H−1Ãˇ̌xt|t−1, otherwise,

(7.54)
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β1|1 := −yᵀ0 Ψ0y0 and for all κ ∈ N0,

β(κ+1)τ |κτ := βκτ |κτ − (Ỹκ − Ỹ ∗κ )ᵀΨ̃τ (Ỹκ − Ỹ ∗κ )

+ (Upκ − U∗κ)ᵀΦ̄τ (Upκ − U∗κ),

β(κ+1)τ |(κ+1)τ :=

{
β̂(κ+1)τ |κτ , if µκτ (Hκτ ) = 1

β(κ+1)τ |κτ , otherwise,

in which β̂(κ+1)τ |κτ := βκτ |κτ − (Ỹκ − Ỹ ∗κ )ᵀΨ̃τ (Ỹκ − Ỹ ∗κ ) and x̃t|t−1, U∗κ , y∗κτ−τ+1:κτ

follow (7.47), (7.36) and (7.37), (7.38), respectively.

Theorem 7.2. Let Assumption 7.1 hold. Then for system (7.1), the ETC
with the event-triggered scheduling policy (7.52) and the control input (7.50),
where ỹt, x̃t|t follow (7.46) and (7.47), respectively, is `2-consistent in the sense
of Definition 7.5. �

7.4 Numerical example

Consider system (7.1) with

A =

[
0.8 −0.5
−0.25 1.1

]
, B1 =

[
0.1 0
0 −0.3

]
, B2 =

[
−0.2
0.1

]
,

C1 =

[
0.1 0.2
−0.3 0.5

]
, D12 =

[
0.3
0.3

]
, C2 =

[
0.5 −0.1

]
, D21 =

[
0.5 1

]
,

where Assumption 7.1 holds. Moreover, we take wt = e−
t

200

[
sin( t

15 ) cos( t
20 )
]ᵀ

,
t ∈ N0, as the unknown disturbance input of the system. We denote the infi-
mal `2-gain bound for which the τ -periodic `2-controller (7.33) exists by γ∗τ . For
the given system, these values are determined to be γ∗1 = 2.9550, γ∗2 = 3.8055,
γ∗3 = 5.1140, γ∗4 = 6.8489. Throughout this example, we show that the proposed
`2-consistent ETC can result in significant improvements both in terms of the
`2-gain bound and the communication rate.

Fig. 7.2 shows the state trajectories of two different closed-loop scenarios over
a 250 time step window, in the first PTC scenario, the scheduler is transmitting
periodically with τ = 4 and the controller follows (7.33) for γ = 6.8510 = γ∗4 + ε
close to the infimal value γ∗4 as ε = 0.0021 is a small real number. The second
scenario is an `2-consistent ETC designed for (τ, γ) = (1, 3.0504) based on (7.44)
and (7.48). The average transmission time period of this event-triggered scenario
is ω̄(x0, w) = 4.032 ≈ τ = 4 of the PTC. The comparison of these two scenarios
indicates that it is possible to guarantee lower `2-gain bounds for the system (7.1)
by employing the proposed `2-consistent ETC in comparison to the periodic `2-
controller in Lemmas 7.2 and 7.3, while they both have almost the same average
transmission rate from the scheduler to the controller for the corresponding
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Figure 7.2: Illustration of the higher disturbance attenuation of the pro-
posed ETC designed for (τ, γ) = (1, 3.050) in comparison to the PTC designed
for (τ, γ) = (4, γ∗4 + ε = 6.851) while need the same average transmission rate
(for the given disturbance input w).
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Figure 7.3: Trade-off curves that result from the provided `2-consistent ETC
designed for τ = 1 and τ = 2 and the given disturbance input w in comparison
to the one that can be achieved by PTC.

disturbance input. The better disturbance attenuation of the `2-consistent ETC
can be easily seen in Fig. 7.2 and is guaranteed by our theory.

Fig. 7.3 shows the trade-off curves between the `2-gain bound and the average
transmission rate from the scheduler to the controller both for the proposed
`2-consistent ETC and the designed periodic time-triggered `2-controller. The
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stair-type curve indicates the trade-off values one can achieve by following a
periodic `2-controller. However, the dotted blue and the dashed red lines indicate
the trade-off values resulting from the provided `2-consistent ETC for τ = 1
and τ = 2, respectively, for the given disturbance input and a time horizon
of 250 and zero initial condition. This comparison shows that the proposed `2-
consistent ETC can result in much better trade-off values between the `2-gain
bound and the average transmission rate in comparison to PTC.

7.5 Conclusions

In this article, we first followed a game-theoretical approach to design a peri-
odic time-triggered `2-controller for a given `2-gain bound γ and a discrete-time
linear system with partial-state information. The concept of information state
(Helton and James, 1999) was employed throughout this controller design to de-
fine a minimax optimization problem, where the controller acts as a minimizer
and the measured output is the maximizer of the cost function. Based on this
setup, we proposed an event-triggered `2-controller, which guarantees the same
`2-gain bound as the designed periodic time-triggered `2-controller, however, re-
sulting in a lower or at most the same average data transmission rate from the
sensors to the controller in comparison to that of the designed periodic time-
triggered `2-controller. A numerical example showed that the proposed policy
can save considerable amount of communications in comparison to its periodic
time-triggered `2-controller counterpart, while guaranteeing the same level of
`2-gain bound for the control loop.
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Chapter 8

Conclusions & Recommendations

8.1 Concluding remarks

The domain of event-triggered control (ETC) has attracted much interest during
the past decade due to its potential to reduce the communication rate within
NCS applications, which consequently decreases the power consumption in many
battery-powered devices, while still providing suitable stability and performance
properties. Conceptually, ETC is an alternative for periodic time-triggered con-
trol (PTC) in which the agents of the control loops communicate based on state-
dependent events rather than periodically. Although event-based triggering in
control loops can result in benefits, it makes the controller design more chal-
lenging than that for the periodic triggering case. For example, an ETC loop
is typically non-linear, whereas a periodic sampler is a linear element in every
control loop. This spared much effort to the design of ETC loops from dif-
ferent perspectives. However, there is still much to research to the theoretical
foundations of ETC and many of its features remain uncharted. An important
open problem is that, for most performance measures, it is not formally proved
until now that there exist ETC strategies that can operate better than tradi-
tional PTC strategies. In general, this property is called “consistency” of an
ETC strategy (Antunes and Asadi Khashooei, 2016). As the control objectives
can be different in various control frameworks, it is of importance to address
this consistency properly in many contexts. In some applications, the systems
are experiencing Gaussian disturbances and consequently, the minimization of
an average performance criterion is of interest for the control designer. How-
ever, when the distribution of the disturbance input is unknown, then a wise
option is to design a controller, which is robust against worst-case scenarios that
might happen. Therefore, throughout this dissertation, we have adapted the
consistency concept to different control objectives and designed consistent ETC
policies in these specific senses. More specifically, we have tried to answer the
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following three questions throughout this dissertation:

i. Is there an ETC policy which guarantees a better average quadratic perfor-
mance in comparison to the optimal PTC policy, while they both transmit
with the same average transmission rate?

ii. Is there a state-dependent data transmission power scheduling and control
policy, which outperforms the constant data transmission power schedul-
ing and its associated optimal control policy in the sense of an average
quadratic cost, while they both consume the same amount of average trans-
mission power?

iii. Is there an aperiodic (or event-trigged) data transmission and control policy
which preserves the same `2-gain bound as a periodic `2-controller however,
by communicating with a lower (or at most the same) average transmission
rate?

In the following, we will summarize the contributions in answering these
questions.

i. Consistent event-triggered controllers from an average performance
perspective

Linear Quadratic Gaussian (LQG) control refers to the optimal control of
linear systems with Gaussian disturbance inputs. Employing an event-triggered
sensor-to-control communication in this setting hampers the design and analysis
of such control loops. Therefore, one should research if, in spite of the complexity
of the design, it is possible to achieve a lower average quadratic cost by employing
an ETC policy, and if so, then propose such an ETC policy.

Accordingly, we introduced the notion of “LQ-consistent ETC”, which per-
tains to any ETC policy that outperforms the optimal PTC policy in the LQG
control setting, while in both scenarios, the average transmission rates from the
sensors to the controller are equal. Throughout Chapter 2 and 3 we have investi-
gated this problem. The focus in Chapter 2 is on a centralized design framework,
while throughout Chapter 3, the goal is to design a scheduling and control pol-
icy for decentralized control loops of a shared contention-based communication
network.

The result of Chapter 2 states that one can find ETC policies in the LQG
control setting, which strictly outperform the optimal PTC policy, while they
both have the same average sensor-to-controller transmission rates. The pro-
posed event-triggered controller in this chapter is determined by following an
emulation-based approach, where the control policy has the same structure as
the optimal PTC policy. However, the scheduling policy is determined by com-
paring the expected incurred cost at every time with the total average cost of
the optimal PTC policy. The numerical example in this chapter demonstrates
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significant performance gains obtained by employing the proposed ETC policy
in comparison to that of the optimal PTC policy.

Throughout Chapter 3, we investigated physically independent control sys-
tems sharing a contention-based communication network. Employing event-
triggered scheduling in these networks, in general, can create coupling between
systems due to data collisions. Therefore, throughout Chapter 3, we introduced
a class of event-triggered scheduling policies for the physically independent users
of this communication network that keeps the optimal control and estimation
design problems still decentralized. Moreover, we proposed an event-triggered
scheduler within this class and proved that its associated optimal control law is
linear and the optimal state estimation in this control loop is determined by the
Kalman filter. Furthermore, we showed that the proposed ETC policy outper-
forms its non-event-based counterpart, or in other words, it is LQ-consistent.

ii. Consistent state-dependent power scheduling and control policy
from an average performance perspective

In Chapter 2 and 3, we assumed that there exists a perfect communication
channel between the scheduler and the controller. However, in typical wireless
data communication channels, the successful reception of the transmitted data
directly depends on the power of the radio signal employed for the data trans-
mission. Therefore, it would be more realistic if the scheduler determines the
power of the radio signals used for every data transmission based on events,
instead of deciding on triggering data transmission or not.

Consequently, in Chapter 4, we introduced the notion of “LQ-power consis-
tent control” that refers to a state-dependent radio power scheduling and control
policy, which outperforms the constant power scheduling policy with its asso-
ciated optimal controller in the sense of an average quadratic cost, while they
both have the same average transmission power consumption. Moreover, we pro-
posed such an LQ-power consistent controller by exploiting the idea of stochastic
threshold event-triggered scheduler (Brunner et al., 2018; Han et al., 2015). The
numerical example showed that by using the proposed state-dependent power
scheduling and control policy, we can achieve the same performance as that of
the constant power scheduling with its optimal controller, however, by using a
much lower average transmission power.

iii. Consistent event-triggered controllers from a worst-case perfor-
mance prespective

Usually in many control applications, the characteristic of the disturbance
input is not necessarily Gaussian and it is unknown to the control designers.
The `2-control theory is developed for these scenarios, which guarantees the
`2-gain from the disturbance input to a performance output to be less than a
pre-specified value. The widespread application of the `2-control theory moti-
vated us to investigate the design of an event-triggered `2-controller that can
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outperform the traditional time-triggered `2-controllers. Therefore, we intro-
duced the notion of “`2-consistent ETC”, that refers to any joint data transmis-
sion scheduling and control policy guaranteeing the same `2-gain bound as the
periodic time-triggered `2-controllers designed by following a game-theoretical
approach, however, by using a lower (or at most an equal) average sensors-to-
controller transmission rate. This problem has been investigated in Chapters
5, 6 and 7, which will be summarized more in the following.

In Chapter 5, we have determined an aperiodic data transmission time se-
quence and a controller pair, which are `2-consistent. The data transmission
time sequence is determined off-line and does not depend on the state of the sys-
tem. For the finite-time horizon problems, the proposed policy can decrease the
number of transmissions in comparison to its periodic `2-controller counterpart.
However, as the time horizon approaches infinity, the proposed transmission se-
quence converges to a periodic sequence and usually, we cannot save too many
communications. Therefore, we decided to explore the idea of ETC in pursuit
of better scheduling and control policies in this context.

Chapters 6 and 7 have been devoted to the design of `2-consistent ETCs for
both the full-state and partial-state feedback problems, respectively. First, in
Chapter 6, we have determined an `2-control policy for a periodic state trans-
mission to the controller with a given time period and a specific `2-gain bound,
following a game-theoretical approach. This approach helped us to represent
‖z‖2 − γ2‖w‖2 by a sum of quadratic terms, and based on that, we could pro-
pose an `2-consistent ETC.

The design of a periodic `2-controller with partial-state (output) information
is more challenging than the one for full-state information. In Chapter 7, we
utilized the notion of the information state (Helton and James, 1999) in order
to convert the periodic `2-control design problem to a minimax optimization
problem between the control inputs and the measurement outputs. Again, we
could express the cost function ‖z‖2 − γ2‖w‖2 as a sum of quadratic terms that
was instrumental to construct an `2-consistent ETC policy, similar to what we
did in Chapter 6.

The results of Chapters 6 and 7 show that the proposed `2-consistent ETC
policies can save much communication for typical disturbances. However, there
exist some classes of disturbances that result in the same amount of transmissions
as the periodic time-triggered `2-controllers. This observation raises the question
of whether in general for every event-triggered `2-controller, there exist sequences
of square summable disturbances for which the scheduler transmits periodically.

8.2 Recommendations

The consistency of event-triggered controllers is still not established for certain
relevant control configurations and they might require further research. In the
following, we mention some of these configurations and some open research chal-
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lenges in which one can investigate the capacity of ETC strategies in increasing
the control performance and decreasing the communication cost.

1: Consistent state-dependent delay scheduling in control loops

The 5G mobile communication network can provide communication with
any desired latency level selected within a feasible domain, which consequently,
affects the final service cost demanded by the network provider (Maity et al.,
2019). In this case, the control loop can schedule the latency of every single
data transmission. Therefore, inspired by the idea of ETC, it seems possible to
schedule delay values based on state-dependent events at every transmission. In
principle, event-triggered transmission scheduling policies proposed in this work
assign either zero or infinite delay to every transmitted data. However, we can
have more options for the delay values and search to find an event-triggered de-
lay allocation policy jointly with an appropriate controller such that the desired
performance is guaranteed, while at the same time maximizing the average delay
of data transmissions. As an example, similar to Chapters 6 and 7, we can design
an event-triggered delay allocation mechanism jointly with an `2-controller such
that it preserves the same `2-gain bound as an `2-controller in which the trans-
mitted data always has a fixed delay value, while its average transmission delay
should be larger (or at most equal) to that fixed delay value. This problem can
be solved following the similar game-theoretical approach of Chapters 6 and 7.

2: An LQ/`2-consistent ETC policy

As we mentioned in the introduction, the research on the design of an
LQ-consistent ETC has been already investigated by some researchers, see
e.g., Antunes and Asadi Khashooei (2016) and Goldenshluger and Mirkin (2017).
Throughout this dissertation, we also investigated the design of an `2-consistent
ETC. However, similar to the H2/H∞ control theory in which a certain `2-gain
bound is preserved for the control system, while an H2 performance index is
minimized, we can search for an LQ/`2-consistent ETC policy. As an example,
we can refer to any ETC policy that preserves the same `2-gain bound similar to
periodic H2/H∞ controllers, however, with a lower average quadratic cost (LQG
performance), while they both communicate with the same average transmission
rate, as an LQ/`2-consistent ETC policy.

3: Decentralized `2- or LQ-consistent ETC policy for interconnected
systems

To the best of our knowledge, there is no work in the literature that consid-
ers the design of a consistent ETC policy, in any sense, for physically coupled
(interconnected) systems. In the LQG setting for interconnected systems, the
design of a periodic decentralized controller is still challenging and is a hot re-
search topic. However, adding event-triggered transmission scheduling to this
problem will create many new challenges. In any case, solving this problem can
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be a breakthrough in the domain of control system theory and it will have a high
impact in the future. However, from the perspective of the `2-gain performance,
we believe that the decentralization of the proposed ETC policies in Chapters 6
and 7 is possible and it is not as challenging as it is in the LQG setting.

4: The optimal ETC control in the LQG control setting

The LQ-consistent ETC policies proposed so far, only indicate that they op-
erate better than the optimal PTC policy. However, it would be of high interest
to determine the joint optimal scheduler and controller in the LQG control set-
ting.

5: LQ-power consistent control for more general network characteris-
tic curves

The work in chapter 4 is based on assuming that the network characteristic
curve is convex in the region of interest. However, often, these curves are convex
for low transmission powers and as the power goes higher, the curve changes to
be concave. Therefore, further research needs to be done to develop LQ-power
consistent control for these more general network characteristic curves.

6: Experimental evaluation

The experimental validation of consistent ETC strategies in settings where
the controlled process is very well approximated by a linear system, would sig-
nificantly increase the impact of the results in this dissertation. In fact, the
proposed consistent ETCs in this work are rather general and can be applied
to any linear system. However, model uncertainty, small delays, controller lim-
itations are features often encountered in practice and we have not taken them
into account during the ETC design phase. Experimental validation of these
consistent ETC policies could either encourage their further developments or
eventually expose their fragility to some of these unmodeled features, thereby
sparing new research in these directions.

7: Extension to non-linear systems

The results in this dissertation are developed exclusively for linear systems.
However, non-linear systems are also important and naturally the subject of
extensive research. Therefore, extending the present results to non-linear con-
trol settings would be a natural follow up of the present dissertation. As an
example, the result of Chapters 6 and 7 can be extended to non-linear systems
if the value function of the corresponding minimax optimization problems can
be determined analytically or approximated by following approximate dynamic
programming approaches.

8: Connection to communication technology

Communication researchers should also adapt new protocols, or new slices
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within the context of 5G networks, in order to facilitate the implementation of
event-triggered transmission mechanisms. This will stimulate the engagement
of ETC policies in real industrial applications.

8.3 Final thoughts

The rapid expansion of IoT applications should be supported by the develop-
ment of both communication and control technologies. Adopting event-triggered
transmission can be a giant leap forward in IoT applications that profit from
communication savings. If it is accompanied by enough control design and anal-
ysis tools, then it can find its way to industrial control applications in the near
future. The steps taken in this dissertation to formally establish that one can
always design ETC strategies for any linear system that can outperform periodic
control strategies will hopefully help in this process. On the one hand, it can
inspire researchers to go beyond the present results, extending them to more
general settings. Furthermore, it can encourage practitioners in the industry
to adopt ETC. In fact, why should one settle with periodic control if ETC is
guaranteed to be better?
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Appendix A

Proofs of Chapter 2

A.1 Theorem 2.1

Most of the statements follow from optimal control results Bertsekas (2005).
Here we only prove the properties of g. We start by noticing that Y (1) > 0 due
to (2.5) and, if we let Ȳ (0) := Θ, Ȳ (i) := Y (i) + Θ, for i ∈ N, we have

Ȳ (i+ 1) = AȲ (i)Aᵀ +W, i ∈ N0, (A.1)

and Ȳ (i) 6 Ȳ (i+1), i ∈ N0, by induction (which implies Y (i) 6 Y (i+1), i ∈ N):
it holds for i = 0 due to (2.5) and assuming Ȳ (i) 6 Ȳ (i + 1) holds for a given
i pre and postmultiplying this inequality by A and AT , respectively, adding W
to both sides and using (A.1) we conclude that it holds for i + 1. The proof

that g(i) 6 g(j), if i ≺ j follows then from the fact that g(h) = 1
h

∑h−1
s=1 q(s)

where the q(s) := tr
(
Kᵀ(R + BᵀPB)KY (s)

)
are non-negative, since Y (s) > 0

for s ∈ N \ {1}, and non-decreasing, since Y (i) 6 Y (i+ 1), i ∈ N. Since g(h) is
the average value of a non-negative and non-decreasing sequence, it is also non-
negative and non-decreasing. Since R � 0 then (R+BᵀPB) � 0. Moreover, for
every s ∈ N, Y (s) > X. Therefore, if KX 6= 0, q(s) � 0 for s ∈ N and g(h) � 0
for h ∈ N \ {1}.
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A.2 Theorem 2.2

Let g(xt, ut) := xᵀtQxt + uᵀtRut and note that

E[

T−1∑
t=0

g(xt, ut)] = E[

T−1∑
t=0

E[g(xt, ut)|Isct ]]

= E[

N(T )∑
k=0

sk+1∑
t=sk+1

E[g(xt, ut)|Isct ] + ε] + ε0

= E
[N(T )∑
k=0

E[

sk+1∑
t=sk+1

E[g(xt, ut)|Isct ]|Iscsk ]
]

+ ε̄+ ε0,

(A.2)

where N(T ) := N̄(T ) − 1, N̄(T ) :=min{m ∈ N0|sm > T}, ε0 := E[g(x0, u0)],
ε̄ := E[ε|IscsN(T )

], ε := −(
∑sN̄(T )

t=T g(xt, ut)); the first equality follows from the

tower property of conditional expectations. To prove the last equality, let ηr :=∑r
k=0 ρ(sk, sk+1), for r ∈ N0, ρ(a, a) := 0, for a ∈ N0, and, for b � a,

ρ(a, b) :=

b∑
t=a+1

E[g(xt, ut)|Isct ]− E[

b∑
t=a+1

g(xt, ut)|Isca ];

Then ρ(0, b) is a martingale with respect to the filtration {Iscb |b ∈ N0}, i.e.,
E[ρ(0, b + 1)|Iscb ] = ρ(0, b), and E[ρ(0, b)] = 0, for b ∈ N0. Moreover, s1 is a
stopping time with respect to (w.r.t) the same filtration, which is bounded since
h̄ ≺ ∞. Then, from the optional sampling theorem (Grimmett and Stirzaker,
2001, Theorem 11, Section 12.4), E[ρ(0, s1)|Isc0 ] = 0. Using the same reasoning
for the process started at s`, E[ρ(s`, s`+1)|Iscs` ] = 0 for ` ∈ N. We can use this fact
to conclude that (i) ηr is also a martingale but now with respect to the filtration
{Fr := Iscsr+1

|r ∈ N0}, and N(T ) is a stopping time w.r.t. this filtration since
s0, . . . , sr+1 are measurable w.r.t. this filtration; and (ii) E[ηr] = 0 for r ∈ N0.
Note that N(T ) ≺ T . Then, the desired conclusion, equivalent to E[ηN(T )] = 0,
follows from the optional stopping theorem (Grimmett and Stirzaker, 2001, Th.1,
Sec.12.5).

We now show that the term inside the summation equals

E[

sk+1∑
t=sk+1

E[g(xt, ut)|Isct ]|Iscsk ] = E[

sk+1∑
t=sk+1

E[êᵀtZêt|Isct ]|Iscsk ]

+ tr(PW )E[sk+1 − sk|Iscsk ]

+E[xᵀsk+1Pxsk+1 − xᵀsk+1+1Pxsk+1+1|Iscsk ], (A.3)
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where êt := xt − x̂t|t. To see this, let χ(0, 0) := 0 and

χ(t0, r):=−E[xᵀr+1Pxr+1|Iscr ] + E[xᵀt0+1Pxt0+1|Isct0+1]

+

r∑
t=t0+1

E[xᵀt+1Pxt+1 − xᵀt Pxt|Isct ]
(A.4)

for r ∈ N. This is a martingale w.r.t the filtration {Iscr |r ∈ N0}, E[χ(t0, r)] = 0,
for every r ∈ N0, and using the optional sampling theorem (Grimmett and Stirza-
ker, 2001, Theorem 11, Section 12.4) (which can be applied since s1 6 h̄ ≺ ∞)
we conclude that E[χ(t0, s1)|Isct0 ] = 0; using the same reasoning for the process
started at sk,

E[χ(sk, sk+1)|Iscsk ] = 0, for k ∈ N0. (A.5)

Moreover, from completion of squares,

E[xᵀt+1Pxt+1 − xᵀt Pxt|Isct ] = −E[xᵀtQxt + uᵀtRut|Isct ]

+ tr(PW )+E[(ut−Kxt)ᵀ(R+BᵀPB)(ut−Kxt)|Isct ].

Replacing this expression in (A.4), noticing that ut−Kxt = −Kêt, and using the
tower property of conditional expectations, we conclude that (A.5) is equivalent
to (A.3).

Let et|t := x̄t|t − x̂t|t, i.e., et|t = 0 if t = sk for some k, et|t = et otherwise.
For the first term on the r.h.s of (A.3):

E[

sk+1∑
t=sk+1

E[êᵀtZêt|Isct ]|Iscsk ] = E[

sk+1∑
t=sk+1

eᵀt|tZet|t + tr(ZΘ)|Iscsk ]

= E[

sk+1∑
t=sk+1

eᵀtZet|Iscsk ] + tr(ZΘ)E[sk+1 − sk|Iscsk ]︸ ︷︷ ︸
:=ν

=

h̄−1∑
`=1

E[eᵀsk+`Zesk+`1τ(Iscsk+`)�`|I
sc
sk

] + ν

6
h̄−1∑
`=1

αφ`+1Prob[τk,α(Iscsk+`) � `|Iscsk ] + ν

=

h̄−1∑
`=1

αφ`+1(

h̄∑
m=`+1

Prob[τk,α(Iscsk+`)=m|Iscsk ]) + ν

= α

h̄∑
m=1

(

m∑
`=1

φ`︸ ︷︷ ︸
fm

)Prob[τk,α(Iscsk+`) = m|Iscsk ]) + ν

6 αf̄(τ̄π) + ν. (A.6)
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The first equality follows from the fact that if (PS) holds then xt and êt are
Gaussian random variables when conditioned on Isct with mean x̄t|t and et|t,

respectively, and both with covariance Θ. We can then apply Åström (1970, Ch.
8, Lemma 3.3) to compute the conditioned expected value of E[êᵀtZêt], which is
given by eᵀt|tZet|t+tr(ZΘ); if (FS) holds instead of (PS) then et|t is known when

conditioned on Isct , the expected value boils down to the actual value and Θ = 0.
In the third equality we use the notation 1A = 1 if the event A happens, 1A = 0
if A does not happen. In the first inequality we used the fact that in the event
τk,α � β, the following must hold eᵀsk+βZesk+β ≺ αφβ+1 due to (2.15). In the
second inequality we used the fact that Prob[τk,α(Isk+`) = m|Iscsk ] are constant
(do not depend on Iscsk , see the arguments below (2.16)), which in turn implies

that the average inter-sampling time is τ̄π =
∑h̄
m=1 Prob[τk,α(Iscsk+`) = m|Iscsk ]),

and Jenssen’s inequality building upon the fact that f̄ is concave and fm are the
values of f̄ at m ∈ H.

Replacing (A.3) in (A.2) and using the bound (A.6) we obtain

E[

T−1∑
t=0

g(xt, ut)] 6 E[N̄(t)]
(
(tr(PW ) + tr(ZΘ))E[sk+1 − sk|Iscsk ] + αf̄(τ̄π)

)
+ε̄+ E[xᵀ1Px1|Isc0 ]− E[xᵀsN̄(T )+1PxsN̄(T )+1|IscsN̄(T )

],

where E[xᵀsN̄(T )+1PxsN̄(T )+1|IscsN̄(T )
] was added and subtracted to the right hand

side and we used the fact that

E[

N(T )∑
k=0

E[xᵀsk+1+1Pxsk+1+1|Iscsk+1
]− E[xᵀsk+1+1Pxsk+1+1|Iscsk ]] = 0, (A.7)

established as follows. Let λ0 := 0, and, for r ∈ N,

λr :=

r∑
k=0

E[xᵀsk+1+1Pxsk+1+1|Iscsk ]− E[xᵀsk+1+1Pxsk+1+1|Iscsk+1
].

This is a martingale with respect to {Fr|r ∈ N}, N(T ) is a bounded stop-
ping time w.r.t. this filtration as mentioned above, and E[λr] = 0, for
every r ∈ N0. Then we can use the optional stopping theorem (Grimmett
and Stirzaker, 2001, Th.1, Sec.12.5) to conclude that E[λN(T )] = 0, which
is equivalent to (A.7). Dividing both sides of (A.7) by T and taking the
lim supT→∞, we conclude the desired result, i.e., (2.17) if we take into ac-
count the following facts: (i) E[τk,α(Isk+`)|Iscsk ] is constant (does not depend
neither on Iscsk nor on k, see the arguments below (2.16));(ii) by the same
token, {τk,α = sk+1 − sk|k ∈ N0} is a set of independent and identically dis-
tributed random variables, and from the key renewal theorem (Resnick, 1992),

limT→∞
E[N̄(T )]

T = 1
E[τk,α] = 1

L(α) (iii) limT→∞
T−sN̄(T )

T = 0; (iv) and the facts
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that limT→∞
ε̄
T → 0, limT→∞

E[xᵀ
sN̄(T )+1

PxsN̄(T )+1
|IscsN̄(T )

]

T = 0 which follows
from mean square stability of the closed-loop system, i.e., if (2.4), (2.6), (2.7),
and (2.15) is applied to (2.1), then sup{E[xᵀt xt]|t ∈ N0} ≺ c for a given c ∈ R.
Mean square stability can be proved by observing that, from (A.3),

E[xᵀsk+1+1Pxsk+1+1|Iscsk ]− E[xᵀsk+1Pxsk+1|Iscsk ]=−h(Iscsk) +c

with non-negative c and non-negative function h(Iscsk) and by following similar
steps to the ones in Antunes and Asadi Khashooei (2018), Asadi Khashooei et
al. (2017), and Brunner et al. (2018).





Appendix B

Proofs of Chapter 3

B.1 Theorem 3.1

Let us consider the whole NCS centrally and denote Hk = ∪mi=1H
i
k as the total

information available for the hypothetical central controller at every time step.
First of all, we have to establish the certainty equivalence property, i.e., that the
control law takes the form

uik = KiE[xik|Hk], (B.1)

where due to physical independency between different dynamic users, the op-
timal control gain for every system can be determined independently, as given
in (3.9). As explained in Bar-Shalom and Tse (1974) , we can conclude the
certainty equivalence property if we show the following two features:

• Independency of the scheduling law from the control inputs, which prevents
the generation of the control inputs’ dual effect in the control loops.

• Independency of the remote state estimation error from the control inputs.

Since every δik follows a constant function of the primitive random variables,

any σik = δik
∏m
j=1,j 6=i(1− δ

j
k) is independent from all control inputs, which in-

dicates that the first required property holds. Moreover, following the same
steps as in Molin (2014), we can prove that the state estimation errors, i.e.
eik|k = xik − E[xik|Hk], for both forced and unforced dynamics with the same re-
alization of the primitive random variables are equal, therefore, the state estima-
tion error in the controller is independent from the control inputs. Accordingly,
the optimal control law for every system follows (B.1).

Now we have to show that E[xik|Hk] = E[xik|Hik] holds for all dynamic users
at every time step. Based on the Bayes law of conditional probability, we have
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the following equality at all time steps and for all dynamic users

f(xik|Hik,∪mj=1,j 6=iH
j
k) =

Pr(∪mj=1,j 6=iH
j
k|Hik, xik)

Pr(∪mj=1,j 6=iH
j
k|Hik)

f(xik|Hik),

where it is clear that the fraction term in the above equation is equal to one and
f(xik|Hik,∪mj=1,j 6=iH

j
k) = f(xik|Hik), which concludes the statement. Therefore, the

optimal local controllers (3.8) are equivalent to the optimal central controller.

B.2 Corollary 3.1

We assume that the local estimator is aware of the control law and since
Hik−1 ⊆ Lik, then the local estimator is aware of all the previous control input
values, i.e., {ui`|` ≺ k} at every time step k. As discussed before, the information
set of the local and the remote estimator is equivalent at triggering time steps,
therefore, x̄ik|k = x̂ik|k, when σik = 1. However, when σik = 0, then the remote
state estimation pdf is as follows

f(xik|Hik−1, σ
i
k = 0) =

Pr(σik = 0|Hik−1, x
i
k)

Pr(σik = 0|Hik−1)
f(xik|Hik−1).

Since the unsuccessful transmission probability is independent from xik, the frac-
tion term in the right hand side of the above equation is equal to one and
f(xik|Hik−1, σ

i
k = 0) = f(xik|Hik−1), which indicates that in case of unsuccessful

transmission, it is just needed to perform the prediction stage of the Kalman
filter, i.e., x̄ik|k = x̄ik|k−1, where x̄ik+1|k = Aix̄

i
k|k +Biu

i
k. Therefore, the condi-

tional state expectation in the remote estimator is proved to be given by (3.10).

B.3 Lemma 3.1

We can represent the Kalman filter as

x̂ik+1|k+1 = Aix̂
i
k|k +Biu

i
k + Li(y

i
k+1 − Cix̂ik+1|k), (B.2)

and the remote state estimator as

x̄ik+1|k = σikAix̂
i
k|k + (1− σik)Aix̄

i
k|k−1 +Biu

i
k. (B.3)

By subtracting (B.3) from (B.2), the dynamics of the predicted error
(eik|k−1 = x̂ik|k − x̄

i
k|k−1) is as given in (3.15) for êik|k−1 = xik − x̂ik|k−1 and

êik|k = xik − x̂ik|k, where

êik+1|k = Ai(I − LiCi)êik|k−1 −AiLiv
i
k + wik,

êik+1|k+1 = Aiê
i
k|k + wik − Li(Ciêik+1|k + vik+1).

(B.4)
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We know that when σik = 1, then the updated remote state estimation error is
ēik|k = xik − x̄ik|k = êik|k. However, when σik = 0, then ēik|k = xik − x̂ik|k + x̂ik|k −
x̄ik|k−1 = êik|k + eik|k−1. Using (3.15) and (B.4), ēk|k will have the following
dynamics

ēik+1|k+1 = Aiē
i
k|k + wik (B.5)

Therefore, we can express the updated remote state estimation error dynamics
as

ēik+1|k+1 =

{
Aiê

i
k|k + wik, if σik = 1

Aiē
i
k|k + wik, otherwise.

(B.6)

Denoting by Φik|k = E[ēik|kē
iᵀ
k|k|H

i
k] the covariance of the updated remote state

estimation error at every time step k, based on (B.6), we can conclude that it
has the following dynamics

Φik+1|k+1 = (1− σik+1)(AiΦ
i
k|kA

ᵀ
i +W i) + σik+1Θi.

From the fact that σik+1 is independent from Φik|k, we obtain

E[Φik+1|k+1] = (1− qipi)(AiE[Φik|k]Aᵀ
i +Wi) + qipiΘi.

Moreover, letting Φ̄i = lim supk→∞ E[Φik|k], we find

Φ̄i = (1− qipi)(AiΦ̄iAᵀ
i +Wi) + qipiΘi.

This equation has the following closed form solution

Φ̄i =

∞∑
j=0

(1− qipi)j+1(AjiWiA
jᵀ
i ) + qipi(1− qipi)j(AjiΘiA

jᵀ
i ),

which is bounded if %(
√

1− qipiAi) ≺ 1, see Imer et al. (2006) and Schenato
et al. (2007). On the other hand, the average quadratic performance (3.2) is
given by Bertsekas (2005, Chapter 5) as follows

J i = tr(PiWi) + lim sup
T→∞

1

T

T−1∑
k=0

tr(YiE[Φik|k]), (B.7)

which can be expressed as

J i = tr(PiWi) + tr(Yi lim sup
k→∞

E[Φik|k]) = tr(PiWi) + tr(YiΦ̄
i).

By substituting the solution of Φ̄i in the above equation, we arrive at the closed
form of the average control performance for the PST policy in (3.12).
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B.4 Lemma 3.2

We consider both situations separately and drop the index i for simplicity.
1) δstk = 0: based on the Bayes law of conditional probability we have

f(ek|k|δstk = 0,Tk) =
Pr(δstk = 0|ek|k−1,Tk)

Pr(δstk = 0|Tk)
f(ek|k−1|Tk). (B.8)

Denote z := ek|k−1, then based on the triggering policy (3.14) and considering

r0 := 1
2z

ᵀΨ−1
k|k−1z, we have

Pr(δstk = 0|z,Tk)=

∞∫
r0

λke
−λkrdr = e

−λk2 zᵀΨ−1
k|k−1

z
, (B.9)

and

Pr(δstk = 0|Tk) =

∫
z∈Rn

∞∫
r0,

(λke
−λkr)e

− 1
2 z

ᵀΨ−1
k|k−1

z

det(2πΨk|k−1)
1
2

drdz

=

∫
z∈Rn

e
− 1+λk

2 zᵀΨ−1
k|k−1

z

det(2πΨk|k−1)
1
2

dz = (1 + λk)−
n
2 .

(B.10)

Finally, by substituting (3.16), (B.9) and (B.10) into (B.8),

f(ek|k|δstk = 0,Tk) =
e
− 1+λk

2 zᵀΨ−1
k|k−1

z

(1 + λk)−
n
2 det(2πΨk|k−1)

1
2

= N(0,
Ψk|k−1

1 + λk
).

Therefore, when δstk = 0, the pdf of the updated state estimation error ek|k will
remain Gaussian. Moreover, since νk+1 = L(Cêk+1|k + vk+1) in the dynamics of
the predicted state estimation error (3.15) is Gaussian, then the predicted state
estimation error at the next time step is also Gaussian as given in (3.18), where
Φ = AΘAᵀ −Θ +W = E[νk+1ν

ᵀ
k+1] for all k.

2) δstk = 1, ρk = 0: in this case, the controller does not receive xk, therefore,

f(ek|k|δstk = 1, ρk = 0,Tk) =
Pr(δstk = 1|ek|k−1, ρk = 0,Tk)

Pr(δstk = 1|ρk = 0,Tk)
f(ek|k−1|Tk).

(B.11)
By using (B.9) and (B.10), we get

Pr(δstk = 1|z, ρk = 0,Tk) = 1− e−
λk
2 zᵀΨ−1

k|k−1
z
, (B.12)

and pk := Pr(δstk = 1|ρk = 0,Tk) = 1− (1 + λk)−
n
2 . Then by substitution into

(B.11), we get

f(ek|k|δstk = 1, ρk = 0,Tk) =
1

pk

( e
− 1

2 z
ᵀΨ−1

k|k−1
z

det(2πΨk|k−1)
1
2

− e
− 1+λk

2 zᵀΨ−1
k|k−1

z

det(2πΨk|k−1)
1
2

)
.
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Therefore, in case of a data collision, the pdf of the updated state estimation
error will become the sum of two Gaussians

f(ek|k|δstk = 1, ρk = 0,Tk) =
1

pk
N(0,Ψk|k−1)− 1− pk

pk
N(0,

Ψk|k−1

1 + λk
).

Again with the same conclusion as the one presented for the case when δstk = 0,
the predicted state estimation error at the next time step will be the sum of two
Gaussians, where their covariances follow (3.20).

B.5 Theorem 3.2

First of all, we have to show that the CETT or equivalently STETT pol-
icy is in the class of admissible schedulers. The Kalman filter by the sched-
uler side and the remote state estimator follow (B.2) and (B.3), respec-
tively. By subtracting (B.3) from (B.2), the dynamics of the state esti-
mation error used by the scheduling policy (3.14) is determined by (3.15).
Then, the scheduling law (3.14) can be represented as δik = g(Rik), where
g : Rn × Rnk × Ro(k+1) × Rr(k+1) → {0, 1} is an appropriate function and
Rik = {vit, wit, rit, ρit|t ∈ Zk−1

0 } ∪ {vik} ∪ {xi0} is a set of independent primitive ran-
dom variables. Therefore, the CETT policy is in the class of admissible sched-
ulers and the certainty equivalent controller is optimal based on Theorem 3.1.

Now we have to find the estimated state in the controller for which we follow
an induction arrangement. For the sake of simplicity, we consider a single control
loop and drop the index i. Without loss of generality, let us assume that at
k = 0, σ0 = 1 and find the state estimation at k = 1, assuming σ1 = 0. Then,
f(x0|σ0 = 1, x̂0|0) = N(x̂0|0,Θ), which can be concluded based on the properties
of the Kalman filter. Since the remote state estimator is aware of the control
inputs at all time steps, the pdf of the predicted state at k = 1 is

f(x1|σ0 = 1, x̂0|0) = N(x̄1|0,Γ1|0), (B.13)

where x̄1|0 = Ax̂0|0 +Bu0 and Γ1|0 = AΘAᵀ +W . Then the updated pdf of the
remote state estimation at k = 1 if σ1 = 0 is determined by using Bayes law of
conditional probability as follows

f(x1|σ0 = 1, σ1 = 0, x̂0|0) =
Pr(σ1 = 0|σ0 = 1, x̂0|0, x1)

Pr(σ1 = 0|σ0 = 1, x̂0|0)
f(x1|σ0 = 1, x̂0|0).

(B.14)
Moreover, we have

Pr(σ1 = 0|σ0 = 1, x̂0|0, x1) = Pr(δ1 = 0|σ0 = 1, x̂0|0, x1)

+ Pr(ρ1 = 0)Pr(δ1 = 1|σ0 = 1, x̂0|0, x1).
(B.15)
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Let ẑ1 := x1 − x̂1|1, z̄1 := x1 − x̄1|0 and z1 := x̂1|1 − x̄1|0, where f(ẑ1) = N(0,Θ)
and E[z1z

ᵀ
1 |σ0 = 1] = Ψ1|0 for Ψ1|0 = Φ = AΘAᵀ −Θ +W . Then

Pr(δ1 = 0|σ0 = 1, x̂0|0, x1) = Pr(δ1 = 0|σ0 = 1, x̄1|0, x1)

= Pr(δ1 = 0|σ0 = 1, z̄1) =

∫
ẑ1∈Rn

∞∫
r0,

λ1e
−λ1re−

1
2 ẑ

ᵀ
1 Θ−1ẑ1

det(2πΘ)
1
2

drdẑ1

=

∫
ẑ1∈Rn

e
− 1

2 (z̄1−ẑ1)ᵀλΨ−1
1|0(z̄1−ẑ1)− 1

2 ẑ
ᵀ
1 Θ−1ẑ1

det(2πΘ)
1
2

dẑ1,

for r0 := 1
2z

ᵀ
1 Ψ−1

1|0z1 = 1
2 (z̄1 − ẑ1)ᵀΨ−1

1|0(z̄1 − ẑ1). We can simplify the above

equation by using the following equality

(z̄1 − ẑ1)ᵀλ1Ψ−1
1|0(z̄1 − ẑ1) + ẑᵀ1 Θ−1ẑ1

= (ẑ1 − z̄′1)ᵀ(λ1Ψ−1
1|0 + Θ−1)(ẑ1 − z̄′1) + z̄ᵀ1 Π−1

1|0z̄1,

where z̄′1 = (λ1Ψ−1
1|0 + Θ−1)−1λ1Ψ−1

1|0z̄1, and

Π1|0 =
(
λ1Ψ−1

1|0 − λ1Ψ−1
1|0(λ1Ψ−1

1|0 + Θ−1)−1λ1Ψ−1
1|0
)−1

=
1

λ1
Ψ1|0 + Θ.

Then
Pr(δ1 = 0|σ0 = 1, x̂0|0, x1) = ξ1e

− 1
2 z̄

ᵀ
1 Π−1

1|0z̄1 , (B.16)

where ξ1 = 1/
(

det(λ1Ψ−1
1|0 + Θ−1) det(Θ)

)
. Moreover,

Pr(δ1 = 1|σ0 = 1, x̂0|0, x1) = 1− ξ1e−
1
2 z̄

ᵀ
1 Π−1

1|0z̄1 . (B.17)

Now substitute (B.16) and (B.17) into (B.15), which results in

Pr(σ1 = 0|σ0 = 1, x̂0|0, x1) = 1− q1 + q1ξ1e
− 1

2 z̄
ᵀ
1 Π−1

1|0z̄1 ,

where q1 := Pr(ρ1 = 1), then substitute the result into (B.14), which results in
the following

f(x1|σ0 = 1, σ1 = 0, x̂0|0)

=
1− q1 + q1ξ1e

− 1
2 z̄

ᵀ
1 Π−1

1|0z̄1

1− q1p1

e
− 1

2 z̄
ᵀ
1 Γ−1

1|0z̄1

det(2πΓ1|0)
1
2

=

2∑
i=1

β′iN(x̄1|0,Γ
i
1|1),

(B.18)

where
∑2
i=1 β

′
i = 1. As it can be seen, at the first time step after a success-

ful transmission the updated state estimation pdf is the sum of two Gaus-
sian terms with different covariances. The total covariance of the estima-
tion is affected by q1, which is the probability that the network is avail-
able. However, the mean values of the Gaussian terms are equal to the
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one obtained at the prediction stage (B.13) and do not depend on q1, i.e.,
x̄1|1 = E[x1|σ0 = 1, σ1 = 0, x̂0|0] = x̄1|0. Now assume σk = 0, ∀k ∈ Zt+1

1 , then
the updated state estimation at k = t+ 1 is determined as follows

f(xt+1|νt, σt+1 = 0, x̂0|0) =
Pr(σt+1 = 0|νt, x̂0|0, xt+1)

Pr(σt+1 = 0|νt, x̂0|0)
f(xt+1|νt, x̂0|0), (B.19)

where νt = {σ0 = 1, σ1 = · · · = σt = 0}. Let us define c = inf{k|δk = 1 ∧ k ∈ Zt1}
as the first time step after the last successful transmission, where data collision
happens, otherwise, c = 0. Then we can partition the set νt into several mutually
exclusive sets as νct , where for every c ∈ Zt1,

νct =
{
σ0 = 1, δ1 = · · · = δc−1 = 0,{δc = 1, ρc = 0}, σc+1 = · · · = σt = 0

}
,

and ν0
t = {σ0 = 1, δ1 = · · · = δt = 0}. Therefore,

Pr(σt+1 = 0|νt, x̂0|0, xt+1)f(xt+1|νt, x̂0|0)

=

t∑
j=0

Pr(σt+1 = 0|νjt , x̂0|0, xt+1)Pr(c = j)f(xt+1|νjt , x̂0|0).
(B.20)

According to the operation mechanism of the CETT policy, the predicted state
estimation has the following distribution

f(xt+1|νjt , x̂0|0) =

{
N(x̄t+1|t,Γ

0
t+1|t), if j = 0∑2

i=1 N(x̄t+1|t,Γ
j,i
t+1|t), otherwise,

where according to the induction assumption, the mean values of all
Gaussian terms are equal and determined as x̄t+1|t = Ax̄t|t−1 +But and

Γj,it+1|t = AΓj,it|tA
ᵀ +W is their covariance.

Moreover, based on the triggering policy, after the first collision instance,
which results in two Gaussian terms in the pdf of the state estima-
tion, the scheduling policy switches to the purely stochastic policy, where
Pr(δt+1 = 0|νjt , x̂0|0, xt+1) = 1− pt+1, ∀j 6= 0. However, following the same pro-
cedure as the one for t = 1,

Pr(σt+1 = 0|ν0
t , x̂0|0, xt+1) = 1− qt+1 + qt+1ξt+1e

− 1
2 z̄

ᵀ
t+1Π−1

t+1|tz̄t+1 ,

where ξt+1 = 1/
(

det(λt+1Ψ−1
t+1|t + Θ−1) det(Θ)

)
, z̄t+1 = xt+1 − x̄t+1|t and

Πt+1|t = 1
λt+1

Ψt+1|t + Θ. Then by substituting the last two expressions

into (B.20) and then into (B.19),

f(xt+1|νt, σt+1 = 0, x̂0|0) =

∑t
j=0

∑2
i=1 d(i, j, pt+1, qt+1)N(x̄t+1|t,Γ

j,i
t+1|t+1)

1− qt+1pt+1
,
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where d(i, j, pt+1, qt+1) is a scalar function. Therefore, at k = t+ 1 the number
of Gaussian terms is equal to 2(t+ 1). However, the mean of all these terms
are equal and not affected by the kind of scheduling policy (PST or STETT),
the triggering probability pt+1, or the collision probability qt+1, and that is in
line with the induction assumption. Therefore, x̄t+1|t+1 = x̄t+1|t when σt+1 = 0
and (3.10) still holds, when the scheduler is operating based on CETT policy
and the result follows.

B.6 Theorem 3.3

Let us consider a single control loop and drop the index i for simplicity. Consider
N > 1 as the period for every two successive successful transmissions, then

Ja = tr(PW ) +
1

E[N ]
E[

N−1∑
t=0

tr(Y Γat|t)]

= tr(PW ) +

∞∑
v=1

Pr(N = v)

E[N ]

v−1∑
t=0

tr(Y Γat|t),

(B.21)

which can be established using Wald’s identity as in Brunner et al. (2018), where
Γat|t = E[ēt|tē

ᵀ
t|t|x̂0|0, It] for It = {σk = 0|k ∈ Zt1}, ēt|t = xt − x̄t|t, for all t ∈ N0

and a ∈ {ps, µ}. Given the assumption that both scheduling policies trigger
with the same probabilities at every time, to prove Theorem 3.3, it is sufficient
to prove

Ĵvµ ≺ Ĵvps, (B.22)

where Ĵva =
∑v−1
t=1 tr(Y Γat|t) for a ∈ {ps, µ} and all v ∈ N>2 (at t = 0 both poli-

cies result in the same cost values). We shall proof (B.22) by using induction
on v. Suppose v = 2, then for every a ∈ {µ, ps}, we have Ĵ2

a = tr(Y Γa1|1) =∑3
i=1 tr

(
Y Γ̄a1|1(i)

)
Sa(i), where for every i ∈ {1, 2, 3},

Γ̄a1|1(i) =E[ē1|1ē
ᵀ
1|1|v

a(i)], Sa(i) = Pr(δa1 = m(i), ρ1 = l(i)),

for
va(i) = {x̂0|0, δ

a
1 = m(i), ρ1 = l(i)}, (B.23)

in which (
m(i), l(i)

)
=


(0, 0), if i = 1

(1, 0), if i = 2

(0, 1), if i = 3.

(B.24)

In Table B.1, we determine the values of Γ̄a1|1(i) and Sa(i). Con-

sider r0 := tr(YΘ), r1 := tr(Y Φ) for Φ = AΘAᵀ −Θ +W , r2 := r1
1+λ1

and
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Table B.1: Performance terms of the CETC and the PST policies, when v = 2.
i δµ1 ρ1 Sµ(i) tr(Y Γ̄µ1|1(i))

1 0 0 (1− q1)(1− p1) r0 + r2

2 1 0 (1− q1)p1 r0 + r3

3 0 1 q1(1− p1) r0 + r2

i δps1 ρ1 Sps(i) tr(Y Γ̄ps1|1(i))

1 0 or 1 0 (1− q1) r0 + r1

2 0 1 q1(1− p1) r0 + r1

r3 := 1
p1
r1 − 1−p1

p1
r2, which are used in the tables. Now based on the table

we have
Ĵ2
µ = (1− q1)(r0 + r1) + q1(1− p1)(r0 + r2),

Ĵ2
ps = (1− q1)(r0 + r1) + q1(1− p1)(r0 + r1),

which indicates that Ĵ2
µ ≺ Ĵ2

ps since r2 ≺ r1. Then by assuming that (B.22) holds

for v = z, i.e., Ĵzµ ≺ Ĵzps, we should prove the same inequality for v = z + 1. For
this purpose, we need the next proposition.

Proposition B.1. Consider Ψa
1|1(i) = E[e1|1e

ᵀ
1|1|v

a(i)] as the updated covariance

of the error at t = 1 for every transmission epoch with v � 2, where i ∈ {1, 2, 3}
and va(i) is characterized by (B.23) and (B.24). Then for both a ∈ {µ, ps},

v∑
t=2

tr(Y Γat|t)|v
a(i) = tr

(
La(Ψa

1|1(i) + Θ)
)

+ Ĵva ,

where La is a positive definite matrix such that Lµ ≺ Lps, and Ψa
1|1(i) :=

E[e1|1e
ᵀ
1|1|v

a(i)]. �

For every a ∈ {ps, µ}, we have

Ĵz+1
a =

3∑
i=1

(
tr
(
Y Γ̄a1|1(i)

)
+

z∑
t=2

tr(Y Γat|t)|v(i)
)
Sa(i),

and based on Proposition B.1, it is simplified as

Ĵz+1
a =

3∑
i=1

(
tr(Y Γ̄a1|1(i)) + tr

(
La(Ψa

1|1(i) + Θ)
)

+ Ĵza
)
Sa(i).

Therefore, by considering the assumption of induction, in order to prove
Ĵz+1
µ ≺ Ĵz+1

ps , we just need to prove ĵz+1
µ ≺ ĵz+1

ps , where for every a ∈ {µ, ps},
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ĵz+1
a =

∑3
i=1 C

a(i)Sa(i), in which Ca(i) = tr
(
Y Γ̄a1|1(i)

)
+ tr

(
LaΨa

1|1(i)
)
. Then

let us denote s1 := tr(LpsΦ), s2 := tr(LµΦ)/(1 + λ1), s3 := 1
p1

(1− 1−p1

1+λ1
)tr(LµΦ)

and s4 := tr(LµΦ). Based on Proposition B.1,

s2 ≺ s4 ≺ s1. (B.25)

In Table B.2 the values of Ca(i) are given for the CETC and the PST policies,
respectively. Then we have

ĵz+1
µ = (1− q1)(r0 + r1 + s4) + q1(1− p1)(r0 + r2 + s2),

ĵz+1
ps = (1− q1)(r0 + r1 + s1) + q1(1− p1)(r0 + r1 + s1),

and by using the inequalities given in (B.25) and r2 ≺ r1, we can infer
ĵz+1
µ ≺ ĵz+1

ps , which completes the proof.

Table B.2: The Ca(i) values for the CETC and the PST policies.
i δµ1 ρ1 Sµ(i) Cµ(i)
1 0 0 (1− q1)(1− p1) r0 + r2 + s2

2 1 0 (1− q1)p1 r0 + r3 + s3

3 0 1 q1(1− p1) r0 + r2 + s2

i δps1 ρ1 Sps(i) Cps(i)
1 0 or 1 0 (1− q1) r0 + r1 + s1

2 0 1 q1(1− p1) r0 + r1 + s1

B.7 Proposition B.1

This proposition actually considers the propagation of the first time step’s state
estimation error covariance in the future time steps during every transmission
epoch. We know that when σt = 0 for t ∈ Zv−1

1 during every transmission epoch,
ēt|t = êt|t + et|t, where êt|t ∼ N(0,Θ).

For the PST policy, we know that ē1|1 ∼ N(0,Ψps
1|1 + Θ) which will in-

crease the covariance of the future errors as At−1(Ψps
1|1 + Θ)Aᵀt−1 for all

t ∈ Zv−1
2 . Therefore, the total amount of increase of the cost function

during every transmission epoch due to the first time step state estima-
tion error will be δĴps =

∑v−1
j=2 tr

(
Aj−1Y Aᵀj−1(Ψps

1|1 + Θ)
)
, which results in

Lps =
∑v−2
j=1 A

jY Aᵀj . Now let us consider the CETC policy and denote

β(l) =


(1− p) 2

n , if l ≺ 0

1−(1−p)1+ 2
n

p , if l = 0

1, otherwise.
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Suppose that at t = 1 the first collision has occurred. Then from the
next time step, the scheduler follows the PST policy, where the in-
crease in the value of the covariance will be as the one obtained for the
PST policy, i.e., δĴc=1

µ =
∑v−1
j=2 tr

(
Aj−1Y Aᵀj−1(Ψµ

1|1 + Θ)
)

which results in

Lc=1
µ =

∑v−2
j=1 A

jY Aᵀj . Now suppose that collision occurs at t = 2, then we can

show that Lc=2
µ =

∑v−2
j=1 β(0)AjY Aᵀj and if collision occurs at t = k � 2, then

Lc=kµ =

v−2∑
j=1

2−k+j−1∏
l=2−k

β(l)AᵀjY Aj .

Therefore,

Lµ =

v−1∑
k=1

p(1− p)k−1Lµc=k =

v−2∑
j=1

α(j)AjY Aᵀj ,

where α(j) = p+
∑v−1
k=2 p(1− p)k−1

∏2−k+j−1
l=2−k β(l). In order to prove Lµ 6 Lps,

it is just needed to prove α(j) 6 1 for all j ∈ Zv−2
1 . For an arbitrary j, we have

α(j) = p+ β(0)p(1− p) + β(−1)β(0)p(1− p)2 + . . .

+ β(−1)j−1β(0)p(1− p)j + β(−1)jp(1− p)j+1

+ · · ·+ β(−1)jp(1− p)v−2 = . . .

= 1− (1− p)v+ 2j
n −2 ≺ 1,

which concludes our statement and proves the proposition.

B.8 Solving the optimization problem in (3.23)

We know ηi = pi
∏m
j=1,j 6=i(1− pj), then

m∑
j=1

U j(ηj) =

m∑
j=1

(
log(pj)c

j

+

m∑
i=1,i6=j

log(1− pi)c
j)

=

m∑
j=1

log
(
(pj)c

j

(1− pj)
∑m
i=1,i 6=j c

i)
,

which indicates that

pj∗ = arg max
pj∈[0,1]

(pj)c
j

(1− pj)
∑m
i=1,i 6=j c

i

,

which results in pj∗ = cj/
∑m
i=1 c

i.





Appendix C

Proofs of Chapter 4

C.1 Proposition 4.1

Generally speaking, for an arbitrary state transmission scheduling policy to
the controller, we can conclude the optimality of the certainty equivalent con-
troller if we show the independency of the scheduling policy from the control
inputs (Bar-Shalom and Tse, 1974). In the constant power scheduling frame-
work, σk ∼ b(f(c)) where b : R>0 → [0, 1] represents a Bernoulli trail which de-
pends on a state-independent and control-independent variable c. Therefore,

uk = KE[xk|Jk], (C.1)

is the optimal control policy where K is determined based on (4.7). More-
over, it is clear that if σt = 1 for a t ∈ N0, then x̂t|t = E[xk|Jk] = xt
and P[xt+1|Jt] = N (x̂t+1|t,Θt+1|t) for

x̂t+1|t = Ax̂t|t +But, Θt+1|t = W, (C.2)

which is the predicted state estimation pdf at the next time step. Therefore, in
general, we can assume that P[xt|Jt−1] = N (x̂t|t−1,Θt|t−1) is the predicted state
pdf at a time-step t ∈ N0 for x̂t+1|t = Ax̂t|t +But and Θt+1|t = AᵀΘt|tA+W .
Then, based on the Bayes conditional probability formula, if σt = 0, the updated
state estimation pdf in the controller is determined as follows

P[xt|Jt−1, σt = 0] =
Pr(σt = 0|Jt−1, xt)

Pr(σt = 0|Jt−1)
P[xt|Jt−1]. (C.3)

Since the unsuccessful transmission probability is independent of xt, the frac-
tion term in the right hand side of the above equation is equal to one and
P[xt|Jt−1, σt = 0] = P[xt|Jt−1] which indicates that in case of unsuccessful
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transmission, it is just needed to perform the prediction stage of the Kalman
filter, i.e. x̂t|t = x̂t|t−1 where x̂t+1|t = Ax̂t|t +But. Therefore, the conditional
state expectation in the controller is proved to be based on (4.8).

Moreover, we can express the updated state estimation error (ek|k = xk − x̂k|k)
dynamics as follows

ek+1|k+1 = (1− σk+1)(Aek|k + wk) (C.4)

Denoting by Θk|k = E[ek|ke
ᵀ
k|k|Jk] the covariance of the updated state estimation

error at every time-step k ∈ N0, based on (C.4), we can conclude that it has the
following dynamics Θk+1|k+1 = (1 − σk+1)(AΘk|kA

ᵀ + W ). From the fact that
σk+1 is independent from Θk|k, we obtain E[Θk+1|k+1] = (1− p)(AE[Θk|k]Aᵀ +
W ). Moreover, letting Θ̄ = lim supk→∞ E[Θk|k], we find Θ̄ = (1−p)(AΘ̄Aᵀ+W ).
This equation has the following closed form solution

Θ̄ =

∞∑
j=0

(1− p)j+1AjWAjᵀ, (C.5)

which is bounded if %(
√

1− pA) ≺ 1 and holds by assumption of lemma. On
the other hand, the average quadratic performance (4.2) is given by Bertsekas
(2005, Chapter 5) as follows

Jcp = tr(PW ) + lim sup
T→∞

1

T

T−1∑
k=0

tr(Y E[Θk|k]), (C.6)

which can be expressed as J(µ∗,c) = tr(PW ) + tr(Y lim supk→∞ E[Θk|k]) =
tr(PW ) + tr(Y Θ̄). By substituting (C.5) into the above equation, we arrive
at (4.9) as the closed form expression of the average control performance for the
constant power scheduling policy.

C.2 Lemma 4.1

We know that the predicted state estimation error dynamics at every k ∈ N0 is
as follows

ek+1|k =

{
wk, if σk = 1

Aek|k−1 + wk, otherwise.
(C.7)

Accordingly, P[ek+1|k|Jk−1, xk, σk = 1] = N (0,W ). Following an induction ar-
gument, let us assume that at a given time-step k ∈ N0, the predicted state
estimation error pdf is a sum of Gaussians with zero means and arbitrary co-
variances, i.e. P[ek|k−1|Jk−1] =

∑t
j=1 α

j
kN (0,Θj

k|k−1). Now, if σk = 1, then the

predicted state estimation error pdf at the next time-step will again be a sin-
gle Gaussian with zero mean, i.e. N (0,W ). Let us consider a condition in
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which σk = 0. Then based on the Bayes conditional probability formula,

P[ek|k|σk = 0,Jk−1] =
Pr(σk = 0|ek|k−1,Jk−1)

Pr(σk = 0|Jk−1)
P[ek|k−1|Jk−1]. (C.8)

Moreover,

Pr(σk = 0|ek|k−1,Jk−1) = 1− f(f−1(Pk(ek|k−1, λk))) = 1− Pk(ek|k−1, λk)

= (1− p̄) + p̄ exp(−λk
2
eᵀk|k−1Θ−1

k|k−1ek|k−1),

and

qk(λk) = 1− pk(λk) = Pr(σk = 0|Jk−1)

=

∫
Rn

Pr(σk = 0|ek|k−1,Jk−1)P[ek|k−1|Jk−1]dek|k−1

=

t∑
j=1

∫
Rn

{
(1− p̄)αjk

exp(− 1
2e

ᵀ
k|k−1Θj,−1

k|k−1ek|k−1)

det(2πΘj
k|k−1)

1
2

+ p̄αjk
exp

(
− 1

2e
ᵀ
k|k−1(λkΘ−1

k|k−1 + Θj,−1
k|k−1)ek|k−1

)
det(2πΘj

k|k−1)
1
2

}
dek|k−1

= (1− p̄)
t∑

j=1

αjk + p̄

t∑
j=1

αjkdet(I + λkΘ−1
k|k−1Θj

k|k−1)−
1
2 .

Therefore, by substituting the last two equalities into (C.8) we conclude

P[ek|k|σk = 0,Jk−1] =
(1− p̄) + p̄ exp(− 1

2λke
ᵀ
k|k−1Θ−1

k|k−1ek|k−1)

(1− p̄)
∑t
j=1 α

j
k + p̄

∑t
j=1 α

j
kdet(I + λkΘ−1

k|k−1Θj
k|k−1)−

1
2

×
( t∑
j=1

αjk
exp(− 1

2e
ᵀ
k|k−1Θj,−1

k|k−1ek|k−1)

det(2πΘj
k|k−1)

1
2

)
,

which can be represented as follows

P[ek|k|σk = 0,Jk−1] =

∑t
j=1 α̃

j
kN (0, Θ̃j

k|k) + α̂jkN (0, Θ̂j
k|k)

Q̄k(λk)
,

where Q̄k(λk) =
∑t
j=1 α̃

j
k + α̂jk is the probability of unsuccessful data transmis-

sion for
α̃jk = (1− p̄)αjk, Θ̃j

k|k = Θj
k|k−1,

α̂jk = p̄αjkdet(I + λkΘ−1
k|k−1Θj

k|k−1)−
1
2 ,

Θ̂j
k|k = Θj

k|k−1(I + λkΘ−1
k|k−1Θj

k|k−1)−1.

(C.9)
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Then, since ek+1|k = Aek|k + wk where wk ∼ N (0,W ), we can conclude that

P[ek+1|k|σk = 0,Jk−1] =
1

Q̄k(λk)

( t∑
j=1

α̂jkN (0, Θ̂j
k+1|k) + α̃jkN (0, Θ̃j

k+1|k)
)
,

where Θ̂j
k+1|k = AΘj

k|k−1(I + λkΘ−1
k|k−1Θk|k−1)−1Aᵀ + W and Θ̃j

k+1|k =

AΘj
k|k−1A

ᵀ +W Therefore, when σk = 0, the distribution of the predicted state

estimation error will again be the sum of Gaussians with zero means. How-
ever, the number of Gaussian terms doubles. Therefore, the assumption of the
induction is true and the lemma is proved.

C.3 Lemma 4.2

Throughout this proof, we use the superscripts vp and cp to indicate the prop-
erties related to the time-varying and constant power scheduling policies, re-
spectively. Based on the result of Lemma 4.1, for an arbitrary Jk−1 which
follows (4.5), E[Θk|k|Jk−1] associated with the power scheduling policy (4.10) is
determined as follows

E[Θk|k|Jk−1]vp = Pr(σk = 1)E[ek|ke
ᵀ
k|k|Jk−1, σk = 1]

+ Pr(σk = 0)E[ek|ke
ᵀ
k|k|Jk−1, σk = 0]

= 0 + Q̄k(λk)

t∑
j=1

(
α̂jk

Q̄k(λk)
Θ̂j
k|k +

α̃jk
Q̄k(λk)

Θ̃j
k|k),

where α̂jk, α̃
j
k and Θ̂j

k|k, Θ̃j
k|k are given in (C.9). Now, suppose that we em-

ploye δk = f−1(pk). Then, in case σk = 0, the pdf of the updated state es-
timation error will be the same as the one for the predicted state estimation
error. Therefore, the average covariance of the updated state estimation error is
determined as follows

E[Θk|k|Jk−1]cp = Pr(σk = 1)E[ek|ke
ᵀ
k|k|Jk−1, σk = 1]

+ Pr(σk = 0)E[ek|ke
ᵀ
k|k|Jk−1, σk = 0] = 0 + Q̄k(λk)

t∑
j=1

αjkΘ̃j
k|k,

where Θ̃j
k|k follows (C.9). Moreover, since λk ∈ (0,∞), then Θj,−1

k|k−1+λkΘ−1
k|k−1 �

Θj,−1
k|k−1, and therefore, (Θj,−1

k|k−1 + λkΘ−1
k|k−1)−1 ≺ Θj

k|k−1. Then, based on (C.9),

we can conclude that Θ̂j
k|k ≺ Θ̃j

k|k. Moreover, we know that αjk ∈ [0, 1] for

all j ∈ Nt1. Therefore, we can easily infer that E[Θk|k|Jk−1]vp ≺ E[Θk|k|Jk−1]cp

for an arbitrary Jk−1 at every k ∈ N0. Therefore, E[Θk|k]vp ≺ E[Θk|k]cp at ev-
ery k ∈ N0.
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C.4 Theorem 4.1

Similar to the same argument given in the proof of Proposition 4.1, the power
scheduler policy (4.10) results in σk ∼ b

(
f(Pk(ek|k−1, λk))

)
, where ek|k−1 fol-

lows (C.7) and b : R>0 → [0, 1] also indicates a Bernoulli trail. Therefore, the
successful transmission does not depend on the state or the control input and it
is just a function of the primitive random variable wk and the random behaviour
of the communication network. Therefore the linear certainty equivalent con-
troller (C.1) is optimal. Moreover, by a similar argument as the one made in
the proof of Proposition 4.1, we can show that the conditional state expectation
here also follows (4.8).

Furthermore, when the optimal control input follows the linear certainty
equivalent policy, then the average quadratic performance can be simplified
as (C.6) which depends on the average covariance of the updated state estima-
tion error at all time-steps, i.e. E[ek|ke

ᵀ
k|k]. Similar to the proof of Lemma 4.2,

we can assume that at a given time, the pdf of ek|k−1 for both policies can be
represented as a sum of Gaussians with the same number of terms, however, the
covariances of those related to the power scheduling policy (4.10) are equal or
smaller than the ones related to the constant power scheduling policy. Then we
can prove that the covariance of ek|k related to the scheduling policy (4.10) is
smaller than that of constant power scheduling policy. Therefore, we have

J(µ∗,η̂) ≺ J(µ∗,c), (C.10)

where µ∗ = (µ∗0, µ
∗
1, . . . ) and η̂ = (δ0, δ1, . . . ) in which all δk and µ∗k follow (4.10)

and (4.6), respectively.
Moreover, we have that δk = f−1(pk) where f−1 : [0, p̄]→ [0, δ̄] is a concave

function based on Assumption 4.1 and pk = Pk(ek|k−1, λk). Then, based on the
Jensen’s inequality, for any time-varying δk which results in a series of time
varying pk at every k ∈ N0, we have

E[δk] = E[f−1(pk)] 6 f−1(E[pk]) = f−1(p).

Therefore,
∆(µ∗,η̂) = E[δk] 6 c. (C.11)

Then based on (C.10) and (C.11) we can conclude that the proposed power
scheduling policy (4.10) with the linear controller (4.6) is LQ-power consistent.
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Proofs of Chapter 5

D.1 Lemma 5.1

When the information sets of the disturbance generator and the controller fol-
low (5.2) and (5.3), respectively, for a given data transmission sequence η, the
saddle-point game value at every transmission time is quadratic and follows

Jti = xᵀKQxK +

K−1∑
k=ti

‖zk‖2 − γ2‖wk‖2 = xᵀtiNtixti , (D.1)

where Nti is an appropriate positive definite matrix determined by solving the
following optimization problem

xᵀtiNtixti = min
Uti (Fti )

max
wti (Eti )

. . . max
wti+1−1(Eti+1−1)

ti+1−1∑
k=ti

[xᵀkQxk + uᵀkuk − γ
2wᵀ

kwk] + xᵀti+1
Nti+1

xti+1
.

(D.2)

In order to solve (5.9) when ti+1 = ti + τi, first we need to follow τi maximiza-
tion steps and determine W ∗ti and then determine U∗ti in one minimization step.

In the following, we denote by Ĵh for h ∈ Nτi−1
0 the saddle-point game value

at intermediate steps of this optimization. Therefore, the saddle-point policy
w∗s(Es) where s = ti+1 − 1 is determined by solving the following equation

Ĵτi−1(xs, us) = max
ws∈Rd

[
zᵀs zs − γ2wᵀ

sws + xᵀs+1Ns+1xs+1

]
. (D.3)

By substituting (5.1) into (D.3), we arrive at

w∗s = arg max
ws∈Rd

(
xᵀsQsxs + uᵀsus − γ2wᵀ

sws

+ (Axs +Bus +Dws)
ᵀNs+1(Axs +Bus +Dws)

)
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for which a bounded solution exists if γ2I −DᵀNs+1D � 0 which then results
in

w∗s = γ−2DᵀV −1
s Ns+1(Axs +Bus), (D.4)

where Vs = I − γ−2Ns+1DD
ᵀ. Now by substituting (D.4) into (D.3) we get

Ĵτi−1(xs, us) = xᵀsΘsxs + uᵀsYsus + 2xᵀsZsus,

where
Θs = Q+AᵀV −1

s Ns+1A,

Ys = I +BᵀV −1
s Ns+1B,

Zs = AᵀV −1
s Ns+1B.

(D.5)

As it can be seen, the game saddle-point value at the time s is a function of
xs and us. Now, by an induction argument, let us assume that at an arbitrary
optimization step h+ 1 ∈ Nτi−1

1 the saddle-point game value is as follows

Ĵh+1(xr+1, Ûr+1) = xᵀr+1Θr+1xr+1 + 2xᵀr+1Zr+1Ûr+1 + Ûᵀ
r+1Yr+1Ûr+1,

where Θr+1, Yr+1 are positive definite matrices, r = ti + h, and Ûr+1 =
[uᵀr+1, . . . , u

ᵀ
ti+1−1]ᵀ is the augmented control vector. Then

Ĵh(xr, Ûr) = max
wr∈Rd

[zᵀr zr − γ2wᵀ
rwr + Ĵh+1(xr+1, Ûr+1)].

By substitution of the state dynamics into the above equation, we determine w∗r
as follows

w∗r =(γ2I −DᵀΘr+1D)−1Dᵀ
(
Θr+1(Axr +Bur) + Zr+1Ûr+1

)
,

provided that
γ2I −DᵀΘr+1D � 0. (D.6)

Moreover, we can simplify this expression and obtain

w∗r = γ−2DᵀV −1
r

(
Θr+1(Axr +Bur) + Zr+1Ûr+1

)
, (D.7)

for which Vr = I − γ−2Θr+1DD
ᵀ. Then, by substitution, Ĵh(xr, Ûr) = xᵀrΘrxr+

2xᵀrZrÛr + Ûᵀ
r YrÛr, where

Θr = Q+AᵀV −1
r Θr+1A,

Zr =
[
AᵀV −1

r Θr+1B AᵀV −1
r Zr+1

]
,

Yr =

[
I +BᵀV −1

r Θr+1B BᵀV −1
r Zr+1

Zᵀ
r+1V

−ᵀ
r B Ȳr+1 + Zᵀ

r+1ErZr+1

]
,

(D.8)

for Er = γ−2DDᵀV −1
r . Moreover, Ĵh takes the same form as the one assumed

for the Ĵh+1 and therefore, the quadratic form assumed for the Ĵh is correct.
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Finally, consider at optimization step τi, after determining w∗ti the optimal game
value follows

Ĵ0(xti , Ûti) = xᵀtiΘtixti + 2xᵀtiZtiÛti + Ûᵀ
tiYtiÛti ,

where Θti , Zti and Yti are determined based on (D.8). Then

Û∗ti = arg min
Ûti∈Rmτ

[xᵀtiΘtixti + 2xᵀtiZtiÛti + Ûᵀ
tiYtiÛti ],

which results in Û∗ti(xti) = Ktixti , where

R̄ti = −Y −1
ti Zᵀ

ti , (D.9)

and Jti(xti) = Ĵ∗0 (xti) = xᵀti(Θti − ZtiY −1
ti Zᵀ

ti)xti = xᵀtiNtixti . Therefore, we

have Nti = Θti − ZtiY −1
ti Zᵀ

ti . However, we know that for the ZQDG and for

every k ∈ NK−1
0 , Nk can be determined based on the following iteration

Nk = Q+AᵀNk+1Λ−1
k A, (D.10)

where Λk = I + (BBᵀ − γ−2DDᵀ)Nk+1 and NK = Q.

(i) Optimal control and disturbance policies

Now we want to simplify the control gain (D.9). Let us consider Yti = Â+ B̂ĈB̂ᵀ

and Zᵀ
ti = B̂D̂ where

Â =

[
I 0
0 Yti+1

]
, B̂ =

[
Bᵀ 0
0 Zᵀ

ti+1

]
,

Ĉ =

[
V −1
ti Θti+1 V −1

ti

V −ᵀti γ−2DDᵀV −1
ti

]
, D̂ =

[
V −1
ti Θti+1A

V −ᵀti A

]
.

(D.11)

Moreover, we have

B̂ᵀÂ−1B̂ =

[
BBᵀ 0

0 Zti+1Y
−1
ti+1Z

ᵀ
ti+1

]
=

[
BBᵀ 0

0 Θti+1 −Nti+1

]
.

Then, we can simplify the control gain based on the following matrix inversion
lemma

(Â+ B̂ĈB̂ᵀ)−1B̂D̂ = Â−1B̂(I + ĈB̂ᵀÂ−1B̂)−1D̂,

which results in R̄ti = −Y −1
ti Zᵀ

ti = −Â−1B̂N̂−1D̂, where

N̂ =

[
N̂11 N̂12

N̂21 N̂22

]
=

[
I + V −1

ti Θti+1BB
ᵀ V −1

ti (Θti+1 −Nti+1)

V −ᵀti BBᵀ I + γ−2DDᵀV −1
ti (Θti+1 −Nti+1)

]
.
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Moreover, the inverse of a two-by-two block matrix is determined as follows

P = N̂−1 =

[
P11 P12

P21 P22

]
,

where
P11 = (N̂11 − N̂12N̂

−1
22 N̂21)−1,

P12 = −N̂−1
11 N̂12(N̂22 − N̂21N̂

−1
11 N̂12)−1,

P21 = −N̂−1
22 N̂21(N̂11 − N̂12N̂

−1
22 N̂21)−1,

P22 = (N̂22 − N̂21N̂
−1
11 N̂12)−1.

Then the control gain is simplified as follows

R̄ti = −
[
Rti
R̂ti

]
= −

[
Bᵀ 0
0 Y −1

ti+1Z
ᵀ
ti+1

] [
P11 P12

P21 P22

] [
V −1
ti Θti+1A

V −ᵀti A

]
,

which then results in

Rti = −Bᵀ(P11V
−1
ti Θti+1 + P12V

−ᵀ
ti )A,

R̂ti = −Y −1
ti+1Z

ᵀ
ti+1(P21V

−1
ti Θti+1 + P22V

−ᵀ
ti )A.

Interestingly, we can show that

P11V
−1
ti Θti+1 + P12V

−ᵀ
ti = Nti+1Λ−1

ti ,

P21V
−1
ti Θti+1 + P22V

−ᵀ
ti = Λ−1

ti .

We show these equalities in the following for interested readers, otherwise, you
can follow the proof from (D.12).

P11V
−1
ti = (N11 −N12N

−1
22 N21)−1V −1

ti =
(
I + V −1

ti Θti+1BB
ᵀ

− V −1
ti

(
Θti+1 −Nti+1

)(
I + γ−2DDᵀV −1

ti (Θti+1 −Nti+1)
)−1

V −ᵀti BBᵀ
)−1

V −1
ti

=
(
Vti + Θti+1BB

ᵀ − (Θti+1 −Nti+1)(V ᵀ
ti + γ−2DDᵀ(Θti+1 −Nti+1))−1BBᵀ

)−1
,

Now by substituting V ᵀ
ti = I − γ−2DDᵀΘti+1 into the above expression, we get

P11V
−1
ti =

(
I − γ−2Θti+1DD

ᵀ + Θti+1BB
ᵀ

− (Θti+1 −Nti+1)(I − γ−2DDᵀNti+1)−1BBᵀ
)−1

=
(
I − γ−2Θti+1DD

ᵀ + (Θti+1 − γ−2Θti+1DD
ᵀNti+1

−Θti+1 +Nti+1)(I − γ−2DDᵀNti+1)−1BBᵀ)−1

=
(
I − γ−2Θti+1DD

ᵀ + (I − γ−2Θti+1DD
ᵀ)

(I − γ−2Nti+1DD
ᵀ)−1Nti+1BB

ᵀ)−1

=
(
I − γ−2Nti+1DD

ᵀ +Nti+1BB
ᵀ)−1

(I − γ−2Nti+1DD
ᵀ)(I − γ−2Θti+1DD

ᵀ)−1

= Λ−ᵀti (I − γ−2Nti+1DD
ᵀ)V −1

ti .
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Moreover,

P12V
−ᵀ
ti = −(I + V −1

ti Θti+1BB
ᵀ)−1V −1

ti (Θti+1 −Nti+1)(
I + γ−2DDᵀV −1

ti (Θti+1 −Nti+1)− V −ᵀti BBᵀ

(I + V −1
ti Θti+1BB

ᵀ)−1V −1
ti (Θti+1 −Nti+1)

)−1
V −ᵀti

= −(I − γ−2Θti+1DD
ᵀ + Θti+1BB

ᵀ)−1(Θti+1 −Nti+1)(
I + γ−2V −ᵀti DDᵀ(Θti+1 −Nti+1)− V −ᵀti BBᵀ

(I − γ−2Θti+1DD
ᵀ + Θti+1BB

ᵀ)−1(Θti+1 −Nti+1)
)−1

V −ᵀti

= −(I − γ−2Θti+1DD
ᵀ + Θti+1BB

ᵀ)−1(Θti+1 −Nti+1)(
I − γ−2DDᵀNti+1 −BBᵀ(I − γ−2Θti+1DD

ᵀ + Θti+1BB
ᵀ)−1

(Θti+1 −Nti+1)
)−1

= −
(
I − γ−2Θti+1DD

ᵀ + Θti+1BB
ᵀ

− (Θti+1 −Nti+1)(I − γ−2DDᵀNti+1)−1BBᵀ
)−1

(Θti+1 −Nti+1)(I − γ−2DDᵀNti+1)−1 = −Λ−ᵀti (I

− γ−2Nti+1DD
ᵀ)V −1

ti (Θti+1 −Nti+1)(I − γ−2DDᵀNti+1)−1,

where in the forth equality we use the matrix inversion lemma. Then we can
easily conclude

P11V
−1
ti Θti+1 + P12V

−1
ti = Λ−ᵀti (I − γ−2Nti+1DD

ᵀ)V −1
ti

(Θti+1 − γ−2Θti+1DD
ᵀNti+1 −Θti+1 +Nti+1)

(I − γ−2DDᵀNti+1)−1 = Λ−ᵀti (I − γ−2Nti+1DD
ᵀ)V −1

ti Vti

Nti+1(I − γ−2DDᵀNti+1)−1 = Λ−ᵀti (I − γ−2Nti+1DD
ᵀ)

Nti+1(I − γ−2DDᵀNti+1)−1 = Λ−ᵀti Nti+1 = Nti+1Λ−1
ti .

Moreover,

P21V
−1
ti =−

(
I + γ−2V −ᵀti DDᵀ(Θti+1 −Nti+1)

)−1
V −ᵀti BBᵀ

Λ−ᵀti (I − γ−2Nti+1DD
ᵀ)V −1

ti = −(I − γ−2DDᵀNti+1)−1BBᵀ

Λ−ᵀti (I − γ−2Nti+1DD
ᵀ)V −1

ti ,

and by using the matrix inversion lemma,

P22V
−ᵀ
ti =

(
I − γ−2DDᵀNti+1 −BBᵀ(I − γ−2Θti+1DD

ᵀ

+ Θti+1BB
ᵀ)−1(Θti+1 −Nti+1)

)−1
= (I − γ−2DDᵀNti+1)−1(

I +BBᵀΛ−ᵀti (I − γ−2Nti+1DD
ᵀ)V −1

ti (Θti+1 −Nti+1)

(I − γ−2DDᵀNti+1)−1
)
.
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Then,

P21V
−1
ti Θti+1 + P22V

−ᵀ
ti = −(I − γ−2DDᵀNti+1)−1BBᵀΛ−ᵀti Nti+1

+ (I − γ−2DDᵀNti+1)−1 = (I − γ−2DDᵀNti+1)−1

(−BBᵀ +N−1
ti+1 − γ−2DDᵀ +BBᵀ)Λ−ᵀti Nti+1 = N−1

ti+1Λ−ᵀti Nti+1 = Λ−1
ti .

Therefore, the control gain is simplified as follows

R̄ti = −
[
BᵀNti+1Λ−1

ti A
Y −1
ti+1Z

ᵀ
ti+1Λ−1

ti A

]
. (D.12)

We can repeat the same simplification procedure for every Y −1
h Zᵀ

h where h ∈ Nti+1−1
ti+1

which finally results in

R̄ti = −


BᵀNti+1Λ−1

ti A
BᵀNti+2Λ−1

ti+1AΛ−1
ti A

. . .
BᵀNti+1Λ−1

ti+1−1A . . .Λ
−1
ti A

 .
Equivalently, we can illustrate the control input as the one given in (5.10) de-
termined based on the model-based state estimator (5.13). Now it is time to
simplify the disturbance input as it is given in (D.7). We have

w∗r = γ−2DᵀV −1
r Θr+1Axr + γ−2DᵀV −1

r

[
Θr+1B Zr+1

]
Ûr,

where we know

Ûr = −
[
BᵀNr+1Λ−1

r A
Y −1
r+1Z

ᵀ
r+1Λ−1

r A

]
x̂r|r.

Moreover,

V −1
r

[
Θr+1B Zr+1

] [ BᵀNr+1Λ−1
r A

Y −1
r+1Z

ᵀ
r+1Λ−1

r A

]
= V −1

r Θr+1BB
ᵀNr+1Λ−1

r A+ V −1
r Zr+1Y

−1
r+1Z

ᵀ
r+1Λ−1

r A

= V −1
r Θr+1BB

ᵀNr+1Λ−1
r A+ V −1

r (Θr+1 −Nr+1)Λ−1
r A

= V −1
r Θr+1(ΛrN

−1
r+1 + γ−2DDᵀ)Nr+1Λ−1

r A

− V −1
r Nr+1Λ−1

r A = V −1
r Θr+1A−Nr+1Λ−1

r A.

Therefore, by substitution we get

w∗r = Srxr + (Lr − Sr)x̂r|r

where Sr = γ−2DᵀV −1
r Θr+1A, Lr = γ−2DᵀNr+1Λ−1

r A. For the better repre-
sentation of the result, we redefine Vr as Vr = I − γ−2DDᵀΘr+1, and there-
fore, V −1

r Θr+1 should be replaced by Θr+1V
−1
r in Sr and the Ricatti equation

for Θr in (D.8).
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D.2 Lemma 5.2

It can be shown that the saddle-point exists if

M`(γ) = γ2I −DᵀΘ`D � 0 (D.13)

holds at all ` ∈ Nti+1

ti+1 for every data transmission time-step ti. Moreover, we
have

Θ` =


Nti+1 , if ` = ti+1

Q` +AᵀΘ`+1A+

AᵀΘ`+1DM`+1(γ)−1DᵀΘ`+1A,
otherwise.

(D.14)

In the following, we show that if we just satisfy (D.13) at ` = ti + 1, then this

condition automatically holds at all ` ∈ Nti+1

ti+2. For τi = 1 the statement holds.

Let us assume τi � 1, then for an arbitrary ` ∈ Nti+1−1
ti+1 we have

M`(γ) = γ2I −DᵀΘ`D = γ2I −Dᵀ(Q` +AᵀΘ`+1A)D

−Dᵀ(AᵀΘ`+1D(γ2I −DᵀΘ`+1D)−1DᵀΘ`+1A)D � 0,

andM`+1(γ) = γ2I −DᵀΘ`+1D � 0. By using the Schur complement, the above
two inequalities are equivalent with the following inequality[

γ2I −Dᵀ(Q` +AᵀΘ`+1A)D −DᵀAᵀΘ`+1D
−DᵀΘ`+1AD γ2I −DᵀΘ`+1D

]
� 0. (D.15)

If τi = 2, then for ` = ti + 1, Θ`+1 = Nti+1
and we can rearrange (D.15) as

γ2

[
I 0
0 I

]
−
[
Dᵀ DᵀAᵀ

0 Dᵀ

] [
Qti+1 0

0 Nti+1

] [
D 0
AD D

]
� 0,

which is equivalent to M̄2
ti(γ) � 0 and the lemma is proved for τi = 2. Now by

an induction assume that for a given ti and τi = τ the inequality M̄τ
ti(γ) � 0 is

equivalent to the set of inequalities in (D.13). Let us partition D̄τ as

D̄τ =

[
D̄τ−1 0
AS̄τ−1 D

]
,

where S̄τ−1 =
[
Aτ−2D . . . D

]
, and

N̄τ
ti = diag(Q̄τ−1

ti ,Θti+τ ),

where Q̄τ−1
ti = diag(Qti+1, . . . , Qti+τ−1). Then

M̄τ
ti(γ) =

[
γ2I(τ−1)l − R̄τ−1 −S̄ᵀ

τ−1A
ᵀΘti+τD

−DᵀΘti+τAS̄τ−1 γ2I −DᵀΘti+τD

]
� 0, (D.16)



164 Appendix D. Proofs of Chapter 5

in which
R̄τ−1 = D̄ᵀ

τ−1Q̄
τ−1
ti D̄τ−1 + S̄ᵀ

τ−1A
ᵀΘti+τAS̄τ−1.

Now, if τi = τ + 1, then we can substitute Θti+τ in (D.16) based on (D.14) which
results in

T̄ − CᵀM−1
ti+τ+1(γ)C � 0, (D.17)

for C = −DᵀΘti+τ+1

[
A2 A

]
S̄τ−1 and T̄ = [T̄16i,j62], where

T̄11 = γ2I(τ−1)l − D̄ᵀ
τ−1Q̄

τ−1
ti D̄τ−1 − S̄ᵀ

τ−1A
ᵀQti+τAS̄τ−1

− S̄ᵀ
τ−1A

2ᵀΘti+τ+1A
2S̄τ−1,

T̄21 = T̄ ᵀ
12 = −Dᵀ(Qti+τ +AᵀΘti+τ+1A)AS̄τ−1,

T̄22 = γ2I −Dᵀ(Qti+τ +AᵀΘti+τ+1A)D.

Moreover, (D.17) along with Mti+τ+1(γ) � 0 are equivalent to the following
inequality [

T̄ Cᵀ

C Mti+τ+1

]
= γ2I(τ+1)l − D̄ᵀ

τ+1N̄
τ+1
ti D̄τ+1 � 0,

which indicates that the assumption of the induction is correct and the lemma
is proved.

D.3 Lemma 5.3

Based on Başar and Bernhard (2008, Lemma 3.3), for any γ ∈ Γp1 , Nk has
a constant or decreasing behaviour with respect to time, i.e. Nk > Nk+1 for
all k ∈ NK−1

0 . Now based on Lemma 5.2, for the τ -step periodic transmis-
sion sequence, any γ ∈ Γpτ should satisfy M̄τ

ti(γ) = γ2Iτ×l − D̄ᵀ
τ N̄

τ
tiD̄τ � 0 at

all transmission time-steps where

N̄τ
ti =

{
Nti+1, if τ = 1

diag(Iτ−1 ⊗Q,Nti+τ ), otherwise.
(D.18)

SinceNti+τ > Nti+1+τ , we conclude that N̄τ
ti > N̄

τ
ti+1

or equivalently D̄ᵀ
τ N̄

τ
tiD̄τ >

D̄ᵀ
τ N̄

τ
ti+1

D̄τ which indicates that M̄τ
ti(γ) 6 M̄τ

ti+1
(γ).

D.4 Theorem 5.1

Assume that ti ∈ NK−1
0 is a transmission time-step generated by the proposed

algorithm in this theorem. To prove the result, we just need to show that for
this transmission time-step τi = νi − 1 > τ . Equivalently, we can show it by
establishing that at any ti ∈ NK−1

0 , M̄r
ti(γ) � 0 for all r ∈ Nτ1 and any γ ∈ Γpτ
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where M̄r
ti(γ) = γ2Īr×l − D̄ᵀ

r N̄
r
tiD̄r. Since we know that M̄τ

t0(γ) � 0 and due
to the non-increasing behaviour of Nk with respect to time, we can conclude
that M̄τ

ti(γ) � 0 at any ti ∈ NK−τ0 . In the following, we show that M̄r
ti(γ) � 0

for all r ∈ Nτ−1
1 , given the condition that M̄τ

ti(γ) � 0. Let us partition M̄τ
ti(γ)

as follows

M̄τ
ti(γ) =

[
γ2I(τ−1)l − R̄τ−1 −S̄ᵀ

τ−1A
ᵀNti+τD

−DᵀNti+τAS̄τ−1 γ2I −DᵀNti+τD

]
,

where R̄τ−1 = D̄ᵀ
τ−1Q̄

τ−1
ti D̄τ−1 + S̄ᵀ

τ−1A
ᵀNti+τAS̄τ−1,

D̄τ =

[
D̄τ−1 0
AS̄τ−1 D

]
, S̄τ−1 =

[
Aτ−2D . . . D

]
.

Then by using the Schur complement, guaranteing M̄τ
ti(γ) � 0 for any γ ∈ Γpτ

is equivalent to the inequalities Ξ1(γ) = γ2I −DᵀNti+τD � 0 and

Ξ2(γ) =γ2I(τ−1)l − R̄τ−1 + (AS̄τ−1)ᵀNti+τD(
γ2I −DᵀNti+τD

)−1
DᵀNti+τAS̄τ−1 � 0.

By simplifying Ξ2(γ) and using Başar and Olsder (1999, Lemma 6.2) we arrive
at the following expression

Ξ2(γ) =γ2I(τ−1)l − D̄ᵀ
τ−1Q̄

τ−1
ti D̄τ−1−

S̄ᵀ
τ−1A

ᵀNti+τ (I − γ−2DDᵀNti+τ )−1AS̄τ−1 � 0.

Moreover, since D̄ᵀ
τ = [D̄ᵀ

τ−1 S̄ᵀ
τ ], we can represent the above equation as follows

Ξ2(γ) = γ2I(τ−1)l − D̄ᵀ
τ−1N̂

τ−1
ti+τ−1D̄τ−1 � 0, where

N̂τ−1
ti+τ−1 = diag

(
Qti+1, . . . , Qti+τ−1 +AᵀNti+τ (I − γ−2DDᵀNti+τ )−1A

)
.

Furthermore, M̄τ−1
ti (γ) = γ2I − D̄ᵀ

τ−1N̄
τ−1
ti+τ−1D̄τ−1 where

N̄τ−1
ti+τ−1 = diag

(
Qti , . . . , Qti+τ−1 +AᵀNti+τ

(
I + (BBᵀ − γ−2DDᵀ)Nti+τ

)−1
A
)
.

Since BBᵀNti+τ > 0, then we can conclude that N̄τ−1
ti+τ−1 6 N̂

τ−1
ti+τ−1 and there-

fore, for any γ ∈ Γpτ we have 0 ≺ Ξ2(γ) 6 M̄τ−1
ti (γ) which indicates that

if M̄τ
ti(γ) � 0 then M̄τ−1

ti (γ) � 0. Following an induction argument, we can

also prove that M̄r
ti(γ) � 0 holds for all r ∈ N̄τ−2

1 which proves the theorem.

D.5 Lemma 5.4

Based on Başar and Bernhard (2008, Theorem 3.8), having the observability
and the stabilizability conditions given as the assumptions of the lemma, there
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exists a γ̂ ∈ R�0 where for all γ > γ̂ and NK = Q the solution of the following
recursive equation

Nk(γ) = Q+AᵀNk+1(γ)
(
I + (BBᵀ − γ−2DDᵀ)Nk+1(γ)

)−1
A

converges to a positive definite matrix Ñ(γ) as k → 0. Moreover, based on Başar
and Bernhard (2008, Lemma 3.4), we know that Nk(γ) 6 Ñ(γ) at all k ∈ NK0
and for any γ > γ̂. Therefore, for a given time-step L̄ ∈ N, there exists a K̄ ∈ N
where if K > K̄, then for all k ∈ {0, . . . , L̄}, Ñ(γ)−Nk(γ) ≺ εI where ε is a
small real number. Then the set of `2-induced norm bound for the τ -step periodic
transmission sequence is equivalent to

Γpτ = {γ > γ̂|γ2Iτ×l − D̄ᵀ
τ N̂

τ D̄τ � 0}, (D.19)

where N̂τ = diag(Iτ−1 ⊗Q, Ñ(γ)). Now in order to find the `2-consistent
state transmission time sequence based on Theorem 5.1 when K > K̄, we
have to determine the inter-sequence time-step τi = νi − 1 at every transmis-
sion time-step ti, where νi = min{r ∈ N|γ2Irl − D̄ᵀ

r N̄
r
tiD̄r 6 0} for γ ∈ Γpτ in

which N̄r
ti = diag(Iτi−1 ⊗Q,Nti+r(γ)). Since the value of Nti+r(γ) is very close

to Ñ(γ) when (ti + r) ∈ NL̄0 , then the inter-sequence time-steps during this pe-
riod also become constant which is at least equal to τ .

D.6 Lemma 5.5

The proof procedure is the same as the one for the Theorem 5.1. However, we
have to show that at any possible transmission time-step ti ∈ NK−1

0 , M̄τ
ti(γ) � 0

for any γ ∈ Γpτ . Since Nk > Nk+1 and based on assumption Qk > Qk+1,
then N̄r

s > N̄
r
s+1 at all s ∈ NK−r−1

0 , where

N̄r
s =

{
Ns+1, if r = 1

diag(Qs+1, . . . , Qs+r−1, Ns+r), otherwise.

Moreover, we have M̄τ
0 (γ) = γ2Iτl − D̄ᵀ

τ N̄
τ
0 D̄τ � 0 for γ ∈ Γpτ . Then by us-

ing the fact that N̄r
s > N̄

r
s+1, we can conclude that at any arbitrary time-

step ti ∈ NK−1
0 we have M̄τ

ti(γ) = γ2Iτl − D̄ᵀ
τ N̄

τ
tiD̄τ � 0 for any γ ∈ Γpτ . The

rest of the proof is the same as the one for the Theorem 5.1.



Appendix E

Proofs of Chapter 6

In this appendix we provide the proofs of Lemmas 6.1 and 6.2 and Theorems 6.1
and 6.2 in Sections E.1, E.2, E.3, and E.4, respectively. Some auxiliary proposi-
tions and their proofs needed for the proof of Lemma 6.2 are provided in Section
E.5.

E.1 Lemma 6.1

Parts i and ii can be proved by the arguments in Theorem 3.8 of Başar and
Bernhard (2008), in which the stabilizability of (A,B) and the observability

of (Q
1
2 , A) are used to guarantee the existence of γ̂ ∈ R�0, where for all γ � γ̂

the Ricatti equation (6.10) has a positive definite solution M . They are also
proved (by making τ = 1) in a more general setting in Lemma 6.2. The only
point that is not proved in Başar and Bernhard (2008) is the Lyapunov stability
of the control loop when w = (0, 0, . . . ), which we postpone it to the end of the
present proof. Now we start to prove part iii.

Part iii) Let us define J̃(xk, xk+1) = xTk+1Mxk+1 − xTkMxk for all k ∈ N0,

where M is the positive definite solution of M = ATMH−1A+Q for a
given γ ∈ R�0 such that γ2I −DTMD � 0. Then, by using (6.1)

J̃(xk, xk+1) = (Axk +Buk)TM(Axk +Buk)− wT
k (γ2I −DTMD)wk

+ 2(Axk +Buk)TMDwk − xTkMxk + (xTkQxk + uTkuk)− (zTk zk − γ2wT
kwk).

Now by completing the squares for wk, we obtain

J̃(xk, xk+1) = −(wk − w∗k)TDTΨ1D(wk − w∗k) + uTkuk + xTk (Q−M)xk

+ (Axk +Buk)TMG(Axk +Buk)− (zTk zk − γ2wT
kwk),
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for w∗k = (DTΨ1D)−1DTM(Axk + Buk), where Ψ1 := γ2(DDT)−1 − M
and DTΨ1D � 0. Moreover,

G := I +D(γ2I −DTMD)−1DTM = (I − γ−2DDTM)−1,

where the second equality results from a matrix inversion lemma given in Hen-
derson and Searle (1981, equation (13)). Now, we complete the squares for uk,
which results in

J̃(xk, xk+1) = −(wk − w∗k)TDTΨ1D(wk − w∗k) + (uk − u∗k)T

Φ1(uk − u∗k) + xTk (ATMH−1A−M +Q)xk + γ2wT
kwk − zTk zk,

(E.1)

where Φ1 := I +BTMGB > I,

H : =
(
G−GBΦ−1

1 BTMG
)−1

= G−1
(
I −GB(I +BTMGB)−1BTM

)−1

= G−1(I + GBBTM) = I + (BBT − γ−2DDT)M,

and

u∗k = −Φ−1
1 BTMGAxk = −BT(M−1 − γ−2DDT +BBT)Axk = −BTMH−1Axk.

Now by using the following matrix inversion lemma (Henderson and Searle, 1981,
equation (18))

(A+ UBUT)−1 = A−1 −A−1U(I +BUTA−1U)−1BUTA−1,

we can show that Φ−1
1 = I −BTMH−1B. Then by summing all the val-

ues of J̃(xk, xk+1) over k ∈ Nν0 for an arbitrary ν ∈ N and considering
M = ATMH−1A+Q,∑ν

k=0 J̃(xk, xk+1) = xTν+1Mxν+1 − xT0Mx0 = −
∑ν
k=0(zTk zk − γ2wT

kwk)

+
∑ν
k=0[(uk − u∗k)TΦ1(uk − u∗k)− (wk − w∗k)TDTΨ1D(wk − w∗k)].

(E.2)
From this equation we conclude that∑ν

k=0[zTk zk − γ2wT
kwk] = xT0Mx0 − xTν+1Mxν+1

+
∑ν
k=0[−(wk − w∗k)TDTΨ1D(wk − w∗k) + (uk − u∗k)TΦ1(uk − u∗k)].

which indicates that J 6 0 for all w 6= 0 ∈ `2d if uk = u∗k at all k ∈ N0. Since M
is a positive definite matrix and x0 = 0, then

J =
∑∞
k=0[zTk zk − γ2wT

kwk] 6
∑∞
k=0

[
(uk − u∗k)TΦ1(uk − u∗k)

− (wk − w∗k)TDTΨ1D(wk − w∗k)
]
,

which proves part iii. Now we need to prove the global asymptotic stability
of the control loop, when w = (0, 0, . . . ) and the control input follows (6.11).
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We take V (xk) = xTkMxk as the Lyapunov function candidate, where M is a
positive definite solution of (6.10). Considering ∆Vk := V (xk+1)− V (xk), then
based on (E.1), for w = (0, 0, . . . ) and uk = u∗k at every k ∈ N0, we have ∆Vk =
−u∗Tk u∗k −xTkQxk −w∗Tk DTΨ1Dw

∗
k 6 0, for every k ∈ N0. Therefore, the control

loop is Lyapunov stable. Moreover, based on the observability of (Q
1
2 , A) it

can be shown that the state of the control loop converges to zero as time goes
to infinity, when w = (0, 0, . . . ) and uk = u∗k at every k ∈ N0, see, Başar and
Bernhard (2008, page 62). Thus, the system is globally asymptotically stable.

E.2 Lemma 6.2

i) Necessary and sufficient conditions for the existence of a τ-periodic
`2-controller

According to Theorem 3.8 of Başar and Bernhard (2008), taking into ac-

count the stabilizability of (A,B) and the observability of (Q
1
2 , A), there ex-

ists a γ̂1 ∈ R�0, where for all γ � γ̂1 the Ricatti equation (6.10) has a positive
definite solution M . Moreover, it is clear that there exists γ̂2 � 0 such that
for all γ � γ̂2, γ2I − D̄T

τ M̄τ D̄τ � 0 holds. Then we can take γ̂ := max{γ̂1, γ̂2},
which establishes the first assertion.

Now to prove the second assertion in statement i, we resort to an argument
in Başar and Bernhard (2008), which indicates that the conditions needed to
find a controller satisfying part ii of Definition 6.2 are the same as the condi-
tions needed to have J∗ 6 0, where J∗ is given in (6.9). Solving the minimax
optimization problem in (6.9) is equivalent to finding an appropriate value func-
tion V(x`) such that the following Isaacs equation holds for every ` = ιτ ∈ N0

and every x` ∈ Rn (Başar and Olsder, 1999, Corollary 6.2),

V(x`) = min
Uι=R̄ι(Fπτ` )

max
w`=T`(E`)

. . . max
w`+τ−1=T`+τ−1(E`+τ−1)∑`+τ−1

k=` [zTk zk − γ2wT
kwk] + V(x`+τ ).

In this minimax game, the information structures of the two players are periodic
with given, generally not equal, time periods. As a result of Theorem 6.9 in Başar
and Olsder (1999) the value function for this two-player zero-sum minimax game
is V(x`) = xT`Mx`, where M is the positive definite solution of (6.10). Therefore,
we have to find the conditions under which the following equality always holds
for every x` ∈ Rn,

xT`Mx` = min
Uι=R̄ι(Fπτ` )

max
w`=T`(E`)

. . . max
w`+τ−1=T`+τ−1(E`+τ−1)∑`+τ−1

k=` [zTk zk − γ2wT
kwk] + xT`+τMx`+τ .

(E.3)

In order to solve the optimization problem in (E.3) for τ ∈ N, first we need
to follow τ maximization steps and determine W ∗ι = D[w∗T` , . . . , w∗T`+τ−1]T and
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then determine U∗ι = [u∗T` , . . . , u∗T`+τ−1]T in one minimization step. Therefore,
w∗s when s = `+ τ − 1 is determined as follows

Ĵτ−1(xs, us) := maxws∈Rd
[
zTs zs − γ2wT

sws + xTs+1Mxs+1

]
.

By substituting (6.1) into the above equation we get

w∗s := arg max
ws∈Rd

(
zTs zs − γ2wT

sws + (Axs +Bus +Dws)
TM(Axs +Bus +Dws)

)
,

where a bounded w∗s exists if γ2I −DTMD � 0, and

w∗s = γ−2DTV̂ −1
τ−1M(Axs +Bus), (E.4)

for V̂τ−1 = I − γ−2MDDT. Now by substituting (E.4) into Ĵτ−1(xs, us) we get
Ĵτ−1(xs, us) = xTsΘτ−1xs + uTs Yτ−1us + 2xTsZτ−1us, where

Θτ−1 := Q+ATV̂ −1
τ−1MA, Zτ−1 := ATV̂ −1

τ−1MB,

Yτ−1 := I +BTV̂ −1
τ−1MB.

(E.5)

Therefore, the optimal game value at time s is a function of xs and us. Now,
by an induction argument, let us assume that at an arbitrary optimization step
h+ 1 ∈ Nτ−1

1 the optimal game value is

Ĵh+1(xr+1, Ûr+1) := xTr+1Θh+1xr+1 + 2xTr+1Zh+1Ûr+1 + ÛT
r+1Yh+1Ûr+1,

where Θh+1, Yh+1 are known positive definite matrices, r = `+ h, and
Ûr+1 = [uTr+1, . . . , u

T
`+τ−1]T is the augmented control input. Then

Ĵh(xr, Ûr) := max
wr∈Rd

[zTr zr − γ2wT
rwr + Ĵh+1(xr+1, Ûr+1)].

By substituting (6.1) into the above equation, we get

w∗r = γ−2DTV̂ −1
h

(
Θh+1(Axr +Bur) + Zh+1Ûr+1

)
, (E.6)

where V̂h = I − γ−2Θh+1DD
T, provided that γ2I − DTΘh+1D � 0. Then,

Ĵh(xr, Ûr) = xTrΘhxr + 2xTrZhÛr + ÛT
r YhÛr, where

Θh := Q+ATV̂ −1
h Θh+1A,

Zh :=
[
ATV̂ −1

h Θh+1B ATV̂ −1
h Zh+1

]
,

Yh :=

[
I +BTV̂ −1

h Θh+1B BTV̂ −1
h Zh+1

ZT
h+1V̂

−T
h B Yh+1 + ZT

h+1EhZh+1

]
,

(E.7)

for Eh = γ−2DDTV̂ −1
h . Moreover, Ĵh takes the same form as the one assumed

for the Ĵh+1, and therefore, the quadratic form assumed for the Ĵh is correct.
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Finally, consider at the optimization step `, after determining w∗` the optimal

game value follows Ĵ0(x`, Û`) = xT` Θ0x` + 2xT` Z0Û` + ÛT
` Y0Û`, where Θ0, Z0

and Y0 are determined based on (E.7). Then, Û∗` = arg minÛ`∈Rmτ [xT` Θ0x` +

2xT` Z0Û` + ÛT
` Y0Û`], which results in U∗ι := Û∗` = K̄τx`, where

K̄τ = −Y −1
0 ZT

0 , (E.8)

and Ĵ0(x`) := xT` (Θ0 − Z0Y
−1
0 ZT

0 )x` = xT`Mx` = V(x`). We will prove that
K̄τ = B̄0, where B̄0 is determined based on (6.23) in Proposition E.3. Therefore,
we have M = Θ0 − Z0Y

−1
0 ZT

0 . However, since the value of τ is arbitrary, then
for every h ∈ Nτ−1

0 ,
M = Θh − ZhY −1

h ZT
h . (E.9)

Based on (E.9), we can obtain the same Ricatti equation as in (6.10) by consid-
ering h = τ − 1,

M = Θτ−1 − Zτ−1Y
−1
τ−1Z

T
τ−1 = Q+ATV̂ −1

τ−1MA

−ATV̂ −1
τ−1MB(I +BTV̂ −1

τ−1MB)−1BTV̂ −1
τ−1MA = Q+ATMH−1A,

where H = I + (BBT − γ−2DDT)M . However, based on γ2I −DTΘh+1D � 0
we have to check the following conditions for the existence of the optimal solution
for (E.3),

Λh(γ) := γ2I −DTΘhD � 0 (E.10)

at all h ∈ Nτ1 , where

Θh =

{
M, if h = τ

Q+ATΘh+1A+ATΘh+1DΛ−1
h+1(γ)DTΘh+1A, otherwise.

(E.11)

We will establish that γ2I − D̄T
τ M̄τ D̄τ � 0 is equivalent to the series of inequal-

ities in (E.10) in Proposition E.2.
Proving J 6 −ε‖w‖2`2 for Uι = U∗ι at all ι ∈ N0, all w ∈ `d2 and x0 = 0:

Following the same procedure as the one given in the proof of Lemma 6.1, we
can obtain

xT`+τMx`+τ − xT`Mx` = (Uι − U∗ι )TY0(Uι − U∗ι )−
∑`+τ−1
i=`[

(wi − w∗i )TDTΨ̄i−`D(wi − w∗i )− (zTi zi − γ2wT
i wi)

]
,

(E.12)

for any arbitrary transmission time ` = ιτ ∈ N0 and Ψ̄h := γ2(DDT)−1 −Θh+1

for all h ∈ Nτ−1
0 . Then by taking the summation of both sides of the equation

over the transmission times, from initial up to an arbitrary transmission time-
step ν ∈ N,∑ν

k=0(zTk zk − γ2wT
kwk) = xT0Mx0 − xTν+τMxν+τ

+
∑ν
ι=0[(Uι − U∗ι )TΦτ (Uι − U∗ι )− (Wι −W ∗ι )TΨτ (Wι −W ∗ι )],
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where Ψτ = γ2(D̂τ D̂
T
τ )−1 − Θ̂τ in which D̂τ = Iτ ⊗D, Θ̂τ = diag(Θ1, . . . ,Θτ−1,M)

and Φτ = Y0. Thus,

J =
∑∞
k=0(zTk zk − γ2wT

kwk) 6 xT0Mx0

+
∑∞
ι=0[(Uι − U∗ι )TΦτ (Uι − U∗ι )− (Wι −W ∗ι )TΨτ (Wι −W ∗ι )].

(E.13)

Now following the similar arguments as in Limebeer et al. (1992, Theorem 2.1),
we can show that for Uι = U∗ι at all ι ∈ N0 and x0 = 0, J 6 −ε‖w‖2`2 holds for

all w ∈ `d2 and some positive ε. Note that in case Wι = W ∗ι at all ι ∈ N0 and
for x0 = 0, we can conclude w = (0, 0, . . . ), where still J 6 −ε‖w‖2`2 holds for
any positive ε.

Proving the necessity of (E.10), such that Uι = U∗ι at all ι ∈ N0 satis-
fies J 6 −ε‖w‖2`2 , for x0 = 0 and all w ∈ `d2: Let us assume that Λh(γ) = DTΨ̄hD
for a h ∈ Nτ1 is not a positive definite matrix. In this case, we will in-
troduce a w 6= (0, 0, . . . ), for which it is not possible to find an ε � 0 such
that J 6 −ε‖w‖2`2 . Suppose d∗ 6= 0 is an eigenvector of Λh(γ) corresponding
to its zero or negative eigenvalue. Then for x0 = 0 and a given ι ∈ N0, we pro-
pose the following disturbance sequence

wk =


0, if k ≺ ιτ + h

w∗k + d∗, if k = ιτ + h

w∗k, if k � ιτ + h.

(E.14)

Since x0 = 0, then xt = 0 and w∗t = 0 for all t ∈ Nk0 . Now if Uι = U∗ι
at all ι ∈ N0, then (Uι − U∗ι )TΦτ (Uι − U∗ι ) = 0 and since Λh(γ)d∗ 6 0,
then (Wι −W ∗ι )TΨτ (Wι −W ∗ι ) 6 0 at all ι ∈ N0 for the given w 6= (0, 0, . . . ).
Therefore, based on (E.13), we cannot find an ε � 0, where J 6 −ε‖w‖2`2 for the

given nonzero disturbance input. Thus, for all h ∈ Nτ−1
0 , Λh(γ) should not have

any zero or negative eigenvalue.

ii) τ -Periodic `2-controller

We can prove that the determined control policy U∗ι = K̄τx` is equivalent to the
one given in (6.16) and (6.17), however it is omitted due to space limitations.
In part i of the proof we showed that the control policy Uι = U∗ι for all ι ∈ N0

satisfies J 6 −ε‖w‖2`2 for x0 = 0 and all w ∈ `d2. Now we just need to prove the
global asymptotic stability of the control loop when w = (0, 0, . . . ).

For this purpose, let us take V (x`) = xT`Mx` as the Lyapunov function can-
didate at every transmission time step. Then based on (E.12), we have

∆V (x`) = xT`+τMx`+τ − xT`Mx` = −
∑`+τ−1
i=`

[
w∗Ti DTΨ̄i−`Dw

∗
i + zTi zi

]
6 0,

at every ` ∈ N0, when Uι = U∗ι and w = (0, 0, . . . ). This indicates that the con-
trol loop is Lyapunov stable. Then, following the same arguments as in Başar
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and Bernhard (2008, page 62), due to the boundedness of the game upper
value for Uι = U∗ι at all transmission time steps ` = ιτ , we can conclude

that Q
1
2xk → 0 when w = (0, 0, . . . ), and then based on the observability of

(Q
1
2 , A), we can show that xk converges to zero as time goes to infinity for any

initial condition. Therefore, we can conclude the global asymptotic stability of
the control loop.

iii) Performance index

We proved (6.21) in (E.13), where Φτ = Y0 which can be determined iteratively
based on (E.7). However, there is a simpler iteration to determine Y −1

0 . Let us

consider Yh = Â+ B̂ĈB̂T, where Â = diag{I, Yh+1},

B̂ =

[
BT 0
0 ZT

h+1

]
, Ĉ =

[
V̂ −1
h Θh+1 V̂ −1

h

V̂ −Th γ−2DDTV̂ −1
h

]
,

then by considering the following matrix equality

(Â+ B̂ĈB̂T)−1 = Â−1 − Â−1B̂(I + ĈB̂TÂ−1B̂)−1ĈB̂TÂ−1.

we can determine the equality in (6.22), We can show that for all h ∈ Nτ−1
0 .

Moreover, this iteration starts from Yτ−1 = I +BTV̂ −1
τ−1MB, where we can easily

show that Y −1
τ−1 = I −BTMH−1B.

E.3 Theorem 6.1

In order to guarantee that γ � γ∗1 is an `2-gain bound of the system (6.1), (6.32)
and (6.29) (with (6.30) or (6.31)), one should satisfy J 6 0 for all w ∈ `d2, where
J is given in (6.8). Therefore, we can use (6.13) and represent it as

J 6 (u0 − u∗0)TΦ1(u0 − u∗0) +
∑∞
k=1[(uk − u∗k)TΦ1(uk − u∗k)

− (Dwk−1 −Dw∗k−1)TΨ1(Dwk−1 −Dw∗k−1)].

Based on the event-triggered policy (6.32), there is a state transmission to the
controller at k = 0, therefore u0 = u∗0. Moreover, we can change the summation
in the above equation into two summations as follows

J 6
∑∞
j=0

∑sj+1

i=sj+1[(ui − u∗i )TΦ1(ui − u∗i )

− (Dwi−1 −Dw∗i−1)TΨ1(Dwi−1 −Dw∗i−1)],

where j ∈ N0 represents the number of transmissions and sj is the time at which
the j-th transmission happens. Then if uk at all k ∈ N0 follows (6.29) for the
data transmission scheduling policy (6.32), we have

J 6
∑∞
j=0

∑sj+1

i=sj+1[(ûi − u∗i )TΦ1(ûi − u∗i )

− (Dwi−1 −Dŵ∗i−1)TΨ1(Dwi−1 −Dŵ∗i−1)].
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for ûi = Kx̄i|i and ŵ∗i = S(Axi + Bûi). Based on the scheduling policy (6.32),
and the fact that at data transmission times ûsj = u∗sj , for every sj ∈ N, we have

G(Ûsj+1 , Ŵsj+1) =
∑sj+1

i=sj+1[(ûsj − u∗i )TΦ1(ûsj − u∗i )

− (Dwi−1 −Dŵ∗i−1)TΨ1(Dwi−1 −Dŵ∗i−1)] 6 0.

Therefore, we can guarantee J 6 0. Furthermore, by substituting ûi into ŵ∗i , we
arrive at ŵ∗i = SAxi + SBKx̄i|i. Moreover,

SBK = −γ−2DTM(I − γ−2DDTM)−1BBTMH−1A

= −γ−2DTM(I − γ−2DDTM)−1
(
H − (I − γ−2DDTM)

)
H−1A

= −S + γ−2DTMH−1A = (−S + L)A,

which results in ŵ∗i = SAxi + (L− S)Ax̄i|i.

Stability when w = (0, 0, . . . ) : Let us take V (xν) = xTνMxν as a Lyapunov
function candidate. Then, based on (E.2), when we have uk = ûk and w∗k = ŵ∗k
for all k ∈ N0, and w = (0, 0, . . . ),

∆̂V (xν) : = V (xν+1)− V (x0) = −
∑ν
k=0[xTkQxk + ûTk ûk

− (ûk − u∗k)TΦ1(ûk − u∗k) + ŵ∗Tk DTΨ1Dŵ
∗
k],

at every ν ∈ N0. Moreover, based on the event-triggered scheduling law (6.32),
when w = (0, 0, . . . ),∑ν

k=0[−(ûk − u∗k)TΦ1(ûk − u∗k) + ŵ∗Tk DTΨ1Dŵ
∗
k] > 0,

at every ν ∈ N0. Therefore, ∆̂V (xν) 6 0 at every ν ∈ N0, which indi-
cates the Lyapunov stability of the control loop for the proposed ETC,
when w = (0, 0, . . . ). Then similar to the proof of Lemma 6.1, the observability

of (Q
1
2 , A) and the boundedness of the performance index (6.8), i.e., J 6 xT0Mx0,

guarantees the convergence of the state to zero as time goes to infinity. Therefore,
we can conclude the global asymptotic stability of the control loop. Therefore,
the proposed ETC is an `2-consistent ETC according to Definitions 6.3 and 6.4.

E.4 Theorem 6.2

The proof procedure is similar to the one presented for Theorem 6.1. However,
here, in order to satisfy J 6 0 for all w ∈ `d2, where J is given in (6.8), we just
need to consider (6.21). We just need to simplify the disturbance input as it
is given in (6.19) when the control policy follows (6.33). For k = ιτ + τ − 1,
we have ŵ∗k = S̄τ−1(Axk +Bûk), where ûk = K(H−1A)τ−1x̄ιτ |ιτ . Then similar
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to what we did in the proof of Theorem 6.1, we can show that S̄τ−1BK =
(L− S̄τ−1)A, which results in

ŵ∗k = S̄τ−1Axk + (L− S̄τ−1)A(H−1A)τ−1x̄ιτ |ιτ .

Now when k ∈ Nιτ+τ−2
ιτ , then

ŵ∗k = Shxk + γ−2DT[Θh+1V
−1
h B V −Th Zh+1]Ûk,

where h = k − ιτ and

Ûk = −
[

BTMH−1A
Y −1
h+1Z

T
h+1H

−1A

]
(H−1A)hx̄ιτ |ιτ .

Moreover, we can show that

[
Θh+1V

−1
h B V −Th Zh+1

] [ BTMH−1A
Y −1
h+1Z

T
h+1H

−1A

]
= Θh+1V

−1
h BBTMH−1A+ V −Th Zh+1Y

−1
h+1Z

T
h+1H

−1A

= Θh+1V
−1
h BBTMH−1A+ V −Th (Θh+1 −M)H−1A

= Θh+1V
−1
h (H + γ−2DDTM)H−1A− V −Th MH−1A

= Θh+1V
−1
h A+ γ−2V −Th Θh+1DD

TMH−1A

− V −Th MH−1A = Θh+1V
−1
h A−MH−1A.

Then by substitution, w∗k = S̄hxr + (L − S̄h)A(H−1A)hx̂ιτ |ιτ , where

S̄h = γ−2DTV −1
h Θh+1A and L = γ−2DTMH−1A.

E.5 Auxiliary propositions

Proposition E.1. For the system (6.1) and (6.6), a given γ � γ∗1 and τ ∈ N�1,
there is a closed-loop control policy that meets condition (ii) of Definition 6.2
if and only if the value J∗ of the minimax problem (6.9) is non-positive for the
given value of γ and x0 = 0. �

Proof: First, let us denote J(ū, w̄) as the value of J in (6.8) for the given
policies of ū and w̄ following the information sets (6.5) and (6.2), respectively.
Moreover, consider

J(ū, w̄∗) := max{wk=Tk(Ek)}k∈N0
J(ū, w),

for all γ ∈ R�0 and a given control policy ū following the information set (6.5).
Then, the inequality

J∗ 6 J(ū, w̄∗), (E.15)
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always holds for all γ ∈ R�0 and any given control policy ū following the in-
formation set (6.5). Now suppose there is a control policy ū for a given γ,
where J(ū, w) 6 0 for x0 = 0 and all w ∈ `d2, based on Definition 6.2 part ii.
Then we can infer J(ū, w̄∗) 6 0. This indicates that J∗ is non-positive for x0 = 0
based on (E.15).

Now we show that it is necessary for J∗ to be non-positive in order that for
a given γ ∈ R�0, and x0 = 0, a controller exists, which satisfies (ii) in Defini-
tion 6.2. Suppose that for a given γ ∈ R�0, J∗ � 0, for x0 = 0. Then based
on (E.15), for the given γ, 0 ≺ J(ū, w̄∗) for all control input policies ū. This
means that there exists no control input policy ū, where J(ū, w) 6 0 for all w ∈ `d2
and that specific γ. Therefore, the non-positiveness of J∗ for a given γ ∈ R�0

is a necessary and sufficient condition for the existence of a controller, which
satisfies condition (ii) of Definition 6.2.

Proposition E.2. The series of inequalities in (E.10) is equivalent to γ2I −
D̄T
τ M̄τ D̄τ � 0, where M̄τ and D̄τ are given in part i of Lemma 6.2. �

Proof: For τ = 1 the statement holds. Let us assume τ ∈ N�1, then for an
arbitrary h ∈ Nτ−1

1 we have

Λh(γ) = γ2I −DTΘhD = γ2I −DT(Q+ATΘh+1A)D

−DT(ATΘh+1D(γ2I −DTΘh+1D)−1DTΘh+1A)D � 0

and Λh+1(γ) = γ2I −DTΘh+1D � 0. By using the Schur complement, these
two inequalities are equivalent to the following inequality[

γ2I −DT(Q+ATΘh+1A)D −DTATΘh+1D
−DTΘh+1AD γ2I −DTΘh+1D

]
� 0. (E.16)

Now if τ = 2, then for h = 1, Θh+1 = M and we can rearrange (E.16) as

γ2

[
I 0
0 I

]
−
[
DT DTAT

0 DT

] [
Q 0
0 M

] [
D 0
AD D

]
� 0,

which is equivalent to γ2I − D̄T
2 M̄2D̄2 � 0 and the argument is proved

for τ = 2. Now by an induction, assume that for a given τ = τ̂ the inequal-
ity Λ̄τ̂ (γ) = γ2I − D̄T

τ̂ M̄τ̂ D̄τ̂ � 0 is equivalent to the set of inequalities in (E.10).
Let us partition D̄τ̂ as

D̄τ̂ =

[
D̄τ̂−1 0
AS̄τ̂−1 D

]
,

where S̄τ̂−1 = [Aτ̂−2D . . .D] and M̄τ̂ = diag(Q̄τ̂−1,Θτ̂ ) for Q̄τ̂−1 = Iτ̂−1 ⊗Q.
Then

Λ̄τ̂ (γ) =

[
γ2I − R̄τ̂−1 −S̄T

τ̂−1A
TΘτ̂D

−DTΘτ̂AS̄τ̂−1 γ2I −DTΘτ̂D

]
� 0, (E.17)
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in which R̄τ̂−1 = D̄T
τ̂−1Q̄τ̂−1D̄τ̂−1 + S̄T

τ̂−1A
TΘτ̂AS̄τ̂−1. Now if τ = τ̂ + 1, then

we can substitute Θτ̂ in (E.17) based on (E.11) which results in

T̄ − CTΛ−1
τ̂+1(γ)C � 0, (E.18)

for C = −DTΘτ̂+1

[
A2 A

]
S̄τ̂−1 and T̄ = [T̄16i,j62], where

T̄11 = γ2I − D̄T
τ̂−1Q̄τ̂−1D̄τ̂−1 − S̄T

τ̂−1A
TQτ̂AS̄τ̂−1 − S̄T

τ̂−1A
2TΘτ̂+1A

2S̄τ̂−1,

T̄21 = T̄T
12 = −DT(Qτ̂ +ATΘτ̂+1A)AS̄τ̂−1,

T̄22 = γ2I −DT(Qτ̂ +ATΘτ̂+1A)D.

Moreover, (E.18) along with Λτ̂+1(γ) � 0 are equivalent to the following inequal-
ity [

T̄ CT

C Λτ̂+1

]
= γ2I − D̄T

τ̂+1M̄τ̂+1D̄τ̂+1 � 0,

which indicates that the assumption of the induction is correct and the argument
is proved.

Proposition E.3. The control input policy U∗ι = K̄τx` at all ` = ιτ ∈ N0,
where K̄τ follows (E.8), is equivalent to (6.16) and (6.17). �

Proof: First, we simplify the control gain (E.8). Let us consider Y0 = Â +
B̂TĈB̂ and ZT

0 = B̂TĈA where

Â =

[
I 0
0 Y1 − ZT

1 Θ−1
1 Z1

]
, B̂ =

[
B Θ−1

1 Z1

]
, Ĉ = V̂ −1

0 Θ1. (E.19)

Moreover, we have

Ĉ−1 + B̂Â−1B̂T = Θ−1
1 V̂0 +BBT + Θ−1

1 Z1(Y1 − ZT
1 Θ−1

1 Z1)−1ZT
1 Θ−T1

= Θ−1
1 − γ−2DDT +BBT +M−1 −Θ−1

1 = HM−1,

and

Â−1B̂T =

[
BT

(Y1 − ZT
1 Θ−1

1 Z1)−1ZT
1 Θ−T1

]
=

[
BT

Y −1
1 ZT

1 M
−1

]
,

where the second equality comes from (E.9). Then, we can simplify the control
gain based on the following matrix inversion lemma

K̄τ = −(Â+ B̂TĈB̂)−1B̂TĈA = −Â−1B̂T(Ĉ−1 + B̂Â−1B̂T)−1A

= −
[

BT

Y −1
1 ZT

1 M
−1

]
MH−1A = −

[
BTMH−1A
Y −1

1 ZT
1 H
−1A

]
.

(E.20)
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We can repeat the same simplification procedure for every Y −1
h ZT

h , where h ∈ Nτ−1
1

which finally results in

K̄τ = −


BTMH−1A

BTMH−1AH−1A
...

BTMH−1A(H−1A)τ−1

 .
This clearly shows that (6.16) and (6.17) are equivalent to U∗ι = K̄τx`.



Appendix F

Proofs of Chapter 7

F.1 Lemma 7.1

To solve the optimization problem in (7.6), we follow a dynamic programming
approach, starting from the initial time and moving forward. By assumption,
we have p0(x0) = −γ2xᵀ0Y

−1
0 x0. Now to find p1(x1), consider x := x1, ζ := x0,

y := y0, u := u0 and w := w0. Then,

p1(x) = max
w∈Rd

max
ζ∈Rn

{
p0(ζ) + ζᵀQζ + uᵀRu+ 2ζᵀPu− γ2wᵀw;

y = C2ζ +D21w, x = Aζ +B1w +B2u
}
.

Based on the dynamics of y, we can parameterize w as

w = Dᵀ
21N

−1(y − C2ζ) +Dν, (F.1)

for an arbitrary ν ∈ Rd and D := I −Dᵀ
21N

−1D21. Then we can substitute the
above equality into the state dynamics, which results in

x = Aζ + LN−1(y − C2ζ) +B1Dν +B2u. (F.2)

Moreover, we have

β0(ζ, u, y, ν) : = −ζᵀ(γ2Y −1
0 −Q)ζ + uᵀRu+ 2ζᵀPu− γ2wᵀw

= −γ2ζᵀS0ζ + 2γ2ζᵀ(Cᵀ
2N
−1y + γ−2Pu)

+ uᵀRu− γ2νᵀDν − γ2yᵀN−1y,

where S0 := Y −1
0 + Cᵀ

2N
−1C2 − γ−2Q. Assuming S0 to be invertible, then

β0(ζ, u, y, ν) = −γ2(ζ − ζ∗)ᵀS0(ζ − ζ∗) + uᵀRu

− γ2νᵀDν − γ2yᵀN−1y + γ2ζᵀ∗S0ζ
∗,

(F.3)
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for ζ∗ := S−1
0 (Cᵀ

2N
−1y + γ−2Pu). Moreover, based on (F.2),

ζ =Â†b+ (I − Â†Â)ξ, (F.4)

where Â† is the Moore-Penrose pseudo-inverse of Â, ξ ∈ Rn is an arbitrary
vector, and

b = x−B2u− LN−1y −B1Dν.

Then, by substituting (F.4) into (F.3), we get

χ0(ξ, u, y, ν) : = −γ2
(
Â†b+ (I − Â†Â)ξ − ζ∗

)ᵀ
S0

(
Â†b+ (I − Â†Â)ξ − ζ∗

)
− γ2νᵀDν + uᵀRu− γ2yᵀN−1y + γ2ζᵀ∗S0ζ

∗.

Now the maximization of β0(ζ, u, y, ν) with respect to ζ is equivalent to the
maximization of χ0(ξ, u, y, ν) with respect to ξ ∈ Rn. First, let us replace ζ∗ by
Â†Âζ∗ + (I − Â†Â)ζ∗ in the above equation

χ0(ξ, u, y, ν) = −γ2
(
Â†(b− Âζ∗) + (I − Â†Â)(ξ − ζ∗)

)ᵀ
S0(

Â†(b− Âζ∗) + (I − Â†Â)(ξ − ζ∗)
)

+ uᵀRu− γ2yᵀN−1y

− γ2νᵀDν + γ2ζᵀ∗S0ζ
∗.

Since Â(I − Â†Â) = 0, if S0 � 0, then

arg maxξ∈Rn χ0(ξ, u, y, ν) = ζ∗,

and

κ0(x, u, y, ν) : = maxξ∈Rn χ0(ξ, u, y, ν)

= −γ2
(
x−B2u− LN−1y −B1Dν − Âζ∗

)ᵀ
Â†ᵀS0Â

†(
x−B2u− LN−1y −B1Dν − Âζ∗

)
− γ2νᵀDν

+ uᵀRu− γ2yᵀN−1y + γ2ζᵀ∗S0ζ
∗.

Note that maxξ∈Rn χ0(ξ, u, y, ν) is unbounded if S0 has a negative eigenvalue.
Now to determine p1(x), we just need to solve the following optimization problem

p1(x) = maxν∈Rd κ0(x, u, y, ν). (F.5)

By taking the derivative of κ0(x, u, y, ν) with respect to ν and equating it to
zero, we get

D(Ω0ν
∗ − c) = 0,

where
Ω0 = I +Bᵀ

1 Â
†ᵀS0Â

†B1D,

c = Bᵀ
1 Â
†ᵀS0Â

†(x−B2u− LN−1y − Âζ∗),
ν∗ = arg maxν∈Rd κ0(x, u, y, ν).
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We know that αDDᵀ
12N

−1 = 0, for any α ∈ R, therefore,

Ω0ν
∗ − c = αDᵀ

12N
−1.

Accordingly, assuming α = 0, one value for ν∗ is

ν∗ :=Ω−1
0 Bᵀ

1 Â
†ᵀS0Â

†(x−B2u− LN−1y − Âζ∗),

given the condition that Ω0 � 0. By using the matrix inversion lemma and
considering

Y1 := ÂS−1
0 Âᵀ +B1DB

ᵀ
1 , (F.6)

then under the condition that S0 � 0 and Y1 � 0, we have

ν∗ := Bᵀ
1Y
−1
1 (x−B2u− LN−1y − Âζ∗).

Moreover, by using the matrix inversion lemma, we have

Ω−1
0 = I −DBᵀ

1 (ÂS−1
0 Âᵀ +B1DB

ᵀ
1 )−1B1.

The above equality indicates that S0 � 0 is enough to guarantee Ω0 � 0. There-
fore, if S0 � 0, then

p1(x) = κ0(x, u, y, ν∗) = uᵀRu− γ2(x−B2u− LN−1y − Âζ∗)ᵀÂ†ᵀS0Â
†(

I −B1DB
ᵀ
1Y
−1
1

)
(x−B2u− LN−1y − Âζ∗)− γ2yᵀN−1y + γ2ζᵀ∗S0ζ

∗.

Accordingly, by using (F.6), we can conclude

Â†ᵀS0Â
†(I −B1DB

ᵀ
1Y
−1
1

)
= Y −1

1 ,

which finally simplifies p1(x) as follows

p1(x) = −γ2(x− x̄1)ᵀY −1
1 (x− x̄1) + Z1,

under the condition that S0 � 0, and Y1 � 0, where

x̄1 := (ÂS−1
0 Cᵀ

2 + L)N−1y + (B2 + γ−2ÂS−1
0 P )u,

Z1 := uᵀ(R+ γ−2P ᵀS−1
0 P )u+ 2yᵀN−1C2S

−1
0 Pu

− γ2yᵀN−1(I − C2S
−1
0 Cᵀ

2N
−1)y.

We can also show that the controllability of (Â, B1D) and S0 � 0 are sufficient
conditions to guarantee Y1 � 0. Based on (F.6), we can infer that Y1 is at
least positive semi-definite when S0 � 0. Now let us take % ∈ Rn as a nonzero
eigenvector of Y1 corresponding to its possible zero eigenvalue. Then based
on (F.6), we have

%ᵀÂ = 0, %ᵀB1D = 0.
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This result in
%ᵀ[B1D ÂB1D . . . Ân−1B1D] = 0.

Therefore, the controllability matrix for (Â, B1D) does not have n independent
rows, which contradicts the controllability assumption. Thus, Y1 is positive
definite.

Now, based on an induction argument, we assume that at an arbitrary
time t ∈ N0,

pt(xt) = −γ2(xt − x̄t)ᵀY −1
t (xt − x̄t) + Zt, (F.7)

where x̄t is a known state estimation. Then in order to find the information
state at time t+ 1, we need to solve

pt+1(x) = max
w∈Rd

max
ζ∈Rn
{pt(ζ) + ζᵀQζ + uᵀRu+ 2ζᵀPu− γ2wᵀw;

y = C2ζ +D21w, x = Aζ +B1w +B2u},

where x := xt+1, ζ := xt, y := yt, u := ut, w := wt. We follow the same steps as
before and firstly substitute the disturbance vector (F.1) into the optimization
cost function. Therefore, assuming x̂ := x̄t, we have

βt(ζ, u, y, ν) : = −γ2(ζ − x̂)ᵀY −1
t (ζ − x̂) + Zt + ζᵀQζ + uᵀRu

+ 2ζᵀPu− γ2wᵀw = −γ2(ζᵀStζ − 2ζᵀŘt) + Zt + uᵀRu

− γ2νᵀDν − γ2(yᵀN−1y + x̂ᵀY −1
t x̂),

where
St := Y −1

t + Cᵀ
2N
−1C2 − γ−2Q,

Řt := Cᵀ
2N
−1y + Y −1

t x̂+ γ−2Pu.

We assume St is invertible, and complete the squares for ζ as

βt(ζ, u, y, ν) = −γ2(ζ − ζ∗)ᵀSt(ζ − ζ∗) + γ2ζ∗ᵀStζ
∗ + Zt

+ uᵀRu− γ2νᵀDν − γ2(yᵀN−1y + x̂ᵀY −1
t x̂),

where ζ∗ := S−1
t Řt. Then by substituting (F.4) into the above equation, doing

maximization with respect to ξ and rewriting it based on x, we get

κt(x, u, y, ν) : = −γ2
(
x−B2u− LN−1y −B1Dν − Âζ∗

)ᵀ
Â†ᵀStÂ

†(x−B2u− LN−1y −B1Dν − Âζ∗
)
− γ2νᵀDν

+ γ2ζ∗ᵀStζ
∗ + Zt + uᵀRu− γ2(yᵀN−1y + x̂ᵀY −1

t x̂),

under the condition that St � 0 (if St has a negative eigenvalue, then the maxi-
mization with respect to ξ does not have a solution). Finally,

pt+1(x) = maxν∈Rd κt(x, u, y, ν), (F.8)
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which results in

ν∗ = Ω−1
t Bᵀ

1 Â
†ᵀStÂ

†(x−B2u− LN−1y − Âζ∗),

where Ωt = I +Bᵀ
1 Â
†ᵀStÂ

†B1D, given the condition that Ωt � 0 (which is
equivalent to St � 0 following the similar steps as before). Therefore, pt+1(x) =
κt(x, u, y, ν

∗). By following the similar simplification approach as before, and
changing x, ζ, y, u, x̂ to xt+1, xt, yt, ut, x̄t, respectively, we get

pt+1(xt+1) = −γ2(xt+1 − x̄t+1)ᵀY −1
t+1(xt+1 − x̄t+1) + Zt+1,

under the condition that St � 0 and Yt+1 � 0 (which holds based on the con-
trollability of (Â, B1D) and St � 0), where

Yt+1 = ÂS−1
t Âᵀ +B1DB

ᵀ
1 , (F.9)

and
Zt+1 = Zt + uᵀt (R+ γ−2P ᵀS−1

t P )ut + 2yᵀtN
−1C2S

−1
t Put

− γ2yᵀtN
−1(I − C2S

−1
t Cᵀ

2N
−1)yt + 2uᵀt P

ᵀS−1
t Y −1

t x̄t

− γ2x̄ᵀt Y
−1
t (I − S−1

t Y −1
t )x̄t + 2γ2yᵀtN

−1C2S
−1
t Y −1

t x̄t.

Furthermore, the state estimator is

x̄t+1 = Âζ∗ +B2ut + LN−1yt = Âx̄t +B2ut + LN−1yt

+ ÂS−1
t

(
γ−2Qx̄t + γ−2Put + Cᵀ

2N
−1(yt − C2x̄t)

)
.

Since the information state at time t+ 1 has the same form as the one assumed
at time t, then the assumption of the induction is true and the information state
follows (F.7) if St � 0 for every t ∈ N0, where Yt follows (F.9) and Zt, x̄t are
determined based on the previous two equation for Z0 = 0, x̄0 = 0.

In order to simplify the future analysis, we can rewrite Zt+1 in such
a way that no coupling terms are present. We carry out this first for
the coupling term between yt and ut. Consider R̄t := R+ γ−2P ᵀS−1

t P
and S̃t = Y −1

t + Cᵀ
2N
−1C2 − γ−2Q̃, then

ǔt : = −R̄−1
t P ᵀS−1

t Cᵀ
2N
−1yt = −R−1P ᵀS̃−1

t Cᵀ
2N
−1yt

Therefore,

Zt+1 = Zt + (ut − ǔt)ᵀR̄t(ut − ǔt) + 2(ut − ǔt)ᵀP ᵀS−1
t Y −1

t x̄t

− γ2yᵀtN
−1(I − C2S

−1
t Cᵀ

2N
−1)yt − ǔᵀt R̄tǔt + 2ǔᵀt P

ᵀS−1
t Y −1

t x̄t

− γ2x̄ᵀt Y
−1
t (I − S−1

t Y −1
t )x̄t + 2γ2yᵀtN

−1C2S
−1
t Y −1

t x̄t.

(F.10)

Now by substituting ǔt into the above equation, considering ût := ut − ǔt and
noticing that

N−1C2S̃
−1
t PR−1P ᵀS−1

t Cᵀ
2N
−1 − γ2N−1(C2S

−1
t Cᵀ

2N
−1 − I)

= γ2N−1(I − C2S̃
−1
t Cᵀ

2N
−1),

−N−1C2S̃
−1
t PR−1P ᵀS−1

t Y −1
t + γ2N−1C2S

−1
t Y −1

t = γ2N−1C2S̃
−1
t Y −1

t ,
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we can simplify Zt+1 as follows

Zt+1 = Zt + ûᵀt R̄tût − γ2yᵀt V̄tyt − γ2x̄ᵀt Y
−1
t (I − S−1

t Y −1
t )x̄t

+ 2ûᵀt P
ᵀS−1

t Y −1
t x̄t + 2γ2yᵀtN

−1C2S̃
−1
t Y −1

t x̄t,

where
V̄t := N−1(I − C2S̃

−1
t Cᵀ

2N
−1). (F.11)

Then by considering ūt := ût − ũt, ȳt := yt − ỹt, we get

Zt+1 = Zt + ūᵀt R̄tūt − γ2ȳᵀt V̄tȳt + x̄ᵀt Q̄tx̄t,

where
ũt := −R̄−1

t P ᵀS−1
t Y −1

t x̄t = −R−1P ᵀS̃−1
t Y −1

t x̄t,

ỹt := V̄ −1
t N−1C2S̃

−1
t Y −1

t x̄t = C2Π̃−1
t x̄t,

for Π̃t := I − γ−2YtQ̃. Moreover,

Q̄t := γ2(Y −1
t S−1

t Y −1
t − Y −1

t )− Y −1
t S−1

t PR−1P ᵀS̃−1
t Y −1

t

+ γ2Y −1
t S̃−1

t Cᵀ
2N
−1C2Π̃−1

t = Q̃Π̃−1
t .

Finally, we can represent the state estimator as follows

x̄t+1 = Âx̄t +B2ût +
(
L+ (Â−B2R

−1P ᵀ)S̃−1Cᵀ
2

)
N−1yt

+ ÂS−1
t (γ−2Qx̄t + γ−2Pût − Cᵀ

2N
−1C2x̄t) = Âx̄t +B2ūt

+B2ũt + (L+ ǍS̃−1Cᵀ
2 )N−1ȳt + (L+ ǍS̃−1Cᵀ

2 )N−1ỹt

+ ÂS−1
t (γ−2Qx̄t + γ−2Pūt + γ−2Pũt − Cᵀ

2N
−1C2x̄t)

= Ātx̄t + B̄tūt + D̄tȳt,

where Āt := ÃΠ̃−1
t , B̄t := B2 + γ−2ÂS−1

t P , and

D̄t :=
(
L+ (Â−B2R

−1P ᵀ)S̃−1
t Cᵀ

2

)
N−1 = ÃS̃−1

t Cᵀ
2N
−1 + LV̄t.

F.2 Lemma 7.2

First we solve the finite-time horizon zero-sum quadratic dynamic game (7.15),
then we discuss the conditions under which the stationary version of the de-
termined control policy is the solution of the 1-periodic `2-control problem ac-
cording to Definition 7.2. First of all, we can easily show that q(xT ) = xᵀTXxT ,
where X follows (7.19) (Başar and Bernhard, 2008). Now to solve (7.15), we fol-
low a dynamic programming approach. Therefore, we should determine a value
function at every t ∈ NT−1

0 , i.e., Wt : Rn → R, which satisfies

Wt(x̄t) := max
{yk:=Tk(Ek)}

k∈NT−1
t

min
{uk=Rπτk (Fπτk )}

k∈NT−1
t

max
xT∈Rn

[pT (xT ) + xᵀTXxT ],

(F.12)
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for τ = 1, where x̄t follows (7.10) and

WT (x̄T ) : = maxxT∈Rn [pT (xT ) + xᵀTXxT ]

= maxxT∈Rn [−γ2(xT − x̄T )ᵀY −1
T (xT − x̄T ) + ZT + xᵀTXxT ]

= maxxT∈Rn [−γ2xᵀT (Y −1
T − γ−2X)xT + 2γ2xᵀTY

−1
T x̄T ]

− γ2x̄ᵀTY
−1
T x̄T + ZT = γ2x̄ᵀTY

−1
T (Y −1

T − γ−2X)−1Y −1
T x̄T

− γ2x̄ᵀTY
−1
T x̄T + ZT = x̄ᵀTX(I − γ−2YTX)−1x̄T + ZT ,

(F.13)
under the condition that

ΩT := (I − γ−2YTX)−1 � 0. (F.14)

Note that if ΩT has a negative eigenvalue, then WT (x̄T ) is unbounded (neces-
sity of the condition). We can also show that for any linear system, when the
controller has access to the output vector at every t ∈ NT−1

0 , then

Wt(x̄t) = x̄ᵀtXtΩtx̄t + Zt, (F.15)

at all t ∈ NT0 , where Ωt := (I − γ−2YtXt)
−1, Xt is a positive definite matrix,

which will be determined based on an iterative Ricatti equation in the sequel,
and Yt, Zt follow (7.8) and (7.11), respectively. Now for an arbitrary i ∈ NT−1

0 ,

∆Wi : = Wi+1(x̄i+1)−Wi(x̄i)

= x̄ᵀi+1Xi+1Ωi+1x̄i+1 + Zi+1 − x̄ᵀiXiΩix̄i − Zi
= x̄ᵀi Q̄ix̄i + ūᵀi R̄iūi − γ

2ȳᵀi V̄iȳi + x̄ᵀi+1Xi+1Ωi+1x̄i+1 − x̄ᵀiXiΩix̄i.

We now substitute x̄i+1 based on (7.10) in the above equality

∆Wi = x̄ᵀi (Q̄i −XiΩi)x̄i + ūᵀi R̄iūi − γ
2ȳᵀi V̄iȳi

+ (Āix̄i + B̄iūi + D̄iȳi)
ᵀXi+1Ωi+1(Āix̄i + B̄iūi + D̄iȳi)

= x̄ᵀi (Q̄i −XiΩi)x̄i − γ2ȳᵀi V̄iȳi + (ūi − ū∗i )ᵀ(R̄i + B̄ᵀ
i Xi+1Ωi+1B̄i)(ūi − ū∗i )

+ (Āix̄i + D̄iȳi)
ᵀXi+1Ωi+1Li(Āix̄i + D̄iȳi),

where
Li : = I − B̄i(R̄i + B̄ᵀ

i Xi+1Ωi+1B̄i)
−1B̄ᵀ

i Xi+1Ωi+1

= I − B̄iR̄−1
i B̄ᵀ

i

(
Ω−1
i+1X

−1
i+1 + B̄iR̄

−1
i B̄ᵀ

i

)−1

= (Xi+1Ωi+1)−1(X−1
i+1 − γ

−2Yi+1 + B̄iR̄
−1
i B̄ᵀ

i )−1,

in which the second equality is determined based on the following matrix inver-
sion equality,

CD(A+ BCD)−1 = (C−1 +DA−1B)−1DA−1.
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Moreover, by considering

Gi+1 := (X−1
i+1 − γ

−2Yi+1 + B̄iR̄
−1
i B̄ᵀ

i )−1,

Φi := R̄i + B̄ᵀ
i Xi+1Ωi+1B̄i,

(F.16)

we have
ū∗i = −Φ−1

i B̄ᵀ
i Xi+1Ωi+1(Āix̄i + D̄iȳi)

= −R̄−1
i B̄ᵀ

i Gi+1(Āix̄i + D̄iȳi).
(F.17)

Then, under the condition that Ψi := γ2V̄i − D̄ᵀ
i Gi+1D̄i � 0,

∆Wi = x̄ᵀi (Q̄i −XiΩi)x̄i − γ2ȳᵀi V̄iȳi + (ūi − ū∗i )ᵀΦi(ūi − ū∗i )
+ (Āix̄i + D̄iȳi)

ᵀGi+1(Āix̄i + D̄iȳi)

= x̄ᵀi (Q̄i −XiΩi + Āᵀ
iGi+1FiĀi)x̄i + (ūi − ū∗i )ᵀΦi(ūi − ū∗i )

− (ȳi − ȳ∗i )ᵀΨi(ȳi − ȳ∗i ),

(F.18)

where

Fi : = I + D̄i(γ
2V̄i − D̄ᵀ

i Gi+1D̄i)
−1D̄ᵀ

i Gi+1 = G−1
i+1(G−1

i+1 − γ
−2D̄iV̄

−1
i D̄ᵀ

i )−1,

ȳ∗i : = (γ2V̄i − D̄ᵀ
i Gi+1D̄i)

−1D̄ᵀ
i Gi+1Āix̄i.

We can show that V̄i � 0 for all i ∈ NT−1
0 if Ωi � 0. For this purpose, we have

C2S̃
−1
i Cᵀ

2N
−1 = C2(Y −1

i + Cᵀ
2N
−1C2 − γ−2Q̃)−1Cᵀ

2N
−1

= C2(Y −1
i − γ−2Q̃)−1Cᵀ

2 (N + C2(Y −1
i − γ−2Q̃)−1Cᵀ

2 )−1,

based on assumption that N � 0. Then by substituting the above equality into
V̄i defined in (F.11),

V̄i =
(
N + C2(I − γ−2YiQ̃)−1YiC

ᵀ
2

)−1
,

which indicates that V̄i � 0 for all i ∈ NT−1
0 , due to the fact that I − γ−2YiQ̃ �

I − γ−2YiXi, and based on the assumption that I − γ−2YiXi = Ω−1
i � 0.

Now if Gi+1 � 0, and G−1
i+1 − γ−2D̄iV̄

−1
i D̄ᵀ

i � 0, by using the matrix inversion

lemma for Ψ−1
i Dᵀ

i Gi+1 and Ψ−1
i , we have

ȳ∗i = γ−2V̄ −1
i D̄ᵀ

i (G−1
i+1 − γ

−2D̄iV̄
−1
i D̄ᵀ

i )−1Āix̄i, (F.19)

and

Ψ−1
i = γ−2V̄ −1

i (I + γ−2D̄ᵀ
i (G−1

i+1 − γ
−2D̄iV̄

−1
i D̄ᵀ

i )−1D̄iV̄
−1
i ).

Therefore, based on the above equality, if Gi+1 � 0, G−1
i+1 − γ−2D̄iV̄

−1
i D̄ᵀ

i � 0,
and Ωi � 0, then Ψi � 0. We shall shortly see that Ωi � 0 is enough
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to guarantee Ψi � 0 (see the discussion after (F.22)). Now let us sim-
plify D̄iV̄

−1
i D̄ᵀ

i = αi + 2βi + γi, where

αi : = ÃS̃−1
i Cᵀ

2N
−1V̄ −1

i N−1C2S̃
−1
i Ãᵀ

= ÃS̃−1
i Cᵀ

2N
−1(I − C2S̃

−1
i Cᵀ

2N
−1)−1C2S̃

−1
i Ãᵀ

= Ã(S̃i − Cᵀ
2N
−1C2)−1Cᵀ

2N
−1C2S̃

−1
i Ãᵀ

= Ã(Y −1
i − γ−2Q̃)−1

(
I − (Y −1

i − γ−2Q̃)S̃−1
i

)
Ãᵀ

= ÃΠ̃−1
i (Yi − Π̃iS̃

−1
i )Ãᵀ = Ã(Π̃−1

i Yi − S̃−1
i )Ãᵀ,

γi : = LV̄iL
ᵀ = LN−1Lᵀ − LN−1C2S̃

−1
i Cᵀ

2N
−1Lᵀ,

βi : = ÃS̃−1
i Cᵀ

2N
−1Lᵀ.

Moreover, Yi+1 = ÂS−1
i Âᵀ +B1B

ᵀ
1 − LN−1Lᵀ. Therefore,

Yi+1 + D̄iV̄
−1
i D̄i = ÂS−1

i Âᵀ +B1B
ᵀ
1 + 2ÃS̃−1

i Cᵀ
2N
−1Lᵀ

+ Ã(Π̃−1
i Yi − S̃−1

i )Ãᵀ − LN−1C2S̃
−1
i Cᵀ

2N
−1Lᵀ.

(F.20)

Now, let us simplify B̄iR̄
−1
i B̄ᵀ

i = ηi + 2ζi + ξi. We have

R̄−1
i = R−1 − γ−2R−1P ᵀS̃−1

i PR−1.

Furthermore,

ηi : = B2R̄
−1
i Bᵀ

2 = B2R
−1Bᵀ

2 − γ−2B2R
−1P ᵀS̃−1

i PR−1Bᵀ
2 ,

ζi : = γ−2B2

(
R+ γ−2P ᵀS−1

i P
)−1

P ᵀS−1
i Âᵀ = γ−2B2R

−1P ᵀS̃−1
i Âᵀ,

ξi : = γ−4ÂS−1
i PR−1P ᵀS̃−1

i Âᵀ.

Finally, considering Hi = I + (B2R
−1Bᵀ

2 − γ−2B1B
ᵀ
1 )Xi+1,

G−1
i+1 − γ

−2D̄iV̄
−1
i D̄ᵀ

i = X−1
i+1 − γ

−2Yi+1 + B̄iR̄
−1
i B̄ᵀ

i − γ
−2D̄iV̄

−1
i D̄ᵀ

i

= X−1
i+1 − γ

−2B1B
ᵀ
1 +B2R

−1Bᵀ
2 − γ−2ÃΠ̃−1

i YiÃ
ᵀ

= HiX
−1
i+1 − γ

−2ÃΠ̃−1
i YiÃ

ᵀ.

Therefore, by considering

Xi = ÃᵀXi+1H
−1
i Ã+ Q̃, (F.21)

we have

(G−1
i+1 − γ

−2D̄iV̄
−1
i D̄ᵀ

i )−1 = (HiX
−1
i+1 − γ

−2ÃΠ̃−1
i YiÃ

ᵀ)−1

= Xi+1H
−1
i + γ−2Xi+1H

−1
i Ã(Y −1

i − γ−2Q̃− γ−2(Xi − Q̃))−1ÃᵀXi+1H
−1
i

= Xi+1H
−1
i (I + γ−2ÃΩiYiÃ

ᵀXi+1H
−1
i ).

(F.22)
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This indicates that if
Ωi � 0, (F.23)

then G−1
i+1 − γ−2D̄iV̄

−1
i D̄ᵀ

i � 0. Based on (F.16), (F.23) is also enough to guar-
antee Gi+1 � 0. Therefore, (F.23) is enough to guarantee Ψi � 0 for all i ∈ N0

(see the discussions after (F.19)). Moreover, based on (F.22),

Āᵀ
iGi+1FiĀi = Āᵀ

i (HiX
−1
i+1 − γ

−2ÃΠ̃−1
i YiÃ

ᵀ)−1ÃΠ̃−1
i

= Π̃−ᵀi ÃᵀXi+1H
−1
i ÃΩi = XiΩi + Π̃−ᵀi

(
ÃᵀXi+1H

−1
i Ã

− (I − γ−2Q̃Yi)Xi

)
Ωi = −Q̃Π̃−1

i +XiΩi = −Q̄i +XiΩi.
(F.24)

Therefore, based on (F.18) and (F.24), we can conclude

∆Wi = (ūi − ū∗i )ᵀΦi(ūi − ū∗i )− (ȳi − ȳ∗i )ᵀΨi(ȳi − ȳ∗i ),

and by taking the summation over time from both sides of the above equation,
we get

WT (x̄T )−W0(x̄0) =
∑T−1
i=0 ∆Wi. (F.25)

However, since x̄0 = 0 and Z0 = 0, then W0(x̄0) = 0. Moreover,

p0(x0) +
∑T−1
i=0 [zᵀi zi − γ2wᵀ

i wi] 6 pT (xT ) + xᵀTXTxT 6WT (x̄T ),

where the first inequality is based on Definition 7.3 and the second inequality
is based on (F.13). Then by substituting WT (x̄T ) from (F.25) into the above
equality, we get∑T−1

i=0 [zᵀi zi − γ2wᵀ
i wi] 6 −p0(x0) +

∑T−1
i=0 ∆Wi. (F.26)

Now let us simplify the control and disturbance policies. We have

(G−1
i+1 − γ

−2D̄iV̄
−1
i D̄ᵀ

i )−1Āi = Xi+1H
−1
i ÃΩi. (F.27)

Then based on (F.19), ȳ∗i is simplified as

ȳ∗i =γ−2V̄ −1
i D̄ᵀ

iXi+1H
−1
i ÃΩix̄i.

We can also show that V̄ −1
i D̄ᵀ

i = C2Π̃−1
i YiÃ

ᵀ + Lᵀ. Then,

y∗i := ȳ∗i + ỹi = (C2 + γ−2LᵀXi+1H
−1
i Ã)Ωix̄i.

Moreover,

R̄−1
i B̄ᵀ

i = R−1Bᵀ
2 + γ−2R−1P ᵀS̃−1

i Ǎᵀ,

Āi − D̄iC2Π̃−1
i = ǍS̃−1

i Y −1
i ,

Āix̄i + D̄iȳi = ǍS̃−1
i (Y −1

i x̄i + Cᵀ
2N
−1yi) + LN−1yi,
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and
G−1
i+1 = X−1

i+1 − γ
−2Yi+1 + B̄iR̄

−1
i B̄ᵀ

i = X−1
i+1

− γ−2(B1B
ᵀ
1 − LN−1Lᵀ) +B2R

−1Bᵀ
2 − γ−2ǍS̃−1

i Ǎᵀ

= HiX
−1
i+1 + γ−2LN−1Lᵀ − γ−2ǍS̃−1

i Ǎᵀ.

Then by defining x̄ui = S̃−1
i (Y −1

i x̄i + Cᵀ
2N
−1yi), we have

u∗i = ǔi + ũi + ū∗i = −R−1P ᵀx̄ui −R−1(Bᵀ
2 + γ−2P ᵀS̃−1

i Ǎᵀ)

(HiX
−1
i+1 + γ−2LN−1Lᵀ − γ−2ǍS̃−1

i Ǎᵀ)−1(Ǎx̄ui + LN−1yi).
(F.28)

Part i) For the infinite-time horizon problem, we have to consider the sta-
tionary version of the Ricatti equations (F.21) and (7.8), where their solutions
are X and Y , respectively, and take Y0 = Y . Therefore, Yt = Y for all t ∈ N0

and instead of (F.14) and St � 0 for all t ∈ N0 and any T ∈ N, γ ∈ R�0 is needed
to be selected such that

γ2I − Y X � 0, (F.29)

S = Y −1 + Cᵀ
2N
−1C2 − γ−2Q � 0. (F.30)

In addition, it is necessary to have

γ2I −Bᵀ
1XB1 � 0, (F.31)

which guarantees H = I + (B2R
−1Bᵀ

2 − γ−2B1B
ᵀ
1 )X � 0 following Başar and

Olsder (1999, Lemma 6.2). In principle (F.31) is the necessary and sufficient
condition needed for the existence of a full-state 1-period `2-controller with `2-
gain bound γ, which should also be satisfied here. Then based on (F.26)

J 6 γ2xᵀ0Y
−1x0 +

∑∞
i=0 ∆W̄i, (F.32)

where,
∆W̄i : = (ui − u∗i )ᵀΦ(ui − u∗i )− (yi − y∗i )ᵀΨ(yi − y∗i )

in which Φ and Ψ are given in (7.30). Therefore, ui = u∗i at all i ∈ N0 guar-

antees J 6 γ2xᵀ0Y
−1x0. Moreover, given the observability of (Q̃

1
2 , Ã) and

the controllability of (Â, B1 − LN−1D21), the solutions of the Ricatti equa-
tions (7.19), (7.20), i.e. X and Y , under the conditions (F.29), (F.30) and (F.31),
are positive definite. The proof of this argument is similar to the one presented
in Başar and Bernhard (2008, Lemma 3.5).

Now we will show the Lyapunov stability of the control loop for ui = u∗i at
all i ∈ N0. For an arbitrary t ∈ N, we have the following inequality based on
Definition 7.3,

p0(x0)− pt(xt) 6 0,

where pt(xt) = −γ2(xt − x̄t)ᵀY −1(xt − x̄t) + Zt. Moreover, similar to (F.25),
we can conclude

Wt(x̄t)−Wt(x̄0) =
∑t−1
i=0 ∆W̄i,



190 Appendix F. Proofs of Chapter 7

where Wt(x̄t) = x̄ᵀtX(I − γ−2Y X)−1x̄t + Zt. Then by combining these two last
expressions, we get

Wt(x̄t)− pt(xt)−Wt(x̄0) + pt(x0) 6
∑t−1
i=0 ∆W̄i. (F.33)

Now let us take V (xt, x̄t) := −pt(xt) +Wt(x̄t) as the Lyapunov function candi-
date for every t ∈ N0. Then based on (F.33), we have

V (xt, x̄t)− V (x0, x̄0) 6
∑t−1
i=0 ∆W̄i. (F.34)

Now if ui = u∗i at all i ∈ N0, then V (xt, x̄t)− V (x0, x̄0) 6 0 for all t ∈ N0, which
proves that the control loop is Lyapunov stable.

Finally, we should prove the convergence of xt to zero as time goes to infinity,
when w = (0, 0, . . . ) and ui = u∗i at all i ∈ N0. Based on (F.32), in this case

J =
∑∞
t=0 z

ᵀ
t zt 6 γ

2xᵀ0Y
−1x0.

Let us define ν∗t := u∗t +R−1P ᵀxt. Then

zᵀt zt = xᵀtQxt + 2xᵀPu∗t + u∗ᵀt Ru
∗
t = xᵀt Q̃xt + ν∗ᵀt Rν∗t ,

and xt+1 = Axt + B2u
∗
t = Ãxt + B2ν

∗
t . Now due to the boundedness of J , we

can conclude that Q̃
1
2xt → 0 and ν∗t → 0 as time converges to infinity. Then

based on the observability of (Q̃
1
2 , Ã) we can show that xt → 0 as t→∞.

Part ii) This part is already proved above, see (F.32).

F.3 Lemma 7.3

Let us first introduce another formula for the dynamics of x̄t and Zt, be-
sides (7.10) and (7.11). Consider x̄0 = 0 and Z0 = 0, then for all t ∈ N0,

x̄t+1 = Ātx̄t + B̂tût + D̂tŷt, (F.35)

Zt+1 = Zt + x̄ᵀt Q̄tx̄t + ûᵀt R̂tût − γ2ŷᵀt V̂tŷt, (F.36)

where Āt, Q̄t and Π̃t are as given in (7.12), Πt := I − γ−2YtQ and

B̂t = B2 + γ−2AΠ−1
t YtP, D̂t = AS−1

t Cᵀ
2N
−1 + LV̂t,

R̂t = R+ γ−2P ᵀΠ−1
t YtP, V̂t = N−1(I − C2S

−1
t Cᵀ

2N
−1).

(F.37)

Moreover, at all t ∈ N0, ût = ut − ˜̃ut and ŷt = yt − (˜̃yt + ˇ̌yt) for

˜̃ut = − ˜̃Ktx̄t, ˜̃yt = ˜̃Ltx̄t, ˇ̌yt = ˇ̌Ltut, (F.38)

where ˜̃Kt = R−1P ᵀΠ̃−1
t , ˜̃Lt = C2Π−1

t , ˇ̌Lt = γ−2C2Π−1
t YtP . We can prove the

above following the same steps as the one for (7.10) and (7.11).
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Now when the information sets of the output generator and the controller
follow (7.16) and (7.4), respectively, for a given τ ∈ N, then the value func-
tion defined in (F.12) at all transmission time-steps to the controller, i.e., when
` = (κ+ 1)τ ∈ NT−1

0 , follows

W`(x̄`) = x̄ᵀ` X̄`x̄` + Z`, (F.39)

for X̄` = X`Ω` and Ω` := (I − γ−2Y`X`)
−1, where X` is an appropriate positive

definite matrix determined based on (F.21) and Y`, Z` follow (7.8) and (7.11)
(or (F.36)), respectively. Now we will determine the value functions at non-
transmission time steps. Consider ι = κτ ∈ N0 as the last transmission time-step
before ` = (κ+ 1)τ . Then, based on Isaacs equation, we have

Wι(x̄ι) = max
ȳι∈Ro

min
Uκ∈Rmτ

max
ŷι+1∈Ro

. . . max
ŷ`−1∈Ro

W`(x̄`).

Let us denote r = `− 1, then

Ŵr(x̄r, ûr) := max
ŷr∈Ro

x̄ᵀ` X̄`x̄` + Z`

= max
ŷr∈Ro

(Ārx̄r + B̂rûr + D̂rŷr)
ᵀX̄`(Ārx̄r + B̂rûr + D̂rŷr)

+ Zr + x̄ᵀr Q̄rx̄r + ûᵀr R̂rûr − γ2ŷᵀr V̂rŷr,

which results in

ŷ∗r :=
(
γ2V̂r − D̂ᵀ

r X̄`D̂r

)−1
D̂ᵀ
r X̄`(Ārx̄r + B̂rûr),

under the condition that

γ2V̂r − D̂ᵀ
r X̄`D̂r � 0. (F.40)

Note that if γ2V̂r − D̂ᵀ
r X̄`D̂r has a negative eigenvalue, then Ŵr(x̄r, ûr) is un-

bounded. Now let us define Ξ` := (X̄−1
` − γ−2D̂rV̂

−1
r D̂ᵀ

r )−1, then by substitut-
ing ŷ∗r into the cost function, it results in

Ŵr(x̄r, ur) = Zr + x̄ᵀr Q̄rx̄r + (ur − ˜̃ur)
ᵀR̂r(ur − ˜̃ur)

+ (Ārx̄r − B̂r ˜̃ur + B̂rur)
ᵀΞ`(Ārx̄r − B̂r ˜̃ur + B̂rur).

For an arbitrary r ∈ NT−1
0 , we have the following equalities,

Ārx̄r − B̂r ˜̃ur = AΠ−1
r x̄r = ¯̄Arx̄r,

˜̃uᵀr R̂r ˜̃ur = x̄rΠ̃
−ᵀ
r PR−1P ᵀΠ−1

r x̄ᵀr ,

Π̃−ᵀr PR−1P ᵀΠ−1
r + Q̄r = QΠ−1

r = ¯̄Qr,

urR̂r ˜̃ur = −urP ᵀΠ−1
r x̄r = −ur ¯̄P ᵀ

r x̄r.
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Therefore,

Ŵr(x̄r, ur) = ( ¯̄Arx̄r + B̂rur)
ᵀΞ`(

¯̄Arx̄r + B̂rur) + Zr + x̄ᵀr
¯̄Qrx̄r

+ uᵀr R̂rur + 2ur
¯̄P ᵀ
r x̄r = x̄ᵀr Θ̄rx̄r + 2uᵀr N̄rx̄r + uᵀr Ῡrur + Zr,

where

Θ̄r := ¯̄Aᵀ
rΞ`

¯̄Ar + ¯̄Qr, N̄r := B̂ᵀ
rΞ`

¯̄Ar + ¯̄P ᵀ
r , Ῡr := R̂r + B̂ᵀ

rΞ`B̂r.

Moreover, for any i ∈ NT−1
0 , D̂iV̂

−1
i D̂ᵀ

i = αi + 2βi + γi, where

αi : = AS−1
i Cᵀ

2N
−1V̂ −1

i N−1C2S
−1
i Aᵀ

= AS−1
i Cᵀ

2N
−1(I − C2S

−1
i Cᵀ

2N
−1)−1C2S

−1
i Aᵀ

= A(Si − Cᵀ
2N
−1C2)−1Cᵀ

2N
−1C2S

−1
i Aᵀ

= A(Y −1
i − γ−2Q)−1

(
I − (Y −1

i − γ−2Q)S−1
i

)
Aᵀ

= AΠ−1
i (Yi −ΠiS

−1
i )Aᵀ = A(Π−1

i Yi − S−1
i )Aᵀ,

γi : = LV̂iL
ᵀ = LN−1Lᵀ − LN−1C2S

−1
i Cᵀ

2N
−1Lᵀ,

βi : = AS−1
i Cᵀ

2N
−1Lᵀ.

Therefore,

Yi+1 + D̂iV̂
−1
i D̂ᵀ

i = ÂS−1
i Âᵀ +B1B

ᵀ
1 − LN−1Lᵀ

+A(Π−1
i Yi − S−1

i )Aᵀ − LN−1C2S
−1
i Cᵀ

2N
−1Lᵀ

+ LN−1Lᵀ + 2AS−1
i Cᵀ

2N
−1Lᵀ = AΠ−1

i YiA
ᵀ +B1B

ᵀ
1 .

(F.41)

Moreover, based on assumption N � 0, and

C2S
−1
t Cᵀ

2N
−1 = C2(Y −1

t + Cᵀ
2N
−1C2 − γ−2Q)−1Cᵀ

2N
−1

= C2(Y −1
t − γ−2Q)−1Cᵀ

2 (N + C2(Y −1
t − γ−2Q)−1Cᵀ

2 )−1.

Then by substituting the above equality into V̂t defined in (F.37),

V̂t =
(
N + C2(Y −1

t − γ−2Q)−1Cᵀ
2

)−1
,

which proves that V̂t � 0 for all t ∈ NT−1
0 , due to the fact that Y −1

t − γ−2Q is
assumed to be positive definite. Consequently, we can show that

Ξ−1
` = X̄−1

` − γ
−2D̂rV̂

−1
r D̂ᵀ

r = X−1
` − γ

−2Y` − γ−2D̂rV̂
−1
r D̂ᵀ

r

= X−1
` − γ

−2(B1B
ᵀ
1 +AΠ−1

r YrA
ᵀ)

in which the second equality is based on (F.41). Then we can conclude

Θ̄r = Π−ᵀr Aᵀ(X−1
` − γ

−2B1B
ᵀ
1 − γ−2AΠ−1

r YrA
ᵀ)−1AΠ−1

r +QΠ−1
r

= Π−ᵀr Aᵀ(X−1
` − γ

−2B1B
ᵀ
1 )−1A

(
I − γ−2YrQ

− γ−2YrA
ᵀ(X−1

` − γ
−2B1B

ᵀ
1 )−1A

)−1
+ Π−ᵀr Q,
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where by considering

Θr = AᵀX`(I − γ−2B1B
ᵀ
1X`)

−1A+Q, (F.42)

and Ωr = (I − γ−2YrΘr)
−1,

Θ̄r = Π−ᵀr (Θr −Q)
(
I − γ−2YrQ− γ−2Yr(Θr −Q)

)−1
+ Π−ᵀr Q

= Π−ᵀr (Θr −Q)Ωr + Π−ᵀr Q = ΘrΩr.

Now we will simplify N̄r. Based on previous equation, we have Ξ`
¯̄Ar = (X−1

` −
γ−2B1B

ᵀ
1 )−1AΩr, and

B̂ᵀ
rΞ`

¯̄Ar =
(
B2 + γ−2AΠ−1

r YrP
)ᵀ

(X−1
` − γ

−2B1B
ᵀ
1 )−1AΩr.

Moreover,

γ−2P ᵀΠ−1
r YrA

ᵀ(X−1
` − γ

−2B1B
ᵀ
1 )−1AΩr + P ᵀΠ−1

r

= P ᵀΠ−1
r

(
γ−2YrA

ᵀ(X−1
` − γ

−2B1B
ᵀ
1 )−1A+ I − γ−2YrΘr

)
Ωr

= P ᵀΠ−1
r

(
γ−2Yr(Θr −Q) + I − γ−2YrΘr

)
Ωr = P ᵀΩr.

Therefore,

N̄r =
(
Bᵀ

2 (X−1
` − γ

−2B1B
ᵀ
1 )−1A+ P ᵀ

)
Ωr. (F.43)

Now by an induction argument, we assume that at an arbitrary time step t,
where ι ≺ t ≺ `, the value function follows

Ŵt(x̄t, Ut) = x̄ᵀt Θ̄tx̄t + 2Uᵀ
t N̄tx̄t + Uᵀ

t ῩtUt + Zt, (F.44)

where Ut = [uᵀt . . . u
ᵀ
r ]ᵀ. Consider s = t− 1, then

Ŵs(x̄s, Us) : = max
ŷs∈Ro

[
x̄ᵀt Θ̄tx̄t + 2Uᵀ

t N̄tx̄t + Uᵀ
t ῩtUt + Zt

]
= max
ŷs∈Ro

[
(Āsx̄s + B̂sûs + D̂sŷs)

ᵀΘ̄t(Āsx̄s + B̂sûs + D̂sŷs)

+ 2Uᵀ
t N̄t(Āsx̄s + B̂sûs + D̂sŷs) + Uᵀ

t ῩtUt

+ Zs + x̄ᵀs Q̄sx̄s + ûᵀs R̂sûs − γ2ŷᵀs V̂sŷs
]
.

Thus, under the condition that

γ2V̂s − D̂ᵀ
s Θ̄tD̂s � 0, (F.45)

we have

ŷ∗s = (γ2V̂s − D̂ᵀ
s Θ̄tD̂s)

−1D̂ᵀ
s

(
Θ̄t(Āsx̄s + B̂sûs) + N̄ᵀ

t Ut
)
. (F.46)
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It is worth mentioning that if γ2V̂s − D̂ᵀ
s Θ̄tD̂s has a negative eigenvalue, then

Ŵs(x̄s, Us) is unbounded (necessity of the condition (F.45)). Now by substituting
ŷ∗s into Ŵs(x̄s, Us) and having

¯̄As := AΠ−1
s , ¯̄Qs := QΠ−1

s , ¯̄P ᵀ
s := P ᵀΠ−1

s ,

Ξt := (Θ̄−1
t − γ−2D̂sV̂

−1
s D̂ᵀ

s )−1,

we get

Ŵs(x̄s, Us) = ( ¯̄Asx̄s + B̂sus)
ᵀΞt(

¯̄Asx̄s + B̂sus)

+ 2( ¯̄Asx̄s + B̂sus)
ᵀΞtΘ̄

−1
t N̄ᵀ

t Ut

+ Uᵀ
t

(
Ῡt + N̄tD̂s

(
γ2V̂s − D̂ᵀ

s Θ̄tD̂s

)−1
D̂ᵀ
s N̄

ᵀ
t

)
Ut

+ Zs + x̄ᵀs
¯̄Qsx̄s + uᵀs R̂sus + 2uᵀs

¯̄P ᵀ
s x̄s

= x̄ᵀs Θ̄sx̄s + 2Uᵀ
s N̄sx̄s + Uᵀ

s ῩsUs + Zs,

where
Θ̄s = ¯̄Qs + ¯̄Aᵀ

sΞt
¯̄As,

N̄s =

[
B̂ᵀ
s

N̄tΘ̄
−1
t

]
Ξt

¯̄As +

[ ¯̄P ᵀ
s

0

]
, Ῡs =

[
P11 Pᵀ

21

P21 P22

]
,

(F.47)

in which
P11 = R̂s + B̂ᵀ

sΞtB̂s, P21 = N̄tΘ̄
−1
t ΞtB̂s,

P22 = Ῡt + γ−2N̄tD̂sV̂
−1
s D̂ᵀ

sΞtΘ̄
−1
t N̄ᵀ

t .

We can also simplify P22 as follows

P22 = Ῡt − N̄tΘ̄−1
t N̄ᵀ

t + N̄tΘ̄
−1
t N̄ᵀ

t + γ−2N̄tD̂sV̂
−1
s D̂ᵀ

sΞtΘ̄
−1
t N̄ᵀ

t

= Ῡt − N̄tΘ̄−1
t N̄ᵀ

t + N̄tΘ̄
−1
t ΞtΘ̄

−1
t N̄ᵀ

t .

Therefore, Ŵs(x̄s, Us) has the same form as Ŵt(x̄t, Ut) and the assumption of
the induction (F.44) is correct. Then by considering Ls = I − γ−2B1B

ᵀ
1 Θt, and

Θs = AᵀΘtL
−1
s A+Q, (F.48)

we can show that Θ̄s = ΘsΩs. Moreover,

Ξ−1
t = Θ−1

t − γ−2(B1B
ᵀ
1 +AΠ−1

s YsA
ᵀ). (F.49)

Now if we assume ι = t− 1, then

Ŵι(x̄ι, ȳι) = min
Ûι∈Rmτ

[
x̄ᵀt Θ̄tx̄t + 2Uᵀ

t N̄tx̄t + Uᵀ
t ῩtUt + Zt

]
= min
Ûι∈Rmτ

[
(Āιx̄ι + B̄ιūι + D̄ιȳι)

ᵀΘ̄t(Āιx̄ι + B̄ιūι + D̄ιȳι)

+ 2Uᵀ
t N̄t(Āιx̄ι + B̄ιūι + D̄ιȳι) + Uᵀ

t ῩtUt

+ Zι + x̄ᵀι Q̄ιx̄ι + ūᵀι R̄ιūι − γ2ȳᵀι V̄ιȳι
]
,
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where Ûι = [ūᵀι Uᵀ
t ]ᵀ. This results in

Û∗ι = −K̄ι(Āιx̄ι + D̄ιȳι), (F.50)

where

K̄ι :=

[
R̄ι + B̄ᵀ

ι Θ̄tB̄ι B̄ᵀ
ι N̄

ᵀ
t

N̄tB̄ι Ῡt

]−1 [
B̄ᵀ
ι Θ̄t

N̄t

]
.

Moreover, let us introduce the following matrices

A =

[
R̄ι 0
0 Ῡt − N̄tΘ̄−1

t N̄ᵀ
t

]
, B =

[
B̄ᵀ
ι

N̄tΘ̄
−1
t

]
, C = Θ̄t,

then
K̄ι = (A+ BCBᵀ)−1BC = A−1B(C−1 + BᵀA−1B)−1

=

[
R̄−1
ι B̄ᵀ

ι

(Ῡt − N̄tΘ̄−1
t N̄ᵀ

t )−1N̄tΘ̄
−1
t

] (
Θ̄−1
t + B̄ιR̄

−1
ι B̄ᵀ

ι

+ Θ̄−1
t N̄ᵀ

t (Ῡt − N̄tΘ̄−1
t N̄ᵀ

t )−1N̄tΘ̄
−1
t

)−1
.

We can use the following two inequalities

(Ῡt − N̄tΘ̄−1
t N̄ᵀ

t )−1N̄tΘ̄
−1
t = Ῡ−1

t N̄tX̄
−1
t ,

Θ̄−1
t + Θ̄−1

t N̄ᵀ
t Ῡ−1

t N̄tX̄
−1
t = X̄−1

t ,
(F.51)

where X̄t = Θ̄t − N̄ᵀ
t Ῡ−1

t N̄t. Then

K̄ι =

[
R̄−1
ι B̄ᵀ

ι

Ῡ−1
t N̄tX̄

−1
t

]
Gt, (F.52)

where Gt = (X̄−1
t + B̄ιR̄

−1
ι B̄ᵀ

ι )−1. Moreover, by replacing Ûι with Û∗ι
in Ŵι(x̄ι, ȳι), we get

Wι(x̄ι) := max
ȳι∈R0

[
Zι + x̄ᵀι Q̄ιx̄ι − γ2ȳᵀι V̄ιȳι + (Āιx̄ι + D̄ιȳι)

ᵀGt(Āιx̄ι + D̄ιȳι)
]
.

Therefore,

ȳ∗ι =
(
γ2V̄ι − D̄ᵀ

ιGtD̄ι

)−1
D̄ᵀ
ιGtĀιx̄ι

= γ−2V̄ −1
ι D̄ᵀ

ι (X̄−1
t + B̄ιR̄

−1
ι B̄ᵀ

ι − γ−2D̄ιV̄
−1
ι D̄ᵀ

ι )−1Āιx̄ι

if γ2V̄ι − D̄ᵀ
ιGtD̄ι � 0. As we showed in the proof of Lemma 7.2, this condition

is equivalent to Sι := X̄−1
t − γ−2D̄ιV̄

−1
ι D̄ᵀ

ι + B̄ιR̄
−1
ι B̄ᵀ

ι � 0. Moreover, similar
to (F.22), we can show that Sι � 0 if

γ2I − YιXι � 0. (F.53)



196 Appendix F. Proofs of Chapter 7

Therefore,
ȳ∗ι = γ−2V̄ −1

ι D̄ᵀ
ι S−1

ι Āιx̄ι.

Moreover, assuming

Xι = Ã(X−1
ι+1 − γ−2B1B

ᵀ
1 +B2R

−1Bᵀ
2 )−1Ã+ Q̃, (F.54)

then similar to (F.27),

S−1
ι Āι = (X−1

ι+1 − γ−2B1B
ᵀ
1 +B2R

−1Bᵀ
2 )−1Ã(I − γ−2YιXι)

−1.

Therefore,

y∗ι = γ−2(C2Π̃−1
ι YιÃ

ᵀ + Lᵀ)Ã(I − γ−2YιXι)
−1x̄ι + C2Π̃−1

ι x̄ι

=
(
C2 + γ−2LᵀXι+1H

−1
ι Ã

)
(I − γ−2YιXι)

−1x̄ι.
(F.55)

Moreover, based on (F.50) and (F.52),

ū∗ι = −R̄−1
ι B̄ᵀ

ι Gt(Āιx̄ι + D̄ιȳι).

Then,

u∗ι = ǔι + ũι + ū∗ι = −R−1P ᵀx̄uι −R−1(Bᵀ
2 + γ−2P ᵀS̃−1

ι Ǎᵀ)

(HιX
−1
ι+1 + γ−2LN−1Lᵀ − γ−2ǍS̃−1

ι Ǎᵀ)−1(Ǎx̄uι + LN−1yι),
(F.56)

where x̄uι = S̃−1
ι (Y −1

ι x̄ι + Cᵀ
2N
−1yι). Now let us simplify U∗t , where based

on (F.50) and (F.52) we have

U∗t = −Ῡ−1
t N̄tX̄

−1
t Gt(Āιx̄ι + D̄ιȳι). (F.57)

Assume l = t+ 1, K̂t := −Ῡ−1
t N̄t and consider Ῡt = A+ BCBᵀ where based

on (F.47),

A =

[
R̂t 0
0 Ῡl − N̄lΘ̄−1

l N̄ᵀ
l

]
, B =

[
B̂ᵀ
t

N̄lΘ̄
−1
l

]
, C = Ξl.

Then, we have

K̂t = −Ῡ−1
t N̄t =− (A+ BCBᵀ)−1BC ¯̄At − (A+ BCBᵀ)−1

[ ¯̄P ᵀ
t

0

]
= K̂1

t + K̂2
t ,

where

(A+ BCBᵀ)−1BC = A−1B(C−1 + BᵀA−1B)−1

=

[
R̂−1
t B̂ᵀ

t

(Ῡl − N̄lΘ̄−1
l N̄ᵀ

l )−1N̄lΘ̄
−1
l

] (
Θ̄−1
l − γ

−2D̂tV̂
−1
t D̂ᵀ

t

+ B̂tR̂
−1
t B̂ᵀ

t + Θ̄−1
l N̄ᵀ

l (Ῡl − N̄lΘ̄−1
l N̄ᵀ

l )−1N̄lΘ̄
−1
l

)−1
.
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Again the inequalities in (F.51) hold and by using them

K̂1
t = −

[
R̂−1
t B̂ᵀ

t

Ῡ−1
l N̄lX̄

−1
l

]
S−1
t

¯̄At.

Moreover,

(A+ BCBᵀ)−1 =
(
I −A−1B(C−1 + BᵀA−1B)−1Bᵀ

)
A−1

=

[
I − R̂−1

t B̂ᵀ
t S−1

t B̂t −R̂−1
t B̂ᵀ

t S−1
t Θ̄−1

t N̄ᵀ
l

−Ῡ−1
l N̄lX̄

−1
l S

−1
t B̂t I − Ῡ−1

l N̄lX̄
−1
l S

−1
t Θ̄−1

t N̄ᵀ
l

]
[
R̂−1
t 0
0 (Ῡl − N̄lΘ̄−1

l N̄ᵀ
l )−1

]
=

[
(I − R̂−1

t B̂ᵀ
t S−1

t B̂t)R̂
−1
t ?

−Ῡ−1
l N̄lX̄

−1
l S

−1
t B̂tR̂

−1
t 4

]
,

and finally,

K̂2
t =

[
−(I − R̂−1

t B̂ᵀ
t S−1

t B̂t)

Ῡ−1
l N̄lX̄

−1
l S

−1
t B̂t

]
R̂−1
l

¯̄P ᵀ
t .

Therefore,

K̂t = K̂1
t + K̂2

t =

[
−R̂−1

t B̂ᵀ
t S−1

t ( ¯̄At − B̂tR̂−1
t

¯̄P ᵀ
t )− R̂−1

t
¯̄P ᵀ
t

−Ῡ−1
l N̄lX̄

−1
l S

−1
t ( ¯̄At − B̂tR̂−1

t
¯̄P ᵀ
t )

]
.

Moreover, we have

R̂−1
t

¯̄P ᵀ
t = (R+ γ−2P ᵀΠ−1

t YtP )−1P ᵀΠ−1
t = R−1P ᵀΠ̃−1

t ,

and we can prove that ¯̄At − B̂sR̂−1
t

¯̄P ᵀ
t = Āt. Furthermore, we can show

that S−1
t Āt = XlH

−1
t Ã(I − γ−2YtXt)

−1, therefore,

X̄−1
l S

−1
t Āt = (I − γ−2YlXl)H

−1
t Ã(I − γ−2YtXt)

−1.

Then,

K̂t = −
[
R̂−1
t B̂ᵀ

t XlH
−1
t Ã(I − γ−2YtXt)

−1 +R−1P ᵀΠ̃−1
t

Ῡ−1
l N̄l(I − γ−2YlXl)H

−1
t Ã(I − γ−2YtXt)

−1

]
.

Moreover, R̂−1
t B̂ᵀ

t = R−1Bᵀ
2 + γ−2R−1P ᵀΠ̃−1

t YtÃ
ᵀ, and

γ−2R−1P ᵀΠ̃−1
t YtÃ

ᵀX`H
−1
t Ã(I − γ−2YtXt)

−1 +R−1P ᵀΠ̃−1
t

= R−1P ᵀΠ̃−1
t

(
γ−2Yt(Xt − Q̃) + I − γ−2YtXt

)
(I − γ−2YtXt)

−1

= R−1P ᵀ(I − γ−2YtXt)
−1.

Then by substitution into (F.57), it results in

U∗t =−
[

R−1(Bᵀ
2XlH

−1
t Ã+ P ᵀ)(I − γ−2YtXt)

−1

Ῡ−1
l N̄l(I − γ−2YlXl)H

−1
t Ã(I − γ−2YtXt)

−1

]
X̄−1
t Gt(Ǎx̄

u
ι + LN−1yι),
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where x̄uι = S̃−1
ι (Cᵀ

2N
−1yι + Y −1

ι x̄ι). By following the same procedure and de-
composing Ῡ−1

l N̄ᵀ
l , we can rewrite the control policy based on a state estimator

as follows

x̂s+1|s = H−1
s Ãx̂s|s,

x̂s|s =

{
X−1
s Gs(Ǎx̄

u
s−1 + LN−1ys−1), if s = τκ+ 1

x̂s|s−1, otherwise,

(F.58)

where s ∈ NT−1
0 . Then at every s 6= τκ, u∗s = Ksx̂s|s, where

Ks = −R−1(Bᵀ
2Xs+1H

−1
s Ã+ P ᵀ),

and when s = τκ, then u∗s follows (F.56). Moreover, based on (F.46),
when s 6= κτ ∈ NT−1

0 , s ∈ N`−2
ι+1 and t = s+ 1, then

ŷ∗s = (γ2V̂s − D̂ᵀ
s Θ̄tD̂s)

−1D̂ᵀ
s Θ̄t

( ¯̄Asx̄s +
[
B̂s Θ̄−1

t N̄ᵀ
t

]
Us
)
,

and when s = `− 1, then

ŷ∗s :=
(
γ2V̂s − D̂ᵀ

s X̄`D̂s

)−1
D̂ᵀ
s X̄`(

¯̄Asx̄s + B̂sus),

which can be simplified based on

(γ2V̂s − D̂ᵀ
s Θ̄tD̂s)

−1D̂ᵀ
s Θ̄t = γ−2V̂ −1

s D̂ᵀ
sΞt,

Ξt = (Θ−1
t − γ−2(B1B

ᵀ
1 +AΠ−1

s YsA
ᵀ))−1,

Ξt
¯̄As = ΘtL

−1
s A(I − γ−2YsΘs)

−1,

V̂ −1
s D̂ᵀ

s = C2Π−1
s YsA

ᵀ + Lᵀ.

Then for every s ∈ N`−1
ι+1 , y∗s = ˜̃yt + ˇ̌yt + ŷ∗t . Moreover, based on (F.43), (F.47),

N̄`−1 =
(
Bᵀ

2 (X−1
` − γ

−2B1B
ᵀ
1 )−1A+ P ᵀ

)
Ω`−1,

and for every t ∈ N`−2
ι+1 ,

N̄t =

[
B(Θ−1

t+1 − γ−2B1B
ᵀ
1 )−1A+ P ᵀ

N̄t+1Θ̄−1
t+1(Θ−1

t+1 − γ−2B1B
ᵀ
1 )−1A

]
Ωt.

Furthermore, when s = κτ = ι, then y∗ι is determined in (F.55). Now following
the similar procedure as in the proof of Lemma 7.2,

∆Wι : = W`(x̄`)−Wι(x̄ι) = W`(x̄`)− Ŵ`−1(x̄`−1, u`−1)

+

`−2∑
t=ι+1

[
Ŵt+1(x̄t+1, Ut+1)− Ŵt(x̄t, Ut)

]
+ Ŵι+1(x̄ι+1, Uι+1)

−Wι(x̄ι, ȳι) +Wι(x̄ι, ȳι)−Wι(x̄ι)

= (Uι − U∗ι )ᵀΦτι (Uι − U∗ι )− (Ȳι − Ȳ ∗ι )ᵀΨτ
ι (Ȳι − Ȳ ∗ι ),
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for Ȳι = [yᵀι . . . y
ᵀ
`−1]ᵀ, Ȳ ∗ι = [y∗ᵀι . . . y∗ᵀ`−1]ᵀ

Φτι :=

[
R̄ι + B̄ᵀ

ι Θ̄ι+1B̄ι B̄ᵀ
ι N̄

ᵀ
ι+1

N̄ι+1B̄ι Ῡι+1

]
,

and Ψτ
ι := diag(Ψι, . . . ,Ψι+τ−1), where for t ∈ N`−1

ι+1 , Ψt := γ2V̂t − D̂ᵀ
t Θ̄t+1D̂t

and Ψι := γ2V̄ι − D̄ᵀ
ιGι+1D̄ι. Then by taking the summation over both sides of

the above equation at all transmission times, we get

WT (x̄T )−W0(x̄0) =
∑T−1

τ
κ=0 ∆Wκτ .

Therefore, similar to Lemma 7.2, we can show that∑T−1
i=0 [zᵀi zi − γ2wᵀ

i wi] 6 −p0(x0) +
∑T−1

τ
κ=0 ∆Wκτ . (F.59)

in the following, we will prove parts i and ii.
Part i) First we derive the conditions under which a τ -periodic `2-controller

exists. Based on (F.40) and (F.45), we should have

C−1
h+1 := γ2V̂h − D̂ᵀ

hΘ̄h+1D̂h � 0, (F.60)

for every h ∈ Nτ−1
1 , where according to (F.42) and (F.48), Θh+1 is determined

based on (7.32). We know V̂h � 0 and by assumming Θ̄h+1 � 0, for all h ∈ Nτ−1
1 ,

we have the following equality based on the matrix inversion lemma

Ch+1 = γ−2V̂ −1
h + γ−4V̂ −1

h D̂ᵀ
hΞh+1D̂hV̂

−1
h ,

where Ξh+1 = (Θ̄−1
h+1 − γ−2D̂hV̂

−1
h D̂ᵀ

h)−1. This shows that C−1
h+1 is positive

definite if Ξh+1 is positive definite, assuming that Θ̄h+1 � 0. Furthermore, again
by using the matrix inversion lemma and assumming Θ̄h+1 � 0, for all h ∈ Nτ−1

1 ,
we can rewrite Ξh+1 as follows

Ξh+1 = Θ̄h+1 + Θ̄h+1D̂hCh+1D̂
ᵀ
hΘ̄h+1.

This shows that Ξh+1 is positive definite if C−1
h+1 � 0, assuming that Θ̄h+1 � 0.

Therefore, the condition (F.60) is equivalent to Ξ−1
h+1 � 0, for every h ∈ Nτ−1

1 , if

Θ̄h+1 � 0. Then according to (F.49), we should have

Ξ−1
h+1 = Θ−1

h+1 − γ
−2(AΠ−1

h YhA
ᵀ +B1B

ᵀ
1 ) � 0, (F.61)

for all h ∈ Nτ−1
1 . On the other hand, Θ̄−1

h+1 = Θ−1
h+1 − γ−2Yh+1. We can easily

conclude that AΠ−1
h YhA

ᵀ + B1B
ᵀ
1 > Yh+1. Therefore, satisfiying (F.61) will

automatically satisfy Θ̄h+1 � 0, for all h ∈ Nτ−1
1 . Moreover, for the infinite-

time horizon problem, the Ricatti equations (F.54) and (7.8) converge to sta-
tionary positive definite matrices X and Y , respectively, for which the condi-
tions (F.29), (F.30), and (F.31) are required, following the similar reasoning as
in Lemma 7.2.
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Then according to (F.62), we have

J =
∑∞
i=0[zᵀi zi − γ2wᵀ

i wi] 6 γ
2xᵀ0Y

−1x0 +
∑∞
κ=0 ∆W̄κτ , (F.62)

where

∆W̄κτ = (Uι − U∗ι )ᵀΦ̄τ (Uι − U∗ι )− (Ȳι − Ȳ ∗ι )ᵀΨ̄τ (Ȳι − Ȳ ∗ι ),

in which U∗ι and Ȳ ∗ι are the stationary version of the control and output policies,
respectively, which are introduced in the Lemma. Now for Uι = U∗ι at all ι ∈ N0,
we can easily conclude J 6 γ2xᵀ0Y

−1x0.
Global Asymptotic stability : Similar to Lemma 7.2, having Ωτ = (I − γ−2Y X)−1,

Wκτ (x̄κτ ) = x̄ᵀκτXΩτ x̄κτ+Zκτ and pκτ (xκτ ) = −γ2(xκτ−x̄κτ )ᵀY −1(xκτ−x̄κτ )+
Zκτ , then

Wκτ (x̄κτ )− pκτ (xκτ )−W0(x̄0) + p0(x0) 6
∑κ−1
i=0 ∆W̄iτ . (F.63)

Now we take V (xκτ , x̄κτ ) := −pκτ (xκτ ) + Wκτ (x̄κτ ) as the Lyapunov function
candidate for every κ ∈ N0. Then based on (F.63), we have

∆V (xκτ , x̄κτ ) := V (xκτ , x̄κτ )− V (x0, x̄0) 6
∑κ−1
i=0 ∆W̄iτ . (F.64)

Now if Uι = U∗ι at all ι ∈ N0, then ∆V (xκτ , x̄κτ ) 6 0 for all κ ∈ N0, which proves
that the control loop is Lyapunov stable. Following the similar arguments as in
the proof of Lemma 7.2, we can show that xt → 0 as time goes to infinity, when
w = (0, 0, . . . ) and Uι = U∗ι at all ι ∈ N0.

Part ii) This is already proved in (F.62).

F.4 Theorem 7.1

Based on (7.28), to show that the scheduling and control policy (7.48), (7.44) is
an `2-controller with an `2-gain bound γ, firstly, we have to show that for any
realization of yt, t ∈ N0,

∞∑
t=0

(Rµt − u∗t )ᵀΦ(Rµt − u∗t )− (yt − y∗t )ᵀΨ(yt − y∗t ) 6 0, (F.65)

where at every t ∈ N0, Rµt follows (7.44) and u∗t , y
∗
t follow (7.22), (7.29), respec-

tively. According to the scheduling law (7.48), for every t ∈ N,

βt+1|t+1 =

t∑
i=0

(Rµi − u
∗
i )

ᵀΨ(Rµi − u
∗
i )− (yi − y∗i )ᵀΦ(yi − y∗i ) 6 0.

Therefore, (F.65) also holds. On the other hand, based on (7.28) and (F.65), we
conclude J 6 γ2xᵀ0Y

−1x0.
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Now we need to prove the Lyapunov stability of the proposed event-triggered
control policy. The inequality (F.34) also holds in this setting for all t ∈ N and∑t−1
i=0 ∆W̄i = βt|t 6 0. This results in V (xt, x̄t)− V (x0, x̄0) 6 0 for all t ∈ N0,

which guarantees the Lyapunov stability of the control loop. Moreover, similar
to the proof of Lemma 7.2, we can show that for w = (0, 0, . . . ) and the proposed
ETC, the state converges to zero as time goes to infinity. Therefore, the control
loop is globally asymptotically stable.

F.5 Theorem 7.2

The proof is similar to what we presented in the proof of Theorem 7.1, however,
we just need to consider (7.39) and (F.64).





Appendix G

Analysis of Linear Quadratic Control Loops
with Decentralized Event-Triggered

Sensing: Rate and Performance Guarantees

We consider a control loop with several distributed sensor agents. Each sensor
measures a subset of the states and broadcasts data to a remote controller and the
other sensors according to a threshold-based event-triggered policy. This policy
specifies that each sensor transmits data when the norm of the error between the
actual measurement and an estimate of this measurement exceeds a threshold.
The controller incorporates a state estimator relying on the data received from
the sensors and enforces a linear feedback control policy. Considering an average
quadratic performance index, we provide: (i) upper bounds on the performance of
such a decentralized event-triggered policy with respect to the optimal policy when
all the agents transmit at maximum rate; and (ii) lower bounds on the average
inter-transmission time for the overall networked control system. Moreover, we
discuss the conservativeness of the bounds considering some simple cases. The
usefulness of the results is highlighted via a numerical example.

G.1 Introduction

With the advent of the internet of things (Vermesan and Friess, 2013) and
cyber-physical systems, more and more control systems are distributed with
sensors, actuators and controllers communicating over networks. Moreover, in-
terconnectivity is enabling new control applications which are expected to grow
at a fast pace. However, a single control system typically operates periodically

This chapter is based on Balaghi I. and Antunes (2017).
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and requires a fast rate. Therefore, in settings where many control systems are
connected to the same (local area) network, one may predict that fast periodic
control will not be possible and communication management for control loops
will play a key role.

One of the promising directions to tackle this challenge is to abandon the
(fast) periodic control paradigm in favor of the event-triggered control paradigm.
Conceptually, there is no reason for a control loop to be periodic, other than
simplicity of analysis, e.g., the tools of classical control (loop shaping, optimal
control) apply directly to periodic control. In fact, if transmissions in a closed-
loop are expensive, triggering these only when necessary, e.g., when event occur,
seems to be more reasonable. This is the idea behind event-triggered control
(ETC)(Antunes, 2013; Asadi Khashooei et al., 2017; Heemels et al., 2013; Hen-
ningsson et al., 2008; Tabuada, 2007; Wu et al., 2015; Yook et al., 2002).

Although the literature on ETC is by now quite vast, most papers tackle
a single control loop (see, e.g.,Antunes (2013), Asadi Khashooei et al. (2017),
Heemels et al. (2013), Henningsson et al. (2008), Tabuada (2007), Wu et al.
(2015), and Yook et al. (2002)). However, the need to manage communication
via ETC is more arguable when several agents in one or more control loops
transmit their information to the other agents. In this context, we can either
consider settings with several control loops and where the control agents (sensors,
actuators and sensors) are independent from the control agents of other loops
(and must only share a communication network) -see Mamduhi et al. (2015b),
Molin and Hirche (2014), and Molin and Hirche (2014)-, or settings where the
control agents pertain to the same (large but possibly sparse) system and are
interconnected - see, e.g., Dimarogonas et al. (2012), Dolk et al. (2017), Garcia
et al. (2014), Li and Lemmon (2011), Mamduhi et al. (2015a), and Nowzari and
Cortés (2016). In the present work we will be mostly interested in the latter
setting.

Most of the works in this setting consider deterministic process models (Di-
marogonas et al., 2012; Dolk et al., 2017; Garcia et al., 2014; Nowzari and Cortés,
2016), and there are also a few works considering stochastic process models as
we will be considering in this chapter (Li and Lemmon, 2011; Mamduhi et al.,
2015a). In Mamduhi et al. (2015a) a system consisting of several interconnected
stochastic linear time invariant sub-systems is considered. Assuming that the
graph modeling the interconnections between the sub-systems is acyclic, Mam-
duhi et al. (2015a) provides a distributed scheduling policy to prioritize the data
to be transmitted over the network and establishes f -ergodicity of the overall
error propagating in the network. In Li and Lemmon (2011) an upper bound on
the average quadratic cost for a decentralized event-triggered output feedback
system with wireless communication is provided. In the context of deterministic
models, many researchers have considered the multi-agent average consensus by
using decentralized event-triggering schemes (Garcia et al., 2014; Nowzari and
Cortés, 2016). For example, Nowzari and Cortés (2016) proposed a Lyapunov-
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based decentralized triggering policy and proved that, in this case, events do
not exhibit Zeno-behaviour and consensus is achieved exponentially fast. There
are also some deterministic decentralized event-triggered schedulers for nonlin-
ear systems which guarantee Lp - gain performance and a lower bound on the
inter-event times (Dolk et al., 2017).

In this work we consider a control loop with several distributed sensor agents.
The sensor agents measure a subset of the states and can broadcast data to the
controller and the other sensors according to a transmission policy and the con-
trollers can enforce a given control policy. Control performance of the system is
measured by an average quadratic cost, as in standard LQG control. The goal is
to find transmission and control policies to minimize both this average quadratic
cost and the average transmission rate (or maximize the average inter-sampling
time). This is a multi-objective decentralized decision making problem for which
optimal solutions are hard to find due to its decentralized nature (Papadimitriou
and Tsitsiklis, 1985; Witsenhausen, 1968). Therefore, rather than attempting to
solve this problem optimally, we impose sensor and controller policies, building
upon analogous policies for the case where there is a single sensor agent, and
analyze the performance and transmission rate of the overall system.

In this context, we assume that the sensors transmit according to a threshold-
based policy defined as follows. Transmissions occur when the norm of the error
between the actual measurement and an estimate of this measurement exceeds
a threshold. Moreover, the controller incorporates a state estimator based on
the data received from the sensors and a linear feedback control policy. We
then provide upper bounds on the performance of such a decentralized event-
triggered policy with respect to the optimal policy when all the agents transmit
at maximum rate and lower bounds on the average inter-transmission time of the
overall closed-loop control system. We discuss the conservativeness of the bounds
considering some simple cases. The usefulness of the results is highlighted with
a numerical example.

The remainder of the chapter is organized as follows. Section G.2 provides
the problem formulation. Section G.3 starts by considering an event-triggered
control loop with only one sensor and then it presents the main results for
the decentralized sensor setting. Section G.4 presents simulation results and
Section G.5 provides concluding remarks. The proofs of the results are given in
the appendix.

G.2 Problem formulation

Consider a discrete-time linear system

xt+1 = Axt +But + wt, t ∈ Z>0 (G.1)

where xt ∈ Rn is the state, and ut ∈ Rm is the control input at time step t ∈ Z>0,
and {wt ∈ Rn|t ∈ Z>0} is a sequence of independent and identically distributed
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random disturbances with zero mean and covariance W = E[wtw
ᵀ
t ] for every t.

The pair (A,B) is assumed to be controllable.
Performance is measured by a quadratic average cost

J = lim sup
T→∞

1

T
E[

T−1∑
t=0

xᵀtQxt + uᵀtRut], (G.2)

where Q and R are positive-definite matrices and R is assumed to be diagonal
for convenience.

Suppose that p sensors sample a subset of state components and that all the
state components are measured by the sensors. Without loss of generality assume
that xt =

[
x1ᵀ
t x2ᵀ

t . . . xpᵀt
]ᵀ

, where xi ∈ Rni are the state components mea-

sured by sensor i ∈ {1, 2, . . . , p}, B =
[
Bᵀ

1 Bᵀ
2 . . . Bᵀ

p

]ᵀ
and n =

∑p
i=1 ni.

We define a vector σt = (σ1
t , σ

2
t , . . . , σ

p
t ), where

σit =

{
1 if sensor i transmits at time t

0 otherwise.

If all the sensors would sample and broadcast their state measurements at every
time step (σit = 1) for every i and t, the optimal control law would be ut = Kxt,
where the control gains are given by

K = −(BᵀPB +R)−1BᵀPA,

P = AᵀPA+Q−Kᵀ(BᵀPB +R)K,

and P is the unique positive-definite solution to this (Riccati) equation;
the control gains can be written according to the state partition as K =[
K1 K2 . . . Kp

]
, where Ki ∈ Rm×ni . This all-time transmission and con-

trol policy would lead to the average cost performance tr(PW ). Let the average

transmission rate of each sensor be ρi = lim supT→∞
1
T E[

∑T
t=0 σ

i
t]. Note that the

all-time transmission policy would result in an average transmission rate equal
to one for all the sensors. Moreover, let

τ̄i = 1/ρi (G.3)

denote the average inter-transmission time of each sensor. To account for the
fact that the sensors do not transmit at every time step we assume that the
control policy is instead given by

ut = Kx̂t|t, (G.4)

where x̂t|t is a state estimate obtained from previous data provided by the sen-
sors. It can be partitioned as the state vector x̂ = [x̂1ᵀ, x̂2ᵀ, . . . , x̂pᵀ]ᵀ and
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described by
x̂t|t−1 = Ax̂t−1|t−1 +But−1,

x̂it|t =

{
xit, if σit = 1

x̂it|t−1, otherwise.

(G.5)

Given a transmission policy for each sensor such that the error et := xt − x̂t|t
has the bounded covariance it can be shown from standard optimal control
arguments (Åström, 1970, Ch. 8) that the performance is given by

J = tr(PW ) + lim sup
T→∞

1

T
E[

T−1∑
t=0

eᵀt Y et], (G.6)

where Y := Kᵀ(BᵀPB + R)K. This motivates the use of a transmission policy
resulting in a small error et. To this effect, we define policies where each sensor
transmits to the network if a weighted norm of the error between the sensor
measurement and the estimate seen by the controller ēit := xit − x̂it|t−1 is larger
than a threshold, i.e.,

σit =

{
1, if ‖ēit‖Zi � γi
0, otherwise,

(G.7)

where ‖ēit‖2Zi := ēiᵀt Ziē
i
t and the Zi are positive definite matrices. In fact, if

‖ēit‖Zi � γi at time t, then eit = 0, otherwise, eit = ēit and therefore, ‖eit‖Zi 6 γi
for every t ∈ Z>0. Note that for the sensors to compute this rule they must also
run the same estimator as the controller and therefore also listen to what is sent
via the network.

Our goal in this chapter is to analyze this decentralized networked control
system taking into account that the positive definite matrices Zi and scalars
γi are tuning knobs. Note that these tuning knobs should be chosen to min-
imize the performance cost and maximize the average inter-transmission time
of the overall closed-loop (or minimize the average transmission rate). While
providing exact analytical expressions for the performance and for the average
inter-transmission time is still hard, we aim at providing lower bounds for the
average inter-transmission times (as large as possible) and upper bounds for the
performance cost (as small as possible). These bounds provide important in-
dications on how to pick the tuning knobs Zi and γi such that an appropriate
trade-off performance vs average inter-transmission time can be achieved.

G.3 Main results

While we are mainly interested in the case of multiple agents/sensors, we
start by providing in Section G.3.1 bounds on performance and average inter-
transmission time for the case of a single agent/sensor or centralized transmis-
sion. These bounds will build our intuition on how to provide bounds to the
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more challenging general case of multiple agents/sensors, which is presented in
Section G.3.2. To smoothen the transition between the two sections, we provide
a simple example at the end of Section G.3.1 discussing the conservativeness of
the bounds.

G.3.1 Single agent - centralized transmissions

We start by providing an upper bound on performance. For a given symmetric
positive semi-definite matrix M let λ̄(M) indicate the largest eigenvalue.

Theorem G.1. Consider the linear plant (G.1) with a single sensor
p = 1 providing full state feedback x1

t = xt when σ1
t = 1 and controlled

by (G.4), (G.5), (G.7) for p = 1. Then the performance index (G.2) is upper
bounded by

J 6 tr(PW ) + β,

where β = γ2
1 λ̄(S) and S = (Z

−1/2
1 )ᵀY Z

−1/2
1 .

�

The proof of this result can be found in the appendix and it uses (G.6)
along with the fact that the error eit is bounded (‖eit‖Zi 6 γi) at every time
step. However, it does not exploit the fact that this error resets to zero when
there is a transmission and the probability of being small in the time steps after a
transmission is also larger than that for times far from the last transmission time.
Therefore, as discussed in Example G.1, this bound is in general conservative.

Note that the choice Z1 = Y would lead to the simple expression for the
performance bound constant β = γ2

1 . However, this choice might not lead to a
large average inter-transmission time. We provide next a lower bound on the
average inter-transmission time.

Theorem G.2. Consider the linear plant (G.1) with a single sensor
p = 1 providing full state feedback x1

t = xt, when σ1
t = 1 and controlled

by (G.4), (G.5), (G.7) for p = 1. Then the average inter-transmission time (G.3)
is lower bounded (τ̄ > ξ) by

ξ =

{
θ, if α = 1

− log(1 + θ
η ) 1

log(α) , otherwise,

where θ = γ2
1/tr(Z1W ), η = α/(1 − α), and 0 ≺ α 6 1 is the maximum value

such that for Z1 � 0,

αAᵀZ1A− Z1 6 0. (G.8)

�
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In Example G.1 below we show that the bound provided in this theorem can
be tight. Based on these two theorems, Z1, γ1 (and α) should be picked tacking
into account the following remarks:

• There is a clear trade-off in picking γ1: a small γ1 leads to a smaller
guaranteed performance (small β) but to a small guaranteed average inter-
transmission time (small ξ).

• As the value of α increases, the minimum average inter-transmission time
also increases. For stable and critically stable systems we can pick α = 1
but for unstable systems we must have α ≺ 1.

Example G.1. Suppose that A = B = Q = R = 1, in which case P = 2
and Y = 1, and {wt|t ∈ Z>0} are uniformly distributed in the interval [−δ, δ],
δ = 1/10 and W = 1/300. Without loss of generality we can assume that Z1 = 1
and γ1 is a tunning parameter. Then, for t ∈ [0, τ − 1] where τ is the first
transmission time τ = min{s ∈ Z�0 | |ēs| � γ1 }. we have et+1 = et + wt.
From Theorem G.1 we conclude that

J 6 tr(PW ) + γ2
1 . (G.9)

Using a similar argument as in the proof of Theorem G.2 we conclude that, for
V (e) = e2 and et = ēt if t � 0 and e0 = 0,

E[e2
τ ] = E[

τ−1∑
t=0

E[V (et+1)|et]− V (et)] = E[τ ]W = τ̄W.

Note that γ2
1 ≺ e2

τ 6 γ2
1 + δ from which we conclude that γ2

1/W ≺ τ̄ 6 (γ2
1 +

δ)/W . If we assume that γ2
1 is considerably larger than δ we see that the average

inter-transmission time in this special case is very close to the minimum inter-
transmission time presented in Theorem G.1 when α = 1, meaning that this
bound can be tight in certain cases. However, the bound on performance (G.9)
is not tight because in the proof of Theorem G.1 the error et in expression (G.6)
is bounded for every time step, even though right after a transmission the error
et is small. As a result one can expect a gap between the bound and the actual
performance. These remarks can be confirmed by comparing the bounds with
the actual average inter-transmission time and performance obtained via Monte-
carlo (MC) simulations. This is shown in the two most plots on the left hand
side of Figure G.1 as a function of the parameter γ2

1 . Note that the gap between
the bound and actual performance is quite large. This prevents concluding, based
on the bounds, that the event-triggered policy actually achieves a better trade-off
between performance and average inter-transmission time than periodic control
as shown in the plot on the right-hand side (in particular it is consistent in the
sense of Antunes and Asadi Khashooei (2016)), which can actually be concluded
based on MC simulations
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Figure G.1: Performance and average inter-transmission time (AITT) plots for
a simple example

G.3.2 Multi agents - decentralized transmissions

Considering now the general case with p � 1 sensors consider the following de-
scription of (G.1) based on a partition induced by the states measured by the
sensors

xit+1 = Aiix
i
t +

∑
j∈Si

Aijx
j
t +Biut + wit, (G.10)

where Si is the set of all subsystems which influence the ith subsystem and
Wi = E[wit(w

i
t)

ᵀ]. The following theorem present an upper bound on the per-
formance index. For an arbitrary matrix S let σ̄(S) indicate its largest singular
value.

Theorem G.3. Consider a discrete-time linear plant (G.1) consisting of p dif-
ferent coupled subsystems (G.10) with sensors providing xit when σit = 1, sup-
pose that the plant is controlled by (G.4), (G.5), (G.7). Then the performance
index (G.2) is upper bounded by

J 6 tr(PW ) +

p∑
i=1

p∑
j=1

βij ,

where βij = σ̄(Sij)γiγj, for i, j ∈ {1, ..., p}, where Sij = (Z
−1/2
i )ᵀY ᵀ

i YjZ
−1/2
j

and Yi = (BᵀPB +R)1/2Ki.

�

The conservativeness of the performance bounds is asserted via examples in
Section G.4. The next theorem provides lower bounds on the average inter-
transmission time.

Theorem G.4. Consider a discrete-time linear plant (G.1) consisting of p dif-
ferent coupled sub-systems (G.10) with sensors providing xit when σit = 1 and
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suppose that the plant is controlled by (G.4), (G.5), (G.7). Then, the average
inter-transmission time of each sub-system is lower bounded (τ̄i > ξi) by

ξi =

{
θi, if αi = 1

− log(1 + θi
ηi

) 1
log(αi)

, otherwise,

where θi = γ2
i /
(
tr(ZiWi) + ε̄i

)
, ηi = αi/(1− αi) and

ε̄i =
∑
j∈Si

2Ψi
ij +

∑
j∈Si

∑
l∈Si

Ψi
jl,

Ψi
jl = σ̄(Gijl)γiγj , Gijl = (Z

−1/2
j )ᵀAᵀ

ijZiAilZ
−1/2
l ,

in which 0 ≺ αi 6 1 is the maximum value such that Zi � 0 and αiA
ᵀ
iiZiAii −

Zi 6 0.

�

Comparing Theorems G.4 and G.2, it is evident that the difference between
the proposed bounds for the centralized and decentralized transmission policies
is in the existence of the variables ε̄i. These variables account for the coupling
effects of other sub-systems. This plays the role of a disturbance in the proof
of Theorem G.4 and decreases the proposed lower bound of the average inter-
transmission time.

From this discussion we see that the bounds depend on the topology of
matrix A. In particular the average inter-transmission time for a given subsystem
depends on the cardinality of Si. To illustrate this, consider a topology of three
subsystems depicted in Fig. (G.2) where each Si represents a subsystem with
one state with the following A matrix

S1 S2 S3

Figure G.2: Nested system with three subsystems

A =

a11 0 0
a21 a22 0
a31 a32 a33

 .
Based on Theorem (G.4), for the first subsystem ε̄1 = 0 and we can use the
results obtained for the single-agent transmission in Theorem G.2 to find the
minimum inter-transmission time for this subsystem. For the second subsystem

ε̄2 = Z2

(
2|a22a21|

γ2γ1√
Z2Z1

+ a2
21

γ2
1

Z1

)
,
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and for the third one

ε̄3 =Z3

(
2|a33a31|

γ3γ1√
Z3Z1

+ 2|a33a32|
γ3γ2√
Z3Z2

+ 2|a31a32|
γ1γ2√
Z1Z2

+ a2
31

γ2
1

Z1
+ a2

32

γ2
2

Z2

)
,

which shows as the amount of interconnections or coupling terms (aij) increase,
the values of ε̄ increase which result in a smaller bound for the average inter-
transmission time in Theorem G.4. It can also be concluded that if subsystems
are fully decoupled or the coupling terms are very small (Aij ≈ 0, ∀i 6= j), then
for the lower bound of the average inter-transmission time we will arrive at the
same result as in Theorem G.2.

G.4 Simulations

In this section we consider a system consisting of three states which depend on
each other. The parameters of the system and of the cost function are

A =

 1 0 0
0 1.1 0.1

0.08 −0.1 1.1

 , B =

1 0 0
0 1 0
0 0 1

 , W = 0.1I,

and Q = I, R = 0.1I. We assume the states are measured and transmitted
according to two different methods explained next.

G.4.1 Centralized transmission

In this method, the entire state vector is measured and transmitted by one
sensor. The controller of this system is designed based on (G.4) and (G.5).
In the scheduler design, we set trace(Z1) = 15 and α1 = 0.8196 is the largest
positive number so that (G.8) is feasible and

Z1 =

 5.4994 −1.8814 1.8932
−1.8814 4.7502 0.0006
1.8932 0.0006 4.7504

 .
We find bounds for the performance index and transmission rate when γ1 ∈
[
√

2 10] based on Theorems G.1 and G.2. In Fig. (G.3, a) we compare this
result with MC simulations. It is seen that the real performance of system is
properly upper bounded by our proposed guaranteed bounds for the performance
index and the transmission rate.
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Figure G.3: Performance trade off vs transmission rate, Solid lines: MC simula-
tions, Dashed lines: Proposed bounds. a: single sensor b: ρ1 c: ρ2 d: ρ3

G.4.2 Decentralized transmission

In this method, each scaler component of the state is measured by one of
three different sensors and transmitted based on (G.7). The controller remains
the same as in the centralized method, but the parameters of the schedulers
(αi, Zi, γi) are selected independently. Assume trace(Zi) = 5, ∀i ∈ {1, 2, 3}.
Based on the matrix A, the first state is marginally stable and the others are
unstable and

α1 = 0.9999, α2 = α3 = 0.8266,

are the maximum values which will make αiA
ᵀ
iiZiAii − Zi 6 0 feasible and

Zi = 5, ∀i ∈ {1, 2, 3}. In this example we assume γ1 = γ2 = γ3 ∈ [
√

2 10].
Fig. (G.3, b-c) shows the performance index versus transmission rate of all
three sensors and compares the MC simulation results with the proposed bounds.
Guaranteed bounds in the decentralized case are much more conservative because
of the coupling effect (ε̄i) that appears explicitly in the transmission rate bound.
It is obvious by Fig. (G.3, b-d) as the coupling effects increase, the upper bound
for the transmission rate increases and become more conservative. In this case
S3 depends on the other two subsystems and S2 depends on S3. This will cause
an increase in the upper bound of their transmission rates.
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G.5 Conclusion

In this chapter we analyzed a deterministic threshold based policy for both
centralized and decentralized data transmissions. First, an upper bound on the
performance index and a lower bound on the average inter-transmission time in
the centralized case were determined. The upper bound for the transmission rate
depends on the covariance of the disturbance and on the plant’s parameters. As
the system becomes unstable, the value of α decreases and the upper bound for
the transmission rate increases. An increase in the covariance of the disturbance
also increase the transmission rate. In the following, we focus on decentralized
transmission strategy and find the upper bounds of the performance index and
the transmission rate for each agent. The coupling in the dynamic of subsystems
will increase the upper bound of the transmission rate. As this coupling becomes
smaller, the bound of transmission rate approaches the one obtained in the
centralized case.

G.6 Proofs

Next, we bring the proofs of the theorems of this chapter.

Proof of Theorem G.1

We start by proving that β is the optimal value of the problem

max eᵀY e, s.t. eᵀZ1e 6 γ
2
1 .

In fact, by defining r = Z
1/2
1 e, the optimization problem can be written as

max rᵀSr, s.t. rᵀr 6 γ2
1 ,

where S = (Z
−1/2
1 )ᵀY Z

−1/2
1 . Therefore, rᵀSr 6 λ̄(S)rᵀr 6 λ̄(S)γ2

1 = β with
equality when r is the eigenvector of S associated with λ̄(S). Then, for every
t ∈ N, eᵀt Y et 6 β and the result follows from the expression for the performance
index (G.6).

Proof of Theorem G.2

By construction of the triggering policy (G.7), the intervals between two con-
secutive transmissions times are independent and identically distributed. Then
τ̄ = E[τ ] where τ is the first transmission time τ = min{s ∈ Z�0| ēᵀsZ1ēs � γ2

1 }.
Define the process et = ēt if t � 0 and e0 = 0 in the interval t ∈ {0, 1, . . . , τ}.
Then et+1 = Aet + wt. Now let V (et, t) := αteᵀtZ1et, then

E[V (et+1, t+ 1)|et]− V (et, t)

= αteᵀt (αAᵀZ1A− Z1)et+α
t+1tr(Z1W )6αt+1tr(Z1W ),
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where we used (G.8) and

E[

τ−1∑
t=0

E[V (et+1, t+ 1)|et]− V (et, t)] 6 E[

τ−1∑
t=0

αt+1tr(Z1W )]

= E[η(1− ατ )]tr(Z1W )] 6

{
E[τ ]tr(Z1W ), if α = 1,

η(1− αE[τ ])tr(Z1W ), otherwise,

and the last inequality follows from the Jenssen’s inequality for concave func-
tions. Moreover,

E[

τ−1∑
t=0

E[V (et+1, t+ 1)|et]− V (et, t)] = E[V (eτ , τ)]− E[V (e0, 0)]

� γ2
1E[ατ ] >

{
γ2

1 , if α = 1,

γ2
1α

E[τ ], otherwise.

The last inequality follows also from the Jenssen’s inequality for convex func-
tions. Using the two inequalities, we obtain γ2

1 ≺ E[τ ]tr(Z1W ) if α = 1 and
γ2

1α
E[τ ] ≺ η(1− αE[τ ])tr(Z1W ) otherwise, from which we conclude the result.

Proof of Theorem G.3

Note that

eᵀY e = ‖Y1e1 + ...+ Ypep‖2 =

p∑
i=1

p∑
j=1

eᵀi Y
ᵀ
i Yjej ,

where Yi = (BᵀPB+R)
1
2Ki, i ∈ {1, ..., p}. Consider the following optimization

problem

βij = max eᵀi Y
ᵀ
i Yjej s.t eᵀi Ziei 6 γ

2
i , & eᵀjZjej 6 γ

2
j .

Letting ei = Z
−1/2
i ri and ej = Z

−1/2
j rj , the problem becomes

βij = max rᵀi Sijrj s.t rᵀi ri 6 γ
2
i , & rᵀj rj 6 γ

2
j ,

where Sij = (Z
−1/2
i )ᵀY ᵀ

i YjZ
−1/2
j . We can conclude βij = σ̄(Sij)γiγj and the

proof is complete based on (G.6) and following a similar reasoning to Theo-
rem G.1.

Proof of Theorem G.4

For each sub-system consider the time interval {0, 1, . . . , τi} where τi is the first
transmission time of sensor i. By defining Vi(e

i
t, t) := αti(e

i
t)

ᵀZie
i
t, for each
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sensor, following the same procedure as in Theorem G.2 and using the drift
criteria for Vi during the transmission interval, we conclude that

tr(ZiWi) + εi �
γ2
i E[ατii ]

E[
∑τi−1
t=0 αt+1

i ]
,

where

εi = − 1

E[
∑τi−1
t=0 αt+1

i ]
E[

τi−1∑
t=0

αtiεi(e
i
t)

ᵀeit]

+
1

E[
∑τi−1
t=0 αt+1

i ]
E[

τi−1∑
t=0

αt+1
i

∑
j∈Si

2(eit)
ᵀAᵀ

iiZiAije
j
t ]

+
1

E[
∑τi−1
t=0 αt+1

i ]
E[

τi−1∑
t=0

αt+1
i

∑
j∈Si

∑
l∈Si

(ejt )
ᵀAᵀ

ijZiAile
l
t].

In order to find the minimum value for E[τi], we calculate the maximum value
of εi. The maximum of the first term of εi is zero. For finding the maximum of
the other two terms we need to find the solution of the following optimization
problem

Ψi
jl = max eᵀjA

ᵀ
ijZiAilel s.t eᵀjZjej 6 γ

2
j , & eᵀl Zlel 6 γ

2
l .

This problem is solved as in Theorem G.3 and Ψi
jl = σ̄(Gijl)γjγl where Gijl =

(Z
−1/2
j )ᵀAᵀ

ijZiAilZ
−1/2
l . Then ε̄i =

∑
j∈Si 2Ψi

ij +
∑
j∈Si

∑
l∈Si Ψi

jl and we con-
clude the following equation from which the result follows.

tr(ZiWi) + ε̄i �
γ2
i E[ατii ]

E[
∑τi−1
t=0 αt+1

i ]
>


γ2
i

E[τi]
, if αi = 1

γ2
i α

E[τi]

i

ηi(1−α
E[τi]

i )
, otherwise.
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