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Abstract
We show the fundamental properties of the FX-EBW connection at the 2nd harmonic electron
cyclotron resonance, where we include the analysis for oblique waves. In this analysis we show
that the FX-EBW connection vanishes at some parallel component for the refractive index Nk .
Our mapping of the WPDR paved the way for substitution of the WPDR by an neural network,
showing that an accurate single neural network is likely to be sufficient for substitution of the
WPDR in the case of large reactors heating from the low-field side.
Electron Cyclotron Resonance heating (ECRH) is known to be relevant for plasma control, due
to its localized power deposition, high power absorption efficiency, current drive capabilities and
its ability to suppress MHD instabilities. Computational tools in the form of ray-trace codes have
been developed to analyse and optimize ECRH performance. Real-time capable ray-trace codes
would allow its use in control schemes, which would further optimize plasma performance. As there
is already a real-time capable ray-trace code available, reducing the calculation-time for solving
the warm plasma dispersion relation (WPDR) would allow the inclusion of warm plasma effects
in real-time analysis, increasing ray-trace accuracy in regions where the cold plasma dispersion
relation is inaccurate. In this thesis we improve the algorithm to solve the WPDR which allows
us to map the connection of the fast extraordinary (FX) mode with electron Bernstein waves
(EBW) at the 2nd harmonic electron cyclotron resonance and to provide strategies to subdivide the
discontinuous domain of the FX-mode into continuous sub-domains allowing accurate regression
by means of a neural network. We show the fundamental properties of the FX-EBW connection
at the 2nd harmonic electron cyclotron resonance, where we include the analysis for oblique waves.
This analysis shows that the FX-EBW connection vanishes at some parallel component for the
refractive index Nk . Our mapping of the WPDR paved the way for substitution of the WPDR
by an neural network, showing that an accurate single neural network is likely to be sufficient for
substitution of the WPDR in the case of large reactors heating from the low-field side.
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Chapter 1

Introduction
1.1

Nuclear fusion

In 2040 the world’s population is expected to grow to 9 billion people, which combined with an
overall increase in prosperity leads to an increase in global energy demand of 45% [13]. By 2050
this global energy demand will be increased with approximately half the energy we are using
today [14]. Carbon emissions from the worldwide combustion of fossil fuels in the last age are
having an impact on the climate today. Therefore a reduction in carbon emissions is required
[25, 36, 28]. To both solve this climate crisis as well as to answer the demand of energy in the
future development of sources of energy is needed that are emission-free, safe, globally available
and economically viable. Fusion energy could be the source of energy that meets those criteria
in the future. Although fusion energy needs time to be developed and might not influence the
energy mix significantly before the turn of the century [8], it has the capability to provide energy
on-demand wherever it is needed. This is in contrast to current sources of ‘clean’ energy like solar
and wind.
Fusion energy - The process that powers the sun and the stars - works by combining light
elements into heavier elements. Fusion is easiest achieved when combining the hydrogen isotopes
deuterium and tritium to form helium, releasing an energy that is a tens of million times greater
than the energy created from a typical chemical burning reaction. This fusion reaction process in
equation form reads:
D + T → 4He (3.5M eV ) + n (14.1MeV)

(1.1)

where its shown that a total of 17.6 MeV of energy is released from a single fusion reaction.
Deuterium has one extra neutron compared to hydrogen and can be extracted from seawater,
where deuterium makes up about 0.015% of the hydrogen isotopes [30]. Tritium is far less abundant
(10-20kg worldwide) and has a half life of 12.3 years, therefore a fusion reactor needs to produce
its own tritium [44, 34]. This is expected to be possible, by bombarding Lithium isotopes with the
energetic neutron created from the fusion reaction (eq. 1.1), splicing the Lithium core in a (n,T)
fission reaction and yielding Tritium in the process:
6

7

Li+ n → 4He + T (+4.8M eV )

(1.2)

Li+ n → 4He + T + n (−2.47M eV )

(1.3)

In this way a fusion reactor uses Deuterium and Lithium as fuel, of which there is expected to be
plenty to operate D-T fusion reactors for the foreseeable future [23].
How do we put nuclear fusion into practice? For D-T fusion reactions to occur we require
temperatures up to 150 million degrees Kelvin, ensuring the particles would be in a plasma state
of matter, where the nuclei have lost their electron shell and where both of these particle species
Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
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Figure 1.1. Magnetic fields in a tokamak. Created by Toroidal- and Poloidal magnetic field coils
and a primary transformer circuit (adapted from S. Li et al. [33])

are susceptible to electromagnetic forces. This allows for the magnetic confinement of the fusion
plasma as was demonstrated to work in many different devices over the last 70 years [7]. Magnetic
confinement devices were initially conceptualized by the Soviet physicists Igor Tamm and Andrei
Sakharov in the 1950s. Their concept of a machine comprised from a set of coils creating magnetic
field lines winding around the torus, whilst also forming a helix. This was achieved in the form of
placement of toroidal field coils in combination with outer poloidal field coils (horizontal orientation) for plasma positioning and shaping and inner poloidal field coils to induce a current in the
plasma. This setup became known as the tokamak fusion reactor, which is an Russian acronym
for what translates to ”toroidal chamber with magnetic coils”. A Schematic representation of the
Tokamak can be seen in figure 1.1.
Besides the Tokamak other fusion reactors funded by governments have been designed and
built, such as the stellerator, a magnetic confinement device similar to the Tokamak. However,
instead of a plasma current it resorts to precisely shaped toroidal field coils to create a poloidal
field that closes the magnetic flux surfaces, though the introduction of helical magnetic field lines
[52, 61]. Also non-governmental startups have recently emerged in the effort to make fusion energy
work, ranging in ideas from a form of magnetic confinement to beam driven plasma rings colliding
into one-other [9]. The tokamak however, is the most tested and developed type fusion reactor to
date and is expected to - with the delivery of the ITER project [11] - be the first to demonstrate
its ability to produces net power.

1.2

Plasma Temperature and Heating

For a deuterium and tritium to fuse high plasma temperatures are required. What temperatures
exactly can be derived from the cross-sectional data of fusion reactions in combination with a
steady state 0-D power balance evaluation within a fusion reactor as shown in [21]. From this
evaluation not only becomes clear that D-T fusion is indeed the easiest fusion reaction to create
net energy but also what the plasma temperature in the reactor should be. To simplify allow a
0D power balance we define the energy confinement time as the energy density W over the power
loss density Ploss :
2
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Figure 1.2. Triple product comparison of Tokamaks throughout the years, with QDT factor’s
included as orange bands. In red the expected value for ITER is shown. Adapted from [1].

τE = W/Ploss

(1.4)

where an high confinement time implies that the fusion power resides in the plasma for a longer
time. Together with the plasma density n and temperature T these terms contribute to a high net
fusion energy production. For this reason those three parameters are often multiplied together to
form the so called fusion triple product, which is used to describe the performance of a reactor.
For a fusion plasma to ignite - that is: for the plasma to produce more fusion energy than what is
lost by Bremsstrahlung radiation and heat convection - the fusion triple product needs to exceed
a certain threshold, a criterion for fusion referred to as the Lawson criterion. From this Lawson
criterion we can extract an optimal temperature of 15 KeV for D-T fusion with a corresponding
triple product of 8.3 atm s.
Besides the Lawson criterion the factor QDT can be defined as:
QDT =

Sf
,
Sh

(1.5)

where Sf and Sh denote the fusion power and the heating power respectively. For QDT → ∞ we
speak of an ignited plasma where a sustained reaction occurs, with no need for heating. Due to the
pulsed nature of the tokamak there will however always be heating power needed to maintain and
control the reactor. Also convergence rates between fusion power to electric power and electric
power to heating power are of great importance for the economical viability of fusion, and oppose
some key challenges. These are however outside the scope of this thesis.
Reaching high factors for QDT has not been proven easy nor cheap. A large device is needed
in order to a reach sufficiently long energy confinement times. For this reason the construction of
ITER is now on its way and is expected to be operational for somewhere in the next decade. ITER
is expected to produce 500 MW of fusion power while consuming a total of 50 MW of heating
power for operation, resulting in a QDT factor of 10. This is shown in figure 1.2, where it is also
compared to previous reactors that have already proven to be capable of reaching certain values
for QDT .
Even though the necessity of scaling up a fusion reactor is clear, this is an ambitious thing to
do. Costs for ITER are estimated to exceed 25 Billion euro’s requiring various governments and
Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
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parties to be involved, making ITER besides a technical challenge also a diplomatic one. In fact
ITERs very roots are embedded in diplomacy, for it being initiated as a peace project between
the US and former Sovjet-Union at the convention of Geneva in 1985 between Ronald Raegan and
Michail Gorbatsjov [43]. To reach the goal of fusion to also be economically viable and interesting
for the private market in the future it is therefore important that the reactor gets optimized in a
cost extensive manner. A way to do this in terms of QDT is to lower the amount of input power
required by making the systems that heat and control the reactor more efficient.

1.3

Electron cyclotron resonance heating and control

One of the systems used to bring the plasma to fusion relevant plasma temperatures is Electron
Cyclotron Resonance Heating (ECRH). Heating of the plasma is done by injecting electromagnetic
waves into the plasma. These waves can be absorbed by the resonant electrons within the plasma.
Because ECRH targets electrons, the frequency of the injected wave is high to match the Larmoror cyclotron frequency (ωce ) of the electrons in the plasma. This gyration of the electrons is
induced by the magnetic field inside the tokamak and is linearly dependent of the magnetic field
as: fce0 = ωce /2π = 28 [GHz / T]×B [T].
With the high cyclotron frequency of electrons comes a small gyration radius (order of tenths
of a mm). having the consequence that electron cyclotron waves (EC waves) have a localized
energy deposition. This provides the possibility of tailoring the temperature and magnetic shear
profiles through localized heating, allowing maximization of MHD β limits, maximization of the
bootstrap fraction and the suppression of localized resistive MHD instabilities.
In Figure 1.3 this feature of EC waves is shown to be exploited to suppress neoclassical tearing
modes (NTMs). EC waves are created at the gyrotron, at a fixed frequency. This frequency
is usually selected to correspond with the electron cyclotron frequency that is expected at, or
just behind, the major radius (R0 ), moreover where the plasma density is highest and many flux
surfaces can be reached. By using a steerable mirror the EC beam can be injected at different
locations along the z-axis, because along this axis the magnetic field remains roughly equal. In
this way a different flux surfaces can be targeted for different angles (θ) of the steerable mirror.
ECRH has - besides major advantages - also some downsides, with its biggest drawback being
the lack of high-power steady state sources [21]. Bigger fusion devices require stronger gyrotrons
which should be capable of producing EC waves of at least 1 MW per device and for a longer
pulse duration. Those devices need to be specially designed to match ITER requirements. Luckily
for ITER - the soon to be largest reactor - they succeeded in doing so, providing 24 gyrotrons
each producing a MW at a wave frequency of 170GHz, creating a total of 20MW of power in the
plasma after losing 4MW in the transmission lines [55, 42, 10]. An other downside of ECRH is the
inability of some wave modes to access the centre of the plasma. Some regions in the plasma are
evanescent, meaning that waves cannot enter this region and are instead reflected. The reason of
the plasma’s inaccessibility for the wave and a possible solution or circumvention will be explained
in more detail in Section 2.2.1.
There are multiple ways of plasma actuation for control purposes using ECRH, depending
on the different actuators used. Most of these control schemes are made real-time capable since
the MHD instabilities like NTMs can be suppressed by applying a control scheme using ECRH
and ECCD as actuators. A simple feed-back loop could satisfy the required operational regime
as was tested for ASDEX in 2010 by using an ECE1 channel as sensor. However whenever the
relative orientation between the ECE antenna and ECRH launcher was unknown control of the
plasma became impossible [24]. Model based control could provide a solution to instability control
when a limitation in the amount of diagnostics is desired in future reactors where the focus is
more on energy production and less on R&D. Current implementations of model based control
systems involve algorithms that estimate the continuous real-valued state of the plasma (density
profiles, temperature profiles ect.) typically reconstruction of the plasma equilibrium [17, 41],
1 ECE: a diagnostic measuring the Electron Cyclotron Emission to determine the temperature along the line of
sight

4
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Figure 1.3. ECRH setup illustrating the usage of a narrow B-field dependent resonance layer
and a steerable mirror to heat a desired flux surface

MHD analysis [3, 29], code to estimate the radial plasma profile like RAPTOR [2, 39] or/and
ray-tracing codes like TORBEAM [45].
Real-time control requires real-time capability of all the components within the control scheme
like the actuators, sensors and simulation code and for effective real-time control there should
in generally be an oversampling of a factor 10 compared to the timescale of the instability. For
NTMs in ASDEX Upgrade for example, having a resistive timescale of around 150 ms, meaning
an 15 ms actuator response time is the goal [50]. This is established with the equilibrium and
profile determination codes being 0D or 1D yielding computation times between 1-5 ms [40, 22].
The steerable mirror is able to readjust an angle of 30◦ within 100 ms which was found to be
sufficiently fast [24]. The ray-tracing code TORBEAM has a relatively slow calculation time of
10-20 ms even though it has been speed up drastically (100x). This slow calculation time of
TORBEAM imposes a limit on the achievable accuracy for calculating the deposited power, the
location of the deposited power and the that has been driven current. Furthermore, acceleration
of ray-trace codes might allow for the inclusion of warm plasma effects and alternative control
schemes, based on a priori determination of the optimal mirror angle through ray-tracing. It is
for this reason that our interest goes out to ray-tracing codes as they take significant amounts of
calculation time, even after speed-up modifications.

1.4

Introduction to 3D ray-trace codes

Ray-traces codes are generally based on geometrical optics and can be described through a set of
ordinary differential equations (ODEs) through the application of the Wentzel-Kramers-Brillouin
(WKB) method, reducing computational effort of solving for the vector wave equation in an inhomogeneous, anisotropic and dissipative plasma. Solving these of ODEs allows us to obtain the
ray trajectory for infinitesimal steps though the plasma and possibly the wave-plasma power absorption along the wave path. Subsequently, the power deposition region, the absorption efficiency
and the amount of current driven can be obtained. Apart from the use of ray-tracing in control
Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution
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applications, ray-tracings is an important tool too increase knowledge on wave propagation, allowing the optimisation of ECRH and ECCD applications. A more thorough explanation and
derivation of ray-trace codes will follow in Section 2.2.2.
The beam-trace code TORBEAM is made real time capable (and subsequently referred to
as RT-TORBEAM), by limiting evaluation to a single ray only, whereas ray-traces codes like
TORAYFOM use multiple rays to estimate beam propagation. The original TORBEAM code
also had only one (central) ray but included a transverse beam structure and was therefore able
to include diffraction effects [45]. This transverse beam strategy already made it a relatively fast
beam-trace code. Other efforts have been made to speed up the code even more, with most of the
modifications compromising the accuracy, but yielding a combined decrease in execution time to
10-20 ms, almost reaching the desired execution time of 10 ms [50]. A subdivision of the calculation
time was made showing that roughly 30% of the time in TORBEAM is used for the calculation
of the coefficients necessary to solve the beam tracing equations.
Those coefficients are obtained by solving the plasma dispersion relation. There are multiple
forms in which this plasma dispersion relation can be solved, depending the plasma model and
underlying assumptions. To account for wave absorption a particle distribution function fs (r, p)
of the position and momentum needs to be included, implying that the plasma temperature is also
taken into account. Solving the plasma dispersion relation with the particle distribution function
included, leads to the so called warm plasma dispersion relation (WPDR). Besides the WPDR
there also exist the cold plasma dispersion relation (CPDR), which is significantly easier to derive
and a lot faster to compute numerically. The CPDR does not take into account temperature effects
nor wave absorption and is therefore used in TORBEAM for determination of the ray-trajectory.
This is generally accurate, as the cold and warm plasma dispersion relation are identical in the
majority of the relevant parameter domain. There exists however resonant contributions around
cyclotron harmonics that are not captured within the cold approximation. The difference in
ray-trace performance between the CPDR and the WPDR are therefore small for perpendicular
propagation as the waves cross such anomalous domain fast. However, for DEMO scenarios ECCD
might be performed using an injection geometry in which the ray path becomes almost tangential
to the EC resonance layer. This implies that prolonged wave propagation close to harmonic regions
might be miss-calculated using the CPDR and thus a fast method of calculating the WPDR might
be required. A more extensive description of the difference between the cold and the warm plasma
dispersion relation is give in 2.1.4.
To summarize, we have seen that there is a need for fusion energy (Section 1.1) and that
- in order to make fusion energy work from both a physics and economical point - we require
efficient heating and control of the plasma (Section 1.2). ECRH is expected to contribute to both
of these causes due to its high heating efficiency and localized heat deposition (Section 1.3) and
could be developed with the help of ray-trace codes in the EC regime. To fully benefit from
the ability of ECRH and ECCD to stabilize NTMs, a real-time capable ray-trace code is desired
and has been pursued in the form of RT-TORBEAM. Even with the large set of simplifications
made it was proven difficult to create a real-time capable code, as calculation of the coefficients
of the beam tracing equations still required a significant amount of time. Speedup of the warm
plasma dispersion relation is therefore essential to allow for correct ray-tracing and determination
of the energy deposition profile while maintaining real time capability of TORBEAM or ray-trace
codes in general. It is for this reason that we focus in this thesis on increasing the speed of the
WPDR resulting in the total speedup of ray-trace codes, used in plasma heating and control for
the evaluation of the energy deposition, and current drive of the ECRH systems in current and
future fusion devices.

1.5

Neural network for the warm plasma dispersion relation

Speed-up of the WPDR is expected to be possible by substitution using a neural network (NN).
A Neural network is a non-linear mapping of usually high dimensional input to a low dimensional
output. It consists of connected nodes, having an input layer and output layer and sometimes
6
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’hidden’ layers in between to allow for complex interactions when linking the input-layer with the
output-layer. These hidden layers can contain a different amount of nodes. More nodes allows
for the capture of more detail, thus increases accuracy of the neural network, making the neural
network able to account for details of the WPDR. More nodes implies a longer calculation time
and should therefore be limited. For a neural network to match input and output data it requires
to be ’trained’. This training of the neural network is in the form of adjusting the connections
between the nodes based on the in- and output provided, causing the neural network to resemble
the training-data. Afterwards the NN can be evaluated on equivalent input data to see if it indeed
produces the desired outcome and moreover if the mapping is correct. Since the NN consists of
simple functions it is expected to compute a solution to the WPDR significantly faster. Also
the derivative of the WPDR is required in TORBEAM, which is currently calculated by solving
the WPDR multiple times as an analytical solution is not known. The NN provides the mapping
through known functions that have known derivatives that are thus accessible for direct calculation
of the derivatives.
Although the use of a neural network has the benefits described above it also has a severe
limitation. Conventional neural networks are unable to map discontinuous function due to its
→
−
continuous nature. For wave propagation perpendicular to the poloidal magnetic field ( k ⊥ B0 ),
there exists a solution for waves with an electric field parallel to B0 called Ordinary mode (Omode) and a solution for waves with an electric field perpendicular to B0 an extraordinary mode
(X-mode). The O-mode has already been mapped by Nicholas Sebastian as part of his thesis [51].
From his work we learn that O-mode regression is feasible and that speedup was achieved although
further analysis should indicate whether this is sufficient for real-time purposes. There however,
existed accuracy problems as the full domain relevant for ordinary waves was covered, housing
large differences in order of the output for the imaginary part of the perpendicular refractive index
Im{N⊥ }. The X-mode consists of at least two branches making the X-mode solution discontinuous.
Also higher harmonics solution modes exist when solving for the WPDR, in the form of electron
Bernstein waves (EBWs), that can couple with the X-mode branch around the second harmonic.
Although research has been done to map the topology of the different solution branches to the
WPDR it remains unclear what happens between the X-mode and Bernstein mode around the
2nd harmonic for oblique waves [12]. The second harmonic X-mode is important because X-mode
heating at the 2nd harmonic has its cutoff frequency at higher densities than the first harmonic
while having better absorption than the fundamental harmonic O-mode [37, 20]. Therefore a
solution is required to recast the WPDR in an continuous equation or to create an NN capable of
handling the discontinuities present in the extraordinary wave mode.
For both the O-mode and X-mode wave propagation it is expected that separation of domains
could solve the problem of large order differences as well circumvent having to deal with discontinuities. This could be done by separation of the domain along the discontinuities and creating
a separate neural network for every domain. Moreover, the use of smaller domains provides less
trends to be captured in a single neural network allowing smaller and thus faster neural networks.
This approach requires knowledge of the locations of the discontinuities, which is currently unclear
around the 2nd Harmonic electron resonance for the extraordinary mode.
Acknowledging the need for a faster ray-tracing code, the potential of a neural network and
the need for the mapping of discontinuities of the WPDR, we arrive at the research question:

”Can we map the topology of the warm plasma extraordinary mode
dispersion around the 2nd harmonic electron cyclotron resonance to allow
for neural network regression?”
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To answer the research question and address the difficulties raised above, a subdivision of the
research question is made:
1. What are the general features of the X-mode and EBW connection?
2. Can we numerically determine the locations of the discontinuities?
3. Can we find a relation between possible input parameters and discontinuities?
4. What are possible strategies for a neural network taking into account the identified features
of the connection between the X-mode and the EBW-mode?
Since the topology around the 2nd harmonic EC resonance for X-mode might also be relevant
outside the topic of neural network regression, findings on the topology will be presented in the
form of a paper in Chapter 3, with the intent to be published in a peer reviewed journal. Within
the paper an individual abstract and introduction is presented that more concisely addresses the
matters within this paper. Sub-questions 1, 2 and 3 are expected to be answered within the paper
and elaborated on in Chapter 4 with results that didn’t make in in the paper. This leaves the
implications of the WPDR topology on the construction of a NN open for a discussion which is
held in Chapter 5. Lastly an interesting alternative for neural network substitution of the WPDR
is presented, together with a summary of the thesis and conclusion that could be drawn from the
work presented here (Chapter 6).
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Theoretical Framework
2.1

Waves in Plasmas

Modelling of the waves in plasma knows many forms, where the assumptions made are often
based on operational regimes and other underlying context. This section addresses the modelling
of electromagnetic waves in fusion relevant plasmas. First the construction of a dielectric tensor
used to model the plasma and its response on waves is addressed (Section 2.1.1). Subsequently a
cold approximation of the plasma dispersion relation is made (Section 2.1.2) capable of describing
the most characteristic features of plasma dispersion (Section 2.1.3). Lastly, the warm plasma
dispersion relation is presented, which includes temperature effects and can therefore account for
wave absorption (Section 2.1.4). The theory presented in this section is based on the literature of
Freidberg [21], Stix [53], Swanson [54] and Westerhof [60].

2.1.1

Dielectric tensor

To summarize the an-isotropic behavior and response of the plasma towards a propagating electromagnetic wave, a dielectric tensor can be used. Construction of this dielectric tensor start at
the Maxwell’s equations:
∇×E=−

∂B
∂t

(2.1)

δE
(2.2)
δt
The electric field, magnetic field and current density are denoted by E, B and J respectively and
the constants µ0 and 0 represent the vacuum permeability and vacuum permitivity. Combining
the Maxwells equations (2.1) and (2.2) we obtain:


∂
∂E
∇ × (∇ × E) = −
µ0 J + 0 µ0
(2.3)
∂t
∂t
∇ × B = µo J + 0 µ0

↔

The current density J can be related to the electric field E by means of a conductivity tensor σ:
↔

J= σ ·E

(2.4)

The conductivity tensor depends on the model chosen for the plasma, which we will let rest for
now. By combining (2.3) and (2.4) while assuming an harmonic perturbation to the electric field
of the form:
ẽi(kx−ωt)

(2.5)

having a wave vector k and a radial frequency ω we obtain:
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↔
k × (k × E) + iω µ0 σ · E − iω0 µ0 E

(2.6)

The dielectric tensor is defined as:
↔

 =1+

i ↔
σ,
ω0

(2.7)

which can be substituted in equation 2.6, together with the identity c2 = 1/0 µ0 with c the light
speed in vacuum, to yield:
ω2 ↔
 ·E=0
(2.8)
c2
This dispersion relation of a medium relates the wave vector k with the frequency ω within
that medium. In order to obtain non-trivial solutions (i.e. E 6= 0) the determinant of Equation
2.7 is taken and set equal to zero:
k × (k × E) +

det kk − k 2 1 +

ω2 ↔
 =0
c2

(2.9)

Solving the equation above requires a plasma model giving an expression for the conductivity
↔
↔
tensor σ and thus for  . In the remainder of this section about waves in plasma’s, two plasma
models will be introduced: The cold plasma model and the warm plasma model. The cold plasma
approximation neglects temperature effects, resulting in a significantly simplified model that offers
good insight in plasma dispersion and that can be seen as a first order approximation of the warm
plasma dispersion relation. A downside of neglecting temperature effects is the inability to account
for wave absorption, which will be taken into account later.

2.1.2

Cold plasma dispersion

For the cold approximation for plasma wave dispersion we start at the momentum equations for
a two-fluid magnetized plasma. For the electrons (subscript e):


∂ve
me
+ ve · ∇ve = −e(E + ve × B)
(2.10)
∂t
And for the ions (subscript i):

mi

∂vi
+ vi · ∇vi
∂t


= +e(E + vi × B),

(2.11)

where the species’ mass, velocity, electron charge and the external magnetic field are represented
by m, v, e and B respectively. The momentum equations are linearized by considering small
perturbations around equilibrium values. The equilibrium values of the velocity and electric field
are assumed zero, yielding:
n = n0 + n1

(2.12a)

v = v1

(2.12b)

E = E1

(2.12c)

B0 = B1

(2.12d)

The subscript 0 denotes an equilibrium and a subscript of 1 denotes a perturbation. Note that
the species subscripts are left out for convenience. Equating the ion and electron density to n0
while dropping 2nd and higher order terms yields:
m
10

∂v1
= q(E1 + v1 × B0 )
∂t

(2.13a)
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J1 = e n0 (vi1 − ve1 )

(2.13b)

where (2.13b) follows from the definition of the current density. The constant q denotes the species
charges, which is +e for ions and −e for electrons. We can place the external magnetic field B0
along the direction of the z-axis and place the perpendicular wave vector (k⊥ ) along the direction
of the x-axis. Then we assume a harmonic perturbation to (2.13a) and obtain a relationship
between the electric field and the velocity as:

−iω


 ωc

0

−ωc
−iωc
0



0


q

0  v 1 = E1 ,
m

−iω

(2.14)

0
with ωc defined as the particle dependent cyclotron frequency ωc = qB
m . Combining Ohm’s law
↔
(2.4), With Equation 2.13b and Equation 2.14 we can obtain the conductivity tensor σ that reads:


σ
 xx
↔

σ = 0 σyx

0

σxy
σyy
0

0





0 

σzz

(2.15)

with:

σxx = σyy = i

X
s

σxy = σyx = −
σzz = i

2
ωωp,s
2
ω 2 − ωc,s

2
X ωc,s ωp,s
2
ω 2 − ωc,s
s

2
ωp,s
,
ω

(2.16a)
(2.16b)
(2.16c)

where we sum over all species and define the species dependent plasma frequency as:
s
ωp =

nq 2
0 m

(2.17)

In our case of a two-fluid plasma model we merely sum over the single ion and electron species.
↔
↔
This allowed us to determine σ and subsequently  from Equation 2.7, which is often written
using substitutions to form S, D, R, L and P known as the ’Stix’-notation [53]:


S



 = iD

0

↔

−iD
S
0

0





0

P

(2.18)
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with

S=

2
X ωp,s
1
(R + L) = 1 =
2
2
ω 2 − ωc,s
s

(2.19a)

D=

2
X ωc,s ωp,s
1
(R − L) = 1 =
2
2
ω ω 2 − ωc,s
s

(2.19b)

R=1−

X
s

L=1−

X
s

P =1−

2
ωp,s
ω(ω + ωc,s )

(2.19c)

2
ωp,s
ω(ω − ωc,s )

(2.19d)

2
X ωp,s

(2.19e)

ω2

s

This notation is convenient because R and L represent the plasma response to right-handed and
left-handed polarized electromagnetic waves respectively, when E1 ⊥ B0 . note that R becomes
singular at ω = −ωc,e whereas L becomes singular at ω = ωc,i due to difference in sign, implying
that the wave polarization and the particle polarization need to match before resonance between
the wave and plasma can occur. The plasma response towards EC waves where E1 k B0 , is
represented by P and is similar to that of an unmagnetized plasma. Let us introduce the convenient
dimensionless vector N that has the direction of the propagation vector k and the magnitude of
the refractive index:
c
(2.20)
ω
By substituting the dielectric tensor into the general dispersion relation (Equation 2.9) we can
obtain the cold dispersion tensor:


S − N 2 cos2 θ
−iD
N 2 sin2 θ cos2 θ


↔


2
Λ=
(2.21)
,
iD
S−N
0


N 2 sin2 θ2 cos2 θ
0
P − N 2 sin2 θ
N=k

where θ is used to denote the angle between B0 and N. Setting the determinant of the cold
dispersion tensor equal to zero results in the cold plasma dispersion relation. It is common practice
to cast the cold plasma dispersion relation into the form of a biquadratic equation for N:
AN 4 + BN 2 + C = 0

(2.22)

With corresponding definitions for the coefficients:
A = S sin2 θ + P cos2 θ
2

(2.23a)
2

B = RL sin θ + P S(1 + cos θ)

(2.23b)

C = P RL

(2.23c)

To simplify the cold plasma dispersion relation further; in the high frequency limit we can neglect
the ion contributions so only the electron contributions remain, yielding an analytic function for
N 2 that is known as the Appleton-Hartree dispersion relation:
N2 = 1 −
1−X −
12

1 2
2Y

X(1 − X)
q
,
sin θ ± ( 21 Y 2 sin2 θ)2 + (1 − X)2 Y 2 cos2 θ

(2.24)

2
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using definitions for the normalized magnetic field: Y ≡ |ωc /ω| and for the normalized plasma
density: X ≡ ωp2 /ω 2 .
As a Tokamak is a toroidally symmetric system, the product of the major radius times the toroidal component of the refractive index is conserved (RNΦ = constant). Since B0 is the dominant
magnetic field and in toroidal direction we know that Nk ≈ Nφ and also Nk is roughly conserved.
Therefore we can consider only the perpendicular contribution of the refractive index to to into
account the in-homogeneity of the plasma hence, recast the biquadratic equation in the terms of
N⊥ only:
4
2
A0 N⊥
+ B 0 N⊥
+ C 0 = 0,

(2.25)

with coefficients:
A0 = S
0

B = (S + P )(S −

(2.26a)
Nk2 )

−D

C 0 = P ((S − Nk2 )2 − D2 )

2

(2.26b)
(2.26c)

Solving the cold plasma dispersion relation can be done for locally once the plasma electron
density: ne [m−3], the magnetic field: B [T], the parallel refractive index: Nk and the injected
wave’s frequency: ω [rad/s] are known. Preferably we work with the dimensionless parameters X
and Y as introduced for the Appleton-Hartree equation, yielding a function for the perpendicular
refractive index squared as:
2
N⊥
= Dc (Nk , X, Y )

(2.27)

2
2
The value of N⊥
dictates the behaviour of the wave in the plasma. For N⊥
< 0 the wave is in
cutoff and stops propagating further through the plasma’s evanescent region. At a cutoff the wave
is reflected as N⊥ becomes purely imaginary. There also exists wave resonances represented by
2
N⊥
= ∞. Although the term ’resonance’ might suggest wave absorption, this is not necessarily
the case and cannot be accounted for using the cold plasma approach. Implications of the cold
dispersion relation on EC wave behaviour is further explained in the next subsection.

2.1.3

Cold plasma dispersion Topology

Even the cold plasma approximation leads to a significantly complicated structure of cutoff and
resonances. Obtaining a good understanding of wave behaviour therefore requires a good approach.
We will restrict ourselves to waves that propagate perpendicularly w.r.t. the external magnetic
field (n ⊥ B0 or equivalently Nk = 0) as this captures the most relevant wave-plasma behaviour for
ECRH. Then we will visualize the topology of the dispersion relation in the Clemmow-MullalyAllis (CMA) diagram, which shows the normalized plasma density (X) on the x-axis and the
normalized magnetic field (Y) on the y-axis.
Another distinction can also be made between perpendicularly propagating waves on grounds
of the orientation of the electric field wave component E1 w.r.t. the external magnetic field B0 .
The Ordinary mode (O-mode) arises from E1 k B0 whereas the extraordinary mode (X-mode)
arises from E1 ⊥ B0 . The ordinary wave solution corresponds to N 2 = P , hence has a cutoff
at ω = ωc (as we already determined) and no resonance. Also there is no propagation possible
below ωp . The X-mode is more complicated as we require solutions of the form N 2 = RL
S . We
require S → 0 for resonances. These resonances are known as hybrid resonances and in the case
of a two-fluid plasma there exists two. When neglecting the small me /mi term we arrive at the
upper hybrid resonance:
2
2
2
ωU
H = ωce + ωpe

(2.28)

and the lower hybrid resonance:
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2
ωLH


= ωce ωci

2
ωpe
+ ωce ωci
2
2
ωpe + ωce


(2.29)

A good visualisation is given by plotting the principle resonances and cutoff as a function of the
normalized density X ≡ ωp2 /ω 2 and the normalized magnetic field Y ≡ ωc /ω, known as the CMAplane. This was done for the cutoffs and resonances discussed for parallel wave propagation in
Figure 2.1 where (although not discussed) the cutoffs and resonances for parallel wave propagation
are also shown. Note that usually ωc e/ωc i >> 1 such that the electron and ion resonances cannot
be shown on the same graph, hence the decision for the distorted scale of mi /me = 5. For ECRH
our interest goes out to the high frequency domain limited by X < 1 and Y < 1. Again, O-mode
was bounded by a cutoff at Y = 1 with no resonances. For X-mode we find within this region
the cutoff where R = 0, known as the R-cutoff and also the upper hybrid resonance where S = 0.
Between the R-cutoff and the upper hybrid resonance there exists an evanescent region where wave
propagation is not possible as N 2 < 0. Therefore the X-mode is separated into the fast X-mode
(FX-mode) branch containing the high frequency solutions (on the left side of the R-cutoff) and
the slow X-mode (SX-mode) branch containing the low frequency solution (on the right side of
the upper hybrid electron resonance). The implications the described dispersion features have on
ECRH will be further explained in Section 2.2.

Figure 2.1. Principal axes and boundaries of the CMA diagram (to scale with mi /me = 5).
Adapted from [54].

2.1.4

The warm plasma dispersion relation

Whereas the cold plasma analysis was able to describe the principal features of electromagnetic
waves, it is unable to account for wave absorption. In order to do so we require temperature effects
to be taken into account by means of a general particle distribution function fs (r, p), where r and
p denote the position and momentum vector respectively, hence a 6D phase-space. Collisions are
neglected and it is assumed that the particle phase space density is conserved when a trajectory
in phase space is followed. We can then write a collisionless Boltzmann equation:
dfs (r, v, t)
∂fs
qs
≡
+ v · ∇fs +
(E + v × B) · ∇fs = 0
dt
∂t
ms

(2.30)

which is known as the Vlasov equation. The Vlasov equation in combination with Maxwell’s
equations create the set of Vlasov-Maxwell equations and form the foundation of warm plasma
analysis. We will skip this lengthy and complicated derivation and continue with the resulting
dielectric tensor and its general structure. Also the differences between a cold and a warm plasma
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model will be explained. For the derivation and analysis of the warm plasma dispersion tensor we
refer to [53] and [54].
For a dielectric tensor for a warm magnetized plasma in the high frequency limit there exist
different representations. To aim for an understandable approach we present the dielectric tensor
from [5]:

ij = δij −

ωpe
ω

2 X
+∞ Z
n=−∞

(n)

d3 p̄ nωce
ω

Sij
+ Nk p̄k − γ

(2.31)

p
where p̄ ≡ p/me c represents the particle momentum normalized by the speed of light, γ = 1 + p̄2
is the relativistic factor, and integer number n represents the electron cyclotron harmonics. Since
an infinite sum over all cyclotron harmonics cannot be calculated numerically there exists a limit
(n)
on the number of harmonic that can be taken into account. The tensor Sij is an Hermitian
matrix given by:


nJ J 0
nJ 2
p̄⊥ U ( nJb n )2 −ip̄⊥ nb n
p̄k U b n


0


(n)
Sij = ip̄⊥ U nJnb Jn
(2.32)
p̄⊥ U (Jn0 )2 ip̄k U Jn Jn0 


2
nJn
−ip̄k U Jn Jn0
p̄k W Jn2
p̄k U b
n
where Jn ≡ Jn (b) which is a Bessel function of the order n that has derivative Jn0 ≡ dJ
db and is a
function of b ≡ k⊥ ρ = N⊥ ρωc . The Larmor radius is represented by ρ and the variables U and W
are given by:



Nk
δf
δf
δf
U=
p̄⊥
− p̄k
+
δ p̄⊥
γ
δ p̄k
δ p̄⊥


nωce
δf
δf
δf
−
− p̄k
W =
p̄⊥
,
δ p̄k
ωγ p̄⊥
δ p̄k
δ p̄⊥

(2.33a)
(2.33b)

where f refers to the electron distribution function which we will keep general for the time being.
The variable b is the ration of the Larmor radius ρ ≡ v⊥ /ωce over the wave length and measures
what are called finite Larmor radius effects. With Nk of the order 1 at fusion relevant temperatures
results in b << 1. These finite Larmor radius effects give rise to higher cyclotron harmonic effects
as well as a to a new set of waves that are unknown to a cold plasma: Bernstein waves [4].
The Electron Bernstein waves - arising from the finite Larmor effects - are electrostatic waves
and could have a wavelength of for example four times the electron gyro radius, generated by a
coherent motion of electrons around their guiding centre. A schematic is shown in the case where
the wavelength is indeed four times the electron gyro radius in Figure 2.2 where periodic charge
accumulations propagate in the direction of the wave vector leading to the EBWs.

Figure 2.2. Schematic description of EBW propagation. The electrons gyrate around their
guiding centre in phase with the electrostatic (Bernstein) wave, creating a periodic accumulation
with a wave length that is four times the gyro radius. Adapted from [31].
For the warm plasma approach, besides the existence of the Bernstein wave mode and its ability
to account for wave absorption we give three more differences. Lets start by noticing in Equation
2.31 the condition for cyclotron or wave-particle resonances given as:
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ω = kk vk +

nωce
γ

(2.34)

and that this is different from the cold plasma analysis which was given by ω = ωce . The term
n shows that higher order harmonics are now taken into account. Also dominant broadening
mechanisms are revealed, namely Doppler broadening through parallel wave propagation (kk vk )
and relativistic broadening (1/γ). Both of these broadening mechanisms become stronger at higher
temperatures and will have a significant effect for ECRH.
A second difference between the cold and the warm plasma dispersion relation is the presence
of resonant structures around cyclotron harmonics. These structures generally cause N⊥ to be
larger at frequencies slightly bigger then a cyclotron frequency and N⊥ to be smaller at frequencies
slightly below a cyclotron frequency. As N⊥ predicts the path of a wave when performing ray
tracing these resonant structures could alter the path of a ray significantly for prolonged wave
propagation along such a resonant structure. This is however not often the case, hence the determination of a ray’s trajectory through the cold plasma dispersion relation is usually acceptable.
Lastly, the EBW is undamped for perpendicular propagation, except in the vicinity of the
cyclotron resonance, where the refractive index approaches infinity close to every electron cyclotron
harmonic resonance (ω = n ωce ) and the waves become strongly damped. Both the EBW wave
mode as the X-mode have the same orientation of their electric field component. It is possible
for waves undergo mode conversion between the X-mode and the EBW-mode, where the modes
are said to be coupled. This mode coupling can be useful as EBWs can be able to propagate
though the evanescent region between the R-cutoff and the upper hybrid electron resonance. This
coupling occurs at the upper hybrid resonance, which enables its use in the O-X-B heating scheme,
where an O-mode wave is injected in the plasma and reflected by the density cutoff as an X-mode
wave. Then it meets the upper hybrid resonance which it previously crossed as an O-mode wave,
but by which it is now reflected in the form of an EBW wave [31, 49]. This wave is able to reach
the plasma core were it gets absorbed. Also at electron cyclotron resonances the EBW coupling
is known to exists, where the coupling at the 2nd harmonic is strong.

2.2

Electron cyclotron resonance heating

With the general characteristics of wave dispersion in fusion plasma’s explained we can take a closer
look at the implication these characteristics have on electron cyclotron resonance heating. For an
ECRH system three things can be considered most important: The efficiency of heating the plasma,
the accessibility of the plasma for EC waves and the ability to generate high frequency waves.
Within the first subsection an explanation of these things will follow, leading to different ECRH
considerations for different Tokamaks. Furthermore evaluation of waves can be done through ray
tracing, which requires the plasma dispersion relation to determine the ray trajectory, the location
of power deposition and the current drive profile. This will be explained in the second subsection.
Lastly numerical implementation is required to perform ray tracing. This will be explained for
the 3D ray-trace code TORAYFOM, which will be used throughout this thesis to study the warm
plasma dispersion topology.

2.2.1

General considerations

As was explained in the introduction, ECRH will be one of the external tools used to heat the
plasma and to drive current in the plasma to suppress instabilities in ITER. It has long been
popular for fusion devices due to its localized heating and current drive capabilities that arises
from the small wavelength used to heat electron specifically. For ECRH to heat at the center
of the plasma we need to know the cyclotron frequency at this location, which depends on the
magnetic field strength as ωce ≈ 28 [GHz/T] × B0 [T]. In ITER - having an toroidal magnetic
field strength of around 6 Tesla - a frequency of 170 GHz is therefore foreseen. This brings us to
the first major concern for ECRH, namely the availability of Gyrotrons that are able to create
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such an high frequency wave for a prolonged duration. Fortunately scientists and engineers have
succeeded in creating gyrotrons sufficient for ITER’s criteria, however such gyrotrons are only
capable of providing waves at a fixed frequency. Hence a steerable mirror might be used to heat
at different flux surfaces, as was explained in the introduction (Figure 1.3).
For O-mode wave propagation only the cutoff at the plasma frequency exists. This implies that
above a certain plasma density waves cannot propagate further into the plasma: a density limit.
Since the density is highest in the center of the plasma there might exist a central region within
the plasma that cannot be reached by means of O-mode propagation, as shown in Figure 2.3. At
the plasma frequency waves coming from outside the tokamak will be reflected. This density limit
(nlimit ) can be easily expressed in terms of the wave frequency:
2
3
nlimit = 1.24 × 1020 × f100
GHz [m ]

(2.35)

where the frequency is expressed in units of 100 GHz.
For X-mode wave propagation there exists an evanescent region, which is bounded by the Rcutoff and the upper hybrid resonance. This means that waves coming from the low field side of
the plasma get reflected at the R-cutoff as shown by the crescent-like evanescent region in Figure
2.4 (left). Instead if we resort our X-mode wave to the 2nd harmonic electron resonance, we obtain
a cutoff topology that is similar to the O-mode, where the R-cutoff shifts towards the center of
the plasma as in Figure 2.4 (right). Because heating now occurs at the second harmonic we can
reach twice the cutoff density of the fundamental O-mode resonance.

Figure 2.3. A schematic of the O-mode accessibility in a Tokamak plasma, where evanescent
regions are shaded in gray which shapes follow from the plasma density being generally higher
in the center of the Tokamak. The vertical line where ω = ωc denotes the absorption region.
Adapted from [59].
The damping rate can be conveniently captured within a scaling law where the O-mode damping
rate (rX ) and the X-mode damping rate (rO ) scale as
2 2 l
rO ∝ (k⊥
rg,e )

(2.36)

2 2 l−1
rX ∝ (k⊥
rg,e )

(2.37)

and

respectively, where rg,e is the electron cyclotron gyro radius. This implies that it is generally
desirable to heat at the lowest possible cyclotron harmonic (l = 1). As was shown earlier, for
O-mode this is at the fundamental harmonic (l = 1) and for the X-mode this is at the 2nd
harmonic (l = 2). From comparison of the provided scalings for the damping rate it appear that
2nd harmonic X-mode heating is as efficient as fundamental harmonic O-mode heating, while in
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Figure 2.4. A schematic of the X-mode accessibility for heating at the fundamental (left) and
at the 2nd (right) cyclotron resonance, where evanescent regions are shaded in gray. The plasma
center can only be reached from the high field (inner) side or the tokamak due to the R-cutoff.
Therefore heating at the 2nd harmonic X-mode is proposed having similar cutoffs as the fundamental O-mode. The vertical line where ω = ωc denotes the absorption region. (adapted from
[59]).
practice 2nd harmonic X-mode heating is more efficient. A downside of the O-mode however is the
density limit being below the desired plasma density whereas heating at the second harmonic for
the X-mode requires a high frequency that is twice as high. Such high frequency sources have yet
to be developed for large reactors that have an high magnetic field strength. Therefore smaller
reactors tend to use ECRH systems based on the second harmonic X-mode. Large reactors (so far
only ITER) heat at the O-mode’s fundamental resonance.

2.2.2

Ray tracing using geometrical optics in TORAYFOM

Although no ray tracing is performed within this Thesis, a short description will be given of raytracing in general and the ray-racing as performed in the code TORAYFOM which is used in
this Thesis. The numerical approach used for solving the WPDR we leave for the next Section.
From previous analysis of wave dispersion the main characteristics of EC waves in a plasma
became known. To gain a more exact description of the wave trajectory through the plasma a
ray-tracing method is required. There are multiple ways of ray tracing and most are based on
the geometrical optics approximation, where we advance a ray with small steps (ds) through the
plasma considering the local plasma parameters to obtain information about the wave behaviour
be means of a dispersion relation. Also TORAYFOM uses this strategy, where it calculates the
trajectory of a set of rays to estimate the behaviour of a EC waves. This is different from beam
trace codes, such as TORBEAM, which evaluates a central ray and a wave power profile by means
of a set of differential equations. Since the derivative of the local dispersion relation can inform us
on the wave trajectory and wave vector we require subroutines in TORAYFOM to calculate the
dispersion relation many times for a single wave, whereas subroutines in TORBEAM only have
to calculate the dispersion relation for the central ray. This is one of the reasons TORBEAM
is much faster than TORAYFOM. Also diffraction effects can not be taken into account when
using TORAYFOM, hence when the rays of a beam converge and coincide the method breaks.
TORBEAM can take this into account but this requires the solving of second order differential
equations for the traverse wave power profile.
TORAYFOM is a 3D ray-trace code designed for waves around the electron cyclotron range to
evaluate both the ECRH and ECCD. TORAYFOM was originally known under the name of RAYS,
which was developed by Batchelor and Goldfinger at the Oak Ridge National Laboratory. At some
point the original code - designed for waves within the EC and hybrid regime - focused solely on EC
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waves to account for ECRH and ECCD in toroidal geometry resulting in the TORAY code. Later
some extensions where added creating different versions of the code. The TORAYFOM code refers
to the version that was kept under supervision of the Dutch Institute for Fundamental Energy
Research (DIFFER), formerly known as the FOM-Institute, which was located in ’Rijnhuizen’
(Netherlands) at the time. TORAYFOM is written (mainly) in Fortran90 and contains many
subroutines to evaluate all sorts of (differential) equations, profiles and integrals. Explaining
the entire architecture of TORAYFOM is however, beyond the scope of this thesis but is well
documented in [57] where is explained how the code has been used for the JET tokamak. Instead
we will focus on the TWOCMPW subroutine that calculates the perpendicular refractive index as
a function of physical variables congruent to equation and numerical constants.
Both the TORAYFOM and the TORBEAM code employ the dispersion relation in the same
way, where a ray trajectory is evaluated by means of the Hamiltonian equations:
∂D
∂r
=
∂s
∂k
∂k
∂D
=−
,
∂s
∂r

(2.38a)
(2.38b)

where r is the ray position, k is the local wave vector, D(ω, r, k) = 0 is the local dispersion relation
and ∂s is an infinitesimal step of the ray. For ray tracing in three dimensions the ray is governed
by a total of seven first ordinary differential equations.
Earlier we saw that the cold plasma dispersion relation can simply provide solutions to the
dispersion relation by means of solving the bi-quadratic equation (Section 2.1.2). For the purpose of
ray tracing using the warm plasma dispersion relation it was discovered that an altered dispersion
relation should include the anti-Hermitian part of the dispersion tensor as in it non negligible [58],
leading to:
2

D0 = k 2 − k 0 ⊥ (r, kk ) − kk2 (r, k) = 0,

(2.39)

where k 0 ⊥ is the real part of the solution to the WPDR, which is - together with kk - a function of
the spatial coordinates r and the wave vector k. Failing to include the anti-Hermitian part of the
dispersion tensor leads to anomalous behavior near the cyclotron resonances. By diagonalizing the
dispersion tensor and taking the real part of the eigenvalues this problem could also be avoided
[56].
Lastly, the power absorption along this trajectory can be calculates as:
 Z s

Pabs (s) ds = Pray α(s) exp −
α(s)ds0 ds,
(2.40)
s0

where Pabs denotes the power absorbed along the path, Pray denotes the power that is carried
by a particular ray. The absorption coefficient α(s) is proportional to the imaginary part of the
refractive index Im{N⊥ } and is calculated as:
ω
α = 2 sin(β)Im{N⊥ } ,
c
where β is the angle between ray step ds and the external magnetic field B0 .

2.2.3

(2.41)

The warm plasma dispersion routine TWOCMPW

Although the warm plasma tensor gave a good understanding of the differences between the cold
and warm approach its numerical application is not quite finished. In this subsection, we will
summarize the numerical implementation for TORAYFOM and refer to Appendix A for those
that are interested in the details. First of all a distribution function is required for the electron
momenta, which is often implemented using the Maxwell-Juttner distribution that falls off to
zero for very large momenta, taking into account the relativistic relation between momentum and
Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution

19

CHAPTER 2. THEORETICAL FRAMEWORK

energy. Furthermore a series expansion is used to evaluate the Bessel function. To allow for finding
the n-th harmonic EC resonance we require as many orders of expansion in the Bessel function,
represented by the variable NTERM in TORAYFOM. Also the number of harmonics that are
taken into account are important, where the lowest and highest harmonics can be set though
the variables NMINA and NMAXA respectively. Lastly the procedure explained in Appendix A
rests on the Gaussian quadrature method to solve integrals, which requires a number of nodes
or abscissae to estimate the function. This has to be done for the gamma function and for the
momentum for both the Hermitian and the anti-Hermitian part separately, leading to the three
variables that describe the number of abscissae as NGM, NPM and NAM respectively.
The resulting warm dielectric tensor can be used in our general dispersion relation (Equation
2.9). Besides the cold plasma dispersion relation, also the warm plasma dispersion relation can be
2
cast into a bi-quadratic equation to find roots of N⊥
.
2
4
2
2
2
A(N⊥
)N⊥
+ B(N⊥
)N⊥
+ C(N⊥
)=0

(2.42)

2
In this case however, the coefficients A, B and C itself are also functions of N⊥
and can be found in
Appendix B. This requires an iterative procedure for solving the bi-quadratic equation. An initial
2
2
N⊥,0
is assumed to calculate the complex coefficients A, B, and C to arrive at two roots for N⊥,1
,
where one solution corresponds to O-mode propagation and the other to X-mode propagation
and EBWs combined. To properly distinguish solutions between these modes the discriminant
(Bi2 − 4Ai Ci ) is checked whether it alters between quadrant 2 and 3 within the complex plane
as an indication that the sign describing the desired mode is changed. An initial sign for this
procedure is supplied by selecting the O-mode or X-mode through the variable SGN, where SGN
= 1 implies the the O-mode and SGN = -1 implies the X-mode. The initial guess of the actual sign
of the discriminant term is determined through an ad-hoc method based on cold theory, which
generally holds at locations in the parameter space where one would initiate a wave. The newly
found value could be used for the recalculation of the coefficients in an iterative manner:

2
N⊥,i+1

=

−Bi ±

p

Bi2 − 4Ai Ci
,
2Ai

(2.43)

Z = A, B, C

(2.44)

where the implicit coefficients are defined as:
2
Zi ≡ Z(N⊥,i
)

2
The solution for N⊥
is said to be converged to a solution when:
2
2
|N⊥,i+1
− N⊥,i
| < ACCU R,

(2.45)

2
where ACCUR is a parameter that dictates the tolerance when converging to N⊥
. As the steps
that are being taken in the iterative method become smaller as a solution is approached this
2
defined accuracy, an ACCUR can generally be linked to the accuracy of the determination of N⊥
.
Also a cap on the number of iterations is present under the variable MAXIT. In the ideal case,
where convergence to a solution always takes place a cap on the allowed number of iterations is not
necessary. We will however see in the Chapter 3 that convergence is not always reached when using
this method. Therefore an alteration of the iterative procedure is introduced and subsequently
shown to allow for a superior convergence compared to the procedure described here.
2
Besides the solution to the warm plasma dispersion relation in terms of N⊥
, which requires an
iterative procedure the subroutine TWOCMPW is also capable of calculating the residue of the
2
WPDR for a given N⊥
. A true solution of the WPDR would require the (normalized) complex
residue to be equal to zero, which is given by:

D=
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4
2
AN⊥
− BN⊥
+C
4
2
|AN⊥ | + |BN⊥ | + |C|

(2.46)
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In the case of perpendicular propagation the determinant matrix can be split to obtain separately
the O-mode and the X-mode, leading to simplified (if not zero) terms for A, B and C (See Appendix
B).
As has been explained above, TWOCMPW has multiple options of solving the WPDR and
can be selected through IMODE as:

IMODE = 3
IMODE = 4

2
N⊥
= TWOCMPW(X, Y 2 , Te [eV], Nk2 )

D = TWOCMPW(X, Y

2

2
, Te [eV], Nk2 , N⊥
)

(2.47a)
(2.47b)

2
where N⊥
and the D are both complex valued.
Lastly a choice can be made to solve by means of the dielectric tensor constructed by Westerhof
(source) or the dielectric tensor constructed by Farina [16], both have constructed a weakly- and
a full relativistic version of the tensor. In the case of weakly relativistic tensor γ is expanded to
the first order, whereas the full relativistic tensor knows an accurate determination of gamma also
at high temperatures (Te > 10 keV). Within TWOCMPW these four different dielectric tensors
can be chosen though the variable NLRELA as:

NLRELA = 0

Weakly relativistic tensor by Westerhof.

NLRELA = 1

Fully relativistic tensor by Westerhof.

NLRELA = 2

Weakly relativistic tensor by Farina.

NLRELA = 3

Fully relativistic tensor by Farina.

In order to summarize the evaluation of the WPDR through by means of TWOCMPW the
set of numerical constant that are used within the thesis are summarized within Table 2.1. When
deviating from this set of parameters throughout the thesis this will be explicitly stated.
Table 2.1. Parameters used to numerically solve the warm plasma dispersion relation within the
subroutine TWOCMPW.f90 that is used within TORAY-FOM
NTERM = 5

Number of terms used in the Bessel function expansion

NMINA = −5

Lowest harmonic taken for summation

NMAXA = 5

Highest harmonic taken for summation

NGM = 8

Number of abscissae for gamma Gaussian quadrature integration.

NPM = 8

Number of abscissae for momentum Gaussian
quadrature integration.

NAM = 8

Number of abscissae for anti-hermitian part of
the momentum Gaussian quadrature integration.

ACCUR = 10−5

Tolerance of the step-size where a step-size below
ACCUR is seen as convergence has taken place
and iteration is aborted.

MAXIT = 1000

Maximum number of iterations used for solving
the WPDR.

Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution

21

Chapter 3

Topology of the Warm plasma
dispersion relation at the 2nd
harmonic EC resonance layer
3.1

abstract

The Warm Plasma dispersion Relation can be cast into the form of a bi-quadratic equation for
2
and an iterative procedure is required to obtain
N⊥ , where the coefficients are a function of N⊥
a solution. However, this iterative procedure was not well understood as it failed to converge
towards a solution at the 2nd harmonic resonance layer. This paper focuses on a solution to
the poor convergence of the iterative method, enabling determination of the topology of the
dispersion relation around the 2nd harmonic using a fully relativistic code for oblique waves. A
2
feed-forward controller is proposed with the ability to adjust the rotation of a step of N⊥
within the
complex plane, while also limiting the step-size. It is shown that implementation of the controller
stabilizes unstable solutions, while improving overall robustness of the method. This allows for
the evaluation the coupling between the fast extraordinary mode and electron Bernstein waves at
the 2nd harmonic electron cyclotron resonance layer, for non-perpendicularly propagating waves.

3.2

Introduction

Many codes exist to evaluate the dispersion of plasma electron cyclotron (EC) wave, all making
use of their unique set physics-based models and underlying assumptions [19, 48]. It has been
shown that the cold plasma approximation is sufficient when describing wave propagation for
ITER relevant scenarios, in which O-mode wave injection at the fundamental harmonic (O1)
EC resonance is used [48]. Calculation of the wave power deposition, however, always required
the solution of the warm plasma dispersion relation. There are many devices that heat at the
2nd harmonic X-mode (X2) because of the inaccessibility of the O1 resonance due to the plasma
being critically dense. Also large future reactors might benefit from X-mode wave injection at
large angles near the X2 resonance for the purpose of electron cyclotron current drive, provided
gyrotrons capable of generating such high frequencies are available in the future. Evaluation of
prolonged wave propagation near a resonant structure requires warm plasma effects to be taken
into account, by means of assuming a particle velocity distribution leading to a warm plasma
dispersion relation (WDPR). Between the 2nd harmonic and the R-cutoff warm plasma effects
give rise to the presence of Electron Bernstein Wave modes (EBWs) coupling to the fast X-mode
(FX), creating complex structures within the solution space. Mapping the topology of the FX- and
EBW-dispersion surfaces is therefore required to increase the understanding of these structures
allowing for the validation and benchmarking between different codes [48, 47]. Furthermore a
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completion of the mapping of the WPDR would provide a theoretical base, that allows for its
substitution with a neural network that resembles the behavior of the WPDR, while decreasing
calculation time. Such a reduction in calculation time would make warm-plasma ray-tracing
suitable for real-time applications [45].
The work done for (close to) perpendicular propagating waves revealed most of the features of
the dispersion relation’s topology. Such as the work of Imre and Weitzner [27, 26] being the first to
report on the crossing of the X-mode and the EBW-mode branches at the 2nd harmonic, while also
including a numerical evaluation of transmission reflection and absorption in the corresponding
resonant region. It was later shown that the topology of the dispersion relation in terms of
the complex valued perpendicular refractive index (N⊥ ) could be evaluated using concepts from
complex function analysis, where it became evident that the FX and the EBW solutions branches
both formed a Riemann-like surface [12]. Those surfaces could recombine to form an avoided
crossing thus coupling the FX-mode and the EBW-mode at the second harmonic, which we will
refer to as the FX2-EBW connection. When coupled the low field side FX-mode is attached to the
high field side EBW (the lfs-FX-EBW branch) and the high field side (hfs) FX-branch is coupled to
the lfs branch (the hfs-FX-EBW branch). Although this analysis provided a good understanding
for purely perpendicular propagating waves, further assessment of the FX2-EBW connection still
needs to be done for waves under an oblique angle with respect to the toroidal magnetic field.
Since EBWs are longitudinal waves that are generated by electrons coherently gyrating around
their guiding center it is expected that for some oblique wave angle the coupling between the
FX-mode and EBWs is lost.
The structure of this paper is as follows. In section 2 a brief description of EC wave dispersion
is given, that focuses on the way roots to the dispersion relation can be found. As will turn out, the
presented root-finding method not always converges to a solution, hence requires an improvement
in the form of a feed-forward controller. This improvement is explained in Section 3. Section
4 addresses the topology of the WPDR in terms of a normalized magnetic field and normalized
density, similar to [12], focusing on the relation between the FX2-EBW coupling with plasma
density, temperature and parallel refractive index. Lastly Section 5 elaborates on the optical
thickness of the plasma in the X2 resonant domain, to discuss the relevance of a proper working
root-finding method for accurate power depositions in ray-trace codes, followed by a summary and
conclusions.

3.3
3.3.1

Electron cyclotron wave dispersion
Fully relativistic case

Mapping of the WDPR is done by using the plasma warm plasma routines from the 3D TORAYFOM ray trace code [57]. In TORAY-FOM beam propagation is evaluated using a set of multiple
rays, where each individual ray is evaluated according to geometrical optics, using the perpendicular refractive index N⊥ determined by evaluating the WPDR. For evaluation of the dispersion
of electromagnetic waves in the EC range we can ignore the negligibly small ion contributions to
arrive at the general dispersion relation:
D ≡ | + N 2 (k̂ k̂ − I)| = 0

(3.1)

The cold approximation of the dielectric tensor  - where temperature effects to the dispersion of
the EC wave are neglected - allows one to find two well known modes that are distinguished by the
−
→
orientation of the electric field component of the injected wave (E1 ) w.r.t. the magnetic field dir−
→
ection inside the plasma (B0 ). The ordinary mode (O-mode) where E1 k B0 and the extraordinary
mode (X-mode) where E1 ⊥ B0 . With the dielectric tensor  chosen to take warm plasma effects
into account, an infinite number of solutions exist in terms of N⊥ for wave propagation. Apart
from the ordinary an extraordinary modes, the remainder of the solutions are known as Electron
Bernstein Waves and have initially been discovered in 1958 by I.B.Bernstein [4]. To find both of
X-mode and EBW solutions we use the fully relativistic dielectric tensor as published by Farina,
24

Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution

CHAPTER 3. TOPOLOGY OF THE WARM PLASMA DISPERSION RELATION AT THE
2ND HARMONIC EC RESONANCE LAYER

in which the dielectric tensor is constructed in a manner that allows for evaluation at any order
for the Bessel function expansion of the finite Larmor radius effects [16]. In the present work we
have set the finite Larmor radius expansion to 5 which is more than enough to account for warm
plasma effects around the 2nd harmonic resonance, for temperatures up to a few 10th’s of keV as
relevant for tokamak fusion reactors.
2
The dispersion relation can be regarded as a function of the from D(N⊥
,Nk2 ,Te ,X,Y ), where
ωpe 2
ωce
X = ( ω ) and Y = ω represent the normalized plasma (electron) density and normalized
magnetic field strength respectively. The X,Y-plane forms the Clemmow-Mullaly-Allis (CMA)
parameter space which we will refer to as the CMA-plane throughout this paper. The remainder
of parameters and further definitions are as follows:

Te

electron temperature

N = kc/ω

refractive index

2
N⊥

perpendicular refractive index squared

Nk2

parallel refractive index squared

k

wave vector

k̂

unity wave vector

ω
ωpe =
ωce =

angular wave frequency
q

ne qe2
(me 0 )
|qe |B
(me )

electron plasma frequency
electron cyclotron frequency

B

magnetic field

ne

electron density

3.3.2

Finding roots to the dispersion relation

The dispersion relation as presented in Equation 3.1 can be rewritten into a bi-quadratic equation
2
to find roots of N⊥
:
2
4
2
2
2
A(N⊥
)N⊥
+ B(N⊥
)N⊥
+ C(N⊥
)=0

(3.2)

The multi order expansion of the Bessel function results in the coefficients A, B and C itself being
2
functions of N⊥
. This requires an iterative procedure for solving the bi-quadratic equation. An
2
initial N⊥,0 is assumed to calculate the complex coefficients A, B, and C to arrive at two roots
2
for N⊥,1
[38, 16]. One of which corresponds to O-mode propagation and the other to X-mode
propagation and EBWs combined. To properly distinguish solutions between these modes the
discriminant (Bi2 − 4Ai Ci ) is checked whether it alters between quadrant 2 and 3 within the
complex plane as an indication that the sign describing the desired mode has changed. The newly
found value could be used for the recalculation of the coefficients in an iterative manner:
p
−Bi ± Bi2 − 4Ai Ci
2
N⊥,i+1 =
(3.3)
2Ai
Where the implicit coëfficients are defined as:
2
Zi ≡ Z(N⊥,i
)

Z = A, B, C

(3.4)

2
The solution for N⊥
is said to be converged to a solution when:
2
2
|N⊥,i+1
− N⊥,i
| < tolerance

(3.5)
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This method of iteratively solving the bi-quadratic from of the dispersion function is currently
used not only used in the 3D multi-ray TORAY-FOM code, but the method also resides in the
quasi-optical GRAY code [15] and the real-time capable TORBEAM code [46, 45]. In the case of
an undamped wave the iterative method quickly converges towards a solution. This convergence
towards a solution however, does not rest on a theoretical basis and should not be considered
trivial. In fact, near the second harmonic resonance, where the imaginary part of the square
2
of the perpendicular refractive index is larger than zero, Im{N⊥
} > 0, conditions for finding
a solution become more stringent as the mode coupled FX- and EBW-solutions approach each
other. It is in this region that the iterative method fails to converge. In order to allow for a
complete mapping of the WPDR and accurate warm ray tracing around the 2nd harmonic electron
resonance, modifications to the iterative method are required that ensure convergence towards to
the solution-branch as followed along wave trajectory.

3.4

Improving the iterative method

The inability of the iterative method to converge towards a solution is most profound around the
2
becomes
second harmonic electron cyclotron resonance structure, where the imaginary part of N⊥
significant compared to its real part. Especially at plasma densities low enough for low-field side
(lfs) X-mode injection to reach the 2nd harmonic electron resonance but high enough for the
FX2-EBW coupling to exist, convergence to the desired solution does not take place. In fact
2
an overshoot of the solution creates oscillating values of N⊥
during iteration escaping the local
domain of the desired solution and ending up at a different, undesired solution-branch to the biquadratic equation. This Section evaluates the iterative method as a dynamical system addressing
the stability of solutions in Section 3.4.1, where subsequently a controller is proposed in Section
3.4.2 that influences the iterative method by means of altering the step-size by means of parameter
2
λ and the step-direction through a rotation angle ξ within the complex plane of N⊥
. The proper
setting of these parameters for a robust convergence of the iterative method is further detailed in
Section 3.4.3 and Section 3.4.4, respectively.

3.4.1

stability

The trajectory traced out by the subsequent steps in the iterative solution of the bi-quadratic
equation can be regarded as a trajectory of a dynamical system, thus allowing to apply the
mathematical concepts of stability of dynamical systems. An approach would be to evaluate
2
2
solutions and their surrounding topology by means of their gradient (N⊥,i
−N⊥,i−1
) in the complex
plane. A solution can then be classified as stable (unstable) when the gradient converges (diverges)
around the solution.
To understand the lack of convergence for the lfs FX-mode branch, three distinct cases are
plotted in figure 3.1 for a constant normalized density of X = 0.4 and pure perpendicular wave
propagation Nk = 0 at an electron temperature Te of 3 keV. Solutions to the dispersion relation are
found by imaging separately the zero crossings of the real and imaginary parts of D in the complex
2
N⊥
plane. Since a proper solution to the dispersion relation requires both real and imaginary parts
of D to be equal to zero, solutions are identified by the intersection of the contours of Re{D} = 0
(black solid line) and Im{D} = 0 (black dotted line). The gradients of the iterative method are
visualized using a quiver plot, where the quivers indicate the direction of convergence.
The sub-figures in 3.1, A, B and C correspond to a normalized magnetic field Y of 0.5, 0.512
and 0.54 respectively and are chosen such that in A the imaginary part of N⊥ equals zero and
2
2
that in B the imaginary and real part of N⊥
are almost equal to each other. In C Re{N⊥
} is
2
largely negative while Im{N⊥ } is small, thus - after taking the root - leaves us with a solution to
the dispersion relation in terms of N⊥ that has an imaginary part that is larger than its real part.
It becomes evident that for the undamped wave at figure 3.1.A we have our solution in the
2
centre of a converging vector field, hence our solution is stable and initial values for N⊥
within the
local vicinity of this solution converge efficiently towards the solution. In the case of figure 3.1.B
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Figure 3.1. Solutions along the lfs FX-branch (X = 0.4, Nk = 0,Te = 3 keV), being coupled to
the EBW-branch going to a cutoff showing: A) good convergence for small Im{N⊥ } (Y = 0.5),
B) marginal stability of the solution for Im{N⊥ } ≈ Re{N⊥ } (Y = 0.512) and C) instability of the
solution for Im{N⊥ } >> Re{N⊥ } (Y = 0.540). Solutions of the dispersion relation are located at
the crossing of the Re{D} = 0 (solid) Im{D} = 0 (dotted) contour lines.

the solution is marginally stable: close-by evaluations of the solutions gyrate around the solution
without converging towards the centre. At figure 3.1.C the iterative method strongly diverges
away from the solution. It should be noted that for the observed cases the gradient field near
the solution is continuous, even for the negative domains of both the real and imaginary part of
2
2
N⊥
. This enables the stabilisation of solutions for every initial guess for N⊥
that lies in its local
domain w.r.t. surrounding solutions.

3.4.2

Adding a Controller

In an effort to improve the convergence towards a local solution a controller was constructed that
2
2
alters the step (N⊥,c
− N⊥,i
) taken in every iteration:
2
N⊥,c

=

−Bi ±

p
Bi2 − 4Ai Ci
2Ai

(3.6)

The length of the step is altered by a parameter λ and its direction is rotated by angle ξ according
to equation:
→
−2
→
−
→
−
→
−
→
−
N ⊥,i+1 = N 2⊥,i + λ R(ξ)( N 2⊥,c − N 2⊥,i )

(3.7)

2
Using a vector definition for the complex valued N⊥,i
:



2
Re{N⊥i
}
→
−2

N ⊥,i ≡ 
2
Im{N⊥i
}

(3.8)

And a 2D rotation matrix:

cos(ξ)
→
−
R≡
sin(ξ)

− sin(ξ)
cos(ξ)




(3.9)
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→
−
→
−
The definition for N 2⊥,i in combination with the 2D rotation matrix R leads to a rotation with
→
−
→
−
angle ξ in the complex plane. Note that (λ, ξ) = (1, 0) yields N 2⊥,i+1 = N 2⊥,c and thus, does not
alter the iteration step with respect to the original iteration scheme (equation 3.3).
To obtain a stable and robust iteration, a feedback loop is constructed that adjusts the para2
meters λ and ξ based on the solution the corresponding local iterative topology of complex N⊥
.
Since λ dictates the step-size this generally influences only the speed of convergence, provided
there is no overshoot leading to unstable behaviour. The rotation angle ξ is determined as the
angle between the direction a step tends to go and the direction the solution is expected to be.
Although the direction from the initial location towards the solution is not known on forehand,
a bordering solution to the bi-quadratic equation could be used as it is generally available when
performing ray-tracing. Figure 3.2 illustrates this procedure when using the iterative method to
converge to solution N⊥,a+1 , initiating from N⊥,a as obtained in the previous position along the
2
ray-trajectory. From the projection of the earlier step N⊥,a−1
a projection is made estimate the
2
direction of the next solution N⊥,a+1 is obtained labeled as N⊥,E . solving of the dispersion rela2
tion using N⊥,a to calculate the coefficients Za results in N⊥,c
which needs to be rotated by ξ to
align with the direction the solution is expected to be at. This ensures that the first iterative step
lies along the projection of the solution and all the following steps converge towards to solution
as one would expect from Figure 3.1. For clarifications, three steps are shown in the figure as i =
1,2 and 3 where i = 1 is the first equal to the previous solution. Corresponding stabilisation using
2
the obtained ξ should result in the iterative method to convergence to the next solution N⊥,a+1
,
2
where a new value of ξ is obtained to calculate N⊥,a+2 .

Figure 3.2. Determination of the rotation angle ξ as the initial uncontrolled step direction
2
(N⊥,U
C in blue)and the angle between the projection of the previous solution to obtain an expected
2
solution (N⊥,E
in red). Solutions to the dispersion relation are marked with subscript a and the
red line represents the trajectory between those solution using the controlled iterative method. ξ
2
allows us to find N⊥,a+1
, the next value when ray-tracing, where the first iterative step starting
2
from N⊥,a (marked as the small black dot) will be located along the projection of the expected
solution.
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3.4.3

Decreasing step-size

Before evaluating the full controller the effect of merely adjusting the step-size controlled by λ to
smaller sizes is analyzed. such a reduction in λ reduces overshoot and extends the domain in Y in
which the iterative method still converges towards to lfs-FX-EBW solution branch. To illustrate
this a point was taken within the X2 resonance relevant parameter space where FX-EBW branch
coupling occurs, that lies close to the point where the FX- and EBW-mode connect (X = 0.3 at
3 keV for Nk = 0). This ensures the lfs-FX and hfs-FX solution branches to lie close together,
creating challenging conditions in the topology of the step-directions within the complex plane of
2
N⊥
.
Results of the iterative method in this point of parameter space are shown in Figure 3.3 for
different step-sizes λ and the corresponding points (Y ,N⊥ ) where the method fails to converge. It
becomes evident that at the original step-size (λ = 1) convergence breaks far before the solution
becomes unstable because evidently as the locations λ = 0.5, 0.1 and 0.01 suggests, a smaller stepsize would allow the convergence of the solution to continue much further into the 2nd harmonic
resonant layer along the lfs FX-EBW branch. Finally due to the solution becoming (marginally)
unstable - as previously shown in Figure 3.1.B - a decrease in step-size would not allow for extension
of the traceable part of the branch (blue dashed line). To continue branch tracing from this point
onward a controller adjusting the rotation angle of their iteration step is essential.

Figure 3.3. Lfs FX-EBW branch in blue (Re:
, Im:
) obtained using different stepsizes λ, where smaller step sizes allow for a prolonged tracing along the branch up till the solution
becomes unstable somewhere around Y = 0.51, hence a part of the branch cannot be found (blue
dotted line) without controller. Hfs FX-EBW branch in red (Re:
, Im:
). (X = 0.3,
Te = 3 keV, Nk = 0 and dY = 2 10−5 )

3.4.4

Rotation of the Step-direction

The performance of the controller is evaluated in two ways. First, topology of the iteration
2
dynamics in the complex N⊥
plane is shown, for multiple angles of ξ to see initial values within
the local region around a solution convergence for a specific ξ. This allows us to confirm the ability
that this solution can be made stable using the corresponding angle ξ. Secondly we investigate
the performance of the methodology presented in figure 3.2 from tracing solution branches around
the X2 electron resonance from both the low- and high-field side.
To evaluate the effect of ξ on a solution and its potential to make it stable, the exemplary set
of parameters that is used earlier, to address the effect of λ on the partly stable branch, where
the FX2-EBW coupling exists is used. On this branch around Y = 0.51 - where the original
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Figure 3.4. The lfs FX-EBW solution (left) and hfs FX-EBW solution (right) as determined
from the crossing of the complex residue zero-crossing lines to the bi-quadratic equation. Arrows
in blue indicate the direction of a step of the iterative method starting from the gray dot, for
corresponding stabilisation angles: A) (ξ = 0◦ no stabilisation) where the lfs-FX solution is
unstable, the hfs-FX solution is stable and solutions from the vicinity of both solutions seem to
end up at the hfs-FX solution. B) (ξ = −98◦ ) stabilizes the lfs-FX solution while rendering the
hfs-FX solution unstable. C) (ξ = 48◦ ) improves the stability of the hfs-FX solution w.r.t. ξ = 0◦ .
The two solutions used in this figure lie close together because X = 0.3 and Y = 0.51 are close to
the point where the FX-mode and EBW-mode coincide.

method fails to converge - the dynamics of the iterative method are examined. In Figure 3.4 this
examination comprises of comparing the topology of the step-directions within the complex plane
2
of N⊥
(blue arrows) with the complex residue, which requires to be zero for a valid solution. Thus
the zero-crossings of the real (full) and the imaginary (dotted) part of the residue are shown. An
actual solution is represented as the crossing of these lines. In Figure 3.4A no stabilisation is
enabled (ξ = 0). The lfs FX-EBW solution (on the left of the complex plane) is unstable and
iterations from points close by tend to converge away from it, possibly ending up at the hfs FXEBW branch solution. The lfs-FX solution could however be stabilized by the introduction of a
rotation of the step-direction, where an ξ of -98◦ decreased gyration around the lfs-FX solution the
most (Figure 3.4B), while at the same time rendering the hfs-FX solution unstable. Furthermore
convergence towards the hfs-FX could also be improved by stabilizing the gyration around this
solution using a clockwise rotation as ξ of 48◦ (Figure 3.4C).
Whereas Figure 3.4 indicates that a rotation of steps in the complex plane is able to stabilize
a solution, branch tracing must be performed to confirm weather the feedback setup as in Figure
3.2 stabilizes the entirety of a solution branch during ray tracing. For clarification, where branch
tracing refers to the tracing of a solution branch of the dispersion relation while varying one or more
input parameters (PD ) {X, Y, Te , Nk } ∈ PD , the term ray tracing refers to the following of a ray
→
−
−
trough 6D (position, wave vector) {→
s , k } ∈ P space where elements in P are functions of P .
R

D

R

So in order to evaluate the feasibility of the method used to stabilize the iterative method, branch
tracing should suffice. Numerical performance with respect to ray tracing step size depends also
on the relations between PD and PR . Branch tracing was performed over the normalized magnetic
field Y , keeping X,Te and Nk constant. The most interesting branch for N⊥ as a function of Y
is the EBW-connected lfs-FX branch as it was shown that unstable solutions exist (figure 3.1)
and that those could be stabilized (figure 3.4). The hfs FX-EBW branch, although not unstable,
showed more robust convergence.
Figure 3.5A shows that both of these branches at X = 0.3 and T = 3 keV for perpendicular
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Figure 3.5. A: Solution branches as obtained by the controlled iterative method. B: Corresponding stabilisation angle ξ, where the gray area indicates instability of the solution (|ξ + k2π| >
π/2, k ∈ Z). The lfs-branch (blue) goes to EBW cutoff after passing the second harmonic and the
hfs-branch (red) connects to the EBW-mode.

propagation obtained from the iterative method. Aside from the continuous behaviour of the
branches an evaluation of the residue indicates that the controller - with stabilisation angle ξ as
shown in Figure 3.5B - successfully stabilized the solution. This was achieved in combination
with a step-sizes of λ = 0.1 and dY = 2 10−4 . Note how the point in Y where the solution
becomes unstable (|ξ| > π/2 in gray) matches with location of the loss of convergence for small
step-sizes λ that was shown previously in Figure 3.3. Further inspecting of the controller’s state
variable ξ outside the 2nd harmonic resonance layer indicated that a controller is only necessary
for EBW waves. An Electron Bernstein wave that goes to cutoff requires an stabilisation angle of
180◦ whereas EBWs at propagating at high N⊥ in between EC resonances can become marginally
stable. Those regions are however not interesting from an practical point of view as these wave
are strongly damped and cannot be accessed from outside the plasma. Lastly it should be stated
that ordinary mode propagation cannot benefit from a controller as described in this paper, as
the iterative method already shows fast and robust convergence towards the O-mode solution.

3.5

Extraordinary mode topology at the second harmonic
resonance layer

This section addresses the coupling of the FX-mode to the EBW-mode, which can be described
using complex function analysis where both the FX-mode as well as the EBW-mode form a
Riemann like surface within the CMA-plane. First the degenerate case of perpendicular wave
propagation (Nk = 0) is regarded in Section 3.5.1, where - unlike previous studies - branch-cuts
are placed parallel to the normalized magnetic field Y within the CMA-Plane. Then for a constant
normalized plasma density X the coupling between the FX-mode and the EBW-mode is evaluated.
Subsequently in Section 3.5.2 the domain in X where the modes are coupled will mapped for oblique
waves where Nk 6= 0.
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3.5.1

FX-Branch connection to the EBW-mode

To allow for the continuation of the work of mapping the WPDR and as an extension of the
validation of the controller constructed in Section 3.4 we zoom in at the points where the FX-mode
and the EBW-mode coincide, as these points form the boundaries between a detached FX-mode
and EBW-mode and wave propagation where these modes are connected [32]. From preceding work
using weakly relativistic codes and a first order approximation of the Bessel function for purely
perpendicular propagating waves the dispersion tensor could be rewritten in the form of a biquadratic equation containing solely the X-mode solution and a single EBW-mode solution. This
was convenient as the two roots to this bi-quadratic equation represent the FX-mode and EBWs
separately. Hence coinciding FX- and EBW-branches could be found by solving Re{∆} = 0 and
Im{∆} = 0, with ∆ being the discriminant of the resulting bi-quadratic equation [6, 12]. Although
this method cannot be used for the fully relativistic dielectric tensor including higher order finite
Larmor radius terms, nor for obligue waves, the controller designed in Section 3.4 provides accurate
solutions of our implicit bi-quadratic equation. From preceding work three points that are close
to the R-cutoff meet the criteria for the coinciding FX-EBW modes. However only two will be
evaluated in this paper as they fall within the 2nd harmonic cyclotron resonance layer, whereas
the third is associated with the first harmonic (Y ≈ 1 for small X). These point are labeled
P1 ≡ (X1 , Y1 ) and P2 ≡ (X2 , Y2 ), and are ordered such that X1 < X2 and Y1 < Y2 . For the sake
of clarity, within [12] point P1 was labeled b2 and P2 was labeled b3 .
To convey most of the qualitative features of the FX2-EBW coupling, plots are made of N⊥
as a function of Y for constant normalized density X. Figure 3.6 contains 6 of these plots for the
normalized density at P1 : X1 = 0.283 (B) and close to P1 : X = X1 ± 0.02 (A,C) at a temperature
of 3 keV for a purely perpendicular propagating wave. The sub-figures D,E and F of 3.6 are
equivalent to A, B and C but for the normalized density at P2 where X2 = 0.487. Qualitative
features of the different branches N⊥ (Y )|X,Te ,Nk can be summarised as:

X < X1

(figure 3.6A) FX-mode is waves are able to propagate past the X2
electron resonance layer from either side of the plasma. The propagation of the EBW mode is restricted to a narrow region around the
2nd harmonic resonance layer, where the Re{N⊥ } approaches zero
and the mode becomes critically damped as it crosses the resonance
layer.

X1

(figure 3.6B) The modes coincide at Y1 , defining the point p1 .

X1 < X < X2

(figure 3.6C and 3.6D) The crossing of the two wave branches is
avoided by a coupling of the FX and EBW branches such taht a
FX wave propagating from the lfs connects to the critically damped
part of the EBW branch, whereas the hfs-FX branch connects to
the EBW branch going to high values for N⊥ on the lfs of the 2nd
harmonic resonance layer.

X2

(figure 3.6E) The modes coincide close to the R-cutoff at Y2 such
that the lfs- and hfs-FX branch reconnect again.

X > X2

(figure 3.6F) The FX branch enters the R-cutoff before being able to
connect to the EBW-mode.

Close to the points of coinciding modes the gradient of both the real part and imaginary part
⊥
of the perpendicular refractive index ( ∂N
∂Y ) appears to go to infinity for FX- and EBW- waves
∂ω
inbound from the low field side. This gradient is related to the group velocity ( ∂k
), where the
⊥
group velocity tends to go to zero in these points:
∂ω
∂N⊥ −1
∝
(3.10)
∂k⊥
∂Y
This suggests that reflection of both waves will occur at these points. This is confirmed by the
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analysis of Imre and Weitzner, where it is shown that mode coupled reflection - where lfs-FX
wave reflect along the lfs-EBW branch and vice versa - is highest for pure perpendicular wave
propagation at low plasma temperatures and small length scales [26].

Figure 3.6. Solution branches (
: Re
: Im) of the lfs-FX (blue) and the lfs-EBW (red)
at: A: X1 − 0.02 B: X1 C: X1 + 0.02 D: X2 − 0.02 E: X = X2 F: X = X2 + 0.02

3.5.2

FX2-EBW connection for non-perpendicularly propagating waves

For oblique waves where Nk 6= 0 the FX-EBW connection vanishes once the wave angle w.r.t. B0
becomes too large. In Section 3.5.1 it was shown that the domain in which these two modes couple
are bounded by the points P1 and P2 . Analysis of sections of the FX- and EBW- branches over the
normalized magnetic field is done by finding values for X, Te and Nk where the modes coincided,
similar to figure 3.6B and E. This allowed for the determination of P1 and P2 for nonzero Nk up
till an order of 10−3 accurately1
In 3.7 the locations of P1 (red) and P2 (blue) are shown in the CMA-plane as a function
of Nk and for a constant temperature of 9 keV. For waves with an increasingly larger angle
w.r.t. the normal of the magnetic field B0 , P1 and P2 converge toward each other, creating
more stringent conditions for the FX-EBW coupling. In the case of 9 keV the coupling ceases to
exist at Nk = 0.2237 or a wave angle of 12.9◦ w.r.t the normal of the magnetic field B0 , as the
branch-points merge together. Concurrently the R-cutoff (black line) shifts to a lower normalized
magnetic field or equivalently a lower normalized plasma density for larger Nk , in accordance with
the cold plasma approach:
Xcutof f ∝ (1 − Nk2 )
1 This

(3.11)

accuracy was achieved in combination with a dy and N⊥ of the order 2 10−5 and 10−4 , respectively.
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Figure 3.7. Locations of P1 (red) and P2 (blue) and the R-cutoff (black) in the CMA-plane as
function of Nk at 9 keV. At Nk = 0.2237 the branch-points merge and the FX2-EBW coupling
vanishes.
The exclusion of the FX2-EBW connection due to a parallel wave component was found to
depend on the degree of relativistic broadening. In figure 3.8 the locations of P1 and P2 are shown
with their corresponding CMA coordinates X and Y in the left and right figure, respectively. The
Y-axis represents the parallel refractive index. To illustrate trends in the data lines in the graph
are added as linear interpolation of data (dots) where the left side of the curves correspond to P1
and the right side correspond to P2 until they merge together in the center of the curve. The area
below the curves represents the domain (X,Y ,Nk ) where the FX-EBW connection exists, for the
temperatures 3,9 and 15 keV shown in the graph shown as purple, pink and yellow respectively.
It can be seen that at higher temperatures the FX2-EBW connection exists for increased oblique
wave propagation (at 3 keV: Nk = 0.153, at 9 keV: Nk = 0.227 and at 15 keV: Nk = 0.266).
The profile of the Y coordinate shifts uniformly due to relativistic broadening, whereas the curve
representing the relation between X and Nk changes shape as the temperature decreases, since
X1 alters minimally while X2 shifts along with the R-cutoff.
Along the horizontal line where Nk = 0, the 2nd order polynomial fit for X1,2 and Y1,2 as
proposed in [12] can be compared to the position of the points as evaluated for the fully relativistic
case in the present work. Results from the polynomial fits are shown by markings below the X-axis
in figure 3.8 where the corresponding temperatures is indicated by the same color. This reveals
that the fit proposed does not match the fully relativistic data for temperatures above the warm
plasma regime (e.g. ¿ 5 keV), as could be expected from their use of a first order estimate for
the relativistic γ. However, what is interesting is that they predict a shift in X1 for temperature
whereas the fully relativistic approach indicates that there is no shift.
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Figure 3.8. Locations of branch-points for X- (left) and Y-coordinate (right) as a function of Nk
at plasma temperatures of 3 keV (purple), 9 KeV (pink) and 15 keV (yellow). Markings below the
X-axis represent the P2 fit from [12] for the corresponding temperatures used in the figure. Dots
in the figure represent the data-points used to construct the (dashed) lines by linear interpolation.

3.6

X2 Wave absorption as determined by the iterative
method

In Section 3.4 a controller has been proposed to stabilize the iterative procedure used to solve the
implicit bi-quadratic equation used in this paper. Subsequently the implementation and performance of this controller has been illustrated in 3.4.4 after which it has been successfully used to
evaluate the topology of the WPDR around the 2nd harmonic electron resonance in Section 3.5. In
this section the relevance of the improvements made on the iterative method for ray tracing and
power deposition calculations is addressed. This is done by estimating the optical depth of the
2nd harmonic resonance layer that is reached at the point where the unstabilized iterative method
begins to fail for waves injected from the low-field side.

3.6.1

Determination of the optical depth

Transfer of energy between waves and plasma is generally described by an absorption coefficient
α ∝ Im{N⊥ } and the optical depth of a wave:
Z

L(S)

τ=

α(S)ds

(3.12)

0

The change in position (s) can be expressed as a function of Y using a typical length scale for the
magnetic field gradient length defined as:
LB ≡

B0
.
|δB0 /δs|

(3.13)

→
−
Combined with an expression for the absorption coefficient α(Re{ k }) = 2 Im{k⊥ } that holds for
perpendicular propagating waves and k⊥ = n⊥ ω/c the optical depth τ (Y ) can be expressed as a
integral over Y:
Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution

35

CHAPTER 3. TOPOLOGY OF THE WARM PLASMA DISPERSION RELATION AT THE
2ND HARMONIC EC RESONANCE LAYER

τ =2

ω2
LB
c

Z
0

L(Y )

Im{N⊥ }(Y )
δY
Y

(3.14)

The absorbed power fraction fP ≡ Pabsorbed /Pwave can be evaluated as:
fP = 1 − e−τ

(3.15)

The optical depth depends linearly on a tokamak’s axial magnetic field strength B0 where
ω2 [rad/s] = 2π 56[GhZ/T]B0 and on a tokamak’s specific outer radius as LB ≈ R0 . The optical
depth τ will therefore be normalised for the product of these parameters, including temperature
Te as:
τ̃ =

τ
.
LB B0 Te

(3.16)

as it is observed that optical depth and the electron temperature share a linear relation.

3.6.2

Failure of the iterative method and power deposition

Quantification of the performance of the controlled and uncontrolled iterative method is established
by means of locations of Y that are correctly evaluated for a particular method. This is convenient
as for a waves originating from the low field side, the risk of overshoot of the solution becomes
increasingly an issue as ξ approaches | 21 π|, after which the solution becomes unstable (see figure
3.5). Hence three locations in Y for constant X, Te , Nk have been chosen to using the following
definitions:
The uncontrolled iterative method fails to converge using the original step-size
Ya
λ = 1.
Yb

The uncontrolled iterative method fails to converge using a reduced step-size λ =
0.1.

Yc

The controlled method finds a solution where Im{N⊥ } > Re{N⊥ } and the wave
becomes critically damped

The corresponding optical densities at the locations labeled above are subsequently defined
as τ̃i for Yi where i = a, b, c, and are evaluated for the remainder of the parameters that apply
to wave dispersion. In Section 3.4.3 it had been explained that by reducing step-size λ solution
within the stable domain of the branch could still be found. Therefore Yb and corresponding τ̃b
provides information whether a reduction of step-size could be sufficient to accurately account for
wave absorption. The ability of iterative method to find a solution was based on the successful
convergence after 100/λ iteration steps and the ability to meet a tolerance of 10−4 with the
definition of ’tolerance’ as in defined previously in equation 3.5. Furthermore analysis of the
optical depth can be restricted to purely perpendicular propagating waves as oblique waves are
generally absorbed by the plasma over shorter magnetic gradient lengths than pure perpendicular
waves.
It has been shown that for low plasma densities (typically X < 0.25) no controller is necessary
to stabilize the solution. For X in the vicinity of, and in between the branch-points (where
FX2-EBW coupling occurs) the original method fails to trace the entirety of the lfs-FX branch.
Evaluation of Yi at different plasma temperatures indicates that relativistic broadening applies
to these locations, hence the corresponding τ̃i scales linearly with temperature, justifying it’s
normalisation based on Te . In Table 3.1 these normalized optical densities are depicted for the
previously defined locations of Y at different X. Since the original iterative method with λ = 1
fails close, or prior to Y = 0.5, τ̃a is (close to) zero and wave absorption is not accounted for
correctly. After failing of the iterative method, solutions often converge towards the hfs-branch
which - having a similar imaginary part - still results in reasonable absorption profiles. It could
however occur that solutions of the O-mode are found resulting in a far lower optical density at
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the X2 resonance layer. A reduction in step-size λ allows for a correct evaluation of the branch
until Yb leading to values of τ̃b > 1. Using the full controller allows for the complete evaluation of
the branch leading to τ̃c > 2.
Table 3.1. Normalized optical depth τ̃ at locations Ya,b,c for different plasma densities and pure
parallel propagation. ’R-cutoff’ indicates successful convergence until the R-cutoff.
X

τ̃a

τ̃b

τ̃c

0.3

0.03

1.6

3.18

0.4

0

1.22

2.17

0.5

0

R-cutoff

R-cutoff

Based on the typical normalized optical densities obtained, recommendations can be made
regarding the use of a controller based on the product LB B0 Te [m−1 T−1 keV−1 ]. First of all,
the original method should be avoided since convergence might fail prior to entering the X2
resonant area. Secondly, a reduction in step-size might be sufficient for larger tokamaks where
LB B0 Te > 2, as most of the wave deposition (> 90%) will be accounted for correctly. Finally, the
fully controlled method is generally able to account for absorption correctly. Only in the vicinity
of points where the FX-mode and the EBW-mode coincide the method might break down. For
LB B0 Te > 1 this will however not be an issue and increasing numerical precision through dY
or λ is able to resolve this. Lastly it should be noted that failure of the iterative method usually
results in an increased calculation time, as the routine will continue searching for a solution until
a hard limit on the amount of iteration is reached.

3.7

Summary & Conclusions

2
To find solutions of the WPDR it can be cast into a bi-quadratic equation implicit of form on N⊥
,
where a method is used to iteratively search for a solution [57]. Treating the iterative method
for solving the bi-quadratic equation as a dynamical system, indicates that EBW-solutions can
2
below and hence cannot be found using the existing iterative method,
become unstable for N⊥
which instead converged to undesired stable solutions.
By means of a reduction of the step-size, and a rotation of the step-direction in the com2
plex plane of N⊥
unstable solutions are rendered stable, while increasing overall robustness of
the iterative method. Such rotation was implemented in the form of a feed-forward controller.
This adjustment allows the accurate determination of points of coinciding FX-mode with EBWs,
allowing the mapping of the warm plasma dispersion relation.
The Warm plasma dispersion relation (WPDR) has complicated solution structures around
the 2nd harmonic cyclotron resonance, that have now been completely mapped by including the
analysis for oblique waves. Part of this complicated structure arises from the coupling between
the FX mode and EBWs for within the 2nd harmonic EC resonance layer. By treating solutions
ω2

ωce
to the warm dispersion function as Riemann surfaces in the CMA-plane (X = ωpe
2 , Y =
ω ),
points of coinciding FX-mode and EBWs could be mapped on (X,Y) as a function of the electron
temperature Te and the parallel refractive index Nk [12]. At the 2nd harmonic cyclotron resonance
two of these points encompass the region where the FX-mode is coupled to the EBW-mode. For
oblique waves this coupling vanishes for absolute values of the parallel wave component Nk above
√
a critical value, roughly scaling with 3 Te like other relativistic effects.
Evaluation of the optical depth up to a point where the uncontrolled iterative method becomes
unstable, shows that stabilization of the iterations is essential for the correct evaluation of extraordinary mode ECRH at the 2nd harmonic EC resonance. For large tokamaks (R0 B0 Te > 2
[m T keV] ) a reduction in step-size would suffice as most wave energy is deposited prior to the
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solution becoming unstable. Outside the 2nd harmonic EC resonance layer no controller is required
to find solutions to the WPDR.
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Chapter 4

Supporting research
The intention of this chapter is to include information relevant for the construction of a neural
network but not covered within the paper. Within this relatively short chapter we will expand
our domain outside the 2nd harmonic EC layer, where we observe that a controller is not required.
This is shown in Section 4.1, by means of branch tracing and comparison with the residue of
the dispersion relation, where we aim to raise confidence in the iterative procedure being able to
produce accurate data on which a neural network can be trained. Furthermore some regression
models on the branch point locations are shown in Section 4.2 to gain a general idea of what model
would be suitable to fit this purpose.

4.1

The iterative method outside the 2nd harmonic EC resonance layer

As explained in the paper, the iterative method becomes unstable for a large imaginary part in
2
N⊥
w.r.t. its real part. At the 2nd harmonic EC resonance layer this is typically in the case for
EBW going towards cutoff where the imaginary part becomes multiple orders larger in magnitude
2
than the real part. Since the topology of the gradient of N⊥
is continuously defined there exists
states in between that can be compared as more stable or less stable than others. This comparison
of stability could be done in terms of controller state parameter ξ, where ξ = 0 indicates there is
2
, because the solution was
no need for rotation of the step-direction in the complex plane of N⊥
already perfectly stable. An ξ equal to π indicates a flip in step-direction because the solution
was fully stable. Within the paper it was stated that FX-mode solutions not coupled to the EBW
do not require a controller as they are inherently stable. To back up this statement and to show
correct solutions of the WPDR are found some additional data is shown within this section.
Verification of the iterative method was done in the sense that a correct solution to the WPDR
would result in a complex residue of zero. This is analyzed at X = 0.45, Te = 9 KeV for pure
perpendicular wave propagation whilst also including the 3rd harmonic resonance layer in the
domain of Y . Figure 4.1 illustrates both the FX and the EBW branch, where the FX2-EBW
coupling can be seen that is well described within the paper. In the 3rd harmonic EC resonance
layer no connection between the two modes can be observed and the imaginary part of FX solution
remains small. Instead of the EBW branch going to cutoff as it would at the 2nd harmonic it
remains at high N⊥ where it connects to the non-damped EBW branch that is present at the 2nd
harmonic. This behaviour of EBWs is similar for higher harmonics. In Figure 4.1 on the right
the real part of the residue is obtained as function of Y and Re{N⊥ } by assuming Im{N⊥ } = 0.
Since the contours of zero residue match with branches where this assumption hold it is safe to
say that our iterative method produces reliable results within these regions. for Im{N⊥ } = 0
this is harder to visualize as function of Y and N⊥ at the same time. Evaluation of the complex
2
residue as function of the complex N⊥
turned out that the solution found by the iterative method
is legitimate, also for Im{N⊥ } =
6 0.
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Figure 4.1. left: The FX-branch (blue) and the EBW-branch (red) with corresponding imaginary part (dotted line) as obtained by the stabilized iterative method at the 3rd and 2nd harmonic
EC resonance. Whereas the FX2-EBW exists, no coupling is seen at the 3rd harmonic and the
EBW-branch stays at high N⊥ . The black dotted line indicates the cold solution to the dispersion
relation. Right: An visualisation of the residue of the dispersion relation shown when assuming
Im{N⊥ } = 0, where contours of zero residue match the branches where Im{N⊥ } = 0 indicating
proper solutions to the dispersion relation for these regions.
The state variable ξ of the controller corresponding to Figure 4.1 is shown in Figure 4.2, where
the instability of the coupled lfs-FX-EBW branch becomes visible as presented earlier in the paper
(Figure 3.4). The 3rd harmonic X-mode knows a significantly smaller imaginary part rendering
a controller is unnecessary as the solution is inherently stable. The EBW mode however requires
stabilisation and a reduction in step-size, as the Im{N⊥ } approaches Re{N⊥ }. Since this behaviour
is only present at the EBW mode and as there appears to be no coupling between the FX-mode
and EBWs for the 3rd - or higher harmonics, the use of a controller is not relevant outside the
domain of the 2nd harmonic domain.
For wave propagation in O-mode, the same applies as for the higher X-mode harmonics. The
imaginary part of the perpendicular refractive index remains small and the electrostatic Bernstein
wave mode does not exists for O-mode wave propagation. For the sake of completeness this is
shown in Figure 4.3 for X = 0.45, Te = 9 KeV and pure perpendicular wave propagation. As the
O-mode branch remains relatively constant with a slight fringe at the harmonics the controller’s
state variable ξ remains roughly zero, indicating that the O-mode is inherently stable.
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Figure 4.2. Top: equivalent to 4.1. Bottom: Corresponding controller for the FX-branch (blue)
and the EBW-branch (red) indicating the stability of the solution as stable for |ξ + k2π| > 12 π and
unstable otherwise for k ∈ Z.

Figure 4.3. Top: The O-mode branch as a function of the normalized magnetic field Y around
the fundamental and higher EC harmonics and its relatively low imaginary part (dotted line).
Bottom: Controller state variable ξ corresponding to the O-mode showing negligible stabilisation
(X = 0.45, Te = 9 KeV and Nk = 0).

4.2

Exploring regression models for branch point locations

In Chapter 3 we have seen that the FX2-EBW connection is bounded by points of coinciding
FX- and EBW-mode, which we labeled as the ’branch points’ P1 and P2 in the CMA-plane. The
location of P1 and P2 depend on Te as previously shown in [12]. Its dependency with the parallel
wave component - expressed in Nk - was previously unknown and has now been determined. As
Nk increases, the branch-points approach one other narrowing the band in X where the FX2-EBW
coupling exists. At some Nk to two branch-points merged and the coupling between the X-mode
and the electron Bernstein waves vanished (Figure 3.7). Furthermore we compared this merging
3.0
of branch-points at different temperatures and found a scaling of Nk,m
∝ Te , which is different
√
vt h
for common relativistic broadening effects that usually scale as c and hence, Te . In order to
3.0
elucidate this conclusion, data is presented in Figure 4.4 where the linear relation between Nk,m
−3
−1
and Te becomes evident with a slope of approximately 1.3 10 KeV . It should be noted that in
the cold plasma limit there is assumed to be no coupling between the two modes and that above
15 KeV this relation is expected to hold although the quadratic coefficient might not differ slightly
from the 3.0 determined here.
For the creation of a neural network - if we want to separate the data based on discontinuities
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Figure 4.4. The temperature dependence of the parallel refractive index Nk where the branch
3.0
points P1 and P2 merge, labeled as Nk,m . Nk,m
appears to be proportional to Te in the observed
temperature regime.
- we need to know the locations of these discontinuities on forehand. Therefore a model of the
branch points would be beneficial. We have seen that the fit of branch point locations on the
temperature as provided by [12] does not match our fully relativistic data at higher temperatures
(see Figure 3.8). Therefore revision of this fit might be necessary. Also, the dependency on Nk
could be added, leading to a mapping of the branch point locations as function of both Te and
Nk . Without fully determining what this relation should be, a few regression models will be tested
on the dependency with Nk to gain insight in the possibilities. For this purpose the decision was
made to fit Nk as function of the branch-point locations P1 (X1 , Y1 ) and P2 (X2 , Y2 ), which allows
combining X1 and X2 in a single fit and Y1 and Y2 into a single fit. The benefit of having these
together in a fit is that a polynomial fit inherently consists of a maximum at the location where
the branch points merge, when of course the fit resembles the data reasonably well.
In Figure 4.5 such a fit is made at an electron temperature of 9 KeV using a polynomial of the
second order (P2), with the normalized density X on the right and the normalized magnetic field
Y on the left. From the poor resemblance of the fit with the data becomes evident that a P2 fit
model cannot describe our data accurately. Instead a higher order polynomial could be used. A
P2 fit could only describe the data accurately, if done separately for P1 and P2 as is shown in 4.6,
with P1 in red and P2 in blue. It is however important to obtain enough data points close to the
location of merging branch. A better fit, especially for a lower amount of data around the merge
points, would be an exponential fit as illustrated in Figure 4.7. Since an exponential curve has
the property of being an injective function, there is less risk of the fit to predict too low values of
Nk around the merge point.
Now that the branch point locations are determined and different fit models are explored the
options of a fit for P1 and P2 on Te and Nk are clear. Whereas the temperature dependence can be
captured using a 2nd order polynomial, we require the dependence on Nk to be at least of the third
order, or preferably an exponential fit, leaving us with a minimum of 6 coefficients to determine.
To create an accurate fit we would however need more data points than currently available. Also
cubic spline interpolation would be suitable, as we strive for a numerical implementation and not
so much a physical understanding of the fit. While keeping in mind that we can present the branch
points as functions of Te and Nk we continue on possible ways to exploit this information to allow
for the substitution of the WPDR using a neural network.
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Figure 4.5. Branch point locations at 9 KeV shown combined with X on the left and Y on the
right and 2nd order polynomial fit showing poor resemblance of the data.

Figure 4.6. Branch point locations at 9 KeV shown separately for P1 (red) and P2 (blue)
including four 2nd order polynomial fits for each branch point and coordinates separately.

Figure 4.7. Branch point locations at 9 KeV shown separately for P1 (red) and P2 (blue)
including four exponential fits for each branch point and coordinates separately.

Chapter 5

On the construction of a neural
network
We have seen that the coupling between the fast extraordinary mode and the electron Bernstein
wave mode create a complex Riemann-like structure that is likely impossible to capture accurately
in a single neural network. By subdividing the domain around the 2nd harmonic electron resonance
we could however, divide this complex structure of the WPDR in continuous regions. This requires
a priori knowledge of the branch-points locations, which has been provided in Chapter 3 and within
the supplementary information regarding the possibilities for a fit on the data (Chapter 4). Within
this chapter we continue on the construction of a neural network in the form of a short discussion
that addresses three options of subdividing the input domain.

5.1

General considerations

For the construction of a neural network the input parameters X,Y ,Te and Nk are considered to
2
provide a result in terms of N⊥
. In [51] it was shown how this could be done for the separate
output of Re{N⊥ } and Im{N⊥ } in case of the O-mode. In the X-mode an output in the form
2
of N⊥
is expected to allow a better evaluation of reflection at the R-cutoff. For the O-mode the
difference in magnitudes of Im{N⊥ } at different regions of the input parameter space still posed
some problems for it to be accurately estimated at high Nk , where the magnitude of Im{N⊥ }
is relatively small. It should be noted that for the X-mode the same can be expected. For us
2
to subdivide the 4D input parameter space into continuous regions for N⊥
, a strategy would be
to evaluate the domain using the CMA-plane being a function of Nk and Te , much like how the
branch point locations were treated. Here we saw that for the branch point locations P1 ≡ (X1 ,Y1 )
and P2 ≡ (X2 ,Y2 ) a relation could be established as [X1 , Y1 , X2 , Y2 ] = f (Nk , Te ). Function f
still needs to be determined accurately. For X-mode waves the R-cutoff can be used to indicate a
domain boundary and can be represented as:

YR ≡ 1 −

X(1 + aTe )
,
1 − Nk2

(5.1)

where YR is the normalized magnetic field at with the R-cutoff lies as a function of the other input
parameters. Coefficient a indicates the shift of X induced by a temperature and will need to be
2
determined. To allow for the evaluation of reflection a small segment where N⊥
< 0 should be
included inside of the domain. For the parallel refractive index and the electron temperature the
domains Nk : [0, 1] and respectively Te : (0, 30] would suffice for fusion applications. With the
main considerations of a NN for the X-mode in place, a sub-division of the domain can be defined.
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5.2

sub-domains based on branch-points

A first strategy would be to place the border between sub-domains in the 4D input space along the
Y-axis for constant X in the CMA-plane. Then we arrive at 3 regions in X, where both the FXmode and the EBW-mode are present, or a coupled versions of those. Such would yield 6 surfaces
that need to be approximated by 6 neural networks as shown in Figure 5.1, where the sub-domains
are numbered and correspond to Table 5.1. Networks 2 and 6 are of lesser significance as there is
only a small window for waves to enter their sub-domains. As X-mode waves are reflected at the
R-cutoff the sub-domains 1, 4 and 5 are limited to this region, whereas EBW specific sub-domains
aren’t necessarily bounded by the R-cutoff (hence the different colors left and right of the R-cutoff
in Figure 5.1). However, what could be understood from the analysis of waves coming from the
low-field side of the magnetic field, and when coupled to the Bernstein wave-mode (hence passing
between P1 and P2 ) is that for these solutions typically Re{N⊥ } << Im{N⊥ }, hence they are
critically damped and won’t make it far past the R-cutoff either. As Nk increases the branch
3
points P1 and P2 move together until they merge at some Nk,m where we saw that Nk,m
∝ Te ,
hence the sub-domains for coupled waves (3 and 4) vanish at some Nk .

Figure 5.1. Subdivision of the WPDR input domain in 3 regions depending on X, leading to 6
solution surfaces that can be estimated using neural networks that are labeled 1 to 6.

Table 5.1. List of the 6 sub-domains and corresponding solution branch as is indicated in 5.1
1

FX branch for X ≤ X1

2

EBW branch for X ≤ X1

3

lfs-FX-EBW branch for X1 ≤ X ≤ X2

4

hfs-FX-EBW branch for X1 ≤ X ≤ X2

5

FX branch for X ≥ X2

6

EBW branch for X ≥ X2

A second and more thoughtful subdivision of the domains would be to place the border between
input sub-domains along the branch points P1 and P2 . This way a sub domain that covered the
coupled waves becomes obsolete and 4 sub regions with four neural networks are required to
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evaluate the FX and EBW solutions branches. Let us define the line that separates the low-field
side and the high-field side w.r.t. the branch points:
Y2 − Y1
(X − X1 ),
(5.2)
X2 − X1
where Yc denotes the Y coordinate within the CMA-plane as function of X. Subsequently a subdivision of input parameter domain can be made as shown in Figure 5.2, where the sub-domains
are labeled 1 to 4 with corresponding domain in Y as given in Table 5.1. While ray-tracing this
strategy would allow for easy processing once the neural network is determined. When a FX-wave
propagates through region 1 and passes the domain border in between the branch-points it ends
up at neural network 4, but when it passes the domain outside the branch-points it ends up at
neural network 3. As Nk increases and the branch points merge only the switching between the
neural networks of sub-domains 1 and 3 needs to be considered and could therefore very well be
captured in the same network.
Yc = Y1 +

Figure 5.2. Subdivision of the WPDR input domain in 2 regions, leading to 4 solution surfaces
that can be estimated using neural networks that are labeled 1 to 4. Two surfaces are related to
the FX-mode and two surfaces are related to the EBW-mode

Table 5.2. List of the 4 sub-domains and corresponding solution branch as is indicated in 5.2
1

FX branch for Y ≤ (YC ∨ YR )

2

EBW branch for Y ≤ YC

3

lfs-FX-EBW branch for YC ≤ Y ≤ YR

4

hfs-FX-EBW branch for YC ≤ Y ≤ YU H

Lastly, to ensure good resemblance of the different neural networks at the bordering of input
domains one might want to let the sub-domains overlap slightly and use neural networks constraints
2
such as in [35] to penalize any differences in N⊥
at overlapping regions between the neural networks.
This would require the neural networks to be trained simultaneously while being able to interact
with each other. Whether this is required for the neural networks to match at the input subdomain edge and the exact implementation of such an neural network architecture cannot be
foreseen at this moment and will be left for future work.
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5.3

Neglecting the EBW coupling

A final strategy to substitute the WPDR with a NN would be to neglect the coupling with
the electron Bernstein waves. From the analysis of Section 3.6 it is now clear that for large
gradient length scales of the magnetic field LB , high external magnetic field B0 and high electron
temperature Te waves are absorbed early in the 2nd harmonic EC resonance layer. Therefore it
would suffice to exclude the unstable EBW solutions as these could not be reached, hence no
full controller would be necessary and only a reduction of the step-size by means of parameter
λ is required to allow for robust convergence of stable to marginally stable solutions. This same
principle goes for the connection of the two modes, which could be neglected under the same
circumstances, namely: LB B0 Te > 2 [m T keV].
Exclusion of the EBW coupling would create a discontinuity in the data, for example in the
form of a straight branch cut between P1 and P2 indicated by the dotted line in figure 5.2. A
neural network would not be able to approximate such region with a high accuracy, but under the
same conditions as where the EBW connection can be neglected, also the region of the branch-cut
and the resulting lesser accuracy of any NN trained on this region is not of significant relevance
for waves coming from the low-field side. For EC waves coming from the high-field side this might
not be the case, as Im{N⊥ } is usually smaller for the hfs-FX-EBW when the branch-cut is placed
as a straight line between P1 and P2 . To clarify this, the solutions branches to the WPDR have
been visualized in a region where the FX2-EBW coupling exists, hence a branch-cut could be
placed. This is shown in Figure 5.3, where the branch-cut coordinate Yc slices the branches into
2 segments, where the blue branches correspond to the FX-mode and are taken into account by
the neural network. The red branches correspond to the EBW solution and are neglected. It can
be seen that for EC waves coming from the high-field side Im{N⊥ } is smaller than for lfs-waves,
hence less wave absorption has taken place before arriving at Yc , thus EBW contributions at the
2nd harmonic EC resonance are more relevant for wave coming from the high-field side.

Figure 5.3. Location of the branch cut in the case of Nk = 0, Te = 3 KeV and X = 0.4 when
placed in a straight line between P1 and P2 . Blue lines represent solution branch considered for
NN substitution and the red lines represent the neglected coupled branches (Re: full, Im: dotted).
The discontinuity at Yc is clearly visible.
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Chapter 6

Conclusions and Outlook
6.1

Summary and conclusions

To allow for real time control of plasma instabilities by suppression of neoclassical tearing modes
using ECRH, a real-time ray-trace code is required, to predict EC wave power deposition used
to contribute in the determination of the temperature and density profiles. Within ray-trace
codes the warm plasma dispersion relation forms a bottleneck in terms of calculation time for
determination of the power absorption profile. Also a speedup of the WPDR would allow the
determination of the ray trajectory while including warm plasma effect, which might be useful
in the future when ECRH or ECCD would be applied for prolonged tangential wave propagation
along resonant regions.
Speedup of the WPDR is therefore proposed by using neural network substitution. This is
however difficult for the extraordinary wave mode, due to the presence of the coupling between
the fast X-mode and the Electron Bernstein wave (EBW) wave mode. The 2nd harmonic EC
resonance is most suitable for ECRH X-mode heating as it is accessible for EC waves at higher
densities, knows good absorption but requires high frequent waves and is therefore often used
in small to medium fusion devices. At the 2nd harmonic resonance the coupling between the
FX- and EBW-mode is strong creating complex Riemann-like structures. To allow for accurate
construction of a neural network the coupling between these two modes needs to be mapped, to
allow for a sub-division of the input parameter space into continuous sheets on which different
neural networks could be trained.
ω2
ωce
2
The warm plasma dispersion relation can be solved as N⊥
= D(X ≡ ωpe
2 ,Y ≡
ω , Te , Nk )
where X and Y are the normalized density and magnetic field respectively. This requires an
iterative procedure, that is found to fail to converge for EBW solutions with a large imaginary
part, as those solutions are dynamically unstable. Therefore a feed-forward controller is added
2
to the iterative method, that rotates the step-direction in the complex plane of N⊥
towards to
solution. This creates a robust routine that is able to find solutions to the WPDR consistently, as
validated by inspecting the residue of the dispersion function. Subsequently the general features
of the WPDR are mapped - using the new, controlled iterative routine - in the form of 2 branch
points. At these points the FX-mode and the EBW-mode coincide, thus forming the boundaries
of the domain at which these two modes are coupled. Subsequent analysis of oblique waves
indicates that as Nk becomes larger, the domain where the FX-EBW coupling exists decreases as
the branch-points move together until the coupling vanished completely.
Furthermore, it is shown that the locations of the branch-points in the CMA-plane can be
related to the other input parameters of the neural network, thus as a function of Nk and Te .
This allows for the sub-division of the input domain creating continuous sub domains because we
can place the sub-domain boundaries along the branch-points, creating 4 sub-domains requiring a
total of 4 neural networks. Although this would lead to an accurate description of the WPDR as
long as the neural network regression is accurate, a simplification could be made where the EBW
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connection is entirely neglected. This simplification would be valid as long as EC waves coming
from the low-field side are not able to reach EBW relevant domains, which is generally the case
for large reactors satisfying B0 R0 Te > 2T m keV. With the ability to neglect the EBW solution
a sub-division of the domain would no longer be necessary and the FX branch could be captures
in a single NN.
It can be concluded that the topology of the FX-mode in combination with the EBW connection
can be successfully mapped - using a fully relativistic, warm plasma dispersion relation - and that
this topology can be subdivided into continuous domains, based on the points where the FX and
the EBW mode coincide, thus allowing for its substitution using one or more neural networks.
The controller will be implemented in the TORAYFOM code.

6.2

An interesting alternative

From the discussion on the possibility of substituting the WPDR by a set of neural networks 2
based on sub-domains yielding continuous functions for N⊥
- it is clear that this procedure is
still somewhat complex. Luckily it appeared that for larger Tokamaks, where wave absorption
took place before waves entered EBW specific modes, we could neglect the FX-EBW coupling and
resort back to a single neural network. This neural network resembled the FX-mode Riemann’s
surface in the CMA-plane and contained a branch-cut at a not very relevant location for ray
tracing purposes. For this reason the error made by the neural networks at the discontinuity
might not influence ray-tracing results, but this should be confirmed. However an alternative
would still be welcome. Such an alternative would be to train a neural network directly on the
results of the ray-tracing, instead of the WPDR. The simplest form would boil down to a single
and tokamak-specific neural network designed to use input data like the central plasma electron
density, the central electron temperature and the ECRH injection angle(s) to yield as an output
the fraction of absorbed power and a location (possibly even 1D) of the power deposition. This
could be elaborated upon in the form of including the Shafranov shift, or plasma β into the inputs,
as-well as the elongation factor κ to account for deviations in the temperature and density profiles.
This might be relevant for ECRH as an high density gradient at the plasma edge would refract
the EC bundle earlier than when the density gradient lies closer to the plasma center, hence the
deposition region would be altered. The data of central temperature, central density, shafranov
shift, β and κ might be obtained from a database of plasma shots where different ECRH settings,
mainly the injection of EC waves at different angle(s) could be simulated to generate a Tokamak
specific training set. Since radial plasma profiles generally have an high Te and Ne in the center,
falling down to zero at the plasma edge, it can be expected that no steep gradient structures are
present and hence would be suitable for usage for NN construction allowing small networks thus
fast calculation.

50

Mapping the Topology of the Warm Plasma Dispersion Relation to allow for speed-up using
Neural Network substitution

Bibliography
[1] Physicsworld, fusion the way ahead, mar 2006. 3
[2] H. Anand, S. Coda, F. Felici, C. Galperti, and J.-M. Moret. A novel plasma position and
shape controller for advanced configuration development on the tcv tokamak. Nuclear Fusion,
57(12):126026, 2017. 5
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Appendix A

Numerical evaluation of the warm
dielectric tensor in FREPSLN
To finalize the numerical implementation of the warm plasma dispersion relation in TORAYFOM’s subroutine FREPSLN we start off from the dielectric tensor for a warm magnetized plasma
in the high frequency limit (see Section 2.1.4):

ij = ∂ij −

ωpe
ω

2 X
+∞ Z

(n)

d3 p̄ nωce
ω

n=−∞

Sij
+ Nk p̄k − γ

(A.1)

(n)

That includes the tensor Sij that reads:

p̄ U ( nJb n )2
 ⊥
0

(n)
Sij = ip̄⊥ U nJnb Jn

nJ 2
p̄k U b n

−ip̄⊥
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nJn Jn
b

p̄k U

2
nJn
b





ip̄k U Jn Jn0 

p̄k W Jn2

p̄⊥ U (Jn0 )2
−ip̄k U Jn Jn0

(A.2)

containing the variables U and W that are given by:


Nk
∂f
∂f
∂f
+
p̄⊥
− p̄k
∂ p̄⊥
γ
∂ p̄k
∂ p̄⊥


∂f
nωce
∂f
∂f
W =
−
p̄⊥
− p̄k
∂ p̄k
ωγ p̄⊥
∂ p̄k
∂ p̄⊥
U=

(A.3a)
(A.3b)

where f refers to the electron distribution function, for which we take the Maxwell-Juttner distribution function:

fM =

µ
2π

3/2

1

e− 2 µv

2

(A.4)

2

where µ = kmBeTce , with kB being the Boltzmann constant and Te the electron temperature. A series
expansion can then be used to evaluate the Bessel function Jn (b) and its derivative as:
Jn (b) =

∞
X

 2m+n
(−1)m
b
m(m
+
n)
2
m=0

(A.5)

where m denotes the order of the expansion (and n the harmonic). It is convenient to separate the
integral shown in Equation A.1 into two integrals, which we can do because of toroidal symmetry.
This procedure yields:
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+∞

Z

Z

dγ

dp̄k

2π

(n)

+∞

γSij (p̄k , γ)

γ−

−∞

(A.6)

γ (n) − γ

Because there exists a singularity at γ = γ (n) evaluation by means of its principle value plus a
resonant contribution is required, which can be obtained through a Landau integration contour.
The result is that the dielectric tensor is now split up in the Hermitian part and the anti-Hermitian
part, where the latter one determines wave absorption. We can write the principal value of the γ
integral as:

Z

(n)

+∞

dγ

PV
γ−

γSij (p̄k , γ)
γ (n) − γ

Z

(n)

+∞

dγ
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(n)
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(A.7a)

)

γ (n) − γ

γ−

(n)

(A.7b)

The second term has the following analytical solution:
Z

(n)

+∞

PV

dγ
γ−

e−µ(γ−γ
γ (n) − γ

)

= Ei(−µ(γ − γ (n) ))

(A.8)

where Ei represents an exponential integral. Within TORAY-FOM this exponential integral is
solved with the routine CALCEI. The first term of Equation A.7a behaves as ∼ e−µγ and can
therefore be calculated by using the Gaussian quadrature method. For this we use the weights wi
and nodes γi as follows:
Z +∞
X
dγf (γ)e−µγ =
wi f (γi )
(A.9)
−γ

i

This procedure exists within TORAY-FOM, where the number of nodes can be varied by means
of parameter NGM. In our case it was set to 8.
To evaluate the integral of p̄k , we have to determine the range of p̄k where the resonance
condition γ = γ (n) is fulfilled. This condition is given by:
v
u
2
u nωce Nk 2 ω 2 − n2 ωce
nω
N
ce k
±
t
±
− 2
(A.10)
p̄k =
2
2
ω(1 − Nk )
ω(1 − Nk )
ω (1 − Nk2 )
Depending on Nk either always a real solution exist when |Nk | ≤ 1, or only when
nωce
ω=q
1 − Nk2

(A.11)

is fulfilled for |Nk | < 1. Three integration regions can be defined, based on Nk and the existence
of real solutions:
• When |Nk | < 1 and real solutions exist: The non resonant region I (−∞, p̄−
k ], a resonant
+
+
region II [p̄−
,
p̄
]
and
a
non-resonant
region
III
[p̄
,
+∞).
k
k
k
• When |Nk | < 1 and no real solutions exist: The non-resonant region I over the entire domain
(−∞, +∞).
• When Nk ≤ −1: The resonant region II (−∞, p̄k ] and the non-resonant region III [p̄−
k , +∞
).
+
• When Nk ≤ 1: The non-resonant region I (−∞, p̄+
k ] and a resonant region II [p̄k , +∞).
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Also the p̄k integral can be evaluated by using the Gaussian quadrature method. The code
parameter NPM sets the number of nodes and was set to 8. Different forms of the Gaussian
quadrature are used depending on the different cases described. For cases where the value of µ is
2
1
high and the integrand will have a factor of ∼ e− 2 µp̄k it can be approximated as:
Z +∞
X
2
1
dp̄k f (p̄k )e− 2 µp̄k =
wi f (p̄k,i )
(A.12)
−∞

i

When all of the nodes fall inside resonant region II, it suffices to only use Gauss-Hermite. If
this is not the case while also Nk ≤ 1/µ, then the integration for this region must be done using
Gauss-Legendre as:
Z

p̄+
k

p̄−
k

dp̄k f (p̄k ) =

X

wi f (p̄k , i)

(A.13)

i

while the regions I and III should be done using Gauss-Hermite. For cases where |Nk | is large,
the factor for integration behaves as ∼ e−µNk p̄k . If in this case the nodes of the Gauss-Laguerre
quadrature fall inside region II, than we can use it for either the regions I and II or the regions II
and III, depending on the value of Nk . When this is not the case, region II requires Gauss-Legendre
and regions I and III require Gaussian-Laguerre.
The integral we end up with concerns the anti-Hermitian part of the dielectric tensor and reads:
aH
ij = iπ



ωpe
ω

2 X
+∞

Z
2π

(n)

dp̄k γ (n) Sij (p̄k , γ (n) )

(A.14)

n =−∞

where previously defined resonant regions dictate how the integration is carried out. When the
resonant region is in a large enough range of p̄k , the integration factor behaves like ∼ e−µNk p̄k .
Hence, when all of the nodes are inside the resonant region the Gauss-Laguerre quadrature is used
and when this is not the case the Gauss-Legendre quadrature is used instead. To parameter NAM
sets the number of nodes for this operation and is set to 8.
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Appendix B

Biquadratic form of the warm
plasma dispersion relation
The warm plasma dispersion relation can be cast into bi-quadratic form:
4
2
AN⊥
− BN⊥
+C =0

(B.1)

The coefficients A, B and C are given as:
A ≡ (χxz + Nk )2 + (1 − χzz )(xx − Nk2 )

(B.2a)

B ≡ (xx − Nk2 )[(1 − χzz )(xx − Nk2 ) + ozz − χyz χyz ]

(B.2b)

+ zy [zy (χxz + Nk ) − χzy (χxz + Nk )]
+ (χxz + Nk )[(χxz + Nk )(xx −
C≡

ozz [(xx

−

Nk2 )(xx

−

Nk2 )

Nk2 )

(B.2c)

− xy χyz ]

+ xy xy ],

(B.2d)
(B.2e)

where for χ we have the definitions:
χxz ≡

xz
,
N⊥

χyz ≡

yz
N⊥

and

χzz ≡

zz − ozz
,
2
N⊥

(B.3)

with
ozz ≡ 1 −

ωp2
.
ω

(B.4)

Notation of the WPDR in this bi-quadratic form was first proposed by Fidone [18]. Only around
the fundamental harmonic the coefficients are not a function of N⊥ . Taking more than one terms
in the Bessel function - which is necessary to find higher harmonic solutions - introduces more
terms that depend on N⊥ within the dielectric tensor  that cannot be divided out all at once.
In the case of pure perpendicular propagation we arrive at a degenerate solution where xz = 0
and yz = 0. The matrix can be split into terms for the ordinary mode (zz ) and terms for
the extraordinary mode ( xx , xy and yy ). In those separate cases we can obtain a reduced
bi-quadratic equation with coefficients A, B and C for the O-mode as:
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A≡0

(B.5a)

B ≡ −χzz

(B.5b)

C ≡ −ozz ,

(B.5c)
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and for the X-mode as:
A≡0

(B.6a)

B ≡ −xx

(B.6b)

C≡

−χ2xy

− xx yy .

(B.6c)

These degenerate solutions are convenient for evaluating the residue of a mode specifically in the
case of pure parallel wave propagation, where the complex (normalized) residue can be obtained
as:
D=

4
2
+C
AN⊥
− BN⊥
4
2 | + |C|
|AN⊥ | + |BN⊥

(B.7)

and is equal to zero in the case of a solution to the WPDR, without interference the mode that is
not of interest.
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