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Abstract
Micro-channels and micro-channel reactors are building blocks of many lab-on-a-chip devices.
However, mass transfer in these channels is traditionally limited to diffusion and mixing is
therefore slowly achieved. In this report we investigate in what situations mixing and reactor
performance can be improved by introducing staggered herringbone grooves in the microchannels by means of CFD-calculations.
To do so we expand existing studies on the mixing performance of the staggered herringbone
mixer for a large variety of flow conditions and some variations in essential shape parameters.
We study mixing using both Eulerian mixing indices and Lagrangian particle based methods like Poincaré sections and Finite Time Lyapunov exponents. The CFD calculations are
performed in OpenFOAM, but for the particle trajectories we develop a new method based
on isogeometric B-splines to obtain a solenoidal approximation of the flow field inside the
whole domain based on velocity data at the computational mesh. For this method an a priori error estimate is derived and verified. Our method is numerically stable and high order
approximations are straightforward to obtain. A disadvantage of our method is that exact
characterizations of the geometry is required. The mixing study shows that good mixing can
be obtained for three cycles at all feasible flow conditions and that mixing performance is
relatively insensitive to inlet velocities, diffusion constants and density variations within the
fluid. We furthermore find that introducing the grooves to a micro-channel does not increase
the pressure drop over the channel, neither does it increase the mean residence time of the
particles inside the channel significantly.
We then study iso-thermal second order reactions in both the bulk and in a wall catalyst in
the staggered herringbone mixer and compare the results with a channel without grooves. For
reactions taking place in the bulk, we identify a large domain of Peclet number (Pe > 103 ) and
diffusive Damköhler numbers (Dadiff > 5 × 102 ) for which a micro-channel with herringbone
grooves can achieve a yield of 90% (insert high yield) having a throughput of approximately
5 times larger than a reactor without grooves. Within this domain the staggered herringbone
grooves can thus significantly boost the performance of traditional micro-channel reactors. For
reactions taking place in the wall catalyst there is less potential gain since no-slip conditions
on the catalyst causes a region of bad mixing near the catalyst wall.
Our work helps scientists and engineers estimate whether introducing herringbone grooves
to their micro-channel reactor can enhance their reactor performance. This way, our work
contributes to the development of more effective micro-fluidic devices.
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Chapter 1

Company Introduction
Sioux Technologies is a multi-national technology company with a workforce of more than 700 engineers distributed over offices in the Netherlands, Belgium, Germany and China. The company
was founded in 1969 and its main office is located in Eindhoven. Sioux Technologies supports or
acts as the R&D department of leading high-tech companies in a large variety of markets including:
semicon, medical, telecom, automotive, analytics, image & printing, and agro & food. Because
Sioux has competence centers for software design, electronics, mechatronics, cloud computing, and
mathware it is able to support its clients in almost any stage of the design/production phase of
their high-tech systems.
This graduation project was performed at Sioux Mathware. Mathware here refers to the result of
the creative and pragmatic application of mathematics as technology. The main goal of this project
for Sioux was to acquire more experience with modelling reactive flows. Within the project I got
the opportunity to completely shape my own research. This report is the product of this endeavor.
Beijing Guanghe New Energy Technology Co., Ltd is one of the clients of Sioux mathware and
is developing a chemical reactor in which surface plasmon resonance on cobalt nano-structures is
used to form hydrocarbons from carbon dioxide, water and sunlight. In appendix B we discuss the
case in more detail and we apply some of our lessons learned to their reactor.
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Chapter 2

Project Introduction
In this chapter we introduce all necessary concepts to formulate the research question of this thesis.
We do so by first introducing micro-channel reactors in Section 2.1. We mention that mixing is
a common challenge in these reactors and discuss mixing in laminar flow in Section 2.2. We then
introduce the staggered herringbone mixer in Section 2.3. Having introduced all relevant concepts,
we present the aim of this research in 2.4. We conclude the introduction with a report outline in
Section 2.5.

2.1

Micro-channel Reactors

For a long time the chemist’s toolkit has predominantly consisted of macroscopic components
fabricated from glass [1]. However, with the rapid miniaturization of electronical circuits since the
invention of the transistor in 1947, new techniques like photolithography were developed to create
micro-structures with high spatial accuracy [2]. This development, together with the invention of
inkjet printers caused a growing interest in the field of micro-fluidics [3]: the study of fluid system
of width/height scale between 0.1µm and 100µm [4]. These micro-fluidic systems are characterized
by large surface-to-volume ratios and laminar flow conditions and bring several advantages over its
macroscopic counterparts: the use/production of small quantities of samples and reagents; short
times for analysis; small footprints for the devices; the ability to carry out separations and detections
with high resolution and sensitivity; and enhanced heat and mass exchange rates [5][6]. A key feature
in micro-fluidic systems is the integration of different functional units for reaction, separation and
detection in a channel network or lab-on-a-chip [7]. One of the fundamental building blocks of these
networks is the micro-channel or micro-channel reactor, which is the component under study of this
report.
A micro-channel reactor consist of a channel of sub-millimeter width/height and a length of a few
centimeters [8] (see Figure 2.1). Reagents are brought in at the entrance of the channel and react
to form the desired products. The reactor is often operated as a continuous flow reactor.
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Figure 2.1: A micro-channel reactor produced by the Pamme Group at the University of Hull [9].
Micro-channel reactors have successfully been applied for a variety of processes. Examples
include the synthesis of gel micro- and nano-particles for drug delivery [10][11][12]; various enzymatic
reactions [13][14][15]; DNA-sensing [16]; the methanization of carbon-dioxide [17]; and the FischerTropsch process [18]. However, a challenge in the the use of micro-channel reactors is mixing
[19][20][21]. Due to the small length scales typical Reynolds numbers Re are typically less than
100 (Re = ρU dh /µ, where ρ is the density of the fluid, U is the typical fluid velocity, dh is the
hydraulic diameter of the micro-channel, and µ is the dynamic viscosity of the fluid). This implies
that the flow in the channel is laminar in nature and that mixing mainly depends on molecular
diffusion. The lack of proper mixing in these micro-channels can significantly impact the reactor
performance, especially if the reactions are relatively fast and mass transfer is limiting [22][21]. In
this report we investigate whether we can improve existing micro-channel reactors by introducing
staggered herringbone grooves in the channels, thereby enhancing the mixing performance. To
introduce this idea we first introduce the reader to some notions of mixing in laminar flows, after
which we introduce the staggered herringbone mixer.

2.2

Mixing in Laminar Flows

In fluid flows, mixing occurs in three different ways: diffusion, turbulence, and chaotic advection
(stirring) [23]. Diffusion is an entropic force driving particles in a bulk fluid in the direction of the
concentration gradient [24]. Diffusion however, is often considered to be a slow process in most
chemical reactors and we may desire to accelerate the mixing using advection of the bulk fluid.
The classical way to do so is through turbulence: by imposing a high Reynolds number in a 3D
flow, we trigger the formation of a Kolmogorov energy cascade whereby large scale structures in
the advected scalar fields cascade into small-scale structures [25][26] [27]. These smaller structures
are then homogenized by molecular diffusion. However, as mentioned before, our micro-channel
reactors are characterized by low Reynolds numbers (Re < 100) indicating the absence of turbulent
transport.
Chaotic advection is a different way to generate small-scale structures in the spatial distribution
of advected fields, by using the stretching and folding property of chaotic flows [28]. Chaotic
flows are characterized by quickly evolving an initial distribution into a complex pattern of fractal
structure consisting of filaments or sheets with exponentially fast decreasing length scales [29].
8

This effect is purely kinematic and does not require high Reynolds numbers in the flow. This
makes chaotic advection an effective way to mix fluids in micro-fluidic systems [30]. If size of the
flow structures approaches
the Batchelor length lB they are smoothened out by molecular diffusion
p
again (where lB = D/λ, and D denotes the molecular diffusivity constant and λ denotes the
Lyapunov exponent, the stretching rate of the fluid filaments). It is however important to realize
that the stretching rate λ typically varies with both the spatial and temporal coordinates in the
flow, resulting the the coexistence of regions of good and bad mixing. Figure 2.2 illustrates this
principle by showing a picture from the textbook of J.M. Ottino et al [31].

Figure 2.2: Fluid mixing by chaotic advection in a rectangular cavity. First, the top wall of the
cavity moves from left to right, then the bottom wall moves from right to left. The initial condition
(left) and the condition after 10 periods (right) are presented in this figure. The image was obtained
from the textbook written by J.M. Ottino et al [31].
We see a rectangular cavity filled with glycerine, which is mixed by periodic movements of the
top and bottom walls. A blob of green and red dye are brought into the solution at the two different
locations shown in the left picture. Then first the top wall of the cavity moves from left to right
while the bottom wall is stationary. Next, the bottom wall moves from right to left while the top
wall is stationary. This is repeated 10 times, and the final mixing pattern of the dye is shown on
the right of Figure 2.2. After 10 periods, the red dye has spread throughout most of the domain.
The periodic motions of the cavity walls created a velocity field that caused the red dye to stretch
and fold in an chaotic manner whereas the green dye has not spread through the cavity much at
all. The red dye was initially placed in a chaotic region whereas the green dye was initially placed
in one of the regular regions, commonly refered to as Kolmogorov-Arnol’d-Moser (KAM) islands
[32]. Other regions of poor mixing in confined flows can often be found in the neighbourhood of
no-slip wall. Several studies showed that the idea of exponentially fast stretching fluid elements
breaks down when dealing with no-slip boundary condition and the presence of separatrices on the
walls [33][34][35][36]. Near the walls the hyperbolic nature of the flow disappears, resulting in a
decay flow structures that obeys a power law rather than exponential one [30][37]. These regions
are therefore often characterized by poor mixing.
We now discuss how we can practically create a chaotic velocity field inside a micro-channel
reactor, thereby introducing the staggered herringbone mixer.
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2.3

The Staggered Herringbone Mixer

Mixing in micro-fluidic systems can be categorized in two categories: active and passive mixing [31].
Active mixing uses an external energy source for stirring. Examples of these sources are: small
impellers [38], integrated microvalves/pumps [39], electric fields [40], or magneto-hydrodynamic
action [41]. In contrast, passive mixing abuses the energy of the flow itself to restructure a flow in a
way which results in faster mixing. Figure 2.3 illustrates some commonly used passive micro-mixers
for micro-channels. The advantages of these passive mixer geometries are that fabrication is simple,
they are easily operated, and the elements do not generate heat [42]. In this report we focus on the
staggered herringbone mixer which adopts the herringbone grooves as illustrated in Figure 2.3e.

Figure 2.3: Some commonly used passive micro-mixers for micro-channels: a) Mixing of two miscible
fluid streams under laminar flow conditions. The component mix only by diffusion, creating a
diffusive interface, b) zigzag-shaped channel for chaotic mixing at high Reynolds numbers [43],
c) three-dimensional L-shaped channel for chaotic mixing at intermediate Reynold numbers [44],
d) three-dimensional, connected out-of-plane channel for chaotic mixing at intermediate Reynold
numbers, and e) staggered-herringbone grooves for chaotic mixing at low Reynolds numbers [45].
The image is adopted from the image from the article of Demello et al [1].
The staggered herringbone mixer (SHM) introduced by by Stroock et al. in 2002 was one of
the first chaotic micro-mixers [45]. Ever since its invention the SHM has been a hot research topic
due to its mixing properties and simplicity. Indeed, Hama et al. illustrated that the SHM is effective at Reynolds numbers as low as Re = 0.01 [46], while the SHM can be readily manufactured
[47]. Figure 2.4 shows a more detailed illustration of the SHM. The SHM consists of half cycles
of grooves with two arms which are asymmetric and unequal in length. These arms are inclined
at an angle of 45◦ to the wall and 90◦ against each other, while the pattern interchanges every
half cycle of the herringbone. This alternation reorients the flow periodically in a similar fashion
as the canonical chaotic blinking vortex system introduced by Hassan Aref in 1984 [28]. That is,
the effects of individual half-cycles approximate lid-driven duct flow, a non-chaotic process, but the
reorientation of the circulating flow produces two counter-rotating vortices along the channel length
resulting in chaotic mixing [45][48][47]. The typical height and width of the channel is about 100
microns, but the exact measures, number of grooves per cycle and total number of cycles vary in
both experimental [45][48][49][47] and computational studies [50][51][46][52][53][54][55].
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If the flow direction is as illustrated in Figure 2.3, we speak of the original forward -staggered herringbone mixer (FSHM), whereas if the the flow direction is in the reversed direction (illustrated
in Figure 2.4) we speak of the reverse-staggered herringbone mixer (RSHM). When Kwak et al.
compared the two flow directions it it was concluded that there is no significant difference in mixing
efficiency between the forward and reverse configuration [56]. However, since the work of Hama et
al. [46] was one of the main inspirations for this research we adopted their RSHM geometry in our
study for validation purposes.

Figure 2.4: An illustration of the forward-staggered herringbone mixer of 3 half cycles. The image
is adopted from the work of Stroock et al [45].
Since its introduction the herringbone grooves were introduced in various lab-on-a-chip applications for reactive flows. Examples date back to 2004, where Xu et al. applied the grooves in
micro-channels to enhance the hybridization of nucleic acid [57]. Other applications come from
lipid nano-particle synthesis, where improved mixing in the channel resulted in particles of a more
uniform size [58][59]. In 2019 Wang et al. conducted a computational study to conclude that
introducing herringbone grooves could significantly enhance their micro-channel reactor for the
isobutane/1-butene alkylation process due to increased heat and mass transfer [21].

2.4

Aim of this Research

In the previous section we named a few papers demonstrating an improvement of micro-channel
reactor performance after the introduction of staggered herringbone grooves. However, all these
studies are performed under specific reactor conditions for specific reaction networks. The aim
of this study is to investigate the potential of reversed-staggered herringbone grooves for microchannel reactors in a more general setting using computational fluid dynamical (CFD) simulations
in OpenFOAM. That is, we first investigate the mixing performance of the reversed-staggered
herringbone mixer under various operating conditions, fluid properties, and reactor geometries. In
this study we generalize and expand the already exisiting mixing studies on the mixing performance
of the RSHM. We then determine for what combination of reaction time scales and operating
conditions the introduction of the reversed-herringbone grooves brings the most potential. For this
purpose we consider iso-thermal second order reactions both taking place in the bulk of the fluid,
and in a wall catalyst at the top wall of the reactor geometry. The results of this research can be
used by scientists/engineers who want to estimate whether a staggered herringbone reactor (RSHR)
would be an appropriate reactor type for their iso-thermal chemical process.
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2.5

Outline

We continue this thesis with our theory section. Conceptually, this section can be split in two parts.
The first part, chapters 3-5, can be viewed as a convenient summary of basic theory scattered over
various fields that is required to understand the new findings in this report. Chapter 3 gives a
brief introduction to the conservation laws applicable to the flows studied in this report. Chapter
4 is the chemical section of the report. There we introduce the reader to our chemical reaction
model; we derive the corresponding rate equations; and we introduce a catalyst model. Then, in
Chapter 5, we discuss the methods we use to study mixing. Some of these methods require us
to calculate particle trajectories of tracer particles in the flow inside our micro-channels. For this
purpose, we develop a novel method for calculating particle trajectories in incompressible flows
using a solenoidal approximation method to discrete velocity data, based on divergence conforming
isogeometric B-splines in Chapter 6. This Chapter finalizes the theory part of this report.
We then turn our attention to Chapter 7, which discusses the set-ups for our simulations in openFOAM.
Afterwards, we present the results of our study. We start this part with Chapter 8, which discusses the numerical accuracy of the methods applied in this report. In this chapter we both verify
the accuracy of the the simulations in OpenFOAM, and we investigate the properties of the novel
solenoidal approximation method. In Chapter 9, we present a mixing study of the RSHM in terms
of operating conditions, fluid properties, and reactor geometries. We conclude the results with a
parameter study to find under which conditions the RSHR outperforms an ordinary micro-channel
reactor in Chapter 10.
The main part of the report ends with Chapter 11, with a brief summary of the most important
conclusions of this work. We also give several suggestions for future research and summarize the
technological relevance of our work.
In appendix B a quick analysis of the chemical reactor of Guanghe is presented.
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Part II

Theory

13

Chapter 3

Fluid Transport and the Convection
of Reactants
In this report, we restrict ourselves to iso-thermal reactive flows of solutions with a liquid solvent.
We set up our model flexible enough to deal with particle-laden flows, given that the particles are
small enough and occur in low concentrations. Within these regimes we can now state a continuous
conservation of mass for all species (Section 3.1) and the conservation of momentum of the bulk
fluid (Section 3.2). These equations determine the density field ρ, the velocity field u, the pressure
field p, and the concentration fields of the species in our fluid. Note that since we assumed that
our flow is iso-thermal, we do not need the conservation of energy to fully describe the state of our
flow.

3.1

Mass Conservation

Let us consider a fluid defined in some spatial domain Ω ∈ Rd (d = 1, 2, 3) and time interval
t ∈ [0, tmax ) for tmax ≥ 0. Let S = {1, 2, ...} denote the index set of species in our solution where
the index S 3 i = 1 refers to the solvent. The density of the fluid ρ : Ω × [0, tmax ) → R+ can now
be written as the sum of the species densities ρi (x, t) with i ∈ S in the following way:
X
ρ(x, t) =
ρi (x, t).
(3.1)
i∈S

The species densities thus simply refer to the amount of mass of species i present in a certain
volume. These densities should not be confused with the standard densities of the species that can
be found in physical tables.
The differential form of the mass conservation for the individual species can now be stated as [60]:
∂ρi
+ ∇ · Fi = mi ri
∂t

i ∈ S,

(3.2)

where Fi : Ω × [0, tmax ) → Rd is the flux of the ith species, mi ∈ R+ is the molar mass of the ith
species, and ri : Ω × [0, tmax ) → R+ is the molar production rate of the ith species. We can now
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split the species flux Fi in an advective flux Fadv
= (ρi u) where u : Ω × [0, tmax ) → Rd is the mass
i
diff
average flow velocity, and an diffusive flux Fi such that:
∂ρi
+ ∇ · (ρi u) + ∇ · Fdiff
= mi ri
i
∂t

i ∈ S.

(3.3)

Since the solutions under consideration are relatively dilute we assume a diffusive flux of the ”Fick+
ean” form being: Fdiff
for i 6= 1 is the diffusion
i (x, t) = −Di (x)∇ρi (x, t), where Di : Ω → R
constant of the specimen i in the solvent, and where D1 (x) = 0.
Since we are dealing with liquid solvents at low Mach numbers, we can consider our fluid to be
incompressible [60]. This implies that: ∇ · u = 0. We note that we can expand the second term
of equation (3.3) using the product rule to obtain ∇ · (ρi u) = (u · ∇)ρi + ρi (∇ · u) = (u · ∇)ρi for
incompressible fluids. We can thus rewrite equation (3.3) to be:
∂ρi
+ (u · ∇)ρi − ∇ · (Di ∇ρi ) = mi ri
∂t

i ∈ S.

(3.4)

From now on, we refer to equation (3.4) as the conservation of mass.
In this report we can distinguish two types of species when it comes to their masses: species which
do not significantly contribute to the total mass density (ρi  ρ) and species which do contribute
to the total mass density (ρi ≈ ρ). Species of the first kind are in this report either solids or gases
dissolved at very low concentrations. For these species we write: ρi (x, t) = mi Ci (x, t), where Ci
now denotes the molar concentration. Equation (3.4) can then be rewritten in the following form:
∂Ci
+ (u · ∇)Ci − ∇ · (Di ∇Ci ) = ri ,
∂t

i∈S

(3.5)

which is the familiar advection-diffusion-reaction equation for concentrations in solvents. However,
in this report we also consider particle-laden flows. Inspired on reactor design of Guanghe (appendix
B), the particles represent metal catalytic nano-particles (diameter dp ≈ 0.1µm). In this case the
dissolved species i = p does contribute to the total mass density. In this report we restrict these
density variation up to 10%. Assuming that our particles are small and that there are multiple
particles present in a computational volume of our CFD-calculation we can apply volume averaging
to describe our particle-laden solution using a pseudo-continuous Eulerian approach [61]. We do
so by writing the density of the particles in terms of their volume fractions: ρp (x, t) = φp (x, t)ρ0p ,
where φp is the volume fraction of species p, and where ρ0p is the standard constant density of the
particle material. Equation (3.4) can then be rewritten in the following form:
∂φp
+ (u · ∇)φp − ∇ · (Dp ∇φp ) = 0,
∂t

(3.6)

and we obtain:
ρ(x, t) = φp (x, t)ρ0p + φ1 (x, t)ρ01 .
Note that we set rp = 0 in equation (3.6) since the particles function as a catalyst.
Within particle-laden flows, the diffusion constant Dp is a function of the particle volume fraction
φp and material properties. For a review on the relations between the two we refer the reader to
the work of Masaro et al [62]. Since we will use φp ≤ 0.01 throughout this report we can apply the
linear relation derived by Wang et al. for spherical nano-particles at low concentrations [63]:
D(φp ) = D(1 − 1.5φp ),
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(3.7)

where the Einstein relation D = kb T /3πdp µ gives a proper estimate for zeroth order diffusion constant scale for these nano fluids [64]. In this formula kb denotes the Boltzmann constant, T the
(constant) temperature, and µ the dynamic viscosity.
We conclude this section with considering the dimensionless form of (3.5). Let us consider a
flow through a channel with typical height H, with typical velocity U , and assume the diffusivity
constant of the species is typically equal to D. Let us define a typical reaction rate r and a typical
1 ˜
∇, Di = DD̃i , ri = rr˜i , Ci = C C̃i , and t = H
concentration C, and let us write u = U ũ, ∇ = H
Uτ
and let us multiply equation (3.5) by U/H to obtain:
∂ C̃i
˜ C̃i ) − 1 ∇
˜ · (D̃i ∇
˜ C̃i ) = Daadv r˜i ,
+ (ũ · ∇
∂τ
Pe
where Pe denotes the Péclet number given by:

i∈S

(3.8)

UH
,
D
and where Da denotes the (advective) Damköhler number given by:
Pe =

rH
.
U
These two dimensionless quantities determine the relative importance of diffusion, advection, and
reaction terms in our transport equation. They can be interpreted as the ratios of the typical
timescales of the three different mechanisms. If we associate with diffusion the typical time scale
2
1
τD = HD , with advection the time scale τA = H
U , and with the reactions the time scale τR = r ,
we observe that the Péclet number is τD /τA , whereas the advective Damköhler number is equal to
τA /τR . Note that in practice we often deal with complicated chemical reaction networks having
multiple characteristic reaction rates. Determining a single τR is then thus not immediately trivial.
We discuss this issue in more detail in our chemistry chapter 4. Also note that we made the choice
to scale the time in equation (3.8) with the advective time scale, whereas one of the other timescales was also a valid choice. The reason for this choice is that for our micro-systems, typically
the advective time scale is much smaller than the other two, so to properly resolve all phenomena
a scaling with τA is appropriate. The Péclet number is thus typically much larger than one and the
advective Damköhler number is typically much smaller than one. The diffusive Damköhler number,
being the ratio between the diffusive time scale and the reactive time scale is given by:
Daadv =

rH 2
D
also plays a significant role within this report. We will encounter this quantity in problems which
can be described by diffusion-reaction equations.
Since optimizing chemical reactors often boils down to finding which process (advection, mixing,
diffusion or reactions) limits the performance of the reactor, these dimensionless quantities are
playing a crucial role in the remainder of this report.
Dadiff =

3.2

Momentum Conservation

Assuming our fluid is in a uniform gravitational field with field vector g in the negative y-direction,
the momentum equation for a fluid is given by Cauchy momentum equation [60]:
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∂(ρu)
+ ∇ · (ρu ⊗ u) = −∇p + ∇ · σ + ρg
(3.9)
∂t
where u ⊗ u is the tensor product of velocity vectors, p is the pressure, and σ is the Cauchy stress
tensor. For the latter we apply the linear stress constitutive equation (for fluids) given by [65]:

σ = ζ(∇ · u)I + µ ∇u + (∇u)T − 32 (∇ · u)I ,
where ζ is the bulk viscosity, µ denotes the dynamic viscosity, and I is the identity tensor. Combining
this relation with the incompressibility condition we obtain the constitutive relation for a Newtonian
fluid:

σ = µ ∇u + ∇uT .
Substituting this relation in equation (3.9) results in the incompressible Navier-Stokes equation:
∂(ρu)
+ ∇ · (ρu ⊗ u) = −∇p + ∇ · (µ∇u) + ρg.
∂t

(3.10)

Parallel to the analysis in the section about mass conservation we apply the Navier-Stokes equations
in two different forms: one form for a dilute solution in which the total mass density is completely
determined by the mass density of the solvent; and the other form for particle-laden solutions.

3.2.1

Dilute Solutions

For dilute solutions the density ρ is a constant and we can divide equation (3.10) by this quantity
to obtain:
∂u
+ ∇ · (u ⊗ u) = −∇p̄ + ∇ · (ν∇u) + g,
(3.11)
∂t
where p̄ is the pressure divided by density and where ν = µ/ρ is the kinematic viscosity. To write the
incompressible Navier Stokes equation in the dimensionless form we perform the following scalings:
˜ p̄ = (νU/H)p̄˜, and a time scaling with the advective time scale: t = (H/U )τ .
u = U ũ, ∇ = 1/H ∇,
Equation (3.11) can then be rewritten in the following dimensionless form:


∂ ũ
˜ · (ũ ⊗ ũ) = −∇p̄˜ + ∇
˜ 2 ũ − Re ey ,
Re
+∇
(3.12)
∂τ
Fr2
where Re denotes the Reynolds number given by:
Re = U H/ν
and where Fr denotes the Froude number given by:
p
Fr = U/ gH.
Again, both dimensionless numbers can be interpreted as ratios of time scales. The Reynolds
number is the ratio between the viscous time scale τvisc = H 2 /ν and the advective time scale τA ,
whereas the Froude number is the square root of the ratio between the advective time scale and
gravitational time scale τg = U/g. When the Reynolds number is small, viscous dissipation rapidly
smears out velocity disturbances and the flow responds smoothly to the perturbation, resulting
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in laminar flow. On the contrary, when Re is large, viscosity has no longer a sufficient time to
damp fluctuations that may be amplified by the shear. The fluid becomes unstable and ultimately
turbulent when driven sufficiently far from equilibrium [66]. Due to the small length scales of our
micro channels, we only deal with flows of Reynolds numbers smaller than 100, resulting in laminar
flows.

3.2.2

Particle-Laden Solutions

Let us now consider a particle-laden solution with (catalyst) particles present in the solvent. The
density of the solution may now vary due to the presence of particles. It is now not immediately
clear whether an Eulerian approach to e.g. species density is appropriate. To quanitfy whether this
is the case we can calculate the dimensionless Stokes number St [67]. To understand this quantity
better, we consider the equation of motion of a particle with mass density ρp and a diameter dp in
terms of its velocity up . The particle field is present inside a flow field u and it experiences drag
and the influence of gravity. We leave other forces like added mass forces, slip-shear lift forces and
forces due to rotary motion out of the analyses. Using the Stokes drag formula and dividing by the
mass of the particle we obtain:
18µ
ρ
dup
=
(u − up ) − (1 − )gey .
2
dt
ρp d p
ρp

(3.13)

We can now identify a characteristic time scale of the particle τp = ρp d2p /18µ. If we now scale both
velocities with some typical scale U and scale time with the advective time scale H/U for some
typical length scale H of the flow we obtain:
dũp
(ũ − ũp )
ρ 1
=
− (1 − ) 2 ey ,
dτ
St
ρp Fr

(3.14)

where the Stokes number St denotes the ratio τp /τA . Note that given a static flow field ũ and
demanding that ũp (0) = ũp we can solve equation (3.14) to obtain:
ũp = ũ(1 − e−τ /St ) − (1 −

ρ St
ey .
)
ρp Fr2

The Stokes number thus describes how fast a particle equilibrates torwards the original stream
line. For our simulations the maximum Stokes number encountered is typically of order 10−6 and
St/Fr2 < 10−1 . We can thus conclude that ũp ≈ ũ such that the particles behave as tracer particles. Within this regime the two-phase flow can be accurately modeled as a single-phase flow
with modified properties (diffusivity constants, viscosity) [68]. We now consider the conservation
of momentum for this single-phase model.
For the simulations in this report we assume that the density variations with respect of the
mean are less than 10%. In this regime, we can apply the Boussinesq approximation [69][70]. In the
Boussinesq approximation, variations in fluid properties other than density ρ are ignored, and the
density is considered to be the constant solvent density in all terms in the Navier-Stokes equation
(3.10) except for the gravity term. In this term, density thus takes the form of: ρ = φp ρ0p +(1−φ1 )ρ01 ,
whereas in the other terms we only write the density of the solvent ρ01 . Again the subscripts p and
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1 denote the particles and solvent respectively. If we now divide the Navier-Stokes equation (3.10)
by ρ01 we obtain:
∂u
+ ∇ · (u ⊗ u) = −∇p̄h + ∇ · (ν∇u) + φp βg,
(3.15)
∂t
ρ0 −ρ0

where p̄h = p/ρ01 − g · x is the hydrostatic pressure, and β = pρ0 1 is a constant dimensionless
1
expansion coefficient.
Parallel to the diffusion constant, the kinematic viscosity ν is now a function of the particle volume
fraction φp and material properties. For a review on the relations between these quantities we refer
the reader to the work of Mishra et al [71]. Since we have φp ≤ 0.01 throughout this report we can
apply the relation derived by Einstein for spherical particles [72]:
ν(φp ) = ν(1 + 2.5φp ),

(3.16)

which is material independent because it only includes excluded volume effects.
To consider the dimensionless form of equation (3.15) we scale p̄h like p̄h = (νU/H)p̄˜h , scale
time again the advective time scale, and divide the equation by U 2 /H to obtain:


∂ ũ
˜
˜ p̄˜h + ∇
˜ · (ν̃ ∇ũ)
˜ − ReRiφp ey .
+ ∇ · (ũ ⊗ ũ) = −∇
(3.17)
Re
∂τ
Here, we encounter the Richardson number[73] given by:
Ri =

gβH
,
U2

which is is similar to 1/Fr2 in equation (3.12), but now represents the fraction of the advective
time scale to the buoyant time scale τB = U/gβ. Stated differently, the Richardson number represents the ratio of the buoyancy force, causing free convection to the flow shear, causing forced
convection [73]. For Ri  1, we may thus expect forced convection to dominate, resulting in the
natural unmixing of particle-laden flows. We simulate the effect of this natural unmixing inside the
reversed-staggered herringbone mixer later in this report.
Having formulated our equations of motion, we now turn our attention to chemical kinetics, elaborating on the chemical source terms in our diffusion-advection-reaction equations.
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Chapter 4

Chemical Background
In this chapter, we discuss the chemical theory applied in this report. We first briefly introduce
some basics concepts from of chemical kinetics in Section 4.1. Then we introduce the chemical
reactions and the corresponding rate equations considered in this report in Section 4.2. The set
of chemical reactions, sometimes referred as the chemical networks, can be constituted by a large
number of reversible elementary reactions governed by multiple time scales. This is for example the
case for the surface plasmon resonance enchanced conversion of carbon dioxide to hydrocarbons,
as performed by Guanghe (see Appendix B). However, since this complete reaction network is still
poorly understood we will restrict ourselves to a simple model network, loosely inspired by the
Guanghe reactor. In Section 4.3 we consider these reactions inside a flat wall catalyst at one of the
walls of micro-channel reactors. We derive and analyse a simple catalyst model for this situation.

4.1

Introduction to Chemical Kinetics

Let R denote the set of indices of the reversible reactions within a reaction network, such that the
network can be written in the following way:
X
i∈S

kjb

X

kjf

i∈S

f
−*
νi,j
Xi )
−

b
νi,j
Xi ,

j∈R

(4.1)

f
b
where νi,j
and νi,j
are the forward and backward stoichiometric coefficients of the ith species in
f
the jth reaction, kj and kjb are the forward and backward rate constants of the ith species in the
jth reaction, and where Xi is the chemical symbol of the ith species. The goal of kinetic theory is
to find an expression for the volumetric molar production rates ri , being the reactive source term
in our diffusion-advection-reaction mass conservation equation (3.4). In this report, we consider
Maxwellian production rates which can be obtained from the kinetic theory of gases in a reactive
kinetic framework where chemical characteristic times are larger than both the mean free times of
the molecules and the characteristic times of internal energy relaxation [74] . The molar production
rate is then given by [60]:
!
X
Y νf
Y νb
f
f
i,j
i,j
b
ri =
(νi,j
− νi,j ) kj
Ci − kjb
Ci
,
(4.2)
j∈R

i∈S
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i∈S

where again Ci denotes the molar concentration of species i. We note that the typical time scales
of the network are determined by the rate constants kjf and kjb . The forward rate constant is often
approximated with the modified Arrhenius equation [75]:
kjf = Aj T nj e

E

− RgjT

,

(4.3)

where T denotes temperature, Rg the gas constant and where Aj , nj and Ej are reaction-specific
constants. The constant kjb is related to kjf via the temperature dependent equilibrium constant
K(T ) = kjf /kjb . Since we consider iso-thermal flow and iso-thermal reactions, the reaction constants
and equilibrium constants are independent of spatial and temporal coordinates.

4.2

The Model Network for

Within this report we consider a reaction mechanism loosely inspired by the Guanghe case already
mentioned in Section 1 and discussed in more detail in appendix B. We consider catalytic microparticles having free reactive sites denoted by S ∗ on which a reactant A can adsorb and irreversibly
react to form product P . This network can thus be summarized as follows:
kf

kf

1
2
∗
−*
A + S∗ )
− AS −* S + P.

(4.4)

k1b

Note that within the context of SPR enhanced CO2 reduction on a cobalt catalyst (as applied
by Guanghe) we would obtain A = CO2 and S ∗ = Co within the first reaction. Indeed, several
authors verified that the adsorption of carbon dioxide to metals, and cobalt in particular, is often
successfully described by the first reaction in network (4.4) [76][77], also referred to as Langmuir
adsorption. In this context, the product P could denote some activated form of CO2 . Before deriving the rate equations we do want to note that the network (4.4) can be used to describe a wide
variety of other chemical processes. The model was originally proposed in 1913 by Leonor Michaelis
and Maud Menten to describe kinetics of an enzymatic reaction mechanism [78]. In this context,
the model describes an enzyme binding to a substrate to form a complex, which in turn releases a
product and the enzyme. Other applications of the network involve: the alveolar clearance of dust
in lungs [79], the richness of species pools [80], conversion of alcohol in blood [81], bacterial phage
infections [82], and ion channel conductivity [83].
Applying equation (4.2) to network (4.4), we obtain the following system of rate equations:
rA = −k1f CA CS ∗ + k1b CAS ,
rS ∗ = −k1f CA CS ∗ + k1b CAS + k2f CAS ,
rAS = k1f CA CS ∗ − k1b CAS − k2f CAS ,
rP = k2f CAS .
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If we assume to add significantly more of species A than S to the reactor, we can invoke the
Briggs–Haldane quasi-steady-state approximation, stating that the concentration of the intermediate complex does not change on the time-scale of product formation [84][85]. If we set rAS = 0
while realizing that CS = CS ∗ + CAS , where CS denotes the total concentration of reactive sites
(both occupied and unoccupied), we can solve for CAS and use the result to obtain the following
rate law for rP :
k f k f CA CS
,
(4.5)
rP = f 1 2
k1 CA + k1b + k2f
while concluding that rA = −rP . We note that for the absorption of CO2 on solids, that typically
a linear relationship is observed between concentration solid complex on the surface and the gas
pressure [86]. This implies that k1f CA  k1b or K1 CA  1, where K1 denotes the equilibrium
constant of the first reaction. This then results in the following approximate rate law for the
product:
kf kf
(4.6)
rP ≈ 1 2 f CA CS ,
k1b + k2
where k1f k2f /(k1b + k2f ) functions as an effective rate constant. Note that if k2f  k1b , we obtain
rP ≈ k1f CA CS , indicating that the reaction velocity is fully determined by the slow first reaction.
If k2f  k1b we obtain rP ≈ K1 k2f CA CS . We conclude this section by realizing that the total
site concentration CS can be related to φp the volume fraction of micro-particles in the bulk, as
introduced in Section 3.1. Assume the spherical micro-particles have a site density Σ and a diameter
dp , we easily obtain that:
6Σφp
,
CS =
dp NA
where NA denotes Avogadros number. Equation (4.6) then reduces to:
rP ≈ keff φp CA ,

(4.7)

where keff = 6Σk1f k2f /dp (k1b + k2f ). Note that we effectively brought down the kinetics to a simple
second-order reaction and that all chemical constants are lumped inside keff . Results obtained
within the report are thus applicable to all second-order reactions of this kind, making the scope of
the report rather general. The effective rate constant has dimensions 1/s and effectively determines
the reaction time scale of our system: τR = 1/keff .

4.3

The Model Reaction in a Wall Catalyst

Let us now consider the porous catalyst material with small pores to be present on a wall of the
mixer. We assume this catalyst layer to be of uniform composition and of uniform thickness Hcat .
We assume that the thickness of the catalyst layer is significantly smaller than the height of the
mixer channel. Let us subscript all quantities related to species A and P with i ∈ {A, P } and let
us superscript all quantities in the catalyst and channel with s and l respectively (s for solid and
l for liquid). We furthermore define the normal vector n to point from the solid to the liquid. We
can then write the following stationary equations for the concentrations of the species A and P in
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the domain of the catalyst Ωs :

s 2 s
s
CA
in Ωs

−Di ∇ sCi = −keff,i
l
l ∂Ci
l
s
i
. −Dis ∂C
∂ns + Di ∂n = hi (Ci − Ci ) at y = 0


∂C
−Dis ∂ni = 0
at y = −Hcat ,
where keff,A = keff = −keff,P . For the species in the channel domain Ωl we have:


in Ωl
(u · ∇)Cil − Dil ∇2 Cil = 0



Ds ∂Cis − Dl ∂Cil = h (C l − C s ) at y = 0
i
i ∂n
i ∂n
i
i
.
l
l ∂Ci

=
0
at the walls and outlet
D

i ∂n


C l = C l,inlet (y, z)
at the inlet
i
i

(4.8)

(4.9)

where we applied the equation of mass (equation (3.5)) in the bulk, used that φp = 0.0 in the
channel and that φp = 1.0 in the catalyst, assumed the diffusion coefficients to be constant, and
where hi denotes the mass transfer coefficient between the solid and the fluid. The velocity field
u is calculated using the Navier-Stokes equations (3.10). The boundary condition at y = −Hcat
expresses that no mass flux is possible through the bottom of the catalyst, whereas the boundary
condition at y = 0 expresses that the net mass flux at the interface is of a law similar to Newton’s
law of cooling [87].
A simple visualization of the geometry and all relevant quantities is presented in Figure 4.1.

Figure 4.1: A simple visualization of the channel-catalyst geometry and all relevant quantities
For the remainder of this chapter, we assume that the species A and P have the same transport
s
l
properties (DA
= DPs =: Ds , DA
= DPl =: Dl , and hA = hP =: h). This could correspond with a
situation where P denotes activated form of the some molecule A.
Now, the diffusion constants inside the catalyst Ds can be related to the diffusion constant inside
the fluid Dl by [88]:

Ds = Dl ,
(4.10)
τ
where  denotes the catalyst porosity and τ denotes the catalyst tortuosity. The correction factor
reflects decrease/increase in diffusion lengths within the porous material. Typical values for catalyst
bed porosities vary between 0.5 and 1.0, where tortuosity factors typically range between 2.0 and 8.0
[89]. The typical diffusion constant inside the catalyst layer is thus typically an order of magnitude
smaller than the diffusion constant in the fluid. Furthermore, correlations have been established for
the mass transfer coefficient for forced convection over a flat plate. Let us introduce the Schmidt
number:
ν
Scl = l
D
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and the Sherwood number:

hHcat
.
Dl
Note that the Schmidt number and Sherwood number show close resemblance to the Prandtl and
Nusselt number from the field of heat transport respectively. Again, these dimensionless numbers
can be interpreted as ratio of time scales. The Schmidt number denotes the ratio between the
mass diffusive time scale and the momentum diffusive time scale, whereas the Sherwood number
denotes the ratio between the mass diffusive time scale and the time scale of forced convective
mass transfer. Note that we sub-scripted the Sherwood with the characteristic length scale. We
will adopt this notion frequently in this report if several length scales are present within our system.
ShlHcat =

We estimate the correlation between Shlx , Scl , and the Reynolds number Rex where x denotes
the distance along the channel. The correlation for a for a flat plate for forced convection is given
by [90]:
1

1

Shlx = 0.664Rex2 Sc 3 ,

(4.11)

as long as the flow is laminar.
Having specified all relevant constants, we could now solve the coupled system of equations
in the channel and the catalyst using computational methods. However, we take a semi-analytical
approach in this report. We note that the length scale of the concentration variations in the catalyst
along the y-direction is Hcat , being much smaller than the length scales in the directions parallel
to the plane. Scaling y with Hcat and x and z with a characteristic length of the channel (e.g.
˜ 2 C s ≈ d22 C s up to second order in Hcat /dh  1.
the hydraulic diameter dh ) we obtain that: ∇
i
i
dỹ
Neglecting the second order terms is a commonly used approximation in catalyst theory since its
introduction by Aris et al [91]. With this assumption we can now derive the analytical solution of
concentration profiles in the catalyst, given given Cil and ∂y Cil at the channel/catalyst interface.
s
+ CPs . We do so, because
Let us again scale y with Hcat and let us scale the concentrations with CA
s
+ CPs
we obtain from summing (4.8) over the species A and P in the catalyst (−1 ≤ ỹ ≤ 0) that CA
is a independent of y. To be precise, we can invoke the boundary condition at y = 0 to conclude
that:
s
l
CA
+ CPs = CA
+ CPl .
s
s
With this scaling we obtain: C˜A + C˜P = 1 by definition.
system of ordinary differential equations:
 d2
s
s
− dỹ2 C˜A = −Φ2 C˜A


 d2

− 2 C˜P s = +Φ2 C˜A s
dỹ
s
l
.
1 dC̃i
1 dC̃i
l
s


Shs dỹ − Shl dỹ = (C̃i − C̃i )


s
 dC̃i
dỹ = 0
1

System (4.8) can now be written as a
in Ωs
in Ωs
at y = 0

(4.12)

at y = −1

where Φ = (keff Hcat /Ds ) 2 is the square root of a diffusive Damköhler number, in this context
often referred as the Thiele modulus [92]. We can now easily solve this boundary value problem
obtaining:
l
l
Shs
∂ C˜ + Shs C˜A
s
Shl ỹ A
˜
CA (x, y, z) =
cosh (Φ(y + 1)),
(4.13)
Shs cosh (Φ) + Φ sinh (Φ)
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and:
s
C˜P (x, y, z) = 1 −

l
Shs
∂ C˜
Shl ỹ A
s

l
+ Shs C˜A
cosh (Φ(y + 1)).
Sh cosh (Φ) + Φ sinh (Φ)

(4.14)

s
s
s
s
l
l
Figure 4.2 plots C˜A = C˜A (y) and C˜P = C˜P (y) for the case that ∂ỹ C˜A = 0, C˜A = 0.7 and
l
C˜P = 0.3 for various Φ and Shs . Note that for decreasing Shs there is a larger concentration jump
at the catalyst/channel interface since species only slowly pass from channel to catalyst (species A)
or from catalyst to the channel (species P ), resulting in relatively large concentrations of species
P in the catalyst. This effect is strengthened for larger Thiele moduli, because product P is then
faster produced.

Figure 4.2: The scaled concentrations in the catalyst versus the scaled vertical coordinate for various
Sherwood numbers and Thiele moduli
Given the concentration fields inside channel, we can calculate the concentration profiles in the
catalyst exactly. This brings computational advantages over solving the conservation laws in both
channel and catalyst numerically. We discuss this topic in more detail in Appendix A.2.4.
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Chapter 5

Characterizing Mixing
Having introduced all relevant equations within our CFD-model, we now introduce mixing measures
to characterize mixing. In the context of chemical reactors, one often wants to maximize the rate of
mixing of a fluid. In the simplest setting, this means that we want to reduce as much as possible the
time it takes for diffusion and advection to homogenize an initially inhomogeneous distribution of a
scalar field. In the scientific literature, there is a wide variety of both qualitative and quantitative
measures to study this rate of mixing. Reviews on this topic are the works of Aref et al. [30] and
Wen et al [93]. In this chapter, we do not attempt to review the large set of mixing measures
known in the literature. We rather discuss the underlying theory of mixing measures that support
the main conclusions of our work.
The first subsection of this chapter discusses metrics based on Lagrangian particle transport:
Poincaré sections and Lyapunov Exponents. The second subsection presents a mixing index based
on the diffusion-advection operator, being an Eulerian approach.

5.1

Poincaré Sections and Lyapunov Exponents

Since Hassan Aref linked mixing and chaotic dynamical systems [28], both Lyapunov exponents
and Poincaré sections have been used extensively to study mixing [94]. These methods can be used
to identify which regions of a certain flow field is mixed chaotically, thereby giving additional and
more local information than the global mixing indices that we will introduce in the next section.
However, since both Poincaré sections and Lyapunov Exponents are calculated using trajectories
of tracer particles, these methods only characterize kinetic mixing. We introduce both Poincaré
sections and Lyapunov Exponents in an intuitive manner, making links to mixing along the way.
For a formal approach from a dynamical system theory point of view, we refer the reader to the
work of Leonard et al [95].

5.1.1

Poincaré Section

Given some velocity field u : Ω × [0, T ) → Rd , for Ω ⊂ Rd , and T ≥ 0 the dynamical system
describing the trajectory x(t) of some particle in the flow can be written as:
ẋ(t) = u(x(t), t).
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(5.1)

A Poincaré map can then be used to study the system by introducing a new mapping of lower
dimensionality often using some form of periodicity [96]. Within the context of passive mixers this
periodicity is often geometrical, so our mixer often consists of a few mixing cycles of some fixed
length. Let S ⊂ Rd−1 be a transverse section at the end of the mixing unit. Then, the (discrete)
Poincaré map P : S → S is a mapping from S in itself, obtained by following trajectories from one
intersection with S to the next. If xn ∈ S denotes the nth intersection, the Poincaré map is defined
by
xn+1 (t) = P (xn , t).
(5.2)
The concept is illustrated in Figure 7.1. Studying the Poincaré map of a mixer allows one to gain
insight in the mixing mechanisms of the flow. It can for example demonstrate which regions of the
mixer cross section are and are not visited frequently by the tracer particles.

Figure 5.1: An illustration of how the trajectory maps to a Poincaré section.

5.1.2

Lyapunov Exponents

The majority of this section is based on the lecture notes of Michael Cross from his course Introduction to Chaos taught at Caltech [97].
Given the same dynamical system (5.1) we can now study stretching of a fluid element by comparing
the distance of some trajectory x(t) starting from x(0) with a neighbouring trajectory starting from
initial conditions x(0), displaced by a infinitesimal vector: x(0) + δx(0) with ∆(0) = |δx(0)|  1.
In non-chaotic flows, the distance ∆(t) between the reference trajectory and perturbed ones either
remains bounded or increases algebraically. In unbounded chaotic flows it grows, by definition,
exponentially for large time:
∆(t) ∼ ∆(0)eγt ,
where γ is the local exponential rate of expansion. The Lyapunov exponents {λi }di=1 of some
d−dimensional flow give the exponential rates of the stretching of a fluid element in various orthogonal directions and thereby capture the intuitive notion of this exponential scaling. To introduce
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the exponents formally, we study the distance dx(t) between the two particles now infinitesimally
close to each other. Using equation (5.1) we can derive its equation of motion to be:
dẋ(t) = ∇u(x, t)dx.

(5.3)

We now introduce the matrix A(x(0), t) = [w1 (x(0), t)| . . . |wd (x(0), t)] containing the independent
vectors {wj }dj=1 spanning the tangent space to the curve as:
(Aij (x(0), t)) =

∂xi (t)
,
∂xj (0)

(5.4)

such that A(x(0), t) satisfies the following evolution equation:
Ȧ(x(0), t) = ∇u(x(t), t)A(x(0), t).

(5.5)

Roughly, the eigenvalues of A(t) for large t are eλi t . The existence of the appropriate limits is
known as Oseledec’s multiplicative ergodic theorem [98]. Loosely speaking, the theorem says that
1) for almost any initial point x(0) there exists an orthonormal set of vectors vi (0), 1 ≤ i ≤ d such
that the limit:
1
(5.6)
λi (x(0)) = lim ln (||(A(t)vi (0))||),
t→∞ t
exists, 2) that for ergodic systems the λi do not depend on the initial point, and 3) that the λi (x(0))
can be calculated as the log of the eigenvalues of the matrix:
1

lim (A(x(0), t)∗ A(x(0), t)) 2t ,

t→∞

where A∗ (x(0), t) is the conjugate transpose of A(x(0), t). The vectors vi (0) are thus eigenvectors
of the matrix A(x(0), t)∗ A(x(0), t). From now on, we label the Lyapunov exponents such that
λmax = λ1 ≥ λ2 ≥ . . . ≥ λd .
An important consequence of the Oseledec theorem concerns the expansion rate of k-dimensional
volume of the parallelepiped spanned by the k independent tangent vectors w1 (x(0), t), w2 (x(0), t), . . . , wk (x(0), t):
Volk (x(0), t) = Vol[w1 (x(0), t), . . . , wk (x(0), t)]. That is, the volume-rate of expansion/contraction
is determined by the sum of the first k Lyapunov exponents [99]:
k
X
i=1

1
ln
t→∞ t

λi (x(0)) = lim




Volk (x(0), t)
.
Volk (x(0), 0)

This equation shows that the maximum exponent can be calculated by taking k = 1:


∆(x(0), t)
1
.
λmax (x(0)) = lim ln
t→∞ t
∆(x(0), 0)

(5.7)

(5.8)

The maximum Lyapunov Exponent (MLE) captures the intuition presented in equation (5.1.2). A
positive MLE is usually taken as an indication that the system is chaotic, whereas A.M. Lyapunov
proved that if the system of the first approximation is sufficiently regular and its MLE is negative,
the solution of the original system is asymptotically (Lyapunov) stable [100].
In most mixing studies however, the limit in equation (5.8) converges slowly [55][101], and so
most mixing studies focus on the Finite Time Maximum Lyapunov Exponent (FTMLE) [102][53][103][104].
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An extra advantage is that even for ergodic systems the finite time exponents depend on the intial
position of the particles. Their spatial dependence can then be used to study regions of (non-)chaotic
mixing [104]. In this thesis we adopt the method of Xia et al. based on Poincaré sections to obtain
information about the FTMLE of the field [103]. Since it is a classical result that the Lyapunov
exponents of a flow {λi }di=1 are proportional to the exponents of the a corresponding Poincaré map
{λ̂i }di=1 [99], we can study the exponents of the map to study the sign of the exponents of the flow.
The MLE of a differentiable discrete map P can obtained from equation (5.8) to be:
n−1
1X
ln |P 0 (xi )|.
n→∞ n
i=0

λ̂max (x0 ) = lim

(5.9)

The FTMLE in a mixer is then approximately given by:
λ̂(x0 , n) ≈



n−1
|δxn+1 |
1X
ln
,
n i=0
|δxn |

(5.10)

where δxn denotes the distance between two particles in a pair on a section and where we evaluate
the sections at the end of every mixing cycle. Note that for the analysis above to hold it is important that ∆(0) is small enough for equation (5.3) to approximately hold numerically. Also, note
that for our application in mixers particles trajectories our bounded by the channel walls such that
distances between trajectories can grow exponentially only for a limited amount of time. Applying
equation (5.10) we thus underestimate FTMLE at higher section numbers. To solve this problem
Wolf et al. proposed a method to reset the distance between two particles if the distance exceeded
some maximum particle pair distance threshold ∆max [105]. Using this idea we obtain the following
improved final algorithm for determining the FTMLE at the end of the mixer units.
We distribute (fiducial) particles uniformly over the mixer entrance at locations xi (0) for every
particle number i and attach to every particle a partner particle close to the fiducial particle, at
a random location within a distance of ∆start . We then track the distance between the particles
within the pairs over the movement through the mixer. Every time the distance between a particle
pair in the cross sectional plane gets larger than some maximum distance ∆max , a particle within
the pair is again placed at a random position at a distance of ∆start from the fiducial particle.
Within this report we use the value ∆max = Hchannel /2 being the value used by Sarkar et al. for
studying the SHM [106]. Let us consider the set of events consisting of 1) both particles of the
pair have reached the end of a mixing cycle and 2) the particle pair is resetted for reaching the
maximum particle distance. Let m denote the event number and let xi,m denote the distance along
the mixer at which a certain event takes place for some particle i. We then calculate the FTMLE
in the same spirit as equation (5.10) at the location x(0) on the section and coordinate xm along
the mixer as follows:


m−1
1 X
1
|δxj+1 |
λ̂(x(0), xm ) ≈
ln
,
(5.11)
m j=0 xj+1 − xj
|δxj |
where the factor 1/(xj+1 − xj ) takes into account that the events are not equally spaced along the
mixer. Note that λ̂(x(0), xm ) now has units one over length and can thus be interpreted as the
inverse of a typical mixing length.
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Figure 5.2: A visual example of Wolf’s approach for calculating Finite Time Maximum Lyapunov
Exponents. We start our particle pair at x0 at a distance ∆start at the entrance of the mixer
and evaluate the Poincaré sections every mixer length (at x1 and x3 in this example). At x2 the
distance between the particles within the pair exceed the maximum distance of ∆max and so one of
the particles is set to a random distance of distance ∆start away from the fiducial particle.

5.2

Mixing Indices

Since mixing in laminar flows is caused by both kinetic mixing and diffusive mixing we cannot give
a full account of the mixing using Lagrangian particle methods only. This section briefly discusses
Eulerian mixing measures: measures quantifying the mixing of solutions based on the concentration
fields C = C(x, y, z, t) described by the diffusion-advection equation (3.8) [30]. Given some section
S, a mixing measure MS (x, y, z, t) is a function of this concentration distribution over the section. A
common distinction in these mixing measures is the order of the particular statistic [30]. First-order
mixing measures provide information related to the concentration distribution calculated over this
section as a whole. That is, a single number is attached to the particular section at some moment
in time. Second-order statistics on the other hand, give information about the correlations of the
concentration over the section, and thus vary over the section S. In this report we focus on first
order statistics, or mixing indices only. Intuitively, the value of this index corresponds with the
statistical dispersion of the concentration distribution over the section S. If the mixing index is
low we expect a concentration distribution of low variability, whereas high mixing indices denote
distribution with a high spread. Mixing indices are therefore often closely linked to measures of
dispersion in statistics.
Within the field of micro-fluidics, three mixing indices are especially prominent: the average absolute deviation [107], (one minus) normalized standard deviations (or intensities of segregation)
[21][108][109], and entropy [46][110][111]. These measures all capture the dispersion of the concentration profiles and for many distributions relations exist between them. For example, for the
normal distribution the (differential) entropy scales with the log of the variance of the distribution. In this work, we focus on the entropy since Paul E Smaldino convincingly argued that for
multi-modal distributions entropy better captures the dispersion than average absolute deviation or
variances can[112]. Since our concentration profiles are multi-modal in nature, we pick the Shannon
entropy as our mixing index. The Shannon entropy was introduced by Claude Shannon in 1948[113]
and captures the average information content of some random variable. In 2006 it was used for the
first time in the context of mixing by Camesasca et al [110]. Suppose we know N concentration
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values CSi (t) spread over our section S for i = 1, . . . , N by means of a simulation and suppose that
CSi (t) is scaled such that 0 ≤ CSi (t) ≤ 1. The mixing index based on the Shannon Entropy over the
section S is then given by [110]:
MS (t) =

N
1 1 X
[−C̃Si log(C̃Si ) − (1 − C̃Si ) log(1 − C̃Si )],
log(2) N i=1

(5.12)

where the index is normalized with log(2) to make it range between 0 (perfect segregation) and 1
(perfect mixing). We use this mixing index throughout the remainder of this report.
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Chapter 6

Calculating Particle Trajectories in
Incompressible Flows
To calculate Poincaré sections and Lyapunov exponents introduced in Section 5.1, we need to
calculate trajectories of particles inside the flow of the micro-channel reactors. However, our CFDsimulations based on the finite volume method only calculates velocity data on the computational
mesh. This chapter deals with how to calculate particle trajectories in such incompressible fields,
which are only known at a discrete set of locations in space.
Several studies have shown that to accurately calculate particle trajectories in three-dimensional
incompressible flows it is best to apply numerical schemes that explicitly enforce the zero divergence condition on the flow between the grid points of your CFD-simulation [114][115][116]. This
is especially true for flows in which chaotic regimes are separated from regular regimes (near walls)
[117], which is particularly relevant for studying micro-mixers. If not taken into account properly
the spurious non-zero divergence of the velocity field leads to inaccurate particle trajectories. In
our work, these inaccurate trajectories obtained from standard tools (linear data interpolation and
Runge-Kutta-Fehlberg 45 integrators implemented in Paraview), resulted in particles penetrating
the mixer walls.
In general, there are two ways to take the divergence-free (or solenoidal ) nature of the velocity field
into account: by applying volume conserving integrators, or by finding a solenoidal approximation
for the velocity field on the whole domain and integrate this scheme with standard time integration
techniques [116]. In this report, we take the latter approach: we compute a solenoidal approximation of the underlying velocity field based on discrete field data. This problem can be interpreted as
performing a Helmholtz decomposition of a sampled vector field [118]. We note that this problem is
common not only in fluid dynamics, but also in electromagnetics, computer graphics, and imaging
[119]. Because of the common occurrence of the problem solutions have been developed in various
scientific disciplines. For a good overview of the various methods we would like to refer the reader
to the review article of Bhatia et al [120].
The general steps of our new method consist of first interpolating the discrete velocity data on the
whole domain and then solving a minimization/projection problem to find a solenoidal field closest
to this interpolation function using a (mixed) finite element method (FEM). In this report, we
solve the resulting mixed weak formulation of the minimization problem on divergence-conforming
B-splines elements developed by Buffa et al. in 2010 [121]. In their paper the authors solved
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two-dimensional Maxwell problems using isogeometric analysis. In several papers Buffa’s PhD candidate John Grover Evans constructed similar compatible velocity-pressure function spaces in a
mixed finite element approach to solve the Darcy-Stokes-Brinkman equations [122] and the (un)steady Navier-Stokes equations [122][122], satisfying the incompressibility condition analytically.
These function spaces are therefore ideal for solving Helmholtz decomposition problems. Up to our
knowledge, they have not been applied in this context yet. The mathematical novelty of this report
therefore lies in the application of the divergence-conforming B-splines elements to this particular
problem.
We do realize that our approach of first interpolating the data and then performing the projection
onto these spaces may to some readers occur as indirect. Why not directly perform the projection
onto the B-spline spaces using the field values at the data points as constraints? In section 11.2,
we address the challenges and some solutions of these more direct method in our suggestions for
further research.
Our approach of first reducing the projection problem to a weak formulation does have several
advantages. The first advantage is that within the mixed FEM context Buffa et al. proved stability conditions [121] that can now directly be translated to our method. The second advantage
is that there already exist FEM Python libraries in which the divergence conforming B-splines are
relatively easy to implement. For this purpose, we ourselves used the python library Nutils [123].
The remainder of this chapter consists five parts: in Section 6.1 we establish some basic mathematical concepts and notations required for understanding the remainder of this chapter. In Section
6.2, we illustrate how finding a solenoidal approximation is related to a mixed finite element problem. Then, we introduce the isogeometric divergence conforming B-spline spaces in Section 6.3.
In Section 6.4 we derive an a priori error estimates for our solenoidal approximation. Lastly, we
provide a summary of this chapter in Section 6.5.

6.1

Notation

We begin this chapter with some basic notation. The notations are adopted from the textbook of
Evans on partial differential equations [124]. For d a positive integer representing dimension, let
Ω ⊂ Rd denote an arbitrary bounded Lipschitz domain with boundary ∂Ω. Let Lp (Ω) (1 ≤ p < ∞)
denote the function space of measurable functions for which the p-th power of the absolute value is
Lebesgue integrable, and let Lp (Ω) denote (Lp (Ω))d . The Lp (Ω)-norm of some u ∈ Lp (Ω) is then
defined as:
Z

1/p

|u|p2 dx

||u||Lp (Ω) =

,

Ω

where |.|2 denotes the Euclidean norm for the remainder of this report. We note that for p = 2 this
space is a Hilbert space which is attached with the following inner product:
Z
(u, v)L2 (Ω) = (u · v)dx.
Ω
d

Given some function u : Ω → R we denote its derivatives with respect to some vector of non
negative integers α = (α1 , . . . , αd ) with:
Dα u(x) =

∂ |α| u(x)
α1
αd
αd = ∂x1 . . . ∂xd u,
1
∂xα
1 . . . xd
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where |α| = α1 + . . . + αd and where the derivatives can be either weak or strong. We now define
the Sobelev spaces W k,p (Ω) to consist of all locally summable functions u : Ω → R such that for
each multi-index α with |α| ≤ k the function Dα u exists in the weak sense and belongs to Lp (Ω).
Within this chapter we solely deal with the function spaces for p = 2 and so we conveniently write
W k,2 (Ω) = H k (Ω), which is a Hilbert space. Furthermore, we write Hk (Ω) = (H k (Ω))d . If k = 0,
we will remove the superscript in the Hilbert spaces. Note that in this case we have for example
that H(Ω) := H0 (Ω) = L2 (Ω).
With Hk (Ω) we identify the standard Sobolev norm given by:
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||u||Hk (Ω) = 

X

||Dα u||2L2 (Ω)  .

|α|≤k

Since we want to consider divergence free fields we define Hk (div; Ω) to be the Sobolev space of
all functions in Hk (Ω) whose divergence belongs to H k (Ω). This space is then equipped with the
norm:

1
||u||Hk (div;Ω) = ||u||2Hk (Ω) + ||div(u)||2H k (Ω)

2

.

We naturally define function space containing functions in Hk (div; Ω) having a divergence of zero
as:
Hk (div0 ; Ω) = {u ∈ Hk (div; Ω) : div(u) ≡ 0}.
Having defined the relevant function spaces, we now briefly introduce the notion of Gateaux
derivatives, being directional derivatives of functionals from the Banach spaces above to the real
numbers [125]. Let L : X → R denote some functional, where X denotes one of the Banach function
spaces mentioned above and let U ⊂ X be open. Then, the Gateaux differential at u ∈ U in the
direction v ∈ X is defined as:
L(u + τ v) − L(u)
d
=
L(u + τ v)
τ →0
τ
dτ

∂u L(u)(v) = lim

.

(6.1)

τ =0

If the limit exists for all v ∈ X, then one says that L is Gateaux differentiable at u.

6.2

Solenoidal Approximations and Mixed Finite Element Problems

Let us consider some Lipschitz domain Ω ⊂ Rd for d ≥ 1, some finite discrete set X = {xi }i=1,2,...,n ⊂
Ω and some velocity data D : X → Rd . We can now formulate the problem of finding a divergence
free function u approximating the data D as the following minimization problem:
inf 0

u∈H(div

1 X
|u(x) − D(x)|22 ,
;Ω) 2

(6.2)

x∈X

where |.|2 indicates the Euclidean norm.
However, problem (6.2) is only loosely constrained and no unique solution exists. There are various
ways to go about this problem, but here we decide to interpolate the velocity data into the domain
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using some interpolating function ID ∈ L2 (Ω) s.t. ID |X ≡ D such that we can reformulate the
minimization problem in an integral form:
inf

u∈H(div0 ;Ω)

1
||u − ID ||2L2 (Ω) .
2

(6.3)

The resulting approximation u∗ is thus a projection of the function ID on the function space
H(div0 ; Ω). We realize that this projection can be interpreted as the Helmholtz decomposition of
the vector field ID [118]. We note that for a solution u∗ to the problem it does not necessarily
holds that u∗ |X = D. The resulting field u∗ is therefore an solenoidal approximation to the velocity field sampled on X but not an interpolation. In our context this is not necessarily a bad
property since our velocity data is obtained from simulations containing discretization errors. As
long as this approximation error is smaller or equal to the discretization error in our simulations
our approximation method can be considered good enough. We discuss this issue further in Section
6.4.
The advantage of our approach of reformulating our problem in an integral form is that this
problem can be tackled with standard tools from the FEM-community. To derive the stationary
conditions for this constrained minimization problem we define the Lagrangian function as follows:
L(u, pL ) =

1
||u − ID ||2L2 (Ω) + (pL , div(u)L2 (Ω) ,
2

where the function pL ∈ L2 (Ω) is a Lagrange multiplier. Now,
strained optimization that solutions of the saddle point problem
tion: inf u∈H(div;Ω) suppL ∈L2 (Ω) L(u, pL ) are also solutions to the
tion problem given by (6.3) [126]. Solutions to the former can
(u, pL ) ∈ H(div; Ω) × L2 (Ω) such that:

it is a standard result in congiven by the Lagrangian funcoriginal constrained optimizabe obtained by finding tuples

∂u L(u, pL )(v) = (u − ID , v)L2 (Ω) + (pL , div(v))L2 (Ω) = 0
for all v ∈ H(div; Ω) and:
∂pL L(u, pL )(q) = (q, div(u))L2 (Ω) = 0,
2

for all q ∈ L (Ω). This system can be written in the standard form:
(
(u, v)L2 (Ω) + (pL , div(v))L2 (Ω) = (ID , v)L2 (Ω) ∀v ∈ H(div; Ω)
.
(q, div(u))L2 (Ω) = 0
∀q ∈ L2 (Ω)

(6.4)

which is now in the form of a mixed weak formulation. We note that the mixed problem given by
(6.4) can also be obtained from the following boundary value problem [127] similar to the Darcyproblem:


u = ∇pL + ID in Ω
. ∇·u=0
(6.5)
in Ω


pL = 0
in ∂Ω
where we relate the first equation to the Helmholtz decomposition of ID into a part that is
divergence-free u and a part that is curl-free ∇pL .
The existence and the uniqueness of the solution of the problem (6.4) can be proven using the
Ladyzhenskaya–Babuška–Brezzi conditions [128]. This condition states that:
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Theorem 6.2.1 The Ladyzhenskaya–Babuška–Brezzi conditions:
Let V and Q be Hilbert spaces and let a : V × V → R, b : V × Q → R be bilinear forms. Let f ∈ V ∗ ,
g ∈ Q∗ , where V ∗ , Q∗ are dual spaces and let us define the following saddle point problem: find a
pair (u, pL ) ∈ V × Q such that for all (v, q) ∈ V × Q holds that:
a(u, v) + b(v, p) = hf, vi
b(u, q) = hg, qi.
If a and b are both continous bilinear forms and if a is coercive on the kernel of b:
a(v, v) ≥ C||v||2V
for all v such that b(v, q) = 0 for all q ∈ Q and if the inf-sup or Ladyzhenskaya–Babuška–Brezzi
condition holds:
b(v, q)
inf sup
≥ β > 0,
q∈Q;q6=0 v∈Ω ||v||V ||q||Q
then there exists a unique solution (u, p) of the saddle-point problem. Moreover, there exists a
constant C such that:
||u||V + ||p||Q ≤ C(||f ||V ∗ + ||g||Q∗ ).

Since for our case V = H(div; Ω), Q = L2 (Ω), a(u, v) = (u, v)L2 (Ω) and b(u, q) = (div(u), q)L2 (Ω)
most assumptions but the inf-sup conditions are trivial. The validity of the inf-sup condition can
itself be derived from the from the Rham Complex which forms the underlying theorem of the
method developed by Buffa:
Theorem 6.2.2 The Rham complex:

is bounded and exact at L2 (Ω). That is, the linear operator div : H(div; Ω) → L2 (Ω) satisfies
the following properties:
• The operator div is continuous
• The operator div is surjective
For a derivation of how the Rham complex leads to the inf-sup condition we would like to refer to
the work of Evans [122].
Now, to find a numerical approximation of this unique solution of the weak problem (6.4)
we restrict our test functions v and q to the finite subspaces V h ⊂ H(div; Ω) and Qh ⊂ L2 (Ω)
respectively and write our numerical solutions uh ∈ V h and phL ∈ Qh as a linear sum of these test
functions. That is, we write:
Nu
X
uh =
cui vi
i=1
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and:
phL

=

Np
X

cqi qi ,

i=1

where cui and cqi are real coefficients and Nu and Np are the number of test functions/degree of
freedom for the velocity and pressure field respectively. Plugging these expressions in the discrete
weak formulation we obtain the following matrix system:

 u  

c
f
A BT
=
.
(6.6)
cp
0
B
0
Here we used the following notations:
Ai,j = (vi , vj )L2 (Ω)
Bi,j = (qi , div(vj ))L2 (Ω)
fi = (ID , vi )L2 (Ω) .
As we will show, Evans in his phd-thesis constructed the spaces V h and Qh in such a way that
not only div(uh ) = 0 pointwise, but also such that a discrete inf-sup condition holds, ensuring the
numerical saddle point problem to have a unique solution (i.e. system (6.6) is invertible), and that
our solutions can be bounded from above by the norms of our data [129]. Our method is therefore
a stable one.
We now turn our attention to these spaces V h and Qh . However, since we have not contributed to
the construction of these function spaces ourselves we omit all proofs concerning their properties.
For a more detailed treatment we would like to refer the reader to the work of Evans himself [129].

6.3

The Discrete Velocity and Pressure Spaces

In this section we introduce the reader to the function spaces V h and Qh for the velocity and pressure
test functions respectively. To do so we first introduce the general idea behind the construction of
these spaces after which we break down the individual parts of the construction in 2 subsections.

6.3.1

Commuting Diagrams and the Discrete inf-sup Condition

The main idea behind the divergence-conforming B-spline test spaces comes from the inf-sup condition and the Rham complex from theorems 6.2.1 and 6.2.2. The key observation is now that if one
could construct two continuous projection operators ΠhV : H(div; Ω) → V h and ΠhQ : L2 (Ω) → Qh
such that div maps V h to Qh and that the following diagram commutes:

one would obtain a discrete inf-sup condition by the Rham complex, the continuity of ΠhV and
and the commuting property ΠhQ div = divΠhV . This result can be summarized in the following
theorem [129]:

ΠhQ
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Theorem 6.3.1 Given the two continuous projector operator and the commuting diagram there
exists a positive constant β h such that for every q h ∈ Qh , there exists a vh ∈ V h such that:
div(vh ) = q h
and
||v||V h ≤ (β h )−1 ||q||Qh ,
Hence,
q h (div(vh ))dx
≥ β h > 0.
||vh ||V h ||q h ||Qh

R
inf

sup

q h ∈Qh ;q h 6=0 vh ∈V h

Ω

Also, since the divergence maps V h to Qh we immediately have that:
Theorem 6.3.2 If vh ∈ V h satisfies:
Z
q h div(vh )dx = 0, ∀q h ∈ Qh
Ω
h

then div(v ) ≡ 0.
Hence, by choosing V h and Qh as discrete velocity and Lagrange multiplier spaces for our weak
problem (6.4), we arrive at a stable discretization that returns a velocity field uh that is pointwise
divergence-free.
Now, it turns out to be convenient to do the construction of V h and Qh in two steps. The first
ˆ Ω̂) and Q̂h ⊂ L2 (Ω̂) where Ω̂ denotes the
step is finding two discrete compatible spaces V̂ h ⊂ H(div;
d−dimensional unit cube. The second step is then to transform these base function to our original
domain Ω. The full diagram can thus be represented as follows:

Figure 6.1
ˆ Ω̂) and lp : L2 (Ω) → L2 (Ω̂) in
where we define the pullback operators lu : H(div; Ω) → H(div;
subsection 6.3.2, and where Π̂hV = lu ◦ ΠhV ◦ lu−1 and Π̂hQ = lp ◦ ΠhQ ◦ lp−1 . We now first construct V̂ h
and Q̂h by means of B-splines, focusing on the bottom half of the diagram.

6.3.2

Constructing V̂ h and Q̂h by means of B-splines

A B-spline of order n is a piece-wise polynomial of degree n. The places where the pieces meet
are called knots, and the order of the B-spline together with the location of the knots uniquely
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determine the polynomial. The term "B-spline" was coined by Isaac Jacob Schoenberg and is short
for basis spline, because the B-splines form a basis for all other spline functions [130]. The B-splines
is interesting compared to other bases, because they have a minimal support and their continuity
at the knots can be controlled by choosing appropriate knot multiplicities [131].
Let us define a knot vector k = {0 = x1 , x2 , . . . , xk = 1} and some positive integer n. The univariate B-spline basis functions can then be constructed recursively by first defining the B-splines
of order n = 0 as follows:
(
1 if xi ≤ x ≤ xi+1
0
Bi (x) =
(6.7)
0 otherwise,
for i = 1, 2, . . . , k − 1. We can then apply the Cox-de Boor recursion formula to obtain the B-splines
of higher order [132]:
Bin (x) =

xi+n+1 − x
x − xi
Bin−1 (x) +
B n−1 (x),
xi+n − xi
xi+n+1 − xi+1 i+1

(6.8)

n−1
where the first and second coefficient in front of Bin−1 (x) and Bi+1
(x) are taken to be zero if
xi+n − xi = 0 and xi+n+1 − xi+1 = 0 respectively.
Now, the number of times a certain knot is present in the knot vector determines the level of
smoothness of the B-splines at a particular knot. It is common to define a vector k0 = {x1 , . . . , xm }
of knots
Pmwithout repetitions and a corresponding vector {r1 , . . . , rm } of knot multiplicities (such
that i=1 ri = k). It is now easy to show that every knot has αi = n − ri continuous derivatives
at knot xi for i = 1, 2, . . . , m. Let us store these values in a regularity vector α. We will now
assume that our knot vector is open implying that r1 = rm = n + 1. Note that this implies that
α1 = αm = −1.
Figure 6.2 shows the first and second order B-spline functions for two open knot vectors. Note that
generally the support of the B-spline base functions gets larger and that the total number of base
functions decreases with increasing order n. From the Cox-de-Boor formula it is now easy to derive
that if we consider open knot vectors, the number of base function, also called degrees of freedom,
is given by m + n − 1.

Figure 6.2: The first and second order B-splines for the (open) knot vector k
{0, 0, 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.0, 1.0}
.
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=

Since the B-splines form a basis of all splines we can write a spline space characterized by n and
α to be:
n
Sα
:= span{Bin }i=1 .
(6.9)
A powerful property of this function space is that if |α| = mini=2,...,m−1 αi ≥ 1 that:
{

d
n−1
n
s : s ∈ Sα
} = Sα−1
,
dx

(6.10)

where α − 1 = {−1, α2 − 1, . . . , αm−1 , −1}. In other words, the differentiation operator
n−1
Sα−1
is surjective.

d
dx

n
: Sα
→

For the extension of the B-splines to d dimension we consider a unit cube Ω̂ = (0, 1)d with
knot vectors kj = {x1,j , . . . , xi,j , . . . , xkj ,j } for j = 1, 2, . . . , d. For every knot vector we associate
n
univariate B-spline basis functions Bijj,j . Now, there is a parametric Cartesian mesh M associated
with these knot vectors partitioning the parametric domain into rectangular parallelepipeds:


d
O

(xij ,j , xij +1,j ), 1 ≤ ij ≤ kj − 1 .
(6.11)
M=


j=1

On this mesh M we define the tensor-product B-spline basis functions as:
,...,nd
Bin11,...,i
(x) =
d

d
O

n

Bijj,j (x)

(6.12)

j=1

And the the tensor-product B-spline space as:

,...,nd
n1 ,...,nd
n1 ,...,nd
Sα
(M) =: Sα
= span Bin11,...,i
1 ,...,αd
1 ,...,αd
d

i1 =1,...,id =1

.

(6.13)

We now can define our function spaces V̂ h and Q̂h in terms of these spline spaces. For convenience we
restrict our discussion to three dimensions (d = 3). Assume that: |α| = min{|α1 |, |α2 |, |α3 |} ≥ 1,
then the spaces are defined as:
n1,n2 −1,n3 −1
n1 −1,n2 ,n3 −1
n1 −1,n2 −1,n3
V̂ h = Sα
⊗ Sα
⊗ Sα
1 ,α2 −1,α3 −1
1 −1,α2 ,α3 −1
1 −1,α2 −1,α3

(6.14)

n1 −1,n2 −1,n3 −1
Q̂h = Sα
.
1 −1,α2 −1,α3 −1

(6.15)

Note that due to property (6.10) we have that:

Furthermore, Buffa et al. proved the following theorem about these function spaces [121]:
Theorem 6.3.3 There exist two continuous L2 -stable projection operators Π̂hV : H(div; Ω̂) → V̂ h
and Π̂hQ : L2 (Ω̂) → Q̂h such that the following diagram commutes:
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Figure 6.3
Note that this diagram is the bottom half of the diagram 6.1. To complete the diagram we now
treat geometrical mappings and the piola transform.

6.3.3

Geometrical Mappings and the Piola Transform

In the next chapter we will introduce the mesh geometry for the staggered herringbone mixer and
we explain how this domain Ω can be constructed from several non-overlapping blocks Ωb of hexahedron shape. In the subsection above, however, we only introduced the B-splines on a single unit
cube Ω̂. To bridge this gap and to complete diagram 6.1 we first transform our basis function from
a unit cube to the physical sub-domains Ωb . We then perform an approximation on the individual
blocks and we stitch the approximation fields together on the boundaries between the blocks to
construct an approximation of the velocity field on the whole domain.
Let us now consider a continuous differentiable mapping Fb : Ω̂ → Ωb mapping the unit cube,
or parameter domain, to the block, or physical domain. We keep the following treatment general,
but we note that for our application every mapping Fb is of a trilinear form. Now, to properly
define our discrete velocity and pressure spaces on the physical domain, we introduce the following
ˆ Ω̂) and lp : L2 (Ω) → L2 (Ω̂) in the following way [129]:
pullback operators lu : H(div; Ω) → H(div;
lu (v) = det(D1 F)D1 F−1 (v ◦ F)

(6.16)

lp (q) = det(D1 F)(q ◦ F),

(6.17)

1

where D F denotes the Jacobian matrix of the function F. Note that by the change in basis the
divergence operator in the physical space may now be different than the divergence operator in the
parameter space.
The pull-back given by (6.16), popularly known as the Piola transform, has the important property
that the divergence of the vector field is preserved [133]. Hence, it maps divergence-free fields in
parametric space to divergence-free fields in physical space, as illustrated in Fig. 3.
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Figure 6.4: The Piola transform maps divergence-free fields in parametric space to divergence-free
fields in physical space, as shown here for the case of a divergence-free B-spline. The figure is
adapted from [129]
Using these properties of we can construct the following commuting diagram:

Figure 6.5
which is the top half of diagram 6.1. Having completed the diagram we can thus define the final
divergence-conforming b-splines spaces V h (Ωb ) and Qh (Ωb ) as:
V h (Ωb ) = {v ∈ H(div; Ωb ) : lu (v) ∈ V̂ h }

(6.18)

Qh (Ωb ) = {q ∈ L2 (Ωb ) : lp (q) ∈ Q̂h }

(6.19)

Now, given the interpolation of a single block we need to properly extend this interpolation to
the whole domain Ω. In this report we do this in the following basic manner:
V h = {vh ∈ H(div; Ω) : vh |Ωb ∈ V h (Ωb )∀b}

(6.20)

Qh = {q h ∈ L2 (Ω) : q h |Ωb ∈ Qh (Ωb )∀b}

(6.21)

Note that for this function space, continuity between the blocks is not enforced. For this purpose,
Evans strongly enforces normal continuity and weakly enforces the tangential continuity using both
an upwinding and an interior penalty method.

6.4

A priori Error Estimates

In this section we derive the a priori error estimates of the complete approximation method described in this chapter. Since our approximation method is new, the derivation of our error estimate
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is new as well. The goal of this section is to understand how the various approximations made in
our method contribute to the final total error. If we understand these relative contributions we can
tune our method in such a way that the various contributions are small and of comparable size.
For this derivation we choose the knot mesh to be identical to the mesh used for our finite volume
calculations. We denote the smallest length scale within this mesh with h. Let us denote the
exact solution to our flow problem by u, our velocity data from our CFD calculation by Dh , the
interpolation function of this data by ID h , the exact solution to our mixed weak formulation (6.4)
by u∗h and the approximation of this field by uh , being the final solenoidal approximation. Note
that except for u, all other fields depend on h, because the velocity data depends on h. This is
because the discretization errors in our finite volume calculations in OpenFOAM depend on our grid
resolution. All other dependencies on the grid spacing in the interpolation function; in the solution
of the weak formulation based on this interpolation function; and its discrete approximation then
follow automatically. Figure 6.6 gives an schematic overview of the relevant function spaces and
the fields mentioned above.

Figure 6.6: A simplified representation of the function spaces H(div0 ; Ω) ⊂ L2 (Ω) and the fields u,
ID h , u∗h and uh in these spaces. The dashed lines indicate projections into the smaller subspaces.
We now estimate the error ||u − uh ||L2 (Ω) to determine the order of convergence in terms of the
smallest mesh distance h. To do so, we split this error in three parts using the triangle inequality:
||u − uh ||L2 (Ω) ≤ ||u − ID h ||L2 (Ω) + ||ID h − u∗h ||L2 (Ω) + ||u∗h − uh ||L2 (Ω) .

(6.22)

We now analyse these 3 terms separately.
The first term in equation (6.22) represents the distance between the exact solution of the flow
problem u and the interpolating function based on the simulation data ID h . We realize that this
distance is determined by 2 types of numerical errors: 1) the discretization error in obtaining the
data Dh by means of a CFD simulation, and 2) the interpolating error made in obtaining ID h from
Dh . Let us assume that the data approximates the exact solution with order d on the grid points.
Furthermore, let us assume that our interpolating functions ID h approximates the field values on
the domain with order i. It is easy to derive that ||u − ID h ||L2 (Ω) is a sum of both the discretization
error at the grid points and the interpolation error. We therefore conclude that for any h > 0 there
exists some positive constants CD and CI such that:
||u − ID h ||L2 (Ω) ≤ CD hd + CI hi .

(6.23)

We now turn our attention to the second term in equation (6.22), representing the distance between
the interpolation function ID h and the exact solution to the weak problem (6.4). We remember
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that by definition:
||ID h − u∗h ||L2 (Ω) =

inf

v∈H(div0 ;Ω)

||ID h − v||L2 (Ω) ,

because u∗h is the projection of ID h on H(div0 ; Ω). Since u ∈ H(div0 ; Ω) we obtain:
||ID h − u∗h ||L2 (Ω) ≤ ||ID h − u||L2 (Ω) ≤ CD hd + CI hi ,

(6.24)

by inequality (6.23).
We now turn our attention to the third term in equation (6.22), being the discretization error made
in projecting u∗h onto V h . To estimate this error we abuse the following result on the isogeometric
B-spline spaces obtained from the work of Evans [122]:
Lemma 6.4.1 Let (ξ, η) and (uh , phL ) denote the unique solutions of problems (6.5) and (6.4)
respectively for some interpolating function independent of h. Furthermore, assume that (ξ, η) ∈
Hj+1 (div; Ω) × H j (Ω) for some j ≥ 1. Then:
||ξ − uh ||L2 (Ω) ≤ CS hs+1 ||ξ||Hs+1 (Ω)

(6.25)

for s = min{n0 , j} where n0 denotes the smallest order of the spline spaces V h and Qh given by
equation (6.14) and (6.15) respectively, and where Cs is some positive constant independent of h.
Note that we need the regularity conditions for the strong formulation (6.5) on the pair (ξ, η) for
the inequality to hold. Also note that this inequality holds for some problem that has a solution
ξ that does not depend on h itself. In our case however, we deal with a problem where the exact
solution of the weak formulation u∗h does depend on h. We therefore do need to take one extra
step to estimate ||u∗h − uh ||L2 (Ω) . The result is the following theorem:
Theorem 6.4.2 For all h > 0 it holds that:



 i
 s+1
 d
2 +1
2
+1
2 +1
d
i
∗h
h
h + 2CI
h + CS
hs+1 ||u∗h ||Hs+1 (Ω) .
||u − u ||L2 (Ω) ≤ 2CD
2d − 1
2i − 1
2s+1 − 1
(6.26)
Proof:
For our proof we first need to establish the convergence of the limit limh→0 ||u∗h − uh ||L2 (Ω) = 0.
By the triangle inequality we obtain for all for all h > 0:
h

h

h

h

||u∗ 2 − u 2 ||L2 (Ω) ≤ ||u∗ 2 − u∗h ||L2 (Ω) + ||u∗h − uh ||L2 (Ω) + ||uh − u 2 ||L2 (Ω) .
We can estimate the first term in the following manner. We first establish using the triangle inequality and estimates (6.23) and (6.24) that:
||u − u∗h ||L2 (Ω) ≤ ||u − ID h ||L2 (Ω) + ||ID h − u∗h ||L2 (Ω) ≤ 2(CD hd + CI hi ).
Then conclude using the triangle inequality that:
∗h
2

||u

∗h

− u ||L2 (Ω)

 d !
 i !
h
h
i
≤ 2CD h +
+ 2CI h +
2
2
 d
 i !
h
h
= 2 CD (2d + 1)
+ CI (2i + 1)
.
2
2
d
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We can estimate the third term using (6.25) in a similar manner to obtain:
∗h
2

||u

 i !
 d
h
h
i
+ CI (2 + 1)
− u ||L2 (Ω) ≤ ||u − u ||L2 (Ω) + 2 CD (2 + 1)
2
2
 s+1
h
+ (2s+1 + 1)CS
||u∗h ||Hs+1 (Ω) .
2
h
2

∗h

h

d

If we instead split h not once but N times in half we obtain by induction:
!
N
X
h
1
∗ h
∗h
h
d
||u 2N − u 2N ||L2 (Ω) ≤ ||u − u ||L2 (Ω) + 2CD (2 + 1)
hd
d )n
(2
n=1
!
!
N
N
X 1
X
1
i
i
s+1
s+1
+ 2CI (2 + 1)
h + (2
+ 1)CS h
||u∗h ||Hs+1 (Ω) .
i )n
s+1 )n
(2
(2
n=1
n=1
Since the last three terms together are strictly positive (d, i, s ≥ 1) and bounded for all N ≥ 1 we
h
h
can conclude that the sequence ||u∗ 2N − u 2N ||L2 (Ω) for N = 1, . . . is bounded by 0 from below and
non-increasing. The convergence of the limit limh→0 ||u∗h − uh ||L2 (Ω) = 0 the immediately follows.
To finish the proof we apply the same trick with the triangle inequality and the estimates (6.23)
(6.24) and (6.25) in the other direction then earlier to obtain:
!
N
X
h
1
∗ h
∗h
h
d
hd
||u − u ||L2 (Ω) ≤ ||u 2N − u 2N ||L2 (Ω) + 2CD (2 + 1)
d )n
(2
n=1
!
!
N
N
X 1
X
1
i
i
s+1
s+1
+ 2CI (2 + 1)
h + (2
+ 1)CS h
||u∗h ||Hs+1 (Ω) .
i )n
s+1 )n
(2
(2
n=1
n=1
Taking now the limit for N → ∞ we obtain:



 i
 s+1
 d
2 +1
2
+1
2 +1
d
i
∗h
h
h + 2CI
h + CS
hs+1 ||u∗h ||Hs+1 (Ω) ,
||u − u ||L2 (Ω) ≤ 2CD
2d − 1
2i − 1
2s+1 − 1
proving the lemma.
Using the estimates (6.23), (6.24) and (6.26) we thus obtain the following estimate for the total
error:
 d 
 i 
 s+1

2
2
2
+1
d
i
||u − uh ||L2 (Ω) ≤ 4CD
h
+
4C
h
+
C
hs+1 ||u∗h ||Hs+1 (Ω) . (6.27)
I
S
2d − 1
2i − 1
2s+1 − 1
We conclude from this estimate that the approximation method is only as good as its weakest link.
That is, increasing the order of convergence of the method can only be achieved if 1) the order of the
discretizations in the CFD computation is increased, 2) a better interpolation technique is applied,
and 3) if the order of the spline spaces of the discrete velocity/pressure spaces is increased. Note
that if we use the simulated data from OpenFOAM that d ≤ 2 and that a second-order accurate
scheme is the best we can achieve.
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6.5

Summary

In this section we developed a new method for calculating solenoidal approximations to sampled
vector fields using divergence conforming B-splines. In our work, we use this method to calculate
particle trajectories in incompressible flows that is only known on a computational mesh. We need
these particle trajectories to calculate the Lagrangian-based mixing measures from Section 5.1. This
way we can properly study mixing in e.g. the reversed-staggered herringbone mixer. The novelty
of our method lies in our application of the isogeometric divergence conforming B-splines invented
by Buffa et al [121]. These function spaces were not earlier applied to the problem of finding
solenoidal approximations to vector fields. To stay close to the FEM-context in which these spaces
were developed, we converted our approximation problem into a projection problem on Hilbert
spaces and then solved this problem on the B-spline spaces. By this set-up, the stability results
that Buffa et al. and Evans proved about these discrete spaces directly apply to our method as
well. To do the conversion, we first interpolated the available velocity data into the domain and
then projected the resulting interpolation field on the space of solenoidal fields. This projection
problem was then solved on the discrete divergence conforming B-spline spaces. By the construction
of these spaces, the resulting vector field is divergence-free analytically. We observed that for the
construction of these spaces we required to know the (differentiable) mapping from the unit block
to the physical domain of the flow. This limits the application of our method to geometries in
which such a mapping is obtainable. If a simulation domain consists of more of these blocks, we
needed to find separate approximations for these blocks and stitch them together appropriately. In
this report we did not take extra measures to ensure smootheness properties on these boundaries.
In Section 6.4 We derived an a priori error estimate for our method in terms of the (velocity) grid
spacing and concluded that the error is a direct sum of the discretization errors made in producing
the velocity data, the interpolation error and the projection error caused by the FEM-method. We
verify this expression in Section 8.2.
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Part III

Simulation Set-up
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Chapter 7

Simulating Micro-Reactors in
OpenFOAM
Within this chapter, we lay down the methods in OpenFOAM to numerically solve the conservation
laws from Chapter 3 and the chemical models from chapter 4 inside our micro-channel reactors. All
the simulations in this work are performed in OpenFOAM v1906. OpenFOAM (for "Open-source
Field Operation And Manipulation") is a C++ toolbox for the development of customized numerical
solvers, and pre-/post-processing utilities for solving Computational Fluid Dynamics (CFD) related
problems [134].
We structured this chapter into two sections: first, we present a brief summary of the numerical
methods applied in OpenFOAM in Section 7.1. This section is a summary of Appendix A. We
decided to allocate the complete body of information to the appendix to keep the main body of
this work more concise. In Section 7.2, the second half of this chapter, we discuss how to set-up
OpenFOAM to simulate the flow in our micro-reactors in particular. We start this section with
a discussion of the reactor geometry and our meshing strategies in Section 7.2.1 and we conclude
with boundary conditions in Section 7.2.2.

7.1

A Brief Summary of Numerical Methods in OpenFOAM

In this section, we present a brief summary of the numerical methods applied in OpenFOAM. All
methods and algorithms mentioned here, are dealt with in more detail in Appendix A. We split
this section in two parts: discretization schemes (Section 7.1.1) and solution algorithms (Section
7.1.2).

7.1.1

Discretization Schemes

In this section, we list the discretization schemes used within OpenFOAM to discretize our conservation laws from Chapters 3 and 4. OpenFOAM applies the Finite Volume Method (FVM) for this
purpose. To obtain a full discretization of these conservation laws within FVM we need to specify
discretization schemes for: field fluxes, time derivatives, and boundary conditions. We discuss these
3 topics in that order.
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Given some computational mesh, FVMs require us to express the fluxes of fields of interest (densities, velocities, pressures, concentrations) in our conservation laws on the cell faces of the control
volumes of our mesh in terms of the neighbouring cell center values. These fluxes can be split in
two parts: diffusive fluxes and advective fluxes. We consider diffusive fluxes to be of the canonical
”Fickean” form containing gradients of the fields of interest. These gradients are discretized using
second-order central difference schemes in orthonogal meshes. In non-orthogonal meshes, we apply
over-relaxation method to the non-orthogonal correction [135]. This method is then again secondorder accurate. A similar approach is taken for scalar fields like diffusion constants.
For the advective fluxes, we apply flux-limiter methods, because the numerical Péclet number is for
most fields significantly larger than one in some areas of the computational domain. Using central
schemes could therefore lead to spurious oscillations in the numerical solution [136]. The idea of
flux-limiter methods is to create high-resolution schemes by locally balancing between (oscillatory)
second order schemes and (dissapative) first order schemes by means of some limiter function [137].
For the velocity field we generally apply the global second-order linear upwind difference scheme.
This scheme is not Total Variation Diminishing (TVD), but we do not expect spurious oscillations
within our domain for our laminar flows. For all scalar fields that are not bounded between 0 and
1, we apply the van Leer-limiter, which is both (TVD) second order accurate [138]. For the normalized concentration fields we apply the limitedLinear01 scheme, which is a specific scheme to
OpenFOAM [134]. The ordinary second-order TVD limitedLinear scheme is given by the following
limiter function:
LL : ψ(r) = min (2r, 1).
(7.1)
The limitedLinear01 limiter applies the limitLinear if the field of interest is between 0 and 1 and
applies the non-TVD linear upwind difference scheme otherwise. This results in a limiter naturally
bounding the field values of the field between 0 and 1 [139].
For time derivatives we use a first-order stable implicit Euler scheme.
All boundary conditions in this report are either Diriclet, Neumann or Robin conditions and are
in OpenFOAM implemented in the same manner. Let us consider some field φ at the center of
a control volume Ωi at time step n. Its face value, on which one of these boundary conditions is
imposed, is then implemented as follows [134]:
(n)

φf
(n)

(n)

(n)

(n)

= αφf,ref + (1 − α)(φΩi + ∆∂n φf,ref ),

(7.2)

(n)

where φf,ref is some reference value, ∂n φf,ref is some reference normal derivative, ∆ denotes the
distance from the cell center perpendicular to the cell face, and where α (0 ≤ α ≤ 1) is a con(n)
(n)
stant. The values of α, φf,ref , and ∂n φf,ref can be chosen to make equation (7.2) correspond to
the discrete form of the analytical boundary condition. We remark that this discretization of the
boundary conditions is first-order accurate.
Having finished the summary of the necessary discretizations we now turn our attention to algorithms for solving the incompressible Navier-Stokes Equations.
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7.1.2

Segregated Solution Algorithms for the Incompressible NavierStokes Equations

As stated in Section 3.2 we need to solve the incompressible (Boussinesq) Navier-Stokes equations
to find the velocity field u and the pressure field p:
∇·u=0

(7.3)

∂u
+ ∇ · (u ⊗ u) = ∇ · (ν∇u) − ∇p̄ + ρ̄g,
(7.4)
∂t
where ρ̄ denotes the local density of the fluid divided by the constant density of the solvent. Note
that equation 7.4 represents the most general form of the 2 versions of the momentum conservation
equations that we discussed in Section 3.2.
All discretizations developed so far can be applied to these equations. However, two complications
arise when solving the resulting matrix system: 1) the Navier-Stokes equations are non-linear in
the unknown velocity velocity field, and 2) there is no explicit conservation law for the pressure p.
To deal with these complications we apply the segregated solution algorithms SIMPLE [140] and
PISO [141]. We apply SIMPLE to stationary problems, whereas we apply PISO for time-dependent
problems. Both algorithms linearize the non-linear advection term in the Navier-Stokes equations
and both first sequentially calculate an initial guess for the velocities; calculate the corresponding
pressure using a discrete pressure equation; and then correct the velocities with the new pressure
again. To make the solution algorithms more stable we make the matrices to be inverted more
diagonally dominant. To achieve this within SIMPLE we use under-relaxation, whereas we choose
a small time-step within PISO. For solving these linear systems we apply a variety of iterative linear
solvers including: PBiCGStab [142] and GAMG [143]. Since these linear solvers are well established
and no deep understanding of these solvers was required for this project we do not go into further
detail about these solvers in this report.
An advantage of segregated solution algorithms is that applying them to multi-region simulations
is straight-forward [135]. In this report we encounter multi-region simulations when simulating the
catalyst model introduced in Section 4.3. There our domain consists of two regions: 1) the microchannel domain containing a moving fluid with dissolved species A and P and 2) the solid flat wall
catalyst where the reaction converting A to P takes place. Both regions are governed by different
set of equations and the two regions are coupled by means of boundary conditions specifying the
flow of species A and P between the two regions. In the context of OpenFOAM, first all equations
in the fluid region are solved, given the fields in the solid from the previous iteration. Then the
fields in the solid are calculated given the updated fields in the fluid [134]. This iteration procedure
is executed until convergence. However, in Section 4.3 we derived under some assumptions the analytical solutions of the concentration fields in the solid (equations (4.13) and (4.14)) given the fields
in the fluid. This way we can skip the step of numerically solving the diffusion-reaction equations
in the solid and only solve for the fluid, given the appropriate boundary conditions (presented in
appendix A.1.3).

7.2

Simulating Micro-Reactors

We start this section with a discussion of the reactor geometry and our meshing strategies in Section
7.2.1. We conclude with the boundary conditions in Section 7.2.2.
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7.2.1

Geometries and Meshing Strategies

Throughout this report we simulate 4 different configurations: a straight micro-channel reactor
(MCR) with reactions taking place in the bulk; a MCR with reactions taking place in a wall catalyst located at the top of the channel; a reversed-staggered herringbone reactor (RSHR) with
reaction taking place in the bulk; and the RSHR with reactions taking place in the wall catalyst.
In this section we introduce the two different geometries and the four different meshes for these 4
situations. For our mixing study in the reversed-staggered herringbone mixer (RSHM) we apply
the same mesh as for the RSHR with bulk reactions.
Unless indicated differently, we use the RSHM geometry from the work of Hama et al [46]. Figure
7.1 displays the mixer geometry. It consists of 5 cycles with 2 staggered sets of 5 asymmetric herringbones. The top half is the main channel (7.1b) which is rectangular in shape with a height of
Hchannel = 50µm and a width of Wchannel = 200µm. The lower half of the geometry form the of
herringbone grooves/ridges with a height of Hridge = 50µm. The ridges are asymmetrical and span
the width of the channel. One complete mixing cycle is of length 1886 µm resulting in a total mixing
length of L = 0.943cm. The flow direction is illustrated in Figure 7.1c. For this flow direction we
formally speak of the reversed-staggered herringbone mixer [47], because in the original design of
Stroock et al. the flow direction was in the other direction. When Kwak et al. compared the two
flow directions it it was concluded that there is no significant difference in mixing efficiency between
the forward and reverse configuration [56]. However, since the work of Hama et al. [46] was one of
the main inspirations for this research we adopted their RSHM geometry in our study for validation
purposes. For the straight micro-channel reactor we simply use the geometry of the main channel
without the grooves.

Figure 7.1: a) a close-up top view of the first two ridges of the mixer in grey b) a cross-section of
the main channel and the herringbone ridges, and c) the first full mixing cycle. To create a mesh of
this geometry in OpenFOAM we adopted the blockMesh utility. For this utility we need to specify
our geometry in terms of several convex polyhedral cells blocks. Figure c) shows the way we split
our geometry in terms of these blocks by labeling them. Note that the grey areas represent two
blocks: one being part of the main channel and one being part of the herringbone ridge.
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To create a mesh of this geometry in OpenFOAM we adopted the blockMesh utility. For
this utility we need to specify our geometry in terms of several convex polyhedral cells blocks.
Figure 7.1c) shows the way we split our geometry in terms of these blocks by labeling them.
Note that the grey areas represent two blocks: one being part of the main channel and one
being part of the herringbone ridge. This results in a total of 302 for our complete geometry.
For the mesh of the RSHR with mixing or reactions in the bulk we discretize every block in
N cells in the every direction of the 3 coordinate vectors of the block. Figure 7.2 shows the
resulting mesh for N = 20 for a single groove. For the MCR we apply the same mesh as in
the main channel of the RSHR.

Figure 7.2: The mesh for a single groove for N = 20
If the chemical reactions take place at a wall catalyst a concentration boundary layer may
form near this wall. In this boundary layer the products of reactions are present in abundance
whereas reactants are scarce. To resolve this boundary layer properly, we thus need to take
extra care when constructing our mesh. For this purpose we divide the mesh in the main
channel in two parts if the boundary layer gets "thin": an upper boundary layer mesh and
a lower part. The boundary layer mesh should be refined enough to resolve the boundary
layer properly. To determine the height of this boundary we use a common estimate for
concentration boundary layer thickness δ at the end of the channel for Schmidt numbers larger
than 1 and under the assumption that the velocity profile is approximately linear near the
channel wall (Leveque’s approximation [144]). The expression is then the following [145]:
δ(x)
Hchannel


≈

x
Hchannel

 13

−1

1

3
ReHchannel
Sc− 3 ,

(7.5)

where x ∈ [0, L] denotes the coordinate along the length of the mixer. For simulation conditions in which δ(L)/Hchannel < 0.25 we consider the boundary layer to be "thin" and we
divide the channel in the two parts. We construct the boundary mesh by demanding that the
boundary mesh has at least 10 cells in the vertical direction. If the mesh resolution is already
high enough to have more than 10 cells in height of the boundary mesh we take no extra
measures. Figure 7.3 shows such a mesh for N = 20 and δ(L)/Hchannel = 0.25. Note that
in this case there are now (1−0.25)N +10 = 25 elements in the vertical direction instead of 20.

Figure 7.3: A piece of the mesh applied for reactors with a boundary layer at the wall for
N = 20 and δ(L)/Hchannel = 0.25.
We now introduce the simulation set-up for the mesh convergence study and the majority of
the simulations presented in this report.

7.2.2

Boundary Conditions

Table 7.1 gives an overview of the boundary conditions for the the various fields. For the
Field
u
p
CA
CP

Inlet
Inlet Profile (eq. (7.6))
∂n p = 0
CA = 1
CP = 0

Outlet
∂n u = 0
p=0
∂n CA = 0
∂n CP = 0

Catalyst Wall
u=0
∂n p = 0
eq. (A.13)
eq. (A.13)

Other Walls
u=0
∂n p = 0
∂n CA = 0
∂n CP = 0

Table 7.1: Fields and corresponding boundary conditions
velocity we apply an approximation to the velocity profile of a laminar flow in a rectangular
tube with height Hchannel , width Wchannel , and a uniform pressure gradient over a straight
channel. The exact equation can easily be derived by solving a Poisson equation using separation of variables. However, because of its infinite sum representation we use the approximation
suggested by the Purday of the form [146]:


n  

m 
hui
y
z
uinlet =
1−
1−
,
(7.6)
2
Hchannel
Wchannel
where n = 2 and m is calculated to be 5.19 for Hchannel /Wchannel = 0.25, and where hui is
the mean velocity over the channel surface. We can now define the global Reynolds number
using hui and the hydraulic diameter dh = 2Wchannel Hchannel /(Wchannel + Hchannel ) = 80µm
as: Re = huidh /ν. Within this report we vary the value of the average inlet velocity in the
range 1.0 × 10−4 m/s ≤ hui ≤ 1.0m/s resulting in: 0.08 ≤ Re ≤ 80, which is a range in which
the staggered herringbone mixer is proven to be effective [45]. For the maximum average inlet
velocity of hui = 1.0m/s we obtain a boundary layer thickness of δ(L)/Hchannel ≈ 0.08 according to equation (7.5).

Part IV

Results and Conclusions
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Chapter 8

Numerical Error Analysis
In this chapter, we analyze the accuracy of the numerical methods applied in this report. We distinguish two types of errors: discretization errors and solenoidal approximation errors. The former
are introduced while solving the conservation laws introduced in chapters 3 and 4 in OpenFOAM
using the set-up from Chapter 7. The latter are introduced by approximating the velocity field from
the grid points into the domain using the solenoidal approximation method introduced in Section
6. We first treat the discretization error in Section 8.1. There we perform a mesh convergence
study to study the errors in our OpenFOAM simulations. In Section 8.2 we study the solenoidal
approximation error. We there verify the a priori error estimate derived in Section 6.4. We do
this first on an analytical test case. After, we apply the method to the velocity field in the RSHM.
We conclude this chapter with a comparisson of the discretization and approximation errors in
Section 8.3. There we choose an appropriate mesh refinement to ensure that the approximation
and discretization errors are small and of the same order. The resulting meshes are used for all
simulations performed in later chapters of this report.

8.1

Discretization Errors - A Mesh Convergence Study

The discretization errors induced in our OpenFOAM calculations have several origins: errors in the
numerical schemes introduced in Section 7.1.1; discretization errors in the schemes of the boundary conditions; errors due to the non-orthogonality of the mesh; errors due to the skewness of the
mesh; and errors due to approximations in the SIMPLE and PISO algorithms (Section 7.1.2). For
analysis of these separate errors in a finite volume context, we like to refer the reader to the work
of Jasak [147]. We however, only study the experimental total discretization error by means of a
mesh convergence study.
For the mesh convergence study, we test the mesh for the RSHR with reactions in the wall catalyst.
Since this situation both includes the chaotic flow field and the concentration boundary layer, this
situation is most challenging to resolve properly. We solve the catalyst model developed in Chapter 4.3 together with appropriate equations in the channel: the incompressibility condition, the
(Bousinesq)-Navier-Stokes equations, and the scalar-transport equation for the species A and P .
We solve these equations for the velocity u, the pressure p, and the normalized concentrations CA
and CP in the channel in the steady state using the SIMPLE algorithm. We first verified whether
the flow is indeed stationary by performing a time-dependent study on a very fine grid (N = 64)
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with simulation settings given in Appendix C.1 (data not shown). Note that the quantity N here
notes the number of computational cells along a direction of a block in the geometry, as explained
in Section 7.2.1. We found that indeed the fields equilibrated to a stationary solution.
In our study, we assume that the transport properties of the species A and P are the same. That
l
s
is: DA
= DPl = 1.0 × 10−9 m2 /s, DA
= DPs = 1.0 × 10−10 m2 /s, and hA = hP . The mass
transfer coefficient can be obtained from equation (4.11) if we assume that the solvent is water-like
(ν = 1.0 × 10−6 m2 /s), which is a constant throughout the fluid. We furthermore assume that
the thickness of the catalyst is 5µm (a typical value for metal catalyst films [148]) and the thiele
modulus is equal to 1. All simulations in this section are performed using the settings given in
Appendix C.2.
Since the exact solution for the fields is not known, we decide to perform a Richardson extrapolation
study where we halve the minimum grid spacing h sequentially and compare the values at the coarses
mesh at the same location as the values at the coarser grid using the Euclidean distance. The results
are presented in the tables 8.1-8.4. Note that the values for h correspond with N = 4, 8, 16, 32 and
64.
h [µm]
1.25
0.625
0.3125
0.15625
0.078125

h

|uh − u 2 |2 /hui
5.34787 × 10−2
2.13978 × 10−2
6.9438 × 10−3
1.92794 × 10−3
4.93959 × 10−4

h

h

h

log2 (|uh − u 2 |2 /|u 2 − u 4 |2 )
1.32149
1.62366
1.84865
1.96459
-

Table 8.1: Richardson interpolation for the velocity field on the non-graded mesh

h [µm]
1.25
0.625
0.3125
0.15625
0.078125

h

|ph − p 2 |2 /∆p
1.33539 × 10−2
7.14931 × 10−3
3.70013 × 10−3
1.88129 × 10−3
9.34876 × 10−4

h

h

h

log2 (|ph − p 2 |2 /|p 2 − p 4 |2 )
0.90137
0.95022
0.97585
1.00887
-

Table 8.2: Richardson interpolation for the pressure field on the non-graded mesh
We observe that the order of convergence for the velocity field approximates 2 for fine meshes. This
result was expected because we are using second-order accurate linear upwind flux limiters for the
velocity field. We mentioned in Section 7.1.1 that this limiter is not TVD, but we did not observe
spurious oscillations in our velocity fields. We note that for coarser meshes, that the order of
convergence is closer to 1 than to 2. This is due to the fact that for coarser grid the influence of the
boundary elements is relatively large, which are subjected to first-order boundary conditions. For
the pressure, we find a first order convergence. This is in line with the the results of the Paralgo
company which studied the convergence rate of the pressure using a second order discretization
for the velocity on a variety of grids where they solved the pressure-velocity coupling solved with
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h

h [µm]
1.25
0.625
0.3125
0.15625
0.078125

h
|CA
− CA2 |2
2.2418 × 10−2
1.1692 × 10−2
6.0331 × 10−3
2.9972 × 10−3
1.5021 × 10−3

h

h

h

h
log2 (|CA
− CA2 |2 /|CA2 − CA4 |2 )
0.93909
0.95458
1.02932
0.99655
-

Table 8.3: Richardson interpolation for the concentration field of species A
h

h [µm]
1.25
0.625
0.3125
0.15625
0.078125

|CPh − CP2 |2
4.0789 × 10−2
2.1657 × 10−2
1.1002 × 10−2
5.5761 × 10−3
2.8033 × 10−3

h

h

h

log2 (|CPh − CP2 |2 /|CP2 − CP4 |2 )
0.91333
0.97702
0.98043
0.99211
-

Table 8.4: Richardson interpolation for the concentration field of species P
the SIMPLE-algorithm [149]. Though using the limitedLinear01 limiter for the concentration
fields we also observe first order convergence for these fields. Since we have a Péclet number of
Peh = huih/D ≈ 103 the scheme is strongly limited torwards a first order accurate scheme for
this diffusion-advection equation. We inspected that concentration field and concluded that the
limiter restricted the value of the normalized concentration field between 0 and 1 successfully (with
deviations of only ≈ 10−9 ). Though first order accurate we therefore deem the discretization
schemes for the concentration field appropriate.
Now, we showed that the three relevant fields converge with explainable order, and that mean
difference the solutions between subsequent grids is only of order 10−3 if we choose N ≥ 32. In
the next section we investigate the approximation errors coming from our solenoidal approximation
method of sampled vector fields as introduced in Chapter 6.
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8.2

Solenoidal Approximation Errors

In this section, we discuss the numerical errors in the solenoidal approximation method introduced
in chapter 6. To do so, we apply our solenoidal approximation method first to an analytical test
case, before we apply it to the cell-centered velocity data obtained from our OpenFOAM simulations
on the RSHM on the uniform mesh.

8.2.1

An Analytical Test Case

In this section we apply our approximation method to a test problem put forth by Carl E Pearson
in 1964 [150]. He showed that the following solution satisfies a stationary Stokes problem with
Reynolds number 1 on a 2 × 2 square with u · n on the boundary:
 πy 
 πx 
 πy 
  πx 
cos
, − cos
sin
,
(8.1)
u(x, y) = sin
2
2
2
2
 πx 
 πy 
1
p(x, y) = −
cos
+ cos
.
(8.2)
4
2
2
The solution for the velocity field is plotted in Figure 8.1.

Figure 8.1: A vector plot of the velocity field described by equation (8.1)
The goal is now to verify the a priori error estimates derived in Section 6.4. To do so we sample
the exact solution uniformly on a N × N grid, giving us the data D. Since the sampled data is now
exact the a priori total error given by equation (6.27) reduces to:
 i 
 s+1

2
2
+1
i
h
||u − u ||L2 (Ω) ≤ 4CI
h + CS
hs+1 ||u∗h ||Hs+1 (Ω) .
(8.3)
2i − 1
2s+1 − 1
This formula presents us two parameters within our method: the order of the interpolation method
i and s, the smallest order of the spline spaces V h (equation (6.14)) and Qh (equation (6.15)).
Note that the velocity (8.1) is smooth and that therefore s is indeed equal to the smallest order of
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these spline spaces. The only other choice remaining is the knot mesh defined in equation (6.11).
Similarly to Section (6.4), we choose to co-locate the knots with the data locations such that h is
unambiguously defined. Note that it would be perfectly possible to make the knot mesh twice as
fine as the grid on which the data is located, but this approach is not taken here. Doing so would be
fruitful if it is known a priori that the error in projecting the interpolation function is significantly
larger than the interpolation error itself.
We test the method for the following four cases:
1. Piece-wise linear interpolation (i = 2) and n1 = n2 = 2 for the spaces V h (equation (6.14))
and Qh (equation (6.15)). We then have s = 1
2. Piece-wise quadratic interpolation (i = 3) and n1 = n2 = 2
3. Piece-wise linear interpolation and n1 = n2 = 3 (such that s = 2)
4. And piece-wise quadratic interpolation (i = 3) and n1 = n2 = 3.
We investigate the divergence and errors on the whole domain Ω = [0, 2]2 for various grid spacings
h. Tables 8.5-8.9 present the results.
h
0.5
0.25
0.125
0.0625
0.03125

||div(uh )||L2 (Ω)
4.80572127 × 10−16
6.67783870 × 10−16
1.28498299 × 10−16
2.43552735 × 10−15
4.78503772 × 10−15

||div(uh )||L∞ (Ω)
5.96311195 × 10−16
7.37989314 × 10−16
6.30897244 × 10−16
8.25737798e × 10−15
7.28174743e × 10−15

Table 8.5: The divergence of the solenoidal approximation for various grid spacings h for the case
that i = 2 and s = 1.
First, we observe in table 8.5 that if i = 2 and s = 1 that the divergence is suppressed to machine
precision for all grid-spacings. This can of course be attributed to the construction of the space
pair V h and Qh . This behavior was observed for the three other cases as well, but we decided not
to show the data here to prevent repetition. We conclude that the solenoidal approximation uh has
indeed a divergence of zero on the whole domain.

h
0.5
0.25
0.125
0.0625
0.03125

||uh − u||L2 (Ω)
−2

1.543881 × 10
2.815137 × 10−3
6.150621 × 10−4
1.444375 × 10−4
3.503253 × 10−5



||uh − u||L∞ (Ω)

log2

−2

2.727424 × 10
4.955558 × 10−3
1.074753 × 10−3
2.514050 × 10−4
6.085901 × 10−5

||uh −u||L2 (Ω)
h

||u 2 −u||L2 (Ω)

2.455285
2.194401
2.090286
2.043678
-




log2

||uh −u||L∞ (Ω)



h

||u 2 −u||L∞ (Ω)

2.460419
2.205041
2.095920
2.046470
-

Table 8.6: The error in the solenoidal approximation for various grid spacings h for the case that
i = 2 and s = 1.

59

h



h

h

||u − u||L2 (Ω)

||u − u||L∞ (Ω)

0.5
0.25
0.125
0.0625
0.03125

1.499753 × 10−2
2.794762 × 10−3
6.140527 × 10−4
1.443822 × 10−4
3.529950 × 10−5

2.306039 × 10−2
4.207681 × 10−3
9.144513 × 10−4
2.139981 × 10−4
5.243877 × 10−5

log2

||uh −u||L2 (Ω)




log2

h

||u 2 −u||L2 (Ω)

||uh −u||L∞ (Ω)



h

||u 2 −u||L∞ (Ω)

2.610762
2.194401
2.088469
2.032173
-

2.454319
2.202047
2.095308
2.028892
-

Table 8.7: The error in the solenoidal approximation for various grid spacings h for the case that
i = 3 and s = 1.

h
0.5
0.25
0.125
0.0625
0.03125

||uh − u||L2 (Ω)
−3

5.828546 × 10
8.355093 × 10−4
1.598165 × 10−4
3.471397 × 10−5
8.057964 × 10−6



||uh − u||L∞ (Ω)

log2

−2

2.559373 × 10
4.442689 × 10−3
9.593904 × 10−4
2.242029 × 10−4
5.426189 × 10−5

||uh −u||L2 (Ω)




log2

h

||u 2 −u||L2 (Ω)

2.802408
2.386239
2.202828
2.107029
-

||uh −u||L∞ (Ω)



h

||u 2 −u||L∞ (Ω)

2.526285
2.211243
2.097312
2.046793
-

Table 8.8: The error in the solenoidal approximation for various grid spacings h for the case that
i = 2 and s = 2.

h
0.5
0.25
0.125
0.0625
0.03125

||uh − u||L2 (Ω)
−4

4.50453447 × 10
4.112898 × 10−5
4.506859 × 10−6
5.342035 × 10−7
6.500481 × 10−8

||uh − u||L∞ (Ω)
−3

1.950466 × 10
2.992542 × 10−4
3.01771 × 10−5
3.412742 × 10−6
4.060722 × 10−7


log2

||uh −u||L2 (Ω)
h

||u 2 −u||L2 (Ω)

3.453150
3.189961
3.076660
3.038771
-




log2

||uh −u||L∞ (Ω)



h

||u 2 −u||L∞ (Ω)

2.704375
3.309845
3.144450
3.071123
-

Table 8.9: The error in the solenoidal approximation for various grid spacings h for the case that
i = 3 and s = 2.
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In terms of accuracy, we observe that all errors decrease with the grid spacing. If i = 2 and
s = 1 we expect our method to be second order accurate in the L2 (Ω)−norm according to equation
(8.3). Performing the Richardson extrapolation we indeed confirm the expected behavior for this
case. Also, the convergence in the L∞ (Ω)−norm is similar. If we inspect table 8.7 (i = 3 and
s = 1), we observe only minor deviations with respect to the previous situation. We therefore
conclude that in the case of linear interpolation with n1 = n2 = 2 that projection errors dominate
interpolation errors. Since this projection is only second order accurate (s = 1) the we obtain an
approximation that is second order accurate aswell. Reducing the interpolation error by using piecewise quadratic interpolation over piece-wise linear interpolation does thus not improve the overall
error with respect to exact solution. If we increase the order of our spline spaces by choosing
n1 = n2 = 3, we see that for a piece-wise linear interpolation function that the error reduces with
a factor 2 in the L2 (Ω)−norm. However, since i = 2 we still obtain second order convergence in
terms of the grid spacing, as predicted by equation (8.3). For small h, the interpolation error now
dominates. If we instead use piece-wise quadratic interpolation such that i = 3 (table 8.9) we obtain
an approximation method that is third order accurate in terms of the grid spacing h. This also
corresponds with equation (8.3).
With this analysis we provided compelling evidence that equation (8.3) accurately describes the
dependency of the approximation error on the grid spacing. Tuning the order of the original
interpolation function ID and the order of the spline spaces V h and Qh , we can thus construct an
approximation of some sampled solenoidal vector field with some desired accuracy in the data grid
spacing in the L2 (Ω)−norm. This approximation is divergence-free and is defined on the whole
domain.
Now, before we turn our attention to the flow field inside the RSHM, we would like to mention
that this analytical test case consisted of only one patch. We mentioned already in Section 6.3.3
that for the mixer we partition the domain in several blocks with their own set of test functions
and we stitch the test functions together in the way presented in equations (6.20) and (6.21). In
doing so, no measures were taken to guarantee continuity on the block interfaces and we therefore
not expect the final approximation of the velocity field to be continuous there. Within the blocks,
the velocity fields are continuous by construction of V h and Qh . To investigate this discontinuity
we partition the domain in four parts: Ω = [0, 2]2 into: Ω1 = [0, 1]2 , Ω2 = [1, 2] × [0, 1], Ω3 = [1, 2]2
and Ω4 = [0, 1] × [1, 2]. We now consider the approximation function as an multi-patch problem
and we evaluate the difference between the approximations on the domains at their interfaces.
Table 8.10 and 8.11 present the distance between the approximation on Ω1 (denoted by uhΩ1 ) and
the approximation on Ω2 (denoted by uhΩ2 ) on Ω1 ∩ Ω2 for various grid spacings for the case that
i = 2 and s = 1. We observe that the difference between the two fields converges with third order
accuracy in the L2 (Ω1 ∩ Ω2 )−norm and with second order accuracy in the L∞ (Ω1 ∩ Ω2 )−norm. We
thus observe that even though continuity is not enforced at the patch interface that the distance
between the fields at the block interfaces rapidly decrease with the grid spacing h. We observed
similar behavior at the other block interfaces.
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h
0.5
0.25
0.125
0.0625
0.03125

||uhΩ1 − uhΩ2 ||L2 (Ω1 ∩Ω2 )

log2

!

h
||uh
Ω −uΩ ||L2 (Ω

1 ∩Ω2 )

||uΩ2 −uΩ2 ||L2 (Ω

1 ∩Ω2 )

1
h
1

6.815429 × 10−3
5.953051 × 10−4
6.251633 × 10−5
7.321514 × 10−6
8.841747 × 10−7

2
h
2

3.517103
3.251324
3.094019
3.049738
-

Table 8.10: The distance between uhΩ1 and uhΩ2 on Ω1 ∩ Ω2 for various grid spacings for the case
that i = 2 and s = 1.

h
0.5
0.25
0.125
0.0625
0.03125

||uhΩ1 − uhΩ2 ||L∞ (Ω1 ∩Ω2 )
−2

1.041520 × 10
1.965728 × 10−3
4.242023 × 10−4
9.910427 × 10−5
2.398374 × 10−5


log2

||uh −u||L∞ (Ω1 ∩Ω2 )
h



h

||u 2 −u 2 ||L∞ (Ω1 ∩Ω2 )

2.405554
2.212239
2.097733
2.046890
-

Table 8.11: The distance maximum between uhΩ1 and uhΩ2 on Ω1 ∩ Ω2 for various grid spacings for
the case that i = 2 and s = 1.

8.2.2

Approximating the Velocity field inside the RSHM

We now find a solenoidal approximation to the velocity field inside the RSHM based on cell-centered
velocity data obtained from our 3D OpenFOAM simulations on the uniform mesh. To repeat, this
mesh consists of 302 blocks having N × N × N velocity data points. The partition of the geometry
into these blocks is presented in Figure 7.1. The velocity data is thus the collection of all data
points in the 302 blocks. The blocks are all tri-linear transformations of the unit-block and hence
non-trivial Piola transformations need to be applied on the test functions of the different blocks
(Section 6.3.3). For the simulations we introduce an inlet-velocity profile for which hui = 1.0m/s.
The simulation settings for the OpenFOAM simulations are given in Appendix C.3.
For our choice of the spline space orders and the interpolation function, we let us guide by the a
priori error derivation from Section 6.4 and the experimental order of convergence for the discrete
velocity field obtained in Section 8.1. The error in the total error was derived in Section 6.4 to be:
 d 
 i 
 s+1

2
2
2
+1
h
d
i
||u − u ||L2 (Ω) ≤ 4CD
h + 4CI
h + CS
hs+1 ||u∗h ||Hs+1 (Ω) ,
2d − 1
2i − 1
2s+1 − 1
being the sum of the discretization error in the OpenFOAM simulation, the interpolation error and
the projection error. The order of convergence is thus given by the minimum of d, i and s + 1. Since
we know from Section 8.1 that d = 2 we decide to choose i = 2 and s = 1. This way, we do not
waste computational resources to obtain a second order approximation in the end. We thus choose
a linear interpolating function for ID constructed from first order B-splines functions/hat functions.
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To achieve s = 1 we pick n1 = n2 = n3 = 2 as the order of the spline spaces V h (equation (6.14))
and Qh (equation (6.15)).
Figure 8.2 presents the L2 (Ω)-norm and the L∞ (Ω)-norm of the divergence of the approximation
field uh and the initial interpolation function ID of a typical block in the geometry as a function of
the grid spacing h. The divergence is scaled with the hydraulic diameter dh and the average inlet
velocity ui. Note that ID is weakly differentiable and that therefore these quantities are properly
defined. Furthermore, remark that we approximate the 302 block separately and we can thus obtain
plots like Figure 8.2 for every individual block. However, we observed that for all blocks studied
that the properties laid down below hold to a good degree. We furthermore did not observe large
deviations in the absolute values of the error. We therefore conclude that for this smooth laminar
flow the properties of total approximation function are more or less uniform over the whole mixer
domain. For the remainder of this section we therefore present results for "typical blocks".

Figure 8.2: The scaled L2 (Ω) and L∞ (Ω) norms of the divergence of the linear interpolation function
ID and the approximation field uh versus the grid spacing h.
We immediately observe in Figure 8.2 that due to the proper construction of function spaces V h
and Qh the divergence of uh is reduced to machine precision for all grid spacings. This corresponds
to our findings on the Pearson problem from previous section. We also observe in the plot that the
norm of the divergence of ID increases linearly in the grid spacing h. This is expected since div(ID )
is only a piece wise constant approximation to the exact divergence of the analytical field.
Now we would like to study the error in the approximation in a similar manner as we did for the
Pearson problem. However, for the velocity field inside the RSHM the analytical solution of the
flow field u is unknown. In this subsection we therefore focus on studying the distance between
ID and uh . Using our assumptions and estimates (6.24) and (6.26) we can derive the following
estimate for this distance:



 s+1




2d + 1
2d + 1
2
+1
h
∗h
||ID − u ||L2 (Ω) ≤ CD 1 + 2 d
+ CI 1 + 2 d
+ CS
||u ||Hs+1 (Ω) h2 .
2 −1
2 −1
2s+1 − 1
(8.4)
Figure 8.3 presents the L2 (Ω)-norm and L∞ (Ω)-norm of the difference between ID and the final
approximating uh field as function of the grid spacing for a typical block.
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Figure 8.3: The L2 (Ω)-norm and L∞ (Ω)-norm of the difference between the interpolation field ID
and the approximation field uh versus the grid spacing h for a typical block in the RSHM geometry.
We observe that both errors scale quadratically in h which corresponds to estimate (8.4).
To study the continuity between the blocks we plot the difference between the approximation
function in the first and second block on the boundary in L2 (Ω) and L∞ (Ω) norm versus the grid
spacing Figure 8.4. We observe that the norms of the approximation fields on the boundary decay
with the grid spacing with an order between 2 and 3. This result differs with the result obtained
for the Pearson problem where the difference decreased with order 3 in the L2 (Ω)−norm and with
order 2 in the L∞ (Ω)−norm.

Figure 8.4: The L2 (Ω)-norm and L∞ (Ω)-norm of the difference between the approximating fields
from two typical blocks Ω1 and Ω2 evaluated at the boundary of those blocks Ω1 ∩ Ω2 versus the
grid spacing h.
In conclusion, we successfully developed a novel method for finding a solenoidal approximation to
a vector field based on discrete velocity data. We first tested the method on the Pearson problem,
being an analytical test case. Then, we applied our method to the flow inside a RSHM with data
generated in OpenFOAM. We found that for both cases the divergence of the approximation field
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was indeed suppressed to machine precision. Indeed, if we calculate particle trajectories within our
mixer using our solenoidal approximation field (rather than standard techniques in the paraView),
the particles did not travel through the no-slip walls anymore. Furthermore, we derived an a priori
error estimate for the approximation error in the L2 (Ω)-norm in terms of the grid spacing and we
verified the estimate for our test cases. We showed that with our method approximations of high
order can be obtained if one uses accurate velocity data, an high order interpolation function ID ,
and B-spline spaces V h and Qh of high order. By construction of V h and Qh solving the weak formulation onto these spaces was stable and hence the stability of our method automatically follows.
The method has some drawbacks as well. For calculating the Piola transform of the test functions,
we need to partition the computational domain in several blocks that are analytical transformation
of the unit block. The required knowledge of these transformations limits the applicability of our
method for complicated geometries. Within this report, continuity between these blocks was not
enforced, but we observed that the distance between fields on the interfaces decreased with the
grid spacing with similar order as the global approximation error. We note that continuity can
explicitly be enforced using a combination of upwinding and interior penalty methods if desired
[129]. The second drawback is that the resulting approximation of our method is not exact on the
data anymore. This however might not be a problem if the data contains errors itself, as was the
case for our application.
In the next section we briefly compare the magnitude of the discretization errors |u − D|2 and the
solenoidal projection error |D − uh |2 on the grid points. Comparing the two errors we can specify
an appropriate mesh resolution for which the errors are of comparable size.

8.3

Choosing the appropriate Mesh Resolution

To compare the discretization error |u − D|2 and the approximation error |D − uh |2 on the grid
points, we need a flow problem for which the exact solution u is available. A natural problem is
the case with the straight micro-channel reactor without any grooves. The velocity profile inside
the channel is then simply a Poiseuille flow solution for a rectangular duct. The analytical solution
can easily be derived using separation of variables, assuming that the pressure gradient over the
channel is constant. For this case we plotted |u − D|2 , |D − uh |2 and |u − uh |2 over the whole
channel as function of the grid spacing h in Figure 8.5.

65

Figure 8.5: The scaled discretization error (red), the approximation error (blue), and the total error
between the analytical solution and the approximation field (green) evaluated at the gridpoints of
a Poisseuille flow through a rectangular duct versus the grid spacing h.
First, we observe the same behavior for |u − D|2 as we saw earlier for the staggered herring bone
mixer in Section 8.1. For courser meshes the order of convergence seems to be 1, because of the
strong influence of first order accurate boundary conditions, but for finer meshes the second order
convergence is obtained. Furthermore, the second order convergence of |D − uh |2 is similar to the
behavior of ||ID − uh ||L2 (Ω) for the staggered herring bone mixer presented in the previous section.
We furthermore observe in Figure 8.5 that for coarser meshes the projection error dominates the
discretization error in the data with several orders of magnitude. However for finer grids the errors
are similar and differ only a factor of ≈ 2. In this case a fine mesh with N = 40 (the finest mesh
plotted in Figure 8.5) is good enough to 1) resolve all relevant flow phenomena, and 2) not lose
too much accuracy due to the solenoidal approximation. Though these conclusions are strictly only
valid for for the straight micro-channel we view this analyse as enough evidence that N = 40 suffices
for the staggered herring bone mixer as well. The resulting mesh contains 11.648.000 grid points.
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Chapter 9

A Mixing Study of the
Reversed-Staggered Herringbone
Mixer
In this chapter, we perform a mixing study on the reversed-staggered herringbone mixer (RSHM)
using the variety of mixing measures introduced in Chapter 5. We note that since the introduction
of the forward -staggered herringbone mixer by Stroock in 2002 et al. [45] many groups have
contributed to its understanding using experimental methods [45][48][49][47] and CFD-simulations
[50][51][52][53][54][55]. The RSHM is much less studied, with the exception of the work of Hama et
al [46] and Kwak et al [56]. The goal of this section is to 1) reproduce some typical results from
this paper to verify our model, 2) add new insights to the mixing properties of the RSHM, and 3)
demonstrate that the mixer properties of the RSHM make it a good geometry for improving mass
transfer in micro-channel reactors. To achieve these goals, we first discuss some basic properties
of the flow field to familiarize the reader with the mixer in Section 9.1. We then investigate the
mixing properties of the RSHM by varying fluid properties, operating conditions and the mixer
geometry. In Section 9.2 we cover the first two by studying the effect of the Reynolds number,
Péclet number and Froude number or Richardson number on the mixing performance. Within our
model these dimensionless numbers fully characterize the flow for a given mixer geometry. Such a
systematic study has not been performed in the literature. Finally, in Section 9.3 we discuss the
effect of variations in the mixer geometry, thereby focusing on the groove depth.

9.1

A Visualization of the Velocity Field

In this section, we address and visualize some important characteristics of the flow field inside the
RSHM. The goal is to introduce the reader with the mixer, while verifying the qualitative results
of the model.
We already mentioned in our mesh convergence study (Section 8.1) that the velocity field inside the
staggered herringbone mixer equilibrates towards a stationary solution for our operating conditions.
We furthermore confirm the result of Stroock et al. that the velocity field inside the RSHM repeats
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itself for every ridge in a half-cycle [45]. In the next half-cycle the profiles are the same, but
mirrored. For understanding the velocity field in the mixer, it is therefore enough to study the field
in a single ridge and the field between two half cycles. Figure 9.1 shows the velocity field of the
second ridge of the second cycle for hui = 0.1m/s from various directions. Also, we plotted the
velocity fields on cross sections throughout the ridge for increasing x-coordinates in Figure 9.2.
We do a few observations in line with the analysis of Hama et al [46]. In the second row of pictures of
Figure 9.1 and in Figure 9.2, we observe two co-rotating vortices inside the ridges with its vorticity
vector parallel to the channel. Due to these vortices fluid parcels get advected into the ridge over
the whole width of the channel, and come out at the tip of the ridge. We notice in the fourth row
of pictures in Figure 9.1 that the velocity field within the ridge is nearly parallel and points in the
direction of the tip. We thus conclude that unlike a lid driven cavity flow, no vortices emerge with
a vorticity in the direction perpendicular to the channel length. We do therefore not expect parcels
to get stuck inside a vortex in the ridges of the mixer. This is reassuring if we want to use the
RSHM geometry for chemical reactors. We do note however that the velocity inside the ridges is
significantly smaller than the velocity inside the top channel. We investigate the net effect of the
introduction of the grooves on the residence time of tracer particles in more detail in Section 9.3.3.
Figure 9.2 shows the magnitude of the velocity component in the plain of the cross-sections. Note
that the magnitude of the velocity component in the plain is at most 20% of the maximum velocity
component along the direction of channel. The regions of higher velocity are all located near the
grooves at the bottom of the channel and near the top wall this velocity component is small. We
therefore suspect that the top wall is a region of poor mixing, a hypothesis that we confirm in the
next section using both Poincaré sections and Lyapunov exponents. Having introduced the RSHM,
we now study mixing properties of the reversed-staggered herringbone mixer as function of both
operating conditions and fluid properties.
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Figure 9.1: A visualization of the velocity field inside the second ridge of the second cycle for
hui = 0.1m/s. The images on the left display vector plots of the velocity field whereas the images
on the right show streamlines.
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Figure 9.2: Cross sections of the velocity field perpendicular to the flow direction inside the second
ridge of the second cycle for hui = 0.1m/s. The sections from top to bottom show sections of
increasing x-coordinate. The color denotes the magnitude of the velocity component in the plain
of the cross section.

9.2

Varying Operating Conditions and Fluid Properties

Hama et al. mentioned in their recent paper from 2018 that there exists a gap in the CFD-literature
concerning the effect of mixing fluids characteristics and operating conditions on the mixing performance of the RSHB mixer [46]. To bridge this gap, the authors varied the (constant) species
inter diffusion constants and the Reynolds number over a wide range of values and investigated
the mixing performance using the Shannon Entropy mixing index. They found that the effect of
these parameters is only marginal on the performance of the mixer. Liu et al. studied the mixing
performance for water glycerol mixing for various mass fraction of glycerol for Reynolds numbers
1 and 10 [139]. They showed that the mixing performance could vary significantly for the various
mass fractions, but that the flow field was very similar for the various cases. The difference was
explained by changes in diffusion constant as a function the mass fraction of glycerol in the mixture.
In the orginal paper of Stroock et al. the mixing performance was studied as function of the Péclet
number, by varying the inlet velocity (and thus by also changing the Reynolds number) [45].
We argue that the papers summarized above do not systematically study the impact of operation
conditions and fluid properties on the mixing performance of the RSHM. In Chapter 3, we presented
the (Boussinesq) Navier Stokes equations and the mass-balance equation governing the flow and we
concluded that in the absence of chemical reactions, the flow can be characterized by three dimensionless parameters: the Reynolds number Re, the Péclet number Pe, and the Froude number Fr
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or Richardson number Ri. Studying the effect of these parameters systematically is more insightful
than varying the inlet velocity for example. In this case the Reynolds number, the Péclet number,
and the Froude number vary, and so it is difficult to distinguish whether the mixing changes due
to a change in inertial versus viscous forces (Re), because diffusion gets more/less time to contribute to the mixing (Pe), or because of the changing role of gravity or buoyancy (Fr or Ri). In
this section, we perform this parameter study by varying the dimensionless numbers subsequently,
thereby systematically distinguishing between the different mixing phenomena. We find that the
mixing performance of the RSHM is relatively constant for a large variety of realistic operation
conditions and fluid characteristics. Though earlier research hinted to this conclusion, it was not
earlier demonstrated and concluded in such a systematic manner. Our study shows the potential of
the RSHM for a large variety of mixing applications, including the mixing in micro-channel reactors.
This conclusion is a new one.

9.2.1

kinematic Mixing: Varying Re

We first study the influence of the Reynolds number Re in the case of no gravity (Fr → ∞ or
Ri = 0) and in the case of no diffusion (Pe → ∞). Note that this case equation (3.8) reduces to
˜ C̃) = 0, implying that the concentration field does not change along streamlines. In
∂τ C̃ + (ũ · ∇
this scenario, all mixing is thus caused by kinematic stretching and folding of fluid filaments in the
chaotic flow of the mixer.
Figure 9.3 presents the mixing index based on the Shannon Entropy (given by equation (5.12))
as a function of the number of mixing cycles for Reynolds numbers ranging from 0.008 or hui =
1.0×10−4 m/s to 80 or hui = 1.0m/s, representing the range of all realistic operation inlet velocities.

Figure 9.3: The mixing coefficients versus the cycle number of the RSHM for various Reynolds
numbers at Pe → ∞ and in the absence of gravity.
We observe that the mixing index has nearly identical values for all 5 Reynolds numbers. This
can partly be expected, because for all 5 Reynolds numbers the flow is laminar in nature and we
therefore do not expect a transition to occur. We observe good mixing is achieved at about 3 cycles
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(M ≥ 0.9). The Poincaré sections at various mixer lengths for hui = 0.1m/s are shown in Figure
9.4. For these sections we first calculated the solenoidal approximation of the velocity on the whole
domain using discrete flow field data obtained from OpenFOAM in the same way as demonstrated
in Section 8.2. We then released 64 × 32 = 2048 particles starting on a uniform grid at the entrance
of the mixer. We integrated the particle trajectories using a fourth-order Runge-Kutta method with
a time step such that the Courant number (in terms of the typical velocity, the typical mesh size
and the time step) is smaller than 0.01. We note that for the RSHM these Poincaré sections are not
yet available in the scientific literature. We only present the sections for hui = 0.1m/s, because we
noted that Poincaré sections were nearly identical for the various Reynolds numbers. The chaotic
flow pattern causing the kinematic mixing thus seems independent of the Reynolds number of the
flow. This conclusion supplements the recent result of Hama et al [46].
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Figure 9.4: The Poincaré sections after various mixing cycles for hui = 0.1m/s, Pe → ∞, and no
effect of gravity.
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We can now understand the mixing inside the RSHM using the Poincaré sections in Figure 9.4. In
the first half cycle the tip of the herring bones is at approximately 2/3 of the width of the channel
whereas in the second half cycle the tip lies at 1/3th. We observe how some fluid containing particles, but mostly fluid without particles was removed from the bottom of the channel and is forced
upwards inside the top channel at the tip. Note that we can distinguish 5 filaments of particles
being advected at the tip, one corresponding with every groove in the half cycle. Notice how due
to the incompressibility of the flow, the fluid containing the particles at the top are forced to move
along the top wall to the left of the channel. This process is slow however, due to the no slip
conditions near the top wall. If we take a look at the section after the first full cycle, we note that
a significant part of the particles at the bottom right region are advected towards the tip of the
grooves. Note that particles originally in the top right corner are distributed downward along the
side wall and further to the left along the top wall. This process repeats itself until the particles
moving along the top wall hit the left side of the channel at approximately 2.5 cycles. From this
moment the particles are advected into the grooves from both sides of the mixer, after which good
mixing is quickly achieved. This corresponds with the high value of the mixing index in Figure 9.3
from 3 cycles. However, we do observe that even for 5 mixing cycles particles near the top and side
walls stay at their place and that there is a layer devoid of particles between the well-mixed inner
region of the channel and the poorly mixed outer layer near the walls. To quantify this effect we
plotted the FTLEs for the Poincaré sections in Figure 9.5. Note that our Lyapunov exponents are
of dimension 1/m, but for the plots we scaled the exponents with the cycle length of 1886µm to
make it dimensionless again.
To create these plots we took the steps explained in Section 5.1.2: we distribute 128 × 32 (fiducial)
particles uniformly over the mixer entrance and we then attach to every particle a partner particle
within distance ∆start . We then track the particle distances within one pair and calculate the Finite Time Lyapunov Exponents using equation (5.11) resetting the pairs if their distance exceeds
∆max = Hchannel /2. For the particle trajectories we again used the solenoidal approximation of
our simulated data in OpenFOAM and we again use a fourth order Runge-Kutta scheme using a
Courant number smaller than 0.01. For ∆start we tried several values, but we found that if the
particles started at a distance half the grid spacing of the initial particle distribution that the rate of
change of the inter-particle distance scaled approximately in a linear fashion with the inter-particle
distance itself. Equation (5.3) therefore seemed to approximately hold.

74

Figure 9.5: The scaled values of the Finite Time Lyapunov Exponents calculated with equation
(5.11) after various mixing cycles for hui = 0.1m/s, Pe → ∞, and no effect of gravity. The exponent
is scaled with the cycle length of 1886µm such that the exponent is dimensionless.
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Though the individual sections are difficult to interpret, we do two observations. First we observe
that with increasing cycle number the exponents seem to converge towards a more or less uniform
distribution with a positive exponent. To illustrate this effect more quantitatively, we plotted
the average exponents over the sections together with their standard deviations in Figure 9.6.
There we indeed observe that the mean value of the exponent tends to a positive constant value
(of approximately 0.34) and we observe that the standard deviation reduces over the mixer. We
mentioned in Section 5.1.2 that the Finite Time Lyapunov Exponent can be interpreted as an
inverse mixing length. This results in a mixing length of approximately 2.94 mixing cycles. This
value is comparable to the 3 mixing cycles for which we demonstrated that good kinetic mixing is
guaranteed earlier in this section.
The second observation is that though the distribution of exponents tend to homogenize along the
mixing length, that there is a region near the top and side walls for which the exponents tend to
0. This in contrast to the inner region in which the exponents are positive. A region in which the
Finite Time Lyapunov Exponents are nearly 0 is characterized with parallel particle streamlines
and thus no kinetic mixing. This separation between the outer region (bad mixing) and the inner
region (good mixing) can be explained by the no-slip condition posed at the wall. Near these walls
the velocity components in the plain of the intersections is negligible and particles move through
the mixer in a parallel fashion.

Figure 9.6: The scaled average Finite Time Lyapunov Exponents versus the mixing cycle numbers
together with its range of 1 standard deviation for the flow field in which hui = 0.1m/s, Pe → ∞,
and no effect of gravity. The exponent is scaled with the cycle length of 1886µm such that the
exponent is dimensionless.

9.2.2

The Effect of Diffusion: Varying Pe

To study the effect of diffusion we now we set the diffusion constant to a non-zero value of D =
3.0 × 10−10 m2 /s and we again vary the inlet velocities hui in the range [1.0 × 10−4 , 1.0]. The Péclet
Number is thus varied in the range [2.67 × 101 , 2.67 × 105 ]. Of course, the Reynolds number changes
as well, but we just established its effect negligible. Figure 9.7 compares the concentration profiles
of the first 2.5 cycles from our simulations at 2.67 × 102 (left) with the results of Hama et al. (right)
[46]. We observe that concentration profiles correspond to a very good degree.
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Figure 9.7: Left: the concentration profiles after various mixing cycles for Pe = 2.67 × 102 obtained
from our simulations (left), and the concentration profiles under the some conditions obtained from
Hama et al. [46] (right).
Figure 9.8 shows the mixing index in both the RSHM and a straight channel as a function of the
number of mixing cycles for the various Péclet numbers. The mixing index of the latter can be
determined analytically by solving the 1D diffusion equation over the width of the channel with
Neumann conditions on both ends using a step function as initial condition. Using the method of
separation of variables we obtain the following concentration field:


2 π 2 Dt
∞
2 X (−1)n
[2n + 1]πz −[2n+1]
2
C(z, t) = 1 +
cos
e Wchannel ,
π n=1 (2n + 1)
Wchannel
where Wchannel denotes the width of the channel.
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(9.1)

Figure 9.8: The mixing coefficients versus the cycle number of a straight channel (left) and the
RSHM (right) for average inlet velocities of [1.0 × 10−4 , 1.0] and corresponding Péclet numbers in
the absence of gravity.
The results on the RSHM are in line with the results of the study of Hama et al [46]. As expected,
we observe that for larger Péclet numbers (Pe > 2.67 × 102 ) introducing the staggered herringbone
grooves significantly improves the mixing inside the channel. In these cases the fluid leaves a straight
channel without grooves too fast for diffusion to mix the fluids properly. Note that this regime is
typical for experimental studies on the RSHM [151]. We furthermore remark that though the Péclet
numbers plays a large role in the first two mixing cycles, that after the third cycle the fluids are
well mixed for all inlet speeds. This is expected of course, since all mixing curves are bounded
from below by the curve for which Pe → ∞ for which we showed good mixing from 3 cycles in
the previous section. We thus again conclude that for a RSHM with only a few cycles of geometry
used in this study that good mixing is achieved under inlet velocities/volume fluxes and diffusion
constants ranging several orders orders of magnitude.
In the study of Stroock et al. mentioned earlier the Péclet number was varied between 2 × 103
and 9 × 105 and it was found the channel length required for 90% mixing changed by a factor of
2.4. We, in our study find a factor of 1.9 for this range of Péclet numbers. Differences could be
explained by the different geometry of the mixer, or by the use of a different mixing index: the
standard deviation of the intensity distribution from confocal images rather than entropy. Another
explanation is a direct criticism of the use of mixing lengths of this sort. Inspecting the right Figure
in 9.8 we observe that near high mixing indices the slope of the curves has become extremely flat. A
mixing length based on some fixed high mixing index is therefore too sensitive to small variations to
give an accurate description of the mixing inside the RSHM and in mixers in general. To drive the
point home: even if two curves would only differ a few points along the vertical axis vastly different
mixing lengths will be obtained. We argue that a better mixing length scale lmix can be obtained
by fitting a relation of the appropriate form like M ∼ (1 − ex/lmix ) to the curves presented in Figure
9.8, where x denotes the distance along the mixer length. This characteristic length depends on all
data points of the curves and is less sensitive to small vertical translations.

9.2.3

The Effect of Gravity: Varying Fr and Ri

In this section, we investigate the effect of gravity on the mixing properties of the RSHM. First
we do so by simply investigating whether a non-zero contribution of the gravity term term in the
Navier-Stokes equation changes the kinematic mixing in the RSHM. Then, we consider the mixing
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of metal nano-particles dissolved in water. In the latter case density differences arise within the
fluid possibly leading to natural unmixing.
Figure 9.9 compares the behavior of the mixing coefficient over the RSHM channel length in the
absence of diffusion (Pe → ∞) for hui = 1.0 × 10−4 m/s for two cases: g = 0 such that F r → ∞
and g = 9.81m/s2 such that Fr ≈ 3.5 × 10−3 . Note that we chose a small inlet velocity to reduce
the Froude number as much as possible, leading to a large contribution of the gravitational term
in the Navier-Stokes equations. Note that by setting Péclet to infinity that we study the effect of
gravity on kinematic mixing.
We observe in Figure 9.9 that the influence of gravity on the mixing index is very weak. We also
observed no notable differences in concentration profiles or Poincaré sections (data not shown).
This was to be expected, because the only contribution of gravity is in the motion of the bulk fluid.
In Section 3.2 we discussed why the additional effect of gravity on the particle trajectories can be
neglected for our typical flow conditions. This way, gravity has close to no effect to the kinematic
mixing properties of the RSHM.

Figure 9.9: The mixing coefficients versus the cycle number for Re = 0.08, Pe = 2.67 × 103 and two
Froude numbers.
We now turn our attention to the situation where we inject metal nano-particles at the right side
of the RSHM. We model this nano-fluid with the equations (3.6) and (3.17). For metals in water we obtain an expansion coefficient of β = 8.0 and we restrict ourselves to volume fractions
of φp = 0.0125 such that the relative density changes βφp remain below 10%. This results in a
Grashoff number of Gr = 0.5021 and if we again take hui = 1.0 × 10−4 m/s, we obtain a Richardson
number of Ri = 77.1  1. Based on this Richardson number we may thus expect free convection
due to gravity to effect the mixing inside the RSHM.
Since now the velocity field inside the mixer depends on the particle concentration we cannot
decouple kinematic mixing from diffusive mixing and hence immediately solve for a non-zero diffusion coefficient. For metal nano-particles of diameter 0.1µm we obtain a diffusion coefficient of
D0 = 3.0 × 10−12 m2 /s at zero particle concentration based on the Einstein relation. The resulting
Péclet number is then Pe = 2.67 × 103 . Note that Wang’s correction to the diffusion constant for
non-zero particle fractions (equation (3.7)) only alters this constant by 1.875% resulting in only a
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small change in the Péclet number. We therefore do not expect this effect to have much influence on
the mixing inside the RSHM, based on our previous results. Liu et al. performed a mixing study in
the SHM using a mixture of glycerol and water and they confirmed this statement [139] . However,
they also investigated the case in which the volume fraction of glycerol to exceeds 50%. In this
domain Wang’s correction cannot be applied and the diffusion constant decreased 90% within in
the mixture increasing the Péclet number by a factor of 10. We observe changes in their (standard
deviation based) mixing index similar to the changes in our index if we increase our Péclet number
with this factor. In the study of Liu et al. no gravity or buoyancy effects were included into the
Navier-Stokes equations so we expand their study with our analysis below.
Figure 9.10 shows the mixing index along the mixing channel for Ri = 0.0 and Ri = 77.1 and Figure
9.11 shows the concentration profiles after the first 5 half cycles.

Figure 9.10: The mixing coefficients versus the cycle number for Re = 0.08, Pe = 2.67 × 103 and
two Richardson numbers.
We observe that though the concentration profiles differ for the two Richardson numbers, that the
mixing index is only slightly affected by the free convection in the first two cycles. As expected the
mixing in the RSHM is reduced for higher Richardson numbers due to density based unmixing, but
the effect is not large. To study this effect further we also considered the case for which we injected
the metal particles at the bottom half of the channel, the fully stratified configuration. The mixing
index for this situation is plotted in Figure 9.12 whereas the concentration profiles are shown in
Figure 9.13.
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Figure 9.11: The concentration profiles after various mixing cycles for Re = 0.08, Pe = 2.67 × 103
and left: Ri = 0 and right: left: Ri = 77.1.
Comparing figures 9.10 and 9.12 we note that if Ri = 0, that for the bottom-top inlet condition the
mixing coefficient is generally a few percent lower in the first few cycles than for the left-right condition. For the former situation, all particles need to be transported towards the top wall and corners
to completely mix. These regions are regions of poor mixing (as demonstrated in Section 9.2.1),
explaining the lower mixing index. We observe in Figure 9.12 that for Ri = 0 that again 3 cycles
are enough the obtain good mixing. However, we observe for these inlet conditions that the mixing
index significantly decreases with increasing Ri (and thus increasing density differences). This is
expected since the heavier fluid now has to be advected against the direction of gravity, whereas in
the other situation the heavier particles needed to be distributed horizontally, perpendicular to the
direction of gravity. Increasing the density difference thus increases the effect of natural unmixing
in the first case more than in the second case. This natural unmixing, and the inability of the
heavier particles to be mixed into the top side of the channel is clearly visible in the profiles in
Figure 9.13.
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Figure 9.12: The mixing coefficients versus the cycle number for Re = 0.08, Pe = 2.67×103 and two
Richardson numbers for the configuration in which the cobalt particles are injected at the bottom
of the top channel.
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Figure 9.13: The concentration profiles after various mixing cycles for Re = 0.08, Pe = 2.67 × 103
and left: Ri = 0 and right: left: Ri = 77.1.

9.2.4

Summary

We studied the performance of the mixing inside our RSHM for a large variety of operating conditions and fluid properties by varying the Reynolds number, Péclet number and the Froude number
or Richardson Number. We observed that the chaotic velocity field causing kinematic mixing was
invariant under both the Reynolds number and the Froude number. We then observed that diffusion plays a role in only the first few mixing cycles, and that buoyancy effects, quantified by the
Richardson number, also did not alter the mixing performance in the case of horizontal mixing. We
thus conclude that under practical circumstances the mixing properties of a RSHM with a couple
of cycles are more or less invariant to operating conditions and fluid properties. This conclusion is a
new result and implies that the RSHM could be widely applicable to a wide variety of mixing tasks.
However, this study was only performed on 1 RSHM geometry. In the next section we consider
geometries with different groove depths.
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9.3

Varying the Groove Depth

Since the invention of the staggered herringbone mixer, several studies have been performed to
investigate the effect of various geometrical design parameters on mixing metrics and pressure
drops [45][52][152][55][21]. Parameters that were varied in these studies are: channel height, groove
depth, groove width, number of grooves per cycle and groove angle. Furthermore, in the work of
Ansari et al. and Cortes et al. these parameters were optimized using a variety of optimization
techniques [153][154][107]. These authors showed that of all relevant design parameters the mixing
performance was most sensitive to the groove depth. Since our focus in this report is not optimizing
micro-mixers, but better understanding the potential of the RSHM for reactive flows, we focus solely
on this groove depth in this chapter. Our goal is to reproduce some of the results in the literature
and frame these results in the context of micro-channel reactors.
In the first subsection of this section, we study the effect of the groove depth on the mixing properties
of the RSHM. Then, in Section 9.3.2, we investigate how the parameter alters the pressure drop
over the channel. Lastly, Section 9.3.3 discusses how the groove depth influences the residence time
of particles within the mixer.

9.3.1

Groove Depth and Mixing Performance

Within the remainder of this chapter, we characterize the groove depth by the parameter α =
Hridge /Hchannel . Throughout this section, we vary α by varying the ridge/groove depth while
keeping the height of the main channel constant. Up to this moment, we solely worked with a
mixer for which α = 1.0 (the geometry introduced in Section 7.2.1). An other notable case is if
α = 0.0. The mixer then has no grooves, and is therefore equivalent to the traditional microchannel. Figure 9.14 plots the mixing coefficients versus the distance along the mixer for various
groove depths for a solution with conditions Fr → ∞ and left Pe → ∞ and right: Pe = 2.67 × 102 .
In the absence of diffusion, the case for which Pe → ∞, we observe that the mixing index increases
with the groove depth. If we take diffusion into account however, we observe that the mixing
index is highest for α = 1.0 indicating the existence of a maximum alpha α∗ . The existence of
an optimal groove depth corresponds with the findings several papers on the forward staggered
herringbone mixer, which all took diffusion into account. However, the precise value seems to vary
in the literature for various geometries, operating conditions, and mixing measures applied.
To illustrate, within the work of Sakar et al. a value of α∗ = 0.25 was obtained based on finite time
Lyapunov exponents [55]. Other works are based on: stratification thickness (α∗ = 0.45, but α
was not increased further than this value)[52], standard deviations (0.5 ≤ α∗ ≤ 1.0) [153][154][21],
average absolute concentration deviation (α∗ = 0.6) [107] , or mixing length (α∗ = 1.0) [152]. Since
we may conclude from Figure 9.14 that our maximum lies within between 0.5 and 1.5 our result
more or less corresponds with the finding for the forward mixer in the literature, with the exception
of the work of Sakar.
Let us now focus on the kinematic mixing inside the RSHM, the case where the Péclet number
goes to infinity. To understand why for this case the mixing increases with the groove depth for
0 ≤ α ≤ 1.5, we plot the Poincaré sections for the first three cycles for the various mixers in Figure
9.15. For α = 0.25 the mixing performance of the RHSM is significantly less than geometries with
deeper grooves. This is because the fluid leaving the grooves at the tip enters the channel with
a relatively low velocity, causing the particles to stay close to the bottom of the channel. If the
particles arrive at the next half cycle a large fraction of these particles are again advected into the
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grooves, resulting in a situation in which the same particles are advected back and forth. Also,
because only small volumes of fluid are forced in and out of the grooves the movement of particles
along the side and top wall is reduced. This causes a reduction in the mixing performance. For
α ≥ 1.0 we observe that due to the deep grooves the particles get pushed deeply inside the channel,
causing not many particles to be advected back in the next half cycle leaving zones devoid of
particles at 1.5 cycle. However, because the deep grooves causes the inflow/outflow of more fluid to
the grooves the motion of the particles along the wall is increased, causing a small net improvement
of the mixing in terms of the Shannon Entropy. We note that if we take into account diffusion on
top of kinematic mixing that the mixing index of the geometry of α = 1.5 is reduced with respect
to the case where α = 1.0. This could be explained by the fact that for very large groove depths the
species diffuses into the bottom of the grooves, but do not get out because not many streamlines
reach that deep. We indeed verified that only a small fraction of the tracer particles reached the
bottom of the grooves for α = 1.5.

Figure 9.14: The mixing coefficients versus the cycle number for Fr → ∞ and left: Pe → ∞ and
right: Pe = 2.67 × 102 , and various groove depths.
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Figure 9.15: The mixing coefficients versus the cycle number for Pe = 2.67 × 102 , Fr = 3.5 × 10−3
and various groove depths.
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9.3.2

Groove Depth and Pressure Drop

Figure 9.16 presents the scaled pressure drop over the channel as function of the ratio between the
groove height and the channel height α. We scaled the pressure drop using the Darcy–Weisbach
equation for laminar flows. The resulting dimensionless pressure drop can also be referred as the
friction factor [155]. Our results are in line with the study of Aubin et al [52]. There, α was varried
between 0.23 and 0.35 and they observed a small decreasing pressure drop of approximately 1% for
increasing α. We note from an chemical engineering perspective it is attractive that the pressure
drop over the RSHM is comparable and even slightly lower than for a straight channel (α = 0) since
this means that pumping the reacting fluid through the RSHM costs the same amount of energy as
through a simple straight channel would.

Figure 9.16: The scaled pressure drop or friction factor as function of relative groove depth.

9.3.3

Groove Depth and Residence Time

We now study whether the herringbone grooves introduce death zones within our mixer. Death
zones are regions of the flow characterized by high residence times, the time which tracer particles
stay within this region [156]. A standard way to do so within the context of micro-mixers is by
calculating residence time distributions (RTD), which can also be obtained experimentally [157].
We release tracer N = 4096 particles uniformly over the cross section of the mixer and calculate the
time it takes for the particles to reach the end of the mixer. Let us assume that it takes the slowest
particle T seconds to reach to end of the mixer. We now divide the interval [0, T ] in intervals of ∆t
and count how much particles had a residence time between some time t and t + ∆t and we denote
this number by ∆N (t). The residence time distribution E(t) is then given by [158]:
E(t) =

∆N (t) 1
.
N ∆t

(9.2)

It is now convenient to scale time with the expected residence time τ = L/hui, where L denotes
the mixer length.
We note that several authors already studied the RTD of staggered herringbone mixer [54][159][52],
but the effect of changes in the mixer geometry were often not considered. Only Aubin et al. varied
87

α between 0.23 and 0.35.
Figure 9.17 shows the RTDs for the cases α = 0.0, α = 0.25, and α = 1.0 for the flow conditions
Re = 0.8, Pe → ∞ and Fe = 3.5 × 10−3 . We include the value of α = 0.25 because, this geometry
was originally proposed by Stroock et al., and was therefore actively studied after its introduction.

Figure 9.17: The normalized lin-lin and log-log residence time distributions for flow conditions
Re = 0.8, Pe → ∞ and Fe = 3.5 × 10−3 for various groove depths.
We observe that for increasing groove depth the peaks at low residence times gets wider and more
symmetric. This observation was also made by Bovskovic et al. [54] and [159] et al. [159], which
compared the RTD of a Poiseuille flow through a duct and an SHM with α close to 0.25. We can
explain this property by realizing that fast particles staying inside the main channel move more over
the cross section of the mixer for large groove depths because of the better mixing. This way, these
particles attain different velocities over the channel, leading to more uniform velocity distributions.
However, this effect is not really strong and we do not observe a large change in the RTD if we
go from α = 0.25 to α = 1.0. This result and this argument are in line with the result of Aubin
et al., which showed that the RTDs of a SHM with α = 0.23 and α = 0.35 were almost identical
[52]. Also, if we calculate the average residence time hti for the three different cases we obtain
hti/τ = 1.0, 1.03, 1.08 for α = 0, 0.25, 1.0. We thus see that the average residence time increases
with the groove depth, but that this increase stays below 10%. The slow movement of the flow
through the grooves causes an average increase in residence time. However, this increase should
be compared with the decrease in residence time of particles that get mixed into the center of the
channel, but would stay close to the wall in lesser mixing RSHMs with smaller α. To illustrate,
the dead zones in the bottom corners of the top channel for α = 0.0 disappear if proper mixing
is achieved. The net effect of slow moving fluid in the grooves and the disappearance of the dead
zones in the bottom half of the channel is thus a relatively small increase in average residence time.
Finally, if we study the tails of the distribution we observe in the RTDs with the log-log axis that
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the counts scales algebraically with the residence time for all three cases. This corresponds with
the general result of Raynal et al., which showed for that for several flow (mixing) problems that
when no-slip walls impose a large effect on the flow that residence time distributions generally have
fat tails following a power law with an exponent close to −3 [37]. This was not earlier verified for
the RSHM. We obtain slopes −2.96, −2.85, −2.81 for the values α = 0, α = 0.25 and α = 1.0
respectively, all being close to this value of −3. The "fattiness" of the tail does thus not change
much for increasing groove depth.
In general we can thus conclude that though altering the groove depth of the RSHM changes the
RTD of the tracer particles in the mixer, that introducing the grooves does not impose a strong
negative effect on the average residence time of the particles.
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Chapter 10

The Performance of the
Reversed-Staggered Herringbone
Reactor
In 2019, Wang et al. conducted a computational study to conclude that introducing herring bone
grooves could significantly enhance their micro-channel reactor for the isobutane/1-butene alkylation process [21], which they attributed the performance improvement to the improved mass and
heat transfer over an ordinary micro-channel. This finding raises the question which other chemical
processes could better be performed in a Reversed-Staggered Herringbone reactor (RSHR) over a
micro-channel reactor. In this section we try to partly answer this question, focusing on masstransfer only. It is clear that performance improvements can be achieved if the mass transfer is the
limiting factor in the micro-channel reactor. Additional mixing due to the herringbone grooves can
then bring species into contact leading to higher chemical activity. If the reactions are relatively
slow and mass transfer is not the limiting factor, mixing by diffusion may do the job and the introduction of the herringbone grooves may not significantly alter the performance of the micro-reactor.
We thus realize that the potential of the RSHR depends on the various time scales of diffusion, advection/kinetic mixing, and reactions in our reactor and thus on the relevant dimensionless numbers
presented in Chapter 3. In this section we observed that the diffusion-advection-reaction equations
describing the mass transport of the species can be characterized by two dimensionless numbers:
the Péclet number and a Damköhler number. We expect the behavior as presented in the phase plot
in Figure 10.1. If Dadiff  1 the reactions are relatively fast compared to diffusion, mass transport
limits the performance of the micro-channel reactor in this case. If Pe  1 diffusion only has a
minor contribution to the mass transfer compared to convection. Additional mixing has thus extra
potential to improve the mass transport in this situation. The goal of this section is to identify
this region illustrated in Figure 10.1 for two scenarios: a model reaction taking place in the bulk of
the RSHR (see Section 4.2) and the reaction taking place in a wall catalyst (see Section 4.3). We
calculate what performance gains can be obtained by using a RSHR over a micro-channel reactor.
The results of this chapter can be used by scientists/engineers to estimate whether a RSHM would
be an appropriate reactor type for their iso-thermal chemical process.
In Section 10.1 we study the model reaction taking place in the bulk of the RSHR, where we turn
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our attention to a RSHR with a wall catalyst in Section 10.2.

Figure 10.1: A phaseplot of the Péclet number and diffusive Damköhler number, where U denotes
the typical velocity scale, H is a typical length scale, D a typical scale for the diffusion constant and
r the typical reaction rate. Typical improvements in reactor performance induced by additional
mixing can be obtained if mass transfer is limiting. That is, if both the Péclet number and the
diffusive Damköhler number are large.

10.1

The Model Reaction in the Bulk

In this section, we compare the performance of both the micro-channel reactor and the RSHR for
model reaction as introduced in Section 4.2 in the stationary state. In this situation we bring in
reactant A in at the left side of the reactor and we bring in catalyst particles with reaction sides S
in at the right hand side of the reactors. The two species mix and the product P is created. As a
measure of performance we use the velocity averaged yield of the product P measured at the end
of the reactors. If ∂Ωin denotes the inlet domain and ∂Ωout denotes the outlet domain, we define
this yield YP to be:
R
CP (x)(u · n)dA
YP = − R∂Ωout
,
(10.1)
C (x)(u · n)dA
∂Ωin A
where n denotes the outward normal vector of the domains. We introduced an extra minus sign
because the flow direction is anti-parallel to the normal vector n at the entrance of the reactor.
The velocity averaged yield (from now on referred to as "yield") is thus a number between 0 and 1
which captures how much of A was converted to P . The integrals in equation 10.1 are integrated
numerically using the midpoint rule.
Within our simulations we assume that the mass of species A and P have a negligible effect on the
total density of the fluid and we therefore use equation (3.5) for their conservation of mass. For
the catalyst particles we take a similar approach to the one taken in the previous chapter and we
assume that their volume fraction is φ = 0.01 at the entrance. For metal catalyst particles this may
lead to density fluctuations of max 10% and we thus apply mass conservation equation (3.6) for the
catalyst particles. For the momentum equation we apply the Boussinesq-Navier-Stokes equations
given by equation (3.15). We assume that the transport properties of the species A and P are the
same. That is: DA = DP = 1.0 × 10−9 m2 /s. For the fluid viscosity we apply equation (3.16),
assuming the solution is water-like: ν(φ = 0) = 1.0 × 10−6 m2 /s. For the diffusion coefficient of
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the particles we apply equation (3.7) and the Einstein relation assuming that the diameter of the
particles is dp = 0.1µm. This results in Dp (φ = 0) = 3.0 × 10−12 m2 /s. All simulations in this
section are performed using the settings given in Appendix C.3.
Figure 10.2 gives the yield for the reversed-staggered herringbone reactor (RSHR) , the microchannel reactor (MCR) without grooves, and the ratio between the two for various Péclet numbers
and diffusive Damköhler numbers. The same data is represented in Figure 10.3, where the yields
Yp are plotted versus the diffusive Damköhler number Dadiff for various Péclet numbers. To obtain
these results, we varried the Péclet number by varying the average inlet velocity of the reactors,
whereas we varied the diffusive Damköhler number by changing the effective reaction constant of
our model reaction. Note that in this manner the Reynolds number is also varied along with the
Péclet number. However we showed in Section 9.2.1 that the effect of the Reynolds number on the
kinetic mixing is negligible. For the typical length scale, we used the hydraulic diameter of the
channel: dh = 80µm.
We observe in both figures that in general the induced mixing in the RSHR improves the yield of
the micro-channel reactor for Pe ≥ 80. From Figure 10.2 we obtain that the ratio between the
yield of the RSHR divided by the yield of the MCR is relatively constant over the Damköhler numbers for a given Péclet numbers and is averaged by: 1.08, 1.61, 4.24 and 16.81 for Péclet numbers
Pe = 8.0, Pe = 8.0 × 101 , Pe = 8.0 × 102 , and Pe = 8.0 × 103 respectively. For Pe = 8.0, no real
improvement is obtained since diffusion has enough time to mix species A and the catalyst particles
early in the channel. This was already observed in previous chapter in Figure 9.8. For this case,
introducing additional mixing does not result in a better reactor performance and fabricating the
herringbone grooves does not pay off. However in typical micro-channel reactors Péclet numbers are
typically of order 102 < Pe < 105 [151], indicating that in most practical situations micro-channel
reactors can be improved by introducing herringbone grooves. We like to remark that for values
of the Péclet number larger than our maximum value of Pe = 8.0 × 103 a graph as presented by
Figure 10.3 can easily be constructed for the RSHR. From the dimensionless equation of mass (3.8)
we observe that if Pe  1 that the equation is parameterized by only one parameter: the advective
Damköhler number: Daadv = Dadiff /Pe. Curves of yields versus diffusive Damköhler numbers for
Pe > 8.0 × 103 are thus approximately the curves for Pe = 8.0 × 103 with a scaled diffusive Damköhler number. We indeed see that for Pe = 8.0 × 102 and Pe = 8.0 × 103 the curves are already quite
similar.
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Figure 10.2: Phase plots of the yield (equation (10.1)) of a) the reversed-staggered herringbone
reactor (RSHR), b) the micro-channel reactor (MCR) and c)the ratios between the 2 yields for
various Péclet numbers and diffusive Damköhler numbers.
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Figure 10.3: The yield (equation (10.1)) of the reversed-staggered herringbone reactor (blue) and
the micro-channel reactor (red) for various Péclet numbers versus the diffusive Damköhler number.
Introducing the herringbone grooves, makes the MCR overcome the mass transfer limiting behavior
for the MCR observed in Figure 10.3: for increasing flow speeds the yield of MCR can only increase
up to a certain value, even for very high reaction speeds. This is because the diffusive mass transfer
is too slow to bring species A and the catalyst particles into contact. We remind the reader that
within the MCR all reactions take place within the boundary layer between species A (injected left
in the channel) and the particles (injected right). For large flow speeds this boundary layer remains
narrow and yields are bounded from above because of the limiting diffusive mass transfer.
For the RSHR we obtain a different behavior explained by the mixing properties of the reversedstaggered herringbone mixer. In Chapter 9 we showed that the RSHM induced good mixing at
approximately 3 cycles for a very wide range of Reynolds numbers, Péclet numbers, Froude numbers
and Richardson numbers. Since our reversed-staggered herringbone reactor consists of 5 cycles a
full conversion of species A into P can thus always be obtained if the reaction is fast enough to
form P within these last two cycles of the reactor.
We conclude this section with the realization that given a certain chemical process with an effective
reaction constant keff determining the rate of the process (and thus a given Dadiff ), we can select
a reactor inlet velocity significantly higher in a RSHM than a MCR to achieve a certain high
yield. This is illustrated in Figure 10.4 where we plotted the yields versus the Péclet number for
Dadiff = 6.4 × 102 for both reactor types. We observe that if we want to achieve a high yield of
YP = 0.9, that we can achieve so inside the RSHR with a Péclet number and thus inlet velocity of
approximately 5 times higher than in the MCR. For the case of reactions taking place in the bulk,
introducing the herringbone grooves can thus significantly improve the reactor throughput.
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Figure 10.4: The yield (equation (10.1)) of the reversed-staggered herringbone reactor (RSHR) and
the micro-channel reactor (MCR) versus the Péclet number for Dadiff = 6.4 × 102 . The dashed line
represents the line YP = 0.9
We now turn our attention to the situation where the reactions take place in a thin wall film at the
top of the reactors.

10.2

The Model Reaction in a Wall Catalyst

In this section, we perform a similar analysis, but we now assume that the catalytic material is now
located at the top of the reactor geometries in the form of a thin porous film (Figure 10.5). We
assume the thickness of the catalyst film to be 5µm, being a typical thickness for metal catalyst
films [148]. Note that because all reactions take place at the catalyst wall a concentration boundary
layer will form at the top of the channel. In this boundary layer, reactant A will be present in
small concentrations whereas product P will be present in relatively large concentrations. The
performance of the reactor strongly depends on how well reactant A is transported towards the
catalyst and how well species P is transported away from the catalyst. The latter is important not
because the presence of P chemically inhibits the conversion of A to P (the reaction is only in the
forward direction), but because high concentrations of P in the channel reduces the transport of P
through the catalyst/channel interface.

Figure 10.5: A representation of the reversed-staggered herringbone geometry with a thin slab
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We again study the model reaction as introduced in Section 4.2, but now apply the catalytic boundary conditions (A.13) based on the catalyst model developed in Section 4.3. For the conservation of
mass in the channel for species A and P , we again apply equation (3.5), whereas we apply NavierStokes equations (3.12) without gravity for the flow inside the channel. We again assume that the
l
transport properties of the species A and P are the same. That is: DA
= DPl = 1.0 × 10−9 m2 /s,
s
s
−10 2
DA = DP = 1.0 × 10 m /s, and hA = hP . The mass transfer coefficient can be obtained from
equation (4.11) if we assume that the solvent is water-like (ν = 1.0 × 10−6 m2 /s) which is now a
constant throughout the fluid. All simulations in this section are performed using the settings given
in Appendix C.2.
Figure 10.6 gives the yield for the reversed-staggered herringbone reactor (RSHR) with wall catalyst, the micro-channel reactor with wall catalyst (MCR) without grooves, and the ratio between
the two for various Péclet numbers and diffusive Damköhler numbers. The same data is represented
in Figure 10.7, where the yields Yp are plotted versus the diffusive Damköhler number Dadiff for
various Péclet numbers. To obtain these results, we varried the Péclet number by varying the average inlet velocity of the reactors, whereas we varied the diffusive Damköhler number by changing
the effective reaction constant of our model reaction. For the typical length scale, we used the
hydraulic diameter of the channel: dh = 80µm.

Figure 10.6: Phase plots of the yield (equation (10.1)) of a) the reversed-staggered herringbone
reactor (RSHR) with wall catalyst, b) the micro-channel reactor (MCR) with the wall catalyst and
c)the ratios between the 2 yields for various Péclet numbers and diffusive Damköhler numbers.
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Figure 10.7: The yield (equation (10.1)) of the reversed-staggered herringbone reactor with wall
catalyst (RSHR) and the micro-channel reactor (MCR) with the wall catalyst for various Péclet
numbers versus the diffusive Damköhler number.
The first thing we observe in figures 10.6 and Figure 10.7, is that the RSHR does not significantly
outperform the micro-channel reactor. Only for Pe = 8.0 × 101 an improvement of a few percent
can be obtained with similar ratios as in the bulk. Furthermore, we observe that the qualitative
behavior of the curves in Figure 10.7 are quite different than shown in Figure 10.3 for larger Péclet
numbers (Pe ≥ 8.0 × 102 ), whereas the behavior is similar for the low Péclet numbers Pe = 8.0 and
Pe = 8.0 × 101 . For low Péclet numbers the effect of diffusive mixing is large and the additional
effect of kinetic mixing due to the herringbone grooves is low. However, for this configuration
with the wall catalyst, we have an other effect taking place in the reactor depending on the Péclet
number. If we increase the Péclet number by increasing the inlet velocity we not only decrease the
effect of diffusive mixing, but we also decrease the thickness of the concentration boundary layer at
the catalyst wall. Since typically the concentration boundary layer thickness decreases algebraically
with the Reynolds number [145]. We observed in our simulations that up till Pe = 8.0 × 101 the
thickness of the boundary layer quickly increases up to the height of the channel. Furthermore, we
observed in Section 9.2.1 that the SHM mixes best in the region away from the no-slip walls and
that the regions near the walls are characterized by bad kinetic mixing. For low Péclet numbers
the boundary layer is thick enough to reach the region of good mixing to get partially mixed within
the chaotic flow field induced in the SHMR. Furthermore, because the effect of diffusion is strong,
species present in this region of good mixing have enough time to diffuse through the region of bad
mixing near the wall to get near to/away from the catalyst wall. If we however further increase the
Péclet number, the maximum boundary layer thickness decreases below the height of the channels.
Figure 10.8 presents the concentration profiles for A and P at half the width of the channel at the
end of the reactors as function of the height over the channel for the two large Péclet numbers.
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For the Damköhler numbers we picked values after which the yield stopped increasing (limiting
mass transfer). In Figure 10.8 we do observe that the RSHR succeeds in creating a more uniform
product distribution over the lower part of the channel, but that a boundary layer is still present.
The chaotic velocity field induced by the reversed-herringbone grooves only partially mixes the
boundary layer into the rest of the domain. Furthermore, diffusion is for these cases too slow to
transfer species from the inner good mixing region of the channel to the catalyst wall. This results
in only negligible yield gains with respect to the MCR. We conclude that introducing the reversedstaggered herringbone grooves in a micro-channel reactor with a catalytic wall has significantly less
potential than for a situation in which the reactions take place in the bulk.

Figure 10.8: The concentration profiles of species A and P versus the scaled height of the channel
at half width at the end of the reactors for both the reversed-staggered herringbone reactor with
wall catalyst (RSHR) and the micro-channel reactor (MCR) with the wall catalyst for two Péclet
numbers. For the profiles on the left we used Dadiff = 2.56 × 104 and for the profiles on the right
we used Dadiff = 2.56 × 105 .
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Chapter 11

Conclusions & Outlook
This chapter is concerned with the main conclusions of our work, followed by an outlook to possible
future research. We finish with a section in which we discuss the technological relevance of our
work.

11.1

Conclusions

In this report we investigated the potential of introducing reversed-staggered herringbone grooves
to micro-channel reactors in terms of mass transfer. The goal was to investigate under which conditions the additional mixing caused by the induced chaotic flow field, could result in enhanced
reactor performance.
We started our analysis with studying the mixing properties of the reversed-staggered herringbone
mixer for both dilute solutions and (single-phase) particle laden solutions under various reactor conditions and for various groove depths. For investigating this mixing performance we used 3 methods:
a mixing index, Poincaré sections and Lyapunov exponents. Since the last two methods rely on
particle trajectories within the flow we developed a new method to find a solenoidal approximation
the velocity vector field based on the simulated velocity data in OpenFOAM. In this technique we
solved a least squared finite element problem using isogeometric divergence conforming B-splines.
An a priori error estimate for the error was both derived and numerically verified and the resulting
approximation was found to be divergence free up to machine precision. The method is stable and
we found that constructing high order solutions is straightforward. A disadvantage of the method
is that it is not easy to extend to complicated geometries, because this would require the knowledge
of analytical mappings from unit blocks to subdomains of the geometry.
We concluded that the kinetic mixing performance of the RSHM is more or less invariant to (large)
variations in the flow’s Reynolds number, Froude number, and Richardson number. Good mixing
can be achieved under all realistic operating conditions within 3 mixing cycles based on kinetic
mixing only. We furthermore identified regions of bad mixing near the top wall of the channel.
When varying the groove depth we concluded that an optimal groove depth exists (approximately
50µm for our channel geometry) and that both the pressure drop and the mean residence time of
particles in the mixer are not significantly altered by the the groove depth.
Finally, we investigated for which reactor conditions and reaction rates a staggered-herringbone
reactor can significantly outperform a micro-channel reactor without the grooves. We did so by
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performing a parameter study on the Péclet number and the diffusive Damköhler number for isothermal second order reactions taking place in either the bulk or inside a wall catalyst at the top of
the channel. We concluded that for bulk reactions the staggered-herringbone reactor significantly
outperforms the micro-channel reactor under Péclet numbers typical in micro-channel (Pe > 103 ).
That is, given some chemical reaction suitable for an ordinary micro-channel reactor this process
could be performed in a reversed-staggered herringbone reactor with a throughput several times
higher. If the reactions took place inside the wall catalyst however, we found that the herringbone
grooves could not significantly improve reactor performance since the concentration boundary layer
near the catalyst lay within the region of bad kinetic mixing near the wall catalyst. This way, the
chaotic flow field caused by herringbone grooves could not effectively supply reactants or take away
product to/from the catalyst wall, resulting in only small increases in reactor performance.

11.2

Suggestions for further Research

In this thesis we focused on gaining a deeper understanding in the potential of introducing reversedstaggered herringbone grooves to micro-channel reactors, focusing on mass transfer only. Our approach is general in the sense that we decided not to focus on a particular use-case, but to study
this potential in terms of dimensionless numbers and the relative importance of time scales these
numbers represent. However, to keep the number of timescales to a minimum we decided to work
with a simple model second-order iso-thermal reaction involving species with identical transport
properties. Though we believe that our work can be used to crudely estimate the the potential of
introducing reversed-staggered herringbone grooves for a variety of applications, we realize that for
every application the specific model reaction and mixer geometry should be studied separately by
means of simulations and/or experiments.
A straightforward extension of this work would be to include temperature effects. Micro-channel
reactors are especially potent for exothermic reactions due to their great ability for heat dissipation. The effect of additional mixing in the channel due to the herringbone grooves on the heat
dissipation has not yet been studied and could be a topic of future research.
Another extension of this work would be to perform similar studies on other mixer types like
squarewave or serpentine mixers. Though their mixing performance has been compared under
some conditions (e.g. in the work of Liu et al [109]), these geometries are not well studied in the
context of chemical reactors. Some of existing mixers, like the zigzag-shaped mixer, are effective at
larger Reynolds numbers than the RSHM is [1]. Investigating its potential as a reactor geometry
could therefore lead to advancements for processes where a higher throughput is desired.
The other suggestions for further research relate to the solenoidal approximation method for sampled vector fields. As mentioned before, continuity of the approximation field was in this report not
enforced on the sub-domain interfaces. A straightforward extension of this work is doing so in a similar manner as Evans applying both upwinding and an interior penalty method [129]. Furthermore,
in this report we decided to first interpolate the data and formulating the solenoidal projection in
the L2 (Ω)-norm. This way we could use the machinery from mixed-FEMs, thereby staying close
to the context in which the isogeometric B-spline spaces were developed. However, this approach
automatically resulted in an approximation that was not exact on the data points anymore. Future
work could be directed in more direct methods in which the velocity field is directly written as a sum
of elements from V h . Demanding that the field is exact on the data, we can solve a matrix system
to determine the coefficients of the individual test functions. However, we note that it is not trivial
to match the number of constraints and the degrees of freedom of the problem exactly. We have
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seen that the degrees of freedom increase with increasing the order of the spline spaces. Obtaining
higher order interpolations thus results in over-determining the matrix system, possibly leading to
inexact values at the data again. However, we found that for the special case n1 = n2 = n3 = 2 that
perfect matching between degrees of freedom and constraints can be obtained by using face-valued
velocity data rather than cell-centered velocity data. Implementing this method would result in a
stable second order accurate solenoidal interpolation.

11.3

Technological Relevance

Just as pipes are crucial to macroscopic chemical factories, so are micro-channels the building blocks
of micro-fluidic devices. Mass transfer in micro-channels is traditionally limited to diffusion and
mixing is therefore only slowly achieved. In our work, we demonstrated that introducing reversedstaggered herringbone grooves to micro-channels solves this problem for a large variety of fluid
properties and flow conditions. We therefore think that this geometry could be widely applicable
for a large variety of micro-fluidic mixing applications.
Consequently, we showed for fast second-order iso-thermal bulk reactions that introducing the
grooves to a micro-channel reactors can significantly boost reactor performance. We demonstrated
that the throughput of a reactor with grooves can exceed the throughput of a traditional microchannel reactors several times. Our work helps scientists and engineers estimate whether introducing
reversed-herringbone grooves to their micro-channel reactor benefits their performance. This way,
our work contributes to the development of more effective micro-fluidic devices.
The new method for calculating solenoidal approximations of sampled vector fields can be used not
only to calculate more accurate particle trajectories in incompressible flows, but can also be applied
in electromagnetics, computer graphics, and imaging.
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Part V

Appendices
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Appendix A

Numerical Methods in OpenFOAM
This appendix discusses the numerical methods methods used in our CFD-simulations. All CFDsimulations in this work are performed in OpenFOAM R v1906. OpenFOAM (for "Open-source
Field Operation And Manipulation") is a C++ toolbox for the development of customized numerical
solvers, and pre-/post-processing utilities for solving Computational Fluid Dynamics (CFD) related
problems [134].
The remainder of this chapter is divided in two sections. We start this chapter with a discussion
of the numerical schemes used to discretize both the conservation laws and the chemical models
in Section A.1. Then, in Section A.2, we discuss our solution strategy for solving all discretized
equations in a segregated manner. We note that the numerical methods presented in this chapter
are readily implemented in OpenFOAM.

A.1

Discretization Schemes

In this section, we introduce the discretization schemes used within OpenFOAM to solve our conservation laws and chemical models numerically. Since OpenFOAM is a Finite Volume Solver we
first introduce this method for discretizing spatial derivatives first in Section A.1.1. Then we turn
our attention to time derivatives (Section A.1.2) and boundary conditions (Section A.1.3).

A.1.1

Schemes for Spatial Derivatives - The Finite Volume Method

The finite volume method (FVM) is a method for discretizing partial differential equations in the
form of algebraic equations [160]. From the physical point of view, the FVM is based on balancing
fluxes through control volumes, thereby inherently conserving quantities like mass, momentum and
energy at the discretized level [161]. Since our reactive flows are governed by conservation laws (see
Chapter 3), we chose the FVM over e.g. finite differences or finite element methods.
The aim of this chapter is to show how to apply the FVM to discretize spatial derivatives in the
following general partial differential equation under conservative form:
∂t Φ(x, t) = ∇ · F(x, t) + S(x, t),

(A.1)

where the space variable x belongs to the domain Ω ⊆ Rd (d ≥ 1), ∇ is the gradient operator with
respect to space, and the time variable t belongs to some time interval [0, tmax ) , with tmax > 0.
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The scalar function Φ , defined on Ω × [0, tmax ) expresses the density of some quantity (like density
or a velocity component, etc), the function F : Ω × [0, tmax ) → Rd , expresses the flux of this
quantity and the function S : Ω × [0, tmax ) → R denotes some source term. Some initial condition
Φ(x, 0) = Φ0 (x) for x ∈ Ω is imposed, as well as sufficient other boundary conditions to make
the problem well-posed. Note that the functions A and F are not necessarily regular, so that the
derivatives involved in equation (A.1) may be weak derivatives.
The functions Φ , F , and S are assumed to be related to a set of unknown fields (φj )j=1,. . . ,N ,
where φj is an unknown function defined from Ω × [0, tmax ) to R. We assume them to be of the
following form:
Φ(x, t) = Φ(φ1 (x, t), . . . , φN (x, t), x, t)
S(x, t) = S(φ1 (x, t), . . . , φN (x, t), x, t)
F(x, t) = F(φ1 (x, t), . . . , φN (x, t), ∇φ1 (x, t), . . . , ∇φN (x, t), x, t).
Note that both the conservation of mass and the conservation of momentum introduced in Chapter
3 can be written in this form.
Let us define a mesh M = {Ωi } sufficiently regular partitioning Ω, and an increasing finite sequence
t(0) = 0 < t(1) < . . . < T . Let us denote the discretizions of φj , Φ, F, and S on the control volume
(n)
(n)
(n)
(n)
Ωi at time t(n) by φj,Ωi , ΦΩ i , FΩ i and SΩ i respectively. We can furthermore define the set of
computational points {xi }i indicating the centroids of the control volumes such that:
Z
(x − xi )dx = 0.
Ωi

The FVM approach is now to integrate equation (A.1) over an element Ωi and a time interval
[t(n−1) , t(n) ] (n ≥ 1) applying Gauss’ theorem to obtain the following balance equation [161]:
Z

(Φ(x, t(n) ) − Φ(x, t(n−1) ))dx =

Z

t(n)

t(n)

Z

(F(x, t) · n)dA(x)dt +
t(n−1)

Ωi

Z

Z

S(x, t)dxdt, (A.2)
t(n−1)

∂Ωi

Ωi

where dA(x) denotes integration with respect to the (d − 1)-dimensional measure of the boundary
∂Ωi and where n denotes the outward normal vector on ∂Ωi .
We note that within the context of OpenFOAM, the elements Ωi are convex polyhedral cells in 3-D,
bounded by a finite variable number of polygonal faces. It is thus possible to write the integral over
∂Ω as a sum over the cell faces. Combining this simplification with the midpoint approximation
for the volume integrals, results in the following balance equation:
(n)

(n−1)

ΦΩi − ΦΩi

=

Z t(n) Z
Z t(n)
1 X
(F(x, t) · n)dA(x)dt +
SΩi (t)dt,
|Ωi |
t(n−1) f
t(n−1)

(A.3)

f ∈∂Ωi

where |Ωi | denotes the Lebesgue measure of Ωi .
To properly solve for φ on the grid, we need information about the fluxes on the boundary of our
control volumes. The art of FVM is now to choose proper numerical schemes for these fluxes in terms
of the values of the fields inside the control volumes. This together with a suitable discretization
of the integrals over time finalizes the discretization of equation (A.3).
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It is common to split the flux vector F in a diffusive component Fdiff and an advection component
Fadv such that:
F(x, t) = Fdiff (x, t) + Fadv (x, t),
where the diffusive flux is often a function of the gradients of its underlying fields ∇φj (x, t) and
where the advective flux is often proportional to the velocity field u(x, t) [161]. We first consider
the discretizations of these fluxes separately, starting with the diffusive flux.

Diffusive Fluxes
We consider a diffusive flux of the canonical ”Fickean” form:
Fdiff (x, t) = −D(x)∇φ(x, t),
where D : Ω → R+ denotes a diffusion constant and where φ is one of the unknowns fields of the
problem. Note that we drop the index j, indicating the particular field of interest for convenience.
We now closely follow the work of Damián for the discussion of the discretization of this diffusive
flux [162].
Inspecting equation (A.3), we realize that our goal is to find an appropriate approximation of
D(x)(∇φ(x, t) · n) between neighbouring control volumes Ωi and Ωi+1 . Figure A.1 illustrates these
two neighbouring control volumes for both an orthogonal and a non-orthogonal mesh.

Figure A.1: The cell interface between the elements Ωi and Ωi+1 for a) an orthogonal grid and b)
a non-orthogonal grid. The point P lies on the interface and on the vector di,j which connects the
cell-centres xi and xi+1 .
We define the point P on the intersection of the face between the volumes and the vector (xi+1 −xi ).
For estimating field values for D and other fields at the boundary wall, here sub-scripted by Ωi |Ωi+1 ,
we apply a (second order) linear interpolation between the values at the cell-centres. In formula
form:
|xP − xi+1 |
|xi − xP |
DΩi +
DΩi+1 ,
(A.4)
DΩi |Ωi+1 ≈
|xi − xi+1 |
|xi − xi+1 |
where |.| denotes the euclidean norm. In the case of an orthogonal grid we can approximate the
surface gradient at time t(n) in a similar second order central difference scheme:
(n)

(n)

(∇φ · n)Ωi |Ωi+1 ≈
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(n)

φΩi+1 − φΩi
|xi − xi+1 |

.

(A.5)

This scheme will from now on be referred to as the orthogonal scheme. However, for non-orthogonal
grids the angle θ between n and (xi+1 −xi ) is non-zero which causes extra errors in the discretization
thereby losing its second order accuracy [162]. There exist various non-orthogonality corrections
preserving second order accuracy, including: the minimum correction approach, the orthogonal
correction approach, and the over-relaxation approach [135]. Though all second order accurate,
and though all based on a decomposition principle, the methods differ in stability and convergence
behavior. As shown by Jasak in his phd-thesis, the over-relaxation approach has several advantages
over its alternatives [147]. We discuss these advantages after having introduced the scheme.
The over-relaxation method splits the normal vector n in a component parallel to (xi+1 − xi ) and
a component t tangential to volume face. This naturally results in the following discretization:
(n)

(∇φ ·

(n)
n)Ωi |Ωi+1

(n)

1 φΩi+1 − φΩi
(n−1)
+ (∇φ · t)Ωi |Ωi+1 ,
≈
cos θ |xi − xi+1 |

(A.6)

where θ denotes the angle between n and (xi+1 −xi ). The method is called over-relaxation, because
the orthogonal contribution gets weighted with a factor larger or equal to 1. The non-orthogonal
contribution is calculated from the flux in previous time steps, and is corrected iteratively for every
time step untill some convergence criterion is met [147]. This means: equation (A.3) is solved a
number of times for every time step updating the non-orthogonal contribution in this orthogonalcorrection loop. Due to the implicit dependence of the non-orthogonal correction on other cell volumes the scheme may be unbounded, particularly if mesh non-orthogonality is high [163]. Since the
orthogonal scheme is bounded the non-orthogonal correction can be left out in cases where boundedness is of high importance. This principle holds for all 3 standard non-orthogonal corrections.
However, Jasak showed that the over-relaxation method has the following convergence/stability
advantages over its alternatives[147]:
1. It can reach a converged solution even on meshes distorted so severely that other nonorthogonality treatments diverge
2. The solution after the first non-orthogonal corrector is closer to the converged solution than
the solutions of the other methods
3. The convergence of the over-relation corrector is monotonic rather than oscillatory, resulting
in the higher stability of the solution procedure.
The over-relaxation approach is therefore the standard correction implemented in OpenFOAM.
Advective Fluxes
We now consider advective fluxes of the canonical form:
Fadv (x, t) = φ(x, t)u(x, t),
where u : Ω × [0, tmax ) → Rd is the velocity field, and where φ is again one of the unknown fields.
Inspecting equation (A.3) we realize that our goal should be to find an appropriate approximation
of φ(x, t)(u(x, t) · n) at the boundaries of the the control volumes. A naive approach would be
to use a similar central interpolation scheme as we did for surface gradients to find the advective
flux through the boundaries. However, although this may work for relatively small velocities, this
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method becomes unstable and causes spurious oscillations for systems in which convective flux
dominates diffusion flux [136]. A measure to quantify whether this the case is the numerical Péclet
number:
Uh
,
Peh =
D
where U denotes the typical velocity of the field u, D denotes the typical value of the diffusion
constant and h is the typical mesh size. We subscripted this numerical Péclet number with the
length scale h to distinguish it with the physical Péclet number defined in Section 3.1, where the
typical length scale was taken to be a typical length scale of a micro-channel. The interpretation
of the number is the same as before: it is the ratio of the convective transfer rate and the diffusive
transfer rate over a distance h. Since we are dealing with systems for which typically Peh  1, we
apply flux-limiter methods to discretize the advective fluxes. The idea of this family of methods is to
create high-resolution schemes by locally balancing between (oscillatory) second order schemes and
(dissapative) first order schemes by means of some limiter function [137]. In terms of computation
time, this approach is significantly more effective in reducing oscillations than reducing h and thus
Peh by using a finer mesh [161].
To illustrate flux-limiter schemes we focus on a structured mesh with the volume elements Ωi−1 , Ωi
(n)
(n)
(n)
and Ωi+1 neighbouring in one direction with their corresponding field values φΩi−1 , φΩi and φΩi+1
(n)

with the goal to find an appropriate approximation for φΩi |Ωi+1 , the field value between cells i and
i+1. Since the pioneering work of Sweby [137] the relation is commonly taken to be of the following
form [137]:
1
(n)
(n)
(n)
(n)
φΩi+1 |Ωi = φΩi + ψ(r)(φΩi+1 − φΩi ),
(A.7)
2
where ψ : R → R+ is the limiter function and where r = (φΩi − φΩi−1 )/(φΩi+1 − φΩi ) represents the
ratio of successive gradients. For simplicity we will from now on assume a flow from cell i−1 to i+1
implying r ≥ 0. Note that equation (A.7) is a general expression for 3-point stencils. For example,
we can choose ψ(r) = 0 to obtain a first-order upwind scheme, ψ(r) = 1 results the second-order
central difference scheme, whereas ψ(r) = r is the second order linear upwind difference scheme.
For a modern review on the relation between the ψ − r function and the properties of the resulting
schemes we refer the reader to the work of [164]. However, we do like to introduce some of the basic
concepts in this report.
For a scheme to not cause spurious oscillations we desire that 1) it must not create local extrema,
2) the value of an existing local minimum must be non-decreasing, and 3) that a local maximum
must be non-increasing. It is a classical result by Ami Harten that these conditions are met of
the scheme is Total Variation Diminishing (TVD) [165]. The total variation of a field at time n is
defined to be:
X
T V (φ(n) ) =
|φΩi+1 − φΩi |,
i=0

such that a TVD scheme can be defined to satisfy for every n ≥ 1 that :
T V (φ(n) ) ≥ T V (φ(n+1) ).
Sweby showed that the following two conditions are sufficient to make a flux-limiter scheme (equation (A.7))TVD [137]:
(
ψ(r) ≤ 2r, if 0 ≤ r < 1
ψ(r) =
ψ(r) ≤ 2, if r ≥ 1
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In terms of accuracy the Sweby showed that all second order schemes must be bounded by the
central difference and the linear central upwind scheme in the following way:
(
r ≤ ψ(r) ≤ 1, if 0 ≤ r < 1
ψ(r) =
1 ≤ ψ(r) ≤ r, if r ≥ 1,
Figure A.2 shows the shaded TVD region together with the second order region in a ψ − r diagram.
The green intersection of the two gives the region in which second order TVD schemes can be found.

Figure A.2: The Sweby curve indicating the region for TVD flux-limiter schemes in yellow and
the second order flux-limiter schemes in blue. The overlap of the two is colored green. The upwind difference (UD), central difference (CD), linear upwind difference (LUD), Van-Leer (VL), and
limitedLinear (LL) schemes are shown.
Within OpenFOAM, a variety of limiter functions are available. The two (non-trivial) limiters that
are used throughout this report are the van-Leer limiter and the limitedLinear limiter. We use the
former for most scalar fields, with exception of the normalized fields bounded between 0 and 1.
The van Leer-limiter is a TVD second-order limiter lying within the Sweby area (fig A.2) [138]. Its
limiter function is given by:
r + |r|
V L : ψ(r) =
.
(A.8)
1 + |r|
The second-order TVD limitedLinear scheme is specific to OpenFOAM and it is the stabilized
central differencing scheme with a limiter given by [134]:
LL : ψ(r) = min (2r, 1)

(A.9)

The main advantage of this limiter is that OpenFOAM provides a limitLinear01 limiter which
applies limitLinear if the field of interest is between 0 and 1 and applies the non-TVD linear upwind
difference scheme otherwise. This results in a limiter naturally bounding the field values of the field
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between 0 and 1 [139].
For the velocity field we generally apply the global second-order linear upwind difference scheme.
This scheme is not Total Variation Diminishing (TVD), but we note that within the Navier-Stokes
equation the kinetic viscosity ν functions as the diffusion constant in the conservation law, resulting
in moderate numerical Péclet numbers. We therefore do not expect spurious oscillations within our
solution of the velocity field.

A.1.2

Schemes for Time Derivatives

∂
Φ(xi , t) in equation
For non-stationary problems we need to find an approximation for the term ∂t
(A.3). For all simulations performed in this report we use a first order implicit Euler scheme. The
reason that we are satisfied with first order convergence is that we only perform non-stationary
simulations for qualitative features of the flow. Equation (A.3) can for implicit Euler be written as
[166]:
Z
∆t X
(n)
(n)
(n−1)
(F(n) (x) · n)ds(x) + ∆tSΩi .
(A.10)
ΦΩi − ΦΩi
=
|Ωi |
f
f ∈∂Ωi

We note that this scheme is unconditionally stable and that, in principle, the CFL-condition does
not have to hold. This condition states that for explicit schemes the Courant number Co = U ∆t/h
should be smaller or equal to 1 [167]. However, we will see in Section A.2 that the sequential
algorithm for solving for the pressure and velocity used in OpenFOAM induces upper bounds on
the Courant number regardless.

A.1.3

Boundary Conditions

Let us assume that either Dirichlet, Neumann, or mixed Robin boundary conditions are enforced on
the boundary of domain ∂Ω. The Robin condition generalizes the other two and it can be written
as follows:
aφ(x, t) + b∂n φ(x, t) = g(x, t),
on ∂Ω
(A.11)
where a, b ∈ R are constant, where g is some function of space and time and where n denotes the
outward normal vector on ∂Ω. To enforce this boundary condition on the solution, we need to
properly relate the value inside the cells at the boundary with their face values. Let us consider a
(n)
(n)
control volume Ωi of which the face f intersects ∂Ω. The discrete relation between φf and φΩi is
implemented in OpenFOAM as follows [134]:
(n)

φf
(n)

(n)

(n)

(n)

= αφf,ref + (1 − α)(φΩi + ∆∂n φf,ref ),
(n)

(A.12)

where φf,ref is some reference value, ∂n φf,ref is some reference normal derivative, ∆ denotes the
distance from the cell center perpendicular to the cell face, and where α (0 ≤ α ≤ 1) is a constant.
All these quantities depend on the values of a, b and g on face f . For example, α = 0 corresponds
with Neumann boundary conditions, whereas α = 1 corresponds with Dirichlet boundary conditions.
Note that the implementation of the boundary conditions are only first order accurate.
While the choice for α is trivial for the Dirichlet and Neumann conditions this is not the case for
Robin conditions. Let us consider the Robin condition representing the wall catalyst as derived in
Section 4.3. We repeat the dimensionful equation for species A or P :
hC l (x, t) + Dl ∂n C l (x, t) = hC s (x, t) + Ds ∂n C s (x, t).
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If we now discretize this equation on Ωi using the first order accurate approximation of the derivative
l(n)
l(n)
l(n)
s(n)
s(n)
∂n C l ≈ 1/∆(Cf − CΩi ) , use C l ≈ Cf and treat C s ≈ Cf
and ∂n C s ≈ ∂n Cf
as a given
we obtain:
!
Shl∆
1
Shl∆
s(n)
s(n)
l(n)
l(n)
(A.13)
C
Cf =
+
C
+
∆
s ∂n Cf
Ω
f
l
l
i
Sh
1 + Sh∆
1 + Sh∆
∆
where Shf∆ = h∆/Df and Shs∆ = h∆/Ds denote discrete Sherwood numbers. We thus choose
(n)

s(n)

α = Shf∆ /(1 + Shf∆ ), φf,ref = Cf

(n)

, and ∂n φf,ref =

s(n)
Shl∆
Shs∆ ∂n Cf

in equation (A.12).

Having finished the treatment of all necessary discretizations we now turn our attention to algorithms for solving the incompressible Navier-Stokes Equations.

A.2

Segregated Solution Algorithms for the Incompressible
Navier-Stokes Equations

As stated in Section 3.2 we need to solve the incompressible (Boussinesq) Navier-Stokes equations
to find the velocity field u and the pressure field p:
∇·u=0

(A.14)

∂u
+ ∇ · (u ⊗ u) = ∇ · (ν∇u) − ∇p̄ + ρ̄g,
(A.15)
∂t
where ρ̄ denotes the local density of the fluid divided by the constant density of the solvent.
Since these equations are conservation laws of the same form as equation (A.1) all discretizations
developed so far can be applied. However, two complications arise for solving the resulting system:
1) the Navier-Stokes equations are non-linear in the unknown velocity velocity field, and 2) there is
no explicit conservation law for the pressure p. To solve this system we apply segregated solution
algorithms in OpenFOAM. To introduce these algorithms properly we first first discretize equations
(A.14) and (A.15) in Section A.2.1. Then we introduce 2 algorithms to solve this discretized equation in a segregated manner: the SIMPLE (Section A.2.2) and the PISO (Section A.2.3) algorithm.
After these subsections we present some extra notes on dealing with with multi-region simulations
(Section A.2.4) and chemical source terms (Section A.2.5).

A.2.1

Discretizing the Incompressible (Boussinesq) Navier-Stokes Equations

The goal of this section is to derive a system of algebraic equations to solve for the velocity components and the pressure. To make this treatment most useful for future readers we try to stick with
the notations used in the OpenFOAM source code as much as we can.
Considering that the stencils introduced in Section A.1.1 were of at-most size 3 for space derivatives
and at-most size 2 for time derivatives one can write the Navier-Stokes equations for a velocity vector
uΩi in a semi-discretized form similar to equation (A.23):
(n)

(n)

ai (uΩi )uΩi = H(u(n−1) , u(n) ) − ∇p̄ + ρ̄g.
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(A.16)

where the function H depends on the non-diagonal elements and the velocity field in the previous
time step in the following way:
X
(n)
(n)
H(u(n−1) , u(n) ) = −
aj (uΩj )uΩj + b(u(n−1) ),
(A.17)
j∈nb(i)

where ai and aj are coefficients possibly depending on the velocity field, nb(i) denotes the index
set of the neighbouring cells of cell i, and where b is some function we do not need to specify
here. All we effectively did here was stating that the velocity at cell i depends on the velocity of
the neighbouring cells and the velocity field at the previous time step. Note that the coefficients
a depend on the velocity field, because of the non-linear ∇ · (u ⊗ u) term in the Navier-stokes
equations. Discretizing this equation in a FVM-manner would namely result in:
X
X
X
(∇ · (u ⊗ u))Ωi ≈
(u ⊗ u)f · n =
Fadv (u)f · n =
(u · n)f uf ,
f

f

f

where Fadv is the non-linear advection flux, and where the subscript f indicates that the quantity is
evaluated at the cell faces. Two approaches in tackling this non-linearity are considering a non-linear
solver, or by linearizing the advective flux properly. Both the PISO and the SIMPLE algorithm
take the latter approach.
It is now important that the advective flux satisfies the incompressibility condition which in discrete
form is equal to:
X
(∇ · u)Ωi ≈
uf · n = 0.
(A.18)
f

We can now use this equation to find a pressure equation. First we rewrite equation (A.16) in terms
(n)
of uΩi and then interpolate to the cell faces to obtain:
(n)
uf

=

H(u(n−1) , u(n) )

∇p̄Ωi

−

(n)

ai (uΩi )

(n)

!
f

(n)

!
+

(n)

ai (uΩi )

f

ρ̄Ωi

!
g.

(n)

ai (uΩi )

(A.19)

f

We then plug this expression in the continuity equation to obtain the discrete pressure equation:


! 
!
! 
(n)
(n)
(n−1)
(n)
X
X
∇p̄Ωi
ρ̄Ωi
H(u
,
u
)

·n=

+
g · n,
(A.20)
(n)
(n)
(n)
a
(u
)
a
(u
)
a
(u
)
i
i
i
f
f
Ωi
Ωi
Ωi
f
f
f
which can be recognized as a Laplace-type equation if we apply Gauss’ law again. The discretized
momentum equation obtained from (A.16) given by:
X (n)
(n)
(n)
(n)
ai (uΩi )uΩi = H(u(n−1) , u(n) ) −
pΩf + ρ̄Ωj g.
(A.21)
f

together with the pressure equation (A.20) form final discrete incompressible Navier-Stokes system.
However, we observe that the equations show a linear dependence of velocity on pressure and viceversa. This pressure-velocity coupling requires special treatment. There are generally 2 approaches
recognized for this velocity-pressure coupling [162]:
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1. Simultaneous Algorithms operate by solving the complete system of equations simultaneously over the whole domain. The resulting matrix includes the inter-equation coupling and
is several times larger than the number of computational points. The cost of a simultaneous
solution is great, both in the number of operations and memory requirements. [168][169].
2. Segregated Algorithms solve the equations in sequence. A special treatment is required
in order to establish the necessary inter-equation coupling. PISO [141],SIMPLE [140] and
their derivatives are the most popular methods of dealing with inter-equation coupling in the
pressure-velocity system.
In this report we apply the PISO and the SIMPLE algorithms within OpenFOAM. We note that
since the invention of these classical algorithms modifications like SIMPLER, SIMPLEC, and PIMPLE have been developed [170][171]. However, we will not treat these recent algorithms in this
report.

A.2.2

SIMPLE

The Semi-Implicit Method for Pressure Linked Equations (SIMPLE) algorithm was introduced by
Patankar et al. in the early 70s to solve steady-state incompressible flows [140]. The algorithm can
summarized as follows:
Iteratate untill convergence conditions are met:
1. Set the boundary conditions
2. Interpolate the pressure from the previous step to the cell boundaries
3. moment-predictor step: solve (A.21) for an approximation of the velocity field u∗ using
implicit under-relaxation.
Implicit under-relaxation is a standard technique to make a linear system more stably by
making the underlying matrix more diagonally dominant [172]. We consider the discrete
(n)
(n)
U
Navier-Stokes equation (A.21) and add a term 1−α
αU ai (uΩi )uΩi to the left-hand-side and a
(n−1)

U
term 1−α
αU ai (uΩi
obtain:

(n−1)

)uΩi

right-hand-side. In the steady state these two terms cancel. We

X (n)
1
1 − αU
(n)
(n)
(n−1)
(n−1)
(n)
ai (uΩi )uΩi =
ai (uΩi )uΩi
+ H(u(n−1) , u(n) ) −
pΩf + ρ̄Ωj g
αU
αU

(A.22)

f

where αU (0 ≤ αU ≤ 1) is the relaxation parameter for the velocity. Note that this way the
(n)
diagonal element ai (uΩi ) gets increased by the factor 1/αU ≥ 1.
4. Interpolate the the velocity field to the boundary and calculate (the non-corrected) H(u∗(n) , u(n−1) )
and interpolate it to the boundary
5. pressure solution step: solve (A.20) for the pressure p∗ at the cell boundaries and calculate
the new pressure p∗∗ using ordinary under-relaxation: p∗∗ = p+αp (p∗ −p), with some pressure
relaxation parameter 0 ≤ αp ≤ 1
6. Calculate the conservative mass fluxes using equation (A.19).
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7. velocity correction step: correct the center velocities based on the corrected pressure in
the following way:
!
1
(n)
(n)
∗∗ (n)
uΩi
=−
(∇p̄Ωi − ρ̄Ωi ).
(n)
ai (uΩi )
Notice that the correction represents equation (A.21) in absence of the H−term (compare
with equation (A.21)). This is one of the main approximations of the SIMPLE and PISO
method.
8. update all other scalar fields
Note that we do not update the velocity-dependent coefficients ai with either u∗Ωi or u∗∗
Ωi within
the SIMPLE loop. This is the other main approximation of the SIMPLE and PISO methods.
We conclude this section with noting that, in practice, the SIMPLE-algorithm could be used for
solving for transient flows. However, in practice it can take a lot of time to make SIMPLE converge
for every time step [141]. This is why we now turn our attention to PISO.

A.2.3

PISO

The Pressure-Implicit with Splitting of Operators (PISO) algorithm was developed by Issa et al. in
1986 [141] to solve for unsteady incompressible flows. It is an extension to the SIMPLE-algorithm
but does not require many SIMPLE-loops to obtain the velocity and pressure at a single time step.
The idea behind the method is that if the Courant Number Co is small that we could do with only
moment-predictor step, and with a few pressure solution and velocity correction steps for every
time step. We thus have two loops: one for-loop over time (the outer loop) and one loop over the
pressure solution and velocity correction step (the inner loop). The resulting algorithm is thus the
following:
For every time step we:
1. Set the boundary conditions
2. Interpolate the pressure from the previous step to the cell boundaries
3. moment-predictor step: solve (A.21) for an approximation of the velocity field u∗ using
no under-relaxation.
4. Interpolate the the velocity field to the boundary and calculate (the non-corrected) H(u∗(n) , u(n−1) )
and interpolate it to the boundary
5. Now perform the following steps until some convergence criterion is met:
(a) pressure solution step: solve (A.20) for the pressure p∗ at the cell boundaries and
calculate the new pressure p∗∗ = p∗ + p.
(b) Calculate the conservative mass fluxes using equation (A.19).
(c) velocity correction step: correct the center velocities based on the corrected pressure
in again the following way:
!
1
(n)
(n)
∗∗ (n)
(∇p̄Ωi − ρ̄Ωi )
uΩi
=−
(n)
ai (uΩi )
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6. update all other scalar fields
Note that in contrast to SIMPLE PISO does not enhance stability by implicit under-relaxation.
This is because for small Co the discretized term time-derivatives obtained from e.g. the implicit
(n)

Euler scheme
systems.

(n−1)

uΩ −uΩ
i

i

∆t

tends to induce diagonally dominant matrices and therefore stable linear

We now have all tools to solve the incompressible (Boussinesq) Navier-Stokes equation on a single
domain. However, within some of our simulations we deal with two coupled domains: the reactor
channel and the wall catalyst. The next section briefly discusses how we deal with this multi-region
simulation within the context of segregated solution algorithms.

A.2.4

A Note on Multi-Region Simulations

The catalyst model introduced in Section 4.3 consists of two regions: 1) the staggered herring bone
mixer domain containing the fluid and the dissolved species A and P and 2) the solid flat wall
catalyst at the top wall of the mixer where the reactions between A and P take place. Both regions
are governed by different set of equations and the two regions are coupled by means of boundary
conditions specifying the flow of species A and P between the two regions. Just as equations within
a single domain multi-region solvers within OpenFOAM apply a segregated solution strategy. This
means that every SIMPLE or PISO (outer) loop first all equations in the fluid region are solved,
given the fields in the solid from the previous iteration. Then the fields in the solid are calculated
given the updated fields in the fluid. This iteration procedure is executed until convergence. In
Section 4.3 we derived under some assumptions the analytical solutions of the concentration fields
in the solid (equations (4.13) and (4.14)) given the fields in the fluid. At the same we discussed
in Section A.1.3 that the boundary conditions for the concentration fields in the channel can be
expressed in terms of the analytic expressions of the field values and normal gradient using equation
(A.13). Abusing these relations we can therefore skip the step of solving fields in the catalyst region.
Our procedure is thus the following within every SIMPLE or PISO (outer) loop:
1. Solve all equations in the channel region.
2. Use equation (4.13), equation (4.14), and the boundary values of the concentration fields in
the channel region at the channel/catalyst interface to calculate the boundary fields of the
concentration fields in the catalyst region.
3. Use equation (A.13) and the boundary values of the concentration fields in the catalyst region
at the channel/catalyst interface to update the boundary conditions for the concentration
fields in the channel.
We conclude this chapter with a note on the chemical source term in our conservation of mass in
the context of segregated solution algorithms. Since we will be varying the rate of the reactions
over several orders of magnitude we need to take extra care that our solution algorithm is stable
over this wide range.

A.2.5

A Note on Chemical Source Terms

Within this report we study the performance of the staggered herringbone reactor while varying
the chemical rates over multiple orders of magnitude. This means that in some cases the source
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contribution is large compared to the other terms in the conservation law, possibly causing convergence problems when solving the system. We now briefly introduce this problem and the typical
solution in this subsection.
The chemical source terms introduced in Section 4.2 are in its segregated form linear in the un(n)
(n) (n)
known concentration fields. We will therefore write the discrete source term like SΩi = kΩi φΩi ,
(n)

where kΩi is some rate constant possibly depending on other fields then φ. Considering a linear
source term and considering that the stencils introduced in the Sections A.1.1 and A.1.2 were of atmost size 3 for space derivatives and at-most size 2 for time derivatives, we can write most discrete
conservation laws in the following form:
X
(n) (n)
(n)
(ai − kΩi )φΩi +
aj φΩj = b(φ(n−1) ),
(A.23)
j∈nb(i)

where ai and aj are constants, where nb(i) denotes index list of the neighbouring cells of cell i, and
where b : R → R is some function depending on the field at previous time steps. To illustrate our
(n)
point we explicitly brought the reaction rate constant kΩi on the diagonal of this matrix equation.
Within OpenFOAM the linear systems of equations given by equation (A.23) are solved by means
of iterative solvers. Examples of solvers used throughout this study are: PBiCGStab [142] and
GAMG [143]. We will not go into much details about these solvers here, but we do note that these
solvers require the resulting matrix to be diagonal dominant to guarantee convergence [142]. A
matrix is diagonally dominant if and only if for every row the magnitude of its diagonal elements
is larger or equal to the sum of the magnitudes of all other elements in the row. This requires from
our coefficients in equation (A.23) that for all i it holds that:
X
(n)
|ai − kΩi | ≥
|aj |.
(A.24)
j∈nb(i)
(n)

While this holds typically for kΩi negative and small positive this condition is in practice difficult
(n)

to satisfy for large positive kΩi [173]. This then often leads to convergence problems. To tackle
this problem we treat the source term implicitly [173]. This can be achieved by considering the
field value from the previous (outer) iteration for calculating the source term. That is, the term
(n)
involving kΩi in equation (A.23) gets absorbed in the function b. This way the diagonal of the
(n)

matrix does not explicitly depend on kΩi anymore.
This brings an end to the chapter on numerical methods in OpenFOAM.
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Appendix B

A Quick Analysis of the Beijing
Guanghe New Energy Technology
Co., Ltd Reactor
Beijing Guanghe New Energy Technology Co., Ltd (from now on refered to as "Guanghe") was
established in September 2016. It is a technology company focusing on the research and development of renewable energy for which Sioux Mathware performed several projects in the past. One
of their projects is to make a chemical reactor in which cobalt nano-structures are used to form
hydrocarbons from carbon dioxide, water and sunlight. This form of artificial photosynthesis is
driven by surface plasmon resonance [174]. When sunlight impinges on the cobalt nano-structures
the intensity is greatly enhanced around the tips of the nano-structures through surface plasmon excitations. Through the enhanced photon absorptions of ions around the tips of the nano-structures
the water and carbon dioxide molecules photo-dissociate and hydrocarbons can form [175]. Though
their current reactor designs are protected a design used in the past is presented in Figure B.1 [175].
With this design, the researchers now working at Guanghe demonstrated that the main principle
works, but their reactor efficiency was quite low. Sioux wanted to investigate whether they could
help improving this reactor. One of the questions Guanghe posed to Sioux, was whether their reactor could be improved by improving mass transport, e.g. by stirring the water layer on the bottom
of the reactor. With the lessons learned in this report we can perform some estimations whether
this could indeed work. Just as discussed in chapter 10 we realize that to investigate whether mass
transport could be limiting reactor performance we could estimate the time scales of the various
processes within the reactor.
We effectively have 3 mass transport processes influencing the performance of the reactor:
1. Transport of CO2 from air into the water layer by diffusion. Let us denote the typical time
scale of this process with τDair→water
2. Transport of CO2 from the air/water layer to the catalyst by diffusion. Let us denote the
typical time scale of this process with τDwater
3. Transport of products due to buoyancy or diffusion. The paper shows that the photosynthesis
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product compositions consists for 38% of paraffins and for 58% of aliphatic compounds. Both
types of products are generally both lighter than water and insoluble in water. Buoyancy
effects may thus remove the compounds from the catalyst layer. We do therefore not expect
that this process limits the reactor performance and we will focus on the transport of CO2
solely.
Unlike our catalyst model presented in Chapter 4, we assume that CO2 does not need to diffuse
into the cobalt particles to react, because the surface plasmon resonance occurs at the tips of the
nano-structures.

Figure B.1: A schematic cross section of the glass chamber used for the artificial photosynthesis
with cobalt nano-structures in the work of Wang et al [175]. Carbon-dioxide and liquid water
are brought into the glass chamber at room temperature together with a layer of nano-structured
cobalt nano-particles. The chamber is then irradiated by sunlight and a thin layer of oil- or wax-like
material forms on the water surface. The curved wall of the glass chamber easily permits flow of
the dew of water and hydrocarbons back toward the nano-structured cobalt.
To investigate whether either of these processes limits the performance of the reactor, we should
compare their specific time scales with the reactive time scale of the artificial photosynthesis,
denoted by τR . To see whether mixing the water layer can improve the reactor performance,
this boils down to calculating the diffusive Damköhler number of CO2 : Dadiff = τDwater /τR =
2
rHlayer
/D, where r denotes the reaction rate, Hlayer denotes the height of the water layer and
where D = 1.6 × 10−9 m2 /s denotes the diffusion constant of CO2 in water. From the paper we
obtain Hlayer = 1mm and that 10mL of product is produced per gram catalyst material per hour.
Assuming that the density of the products is approximately equal to that of butane (ρ = 573kg/m3 )
we obtain a reaction rate of r ≈ 1.6 × 10−4 gproduct /s per gram catalyst material. From the available
data we cannot tell how much catalyst material was actually used in their experiments, but since
their experiments lasted 6 hours it is probable that the amount of mass of product produced per
second is less than the mass of the total amount of catalyst in the reactor (r < 1.6 × 10−4 s−1 ). We
therefore conclude that:
Dadiff =

1.6 × 10−4 gproduct /gcatalyst s × (10−3 )2 m2
gproduct
≈ 0.1
< 0.1.
−9
2
1.6 × 10 m /s
gcatalyst

This low Damköhler nummber suggests that the artificial photosynthesis is estimated to be so slow
that diffusion has enough time to mix the carbon dioxide throughout the water layer. We therefore
do not expect additional mixing to boost reactor performance. However, we do realize that we are
working with only partial information and we therefore encourage Guanghe to perform the estimate
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themselves.
Now it would be fruitful to estimate whether the transport of CO2 from the air into the water may
limit reactor performance. Let us model the glass chamber as a hemisphere of radius R and let
us denote the water level with height Hlayer . The gas pressure in the chamber due to the CO2 is
denoted by p and we assume that the gas has some compressibility factor Z. Now, to study the
concentration of CO2 we solve a 1D-diffusion equation in the water layer. At the bottom of the
water layer (y = 0) we use a Neumann boundary condition (no-penetration) and following the work
of Farajzadeh et al. [176] we apply both Henrys law and a mass balance between the chamber and
water layer. Henry’s law states that the pressure of a gas above a solution is proportional to the
concentration of the gas in the solution at the interface. That is:
C(y = Hlayer , t) = Hp(t),
where H denotes the Henry constant. For the mass balance we realize that the change of moles
CO2 in the chamber should be balanced by the diffusive flux into the water layer. Combining this
with Henrys law we obtain the following boundary condition at y = Hlayer :
−D∂y C(y = Hlayer , t) =

2πR
∂t C(y = Hlayer , t),
3ZHRg T

where we used that the volume of the hemisphere divided by its bottom surface area is 2/3πR and
where Rg and T denote the gas constant and temperature respectively. As an initial condition we
assume that at t = 0 the concentration CO2 is zero in the water layer. These assumptions thus
results in the following model:


∂t C = D∂y2 C
for 0 ≤ y ≤ Hlayer , t ≥ 0




at 0 ≤ y ≤ Hlayer , t = 0
C = 0

at y = 0, t ≥ 0
. ∂y C = 0
(B.1)



C = Hp(t)
at y = Hlayer , t ≥ 0



−D∂ C = 2πR ∂ C at y = H
y
layer , t ≥ 0.
3ZHRg T t
We now perform a preliminary analysis of this system using Laplace transform to find the characteristic time scales of the problem. Further insights can be obtained by solving the system numerically,
but these steps are outside the scope of this Appendix.
Applying the Laplace transform over time to the diffusion equation, results in:
sC(y, s) = D∂y2 C(y, s),
where C(y, s) denotes the Laplace transform of the concentration field C(y, t). Solving this partial
differential equation using the Neumann condition at the bottom of the water layer results in:
r

s
C(y, s) = A(s) sinh
y ,
(B.2)
D
where A(s) denotes the integration constant which depends on s (and thus on time). We immediately see the first time scale of the problem appear in equation B.2 (note that s has the inverse units
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of time). Since y typically scales with Hlayer we can identify that the term in between the brackets
2
is dictated by the time scale τDwater = Hlayer
/D, being the diffusive time scale in the water layer
we encountered earlier. Now, the quantity A(s) also depends on the Laplace time variable and can
be calculated using the boundary conditions of the problem. Via these boundary conditions the
interaction between the gas and the water layer enters the model and by calculating A(s) we can
identify timescales dictating this interaction. Taking the Laplace transform of the mass balance
boundary condition we obtain:
−D∂y C(y = Hlayer , s) =

2πR
(sC(y = Hlayer , s) − C(y = Hlayer , t = 0)).
3ZHRg T

(B.3)

Plugging equation (B.2) into this expression, while at the same time assuming that at t = 0 the
pressure in the chamber is p0 we obtain:
A(s) =
sinh

ps

D Hlayer



p0 H
 3√DZHRg T √ .
ps
s + cosh
s
D Hlayer
2πR

(B.4)

From this expression we can obtain the second time scale:
τDair→water =

4π 2
1
R2
.
9 (ZHRg T )2 D

Note that it was beforehand not immediately clear that this expression would turn out to be the
relevant time scale to consider. Also note that both Z and HRg T are smaller than 1 for a gas
like CO2 in water. Hence, because R  Hlayer we obtain: τDair→water  τDwater . It is thus safe to
conclude that within the transfer of CO2 from the gas to the catalyst particles the transport from
gas to liquid is slower than the diffusive transport within the layer. Though this raises the suggestion
we cannot not yet conclude whether this means that this slow step limits the performance of the
reactor as a whole, because not only the quantity τDair→water /τR is difficult to estimate. A more
elaborate study of system B.1 is thus required together with a proper estimation of the reaction
rate to conclude whether the transport of CO2 may limit reactor performance.
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Appendix C

Simulation Set-ups
This appendix lists the solution methods and corresponding parameters for the various simulations
performed in openFOAM throughout this report.

C.1

Time-dependent Reversed-Staggered Herringbone Reactor with Wall Catalyst

Segregated solver: PISO
1. number correctors: 2
2. number or non-orthogonal correctors: 1
3. Initial Residuals:
Field
p
u
CA
CP

Residual
1.0 × 10−3
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4

4. Time-step: ∆t = 1.0 × 10−7 s
Linear solvers:
Field
p
u
CA
CP

Solver
GAMG
PBiCGStab
GAMG
GAMG

Smoother
GaussSeidel
DILU
GaussSeidel
GaussSeidel
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Tolerance
1.0 × 10−6
1.0 × 10−5
1.0 × 10−6
1.0 × 10−6

Rel. Tolerance
1.0 × 10−2
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1

C.2

Time-independent Reversed-Staggered Herringbone Reactor with Wall Catalyst

Segregated solver: SIMPLE
1. number or non-orthogonal correctors: 1
2. Initial Residuals:
Field
p
u
CA
CP

Residual
1.0 × 10−3
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4

3. Relaxation factors:
Field
p
u
CA
CP

Relaxation factor
0.95
0.9
0.95
0.95

Linear solvers:
Field
p
u
CA
CP

C.3

Solver
GAMG
PBiCGStab
GAMG
GAMG

Smoother
GaussSeidel
DILU
GaussSeidel
GaussSeidel

Tolerance
1.0 × 10−6
1.0 × 10−5
1.0 × 10−6
1.0 × 10−6

Rel. Tolerance
1.0 × 10−2
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1

Time-independent Reversed-Staggered Herringbone Reactor with Mixing and/or Reactions in the Bulk of dilute
solutions

Segregated solver: SIMPLE
1. number or non-orthogonal correctors: 1
2. Initial Residuals:
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Field
p
u
C
CA
CP

Residual
1.0 × 10−3
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4

3. Relaxation factors:
Field
p
u
C
CA
CP

Relaxation factor
0.95
0.9
0.95
0.95
0.95

Linear solvers:
Field
p
u
C
CA
CP

C.4

Solver
GAMG
PBiCGStab
GAMG
GAMG
GAMG

Smoother
GaussSeidel
DILU
GaussSeidel
GaussSeidel
GaussSeidel

Tolerance
1.0 × 10−6
1.0 × 10−5
1.0 × 10−6
1.0 × 10−6
1.0 × 10−6

Rel. Tolerance
1.0 × 10−2
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1

Time-independent Reversed-Staggered Herringbone Reactor with Mixing and/or Reactions in the Bulk of ParticleLaden Solutions

Segregated solver: SIMPLE
1. number or non-orthogonal correctors: 1
2. Initial Residuals:
Field
p̄h
u
α
C
CA
CP

Residual
1.0 × 10−2
1.0 × 10−4
2.5 × 10−4
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4
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3. Relaxation factors:
Field
p̄h
u
α
C
CA
CP

Relaxation factor
0.85
0.9
0.75
0.95
0.95
0.95

Linear solvers:
Field
p̄h
u
α
C
CA
CP

Solver
PCG
PBiCGStab
PBiCGStab
GAMG
GAMG
GAMG

Smoother
DIC
DILU
DILU
GaussSeidel
GaussSeidel
GaussSeidel
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Tolerance
1.0 × 10−8
1.0 × 10−5
1.0 × 10−5
1.0 × 10−6
1.0 × 10−6
1.0 × 10−6

Rel. Tolerance
1.0 × 10−2
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1
1.0 × 10−1

List of Symbols
Symbol
α
β
C
d
dh
dp
D
Daadv
Dadiff
δ
∆
E
F
Fr
g
Gr
γ
h
hi
H
I
k
kb
K
lB
L
λ
λ̂
mi
M
µ
NA
ν

Quantity
Groove height to main channel height ratio
Expansion coefficient
Concentration
Dimension number
Hydraulic diameter
Particle diameter
Diffusion Constant
Advective Damköhler number
Diffusive Damköhler number
Boundary layer thickness
Distance from the cell center to cell face
Energy
Flux
Froude number
Gravitational field
Grashoff number
Local exponential rate of expansion
Typical mesh size
Mass transfer coefficient of species i
Height
Intensity
Reaction rate constant
Boltzmann constant
Equilibrium constant
Batchelor length
Length
Lyapunov Exponent
Lyapunov Exponent of a discrete map
Molar mass of species i
Mixing index
Dynamic Viscosity
Avogadros number
Kinetic Viscosity
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Unit
−
−
mol/m3
−
m
m
m2 /s
−
−
m
m
J
Depends on conservation law
−
m/s2
−
1/s
m
m/s
m
W/m2
Depends on the kinetics
m2 kg/(s2 K)
Depends on the kinetics
m
m
1/s
1/m
kg/mol
−
Pa · s
−
m2 /s

νb
νf
Ω
p
pL
Pe
φ
φp
Φ
ψ
Qh
r
R
Re
Ri
ρ
S
Sc
Sh
St
σ
Σ
t
τ
T
u
U
hui
Vh
W
x
X
Y
ζ

Backward stoichiometric coefficient
forward stoichiometric coefficient
Domain
Pressure
Lagrange multiplier
Péclet number
Field
Volume fraction of particles
Thiele modulus
Flux limiter
Discrete pressure space
Reaction rate
Gas constant
Reynolds number
Richardson number
Density
Source term
Schhmidt number
Sherwood number
Stokes number
Cauchy stress tensor
Site density
Time coordinate
Typical time scale
Temperature
Velocity
Velocity scale
Average inlet velocity
Discrete velocity space
Width
Space coordinate
Molecule symbol
Yield
Bulk viscosity

125

−
−
m2 or m3
Pa
Pa
−
Depends on the field
−
−
−
Pa
mol/(m3 · s)
J/(K · mol)
−
−
kg/m3
Depends on conservation law
−
−
−
Pa
1/m2
s
s
K
m/s
m/s
m/s
m/s
m
m2 or m3
−
−
Pa · s
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