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Summary
Feedforward Control for
Parameter-Varying Systems
Most dynamical systems require an accurate feedforward controller to achieve fast
and accurate tracking performance. The design of such a controller can often be
seen through the perspective of dynamic inversion. Namely, depending on the
knowledge about the dynamical system and the desired output trajectories, a corresponding feedforward controller will be designed on the basis of exact or approximated plant-inverse dynamics. The construction of the plant-inverse dynamics
is inferred from a suitable algorithm to synthesize ideal actuation commands to
induce the desired target plant outputs. An important example can be given by
the wafer positioning process in the photo lithographic industry. In such a process,
stages are required to perform fast and accurate movements—in order to position
silicon wafers with respect to exposure patterns. Since the majority of the wafer
stage dynamics are often known and reproducible, feedforward control becomes an
important key to achieve nanometer accuracy tracking performance. Nevertheless,
the existing position-dependent plant variations are, up to now, largely ignored in
the feedforward design. This omission can potentially pose a significant limiting
factor to the attainable performance. To support future improvements, it is anticipated that including position-dependent plant behavior in the feedforward design
will allow for a better tracking accuracy.
So far, most studies on feedforward design approached this issue either from a
robustness perspective, or through a perspective of gain-scheduling of multiple LTI
solutions—in efforts to approximate the true plant inverse. But, it was not clear
yet how the available information regarding the parameter variations of the plant
could be fully utilized to construct a feedforward control solution. This led to the
main research question, namely,
“Suppose all information about a dynamical system and its parametric variation
is perfectly known, what should then be necessarily done, in order to explicitly
address parameter-varying effects via feedforward control?”.
In this dissertation, we have addressed this research question by providing two
feedforward strategies, namely, (i.) exact plant inversion (—by using the timederivative information about the process variation) and (ii.) signal decomposition
(—by using the time-interval information about the process variation). These
two approaches possess different advantages and disadvantages in terms of imple-

mentation aspects and their coverage of system classes. Nevertheless, as long as
their design conditions can be met, both techniques exhibit the ability to address
parameter-varying effects present in the dynamic process. Their potential benefits
have been examined and demonstrated in both simulation and experimental environments. In addition, we have also investigated the use of Gaussian-polynomial
functions to approximate variations in Gaussian radial functions—to enhance flexibility and accuracy of the signal decomposition approach (in approximating optimal
feedforward commands).
In short, in this dissertation we have demonstrated how to incorporate explicit
information about the parameter variations of a system in feedforward control designs, such that an appropriate output-to-input (inverse) map of a given plant is
achieved. Clearly, this is achieved under the condition that all necessary information about the target dynamical system and its parametric variation is perfectly
known.
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Chapter 1

Motivation and Background
Many positioning systems require a well-designed feedforward controller to achieve
fast and accurate tracking performance. The design of such a controller can often
be seen through the perspective of dynamic inversion. Namely, depending on the
knowledge about considered applications along with the desired output trajectories,
feedforward controllers will mimic exact or approximated plant-inverse dynamics
(an exact or approximated solution pair of the nominal input-state trajectories).
This is done with the aim to induce desired plant outputs. An important example
can be given by the wafer positioning process in the photo lithographic industry.
In such a process, stages are required to perform fast and accurate movements —in
order to position silicon wafers with respect to the illumination. Since the majority
of the wafer stage dynamics are often known and highly reproducible, feedforward
control becomes an important tool to achieve nano-meter tracking performance.
In pursuit of improvements in tracking performance, observed phenomena which
vary as a result of spatio-temporal variations within the lithographic process must
also be explicitly taken into account in the control design. In this thesis, two
feedforward strategies are proposed to deal with such variations, namely, (a) exact
plant inversion and (b) signal decomposition. Parameter variations throughout
this thesis will be mostly concerned with the changes of the point of interest (PoI)
under flexible behaviours of the plant. To introduce fundamental concepts that
motivate subsequent contents in the later chapters, topics in this chapter will be
discussed and organized in the following order:
(1.1) Photolitography and parameter variations,
(1.2) Feedforward control and inverse mapping,
(1.3) Research Theme & scope.

1.1

Photolithography and parameter variations

An important step in integrated circuit (IC) manufacturing for modern microelectronic devices involves ‘photolithography’ [Levinson, 2011]. In this step of chip
production, patterns are projected onto a silicon wafer coated with a light-sensitive
polymer called photoresist. Illuminations take place several times at various projection fields on the wafer to accommodate manufacturing of multiple ICs. Due
to the spatio-temporal variations across the wafer surface, this process inevitably
1

2

CHAPTER 1. MOTIVATION AND BACKGROUND

becomes susceptible to (dynamical) changes during an operation. Such dynamical ‘variations’ bring forth an onset of interesting questions in the perspective of
tracking control. In turn, this motivates the research works summarized in this
thesis. As a prelude, this section begins with an introductory example to motivate
the existence and interpretations of varying phenomena that may arise in the lithographic process. Later, it proceeds to establish conceptual connections towards the
core research theme of this thesis: feedforward control for linear parameter varying
systems.

1.1.1

Photolithographic process

In photo lithographic processes, a stage holding a silicon wafer moves with high
speed and precision in order to accurately position the wafer with respect to the
projection lens or similar-functioned optical components [Heertjes et al., 2020].
Relevant components are shown in Fig.1.1.

Figure 1.1: Relevant components in photo lithographic process
Extreme or deep ultraviolet (EUV or DUV) light is generated and passed
through a reticle (also called mask) which contains an image for one die or an
array of dies(known as projection field). The projection lens or mirrors function
to scale down the image to a desirable feature size, where the minimal achievable
size determines the smallest component that can be manufactured in an Integrated
Circuit (IC). This process takes place several times together with synchronous
movements of the wafer and reticle until the complete pattern of ICs is finished.
ICs with smaller features enable extra functionality such as the increased memory capacity or faster operations. Relevant components and positioning algorithms
are, therefore, required to be extremely accurate to support such technological
advancement.

1.1. PHOTOLITHOGRAPHY AND PARAMETER VARIATIONS

1.1.2

3

Parameter variations in stage positioning

In order to position a wafer, the wafer stage is capable of performing frictionless
movements in six degrees of freedom (6-DOF), i.e. along the x, y, and z directions
together with angular rotations around the mentioned orthogonal axes. As depicted
in Fig. 1.2, major stage movements take place in the x-y plane with velocities
varying between 0.6-1 m/s.

Figure 1.2: Horizontal scanning [Butler, 2011, Schmidt, 2012, Heertjes et al., 2010]
Image projection takes place along the y direction in a scanning fashion while
the stage moves with constant (horizontal) velocity. Motions in x direction are
performed to switch from one projection field to another (often neighbouring) field.
To be precise, after an exposure (an illumination phase), simultaneous accelerations
in both the x and y directions relocate the PoI to the next projection area. The
stage is then expected to be ready with a desired constant (horizontal) velocity for
the next exposure. Prior to that, only a minimal residual of horizontal tracking
error is allowed within a permitted settling time window.
Aside from the major movements in the horizontal plane, movements in vertical directions are also indispensable motions. Similarly to any imaging process,
the ‘depth of focus’ plays an important role to the imaging results, e.g. [Mack,
1992, Rubingh et al., 2003, Boonman et al., 2004, Schmidt, 2012, Levinson, 1999].
An action to reduce ‘defocus’ will directly have a positive impact on the quality of
the smallest imageable details known as the Critical Dimension (CD) [Bode et al.,
2004, Postnikov et al., 2003, Schmidt, 2012, Levinson, 1999]. Actively adjusting the
distance between the optics and wafer surface, in order to retain an optimal focal
plane, is a possible way to address this aspect, see e.g. [Levinson, 1999, Boonman
et al., 2004]. This process is typically done in industry and being referred to as
stage ‘levelling’. Different from the stage’s horizontal movements, non-repetitive
accelerations are often necessary in the vertical direction. As a result of the necessity to compensate in real time—at the moving PoI —for the non-uniform height
of the wafer (e.g. as shown in Fig.1.3), (de-)accelerating motions in the vertical
direction can happen even within an exposure window. In conjunction with the
PoI’s horizontal movements, as depicted in Fig. 1.2, this operation poses an interesting position-dependent ‘tracking’ control problem, where the stage is required
to perform the assigned vertical motions according to a measured spatial and x,ydependent map of the wafer height, e.g. [Morgenfeld et al., 2015]. These vertical
movements must take place in synchrony with the horizontal movements of the PoI
(relative to the stage position).

4
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Figure 1.3: Non-Uniform wafer surface & horizontal scanning of the PoI

As long as the wafer (along with its supporting stage) behaves like a ‘rigid’
body, the entire dynamics will be governed by Newton’s second law of motion
where the acceleration of the whole structure depends solely on its inertia and acting forces. Because of such assumed rigid connections among structural particles,
relationships between associated kinematics become transparent. With suitable
mechanical/control decoupling, the required actuation forces to perform desired
levelling can be computed directly via ‘acceleration’ (also known as ‘mass’) feedforward control. Advantages of such a strategy, i.e. the inclusion of the ‘mass’
feedforward control for the levelling process, over the case where only feedback is
used, have been clearly motivated together with measurement results in [Boonman
et al., 2004].
Nevertheless, in pursuit of better tracking performance, such a levelling process
will inevitably become more complicated when ‘non-rigid body’ behaviours are also
considered.

1.1.3

PoI levelling under the effect of stage transverse
flexibility

Among all possible sources of parameter variations within the system due to the
variation of PoI, non-rigid body behaviour of stages can be considered as one of
the most relevant, see [Wassink et al., 2005, de Rozario et al., 2017].
Typically-used aggressive scanning profiles may induce some flexible behaviours
to the stage structure. This phenomenon is illustrated in Fig. 1.4. Such behaviours
will inherently affect the positioning accuracy of the PoI, involving its actual position as well as the measurement algorithm where sensors (depicted with red lines)
observe varying displacements on the deformed side surfaces of the stage. Since the
geometry of a stage resembles one of a plate, i.e. with relatively thin height (in comparison to the width and length), transverse (out-of-plane) flexibility is expected
to be the primary structural deformation. In other words, transverse modes get
excited (and observed) much more easily than the longitudinal (in-plane) modes.
Depending on the stiffness of materials used to construct the stage, such (vertical)

1.1. PHOTOLITHOGRAPHY AND PARAMETER VARIATIONS
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Figure 1.4: Point of Interest(PoI) and flexible behaviour of the stage

deflection can have a non-negligible impact on the levelling performance and associated defocus. As the PoI dynamically moves over different projection fields on
the wafer surface, this non-rigid body behaviour will be (dynamically) expressed
in various ways.
Horizontal (x, y) positions of the PoI can be parametrized and mapped to schedule these variations of flexible dynamics for the vertical levelling process. With such
a non-rigid body behaviour in sight, this levelling objective poses an interesting
parameter-varying problem. In contrast to the ‘rigid’ case mentioned previously,
now the task of levelling must take dynamics of the PoI’s horizontal movements,
at the same time with the (excited) transverse deformation, into account. It is
conceivable, with some help from mechanical intuition, that such an objective cannot be perfectly achieved through the mere utilization of acceleration feedforward.
Deeper understanding of how such ‘(dynamical) variations of the PoI’ come into
play in the plant’s input-to-output (non-rigid-body) map is necessary, in order
to devise corresponding effective control. To illustrate this problem, consider the
following simplified example.

Figure 1.5: Simplified example: (free-free) Euler-Bernoulli flexible beam.

6
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Figure 1.6: Flexible beam with various observation nodes.

Simplified example
A distributed parameter system of a flexible (Euler-Bernoulli) beam serves a purpose here as an introductory example to demonstrate the parameter variation problem which arises from having a varying PoI in the presence of structural transverse
flexibilities, see Fig.1.5.
It is conceivable that the beam’s transverse deflection is perceived differently
at various structural nodes. For instance, the input-output relations from the
actuation node (at the middle point of the beam) to the deflections at five different
observation nodes, depicted in Fig.1.6, will exhibit different dynamics. This can
be illustrated through multiple Bode plots as is done in Fig. 1.7. Changes in antiresonances and phase behaviours are inevitable due to the variation of observation
points regardless of the fact that the location of the resonances remains unchanged.

Figure 1.7: Bode plots at various observation nodes: 0, 0.25, 0.5, 0.75 and 1 times
the beam length L.

1.2. FEEDFORWARD CONTROL AND INVERSE MAPPING

7

This parameter-varying issue will become even more challenging as soon as the
target observation point (or PoI) dynamically moves along the structure’s surface,
as indicated in Fig. 1.8.

Figure 1.8: Moving point of interest (PoI) and observed transverse flexible behaviours.
In particular, the rate at which the transverse (vertical) deflection is seen at
the moving PoI will now be innately coupled with how the PoI itself (horizontally)
moves. An important question arises here. That is, would the input-output relation
from the actuation node (in the middle) to the time-varying PoI be equivalent to
the parametric interpolation of the plant (s-domain) transfer functions along the
varying PoI trajectory? There is a chance that these two scenarios do not describe
one and the same (dynamical) plant. If so, it is likely that an interpolation of
control strategies that are locally optimized at several frozen values of PoI along
the desired PoI trajectory—i.e. the ‘gain-scheduling’ of multiple LTI solutions
—may not yield the best possible performance for the time-varying PoI scenario.
Preliminary questions from section (1.1)
 How to achieve PoI levelling under traverse flexible behaviour?
 Is Laplace transform a convenient tool for describing a parametervarying plant?

1.2

Feedforward control and inverse mapping

Similar to several activities of humans, the discipline of control, i.e., manipulation of phenomena such that desired behaviours/conditions are acquired, existed
much earlier than the time when a name was actually given to it. Nevertheless,
it was not until the work of [Maxwell, 1868], on the fly-ball steam-engine (centrifugal) governor, that the usefulness and importance of mathematical analysis
of complex phenomena were demonstrated. Since then, several research studies
and designs have emerged, where the majority of the works usually revolve around
the context of feedback mechanisms and related analysis. Interesting reviews on
such a development in the control engineering history can be found in [Bennett,

8
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1996, Fernández Cara and Zuazua Iriondo, 2003, Franklin et al., 2014, Dorf and
Bishop, 2011]. Feedforward control, though also often used in practical applications —either as a standalone tool or an extension of feedback systems, has received
a far less number of analytical treatments (in comparison to feedback). As a preliminary to the thesis revolving around the topic of feedforward control, this section
is devoted to discuss the following points: (i.) “What exactly is feedforward control?”, and (ii.) “Why is feedforward control still necessary, next to the extensive
studies on feedback control techniques?”.

1.2.1

What is feedforward control?

In a nutshell, ‘feedforward control’ involves a reconstruction of actuation commands (inputs) such that the system outputs behave as desired. In contrast to a
feedback control strategy which generates control efforts in reaction to the measured responses of the system, a feedforward control determines actuation command
inputs directly and entirely based on exogenous data, for example, set-points (reference trajectories) and/or known disturbances. Reconstruction of the command
inputs is necessarily done in conjunction with a good understanding about the
plant’s nature —which often comes in the form of models, either parametric or
non-parametric. Efficiency and effectiveness of resulting commands are, therefore,
strongly dependent on the quality of the information at disposal, where a feedforward controller, as a control algorithm, exploits such knowledge in a manner that
can be conceptualized as ‘dynamic inversion’.
In general, applications of feedforward control can be categorized into two types,
namely, (a) reference tracking and (b) disturbance cancellation, see, e.g., [Goodwin
et al., 2001, Chapter 10].
Feedforward control for reference tracking
When an (output-to-input) inverse map of a dynamical system exists, it can be
used to translate given reference trajectories into actuation commands (feedforward
signals) which are subsequently required to drive the corresponding system outputs,
resulting in system output behaviors that resemble the given reference trajectories.
Such a concept can be visualized by Fig. 1.9.

Figure 1.9: Feedforward control for reference tracking
Feedforward control for disturbance cancellation
Knowing inverse relationships —from outputs back to inputs, can also assist with
regard to disturbance cancellation. In the scenario where unwanted output behavior of a system is known, such information together with the understanding of
the inverse dynamics can be used to generate required actuation commands which
counteract the undesired dynamics. This concept is illustrated in Fig. 1.10.
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Figure 1.10: Feedforward control for disturbance cancellation

1.2.2

Why is feedforward control needed?

From a different point of view, several control tasks can be achieved purely through
feedback mechanisms. Consider a reference tracking scenario as an example. In
such a case, inputs u(t) will be determined solely by a feedback controller Cfb ,
which bases its computations on the error responses e(t) = r(t) − y(t), where y(t)
are the measured outputs of plant P , and r(t) as given reference. Such a feedback
control process is depicted in Fig. 1.11.

Figure 1.11: Feedback control & output regulation.
Owing to availability of real-time output measurements y(t), feedback control is
equipped with necessary information to cope with exogenous or endogenous perturbations. Unlike the case of feedforward control, these perturbations are allowed to
be either known or uncertain to the closed-loop designers. A special type of perturbations that is considered to be both exogenous and typically known to the users,
is a reference (often also referred to as ‘set-point’) trajectory profile r(t). These
trajectories are what should be tracked as accurately as possible by the system P ,
reflected by its output y(t).
As elegant and useful as it is, a feedback control system does not possess the
ability to track every single type of reference trajectory. A particular restriction on
the characteristics of r(t) is mandatory in order to facilitate perfect tracking with
the only usage of feedback control. To clarify this point, observe from Fig. 1.11 that
Cfb reacts to the non-zero presence of measured tracking error, i.e. e(t) 6= 0, while
the control objective itself, on the contrary, aims to have zero tracking error, i.e.
e(t) = 0. For such a situation to occur, the plant P and the feedback controller Cfb
must autonomously generate outputs y(t) = r(t). In other words, in a way which is
not relying on exogenous signals (in this case, r(t)) to induce any non-zero tracking errors e(t) 6= 0, the desired outputs y(t) = r(t) must already be generated
based on only the controller’s and the plant’s internal state dynamics. Such an
operation condition is possible with feedback control, at least in the asymptotic
sense, i.e. lim e(t) = 0, provided that the reference r(t) must be signal trajectories
t→∞
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Figure 1.12: Two-degree-of-freedom: feedback and feedforward control scheme.

that can fit in as solutions of differential equations satisfying some autonomous dynamical systems—so called exosystems, see, e.g. [Pavlov, 2004,Pavlov et al., 2006].
These solution trajectories, in turn, should also be the ones that are autonomously
reproducible by the considered plant along with a feedback controller of choice.
Examples of such trajectories can be given by: constant references and (damped
or undamped) harmonic signals etc. Plausible initial tracking errors, arising from
mismatches between the initial conditions of the (reference-generating) exosystem
and the ones of the plant along with ones of a feedback controller, can be corrected
by an appropriate feedback mechanism. In other words, the entire process should
take place while also respecting desirable closed-loop properties such as robust
stability. This problem of asymptotic tracking is one of the central problems of
feedback control theory —known as ‘output regulation’. For linear systems, such
a problem had been thoroughly investigated and resulted in the theory of ‘internal model principle’ in [Francis and Wonham, 1975]. Insights gained from it also
demonstrate the boundary of what reference signals/disturbances can (or cannot)
be achieved/rejected with feedback control.
For a considerable number of control applications, it may very well turn out
that the desired reference trajectories cannot be modelled as solutions of an (autonomous) exosystem, or it is simply just not convenient to do so —for instance,
the reference signals may still depend on other external varying factors, or variables that still (dynamically) change and are not completely determined yet. In
such a situation, it is difficult (if not impossible) to come up with a feedback control design that guarantees asymptotic convergence of the tracking error (for every
possible variation of trajectories)—especially considering that this should be done
while also preserving robust stability of the loop. An inclusion of an extra control
term based on exogenous data, i.e. feedforward control, will significantly help with
regard to the tracking performance in such situations. This control strategy results
in the two-degree-of-freedom architecture [Graichen et al., 2005, Goodwin et al.,
2001], as depicted in Fig. 1.12, where feedforward control (through Cff ) is used as
a straightforward extension of the classical feedback loop.
It is worth mentioning that, in this control scheme—where the exogenous perturbations (i.e. references) together with the plant model are known, a decision
can be made to determine the majority of inputs directly via feedforward control,
while leaving the task of stabilizing small deviations around the nominal (output)
trajectories to feedback control (via Cfb ). In essence, the feedforward controller
computes the nominal actuation commands û(t) required to move the system outputs, based on a given reference profile r(t) and an inverse plant model. Feedback
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control effort, through the resulting residual inputs, or ∆u(t), is merely employed
here to robustly stabilize the system outputs y(t) around the nominal dynamics.
These residual inputs take place in response to the presence of unknown disturbances which may arise form various causes —among which, as examples, are the
mismatches between initial (or boundary) conditions of the actual plant and the
ones of the mathematical model used to obtain feedforward signals, or simply due
to unmodelled dynamics. In summary, the total actuation commands u(t) in such
situations, therefore, contain two types of signals, i.e. feedback and feedforward
terms, resulting in
u(t) = û(t) + ∆u(t).

(1.1)

In contrast to the previous case of ‘output regulation’, depicted in Fig. 1.11,
where the feedback controller may need to take up a complex structure in order
to support the entire range of requisite inputs u(t), feedback control for this twodegree-of-freedom case, only deals with relatively smaller magnitudes of residual
inputs, or ∆u(t). That is, it only reacts to the (deviation) dynamics for residual
tracking errors e(t) —which remain after removing the primary influence caused
by the feedforward inputs û(t). Now that the majority of (a priori known) complex
phenomena, possibly involving non-linearity and/or parameter-varying behaviour
of the plant, are already considered in the determination of feedforward signals
(through dynamic inversion), feedback control is, therefore, relieved from the task
associated with the generation of nominal input trajectories. This, in turn, often permits a simpler design structure for a corresponding feedback controller. In
fact, one could even argue that it is indeed the presence of well-designed feedforward control, that enables reasonable usages of time-invariant feedback strategies
(such as LTI or PID designs) in general tracking control applications of non-linear
and parameter-varying systems. An investigation of feedforward control (for a
parameter-varying system) is therefore of value and interest. It serves here as the
main focus of this thesis.
Preliminary questions from section (1.2)
 How can one use the concept of dynamic inversion for (a) reference
tracking and/or (b) disturbance cancellation purposes?
 How can one utilize feedforward control on top of an existing feedback strategy —to achieve good reference-tracking and disturbance
rejection?
 How can one employ available knowledge concerning system’s dominant perturbations to simplify the control problem through feedforward strategies?

1.3

Research Theme and Scope

Among several exciting applications of feedforward control is its utilization in
the field of nano-positioning, such as with scanning probe microscopes (SPMs)
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e.g. [Clayton et al., 2009] and in lithographic industry [Heertjes, 2010,Butler et al.,
2006, Butler, 2013, Leang and Spanos, 1992, Tousain, 2007, Butler, 2011]. Particularly in conjunction with the control of wafer stages, there have been numerous
examples. The early adoptions for stage motion control were mainly done from the
rigid-body outlook. Subsequent attempts were later made to also consider the (partial) effects of flexible behaviour in their designs. These studies were carried out
in striving for better performance of situations beyond the rigid-body assumption.
Notable works are, for instance, snap (jerk-derivative) and quasi-steady-state (or
low frequency) compensation [Boerlage, 2006,Boerlage et al., 2004,Chang and Hori,
2006, Chang and Hori, 2003]. In parallel to the model-based line of developments,
there have been also a number of works from the data-based perspective, see [Heertjes, 2016, and the references therein]—either through fixed-structure-based [van der
Meulen et al., 2008], FIR-based [Baggen et al., 2008], or rational-based [Blanken
et al., 2016] updating rules. These results have been proposed to advocate the idea
of learning feedforward commands/filters directly from measurement data—as a
means to conveniently address possible variations from machine to machine.
Despite a wide variety of studies, it was not until rather recent years that the
influences from parameter variations started to receive detailed attentions. Such
a class of phenomena was presumed to arise from the varying configurations of
(electro-)mechanical parts, which takes place during an operation —wherein corresponding measured errors have also been especially noted, to be highly pertaining to
spatial locations (or positions) atop processed wafers. Some previous investigations,
therefore, proposed to address such an issue from the gain-scheduling/adaptive
viewpoints. That is to say, for each region of spatial positions, a (feedforward)
controller would then be locally identified/adapted. These controllers were then
expected to be used (in a sort of interpolated fashion) along the changing operating
position—thus, the terminology ‘position-dependent’ control. Alternatively, there
have been also attempts from the robust control perspective, which treated the
parametric variations as part of plant uncertainties, see, e.g., [de Rozario et al.,
2017].
In spite of numerous efforts to tackle the problem, recurring patterns of errors
still remained to be seen. Some of those did not just appear randomly, and apparently were not entirely the immediate consequences due to differences in positions
of projection fields. For instance, in [Heertjes et al., 2010], it has been shown that
resulting servo/tracking errors can also differ as a result of different scan directions. Such variance was observed even if experiments were carried out with a
similar reference profile (but different scan directions) on the same area of positions. This discovery has implied a potential need for better understanding of the
issue concerned with position-dependency and parameter variation —especially on
how they actually come into play in the (dynamical) relationships between plant
inputs and outputs. Along this line of thought, the research direction of this thesis
was initiated from a fundamental side, by posing the following main question:
“Suppose all information about the plant and its parametric variation
is perfectly known, what should then be necessarily done, in order to
explicitly address parameter-varying effects via feedforward control? ”
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Some merit is expected in the attempts to answer such a question. By assuming
full availability of relevant information, we have actually narrowed down our scope
of attention, to focus mainly on the interrelations between dynamical quantities
of a parameter-varying plant —along with the causes and effects of their manifestations. Indeed, it is the structure of the (inverse) output-to-input map that we
strive to understand better. The underlying assumption of this thesis —that the
complete knowledge about the plant parametric model, along with its parametric
variation, is available —is certainly not a denial of the importance in the aspect
of learning from measurement data. After all, plant models are nothing but manmade constructs, in the attempts to capture and explain real-world phenomena.
Some differences (between a reality and its models) most likely remain due to unmodelled (or inaccurately-modelled) dynamics. In this thesis, however, we take an
assumption on the availability of the system (parametric) model as the starting
point. In particular, we envision the beneficial use of the plant model structure
in reconstructing an appropriate structure of the plant inverse under the influence
of exogenous and time-varying scheduling variables. This research direction stems
from our vision that even if exact values of plant model parameters are usually
not perfectly known, the structure of the model itself, on the contrary, has often
already been extensively studied (be it through the insight from kinematics or kinetics), and can often be considered as readily available information. With such a
perspective (even though exact values of model parameters may not be perfectly
known), we believe that a reconstruction of the plant inverse’s structure should be
achievable. Once an appropriate model structure describing ‘how plant inputs and
outputs are (forwardly or inversely) related under the influences of (time-varying)
exogenous scheduling variables’ is known, identification procedures to determine
model parameters (from real measurement data) can be carried out afterwards. At
least that is what we believe to be one of the appropriate ways to tackle such a
challenging issue without misinterpreting the effects of parameter variations seen
in the measurements. Hence, the principal focus of this thesis, therefore, lies upon
the investigations of how parameter variations can come into play between plants
inputs and outputs, and how to correctly utilize their explicit information in a
reconstruction of the plant inverse.
“All models are wrong, but some are useful.”—George Box, [Box, 1976,
Box and Draper, 1987]

1.3.1

Scope of Consideration

In examining the structure of relationships between associated dynamical quantities which take place under the influence of the exogenous (and time-varying)
scheduling variables, we have further narrowed down our scope of investigations
only to a specific class of parameter-varying systems, namely, linear-parametervarying plants which possess both following characteristics:
1. [Linearity]: This involves parameter-varying systems whose dynamic maps
from (i) inputs to states, (ii) states to outputs, and (iii) inputs to outputs are
linear. Simply put, this concerns a (true/non-quasi) LPV/LTV system.
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2. [Independent scheduling variables]: This involves parameter-varying systems
whose parametric variations are assumed to be perfectly known, and independent to the system inputs and its states.

A noteworthy remark here is that the linearity in the input-output map always
implies independency of scheduling variables, but not vice versa. Under certain
operating conditions of wafer stages (namely, small angle approximations together
with relatively well-decoupled horizontal and vertical control), the wafer leveling
process can be classified with these two characteristics. With this background
information explained, let us proceed to an overview of research questions and the
thesis outline next.

1.3.2

Chapter Outlines & Research Questions

From the preliminary questions and background, the main research question of this
thesis has been formulated, namely,
[ Q1 ] “Suppose all information about a dynamical system and its parametric variation is perfectly known, what should then be necessarily done,
in order to explicitly address parameter-varying effects via feedforward
control? ”.

To address this question, seven chapters constitute this thesis. In addition to
Chapter 1 which has already been discussed here, outlines of the remainder chapters
and sub-questions are given below.
Chapter 2
In search of a corresponding feedforward solution under presence of system parametric variation, an important step is to discern and recognize key features of what
we desire to obtain. For this reason, in Chapter 2, we introduce a perspective on
the fundamental concepts of inverse dynamics. Its content shall be discussed in
a way that does not favor any particular choice of plant representations, and adhere to a bare minimal set of assumptions. Through such an elaboration, it is our
hope that the fundamental concepts of feedforward control (as dynamic inversion)
will be revealed and genuinely examined. In short, in Chapter 2, we consider the
questions:
[ Q2 ] “How to conceptually describe a dynamic inverse of a parametervarying system in a generalized manner? And, what could be the
fundamental issues that may come along with the concept of dynamic
inverse?”.

Chapter 3
Inspired by the concept of relative degree and feedback linearization, this chapter
is concerned with an algebraic analysis (along with conditions) to construct an
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exact (model-based) inversion of a continuous-time linear dynamical system whose
manifestation takes place under the effect of a time-varying state-to-output map.
The issue of wafer stage control under a moving PoI (i.e. a motion system with
a time-varying state-to-output map) is what motivates its core problem setting.
Most importantly, in this chapter, it will also be shown that the time-varying
interpolation of exact inverses of linear time invariant (LTI) systems (that is defined
along the time trajectory) is not an exact inverse of a linear time-varying system.
Under certain conditions, the method described in this chapter can be used
to reconstruct exact feedfoward commands that properly and explicitly address
parameter-varying effects of the plant. Even though the chapter only discusses
the case of a varying state-to-output map C, the core concept can be extended
to the cases of other parameter-varying systems as well, e.g., a system with a
varying state-evolution-matrix A, as well as a varying input-to-state matrix B, see,
e.g., [Bloemers et al., 2018]. In other words, in Chapter 3, we address the questions:
[ Q3 ] “If an exact inverse of the considered LPV/LTV plant exists, how
to construct and represent it in a state-space format? And, how does the
information concerning the plant’s parameter variation come into play in
that representation of inverse?”.

Chapter 4
A novel approach towards the reference-tracking feedforward control design for linear dynamical systems is the study of Chapter 4. By utilizing the superposition
principle and exploiting signal decomposition together with a quadratic optimization process, we obtain a feedforward design procedure for arbitrary linear multiinput and multi-output (MIMO) systems with arbitrary time/parameter-varying
characteristics. In other words, the proposed algorithm is applicable to the broad
class of linear systems, i.e. linear-time-invariant (LTI), linear- time-varying(LTV)
and linear-parameter-varying (LPV) systems. The interplay between the initial
state, feedforward and feedback actions are elaborated in detail. The potential of
the presented methodology is demonstrated through a simulation example.
The technique presented in this chapter is also applicable to deal with the
problematic case of an LPV non-minimum phase system whose relative degree
may not be well-defined uniformly (throughout the considered time interval) —in
other words, a case which cannot be solved by the method from Chapter 3. For
example, a situation where an exact plant inverse does not exist. The proposed formulation will determine the feedforward commands that minimize tracking errors
for any given reference and scheduling trajectories. This holds even if the desired
output trajectories may not be reproducible under some parametric variations of
the system. In short, in Chapter 4, we address the questions:
[ Q4 ] “If an exact inverse of a parameter-varying system does not exist,
how to come up with an approximated inverse solution that still optimally
addresses the parameter-varying effects of the plant?”.
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Chapter 5
The approximated inverse solution from Chapter 4, which has been derived from
the signal decomposition technique, was demonstrated with Gaussian radial basis
functions. Gaussian radial functions are typically defined by their centers along
with their standard deviations. Because of this characteristic, they can be further
assigned to localize and concentrate around prescribed intervals of time. Such a
configuration can be done so as to provide a better approximation of feedforward
signals during the critical time intervals. Chapter 5 discusses the possibilities to
do so, in other words, how to exploit the flexibility of Gaussian radial functions in
the signal decomposition feedforward control design. Stated otherwise, in Chapter
5, we consider the question:
[ Q5 ] “How can we improve the approximated inverse solution which is the
result from the answer of Q4 (i.e. the signal decomposition technique from
Chapter 4), so that it can become more flexible and more accurate?”.

Chapter 6
Exact plant inversion from Chapter 3, and the approximated inverse solution derived from the signal decomposition technique from Chapter 4, have been discussed
in the context of tracking applications for linear-parameter-varying (LPV) and/or
linear-time-varying (LTV) systems. Based on these two techniques, associated experiments will be carried out and summarized in Chapter 6. Two practical motion
systems are employed to test their potentials, namely,
6.1 Two-mass system: a spring-mass-damper setup, which has been modified
to exhibit a parameter-varying state-to-output map. This serves as a singleinput-single-output (SISO) LPV case study.
6.2 Over-Actuated Test-Rig (OAT): a magnetically-levitated (Lorentzbased) planar motor for short-stroke movements, which serves as an industrial
multi-input-multi-output (MIMO) LPV case study.
Tracking performance is benchmarked against the typically-used acceleration
(mass) feedforward control, and (in some sections) also against the interpolation
of exact linear-time-invariant (LTI) inverses defined along a given scheduling trajectory. Measurement results show potential benefits of the proposed methods in
addressing parameter-varying effects. In other words, in Chapter 6, we consider
the questions:
[ Q6 ] “If an exact inverse of the considered LPV/LTV plant exists, do
the methods from Q3 (Chapter 3) and Q4 (Chapter 4) provide similar
feedforward solutions and tracking results? And, are they implementable
in practice?”.
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Chapter 7
As an epilogue to this thesis, Chapter 7 provides an overall reflection to the main
research question [ Q1 ]. In addition, it also discusses and summarizes the answers
to the sub-questions [ Q2 ]- [ Q6 ]. Lastly, recommendations are given to portray on
how the insight developed in this thesis could be tailored to a specific application
such as the wafer-leveling process in a lithographic machine.

1.3.3

Contributions

Highlights are briefly given as follows.
 We provided two methods to explicitly incorporate information about plant
parametric variations in feedforward control design (such that an appropriate output-to-input (inverse) map of a given parameter-varying plant is
achieved). This is done by utilizing either (i.) the time-derivative information about the process variation (Chapter 3) or (ii.) the time-interval
information about the process variation (Chapter 4).
 By using functional notations, we introduced a new perspective in Chapter
2 to discuss the issue of non-invertibility of a dynamic plant. In addition,
we showed how plant parametric variation can affect and alter input-output
invertibility.
 In Chapter 3, we demonstrated how to construct a continuous-time statespace representation of an exact inverse of an LPV/LTV system, and clarified
its differences and similarities to the interpolation of exact LTI plant inverses
defined along the scheduling trajectory.
 In Chapter 4, we showed how the triple of input, state, and output trajectories can be decomposed on the basis of superposition principle (for any
continuous-time linear dynamic systems). In particular, we highlighted the
fact that this principle also holds for linear systems with parametric and
temporal variations. In turn, we demonstrated how such a concept can be
utilized to optimally construct an approximated feedforward solution.
 In Chapter 5, we showed how variations of a Gaussian radial function can be
locally emulated by a linear combination of Gaussian-Polynomial functions.
In turn, we also demonstrated how to incorporate this concept to synthesize
more flexible feedforward signals.
 In Chapter 6, we demonstrated how to implement the feedforward control
techniques (from Chapter 3 and Chapter 4) in practice, for both SISO and
MIMO case studies. In addition, we also showed that, if the plant inverse exists and is causally stable, both feedforward control techniques approximately
provide the same feedforward solution.

Chapter 2

A Perspective on Inverse
Dynamics
Ideal feedforward control basically amounts to invert system dynamics, i.e. to
recover the input of the plant from information on the output. This is what is
referred to as plant inversion. Despite the benefits from considering feedforward
control in such a viewpoint, there seem to be some fundamental problems associated
with this concept. Especially when we consider using it for parameter-varying
systems. We shall consider and discuss such points in this chapter.

2.1

Fundamental issues of dynamic inverse map

Beyond the benefits of synthesizing feedforward control for tracking applications,
studies of dynamic inversion itself—once carried out in depth, also grant useful
insights about system theory, especially concerned with (dynamic) input-output
mappings. The non-state-variable viewpoint of system inverses can be traced back
several decades ago; see for example, the work of [Bode and Shannon, 1950]. With
the increasing popularity of the state-space description around 1960s, a more general (but, at the same time, also more sophisticated) concept about input-output invertibility was initially investigated through an introduced notion of ‘reproducibility’ by [Brockett and Mesarović, 1965]. A few years later, associated treatments
for linear systems were given in great detail by [Sain and Massey, 1969], and [Silverman, 1969]. Key results were extended by [Hirschorn, 1979] to a nonlinear case,
where [Singh, 1981] provided further modifications to accommodate a larger class
of nonlinear systems. Nevertheless, all of these studies mainly considered ‘causal’
inverse (input) solutions for given initial conditions and desired output trajectories.
In other words, for specified initial conditions, the resulting inverse solutions (as
outputs of a system inverse) are restrictedly considered —only as a result of past
values of given desired output trajectories. Such a way of handling inverse dynamics may suffer from unbounded input (and state) solutions if the (to-be-inverted)
plant possesses unstable zero dynamics. Often, such systems are interchangeably
referred to as non-minimum phase systems.
19
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Motivated by results on non-causal tracking control of flexible-link manipulators
in [Bayo, 1987]—in conjunction with the inspiration from the concepts about stable and unstable manifolds (e.g. [Wiggins, 1990]), [Devasia et al., 1996] and [Chen
and Paden, 1996] introduced a generalized approach to obtain ‘stable inversion’
through separation between stable and anti-stable internal dynamics of a system
inverse. This led to a method to determine a bounded solution pair of inputs
and states, even for non-minimum phase systems. Such key accomplishments were
obtained thanks to a clever usage of the (non-)causality property in dynamic mappings. That is, the values of (feedforward) inputs (and corresponding states) were
computationally assigned based on the forward and backward integrations of stable and anti-stable manifolds of inverse dynamics, respectively. This resulted in an
application of bounded inputs but with the presence of ‘pre-actuations’, i.e., inputs
start before an onset of desired output trajectories. In other words, the method
traded the absence of causality in the inverse map—from given desired outputs
back to inputs, for boundedness of resulting input-and-state solution trajectories.
The required preview information of the desired output trajectories, that is used to
(non-causally) determine pre-actuations, was quantified relatively to the resulting
tracking error and the locations of system zeros in [Zou and Devasia, 1999a, Zou
and Devasia, 1999b]). From a different standpoint, these pre-actuations can also
be viewed as a means to set up appropriate initial conditions, so that stability of
the inverse solutions can be achieved; see [Lanari and Wen, 1991]. Alternatively, it
has also been shown by [Benosman and Le Vey, 2003] that, even for non-minimum
phase systems, the non-causality (or pre-actuations) can be avoided while still
achieving bounded input solutions. This becomes possible thanks to appropriate
selections or modifications of desired output trajectories. The question: how far
the modified trajectories necessarily need to deviate from the originally desirable
output trajectories (such that the effect of unstable zeros is cancelled), is subject to
the plant zero dynamics and the choice of the originally desired output trajectories
themselves.
At this point, perhaps one can already sense that the problem of dynamic inversion (between system inputs and outputs) is indeed far from triviality. Scrupulously, it is inseparably intertwined with (i.) the choice of desirable output trajectories, (ii.) (non-) causality and the (applicable) time intervals of inputs and
outputs, while these two factors are also closely connected to (iii.) the initial
(and/or boundary) conditions of associated zero dynamics. In search of an appropriate tool—that is both general and transparent enough to classify relevant cases,
we decided to adopt a set theoretic perspective, in the hope of carrying on the
explanations for the remainder of this chapter.
Ideal invertible map
Probably due to the extensive utilization and tremendous success of the complexdomain representation (also frequently referred to as the frequency-domain representation) of LTI systems—e.g. through Laplace-, Fourier- or z-transforms, when
the term ‘feedforward control’ is mentioned, it has almost become a usual habit
to first conceive it as an inverse of a plant or system transfer function. Through
this line of thought, we perform algebra to obtain the associated inverted transfer
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function, and care less about the actual domain and codomain (also known as the
image/range/target set) of the mapping —let alone the details concerned with the
time intervals of associated inputs and outputs. It seems, though, as if everything
would be totally fine as long as the inverse transfer function is obtained. However,
this is, in fact, not the case. Without much difficulty, examples can be constructed
to demonstrate situations in which, despite the existence of the plant inverse transfer function, yet no admissible input can be found for some particular choices of
desired output trajectories.
As a matter of fact, when mentioning about mappings in general, certain properties are necessarily required before they can be deemed invertible. Furthermore,
the notion of mapping itself would not make an appropriate sense unless the associated domain and codomain are properly defined. In particular, a mapping is
invertible if and only if:
(i.) As long as an element in the codomain (so-called output) is reproducible,
it must be reproducible through one and only one (also known as unique)
element in the domain (so-called input)—this property is known as injectivity.
(ii.) For any element in the codomain (i.e. for every possible variation of output
functions), there should exist at least one admissible element in the domain
(i.e. at least one admissible input function) that produces it—this property
is known as surjectivity .
In other words, an invertible mapping must be both injective and surjective, which
is equivalently known as being bijective. To put the dynamic inversion into this context, consider, for a given initial condition, an ideally invertible situation depicted
by Fig.2.1.

Figure 2.1: Invertible input-output map.
Relevant time intervals of inputs (u) and outputs (y) are defined by Tu and Ty ,
respectively. For a number of outputs, ny ∈ N+ , the codomain (or target set), Y Ty ,
is a set containing every desirable output trajectory y(t) ∈ Rny defined in the time
interval t ∈ Ty , i.e.,
Y Ty := {y : Ty −→ Rny |Ty ⊆ R}.

(2.1)
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In a rather similar fashion, for a number of inputs, nu ∈ N+ , the domain, U Tu , is
a set containing any admissible input u(t) ∈ Rnu within an active actuation time
t ∈ Tu ⊆ R. Putting it in another way,
U Tu := {u : R −→ Rnu | u ∈ (C 0 ∩ L∞ )nu , and u(t) = 0nu for t ∈ R\Tu }. (2.2)
With a given initial condition x(0) = x0 ∈ Rnx for nx ∈ N+ , an (input-to-output)
dynamic mapping:
Hx0 : U Tu −→ Y Ty ,

(2.3)

is considered invertible if and only if, for any given y ∈ Y Ty , it is possible to
determine a unique u ∈ U Ty that maps towards it.
Non-injective map
One-to-one (also known as injective) relationships between inputs and outputs
helpfully eliminate ambiguity in the search for input sequences to produce target
specified output behaviour. Nevertheless, a considerable number of dynamical
systems just do not possess such a property. Such a situation can be conceptually
illustrated by a (non-injective) set-mapping diagram, for example, in Fig.2.2.

Figure 2.2: Non-injective map.
Observe from the figure that, in this situation, there exist more than one variations of input u ∈ U Tu that can be used to achieve a target y ∈ Y Ty . Whether
this is really an advantage or a disadvantage is arguable. Despite a possible ambiguity in choosing which input to apply, an opportunity to have more than one
ensemble of possible input trajectories (that produces the exact same target output behaviour) can sometimes also be considered as design freedom. Mechanics
of some systems are even deliberately engineered to secure this extra freedom of
control. Examples can be given by the over-actuation designs in space/air-craft
systems, e.g., [Boskovic and Mehra, 2002, Hu et al., 2014, Mazinan, 2016, Casavola
and Garone, 2010, Zhang et al., 2007]. There, redundant actuators are carefully
employed to ensure safe operations, even in an adversity of some actuator failures.
Apart from non-injectivity which arises from intended engineering designs, it is
worth noting that unintended non-injectivity in an input-to-output map can also
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occur due to the presence of zero dynamics. In particular, this implies the existence
of an input-to-output kernel also called the null space in linear maps—which, in
turn, gives rise to the possibility of having different variations of input solution
trajectories (along with associated states) that, nevertheless, still induce exactly
the same output behaviour. Through such non-uniqueness of the input-to-output
map, appropriate handling of zero dynamics can be exploited to determine bounded
(input-and-state) solutions that generate the target output behaviour, even for nonminimum phase systems. This (together with the embodiment of non-injectivity)
can readily be demonstrated through a simple LTI SISO example. Let us consider
a dynamical system represented by:

P (s) =

(s − 10)
.
(20s2 + 5)

(2.4)

The plant in (2.4) comprises of two complex-conjugate poles at s = ±0.5i, on the
imaginary-axis, and a single zero at s = 10 in the right half complex plane —designating it to be a non-minimum phase plant. The plant representation is given in the
Laplace-domain where there is no pole-zero cancellation, our consideration here,
therefore, also includes and applies to the input-output behavior of a corresponding
minimal state-space realization of the plant—which is both observable and controllable—as well. Such information is avidly provided here to highlight the fact that
non-injectivity (or the non-uniqueness in the input-to-output map)—that will be
shown afterwards, has nothing to do with either ‘controllability’ or ‘observability’.
For the purpose of illustration, let us consider a given reference trajectory:

yref (t) = 24 γ(t) − 24 γ 2 (t),

(2.5)

with
γ(t) :=

1
1+

e−3(8t−4)

.

Two obvious (input) solutions —which possess the capability of exactly producing the given output trajectory yref , can be immediately recollected: namely, (i.)
the causal and (ii.) the anti-causal input solutions which are compatible with
the system inverse dynamics. These two solutions can be determined from the forward (causal) and backward (anti-causal) convolution integrals with zero boundary
values of the input at the beginning- and end-point conditions, respectively. Furthermore, they are, in fact, the ones often mentioned in the feedforward control
literature, see e.g. [Hunt et al., 1996]. The resulting input commands (along with
the corresponding output trajectory y(t) = yref (t)) are shown in Fig. 2.3.
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Figure 2.3: [Left] output y(t) = yref (t), [Center & Right] causal and non-causal
inputs.
It is worth pointing out that these two input variations are the mere consequences of non-injectivity from the presence of the system zero dynamics. If we
are to solve for other input solutions, with various end-point conditions of the
zero dynamics, it can be shown that there exist arbitrarily many input trajectories
(among which are the two priorly mentioned inputs) that, nevertheless, still achieve
the exact same output behaviour. These results are shown in Fig. 2.4.

Figure 2.4: [Left] output trajectories yi (t) = yref (t), [Right] applied inputs ui (t).
Another key observation is that: pre-actuations and the boundedness of input (and
state) solutions do not have an immediate implication of one another. For example,
it is possible to have input solutions with pre-actuations for the non-minimum phase
system while still suffering from unboundedness inputs and states. Observe that,
in this example, there appears to be only one input solution that remains bounded.
However, there are also other cases—e.g. systems with complex conjugate zeros on
the imaginary axis (or, so-called nonhyperbolic zero dynamics)—where we can have
different bounded inputs that still map to the exact same output. The question
on how to exploit such extra control freedoms is a separate topic. One could, for
example, select the least energy-requiring input solution, or just decide to use any
input that can comply with the practical range of actuations and system’s state
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constraints. So far, aside from that, this SISO example has already demonstrated
the essence of non-injectivity in an input-to-output map —from which, a dynamical
plant would then be mathematically considered non-invertible because of the nonunique relationships between its inputs and outputs.
Non-surjective map
Besides the situation in which a dynamical system is considered to be non-invertible
because of non-injectivity (i.e. there exist more than one admissible input solution
to generate one given output trajectory), an input-to-output map will also be
considered non-invertible if, for some given desired output trajectories, there exist
no corresponding input solution(s) to generate them. In this case, one could say
that a (dynamic) input-to-output map fails to become invertible because of nonsurjectivity. This will be conceptually clarified with the help form the set-mapping
diagram in Fig.2.5.

Figure 2.5: Non-surjective map.
Generally, in construction of a (dynamical) plant, engineers do have solid ideas
on what the control designs are physically capable of —based on key design decisions and relevant governing physics that comes along with the specifications of
actuation mechanisms. However, a dynamical system as a commercial product, on
the contrary, may experience different usages beyond the originally designed functionalities. Through multiple endeavours, it can so happen that the ‘impossible’ is
requested from a dynamical plant at hand. Fig.2.5 serves the purpose here to depict
this scenario. Consider a set U Tu , containing every allowable actuation sequences
u(t) in the permitted (actuation) time interval t ∈ Tu . Achievable outputs (as a
result of any u ∈ U Tu ) may only form a subset of Y Ty , the set which, on the other
hand, contains every desirable outputs from the user perspective. This subset is
depicted here by a shaded blue circle. Obviously, even though a user may wish to
obtain an output trajectory that lies outside the blue circle, there exists no corresponding input to enable it. For example, consider a fifth-order (flat) dynamical
system described by :
a1 y [5] (t) + a2 y [4] (t) + a3 y [3] (t) + a4 y [2] (t) + a5 y [1] (t) + a6 y(t) = u(t),

(2.6)
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where
dn y
(t), for n ∈ N+ , t ∈ R , and a1 , . . . , a6 ∈ R\{0}.
dtn
A user may, for instance, desire to have the plant output y(t) track a set-point
ydesired (t) for t ∈ Ty = [0, 1] ⊂ R, as given in Fig. 2.6. Such a trajectory is threey [n] (t) :=

Figure 2.6: Fourth-order setpoint trajectory [Lambrechts et al., 2005].
time differentiable (which implies that it is relatively smooth), and has also been
shown to be a rather effective set-point for electromechanical motion systems, see
[Lambrechts et al., 2005]. Nevertheless, had the profile been used as the reference
trajectory for the plant in (2.6), one would find out that perfect tracking could never
been achieved. On account of the fact that the fifth derivative of the reference
ydesired (t) becomes undefined at multiple points in time during the time period
Ty = [0, 1], i.e.,
∃ t ∈ Ty

such that

[5]

ydesired (t) = ±∞

which is ∈
/ R,

(2.7)

the reference trajectory in Fig. 2.6 is, therefore, not compatible with (2.6). The
corresponding input u(t) would assume unrealistic values of plus/minus infinity at
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some points in time—which suggests the non-invertibility of the input-to-output
map. To solve this issue, path-planning can be improved to obtain a new desired
output trajectory which becomes compatible with the plant dynamics. Otherwise,
mechanics of the plant themselves (which may include actuation, sensing or even
material properties) have to be modified to accommodate the given desired reference. In the scenario where neither of the options is allowed, the best reproducible
tracking result would be from targeting an (achievable) output trajectory that locates within a minimum distance—based on the norm of choice, to the originally
desired reference. As a result, a corresponding admissible input becomes determinable altogether again. This situation is reflected in Fig.2.7.

Figure 2.7: Non-surjectivity and the best (achievable) tracking result.
“Is this result somehow related to the widely-regarded notions of ‘controllability’ and ‘reachability’ ?”—a curiosity may strike. Although these system properties
are indeed key concepts and may have some influence on the achieved tracking
results, they do not exactly correspond to what we aim to describe here. In contrast to an ability to exactly follow a prescribed output trajectory for an entire
time interval, controllability and reachability focus instead on the ability to transition between two state conditions —from one point in time to another (see, for
example, [Weiss, 2010]). How the states would actually propagate in-between is,
in fact, not restrictedly confined, as long as corresponding input(s) stay bounded
in magnitude within a finite time interval. Alternatively, functional reproducibility,
as introduced by [Brockett and Mesarović, 1965], would better serve as an appropriate terminology to classify the output-tracking scenarios. In particular, the
key distinctions, between (i.) the point-wise reproducibility (which is equivalent
to output-controllability) and (ii.) the functional reproducibility, have also been
substantially discussed in the same work.

2.2

Feedforward for parameter-varying systems

Once venturing into the realm of parameter-varying systems, relationships between
inputs u(t) and outputs y(t) become more complex. This complexity will also
influence the process of determining feedforward control solution(s) via dynamic
inversion. The manner in which the input arguments in U Tu , as previously defined
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in (2.2), are mapped into the target set Y Ty in (2.1) no longer hinges solely on the
choice of input trajectories, u(t) for t ∈ Tu , and the plant initial states x0 ∈ Rnx .
Dynamically changing plant behaviour, as typically parametrized through varying
signal(s)—so-called the scheduling variable(s): α(t) ∈ Rnα , for nα ∈ N+ and the
time interval t ∈ Tα ⊇ (Tu ∪ Ty ), also becomes relevant. To be precise, for a given
collection of relevant scheduling functions, i.e.
ΓTα = {α : Tα −→ Rnα | (Tu ∪ Ty ) ⊆ Tα ⊆ R},

(2.8)

together with given initial state conditions x0 , an (input-to-output) map of a
parameter-varying plant —as shall be denoted by the Hx♦0 —now actually depends
on two functional arguments: (i.) the inputs, u ∈ U Tu , and (ii.) the scheduling
signals, α ∈ ΓTα , in order to determine corresponding outputs y ∈ Y Ty . Mathematically stated,
Hx♦0 : U Tu × ΓTα −→ Y Ty .
(2.9)
In such a context there is a clear distinction between the set of input functions, or
U Tu , and the set of scheduling functions, or ΓTα . Although both types of signals
are indeed exogenous, only the inputs u(t) are the manipulating variables —as the
tuning ‘knobs’ for steering and altering plant dynamics. The scheduling signals:
α(t), on the other hand, are treated as given information (which is not influenced,
either directly or indirectly, by a choice of u). They, as their name suggests, only
serve a purpose to parametrically schedule the variation in the plant behaviour: an
‘α -dependent’ manner in which the triple of (i) input, (ii) state, and (iii) output
functions —namely (u, x, y)α —dynamically manifests.

2.2.1

Non-equivalence of parameter-varying representations

Let us consider an illustrative case of the PoI levelling problem introduced in Section 1.1.3 (as shown in Fig 2.8).

Figure 2.8: Moving point of interest (PoI) and observed transverse flexible behaviour.
This parameter-varying problem is a challenging example because the target
observation point (or PoI) dynamically moves along the surface of the structure.
In particular, the rate at which the transverse (vertical) deflection is seen at the
moving PoI is now innately coupled with how the PoI itself (horizontally) moves.
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In Chapter 1, an important question was raised about this particular scenario —as
to “whether the input-output relation of such a dynamic plant, that is, from the
actuation node (in the middle) to the time-varying PoI, can be represented by
parametric interpolation of the (Laplace-domain) transfer functions of the system
at multiple frozen PoI points along the PoI trajectory or not”. This section will
address such a preliminary question.
Let us first consider the situation with a frozen PoI = α∗ ∈ [0, L]. Through an
early-lumping approximation (Appendix A), the following state-space realization
of the beam can be obtained and represented as


ẋ(t) = Ax(t) + Bu(t),

(2.10a)

y1 (t) = C(α∗ )x(t).

(2.10b)

Observe the α∗ −dependency of the state-to-output map C(α∗ ) in (2.10b). This
relates to how structural mode shapes, see, e.g., [Schwarz and Richardson, 1999],
differ as a result of the variation of observation nodes. With the initial conditions
x(0) = 0, the corresponding Laplace transform (for a fixed-valued α∗ ) can be
computed as:


sX(s) = AX(s) + BU (s),

(2.11a)

∗

∗

Y1 (s) = L{C(α )x(t)} = C(α )X(s).

(2.11b)

Y1 (s) = L{C(α∗ )x(t)}
Z ∞
Z t
−st
∗
=
e C(α )
eA(t−τ ) Bu(τ )dτ dt
t=0
τ =0
Z ∞ Z ∞
∗
= C(α )
e−st eA(t−τ ) Bu(τ )dt dτ
τ =0 t=τ
Z ∞ Z ∞
= C(α∗ )
e−sτ e−sp eA(p) Bu(τ )dp dτ

(2.12a)

In particular,

= [C(α∗ )(

τ =0 p=0
Z ∞
−(sI−A)p

e

Z
dp)B][

p=0

= [C(α∗ )(sI − A)−1 B] U (s)
∗

: = P (s, α ) U (s).

(2.12b)
(2.12c)
(2.12d)

∞

u(τ )e−sτ dτ ]

(2.12e)

τ =0

(2.12f)
(2.12g)

Indeed, for a given fixed value of α∗ and, as a result, a constant matrix C(α∗ ), we
arrive at a Linear-Time-Invariant (LTI) system. Convolutions in the time domain
become multiplications in the ‘s’ domain. This, as shown in (2.12g), facilitates the
notion of the plant transfer function, P (s, α∗ ), which maps the input U (s) to the
output Y1 (s) in the multiplicative manner. Simplicity of such an input-to-output
map, i.e. in the form of the multiplicative transfer function, is something that
should not be taken for granted. It only becomes possible here because α∗ is treated
as a constant (time-independent) parameter. This assumption is necessarily used to
arrive at (2.12c) —which, in turn, is also relied upon in subsequent derivations. Any
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attempt to re-substitute the time-dependency back in (2.12g), e.g. by having α∗ =
α(t) in P (s, α∗ ), will, therefore, violate the general interpretation of a (Laplacedomain) transfer function, and will mislead us to ‘something else’, instead of the
plant dynamics that we initially aim to describe.
If we are to rigorously consider the moving PoI case, or α∗ = α(t), the system’s
time-domain representation is re-evaluated as:

ẋ(t) = Ax(t) + Bu(t),
(2.13a)
y2 (t) = C(α(t))x(t),

(2.13b)

With the initial conditions x(0) = 0, the corresponding Laplace-domain represen
tation is given by:
sX(s) = AX(s) + BU (s),
(2.14a)
Y2 (s) = L{C(α(t))x(t)}.

(2.14b)

Observe that C(α(t)) and x(t) are now stuck together within the Laplace transform
operator L{·} in (2.14b). Resulting from the emergence of the time-dependency in
C(α(t)), the matrix C(α(t)) cannot be pulled out from the Laplace transformation
in an affine manner anymore. Here imparts the acquired (Laplace-domain) inputto-output map a different mathematical expression with a different interpretation
instead. In particular,
Y2 (s) = L{C(α(t))x(t)}
Z ∞
=
e−st C(α(t))x(t)dt
t=0
Z ∞
Z t
=
e−st C(α(t))
eA(t−τ ) Bu(τ )dτ dt
t=0

:= H(s; α, u).

(2.15a)
(2.15b)
(2.15c)

τ =0

(2.15d)

Notice from (2.15) that now the Laplace-domain expression of the output (at the
moving PoI), or
Y2 (s) = H(s; α, u),
does not result in a multiplicative input-to-output map in the s-domain. Everything
is, instead, entangled together within the map H(s; α, u). Most importantly, as
shown in (2.15c), the expression of Y2 (s) notably involves the entire behaviour of
α = α(t) for the whole time interval t ∈ [0, ∞]. Such an expression is fundamentally
different from the previously discussed scenario, in which α∗ = α(t) for every
instantaneous t ∈ R+ is being re-substituted back to P (s, α∗ ) in (2.12g). In other
words,
Y1 (s), for α∗ = α(t) at every t ∈ [0, ∞], 6= Y2 (s).
(2.16)
The fact that the plant, a flexible structure with a time-varying PoI, cannot be
represented by the usual notion of a Laplace-domain ‘transfer function’ —independently and separately from the dynamical characteristics of u(t), or U (s), (and
α(t)) for the entire time interval, has a significant impact on the selection of effective control and modelling strategies. Several classical methods which rely on
an s-domain description of a plant, though proven to be efficient for LTI systems,
would not appear to be as convenient in this parameter-varying situation. Among
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others, this includes the perspective of synthesising a feedforward controller as an
inverse of a plant transfer function in the Laplace domain.

2.2.2

Dynamic maps under the presence of parametric variations

To provide a view on how exogenous scheduling signals could influence an input-tooutput mapping of a parameter-varying system, let us consider the diagram given
in Fig.2.9. Notice that, for an initial state x0 , a similar domain of admissible inputs
U Tu , —but under different scheduling functions α = αi ∈ ΓTα (for i ∈ N+ )—may
actually yield a different image, or Sαi ⊂ Y Ty . That is to say, totally different
outputs yi can arise from an exact same choice of input u, resulting from the
effects of different scheduling functions αi .

Figure 2.9: A parameter-varying mapping for a given initial state x0 .

Issues regarding ‘non-injectivity’ and ‘non-surjectivity’ (as introduced previously in Subsection 2.1) would still persist in these parameter-varying cases; but
this time around, they likewise may become scheduling-dependent. Depending
on how parametric variations come into play within the plant behaviour, ‘zerodynamics’ as well as ‘functional reproducibility’ [Brockett and Mesarović, 1965]
can be consequently affected/altered. As an example, Fig. 2.10 depicts a scenario
where the reproducibility of an output trajectory ydesired is dependent on associated
scheduling functions α. In particular, ydesired becomes reproducible only under the
influences of α = α 2 or α 3 (via uα 2 and uα 3 , respectively), but not reproducible
under the case of α = α 1 —for which the best achievable result(s) may still be
obtained through an optimization process along with the optimizing input(s), ûα 1 .
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Figure 2.10: Scheduling-dependent reproducibility

2.2.3

Classification of scheduling variables

A subtle, but nevertheless important, remark has to be made here regarding how
scheduling signals are considered as given (and independent) exogenous information in this thesis. There are indeed a number of works which permit functional
dependencies between scheduling signals α and the input functions u—either explicitly and/or implicitly, e.g., via controllable state/latent variables. See, for instance, [Tóth, 2010, Hoffmann and Werner, 2014]. Aiming for computational merits from available tools developed for linear systems (e.g. H2 , H∞ and µ-synthesis
approaches), such dependencies are occasionally allowed (often inclusively in a robust scheduling perspective of Linear-Parameter-Varying (LPV) embedding). This
is done in order to connect the LPV framework to nonlinear dynamical systems.
However, from the (input-to-output) mapping standpoint, variations of the morphisms (that arise on account of changes in independent scheduling signals) will
be lost as soon as α ∈ ΓTα are considered to be ‘composite’ functions of u ∈ U Tu ,
given x0 ∈ Rnx . In other words, instead of arriving at Hx♦0 in (2.9), the map will
revert back to Hx0 , as given by (2.3), that is,
Hx0 : U Tu −→ Y Ty .
In such situations, the entire system behaviour is again determined directly through
the input trajectories u(t) for all t ∈ Tu along with given initial states x0 .
The situations (of independent scheduling variables) are worth studying in their
own right because they do also occur in practice. An example is the wafer levelling
process that happens under an influence of structural transverse flexibility (as previously introduced in Section 1.1). There, the attention is on the (vertical) stage
movement in the out-of-plane direction, particularly at the pre-defined & varying
projection fields (known as the PoI). In this scope of interest, the stage horizontal
movements would be considered as the given scheduling information (of external parameters), separated from the (to-be-controlled) vertical positioning process. The
scheduling variables α(t), therefore, take a role to pinpoint (planar) coordinates
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which locate an immediate focal area at times t ∈ Tα , designating a moving point
where the illumination slit dynamically passes through.
Needless to say, studies about the relevance of such independent scheduling variables, along with how to explicitly incorporate their information in the process to
determine the correct plant inverses ( i.e. the output-to-input reverse relationships)
of parameter-varying systems, constitute this thesis.

2.2.4

Scheduling-(in)dependent inverse map

With the provided classification of scheduling variables, this subsection proceeds to
discuss (at a certain level of abstraction) a general overview of strategies that can
be deployed to handle inverse (dynamic) mappings of parameter-varying plants.
Owing to plausible existence of independent and externally varying factors,
manifestation of system state and output behaviour are not anymore the consequences of merely input functions, for given initial states. A corresponding dynamical plant will also take relevant scheduling signals as the mapping arguments.
Stated otherwise, different input functions uα i ∈ U Tu for i ∈ N+ would likely be
required to achieve the same target output ydesired ∈ Y Ty under the influence of
different scheduling trajectories α = α i ∈ ΓTα . This is illustrated in Fig. 2.11.

Figure 2.11: Different u ∈ U Tu for an exact same ydesired ∈ Y Ty due to variations
in α ∈ ΓTα .
Various types of strategies can be deployed to determine actuation inputs for
given desired output trajectories in these parameter-varying cases. Nonetheless,
they can, in general, be classified into two types: (i) scheduling-independent and
(ii) scheduling-dependent methods.
If the plant model is relatively accurate, such a division can be made based
on how well-known the information about scheduling trajectories α is. For instance, when the knowledge about scheduling signals is rather uncertain, one may
choose to deal with the variations from a ‘robustness’ perspective, e.g., [Lu and
Arkun, 2000]—by including every possible trajectories of scheduling parameters
within uncertainty bounds, and then searching for a single input, ũ, that optimize the ‘worst-case’ performance (with respect to any scheduling trajectory in the
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considered uncertainty bounds). Such an approach, which determines the input
independently from explicit information about scheduling signals (or the so-called
scheduling-independent way to obtain an inverse map), is illustrated in Fig.2.12.
Naturally, other (non-worse-case) scenarios would yield, at least, no worst results
than the worst-case performance. This type of strategies, as a heritage from robust control, has long been an important pillar for the control synthesis within the
LPV framework. Success in such a formulation is partly owed to the advancements
in computational tools and Linear-Matrix-Inequalities (or LMIs). Several feedforward controls for parameter-varying systems have also been constructed based on
this line of thinking, see, e.g., [Sato, 2003, Sato, 2008, Prempain and Postlethwaite,
2008, Venkataraman and Seiler, 2018, Altun et al., 2013].

Figure 2.12: Robust input-output inversion with respect to variations in scheduling
signals
Yet one could still argue that design strategies from such a robustness outlook
can also be considered pessimistic —if they are insistently applied notwithstanding
the presence of explicit information about scheduling parameters. In order to come
up with a mere single choice of input ũ (for a given ydesired and x0 ) that can
robustly operate with any variation of scheduling signals α ∈ ΓTα , compromises
are inevitably made. That is to say, ũ will be an input which guarantees optimized
worse-case performance (for the entire collection of scheduling functions) but it is
not necessarily the best performer in each individual case of scheduling trajectories,
or α i (t).
When the information about scheduling trajectories is adequately well-known
(such as locations of the PoI during the stage levelling process), it becomes almost
natural to exploit such understanding to enhance control results. One way to
achieve this is by a direct embedding of such information within the feedforward
control design through dynamic inversion —that is, a scheduling-dependent way
of obtaining an inverse map. Nevertheless, the means to implement it was not
well-understood yet. This, in turn, motivates the core contribution of this thesis,
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namely,
“How to explicitly incorporate the information about scheduling trajectories and/or plant’s parameter variations in feedforward control
designs, such that an appropriate a output-to-input (inverse) map of a
given plant is achieved.”
a

An ‘appropriate’ inverse map in this sense means either:

(i) an exact (output-to-input) inverse map in case the desired output is reproducible or
(ii) a (pseudo-)inverse map which generates a good candidate of inputs that can produce a
corresponding output trajectory within a minimum distance (based on a norm of choice)
to a given desired output —in case the desired output is not reproducible.
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Summary of Chapter 2
 A dynamical plant may fail to be invertible due to (i) the noninjectivity and/or (ii) the non-surjectivity of its input-to-output map.
For either scenario, decisions need to be made to come up with suitable candidate(s) of input command(s). Among them lie also an
interesting boundary which separates the functionally reproducible
tracking results (that are obtainable via exact input solution(s)) from
the non-achievable ones—whose closest approximated result(s), nevertheless, may still be obtainable from an optimization procedure.
 Parametric interpolation of LTI plant tranfer functions (in the
Laplace domain) that are locally obtained with several values of
assumingly frozen scheduling parameters along the scheduling trajectory is not a correct representation to describe a corresponding
linear-parameter-varying (LPV) system.
 Laplace transform does not seem to be a convenient tool to describe a
parameter-varying plant. A time-domain description, such as one in
a state-space representation, is expected to come closer to describing
the interplay between system dynamics and its inputs needed for
feedforward compensation.
 Scheduling signals, which serve a purpose to parametrize variations
in plant behaviour, can generally be classified into two categories,
namely (i.) the ‘independent’ scheduling signals whose values do
not depend on the choices of inputs nor initial states, and (ii.) the
‘composite’ scheduling signals whose trajectories are (either directly
or indirectly) the consequence of input functions (for given initial
state conditions). Discussions and results presented in this thesis will
mainly focus on the first type, i.e. the independent case. Motivating
examples will be mostly taken from the motion control applications
that have their performance locations influenced by the varying effects of flexible behaviour in the plant.
 An input-to-output map of a dynamical plant that is subject to the
influences of independent scheduling variables is not directly determinable through merely the selection of input(s), for given initial
states. Variations of plant behaviour —which are typically captured
and described through scheduling signals—are crucial information for
pinpointing results of the associated map.

Chapter 3

Exact plant inversion of
systems with a time-varying
state-to-output map
Many high-accuracy positioning systems have a target performance location that
varies with time and position. A typical example is given by wafer stage positioning
systems in the lithographic industry. The design of feedforward compensators for
such a class of systems, i.e. flexible motion systems having Linear Time Invariant
(LTI) state dynamics with Linear Time-Varying (LTV) state-to-output map, can
be considerably enhanced if such time or position-varying characteristics of the
systems are taken into account. In this work, a strategy to construct a feedforward
controller that exactly matches the time-dependent inverse of such a system is
investigated. Analysis and simulation on a simplified model show the potential
performance improvement obtained with such a strategy.

3.1

Introduction

In lithographic processes, a wafer stage carrying a silicon wafer moves with high
speed and acceleration in order to accurately position the silicon wafer with respect to the projection lens or similar-functioned optical components. The wafer
stage is required to be extremely accurate to support the small feature sizes of the
Integrated Circuit (IC) patterns that are being exposed. Small feature sizes enable
more functionality, e.g. the increased capacity of memory chips or faster operating speeds of microprocessors, see [Butler, 2011]. Since the illumination process
takes place in a scanning fashion to varying target output locations on a wafer, the
relation between system states and target output location exhibits time-varying
properties.
To obtain nanopositioning performance, feedforward controllers play a key role
in compensating for undesired stage dynamics, thus enabling required precision
and bandwidth. A comprehensive review of feedforward strategies in this context
can be found in [Clayton et al., 2009]. These strategies are either model-based or
37
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data-based. Regarding model-based design of a feedforward controller, the issue
about robustness towards plant uncertainty has always been argued as one of the
key challenges limiting the obtained performance. See for example [Boeren et al.,
2015a]. However, [Devasia, 2002] has shown through analysis in the frequency domain that, as long as the plant uncertainty is bounded under certain conditions,
usage of a model-based feedforward controller will still improve the achieved tracking performance over the scenario where only feedback control is utilized.
In the context of motion control of a wafer stage, inputs such as reference
trajectories and large parts of the dynamics of the system are known a priori. Since
the system dynamics are highly reproducible, the performance of the stage will be
mainly determined by feedforward control. For example, in [Heertjes et al., 2010],
it is argued that stage feedforward control is responsible for 99.97% of the control
forces and associated performance. However, with conventional feedforward design,
mismatch occurs between the calculated force and the ideal force. This mismatch
is largely caused by position- and time-varying behaviour.
Model-based synthesis of feedforward controllers requires the inversion of specific transfer functions of the system. More specifically, for time-varying systems
this requires determining the inputs that, with known or unknown initial conditions, produce a desired output of the (controlled) system. Mathematically, this
problem amounts to determining the ideal inputs that drive the system according
to the desired output trajectories, possibly in a non-causal manner when the desired output happens to be known in advance. This work provides an algebraic
analysis along with the conditions to construct an exact model-based inversion of a
continuous-time linear dynamical system with a time-varying state-to-output map.
This concept of inversion has a close relation to the notion of differential flatness
that was introduced in [Fliess et al., 1995] and further studied in various works,
e.g. [Lévine and Nguyen, 2003, Hagenmeyer and Delaleau, 2003, Meurer and Zeitz,
2004,Rouchon, 2005,Meurer, 2012]. Many papers on flatness of systems study system inversion in the frequency domain, or alternatively, allow the state and input
to explicitly depend on the flat output of the system together with its derivatives.
Instead, in this present work we focus on a time-domain analysis and utilize the
notion of system relative degree as a key indicator for system inverse reconstruction, see for example the early works of [Zou and Devasia, 1999a] and [Chen and
Paden, 1996]. For analytical reasons in this work, we assume that the system
relative degree is uniformly well-defined and time-independent during the interval
of operation. This assumption may not always hold in all practical scenarios as,
in fact, it may vary with the choices of system modelling (and/or approximation)
techniques, e.g. in [Wang and Vidyasagar, 1991], as well as with the time-varying
characteristics of the system itself. However, when this assumption holds, the
proposed method can very well serve as a technique to synthesize the ideal feedforward controller as the exact plant inverse to the considered class of LTV dynamical
systems. Furthermore, it is shown in this chapter that exact inversion of a timevarying system is not the same as the time-varying interpolation of exact inverses
of linear time invariant (LTI) systems defined along the time trajectory.
The remainder of the chapter is organized as follows. In Section 3.2, a concise problem setting of this investigation is provided. In Section 3.3, the proposed
method and analysis is discussed in detail. Here, two types of inversion are dis-
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cussed, namely, the inverse of LTI systems and the ideal inverse of the linear system
with time-varying state-to-output mapping. In Section 3.4, a simple model of a
flexible system with a parameter-dependent output is introduced. Section 3.5 provides illustrative simulation results. Section 3.6 summarizes the main findings of
this work.

3.2

Problem Formulation

Prior information on the model-based feedforward controller design for reference
tracking consists of:
1. a feasible desired output trajectory (known in advance),
2. a (parametric) model of the plant.
Here, a feasible desired output trajectory means an output trajectory that is
achievable with the current configuration of actuators and target output. It is
assumed that information about disturbances and measurement noise is not known
and, thus, the task of disturbance rejection is left to feedback control. Let the
considered plant model take the form:
(
ẋ(t) = Ax(t) + Bu(t)
(3.1)
y(t) = C(t)x(t),
with state vector x ∈ Rnx , inputs u ∈ Rnu , outputs y ∈ R and matrices A, B, C(t)
of appropriate dimensions. Note that this system is time-varying in the output
matrix C(t). For x(t0 ) = xref (t0 ), the objective is to find a feedforward input
uff (t), that satisfies the following nominal system:
(

ẋref (t)
ydesired (t)

= Axref (t) + Buff (t)
= C(t)xref (t).

(3.2)

Here, ydesired (t) and xref (t) denote the desired output and the corresponding reference state trajectory, respectively. In other words, for a given desired trajectory
ydesired (t), we aim to find a pair [uff (t), xref (t)] such that the nominal system description (3.2) holds. Clearly, a pair [uff (t), xref (t)] does not need to exist for any
given ydesired (t) if not being compatible with (3.2). Such inversion-based problem
formulation has been posed for LTI systems in [Zou and Devasia, 1999a], [Dewey
et al., 1998] and for nonlinear systems in [Chen and Paden, 1996]. Solving this
problem yields several benefits. Firstly, it gives insight in whether the desired
trajectory ydesired (t) is realizable (i.e., functionally reproducible) by the considered
plant or not. Secondly, the obtained solution(s) exactly provides the required input
uff (t) that drives the system according to ydesired (t) (when feasible); such input(s)
can be utilized as feedforward signal(s) in real-time implementation. Thirdly, it
enables us to determine, from a given ydesired (t), the corresponding reference state
trajectory xref (t) that appropriately satisfies the system dynamics; this is essential
when utilizing control techniques involving state feedback mechanisms.
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The time-varying state-to-output mapping, or C(t), has a connection to stage
control when the flexible behaviour (dynamic deformation) of the wafer stage is
considered during scanning motion. As shown in Fig. 3.1, the flexible behaviour of
the wafer stage will affect the accuracy of the wafer-positioning at the projection
field, i.e., at the so-called Point of Interest (PoI). This directly limits achievable
operating speeds and also the attainable process performance. As the scanning

Figure 3.1: Point of Interest(PoI) and flexible behaviour of the stage.
process proceeds with predefined reference trajectories, the PoI will slide along the
wafer surface. Since the accuracy of the positioning system is required about the
position-dependent PoI, dynamic deformations of the structure pose a positionand time-dependent challenge to stage positioning.
Consider this system in a linear modal state-space form with the modal state:


q(t)
x(t) :=
.
(3.3)
q̇(t)
Here, the entries of the state vector x(t) appear as coefficients of the modal deformations q(t) ∈ Rp×1 and its time derivatives q̇(t); whereas p denotes the number
of vibration modes used in the approximation. Thus, we obtain,




0(p×p)
I(p×p)
0(p×b)
A :=
, B :=
−Ω2(p×p) −2ζΩ(p×p)
Φ>
(3.4)
ac


C(t) := φs1 (t) φs2 (t) · · · φsp (t) 0(1×p) .
The modal frequencies are contained in the matrix Ω := diag (ω1 , ω2 , · · · , ωp ).
The matrix ζ := diag (ζ1 , ζ2 , · · · , ζp ) and the matrix Φac ∈ Rb×p denote the modal
relative damping and the mode shape gains at actuation nodes, respectively. The
position dependency of the system output is modelled by making the state-tooutput mapping C(t) time-varying according to the pre-defined (and time-varying)
reference PoI trajectories. More specifically, this mapping will represent the timevarying mode shape gains of the flexible structure, φsi (t) ∈ R for i = 1, 2, .., p,
along the time trajectories of the PoI. Consequently, the system becomes a linear
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dynamical systems with a time-varying state-to-output mapping C(t) as shown in
(3.1).

3.3

Methodology

In obtaining an exact plant inverse, consider the concept of relative degree by
which the direct influence of the input u(t) in (3.1) can be seen through the n-fold
derivative of system output y(t); where n denotes the system’s relative degree. This
concept is widely used in non-linear control such as exact feedback linearisation
[Jakubczyk, 1980]. In this work, we utilize this concept to determine the ideal
feedforward filter as being the plant inverse. In other words, we apply the concept
of relative degree to the nominal system (3.2). Doing so allows us to recover
the dynamical relations between the desired trajectory ydesired (t), reference state
trajectories xref (t), feedforward signal uff (t), and their derivatives.
For compactness of representation, from now on, we will drop time-dependent
notations on C(t), x(t), u(t), y(t) and represent them as C, x, u, y respectively.
Higher order time derivatives of time functions will be denoted with the superscript [i] as in
di y
(3.5)
y [i] := i ,
dt
being the ith order time derivative of y.
Given (3.2), the derivatives of the output ydesired satisfy:
[1]

ydesired = (C [1] + CA)xref + [CB]uff
[2]

ydesired = (C [2] + 2C [1] A + CA2 )xref
[1]

+ (2C [1] B + CAB)uff + (CB)uff
[3]

ydesired = (C [3] + 3C [2] A + 3C [1] A2 + CA3 )xref
+ (3C [2] B + 3C [1] AB + CA2 B)uff
[1]

+ (3C [1] B + CAB)uff
[2]

+ (CB)uff
..
.
[i]

ydesired = E(i, t)xref +

i−1
X

[k]

Fk (i, t)uff ,

(3.6)

k=0

with
(i)

(i)

(i)

E(i, t) := (K1 C [i] + K2 C [i−1] A + .. + Ki+1 CAi )
Fk (i, t) :=

i−1
X
(i)
(Kj+2 C [i−(j+1)] Aj−k B).

(3.7)
(3.8)

j=k
(i)

For given i, l ∈ N, the values of constant coefficients Kl ∈ R in (3.7) and (3.8)
are obtained through the derivation (3.6). These values also correspond to the
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(i)

Figure 3.2: Values of coefficients Kl .
binomial coefficients:
(i)
Kl


=


i
i!
:=
,
l−1
(l − 1)! (i − l + 1)!

(3.9)

which can be arranged to form Pascal’s triangle as shown in Fig. 3.2.
Remarks: For an i ∈ N, whether or not (3.7), (3.8), and hence (3.6) are
well-defined depends on the properties of C [m] (t) for m = 0, . . . , i, which, in turn,
may also depend on time t.
For a given i = n and a time interval t ∈ [t0 , t1 ], if we have that:
(i.) Equation (3.6) - (3.8) are well-defined,
(ii.) Fk (i, t) = 0, for 1 ≤ k ≤ n − 1,
(iii.) Fk (i, t) 6= 0, for k = 0,
then we consider the system (3.2) to have a uniformly well-defined relative degree
number n ∈ N for t ∈ [t0 , t1 ].
In the remainder of this section we will first consider the time-invariant case with
C = C ∗ and, second, proceed with the time-varying case with C = C(t).

3.3.1

Exact inversion for the time invariant case [C = C ∗ ]

In case we only consider the behaviour of a fixed output location with a constant
matrix C ∗ , the system becomes an LTI system. If the system has relative degree
n, it can be shown that (3.6) with i = n simplifies to
[n]

ydesired = C ∗ An xref + C ∗ An−1 Buff .

(3.10)

Observe that in (3.10) there is no contribution from the higher-order derivatives of
[i]
uff , i.e., uff for i > 0, due to the property of the system having relative degree n.
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Namely,
C ∗ Ar B = 0,
C ∗ An−1 B 6= 0

for

0 ≤ r < n − 1,

and

(i.e., for r = n − 1).

(3.11)

The feedforward signal uff can be reconstructed from:
[n]

uff = (C ∗ An−1 B)† (ydesired − C ∗ An xref ).

(3.12)

Here, we define the mapping M := C ∗ An−1 B and M † as the pseudoinverse of
M . The existence and uniqueness of uff can be analysed through the following
properties of M :
 If M is surjective then there always exist at least one uff such that (3.10)
holds.
 If M is injective, uff will be a unique solution as long as it exists.
 If M is both surjective and injective, in other words bijective (or nonsingular), there always exists a unique uff that satisfies (3.10).

Typically, for an over-actuated system, the mapping M will be non-injective, which
means there is extra freedom in control. On the other hand, the case of non[n]
surjective M indicates that there is at least one choice of the pair (ydesired , xref )
that is not achievable through uff .
Depending on the dimension and rank condition of (C ∗ An−1 B), the feedforward
conrol signal uff in (3.12) can be interpreted as the ‘least-norm (right-inverse)’,
‘least-square (left-inverse)’ or exactly unique solution to (3.10).
From the nominal system description (3.2) with C := C ∗ and (3.12), we thus obtain
the inverse as
(
[n]
ẋref = Aff xref + Bff ydesired
,
(3.13)
[n]
uff = Cff xref + Dff ydesired
where:

Aff := [A − B(C ∗ An−1 B)† (C ∗ An ))]
Bff := B(C ∗ An−1 B)†
Cff := (C ∗ An−1 B)† (−C ∗ An )
Dff := (C ∗ An−1 B)† .
[n]

In (3.13), ydesired is taken as the input needed to generate the feedforward signal
uff as output along with the corresponding xref . It should be mentioned that this
inversion structure happens to be the exact same one as proposed in [Wang and
Chen, 2001]. Moreover, under the conditions:
a) x(t0 ) = xref (t0 ),
[n]

b) ydesired ∈ L2 is known a priori with

R∞
t0

[n]

ydesired dt = 0,

c) (C ∗ An−1 B)† is computable in the sense of the least-norm (right) or exact
inverse,
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it is possible to determine the uniformly bounded uff that drives the system output
y to behave exactly like ydesired .
These conditions can be understood as follows. Firstly, observe that (3.1) can
be influenced by an input uff to exactly follow (3.2) as long as x(t0 ) = xref (t0 ).
In other words, condition a) assures that y(t) will be equal to ydesired (t) for all
time t under the influence of a feasible uff . In case there is a mismatch between
x(t0 ) and xref (t0 ), it will be considered as a source of disturbance that can be
corrected for by a stabilizing feedback controller. Secondly, observe from (3.13)
[n]
that xref and uff are guaranteed to be bounded in L∞ when ydesired is bounded
R ∞ [n]
in L2 and t0 ydesired dt = 0. It should be mentioned that for non-minimum-phase
hyperbolic systems, some eigenvalues of Aff , i.e. some poles of (3.13), will appear
in the open right half complex plane. The approach to compute the corresponding
bounded solution uff in such a case will involve non-causal operations that require
[n]
future information of ydesired (t) (see for example [Zou and Devasia, 1999a] for more
details). In case of non-minimum-phase nonhyperbolic (or near nonhyperbolic)
systems, an approximation method like the one presented in [Devasia, 1997] can be
[n]
used. Lastly, condition c) implies that for a given choice of time trajectory ydesired
and initial reference state xref (t0 ), we aim to find a corresponding exact solution(s)
(uff , xref ) from (3.13), which does not necessarily need to be unique.

3.3.2

Exact inversion for the time-varying case [C = C(t)]

In the situation where we consider a system with time varying output mapping
C = C(t) with a uniformly well-defined relative degree n over time t, the influence
of C [i] (t) for i = 1, .., n must also be taken into account. Thus, it is necessary to
consider the full relation in (3.6), which can be re-written as:
[n]

ydesired = E(n, t)xref + B̂(n, t)ξff (t),

(3.14)

where



ξff (t) := 


uff
u̇ff
..
.
[n−1]




,


uff


B̂(n, t) := F0 (n, t) F1 (n, t) · · ·


Fn−1 (n, t) .

From (3.14), it can be derived that:
uff (t) = Ĉξff (t)
[n]

= Ĉ(B̂(n, t))† (ydesired − E(n, t)xref ),

(3.15)

with

Ĉ := I(b×b)

0(b×(n−1)b)



Here, (B̂(n, t))† denotes the point-wise pseudo inverse at any time t. If such an
exact or least-norm (right) inverse of B̂(n, t) exists at all time t, it is possible to find
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[n]

the ideal ξff (t) that drives the system exactly according to ydesired . The resulting
feedforward signal uff can then be obtained from ξff (t) as shown in (3.15).
Utilizing the nominal system description in (3.2) and the description in (3.15),
it is possible to derive the ideal process inverse as a feedforward system:
(
[n]
ẋref = Âff (t) xref + B̂ff (t) ydesired
(3.16)
[n]
uff = Ĉff (t) xref + D̂ff (t) ydesired ,
where:

Âff (t) := [A − B Ĉ(B̂(n, t))† E(n, t)]
B̂ff (t) := B Ĉ(B̂(n, t))†
Ĉff (t) := −Ĉ(B̂(n, t))† E(n, t)
D̂ff (t) := Ĉ(B̂(n, t))† .
[n]

System description (3.16) is the inverse system of (3.2) that takes ydesired as the
input and generates the feedforward signal uff as output along with the corresponding reference state trajectory xref . This strategy can be utilized to determine the
feedforward signal uff that drives the system output y to behave exactly like ydesired
under the following conditions:
a) relative degree n is known and fixed over time t,
b) x(t0 ) = xref (t0 ),
[n]

c) ydesired ∈ L2 is known a priori with

R∞
t0

[n]

ydesired dt = 0,

d) (B̂(n, t))† is computable in the sense of least-norm (right) or exact inverse
for any t.
The description (3.16) is obtained under the assumption that n is known and
fixed over t, therefore, condition a) needs to hold when (3.16) is used. In the
situation where the target system has time-varying relative degree [n → n(t)], extra
considerations and analysis are required in order to construct the corresponding
exact time-varying inverse. Such situations may occur, for example, with a flexible
beam that has a time-varying output location on the structure. The arguments for
conditions b), c) and d) follow similar lines of reasoning as in Section 3.3.1, while
details on the property of system relative degree n may need careful attention as
it is now coupled to the behaviour of C(t) and its higher-order derivatives. In case
(3.16) is non-minimum phase, it becomes interesting to investigate or search for a
counterpart bounded solution to the one of the non-minimum phase LTI case. For
a specific scenario where the plant variation takes place in a periodic manner (i.e.,
an LPTV system), the work of [van Zundert and Oomen, 2019] can be considered.

3.4

Example Model

Consider the simplified model of a flexible system as in Fig. 3.3. The fourth-order
model expresses the non-rigid body behaviour and the dynamics due to one nonrigid body mode. Here, m1 and m2 represent mass. The coefficient c denotes the
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Figure 3.3: Connected masses with parameter-dependent output
spring constant while d denotes the damping constant. With this simple model,
we can devise a PoI target output y as the convex combination of x1 and x2 to
construct a simplified model with parameter-dependent behaviour as follows:
y := αx1 + (1 − α)x2 ,

where

α ∈ [0, 1].

(3.17)

The Ordinary Differential Equations (ODE) which describe the dynamics of the
system in Fig. 3.3 are given by
¨ + Dx̃˙ + Kx̃ = ũ,
Mx̃
where


m1
M=
0






0
d −d
c −c
,D =
,K =
,
m2
−d d
−c c
 
 
x
u
x̃ = 1 , ũ =
.
x2
0

Hence, we arrive at the following state-space representation:
(
ẋ(t) = Ax(t) + Bu(t)
y(t) = C(α)x(t),
with
 
x̃
x= ˙ ,
x̃

(3.18)

(3.19)




0(2×1)
0(2×2)
I(2×2)
A=
, B =  1/m1  ,
−M−1 K −M−1 D
0


C(α) = α (1 − α) 0 0 .


Explicit parameter values are chosen as
c = 3 × 107 N/m,
p
d = 2(0.003) ((m1 + m2 )c).

m1 = m2 = 10 kg,

The effect of the parameter dependency α, in (3.17), as it changes from 0 to 1, is
shown in Fig. 3.4. Notice that the resonance of the system (pole) remains fixed,
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however, the anti-resonance of the system (zero) depends on the choice of the fixed
values of α.

Bode Diagram
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Figure 3.4: Parameter-dependency of the various LTI systems in Bode diagram.
If we take the variable α as an exogenous time-varying signal α(t): [α → α(t)],
the system description (3.19) turns into a linear system with time-varying output
matrix C(t) as in (3.1).

3.5

Simulation and comparison

This section provides a comparison between a) the intuitive approach of interpolation of the exact LTI inverse of the process defined along time t (Section 3.3.1) and
b) the exact inversion of the total process which takes into account the time-varying
behaviour of C(t) (Section 3.3.2).

3.5.1

Simulation configurations

Consider the plant model (3.19), as discussed in Section 3.4, with
α(t) := 0.5 − 0.4 sin(50t).

(3.20)

Thus, we obtain a linear dynamical system with time-varying output matrix C =
C(t) as in (3.1). The goal is to design the feedforward signal uff such that y(t) tracks
the reference trajectory ydesired (t) by employing the control structure depicted in
Fig. 3.5.
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Figure 3.5: Control Structure
The different components in Fig. 3.5 are given by:
 [Reference trajectory ydesired ] is a fourth-order setpoint trajectory which we
would like the system output y to accurately track. Its profile is shown in
Fig. 2.6.
 [Feedback controller Cfb ] is used mainly for the purposes of stabilization and
disturbance rejection. In the simulations where external disturbances are not
included, the primary purpose will be to correct for a) tracking error due to
(possible) non-perfect plant inversion in the choice of feedforward controller
and b) mismatch between initial states of the actual system x(t0 ) and the
ones of the feedforward system xref (t0 ); the feedback controller is set to have
a relatively low bandwidth (about 3 Hz); its configuration consists of a PID
controller and a second-order low-pass filter as:

Cfb (s) =

377s2 + 3553s + 2.679 × 104
.
3.127 × 10−4 s3 + 2.476 × 10−2 s2 + s

(3.21)

[n]

 [Feedforward controller Cff ] takes the information about ydesired where n = 2
(the acceleration profile) and generates the feedforward signal uff to drive
the plant P . In this work, we compare two types of feedforward controllers,
namely, (i.) the interpolation of exact LTI inversion of the system (Section
3.3.1)—by substituting C ∗ = C(α(t)) along the increasing value of t in (3.13),
and (ii.) the exact inversion of the process (Section 3.3.2)—by substituting
C(t) = C(α(t)) in (3.16).

3.5.2

Comparisons

Utilizing the 2 types of feedforward control from Section 3.3, we obtain the results
as shown in Fig 3.6. The figure shows the tracking errors in the scenarios where
2 different feedforward controllers are applied to the considered example model of
Section 3.4. It can be observed that the exact inversion technique (Section 3.3.2)
significantly outperforms the interpolation of the exact LTI inversion (Section 3.3.1)
along time t; where its tracking error results in virtually no error (only numerical
error in the range of 10−14 m).
A more detailed view on the differences between the two computed feedforward
signals, during the highlighted time interval in Fig. 3.6, is illustrated in Fig. 3.7.
Here, we observe that the computed actuation forces need to operate with some
high-frequency contents as to compensate for the anti-resonance behaviour of the
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Figure 3.6: Comparison with regards to tracking performance.

system. This is a consequence of achieving exact tracking. For this simulation setting, the interpolation method (blue) is able to capture the anti-resonance frequency
but fails to utilize the appropriate correction gain. On the other hand, the exact
inverse feedforward (green) is able to determine both the appropriate correction
gain and frequency needed to compensate the flexible behaviour in a time-varying
way. Note that the anti-resonance of the system (3.19) is also time-varying due to
the time-varying signal α(t).

Figure 3.7: Two feedforward signals
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Conclusions

In this chapter, we have shown how to construct and represent an exact dynamic
inverse of the considered time-varying plant in a state-space format. Furthermore,
it has also been shown that the exact plant inversion of a linear system with timevarying state-to-output mapping C(t) is not the same as exact LTI inverses of the
systems defined along time trajectory t. In particular, it is necessary to take higherderivatives of state-to-output mapping C(t) (i.e. the extra information concerning
the (time-)derivatives of plant parametric variations) into consideration, in order
to achieve the ideal inversion of the process.

Chapter 4

Feedforward Control through
Signal Decomposition
In this chapter, we study a novel approach towards the reference-tracking feedforward control design for linear dynamical systems. By utilizing the superposition
property and exploiting signal decomposition together with a quadratic optimization process, we obtain a feedforward design procedure for arbitrary linear multiinput and multi-output (MIMO) systems with arbitrary time/parameter-varying
characteristics. In other words, the proposed algorithm is applicable to the broad
class of linear systems, i.e. linear-time-invariant (LTI), linear- time-varying (LTV)
and linear-parameter-varying (LPV) systems. The interplay between the initial
state, feedforward and feedback actions are elaborated in detail. The potential of
the presented methodology is demonstrated through simulation examples.

4.1

Introduction

An appropriately-designed feedforward controller can greatly enhance the achievable tracking performance, see for example [Devasia, 2002], [Carrasco and Goodwin,
2011]. Such feedforward controllers (or filters) often come in the form of dynamic
inversion [Silverman, 1969] of specific transfer functions of a system. For nonminimum-phase systems, the filter is known to be non-causal, e.g. [Zou and Devasia,
1999a], in order to achieve an exact inverse while guaranteeing the boundedness of
the resulting feedforward signals. This type of strategies yields clever pre-actuation
sequences to be used in the feedforward control. In many applications, the design of feedforward filters can be accomplished through geometrical model-based
and/or data-based identification approaches [Clayton et al., 2009]. However, difficult challenges arise once the target dynamical system (to be controlled) exhibits
time/parameter-varying behaviour, see [Shamma and Athans, 1992, Kasemsinsup
et al., 2016]. Such time/parameter variations in the dynamic input-output mapping, together with the corresponding (variation-dependent) non-minimum phase
behaviour along with (possibly) varying relative degree, pose several complications
and limitations to the geometrical/identification-based feedforward design meth51
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ods. In particular, the separation of the stable and anti-stable manifolds in the
state-space solution of the system inverse becomes non-trivial, see [Ilchmann and
Muller, 2007, Berger and Ilchmann, 2010, Devasia and Paden, 1998], i.e. variationdependent, rendering it difficult (if not impossible) to obtain a generic unified
design procedure for arbitrary time/parameter varying cases.
An alternative approach to circumvent these complications is to replace the
design procedure by an optimization process. If the optimization criteria are formulated in a well-posed manner, the resulting optimization algorithm will give an
optimal feedforward control strategy. The optimal result will be achieved regardless of the characteristics of the target system, i.e. no matter if the target system
is minimum or non-minimum phase in the time/parameter-varying sense.
In the context of (dynamic) optimization, a widely-regarded formulation is the
one from classical optimal control theory [Sussmann and Willems, 1997], i.e. the
techniques in line with Euler-Lagrange-Hamiltonian and linear quadratic (LQ) optmization approaches, see for example [Alba-Florest and Barbieri, 2006, Anderson
and Moore, 2007]. With such a formulation, the corresponding optimal feedforward solution for linear time/parameter-varying systems is obtained through the
(time-dependent) solution of time/parameter-varying differential Riccati equations.
This approach automatically considers the system’s parameter-varying behaviour
in the solution finding process. However, such techniques intrinsically require the
penalization of inputs. This is generally undesirable in the context of referencetracking feedforward design. To clarify this point, recall that such techniques aim
at minimizing the objective cost function comprising the trade-off between the
input-energy and the tracking error. These two requirements typically do not go
along with each other because a non-zero input is often necessarily required to
move the system as intended. This is especially the case when the reference trajectory cannot be modelled by an autonomous (exo)system. Such a distinction is also
the key difference between the output regulation and the general reference tracking
problem [Pavlov et al., 2006].
This work aims to find a suitable feedforward design strategy for a general
reference tracking problem of arbitrary linear dynamical systems, including ones
with parametric and temporal variations. In particular, we study an alternative way
to formulate an optimization criterion to design feedforward control signal(s) for
reference tracking applications, as initially inspired by [Jetto et al., 2014,Jetto et al.,
2015] for the time-invariant case. While, for a discrete-time LTI case, such a related
concept can also be found in e.g. [Frueh and Phan, 2000,Duan et al., 2015,Ramani
et al., 2017]. Through parametrization of the feedforward signals by a finite set of
(signal) basis functions, it becomes possible to set up an optimization process that
directly minimizes only the tracking error criterion without penalizing the presence
of the feedforward input(s). Hence, the resulting feedforward signal(s) will also be
suitable for general tracking applications. In contrast to the filter-based approaches
whose main objective is to construct an exact (or approximated) plant inverse
filter, the design procedure presented here is a signal-based one. It requires the
prior information about reference trajectories to compute appropriate feedforward
input trajectories. Nonetheless, if the considered target system is non-minimum
phase, anticipative knowledge about the reference trajectories will be crucial in the
filter-based approaches as well. Such information is used to produce accurate plant
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inverse dynamics via non-causal operations. In that case, there will be no major
requirement difference between these two feedforward design categories.
The core idea of the approach in this paper relies on the superposition property of linear dynamical systems along with signal decomposition. Furthermore,
in this work, we suggest the usage of Gaussian radial functions as efficient signal bases for the feedforward signal reconstruction. Nevertheless, it should be
mentioned that the proposed formulation is also compatible with an arbitrary
signal basis, for example, monomials, polynomials, spline, Fourier bases, and
so on. The technique is generalized for all types of finite-state MIMO linear
dynamical systems. This includes, for example, minimum/non-minimum-phase,
hyperbolic/non-hyperbolic, linear-time-invariant (LTI), linear-time-varying (LTV)
and linear-parameter-varying (LPV) systems. All prospective time/schedulingparameter variations are considered to be continuous but allowed to be arbitrary.
With the proposed approach, corresponding optimal feedforward signal(s) can be
efficiently computed through an (unconstrained) quadratic programming (QP) optimization process. In short, the feedforward design formulation combined with its
analysis together form the key contribution of this work.
The remainder of this chapter is organized as follows. Section 4.2 starts with
an intuitive concept of this feedforward design formulation, i.e. signal decomposition, then further extends it towards the formal treatment for a general MIMO
case. Both open-loop and closed-loop scenarios are discussed in detail. Section 4.3
exploits a quadratic optimization process to determine coefficients for the feedforward input reconstruction. Section 4.4 discusses about choices of signal basis to
represent arbitrary input signals, where the Gaussian radial basis is suggested as a
candidate. To demonstrate the potential of this approach, simulations on an LPV
example system are shown in Section 4.5. Lastly, the overview of this chapter is
presented once again in Section 4.6.

4.2

Design formulation

An ideal feedforward input generates proper actuations such that the plant output
tracks the desired reference output trajectory, see Fig. 4.1.

Figure 4.1: Concept of an ideal feedforward input
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Prior information consists of:
1. a reference output trajectory (known in advance),
2. a (parametric) model of the plant together with the knowledge about its
time/scheduling-parameter variation during the considered performance time
interval.
The considered plant model is allowed to assume the form:
(
ẋ(t) = A(α(t), t)x(t) + B(α(t), t)u(t)
P :
y(t) = C(α(t), t)x(t),

(4.1)

with time t ∈ R, state vector x ∈ Rnx , inputs u ∈ Rnu , outputs y ∈ Rny , scheduling
parameters α ∈ Rnα and the time/parameter-dependent matrices A(·), B(·), C(·)
of appropriate dimensions. The positive integers nx , nu , ny and nα ∈ Z+ are
the numbers of states, inputs, outputs and the scheduling parameters respectively.
Note that this system is allowed to have time/parameter-varying behaviour in
A(·), B(·), C(·) as opposed to LTI systems. It should be mentioned that in this
work α(t) is known and does not depend on the system state x(t) and input u(t)
to retain the linearity property.
The fact that the considered system is linear, i.e.
a) linear in the ‘state’ evolution,
b) linear in the ‘input(s)’ 7−→ ‘state’ evolution,
c) linear in the ‘input(s)’ × ‘state’ 7−→ output(s),
allows us to use the superposition principle. This implies that we can analyse the
influence from each (sub-)part of the (scaled) states and (scaled) inputs separately.
For instance, the homogeneous and particular solutions of differential equations
amount to the total response of the system. Since the superposition principle does
not require the time-invariance property, it is also applicable to LTV and LPV
systems.
We will first introduce this design concept by a single-input-single-output
(SISO) example and then extend to the formal treatment of general MIMO cases.
Consider the SISO example as shown in Fig. 4.2. Suppose that an ideal feedforward input signal ûff ∈ R can be approximated by a linear combination of signal
basis functions φi (t) ∈ R and coefficients si ∈ R. This means
ûff (t) ≈ uff (t) =

X

si φi (t).

(4.2)

i

Each (known) individual basis function φi (t) will induce its own corresponding output response yφi (t) ∈ R via the (time/parameter-varying) dynamics of the system.
Due to additivity and homogeneity properties of linear systems, the linear combination of φi (t), which describes uff (t) in (4.2), induces the corresponding output
response
yuff (t) =

X
i

si yφi (t).

(4.3)
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Figure 4.2: Concept of the feedforward design through signal decomposition for a
single-input-single-output (SISO) linear dynamical system
Suppose that the system initial state is equal to zero, then the objective to have the
system output y(t) = yuff (t) track
P yref (t) amounts to finding appropriate coefficients
s∗i ∈ R such that yuff (t) = i s∗i yφi (t) ≈ yref (t). In other words, determine the
optimal s∗i such that
kyref (t) −

X

s∗i yφi (t)kL2

(4.4)

i

is minimal. The optimal feedforward input naturally follows
u∗ff (t) =

X

s∗i φi (t).

(4.5)

i

If the set of φi (t) spans the whole input signal space, these basis functions can then
be used to reconstruct the best possible feedforward input for a given reference
trajectory. Nevertheless, it should be mentioned that in practice, due to limitations
in the computational and memory resources, only a finite number of signal basis
functions will be used. Thus, the obtained feedforward solution in various occasions
may only be an approximation of the best one. Nonetheless, it should still be
possible to get arbitrary close to the best possible solution with a sufficiently rich
set of basis functions spanning the input space. For example, one may know suitable
signal bases through a priori knowledge about the physical characteristics of the
target application and the class of desired output trajectories.
This feedforward design methodology easily extends to a MIMO scenario. For
each system input u(j) ∈ R with j = 1, . . . , nu , we define the sets of signal basis
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(j)

functions φi (t) ∈ R for i = 1, . . . , nφ . Here, the number nφ ∈ Z+ denotes the
number of basis elements used for each input approximation. For each j, the
(j)
functions φi (t) are defined in Φ(j) ∈ R1×nφ as
h
i
(j)
Φ(j) (t) := φ(j)
.
(4.6)
(t)
.
.
.
φ
(t)
n
φ
1
(j)

The corresponding coefficients si

∈ R are defined in a coefficient vector s(j) as

h
s(j) := s(j)
1

...

(j)

s nφ

i>

.

(4.7)

In other words, each input u(j) (t) is parametrized as:
(j)

u

(t) :=

nφ
X



(j) (j)
si φi (t) = Φ(j) (t) s(j) .

(4.8)

i=1

In multi-input scenarios, the input vector u ∈ Rnu is then
u(t) := [u(1) (t) . . .
 (1)
[Φ (t)]

= 0
0
:= Φ(t)s

u(nu ) (t)]>
0
..
.
0


s(1)
  .. 
 . 
0
[Φ(nu ) (t)]
s(nu )
0



(4.9)

with Φ(t) ∈ R(nu ×nφ ·nu ) and s ∈ R(nφ ·nu ) .
The remainder of this section will discuss this design in (a) an open-loop case
and followed by (b) a closed-loop case.

4.2.1

Open-loop case

Due to additivity and homogeneity in linear systems, it can be observed that the
input u(t) = Φ(t)s, as defined in (4.9), induces the solution pair (XΦ (t), YΦ (t))
satisfying the following system dynamics:
(
[ẊΦ (t)]s = A(α(t), t)[XΦ (t)]s + B(α(t), t)[Φ(t)]s
(4.10)
[YΦ (t)]s = C(α(t), t)[XΦ (t)]s.
Here, XΦ (t) ∈ R(nx ×nφ ·nu ) and YΦ (t) ∈ R(ny ×nφ ·nu ) denote the state and output solution matrices due to the influence from Φ(t) respectively. Note that this
operation is done with an initial condition XΦ (t0 ) = 0(nx ×nφ ·nu ) .
The influence of the system initial state x(t0 ) = x0 will result in the homogeneous solution pair (xx0 (t), yx0 (t)) satisfying:
(
ẋx0 (t) = A(α(t), t)xx0 (t)
(4.11)
yx0 (t) = C(α(t), t)xx0 (t).
Therefore, the total response of the system dynamics is the combination of (4.10)
and (4.11) as in
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[ẊΦ ]s + ẋx0
[YΦ ]s + yx0
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= A(α, t)[XΦ s + xx0 ] + B(α, t)[Φ]s
= C(α, t)[XΦ s + xx0 ].

(4.12)

Observe, from (4.12), that the system outputs y(t) under the influence of the inputs
u(t) := Φ(t)s and the initial condition x(t0 ) = x0 take the values
y(t) = y(t; x0 , s, Φ) = [YΦ (t)]s + yx0 (t).

(4.13)

To formulate an optimization criterion in the presence of an initial state x0 and
reference trajectory yref (t), let us first define ỹref , denoting the remaining reference
trajectory to be compensated by feedforward signals as
ỹref (t) = yref (t) − yx0 (t).

(4.14)

With (4.13) and (4.14), the objective to have y(t) track yref (t) in the time interval
t ∈ [t0 , t1 ] can be formulated as the minimization of the following cost function:
J(s)[t0 ,t1 ] : = kyref − ykL2 [t0 ,t1 ]
= kỹref − YΦ skL2 [t0 ,t1 ]
Z t1
=
(ỹref − YΦ s)> Q(ỹref − YΦ s)dt
t0
t1

Z
=

>
(ỹref
Q ỹref ) + s> (YΦ> QYΦ )s − 2s> (YΦ> Q ỹref ) dt

t0
>

= s G s − 2s> z + w,

(4.15)

with G ∈ R(nφ ·nu ×nφ ·nu ) , w ∈ R and z ∈ R(nφ ·nu ) as:
Z

t1

G :=
t0
Z t1

w :=
t0
Z t1

z :=

(YΦ> QYΦ ) dt,

(4.16)

>
(ỹref
Q ỹref ) dt,

(4.17)

(YΦ> Q ỹref ) dt.

(4.18)

t0

The matrix Q ∈ Rny ×ny operates as the weighting penalty to (de)emphasize the
importance of the tracking performance at each output. If desired, it can be configured to be time-dependent as Q(t) to match the (time-dependent) requirements
of target applications. Nevertheless, it has to be symmetric and positive definite,
i.e.
Q(t) = Q> (t)  0.
(4.19)
It should also be mentioned that yx0 (t) in (4.13) and (4.14) will vanish over time
if (4.11) is asymptotically stable. In such a case, it may be acceptable to ignore
the presence of yx0 and directly treat ỹref as yref in the formulation (4.15) - (4.18).
This can be done when the transient effect yx0 (t) due to the initial state x0 dies
out fast enough.
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Since w in (4.15), as defined in (4.17), is a constant number (i.e. independent
of s), we have
˜
s∗ := arg min J(s) = arg min J(s)
(4.20)
where

˜ := 1 s> G s − s> z.
J(s)
(4.21)
2
The cost function in (4.21) appears in a general quadratic form which is convenient
for an optimization process. Once a minimizer s∗ for (4.21) is found, the corresponding optimal feedforward signal(s) u∗ff (t) can be reconstructed through (4.9)
as
u∗ff (t) = u∗ (t) = Φ(t)s∗ .

(4.22)

Relevant information about the optimization process to find the optimal solution
s∗ and the selection of signal basis functions in Φ(t) will be discussed in Section
4.3 and 4.4.

4.2.2

Closed-loop case

In many applications, feedforward control is often utilized together with feedback.
An inclusion of a feedback controller in the control strategy may help in overall
achieved performance, especially with regard to (robust) stability and disturbance
rejection properties. This subsection aims at demonstrating how to apply the proposed feedforward design formulation in case a linear feedback controller is present.
Furthermore, it also provides the analysis and detailed elaboration upon the interplay between the influence of system initial state, feedback, and feedforward
actions.

Figure 4.3: Feedback and feedfoward control structure
Consider the control structure as depicted in Fig 4.3. We have the tracking error
e ∈ Rny and the plant inputs u ∈ Rnu as
e := yref − y

and u := ufb + uff .

(4.23)

Without loss of generality, we consider the linear feedback controller in a statespace representation:
(
ẋk = Ak xk + Bk e
K:
(4.24)
ufb = Ck xk + Dk e,
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with the controller state xk ∈ Rnxk and controller output as ufb ∈ Rnu . Note that
(4.24) is a general representation for an arbitrary linear controller. The controller is
also allowed to be time/parameter-varying. However, for compactness of derivation,
we shall denote its matrices here with Ak , Bk , Ck , Dk , which are of appropriate
dimensions.
To represent the closed-loop system consisting of the plant (4.1) and the feedback controller (4.24), we define the augmented state vector

x̃ := x>

x>
k

>

.

(4.25)

Consequently, the closed-loop system can be represented as
(

x̃˙ = Acl (α, t) x̃ + Bcl1 (α, t) yref + Bcl2 (α, t) uff
y = Ccl (α, t) x̃,

(4.26)

with

A(·) − B(·)Dk C(·) B(·)Ck
,
−Bk C(·)
Ak




B(·)Dk
B(·)
Bcl1 (·) :=
, Bcl2 (·) :=
,
Bk
0


Ccl (·) := C(·) 0 .


Acl (·) :=

Here, the closed-loop system representation (4.26) takes yref and uff as inputs and
yields y as outputs as depicted in Fig.4.3.
Since the feedback controller is also linear, we can use superposition to separately analyse
1) The influence of the closed-loop input yref (t) on its corresponding solution
(x̃yref , yyref ) satisfying
(

x̃˙ yref
yyref

= Acl (α, t) x̃yref + Bcl1 (α, t) yref
= Ccl (α, t) x̃yref ,

(4.27)

2) The influence of the closed-loop input uff (t) = Φ(t)s on its corresponding
solution (X̃Φ , YΦ ) satisfying
(
[X̃˙ Φ ]s
[YΦ ]s

= Acl (α, t) [X̃Φ ]s + Bcl2 (α, t) [Φ]s
= Ccl (α, t) [X̃Φ ]s,

(4.28)

3) The influence of the closed-loop initial state x̃(t0 ) = x̃0 on its corresponding
homogeneous solution (x̃x̃0 , yx̃0 ) satisfying
(
x̃˙ x̃0
yx̃0

= Acl (α, t) x̃x̃0
= Ccl (α, t) x̃x̃0 .

(4.29)
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From (4.27) - (4.29), the total output of the closed-loop system becomes:
y(t) = y(t; yref , x0 , s, Φ)
= [YΦ (t)]s + yyref (t) + yx̃0 (t).

(4.30)

The remaining reference trajectory (to be compensated) is
ỹref (t) = yref (t) − yyref (t) − yx̃0 (t).

(4.31)
u∗ff (t)

With (4.30) and (4.31), the computation of the optimal feedforward
will
follow the same steps as in (4.15) - (4.22).
In case the initial state x̃0 is not known, the presence of yx̃0 (t) may be ignored
in the optimization formulation, provided that (4.29) is asymptomatically stable
and transients decay fast enough. The design of feedback controller K will play
a key role in shaping the state evolution dynamics in (4.27) - (4.29). The feedforward inputs uff = Φ(t)s are optimized over the parameters s for a given Φ(t)
to compensate for the remaining reference trajectories ỹref (t) that are left after
subtracting yyref and yx̃0 . The influence of the feedforward inputs on the system
outputs happens through the dynamics in (4.28).

4.3

Optimal basis coefficients

In order to construct the optimal feedforward input u∗ff with a selected choice of
basis matrix Φ(t), i.e. u∗ff (t) = Φ(t)s∗ , we need the optimal coefficients s∗ . The
approaches and conditions to compute such an optimal s∗ that minimize the cost
function (4.21) will be discussed in this section.
Notice that the dynamic optimization (to find the feedforward input trajectories) now appears as a simpler static optimization in the form of (unconstrained)
quadratic programming (QP). In fact, the main complexity in the computations
appears in the formulation step (as discussed in Section 4.2), in particular, the computations of G and z in (4.16) and (4.18). They come from the definite integral
terms consisting of the time-dependent basis response matrix YΦ (t). For instance,
in the open-loop case, this is the (time-dependent) output matrix solution satisfying
the following dynamics:
(
ẊΦ (t) = A(α(t), t)[XΦ (t)] + B(α(t), t)[Φ(t)]
(4.32)
YΦ (t) = C(α(t), t)[XΦ (t)].
This is computed with the zero initial matrix condition X(t0 ) = 0 and the selected
choice of Φ(t). Since (4.32) is time/parameter-varying, there is no explicit form
for the matrix solution pair (XΦ (t), YΦ (t)). However, various differential equation
solver routines, e.g. ode45 in MATLAB, exist to efficiently find their numerical
values.
Once G and z are obtained, the optimal basis coefficients s∗ can be computed
through several well-known routines for this type of QP problem. Due to the
definition (4.16), G is always symmetric and non-negative definite. If it has full
rank, i.e. positive definite, coefficients s∗ then take the unique optimal values of
the explicit form:
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s∗ = G−1 z.

(4.33)

However, in some occasions, depending on the target system, signal basis functions
in Φ(t) and reference trajectories yref (t), the matrix G may not have full rank, i.e.
it becomes positive-semi -definite instead. In that scenario, the optimal solution
will not be unique. One may like to consider, for example, QR, SVD factorizations
or iterative techniques to compute for an optimal solution. This scenario is a wellknown case study that has various proposed solutions, e.g. [Golub, 1965, Paige
and Saunders, 1982]. However, we will not discuss the details here since these fall
outside the main scope of this chapter.

4.4

Gaussian radial basis functions

Another important element is the selection of signal basis functions in Φ(t). Besides
the physical properties of the plant, which will show up in A(·), B(·), C(·), and the
given reference trajectory yref (t), the set of selected signal basis functions is the
key to achievable tracking performance. A good set of signal basis functions should
possess the ability to approximate the ideal feedforward signal(s). To have this
design formulation work with arbitrary linear systems and trajectories, a favourable
choice of basis needs to span the relevant signal space of inputs in the considered
time interval. Among the finite sets of basis functions, a widely considered option
would be the truncated Fourier series. However, they are only suitable mainly to
approximate periodic signals. Some other interesting options would be within the
class of piecewise-defined functions such as splines as they posses superior flexibility
to broader classes of signals. Nevertheless, their main limitation is that they are
not indefinitely differentiable in particular at the concatenation (knot) points, see
[Gelman et al., 2014], therefore, they would not fit well as (particular) solution
candidates of differential equations, especially for the higher-order ones. For these
reasons, we consider the class of Gaussian radial functions as an alternative. Ideally,
(j)
we would like to make an accurate approximate of each ideal feedforward input ûff
with a large number nφ of time-shifted Gaussian radial functions as
(j)
ûff (t)

≈

(j)
ũff (t)

:=

nφ
X

(j) (j)

s̃i φ̃i (t)

(4.34)

i=1

with

(j)
φ̃i (t)

=

(j)
(j)
φ̃(t; τi , σi )

:= e

(j) 2
−(t−τ
)
i
(j) 2
2(σ
)
i

.

(4.35)

Series of time-shifted Gaussian radial functions in (4.34) form good basis candidates to approximate arbitrary continuous signals. In particular, in the limit
they approach time-shifted Dirac delta functions. Namely, for an input j with
(j)
(j)
(j)
i = 1, . . . , nφ and τi+1 > τi , take the standard deviations σi as the differences
between the centers of subsequent Gaussian radial functions:
(j)

σi

(j)

= ∆τi

(j)

(j)

:= τi+1 − τi ,

(4.36)
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(j)

with the small value of each ∆τi and a large number of nφ . To show this, consider
the interval t ∈ [t0 , t1 ], nφ → ∞,
(j)

∆τi

= ∆τ :=

t1 − t0
→0
nφ

(j)

and τi

= τi := t0 + i∆τ.

(4.37)

(j)

For an arbitrary ûff (t) = ûff (t), the following holds:
n

Z
ûff (t) =

ûff (τ )δ(t − τ )dτ =

=

=

=

lim [

nφ →∞

ûff (τi )δ(t − τi )∆τ ]

i=1
nφ

lim [

nφ →∞

X

nφ →∞

X

X

√ 1
2π∆τ

∆τ →0

ûff (τi ) lim



∆τ →0

i=1
nφ

lim [

(4.38a)


ûff (τi ) lim

i=1
nφ

lim [

nφ →∞

φ
X

ûff (τi ) lim

φ̃(t;τi ,∆τ )
√
2π∆τ



nφ →∞

i=1

e

−(t−τi )2
2(∆τ )2



φ̃(t;τi ,∆τ )
√
2π∆τ


∆τ ]

(4.38c)

∆τ ]



(4.38b)

(4.38d)

∆τ ]

(

lim n )
nφ →∞ φ

X

=

i=1

lim ûff (τi ) lim

nφ →∞

nφ →∞



φ̃(t;τi ,∆τ )
√
2π∆τ



lim ∆τ

nφ →∞

(4.38e)

(

lim n )
nφ →∞ φ

=
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φ̃(t; τi , ∆τ ) =

i=1

lim

nφ →∞

φ
X

s̃i φ̃i (t).

(4.38g)

i=1

The key steps can be understood as follows. Equation (4.38a) comes from a convolution property for an arbitrary signal. The well-known limit of a Gaussian that
represents the Dirac delta is used in (4.38b). The replacement of the limit argument
in (4.38d) is a result of the relationship between nφ and ∆τ in (4.37). In short,
(4.38) demonstrates that the shifted Gaussian radial functions (in the limit) have
the capability to represent an arbitrary signal ûff (t) through appropriate coefficients
s̃i .
Although only a finite number nφ can be used in practice, a sufficiently high
number of them is still expected to yield a reasonably good approximation. Appropriate basis coefficients s̃i will be automatically determined from the QP optimization process as described in Section 4.3.

4.5

Simulation example

Based on an example introduced by [Shamma and Athans, 1992], we consider the
following state-space representation of a SISO LPV system, that is,
(

ẋ = A(α)x + Bu
y = Cx

,

(4.39)
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0 (2 − α(t))2 1 + 0.5α(t) + (2 − α(t))2
,
0
0.2
A(α) = 1
0
0
0



>
C= 0 1 1 .
B= 0 0 1 ,

We select a reference trajectory yref (t) and a scheduling trajectory α(t) for the
simulations as depicted in Fig. 4.4 with
α(t) := −(0.5 sin(30t) + 1.5 sin(5t)).

(4.40)

Figure 4.4: [Top] reference yref (t), [Bottom] scheduling parameter α(t)
Simulation results with different configurations of nφ are shown in Fig.4.5 - Fig.4.8.
Observe that the higher number of the Gaussian radial basis functions nφ , the
better tracking performance. This indicates that a sufficiently rich set of basis
functions can be used to reconstruct an appropriate feedforward input through the
presented feedforward design formulation. Furthermore, these simulations show
that a series of time-shifted Gaussian radial functions provides a candidate for the
task.

Figure 4.5: Simulation results with 2 Gaussian radial functions [nφ = 2].

Figure 4.6: Simulation results with 6 Gaussian radial functions [nφ = 6].
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Figure 4.7: Simulation results with 12 Gaussian radial functions [nφ = 12].

Figure 4.8: Simulation results with 36 Gaussian Radial functions [nφ = 36].

4.6

Conclusions

We investigated a new approach towards a reference-tracking feedforward control
design for linear systems, i.e. LTI, LTV, LPV. The method employs signal decomposition. This originates from the observation that ideal feedforward inputs can be
decomposed as linear combinations of sufficiently rich (or relevant) basis functions.
The basis functions can be independently evolved through the time/parametervarying (or invariant) dynamics of a linear system to form the corresponding output
basis. In this manner, we can project the target output reference trajectories onto
this output basis in order to recover appropriate coefficients for feedforward input
reconstruction. We motivate this possibility through the consideration that the superposition property in linear dynamical systems does not require time-invariance.

Chapter 5

Localized Gaussian and
Gaussian-Polynomials (G-P)
radial basis
Time-domain Gaussian radial functions are defined by their centers along with
their standard deviations. Because of these characteristics, they can be assigned to
localize and concentrate around prescribed intervals of time. Such a configuration
can be done so as to provide a better approximation of feedforward signals during
the critical time intervals. This chapter discusses the possibilities to do so, in
other words, how to exploit such flexibility of these Gaussian radial functions in
feedforward control design.

5.1

Introduction

The signal-decomposition feedforward synthesis from Chapter 3 operates on the basis of the superposition principle of a linear dynamical system. Stated otherwise,
the total dynamical manifestation of a given linear system can be viewed as a linear combination of multiple effects individually caused by independent input-basis
signals, i.e., the time functions that reside within the input space. For instance,
a (feedforward) input signal, uff (t), can be obtained from a linear combination of
basis functions φi (t)’s as
uff (t) =

X

si φi (t),

si ∈ R.

(5.1)

i

Effectiveness and efficiency of such an approach are, therefore, subject to the richness of the utilized signal basis itself. How well a collection of basis functions spans
the associated input space becomes the key to determine what inputs can possibly
be reconstructed. Regarding this matter, it has been demonstrated in the previous
chapter—that a set of (time-shifted) Gaussian radial basis functions in its limit, as
shown in equation (4.38) in Chapter 4, can serve as a general basis to approximate
arbitrary continuous-time signals.
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In theory, an infinite amount of Gaussian radials, distributed along a considered
time interval, can thus be used to accurately approximate any continuous-time signal. However, due to the limitations of computational and memory resources, only
a finite number of them will be of use in practice. Reducing the number of basis
functions will lessen the hurdle of this issue, but also often comes with the price
of reduced performance (if not done appropriately). One possible means to alleviate such a limitation is through the estimation of crucial actuation intervals. With
such knowledge, basis functions can efficiently be used—only to span essential time
periods, while leaving the irrelevant time intervals untouched. Consequently, the
number of utilized basis functions can be reduced, or more efficiently allocated. It
is worth noting that such a strategy can only be achieved with certain types of signal basis, particularly, ones that have the ability to localize their supports around
specified time intervals, e.g., the spline-based functions as well as the aforementioned ensemble of Gaussian radial basis functions. In the context of this chapter,
focus will be directed towards the Gaussian radial functions. Viability of a Gaussian radial function, to smoothly concentrate around specific time intervals —via
the design of its subsequent (time-shifted) centers, τi and corresponding standard
deviations, σi (where i = 1, 2, . . . , nφ is the identification number to each Gaussian
function, and nφ ∈ N is the total number of Gaussian radials), is perhaps one of
their most interesting features. However, their typical usages, e.g., as shown in
Chapter 3, are often only limited to pre-configured values of the two hyperparameters τi = τ̄i and σi = σ̄i , in other words,
φi (t)| [τi =τ̄i ,σi =σ̄i ] = φ(t; τ̄i , σ̄i ) := e

−(t−τ̄i )2
2σ̄ 2
i

.

(5.2)

There seems to be still a remaining question, particularly on how to efficiently
include these two extra degrees of freedom in the feedforward control design. This,
hence, becomes the main point of discussion in this chapter. Fig.5.1 is given here
to illustrate the variations of a Gaussian radial due to various configurations of its
center τi and standard deviation σi .
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Figure 5.1: Time-shifted Gaussian radial functions φi (t) with different values of τi
and σi .

5.2

Observations

Impacts due to an allocation of these Gaussian radials can be further highlighted
with the use of examples. In particular, changes in the values of subsequent centers
τi and standard deviations σi will ultimately affect the outcome of the associated
tracking control problem, along with the effective time-intervals to distribute the
basis. Such observations will be discussed in this section.
Consider the point-to-point tracking control of flexible beam’s tips, as shown
in Fig.5.2.

Figure 5.2: Flexible beam with non-collocated control at the tips
In this example, the objective is to control the beam tip movements (at either
end, i.e., X = α1 or X = α2 ) in the Y-direction, by means of the actuation force,
u(t), acting on the exact middle point of the uniform flexible structure. A model
of such a plant can, for example, be obtained from an early-lumping approach as
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presented in Appendix A. Let the target reference trajectory yref be the fourthorder differentiable signal ydesired as shown in Fig. 2.6, in Chapter 2.
Impacts due to the localization of Gaussian centers τi
First observe the impact of center allocation with a fixed value for all standard
deviations. Compare the following two scenarios:
(a) feedforward control synthesized by 48 Gaussian radial functions (nφ = 48)
with their centers τi equidistantly distributed across almost the entire time
interval t ∈ [0.05, 0.95],
(b) feedforward control synthesized by 48 Gaussian radial functions (nφ = 48)
with their centers τi , divided into two groups, to be equidistantly distributed
around the two active actuation intervals—that is, for the time t ∈ [0.1, 0.35]
and t ∈ [0.6, 0.85] which surrounds the non-zero acceleration periods of yref (t).
Both cases, (a) and (b), have been configured with an exact same value of standard
deviation, σi = 0.0106, for every Gaussian radial functions, i.e., for i = 1, . . . , nφ .
Their scaling coefficients si have been computed via the algorithm presented in
Chapter 4. Results are obtained and presented in Fig. 5.3. It can be seen that
using the same number of Gaussian radial functions (i.e., nφ = 48) —but with
a different allocation of their centers —can noticeably yield an improved tracking result. This happens as Gaussian radials in (b) are distributed more densely
during the important input intervals (i.e. the active acceleration phases), thus allowing a better approximation of the required actuation command during those
crucial moments. Contributions of each individual basis function can be monitored
through the magnitude plots of the scaling coefficients, for the corresponding Gaussian functions. These are shown in Fig. 5.4. Notice that there are more active
basis functions in the localized case than the fully distributed one, where the later
having a larger number of radial functions with magnitudes equal to zero.

Figure 5.3: Tracking control results for: (a) 48 Gaussian radial functions equidistantly distributed across the entire time-interval
[Left], and (b) 48 Gaussian radial functions equidistantly localized only around the active acceleration phases [Right]
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Figure 5.4: Magnitude plots of Gaussian radial basis functions, [Top]: case (a) —48
Gaussian radials equidistantly distributed across the time interval t ∈ [0.05, 0.95],
[Bottom] case (b)—48 Gaussian radials equidistantly localized only during the time
intervals t ∈ [0.1, 0.35] ∪ [0.6, 0.85].
Impacts due to changes in the values of standard deviations σi
Another interesting aspect is the influence from different values of standard deviations σi in the reconstruction of feedforward input. The comparison in Fig. 5.5
demonstrates the cases where two feedforward control signals have been synthesized
with the same number (nφ = 48) of Gaussian radials, however, with two different
values of standard deviations σi . In particular, their details are as follows:
(c) feedforward control synthesized by using 48 Gaussian radial functions (nφ =
48) with their centers, τi ’s, distributed exactly as in case (b), but configured
with a slightly larger value of standard deviations, i.e. σi = 0.0141, for
i = 1, . . . , nφ , and
(d) feedforward control synthesized by 48 Gaussian radial functions (nφ = 48)
with both the distribution of their centers, τi , and the values of the utilized
standard deviations, σi , for i = 1, . . . , nφ , similar to case (b), i.e. σi =
0.0106, ∀i.
Observe from Fig. 5.5 that both (c) and (d) (where the later being equivalent to
(b)) yield an approximately identical feedforward signal, and, hence, also the same
tracking performance. However, in order to obtain the same feedforward input
trajectory, case (c) —with σi = 0.0141 —does require substantially more number
of (active) Gaussian radial functions φi (t) than those of (d). This can also be seen
from the magnitude plots of basis coefficients in Fig. 5.6. There are indeed more
non-zero basis coefficients in (c) than in (d)). In turn, this means that longer time
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intervals (to distribute the τi ’s ) are necessary for (c) in order to construct the
same input. This also indicates the non-uniqueness in the hyperparameter choices
(τi and σi ) for Gaussian radial functions when it comes to minimizing the tracking
error.
Remarks
Comparisons of cases (a)-(d) from Fig. 5.3 and Fig. 5.5, imply an important
message. That is, apart form the plant physics and its reference trajectory, the
scaling coefficients of the Gaussian radial functions are intertwined with (i.) the
distributions of τi and (ii.) the utilized values of their standard deviations σi .
The choices for ones will also affect the others. One could approach this problem
by fixing the values of those hyperparameters and optimize only for the scaling
coefficients—like how it has been done in Chapter 4. But that would not fully
employ the flexibility we have from Gaussian basis functions.
In spite of the fact that an educated guess of relevant actuation time-intervals
may be possible in some applications, how to efficiently configure each individual
value of their hyperparameters (τi and σi ) still remains a question. For instance,
contrary to the cases given in Fig. 5.3 and Fig. 5.5, the centers, τi , of those
Gaussian radial functions are not necessarily required in such equidistant manners;
furthermore, each individual standard deviation σi itself is probably also not required to assume just one exact same value. As long as such aspects are concerned,
a way to fine-tune these behaviours of hyperparameters—in order to provide a better approximation of a good feedforward signal—may prove to be a useful extension
of the method. This problem will first be rigorously formulated as an optimization
process in Section 5.3. Afterwards, a number of methods to tackle such a problem
will be presented.

Figure 5.5: Tracking results for: (a) 48 localized Gaussian radial functions with σi = 0.0141 [Left], and (b) 48 localized Gaussian
radial functions σi = 0.0106 [Right].
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Figure 5.6: Magnitude plots of Gaussian radial basis functions, [Top]: case (c)
—localized 48 Gaussian radials with σi = 0.0141, [Bottom] case (d)—localized 48
Gaussian radials with σi = 0.0106.

5.3

Problem formulation

The problem of automatic adaptations of Gaussian radial functions for the construction of feedforward control —which also includes the variations of τi and
σi —will be formulated in this section. For clarity of the concepts and presentation,
derivations and explanations in the remainder of this chapter will be carried out
explicitly from the perspective of a single-input-single-output (SISO) configuration.
Extensions towards the multi-input-multi-output (MIMO) scenarios can be done
through the same line of reasoning albeit more involved, since there will be more
terms to accommodate higher-dimensional vector calculus.
Given a considered time interval T[a,b] , together with associated sets of input,
output, and scheduling trajectories —(U T[a,b] , Y T[a,b] , ΓT[a,b] ) —which are defined
by:
T[a,b] := {t ∈ R | a ≤ t ≤ b},
(5.3)
U T[a,b] := {u : T[a,b] −→ R | u ∈ (C 0 ∩ L∞ )},
Y

T[a,b]
T[a,b]

Γ

2

:= {y : T[a,b] −→ R | y ∈ L },
:= {α : T[a,b] −→ R

nα

(5.4)
(5.5)

0 nα

| α ∈ (C )

, nα ∈ N},

(5.6)

we consider a SISO LPV dynamical system:
Hx♦0 : U T[a,b] × ΓT[a,b] −→ Y T[a,b] ,
with the initial states x(t = a) = x0 ∈ Rnx and nx ∈ N. For example,

(5.7)
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(
Hx♦0

ẋ(t) = A(α(t))x(t) + B(α(t))u(t),
y(t) = C(α(t))x(t),

(5.8)

with an associated input function u ∈ U T[a,b] , an associated output function
y ∈ Y T[a,b] , given scheduling functions α ∈ ΓT[a,b] , and the (scheduling-dependent)
system matrices: A(·) ∈ R(nx ×nx ) , B(·) ∈ Rnx and C(·) ∈ R(1×nx ) .
Objective: For a SISO LPV plant Hx♦0 in (5.8), a given output reference trajectory
yref ∈ Y T[a,b] , Gaussian radial functions (φi ∈ L2 ) as defined in (5.2), together with
a feedforward signal, uff ∈ U T[a,b] , which is parametrized —as a composition of
Gaussian radials φi (t)—through the settings of their standard deviations σi ∈ Σ,
centers τi ∈ T, and corresponding scaling coefficients si ∈ S, namely,

uff (t) = uff (t; S, T, Σ) = Φ(t; T, Σ)S = Φ(t)S
=

nφ
X

si φi (t) =

i=1

nφ
X

si φ(t; τi , σi ) :=

i=1

nφ
X

ψ(t; si , τi , σi ) =

i=1

nφ
X

ψi (t)

(5.9)

i=1

with
Φ(t) = Φ(t; T, Σ) ∈ (R≥0 )(1×nφ )
= [φ1 (t) φ2 (t) . . . φnφ (t)]
:= [φ(t; τ1 , σ1 ) φ(t; τ2 , σ2 ) . . . φ(t; τnφ , σnφ )]
T = {τ1 , τ2 . . . , τnφ } ∈ (T[a,b] )nφ
>

S = [s1 s2 . . . snφ ] ∈ R

nφ

(5.10)
(5.11)

nφ

Σ = {σ1 , σ2 , . . . , σnφ } ∈ (R≥0 )

(5.12)

the problem of basis allocation for the reconstruction of the feedforward input uff
(as a linear combination of adaptive Gaussian radials) can be formulated as an
optimization procedure —to minimize the following cost function:
J(uff ) = J(S, T, Σ) = ||yref (t) − y(t)||L2 [a,b]
Z b
♦
:=
[yref (t) − H[x(a)=x
(uff , α)(t)]2 dt
0]
Z

(5.13a)
(5.13b)

a
b

♦
[yref (t) − [C(α(t))Kα (t, a)x0 + H[x(a)=0]
(uff , α)(t)]]2 dt (5.13c)

=
a
b

Z

Z

t

[ỹref (t) −

=
a

Z

a
b

Z

t

[ỹref (t) −
a

[ỹref (t) −
a

hα (t, p)
a

b

Z

(5.13e)

a

=

=

hα (t, p)uff (p; S, T, Σ) dp]2 dt

t

[ỹref (t) −

=
Z

(5.13d)

a
b

Z

hα (t, p)uff (p) dp]2 dt

nφ
X
i=1

nφ
X

ψ(p; si , τi , σi ) dp]2 dt

(5.13f)

i=1
t

Z

hα (t, p)φ(p; τi , σi ) dp]2 dt

si
a

(5.13g)
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with
ỹref (t) := yref (t) − C(α(t))Kα (t, a)x0

(5.14)

and the (α-dependent) impulse response:
hα (t, p) := C(α(t))Kα (t, p)B(α(p)),

(5.15)

where Kα (t, p) ∈ R(nx ×nx ) is the unique (α-dependent) state-transition matrix,
satisfying
d
Kα (t, p) = A(α(t))Kα (t, p) and
(5.16)
dt
Kα (p, p) = I(nx ×nx ) .
(5.17)
More general info about a state-transition matrix for a linear-time-varying system
can be found in [Dahleh et al., 2004].

5.4

Methodology

Minimizing the cost function J in (5.13) with the decision variables (S, T, Σ) from
(5.10)-(5.12) is a complex procedure because of two reasons. First, it involves
(continuous-time) LPV dynamical components. As opposed to a static optimization process, variations in the considered decision variables have dynamic impacts
on the cost function. Simply put, their changes will influence the criterion for
whole (associated) time-intervals T̄ ⊆ T[a,b] instead of at only a specific time
t ∈ T[a,b] . Such (dynamic) cause-and-effect relationships can be seen through
the (α-dependent) convolution integrals between uff (p) and h(t, p), as shown in
(5.13d)-(5.13g). Second, the complexity of this optimization problem also arises
from the non-linearity in φ(t; τi , σi ) —particularly in their arguments τi and σi .
These characteristics render the optimization criterion non-linear and, in fact, not
even quadratic in the decision variables.
Although it is generally not possible to obtain an explicit (closed-form) expression of the (α-dependent) state-transition matrix Kα (t, p), the problem can
still be circumvented through the usage of readily available (numerical) solvers for
ordinary-differential-equations (ODEs) —similarly to how it was done in Chapter
4, or even through measurement records of (α-dependent) experiments. Therefore, the challenge from LPV dynamics point of view can be considered as solvable
via an implicit manner. This is possible thanks to an appropriate formulation,
which reveals underlying relations between associated decision variables and the
(α-dependent) dynamic map. The remaining problem is, therefore, about the nonlinearity of φ(t; τi , σi ). How we shall propose to handle the problem, along with
how the proposal can assist with the allocation of Gaussian radials, is the main
topic for this section.

5.4.1

One-Step Gauss-Newton (through a linear combination of Gaussian-Polynomial (G-P) radial functions)

The fact that the parameters σi and τi affect the shapes of corresponding Gaussian
functions in nonlinear ways makes it challenging to analyze the characteristics of the
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considered optimization process. Such a class of optimization processes is known to
be susceptible to various (numeric/algorithmic) issues, see, for example, [Chinneck,
2006, Ruszczynski, 2011]. Nevertheless, under certain special conditions, the same
problem can be further simplified to yield reasonably tractable results. How to
initialize and re-parametrize adaptive behaviour of the Gaussian radials are key to
obtain such a simplification. A Gaussian radial function, as expressed in (5.2), has
the property of being an exponential of a quadratic term. Such a feature enables it
to be initialized around relevant (time) intervals, as well as to become indefinitely
differentiable (in all of its arguments: t, τi , σi ). We can exploit these properties to
effectively emulate local adaptations of the Gaussian radials.
Gaussian-Polynomial (G-P) basis functions
By first distributing the initial locations of Gaussian centers τ̄i , equidistantly across
the anticipated actuation-time interval(s) in the manner that τ̄i ≤ τ̄i+1 , and having
the initial standard deviations σ̄i relative to the distances between subsequent
centers, e.g. σ̄i = G(τ̄i+1 − τ̄i ), a much more tractable optimization procedure —to
minimize (5.13)—can be carried out. In fact, the same cost criterion as in (5.13)
can be recast into a quadratic form which is more convenient for solving. That
is to say, with some selected initializations of τ̄i and σ̄i , an optimization-friendly
re-parametrization of the Gaussian radial functions can be made , to effectively
approximate/adjust their local adaptation. If the initial choices of centers (i.e.,
τ̄i ) have already been spread out to cover the anticipated crucial time intervals
⊆ T[a,b] , it becomes justifiable to pay direct attention only to the local adaptation
of each ith Gaussian radial φi (t)—whose center τi resides in-between the centers
(τi−1 and τi+1 ) of φi−1 (t) and φi+1 (t), for i = 2, . . . , nφ − 1. This process will be
shown in this section.
Let us first encapsulate the hyperparameters σi and τi for every ith Gaussian
radial function within a corresponding vector qi , i.e.,
 
τ
qi := i .
(5.18)
σi
With definition (5.18), an arbitrary qi ∈ R2 can be perceived as the summation of
the initial q̄i and its deviation ∆qi := qi − q̄. Simply put,
  

τ̄
∆τi
qi = q̄i + ∆qi = i +
.
(5.19)
σ̄i
∆σi
In other words, definition (5.2) can thus be compactly written as
φi (t) = φ(t; τi , σi ) = φ(t; qi ).

(5.20)

Observe that the multi-variable Taylor expansion of (5.20) along the vector qi reads
φ(t; qi ) = φ(t; q̄i + ∆qi )
= φ(t; q̄i ) + [∇qi φ(t; q̄i )]> ∆qi +
1
∆qi > [∇2 φ(t; q̄i )]∆qi + H.O.T. ,
2

(5.21)
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with the Jacobian matrix:
[∇qi φ(t; q̄i )]> :=

h

∂φ(t;τi ,σi )
∂τi

i

∂φ(t;τi ,σi )
∂σi
qi =q̄i

,

(5.22)

.

(5.23)

and the Hessian matrix:

[∇2qi φ(t; q̄i )] :=

∂ 2 φ(t;τi ,σi )
2
 2 ∂τi
∂ φ(t;τi ,σi )
∂σi ∂τi



∂ 2 φ(t;τi ,σi )
∂τi ∂σi

∂ 2 φ(t;τi ,σi )
∂σi2
qi =q̄i

From (5.2), (5.22), and (5.23), it can be shown that (5.21) can instead be reparametrized by a linear combination of Gaussian-Polynomial functions, denoted
by G-P(i,k) , as in
φ(t; qi ) = φ(t; τi , σi )
≈

np
X

rk [G-P(i,k) (t)],

(5.24)

k=0

with rk ∈ R, np ∈ N and each G-P(i,k) (t) defined by
G-P(i,k) (t) := G-P (t; τ̄i , σ̄i , k)
:= G(t; τ̄i , σ̄i ) P(t; τ̄i , k)


(t−τ̄i )2
= e 2σ̄i2
(t − τ̄i )k .

(5.25)

Notice that the non-linear dependency in the argument qi of φi (t; qi ) is now,
instead, re-parametrized in a simpler affine structure in rk ’s, which are multiplied
by corresponding G-P(i,k) ’s—as shown in (5.24). This is the key to the proposed
simplification. The multiplicative characteristic between Gaussian and polynomial
functions, as shown in (5.24), is the enabling feature that has been exploited. That
is to say, its functional derivatives (of any order) —with respect to all of its arguments (t, τi , and σi )—will always lie within a linear combination of G-P(i,k)
for any given q̄i . Depending on the depth of the Taylor’s expansion, such an approximation can always be obtained, though with different values of the maximum
polynomial power (np ), with 0 ≤ k ≤ np . For instance, np = 2 equate the expansion until the Jacobian term (the first derivatives—with respect to qi ). Instead,
having np = 4 means we consider the expansion until the second derivatives, i.e.
the Hessian term. Arbitrary higher-order terms (H.O.T.) of such an expansion can
be included in the linear combination of G-P(i,k) , but with the price of having more
summation elements G-P(i,k) (t), corresponding to a higher value of np in (5.24).
In theory, having np → ∞ will make the approximation of the Gaussian radial
φ(t, qi ) (for any values of qi ) become exact for any initial choice of q̄i . This is true,
no matter how far apart q̄i and qi are chosen to be. But using an infinite number
of G-P(i,k) to approximate the full behaviour of just a single φi (t) would defeat
the original purpose of applying this re-parametrization—which is, to simplify the
optimization process of (5.13). Having an infinite number of decision variations
for an optimization process, even though a linear or affine dependency is obtained,
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likewise, is also not a desirable characteristic to have. This is where a meaningful
initialization of q̄i plays an important role. A good initialization can help to obtain
a more desirable condition, that is, having both (i.) a finite number of decision
variables, along with (ii.) a linear/affine manner to affect adaptations of the Gaussian radial functions. For instance, if we are to initialize q̄i in a way such that
effects from ∆qi progressively diminish in the higher-order terms (H.O.T.), e.g.,
like how it was proposed in the beginning of this subsection, we can reasonably
focus only on the local behaviour of each ith Gaussian radial (around τ̄i and σ̄i )
which only takes place in between φi−1 (t) and φi+1 (t). Stated otherwise, Equation
(5.24) with a lower (and finite) value of np becomes sufficiently accurate to emulate
the variation of φi (t, qi ) that arises from the variations of qi , for a small  > 0, and
k∆qi k = kqi − q̄i k ≤ .
To graphically depict such a process, consider the following example scenarios in Fig. 5.7 and Fig. 5.8. All approximations here have been configured with
np = 2, which is equivalent to the Taylor expansion in (5.21) until the Jacobian
term. In Fig. 5.7, we demonstrate that local time-shifting effects of a Gaussian
radial, as a result of the variations in its center (τi 6= τ̄i ), can be locally captured
by the use of a linear combination of G-P(i,k) (t) —with appropriate scaling coefficients rk , as in (5.24). On one hand, the upper sub-plots exhibit the shape
of G-P(i,0) (t), . . . , G-P(i,2) (t) —depicted with dashed lines, which have been computed with q̄i = [τ̄i σ̄i ]T = [5 1]T . These (G-P)’s are plotted against two target
Gaussian radial functions, φi (t, qi ) (in solid red), with qi = [τi σi ]T = [4.2 1]T
[in the left plot] and qi = [5.8 1]T [in the right plot]. On the other hand, the
lower sub-plots of Fig.5.7 illustrate that well-tuned scaling coefficients, rk ’s, can
be used to compose special linear combinations of G-P(i,k) (t) for k = 0, . . . , 2 (in
solid blue) —such that the local behaviors of the target (center-shifted) Gaussian
radials are emulated. These are shown in Fig. 5.7 for both example cases of τi > τ̄i
and τi < τ̄i .

(a)

[τi = 4.2 < τ̄i = 5]

(b)

[τi = 5.8 > τ̄i = 5]

Figure 5.7: Local emulations of the cases τi 6= τ̄i , but σi = σ̄i = 1.
In a similar fashion, the linear combinations of (G-P)’s can also be utilized to
locally emulate the variations of the standard deviation σi as well. Illustrative
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examples of such situations are given in Fig. 5.8. Particularly in Fig. 5.8 (a), the
plots depict the case of σi = 0.75 < σ̄i = 1. And, in Fig. 5.8 (b), the plots depict
the case of σi = 1.25 > σ̄i = 1. All these functions have been obtained with a fixed
value of τi = τ̄i = 5.

(a)

[σi = 0.75 < σ̄i = 1]

(b)

[σi = 1.25 > σ̄i = 1]

Figure 5.8: Local emulations of the cases σi 6= σ̄i .
Lastly, it is also possible to demonstrate the viability of this re-parametrization
for the case where both the Gaussian center τi as well as its target standard deviation σi are not equal to their initialized values, e.g., τi = 5.4 6= τ̄ = 5 and
σi = 0.85 6= σ̄ = 1. These results are shown in Fig. 5.9.

Figure 5.9: Emulation for the case: [τi = 5.4 > τ̄i = 5] & [σi = 0.85 < σ̄i = 1].
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Optimized with respect to the output tracking criterion
Together with the explanations for the re-parametrization of Gaussian radials, in
terms of a linear combination of (G-P)’s, we are now ready to discuss how it
can be used to achieve an improved tracking result. Although a mechanism to
locally influence the behaviour of each Gaussian radial (via the use of a linear
re-parametrization)—as previously presented —seems rather handy, it would still
not be of use as long as there is no appropriate way to adjust the corresponding
coefficients to meet the target control objective, i.e. (output) reference tracking.
Simply put, the coefficient adjustment must take place so as to minimize the cost
criterion (5.13), which is measured with respect to the plant output. This subsection demonstrates such a process. Due to linearity of the re-parametrization, the
cost function (5.13) can, therefore, be further simplified in the following manner:
J(uff ) = J(S, T, Σ) = ||yref (t) − y(t)||L2 [a,b]
nφ
Z t
Z b
X
=
si
hα (t, p)φ(p; τi , σi ) dp]2 dt
[ỹref (t) −
a

[ỹref (t) −
a

[ỹref (t) −
a

[ỹref (t) −
a

XX

XX

np
X

rk [G-P(i,k) (p)] dp]2 dt

(5.26c)

k=0
t

Z

hα (t, p)G-P(i,k) (p) dp]2 dt

si rk

(5.26d)

a

v(i,k) [yG-P(i,k) (t)]]2 dt

(5.26e)

i=1 k=0
nφ ·(np +1)

b

Z

hα (t, p)

i=1 k=0
nφ np

b

Z
=

t

Z
si

a
i=1
nφ np

b

Z
=

X

(5.26b)

a

i=1
nφ

b

Z
≈

(5.26a)

[ỹref (t) −

=
a

X

vj [yG-P(j) (t)]]2 dt

(5.26f)

j=1
b

Z

[ỹref (t) − [YG-P (t)]V ]2 dt

=

=

J(V)

(5.26g)

a

with yG-P(i,k) (t) as the (α-dependent) system output response, or
Hx♦0 =0 (u, α)(t)—taking place under the influence of u(t) = G-P(i,k) (t), which is
obtained with q̄i = [τ̄i σ̄i ]T along with a corresponding value of np . This means,
YG-P (t) = [ yG-P(1) (t) . . . yG-P(nφ ·(np +1)) (t) ] ∈ R(1×nφ ·(np +1)) ,


= [ yG-P(1,0) (t) . . . yG-P(1,np ) (t)] · · · [ yG-P(nφ ,0) (t) . . . yG-P(nφ ,np ) (t) ] .
And, we have vj ∈ R, for j = 1, . . . , nφ · (np + 1), as the entries of V ∈ Rnφ ·(np +1) ,
namely
V = [ v1 . . . vnφ ·(np +1) ]T

T
= [ v(1,0) . . . v(1,np ) ] · · · [v(nφ ,0) . . . v(nφ ,np ) ]

T
= [ s1 r0 . . . s1 rnp ] · · · [snφ r0 . . . snφ rnp ] .
Observe from (5.26) that the nonlinear dependencies due to variables in T and
Σ —along with the scaling coefficients in S—can be approximated all together
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through appropriate values of V, whose entries correspond to the coefficients of the
Gaussian-Polynomials G-P’s. In other words,
J(uff ) = J(S, T, Σ) ≈ J(V).

(5.28)

Because of such simplification, we have transformed criterion (5.13) into a simpler quadratic programming problem as described in (5.26g). Optimizing coefficients vj = vj∗ , for j = 1, . . . , nφ · (np + 1), therefore, can be efficiently computed.
Several established methods are available to tackle such a class of problems, see,
e.g., [Floudas and Visweswaran, 1995]. Accordingly, a corresponding optimal feedforward command u∗ff (t), which also effectively includes local adaptive behaviour of
the Gaussian radial basis, can, therefore, be reconstructed as
u∗ff (t) = uff (t; S∗ , T∗ , Σ∗ ) =

nφ
X

s∗i φ(t; τi∗ , σi∗ )

i=1
nφ

≈

XX
i=1 k=0

5.5

nφ ·(np +1)

np

s∗i rk∗ [G-P(i,k) (t)] =

X

vj∗ [G-P(j) (t)].

(5.29)

j=1

Reconstruction of the feedforward commands

To demonstrate the outcome of the proposed methodology on an output tracking
problem, consider again the flexible beam that was previously illustrated in Fig.
5.10. But now, in place of controlling its tip movements, we will turn our attention
to the vertical displacement of the structure node at a moving point-of-interest
(PoI) that horizontally varies over time. This is a focal point which dynamically
shifts from the most left side of the beam (at X = 0 · L) to the beam’s center point
(at X = 0.5 · L). The scenario is illustrated in Fig. 5.10.

Figure 5.10: Flexible beam with the parameter-varying point of interest (PoI).
The control objective is to achieve good vertical tracking performance at the
horizontally moving PoI. This must happen during its constant non-zero velocity
phase —as highlighted in Fig.5.11a. In other words, while the PoI is dynamically
shifting towards the middle point of the beam structure, it is required to have
the corresponding beam node (at the moving PoI) vertically follow the reference
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trajectory yref (t), e.g., as given in Fig.5.11b), as accurately as possible. This example is utilized to imitate the levelling process of (non-rigid) wafer scanners in the
lithographic industry as, for example, discussed earlier in Chapter 1.

(a) Movement of the Point of Interest,
PoI(t), along the X-direction.

(b) Reference trajectory yref (t)
which takes place along the Y-direction.

Figure 5.11: Point of Interest and Reference trajectory
In the next section, three feedforward input commands uff will be composed
based on various numbers of nφ and np to tackle this tracking problem. The shapes
of the resulting commands along with their associated tracking results will be
presented. The outcome from every scenario is obtained with the same parametervarying plant, as well as with the same configuration of a feedback controller Kfb ,
namely,
(
ẋfb (t) = Afb xfb (t) + Bfb e(t)
Kfb
,
(5.30)
ufb (t) = Cfb xfb (t)
with
e(t) := yref (t) − y(t),

Afb


−105.6
=  64
0

5.5.1


−88.83 0
0
0 ,
1
0

Bfb



512
=  0 ,
0

and


Cfb = 220.1

43.21


434.4 .

Reconstruction of the feedforward command uff (t)
with nφ = 12 and np = 0

First we consider the feedforward command uff that is built from a combination
of twelve Gaussian radials, i.e. nφ = 12 and np = 0. All of the radial basis functions are equidistantly distributed around the pre-defined essential time interval,
in other words, the time period that governs the constant velocity phase of the
PoI trajectory. Such an interval begins a little before 0.2 seconds and ends a little
after 0.7 seconds, respectively. Clearly, with the configuration of np = 0, we have
(G-P)(i,0) (t) = φi (t) = φ(t; q̄i )—for every i —in the shape of a regular Gaussian
radial. Through optimization, the corresponding scaling coefficients vj = si can
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be computed with j = i. Based on this configuration, the constructed feedforward command uff , along with its associated tracking result, are shown together
in Fig. 5.12. Observe the remaining tracking error, even though the coefficients
si = s∗i are already optimized with respect to the tracking criterion (5.26) for every
i = 1, . . . , 12.

Figure 5.12: Feedforward command uff , optimized with nφ = 12 and np = 0, along
with its associated tracking result.

5.5.2

Reconstruction of the feedforward command uff (t)
with nφ = 12 and np = 1

In this second scenario, the feedforward command uff is built with the configuration
of nφ = 12 and np = 1. Having np = 1, instead of np = 0 as how it was used in
the previous case, means we now gain extra flexibility from the terms associated
with the first derivatives —with respect to τi —of each Gaussian radial function.
Consequently, a better feedforward command can be constructed. The shape of
the resulting feedforward signal, along with the improved tracking performance,
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are shown together in Fig 5.13.

Figure 5.13: Feedforward command uff , optimized with nφ = 12 and np = 1,
together with associated tracking results.

5.5.3

Reconstruction of the feedforward command uff (t)
with nφ = 12 and np = 2

Different from the two previous cases, in this third scenario, the feedforward command uff is built with the configuration of nφ = 12 and np = 2. Having np = 2
allows full utilization of the Jacobian terms, which correspond to the first derivatives with respect to both τi and σi , as given in (5.22). From Fig. 5.14, it can be
seen that the optimized basis shows superior performance in its abilities to emulate
varieties of shapes. Very noticeable is the fact that now the emulated functions
appear in different configurations of both widths and centers. This is certainly a
big improvement over the case of (initialized) equidistant Gaussian centers and an
(initialized) fixed value of Gaussian width. In this situation, the resulting feedforward command assumes a more refined shape. In conjunction with it, we obtain
the best tracking performance among the three presented examples.
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Figure 5.14: Feedforward command uff , optimized with nφ = 12 and np = 2,
together with associated tracking results.

5.6

Conclusions

The signal decomposition technique from the previous chapter (Chapter 4) has been
demonstrated with Gaussian radial basis functions. Gaussian radial functions are
typically defined by their centers along with their standard deviations. Because of
this characteristic, they can be further assigned to localize and concentrate around
prescribed intervals of time. Such allocation can be done so as to provide a better
approximation of feedforward signals during the critical time intervals. This chapter discussed the possibilities to do so, in other words, how to exploit such flexibility
of these Gaussian radial functions in the signal decomposition feedforward control
design. We also further demonstrated that local adaptations of Gaussian radials
can be approximated by a linear combinations of Gaussian-Polynomials (G-P’s).
Through this observation, it is shown that G-P’s can serve as a basis to synthesize
feedforward commands via the Signal Decomposition approach. Doing so potentially allows for a refinement of feedforward commands, and, therefore, improved
tracking performance.

Chapter 6

Experimental Validations
In previous chapters, two feedforward methods, namely, (a) exact plant inversion,
and (b) signal-decomposition-based feedforward control, have been discussed in the
context of tracking applications for linear-parameter-varying (LPV) and/or lineartime-varying (LTV) systems. Based on those two proposed techniques, associated
experiments have been carried out, and the results of which are summarized in this
chapter. Two practical motion systems are employed to validate their potentials,
namely,
6.1 Two-mass system: a spring-mass-damper setup, which has been modified
to exhibit a parameter-varying state-to-output map. This serves as a singleinput-single-output (SISO) LPV case study.
6.2 Over-Actuated Test-Rig (OAT): a magnetically-levitated (Lorentzbased) planar motor for short-stroke movements. This system is often used
to validate newly-developed control/measurement algorithms for wafer stage
control that takes place under a limited-stiffness condition, see, e.g., [Verkerk, 2018]. In this thesis, it serves as an industrial multi-input-multi-output
(MIMO) LPV case study.
Their tracking performance is benchmarked against the typically-used acceleration
(mass) feedforward control, and (in some sections) also against the interpolation
of exact linear-time-invariant (LTI) inverses defined along a given scheduling trajectory. Measurement results show potential benefits of the proposed methods in
addressing parameter-varying effects.

6.1

Two-mass system

To validate the two proposed techniques: (i.) the exact plant inversion from Chapter 3 and (ii.) the signal decomposition from Chapter 4, we first began by considering an available set-up that has been used in several control education courses at
Eindhoven University of Technology, the two-mass system (see, e.g., [Ronde et al.,
2013, Dewey et al., 1998, Hunnekens et al., 2012]). In conjunction with it, we aim
to demonstrate the benefit of explicitly addressing the parameter-varying effects
87
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via feedforward control —by the use of the two proposed feedforward methods.
For such a purpose, we have introduced a parameter-varying output redefinition,
as in [Kasemsinsup et al., 2016], on the fourth-order experimental setup consisting
of two rotating masses. Such a plant is then turned into a linear (minimum-phase)
system with an LPV state-to-output map.
The remainder of Section 6.1 will be organized as follow. Subsection 6.1.1 discusses the target LPV motion system which serves as the experimental setup of
this work. Subsection 6.1.2 considers the objective and the applied control setting. Strategies that were used to compute feedforward control together with their
resulting commands are briefly shown in Subsection 6.1.3. Extra implementation
steps to compensate for disturbances are given in Section 6.1.4. Measurements in
terms of tracking errors are presented and compared in Subsection 6.1.5. Finally,
this first section about the two-mass system will be wrapped up with conclusions
in Subsection 6.1.6.

6.1.1

Description of the LPV Two-mass System

The considered LPV setup is based on two rotating masses connected to each other
via a flexible joint, see Fig. 6.1. One mass is driven by a DC motor, referred to as
the motor side, while the other mass represents the so-called load side. Each side
has an incremental encoder to measure the corresponding rotation. Such a system
has been proposed in literature as a benchmark example to examine performance
of various control designs, see e.g. [Wie and Bernstein, 1992].

Figure 6.1: The fourth-order setup
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Figure 6.2: The two-mass setup where J1 , J2 represent the moment of inertia, and
θ1 , θ2 represent the rotational angles of mass 1 and mass 2, respectively, c is the
rotational spring constant, and b is the rotational damping constant.
Corresponding to the system parameters depicted in Fig. 6.2, the Ordinary
Differential Equations (ODEs), which approximately describe the governing linear
dynamics of the plant (while neglecting the present friction), are given by:
J θ̈ + Dθ̇ + Kθ = τ̃ ,
where


J
J = 1
0

(6.1)






0
b −b
c −c
, D=
, K=
,
J2
−b b
−c c
 
 
θ
τ
θ = 1 , τ̃ =
,
θ2
0

with J1 , J2 representing the moment of inertia of mass 1 and mass 2 respectively,
b > 0 the rotational damping constant, c > 0 the rotational spring constant, and τ
the applied torque.
A state-space representation of (6.1) can be derived as:
(
P :=

ẋ(t) = Ax(t) + Bu(t)
y(t) = C(α)x(t),

(6.2)

with
 


θ
0(2×2)
I(2×2)
, A=
,
−J −1 K −J −1 D
θ̇


0(2×1)

B = Km J1−1 R−1  , C(α) = α (1 − α)
0
x=

0


0 .

Here, u(t) in (6.2) is the input voltage. The relation between the voltage and
the torque is given by τ (t) = Km R−1 u(t), with Km denoting the motor constant
and R the motor resistance. Observe that the choice of α = 1 gives the statespace representation with the output location at mass 1 (collocated case) whereas
α = 0 gives the state-space representation with the output location at mass 2
(non-collocated case).
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Figure 6.3: FRF data of the plant at α = 1 [collocated] and α = 0 [non-collocated]
The parameters of plant P in (6.2) are obtained through curve fitting of measured FRF data, see Fig. 6.3, and read:
J1 = 6.9889 × 10−6 kg · m2 ,
J2 = 5.6108 × 10−6 kg · m2 ,
c = 0.4129 N · m / rad,
b = 1.93 × 10−5 N · m / rad,

(6.3)

Km = 4.4 × 10−2 N · m · s / rad,
R = 1.37 Ω.
With this model, parameter-dependent behaviour can be introduced to the plant
by virtually varying the weighting variable α ∈ [0, 1]. Bode plots of (6.2) through
numerical simulations with various but fixed values of α are shown in Fig. 6.4.
Observe that, by modifying the variable α, we can alter the anti-resonance and the
phase behaviour of P, resulting in different expressions of LTI plants.
In order to move to the LPV case, we make the variable α time-dependent, i.e.
α = α(t). As a result, the output y(t) is obtained through a parameter-varying
state-to-output map:
y(t) = α(t)θ1 (t) + (1 − α(t))θ2 (t), α(t) ∈ [0, 1].

(6.4)

6.1. TWO-MASS SYSTEM

91

Figure 6.4: Bode diagram of the two-mass system for various scheduling parameter
values of α ∈ {0, 0.3, 0.55, 0.8, 1}

6.1.2

The Objective and Control Settings

In validating the feedforward methodologies through a well-defined experiment, a
clear objective and control setting need to be posed. This section is devoted to
discuss these aspects.

Figure 6.5: Control Schematic
Objective
As far as the control schematics shown in Fig. 6.5 are concerned, we consider a time
interval t ∈ [t0 , t1 ], a reference output trajectory yref (t), the parameter-dependent
plant P as in (6.2), and the tracking performance with respect to the tracking
error:
e(t) := yref (t) − y(t).
(6.5)
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Figure 6.6: Reference trajectory and the (scaled) scheduling trajectory.
The goal here is to observe and compare, from measurement data, the variations
in the tracking error due to different applied feedforward control signals uff (t)
from various feedforward methods as will be described in Section 6.1.3. For the
comparison, we adopt the following conditions:
 the same feedback controller Cfb is used for all cases,
 zero initial-state conditions (at t = t0 ) are applied to both the controller Cfb
and the plant P,
 the plant P is subject to the influence of a time-varying (exogenous) scheduling parameter α(t).

Control settings
Relevant control configurations that are utilized in the experiment will be given as
follows,
1. Reference trajectory: A fourth-order reference trajectory yref (t), as in Fig. 6.6,
has been constructed in the similar fashion as illustrated in Fig. 2.6 (in Chap[2]
[3]
[4]
ter 2) with the maximum values of yref (t) , yref (t) , and yref (t) , as 2 × 103
2
5
3
7
4
rad/sec , 2 × 10 rad/sec , and 2 × 10 rad/sec , respectively. Here, the
superscript [i] refers to the ith derivative, i.e.,
d i yref
(t).
(6.6)
dt i
The trajectory is assumed to be completely known, together with its derivatives up to the fourth order.
[i]

yref (t) :=

2. Scheduling trajectory: A time-varying scheduling trajectory α(t) that allows
for a uniformly well-defined relative degree of two and, hence, enables the
existence of an exact plant inverse solution, is selected as
α(t) := 0.5 − 0.4 sin(3πt),

t ∈ [0.1, 0.7],

(6.7)
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Its time-dependent behaviour, in comparison to the reference setpoint yref (t),
is illustrated in Fig. 6.6 .
3. Feedback controller : A feedback controller serves as a means to partly reject
undesired disturbances. Its configuration consists of multiple filters, which
induces a closed-loop bandwidth of 11 Hz (for the considered range of (frozen)
values of α), and whose details are given by
Cfb (s) = kp L(s)I(s)F(s)N (s),

(6.8)

where kp ∈ R denotes a static gain, L a lead filter, I a PI-controller, F a
second-order low-pass filter, N a notch filter respectively, which are represented by:
1
1 + 2πfint s
2πf s + 1
, I(s) =
L(s) = 1 z
s
s
+
1
2πfp
F(s) = 

1
1
2πflp


N (s) = 

2

1
2πfnz
1
2πfnp

,

s2 +

2
2

2βlp
2πflp s

(6.9)

+1

s2 +

2γn
2πfnz s

+1

s2 +

2βn
2πfnp s

+1

,

with their parameters according to the following Table 6.1.
Table 6.1: Feedback controller parameters for the two-mass system.
kp
0.015
fint
0.1

6.1.3

fz
300
fp
100

flp
0.7
βlp
6

fnz
58
fnp
58

γn
0.01
βn
0.5

Feedforward methods

For completeness, each of the feedforward control approaches used to obtain the
measurement results will be briefly discussed in this section.
Acceleration (mass) feedforward
When the flexibility of P in (6.2) is ignored, the dynamics will be mainly determined by the moment of inertia of the plant. With such an approximation, a
corresponding feedforward signal becomes
[2]

uff (t) = Kfa yref (t),
[2]

(6.10)

with yref denoting the second derivative of the reference trajectory, i.e. the acceleration profile. Here, Kfa ∈ R represents the coefficient depending on the total
moment of inertia from both masses, as if both masses were connected through a
rigid link, where
(J1 + J2 )R
.
(6.11)
Kfa =
Km
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Interpolation of exact LTI inverses (Ch. 3, Section 3.3.1)
Any LTI plant at any (frozen) value of α ∈ [0.1, 0.9] has an (LTI) relative degree n =
2. Therefore, a corresponding exact LTI plant inverse filter can be constructed, see,
e.g. [Wang and Chen, 2001, Kasemsinsup et al., 2016] or Section 3.3.1 of Chapter
3. As α(t) varies over time t, we can then interpolate (or schedule) these exact
LTI plant inverse filters. To illustrate this process, an input-output block diagram
along with its algorithmic flow chart are given in Fig 6.7 and Fig. 6.8, respectively.

Figure 6.7: Input-output block diagram illustrating the interpolation/scheduling
of exact LTI inverses defined along the varying scheduling parameter α(t), for an
initial state x0 .

Figure 6.8: Algorithm flow chart describing the intermediate steps for the interpolation/scheduling of exact LTI inverses defined along the varying scheduling parameter α(t).
Exact Plant Inversion for an LPV/LTV system (Ch. 3, Section 3.3.2)
Since the scheduling trajectory α(t) as given in (6.7) gives a uniformly well-defined
relative degree (n = 2) for the parameter-varying plant P in (6.2) during the
whole time trajectory t ∈ [0.1, 0.7], a state-space representation of the exact plant
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inverse for such an LPV/LTV system can be obtained, as described in Section
3.3.2 of Chapter 3, or in [Kasemsinsup et al., 2016]. A corresponding input-output
diagram along with its algorithmic flow chart

Figure 6.9: Input-output block diagram depicting exact inversion of an LPV plant
with a uniformly well-defined relative degree n, and an initial state x0 .

Figure 6.10: Algorithm flow chart describing the intermediate steps for the exact
inversion of an LPV/LTV system.
Observe from the algorithmic flow chart in Fig. 6.10 that this process involves the
dn C
[1]
terms consisting of dC
up till α[n] . These terms are
dα up till d αn together with α
clearly missing in the previously considered case of interpolation.
Signal decomposition (Ch.4)
Any signal can be decomposed as a combination of other signals. Accordingly,
we advocate for a signal or spectral decomposition of (u, y, x) in the state-space
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Figure 6.11: Input-Output block diagram for the signal decomposition technique,
depicting the inverse mapping between output and input functions under the influence of scheduling function(s) α, in the time interval t ∈ [t0 , t1 ], and the plant
initial state x0 .

formulation of an LPV plants—as described earlier in Chapter 4 (for both SISO
and MIMO cases). For the SISO LPV experimental setup in Fig. 6.1, we
consider the feedforward function uff that pertains to a linear functional space
UT[t0 ,t1 ] = span{φi : T[t0 ,t1 ] → R | i = 1, . . . , nφ ∈ N}. Three hundred and seventy five Gaussian radial basis functions (i.e. nφ = 375) are used as φi . They
are equidistantly distributed along the considered time interval T[t0 ,t1 ] = [0.1, 0.7].
A corresponding input-output diagram and its algorithm flowchart are given in
Fig. 6.11 and Fig. 6.12, respectively.

Figure 6.12: Algorithm flow chart describing the intermediate steps of the signal
decomposition technique for SISO cases (i.e., ny = nu = 1).
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Feedforward commands
For the plant in (6.2) - (6.4), the feedback controller in (6.8), the scheduling trajectory in (6.7) and the reference trajectory in Fig. 6.6, the resulting feedforward
commands computed from the considered strategies (6.10), Fig. 6.8, Fig. 6.10 and
Fig. 6.12 are illustrated and compared in Fig. 6.13 and Fig. 6.14 respectively.

Figure 6.13: Feedforward commands.

Figure 6.14: Differences between feedforward commands: (a) Exact & Mass [Left],
(b) Exact & Gaussian [Middle] and (c) Exact & Interpolation [Right].
Both the exact LPV/LTV plant inversion and the Gaussian radial signal decomposition are shown to generate approximately identical looking feedforward
commands. The interpolation of exact LTI inverses is observed to induce a command with matching oscillation frequencies to the exact LPV/LTV plant inversion
and the Gaussian radial signal decomposition but with different values of magnitude. Lastly, the acceleration (mass) feedforward expectedly generates a command
that is in proportion to the reference acceleration profile.
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Implementation Aspects

In order to clearly observe the performances associated with the feedforward control methods, present disturbances, which occur independently to the applied feedforward techniques, need to be compensated. This section discusses two of such
aspects, namely friction and delay.

Figure 6.15: Control schematic with the friction and delay compensations.
The feedforward methods discussed previously in Section 6.1.3 are obtained
from a model-based approach. Their performances are subject to disturbances
and/or model mismatch, which are unavoidably present in practice. In order to
clearly observe their effects, the common disturbance sources need to be compensated. Such aspects will be addressed in this section, i.e. disturbance rejection and
delay compensation.
Friction compensation
In the two-mass system, a model mismatch due to friction is present. A comprehensive survey about this particular issue for general servo machines can be found
in [Armstrong-Hélouvry et al., 1994]. For the experiments carried out in this work,
we adopt a simplified friction model and use it to obtain additional feedforward
terms, as shown in Fig. 6.15, or
[1]

with

[1]

ufd (t) = Kfo + Kfc sgn(yref (t)) + Kfv yref (t),

[1]

if
yref (t) < 0,
−1
[1]
[1]
sgn(yref (t)) :=
0
if
yref (t) = 0,


[1]
1
if
yref (t) > 0,

(6.12)

where Kfc is the Coulomb friction constant, and Kfv the viscous friction constant,
see e.g. [Olsson et al., 1998]. Note that Kfo is a constant number, used here to
compensate for the difference between the friction during the forward and backward
motion. Their numerical values are manually tuned for the two-mass setup and are
given by
Kfo = 0.002, Kfc = 0.0085, Kfv = 0.00011.
(V)

(V)

(V·s/rad)

(6.13)
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Figure 6.16: Plant input-output (IO) delay vs delay estimate
Time delay
The correct timing in applying the feedforward signal is essential in order to achieve
a good tracking performance. In this regard, the input-output behaviour of the
experimental setup is observed to have a time delay Td ∈ R+ . This can be analysed
from the phase loss in the FRF measurement, see Fig. 6.3 (in comparison to Fig.
6.4). To account for this timing issue, we give the appropriate amount of delay
to the reference trajectory yref (t) as well. This is shown in Fig. 6.15, where, for
the sampling period Ts ∈ R, nk and d ∈ Q together with a sampled reference
yref [ d ] := yref (d Ts ), the multiple shift operator qnk is defined by:
(qnk yref )[ d ] := yref [ d + nk ].

(6.14)

Suppose the phase loss at the sampling frequency is θd (in radians), then Td can
be computed as:
θd
Td =
Ts ,
(6.15)
2π
Td that approximately matches the estimated delay from the plant FRF data, as
shown in Fig. 6.16, is found to be around
Td = n∗k Ts = 2.5 Ts .

(6.16)

Unknown disturbances
Despite the compensations of the time delay and friction in Subsections A and B, it
turns out some disturbances remain unidentified. These however still dominate the
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Figure 6.17: A common response due to remaining (low freq.) disturbances.

measured responses and therefore potentially obstruct a clear comparison between
the considered feedforward control methods. Fortunately, it can be observed that
such undesired responses are actually occurring in a very similar pattern to every
feedforward scenario, as is shown in Fig. 6.17. Through this observation, we extract
this signal pattern by taking the repetitive (low-frequency) part of all obtained
measurements. This pattern is later on subtracted from the experimental results
in order to clearly observe the remaining differences associated with the applied
feedforward methods.

6.1.5

Results

This section discusses the obtained experimental results. Here, (a) the exact
LPV/LTV plant inversion and (b) the Gaussian-based signal decomposition feedforward are compared against (c) the acceleration (mass) feedforward approach
and (d) the interpolation of exact LTI inverses along the scheduling trajectory.
Measured time-responses of tracking errors
In Fig. 6.18, achieved tracking performance is shown for all four feedforward
approaches by means of measured time responses e(t): acceleration feedforward
(dashed grey), interpolation of exact LTI inverses (grey), exact plant inversion
(blue), and Gaussian radial signal decomposition (red).
It can be observed that the maximum absolute level of the resulting tracking
error from the acceleration (mass) feedforward (in dashed grey) is about twice as
large as with the two proposed methods while a high-frequency oscillation remains.
The measured tracking error, as a result of the interpolation of LTI inverses (grey),
is observed to also deteriorate with about a factor of two in terms of the maximum
amplitude when compared with the measurements from the exact LPV/LTV plant
inversion (blue) and the Gaussian radial signal decomposition (red). Based on these
results, it is observed that, by properly accounting for the dynamics of the schedul-
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Figure 6.18: Measured time-responses of tracking errors

ing variable α(t), both the exact inversion and the Gaussian signal decomposition
demonstrate improvements with respect to tracking performance.
Frequency domain analysis

Figure 6.19: Cumulative PSD results from different feedforward methods
Through cumulative power spectral density (cPSD) analysis, Fig. 6.19 clearly
shows the advantages of exact inversion (blue) and Gaussian radial signal decomposition (red) over acceleration (mass) feedforward (dashed grey) and interpolated
LTI inverses (grey). In terms of RMS-values, this figure shows the earlier mentioned factor of two in tracking performance improvement. Moreover, the LPV
approaches do not contain the clear frequency contribution around 11 Hz, which
relates to the closed-loop bandwidth and which expresses the contribution of feedback control in absence of a proper LPV feedforward compensation. Additionally,
acceleration feedforward shows a distinct presence of the system’s resonance around
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60 Hz, of which the effect is properly addressed by the LPV approaches including
the interpolated LTI inverses.

6.1.6

Conclusions

In this first part of Chapter 6, a comparison is shown between acceleration feedforward, interpolated LTI inverses, exact LPV feedforward, and Gaussian signal
decomposition. The comparison is done through measurement results from an
experimental SISO fourth-order LPV motion system. Although interpolated LTI
inverses give rise to a minor improvement with respect to sole acceleration feedforward control, it still appears insufficient to properly address the full LPV nature
of the system. Appropriately accounting for the LPV dynamics, which is done
through exact LPV feedforward control and Gaussian radial signal decomposition,
gives rise to an improvement in tracking error performance of about a factor of
two. Herein, signal decomposition is shown to provide a fair approximation of the
exact LPV feedforward solution.

6.2. OVER-ACTUATED TEST-RIG (OAT)

6.2

103

Over-Actuated Test-Rig (OAT)

Let us consider the OAT, a magnetically-levitated planar structure which serves
as a lightweight version of a wafer stage—a plant often used for validation of control/measurement strategies for stages under a limited-stiffness condition, see Fig.
6.20.

Figure 6.20: Side view of the OAT setup [Verkerk, 2018]

In conjunction with possible flexible behaviour of stage systems, the increasing
demand for better tracking performances in lithographic tools nowadays makes
position-varying behaviour become one of the key concerns. A way to deal
with this issue is by utilizing an appropriately-designed feedforward solution to
guide system nominal (parameter-varying) dynamics while leaving the task of
robust stabilization around the nominal trajectories of dynamics to a feedback
mechanism. This section demonstrates such an idea through both simulation and
measurement results. The utilized feedforward techniques are (i.) the exact plant
inversion and (ii.) the signal decomposition, from Chapter 3 and 4 respectively.
For the measurements carried out in this section, we focus on the 3-Degrees of
Freedom (3-DoF) configuration of the OAT—namely, z, Rx , Ry , which is associated
with the stage vertical positioning and the wafer levelling process. Performance is
benchmarked against the conventional mass (acceleration) feedforward approach.
Results show potential benefits of these methods in improving the reference
tracking performance of the Multi-Input-Multi-Output (MIMO) LPV stage
positioning.
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OAT Model

The so-called over-actuated test-rig (OAT) is a lightweight version of a wafer stage.
It weighs only 13.5 kg and has dimensions of 600 × 600 × 60 mm, [Boeren et al.,
2015b], with 6 Degrees of Freedom (DoF) (x, y, Rz , z, Rx , Ry ) and the gravity compensators to enable frictionless operation. This particular version of OAT,
which is used in this experiment, has a total of 7 sensors which consist of 4 incremental encoders to measure translation in the z-direction, and three capacitive
sensors to measure movement in the horizontal (x, y, Rz ) plane. The stage is
actuated by eight Lorentz actuators (2 for x-direction, 2 for y-direction, 4 for zdirection). In this study, only the out-of-plane degrees of freedom (i.e. z, Rx , Ry )
will be considered as the deformation of the stage mainly occurs in these directions.

Figure 6.21: Schematics of OAT with the triplet (x, y, z) as the global reference
coordinates Parameters zb , for b ∈ {1, 2, ..., 4} represent the z-axis sensors nodal
locations, and Fzb represent the z-axis actuator locations.
Fig. 6.21 shows the simplified version of the OAT with sensors and actuators
located in the out-of-plane DoFs. Observe that all sensors and actuators in this
vertical orientation are non-collocated. Since it is hard to derive, with sufficiently
high accuracy, an analytic model of OAT under the conditions of non-homogeneous
material properties, and a slight asymmetry of the geometrical structure, the model
has been obtained by the use of a Finite Element Method (FEM) with ANSYS.
It is worth mentioning that, in such a derivation process, an assumption has been
made that all rotational (angular) movements are kept minimal with respect to the
operating configurations. This allows us to consider dynamics of small deviations
of the plant behaviour in a linear approximation. Fig. 6.22 shows the magnitude
plots of the out-of-plane DoFs which consist of the FRFs from the z-actuators to
the z-sensors.

Figure 6.22: Magnitude plot of the out-of-plane DoFs of OAT
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Figure 6.23: Geometric decoupling (black) and SVD decoupling (red) of the OAT at
the center of gravity: (a) magnitude plot and (b) the corresponding RGA number.

Geometric Decoupling
The OAT model is decoupled using geometric decoupling [Verbaan et al., 2014].
The term geometric has been used here since the decoupling process utilizes the ge-
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ometric position of the sensors and actuators. The OAT model, H, is pre-multiplied
by a sensor transformation matrix, Ty , and post-multiplied by an actuator transformation matrix, Tu , as in (6.17), i.e.
PG (s) = Ty H(s)Tu .

(6.17)

This decoupling procedure also helps to reduce the cross-interactions between each
individual degree of freedom such that the rigid body behaviors dominate the
diagonal terms of PG .
Sensor transformation matrix, Ty , maps the sensor information onto the rigid
body modes. This mapping is applied with respect to the systems center-of-gravity
(CoG), thus,
 
 
z1
z
z2 
Rx  = Ty  
(6.18)
z3 
Ry
z4
Here, the subscript number corresponds to the sensor number as depicted in
Fig.6.21. Observe that this mapping has more inputs than outputs, which offers an additional detection freedom beyond the rigid body motion. In this section,
the considered mapping Ty is defined as:

η η
η η
η η
η η
Ty =

3 2

4 2

4 1

η η
 x1 y
 ηy
− η1x

ηx ηy
1
ηy
1
ηx

ηx ηy
− η1y
1
ηx

3 1

ηx ηy
− η1y 
,
− η1x

(6.19)

where ηx is the distance between sensor z1 , z2 and z3 , z4 in the x-direction, and ηy is
the distance between sensor z1 , z4 and z2 , z3 in the y-direction; where ηc , with c ∈
{1, 2, ..., 4} are the sensor locations with respect to the CoG, as shown in Fig. 6.21.
Actuator transformation matrix, Tu , relates the rigid body forces with respect
to the CoG to the motor forces.


 
Fz1
Fz
Fz2 

 = Tu Trx  .
(6.20)
Fz3 
Try
Fz4
Let Ta be the linear mapping which translates the actuator forces

T

T
Fz1 Fz2 Fz3 Fz4 to the rigid body forces Fz Trx Try and given by:


1

Ta = λ1,y
λ1,x

1

1

λ2,y
λ2,x

λ3,y
λ3,x

1



λ4,y  ,
λ4,x

(6.21)

where λd,y , with d ∈ {1, 2, ..., 4} are the actuator locations in y-direction with
respect to the CoG, λd,x are the actuator locations in x-direction with respect to
the CoG. In this work, we choose to derive Ta explicitly since it relates clearly to
the geometric configuration of the motors. The derivation of Tu is more complex
due to non-symmetric actuator location with respect to the center of gravity. The
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mapping Tu is obtained afterwards as the pseudo inverse of Ta , i.e. Tu = Ta† with
Ta† denoting the Moore-Penrose pseudo inverse, i.e.:
Tu = Ta† = TaH (Ta TaH )−1 .

(6.22)

Fig. 6.23a shows the magnitude plot of the decoupled system, denoted by
PG (s), at the CoG. It can be observed that the first flexible mode is not visible in
Fig. 6.23a. This is due to the symmetry of sensor locations with respect to the first
mode shape of the structure. Therefore, a higher closed-loop bandwidth can be
achieved by the feedback controller. Also observe that the resulting system is quite
well decoupled until frequency ≈ 300 Hz, where the rigid body mode dominates the
diagonal term, and as a consequence, the cross-interactions between the directions
are small, as shown through the RGA number in Fig. 6.23b. This enables a design
of the multiloop SISO feedback controller to stabilize the plant.
Remark: In (6.19) and (6.21), the distance in z-direction between the actuator/sensor and the CoG (z-offset) are not considered which may become the reason
PG (s) is not perfectly decoupled. However, the method presented in the following
subsection will help to improve the decoupling further.
Crosstalk Compensation in Low Frequency
In decoupling, the frequency response of PG (s) at low frequencies is desired to be
dominated by rigid-body dynamics given by:

 1
0
0
ms2
1
0 ,
(6.23)
Pdesired (s) =  0
Jx s2
1
0
0
2
Jy s
or equivalently,
s2 Pdesired (s) = Σ,

(6.24)

with Σ denoting the diagonal matrix containing the singular values of PG ,
Pdesired (s) is the desired decoupled system, m is the mass, Jx is the moment of
inertia in x-direction, and Jy is the moment of inertia in y-direction. To further
reduce the directionality, a singular value decomposition (SVD) is performed on
PG , see, for example, [Boeren et al., 2015b]. The SVD of PG at frequency ω is
given by:
PG (jω) = U (jω)Σ(jω)V H (jω),
(6.25)
where U and V are unitary matrices.
Combining (6.24) and (6.25) results in an SVD:
lim (s2 PG (s)) = U ΣV H ,

s→jω ?

(6.26)

for a choice of a low frequency ω ? . With the obtained U and V , PG (s) is further
decoupled for a particular ω ? as:
Pdesired (jω) ≈ U † PG (jω)(V H )† ,
≈ U † Ty H(jω)Tu (V H )† ,

(6.27)

6.2. OVER-ACTUATED TEST-RIG (OAT)

109

Fig. 6.23 also shows the Bode diagram and RGA number of the system after
SVD decoupling at a frequency of 20 Hz. This figure shows an improvement of the
directionality at this lower frequency. Notice a large magnitude dip at 20 Hz in
Fig.6.23b, which means the cross-interaction at 20 Hz can be almost completely removed. At higher frequencies, the cross-interaction is still high due to the presence
of flexible modes. Typically most flexible modes lie beyond control bandwidth.
Hence, the directionality effects due to flexible modes can be kept small.
Parameter-varying Point of Interest (PoI)
In a photolithographic process, the point of interest where the wafer is illuminated changes over time. In positioning such an illumination field, the wafer stage
makes movements in a scanning fashion. Such movements are realized by controlling the horizontal plane of the wafer stage. This, in turn, gives rise to the
parameter-varying effect. For the OAT setup which only operates within very limited horizontal ranges, we alternatively consider its vertical movements subject to
virtual parameter-variation arising from emulated horizontal movements. In other
words, to virtually change the point of interest over time and to introduce timevarying behavior to the system, we introduce a (time-varying) weighting coefficient
to each measurement sensor z1 to z4 . By changing the values of these coefficients,
we virtually move the point of interest around the wafer surface.

Figure 6.24: Point-of-Interest.
Let us consider Fig. 6.24 where the red dot represents the Point-of-Interest.
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Introduce α h ∈ R, h ∈ {1, 2, ..., 4} as the weighting coefficient for each hth sensor
zh . These weighting coefficients are formulated such that
4
X

α h = 1.

(6.28)

h=1

with

η3 η2
, α2
ηx ηy
η4 η1
α3 :=
, α4
ηx ηy

α1 :=

η4 η2
,
ηx ηy
η3 η1
:=
,
ηx ηy
:=

(6.29)

Here ηx ∈ R is the distance in the x-direction between sensor z1 , z2 and equivalently
z3 , z4 , ηy ∈ R is the distance in the y-direction between sensor z1 , z4 and z2 , z3 .
The variables ηc ∈ R, for c ∈ {1, 2, ..., 4} are the sensor locations with respect to
the PoI, as shown in Fig. 6.24. In contrast to (6.19) which focuses on CoG as a
fixed PoI, this case allows for an emulation of a varying PoI.
With such a method to virtually emulate the position-dependent behavior of
the OAT, we can derive a corresponding state-space representation:
(
ẋ(t) = Ax(t) + Bu(t)
P :=
⇐⇒ P(jω) = U † Ty (α)H(jω)Tu (V H )† , (6.30)
y(t) = C(α)x(t).
where x ∈ Rnx denotes the state vector, u ∈ Rnu the input, y ∈ Rny the output,
respectively, along with the matrices A, B, C(α) of appropriate dimensions. Here,
α = [α1 , ..., αnα ], for nα = 4, contains the scheduling parameters according to
(6.29). Each entry of α, or α h ∈ R, is, therefore, bounded according to geometrical
dimensions of the OAT, and is allowed to possibly be time-dependent (in order to
emulate the time-varying PoI). In other words, α h → α h (t) ∈ [α h , α h ] ⊂ R.
Remark: Notice that Tu in (6.20) and, therefore, also in (6.30), is derived
with respect to the CoG. For the control of a varying point-of-interest, Tu needs
to be position-dependent to properly keep the effect of the crosstalk minimal in
all variations of the point of interest. Under the rigid-body assumption, this has
already been properly done in [Butler, 2011]. However, under the non-rigid-body
assumption, it is expected to be a very challenging problem, and still remains an
open issue. Instead, in this experiment, we alternatively choose to, keep the SVD
decoupling (as shown in Fig. 6.23) at the CoG —in an LTI perspective—but aim
to instead demonstrate that appropriately-tuned LPV MIMO feedforward control
can also be designed to achieve a similar objective (of having reduced directional
cross-talks) as well.

6.2.2

Control Configurations and Implementation Aspects
for OAT

In this subsection, control configurations and implementation aspects for OAT
will be described. This includes descriptions about: (i) reference trajectories, (ii)
feedback control, (iii) feedfoward control, and lastly (iv) disturbance cancellation.
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Figure 6.25: Control structure for the experimental validation; Cfb is the feedback
controller, P is the (decoupled) plant, Cff is the feedforward controller for the
reference tracking, Cd to compensate known disturbances, the input command cu
to compensate unknown disturbances, and Yd for delay compensation.
(i) Reference trajectories yref
A fourth-order setpoint yref (t), as shown in Fig. 6.26 is used as the reference
trajectory to the z-direction. The reference set-points for the other two rotational
directions, namely in the Rx and Ry directions, are kept constantly at zero.

Figure 6.26: The Setpoint for the OAT

(ii) Feedback Controller Cfb
The LTI feedback controller employed here is configured from the perspective of
decoupled (SISO) plants —in the direction of z, Rx , Ry respectively. In other words,


Cfb,z (s)
0
0
,
Cfb,Rx (s)
0
Cfb (s) =  0
0
0
Cfb,Ry (s)

(6.31)
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where each individual diagonal component, namely Cfb,m (s) for m ∈ {z, Rx , Ry } ,
is given by:
Nm
Y

Cfb,m (s) = kp(m) L(s)I(s)Fm (s)

Nm,k (s) (with Nz = 3 and NRx = NRy = 1).

k=1

(6.32)
(m)

Here, kp ∈ R is a static gain, L(s) ∈ C a lead filter, I(s) ∈ C a PI-controller,
Fm (s) ∈ C a second-order low-pass filter, and Nm,k (s) ∈ C a notch filter. Configurations for these components are set according to the following structures:
L(s) =

1
2πfz s + 1
,
1
2πfp s + 1

I(s) =

1 + 2πfint s
s


Fm (s) = 

1
1
2πflp

2

s2 +

2βlp
2πflp s

+1

, Nm,k (s) = 

1
2πfnz
1
2πfnp

2
2

s2 +

2γn
2πfnz s

+1

s2 +

2βn
2πfnp s

+1

(6.33)
,

where kp ∈ R is the gain, fz , fnz denote the zero frequency for the lead and notch
filter respectively, fint relates to the zero of the PI-controller, fp , flp , and fnp
are the pole frequencies of the lead, low-pass, and notch filter respectively, βlp is
the low-pass filter damping ratio, βn and γn are the notch filter damping ratios.
Associated parameters are shown in Table 6.2.
Table 6.2: Feedback controller parameters for the OAT, at each DoF —(z, Rx , Ry )
(m)
kp

fint
fz
fp
flp
βlp
fnz ( for k = 1, . . . , Nm )

fnp ( for k = 1, . . . , Nm )

γn ( for k = 1, . . . , Nm )

βn ( for k = 1, . . . , Nm )

m = ‘z’
9 × 105

600
0.6
524
740
138
287
672
138
0.02
0.01
0.01
0.05
0.03
0.1

m = ‘Rx ’
4.45 × 104
2
26.67
240
1000
0.6
493
322
0.005
0.04
-

m = ‘Ry ’
4.42 × 104

1000
0.6
493
336
0.005
0.04
-
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(iii) Feedforward Controller Cff
In general, the feedforward techniques used in this section follow the algorithms
described in Section 6.1.3 (except that the interpolation of exact LTI inverses is
not considered here). Nevertheless, key differences inevitably arise from the fact
that OAT is a high-tech system, which also exhibits—in its approximation —MIMO
LPV dynamics. This subsection serves the purpose to discuss the following aspects.
 MIMO Relative degree: In order to extend the application of the exact
LTV/LPV plant inversion technique (from Chapter 3) to the OAT, the concept of relative degree needs to be properly considered in the MIMO setting
as follows:

Definition: The relative degree of a MIMO dynamical system is defined as
the minimal integer number of derivatives on the system outputs yp for p =
1, . . . , ny ∈ N, where yp denotes the pth output and ny - the total number
of outputs such that the direct influence of at least one system input uj for
j = 1, . . . , nu ∈ N can be observed, see [Isidori, 2013]. In other words,
rp = min(r[p,j] ),

(6.34)

∀j

where rp ∈ N is the relative degree of the output yp ; and r[p,j] ∈ N denotes
the relative degree of output yp with respect to input uj . For example, in an
LTI-case, an output yp is said to have relative degree r[p,j] with respect to
input uj if:
Cp Ag Bj = 0,
Cp Ar

[p,j]

−1

for

0 ≤ g < r[p,j] − 1,

and

Bj 6= 0.

Here—with g ∈ N, Cp is the state-to-pth -output-mapping and Bj is the
j th -input-to-state-mapping. For a linear time/parameter-varying system, we
need to extend this relative degree concept with the notion of uniformly welldefined relative degree, in similar fashion as how it was done for the SISO case
in Chapter 3 on page 42. In particular, if we can make sure that rp = n ∈ N
for any p ∈ {1, 2, . . . , nny } in a considered time interval t ∈ [t0 , t1 ], the exact
inversion method from Chapter 3 can be employed to construct a feedforward controller as the inverse of the MIMO LPV plant for that particular
time interval.
Remark: For a linear parameter-varying system, whether the (MIMO) relative degree is well defined or not can depend on the trajectories of scheduling
variables α(t) themselves. Furthermore, a MIMO system can have a different
relative degree for each output, e.g. r1 6= r2 . Both issues together further
complicate the matter. As an example, each output could have different relative degrees, which may, in addition, also vary for different time intervals.
Nevertheless, in case of the OAT model together with the considered decoupling and crosstalk compensation matrices (as previously described in Section
6.2.1, along with the choice of the scheduling trajectory α(t)), its MIMO relative degree is found to be a constant value for the considered time interval,
and remains as the same fixed integer n = 2 for every output.
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 Kronecker Delta Basis Function: In Chapter 4, the signal basis functions
in Φ(t) are chosen as Gaussian radial functions, i.e.
(j)

φi (t) := e
(j)

−(t−τi )2
2σ 2
i

(j)

,

(j)

with the standard deviation σi := τi+1 − τi , for i = 1, . . . , nφ ∈ N. It
is expected that the higher nφ is, the better the approximation becomes.
However, in practice, nφ will be limited by the number of sampling instants
in a discrete-time implementation. For this measurement study —as an initial validation of the concept for a MIMO scenario, we aim to test the best
possible performance of the signal decomposition approach by considering a
constitution of the feedforward inputs uff through optimized scaling coefficients at each sampling instant. Stated otherwise, when nφ is equal to the
number of sampling instants, the Gaussian basis function is approximated as
a time-shifted Kronecker delta function δ, where:
(
1, if q = i,
(j)
(j)
φi [q] := φi (qTs ) ≈ δ[q − i] =
(6.35)
0, elsewhere,
with q, i ∈ Z, and Ts ∈ R as the sampling period.
(iv) Disturbance cancellation
Some disturbances have been observed to be present with OAT. To cope with it,
we have employed a number of methods for different types of disturbance. They
will be discussed as follows:
 Known disturbance in OAT: In order to ensure frictionless operation,
OAT is lifted using gravity compensators (an example use of gravity compensator, but for a different system, can, for instance, be found in [Janssen
et al., 2012]). However, this gravity compensator is only tuned for a fixed
linearization point. Therefore, it introduces disturbances as the wafer stage
moves along the z-direction. To compensate for this disturbance, an additional (static-mapping) feedforward term is introduced, and given by:
[1]

[1]

Cd (yref (t), yref (t)) = Kgs (yref (t))yref (t) + Kgd (yref (t))yref (t),

(6.36)

where Kgs (·) ∈ R is the stiffness constant and Kgd (·) ∈ R the damping
constant. Note that here, Kgs and Kgd may also be configured as nonlinear
functions of yref (t), where yref (t) in this case is the plant output trajectory
(in the z-direction).
 Unknown disturbance: In addition to the known disturbance mentioned
above, unknown (but reproducible) disturbances, such as ones from model
mismatch and crosstalk, also appear in the system. Consider the control
structure in Fig. 6.25. Under the assumption that the plant P is approximately linear, the contribution of disturbance, d(s) ∈ Cnu , to the tracking
error, e(s) ∈ Cny , can be formulated as:

e(s) = [I + P (s)Cfb (s)]−1 P (s)d(s),

(6.37)
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or reversely (under the assumption that P −1 (s) exists):
d(s) = P −1 (s) [I + P (s)Cfb (s)] e(s)
= [P −1 (s) + Cfb (s)] e(s).

(6.38)

Equation (6.38) implies an important message—that is, the input disturbance d(s) (even though it may be unknown) can be inferred from the
measurement records of tracking error e(s) via given information about
P −1 (s) and Cfb (s). Although Cfb (s) is considered as well-known because
we design it ourselves, it is a different story with P −1 (s). Typically, P −1 (s)
can be difficult to identify, and the model of P (s) itself often exhibits minor
differences from the actual plant. Considering the fact that we are talking
about a (parameter-varying) flexible plant, this unfortunately complicates
things further. However, once we have narrowed our scope of interest,
only on the plant low-frequency behavior (associated with its rigid-body
dynamics, which is also decoupled relatively well), useful insights of its
characteristics can still be exploited.
In the context of the (decoupled) motion system, the plant inverse P −1 (s) is
typically of low magnitudes for lower frequencies, and becomes more prominent for higher frequencies. On the contrary, Cfb (s) is of low magnitudes at
higher frequencies, but becomes more dominant for lower frequencies. Because of these characteristics, the (unknown) disturbance —for the relatively
low frequency region —can also be approximated by
dL (s) ≈ Cfb (s)e(s)
≈ ufb (s)

(for low frequencies),

(6.39)

with ufb (s) denoting the outputs of the feedback controller. To be precise,
based on (6.39), dL (s) is inferred from the record of ufb (s) from the previous
experiment, which shall be denoted by ũfb (s). Since ũfb (s) may also contain
high frequency contents, it is first filtered by a low-pass filter W (s) ∈ Cnu ×nu .
Therefore, the (unknown) disturbances dL (s) can be compensated via the
following actuation:
cu (s) = −dL (s) ≈ W (s)ũfb (s),

(6.40)

Note that ũfb (s) will always be bounded given that Cfb (s) is a stabilizing
feedback controller.
 Time Delay (q−nk ): The correct timing in applying the feedforward signal
is also essential in order to achieve a good tracking performance. Similar to
the two-mass system (in Section 6.1.4), the time-delay Td ≈ 1.8Ts has been
approximated from the phase difference between the nominal plant model
and its actual FRF measurement. After rounding it up to its nearest integer
∗
n∗k ∈ Z, we apply the (time-delay) shift operator (q−nk ), with n∗k = 2, to
delay the (discrete-time) reference trajectories yref [q] := yref (qTs ) (for q ∈ Z)
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by two samples. Here, such a shift operator has been defined —as in (6.14)
—as:
(qnk yref )[ q ] := yref [ q + nk ] := yref ( ( q + nk )Ts ); for q, nk ∈ Z.

6.2.3

(6.41)

Results

Simulations and experimental validations of the three feedforward techniques
—namely, (i) acceleration (mass) feedforward, (ii) signal decomposition feedforward, and (iii) exact inversion feedforward —are given in this subsection. Results
and discussions will be presented from both a MIMO LTI setting (i.e. with a fixed
PoI at CoG) and from an LPV setting, where the PoI virtually moves from z4 to
z3 at a constant speed of 1 m/s.

Simulation results
First, a simulation of the OAT model has been carried out in Matlab and Simulink
in order to compare the performance of both feedforward techniques against the
acceleration(mass) feedforward. Fig. 6.27 shows the acquired results at the center
of gravity.
Notice from Fig. 6.27 that the tracking errors in the Rx and Ry directions
are non-zero due to the small but present non-zero crosstalk. This is especially
noticable in the mass feedforward case where the actuation input is only present
in the z− direction yet the tracking errors also appear in other directions, i.e. Rx
and Ry .
If we zoom in on the control inputs around the highlighted area of Fig. 6.27b,
we will see —as shown in Fig. 6.28—that both actuation sequences (namely, the
inputs computed from the exact plant inversion and Gaussian signal decomposition feedforward techniques) consist of oscillations corresponding to the system’s
anti-resonances. Furthermore, their torques in the Rx and Ry directions are clearly
non-zero. These non-zero inputs, due to the uses of MIMO feedforward controllers,
serve the purpose to compensate for the crosstalk that remains after the utilized
decoupling techniques. Another interesting point is that the Gaussian signal decomposition seems to produce a decent approximation of the exact plant inverse
solution. Performance comparisons are summarized together in Table 6.3. These
two proposed feedforward techniques have shown superior performance in comparison to the mass feedforward: over a factor of 80 improvements in term of the
L2 − norm. Interestingly, the performance of the signal decomposition feedforward
is even better than that of the exact inverse. This is probably due to some numerical inaccuracy in the computation of pseudo inverse for the exact inversion
approach. In any case, these results show that the signal decomposition feedforward, computed with Kronecker delta basis functions, can directly be used to
effectively approximate the exact inverse solution.
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(b)

Figure 6.27: Comparison between mass feedforward (black), signal decomposition
feedforward (red), and exact inverse feedforward (dashed blue): (a) errors and (b)
control inputs at the center of gravity.

Figure 6.28: [Zoomed] control inputs from the three different feedforward methods
for the fixed (time-independent) PoI at CoG.
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A similar comparison, but instead for a time-varying point of interest, can also
be made. For this scenario, let us consider the point of interest that moves from z4
to z3 with a scan speed of 1 m/s. Overall, both proposed feedforward techniques
render better performance than the mass feedforward with over a factor of 70
improvements in term of the L2 − norm, as also shown in Table 6.3 (on page 120).

(a)

(b)

Figure 6.29: Comparison between mass feedforward (black), signal decomposition
feedforward (red), and exact inverse feedforward (dashed blue): (a) error and (b)
control input for time-varying Point of Interest.

Zooming in on the tracking errors around the highlighted area in Fig. 6.29a,
we can observe (as shown in Fig. 6.30) that the exact inversion and the signal
decomposition methods reasonably damp the frequency content at 500 Hz that
is caused by the crosstalk from z-direction in the mass feedforward scenario.
Therefore, we conclude that both MIMO LPV feedforward techniques also help
in reducing the directionality issue that was present in the acceleration (mass)
feedforward case in the MIMO LPV/LTV setting.
Remark: It is worth noting that, for (parameter-varying) nonminimum
phase scenarios, the (Gaussian) signal decomposition method can still be used
to achieve an (optimized) reference tracking performance. This, however, may
pose a problem to the exact inverse approach —due to the unboundedness of the
(causal) outputs-to-inputs inverse solutions. This depends on the characteristics
of the plant (LPV) zero dynamics.
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Figure 6.30: Zoomed error for time varying Point of Interest.

Measurement results
This subsection discusses the measurement results obtained from OAT. Here, the
configurations are as discussed in Section 6.2.1. The feedforward controller is utilized in cooperation with the feedback controller as given in (6.32), disturbance
compensators (6.36) and (6.40), and a delay compensator (6.41) with nk = 2.
From the measurement results, the overall improvement gained from applying
the two proposed feedforward methods is not as significant as those obtained in
simulation. This is due to the presence of measurement noise, disturbances, and
model mismatches. However, the performance improvement in z-direction is still
significant, as shown in the cumulative Power Spectrum Density (cPSD) in Fig.
6.31b and 6.32b.
The exact inverse technique induces the best performance in comparison to the
other feedforward techniques—while the performance of the signal decomposition
method is comparable with the exact inverse method. The benefits of both feedforward techniques in reducing the (MIMO coupling) directionality issue, however,
cannot be highlighted explicitly from the experimental results due to the presence
of measurement noise and disturbances in Rx and Ry directions. As the exact plant
inversion and signal decomposition feedforward methods are developed based on
the FEM model, their performances will directly depend on the model quality.
The error comparison of (i) the acceleration (mass) feedforward, (ii) the signal
decomposition based feedforward, and (iii) the exact inversion in z-direction are
shown in Fig. 6.31 and 6.32, for the time-invariant PoI (at CoG) and the timevarying PoI respectively. An overall comparison is given Table 6.3.
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Table 6.3: :Performance Comparison between feedforward techinques for the OAT
for t ∈ [0, 0.5] —with results from (i) acceleration (mass) feedforward, (ii) signal
decomposition feedforward, and (iii) exact inversion feedforward.

simulation

POI

DOF

cog
LPV

all
all
all
z
all
z

cog
experiment
LPV

6.2.4

L2 − norm × 10−12
(i)
(ii)
(iii)
2.238 0.0117 0.0251
2.302 0.0139 0.0304
8.8358 7.4200 7.4176
3.1636 0.8616 0.7831
8.7507 7.3695 6.756
3.0179 1.3854 1.2359

Conclusions

In this final part of Chapter 6, the performances of two feedforward methods,
namely the exact inversion for LTV systems from Chapter 3 and the signal
decomposition-based feedforward from Chapter 4 are tested on the OAT setup.
Particularly their performances on a MIMO LPV system have been assessed
through simulation and experimental studies. Both feedforward techniques provide
possibilities for improved reference tracking performance to traditional (SISO) mass
feedforward control. Moreover, both methods have shown the capability to reduce
the multi-inputs-multi-outputs crosstalk issue that is present in the MIMO setting.
However, as applies to other model-based approaches, these feedforward methods
also show limited robustness to model mismatch and disturbances as observed from
the experimental results.
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(a) Time-domain comparison.

(b) Frequency-domain comparison (in terms of cPSD).

Figure 6.31: Measurement results of the tracking errors along the z-coordinate at
the center of gravity (CoG) [LTI case]: mass feedforward (black), signal decomposition (red), and exact inverse (dashed blue).
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(a) Time-domain comparison.

(b) Frequency-domain comparison (in terms of cPSD).

Figure 6.32: Measurement results of the tracking errors along the z-direction at the
at time-varying PoI [LPV case]: mass feedforward (black), signal decomposition
(red), and exact inverse (dashed blue).

Chapter 7

Conclusions, Discussions,
and Outlook
7.1

Reflection on the main research question

In Chapter 1, we asked the following question as the main research question of
this thesis:
[ Q1 ] “Suppose all information about a dynamical system and its parametric variation is perfectly known, what should then be necessarily done,
in order to explicitly address parameter-varying effects via feedforward
control? ”

Results from Chapter 2 have shown that parametric variations can play a pivoting role in the resulting plant input-output map, such that an appropriate way
to incorporate their available information in a corresponding feedforward control
design becomes of essence. In this thesis, we have developed and distinguished two
methods that have the ability to explicitly and correctly incorporate information
of such variations in feedforward control. They can be done through either (i.) the
use of time-derivative information (Chapter 3) or (ii.) the use of time-interval
information (Chapter 4) of the scheduling trajectories. Whether or not to use
either of the approaches depends on the characteristics of the considered plant
and its parameter variations themselves. If the plant or its approximation has a
uniformly well-defined relative degree for every plant output, and is proven to be
minimum phase, i.e. with causally stable parameter-varying zero dynamics during
the considered operating interval of parameter variations, then the exact inversion
technique from Chapter 3 can be used to synthesize an exact feedforward solution
for the considered parameter-varying plants. When applicable, the technique from
Chapter 3 appears to be a convenient practical implementation because it can be
simply designed as an LPV (causal) filter. However, if the plant at hand fails to
meet such criteria (of being minimum-phase with a uniformly well-defined relative
degree number) then the ‘Signal Decomposition’ technique from Chapter 4, pos123
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sibly with an extension from Chapter 5, may prove the better alternative—as the
signal decomposition technique is robust towards the issues of (parameter-varying)
injectivity and surjectivity. The main requisite of the signal decomposition approach is that it operates on the time-interval information of signals (instead of
time-derivatives), thus requiring these signals, in particular α and ydesired , to be
known in advance.
Despite some differences in their practicalities and numerical computation aspects, it has been shown (through experimental validations) in Chapter 6 that
for the scenarios where an exact inverse of a (minimum-phase) parameter-varying
system exists, either (i.) the time-derivative information of the scheduling trajectories (by means of ‘Exact Inversion’ from Chapter 3) or (ii.) the time-interval
information of scheduling trajectories (by means of ‘Signal Decomposition’ from
Chapter 4) can both be employed to synthesize feedforward commands to address the parameter-varying effects in the plant input-to-output maps.

7.2

Addressing sub-questions

The overview of findings presented in Section 7.1 has been derived from the studies
to address sub-questions ( Q2 − Q6 ) in Chapter 1 page 14-16. Their respective
conclusions are given in the following Subsections 7.2.1 - 7.2.5.

7.2.1

Functional notations of dynamic maps

Ideal feedforward control basically amounts to inverting plant dynamics, i.e. to
recover the input of the plant from information on the output. This is what is
referred to as system inversion.
[ Q2 ] “How to conceptually describe feedforward control as a dynamic
inverse of a parameter-varying system in a generalized manner? And,
what could be the fundamental issues that may come along with the
concept of dynamic inverse?”

 To conceptually describe feedforward control as a dynamic inverse of a
parameter-varying system in a generalized manner, we considered the use
of functional notations —by viewing a dynamical plant as a mapping between input, output, and scheduling functions (of time). This approach allows us to discuss dynamic relationships in a way that does not favour any
particular choice of plant representations —and, hence, conveniently reveal
relevant challenges that could be missed when we only restrict ourselves to
one particular choice of plant representation.
 We showed that a dynamical plant may fail to be invertible due to (i.) the
non-injectivity and/or (ii.) the non-surjectivity of its input-to-output map.
For either scenario, decisions have been made to come up with suitable candidates of input commands. Among them lies also an interesting boundary
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which separates the functionally reproducible tracking results (that are obtainable via exact input solutions) from the non-achievable ones whose closest
approximated result may still be obtainable from an optimization procedure.

7.2.2

Exact inverse under the presence of parameter variation

[ Q3 ] “If an exact inverse of the considered LPV/LTV plant exists, how
to construct and represent it in a state-space format? And, how does the
information concerning plant parameter variation come into play in that
representation of inverse?”

 By including the (chain-rule) derivatives associated with plant parametric
variation, we developed a technique to explicitly construct a feedforward controller as an exact plant inverse of an LPV/LTV plant in a state-space representation. We showed that, as long as the plant relative degree is uniformly
well-defined to be a fixed positive integer during the operation interval, the
proposed method of Chapter 3 can very well serve as a technique to synthesize the ideal feedforward controller to the considered class of LTV/LPV
dynamical systems. It has been shown that such a feedforward controller can
be employed in a causal manner as long as the plant zero dynamics are stable.
 In contrast to interpolating exact or approximated inverses of the plant transfer functions at various frozen operating conditions as feedforward controllers,
the time-domain analysis in Chapter 3 has revealed that time-derivative information of the scheduling signals is necessarily required to construct an
appropriate inverse of a parameter-varying plant in a state-space representation.
 The assumption of a uniformly well-defined relative degree is not always applicable for some specific scenarios. In particular, we have shown that parameter variations may change the relative degree of a system. As such,
the existence of a fixed and uniform relative degree is not always guaranteed
for parameter-varying plants. This phenomenon has a direct impact on the
possibility to invert the dynamics of a parameter-varying system by the technique of Chapter 3. As a consequence, we considered the implication of the
absence of a uniformly well-defined relative degree on the non-reproduciblity
of inputs from given output and scheduling trajectories. We translated this
phenomenon as lack of surjectivity of the input-output map. In that case the
results of Chapter 3 have limited applicability and the results of Chapter
4 provide tools to remedy the problem.
 Stability of parameter-varying plant zero dynamics (which is related to the
stability of (3.16)) may also depend on the variation of the scheduling trajectories. This challenge has a direct impact on the boundedness of inverse
dynamics along with injectivity (i.e., the one-to-one property) of the plant
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input-to-output map. The questions regarding uniqueness of feedforward
commands, e.g. what would serve as the best input candidates, and how
to numerically compute them (causally, anti-causally, non-causally) can all
depend on how scheduling variables dynamically vary over time. Similar to
the issues raised by the previous bullet point, results from Chapter 4 also
provide the tools to remedy this problem.

7.2.3

Approximated inverse map via Signal Decomposition

[ Q4 ] “If an exact inverse of a parameter-varying system does not exist,
how to come up with an approximated inverse solution that still optimally
address the parameter varying effects of the plant?”

 If finding an exact plant-inverse filter appears to be problematic due to noninjectivity and non-surjectivity for some parameter variations, we may consider relating the plant input and output signal intervals via an optimization
procedure instead. That is basically the principal idea behind the works of
Chapter 4. Through parametrization of the input signal space with a set of
signal basis functions in a considered time interval, the results of the chapter
have revealed yet another approach that can be used to correctly incorporate explicit information of plant parametric variation in the reconstruction
of feedforward commands. Relying on the fact that the superposition property holds for linear systems, even under the presence of time/parametervariation, we are able to establish links between the basis of input, state, and
output signal spaces (for a given time interval). Such a procedure is achieved
by determining corresponding (state and output) solution trajectories of the
parameter-varying plant dynamics that pertain to each input basis function.
In other words, we have advocated for a spectral analysis of linear-parametervarying plants based on a set of independent signal basis functions.
 We proved that whenever the optimal feedforward command resides in the
span of a-priori chosen basis functions, then this optimal command signal
can be inferred and computed from the reference output trajectory and the
system dynamics themselves. This always holds, even when the parametervarying plant becomes non-invertible for some scheduling trajectories.
 The applicability and accuracy of this approximation method depend on the
choice of basis functions that is selected in the input space, its dimension,
and on the computational resources to solve the formulated Quadratic Programming (QP) problem.
 For non-injective cases, there will exist multiple (parametrized) input trajectories that satisfy the same minimum tracking error. Such an issue naturally
exposes itself in the formulated QP problem in terms of non-negative definiteness of the cost function. We can make use of an SVD analysis to identify
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the null-space of the associated linear operator, to reconstruct an appropriate feedforward input trajectory that achieves the best tracking performance
with the least amount of input energy.
 The computational loads associated with the signal decomposition technique
comes from the processes of (i.) establishing connections between the input,
state, and output basis functions, and (ii.) computing the corresponding
QP optimization. These two types of computational cost scale up with the
number of utilized basis functions—as a trade-off to the possibility of having
a better approximation of the best feedforward command for arbitrary linear
systems, hence, a possibility to achieve better tracking performance. The cost
from (i.) is required only once per one scheduling trajectory. This means,
once it has been computed and stored, it can always be reused—without
re-computing again—for any reference trajectory. Therefore, such cost can
be mitigated as long as the plant still operates with the same parameter
variation. On the other hand, the cost from (ii.) is strictly dependent on the
choices of both reference and scheduling trajectories. If either is changed, it
is unavoidable that we have to perform its corresponding computation again.
 A further study on how to locally re-distribute and adjust a set of particular
basis functions, the Gaussian radials, has also been made in Chapter 5
—where it has been shown that their local adaptations can be approximated
by a linear combination of Gaussian-Polynomials (G-P).

7.2.4

Achieving flexibility through Gaussian-Polynomials
(G-P)

[ Q5 ] “How can we improve the approximated inverse solution, which is
the result from the answer of Q4 , i.e. the Signal Decomposition technique
from Chapter 4, so that it can become more flexible and more accurate?”
 Trading off with its benefits in handling arbitrary LPV systems with independent exogenous scheduling variables, achieved tracking accuracy will
largely depend on the number of utilized basis functions, together with how
they are distributed to span important input intervals. In Chapter 5, we
demonstrated that, through a linear combination of Gaussian-Polynomial
(G-P) functions, we can emulate local adaptations of a Gaussian radial function. Therefore, these G-Ps have been employed to enable extra flexibility in
approximating feedforward commands and, hence, improve tracking performance.
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7.2.5

Validation with experimental setups

The last part of the thesis addresses the validation of the results in experimental
setups. Specifically, we aimed to compare the exact plant inversion (Chapter 3)
and the approximate inversion through signal decomposition (Chapter 4) on their
performance and their implementability. For this, two setups have been considered:
1. Two-mass system: a spring-mass-damper setup, which has been modified
to exhibit a parameter-varying state-to-output map. This serves as a singleinput-single-output (SISO) LPV case study.
2. Over-Actuated Test-Rig (OAT): a magnetically-levitated (Lorentzbased) planar motor for short-stroke movements, which serves as an industrial
multi-input-multi-output (MIMO) LPV case study.
[ Q6 ] “ If an exact inverse of the considered LPV/LTV plant exists, do the
methods from Q3 (Chapter 3) and Q4 (Chapter 4) provide similar feedforward solutions and tracking results? And, are they both implementable
in practice?”
 Results from these investigations have shown that—when the considered parameter–varying plant is minimum-phase and has a uniformly well-defined
relative degree (over the entire scheduling trajectory)—a state-space representation of the plant inverse is computable, and is causally stable. In such
a scenario, both exact plant inversion and signal decomposition techniques
will give approximately the same feedforward commands and, thereby, similar tracking performance. Together with appropriate compensations of mismatches (due to unmodelled plant dynamics and disturbances), it has been
shown that these feedforward commands can be implemented in practice
despite some differences in their practicalities and numerical computation
aspects.

7.3

Recommendations

This thesis developed generic tools for exact and approximate system inversion of
linear parametric systems. In particular, we demonstrated:
“How to incorporate explicit information about scheduling trajectories
and/or plant parameter variations in feedforward control designs, such
that an appropriate output-to-input (inverse) map of a given plant is
achieved.”

A priori information on the to-be-tracked reference signal along with the plant
parametric variations is invaluable information to fine-tune the methods that we
developed. Accordingly, we would like to give the following suggestions and future
recommendations:
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 For wafer leveling processes, exposure sequences will only take place under a
constant-speed movement with a zero acceleration along the y-axis, while the
stage x-axis positions are kept constant. Under this specific operating condition, several derivative terms vanish (i.e. are equal to zero) when we deploy
the exact inversion technique to determine feedforward commands during exposures. In particular, we only need to consider (i.) the terms associated with
the immediate (x,y) horizontal position at any given time, and (ii.) the constant first chain-rule derivative terms relating to the constant-valued-velocity
movement long the y-axis. Corresponding computations can, therefore, be efficiently carried out while ignoring several irrelevant (derivative) terms. Such
a simplification will significantly reduce the required numerical computation
loads in practice.
 In a lithographic process, we may consider the fact that the total operation
interval can be partitioned into subsequent shorter intervals, along with the
fact that exposure periods do not take place all the time in a lithographic
process. Accordingly, we may attempt to exploit the extra available time
during the non-exposure periods to compute suitable (leveling) feedforward
commands for the subsequent exposure intervals. As an early proof of concept, we have demonstrated—through a simulation setting—the possibility
of redistributing a limited number of radial basis functions, and optimally
enhance the tracking accuracy only around a specific (sub) time-interval in
Chapter 5.
 We would like to recommend future investigations on the choice and the
number of basis functions, together with how to distribute their locations with
respect to relevant (industrial) setpoints. In particular, we anticipate that
more refined decisions can be made regarding the input basis functions—with
the help of the knowledge concerning target plant dynamics in mind.
 For computational efficiency of the signal decomposition method, it is advantageous to employ a minimum number of basis functions that still maintain
good tracking performance. Hence, a study to establish the relation between
number of utilized basis functions and tracking performance is recommended.
 In many practical scenarios, only a limited time horizon of α and ydesired is
available. So, it is recommended to investigate the minimum required time
horizon that can still be effectively used by the signal decomposition approach
to generate reasonably-good-performance feedforward commands.
 In order to partition a long operation time-interval to multiple shorter ones, it
would be worthwhile to develop an algorithm that seamlessly connects feedforward commands generated for subsequent time-intervals, such that good
properties of plant internal states at concatenation points are guaranteed.
 A future research that extends towards a generic method to handle nonlinearity in parameter-varying systems would seem to be a very challenging
yet valuable contribution.
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 Besides a study of a robustness measure to model uncertainty, we recommend
a study of a robustness measure to uncertainty in scheduling trajectories and
set-points as a possible future work as well.
 An automatic adaptive mechanism or a learning algorithm to tackle model
mismatches would be a very useful tool to have. Hence, also a highly recommended future research direction.

Through these suggestions and recommendations, we hope that the contributed
knowledge and understanding from this thesis would serve to be a useful base for the
future research and developments around this particularly topic. Especially, now
that at least two approaches to utilize explicit information of scheduling variables
(in a reconstruction of an appropriate LPV plant inverse map) have been demonstrated, the manner how plant inputs and outputs can be (inversely) related under
the influences of (time-varying) exogenous scheduling variables becomes transparent. With such understanding, it is now straightforward to synthesize a suitable
feedforward command that explicitly address parameter-varying effects. Obviously,
this statement currently holds under the assumed condition that information regarding the plant and its parametric variation is perfectly known.

Appendix A

(Early-Lumping)
Beam modelling
A.1

Euler-Bernoulli beam
with varying observation nodes

To create a simplified test model that captures the relevant phenomenon of the target flexible motion system, a distributed parameter system, i.e. the Euler-Bernoulli
beam was considered as one of the test models. A simple configuration—by selecting various various observation nodes —would allow us to construct a flexible plant
that exhibits position-dependent behaviors. In other words, when configuring the
sensor (and/or actuator) positions to slide along the beam structural nodes, we
obtain an LPV system, while the exogenous (independent) scheduling variables depends on how actuation/observation nodes may vary. This type of systems is used
a number of times to test feedforward control techniques throughout this thesis.
Brief discussions about the model derivation are given in the following subsections
(A.1.1 till A.1.3). For simplicity of the presentation, choices of the notations used
in this chapter are mostly defined only for local discussions (within this appendix
chapter itself), nevertheless, the derived model will be general and is used in several
occasions throughout the thesis.

A.1.1

Separation of variables

We start from the partial differential equation (PDE) describing the dynamics of
a flexible beam under the assumptions from Euler-Bernoulli or thin beam theory:


∂2
∂ 2 y (x, t)
∂ 2 y (x, t)
−
EI
=
ρA
.
(A.1)
∂x2
∂x2
∂t2
Here, E, I, ρ, A, L are the eleastic modulus, second moment of the beam’s crosssection area, mass density, the beam’s cross-section area and the beam’s length
respectively. The parameter x ∈ [0, L] denotes the position along the beam whereas
y(x, t) ∈ R represents the deflection of the beam from the normal line at position
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Fig. A-1: A (free-free) Euler-Bernoulli beam whose position-dependent lateral
deflection is observed at a (time-varying) point of interest, χ∗ = α(t).

Fig. A-2: A cantilever Beam: an example of Euler-Bernoulli beams derived with
the fixed-free boundary conditions.
x and time t, as an example see Fig. A-2. The first step to solve this differential
equation is to apply separation of variables. It is possible to write y(x, t) as the sum
of the product of temporal (time-dependent) functions Fi (t) and spatial(positiondependent) basis functions Yi (x). This is done under the assumptions that all basis
functions Yi (x) are orthogonal and, through the set of time-dependent coefficients
Fi (t)0 s, span the function space of possible PDE solutions y(x, t). In other words,
we have
∞
X
y (x, t) =
Yi (x) Fi (t).
(A.2)
i=1

Substituting equation (A.2) into (A.1) yields:
P
P


∂ 2 ( i Yi (x) Fi (t))
∂ 2 i (Yi (x) Fi (t))
∂2
−
EI
=
ρA
.
∂x2
∂x2
∂t2

(A.3)

Use the facts that differentiation is a linear operator, and that Yi (x) are orthogonal
basis functions, equation (A.3) can be analysed per mode individually as:
∂ 4 Yi (x)
∂ 2 Fi (t)
=
ρAY
(x)
(A.4)
∂x4
∂t2
Separation of the position- and time-dependent terms yields the following equation,
where a constant term −ωi2 satisfies their relations:
− EIF (t)
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−

EI
1 ∂ 2 Fi (t)
∂ 4 Yi (x)
=
= −ωi2
ρAYi (x) ∂x4
Fi (t) ∂t2

(A.5)

From equation (A.5), 2 ODE’s can deducted as follows:

(1) −

EI
∂ 4 Yi (x)
= −ωi 2
ρAYi (x) ∂x4
(2)

1 ∂ 2 Fi (t)
= −ωi2
Fi (t) ∂t2

=>

=>

∂ 4 Yi (x) ρAωi2
−
Yi (x) = 0
∂x4
EI

(A.6)

∂ 2 Fi (t)
+ ωi2 Fi (t) = 0
∂t2

(A.7)

Here, ωi stands for the ith natural frequency. Equation (A.6) is a spatial (positiondependent) differential equation where as equation (A.7) is temporal(timedependent) differential equation.

A.1.2

Solutions to the spatial differential equation:
Basis functions (Mode shapes)

In order to compute the mode shapes, the the spatial differential equation (A.6) is
ρAω 2
considered. For simplicity, we define βi4 := EI i and obtain the following equation:
∂ 4 Yi (x)
− βi4 Yi (x) = 0
∂x4

(A.8)

It can be shown that equation (A.8) has the solution as:
Yi (x) = A sin(βi x) + B cos(βi x) + C sinh(βi x) + D cosh(βi x)

(A.9)

Boundary conditions are required to determine the unknown coefficients, A, B, C
and D. As an example, a fixed-free (cantilever) beam can be considered, see Fig.
A-2. Such a beam has the following boundary conditions:
Displacement
Slope
Bending Moment
Shear Force

Y (x = 0) = 0 (fixed)
0
Y (x = 0) = 0 (fixed)
00
Y (x = L) = 0 (free)
000
Y (x = L) = 0 (free)

Table T-1: Boundary conditions of a cantilever beam
Together with the prescribed boundary conditions in Table T-1 and equation (A.9)
, we obtain:

 
0
1
0
1
A

 B 
1
0
1
0

 
(A.10)
 sin(βi L) − cos(βi L) sinh(βi L) cosh(βi L)  C  = 0
− cos(βi L)
sin(βi L) cosh(βi L) sinh(βi L)
D
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The non-trivial solutions of equation (A.9) occurs if and only if:
0
1
1
0
sin(βi L) − cos(βi L)
− cos(βi L)
sin(βi L)

0
1
sinh(βi L)
cosh(βi L)

1
0
=0
cosh(βi L)
sinh(βi L)

(A.11)

From equation (A.11), we obtain:
1+ cos (βi L) cosh(βi L)= 0

(A.12)

Finding the roots the transcendental equation A.12 either by a numerical or graphical method, we can determine the values of βi L. As examples, the first 5 roots
can be determined as:







β1 L
β2 L
β3 L
β4 L
β5 L







=









1.8751
4.6941
7.8548
10.996
14.137








(A.13)

Since the beam length L is known, βi can be determined. Thus, the value of the
natural frequency ωi can be retrieved from the following relation:
s
ωi =

βi2

EI
ρA

(A.14)

Lastly, the normalized mode shape Φi (x) is found through the relation:
Φi (x) =

Yi (x)
kYi (x)k

(A.15)

where kYi (x)k is defined by:
p
< Yi (x), Yi (x) >
s
Z L
:=
ρA(Yi (x))2 dx

kYi (x)k =

(A.16)

0

A beam model with a square cross-section surface and the properties according
to the Table T-2 can be constructed. Its first 7 normalized modeshape, Φi (x) for
i = 1, ..., 7 are computed and illustrated as shown in Fig. A-3.
L [m]
1

A [m2 ]
(0.01)2

E [Pa]
2x1011

I [m4 ]
4.909x10−14

ρ [kg/m3 ]
8000

Table T-2: Properties of the beam.
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Fig. A-3: First 7 modeshapes for a Euler-Bernoulli beam (cantilever).
In a similar fashion, when we consider different sets of boundary conditions,
steps from (A.10) till (A.16) can be recomputed. Figure A-4 illustrates a different
set of first 7 normalized modeshapes, Φi (x) for i = 1, ..., 7 for the beam with freefree boundary conditions (e.g. Fig. A-1).
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Fig. A-4: First 7 mode shapes of an Euler-Bernoulli beam with the free-free boundary conditions.

A.1.3

Temporal behavior under an acting force

When an Euler-Bernoulli beam is considered with a damping constant d ∈ R and
actuation force u(x, t). The beam equation becomes:
∂2
∂ 2 y(x, t)
∂y 2 (x, t)
∂y(x, t)
[EI
] + ρA
+d
= u(x, t).
2
2
∂x
∂x
∂t2
∂t

(A.17)

Due to the orthonormality property from (A.2) and (A.15), it is possible and convenient to project the PDE (A.17) upon the normalized basis Φi (x) as:

< Φi (x),

∂2
∂ 2 y(x, t)
∂y 2 (x, t)
∂y(x, t)
[EI
] + ρA
+d
>=< Φi (x), u(x, t) > .
2
2
∂x
∂x
∂t2
∂t
(A.18)
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The input force u(x, t) acting on the beam at node xa ∈ [0, 1] can be defined as:
u(x, t) := δ(x − xa )û(t).

(A.19)

From (A.18) and (A.19), we then arrive at the temporal dynamics of each ith modal
coordinate as:
q¨i (t) + dq˙i (t) + ωi2 qi (t) =

Z

L

ρAΦi (x)δ(x − xa )û(t) dx

(A.20)

0

= ρAΦ(xa )û(t).

(A.21)

Here, the relations between Φi (x), qi (x), Yi (x) and Fi (t) satisfy:
y(x, t) =

∞
X
i=1

Φi (x)qi (t) =

∞
X
i=1

Yi (x)Fi (t)

with

Φi (x) =

Yi (x)
.
kYi (x)k

(A.22)

With a model truncation, equation (A.21) and (A.22) can be reformulated as the
following LPV state-space model:
(
η̇(t)
= Am η(t) + Bm (xa )û,
(A.23)
y(xs , t) = Cm (xs )η(t).
The state vector η is defined by η := [q1 , q2 , · · · , qn , q̇1 , q̇2 , · · · , q̇n ]T . Here, the
parameter xa and xs denote the actuation and observation nodes respectively. The
model in (A.23) can indeed be configured to become an LPV flexible motion system,
e.g. by having xs = α(t).
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