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Chapter 1
Introduction
1.1

Introduction

Free Electron Lasers (FELs) are coherent and powerful lasers, continuously tunable
in wavelength. Their principle lies in the interaction of light with a relativistic electron
(or positron∗ ) beam that travels through the permanent and periodical magnetic field
of an undulator.
Based on the work of Motz† [1] and Phillips [2], Madey proposed a device at Stanford
in 1971 [3], analogous to the ’ubitron’ invented by Phillips‡ . He named it ’free electron
laser’ to distinguish it from atomic lasers in which the electron is bound in an atom.
From the general concept, several free electron laser configurations have been developed: the first one, which has been demonstrated in 1976 by Madey and his team
[4], consists of using relativistic electrons as an amplifier of a laser pulse. The second configuration is the ’oscillator’ configuration: while traversing the undulator the
relativistic electrons have a periodic trajectory in the transverse plane, and they emit
electromagnetic radiation (Bremsstrahlung), called synchrotron radiation, which is the
spontaneous emission of the free electron laser. The synchrotron radiation spectrum is
composed of light at a fundamental wavelength, at a wavelength called the undulator
resonant wavelength, and of the higher harmonics of resonant wavelength. Once stored
in an optical cavity, the spontaneous emission may interact with relativistic electrons
traversing periodically the undulator in the cavity. The successive interaction leads to
the amplification of the spontaneous emission. An FEL based on this configuration was
demonstrated for the first time by Madey in 1977 [5]. The amplifier configuration can
be used for ’harmonic generation’ [6]: an external laser or an FEL in an oscillator configuration interacts with electron bunches; this interaction provides energy modulation,
and the energy modulation leads to a micro-bunching of the electron bunches at the
resonant wavelength; once micro-bunched the electrons can then amplify coherently
the harmonics of the resonant wavelength. A following free electron laser configuration
∗

In this thesis we discuss the case of electrons only, positrons have the same properties with regard
to the FEL.
†
Motz proposed that a periodic magnetic structure, which he termed an ”undulator”, could be
used to generate quasi-monochromatic electromagnetic radiation from microwaves up to hard X-rays
using electron beams with energies in the 1 MeV to 1 GeV range.
‡
Phillips in 1957 invented a device called ’ubitron’ which uses an undulator and a low energy
electron beam to achieve amplification of microwave radiation.
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is known as the Self Amplified Spontaneous Emission system (SASE): the electrons
cross a long undulator and amplify their own radiation. The interaction between the
synchrotron radiation and the electrons is sufficiently strong that saturation occurs in
one pass at the end of the undulator. This has been proposed by Dattoli [7], Pelligrini
[8] and Kim [9]. The first SASE FEL was demonstrated at Brookhaven [10]. Nowadays
several groups in the world operate a SASE FEL [11]-[12]-[13]-[14]-[15]-[16].
The accelerators used to provide relativistic electrons for the FEL are generally linear
accelerators (Linac), giving a Linac based FEL, or storage rings, giving a storage ring
FEL (SRFEL).
The fundamental resonant wavelength of the spontaneous emission is in the case of a
planar undulator:
¶
µ
K2
λu
,
(1.1)
λr = 2 1 +
2γ0
2
where λu is the period length of the undulator, γ0 is the Lorentz factor of the relativistic
u λu
electrons, K = eB
is the undulator strength, with Bu the maximum amplitude of
2πme c
the periodical magnetic field in the undulator, me the electron rest mass, e the electron
charge, and c the speed of light in vacuum. According to expression (1.1) the FEL is
continuously tunable, by varying the electron energy, the undulator period length or
the amplitude of the undulator magnetic field. In practice the electron energy is set to
a value given by the linear accelerator or the storage ring and can be tuned to different
values, the period length of the undulator is fixed, and the spectral tuning is obtained
mainly by varying B0 and then K.
The electron energy in a Linac varies between several tens of MeV and a few GeV,
with the length of the linac varying between several meters, like FELIX [17] (The
Netherlands) or CLIO [18] (France), to a few kilometers, like the proposed linac for the
SASE FEL of the TESLA test facility [15] (Germany). In storage rings the electron
energy is usually in the GeV range. At Super ACO the electron energy for the FEL is
0.8 Gev, and at ELETTRA 0.9 and 1.5 GeV. For an undulator with λu = 10 cm, and
K betwwen 1 and 5, the electron energy of 10 MeV, the resonant wavelength is in the
range from 195 to 1760 µm, and with an energy of 1 GeV, the wavelength lies in the
range from 19 to 176 nm.
Figure (1.1) presents the scheme of an FEL in the oscillator configuration. Relativistic
electron bunches traverse periodically the undulator in the optical cavity, and emit
spontaneous emission. The pulse interacts with the subsequent electron bunches and
is amplified. The laser starts up and, as the intensity increases in the optical cavity,
the maximum micro-bunching is reached at a shorter distance in the undulator, and
the induced energy spread to the electrons is more and more important. When the
energy spread is too large the gain decreases rapidly to the saturation level.
According to the Madey theorem [4], the gain, in the approximation of a small gain and
small signal, is proportional to the derivative of the spontaneous emission spectrum,
and is given by:
G∝

∂
(sinc (2πNu ν))2 ,
∂ν

(1.2)

with the function sinc(x) = sin(x)
, and Nu the number of undulator periods, ν the
x
r
. The number of eigenmodes of the optical
spectral detuning given by ν = 2π Nu λ−λ
λr

1.1 Introduction
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undulator

synchrotron radiation
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back mirror

λu
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Figure 1.1: Scheme of an FEL in the oscillator configuration: the relativistic electron bunch traverses the permanent periodical magnetic field of the undulator in the
laser optical cavity and emits synchrotron radiation, which is the spontaneous emission of the laser. The successive interaction with the light pulse and the traversing
electron bunches leads to the laser amplification. The saturation of the laser, due to
the intra-cavity intensity of the laser, occurs when the electron bunch energy spread is
so degraded that the gain reaches the level of the cavity loss.
cavity that can be amplified can be calculated by the convolution of the gain expression
with the infinite set of eigenmodes (represented by the Dirac comb distribution) and
subtracting the cavity loss (η) (figure 1.2). As an example, one can consider the 18 m
long cavity of the Super ACO FEL: the spectral free interval between the eigenmodes
is given by νq = q Lcc , which give for Super ACO νq ≈ 16.66 q MHz (Lc being the cav∞
X
ity length). The eigenmode set is given by f (ν) =
δ(ν − νq ) (with δ the Dirac
q=−∞

functional). With the resonant wavelength λr = 300 nm, and the number of undulator
ν
periods Nu = 50, the spectral width ∆ν ≈ 2 N
is of the order of 1013 . The number
u
of eigenmodes that can be amplified is then of the order of 104 . Compared to the
spectral width of the spontaneous emission the laser spectral width is much smaller.
In addition most of the amplified modes are in phase: the periodic structure of the
electron beam provides a kind of mode locking, therefore the pulse duration tends to
a minimum. The laser pulse duration (σLas ≤ 10 ps) is then much shorter than the
synchrotron radiation pulse (typically one order of magnitude). As a further example
the spectral resolution, ∆λ
, with ∆λ the spectral width at the laser wavelength λ, is
λ
around 3 10−4 at the storage ring Super ACO. This value is between the Fourier limit§
and the spectral width of the synchrotron radiation pulse. The laser pulse here is naturally synchronized with the synchrotron light pulse (from a bending magnet), which
has a large broadband continuous spectrum.
The characteristics of the SRFELs, short pulses in the UV-VUV range and high spectral
resolution, tunability and high repetition rate (MHz), are interesting tools for UV-VUV
spectroscopy [19] as well as micro-spectroscopy [20]. Moreover they are unique for time
3 2
2
resolved multi-photon spectroscopy [21]-[22]-[23]-[24]. The gain scales as Nu λγu3 K (see
chapter 2). For short wavelength a high electron energy is needed. A sufficient gain
is needed for the lasing condition, e.g. a gain larger than the total cavity loss. This
gives some problems: the undulator length Lund = Nu λu is limited by the storage ring
§

The Fourier Limit is given by the following expression: σLas

∆λ
=1
λ2
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Figure 1.2: Madey gain curve, G (ν). The eigenmodes of the optical cavity are
represented schematically by the Dirac comb distribution, separated by the free spectral
interval of the cavity, νq . The cavity loss, η, gives the level above which the gain is
effective.
straight section so that in general the gain in the UV-VUV domain is rather small.
Consequently drastic requirements on the mirrors are needed [25]. In order to optimize the transmission through the mirrors and extract the maximum power, a very
low absorption, less or much less than 1 %, is required. The mirrors are exposed to
spontaneous emission which has a broadband spectrum covering the range from the
fundamental wavelength, λr , to higher harmonics in the X-ray domain, with up to 1016
photons s−1 mm−2 rad−2 . In planar undulators this hard radiation causes heating of
the mirrors and more important damage than in helical undulators, which has been
observed first at UVSOR [26], so that their absorption in the UV-VUV increases [27].
These facts motivated studies for VUV optics [28], for the development of new diagnostics to analyze and understand the damage and for providing higher performing
mirrors [29]-[30].
User applications require a stable and generally a powerful laser. In order to achieve
this, stability of the optical cavity is needed, as well as a stable electron beam. A perfect isolation of the optical cavity from any mechanical or acoustical vibration, from
heating, etc. is in general sufficient to stabilize the optical cavity. A stable electron
beam for the operation of the FEL is then an issue, which can be reached by a deep
understanding of the dynamics. A model in confrontation to experiments may provide
enough knowledge to control the beam behavior.
The electrons are stored in a ring so that the same electrons interact at each passage
in the optical cavity with the laser pulse. The FEL interaction leads to electron enhancement of the energy spread, which causes the stored relativistic electron bunch

1.2 State of the art
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in the ring to lengthen. The laser gain is strongly dependent on the electron bunch
quality, which is degraded by the laser intensity. Due to the fact that the electrons
are not refreshed at each passage, as in a Linac based FEL, there is a strong nonlinear coupling between the electrons and the laser dynamics. The coupled dynamics
is highly non-linear and sufficiently complex in itself that providing a good model is
already challenging. Moreover a model that is able to describe the coupled dynamics
in quantitative agrement with measurements also needs to take into account the instabilities that may occur in the electron bunch and in the laser pulse. Instabilities in
the electron beam are most damageable to the laser operation, they induce jittering in
position and in the spectrum [31], while they also induce intensity fluctuations.
The most observed longitudinal instability in storage rings is the so-called microwave
instability [32]. This instability may be considered as the main longitudinal instability,
which may degrade the electron beam quality so that the laser performance is affected.
Taking into account the microwave instability, as it will be presented in this thesis,
leads to a relatively good agreement between theoretical and experimental results on
the laser dynamics. It gives a clearer picture of the complex dynamics, in particular
the description of competition between the laser and the beam instabilities [33]-[34].
Moreover it gives the possibility to optimize the laser performance. In addition it shows
that the laser is able to damp the instabilities. If it can not damp them then feedback
systems [35]-[36] are necessary to stabilize the electron beam and consequently the
laser.

1.2

State of the art

The first storage ring free electron laser operating in an oscillator configuration was
on the e+ − e− collider ring ACO, in Orsay (France) in 1983 [37]. This storage ring
was used at that time as a synchrotron light source. The wavelength of the emission
was in the visible range. The second storage ring free electron laser was at VEPP3 in
Novosibirsk in 1988 [38].
Since the first FEL photons at ACO [37] considerable efforts have been made to make
SRFELs suitable sources for applications. The first application of the FEL was demonstrated at Super ACO in 1993 [19]. Then the development of UV-VUV mirrors allowed
the SRFEL to reach smaller wavelengths, in particular the smallest wavelength has been
reached recently at ELETTRA with 189 nm [39] and and was 193 nm at DUKE [40].
Development and improvement of optical klystrons provided higher gain, and smaller
spectral bandwidth, ∆λ
, was achieved, down to 10−6 at 350 nm at VEPP 3 [41] using
λ
a Fabry-Perot in the optical cavity. Harmonic generation was demonstrated for the
first time at Super ACO, providing an amplified pulse at 105 nm [6], and due to the
development of this technique combined with the improvement of the beam emittance
of storage rings, the FEL group at DUKE achieved recently harmonic generation at
80 nm. The performance of SRFELs makes them an interesting light source for applications. To dedicate more time for applications with these sources, the stability of
the electron beam remains an issue, as it is observed at ELETTRA and DUKE. At
the moment six SRFEL operate worldwide in the UV-VUV range: the Super ACO
FEL (France), the ELETTRA (Italy), and FELICITA 1 (DELTA FEL, Germany), in
Europe; the UVSOR FEL and the NIJI IV in Japan; the DUKE FEL in the United
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Table 1.1: SRFELs in the world and their characteristics
SRFEL
Super ACO ELETTRA Duke
UVSOR
Location
France
Italy
North Car- Japan
olina (USA)
Energy (GeV)
0.8
0.9-1.5
1.2
0.75
Spectral range (nm)
450-300
350-189
730-193
700-238
Average power (W)
0.3
0.6
3 10−3
1.2
@ wavelength (nm)
350
250
193
570
repetition rate (MHz) 8.3
4.6
11.1
11.2
pulse duration (ps)
7
3
3
7
Spectral
resolution 3
3
2
3
−4
(10 )
User Facility
yes
yes
yes
yes

NIJI IV
Japan
1.5
750-211
20.2
5
3
no

States. Table (1.1) presents the main characteristics of these modern SRFELs.

1.3

Scope and outline of the thesis

Methodology
A storage ring free electron laser is a non-linear dynamical system. For investigating it, different approaches can be followed. First an experimental study is necessary
to characterize the laser and its dynamics. Understanding and controlling the laser
requires further experimental and theoretical study. In this thesis the goal is to develop a dynamical model for the interaction between the laser and the electron bunch,
taking into account the microwave instability, and compare the results with the measurements.
When analytical modelling of the dynamical system can not be done, i.e. when the
results of the modelling do not lead to an analytical expression that can be evaluated,
which is often the case with non-linear systems, one has to rely on numerical simulations. In this thesis, the behavior of the SRFEL will be studied both theoretically,
numerically, and experimentally.

Scope of the thesis
This thesis work, carried out mostly at the Technische Universiteit Eindhoven and
at the L.U.R.E. laboratory of Université Paris Sud, is also part of the activities of a European network titled ”Towards a storage ring free electron laser at 200 nm”, which was
funded 4 year ago. In particular the thesis work benefited from a close collaboration
with the theoretician group of E.N.E.A Frascati leaded by G. Dattoli. Measurements
at ELETTRA have been performed with the FEL group of ELETTRA leaded by R.
walker. The main network objective was to acquire the knowledge necessary to operate SRFELs at 200 nm or below. To this end special studies have been devoted to
the optics of the FEL, i.e. to the performance of the mirrors, and to the control of

1.3 Scope and outline of the thesis
the SRFEL dynamics, both being crucial for the SRFEL operation. At the same time
developments of SRFELs as a light source, as well as of the applications like two-colors
time-resolved spectroscopy were carried out. Concerning the SRFEL dynamics it was
observed that although the theory and simulation codes explained many important
features of the SRFEL dynamics, a satisfactory knowledge of the behavior of this system in real experimental conditions was still missing. In particular the investigation
and the modelling of the instabilities in the electron beam due to their interaction with
nearby media, the most important instability being the microwave instability, had to
be done in a more extensive way.
The aim of the thesis is to increase the knowledge on the SRFEL dynamics in presence
of instabilities such as the microwave instability, in order to predict the SRFEL behavior. We implemented a numerical code, 1-dimensional¶ as a first step, to understand
and predict the behavior of the SRFEL in the presence of the microwave instability.
The simulations have been validated through the comparison with experiments. An
experimental study has been carried out at Super ACO and at ELETTRA in order to
understand the dynamics from an experimental point of view, and further to provide
the system data required for comparison with the simulation results. The foundation of the theory of SRFELs has been mainly developed in Europe, in particular by
Dattoli and Renieri [42]-[43] at E.N.E.A. Frascati (Italy), and we have based all our
theoretical approaches on the theory developed there. In Japan, the models developed
are based mostly on a phenomenological approach [44]: essentially a heuristic model
based on the Sands equations [45], where a phenomenological model of the interaction
of electrons with the vacuum chamber has been included; an interesting model has
also been developed by Hara during his PhD thesis at Orsay [46], which focuses on
the spectral multi-mode analysis. The group in Orsay has also developed heuristic
models providing breakthrough in the understanding of the dynamics, in particular in
the saturation of an SRFEL [47]. In DUKE, the model used to predict the SRFEL
dynamics is a 3-dimensional code developed by Litvinenko [48], which is based on a
model developed at Novosibirsk (Russia), solving the Fokker-Planck equations coupled
with the 3-dimensional propagation equations of the laser.
We based our theoretical approach on the work of Dattoli and Renieri because we
think that it combines the intuitive approach and the understanding from the heuristics model, with the rigorous approach of self-consistent theory.
The results we obtained so far have increased the level of knowledge of the SRFEL
dynamics. Experiments and simulations have shown the importance of the microwave
instability and how crucial it is to take that instability into account in the SRFEL
dynamics. Relatively good agreement between simulations and experiments has been
found. This allows to make predictions on the current range where to operate the laser,
at what power, wavelength range and pulse duration, which is essential for user applications. The experimental study invited us to develop partly the theory concerning the
instabilities of the electron beam and in particular to solve analytically the Haissinski
equation for a purely inductive impedance of the storage ring vacuum chamber. The
¶
The dimensionality of the code is defined by the spatial dimension: a code simulating the behavior
of the laser pulse along the propagation axis is called 1-dimensional. If the same code simulates the
behavior of the laser pulse along the propagation axis and in the transverse axis, assuming cylindrical
symmetry, then the code is called 2-dimensional, etc. A code simulating the evolution of the laser
intensity only is called 0-dimensional.
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Super ACO FEL and ELETTRA FEL have an optical klystronk in the optical cavity
instead of an undulator, and the modelling of the laser dynamics is developed in this
thesis for both the undulator and the optical klystron cases.

Outline of the thesis
A first introduction to the FEL physics describing the main properties of the laser
will be presented in chapter 2. To study the behavior of the laser, it is important to
characterize the dynamics of the electrons in the ring, in particular in presence of the
microwave instability, which is observed in all storage rings. The study of the beam
dynamics in presence of the microwave instability is shown in chapter 3. In a second
part of chapter 3 we treat the behavior of the whole system, i.e. the laser coupled
with the electron beam. We present a numerical code, describing the behavior of the
system, and we use it to investigate the behavior of existing SRFELs, like the FEL at
Super ACO or at ELETTRA. This code has been implemented using a one-dimensional
model, where three differential equations accounting for the laser complex electric field,
for the electron beam energy spread and for the microwave instability, are integrated. In
parallel, experimental characterization of SRFELs has been performed at Super ACO
as well as at ELETTRA, and the experimental behavior of these two representative
systems is given in chapters 4 and 5. Diagnostics on the beam and the laser have been
used to investigate the interaction between the laser and the electron beam. Finally, in
chapter 5 a comparison between the numerical results and the measurements is done,
showing the importance of modelling the instabilities of the beam and their effect on
the laser dynamics.
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[19] M. E. Couprie, F. Mérola, P. Tauc, D. Garzella, A. Delboulbé, T. Hara, and
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Chapter 2
SRFEL basic theory
2.1

introduction

A storage ring free electron laser (SRFEL) in an oscillator configuration makes use
of relativistic electron bunches circulating in the storage ring, and an undulator, in an
optical cavity, traversed by the electron bunches at each turn (figure (2.1)). The undulator, which creates a periodic and permanent magnetic field, provides spontaneous
emission (radiation emitted by the electron while traversing the undulator, the so-called
synchrotron radiation). The interaction of relativistic electrons in the undulator with a
light pulse leads to the laser gain. The first demonstration of an operating free electron
laser was made by Madey [1] in 1977. The second operating free electron laser in the
world was on a storage ring in 1983 at ACO∗ [2]. An SRFEL is a coupled system composed of an electron bunch circulating in a ring and a (free electron) laser oscillating
in a cavity. The electron behaviour in the ring is fundamental to determine the laser
dynamics. In this introductory chapter to the SRFEL dynamics we present first the
electron beam dynamics in the ring. In the second part we present the free electron
laser principle, calculating the spontaneous emission from which the laser starts, and
then the laser gain. Once the gain is known, it is possible to build a simple model,
based on a general laser equation coupled with an equation accounting for the electron
beam energy spread, from which most of the dynamics can be retrieved.

e-bunch

Storage Ring

Undulator

Laser pulse
Optical cavity

Figure 2.1: Scheme of a storage ring free electron laser.
∗

’Anneau de COllision’, collider storage ring in Orsay, which has been shut down in 1988.
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2.2

Stored electron beam in a ring

In storage rings the lattice describes the guiding magnetic field for the particles
and defines a closed path. The guiding field is provided by a series of bending magnets
and magnetic lenses (quadrupoles), which guide and focus the particles respectively.
Figure (2.2) presents schematically a storage ring. The focussing by the lenses causes
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Figure 2.2: Scheme of a storage ring. B.M. bending magnet, F.E. focusing element,
RF, RF cavity, e-bunch: electron bunch. The trajectory of a sample electron undergoing betatron oscillation is represented by the dashed line.
the electrons to oscillate in a lateral plane (vertical and radial) around the ideal orbit.
This transverse oscillation is called the betatron motion. Along the path electrons
bend in bending magnet or in insertion devices like undulators, and emit synchrotron
radiation and loose a certain amount of energy. The synchrotron radiation has been
used since the 60’s as a light source for a large field of scientific applications [3]. To
store the electron in the lattice the energy loss in one turn is compensated by the
corresponding gain from the electric field of a radio-frequency (RF) cavity. The periodic
RF field collects electrons into bunches circulating in the ring. The energy loss from
synchrotron radiation together with the energy recovery from the RF field cause the
electrons to oscillate in energy and in position around a reference particle, which has
the nominal energy for the given lattice and is in phase with the RF field. This particle
is called the synchronous particle, and the longitudinal oscillation is the synchrotron
oscillation. The energy oscillations are damped with a typical time, τs , depending on
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the RF field and the electron energy, which is called the synchrotron damping time.
The closed path is determined by the bending magnets (dipole magnets) providing a
region where the magnetic field is constant. When electrons enter a bending magnet,
→
−
→
−
−
they undergo the Lorentz force F = e→
ve × B and follow a circular trajectory. Their
radius of curvature is given by:
E0
ρ0 =
,
(2.1)
ecB
→
−
with e the electron charge, ve the electron velocity, B = B ŷ the magnetic field of the
bending magnet, E0 the nominal electron energy, c the speed of light in vacuum. The
field of the magnet is adapted to the electron energy.
Figure (2.3) presents the coordinate system used to describe the electron dynamics in
the ring.

y

orbit

s
electron

x

Figure 2.3: Coordinate system in the storage ring.
While being bent the electrons emit synchrotron radiation and loose energy. The total
amount of energy lost by an electron in one turn is given by [4]:
U0 =

Cγ E04
,
ρ0

(2.2)

4π r
' 8.858 10−5 [mGeV −3 ], r the classical electron radius and me
3 (me c2 )3
the electron rest mass.
Due to the energy variation (² = E −E0 ) the electrons have a different period (T0 +δT0 )
and as a consequence they undergo an orbit length variation (L + δL). This can be
expressed as follows [4] :
δT0
²
δL
= αc .
=
(2.3)
T0
L
E0

with Cγ =

where αc is the momentum compaction factor, given by
Z
1
ηx (s) ds
αc =
ρ0 L L

(2.4)

with ηx (s) the dispersion function of the lattice [4], which gives the horizontal displacement of the particle as a function of the energy at the coordinate s. The values
defined here can be seen for Super ACO and ELETTRA in table (2.1).
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2.2.1

Electron beam energy spread

Electromagnetic radiation is a quantum process and the radiated electromagnetic
field can be quantified. Each time a quantum is emitted the energy of the electron
makes a small discontinuous jump. The discontinuous change in energy from the
quantum emission perturbs the electron trajectory. The cumulative effect of many
such perturbations leads to a ”noise” in the energy oscillation, which contributes on
average to increase the standard deviation of the electron energy distribution, the
energy spread. To evaluate the energy spread one may consider that the electrons in
the ring emit randomly and the number of photons emitted by electrons is a value
distributed with a Poisson distribution. The average relative energy spread, also called
the natural relative energy spread, σ²,0 , taking into account only the ’noise’ from the
quantum emission, is given by the mean of the number of quanta emitted in one energy
damping time τs [4], which is:
p
σ²,0 ≈ E0 uc ,
(2.5)
with uc the critical photon energy. It is defined as the energy at which the radiated
power in a bending magnet is divided in two equal parts:
3 h c γ3
uc =
.
4π ρ0

(2.6)

Here γ is the Lorentz factor of the electrons. The energy spread is approximately the
geometric mean between the nominal energy and the critical photon energy.
A more accurate expression, taking into account the geometrical properties of the
guiding magnetic field, can be obtained using the following formula [4]:
2
σ²,0
=

Cq < G 3 > γ 2
.
J² < G 2 >

(2.7)

55 ~
√
≈ 8.84 10−13 [m] is a quantum constant. This expression is more diffi32 3 me c
cult to evaluate since it requires to perform the integrations:
I
ds
n
< G >= G (s)n ,
(2.8)
L

Cq =

where G (s) = 1/R (s) is called the curvature function, R being the radius of the
trajectory at the coordinate s, and is defined by the guiding magnetic field of the
lattice along the orbit path; the energy partition number J² = 2 + D, where D is a
small number compared to 1 and is defined also by the lattice.
For the Super ACO lattice for example the energy spread is given by the approximated
expression:
σ²,0 =

Cq γ 2
,
ρ0 + α c R

(2.9)

with R the average radius of the ring.
The energy spread of Super ACO and ELETTRA storage rings are given in table (2.1).
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Longitudinal synchrotron motion

Previously we have seen that the electron energy oscillates due to synchrotron radiation and the energy recovery from the RF cavity. The energy oscillation is described
by a differential equation, which will be given below.
The synchronous electron has a constant phase with respect to the RF field and receives
an energy U (t) equal to the energy loss in one turn U0 :
U0 = eV̂RF sin (ϕs ) ,
(2.10)
ˆ is the RF cavity voltage. The energy
where ϕs is the synchronous phase, and VRF
variation during one turn is:
∆² = eV̂RF sin (2πνRF τ + ϕs ) − U (²),

(2.11)

with νRF the RF field frequency, τ the relative position of the electron with respect
to the synchronous electron, and U (²) the energy loss of the particle in one turn. For
small energy variation is it possible to linearize this expression as follows:
¶
µ
dU
∆² ≈ eV̂RF sin (ϕs ) + eV̂RF 2πνRF cos (ϕs ) τ − U0 + ²
.
(2.12)
dE
This expression can be simplified and written as a differential equation:
d²
2πeV̂RF cos (ϕs )
1 dU
=
τ−
².
dt
T0
T0 dE

(2.13)

This equation can be coupled with a differential equation for the electron position
which is derived from equation 2.3
αc
dτ
= − ².
(2.14)
dt
E0
The coupled equations can be simplified by differentiating the equation (2.14) and
replacing the right hand side of equation 2.13:
d2 τ
1 dU dτ
eV 2πνRF cos (ϕs ) αc
−
+
τ = 0.
(2.15)
2
dt
T0 dE dt
E 0 T0
This equation is a second-order differential equation, of which the solution is a damped
oscillating function:
τ (t) = Ae−2αs t cos (Ωs t + ϕ),

(2.16)

eV 2πνRF cos (ϕs ) αc
is the square of the radial synchrotron frequency, and
E 0 T0
1 dU
1
E 0 T0
αs =
. The synchrotron damping time is τs =
≈
.
2T0 dE
αs
U0
The electrons oscillate incoherently in position and energy around the synchronous
Ωs
electron with the oscillation frequency νs =
. Their oscillations are damped with
2π
the characteristic time τs , and excited by the quantum emission. The electrons are not
static in the bunch, and the electron bunch is characterized by a Gaussian distribution
where Ω2s =
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in position and momentum given by the average amplitude oscillations. The standard
deviation of the distribution is the r.m.s bunch length and is derived from equation 2.3
[4]:
στ,0 =

αc
σ²,0 ,
Ωs

(2.17)

where στ,0 accounts for the natural bunch length (στ being the bunch length), and σ²,0
for the natural relative energy spread (σ² being the relative energy spread).
The RF system is also characterized by its energy acceptance, ²RF , which is defined
as the maximum energy deviation that an electron can have without being lost. For
an RF system consisting of only one RF cavity, an analytical expression of the energy
acceptance can be derived from relation 2.11 [4]:
s
µ
µ ¶¶
2 U0 E0 p 2
1
²RF =
q − 1 − arccos
,
(2.18)
παc kh
q
with kh = νRF T0 , the ratio between the RF frequency and the electron frequency
e VRF
revolution in the ring, and with q defined as q =
.
U0

2.2.3

Transverse betatron motion

The movement of the electrons in the transverse plane is essentially due to the magnetic focussing from the quadrupole and dipole magnets of the lattice. The dispersion
function, ηx (s), describes the radial difference x between an electron of relative energy
² and the synchronous electron:
x = ηx (s)

²
.
E0

(2.19)

The equations governing the transverse motion are [4]:
1 ²
ρ0 (s) E0
y” + Ky y = 0.

x” + Kx x =

(2.20)

The homogeneous equation describes the betatron motion in the transverse plane.
The functions Ki (i = x, y) are periodic functions depending on the magnetic focusing
properties of the lattice. The homogeneous solutions of equation 2.20 are the typical
pseudo-harmonic oscillator solutions given by:
p
x(s) = p ²x βx cos(φx (s) + φ0x )
(2.21)
y(s) = ²y βy cos(φy (s) + φ0y ).

The quantity ²i (i = x, y) is a constant and is called the emittance. Its meaning will
be given later. The functions βi are the betatron functions, they are uniquely defined
by the focusing properties of the magnetic lattice. The betatron phase φi (s) is defined
by the following relation [4]:
Z s
ds0
φi (s) =
,
(2.22)
0
0 βi (s )

2.2 Stored electron beam in a ring

21

and φ0i is the initial betatron phase.
The motion of the particles in phase space (i, i0 ) is bounded by an ellipse, of which
the area is the transverse emittance of the beam. The transverse emittance can be
calculated with the maximum transverse deviation (xmax (s), ymax (s)) multiplied by
0
(s) = dy
| , ymax
| ),
the maximum divergence (x0max (s) = dx
ds max
ds max
²i = imax i0max .
(2.23)
p2
The total transverse emittance, defined as ²tot = ²x + ²2y , is a fundamental parameter
for a storage ring, which characterizes the transverse quality of the electron beam and
as a consequence the quality of the synchrotron radiation source. The emittance is also
an important parameter, especially for short wavelength operation.
As for the longitudinal motion, the transverse motion of the electrons in the ring is
an oscillating motion around the synchronous electron. The standard deviation of the
oscillation amplitude distribution represents the beam transverse size. It is given by
the following relation, considering that the focussing effect is not correlated with the
synchrotron radiation effect so that the two effects contribute quadratically to the beam
transverse size:
p
σx = p²x βx + ηx2 σ²2
(2.24)
σy = ² y β y .

2.2.4

Electron beam life time

Interactions of the electrons with each other or with the environment can contribute
to deflect them out of their orbit so that they are lost for the bunch. As a result the
lifetime of the beam is limited. Mainly three fundamental interactions may contribute
to the beam lifetime [5] and have to be considered:
- the scattering on the residual gas of the vacuum chamber: the electrons scatter on
molecules of the residual gas in the vacuum chamber. The interactions between
relativistic electrons and residual gas molecules consist of two main mechanisms:
Rutherford scattering (elastic collision) and Bremsstrahlung scattering (inelastic
collision). In storage rings, due to the high energy of electron, the main contribution to the lifetime is the elastic scattering. In order to lower the probability
of this interaction, an ultra high vacuum (10−11 mbar) is necessary.
- quantum lifetime: quantum radiation can give a too large oscillation amplitude to
the electrons so that they hit with the wall of the vacuum chamber. In particular,
considering the electron phase space distribution as Gaussian, the far tail of the
distribution will be truncated by the longitudinal and transverse acceptance of
the storage ring. The quantum lifetime is expressed by:
τquantum = τs (2ξ)−1 eξ ,

(2.25)

A2
and A is the transverse acceptance or the energy acceptance of
2σ 2
the RF cavity, and σ is respectively the root mean square (r.m.s) transverse emitwhere ξ =
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tance or the energy spread, for the transverse and longitudinal cases respectively.
Generally, in electron storage rings the quantum lifetime is considered infinite.
- intra-beam scattering, the so-called Touschek effect [6]: Electrons scattering on
each other in the bunch can induce a larger energy deviation than the energy
acceptance of the RF system, causing the loss of the scattered electrons. The
Touschek lifetime, considering a bunch of Ne electrons with the dimensions σx,z,s
at the energy E0 is given by:
τT =

8πσx σz σs γ 2 ²3RF
Ne cre2 D (ζ)

(2.26)

with
µ
¶
Z ∞
Z
p
e−u
3 −ζ ζ ∞ ln(u)e−u 1
D (ζ) = ζ − e +
du
du
+ (3ζ − ζ ln ζ2)
2
2 ζ
u
2
u
ζ
µ
¶2
²RF βx
ζ=
,
γσx
(2.27)
where D is a universal function, and re the classical radius of the electron.
The Touschek lifetime is an important factor for electron storage rings because it
is inversely proportional to the electron density. Therefore it is a limiting factor
to the current that can be stored in the ring.
In summary for electron storage rings the Touschek lifetime is the main contribution to
the beam lifetime. It is dependent on the square of the electron energy, so that storage
rings operating at ultra-relativistic energy (GeV) have nowadays a beam lifetime of few
tens of hours. An FEL interacting with the beam induces energy spreading and bunch
lengthening, so that it increases also the beam lifetime, as will be explained later.

2.2.5

Static electrons distributions and wake fields

The general behavior of the electrons stored in a ring has been described in the
previous subsections. We have seen that the electrons oscillate in the transverse and
longitudinal planes, the oscillations are damped but the quantum nature of the synchrotron radiation leads to an excitation of the oscillations. The standard deviations
of the transverse and longitudinal oscillation distributions give the dimensions of the
bunches circulating in the ring. The distributions are Gaussian since we considered
statistical effects due to the quantum energy fluctuations. An important effect, which
perturbs the electron dynamics, is the interaction of electrons with the electromagnetic
field generated by the moving relativistic electrons and reflected by the wall of the vacuum chamber. This field can interact with the same electron bunch that has generated
it or with the next one. This electromagnetic field is called the wakefield and is the
source of instabilities to the electron beam. The instabilities can be damped and the
beam will be perturbed, or it is not damped and the beam will be lost. A damageable
instability to the beam, in the longitudinal plane, is the microwave instability, which is
due to the wakefield in the micrometer wavelength range. The effect of the microwave
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instability will be discussed in chapter 3. When the instability is damped, the perturbation due to the wakefield modifies the electron bunch characteristics. The wakefield
introduces a distortion of the static Gaussian distribution in the longitudinal plane,
which results in an increase of the bunch length. The bunch lengthening due to the
distortion is given by the solutions of the Haissinski equation [7], which describes the
static electron bunch longitudinal distribution (chapter 3).
The bunch lengthening for example contributes to reduce the level of the laser gain,
and then to change the laser dynamics.
Table 2.1: ELETTRA and Super-ACO parameters for FEL operation.
ELETTRA Super ACO
Nominal energy (GeV)
E0
1
0.8
Number of electron bunches
4
2
Period (ring) (ns)
T0
864
240
Magnetic radius of curvature (m)
ρ0
5.56
1.5
Momentum compaction factor
αc
0.00161
0.0148
Energy radiated in one turn [keV]
U0
16
21
Critical energy [eV]
uc
400
670
Synchrotron damping time (ms)
τs
65
8.5
−4
Natural r.m.s energy spread (10 ) σ²,0
3.97
5.45
Natural r.m.s bunch length (ps)
στ
6.28
86
Synchrotron frequency (kHz)
fs
16.1
14.5
Period (optical cavity) (ns)
Tc
216
120
Small signal gain
g0
0.35
0.025
Cavity loss
η
0.06
0.005-0.01
Undulator period number
Nu
20
10
Dispersive section number
Nd
80
100
Undulator strength (max.)
K
5.85
5.75
Laser wavelength (nm)
λLas
189
300

2.3

The FEL basics

In this section the principle of the free electron laser mechanism is described. First,
by investigating the electron trajectory in an undulator, the spontaneous emission of
the laser, which is the synchrotron radiation, is calculated. In addition, it is possible
to calculate the energy exchange between one electron and a propagating plane wave
in the undulator, leading to the evaluation of the amplification of the laser. Finally
after evaluating the gain of the laser, and the effect of the laser on the electron during
the interaction, we are able to build up a simple analytical model of the free electron
laser dynamics, the FEL pendulum equation.

2.3.1

Electron trajectory in an undulator

An undulator is a device in which a permanent periodic magnetic field is created.
Two kinds of undulators can be considered: the helical and the planar undulator. An
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electron traversing a helical undulator undergoes an helical path, and in a planar undulator, the movement is a sinusoidal motion in one plane.
The magnetic field in a planar undulator, considering a perfect sinusoidal in the interaction region, is expressed as:
~ = Bu cos (ku z) ŷ,
B

(2.28)

with λu = 2π
the undulator period. The coordinate system here is the cartesian
ku
coordinate frame (x̂, ŷ, ẑ), describing the horizontal, vertical, and longitudinal axis
respectively (the longitudinal axis being the undulator axis). The Lorentz force exerted
on the electron leads to the motion:
dγme β~
~
= eβ~ × B,
dt

(2.29)

with β~ = v~ce the speed of the electron divided by the speed of light.
In the approximation of an ultra-relativistic electron, βz ≈ 1, so that one can write:
 eB
u
βz cos (ku ct)
dβ~ 
 me γ
0
=
dt
 eBu
βx cos (ku ct)
−
me γ





.


(2.30)

This equation is immediately integrable, assuming βz ≈ 1 and βx ¿ 1, and βx2 + βz2 =
1 − γ12 :





~
β= s



K
sin (ku ct)
γ
0
1
K2
1 − 2 − 2 sin2 (ku ct)
γ
γ






,



(2.31)

eλu Bu
defined as the undulator strength parameter. Equation 2.31 can be
2πme c
integrated to find the motion of an electron traversing a planar undulator † :

with K =





~
X=



Kλu
cos (ku ct)
2πγ
µ
¶ 0
1
K2
K 2 λu
1 − 2 − 2 ct +
sin (2ku ct)
2γ
4γ
16πγ 2





.



(2.32)

The motion is in the horizontal plane with a sinusoidal motion with the radial frequency
2πc
in the horizontal direction and 2ω in the longitudinal direction.
ω=
λu
In the case of the helical undulator the motion is the same in the two perpendicular
†

the integration of βz can be done by considering the series development of

√

1 − x around x=0
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planes. One finds the trajectory:




~ =
X




Kλu
cos (ku ct)
2πγ
Kλu
sin (ku ct)
¶
µ 2πγ
K2
1
1 − 2 − 2 ct
2γ
2γ






.



(2.33)

The trajectory of electrons and their velocities during the traversing of the undulator
will be used in the coming subsection to calculate the synchrotron radiation in an
undulator.

2.3.2

Spontaneous emission

When traversing an undulator, relativistic electrons radiate. This radiation, called
synchrotron radiation, has the same nature as the Bremsstrahlung [8]. This radiation
is the spontaneous emission of the free electron laser.
The wavelength of the radiation emitted can be calculated by means of the Doppler
effect: the electron can be seen in the rest frame as an oscillating dipole in the transverse
plane and moving in the longitudinal direction (parallel to the undulator axis) at the
average speed < βz >. The undulator magnetic field can be seen in the electron
λu < β z >
rest frame as a virtual electromagnetic field with the wavelength
. In the
γ
laboratory frame, for an observation point at an angle θ from the undulator axis the
emitted wavelength is:
λu
λr = 2
2γ

µ

¶
K2
2 2
1+
+γ θ ,
2

(2.34)

where θ is the angle an observer (of the emitted light from the particles) has with the
propagation axis. The radiation for highly relativistic electrons is confined in a narrow
1
cone with angular aperture . The spectral power density per unit solid angle can be
γ
calculated from the Liénard-Wiechert [8] equation using the following expression:
Isp

d2 I
e2 ω 2
=
= 2 |
dωdΩ
4π c

Z

∞
−∞

³
´
n̂.~
r (t)
dt n̂ × n̂ × β~ eiω(t− c ) |2

(2.35)

In the case of a planar undulator with Nu magnetic periods, a period length λu and a
n̂.~r(t)
strength K, and using the velocity expression 2.31 and the retarded time t −
=
c
z(t)
t−
one finds the expression at infinity in the longitudinal direction [9]-[10]:
c
µ
¶2 ∞
d2 I
e2
KNu λu X A22p+1
Isp. (λ) =
|θ=0 = 2
sinc2 (δ2p+1 ),
(2.36)
2
dωdΩ
4π c
γ
λ
p=0
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where
An = J n+1 (ξn ) − J n−1 (ξn )
2
2
nK 2
ξn =
4 + 2K
¶
µ 2
λr
δn = πNu n −
λ

(2.37)

sin (x)
is the sinus cardinal function.
and the function sinc (x) =
x
In a planar undulator the power spectrum on axis of the spontaneous emission is
composed of an infinite sum of sinus cardinal squared centered at the odd harmonics of
the resonant wavelength λr (defined in (1.1)). The harmonic content in the spectrum
depends on the undulator strength. For small values, K ≤ 1 the spectrum is essentially
composed of the fundamental walvelength. The radiation is coherent. For K ≥ 1 the
spectrum is composed of the first odd harmonic, with a higher harmonic content with
higher values of K. The radiation is still coherent. In the case of K À 1 there are many
more harmonics in the spectrum and the undulator is called a wiggler. The radiation
is no longer coherent.
The polarization of the emitted radiation is essentially given by the undulator: linear
for a planar undulator and circular for a helical one.

2.3.3

Amplified emission

The amplification is the main process of the laser, and the gain is the most important parameter of the system. The interaction, taking place in the undulator between
the light and the electrons traversing the undulator, leads to an energy exchange to
the detriment of the kinetic energy of the electrons. The electron energy is modulated
during the interaction, and the energy loss or gain provides micro-bunching of the electrons at the resonant wavelength. When the electrons are micro-bunched, they emit
coherently at the resonant wavelength.
The energy exchange, studied by Madey in 1971 [11] can be calculated using the approximations that the electromagnetic field is a plane wave with a small amplitude
and the gain is small. The electron trajectories depend on the electromagnetic field
intensity along the undulator. The expression of the energy exchange is:
δγ = − e

Z

Lint

dtEw (t) v⊥ (t) ,

(2.38)

with Ew the electric field amplitude, v⊥ = β⊥ c the speed of the electron in the perpendicular plane to the wave propagation. It is not possible to express analytically the
transverse speed of electrons v⊥ as function of time along the interaction length Lint ,
but it can be done using a perturbation approach. The coupling between the wave and
the electrons has to be considered. The wave perturbs the transverse trajectory of the
electrons. One can make a development in a power series of the plane wave amplitude
Ew of the speed of the electrons:
v⊥ = v⊥,0 + v⊥,1 (Ew ) + v⊥,2 (Ew2 ) + ...

(2.39)

2.3 The FEL basics

27

and one can consider the energy exchange between one electron and the plane wave, at
each order of the series expansion. In first order, taking the expression of the horizontal
speed of the electrons traversing the planar undulator calculated in (2.30), the energy
exchange is
Z
e K Ew
dt sin(ku ct) sin(ωt − kc < βz > t + Φ),
(2.40)
δγ1 = −
γ
Lint
with < βz > the average longitudinal speed of the electron and Φ its relative phase with
ω
and k is its wave
respect to the plane wave. The plane wave has a frequency ν = 2π
number. The integral above is non-zero only for the condition ω = (ku + k) c which
corresponds to the resonance condition (2.34). An electron will gain or loose energy
depending on its phase Φ. Considering the electrons being distributed randomly, the
average energy exchange in first order is zero: < δγ1 >e ≡ 0.
The energy ”shift”, < δγ1 >e , may be zero, the energy ”spread” in first order, < δγ12 >e ,
is non-zero, as enounced by Madey in a first theorem [11], and it can be evaluated as:
< (δγ1 )2 >e =

2π 2
E 2 Isp. .
m2e cω 2 w

(2.41)

The average energy exchange between a plane wave and an electron bunch in an
undulator, can be expressed as the second Madey theorem [11], which is given by:
< δγ2 >e =

∂
< (δγ1 )2 >≡< δγ >e ,
2 ∂γ

(2.42)

where <>e means the average over all the electrons. The energy exchange, at the
second order < δγ2 >e , between a plane wave and an electron bunch in an undulator
is proportional to the derivative of the spontaneous emission. This is valid only in the
small signal gain regime. In the high gain regime (G À 0.3) higher order terms must
be taken into account. In the case of an undulator, the small signal gain, given by
2)
∆(Ew
e
= <δγ>
, can be expressed as [12]:
E2
E2
w

w

5

¢
4re π 4 Ne 2 3 2
∂ ¡
2
G (δ1 ) =
λ
N
K
F
(ξ)
F
sinc(δ
)
,
J
f
1
u
u
σx σy σz γ 3
∂δ1

where Ne is the number of electrons, δ1 is defined in 2.37
(
1
helical undulator,
FJ (ξ) =
2
(J1 (ξ) − J0 (ξ)) planar undulator.

(2.43)

(2.44)

K2
. The
4 + 2K 2
filling factor, Ff , takes into account the transverse overlapping between the laser pulse
and the electrons as

1
if Σe > ΣL ,
(2.45)
Ff = Σe

otherwise.
ΣL

and Jn (ξ) is the Bessel function of the order n with the argument ξ =

Here Σe and ΣL are respectively the electron beam and laser transverse sections. One
notes that the gain is proportional to the square of the undulator length Lu = Nu λu ,
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to the electron bunch density, and inversely proportional to the cube of the electron
energy‡ . The laser wavelength positions itself to maximum gain. It corresponds to the
¢
∂ ¡
wavelength given by the spectral detuning δ1 ≈ 1.303 which maximizes
sinc(δ1 )2 .
∂δ1

2.3.4

The optical klystron

The optical klystron is a combination of two undulators separated by a drift or a
dispersive section [13]. The electron energy is modulated in the first undulator, which
is called the modulator. The dispersive section transforms the energy modulation in
spatial modulation at the undulator resonant wavelength. Therefore the dispersive
section enhances the micro-bunching of the electrons. The micro-bunched electrons
radiate coherently in the second undulator, which is called the radiator. The purpose
of the device is to enhance the gain compared with an undulator of the same length.
This is particulary interesting in storage rings where the straight sections of the free
electron laser are short (limiting the number of periods and hence the small signal gain).
However, optical klystrons are still preferred in SRFELs for the gain they provide even
for long straight sections, like for example 12 m for the proposed FEL for SOLEIL
(France), and 25 m for the proposed optical klystron of the future DUKE FEL (USA).
The free electron lasers at Super ACO and at Elettra have respectively a planar and
helical undulator in their optical cavity. The same approach as in the previous section
can be done to calculate the spontaneous emission of the laser and then to calculate
the gain. The integral (2.35) can be split in 3 parts to evaluate the power spectrum
electrons
undulator

undulator

synchrotron radiation
laser pulse
dispersive
section

Figure 2.4: Optical klystron scheme: in the first undulator, called the ’modulator’, the
electron energy is modulated. The dispersive section transforms the modulated energy
in spatial modulation, enhancing the micro-bunching of the electrons at the resonant
wavelength. In the second undulator, called the ’radiator’, the electrons micro-bunched
radiate coherently.
radiated. The first integral is the contribution from the first undulator, the second one
represents the drift-space or dispersive section and is negligible: the dispersive section
is much shorter than the undulator sections and the electron motion is out of the
resonance condition. The third integral is the contribution from the second undulator.
‡

the Lorentz factor is evaluated from the energy as: γ = 1 +

E0
E0 [M eV ]
'1+
me c 2
0.511
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As the contribution of the dispersive section is small compared to the one from the
undulators, the power spectrum in an optical klystron can be written as [14]:

Isp.OK = 2 Isp.U nd (1 + cos (αd )),

(2.46)

where Isp.U nd is the spontaneous emission in the first undulator.
λr γr2
The quantity αd = 2π (Nu + Nd )
is the phase difference between the waves radiλγ 2
ated in the two undulators, induced by the dispersive section. Here γr is the resonant
energy, and Nd is a dimensionless parameter representing the advance of an observed
photon at the wavelength λ, in terms of number of optical periods, with respect to an
electron with the energy γ. The term Nu + Nd gives the interference order of the power
spectrum. By considering a distribution of electrons and taking the average power
spectrum radiated one obtains:

Isp.OK = 2Isp.U nd (1 + f cos (αm )) ,

(2.47)

where αm is the average phase given by the energy distribution. The factor f is called
the modulation factor, which is mainly dependent on the energy spread (σ² ) of the
electron bunch and is given by

2 2
2
f∼
= f0 e−8π (Nu +Nd ) σ² ,

(2.48)

with f0 a constant near 1 taking into account the effects of the finite transverse dimensions. Figure (2.5) presents a spectrum from the optical klystron. The modulation
rate in the spectrum can be measured as

f=

Imax − Imin
,
Imax + Imin

(2.49)

where Imax and Imin are the maxima and minima of the spectrum fringes.
The power spectrum from an optical klystron can be used to measure the beam energy
spread. By changing the magnetic field of the dispersive section, one changes Nd ,
so that a logarithmic plot of the f values from the different spectra as function of
(Nu + Nd )2 gives f0 and the energy spread. The power spectrum can be used to measure
the beam energy spread.
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Figure 2.5: Power spectrum of the spontaneous emission from the optical klystron
at Super ACO. The resonance wavelength is λr = 350 nm, a fit of the spectrum gives
f ≈ 0.64 and Nd ≈ 100.

The small signal gain can be calculated as before, using the Madey theorems, to find
the expression [15]:

5

4re π 4 Ne
λr
Nu + N d ) f
G=
Ff sinc(δ1 ) sin(2π(Nu + Nd ) ) ,
(K Nu λu )2 FJ (
3
σx σy σz
γ
λ

(2.50)

where σi (i = x, y, z) the r.m.s dimensions§ of the electron bunch (given in m). Using
the expression (2.50) and the figure (2.6) one observes that the laser may grow on one
of the fringes from both sides of the resonant wavelength. It is also observed at Super
ACO and at ELETTRA that the laser may develop on several wavelengths, jumping
from one fringe to another. The laser grows on the wavelength with the higher gain
and in general it is nearer to λr than in the case of the undulator.
The enhancement of the gain is understood by the enhancement of the maximum value
of the derivative of the spontaneous emission, due to the interference fringes.

§

the bunch length may be also given in s, then we use the notation στ

G

(a.u.)
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Figure 2.6: Gain with an optical klystron using expression 2.50 with the parameters
f , Nu and Nd of Super ACO used in figure (2.5).

2.3.5

Laser - electron dynamics

The dynamics of the system laser - electron bunch may be described at first with
a simple 0-dimensional model. The coupled system renders account of the dynamics
with two quantities: the laser intra-cavity power and the beam energy spread. The
evolution of the system is given by the following differential equations:
Ã
!
2
2
1
∂
g0 e−µ² (1+σ )
I= I p
−η
∂t
T0
(1 + σ 2 )
¢
∂ 2
2 ¡ 2
σ =−
σ −I ,
∂t
τs

(2.51)

where the dimensionless intra-cavity power is given by I = ILas /Isat , ILas being the
γ
1
laser intra-cavity peak power, and Isat = 690 ( )4 (
)2 [MW/cm2 ] is the
Nu Kλu FJ (ξ)
quantity defined by Colson [16]. This quantity is defined for an undulator, and can be
used as such taking the number of√periods of an equivalent undulator. The relative
energy spread is given by σ² = σ²,0 1 + σ 2 .
2
2
e−µ² (1+σ )
The gain can be written using the expression (2.50) as G ≡ g0 √
, with g0 the
1 + σ2
small signal gain, which can be evaluated with expression (2.50) using the electron
bunch characteristics at the start up of the laser. The quantities T0 and τs are respectively the period of the laser pulse in the cavity and the synchrotron damping time
(see expression (2.16))
(
√2 πNu σ²
(undulator)
0
2
The quantity µ² =
accounts for the electron
√4 π(Nu + Nd ) σ²
(optical klystron)
0
2
energy inhomogeneous broadening parameter. The total cavity loss is given by η. The
quantities of the different parameters for Super ACO and for ELETTRA can be found
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in table (2.1). A graph of the evolution of such a system is shown is figure (2.7).
This simple model illustrates the saturation of the laser [17], which comes from the
fact that the gain decreases with the laser induced energy spread of the electron beam.
The coupled equations are non-linear and a topological approach [18] can be used to
analyze the behavior of the system. A plot of the phase space (I, σ 2 ), shown in figure
(2.8), presents a singular point, which is a stable focal point (attractor). The system,
starting from any positive point (σ 2 and I are physical quantities and are defined positive) will converge to this attractor. The system is then a stable system, and can be
represented as a damped oscillator [19].
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Figure 2.7: Intra-cavity laser power, I, and induced relative energy spread, σ, vs.
time, calculated from the 0-D model given by the expression (2.51). Here the initial
values are taken from the Super ACO case: I(0) = 0.01, σ 2 (0) = 1, g0 = 2.1%, η = 1%
and µ² = 0.551.
The phase plane (I, σ 2 ) contains two singularities, the first one is (0,0), which corresponds to the system laser off, or a lower gain (g0 ) than the cavity loss (η). The other
point is given by:
2
Ising = σsing
= −1 +

Ã

g0 − 12 W
e
η

µ

2

2
g0
µ2
η2 ²

¶ !2

.

(2.52)

Using the properties of the function W, know as Lambert W function [20]-[21]-[22],
one proves that the exponential term is positive, for all real µ > 0, g0 > η > 0 (so that
2
(Ising ,σsing
) belongs to the first quadrant (I > 0, σ 2 > 0). In addition, a more detailed
study shows that this singular point is always a focal point so that, once the initial
conditions are fixed, the system converges at an infinite time to the focal point.
From this simple topological analysis, it is possible to give the order of magnitude
of the laser power at saturation, and the induced energy spread. Taking Super ACO
(see table (2.1)) as an example, one finds the dimensionless intensity at saturation:
I(∞) ≈ 1, which corresponds to the intensity Ireal ≈ 5 MW on a waist area at 350 nm.
The corresponding relative energy spread is σ² ≈ 7.6 10−4 .

2.4 conclusion

33

1
0.9

σ

2

0.8
0.7
0.6
0.5
0.4
0

2

4

6

8

I
Figure 2.8: Phase space plot (I, σ 2 ) showing the trajectory of the SRFEL system.
˙ σ̇ 2 ), and the constants are the same
The arrows represents the tangent to the vector (I,
as in figure (2.7).

2.4

conclusion

In this chapter the basics of the storage ring free electron laser have been presented.
The main features of the electron dynamics in a storage ring are described, neglecting
the transverse motion and the instabilities which occur on the electron beam, by the
dynamics of the electron bunch energy spread. The gain has been calculated with
the Madey’s theorem, under the small signal gain assumption, using the spontaneous
emission (the power spectrum radiated in an undulator / optical klystron). From
the expression of the gain, a 0-dimensional model has been presented, showing the
saturation process in an SRFEL. The analytical study of the system gives the order of
magnitude of the intra-cavity power as well as the laser induced energy spread.
In the next chapter, a more complex model of the SRFEL is presented. It includes the
microwave instability effects on the electron beam, and on the SRFEL system. The
model gives the laser pulse characteristics in the longitudinal plane (the propagation
axis), pulse duration (consequently spectral width), power, etc. Moreover it shows the
energy spreading, as well as the bunch lengthening. In addition, the model takes into
account an important parameter of the system, the longitudinal detuning, defined as
the delay per pass between the laser pulse and the electron bunch.
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Chapter 3
Dynamics of the SRFEL:
theoretical and numerical aspects
3.1

Electron beam dynamics

The evolution of the phase space distribution of the electron beam in a storage
ring is fully described with a differential equation called the Fokker-Planck equation
[1]. The solution of this equation is the phase-space electron bunch distribution vs.
time. This equation can be coupled with a 3-dimensional differential equation for the
free electron laser evolution to predict accurately the behavior of the coupled system
relativistic electron bunch - laser pulse. Solving this differential equations system with
sufficient accuracy require a large CPU time. Here we will try to simplify the problem
by adopting an heuristic approach, which saves CPU time and brings to light the physical phenomena. To solve our problem we will first assume that when the laser starts,
the bunch phase space distribution is stationary, and is described by the static solution
of the Fokker-Planck equation. We assume then the phase-space distribution can be
decoupled in position and energy distributions. This is an important assumption which
leads to the fact that the shape of the longitudinal distribution does not depend on
the energy distribution.
Relativistic electrons circulating in a ring emit an electric field, which is reflected by the
vacuum chamber and called the wakefield. An electron bunch may interact with its own
wakefield or the next coming bunch may interact with that wakefield. The Haissinski
equation [2], given by the static solution of the Fokker-Planck equation, describes the
bunch static longitudinal distribution taking into account the effect of the wakefield.
In the first subsection, we solve the Haissinski equation for specific wakefields. This
gives an overview of the longitudinal bunch distribution when the laser starts.
The wakefield is also a source of instabilities for the electrons. The most common
longitudinal instability in storage rings is the microwave instability (the instability due
to the wakefield in the micrometer wavelength range). In a second subsection we will
present and discuss a simple model of the beam dynamics including the microwave
instability effects.
Finally in the second part of the chapter we will present a 1-dimensional differential
equation, derived from the propagation equations, accounting for the laser electric
field evolution. Coupled with the two differential equations accounting for the elec-
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tron bunch energy spread and the microwave instability, the resulting system is a
1-dimensional dynamical model of the storage ring free electron laser. Finally, we will
present and discuss some preliminary simulation results compared with the Super ACO
FEL.

3.1.1

Haissinski equation

The time evolution of the longitudinal phase-space distribution of the particles in
a storage ring, ψ(², ξ), is given by the Fokker-Planck equation as:
µ
¶
Z ∞
∂
² ∂
αc b ∂
e 2 Ne S
∂
0
0
0
ψ= −
ψ−
(²ψ) + ξ −
dξ ρ (ξ ) Ww (ξ − ξ) σ²,0 ψ
∂t
σ²,0 ∂ξ
ωs ∂²
ωs σ²,0 T0 E0 ξ
∂²
αc D ∂ 2
+
ψ,
ωs ∂²2
(3.1)
with ² the relative energy to the electron nominal energy E0 , ξ the normalized longitudinal position, which is linked to the position z of the electron with respect to the
synchronous particle by
ξ=

ωs
z,
αc cσ²,0

(3.2)

with ωs the synchrotron frequency, αc the momentum compaction factor, c the speed
of light, and σ²,0 the natural energy spread of the beam. The period of the electrons
on the ring is T0 , the number of electrons in the ring is Ne , and e is the elementary
charge. The damping coefficient due to synchrotron radiation is b, and the diffusion
coefficient is D, which accounts for the quantum
due to photon emission.
R ∞ 0 excitation
0
In equation (3.1) the expression V (ξ) = S ξ dξ ρ(ξ )Ww (ξ − ξ 0 ) represents the wake
potential, and S a constant depending on the nature of the wakefield, which we will
specify later on. The wake function Ww (ξ) is the inverse Fourier transform of the
storage ring impedance.
The Haissinski equation [2] is given by the static solution of the Fokker-Planck equation,
2
assuming that the diffusion coefficient is D = b σ²,0
and that the solution can be written
as
ψ(², ξ) = e

−

²2
2
2σ²,0

ρ(ξ),

(3.3)

where ρ represents the beam distribution as a function of the variable ξ. The form
of the Haissinski equation depends on the wakefield, which is given by the Fourier
transform of the storage ring impedance [3]. The Haissinski equation can be expressed
as:
Z ∞
Z ∞
ξ2
0
dξ”ρ(ξ”)Ww (ξ 0 − ξ”)
dξ
− −S
ξ0
ξ
.
(3.4)
ρ(ξ) = A e 2
A storage ring may be described in terms of an LCR circuit, where the impedance
of such a circuit is associated with the wakefield. By definition, the impedance of
a storage ring is the Fourier transform of the wakefield. The nature of the wake is
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then associated with the resistive, inductive or capacitive character of the associated
impedance. In general a good approximation of the impedance of modern rings is
a resistive-inductive impedance. The effect of a capacitive impedance are negligible
[4]. We will present here analytical solutions for the purely resistive wake, equation
recognized as a Riccati’s equation, and for the purely inductive impedance. Out of an
original work, I recently found the solution for the latter case [5].

3.1.2

Purely resistive case

Cavities, like RF cavities for example, tend to be resistive objects [4]. Then the
wake function is given by the Dirac functional and the wake potential associated with
such objects is:
Z
∞

V (ξ) = SR

ξ

dξ 0 ρ(ξ 0 )δ(ξ − ξ 0 ),

(3.5)

where SR is the dimensionless parameter accounting for the resistance, and δ(ξ) the
Dirac functional.

ρ
0.4
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ξ
Figure 3.1: Bunch distribution, ρ(ξ), solution of the Haissinski equation for a purely
resistive wake. The different values from the smallest distortion to the biggest are
SR = 0.059, 0.59, 2.97 and 5.95, which corresponds, with R = 411 Ω, to bunch average
current of I = 0.5, 5, 25 and 50 mA respectively.
Using (3.5), equation (3.4) may be re-written as a differential equation as:
ρ0 = −(ξ + SR ρ) ρ,

(3.6)

where the 0 refers to the derivative with respect to ξ. This equation, as mentioned, is
a Riccati’s equation and has an analytical solution, which is:
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ρ(ξ) =
with SR =
the bunch.

r

ξ2

2 1
e− 2
,
π SR erf( √ξ ) + coth( S2R )
2

(3.7)

RQ
, where R is the resistance, and Q is the total charge of
T0 (E0 /e) αc σ²,0
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Figure 3.2: r.m.s bunch length as function of SR and the FWHM value divided by
2.35, σF W HM , of the solution of the Haissinski equation for a purely resistive wake.
The r.m.s bunch length, σξ , and the value calculated with the FWHM value σF W HM =
∆ξF W HM /2.355 of the solution of the Haissinski equation for a purely resistive wake,
are comparable in the range of current considered here. Figure (3.2) shows the bunch
length and σF W HM . The bunch lengthening is negligible only for small values of SR ,
but for high values the purely resistive wake induces a bunch lengthening referred as
the potential well distortion [6].
Another effect of a resistive wake is to distort the bunch longitudinal distribution as
can be observed in figure (3.1). This results in a displacement of the bunch centroid
towards the head of the bunch, as can be observed in figure (3.3).

3.1.3

Purely inductive case

The case of the purely inductive impedance∗ has been observed in storage rings like
the SLC damping rings [4] and at KEK [7].
Approximated solutions of the Haissinski equation have been extensively investigated
numerically [4]-[8]-[9]. We note that an analytical solution of this equation exists. This
solution is given by a particular expression of the so-called Lambert W function [10],
which appears frequently in applied mathematics and has important application in
∗

The subsections from 3.1.3 to 3.1.5 concerning the Haissinski solution in purely inductive wake is
published in the present form in [5]
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Figure 3.3: Bunch centroid as function of SR , of the solution of the Haissinski equation
for a purely resistive wake.
many other fields [11]-[12]. In this subsection we present the Lambert W function and
analyze the nature of the analytical solution of the Haissinski equation in the case of
a purely inductive impedance.
The wake potential in the purely inductive case is:
Z ∞
dξ 0 ρ(ξ 0 )δ 0 (ξ − ξ 0 )
(3.8)
V (ξ) = S
ξ0

where δ 0 is the derivative of the Dirac functional, and S the parameter accounting for
the inductance of the ring. Then the Haissinski equation in that case can be written
in the form
ρ0 = −

ξ
ρ,
1 − Sρ

(3.9)

The parameter S is specified in terms of the inductance of the wake field L, the revolution period T0 , the nominal energy of the particles E0 , the number of particles N ,
and also the synchrotron frequency, the natural energy spread, σ²,0 , and the elementary
charge e, as
e2 LN ωs
|S| = 2 2
.
αc σ²,0 T0 E0

(3.10)

Equation (3.9) can be rewritten in the following more convenient form
ξ2
+ ln(A),
2
where A is the normalization constant defined by
ln(ρ) − Sρ = −

(3.11)

ln A = ln (ρ (0)) − Sρ (0) .

(3.12)
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Equations of the type (3.9) above have a natural analytical solution in terms of the
function known as the Lambert W function [10] . This function appears in many
branches of pure and applied mathematics, may be a useful tool for the solution of
many dynamical problems [11]-[12] and is not as widely known as it should be.
The Lambert W function, W (z), is implicitly defined as the root of the following
equation
W (z) exp(W (z)) = z,

(3.13)

and explicitly by the series expansion
W (z) =

∞
X
(−n)n−1
n=0

n!

zn,

(3.14)

converging for |z| < 1e . In the forthcoming sections other expansions of W , holding in
a wider range, will be exploited.

3.1.4

The Haissinski equation for an inductive wake and
singularities

It is well known and evident that if S is negative, equation (3.9) has no singularity
and there is always a unique continuous solution [8].
In the case of positive S the solution exists, but the presence of a singularity point limits
the validity of the solution to a restricted range of S-values, which will be specified in
the following.
According to equations (3.13) and (3.14) the solution of equation (3.9) can be written
as an infinite sum of Gaussians, namely
2
∞
W (−AS exp(− ξ2 ))
1 X nn−1
ξ2
ρ=−
=
(AS)n exp(−n ).
S
S n=1 n!
2

(3.15)

1
The argument of the Lambert W function has to be real and greater than − to define
e
a singled valued function as a real physical distribution, which is not assured by the
multivalued function Lambert W defined for any complex argument.
The convergence of the above series depends on the real value of AS. According to the
indications of the previous section we find that the validity of the solution does not
extend to all the values of the constants A and S, but holds for
1
AS ≤ .
(3.16)
e
The upper limit, associated with a branch point of the Lambert W function, clarifies
the role of the singularity.
We would like to mention that a recent analysis of the problem demonstrated the singularity was linked to the Boussard threshold for the onset of the microwave instability.
The singularity defines a point where the distribution is not normalizable, i.e. not a
physical distribution, and defines a point where an instability arises.
We can now exploit equation (3.15) to specify the normalization of the distribution ρ,
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and the role of A and S.
It is evident that from equation(3.15) the normalized distribution is given by the value
A solving for a given S
2n−3
∞
√ X
ξ2
n 2
S=
W (−SA exp(− ))dξ = 2π
(AS)n .
2
n!
−∞
n=1

Z

∞

(3.17)

The r.h.s of equation (3.17) is a series converging with the same range imposed by
(3.16).
By taking for AS the upper limit of convergence and by using the Stirling approximation
n! '

√

2πnnn e−n ,

(3.18)

we find the maximum value of S
∞
X
π2
1
S '
=
.
2
n
6
n=1
∗

(3.19)

This is a rough approximation and the exact computation (given by the computing
algebra software Maple) yields
S ∗ ' 1.550608...,

(3.20)

which is very close to the value given in [13], and more accurate than the previous
value given in the literature [6].
It is important to emphasize that the distribution (3.15) exhibits an r.m.s value σ ξ
below 1. In physical terms, this means that an electron bunch experiencing a purely
inductive wake with S > 0, due to e.g. a negative momentum compaction factor, may
cαc
σ²,0 .
have a length lower than the natural value, provided by† σb =
ωs
The behavior of σξ as function of AS is given in figure (3.4) and the limiting value,
calculating with the Stirling approximation, but very close to the exact value, is
v
u
∞
u6 X
∗
t
σξ =
n−3 ' 0.854846....
(3.21)
π 2 n=1

The results obtained so far, apart from providing an analytical solution for equation
(3.9) have clarified the nature of the singularity associated with the limits of validity
of the Taylor expansion of the Lambert W function and the range of S values (S < S ∗ )
for which equation (3.9) admits a normalizable solution.
Before concluding this subsection let us note that the series expansion of the solution
1
(3.15) can be extended to negative values of S too, provided that SA < . An idea of
e
the behavior of the solution, for AS → 1e and for AS → −1
,
is
given
is
figure
(3.5). As
e
it is evident for positive (AS ) values the distribution is clearly similar to the Gaussian
with an r.m.s slightly larger than the natural value. On the contrary for negative (AS )
values the shape is significantly different from a Gaussian.
†

Here we use the term σb = cστ given in chapter 2

44

Dynamics of the SRFEL: theoretical and numerical aspects
1

σξ

0.95

0.9

0.85
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

AS*

Figure 3.4: The bunch length, σξ , as function of AS ∗ .
The possibility of obtaining a valid solution for a positive AS in a larger interval will
be discussed in the following concluding section.

3.1.5

Positive momentum compaction factor: S < 0

In the previous subsection we have explored the solution of the Haissinski equation
for a purely inductive wake using the Taylor expansion of the Lambert W function
which has a limited convergence radius. Now we will see how a different expansion,
admitting a larger radius of convergence, can be exploited to get a non trivial and
useful form of solution valid for negative S -values. To this aim we note that, for the
present problem, a natural alternative to the Taylor expansion, is provided by [12]

W (exp(z)) =

1
1
1
1 + (z − 1) + (z − 1)2 −
(z − 1)3
2
16
192
1
13
−
(z − 1)4 +
(z − 1)5 + O((z − 1)6 ),
3072
61440
(3.22)

√
whose radius of convergence is 4 + π 2 .
According to the previous relation we can write the solution of (3.9) in the form (Λ =
−S)
W (AΛ exp(−

ξ2
)) =
2

1
AΛ
1
AΛ 2
1 + (−ξ 2 /2 + ln
) + (−ξ 2 /2 + ln
)
2
e
16
e
1
AΛ 3
1
AΛ 4
−
(−ξ 2 /2 + ln
)−
(−ξ 2 /2 + ln
)
192
e
3072
e
13
AΛ 5
AΛ 6
+
(−ξ 2 /2 + ln
) + O((−ξ 2 /2 + ln
) ).
61440
e
e
(3.23)
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Figure 3.5: The bunch distribution in the case AS '
AS ' − 1e (line).

1
e

(squares) and in the case

The above solution shows that the charge distribution, in the case of a perfect inductor
is symmetric about ξ = 0 and tends to a parabolic shape for AΛ À 1.
A comparison between analytical and numerical solution is offered by figure (3.6) and
the agreement is more than satisfactory.
As a further comment we remark that the series converges for AΛ ≤ 41.4, which is a
good range for the specific problem we are considering.
It is also worth noting that it can be easily verified that the normalization constant
can be directly inferred and read (χ = AΛ)
Z ∞
1
(3.24)
Ñ =
ρ (ξ) dξ ' 3.1χ 3 ,
−∞

while the second order normalized momentum can be written as
Z
1
1 ∞ 2
2
ξ ρ(ξ)dξ ' 1.058(χ + 5) 6 .
σξ =
Ñ −∞

(3.25)

Therefore for large χ, and thus for large current, the r.m.s value of the distribution
1
scales roughly as Ñ 4 .
In conclusion it is also interesting to mention the possibility of exploiting an asymptotic
solution of the Haissinski equation valid for large χ values, namely [12]
W (z(ξ, χ)) ≈

∞
X
n=1

2

ln z(ξ, χ) − ln (ln (z(ξ, χ))) +
∞
X
(−1)m n! ln (ln (z(ξ, χ)))m
(−1)n

ln (z(ξ, χ))n

m=1

(n − m + 1)!m!

(3.26)

with z(ξ, χ) = χ exp(− ξ2 )
The above expression can be used as bench-marking of the numerical solutions for values above the convergence radius of the expansion (3.23).
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Figure 3.6: Comparison between analytical (line) and numerical (points) solution
ρ (ξ) of the Haissinski equation, for S = −1 and A = 1. The maximum error is less
than 10−6 .
We must however underline that the series (3.26) being an asymptotic expansion, can
not be viewed as a real distribution since we cannot define a normalization factor,
although the series is convergent.

3.1.6

Electron dynamics and microwave instability

The microwave instability (MI) can seriously limit the performances of the new
generation of storage rings. It manifests itself as an increase of energy spread with a
consequent anomalous bunch lengthening. For example a bunch lengthening by more
than a factor 2 is observed at Super ACO, and the consequent gain reduction for an
SRFEL is then more than a factor 4.
The common approach for the study of this instability [6] is based on the study of the
Vlasov equation, which describes the time evolution of the single bunch distribution
function in the phase space. This function is considered as a superposition of a stationary distribution plus a time-dependent perturbation, represented by a sum of coherent
modes of oscillation. The problem is linearized with respect to the perturbation, and
a set of integral eigenvalue equations for the phase-space structure of the oscillation
modes is finally derived. The different techniques used to find the solution [14] generally require hard computational efforts, and are not free from convergence problems.
The threshold of the instability depends on the wake fields and on the current. Above
the threshold the linear theory can not explain the time evolution of the distribution
function. The increase of the bunch dimensions may provide the conditions for a new
equilibrium configuration. In some cases, however, the equilibrium is never reached, the
energy spread oscillates in time with a pattern similar to relaxation-type oscillations,
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as shown in figure (3.7(a)). Such a behavior is generally referred to as the saw-tooth
instability [6]-[15]-[16].
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Figure 3.7: Saw-tooth instability: evolution of the relative energy spread 3.7(a) and
the microwave instability growth rate 3.7(b) vs. time, using the solution of the expressions (3.27) and (3.28), with τs = 9 ms, A = 6 · 104 s−1 and B = 3 · 104 s−1 .
The problem has been treated in [15] obtaining an equation for the oscillation amplitude of a given eigenmode, under the hypothesis that only that mode dominates the
dynamics of the microwave instability, that the instability develops on a time scale
much larger than the period of eigenmode oscillations, and that it saturates at a level
where the amplitude of the eigenmode oscillations is relatively small. With these assumptions, the evaluation of the non-linear equation in a real case is not easy. The
simple model given here depends on two dimensionless parameters, describing the onset and the growth of the instability, and its relaxation.
The instability, introduced above, derived from the energy exchange between the electrons and the radiation reflected by the vacuum chamber and stored in the ring. The
wavelength of the radiation is in the micrometer wavelength range. The energy exchange, as for the free electron laser, leads to energy spreading, and as a consequence
to bunch lengthening. The bunch dynamics is then determined by the relative energy
spread, σ² , and the bunch length is then assumed to be proportional to σ² . Transverse
bunch perturbations are also neglected. This is modelled by coupling the differential equations for the energy spread and for MI growth in the bunch. These coupled
equations are [16]-[17]:
∂σ 2
2
= βσ 2 − σ 2 ,
∂t
τs

(3.27)

h ¡
¡
¢1 i
¢ 1
∂β
2 2
2 −4
−B 1+σ
.
(3.28)
=β A 1+σ
∂t
The variable β represents the MI growth rate. The energy spread increases due to
the instability growth in the bunch; it is damped due to synchrotron radiation emitted
by the electrons in the ring with the characteristic time τs , called synchrotron damping
time.
The instability excitation parameter is:
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v
u
¯ ¯
1
(2π) 2 I0 νs ¯ Znn ¯
ωc u
t
A=
,
E0
2π
σ
e ²,0

and is evaluated with ωc , the bunch cut off frequency, the average current I0 , the
synchrotron tune νs , the¯ electron
nominal energy E0 and σ²,0 and ¯the ¯ring normalized
¯
longitudinal impedance ¯ Znn ¯. For a purely inductive impedance, L, ¯ Znn ¯ = L 2Tπ0 , and for
¯ ¯
a purely resistive impedance, R, ¯ Znn ¯ = ZR0 , with Z0 = 377 Ω the vacuum impedance.
The Landau instability damping parameter [16]-[18] is:
B = ωc αc σ²,0 ,
and is determined by the momentum compaction factor αc , σ²,0 and ωc .
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Figure 3.8: Phase plane evolution of the system given by the expressions (3.27) and
(3.28). The trajectory converges to the closed loop trajectory around the singularity
(β0 ,σ02 ).
The behavior of the system can be seen in figure (3.7). The typical behavior is a
periodical motion. The energy spread increases due to the MI growth in the bunch,
following by a bunch lenghtening. The increase of energy spread then participate to
the damping of the MI. When σ 2 is large enough, the MI is damped and the bunch
relaxes towards its natural energy spread value. When σ 2 is lower than the threshold
¡ A ¢ 43
2
− 1 (Boussard criterion [19]), the MI starts again.
value, σth
= B
This cycle can be seen with the same analysis perfomed in chapter 2 on the 0-dimensional
2
model. This time the singularity (σ02 = σth
, β0 = τ2s ) is a vortice, so that the phase
plane trajectory is a closed loop curve at infinite time, as can be seen in figure (3.8).

3.2

1-dimensional model of the laser dynamics

We implemented a 1-dimensional model in a numerical code. The model focuses
on the longitudinal axis, neglecting the transverse effects, and on the main physical
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parameters that lead the longitudinal dynamics. This code, although quite simple, gives
a direct insight in the evolution of the optical wave electric field. By coupling the laser
evolution with the dynamics of macroscopic electron bunch quantities, it simulates
the interplay between the laser pulse, the electron bunch and the main instability,
which affects the beam, the microwave instability (MI) [17]-[18]-[20]. Furthermore the
numerical values of the dimensionless parameters, as appearing in the semi-analytical
model and as used in the code, are derived from the real parameters that characterize
a SRFEL, thus allowing to compare the numerical results with experimental ones. We
took the Super-ACO FEL as an example.

3.2.1

Introduction

Describing the SRFEL dynamics and the interplay between the laser pulse and the
electron bunch is done by coupling the equations accounting for the laser pulse intracavity evolution and the evolution of parameters of the stored electron bunch. The
first equation in this model is the differential equation of the dimensionless intra-cavity
complex amplitude of the laser electric field, a(z, t), where t is the time and z is the
longitudinal coordinate along the optical cavity axis. The origin of the z-axis is taken
at the center of the cavity; distances are normalized with respect to the electron bunch
length, σb . The length σb is dependent on the current I0 in the ring. Radial symmetry
is assumed, hence transverse effects are not taken into account. At each point on
the z-axis the differential equation for the complex amplitude is evaluated, providing
the laser pulse longitudinal distribution and its evolution. A moment method is used
to analyze the laser pulse longitudinal distribution: the first order moment gives the
centroı̈d of the pulse, and the second order moment
the pulse length. The dimensionless
R∞
2
intra-cavity energy density is h|a(z, t)| i = −∞ |a(z, t)|2 dz.
The differential equations for the complex amplitude contain four terms accounting for
the cavity tuning, the gain, the total cavity loss and the spontaneous emission. The
gain here is evaluated for an undulator containing Nu periods of length λu . The case
for an optical klystron is dicussed in the next subsection, providing the fact that the
model presented here can be applied to SRFEL operating with
klystron.
µ an optical
¶
K2
λu
The resonant wavelength emitted in the undulator is λr = 2 1 +
, where K =
2γ
2
[0.94cm−1 T −1 ]λu B is the magnetic undulator strength, and B is the r.m.s amplitude
of the magnetic field.
The intra-cavity peak power is linked to h|a(z, t)|2 i by the expression: P [M W cm−2 ] =
γ
h|a(z, t)|2 i Is ω0 , where Is [M W cm−2 ] = 690[M W ]( )4 ((λu [cm]Kfb (ξ))2 )−1 , and fb (ξ)
Nu
is the difference between the first kind Bessel functions of the orders 0 and 1 with the
K2
, and ω0 is the beamwaist.
argument ξ =
4 + 2K 2
The equation for the complex amplitude laser electric field is [21]:
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∂a (z, t)
1
=
[a (z − 4δL, t) − a (z, t)]
∂t
Tc
Z z+∆
Z ∆
2
z1
(πµε y)2 (1+σ 2 )
2πg0
−
−
−i νy
2(1+σ 2 )
2
∆
2∆
dz1 e
dyya (z + y, t) e
−i
1
z+y
Tc ∆3 (1 + σ 2 ) 2 0
1
− (ηa (z, t) + Sr (z)) .
(3.29)
Tc
The first term of the right hand side of the equation represents the cavity tuning, with
Tc the pulse period in the cavity and 4δL = θg0 ∆ the longitudinal tuning term; θ is
λr
a real number; g0 is the maximum gain; ∆ = Nu
is the slippage length, normalized
σb
to the initial bunch length, σb ‡ . The second term, the double integral, evaluates the
gain of
amplitude over the normalized slippage length ∆. Furthermore
µ the¶complex
2
σ²
− 1 is the increase of relative energy spread with σ²,0 the natural relative
σ2 =
σ²,0
λ − λr
energy spread at zero current and no laser. ν = 2πNu
is the spectral detuning
λr
parameter defining the laser wavelength λ, µ² = 4Nu σ²,0 is the inhomogeneous broadening parameter. Finally η is the total cavity losses and the spontaneous emission
is given by a Gaussian function, Sr (z), homothetic to the bunch distribution, e.g. a
Gaussian distribution with its maximum Sr (0) ¿ 1.
Equation (3.29) can be coupled with the equations, presented in the previous subsection, which describe the energy spread and the microwave instability evolution. These
equation can be writen as:
®¢
2 ¡ 2 
∂σ 2
= βσ 2 −
σ − |a (z, t)|2 ,
∂t
τs

(3.30)

h ¡
¢− 1
¡
¢1 i
∂β
= β A 1 + σ2 4 − B 1 + σ2 2 .
∂t

The coupling between the laser and the electron bunch energy spread is provided
here by the intra-cavity dimensionless laser power, which induces energy spread to the
bunch, lowering in the same time the laser gain.

3.2.2

Undulator vs. optical klystron model

The dynamics§ of a storage ring free electron laser (SRFEL) may depend on whether
there is an undulator or an optical klystron in the optical cavity of the laser. In order
to investigate this difference, a model of the gain for the case of an optical klystron
‡

we use the term σb = cστ for the bunch length expressed in meter.
The subsections from 3.2.2 to 3.2.4 have been accepted for publication in Nucl. Intr. & Methods
A under the title ”Undulator vs. optical klystron induced dynamics of a storage ring free electron
laser”.
§
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has been developed based on the work presented in [22] : we reviewed and corrected
the analysis (in this subsection) and implemented the new expression of the gain in
our 1-dimensional numerical code [23]. Previously this code was used, with the gain
expression for an undulator equivalent to the optical klystron (descibed in the previous
subsection). The results were in good agreement with experimental measurements, in
particular for the Super ACO free electron laser [23].
One may expect differences between this approach, i.e. evaluating the gain from the
optical klystron and the previous approach with an equivalent undulator. To establish
the magnitude of these differences, we simulated the case of Super ACO, with the new
expression for the optical klystron gain, and compared it with our previous results
using an equivalent undulator.
The gain for a free electron laser, along the propagation axis, can be derived from
the propagation equation for the case of an undulator [21] and for the case of an
optical klystron [22]. An optical klystron consists of two undulators of N u periods
each, separated by a dispersive section. The equation describing the gain for the optical
klystron, at a given position z on the longitudinal axis, is given by the convolution of
the laser pulse and the electron bunch along the slippage length:
Z ∆
2π g0
y
G(σ, ν) = −i 3
dy y a(z + y, t) Q(ν , δ)
2
∆ (1 + σ ) 0
∆
2
2
(πµδ y) (1 + σ ) Z z+∆
−
2 ∆2
dz 0 fe (z 0 ) ,
e

(3.31)

z+y

√
r
where σ² = σ²,0 1 + σ 2 is the induced energy spread, ν = 2 π Nu λ−λ
is the spectral
λr
detuning, λ the laser wavelength and λr the undulator resonant wavelength, and g0 is
the small signal gain associated with one undulator; the gain, G(σ, δ) is evaluated at
a certain position z on the longitudinal axis (the optical cavity axis), which is normalized to the initial bunch length (σb ). It takes into account the intra-cavity complex
electric field amplitude of the laser, a(z, t) as function of z and of the time t, as for a
position z this amplitude evolves after successive interactions between the laser pulse
and the electron bunch. The quantity ∆ = Nu λ accounts for the slippage length in
Nd
one undulator, normalized to σb , δ = N
characterizes the dispersive section, with Nd
u
the delay between photons and electrons in terms of resonant wavelength in the dispersive section, µδ = 8 π Nu σ²,0 (1 + δ) is the electrons energy inhomogeneous broadening.
The electron bunch distribution, fe , at the first order taking the distribution from the
solutions of the Haissinski equation, is a Gaussian with an r.m.s value proportional to
the energy spread. Finally Q(ν, δ) is a complex function, resulting from the interaction
in the first undulator and in the second undulator following the dispersive section:
δ
δ
Q(ν, δ) = 8(1 + )3 e2 i ν (1+ 2 ) + δ 3 e2 i ν + 2(eiν − (1 + δ)3 eiν(1+δ) ).
2

(3.32)

The code we implemented uses the expression (3.31) for the complex gain. It integrates
three differential equations which are:
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Tc

∂
a(z, t) = (a(z − δL, t) − a(z, t)) + G(σ, ν) − η a(z, t) + Sr (z) ,
∂t
∂ 2
2
σ = βσ 2 − (σ 2 − h|a(z, t)|2 i) ,
∂t
τs
h ¡
¡
¢1 i
¢− 1
∂β
= β A 1 + σ2 4 − B 1 + σ2 2 .
∂t

(3.33)

We note that when the dispersive section number Nd = 0, the gain expression reduces
to the expression (3.29) for an undulator of 2 Nu periods. This expression has been
used at first in our code. In order to approximate the gain function of the equivalent
undulator, we equal g0 to the small signal gain of the optical klystron [24], and we equal
the inhomogeneous broadening parameter to the one given by the optical klystron. We
also evaluate the gain of the equivalent undulator over the same slippage length as in
the optical klystron, ∆ = (Nu + Nd ) λ.

3.2.3

The gain function

The expression (3.31) for the gain depends on two important parameters, the spectral detuning, ν, and the induced energy spread. Figure (3.9) presents the real and
imaginary part of the complex function G, in the case of an optical klystron and in the
undulator case, as function of the spectral detuning. The parameters are the following: σ = 0, z = 0 (center of the bunch, which coincides with the center of the pulse),
Gaussian distribution for the electron bunch and the laser pulse with the same length
as the bunch. The initial gain g0 has been set to 1 for the case of the optical klystron
and is set to the equivalent optical klystron gain for the undulator case. Due to the
fringe pattern of the optical klystron gain function vs. ν, the maximum value of the
gain will be obtained for a different ν value, giving a slightly different laser wavelength.
But the spectral dependency of the gain does not influence the dynamics.
The energy spread dependency of the gain is the main parameter for the laser dynamics. The energy spread reduces the gain. As the laser intra-cavity power induces
energy spread, this is the main process leading to saturation. Consequently the gain
as function of the energy spread has to be properly modelled for the case of the optical
klystron. Figure (3.10) presents the maximum gain curves still at z = 0 as function of
the energy spread, for several values of the dispersive section number δ, for the optical
klystron case and the equivalent undulator. The first remark is that the gain function
is not really different in the two cases. The difference starts to be visible for large values
of δ, but the slope of the curve is similar and its general shape remains the same.
Figure (3.11) presents the modulus of the complex gain function vs. σ for δ = 10 and
δ = 30, and in the undulator and optical klystron cases. Here we have normalized the
gain to g0 . The difference between the equivalent undulator and the optical klystron
gain functions may appear large, but in fact this difference has to be normalized to the
maximum gain value at the start-up of the laser. Figure (3.12) shows the difference
between the optical klystron and equivalent undulator gain functions normalized to
G(0, δ). The maximum difference is only 8 % for σ values where the gain is three time
less than the start up gain. This difference does not modify the laser dynamics and
can be considered negligible. This explains our results in agreement with experiments
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Figure 3.9: Real and Imaginary part of the gain as function of the spectral detuning
ν in the undulator (solid line) and in the optical klystron (dash line) cases. g 0 = 1,
σ²,0 = 5.4 10−4 , ∆ = 0.001, δ = 5, z = 0.
using an equivalent undulator in our code. In the case of Super ACO, where δ ≈ 10,
the equivalent undulator gain appears to be a reasonable approximation.
As a further remark the gain function vs. the dispersive section number δ has a
maximum value for a finite value of δ, which is expected: as δ increases, the slippage
length increases too, and for an infinite δ the laser pulse does not interact any more with
the electron bunch in the second undulator of the optical klystron. This is illustrated
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Figure 3.10: Real and Imaginary part of the gain as function of the induced energy
spread σ in the undulator (solid line) and in the optical klystron (dash line) cases.
g0 = 1, σ²,0 = 5.4 10−4 , ∆ = 0.001, z = 0, ν = 0.15, 1.3 for the optical klystron and
the equivalent undulator respectively.
in figure (3.13) which presents the maximum gain vs. δ for z = 0, ² = 0 and g0 = 1.
It shows that the dispersive section number has to be optimized for a given optical
klystron in order to maximize the gain.

3.2.4

Numerical results: undulator vs. optical klystron

In this section we compare the numerical results from our code based on the model
described by (3.33), with our previous code, where the gain is evaluated using the
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curve) in the optical klystron (dash) and undulator (line) cases.
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Figure 3.12: Difference of the modulus of the gain functions for the equivalent undulator and optical klystron cases normalized to |G(0, ν)| for δ = 10.
equivalent undulator expression. We choose the case of Super ACO as an example.
The initial gain in the two codes is 4 %: for the optical klystron we set g0 so that
G0,OK = 0.85 g0 (1 + 0.932δ) = 4 % [25], and in the equivalent undulator case g0 = 4 %.
We also need to set the inhomogeneous broadening parameters equal: in the optical
klystron µδ = 8πNu (1 + δ), and in the equivalent undulator µ² = µδ . The gain in the
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Figure 3.13: Modulus of the G(0, ν) versus δ, at z = 0, ν = 0.15, and using the
parameters from the table (3.1).
equivalent undulator is evaluated over the optical klystron slippage ∆ = (N u + Nd )λ.
Figure (3.14) shows the laser dimensionless intra-cavity power and the induced reltive
energy spread from simulations taking the optical klystron of Super ACO and the
equivalent undulator cases. We take the initial parameters of Super ACO, which are
given in table (3.1), changing only the synchrotron damping time¶ τs = 1 ms (instead
of 9 ms). The damping time is an important parameter of the ring and may modify the
dynamics under detuning conditions, i.e. δL 6= 0. For comparison with experimental
data from a given SRFEL it is then necessary to use the proper damping time.
First we set δL = 0. The comparison between the model using the optical klystron and
the equivalent undulator are in relatively good agreement. It shows that the modelling
gain for the SRFEL dynamics depends on the two requirements that we have described
above, e.g. the gain at start up and the energy spread dependency.
We also compared the behavior of the laser under longitudinal detuning condition.
The detuning is the delay per pass between the laser and the electron bunch. The
detuning, δRF , is given in frequency deviation from the RF frequency value for which
the laser pulse and the electron bunch have no delay. The result is summarized in figure
(3.15), which presents the dimensionless power at saturation vs. detuning. The bars
represent the amplitude of the laser intensity at equilibrium: for small bars close to the
mean intensity value, the laser is cw, and for large bars, far from the mean values, the
laser is pulsed. The curve exhibits 5 zones [26] where the laser operates in a cw mode
or is pulsed. These zones are characteristic for SRFEL. In zones called 1 and 5 the
laser is cw, as well as in the perfect tuning zone 3. In zones 2 and 4, the laser is pulsed.
These different time structures for the laser beam have been observed experimentally
¶

A smaller damping time is used here to shorten the CPU time. This does not change the main
results.

I

3.2 1-dimensional model of the laser dynamics

(a) dimensionless intra-cavity Power vs. time

(b) Induced relative energy spread vs. time

Figure 3.14: Comparison between the storage ring free electron laser dynamics with
an optical klystron (line) and an equivalent undulator (dash). The initial parameters
are in table (3.1).
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Figure 3.15: Detuning curve in the undulator (full circle) and in the optical klystron
(full diamond) cases, taking the initial values given in table (3.1). The bars represent
the amplitude of the variation of the laser intensity at equilibrium: for small bars close
to the mean intensity value, the laser is cw, and for large bars, far from the mean
values, the laser is pulsed.
[26]-[27]-[28]-[29]. Figure (3.16) presents the central part of the detuning curves. We
find a general agreement between the two cases in the different zones where the laser is
cw or pulsed. The difference appears for large detuning, with a larger detuning curve
total width with the undulator than with the optical klystron, but the difference is less
than 10 %.
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Figure 3.16: Zoom on the central part of the detuning curve shown in figure (3.15),
showing a good agreement between the two detuning curves.
Table 3.1: Simulation parameters.
Small signal gain
g0
4%
Cavity loss
η
1%
Total current
I (mA)
30
Bunch length
σb (ps)
120
frequency cut
ωc = 1/σb (Hz)
8.33 · 109
Natural energy spread
σ²,0
5.4 10−4
Laser wavelength
λ (nm)
350
Undulator periods
Nu
10
Dispersive section number Nd
100
Excitation MI parameter
A (s−1 )
4.4 104
Damping MI parameter
B (s−1 )
1.6 104
Zn
Normalized impedance
4
(Ω)
n
Cavity length
Lc (m)
18
Synchrotron damping time τs (ms)
1
Spectral tuning
ν
1.3 (Und.) - 0.15 (OK)
Longitudinal detuning
δL (m)
0

3.2.5

Numerical results: general behavior of the system

The numerical code given in (3.33), using the gain expression for the undulator
equivalent to the optical klystron, is applied to the case of Super ACO. The numerical
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results will be compared with experiments and from this typical example we try to give
the general behavior of an SRFEL.
An SRFEL is a laser, so we expect the laser to start from the spontaneous emission and
after a transient regime to reach saturation. In our model the start up, with the building
up of the main transverse mode in not taken into acccount. We assume that the main
u −ν
. We
mode is T EM00 and develops on a central wavelength given by λLas = λr 2πN
2πNu
made these assumption on the basis of experiments and we do not discuss the start up
of the laser. We adopt the standard procedure, assuming a minimum power at start
up in the cavity.
The saturation of the laser is determined by the gain, the cavity loss, the inhomogeneous
broadening and the induced energy spread, but also by the microwave instability.
To start with a simple picture of the dynamics, one can study at first a simpler system
than (3.30) by replacing the first equation by the first equation for the laser intra-cavity
power given in (2.51). This system is re-written here:
!
Ã
2
2
∂
1
g0 e−µ² (1+σ )
−η ,
I= I p
∂t
T0
(1 + σ 2 )
¢
∂ 2
2 ¡ 2
(3.34)
σ = βσ 2 −
σ −I ,
∂t
τ
h ¡ s ¢ 1
¢1 i
¡
∂β
−
= β A 1 + σ2 4 − B 1 + σ2 2 .
∂t
It has 3 singularities:
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2
¢
¡
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2
(3.35)
, βsing =
Ising , σsing
4
¶
µ

2
A 3


(0,
− 1, )
B
τs
Ã
µ 2 ¶ !2
g0 − 12 W 2 ηg02 µ2²
e
with Ising = −1 +
.
η
Apart from the first singularity where there is no laser, no induced energy spread and
no MI, the system exhibits two other singularities, which are an attractor and a vortice
(second and third singularity respectively), as we have seen previously. Therefore the
system will evolve towards the attractor or the vortice, depending on initial conditions.
Moreover, it is clear that the laser is in competition with the MI: when the system
evolves towards the attractor, the MI is damped with β = 0. When the system evolves
towards the vortice, the laser is switched off (I = 0). This behavior is found also in
the 1-dimensional system given by (3.30), and is illustrated with simulations for the
Super ACO case, compared with measurements.
Figures (3.17), (3.18) and (3.19) illustrate the two situations. They present the results
from two simulations for the case of Super ACO. Figure (3.17) presents the laser dimensionless power vs. time, in the case (a), the current I = 100 mA, g0 = 3% and
the microwave instability strength has been calculated using a normalized impedance
Zn
= 4 Ω. The laser starts, but the microwave instability is too strong, starts and
n
switches off the laser, as it can be seen in figures (3.17) and (3.18) showing the intracavity dimensionless power and the microwave instability growth vs. time respectively.
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Figure 3.17: Simulation: Laser dimensionless intra-cavity power for the case of Super
ACO and the current I = 100 mA (a) and I = 60 mA (b) (see table (3.2)).

The induced relative energy spread is then oscillating in the characteristic sawtooth
regime of the microwave instability[16] as illustrated in figure (3.19).
In the case (b) I = 60 mA and g0 = 2.5%, the gain is smaller but the microwave
instability strength is also smaller. The laser starts, reaching saturation, and the
laser induced relative energy spread is high enough to switch the microwave instability
off and prevents it to start again, as shown by the figures (3.17),(3.18) and (3.19).
The laser characteristics in that simulation are close to the non perturbed case, i.e.
simulations without MI. But the r.m.s pulse duration σLas = 20 ps, in agreement
with the measurements, is longer than in the ideal numerical case without instability,
σLas = 7 ps. This latter value is close
√ to the theoretical value given by the so-called
Super modes model [30], σLas,th = ∆ σb /c ≈ 3 ps. Measurements with feedback
system to maintain the laser at perfect tuning showed the laser pulse duration can be
shorter than 10 ps at Super ACO [31]. The Super modes model shows that the shorter
pulse duration is found for a very fine detuning region around the perfect tuning, which
has been observed at the DUKE FEL [32].
Considering a cavity length Lc = 18 m, and a beamwaist w0 = 350 µm, the intra-cavity
peak power obained from the simulations is P = 5 MW. Compared with the power
measured at Super ACO, Pmeas. ≈ 3 MW (50 mW extracted and 20 ps pulse duration,
and 10−4 of transmission), the simulation results give a quantitative agreement with
measurements.
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Figure 3.18: Microwave instability growth β vs. time for the same initial parameters
as in fig 3.17. In the case (a) the instability starts and switches the laser off. In the
case (b) the laser starts and the instability is damped.

3.3

Conclusion

In this chapter, we have presented some of the effects of the wakefield on the electron bunch. In the static regime, the wakefield distorts the electron bunch longitudinal
distribution. In the purely resistive wake, the distribution is tilted towards the head
of the bunch, inducing displacement of the bunch centroid, and a bunch lengthening.
This effect may be then harmful to the laser gain. In the purely inductive wake, the
distribution tends to a quadratic shape for positive momentum compaction factor, inducing also bunch lengthening; and an inverse quadratic shape for negative momentum
compaction factor, which tends to reduce the bunch length. Negative momentum compaction factor operations might then be interesting for the laser, until the current is
below the microwave instability threshold.
A simple model of the microwave instability has been presented. This model describes
the onset, the growth and the relaxation of the instability, describing a limit-cycle
characteristic of the sawtooth instability regime.
Using the simple equations, a 1-dimensional model of the storage ring free electron laser
has been presented. The model is implemented in a numerical code, and the results
from the code are in relatively good agreement with measurements from the Super
ACO FEL: the laser characteristics and the laser induced energy spread from the code
are in agreement with the measurements. In addition the competition between the
laser and the beam microwave instability is described. The parameters A and B, that
lead the instability dynamics, can be used to determine the threshold of the laser instability competition.

3.3 Conclusion
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Figure 3.19: Relative energy spread vs. time for the same initial parameters as in fig
3.17. In the case (a) the instability starts and induces a sawtooth regime. In the case
(b) the laser starts and the energy spread reaches a new equilibrium depending on the
intra-cavity power.
Table 3.2: Simulation parameters for Super ACO FEL.
Total current
Small signal gain
Cavity loss
Bunch length
Natural energy spread
Laser wavelength
Undulator periods
Dispersive section number
Excitation MI parameter
Damping MI parameter
Normalized impedance
Cavity length
Synchrotron damping time
Spectral tuning
Longitudinal detuning

I0 (mA)
g0 %
η%
σb (ps)
σ²,0
λ (nm)
Nu
Nd
A (s−1 )
B (s−1 )
Zn
(Ω)
n
Lc (m)
τs (ms)
ν
δL

(a)
100
3.0

(b)
60
2.5
1

120
100
5.4 10−4
350
10
100
4.4 104 5.7 104
1.6 104
4
18
9
1.3
0
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4.1

Introduction

Free Electron Lasers (FELs) are coherent tunable and powerful sources, covering the
wavelength range from IR to VUV. Their principle lies in the interaction of light with a
relativistic electron beam that travels through the permanent sinusoidal magnetic field
from an undulator [1]. While traversing the undulator the electrons bend and emit
synchrotron radiation: the spontaneous emission of the FEL. The interaction, at each
passage, of a light pulse with an electron bunch leads to laser gain to the detriment
of the electron kinetic energy. In a storage ring free electron laser, the electrons ∗ are
re-circulated and interact, at each passage in the laser optical cavity, with the light
pulse. The interaction leads to the amplification of the light pulse, inducing energy
spread to the electron beam. The degradation of the energy spread of the re-circulated
electron beam is a peculiarity of the storage ring free electron laser [2]. As the gain
depends on the energy spread, the enhancement of energy spread of the electron beam
is responsible for the storage ring free electron laser saturation.
The first FEL operation was demonstrated in the IR on a linear accelerator in 1977 [3].
∗
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In 1983 the first lasing on a storage ring was obtained at Anneau de Collision d’Orsay
(collision ring ACO), in the visible wavelength range [4]. Nowadays, storage ring free
electron lasers (SRFEL) in rings like Super-ACO [5], ELETTRA [6], DELTA [7], DUKE
[8], UVSOR [9], NIJI-IV [10] are operating on a regular basis in the UV and VUV
range. Those UV-VUV SRFELs provide a unique tool for performing time-resolved
and/or frequency resolved experiments [11]. Furthermore, the natural synchronization
of the FEL pulse with the synchrotron radiation extends the possibilities of the laser to
two-color experiments using the complementary features of UV tunable FELs and the
broad-band spectral range of synchrotron radiation sources [12]. Nevertheless, stringent
requirements on the laser stability are needed in order to perform these experiments
properly. The laser dynamics is coupled with the electron beam dynamics, consequently
a stable laser requires a stable beam.
An auxiliary RF cavity in the ring, operating at a higher harmonic of the first one, is
normally used to lengthen the bunch and reduce or damp longitudinal instabilities [13].
At Super-ACO, like previously at VEPP 3 [14] and UVSOR [15], the harmonic cavity
is functioning in the bunch shortening mode during FEL operation, in order to enhance
the laser gain, which allows to extract more power for user applications. But when this
cavity is used, this may also induce instabilities in the beam due to an enhancement
of the intensity of the wakefield generated by the electron beam and reflected by its
environment. Therefore, the dynamics of the laser will be modified and consequently
the laser characteristics will be different.
For the design and optimization of SRFELs, 3-dimensional numerical codes have been
developed [16]-[17]-[18]. But still instabilities such as the microwave instability [19] and
coherent synchrotron oscillations [20], and the interplay between the beam instability
and the FEL needed to be taken into account in order to understand the dynamics of
SRFELs and possibly to control it. We developed a 1-dimensional numerical code [21]
to investigate the dynamics of the SRFEL in the presence of the microwave instability.
The code has provided qualitative as well as quantitative results in comparison with
measurements performed at the Super ACO and ELETTRA FELs [22]. The code
showed the competition between the FEL and the instabilities. From that competition
several situations may arise: first the laser damps all the instabilities and the laser
becomes relatively stable; second, the instabilities switch the FEL off and perturb the
beam; finally the FEL may co-exist with the beam instabilities, providing a less stable
FEL with longitudinal jitter and intensity fluctuations, as well as a perturbed electron
beam.
In this chapter, we present the beam dynamics induced by the auxiliary RF cavity
at Super-ACO. Subsequently we describe the longitudinal bunch characteristics as a
function of the harmonic cavity parameters, the various instabilities observed and their
sources. Then we analyze the properties and the dynamics of the FEL. Finally we
discuss the interplay between the laser and the beam.

4.2

Characterization of the beam

The 5th harmonic cavity used for bunch length shortening induces various effects
which are different from the situation in which this cavity is not present. In particular,
various instabilities show up, which can not immediately be explained by theoretical
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1.2 ns

models that are successful for the case in which the harmonic cavity is absent. In this
section we first briefly describe the measurement equipment at Super ACO used for the
determination of bunch length and energy spread. Then, we present measurements as
a function of beam current and of harmonic cavity voltage. We ascribe observed phenomena and instabilities to effects such as the microwave instability and the potential
well distortion. This section only describes the bunch characteristics when the FEL is
off. The combined features of the FEL and electron beam in the storage ring are the
subject of the subsequent section.

10 ms
Figure 4.1: Image of the bunch longitudinal distribution obtained with Hamamatsu
DSSC at the total current I = 41 mA. The moment method, applied on the distribution
shown on the right side of the image, give the following values: the bunch length
στ = 140±5 (ps), the kurtosis is Kurt = −0.84 and the skewness is Skew = −0.16. The
kurtosis is a measure of how outlier-prone a distribution is from the normal distribution.
The skewness is a measure of the asymmetry of the distribution around its mean
value. One observes on the profile an asymmetry with negative skewness and a flatness
compared to a Gaussian distribution (negative kurtosis).

4.2.1

Measurement apparatus for the study of the longitudinal beam dynamics

The longitudinal beam parameters are measured at Super-ACO respectively with a
double sweep streak camera DSSC (Hamamatsu) for describing the longitudinal bunch
distribution and a CCD camera for the bunch energy distribution. The DSSC is illuminated with the synchrotron radiation from a bending magnet (SA5), where the
synchrotron light pulse has the longitudinal profile of the electron bunches. A cut of
a DSSC image [23] (fig. (4.1)), taken at a given beam current, along the fast sweep
(vertical) gives the longitudinal bunch distribution, and the time evolution of the longitudinal distribution can be followed along the slow time scale (horizontal). The
moments of the distribution provide further information: on each image one can extract the values vs. time of the bunch centroid (moment of first order), the r.m.s bunch
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length (moment of second order), and the skewness and kurtosis (moment of 3rd and
4th order respectively).
The energy distribution and its second order moment, the energy spread (σ² ), is obtained from the measurement, on a CCD image, of the horizontal beam dimension in
a dispersive section of the ring [24]. The following relation is used:
σx2 = ²x βx + (ηx σ² )2 ,

(4.1)

where σx is the r.m.s horizontal beam size, ²x , βx and ηx are respectively the horizontal
beam emittance, the beta function and the dispersion function at the measurement
point. We note that we always use a Gaussian fit for extracting the values of the
energy spread. The parameters of the Super ACO FEL can be seen in table (4.1).

Figure 4.2: Bunch longitudinal distribution, ρ(ξ), from the Haissinski equation, in
the pure resistive (line) and inductive cases (small dash), compared to the Gaussian
distribution (dash). The skewness is 0, -0.5, 0 and the kurtosis is 0, 0.05, -0.68 for the
Gaussian, the resistive and the inductive case respectively.

4.2.2

Longitudinal beam properties

From a theoretical point of view, the bunch longitudinal phase space distribution
(using as axes the longitudinal position and energy deviation with respect to a reference particle) results from several contributions [25]-[26]-[27]. The natural distribution
is Gaussian in energy and position, with a correlation between the r.m.s values of the
energy and position distributions. The natural electron bunch energy spread (r.m.s
value of the energy distribution), due to quantum excitation radiation, induces a minimum bunch length (r.m.s value of the longitudinal bunch distribution), which depends

4.2 Characterization of the beam
on the storage ring characteristics. Increasing the current induces collective effects in
the bunch. These collective effects result from the wakefield generated by the relativistic electrons, and reflected by the vacuum chamber. The wakefield interacts with the
electrons of the same bunch or with the next coming electron bunch, leading to a perturbation of the electron bunch. The perturbation may be damped and may displace
the bunch equilibrium. It may result in a distortion of the longitudinal distribution
and in bunch lengthening compared to the natural bunch length. If the perturbation
is not damped, the phase space distribution is not static, and may not be Gaussian.
The result is an increase of the average r.m.s values of the energy distribution as well
as the longitudinal distribution.

Figure 4.3: Bunch longitudinal distribution of Super ACO, ρ(ξ), measured with the
DSSC camera, for several values of the current at VhRF = 0 kV, and compared to the
Gaussian distribution (line). The longitudinal coordinate, ξ, is centered, so that the
first order moment of the distribution is at ξ = 0, and reduced, so that the second
order moment is equal to 1. The skewness of the distribution is -0.23, -0.15, -0.18 and
the kurtosis is -0.68, -0.55, -0.85, for I=5, 16, 42 mA respectively.
In the case of the static bunch, the longitudinal phase space distribution is described
by a Gaussian energy distribution, e.g. as observed on the CCD camera images, and
the longitudinal distribution is given by the Haissinski equation [26]. From this equation, and taking into account the impedance of the ring, the solution is generally not
Gaussian, but reduces to a Gaussian distribution in the low current region [26]-[27].
For some particular impedance cases, such as purely resistive and purely inductive
wakes, analytical solutions exist [27]-[28]. Generally the impedance of a storage ring
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has an inductive and/or a resistive nature [27]-[28]-[29]-[30]. The resulting distribution
is tilted towards the head of the bunch, due to the resistive part of the impedance, and
the distribution shape is blown up due to the inductive part. The distribution in the
latter case can be described with the Lambert W function, W (z), as [28]:
ξ2
W (AΛ exp(− )) =
2

1
AΛ
1 + (−ξ 2 /2 + ln
)
2
e
1
AΛ 2
+ (−ξ 2 /2 + ln
)
16
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−
192
e
1
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(4.2)

(4.3)
where A is a normalization factor and Λ is a dimensionless positive number given by
the storage ring parameters and the inductive impedance (see chapter 3).
An example of these two distributions compared to the Gaussian distribution is given
in figure (4.2), where the solution of the Haissinski equation has been plotted for typical
situations as e.g. occurring at Super ACO. Here we give the longitudinal distribution
in the longitudinal reduced coordinate ξ (i.e. the r.m.s value of the distribution is equal
to 1), with respect to the center of the bunch.
In the passive cavity case (VhRF = 0 kV, where VhRF is the voltage of the harmonic
cavity and with h the harmonic number) of Super ACO (figure 4.3) the measured distribution combines the effect from the resistive and inductive impedance. Indeed, the
distribution at low current is observed to be Gaussian. For increasing currents, the
distortion becomes more pronounced both regarding the tilting effect and regarding
the ’parabolic’ like shape given by the expression (4.2).
For increasing harmonic cavity voltage, the distortion becomes also more pronounced.
This can be observed in figure (4.4), which shows the distribution for several currents
at VhRF = 90 kV. These effects show the complex nature of the wake induced by the
auxiliary cavity.
The r.m.s values of the longitudinal and energy distributions are respectively the bunch
length and the energy spread. Figure (4.5) presents the bunch length and the energy
spread as function of the total current. We observe, apart from the near current, two
characteristic zones: the high current zone, where collective effects manifest themselves
with the bunch length increasing proportionally to the energy spread, and an intermediate current zone from low current to an anti-threshold current, Is where the behavior
of the beam is different from that at high current operation.
At near zero current, the collective effects are negligible which is shown by the measurements of the energy spread and bunch length at near zero current. The values of
energy spread and bunch length correspond to the natural ones [25]: σ²,0 = 5.4 10−4
and the bunch length depends on the voltages of the RF cavities, VRF and VhRF , the
momentum compaction factor, αc , and the natural energy spread:

4.2 Characterization of the beam
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Figure 4.4: Bunch longitudinal distribution measured with the DSSC camera, for
several values of the current at VhRF = 90 kV, and compared with the Gaussian
distribution (line). The skewness of the distribution is -0.4, -0.11, -1, -0.24 and the
kurtosis is -0.4, -0.75, -0.67, -0.73, for I= 1, 36, 47, 68 mA respectively.

αc
σ²,0
Ωs (VhRF )
r
VhRF
Ωs (VhRF ) = Ωs,0 1 + h
,
VRF
στ (0) =

(4.4)
(4.5)

¶1
αc VRF ωRF 2
the synchrotron angular frequency with the main RF cavity
with Ωs,0 =
T0 E 0
alone, T0 is the revolution period, E0 is the electron energy and ωRF the angular RF
frequency.
Figure (4.6) shows the measurements at near zero current of the bunch length and the
relative energy spread for several values of VhRF , which are within 95 % agreement with
the theoretical values given by expression (4.4). The one-particle analysis [25] holds
when the current density is very low.
In normal operation at Super ACO the current decreases from the injected value to
nearly 0. At high current, and down to an anti-threshold current, Is , which is a function
of VhRF , the collective effects manifest themselves by bunch lengthening proportional
to energy spreading. The lengthening is proportional to the current I α , which is a
signature of the microwave instability[31]-[32]-[33]. A fit of the curves of bunch length
and energy spread vs. current in the considered current region gives the value α ≈ 0.8.
µ
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(a) Bunch length
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Figure 4.5: Bunch length and energy spread vs. current, measured at Super ACO,
for several values of VhRF .
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Figure 4.6: Relative energy spread (points) and bunch length (squares), measured at
Super ACO, at near zero current (I= 0.5 mA) for several values of the harmonic cavity
voltage.
The microwave instability is the instability resulting from the interaction of the electrons with that part of the wakefield of which the wavelength is in the micrometer range.
The current threshold where the microwave instability sets on has been given by Boussard [31] and depends on the normalized ring impedance Znn and the synchrotron tune,
νs , as follow:
√
3
2 π αc2 σ²,0
(E0 /e)
Ith =
,
(4.6)
Zn
νs n
where e is the elementary charge. Considering an impedance Znn ≈ 5Ω the Boussard
threshold, at VhRF = 90 kV, is Ith ≈ 2.5 mA. However the curves in figure (4.5)
show that the microwave instability at Super ACO is clearly present at above 40 to
50 mA, at values higher than equation (4.6) predicts. In between different phenomena
occur: instabilities of unknown type appear above 10 mA and disappears above an
anti-threshold Is , where the microwave instability shows up, as discussed above.
In figure (4.5) the anti-threshold current, Is , which is given by the curvature change,
from high to low current, of both bunch length and energy spread curves, is approximatively equal to 40 mA for VhRF = 220 kV, 30 mA for 150 kV, 20 mA for 90 kV. The
anti-threshold Is increases with increasing VhRF .
Another contribution to bunch lengthening is by the so-called potential well distortion
(PWD): the wakefield distorts the RF cavity field which subsequently causes bunch
lengthening. This effect of the PWD is clearly seen for the passive auxiliary cavity
(VhRF = 0 V) in figures (4.5(a)) and (4.5(b)), where the bunch lengthens while the
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Figure 4.7: Ratio of the normalized bunch length with the normalized energy spread
vs. average current for the same values of the RF harmonic cavity voltage, VhRF , as in
fig 4.5.
energy spread stays constant, until the microwave instability sets in at about 35 mA.
/στ,0
The ratio σστ² /σ
is then expected to increase from 1 at near zero current, as the PWD
²,0
increases with the current. Above the Boussard threshold, the microwave instability
manifests itself, and the bunch lengthening becomes proportional to the energy spread.
/στ,0
As a result, the PWD effect is negligible at high current and the ratio σστ² /σ
approaches
²,0
a constant different from 1 (figure (4.7)). However figure (4.7) shows a similar behavior
also for any voltage of the harmonic cavity. This indicates that the PWD is always
present in the current region from 0 to 40 mA. Still, the PWD is not the only extra effect
which occurs in this particular current region. As will be shown, coherent longitudinal
oscillations also play an important role.
For currents lower than the anti-threshold the wakefield induces an instability, which
depends on the current and on the voltage VhRF . The bunch undergoing instabilities in
that current region, has a non-static distribution. The first and higher order moments
of the distribution generally oscillate at frequencies close to the synchrotron frequency
and/or at a higher harmonics. This means that there is a coherent longitudinal oscillation of the bunch, or even that part of the bunch is divided into a few (1,2,3, etc.)
smaller bunches which have coherent oscillations at the synchrotron frequency or at
higher harmonics of the synchrotron frequency. The sub-bunches need not oscillate
in phase with respect to each other. A dipolar oscillation means that the first order
moment oscillates at the synchrotron frequency, fs . For quadripolar oscillation the second order moment oscillates at the second harmonic, 2 fs , etc. These typical features

4.2 Characterization of the beam

77

resonance peak (kHz)

100

3 fs

80

60

2 fs

40

fs
20

0
0

10

20

30

40

50

60

70

I (mA)

Figure 4.8: Resonance peak of the coherent synchrotron oscillations observed with
a spectrum analyzer in function of the current, VhRF = 150 kV. fs is the synchrotron
frequency.

appear clearly from the spectrum analyzer images and in more detail from the streak
camera images taken at Super ACO. Figure (4.8) presents the detected coherent oscillations of the electrons in the bunch with a spectrum analyzer. The spectrum analyzer
pictures exhibit resonance frequency peaks separated from the central frequency peak,
which is at a harmonic of the revolution frequency. Figure (4.8) displays the distance
of these peaks with respect to the central value. Coherent synchrotron oscillations of
dipolar and quadripolar type are always present from low to high current. We observe
that even sextupolar coherent oscillations appear in the current region below the antithreshold, here Is = 33 mA for VhRF = 150 kV.
It is to be noted that the amplitudes of the side peaks, with respect to that of the central peak, gives an indication of the number of electrons oscillating coherently. At high
current, above the anti-threshold and for a relatively stable beam, these amplitudes
are rather small; in the intermediate current region these amplitudes are comparable
to the amplitude of the central peak: a substantial number of electrons undergoes the
coherent oscillations and the resulting instability is quite strong.
Figure (4.9) shows the electron longitudinal distribution in a complex oscillation mode
at the anti-threshold. The distribution is not Gaussian, but shows that the bunch is
divided in parts, oscillating in phase opposition at the synchrotron frequency. The
wakefield is a function of the electronic density and may be modelled by a decaying
exponential multiplied by a periodic function, where the decay time constant as well as
the period depend on the impedance of the ring [29]. A simple model has been used [23]
to reproduce the instability modes observed at Super ACO with the auxiliary cavity,
from the simple coherent synchrotron oscillation to complex modes like the fish-bones
instability [34] (named as such due to its appearance on a DSSC image). This simple
model suggests that the collective oscillating modes of the electrons in the bunch derive
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from a relatively short decay time constant of the wakefield, so that the wakefield interacts only with the electrons of the same bunch, the instability being a single bunch
instability. In addition, the wakefield responsible for the complex modes observed in
the intermediate current region may explain the anti-threshold value: the instability
sets in when the electrons are sufficiently close to each other that their wakefield is
so strong to perturb their closest neighbors. When the current increases, the bunch
lengthens, and the electron density decreases. When the closest neighbors are too far
to be perturbed by the wake, the instability disappears. This explains the increasing
anti-threshold current with increasing VRF .
The dynamics of the electron beam and the different perturbations that are present in
the beam are important because they influence the SRFEL dynamics. The longitudinal instabilities observed here modify the electron bunch parameters. This consists of
an increase of the energy spread, and as a consequence of the bunch length, and also
of a coherent oscillating movement of the bunch longitudinal phase space distribution
moments. These effects on the beam induce perturbations in the laser dynamics and
in the laser properties such as gain, stability, etc. This will be described in the coming
section.
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Figure 4.9: (a) DSSC image showing the evolution of the perturbed longitudinal
bunch distribution. The instability sets on when the total current is below the ’antithreshold’ Is ≈ 32 mA with VhRF = 150 kV. The bunch distribution is split in three
parts oscillating at near the synchrotron frequency fs = 33 kHz. VhRF = 150 kV, one
bunch mode (horizontal scale: 200 µs, vertical scale: 800 ps). (b) Bunch longitudinal
distribution, ρ(τ ), extracted from the DSSC image (a). VhRF = 150 kV.

4.3

Laser-beam dynamics

The Super-ACO FEL is a pulsed laser with a pulse repetition rate corresponding to
that of the passage of the electron bunches in the optical cavity, 8.33 MHz. The optical
klystron [35] in the laser cavity is composed of two undulators separated by a dispersive
section. The laser r.m.s pulse duration is much shorter than the electron bunch length,
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Table 4.1: Super-ACO FEL parameters
Storage ring
FEL Constituting elements
E0 (MeV)
800
Cavity length (m)
18
T0 (ns)
240
αc
0.0148
Optical klystron length (m)
3,1
−4
σ²,0
5.4 · 10
undulators period length (cm)
12.9
νRF (MHz)
100
Nu
10
νhRF (MHz)
500
Nd
80-100
VRF (kV)
170
VhRF (kV)
0-280
FEL Characteristics
βx (m)
1.528
r.m.s pulse duration (ps)
10
η(m)
0.364
beamwaist (µm)
400
−8
²x (m)
2.7 · 10
Maximum average output power 300
(350 nm) (mW)
typically 10-20 ps, at zero ’detuning’, the detuning being the cumulative delay between
the laser pulse and the electron bunch. The Super ACO FEL parameters can be found
in table (4.1). In this section we present the laser properties in presence of the auxiliary
cavity. At the same time the instabilities due to wakefields perturb the laser and modify
its performance. The laser operates in competition with the instabilities, in particular
the microwave instability. In fact the laser itself can be considered as an instability of
a different kind.

4.3.1

Super-ACO FEL gain

One important parameter for the SRFEL dynamics is the gain. The gain is a
dynamical quantity. The maximum gain is when the laser starts, and is called the
small signal gain. The gain evolves with the electron bunch quality and the detuning
condition.
The small signal gain, for the optical klystron case, can be deduced from bunch length
and relative energy spread measurements [35]:
G0 = 2.22 · 10−13 K 2 L2und (JJ)2 (Nu + Nd ) f

ρe F f
,
γ3

(4.7)

where K is the undulator strength, Lund is the length of one undulator, JJ is the
difference between the first kind Bessel functions of order 0 and 1 with argument
K2
x =
, Ff is the filling factor (taking into account the transverse overlap of
4 + 2K 2
the electrons with the photon beam), Nu is the number of periods of each identical
undulator, Nd is the number accounting for the advance of the light with respect to
the electrons due to the¡ dispersive section, and
it is expressed in number of light wave2¢
length [35]; f = f0 exp −8 (π (Nu + Nd ) σ² ) is the so-called ’modulation rate’ of the
optical klystron [35] with f0 a constant between 0 and 1; σ² is the relative beam energy spread; ρe is the electron density and γ is the Lorentz factor corresponding to the
electrons nominal energy.
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Figure 4.10: Maximum Gain curves vs. current at 350 nm and for different values
of the harmonic cavity voltage VhRF , using the expression (4.7) with an optimized Nd
exp(− 21 )
2
2 σγ 2
, and K = 3.5, Lund = 1.3
value, (Nu + Nd )f = (Nu + Nd )e−8π (Nu +Nd ) ( γ ) ≈
4π σγγ
m, Ff = 0.9, σx = 380 (µm), σy = 380 (µm) .

Figure (4.10) presents the small signal gain as a function of the current at the laser
wavelength 350 nm and for different values of VhRF . At low current, the small signal gain increases monotonically with VhRF : the harmonic cavity, reducing the bunch
length, is efficient. However, for 1% total cavity loss, the threshold value of the current
for which the laser starts is Ithr,Las ≈ 5, 12, 15, 16 mA with VhRF = 220, 150, 90, 0 kV
respectively.
For intermediate current zone instabilities occur on the beam. The small signal gain is
lowered due to the bunch lengthening and the increased energy spread, and the reduction of G0 is more important for higher values of VhRF . For non static electron bunch
distribution the small signal gain can not be defined: this is only possible for a static
longitudinal phase space distribution.
Above the ’anti-threshold’, Is , the microwave instability dominates. This leads to a
limitation of the small signal gain, which does not increase significantly with the current as expected from expression (4.7).
The harmonic cavity functioning in the bunch shortening mode for enhance the laser
gain is efficient because the gain increases with the VhRF , but at the same time the
efficiency is less than expected as the beam also experiences instabilities.
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δνRF (Hz)
Figure 4.11: Detuning curve for the passive harmonic cavity. The current is 39.4 mA.

4.3.2

Temporal and dynamical features

The DSSC also provides information on the laser pulse as for the electron bunch
longitudinal distribution, i.e. the pulse duration, the pulse centroid, etc.
The temporal behavior of the laser corresponds to the periodic structure of the electron
beam. For perfect longitudinal tuning the laser behaves as a cw-laser. Longitudinal
detuning leads to a cumulative delay between the pulse and the bunch: for small and
large detuning values the laser is cw [36] on a macro-temporal scale (time greater
than the cavity round trip, of the order of several synchrotron damping time), and for
intermediate detuning values the laser shows a pulsed behavior. A ’detuning curve’
presents a particular laser property as function of the detuning, such as the intensity
or pulse duration. It provides information on the dynamics of the coupled system. As
seen in the previous section, collective effects distort the bunch distribution, and the
distortion is more important for higher current and higher voltage VhRF . The detuning
curves for passive harmonic cavity are symmetrical, as shown in figure (4.11), and
become asymmetrical while increasing the voltage VhRF (figure (4.12)). The symmetry
of the detuning curve depends on the symmetry of the longitudinal bunch distribution:
the position of the laser pulse centroid is subject to the detuning, which pushes the
pulse centroid away from the electron bunch centroid, and to the gain variation along
the bunch distribution, which pulls the laser pulse centroid back to the electron bunch
centroid where the electron density is maximum (’gain gradient effect’). When the laser
reaches an equilibrium for a given detuning, its centroid also reaches an equilibrium
point and the detuning effect is compensated by the gain gradient effect. With an
asymmetrical bunch distribution, this effect is asymmetrical, and the equilibrium found
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δνRF (Hz)
Figure 4.12: Detuning curve for VhRF = 90 kV. The current is 26 mA.
for a given detuning may not be the same for the symmetrical detuning amount. Then
the resulting detuning curve is asymmetrical.
The detuning curve characteristics, such as the total width (≈ 250 Hz in figure (4.11)),
depend on the properties of the dynamical system, e.g. the laser gain, the cavity loss,
the instability strength. The first two quantities determine the level of the laser intracavity power at equilibrium. This level is important because it determines if the laser
is capable to switch off the microwave instability. The gain decreases with decreasing
current but also under detuning condition. At large detuning, the gain reaches a limit
where the intra-cavity power can not switch the microwave instability off. Therefore
the instability starts, with a consequent increase of energy spread that further decreases
the gain bellow the cavity loss. As a result the laser is switched off. Consequently, for
a given current, cavity loss and microwave instability strength, the larger the gain the
larger the detuning width [22].

4.3.3

Spectral features

The spectral tunability of an FEL depends, in practice, on the undulator strength
parameter, K = 0.94[T −1 cm−1 ] λu Bu (with Bu the amplitude of the periodic magnetic
field of the undulator) and also on the reflexivity of the mirrors. At Super ACO, at
350 nm the sets of mirrors allow a global tunability range of [300, 600] nm.
One interesting characteristic of the UV-VUV SRFEL (down to 189 nm for ELETTRA
and 300 nm for Super ACO) is its spectral width which is sufficiently small, and
combined with the short laser pulse duration, makes the laser an interesting device to
perform time resolved spectroscopy [11]. The relative spectral bandwidth, ∆λ
, obtained
λ
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with an SRFEL is roughly given by the expression [37] :
∆λ
1
≈
λ
π

s

λ
,
(N + Nd )cστ

(4.8)

with c the speed of light in vacuum. For high time-resolved spectroscopy one needs
a high frequency resolution as well as high time resolution, which are both coupled
with the Fourier limit. Measurements of the laser pulse duration and its spectral width
as function of the detuning have shown the laser operating near the Fourier limit in a
narrow central detuning zone [37]. The laser pulse duration, σLas , depends on the bunch
length. With the auxiliary cavity it should operate at shorter pulse duration, so that
may be closer to the Fourier limit. But any longitudinal instability
the product σLas ∆λ
λ
adds a certain amount of detuning pushing the laser away from the limit. With a
feedback system [38], which maintains the laser at zero detuning, the pulse
√ duration
has been found shorter and closer to the theoretical value given by σLas ≈ ∆ στ [39]
is the slippage length expressed in s). Operating the laser
(where ∆ = (N + Nd ) λlas
c
near the Fourier limit appears like a trade-off between the laser pulse shortening and
the rising of instabilities.

4.3.4

FEL power
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Figure 4.13: Laser power vs. current for VhRF = 120 kV.
The Renieri limit [40] tells that the SRFEL average power extracted is proportional to
the average power emitted by the synchrotron radiation in a bending magnet. For an
optical klystron the average power which can be extracted is [41]:
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Plaser = ηc 8π 2 (Nu + Nd )f ((

σγ 2
σγ
)on − ( )2of f )Ps ,
γ
γ

(4.9)

where ηc is the ratio between the transmission of the mirrors and the total losses of the
cavity, (( σγγ )2on − ( σγγ )2of f ) measures the laser induced energy spread of the beam, and
2 c r e me c2 T0 γ 4 I
is the synchrotron power, with re the electron classical radius,
Ps =
3e
ρ20
me the electron mass, e the electron charge, I is the current and ρ0 is the average
radius of curvature of the storage ring bending magnets. Since Ps is proportional to
the current and (Nu + Nd )f is, when optimized, inversely proportional to the relative
energy spread of the beam, Plaser is expected then to be proportional to the current
I β . In fact the situation is more complex. At high current the laser starts. Then it is
in competition with the microwave instability, it switches off the instability [21]-[42],
and the resulting power may be in a large range, depending on the strength of the
instability. Figure (4.13) presents the power extracted at Super ACO and shows this
effect. When the current decreases, the strength of the wakefield, responsible for the
instabilities, decreases also. The laser is then less sensitive to the instabilities, and the
behavior of the power vs. current is indeed proportional to I β (where β ≈ 0.8).

4.3.5

Competition between the FEL and the beam instabilities

As seen in the previous section the FEL gain and the extracted power can be reduced by perturbations of the electron beam. A simple effect of the laser on the beam,
which has been observed at VEPP3 [14] and UVSOR [43], is ”heating” of the beam.
The FEL induces beam energy spread which results proportionally in bunch lengthening. At Super-ACO, the FEL induced heating of the beam has also been observed, by
measuring a difference of energy spread laser on and off in excess of 10 %. Instead of
only heating the beam, the laser, by inducing energy spread to the beam, damps the
beam instabilities. As observed on the spectrum analyzer, the quadrupolar coherent
synchrotron oscillations disappear with laser on, and reappear with laser off. Furthermore, as has been described in [42] the laser induced energy spread shifts the Boussard
threshold current and then prevents the start of the microwave instability.
This results have been reproduced with simulations using the model described in [21].
We made simulations for the case of Super ACO, VhRF = 90 kV in the perfect longitudinal tuning condition, in the case (a), the current I = 100 mA, and in the case (b)
the current is I = 60 mA.
In the case (a) we evaluate the small signal gain g0 = 3% and the microwave instability
strength has been calculated using a normalized impedance Znn = 4 Ω. The laser starts,
but the microwave instability is too strong and switches the laser off, as can be seen in
figure (4.14) showing the intra-cavity dimensionless power, the relative energy spread
and the microwave instability growth rate vs. time respectively. The induced relative
energy spread is then oscillating in the characteristic sawtooth regime of the microwave
instability.
In the case (b), the small signal gain is g0 = 2.5%, the gain is smaller but the microwave
instability strength is also smaller. The laser starts, reaches saturation, and the laser
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induced relative energy spread is high enough to switch the microwave instability off
and to prevent it from starting again, as shown in figure (4.14). The laser characteristics in that simulation are close to the non perturbed case. But for example the
pulse duration σLas = 20 ps, in agreement with the measurements, is longer than in
the ideal case without instability (numerical), σLas = 7 ps. The latter value is close to
the theoretical value given by the ’Super mode’ model [39], σLas,th = 3 ps.
In addition the code shows that the start-up of the laser is possible only in a range of
current for which the upper limit depends on the microwave instability strength, which
is given by the impedance of the ring and the current. In this particular case the upper
limit is near 90 mA. We observe experimentally that the laser is not stable above 60
mA
In summary, the laser can be seen as a beam stabilizer as it is able to damp the beam
instabilities, and as a consequence the laser, whenever it starts and reaches a sufficient
power level, self-stabilizes.

4.4

Conclusion

Beam phenomena in a storage ring, in particular for the Super ACO storage ring,
using an auxiliary 5th harmonic cavity have been described both for the situations
without and with the operation of an FEL.
First the particular phenomena in the storage ring without operating the FEL have
been characterized, such as the PWD and MI effects, as a function of the setting of the
harmonic cavity voltage. Explanations for most of these phenomena have been given.
Their consequences on the FEL dynamics have been considered next.
Gain enhancement due to the bunch length shortening as a function of the harmonic
cavity voltage has been observed.
However gain reduction occurs also, which is caused by: bunch lengthening induced by
the PWD, bunch lengthening proportional to the increased energy spread induced by
the MI and by coherent synchrotron oscillations.
Phenomena observed under detuning conditions are linked to the bunch parameters, as
influenced by the MI and the harmonic cavity voltage. The detuning curve properties
derive from the effective gain, the MI strength, and the bunch longitudinal distribution
shape. The detuning studies as such are primarily intended for providing understanding
of the combined laser - electron beam system.
The competition of the laser with the MI has been illustrated with our numerical code
and has been compared with experimental results.
Optimum conditions for operating the FEL use a moderate harmonic cavity voltage,
e.g. 150 kV for Super ACO, and a beam current in the range of 20 to 60 mA, which
allows stable operation of the FEL near the Fourier limit.
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Figure 4.14: Simulation for the case of Super ACO with VhRF = 90 kV and the current
I = 100 mA (a) and I = 60 mA (b). Top: Laser dimensionless intra-cavity power, ILas
.The power density is given by P = ILas Isat [21] with Isat = 690( Nγu )4 (K λu1fb (ξ))2 MW
cm−2 , where γ = 1566.55 is the Lorentz factor of the electrons, Nu = 44 is the number
of undulator period (for the equivalent undulator to the Super ACO optical klystron),
K = 3.3 is the undulator strength, λu = 0.13 m, and fb (ξ) is the difference between
K2
the first kind Bessel functions of zero and first order with the argument ξ = 4+2
.
K2
Center: relative energy spread, σ² /σ²,0 . Bottom: microwave instability growth rate,
β.
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5.1

Introduction

The Storage ring free electron laser is a complex coupled dynamical system, and
various models have been used to understand and predict its behavior. First models
described analytically the FEL intensity evolution [1]-[2]. Later, more advanced and
sophisticated models were developed providing numerically the evolution of the coupled system laser pulse - electron bunch [3]-[4]-[5] -[6]-[7]-[8]. As described in section
(1.3) and in order to get more insight in the coupled dynamics, we implemented a
1-dimensional model in a numerical code [9] (see chapter 3), taking into account the
laser pulse evolution, derived from the field propagation equations, coupled to the electron† longitudinal phase space evolution, and to the main longitudinal instability in
storage rings, the microwave instability (MI) [10]-[11]. In the code, transverse effects
are neglected and the electron bunch distribution has a Gaussian shape with a width
proportional to the energy spread. The numerical values of the parameters used in
the code are taken from the real parameters that characterize the studied SRFEL (see
table (5.1)).

∗

This chapter in the present form in based on a article accepted by NIM A under the title ”Longitudinal Detuning for an SRFEL”.
†
We use the term ’electrons’ both for electrons (ELETTRA) and positrons (Super ACO).
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Figure 5.1: Detuning curves measured at Super ACO (total current I = 39.4 mA,
g0 = 2%, η = 0.7%, passive harmonic cavity) and ELETTRA ([12]) (I = 20 mA,
g0 = 12%, η = 6%). a) The width is 330 Hz, zone 3 is less than 10 Hz large, zones 2
and 4 are in the detuning range νRF = [5, 25] Hz. b) The width is 400 Hz, zone 3 is
less than 1 Hz, zones 2 and 4 are in the range νRF = [1, 30] Hz (1 Hz corresponding to
a delay per pass of 1.2 fs at Super ACO and 0.86 fs at ELETTRA).
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The temporal behavior of the laser corresponds to the periodic structure of the electron beam. On a long time scale the behavior of the laser depends on the detuning
condition. For perfect tuning the laser behaves as a cw-laser. A given detuning leads
to a cumulative delay between the pulse and the bunch. For small and large detuning
values the laser appears cw, and for intermediate detuning values the laser shows a
pulsed behavior [13]. A detuning curve is a curve of a particular laser property, such as
the intensity, pulse duration, etc, as function of the detuning, which is controlled by the
cavity length or by the RF cavity frequency‡ . It provides information on the dynamics
of the coupled system. In this chapter we first present detuning curves obtained experimentally at Super ACO, and presented in a previous work [14], and at ELETTRA.
In the second part we compare them with results obtained with the simulation code
and finally we discuss the characteristics of the curves linked to the properties of the
dynamical system.

5.2

Detuning curves

In general the shape of a detuning curve depends on the properties of the system,
such as the FEL gain, the electron bunch phase space distribution, and on the instabilities in the laser and/or in the electron bunch.
The detuning curves shown in figure (5.1) are recorded by measuring the laser intensity while varying the frequency of the main RF cavity around the value for which the
laser pulse period in the optical cavity corresponds to the inter-bunch period. Figure
(5.1(a)) presents a detuning curve taken at Super ACO showing the laser intensity as
a function of the RF frequency deviation δνRF from the central value. The curve is
almost symmetrical and exhibits five characteristic detuning zones: in the central zone
3, 5 to 10 Hz wide, the laser operates in cw mode. For detuning values in the range
between 5 and 25 Hz (zone 2 and 4) the laser appears pulsed (laser switches off periodically) or modulated (intensity modulation). Finally for larger detuning, more than 25
Hz (zone 1 and 5), the laser is cw again. This zones with a cw and modulated laser are
also observed in Linac based FEL, although the detuning curve is quite asymmetrical
and is mainly due to the slippage.
The case ELETTRA is different. The small signal gain (g0 > 30%) is large compared
to Super ACO (g0 ≈ 2.5%). The detuning curve is found to be more noisy, with a
less sharp border between stable and pulsed behavior. However, figure (5.1(b)) still
displays five distinct zones where the laser macro-temporal regime is either cw, (central
zone 3 and lateral zones 1 and 5), or pulsed (zones 2 and 4).
A simple intuitive argument that can be used to determine the nature of the detuned
dynamics of an SRFEL is the following: the position of the laser pulse centroid is
pushed away from the electron bunch centroid due to the detuning, and is pulled back
to the electron bunch centroid where the electron density is maximum, due to the gain
variation along the bunch distribution. When for a given detuning the laser reaches
an equilibrium in a cw mode, its centroid also reaches an equilibrium point and the
detuning effect is compensated by the gain gradient effect. If no equilibrium is found
the laser exhibits a pulsed or modulated behavior.
‡

At Super ACO δRF = 1 Hz is equivalent to a cavity length variation of ∆Lc = 0.18 µm, and at
ELETTRA 1 Hz ⇔ 0.13 µm
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Another characteristic of the detuning curve is its total width. Figure (5.1) shows 330
and 400 Hz detuning width at Super ACO and ELETTRA respectively. Experimentally
it is found to decrease with decreasing current and small signal gain (g0 ).
The laser pulse duration vs. detuning is shown in figures (5.2(a)) and (5.2(b)) for
Super ACO and ELETTRA respectively. The curves are symmetrical. One remarks
that the pulse duration has a minimum in zone 3. In that zone the laser operates near
the Fourier limit [15]. Zone 3 is quite interesting for user applications, as the laser has
the shortest pulse duration and the smallest spectral width. For stability reasons this
zone should be as large as possible. The extent of that zone depends on the gain and
also on the ring synchrotron damping time (τs ) [16], which is a crucial parameter. This
zone has been measured to be as large as 5 to 10 Hz at Super ACO, with τs = 8.5
ms and may have 1 Hz extent at ELETTRA, where τs = 65 ms (for 1 GeV nominal
electron energy).
In zone 2 and 4, the laser is pulsed or modulated. Figure (5.3) presents the pulse
frequency in zone 2 and 4 as function of the detuning. The small asymmetry may be
attributed to the slippage (delay between electrons and photons after traversing the
undulator). The curve shows a high frequency modulation of the intensity for detuning
values near ±5 Hz. The frequency rapidly decreases to a minimum around 300 Hz,
where the laser appears pulsed. The frequency increases linearly with δνRF , the slope
depending on the synchrotron damping time [16], with the laser becoming modulated
again, as can be seen in figure (5.4).
In summary, several aspects of the experimental detuning curves at ELETTRA and
Super ACO have been investigated. The total curve width depends on the small signal
gain. The width of zone 3 depends on the small signal gain and on the damping time,
which are also important parameters for the behavior of the laser in zones 2 and 4. In
the following section, we compare these experimental results with the numerical results
from our code.
Table 5.1: ELETTRA and Super-ACO parameters.
ELETTRA Super ACO
Nominal energy (GeV)
E0
1
0.8
Number of electron bunches
4
2
Period (ring) (ns)
T0
864
240
Momentum compaction factor
αc
0.00161
0.0148
Synchrotron damping time (ms)
τs
65
8.5
Normalized impedance (Ω)
Zn /n
0.1
5
Natural r.m.s energy spread (10−4 )
σγ
3.97
5.4
Natural r.m.s bunch length (ps)
σb
6.28
86
Period (optical cavity) (ns)
Tc
216
120
small signal gain
g0
0.35
0.025
cavity loss
η
0.06
0.005-0.01
laser wavelength (nm)
λLas
250
350
slippage (µm)
20
35
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Figure 5.2: Laser pulse duration vs. detuning: 5.2(a)(r.m.s value) I = mA, g 0 = 2%,
η = 1 %. 5.2(b) (FWHM value) I = 15 mA, g0 = 20%, η = 6%; 5.2(b) laser spectral
width (FWHM value) measured at the same time as for the pulse duration.

5.3

Numerical results vs. experiments

The SRFEL longitudinal dynamics vs. detuning, taking the parameters of Super
ACO and ELETTRA, is studied with our numerical code [9]. The code solves 3 differ-
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Figure 5.3: Laser macro-temporal pulse frequency vs. detuning in zone 2 and 4
measured at Super ACO. The curve presents two linear domains nearly symmetrical
as shown by the fitting slopes in the legend. I = 43 mA, g0 = 2%, η = 0.8%
ential equations accounting for the laser intra-cavity electric field, the electron bunch
energy spread and the microwave instability (MI) (see details in chapter (3)).
Figure (5.5(a)) presents the laser average power vs. detuning for the case of Super
ACO. The bars represent the laser maximum and minimum intensity at equilibrium.
One observes the five zones where the laser appears cw and pulsed. They are in relatively good agreement with Super ACO measurements: 300 Hz total width, 5 Hz width
for zone 3 and 15 Hz width for zones 2 and 4, with g0 ≈ 2% and τs = 8.5 ms. A similar
experimental curve is obtained for ELETTRA exhibiting 5 characteristic zones. Zone
3 is 1 Hz wide and the total width is larger than 600 Hz. This is larger than the width
of the experimental curve. A larger detuning curve for the case of ELETTRA may
come from an overestimation of the effective gain and/or an underestimation of the MI
strength. We develop this further argument below.
Variations of the effective gain, (g0,ef f = g0 −η, with η the cavity loss) lead, as expected,
to a variation of the curve width: the larger the gain, the larger the width. Figure
(5.6(a)) of the laser power vs. detuning for different values of the effective gain shows a
larger width for the larger effective gain. We also varied the microwave instability (MI)
strength. In the code, the MI depends on two parameters, the MI excitation and the MI
damping parameters, which are describing the onset and the growth of the instability,
and its relaxation. The strength of the MI is measured by the ratio between these two
parameters. It may be varied with the MI excitation parameter, which is directly linked
to the impedance of the ring and the stored current [9]. Figure (5.7) presents the laser
intra-cavity power at saturation in zone 3 as a function of the effective gain, and for two

5.3 Numerical results vs. experiments

Figure 5.4: Laser macro-temporal behavior in zone 4 measured at Super ACO. The
laser appears pulsed (δνRF = 13 Hz) and modulated (δνRF = 20, 22 Hz).
different values of the MI excitation parameter. We remark that the laser starts up at
a positive threshold effective gain which depends on the MI excitation parameter: the
larger this parameter the larger the effective gain needs to be to compensate the gain
reduction due to the MI. A second remark is that when the laser starts with sufficient
gain, the MI has no effect on the saturation value. The laser has switched off the
MI. Figure (5.8) shows the dimensionless intra-cavity power at saturation as function
of the detuning and for several value of the MI excitation parameter, for the case of
Super ACO. The width is also dependent on the MI strength. This dependency also
illustrates the competition between the laser and the MI [17]. At maximum detuning,
the laser intensity is at the limit at which the laser-induced energy spread prevents the
MI to start. For larger detuning the intra-cavity power is too low to induce sufficient
energy spread for preventing the MI to start. As a consequence, at maximum detuning
the MI starts, switches the laser off. The maximum detuning depends also on the MI
strength so that the detuning curve width can be reduced with a stronger instability.
A further remark is that at maximum detuning the level of energy spread induced by
the laser is at the threshold for which the MI may start. This value of the energy
spread is linked to the impedance of the ring so that the detuning curve may provide
a means to measure the storage ring impedance.
From the same simulation one can also retrieve the laser pulse duration vs. detuning,
as shown in figure (5.6(b)). The curve is symmetrical and the laser pulse duration
increases with the detuning. It is minimum for a very narrow detuning range around
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Figure 5.5: Numerical detuning curves for the cases of Super ACO and ELETTRA.
The machine parameters used in the code correspond to the ones figure in 5.1, and can
be seen in table (5.1) .

δνRF = 0. In this range, the laser operates near the Fourier limit [15]. Any longitudinal
instability, e.g. of the electron beam, can push the laser out of this narrow detuning
zone. To maintain the laser in zone 3 against longitudinal instabilities a feedback
system [18] has been developed at Super ACO. Using this system, we observed that
the laser operates closer to the Fourier limit than in the zone 3 without feedback.
The curve is in good agreement with measurements, giving a minimum pulse duration
(r.m.s) σLas = 20 ps for Super ACO. Similar simulation for ELETTRA gives σLas = 3
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Figure 5.6: Numerical detuning curves for the Super ACO case, I = 70 mA, g0 = 2.5%
and the effective gain gef f = 1.5 for (*) and gef f = 1.4 for (+). Figure (5.6(a)) presents
the curve laser power vs. detuning. Figure (5.6(b)) shows the pulse duration retrieved
from the same simulation.
ps in agreement with figure (5.2(b)). This justifies the approximations applied in our
code.
In summary, a relatively good quantitative agreement with experimental results has
been found. The detuning curve presents five characteristic zones where the lasers
macro-temporal behavior is cw or modulated. The detuning curves are relatively symmetrical, except when the electron bunch longitudinal distribution is not symmetrical.
The width of the detuning curve depends on the gain, but also on the cavity loss and
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Figure 5.7: Numerical dimensionless intra-cavity power, I, in zone 3, for the case of
Super ACO, as function of the effective gain and for two different values of the MI
excitation parameter: the lower MI parameter value corresponds to the crosses and the
higher to the circles.
on the MI strength. The curve characteristics and the dependency on the bunch distribution, should provide a deeper understanding of the dynamical interaction between
the laser pulse and the electron bunch. The laser pulse duration is minimum, as well
as the spectral width is found in a very narrow detuning range. In this range the laser
operates near the Fourier limit.

5.4

Conclusion

A comparison of the measured dynamics of two SRFELs with numerical results has
been done by studying the behavior of the laser as function of the longitudinal detuning.
The model we implemented in our simulation code gives quantitative agreement for each
of the two experimental cases. Detuning curves give certain laser properties (intensity,
pulse width, etc) as function of detuning. Their characteristics are dependent on the
coupled dynamical system properties. The detuning curve exhibit five characteristic
zones where the laser appear cw and modulated. The width depends on the effective
gain, but also on longitudinal instabilities such as the microwave instability. The laser
pulse length is minimum only in a narrow detuning range around δνRF ≈ 0. This shows
the importance of incorporating a feedback system, as mentioned in section 3, when the
laser is operating for user applications that require a laser functioning near the Fourier
limit. The laser is in competition with the microwave instability. The maximum
detuning provides the level of energy spread where the microwave instability competes
with the laser. Furthermore it can be used to evaluate the normalized impedance of a
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Chapter 6
Conclusions
The storage ring free electron laser is a powerful, continuously tunable laser in the UVVUV wavelength range. This laser is a unique tool to perform two-color time-resolved
spectroscopy, using both the laser and the synchrotron light which are naturally synchronized. For this type of experimental analysis the stability of the laser and of the
stored electron beam is an issue. With the operation of a free electron laser on a storage ring, the electron beam is composed of only a few bunches (2 in Super ACO, 4
in ELETTRA). The charge per bunch has to be high to assure a sufficient laser gain.
Because of this, all storage rings used for free electron laser operation are affected by
an instability called the microwave instability, which can seriously perturb the electron
beam and limit the laser performance.
The main goal of this thesis is to provide understanding of the behavior of the storage
ring free electron laser in the presence of the microwave instability and to predict this
behavior for a specific storage ring free electron laser. To this end we developed a
numerical code that has been validated with measurements performed at Super ACO
and at ELETTRA.

0-dimensional model
In order to describe qualitatively the storage ring free electron laser dynamics, a
’0-dimensional’ model for the laser behavior has been presented. With the term 0dimensional we mean that we restrict ourselves to the description of the evolution of
the laser intensity and the electron beam energy spread, assuming perfect overlapping
between Gaussian laser pulses and Gaussian electron bunches. The Intensity and the
electron energy spread are strongly coupled. The model predicts analytically the saturation of the laser and the induced energy spread to the beam by the laser.
Moreover, a simple model of the beam behavior in presence of the microwave instability
has been presented separately. This describes the on set, the growth and the damping
of the microwave instability in the beam. We have coupled the 0-dimensional storage
ring free electron laser model with that of the microwave instability evolution. The
new system obtained is a 0-dimensional model of the storage ring free electron laser
in presence of the microwave instability. This gives the general behavior of the system
and illustrates the competition of the free electron laser with the instability. With
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specific initial values for the free electron laser gain, the cavity loss and the microwave
instability strength, the system evolves towards two situations: the laser reaches saturation with damping of the instability, or, the microwave instability wins, and the laser
is switched off.

1-dimensional model
Successful as the 0-dimensional model has shown to be in the qualitative description of many storage ring free electron laser phenomena, we nevertheless wanted more
quantitative predictions, for which a so-called 1-dimensional code was developed. Here
with 1-dimensional we mean that the longitudinal coordinate, the propagation axis, is
taken into account, i.e. the laser electric field is calculated as a function of the longitudinal coordinate. The model integrates three differential equations. The first two
equations account for the stored electron beam behavior, neglecting the potential well
distortion effect, assuming the bunch length proportional to the relative energy spread,
and including the microwave instability effects. The third equation describes the evolution of the intra-cavity electric field of the free electron laser pulse along the optical
cavity axis. For the evaluation of the laser gain along the optical axis, the longitudinal
phase-space of the beam is taken into account, which provides the coupling with the
electron beam. The coupling is reinforced by the laser induced energy spread, which is
also taken into account in the first equation.
To understand deeper the effect of the wakefield on the electron beam, described with
the impedance of the ring, we present the analytical solution of the Haissinski equation for purely resistive impedance, and we solve analytically the equation for a purely
inductive impedance. The two solutions give a clear picture of the effects of the wakefield on a the electron bunch distribution. Moreover, the solution of the Haissinski
equation provides a measure of the storage ring impedance by fitting the longitudinal
beam distribution. This quantity provides information on the microwave instability
strength. The perturbation from the wakefield may not be damped, inducing an instability to the beam. The beam undergoes then typical oscillations, like for example the
sawtooth-like periodic oscillations of the beam energy spread and the electron bunch
length, or the coherent synchrotron oscillations. The microwave instability also induces
an average enhancement of the beam energy spread, which is always accompanied by
a proportional electron bunch lengthening.
The behavior of the storage ring free electron laser is quantitatively understood, in
particular the competition of the laser with the microwave instability. A typical range
of current for stable operation is found in which range the laser is able to damp the
microwave instability. There is a maximum current value above which the laser can not
start, in spite of a positive effective gain, due to the on set of the microwave instability. The laser pulse characteristics, pulse duration, peak power, etc., can be retrieved
from the simulation results. The code also allows to study the laser behavior under
’detuning’ conditions. The detuning is an important parameter for the dynamics of the
storage ring free electron laser. The behavior of the free electron laser changes with
the detuning, and the performance of the laser degrades. Maximum power and the
shortest pulse duration are found at zero detuning. The code has shown the laser to
be ’cw’ for small and large detuning values, and modulated for intermediate detuning
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validation by experiments
As stated above the laser behavior is intimately connected with the electron beam
properties. Experimental characterization of the Super ACO electron beam behavior
has been carried out. To a large extent the behavior of the beam for free electron laser
operation at Super ACO is understood. The role of the wakefield, e.g. the perturbation
it gives to the electron beam, is important. The measurements have shown a stable
behavior of the beam, where the bunch characteristics are described by the Haissinski
equation, and an unstable behavior, dominated by the microwave instability.
The free electron laser characteristics, pulse duration, power at saturation, gain at startup, etc., have been measured at Super ACO and at ELETTRA. The measurements
have been done at perfect longitudinal tuning, and under detuning conditions. The
detuning curves, giving laser characteristics as a function of the detuning, exhibit five
characteristic zones where the laser is cw, for small and large detuning, and modulated,
for intermediate detuning. In particular the laser is found to be nearly Fourier limited
in a narrow range of the central detuning zone. The properties of the detuning curves
are linked to the parameters determining the dynamics of the storage ring free electron
laser, such as the gain at start-up, the cavity loss and the microwave instability strength.
The code has been used to simulate successfully the behavior of the Super ACO and
the ELETTRA free electron lasers. The laser power, the laser pulse duration, and
the laser regime as a function of the detuning have been found to be in a quantitative
agreement with measurements.

concluding remarks
The numerical code has been applied successfully to simulate two different storage
ring free electron lasers. The code can be used as a tool for the design of new storage
ring free electron lasers, or for optimization of existing ones.
The study of the behavior of the storage ring free electron laser in presence of the microwave instability has clarified the important role of the instability for the free electron
laser dynamics. The numerical code we implemented, combined with the experimental
studies has shown the limitation of the performance of the laser due to the instability.
The microwave instability strength depends on the storage ring impedance. A smaller
impedance provides a better free electron laser, in terms of stability, power, pulse duration and spectral bandwidth, over a larger range of current. The numerical code and
the measurements have shown that the microwave instability in particular perturbs
the laser performance. The code has shown, in agreement with experiments, that at
perfect tuning the laser is cw and has a minimum pulse duration; with the microwave
instability the pulse duration is longer than without, demonstrating the necessity of
having a feedback system, to maintain the laser at perfect tuning, for time-resolved
experiments.
The microwave instability is an issue in the design of a stable and powerful storage
ring free electron laser. The impedance of the storage ring has to be as low as possible in order to operate the laser at a sufficient power with the stability required for
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applications.

Perspectives
The numerical code gives reliable results and can be used for the design of new
storage ring free electron lasers. However the code does not describe the effects due
the potential well distortion. In particular, the assumption of the asymmetry of the
detuning curves, resulting from the distortion of the bunch longitudinal distortion,
may be verified. Modelling the transverse effects might also slightly improve the code.
Transverse perturbations of the beam induce transverse oscillations that are too fast
to be followed by the free electron laser. Then the effect may be a reduction of the
gain proportional to the average cross section seen by the free electron laser.
The impedance of the storage ring is a crucial issue. In order to enhance stability and
performance of the free electron laser a very low impedance has to be designed, which
requires careful choice of the materials used for building the vacuum chamber and on
the geometry of the vacuum chamber.

Summary
The purpose of the present work is to study the dynamics of the storage ring free
electron laser in the UV-VUV wavelength range and in the presence of the microwave
instability. In practice this instability is always present during the operation of a free
electron laser in a storage ring, and it may degrade the performance of the laser.
In order to investigate the behavior of this complex system, we used a dual approach,
in which theoretical results have been compared with measurements performed on two
storage ring free electron lasers, at Super ACO (France) and at ELETTRA (Italy).
As a first theoretical step, we analyzed a simple model which describes qualitatively
the behavior of the storage ring free electron laser only, including the effects due to the
microwave instability. In order to get more quantitative predictions, which can not be
obtained from the simple model, we developed a 1-dimensional numerical code for the
evolution of the laser electric field along the optical cavity axis. The code was validated
by the comparison with experimental measurements performed at Super ACO and at
ELETTRA.
The experimental approach has also been done in two steps. The first step was to
characterize the electron beam behavior in the storage ring without the free electron
laser. This has only been done at Super ACO. We measured the beam characteristics
(electron distribution, beam energy spread, etc.) for the free electron laser operation,
and we characterized two effects of the wakefield on the electron beam. The first effect
is the so-called potential well distortion, which only modifies the beam properties, leaving the beam stable. The second effect induces instabilities in the beam, in particular
the microwave instability, with on average an enhancement of energy spread and a proportional bunch lengthening. Next we characterized the laser behavior, measured the
laser pulse properties (pulse duration, average power, etc.) under detuning conditions,
and deduced from measurements the parameters of the dynamical system, such as the
gain at start-up, the cavity loss, etc.
The main conclusion of the present work is that the microwave instability can seriously
degrade the performance of the storage ring free electron laser. For any design of such
a system one has to make sure that the impedance of the storage ring, which scales the
strength of the microwave instability, is as low as possible. The laser is in competition
with the instability, and is able to damp it in a range of current determined by the
gain of the free electron laser, the optical cavity loss and the microwave instability
strength. At higher current the laser is unstable, or simply, it may be switched off by
the microwave instability.
The numerical code we developed has been used to simulate successfully the behavior
of two different storage ring free electron lasers. It can be used reliably as a tool for
the design of new storage ring free electron lasers.
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Résumé
L’objectif principal de ce travail est l’étude de la dynamique du laser à électron libres sur anneaux de stockage, dans le domaine spectral UV-VUV et en présence de
l’instabilité micro-onde. Cette instabilité affecte tous les anneaux de stockage en fonctionnement pour le laser à électrons libres.
Une étude à la fois théorique et expérimentale du comportement de ce système a été
mise en place, dans laquelle les résultats théoriques ont été comparés aux mesures effectuées à Super ACO (France) et à ELETTRA (Italie).
Dans un premier temps, le comportement du système en présence de l’instabilité microonde est décrit qualitativement par un modèle simple. Ensuite, dans le but de prédire
de façon quantitative le comportement du faisceau, nous avons développé un code
numérique unidimensionel de la dynamique du laser à électrons libres sur anneau de
stockage en présence de l’instabilité micro-onde. Le code décrit l’évolution du champ
électrique du laser dans la cavité optique, couplée à l’évolution du faisceau d’électrons
dans l’anneau, et a été validé par comparaison avec les résultats expérimentaux obtenus
à Super ACO et ELETTRA.
L’étude expérimentale nous a amené en premier lieu à caractériser le comportement du
faisceau dans l’anneau de stockage. Ceci a été effectué seulement à Super ACO. Nous
avons mesuré les caractéristiques du faisceau d’électrons (distribution électronique, dispersion en énergie, etc.) pour le fonctionnement du laser à électrons libres, et nous
avons caractérisé deux effets du champs de sillage sur le faisceau d’électrons. Le premier effet, communément appelé la ”distortion du puits de potentiel”, modifie les caractériques du faisceau sans générer aucune instabilité. Le deuxième effet du champ
de sillage est la génération d’instabilités dans le faisceau d’électron, en particulier
l’instabilité micro-onde. Cette instabilité induit en moyenne sur le temps un accroissement de la dispersion en énergie, qui s’accompagne d’un accroissement de la longueur
des paquets d’électrons dans l’anneau. Ensuite nous avons caractérisé le comportement
du laser, mesuré les caractéristiques de l’impulsion laser sous différentes conditions de
désaccord, i.e. synchronisation entre l’impulsion laser et les paquets d’électrons. Les
paramètres du système dynamique, tels que le gain, les pertes de la cavité optique etc.,
ont été déduits de ces mesures.
La principale conclusion de ce travail est que l’instabilité micro-onde peut sérieusement
dégrader les performances du laser à électrons libres sur anneau de stockage. Pour tout
projet de construction d’un tel système, l’impédance de l’anneau de stockage, qui régit
la puissance de l’instabilité micro-onde, doit être la plus petite possible. Le laser est
en compétition avec l’instabilité micro-onde, et est capable de l’amortir dans une plage
de courant dont la borne supérieure est déterminée par le gain, les pertes de la cavité
optique, et la puissance de l’instabilité. Pour des courants supérieurs, le laser n’est pas
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stable, ou est tout simplement éteint par l’instabilité.
Le code numérique que nous avons développé a été utilisé pour simuler avec succès le
comportement de deux lasers à électrons libres. Il peut donc être utilisé comme outil
pour l’étude de tout nouveau laser à électrons libres sur anneau de stockage.

Samenvatting
Het onderwerp van dit proefschrift is de studie van de dynamica van vrije elektronen
lasers in opslagringen, in het UV-VUV golflengte gebied, in aanwezigheid van de zogenaamde ’microwave’ instabiliteit. In de praktijk is deze instabiliteit altijd aanwezig
in de opslagring bij het gebruik van een dergelijke vrije elektronen laser, en kan de
werking van de laser nadelig beı̈nvloeden. Om het gedrag van dit complexe systeem te
bestuderen, hanteerden we een tweeledige aanpak, waarin theoretische resultaten werden vergeleken met metingen uitgevoerd aan twee faciliteiten, namelijk die van Super
ACO, Frankrijk en ELETTRA, Italiı̈.
Als eerste theoretische stap gebruikten we een eenvoudig kwalitatief model van een vrije
elektronen laser in een opslagring waarbij effecten ten gevolge van de ’microwave’ instabiliteit werden meegenomen. Om kwantitatieve voorspellingen te verkrijgen, hetgeen
niet mogelijk is met het vereenvoudigde model, ontwikkelden we een 1-dimensionale
numerieke code voor de berekening van de groei van het elektrische veld van de laser
langs de as van de optische trilholte. De uitkomsten van de code bleken goed overeen
te stemmen met metingen aan de systemen van Super ACO en ELETTRA.
De experimenten zijn ook in twee stappen gedaan. De eerste stap was het karakteriseren van het gedrag van de elektronenbundel in de opslagring in afwezigheid van een
vrije elektronen laser. Dit werd uitsluitend gedaan bij Super ACO. We maten de bundeleigenschappen (elektronenverdeling, energiespreiding van de bundel, en dergelijke)
zoals die gelden bij het werken met de laser, en we karakteriseerden twee effecten van
het gereflecteerde veld van de elektronenbundel op die zelfde bundel. Het eerste effect
is de ’potential well’ verstoring die op zich de stabiliteit van de bundel niet aantast,
maar wel bundeleigenschappen verandert. Het tweede effect houdt in het aanslaan van
instabiliteiten in de bundel, in het bijzonder de ’microwave’ instabiliteit, met gemiddeld een vergroting van de energiespreiding en een evenredige vergroting van de lengte
van de elektronenpulsen. Vervolgens karakteriseerden we het gedrag van de laser: we
hebben de eigenschappen van de laserpuls (pulsduur, gemiddeld vermogen, etcetera)
gemeten bij verstemming van de optische trilholte, en bepaalden hiermee de parameters van het dynamische systeem, zoals de aanvangsversterking, het vermogensverlies,
en dergelijke.
De hoofdconclusie van dit proefschrift is dat de ’microwave’ instabiliteit de goede werking van de laser ernstig kan verstoren. Bij het ontwerp van een vrije elektronen lasersysteem in een opslagring dient men erop toe te zien dat de impedantie van de ring, die de
sterkte van de instabiliteit bepaalt, zo laag mogelijk is. De laser verkeert in competitie
met de instabiliteit, en is in staat de instabiliteit te dempen voor zekere waarden van
de bundelstroom, afhankelijk van de versterking van de laser, het vermogensverlies in
de optische trilholte en de sterkte van de instabiliteit. Bij hogere bundelstroom is de
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laser óf instabiel, óf hij schakelt uit ten gevolge van de instabiliteit. Met de numerieke
code die door ons is ontwikkeld, is het gedrag van vrije elektronen lasersystemen in
twee verschillende opslagringen met succes gesimuleerd. De code kan als betrouwbaar
hulpmiddel gebruikt worden bij het ontwerp van nieuwe systemen.
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