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rose over the horizon
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1. Introduction
1.1 Vortices in plasmas and fluids
There is a strong resemblance between motions in a plasma and in common nonconducting fluids. This is remarkable because at first sight the physical properties
of ‘the fourth state of matter’ are very different from those of fluids.
A plasma consists of charged particles, electrons and ions. The temperature is
so high, that the thermal energy of the particles is much greater than the binding
energy between electrons and ions. In this completely ionized medium collisions
are rare, and the interactions between particles are the combined Coulomb and
Lorentz forces between the electron and ion fluids. Electromagnetic fields hence
deeply affect the collective motions in the plasma.
This thesis is concerned with the dynamics of a plasma in a, mainly external,
strong magnetic field. Charged particles in a magnetic field describe a fast gyrating orbit around the field lines, and this inhibits averaged motions perpendicular to
the field. The particles are bound to the field lines. Along the field the particles are
free to move, so there is a strong anisotropy of the plasma motion. The gyro-orbits
of the particles are small and averaging over this fast motion and a large number
of particles gives a fluid model for the electrons and ions. The main flow velocity
is the E × B flow for both the electron and ion fluids. Due to the anisotropy the
plasma can maintain large gradients across the magnetic field, while the fast parallel motion quickly smoothes out gradients along the field. Parallel length scales
are thus much larger than perpendicular scales.
Because of the high temperature the plasma is nearly collisionless and the
system can be considered to be ideal, i.e. dissipative effects like resistivity and
viscosity are negligible.
The ratio of the kinetic pressure and the magnetic pressure is small, and therefore the magnetic field is barely compressed by the plasma motions. Nearly compressionless perturbations of this system are called drift-Alfvén phenomena. The
drift-Alfvén model for quasi-two-dimensional perpendicular motions of a magnetized plasma is introduced in Chapter 2.
Everyday fluids, gases and liquids alike, consist of neutral atoms or molecules.
They are dense compared to plasmas, and collisions are so frequent that the free
motion of particles is limited. Their mean free path is very short, hence the fluid
can support gradients over small length scales.
Fluid motions are often two-dimensional in nature. Flows in the atmosphere
and the oceans for example, have horizontal scales of hundreds of kilometers,
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Figure 1.1: The Great Red Spot in the atmosphere of Jupiter. It is the largest known vortex in the
solar system. (Public domain image from NASA/NSSDC photo gallery)

while these geophysical flows [53] are only a few kilometers in thickness. The reduction in dimensionality is thus due to the smallness of the vertical scale. Other
examples of two-dimensional fluid flow are thin soap films and the flows in galactic disks [48]. A purely two-dimensional inviscid flow in a nonrotating system is
described by the Euler equation. When due to rotation of the system the pressure
gradients in the fluid are balanced by the Coriolis force the flow is called geostrophic. This may for example be the case for motions in planetary atmospheres,
see Fig. 1.1. The dynamics of small deviations from the geostrophic balance are
described by the quasi-geostrophic equation.
The analogy between plasmas and fluids becomes apparent when considering
the mathematical description of the different physical systems. The quasi-twodimensional drift-Alfvén dynamics of a magnetized plasma, the quasi-geostrophic
motion of rotating fluids, and the planar motion in an Euler fluid are all mathematically equivalent. In the absence of dissipation their dynamics is described
by a Lagrangian equation: One or more conserved quantities are advected by so
many incompressible velocity fields. In a classical inviscid two-dimensional fluid
this conserved quantity is the vorticity of the fluid, the curl of the velocity vector
field. In the general case these conserved quantities are therefore called gener-

1.2. Point vortices and current-vortex filaments
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alized vorticities. Each vorticity field is advected by its own velocity field and
these velocities are self-consistently generated by the generalized vorticity fields.
The drift-Alfvén motions in a plasma conserve three generalized vorticity fields.
They are combinations of the magnetic and electric field perturbations, the current
density, the fluid vorticity, and the particle density of the plasma.
The phenomenon which strengthens the analogy between these very different
physical systems is the occurrence of coherent structures in both plasmas and fluids. These are long-lived rotating structures in the velocity pattern of the fluid, and
for a plasma combinations of flow, electric currents and magnetic fields. When
such coherent structures can be considered as separated entities which move in
the fluid, they are called vortices. Various examples of vortices in fluids and plasmas are shown in the various figures in this chapter.
Mathematically, a vortex is a finite region where the vorticity is larger in amplitude than in the surrounding fluid. Vortex solutions in classical fluids are for
example the Bessel monopole and the Lamb dipole vortices [40]. For a magnetized plasma vortex solutions are described in [35, 36].
Vortices typically originate from either some external driving (the spoon in
your soup, localized heating of a plasma experiment, planetary rotation, etc.) or
by small scale motions or turbulence by a process called self-organization. In a
turbulent two-dimensional system it is observed that vortices can merge into larger
ones, thus creating a system with a finite number of large, well separated vortices
[42, 12].
In this thesis two simple approximations of vortices are used: In the first one
the vorticity is assumed to be concentrated in delta-function-like distributions,
moving in each others velocity field. This point vortex approximation is valid
when the size of the vortices is smaller than their mutual distance. When vortices
approach each other closely, their internal structures become important. The vortex merger, see Fig. 1.2, is an example of an interaction where the point vortex
approximation is no longer valid. As a second approximation one can then assume that inside the boundary of the vortex the vorticity is constant, and outside it
is zero. The motion of such vortex patches is described by the Contour Dynamics
method.

1.2 Point vortices and current-vortex
filaments
As long as the separation between vortices is larger than their size, they can be
described as “particles” with an infinitesimal size, moving in the velocity field of
all other vortices. This point vortex description of a fluid is already known since

Chapter 1. Introduction
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Figure 1.2: A sequence of experimental images that illustrate a vortex merger in a nonneutral
electron plasma in an electrostatic trap. The red large red circle in the first image
indicates the location of the wall. Vorticity corresponds with electron density, and its
evolution is described by the Euler equation. (Reprinted with permission from [50].
Copyright 1999, American Institute of Physics.)

the nineteenth century [34]. Point vortices in nonconducting fluids have either a
long-range (in the case of Euler point vortices) or a short-range interaction (in the
case of geostrophic point vortices).
Many complicated phenomena in fluids can be surprisingly well described by
using point vortices as “building blocks” to approximate a flow pattern and studying its stability or evolution using the point vortex equations [2]. By considering
a large number of point vortices, one can approximate the random flow in a turbulent fluid. This leads to the statistical mechanical theory of the many-body
problem given by the point vortex equations. Noteworthy is the existence of negative temperature states for point vortices on a finite domain [51, 46]. This theory
leads to the prediction of self-organization in decaying two-dimensional turbulence. Also the later stages of the evolution of such a system, when the vorticity is
concentrated in a small number of distinct vortices, is well described by the point
vortex approximation [4]. An example of such a process is the formation of vortex
crystals from turbulent states of a trapped electron plasma [24], see Fig. 1.3.
The equations for a magnetized plasma as described in Sec. 2.1 also have so-

1.3. The dynamics of vortex patches
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Figure 1.3: Like Fig. 1.2, experimental vorticity distributions for two turbulent evolutions (two
top rows) illustrating the formation of a vortex crystal. The bottom row of images
is a selection of observed vortex crystals. (Reprinted with permission from [50].
Copyright 1999, American Institute of Physics.)

lutions in the form of point vortices. For the plasma case they are more properly
named current-vortex filaments because they are elongated, magnetic field-aligned
structures carrying not only fluid vorticity but also current and density perturbations. The three conserved vorticity fields lead to three different types of filaments.
The interactions between the various current-vortex filaments are a mixture of the
long- and short-range vortex interactions from hydrodynamics.
The affluence of the underlying physics makes for a large variety of new vortex
dynamics, and just like the method of point vortices clarified difficult problems in
hydrodynamics one hundred year ago, we can try to follow that same approach
for current-vortex dynamics in magnetized plasmas.

1.3 The dynamics of vortex patches
Because the point vortex model is successful in describing the fluid when the vortices are far apart, it is natural to ask what happens when vortices do come close to
each other. To study the inelastic interaction of vortices one can consider constant
patches of vorticity. Inside a contour bounding the patch the vorticity is constant.
Moreover, the dynamics conserves both the area, amplitude and the topology of
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Figure 1.4: The merging of two vortex patches, as calculated by the Contour Dynamics method.

the vortex patch. It turns out that the complete motion of a collection of such finitearea-vortex-patches can be described consistently by the velocity and position of
the contours alone [70]. This is called Contour Dynamics (CD) and a simple example from Euler hydrodynamics is the merging of two like-sign vortices, shown
in Fig. 1.4. The CD method is widely used in the study of hydrodynamical and
geostrophic vortex dynamics [18, 65].
The CD method can be generalized to the drift-Alfvén description of currentvortex patches. The three conserved vorticity fields lead to three types of patches,
each with a different combination of current density and fluid vorticity. A special
case is formed when two overlapping contours of different type result in a distribution that contains current density only. Such an extended current filament may
turn out to be a useful model for various filament structures that are observed in
magnetized plasmas, examples of which are given in the next section.

1.4 Applications
1.4.1 Filamentation of thermonuclear plasmas
For a large part the research on magnetized plasmas in laboratories is aimed at
achieving thermonuclear fusion reactions in a controlled way to generate electricity. A fusion reactor converts the energy that is released in the fusion reaction
between deuterium and tritium into electricity. A way to overcome the repulsive
Coulomb force between the nuclei is to heat them to temperatures of several hundred million degrees. To reach such conditions the confining properties of strong
magnetic fields are used to isolate the plasma from its surroundings. The understanding of transport is therefore an important subject of study.
Like turbulent air flow can enhance the transport of heat in everyday settings
(cooling of engines, or blowing air over a nice hot cup of tea), turbulence can
also be an important transport mechanism of heat and particles in a thermonuclear plasma. Because the dynamics of vortex structures lies at the basis of fluid
turbulence, its cross-fertilization to plasma physics may provide a basis for under-
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Figure 1.5: Coronal loop in the solar atmosphere. The hot plasma traces out the magnetic field
lines in thin filamentary structures. (Public domain image from the Transition Region
and Coronal Explorer (TRACE), Stanford-Lockheed Institute for Space Research)

standing the complex current-vortex dynamics in magnetized plasmas.
Strong evidence that current-vortex structures are important in magnetized
plasmas is the experimental observation of filamentary structures in thermonuclear plasmas in the RTP (Rijnhuizen Tokamak Project) and TEXTOR tokamaks.
Detailed measurements show strong and large peaks in the electron pressure and
temperature, especially in the center of the plasma. Although current and magnetic field perturbations are not known accurately enough to allow direct observation, it is assumed that the filaments are closed flux tubes carrying an enhanced
current density [41, 9, 17].

1.4.2 Space plasmas
Space physics is the second important field where the interplay of plasma and
magnetic fields is investigated. Because almost all matter in the universe is ionized and in motion, plasma physics is an important part of the research of astrophysical phenomena. Filamentary and vortical structures, often arising from or in
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Figure 1.6: Cross-sections of filamentary structures in a dilute magnetized plasma. Top: Snapshot
at three different times of two-dimensional density fluctuations across the confining
magnetic field. Bottom: Magnetic shear-Alfvén fluctuations. τci is the ion gyroperiod. (Reprinted with permission from [15].)

combination with turbulence, are for example the field-aligned Birkeland currents
in the magnetosphere of planets [54] and filamented coronal loops in the solar
atmosphere (see Fig. 1.5).

1.4.3 Other magnetized plasmas
Vortical structures are also observed in magnetized temperature filaments in dilute
plasmas [15]. The density perturbation and perpendicular magnetic field of these
structures are shown in Fig. 1.6. Interesting to note is that they are identified
as drift-Alfvén structures with length (electron skin depth) and time scales (ion
cyclotron periods) that are comparable to the typical size of the current-vortex
patches discussed in chapters 5 and 6 of this thesis.
Magnetized nonneutral plasmas also exhibit (quasi) two-dimensional fluid behavior. An illustrative example is a pure electron plasma. The evolution of the
electron density distribution in an electrostatic Penning–Malmberg trap [50] is
exactly equal to the evolution of vorticity in an inviscid two-dimensional fluid.
The two systems can thus be compared directly with each other. Particularly interesting is the aforementioned emergence of regular point vortex crystals from a
turbulent initial state (see Fig. 1.3).

1.5. Outline of the thesis
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Figure 1.7: The wake of two cylinders in a moving soap film. Both cylinders shed a regular array
of alternating vortices, a von Kàrmàn street. Due to an instability in the flow, one of
the streets is washed out. (Reprinted with permission from [58].)

1.5 Outline of the thesis
Turbulence in plasmas and its connection to filamentation and transport is still
ill-understood and in view of the successful application of vortices to describe
turbulent inviscid fluids, this thesis will try to initiate a framework of vortex dynamical methods for magnetized plasmas.
The remainder of this thesis is organized as follows. In Chapter 2 short derivations of the different ideal fluid models are presented; first the drift-Alfvén model
for a magnetized plasma and after that a brief introduction to the hydrodynamical
equations with which results from the plasma model will be compared in the next
chapters.
Chapter 3 discusses the dynamics of current-vortex filaments, the plasma analogs of point vortices, starting with simple systems of only a few filaments. The
three filament system is of interest because it is the simplest configuration which
can change the distance between two filaments, as filament pairs and dipoles move
with a fixed mutual distance. The three filament system thus provides an illustrative mechanism for the generation of different length scales from given initial
conditions. An ultimate example of this is the motion which brings filaments together in a single point: the filament collapse. It is shown that the plasma case
has a much broader range of initial conditions that lead to such a collapse than the
point vortex collapse from hydrodynamics [1].
Filaments can form a number of regular configurations or equilibria like rows,
streets (the von Kàrmàn streets, illustrated in Fig. 1.7) and rings. In chapter 4
the stability of these configurations with respect to infinitesimal perturbations is
calculated. Especially the stability of ring structures is interesting because they
consist of a finite number of vortices and are of finite extent, and also because the
observation of vortex crystals as the final state of a turbulent evolution (Fig. 1.3).
The stability of vortex equilibria is also historically an important application in
point vortex dynamics, starting in the 19th century with the famous essay by
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Thomson [63]. In this thesis we investigate the stability of current-vortex equilibria in plasmas and compare with the results from hydrodynamics.
Because in a turbulent fluid vortex interactions like the merging of like-sign
vortices are important when vortices can no longer be considered small with respect to their distance, we expect inelastic vortex interactions also to be important in a plasma. The CD method provides a simple but powerful description of
such interactions by approximating vortices to be piecewise uniform distributions
(patches) of vorticity. The extension of the CD method to current-vortex patches
is presented in chapter 5. The interaction between different current-vortex patches
is investigated.
Because the magnetic field plays an important role in the dynamics of a plasma,
the behavior of parallel currents and the associated perpendicular field deserves
special attention. By combining the different types of current-vortex patches it is
possible to model a pure current filament.
The merging process of two of such plasma currents is described in the second
half of chapter 5. In a turbulent plasma, where the dynamics are dominated by
magnetic interactions, it provides a mechanism for the generation of large scale
structures from smaller scales, in the same way as the merging of two like-sign
vortices is an important mechanism for self-organization in fluids.
The merging process is investigated in more detail in chapter 6. Points of
attention are the mechanism which drives the merging and the generation of small
scale structures in the system as the final large current is formed.

2. Ideal fluids and plasmas
In this chapter the mathematical description of the plasma and fluid models which
are used in this work are given. Section 2.1 describes the drift-Alfvén model for
a strongly magnetized plasma. This is the physical system at which this thesis is
focused. More detailed discussions of the equations and their solutions are given
in references [59], [35], and [39].
In Sec. 2.2 the Euler and quasi-geostrophic equations are introduced in vorticity formulation. Both are limiting forms of the equation for the two-dimensional
dynamics of a shallow fluid layer. The quasi-geostrophic equation is equivalent to
the Hasegawa–Mima equation for drift vortices in a plasma.
Both the Euler and quasi-geostrophic equations are limiting forms of the plasma equations presented here. In the rest of this thesis we will use these well known
vortex models to compare with and to interpret the drift-Alfvén plasma dynamics.

2.1 The drift-Alfvén plasma model
Consider a hot plasma for which the plasma pressure is small compared to the
magnetic pressure. The compression of the fluid is small, so that compression
perpendicular to the magnetic field is negligible. We only consider drift-Alfvén
waves and vortices and leave out magnetoacoustic waves and other compressional
effects.
The plasma temperature is high, so that collisions are rare and therefore collisional effects like resistivity and viscosity will be neglected. As a starting point
we use the electron continuity and momentum equations (2.12) and (2.25), which
can be obtained in two ways:
• Starting from the collisionless Vlasov equation, one can derive a drift-kinetic equation whose first two moments yield the equations used here, provided that one assumes the distribution function to be Maxwellian to first
order and the plasma to be isothermal to truncate the hierarchy of moment
equations (see Ref. [11]). Because we are primarily interested in the fluid
behavior of the plasma, we assume kinetic resonances to be absent.
• The second, heuristic method is to use the transport equations given by Braginskii [13] and drop all terms which contain collisional effects. Formally
these equations are derived for a collisional system, and are invalid in the
collisionless limit, i.e. when the characteristic time scales are shorter than
the collision time and length scales are shorter than the mean free path of
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the particles. The resulting equations are equivalent to those derived from
the kinetic description and they do describe the leading order fluid behavior
of a collisionless plasma.
Some comments about the collisionless limit and its validity are given in the
appendix at the end of this chapter.
We take the electron temperature to be uniform throughout the plasma. The
ions are so massive that they will be much slower than the electrons, and we
assume that their parallel motion as well as their thermal motion can be neglected.
Then the thermal ion gyroradius is small compared to all other length scales in
the system and we can put the ion temperature to zero. The electron fluid has a
constant and uniform temperature Te .
We want to consider frequencies that are lower than the plasma frequency
ωpe = (e2 n/me 0 )1/2 , where e and me are the electron charge and mass respectively and 0 is the permittivity of vacuum. Charge separation effects are then neglegible so that the plasma is quasi-neutral, i.e. the density of electrons equals the
density of ions: ne ≈ ni = n. This is consistent with the omission of the displacement current from Ampère’s law (2.2). Also the electron and ion gyrofrequencies
are large compared to the typical frequencies of the phenomena considered.

2.1.1 Magnetic and electric fields; ordering
In a quasi-neutral plasma the (pre-Maxwell) equations for the electromagnetic
field are
∂B
,
∂t
∇ × B = µ0 j,
∇ · B = 0,
∇×E =−

(2.1)
(2.2)
(2.3)

where E and B are the electric and magnetic field respectively, j is the current
density, t is time, and µ0 is the permeability of vacuum. Now consider a strongly
magnetized plasma, with a dominant magnetic field B0 ez along the z-axis and
a small perpendicular component B ⊥ . The length scale lk along the magnetic
field is large compared to the perpendicular scale l⊥ . To order the physical and
geometrical quantities in the system, a small parameter ε is used. The ordering of
the magnetic field components is:
B⊥
l⊥
∼
= O(ε),
lk
B0

(2.4)

where B⊥ ≡ |B ⊥ |. The perpendicular magnetic field can be written as B ⊥ =
ez × ∇ψ, where ψ is the magnetic flux function. Using (2.1) we assume the
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following magnetic and electrostatic field configuration:
B = B0 ez + ez × ∇ψ,
∂ψ
ez ,
E = −∇ϕ +
∂t

(2.5)
(2.6)

where ϕ is the electrostatic potential. From (2.2) and (2.5) we find
µ0 j = ez ∇2⊥ ψ + O(ε2 ).

(2.7)

Notation
Derivatives are abbreviated by ∂t ≡ ∂/∂t, ∂x ≡ ∂/∂x, etc. The Jacobian bracket
[f, g] of two scalar quantities f and g is defined by
[f, g] ≡ ez · ∇f × ∇g = ∂x f ∂y g − ∂y f ∂x g.

(2.8)

The bracket is antisymmetric, [f, g] = −[g, f ] and for any differentiable function
F (f ) the bracket with f vanishes: [f, F (f )] = 0 holds. The gradient along the
magnetic field is given by
∇ f≡

B
∂f
+ B0−1 [ψ, f ].
· ∇f =
B0
∂z

(2.9)

Note that the two terms are of the same order and this derivative is not simply the
derivative along z. The gradient in the xy-plane is
∇⊥ f ≡ ex ∂x f + ey ∂y f.

(2.10)

The Lagrangian or advective time derivative is defined as
df
≡ ∂t f + v · ∇f.
dt

(2.11)

It is the rate of change of f for a fluid element in a frame comoving with the
velocity field v.

2.1.2 Electron equations
Momentum equation
The momentum equation for the electron fluid reads
me n

dv
= −en(E + v × B) − ∇ · P,
dt

(2.12)
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here v = (vx , vy , vz ) is the velocity of the electrons. The collisionless pressure
tensor P contains an isotropic pressure term and anisotropic gyroviscous contributions. The latter are of order vz /Ωe l⊥ = O(ε) with respect to the isotropic
contribution. In Appendix 2.A arguments are given to justify the following approximate expression for the divergence of the pressure tensor:
∇ · P = ∇pe +

1
[pe , vz ]ez ,
Ωe

(2.13)

where pe = nTe is the electron pressure and Ωe = eB0 /me is the electron gyrofrequency.
Returning to Eq. (2.12), we substitute the electromagnetic fields from (2.5)
and (2.6) to obtain
∇·P
me dv
= ∇ϕ + B0 ez × v − (∂t ψ + v · ∇ψ)ez + vz ∇ψ −
.
(2.14)
e dt
en
We now separate the electron motion into a perpendicular and a parallel part.
Perpendicular motion Write v ≡ v ⊥ + vz ez and obtain the perpendicular part
by taking the cross product with ez :
v ⊥ = B0−1 (ez × ∇ϕ + vz ez × ∇ψ) − Ω−1
e ez ×

dv ⊥ ez × ∇ · P
−
.
dt
B0 en

(2.15)

Because the gyrofrequency is large compared to the time scale of the motion, the
perpendicular inertia term can be neglected. Using (2.13) for the pressure term
together with the assumption that the electron fluid is isothermal, we find v ⊥ to
leading order to be:
v ⊥ = B0−1 (ez × ∇ϕ + vz ez × ∇ψ) −

2
ve,th
ez × ∇ ln n,
Ωe

(2.16)

where ve,th = (Te /me )1/2 is the electron thermal velocity. The first term is the E×
B velocity, the second term is a result of the misalignment of the total magnetic
field with ez , and the last term is the diamagnetic B × ∇pe velocity. Using this
expression for v ⊥ , the compression of the electron fluid is given by
∇ · v = ∂ z vz + ∇ · v ⊥ = ∇ vz ,

(2.17)

This agrees with the fact that there is no compression perpendicular to the magnetic field. The gradient along v ⊥ of a scalar function f is given by
v ⊥ · ∇f =

2
ve,th
1
vz
[ϕ, f ] +
[ψ, f ] −
[ln n, f ].
B0
B0
Ωe

(2.18)

This gradient will be used below to eliminate the perpendicular velocity from the
parallel momentum equation.
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Parallel motion The parallel momentum balance for the electrons is obtained
by taking the z-component of (2.14):
dψ (∇ · P)z
d vz
= B0−1 (∂z ϕ + vz ∂z ψ) − B0−1
−
,
dt Ωe
dt
B0 en

(2.19)

and, making use of expression (2.13) for the divergence of the pressure tensor,
2
2
ve,th
ve,th
vz
ψ
−1
+ ) = B0 (∂z ϕ + vz ∂z ψ) −
∂z ln n − 2 [ln n, vz ].
(∂t + v · ∇)(
B0 Ωe
Ωe
Ωe
(2.20)

Note that in this equation all terms are O(ε), therefore both electron inertia and
the first order gyroviscous terms are retained. We can eliminate the perpendicular
velocity from the left hand side using Eq. (2.18):
(∂t + v · ∇)(

ψ
vz
ψ
vz
+ ) = (∂t + v ⊥ · ∇ + vz ∂z )(
+ )
B0 Ωe
B0 Ωe
vz
1
ψ
vz
vz
vz
ψ
+ )+
[ϕ,
+
]+
[ψ, ]
= ∂t (
B0 Ωe
B0
B0 Ωe
B0
Ω0
2
ve,th
ψ
vz
ψ
vz
−
[ln n,
+ ] + v z ∂z (
+
)
Ωe
B0 Ωe
B0 Ωe
vz
1
ψ
vz
1
ψ
+ )+
[ϕ,
+
]+
∇ vz2
= ∂t (
B0 Ωe
B0
B0 Ωe
2Ωe
2
2
ve,th
ve,th
vz
+
∂z ψ +
[ψ, ln n] − 2 [ln n, vz ]
B0
B0 Ωe
Ωe
= r.h.s. of Eq. (2.20)
(2.21)

The term ∇ vz2 can be neglected because it is of second order in vz ; the parallel
gradient of vz2 is small compared to parallel variations of the energies eϕ and
T . This is consistent with the fact that the compression of the plasma is small.
The fourth and sixth terms cancel against terms in the right hand side, the latter
because of the gyroviscous contribution from the pressure tensor. This is called
the gyroviscous cancellation. The fifth term combined with the corresponding
right hand side term yields a parallel gradient of the density. The parallel current
density jz is carried mainly by the electrons, vi,z /ve,z  1, and therefore
µ0 jz = −µ0 envz = ∇2⊥ ψ ≡ J,
where we introduce the new variable J for the parallel current density.

(2.22)
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The parallel momentum equation for the electrons now reads
∂t (ψ − d2e J) + B0−1 [ϕ, ψ − d2e J] = ∂z ϕ −
where
de =

r

Te
∇ ln n,
e

me
,
µ0 e 2 n0

(2.23)

(2.24)

is the electron inertial skin depth, the length on which the electron fluid shields
electromagnetic fields penetrating into the plasma. Equation (2.23) describes the
evolution of the generalized flux ψ − d2e J, in which one recognizes the canonical
momentum mv − eA of charged particles in a magnetic field.
Continuity equation
The electron continuity equation reads:
∂t n + v · ∇n = −n∇ · v.

(2.25)

We now rewrite this using the advective derivative (2.18) and the compression
(2.17) to obtain
∂t ln n + B0−1 [ϕ, ln n] = B0−1 Ωe d2e ∇ J.
(2.26)

Note that ∂i ln n = ∂i ln n/n0 ≈ ∂i n1 /n0 , where i = t, x, y, or z.

2.1.3 Ion equations
Because the ions are much more massive than electrons, their parallel motion v i,z
is small compared to that of the electrons; we consider only the perpendicular
motion of the ions. The dynamics of the ions is derived in the cold ion limit. In
this limit the ion momentum balance is given by
∂t v i + v i · ∇v i = −

e
∇ϕ + Ωi v i × ez ,
mi

(2.27)

where v i = (vi,x , vi,y ) is the velocity of the ion fluid. The expressions (2.5) and
(2.6) for the electromagnetic fields have been used and Ωi = eB/mi is the ion cyclotron frequency. For low frequency dynamics, ω  Ωi , there is an approximate
balance of the terms on the right hand side. This implies that the E × B drift is
dominant:
e
vi ≈
ez × ∇ϕ.
(2.28)
mi Ω i
The divergence of the velocity can be eliminated using the continuity equation
∂t n + v i · ∇n = −n∇ · v i .

(2.29)
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Taking the z-component of the rotation of (2.27), we derive an equation for perturbations on the balance (2.28)
e
e2
∂t ∇2⊥ ϕ + 2 2 [ϕ, ∇2⊥ ϕ] =
mi Ω i
mi Ω i



e
e
2
∇ ϕ + Ωi
∂t ln n +
[ϕ, ln n] . (2.30)
mi Ω i ⊥
mi Ω i
−1 2
Using that em−1
i Ωi ∇⊥ ϕ = ∇ × v i  Ωi , we arrive at the following equation
for the ion response:
2
−1
−1 −1 2
∂t (ln n − B0−1 Ω−1
i ∇⊥ ϕ) + B0 [ϕ, ln n − B0 Ωi ∇⊥ ϕ] = 0.

(2.31)

The Laplacian of the electrostatic potential, ∇2⊥ ϕ, is equal to the rotation of the
flow 2.28. Therefore this quantity is often simply called the fluid vorticity of the
system.
The Hasegawa–Mima equation
The Hasegawa–Mima model for drift phenomena in a plasma [27] uses the same
equations for the ion fluid, but makes the additional assumption that the isothermal electron fluid has enough time to maintain the Boltzmann density distribution
along field lines
 
eϕ
n = n0 (x, y) exp
.
(2.32)
Te
When the background density is uniform, n0 (x, y) = const, the equation for the
plasma in terms of the dimensionless potential φ ≡ eϕ/Te becomes
∂t (∇2 φ − φ) + [φ, ∇2 φ − φ] = 0.

(2.33)

This has exactly the same form as the quasi-geostrophic equation. The length scale
ρs = (Te /mi Ωi )1/2 is the plasma equivalent of the Rossby radius (see Sec. 2.2.2).

2.1.4 Three field model; Lagrangian description
The closed set of drift-Alfvén fluid equations now consists of the parallel electron
momentum balance (2.23) together with the electron continuity equation (2.26)
and the ion equation (2.31):
∂t (ψ − d2e J) + B0−1 [ϕ, ψ − d2e J] + Te e−1 B0−1 [ψ, ln n] = ∂z (ϕ − Te e−1 ln n),
∂t ln n + B0−1 [ϕ, ln n] − B0−2 Ωe [ψ, d2e J] = B0−1 Ωe d2e ∂z J,
2
−1
−1 −1 2
∂t (ln n − B0−1 Ω−1
i ∇⊥ ϕ) + B0 [ϕ, ln n − B0 Ωi ∇⊥ ϕ] = 0,

(2.34)
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To simplify this set of equations to a two-dimensional model, we restrict the analysis to solutions which propagate with a constant velocity uz in the z-direction.
This means that ∂z = −λ∂t , where λ = vA /uz with vA = B0 (µ0 mi n)−1/2 the
Alfvén velocity. The strictly two-dimensional case ∂z = 0 is obtained when
λ = 0. Transform to dimensionless potentials using
ψ 7−→

Te
ψ,
evA

ϕ 7−→

Te
ϕ.
e

(2.35)

The system now contains four parameters: (1) the ion gyroperiod Ω −1
i ; (2) the
inverse Alfvén Mach number λ; (3) the electron inertial skin depth d e ; and (4) the
length scale
s
Te m i
ρs =
,
(2.36)
e2 B02
which is called the ion sound gyroradius. Using these parameters,the set of equations is

2
Ω−1
∂
ψ
−
d
J
+
λ(ϕ
−
ln
n)
+ ρ2s [ϕ, ψ − d2e J] + ρ2s [ψ, ln n] = 0,
t
e
i

2
Ω−1
∂
ln
n
+
λρ
J
+ ρ2s [ϕ, ln n] − ρ4s [ψ, J] = 0, (2.37)
t
s
i
2 2
2
2 2
Ω−1
i ∂t (ln n − ρs ∇ ϕ) + ρs [ϕ, ln n − ρs ∇ ϕ] = 0,

where the subscript ⊥ has been dropped from the Laplacian operator. From here,
we choose to normalize lengths on ρs and time on Ω−1
i . This corresponds to setting
ρs = Ωi = 1 in the equations above. Equations (2.37) can be cast in a Lagrangian
form with three conserved vorticities ωα , each advected by its own velocity field
vα:
∂t ωα + [φα , ωα ] = 0,
α = +, −, 0.
(2.38)
The generalized vorticities are given by
2de ω+ = +(ψ + λϕ) + (de − λ)(ln n − de J),
2de ω− = −(ψ + λϕ) + (de + λ)(ln n + de J),
ω0 = ln n − ∇2 ϕ,

(2.39)

where de is now normalized to ρs . The three incompressible velocity fields v α ≡
ez × ∇φα are described by three streaming potentials
φ+ =

de ϕ + ψ
,
de − λ

φ− =

de ϕ − ψ
,
de + λ

φ0 = ϕ.

(2.40)

The drift-Alfvén equations (2.38) are the fundamental equations for the work presented in this thesis. They describe the evolution of the three generalized vorticity
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fields ωα and are in the form of three coupled Lagrangian equations; The vorticity
ωα of a fluid element is conserved while it is advected by the incompressible velocity field v α . It is this pointwise conservation of the vorticity fields which makes
exact solutions in terms of singular filaments (see Sec. 2.1.6) and/or patches (see
Sec. 2.1.7) possible. The coupling between the equations is via the definitions of
the fields and their streaming potentials. Defining three constants
c± =

1 ∓ de λ
,
±de − λ

c0 = −λ,

and

(2.41)

the streaming potentials are rewritten as
φα =

(ϕ + λψ) + cα (ψ + λϕ)
.
1 − λ2

(2.42)

The relationships between these potentials and the generalized vorticities are given
by two differential equations for the combined potentials (ϕ + λψ) and (ψ + λϕ):
X
∇2 (ϕ + λψ) =
ωα ,
(2.43)
α

2

2

(∇ − γ )(ψ + λϕ) = −

X

c α ωα .

(2.44)

α

Where the constant γ in the Helmholtz equation is given by
γ2 =

1 − λ2
.
d2e − λ2

(2.45)

Equation (2.43) for the potential (ϕ + λψ) is the same as the equation for the
stream function in the Euler equation, and results in a long-range logarithmic interaction between vortex structures in the fluid. Equation (2.44) is similar to the
relation between vorticity and stream function of the Hasegawa–Mima equation
and gives a short-range interaction in terms of a modified Bessel function. It is this
combined nature of the relation between conserved fields and their streaming potentials which gives the current-vortex phenomena described by the drift-Alfvén
equations their rich dynamical behavior.

2.1.5 Hamiltonian structure
The Lagrangian structure of equations (2.38) implies that any functional of the
generalized vorticities is conserved. The system has three sets of Casimirs:
Z
d2 rFα (ωα ) = const,
α = +, −, 0,
(2.46)

Chapter 2. Ideal fluids and plasmas

32

where the integration is over any domain moving with the appropriate velocity
field ez × ∇φα (r) and r = (x, y) is the position vector in 2 . Fα is an arbitrary
analytical function. The system can be cast into a noncanonical Hamiltonian form
∂t ωα = {ωα , H},
with Hamiltonian

1
H =−
2

Z

d2 r

{f, g} =

ω α φα .

(2.48)

α

The Poisson brackets are defined as
XZ

X

(2.47)

2

d rωα

α




δf δg
,
.
δωα δωα

The functional derivatives of H are δH/δωα = −φα .
The energy integral of the system is given by
Z


1
W =
d2 r |∇ψ|2 + d2e J 2 + ln2 n + |∇ϕ|2 + 2λ (ln n − ϕ) J .
2

(2.49)

(2.50)

The first four terms represent the magnetic energy, the parallel kinetic energy of
the electrons, the internal electron energy, and the perpendicular kinetic energy of
the ions respectively. The last term is a time integrated divergence of the Poynting
flux and the electron thermal flux along the z-axis. Expressed in terms of the
generalized vorticities this reads


Z
de
de
2
2
2
W =H+ d r
(2.51)
ω +
ω .
de − λ + de + λ −

The total energy is equal to the Hamiltonian plus two quadratic invariants.

2.1.6 Current-vortex filaments
To calculate the streaming potentials φα (r) from given vorticity distributions
ωα (r) one inverts Eqs. (2.43) and (2.44):
XZ
φα (r) =
Gαβ (|r − r 0 |)ωβ (r 0 )d2 r 0 .
(2.52)
β

The Green’s function for an unbounded domain is given by
Gαβ (r) =

ln r + cα cβ K0 (γr)
,
2π(1 − λ2 )

(2.53)
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where K0 is the modified Bessel function of the second kind (McDonald function).
In the case that the vorticity distributions are represented by a number of
current-vortex filaments of infinitesimal size, the fields ωα are written as a sum
over δ-functions:
X
ωα =
κi,α δ(r − r i,α ).
(2.54)
i

There are three types of filaments α = ±, 0, corresponding to the three vorticity
fields ωα . They represent singular distributions of current density J, fluid vorticity
∇2 ϕ, and particle density ln n. Use the distribution (2.54) for the vorticity fields
and evaluate the streaming potentials (2.52) to find the Hamiltonian (2.48) for the
filament system
H=−

X0
1
κi κj [ln (rij ) + ci cj K0 (γrij )] .
4π(1 − λ2 ) i,j

(2.55)

The Hamiltonian depends only on the distances rij between the filaments. The
filaments are advected by the velocity fields v α = ez × ∇φα and like in hydrodynamics [34, 40], their motion is described by a Hamiltonian dynamical system
1 ∂H
dxn
=
,
dt
κn ∂yn

dyn
1 ∂H
=−
.
dt
κn ∂xn

(2.56)

This set of dynamical equations is studied in detail in chapters 3 and 4.

2.1.7 Current-vortex patches
When the distribution of generalized vorticity is taken to be piecewise uniform,
the conservation of vorticity for a fluid element ensures that it remains piecewise
uniform in time. Also the topology and area of the patches of constant vorticity are
conserved. The equations describing the evolution in terms of only the boundaries
of the patches are therefore well-posed. This is the basis of the method of Contour
Dynamics [70].
When generalized vorticity of type β is distributed in M patches Γβ , m of
constant vorticity ωβ = ωβ,m , m = 1, . . . , M , bounded by contours γβ,m , the
streaming potentials follow from (2.52):
φα (r) =

M
XX
β

m=1

ωβ,m

Z

Γβ,m

Gαβ (|r − r 0 |)d2 r 0 .

(2.57)

The velocity field which advects the patches is given by v α = ez × ∇φα . Using
the fact that ∇Gαβ = −∇0 Gαβ and the Stokes theorem for a scalar field one can
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write down the velocity in terms of integrals over the contours:
v α (r) = −
=−

M
XX
β

m=1

M
XX
β

ωβ,m

m=1

ωβ,m

Z
I

Γβ,m

ez × ∇0 Gαβ (|r − r 0 |)d2 r 0
(2.58)

γβ,m

Gαβ (|r − r 0 |)dl0 .

This equation gives the three velocity fields at each point in 2 . By evaluating the
velocity v α on the points of the contours γα,m the motion is completely determined
by the contours themselves.
In chapters 5 and 6 the motion of vortex patches is calculated by discretizing
the contours using a finite but adjustable number of nodes. Between the nodes,
the contours are approximated by linear segments. The velocity (2.58) is then
evaluated at every node using these approximated contours. The position of the
contours can then be advanced in time by a time stepping algorithm.

2.2. Shallow water dynamics

35

2.2 Shallow water dynamics
Consider a fluid layer for which the horizontal scales and velocities are much
larger than the vertical ones, so that the fluid can be considered two-dimensional.
The fluid is assumed to be inviscid, incompressible, and of constant and uniform
density. The depth of the fluid is H = H0 + δH, where δH is the deviation of
the average depth H0 . In a rotating system (e.g. on the surface of a planet) the
equation of motion for the horizontal fluid velocity v(x, y) reads [53]
∂t v + v · ∇v + 2Ω × v = −g∇(δH).

(2.59)

The third term on the left hand side is the Coriolis acceleration due to the rotation
Ω and g is the gravitational acceleration along the local vertical (this includes
centrifugal effects, see [53]). The term on the right hand side results from the
vertical balance between gravity and the hydrostatic pressure.
The ratio between the inertial terms and the Coriolis effect is given by the
Rossby number:
U
,
(2.60)
Ro =
2ΩL
where U is a typical fluid velocity and L a typical length scale for the dynamics
of interest. In the following sections two limiting cases are described:
• When Ro  1, rotation is unimportant and we arrive at the equation for a
two-dimensional, nonrotating fluid: the Euler equation.
• For Ro  1, rotation is a dominant effect. To first order in the Rossby
number this leads to the equations for so-called quasi-geostrophic flows.

2.2.1 Euler hydrodynamics
For a fluid in a nonrotating frame of reference the gradient of the surface height
can be eliminated by taking the rotation of Eq. (2.59):
∂t ω + v · ∇ω = 0.

(2.61)

Because the flow is two-dimensional, only the z-component of the fluid vorticity
ω = ez · ∇ × v appears. The flow is incompressible, ∇ · v = 0, so one can define
a scalar stream function φ(x, y) by
v = ez × ∇φ.

(2.62)

Using this, we can write down the Lagrangian form for the conservation of the
fluid vorticity ω = ∇2 φ,
∂t ω + [φ, ω] = 0.
(2.63)
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2.2.2 Quasi-geostrophic motion
When the Coriolis term in Eq. (2.59) is retained, the equation for the scalar vorticity ω = ez · ∇ × v reads
∂t ω + v · ∇(ω + f ) = −(ω + f )∇ · v,

(2.64)

where the Coriolis parameter f = 2ez · Ω is the local vertical component of
the rotation vector. In order to find the divergence ∇ · v, employ the continuity
equation for a fluid column:
∇·v =−

1 dH
.
H dt

Combining (2.64) and (2.65) we find


d ω+f
= 0,
dt
H

(2.65)

(2.66)

which is the Ertel theorem, which states that the potential vorticity (ω + f )/H is
“frozen-in” into the fluid.
From here we assume that f is constant, this is the so-called f -plane approximation. For example, when the excursions of the flow around a reference latitude
α are small, the Coriolis parameter on a rotating planet is given by f = 2Ω sin α.
When a linear variation with latitude of f is assumed, the resulting equation is
said to be on the β-plane. We will take f to be constant here but the β-plane
approximation is a much used approximation, see [53].
For the Rossby regime, Ro  1, we find that to leading order
v≈

g
ez × ∇δH,
f

(2.67)

g 2
∇ δH.
f

(2.68)

and, consequently,
ω=

The perturbation of the fluid depth is the stream function for the velocity field v.
This is usually called the geostrophic approximation. The total derivative of the
vorticity can now be expressed entirely in terms of h(x, y) ≡ δH/H0 :
gH0
g 2 H02
dω
=
∂t (∇2 h) +
[h, ∇2 h],
dt
f
f2

(2.69)

where the Jacobian bracket [f, g] = ez · ∇f × ∇g is used. Note that dh/dt = ∂t h
in the geostrophic approximation.
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When the perturbation of the free surface is small, h(x, y)  1, Eq. (2.66) can
be written as
gH0
gH0
gH0
[h, 2 ω] = 0,
(2.70)
∂t ( 2 ω − h) +
f
f
f
where a term ∼ (∇2 h)(∂t h) has been dropped because it is quadratic in h. This
equation describes quasi-geostrophic motion, i.e. the first order deviations from
exact geostrophic balance, described by (2.67). Normalize lengths and time scale
using the transformation
∂x 7−→ ρ−1
R ∂x ,

∂y 7−→ ρ−1
R ∂y ,

∂t 7−→ f ∂t ,

(2.71)

where ρR = (gH0 )1/2 /f is the Rossby radius. We now arrive at the Lagrangian
equation
∂t ωG + [φG , ωG ] = 0.
(2.72)
The relation between the conserved generalized vorticity ωG and its streaming
potential φG ≡ h is given by
∇2 φ G − φ G = ω G .

(2.73)

Equation (2.72) was first written down for quasi-geostrophic fluid motion by Charney [16], but is usually called the Charney–Obukhov or Charney–Hasegawa–
Mima equation, for it arises in the same form in the description of drift vortices in
a plasma as the Hasegawa–Mima equation, see Sec. 2.1.3.
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Appendix
In this appendix we try to elucidate the use of expression (2.13) for the pressure
tensor in the electron momentum balance (2.12) of the drift-Alfvén model. It is
a collisionless ‘limit’ of the expressions given by Braginskii [13] and Balescu
[3]. The word ‘limit’ has been put between quotes because the expressions in the
latter two books are formally derived for a collisional plasma, and are therefore
not straightforwardly valid for the collisionless plasma model considered in this
thesis.
To find a rigorous derivation of the transport coefficients for a collisionless
plasma goes beyond the scope of this work. Instead, we will consider the Braginskii/Balescu expressions as a practical starting point and give some heuristic
arguments to justify the simplifications used to obtain the leading order expressions for a collisionless plasma.

2.A The stress tensor for a magnetized plasma
The momentum equation for an isothermal electron fluid is given by:
dv
= −en(E + v × B) − ∇ · P + R,
(2.74)
dt
where collisional effects are included in viscosity coefficients in the pressure
tensor P and the resistive friction force R. In an isothermal plasma R is inversely proportional to the collision time R = −(me n/τ )(aR vz ez + v ⊥ ), where
aR ≈ 0.51, a numerical constant. The collision time τ increases with tempera3/2
ture τ ∝ Te /n. The resistivity is small compared with electron inertia in the
collisionless limit τ /t  1, where t is a typical time scale of the phenomena
studied.
The pressure tensor can be split into an isotropic pressure part and the symmetric and traceless stress tensor Π:
me n

P = pe I + Π,

(2.75)

where the electron pressure is given by pe = nTe The viscosity coefficients derived by transport theory [13, 3] relate the elements πij = πji of the stress tensor
to the derivatives of the velocity. We may divide the velocity gradient tensor into
three parts
1
(2.76)
∇v = (∇ · v)I + U + V,
3
where ∇ · v represents isotropic compression,
1
1
U ≡ (∇v + (∇v)T ) − (∇ · v)I,
2
3

(2.77)
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represents compressionless deformation without rotation, or rate of shear, and
V ≡ (∇v − (∇v)T )/2, represents vorticity. It turns out that the stress tensor
depends only on the elements Uij of the rate of shear tensor U. In a coordinate
system where the z-axis lies along the magnetic field, it is convenient to group the
five independent elements of U as follows (see also Ref. [32]):
A Uzz = −(Uxx + Uyy ).
The motions that give rise to these tensor components consist of a compression
(dilatation) along the magnetic field, together with a dilatation (compression)
in the perpendicular plane, such that the overall compression vanishes. (As it
is required by the definition of U.)
B Uxy and (Uxx − Uyy )/2.
These components correspond to deformations in the plane perpendicular to
the magnetic field, and
C Uxz and Uyz ,
correspond to deformations in a plane parallel to the magnetic field.
Also the stress tensor can be divided in three parts corresponding to these three
types of deformations:






S 0
0
D πxy 0
0
0 πxz
0  + πyx −D 0 +  0
0 πyz  , (2.78)
Π = 0 S
0 0 −2S A
0
0 0 B
πzx πzy 0 C

where S = (πxx + πyy )/2 and D = (πxx − πyy )/2. For a magnetized plasma the
elements of the stress tensor related to type A motion are given by
S = −a0 pe τ (Uxx + Uyy ) = a0 pe τ Uzz ,

(2.79)

the elements related to type B motion are given by
pe
a2 pe
Uxy −
(Uxx − Uyy ),
Ωe
2 Ω2e τ
pe
1 pe
(Uxx − Uyy ) − a2 2 Uxy ,
=−
2 Ωe
Ωe τ

D=
πxy = πyx

(2.80)
(2.81)

and finally, the elements related to type C motion are
pe
pe
Uyz − 2a2 2 Uxz ,
Ωe
Ωe τ
pe
pe
= −2 Uxz − 2a2 2 Uyz ,
Ωe
Ωe τ

πxz = πzx = 2

(2.82)

πyz = πzy

(2.83)
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where a0 and a2 are numerical constants (According to Refs. [13, 3], a0 ≈ 0.73
and a2 ≈ 1.04 for Ωe τ  1).
Because the magnetic field is frozen into the plasma, the perpendicular compression associated with type A motion will correspond to a change in magnetic
field strength. Because the parallel field in the drift-Alfvén framework is taken to
be strong and constant, this motion will be strongly suppressed. In other words,
the perpendicular motion is compressionless. We will therefore assume the part
of the stress tensor corresponding to type A motion to be negligible. This approximation is not straightforward and a more detailed justification is given in the next
section.
Returning to the type B and C components of the stress tensor, we can neglect
the second terms of expressions (2.80)–(2.83) because Ω e τ  1. Furthermore,
perpendicular gradients are much larger than parallel gradients, ∂ z  ∂x,y . The
stress tensor is then given by


(∂x vy + ∂y vx )/2 (∂y vy − ∂x vx )/2
∂ y vz
pe 
(∂y vy − ∂x vx )/2 −(∂x vy + ∂y vx )/2 −∂x vz  .
Π≈
(2.84)
Ωe
∂y vz
−∂x vz
0
In the perpendicular velocity equation (2.15), the divergence of Π appears in a
term that is of order ρ2s (me /mi )  1 compared to the E × B velocity. In the
main text we have therefore omitted the perpendicular components of ∇ · Π for
clarity.
In the parallel momentum equation (2.19) the z-component of ∇·Π is needed,
which, using the approximations mentioned above, we can write as follows:
(∇ · Π)z ≈

1
[pe , vz ],
Ωe

(2.85)

which is used in expression (2.13) for the anisotropic part of ∇ · P. Because these
terms are the leading order off-diagonal contributions to the pressure tensor, they
are called the gyroviscous terms. Note that they are not due to collisions, but a
result of the magnetization of the plasma.

2.B Neglecting the parallel viscosity
Under what circumstances is it justified to neglect the parallel viscosity term
(2.79) from the stress tensor? We have to compare it with the inertia term from
the parallel momentum balance. The parallel viscosity may be neglected when
me ndvz /dt  ∇ (2a0 nTe τ Uzz ), or, using the perpendicular incompressibility
2
ve,th
τ

t
 1,
lk2

(2.86)
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where t and lk are typical time and parallel length scales, ve,th is the thermal velocity. For the drift-Alfvén model a typical parallel velocity is the Alfvén velocity,
lk /t ∼ vA . Condition (2.86) can then be written as
2
τ vthe,e
 1.
t vA2

(2.87)

To satisfy this condition in the regime vth,e /vA = ρs /de ∼ 1, we have to consider
‘collisional’ time scales t  τ .
This poses a problem: In this limit the resistive friction force is no longer small
compared to the inertia and pressure terms in the momentum balance. It turns out
that it is not possible to neglect both viscosity and resistivity while at the same
time retaining electron inertia effects.
The origin of this ‘problem’ is the fact that the fluid equations presented by
Braginskii/Balescu are derived for a collisional plasma, and these equations do
not formally contain a collisionless limit.
A purely collisionless description can be derived from kinetic theory, starting
from the Vlasov equation and assuming that the distribution function is approximately Maxwellian. The equations from that derivation are equivalent to the
‘improper’ collisionless limit used in this thesis (including the expression (2.85)
for the parallel gradient of the stress tensor).
A third way of obtaining the equations is to start with the drift-kinetic equation for the electron distribution function [30, 11] (incorporating the drift-Alfvén
ordering for the magnetic and electric fields and the parallel and perpendicular
length scales). Its first two moments read:
d
1
ln n =
∇ J,
dt
µ0 en
Z
d
me
2
(ψ − de J) +
∇
dvk vk2 f = ∂z ϕ,
dt
en

(2.88)
(2.89)

where d/dt ≡ ∂t + [ϕ, ] and the parallel electron distribution function f (x, vk , t)
depends on space, the parallel particle velocity vk , and time. The velocity can
be split in an average (fluid) velocity vz and a fluctuating (thermal) velocity ṽ.
When we now make the assumption that the plasma
and that we can
R is isothermal
R
2
define the electron temperature to be Te ≡ me dvk ṽ f / dvk f = pe /n, these
equations are equivalent to the electron continuity equation (2.25) and momentum
equation (2.23).
The kinetic approach works as long as there are no kinetic resonances like
Landau damping in the system. Unfortunately, it is in general not possible to ensure the absence of resonances. However, we are primarily interested in the fluid
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dynamics of the plasma and the equality of the gyro-kinetic equations and the collisionless ‘limit’ (neglecting both viscosity and resistivity) of the fluid equations
gives us confidence that the latter expressions do provide a meaningful description
of the drift-Alfvén dynamics of a collisionless magneto-fluid.

3. Current-vortex filaments in magnetized
plasmas

Abstract. Current-vortex filament solutions to the twofluid plasma equations that describe drift-Alfvén waves are
presented. Such filament systems are Hamiltonian. Integrable three and four filament systems are discussed in
some detail. A wide variety of orbit topologies exists in the
plasma case. Special attention is paid to collapses where
all filaments contract to a single point. The differences and
extensions with respect to point vortex solutions in 2D incompressible Euler systems will be pointed out.
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3.1 Introduction
The description of the complex behavior of rotational fluids with filament or point
vortex models has proven to be very powerful. These models have been remarkably successful in describing self-organization processes in fluids like the creation
of large scale structures in turbulent systems. They are approximate in that they
incorporate a large part, but not all of the physics of the corresponding distributed
system. The method has been applied to a wide range of physical systems. Examples are Euler’s equation in hydrodynamics and the geostrophic equation in
geophysical and plasma physics.
Recently, it has been shown that the two-fluid model describing drift-Alfvén
perturbations [59] has exact solutions in the form of singular current-vortex filaments [35, 39]. The equations of this model can be written as three coupled
equations in Lagrangian form for three scalar fields, each frozen into a different
”velocity” field. From this set, the equations of motion are derived of singular current-vortex filaments which move along the strong magnetic field with the
same constant velocity. These interacting filaments are similar to the point vortex
solutions of the two-dimensional Euler equation [34, 40] and of the geostrophic
equation in geophysics [47]. Instead of a single type of point vortices, related with
a singular distribution of the vorticity, the equations contain three types which are
associated with singularities in the current density, the vorticity, and the particle
density. The equations of motion of the filaments form a Hamiltonian system.
Besides the Hamiltonian, the system contains three additional constants of the
motion related with the invariances under translation and rotation. At least three
of these invariants are in involution so that a system of three vortices is integrable.
The motion of four filaments is integrable under special conditions. A detailed
analysis of the integrable motions of two interacting, balanced pairs of filaments in
an unbounded plasma has been made in [39]. New periodic four filament motions
have been identified in plasma cases that do not exist in systems of hydrodynamic
point vortices.
In this paper we complement this treatment with an analysis of three filament
systems. Also these systems exhibit a large variety of topological orbits that is
richer than in hydrodynamics. Particular emphasis will be put on the phenomenon
of filament collapse where all filaments contract to a single point in a finite time.
Such a collapse is an important mechanism in turbulent fluids. The different regimes of three and four vortices will be discussed and the differences in collapse
conditions between plasmas and ideal fluids will be pointed out. A special type of
collapse occurs if all filaments contract with the same rate. The conditions under
which such a self-similar behavior occurs are analyzed.
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3.2 Current-vortex filament model
We start from the equations that describe low-frequency, Alfvén-type motions of
a low-pressure plasma (β  1) embedded in a strong magnetic field. The zero
ion-temperature approximation is considered. The parallel momentum balance of
the electrons, the ion continuity equation and the quasi-neutrality condition can
be written as1
∂A
d
− λ2e ∇2⊥ A + ∇k (φ − N ) = 0,
∂t
dt
d
(N − ∇2⊥ φ) = 0,
dt
d 2
∇⊥ φ + ∇k ∇2⊥ A = 0.
dt

(3.1)
(3.2)
(3.3)

Here, N = ln (n/n0 ), n and n0 are the density and a reference value of the density,
φ is the electrostatic potential, A is the component of the vector parallel to the
main magnetic field along the z-axis, λe = (2me /βe mi )1/2 is the ratio of the
electron collisionless skin depth to the ion-sound gyro radius, d/dt = ∂/∂t +
[ez × ∇φ] · ∇ is a Lagrangian time derivative, ∇k = ∂/∂z + [∇A × ez ] · ∇ is
the derivative along the magnetic field. Time and length scales and all dependent
variables are normalized. The details of the derivation of Eqs. (3.1)–(3.3), their
region of applicability and the normalizations can be found in [35].
We will restrict the discussion to a plasma with a homogeneous background
density and consider solutions that propagate with constant velocity u in the z-direction, so that all quantities depend on the variables (τ = t − λz, x, y), where
λ ≡ cA /u, cA being the Alfvén velocity. Then, Eqs. (3.1)–(3.3) can be written in
Lagrangian conservation form


∂
Gα + φα , Gα = 0,
∂τ

(α = +, −, 0).

(3.4)

Here, the scalar fields Gα and the streaming functions φα are defined by
±2λe G± ≡ −A + λφ + (±λe − λ)(N ± λe ∇2 A),
G0 ≡ ∇2 φ − N,
1

(3.5)

The notation used in this paper is somewhat different from that used in chapter 2 of this
thesis: A and φ correspond to −ψ and ϕ respectively, λe corresponds to the ratio de /ρs , and the
generalized vorticity fields ωα are here denoted by Gα . The ratio between electron and magnetic
pressure is βe = 2µ0 pe /B 2 .
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and
1
(±λe φ − A),
±λe − λ
φ0 ≡ φ.

φ± ≡

(3.6)

and the Poisson bracket is [f, g] = ez ·∇f ×∇g. The system (3.4) can be viewed as
a generalized 2D Euler system for three fields. The scalar fields Gα are pointwise
conserved and frozen into the ”velocity” fields ez ×∇φα , respectively. The strictly
2D case is obtained in the limit λ → 0. For λ → ∞, (3.4)–(3.6) reduces to the
Charney-Hasegawa-Mima equation.
Equations (3.4) describe phenomena with frequencies below the ion cyclotron
frequency and the magnetosonic frequency. The spatial scales may range from
MHD lengths to the electron inertia skin depth. We will consider the limiting cases
of either cold electrons (λ  λe ) or isothermal electrons (λ  λe ). For λ ≈ λe ,
the fluid model is invalid because of electron Landau damping. The similarity to
the 2-D Euler equation leads straightforwardly to a generalization of the pointvortex model of 2D hydrodynamics to the case of Alfvén perturbations. We look
for localized solutions in which the convected scalar quantities are distributed in
singular current-vortex filaments of the form:
X
Gα =
κα,i δ(r − rα,i ),
(3.7)
i

where r = (x, y). From the definitions (3.5) of the Gα ’s and from (3.7) one obtains
two partial differential equations (PDE) for the potentials φ − λA and −A + λφ.
In an unbounded plasma, these PDE have the solutions
X κα,i
ln |r − rα,i |,
(3.8)
φ − λA =
2π
α,i
X κα,i
K0 (γ|r − rα,i |),
(3.9)
−A + λφ =
Cα
2π
α,i
where α labels the vortex type, and
1 ∓ λλe
,
±λe − λ
C0 = −λ,
1 − λ2
γ2 = 2
.
λe − λ 2

C± =

The three streaming potentials follow from the relationships
φα (r) =

(φ − λA) + Cα (−A + λφ)
.
1 − λ2

(3.10)
(3.11)
(3.12)
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Localized solutions require γ 2 ≥ 0, which limits the admitted range of λ to
λ2 ≥ max(1, λ2e ) or to λ2 ≤ min(1, λ2e ). These filaments represent singularities in the current density −∇2 A, in the vorticity ∇2 φ and in the density N . The
κ± -filaments have singularities in all three quantities, while the κ0 -filaments have
only singular vorticity and could more appropriately be called vortex filaments.
The filaments (3.7) are solutions of equations (3.4) if and only if the filament
positions evolve according to drα,i /dτ = [ez × ∇φα,i ]rα,i . Like in hydrodynamics [34, 40], the equations of motion of current-vortex filaments define a Hamiltonian system,
drα,i /dτ = {rα,i , H},
(3.13)
P
with the Hamiltonian H = −(1/2) α,i κα,i φα (rα,i ), i.e.,
H=−

1
1
4π 1 − λ2
X X0
×
κα,i κβ,j [ln |rβ,j − rα,i | + Cα Cβ K0 (γ |rβ,j − rα,i |)] , (3.14)
α,i

β,j

P
and the Poisson bracket {f, g} = β,j κ−1
β,j (fx gy − fy gx ). The prime in Eq. (3.14)
indicates (α, i) 6= (β, j). In the definition of the Poisson bracket we have used the
notations fx ≡ ∂f /∂xβ,j etc. It is seen that each filament gives two different contributions to the Hamiltonian: a logarithmic part similar to hydrodynamic pointvortices [40], and a part described by the Bessel function K0 that is reminiscent
of geostrophic point-vortices [47]. The latter contribution decreases exponentially
with the distance between the filaments.
In addition to the Hamiltonian H, Eqs. (3.13) have three further constants of
the motion related to the invariance of H under the continuous transformation
group of translations and rotations of the coordinates. These constants are:
X
κα,i xα,i ,
(3.15)
Py =
α,i

Px =

X

κα,i yα,i ,

(3.16)

α,i

Pϕ =

1X
2
κα,i (x2α,i + yα,i
),
2 α,i

(3.17)

respectively. They imply the invariant
X
L ≡ 4Pϕ
κα,i − 2(Px2 + Py2 )
α,i

=

XX
α,i

β,j

κα,i κβ,j |rα,i − rβ,j |2 .

(3.18)
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In general, these invariants are not in involution. However, {P x2 + Py2 , Pϕ } = 0,
so that the system has three invariants in involution: H, Pϕ , and Px2 + Py2 . Since a
Hamiltonian system with N degrees of freedom is integrable if it has N integrals
in involution, the motion of three vortices is integrable for any combination of
vortex
P strengths and positions. In the special case of vanishing total vorticity
( α,i κα,i = 0) and of vanishing momenta (Px,y = 0), the four integrals H, Px,y
and Pϕ are in involution, and the four-filament problem becomes integrable.

3.3 Filament collapse
The possibility of a vortex collapse, in which three or more vortices merge in a
single point, is known from ideal fluids [49, 1]. In the present current-vortex filament model such collapses are possible as well. In fact, the present model allows
for a much wider range of filament collapses including the possibility of complete
filament annihilation. The latter case can occur when the total strength of each
of the merging filament types vanishes. Annihilation requires the involvement of
two or more types of filaments and, consequently, is impossible in Euler fluids.
A particular class of filament collapses consists of selfsimilar solutions of the
equations in the limit of small distances γrij  1. At these scales the Bessel
functions in Eq. (3.14) can be replaced by logarithms, K0 (γrij ) → − ln rij , so
that
X0
1
κ κ (1 − Ci Cj ) .
(3.19)
H=−
aij ln rij ,
aij ≡
2) i j
4π(1
−
λ
i,j
Due to the factors (1 − Ci Cj ), expression (3.19) is significantly different from the
Hamiltonian of point vortices in ideal fluids. Only when all vortices are of the
same type, these factors reduce to a single multiplicative constant, so that (3.19)
becomes proportional to the Hamiltonian of point vortices in ideal fluids.
In order to describe self-similar vortex motion, we write the equations of motion in terms of polar coordinates (ρi , ϕi ). Since the Hamiltonian only depends
2
on the relative distances between the vortices, |r i − r j |2 ≡ rij
= ρ2i + ρ2j −
2ρi ρj cos (ϕi − ϕj ), Eqs. (3.13) become
X0
dρj
ρk ∂H
κj
= −2
,
sin(ϕk − ϕj )
dτ
rjk ∂rjk
k


X
0
dϕj
1 ∂H
ρk
κj
= −2
cos(ϕj − ϕk )
.
(3.20)
1−
dτ
ρj
rjk ∂rjk
k
This system has self-similar solutions of the form [49]
p
ρi (t) = 1 − t/t∗ ρi (0),
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ϕi (t) = ϕi (0) − Ωt∗ ln(1 − t/t∗ ),

(3.21)

that describe a scale-invariant vortex collapse, ρi → 0. Here, t = 0 is the initial
time and t∗ the collapse time. The substitution of (3.21) into (3.20) gives t ∗ and Ω
expressed in terms of the initial coordinates of the vortices,
X0
1
ρj
=2
κj Lij sin(ϕi − ϕj )
,
t∗
ρi
j
t=0


X0
ρj
κj Lij 1 − cos(ϕi − ϕj )
Ω=
ρi
j

,

(3.22)

t=0

−2
where Lij = (2π)−1 (1 − λ2 )−1 rij
(1 − Ci Cj ). The constants Ω and t∗ must be
independent of the vortex label i. Necessary conditions for the collapse are similar
to the ones obtained in [49] for the case of ideal fluids. They are derived from the
condition that solutions of the form (3.21) must provide conservation of H and of
the momenta Px,y and Pϕ . Taking the origin of our frame at the point of collapse,
the momenta can be conserved at a collapse only if they vanish, P x,y = 0, Pϕ = 0.
The conservation of the Hamiltonian H requires

X0

aij = 0.

(3.23)

i,j

P
The corresponding condition
P for vortices in ideal fluids reads i6=j κi κj = 0,
which is only possible for i κi 6= 0. This excludes the complete annihilation
of vortices in ideal fluids. The same conclusion applies to a system of vortices of
the same type for which all Ci Cj are equal. Annihilation can occur if filaments of
different types are involved. As an example, consider a collection of vortices of
different
P types such that the total vorticity of each type vanishes. Then, Eq. (3.23)
reads m,α κ2α,m (1 − Cα2 )/(1 − λ2 ) = 0. This condition can be satisfied under a
proper choice of Cα , i.e., of the parameters λ and λe . The simplest configuration,
for which annihilation is possible, is a system of four vortices. According to (3.10)
and (3.11), the quantities 1 − C±2 have the same sign, which is opposite to the sign
of 1 − C02 for λ2e < 1. Hence, self-similar annihilation is only possible in the
regime β > 2me /mi and always involves κ0 filaments.
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3.4 Integrable filament systems
3.4.1 Three filament systems
The three vortex interaction for finite size vortices in ideal fluids is the most frequently observed interaction in 2D turbulence studies (see e.g. [19, 56]). It is
therefore of some importance to study such processes in singular filament models.
The three filament system is relevant for the behavior of more complicated systems because it is the simplest system capable of exciting different length scales.
This is in contrast to a system of two filaments, where the separation between the
filaments is constant. The following analysis of a filament triple is to a great extent
parallel to the analysis given in [1] for point vortices in ideal fluids.
We make use of the invariant L (3.18) to describe the three filament system.
2
2
2
In terms of new variables b1 ≡ r23
/κ1 , b2 ≡ r13
/κ2 and b3 ≡ r12
/κ3 this invariant can be written as b1 + b2 + b3 = C. The value of C is determined by the
initial conditions.The motion of the system is described by a curve in the (b 1 , b2 )plane, the phase or configuration plane. Without loss of generality we may choose
κ1 , κ2 > 0, restricting the motion to the first quadrant. Furthermore, when C is
2
positive the condition r12
= κ3 b3 > 0 restricts the motion to either the part of the
quadrant above (κ3 < 0) or below (κ3 > 0) the line b3 = C − b1 − b2 = 0. A last
restriction on possible configurations is given by the triangle inequalities which
lead to (see [1])
(κ1 b1 )2 + (κ2 b2 )2 + (κ3 b3 )2 ≤ 2(κ1 κ2 b1 b2 + κ1 κ3 b1 b3 + κ2 κ3 b2 b3 ).

(3.24)

The subregion of the phase plane where this holds is called the physical region.
The boundary of the physical region is a conic section described by (3.24) holding as an equality. The boundary of the physical region corresponds to a collinear
configuration. When the representative point of the system reaches a boundary of
the physical region the triangle spanned by the three filaments changes its orientation (the filaments 1,2 and 3 appearing either in clockwise or in counterclockwise
order). The system does not cross the boundary, but retraces its path because the
description in terms of the separations between the filaments does not distinguish
between orientations.
The classification of the physical region is:
1. When κ3 > 0 (so also κ1 + κ2 + κ3 > 0) or κ3 < 0 and κ1 + κ2 + κ3 < 0, the
physical region is an ellipse. This restricts the possible motion to bounded
distances between the filaments.
2. The physical region is a parabola when κ1 + κ2 + κ3 = 0.
3. The physical region is a hyperbola when κ3 < 0 but κ1 + κ2 + κ3 > 0.
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Figure 3.1: a) Phase plane for κ1 = κ2 = κ3 = 1, C = 3 and all filaments of the minus-type.
The thick ellipse indicates the boundary of the physical region. (b) Phase plane for
κ1 = κ2 = 4 and κ3 = −2, C = 0 and all filaments of the minus-type. The thick
lines indicate the boundary of the physical region. For both cases λ = 10.0 and
λe = 3.0.

The motion of the system takes place along curves of constant Hamiltonian
(3.14) inside the physical region. Examples of bounded motions are given in
Fig. 3.1(a). Both periodic and scattering-type motions exist that do not occur in
Euler systems.
The “enrichment” of the Hamiltonian and the additional freedom associated
with three instead of one type of filaments, makes the study of the dynamics of
current-vortex filaments a very interesting onset for the description of more complicated systems.
Also the possibilities for a filament triple to collapse into a single point are
more numerous than in the case of point vortex solutions of the 2D Euler equation.
In what follows, we will restrict ourselves to filament collapses, both because this
nicely illustrates the increase in freedom and because the collapse is believed to
be an important mechanism in turbulent fluids.
In contrast to ideal fluids, the self-similar collapse is not the only type of collapse of three filaments. A necessary condition for the filaments to collapse is that
the constant C vanishes. This implies that for κ1 , κ2 > 0, κ3 must be negative.
Furthermore the physical region should allow the system to reach the origin in
the (b1 , b2 )-plane. Putting C = 0 in (3.24) we see that the conic section becomes
degenerate. The physical region is real only if the total vorticity is positive. It consists of a wedge in the (b1 , b2 )-plane with its apex at the origin. A total positive
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Figure 3.2: (left) Phase plane for κ1 = κ2 = 1 and κ3 = −1, C = 0 (λ = 10.0, λe = 3.0).
Curves of constant H are drawn. Filament 1 is of the plus-type and filaments 2 and 3
are of the minus-type. An example of a non-selfsimilar collapse, not present for point
vortices in Euler fluids. (right) The trajectories of the filaments in the xy-plane, with
thin curves for the plus- and fat curves for the minus-types. Solid and dashed curves
indicate positive and negative strength respectively.

vorticity implies that annihilation cannot occur.
The last condition for a collapse is that curves of constant Hamiltonian exist
that run through the origin. Close to the origin in (b1 , b2 )-space, the Hamiltonian
may be approximated by
H ∝ − ln [ba123 ba213 (b1 + b2 )a12 ] ,
where the aij ’s are defined in Eq. (3.19). If a12 + a13 + a23 = 0, the phase curves
are straight lines through the origin and the motion is self-similar. This is the only
possible type of collapse when the boundaries of the wedge of the physical region
do not coincide with one of the axes (both κ1 and κ2 differ from −κ3 ). An example is the situation where the Euler case would lead to a collapse. In the phase
plane for that case the lines of constant Hamiltonian are straight lines through the
origin, corresponding to a self-similar motion, see [1]. For the current vortex filament system the resulting phase plane is depicted in Fig. 3.1(b). The phase plane
for large values of b1 and b2 is similar to the one in the Euler case: straight lines
toward the origin. Closer to the origin the situation changes dramatically. Orbits
from the Euler-like region do not reach the origin but are deflected to the boundary of the physical region where they change their orientation and return along the
same curve. When initially the separations are small, all curves lead to the origin

54

Chapter 3. Current-vortex filaments in magnetized plasmas

and a collapse will occur. At large as well as at small distances between the vortices, the motion approaches self-similarity. The separatrix represents equilibrium
configurations of the system. This separatrix and the division of the phase plane
are a clear consequence of the Bessel contribution to the Hamiltonian and are not
present in hydrodynamics.
When the boundaries of the wedge of the physical region do coincide with
one or both of the axes (κ1 or κ2 equals −κ3 ), there
P are more possibilities for a
collapse. Necessary conditions are that an3 and
aij have opposite signs if the
bn -axis lies in the physical region. An example of a collapse that cannot occur
in ideal fluids is given in Fig 3.2. The b1 and b2 axes are both boundaries of the
physical region. The solid lines divide the plane into a part where b 1 and b2 both
are large, and no phase curve leads to a collapse, and two parts where all phase
curves lead into the origin.
In summary, the conditions for a collapse are twofold: firstly, the physical
region must include the origin, and secondly, the curves of constant Hamiltonian
must run into the origin for certain initial conditions.

3.4.2 Four filament systems
In Ref. [39] an extensive analysis is presented of the dynamics of integrable systems of two balanced pairs of filaments on the basis of the topology of the reduced
phase space (ρ, p). The analysis proceeds largely along the same lines as the analysis of corresponding singular vortex solutions of the 2D Euler equation [21].
Choosing κ1 ≥ κ3 > 0 and κ1 = −κ2 , κ3 = −κ4 , the canonical variables ρ and p
are related to the filament distances by
2
r12
= ρ2 /µ2 Γ,
2
r34
= µ2 ρ2 /Γ,
"

1 2
2
p + β+ ρ +
r13 =
Γ
"

1
2
2
r14 =
p + β− ρ +
Γ
"

1
2
2
r23 =
p + β− ρ −
Γ
"

1
2
2
r24 =
p + β+ ρ −
Γ

Pϕ
ρ

2 #

,

Pϕ
ρ

2 #

,

Pϕ
ρ

2 #

,

Pϕ
ρ

2 #

,

(3.25)

3.4. Integrable filament systems

55

10

0.4
(a)

(b)

0.2

y

1
0

2
−0.2

distance to point of collapse

4
8

6

4

2

3
−0.4
−11

−6

−1

x

0

0

0.2 0.4 0.6 0.8
√(1−t/t*)

1

Figure 3.3: A self-similar collapse of a κ− dipole with κ1 = −κ2 = 3.46 and a κ0 dipole with
κ3 = −κ4 = 1 for the parameters λ = 3.0 and λe = 0.3, such that γ = 0.95,
C− = −0.576, and C0 = −3.0. Filament orbits are shown in (a) with fat curves for
the minus- and thin curves for the I-types, solid and dashed curves indicate positive
and negative strength respectively. The distances with respect to the collapse point
are shown in (b) as a function of (1 − t/t? )−1/2 where t? is the time of the collapse:
full curves refer to minus-type and dashed to I type filaments. In the final stages the
curves are straight and the collapse is self-similar.

p
√
where Γ ≡ κ1 κ3 , µ ≡ κ1 /κ3 , and β± ≡ (µ−1 ± µ)/2.
The analysis has shown strongly different phase space topologies depending
on the values of the Cα,i of the filaments. When Cα,i Cβ,j < 1 for all filament
interactions, the phase space is topologically identical to the 2D Euler case. Also
those regions of phase space where all distances are large, i.e. γr ij  1 such
that the K0 terms vanish, are equivalent to 2D Euler. When Cα,i Cβ,j ≥ 1 for at
least one set of interacting filaments, the topology of phase space is significantly
different. For example, when all Cα,i Cβ,j > 1, up to three additional elliptic fixed
points can be found, which represent new forms of stationary filament configurations. The closed curves of constant H around those points represent new forms
of bounded filament motion.
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From (3.25) it can be seen that a collapse can only take place if Pϕ = 0. In the
case of C1 , −C3 ≥ 1, Pϕ = 0, and µ = 1, a four filament collapse was found to
be possible: curves of constant H covering a wide range of phase space are seen
to converge to the origin. The ensuing collapse occurs in a finite time. Unlike the
collapses discussed in Sec. 3.3, these collapses are not selfsimilar except when
|C1 | = |C3 | = 1. In fact, a much wider class of collapses is possible as we will
show below.
Note that all four vortex collapses with annihilation of vorticity belong to the
class of integrable four vortex systems. We limit ourselves as above to the case of
two balanced filament pairs of different type. In the limit of small distances the
Hamiltonian then can be written as


(p2 + β+2 ρ2 )a13
H = − ln a11 +a33 2
,
(3.26)
ρ
(p + β−2 ρ2 )a13
where aij is defined in (3.19). In the general case, β+ , β− 6= 0, the demand for
constant H in the limit of both ρ, p → 0 can only be satisfied when a11 + a33 = 0.
In this case of balanced vortex pairs, this is just the condition (3.23) for a selfsimilar collapse.
For equal strength of the pairs one has β− = 0. Then, the Hamiltonian H is
constant, for small (ρ, p), along all curves p ∼ ρα , where α must satisfy
α=

(C1 − C3 )2
≥ 1.
2(1 − C1 C3 )

(3.27)

The self-similarity condition now corresponds to α = 1. No solutions exist for
α < 1. This leads to the following conditions on the coefficients C1 , C3 for the
existence of filament collapse:
C12 + C32 ≥ 2,

and

C1 C3 < 1.

(3.28)

The initial conditions leading to a collapse are quite general and cover a finite
domain in phase space.
Numerical calculations of the equations of motion for the filaments confirm
the possibility of vortex collapse and show that the final stages of the collapse
indeed follow the relations discussed above. The collapses that are discussed in
Ref. [39] are not self-similar. Here, we give an example of a self-similar collapse.
Figure 3.3 shows the collapse of a κ− and a κI type dipole for the parameters
λ = 3.0, λe = 0.3 and µ = 1.86 such that the self-similarity condition is satisfied.
As shown in Fig. 3.3(b), in the final stage, all distances to the point of collapse
behave like ri ∼ (1 − t/t? )−1/2 .
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4.1 Introduction
The use of point vortices or filaments to study the behavior of fluids goes back
to the work of Kirchhoff [34]. These point vortices are singular solutions of the
Euler equation for a two-dimensional ideal fluid. They behave like discrete particles moving with the flow generated by all vortices. A variety of other fluid
models has been found to possess filament solutions. Examples are geostrophic
vortices, which are solutions of the Charney–Obukhov equation describing atmospheric flows. Point vortex solutions of the geostrophic type also exist in the
model of plasma drift waves [27], in electron magnetohydrodynamics [33], and
in superconductors and superfluids [52, 23]. Interesting examples of regular point
vortex-like structures are described in Refs. [24] and [20]. Certain turbulent states
of a trapped electron gas are observed to relax into so called vortex crystals. These
structures look very much like the regular filament equilibria discussed here. Their
dynamics is accurately described by the Euler equation.
Filament models are an important tool to analyze the dynamics of the underlying fluid models. The point vortex approach has proven to be a useful model to describe the interaction between separate dynamical structures in two-dimensional
fluids, e.g. vortex patches in a turbulent fluid or plasma [62]. Various complex
phenomena in fluid dynamics are modeled by the interactions between point vortices [21, 2]: from integrable motion of a few vortices and chaotic scattering
of dipole vortices, to the statistical mechanics of a large number of point vortices [69, 38]. Mathematically, the virtue of the method is the reduction of the
continuous fluid equations (partial differential equations) to a set of ordinary differential equations describing the motion of the filaments.
Recently, it has been shown that the two-fluid drift-Alfvén model [59] also has
exact point vortex solutions in the form of singular current-vortex filaments [39,
35, 7]. The model describes a hot finite-pressure plasma in a strong and homogeneous magnetic field. A fluid description including Hall and parallel electron
inertia effects is used for the electrons. The ion response is derived in the cold ion
limit and includes the ion polarization current and finite ion sound gyroradius (the
gyroradius of the ions at the electron temperature). The dominant magnetic field
makes it possible to reduce the problem to the two-dimensional dynamics of nonlinear drift-Alfvén perturbations which propagate with a constant velocity along
the main magnetic field. The model describes low frequency phenomena with
spatial scales ranging from magnetohydrodynamic lengths down to the electron
inertial skin depth. In the following we will refer to it as the Alfvén model.
The Alfvén equations take the form of three coupled Lagrangian equations describing the conservative evolution of three generalized vorticities. Each vorticity
field is advected by its own generalized flow field. Note that the Euler and geostrophic equations have the same form with a single conserved vorticity. Because
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the Alfvén model has three locally conserved vorticities the filaments in this model
come in three flavors or types denoted by +, −, and 0. The ± filaments represent
singularities in the current, while the 0 filaments have a singular vorticity.
The main difference between the three models is the range of the filament
interaction. In an unbounded domain, hydrodynamic filaments interact via a logarithmic potential which is long-ranged. Geostrophic filaments have a short-range
interaction given by a modified Bessel function, which decreases exponentially
for large distances. The three Alfvén filaments have a mixed interaction with both
logarithmic and Bessel parts. The relative weight of these contributions depends
on the type of the filaments.
Filaments can form a number of regular configurations which are either static
or move steadily, i.e. distances and orientations between filaments remain fixed.
Such filament equilibria include single and double rows and rings of filaments.
This work is concerned with the spectral stability of such regular filament configurations. Although our main interest lies in finding stable configurations, unstable
configurations often resemble long-lived structures in actual fluids.
The study of the linear stability problem is just as old as the work on point
vortices itself, starting with the work of Thomson [63]. Single and double vortex
rows have been analyzed by von Kármán [31] and Lamb [40], and rings of vortices
by Thomson [63] and Havelock [28]. Mertz [43] has investigated the stability
of vortex rings with a central filament. The stability of vortex lattices has been
studied by Tkachenko [64] and Fetter et al. [23] in the framework of superfluids.
The systematic study of geostrophic point vortices was started by Stewart [60,
61] and was continued by Morikawa and Swenson [47], who considered stability
of vortex rings. The stability of single and double rows of geostrophic vortices
within the context of the Hasegawa–Mima equation has been examined recently
by Bulanov et al. [14] A preliminary study of the stability of Alfvén filament
chains is given in Ref. [6].
This chapter is organized as follows. Section 4.2.1 gives a brief introduction
of the plasma equations. In Sec. 4.2.2 the equations of motion for the filaments are
introduced. The limits in which the Euler and geostrophic filaments are recovered
from the Alfvén case are pointed out. In Sec. 4.2.3 linear equations are derived for
perturbed filament equilibria using a small parameter. These then are used to study
the spectral stability of the configuration. Section 4.3 discusses the stability of a
single row of equidistant filaments. Double rows or filament streets are analyzed
in Sec. 4.4. Single rings with and without a filament at the center of the ring as
well as double rings are investigated in Sec. 4.5. Finally a summary is given in
Sec. 4.6.
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4.2 Alfvén filaments
4.2.1 The Alfvén model
The plasma model used in this paper describes a two-fluid plasma in a strong
magnetic field in the z-direction. The plasma pressure is assumed to be small
compared to the magnetic pressure, so that the electric and magnetic fields can be
described by
B = B0 ez + ez × ∇ψ,

E = −∇ϕ + ez ∂t ψ.

(4.1)

Here ψ is the vector and ϕ the electrostatic potential. Starting from the continuity
and momentum balance equations, the electrons are described as a collisionless
fluid with a homogeneous temperature. The momentum of the electrons in the
direction along the magnetic field as well as the Hall effect are taken into account.
The ion response is derived in the cold ion approximation and is coupled to the
electron fluid by the quasi-neutrality condition. The parallel current is carried by
the electrons only. Density perturbations are small, but their gradients are allowed
to be large [59].
The equations can be brought into Lagrangian form by restricting to solutions that propagate with a constant velocity uz = λ−1 vA in the direction of the
main magnetic field. (vA is the Alfvén velocity and λ is the inverse Alfvén Mach
number of the solution.) The z-dependence is given by ∂z = λ∂t and the resulting equations describe the pointwise conservation of three generalized vorticity
fields1 :
∂t Gα + [φα , Gα ] = 0,
α = +, −, 0,
(4.2)
where the fields are given by
G± = (ψ − λ2e J) − λ(ϕ ± λe J) − (±λe − λ) ln n,
G0 = ln n − ∇2 ϕ.

(4.3)

Lengths are normalized to the ion sound gyroradius (Te /mi ωi2 )1/2 and time to the
ion gyrofrequency ωi = B0 e/mi . The brackets are defined by [f, g] = ez · ∇f ×
∇g, λe is the normalized electron inertial skin depth, and n is the particle density.
The fields Gα are advected by their respective velocity fields vα = ez × ∇φα . The
streaming potentials are given by
φα =
1

ϕ − λψ + Cα (−ψ + λϕ)
,
1 − λ2

α = +, −, 0.

(4.4)

The notation for the fields Gα and the parameter λe is equivalent to that of chapter 3, see the
note in page 46
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The constants Cα are
C± =

1 ∓ λλe
,
±λe − λ

C0 = −λ.

(4.5)

When the background plasma is homogeneous, Eqs. (4.2) have solutions in which
the fields Gα are distributed in singular filaments of the form
X
Gα =
κα,i δ(r − r α,i ).
(4.6)
i

Here, r = (x, y), r α,i is the position and κα,i the intensity (strength) of filament
i which is of type α. The ± filaments have singularities in the parallel current,
the 0 filaments have singular vorticity and both may have singular density. The
definitions (4.3) of the fields Gα yield second order differential equations for the
potentials ψ and ϕ with combinations of the distributions (4.6) as sources. The
solutions are superpositions of contributions of single filaments. On an unbounded
domain the three streaming potentials are
φβ (r) =

X
1
κα,i [ln |r − r α,i | + Cα Cβ K0 (γ |r − r α,i |)] .
2π(1 − λ2 ) α,i

(4.7)

The length scale for the modified Bessel function K0 is determined by γ −1 , where
γ 2 = (1 − λ2 )/(λ2e − λ2 ). Each filament is advected by the velocity field created
by all other filaments. The equations of motion are Hamiltonian and are discussed
in the next section. More details about the derivation can be found in Refs. [39,
35, 7].
As point vortices in hydrodynamics are useful approximations of vorticity
patches in a fluid, the present filament model describes elongated current, vorticity, and density channels. The evolution of such structures is described by the
incompressible dynamics of the three fields Gα . The Lagrangian form makes
it possible to apply methods developed in hydrodynamics to the dynamics of a
magnetized plasma. An advantage is that these methods make explicit use of the
conservative properties the evolution equations. The point vortex model is one of
the oldest and most important of these methods.

4.2.2 Filament motion
In a fluid model with singular filament solutions the equations of motion for filaments with positions (xn , yn ) and strength κn are given by the Hamiltonian equations
dxn
1 ∂H
dyn
1 ∂H
=
,
=−
.
(4.8)
dt
κn ∂yn
dt
κn ∂xn
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The Hamiltonian H depends only on the distances rij between the filaments.
For Alfvén filaments the Hamiltonian is given by [39],
X0
1
κi κj [ln (rij ) + ci cj K0 (γrij )] .
(4.9)
H = HA = −
4π(1 − λ2 ) i,j
The prime denotes exclusion of i = j terms. The modified Bessel function K 0 (r)
decreases exponentially for large arguments and behaves like K 0 (r) ≈ − ln r for
small arguments. The constants ci depend on the type of vortex i, ci = C+ , C− ,
or C0 . These constants are given by Eq. (4.5).
The Hamiltonian for point vortices in ideal hydrodynamics is
1 X0
H = HE = −
κi κj ln (rij ).
(4.10)
4π i,j
The Euler equation is scale-invariant thus distances are not scaled to a particular
length. The Hamiltonian (4.10) for the motion of hydrodynamical filaments can be
recovered from the Hamiltonian for Alfvén filaments (4.9) in the limits λ e , λ → 0,
where ci cj K0 (γrij ) → 0 for every combination of filament types.
The third model we consider is the geostrophic equation. The Hamiltonian is
1 X0
κi κj K0 (rij ).
(4.11)
H = HG =
4π i,j
It arises in several contexts. First as a model for geostrophic flows in the atmosphere in the β-plane approximation. Distances are normalized to the Rossby
radius. Secondly, the same equation arises in the Hasegawa–Mima model if the
drift velocity is neglected (see Refs. [27] and [14]). In this case distances are
normalized to the ion sound gyroradius. A third model that contains geostrophic
point vortices is electron magnetohydrodynamics [33]. Lengths are normalized
on the electron inertial skin depth. We will use the term geostrophic for all models with Hamiltonian (4.11). Also geostrophic filaments are obtained as a limiting
case of the Alfvén filament model. Taking λe → 0 and λ → ∞ in HA , all terms
involving C+ or C− filaments vanish and only contributions from the C0 filaments
remain. In this limit γ → 1 and we find HA → HG . When comparing the stability
of the three different filament models, the different normalizations should be kept
in mind.
In each of the three cases (Euler, geostrophic, and Alfvén filaments), using the
fact that the Hamiltonian only depends on distances between filaments, we can
write the equations of motion in the following form:
X0
x˙n = −
κm (yn − ym )Lnm ,
m

66

Chapter 4. Spectral stability of Alfvén filament configurations
y˙n =

X0

κm (xn − xm )Lnm ,

m

(4.12)

the primes denote that the m = n terms in the sum are to be excluded and
Lij = −(κi κj rij )−1 ∂H/∂rij . When we discuss filament rings, we will use these
equations in polar coordinates:
X0
κm ρm sin (θm − θn )Lnm ,
ρ˙n =
m

ρn θ˙n =

X0
m

κm [ρn − ρm cos (θm − θn )]Lnm .

(4.13)

The distance between two filaments is rij = [ρ2i + ρ2j − 2ρi ρj cos (θj − θi )]1/2 . For
hydrodynamic filaments Lij is given by
Lij =

1
,
2
rij

(4.14)

and in the geostrophic case
K1 (rij )
.
(4.15)
rij
We have scaled time by 2π for a more compact notation. Finally, for the Alfvén
filaments, we normalize distances to 1/γ and time to 2π(1 − λ2 )/γ 2 . Then Lij is
given by
1 − ci cj rij K1 (rij )
Lij =
.
(4.16)
2
rij
Lij =

The interaction between Alfvén filaments is a combination of the long range hydrodynamical interaction and the exponentially decreasing geostrophic interaction. The coefficients ci cj determine the weight of the geostrophic terms. The
modified Bessel function K1 behaves like r −1 for small r.
When all distances between the filaments are large, the interaction is equal to
−2
for small r and
that between Euler point vortices. Because Lij ≈ (1 − ci cj )rij
−2
Lij ≈ rij for large r, one finds from (4.16) an Euler-like interaction for all values
of r when 1 − ci cj > 0. The interaction has qualitatively different behavior for
intermediate distances [39] when 1 − ci cj < 0. When all filaments are of the same
type, the behavior of filament configurations is therefore Euler-like for both large
and small distances, but in the latter case, growth rates and other time scales are
modified by a factor 1 − c2 .

4.2.3 Linearized equations
To investigate the spectral stability of filament equilibria we start from Eqs. (4.12).
An equilibrium is a configuration of filaments which is either static or moves
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steadily with a solid rotation or translation (the distances and orientation between
the filaments remain fixed). Consider small perturbations of such an equilibrium,
xn = x0n + δxn ,

yn = yn0 + δyn .

Linearizing (4.12) gives



 X

δxn − δxm
δx˙ n
A11 A12
,
=
κm
δyn − δym
A21 A22
δy˙ n
m

(4.17)

(4.18)

where
∂Lnm (xn − xm )(yn − ym )
,
∂rnm
rnm
∂Lnm (yn − ym )2
− Lnm ,
=−
∂rnm
rnm
∂Lnm (xn − xm )2
=
+ Lnm .
∂rnm
rnm

A11 = −A22 = −
A12
A21

(4.19)

All Aij have to be evaluated at equilibrium. From these linear equations we determine the stability of filament rows and streets by expanding the perturbations in
normal modes exp [i(kx x + ky y − ωt)]. Alternatively, for the filament rings, we
directly determine the eigenvalues of the corresponding linear operator.

4.3 Filament rows
Consider a row of equidistant filaments of equal strength κ = 1 and type c (c is
either C± or C0 ) along the x-axis. The distance between neighboring filaments is
a and the unperturbed positions are x0n = na, yn0 = 0, n = 0, ±1, ±2, . . . . This is
a static solution of (4.12). The elements of the matrix in (4.18) are

A12

A11 = A22 = 0,
= −Lnm , A21 = ∂(rnm Lnm )/∂rnm ,

(4.20)

where rnm = a |n − m|. We perturb the row according to
δxn = Xei(nk−ωt) ,

δyn = Y ei(nk−ωt) ,

0 ≤ k < 2π,

(4.21)

which can be considered as a wave with wavelength 2πa/k. The shortest wave
is represented by k = π. Because the row consists of discrete filaments which
are displaced according to (4.21), perturbations with wavenumbers 2πj < k <
2π(j + 1) (j some integer), are equivalent to those in the interval 0 < k < 2π.
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For the same reason perturbations with k = π − h are equivalent to those with
k = π + h, h arbitrary.
Upon substituting the perturbation into Eq. (4.18), and considering n = 0
because of translational symmetry, we arrive at

 
X
iω B12
= 0,
(4.22)
B21 iω
Y
where the matrix elements
∞
X

∞
X

∂
(r0m L0m ) (1 − cos mk),
∂r0m
m=1
m=1
(4.23)
are to be evaluated at r0m = ma. From (4.22) it follows that the frequency of
the perturbation is given by ω = (−B12 B21 )1/2 . Using expression (4.16) and the
definitions
B12 = −2

L0m (1 − cos mk),

Sl ≡

∞
X

m=1

B21 = 2

∞
X
1 − cos mk
S≡2
,
m2
m=1

m2 a2 Kl (ma)

1 − cos mk
,
m2

l = 0, 2,

we arrive at the dispersion relation
q
−2
c4 S02 − (S − c2 S2 )2 .
ω=a

(4.24)

(4.25)

The hydrodynamic interaction is represented by S. It can be shown 2 that S =
k(2π − k)/2. Both S0 and S2 originate from the Bessel interaction terms in the
Hamiltonian, and are decreasing functions of a. All S, S0 and S2 are positive and
S2 > S0 for all a and k.
The Euler case is recovered for S0,2 = 0, we find that there is no real solution
for ω, and recover the result [40] that the filament row is unstable for all values
of a and k. The growth rate is Γ = Re(−iω) = a−2 k(2π − k)/2. It tends to
infinity for a → 0. Figure 4.1 shows level curves of a2 Γ as a function of the
2

This expression appears often without derivation. Using the Fourier series expansion of the
Bernoulli polynomials
B2n (x) =
for n = 1, and B2 (x) =

1
6

∞
(−1)n−1 2(2n)! X cos 2πmx
,
(2π)2n
m2n
m=1

− x + x2 , the result follows.

0<x<1
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Figure 4.1: Stability diagrams for an infinite row of filaments. Contours of a 2 Γ are plotted against
k and a. For the hydrodynamic case (left), all perturbations are unstable. The geostrophic case (middle) also is unstable. In the plasma case (right) for c=2.0, the stable
region is shaded. Below each diagram the growth rate is given as a function of k for
a fixed value of a, indicated by the dashed lines.

’wavenumber’ k and the filament separation a are drawn. In the geostrophic case
we obtain ω = a−2 (S02 − S22 )1/2 , which reproduces the result from Ref. [14].
Also in this case the vortex row is always unstable. The growth rate decreases
exponentially for large a as a result of the short range interaction between the
vortices (see Fig. 4.1).
In the case of Alfvén filaments perturbations exist against which the row is
stable. Perturbations with ’wavenumber’ k are stable when
S
S
< c2 <
.
S2 + S 0
S2 − S 0

(4.26)

In Fig. 4.1 the growth rate is plotted and the stability window given by (4.26) is
indicated by the shaded region in the k-a plane. Note that the Euler case is recovered for large filament separation, when the contribution of the Bessel functions is
negligible. From (4.26) it is found that no such stable region exists when c 2 < 1.
In Fig. 4.2, the stable region for k = π is given as a function of c2 . For c2 < 1 the
geostrophic terms can never dominate over the hydrodynamic terms in the interaction, and so the stability of the filament row is qualitatively similar to the Euler
case. This will be true for all cases when c2 < 1.
Although the stability of the row of Alfvén filaments is remarkably different from the two other cases considered here there always exist perturbations for
which the system is unstable. Interesting is the fact that for intermediate separations between the filaments the long wavelength perturbations (k close to 0 or 2π)
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Figure 4.2: Dependence on c2 of the stability of the shortest wavelength k = π for the single row
of Alfvén filaments. The shaded region is stable.

are unstable, while the short wavelengths are inside the stable region. In contrast,
Fig. 4.1 shows that the Euler and geostrophic cases have maximum growth rates
for the short-wavelength perturbations at k = π. When taking the limit to a continuous sheet of vorticity (the Kelvin–Helmholtz instability) this may well have
consequences for the issue of the ill-posedness of the initial value problem. The
latter is usually ascribed to the non-zero growth rates for zero wavelength of the
perturbations. In the case considered here these short wavelength instabilities are
suppressed. A more in-depth study may clarify this.

4.4 Filament streets
We investigate the stability of two infinitely long parallel rows of filaments of opposite strength along the x-direction. The separation between adjacent filaments
in a row is a and the distance between the rows is b. All filaments are of the same
type. We will use a superscript u to refer to the upper row and l to refer to the
lower row. The equilibrium is described by
x0u
n = na + Vx t,

yn0u = + 12 b + Vy t,

(4.27)

with κun = +1 for the upper row, and
x0l
n = (n + σ)a + Vx t,

yn0l = − 12 b + Vy t,

(4.28)
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with κln = −1 for the lower row; n = 0, ±1, ±2, . . . , and 0 ≤ σ < 1. According
to (4.12) the configuration moves steadily with velocity
∞
X
1 − c2 r ∗ K1 (r ∗ )
Vy = a
(m + σ).
r ∗2
m=−∞
(4.29)
∗
2 2
2 1/2
Here, r = [(m+σ) a +b ] . For σ = 0 (the non-staggered street) and σ = 1/2
(the staggered street) Vy is zero and the motion is purely along the x-direction. We
will restrict our discussion to these two cases.
Consider perturbations of the form
∞
X
1 − c2 r ∗ K1 (r ∗ )
,
Vx = b
r ∗2
m=−∞

δxun = X u ei(nk−ωt) ,

δynu = Y u ei(nk−ωt) ,

δxln = X l ei((n+σ)k−ωt) ,

δynl = Y l ei((n+σ)k−ωt) ,

(4.30)

with 0 ≤ k < 2π. After substituting (4.30) into Eq. (4.18) and taking n = 0
because of the discrete translational symmetry of the street, the following equation
for the perturbation amplitudes is obtained:
  u

X
iω + B11
B12
B13
B14


 B21
iω + B22
B23
B24   Y u 
 = 0.

(4.31)
 B31
B32
iω + B33
B34   X l 
Yl
B41
B42
B43
iω + B44

For σ = 0, 1/2, the symmetry of the configuration makes it possible to split (4.31)
in two independent equations, describing ’symmetric’ (X u = X l , Y u = −Y l )
and ’antisymmetric’ (X u = −X l , Y u = Y l ) perturbations. Details are given in
Appendix 4.A. The simplified system

 u

iω ± B13 B12 ∓ B14
X ± Xl
= 0,
(4.32)
B21 ± B23 iω ± B13
Yu∓Yl
gives the following eigenvalues
ω = iB13 ±
for the symmetric mode and

p

ω = −iB13 ±

−(B12 − B14 )(B21 + B23 )

p

−(B12 + B14 )(B21 − B23 )

(4.33)

(4.34)

for the antisymmetric mode. B13 is purely imaginary. The growth rate of the street
is, using the notation from Appendix 4.A,
q
−2
[U − c2 (U2 ± T0 )]2 − [T − c2 (T2 ± U0 )]2 .
(4.35)
Γ=a
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Figure 4.3: Contours of equal growth rate against wavenumber k and row separation b for a nonstaggered street with fixed a = 1.0. Given are hydrodynamic (Euler), geostrophic
and Alfvén filaments for c2 < 1. All are unstable.

The upper sign corresponds to the symmetric and the lower sign to the antisymmetric mode. The stability condition is


U − c2 (U2 ± T0 )

2


2
− T − c2 (T2 ± U0 ) < 0.

(4.36)

Explicit expressions for U , U0 , U2 , T , T0 , and T2 for the staggered and nonstaggered streets are given in the next sections.

4.4.1 Non-staggered streets
For a non-staggered street (σ = 0) we have
π2
,
sinh2 ab π
∞
X
√
K0 ( m2 a2 + b2 ),

U = 12 k(2π − k) +
U0 = S0 − 12 a2
U2 = S2 − 21 a2

∞
X

m=−∞

√
m2 a 2 − b 2
m2 a2 + b2 ),
K
(
2
2 a2 + b 2
m
m=−∞

sinh ab (π − k)
cosh ab k
− πk
,
T = −π
sinh ab π
sinh2 ab π
∞
X
√
1 2
K0 ( m2 a2 + b2 ) cos mk,
T0 = 2 a
2

m=−∞
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Figure 4.4: Contours of equal growth rate of a non-staggered street of Alfvén filaments for c =
2.0, with fixed a = 3.0(left), 4.0(middle), 5.0(right). The thick dashed and solid lines
give the zero growth rate contours for symmetric and antisymmetric perturbations
respectively. The shaded regions are stable.

T2 =

1 2
a
2

∞
X
√
m2 a 2 − b 2
K
(
m2 a2 + b2 ) cos mk.
2
2 a2 + b 2
m
m=−∞

(4.37)

The stability of this street for Euler, geostrophic, and Alfvén cases is given in
Figs. 4.3 and 4.4. In the figures the distance a between adjacent filaments in a
row is fixed, and the distance b between the rows is varied. All hydrodynamic and
geostrophic equilibrium configurations are unstable (see Refs. [40] and [14]), and
so are the Alfvén filaments when c2 < 1.
When c2 > 1, the street of Alfvén filaments is stable against many perturbations, as shown in Fig. 4.4. The behavior at three different values of the filament
separation a is given. When for a given distance a between adjacent filaments
and distance b between the rows the configuration is stable for every wavelength,
the system is completely stable. For non-staggered streets, such completely stable
configurations do not exist for the hydrodynamic and geostrophic cases. In contrast, for the Alfvén case the street is completely stable in a considerable region in
the (a, b) plane, as shown in Fig. 4.5. Roughly speaking, the street is stable when
the normalized distance between the two rows is less than 2 and the normalized
distance between adjacent filaments in a row is larger than 4.

4.4.2 Staggered streets
When σ = 1/2 we have
U = 12 k(2π − k) −

π2
,
cosh2 ab π
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Figure 4.5: Regions of complete stability for a non-staggered street of Alfvén filaments, c = 2.0.
On the x-axis the separation a between filaments in a row is varied and on the y-axis
the distance b between the rows is varied. The stable region is indicated by S.

Figure 4.6: Contours of equal growth rate a2 Γ against wavenumber k and row separation b for
a staggered street with fixed a = 4.0. Given are hydrodynamic (Euler), geostrophic
and Alfvén filaments for c2 < 1.
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Figure 4.7: Contours of equal growth rate of a staggered street of Alfvén filaments for c = 2.0,
with fixed a = 2.5(left), 6.0(middle), 7.0(right). The thick dashed and solid lines
give the zero growth rate contours for symmetric and antisymmetric perturbations
respectively. The shaded regions are stable.

U0 = S 0 −
U2 = S2 − 12 a2

1 2
a
2

∞
X

∞
X

m=−∞

q
K0 ( (m + 12 )2 a2 + b2 ),

q
(m + 12 )2 a2 − b2
(m + 12 )2 a2 + b2 ),
K
(
2
1 2 2
2
(m + 2 ) a + b
m=−∞
cosh ab k
cosh ab (π − k)
−
πk
,
cosh ab π
cosh2 ab π
∞
q
X
K0 ( (m + 12 )2 a2 + b2 ) cos (m + 21 )k,

T = π2
T0 = 12 a2

m=−∞

∞
q
X
(m + 12 )2 a2 − b2
1 2
T2 = 2 a
(m + 21 )2 a2 + b2 ) cos (m + 12 )k. (4.38)
K
(
1 2 2
2 2
(m
+
)
a
+
b
2
m=−∞

It is well known [40] that the hydrodynamic staggered street is completely stable
for precisely one value of the aspect ratio b/a = 0.281. It has been shown [14]
that the street of geostrophic filaments is completely stable for a range of a, b
values. Just like before, the Alfvén filaments for c2 < 1 show qualitatively the
same behavior as hydrodynamic filaments, i.e. there is only one completely stable
aspect ratio. From Fig. 4.6 it can be seen that the geostrophic part in the interaction
alters the behavior, but cannot change the stability qualitatively.
Such a qualitative change does happen when c2 > 1, as is shown in Fig. 4.7,
the stability is given for different fixed values of the distance a between adjacent filaments. Again, regions of complete stability exist. The completely stable
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Figure 4.8: Regions of complete stability of a staggered street for geostrophic and Alfvén (c =
2.0) filaments. Stable regions are indicated by S and the dotted line indicates the
aspect ratio where the hydrodynamic staggered street is stable, b/a = 0.281.

regions in the (a, b) plane are given in Fig. 4.8 for the geostrophic and Alfvén
staggered streets. For small distances, a, b  1, both cases approach the hydrodynamic case, which is stable for b/a = 0.281 only. For larger separations, the
geostrophic interaction introduces a finite region of complete stability. For the
Alfvén case this region is relatively small, because for increasing distances, the
hydrodynamic part of the interaction quickly dominates over the decreasing geostrophic part. However, there is another stable region as can be seen in the figure.
This region is a result of mixed behavior when the distance between the rows b
is relatively small and the distance between adjacent filaments a is large. When
both a and b are large, the geostrophic terms are exponentially small, and only the
single stable aspect ratio of the Euler case remains.

4.5. Filament rings

77

4.5 Filament rings
Because rings consist of a finite number of filaments, their stability can be determined directly by calculating the eigenvalues of the system of linear equations.
Consider N filaments of type cn and strength κn distributed over concentric
circles together with a single (central) filament of type c0 and strength κ0 (note
that cn and c0 are either C+ , C− , or C0 ).
In polar coordinates (ρn , θn ), the equations of motion for the circle filaments
read
ρ˙n =

N
X
0

m=1

ρn θ˙n =

N
X
0

m=1

Lnm ρm sin (θm − θn ) − κ0 L0n (x0 sin θn − y0 cos θn ),

Lnm [ρn − ρm cos (θm − θn )] + κ0 L0n [ρn − (x0 cos θn + y0 sin θn )].
(4.39)

The motion of the central filament is described by
x˙0 = −
y˙0 =

N
X

m=1
N
X

m=1

Lm0 (y0 − ρm sin θm ),

Lm0 (x0 − ρm cos θm ).

The distance between two filaments is
p
rnm = ρ2n + ρ2m − 2ρn ρm cos θmn ,

(4.40)

θmn = θm − θn ,

and between a circle filament and the center filament it is
q
rn0 = ρ2n − 2ρn (x0 cos θn + y0 sin θn ) + (x20 + y02 ).

(4.41)

(4.42)

Equations (4.39) and (4.40) are used to describe single and double ring equilibria,
both with and without a central filament. In equilibrium all filaments rotate with
angular velocity Ω, so that θ˙n = Ω. The equilibrium position of the central filaeq
ment is at the origin xeq
0 = y0 = 0. To assess the stability of this configuration,
we perturb the equilibrium according to
ρn = ρeq
n + δρn ,

θn = θneq + δθn ,

x0 = δx0 ,

y0 = δy0 ,

(4.43)

and arrive at linear equations for the perturbations. These equations contain periodic terms depending on Ωt, which are eliminated by changing the coordinates of
the center vortex to a corotating frame:
δx = cos Ωtδx0 + sin Ωtδy0 ,
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δy = − sin Ωtδx0 + cos Ωtδy0 .

Then, the system of 2(N + 1)
cients is

 
Axx Axy
δx
 δy   Ayx Ayy

 
 δρ1   Aρ1 x Aρ1 y
 .   .
..
 
d 
.
 ..   ..

=
dt δρN   AρN x AρN y

 
 δθ1   Aθ1 x Aθ1 y
 .   .
..
 ..   ..
.
δθN
AθN x AθN y

(4.44)

linear differential equations with constant coeffiAxρ1
Ayρ1
A ρ1 ρ1
..
.

. . . AxρN
. . . AyρN
. . . A ρ1 ρN
..
.

A ρN ρ1 . . . A ρN ρN
A θ 1 ρ1 . . . A θ 1 ρN
..
..
.
.
A θ N ρ1 . . . A θ N ρN

Axθ1
Ayθ1
A ρ1 θ 1
..
.

. . . AxθN
. . . AyθN
. . . A ρ1 θ N
..
.

A ρN θ 1 . . . A ρN θ N
Aθ1 θ1 . . . A θ1 θN
..
..
.
.
AθN θ1 . . . A θN θN


δx
  δy 


  δρ1 
 . 
 . 
 . 

.
 δρN 


  δθ1 
 . 
  .. 
δθN
(4.45)


The elements of the matrix are given in Appendix 4.B.
We perform the usual exponential stability analysis by writing the perturbation as a sum of eigensolutions, each having a time behavior exp (λ i t), with
i = 1, . . . , 2(N + 1). The equilibrium will be unstable whenever there is a
eigenvalue λi with a positive real part. This real part gives immediately the
growth rate. Thus the problem has been reduced to finding the eigenvalues of
the 2(N + 1) × 2(N + 1) coefficient matrix.
In the following sections this stability analysis is applied to single rings with
and without a central filament, and to double ring configurations.

4.5.1 The single ring equilibrium
The κn = 1 filaments are evenly spaced along a circle with radius R and are of
the same type cn = c. The ring is in equilibrium for any value of its radius,
ρeq
n = R,

θneq = Ωt + ϑn,

Ω = κ0 L0n (R) +

N
X
0

m=1
eq
rnm

ϑ=

2π
,
N

eq
[1 − cos ϑ(m − n)]Lnm (rnm
),

p
= 2R2 (1 − cos ϑ(m − n)).

(4.46)

4.5.2 Single rings without a central filament.
In the absence of a central filament, the equations for δx and δy from (4.45) have
to be omitted and κ has to be zero. The resulting 2N × 2N coefficient matrix
determines the stability of N filaments on a circle. For different values of the ring
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Figure 4.9: Growth rates of a ring of filaments without a central filament as a function of the ring
radius R, for various numbers of vortices in the Euler case (left), the geostrophic case
(middle), and the Alfvén case (right, c = 2.0).

radius we evaluate the matrix and determine the eigenvalues numerically. The
eigenvalues behave like ∼ R−2 for small radii, in the following we therefore have
multiplied all growth rates by R2 .
For the Euler case [28] the growth rates are independent of R. Rings with
N < 7 are stable, and rings with N > 7 are unstable. The heptagon, N =
7, is neutrally stable, i.e. its growth rate is equal to zero. The stability of the
geostrophic filament ring does depend on its radius. The growth rates for several
values of N are plotted in Fig. 4.9. For large radii the interaction gets weaker and
the growth rates decrease. The ring is stable for N < 6. The hexagon (N = 6) is
unstable for R > 1.3. This result will reappear in the discussion of double rings,
when two rings consisting of three filaments have equal radii. Single geostrophic
rings with N > 6 are unstable for all positive values of the radius.
Next we consider the Alfvén case. For c2 < 1 the geostrophic (Bessel) contribution to the interaction is always smaller than the hydrodynamic part, so the
stability in this case is qualitatively the same as in the Euler case. For small R
the growth rates are modified by the multiplicative factor 1 − c2 in the interaction. When c2 > 1, Fig. 4.9(right) shows that the stability of the Alfvén ring is
qualitatively different from Euler as well as from geostrophic rings. Rings with
N = 4, 5, 6, 7 are unstable in a finite range of the ring radius. As a result of the
balance between the hydrodynamic and the geostrophic terms in the interaction,
rings with a larger number of filaments are stable for an interval of R values. This
stability window does not occur for all N > 8 but only up to a certain N , depending on the value of c. When c = 2.0, for example, the highest number of filaments
with a stability window is N = 18. For large R the interaction becomes purely
logarithmic and the growth rates tend to their Euler values. This is of course true
for all configurations discussed here.
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Figure 4.11: Growth rates versus R for Euler (left), geostrophic (middle) and Alfvén (c = 2.0,
right) rings with a fixed central filament of strength κ0 = 1.

4.5.3 Single rings with a fixed central filament
When we add a central filament and keep it fixed at the origin, the number of
degrees of freedom is still 2N , but the coefficients in Eq. (4.45) get extra terms
proportional to κ0 from the central filament (see Appendix 4.B). We will restrict
ourselves to the case where the central filament is of the same type as the ring
filaments, c0 = c.
Again, the growth rate does not depend on R in the Euler case. Figure 4.10
shows the hydrodynamical growth rates as a function of the strength κ 0 of the
central filament. For κ0 positive, the central filament stabilizes the configuration.
When κ0 < −1/2 all rings are unstable.
In the geostrophic and Alfvén cases, the growth rate does depend on R. In
Fig. 4.11 the growth rates are plotted as a function of R for the case where the
central filament has the same strength as the ring filaments, κ0 = 1. For N < 8
the ring of geostrophic filaments is stable for every radius. The octagon N = 8 is
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Figure 4.12: Growth rate versus κ0 for hydrodynamic rings with a free central filament.

stable up to R ≈ 1.6, for larger radii the ring is unstable. For N ≥ 9 the ring is
unstable for all R. The figure shows that the behavior of rings with N = 8, 9, 10
and a fixed central filament is almost identical to that of rings with N = 6, 7, 8
in the absence of a central filament. Hence, the fixed filament at the center has
a stabilizing effect on geostrophic configurations. This is only partially true for
the Alfvén filaments. Figure 4.11(right) shows that due to the central filament
N = 2 and N = 3 equilibria are unstable for a small range of R values. For
N ≥ 7 at moderately small R, the central filament has the same effect as in the
geostrophic case. For larger values of R the stable regions induced by the mixed
logarithmic-Bessel interaction are again present. When N < 10, the ring is stable
for R → ∞.

4.5.4 Single rings with a free central filament
When the central filament is left free to evolve, we have to consider the full 2(N +
1) × 2(N + 1) system (4.45). Because a ’test’ filament of zero strength at the
origin can perform an unstable motion, this case is different from the case without
a central filament even when κ0 = 0. For the Euler case this is shown in Fig. 4.12.
The curves coming from the left (negative κ0 ) represent instabilities of the ring
filaments. The set of curves in Fig. 4.12 going to the right represent instabilities
of the central filament. These occur for values of κ0 above a certain threshold.
The configuration with N = 2 is unstable when κ0 > −1.25. For N = 3 this
threshold is κ0 = 1. It can be seen that for these two cases the freedom of the
central filament has removed the instability for negative central filament strength
(compare with Fig. 4.10).
In Fig. 4.13 the effect of the free motion of the central filament on the geo-
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Figure 4.13: Growth rates versus R for Euler (left), geostrophic (middle), and Alfvén (c = 2.0,
right) rings with a free central filament of strength κ0 = 1.
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Figure 4.14: Stability of a ring consisting of six Alfvén filaments (c = 2.0) plotted as a function
of the strength κ0 of the central filament and the radius R of the ring. Stable regions
are indicated by S.

strophic and Alfvén cases is demonstrated for κ0 = 1. The stability of geostrophic
rings with a free center is identical to that of rings with a fixed center, except for
N = 2 and N = 3. In those cases the central filament performs unstable motion. Note that the instability of the N = 3 equilibrium disappears for R > 3.4,
instead of exponentially approaching zero growth rate. The motion of the central
filament of N = 2 and N = 3 Alfvén rings is stabilized by the mixed logarithmicBessel interaction in an interval of R values. Two disjoint unstable regions exist
for N = 4 and N = 5 rings. For the given values for c and κ0 , the free motion of
the central filament has no effect on the stability of rings with N > 7.
The stability boundaries Γ = 0 are plotted in Fig. 4.14 as a function of the
central strength κ0 and the ring radius R for the hexagon of Alfvén filaments. The
previous plots of growth rate versus radius are vertical cuts through such diagrams.
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4.5.5 The double ring equilibrium
An interesting configuration is the so-called Havelock double ring [28]. The N
ring filaments are distributed evenly along two rings, each having N/2 filaments
(N must be even). One ring has radius R1 and filaments of type c1 and strength
κ1 , the second ring has radius R2 and c2 ,κ2 filaments. The filaments of the second
ring are shifted over an angle (2π/N )σ with respect to the filaments of the first
ring. The filaments of the first ring are marked by odd numbers, those of the
second ring by even numbers. The equilibrium is described by:
(
R1 , for n odd
ρeq
,
n =
R2 , for n even
(
Ωring1 t + ϑn,
for n odd
,
θneq =
Ωring2 t + ϑ(n + σ − 1), for n even
(
κ1 , for n odd
,
κn =
κ2 , for n even


N
X
0
ρm
eq
Ωring1 = κ0 L0n (R1 ) +
κm 1 −
cos (θm − θn ) Lnm (rnm
),
ρ
n
eq
m=1
Ωring2

with n odd,


N
X
0
ρm
eq
= κ0 L0n (R2 ) +
κm 1 −
cos (θm − θn ) Lnm (rnm
),
ρ
n
eq
m=1
eq
rnm

with n even,
p
= ρ2n + ρ2m − 2ρn ρm cos (θm − θn ),
2π
.
ϑ=
N

(4.47)

In equilibrium ρ˙n = 0, which is only satisfied for σ = 0 or σ = 1. Furthermore,
the rotation speeds of both rings have to be equal Ωring1 = Ωring2 = Ω. For given
strengths and types, this is only satisfied for specific values of R1 and R2 .
For the sake of brevity, we will restrict the discussion to the N = 6, σ = 1
Havelock double ring. The two rings consist of filaments of equal type.

4.5.6 Two rings of three filaments with equal strengths
Equilibrium values of R1 and R2 are indicated in Fig. 4.15. The stability of the
configuration is indicated by the color of the line. The black pieces of the lines
represent stable and gray pieces represent unstable configurations. The diagonal
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Figure 4.15: Equilibria for a system of two rings with three filaments each. All filaments have the
same strength. The left picture gives the geostrophic and the right picture the Alfvén
case (all equal type, c = 2.0). The grey lines indicate unstable and the black lines
the stable configurations. The line R1 = R2 exactly reproduces the stability of the
N = 6 single ring

corresponds to the cases R1 = R2 when the configuration is equivalent to the single N = 6 ring; for Euler filaments these are the only equilibria. For geostrophic
filaments, equilibria with R1 6= R2 exist when both radii are larger then 1.3. This
is exactly at the point where the hexagon becomes unstable (see Sec. 4.5.2). Only
a very small range of these double ring equilibria is stable.
The Alfvén case also shows several equilibrium branches. When one of the
radii is about equal to the Bessel scale length (R ≈ 1), the mixed behavior of
the interaction strongly influences the change in the rotation of the ring with its
radius. As a result, the equilibrium branches have asymptotes R 1 → ∞, R2 → 1
and R2 → ∞, R1 → 1. These double ring equilibrium configurations have two
small stable regions around R ≈ 3 and R ≈ 4 which are not present when the
interaction between filaments is described by a pure logarithm or a pure Bessel
function. The geometry of such a stable configuration is indicated in the figure.

4.5.7 Two rings of three filaments with opposite strengths
Finally we consider the case where the filaments in the two rings have equal but
opposite strength, κ2 = −κ1 . Euler equilibria only exist for a fixed ratio of
approximately 0.6 of the two radii. These are indicated by the dashed lines in
Fig. 4.16. All double rings in the Euler case are unstable [28]. The geostrophic
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Figure 4.16: Same as Fig. 4.15, but now the rings have opposite filament strength, κ 2 = −κ1 . The
dashed lines indicate the equilibrium configurations of the Euler case, which are all
unstable. Only the Alfvén case has two small stable regions.

double ring has almost the same behavior. The equilibria no longer have a fixed
ratio R1 /R2 , but deviate slightly for larger radii. Also the geostrophic double ring
configurations are all unstable.
Alfvén equilibria approach the Euler case for small as well as for large radii
(see Fig. 4.16). The equilibria for small radii are connected to two equilibrium
branches which have the same asymptote as in the previous case where all filaments have equal strengths. Stable regions are found on the equilibria connecting
the two branches for large radii.

4.6 Summary
In this paper we have studied the linearized stability properties of singular filament configurations in three different fluid models. Two are well known models.
The first is the point vortex model of ideal incompressible hydrodynamics. The
second is the filament model of the geostrophic equation, which is encountered in
a variety of physical contexts.
The main subject has been the behavior of the filament solutions of the twofluid equations for Alfvén perturbations in a magnetized plasma. These filaments
have an interaction which is a mixture of the logarithmic interaction from the hydrodynamic point vortices and the Bessel function interaction which governs geostrophic vortices. The latter two filament models are incorporated in the Alfvén
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model as limiting cases. When all filaments are of the same type c (c is either C + ,
C− , or C0 ), the mixed interaction changes the behavior significantly only when the
weight of the Bessel term is larger than that of the logarithmic interaction term.
This is the case when c2 > 1.
For intermediate filament spacing, the single row of Alfvén filaments is found
to be stable at the shortest wavelengths, exactly where the known cases are most
unstable.
Both the geostrophic and the Alfvén staggered streets have regions of complete stability, i.e. the configuration is stable at all wavelengths for considerable
ranges of the inter-row and inter-filament distances. In the Alfvén case however,
there is more than one stable region, and their location and extent differ completely from the geostrophic case as is shown in Fig. 4.8. An important result
for Alfvén filaments is that also the non-staggered street has a large completely
stable region in parameter space. In Fig. 4.5 it is shown that this region extends to
arbitrarily large distance between the filaments.
The stability of a single ring of N filaments is also much changed by the
Alfvén interaction. Most notably, the ring is stable for a range of values of its radius where the mixed logarithmic-Bessel interaction has a strong influence. These
configurations are unstable in the Euler and geostrophic cases. On the other hand,
rings which are stable in the latter two models show unstable motion in the Alfvén
model. This instability also occurs for intermediate ranges of R values and primarily for rings consisting of a low number of filaments.
A double ring is a steadily rotating equilibrium only for specific values of the
two radii. For two concentric rings consisting each of three equal strength filaments, we find that the geostrophic double ring is stable for a small range of
R1 6= R2 equilibria only (see Fig. 4.15). In the Alfvén case additional stable equilibria are found. When the filaments of the second ring have equal but opposite
strength, Fig. 4.16 shows that there are no stable geostrophic equilibria, but there
are regions where stable Alfvén double rings exist.
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Appendix
4.A Coefficients of the linear equation for the
filament streets
The determinant of the matrix in (4.31) is a fourth order polynomial equation for
the perturbation frequency ω, which determines the stability of the system. The
restriction to non-staggered (σ = 0) and staggered (σ = 1/2) streets simplifies
the system further. When σ = 0 or 1/2 the matrix elements are given by:

B12

B11 = B22 = B33 = B44 = 0
∞
X
0
= −B34 = −
L0m |r0m =|m|a (1 − cos mk)
m=−∞
∞
X

B21 = −B43

B23


b2 ∂L0m
+ L0m
+
r
∂r
0m
0m
r0m =r ∗
m=−∞


∞
X0 ∂L0m
m2 a2 + L0m
(1 − cos mk)
=
∂r0m
r0m =|m|a
m=−∞


∞
X
(m + σ)2 a2 ∂L0m
−
+ L0m
r
∂r
0m
0m
r0m =r ∗
m=−∞


B13 = −B24 = B31 = −B42 =


∞
X
1 ∂L0m
(m + σ) sin (m + σ)k
iab
r0m ∂r0m r0m =r∗
m=−∞

 2
∞
X
b ∂L0m
cos (m + σ)k
+ L0m
B14 = −B32 = −
r0m ∂r0m
r0m =r ∗
m=−∞


∞
X
(m + σ)2 a2 ∂L0m
= −B41 =
+ L0m
cos (m + σ)k (4.48)
r
∂r
∗
0m
0m
r
=r
0m
m=−∞

Using the explicit form (4.16) for Lij we write


B12 = −a−2 U + c2 (U0 − U2 ) ,


B14 = −a−2 T + c2 (T0 − T2 ) ,


B21 = −a−2 U − c2 (U0 + U2 ) ,


B23 = −a−2 T − c2 (T0 + T2 ) ,

(4.49)
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where the following notation is introduced:
U =S−a

1 2
a
2

U0 = S 0 −
U2 = S 2 −

1 2
a
2

T = a2
T0 =

1 2
a
2

2

∞
X

(m + σ)2 a2 − b2
,
[(m + σ)2 a2 + b2 ]2
m=−∞
∞
X

m=−∞

∞
X

K0 (

p
(m + σ)2 a2 + b2 ),

p
(m + σ)2 a2 − b2
(m + σ)2 a2 + b2 ),
K
(
2
2 a2 + b 2
(m
+
σ)
m=−∞
∞
X

(m + σ)2 a2 − b2
cos (m + σ)k,
2 a 2 + b 2 ]2
[(m
+
σ)
m=−∞

∞
X

m=−∞

p
K0 ( (m + σ)2 a2 + b2 ) cos (m + σ)k,

∞
X
p
(m + σ)2 a2 − b2
1 2
K
(
T2 = 2 a
(m + σ)2 a2 + b2 ) cos (m + σ)k. (4.50)
2
2 a2 + b 2
(m
+
σ)
m=−∞

The sums in (4.50) without Bessel functions (i.e. U and T ) can be evaluated
analytically, just like S in the analysis of the single row. The technique is based
on the residue theorem and is given below.

4.A.1 The case σ = 0
Consider the function f :

→
f (z) =

z2

cosh αz
1
,
2
− w sinh z

(4.51)

where −1 ≤ α ≤ 1 and w are constants. If we integrate this function over a
circle C in the complex plane and let the radius of this circle become infinite, the
integral vanishes. According to the residue theorem we know that this integral is
equal to 2πi times the sum over the residues of all enclosed poles of the function
f:
I
X
f (z)dz = 2πi
Res(f ) → 0,
(4.52)
C

poles

f having poles at z = ±w and z = πim, m = 0, ±1, ±2, . . .. The residues are
Res(f )|z=±w =

1 cosh αw
,
2w sinh w

Res(f )|z=πim = −

cos [(α − 1)πm]
.
π 2 m2 + w 2

(4.53)
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Using (4.52) we find
∞
X
1 cosh αw
cos [(α − 1)πm]
=
.
2
2
2
π
m
+
w
w
sinh
w
m=−∞

(4.54)

If we differentiate both sides with respect to w and multiply by w, we obtain:
∞
X

−2w 2
cos [(α − 1)πm] =
2 m2 + w 2 ) 2
(π
m=−∞
−

1 cosh αw
sinh αw cosh (α − 1)w
+ (α − 1)
−
. (4.55)
w sinh w
sinh w
sinh2 w

Adding (4.54) and (4.55):
∞
X

π 2 m2 − w 2
cos [(α − 1)πm] =
2 m2 + w 2 ) 2
(π
m=−∞
(α − 1)

sinh αw cosh (α − 1)w
, (4.56)
−
sinh w
sinh2 w

and substituting α = 1 and w = πb/a, we obtain the following expression for U
as defined in (4.50)
U =S−a

2

∞
X

m2 a 2 − b 2
π2
1
=
k(2π
−
k)
+
.
2
(m2 a2 + b2 )2
sinh2 ab π
m=−∞

(4.57)

When substituting α = 1 − k/π and w = πb/a, we find an expression for T :
T = a2

∞
X

m2 a 2 − b 2
cos mk =
2 a 2 + b 2 )2
(m
m=−∞
− π2

cosh ab k
sinh ab (π − k)
−
πk
. (4.58)
sinh2 ab π
sinh ab π

These explicit expressions for U and T for the non-staggered street are used in
Sec. 4.4.1.

4.A.2 The case σ = 1/2
For σ = 1/2 we consider the function
f (z) =

sinh αz
1
,
z 2 − w 2 cosh z

(4.59)
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which has poles at z = ±w and z = πi(m + 1/2), m = 0, ±1, ±2, . . .. The
residues are
1 sinh αw
,
2w cosh w
cos [(α − 1)π(m + 21 )]
.
=−
π 2 (m + 12 )2 + w 2

Res(f )|z=±w =
Res(f )|z=πi(m+ 1 )
2

(4.60)
(4.61)

Following the same procedure as above, we find
∞
X

π 2 (m + 12 )2 − w 2
cos [(α − 1)π(m + 21 )] =
1 2
2
2
2
[π (m + 2 ) + w ]
m=−∞
(α − 1)

cosh αw cosh (α − 1)w
. (4.62)
+
cosh w
cosh2 w

Again for α = 1 and w = πb/a we obtain
∞
X

(m + 12 )2 a2 − b2
π2
1
,
U =S−a
= 2 k(2π − k) −
[(m + 12 )2 a2 + b2 ]2
cosh2 ab π
m=−∞
2

(4.63)

and for α = 1 − k/π and w = πb/a we obtain
T =a

2

∞
X

(m + 12 )2 a2 − b2
cos (m + 12 )k =
1 2 2
2 ]2
[(m
+
)
a
+
b
2
m=−∞
cosh ab (π − k)
cosh ab k
− πk
. (4.64)
π
cosh2 ab π
cosh ab π
2

These last two expressions are used for the staggered street in Sec. 4.4.2.

4.B Coefficients of the linear equation for the
filament rings
The matrix elements in Eq. (4.45) are given by the following expressions, where
everything is to be evaluated at equilibrium:
Axx = −Ayy =
Axy =

Ω−

N
X

m=1
N
X

κm ρ m

κm

m=1



∂L0m
sin θm cos θm ,
∂r0m


∂L0m
2
ρm
sin θm + L0m ,
∂r0m
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Ayx = −Ω +

Axρm
Ayρm
A ρn x
Aθn x



N
X

m=1

κm
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∂L0m
2
ρm
cos θm + L0m ,
∂r0m


∂L0m
= κm ρm
+ L0m sin θm ,
Axθm
∂r0m


∂L0m
+ L0m cos θm , Ayθm
= −κm ρm
∂r0m
= −κ0 Ln0 sin θn ,
A ρn y


∂Ln0 Ln0
= −κ0
+
cos nϑ,
A θn y
∂rn0
ρn

= κm ρm L0m cos θm ,
= κm ρm L0m sin θm ,
= κ0 Ln0 cos θn ,


∂Ln0 Ln0
+
= −κ0
sin nϑ,
∂rn0
ρn

where n, m = 1, . . . , N . The n 6= m elements are


ρm ∂Lnm
A ρn ρm = κ m
(ρn − ρm cos θmn ) + Lnm sin θmn ,
rnm ∂rnm


ρn ρ2m ∂Lnm
2
sin θmn + Lnm ρm cos θmn ,
A ρn θ m = κ m
rnm ∂rnm


κm
1 ∂Lnm
A θ n ρm =
(ρn − ρm cos θmn )(ρm − ρn cos θmn ) − Lnm cos θmn ,
ρn rnm ∂rnm


κm ρn ρm ∂Lnm
Aθn θm =
(ρn − ρm cos θmn ) − Lnm ρm sin θmn .
ρn
rnm ∂rnm
The diagonal elements of the submatrices (n = m) are
Aρn ρn = Aθn θn = 0,


N
X
0
ρn ρ2m ∂Lnm
2
A ρn θ n = −
κm
sin θmn + Lnm ρm cos θmn ,
rnm ∂rnm
m=1


Ω
∂L0n
Aθn ρn = − + κ0 r0n
+ L0n
ρn
∂r0n


N
X
0 κm
1 ∂Lnm
2
(ρn − ρm cos θmn ) + Lnm .
−
ρ
r
∂r
n
nm
nm
m=1

5. Dynamics of current-vortex patches

Abstract. The drift-Alfvén equations for electron and ion
fluids in a strong magnetic field describe the plasma dynamics in the transverse plane. Three scalar fields — which
are linear combinations of parallel current, vorticity, and
density — are incompressibly advected by three streaming
potentials. Consequently, these three “generalized vorticities” are pointwise conserved. The interaction dynamics
of patches of generalized vorticity show a preferred length
scale for structures which are formed. These vortex interactions are a model for interactions between coherent
structures in a fluid or plasma.
Turbulent plasmas are often dominated by magnetic interactions. Of interest are therefore distributions that initially
carry current density only. The interaction of two of these
current channels shows that both develop dipolar vortical
flows, bringing the currents together. This is the manifestation of the Lorentz force acting on currents in the plasma.
Adjacent currents will merge into single filaments. Reconnection of the magnetic field takes place, converting the
magnetic topology from a figure eight to a circular one.
In the merging phase parallel kinetic energy is converted
into internal electron energy, in this case the latter is proportional to the vorticity squared. The magnetic and perpendicular kinetic energies play only a minor role in the
energetics. This is in contrast to the essential changes in
the topology of the magnetic field and the perpendicular
flow pattern.
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5.1 Introduction
In the study of turbulent plasmas and fluids one frequently considers the interaction between long-lived coherent structures (loosely referred to as vortices) which
are relatively far apart. These coherent structures resemble localized and stationary solutions of the fluid equations. Their relative motion can for example be
described by a point-vortex model[4]. When the motion of the fluid brings the
vortices at close distances of each other, an interaction takes place on a relatively
fast time scale. For such “inelastic collisions” the spatial extent and shape of the
vortices become important. After the interaction process there emerges a new
state consisting of one or more vortices which in their further motion again may
be tracked using the point vortex approximation. Examples of vortex collisions
are the merging of like-sign vortices [70] and the destruction of a vortex in a three
vortex interaction called the vortex collapse [67].
In Refs. [70] and [67] these interactions are analyzed by considering that the
vortices are finite-area-vortex-regions (FAVRs). These are regions in the fluid
where the vorticity is constant, bounded by a deformable contour. The motion
of such piecewise constant vorticity distributions can be described consistently
by integrals over the contours. This essentially reduces the dimensionality of the
problem. The method of describing the motion of FAVRs by the advection of
their boundaries is called Contour Dynamics (CD) and has proven to be suitable
for calculating vortex interactions in inviscid fluids [18]. Important properties
are that the area enclosed by the contours is constant and that their topology is
conserved. These conditions are met when the fluid equations are of Lagrangian
form.
A number of (quasi) two-dimensional models for ideal plasmas and fluids can
be cast into a Lagrangian form which describes the fluid by the incompressible
advection of one or more conserved quantities. These generalized vorticities are
pointwise conserved:
∂ωα
+ v α · ∇ωα = 0,
(5.1)
∂t
where the subscript α indexes the fields ωα . Each vorticity field is advected by the
velocity field v α . Because v α is divergence-free, we write
v α = ez × ∇φα .

(5.2)

To close the set of equations the generalized vorticities are given as functionals of
the streaming potentials. Inverting these relations yields equations for the potentials φα .
The equations are in two dimensions. The third direction, e z is either ignored
because the system is approximately of zero thickness in that direction (e.g. atmospheric flows, shallow fluid layers, soap films) or the system is homogeneous
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in that direction, e.g. for a plasma in a strong magnetic field all quantities may be
taken constant in the direction of the field.
The simplest example is the Euler equation for two-dimensional incompressible fluid flow which is of form (5.1) where ω is the fluid vorticity ez · ∇ × v
and φ the stream function. The relation between φ and ω is the Poisson equation
∇2 φ = ω. Inversion yields the long-ranged logarithmic potential of hydrodynamic vortices.
Another well known example is the Charney–Hasegawa–Mima equation,
which describes both quasi-geostrophic flows in the atmosphere and drift phenomena in plasmas. The relation between conserved (potential) vorticity and stream
function is given by the nonhomogeneous Helmholtz equation ∇ 2 φ − φ = ω.
Therefore the interaction potential of geostrophic vortices is given by the shortranged modified Bessel function K0 (McDonald function).
The plasma model considered here describes electron and ion fluids in a strong
background magnetic field [59, 39]. The dominant field makes a two-dimensional
description possible. Its Lagrangian form has three generalized vorticities. The
three streaming potentials are linear combinations of the electrostatic potential
and the perpendicular magnetic flux. The relation between stream functions and
vorticities is a combination of the Poisson and Helmholtz operators, resulting in
an interaction which is a mixture of the long- and short-ranged potentials mentioned above. The generalized vorticities are not directly physical quantities, but
they are combinations of particle density, fluid vorticity, parallel current density,
electrostatic potential and the perpendicular magnetic flux. When considering
FAVRs in this plasma model there are some important differences with respect to
the “classical” fluid models:
A. The competition between the two contributions to the interaction potentials
has an important effect on the dynamics of vortex motion in the plasma. It
introduces a length scale where the long-range potential “takes over” from
the short-range potential. On this length scale structures can be formed
either by merging smaller vortices or by splitting of larger vortices.
B. In the interaction of patches of unequal type two interaction potentials play
a role: firstly the interaction of one vortex on itself and secondly the interaction between the two types of vorticity. Depending on the parameters, the
flow given by these interaction potentials can give rise to different merging/splitting behavior compared to the interaction of equal type vortices.
C. Vortices of unequal type are allowed to overlap. In particular, by overlapping vortices we can create distributions with current density only, corresponding to current wires along the magnetic field in the plasma. Although
these wires attract each other just like current carrying copper wires, the
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magnetic interaction is strongly shielded at distances larger than the electron inertial skin depth. Currents in a plasma only interact with each other
when their mutual distance is small.
A short introduction to the plasma model is given in the next section. The
organization of the rest of the chapter is as follows. In Sec. 5.3 we develop the
CD method for the present plasma model. Section 5.4 discusses single circular
patches of generalized vorticity and their interactions. Vortex pairs and dipoles
are studied, i.e., two patches with strengths of equal and opposite sign respectively. Pairs and dipoles of both equal and mixed type of generalized vorticity are
compared with each other.
In Sec. 5.5 the merging of two current wires in the plasma is studied, a process
that is also discussed in Ref. [8] and which is included as chapter 6 in this thesis.

5.2 A strongly magnetized plasma; the drift-Alfvén
model
We describe the plasma by an electron and an ion fluid in a strong magnetic field in
the z-direction. The plasma pressure is assumed to be small so that the magnetic
and electric fields can be described by
B = B0 ez + ez × ∇ψ,
∂ψ
E = −∇ϕ +
ez ,
∂t

(5.3)
(5.4)

where −ψ is the z-component of the magnetic vector potential and ϕ is the electrostatic potential.
Starting from the continuity and momentum balance equations, the electrons
are described as a collisionless fluid with a homogeneous temperature. The inertia
of the electrons in the direction along the magnetic field as well as the Hall effect
are taken into account. The ion response is derived in the cold ion approximation
and is coupled to the electron fluid by the quasi-neutrality condition. The parallel (along B0 ) current is carried by the electrons only. Density perturbations are
small, but their gradients are allowed to be large [59].
The model is made (quasi) two-dimensional by assuming that all quantities
have a z-dependence ∂z = −λ∂t , where λ = vA /uz is the inverse parallel Alfvén
Mach number of the solution. It corresponds to solutions which travel with a
constant velocity uz along the z-direction. The case λ = 0 corresponds to the homogeneous system where all quantities are independent of the parallel coordinate.
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There are two important length scales in the system: the ion sound gyroradius
ρs and the skin depth de due to the parallel electron inertia. We normalize all
lengths to ρs and time is measured in units of ion gyroperiods.
The main contribution to the dynamics is the E × B ∼ ez × ∇ϕ flow. When
dissipation (resistivity, viscosity) is neglected, the dynamics is given by Eq. (5.1):
the advection of three conserved scalar vorticities ω+ (x, y), ω− (x, y), and ω0 (x, y)
by divergence-free velocity fields v + , v − , and v 0 . From here, unless denoted
otherwise, Greek subscripts will denote the type of generalized vorticity or flow
field, so α runs over +, −, and 0. The generalized vorticities are given by:
2de ω+ = +(ψ + λϕ) + (de − λ)(ln n − de J),
2de ω− = −(ψ + λϕ) + (de + λ)(ln n + de J),
ω0 = ∇2 ϕ − ln n,

(5.5a)
(5.5b)
(5.5c)

where n is the number density divided by some reference density. The density
is related to the vorticity of the E × B flow by (5.5c). The Laplacian of the
magnetic flux J = ∇2 ψ is the parallel current density. The velocity fields are
divergence-free, v α = ez × ∇φα , with stream functions

(ϕ + λψ) + cα (ψ + λϕ)
.
1 − λ2
The relation between potentials and vorticities is given by
X
∇2 (ϕ + λψ) =
ωα ,
φα =

(5.6)

(5.7)

α

2

2

(∇ − γ )(ψ + λϕ) = −

where

X

c α ωα ,

(5.8)

α

1 − λ2
,
(5.9)
d2e − λ2
1 ∓ de λ
,
c0 = −λ.
(5.10)
c± =
±de − λ
When the fields ωα are given by a distribution of patches, this still allows for a
constant background value of the generalized vorticity fields ω α . This changes
the streaming potentials to φα + φα,ext but leave the dynamical equations (5.1) in
Lagrangian form. In this work we only consider fields which are generated by the
patches themselves, i.e. we assume the external fields φα,ext to be zero.
From Eqs. (5.5) we find the parallel current, the E × B vorticity, and the
density perturbation to be:
ψ + λϕ X cα + λ
J= 2
ωα ,
(5.11)
−
de − λ2
1 − λ2
α
γ2 =
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∇2 ϕ = −λ

ψ + λϕ X 1 + λcα
+
ωα ,
d2e − λ2
1 − λ2
α

ln n = ∇2 ϕ − ω0 .

The energy integral of the system is given by
Z


1
d2 x |∇ψ|2 + d2e J 2 + ln2 n + |∇ϕ|2 + 2λ (ln n − ϕ) J .
W =
2

(5.12)
(5.13)

(5.14)

The first four terms represent the magnetic energy, the parallel kinetic energy of
the electrons, the internal electron energy, and the perpendicular kinetic energy of
the ions respectively. The last term is a time integrated divergence of the Poynting
flux and the electron thermal flux along the z-axis. Equation (5.14) is directly
related to the Hamiltonian functional of the system, see Ref. [39] and Sec. 2.1.5.

5.3 Contour Dynamics
In this section an outline of the method of Contour Dynamics (CD) is given, extending the CD method for inviscid hydrodynamics [70, 68] to the case with three,
instead of one, conserved vorticities.

5.3.1 The interaction potential
Inverting the relations (5.7) and (5.8) between the vorticities and the stream functions, we find the stream function as integrals over the vorticity distributions
ωα (r):
XZ
φα (r) =
Gαβ (|r − r 0 |)ωβ (r0 )d2 r 0 ,
(5.15)
β

the velocity fields are given by v α = ez × ∇φα and the Green’s function for an
unbounded domain is given by
Gαβ (r) =

ln r + cα cβ K0 (γr)
.
2π(1 − λ2 )

(5.16)

This Green’s function is a combination of the logarithmic interaction known from
incompressible planar hydrodynamics, and the modified Bessel function interaction from the Charney–Hasegawa–Mima equation. The Green’s function G αβ represents the streaming potential of type α due to an infinitesimal vorticity element
(or point vortex) of type β. Its derivative gives the azimuthal velocity around such
a vorticity element. For r  γ −1 the Green’s function is Gαβ ∼ (1 − cα cβ ) ln r,
and for large r the modified Bessel function vanishes exponentially, so G αβ ∼
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Figure 5.1: Behavior of the mixed Green’s function Gαβ for cα cβ > 1. The inset shows the
velocity field of a vorticity element, which is purely azimuthal: v ∼ ∂ r Gαβ there is a
radius for which the velocity field changes direction.

ln r. It can thus be seen that for cα cβ > 1 the interaction potential has a minimum,
giving rise to a change in sign of the velocity field around a vorticity element. In
Fig. 5.1 the behavior of the Green’s function is plotted.
The mixed nature of Gαβ changes the behavior of the potential and one then
expects qualitatively different behavior both compared to the Euler case (logarithmic Greens function) as to the geostrophic case (modified Bessel Greens function
K0 ).

5.3.2 Piecewise uniform vorticity distributions
The vorticity distribution for each type is taken to be piecewise constant. Each
region Γα,m of constant vorticity ω̂α,m is bounded by a contour γα,m (see Fig. 5.2).
We choose ω̂α,0 = 0 for r ∈ Γα,0 , the exterior of the vorticity distribution. The
jump in vorticity crossing contour γα,m inward is denoted by ωα,m . Contours are
counted by m = 1, . . . , Mα , Mα being the total number of contours of type α.
Contours of equal type do not cross each other, but can be nested.
The velocity field with which the distribution ωα (r) is advected is given by


Mβ
Z
XX
v α = ez × ∇ 
ω̂β,m
Gαβ (|r − r 0 |)d2 r 0  .
(5.17)
β

m=1

Γβ,m

Inside the integral use that ∇ G = −∇ 0 G and apply Stokes’ theorem for a scalar
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Γ1

Γ0

Γ2
ΓM
γM
γ2
γ1

Figure 5.2: A piecewise uniform distribution of generalized vorticity ω α described by nested contours γ1 , . . . , γM . The areas with constant vorticity are denoted by Γ0 , . . . , ΓM . The
subscript α, indicating the type of vorticity, is omitted. The dashed lines indicate a
possible distribution of another type of vorticity.

field. We then arrive at
vα = −

Mβ
XX
β

m=1

ωβ,m

I

γβ,m

Gαβ (|r − r0 |)dl0 .

(5.18)

This equation gives the three velocity fields at each point of 2 , in particular at
the points of the contours themselves. The motion of the contours, and thus of
the complete vorticity distribution, is completely given by Eq. (5.18). Because
the velocity fields v α are divergence-free, the area enclosed by each contour is
constant.
Numerically, we solve the evolution in exactly the same way as described in
[68], approximating the contours by a variable number of linear elements. The
parameterization of the element between two nodes xn = (xn , yn ) and xn+1 is
given by
1
1
xn (ξ) = (1 − ξ)xn + (1 + ξ)xn+1 , where − 1 ≤ ξ ≤ 1.
(5.19)
2
2
The length of the element is denoted by hn .
By fitting a quadratic polynomial through three consecutive points we can
approximate the local curvature κ = (x00 y 0 − y 00 x0 )/(x02 + y 02 )3/2 (where a prime
denotes derivation with respect to the parameter along the curve) at the node x n
by
(xn+1 − xn )(yn − yn−1 ) − (yn+1 − yn )(xn − xn−1 )
.
(5.20)
κn = 8
|xn+1 − xn−1 |3
Nodes are added and/or removed to meet the following criteria for all elements:
• The average curvature of the nodes xn and xn+1 satisfies
1
δ1 < (|κn | + |κn+1 |)hn < δ2 .
2

(5.21)
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• The nodes are distributed quasi-uniformly:
hn−1
≤ hn ≤ Ahn−1 ,
A

(5.22)

where A is a constant larger than unity. (In practice A ≈ 2.)
• The element length satisfies
hmin < hn < hmax .

(5.23)

• To avoid contours crossing each other, nodes are added to a contour at
the place where another contour (or another part of the same contour) approaches and the distance is below a certain critical distance.
By tweaking the parameters δ1 , δ2 , A, hmin , hmax , and the critical distance between approaching features, one can ensure that the contours are approximated
smoothly. The time stepping algorithm is specifically designed to conserve the
areas enclosed by the contours. The details of this symplectic method are given in
[68].
To evaluate the fields at a certain point when a complete set of contours is
given, we evaluate the sum of two-dimensional integrals (5.15) numerically to
find the streaming potentials. By determining whether the point lies in or outside
a contour, we can find the generalized vorticities at that point. Using Eqs. (2.42)
and (5.11)–(5.13) we then find the physical fields. In order to calculate the energy
(contributions) in Eq. (5.14), we calculate the fields on each point of a regular
grid, and then sum the contributions over all points of the grid. Because the use
of a finite area and a finite grid spacing the calculated energy is not exactly conserved. Both large (the fields outside the grid region) and small scales (features
which are smaller than the grid spacing) may lead to an increase or reduction of
the calculated energy. In this work we take a square grid of 100 × 100 points
encompassing all contours, making a trade-off between an accurate calculation of
the energy contributions and the computational effort.

5.4 Patches of a single vorticity type
5.4.1 The fields of a circular patch
Consider a single, circular patch of generalized vorticity of type β. Inside a radius
R the vorticity is equal to ωβ = κ, outside it is zero. Use polar coordinates (r, θ)
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Figure 5.3: Fields of a circular ω+ patch with radius R = 1 for λ = 0 and de = 0.3. Plotted
are: (a) The vorticity of the E × B flow (solid line) and the electrostatic potential ϕ
(dashed line); (b) The current density J (solid line) and the flux function ψ (dashed
line); (c) The three azimuthal velocity fields v ± (solid lines) and v 0 (dashed line).
The latter is the E × B velocity field.

with the center of the patch at the origin. From Eqs. (5.7) and (5.8) we can find
the localized solution
(
1 2
(r − R2 ) for r < R,
ϕ + λψ = κ 41 2 r
(5.24)
R
ln
for
r
>
R,
2
R
and

(
1 − γRK1 (γR)I0 (γr) for r < R,
ψ + λϕ = cβ κγ −2
γRI1 (γR)K0 (γr)
for r > R,

(5.25)

where I0,1 and K0,1 are modified Bessel functions and the Wronskian I0 (x)K1 (x)+
I1 (x)K0 (x) = x−1 is used. The streaming potentials φα (r) are given by Eq. (5.6)
and the purely azimuthal velocity v α is simply given by eθ ∂r φα . From
Eqs. (5.11)–(5.13) we find J, ∇2 ϕ, and ln n.
An illustration of the fields of an ω+ patch for the case λ = 0 is given in
Fig. 5.3. Four things should be noted:
First, of the given velocity fields only v + changes sign as a result of the mixed
nature of the Green’s function.
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Second, although only ω+ is unequal to zero, there are velocity fields of all
three types present.
Third, quite trivially, the three velocity fields, the current, the fluid vorticity,
and ϕ and ψ all change sign when the strength κ of the patch is changed to −κ.
Finally, for an ω− patch instead of an ω+ patch, the potential ϕ and the fluid
vorticity do not change, but the flux ψ and the current J do change sign. This
implies that a superposition of an ω+ patch of strength κ and an ω− patch of
strength −κ, the fluid vorticity exactly vanishes, while the current density adds
up constructively. In Sec. 5.5 such a configuration is used to study pure current
filaments.

5.4.2 The interaction of two identical patches
In the following it will be useful to distinguish between the internal and external
interactions of patches. The internal interaction is the interaction of one part of
a (deformed) patch with another part of the same patch. In the framework of
Contour Dynamics this is the interaction of a contour with itself. The external
interaction is the interaction of one vortex patch with another. This distinction
will play an important role in the analysis of vortex pairs and dipoles of mixed
vorticity type.
Consider two circular current-vortex patches of the plus type with radius R and
their centers a distance L apart. Their strengths are equal, so both have ω + = 1
inside and ω+ = 0 outside the patch. From now on we will take λ = 0, for
−1
simplicity. This means that c+ = −c− = d−1
e , γ = de and allows us to distinguish clearly between the short-ranged (now simply the magnetic flux ψ) and the
long-ranged potential (the electrostatic potential ϕ).
It is known from hydrodynamics (where the Green’s function is given by
G = ln r/2π) that for a corotating pair the vortices deform and wrap around
each other, forming a single, larger vortex. Around it thin strands of vorticity
develop. These streamers are a common phenomenon in 2D vortex dynamics.
The whole process is known as vortex merging. In the present case, the Green’s
function has logarithmic behavior when distances are small: R, L  d e , so that
G ∼ (1 − c2+ ) ln r. The sense of rotation of the pair is opposite to that of two
hydrodynamical vortices. In Fig. 5.4 is shown that for small patches the vortices
indeed merge.
For larger patches, the mixed nature of the interaction changes the motion.
When the radius becomes larger than a few times de the patches deform each
other and then split into smaller structures. In the example given in Fig. 5.4 where
R = 3.3de , the patches split into two parts which are connected by thin strands,
conserving the initial topology of the two circular vortices. This splitting process
is a direct result of the scale length introduced by the minimum in the internal
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L = 3R, R = 0.3de

L = 3R, R = 3.3de

L = 3R, R = 6.0de

L = 3R, R = 10.0de

Figure 5.4: Interaction of two equal-strength circular ω+ patches for different sizes. The radius
of the thin circle indicates the length de = 0.3.

interaction potential (see Fig. 5.1). Large patches show again a merging behavior because both internal and external scale lengths are much larger than d e and
at such distances the current and magnetic field vanish exponentially. At scales
of a few de however, the internal interaction forms structures at the edge of the
patches which “flake” off from the large patches, just like the splitting motion for
intermediate scales.

5.4.3 The interaction of two patches of unequal type
When one of the patches is of the minus-type but of the same strength, there is a
difference between the internal interaction of a patch G±± ∼ ln r + c2± K0 (r/de )
which has a minimum and the interaction between the two patches, G ±∓ ∼
ln r + c+ c− K0 (r/de) which has no minimum. For small patches, see Fig. 5.5,
the internal interaction now counteracts the deformation due to the other vortex,
so that merging does not take place. Physically, this is an effect of the repulsive force between two oppositely-signed currents. This is seen clearly for small
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L = 3R, R = 0.3de

L = 3R, R = 3.3de

L = 3R, R = 6.0de

L = 3R, R = 10.0de

Figure 5.5: Interaction of an ω+ (red) and an ω− (blue) patch of equal strength. de = 0.3.

patches only because the magnetic interaction is screened at distances larger than
de . For large patches it can be seen that the global motion is determined by the
logarithmic term in the interaction, and the evolution strongly resembles that of
two patches of equal type. Although there is no topological constraint for patches
of unequal type to overlap, in this case the repulsive force between the currents at
small distances inhibits such motion.
The splitting off of small structures is seen to be a purely internal process
of deformed patches. The interaction with the other vortex merely provides the
deformation of the patch. This was confirmed by the evolution of single strongly
elliptical patches, which also generate de -scaled structures.

5.4.4 Patches of opposite strength: current-vortex dipoles
Now consider the system of two patches with opposite strength, so ω ± = 1 inside
one and ω± = −1 inside the other patch. The motion for a dipole of two ω+
patches is given in Fig. 5.6 and for a mixed dipole it is given in Fig. 5.7. A dipole
vortex moves along the line perpendicular to the line between the two patches.
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L = 3R, R = 0.3de

L = 3R, R = 3.3de

L = 3R, R = 6.0de

L = 3R, R = 10.0de

Figure 5.6: Motion of a dipole, consisting of two circular ω+ patches of opposite strength. de =
0.3. Note that in the top row the dipole moves to the left whereas in the other cases it
moves to the right.

The direction of this motion is determined by the sign of the interaction between
the two patches. The small equal-type dipole therefore moves in the opposite
direction compared to the larger ones, because G ∼ (1 − c2+ ) ln r with c2+ > 1 at
small distances and G ∼ ln r when r  de . Again we see that the deformation
of the patches can break them up into smaller parts, but especially when R  d e ,
this deformation is less strong than in the case of vortices of like-sign strength
because the shearing flow that the vortices impose on each other is less strong due
to the larger mutual distance.
In the case of a mixed type dipole we see that patches of unequal type can indeed overlap, in this case thin ( de ) strands are pulled from the patches. Because
the currents of the patches are in the same direction and thus attract each other at
short distances, this overlapping motion can occur. This is in contrast with the
motion of the mixed-type vortex pair (see the previous section, Fig. 5.5), where
the currents repel each other and therefore prevent the patches from overlapping.
In conclusion we can say that in the interacting motion of two patches there is
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L = 3R, R = 0.3de

L = 3R, R = 3.3de

L = 3R, R = 6.0de

L = 3R, R = 10.0de

Figure 5.7: Motion of a mixed dipole, consisting of an ω+ and an ω− patch of opposite strength.
de = 0.3.

a tendency to form structures with a preferred size of a few Bessel scale lengths.
Smaller vortices merge into larger ones, and larger vortices split up into structures
of this preferred size. This preferred size is a result of the extremum in the interaction potential Gαβ . The splitting is initiated by a deformation of the patch due
to other vortices, but it is in principle an internal process of the vorticity patch.

5.5 Pure current distributions
By overlapping patches of unequal type, we can model two physically relevant
systems: Pure vorticity and pure current distributions.
P To consider a pure vorticity distribution we eliminate the current by taking
cα ωα = 0 everywhere. With λ = 0 and no external fields we then have J = 0
and ψ = 0. The streaming potentials are all identical, φα = ϕ, so all patches are
advected by exactly the same velocity field. This means that when at t = 0 the
patches are overlapped such that there is vorticity only, the flow will never change
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that. There will be no generation of current density and perpendicular magnetic
field and the evolution of the vorticity is governed by the Euler equation.
We find more interesting dynamics when we consider a pure current distribution. To that end we assume a distribution
for which initially ∇2 ϕ = 0. The
P
condition for this when λ = 0 is
ωα = 0 everywhere. To construct a simple
distribution we take ω+ = −ω− = κ inside a circular contour of radius R, and
zero outside. The field ω0 is zero everywhere, so we have ln n = ∇2 ϕ. At t = 0
both ϕ and ∇2 ϕ are exactly zero, while ψ and J are given by
(
de − RK1 (R/de )I0 (r/de ) for r < R,
(5.26)
ψ = 2κ
RI1 (R/de )K0 (r/de )
for r > R,
(
ψin
− 2 dκe for r < R,
d2e
J = ψout
(5.27)
for r > R.
d2
e

They are of the same form as those of the single plus-type patch in Fig. 5.3 because
the current and magnetic flux add up constructively, while vorticity and electric
potential vanish. In Appendix 5.A it is shown that a single current filament like
this is linearly stable: it is a stationary current carrying wire along the dominant
magnetic field in the plasma. Just outside the wire there is a current running in
opposite direction. At large distances this shields the magnetic field of the wire,
i.e. the integrated current over the whole plane is zero.
At t = 0 the ω± patches are advected by the velocities
v ± = ez × ∇φ± = ±ez × ∇ψ/de .

(5.28)

They are advected along the perpendicular magnetic field in opposite directions.
In an external field, i.e. that of another patch or combination of patches, the ω +
and ω− patches are pulled from each other. This regions where thePpatches do no
longer overlap and consequently vorticity emerges. From ∇2 ϕ =
ωα it is seen
that whenever an ω+ (ω− ) patch does not coincide with a patch of the opposite
type, it carries a positive (negative) vorticity. For the circular current patches
discussed here and a simple background field, a dipolar E × B flow forms. This
flow subsequently transports the whole current patch in the direction e z × B ⊥ .
This mechanism is the manifestation of the J × B force acting on currents in the
plasma. In chapter 6 a more detailed description of this mechanism is given.

5.5.1 The interaction of two current wires
We now consider the interaction between two current wires in the plasma. Two
cases with a different ratio between the skin depth and the ion sound gyroradius
are compared. For the first case de = 0.3 (case A, it is the same configuration
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Vorticity type and strength
ω+ = +1
ω− = −1
ω+ = +1
ω− = −1

Center
(0, +0.75)
(0, +0.75)
(0, −0.75)
(0, −0.75)

Radius
R = 0.3
R = 0.3
R = 0.3
R = 0.3

Table 5.1: (Case A) The initial data for the four circular contours describing two adjacent current
wires with R = 1.0de for de = 0.3, in units of ρs .

Vorticity type and strength
Center
ω+ = +1
(0, +3.0)
ω− = −1
(0, +3.0)
ω+ = +1
(0, −3.0)
ω− = −1
(0, −3.0)

Radius
R = 2.0
R = 2.0
R = 2.0
R = 2.0

Table 5.2: (Case B) The initial data for the four circular contours describing two adjacent current
wires with R = 1.0de for de = 2.0, in units of ρs .

as discussed in chapter 6) and for the second case de = 2.0 (case B). The initial
values for the center and radius of the patches are given in Tables 5.1 and 5.2
respectively. The relevant difference between the two cases is the relative magnitude of ρs (the unit of length) with respect to de . In Fig. 5.8 the initial current
density for case A is shown.
The evolution of the patches is calculated using the CD method. At regular
intervals the potentials and other physical fields are calculated in a square region
around the system of patches. Two sequences of snapshots from the evolutions of
the two cases are plotted in Figs. 5.9 and 5.11.
At t = 0, ϕ is zero, so that according to Eq. (5.28) the ω+ and ω− patches
are advected in opposite directions along the figure eight-like topology of the perpendicular magnetic field. This leads to thin layers of oppositely signed vorticity
∇2 ϕ on the sides of both current patches. The associated double-dipolar flow
field ez × ∇ϕ makes the two currents move towards each other. While the vorticity layers grow this motion is accelerating, i.e. the Lorentz force pulls the currents
together. The magnetic interaction is screened (see Eq. (5.26)), so the force is
exponentially weak when the currents are far apart.
At a certain time, the patches of the two currents meet and start to merge into
one large current patch. The generated vortex pattern has the characteristics of
a collision of two dipole vortices, and starts to deform the current distribution
in an elongated shape perpendicular to the original direction of the motion. The
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Figure 5.8: Surface plot of the current density at t = 0 for two current wires (Case A). The current
density at t = 400 is shown on the cover of this thesis.

elongated current distribution is pulled together again by the Lorentz force. The
secondary vorticity pattern which accomplishes this can be seen in Fig. 5.9 for
t = 2.70. A few of these oscillations follow and the current distribution will
eventually relax into a circular form, surrounded by thin strands of vorticity. The
boundaries between the patches inside the central current also develop small scale
structures, while conserving the topology of the four initial contours.
In this process, the magnetic topology changes from a vertical figure eight to a
circular one, in the X-point reconnection of magnetic field lines takes place. When
the current elongates there is a small amount of flux which forms a horizontal
figure eight, i.e. some inverse reconnection takes place. In the final state the
topology will be circular.
The process is qualitatively similar for case B. It is slower than case A because
the velocity (5.28) driving the merging with increasing de . The development of
small scales inside and on the boundaries of the central current distribution is
in this case more pronounced. Because increasingly more nodes are needed to
resolve this structures, this forces us to terminate the simulation before the strands
develop and are wrapped around the central current.
The different contributions to the total energy (5.14) are plotted in Figs. 5.10
and 5.12. First one can see that, while the velocity e z × ∇ϕ is essential for
the currents to merge, it carries only a small part of the converted magnetic and
parallel kinetic energies. Most of that energy is converted into the the vorticity
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Figure 5.9: (Case A) The evolution of two small interacting current wires. For each time (given
in ion gyro-periods), from left to right: the magnetic flux ψ, the current density J, the
electrostatic potential ϕ, the E ×B vorticity ∇2 ϕ, and the contours of the generalized
vorticity fields ω+ (red lines) and ω− (blue lines).
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∫ |∇ψ|

2

∫ de J
2

2

∫ ln n = ∫ |∇ ϕ|
2
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∫ |∇ϕ|
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Figure 5.10: (Case A) The different energy contributions versus time. Thick black line: total energy. Green line: energy of the perpendicular magnetic field. Red line: kinetic electron energy along the main magnetic field. Blue line: internal energy or enstrophy.
Light blue line: kinetic energy of the E × B flow. The integrations are performed
over the square box [−2.6, 2.6] × [−2.6, 2.6] around the current filaments.
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Figure 5.11: (Case B) The evolution of two large interacting current wires. The plotted fields are
the same as those plotted for the small currents in Fig. 5.9.
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Figure 5.12: (Case B) The energy contributions for the case with d e = 2.0ρs . The linecolors
represent the same contributions as given in the caption of Fig. 5.10.The integrations
are performed over the square box [−6.0, 6.0] × [−6.0, 6.0].
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squared term of the energy integral, which is proportional to the total area where
the ω+ and ω− fields do not overlap. On the other hand, the parallel kinetic energy
decreases when the plus and minus patches are pulled apart, and it increases again
when the final single current distribution forms. In that final state there are only
small strands where ω+ and ω− do not coincide. The energy in these strands is
mainly in the form of internal energy and parallel kinetic energy. The bulk of
the latter is of course still carried by the large central current distribution. The
evolution of the magnetic energy shows the stages of the topology change: The
perpendicular field reconnects when the currents approach each other. A small
amount of reversed reconnection is observed when the central current oscillates
around its final circular distribution.
For case B, the conversion of current energy into internal energy is less strong.
The contribution of the E × B kinetic energy relative to the internal energy is
larger. The magnetic energy is nearly constant compared to the other energy contributions. In the merging phase, the compression of field lines by the coalescing
motion is even larger than the amount of energy released by reconnection of field
lines in the X-point, and therefore the magnetic energy is seen to rise slightly.
Additional calculations have shown that the merging process is qualitatively
similar for a wide range of parameters. As long as the initial separation between
the filaments is of the order of a few shielding lengths (i.e. the skin depth d e ),
the currents merge and relax into a single current. In this process, part of the
total energy is transported to small-scale structures of the conserved fields ω ± . A
similar process is observed in the saturation of a magnetic island in the context
of collisionless reconnection [26]. Also in that case small scales of the conserved
generalized vorticities are generated.

5.6 The parameter λ
The examples given all have λ = 0, so that the system is z-independent. In that
case the interaction coefficients have a simple and symmetric relation with each
−1
other, i.e. c+ = −c− = d−1
e , c0 = 0, and γ = |c± | = de . Vortices of the plus and
minus types carry current and vorticity in equal but opposite ratios, while the zero
type vortices carry vorticity only.
When λ 6= 0 the coefficients cα and the inverse length scale γ no longer have
a simple relation to each other, but depend on the two parameters (d e , λ) as given
in Eqs. (5.9). This implies an extra freedom for interactions between the different
types of generalized vorticity, and there is no longer a clear distinction between the
magnetic flux ψ and the electrostatic potential ϕ. In the general case the combined
potential ϕ + λψ has a long-ranged nature whereas the combination ψ + λϕ is a
shielded potential. Current density and fluid vorticity are entangled, and vortices

5.7. Conclusion

117

of all three types carry both current and vorticity in various ratios.

5.7 Conclusion
In this chapter we have presented a Contour Dynamics model for the Lagrangian
three field drift-Alfvén model for a hot and strongly magnetized plasma. This
method calculates the ideal dynamics of piecewise constant distributions of the
generalized vorticity fields. The interaction of simple vortex patches was studied,
as a paradigm for the interaction of separated vortical structures in a turbulent
plasma or fluid. The combination of logarithmic and Bessel terms in the interaction potential between patches introduces a new length scale. This scale turns out
to be a preferred size for structures which are formed in the interaction dynamics
of patches.
Of special interest in confined plasmas — which are usually dominated by
magnetic effects and processes — is the merging interaction of two like-signed
parallel currents. Such currents attract each other by the Lorentz force. A flow
pattern is generated which merges the currents. The plasma shields the currents
on distances larger than the electron inertial skin depth de , so that the interaction
is exponentially weak when the initial separation of the currents is large.
During the merging process parallel kinetic energy is converted to internal
energy of the electrons and vice versa, until the system relaxes to a single circular
current. Some thin strands of generalized vorticity are formed which wrap around
the final current filament while they get thinner and thinner. The process carries
part of the total energy to small scales. These small-scale strands do no longer
affect the streaming potentials and therefore their effect on the magnetic and the
E × B kinetic energy contributions is negligible. The strands do carry part of the
total parallel kinetic energy, but the bulk of this contribution remains at the large
scales. Since the final large-scale configuration is a pure current distribution, the
internal electron energy contribution (proportional to the fluid vorticity squared)
is transported entirely into the small-scale strands of generalized vorticity.
This allows the system to relax to a single large current filament on large
scales. Eventually some form of mixing and/or dissipation will wipe out these
small-scale features. The final result is mainly a change in the topology of the
perpendicular magnetic field from a figure eight to a circle.
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Appendix
5.A Stability of concentric current-vortex patches
In this section the stability of concentric circular patches of generalized vorticity against two-dimensional linear perturbations is calculated. The analysis is
restricted to the case of two patches, but can easily be extended to an arbitrary
number of patches.
The purely azimuthal velocity field vβ = ∂r φβ of a circular current-vortex
patch of type α, strength κ1 , and radius r1 can be written in polar coordinates as
vβ (r2 ) = r1 κ1 L112 ,

(5.29)

where
Lnij

=

Lnji

2 −1

≡ (1 − λ )



1
2n



r<
r>

n



− cα cβ In (γr< )Kn (γr> ) ,

(5.30)

where r< = min {ri , rj } and r> = max {ri , rj }. The derivation makes use of the
integrals
I
dθ cos(nθ)K0 (r12 ) = 2πIn (r1 )Kn (r2 ),

(5.31)

which can be obtained from Gegenbauer’s addition theorem [22, §7.6]; and
 n
I
π r1
,
(5.32)
dθ cos(nθ) ln r12 = −
n r2
which can be found in Ref. [25, §4.397]. In both integrals n is a positive integer
and r12 = r12 + r22 − 2r1 r2 cos θ, where r1 < r2 . The results for r1 > r2 are found
by interchange. Combining (5.31) and (5.32), we find for n > 0
I
dθ cos(nθ)Gαβ (r12 ) = Ln12 (r1 , r2 ),
I
(5.33)
dθ sin(nθ)Gαβ (r12 ) = 0,
the last integral simply vanishes due to the antisymmetry of the integrand.
Now consider linear perturbations of two concentric circular patches; one of
type α with strength κ1 and radius r1 , and one of type β with strength κ2 and
radius r2 . The perturbation of the contours is assumed to be in the form of normal
modes:
r̃1 (θ, t) = r1 + ε1 exp[in(θ − ωt)],

(5.34)
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r1

r12
θ1−θ2
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Figure 5.13: Calculating the effect of the perturbation of Contour 2 at a point of Contour 1. Equation (5.36) evaluates the integral of the Green’s function over the shaded area.

r̃2 (θ, t) = r2 + ε2 exp[in(θ − ωt)],

(5.35)

where ε1 and ε2 are small perturbation amplitudes, n is the mode number of the
perturbation, and ω is its frequency. The perturbation of the second patch gives
rise to a perturbed streaming potential φ̃α at position (r1 , θ1 ) of the first contour
which, according to Eq. (5.15) from Sec. 5.3, is given by
I
φ̃α (r1 , θ1 , t) = κ2 r2 dθ2 ε2 exp[in(θ2 − ωt)]Gαβ (r12 ),
(5.36)
where r12 = r12 + r22 − 2r1 r2 cos(θ1 − θ2 ). The area integral over the perturbation
has been replaced by a contour integral because of the infinitesimal extent of the
perturbation around the radius r = r2 (see Fig. 5.13.). The radial velocity at r̃1 is
given by
i
1 ∂ h
∂ r̃1
=−
φ̃α + vα (r1 )r̃1
(5.37)
∂t
r1 ∂θ1
The first term is due to the perturbed streaming potential (5.36) and the second
term is the Doppler shift due to the rotation of r̃1 by the bulk of patch 2, given
by the azimuthal velocity vα (r1 ) = r2 κ2 L112 . The integral (5.36) can be evaluated
using (5.33), and we obtain
φ̃α = −ε2 κ2 r2 Ln12 exp[in(θ1 − ωt)].

(5.38)
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When we use the form (5.34) of the perturbation, equation (5.37) for the perturbed
velocity at radius r1 due to the perturbation at r2 becomes
ωε1 r1 = −κ2 r2 (ε2 Ln12 − L112 ).

(5.39)

This result can be applied to the case of a single patch by identifying the two
patches (r2 = r1 , κ2 = κ1 , β = α). The dispersion relation becomes
ω = κ1 (L111 − Ln11 ).

(5.40)

The frequency ω is always real, i.e., a single patch of generalized vorticity is
linearly stable.
For the case of two patches, we apply (5.39) both to the two self-interactions
and to the two mutual interactions:

 


ε1 r1
A11 A12
ε1 r1
ω
=
,
(5.41)
ε2 r2
A21 A22
ε2 r2
where
A11 = κ1 (L111 − Ln11 ) + κ2
A12 = −κ2 Ln12 ,
A21 = −κ1 Ln12 ,

A22 = κ2 (L122 − Ln22 ) + κ1

r2 1
L ,
r1 12

r1 1
L .
r2 12

This is a quadratic eigenvalue equation for ω. This dispersion relation has real
roots when its determinant is positive. The stability condition is therefore given
by
(A11 − A22 )2 + 4A12 A21 > 0.
(5.42)

First note that all configurations are stable against perturbations with n = 1; these
are rigid displacements of the patches with respect to each other.
Secondly, the configuration can only be unstable when A12 A21 = κ1 κ2 (Ln12 )2
is negative, i.e., the two patches must have strengths of opposite sign for the configuration to be unstable.
When we restrict the analysis to a system of two coinciding patches, r 1 =
r2 = R, we can write the stability criterion (5.42) in the following way
(κ1 + κ2 )2 A2 + 2(κ1 − κ2 )AB + B 2 > 0,
where, using the shorthand notation In ≡ In (γR) and Kn ≡ Kn (γR),
A=

1
− c 1 c 2 I n Kn ,
2n

(5.43)
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B = (c1 − c2 )(κ1 c1 + κ2 c2 )(I1 K1 − In Kn ).

Because c1 = −c2 = d−1
e for the pure current filaments discussed in Sec. 5.5 have
−1
−2
that A = (2n) + de In Kn > 0 and B = 2d−1
e (κ1 − κ2 )(I1 K1 − In Kn ). Since
In Kn < I1 K1 for n > 1, we can conclude that the second term in Eq. (5.43) is
positive and therefore that the configuration is linearly stable.

6. Merging of Plasma Currents

Abstract. The merging process of current filaments in a
strongly magnetized plasma is described. The evolution is
calculated using a contour dynamics method, which accurately tracks piecewise constant distributions of the conserved quantities. In the interaction of two screened currents both develop dipolar vortical flows, bringing the currents together. This is the manifestation of the Lorentz
force between aligned currents. Currents will merge into
single filaments. Reconnection of the magnetic field takes
place, converting the magnetic topology from a figure eight
to a circle.
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6.1 Introduction
Turbulent ideal fluids in two dimensions are often observed to develop strongly
coherent, localized structures. These vortices interact and move in the global flow
field in a particle-like fashion, except for infrequent encounters when their internal
structure plays a role in the interaction.
In the case of a hot and strongly magnetized plasma these structures may carry
both fluid vorticity and current density. The plasma motion conserves combinations of magnetic flux, current density and fluid vorticity. These fields are called
generalized vorticities and are pointwise conserved by the dynamics of the system. They are direct analogues to the vorticity in incompressible hydrodynamics.
In this work the interaction of pure current distributions is studied. These currents are parallel to the dominant magnetic field and are represented by overlapping distributions of the generalized vorticities. Two like-signed adjacent currents
attract each other by the Lorentz force and thus tend to coalesce. During this
merging process the figure eight topology of the magnetic field is converted to
a circle. A contour dynamics method is used to study the merging process. It
specifically uses the pointwise conservation of the generalized vorticities.
The merging of currents in a plasma is for example encountered in the study
of the coalescence instability of magnetic islands. Reference [55] (and the references therein) discusses this instability in the magnetohydrodynamic framework.
Instead of resistivity the mechanism for field line reconnection in the present case
is collisionless reconnection, an effect of the finite electron inertia along the magnetic field. On scales of the electron inertial skin depth de , reconnection of the
perpendicular field may take place. The collisionless reconnection process for the
coalescence of plasma currents is discussed in Ref. [10].

6.2 The drift-Alfvén model
We describe the plasma by an electron and an ion fluid in a strong magnetic field in
the z-direction. The plasma pressure is assumed to be small so that the magnetic
and electric fields can be described by
B = B0 ez + ez × ∇ψ,

E = −∇ϕ +

∂ψ
ez ,
∂t

(6.1)

where −ψ is the z-component of the magnetic vector potential and ϕ is the electrostatic potential.
The electrons are described as a collisionless fluid with a homogeneous temperature. The inertia of the electrons in the direction along the dominant magnetic
field as well as the Hall effect are taken into account. The parallel (along B 0 )
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current is carried by the electrons only. The ion response is derived in the cold
ion approximation and is coupled to the electron fluid by the quasi-neutrality condition. Here we focus on Alfvén phenomena and neglect electrostatic drift waves
and vortices. Then, the particle density n is related to the electrostatic potential
via ñ/n0 ≈ ln n/n0 = ∇2 ϕ, where n0 is a constant equilibrium density. The density perturbation ñ is assumed to be small, but its gradient is allowed to be large
[59].
The model is made (quasi) two-dimensional by assuming that ∂z = 0; the
system is homogeneous in the z-direction. There are two important length scales
in the system: the ion sound gyroradius ρs and the skin depth de due to the parallel
electron inertia. We normalize all lengths to ρs and time is measured in units of
the ion gyroperiod.
The main contribution to the dynamics is the E × B ∼ ez × ∇ϕ flow. We
start from the continuity equation and the momentum balance for the electrons,
and assume that their temperature is uniform. When dissipation (resistivity, viscosity) is neglected, the dynamics are given by the advection of two conserved
generalized vorticities ω+ (x, y) and ω− (x, y), each by its own velocity field, v +
and v − , respectively [39]:
∂ω±
+ v ± · ∇ω± = 0.
∂t

(6.2)

2de ω+ = +(ψ − d2e J) + de ∇2 ϕ,
2de ω− = −(ψ − d2e J) + de ∇2 ϕ,

(6.3a)
(6.3b)

The vorticities are given by

where J = ∇2 ψ is the parallel current density carried by the electrons. The
velocity fields are incompressible, v ± = ez × ∇φ± , with stream functions
φ± = ϕ + c± ψ,

(6.4)

where c± = ±d−1
e . The relation between potentials and vorticities is given by
∇2 ϕ = ω + + ω − ,
(∇2 − d−2
e )ψ = −(c+ ω+ + c− ω− ).

(6.5)
(6.6)

This still allows for background fields which satisfy the equations ∇2 ϕ = constant
and (∇2 −d−2
e )ψ = constant. These change the streaming potentials to φ ± +φ±,ext
but leave the dynamical equations (6.2) in their Lagrangian form. In this work we
only consider fields which are generated by the (localized) vorticity distributions
themselves, i.e. we assume the external fields φ±,ext to be zero.
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6.3 Contour Dynamics
To study the interaction of localized structures we solve Eqs. (6.2) using the
method of contour dynamics (CD). This method was originally developed to study
vortex interactions in ideal hydrodynamics [70, 18, 68]. We have adapted the
method for the plasma model. It is based on the fact that the evolution of a piecewise constant distribution of ω± is completely determined by the evolution of the
boundaries of the patches of constant generalized vorticity. This can be seen when
we invert Eqs. (6.5) and (6.6), and then apply Stokes’ theorem to find an expression for the velocity fields:
v α (r) = −

Mβ
XX

β=± m=1

ωβ,m

I

γβ,m

Gαβ (|r − r 0 |)dl0 ,

(6.7)

where α = ±, and the summation runs over all Mβ contours of each vorticity type.
The jump in generalized vorticity crossing the contour γβ,m inward is indicated by
ωβ,m and the Green’s function for an unbounded domain is given by
Gαβ (r) =

1
(ln r + cα cβ K0 (r/de )) ,
2π

(6.8)

where K0 is the zeroth order modified Bessel function. The Green’s function
has a mixed character; it is a combination of a logarithmic term, known from
incompressible hydrodynamics, and a Bessel term which is also encountered for
the Charney–Hasegawa–Mima equation which describes both quasi geostrophic
flows and drift vortices in plasmas. When cα cβ > 1 the Green’s function has a
minimum, changing from G ∼ (1 − cα cβ ) ln r ∝ − ln r for r  de to G ∼ ln r
for large distances. This extremum in Gαβ corresponds to a change in direction
in the azimuthal velocity field (6.7) generated by an element of generalized vorticity. This new length scale in the interaction potential changes qualitatively the
dynamics of vortex structures compared to the hydrodynamical models mentioned
before [5].
By evaluating (6.7) for points on the contours themselves, we compute the
motion of the contours. During the calculation nodes are added and/or removed
to ensure a smooth approximation of the contours [68]. The CD method is inviscid by nature, the absence of dissipation being crucial for the description of the
motion by the contours of the patches alone. Because of the Lagrangian method
no grid or filtering is needed, and the topology of the contours can be conserved
exactly. In practice the number of nodes needed to smoothly approximate the contours increases strongly as the spatial complexity of the contours increases. The
calculation is terminated when the number of nodes becomes too large and the
area and topology of the contours can no longer be conserved.
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Figure 6.1: (a) Sketch of a circular current in the perpendicular magnetic field of another identical
current (its own field is not drawn). The fat arrows indicate the directions in which
the ω+ and ω− patches are advected along the field. (b) The induced E × B velocity
field for the upper current. This flow advects the plasma currents towards each other.
The solid and dashed lines indicate the displaced ω+ and ω− contours respectively.

6.4 The merging of current filaments
A pure current distribution is considered by initially taking ω+ + ω− = 0 everywhere. Then ∇2 ϕ and ϕ are zero, and ω± is advected by the velocity field
v ± = ±ez × ∇ψ/de . The two vorticity fields are advected along the perpendicular magnetic field ez × ∇ψ in opposite directions. When this flow separates the
ω± fields, fluid vorticity ∇2 ϕ = ω+ + ω− will emerge. To avoid confusion, we
will use the term fluid vorticity for the vorticity ∇2 ϕ of the E × B flow. This
generated flow field ez × ∇ϕ advects both ω+ and ω− in the same direction. So
a current distribution in the plasma will be set into motion by the perpendicular
magnetic field, generated by the plasma currents themselves. An illustration of
this mechanism for the case of two circular currents (four patches of generalized
vorticity in total) is given in Fig. 6.1. It is through this mechanism that the Lorentz
force between currents manifests itself in a plasma.
A circular current distribution as shown in Fig. 6.1 is formed by two coinciding
circular contours of radius R: one of type ω+ for which ω+ = +1/2 inside and
ω+ = 0 outside the patch, and one of type ω− with ω− = −1/2 inside and ω− = 0
outside. Both ϕ and ∇2 ϕ are exactly zero, while ψ and J are given by
(
de − RK1 (R/de )I0 (r/de ) for r < R,
ψ=
RI1 (R/de )K0 (r/de )
for r > R,

(6.9)
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J = ψ/d2e −
0
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for r < R,
for r > R,

(6.10)

where r is the distance from the center of the patches and In , Kn are the modified
Bessel functions of the first and second kind respectively. Because of the electron inertial skin depth de , the distribution of current density inside the patches
is hollow, i.e. the current runs mainly near the edge. Outside the patches there
is a screening current running in opposite direction which strongly shields the
magnetic field outside for distances  de .
When two of such current “wires” are adjacent (as shown in Fig. 6.1), they
attract each other. Via the mechanism described above they will deform and both
develop a dipolar flow field, which advects them towards each other. Eventually
the currents merge. The process of merging is calculated using the CD method.
For the case shown here the initial patch radius is R = 1.0de and the distance
between the centers is 5.0de , so that the separation between the patches is 3.0de .
The skin depth is de = 0.3ρs . The simulation is started with 40 nodes on each of
the four contours. At t = 4.0, about 1400 nodes per contour are needed to resolve
the fine structures which the patches have developed. The area of the patches
is well conserved during the run. Additional calculations show that the size and
separation of the currents does influence the speed of the process but does not
essentially change the merging process itself. Currents of larger size take longer
to merge, and the initial separation should be of the order of a few d e , because
the magnetic interaction between the currents is exponentially weak due to the
screening.
At t = 0 the total perpendicular magnetic field has a figure eight like topology
(see Fig. 6.2). When the currents approach each other field lines are reconnected
until the current distribution is circular. Then the flow pattern causes the current
distribution to elongate perpendicularly to the direction of approach. As a result
the magnetic field forms a horizontal figure eight (compare t = 2.0 with t = 2.5
in Fig. 6.2). The Lorentz force pulls the elongated current together again. After
a few oscillations the system relaxes into a large circular current distribution with
matching circular magnetic field.
The whole process takes place in a few periods. The contours develop thin
strands of generalized vorticity which wrap around the final current distribution.
Figure 6.3 shows the four contours at t = 4.0, when the current distribution is
almost circular. These strands carry a small amount of both current and vorticity to
small scales. The ω+ patches are colored red and carry current and a positive fluid
vorticity. The blue ω− patches carry the same current, but a negative fluid vorticity
(remember that the strength of the patches is ω± = ±1/2). In areas where ω+ and
ω− overlap (colored purple in the figure) the fluid vorticity vanishes. Contours of
equal type do not reconnect. One sees that the boundaries of the patches inside the
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Figure 6.2: The merging of two plasma currents. Snapshots for t = 0, 0.5, . . . , 4.0 of the perpendicular magnetic field (isolines of ψ). For t = 4.0 the structure of the ω± patches is
given in Fig. 6.3.
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Figure 6.3: The ω+ (red) and ω− patches (blue) at t = 4.0, the final stage of the merging process.
Overlapping areas are colored purple, the fluid vorticity vanishes in those areas. Nonoverlapping areas of ω+ carry positive vorticity and areas of ω− carry an equal amount
of negative vorticity. The thin lines are the contours of the conserved ω ± patches.
Both the contours inside the central current distribution and the strands which wrap
around it are evolving into small scales.

central current develop small scale structures. Also the strands which wrap around
the core of the current distribution get thinner. These fine structures do no longer
affect the global dynamics, but do carry part of the energy in the system. This
process resembles very much the phase mixing mechanism described in Ref. [26].
In a truly dissipationless system like the one considered here, it seems that such
an irreversible mixing mechanism exists. When one considers the model to be
an approximation to a system with small dissipation, then the small scale features
and thus the topology of the generalized vorticityfields will eventually be affected.
The energy integral of the system is given by
Z
h
i
1
2
W =
d2 x |∇ψ|2 + d2e J 2 + |∇ϕ|2 + ∇2 ϕ .
(6.11)
2
The first three terms represent the magnetic energy, the parallel kinetic energy of
the electrons, and the perpendicular kinetic energy of the ions, respectively. The
last term is the enstrophy of the E × B flow, and by ∇2 ϕ = ln n this can be
identified with the internal energy. At a given timestep from the CD calculation
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Figure 6.4: The evolution of the energy contributions. Thick solid line: total energy. Thin solid
line: energy of the perpendicular magnetic field. Dotted line: kinetic electron energy
along the main magnetic field. Dashed line: internal energy or enstrophy. Dash-dotted
line: kinetic energy of the E × B flow.

the four energy contributions are determined by calculating the physical fields
on a fixed grid encompassing the four patches using contour integrals and subsequently taking the sum over all gridpoints. The energy is calculated over a finite
part of the (unbounded) perpendicular domain and the small energy fluxes across
the boundaries are not taken into account because their influence on the energy
contributions is negligible.
The temporal evolution of the energy contributions is plotted in Fig. 6.4. The
merging motion and relaxation is seen to be predominantly an exchange between
the parallel kinetic energy of the electrons ∝ J 2 and the internal energy, which
is proportional to the E × B vorticity squared. The magnetic energy decreases
as a result of the reconnection of the field lines. Also the kinetic energy of the
E × B flow, which brings the currents together, is a small contribution. Note
that the changes of these last two contributions are relatively small, while they are
essential for the topological changes of the system.
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6.5 Conclusion
To summarize, we have used the method of contour dynamics to study the interaction of two localized currents. When the currents are aligned, they attract each
other by the J × B force and thus have the tendency to coalesce. Because the
magnetic field of the currents is shielded by the plasma on large distances, currents will only merge when their separation is on the order of a few times d e , the
electron inertial skin depth. In this process fluid vorticity is generated to bring
the currents together, and the initial figure eight topology of the magnetic field is
changed into a circular one.
The merging mechanism is analogous to the vortex merger process in twodimensional hydrodynamics, where it is assumed to be the main mechanism of
self-organization in a turbulent fluid [12]. It is therefore expected to play an
important role in a turbulent system where interactions between plasma currents
dominate the dynamics.
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7. Evaluation
The aim of this thesis has been to provide a description of the nonlinear dynamics
of a magnetized plasma based on the dynamics of current-vortex structures.
Vortex dynamics is a large and well established branch of the study of incompressible ideal fluids. It originated in the nineteenth century with the work of
Helmholtz [29] and it is still an active field of research today.
In comparison, the use of vortices to describe nonlinear phenomena in magneto-fluids is rather underdeveloped, but vortex-like coherent structures are assumed
to play a major role in the dynamics of various plasma systems.
The drift-Alfvén model for a magnetized thermonuclear plasma provides a description of current-vortex structures which is precisely analogous to the hydrodynamical equations describing vortices. Even the simple vortex models discussed
in this thesis (points and patches) enabled us to investigate complicated nonlinear
dynamics in a plasma. This ‘cross-fertilization’ might turn out to be even more
fruitful when we further explore and exploit the analogy between plasmas and
fluids.

7.1 Results presented in this thesis
The work in this thesis has been divided into two parts. The first part, consisting
of chapters 3 and 4, considers the behavior of vortices of infinitesimally small
perpendicular size or point vortices. In the case of a magnetized plasma these are
also called current-vortex filaments because they are structures elongated along
the main magnetic field, and carry singularities in the current density, particle
density and fluid vorticity.
In a magnetized plasma three types of vortices are identified, each with a different combination of current, density, and vorticity. Systems of three, and some
configurations of four filaments were found to be integrable, just as in the case of
hydrodynamical point vortices. In comparison with hydrodynamical point vortex
motion, a much wider range of orbit topologies is possible in the plasma case.
These few-vortex interactions are of interest because they present the simplest
configurations capable of generating different length scales, the most spectacular
example of this is of course the vortex ‘collapse’.
Certain ranges of initial conditions for these few vortex problems lead to a
filament or point vortex collapse: The vortices contract to a single point in a finite
time. In hydrodynamics, only a self-similar collapse is possible. For the plasma
case there is a much wider range of parameters leading to a collapse. Also non-
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Figure 7.1: Interaction of three current-vortex patches with parameters, strengths, and initial conditions equal to those of the collapse in Fig. 3.2 of Sec. 3.4.1. The evolution is calculated using the CD method by replacing the point vortices by small circular patches.
One of the vortices is pulled apart, while the two others remain intact.

self-similar collapses are possible. There are indications that the three vortex interaction is indeed an important interaction between vortices in two-dimensional
turbulence [19], and the wider range of possible motions suggests that the importance of such vortex ‘collisions’ will be even more important in drift-Alfvén
turbulence.
Beyond the time of collapse, there is no longer a formal solution to the point
vortex problem. In physical reality, vortices will have a finite extent, and at some
point in the motion the assumption that the vortices are infinitesimally small will
break down. The internal structure of the vortices will then have to be taken into
account. In first approximation this can be done by replacing the point vortices
by vortex patches [67]. When the patches are far apart, the vortices will behave as
point vortices. At short distances the patches deform each other. The evolution for
the three filament non-self-similar collapse (described in Sec. 3.4.1) is shown in
Fig. 7.1. Because the parameter ranges which lead to a collapse are much wider in
the plasma case, one expects this type of interaction between vortices to be more
common in turbulent plasmas than in fluids.
In chapter 4 the linear or spectral stability of rows, double rows (streets), rings,
and double rings of filaments has been studied and compared with known stability
results from Euler and geostrophic hydrodynamics.
Double rows of filaments, both the nonstaggered (symmetric) and the staggered (one row shifted by half an inter-filament distance) von Kármán street, are
completely stable for finite ranges of inter-row and inter-filament distances. These
stability regions are completely different in extent and form from the hydrodynamic cases. As a side-result, the single row of filaments with alternating signs (a
staggered street in the limit of vanishing inter-row distance) is completely stable.
For rings of filaments the mixed logarithmic-Bessel interaction between the
filaments has a profound influence on their stability properties. For certain numbers of filaments in the ring unstable rings are stabilized while for others stable
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ones can become unstable. This happens for values of the ring radius at which the
mixed interaction has a strong effect. These stability results would be of obvious
importance in studies of the emergence of vortex crystals from relaxing turbulent
systems mentioned in chapter 1. Also unstable configurations may be of interest because they can emerge as transient patterns in the nonlinear evolution of
filament systems.
The second part of the thesis consists of chapters 5 and 6. It discusses extended
vortices with a constant vorticity inside its boundary, so-called vortex patches.
Three types of patches exist, each carrying different combinations of current density, particle density and vorticity. The method of Contour Dynamics has been
adapted to calculate their dynamics.
It is shown that also for patches the mixed nature of the interaction potential
has a crucial effect on the dynamics of vortices. It leads to a length scale which
seems to be a “preferred” scale for current-vortex structures that develop from
the interaction of simple vortex patches. This is in contrast to hydrodynamic vortices, for which subsequent merging interactions of like-sign vortices to ever larger
structures is assumed to be an important mechanism for self-organization. We expect this transport of vortex structures to large scales to be at least interrupted by
this new length scale set by the interaction potential.
By using overlapping patches of different types of generalized vorticity one
can form pure current filaments. The magnetic field of these currents is shielded
by the plasma, the shielding current outside the filament exactly cancels the net
current for distances large compared to the electron skin depth. Two adjacent likesign currents attract each other by the Lorentz force, and the nonlinear merging
process was studied in detail. This merging process conceivably provides a model
for current filament interactions in all kinds of magnetized plasmas, examples of
which were given in the introduction of this thesis.

7.2 Discussion and future research
The study of current-vortex dynamics presented in this thesis can be extended in
several ways. Some of them are mentioned here:
Contour Dynamics Instead of considering only one-level patches of vorticity,
one can model more realistic vorticity distributions by using more, nested contours per vortex. This way it is also possible to calculate the behavior of current
filaments with a more general profile.
Another straightforward extension of the CD calculations is the inclusion of
passive contours, either moving in one of the velocity fields of the generalized
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vorticities, or in e.g. the E × B flow. This allows one to study the transport and
mixing properties of the plasma motions generated by current-vortex structures.
In general these extensions of the CD calculations will drastically increase
the number of contours needed, and with that the number of nodes needed to
approximate the contours smoothly. It might therefore be advisable to resort to
acceleration methods like the one discussed in Ref. [66].
Background fields Another point, already briefly mentioned in Sec. 5.2, is that
the drift-Alfvén equations allow for particular background electrostatic and magnetic potentials, that keep the pointwise conservation of the generalized vorticities
(only adding a constant background value) but represent nontrivial streaming potentials, corresponding to, for example, magnetic fields and E × B flows with
uniform shear or X-point geometries. The point vortex and patch solutions are
preserved, allowing to study the motion of vortices on a background of such magnetic and electrostatic fields.
More general background gradients in the generalized fields, could also be
considered. A density gradient for example, will lead to the inclusion of generalized ‘drift vortices’, which are well known solutions of the Hasegawa–Mima equation for the case of a weakly inhomogeneous plasma and of the quasi-geostrophic
equation in the β-plane approximation. These solutions do no longer conserve
generalized vorticity, but it might be possible to identify other dynamical quantities, analogous to the potential vorticity in geostrophic dynamics, which are conserved by the flow.
Temperature variations So far we have assumed that the plasma is isothermal.
The fact that observed filamentary structures in plasmas often show up as localized
temperature variations, suggest that a (more) complete description will require the
model to include a heat balance equation. This leads to several ‘hot’ issues that
need to be addressed:
• What will be the invariant quantities of this extended model? The generalized vorticities will no longer be conserved when the model includes
temperature variations, but it may well be possible to identify a new set of
conserved quantities. An interesting question tied to the techniques used in
this thesis is whether the model can again be cast in a Lagrangian form.
• Due to the fast motion along the magnetic field the parallel temperature
gradients will be small, and in first order one could take the plasma to be
isothermal along field lines. What happens when reconnection takes place
between field lines of different temperatures? The isothermality assumption then breaks down and the distribution function will be strongly non-
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Maxwellian. A kinetic description like the one described in Ref. [11] may
be needed to describe the collisionless parallel dynamics. Whether it is possible to formulate a fluid model in this case is still an open problem.
Punctuated filament dynamics The calculation of the dynamics of current-vortex filaments may be extended by incorporating a prescription about the collision
process that takes place when vortices approach each other on close distances.
The “reaction products” of these collisions may be obtained from more detailed
calculations using for example the CD method. This would lead to a kind of
“punctuated” point vortex dynamics [37], and it might be used to describe the
final stages in the formation of vortex crystals.
Statistical mechanics of current-vortex structures The statistical-mechanical
treatment of two-dimensional fluid dynamics tries to provide a predictive theory
for the long term evolution of a turbulent system. Observations in experiments and
numerical simulations show that in two-dimensional turbulence vorticity and energy are transported to large length scales, while enstrophy (the square of the vorticity) and all higher order Casimirs are transported to small scales. This inverse
cascade for vorticity and energy is tantamount to the process of self-organization
in two-dimensional fluids.
An important question is whether there is a comparable inverse cascade for
a turbulent magnetized plasma and what the interplay is between length scale
cascades and the length scales intrinsic to the plasma model.
The final stages of the merging process of two plasma currents (See chapter 6) suggest that the partial transport of energy into small-scale features like the
strands around the final current distribution, provide a mechanism to reach a new
equilibrium state while conserving all invariant quantities. Also in the framework
of drift-Alfvén plasma dynamics, comparable phenomena are found in the late
stages of a magnetic reconnection process studied by Grasso et al. [26], they attribute the generation of small-scale structures to the phase mixing of the generalized vorticities. Further study may clarify if this provides an irreversible, ergodic
process which governs the relaxation to equilibrium.
The energy functional for the drift-Alfvén plasma model is not the same as its
Hamiltonian. (In hydrodynamics the total energy coincides with the noncanonical Hamiltonian functional of the system.) It has additional terms proportional
to the square of the generalized vorticities. Maybe these generalized enstrophies
are transported to small length scales, while the Hamiltonian, its role being identical to the Hamiltonian in hydrodynamics, follows the inverse cascade to large
scales. This provides an intuitive partition of the energy; the Hamiltonian part is
transported to large scales and the enstrophy part is transported to small scales,
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providing the dissipationless relaxation mechanism for the macroscopic equilibrium.
In view of the remarkable role of Onsager’s point vortex statistics [51, 46]
in turbulent fluid research it will be interesting to develop a statistical theory for
current-vortex filaments to find the equilibrium states for a turbulent magnetized
plasma. We expect the length scales present in vortex interactions to be important
also in a fully random system like relaxing turbulence.
Another line of research may be the development of statistical mechanics for
continuous current-vortex distributions. In hydrodynamics this mean field theory
was developed by Robert and Sommeria [57] and Miller et al. [44, 45]. It disposes
of the need for a discretization of the vorticity using a large number of point
vortices. Also this approach to turbulent dynamics can be generalized to driftAlfvén dynamics of a plasma.
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[30] D. Jovanović and F. Pegoraro.
Berstein–Greene–Kruskal chain of drift-tearing vortices.
Phys. Plasmas, 7(2):580–587, 2000.
[31] Th. von Kármán.
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Summary
Although at first sight plasmas and fluids are greatly different physical systems,
there are a lot of similarities in their behavior. An important phenomenon which is
shared by plasmas and fluids is the occurrence of localized and long-lived coherent
structures called vortices. The interaction between vortices is an important aspect
of the study of turbulent plasmas and fluids. Vortices can develop as a result of
external excitation or by self-organization of small fluctuations or turbulence in
the fluid.
When encounters between vortices are relatively rare and mutual distances are
large compared to the size of the vortices, one can describe the dynamics of the
fluid using infinitesimally small point vortices. Point vortices move in each others velocity field and exhibit a particle-like behavior. When an encounter does
happen, the finite size of the vortices becomes important, and one needs a more
detailed model to describe the interaction. Well-known examples of fluid models
possessing solutions in the form of point vortices are the Euler equation for an
inviscid two-dimensional fluid and the Charney–Hasegawa–Mima equation describing both geostrophic flows and drift phenomena in plasmas.
In this thesis we consider a hot plasma in a strong magnetic field. The twofluid drift-Alfvén equations describing the collective motion of the ions and electrons have exact point vortex solutions. These differ from classical vortices in several respects. (1) There are three types of conserved vorticities, and consequently
also three types of vortices. (2) They do not only carry fluid vorticity, but also current density and particle density in ratios determined by the type of the vortex. (3)
Their mutual interaction potential has both a long-ranged hydrodynamical part
and a shielded, short-ranged part. This mixed character of the interaction leads
to qualitatively different vortex motion when compared with other point vortex
models.
In the first part of the thesis the motion of point vortices in the plasma model is
studied. Conditions for the system to be integrable are identified and some special
cases are discussed. A remarkable type of motion is the point vortex collapse,
when a number of point vortices converge to a single point in a finite time.
Certain configurations of vortices are stationary or move steadily. Examples
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are rings and rows of vortices, and von Kármán vortex streets. The linear stability
of such point vortex equilibria is studied in detail and compared with other point
vortex models. It turns out that the mixed interaction between the plasma vortices
has a profound influence on their stability properties.
When vortices approach each other on such small distances that they no longer
can be considered to be point-like (for example in case of a point vortex collapse),
we have to take their finite size into account. The simplest model is to take the
distribution inside the vortex boundary to be piecewise constant. The Lagrangian
structure of the fluid equations makes it possible to describe the motion of these
vortex patches in terms of their boundaries only. This contour dynamics (CD)
method is well known from hydrodynamics. It has proven to be suitable to calculate the motion of complicated vortex interactions in inviscid flows.
In order to study vortex collisions in a plasma the CD method is adapted for
and applied to the drift-Alfvén model. The interaction dynamics of vortices of
the same and of different type are studied. Also in this case the mixed interaction
between vortices has an important effect. It introduces a preferred length scale on
which vortical structures develop.
The CD method is also used to study the merging of current filaments in the
plasma. These are localized currents running parallel to the dominant magnetic
field. They and can be modeled by overlapping two patches of different vorticity
type such that the fluid vorticity exactly cancels and their current density adds
up constructively. When the currents are aligned they attract each other by the
Lorentz force, and they have the tendency to merge into a single large current. In
this process fluid vorticity is generated, and the ensuing flow pattern enables the
merging of the current distribution. The perpendicular part of the magnetic fields
changes topology from a figure eight to a circular one. The total energy is divided
into a part of the macroscopic final current distribution and a part of small scale
structures that are generated by the merging process.

Samenvatting
Op het eerste gezicht zijn plasmas totaal anders dan normale vloeistoffen en gassen, maar toch zijn er grote overeenkomsten in de gedragingen van deze fysische
systemen. Zo kunnen in beide systemen gelokaliseerde en stabiele wervelstructuren voorkomen die we vortices noemen. Vortices kunnen ontstaan door bijvoorbeeld externe aandrijving van het systeem of door zelforganisatie van turbulente
structuren in de vloeistof.
Als de onderlinge afstanden van de vortices groot zijn ten opzichte van hun
afmetingen en botsingen tussen vortices relatief weinig voorkomen, kan de dynamica van de vloeistof of het plasma beschreven worden door de beweging van
infinitesimaal kleine puntvortices. Puntvortices bewegen in elkaars snelheidsveld
en gedragen zich als afzonderlijke deeltjes. Als er een botsing plaatsvindt, dan zal
de eindige maat en mogelijk de interne structuur van de vortices een rol gaan spelen, en heeft men een meer gedetailleerd model nodig. Bekende voorbeelden van
vloeistofmodellen met puntvortexoplossingen zijn de Euler vergelijking voor een
niet-visceuze tweedimensionale vloeistof en de geostrofe vergelijking die stromingen in een roterend systeem beschrijft.
In dit proefschrift wordt een volledig geı̈oniseerd plasma in een sterk extern magnetisch veld bestudeerd. De collectieve bewegingen van electronen en
ionen worden beschreven door de drift-Alfvén vergelijkingen. Deze hebben exacte
puntvortexoplossingen en verschillen op een aantal punten van klassieke vortexmodellen. (1) In plaats van één behouden vorticiteits veld zijn er drie behouden grootheden, ook wel gegeneraliseerde vorticiteiten genoemd omdat ze
exact dezelfde rol in de plasmavergelijkingen vervullen als de vloeistofvorticiteit
(de rotatie van de snelheidsvector) in de Euler vergelijking. Dit houdt in dat
er in plaats van één, in het plasma drie soorten vortices zijn. De vortices in
het drift-Alfvén model zijn langgerekte structuren parallel aan het dominante
magneetveld, ze worden daarom ook wel filamenten genoemd. (2) De drie gegeneraliseerde vorticiteitsvelden zijn combinaties van de vloeistofvorticiteit, de
electrische stroomdichtheid, de deeltjesdichtheid, en de electromagnetische potentiaal. Elk van de vorticiteiten bevat deze componenten in een andere verhouding. (3) De interactiepotentiaal waarmee de vortices elkaar bewegen is een com-
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binatie van een lange-drachts potentiaal, zoals die bekend is bij hydrodynamische
vortices, en een afgeschermde potentiaal met een korte dracht. Op afstanden waar
deze ‘gemengde’ interactie belangrijk is vindt men in vergelijking met de bekende
interactiepotentialen een kwalitatief andere dynamica van de vortices.
In het eerste deel van het proefschrift bestuderen we de dynamica van puntvortices in het plasmamodel. We bekijken simpele configuraties van drie of vier
filamenten. Van belang zijn de behouden grootheden en de condities waaraan deze
systemen moeten voldoen om integreerbaar te zijn. Dit maakt een gestructureerde
classificatie van alle vortex bewegingen in deze gevallen mogelijk. Een speciaal
geval is de filament collaps: een vortex beweging waarbij een aantal puntvortices
in een eindige tijd naar één punt convergeren.
Sommige configuraties van vortices zijn stationair of bewegen eenparig. Voorbeelden zijn ringen en rijen van vortices, en ook de befaamde von Kármán vortexstraten. De stabiliteit van dit soort vortexevenwichten tegen infinitesimaal kleine
(lineaire) verstoringen is in detail onderzocht en de resultaten voor drift-Alfvén
filamenten zijn vergeleken met de bekende stabiliteitsresultaten voor Euler en
geostrofe puntvortices. De gemengde interactie tussen vortices in een plasma
blijkt een belangrijk effect te hebben op de stabiliteitseigenschappen van vortexevenwichten.
Wanneer vortices elkaar zo dicht naderen dat hun afmeting niet langer klein
is ten opzichte van de onderlinge afstand (een dramatisch voorbeeld is de collaps) kunnen we niet langer spreken van puntvortices: De maat en vorm van
de vortices moet in rekening gebracht worden. Een eenvoudige manier om dit
te doen is het beschrijven van de vortex als een stuksgewijs uniforme verdeling
van vorticiteit in een afgesloten gebied, begrensd door een contour. De speciale
Lagrangiaanse structuur van de vloeistof vergelijkingen maakt het mogelijk de
evolutie van dergelijke vortices volledig te beschrijven met de contouren die de
vortices begrenzen. Deze contourdynamica (CD) methode is welbekend in de hydrodynamica en is daar met succes toegepast op gecompliceerde vortexinteracties
in niet-visceuze vloeistofstromingen.
Om vortex interacties in plasmas te bestuderen is de CD methode aangepast
voor en toegepast op het drift-Alfvén model. Een bijzonder verschil met de CD
methode in vloeistofmodellen die slechts één soort vorticiteit beschrijven (zoals de
Euler en geostrofe vergelijkingen), is dat contouren van verschillende vorticiteitstypes elkaar kunnen overlappen. Na bestudering van de interactie tussen vortices van gelijke en verschillende soorten en afmetingen blijkt dat de gemengde
interactie potentiaal ook hier een belangrijk effect heeft: Het introduceert een
voorkeurlengteschaal voor de structuren die zich tijdens de interactie ontwikkelen.
Tenslotte wordt het samensmelten van twee stroomdraden in het plasma beschreven. De stroomdraden lopen parallel aan het magneetveld en bevatten aanvankelijk alleen electrische stroomdichtheid en geen vloeistofvorticiteit. In het
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drift-Alvén model wordt dit gemodelleerd door twee soorten gegeneraliseerde
vorticiteit in een bepaalde verhouding over elkaar te leggen. Twee gelijkgerichte
stroomdraden trekken elkaar aan door de Lorentzkracht, en zullen daardoor samensmelten tot een enkele grote(re) stroomdraad. Tijdens dit proces wordt vloeistofvorticiteit gegenereerd. Het bijbehorende stromingspatroon brengt de draden
bijeen en er ontstaan kleinschalige structuren van stroom en vorticiteit rondom de
uiteindelijke stroomverdeling. In de loop van dit process verandert de topologie
van het loodrechte magneetveld (loodrecht op het uniforme parallel magneetveld)
van een achtvorm naar een cirkel en de totale energie wordt verdeeld over enerzijds de uiteindelijke, macroscopische stroomdraad en anderzijds de microscopische structuren.
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1. In a freely evolving two-dimensional magnetized ideal plasma energy is
transported to small scales while the Hamiltonian is mostly conserved in the
large scale structures of the system.
This thesis, chapters 5 & 6.
2. Analytical and numerical concepts developed in two-dimensional fluid
dynamics can be applied directly to the drift-Alfvén model for a plasma in a
strong magnetic field.
3. In spite of the large number of publications where the decay exponent for the
number of vortices in the turbulent relaxation of a two-dimensional fluid is
calculated there does not exist such a universal decay law.
B. N. Kuvshinov and T. J. Schep, “Point-vortex approach in two-dimensional
turbulence”, in preparation.
4. Filamentary vortex structures generated by fast localized electron heating
where the magnetic pressure is balanced by the kinetic pressure are likely
candidates to survive as temperature filaments for times far beyond the
electron magnetohydrodynamical time scales.
T. M. Abdalla, B. N. Kuvshinov, T. J. Schep, and E. Westerhof,
“Electron vortex generation by strong, localized plasma heating”, Phys.
Plasmas 8(9) 3957 (2001).
5. In order to understand electron thermal transport in a magnetically confined
plasma a dynamical description of the electromagnetic field in and of the
plasma is necessary.
A. Schilham, “Stratified thermonuclear plasmas”, PhD Thesis, Eindhoven
University of Technology, 2001.
6. Whoever in the pursuit of science, seeks after immediate practical utility may
rest assured that he seeks in vain.
H. von Helmholtz, Academic Discourse (Heidelberg, 1862).
7. The oldest and strongest emotion of mankind is fear, and the oldest and
strongest kind of fear is fear of the unknown.
H. P. Lovecraft, “Supernatural horror in literature”, 1927.
8. The public debate about nuclear energy sources belies the claim that one
doesn’t need knowledge of ‘exotic’ subjects such as quantum physics in daily
life.
9. Entropy isn’t what it used to be.
Anonymous.

1. In een vrij bewegend gemagnetizeerd ideaal plasma wordt energie naar kleine
schaallengtes getransporteerd terwijl de Hamiltoniaan veeleer behouden blijft
in de grote structuren van het systeem.
Dit proefschrift, hoofdstukken 5 & 6.
2. Analytische en numerieke concepten ontwikkeld voor tweedimensionale
vloeistofdynamica kunnen direct toegepast worden op het drift-Alfvén model
voor een plasma in een sterk magnetisch veld.
3. Ondanks het grote aantal publicaties waarin de verval exponent voor het
aantal vortices in de turbulente relaxatie van een tweedimensionale vloeistof
bepaald wordt, bestaat een dergelijke universele vervalwet niet.
B. N. Kuvshinov and T. J. Schep, “Point-vortex approach in two-dimensional
turbulence” , in voorbereiding.
4. Filament-achtige vortex structuren als gevolg van snelle electronenverhitting
waarbij de magnetische druk in evenwicht is met de kinetische druk kunnen
waarschijnlijk overleven als temperatuurfilamenten voor tijden die veel langer
zijn dan de typische electron magnetohydrodynamische tijdschaal.
T. M. Abdalla, B. N. Kuvshinov, T. J. Schep, and E. Westerhof,
“Electron vortex generation by strong, localized plasma heating”, Phys.
Plasmas 8(9) 3957 (2001).
5. Om de warmtegeleiding door electronen in een magnetisch opgesloten plasma
te begrijpen is een dynamische beschrijving van het electromagnetisch veld in
en van het plasma noodzakelijk.
A. Schilham, “Stratified thermonuclear plasmas”, Proefschrift, Technische
Universiteit Eindhoven , 2001.
6. Wie, in het najagen van de wetenschap, onmiddellijke praktische resultaten
zoekt, kan berusten in de wetenschap dat dit zinloos is.
H. von Helmholtz, Academic Discourse (Heidelberg, 1862).
7. De oudste en sterkste emotie van de mens is angst, en de oudste en sterkste
soort angst is angst voor het onbekende.
H. P. Lovecraft, “Supernatural horror in literature”, 1927.
8. Het maatschappelijk debat over nucleaire energiebronnen logenstraft de
bewering dat kennis van ‘exotische’ onderwerpen zoals quantumfysica geen
nut in het dagelijks leven heeft.
9. Entropie is niet meer wat het geweest is.
Anoniem.

