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A Decomposed Co-design Strategy for
Continuously Variable Transmission Design
Chyannie A. Fahdzyana, Mauro Salazar, Theo Hofman
Abstract— This paper presents a decomposed co-design optimization framework to jointly design the geometry and the
controller of a Continuously Variable Transmission (CVT),
accounting for its low-level dynamics. Specifically, we first
devise a model of the CVT and the feedback controller, and
use it to formulate the optimal co-design problem with the goal
of minimizing the transmission’s mass as well as the losses that
occur in the system, including the lower-level actuation. Second,
we divide the resulting nonlinear multi-objective optimization
problem into separate hierarchical optimization subproblems
and we leverage the concept of Analytical Target Cascading
(ATC) to solve the separate optimization subproblems using
an interior-point optimization algorithm. Finally, we showcase
our framework on a representative drive cycle. Our results
demonstrate that the presented co-design method can achieve
a more compact CVT design without compromising the desired
ratio trajectory and reducing the overall losses by up to 14%.

I. I NTRODUCTION
on reducing the cost of ownership of vehicles
as well as their energy consumption have increased
significantly over the past decade. In order to meet this design
requirement, optimal vehicle design strategies have been well
researched in the literature, including the development of
suitable energy management control strategies [1], [2], and in
combination with optimal powertrain component sizing [3].
One way to achieve an efficient vehicle energy consumption is by utilizing a Continuously Variable Transmission (CVT), which allows the primary power source
to be operated at the operating points that correspond to
the highest energy efficiency regions [4], [5], which then
results in an improved vehicle driveline energy consumption.
The general CVT shown in Fig. 1 is comprised of several
subsystems, namely a variator that consists of a set of
conical pulley sheaves and a belt to transmit power from the
propulsion source; an actuation system, which is connected
to the variator system and actuates the pulley sheaves during
CVT operation; and the control subsystems, ensuring that
the transmission meets the required performance. While a
CVT in theory can realize an improved powertrain energy
consumption, this transmission still has a significant drawback: Compared to other types of vehicle transmission, a
belt-driven CVT has a relatively lower efficiency (84%),
whereas a manual (MT) and automatic transmissions (AT)
typically have a system efficiency of around 96% and 85%,
respectively [6]. One of the main contributors of the CVT’s
energy consumption is the actuation system. Against this
backdrop, our paper proposes an optimization framework to
co-design CVTs, accounting for their actuation system.
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Fig. 1. Schematic diagram of the considered CVT equipped powertrain
system that consists of an internal combustion engine (ICE), a fuel tank
(FT), a final drive ratio (FD), as well as a CVT as the transmission system,
consisting of the variator, actuation (ACT), as well as their respective
controls. The system subject to co-design is denoted by the dashed black
line, which includes the design of the multiple subsystems (i.e., variator and
actuation) that make up the transmission.

A. Literature Review
Several integrated plant and control system design methods have been proposed in literature [7], [8]. For large-scale
systems that consist of multiple components, the implementation of a simultaneous co-design method may not always
be feasible due to memory limitations. A possible solution to
overcome this challenge is by partitioning the problem into
multiple subproblems, which is not uncommon in traditional
system design. However, due to the dependency between
the corresponding subsystems, solving the smaller design
tasks must be properly coordinated in order to achieve the
optimal design [9]. In the field of system design optimization
with multiple subsystems, researchers have studied different
decomposition methods for optimal system design, including
Multidisciplinary Design Optimization [10], [11] and Analytical Target Cascading (ATC) [12], [13]. In particular, ATC
has been shown to be an effective coordination method of
decomposed optimization strategies [14], [15].
In the context of powertrain optimization, researchers have
leveraged derivative-free optimization methods [16], [17],
as well as convex optimization algorithms [18], [19]. Yet,
these methods do not explicitly consider the design of the
transmission (i.e., its physical properties and the controller).
In order to improve the CVT energy efficiency and performance, several approaches have been proposed in the
literature, including physically redesigning the CVT [20] and

formulating an advanced control strategy for the system [21].
However, there is no framework that can concurrently design
the CVT’s geometry and control, whilst accounting for its
low-level actuation system, where arguably a significant part
of the losses occurs.
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To bridge this gap, we present a decomposition-based
design optimization framework for CVT systems which consists of the variator and the actuation system. In a previous
study [22], a simultaneous integrated plant and control design
of a CVT at the variator level has been conducted. In this
work, we extend the problem formulation by including the
lower level actuation system controller design. The proposed
design problem is solved using a decomposed co-design approach spanning multiple subsystems (variator and actuation)
based on the ATC design framework.
II. M ODELING
This section elaborates the modeling and the description
of the design subject. By horizontally moving the pulley
sheaves on both the primary and secondary sides, the ratio
of the input and output speed of a CVT is varied, which
is done by the actuation system. A more detailed modeling
of a CVT and its working principles can be found in [22],
[23]. From now on, for the sake of simplicity, we drop the
notation of time dependence whenever it is clear from the
context.
Below, we focus on the description of the electro-hydraulic
actuation system depicted in Fig. 2. This type of actuation system consists of two servomotor-actuated pumps,
namely a shifting pump and a clamping pump. In order
to horizontally move the pulley sheaves and provide the
required transmission ratio during operation, the shifting
pump generates a pressure psh that must match the primary
clamping pressures pp . Consequently, the clamping pump,
which is connected to the oil reservoir, supplies a pressure pcl
that must match the required secondary pulley clamping
pressure ps to prevent the belt from slipping. Hence, in this
case, the pressures generated by the pumps should be able to
match the clamping pressures required at the variator level
(i.e., pp = psh and ps = pcl , as shown in Fig. 2). This
indicates the coupling between the variator and the actuation
subsystems.
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Fig. 2. Schematic diagram of an electrohydraulically actuated CVT system.
It consists of a pair of servomotors (EM) that actuate the shifting and
clamping pumps. The servomotors provide the torque Tsh , Tcl and rotational
speed ωsh , ωcl necessary to prompt the pumps. The pumps supply the
required pressures psh and pcl that should match the required clamping
pressures pp and ps .

where psh and pcl denote the pressure generated by the
shifting and clamping pumps, respectively. ωsh and ωcl are
the shifting and clamping pump rotational speed which is
supplied by the servomotors. vp and vs are the primary and
secondary pulley displacement speed. Ei is the bulk modulus
of the oil, Ve,i is the pump displacement volume, Ji is the
servomotor inertia, ωi is the servomotor rotational speed, Ti
is the motor torque, and b is the motor friction coefficient
for i ∈ {sh, cl}. Furthermore, Ql,i and Tl,i are the pump
flow and torque losses which will be elaborated in the next
subsection. Additionally, the effective volumes of the pulley
compartments are given by
Vi = Vo,i + di Ai + Cd,i Ei ,

(5)

where Vo,i is the static volume of the pulley hydraulic chambers, Ai is the variator pulley surface areas, di is the pulley
displacement, Cd,i denotes the deformation capacitance of
the pulley compartment and is assumed to be constant. The
static volume of the hydraulic chambers is modeled as a
linearly dependent function of the surface areas Ai as
Vo,i = Ai hhc,i ,

(6)

(1)

where hhc,i is the constant height/thickness of the hydraulic
pulley chambers. As can be seen from the formulations
in (1)–(4), there is also a linkage between the actuation
system dynamics and the variator design (i.e., the actuation
dynamics depends on the pulley surface area which is subject
to design). This strengthens the motivation to perform the
design of a complete system in an integrated manner where
the coupling/dependency between subsystems is accounted
for.

(2)

B. Actuation Losses

(3)

Here, the losses at the actuation level are those generated
by the gear pumps. Such losses are due to flow and hydromechanical losses of the pumps, and are given by

A. Actuation System Dynamics
The dynamics of the electro-hydraulic actuation system is
expressed as
Esh
(Ve,sh ωsh − Ap vp − Ql,sh )
Vsh
Ecl
ṗcl =
(−Ve,cl ωcl − Ve,sh ωsh − As vs − Ql,cl )
Vcl
1
ω̇sh =
(Tsh + Ve,sh (pp − ps ) − bωsh − Tl,sh )
Jsh
1
ω̇cl =
(Tcl + Ve,cl (ps − patm ) − bωcl − Tl,cl ) ,
Jcl

Fp

Ap

psh

!sh

B. Statement of Contribution

ṗsh =

belt

pp
Tsh

hhc;p

(4)

Pl,pump = Pl,flow + Pl,hm ,

(7)

where the flow loss is modeled as
X
Pl,flow =
Ql,i ∆pi ,

discussed in [22]. In this work, the complete CVT system
design problem is stated as
(8)

i∈{sh,cl}

xP ,xC

whereby pi is the pump-generated pressures, and Ql,i is
the pump flow losses for i ∈ {sh, cl}, referring to the
shifting and clamping pumps, respectively. Furthermore, the
hydromechanical losses are given by
X
Pl,hm =
Tl,i ωi ,
(9)
i∈{sh,cl}

which depend on the pump torque losses and the rotational
speed. The flow losses Ql,i (L/min or m3 /s) of the pumps
are expressed as functions of the pressures, such that
Ql,i

Ve ∆pi
+ Cp pin,i ,
= Cs
2πµf

(10)

where Ve is the pump displacement volume (m3 /rad), µf
is the fluid viscosity constant. The corresponding pump
pressure difference ∆pi is expressed as
(
pp − ps
for i = sh
∆pi =
(11)
ps − patm for i = cl .
Additionally, the input pressures corresponding to the pumps
are given by
(
min{pp , ps }
for i = sh
(12)
pin,i =
min{ps , patm } for i = cl .
Furthermore, the torque losses Tl,i that contribute to the
hydromechanical losses are expressed as a function of the
pressures as well as the servomotor rotational speed, such
that
Tl,i

Ve,i ∆pi
= Cf
+ Cd µf Ve,i ωi2 + Cin Ve,i pin ,
2πµf

Z

tf

wC1 Pl (xP , xC )+wC2 Pl,pump (xP , xC ) dt

min wP Mv (xP )+

(13)

where the coefficients Cs , Cp , Cf , Cd , and Cin are fitted
parameters obtained from measurement.
III. M ETHODOLOGY
We present a decomposed co-design strategy for CVT
variator and actuation system design based on an ATC
framework. We divide the integrated system design problem
into two separate hierarchical optimization subproblems. A
more detailed formulation of a general ATC framework can
be found in [12].
A. CVT Co-design Objective
The objective of the CVT co-design problem is to minimize the transmission mass as well as the losses that occur in
the system (i.e., the leakage and the actuation system losses).
The plant design parameters are the variator parameters
xP = [β , R1 , R2 ], and the control design parameters xC
include the variator controller gains Kp and Ki , as well
as the optimized servomotor torques Tsh and Tcl , such that
xC = [Kp , Ki , Tsh , Tcl ]. More details on the derivation of
the corresponding models of the variator design problem are

0

(14a)

subject to:
β ∈ [β, β] , R1 ∈ [R1 , R1 ] , R2 ∈ [R2 , R2 ] ,

(14b)

2

1 + cos (β)
c(rg (t)) u(t) ,
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Pl,var (t) = Cl,p p2p (t) + Cl,s p2s (t) ,
Fp (t) − Fcf,p (t)
pp (t) =
,
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Fs (t) − Fcf,s (t) − Fspr (t)
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2
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2
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2
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4
4
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4
π
4
4
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) ωs2 (t) ,
Fcf,s (t) = ρo (rpo,s
4
cos(β) (|Tp (t)| + Sf Tmax )
Fs (t) =
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2 µcvt Rp



Fp
(t)
Fs (t) ,
Fp (t) = exp u(t) + ln
Fs
ss
un (t)
u(t) =
1+cos2 (β)
2 ωp (t) ∆ sin(2β) c(rg (t))
Z t
un (t) = −Kp e(t) − Ki
e(τ ) dτ ,
Ap =

(14c)
(14d)
(14e)
(14f)
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(14i)
(14j)
(14k)
(14l)
(14m)
(14n)

0

e(t) = rg (t) − rg,r (t) ,
X
Pl,pump =
Ql,i ∆pi +
i∈{sh,cl}

(14o)
X

Tl,i ωi ,

Esh
(Ve,sh ωsh − Ap vp − Ql,sh )
Vsh
Ecl
ṗcl =
(−Ve,cl ωcl − Ve,sh ωsh − As vs − Ql,cl )
Vcl
1
(Tsh + Ve,sh (pp − ps ) − bωsh − Tl,sh )
ω̇sh =
Jsh
1
ω̇cl =
(Tcl + Ve,cl (ps − patm ) − bωcl − Tl,cl ) ,
Jcl
ṗsh =

(14p)

i∈{sh,cl}

(14q)
(14r)
(14s)
(14t)

where the actuation losses Pl,pump are described in (7)–(13).
B. Formulation of the Decomposed Co-design Approach
We divide the combined CVT integrated design problem
into two separate hierarchical optimization subproblems. The
upper stage subproblem is related to solving the design
problem at the variator level, that is determining the required
clamping pressures during CVT operation, while simultaneously minimizing the discrepancy between the target and
response variables. The lower stage optimization subproblem
finds the optimal servomotor torques needed to operate the
shifting and clamping pumps at the actuation level, while
also minimizing the losses that occur as well as the disparity
between the shared variables of the subproblems.
The shared or linking variables are those that appear in
the constraints or objective functions of the decomposed
subproblems. In this work, the linking variables z between
the subproblems are the primary and secondary clamping

min wP Mv (xP ) +

xP ; xC1

R tf
0

(wC1 Pl;var (xP ; xC1 ) + w1 (pLsh − pp )2 + w2 (pLcl − ps )2

variables of the actuation system dynamics:

+w3 (rgL − rg )2 )dt + w4 (β L − β)2 + w5 (R1L − R1 )2 + w6 (R2L − R2 )2 ;
s.t. (14b)-(14o)

pLsh
L

U
U
pU
p ; ps ; rg

β ;

β U ; R1U ; R2U

min
xC2

R tf
0

; pLcl ; rgL
R1L ; R2L

2
U
2
(wC2 Pl;pump (xP ; xC2 ) + w1 (pU
p − psh ) + w2 (ps − pcl )

+w3 (rgU − rg )2 )dt + w4 (β U − β)2 + w5 (R1U − R1 )2 + w6 (R2U − R2 )2 ;
s.t. (1) − (4) ;
(16b) − (16e) :

Fig. 3.
The ATC-based decomposed co-design problem presented in
this paper. The higher level subproblem minimizes the variator mass and
leakage losses, as well as the discrepancy between the shared variables. The
results of this optimization subproblem is passed down to the lower level
subproblem, which minimizes the actuation system losses as well as the
discrepancy between the shared variables.

pressures pp and ps , shifting and clamping pressures psh and
pcl , the CVT ratio trajectory rg , as well as the CVT geometrical parameters β, R1 , and R2 . The proposed decomposed
optimization scheme is shown in Fig. 3.
1) Upper level optimization subproblem: Mathematically,
the upper level optimization problem in discrete time is stated
as follows:
Z
min wP Mv (xP ) +

xP ,xC1

tf

2
(wC1 Pl,var (xP , xC1 ) + w1 (pL
sh − pp )

0
2

L
2
L
2
+ w2 (pL
cl − ps ) + w3 (rg − rg ) ) dt + w4 (β − β)

+ w5 (R1L − R1 )2 + w6 (R2L − R2 )2 ,
(15a)

subject to (14b)–(14t). xP represents the variator plant design
parameters xP = [β , R1 , R2 ], xC1 is the set of control
design parameters of the upper level subproblem defined as
xC1 = [Kp , Ki ]. In addition to the original variator level
optimization problem, the upper level also minimizes the
discrepancy between the shared variables of the two subproblems z = [pp , ps , psh , pcl , rg , β, R1 , R2 ]. The parameters
indicated by superscript L are generated by the lower level
subproblem, and are treated as constants in this optimization
subproblem.
2) Lower level optimization subproblem: At the lower
level, the optimization problem consists of minimizing the
actuation system losses with respect to the control design
parameters at the lower level (i.e., xC2 = [Tsh , Tcl ]), as
well as the difference between the shared variables. The
optimization problem formulation is given by
tf

Z
min
xC2

2
U
2
(wC2 Pl,pump (xP , xC2 ) + w1 (pU
p − psh ) + w2 (ps − pcl )

0

+ w3 (rgU − rg )2 )dt + w4 (β U − β)2 + w5 (R1U − R1 )2
+ w6 (R2U − R2 )2 ,
(16a)

subject to the dynamics of the actuation system expressed
in (1)–(4), as well as the constraints on the state and input

ω sh ≤ ωsh (t) ≤ ω sh ,

∀t ∈ [0, tf ] ,

(16b)

ω cl ≤ ωcl (t) ≤ ω cl ,

∀t ∈ [0, tf ] ,

(16c)

T sh ≤ Tsh (t) ≤ T sh ,

∀t ∈ [0, tf ] ,

(16d)

T cl ≤ Tcl (t) ≤ T cl ,

∀t ∈ [0, tf ] .

(16e)

The decomposed co-design optimization framework is
performed in an iterative manner. First, we start by
initializing the values of the target shared variables
U U
U U
U
U
U
zU = [pU
p , ps , psh , pcl , rg , β , R1 , R2 ] and solve the lower
level subproblem utilizing these initial values. Then, using
the optimized values of zL returned by the lower level, we
solve the upper level optimization problem. This completes
one iteration. The iterative process is repeated until the termination criterion is reached, that is when the discrepancies
between the shared variables are within a desired tolerable
value, given by
1
tf

Z
0

tf

!2 
!2 !
2
L
L
pU
rgU − rgL
pU
p − psh
s − pcl
+
dt
+
pU
pU
rgU
p
s
 U
2  U
2  U
2
β − βL
R1 − R1L
R2 − R2L
+
+
+
≤
βU
R1U
R2U
(17)

where  is the user-defined maximum tolerance of the discrepancies between the target and response variables. Small
value of  enforces the shared variables of the top and bottom
level to not deviate from each other, ultimately yielding
trustworthy results.
IV. R ESULTS
This section discusses the results stemming from the
proposed co-design approach. We discretize the subsystems’
dynamics with the Euler Forward method. The decomposed
optimization subproblems are parsed with CasADi [24] and
solved using the IPOPT solver [25] provided by the OPTI
toolbox for the Python interface.
We observed that the optimization problem present in this
paper is of a nonlinear nature, hence different initial values
can influence the obtained optimization results. The selection
of the error tolerance can also affect the performance of
the optimization framework. The tighter the tolerance, the
more iterations it takes for the decomposed optimization
to converge. Selecting the tolerance value  depends on
the design problem and should be done carefully, as too
large a value may result in premature convergence, whilst
using an  that is too small may cause convergence issues.
Moreover, it was found that the total computation time
of the proposed optimal design framework depends on the
number of iterations that the subproblems take to converge,
and ultimately relies on the initial values supplied at the
start of the algorithm, the complexity and the scale of the
design problem, as well as the coupling strength between the
subproblems.
The optimized design results presented in this section are
obtained over a selected dynamic cycle, namely, the New
European Drive Cycle (NEDC). In this study, we consider an

Fig. 4. Pareto front of the proposed design optimization problem and
baseline solution.

Fig. 6.
Target and response pressure variables of the decomposed
optimization problem.
TABLE I
O PTIMIZATION RESULTS UTILIZING THE PROPOSED DECOMPOSITION
FRAMEWORK
Description
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Opt. weight
Variator mass
Wedge angle
Shaft radius
Pulley radius
Proportional gain
Integral gain
Pump losses
Var. leakage losses
Total losses
Simulation time

Fig. 5. Plot of the resulting performance of the optimized CVT design
over the NEDC.

internal combustion engine vehicle. Thereby, we generate a
reference CVT ratio trajectory rg,ref (t) operating the engine
at the Optimal Operation Line (OOL), i.e.,
rg,ref (t) =

ωwh (t)
,
ωe? (t) · rfd

(18)

whereby ωwh (t) is the required wheel rotational speed that
is determined by the drive cycle, rfd is the final drive ratio,
which is chosen as a constant, and ωe? (t) is the optimal
engine speed yielding the minimum fuel consumption. Here,
we depict the results obtained for wP = 1e − 5, wC1 = 1e5,
wC2 = 10, and w = [w1 , w2 , ..., w6 ] = [1e − 3, 1e −
3, 500, 1e6, 1e6, 1e6] in Fig. 5 to Fig. 7. The results of the
proposed design framework for different values of weighting
parameters are summarized in Table I. Additionally, the
results are compared to a baseline design of a commercial
CVT available for passenger cars.
Fig. 4 depicts the Pareto front stemming from the proposed

Parameters
wP
wC
wC2
w1
w2
w3
w4
w5
w6
Mv?
β?
R1?
R2?
Kp
Ki
?
El,pump
?
El,var
El?
Tsim

Baseline
7.1
11
23.5
85.5
3.62
4.99
33
22.37
55.38
-

Decomposed
1e6
1e-5
0.01
1e-3
1e-3
100
1e6
1e6
1e6
6.15
7
27
88
0.078
0.06
29
22.2
51.32
367.7

Decomposed
1e-5
1e5
10
1e-3
1e-3
500
1e6
1e6
1e6
6.98
9.32
27
88.5
5
5
28.36
19.36
47.72
205.7

Decomposed
1e6
1e-4
1e-4
1e-5
1e-5
100
1e6
1e6
1e6
4.38
7
21.3
72.87
4.99
4.99
54.7
78.55
133.3
152.3

Unit
kg−1
J−1
J−1
10−5 s−1 Pa−2
10−5 s−1 Pa−2
s−1
deg−2
mm−2
mm−2
kg
deg
mm
mm
·102
·102
kJ
kJ
kJ
s

optimization problem for various optimization weights.
When more emphasis is placed on minimizing the losses,
the transmission mass gets larger, and vice versa, indicating a trade-off between the plant and control objectives.
Crucially, our framework can significantly outperform the
baseline solution with regard to both the losses and the mass
(cf. the solution marked in green in Fig. 4): The realized
CVT designs are 13% and 2% lighter in terms of variator
mass, whilst resulting in 7% and 14% reductions in losses,
respectively.
We can discern from Fig. 5 that the optimized CVT
design is capable of accurately realizing the desired ratio
trajectory yielding minimum energy consumption. Furthermore, it is also visible that the shared variables between
the decomposed optimization subproblems converge to the
same values, as shown in Fig. 6. In fact, the proposed
decomposed optimization framework takes 3 iteration steps
before converging, as depicted in Fig. 7.
V. C ONCLUSIONS
In this paper, we have presented the results of a decomposed co-design approach for a Continuously Variable
Transmission (CVT), whereby we optimized its geometry

Fig. 7.
Discrepancy between the target and response variables of the
decomposed optimization problem.

and actuation system jointly with its feedback controller.
We demonstrated that our proposed approach is capable of
solving the multi-level CVT co-design problem consisting
of variator and actuation system. Specifically, the co-design
approach presented in this work leveraged Analytical Target
Cascading (ATC) to dissect the optimal CVT variator and
actuation system co-design problem into two separate subproblems by exploiting the hierarchy present in the system.
All in all, our framework enabled us to show that, with
respect to a baseline, it is possible to achieve a more compact
and efficient design, reducing losses by up to 14%.
In the future, we are interested in comparing the results
of the proposed design framework with that of traditional
system design, namely sequential methods and/or iterative
strategies. Furthermore, possible extensions of this research
line could incorporate the design optimization of a complete
vehicle powertrain system, finding the optimal sizing of the
components and the energy management, and designing the
optimal CVT (the physical parameters and the corresponding
controllers over the multiple subsystems) suitable for the
vehicle under consideration.
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