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Abstract
Neutron Computed Tomography (NCT) is a technique that involves the reconstruction of a 3D
object through a set of neutron images, usually referred to as projections. Dynaxion proposes
a fast neutron based substance identification system. A NCT setup would potentially increase
the accuracy and reliability of the identification system. A study on the possible design of the
optimal CT routine has been conducted in this report to verify the feasibility of the NCT setup
installation.
Using the TIGRE toolbox, new algorithms have been implemented and tuned in order to cope
with the truncated projections environment generated by the narrow neutron beam, and meet
the spatial resolution, quality and total reconstruction time requirement. The algorithms were
tested by simulated data, carrying out a parametric study on the number of projections and the
projections shot noise. The HLCC algorithm was proven to be too slow, since the computation
time is around 1 hour (while the maximum reconstruction time is limited to ∼ 5 minutes). The
COM and CGLS algorithms underperform in terms of reconstructed image quality. SIRT has
been found to be superior to the other algorithms in terms of image quality and contrast, while
ATRACT is the most resilient to noise and the best in terms of shape recognition. With less than
60 projections and an acquisition time lower than 5 seconds per projection, both the mentioned
algorithms were able to qualitatively reconstruct the object.
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Abbreviations
RFQ

-

Radio Frequency Quadrupole

SNR

-

Signal to Noise Ratio

PSNR

-

Peak Signal to Noise Ratio

CT

-

Computed Tomography

NCT

-

Neutron Computed Tomography

FOV

-

Field Of View

ROI

-

Region Of Interest

FBP

-

Filtered Back Projection

ART

-

Algebraic Reconstruction Technique

FDK

-

Feldkamp Davis Kress

CGLS

-

Conjugate Gradient Least Squares

ATRACT

-

Approximate Truncation Robust Computed Tomography

LOG

-

Laplacian Of Gaussian

COM

-

Center Of Mass

HLCC

-

Helgason-Ludwig Consistency Conditions

SIRT

-

Simultaneous Iterative Reconstruction Technique

FWHM

-

Full Width Half Maximum

RMSE

-

Root Mean Square Error

CC

-

Pearson Correlation Coefficient

UQI

-

Universal image Quality Index

DE

-

Differential Evolution
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SPECT

-

Single Photon Emission Computed Tomography

PET

-

Positron Emission Tomography

SXR

-

Soft X Ray

MART

-

Multiplicative Algebraic Reconstruction Technique

SMART

-

Simultaneous Multiplicative Algebraic Reconstruction Technique

MFR

-

Minimum Fischer Regularization

AI

-

Artificial Intelligence

ML

-

Machine Learning
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Chapter 1

Introduction
Currently, air transport is the fastest method of transport, both for people and goods, becoming
increasingly cheaper and more reliable. As a result, millions of suitcases and parcels move around
the world every day [53]. Although this is in fact a step further in the globalisation, it brings a
plight with it. Illegal substances, such as drugs, explosives and weapons, are regularly shipped
across countries. Current safety screening method simply cannot provide full certainty about the
content of the parcels, presenting a real risk for the safety and the health of society.
At the present state most of the screening in the airports are performed by radiographic
X-ray imaging detection systems. X-rays penetrate through the package and give a photograph
of what is inside. Generally, these images are then interpreted by humans: the guesswork can be
untrustworthy and costly in terms of time. It is indeed impossible to discriminate the nature of
the substance solely based upon the X-ray image [87]. For example, it is impossible to discern
milk powder from cocaine, just looking at the produced image. For this reason, the scanning is
often followed by manual inspections, supported by drug-sniffing dogs.
The demand for a detection system that is accurate, fast, fully automated and non-invasive
is evident. It is here that Dynaxion comes into play. They propose a neutron based substance
identification system, called the Dynascan, as a complementary tool that can solve the aforementioned issues of the X-ray scanner. A novel Radio Frequency Quadrupole (RFQ) particle
accelerator produces a highly collimated and pulsed beam of fast neutrons that is shot and interacts directly with the objects. These highly energetic neutrons (∼ 8 MeV) can provide images
free of the common x-ray artifacts (beam hardening and starvation [86]) and with reasonable
contrast for robust samples containing mixed low-Z/high-Z materials.
The proposed scanner exploits three key methods to identify the substances: gamma-ray
spectroscopy, neutron imaging and Artificial Intelligence (AI). When a fast neutron interacts
with the object, it can undergo several reactions. For the first identification method, what is of
particular interest, is the inelastic scattering reaction. In an inelastic scattering reaction between
a neutron and a target nucleus, some energy of the incident neutron is absorbed by the recoiling
nucleus, bringing the nucleus in an excited state. After a relatively short time, the nucleus
decays back to its ground state emitting a γ-photon. Collecting as many gammas as possible
with detectors at both sides of the parcel transportation belt, it is possible to reconstruct the
spectrum of the substance, which represents the footprint of the substance itself. At this point,
the AI processes and identifies the spectrum to reveal the illegal substance.
The second identification method relies on the neutrons that do not interact with the nuclei
and continue their path until they reach a further detector at the bottom of the Dynascan, as
shown in Figure 1.2. In a similar fashion as X-ray imaging, the attenuation properties of the
NCT in a Truncated Projections Environment

1

CHAPTER 1. INTRODUCTION

Figure 1.1: Dynascan prototype rendering. The neutron source and the two different detection
systems are shown. From [1]
object determines the number of the neutrons that reach the detector, allowing the production
of an image

1.1

The Dynascan Neutron Imaging System

Because direct neutron detection is arguably efficient, the Dynascan neutron imaging system
firstly converts the neutrons to optical photons, amplifies the resulting light and eventually
detect the photons. It consist of many components, among which the most important are the
neutron-photons converter and the intensified camera.

Figure 1.2: Diagram of Dynaxion neutron imaging system setup.
As can be seen in Figure 1.2, a light-tight enclosure surrounds the setup in order to reduce
the ambient-light. One mirror is parallel to the beam and is used to increase the light output
by approximately a factor 2, while the other forms an angle of 45°with the beam to reflect the
photons perpendicular to the neutron beam. The neutron converter, generally referred to as
2
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scintillator, is based on the proton-recoil mechanism and produces optical photons whenever a
neutron interacts with the material transferring enough energy to the target nuclei. An intensified
camera covers both the photon amplification and detection steps. In order to increase the Signal
to Noise Ratio (SNR) the camera is required to operate in gating mode. In this way, the measured
light from background radiation is largely reduced, while the pulsed neutrons are detected.

1.2

Project Goals

The security scanner is already equipped with a neutron imaging system. This system produces
a 2D image that only partially represents the object scanned by the neutrons. By rotating the
object, multiple planar images are acquired and, through a post processing algorithm, combined
in order to generate a 3D image. This is the principle of Neutron Compute Tomography (NCT).
The Dynascan, which is still in its early stage of development, lacks a data processing system
able to generate 3D images. The NCT would potentially increase the accuracy and reliability
of the identification system. In literature, no study on NCT in an highly truncated projections
environment are reported. The research question is split in two parts:
1. Can we elaborate an algorithm to produce a qualitatively recognizable 3D tomography
image from the 2D fast neutron images?
2. Can we optimize the selected algorithm in terms of speed, accuracy and robustness so as
to fulfill the requirements imposed by the mentioned system?
The project is completely carried out at Dynaxion, using different tools such as Allpix2 ,
MATLAB and Fusion360. The experimental part is instead performed in a lab in U.S., where
the neutron source is available.

1.3

Requirements and Issues

The requirements drawn in this section will define more accurately the project and will give an
instrument to assess the results presented in this dissertation.

1.3.1

Truncated Projections

In general Computer Tomography (CT) image reconstruction requires the object to be completely
contained in the field of view (FOV). When at least one of the object projections extends beyond
the scan FOV in the plane perpendicular to the rotation axis, the mathematical reconstruction
problem does not have an exact solution [71]. The Dynascan neutron source produces a neutron
beam which is collimated with the purpose of reducing the noise on the gamma detectors. The
resulting pencil beam has a diameter of ∼ 7 cm. Because most of the parcels considerably exceed
this width, the acquired projections is affected by severe truncation. With a priori knowledge of
the attenuation coefficients of only a reduced Region of Interest (ROI), the problem is well-posed
and can be mathematically solved [46, 63]. A similar consideration applies if information from
non truncated parts of the sinogram is available [25]. We will call sinogram the collection of 1D
projections as a function of the projection angle, intensity and distance from the center of the
reference system. Unfortunately in our case none of the above conditions are true and to find a
qualitatively valid solution it is necessary to explore other methods. Part of this project will be
dedicated to the implementation and analysis of algorithms that can deal with the aforementioned
case, often referred as ”interior problem”.
NCT in a Truncated Projections Environment
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1.3.2

Spatial Resolution

Spatial resolution for NCT depends on several factors, including the number of projections per
rotation, the reconstruction algorithms, and, trivially, the neutron images spatial resolution
[79]. It is required from this project to develop a method to evaluate the spatial resolution of
the reconstruction algorithms’ result, and obtain a satisfactory detailed reconstructed object.
Although no quantitative goal is given, the reconstructed object should have a spatial resolution
as close as possible to the projections pixel size.

1.3.3

Reconstruction Speed

The Dynascan was born to fulfill the demand for a detection system that allows a smooth
screening workflow, comparable in speed to the current ones. In this perspective also the CT
system must be able to work in a limited time window. The maximum allowed time for the
tomography routine is required to be ∼ 5 minutes [27]. Because the goal is also to reduce the
total time needed for a single tomographic image, the project will also focus on the solution of
the well-known limited angle problem [28]. In this frame the system must be able to work with
the lowest number of projections possible.

4
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Chapter 2

Literature Review
In this Chapter the basics of the physical processes that lie behind this project will be reviewed,
and the main technology involved will be presented. Firstly it is given an overview of the main
neutron interactions and how these interactions lead to neutron imaging. Then a picture of the
fundamental mechanisms that define tomography are delineated. At the end of the chapter it
can be found an outline of the framework in which the project takes place. No state of the art
technology will be presented here, since it will be the bulk of the following chapters.

2.1

Neutron Interactions

Neutrons carry no charge and therefore cannot interact in matter by means of the coulomb force,
which is, instead, the main energy loss channel for charged particles [45]. Every neutron-matter
interaction falls in one of the two main categories: scattering and absorption. When a neutron is
scattered by a nucleus, its speed and direction change, however the nucleus is left with the same
number of protons and neutrons prior to the interaction. The nucleus may have a recoil velocity
and it may also be left in an excited state that will lead to the eventual release of radiation.
When a neutron is absorbed by a nucleus, a wide range of radiations can be emitted or fission
can be induced. Scattering events can be subdivided into elastic and inelastic scattering. In
the elastic scattering the total kinetic energy of the neutron and nucleus is unchanged by the
interaction. During the interaction, a fraction of the neutron’s kinetic energy is transferred to
the nucleus. For a neutron with a kinetic energy E encountering a nucleus of atomic weight A,
the average energy transfer is 2EA/(A + 1)2 . This expression shows that in order to reduce the
speed of neutrons (that is, to moderate them) with the fewest number of elastic collisions, target
nuclei with small A should be used. Inelastic scattering is similar to elastic scattering except that
the nucleus undergoes an internal rearrangement into an excited state from which it eventually
releases radiation. Only part of the particle energy is exploited by the nucleus to move to an
higher state. In the center of mass reference system, the difference between the incoming neutron
kinetic energy and the outgoing neutron one, is exactly the excited energy level.

2.1.1

Slow and Fast Neutrons

Although a precise energy range cannot be designated, neutrons can be categorized by the
type of reaction they are most likely to experience [22]. Thermal neutrons, for example, reach
thermal equilibrium with the surrounding (E = 0.025 eV and acquire a Maxwell-Boltzmann
energy distribution. At higher energies we have “cadmium neutrons” (their energy corresponds
NCT in a Truncated Projections Environment
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to the highest resonance peak of cadmium), “slow neutrons” and intermediate neutrons. The
term “fast neutron” refers to neutrons with an energy between 1 and 20 MeV. This range is
interesting mostly because most of the neutrons produced by nuclear reaction lie in this range.
Neutrons that exceed an energy of 20 Mev are generally called relativistic. This distinction is
presented in view of the fast neutron used in the Dynascan.

2.1.2

Cross Section

The neutron cross section, σ, can be defined as the fictitious area that represent the likelihood
of a reaction to occur: the larger the area, the easier it is for the neutron to hit and interact
with the nucleus. In general, the neutron cross section depends on the nature of the reaction,
on the interacting nuclide and on the neutron energy. Even though many models have been
developed, comprehensive and reliable database based on experimental data are used most of
the times [2, 3, 5].

(a)

(b)

Figure 2.1: (a)Elastic neutron scattering cross sections for different nuclides. From [5]. (b)
Inelastic neutron scattering cross sections for different nuclides. From [5]
From Figure 2.1a we can conclude that the elastic scattering cross section decreases when the
atomic mass of the target nucleus increases. As a general rule, this also holds for inelastic scattering, as shown in Figure 2.1b. Increasing the neutron energy also makes the elastic scattering
cross section drops. In contrast with elastic scattering, inelastic scattering becomes relevant only
in the range 50 keV - 50 MeV. Other processes like radiative capture or nuclear fission depends
on the target nucleus, with the latter being null under a certain atomic number Z. The characteristics resonance peaks, are the result of the intermediate compound nucleus state formed
during the reaction. In light of these considerations, the use of fast neutrons in the Dynascan
is justified by the high inelastic cross section in that range, which results in an higher gamma
photons production.

2.2

Fast Neutron Imaging Techniques

Imaging techniques, and more specifically neutron-imaging techniques, exploit the attenuation
of a neutron-beam through a sample, tracing the intensity and the position of the particles when
they hit a detector. The resulting map can be represented as an image. The attenuation of the
beam depends on the reaction between the neutrons and the sample. Neutron imaging by mean
6
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of cold neutrons (En < 1 MeV) is much more common than fast neutron imaging, considering
that the vast majority of the neutron sources produce neutrons that lie in this energy range
[4]. However fast neutron imaging comes with several advantages. The smaller interaction cross
section of fast neutrons in high-Z materials, as compared to X-rays and thermal neutrons, allows
fast neutrons to be used for imaging low-Z materials through high-Z materials [82]. Because
fast neutrons interact with low-Z matter with a lower probability, they can penetrate denser
and thicker materials (e.g. shielding) [12]. The scientific prior art associated with fast neutron
imaging over the last 30 years is very extensive. It has been used to study archeological samples
[70], for nuclear energy applications [7], to the investigation of transport processes in biological
matter [10], and to food science. In these applications, the neutron source comes from a reactor
[56, 69], a spallation source [44] or a linear accelerator [73].

2.2.1

Detection System for Neutrons

The detection of fast neutrons has always been complicated. The characteristics of the neutron
influence directly the way we detect it. Neutrons carry no charge and do not ionize directly,
therefore they are harder than charged particles to detect directly. Moreover, their paths of
motion are only weakly affected by electric and magnetic fields. The neutron mass is not directly
detectable, but does influence reactions through which it can be detected. In general the total
cross section drop off as the energy increases. According to literature, the most relevant proposed
detector types are three, each one of them based on a different physical process.
1. Absorptive reactions detectors are much more common for low energy neutrons. As suggested by the name they exploit absorption reaction such as 10 B(n, α)7 Li, 3 He(n, p)3 H and
235
U fission. The product (high energy ionized particles) can be detected with a simple
Charged Coupled Device (CCD) camera.
2. Activation processes detectors, through radiative capture, spallation or similar reactions,
generate products that then decay, releasing beta particles or gammas. Easily activated
materials are indium, gold, iron etc., and are often used in combination with each other
because they have large cross sections within a narrow band of energy and thus, they can
be used to characterize the energy spectrum of a neutron beam.
3. Elastic scattering detectors, or proton-recoil detectors is the last category of neutron detectors. These are the most common detectors for high energy neutrons. They take advantage
of the energy transfer between the neutron and a recoil nucleus during an elastic collision,
such that it is possible to detect the energy of the charged particle. Since the energy trans1 m2
fer in an elastic collision scales as (m4m+m
2 , it is clear that proton-recoil detectors have to
1
2)
be rich of low mass atoms, such as hydrogen atoms.
Besides the physical process distinction, neutron detectors can be categorized based upon
the type of material used. Gas detectors provide their reactive material (generally absorptive
atoms such as 3 He) in gas phase. They have the advantage that the absorber material is also the
ionizable medium, yet they must be generally large to ensure a sufficient amount of reactions.
A second type of detectors is represented by scintillation detectors. An example of neutron
scintillator is 6 Li(n, t) detectors. 6 Li and Ce3+ are incorporated in a glass matrix. The product
of the interaction between the Lithium and the neutrons reacts in turn with the Ce3+ , emitting
visible light. State of the art neutron scintillation detectors involves the use of organic material
[21]. Finally the last class of neutron detector is the semiconductors detector. They usually
consist of Si diodes coated with neutron reactive material such as 6 LiF.
NCT in a Truncated Projections Environment
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Fast neutrons ask for a further component in order to be detected. They usually are moderated to thermal energy. Unfortunately, in this process, the information on the travelling direction
is often lost. To overcome this issue a directional fast-neutron detector has been developed using
several proton-recoils channels in a optical fiber-like disposition. The most common materials
used for fast neutrons are plastics, but liquid scintillators are also a choice in literature. After the
plastic slab, a simple CCD can be used to reconstruct the image, pixel by pixel. An interesting
feature recently developed in fast neutron detectors is the capability of discriminating neutrons
by gamma photons by pulse shape discrimination [13].
The performance of fast neutron detectors, and of detectors in general, cannot be quantified
by a single number, which mean that improving a characteristic means a trade-off with other
features. In terms of spatial resolution it has been proved that it is possible to reach a minimum
of 10 µm [17]. The efficiency of the cutting-edge fast neutron detectors (not to confuse with the
efficiency of the whole neutron imaging system that comprehends also the conversion efficiency)
can go up to 70% [75]. As far as gamma discrimination is concerned, it has been reported a
neutron/gamma ratio of 105 [59].

2.3

Tomography Algorithm

Tomography refers to the cross-sectional imaging of an object from transmission data collected
by illuminating the object from different directions. Each of these images will be called projection
for the sake of clarity. Computed Tomography (CT) scan uses computer-processed combinations
of the acquired 2D images to reproduce a three-dimensional rendering of the original object. Xray CT is the most commonly known form, but many other types of CT exist, such as positron
emission tomography (PET) or single-photon emission computed tomography (SPECT). Similarly, neutron tomography is a technique that exploits all the advantages of neutron imaging for
the production of 3D images [78]. To perform neutron tomography the setup requires a neutron
source, a neutron imaging system and a rotary table or a rotating system for the source. The
reconstruction routine is similar to the X-ray one [55]: as in the latter the attenuation of the
beam through a sample can be expressed with the Beer-Lambert law
I(z) = I0 e−µz .

(2.1)

The intensity I at the detector at distance z decrease exponentially to the Napierian attenuation coefficient µ and the distance z. The attenuation coefficient for a sample made of N species
can be expressed as
µ(z) =

N
X
i=1

µi (z) =

N
X

σi ni (z),

(2.2)

i=1

where σi is again the cross-section of the attenuating species i and ni represents its number
density. It is easy to notice the similarities between the physical behaviour of the X-rays and the
neutrons and, as one can expect, between the reconstruction methods.

2.3.1

Radon Transform and Fourier Slice Theorem

The theory behind the general idea of tomography and its derivation is well established and can
be found in any book that covers the topic [43]. In spite of the discrete nature of the projection
images, most reconstruction theories use a continuous framework, in which the reconstruction
algorithms are derived mathematically. The problem of discrete sampling is then solved within
8
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the final formulation of the reconstruction algorithm. Let’s take, for example, a 2D plane as in
Figure 2.2. The parameter s the distance of a ray from the center of the reference system, and
θ the angle of rotation of the beam, also with respect to the reference system. The notation
F (x, y) is the sample-beam attenuation coefficient at the position (x, y).

(b)

(a)

Figure 2.2: (a) Generation of a projection p(s, θ) from a beam penetrating a sample (x, y). (b)
Sketch a truncated projection in the interior problem. The red part is not imaged.
The projection p(s, θ) can be expressed as
Z ∞Z ∞
p(s, θ) =
f (x, y)δ(x cos θ + y sin θ − s)dx dy
−∞

(2.3)

−∞

The δ function selects the line x cos θ + y sin θ = s, which connects the source to the detector
at s with detector and source rotated of an angle θ. Thus, the projection p(s, θ) represents a
line integral whose value is observed at the detector. The function that turns f (x, y) in p(s, θ)
is called Radon transform. The aim of tomography is to perform an inverse Radon transform
from the projections to trace back the object f (x, y). To accomplish this goal it is possible
to take advantage of the most invoked theorem in CT reconstruction approaches: the Fourier
Slice Theorem. This theorem states that the 1D Fourier transform p(ω, θ) of a projection p(s, θ)
equals the 2D Fourier transform F (ωcos(θ), ωsin(θ)) of the object. The proof of this theorem is
straightforward and can be found on most of the tomography books. Besides, from the theorem
it is possible to easily derive one of the most used reconstruction algorithm, the Filtered BackProjection (FBP) algorithm. Let’s start from the 2D inverse Fourier transform
Z ∞Z ∞
f (x, y) =
F (u, v)e2πi(ux+vy) du dv
(2.4)
−∞

−∞

and rewrite this expression to polar coordinates
Z πZ ∞
f (x, y) =
Fpolar (ω, θ)|ω|e2πiω(x cos θ+y sin θ) dωdθ

(2.5)

−∞

0

According to the Fourier Slice Theorem Eq. 2.5 becomes
Z πZ ∞
f (x, y) =
P (ω, θ)|ω|e2πiω(x cos θ+y sin θ) dωdθ
0

(2.6)

−∞
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which expresses the object as a function of all the projections and of the ramp filter |ω|. It is
also possible to go back to the space domain and transform the multiplication by the ramp filter,
into a convolution with the filter kernel h(s)
Z π
dθ
(2.7)
f (x, y) =
p(s, θ) ∗ h(s)
0

s=x cos θ+y sin θ

While this proof is valid only in case of a continuous set of projections, experimentally this
is never true. A discrete set of projections introduce errors in the calculation of Eq. 2.6. This
is always referred as limited angle problem. The theory here shown is extendable to the 3D
framework once we consider a 3D beam as a collection of 2D beams stacked one on top of each
other. For each beam component, we will have a slice of the object f (x, y, z).
Tomography involves many variables and non-idealities. The beam can be parallel as well as a
fan beam or a cone beam. The source can follow a circular, elliptic or an helical path. Moreover,
the Dynascan introduces a further problem. When the beam is not able to fully image the whole
object (hence the value of the pixel on the lateral border is non-zero) we are are facing the
so-called interior problem, and we refer to the projections as truncated. A simple sketch of this
situation is shown in Figure 2.2. As a result of these non-idealities, in the recent years, a wide
range of algorithms have been developed. A part of these algorithms will be covered in the next
chapter together with issues associated with this specific project.

2.3.2

TIGRE: a MATLAB-GPU Toolbox for CT Image Reconstruction

In order to organize a neat and comprehensive tomography study for the case presented in
this thesis, we need to establish a framework where to implement the algorithm and where to
analyze the results. The choice fell on the Tomographic Iterative GPU-based Reconstruction
(TIGRE), Toolbox [14]. TIGRE is a MATLAB/CUDA toolbox that, thanks to its modular
structure, can facilitate the algorithms implementation while dealing with time-critical cases.
In TIGRE, indeed, the basic operations (like the back-projection) are written in C++ and use
GPU accelerated code for NVIDIA devices, through CUDA language, while the algorithms are
implemented in MATLAB on a much more user-friendly fashion. The layered structure of TIGRE
is shown in Figure 2.3.

Figure 2.3: Modular architecture of the TIGRE toolbox.
TIGRE supports four different family reconstruction algorithms and a wide variety of readyto-use algorithms. Among them we can mention the SIRT, OS-SART, SART [8, 23], belonging
to the Algebraic Reconstruction Technique (ART) family, the FDK algorithm [62], the conjugate
10
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gradient least squares (CGLS) method [66], and many others. For the project purpose, new
algorithms were implemented and evaluated based upon the acquired and simulated data.
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Tomography Algorithms
Implementation
This section is dedicated to the understanding of the mechanisms that lay behind the reconstruction algorithms implemented to meet the project requirements. In order to have a broader
analysis of the truncated projections tomography reconstruction, three different algorithms have
been implemented in TIGRE. These algorithms follow different approaches and can thus be
assigned to three different families (in order of how they are presented): filtered projections,
FOV extension and sinogram completion algorithms. All of the proposed algorithms have been
adapted and tuned to deal with the challenges presented by the project. It is important to note
that these are only three out of many different candidates, and a more thorough analysis would
require to investigate all the possibilities.
All of the newly TIGRE implemented algortihms make use of the Feldkamp, Davis, and Kress
(FDK) reconstruction [32] as the final reconstruction step. The FDK is a well known practical
algorithm that can be considered the natural extension of the FBP algorithm, for a cone beam
geometry. In this way there will not be any artifact associated with the slight divergence of
the neutron beam. An important advantage of the FDK method is also that it works well with
truncated projections since the filtering is only performed in the untruncated fan-direction [76].

3.1

Approximate Truncation Robust Computed
Tomography (ATRACT)

The first algorithm implemented belongs to the filtered projections family, and goes by the
name “Approximate Truncation Robust Computed Tomography (ATRACT)” [30]. Next, the
algorithm is derived in two steps.
Firstly, a reformulation of the 1D ramp filter (used for instance in Equation ??). As explained
in Ref. [29], it is possible to convert from the 1D domain straight to a 2D domain where the
boundaries are represented by the detector edges, and u and v are the Cartesian coordinates
with value 0 in the center of the detector (they act exactly in the same way as s in the 1D case).
The convolution of the projection by the Ramp filter kernel (Equation 2.7) is eventually equal to
R−1
2d
12



Z
∂
1 R ∞
0
0
−
hH (s − s ) | cos µ| R2d [p(u, v, θ)] ds .
2π D −∞
∂s

(3.1)
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In this formula R and D represent respectively the distance of the object from the source and
the the distance of the detector from the source. The term hH (s − s0 ) is the kernel of an Hilbert
filter [24], while µ and s are the new coordinates in the system generated by the 2-dimensional
Radon transform R2d of the projections p(u, v, θ).
The second step to implement the ATRACT scheme is an alternative version of the inverse
Radon transform. If we call pR (µ, s∗ ) and pH (µ, s∗ ) the result of the convolution of the filtered
projection by the ramp kernel and Hilbert kernel, it can be shown that
Z π 2
Z π
∂
1
dµ
(3.2)
P (θ, s)
R−1 {p} =
pR (µ, s∗ ) dµ =
2 H
2π
∂s
0
0
s=s∗
where s∗ = u cos µ + v sin µ and PH (θ, s) is the antiderivative of pH (µ, s∗ ). Substituting back
s with the detector coordinates, the inverse Radon transform can be written as
R−1 {p} =



∂2
∂2
+ 2
2
∂u
∂v

Z

π

0

1
2π

Z

s∗

pH (µ, s0 ) ds0 dµ,

(3.3)

−∞

∂
with p being the collection of all the filtered projections. In this way the derivative ∂s
in
Equation 3.2 cancels out with the above integral when we join the two equations. Eventually
the ATRACT scheme can be summarized in four different steps:

1. Data weighting
2. 2D Laplacian filtering
3. 2D Radon filtering
4. Backprojection
The first and the last step belongs to the FDK algorithm (see references [29, 68, 74] for more
details), from which the ATRACT scheme is built.
The focus will be now on the practical implementation of the second and third step. The first
improvement is represented by the modification of the Laplacian filtering. This step has been
substituted by the use of a Laplacian Of Gaussian (LOG) filter.

(a)

(b)

(c)

Figure 3.1: (a) MRI head test data from [14], to which Poisson noise is added to simulate a low
statistics neutron image. (b) The same image after Laplacian filtering. (c) Superiority of the
Laplacian Of Gaussian filter for noisy images
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Although this is not mathematically correct, the LOG has been proved to be more resilient
to noisy images, detecting the edge and reducing the noise effect [37]. This choice was mostly
based on the expectation of the high level of noise resulting from the Dynascan neutron imaging
system. The conclusion is proven in Figure 3.1. In the code, the 2D filtering is carried out by a
convolution with the LoG kernel. The discretization process reduced the size of the kernel to a
9 x 9 matrix, which is the optimal choice according to the geometry of the projections [38].
The next step was suggested by the author of the paper in Ref [30]. Instead of applying the
operation represented by Equation 3.1, the code provides for a convolution with a filter kernel
h2D (·). This filter is derived passing a 2D delta function or any other smooth apodization (in
the code a peaked Guassian is employed) as the input to Equation 3.1 and saving the result in
a look-up table.R The
convolution of the projection with this Point Spread Function (PSF)
u Rv
f 2D (λ, u, v) = u12 v12 g2 (λ, u0 , v 0 ) h2D (u − u0 , v − v 0 ) du0 dv 0 is formally equal to the operation
represented by Equation 3.1. The resulting filter is shown in Figure 3.2

(a)

(b)

Figure 3.2: (a) result of the operation represented by Equation 3.1 on a 2D delta function, namely
h2D (·). (b) value of h2D (·) for the central horizontal line

3.2

Image 0th and 1st Moments Method (COM)

The second implemented algorithm belongs in the FOV extension category. The FDK algorithm
assumes that the values of the pixels on the edge of the detector are null. In case of laterally
truncated projections, this is not true, and the error introduced at the boundaries of the FOV may
result in severe artifacts that obstruct the reconstruction. The basic idea behind the “Image 0th
and 1st Moments Method” [72] is to extend the projections laterally and generate an artificially
larger FOV where the values on the edge are 0.
To understand which mechanism drives this algorithm, we first have to define the moments of an
image. An image moment is a certain particular weighted average of the image pixels’ intensities,
or a function of such moments, usually chosen to have some attractive property or interpretation.
If we consider a 1D projection, which is simply an horizontal slice of a 2D projection with a height
of 1 pixel, we call the nth moment of this image the value
Z ∞
mn (p(s, θ)) =
sn p(s, θ)ds
(3.4)
−∞
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which, using the definition of projection in Equation 2.3, becomes
Z ∞Z ∞
f (x, y)(x cos θ + y sin θ)n dxdy.
mn (p(s, θ)) =
−∞

(3.5)

−∞

This means that the 0th moment and the 1st moment of the projections can be written as
Z ∞Z ∞
f (x, y)dxdy
(3.6)
m0 (p(s, θ)) =
−∞

Z

∞

Z

−∞

∞

Z

∞

Z

∞

yf (x, y)dxdy

xf (x, y)dxdy + sin θ

m1 (p(s, θ)) = cos θ
−∞

−∞

−∞

(3.7)

−∞

What stands out from the first equation is that the 0th moment of the image, also called image
mass, is independent of the projection angle, which means that all the complete projections have
the same mass. If a projection is truncated, its mass is lower than the image mass, and thus we
need to add the exact difference between the two values in order to have a virtually well-posed
reconstruction problem. If we also define the Center of Mass (COM) of a projection as
COM (p(s, θ)) =

m1 (p(s, θ)))
.
m0 (p(s, θ))

(3.8)

We can apply the same considerations as for the moments of the image. The COM is indeed
an actual position in the image, and knowing its value for a non-truncated projection allows to
add the correct amount of mass for each side (the centroid is also an invariant of the problem).
Because, in our case, all the projections are truncated, these two quantities have to be estimated.
The procedure to determine mass and COM information, in the case of only truncated projections, can be divided in three steps:
1. Estimate the Projections through data fitting
2. Determine the Moments for the 2D object
3. Tune the image mass and COM through a second fitting
Because no information is available on the mass of non-truncated projections, an assumption
for the first estimation is made. The 1D projection data is assumed to be the union of two
semi-ellipses, one for each side, centered in the center of the dataset and with one axis laying on
the x-axis. The fitting is performed through the non-linear least squares method. The result is
shown in Figure 3.3
At this stage we can give an estimation of the image mass. A good assumption is to take the
average of the new estimated projections masses M fit . The COM estimation for the projections
goes through the calculation of the object mass. The relation between the 1D projections and the
actual 2D object (which is a slice of the 3D object) is exploited to build the following vectorial
equation:


COM
(f
(x,
y))
x


wθ ∗ COMfit (p(s, θ)) = wθ ∗ [cos(θ) sin(θ)] ∗ 
(3.9)

COMy (f (x, y))
where COMfit (p(s, θ)) is the 1D extended projection COM and COMx (f (x, y)) and COMy (f (x, y))
are the two coordinates of the original 2D slice COM. The weights are defined as:
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Figure 3.3: Result of the first moments estimation process on an MRI head test data from [14].
On the left: Ellipse fitting on 1D projection data. Two different ellipses have been fitted (in red
and in green). On the right: Result of the 1D fitting on the 2D projection. The red highlighted
boxes represent the artificially extended zones

wθ =

Mfit (p(s, θ)) − M0min
.
M fit − M0min

(3.10)

Here, Mfit (p(s, θ)) is the mass of a single 1D extended projection and M0min is the minimum
mass of all the truncated projection (in order to have a relative weight). Equation 3.9 is solved
using a weighted linear least square method with known covariance. At this point the calculation
of the actual COM for each projection is performed using the same principle used in Equation
3.9.
COM (p(s, θ)) = cos(θ) COMx (f (x, y)) + sin(θ) COMy (f (x, y))

(3.11)

Now that both the COM and image mass have been estimated, we may proceed to a new
fitting that satisfies both the conditions. Instead of fitting lines as suggested by the author in
Ref. [72], ellipses are used once again because they have been proved to produce better results
and even be less time-expensive.
The last step, namely the final projection estimate, is performed through a direct multiobjective
optimization method [26]. The “goodness” parameter used to choose the best solution among
the whole pareto set, is a simple Root Mean Square (RMS) error. The reconstruction step is done
by the FDK algorithm. From the analysis chapter and beyond this algorithm will be refered to
as COM for obvious reasons.

3.3

2D Fourier-Based Helgason-Ludwig Consistency Conditions Extrapolation Scheme (HLCC)

A sinogram is simply the result of the 1D projections collection, where on one axis we have the
projection angle, θ, and on the other axis the distance from the center s (as already explained
in Section 2.3.1). The sinogram completion family for truncated projection artifacts reduction
is one of the richest family in terms of proposed algorithms. The following is based on Ref. [85]
as the results discussed by the authors look promising.
The algorithm is based on the Helgason-Ludwig Consistency Conditions (HLCC) [50]. These
conditions are necessary and sufficient conditions for the correct characterization of the Radon
16
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transform. If we take the nth moment of a sinogram as defined in Equation 3.5 and expand it in
its Fourier series we obtain
mn (θ) =

∞
X

ank exp(jkθ)

(3.12)

k=0

where the Fourier coefficients are defined as
1
2π

ank =

2π

Z

mn (θ) exp(−jkθ)dθ.

(3.13)

0

Then the HLCC can be proven as explained in Ref. [42]
ank = 0, for |k| > n (or mod(n + m, 2) = 1)

(3.14)

The authors derive the HLCC in the 2D Fourier domain in order to have a practical method
of solving the interior problem. Here only the main passages are shown but for a thorough
understanding of all the math that lays behind, see Ref. [85]. The first step consists of expanding
the sinogram, as defined in Section 1.3.1, in this way [47]
p(θ, s) =

∞
∞
−1/2
1 X X
bnk 1 − s2
Tn (s) exp(jkθ)
π n=−∞

(3.15)

k=0

where bnk are the coefficients of this expansion. Tn (·) are the Chebyshev polynomial of the
first kind:
[n/2]
n X
ci (2s)n−2i = cos(n arccos(s))
Tn (s) =
2 i=0

(3.16)

and
(−1)i (n − i − 1)!
.
i!(n − 2i)!

ci =

(3.17)

The 2D Fourier transform of this series in the η − ξ Fourier space is
P (η, ξ) =

1
π

Z
0

2π

Z

1

∞ X
∞
X

bnk 1 − s2

−1/2

−1 n=−∞ k=0

Tn

(3.18)

× exp(jkθ) exp(−j(ηθ + ξs))dsdθ.
After other considerations and some algebra, detailed in Ref. [85], this new formulation leads
to the following condition
P (η, ξ) ≈ 0,

for |η| > rξ

(3.19)

where r is the radius of the object support, if represented by a circle. In other words, we can
replace s by s0 = s/r in order to have |s0 | ≤ 1. In the Fourier space, |η| > rξ corresponds to a
recognizable double-wedge region as shown in Figure 3.4. We can, thus, consider the HLCC in
the Fourier space as a cost function to be optimized: the truncated sinogram will be completed
picturing the original object as an ellipse. For this reason the implementation of this algorithm
will follow a scheme:
1. Organize the projections in truncated sinogram
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2. Generate an ellipse and forward project it
3. Combine and complete the original sinogram with the ellipse one
4. 2D Fourier transform the new sinogram
5. Find and isolate the double-wedge region
6. Calculate the energy in the double-wedge region
This loop is repeated, changing the parameters of the ellipse until we find a minimum to the
cost function (the energy in the double-wedge region). The step listed above are shown in Figure
3.4

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 3.4: Scheme for the sinogram completion in the HLCC method for the MRI head test
data from Ref. [14]. (a) Sinogram of the truncated projections. (b) Random generated ellipse
and (c) its sinogram. (d) Original and ellipse sinogram combined. (e) 2D Fast Fourier transform
of the combined sinogram. (f) Thresholded sinogram FFT transform for the edge recognition.
(g) Edges highlighted and (h) double wedge region
What follows next are some practical indications on the algorithm implementation and tuning
procedure. The ellipse sinogram is simply obtained by a straightforward Radon transform of the
binary ellipse matrix, but its value is adjusted such that its mean is exactly equal to the mean
value of the truncated sinogram . In order to obtain a continuous combination of the two images,
they are joined and a smoothed transition region between them is generated through Gaussian
blurring. After performing the Fourier transform on the combined sinogram, the logarithmic
value is extracted and the image is polished and sharpened. These steps are proven to be
effective to emphasise the edges and reduce the noise.
The edge recognition step is the most delicate process. In this case, the Canny thresholding
method [90] is employed. The image is divided into four quadrants and passed as an input to a
18
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loop where the minimum cut-off suppression of gradient magnitudes is increased at each iteration,
and a line is fitted to each quadrant of the image. When the goodness of the fit is sufficient and
thus the R-squared value [49] exceed a predetermined limit (0.9) the process stops and the lines
that represent the edges are fitted. At this point, the double-wedge region is isolated and the
energy of the double wedge region is calculated by
|P (η, ξ)|2 for η, ξ ∈ Double-wedge.

(3.20)

This cost function is the object to be minimized. For the task of minimization, a Differential
Evolution (DE) optimization [65] method is used as suggested by the authors of the paper [85].
The ellipse parameters that are used as input for the DE are only the two ellipse axis, in order
to reduce the space where to search for a global minimum. Tilt angle, density and center of the
ellipse are kept fixed.
When the optimized ellipse is found the combined sinogram is used as the new detruncated set
of projections, and the FDK algorithm is once again used to solve the tomography problem.

3.4

Other Algorithms: SIRT and CGLS

To carry out a more complete analysis of the data, two other algorithms, already present in
TIGRE, have been tested. These algorithms use an entirely different approach for tomographic
imaging. A very brief explanation is given here, but for a deeper understanding see Refs. [39, 40].
For these methods we can assume that the object cross section consists of an array of unknowns,
and then set up algebraic equations for the unknowns in terms of the measured projection data.
This means that all these algorithms solve a system of the type
Ax = p

(3.21)

where p is the array of projections, A is the positive-definite Jacobian matrix, and x is the
voxels matrix or volume of the object. Since the resulting matrices of a standard tomography
problem are too big to perform inversion (e.g. 100 x 100 pixels projections generate a matrix A
with size 10000 x 10000), the actual problem that these algorithms solve can be expressed as
minkAx − pk
x

(3.22)

The difference in the methods employed lays in the assumption made to solve iteratively this
problem.
The Simultaneous Iterative Reconstructive Technique (SIRT) is often selected because its slower
convergence gives better results, in expense of the computation time. The term simultaneous is
referred to the characteristic way of the algorithm to update the solution only when all the values
of the voxels are completed. SIRT starts from an initial solution x0 , here x0 = 0.We write R
for the diagonal matrix with the inverse row sums of A on the diagonal, and C for the diagonal
matrix with the inverse column sums of A on the diagonal. The update iteration of SIRT can
then be written as follows [61]:
xi+1 = xi + C · At · R · (p − Axi )

(3.23)

Although SIRT is the slowest among the iterative methods, it has been selected because the
limited size of the projections produced by the neutron imaging system still allow a fast enough
reconstruction.
The method of Conjugate Gradients for the Least Squares problem (CGLS) is a well known
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iterative method to solve linear problems. If we define r0 = p − Ax0 , we initialize the auxiliary
variables b0 and β0 , and the residual r0 , which is the residual of the process, we can summarize
a single iteration as [81]
ak+1 =

kA> rk k

2

kAbk k2

xk+1 = xk + ak bk
rk+1 = rk − ak Abk
βn =

kA

>

(3.24)

2

rk+1 k

kA> rk k2

bk+1 = A> rk+1 + βn bk
One of the advantages of this family of algorithms is the possibility to complement them with
ray-tracing methods [54]. In this way, we can account for potential diffracted neutrons in the
beam.
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Data Generation and Acquisition
In this chapter the method employed to generate the data will be presented. The data was used
to test and validate the tomography routine, but also to allow a quantitative analysis of the
results.

4.1

Experimental Data

The experimental data is designed to examine both the outcome of the neutron imaging system
and the performance of the tomography algorithms. The two components that deeply influence
the characteristics of the projections are the source and the neutron detector. The neutron
beam is generated by a radio-frequency quadrupole (RFQ) ion accelerator. Deuterion (D) ions
are accelerated towards a deuterion target, generating neutrons (n) through the following fusion
reaction:
D + D → n + 3 He

(4.1)

The energy of the product neutron from this reaction is 2.5 MeV, which is added to the energy
of the accelerated deuterion, giving a peak energy of ∼ 7 MeV. Although the general reaction
neutron production is anisotropical, the directional ions increase the neutron production in the
forward direction. The energy spectrum profile of the resulting axially symmetric beam is a
Gaussian peaked in the forward direction. The angular energy distribution, before the beam
is collimated, is shown in Figure 4.1. The beam is then collimated, reaching a Full Width
at Half Maximum (FWHM) of ∼ 4 cm. The difference in flux between the different angular
directions results in different brightness regions at the detector, degrading the statistics especially
on the boundaries of the image. The peak flux at 1 meter distance in the center is around
5 × 106 1/s/cm2 .
The detector components were shown in Section 1.1. The detector is also complemented with
a fiber optic screen, which limits the spatial resolution to 0.7 × 0.7 mm2 . The efficiency of the
detector is estimated to be approximately 10%.
In order to have an accurate analysis in terms of quality and spatial resolution, a tomography
phantom was designed. The phantom is made up by two cylinders (such that no faces are
perpendicular to the beam generating biased projections) hollowed out with features of different
sizes. The 3D model is shown in Figure 4.4 while the detailed technical drawings are in Appendix
A. The phantom was 3D printed in standard resin (C19 H29 COOH) because of the high neutron
interaction cross-section, showing in this way the capability of the neutron imaging systems with
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(a)

(b)

Figure 4.1: (a) Neutron beam angular energy spectrum before the collimator. (b) Theoretically
normalized Gaussian beam profile after the collimation.
respect to the X-ray one. Thereafter it is placed side by side with other different objects to
reproduce the truncated projection environment of a standard parcel.

4.2

Simulated Data

The simulated data have been conceived in order to mimic as much as possible the Dynascan
experimental setup. The geometry is shown in Figure 4.2. The distance source-object (DSO)
is set to 0.8 m while the distance source-detector (DSD) is 1 m. The detector size is based on
the expected experimental images. The intensified camera produces images whose boundary is
imposed by the beam shape. The simulated beam cross-sectional shape is a circle with a FWMH
of ∼ 5 cm. This round-shaped image is post-processed in order to get rid of the lower statistics
zones induced by the Gaussian profile of the beam. For this reason the resulting image, hence
the simulated detector, is a square with side 5 cm. From the geometry it is already clear that
the characteristic feature of the object to extend over the FOV. Even though the trajectory of
the source and the detector is shown, it is the object which rotates.

Figure 4.2: Geometry of the simulation that generates test data. DSO is 0.8 m and DSD is 1 m.
One of the most accurate method to reproduce the particle passage through matter is per22
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forming Monte Carlo simulations. For this purpose, Allpix2 [84], a simulation framework for
particles and detectors, is used which is part of the GEANT4 toolkit [6]. These simulations are
expensive in terms of computation time, especially if we want to test different level of noise and
number of projections. The time required for a simulation highly depends on the number of
particles simulated. To reproduce the Dynascan environment, the number of neutrons simulated
for a single projection is 2 × 107 , which corresponds to an acquisition time of ∼ 10 seconds with
a flux of 5 × 106 1/s/cm2 . In a simulation it would requires 72 hours of computation time with
an Intel(R) Xeon(R) E5-2650 processor, for only one projection. For this reason a faster method
to produce data is explored.

Figure 4.3: Comparison between the image produced by Monte Carlo simulations in Allpix2
using 2 × 107 neutrons (on the left) and the image produced by MATLAB Radon transform (on
the right), where Poisson noise is added to match the quality
Two main assumptions are made for the next method. Firstly, if we assume that the attenuation of a neutron beam that passes through a target can be expressed by the macroscopic
cross section of each element that forms the target (i.e. each voxel), then we can simply assign
a value to each one of these voxels. This is equivalent to assuming that the Lambert-Beer law
holds for this case, as mentioned in Chapter 2. The relation that exists between the attenuation
coefficient and the voxel value can be expressed in Hounsfield unit [51]:
µ − µair
(4.2)
µwater − µair
where Nvoxel is the value to assign to a matrix element, and µvoxel , µair , µwater are the
attenuation coefficient of that element, of air and water respectively. In this equation C is a
constant that represents the brightness of the image (or the statistics of the process) if we also
assume Nair = 0 and, thus, µair = 0. The second assumption we can make is that, because
the divergence is almost null, the beam can be treated as a parallel beam. It is important to
notice that this assumption is not in conflict with the use of the FDK algorithm as shown in the
previous chapter. On the contrary, the FDK algorithm corrects for the small error arising by
this assumption, since it takes into consideration the acquisition geometry. A further concern
that may arise is how to account for the non-flat beam profile shown in Figure 4.1. Before any
measurement an open beam image is acquired, and consequently corrected for all the neutron
images, eliminating ultimately most of the effects of the beam energy and flux spectrum. At
this point, we can acknowledge that a projection resulting from the Allpix2 simulation is the
same as taking the Radon transform of the 3D voxelized matrix, with the appropriate values
Nvoxel = C ×
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assigned to the voxels. This statement is proven in Figure 4.3 for a use case, where Poisson noise
is added to the Radon transform generated projections to account for the Signal to Noise Ratio
(SNR) of the neutron image. For the analysis part, two different models are used. The first
one is a generic parcel made up of several objects: a mock-up boat, a small bus model, a spring
and a box. The boat is built of tungsten, the bus is made of cast steel, the spring of mild steel
and the box of common wood. To assess the spatial resolution of the reconstruction routine, the
previously designed phantom is also voxelized and simulated. The two models are then projected
as explained above, and windowed in consideration of the truncated projection environment, or
in general of the beam size. Figure 4.4 shows the two models.

Figure 4.4: 3D models used to simulate data. On the left: parcel mock-up made up of a boat, a
bus, a spring and a box. The red circle indicates the beam cross-section, hence the actual imaged
region. On the right: 3D model of the purposely designed tomography phantom, for the spatial
resolution analysis.
As a result of this data generation method, it was also possible to arbitrarily set the level
of the Poisson noise. In this way, the speed requirement is further explored, since physically
higher levels of noise are related to shorter acquisition times. If it is possible to achieve good
results with noisier images, the imaging step is the one that benefits in terms of measurement
time. For this reason five different level of noise are proposed to run the analysis. They were
not built in relation to any real parameter, since no information on the particle statistics can be
obtained with this data generation method. On the other hand the noise level can be a posteriori
expressed by a second indicator, the Peak Signal-to-Noise Ratio (PSNR). It is defined as
P SN R = 20 · log10 (M AXI ) − 10 · log10 (M SE)

(4.3)

where M AXI is the maximum possible pixel value of the noiseless image, and M SE is the
mean squared error defined as:
M SE =

m−1 n−1
1 XX
[I(i, j) − K(i, j)]2
mn i=0 j=0

(4.4)

with m the number of pixels in the horizontal direction, n in the vertical direction, I the
noiseless image and K the noisy image. The PSNR is measured in dB (or logarithmic scale).
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The result of the five different level of shot noise on the projections is shown in Figure 4.5, with
the relative PSNR value.

Figure 4.5: From left to right: Different level of Poisson noise are shown for the simulated data.
These levels are represented by the PSNR and serve as a reference for the results analysis
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Results
This chapter focuses on the main results associated with this project. The outcome of this
section is of major importance for the optimal tomography routine to employ in the Dynascan.
The performance of the algorithms will be assessed from different perspectives: quality of the
image (luminance distortion, contrast distortion and brightness), required reconstruction time
and spatial resolution.

5.1

A Qualitative Analysis: Study on the Projection Number and Noise Magnitude

Although an indefinite number of parameters play a role in CT reconstruction, the two principal factors that influence the reconstruction problem are the number of projections and the
level of noise. The detector and, in general, the imaging setup characteristics are at least as
important as the previously mentioned parameters, but we claim that they eventually are responsible for the noise magnitude in the produced image, reducing, in fact, the analysis variables.
The effect of the number of projections on the reconstruction quality has been reported and
studied in literature for discrete tomography [77, 41]. Some studies show how is it possible to
optimize the projections number required for specific cases [67], and even a rule-of-thumb formula
is often proposed for a full circular orbit acquisition [89]:
Nproj ≥ 2π/ arctan (2lvox /FOV) ,

(5.1)

where Nproj is the number of projections required, lvox is size of the voxels (assuming that the
voxel size is equal to the minimum spatial resolution) and FOV the size of the square flat detector.
Because the goal of these studies was mostly to obtain a mathematically correct reconstruction,
and because they are case-limited, for this project their considerations do not hold true. The
maximum number of projections here is chosen to be 360: this number is picked with regards
to the reconstruction speed requirement, since an excessive number of projections would affect
the acquisition time. The projections number is then reduced by half at each step, until a
minimum of 23 projections is reached. The data generation method employed allows to compare
the reconstructed object with the ideal model. Because a comparison between two 3D models
would give poor insights on the internal structure, the comparison is made between the same
slice of the ideal and reconstructed object. The slice that was chosen possesses many features,
such that the differences between the proposed algorithm reconstruction stand out more clearly.
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Figure 5.1: The table shows the reconstruction of the parcel model through the implemented
algorithms, as a function of the projections number. On the right is shown a slice of the ideal
model for comparison.
No noise is added to the generated projections, such that the projections number is the only
variable that influences the algorithms performance. A table with the resulting reconstructed
object for each algorithm is shown in Figure 5.1
In Figure 5.1, and in all the figures where the outcome of the tomography process is shown,
the Region Of Interest (ROI) is the area inside the artificial circle visible in most of the reconstructions. This area, that takes this shape because of the circular trajectory of the scanning
system, is dictated by the voxels size and the number, fixed before the reconstruction process in
the TIGRE environment. Everything outside of the circle can be cropped out of the image.
At first sight, we can give few considerations. Below 45 projections, the main features of the boat
are not recognizable, regardless of the algorithm used. The SIRT algorithm seems to produce the
images with the highest contrast and brightness. ATRACT is able to cope with lower number of
projections, while the COM and HLCC algorithms (as both eventually use the FDK method to
reconstruct the object) generate ’view aliasing’ artifacts when the number of projections is too
low. The ’view aliasing’ artifacts are the ray-like structures that pervade the space, typical in
case of undersampling during the back-projection operation [20]. A further consideration can be
made on the FOV extension. Among all the algorithms, the COM algorithm shows the largest
FOV reconstruction, even extending it over the ROI circle. This characteristic may be beneficial,
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Figure 5.2: The table shows the reconstruction of the parcel model through the implemented
algorithms, as a function of the level of noise. The numbers refer to PSNR as shown in figure
4.5. On the right is shown a slice of the ideal model for comparison.
given the narrowness of the neutron beam.
In the same way as in the number of projections study, an analysis has been carried out to assess
the effect of the statistical noise on the algorithms’ performance. The levels of noise, which are
directly related to the acquisition time once the flux is fixed, are expressed in terms of PSNR
as mentioned in the previous chapter. For the noise level analysis the number of projections is
fixed to 90. A second table has been produced, and it is shown in Figure 5.2.
Once again, SIRT gives the best results in terms of contrast for each PSNR. The two algorithms that make straightforward use of the FDK algorithm, COM and HLCC, both fail to
reproduce a distinguishable object. The CGLS, instead, regularly produces rectangular artifacts
when the noise level is over a certain threshold. ATRACT seems also to be robust to the increasing noise level, except when the PSNR reaches 25 dB which (in the same way of the 40 dB
noise COM reconstruction), most likely, results from a statistically random error in the process.

5.2

Quantitative Evaluation: Quality Indices

Even though a clear visual inspection of the CT outcome for each algorithm is a valid tool
to assess their performance, quantitative measures of the image quality have been introduced
in literature. All of these parameters require a comparison with the ideal object. The data
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generation method introduced in the previous chapter makes this possible. The slices compared
are the one in Figures 5.1 and 5.2. Because the considerations for the three introduced indices
are similar, the graphs will be presented together
The first quantitative measure used is the Root Mean Square Error (RMSE), which is defined as
v
uN
uX
2
(x̂n − xn )
(5.2)
RM SE = t
n=1

where N is the number of pixels, x̂n the value x at pixel n for the ideal slice and xn for the
reconstructed one. Since the RMSE value is not normalized, it can take any positive value. The
second parameter is the Pearson Correlation Coefficient (CC) [64]. This coefficient is a measure
of the linear correlation between two sets of data, and it is defined as

PN
¯
n=1 x̂n − x̂ (xn − x̄)
(5.3)
rx̂x = qP
 q
N
¯ 2 PN (xn − x̄)2
n=1 x̂n − x̂
n=1
¯ and x̄ are the mean value of the ideal and reconstructed image respectively. Using
where x̂
the definitions of covariance, cov, and standard deviation, σ, we can also write it as
rx̂x =

cov(X̂, X)
σX̂ σX

(5.4)

Values of the correlation coefficient can range from –1 to +1. A value of –1 indicates perfect
negative correlation, while a value of +1 indicates perfect positive correlation. A value of 0
indicates no correlation between the columns. The last index employed in this quantitative
study is the Universal image Quality Index (UQI) [80]. The UQI is designed by modeling any
image distortion as a combination of three factors: loss of correlation, luminance distortion, and
contrast distortion, which in formula translates to
Q=

(σx̂2

¯
4σx̂x x̂x̄


¯
+
(x̂)2 + (x̄)2
σx2 )

(5.5)

or, to better show the three factors
Q=

¯
σx̂x
2x̂x̄
2σx̂ σx
· ¯2
· 2
2
σx̂ σx (x̂) + (x̄) σx̂ + σx2

(5.6)

The dynamic range of Q is also [-1,1], where 1 is reached when the two images are the same,
and -1 when one is the negative of the other. Figure 5.3 show the values of the RMSE, the CC
and UQI for each algorithm as a function of the projection number and noise level.
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The RMSE is a parameter that increases when the difference between the two images also
increases, while the CC and UQI decreases as the difference between the two images becomes
more evident. All in all the trends are in accordance with the expectations: the CC and the
UQI decrease when we reduce the projections number or increase the noise, while the RMSE
behaves the other way around. Between 90, 180 and 360 there is little to no difference in the
reconstructed object. For some specific cases the three indices assume unexpected values. The
qualitative table produced in the previous section should serve as a guide for a correct analysis.
For example, the increasing value of the RMSE together with the projection number for most of
the algorithms in the range 90 to 360 is probably due to the insignificant differences among the
produced images. Moreover, no meaning can be assigned to the sudden rise of the RMSE for
SIRT from 45 to 23 projections.
As expected from the qualitative analysis, SIRT is the algorithm that performs better in each
situation. COM and HLCC perform very similarly, while the CGLS algorithm is a slightly better,
almost matching the SIRT algorithm in terms of CC. There are, instead, some discrepancies
between the indices value for the ATRACT algorithm. ATRACT seems to be the one that
performs the worst as far as CC and UQI, but it’s the second best in terms of RMSE. Moreover,
the extremely low values of these indices for ATRACT do not match the actual quality of the
images if we only rely on the qualitative assessment.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.3: A quantitative analysis of the CT outcome as a function of the number of projections
and PSNR. (a) RMSE as a function of the projections number for the 5 analyzed algorithms.
(b) RMSE as a function of the PSNR. (c) CC as a function of the projections number for the 5
analyzed algorithms. (d) CC as a function of the PSNR. (e) UQI as a function of the projections
number for the 5 analyzed algorithms. (f) UQI as a function of the PSNR
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5.3

Considerations on Shape Recognition

In the quantitative evaluation of the results in Figure 5.2 it appeared that the ATRACT algorithm
performed the worst by far for all the indices, except for the RMSE. This conclusion does not
match with the preliminary visual analysis. The projections fed to the ATRACT algorithm are,
indeed, filtered. The filtering operations distort the pixel values, making a correlation study with
the original object, in fact, completely irrelevant. For the sole purpose of better assessing the
ATRACT algorithm, a further study is conducted. Because the used beam is narrow, the ability
to recognize the edges and, thus, the shapes is a crucial condition for reconstruction process. For
this reason this Section focuses on how easy it is for the algorithm to detect the edges. Canny
thresholding [31], considering only the lower bound cut-off suppression, is applied to each images.
No constraints are given, such that algorithm can set automatically the threshold level as soon
as it recognizes the edges. The lower the gradient threshold, the easier it becomes to recognize
the edges. The result of Canny thresholding as a function of the projection number for all the
algorithms is shown in Figure 5.4

Figure 5.4: Minimum cut-off suppression of gradient magnitudes for each one of the proposed
algorithms, as a function of the projection number and noise level
Whenever the structural information is obtained, the image showing the edge is also analyzed.
Using 23 projections or with a PSNR of 25 dB, the edges recognized are not only the ones
of the boat, but also the edges of the artifacts generated by the reconstruction. This means
that the threshold values for the lowest projection number and highest noise are meaningless.
Although the threshold value does not drop when the number of projections decreases, or the
noise magnitude increases, as one may expect, the graphs show how ATRACT is the best in
terms of edges recognition.

5.4

Algorithms Computational Speed

Even though the graphs produced in the previous section give useful insights on the reconstruction
performance, it is not possible to draw up a ranking solely based on them. The performance of
the CT algorithms has also been assessed in terms of required computation time. As one may
expect, the computation time depends only on the projection number, once the size of the pixels
and of the image is fixed.
SIRT, CGLS and ATRACT need less than one minute to reconstruct the object for all the tested
number of projections, with the latter being the fastest. The total computation time for these
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three algorithm is shown in Figure 5.5

Figure 5.5: Computation Time as a function of the number of projections for the SIRT, CGLS
and ATRACT algorithms.
The COM algorithm deserves a separate analysis. For this algorithm we can separate the
steps explained in the implementation chapter (see Chapter 3.2). The first ellipse fitting stage
can be performed in between each projection acquisition. This means that if the projection
acquisition time is greater than the required time for this step, the actual reconstruction time is
limited to the second and third implementation steps. Otherwise the reconstruction time is the
time ranging from the end of the acquisition time to final result, since the first part of the fitting
operation can still be performed simultaneously. In the fortunate case where each neutron image
can be produced in 10 seconds, the acquisition time always exceeds the first fitting operation
time, as shown in Figure 5.6.
The HLCC algorithm performs the worst in terms of computation time. The required time for
this algorithm is dictated by the size of the space we want to look for the optimal ellipse during
the Differential Evolution (DE) process. It does not depend on the number of projections (since
the size of the sinogram does not influence the ellipse generation or the edge detection stage),
but rather from the a priori choice of the maximum number of iteration or the maximum time
per iteration. To search for a global minimum among all the candidates, the DE is estimated
to require between 76 and 100 seconds for the Dynascan detector FOV. The number of slices is
equal to the number of pixels in the vertical direction, which is Height/P ixelSize = 50/0.7 = 72.
The DE optimization is performed for each slice, hence the required time for the HLCC is
72 ∗ 60 = 4320s, which corresponds to approximately 1 hour and a 10 minutes. This time is not
acceptable, given the maximum required time of ∼ 5 min
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Figure 5.6: Computation time as a function of the number of projections for COM algorithms.
The acquisition time is always greater than the first fitting operation, and the required time for
the reconstruction is only the area marked in yellow.

5.5

Spatial Resolution Analysis

The phantom model has been used to assess the spatial resolution of the reconstructed objects.
The phantom has different features in terms of size and shape that help this type of analysis.
The same qualitative tables produced at the beginning of this chapter are shown here for the
main two different features of the phantom. In this case, the phantom fits completely inside the
beam, which means that we are not in a truncate projections environment, and the HLCC and
COM algorithms were reduced to an FDK reconstruction.
It can be seen from Figure 5.7 that in case of noiseless projections all the algorithms can
reproduce seamlessly all the features down to 90 projections. In case of 45 or 23 projections,
because of the large undersampling problem, the anisotropic features, such as straight lines, are
altered. The ATRACT algorithm is the only one that cannot recognize the smallest features,
blurring them out. In this unrealistic case of perfect projections, the FDK algorithm is the one
that behaves better. On the other hand, if we move to the noise analysis, the FDK algorithm is
the one that performs the worst, not being able to reproduce almost any detail when the PSNR
is 25 dB. Moreover, the ATRACT algorithm seems to be the most robust to noise. It is indeed
the worst at 45 dB, however, when PSNR drops to 25 dB, it is the only one that can reproduce
the smallest features (both the circle and rectangle).
In order to support these conclusions further plots are produced. Figure 5.8 shows the central
line value of the pixels for the two cases of 23 projections and PSNR of 25 dB.
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Figure 5.7: Spatial resolution study on the phantom reconstruction for the four reconstruction
methods. Two different slices, showing different features, are shown as a function of the number
of projections and levels of noise. The levels of noise are numbered as previously explained in
Figure 4.5
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(a)

(b)

(c)

Figure 5.8: (a) Ideal slice of the phantom with the rectangular features. The red areas are
where the value of the pixels are calculated. (b) Pixel value along the central line for the 4
reconstruction methods in the case of 25 dB of PSNR and the same (c) in case of 23 projections.
The two plots above confirm the previous findings. ATRACT is the only algorithm able to
recognize the smallest features (1 mm) in case of a PSNR of 25 dB. It is possible also to notice a
slight shift due to the errors introduced in the reconstruction. When the projections number is
low the FDK algorithm is the one that behaves better, as also visible in the qualitative graphs
in Figure 5.7. The peak height is related to the contrast of the image, and not to the spatial
resolution. SIRT shows the highest peak difference, which confirms its superiority in terms of
contrast. In Appendix B are presented the plots for all the mentioned cases, which ones again
support the findings in this Section
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Chapter 6

Discussion
This chapter mainly deals with the major issues of the reconstruction process and wraps up on
the highlights of the results discussed in the previous one. The comparison of the results on
the presented aspects eventually leads to an answer for the research questions. Next, details
on which direction to take in order to further carry on the project are finally given. Finally, a
small section on the relation between this project and tomography in the Nuclear Fusion field
is presented, such that the thesis is justified as a project also for the Science and Technology of
Nuclear Fusion department.

6.1

Implementation Issues: ATRACT and HLCC

The SIRT and CGLS algorithms were already implemented and tested before the beginning of
this project [15]. This section focuses on the issues encountered in the implementation of the
two algorithms: ATRACT and HLCC.
It appears that the last filtering step of the ATRACT algorithm is not the same as proposed in
Ref. [30]. The two 2D Radon filter kernel differ in shape, as shown in Figure 6.1.

(a)

(b)

Figure 6.1: (a) The h2D filter kernel from the implemented ATRACT algorithm and (b) according
to literature
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The issue is inherent in the default MATLAB radon transform function, which is difficult to
modify. The effect of this issue on the reconstruction process is still unclear, nevertheless, this
issue cannot be neglected and must be further analysed.
As far as the HLCC algorithm is concerned, the issue lies in the edge detection algorithm. When
the projections number is too low or, to a lesser degree, when the projections are too noisy, the
resulting sinogram Fourier transform does not show the peculiar double-wedge shape. When the
double-wedge is not sharp enough, the Canny algorithm for the edges recognition fails, and the
HLCC simply becomes the FDK reconstruction. Figure 6.2 shows the sinogram and its 2D FFT
in case of 45 projections and a PSNR of 45 dB.

(a)

(b)

Figure 6.2: (a) Bad sinogram, resulting from 45 projections and 45 dB PSNR of the parcel used
for the analysis. (b) The 2D Fourier transform of (a), where the double-wedge region is almost
non-existent

6.2

Choice of the CT Routine

Considering the algorithm performance and the results of the quantitative study, a possible
tomography routine that fulfills all the requirements is proposed. This is intended, in view of
this report analysis, as one of the possible reconstruction processes and not the optimal. Not
all the current state of the art algorithms were investigated, no post-processing operations were
examined and, finally, no experimental data were analyzed in order to validate the results.
The HLCC and COM algorithms are ruled out already for computation time issues. As far as
the CGLS is concerned its performance is overcome by other algorithms from any perspective.
The SIRT and ATRACT algorithms are the two best algorithms among the proposed ones, each
one for different reasons. SIRT has proven to give the best results in terms of contrast and
brightness. On the other hand, ATRACT is more robust to noise, as visible in Figure 5.2 (apart
from 25 dB which is most likely a singular bug in the reconstruction), and more suitable for
shape-recognition. In terms of computation time, they both largely fulfill the requirement.
Two important considerations that guide the CT routine choice are the number of projections and
the noise magnitude. Both of these parameters directly influence the acquisition time and, thus,
the total required time. For the two leading candidates, no major differences are observable over
90 projections and for images with more than 35 dB of PSNR. Moreover, for both the algorithms,
the reconstructed object seems still recognizable when the PSNR drops to 30 dB and with 45
projections.
Without any elaboration of the final image, a parametric study was conducted. The parametric
study serves two purposes: to calculate the minimum number of projections and the highest level
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of noise to still obtain a recognizable reconstructed object (henceforth referred as “minimum”
case), and to calculate the same two parameters in the requirements boundary case (henceforth
referred as “best” case). The used generic parcel 3D model is rather a specific situation, and the
result of this parametric study is only an indication, more than a constraint.
Exploiting the strengths of the two algorithms, the reconstruction is performed with an high
noise level and high projections number for ATRACT, and with a lower PSNR but also lower
projections number for SIRT. For the minimum case, ATRACT reconstructed the object with
60 projections and a PSNR of 28 dB, while SIRT used 40 projections and a PSNR of 35 dB.
For the best case, ATRACT reconstructed the object with 90 projections and a PSNR of 30 dB,
while SIRT used 72 projections and a PSNR of 38 dB. Figure 6.3 and 6.4 show the final outcome
of the CT routine in these two cases.

(a)

(b)

Figure 6.3: On the left: Slice of the original parcel image by the narrow neutron beam. (a) The
same slice reconstructed respectively through SIRT and (b) ATRACT algorithm in the minimum
case, respectively with 40 and 60 projections and a PSNR of 35 dB and 28 dB. The image ROI
has been isolated in order to have a better comparison.

(a)

(b)

Figure 6.4: On the left: Slice of the original parcel image by the narrow neutron beam. (a) The
same slice reconstructed respectively through SIRT and (b) ATRACT algorithm in the best case,
respectively with 72 and 90 projections and a PSNR of 38 dB and 30 dB. The image ROI has
been isolated in order to have a better comparison.
Considering that the 2 × 107 neutrons simulated image in Figure 4.3 has a PSNR of 45 dB,
and assuming that the acquisition time scales exponentially with the PSNR, the acquisition
time per projection would be reduced considerably in all of the presented CT routines. This
means that the total acquisition time in the slowest scenario (the best case for SIRT) is ∼
6, 7[s] × 72 projections ≈ 8 min and 24 s. The reconstruction time is instead 9 seconds.
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This choice of parameters is a sweet spot that minimize the acquisition time, keeping a good
image quality. The projection number and the acquisition time can obviously increase or decrease
depending on the total time available for the process. Moreover, the boat is simulated as if it
is made of tungsten, which has a very high reaction cross-section with fast neutrons. Different
materials may result in darker images or in loss of contrast, which would alter the process
outcome.

6.3

Future Work

At the end of this report, some suggestions on how to proceed with the work are given. The
steps are given in order of relevance and importance.
1. The results must be validated with experimental data. This study is deeply based on the
likely Dynascan setup, and already cover most of the characteristics to successfully perform
the experiments.
2. Many algorithms were not included in this report analysis for conciseness and time constraints. The study does not lose of generality, since the algorithms’ families list considered
is, indeed, exhaustive. Nevertheless, the family of iterative algorithms , for example, is very
broad. Other algorithms that were shown to perform equally or better than SIRT, should
be taken into consideration [52, 16, 83, 58]. Even for the SIRT algorithm not all the possible
parameters study have been conducted.
3. Artificial Intelligence (AI) is an emerging technique in CT image reconstruction that is
being developed with the goal of further dose reduction (which means lower acquisition
time in our case) through improved image quality [88]. State-of-the-art AI techniques show
promising results and should be taken into consideration, especially in sight of the already
extensive use of Machine Learning (ML) in the Dynascan gamma spectra recognition.
4. Post-processing is a fundamental step in obtaining clear images from CT reconstructions.
The literature on this topic is broad and varied. Methods to alleviate “view aliasing”
artifacts are very popular [35] for backprojection based algorithms. Moreover, ring artifact
reduction algorithms are heavily employed in the most common CT reconstruction routines
[18]. Image enhancement is instead a valid technique for any reconstruction method [11, 48].

6.4

Tomography as a Diagnosing Tool in Nuclear Fusion

This project was initially meant to be a valid study in the field of Nuclear Fusion because of
the similarities in the neutron production processes. The D-D reaction explained in Section 4.1
is, indeed, one of the possible reaction that fuels a nuclear power plant. Conversely, at the end
of this project, the Neutron CT knowledge developed through this study can be useful in the
case of Nuclear Fusion. Plasma tomography has been applied on several different diagnostic
systems. It is rather widespread with Soft X-ray (SXR) diagnostics [9], by means of bolometers
[33], but it is also performed for the emissivity profile through neutrons [19]. In terms of the
tomography problem to be solved, a Tokamak (i.e. toroidal magnetic confinement fusion reactor)
differs from what is presented in this report. While the number of the measured line integrated
projections is rather high (for JET, the number of detectors is 100 [36]) and the interior problem
is not relevant since most of the projections are complete, the actual coverage in the projection
space is rather sparse. This means that any semi-analytic solution of the tomography inverse
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problem, namely any back-projection related algorithm, would encounter diverse difficulties. For
this reason the problem is solved with regularization methods, such as the iterative SIRT and
CGLS proposed in this thesis. The Minimum Fisher Regularisation (MFR) presents the most
widespread method of tomography in current Tokamak research, for which a deeper explanation
is made in Ref. [57]. Nevertheless other methods can and should be further investigated, such as
the SIRT algorithm or other different regularization methods, such as the MART (Multiplicative
Algebraic Reconstruction Techniques correction) or SMART (Simultaneous MART) proposed
in the previous section [60]. A deeper study of the mentioned algorithms would definitely be
profitable for Nuclear Fusion. Furthermore, recent studies have shown how Machine Learning
could affect and improve the reconstruction problem [34]. Since this is also one of the follow-up
project that must be investigated for the Dynascan, further contribution to nuclear fusion are
expected.
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Chapter 7

Conclusion
A study on the possible design of a reliable Neutron Computed Tomography routine for the
Dynascan has been conducted in this study. Different algorithms, namely, ATRACT, COM,
HLCC, SIRT and CGLS, have been implemented and improved in the MATLAB TIGRE toolbox, in order to deal with this project specific case. The algorithms had to work in a highly
truncated projections environment due to the narrow neutron beam. The request for a fast reconstruction also requires that the algorithm can successfully cope with the limited angle problem.
The algorithms have been tested and studied in terms of image quality, computation time and
spatial resolution.
The HLCC algorithm has been shown not to be suitable for this project in terms of both computation time and image quality. The COM method is able to fulfill the project requirements and,
among all the proposed algorithms, it is able to reproduce the largest Region Of Interest. Unfortunately, it is not robust to noise, which greatly affects the results. The CGLS also meets the
requirements in terms of computation time, and behaves sufficiently good in a truncated projections environment, although it introduces artifacts in harsh conditions, namely, low projections
number and large shot noise. The two last mentioned reconstruction methods underperform with
respect to the other implemented algorithms. Eventually the SIRT and ATRACT algorithms
have proven to be superior to the other candidates in every aspect, but each one stands out for
different reasons. SIRT tomography outcome has proven to be more accurate in reproducing the
original object, and provides a better contrast and luminance. ATRACT, instead, is a faster
reconstruction method and performs very well in terms of spatial resolution, on top of being very
robust to noise. With less than 60 projections and an acquisition time lower than 5 seconds per
projection, the reconstructed object is qualitatively correct. The reconstruction process never
takes more than 10 seconds. The study leads to a satisfying answer to the research question, and
even leaves room for future improvement.
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