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Single-server queue with Markov dependent
inter-arrival and service times
LJ.B.F. Adan* and V.G. Kulkarni t
December 9, 2002

Abstract
In this paper we study a single-server queue where the inter-arrival times and
the service times depend on a common discrete time Markov Chain. This model
generalizes the well-known M APIGII queue by allowing dependencies between interarrival and service times. The waiting time process is directly analyzed by solving
Lindley's equation by transform methods. The Laplace Stieltjes transforms (LST)
of the steady-state waiting time and queue length distribution are both derived, and
used to obtain recursive equations for the calculation of the moments. Numerical
examples are included to demonstrate the effect of the auto-correlation of and the
cross-correlation between the inter-arrival and service times.

1

Introduction

In the literature much attention has been devoted to single-server queues with Markovian
Arrival Processes (MAP), see, e.g., [7] and the references therein. These models typically
assume that the service times are iid and independent of the arrival process. The present
study concerns single-server queues where the inter-arrival times and the service times depend on a common discrete time Markov Chain. As such the model under consideration
is a generalization of the MAP/G/1 queue.
A special case is the model with strictly periodic arrivals. These models arise, for example, in the modelling of inventory systems using periodic ordering policies. Queueing
models with periodic arrival processes have been studied in, e.g., [10, 11, 6, 3].
Models with dependencies between inter-arrival and service time have been studied by
several authors. The model in [2] can be interpreted as a queueing model with dependence
*Department of Mathematics and Computer Science, Eindhoven University of Technology, P.O. Box
513,5600 MB Eindhoven, The Netherlands
tDepartment of Operations Research, University of North Carolina, CB 3180, Chapel Hill, N.C. 27599
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between a service request and the subsequent inter-arrival time. In [1] the authors analyse
a variant of the MIGl1 queue in which the service times of arriving customers depend on
the length of the interval between their arrival and the previous arrival.
Starting point of the analysis is Lindley's equation for the waiting times. We solve this
equation using the transform techniques and derive the LST of the steady-state waiting
time distribution. By exploiting a well-known relation between the waiting time of a customer and the number of customers left behind by a departing customer we find the LST
of the queue length distribution at departure epochs and at arbitrary time points. The
LST's are then used to derive simple recursive equations for the moments of the waiting
time and queue length.
The paper is organized as follows. In Section 2 we present the queueing model under
consideration. The waiting time process is analyzed in Section 3. We first derive the LST
of the steady-state waiting time distribution in subsection 3.1. This transform is used in
subsection 3.2 to obtain a system of recursive equations for the moments of the waiting
time. In the subsequent section we study the queue length process. Numerical examples
are presented in Section 5.

2

Queueing model

We consider a single-server queue, where customers are served in order of arrival. Let
An, n 2 1, denote the time between the nth and (n - l)th arrival, and Sn, n 2 0, the
service time of the nth arrival. We assume that the sequences {An, n 2 I} and {Sn, n 2 O}
are auto-correlated as well as cross-correlated. The nature of this dependence is described
below.
The inter-arrival and service times are regulated by an irreducible discrete-time Markov
chain {Zn, n 2 O} with state space {I, 2, ... , N} and transition probability matrix P.
More precisely, the tri-variate process {(An, Sn, Zn), n 2 O} has the following probabilistic
structure:

P(A n+! :S x, Sn :S Y, Zn+l = j I Zn = i, An, (A r , Sr, Zr), 0 :S r :S n - 1)
= P(A I :S X, So :S Y, Zl = j I Zo = i)
= G i (Y)Pi,j(l - e- AjX ),
x, Y 2 0; i, j = 1,2, ... ,N. Thus random variable An+! has an exponential distribution and
Sn has an arbitrary distribution, where both are independent of the past, given Zn.
Let

Ti

be the mean of the service time distribution Gi , and

2

1f

=

[1fl' 1f2,"', 1fN]

be the

stationary distribution of {Zn, n 2: O}. Then the system is stable if
N

N

i=1

i=1

L 7fiTi < L 7fi-\-I,
since the left-hand side is the mean service time of a customer, and the right-hand side
is the mean inter-arrival time between two consecutive customers in steady state. Let
r = diag( Tl' ... ,TN), A = diag(Al,' .. ,AN), and e be the column vector of ones. Then we
can write the above stability condition in a matrix form as follows:
7f(A -1 -

r)e > O.

(1)

Remark 2.1 The arrival process is a Markovian Arrival Process (MAP) (see [8]), where
each transition of Z corresponds to an arrival. But transitions without arrivals can be
mimicked be allowing customers with zero service times. If the distribution of Sn does not
depend on Zn, i.e., G i (·) = G(·) for all i, then the model reduces to the MAP/G/1 queue,
which is a special case of the BA1AP/G/1 queue (see [7]).
Remark 2.2 Periodic arrivals can be derived as a special case of the present model by
setting Pi,i+! = PN,1 = 1 for i = 1,2, ... , N - 1. The waiting time process for the periodic
model has also been studied in [3], where functional equations for the stationary distributions of waiting times are derived. These equations formulate a Hilbert Boundary Value
problem, which can be solved if the LST's of all the interarrival time distributions or the
LST's of all the service time distributions are rational.
Remark 2.3 In steady-state the cross-correlation between An and Sn is given by

3

The waiting time process

In this section we study the LST of the limiting distribution of the waiting time, and its
moments.

3.1

Steady state LST

Let Wn denote the waiting time of the nth customer. Using the notation E(X; A) to mean
E(X· 1A ) for any event A, define

Re(s) 2: O,n 2: O,i = 1,2, ... ,N.
3

and, assuming the limit exists, define

¢i(S) = n->oo
lim ¢~(s), i = 1,2, ... , N.
The next theorem gives the equations satisfied by the transforms

¢(s) = [¢l(S), ¢2(S), "', ¢N(S)].
First we need the following notation:

10

Gi(s)
G(s) Hi,j(s)
H(s)

00

1 :S i :S N,

e-stdGi(t),

diag(G1(s), G2(s), "', GN(s)),
Gi(S)pi,jAj,
1 :S i,j :S N,

[Hi,j(s)] = G(s )PA.

(2)

Theorem 3.1 Provided condition (1) is satisfied, the transform vector ¢( s) satisfies

¢(s)[H(s)

+ s1- A]
¢(O)e =

where v

= [Vl'

SV,
1,

(3)
(4)

V2, "', VN] is given by
N

Vj =

I: ¢iP.'j)Gi(Aj)Pi,j.
i=l

Proof: Let Tn denote the sojourn time of the nth customer, i.e., Tn = W n + Sn, n 2: O.
The waiting times l{ln satisfy Lindley's equation (see [5]),
W n+1 = (Wn + Sn - A n+1 )+ = (Tn - An+d+,

n 2: 0,

where (x)+ = max{x,O}. From Lindley's equation we obtain the following equation for
the transforms ¢j+l(S), j = 1, ... , N,

E(e- SWn +1 ; Zn+l

¢j+l(S)

= j)

N

I: P(Zn = i)E(e- sWn+

1

;

Zn+l = jlZn = i)

i=l
N

- I: P(Zn = i)pi,jE(e-s(Tn-An+l)+ IZn = i, Zn+l = j)
i=l

-

~ P(Zn = i)PiJ

[E(1:: e-,(T.-x) Aje-AjXdxlZn = i)

+E(

roo

lX=Tn

I:N P(Zn = i)pi,jE(e- STn
i=l

-

tpi,j [A
t=l

Aje-AjXdxlZn =
A.
J

Aj - s

.A~ s ¢~(S)Gi(S) -

J

4

A'
J

i)]

(1 - e-(Aj-s)Tn) + e- AjTn IZn = i)

~ s ¢~(Aj)Gi(Aj)] ,

(5)

It is clear that ¢j(s) tends to ¢i(S) if the stability condition (1) is satisfied. Hence, letting
n ---t 00 in (5), and rearranging, we get
N

N

LPi,jAj¢i(S)Gi(s) - (Aj - s)¢j(s) = SLPi,j¢i(Aj)Gi(Aj),
i=1

j

= 1, ... ,N.

(6)

i=1

Note that the sum on the right-hand side of the above equation is denoted by Vj. Then
we can rewrite (6) in matrix form yielding (3). Equation (4) is just the normalization
equation. This completes the proof.
Clearly, we need to determine the unknown vector v in equation (3). For that we need
to study the solutions of
(7)
det(H(s) + s1 - A) = O.
The following theorem gives the number and placement of the solutions to the above equation.

Theorem 3.2 Equation (7) has exactly N solutions Si, 1 < z < N, with SI
Re(si) > 0 for 2 :::; i :::; N.

o and

Proof: See Appendix.
With the above result we now give a method of determining the vector v in the following theorem.

Theorem 3.3 Suppose the condition of stability (1) is satisfied, and the N - 1 solutions
Si, 2 :::; i :::; N with Re(si) > 0 to equation (3) are distinct. Let ai be a non-zero column
vector satisfying
(H(Si) + sJ - A)ai = 0, 2:::; i :::; N.

Then v is given by the unique solution to the following N linear equations:
vai = 0,

vA -Ie = 7T(A -1

Proof: Since
such that

Si

(8)

2:::; i :::; N,
-

r)e.

(9)

satisfies equation (7), it follows that there is a non-zero column vector ai
i = 1,2, ... , N.

In particular al = e, the column vector of ones. Post-multiplying equation (3) with S = Si
by ai, we get
i
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= 1,2, ... , N.

Since Si =I 0, for 2 :::; i :::; N, v must satisfy equation (8). To derive the remaining equation,
we take the derivative of equation (3) with respect to s, yielding

<jJ(s) [H'(s)

+ f] + <jJ'(s) (H(s) + sf - A) = v.

Setting s = 0 we get

<jJ(O)(H'(O)
Post-multiplying by A-Ie gives
¢(O)(H'(O)

+ I) + <jJ'(O)(P -

+ I)A-Ie + ¢'(O)(P -

I)A

= v.

I)AA-Ie

= bA -Ie.

Using (P - I)e = 0, H'(O) = -diag( 7)PA and <jJ(0) = 'Tr (where the latter follows from (3)
with s = 0 and the normalization equation (4)), the above can be simplified to

7l'(A -1

-

f)e = vA -Ie.

The uniqueness of the solution follows from the general theory of Markov chains that under
the condition of stability, there is a unique stationary distribution and thus also a unique
solution ¢(s) to the equations (3) and (4). This completes the proof.

3.2

Steady state moments

Once v is known, the entire transform vector ¢( s) is known. We can use it to compute
the moments of the waiting time in steady state. They are given in the following theorem.
First some notation:
lim E(W~; Zn

mr,i

n-oo

mr

Note that 71 ,i

r

= 0,1,2, ... ,

[mr,l' m r,2, "', mr,N],
00

7r,i -

10

f

diag[7r ,1'

r

= i),

x r dGi(x),

= 7i and f l = f.

r

r = 0,1,2, ... ,

= 0,1,2, ... ,

7 r ,2, " ' , 7 r ,N],

1 :::; i :::; N,

1 :::; i :::; N,

r = 0,1,2, ...

We assume that the above moments exist.

Theorem 3.4 The moment-vectors m r satisfy the following recursive equations.'

mo
ml(I - P)
ml(A-l-fde -

mr(I - P)
mr(A -Ie - fIe)

(10)

'Tr,

mo(flP - A-I)
1
2mof2e,

+ VA-I,

rmr-l(fIP - A-I)

E

(12)

+

t (~)mr-kfkP'

(13)

k=2

1 [r+l (r + 1)
]
r+1
k
mr+l-kfk e .
6

(11)

(14)

Proof: We have

¢(s)
O(s)
From equation (2) it follows that

Substituting in equation (3) we get

Equating the coefficients of

SO

we get:

mo(foPA - A)
Since fa

= I,

= O.

and A is invertible this simplifies to

mo(I - P) =

o.

We also know that moe = 1. But these equations have a unique solution 71", and hence
we get equation (10). Next, equating the coefficients of SI and simplifying, we get (11).
Multiplying this equation by e yields equation (9). Now (I - P) is non-invertible with rank
N - 1, hence we need an additional equation. We get that by equating the coefficients of
s2, which, after simplification, yields

Multiplying bye, we get equation (12). This gives the required additional equation for
mI' Equations (11) and (12) uniquely determine mI. Note that mI depends in f 2 , the
diagonal matrix of second moments of the service times, as expected. Proceeding in this
fashion, equating coefficients of sr, r 2:: 2, we get equation (13). Using the same equation
for r + 1 and multiplying it by e yields equation (14). Equations (13) and (14) uniquely
determine m r . This completes the proof.

Remark 3.5 It is not essential to assume the existence of all the moments of all the service
times. If k + 1 is the first integer for which at least one entry of Gk becomes infinite, the
above equations can still be used to determine m r for 0 ~ r ~ k - 1.
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4

Queue Length Distribution

Now we will analyze the queue length distribution in the queueing system described in
Section 2.

4.1

Steady state LST

In this subsection we study the LST of the queue length distribution at departures and
at arbitrary times in steady state. Toward this end, first define N(t) to be the number of
arrivals up to time t, with N(O) = 0, and the continuous time Markov chain {Z(t), t 2: O}
to be
t 2: o.
Z(t) = ZN(t)+l'
We are interested in
'ljJi,j(Z, t) = E(zN(t); Z(t) = j

I Z(O)

= i),

t 2: 0, 1 :::; i, j :::; N.

Let
'ljJ(z, t)

= ['ljJi,j(Z, t)]

be the matrix of the generating functions. The following theorem gives a method of computing 'ljJ(z, t). First we need some notation. Let -J1.i(Z), 1 :::; i :::; N, be the N eigenvalues
of APz - A, assumed to be distinct, and let Yi(Z) and Xi(Z) be the orthonormal left and
right eigenvectors corresponding to - J1.i (z). The matrices Ai (z) are defined as

1:::; i:::; N.
Then we have the following theorem.

Theorem 4.1 The generating function matrix 'ljJ(z, t) is given by
N

= e(APz-A)t = L e-J1.i(Z)t Ai(z).

'ljJ(z, t)

i=l

Proof: It is easy to show that 'ljJ satisfies the following differential equation (cf. Section
2.1 in [7]):

a

at 'ljJ(z, t)

with the initial condition 'ljJ(z, 0)

= (APz -

A)'ljJ(z, t),

t 2: 0,

(15)

= I. Hence the solution is given by
'ljJ(z, t) = e(APz-A)t.

This proves the first equality. The second one holds, since we can write (see, e.g., [13])
N

(APz -

At == L( -j.ti(Z)t Ai(z).
i=l
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Using the above theorem we first derive the generating function of the queue length
seen by departures in steady state. Let the random variable L d denote the queue length
and Zd the state of {Z(t), t 2: O} seen by a departure in steady state. We use the following
notation:

gj(Z)
g(z)
()..(z)
X,}
8(z)

E(ZL ; Zd = j),
1 ~ j ~ N,
(g1(Z), ... , gN(Z)),
<Pi (z)Gi(Z)pi,j,
1 ~ i, j, k ~ N,
[(}i,j(Z)],
d

The result is given in the next theorem:

Theorem 4.2 The generating function g(z) is given by
N

g(z)

=L

e'8(J.Li(Z) )Ai (z).

(16)

i=1

Proof: Suppose that the process {(An, Sn, Zn, W n), n 2: O} is in steady state. Then the
zeroeth customer finds the system in steady state, and finds Zo = i with probability 1ri.
Given that he finds Zo = i, his service time So has distribution Gi (), and the LST of his
sojourn time To = So+ Wo is given by <Pi(S)Gi(s)j1ri' Upon arrival of the zeroeth customer
the process {Zn, n 2: O} jumps from Zo = i to state Z1 = k with probability Pi,k; hence,
Z(O) = Z1 = k with probability Pi,k' The new customers that arrive during the sojourn
time of this customer are exactly the ones that are left behind by the zeroeth customer, so
their number is equal to L d (d. [4]). Thus, conditional upon Zo = i and To = t, we have
d

E(zL ; Zd

N

= j I Zo = i; To = t) = L

Pi,k7/Jk,j(Z, t)

k=1

Hence we obtain

(17)

9

N

N

N

L L L 8 i ,k(J-Ll(Z))[A1(z)]k,j
1=1 i=1 k=1

N

-

L[e'8(J-Ll (Z) )A1(z)lJ.
1=1

We now connect the queue length as seen by a departure in steady state to the queue
length at an arbitrary time. Let the random variable L denote the queue length at an
arbitrary time, and Z the state of {Z(t), t 2: O} at an arbitrary time. Define

hj(z)
h(z) -

E(zL; Z = j),
1 ::; j ::; N,
(hI (z), ... , hN(z)),
N

A-I -

L 7ri\~-I.
i=1

Note that A is the mean overall arrival rate. The connection between h(z) and g(z) is
formulated in the following theorem (cf. Section 3.3 in [7]):

Theorem 4.3 The generating function h(z) satisfies

h(z)(APz - A) = A(Z - l)g(z).

(18)

Proof: Let L(t) denote the queue length at time t; the process {(L(t), Z(t)), t 2: O} has
state space {( n, i), n 2: 0, i = 1, ... , N}. In steady state the average number of transitions
per unit time out of state (n, i) is equal to the number of transitions into state (n, i); hence

P(L d = n - 1, Zd = i)A

+ P(L =

n, Z = i)Ai

N

= P(L d = n, Zd = i)A + L

P(L

=n-

1, Z

= j)AjPj,i'

j=1

Taking the transforms gives equation (18).

Remark 4.4 The classical approach for M/G/l-type models is to consider the embedded
Markov chain at departure epochs first, and then to determine the waiting time distribution
by using the connection between this distribution and the departure distribution (cf. [7]).
For the present model, the type of customer to be served next does not only depend on the
customer type of the departing customer, but also on the sojourn time of the departing
customer. This feature essentially complicates an embedded Markov chain approach.
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4.2

Steady state moments

The results of the previous subsection can be used to determine the factorial moments of
the queue length distribution. Define
r

= 0,1,2, ... ,1::; i::; N,

r = 0,1,2, ... ,

E(L(L - 1) ... (L - r

+ 1); Z = i),
r

r

= 0,1,2, ... ,

1 ::; i ::; N,

= 0,1,2, ....

The moment vectors dr may be obtained by differentiating (16) and then using the
relation dr = g(r)(l). However, the derivatives of J.Li(Z) and Ai(z) at z = 1 may be hard to
determine. It is easier to proceed as follows. Let

a
r

~?jJ(1,
r

Mr(t) =

uz

t 2: 0.

t),

The moment matrices Mr(t) satisfy the differential equations (see (15)

t 2: 0,

(19)

with the initial condition Mr(O) = I if r = 0, and Mr(O) = 0 if r > 0. Multiplying both
sides of (19) by e(A-AP)t, it is readily seen that these equations can be rewritten as

!!..
dt (e(A-AP)t M r (t))

= re(A-AP)t AP M

r-l

(t) ,

t 2: 0.

Hence,

Mr(t)

= re-(A-AP)t fat e(A-AP)x AP M r - 1(x)dx,

t 2: 0,

(20)

from which it is obvious that Mr(t) can be determined recursively, starting with r = O.
The following lemma gives the solutions for r = and r = 1; the solutions for r > 1 can
be obtained similarly. In the lemma we abbreviated J.Li(l) and A(l) simply by J.Li and Ai'

°

Lemma 4.5 The moment matrices Mo(t) and M1(t) satisfy
N

Mo(t)

L

e-ltitAi ;

i=l

N

LL
k=l

1=1
I#k

e-Itkt _ e-1t1t
J-Lz -

J.Lk

AkAPA z +

N

L te- Itkt AkAPAk·
k=l

11

Proof: The expression for Mo(t) immediately follows from Theorem 4.1. Substituting
N

e±(A-AP)t =

L

e±J.tkt A k

k=1
into (20) for r = 1 and using that A~ = A k and AkAl = 0 if k

MI(t) =

e-(A-AP)t

{f;; t. e(";:~tl'~

=1=

1 A,APA, +

l, yields

f;;

tA'APA'}

l;ik

N

N

LL

k=1

e-J.tlt _ e-J.tkt

1=1
l;ik

/-Lk - /-Ll

N

AkAPA l + L teJ.tk t AkAPA k,
k=1

which completes the proof of the lemma.
Once M r (t) is known, the moment vectors dr follow from (cf. (17))

The results for do and d l are formulated in the following theorem.

Theorem 4.6 The moment vectors do and dl are given by
N

do =

L e'8(/-LdAi ;
i=1

The moment vectors ar can be found by exploiting the relationship formulated in Theorem 4.3.

Theorem 4.7 The moment-vectors ar satisfy the recursive equations:

arA(P - 1) arAe
where a-I

r(>'d r- I - ar-IAP),
>'dre,

= d_ 1 = 0 by convention.
12

(21)

(22)

Proof: We have

(z - 1y

00

g(z)

'L:dr
r=O

h(z) -

I

'

r.
00
(z - ly
'L:ar
, .
r=O
r.

Substituting in equation (18) we get

f:r=O a (z -,r. 1y A(P - I + (z - l)P)
r

= >.(z - 1)

f:r=O d (z -,r. 1y ,
r

which can be rearranged as

~ (ar (

L..J

r=O

)

ar-l
r 1.

,A P - I + ( _ ),AP
r.

Equating the coefficients of (z -

) (

)r

z- 1 =

~

L..J

r=O

>.dr -

(z - 1y
-1)"
r
.

l (

ly gives
(23)

Since P - I is non-invertible with rank N - 1 we need an extra equation. This one is
obtained by post-multiplying (23) with e yielding

This completes the proof of the theorem.

Remark 4.8 For r = 0 the equations (21)-(22) reduce to (note that doe = 1)

aoA(P - 1)
aoAe

0,

>..

Hence, we get

aO = >'7rA- l .
The mean queue length ale can also be obtained by application of Little's law, i.e.,
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5

Numerical Examples

In this section we present some examples to demonstrate the effects of auto-correlation
and cross-correlation of the inter-arrival and service times. In each example we set N = 4
and we assume exponential service times.
Example 1: Positively correlated inter-arrival and service times.
The arrival rates and mean service times are given by

where u is a parameter, greater or equal to O. It is readily verified that the cross-correlation
between the inter-arrival and service time is equal to 1 (see Remark 2.3). We study two
cases. In case (a), the transition probability matrix is set to
0100)
001 0
p=
0 0 0 1 '
(
1 000
So the inter-arrival and service times are auto-correlated. This situation will be compared
with case (b), where P satisfies
.25
P =
.25
.25
(
.25

.25
.25
.25
.25

.25
.25
.25
.25

.25)
.25 .
.25
.25

In this case the successive inter-arrival times and service times are iid, i.e., there is no
auto-correlation. In both cases, the traffic intensity is given by

In Figure 1 we present the mean waiting times as a function of the traffic intensity p.
The results show that there is not much difference between the two cases; in fact, the case
with no auto-correlation performs slightly better.
Example 2: Negatively correlated inter-arrival and service times.
The arrival rates and mean service times are given by

where u ~ O. Now the cross-correlation between the inter-arrival and service time is equal
to -1. We will again evaluate the mean waiting times for the two cases (a) and (b)
as in Example 1, using the transition probability matrices stated there. The results are
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Figure 1: Positive cross-correlation: Mean waiting times as a function of p for the case
with and without auto-correlation.
presented in Figure 2, as a function of the traffic intensity p = .5u. Clearly, in this case,
auto-correlation is able to exploit the big differences between the mean inter-arrival and
service times. The mean waiting times for auto-correlated inter-arrival and service times
are substantially less than the ones for no auto-correlation.

Example 3: Independent inter-arrival and service times.
Now the arrival rates and mean service times are given by

where u

~

O. Again we consider two cases. In case (a), we use

P=

0 .5 0 .5)

.5

0 .5 0
.5 0 .5

.5

0 .5

(o

,

0

so that the inter-arrival times are auto-correlated. In case (b), P is given by

.25
.25
.25 .25
.25 .25

(25
P=
.25
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Figure 2: Negative cross-correlation: Mean waiting times as a function of p for the case
with and without auto-correlation.
so that the inter-arrival times are independent (and hyper-exponentially distributed). In
both cases the service times are iid and hyper-exponentially distributed. However, there
is no cross correlation between the inter-arrival times and the service times. The traffic
intensity is given by p = .5u as before. In Figure 3 the mean waiting times are shown
for both cases; the results illustrate that the mean waiting times are substantially less for
auto-correlated inter-arrival times.
These examples clearly indicate the impact of auto-correlation and cross-correlation on
the waiting times.

6

Appendix: Proof of Theorem 3.2

We first assume that for some E > 0 the transforms Gi(s) are analytic for all s with
Re( s) > - f . This holds, e.g., for service time distributions with an exponential tail or for
distributions with a finite support.
Let us consider the determinant

det(G(s)P + sA -1

-

1)

= det(H(s) + s1 -

A)j det(A),

and let Co denote the circle with its center located at maxi Ai and radius c5 + maxi Ai, with
o < 8 < E. We will prove that the determinant has exactly N zeros inside the circle Co for

16

140

,

,
,,
,,,
,
,,
,,,

120

100
Ql

E

80

""Cl

,

~"

,,
,,
,,,
,

,
,,

,
,,

,
,,
,,

~

"

60

1lI

~

".-'

..

", ",

-'

40

-------------------//
20

----------------------------------case (a) case (b -------

0l.-.-_----L_ _..L..-_----l..._ _....L.-_----l_ _.....J...._ _l . . . . - _ . . : . . L - _ - 1

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

rho

Figure 3: No cross-correlation: Mean waiting times as a function of p for the auto-correlated
and independent inter-arrival times.
all 0" sufficiently small. We follow the main idea in the proof of a similar theorem in the
Appendix 2 of [12]. We first prove the following lemma.
Lemma 6.1 For 0 :S u :S 1 and small 0" > 0,

det(uG(s)P + sA -1

-

I) =I 0,

(24)

Proof: For 0 :S u :S 1 and s E C6 with Re(s) ~ 0, the matrix uG(s)P + SA-1 - I is
diagonally dominant, since
I uGi(S)Pi,i

+ S/Ai -1

I

> IS/Ai -1 I -uGi(O)pi,i ~ 1 + a/Ai - uGi(O)Pi,i
(25)
> AGi(O) - uGi(O)Pi,i = I:: uGi(O)pi,j ~ I:: I uGi(S)Pi,j I .
j¥i

j¥i

Hence, its determinant is nonzero (see, e.g., pp. 146-147 in [9]). To prove this for S E C 6
with Re(s) < 0 we first note that the determinant is nonzero if and only if 0 is not an
eigenvalue. So we proceed by studying the eigenvalues of uG(s)P + sA- 1 - I near s =0.
If we write

uG(s)P + sA -1

-

I = P- I

+ sA -1 + ((u - l)G(s) + G(s) - I)P,

(26)

we see that for (s, u) close to (0,1), the matrix above is a perturbation of P - I. Since
P is irreducible, P - I has a simple eigenvalue O. Then in a neighborhood of (0,1), there
17

exist differentiable x(s, u) and J-l(s, u) such that

(uG(s)P + sA -1

-

1)x(s, u) = p,(s, u)x(s, u),

e' x(s, u)

= 1,

and such that p,(0, 1) = 0 and x(O,I) = e. Differentiating this equation with respect to
s and setting s = 0 and A = 1 in the result, we obtain (the subscript s indicates the
derivative with respect to s)

(P - 1)x s(O, 1) + (A -1

-

r)e = J-ls(O, l)e.

Pre-multiplying both sides with 1r gives

J-ls(O, 1) = 1r(A -1

(27)

r)e.

-

Similarly, by differentiating with respect to u we get

Hence, for (s, A) close to (0,1), it holds that

p,(s, u)

~

s1r(A- 1 - r)e + u - 1.

Since 1r(A -1 - r)e > 0 by virtue of (1), we can conclude that J-l(s, u) -I 0 for s E Co with
Re(s) < 0, for small <5 > 0 and u close to 1, say 1- J u 1. Finally, for 0 u < 1- J, it
can be shown, similarly to (25), that uG(s)P + sA -1 - I is diagonally dominant for s E Co
with Re( s) < 0, provided <5 is small enough such that

:s :s

Let j(u) be the number of zeros of det(uG(s)P

j(u)

= _1_
21ri

+ sA- 1 - 1)

:s

inside Co. Then we have

r Is det(~G(s)P + SA-1 - 1) ds.
leo det(uG(s)P + SA-1 - 1)

So j(u) is a continuous function on [0,1], integer-valued, and hence constant. Since
j(O) = N, this implies that also j(l) = N. Letting <5 tend to 0, we can conclude that
det(G(s)P + sA- 1 - 1) has N zeros inside or on Co.
Clearly, s

= 0 satisfies
det(G(s)P + sA -1

-

1) = 0.

That s = 0 is a simple solution of the above equation is a consequence of P being irreducible
and the stability condition (1); the arguments are presented below.
We evaluate the derivative of the determinant in s = 0. Let D = diag(d 1, ... , dN ) be
the diagonal matrix of eigenvalues of P - I, with d1 = 0; since P is irreducible, 0 is simple
18

eigenvalue of P - I. Let Y and X denote the matrices of corresponding left and right
eigenvectors, with Y X = I. Hence,

YX=I.

P-I=YDX,

Now in a neighborhood of the origin, there exist differentiable D(s), Y(s) and X(s) such
that

G(s)P + sA -1

-

I

= Y(s)D(s)X(s)

and such that D(O) = D, Y(O) = Y and X(O) = X. Hence,
det( G(s)P + sA -1

-

1)

= det(Y(s)) det(D(s)) det(X (s)).

By differentiating this equation with respect to s, setting s = 0 in the result and using
that d1 = 0, we obtain that the derivative of det(G(s)P + SA-l - 1) in s = 0 is equal to
d~(0)d2···dN' This is nonzero, since (see (27))
d~ (0) =

n(A -1

-

r)e > O.

To finally complete the proof of Theorem 3.2 we have to remove the initial assumption
that for some E > 0 the transforms Gi(s) are analytic for all s with Re(s) > -E. To this end,
first consider the 'truncated' service time distributions Gf (x) defined as Gf (x) = Gi(x)
for 0 ::; x < K and Gf(x) = 1 for x 2: K. Then Theorem 3.2 holds for the distributions
Gf (x); by letting K tend to infinity, the result also follows for the original service time
distributions.

Remark 6.2 We have not only proved the existence of N solutions of Equation (7), but
also that they are located inside or on the circle with its center at maxi Ai and radius
maXi Ai. This is useful in numerical procedures for finding these zeros.
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