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Common notations

a.s. almost surely (a property holds except on a set of probability measure zero)
a.e. almost everywehre (a property holds except on a set of measure zero)

B(S), B the Borel o-algebra on S; if the space is clear from context B is used
B(S) Borel measurable functions on S with values in R, R or R9*4
By (S) bounded Borel measurable functions on S with values in R, R% or R4*?

C(92;S5)  the set of continuous functions f: Q — S
C*(€;8)  the set of k-times continuously differentiable functions f: Q — S

A, A, the Laplacian operator working on the spatial variable x

E expectation operator, e.g. Ep[X] = [ X dP

E(L) stochastic exponential, i.e. for a local martingale L, £(L) = exp(L — $[L])

F o-algebra

Fi filtration generated by the canonical process (Xi).e(o1, 1. Ft := 0(Xs: s <)

H(P|R) relative entropy of P with respect to R

MP(L) generic martingale problem associated to an operator L
MP(L,n) martingale problem associated to an operator L with initial distribution n

N the set of natural numbers

V, Vy gradient operator working on the spatial variable z

P(Q) the set of probability measures on (2

P, P probability measure

p* regular conditional probability given a random variable X, i.e. P* =P(- | X = z)
q, Q (probability) measure

r, R (probability) measure (usually used as a reference measure)

XyP the law of X under P



Chapter 1

Introduction

You have probably heard of Schrodinger’s cat experiment. Good, because this thesis is not
about that experiment, but another good thought experiment of Schrodinger that you may
not have heard about. It is called the lazy gas experiment.

Imagine we have a large amount of particles scattered in a box. These particles evolve
in time independently of each other and we are able to observe the distribution of these
particles at the initial time ¢t = 0 and a later time, say ¢ = 1. Until now there is no reason
why this thought experiment would cause troubles in one’s head. However, the trouble starts
as soon as one observes a distribution at time ¢t = 1 that is different from the distribution
expected from the law of large numbers.

That is what Schrodinger considered in [41] in 1931. In his paper he assumed that
each particle evolves like a Brownian motion in R independent of the other particles. More
precisely, he assumed that the distribution density w(-, t) of each particle at time ¢ > 0 solves

the heat equation

1
Ohw = 50w, w(zx,0) = wo(z).

If the particles have distribution density w;(-) at time ¢ = 1, then we are also given the
conditions
w(z,0) = we(z), w(z,l)=w ().

As Schrodinger remarks such w cannot be a solution to the heat equation for an arbitrary
wq, since the solution to the heat equation is uniquely determined by the initial value.
Nevertheless, we can still ask what is the most probable evolution from wq to w;. This is in
fact a problem understood rigorously in terms of large deviations, where one studies events
that deviate from the law of large numbers.

To make that precise in the context of the experiment, suppose R is the distribution
of Brownian motion which is what the particles are supposed to follow, and let P,, be the
observed distribution of the n particles. A well-known result from large deviations, namely
Sanov’s theorem, roughly states that for n large

P(P, € A) ~ exp (—n Fl’relg H(P\R)) :

3



where H(P|R) is the relative entropy of P with respect to R, which formally is

H(PIR) = /log (%) dP.

In our case we are interested in the set A of all probability measures that have density wq
and w, at time ¢ = 0 and t = 1 respectively. The experiment and the induced problem that
Schrodinger started with turned out to boil down to minimizing a relative entropy.
However, at that time Schrodinger did not have Sanov’s theorem in his disposal (which
is formalized later by Sanov [39]). Schrodinger could still make sense of the notion of most
probable distribution of the evolution of particles via statistical methods and concludes that
the most probable distribution density w is uniquely determined by functions f and g solving

(o) / pr (0, 21)g(0) day = wolzo), gl / pr(s, 7o) f (o) dzo = wi(z), (L)

where py(x,-) is the probability density of Brownian motion with initial value = € R at time
t > 0. The most probable distribution density w is then given by

w(x,t) = </R f(zo)pe(zo, x) dx0> (Ag(xl)plt(m,xl)dxl) .

Although Equation (1.1) is non-linear and seemingly non-trivial, Schrédinger was certain
that a solution (f, g) has to exist for nice enough wy and w;. The reason for the conjecture is
that the way he derives the equations to arrive at Equation (1.1) is statistically very logical.
We refer to (1.1) as the Schridinger system.

As previously explained, the function w(+,t) describes the most probable evolution of the
particles at time t. In fact, it corresponds to a process which can be seen as a generalized
Brownian bridge. Recall a Brownian bridge is a Brownian motion that starts in a € R and
is conditioned to be in b € R at time £ = 1. The process that we observe, however, is a
Brownian motion starting with a distribution density wy and is conditioned to have density
wy at time ¢t = 1.

Of course, the description in terms of generalized Brownian bridge may not be obvious
immediately from the density w. It is best understood when we look at it from the relative
entropy perspective. Recall that we vaguely explained that Schrodinger’s concern is equiv-
alent to minimizing H(P|R) over all probability measures P with marginal densities wy and
w; at time ¢ = 0 and ¢ = 1 respectively. The minimizer P turns out to be of the form

P= / R¥*t yi(dxg dy),
RxR

with R**1 being the law of a Brownian bridge starting at g € R and ending at x; € R, and pu
being the minimizer of the so-called “static Schrodinger problem”. Obviously, if 4 = 0, ® 0,
then we get P to be the law of a classical Brownian bridge. In our case p must have marginal



densities wy and w;. To understand where this y comes from, define a new measure v on
R x R by
v(dzodxy) := p1(xo, 1) dzg day,

This v is the joint law of a Brownian motion at time ¢ = 0 and ¢ = 1 with initial distribution
being the Lebesgue measure. Then we can formulate the static Schrédinger problem for this
particular case, and it is

Static Schrodinger problem.

min H(uly),
subject to po(dzg) = wo(xo) dzo, (SSP)
M1<dl’1) = wl(xl) dl‘l.

We note that (SSP) is about finding the optimal coupling p of two probability densities wy
and w; such that the relative entropy H(u|v) is minimized.

Moreover, in Chapter 4 we will see that the solutions (f,g) to the Schrodinger system
(1.1) are related to the minimizer p of (SSP) via the Radon-Nikodym derivative of p with
respect to v as follows:

d

o (0.1) = fao)g(a). (12)

We will also see that the existence of a minimizer to (SSP) implies the existence of a solution
to (1.1).

For the particles it means that they move from the density wq to the density w; such that
minimal energy is used where energy is measured in terms of the relative entropy. That is
the reason the experiment is called the lazy gas experiment for trying to lose as little energy
as possible moving from the distribution density wqg to wy.

We have assumed that we could observe those particles at times ¢t = 0 and ¢t = 1, but
what if we could also observe the particles at time ¢ = 1/27 One may want to generalize
this to £ € N observation points or even infinitely many observation points. What is then
the most probable evolution of the particles?

As we have explained above this question boils down to a problem in large deviations
which then via Sanov’s theorem leads to a problem of minimizing some relative entropy. We
let R be the law of a stochastic process denoted by X = (X;)icp,1) €.g. Brownian motion
or an Ito-diffusion. Assume that we can observe the distribution of the particles at times
T C [0,1] and these are given by (u)ie7. In the case of Schrodinger experiment we have
T = {0,1}. The problem is then reduced to the multimarginal Schrédinger problem which
is the following:

Multimarginal Schrodinger problem.

min H(P|R),

MSP
subject to (X;)xP =y, forallteT. ( )



We make an attempt in providing an overview about what is known about existence
and characterization of the solutions. We repeat many of the already-existing proofs to
understand them better. Furthermore, we provide some proofs of results that are believed
to be true, but are not worked out explicitly in the literature.

We begin by considering the minimization of relative entropy in a general framework in
Chapter 2. We state the existence and uniqueness of solutions to problems of the form
(MSP) in a more abstract setting. We will state crucial parts of Csiszar’s work in [10] and
we repeat some of the proofs with a slower pace.

We then apply the results in the same chapter on product spaces which corresponds to the
static Schrodinger problem (SSP) with finitely many marginal constraints, i.e. |T] =k < oo.
We prove that the minimizer p of (SSP) has a form as given in (1.2) but with & functions.
We follow the proof of Follmer and Gantert for | 7] = 2 [16]. Under additional assumptions
we extend the result for general |T| = k € N via induction.

As soon as the foundations are settled, we consider the minimization problem in the
context of Ito-diffusions in Chapter 3. We assume that the reference measure R is the law

of the solution to
dXt = b(Xt, t) dt + U(Xt, t) dBt,

where B is a Brownian motion. This means that the particles are expected to follow the
evolution of the SDE described by the measure R.

We prove the Markov property for the minimizer P of (MSP). We also state a version of
Girsanov’s theorem stating that the minimizer P is the law of the following SDE:

dX, = (b(X,t) + o0 (X, u(X;, ) dt + o( Xy, t) dBy, (1.3)

for some measurable function w satisfying a finite energy condition. This implies that the
solution is also an Ito-diffusion. The extra drift term u in (1.3) can be seen as a control that
is trying to minimize the relative entropy while keeping the right marginal constraints.

Using the Markov property and Girsanov’s theorem we are able to deduce a formula
in terms of a limit that describes the Ito-diffusion in terms of the SDE generalizing the
result in [15] for the case of Brownian motion. Furthermore, we give some words on how
finitely many marginal constraints problems could be used to approximate infinitely many
constraints. This is related to what Follmer implicitly used in [14] for 7 = [0, 1]. We show
that the minimizer P,, of the approximate minimization problem converges weakly to the
solution P of the full problem and H(P,|R) — H(P|R).

We end Chapter 3 with some observations about time-reversibility which can also be
found in [15] for the Brownian motion.

After that we come back to the Schrodinger gas experiment where one is able to observe
the distribution of the particles at finitely many points given by 7 = {t1,...,t;} for some
k € N. In Chapter 4 we show that the corresponding multimarginal Schrodinger problem
reduces to the following seemingly simpler problem:



Static multimarginal Schrodinger problem.

min H(plv),

dpu SMSP
subject to du- =p;, forallie{l, ..k}, ( )

(2

where u; and v; are the i-th marginal of p and v respectively; and (p;)1<i<k is given fixed
densities with respect to (v;)1<i<k. This is a straightforward generalization of (SSP) which
corresponds to a particular case with k = 2.

We show that (MSP) is equivalent to (SMSP) as done in [14] for & = 2. Furthermore, we
give a result concerning the Radon-Nikodym derivative of the minimizer of (SMSP); more
precisely, the following factorization holds for the minimizer:

k
%(xl,---,xk) :Hfi(xi)a (1.4)
for some measurable functions (f;)1<i<x. The assumptions we have are slightly different from
the ones given in [44] for k£ = 2 and in [3] for general k£ € N,

The factorization of the minimizer leads to solutions of a generalized version of the
Schrodinger system (1.1) for general & € N. Moreover, we can prove that a solution to
the generalized Schrodinger system implies the existence of a unique minimizer to (SMSP)
under some assumptions. This equivalence is well-known for k = 2 (see e.g. [16]) and a slight
adaptation leads to the result for general k € N.

After that we adapt the methods used in [44] to obtain regularity results for the functions
(fi)i<i<k in (1.4), which apply for example to reversible overdamped Langevin diffusions, i.e.
we assume R is the law of the SDE

dX, = —VU(X,)dt + v2dB,,

with initial distribution e~V dx. We are able to give criteria for the functions ( fi)i<i<k to
be smooth or in L” depending on the regularity of the coefficient U and the prescribed
marginal densities (p;)i1<i<x. The regularity is obtained via heat kernel lower bounds (log-
Harnack inequality), the analyticity of the semigroup of the Langevin diffusion, and LP-
elliptic regularity.

The regularity of the functions (fi)1<;<x allows us through It6’s formula to derive the
Hamilton-Jacobi equations in [24] which tells us that the control u in (1.3) solves

1
(&g + Et)u + §‘UTVU‘2 = 0, (15)

where L; is the generator corresponding to the reference SDE.

We illustrate the theory above for a fairly simple example with Ornstein-Uhlenbeck pro-
cess. We take T = {0, 1} and the simplicity allows us to solve for the corresponding functions
(fi)i<i<k in (1.4) explicitly. We are also able to compare the regularity that would be ob-
tained via different methods.



A natural next step would be to treat the case with |7| = co. However, T in general can
be quite pathological, so we will focus mainly on the case 7 = [0,1] in Chapter 5 where
we can derive better characterization of the minimizer.

We approach the problem with 7" = [0, 1] along the same lines as done in [7]. We will
prove existence and characterization results of the minimizer of (MSP). We have a slightly
different set of assumptions than given in [7], which is less general but still broadly applicable.
The reason for the detour is that we find our way a little bit clearer while still being on the
same lines.

We find a remarkable result under the following setting (see Proposition 5.12). We
consider prescribed marginals (i):cjo,1) that is the marginal law of an SDE of the form

dX, = 00" (X, t) (VV(Xy, 1) + (X, 1)) dt + (X, t) dB,,
for some Brownian motion B = (Bt)te[o,l]; and the reference measure R is the law of
dX, = 00" (X, t) (VU (X, t) + B(X4, 1)) dt + o(X;, 1) dBy,
where both functions 7 and 3 are divergence free in a generalized sense
“div(co " Buy) = div(eo " ypu) = 07.
Then the minimizer of (MSP) for this particular setting is the law of
dX; = o0 (X4, 1) (VV (X, t) + B(X4, 1)) dt + o(X,, t) dB,.

As one may guess from the classical Fokker-Planck equation, the divergence free condition
on v makes the gradient VV' the only responsible term ensuring the correct marginal laws.
The function ( is in some sense the only term getting the minimizer “close” to the reference
measure. Surprisingly, this fact is independent of the initial laws.

Furthermore, the results obtained in the last chapter will have consequences for the
Schrodinger problem (MSP) for general 7. Finally, we conjecture that the control u from
(1.3) is always a limit of functions satisfying the Hamilton-Jacobi equation (1.5).

Literature review

Short after Schrodinger published [41], Fortet became interested in the problem that Schro-
dinger ended up with, especially about solving the Schrédinger system (1.1) which Schrodinger
left open. In [17], Fortet tackles the problem with fixed-point iteration methods. A little bit
later around 1960 Beurling in [4] works on the same problem and actually uses an argument
involving an entropy functional in his proof without direct reference to large deviations.

In the same spirit as Fortet and Beurling, also Jamison worked on Schrodinger system
in 1974 [21]. However, Jamison related the problem more to stochastic processes and in
particular Markov and reciprocal processes.

Around 1988 Follmer noted in [14] that the problem that Schrodinger posed in [41] can
be seen as a problem in large deviations. It was 50 years later that it was broadly realized

8



that Schrodinger’s experiment could be understood in terms of large deviations and Sanov’s
theorem provides the most probable distribution that the particles followed. Sanov wrote
the theorem in [39] around 1960 which is approximately 30 years later after Schrodinger
came up with the gas experiment.

Moreover, Follmer shows that Schrodinger’s instinct in arriving to the Schrodinger system
(1.1) is justified by results obtained by Csiszar in [10]. Csiszar’s paper was mostly to study
minimization of relative entropy more abstractly. Its motivation came from Sanov’s theorem
and did not show any particular interest in solving Schrodinger’s problem. However, the
results obtained there were still of great significance in understanding Schrédinger’s system
(1.1). It helped Follmer and Gantert to show existence of solutions to (1.1) in [16].

In the works of Csiszar, Follmer and Gantert counterexamples to existence of solution to
(1.1) are provided. It became clear that it is not always true that solutions to Schrodinger’s
system (1.1) exists.

Existence results of (1.1) based on Csiszar’s paper are also given in [38, 37] by Riischendorf
and Thomsen. They even generalized the problem to the case where one observes the dis-
tribution at k£ € N different times.

Follmer also added a twist to Schrodinger’s experiment and assumed that one is able
to observe the distribution at each time 0 < ¢ < 1, and in [14] he solves that problem via
approximation argument using Csiszar’s results. Follmer worked with Brownian motion most
of the time. However, the results hold more generally as proved by Leonard and Cattiaux
in [7, 8].

The works of Leonard and Cattiaux is based on ideas and results by, among others, Carlen
[6] and Mikami [29]. Obviously all this is related, but Carlen and Mikami were interested more
in Nelson’s stochastic mechanics which is motivated by the other Schrédinger’s equations [31].

Mikami and Leonard worked on the problem to various extent. For instance, Mikami did
a large contribution to stochastic optimal control which can be seen as generalization to the
Schrodinger problem, see for instance [28]. The recent paper of Leonard and Baradat is very
illuminating for it covers very general results where the underlying process can be Markov
or reciprocal [3]. They give a characterization of the minimizer of the relative entropy for
which the factorization result in (1.4) is a special case.

Also Tamanini in his PhD thesis [44] worked on the Schrédinger problem. A notable
contribution is the local and global boundedness of the solution to Schrodinger system. To
the best of my knowledge, the methods used to show boundedness is not used somewhere
else before.

Finally, there are a lot of books and surveys for this topics. We mention Aebi’s book
[1] and Nagasawa’s book [30] for a good reference on the developments around the 90s.
Furthermore, Leonards’s survey [24] puts the Schrodinger problem in a historical perspective.
Another one with a similar spirit and more humorous narrative is [9]. Leonard’s survey
[24] also mentions the applications and the growth caused by the Schrodinger problem in
other fields of science and in particular mathematics. Examples are Euclidean quantum
mechanics, the theory of reciprocal processes, (weak) Fokker-Planck equations, stochastic
optimal control, regularization of optimal transport [24] and data-assimilation [34].



Chapter 2

Preliminary results on the
minimization of relative entropy

We provide the foundations of minimizing the relative entropy in an abstract setting. We
will state the main results from [10] and give some consequences in Section 2.1. The abstract
setting allows us to prove general results using as few notations as possible.

We consider a Polish space X, i.e. a separable complete metrizable topological space. We
endow X with its Borel o-algebra B(X'). Let P(X) be the set of all probability measures
on X. We endow P(X) with the topology of weak convergence. Fix a probability measure
r € P(X). Recall the definition of the relative entropy of p with respect to r denoted by
H(p|r) and defined as

dp
log (—) dp, ifp<r,
H(p|r) := /X dr (2.1)
+00 otherwise.

Let C C P(X) be a set of probability measures which will serve as a set of constraints. The
results that we will mention require C to be convex and/or closed. Note that C being closed
means closed in P(X) with respect to the topology of weak convergence. We consider the
following minimization problem:
Minimization of relative entropy.

min H(pl),

. (2.2)
subject to p € C.

Any probability measure p € C is called feasible. Note that for any p € C such that
P & r gives an infinite relative entropy. So, only the case where we have p < r giving finite
entropy is interesting. Any probability measure p € C such that H(p|r) < oo is called a
competitor. The set of all competitors deserves a notation, namely we define

Cu:={peC: H(p|r) < co}.
It happens so that the existence of one competitor leads to the existence and uniqueness of

a minimizer to the problem (2.2).

10



Theorem 2.1 (Existence of minimizer). Let C C P(X) be convex and closed. Assume there
exists a competitor g € Cy, then there exists a unique solution for the minimization problem
(2.2).

Proof. The proof is based on three facts about relative entropy, namely that the map p —

H(p|r) has compact sublevel sets, is lower semi-continuous and on the set of probability

measures yielding finite relative entropy it is strictly convex (Proposition B.3 in Appendix B).
Let us proceed and define

C={peC: H(plr) < H(gr)}.

Note that we only have to look for the minimizer inside the intersection C N C’, because
we already know that the minimizer p € C satisfies H(p|r) < H(q|r) by definition. By
assumption C is closed and C’ is compact since the relative entropy has compact sublevel
sets, that implies that the intersection C N C' C P(X) is compact.

Keeping these facts in mind, take any sequence (p,,), C C for which

H(p,|r) — inf H(p'|r), asn — oo.
p’eC

By compactness, there exists a subsequence (p,, )r that converges to some p € C. But then
by lower semi-continuity

H(p|r) < liminf H(py,, |r) = inf H(p'|r).
k—o0 p’eC

Hence
H(plr) = inf H(p'|r).
p’eC

Why is it unique? Well, assume there exist two feasible probability measures pq,ps € C
minimizing H(-|r). In such case we must have H(p;|r) < H(qg|r) < oo for each ¢ = 1,2. If
D1 # P2 then by strict convexity

1 1 1 1
H (51191 + §]I)2|Tf> < EH(]P1|TF) + §H(1pz|ff) = H(p|r) < H(q]r).
But since %]pl + %]pg € CNC' for C being convex and the previous inequality, we found that
our minimizer was wrong which contradicts what we have started with. O

We do not get into details about finding competitors for the moment. In the next
sections, e.g. Chapter 4 and Chapter 5, where the constraint set C takes the form of marginal
constraints, then we can easily find a candidate that might be a competitor.

There is a useful result about the minimizer, namely a kind of a triangle inequality. It
allows us to do approximations and to verify whether a feasible probability measure p € C
is a minimizer. Before stating the result, we introduce the notion of an algebraic inner point
of C which is any probability measure p € C such that

p = Ap1 + (1 = A)po,
for some A € (0,1) and py,p2 € C\ {p}. Now we can state Theorem 2.2 in [10] which has

the following formulation:

11



Theorem 2.2. Let C C P(X) be conver. A probability measure p € Cy is the unique
solution to (2.2) if and only if

H(q|r) > H(q|p) + H(p|r) for allq € C. (2.3)

Moreover, if p is an algebraic inner point of C then C C Cy and we have an equality in (2.3).

This theorem allows us to obtain results that we will use very often throughout the whole
thesis. The first one is a slightly different formulated version of Theorem 3.1 in [10] which
is about a special type of constraint set.

Theorem 2.3. Let C be given by
C:={qePX): Eyl&] =a; forallieN},

for some sequence of numbers (a;);eny C R and (&)ien a family of bounded measurable func-
tions on X taking values in R. If a unique minimizer p € Cy exists, then log % 18 in the

LY(p)-closure of the linear span of the constant function 1 and the functions (&)ien, i.e.

d 1
logd—]p € span{l,&: i€ N}L (]p).
r

Proof. Obviously C is convex so Theorem 2.2 is applicable. We use that and a little bit of
functional analysis. Define the set of functions

M :=span{l,¢; : i € N},

Note that M C L'(p) for all the functions in M are bounded. Since the dual space of L!(p)
is (L'(p))’ = L>(p), the annihilator of M is

M+ :={Ce L®(p): E,[¢&] =0 forall & € M}.

If M+ = {0}, then M is dense in L'(p). But by assuming p € Cy we are assuming
log %’ € L*(p) and the claim follows. Otherwise, if M+ # {0}, then there exists a function
¢ # 0 with |¢| < 1 p-a.s. and as such the measure p defined by

dp

=1
=1t

is a feasible probability measure. Indeed, because for any i € N

Esléi]l =Ep [(1+ Q)& = W“‘EP[C&] = a;.

=a; =0

C'::{QGC: j;q§2}

12
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contains at least three elements, namely: p, p and 2p — p. Moreover
1 1
— - — 2 — T
p=5P+5(2p-p)

which makes p an algebraic inner point in C'. It is easy to see that C’ is convex so that we
are allowed to apply Theorem 2.2 on C’. It gives C' C Cy and the equality

H(g|r) = H(q|p) + H(plr) forallge (. (2.4)

So for any g € C’ we have

H(p|r) = H(qlr) — H(a|p)
() (o
o (85
Each element is well-defined and S% > 0 g-a.s. which means that we can write

dgdp dp ‘/' dp dp
H = [ log | —-% 1 = [ log | =2 ) =
(plr) [;%(Mmﬁdq Aﬁ%(ﬂ)mq e (5 ﬁﬁp

Hence by putting H(p|r) to the other side we can write (2.4) as follows:

dg dp /
— —1]1 — = for all ) 2.
/X(d]p )og(dm)dp 0, forallqecC (2.5)

Recall that for any ¢ € M~ satisfying ||¢||r(p) < 1 we can define a probability measure

q € C' through
dg
dp

fon ()

This holds for any ¢ € M+ by scaling. Therefore

=14

Using this g € C’' in (2.5) yields

1%%§G%EL%M' plCE =0 forall ¢ e M} =",

by a standard property of annihilators (Theorem 4.7 in [36]). This is the claim we were
after. 0
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There is actually a somehow converse statement to the previous theorem stating that
whenever log % is in the subspace spanned by 1 and (&;);eny without closure, i.e.

d
logd—]p € span{l,& : i € N},
T

then p is the unique minimizer of (2.2) (see Theorem 3.1 in [10]). We do not need that result
in that particular form, but we will state and prove a more general result in Theorem 2.6
for a specific type of minimization problem to be considered next.

2.1 Minimization of relative entropy given marginal
constraints on product spaces

In this section we consider a special set of constraints, namely marginal constraints. The
underlying space now is assumed to be of the form X = szl X; where each of the & is
a Polish space. Endowing X with the product topology makes X also a Polish space. Let
m; » X — X; be the projection to the i-th component, i.e. for any z = (z1,...,z) € X we
have
() = ;.

For each 1 < < k consider a given probability measure p; on X;. We consider the constraints
where we let the i-th marginal of p be equal to ;. More precisely, define the set of constraints

Cho ={peP(X): (m)up =p forall<i<Ek}

Similarly define C,, y as the set of probability measures p € C,, for which H(p|r) < co. We
show that we can write C, in the form of the constraint set that is given in Theorem 2.3.

First, since each &j is a Polish space, we can find a countable 7-system II; generating the
Borel g-algebra B(X;). In particular II; can be written as

Hi = {A@j S B(Xl) : j € N}
By uniqueness of measure theorem (Lemma 1.17 in [22]) we have
Co={p e P(X): Ep[la,,(m)] = pni(A;i;) forall (i,5) € {1,...,k} x N}.

Since {1,...,k} x N is countable we can write the sequence (14, (7;))1<i<kjen as a single
sequence of functions (&;);en. Similarly we can gather the sequence (u;(A;;))1<i<k jen into a
single sequence (a;);en. This allows us to write C, in the form given in Theorem 2.3. For
this particular choice of constraints we get that for the minimizer p the function log % is a
limit of sums. More precisely,

k
d
log 2 (2) = lim > eunlz) i L) (2.6)
for some measurable functions (¢;,,). We may ask ourselves if the limit is also of such form,

i.e. a sum of functions of each variable separately. That turns out to be indeed the case.
However, before stating the main result, we first state the following technical lemma:

14



Lemma 2.4 (Converging sum converges to sum). Let Y := Y x Vy be a product of two
Polish spaces YV, and Y, endowed with a probability measure ¢. Consider a measurable
function ¢ : Y — R. Assume there exists a measurable set A C Y such that q(A) =1 and

c(yr,y2) = Tim (an(y1) + b (y2))  for all (y1,y2) € A,

for some sequences of measurable functions (ap)neny and (by)nen. Then there exist two mea-
surable sets By C Yy and By C Yy for which the following hold:

(i) there exists a function T : Yy — Yy such that a,(y1) — an(T'(y1)) converges for all y; €
By and b, (y2) + an(T(y1)) converges for all yo € B such that (y1,y2) € AN (B X By);

(i) there exist two functions a : Yy — R and b: Yy — R such that

c(y1,y2) = a(y1) +b(y2)  for all (y1,y2) € AN (B X By);

(i1i) q1(B1) =1 and go(Bs) = 1 with q; and go being the marginals of Yy and Y, respectively
and in particular q(A N (B X By)) = 1;

() if in addition q <€ ¢ ® g2 or q1 ® g2 K q, then we can take the function T : Y — Yy
to be measurable. In particular, the functions a and b can be chosen to be measurable
as well.

Proof. The proof is based on the proof of Proposition 3.19 in [16]. We have a similar result
except that we state what we get during the proof explicitly in the statement of the theorem.

The result seems to be very intuitive. We will use a “slicing” argument where we slice
A into a product of two sets having full measure. This allows us to have a set of elements
By C Yy for which a,(y;) minus a “correction” term converges. We achieve this by intro-
ducing carefully chosen elements of equivalence classes of these good elements in B;. We
do something similar for the second coordinate. So the proof is split in determining the
good guys, showing existence of the limit for these good guys and finally showing that we
can choose the function 7" to be measurable under the additional condition q < ¢; ® ¢o or
1 ® g L q.

“Finding the good guys”. Let us start making this rigorous by introducing the
sections A,, for each y; € )

Ay ={y2 € Vo (11,12) € A}

The set A,, is measurable for any y; € V;. The following claim is crucial:

Claim. For any y;,y] € ) we either have

Ay1 = Ayi or Ayl N Ayi = . (27)
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If A, N Ay, = &, then we are done. Otherwise, there is z € A, N A, and take any y» € A,
and let us show that y» € A, which is equivalent to the existence of the limit as n — oo of
an(y1) + bn(y2). Note that

an(y)) + bn(y2) = (an(yy) +bn(2)) = (an(y1) + bu(2)) + (an(y1) + baly2)),

converges for being a sum of three converging sequences. This proves the claim.

Let m; and 7 be the projections on ), and )s respectively. Let ¢; and ¢o be the laws
of m and 7y under . We set q(+|y1) as the regular conditional probability measure given
m = 1. Define

Bri={y € Y1+ a(Aly) =1}

Note that ¢;(B1) = 1 which can be obtained by the tower property for conditional expecta-
tions

1 =q(A) =Eqy[q(A | m)].
The equality we have obtained and the fact (A | 73 < 1 g-a.s. yields (A | 1) = 1 ¢1-a.s.,
which is ¢;(By) = 1. Furthermore, for every y; € B; we have A, # &, because

L=a(A|y) =al{y} x Ay, [91).

Similarly, we can define the sections

AY? = {y1 € By: (yl,yg) < A}

Note that we are sectioning A and taking the intersection with B; in the definition of AY2.
Through a similar procedure we get a set By C ) such that ¢o(Bs) = 1 and AY2 # & for all
Yo € BQ.

These sets By and By contain the good guys. However, we need to filter them out via
equivalence classes. Due to (2.7) we can define an equivalence relation on B; as follows:

yi ~y; ifandonly if A, = A,
Let E(y1) C By be the equivalence class of y; € B;y. For any y, € A,,, it follows from the
definition of A,, and E(y;) that

E(yp) ={yy € Bi: (y),y2) € A},

and therefore F(y;) C By is measurable. Using the Axiom of Choice we take a representative
of each equivalence class F(y;) and call it T'(y;) (see Definition 1.1 in [19]). We take an
arbitrary y; from the representatives and extend 7" by that element on ) \ B so this gives
us the map T : Yy — Y;. Let us summarize the last part. Each of these good guys in B
which are similar in the sense that they have the same sets of yss for which the limit exists
be put into one group and get assigned one as the boss which is our representative.

“Showing the limit exists for the good guys”. With these representatives, i.e. the
mapping 17" : YV, — Y1, we can show the limit as n — oo of this newly defined sequence

an (Y1) = an(y1) — an(T(11)),
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exists for all y; € By. To that end, observe that for any y; € B; and y, € A,,, we have
Y2 € Ar(y,), so that

an(y1) = an(y1) + bnly2) — (an(T(y1)) + buly2))

converges for being a sum of two convergent sequences. Hence there exists a finite limit for
any y1 € By

a(yr) == nh_>nolo an(y1)-

We want to assign for each y € Bs the good guy y; in By for which the limit a,, (y1)+b,(y2)
exists. But we know that there exists exactly one equivalence class E(y;) for which the
limit exists due to (2.7). The assigning y» to the representative y; is done by a mapping
S : By — By such that y, € Ag(y,). Now define for each y, € B, the function sequence

bn(y2) = b (y2) + an(S(y2))-

Then by construction we get for each y, € By the existence of the limit:
b(y2) == lim b (y2).
For any (y1,y2) € AN (B x By) we have

?n(yl)ibn(m)j = (an(y1) = an(T(y1))) + (0n(y2) + an(T(y1))) = anly1) +(bn(y2) +an(T(v1)))-

converges converges

We know that 5 € Apy,), since the left-hand side and the first term on the right-hand side
converge, so T'(y1) = S(y2). That implies that the last term on the right-hand side is equal
to by (y2) which converges too. This all yields for any (y1,y2) € AN (B; X By)

Tim (@ (y1) + bu(y2)) = lim @y (y1) + lim ba(yz) = a(yn) + b(ye).

At this point we have shown everything except q(A N (By x B)) = 1. We know that
0(A) = 1 which means that it is enough to show q(B; X Bs) = 1. We write B; X Bs as
follows:

Bl X BQ = (Bl X )/2) N (yl X BQ)
We have constructed B; and By to satisfy
Q(Bl X yQ) = C]l(Bl) =1, and Q(yl X Bz) = CI2(BQ) =1,

from which we immediately obtain g(AN(B; x By)) = 1, since a finite intersection of events
happening almost surely happens almost surely. This shows the points (i)-(iii).

“Measurability of the function 7" under the condition ¢ < ¢ ®¢q; or ¢ ®q K q”.
Now we show the last point (iv). First we assume q < ¢; ® ¢o. What happens with the
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extra assumption is the possibility to consider a new measurable set Bl C ) instead of By,
namely .
Bl = {yl S Bl . QQ(Ay1> > O}

This set is measurable by e.g. Tonelli’s theorem.
We will show that ¢ (B;) = 1. To that end, we denote by ¢a(- | y1) the regular conditional
law of my given 7 = yq, i.e. we set

@ ly) =adh x - | m = ).

Note that

@Ay, ) =a x Ay |m=w) =a({y} x Ay, | m=y1) =aq(A | 71 =1).

By definition of By we have g2(A,, | y1) = 1 for all y; € By. The assumption q < ¢; ® ¢»
implies ¢o(+|y1) < g2 for gi-a.s. y; by Proposition B.1 in [3]. Therefore, for ¢;-a.s. y; € By
we have ¢2(A,,) > 0 for otherwise we would have ¢2(A,, | y1) = 0 which contradicts y; € B;.
Hence ql(Bl) — 1. We can similarly define a measurable set By C B, such that qg(Bz) = 1.

Recall the equivalence classes from above. We can do it for B; now, except that now we
only get at most countably many equivalent classes. To see the reason, note that we can
write Bl as follows:

[e.9]

Bi=J{meBi: a4,) e @27}

J=0

For each j > 0 we have that ¢2(A4,,) € (27771,277] can only hold for a finitely many disjoint
sets A,,. If there would be infinitely many sets, then they are all disjoint by (2.7) allowing
them to destroy the boundedness of ¢, via the countable additivity property of the probability
measure. Therefore, we basically look at a union of finite collections of A,, which is again
at most countable.

The Axiom of Choice now gives us representatives of each class in B; denote them by
(2j)jes with J at most countable index set. Again, we get a map from B to the represen-
tatives in B;. We denote it by T (which may be different from the previously defined T').
So this function T is only defined on B; but we extend it by z; on ) \ B,. We get a map
T : Yy — Y, which can be written as

T(y1) = z1ly,5, (1) + > 2iLp) ()-

jedJ

This shows that 7" is a (at most countable) sum of indicators over mutually disjoint mea-
surable sets, so it is measurable. Just as before we can show that this 7" allows for the same
convergence for a, and b, as T. We note that we can also get a measurable map S instead
of S as well for the second coordinate . We know that

an:an—anoT, bn:bn—i—anog,
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converge on B; and B, respectively. We set

a(yr) == limﬁsup an(y1) = an(T(y1)),  bly2) := limﬁsup b (y2) + an(S(y2))-
Then a and b are both measurable. We can show that ¢(y1, y2) = a(y1) +b(y2) g-a.s. as done
before. This concludes the proof under the condition q < ¢; ® ¢
Finally, we want to show the measurability of T" under the condition ¢; ® ¢ < . The
same argument also works if ¢; ® ¢o < ¢ by taking the same Bl, because then we have the
limit converges ¢ ® ga-a.s. We have the same conclusion, for instance ¢,(B;) = 1 is what
mattered most and in this case we have it, simply because

- / Ladgy © s = / @2(Ay) qu(dyy).
V1 xYV2 %1

Therefore, we must have g(A,,) = 1 y-a.s. and hence ¢;(B;) = 1. In fact, this implies
there is only one equivalence class which is kind of intuitive. That implies that there is one
y* € By such that a,(y1) — a,(y*) converges for all 4, € By. Now we can continue as before
to finish the proof. n

This lemma generalizes to a sum of finitely many terms through induction with slightly
more assumptions. We want to apply it to log %’ where p is the solution to problem (2.2)
with constraints C,. This lemma, as useful as it may sound, is not so practical unless the
functions a and b are measurable. Even though the functions a, and b, are measurable,
the limiting functions a and b can still be unmeasurable. In fact, there are cases where no
measurable decomposition exists as one finds in Section 5 of [16].

The reason why the measurability might break down in Lemma 2.4 is that we have

a= lima, —a,oT, b= 1limb,+a,oT,
n—oo n—oo
and in our construction the function 7" without the assumption in (iv) might be unmeasur-
able. It might be impossible to prove measurability for we rely on the Axiom of Choice.
After all, after what happened to the Vitali set, it is not the first time the Axiom of Choice
is leaving us with something unmeasurable.
As mentioned before, we want to apply the previous lemma as an inductive step to get

the following result about the minimizer of (2.2):

Theorem 2.5. Consider the minimization problem (2.2) with constraint set C,. Assume
that the minimization problem has a unique minimizer p € C,g. Then there is a sequence
of measurable functions ¢;,, : X; — R indexed by n € N and i € {1,...,k} such that

k
log d_(x) = TLILH;D z_; Pin (l’l), P-a.s.
If in addition

k
® i ~ P,
i=1
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then there are measurable functions p; : X; — R indexed by i € {1, ...k}, such that

k
dp
log —(2) = Y @i(x:), p-a.s.

dr /
=1

Moreover, the decomposition is p-almost surely unique up to additive constants, i.e. we can
only change (¢;)1<i<k to (@i + ¢i)i<i<k for some (c;)1<i<k such that Zle ¢ =0.

Proof. We split the proof in three parts. First we show the approximation in terms of
sequence of sums. Secondly, we show the existence of a measurable decomposition with
induction. Finally we show the uniqueness statement.

“Approximation of minimizer via a sum of functions”. First of all Theorem 2.3
tells us that log %’ is in the L!(p)-closure of the space spanned by the indicators as already
remarked in (2.6). We know that L'(p)-convergence implies p-a.s.-convergence along a
subsequence. Therefore by taking a subsequence we conclude that there are measurable
functions (¢;,) such that

k
log 5(1’) - nh_f{}o ; vin(T;) Dp-a.s.

“The existence of a measurable sum decomposition”. Under the additional as-
sumption ®F_ u; ~ p, it is enough to prove the decomposition by induction over k for any
measurable function ¢ : X — R such that

k

c(z) = nh_{lgo ZI: Pin(T;) P-as.

“Base case k = 17. For this case, there is nothing much to prove.

“Inductive step”. Assume the claim is true for some k. We will show it for k£ + 1. To
that end, we use the previous Lemma 2.4. We need to write everything as in the setting of
Lemma 2.4. We introduce the space Y = Y, x Y, through

k+1

V=X, = X X
1=2

Since (X;)1<i<k is a family of Polish spaces, the spaces Vi, ), and also ) are Polish spaces.
We need a probability measure. Since ) = X we can take ¢ = p, but the marginals of q,
namely ¢; and g2 should be understood as

g=a(fe€), @=q(fec-),

with 71 and 75 are the projections from ) to )i and ), respectively. We need to check
either ¢; ® ¢o K g or q K€ ¢1 ® ¢ to ensure the existence of measurable functions. In this
case both are true, because denoting by ps ;41 the marginal on X f;l Y; under p we get

k+1
D2, k+1 ~ &;_5 Di,
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which is a consequence of the fact that u; = p;, p ~ ®fill 1; and that absolute continuity of
measures implies the absolute continuity of the marginals. Using that we get

@1 @G =p1 P2, k+1 ~ D1 & (®fi21pz) ~PpP=q.

We use the variables y; = 1 € Yy and yo = (22, ..., Tx41) € Ve to define the functions a,

and b,, as follows:
k+1

an(yl) = @1,n($1)7 bn(y2) = Z%n(%)

We finally need to specify the measurable set A C Y which we set it to be
A= {(gr) €M x Vo lim (an(yn) + bu(yn)) € R exists )

Then ¢(A) =1 by construction.

We can apply Lemma 2.4 to the setting we have just constructed, to get two measurable
sets By C V1 and By C ), two functions a : Y1 — R and b : Y, — R such that (AN (B X
BQ)) =1 and

c(y1,y2) = alyr) + b(y2)  for all (y1,42) € AN (By x By).

There also exists one element y; € By such that the sequence defined by

an(y1) = an(y1) — an(y;),

converges for all y; € By to a(y;) (due to having one equivalence class, see the argument in
the last part of Lemma 2.4). We also have

Bn(yz) = bn(y2) + an(yy)

converges for all y, € By to b(y2). Now we can apply the induction hypothesis on ), =

X 11:21 X; which is a product of k Polish spaces and that b, (y2) is a sum of k terms converging

on By which has the property ¢2(B2) = 1. Hence we get that the existence of a measurable
set By C Y, such that ¢o(B2) =1

k1
b(y2) = Z pi(zi) forall yo € B.
i—2

Hence for any (y1,1) € AN (By x By) we have

c(y1,y2) = Hm an(y1) = an(y7) + balye) + an(yr)

S

= lim a,(y1) + bn(y2)
n—oo

k+1

= a(y) + Z pi(Ti).
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Finally, by Lemma 2.4 we also get q( AN(B; X Bg)) = 1 and by setting a(y;) = a(z1) =: p1(x1)
we get the claim for k + 1.

“Uniqueness of the decomposition”. For the uniqueness, we do not need an induc-
tion argument. It follows from Fubini’s theorem. Assume that there exists a collection of
functions such that (@;)1<i<k

By assumption p(U) = 1 and therefore ®%_,;(U) = 1.

Now take any j € {1,...,k} and note that by Fubini’s theorem

1= ®f=1/iz‘(U) = / .

Ty(z)d @, pi =
Xi=1 Xi

/ ]1U(£L’) dujd®7;¢j L -
Xizj X S X

But the inner integral is in [0, 1] so we must have

/ Ly(z)dp; =1, ®zjpi-as.
X

i
This tells us that there exists (2;);; € X iz X; such that
]lU(ﬂAZ‘I, ...,ij,1,$j,$%j+1, ...,i’k) = 1, Hji-a.8. Tj S .)C‘]

By definition of U this means that

i)+ D wild) = i) + ) @ilds),  pas. x5 € A,
i i

¢j = Z i(Zi) — Z wi(Zi),

i#] i#]

By setting

we get
pi(2;) = @i(x5) + ¢, pyras. z; € Aj.

Remember that j € {1,...,k} was arbitrary which means we can write

k k k
Z pi(:) = Z wi(T;) = Z (Pi(:) + ),  ®F p-as.

=1
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But since ¢; is constant for all ¢ € {1, ..., k} we get the asserted claim

k

ZCZ'ZO.

i=1
[l

To show the existence of the decomposition we use that p ~ ®F_ u; in the previous
theorem. In [37] the authors claim that there always exists a decomposition which may not
be measurable even without the assumption p ~ ®¥ ;. However, they state the claim
without a proof as an easy generalization of the case k = 2. Even though the proof that
we have for Lemma 2.4 is similar to theirs in [38, 37], we could not generalize the idea
straightforwardly. Fortunately, the assumptions that we impose ensure measurability of
the decomposition in return. That makes the result more practical than the existence of a
decomposition which may not be measurable.

One could ask whether the converse statement holds. We have the following giving us a
sufficient condition for a probability measure p € C,, to be the unique minimizer:

Theorem 2.6. Consider the problem (2.2) with constraint set C,. Assume there is a feasible
P € Cu.u for which the Radon-Nikodym derivative %’ can be written as

k

d

L) =T fiw), ras, with log i € L(Xp), i € {1, k).
=1

Then p is the unique minimaizer.

Proof. In our proof we will use a similar idea as in the proof of Theorem 3.1 in [10] which
is related, in fact what we want to prove is part of Corollary 3.1 in the same paper. The
argument is based on Theorem 2.2.

Let us elaborate the argument for the sake of completeness. To that end, we start by
taking an arbitrary feasible ¢ € C,,. We want to show

H(qglr) > H(q|p) + H(p|r),

so that the claim follows from Theorem 2.2. If H(q|r) = co we do not have to do anything.
Let us assume H (qr) < co. First we calculate

(ols) = [ 108 (20 wiao) = | Zf;log i) p(da) = Z o8 £ (),

where we have used that = — log f;(x;) is in L'(p) via Tonelli’s theorem which allows us to
exchange the sum and the integral. Now recall that g has the same marginals as p so that
x — log fi(x;) is in L'(q) as well and for each i € {1, ..., k}

/X. log fi(w;) pi(d;) = /Xlog fi(z) q(dz).

3

23



Therefore, we can do the previous calculation in reverse to get

H(plr) =Z [ o8t atan) = | izk;logfmq(dx): [ tor (@) ) ata

where we have used the expression for log % in terms of (f;)i1<i<x holds r-a.s., and in par-
ticular qg-a.s. by the assumption H(qr) < oo. The previous calculation also ensures that
log % € L!(q) from which we get that S > 0 q-a.s. for free. We want to use that observation
to argue that q < p. Indeed, for any A € B(X) we have

dp (dp\ ™"
algzo0 gy (E> ]

Moreover the assumption H(q|r) < oo gives < r so we can continue writing

dp [dp\ ' dg dp\ ' dg
T41 —(—) — Lal{se. w) @l

{#>0 qr \ dr dr
This allows us to conclude via Radon-Nikodym’s theorem that q < p and

01011_IL dp\ "dg  (dp\ 'dg s
dp >0\ dr dr  \dr ar e

We are almost done, because all the calculations above finally lead to

H(alp) = / log (jp) dg = /X {log <i—?) log (if)} dg = H(g|r) — H(p|r).

This proves the inequality we were after which in our case is an equality. Hence by Theo-
rem 2.2 p is the unique minimizer of (2.2). O

Eq[ﬂA] = Eq

Ey[l4] =E, =Ep

Remark 2.7. Note that we do need log f; € L'(X;, ;) to conclude

/Zlogfz ;) /Zlngz z;) a(dz),

although both p and q from the previous proof have the same marginals. It is indeed
tempting to say that the expectation of a sum of functions is determined by the marginal
laws of each function. That is true for £ = 2, but surprisingly enough it is not necessarily
true for k > 2 as proved in [42].

The fact that the integrability of log f; is not needed for £ = 2 explains why Corollary
3.15 in [16] works; it is similar to our Theorem 2.6 with the additional assumption p ~ r
instead of log f; € L'(X;, ;) as we have.

In the next chapter we will apply the results obtained in this section to minimization
problems in the form of (2.2) where the reference measure is the law of an Ito-diffusion.
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Chapter 3

Ito-diffusions and multimarginal
Schrodinger problem

We consider a path space Q = C([0,1];R?) endowed with the completion of the Borel o-
algebra F induced by the topology of supremum norm. Let X = (X;);cjo,1) be the canonical
process defined by X;(w) := w(t). We consider the filtration (F;)icp,1] generated by X,
ie. Fr:=0(Xs: s <t). Insuch case we actually have F = F; by Lemma 16.1 in [22].
Furthermore, for any probability measure P € P(£2) we use the notation (X;)xP for the law
of X; under P.

We let R € P(Q2) be the reference measure for which the canonical process X is an It6-
diffusion with initial law vy € P(R?). To make that precise, consider the (pre)generator
(L4)teo1) defined for all f € C*(R?) by

[\:Jln—l

Z (2, 1) 05 f () + Zbi(:z:,t)aif(x), (3.1)

where a = oo " for some real d x d’ matrix-valued locally bounded Borel measurable function
o : R4 x [0,1] — R and a vector-valued locally bounded Borel measurable function
b : R?x [0,1] — RY We assume that R is a Markov probability measure solving the
martingale problem corresponding to £; with initial law vy meaning that for any f € C>°(R9)

N o= 1) - 506 - [ LLf(X)ds

is a (R, F;)-martingale; and we use the notation R € MP(L;, 1) and the notation MP(L;) to
consider a general martingale problem with generator £; without specifying the initial law.
In such case, we know that X is a R-semimartingale and has the semimartingale decom-
position
X = Xo+ M, + Ay,

with the finite variation part A = (A;)icjo,1) and the local martingale part M = (M;)scp
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being
¢ ¢
A = / b(Xs,s)ds, M, =X, — X — / b(Xs, s)ds.
0 0

Moreover, the quadratic variation of M is in matrix notation

M), = /0 " a(X..5) ds.

which more precisely means
(M, MY, = / aij (X, s)ds, 1<i,j<d.
0

The semimartingale decomposition above (with Xy ~ 14) is equivalent to R € MP (L, ),
and that is equivalent to saying that X under R has the same law as that of the weak solution
to the SDE

dY; = b(Y;, t)dt + o(Yy, t) dBy,

for some Brownian motion B. However, in general we may not be able to write the semi-
martingale decomposition of X in terms of the SDE that Y solves on the same probability
space €2, but an enlargement of the space might be required (see Theorem 21.7 in [22] for
full details).

Assume a measurable set 7 C [0, 1] and a family of probability measures (j);c7 on R?
are given. We want to minimize the relative entropy H(P|R) under the constraint that the
marginals of X; under P is equal to u; for all t € 7. More precisely, we consider the following
minimization problem:

Multimarginal Schrodinger problem.

min H(P|R),

MSP
subject to (X;)xP =y, forallteT. ( )

This corresponds to the minimization problem (2.2) with the constraint set being
CMP =P eP(Q): (X)uP =y foralteT}
Just as before we define the set of competitors as well:
CMF .= {PeC™”: H(PR) < oo}

Remark 3.1. Since the relative entropy is infinite when P &« R, it makes sense to only
consider the case where p; < (X)4R for all ¢ € 7. That is due to the fact that P < R
implies (X;)xP < (X;)«R so as soon as p; € (X;) xR we cannot have P < R.

The constraint set CM5" being closed and convex leads to the same existence result as
given in Theorem 2.1. For overview we state the existence and uniqueness of minimizer for
this setting.
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Theorem 3.2 (Existence of minimizer of Schrédinger problem). Assume there exists a com-
petitor Q € CXP| then there exists a unique solution for the minimization problem (MSP).

Proof. We only have to check whether CMS is closed and convex. We show that CMSF is a
closed set. To that end, consider a sequence (P,), C CM5F that converges weakly to some
P. We need to show P is in CM5F i.e. (X;)4P = p; for all t € T. Let f € Cy(R?), then

FAXP = [ )P
R4 Q
But note that f(X:) € Cp(2), indeed boundedness is clear and we have

lim f(X;(") = lim f(o'(t)) = fw(t)) = f(Xi(w)),

w'—w w'—w

since uniform convergence implies pointwise convergence. Therefore

/Rdfd(Xt)#P:/Qf(Xt )dP = lim th )dP, / £ du,

n—oo

yielding (X;)#P = p, since bounded continuous functions separate probability measures on
a Polish space (Theorem 13.11 in [23]). This shows that P € CM5F and hence CM5F is closed
in P(Q2) under the topology of weak convergence.

For convexity, take any A € [0,1] and two probability measures P, Py € CMSF| then for
any t € T we have

(Xe)#(AP1 4 (1 = A)P3) = A (X3) 4Py +(1 = A) (Xe)Po = A + (1 = Mgy = e
=put =pt

implying AP; + (1 — )Py € CMSP. That gives the convexity of CM5F,
Now that we know CM5F is closed and convex, the result follows from Theorem 2.1. [

3.1 Markovian nature of the solution

The minimizer P of (MSP) (if it exists) inherits some properties of the reference measure R.
Recall the definition of Markov process/measure.

Definition 3.3 (Markov process/measure). A probability measure Q € P(£2) is called a
Markov measure or Markovian if for any t € [0,1] and A € o(X;: s > t) we have

QA F)=Q(A| Xy Q-as..
In such case we say that the canonical process X is a Markov process under Q.

This definition is equivalent to saying that for any ¢t € [0,1], A € o(Xs: s < t) and
B e o(Xs: s>t) we have

QUANB|X,)=QA|X)QB|X,) Qas. (3.2)
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Proposition 3.4 (Markovian minimizer). Assume a unique minimizer P of (MSP) exists
with finite entropy. If the reference measure R is Markovian, then the minimizer P is also
Markovian.

Proof. We follow the same argument given in the proof of Theorem 4.5 in [3]. We want to
show the Markov property (3.2) for P. The idea is to construct a probability measure P
from P that satisfies the Markov property (3.2) for each s € [0, 1]. We then show it is also a
minimizer which makes it equal to the minimizer P by uniqueness.

We need some notations first. We start by fixing s € [0, 1]. For any probability measure
Q € P(9Q) we denote the regular conditional probability given X, by Q¥=* := Q(- | X, = z).
We denote the space of continuous functions on [0, s] and [s, 1] by Qo 4 and €, 1] respectively.
We let X9 and X®! be the canonical processes on Q0. and Q). We endow the Polish

spaces §o.5 and Q1) with the o-algebras Fjo g = U(X,[«U’S] : r€0,s]) and Figq) = U(Xq[f’” :
r € [s,1]) respectively. On each sample space, we define a probability measure, namely

Qes = (Xpg)#Q, and Q. := (X[s1)2Q  respectively.

We know that F = JF; and F; is generated by cylinder sets, i.e. sets of the form

n

ﬂ{Xti S CZ}?

=1

for somen € N, 0 < t; <ty < .. <t, <1and C; € B(R?), which implies that for any
E € F there exists two sets E; € Fjo and Ey € F, ;) such that

E={we: wlpsg € Er and w1 € Es}.

Keeping these notations in mind, for any F € F we define
QU(E) = [ [0 0 QX(Ey x Eu) (X.)4Q(da),
R

One can check that Q® is a well-defined probability measure on Q. Loosely speaking, the
reason why we construct the probability measure Q) is that it satisfies the Markov property
at time s.

We proceed by showing the following:

(i) P® preserves marginals, in particular P®) is feasible for the problem (MSP).

(ii) P®) satisfies the Markov property at time s; more precisely, for any A € (X, : r €
0,s]) and B € (X, : 7 € [s,1]) we have

POANB| X,) =PY(A| X,)PY(B|X,), P®-as.
(iii) H(P®) |R) < H(P |R).
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To show (i), we first fix ¢ € [0,1] and take an arbitrary measurable set C € B(R?). We
either have t < s or t > s. Assume t < s, because the argument is similar to the other case
anyways. We can write

(X, eCl={weQ: wpge{X e} and wluy € Yy}
By definition of P®*) we get
PO € C) = [ PR (XI € OO () (X 4P(ck).
We have PX= (1) = 1 which gives us
PO(X, € C) = /

Rd

pX=r (X ¢ 0) (X,)4P(dz) = / pXo=(X1% ¢ 0) (X,)4P(da),

Rd
where we have used the obvious fact
pXs=r(xI* e 0) = PX=r(X, € ).
Law of the unconscious statistician and the tower property gives
P(X, € C) =Ep [P (X, € O)] =Ep[Ep[Le(Xy) | Xi]] = Ep[lo(X,)] = P(X; € O).
We can do this for all ¢ € [0, 1] and in particular we get
(X)4P® = (X))4P = iy, forallteT,

which makes P(®) feasible.
Now we show the second point (ii). For any A € o(X,: r € [0,s]) and B € o(X, : r €
[s,1]) there exists two corresponding sets £, € Fjgq and Ey € Fsq) such that

A= {w e N: w|[07s] € El, w|[871} < Q[s,l]},

and
B = {LU < Q: W|[0,5} < 9[073]7 W|[871] c EQ}

This characterization of the sets A and B can be proved using the cylinder sets. It is clear
that
ANB={we€N: wl|og € E1, w1 € Ea}.

Now the fact that P preserves marginals implies

Epo [Lo(X,)Lang] = /C [PX=2 (B )PXy— (By)] (X,)4P(dx)

- /c [PX(B)PY™ (By)] (X,) 4P (dx)
= Epo [Lo(X:)PY (E1)PY (Ey)).

S
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Therefore by definition and uniqueness of conditional expectation

PO(ANB| X,) = PE(E)PY(E), PY-as.

S

It is not what we exactly want yet, but the same argument shows that
PO(A| X,) =PY(E) =P¥(4), PY-as.
Similarly, we obtain
PO(B| X,) = PXi(Ey) = PX(B), PW-as.
Putting the previous three equations together yields
POANB| X,) =PY(A| X,)PO(B| X,), P®-as.

This is the assertion in (ii).
Finally, we prove the third point (iii). By conditioning on {X; = z} (Lemma B.4 in
Appendix B)

H(PIR) = H((X,)4#P|(Xs)%R) + » H(PY= [ RY7) (X,)4P(da).

By the assumption that R is Markovian we can write RX*=® = RX:=%* @ RXs so that by
applying Lemma B.5 in Appendix B we get the following inequality

H(PIR) = H((X:)4P|(X:)4R) + » H(PET" ® P | RETT @ RET) (X,)4P(dx).

The fact that R is Markovian, P®)(- | X, = z) = PXs=* @ PXs=* and that P(®) preserves the
marginals allows us to write the inequality as follows:

H(PIR) = H((Xo) 4P [(X,)4R) + [ H((P®)“=" | RE7) (X,) 4P (du).

R4

We apply Lemma B.4 from Appendix B in reverse to get
H(P|R) > H(PY |R),

which is exactly (ii).

We are almost done. We have shown that P®) is feasible and H(P®)|R) < H(P|R). So
P() is minimizer, but the minimizer is unique which means P(*) = P. But we know s € 0, 1]
was arbitrary, so for any s € [0,1] and A € o(X, : r <s)and B € o(X, : r > s) we have
by point (ii)

PANB| X,) =P (ANB|X,) =PYA| X,)PYB| X,) =PA| X,)P(B| X,), P-as.

Hence P is Markovian. O
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Knowing that P is Markovian is not just a beautiful fact for its own sake, but it will pro-
vide usefulness in characterizing dP/dR as becomes clear later, for instance in Theorem 3.14
below.

Another property is that if R is the law of a semimartingale, then so is P as one would
expect from Girsanov’s theorem. In addition, Leonard gives an expression for the relative
entropy in terms of the “drift” in [25].

Before we state the theorem, we first need to define the notion of semi-uniqueness:

Definition 3.5 (Semi-uniqueness of martingale problem). We say MP(L;) has the semi-
uniqueness condition whenever two probability measures Q, Q" € MP(L;) satisfying (X)xQ' =
(X0)2Q and Q' <« Q we must have Q' = Q.

The previous condition is the same uniqueness condition that is called “condition (U)” in
[25]. We found the name semi-uniqueness more describing, because in some sense it means
unique among “half” the probability measures namely Q' < Q.

Of course, if the martingale problem corresponding to (3.1) has a unique solution, then
the semi-uniqueness holds. Conditions to ensure that can be found in e.g. Chapter 9 from
[35]. We state Theorem 2.1 and Theorem 2.3 from [25] in the following theorem:

Theorem 3.6 (Girsanov under finite entropy). Let P € P() be any probability measure
such that H(P|R) < co. Then there exists a progressively measurable process (¢)icjo) such

that )
Ep [/ 0(X., 5)T B2 ds
0

and the canonical process under P has the semimartingale decomposition X = X+ M" 4+ AP
with

< 00

¢ t
A7 :/ b(Xs,s) + a(Xs,5)8:ds, M = M, —/ a(Xs, s)fs ds,
0 0
and [MFP] = [M]. Moreover, the relative entropy satisfies the inequality
1 1
HUCX) 4P X)) + Ee | [ 1ol 5) 02 ds)| < HEIR),
0

If in addition the martingale problem MP(L,) satisfies the semi-uniqueness condition, then
we have equality in the previous inequality and dP/dR can be written as

dP d(Xo)xP
R l{r O}d(Xz) R(XO exp (/ Bs dM, ——/ lo(Xs, s) TBS|2ds>. (3.3)

Finally, we refer to B as the control.

Remark 3.7. 1t is important to note that the control 5 is only defined P-a.s., and only defined
R-a.s. on {{f > 0} as follows from the construction given in [25]. The fact that

1
Ep {/ lo(Xs,5) " B ds} < 00,
0
implies that the stochastic integral fol Bs dM; is well-defined P-a.s. and R-a.s. on {38 > 0}.
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Remark 3.8. Note that when P ~ R classical Girsanov’s theorem would also give us a similar
expression in terms of stochastic exponential, say (L) = exp(L — [L]|/2) with L some local
martingale. In such case we only know that L is a local martingale, and a priori we do not
know if we can write L in terms of a stochastic integral w.r.t. M. We need some kind of
martingale representation theorem to obtain the latter. However, in [25] the construction
is due to a Riesz’ representation argument which is applicable due to the finiteness of the
relative entropy.

Note that for Theorem 3.6 we did not assume that P is Markovian. In our purpose, for
the minimization problem (MSP) we consider the minimizer P which is Markovian due to
Proposition 3.4. So in such case, it is tempting to claim that the control §s is a function of
(X, s) since X is Markovian under P. With assuming a little bit more we get the following:

Proposition 3.9. Assume P € P(2) is Markovian and satisfies H(P|R) < co. Assume that
o 1s uniformly bounded from abowve, i.e. there exists C' > 0 such that

lo(z,t)| < C for all (x,t) € R? x [0,1].

Let (Bs)scpo,1) be the control from Theorem 3.6. Then for almost every t € [0,1]

1 t+h
lim EEP |:Xt+h — Xt — / b(XS, S) ds | _B = G(Xt,t)ﬁt m L2<Q7 P)
t

h—0+
In particular, there exists a Borel measurable function F; : R* — R? such that
a(Xt,t)Bt = Ft(Xt)7 P-(I.S.

Proof. The following proof is along the same lines as the proof of Proposition 2.5 in [15]
which is about the case when X is a BM under R. Our statement above includes such case
by taking o = I.

Let us take any t € [0,1] and A > 0. We use the semimartingale decomposition of X
under P to get

t+h t+h
Xoyn — Xy — / b(X,, s)ds — / a(Xs, s)Bsds = M}, — M[.
¢ t
The local martingale MP on the right-hand side has quadratic variation
t
07l = (M) = [ a(X)ds,
0

and it is bounded since |a| = |coT| < C?. Therefore, the local martingale MP is actually a
martingale by e.g. Corollary 17.8 in [22]. That means that we are allowed to take conditional

expectation with respect to F;, and moreover the conditional expectation of the martingale
MP on the right-hand side vanishes, i.e.

t+h t+h
Ep {XHh - X — / b(Xs, s)ds — / a(Xs, s)Bsds | Fr| = 0. (3.4)
t t
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We want to divide by h > 0 and take h — 0. Everything seems to be as in the statement
except the part ffrh a(Xs, s)Bs ds which requires a special treatment.
To that end, define for h € Q. the function Kj : [0,1] x Q — R?

Kt w) = % /t a(X.(w), $)Bu(w) ds.

This function K}, is product measurable since the integrand is progressively measurable (and
we extend it by zero outside [0, 1]). Let us assume integrability of K}, (¢,w) with respect to
P for the moment and divide by h > 0 in (3.4) to get

1 t+h
EEP |:Xt+h — Xt — / b(XS,S) ds ’ ./T"t:| = Ep[Kh(t, ) | .Ft] (35)
t

By conditional Jensen’s inequality and tower property we get

Ep [|Ep[Ku(t,) | Fi] — a(Xe, t)5i]°] = Ee [|Ep[Kn(t, ) — a(X;, )8, | Fi]I’]

3.6
< Ep [|Kn(t,-) — a(Xs, )] - (36)

By (3.5) and the last inequality (3.6) we see that we establish our claim once we prove that
for a.e. t € [0, 1] we have

lim K(t,-) = a(X,,t)B;, in L*(Q,P).
h—0+
Although we have ignored integrability issues to arrive at (3.6), we will see that the way to
arrive at the inequality (3.6) addresses these issues naturally.
Let us get to business and note that the boundedness of o and the fact that a = oo
allow us to estimate

T

1 1
Ep [/ |a(XS,s)BS|2ds} < C?Fp U 0(X,,5) B ds| < CPH(PR) < 00, (3.7)
0 0

This implies the existence of a measurable set (¥ € F such that P(€) = 1 and for each
we

/0 la(X,(w), 5)Bs(w)]? ds < oo,

that is
[s = a(X,(w),s)Bs(w)] € L*((0,1), Leb).

Since L*((0,1),Leb) is a probability space we get L*((0,1),Leb) C L*((0,1),Leb) which in
particular tells us through Lebesgue differentiation theorem that for any w € €' we have

lim Kp(t,w) = a(Xi(w),t)Be(w) ae. t€(0,1). (3.8)

h—0t
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Note that the set
E = {(t,w) €[0,1] € Q: Elhlirgl+ Ky (t,w) = a(Xt(w),t)Bt(w)} ,
—
is B([0, 1]) ® F-measurable. Moreover, previously in (3.8) we have showed that
1
/ Ip(t,w)dt =1, forallwe Q.
0

We can apply Fubini to get that

(Leb @P)(E) = /OlEp[]lE] dt = Ep Uol ILEdt} — 1

In particular since 0 < 1p < 1 and we are dealing with probability measures
Ep[lg(t,))=1 ae.te€]|0,1].
In other words, there exists Iy € B([0, 1]) such that Leb(ly) = 1 and for each t € I, we have
Ep[lg(t,-)] =1,
which by definition of £ means that

lim Kp(t,w) = a(Xi(w),t)Bi(w), P-as. weQ.

h—0t

Differently formulated, we have for each t € I

lim |Kh(t, ) - G(Xt7t)6t|2 =0 P-as.

h—0t

At this point, we hope to improve the P-a.s. to L!(Q, P)-convergence through Dominated
convergence theorem which is equivalent to the L?(Q, P)-convergence of K}, (t, ).
Note that with Jensen’s inequality

2

t+h
|Kn(t, ) — a(Xe, 1) B]* = ‘%/+ (a(Xs, s)Bs — a( Xy, t)5y) ds

1 t+h
<i [ a8 - a(x 5P ds
t
Now we use the inequality |z + y|* < 2(|z|* + |y|?) to get
2 t+h
Kt~ a(X 0B < 1 [ alXes)8. s+ 2lal X 05
t

The right-hand side serves as a dominating function as soon as we show the right-hand side
converges in L'(£2, P).

34



To establish that, we note that (3.7) implies via Tonelli that there exists a measurable
I, C [0,1] with Leb(/;) = 1 such that for all ¢ € I; we have

Eplla(Xy,t)B:*] < oo,
and

/O Ep [|a(X,,$)82] ds < C2H(P|R).

Lebesgue differentiation theorem applied on the left-hand side yields the existence of a mea-
surable I C [0, 1] satisfying Leb(/y) such that for all ¢t € I,

t+h
lim —/ Ep [Ja(X,, 5)8:[2] ds = Ep [|a(X:, )5]?]

We know the same argument applied to Kj(t,w) can be applied to & :Jrh la(Xs, 5)Bs* ds to
get another set I3 C [0, 1] satisfying Leb(/3) = 1 such that for all ¢ € I3

t+h
lim la(Xs, 5)Bs1*ds = |a( X, 1) B>, P-as.
h—0t J;
Now let I := N}_,I; and of course the intersection of these sets satisfies Leb(I) = 1. We can
apply Sheffe’s lemma (see Proposition 4.12 in [22]) to get that for all ¢t € T

1 t+h
E/ (X, 8)B,[2ds — [a(Xs, )82 in L', P) as h— 0.
t
We have showed that our dominating function converges for all £ € I, so this tells us via

generalized dominated convergence that for all ¢t € [

lim Ep“Kh<t, ) — a(Xtat>Bt|2] =0.
h—0t

In particular, by (3.6) we get that for all ¢ € [

1 t+h
lim Ep ‘—Ep |:Xt+h — Xt — / b(XS, S) ds | E:| — CL(Xt,t)ﬁt
h—07+ h t

2]
This shows the first assertion since Leb(/) = 1.
For the second assertion we note that X is a Markov process which allows us to write

1 t+h 1 t+h
EEP |:Xt+h - Xt - / b(XS, S) ds | ft:| = ﬁEP |:Xt+h - Xt - / b(XS, S) ds | Xt:| .
t t

On the other hand that random variable converges in L?(Q, P) to a(Xy,t)3;. Which means
that there is a measurable function F; : R* — R? such that

a(Xy, )6y = Fi(X;) P-as.
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The previous result gives that a(X;,t)5; = F;(X;) with a way to find a(X,t)3; through
a limit. Actually, more is true without any more assumptions than the assumptions imposed
at the beginning of the chapter.

To that end, we need to introduce new spaces. Let Q € P(Q2) and set v = (X;)xQ
for all ¢ € [0,1]. We can define the following bilinear forms for any measurable functions
f,9:REx[0,1] — R?

1
(F9)iay = [ [ Fat) ol gl ) (o)
o Jr
which is well-defined for functions in the space
£2(R? x [0,1],a,7 ® Leb) := {f : R? x [0,1] — R?: f measurable and (f, f)r2(a-) < o0}

Note that a = oo which means that fTaf = |o" f|*> > 0 for all functions f. This implies
that (f, f )1L/22(a ) is a semi-norm. Let us also define for any progressively measurable processes
¢,€:Q x[0,1] = R the bilinear form

1
€ Or0a = [ Balq ol 06 ] dt
0
and the space
£2(Q2 x [0,1],a,Q ® Leb) = {¢: @ x R* - R?: ( prog. measurable, ((,()r2(,q) < o0}

These spaces lead to the definition of spaces using equivalence classes. We define ~* on
L2(R? x [0,1],a,7 ® Leb) by f ~* g <= (f — ¢,/ — 9)12(ay) = 0. Now we can define the
space

L*(R? x [0,1],a,y ® Leb) := £2(R? x [0,1],a,v ® Leb)/ ~* . (3.9)
Similarly we can define ~** on £2(Q2 x [0,1],a,Q ® Leb) and set
L*(Q x [0,1],a,Q ® Leb) := £*(Q x [0,1],a,Q ® Leb)/ ~** (3.10)
These spaces are Hilbert spaces. We need a small lemma, first:

Lemma 3.10. Let Q € P(Q). Assume there erxists a progressively measurable R%-valued
process (& )iepoa) such that for a.e. t € [0,1]

& € Range(a(Xy,t)), Q-a.s.
Then there exists a progressively measurable process ((;)iepo] such that for a.e. t € [0,1]
a(Xt7 t)Ct =&, Q-as.

Moreover, ¢, = a(X;,t)T¢ where a(X;,t)t is the Moore-Penrose inverse of a(Xy,t) (see
Section 20.1 in [18]). In addition, if & = G(Xy,t) for some Borel measurable function
G :RIx R — RY, then one can choose (; = F(X;,t) for some Borel measurable function
F:RIxR — R
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Proof. We are basically after solving the equation a(X;,t)y = & for y € R? in a measurable
way. Note that the matrix a(x,t) may not be invertible so we cannot take the inverse.
Fortunately, the Moore-Penrose inverse a(x,t)* works like an inverse for vectors in the range
of a(x,t). More precisely, for any z € Range(a(x,t)) we have a(z,t)Ta(x,t)z = z (see
Corollary 20.4.3 in [18]). Therefore, by defining ¢; := a(X;,t)t¢;, we almost get the claim
except the progressive measurability of (. We use Theorem 20.7.1 in [18] which states that
the Moore-Penrose inverse can be expressed in terms of a limit

a(z, )" = lim (a(z,t)* + 0lgxq) a(z,t).
6—0t
Clearly this is Borel measurable for being a limit of Borel measurable functions which makes
¢ progressively measurable.
Finally, for the case & = G(X;,t) we have that ¢, = a(X;,t)"G(X,t) = F(X,t) where
F(z,t) .= a(x,t)*G(x,t) is a Borel measurable function. O

Proposition 3.11. The spaces L>(R? x [0, 1],a,v ® Leb) and L*(Q2 x [0,1],a,Q ® Leb) are
Hilbert spaces with inner products (-,-)r2(aq) and (-, -)r2(a,q) respectively.

Proof. Showing these spaces are innerproduct spaces is standard in functional analysis so
we omit those details. However, showing completeness might be tricky, because the matrix
a is allowed to be singular. We show completeness of L?(Q x [0,1],a,Q ® Leb), because a
similar argument works for L?(R? x [0, 1],a,y ® Leb). Note that the induced norm is

1 1
1<0220.0) = (65 Q2@ = /O Eq [¢ a(Xy,t)¢] dt = /0 Eq [lo (X, 1) "¢[*] dt.
Now consider any Cauchy sequence (¢™),en in L2(2x[0, 1], a, Q®Leb), then (o(X., ) T¢™),.en
is a Cauchy sequence in the standard L*(©2 x [0, 1], Q ® Leb) which we know is a Hilbert
space. Therefore, there exists 1 € L?(Q x [0,1],Q ® Leb) such that o(X.,-)"¢™ — ¢ in
L*(©2 x [0,1],Q ® Leb). We are done as soon as we show that there exists ( € L*(Q x
0,1],a, Q ® Leb) such that o(X.,)"¢ = 2.

To that end, note that there exists a subsequence such that o(X.,-)"¢ () 5 9) Q ® Leb-
a.s. Moreover, Range(o(X;(w),t)") is a linear subspace of the finite-dimensional space R
which makes Range(o(X;(w),t)") closed. Therefore, 1;(w) € Range(o(X;(w),t)") for a.s.
(w,t). In particular,

min |o(X;(w), 1)z — ¢ (w)? =0, Q& Leb-a.s. (w,t). (3.11)

z€R4

Such least squares problem is minimized by solutions = € R? of
o (X (W), t)o (X (w), 1)z = o( X, (w), )b (w), (3.12)

by Theorem 20.6.1 in [18]. Note that a = oo which makes & (w) := o(X(w), t)(w) €
Range(a(X:(w),t)) a.s. (w,t). Moreover (&)cp,1) is progressively measurable for being a
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limit of progressively measurable process. Hence, we can apply the previous Lemma 3.10 to
get the existence of progressively measurable process ¢ such that a(X;(w),t)((w) = &(w)
Q® Leb-a.s (w,t). But as explained above a solution to (3.12) is a solution to (3.11). Hence,
we have o(X;,t) "¢, = ¥y Q® Leb-a.s. proving completeness of L2(2x [0,1],a,Q® Leb). O

The following proposition tells us that stochastic integration of ({):cjo,1] With respect to
MQ with [MQ] = Jy a(Xs, s) ds is completely determined by the values of (a(Xj,t)¢)iejo,1)-

Proposition 3.12. Let Q € P(Q) and let M® be a Q-local martingale such that [MQ] =
Jo a(Xs, s)ds. Consider two progressively measurable processes ¢ and & for which [, C dMQ
and fo £, dMQ are well-defined Q-local martingales. Then we have for a.e. t € [0,1]

a(Xy, 1)G = a(Xy, 1)&,  Q-a.s.,

t t
(/ Co dMS) = (/ &, dMS) . Q-a.s.
0 t€[0,1] 0 t€[0,1]

In particular, if ¢, € € L*(Q2 x [0,1],a,Q ® Leb), then the previous assertions are equivalent
to ¢ =& in L*(Q x [0,1],a,Q @ Leb).

if and only if

Proof. Let (T$)nen and (T5)nen be the localizing sequences for the local martingales [; ¢ dMQ
and fo £, dMQ respectively. Let T, := TS ATS and note that by BDG-inequality there exists
two universal constants ¢, C' > 0 such that (see Theorem 18.17 in [40])

2]

sup
te€(0,1]

tATy
/0 (Cs - fs) dMsQ

< CEq [/Otm« — &) a(X,,s >(<s—§s>ds]

tATy
Eq [ |G- ease - e ds] < Eq

Hence
tAT),
/ (¢ —&)dM2 =0, Q-as.,
0

if and only if
a( Xy, 1)G = a(Xy, )&, Q-as.

By taking n — oo with the fact that T,, — co Q-a.s. we get that [ a dMQ is a modification
of [, B, dMQ if and only if a(Xy, )¢ = a(Xy, )& a.s. But by continuity of the stochastic
integrals we get that those stochastic integrals are indistinguishable which is the intended
claim.

The additional claim under the assumption ¢,& € L*(Q2 x [0, 1], a,Q ® Leb) follows by
Monotone convergence theorem. O]
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Remark 3.13. We note that ¢ = ¢ in L*(Q2 x [0,1],a, Q) does not mean ¢ = £ almost surely.
The reason is that a may be singular which may result in the null space of || - ||12(,q)
containing nonzero processes. However, the previous proposition is telling us that in such
case the the stochastic integrals of ¢ and ¢ with respect to MQ® are the same anyways.

However, if a(X;,t) is non-singular Q ® Leb-a.s., then ¢ = £ in L?(Q x [0,1],a, Q) if and
only if ( = £ Q ® Leb a.s.

We have finally gathered all the pieces to state and prove the following theorem which
tells us that the control § from Theorem 3.6 belonging to the minimizer of (MSP) can always
be written in the form g = u(Xj, s) for some Borel measurable function w.

Theorem 3.14 (Markovian drift). Let P € CM5Y be a Markovian probability measure and
B be the control obtained by Theorem 8.6. Then there exists a function u € L*(RY x
0,1], a, (X¢)xP ® Leb) such that

B=uX,"), inL*(Qx][0,1],a,P ® Leb).

Proof. The existence of u is based on Riesz representation theorem. Let 7 := (X;)4P and
define the functional Y : L2(R¢ x [0,1],a,~") by

T(p) :=Ep [/0 Bla(X,, s)p(Xs,s)ds| . (3.13)

Then we can check via Cauchy-Schwarz (and |o' 8|2 = 87 a3) that

1
[T(¢)* < Ep VO 8] a(Xs, )8 dS} e l1Z2@qr) = HPR)2l72(q 7y

So by Riesz’ representation theorem there exists u € L?(R? x [0, 1],a,~") such that for all
¢ € L*(R? % [0,1],a,7")

T(p) = (U, 0)12(arP)- (3.14)

Now that we have this u € L%*(a,~") we show that P solves the martingale problem
MP(L; +u'aV, o). To that end, take an arbitrary function f € C>®(R?). By It6 formula
and Theorem 3.6 we have

t t
Nf = / V(X)) dM = f(X;) — f(Xo) — / L.+ B a(Xs, $)V] f(X,) ds,
0 0
is a P-local martingale. The quadratic variation of N is
1
NP = [ OO Ta(X ) V(X d.
0

Since a is locally bounded and V f is continuous with compact support V fTaV f is uniformly
bounded, i.e.
NP, < C.
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By Corollary 17.8 in [22] gives that (NV),e0,1] is a P-martingale.

This is still not enough, because we have [ instead of u(Xy, s). Nevertheless, let us use
the martingale property which implies that for any bounded measurable function ¢ : R — R
and s <t

Ep[(N] — N.)g(X,)] =0,

which is
e | (£000 - 10 - [ L+ BT a1 V] F(X,) @) g(x)] o

One can check that each term separately is integrable with respect to P so that

e | (#0600 - 5060 - | LX) ar) g(x)] = s fo(x,) [ BT a(X, V() .

For example, the integrability of the right-hand side is obtained via Cauchy-Schwarz and the
finiteness of the relative entropy. We will focus on the right-hand side, because we want to
get rid of 8, which we do by first applying Fubini to get

e [o0X0) [ 810060V ] = [ BolaX)8T a9 S0 0

Now we that know this we can apply a similar argument as in Proposition 3.9 to conclude
that

t+h
lim %Ep [f(Xt+h) — (X)) — / b(X,,s)ds | Xt] = Bl a(X,, )V (X)), in LX(Q,P).

h—07t
In particular there exists a Borel measurable function G, : RY — R such that for a.e. 7 € [0, 1]
BIQ(XT,T)Vf(XT) = Gr(Xr)a P-a.s.

In particular for a.e. r € [s,t] we have that 8, a(X,,7)Vf(X,) is o(X,)-measurable which
together with the definition of conditional expectation gives

Eplg(X.)B, a(X,, )V f(X,)] = Ep[Eplg(X,) | X,]8, a(X,, )V F(X,)].

There exists a measurable function v : R? — R such that Ep[g(X,) | X,] = v(X,) so that
after applying Fubini again we get

e | (£000 - 100 - [ LX) ar)ox| = | [ (X)X, )V (X, w.

The definition of T(¢) in (3.13) and the representation in (3.14) for ¢(z,r) = v(z)V f(x)L[s4(r)
yields

e [o00) [ 81000900 ar] =B | [ ot a0 w00 0]
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The same argument as before allows us to recover g and get
e [ (4000 = 100 = [ [+ 00 0l 9] S ) a2 <o
This implies that the new process NP defined as follows:
N = 1000 = [ [ X r) a6, 9] )

satisfies ) )
Ep | (W — NP)g(X,)] =0.

Integrability of NP can be shown with Cauchy-Schwarz, local boundedness of the coefficients
of £; and the fact that f and all its derivatives are continuous and have compact support.
This shows by the definition of conditional expectation that

Ep [Nf’ — NP| Xs} ~0.

Therefore since NP — NP is o(X, : r € [s, 1])-measurable we get by the Markov property
that R ) R X
Ep [Nf — NP | ]—"8] — Ep [Nf — NP | XS] = 0.

Hence NP is a martingale.

We conclude that P solves the martingale problem MP(L;+u"aV, o) and the uniqueness
of semimartingale decomposition together with Lebesgue differentiation shows that for a.e.
t € 10,1] a(Xe, t)8: = a(Xe, t)u(Xy, t) P-a.s. By Proposition 3.12 we get the assertion that
B=u(X,-)in L*(Q x [0,1],a,7" @ Leb) which is what we were after. O

The previous theorem tells us that the canonical process X under the minimizer P has
the semimartingale decomposition X = X, + A" + MP with

¢ t
AP = / b(X,,s) +a(X,, s)u(Xs, s)ds, M} = M, — / a(Xs, s)u(Xs, s) ds. (3.15)
0 0

Let us set 77 = (X;)4P as in the previous theorem. The multimarginal Schrédinger problem
(MSP) seems to boil down to minimizing

1
(10, ) = H (polv0) + 5 l[ullZz(a ey, (3.16)

over pairs (pg,u) € P(R?) x L2(2 x [0,1],a,~+" ® Leb) such that X under P has the semi-
martingale decomposition given in (3.15) with the constraint 47 = yu; for all t € T.

However, it is not completely clear whether this in fact leads to an equivalent problem.
For example, it is not clear that X under P having the semimartingale decomposition given
in (3.15) implies that H(P|R) < co. Fortunately, it turns out to be the case as follows from
the same techniques used in Chapter 5. We do not get into such details as we believe that
this is more straightforward than what we will prove in Chapter 5.
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3.2 Approximation of the Schrodinger problem

It can be sometimes useful to reduce the constraints and consider “smaller” problems. For
instance, when we have |T| = oo, then we may ask if we can approximate such problem with
a Schrodinger problem with finitely many constraints. That is possible, and in fact, there
are many ways to do so. However, we illustrate one particular way to do it which is also used
in [14] to treat the case 7 = [0,1] and the reference measure being the law of a Brownian
motion.

To that end, we start by arguing that we can always assume 7 C [0, 1] is countable. The
marginal law ¢ — (X;)xP is continuous under the topology of weak convergence. Indeed, by
dominated convergence theorem we have for every bounded continuous f € Cy(R?)

lim [ fd(X,)4P = imEp[f(X,)] = Be[f(X,)] = | Fd(X,)4P.
s—t R4 s—t R

Therefore, for the problem to have a solution, we must have that the mapping ¢ — u; with
domain 7 is continuously extendable on 7. Once that is established, we see that y, is
uniquely defined by a dense subset of 7 due to continuity. But [0, 1] is a separable metric
space and so is every subset 7 C [0, 1] which means we can find a countable dense subset of
T' C T (see Proposition 3.25 in [5]).

That leads us to define the following set of probability measures:

C™ = {PecPQ): Ep[la,(X;)] = pe(A), forallie{l, . ,n}, teT,} (3.17)

for some closed sets (A;);en C B(R?) generating B(R?); and a collection of increasing finite
sets (7,)nen such that
T =7
neN
We obviously have CMSP < ¢("+1) < ™ for all n € N and by uniqueness of measure we get
cM = (e,
neN

We let C}}“ C C™ to be the subset of measures with finite entropy with respect to R.
Now we can define the approximate multimarginal Schrodinger problem:

Approximate multimarginal Schrodinger problem.
min H(P|R),

AMSP”"
subject to P e C™, ( )

Theorem 3.15 (Convergence of the approximation). Assume (MSP) has a unique mini-
mizer P € CMSY. Then for all n € N (AMSP") has a unique minimizer P, € C}? such
that

P, — P  weakly as n — oo,

and
lim H(P,|R) = H(P|R).

n—oo
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Proof. We know that the sublevel set
¢ ={QeP(Q): HQR) < HPIR)}

is a compact subset of P(€2) under the narrow topology (i.e. the topology of weak conver-
gence) (Proposition B.3 in Appendix B). The fact that P € CMS" ¢ C™ is feasible for
(AMSP™) implies there exists a unique minimizer P,, € C for (AMSP™) by Theorem 2.1.
Since P, € C we have that every subsequence (ny) of P, has a convergent subsequence
(nk,), say Pnkj — P. By lower semi-continuity of the relative entropy (Proposition B.3 in

Appendix B), we have

H(P |R) <liminf H(P,, [R) < H(P|R).

J—00

As soon as we show that P € CMSP we get the claim by uniqueness of the minimizer P.

Fixi € Nand ¢t € 7'. By Lemma 13.10 in [23] we get the existence of a continuous function
fm € Cy(R?) such that 0 < f,, < 1 and f,, — 14, everywhere, as m — oo. Take an arbitrary
€ > 0; and note that there exists m* € N such that for all m > m*, together with dominated
convergence, we have

/ :H-A,(Xt) dPnkj — & S / fm(Xt) dPnkj S / ]]-Al(Xt) dPnkj + €.
Q Q Q

There exists j* such that i <ny , and ¢ € 7,  which means that for all j > j* we have
J

[ rax ey, = [ 1a(X) Py, = ()
Q Q ’

and in particular

lA) =2 < [ f(X0) dPuy, < puld)

Take j — oo to conclude by the fact that Pnkj —P

ld) =2 < [ f(X0) 4P < 40 + =
Now take m — oo to obtain

pe(A) —e < /Q 14,(X,)dP < i (A) +e.
Since € > 0 is arbitrary we conclude that

Ep[La,(Xe)] = 1e(As).

This holds for arbitrary i € N and ¢ € T’ which yields P € CMSP. Hence P = P by the
uniqueness of P.
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We have established that any subsequence of P, has a subsequence converging to P so
that the assertion P, — P weakly follows from a standard result in analysis. Finally, the
last part is mostly done already, lower semi-continuity and H(P,|R) < H(P|R) implies

H(PIR) < hmme(P |IR) < limsup H(P,|R) < H(P|R).

n—o0

O

We can prove a stronger statement for which we first need the following result concerning
the uniqueness of the control from Theorem 3.6:

Proposition 3.16 (Uniqueness of control). Assume that Q € P(Q) satisfies H(Q|R) < oo

If
dQ (XO)#Q ,
R ]l{dR>o}d<X0) R (Xo) exp / (s d M ——/ lo(Xs,5) ¢|*ds R-a.s.,

for some progressively measurable process  such that the semimartingale fo (s dM, is well-
defined Q-a.s. Then ¢ € L*(Q x [0,1],a,Q ® Leb) and ¢ = 3% in L*(Q x [0,1],a, Q ® Leb)
where B9 is the control from Theorem 3.6. In particular

HIQIR) > H((X0)4Ql(Xo)4R) + 380 | [ lo(X, 9GP ],

with equality if MP(L,;) satisfies the semi-uniqueness condition.

Proof. Define the stopping time

t
T, := inf {t €10,1]: / lo(Xs,8) "¢ ds > n} A1,
0
and consider dQ/dR on Fiar,. It is not difficult to check that
dQ d(X{])#Q /vt/\Tn 1 /t/\Tn - )
- = ——"—(X SdMS__ X87 s d 9 R-a.s.
dR Fonr d(Xo)#R( 0) €xp o C 2 o |U< S) C | S a.s

Then we apply classical Girsanov’s theorem and take n — oo (and the fact that the semi-
martingale [ ¢ dM is well-defined implies that 7,, — oo Q-a.s.) to get that the semimartin-
gale decomposition of X under Q is X = X, + AR + MQ with finite variation part

AR = /t (b(Xs, s) + a(Xs, 5)¢) ds
0
By the uniqueness of semimartingale decomposition and Theorem 3.6 we get
[ 0065 + a6 ds = [ 0030 5) +a(x,,952) as
0 0
By Lebesgue differentiation we get that for a.e. t € [0, 1]

a(Xt> t)Ct = a(Xta t)ﬁ?? Q—a.s.,

which proves the result after invoking Theorem 3.6 and Proposition 3.12. O]
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We can now prove the following statement:

Theorem 3.17. Assume in addition to the assumptions in Theorem 3.15, that MP(L;)
satisfies the semi-uniqueness condition. Let B™ and B be the control from Theorem 3.6
corresponding to P, and P respectively. Then B™ — 3 in L*(Q2 x [0,1],a,P ® Leb), i.e.

1
lim Ep V lo(X,,5) (B — 6§”))|2d3} = 0.
0

n—00

Proof. We know under the semi-uniqueness of MP(L,), there exists processes 3 and 3™ by
Theorem 3.6 such that

dp dpg ! e Th 2
R = ]1{%>0}d_VO(XO)eXp </0 5des_§/O 0(Xs,8) ' Bsl7ds |,

and ) ) 1
dpP,, dug' (n) 1 T g(n)2
ﬁ = ]]_ %>O}d—y0(X0) exp (/0 63 dMs - §A |U(X87 S) ﬂs | dS .

Note that P is feasible for (AMSP") so that by Theorem 2.2 the following inequality holds:
H(P|R) > H(P|P,,) + H(P,|R). (3.18)

In particular P < P,, (because H(P|P,,) < oco) and we can write the Radon-Nikodym deriva-
tive as follows:

dP_ dP (dP,\ " 5

dP, ~dR \drR ) {0y TeES

Writing everything in terms of the stochastic exponential £(-) (i.e. (L) := exp(L — [L]/2)
for any local martingale L) yields

P (X)) ( '
B e ([ (5. a0
dPn dgéo) (XO) {dR>O}ﬂ{ dR >0} 1

Note that dP,,/dR is finite R-a.s., because it is integrable with respect to R. Due to P, < R
it is finite P,-a.s. too. These facts combined we see that

Hgoopn{ oo} = Lgesoy Pocts
Therefore we can write

duo .
dpP d (XO) </
=L = ——E ([ (B =B AM )
dPx e g (Xo) !

duyg

By uniqueness of the process (3 — 3™) due to Proposition 3.16 applied to dP,,/dP yields
that

1
HPIP) > Hpli?) + 385 | [ 1006097 (5 = 4 as]

45



Inequality (3.18) implies

HUPIR) ~ H(PLIR) = Hjalel”) + 58 | [ 1o06.0s)7 (5~ ) as].

Since H(P,|R) — H(P|R) by Theorem 3.15 we get after taking lim sup
. 0y, L 1 n
limsup H (polu§”) + 5Ee [ [ 1os) 6~ 5 >>\2ds] =0,
n—00 0

which gives the desired claim since the relative entropy is non-negative. O]

3.3 Reversible processes

We give a short discussion on how sometimes reversing the time in our problem (MSP)
might be of help for reversible processes. We first recall the definition of a reversible Markov
process, namely

Definition 3.18 (Reversible Markov process). A Markov process (X;)cjo,1) is said to be
reversible under Q € P(Q) if for every ¢ € [0, 1]

(Xs)se[o,t} ~ (Xt—s)se[o,t] under Q.

Moreover, we say a Markovian measure Q € P(£2) is reversible, if the canonical process X is
a reversible Markov process under Q.

We assume that the reference measure R € P(€2) is reversible. Let us define the reversing
map ¢ : QQ — Q by
O(w)(t) == w(l —1).

The measurability of the map ® is immediate, and that makes P o & defined by
Po®(-) = P(®(.)),
a well-defined probability measure for any P € P(€2). Moreover, ® is bijective which implies
H(Po®Ro®)= H(P|R),

for any probability measures P, R € P(Q2) by (Corollary B.7 in Appendix B). We also know
that R = R o ® due to reversibility. Therefore, for this special case we can consider the
time-reversed equivalent version of problem (MSP), namely

Time-reversed multimarginal Schrodinger problem.

min H(P|R),

TRMSP
subject to (X;)gPo® =y, foralteT. ( )
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We define CTRMSP © () for the set of all probability measures such that Po ® € CMSF
le.

CTRMSP . fPp e P(Q) : (X))4Po® =y, forallte T},

and we similarly define CERMSP ¢ CTRMSP for the competitors in CTRMSE . In general CMSY £
CTRMSP "yt if CMSP is symmetric in the sense that ¢ € 7 if and only if 1 —¢ € T and
e = fi1_¢, then we have CMSP = CTRMSP,

This seemingly trivial reformulation of the problem can be used as a consistency criterion
in the following sense:

Lemma 3.19 (Consistency under reversibility). Assume the reference probability measure
R € P(Q) is reversible. A probability measure P € CM5Y is the minimizer of (MSP) if
and only if Po ® € CFEMSY s the unique minimizer of (TRMSP). In particular, if CM5F =
CTRMSP “then the minimizers of each problems (MSP) and (TRMSP) coincide, i.e. P = Po®.

Proof. It follows from the fact that and ® : Q — € is a bijection and (Corollary B.7 in
Appendix B) which gives for any probability measure Q € P(£2)

H(QIR) = H(Qo ®|Ro ®) = H(Qo ®|R),

where we have used the reversibility of R in the last equality. To prove the direction “=",
assume P € CM5F is the minimizer of (MSP). Then for any Q € CEEM5F we have Qo® € CM5F
and

H(QIR) = H(Qo ®|R) > H(P|R) = H(P o ®|R).

The reverse direction is proved similarly. Finally, the same reasoning yields P = P o & for
the case CMSP = CTRMSP, O

Time-reversibility can be useful to prove results by a “symmetry argument” as we will
see in Section 4.2 and Section 4.4. As such when the reference measure R is reversible, the
Schrodinger problem is easier to handle.

Finally, we end this chapter by noting that most results in this chapter extend to more
general diffusion processes. While Proposition 3.4 about the minimizer P being Markovian
only the continuity of the canonical process X was used, for Girsanov’s theorem and the
characterization of the control S we have used the semimartingale decomposition of X. Most
obvious extensions of these theorems include general continuous Markovian semimartingales
as it is actually proved in [25]. In such case Proposition 3.9 will take a different form where
the division of h is replaced by the measure induced by the quadratic variation of the local
martingale part of X.

We will see a lot of occasions where R being the law of an It6-diffusion is not needed. It
is not difficult to distinguish these results from the rest and we will omit such discussions
after this chapter.
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Chapter 4

Finitely many marginal constraints

We study the multimarginal Schrodinger problem (MSP) for the case 7 is finite. We relate
the problem to a static version, show existence of solutions, and characterize the solutions.
Furthermore, we give regularity results with applications to reversible Langevin diffusions. At
the end of this chapter, in Section 4.4, we apply the obtained results for Ornstein-Uhlenbeck
process.

As we will see below the problem (MSP) is equivalent to a seemingly smaller problem.
More precisely, let T = {t1,...,t;} and define p and v as the joint law of (X;);e7 under P
and R respectively, i.e.

IU = (th, ...,th)#P, V.= (th, ,th)#R

Let m;, the projection to the ¢;-th component. The law of the ¢;-th component under y is
(¢, )44 Now consider a new minimization problem, namely

Static multimarginal Schrodinger problem.

min H(9]),
. (SMSP)
subject to (m)gy =, forallteT.

We call this problem the static version of (MSP). The name makes sense, because while in
the original problem (MSP) we look at the whole path measure, in (SMSP) we only look at
the different points where marginals are given.

We use the notations C3MSF and C3MSF for the set of probability measures in P((R%)¥)
that are feasible for (SMSP) and competitors respectively. Using a similar argument as used
in the proof Theorem 3.2 we can show that CSM5F C P((R9)*) is convex and closed so that
by Theorem 2.1 we get the following:

Theorem 4.1 (Existence of minimizer to (SMSP)). Assume there exists a competitor v €
CEMSP " then there exists a unique solution for the minimization problem (SMSP).

The following lemma tells us that problems (MSP) and (SMSP) are equivalent, so it
seems that we only have to solve a seemingly smaller problem.
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Lemma 4.2 (Equivalence of (MSP) to (SMSP)). A unique solution P € CMSF to (MSP)
exists if and only if a unique solution p* € C3MY to (SMSP) emists. In either case, the
minimizer P of (MSP) is characterized by

Ep[Y] = / Er:[Y] p*(dx),  for all non-negative random variablesY,
(Re)*

with R* being the reqular conditional probability given (X;)ie7. Moreover, the objective values
of each problem s equal, i.e.

H(PIR) = H('|v).

Proof. We start with the “if’-part, so assume a solution u* € C3MF to (SMSP) exists. We
prove the assertion by defining a measure Q € P(Q2) that is feasible for (MSP) and satisfies
H(p*|v) = H(QIR). We define Q, by the characterization mentioned for the minimizer,
namely for any non-negative random variable Y we set

Eq[V] := /(Rd)k B [Y] (). (A1)

This is well-defined, since €2 is a Polish space we have the existence of regular conditional
probability R® given X7 := (X;);e1 = x € (RY)*,
For the feasibility of Q, we calculate for any B € B((R%)*)

(n.QB) = [

Ere[15(X7)] 1*(dz) = / 15(x) i (dz) = i (B).
(Rd)k

(RE)*

Hence Q satisfies the marginal constraints, because p* is the solution to (SMSP). It only
remains to show that H(Q|R) = H(u*|v). To that end, note that for any set A € F we have
using the definition of Q and the Radon-Nikodym theorem

*

Eqll] = /() BrelLal (o) = [ Beelta

(RA)F

() v(dz)

Using the definition of regular conditional probability and conditional expectation we get

du*

d *
Eq[1.4] = Eg []ER[]lA]XT] ] H

(XT)} = Er [HA P (XT)] :

v

By uniqueness of the Radon-Nikodym derivative

dQ B dp*
dR  dv

(X7), R-as.and Q-a.s.

We are almost done for we can write

HQR) = [ 1ox (fi“ <XT>) 4Q = /() log (fi“ <x>) () = H(p' ) < oo
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Now Q € CM5F 50 a solution P € C¥5F to (MSP) exists by Theorem 3.2 and H(P|R) <
H(Q|R). This establishes, the “if’-part.

For the “only-if’-part, we take the minimizer P € CMF of (MSP) and consider the
measure j = (X7)4P. This measure is obviously feasible for (SMSP), i.e. u € C3M5F. Let P?
denote the regular conditional probability P(- | X7 = x). Then by conditioning (Lemma B.4
in Appendix B) we have

H(PIR) = H(plv) + H(P*|R?) p(dz).
(Rd)*
We also know that H(P*|R*) > 0 which gives
H(PR) > H(pv).
In particular p € C3MSF and by the same argument as in Theorem 3.2 and Theorem 2.1

we get the existence of a solution u* € C3MF to (SMSP). We can now define the measure
Q € CM5F from the previous part using p* as done in (4.1) to get

H(P|R) > H(Q|R).
But we know that P is the unique minimizer of (MSP) so P = Q. By definition of Q we have
Ep[Y] = / Ege[Y] p*(dz), for all non-negative random variables Y,
(Rd)k
and
H(P|R) = H(p"|v),
which is what we were after. O

By the previous lemma, to solve (MSP), it is enough to find the minimizer p of H(u|v)
with the specified marginals (u;)er. Since (RY)* is a product space, we can apply the
existence result obtained in Section 2.1. We summarize it in the following theorem:

Theorem 4.3 (Existence of minimizer for (SMSP)). Assume that
H <®§:1:Uti

V) < oo,
and

v ®f:1yti.

Then there exists a unique minimizer u € CiSY and there exists a collection of measurable

functions f; : R — R indexed by i € {1,...,k} such that

dp i
5(x) = Hfz(xz), v-a.s. (4.2)

Moreover, the factorization is unique up to transformations (f;)i1<i<k = (¢i fi)1<i<k for some
(¢i)r<i<k C (0,00) satisfying [ty c; = 1. Additionally, if @, ~ v, then yu ~ v. Finally,
we call the functions (fi)1<i<k the Schrédinger factorization.
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Proof. Note that ®%_,u;, is feasible and the fact that it has finite relative entropy implies it
is a competitor. So a unique minimizer p € C3M exists by Theorem 4.1.

We now want to apply Theorem 2.5, but first we need to show pu ~ ®% ;. The fact
that ®F_,uy, is a competitor implies H(®%_ u,|) < oo by Theorem 2.2, and in particular
®F iy, < p. Tt only remains to show p < ®%_ p,.. It happens that the condition v <
®F_ v, implies p < ®F_ 1, Tt is based on the fact that the set

B = {:L‘ H dﬁ: }7

has full measure under u, because

k k k
N(B):N<H$:0>§g #(dytt(m)zo)zg Mti(dytt ZO)ZO.
i=1 i @ i=1 i

i=1

Now let us take A € B((R%)*) such that @ s, (A) = 0. Since ®F_p;, < @F 14, (because
i, < vy, otherwise p & C3MSP) we have

implying ®@% 14, (AN B) = 0. We also know p < v < ®% 1, yielding u(AN B) = 0. The
fact that p(B) allows us to write pu(A) = pu(A N B) = 0, which by the choice of A gives
IS ®£€:1H’ti‘

We showed ®@%_, 1. ~ p, then Theorem 2.5 gives us (after taking the exponential function)

that
k
= [ fi(z), nas.
i=1

with the corresponding uniqueness statement. We want the equality to hold r-a.s. For that
we need to adjust f; a little bit. Define f; := fily,, with U, := {d’”l >0},

By definition B = szl U;, and since pu(B) = 1, we have

3’5 Hfl x;) H]lU x;) fi(z;) Hfl i), j-a.s.,

which only holds v-a.s. on {3—’; > 0}. However, once we show that 1z = Lpngdu gy v-a.s., we
dv

get that everything holding p-a.s. on B also holds r-a.s. on B.
Let us proceed; for any non-negative random variable Y : (R%)* — R satisfying Y = 0
on B¢ we have

d
/ Ydy:/ Y]leu:/ Y Y1pd®,
(R4)k (R4)k (Re)k d & Vy,

o1



by the fact that v < ®;14,. We also have p ~ ®;p;, ~ ®;14, on B, which then allows us to

write
dv (A ®; > -
Ydv = : Yipd®; .
/(Rd)k /(Rd)k d & Vg, (d X Vy, B He

dv d@; e\ d®;
- . Y 1plau, du,
/(Rd)k d &y Vg, <d X Vg, d” B {37>0} H

where we have added the indicator of {3—5 > 0} on the last line for the event has full measure
under p. By uniqueness of Radon-Nikodym derivative and the fact that v ~ p on {3—’: > 0}

yields
-1
/ Y dv :/ d_,u Y1,au_ dp :/ Y1,au_, dv.
(RA)E (Rd)k dv {q>0 (Re)k av >0}

Therefore, for any set A € B((R%)*) we have

v 14

i) = [ Lpopgpn@nlda) = [ 1y @a@) ot vidn) = | L/ via)

implying
k

du ~
—\x) = i\ZLi), r-a.s.,
i@ =1Tie)
due to uniqueness of Radon-Nikodym derivative.
Finally, under the additional assumption ®%_, ;. ~ v, the assertion pu ~ v follows from
v @F < p <L . ]

Remark 4.4. The assumption we have in the previous Theorem 4.3 is fairly practical, since we
can verify the existence of a unique minimizer through checking whether the trivial candidate
®F_ j1, is a competitor. However, it may suggest that it is the only way to find a competitor
which is not true. In fact, once one knows the existence of a unique minimizer pu € C3M5F,
then one can also get the Schrodinger factorization via other arguments.

For instance, assuming a unique minimizer p € C3MSP exists, Theorem 5.1 in [3] gives
the Schrodinger factorization under irreducibility of the reference measure R, i.e.

(X, X1) 4R ~ (X5) 2R ® (X3) xR,  for all s,¢ € [0,1].

Such condition implies ®%_,1;. ~ v as obtained in Lemma 3.8 in the same paper [3].
Comparing our result with [3], we see that we both (implicitly) assume v < ®F ,1;,,
while we have H(®F_ 1, |v) < oo and they have ®F_ 1, < v instead.

Whenever a Schrodinger factorization exists for which (4.2) holds v-a.s., we also obtain

P L
— =[] £(X), R-as. (4.3)
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Indeed, using Lemma 4.2 we have for any A € F by change of variables

k
P(A) = /]R B[] plda) = /R B[] [ ] o) (o) = B

Er[La | X7] Hfz‘(Xti)] :

=1

The pull-out and tower property for conditional expectation gives

I H fi(Xti)] ;

and the claim follows by the uniqueness of the Radon-Nikodym derivative.

By means of (4.3), one finds compatibility conditions for the Schrédinger factorization.
Recall that in Chapter 1 we have seen a similar conditions in terms of the Schrodinger
system (1.1). These conditions come from the marginal constraints. To see that, take any
j € {1,...,k} and use the definition of conditional expectation for non-negative random
variables

k

1a H [i(Xy,) | Xor

=1

P(A) = Eg |Er = g

i, (A) = Ep[L4(X,,)] = Ex {wm%} — Er |14(X,)Er

Hfl(th) ’ th]] .

i=1

We can take out f;(X;,) for it is (X}, )-measurable to deduce

i#]

pie, (A) = Er | La(Xy) f5 (X, ) Er

Hence due to uniqueness of the Radon-Nikodym derivative we get

dl’[/t]'
v, (z;) = fi(z;)Er

Irx0 1 x, _xj] , jed{l, ..k} (4.4)

1#]
Alternatively, due to the Markov property one can write

j—1

Hfl(th) ‘ th = T

=1

dlutj
th .

J

(z;) = fi(z;)Er Er

k
H fi(Xe,) | Xy, :a:j] , je{l, ..k}
i=j+1

(4.5)

We know that for each j € {1,...,k} the probability measure y; is fixed by the constraints
given in (SMSP) and vy, is fixed for it is a marginal of the reference measure. Therefore
dpu,; /duy; is fixed which then puts constraints on the functions (f;)1<j<x by (4.5).

Equation (4.5) indexed by j € {1,...,k} is just the Schrodinger system (1.1) from the
introduction in a new jacket.
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4.1 Regularity of the Schrodinger factorization

In this section we study the regularity of the Schrodinger factorization. It makes sense to
assume throughout this whole chapter that the minimizer y € CMF exists and admits a
Schrodinger factorization, namely

du, i
a(x) = Hﬁ(%)’ v-a.s.,

for some measurable functions (f;)1<i<x. Until now, we have not seen any results concerning
the regularity of the functions (f;);. We only know that the functions are non-negative almost
surely and that the product is v-integrable. Regularity of the Schrodinger factorization is
studied in [44], for instance in Proposition 4.1.5 we find conditions to ensure the functions
(fi)1<i<k are bounded almost surely for the case k = 2. The result given in [44] works well
whenever the marginal densities dyu,, /diy, have bounded support. Fortunately, we were able
to use the same techniques to get a generalization of the result allowing for dpuy,/dw, to
have unbounded support while decaying fast enough. It might be too restrictive to aim for
boundedness of the functions (f;)i1<;<x; so we give conditions for these functions to be in
particular LP-spaces.
Before doing so, let us introduce a notation for du,, /dv;,, i € {1,...,k}, namely

dpy
th. '

k3

Pt; ‘=

The result we are after is the following:

Theorem 4.5 (LP-regularity for Schrodinger factorization). Assume the following:
(i) there exists a function ¢ : (RY)* — [0,00) of the form c(z) = Hle ci(x;) with ¢; : R —
0, 00) such that ®%_ c;vy, < v in the sense that

k

[1 ] ctomidn) <via) forala= X A€ BRY)

=1

(ii) there exists a collection of measurable sets (U;)i<i<x C B(R?) such that for all i €

{1,...,k}
v, (U0 {py, >0}) >0, and v, (U;N{c; =0}) =0;

(i11) there exists a collection of measures (n;)1<i<k such that n; < vy, for all i € {1,...,k};
and there ezists a collection of numbers (p;)1<i<k C [1,00] such that

Pt;
C; \U;

e LP(U,m;), forallie{l,.. k}.
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Then f; € LPi(U;,m;) for alli € {1,....,k} and

-1
1 fill Los i me) < (H ||ijj||L1(Rd,ut].)>

J#
Proof. Fix i € {1,...,k} and note that the first assumption with monotone class argument
(Theorem 2.2 from Chapter 0 in [35]) implies that for any measurable set A; € U;

[41 (g /Rd ¢ f dl/tj) cifidy, < /(Rd)k f(a:i)ILA(xi)Hfj(%)V(dx)-

J#
The right-hand side with change of variables and conditioning can be written as

Pti
Ci

LPi(U;,m;)

() Lalwi) [ [ fi(a) v(de) = Br

(R i#i
_ / Ee
A;

fi (th) ]lAi (th) H fj (th)]

J#i

[[ /(X)X = $z] filwi) v, (da;)
J#i
Recall (4.4) which tells us that

pi (i) = f(2:)Er

Hfj(th) ‘ Xti = xl] ;o Vgmals.,
J#i

so that combining what we have obtained above yields the inequality

/Ai (H /Rd ¢ifi dutj) cifidy, < /Ai pe, (@) v (dzy).

J#i
Since A; C U; was arbitrary, by the fact that inequality of integrals implies inequality of
integrands, we conclude

ci(w) file) I ] lej filli@a,) < puli),  w-as. z; € Us.
J#i
For any j € {1,...,k} we have f; > 0 on {p;; > 0} by (4.4) and ¢; > 0 on U; which means
cjfj > 0on U;N{p, > 0}. By the second point vy, (U; N {p;; > 0}) > 0 which together with
the previous observation implies that ||c; f;]| LR,y ) > 0.
Hence we can divide by ¢; and the products of ||¢; f;|| Li(RA ) TO end up with

—1
Pt; (T4
filz) < <H chfjHLl(Rd,wj)> 4 ), v-a.s. x; € Uj.

i ci(xi)

We have n; < v, for all i € {1, ..., k} by the last assumption which implies that the previous
inequality holds 7;-a.e. The function f; is positive and dominated by a function in LPi(U;, n;)
by the last assumption too. Hence, f; € LPi(U;, n;) and the estimate of its norm follows from
the same inequality. O
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Remark 4.6. There are two remarks:

e By taking U; = R? we see that we must have ¢; > 0 v;,-a.e. and the result is a global
LP-integrability for the Schrodinger functions.

e By allowing ¢; to be zero in the previous theorem, it is enough to have ®F  c;vy, < v

k
on X, ,U.

The previous remark suggests that we can recover the results obtained in Proposition
4.1.5 in [44], but one should be a little bit cautious. It is tempting to say that we may take
U; = {pt, > 0} and a function ¢ that is a positive constant on szl U; and 0 outside, and
recover integrability on RY. Tt is not true, because we only get f; € LP ({p;, > 0}, 7;) unless
fi =0 v,-a.s. on {p;, = 0}. Luckily, there is a condition that ensures the latter which is also
in the statement of Proposition 4.1.5 in [44]. We have seen the condition that we refer to in
Theorem 4.3 previously, we state it once more for its relevance:

Corollary 4.7. Assume either i < ®F_ ;. or v < Q8 v,. If the assumptions of The-
orem 4.5 holds for U; = {p;, > 0} for each i € {1,....k}, then f; € LPi(R% ;) for all
ie{l,... k}.

Proof. As seen in the proof of Theorem 4.3 the assumptions v < ®F_ v, or u < ®@F |y,
allow us to take each function f; in the Schrodinger factorization to have support inside
{pt, > 0}. Therefore it is enough to study the integrability of f; on U; = {p;, > 0}. O

4.2 Regularity of the factorization for Langevin diffu-
sions

We illustrate the theory of the previous section for a class of Ito-diffusions, namely Langevin
diffusions. Consider a convex function U € C?(R%) such that e=Y € LY(R? dz). We let the
reference measure R € P(2) to be the law of a Langevin diffusion

dX, = —VU(X,)dt + V2dB;, (4.6)

with the initial probability law being

-1
vo(dx) = n(dz) := (/ oUW dy) U@ qp.
Rd

Recall the definition of reversible Markov process in Definition 3.18. With some additional
assumptions to ensure existence and regularity, we will see that the canonical process X is
stationary and reversible under R.

Recall that the transition kernel of the Markov process denoted by p;(z,dy) induces
a semigroup (P)cjo,1) on suitably chosen function spaces (see Section 1.2.1 in [2]). We
write some conditions on the function U such that the semigroup (F;):cpo,1] has smoothing
effect so that the functions (f;)1<;<x in the Schrédinger factorization turn out to be smooth.
Throughout this section we consider the following assumption on U:
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Assumption 4.8. (i) U € C?*(RY); (ii) for every € > 0 there exists c. > 0 such that
|D2U| < e|VU|? + c.; (iii) D*U > 01 for some 6 > 0; and (iv) e~V € LY(R4, 7).

Remark 4.9 (Existence of transition density). Assumption (ii) above implies that AU —
%|VU | < M for some constant M > 0 allowing us to apply the argument around Equation
(7.4.4) and Proposition 7.4.9 in [2] to get the existence of a transition density p;(x,y) with
respect to the invariant measure. Moreover the existence of a transition density with respect
to the invariant measure implies v < ®¥_;n which allows us to use Corollary 4.7.

Recall the definition of analytic semigroup which basically says the semigroup (P;):>¢ has
analytic extension on some parts of the complex plane (see Definition 5.1 in [32]). It happens
so that under Assumption 4.8 we get that the semigroup (P;)ep,1 is analytic on LP(R, 1)
with p € (1,00) and is symmetric for p = 2 (e.g. see [27]). The generator (£, D(L)) of the
semigroup (B;);>o is

L=A-VU -V, DL)=W?PR:rp), (4.7)

where W™P(R? n) is the space of m-times weakly differentiable functions for which all the
weak derivatives up to order m are in LP(R%, 7).

Note that the reference probability measure R solves the martingale problem associated
with the generator £. It is well-know that the L2-symmetry of the semigroup corresponds
to the reversibility of the process as given in Definition 3.18 (see Section 1.6.1 in [2]).

The special property that comes from (P);cp0,1) being analytic is that for any function
[ € LP(R? n) we can differentiate t — P, f for ¢t € (0, 1] infinitely many times as a LP(R?, n)-
valued function and (see Lemma 4.2 in [32]):

& P f=L"P

am rf = -
In particular ¢ ~ P f is in C*((0, 1]; LP(R%,n)). Furthermore, if U € C®(R?) we get a
result concerning parabolic regularity.

Theorem 4.10 (Parabolic regularity for the Langevin generator). Assume U € C*®(RY).
Then for any function f € LP(R% n) the function u : R? x (0,1] — R defined by u(x,t) =
Pif(x) is in C(RY x (0,1]) and for any fized t € (0,1] we have u(-,t) € W2P(R, n).

Proof. See Appendix A.1. m

We want to apply these results to the functions occurring in the Schrédinger factorization.
We define a collection of functions (h;”)i<;<x with k7" : R? x [t;_1, ;) — R and

7

h?(yvt) = ER

[Irx) X = y] : (4.8)

j=i

Similarly we define (h{)i<i<x with h{™ : R x (¢;,t;11] — R and

(2

h‘f(yvt) = ER

[Irx) X = y] : (4.9)

Jj=1
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With these notations and using Equation (4.5) we can rewrite p;, as follows for any i €
{2,...,k—1}:
pr, (i) = hiZy (@i, 6) fi(w) hify (i, 1),

For i =1 and 7 = k we have

po (1) = fi(@)hy (z1, 1), pe(2n) = Py (ks th) fr(Tn).

In calculations, we may also use the convention ki = 1 and h;}, = 1 to avoid different
cases. Also, it is clear that we only need (h;”(-,ti—1))2<i<k and (h{ (-, ti+1))1<i<k—1 in the
expression for (p:,)1<;<x which makes them the only relevant functions for study.

A consequence of the smoothing property stated in Theorem 4.10 is the following:

Proposition 4.11. Assume the functions (fi)i<i<x are in LP(RY n) for some p > k — 1.
Then the functions (h;” (-, t;_ 1))2<Z<k and (hf (-, tiv1))1<ick1 are in W2PIE=D(R pn) . If in
addition U € C*°(R?), then (h;? (-, ti_1))a<i<k and (hi (-, tiv1))1<i<k_1 are even in C°(R?).

Proof. We prove the (slightly stronger) assertion that hy?(-,t;,_,) € W?2P/(*k=+D(R4 p) for
i €{2,...,k} starting with k. The fact that h;’ (-, tx—1) = P, —t,_, fx and tx — tx_1 > 0 makes
Theorem 4.10 applicable so that h’ (-, t,_1) € W2P(R? n). This establishes the claim for k.
Let us proceed with the inductive step now and assume the claim is true for 7, i.e.
hi? (- tio1) € W2P/=i+1)(R4 1) We want to show the claim for 7 — 1; for that note that

k
h (th 27 IER LH fj(th) ‘ Xtizl :
j=i—1
We use the Markov property to write this as
k
h (th 27 ]ER ['H fj(th) |]:ti—2] .
j=i—1

We use the properties “smallest o-algebra wins” on F,, , C F;,_, and “pull-out what is
known” to get

i k
h?l(th 27 )_ER ]ER [H fj(th) | ‘/__%11] “Fti2]

j=1—1
k
Hfj(th) ’ Ezl] | ‘Fti2] :

j=i

= ER fi—l(Xti,1)ER

Now the Markov property yields

h (th 27 ) = ER fi*l(Xtifl)ER

Hfj(th) ‘ Xtil] |E12] :

j=i
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We recognize the random variable inside the outer conditional expectation which simplifies
the expression to

h?l(XtL 27 ) = ER I:fi—l(Xti—l)h'?(Xti717ti_l) | "T_-tz'fz} = Ptifl_ti—Z[fi—lh?(.7ti—l)](Xti72)'

So now we have

hﬁ (iUz 2, i 2) Ptl 1—ti_ z[fl 1hﬁ( 1)](%72)-

Note that fi_; € LP(R% n) and h;? (-, t;_1) € LP/(*=FD(R? p) by the induction hypothesis so
that .
fimrhi? (i) € LY/ ETHR(R ),

by Hoélder’s inequality. We know that ¢ > 2 and p > k& — 1 so that p/(k —i+2) > 1.
Therefore Theorem 4.10 gives hi”, (-, t;_o) € W2P/(E=#2) (R4 1) as required. This finishes
the induction.

We have actually obtained a stronger statement, and the precise statement in the theorem
can be obtained by noting that for 2 < < k

L _>—~2
k—i+1 " k-1

so that for each i € {2,...,k} we get hi?(-,t;_1) € W2P/k=D(R? p) since n is a probability
measure.

The statement for (h{ (+,%;+1))1<i<k—1 can be similarly obtained by working backwards
in time which yields the same result since the process X is reversible under R.

Finally, if U € C°°(R?) the application of Theorem 4.10 actually gives us functions in
C>(RY). O

Remark 4.12. In the proof of the previous Proposition 4.11, we have applied Holder’s in-
equality using merely that for instance hy” (-, t;_1) € LP/(k=i+1) (Rd n) while actually we know
more, namely h;> (-, t;_1) € W2P/;=i+1(R4 ). That leads straightforwardly to the question
whether we can improve the integrability in the sense that we may have a Sobolev embed-
ding of the form W2P/(k=H1 (R4 n) c LP(R? n) for some p > p/(k — i + 1). If such Sobolev
embedding exists, then we can reduce the integrability assumption on (f;)1<i<k-

Corollary 4.13. Consider the same setting as Proposition 4.11 with U € C>®(R?). If
pr, € C™(RY) for some m € N, then f; € C™(RY).

Proof. This is a straightforward application of the previously found result. Fix i € {1, ..., k}
and note that

pe (i) = hi_y (s, ti)fi(fﬂi)h:rl(fﬂi, ti).

Note that both hiZ;(-,#;) and h;},(-,t;) are in C*°(R?) by Proposition 4.11. As soon as we
show that h{Z,(-,t;) and h;],(-,t;) are positive we can divide by them to get f; € C™(R?).
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The positivity of h;7; can be obtained as follows. We start with h;” and argue by
induction. First of all the fact that the semigroup P, has a transition density p; with respect
n implies for any A € B((R%))

k—1
= / HptiJrl_ti(xi? Ii-i-l) U(dfl) T n(dxk)a v-a.s.,
A=

so that
d@k Hptz+1 t; l’z,l’H_l)

By Lemma 4.15 below we get ®*_ 7 < v which implies that dv/d ®%_, n > 0 v-a.s., which
then implies
Prote (o1, 21) >0, n@n-as. (rp_,2;) € RYx R

Therefore by Fubini we have for n-a.s. z;,_; € R?

Pty—try (Tr—1, ) >0, n-a.s. zj.

In particular,
h[j(xkflytkfl) = Ptkftk,lfk(xkfﬁ = fk(y)ptkftkﬂ(xk—l;y)n(dy) >0, n-as. rp1.
Rd

We know by Theorem 4.10 that h;” (-, t_1) is in C>°(R?) and together with the fact that 1 has
a strictly positive Lebesgue density, implies that h;’(-,¢x_1) has to be positive everywhere
on RY,

We argue via induction and reversibility as in the proof of Proposition 4.11 to obtain
that for all relevant ¢ we have that h;_; and h;}, are strictly positive. This concludes the
proof. n

Remark 4.14. The condition U € C°°(R?) is mostly for elliptic regularity which was needed
in Theorem 4.10. But since we can at most get f; as many times continuously differentiable
as p, we do not need to have h;” and hi~ to be C°(R?). So we can relax U € C*°(R?) slightly.
One can argue via Morrey’s inequality (Theorem 6, Section 5.6 in [13]) that U € C™(R?)
with m > m + f}i‘ﬂ does the job.

We want to apply these results for the Schrodinger factorization in case of Langevin
diffusion, but the results that we have seen above require us to know that the functions
(fi)1<i<k are in some suitable LP-space already. We can establish that through Theorem 4.5.
To apply these results we need lower bounds of the form ®% ,¢;n < v. Fortunately, the
following lemma gives us an infinite amount of possibilities to choose the function ¢ in
Theorem 4.5 for the case of Langevin diffusions.
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Lemma 4.15. Let ¢ = (g;)2<i<x C (0,00) be an arbitrary collection of real numbers. Then
®F_cin < v with the functions ¢; = ¢;(+, €) being

ci(x;) = exp (—9&(5)]%\2) ,

with
_ l+& 1+er
Bi(e) = (Gt —1) | 2t — 1)’

and for i =1,k we have

ie{2,.. k—1},

B 1 _|_ 52_1 o ]. ‘I’ Ek
hE) = g —1y ™ ) = g — 1y

Proof. Recall that the semigroup has a transition density p; (see Remark 4.9). The strict
convexity of U (Assumption 4.8 (iii)) yields a Gaussian lower bound for the transition density
pe. 1t is derived in Remark 5.6.2 in [2] using log-Harnack inequality that

Olr — 2
pe(x,y) > exp (—%) for all (z,y) € R? x R and t > 0.

Now take any measurable A = X | A; € B((R%)*) and see that

_ /A1 /A2 . /Ak ili!pti—ti_1(xi—17xi)n(dx1) coon(day).

Using the inequality we stated, we can bound the integrand as follows:

k
i T Li— 1|

=2 =

Take any (&;)a<i<k C (0,00) to lower bound the quadratic term inside the exponential func-
tion with Young’s inequality

—|IE1 — xi,1‘2 = — (\xl|2 + 2(.’13‘1',331‘,1)]1@ -+ ’$i71|2) Z —(1 + €i)‘xi|2 — (1 + 51»_1”.171‘,1'2.

We obtain

k i ) ,
D, & 'xz 1 —+ €i ZT;
I I ti—ti— 1($Z 17IZ > exXp ( 0 E ’ tgl) 1))‘ 1‘ > )

=2 =2

If we look at the coefficients of |z;|* closely, we get the asserted claim

A =TT [ e (<08 )af) nidr).

with f;(e) as stated above. O
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One thing that we can learn from the previous lemma is that we have a lot of freedom
choosing our functions (¢;);. In fact, for a fixed i € {1,...,k} we can choose ¢; to be as
“optimal” as possible to show the function f; is in a particular LP-space. One can repeat the
same procedure independently for each i € {1,...,k}. The following theorem illustrates this
procedure. Unfortunately, the result in the following theorem is still not optimal, because
we use rough estimations, but it may be useful for its quiet simple presentation.

Theorem 4.16. Assume that there exist constants M > 0 and 6 € R such that
e (2)] < M for all 2 € R? and i € {1,..., k}.

Define

0

Then f; € LP(R% ) for all p € [1,7;) with P;

7
b0 _
2@‘5”(9» if i1¢{1,k} and 0> —k(0),
=< 0 T 95 > _
25 & () if ie{l,k} and 20 > —k(6),
00 otherwise.

If § < —k(0), then f; € L®(R% n) for alli € {1,....,k}, and 26 < —r(0) is enough to yield

the same conclusion fori € {1,k}.

Proof. We only give the proof for i ¢ {1,k} and 6 > —x(#). With the functions ¢; from the
Lemma 4.15, we see that for p;, /c; to be in LP(R%,7) we are basically seeking the Lebesgue-
integrability of

|01, [P exp (pOB; () |2i|* — U () -

Note that if we take ; € (0,1/2), then

U, = ;0 2_U < 00,
= max (vflyl® ~ U(y)) < oo

due to uniform convexity of U and standard result on optimizing uniformly convex functions.
Now we can bound as follows:

|2, |” exp (p05:(e)|i|* — Ul:)) < exp ((p8 + pOBi(e) — vib)lwil* + Us,) -
As soon as we show that we can make the coefficient of |z;|> negative we are done. Note for
i € {2,...,k — 1} we have the coefficient of |z;|*> being equal to

L+e L+ei

(ea(tifti,l) —1) + 2(@9(ti+1*ti) - 1)

pS + pOi(e) —vif = po +pb |5 — 0.
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Assuring
1 1

(efti—ti-1) — 1) T 2(eftiv1—ti) — 1)
allows us to deduce that the previous quantity can be chosen to be negative by varying e
and 7. The negativity of the last quantity is assured if

1
pd + pb 5 —§9<O

1
pé + pr(6) — 50 < 0.

Therefore for any p < m we get
1 1 1
4] ) —-0<-0—-0=0.

This ensures py, /c; € LP(R%,n) and we are done by Theorem 4.5. O

Remark 4.17. The case where p;, € C.(RY) is a case where one automatically gets f; €
L>(R% n) by taking 6 < 0 negatively large and M > 0 large enough. We also do not need
to seek for different c¢; from the ones given in Lemma 4.15, because they are positive on
compact sets.

In the previous Theorem 4.16 the constant x(6) behaves like

1

mlnl(tl - ti,1> ‘

k(0) =~

Therefore, if if for some i € {2, ..., k} the term t; — ¢;_; is small the x(0) is big and therefore
it ruins the regularity for all the other functions in the Schrodinger factorization. To have a
more optimal result on the regularity one is advised to study each i separately.

The next theorem shows that if we can ensure that f; € LP(R% ) with p > k — 1 we can
even get higher regularity in the sense of classical differentiability. Indeed, this is an obvious
consequence of Corollary 4.13. We state the result with a slight warning for the reader that
it is not the most general statement.

Theorem 4.18. Assume that U € C®(R?) and p;, € C™(R?) for alli € {1,...,k} for some
m € N. In addition, assume that there exist constants M > 0 and 6 < %16 — k(0), with

2(k—1)
k(0) given by (4.10), such that
\pe ()| < Me* . for all v € RY.
Then f; € LP(R% n) N C™(RY) for all p € [1,k — 1]. For the case k = 2, it is enough to
require § < 1 (0 — k(0)).

Proof. The result is a combination of Theorem 4.16 and Corollary 4.13. Indeed, the condition
on § ensures f; € LP(R? n) for some p > k — 1 (and in particular for all p € [1,k — 1] for n is
a probability measure). By Corollary 4.13 we get f; € C™(R?), since ®F_,¢;n < v and ¢; > 0
everywhere implies ®%_n < v. The calculations are all basic algebra and therefore we omit
the details. ]
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Needless to say, reversible Langevin diffusions are not the only processes that could be
treated with the methods in this section. A straightforward generalization applies to the
case where X is a weak solution to

dXt = —VU(Xt) dt + U(Xt) dBt,

with initial distribution being the corresponding stationary measure. The results above that
required analyticity, elliptic regularity and some type of log-Harnack inequality are actually
applicable in the generalization above (see e.g. [27] and [2]). The only thing that requires
attention is that the norms in the exponential in e.g. Lemma 4.15 must be changed to the

Riemannian metric induced by a = oo .

4.3 Characterization of the drift of the minimizer

The minimizer P € CMSP (if it exists) of the multimarginal Schrédinger problem (MSP)
for T = {t1,...,tx} can be characterized via the Schrodinger factorization. We also know
by Theorem 3.6 that P € MP(L; + 3, aV, i) for some progressively measurable process
B = (Bt)teo,1) which we have called the control. We will study the control 3 in the sequel.

Via classical Girsanov’s theorem we know that the control g is related to a local mar-
tingale defined through the Doob’s martingale (Eg [dP/dR | F])icp0,1] (see Theorem 1.7 from
Chapter 8 in [35]). We also know that dP/dR is given by the Schrédinger factorization which,
obviously, makes them related to the control 3. We will assume that a unique minimizer
P € CMSF exists that admits a Schrodinger factorization

k
dp
— = Hfi(Xti)7 R-a.s.,
dR 3

for some measurable functions (f;)1<i<x. We can define a martingale Z = (Z¢):cj0,1) by

dP
Zt I:ER |:ﬁ|./—';{| .

We can write this Z, for j € {1,...,k} and t € [t;_;,t;) via the Markov property as follows:

k j—1
Z; = Eg [T A(x0) Xt] 1150
i—j i=1

Hfl(th) ’ Ft] Hfz(th) = ER

=7

Using the definition of (h}”)i<j<x in (4.8), we see that
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where we have dropped the arrow “—”, because there will be no confusion about the direction
for what we will use these functions for. We define a function h : R? x [0, ;] — R through
gluing the functions (h;)1<j<x together

k

h(z,t) ==Y hi(z, )1y, 0 (t). (4.12)

J=1

Under regularity assumptions we see that P is the h-transform with this particular A defined
above. Recall the usual notations vy = (Xo)xR and py = (Xo)P.

Theorem 4.19 (Characterization of the drift). Assume that h; € C*'(R? x (t;_1,t;)) N
C(R* x [tj_1,t;)) for any j € {1,...,k}. Then X under P has the semimartingale decompo-
sition X = Xo + AP + MP with

t t
AP = / (b(Xs, s) + a(Xs,5) Vo logh(X,, s))ds, M} = M, —/ a(Xs, s)V, log h(X,, s) ds.
0 0
If in addition MP(L;) satisfies the semi-uniqueness condition (see Definition 3.5), then

1 b
H(P|R) = H(NJO|VO) + EEP |:/ |O-(Xsa S)Tvx 1Ogh(Xsa S)|2d8:| :
0

Proof. We will start with the first interval, namely [0,¢;), except if t; = 0, then we take
[t1,t2) instead. The argument stays the same, so we assume ¢; > 0. In such case, for
t € [0,t1] we can write Z; = hy(Xy,t) which in particular implies

d
ha(Xo,0) = 3 2(X0).
0

Note that conditional expectation preserves non-negativity, therefore hy(X;,t) > 0. We
want to take the logarithm of hy(Xy,t), but that may not be well-defined. So, we will give
ourselves a little bit of extra space in terms of a small € > 0. Let us apply 1t6’s formula on
log(hy (X, t) +€) to get

t
log(hy1(Xt,t) + ) = log(h1(Xo,0) +¢) + / V. log(h1(Xs,s) +¢)dMs + a5 (4.13)
0
where af is the finite variation part, to be more precise
t
a; = / (0 + L) log(hy (X5, s) + €) ds.
0

Note that (Z; +€)ico,] is a strictly positive martingale, so there exists a local martingale L®
(Proposition 1.6 from Chapter 8 in [35]) such that

Zt + &= E(Le)t,

65



where £(+) is the stochastic exponential (£(L); = exp(L; — [L]+/2) for any local martingale
L). For t € [0,t1) we have

Zy 4+ € = exp (log(hi (X, t) +€)) .

Due to uniqueness of semimartingale decomposition and the application of Ito’s formula as
done in (4.13) we conclude that

t
£ = log(In(X0,0) + &) + [ V. log(0(Xeos) +2)AM, £ € 0.1)
0
and together with —1[L¢]; = af we get for all ¢ € [0, ;)

¢ ¢
/ (O + L) log(hy(Xs,s) +e)ds = —% / lo(Xs, S)TVQ; log(hy(Xs, s) + <€)|2 ds.  (4.14)
0 0

Applying a similar argument on all the intervals [¢;_1,¢;) with an induction argument yields

Zy+e= (%(Xo) + 5) & (/ V. log(h(Xs,s) +¢) d]\/[s) for all t € [0,1]. (4.15)
0 0 ¢

Now taking ¢ = 1 yields

P :
de +e= %(Xg) +e|é& / V.log(h(Xs,s)+e)dMs ) , R-as. (4.16)
dR dVO 0 1

Consider the new measure Q¢ defined by

dQ° = ! ﬁ%—s
dR ~ 1+¢ ‘

Equivalently, we can write

1 1
f=—FP 1-—— R
Q 1+e +< 1+5>

to see that the convexity of the relative entropy gives

H(QR) < 1—41F€H(P|R) + <1 _ %ﬂ) H(RIR) < H(P|R) < oo,

By (4.16) we see that

Q= %’;_S(Xo)+€g<

- og(h(X. aM.) . Reas.,
R 1T e /V og(h(Xs,s) +¢) )1 a.s

0
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which together with H(Q®|R) < oo allow us to apply Proposition 3.16 to obtain
HIQR) 2 H{(Xo) @ (X0)R) + 1B | [ 101X, ) T log(h(Xe,) + )]
In particular, since H((X0)xQ%|(Xo)xR) > 0 and H(Q°|R) < H(P|R), we get
Eq: [/1 |0(Xs, 5) "V, log(h(X,, s) +5)|2ds} <2H(P[R).
0

By putting the indicator 1 (220 inside the expectation, the inequality is preserved

1
Eq- {]l §E>0}/ l0(Xs, )" Vg log(h(Xs, s) +€)\2ds} < 2H(P|R).
0
We apply Fatou’s lemma

1
. dQ®
Er [/0 hergégfﬂ %>o}d_R|0(Xs,s)TVx log(h(Xs,s) +¢)| ds} < 2H(P|R).
Note that 1Q° 4P

51_i>%1+ 1{%>0}ﬁ = 1{%>0}ﬁ’ R—a.s.,

which means, since it is positive, that it does not affect the lim inf so that we can pull it out
and be left with

e—0t

aP !
Er {Il{ggw}d_R/O liminf |o(X,, s)" V. log(h(X, s) +€)|2ds] < 2H(P|R).

We change the measure to P and note that {S—E > 0} has full measure under P so that

e—0t

1
Ep U hminf\a(Xs,s)Tvxlog(h(Xs,s)+s)\2ds] < 2H(P|R).
0

Note that h(Xs,s) > 0 for s < t; by the definition of h (4.12) and the relation to Z; (4.11)
which is positive P-a.s., since Z; = dP/dR on F;. Therefore, for s < t; we can take the limit
as follows:

2

h(X
liminf |o(X,, )7V, log(h(X,,s) + )| = liminf |o(X., s)T—,ZQ: S;f)g
V.h(X,,s)|?
_ X, T Yz "\ 2)
'U( ? 8) h(XS, S)

= |0’(X5,S)TVI log h(Xs, s)

| 2
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For s > t; h(-,s) = 0 which implies V, log(h(-,s) +¢) = V,logh(-,s) = 0 and we see that
the limit exists for this case as well. Hence

1
Ep [/ (X, 8)"Velog h(X,, s)[>ds| < 2H(P|R).
0

This is very useful since we want to apply stochastic dominated convergence theorem (The-
orem 2.12 from Chapter 4 in [35]). First note from what we have previously seen

lim o (X, s) ' Velog(h(X,,s) +¢) = 0(Xs,8) "'V, 1logh(X,,s) P-as.

e—0
Moreover by working out the gradient we also see that the limiting random variable is the
dominating process. Therefore since M is a semimartingale under P we get by stochastic
dominated convergence
%0

t
sup / V. log(h(Xs, s) +¢) — V, log h(Xs, s) dMj
0

t€[0,1]

There exists a subsequence ¢, — 0 for which the convergence holds P-almost surely, i.e.

lim sup =0, P-as.

N0 ¢c(0,1]

t
/ V. 1og(h(X,, ) + 2,) — Valog h(X,, 5) dM,
0

In particular

1 1
lim V. log(h(Xs, s) + €,) dM; :/ V. log h(Xs, s)dM,, P-a.s.

There is also the finite variation term, but for that term we apply monotone convergence

theorem

e—0

1 1
lim/ |a(XS,s)Tvzlog(h(Xs,s)+a)]2d5:/ l0(Xs,8) " V,ylogh(X,,s)[*ds  P-as.
0 0

Since P-a.s. convergence holds R-a.s. on the event % > 0}, gathering these two results
on convergence that we have obtained allows us to conclude (after taking ¢ — 07 possibly

through a subsequence)

dP dp '
R ]l{%>0}d_yz(Xo)€ (/0 V. log h(Xs, s) dMS> , R-as.

1
Now the uniqueness of the control mentioned in Proposition 3.16 together with Proposi-
tion 3.12 and Theorem 3.6 yield the claim. O]

Remark 4.20. There are cases where the regularity assumptions on (h;);<;<j are satisfied. For
example, if the reference measure follows a reversible Langevin diffusion as in the Section 4.2
and under the assumptions of Theorem 4.18, we can apply Theorem 4.19 above. Indeed,
because then we even get h; € C®°(R? x [t;_;,t;)) by Theorem 4.10.
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Formal connection to Hamilton-Jacobi equations

Let us reflect back on the proof of Theorem 4.19. In all what we have done so far we did not
look at the finite variation term «of. The equality between two integrals in (4.14) deserves
special attention. Firstly it implies

1
(O + L) log(hy(Xe,t) +¢) = —§|J(Xt,t)TVm log(hi(Xy,t)+¢)|> R-as. forae. t€[0,t),

due to the fact that equality of definite integrals implies equality of integrands. Let us ignore
the almost sure issues and just take e — 0™ to obtain

1
(875 + ﬁt) IOg hl(x7 t) = —§|O'<(L', t)TVx IOg hl(xv t)|2
It turns out that uy; = log hy solves
1
(075 + Et)ul = —é‘UTvaﬂQ. (417)
If hy > 0 we can show that

(0, + Lo)hy =0, (4.18)

which is not so surprising, because it is nothing else but the backward equation for the
semigroup.
We see from the original definition of h; (4.8) that we have the boundary condition at
t=1;
hi(z,t1) = fi(x)ha(z, t2),

while for the PDE in (4.17) (by setting us = log hs)
ur(z, 1) = log fi(x) + ua(z,t).

Of course, this all can be done for h; for j = 2,..., k. We skipped the details before and
argued via “induction”, but by a similar argument one finds for j =1, ...,k

((9t + Et)hj(:v,t) = 0, on (l’,t) € Rd X [tjfl,tj), (4 19>
hj(]},tj> = fj($)hj+1($,tj)7 on (I,t) - Rd X {tj}, .
Similarly for w; , j =1, ..., k one finds
(at + £t>uj(xat> = —%’UTVmUjP, on (l’,t) € R? x [tj*htj)? (4 20)
ui(z,t;) =log fj(x) + ujyi(x,t;), on (z,t) € R x {t;}. '

At this point it is not clear whether solving the PDEs above will be equivalent to solving the
original minimization problem (SMSP). Assuming regularity on the (pre)generator £; and
the functions (f;)1<j<k we expect that smooth enough solutions exist and they are equivalent
to solving the original problem. It turns out that the control is approximated by functions
u; that solve the PDE in a more generalized sense as stated in Section 5.2 below.
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4.4 Example: Ornstein—Uhlenbeck process

This final section is devoted to illustrate the theory for a fairly simple example of the mul-
timarginal Schrodinger problem (MSP). The advantage of the simplicity is that we are able
to do explicit computations and find the solution explicitly.
We consider the Ornstein-Uhlenbeck process on R. We assume that the reference measure
R is the law of
dX, = — X, dt + V2dB,,

with initial distribution being n(dz) o« e */2dz. We let T = {0,1} and the marginal
constraints given by
Ko = 1 NN(0702)7

for some o > 0.

Existence of solution to the Schrodinger problem

We want to check the conditions of Theorem 4.3. For that we need to find the measure
v = (Xo, X1)xR. We know the Lebesgue transition density, namely

P (z,y) ~ N (ze™ 1 —e ™).

Of course, we emphasize the fact that it is a transition density with respect to the Lebesgue
measure, because in all the theory above we have used the invariant measure. We can
also do that, but it does not really matter, since the transition densities are equivalent:
pe(z,y) = ev’/2pleb(z,y). Now we can also verify that the process is reversible using the
transition density, but we omit those details.

We have all the ingredients to find v, we find for any A € B(R?) that

V(A) = /AW% exp (—%2 - %) dz dy.

It is also straightforward to find

dpo ® y* | (y—we ')
o — /1 _e2 g YT )
Y ‘ eXp( 2 T o=

Therefore

2 12 —(22+y?)/(202)
log <\/1—€_26Xp (—y—+ i) )) ¢ dx dy.

2 2(1—e?) 2mo?

Hipo s ) = [

]RQ

We see before blinking that the latter integral is finite for being a polynomial integrated with
a Gaussian measure which is finite. Hence

H(M()@/'Llly) < 0,

70



which together with Theorem 4.3 gives us a unique minimizer i such that

Pwo) = F@ly), v,
for some measurable functions f : R — [0,00) and g : R — [0,00). We immediately wrote
v-a.s., since po ® py ~ v and therefore pu ~ v.

The reference measure R is reversible so that through reversing the problem and applying
Lemma 3.19 we get that since pg = p1, P = Po® where ® : 2 — Q is time-reversing operator
defined by
D(w)(t) :==w(l —1).

By Theorem B.6 in Appendix B, and the fact that R is reversible we get

dP dPo® dPo® dP

0 ® = f(X1)g(Xo).

But we also know that f and g are unique up to transformation of the form (f, g) — (cf, g/c)
for some ¢ > 0 by Theorem 4.3. We conclude that f = cg for some ¢, so that we can write
(by possible redefining f)

Pe9) = @), vas (1.21)

Regularity of the Schrodinger factorization

Next we study the regularity of the Schrodinger factorization. Note that we are in the
category of reversible Langevin diffusion with U(z) = % We have U'(z) = z and U"(z) = 1.
Also for every € > 0 we take c¢. = 1 so that we get

U"(2)] = 1 < elaf? +1 = e|U'(2)]? + c..

Moreover, U is uniformly convex, since U”(z) = 1 so that U"(z) > 6 with § = 1. This all
shows Assumption 4.8 is satisfied which gives us that the semigroup (P,);cjo,1] corresponding
to the Markov process (X, R) is analytic on LP(R,n) for any p € (1,00). In fact, we could
have verified this ourselves manually using the transition density.

Obviously, we can check whether f € LP(R,n) for some p € (1,00) using the theorems
above and derive some conditions on ¢. For that we need to study the growth of p, = 9

dn
(it is enough, because py = p;). We have
d —x2/(202) /, /o2 1 2_1
po(x) = ﬂ( = /2o = exp 7 ). (4.22)
dry e~**/2 /\/27 Vo? 202

Recall also the function x(#) from Theorem 4.16 which in our case is




We have k = 2 and the critical value Py, yamack according to Theorem 4.16 is

1 o?(e—1)
]_?0 -rlarnac. = — = ? (423)
log-H. k 92 (022021) 4 eil (02 _ 1)(6 _ 1) i 02

for 0> > e7'(e — 1). In such case f € LP(R,7) for all p < Piogpamack- Otherwise if o2 <
e (e — 1) we have that f € L>=(R,n).

We may also wonder whether f is C*°(R), because U € C*°(R) which allows us to apply
Theorem 4.18. For that we want to check whether

02—1<1 1 1
202 2 e—1)"’

ol <e—1~1.72.

Therefore, if 02 < e—1, we get f € L'(R,n)NC>(R) by Theorem 4.18. Actually in such case
we have a little more than L! integrability meaning that we can also apply Theorem 4.19
(see also Remark 4.20) to get that the SDE that X solves under the minimizer P is

dX, = (=X, + 2V, log h(X;, 1)) dt + V2 dB,,
with h being h(z,t) = Pi_f(x).

which is satisfied if and only if

Verification by solving the problem explicitly
It follows from (4.21) that we need to seek for a function f such that

i) = @) [ FA w0y (120
R

Recall that po(x) is a Gaussian function, i.e. o« e for some ¢ € R, and so is pi®(z,y)
in both variables. If we take a Gaussian function in both variables (z,y) and integrate
with respect to one variable, say y, then by completing the squares we still get a Gaussian
function. If we take f to also be Gaussian then we get that

w%ﬂ@éf@ﬁ%%ww

is Gaussian.
That leads us to try an ansatz of the form f(z) = Ve for some 6 € R

d 2 2
d—llj(m,y) = Cef v (4.25)
For this to be the right solution, we must have by Equation (4.24)
_ dpo _ v 022 6y2, Leb
po(x) = d—yo(w) =Ce R (z,y) dy, (4.26)
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by (4.4). Let us see how the latter integral looks like

/eezpreb(x y)dy = / ;exp <9y2 _ M) dy.
R ! ’ R \/27(1 —e72) 2(1—e?)

This is a Gaussian integral and by expanding the squares one finds that it converges if and

only if
1

2(1 —e2)

Moreover, completing the squares allows us to find the integral explicitly:

2 6 2r(e? — 1)
0y?, Leb _ ) 42
/Re pr(x,y) dy exp(<€2(1_29)+0)x>\/62+20_2620. (4.27)

Combining (4.22), (4.26) and (4.27) we see that the following equality should hold:

1 L1 ) 2 0 2 \/ 2m(e® — 1)
\/?exp((Q 2g2>$ ) - Cow (ex * (€2+29(1_62))x % 420 — 2¢20°

We see that the constant should be
o_ 62—|—20—2629’
2no?(e? — 1)

1 1 0

0 <

and 0 must satisfy

2 202 - e 4+ 20(1 — e?)

Solving for 6 gives us two solutions, but the integrability condition 6 < m shows that
the only solution is

14€2(207 = 1) — /1 + et +2e2(20% — 1)

f 4(e?2 —1)o?

By construction this 6 makes p defined by (4.25) feasible. It is not difficult to see that
log f € L*(R, uo) so that by Theorem 2.6 we get that y is the unique minimizer.
Now we can check the regularity and integrability of f. Basic algebra shows that

e
9(0’) < m ~ 0366, for all o > O,

which shows that we definitely have f € L*(R,n) for any o > 0. And obviously f € C*(R).
So the last assertion that we have seen in the previous part is not only true if 02 < e — 1,
but it is always true.
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We also see that (o) goes to the upper bound as ¢ — oo which means that we cannot
have f € LP(R,n) for all p € (1,00). There is dependence on ¢ which can be found by
studying the expression for (o) carefully. One sees that f € LP(R,n) for p € (1, 00) if

1
pe(a) < 57

which gives us the exact critical value P,

2(e? — 1)0?
1+ ¢e2(202 — 1) — /1 + e +2e2(20% — 1)

: (4.28)

Pexact =
2 — o .
for o° > 1 and p,,,., = 0o otherwise.

Comparison of integrability via different methods

We want to compare the LP-integrability of f obtained via Theorem 4.16 with the exact
calculation. We have remarked several times that the estimations used in Theorem 4.16
are rough. For instance Lemma 4.15 depends on log-Harnack inequality which may not be
optimal. Note that we know the transition density p-® exactly, so the following question
arises: could we get a better integrability by deriving a “better” lower bound of the form

con ® c¢1n < v ourselves? The answer is positive, we can do that.
To that end, recall that for any A = A; x A; € B(R?)

1 2 (y— xe‘l)Q)
V(A= | ———exp| —— — ——— | dady.
(4) /A or/l—e2 P ( 2 2(1_e?) y
We want to estimate the argument of the exponential through Young’s inequality with some

e>0

? (y—wze ) a? oy —2aye ! +xe? 2 Pt erte? +ely? 4 xe?

2 201—e2) 2 2(1—e2) = 2 2(1—e?)

2 (y—ze 1)’ 2 P
exp (—5 - m) > exp (—E - 5) c(x,y,¢),

with ¢(x,y,€) = co(x,€)c1(x, €) defined by

l+e 1+ete? ,
co(z,€) = exp —mx , c(r,e) =exp —my .

Now that we have these functions ¢y and ¢; we derive in a similar way as we have done in
Theorem 4.16 that the critical value D, a1 1S
_ B o%(e? — 1)
Pmanval = (0_2 _ 1)(62 . 1) + 0_27

This leads to

(4.29)
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if 02 > e 2(e? — 1); and D, . = 00 Otherwise.

Finally, now we can compare the different critical values of p: the one obtained via
Theorem 4.16 (4.23) which is based on log-Harnack inequality, the exact value (4.28) and
the one obtained manually (4.29). The result can be seen below in Figure 4.1. Everything is
as we would expect, for example the exact is obviously the best, and the manually obtained
is better than the one based on log-Harnack. We also remark that the dashed line is the line
0% =1 where f becomes the function 1 so that is why the exact is tending to infinity there,
because f is becoming L*(R, 7).

10

9,

— Exact
— Log-Harnack
4+ — Manual

critical value of p
)]
:

4 5 6 7 8
parameter o2

-
N
w

Figure 4.1: Comparison of p obtained by log-Harnack and manual calculation with the exact
value as a function of o2
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Chapter 5

Fully prescribed marginal constraints

This chapter is devoted to the study of the multimarginal Schrédinger problem (MSP) with
fully prescribed marginals, i.e. T = [0,1]. We first give some heuristics, and then we intro-
duce an equivalent weak formulation of the problem and write its consequences. At the end
of the chapter we prove that the weak problem is equivalent to the original problem.

Let us roughly recall the setting which we will formalize soon. As we had in Chapter 3, the
canonical process X under the reference measure R is a weak solution to (or more precisely
the law of)

dX, = b(X;,t)dt + o(X,,t)dBF, (5.1)

where BR is a BM in a possibly enlarged space (see Theorem 21.7 in [22] for the enlargement
of the space). We assume that the probability measures (ju).c(o,1) are the marginals of some
stochastic process, i.e. u = (X;)4Q, where Q is such that X is a weak solution to

dX, = ¢(X,,t)dt + o(X,,t) dBL, (5.2)

where B? is a BM in a possibly enlarged space.

Although, these assumptions are not precise yet, we may start thinking about ways to
solve (MSP) with 7 = [0,1] and given marginals (u)scjo,1. We give some heuristics which
turn out to be accurate.

Some heuristics

We assume that Q itself is a competitor for the Schrédinger problem (MSP) so that by
Theorem 3.6 there exists a Borel measurable function v : R¢ x R — R? such that

dX, = (b(Xy, t) + a( Xy, t)v(Xy, 1)) dt + o(X,, t) dBR.

It is not clear why such function v exists yet, but one may argue because the form that the
SDE X “solves” under Q in (5.2).
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On the other hand by Theorem 3.14 we know that we are after minimizing over probability
measures P such that X is a weak solution to

dX, = (b(X;,t) + a(Xe, u( X, ) dt + o(X,, t) dBY, (5.3)

for some Borel measurable function u : R x R — R? 1In such case we have by Tonelli’s
theorem

H(P|R) = H(uo|vo) + %Ep [/0 lo( Xy, t) Tu( Xy, t)[2dt

1
= H(uo|vo) + 5/ o (2, 1) "u(z, t)|* pe(de) dt.
0 Jre

Apparently, it is enough to minimize over functions u. However, it is not clear how we
ensure that weak solutions to (5.3) have the prescribed marginals. We want to figure out
ways to distinguish those functions u for which solutions to (5.3) yield the right marginals
from the ones that do not.

To that end, we use what we already know, namely the weak forward equation also known
as the Fokker-Planck equation (see Proposition 21.6 in [40]) corresponding to the SDE that
X solves under Q which is

. 1
Opry = — div((b + av)py) + 5 Z 0yj(aijhir).
]
Similarly, the weak forward equation corresponding to P is

) 1
Oy = — div((b + au) ) + 3 Z 0ij(aijpu).
ij

Subtracting the previous two equations yields
div(a(u —v)ue) =0,

which is understood as
1
/ / Ve -alu—v) g (de)dt =0, for all p € C°(R? x R). (5.4)
0 JRd

We see, at least on a heuristic level, that we must have div(a(u — v)u:) = 0 for P given as
the law of (5.3) to satisfy the marginal constraints. This turns out to be remarkably close
to the condition that we will state below.

5.1 Fully prescribed Schrodinger problem and the weak
formulation

The setting of the fully prescribed Schrodinger problem seems slightly different from the
previous settings, although there is no much difference in practice (in fact it is equivalent).
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The main difference is that we take the time-coordinate as a process. We will work with
the canonical process (X;,7¢)i>0 on the space  := C([0,1];R? x R) endowed with Borel
o-algebra induced by the supremum norm. Again, this is different from how we have defined
Q) before. We set F; = o((Xy,7¢) : s € [0,t]). Let us define the (pre)generator

d

d
1
L= 8,5 + 5 Z aij(l’, t)@lj + Z bl(:c,t)@

ij=1 i=1

The reason why we took (X;, r;);>0 instead of (X;);>0 is that (X, 7¢)¢>0 is time-homogeneous
Markov processes while (X;):>0 alone can be time-in-homogeneous. It is more convenient to
work with time-homogeneous Markov processes, because we want to use semigroups later on
which will be neater when dealing with time-homogeneous Markov processes.

We impose the following assumptions on the generator:

Assumption 5.1.
(i) a = oo for some d x d’ matrix-valued Borel measurable function o : R x R — R*>*4";
(ii) b is Borel measurable;

(iii) there exists C' > 0 such that |a(x,t)| < C(1 + |z|?), and |b(x,t)| < C(1 + |z|) for all

(iv) MP(L) satisfies the semi-uniqueness condition (see Definition 3.5).
We impose the following assumptions on the reference measure:

Assumption 5.2. We assume that we have a Markovian family of probability measures
(R™") zerd >0 such that

(i) R"(Xg ==z, ro=7r) =1 for all (z,7) € R x R,;
(ii) R™" is an extremal solution to MP(L,d, ® d,).

Remark 5.3. One can easily see that the set of solutions to a martingale problem is a convex
set. An extremal solution R*" is then a solution that cannot be written as R*" = aR]" +
(1 — a)R5" for some a € (0,1) and R # R3". It is just the usual definition of extremal
points of a convex set. In particular, if the martingale problem has a unique solution, then
extremality is satisfied. For instance, it is true if ¢ and b are locally Lipschitz in the spatial
variable x and uniformly in time as given in Theorem 19.26 in [40].

With these notations in mind the usual reference measure becomes R = R*®% and under
R we have that X is a semimartingale with the decomposition X = Xy + M + A where M
is a local martingale and

A= /0 (X s)ds, [M], = /0 Cu(X..8) ds. (5.5)
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The multimarginal Schrédinger problem comes with probability measures (ju):cj0,1] C

P(RY). Assume that p; = (X;)4Q for some probability measure Q € P(£2) such that X has
the semimartingale decomposition X = Xy + M®Q + AQ with

AQ = /0 (X s ds, (MO, = /O Ca(X..5) ds. (5.6)

Note that this is in line with (5.2).
We can formulate the fully prescribed Schrodinger problem for the sake of completeness:

Fully prescribed Schrodinger problem.

min H(P|R),

FPSP
subject to (X3)xP =y, forall t € [0, 1]. ( )

As usual we denote by CFPSF the set of feasible probability measures and CEFSP the set
of competitors of (FPSP).

When Q itself is a competitor, then we have the existence of some process 5Q by Theo-
rem 3.6 such that X = X, + AQ + MQ with

48 = [ 00 8) + a0, 952 s
0

and

H(QIR) = H(yiovo) +%/0 Eq [|o(X,,s) 8] ds.

We want to argue that A2 can be written in terms of (X, s). We can do that by using the
Moore-Penrose inverse of the matrix a(z, t). Firstly, by the uniqueness of the semimartingale
decomposition and Lebesgue differentiation we get for a.e. t € [0, 1]

b(Xy,t) +a(Xp, 1) R = (X, 1), Q-as.

Note that we must necessarily have ¢(Xy,t) — b(X3,t) € Range(a(X;,t)) Q-a.s. which allows
us to apply Lemma 3.10 to get a Borel measurable function v : R? x R — R? explicitly given
by

v(z,t) == alx, ) (c(x,t) — b(x,t)), (5.7)

where a(x,t)" is the Moore-Penrose inverse of the matrix a(z, t) satisfying a(Xy, t)v(Xy, t) =
a(X¢,t)BY. Now we apply Proposition 3.12 to get v(X.,-) = R in L*(Q x [0, 1], a,Q ® Leb)
(see the notation in (3.9)).

As one expects from Theorem 3.14 we have to look for solutions P such that the semi-
martingale X = X, + A" 4+ MP® has finite variation part A” and local martingale MP given
by

AP = /O (X, ) + a(Xy, s)u(X,, 5)) ds, MP = M, — /0 a(Xs, (X, s)ds.  (5.8)
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In such case we have

H(P|R) = H(uolvo) + %/0 g o " (z, t)u(z, t)|* e (de) dt.

Recall the space L2(R x [0, 1], a, pu®Leb) defined in (3.9) which we abbreviate as L*(a, ;1)
since we will use it a lot in the sequel. Basically we are after minimizing

1
wes [ [ JoTul o) dt = g
0 JRd

What we wrote here is nothing else but the rigorous version of things already said in the
heuristics above.

We want to describe the set of functions u such that P characterized by (5.8) is feasible
for (FPSP). To describe that set, we first need to define a generalized notion of a gradient
not to be confused with distributional gradient.

We use the following notation for Borel measurable functions

B(R? x R) := {f: R x R — R with f Borel measurable },

and
BRI x R) := {f € B(R? x R) : f bounded }.

Definition 5.4 (Extended domain of the generator). A function f € %B,(R%xR) is said to be
in the extended domain of L and denoted by f € D, if there exists a function g € B(R? x R)
such that

1
/ 19(X,,75)|ds < 0o, R™™-a.s., forall (x,7) € R x Ry,
0

and

t
Nt = f(Xbrt) - f(Xﬂer) - / Q(Xsﬂ’s) dSa
0
is a R®"-local martingale for all (z,7) € R? x R,. Moreover, if f € D, we set Lf := g.

This definition leads immediately to the following proposition that states that for any
f € D, we recover a formula similar to 1t6’s formula:

Proposition 5.5. For any f € D,, there exists a Borel measurable function V f € B(RYxR)
such that the R®"-local martingale N given in the previous definition can be written as

t
N, :/ VF(X,,rs) dM,.
0

In particular we have
t t
f(XLHTt) - f(XO,TO) = / vf<XS7rS) dMS + / Lf(X87 rs) dS-
0 0
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Proof. We give most of the proof except some few details that can be easily filled in. We
follow the same arguments of Exercise 2.25 in Chapter 10 in [35]. We use Theorem 2 in [20]
(or Theorem 2.7 in [43]) which states that the extremality of R®" implies that every R®’-
local martingale can be written as a stochastic integral with respect to M. In particular, for
the local martingale N it means that there exists a progressively measurable process (hs)s>o

such that .
t t
N, = / hedM, =) / hD dMD,

Secondly, we argue that for any j € {1,...,d} the bracket process [N, M )] is an additive
functional as defined in Definition 1.1 of Chapter 10 in [35]. Define the canonical shift
©;:Q — Q by O;(w) :=w(t+-). In our case, the additive functional property is

[N, MW, = [N, MY, + [N, MY 0 ©,. (5.9)

We can see the equality holds by the fact that (see Theorem 1.8 from Chapter 4 in [35])

kn
[N, MY}, = lim 2;<Ntz+1 — Ng) (M = M),

for some partition of [0,¢] denoted by I',(t) = {t7 < t§ < .... <t} } and the limit is uniformly
for ¢t € [0,1] P-almost surely. Then for a partition of [0,¢ + €] and ¢ < #;, we can write

. ) tet1
MP MY =X, X, — / b(X,,7s)ds
tg

tit1
tp41—t
= <th+1—t — th—t - / b(Xs, 7”5) d8> o @t.
tr—t1

Then {t, —t} for t; > tis a partition of [0, £] and the previous shift holds; and the remaining
{tx}x for t <t is partition of [0,¢]. We can do the same for N; since it can also be written

in terms of (Xt,Tt)te[o,l] as done for Mt(j). This is all that is needed to be convinced that
(5.9) holds.
Using the notation a; for the j-th row we can write

t+e t t+e
[N,M(j)]tJra:/ aj(XS,TS)Thsds:/ aj(XS,TS)Thsds+/ aj(XS,Ts)Thsds.
0 0 ¢

But by (5.9) we know that

t €
[N,M(j)]t+€:/ aj(Xs,rs)Thsder/ [a;(Xs,75) Th] 0 ©;ds.
0 0

Hence equating the previous two equations and dividing by ¢ > 0 yields

1

t+e 1 €
E/ aj(Xs,rs)Ths ds = g/ [aj(XS,'r’S)ThS} 00, ds.
t 0
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Taking ¢ — 07 yields by Lebesgue differentiation yields
CLj(Xt, Tt)Tht = |:CL;-|—(X07 T0>h0] 9) @t~

We know that the left-hand side is adapted for h being progressively measurable, which makes
us want to take conditional expectation with respect to F; as soon as we have integrability.
A trick to avoid integrability issues is to apply a bounded invertible continuous function
¢ : R — R (e.g. ¢ = arctan) as follows:

¥ (aj(Xtart)Tht) = Eg [80 ([aj(XO,TO)ThO} © @t) | ft} .

Obviously we have

® ([aj(XO,TO)ThO} o @t) = [gp (aj(XO,TO)ThO)] 0 6.

We have ¢ (a;(Xo,70) ho) is a bounded measurable function on (2, F) and thus by the
Markov property we have (see Proposition from Chapter 3 in [35])

¢ (aj(Xe,74) "he) = Erxione [0 (a(Xo,70) "ho)] -

By inverting ¢ we get
aj(Xe,re) The = @' (Brxe [0 (a5(Xo,70) Tho)]) =: G3( Xy, 7).

for some measurable function G; :  — R. We can do this for all j € {1,...,d} so that by

the symmetry of a we get
(I(Xt, Tt)ht == G(Xt, T’t),

with G = (G, ..., G4). Therefore G € Range(a(X, 7)) meaning that we can apply Lemma 3.10
to get a Borel measurable function F : R x R — R? satisfying

a(X,, ) F (X, 1) = G(X,,t) = a(X,, ).

But by Proposition 3.12 we see that the stochastic integrals fhs dM, = fF(Xs,rS) dM,
coincide. We set -
F(X,r) = a(Xe,r) TG ( Xy, rp) = VF( Xy, 70).

The rest of the assertion can be obtained by the definition of f € D,. O

Remark 5.6. One must always remember that V f is just a notation and may in general not
be a classical gradient. Moreover, aV f is unique (X¢) 2R ® Leb-a.e. as follows from a similar
way of differentiating the quadratic variation. It turns out that such uniqueness is the most
that we could ask for due to Proposition 3.12. We abuse notation and say that Vf = \Y f
for any v f satisfying the statement in Proposition 5.5.

It6’s formula implies that C°(R? x R) C D, and Vf = V,f as one can easily verify with
[t6’s formula.

There is a subset of D, which we call the p-good functions which is the subset of functions
that we can work with later on.
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Definition 5.7 (p-good function). We say a function f € D, is p-good denoted by f € D, ,
if

0) 2 oo 1L, )] ()t < o
(ii) Vf € L*(a, p).

It is not difficult to see that f € C®°(R?xR) C D,
bounded.

We can define the space of “generalized divergence free” functions with respect to
using the new notion of gradients V, namely

LchiV(C%N) = {f € L2<CL,/L) : (v(P? f)LQ(a,u) = 07 for all Y e De,u}-

The name div as a subscript makes sense, because if 1, would have a Lebesgue density p(z,t),
then L3, (a, 1) would consists of functions for which the following holds:

e.u> since the coefficients of L are locally

divy(afp) =0 in the weak sense.

It is a little bit more generalized than that, because we integrate against all V¢ which may
include more than weak gradients.

Remember also that our heuristics gave us a condition in (5.4) which was almost right
except that we must take ¢ € D, ,, or in other words u—v € L3 (a, u). Thus, we can finally
formulate our newly obtained minimization problem:

Weak multimarginal Schrodinger problem.

min HUH%Q(a,M)a
. 9 (WMSP)
subject to u—v € L, (a, p).

Since u — v € L3, (a, 1) may give some troubles if v € L*(a, u), we impose the following
assumption:

Assumption 5.8 (Q is a competitor). We assume that H(ug|vp) < oo and v € L?(a, u), i.e.
Q is a competitor.

Of course one may wonder whether the weak problem (WMSP) is equivalent to the
original problem (MSP). It is indeed the case with all assumptions imposed in this section.

Theorem 5.9. The original formulation (MSP) is equivalent to the weak formulation (WMSP).

Moreover, the finite variation part can be written in terms of the minimizer u € L*(a, u) of
(WMSP)

AP :/0(b(Xs,s)+a(XS,s)u(Xs,s))ds,

and ]
H(P|R) = H(po|wo) + §HUHiz<a,“)-

83



The problem (WMSP) is fairly easily solved once one establishes the following result:

Lemma 5.10. The subset L% (a,u) is a closed linear subspace of L*(a,pn). In particular,
we can write

L2(CL, ,LL) = L(Qiiv(a’v ,LL) D L(Ziiv(a7 M)l

Proof. Linearity is clear. To prove closedness, take f, € L3, (a, u) converging to f in L*(a, u1).
Take ¢ € D,,, then by definition Vi € L?(a, ). Due to the fact that strong convergence
implies weak convergence we get

(vgpa f)LZ(a,p) = Jifilo(v% fn)L2(a,u) = 0.

The decomposition of L?(a, 1) follows from standard theory on Hilbert spaces (see Remark
5 in Chapter 5 in [5]). O

We denote the projection of u € L*(a, ) on L2 (a,p) and L2 (a, )t by ugi and upoet
respectively. Moreover we have

||u||%2(a,p,) = ||udiv||%2(a,,u) + ||U’P0t||%2(a,,u)‘

The subscript pot can be understood as functions in L%(a, u)* are the closure of {Vf: f €
D, .} in L*(a, ) which are kind of “potentials”.

Let us get back to the functional we want to minimize. By simply projection we get the
minimizer of J(u) as appears from the following proposition:

Proposition 5.11 (Solution of (WMSP)). There exists a unique minimizer u* € L*(a, )
of the problem (WMSP) and it is explicitly given by u* = vyor. The corresponding objective
value is J(u*) = vaotH%Q(a’u).

Proof. We start by expanding the norm as follows:
J(u) = HuH%Q(a,u) = [|(u—v)+ UH?}(W) = [lu— U”%Q(a,u) +2(u —v,0) L2(a ) + ||Ul|%2(a,u)'
Since u — v € L3 (a, i) we have
(U —v,0) 2000 = (U — V, Vaiv) L2(a,)-
Moreover we have
2(u — v, Vdiv ) 12(ap) = —lu— U”%z’(a,u) - ||UdiV||%2(a,,u)'

This all shows
J(’LL) > _”vdiVH%Q(a,p) + Hv”%ﬁ(a,u) = HUPOtH%?(a,;L)'

This lower bound is attained by u* = v, which gives the asserted objective value. Of course
u*—v € L3 (a,p), because u* —v = vpoy — v = vaiy € L3, (a, ). So we found our minimizer.
Uniqueness follows by strict convexity of J which can be easily obtained. O]

84



A straightforward consequence of the previous theorem is that when the drifts are de-
composed in terms of L2 (a, 1) @ L*(a, 1)+, then we get

Proposition 5.12 (Minimizer for decomposed drifts). Assume the functions b and c in (5.5)
and (5.6) can be written as follows:

b(z,t) = a(x,t) (VU (z,t) + B(x,t)), clz,t) =alz,t) (VV(z,t) +~y(x, 1)),
for some U,V € C*Y(R? x [0,1]) for which VU,VV € L*(a,u) and 8,7 € L% (a,u). Then

the canonical process X under the unique solution P of (MSP) has finite variation part

AP = /Ota(Xs, s) (VV(Xs, s) + B(Xs, s)) ds,

and

1 /1
H(P|R) = H(uo|vo) + 5/ ) |0(9c,t)T (VU (z,t) — VV (z, t))}2 e (dex) dt.
o Jr
Proof. We note that v in this case can be written as
v:a_l(c—b):VV—i—W—VU—ﬁ:V(V—U)—f—V—B‘

Then V(U — V) € L% (a, p)* since V = V,, for C%! functions. Therefore v, = V(V — U)
and the rest follows by Theorem 5.9 and Proposition 5.11. ]

It is remarkable that the coefficients of the SDE of the minimizer are independent of the
initial distributions. One way to visualize the previous result is as follows: the gradients are
responsible for the right marginals and the divergence free parts do not contribute to the
marginals directly. However, the minimizer P has to be close to the reference measure so it
inherits the divergence free part of the reference measure.

5.2 Consequences of the weak formulation

Assume everything about the reference measure R as in Assumption 5.1 and Assumption 5.2.
We consider a general Schrodinger problem (MSP) where 7T is not necessarily [0, 1]. Assume
that this (MSP) has a unique minimizer P € CM5F. We extend p; by (X;)%P on [0,1]\ T
and consider the space L?(a, ).

We have the remarkable fact that the control u is a limit of “gradients”, i.e.

Theorem 5.13. Let u be the function obtained in Theorem 3.14 for the minimizer P to
(MSP). Then u € L2, (a, ).

Proof. We know that by Theorem 3.14 a function @ € L?(a, ) exists. We consider a new
fully prescribed problem (FPSP) with the obtained (u)icjo1) and v = @. Then P is a
competitor for (FPSP) so it has a minimizer P¥PSY with H(PFPSP|R) < H(P|R). But since
the fully prescribed problem has more constraints we have H(P|R) < H(P*FSP|R). Hence
P = PYPSP by uniqueness of the minimizer to (FPSP) (see Theorem 3.2). Now the assertion
that u = et € L2, (a, 1) follows by Theorem 5.9 and Proposition 5.11. O
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o The previous theorem tells us that there exists a sequence (g,)nen C D., such that
Vg, — u in L*(a,pn). We can actually choose this sequence (g, )nen to be a solution to a
generalized version of Hamilton-Jacobi similar to (4.20). We have the following:

Conjecture. There exists g, € D, , such that Vg, — win L?(a, 1) and
L v
Lg, = —§|O' Vanl°, e ® Leb-ae.

Sketch of proof. We use an approximate Schrodinger problems as in (3.17). Note that C™
is written in the form of the constraint set in Theorem 2.3 with finitely many function. The
fact that the span of finitely many functions is closed we conclude that P,, € ng) the solution
of the approximation satisfies

dP,
= | | in (X,
dR Pl fz,n( t1)7

with f;,, all bounded measurable functions.

Hence now we can repeat the argument in Theorem 4.19 where the application of 1to’s
formula is understood in the sense of Proposition 5.5 with extended domain of generator and
V. Every step works just as before and perhaps even easier since P,, ~ R and the conclusion
follows the same way as the calculations after Theorem 4.19. O]

Remark 5.14. If the coefficients for L allow for the application of Feyman-Kac’s formula or
[to’s formula, then we even have

1
Lg, = _§|0Tvgn‘2v weakly,

which is less vague than the generalized gradients Vg,. Therefore in such case Vg, — u for
some weak gradient Vg,.

5.3 Proof of the equivalence between the original and
the weak formulation

The proof of Theorem 5.9 is technical and that is why it is put in one section on its own.
The easy part is that the original formulation (FPSP) implies the weak formulation (WMSP)
which we do first. After that we give the proof of the other direction.

Original implies weak formulation

Assume we have a minimizer P € CEFSP of (FPSP). There exists a function u € L?(a, i) by
Theorem 3.6 and Theorem 3.14 such that P € MP(L + u"aV, o ® &), and

1
H{(polvo) + 5llull iz, = H(PIR) < oo.
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Now take any f € D, ,. By Definition 5.4 we have that

NE = f(Xy,t) — f(Xo,0) — /t Lf(X,,s)ds
0

is a R-local martingale. By change of measure we have that

NtP = f(Xtat) - f(XO’O) B /t(L + uTav)f(X&S) ds>

0

is a P-local martingale. We can do the same for Q to get that

‘NtQ = [(Xi,1) — f(Xo,0) — /t<L + UTCLV)JC(X& s) ds,
0

is a Q-local martingale.
The way we defined f € D., makes sure that each term in Ny and N{ has integrable
supremum over [0, 1]. We check it for P, note that by triangle inequality, Definition 5.7 and

Tonelli’s theorem
Ep /Lf //|fos]usdx)ds<oo
0 R4

sup
t€(0,1]

and by Cauchy-Schwarz

t
Ep / u'aVf(X,,s)ds

sup
te(0,1]

] < Hu”LQ(a,u)vaHLQ(a,u) < 0.
Together with f being bounded by definition of D, we get that

Ep

sup |NtP|] < 00

te(0,1]

which then implies that NP is a martingale by Corollary 17.8 in [22]. A similar reasoning
works for NQ.

Now that we have proved the NP and N® are martingales, we can take expectation of
the martingale which is zero to get that

Ep f(Xl,l)—f(XO,O)—/01(L+uTaV)f(Xs,s)ds- —0,

and

Eq f(Xl,l)—f(Xo,O)—/D (L+v"aV)f(X,,s)ds| = 0.
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Since P and Q have the same marginals we can equate both to get

TS ] = | [T
Ep [/0 u' aVf(Xs,s)ds| =Ep /Ov aV f(Xs,s)ds| .

That is exactly u—v € L3, (a, p) so it is feasible to (WMSP). We conclude that the minimizer
of P leads to a feasible solution to (WMSP).

In the second part below we see that the solution to the weak problem (WMSP) also
gives a feasible solution to (FPSP).

Weak implies original formulation

We take any u € L*(a,p) such that u —v € L3 (a,u) and we want to show that we can

construct a measure P € CEPSY with this u. We could be naive and just define

dpP ! e
— =1 X,.s)dM, — = X..8) u(X,. s)?ds ).
dR {%>0} eXp (/0 u( 575) s 2/{; |0( S,S) U( S,S)| S)

However, we cannot just do this. First of all we do not know whether we can define the
stochastic integral fol u(Xs, s) dMy neither P or R-a.s. One could think that the condition
u € L*(a, 1) helps us to make sense out of it. That is a priori not true, because we do not
know whether P has marginal laws (1t ):c(0,1]-

Fortunately, it turns out that we can define P like that, but it is not straightforward. We
proceed by using the stopping times

¢
T, := inf {t >0: / 0( X, 8) Tu(Xs, 8)[*ds > ”} AL
0

We consider the measures P, defined as P above until time 7},. This measure P,,, unlike P,
is a well-defined probability measure. We work through a long procedure to show that P,
tends to P in some sense and conclude that P is well-defined as well. The inequality that
will help us is the following

Es [f(Xe, 1) lp<r,y] < / f(z,t) e(dx),  for a large class of functions f. (5.10)
Rd

We call this the key inequality, because in some sense if we are allowed to take f(x,t) = 14(z),
then it tells us that P,,(A) < u(A) so that taking A° yields P,,(A) = p,(A). The reason why
we have =~ is that we have the indicator 1g<7,; which we want to get rid of. As one gets
the feeling already, it is going to be a technical proof. We follow the paper by Cattiaux and
Leonard [7] which is mostly devoted to proof the claim that we are after. We split the proof
in the following parts:

(i) Approximation of the function u by bounded and compactly supported functions.
(ii) Localization argument.
(iii) Derivation of the key inequality (5.10).
)

(iv) Construction of the probability measure P.
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(i) Approximation of the function v by bounded and compactly supported func-
tions.

We once again work with the Markov process (Xi,7¢):>0 instead of (X;)i>o. Let us define a
bounded compactly supported approximation of u, namely

up (2, t) = u(w, t) L <y (2, )0 (),

with 0, € C*(R?) such that §(z) = 1 on {|z| < k} and 0.(z) = 0 on {|z| > k + 1} with
smooth transition on {k < |z| < k+ 1}.
Define a probability measure P}" via

dPa:,r 1 1 1
k_.— exp / uk(X57 Ts) dM, — = / |O-<X57T5)Tuk(X87 T8>|2d8 :
dRz:r 0 2 0

Using Novikov’s criterion we get

x,r
dPy

TRe written above

Proposition 5.15. The measure P," with the Radon-Nikodym derivative
is a well-defined probability measure such that Py" ~ R™".

Proof. Note that u; has compact support, is bounded and a is locally bounded, which makes
lo Tug|? = (ug, auy,) bounded. Therefore

sup

1
/ ]a(Xs,rs)Tuk(Xs,rs)]2 ds < HaTukH2 < 00.
0

We can define the local martingale N, = fot ur(Xs, rs) dM, and since [M]; < ||oTug|?,, we

sup
get by Novikov’s criterion that P;" is a probability measure (see Theorem 18.23 in [22]).

Since the local martingale M is defined R*" almost surely, we get that j;—ﬁ:r > (0 R®"-a.s.

leading to Py ~ R™". O

We set Py, := P’,;°®5°, more precisely for any A € F

PL(A) = [ PTO(A) e,

We have that P;"" is Markovian as follows from
Proposition 5.16. The probability measure P} is Markovian.

Proof. This result is well-known, we define the R*"-martingale

z,r z,r dpPy"
Zt(h "= Eg |:de::,7" | Ft} :

The main reason is that for ¢t > s
(k,z,r) (k,x,r) ! 1 ' T 2
Z;0 = Z550 exp up(Xs,rs) dMg — 5 lo(Xs,7s) ur(Xs,7s)|“ds | .
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The second term on the right-hand side is o(X, : 7 € [s,t|)-measurable. To be fully
convinced one must recall that the stochastic integral inside the exponential can be written
as a limit of Riemann sums with respect to M which is defined in terms of X (see Theorem
2.13 from Chapter 4 in [35]). Then we have for any ¢ > s and A € F, and bounded Borel
measurable function f : R x R = R

Eper [Laf(Xe,70)] = Brer [ 2057 1a f (X, 11)] = Brer [Z5) Lag (X, 1),
for some function g by the Markov property of R*". This gives for t > s
Eper [f(Xire) | Fo] = Eper[Lag(Xs,75)] = (X, 75),
which is the asserted Markov property of P;”". ]

Knowing that P}" is Markovian we can define the associated semigroup Pt(k) on B, (R? x
R) by
k
P f(w,r) = Eppe (X0, )].

Define the space
B = {f € ByR xR) ¢ [PV f = fllap 0 as £ -0},

The semigroup P*) is strongly continuous Markov semigroup on the space (Ek, || - ||sup) (see
Section 1.2.1 in [2] and see Definition 2.1 in [32]). Moreover, a simple calculation shows that
E}, is a closed subspace of B,(R% x R) with respect to the sup-norm which makes it a Banach

space since (By(R? x R), || - [lsup) is. We denote the generator of P¥ by L® with domain
(see page 1 in [32])

PRt
t

t—0t

D(LW) = {f € F: lim exists w.r.t. || - ||Sup—n0rm} ,

and for any f € D(L®)
1
® ¢ i ~ ((p®) _)
L }3&15(3 f=1)

By It6’s formula we get C°(R? x R) C Ej. Indeed, for any f € C°(R? x R)

NtR = f(Xt?rt) - f(XQ,T) - /t Lf<Xs>Ts) ds
0

is a bounded R*"-martingale. Therefore by Girsanov’s theorem

NS = 16 — (%) — [ 104 eV (m) ds
0
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is a P;"-martingale since the extra term wu)aVf is bounded for u; and a being locally
bounded and V[ having compact support. This leads to Epsz[Nth] = Epar [NOP’“] = 0 so
that

PP f(w,r) = f(z,r) = Eper[f(Xe, 1) — f(Xo,70)] = Eper [ / [L+ulaV]f(X,,r)ds| .

Hence taking the supremum with the local boundedness of a and b implies that ||(L +
ug aV) fllsup < 00 which then readily gives

t
1P F = fllawp < / (L + wg aVa) fllsup ds = tII(L + ug aVa) fllswp — 0,
0

ast — 0%, yielding f € Ej.
Now take any non-negative f € D(L(k)) and t € [0, 1] and consider the function

Fy(z,r) = P f(w, 7).

Well-known results from semigroup theory (see Theorem 2.4 in [32]) tells us that Fy €
CY([0,¢], D(L™)) and satisfies the backward equation

(0 + LW) Fy(z,r) =0, (s,2,7) € [0,¢] x RY x R, (5.11)
with the values at s =t and s = 0 being
Fi(z,r) = f(z,r), Folz,r) = Eper[f(Xi, 7). (5.12)

This function F is difficult to work with, because we do not know if it maps to D, .
So, we must do a localization procedure which is multiplying F' with a smooth compactly
supported function to get some grip on F'. That leads to the next step.

(ii) Localization argument

We need a sequence of cut-off functions with a specific purpose. The existence of such
functions is ensured by the following lemma:

Lemma 5.17. There exists a family of functions ((3)aso C C®°(R?) such that the following
hold:

(1) ¢, >0, and {, — 1 everywhere as A — 0o;
(2) Jo Jua | LG (2, 0)] pre(d) At — 0 as X — o0;
(3) IVGll2aw — 0 as A — oo.
All the above hold for (3 as well.
Proof. See Appendix A.2. n
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As we have noted, we want to consider (,F', it turns out that [s — (\(z)Fs(z, 5)] € De,.
The step towards showing that is the following lemma:

Lemma 5.18. Let ¢ € C®(R? x R) and g € D(LW), then g € D,

Proof. Roughly speaking, it is all based on integration by parts for stochastic integrals and
[t6’s formula. First note that 1to’s formula applied to ¢ yields

t t
@(Xtart) - 90(X07T) = / V:USO(X&TS) dMs + / L@(Xsars) ds.
0 0

By a similar argument as in Proposition 1.6 from Chapter 7 in [35] (where it is remarked to
hold in more generality, see also Corollary 4.8 from [12]) we get that

t
th’“ = g(Xy, 1) — g(Xo,7) — / L(k)g(Xs, rs)ds (5.13)
0

is a Py"-martingale. By Proposition 5.15 we know that P;" ~ R®™" which together with
the assumption that R®" is an extremal solution to MP(L, d, ® §,) and Girsanov’s theorem
yields that P®" is an extremal solution to MP(L — u;aV,d, ® 4,). So the arguments in
Proposition 5.5 imply that there exists a Borel measurable function v g:RIxR — R?
such that

t
NP = / V(X ) AMPE, (5.14)
0
where MP* is local martingale part of X under P;". By Girsanov’s theorem we get that
t_
NR :/ Vg(Xs,rs) dMs,
0
is a R*"-local martingale and it satisfies
t
NR = g(X;,r) — g(Xo,7) — / (L) — uTaVPk)g(Xs,rs) ds.
0
This implies by definition of D, that ¢ € D, and Lg = (L® — uzavpk)g. Now we get
by Proposition 5.5 the existence of Vg which can be chosen to be equal to v g by the

uniqueness mentioned in Remark 5.6 and the fact that P;" ~ R®". Now integration by parts
for semimartingale gives

(wg)(Xt,rt)—(sog)(Xo,ro)Z/O sO(Xs,rs)dg(Xs,rs)Jr/o 9(Xs,rs) do(Xs, 75)

t
+ / Vo aVg(X,, 1) ds.
0
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Note that by the expression for g we get

¢ ¢ ¢
/ o(Xs,rs) dg(Xs, 7s5) :/ <pvg(Xs,s) dMs+/ wLg(Xs,rs)ds,
0 0 0

and by the expression for ¢ we get

t

t t
/ 9(Xs, rs) do(Xs, rs) :/ gVo(X,,rs) dM, +/ gLo(X,,rs)ds.
0 0 0

This means that

t
(09) (X, 14) — (99)(Xo,70) =/ [¢Vg + gVl (X, rs) dM,
0
t
+ / [oLg + gLy + Ve aVy] (X,,7,)ds.
0

This implies that ¢g € D, and by uniqueness of V(¢g) we have

V(pg) = Vg + gV,

and -
L(pg) = ¢Lg+ gLy + V' aVy.

Now we need to show that (¢g) € D, . Looking at the expressions for V(gpg)_and L(pg) we
see that we are dealing with bounded functions except Vg. Once we show that Vg € L*(a, ),
then it is immediate that V(¢g) € L?(a, i), but we also get through Cauchy-Schwarz that

| [ ool (dn) s < oo

Let us show Vg € L?(a, it). By the fact that the marginals (#4¢)tepo,1) are coming from the
measure Q, we have that

1
I¥l22e = Eq [ / Vg aVg(X,.s) ds] .

This leaves us wondering how we can relate this to our setting, since until now we were
working with the measure P,. The answer to such questions can usually be obtained by
grabbing a cup of coffee and defining the stopping time

t
T, := inf {t >0: / loTu(Xs, 8)|* > n} Al
0

Stopping local martingales gives one time to think before the local martingale misbehaves.
We must note that although we were working with R*"- and P;"-local martingales above,
but these remain R- and Pj-local martingales by integrating over the initial values.
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Let us also define the stopped version of Q, namely

dQn o d:uO ™ 1 ™ T 2
R - dy()(XO)eXp (/0 v(Xs, s) dM, 2/0 lo (X, 8)|7ds ) .

Moreover, since 7, — 1 Q-a.s., we see that due to continuity of the semi-martingale inside
the exponential that

. dQ, dQ
lim

dQ
Jim — = o Q-a.s. and R-a.s. on {— > O}.

dR

This convergence of the Radon-Nikodym derivative allows us to get via Fatou’s lemma that

1 1
vaH%z(a’u) = Eq [/0 Vg aVg(Xs,s) ds] < liminf Eq, [/0 Vg aVg(X,,s) ds} . (5.15)

n—oo

It is still not clear where this leads to, until we figure out that Q,, ~ P, and one can easily
check that

1 1 !
= exp —/ (uk — 1 s<my) (Xs, 8) AMTF — —/ o " (up — 1 s<my)(Xs, 8)[*ds ) .
de 0 - 2 0 -

This brings us one step closer. We can also write by the integral representation of N+ in
(5.14)

dQ,
dPy

Eq, { /0 1VgTavg(Xs,s) ds] = Ep, { [Npkh} : (5.16)

Recall Fenchel’s inequality stating that for any w > 0 and z € R
wz < wlogw — w + €.

Now we introduce o > 0 and apply Fenchel’s inequality on the right-hand side of (5.16)

dQn P o dQn [Npk]l
Er, [d_Pk[N ]1]—0‘“‘3%{@ . }
Q.. (dQ,\ dQ,
<y, | Gattes (G52 ) - o2 1+ e (W) <1 (57

NP«
< aH(Qu|Pk) + aEp, {exp <[ - h)} :
Therefore by (5.15) and (5.16) it is enough to show that the right-hand side of (5.17) is
uniformly bounded in n. Looking at (5.17) we conclude that we must show that the relative
entropy is bounded in n and that the expectation of the exponential of the quadratic variation
is finite.
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Let us show that the relative entropy is uniformly bounded in n. By Girsanov’s theorem
and since (uy — v1ls<,, )(Xs, s) is uniformly bounded, we observe that

1 1
H(Qu|Pr) = §]EQn [/ lo " (ug, — UIL{S<TH})(XS,3)|2ds} )
0
Using
z —y|* < 2(|z* + [y|*)
yields

1 ™
H(Qu|Pr) < Eq, {/ |0Tuk(X5,s)|2ds] + Eq, {/ |0'TU(XS,S)|2 ds} )
0

Notice that u; has compact support so that |o"u|? = (u, au)ga is bounded for a being locally
bounded. We get

HQuIP) < 7wl +Ba | [ loTo(Xes) s,
0
where we have used that Q = Q,, on F,, . We also know 7,, < 1 yielding

H(QulPr) < I ugl [y + 10117200 < 00

We have obtained a bound independent of n for the relative entropy.
Let us do the other term in (5.17) which by the definition of the exponential function
and Tonelli can be written as

o o (53] -

We have a p-th moment of a quadratic variation so BDG-inequality comes in handy, especially
since NP* is bounded, say by C' > 0. Indeed, the boundedness of NP follows since in
its definition (5.13), we have g € D(L®) and integral of L*)g which both are uniformly
bounded. Therefore BDG-inequality (Theorem 18.17 in [40]) implies that all those moments
of [N]; are finite and in particular for any p > 2 we have

=Y ! Ep, [[N?*]7].

Py
pzoap.

i [VPE]Y
arp!

p=0

]Epk HNPk] 1] (4p>p]EPk

s€0,1]

p=0

sup ‘NP’“| p] (4p)PC2P.

We end up with

Ratio test for series shows that for C?/a < (4/e) the series converge. Since o > 0 was not
specified, we will specify it to become large enough such that the convergence of the series
is satisfied.
Wrapping everything up, we conclude that we can bound the right-hand side of (5.15)
uniformly in n so that
HVQHLZ(a,,u) < 00,

which was the remaining condition to ensure pg € D ,. O
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(iii) Derivation of the key inequality

Using the previous two lemmas we can show that for ¢ € C®°(R? x R), the function ¢F
satisfies the weak forward equation corresponding to the Markov process (X;, 7¢):>0 under Q
as defined in Definition 4.45 in [7]. The assumption u — v € L2 (a, i) allows us to translate
everything to u as follows from:

Lemma 5.19. For any function f € D,, we have

t
/ / (u—v)"aV f(z,s) us(dz)ds = 0.
0 Jrd
Proof. Let & € C°(RYxR) be a function &.(x, s) = &.(s) uniformly bounded and converging

to Ljo4(s). Then one can easily see that & f € D, , and V(& f) = &V f. By Cauchy-Schwarz
and dominated convergence one gets

/Ot/w(u—v ) aVf(z,s) ps(dz) ds = hm/ /R u—v)"aV (& f)(x, 8) ps(da) ds = 0.

e—0t

]

Lemma 5.20 (Weak forward equation). For any ¢ € C*®(R? x R) and t € [0, 1] we have

(1)
/Rd R(SDFt)(x,t) py(dz) — /Rd R(@FO)(x,()) pio(dz) =

/ /Rd " [0, 4+ Los + uTaV} (oF)(x, s) pr(dx) §,(ds) dr.

2
[, (eratmian - [ (oF)e,0 m(do) -

/ /R . [0, + Las +u"aV] (0F2)(x, s) pr(da) 6,(ds) dr-.

Proof. We use the starting point that by a similar argument used in the proof of Lemma 5.18
we have that

Fy(X,.1) — Fo(Xo,0) / / Fi(X..5)0,(ds) dr

is a Pyp-martingale, and by Girsanov’s theorem

Fi(X, 1) — Fo(Xo,0) //a Lol Fo(X,, ) 6 (ds) dr
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is a R-local martingale. This shows [(x, s) > Fy(z,s)] € D(L™) so that by Lemma 5.18 we
get oF € D, and

NtR = (Lth)(Xta t) - (90F0)<X07 O) - /0 /R [8r + La:,s] (SOFT)<X57 5) 5r(d$) dr

is a R-local martingale. Now we change the measure to Q to get that

t
NR = (oF}) (X, t) — (9Fp)(Xo,0) — / / [0, + Los +v'aV] (0F) (X, s) 6,(ds) dr
0o Jr
is a Q-local martingale.
Note that by definition F' is bounded so ¢ F is bounded. Also 0,.(¢F;.) is bounded by the

fact that ¢ is bounded and independent of r and the derivative 0,F, = —P,_,Lf is again
bounded (see Theorem 2.4 in [32]). We also know that

ol [ 1a+Ta¥) (P9 as] < [ [ 12oR)o5) nfatn) s

1
+ / v aV (pF,)(z, 8)| py(d) dt.
0 Jrd

By Cauchy on the latter integral we see that everything is fine due to ¢F' € D., and
v € L*(a, ). We know that the supremum of the Q-local martingale N2 can be treated as
follows:

Eq

1
s |NS|] < 20 Fllan + 190 Flap + [ [ LR @9 o) ds
0

s€[0,1

vl 2@ IV (@ F) [ 12(a) < 00,

where we see F' as the mapping (z, s) — Fy(x, s) when we take the L?(a, u)-norm. Then by
Corollary 17.8 in [22] we get that N is a true Q-martingale.

So NQ is a martingale which implies it has constant expectation Eq[Ny] = Eq[N&Y = 0.
This gives

Eq [<¢Ft><xt,t>—<soFo><Xo,o>— / / [0, + Lo +v"aV] (9F)(X,. ), (ds) dr | = 0.

Since everything inside is separately integrable we get

/Rd R((th)(l',t) e (de) —/ (0Fy)(w,0) po(dx) =

R4 xR

/0 /]Rd = [67‘ + Ly + vTav} (pF)(z, 8) pr(dx) 0,(ds) dr.
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But the fact that u — v € L% (a, u) allows us via v = (u — v) + v and Lemma 5.19 to write

/Rd R(@Ft)(x,t) pe(dx) —/ (©Fy)(z,0) po(dx) =

RIxR

/0 /Rd " [0, + Los +u'aV] (¢F,) (2, s) pr(dz) 6,(ds) dr.

That is the first assertion.
To get the second assertion we need one extra step of integration by parts to get rid of
F2. But everything goes fine since F itself is bounded. O]

Remark 5.21. The use of the measure 4, in the previous lemma is to not confuse the reader
that 0, is being taken with respect to the variable r in F,.(z, s).

Recall the function ({))x>o form Lemma 5.17. From now we set ( = () and apply the
theorems above with ¢ = (. We know that ((z,t) is not compactly support in ¢, but we
can modify ¢ such that it is 1 for ¢ € [—2,2] and vanishing smoothly outside. Since we are
interested in ¢ € [0, 1], there won’t be any issue.

Using Lemma 5.20 on (F and (5.11) we obtain

/R CFi(,t) p(dz) - /R CFo(,0) po(da) =
/ot /R (u—u) " aV(CF)(x, ) ps(dw) ds

i /ot /Rd Fy [LC + uyaVE? — 2V( - aV(] (2, 8) p(dz) ds (5.18)
. /Ot | VC-aVCR) (@ 5) ps(da) ds.

We have by Cauchy-Schwarz

/O /R () TaV (), ) () ds| < = il 20 [P 20y (519

where we consider (s, z) — V(C?F,)(z, s) when we take the L?(a, u)-norm. We also have

/ t / Fy [LC* 4 uy aV (= 2V - aV(] (2, 8) ps(da) ds
0 JRd

1 (5.20)
<l ([ [ 1263030 ) s+ o0 |9 0 + 21T C e )

Finally

| Ve aT R @9 m(de) ds| < 190 VP oo (52)
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The term in (5.20) is the easiest to manage. Note that |Jug||r2(a) < 2||ullr2(a for &k large
enough. The rest of the terms tend to 0 as A — oo by Lemma 5.17. The rest, namely (5.19)
and (5.21), also tend to zero if k — co and A — oo if we can show that ||V(¢2F)||12(a,) and
IV(CF)||12(a,p) are uniformly bounded in A > 0. That is what we show in

Lemma 5.22.

lim inf [ V() 2000 < 2V20 s and T inf [F(GF) 220 < 415 o

Proof. We start with applying the weak forward equation Lemma 5.20 on ((F)?
[ (GFt mlao) = [ (CF(w,0) o) =

/0 /Rd " [87" + Ly + uTaV] (CE)*(x, 8) pr(da) 6, (ds) dr.

We will make a couple of calculations to write the latter integral in a favourable way. We
will apply the product rule for L and V a couple of times. First we see that

[ar + L:B,s + UTGW (CFT)Q = 2CF, [8r + LZ,S + uTav] (CFT) + v(CFr)Tav(CFT)-

Integrating the right-hand side gives the L?(a, 1) norm of V(¢F). With little manipulation
using the product rules and integration by parts we end up with (we take the norm |||| 124,
but it is actually until time ¢)

IV B = [ [ TR aT(CR) o:5) () 6o (ds) dr
0 JRIxXR

= [ (R0 mldn) — [ (CF(w,0) o)

R4

_/0 /Rd RQ [CFr(u — uk)Tav(CFr)} (z, )y (dz) 6,(ds) dr
_ /0 /R L2l (Lo + ufaV] ¢] (x, $)pr(dz) 6, (ds) dr

— / t / [2F,V(TaV(CF,) — 2E2V (T aV(] (2, s)pr(dz) 6,(ds) dr.
0 RIxR
(5.22)

Bounding each term with a mixture of supremum-norm and Cauchy-Schwarz gives

IV (CEN L0y < I F1lSup + 201 F lsup e = vl 2200 [V (CF) | 20
+ 20| fllzup (£ Hsup + lukll 20, VE I 22(a))
+ 20| f llsup I V€l 220 IV (CF) 22y + 20 f Iup IV E I 0,0
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Note that by taking %k large enough we can get ||u — ug| 2
2[|ul[z2(a ). So this gives with a little bit of rearranging

ap) < 1and [Jugllr2@u <

IV 2y < 11 (152 (12 o + 200l 2000 IV 2t + V€ 2(0,) )
201 o IV a0 (14 19€  z200) -

We use 22 < a?(1 +7) + 2a8z with v > 0 implies |z| < 2|af(1 +~)2(1 + 5%)Y/2 so that

_ 1/2
IV P z2tem) < 20 oo (1 + 2 (1EClup + 20l 201 Vel 2y + 19€ 2(a,) )
9\ 1/2
x (14 U+ IVCl)?)
By taking A — oo we get that
h)r\r_ligf Hv(CF)”LQ(a,M) < 2\/§Hf|‘sur>'

The fact that - -
V(C*F) = ¢V(CF) + (FVC,

with the inequality |z + y|? < 2|x|? + 2|y|* allows us to bound

IV () 2 < 2V (CFL2 (0 + 202l VI L2 (00

Hence - -
lim inf [V (C*F) || 2(a,) < V2liminf [[V(CF) |20 < 4 fllsup.

which is exactly what we were after. m
A straightforward corollary is

Corollary 5.23. For any non-negative f € C°(R? x R) we have

Beu LX) < [ £ o) + 41 gl = vl 120

Proof. Let f € D(L™). Recall Equation (5.18) and how we bounded everything in (5.19),
(5.20) and (5.21). What we then find is

[ R0 o) < [ R ) + 4 gl = w20 + 0x(1)
R R
< / Ff 1) o) + 4] f gl = w20, + 02(1).
R
Hence taking A — oo and applying Fatou’s lemma yields, since (, — 1 as A\ — o0,

[ Fola.Opolde) < [ Bt ) + 41 unll = ] 0
R

R4
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Recall by the definition of Fj and F; in Equation (5.12), the inequality becomes

Bey [£(Xit)) = [ Bopolf (X 0] paldo) < [ 7(o8) ) + 41 lapllu = w2000

This is the desired inequality except that we have f € D(L®). We want to have it for
f € C*(R? x R). So take any f € C°(R? x R) such that f > 0. We have f € Ej and the

function f. defined by
1 €
fo=2 [ ROra
€Jo
satisfies

[ 1 [
I el < — / 1Pl e < = / 1l dt = 11l
0 €Jo

where we have used that Pt(k) is a contraction which follows from it being a Markovian
semigroup (see Section 1.2.1 in [2]). It is not difficult to see that f. € D(L®¥)) and f. — f
uniformly (see for instance Theorem 2.4 in [32]). This allows us to extend the inequality to
all non-negative f € C°(R?). O

(iv) Construction of the probability measure P.

We can almost define our probability measure P. To that end, first define the stopping time
t
T, := inf {t >0: / loTu(X,,s)[*ds > n} Al
0

Now we can define a new measure as follows:

dp, d T I
R d—’Zz(XO) exp </0 u(Xs, s) dM — 5/0 |0Tu(Xs,s)\2ds) :

It is immediate that this is a well-defined probability measure. Finally we define

P ,fdﬁn
R T AN AR
We are about to celebrate soon, but it is still unclear whether that dP/dR defines a probability
measure.

Let us introduce the martingales

‘ [dP,
Zik, = Br | g | Finr |

and

_d|5n .
Zt/\Tn = Egr d_R | -E/\Tn

We have that both (Zr, ),en and (Z;IZ))%N are (Fr,, R)-martingales by the optional stopping
theorem (see Theorem 7.29 in [22]).
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Proposition 5.24. For any bounded non-negative measurable function f € B,(R? x R) we
have

Be, [/ (X )Lgena] < [ @) (o)
Proof. We have .
lim Eg {/ ’ lo T (u— up)(Xs, 8) | ds} =0,
0

k—o0

since u,, — u and on s < T,, we have uniform boundedness of u and u; < u so that the claim
holds by dominated convergence theorem. By the use of BDG-inequality we can conclude
that the local martingales in the expression of Zt(/lf)Tn converges to Ziar, R-a.s. as k — oo
along a subsequence (but we do not relabel it).

Now take any non-negative function f € C°(R? x R) and note that

Ep, [f (X, 1) Li<ry] = Er[Zent,, f(Xe, ) Lie<r,y] = Er [,}gglo Ziwy F(X ) Lp<r,y | -
Applying Fatou’s lemma, changing the measure to P, and using the fact that Ly<7,) gives
Eﬁn [f(Xt, t)ﬂ{thn}] < h}?_l)iogf Er [Zt(f?pnf(Xt, t)ﬂ{thn}] < li]?_l)ioglf EPk [f(Xu t)]

We know by Corollary 5.23 that

lim inf Ep, [f (X}, t)] < liminf ( f(@,t) pu(da) + 4] flsupllv — ukHLQ(a,u))
k—oo k—oo R
— [ 1.0 m(da)
Rd

We conclude
Ep [f(Xe, ) Li<r,y] < /d f(z,t) pe(de).
R

The fact that we can extend this inequality for any non-negative f € %B,(R? x R) follows by
Lusin’s theorem and mollification (Lemma 1.37 in [22]). O

Note that there exists simple functions f,, € B,(R? x R) increasing to |o'u|? as m — oo
so that

5|

Monotone convergence yields

Tn 1 1
F(X0nt) dt] _ / B [fo (X0 t)1p1er,y] dt < / (1) po(da) dt.
0 0

0 Rd

Th 1
Es, [ / |aTu<Xs,s>|2ds} < / / ol ) () ds = [l

This leads to the satisfying result:
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Theorem 5.25. The measure P is a probability measure satisfying H(P|R) < oo.

Proof. 1t is easy to see that

- 1 Tn
H(P,|R) = H(uo|vp) + 5B, [/ |aTu(Xs,s)|2ds] .
0

Then

. 1 Tn 1
H(P.IR) = H(jiolvo) + Ep, [ / |aTu<Xs,s>|2ds] < H(ptoloo) + Sl
0

This gives that .
H(P,|R) = Er [Zr, log(Z1,,)] -

This implies uniform integrability of Z7. , because for any K > 0

Er [Z1, 1125, 12K) <

1
< H —[|ul|3-
= IOg(K) ( (:U’0|V0) + 2||u||L (a,,u)) )

and that tends to zero as K — oo uniformly in n € N. We also know Zr, is a (R, Fr,)-
martingale so that by martingale convergence theorem we get

Er [Z1, 108(Z1,) 124, 12K} ]

P(Q) = Er []lQ Tim ZTn} — Eg [Iim ZTn} — lim Er[Zp] = 1.

n—o0 n—o0

Finally L'-convergence of Zz, gives that for any bounded continuous function U : Q — R
that

n—o0 n—00 dR

dP
lim ]EISH[U] = lim ER[ZTnU] = ER |:—U:| = EP[U],
which is saying that P, — P weakly. Finally, the lower semi-continuity of the relative entropy

yields

n—oQ

- 1
H(P|R) < liminf H(P,|R) < H(uo|vo) + §||u||%2(a’u) < o0.
O

This is a very promising result. It only remains to show that P satisfies the marginal
constraints and the relative entropy is given in terms of w.

Theorem 5.26. The probability measure P is feasible, and

dP ! 1 [
— =1 X, s)dM, — = X, 8)"u(Xs, 8))*ds | .
R {2250y €XP (/0 u(Xs, s) dM; 2/0 lo(Xs, s) u(Xs,s)| ds)
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In particular under P the canonical process X has a finite variation part given by
t
AP = / (B(Xa, 8) + a(Xe, )u(X,, ) ds,
0

and ]
H(P|R) = H(polvo) + §IIUII%2<a,“)-

Proof. Note we have for any A € Fr,

< liminf Eg

n—o0 m—0o0

P(A)::ER{HAQE}::ER

dp .
1a—2| =P, (A).
AdR] n(4)

dP
14 liminf —=
Alimin R

Hence P(A) < P,(A) and by taking A° yields P(A) = P,(A). Therefore

dP
ﬁ\ﬁn = Zr,

so that by Girsanov’s theorem we get that
t
AP :/ (b(Xs, 8) + a( X, s)u(Xs, s)) ds
0

for any t < T, := sup, T,, since that is true for Isn and P = |5n on Fr,. We also have
H(P|R) < oo so that by Girsanov’s theorem and finite entropy Theorem 3.6 we get the
existence of a process 8 = (fs)seo,1] such that for all ¢ € [0, 1]

Af:KﬁMX&$+MX@@&ﬁM

Therefore for any t < T,

¢ ¢
/ a(Xs, s)u(Xs, s)ds = / a(Xs, s)Bs ds.
0 0
Lebesgue differentiation gives P-a.s. w € Q) for a.e. t < T (w)

a(Xi(w), hu(Xe(w), t) = a(Xi(w), 1) Br(w).

Therefore

tATs tATs 1
/ lo(Xs, ) Tu(Xs, s)|?ds = / l0(X,,5) " B|?ds < / l0(X,,5)" Bs]*ds < oo,
0 0 0

which implies that the left-hand side cannot explode in finite time. Therefore T,, — T, =1
P-a.s. In particular one can define the P-semimartingale (fot (X, s) dM;)ieo1)- In partic-
ular, Proposition 5.24 after taking n — oo; P, = P on Fp,, and monotone convergence
gives

Ep[f(Xe,0)] < | f(,t) pu(de).

R4
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This holds for any bounded measurable function f. In particular for f = 14 and f = 1 e
where A € B(R?) is arbitrary. That gives

P(X: € A) = u(A),
which makes P feasible. O

Let us wrap everything up. In the part of the proof of the original implying the weak
formulation, we have showed that the minimizer PFFSY € CEFSP to (FPSP) gives a function
uFPSF that is feasible to (WMSP) and

1
H(PFPSP’R) = H(polvo) + §HuFPSPH%Q(a,u)'

Therefore, for the minimizer v of (WMSP) we have
1
H(PTFIR) = H(polvo) + S llull7a(a -
But since the solution u to (WMSP) yields a feasible P € CEFSY with

1
H(PIR) = H(polvo) + 5 l[ulliaau < HPTIR),

P = PFPSP PFPSP

we get that by uniqueness of by Theorem 3.2. This concludes the equiv-
alence of (FPSP) and (WMSP). The fact that the semimartingale decomposition of X can
be written as given in the statement of Theorem 5.9 follows from Theorem 5.26.
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Appendix A

Postponed proofs

A.1 Proof of Theorem 4.10

We first need a Lemma;

Lemma A.1. Let I € R be an interval and S C R be a bounded open set. For any function
v e C®(I,LP(S, p)) we have that any ¢ € C°(S x I) we have

Jauwetna= 1 [uwol et
I I
Proof. A simple application of dominated convergence theorem shows that ¢ — v(t)p(-,t) is
differentiable in L?(S, p) and the usual product rule holds

(v(B)p(-, 1)) = V' () (-, 1) + v(t)dp(-, 1).

By Theorem 2 from Section 5.9 in [13] we get that the Fundamental Theorem of Calculus
holds for such Banach-valued functions and the claim follows for n = 1. We can do this for
all n € N through an induction argument. O]

Now we can continue with the proof of Theorem 4.10. The semigroup is analytic for all
t > 0 by Assumption 4.8 which was in force for Theorem 4.10 (see [27]). Fix ¢t € (0,1] and
m,n € N. Note that for any s € [t,2] we have that the function s — wu(-,s) is infinitely
many times differentiable as seen as a map from [t, 2] to LP(R?, 7). In particular since [¢, 2]
is a compact set we have that [s — wu(-,s)] and all its (time-)derivatives are bounded in
LP(RY,n). In particular there exists a constant C, < oo such that

(n), (. p
sup 105, 5)[[ 1 .y < Cin

Obviously
LmOMu(-,s) = L7L u(-, ) = L7u(-, ) = 9™ u(-, s).
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Therefore

man),, (. P
sup [|£707 0, ) ey S Cntm:

Consider a ball B, = B,(0) for some r > 0, then since

—00 < igf e U< sup eV < oo

B,
we get that
e - e, a0 < M- lerwem < sup e - Lo, ao.
So the norms || - || zr(5, ) and || - || zr(B,.dz) are equivalent on LP(B,,n). In particular, we get
that
sup s U, S LP(B,,dz) — ~ntm

s€[t,2]

Elliptic regularity (Corollary 10.3.10 in [26]) tells us that for any 0 < ' < r (to ensure
B, C Br)

Hagn)“(W S>H€Vm+2m(37n,,dx) <C <H£magn)“(" S)HZI),P(BT,dx) + Hagn)u(" S)HZI)/P(B,«,dx)) - (A

The same argument can be used by considering agn)u(-, s) — QE,?)U(-, s') to show that s —
8 u(-, s) is actually continuous in W™*2P(B,, dz). Due to the continuity we can get a

product measurable function ag‘&g”)u(cc,s) for any multi-index a such that |o| < m + 2.
The product measurability can be proved with Pettis’ theorem and the continuity and the
fact that W™*22?(B,, dz) is separable (See Theorem 7 from Appendix E in [13]). We can
actually get rid of 7/ by varying r so we can keep working on B,. Moreover, we have for any
p e CX(B, x (t,2))

2 2
/ / 920 u(z, s)p(x, s) drds = (—1)'“/ OMu(x, 5)0%p(x, s) dz ds.
t JB, t JB,
We also know that s — (-, s) being differentiable on LP(B,,dz) implies the product rule
on LP(B,,dz) by Lemma A.1 above. We have to exchange the order of integration to apply
Lemma A.1 which is allowed since we have v € L*([s,t]; LP(B,,dx)) and ¢ is uniformly
bounded. So we get

2 2
/ 900 u(x, s)p(x,s) dz ds = (—1)'“””/ / u(x, s)0M%p(z, s) dz ds.
t JB, t JB,

This means that 8§8§n)u(;ﬂ, s) is the weak derivative for the function w(z,s) (which is also
prO(%u)ct measurable due to strong continuity of the semigroup by the argument used for
0205" u).

The integrability condition (A.1) and the fact that n and m are arbitrary we conclude
that (z,s) — u(x,s) isin W™P(B, x (t,2),dz ds) for all m € N. Then by Morrey’s inequality
(Theorem 6, Section 5.6 in [13]) and that ¢ > 0 was arbitrary, we get that u € C*°(R?x (0, 1]).

The claim that for fixed ¢t € (0,1] u(-,t) € W?P(R% n) follows by u(-,t) € D(L) =
W2P(R4, n) which holds for analytic semigroups (see Lemma 4.2 in [32]).
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A.2 Proof of Lemma 5.17

Proof. The idea is to construct functions that do the purpose and then we mollify it to get
smooth functions. Consider a family of functions (€,)>o defined as follows:

1 if |[x] <A
Ex(w) == q1— 3 (log(2+|z]) —log(2+ X)) if A< |z] < (24 N)e* —2
0 otherwise.

Note that this function is piecewise C'*°. It is also continuous which makes it weakly dif-
ferentiable for we can integrate by parts and the boundary terms vanish due to continuity.
Now mollify this function &, with the standard mollifier p € C>°(R?) which is

= (i) ) )
o AT P\~ T )
’ {lyl<1} =) 1 — a2 ) i<t

and define
O =& xp.
Of course we have ¢, € C®(R?). It only remains to be shown that the conditions are

satisfied. Let us check them one by one:

(1) Tt is immediate that ¢, > 0 and (, — 1 everywhere since for any z € R? we have
that for A large enough &,(y — x) = 1 for all |y| < 1 so that the claim follows due to

ol 1 (ray = 1.
(2) By the triangle inequality we are good to go if we can prove that

A—00

1
lim/ bi(, )06 ()| () dt = 0, for all i € {1, ...d},
0 R4

and

A—00

1
lim/ / (2, D)0y a ()| pu(de) dt = 0, for all i, j € {1, ..., d}.
0 R4

Note that &, = 0 except on X < |z| < (24 A)e* — 2. For A\ < |z| < (2+ A)e* — 2 we

have X
815(:6) = .
Alz](2 + |z])
This gives for a.e. x € R?
1
1) < —

We know that ¢, is differentiable and 0;(\ = &) * (0;p), but since &, is weakly differen-
tiable with bounded weak derivative, integration by parts gives

DiCx = (0ix) * p.
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Using this fact and the definition of convolution we get

1 1
<
2+ |z +yl) — A1+ |z|)’

10:C ()| < esssupyy < 19:6x(x + y)| [|pll L1 (rey < esssupyp, < 3
N——— (

=1

where we have used that |z +y| > |z| — |y| > |z| — 1 in the last inequality. Multiplying
this by b;(x) gives for all z € R?

1001+ Ja))

|bi(,1)0;Ca ()] < CENP)

C
< —.
— A

This leads to uniform convergence to zero. In particular, since the measure p;®@Leb | 1]
that we are integrating against is a probability measure

' C
| [ vl man <
0 R4

which tends to zero as A — 0.

For the other one concerning a;; and the second derivatives 0;;¢x, we must do a little
more. Once again as before we note for A < |z| < (2 + \)e* — 2 we have &, twice
differentiable and for j # ¢

. 22, (14 o)
(@) = - —2 =2 ) =
82]5)\(37) )\|.1"2<2 4 |x‘)2 ( ’m‘ 113]) )\‘-TP(Z + ’x‘)z’

and for j #£ 1

1 T

2

It is not so difficult to see that we can find a constant C; > 0 such that for A < |z| <
(24 N)er =2

C
1036 (7)| < N+ [P

for all A\ > )y for some Ag.

Recall that suppp C {|z| < 1} which makes 0;;\ zero outside {A — 1 < |z| < (2 +
A)e*—1}. Moreover for A+1 < |z] < (24+))e* —3 we have that 9;&, (z—y) differentiable
for all |y| < 1 which allows integration by parts as follows:

9 (1) = 8iiéx * p,
which together with the bound obtained above gives

Cy < 4
Ltz +y?) = A1+ (Jz| = 1)%)

|8ZJ<>\(‘/E)| < SUP|y|<1 )\(
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Multiplying this with a;; keeps it bounded by the quadratic growth condition. The
only tricky part is A\ — 1 < |z| < A+ 1and (2+ N)e* —3 < |z| < (2+ N)e* — 1. For
that we integrate by parts but one sees that the boundary term does not vanish. Well,
the boundary term for the case A — 1 < || < A + 1 is of the form

/ Oirp; dS,
T

with I some part of the boundary of the ball {|z] < A} and n; the normal vector on
the ball in direction j. Note that on I' we have

1

di&i(r) < M2+ N

and p is bounded, because I' can be at most of length 2. So the extra term is of
order O(A™2). The non-boundary term after integration by parts as the argument
before gives something of order O(A™®). Multiplying with a;; which is of order A\?
on {A —1 < |z] < XA+ 1} keeps everything bounded. A similar argument work for
2+ N)er =3<|z| <2+ N)e* — 1.

What we get is that there exists \g > 0 and C' > 0 (may be different than the C'
defined before) such that

|ai; (7, 1)05C ()] < O, for all (x,¢) € R? x [0,1] and A > A,.

Also it is not difficult to see that for all z € R? we have 9;;¢y () for all A large enough.
Hence

Jim fag; (2, )05 ()] = 0.

Now dominated convergence gives

1
lim /0 /Rd la;;(z,t)0;;C\ ()| pe(de) dt.

A—00

This shows (2).
(3) The last point follows similarly, in fact

1 2
CULER) _C oo (1) e B x 1.

. C

Hence, it converges uniformly so that the integral goes to zero since we are dealing
with a probability measure.

In addition, we claimed that everything holds for ¢} as well, but that is immediate by the
product rule for L and the gradient V and [¢3| < 1. O
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Appendix B

Relative entropy

In this section we define relative entropy and show some results concerning it. Let X be a
Polish space.

Definition B.1 (Relative entropy). For two probability measures p,q € P(X) we define
the relative entropy of p with respect to g by

H(pla) == Ey {log (j—i)} :

whenever p < ¢ and H(p|q) = oo otherwise.

We see an expectation, so we may wonder whether the expectation is well-defined. The
integrand may have two different signs and that leads us to wonder what happens to the
positive and negative part. Note that the expectation of a random variable X is well-defined
as long as at least one of E[X "] and E[X ] is finite. In case only one of them is infinite, then
there is no problem because we can add infinities to a finite number. In other words, that
avoids oo — oo which makes every mathematician’s eye balls fly out. Let us confirm this for
the relative entropy by the following:

Proposition B.2 (Lemma 1.4.1 from [11]). For any p,q € P(X) the relative entropy is
well-defined, non-negative and H(p|q) = 0 if and only if p = q.

The relative entropy has a lot of properties and the fundamental ones that we use are
stated in the following proposition:

Proposition B.3 (Lemma 1.4.3 from [11]). Let X be a Polish space, then the following
holds:

(i) (strict convexity) the relative entropy p — H(p|q) is a strictly convezr function on
{p e P(X): H(ply) <oo};

(i1) (lower semi-continuity) the relative entropy (p,q) — H(p|q) is lower semi-continuous,
that is for any sequence (pn,q,) — (D, q) weakly (i.e. converges in the product topology
of weak convergence), we have

H(pla) < liminf H(py|dp).
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(iii) (compact level sets) the level set

{peP): H(pla) <c}
is a compact subset of P(X) under the topology of weak convergence.

Lemma B.4 (Conditioning and relative entropy). Let (X, F) be a measurable Polish space.
Let p,g € P(X) and Y : (X, F) — (S,S) be an arbitrary random variable. Let p and v be
the law of Y under p and q respectively. Under the assumption p < q we have

H(ple) = H(uly) + / H(p"|a?) pu(dy).

Proof. First we argue that y — H(pY|g?) is measurable as a map from (S, S) to the space
of probability measures (P(X), B(P(X)) where the target space is endowed with the Borel
o-algebra induced by the topology of weak convergence. We know (p,q) — H(p|q) is lower
semi-continuous which makes it measurable. Moreover, the regular conditional probabilities
pY and @Y exist and the map y — (p¥ ¢Y) is measurable (see Theorem A.5.2 in [11]).
Therefore the decomposition

[(p,a) — H(pla)] o [y — (p¥,a")] = [y = H(p*|a”)],
is measurable. Now as soon as one is convinced that

dp du dpy=Y
—=—Y)—=
dg dv dqgY

holds true, we get the claim fast. Of course everything written is well-defined for we have
P < qimplies p < v and p¥ < ¢ for pu-a.s. y. Also the Radon-Nikodym derivative (y, z) —
%(w) has a jointly measurable version (See Theorem A.5.7 in [11]). To be convinced, look
at

dp, dpv=Y du dpv=Y dpu
o [ L) R ]~ [0 [1 ] = B [E R ],

and we know Epy—v[14] = E[14 | Y], so that

dpv=¥

dp
Eq {ILA_(Y)W

v | = EolEalta] I = p(a)

This allows us to conclude

dp du dp?
Ep {log <£> Y = y} = log (d—y(y)> + log (@) ,

which after integrating with respect to pu, or if you prefer the tower property, yields the
claim. O]
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We will state and prove Lemma 4.1 from [3] which is a crucial lemma for proving the
Markov property of the minimizer of the Schrédinger problem. The setting is as follows.
Consider two probability spaces (X}, F1,q1) and (Xs, Fa, ¢2) with Polish state spaces. Define
m and mp on A} X X to be the projections on X; and X, respectively. For any probability
measure p € P(X; x Xy) we denote p; := miup, i = 1,2, i.e. its marginal on &;. Under this
setting we introduce

Lemma B.5. Under the setting described above we have for any p € P(X; X Xs) such that
H(plg) ® g2) < 00

H(plgr @ qs2) > H(p1|ar) + H(p2|az) = H(p1 @ palai @ q2).

Proof. By the assumption H(pl|g; ® qz2) < oo, we obviously have p < q; ® gz. We apply
the conditioning from Lemma B.4 to get

H(plar ® qz) = H(pi|la) + [ H@P™ | g”) pi(day).
X1

As it is intuitively clear, conditioning on X; = x; leaves only X, as a “random variable”.
Indeed, for any A € F; and B € F; we have

P (A X B) = 14(z1)p5' (B), and g™ (A X B) = 14(x1)qg5" (B).

Together with the fact that X; and X5 are independent under q brings us to

H(ploy ® g2) = H(pr|an) + | H(py' | a2) pa(day).
X1
Let us look at z; — p3' as a map to probability measures which is in fact a measurable map
(see Theorem A.5.2 in [11]). Through change of variables, we can integrate over probability
measures on
Pyt = {u € P(Ay) : p=pi for some z; € Ay},

with respect to the push-forward

p = ($1 — ]Pgl)#lpy

Basically, that is nothing else but

H(p3' | g2) pi(day) = /Xl H (p|agz) p(dp).

X

We want to apply Jensen’s inequality to get the desired inequality. We need a general version
of Jensen’s inequality as stated in Theorem 3.10 in [33]. We need a topological locally convex
vector space which we do not have. Indeed the set of probability measures is not a vector
space. However, the set of regular bounded additive set functions denoted by rba(X5) is
the dual space of Cy(X3) and is a vector space. Endowing rba(X5) with the weak*-topology
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makes it locally convex (See Proposition 3.12 in [5]). Moreover P(X,) C rba(As) and P(A5)
is actually endowed with subset weak*-topology. Therefore, the measure p that integrates

over Py’ C P(A%) can be set to be zero on rba(X,) \ py* making it a probability measure on

I'ba(.)(z).
We have made clear that although P(AX5) itself does not satisfy the conditions required in
[33], it is a subset of a space satisfying the conditions. So we may apply Jensen’s inequality

to get
/;fﬂanﬂm%zH(/gupMMIm>,

where the integral fpxl wp(dp) is understood in the sense of Pettis integration (See the
2

definition given in [33]). One can check by the definition of Pettis integral which states that
for any f € (P(X,))’, i.e. f in the dual of P(X,), we have

< /. up(du>,f> — [ tron = [ ([ s utaz) ) o,
Py’ Py ! Pyt Xo
where (-, -) denotes the duality brackets. Change of variables gives

< L. up(du>,f> ~ [ ([ sewpan) pita = [ fedptan)

2

by the tower property. We know that C,(X2) C (P(A3))" and C,(AXs) separates probability
measures (Theorem 13.11 in [23]) allowing us to conclude that

/%MMQUZPW
P

2

Gathering everything yields

H(plan ® g2) > H(pi1|a) + H(p2|ge)-

It remains to prove the last equality. It follows readily from

dpr ®p2 _ dpr dpo
dogp @y dap dgy’

and by the property logarithm of product is the sum of logarithms. Keeping these facts in
mind, we finish by noting that the assumption that H(p|g; ®qy) < oo makes both H (p1|a)
and H (p2|qe) finite allowing us to put them together to get

H(pi|lan) + H(p2|de) = H(p1 ® palar @ qa).
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Theorem B.6 (Radon-Nikodym under a bijection). Let ¢ : (S1,S1) — (52,82) be a mea-

surable invertible function. Assume p < q are two o-finite measures. Then po p <K o @

and
dpoyp _dp
dgoy dq

Proof. Note that for any A € S; by change of variables/measures formula

dp dp 1/ no_ dp no_
/A Doleac plds) - / | el @) at) = / Bl = po(a)

Hence p o ¢ < g o ¢ and by uniqueness of Radon-Nikdoym derivative

dpoy _ dp
dgoe dq

A straightforward corollary of this fact is

Corollary B.7 (Relative entropy under a bijection). Consider a measurable invertible func-
tion ¢ : (S1,81) — (S92,S2). Then for all probability measures p and q

H(plg) = H(poplgo ).

115



References

R. Aebi. Schrodinger diffusion processes. Basel Birkhauser, 1996.

D. Bakry, I. Gentil, and M. Ledoux. Analysis and Geometry of Markov Diffusion Operators. Vol. 348.
Grundlehren der mathematischen Wissenschaften. Cham: Springer International Publishing, 2014.

A. Baradat and C. Léonard. Minimizing relative entropy of path measures under marginal constraints.
2020. arXiv: 2001.10920 [math.PR].

A. Beurling. “An automorphism of product measures”. In: Ann. Math. (2) 72 (1960).
H. Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equations. 2010.
E. A. Carlen. “Conservative diffusions”. In: Commun. Math. Phys. 94 (1984).

P. Cattiaux and C. Léonard. “Correction to: Minimization of the Kullback information of diffusion
processes”. In: Ann. Inst. Henri Poincaré, Probab. Stat. 31.4 (1995).

P. Cattiaux and C. Léonard. “Minimization of the Kullback information for some Markov processes”.
In: Séminaire de probabilités XXX. Berlin: Springer, 1996.

Y. Chen, T. T. Georgiou, and M. Pavon. Stochastic control liaisons: Richard Sinkhorn meets Gaspard
Monge on a Schroedinger bridge. 2020. arXiv: 2005.10963 [math.0C].

I. Csiszar. “I-Divergence Geometry of Probability Distributions and Minimization Problems”. In: The
Annals of Probability 3.1 (1975).

P. Dupuis and R. S. Ellis. A Weak Convergence Approach to the Theory of Large Deviations. John-
Wiley & Sons, 1997.

A. Eberle. Markov Processes. 2021.
L. C. Evans. Partial Differential Equations. 2nd ed. American Mathematical Society, 2010.

H. Follmer. Random fields and diffusion processes. Calcul des probabilités, Ec. d’Eté, Saint-Flour/Fr.
1985-87, Lect. Notes Math. 1362, 101-203. 1988.

H. Follmer. “Time reversal on Wiener space”. In: Springer, Berlin, Heidelberg, 1986.

H. Follmer and N. Gantert. “Entropy minimization and Schrédinger processes in infinite dimensions”.
In: Annals of Probability 25.2 (1997).

R. Fortet. “Résolution d’un systeéme d’équations de M. Schrodinger”. In: J. Math. Pures Appl. (9) 19
(1940).

D. A. Harville. Matriz algebra from a statistician’s perspective. New York, NY: Springer, 1997.
H. Herrlich. Aziom of choice. Vol. 1876. Berlin: Springer, 2006.

J. Jacod. A general theorem of representation for martingales. Probab., Proc. Symp. Pure Math.,
Urbana 1976, 37-53. 1977.

B. Jamison. “Reciprocal processes”. In: Z. Wahrscheinlichkeitstheor. Verw. Geb. 30 (1974).

116


https://arxiv.org/abs/2001.10920
https://arxiv.org/abs/2005.10963

O. Kallenberg. Foundations of modern probability. Second. Springer-Verlag, 2002.
A. Klenke. Probability theory : a comprehensive course. English. Cham, 2020.

C. Léonard. “A survey of the Schrédinger problem and some of its connections with optimal transport”.
In: Discrete and Continuous Dynamical Systems- Series A 34.4 (Aug. 2013). arXiv: 1308.0215.

C. Léonard. “Girsanov theory under a finite entropy condition”. In: Séminaire de probabilités XLIV.
Berlin: Springer, 2012.

N. Liviu L. Lectures On The Geometry Of Manifolds. 2nd Ed. World Scientific, 2007.

G. Metafune et al. “Lp-regularity for elliptic operators with unbounded coefficients”. In: Adv. Differ.
Equ. 10.10 (2005).

T. Mikami. “Stochastic optimal transport revisited”. In: SN Partial Differential Equations and Appli-
cations 2.1 (2021).

T. Mikami. “Variational processes from the weak forward equation”. In: Commun. Math. Phys. 135.1
(1990).

M. Nagasawa. Schrodinger equations and diffusion theory. Vol. 86. Basel: Birkhauser Verlag, 1993.
E. Nelson. Quantum fluctuations. Princeton University Press, Princeton, NJ, 1985.

A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. Vol. 44.
Applied Mathematical Sciences. New York, NY: Springer New York, 1983.

M. D. Perlman. “Jensen’s inequality for a convex vector-valued function on an infinite-dimensional
space”. In: Journal of Multivariate Analysis 4.1 (1974).

S. Reich. “Data assimilation: the Schrodinger perspective”. In: Acta Numerica 28 (2019).
D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Third. Springer-Verlag, 2004.
W. Rudin. Functional analysis. New York : McGraw-Hill, 1991.

L. Riischendorf and W. Thomsen. “Closedness of Sum Spaces and the Generalized Schrodinger Prob-
lem”. In: Theory of Probability & Its Applications 42.3 (1998).

L. Riischendorf and W. Thomsen. “Note on the Schrédinger equation and I-projections”. In: Statistics
and Probability Letters 17.5 (1993).

I. N. Sanov. “On the probability of large deviations of random variables”. In: Sel. Transl. Math. Stat.
Probab. 1 (1961).

R. L. Schilling and L. Partzsch. Brownian Motion. De Gruyter, 2014.

E. Schrodinger. “Uber die Umkehrung der Naturgesetze”. In: Sitzungsber. Preuf. Akad. Wiss., Phys.-
Math. KI. 1931 (1931).

G. Simons. “An unexpected expectation”. In: Ann. Probab. 5 (1977).

D. W. Stroock and M. Yor. “On extremal solutions of martingale problems”. In: Annales scientifiques
de I’Ecole Normale Supérieure Ser. 4, 13.1 (1980).

L. Tamanini. “Analysis and Geometry of RCD spaces via the Schrédinger problem”. PhD thesis. Sept.
2017.

117


https://arxiv.org/abs/1308.0215

	Common notations
	Introduction
	Preliminary results on the minimization of relative entropy
	Minimization of relative entropy given marginal constraints on product spaces

	Itô-diffusions and multimarginal Schrödinger problem
	Markovian nature of the solution
	Approximation of the Schrödinger problem
	Reversible processes

	Finitely many marginal constraints
	Regularity of the Schrödinger factorization
	Regularity of the factorization for Langevin diffusions
	Characterization of the drift of the minimizer
	Example: Ornstein–Uhlenbeck process

	Fully prescribed marginal constraints
	Fully prescribed Schrödinger problem and the weak formulation
	Consequences of the weak formulation
	Proof of the equivalence between the original and the weak formulation

	Appendix Postponed proofs
	Proof of theorem:ellipticregularityLangevin
	Proof of theorem:localizingfunctions

	Appendix Relative entropy
	References

