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Abstract

This work studies pulse based variational quantum algorithms (VQAs), which are designed to determine
the ground state of a quantum mechanical system by combining classical and quantum hardware. In con-
trast to more standard gate based methods, pulse based methods aim to directly optimize the laser pulses
interacting with the qubits instead of using some parametrized gate based circuit. Using the mathematical
formalism of optimal control, these laser pulses are optimized to minimize the energy of the prepared qubit
state. This method has been previously used in quantum computing to optimize pulses for quantum gate
implementations, but only recently has been proposed for full optimization in variational quantum algo-
rithms [1, 2]. Pulse based methods have several advantages over gate based methods such as faster state
preparation, simpler implementation and more freedom in moving through the state space [3]. Based on
these ideas, we report the development of a novel adjoint based variational method. We report on how this
method can be tailored towards, and applied in, the Eindhoven KAT-1 Rydberg based quantum computer.
This method of pulse based quantum optimal control (QOC) is able to approximate molecular ground states
of simple molecules up to chemical accuracy and is able to compete with gate based variational quantum
eigensolvers (VQEs) in terms of total number of quantum evaluations vs. ground state energy error. We also
find that the total evolution time T and the form of the control Hamiltonian Hc are important factors in the
convergence behavior to the ground state energy, both having influence on the quantum speed limit (QSL)
and the controllability of the system. Furthermore, the existence of barren plateaus in quantum optimal
control is demonstrated and proven, and a pulse based minimizing movement scheme is briefly analyzed.
This scheme can be used for finding good initial states or improved final states for variational eigensolvers
and quantum optimal control.
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1 Introduction

Moore’s law predicts that every two years the number of transistors per area on a microchip will double. This
process of continuously scaling down will hit a physical limit in the coming decades, when transistors will be
of the scale where quantum effects will become non-negligible [4]. These quantum effects, will induce errors, at
which point the transistor’s state can no longer be manipulated faithfully.

In 1982, Richard Feynman proposed that instead of trying to mitigate these quantum effects, they should be
embraced and employed to speed up calculations [5]. In order to simulate quantum systems and solve classically
intractable problems, a whole new type of computer should be developed which uses quantum bits, or qubits,
instead of classical bits. These qubits utilize the quantum mechanical principles of superposition and entangle-
ment in order to work in a computational basis that can not be represented efficiently by classical bits.

Several important processes for real-world applications have been shown to be theoretically faster on a quan-
tum than on a classical computer. One such example is Grover’s search algorithm, which can locate a unique
input in an unstructured list faster than any classical computer could [6]. Another is Shor’s algorithm, which
compared to its classical counterparts, exponentially speeds up the factorization of large integers, the compu-
tational hardness of which currently forms the basis of the widely used RSA encryption algorithm [7]. It is also
suggested that quantum computers can be used for the calculation of ground state energies of large molecules,
which can be of great interest for improving chemical processes or developing new pharmaceutics [8]. Current
quantum computers do not yet possess the number of qubits, or fault tolerance required, to put these theoretical
predictions to the test.

Presently, quantum computing is in the noisy intermediate-scale quantum (NISQ) era [9], where the available
quantum computers cannot outperform their classical counterparts except for a few, specifically designed cases
[10]. In this era the computers control in the order 101 − 105 qubits and have gate fidelities of around 90-
99%. This period will serve as a bridge between initial quantum computing experiments and fully fault-tolerant
quantum computing where quantum error correction can be used to detect decoherence of qubits, see Fig. 1.1.
Interestingly, even in the NISQ era, quantum computers can be used in practice. One such application is the
variational quantum eigensolver (VQE) algorithm, first proposed in a paper by Peruzzo and McClean in 2014
[11]. VQE is a hybrid algorithm since it makes use of both a classical central processing unit (CPU) and a
quantum processing unit (QPU). The algorithm aims to determine the lowest eigenvalue of a specific Hamilto-
nian, which can be used to finding the ground state energy of a molecule, but also to solve certain combinatorial
problems [12]. The VQE algorithm, as a variational algorithm, can handle the low fault-tolerance of NISQ
quantum computers and has shown proof of concept on small molecules with many different qubit designs
[13, 14, 15, 16, 17]. In recent years, VQE has been implemented on all these qubit systems and has become a
highly active area of research (c.f. Refs. [12, 18] for recent comprehensive overviews).

Figure 1.1: Quantum computing eras as illustrated by their number of utilized qubits.

One of the goals of the Eindhoven KAT-1 project, as a subsidiary of the Quantum Delta NL ecosystem [19],
is to create a Rydberg based hybrid quantum computer functional in the NISQ era and able to perform VQE
type algorithms. This computer employs ultracold neutral atoms with high principal quantum number n, so
called ground-ground qubits with Rydberg dressing to control the interactions between these qubits [20]. The
qubit states are two electronic structure levels of these atoms. Rydberg atoms have long-range interactions that
can be employed to create entanglement between neighboring and non-neighboring atoms. Another advantage
is their long lifetimes and the easy scalability of the platform compared to other qubit systems [21, 22, 23].
Additionally, Rydberg atoms have high initialization and read-out fidelities compared to other qubit types such
as those based on superconduction or ion traps [24, 25].

Generally in VQE the final qubit states |ψf 〉 are prepared from an initial state |ψ0〉 by a quantum circuit
of parametrized gates. These gates can either manipulate a single qubit or multiple qubits at once, and are
implemented using specific laser pulses. The specific pulses necessary to implement such a gate are often
optimized using the mathematical formalism of optimal control, which finds its use in algorithms such as
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GRAPE [26] and CRAB [27]. The entire gate sequence can in principle be equated to one big laser pulse, as
thoroughly explored by Magann et al. [1]. From this stems our idea of Quantum Optimal Control (QOC)
as an alternative to VQE. Instead of optimizing a sequence of parameters of gates, a laser pulse is optimized
to construct a state |ψf 〉 close to the ground state of a problem Hamiltonian Hmol. This has been principally
investigated by Meitei et al. [2] and Choquette et al. [3], but not in detail or in comparison with VQE. The
advantages of our adjoint based QOC is that the pulses are, in general, easier to implement than those necessary
for VQE and the required time of the circuit T can be minimized, mitigating unwanted effects of qubit lifetimes
and decoherence. Furthermore, QOC does not preemptively assume a circuit and thus gives more freedom in the
space of states being explored. This thesis aims to fully develop the theory of QOC and compare it to existing
methods of VQE. Furthermore, we focus on how to realistically implement QOC on a Rydberg based system,
as in the KAT-1 project in Eindhoven. From this analysis, we see that QOC can perform well for ground state
energy finding on a Rydberg system. We devise a qutrit (3 base state) system for our Rydberg system and
prove and demonstrate the existence of barren plateaus in QOC. This thesis also explores another novel pulse
based algorithm, namely the minimizing movement scheme [28], as a method for finding good initial states |ψ0〉
or to further optimize the final state |ψf 〉 of QOC or VQE.

1.1 Reader’s guide

Since this thesis is written for both the Applied Physics and Industrial Applied Mathematics master, some
sections will be more relevant to one faculty than the other. Because of this, sections which are of specific
interest to each of the faculties are denoted by for mathematics and for physics. If no indication is given,
then the section is of interest to both. Furthermore, most derivations have been moved to the appendices.

Section 2 describes the basics of quantum computation, the density matrix formalism most often used in this
thesis, and quantum gates and circuits. For the analysis of VQE and QOC Sec. 2.4, explaining controllability
and the quantum speed limit, is of utmost importance. This section will explain most physical intuition behind
the QOC and VQE comparisons. Section 3.3 discusses the original VQE scheme primarily based on the descrip-
tion by Kandala et al. [13]. Section 3.4 explains the Schuld algorithm which is used for acquiring the gradient
of the energy functional w.r.t. gate parameters and of which an adapted version is highly utilized in QOC and
minimizing movement. Section 3.5 discusses the barren plateau phenomenon in which the energy-parameter
landscape becomes exponentially flat. The mathematical argumentation has been made more rigorous and
comprehensible by us in Apps. F and E . Sec. 4 briefly discusses quantum chemistry, in particular the
construction of molecular Hamiltonians and their mapping to qubit Hamiltonians . Sec. 5 explains Rydberg
physics and how neutral atoms can be used as qubits together with their advantages and limitations. Section 5.5
in particular explains the Eindhoven KAT-1 setup and how qubits will be prepared . Sec. 5.6 presents the
drift and control Hamiltonians based on Rydberg physics that are used in our VQE and QOC simulations .
These Hamiltonians describe the qubit-laser interactions and form the basis for manipulations of the qubits.

Section 6 represents the main body of this thesis on the newly developed quantum optimal control (QOC)
method. In Sec. 6.1 the gate-pulse analogy is worked out in more detail; comparing and contrasting the pulse
based and gate based algorithms. Section. 6.2 presents the mathematical background of the optimal control for-
malism for pulse based control, which we then rigorously adapt to the ground state energy problem in Sec. 6.3,
focussing on application in the Eindhoven KAT-1 Rydberg system. The derivation of the Karush-Kuhn-Tucker
(KKT) conditions are given in App. C . The qubit states evolve under a specific form of the Schrödinger

equation, the well-posedness of which we prove in App. A . A second order QOC scheme is worked out in
App. D, however, no efficient solution algorithm has been found for this approach . We prove the existence of
minimizers for ground state QOC in Sec. A.1 of which some proofs of condition adherence are given in App. B

. Sec. 6.5 presents the discretization of the QOC problem together with the algorithm used to iteratively
calculate solutions. Sec. 6.7 illustrates the QOC algorithm together with its dependence on certain critical pa-
rameters such as evolution time T , form of the control Hamiltonian Hc, and the quality of the initial state |ψ0〉

. The rise time of the laser is a limiting factor in what pulses can be performed by the quantum computer.
This limitation is addressed in Sec. 6.8. Necessary performance comparisons between VQE and QOC are drawn
in Sec. 6.10 showing how the algorithms are comparable in terms of number of necessary quantum evaluations,
i.e. the strain on the quantum computer. We illustrate the existence of barren plateaus in QOC in Sec. 6.11 and
give proof of their existence in App. G . Sec. 6.12 describes another novel pulse-based variational algorithm,
the minimizing movement scheme, which can be used for finding good initial states or improvement of final
states. The derivations are given in App. H. This method utilizes the Fubini-Study metric between qubit states
as proposed by Stokes et al. [29], the effectiveness of which is discussed and criticized in App. I.

Finally, Sec. 7 gives a discussion of the results in this thesis and a future outlook on further research that can
be done in this field. Section 8 concludes this thesis.
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2 Quantum Computation

2.1 Qubits and superposition

Classical computers work on the principle of bits, the smallest units of classical information which can exclusively
take the values 0 or 1. A computer then manipulates and stores these bits to process information and do
calculations. The simplest quantum system is a two state-system: a physical qubit. This qubit is the quantum
analogy to the classical bit. In recent years, many different physical objects have been proposed to realize such
a qubit such as photons [30, 31, 32], trapped ions [33, 34], superconducting qubits [13, 35, 36] and, the main
focus of this work, neutral atoms [21, 22, 23, 37]. A qubit is represented as a wave function |ψ〉 (in the bra-ket
notation) and can take on a value that is any normalized linear combination of the computational basis {|0〉, |1〉}

|ψ〉 = α|0〉+ β|1〉 =

(
α
β

)
, |α|2 + |β|2 = 1, (2.1)

where α, β ∈ C are probability amplitudes. In general, α and β can be parametrized as

α = eiν cos(θ/2), β = ei(ν+ϕ) sin(θ/2), (2.2)

where the angles θ, ν, ϕ ∈ [−π, π]. The overall qubit phase eiν has no physically observable consequences, and
therefore ν is often set to 0. This leaves two degrees of freedom for the qubit state: the amplitude parameter θ
and the phase parameter ϕ. This parametrization can map the possible qubit states to the sphere B0(1) ⊂ R3.
This is called the Bloch sphere representation and is illustrated in Fig. 2.1.

Figure 2.1: the Bloch sphere representation of the state of a qubit |ψ〉 is described by the (azimuthal) amplitude
angle θ and the (polar) phase angle ϕ. Source: [38].

The qubit can be in a superposition of the |0〉 and |1〉 state. This can be interpreted as the qubit being partially
in both states simultaneously. The Hilbert space H over C can be defined by the orthogonal basis {|0〉, |1〉}.
The qubits can be manipulated using so called qubit gates which are unitary bounded linear operators on H,
and thus elements of the special unitary group SU(2). These operators can be represented as 2× 2 matrices in
C by the isometry L(H) ∼= C2×2. Some important gates are the Pauli matrices given by

I :=

(
1 0
0 1

)
, X :=

(
0 1
1 0

)
, Y :=

(
0 −i
i 0

)
, Z :=

(
1 0
0 −1

)
. (2.3)

Another important 1-qubit gate is the Hadamard gate

H :=
1√
2

(X + Z) =
1√
2

(
1 1
1 −1

)
. (2.4)

This matrix puts the |0〉 and |1〉 states in superposition as

|0〉 H→ 1√
2

(|0〉+ |1〉) =: |+〉, |1〉 H→ 1√
2

(|0〉 − |1〉) =: |−〉, (2.5)

where |+〉 and |−〉 can also be used as an orthogonal basis. The Pauli X,Y and Z gates get their name because
of their relations with rotations around the Bloch sphere. The operators

RX(φ) = exp(iXφ/2) = cos(φ/2)I + i sin(φ/2)X,

RY (φ) = exp(iY φ/2) = cos(φ/2)I + i sin(φ/2)Y,

RZ(φ) = exp(iZφ/2) = cos(φ/2)I + i sin(φ/2)Z,
(2.6)
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each indicate a rotation of an angle φ around the referred to axis on the Bloch sphere.

Physically measuring qubits can be mathematically formulated with projection operators Πψ = |ψ〉〈ψ|. The
Born rule [39], a key postulate in quantum mechanics, states that if a qubit is measured in the |0〉, |1〉 basis, it
will give the outcomes 0 or 1 with respective probabilities

〈ψ|Π0|ψ〉 = |α|2, 〈ψ|Π1|ψ〉 = |β|2. (2.7)

This does not imply that before measurement the qubit was in |0〉 with probability |α|2 and in |1〉 with probability
|β|2. To illustrate this, if the same qubit were to have been measured in the |+〉, |−〉 basis, it would have
outputted + or − with respective probabilities

〈ψ|Π+|ψ〉 =
1

2
|α+ β|2, 〈ψ|Π1|ψ〉 =

1

2
|α− β|2, (2.8)

which can be different probabilities.

2.2 Multiqubit systems and entanglement

When looking at m bits in ordinary computers, the space of admissible states is {0, 1}⊗m and every m-bit
state can be decomposed in m individual bits. In quantum systems, the set of admissible states Hm contains
all possible, normalized superpositions of the basis {|q1...qm〉| qi ∈ {0, 1}}. The elements of L(Hm) can be
represented as elements of C2m×2m and they form a Hilbert space themselves with the trace inner product (or
Frobenius inner product) given by

〈A,B〉F = Tr[A†B] =

2m∑
i=1

2m∑
j=1

aijbij . (2.9)

The Pauli gates were briefly introduced in Sec. 2.1 as elements of C2×2. The Pauli gates can be shown to be
a basis of Hermitian operators on H, meaning that every such operator in L(H) can be written as a linear
combination of these operators. This generalizes to L(Hm) in the sense that the set {I,X, Y, Z}⊗m is a basis
of the Hermitian operators on Hm.

Note that H⊗m ⊂ Hm. To illustrate this take m = 2, and consider the states

|ξ〉 =
1

2
(|00〉+ |10〉 − |01〉 − |11〉) =

1√
2

(|0〉+ |1〉)⊗ 1√
2

(|0〉 − |1〉),

|ζ〉 =
1√
2

(|00〉+ |11〉) 6= |ψ1〉 ⊗ |φ2〉,
(2.10)

where |ψ1〉, |ψ2〉 are any states in H. States in Hm can be represented as elements in C2m . States that can be
decomposed in individual qubit states, like in the first example |ξ〉, are called product states. States which can
not be decomposed, like in the second example |ζ〉, are called entangled states. Qubits 1 and 2 are then entan-
gled, in the sense that their individual states depend on each other. Measuring both qubits requires projection
operators Πψ where ψ is some 2 qubit outcome like 01. Measuring individual qubits requires the operators
Πψ ⊗ I for qubit 1 and I ⊗Πψ for qubit 2.

As an example, consider a 2 qubit state |η〉 = α|00〉 + β|01〉 + γ|10〉 + δ|11〉. Then measuring qubit 1 in the
|0〉, |1〉 basis results in the 2 qubit state

(Π0 ⊗ I)|η〉√
〈η|(Π0 ⊗ I)|η〉

=
α|00〉+ β|01〉√
|α|2 + |β|2

, (2.11)

with probability
√
〈η|(Π0 ⊗ I)|η〉 = |α|2 + |β|2 and in

(Π1 ⊗ I)|η〉√
〈η|(Π1 ⊗ I)|η〉

=
γ|10〉+ δ|11〉√
|γ|2 + |δ|2

, (2.12)

with probability
√
〈η|(Π0 ⊗ I)|η〉 = |γ|2 + |δ2|. In both cases, respectively, a 0 or a 1 is measured on qubit 1.

Going back to the examples in Eq. (2.10), measuring qubit 1 on |ξ〉 gives

1√
2

(|00〉 − |01〉), 1√
2

(|10〉 − |11〉), (2.13)
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both with probability 1/2. Here the state of the second qubit is 1√
2
(|0〉 − |1〉) in both cases and thus fully

independent of the measurement outcome of the first qubit. Measuring |ζ〉 gives

|00〉, |11〉, (2.14)

both with probability 1/2. Here, the state of the second qubit is fully dependent on the measurement outcome
of the first qubit. This is why the |ζ〉 state is called entangled.

2.3 Schrödinger equation, density matrices & the Heisenberg system

Quantum systems that do not interact with their surroundings are called closed systems. These closed systems
evolve according to the well-known Schrödinger equation

i∂t|ψ(t)〉 = H(t)|ψ(t)〉, |ψ(0)〉 = |ψ0〉, (2.15)

where H is the Hamiltonian corresponding to the energy of the system. The Hamiltonian, like all observables in
quantum mechanics, is a Hermitian operator, so H† = H. A wave function can also be represented as a matrix
operator by ρ = |ψ〉〈ψ|. A density matrix is a generalization of a wave function and also describes the physical
state of a quantum system. Any density matrix can be written as

ρ =
∑
j

pj |ρj〉〈ρj |. (2.16)

If the sum only has one term, then the density matrix represents a pure state and can also be represented by
a wave function. If not, it is called a mixed state, which describes a classical ensemble of quantum states. The
Schrödinger equation in density matrix terms reads

i∂tρ(t) = [H(t), ρ], ρ(0) = ρ0, (2.17)

where [A,B] = AB − BA is the commutator of two operators. If the initial state ρ0 is a pure state, then the
state ρ(t) will remain a pure state throughout the entire evolution.

For the Schrödinger equation, one can define a solution operator U(t) at each time t > 0 such that |ψ(t)〉 =
U(t)|ψ0〉 and ρ(t) = U(t)ρ0U(t)†. This solution operator is called the propagator and can be shown to obey the
Schrödinger equation as

i∂tU(t) = H(t)U(t), U(0) = I. (2.18)

The propagator has the property that it is unitary (U(t)†U(t) = U(t)U(t)† = I) as can be seen from the
time-derivative of U(t)†U(t) (analogous for U(t)U(t)†)

∂t
[
U(t)†U(t)

]
=
(
∂tU(t)†

)
U(t) + U(t)†∂tU(t) = iU(t)†H(t)†U(t)− iU(t)†H(t)U(t) = 0. (2.19)

For a time-independent Hamiltonian H(t) = H, the solution can be shown to be written as U(t) = exp(−iHt).
If the Hamiltonian is time-dependent, the integral form of Eq. 2.18 needs to be considered as

U(t) = 1− i
∫ t

0

H (t′)U (t′) dt′. (2.20)

This can be iterated to get

U(t) = 1− i
∫ t

0

H (t′) dt′ + (−i)2

∫ t

0

∫ t′

0

H (t′)H (t′′) dt′′dt′

+ (−i)n
∫ t

0

. . .

∫ t(n−1)

0

H (t′) . . . H
(
t(n)
)
dt(n) . . . dt′ + . . .

(2.21)

This is called a Dyson series. Note that all the H operators are time ordered, in the sense that any operator is
evaluated at a time prior to the operators to the right of it. The time-order operator T is defined as

T (A(t)B (t′)) =

{
A(t)B (t′) , if t < t′

B (t′)A(t), if t′ < t
. (2.22)

This thesis uses Hartree atomic units where the reduced Planck constant ~ [J s], the elementary charge e0 [C], the electron
mass me [kg] and the Bohr radius a0 [m] are all taken as unity [40].
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Then for any n ∈ N∫ t

0

. . .

∫ t(n−1)

0

H (t′) . . . H
(
t(n)
)
dt(n) . . . dt′ =

1

n!
T

{(∫ t

0

H (t′) dt′
)n}

, (2.23)

such that

U(t) = T

{ ∞∑
n=0

(−i)n

n!

(∫ t

0

H (t′) dt′
)n}

= T
{

exp

(
−i
∫ t

0

H (t′) dt′
)}

, (2.24)

where the linearity and projection properties of the T operator and the uniform convergence of the exponential
operator are used.

For t < T the propagators U(t) can be easily split as

U(T ) = Ũ(T − t, t)U(t), (2.25)

where now
i∂sŨ(t, s) = H(t+ s)Ũ(t, s), Ũ(t, 0) = I. (2.26)

Here Ũ(T − t, t) can be interpreted as the evolution from t up until T and as seen from Eq. 2.26 it only depends
on the Hamiltonian in the time interval [t, T ) [41].

These propagators are bounded linear operators and are thus a subset of L(Hm) ∼= C2m×2m . The propagator
formalism allows for writing

〈ψ(t)|H|ψ(t)〉 = 〈ψ0|U(t)†HU(t)|ψ0〉 = 〈ψ0|H(t)|ψ0〉, (2.27)

where H(t) := U(t)†HU(t). This allows for a view of time evolution over operators instead of over wave functions
and is called the Heisenberg picture of quantum physics [42].

2.4 Quantum Speed Limit and controllability

In this thesis the goal will often be to evolve some initial state |ψ0〉 to some (potentially unknown) state |ψf 〉.
This evolution is mediated through the Schrödinger equation (Eq. 2.15). Given an initial state, |ψ0〉 there is
only a subspace of all possible states that can be reached in a time T given a bound on the infinity norm of the
Hamiltonian (the energy supplied). The concept of a minimal time necessary to reach a state |ψf 〉 is called the
quantum speed limit (QSL) [43]. The Margonus-Levitin Theorem states that the speed of this evolution can
not exceed the mean energy supplied to the system [44]. In this thesis it will often be the case that in order to
approximate a final state |ψf 〉more accurate requires either increase of the evolution time T or supply of a higher
energy by increasing the bound on H, see Fig. 2.2. This duality between time and energy is identified when
looking at the dimensionless form of Eq. 2.15. Define τ ∈ [0, 1] as t = τT , |ψ̃(τ)〉 := |ψ(t)〉 and H̃(τ) := H(t) to
get

i∂τ |ψ̃(τ)〉 = TH̃(τ)|ψ̃(τ)〉. (2.28)

From this, it can be seen that increasing T and increasing the bound on H has the exact same effect. Choosing
T too large might lead to too much of the Hilbert space being opened up, and thus a longer optimization process.

Figure 2.2: Illustration of the Quantum Speed Limit, showing how increasing the evolution time T of the
system increases the capability of reaching the desired final state. Choosing T larger than necessary might lead
to undesirably long paths.
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Closely related to the QSL is the concept of controllability. In certain cases the Hamiltonian does not allow for
specific states to be reached from an initial state |ψ0〉 even when there is no bound on the energy and T →∞,
see Fig. 2.3. For instance, if H only acts on individual qubits then an unentangled state can never evolve to an
entangled state. A system is density matrix controllable if for any density matrices ρ0, ρ1 such that ρ1 = Uρ0U

†

for some unitary U this evolution can be realized [45]. The weaker notion of pure state controllable extends as
expected from density matrix controllable. For Hamiltonians of the form

H(t) = H0 +

L∑
l=1

Zl(t)Ql, (2.29)

where Zl(t) : [0, T ] → R, a result by Albertini and D’Alessandro [46] states that the system is density matrix
controllable if and only if the Lie algebra L generated by the all linear combinations and iterated commutators
of the skew-Hermitians {iQl}Ll=1 is isomorphic to SU(2m) the group of special unitaries on m qubits. Showing
that L ∼= SU(2m) is however not a trivial task and in this thesis it is often assumed that this condition is met
for rich enough sets {Ql}Ll=1 and large enough T based on other controllability results, see Ref. [47].

Figure 2.3: Illustration of controllability of a quantum system. Introducing more terms into the Hamiltonian
(larger L) leads to the ability to explore more of the Hilbert space, and thus potentially finding the desired final
state.

2.5 Quantum gates and circuits

In the circuit model of quantum computing the concept of a quantum gate is central. Gates are unitary operators
on states in Hm and can be represented as elements of C2m×2m . Figure 2.4 shows a quantum circuit diagram.
A quantum circuit diagram shows the evolution (from left to right) of a quantum circuit where 1- and 2-qubit
gates are applied to an input state |0000〉 and the first qubit is measured at the end. Gates that work on more
than 2 qubits are possible in practice, but in current era machines 2-qubit gates are mostly used because of
small interaction ranges (a notable exception being Rydberg qubit systems, described in Sec. 5.4).
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Figure 2.4: Quantum circuit diagram on 4 qubits where 1- and 2-qubit gates are applied to a vacuum state
|00...0〉 and the first qubit is measured in the end.

An important 2-qubit gate is the controlled NOT gate, or CNOT gate for short. The matrix representation on
2 qubits of this gate is given by

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (2.30)

The CNOT evolution of the basis states can be seen to be

|00〉 CNOT→ |00〉, |01〉 CNOT→ |01〉, |10〉 CNOT→ |11〉, |11〉 CNOT→ |10〉. (2.31)

Here the first qubit is called the control qubit since it’s state controls whether the state of the other qubit,
called the target qubit, flips. The CNOT gate has the property that it can create entanglement between qubits.
Thus, it can take product states to entangled states, for example

1√
2

(|0〉+ |1〉)⊗ |0〉 =
1√
2

(|00〉+ |10〉) CNOT→ 1√
2

(|00〉+ |11〉) . (2.32)
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3 Variation Quantum Eigensolver

3.1 Variational principle

The variational principle in quantum mechanics states that the expectation of an observable Q on a quantum
wave function |ψ〉 will always be greater than Eg, the lowest eigenvalue of Q. Thus,

〈Q〉|ψ〉 = 〈ψ|Q|ψ〉 ≥ Eg. (3.1)

When the observable Q is a Hamiltonian H of a certain system, one can estimate lower bounds for the ground
state energy (Eg) of that system with the variational principle. By initializing a certain state |ψ(~θ)〉 with

parameters ~θ = [θ1, θ2, ..., θn], it is possible to minimize the energy E(~θ) = 〈ψ(~θ)|H|ψ(~θ)〉 by optimizing the

parameters ~θ.

So far, no efficient classical algorithm has been found to find the ground state energy of m-qubit Hamilto-
nians of the form H =

∑r
j=1Hj ∈ C2m×2m with r = poly(n) and Hj work on only a few qubits. For m > 2,

this problem has been proven to be Quantum Merlin Arthur (QMA)-complete [48]. This implies that physical
systems might have quantum mechanical Hamiltonians that are efficiently solved on quantum computers, while
being hard to solve on classical computers [13]. Variational Quantum Algorithms (VQAs) aim to utilize the
variational principle to approximate ground state energies on a quantum computer.

3.2 Measurement

In the considered variational quantum algorithms certain observables, represented as Hermitian operators H,
have to be measured, e.g., determining 〈H〉. Consider an arbitrary m-qubit state,

|ψ〉 = α00...0|00...0〉+ α00...1|00...1〉+ ...+ α11...1|11...1〉 ∈ C2m . (3.2)

Doing a measurement in the computational basis forces the qubits in one of the computational basis states
|i1i2...im〉 with probability |αi1i2...im |2. By determining all of these coefficients it is in principle possible to cal-
culate 〈ψ|H|ψ〉, however, this would require an exponential number of measurements as there are an exponential
number of coefficients (in the number of qubits m). Because the m-tensor product Pauli matrices are a basis of
the Hermitian operators acting on Hm, H can be decomposed into m-qubit Pauli matrices σk = P k1 P

k
2 ...P

k
m as

〈H〉 = 〈ψ|H|ψ〉 =
∑
k

hk〈ψ|σk|ψ〉 =
∑
k

hk〈ψ|P k1 P k2 ...P km|ψ〉, (3.3)

where P ki ∈ {I,X, Y, Z}. Each of these m-qubit Pauli matrices P1P2...Pm has half of its eigenvectors with
eigenvalue +1 and half with eigenvalue −1. To calculate 〈H〉 on a quantum computer requires evaluation of all
the values 〈P k1 P k2 ...P km〉 = 〈ψ|P k1 P k2 ...P km|ψ〉. Calculating this on a classical computer would be NP-hard, see
Sec. 3.1.

Measuring the qubits in the normal measurement basis projects each qubit to either |0〉 or |1〉. Generally the
outcome state is not an eigenvector state for P k1 P

k
2 ...P

k
m. For instanceXX has eigenvector states |00〉−|11〉, |00〉+

|11〉, |01〉 − |10〉 and |01〉+ |10〉. Z operators have eigenvector states |0〉 and |1〉. Therefore, the computational
basis is also called the Z-basis. To ensure that after measurements the qubits are in an eigenvector state of
P k1 P

k
2 ...P

k
m, the qubit state is rotated in such a way that the computational basis states are rotated into the

eigenvector states. These rotations are given by

Rσk |ψ〉 = Rk1(π/2)Rk2(π/2)...Rkm(π/2)|ψ〉, (3.4)

where

Rki =


I if P ki ∈ {I, Z}
X if P ki = Y

Y if P ki = X

. (3.5)

After applying these rotations, the computational basis is the basis of eigenvector states of P k1 P
k
2 ...P

k
m. Mea-

suring the qubit state, the outcome will be |i1i2...im〉 corresponding to an eigenvalue of ±1 for P k1 P
k
2 ...P

k
m.

This measurement process is repeated numerous times and averages over the outcomes are taken to obtain
〈ψ|P k1 P k2 ...P km|ψ〉 and with that 〈H〉. For each of the terms P k1 P

k
2 ...P

k
m it takes O(ε−2) measurements to reach

an ε error [49]. This can easily be seen by treating each measurement as a Bernoulli trial with outcomes +1
and −1. As long as the decomposition in Eq. (3.3) only has K = poly(m) terms, the full algorithm requires but
O(Kε−2) measurements instead of the exponential number necessary for determining all the coefficients.
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To make this procedure even more efficient: some m-term Pauli operators in the decomposition might commute
and therefore share a set of eigenvectors. The expectation of these operators can be determined simultaneously.
However, since commutativity is not transitive for operators with degenerate spectra (i.e., multiple eigenvalues
±1), it is not an easy task to determine which groups of mutually commuting Pauli operators should be mea-
sured together. Determining these groups is an active area of research [50, 51].

3.3 Classical VQE

The variational quantum eigensolver (VQE) algorithm was first proposed in a paper by Peruzzo and McClean
in 2014 [11]. It is one of the few algorithms specifically designed to be run on NISQ era quantum computers.
The algorithm runs partly on a Quantum Processing Unit (QPU) while the rest is done on a classical computer.
The algorithm is therefore dubbed hybrid. The VQE algorithm aims to determine the ground state of a certain
Hamiltonian by exploiting the variational principle. The VQE algorithm has shown proof of concept for small
molecules, mainly via simulation [13].

As shown in Sec. 3.2, any m-qubit Hamiltonian can be decomposed in K Pauli terms. To ensure a computational
advantage on the quantum computer requires the condition K = poly(m) to be satisfied. Therefore, not all
Hamiltonian problems can be easily solved on a quantum computer. Certain mappings from NP-hard combina-
torial problems to m-qubit Hamiltonians have been found such that K = poly(m). Also, the Jordan-Wigner or
Bravyi-Kitaev mapping can be used to map second-quantization quantum chemistry Hamiltonians to m-qubit
Hamiltonians such that K = poly(m), which is the subject of Sec. 4.

The VQE algorithm approximates the ground state energy by creating a state |ψf 〉 approximating the ground
state |ψg〉. This state is created by evolving an initial state |ψ0〉 through a quantum circuit of parametrized
gates. The structure of this circuit is called the ansatz. Following Kandala et al. [13], control over the rotations
of the individual qubits is assumed and the qubits are entangled by a passive ‘always-on’ interaction described
by some drift Hamiltonian Hd. As long as the rotations can be performed in a relatively small time frame
compared to the time between two rotations τV , the evolution of the system can be modelled as a sequence of
rotations and entanglement operations Uent = exp(iHdτV ) as illustrated in Fig. 3.1. This is called the hardware-
efficient ansatz and is especially relevant in NISQ machines where there will likely be an ‘always-on’ interaction
[9]. If such an interaction is not present and the qubit system possesses some form of control in entanglement
operations then there is more freedom in choosing what Uent should look like.

The depth d of a state preparation is defined as the length of the sequence of rotations and entanglement
operations, or equivalently the number of entanglement operations applied. Each state on the Bloch sphere of
a single qubit can be reached with a ZXZ-rotation. Such a rotation on qubit q at a depth i can be written as

Uq,i(~θ) = RZ(θq,i1 )RX(θq,i2 )RZ(θq,i3 ), (3.6)

where ~θ has three elements for every qubit and depth pair and the rotations are as in Eq. 2.6. In total, 3d+ 3
rotations would be performed on every qubit. Thus, the parameter vector ~θ is an element of the search space
[0, 2π]⊗D, where D = (3d+ 3)m. To reach the trial state described by the parameter vector ~θ the initial state
is evolved through the quantum circuit. The prepared trial state after all rotations and entanglements will be

|ψf (~θ)〉 =

(
m∏
q=1

Uq,d(~θ)× Uent

)
×

(
m∏
q=1

Uq,d−1(~θ)× Uent

)
× ...

×

(
m∏
q=1

Uq,0(~θ)

)
|ψ0〉.

(3.7)

With the trial state prepared, the expectation value of Hmol, 〈ψf (~θ)|Hmol|ψf (~θ)〉, can be measured on a quan-
tum computer as described in Sec. 3.2. In quantum computers, these expectation values require sufficient
measurements. In simulation, the expectation values require an inner product of matrices and vectors. Based
on the outcomes of these measurements, the values for ~θ are updated by a classical algorithm in order to reach
a lower energy state. Most of these algorithms estimate the gradient of the energy w.r.t. ~θ by sampling the
energies of several parameter vectors close to ~θ. Recent research by Schuld [53] on the parameter-shift rule
has revealed that more exact gradients w.r.t. the individual parameters θq,ij can be calculated on the QPU
at a relatively cheap hardware cost. This information can then be used to construct a more accurate overall

Other ansatzes such as UCC can be employed as well as ansatzes that are more chemically/problem motivated [52].

12



{|0000

U1,0

U2,0

U3,0

U4,0 U4,1

U3,1

U2.1

U1,1

Uent H

d

q1

q2

q3

q4

Classical
Optimization
Algorithm

Figure 3.1: Schematic circuit diagram of the VQE algorithm in the hardware-efficient ansatz. The qubits are
manipulated by a sequence of entanglement operators Uent and parametrized individual rotations Ui,j into a
prepared trial state. This state is measured and based on several repeated measurements the parameters for
the rotations are updated.

gradient. This method is explained and adapted in Sec. 3.4 and is often used in the rest of this thesis for the
pulse based algorithms. The implementation for VQE is however not employed.

In this thesis the simultaneous perturbation stochastic approximation (SPSA)[13, 12] will be used as the classical

optimization method. This method randomly generates a small perturbation ~δθ and measures the energies for
~θ ± ~δθ. It then constructs a gradient based on these measurements. This algorithm thus requires a number of
quantum evaluations per iteration #QE as

#QE = 2 ·#shots, (3.8)

where #shots is the number of times an expectation value term is measured until the result is deemed accurate
enough, related to the measurement accuracy O(Kε−2).

3.4 Schuld algorithm

Sec. 3.2 shows that terms of the form 〈ψ|H|ψ〉 can be evaluated efficiently on a quantum computer, for some
Hermitian observable H which can be decomposed in poly(m) Pauli terms. However, many of the algorithms
considered in this thesis require evaluation of terms of the form 〈ψ1|H|ψ2〉, where |ψ1〉 6= |ψ2〉. An ingenious
trick by Schuld [53] allows for efficient evaluation of these terms on a quantum computer as long as it is known
how to create the m-qubit states |ψ1〉, |ψ2〉, e.g., how to implement U1, U2 s.t. |ψ1〉 = U1|ψ0〉 and |ψ2〉 = U2|ψ0〉.

Note that for any two operators B and C, and Hermitian Q̂,

Re
[
〈ψ|B†Q̂C|ψ〉

]
=

1

2
〈ψ|B†Q̂C|ψ〉+ h.c. =

1

4

[
〈ψ|(B + C)†Q̂(B + C)|ψ〉 − 〈ψ|(B − C)†Q̂(B − C)|ψ〉

]
,

Im
[
〈ψ|B†Q̂C|ψ〉

]
=

1

2
〈ψ|B†Q̂C|ψ〉 − h.c. =

i

4

[
〈ψ|(B − iC)†Q̂(B − iC)|ψ〉 − 〈ψ|(B + iC)†Q̂(B + iC)|ψ〉

]
,

(3.9)
where h.c. is the Hermitian conjugate. Figure 3.2 shows the quantum circuit diagram of the scheme for
determining Re[〈ψ0|U†1HU2|ψ0〉]. In order to determine Re[〈ψ0|U†1HU2|ψ0〉] the product state of the initial
state |ψ0〉 with an ancilla qubit |0〉 is considered. A Hadamard gate is applied to the ancilla qubit to obtain
(|0〉+ |1〉)/

√
2⊗ |ψ0〉. U1 is applied to |ψ0〉 conditioned on the fact that the ancilla is |0〉, and U2 is applied to

|ψ0〉 conditioned on the fact that the ancilla is |1〉. The product state then becomes entangled as

1√
2

(|0〉 ⊗ U1|ψ0〉+ |1〉 ⊗ U2|ψ0〉) . (3.10)

Another Hadamard gate is applied to the ancilla qubit to get the final state

1

2
[|0〉 ⊗ (U1 + U2)|ψ0〉+ |1〉 ⊗ (U1 − U2)|ψ0〉] . (3.11)

SPSA is the most common method in VQE research, other methods include stochastic gradient descent (SGD) [12] and Dividing
Rectangles (DIRECT) [54].
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Figure 3.2: Quantum circuit diagram of the Schuld scheme for determining Re[〈ψ0|U1HU2|ψ0〉]

A measurement on the ancilla results in either

|ψ′0〉 =
1

2
√
p0

(U1 + U2)|ψ〉, p0 =
1

4

〈
ψ
∣∣(U1 + U2)†(U1 + U2)

∣∣ψ〉 ,
|ψ′1〉 =

1

2
√
p1

(U1 − U2)|ψ〉, p1 =
1

4

〈
ψ
∣∣(U1 − U2)†(U1 − U2)

∣∣ψ〉 , (3.12)

with p0, p1 the probabilities of measuring these states. Repeating this procedure allows for estimation of p0 and
p1. The expectation of H is then measured on these states to get

Ẽ0 = 〈ψ′0|H|ψ′0〉 =
1

4p0

〈
ψ
∣∣(U1 + U2)†H(U1 + U2)

∣∣ψ〉 ,
Ẽ1 = 〈ψ′1|H|ψ′1〉 =

1

4p1

〈
ψ
∣∣(U1 − U2)†H(U1 − U2)

∣∣ψ〉 ,
Re
[
〈ψ0|U†1HU2|ψ0〉

]
=

1

2

〈
ψ
∣∣∣U†1HU2

∣∣∣ψ〉+ h.c. =
(
p0Ẽ0 − p1Ẽ1

)
.

(3.13)

The imaginary part can be found analogously but by applying iU2, instead of U2, conditional on the ancilla
qubit being 1 instead of applying U2.

By linearity of the inner product, any term of the form〈
ψ0

∣∣∣∣∣
[
K1∑
k=1

U†1,k

]
H

[
K2∑
k=1

U2,k

]∣∣∣∣∣ψ0

〉
, (3.14)

can be efficiently evaluated, as long as it is possible to apply Ui,k to a m-qubit state.

One of the things not mentioned in the original paper by Schuld [53] is how to create controlled gates for
random unitaries. One way to create a controlled-U gate, for an arbitrary one qubit unitary U , is to write
U = e−iαAXBXC, which is always possible [55], and apply the circuit, with CNOT gates, as in Fig. 3.3.

|q1〉

|ψ〉 U

=
|q1〉 |0〉〈0|+ e−iα|1〉〈1|

|ψ〉 A B C

Figure 3.3: Creating a controlled U gate using 1 qubit control.

m-qubit gates U can be decomposed into Pauli operators and applied as individual controlled gates to the
qubits, e.g.,

|00〉〈00|+ |01〉〈10|+ |10〉〈01|+ |11〉〈11| =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 =
1

2
(II + ZZ +XX + Y Y ) (3.15)
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3.5 Barren Plateau

In 2018 McClean et al. published an article showing the existence of barren plateaus in VQE [56]. Barren
plateaus are large flat areas in the parameter-energy landscape and when randomly selecting an initial state,
the likeliness of this state being on a barren plateau increases exponentially with the number of qubits m. On a
barren plateau, both the expectation and the variation of the gradient tend to zero. If this is the case, then there
is no indication of a good search direction for new parameters, so gradient based algorithms become increasingly
more inefficient. The existence of these barren plateaus is a consequence of the concentration of measure given
by Levy’s Lemma [57].

McClean et al. show that with a hardware-efficient ansatz ∂θlE, the derivative of the final state energy w.r.t.
a single parameter θl can be written in a form containing U− and U+, which respectively are the circuit before
and after the layer controlled by the parameter θl. The paper then assumes a random distribution on the
parameters, which results in random distributions µ+ and µ− over the unitaries U+ and U−. The concept of
a k-design is introduced as an approximation of the Haar random measure µHaar, the uniform measure over
the unitaries in SU(2m). Let d = 2m. A distribution µ over the unitaries is a k-design if expectations over
polynomials of degree k in the entries of U and U† can not be distinguished when integrating w.r.t. either µ or
µHaar, i.e., ∫

SU(d)

f(U,U†)dµ(U) =

∫
SU(d)

f(U,U†)dµHaar(U), (3.16)

where f is a degree k-polynomial in the entries of U and U†. Assuming that either U+ or U− is a 1-design,
McClean et al. prove that 〈∂θlE〉 = 0 and Varθl(E) goes exponentially fast to 0 with the number of qubits m,
where in both cases these values are integrated against some prior distribution on θ. For an extensive analysis
and proof of when this assumption is valid, see Appendix F.

The formulation in the McClean paper [56] is quite informal and sometimes rather quick. A more exact extensive
argumentation for the existence of barren plateaus in VQE can be found in Appendix E.
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4 Quantum Chemistry

Problems in quantum chemistry served as the original inspiration for VQAs. The ground state energy problem is
the most well-known of these problems and is used as a benchmarking problem for the algorithms in this thesis.
In the ground state energy problem, one tries to approximate the minimal eigenvalue of a certain Hamiltonian
Hmol. To do so for Hamiltonians of molecules requires a characterization of their spin-orbitals. For this the
Hartree-Fock method is applied, which reformulates the Hamiltonian in first-quantization form [58]. The Born-
Oppenheimer approximation is applied, which takes the nuclear contribution of the Hamiltonian constant [58].
The Hamiltonian Hmol,1 under the Born-Oppenheimer approximation, in Hartree units, becomes

Hmol,1 = −
∑
i

∇2
~ri

2
−
∑
i,j

Zi

|~Ri − ~rj |
+
∑
i,j>i

1

|~ri − ~rj |
+
∑
i,j>i

ZiZj

|~Ri − ~Rj |
, (4.1)

where, ~Ri and Zi are the position and charge of nucleus i. ~ri is the position of electron i. The Hamiltonian
is reformulated in second-quantization form [59] Hmol,2, by projecting Hmol,1 onto a finite set of orthogonal
spin-orbital modes {φ1}ni=1 as

Hmol,2 = Vnn +
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras, (4.2)

where the nuclei-nuclei interaction potential Vnn =
∑
i,j>i ZiZj/|~Ri − ~Rj | is constant by Born-Oppenheimer.

The annihilation and creation operators a†i and ai act on a set of orthogonal spin-orbital modes {ψi}ni=1 =
{|Si〉|φ1〉}ni=1, where |Si〉 ∈ {| ↑〉, | ↓〉} is the spin part of the orbitals and |φi〉 ∈ L2(R3;C) the spatial part. The
|φi〉’s are determined by the linear combination of atomic orbitals (LCAO) method, see Fig. 4.1. The annihilation
and creation operators induce the fermionic algebra [40]. The number of considered orbitals determines the
complexity of the problem and, with that, the number of required qubits. Low-energy orbitals are often taken
as completely occupied, giving some fixed energy contribution. Higher-energy orbitals are taken as the active
space, which can be either occupied or free. Even higher-energy orbitals are neglected and taken as unoccupied.
The molecular integrals hpq and hpqrs are respectively referred to as the one-electron and two-electron integrals

hpq = 〈Sp|Sq〉 ×
∫
R3

φp(~r)

(
∇2
~r

2
−
∑
i

Zi

| ~Ri − ~r|

)
φq(~r)d~r, (4.3)

hpqrs = 〈Sp|Ss〉〈Sq|Sr〉
∫
R3

∫
R3

φp(~r1)φq(~r2)φr(~r2)φs(~r1)

|~r1 − ~r2|
d~r1d~r2. (4.4)

The space of states in this model is called the Fock space, which has a basis spanned by Slater determinants.
These are anti-symmetrized multielectron wave functions where each electron is in exactly one orbital [40]. In
most cases the ground state is a combination of several Slater determinants. An approximation to the ground
state is given by the Hartree-Fock state, which is the single Slater determinant with the lowest energy. This
energy, called the Hartree-Fock energy, is often used as a benchmark in quantum chemistry problems. Another
benchmark often used is chemical accuracy, which is defined to be (1− 1.5) · 10−3 Hartree [58]. At this energy
accuracy, realistic chemical predictions can be done. The lowest possible energy can be found using the full
configuration interaction method (FCI).

The Jordan-Wigner transformation can be used to map the creation and annihilation operators of Eq. (4.2) to
combinations of Pauli matrices [62]. The transformation is given by

aj = I⊗j−1 ⊗ σ+ ⊗ Z⊗m−j , a†j = I⊗j−1 ⊗ σ− ⊗ Z⊗m−j , (4.5)

where m is the number of spin orbitals and the number of qubits. The σ± operators are defined as

σ± :=
X ± iY

2
. (4.6)

It can be shown that the transformed operators aj and a†j obey the canonical anticommutation relations for
fermions, given by

∀i, j : {ai, aj} = 0, {a†i , a
†
j} = 0, {ai, a†j} = δi,j . (4.7)

In this work the integrals in Eq. 4.3 and Eq. 4.4 have been determined using quantum computation libraries OpenFermion [60]
and Psi4 [61] in the STO-3G basis.
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where {., .} is the anticommutator. This mapping then immediately provides the decomposition of the Hamil-
tonian in a polynomial number of Pauli matrices scaling as O(m2) where m is the number of spin-orbitals. The
Jordan-Wigner mapping also has the advantage of mapping single Slater determinants to basis states of the
form |α1...αm〉, αi ∈ {0, 1}. Finding the Hartree-Fock energy thus equates to finding the basis state with the
lowest energy.

Since the number of required qubits is a key factor determining the required effort for calculation on both
physical systems and in simulations, it is desirable to reduce the number of qubits where possible. Certain Z2-
symmetries in the Hamiltonian can be used to reduce the number of necessary qubits to describe the problem
[63]. Two of these symmetries, based on electron and spin numbers, are always present in the models considered
and can be used to reduce the Hamiltonian by 2 qubits.

In this thesis the ground state problems analyzed are LiH and H4. The LiH molecule is aligned on the x-axis
with varying interatomic distance. The 1s orbital on the Li atom is fixed as fully occupied. The 2s and 2px
orbitals of Li and the 1s orbitals of H are considered active. Higher energy orbitals are ignored. This results,
after spin and electron number reduction, in a 4 qubit problem. For H4, the molecule is aligned on the x-axis
with all interatomic distances taken equal. Only the 1s orbitals of all 4 H atoms are considered active. This
results, after spin and electron number reduction, to a 6 qubit problem.
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Figure 4.1: Probability density plots of molecular one-electron orbitals |φ1〉 of LiH (Li left, H right) with an
interatomic distance of 1.415 Å. Energies of the orbitals range from lowest in the top left to highest in the
bottom right.
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5 Rydberg quantum computing

An array of Rydberg atoms has been a promising candidate for a quantum computing setup. This section
explains the experimental details behind realizing such a setup. Furthermore, it explains the physics of Ry-
dberg interactions and how these can be used to develop qubits with different qualities. Lastly, the control
Hamiltonians used in Quantum Optimal Control are modelled after these Rydberg system interactions.

5.1 Rydberg physics

In 2000 DiVincenzo proposed a set of criteria for qubits necessary to build a useful quantum computer, including
scalability, controllability and large decoherence times [64]. Neutral atoms can be shown to adhere to all the
criteria and thus are predicted to be an excellent candidate for quantum computing [21]. First proposed in
2000 by Jaksch et al. [65] and in 2001 by Lukin et al. [66], the qubit manifold {|0〉, |1〉} can be encoded onto
the internal energy states of neutral atoms. Using laser cooling and trapping techniques, these atoms can be
prepared in large systems of hundreds to thousands of qubits [67]. This, together with the design vacuum cham-
ber, allows for the atoms to be well isolated from their environment, leading to long lifetimes. The scalability
of this system is an enormous advantage compared to other qubit systems such as superconducting qubits or
transmons. With coherent laser excitation for full, individual qubit manipulation and the long-range Rydberg
interactions for qubit entanglement, the controllability of a neutral atom system is large [21]. This makes for
good accessibility of the entire Hilbert space of multiqubit states. Scalability, long lifetimes and controllability
are all criteria as set by DiVincenzo.

Previous work on Rydberg atoms for quantum computers tended to favor alkali metal atoms because of their
favorable electronic level structure w.r.t. cooling and loading [68]. Recently, attention has also been brought
to alkaline earth (like) atoms, which have favorable level structures with respect to qubit manipulation and
lifetimes. The type of neutral atoms used in current research is often either Rubidium (Rb), Ytterbium (Yb)
or, as suggested being used in the Eindhoven KAT-1 project, Strontium (Sr) [69, 37]. However, many other
atom/molecule setups are suggested [70, 71, 21].

A Rydberg atom is an atom of which the valence electrons are excited to a state with high principle quantum
number n, typically n > 20. The typical size of such an atom scales with n2, its polarizability with n7, making
it extremely sensitive to external fields and its Van der Waals interaction coefficient C6 scales as n11 [22]. The
main decay mechanisms for Rydberg atoms are spontaneous and stimulated emission. The lifetime of these
excited atoms varies largely with the quantum states chosen for the qubit mapping. A Rydberg quantum state
can be characterized by the quantum numbers |n, l, j,mj〉 or with the term symbol 2S+1LJ . This notation is
used in describing the transitions by atom-laser interaction.

Figure 5.1: Graphic depiction of Rydberg quantum register. An SLM creates a grid of tweezer lasers for neutral
atoms in a vacuum cell. Rydberg lasers are used to address the individual qubits. A quantum register is often
a mix of computational and ancilla qubits. Source: adapted from [21].

The currently most employed way to engineer a neutral atom qubit array is by several subsequent laser cooling
techniques. This process is explained in more detail in Sec. 5.5. The distance between adjacent array sites is
most commonly around several micrometers. Figure 5.1 illustrates the initialization of a Rydberg quantum reg-

18



ister. Interaction is mediated by the Rydberg laser, which is able to coherently couple to different energy levels
within the atom. This laser excites the atoms to Rydberg states, which possess high dipole-dipole couplings
that allow for orders of magnitudes stronger interactions between atoms than in normal ground states. This
is caused by the increased size of the Rydberg state. This dipole-dipole interaction can facilitate multiqubit
interaction even beyond nearest neighbor and can be used to greatly speed up the generation of entangled states
compared to other qubit systems.

Measurement of qubits is performed by applying a pulse of resonant light between the qubit manifold and some
other electronic state. This then induces fluorescence, which can be measured [72]. In the near future, with
better sensors, higher readout objectives and lower trap depths, it is likely that single qubit measurement will
be possible. This can be done by ‘shelving’ the rest of the qubit register to some long-lived auxiliary state using
a π pulse and performing measurement only on the single qubit. Then afterwards pumping the population back
from the auxiliary state using another π pulse [73].

5.2 Rydberg system Hamiltonian

To perform single qubit manipulations on qubit j, a monochromatic laser interacts with the atom to realize the
Hamiltonian

Ĥab
j =

(
Ωj(t)

2
eiϕj(t)|a〉j〈b|j + h.c.

)
−∆j(t)|b〉j〈b|j . (5.1)

The states |a〉i, |b〉i can be qubit states or auxiliary states (like Rydberg states) used to mediate the interactions.
This Hamiltonian is derived by semi-classical atom-laser interactions and applying the rotating wave approxi-
mation. Ωj(t) is the coupling strength and ϕj(t) the phase of the laser coupled to atom j. ∆j(t) = ωj(t)− ω0

is the detuning of the laser frequency ωj(t) from the energy level difference ω0. In the current state-of-the-art
systems, the control over the laser coupling Ωj(t) and the detuning ∆j(t) is much higher than that of the phase
ϕj(t). Therefore, often ϕj(t) = ϕj ∈ [0, 2π) is taken constant.

The Rabi frequency, or coupling strength for a transition i→ j, is defined as

Ωi,j(t) = ~di,j · ~E(t), (5.2)

where ~di,j is the transition dipole moment, and ~E(t) is the vector electric field amplitude. If a laser is on for a
total time T , the energy output Q scales as

Q ∝ 〈E(t)2〉T ∝ 〈Ω(t)2〉T. (5.3)

The interactions between Rydberg atoms can be described pairwise using a general term

Ĥabcd
j,k =

Vj,k
2
|ab〉jk〈cd|jk + h.c., (5.4)

where Vj,k is the interaction strength between atoms j and k, which is generally distant dependent. Experimen-
tally, the type of interaction can be chosen. One of the main interaction potentials playing a role in Rydberg
atoms is the dipole-dipole interaction between atoms j and k

V̂ =
1

4πε0

µ̂j · µ̂k − 3 (µ̂j · ~n) (µ̂k · ~n)

R3
j,k

, (5.5)

where µ̂j is the electric dipole operator for jth atom and ~n is a unit vector connecting the two atoms with
separation Rj,k. Dominant dipole coupled states (a, c) on atom j and (b, d) on atom k are considered such that
their transition frequencies are similar, i.e. Ea − Ec ≈ Ed − Eb. The two-atom interaction Hamiltonian can
then be written as

Ĥabcd
j,k =

(
µacµbd
R3
j,k

|ab〉jk〈cd|jk + h.c.

)
+ ∆F |cd〉〈cd|, (5.6)

with µαβ = 〈α|µ̂|β〉/
√

4πε0 and ∆F = Ec + Ed − (Ea + Eb), the Förster defect [21].

∆F ≈ 0 results in a state exchange process with dipolar (R−3) distance scaling.

Ĥabcd
j,k =

µacµbd
R3
j,k

|ab〉jk〈cd|jk + h.c. . (5.7)
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Figure 5.2: Rydberg-Rydberg interactions necessary for multiqubit operations in ultracold atom based quantum
computers. a) Energy level diagram for two Rydberg atoms. Each atom has dipole coupled states (a,c); (b,d)
with transition moments µac and µbd, and comparable energy differences. The lower picture indicates the
relevant state diagram of the two atom interaction, showing the Förster defect ∆F . b) For ∆F ≈ 0 the Rydberg-
Rydberg interactions are dominated by a dipolar exchange |ab〉〈cd|+h.c with a R−3 distance dependence. c) For
∆F � |µacµbd|/R3 the Van der Waals interaction |ab〉〈ab| becomes dominant with a R−6 distance dependence.
Source: Ref. [21].

In this case Vj,k = 2µacµbd/R
3
j,k. This interaction can be realized by choosing a = d = nS and b = c = nP

or can be achieved by tweaking ∆F using external electric fields. In case |∆F | � µacµbd/R
3
j,k, second order

perturbation theory can be used [74], to obtain

Ĥabab
j,k = − C6

R6
j,k

|ab〉jk〈ab|jk. (5.8)

where C6 = |µacµab|/∆F and a R−6 Van der Waals distance dependence is present. This naturally occurs when
a = b = nS, or when a and b are not dipole-coupled Rydberg states.

The coupling strength and the interaction strength are respectively characterized by the Rabi frequency ΩR
and the interaction strength V = Ci/R

i, i ∈ {3, 6}. This leads to two characteristic timescales τR = 1/ΩR and
τV = 1/V , which will be used for parameter estimation in Sec. 6.

5.3 Rydberg interaction of two atoms and dressing

Certain quantum computing calculations might require longer evolution times than as limited by the Rydberg
state lifetimes. One solution for this problem might be to employ Rydberg dressing. In Rydberg dressing, the
|1〉 qubit state is mapped to a wave function of the form |ψ〉 = |g〉+ β|r〉, β � 1, to interact with other qubits
via the Rydberg state. Such a state would then have a decay rate of β2γr, where γr is the normal Rydberg
decay rate. Furthermore, the parameter β can be altered during simulation to get tuneable interactions. An
atom interacting with a laser with constant coupling Ω and detuning ∆ has a ground state as

|ψg〉 =
1

α

(
|g〉 − Ω

∆ +
√

∆2 + Ω2
|r〉
)
≈ |g〉+

Ω

2∆
|r〉, (5.9)

for Ω2/∆2 � 1, where α > 0 is the normalization factor. The condition Ω2/∆2 � 1 is called the weak dressing
limit with β := Ω/2∆. This state has energy

Eg = −1

2
∆− 1

2

√
∆2 + Ω2, (5.10)

which is called the AC Stark shift [75].
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Intuitively, one would suggest that Vdress = 〈ψg|Hint|ψg〉 = β2〈rr|Hint|β2|rr〉 = β4Vrr, however, this does not
hold true for an interacting system. To see why, assume two interacting Rydberg atoms. Based on Eqs. (5.1)
and (5.4), the interaction Hamiltonian between two atoms in the basis {|gg〉, (|gr〉 + |rg〉)/

√
2, |rr〉} can be

written as

H =

 0 Ω√
2

0
Ω√
2

∆ Ω√
2

0 Ω√
2

2∆ + Vrr(R)

 , (5.11)

where Vrr(R) is the interatomic distance dependent interaction strength. Since the state (|gr〉− |rg〉)/
√

2 is not
coupled to the lasers, this state can be rightfully excluded. Figure 5.3a shows the eigenvalues as function of R
for a dipole-dipole and Van der Waals potential. Figure 5.3b shows the minimal eigenvalue of the system minus
the AC stark shifts so that only the interaction energy is shown. The dashed lines are given by β4Vrr(R), the
intuitive interaction energy. At large R, where the atoms barely interact, this gives good correspondence. At
low R however the |rr〉 states are suppressed by the interactions leading to lower interaction energies, this is
called the Rydberg blockade [76]. At R = 0 the interaction energy plateaus, such that it becomes independent
of the relative distance between the atoms. The energies at R = 0 and R → ∞ only depend on the values Ω
and ∆ and not on the shape of the potential. The width of the plateau can be broadened by increasing Ω. For
a more detailed analysis on multiple Rydberg atoms, see Balewski et al. [77].

Figure 5.3: Eigenvalues of a two-Rydberg atom interaction Hamiltonian (dipole-dipole, blue, and Van der
Waals, red) (a) for Ω = 10MHz, ∆ = 100MHz and Vrr(R) = Cn/R

n, with C3 = 1000 MHz/µm3 and C6 = 500
MHz/µm6 (Rubidium based parameters). b) Lowest eigenvalues minus the AC stark light shift of the two atoms
and correspondence with β4Vrr(R) (dashed lines) for β = Ω/2∆.

5.4 Rydberg atoms for quantum computing

Several configurations of Rydberg based qubits are possible depending on whether the |0〉 and |1〉 manifold is
encoded on ground (g) or Rydberg (r) levels of the atom. Each of these configurations has their own advantages
and disadvantages.

1. gg-qubits: both the |0〉 and |1〉 state are mapped to ground states (low n) of the atom. These can either
be hyperfine splittings of the electronic ground state or a combination of the electronic ground state and
a metastable excited state. These qubits generally have long decoherence times, which lead to 1-qubit
gates with very high fidelity (F > 0.9999 has been reported [24]). However, interaction between the states
themselves is negligibly weak. This can be resolved by exciting and deexciting to a Rybderg state not in
the qubit manifold, which will lead to relatively stable multiqubit gates (F ≈ 0.9 [78, 79]).

2. gr-qubits: either |0〉 or |1〉 is mapped to a ground state while the other is mapped to a Rydberg state.
Typically, the g state is chosen to be the electronic ground state. The lifetime is in the order of 100 µs and
is limited by spontaneous radiation of the Rydberg level. These qubits generally have a strong ‘always-on’
−C6/R

6|rr〉〈rr| interaction, which makes it hard to perform isolated qubit operations.

3. rr-qubits: both |0〉 and |1〉 are mapped to different Rydberg states. Their lifetime is again limited to
around 100 ns by the spontaneous emission of the Rydberg states. With rightly tuned Förster resonance,
the dipolar interaction of the form C3/R

3(|r1r2〉〈r2r1| + |r2r1〉〈r2r1|) is passive and relatively strong,
making it hard to perform individual qubit operations.
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Figure 5.4: Two Rydberg dressed qubits dressed with the |ri〉 state pair. The Rydberg states are resonantly
coupled by the dipole interaction Vdip. Spontaneous emission losses are indicated by purple photon lines. Source:
adapted from [80].

4. Rydberg dressed qubits: gg-qubits can be made to interact more by admixing in a Rydberg state using
off-resonant laser coupling, e.g. one of the states is mapped to a state of the form (|gi〉+ β|ri〉)/α where
β > 0 is some small constant and α is some normalization constant. This allows for more possibilities in
qubit interaction, as β is tuneable, while maintaining the relative long lifetime of gg-qubits.

5.5 Strontium Scheme for KAT-1

This section describes the system and timeline of the KAT-1 (katalysator→catalyst) project for Quantum Delta
NL[19]. The main project is to build a 2D array of trapped single Sr-88 atoms that serve as qubits in order to
solve VQE type problems. This project is a collaboration with Amsterdam, where atoms with lifetimes of over
60 s are expected. KAT-1 aims to develop a cloud based online platform linked to Quantum Inspire [81] that
should be fully functional by 2024.

The precision with which qubits can be controlled highly depends on the value of Q = ω/∆ω, where ω is the
transition frequency of the qubit states and ∆ω is the linewidth of that transition. In standard Cs atomic clocks,
which use microwave transitions ∼ 10 GHz, this factor gives Q > 1010. Because of increased optical frequency
readout technology, the focus has shifted to the optical regime ∼ 100 THz where a large increase in Q factor is
expected. In Sr-88, the doubly forbidden (5s5s)1S0 ↔ (5s5p)3P0 transition has such a small linewidth δω that
Q is mostly limited by technical issues such as laser noise and not the transition itself. The Q value for an Sr-88
698 nm transition is estimated to be of the order 1018 [72, 82].

The KAT-1 quantum computer will make use of an array of Sr-88 atoms as the qubit register. The qubit states
|0〉 and |1〉 will be mapped to the doubly-forbidden 1S0 ↔3P0 transition. These qubits have shown lifetimes of
over 40 s [68, 72] and can be categorized as gg-qubits. A not yet specified Rydberg state |r〉 will be used to cover
interaction between the qubits. Typical driving and detuning frequencies are around the kHz level for Rydberg
dressed systems. Rise times for the lasers are around 1-15 ns which puts a constraint on the shape of the pulses
that can be implemented. The laser noise is about 1-10 Hz and comparably small. The decay of the atoms has
a strength in the Hz and is therefore negligible. Another type of qubit being developed in Eindhoven is based
on Rb-85 atoms, which will act as gr-qubits. These qubits will have lower lifetimes and require a two photon
excitation to the Rydberg state, but are generally easier to implement experimentally. Two of the reasons being
that these atoms only require one MOT and their more favorable polarizability.

Figure 5.5a shows the Sr-88 energy level scheme. Atoms need to be cooled down before being able to get
trapped. Initially this is done using a Zeeman slower, after this a blue-light MOT is used, both utilizing the
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461nm transition (5s5s)1S0 ↔ (5s5p)1P1 to cool Sr atoms coming out, see Fig. 5.5b. A MOT consists of six
counter propagating lasers (two for each spatial axes) with σ+ and σ− polarization, thus respectively coupling
to the ∆mF = ±1 transitions. The energy degeneracy between these magnetic sublevels is lifted by a magnetic
field with constant derivative (for instance created by an anti-Helmholtz field), which is exactly zero at the
crossing of the beams. This then creates a light-pressure force trapping and compressing the atoms [83]. This
blue MOT has a high transition rate Γ (linewidth ≈30 MHz) allowing for quick cooling of many atoms but only
up to ∼ 1 mK as given by the Doppler limit

TDop =
~Γ

2kB
. (5.12)

Because of a leakage channel (5s4d)1D2 ↔ (5s5p)1P1 the atoms are re-pumped into the ground state (5s5s)1S0

by exciting the (5s5p)3P2 ↔ (5s6s)3S1 and (5s5p)3P0 ↔ (5s6s)3S1 transitions.

To cool the atoms even further, the blue-light MOT is switched off and a red-light MOT is employed for the
689 nm (5s5s)1S0 ↔ (5s5p)3P1 transition. Because of the lower Γ (line width ≈ 2π·7.4 kHz) the atoms are
cooled down to 1µK. At this point the laser optical tweezers are switched on such that the atoms remain in
fixed position. These tweezers operate at the 813 nm wavelength, which is the magic wavelength where the AC
Stark shifts of the (5s5s)1S0 and the (5s5p)3P0 are equal such that the trapping potentials causes no shift to
the clock transition. The trapping potentials are a result of the induced dipole moment interacting with the
electric field of the laser resulting in a force

Fdip(r) = −∇Udip(r) =
1

2ε0c
Re(α)∇I(r), (5.13)

where α is the polarizability of the atom and I is the laser beam intensity [84]. For Rydberg states, the valence
electrons are far from the nucleus and can be considered free, giving polarizability of αr = −e2/mω2 and thus
always resulting in anti-trapping. For the ground states one needs to consider the transitions to the first ex-
cited levels, giving αg = e2/m

(
ω2

0 − ω2
)

resulting (for red detuning) in trapping [85]. For large detuning the
ponderomotive force is retrieved, and the trap is called a far-off resonance trap (FORT). Since Sr and Yb have
two valence electrons, it might be possible to also trap the Rydberg state.

The traps are designed to fit exactly one atom. If a cooled atom interacts with an empty trap, it will get trapped.
If, however, the trap is filled, both atoms will scatter away from the trap due to inelastic collisions. This will
lead to an asymptotic filling fraction of ∼ 0.5, which can possibly be increased using light assisted collisions [86].
After filling, the MOT is switched off and the trapped atoms are rearranged into a desired geometry, see Fig. 5.5c.

The (meta)-stable states {(5s5s)1S0, (5s5p)
3P0} are chosen as the qubit manifold {|0〉, |1〉} and driven with the

698 nm laser. The interactions between qubits are manifested through one of the (5sns)3S1 Rydberg states.
These states are anti-trapped at 813 nm so that atoms can only be excited to this state for a short time before
having to be brought back to the trapped qubit manifold. After this there is a time limit before another exci-
tation can be performed due to the atoms needing to be cooled in the trap again.
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Figure 5.5: a) Level scheme for Sr-88 used in the KAT-1 machine. The (5s5s)1S0 ↔ (5s5p)1P1 and (5s5s)1S0 ↔
(5s5p)3P1 transitions are used to cool with respectively a blue and red MOT. The qubit manifold is chosen as
{(5s5s)1S0, (5s5p)

3P0} → {|0〉, |1〉} and interaction is performed via the Rydberg state (5sns)3S1. b) Rb-85
MOT as created by the Eindhoven KAT-1 team showing normalized fluorescence. c) fluorescence of single Sr
atoms in 10×10 optical tweezer array optical as generated by UvA group.

5.6 Rydberg Hamiltonians for QOC

In this section, the drift and control Hamitlonians required for Quantum Optimal Control are modelled after
the Rydberg systems as used in the Eindhoven KAT-1 project.

5.6.1 Rubidium system

The simplest system to model is the Rubidium system, which has gr-qubit states. Here we will devise a pulse
based model to be used in Quantum Optimal Control for a Rubidium based Rydberg system. Because the
qubits never leave the {|0〉, |1〉} manifold, only these states are modelled (assuming that the system evolution
time T is well below the lifetime of the states). The propagators can be represented as U : [0, T ] → C2m×2m ,
which solve the Schrödinger equation

i∂tU(t) = [Hd +Hc,Z(t)]U(t). (5.14)

Well-posedness of this equation is discussed in a later stage and in App. A.

The Rydberg states have a passive ‘always-on’ interaction, which can be described with a drive Hamiltonian
Hd by either the dipole interaction

Hd =

m∑
i=1

m∑
j=1

C3

R3
i,j

|01〉ij〈10|ij + h.c., (5.15)

or the Rydberg interaction

Hd =

m∑
i=1

m∑
j=1

C6

R6
i,j

|11〉ij〈11|ij , (5.16)

where Ri,j = R|i− j| and R is the nearest neighbor distance.

The control Hamiltonian Hc,Z can contain several terms depending on which laser parameters can be controlled.
In general the control Hamiltonian will take the form

Hc,Z(t) =

L∑
l=1

QlZl(t) +Q†lZl(t)
†, (5.17)
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where Zl(t) ∈ C, with unit Hz, and Ql is a m-qubit operator. The choice of Zl(t) being in the complex numbers
stems from the fact that it represents both the coupling strength and the phase in Eq. 5.1 (the reason for not
separately modelling the coupling strength and phase as real functions is explained in App. B.2). However, as
indicated before, the phase is often not controllable. In that case, Zl(t) ∈ R is required. This would result in

Hc,Z(t) =

L∑
l=1

(Ql +Q†l )Zl(t)
†, (5.18)

where Ql +Q†l is Hermitian. However, choosing Ql Hermitian from the start gives

Hc,Z(t) =

L∑
l=1

Ql(Zl(t) + Zl(t)), (5.19)

where Zl(t) +Zl(t) ∈ R. Thus, if there is no control of the phase the formulation of Eq. (5.17) remains valid by
choosing Ql Hermitian.

In this part all the imaginable and realistic controls on a Rydberg system are listed, and at every future
simulation it is indicated which terms are chosen to be included. For the control Hamiltonian Hc

Hc,Z = Hc,C,Z +Hc,D,Z +Hc,E,Z , (5.20)

where Hc,C,Z is the coupling control given by

Hc,C,Z(t) =

m∑
l=1

Zl(t)|0〉〈1|l + Zl(t)|1〉l〈0|l, Ql = |0〉〈1|l. (5.21)

Hc,D,Z is the detuning control given by

Hc,D,Z(t) =

m∑
l=1

(
Zl(t) + Zl(t)

)
|1〉l〈1|l, Ql = |1〉〈1|l. (5.22)

Here the Ql is Hermitian. Depending on whether the interaction is by dipole-dipole or Van der Waals, the
entanglement control Hc,E,Z is given by

Hc,E,Z(t) =

m∑
i=1

m∑
j=1

1

R6
i,j

(
Zi,j(t) + Zi,j(t)

)
|11〉ij〈11|ij , Qij =

1

R6
i,j

|11〉ij〈11|ij , (5.23)

or

Hc,E,Z(t) =

m∑
i=1

m∑
j=1

1

R3
i,j

(
Zi,j(t)|01〉ij〈10|ij + Zi,j(t)|10〉ij〈01|ij

)
, Ql,k =

1

R3
l,k

|01〉ij〈10|ij . (5.24)

An entanglement control could for instance be realized by tuneable Rydberg dressing. In many cases, the
entanglement controls will be taken equal for all interactions, such that all Zi,j are equal for every value of i
and j.

5.6.2 Strontium system

This part summarizes the drift and control Hamiltonians for a pulse based model of a Strontium system. The
Strontium system has gg-qubits, which interact using an external Rydberg state. This means that the qubits
can leave the qubit manifold. This is modelled by a manifold of three states {|0〉, |1〉, |r〉}, meaning that the
propagators are represented as U : [0, T ]→ C3m×3m .

As in the Strontium system, the |0〉 and |1〉 states, and the |1〉 and |r〉 states are coupled. The qutrit-light
interactions are then described by the sum of two interactions as in Eq. (5.1)

Hc(t) =

m∑
k=1

Ω1,k(t)

2
e−iφ1,k(t)|0〉k〈1|k+

m∑
k=1

Ω2,k(t)

2
e−iφ2,k(t)|1〉k〈r|k+h.c.−

m∑
j=1

∆1,j(t)|1〉j〈1|j−
m∑
j=1

∆2,j(t)|r〉j〈r|j .

(5.25)
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The passive ‘always-on’ interaction between the Rydberg states is given by either the dipole-dipole interaction

Hd =

m∑
i=1

m∑
j=1

C3

R3
i,j

|1r〉ij〈r1|ij + h.c., (5.26)

or the Van der Waals interaction

Hd =

m∑
i=1

m∑
j=1

C6

R6
i,j

|rr〉ij〈rr|ij . (5.27)

The control Hamiltonian for detuning and entanglement are exactly the same, but with all |1〉’s replaced by
|r〉’s and all |0〉’s replaced by |1〉’s. Coupling can take place between |0〉 and |1〉 and between |1〉 and |r〉 and is
modelled with Z as

Hc,C,Z(t) =

m∑
l=1

Zl(t)|0〉l〈1|l + Zl(t)|1〉l〈0|l +

m∑
l=1

Zl(t)|1〉l〈r|l + Zl(t)|r〉l〈1|l,

Ql = |0〉l〈1|l or Ql = |1〉l〈r|l.
(5.28)

5.7 Qutrits vs. Qubits

Because of the way the |r〉 state is treated in the Strontium model, the system consists of qutrits instead of
qubits (three basis states instead of two). Since the qubits can leave the qubit manifold, it is likely that the
final state after evolution will not be in the computational basis, as it is plausible that at least one qubit will
measure |r〉. In this section, we explore how to circumvent this problem and find that with minor adaptations
to the problem Hamiltonian the ground state energy finding problem can be reformulated for qutrits.

An intuitive thing to do is to consider a |r〉 measurement as the outcome |1〉. This is logical since before a |r〉
can become a zero it has to be deexcited through the |1〉 state. This works in the Z computational basis, but
switching to another computational basis by post-measurement rotations causes problems. For instance in the
X-basis the basis vectors are (|0〉+ |1〉)/

√
2 and (|0〉− |1〉)/

√
2. Having previously assigned |r〉 to |1〉 there is no

way to determine what a third measurement outcome would be assigned to.

Another approach that we propose and which was not found in the literature, is to extend the 2m×2m quantum
chemistry Hamiltonians to 3m × 3m matrices in C3m×3m . The new Hamiltonian needs to be extended onto the
C3m×3m space and decomposed into basis matrices of SU(3), the so called Gell-Mann matrices. The Gell-Mann
matrices are given by

I =

 1 0 0
0 1 0
0 0 1

 , λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 ,

λ3 =

 1 0 0
0 −1 0
0 0 0

 , λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 ,

λ6 =

 0 0 0
0 0 1
0 1 0

 , λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2

 .

(5.29)

In order to do measurements on these qutrits the Gell-Mann matrices have to be implemented for post-
measurement rotations. For an individual qutrit and Ω1(t) = Ω1, Ω2(t) = Ω2, ∆1(t) = ∆2(t) = 0 in Eq. (5.25),
the rotation becomes

e−iHcτ =

 cos(θ) −ie−iφ1 Ω1

Ω sin(θ) ie−iφ2 Ω2

Ω sin(θ)

−ieiφ1 Ω1

Ω sin(θ)
Ω2

2

Ω2 +
Ω2

1

Ω2 cos(θ) −iei(φ2−φ1) Ω1Ω2

Ω2 (1− cos(θ))

ieiφ2 Ω2

Ω sin(θ) −ie−i(φ2−φ1) Ω1Ω2

Ω2 (1− cos(θ))
Ω2

1

Ω2 +
Ω2

2

Ω2 cos(θ)

 , (5.30)

where Ω2 = Ω2
1 + Ω2

2 and θ = Ωτ/2. To implement a post-measurement rotation, matrices need to be generated
from Eq. (5.30). These matrices should have their columns as the eigenvectors of the Gell-Mann matrices in
(5.29). For example, for λ1 the matrix to be generated becomes 1√

2
1√
2

0

− 1√
2

1√
2

0

0 0 1

 , (5.31)
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which can be done by setting θ = π/4,Ω2 = 0, φ1 = 3π/2. I, λ3 and λ8 are already in the |0〉, |1〉, |r〉 basis, so
they do not need any post-measurement rotations. In general

λ1 : Ω2 = 0, φ1 =
3

2
π, θ =

π

4
+ 2πk, k ∈ Z λ2 : Ω2 = 0, φ1 = 0, θ =

π

4
+ 2πk, k ∈ Z

λ4 : Ω1 = 0, φ2 = −π
2
, θ =

π

4
+ 2πk, k ∈ Z λ5 : Ω1 = 0, φ2 = π, θ =

π

4
+ 2πk, k ∈ Z.

(5.32)

However, single controls can not be found for λ6 and λ7. To see why, for λ6 the required eigenvector matrix is 1 0 0
0 1√

2
1√
2

0 − 1√
2

1√
2

 . (5.33)

To get the zeros and non-zeros in the right places requires θ = π + 2πk, k ∈ Z. For the rest of the entries, the
system of equations becomes

Ω2
2 − Ω2

1 = 2ie−iφΩ1Ω2,

Ω2
1 − Ω2

2 = −2ieiφΩ1Ω2,
(5.34)

where φ = φ2 − φ1. Adding these up gives φ = 0 or φ = π which results in Ω1 = ±iΩ2, which is not possible
since the coupling strength is real. One can shift around the columns or multiply a column by a constant in
Eq. (5.33) to conserve the eigenvectors but in each case the same result applies.

One can however apply a sequence of pulses as: p0,1 → t0,1 → p0,1 where

p0,1 : Ω2 = φ1 = φ2 = 0, θ = π/2 + 2πk, k ∈ Z,
t0,1 : Ω2 = φ1 = φ2 = 0, θ = π/4 + 2πk, k ∈ Z,

(5.35)

resulting in  0 0 −i
0 0 0
−i 0 1




1√
2

−i√
2

0

− −i√
2

1√
2

0

0 0 0


 0 0 −i

0 0 0
−i 0 1

 =

 −1 0 0
0 1√

2
1√
2

0 1√
2
− 1√

2

 . (5.36)

The reasoning behind this is that there is no coupling between |0〉 and |r〉 so the first sequence p0,1 maps
|0〉 → |1〉, |1〉 → |0〉 such that a coupling between |1〉 and |r〉 can be used as a coupling between |0〉 and |r〉.

The most intuitive mapping SU(2) → SU(3) would be {I2, X, Y, Z} → {I3, λ1, λ2, λ3}. All of these matrices
(except I3) have eigenvalues 1,-1,0. This mapping conserves the minimal eigenvalue of the Hamiltonian as long
as that eigenvalue is smaller than 0. The eigenvalue 0 for |r〉 is a problem here when doing measurements,
since one measurement |r〉 on any of the qubits will ensure that the entire measurement will result in 0. A
useful measurement is only done if |r〉 is not measured m times in a row. To analyze Em, the expected number
of measurement done before this happens, it is assumed |r〉 is measured with probability p. The expectation
is conditioned on the events of measuring n |0〉’s and |1〉’s before measuring a |r〉 where n ∈ [0,m] (like a
martingale). It is found that

Em = p(Em+1)+(1−p)p(Em+2)+ ...+(1−p)m−1p(Em+m)+(1−p)m ⇒ Em =
1

p

[
1

(1− p)m
− 1

]
, (5.37)

which for any 0 < p < 1 goes to infinity exponentially fast when m goes to infinity. Obviously, as the variational
algorithm iterates, p decreases as all states involving a |r〉 state do not have low energy. However, in the
beginning stages everything will be mixed up and simply too many measurements would have to be done.
A possible solution for this issue is to adapt the Hamiltonian to become

Hmol → Hmol + µ
∑
l=1

|r〉l〈r|l, (5.38)

where µ > 0 is some big number. |r〉〈r| = λ1−
√

3λ8 and can thus be measured on the Rydberg system. Adding
this term ensures that early on the algorithm will punish for the qutrits being in the |r〉 state.

Another approach that can be taken is to see if a qutrit Jordan Wigner mapping can be devised to create qutrit
∈ C3m×3m from the second quantization quantum chemistry Hamiltonian, see Sec. 4. The Jordan-Wigner

27



mapping maps the fermionic creation (aj) and annihilation (a†j) operators to Pauli strings. As in Eq. (4.5) this
is done as

aj = I⊗j−1 ⊗ σ+ ⊗ Z⊗m−j ,

a†j = I⊗j−1 ⊗ σ− ⊗ Z⊗m−j ,
(5.39)

where σ± = (X ± iY )/2. This mapping has the property that it adheres the fermionic algebra relations, see
Eq. 4.7. The qutrit operators which adhere to the fermionic algebra are given by

σ+ =

 0 1 0
0 0 0

0 0 1/
√

2

 = |0〉〈1|+ 1√
2
|r〉〈r|, σ− =

 0 0 0
1 0 0

0 0 1/
√

2

 = |1〉〈0|+ 1√
2
|r〉〈r|, Z = λ3. (5.40)

This mapping inherently corrects for the |r〉 states.

Qutrits can be useful in many other problems besides the electron filling quantum chemistry model. For instance
quark colors [87] and orbital occupation with spin [88] are both a three level system in SU(3) that can be mapped
to a qutrit Hamiltonian. Another example is the work done by Corboz et al. in Amsterdam on SU(3) fermions
on a honeycomb lattice [89]. A Rydberg system can thus be perfectly used to analyze these systems.
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6 Quantum Optimal Control

6.1 Gate based to Pulse based

The gate based formalism for variational algorithms assumes complete control over a parametrized gate and
optimizes over these parameters. In reality, a controlled gate is implemented via a predefined laser pulse or
series of pulses applied to the qubit system. In the presence of an ‘always-on’ interaction, a gate has to be
quickly implemented relative to the interaction strength or the gate will not have the desired effect. Further-
more, sequential gates can not be implemented accurately since the system evolves naturally between these gates.

In the gate perspective, a certain ansatz is taken to be the shape of the quantum circuit. The ansatz has been
the topic of many researches [52] and generally the performance of a certain ansatz depends on the problem at
hand. Hardware-efficient ansatzes are shallow, and easy to implement quantum circuits that are most commonly
used in VQAs.

Instead of looking at VQAs from a gate perspective, one can also look from the pulse perspective [1]. Since
gates can be seen as pulses, it seems a logical option to try to optimize the laser pulses applied to the system
instead of a set of gate parameters. The advantage is that only one continuous pulse needs to be implemented
that takes into account the natural evolution of the system at all times (instead of only between gates). As
will be seen, the final optimized pulses are highly regular and easy to implement in the system. Moreover, the
problem of the ansatz becomes less complex. In the pulse based perspective the ansatz can be equated to shape
and effect of the laser pulses that are optimized, see fig. 6.1. Each of these pulses has more degrees of freedom
than an individual gate parameter. If less degrees of freedom are preferred, one can simply restrict the pulse
shapes.

The mathematical framework used for optimizing pulses is optimal control theory, or in our case quantum
optimal control (QOC). Optimal control theory is a branch of optimization that tries to optimize controls for
a dynamical system that minimize some objective function [90]. Using calculus of variations, a gradient of the
objective function is derived in the space of controls. This gradient can then be used to find the most optimal
control parameters. The basis of optimal control is largely the work of Lev Pontryagin and Richard Bellman in
the 1950s [91].

Previous work on optimal control for quantum systems focuses on finding optimal pulses to construct specific
gate operations. The goal here is to find pulses to map some initial state |ψ0〉 to some target state |ψf 〉. This is
equivalent to minimizing the observable |ψf 〉〈ψf |. The GRAPE [26] and CRAB [27] algorithms were designed
for this purpose. Recent papers have linked QOC type algorithms to VQAs [2, 3].
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Figure 6.1: The quantum computer (green) measures the objective functional of which the results are input into
a classical computer (yellow), which in turn returns new optimization parameters Z. In QOC, these parameters
Z are defined at the pulse level (a), and serve to parametrize a set of laser pulses. In VQAs, the parameters
typically enter at the circuit level (b), via a set of gates parametrized through a set of gate angles. Adapted
from Ref. [1]

6.2 Optimal control formalism

This section explains the formalism of optimal control theory. In optimal control the goal is to minimize a
functional J : Y ×X → R under the constraint e(y, x) = 0 where e : Y ×X → Ω and x ∈ Xad ⊂ X. Here J is
the cost functional, e the state equation and Xad the control space. The problem statement becomes

min
y∈Y,x∈Xad

J(y, x) subject to e(y, x) = 0, x ∈ Xad. (6.1)

One of the main results of optimal control theory is the existence of a minimizer as given by the following
theorem [90].

Theorem 6.1 (Existence Minimizer). The functional J as in Eq. (6.1) attains a global minimum on Y ×Xad

under the following assumptions

(A1) Xad ⊂ X is a weakly closed subset of a reflexive Banach space;

(A2) The state space Y is a reflexive Banach space;

(A3) The state equation has a bounded solution operator S : Xad → Y ⇔ ‖S(x)‖Y ≤ M(‖x‖X), where M :
[0,∞)→ [0,∞) is a locally bounded function;

(A4) (y, x) ∈ Y ×Xad → e(y, x) ∈ Ω is weakly continuous;

(A5) J is weakly lower semicontinuous;

(A6) Xad is bounded or J is coercive w.r.t x.

An important part of solving the optimal control problem is the solution operator S : Xad → Y following from
the state equation e(y, x) = 0. The existence of this operator follows from the Implicit Function Theorem

Theorem 6.2 (Implicit Function Theorem). Let X,Y and Ω be Banach spaces. Suppose that:

(i) The map e: Y ×X → Ω is defined on an open neighborhood A(y0,x0) of (y0, x0), and e (y0, x0) = 0;

(ii) ey exists as a partial derivative on A(y0,x0) and ey(y0, x0) is bijective;

(iii) e and ey are continuous at (y0, x0),
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then there exist r0, r > 0 such that for every x ∈ Br0 (x0), there is a unique y =: S(x) ∈ Y for which

S(x) ∈ Br (y0) and e(S(x), x) = 0.

Furthermore,

(i) If e is continuous in a neighborhood of (y0, x0), then S is continuous in a neighborhood of x0l;

(ii) If e is Fréchet differentiable in a neighborhood of (y0, x0), then S is Fréchet differentiable in a neighborhood
of x0 and

S′(x) = −ey(S(x), x)−1ex(S(x), x).

If the assumptions of Theorem 6.2 are satisfied then the solution operator S : Xad → Y is Fréchet differentiable
and a reduced minimization problem can be introduced as

min
x∈Xad

f(x) := J(S(x), x). (6.2)

A necessary optimality condition for Eq. (6.2) is that

〈f ′(x∗), x∗ − x〉X∗,X ≥ 0, ∀x ∈ Xad. (6.3)

If Xad is open then the inequality becomes an equality. Using chain rule Fréchlet derivatives

〈f ′(x), h〉X∗,X = 〈Jy(S(x), x), S′(x)[h]〉Y ∗,Y + 〈Jx(S(x), x), h〉X∗,X
= 〈Jy(S(x), x),−ey(S(x), x)−1ex(S(x), x)[h]〉Y ∗,Y + 〈Jx(S(x), x), h〉X∗,X
= 〈−ex(S(x), x)∗ey(S(x), x)−∗Jy(S(x), x), h〉X∗,X + 〈Jx(S(x), x), h〉X∗,X
= 〈Jx(S(x), x)− ex(S(x), x)∗ey(S(x), x)−∗Jy(S(x), x), h〉X∗,X
= 〈Jx(S(x), x)− ex(S(x), x)∗p, h〉X∗,X ,

(6.4)

where p ∈ Ω∗ is the adjoint state obtained by solving

ey(S(x), x)∗p = Jy(S(x), x), (6.5)

where ∗ indicates the adjoint operator from L(Y,Ω)→ L(Ω∗, Y ∗).

6.2.1 Lagrangian formulation

In the Lagrangian formulation of Eq. (6.1) an extra term is added that acts as the constraint

L(y, x, p) := J(y, x)− 〈p, e(y, x)〉Ω∗,Ω, (6.6)

and the min-max problem becomes

min
y∈Y,x∈Xad

(
max
p∈Ω∗

L(y, x, p)

)
. (6.7)

Note here that

max
p∈Ω∗

L(y, x, p) =

{
J(y, x), e(y, x) = 0
∞, e(y, x) 6= 0

. (6.8)

Since e(S(x), x) = 0

f(x) = J(S(x), (x)) = J(S(x), x)− 〈p, e(S(x), x))〉Ω∗,Ω = L(S(x), x, p). (6.9)

Taking Fréchet derivatives gives

f ′(x)[h] = 〈f ′(x), h〉X∗,X = 〈Ly(S(x), x, p), S′(x)[h]〉Y ∗,Y + 〈Lx(S(x), x, p), h〉X∗,X . (6.10)

The goal is to find a special p = p(x), such that

Ly(S(x), x, p) = 0. (6.11)

Expanding this term

〈Ly(S(x), x, p), d〉Y ∗,Y = 〈Jy(S(x), x), d〉Y ∗,Y−〈p, ey(S(x), x)[d]〉Ω∗,Ω = 〈Jy(S(x), x)− ey(S(x), x)∗p, d〉Y ∗,Y = 0,

(6.12)
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which should hold for any d ∈ Y . Here ∗ again indicates the adjoint operator from L(Y,Ω)→ L(Ω∗, Y ∗). Thus,

Ly(S(x), x, p) = Jy(S(x), x)− ey(S(x), x)∗p = 0⇔ ey(S(x), x)∗p = Jy(S(x), x). (6.13)

This is exactly the adjoint equation as in Eq. (6.5). Choosing p = p(x) according to Eq. (6.13) shows from
Eq. 6.10 that

f ′(x) = Lx(S(x), x, p(x)) = Jx(S(x), x)− ex(S(x), x)∗p(x), (6.14)

which is exactly the adjoint gradient representation as in Eq. (6.4).

To enforce y = S(x), L can be differentiated w.r.t p to get

Lp(y, x, p)[h] = 〈h, e(y, x)〉Ω∗,Ω. (6.15)

Equating Lp(y, u, p)[h] = 0 for all h ∈ Ω∗ gives e(y, x) = 0 which under the assumptions of Theorem 6.2 is
equivalent to y = S(x). The optimality conditions can thus be reformulated as

Lp (y∗, x∗, p∗) = 0 in Ω,

Ly (y∗, x∗, p∗) = 0 in Y ∗,

〈Lx (y∗, x∗, p∗) , x− x∗〉 ≥ 0 ∀x ∈ Xad.

(6.16)

These conditions are also referred to as the Karush-Kuhn-Tucker (KKT) conditions.

6.3 Optimal control of VQE

In this section, we introduce our novel adjoint based method for the ground state energy finding problem based
on optimal control theory. We find that the method suits the problem description and optimal control can be
used well for optimization over the quantum spaces.

In the ground state energy finding problem, a certain functional is minimized over objects in a complex Hilbert
space. The optimal control formalism as in Eq. (6.6) requires minimization over terms in a real Hilbert space.
To fix this, let (V, 〈·, ·〉) be a complex Hilbert space. V may be viewed as a real vector space by simply ignoring
non-real scalars. Defining

〈〈u, v〉〉 = Re〈u, v〉, (6.17)

results in (V, 〈〈·, ·〉〉) being a real Hilbert space in which the optimal control formalism can minimize.

Let Zmax > 0, the control space (the space of pulses) is defined as

Xad =

{
Z ∈ L2([0, T ];CL) | ‖Z‖∞ = ess sup

t∈[0,T ]

L∑
l=1

|Zl(t)| ≤ Zmax

}
. (6.18)

Thus Xad is a subset of the Hilbert space X = L2([0, T ];CL). Here the inner product is given by

〈Z̃, Z〉X := 〈Z̃, Z〉L2([0,T ];CL) =

L∑
l=1

∫ T

0

Re[Z̃l(t)Zl(t)]dt. (6.19)

.
The state equation e : Y ×Xad → Ω is the Schrödinger equation for propagators given by

e(U,Z)(t) = i∂tU(t)− [Hd +Hc,Z(t)]U(t) = 0 a.e., U(0) = I. (6.20)

Here, ρ0 ∈ Hm is a self-adjoint density operator representing the initial state and Hmol ∈ Hm is a self-adjoint
Hamiltonian. Furthermore,

Hc,Z(t) =

L∑
l=1

QlZl(t) +Q†lZl(t), (6.21)

as in Eq. (5.17). It is important to show that the dynamical system constraint has well-defined solutions for all
possible inputs in Xad. The well-posedness of this equation in the spaces considered is shown in Appendix A.
It is shown that for every input Z ∈ Xad a solution UZ ∈ W 1,2([0, T ];C2m×2m) is obtained, where W 1,2 is a
Sobolev space [92].
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Based on this result, Y = W 1,2([0, T ];C2m×2m) ⊂ L2([0, T ];C2m×2m) is taken to be the space of states and
Ω = L2([0, T ];C2m×2m). As stated before C2m×2m ' L(Hm), the Hilbert space of operators on m qubits. The
Ω inner product is given by

〈A,B〉Ω := 〈A,B〉L2([0,T ];C2m×2m ) =

∫ T

0

Re
[
Tr(A(t)†B(t))

]
dt =

∫ T

0

Re [〈A(t), B(t)〉F ] dt, (6.22)

where 〈·, ·〉F is the Frobenius or trace inner product.

For the ground state energy finding problem the KKT conditions should be determined for the system given by

min
U∈Y,Z∈Xad

Tr(U(T )ρ0U(T )†Hmol) + λ

L∑
l=1

1

2

∫ T

0

|Zl(t)|2dt =: J1(U) + J2(Z), (6.23)

where λ > 0, under the constraint

e(U,Z) = 0⇔ e(U,Z)(t) = i∂tU(t)− [Hd +Hc,Z(t)]U(t) = 0 a.e., U(0) = I. (6.24)

Here J1(U) = Tr[U(T )ρ0U(T )†Hmol] = 〈ψ(T )|Hmol|ψ(T )〉 is the energy of the generated state, the main object
to minimize. The J2(Z) term punishes for large pulses such that they will remain small enough in energy to be
realizable with limited laser power. The constraint e(U,Z) = 0 is the previously discussed Schrödinger equation
determining the evolution of the state.

The Lagrangian L is defined as

L(U,Z, η) := J1(U) + J2(Z) + J3(U,Z, η). (6.25)

Here
J3(U,Z, η) := 〈i∂tU(t)− [Hd +Hc,Z(t)]U(t), η(t)〉L2([0,T ];C2m×2m )

=

∫ T

0

Re
(
Tr
[
(i∂tU(t)− [Hd +Hc,Z(t)]U(t))†η(t)

])
dt,

(6.26)

is the state equation term, where η ∈ Ω∗ ∼= L2([0, T ];C2m×2m) is the adjoint as a Lagrangian multiplier. The
KKT conditions from Eq. (6.16) give

Jη (U∗, Z∗, η∗) = 0 in Ω = L2([0, T ];C2m×2m),

JU (U∗, Z∗, η∗) = 0 in Y ∗ ∼= W 1,2([0, T ];C2m×2m),

〈JZ (U∗, Z∗, η∗) , Z − Z∗〉L2([0,T ];CL) ≥ 0 ∀Z ∈ Xad.

(6.27)

The derivations of the Fréchet derivatives are given in Appendix C. Since the J2 term should in principle
keep the solutions bounded for large enough λ it is assumed that the third condition in Eq. (6.27) becomes
JZ(U∗, Z∗, η∗) = 0. The KKT conditions are then given by

Jη : i∂tU(t)− [Hd +Hc,Z(t)]U(t) = 0 a.e., U(0) = I (state equation),

JU : i∂tη(t)− [H†d +Hc,Z(t)†]η(t) = 0 a.e., η(T ) = −2iHmolU(T )ρ0 (adjoint equation),

JZ : λZl(t) + Tr
[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)]
= 0 a.e., l = 1, ..., L.

(6.28)
It can be verified that the solution to the adjoint equation is given in terms of U(t) as

η(t) = −2iU(t)U(T )†HmolU(T )ρ0 ∈W 1,2([0, T ];C2m×2m) ∼= Y ∗. (6.29)

A second order scheme for QOC has been worked out in App. D, however, no efficient solution algorithm for
this scheme has been found.

6.4 Existence of minimizer optimal control

This section proves the existence of global minimizers in the QOC setting by proving the following theorem.

Theorem 6.3 (Existence Minimizer QOC). Let X = L2([0, T ];CL) and Xad as defined in Eq. (6.18). Fur-
thermore, let Y = W 1,2([0, T ];C2m×2m) and Ω = L2([0, T ];C2m×2m). Then, the minimization problem given
by

min
U∈Y,Z∈Xad

Tr(U(T )ρ0U(T )†Hmol) + λ

L∑
l=1

1

2

∫ T

0

|Zl(t)|2dt =: J1(U) + J2(Z), (6.30)
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under the constraint

e(U,Z) = 0⇔ e(U,Z)(t) = i∂tU(t)− [Hd +Hc,Z(t)]U(t) = 0 a.e., U(0) = I, (6.31)

attains a global minimum on Y ×Xad.

Proof. To prove the theorem it is shown that the system adheres to (A1)-(A6) after which Theorem 6.1 is applied.
Adherence to (A1) and (A6) is shown in Appendix B.1. (A2) follows from the fact that Y = W 1,2([0, T ];C2m×2m)
is a Banach space and thus reflexive. In Appendix A the existence of a locally bounded solution operator
S : Xad → Y (A3) is shown. e : Y ×Xad → Ω being weakly continuous (A4) is shown in Appendix B.2. The
weakly lower semicontinuity of J follows trivially from the continuity of J (A5). All conditions are adhered to
and a minimum can be achieved.

To illustrate this, f : Xad → R is defined as f(Z) := J(S(Z), Z) (using (A3)) and shown to be weakly lower

semicontinuous. Let {Zn}∞n=1 ⊂ Xad be a sequence such that Zn
X
⇀ Z̃ ∈ Xad by (A1). The Zn are uniformly

bounded in L2([0, T ];CL) (A6). Thus, there exists a Zmax such that ‖Zk‖L2([0,T ];CL) ≤ Zmax. Consequently,

‖UZk‖W 1,2([0,T ];C2m×2m ) ≤ Umax by (A3). Reflexivity of Y (A2) implies a subsequence UZkl
Y
⇀ Ũ .

From the weak continuity of e : Y ×Xad → Ω (A4) and the weak lower semicontinuity of norms follows that

e(UZkl , Zkl)
Ω
⇀ e(Ũ , Z̃)⇒ ‖e(Ũ , Z̃)‖Z ≤ lim inf

l→∞
‖e(UZkl , Zkl)‖Z = 0. (6.32)

Thus, e(Ũ , Z̃) = 0 ⇒ Ũ = UZ̃ . Together with the weak lower semicontinuity of J (A5) this proves weak lower
semicontinuity of f .

Let {Zk}∞k=1 be such that limk→∞ f(Zk) = infZ∈Xad f(Z). Since Xad is bounded (A6) there must exist a Z̃

and a subsequence {Zkl}∞l=1 such that Zkl
X
⇀ Z̃. Z̃ ∈ Xad because Xad is weakly closed (A1). Weak lower

semicontinuity of f implies
f(Z̃) ≤ lim inf

l→∞
f(Zkl) = inf

Z∈Xad
f(Z). (6.33)

This proves existence of a Z ∈ Xad and U = S(Z) ∈ Y achieving minimization of J(U,Z) and e(U,Z) = 0.

6.5 Optimal control solution algorithm

To solve the KKT conditions for a certain VQE problem the continuous pulses QOC algorithm can be performed.

Algorithm: Continuous pulses QOC algorithm

input : Z0 ∈ Xad, Hmol, ρ0, #iterations
output: Z#iterations, E

for k = 0 to #iterations-1 do
U = S(Zk);
η(t) = −2iU(t)U(T )†HmolU(T )ρ0;
for l = 1 to L do

Zk+1
l (t) = Zkl (t)− αk

(
λZkl (t)− Tr

[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)])
;

Uf = S(Z#iterations);
E = Tr[Uf (T )ρ0Uf (T )†Hmol];

In both simulation and actual application it is not feasible to construct continuous time pulses, so some form
of discretization is necessary. The pulses are discretized as equidistant piecewise constant pulses with a dis-
cretization time τ = T/N, n ∈ N. The pulses can thus be represented as complex L×N matrices Z where Zl,n
indicates the coupling strength on control l during the time period [T (n− 1)/N, Tn/N). For this discretization
a closed form for the propagator can be written out. Let t ∈ [ñT/N, (ñ + 1)T/N) for some ñ ∈ {0, ..., N − 1},
then

UZ(t) = exp

(
−i(t− ñ T

N
)

[
Hd +

L∑
l=1

QlZl,ñ +Q†lZl,ñ

])
ñ∏
n=1

exp

(
−i T
N

[
Hd +

L∑
l=1

QlZl,n +Q†lZl,n

])
,

(6.34)
where the first term in the product is on the right side of the equation and the last term on the left. Research
by Meitei et al. [2] has previously compared discretization by square pulses and by sums of Gaussian pulses but
found no major performance differences. When going to high T while keeping the same number of discretization
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steps the pulses might make big jumps in coupling strengths between steps. In this case it might be more
favorable to go to the Gaussian discretization such that the pulses remain more continuous, see Sec. 6.9. The
solution algorithm for discrete pulses can be implemented as

Algorithm: Discrete pulses QOC algorithm

input : Z0 ∈ CL×N , Hmol, ρ0, #iterations
output: Z#iterations, E

for k = 0 to #iterations-1 do
Ucon = S(Zk);
for n = 1 to N do

U(n) = Ucon(Tn/N);
η(n) = −2iU(n)Ucon(T )†HmolUcon(T )ρ0;
for l = 1 to L do

Zk+1
l,n = Zkl,n − αk

(
λZkl,n − Tr

[
Q†l
(
η(n)U(n)† + U(n)η(n)†

)])
;

Uf = S(Z#iterations);
E = Tr[Uf (T )ρ0Uf (T )†Hmol];

The step size αk can either be chosen fixed or determined via the Armijo rule [93]. The Armijo rule says that in
step k of optimizing a function f in the direction pk the step size αk should be halved until the Wolfe criteria
given by

i) f
(
Zk + αkpk

)
≤ f

(
Zk
)

+ c1αkp
T
k ‖∇f

(
Zk
)
‖,

ii) − pT
k ‖∇f

(
Zk + αkpk

)
‖ ≤ −c2pT

k ‖∇f
(
Zk
)
‖,

(6.35)

are satisfied. An adapted Armijo rule updates the initial step size according to the previous results. This thesis
always uses the latter, with the parameters for the Wolfe conditions being c1 = 10−4 and c2 = 0.

Instead of iterating for e a fixed amount of iterations another convergence criterion can be chosen, e.g. the norm
of the gradient being small enough

‖∇f(Zk)‖ < ε. (6.36)

To determine the gradients on a quantum computer, it is easiest to write out the update form in state form
instead of matrix from as

Tr[Q†l (η(t)U(t)† + U(t)η(t)†)]

= Tr[Q†l (−2iU(t)U(T )†HmolU(T )ρ0U(t)† + 2iU(t)ρ0U(T )†HmolU(T )U(t)†)]

=− 2i(〈ψ0|U(t)†Q†lU(t)U(T )†HmolU(T )|ψ0〉 − 〈ψ0|U(T )†HmolU(T )U(t)†Q†lU(t)|ψ0〉).

(6.37)

The propagators U(T )U(t)† can be easily applied as U(T ) can be split as U(T ) = Ũ(T − t, t)U(t) according to
Eq. (2.26). Ũ(T − t, t) can be interpreted as the evolution operator resulting from applying the pulse in the
interval [t, T ). Thus, U(T )U(t)† = Ũ(T − t, t). As discussed in Sec. 5.6 the control Hamiltonians Ql normally
decompose in a small number of single qubit Pauli operators which can be applied quickly to the system, e.g.
Ql =

∑K
k=1 Vl,k. Because of this, it is possible to apply the unitary Ũ(T − t, t)Vl,kU(t) to a state on a Rydberg

quantum computer by applying the pulse up to t, quickly applying Vl,k and then applying the rest of the pulse
up to T . The individual terms in Eq. (6.37) can be written in the form

〈ψ0|
K∑
k=1

U(t)†V †k,lU(t)U(T )†HmolU(T )|ψ0〉

=

K∑
k=1

〈ψ0|U(t)†Ũ(T − t, t)†HmolŨ(T − t, t)V †k,lU(t)|ψ0〉

=

K∑
k=1

〈ψt|Ũ(T − t, t)†HmolŨ(T − t, t)V †k,l|ψt〉.

(6.38)

By identifying |ψ0〉 = |ψt〉, U1,k = Vk,l, U2,k = I and H = U(T−t, t)†HmolŨ(T−t, t) as in Eq. (3.14), the Schuld
algorithm can be applied to determine these terms efficiently on a quantum computer. H can be evaluated for
a qubit state by applying Ũ(T − t, t) to the output states of the Schuld algorithm and then evaluating Hmol.

For the Schuld algorithm it needs to be checked if U1,k and U2,k are easily implementable in order to create
controlled gates. In the case of U2,k = I this is trivial and U1,k = Vk,l is a simple one or two qubit unitary for
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which the decomposition can be found.

Since both terms in Eq. (6.37) have to be evaluated at each time step and for each value of L the number of
quantum evaluations that needs to be done is given by

#QE = 2 ·K · L ·N ·#shots. (6.39)

6.6 Illustration of QOC

Given the theoretical description, some simulations are done to illustrate the QOC method. We show proof of
concept by approximating the ground state energy of small molecules.

For a first illustration of QOC the ground state of a LiH 4 qubit Hamiltonian, as described in Sec. 4, is
calculated for varying interatomic distances. QOC is run for 50 iterations with rotational control as in Eq. 5.21
(L = m,K = 2), Rydberg interactions as in Eq. 5.16 with C6/R

6 = 0.1 kHz, T = 100 ms and N = 100.
The results in Fig. 6.2 show that QOC is able to reach chemical accuracy after as few as 50 iterations in
many occasions. Figure 6.3 shows final pulses and density matrix evolution for simulations with rotational and
entanglement control as in Eq. 5.23 (L = m+ 1,K = 2), Rydberg interactions with C6/R

6 = 0.1 kHz, T = 100
ms and N = 100. It is shown that the density matrices are nicely but not exactly approximated, even though
the achieved energy errors are below chemical accuracy.

Figure 6.2: Simulation results of quantum optimal control algorithm on LiH with 4 qubits, Rydberg drift
Hamiltonian and rotational control. a) Iteration vs. energy error w.r.t. ground state energy at bond length
equal to 0.99Å together with Hartree-Fock energy and chemical accuracy. b) Finalized pulses for process of
a) showing real and imaginary parts of the rotation controls on the 4 qubits. c) Bond length energy potential
landscape for LiH with the FCI (exact) energy and the Hartree-Fock and QOC energies. d) Error w.r.t. FCI
ground state energy for QOC and Hartree-Fock showing especially good results for QOC at high bond lengths.
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Figure 6.3: Ground state optimization of random 3 qubit Hamiltonian and of 4 qubit LiH Hamiltonian at bond
length equal to 0.99Å, with Van der Waals drift Hamiltonian and rotational and entanglement control. a)
Finalized pulses showing real part of rotation and entanglement for random Hamiltonian. b) Density matrix
evolution plotted at different times during the process together with the density plot of the ground state for
random Hamiltonian. c) Finalized pulses showing real part of rotation and entanglement for LiH Hamiltonian.
d) Density matrix evolution plotted at different times during the process, together with the density plot of the
ground state for LiH Hamiltonian.
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6.7 QOC parameter dependence

6.7.1 Evolution time T

The evolution time T is an important parameter in QOC and has the advantage of being a hyperparameter
instead of being fixed, as in VQE. As will be shown below, T needs to be chosen such that the QSL is adhered
to while also enough detail can still be implemented through the pulses.

To test the influence of the evolution time T the same LiH problem as in Sec. 6.6 is run but with T = 10, 100, 1000
ms. The results in Fig. 6.4 show that as T increases so does the accuracy of the found state. This corresponds
to the ideas of the quantum speed limit as described in Sec. 2.4. The pulses have some oscillation frequency in
the order of 0.1/2π kHz, which is precisely the oscillation period of exp (iHdt) with interaction strength V = 0.1
kHz. The pulses thus seem to compensate for the drift in some manner by counter oscillating with the same
frequency. This might also be the reason why at even higher T , the ground state is not reached. At this point
the time step ∆t = T/N becomes too big to produce pulses in the order of magnitude of V and the drift can
not be compensated. For accurate calculations, the condition

QSL < T <
2πN

V
, (6.40)

needs to be satisfied. If entanglement is only caused via the drift Hamiltonian then QSL likely also scales with
1/V according to Eq. (2.28) so if assuming QSL = α/V Eq. (6.40) becomes

α < TV < 2πN, (6.41)

which is a condition to the entanglement energy supplied to the system. Furthermore, the necessary coupling
strengths (amplitudes of Z) decrease with T . This again agrees with the QSL which implies that raising T is
the same as increasing the bound on the Hamiltonian H.

Figure 6.4: Influence of evolution time T on QOC results for LiH at bond length 0.99Å. a) Iteration number vs
energy error with ground state energy for different times T. b-d) final pulse profiles for different end times T .
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6.7.2 Initial state |ψ0〉

Another important parameter is the initial state, |ψ0〉 which will be found to be influential in consistent conver-
gence. The Hartree-Fock initial state generally performs well, but in some cases might be too close to a local
energy minimum such that non-informed initial states perform better.

For small dimensional Hamiltonians the influence of the initial state is likely small in the convergence of QOC.
However, for high dimensional Hamiltonians a good initial state might become increasingly important. To
analyze the influence of the initial state, the LiH problem with 4 qubits is analyzed at different bond lengths,
but now with both the vacuum state |ψ0〉 = |0...0〉 and the HF state |ψ0〉 = |ψHF 〉 as initial states. It should be
noted that starting off with the HF state is not a guarantee to get below the HF energy because of the presence
of the drift Hamiltonian. Indeed, if all Z = 0 then

|ψf 〉 = eiHdT |ψHF 〉, (6.42)

but as long as V T is small the final state remains close to the HF state and HF energy. Guaranteeing ending
up in a state with lower energy than the HF energy can be done using the initial state |ψ0〉 = e−iHdT |ψHF 〉,
which is named the ’HF-adapt’ initial state.

Figure 6.5 shows the convergence results for the vacuum, HF and HF-adapt initial states. This illustrates that
even at low number of qubits, choosing a good initial state can be very important for the convergence to the
ground state. If the HF state is a good approximation, which it is for low interatomic distances, then the HF
state is able to converge better than the vacuum state in most cases. However, in some cases, perhaps per
chance or perhaps because it is not close to a local minimum, the vacuum state still performs better.

Figure 6.5: Influence of initial state on QOC results for LiH at different bond lengths. a) 50 iteration scheme.
b) scheme with convergence criterion as in Eq. (6.36) with ε = 10−4.

6.7.3 Drift and Control Hamiltonian Ql dependence

The control and drift Hamiltonians are a major ingredient in finding the ground state of a Hamiltonian. As
mentioned in Sec. 5.6 there are many physically possible forms of the control Hamiltonian. This section de-
termines the influence of the form of the control Hamiltonian and the presence of a drift Hamiltonian. It is
found that the performance of different control Hamiltonians is dependent on whether the problem at hand
has an entangled ground state or not and whether natural entanglement in the form of a drift Hamiltonian is
implemented. For highly-entangled ground states, a drift Hamiltonian can greatly speed up convergence and is
even necessary when no entanglement control is present in the control Hamiltonian. For minimally-entangled
ground states, any form of entanglement might prohibit fast convergence to the ground state energy.

Once again the LiH system is analyzed which has ground states that are minimally-entangled. A random 24×24

Hermitian matrix system is also analyzed with QOC. This Hamiltonian has a highly-entangled ground state (as
seen in Fig. 6.3). When introducing more controls Ql generally the search space expands making it take more
iterations to find a minimum. However, this increased search space will also ensure new paths to minima which
possibly couldn’t be reached before or which can be reached much faster.

QOC is applied with 4 different control Hamiltonians of the form in Eq. (5.17) where L is the number of Ql
terms. These forms are: I) rotational control as in Eq. (5.21) (L = 4), II) rotational and entanglement as
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in Eq. (5.23) but with all Zl,k for entanglement equal (L = 5), III) rotational and detuning as in Eq. (5.22)
(L = 8) and lastly IV) rotational, detuning and entanglement combined (L = 9). Another problem distinction
is made for switching the drive Hamiltonian on (V = 1 kHz) and off (V = 0 kHz). For all simulations T = 100 ms.

Figure 6.6 shows the energy error vs. iteration plots of these different configurations for both LiH and the
random Hermitian. If the drive Hamiltonian is switched off (V = 0 kHz) then in cases I) and III) there is no
way of inducing entanglement into the system. Starting with an unentangled state then ensures that one will
end up with an unentangled state. In the case of LiH this is favorable as the search space then remains small,
and the ground state is minimally-entangled and thus in this search space. This explains the fast convergence
in Fig. 6.6b for cases I) and III) compared to the relatively slow convergence for II) and IV). In Fig. 6.6a, when
introducing drift, all controls have comparable convergence. In this case the increased search space does not
influence the convergence too much.

Figure 6.6: Influence of evolution time T on QOC results for LiH at bond length 0.99Å. a) Iteration number vs
energy error with ground state energy for different times T. b-d) final pulse profiles for different end times.

The reason why cases II) and IV) converge much faster in the V = 0.1 kHz case than in the V = 0 kHz case
(Fig. 6.6a and Fig. 6.6b) is not immediately clear. In principle the entanglement control can just be set to zero
to keep the same result. All entanglement introduced to the system should also be removed, since both the
initial and ground state are unentangled. Adding some non-zero entanglement in the first few iterations might
give a decrease in energy, but eventually leaves the algorithm stuck in a local minimum, unable to remove the
entanglement. It is possible that in the T = 100 ms there is not enough room for the entanglement control to
correct itself. To see if this is the case, 3 adjustments are made to the original problem. In case i) T is increased
to 1000 ms. In case ii) the norm on Z (J2 in Sec. 6.3) is changed so that the entanglement control is weighed
by a factor 103. Case iii) starts off with a rotation control and at T = 50 ms switches on the entanglement
control. Figure 6.7 shows the results of these simulations and all three methods have a positive influence on
the final energy error. Changing the norm for the entanglement pulse (case ii)) seems to perform quite well,
but switching on the entanglement control at T = 50 ms (case iii)) is the only case outperforming the purely
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rotational control. The conclusions drawn from this are that for lightly entanglement ground states, it can be
beneficial to introduce entangled in the system at a later stage in the algorithm.

Figure 6.7: Influence of entanglement on convergence in the LiH case with V = 0 kHz. In blue and purple
respectively the normal Rot+Det+Ent and Rot controls as in Fig. 6.6. In green the evolution time T is increased
a factor 10, in red the entanglement norm has been increased by a factor 103 and in black the entanglement
pulse is only switched on at T = 50 ms.

Figures 6.6c and 6.6d show that in the case of the random Hermitian Hamiltonian some entanglement is needed
to reach the ground state. Cases II) and IV) converge well for V = 0 kHz and V = 0.1 kHz, while cases I)
and III) can’t converge when V = 0 kHz. A drive (V = 0.1 kHz) can be seen to help speed up the conver-
gence. The reason for this is that the entanglement is being created for free (so without increasing the norm
on Z). Even with V = 0.1 kHz, cases I) and III) do not converge fast. This could be because the QSL has not
yet been reached. To see if this is the case T is increased to T = 1000 ms for which the results are shown in
Fig. 6.8. All configurations of controls are able to converge better, so the QSL was most likely the limiting factor.

Figure 6.8: Repetition of the simulation as in Fig. 6.6c but with T = 1000 ms instead of T = 100 ms.

6.8 Optimal control rise time

As mentioned in Sec. 5.4 laser pulses have a certain rise time to get from zero coupling to the maximal coupling
strength. This means that the laser pulses only allow for frequencies up to some maximal frequency ωmax. How-
ever, the optimal control theory can output pulses with any frequency. Note that in this case, the frequency is
the time frequency related to the pulse shape, not related to the energy of the laser.

In order to restrict the maximal frequencies on the output pulses, optimization can be done over the frequency
domain instead of over the time domain. This gives pulses as Z̃ ∈ L2([0, ωmax],CL), where ωmax > 0. The
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pulse is given by an adapted inverse Fourier transform as

Zl(t) = F−1[Z̃l](t) =

∫ ωmax

0

e2iπtωZ̃l(ω)dω. (6.43)

The functional J2 as in Eq. (6.23) has to be adapted to

J2(Z̃) := λ

L∑
l=1

1

2

∫ ωmax

0

|Z̃l(ω)|2dω. (6.44)

Calculating the new Fréchet derivative of J w.r.t. to Z is done in App. C and the result is given by

JZ :

(
δJ

δZ

)
l

(ω) = λZ̃l(ω)−F [Al](ω). (6.45)

Using step function pulses and discrete Fourier transforms gives Z̃(w) = {Z̃(ωmaxj/N)}N−1
j=0 , Z(t) = {Z(Tj/N)}N−1

j=0

and

Zl

(
T

N
k

)
= F−1[Z̃l]

(
T

N
k

)
=

N−1∑
j=0

exp

(
2iπωmaxT

N2
jk

)
Zl

(ωmax
N

j
)
, k = 0, ..., N − 1

Z̃l

(ωmax
N

k
)

= F [Zl]
(ωmax

N
k
)

=

N−1∑
j=0

exp

(
−2iπωmaxT

N2
jk

)
Zl

(
T

N
j

)
, k = 0, ..., N − 1,

(6.46)

where normalization factors are left out.

To see the influence of the maximal frequency, the LiH problem is analyzed again with purely rotational control,
T = 1000 ms and V = 0.1 kHz. QOC with N = 100 is implemented normally, and with Fourier pulses with a
cutoff frequency at ωmax = 0.2 kHz. The convergence criterion of Eq. 6.36 is applied with ε = 10−4. Figure 6.9
shows the result of this analysis. Here it is seen that the adaptation has the desired effect of a frequency cutoff,
resulting in more regular, and likely easier to implement, pulses. The final pulses do require much higher values
of Z, which could be caused by the smaller space of allowed pulses and thus the algorithm has to resort to
increasing the coupling strengths. Finally, there is a large influence on the convergence of the algorithm as seen
by the reached energy errors. One reason might be that a larger frequency domain has to be used to reach the
desired ground state. Another reason might be that the J2 term is not well adapted to the problem and another
geometry on the pulses is needed. For instance, one thing that could be tried in future research is a frequency
dependent weighting of the J2 term.
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Figure 6.9: Analyzing the frequency cutoff adaptation of QOC for a 4 qubit LiH problem with T = 1000ms,
V = 0.1 kHz and rotational control. a-b) respective time and frequency vs. coupling strength for normal
QOC showing rapid oscillations. c-d) respective time and frequency vs. coupling strength for frequency cutoff
adaptation with ωmax = 0.2 kHz without rapid oscillations.

6.9 Gaussian Controls

When T becomes large the inherent oscillations in the final pulses, stemming from the interaction strength, can
no longer be captured if the number of steps N = T/τ remains fixed, see Fig. 6.10b. To overcome this issue, one
could try another discretization of the pulses, e.g., Gaussian pulses. In this section, it is found that the controls
become easier to implement for larger evolution times T , but the energy convergence suffers as a result.

Instead of step functions, the laser pulses can be implemented as sums of N Gaussians, i.e.,

Zl(t) =

N∑
k=1

ak,l exp

(
− (t− bk,l)2

2ck,l

)
(6.47)

where ak,l ∈ C and bk,l, ck,l ∈ R. This gives new Fréchet derivatives of J w.r.t. to Z, which are calculated in
App. C. The result is given by

JZ :
δJ

δαl,k
=

∫ T

0

(λZl(t)− Tr[Ql(U(t)η(t)† + η(t)U(t)†)])Dαk,l(t)dt (6.48)

where

Dαk,l(t) =


1
ak,l

Yk,l(t) if α = a
t−bk,l
ck,l

Yk,l(t) if α = b
(t−bk,l)2

2c2k,l
Yk,l(t) if α = c

, Yk,l(t) = ak,l exp

(
− (t− bk,l)2

2ck,l

)
(6.49)

Figure 6.10 shows the optimization results for a random 3 qubit Hamiltonian with rotational and entanglement
control and T = 500 ms and V = 0.1 kHz. Here it is seen that the Gaussian pulses are more regular on
this larger timescale and thus likely easier to implement. The energy convergence is, however, much worse
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compared to the step functions. One reason for this might be that the oscillations which often occur in the step
function solutions can not be well approximated by the Gaussians. In future work, other discretizations should
be researched.

Figure 6.10: Simulation results of quantum optimal control algorithm on random 3 qubit Hamiltonian, Rydberg
drift (V = 0.1 kHz) Hamiltonian and rotational and entanglement control and T = 500 ms. a) Iteration vs.
energy error w.r.t. ground state energy together with chemical accuracy. b) Finalized pulses for normal step
function controls and c) gaussian controls.

6.10 Optimal Control vs. VQE

When comparing the VQE algorithm to the QOC algorithm, there are several factors to compare. First, the
drive and control Hamiltonians in QOC should be linked to the ansatz of VQE. Both VQE and QOC are consid-
ered for a gr-qubit Rydberg system with a passive interaction given by the Van der Waals Rydberg interaction
Hamiltonian Hd as in Eq. (5.16). For QOC only rotational control is considered (L = m) as in Eq. (5.21). The
hardware efficient ansatz is considered in VQE with alternating layers of single qubit rotations and m-qubit
entanglement gates Uent as in Eq. (3.7). The assumption τV � τR is made so that the hardware efficient ansatz
can physically be realized by taking Uent = exp(−iHdτV ). For VQE, ZXZ rotations are considered on the
individual qubits which are analogous to the rotational control for QOC. A typical Rabi frequency for a Sr-88
system is 1 kHz [68]. This gives a gate time τg ≈ τR = 1 ms. Adhering to the condition τV � τg can always
realistically be done by varying R in V = C6/R

6 = 0.1 kHz. For the VQE algorithm then TV QE = d(τg + τV )
with d the depth of the hardware efficient ansatz.

A good quantity used to compare two quantum optimization algorithms is the strain put on the quantum
computer in the total algorithm, e.g. the number of quantum evaluations that needs to be performed. This
holds especially true in the NISQ era, where the availability of quantum computer power is limited. Based on
Eqs. (3.8) and (6.39)

#QEQOC
#QEV QE

= K · L ·N, (6.50)

where K is the number of decomposition terms in the control factors and for our cases K = 2. L is the number
of controls scaling linearly with m (in our cases, rotational control, L = m). Finally, N = T/τ , the number of
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considered time steps in QOC, which throughout this section is fixed to 100.

Figure 6.11: Layouts used to compare VQE and QOC in the ground state energy finding problem. VQE is done
on a hardware efficient ansatz with d-layers of alternating ZXZ-gates, taking time τg, and passive interaction
via the drift Hamiltonian, taking time τV . QOC is done with stepwise functions consisting of N steps and
L = m rotational controls (giving K = 2). Based on the Sr-88 system Ω = 1 kHz, leading to τg ≈ 1 ms.
τV � τg then leads to τV = 10 ms which in turn gives V = 0.1 kHz and TV QE = TQOC = 11d ms.

Again LiH, but also H4 Hamiltonians are analyzed as described in Sec. 4. Figs. 6.12 and 6.13 show VQE vs.
QOC results for LiH with d = 2 and H4 with d = 5 to get TV QE = 22 ms and TV QE = 55 ms. These are also
taken as values of TQOC . In all cases, the HF-state is taken as an initial state. At high interatomic distances
VQE slightly outperforms QOC but from Fig. 6.12d QOC can be seen to not yet have reached full convergence.
In both Fig. 6.12 and Fig. 6.13 it is seen that for low interatomic distances (Fig. 6.12b and Fig. 6.13b) QOC
converges much faster while for high interatomic distances (Fig. 6.12d and Fig. 6.13d) VQE converges much
faster. In the in between regime, there are cases (Fig. 6.12c and Fig. 6.13c) where the convergence per quantum
evaluation is incredibly similar for VQE and QOC.
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Figure 6.12: Comparison of VQE vs. QOC in terms of quantum evaluations vs. energy error for LiH Hamilto-
nians. dV QE = 2 ⇒ TV QE = TQOC = 22ms. a) Plot of final energy errors for different atomic distances after
3.2 · 104 quantum evaluations. b-d) Energy error vs. quantum evaluations for selected interatomic distances.
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Figure 6.13: Comparison of VQE vs. QOC in terms of quantum evaluations vs. energy error for H4 Hamilto-
nians. dV QE = 5 ⇒ TV QE = TQOC = 55ms. a) Plot of final energy errors for different atomic distances after
4.8 · 104 quantum evaluations. b-d) Energy error vs. quantum evaluations for selected interatomic distances.

To analyze the influence of TV QE and TQOC the LiH simulations are redone for d = 9 giving TV QE = TQOC = 99
ms. At such high T and d there are many parameters to be optimized. Figure 6.14 shows that VQE is much
less consistent in this case then QOC, being only able to find low-lying states in certain cases. This is likely
due to over-parametrization. On the other hand, QOC (being a full gradient-based algorithm) still performs
consistently well. From these results the same conclusion as for small T still hold true where in case both
algorithms find low-lying states QOC performs better for low interatomic distances (Fig. 6.14b), VQE for high
interatomic distances (Fig. 6.14d), and in between there are cases where convergence is very similar (Fig. 6.14c).
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Figure 6.14: Comparison of VQE vs. QOC in terms of quantum evaluations vs. energy error for LiH Hamilto-
nian. dV QE = 9 ⇒ TV QE = TQOC = 100ms. a) Plot of final energy errors for different atomic distances after
3.2 · 104 quantum evaluations. b-d) Energy error vs. quantum evaluations for selected interatomic distances.

A last interesting case is when d = 1 giving TV QE = TQOC = 11 ms for H4. This is a case with a highly
entangled ground state and a small evolution time. This means that there is not a lot of time to generate
entanglement. Figure 6.15 shows the results for this case. Here the initial state is taken as the vacuum state. In
Fig. 6.15a one can see that QOC performs better in most cases than VQE. From Fig. 6.15b it can be seen that
VQE indeed gets stuck in a local minimum, likely because the Hilbert space it can explore is not big enough,
whereas QOC does much better at approximating the ground state energy. In this case we only illustrate the
convergence at one bond length, as this is representative of the behavior over all bond lengths analyzed.

Figure 6.15: Comparison of VQE vs. QOC in terms of quantum evaluations vs. energy error for H4 Hamiltonian.
dV QE = 1⇒ TV QE = TQOC = 11ms. a) Plot of final energy errors for different atomic distances after 4.8 · 104

quantum evaluations. b) Energy error vs. quantum evaluations for interatomic distance of 0.63Å.
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In sum, we can conclude that the VQE algorithm and QOC algorithm perform quite similar, and in some
cases incredibly similar, for medium depths. However, for small/large depths (short/long T ) QOC is able to
perform better than VQE. For small depths, the reason for this has to do with more accessibility of the Hilbert
space and thus with the QSL. For large depths, the reason for QOC performing better likely is a result of
over-parametrization, where a full gradient based algorithm is able to navigate the parameter space better.
Furthermore, QOC is seen to perform better at small interatomic distance where there is more interaction,
whereas VQE performs better at high interatomic distances where this is less interaction. The reason for this
should be explored in future work.

6.11 Barren Plateaus

The barren plateau is a substantial obstacle for VQE type algorithms to overcome. This section gives an analysis
of the barren plateau issue in the optimal control setting. A paper by Arenz and Rabitz [94] briefly discusses
barren plateaus in QOC. However, the argumentation is swift in some parts, and it only discusses a setting with
limited control. This section analyzes the barren plateau for QOC more thoroughly and demonstrates their
existence numerically. Mathematical proof of their existence is given in App. G.

The object of interest for barren plateaus in QOC is the gradient of the energy functional J w.r.t. a pulse
parameter Zl at a time t. This has been determined in Sec. 6.3 to be equal to

δJ

δZl(t)
= Re(Tr[(η(t)U(t)† + U(t)η(t)†)Q†l ]). (6.51)

Averaging over the parameter space Xad (with some measure ν(Z) on the parameter space, e.g., uniform) then
gives〈

δJ

δlZ(t)

〉
:=

∫
Xad

Re(Tr[(ηZ(t)UZ(t)†+UZ(t)ηZ(t)†)Q†l ])dν(Z) =

∫
SU(d)

Re(Tr[(η(t)U(t)†+U(t)η(t)†)Q†l ]), dµ(U)

(6.52)
where d = 2m and in the first equality UZ and ηZ are the solution of the Schrödinger equation for controls
Z. In the second equality the notation as in [56] is adopted and µ(U) is interpreted as the pushforward of the
parameter distribution ν(Z) under the solution operator for the Schrödinger equation in Eq. 2.18. This is thus
a measure over the space Y = W 1,2([0, T ];C2m×2m).

The assumption is made that for every t ∈ [0, T ] either U(t) or Y (t) := Ũ(T − t, t) (as in Eq. 2.26) is a 1 design.
This is reasonable as long as T is large, there are enough pulse parameters, and the control Hamiltonian is diverse
enough to approximately implement any U(T ) ∈ U(d). For argumentation see Appendix F. Independence of
the measures on U(t) and Y (t) is also assumed based on the fact that U(t) depends on {Z(s)|s ∈ [0, t]} while
Y (t) depends on {Z(s)|s ∈ (t, T ]}. From these assumptions it follows that〈

δJ

δlZ(t)

〉
= 0,

P
[∣∣∣∣ δJ

δZl(t)

∣∣∣∣ > 2−m/3
]
≤ 2 exp

(
−2m/3

144π2(‖Ql +Q†l ‖2Emax)2

)
,

(6.53)

of which the full derivation can be found in Appendix G. If Hmol can be decomposed in a polynomial number
of Pauli terms, the maximal eigenvalue Emax = O(poly(m)) � O(2m). Thus, the probability of finding large
gradients decreases doubly exponentially in the number of qubits.

To illustrate the barren plateau phenomena, QOC is run for the Hamiltonian Hmol = Z1Z2, thus applying Z
gates on the first two qubits and the identity on the rest. This is also the illustration case considered in the
original barren plateau paper, Ref. [56]. The evolution Hamiltonian consist of a Rydberg Hamiltonian drift with
V = 0.1 kHz as in Eq. (5.6) and rotational control as in Eq. (5.21), thus getting L = m control pulses. In all
cases T = 100 ms. N = T/τ for the number of steps in the step function pulses and each pulse is initialized by
uniformly random assigning a value between [−1, 1] to each of the N × L steps (as to indeed get independence
of measures for U(t) and Y (t)). As N is increased, the number of concatenated unitaries to get the final U(T )
is increased, and thus the 1-design assumption becomes increasingly more valid, see Appendix F. Figure 6.16
shows the average and variance of δJ/δZl(t) for l = 2 and t = T/2, where the results are averaged over 102

randomly initialized pulses. The averages of the derivative stay around 0 and as expected deviate less from 0
as the number of qubits m increases. The variances seem to converge to a fixed value with increasing N , and
the value of this variance can be seen to decrease about exponentially with the number of qubits m.
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Figure 6.16: Barren plateau indication for QOC with Hmol = Z1Z2, T = 100 ms, Rydberg drift and rotational
control. Average (a) and variance (b) of δJ

δZl(t)
for l = 2 and t = T/2, averaged over 102 uniformly random

initialized step pulses with N steps and 20 (right) values for T = 100 and H = Z1Z2.

From the above analysis, it is seen that the occurrence of barren plateaus is related to the cost function. Re-
search by Cerezo et al. has shown that by adapting the cost functions while keeping the same global minimum,
the variance can sometimes be reduced to only decrease polynomially in m [95]. This analysis also shows that
as the number of qubits increases and with random initial pulses, it is exponentially more likely to end up on a
barren plateau. A good enough initial guess for a pulse or a good initial state |ψ0〉 could be used to avoid the
barren plateau altogether.

6.12 Minimizing Movement

6.12.1 Minimizing movement formalism

Gradients flows have been a widely researched topic of mathematics in the last years [28, 96]. The theory deals
with optimal flows in spaces which do not possess a natural linear or differentiable structure.

Let (S, d) be a metric space and f : S → R a functional to be minimized. One way to do so would be to find a
steepest descent curve u : [a, b]→ S for f , i.e., a solution of the Cauchy equation

u′(t) = −∇f(u(t)), t > 0. (6.54)

In order to solve for a discretization Uτ of the solution u the implicit Euler scheme [97] can be used with initial
datum U0

τ ≈ u0 as
Unτ − Un−1

τ

τn
= −∇f (Unτ ) n = 1, . . . (6.55)

In a real Hilbert space this can be rewritten as

Unτ − Un−1
τ

τn
= −∇f (Unτ )⇒ ∇f (Unτ ) +

Unτ − Un−1
τ

τn
= 0⇒ Unτ ∈ argmin f (U) +

1

2τ
‖U − Un−1

τ ‖2, (6.56)

resulting in the scheme

Unτ ∈ argmin

{
f(v) +

1

2τ
d2
(
v, Un−1

τ

)
: v ∈ S

}
. (6.57)

However, when not in a real Hilbert space it is not immediately apparent how to interpret the gradient ∇ as
in Eq. (6.54). This is for instance the case in the Quantum Natural Gradient setting, see App. I, using the
Fubini-Study metric [98]. In this case one can not immediately apply the implicit Euler scheme as in Eq. (6.55).
However, the scheme as in Eq. (6.56) can be applied in any metric space (S, d). This scheme is called the
minimizing movement scheme for gradient flows [28].
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6.12.2 Minimizing movement for VQE

The VQE case tries to find the minimal eigenvalue of Hmol and related to the Bloch sphere geometry the
Fubini-Study metric is considered. The minimizing movement requires finding the minimal argument to

Jφ(ψ) := min
ψ
f(ψ) +

1

2τ
d2(ψ, φ), (6.58)

where now
f(ψ) := 〈ψ|Hmol|ψ〉, d(ψ, φ) := arccos(|〈ψ|φ〉|). (6.59)

The derivative w.r.t. the tangent space of states needs to be calculated by slightly perturbing the state |ψ〉. To
do so a unitary perturbation close to the identity I is introduced as eiεHc,Z where ε > 0 is small and Hc,Z is the
standard control operator given by

Hc,Z =

L∑
l=1

QlZl +Q†lZl. (6.60)

For the minimizing movement case the drift Hamiltonian is left out for ease of calculation. At each minimizing
step the derivative needs to be calculated

∂ψJφ(ψ)[Z] = lim
ε↓0

1

ε
{f(eiεHc,Zψ)− f(ψ) +

1

2τ
d2(eiεHc,Zψ, φ)− 1

2τ
d2(ψ, φ)} = 0. (6.61)

Appendix H shows the full derivation of this derivative, the result is given by

∂ψJφ(ψ) = 2i〈ψ|[Q†l , Hmol −
α(ψ)

2τ
Pφ]|ψ〉, (6.62)

where the geometric factor α is defined as

α(ψ) := − arccos(|〈ψ|φ〉|)√
1− |〈ψ|φ〉|2|〈ψ|φ〉|

. (6.63)

The goal is to solve for |ψ〉 such that ∂ψJφ(ψ) = 0. Consider the ansatz |ψ〉 = eiηHZ |φ〉 and expand α(ψ) to get

α(eiηHZφ) = −1− 2

3
η2〈φ|HZ |φ〉2 +O(η4). (6.64)

Since α = −1 + O(η)2 it is fixed as a constant. Appendix H shows that the condition ∂ψJφ(ψ) = 0 can be
written as a L× L matrix equation

AZ +BZ̄ = C, (6.65)

where

Akl = iη〈φ|[Qk, [Q†l , Hmol −
α

2τ
Pφ]]|φ〉, Bkl = iη〈φ|[Q†k, [Q

†
l , Hmol −

α

2τ
Pφ]]|φ〉, Cl = 〈φ|[Q†l , Hmol]|φ〉.

(6.66)
No efficient way of solving these types of equations has been found by us. Figure 6.17 shows results for Newton-
Raphson solving the equations for a 3 qubit problem with individual rotational control and Hmol a random
hermitian matrix. There is monotone decreasing in energy as expected, however not full convergence to the
ground state energy. The pulses start and eventually go to zero with time, which would be favorable for imple-
mentation as it naturally includes ramping the lasers up and down.
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Figure 6.17: Solving the minimizing movement problem for random 3 qubit Hamiltonian with rotational control
using Newton-Raphson. a) Energy error vs. iteration number, b) final pulses of rotational control.

One can see in Eq. (6.66) that A = B as long as Q†l = Ql, i.e. Hermitian controls. In that case

A(Z + Z) = C, (6.67)

which is a real-valued matrix equation. The control Hamiltonian will also have QlZl + Q†lZl = Ql(Zl + ZL)
so that only this real part of Z needs to be solved for. Figure 6.18 shows the result for the same optimization
problem as in Fig. 6.17 but now with Hermitian controls. The final energy levels reached are much higher than
in the non-Hermitian case, and also the pulses reach much lower coupling strengths. The reason for this is likely
that optimizing over C gives a bigger parameter space than optimizing over R, thus bigger optimal steps can
be taken. The shapes of the pulses are however comparable in the Hermitian and non-Hermitian cases.

Figure 6.18: Solving the minimizing movement problem for random 3 qubit Hamiltonian with Hermitian rota-
tional control. a) Energy error vs. iteration number, b) final pulses of rotational control.

One of the reasons the algorithm might not reach the ground state is that there is not enough controllability so
that the ground state can not be reached even with infinite time, see Sec. 2.4. In order to see if this is the case,
the same optimization algorithm is repeated but with more controls. Both detuning controls (Ql = |1〉〈1|j), as in
Eq. 5.22, and entanglement controls (Ql = |11〉〈11|ij) between qubits 1 and 2 and qubits 2 and 3, as in Eq. 5.23,
are added. Figure 6.19 shows the results of these optimizations. Adding controls to the Hamiltonian seems
to result in lower energy levels, as expected. Adding entanglement operators greatly increases the convergence
speed but does not necessarily lead to lower energies, as the rot + det energy (green) is almost equal to the rot
+ ent energy (black).

In none of the cases, the global minimum is reached or even closely approached. It is thus likely that the
minimizing movement scheme as implemented is not a suitable method for finding the global minimum. A
reason for this could be that it finds local minima quickly as it builds the pulses per time step instead of over
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the entire interval [0, T ] as in QOC. It is thus not able to alter the pulses in previous steps, and therefore is less
able to maneuver into different states at every iteration. For instance, the algorithm is not able to rotate into a
particular state and then apply an entanglement operation because all steps of the pulses at a particular time
step are optimized at the same moment in the algorithm and are thereafter fixed.

This does not mean that the minimizing movement scheme is completely useless. As seen in Fig. 6.19 the
algorithm can find low-lying states fast as long as the control Hamiltonian has enough terms. This algorithm
can thus be used to generate a better initial state for QOC or VQE with very few quantum evaluations. Fur-
thermore, the algorithm is in principle monotonously decreasing the energy, so it could also be used to further
improve the final state of a QOC or VQE type algorithm. The effect of both of these implementations should
be the topic of further research.

Figure 6.19: Solving the minimizing movement problem for 3 qubit with varying Hermitian controls. a) Energy
error vs iteration number for different control forms, b) final pulses of for the rotational, detuning and entangling
control (red line in a)). Plotted only until T = 150 ms since pulses level off to 0 at high t.
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7 Discussion & Further Research

This thesis discusses the pulse based quantum optimal control algorithm for finding the ground state energy of
molecular Hamiltonians. QOC is studied in the Rydberg qubit setting, where the drift and control Hamiltonians
are modelled after respectively Rydberg interactions and atom-light interactions. In principle full control over
the Z pulse parameters discussed is possible (if there is no control over the phase take Q†l = Ql), however, there
are some complications which might cause issues with implementing certain pulses. The first part of this section
discusses the implementation of our QOC algorithm.

One issue in the scheme is the laser optical tweezers stability of the energy states used for computation. For
both the Rubidium and the Strontium system, the Rydberg state is anti-trapped, which means that the laser
trap actively expels the atoms in this state [99]. Therefore, the atom can not be excited to this state for too
long. In current experiments, when an atom is excited to the Rydberg states, the trapping lasers are switched
off, the system evolves for a short time in the Rydberg state after which the atom is deexcited and the traps
are switched on again [100]. After this there is a certain dead time in which the atom can not be excited into
the Rydberg state again. Certain systems might also trap the Rydberg state with the same trapping potential
[101] but for the Eindhoven KAT-1 Strontium system this needs to be looked into in the case of QOC. One
way of addressing this problem might be to add an extra functional term which punishes pulses which excite
the atoms into the Rydberg state too long. Another is to use dressed states, see Sec. 5.3 for interaction, which
should at least be partially trapped in the tweezers. Whether dressed states are longer lived or fully trapped in
the tweezers is an open question for us.

Another implementation issue is the precision required in the pulses. App. A proves that for the Schrödinger
equation there is Lipschitz continuity w.r.t. to the initial data. This means that a small change in the pulse
should not change the final unitaries by a lot, and thus also not the final energies. The Lipschitz continuity
gives an upper bound on how much this change is, but likely this bound is not tight and will often be too high.
Therefore, research should be done on what kind of noise signals could disturb the pulse and how these change
the outcomes. This process also plays a role in readout. State readout of the qubit takes a finite amount of
time, and thus in this time the qubits can evolve under the drift Hamiltonian or under noise which was not
taken into account. The influence this has on the energy of the final state is to be determined in future research.

Instead of trying to reduce noise or see its effect on the final pulses, it could also be modelled directly into
the evolution equation. Several studies have shown that limited noise is in principle not a problem for VQAs
[102, 103]. Certain non-quantum optimization algorithms even introduce a noise term to address more parts
of the state space and to avoid local minima [104], here a modelled quantum noise could perhaps even be of
use. The Schrödinger equation is only valid in closed systems, however noise stems from the environment and
thus the Schrödinger equation is no longer valid. Instead, one has to look at the Schrödinger evolution of the
density matrix ρqubits × ρenv and then trace out the environment. The evolution of ρqubits is then given by the
Lindblad master equation as

∂tρqubits = −i[H, ρqubits(t)] +

N2−1∑
i=1

γi

(
Liρqubits(t)L

†
i −

1

2

{
L†iLi, ρqubits(t)

})
. (7.1)

Here γi are rates and Li are Lindblad operators. The operators Li should be modelled after realistic noise
terms such as decoherence, laser noise, etc. The rates can then be determined experimentally. Unfortunately,
the Lindblad equation is not unitary conserving, so the density matrix will not represent a pure state anymore
but a mixed state. The ground states considered for quantum chemistry problems are always pure states, thus
further research is necessary to see how to deal with this issue.

Another issue that needs to be addressed in actual implementation is the repeatability of quantum evolutions.
The necessary quantities to be determined from the quantum simulation are expectation values and require
O(ε−2) evaluations to reach an error of ≈ ε, see Sec. 3.2. It is thus important that for each of these measurements
the quantum evolution is consistent. Part of this repeatability is determined by the accuracy and precision
with which the pulses and readout can be implemented, as already discussed. Another important part is the
uncontrolled evolution stemming from the drift Hamiltonian and thus the qubit interaction facilitated by the
distance dependent Rydberg interactions. In the laser optical traps the atoms oscillate perpendicular and
parallel to the laser direction with oscillation frequencies and amplitudes ω⊥, A⊥ and ω‖, A‖, respectively, with
relationship

ω‖ =

√
2U0

A‖
√
m
, ω⊥ =

2
√
U0

A⊥
√
m
⇒ ω‖ =

A⊥

A‖
√

2
ω⊥, (7.2)
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where U0 is the trap depth and m is the atom mass. For the Eindhoven KAT-1 system some estimations are
given as U0 = 9.4MHz, ω‖ = 30 kHz, A‖ = 7µm, ω⊥ = 300 kHz, A⊥ = 0.8µm. Considering an interaction
strength between neighbors of V = 0.1 kHz at R = 10µm, the atom oscillates in the perpendicular direction
(which lies in the plane of the atom grid) much faster than the interaction strength and thus will likely average
out over a qubit evolution. The parallel direction however has a lesser oscillation frequency, and thus interac-
tions might change between repeated experiments. Further research is necessary to characterize the influence
of these interaction changes on energy outcomes between repetitions. One thing that could be of use here is the
plateau in the dressed Rydberg interactions, as in Fig. 5.3b, where the interaction energy only varies slightly
with the interatomic distance R.

A last implementation issue is related to the Schuld algorithm, which requires CNOT gates to be implemented
between some ancilla qubit and all qubits controlled by Ql for every l. Either Ql controls a single qubit or
several qubits which are close enough together to interact. In any case an ancilla qubit can be reserved close to
these qubits (can be the same ancilla for several values of l) such that this CNOT gate can be implemented. A
Rydberg system also allows for a CNOT gate to be created via the blockade effect. The consequences for the
geometry of the qubits and the actual implementation of these CNOT gates is a topic of further research.

Besides implementation, there are several points of further research we consider. For instance, in Sec. 5.7 the
possibility of implementing qubits and qutrits in the Eindhoven KAT-1 Strontium system is described. These
can be used for qubit mapping as shown before but also to solve problems that require 3 or more quantum
states such as quark color or certain combinatorics problems [105]. An interesting direction for research would
be to see exactly what problems classify to be solved in this system and what the necessary entanglement and
single qubit control requirements are.

Optimal control has been previously applied to quantum computing for determining optimal pulses for im-
plementations of quantum gates. To the best of our knowledge this has not yet been done for a system of
interacting Rydberg atoms, and it might thus be interesting to directly apply QOC in our setting for this pur-
pose. Because of the long-range Rydberg interaction, it might be possible to create multiqubit gates or create
maximally entangled states with straightforward pulse profiles. These gates might be relatively hard to create
in other qubit systems where only nearest neighbor interactions are present.

Our novel quantum optimal control algorithm can eventually be integrated in existing quantum optimization
platforms such as Q-CTRL [106]. Using these platforms would offer optimized coding and adjustements for spe-
cific qubit systems. Furthermore, a collaboration like this could result in new insights for improvements of QOC.

This thesis has briefly discussed the pulse based minimizing movement scheme in Sec. 6.12. However, more re-
search is necessary to see how useful this scheme can really be (especially in combination with VQE and QOC).
This scheme still uses gradient information and might thus be susceptible to the barren plateau phenomenon
as discussed in Secs. 3.5 and 6.11. One way to avoid these barren plateaus could be to use algorithms which do
not utilize gradient information. One such option is the consensus based algorithm [107], which is based on the
Laplace principle [108]. In this algorithm, several agents traverse the parameter space and interact with each
other via an average agent, which attracts all other agents. Some initial research on applying this algorithm
to ground state energy finding on a quantum computer has been done by us. Theoretically, it has been shown
that the algorithm is implementable and efficient on a quantum computer. Because this research is still in early
stages it was decided not to include it for this thesis, but further work will definitely be carried out as it is
interesting for avoiding barren plateaus.

In recent months the area of barren plateaus have gotten quite some attention, especially in manners to avoid
them. As mentioned in Sec. 6.11 Cerezo et al. have proven that by adapting the cost functions, while keeping
the same global minimum, barren plateaus can be avoided at low depth circuits [95]. Other research by the same
group has shown that for pooling machine learning type quantum circuits, the barren plateaus are absent no
matter the depth of the circuit [109]. Further research could indicate whether these techniques can be adapted
to ground state energy finding such that barren plateaus are also avoided here.
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8 Conclusion

This thesis focused on developing the pulse based quantum optimal control (QOC) algorithm for quantum chem-
istry applications. The first sections discuss some preliminary theory on quantum computing and illustrate the
basis of the variational quantum eigensolver (VQE). An important concept here is the controllability of the sys-
tem, determining what part of the Hilbert space can be explored by the algorithms given infinite time/depth.
Another important concept is the quantum speed limit (QSL), which determines the subset of the controllable
states that can be reached in a finite time T . In all variational algorithms, the space of reachable states should
be as small as possible while still containing the target state. Due to the non-negligible decoherence processes
of the qubits in the NISQ-era the evolution time T of quantum simulations should also be kept at a minimum.

In VQE, the ansatz (or quantum circuit design) as a sequence of parameterized quantum gates determines and
limits the reachable states. It also fixes the evolution time T . In principle, this sequence of gates can be inter-
preted as a large laser pulse interacting with the qubits. In this thesis, we have developed the novel pulse based
QOC as a method aimed to optimize this large laser pulse instead of the parameters of quantum gates. QOC
assumes evolution via an inherent drift Hamiltonian Hd and a controllable Hamiltonian Hc,Z(t). This control
Hamiltonian is dependent on the laser pulses Z ∈ L2([0, T ],CL), where L ∈ N. The arguments and moduli of
Z are initially modelled to respectively determine the coupling strengths Ω and the phases ϕ of the lasers, but
can also represent other laser or system parameters. This method has the advantages that the evolution time T
can be a parameter, the controllability of the system is bigger and more physically intuitive than with a VQE
ansatz, and the pulses can be implemented in a simpler way.

The drift and control Hamiltonians used for the simulations in this thesis (as well as the VQE ansatzes) are di-
rectly based on a system of interacting Rydberg qubits (Strontium or Rubidium) as to be build for the Eindhoven
KAT-1 project. The qubits in this system can be individually controlled, as well as their interactions. This sys-
tem has shown several advantages over other qubit systems, in particular small decoherence and easy scalability.

Sec. 6 describes the novel QOC method and algorithm using the optimal control formalism. Well-posedness
of the Schrödinger evolution equation with the input and output spaces considered for our system was shown,
and the existence of global minimizers over the considered pulses has been proven. This then shows that our
QOC problem is well-formulated and mathematically sound. This section also shows a proof of concept for the
QOC method as it can reach convergence to the ground state energy for small molecules, still manageable on
classical simulators. Sec. 6.7 analyzes the parameter dependence of QOC. If the evolution time T is too small,
no convergence to the ground state energy is seen as the ground state can not be reached in time, in line with the
QSL. On the other hand, if the time T becomes increasingly larger, slower convergence is seen due to the space
of reachable states becoming larger. The initial state |ψ0〉 chosen in the algorithm is also of major importance.
For a vacuum initial state, the algorithm is not consistent in reaching the ground state energy, where sometimes
it gives errors below chemical accuracy (10−3 Hartree) while sometimes it remains at 10−1 Hartree error. If
a Hartree-Fock initial state is chosen, the QOC algorithm performs consistently well. A last important factor
is the shape of the control Hamiltonian. Dependent on the problem Hamiltonian Hmol considered, a certain
richness in the control Hamiltonian is required to faithfully reach the ground state. If the control Hamiltonian
contains too many terms Ql, the convergence to the ground state slows down.

To compare VQE and QOC is not trivial, as both algorithms use entirely different methods of optimizing.
The QOC method determines the gradient of the energy with respect to every value in the pulse Z while the
VQE method determines the gradient by varying the parameters and estimating from measurement (more exact
gradient based VQE methods have been proposed but require a larger quantum overhead). As a consequence,
QOC converges much faster per iteration than VQE, but many more quantum evaluations are necessary per
iteration in order to determine these gradients. Because of the current NISQ era where quantum operations are
still much more demanding than classical ones, the algorithms are compared based on the number of quantum
evaluations (expectation values) required in total, each of which requires many quantum measurements. Fig 8.1
shows one of the results from Sec. 6.10 where the VQE and QOC algorithms are compared. In all cases the VQE
and QOC are able to reach very similar estimations for the ground state energy, where often for low interatomic
distances QOC performs better while for larger distances VQE is slightly better (largely due to QOC’s slow
convergence for these problems). Why this behavior happens should be researched in future research, but it
likely has to do with the interactions required between the qubits.
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Figure 8.1: Comparison of VQE vs. QOC in terms of quantum evaluations vs. energy error for LiH Hamiltonian.
dV QE = 2⇒ TV QE = TQOC = 22ms. Final energy errors for different atomic distances after 3.2 · 104 quantum
evaluations. Figure repeated from Fig. 6.12

.

For the hardware efficient ansatz, most commonly used in VQE, McClean et al. [95] have shown the existence of
barren plateaus. This entails that the probability of finding large gradients in the parameter/energy landscape
becomes exponentially small with the number of qubits. This is a large issue for these algorithms, as there would
be no good way of initializing these algorithms without much knowledge of the molecular problem Hamiltonian
at hand. It was demonstrated and proven that in our version of QOC the barren plateau problem unfortunately
persists. However, a few studies on the avoidance of barren plateaus have come out in the last few months
[95, 109] and further research could show that these methods can be adapted for QOC.

In conclusion, we have developed the pulse based quantum optimal control algorithm for ground state energy
finding on a quantum computer. This method has been shown to be comparable with VQE type methods in
terms of quantum overhead and has several advantages in terms of required time on the quantum simulator and
freedom of control. The method has, through simulations, shown proof of concept on an early Rydberg atom
quantum computing system as to be built for the Eindhoven KAT-1 project.
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Glossary

FORT Far-off Resonance Trap.

h.c. hermitian conjugate.
HF Hartree Fock.

KAT-1 Catalysation 1 project.
KKT Karush-Kuhn-Tucker.

LCAO Linear Combination of Atomic Orbitals.
LOT Laser Optical Tweezers.

MOT Magneto Optical Trap.

NISQ Noisy Intermediate Scale Quantum.

QOC Quantum Optimal Control.
QPU Quantum Processing Unit.

Rb Rubidium.

Sr Strontium.
SU Special Unitary group of matrices.

VQA Variational Quantum Algorithm.
VQE Variational Quantum Eigensolver.
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A Well-posedness of Schrödinger equation

This appendix proves the well-posedness of the Schrödinger equation given by

i∂tU(t)− (Hd +Hc,Z(t))U(t) = 0, U(0) = U0, (A.1)

where Z ∈ Xad = {Z ∈ L2([0, T ];CL)| ‖Z‖∞ ≤ Zmax}, supplied with the L2([0, T ];CL) norm. The infinity

norm is defined as ‖Z‖∞ := ess supt∈[0,T ]

∑L
l=1 |Zl(t)|. Furthermore, let U ∈ M := Cb([0, T ],C2m×2m) be the

space of bounded continuous functions, with norm

‖U‖M = sup
t∈[0,T ]

(Tr(U(t)†U(t))e−λt) = sup
t∈[0,T ]

(‖U(t)‖F e−λt). (A.2)

Both Xad and M are Banach spaces. The problem at hand is a homogenous Cauchy problem [110]. Based on
Eq. (5.1) and Eq. (5.17) the control Hamiltonian is taken to be of the form

Hc,Z =

m∑
l=1

(Zl(t)Ql + h.c.) . (A.3)

The goal of this appendix is to prove the following theorem

Theorem A.1 (Well-posedness of Schrödinger equation). For each Z ∈ Xad with L2([0, T ];CL) norm, there
exists a unique mild solution [110] UZ to Eq. (A.2) in M . This solution depends continuously on Z, i.e.
the Schrödinger equation of Eq. (A.2) is well-posed. Furthermore, UZ is unitary a.e. if U0 is unitary, and
consequentially ‖UZ(t)‖F = 1, t ∈ [0, T ]⇒ ‖UZ‖M = 1. Moreover, UZ ∈W 1,2([0, T ];C2m×2m).

A.1 Existence and uniqueness

To show existence and uniqueness, based on the integral formulation of Eq. (A.2), the operator ΓZ : M → M
is defined for each Z ∈ Xad as

(ΓZU)(t) = U(0)− i
∫ t

0

HZ(s)U(s)ds = U(0)− i
∫ t

0

[Hd +Hc,Z(s)]U(s)ds. (A.4)

Let U, V ∈M with U(0) = V (0) = U0 and W = U − V ∈M then

‖ΓZW (t)‖2F = Tr[(ΓZ(U − V ))†(t)ΓZ(U − V )(t)]

= Tr

[(
U(0)− V (0)− i

∫ t

0

HZ(s)(U(s)− V (s))ds

)†(
U(0)− V (0)− i

∫ t

0

HZ(s)(U(s)− V (s))ds

)]

= Tr

[(∫ t

0

HZ(s)W (s)ds

)†(∫ t

0

HZ(s)W (s)ds

)]

=

∥∥∥∥∫ t

0

HZ(s)W (s)ds

∥∥∥∥2

F

≤
(∫ t

0

‖HZ(s)‖F ‖W (s)‖F ds
)2

=

(∫ t

0

‖HZ(s)‖F ‖W (s)‖F e−λseλsds
)2

≤

(
sup
t∈[0,T ]

‖W (s)‖F e−λs
)(∫ t

0

‖HZ(s)‖F eλsds
)

≤‖W‖MCHZ
1

λ
(eλt − 1),

(A.5)

where CHZ = ess supt∈[0,T ] ‖HZ(t)‖F , which exists since Z ∈ L∞([0, T ],R2L). The following inequality follows

‖SZW (t)‖2F e−λt ≤ CHZ
1

λ
(1− e−λt)‖W‖M ≤

CHc,Z
λ
‖W‖M ⇔ ‖SZW‖M ≤

CHZ
λ
‖W‖M . (A.6)

Let λ → ∞ to get a contraction in the M -norm. Since M is complete, the Banach-Fixed point Theorem can
be invoked to find a fixed point UZ of ΓZ so that

UZ(t) = (ΓZUZ)(t) = UZ(0)− i
∫ t

0

[Hd +Hc,Z(s)]UZ(s)ds. (A.7)

This proves both existence and uniqueness of a mild solution UZ .
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The unitariness of UZ is shown by

d

dt
U†Z(t)UZ(t) =

(
d

dt
(UZ(t))

†
)
UZ(t) + U†Z(t)

d

dt
UZ(t)

=

(
d

dt

(
UZ(0)− i

∫ t

0

HZ(s)UZ(s)ds

)†)
UZ(t)− iUZ(t)†

d

dt

(
UZ(0)− i

∫ t

0

HZ(s)UZ(s)ds

)
= iUZ(t)†HZ(t)†UZ(t)− iUZ(t)†HZ(t)†UZ(t) = 0.

(A.8)

Thus, U†Z(t)UZ(t) = U†0U0 = I. The proof for UZ(t)U†Z(t) = I follows analogously. To show that UZ ∈
W 1,2([0, T ];C2m×2m) requires that ‖UZ‖2L + ‖∂tUZ‖2L is bounded. For the first term

‖UZ‖2L =

∫ T

0

‖UZ(t)‖2F dt =

∫ T

0

Tr[U†Z(t)UZ(t)]dt = 2mT. (A.9)

The derivatives ∂tU(t) = −iHZ(t)U(t) can be interpreted as weak derivatives in L2([0, T ],C2m×2m) since HZU ∈
L1
loc by their boundedness [92] in combination with the inequality below. By submultiplicativity of the Frobenius

norm

‖∂tUZ‖2Ω =

∫ T

0

‖∂tUZ(t)‖2F dt =

∫ T

0

‖HZ(t)‖2F ‖UZ(t)‖2F dt

=

∫ T

0

2m‖Hd +Hc,Z(t)‖2F dt ≤ 2m+1

∫ T

0

‖Hd‖2F + ‖Hc,Z(t)‖2F dt

≤ 2m+1T‖Hd‖2F + 2m+1

∫ T

0

‖
L∑
l=1

Zl(t)Ql + Zl(t)Q
†
l ‖

2
F dt

≤ 2m+1T‖Hd‖2F + 2m+3 max
k=1,...,L

‖Qk‖2F
∫ T

0

L∑
l=1

|Zl(t)|2dt ≤ 2m+1T‖Hd‖2F + 2m+3 max
k=1,...,L

‖Qk‖2F ‖Z‖2L2([0,T ],CL).

(A.10)
In total

‖UZ‖2W 1,2([0,T ];C2m×2m ) = ‖UZ‖2Ω + ‖∂tUZ‖2Ω

≤ 2m
(
T + 2T‖Hd‖2F + 8 max

k=1,...,L
‖Qk‖2F ‖Z‖2L2([0,T ],CL)

)
.

(A.11)

In conclusion, for every Z ∈ Xad a unique operator UZ ∈ Y = W 1,2([0, T ];C2m×2m) exists as the solution of
U = ΓZU . A bounded solution operator S : Xad → Y can be defined as S(Z) = U s.t. U = ΓZU with

‖S(Z)‖Y ≤ 2m
(
T + 2T‖Hd‖2F + 8 max

k=1,...,L
‖Qk‖2F ‖Z‖2L2([0,T ],CL)

)
. (A.12)

A.2 Continuity w.r.t. initial data

Continuity w.r.t. initial data requires

∀ε > 0 ∃δ > 0 : ‖Z −W‖L2([0,T ];CL) < δ ⇒ ‖UZ − UW ‖M < ε. (A.13)

The uniqueness and existence proof showed that for every possible Z ∈ Xad there is a unique mild solution UZ
solving the Schrödinger equation

i∂tUZ(t) = [Hd +Hc,Z(t)]UZ(t), UZ(0) = U0. (A.14)

Writing down the equation for the difference between UZ and UW and integrating this (thus using the mild
solutions) gives

i∂t(UZ(t)− UW (t)) = Hd(UZ(t)− UW (t)) +Hc,Z(t)UZ(t)−Hc,W (t)UW (t), UZ(0)− UW (0) = 0

⇒UZ(t)− UW (t) = −i
∫ t

0

Hd[UZ(τ)− UW (τ)] +Hc,Z(τ)UZ(τ)−Hc,W (τ)UW (τ)dτ

⇒UZ(t)− UW (t) = −i
∫ t

0

[Hd +Hc,Z(τ)][UZ(τ)− UW (τ)]− [Hc,Z(τ)−Hc,W (τ)]UW (τ)dτ.

(A.15)
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Taking the Frobenius norm and using the triangle inequality gives

⇒ ‖UZ(t)− UW (t)‖F =

∫ t

0

‖Hd +Hc,Z(τ)‖F ‖UZ(τ)− UW (τ)‖F + ‖Hc,Z(τ)−Hc,W (τ)‖F ‖UW (τ)‖F dτ

≤
∫ t

0

Hmax‖UZ(τ)− UW (τ)‖F + ‖Hc,Z(τ)−Hc,W (τ)‖F dτ,

(A.16)
where Hmax := sup[0,T ] ‖Hd+Hc,Z(t)‖F exists since Z ∈ Xad, which is bounded. It was used that ‖UW (τ)‖ = 1
for every τ ∈ [0, T ]. Looking at the term

‖Hc,Z(τ)−Hc,W (τ)‖2F =

∥∥∥∥∥
L∑
l=1

(Zl(τ)−Wl(τ))Ql + (Zl(τ)−Wl(τ))Q†l

∥∥∥∥∥
2

F

≤ 4 max
k=1,...,L

‖Qk‖2F
L∑
l=1

|Zl(τ)−Wl(τ)|2 = 4 max
k=1,...,L

‖Qk‖2F ‖Z(τ)−W (τ)‖L2([0,T ];CL).

(A.17)
This implies

‖Hc,Z(τ)−Hc,W (τ)‖F ≤ 2 max
k=1,...,L

‖Qk‖F ‖Z(τ)−W (τ)‖L2([0,T ];CL). (A.18)

Thus, using this result in Eq. (A.16)

‖UZ(t)− UW (t)‖F ≤
∫ t

0

Hmax‖UZ(τ)− UW (τ)‖F + 2 max
k=1,...,L

‖Qk‖F ‖Z(τ)−W (τ)‖L2([0,T ];CL)dτ

= 2 max
k=1,...,L

‖Qk‖F ‖Z −W‖L2([0,t],CL) +

∫ t

0

Hmax‖UZ(τ)− UW (τ)‖F dτ.
(A.19)

Grönwalls Lemma [111] now implies

‖UZ(t)−UW (t)‖F ≤ 2 max
k=1,...,L

‖Qk‖F ‖Z−W‖L2([0,t],CL)e
∫ t
0
Hmaxds ≤ 2 max

k=1,...,L
‖Qk‖F eHmaxT ‖Z−W‖L2([0,T ],CL).

(A.20)
Since the RHS is independent of t

‖UZ − UW ‖M ≤ sup
t∈[0,T ]

‖UZ(t)− UW (t)‖F ≤ 2 max
k=1,...,L

‖Qk‖F eHmaxT ‖Z −W‖L2([0,T ],CL), (A.21)

from which even stronger Lipschitz continuity follows. This together with the existence and uniqueness of
Sec. A.1 proves well-posedness of the Schrödinger equation considered.

B Conditions for minimizer existence

B.1 Conditions (A1) and (A6)

Let X = L2([0, T ],CL). Condition (A1) requires that Xad is weakly closed in X. The infinity norm is defined
as

‖Z‖L∞([0,T ];CL) = ess sup
t∈[0,T ]

L∑
l=1

|Zl(t)|. (B.1)

L∞([0, T ];CL) ⊂ L2([0, T ];CL) since

‖Z‖L2([0,T ];CL) =

∫ T

0

L∑
l=1

|Zl(t)|2dt <=

∫ T

0

(
L∑
l=1

|Zl(t)|

)(
L∑
l′=1

|Zl′(t)|

)
dt ≤ T‖Z‖2L∞([0,T ];CL). (B.2)

The admissible control space Xad can not simply be defined as L∞([0, T ],CL). To see why, take L = 1 and

fk(t) = 1[1/k, T ]/
√
t
X
⇀ 1/

√
t 6∈ Xad. It is however possible to take Zmax > 0 and choose Xad = {Z ∈

L2([0, T ];CL)| ‖Z‖∞ ≤ Zmax}. Condition (A6) is then immediately satisfied because of Eq. (B.2). Moreover,
Xad is closed under weak convergence in the L2 norm, as shown below.
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Let Zn
X
⇀ Z and assume

∑L
l=1 |Zl(t)| > Q on some set B ⊂ [0, T ] with L(B) > 0. Then, it holds that

ZmaxL(B) <

∫ T

0

L∑
l=1

|Zl(t)|1(B) =

∫ T

0

L∑
l=1

Zl(t)
Zl(t)

|Zl(t)|
1(B)dt =

〈
Z,

Z

|Z|
1(B)

〉
L2([0,T ],CL)

= lim
n→∞

〈
Zn,

Z

|Z|
1(B)

〉
L2([0,T ],CL)

= lim
n→∞

∫ T

0

L∑
l=1

Zn,l(t)
Zl(t)

|Zl(t)|
1(B)dt

≤ lim
n→∞

∫ T

0

L∑
l=1

|Zn,l(t)|1(B)dt ≤ ZmaxL(B),

(B.3)

which is a contradiction. So Xad is closed under weak convergence in L2, which is condition (A1).

B.2 Condition (A4) Weakly continuous Schrödinger equation

This section proves the following result

Lemma B.1 (Weak continuity of Schrödinger equation). Let e : Y × Xad → Z as in Eq. (6.20). Then e is
weakly closed, i.e.

(Zn, Un)
Y×Xad⇀ (Z,U)⇒ e(Zn, Un)

Ω
⇀ e(Z,U) (B.4)

This result is proven by proving that weak convergence of Zn
Xad⇀ Z implies weak convergence of HZn

Ω
⇀ HZ .

Then it is shown that weak convergence of Uk
Y
⇀ U in Y will imply strong convergence Uk

Ω→ U in Ω. These

facts together will imply that e(Zn, Un)
Ω
⇀ e(Z,U).

As explained in Sec. 5.6 the pulses are modelled as complex functions Z ∈ L∞([0, T ],CL) instead of functions
(ω, ν) ∈ L∞([0, T ],R2L) (ω denotes the coupling strength as not to confuse with the space Ω = L2([0, T ];C2m×2m)).
The reason for this stems from the existence of solutions. Satisfying condition (A4) requires that weak conver-

gence of (ωk, νk)
L2([0,T ],R2L)

⇀ (ω, ν) implies weak convergence of H(ωk,νk)
Ω
⇀ H(ω,ν). To show that this can not

hold, let A be any test function in Ω∗ ∼= L2([0, T ],C2m×2m)

〈H(ωk,νk), A〉Ω = Re

(∫ T

0

Tr[H†k(t)A(t)]dt

)

=Re

∫ T

0

Tr

(Hd +

L∑
l=1

ωl,k(t)

2
e−iνl,k(t)Ql + h.c.

)†
A(t)

 dt


=Re

(∫ T

0

Tr[H†dA(t)]dt+

∫ T

0

L∑
l=1

ωl,k(t)

2
e−iνl,k(t) Tr

[
Q†lA(t)

]
dt+

L∑
l=1

ωl,k(t)

2
eiνl,k(t) Tr

[
Q†lA(t)

]
dt

)
.

(B.5)
The problem here is that both the convergence of ωj,k and of νj,k is weak, so their product ωj,ke

−iνj,k does not
necessarily converge weakly.

If instead one function Z ∈ L2([0, T ],CL) is considered in which argZl(t) takes the role of νl(t) and the |Zl(t)|
takes the role of ωl(t), the proof does work. Assume Zk

X
⇀ Z, then

〈HZk , A〉Ω =

∫ T

0

Tr[H†k(t)A(t)]dt =

∫ T

0

Tr

(Hd +

L∑
l=1

Zl,k(t)Ql + h.c.

)†
A(t)

 dt
=

∫ T

0

Tr[H†dA(t)]dt+

∫ T

0

L∑
l=1

Zl,k(t) Tr
[
Q†lA(t)

]
dt+

L∑
l=1

Z̄l,k(t) Tr [QlA(t)] dt

→
∫ T

0

Tr[H†dA(t)]dt+

∫ T

0

L∑
l=1

Zl(t) Tr
[
Q†lA(t)

]
dt+

L∑
l=1

Z̄l(t) Tr [QlA(t)] dt

=

∫ T

0

Tr

(Hd +

L∑
l=1

Zl(t)Ql + h.c.

)†
A(t)

 dt = Tr[H†Z(t)A(t)]dt,

(B.6)
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so there is weak convergence HZk
Ω
⇀ HZ .

Define Yad ⊂ Y as the possible solutions from the Schrödinger equation with input from Xad, so

Yad = {U ∈ Y | ∃Z ∈ Xad : U = ΓZU}, (B.7)

where, as in Eq. (A.7)

(ΓZU)(t) := U(0)− i
∫ t

0

HZ(s)U(s)ds. (B.8)

To eventually show weak continuity of the Schrödinger equation (A4) requires that every bounded sequence in
Yad has a strongly convergent subsequence (with limit not necessarily in Yad). One way to prove this is by using
the Arzelà-Ascoli Theorem [112] directly, while another uses the Rellich-Kondrachov Theorem [92] (the proof
of which uses Arzelà-Ascoli).

Theorem B.2 (Arzelà-Ascoli). Let K be a compact metric space, and let F be a subset of Cb(K;Cd). The set
F is precompact (in the supremum norm) iff F is bounded, and F is equicontinuous, i.e.

∀ε > 0∃δ > 0∀f ∈ F : sup
x,y∈K
d(x,y)<δ

‖f(x)− f(y)‖2 ≤ ε. (B.9)

Yad is bounded in the M -norm by the unitariness of the solutions. Equicontinuity is shown by

‖U(t2)− U(t1)‖F =

∥∥∥∥∫ t2

t1

HZ(s)U(s)ds

∥∥∥∥
F

≤ |t2 − t1| sup
t∈[0,T ]

‖HZ(t)‖F sup
t∈[0,T ]

‖U(s)‖ ≤ α|t2 − t1|, (B.10)

where α > 0. Therefore, by Arzelà-Ascoli, Yad is precompact in the L∞([0, T ];CL) norm. The inequality of
Eq. (B.2) implies that Yad is precompact in the L2([0, T ];CL) norm. This means that every bounded sequence
{Uk}∞k=1 ⊂ Yad has a strongly converging subsequence with limit in Ω = L2([0, T ],C2m×2m).

Another way of proving that every bounded sequence in Yad has a strongly convergent subsequence is using the
Rellich-Kondrachov Theorem, which states

Theorem B.3 (Rellich-Kondrachov). Let V be a bounded open subset of Rn and ∂V admits a locally continu-
ously differentiable parametrization (= ∂U is C1 ). Then for p ∈ [1,∞]

W 1,p((0, T );V ) ↪→↪→ Lp((0, T );V ). (B.11)

Furthermore,
W 1,2((0, T );V ) ↪→↪→ C0((0, T );V ). (B.12)

In Appendix A it is shown that Yad ⊂ W 1,2([0, T ];C2m×2m). By noting that Cn ∼= (R × R)n the Rellich-
Kondrachov Theorem can be applied with V = {U ∈ C2m×2m |‖U‖F < 2m+1} and p = 2, then Yad ⊂ V. Thus,
the compact embedding implies that every bounded sequence {Uk}∞k=1 ∈ Yad has a strongly convergent subse-
quence with limit in Ω = L2([0, T ];C2m×2m).

{Uk}∞k=1 with Uk
Y
⇀ U is a bounded sequence since it weakly converges. Now we prove Uk

Ω→ U strongly.
Assume Uk does not converge strongly to U , then there is an ε > 0 and a subsequence {Ukl}∞l=1 such that

∀l : ‖U − Ukl‖ > ε (B.13)

However, by the fact that every bounded sequence in Yad has a strongly convergent subsequence and Uk
Y
⇀ U

there is another subsequence Ukln
Ω→ U , which is a contradiction. Thus, Uk

Ω→ U strongly.
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With the knowledge that HZk
Ω
⇀ HZ and Uk

Ω→ U weak continuity of e(Zn, Un) can be proven. Let A ∈ Ω∗

〈e(Zk, Uk), A〉 − 〈e(Z,U), A〉

=Re

(∫ T

0

Tr[A(t)†(∂tUk(t)− i[Hd +Hc,Zk(t)]Uk(t))]dt

)
− Re

(∫ T

0

Tr[A(t)†(∂tU(t)− i[Hd +Hc,Z(t)]U(t))]dt

)

=Re

(∫ T

0

Tr[A(t)†(∂tUk(t)− i[Hd +Hc,Zk(t)]Uk(t))]dt

)
− Re

(∫ T

0

Tr[A(t)†(∂tU(t)− i[Hd +Hc,Zk(t)]U(t))]dt

)

+Re

(∫ T

0

Tr[A(t)†(∂tU(t)− i[Hd +Hc,Zk(t)]U(t))]dt

)
− Re

(∫ T

0

Tr[A(t)†(∂tU(t)− i[Hd +Hc,Z(t)]U(t))]dt

)

=Re

(∫ T

0

Tr[A(t)†(∂tUk(t)− ∂tU(t))dt

)
− Re

(
i

∫ T

0

Tr[A(t)†[Hd +Hc,Zk(t)](Uk(t)− U(t))]dt

)

−Re

(
i

∫ T

0

Tr[A(t)†(Hc,Zk(t)−Hc,Z(t))U(t))]dt

)
.

(B.14)

The first term here goes to zero since Uk converges weakly to U in W 1,2([0, T ];C2m×2m) so that ∂tUk
Ω
⇀ ∂tU .

The third term goes to zero since we can write

Re

(
i

∫ T

0

Tr[A(t)†(Hc,Zk(t)−Hc,Z(t))U(t))]dt

)
= Re

(
i

∫ T

0

Tr[(A(t)U(t)†)†(Hc,Zk(t)−Hc,Z(t))]dt

)
,

(B.15)
where now AU† ∈ Ω∗ = L2([0, T ];C2m×2m) since U(t)† ∈ C0([0, T ];C2m×2m) by Rellich-Kondrachov. Lastly,
for the second term we have∣∣∣∣∣Re

(
i

∫ T

0

Tr[A(t)†[Hd +Hc,Zk(t)](Uk(t)− U(t))]dt

)∣∣∣∣∣ ≤
∫ T

0

∣∣Tr[A(t)†[Hd +Hc,Zk(t)](Uk(t)− U(t))]
∣∣ dt

≤
∫ T

0

‖A(t)[Hd +Hc,Zk(t)]‖F ‖Uk(t)− U(t)‖F dt ≤
∫ T

0

‖A(t)‖F ‖[Hd +Hc,Zk(t)]‖F ‖Uk(t)− U(t)‖F dt

≤ ess sup
t∈[0,T ]

‖Hd +Hc,Zk(t)‖F

(∫ T

0

‖A(t)‖2F dt

)1/2(∫ T

0

‖Uk(τ)− U(τ)‖2F dτ

)1/2

≤ α‖A‖Ω‖Uk − U‖Ω → 0,

(B.16)
for some α > 0. Here the second to last inequality follows from the fact that the Zk are bounded and Hölder’s
inequality. The last inequality follows from the fact that the Zk are uniformly bounded. All terms thus go to

zero, and thus e(Zk, Uk)
Ω
⇀ e(Z,U), proving weak continuity.

C Fréchet derivatives for Quantum Optimal Control

This appendix shows the derivation of the Fréchet derivatives for quantum optimal control (QOC) in the VQE
setting. These Fréchet derivatives are used in the KKT conditions of Sec. 6.3.

Lu derivative

Let εδU (ε > 0 and δU ∈ Y ) be a small perturbation, then

J1(U + εδU)− J1(U) = Tr[(U(T ) + εδU(T ))ρ0(U(T ) + εδU(T ))†Hmol]− Tr[U(T )ρ0U(T )†Hmol]

= εTr[δU(T )ρ0U(T )†Hmol + U(T )ρ0δU(T )†Hmol] +O(ε2).
(C.1)
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Using the cyclic property of the trace, Tr(A†B) = Tr(AB†) ⇒ Re(Tr(A†B)) = Re(Tr(AB†)), and self-
adjointness of ρ0 and Hmol

J1(U + εδU)− J1(U) = εRe
[
Tr[(ρ†0U(T )†H†mol + ρ0U(T )†Hmol)δU(T )]

]
= εRe

[
Tr[(HmolU(T )ρ0 +H†molU(T )ρ†0)†δU(T )]

]
= εRe

[
Tr[(2HmolU(T )ρ0)†δU(T )]

]
= ε

∫ T

0

Re
[
Tr[(2HmolU(t)ρ0)†δU(t)]δ(T − t)

]
dt

= ε

∫ T

0

Re
[
Tr
[
(2HmolU(t)ρ0δ(T − t))† δU(t)

]]
dt

= ε 〈2ρ0U(t)Hmolδ(T − t), δU(t)〉Ω .

(C.2)

Resulting in
δJ1

δU
(t) = 2HmolU(t)ρ0δ(T − t) ∈ Y ∗ ∼= W 1,2([0, T ];C2m×2m). (C.3)

For the J3 derivative

J3(U + εδU)− J3(U) = 〈i∂t(U(t) + εδU(t))− [Hd +Hc,Z(t)](U(t) + εδU(t)), η(t)〉Ω
− 〈i∂tU(t)− [Hd +Hc,Z(t)]U(t), η(t)〉Ω

=ε 〈i∂tδU(t)− [Hd +Hc,Z(t)]δU(t), η(t)〉Ω

=ε

∫ T

0

Re
(
Tr
(
[i∂tδU(t)− [Hd +Hc,Z(t)]δU(t)]†η(t)

))
dt.

(C.4)

Next the property Tr(A†B) = Tr(AB†)⇒ Re(Tr(A†B)) = Re(Tr(AB†)) is used

J3(U + εδU)− J3(U) =ε

∫ T

0

Re
(
Tr
(
[i∂tδU(t)− [Hd +Hc,Z(t)]δU(t)]η(t)†

))
dt

=εRe

(
Tr

(∫ T

0

i(∂tδU(t))η(t)†dt−
∫ T

0

[Hd +Hc,Z(t)]δU(t)η(t)†dt

))
.

(C.5)

By partial integration and the fact that δU(0) = 0

J3(U + εδU)− J3(U)

=εRe

(
Tr

(
i
[
δU(t)η(t)†

]T
0
− i
∫ T

0

δU(t)(∂tη(t)†)dt−
∫ T

0

[Hd +Hc,Z(t)]δU(t)η(t)†dt

))

=εRe

(
Tr

(
i

∫ T

0

δU(t)η(t)†δ(T − t)dt− i
∫ T

0

δU(t)(∂tη(t)†)dt−
∫ T

0

[Hd +Hc,Z(t)]δU(t)η(t)†dt

))

=εRe

(∫ T

0

Tr
([
iη(t)†δ(T − t)− i(∂tη(t)†)− η(t)†[Hd +Hc,Z(t)]

]
δU(t)

)
dt

)

=εRe

(∫ T

0

Tr

([
−iδ(T − t)η(t) + i(∂tη(t))− [H†d +Hc,Z(t)†]η(t)

]†
δU(t)

)
dt

)
=ε
〈
−iδ(T − t)η(t) + i(∂tη(t))− [H†d +Hc,Z(t)†]η(t), δU(t)

〉
Ω
,

(C.6)
where again the cyclic property of the trace was used from the second to third equality. The derivative becomes

δJ3

δU
(t) =

(
−iδ(T − t) + i∂t − [H†d +Hc,Z(t)†]

)
η(t). (C.7)

J2 does not depend on U , so in total

LU = 2HmolU(t)ρ0δ(T − t) +
(
−iδ(T − t) + i∂t − [H†d +Hc,Z(t)†]

)
η(t). (C.8)
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The KKT conditions then require that

LU = 0⇔ i∂tη(t)− [H†d +Hc,Z(t)†]η(t) = 0 a.e., η(T ) = −2iHmolU(T )ρ0, (C.9)

which is the adjoint equation. This equation has an end point boundary condition dependent on U(T ). It can
be verified that the solution to this adjoint equation is given in terms of U(t) as

η(t) = −2iU(t)U(T )†HmolU(T )ρ0 ⇒ η ∈W 1,2([0, T ];C2m×2m) ∼= Y ∗ ⊂ Ω∗. (C.10)

Lη derivative

For Lη, the only needed derivative is the one with respect to J3 which is trivially found. The KKT condition
then will give the state equation

Lη = 0⇔ δJ3

δη
(t) = i∂tU(t)− [Hd +Hc,Z(t)]U(t) = 0 a.e., U(0) = I. (C.11)

LZ derivative

Now for the Z derivatives take a perturbation εδZ (ε > 0 and δZ ∈ Xad) to get

J2(Z + εδZ)− J2(Z) = λ

L∑
l=1

∫ T

0

1

2
(Zk(t) + εδZk(t))(Zk(t) + εδZk(t))dt− λ

L∑
l=1

∫ T

0

1

2
Zk(t)Zk(t)dt

≈ ελ
2

L∑
l=1

∫ T

0

Zk(t)δZk(t) + Zk(t)δZk(t)dt = εRe

(
λ

L∑
l=1

∫ T

0

Zk(t)δZk(t)dt

)
= ε〈λZ(t), δZ(t)〉L2([0,T ];CL).

(C.12)

The derivative becomes
δJ2

δZ
= λZ. (C.13)

Now for the J3 derivative

J3(Z + εδZ)− J3(Z) =

〈i∂tU(t)− [Hd +Hc,Z+εδZ(t)]U(t), η(t)〉Ω − 〈i∂tU(t)− [Hd +Hc,Z(t)]U(t), η(t)〉Ω.
(C.14)

By linearity in U many terms will drop out

J3(Z + εδZ)− J3(Z) = −〈(Hc,Z+εδZ(t)−Hc,Z(t))U(t), η(t)〉Ω

= −
L∑
l=1

〈(
Ql (Zl(t) + εδZl(t)− Zl(t)) +Q†l

(
Zl(t) + εδZl(t)− Zl(t)

))
U(t), η(t)

〉
Ω

= −ε
L∑
l=1

〈(
δQlZl(t) +Q†lZl(t)

)
U(t), η

〉
Ω

= −εRe

(
L∑
l=1

∫ T

0

Tr

[[(
δQlZl(t) +Q†l δZl(t)

)
U(t)

]†
η(t)

])
.

(C.15)

Using the property Tr(A†B) = Tr(AB†)⇒ Re(Tr(A†B)) = Re(Tr(AB†))

J3(Z + εδZ)− J3(Z) = −εRe

(
L∑
l=1

∫ T

0

Tr
[(
QlδZl(t) +Q†l δZl(t)

)
U(t)η(t)†

])

= −εRe

(
L∑
l=1

∫ T

0

δZl(t) Tr
[
QlU(t)η(t)†

]
+ δZl(t) Tr

[
Q†lU(t)η(t)†

])

= −εRe

(
L∑
l=1

∫ T

0

δZl(t) Tr [QlU(t)η(t)†] + δZl(t) Tr
[
Q†lU(t)η(t)†

])
.

(C.16)
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Using the property Tr(ABC) = Tr(C†B†A†) gives

J3(Z + εδZ)− J3(Z) = −εRe

(
L∑
l=1

∫ T

0

δZl(t) Tr
[
η(t)U(t)†Q†l

]
+ δZl(t) Tr

[
Q†lU(t)η(t)†

])

= −εRe

(
L∑
l=1

∫ T

0

(
Tr
[
η(t)U(t)†Q†l

]
+ Tr

[
Q†lU(t)η(t)†

])
δZl(t)dt

)
= −ε

〈
Tr[Q†(η(t)U(t)† + U(t)η(t)†), δZ(t)

〉
L2([0,T ];CL)

,

(C.17)

where Q = (Q1, ..., Ql). (
δJ3

δZ

)
l

(t) = Tr
[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)]
. (C.18)

J1 is independent of Z so in total

JZ =

(
δJ2

δZ

)
+

(
δJ3

δZ

)
. (C.19)

Since the J2 term punishes for large values of Zl(t) it is expected that the infinity norm bound of Eq. (6.18) is
not exceeded such that solutions are on the boundary of the space Xad. That gives

〈JZ (U∗, Z∗, η∗) , Z − Z∗〉L2([0,T ],CL) ≥ 0 ∀Z ∈ Xad ⇔ JZ = 0 a.e.

⇔λZl(t) + Tr
[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)]
= 0 a.e., l = 1, ..., L.

(C.20)

Derivatives for Fourier approach

In Sec. 6.8 new pulses are introduced as Z̃ ∈ L2([0, ωmax],CL), where ωmax > 0. This changes the KKT
conditions. The pulses in time domain are given by

Zl(t) = F−1[Z̃l](t) =

∫ ωmax

0

e2iπtωZ̃l(ω)dω. (C.21)

The functional J2 as in Eq. (6.23) is adapted to

J2(Z̃) := λ

L∑
l=1

1

2

∫ ωmax

0

|Z̃l(ω)|2dω. (C.22)

The Fréchet derivative for this functional is easily identified as

δJ2

δZ
= λZ ∈ L2([0, T ],CL). (C.23)

Finding the Fréchet derivative for J3 can be done by taking a variation hZ̃ = F [hZ ] ∈ L2([0, ωmax],CL) and
adapating Eq. (C.18) to get

DJ3(Z̃)[hZ̃ ] =− Re

(∫ T

0

L∑
l=1

Tr
[
Q†l (U(t)η(t)† + η(t)U(t)†)

]
hl,Z(t)dt

)

=− Re

(∫ T

0

L∑
l=1

Tr
[
Q†l (U(t)η(t)† + η(t)U(t)†)

]
F−1[hl,Z̃ ](t)dt

)

=− Re

(∫ T

0

L∑
l=1

Tr
[
Q†l (U(t)η(t)† + η(t)U(t)†)

] ∫ ωmax

0

e−2iπtωhl,Z̃(ω)dωdt

)

=− Re

(∫ ωmax

0

[∫ T

0

L∑
l=1

e−2iπtω Tr
[
Q†l (U(t)η(t)† + η(t)U(t)†)

]
dt

]
hl,Z̃(ω)dω

)
.

(C.24)

Defining Al(t) := Tr
[
Q†l (U(t)η(t)† + η(t)U(t)†)

]
gives(

δJ

δZ

)
l

(ω) =

(
δJ2

δZ

)
l

(ω) +

(
δJ3

δZ

)
l

(ω) = λZ̃l(ω)−F [Al](ω). (C.25)
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D Second order Quantum Optimal Control

This section proposes a second order approach to quantum optimal control. Because the method seems to be
inefficient to implement on a quantum computer, these results have been moved to this appendix.

Minimizing a certain functional J(Z) can be related to solvingDJ(Z)[hZ ] = 0 for all perturbations hZ . Newton’s
method can be used to find roots of functionals F as

0 = F (x+ δx) ≈ F (x) +DF (x)[δx]

⇔DF (x)[δx] = F (x+ δx)− F (x)

⇔δx = DF (x)−1[F (x+ δx)− F (x)] = −DF (x)−1[F (x)].

(D.1)

Applying this to F = DJ(Z)[hZ ] with perturbation kZ gives

kZ = −D(DJ(Z)[hZ ])−1DJ(Z)[hZ ] = −D2J(Z)[hZ ]−1DJ(Z)[hZ ], ∀hZ
⇔D2J(Z)[hZ , kZ ] = −DJ(Z)[hZ ], ∀hZ .

(D.2)

Take J1 and J2 as in Eq. (6.23) and S : Xad → Y as the solution operator satisfying e(SZ,Z) = 0 a.e. Now
take perturbations hZ , kZ ∈ Xad to get the terms

J(Z) = J1(SZ) + J2(Z),

DJ(Z)[hZ ] = DJ1(SZ)[(S′Z)[hZ ]] +DJ2(Z)[hZ ],

D2J(Z)[hZ , kZ ] = D2J1(SZ)[(S′Z)[hZ ], (S′Z)[kZ ]] +DJ1(SZ)[(S′′Z)[hZ , kZ ]] +D2J2(Z)[hZ , kZ ],

e(U,Z) = i∂tU(t)− [Hd +Hc,Z(t)]U(t).

(D.3)

From this formulation the mapping of spaces can be identified as S′ : Xad → Y and S′′ : Xad × Xad → Y .
Furthermore, DJ1(U) : Y → R, DJ2(Z) : Xad → R, D2J1(U) : Y × Y → R and D2J2(Z) : Xad × Xad → R.
For the state equation derivatives eU : Y → Y , eZ : Xad → Y , eUU : Y × Y → Y , eUZ : Y × Xad → Y ,
eZU : Xad × Y → Y and eZZ : Xad ×Xad → Y. Here ∗ is the adjoint from L(Y,Ω)→ L(Ω∗, Y ∗).

In order to do a Newton type step according to Eq. (D.2), a solution kZ of

D2J(Z)[kZ , hZ ] = DJ(Z)[hZ ], ∀hZ . (D.4)

needs to be found. From App. C

DJ(Z)[hZ ] = Re

(∫ T

0

L∑
l=1

(
Zl(t) + Tr

[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)])
hZ,l(t)dt

)
. (D.5)

To solve the equation above for kZ requires for all three terms in D2J(Z)[kZ , hZ ]

1. D2J1(SZ)[(S′Z)[hZ ], (S′Z)[kZ ]],

2. DJ1(SZ)[(S′′Z)[hZ , kZ ]],

3. D2J2(Z)[hZ , kZ ],

to be written as

Re

(∫ T

0

L∑
l=1

G(kZ)lhZ,l(t)dt

)
, (D.6)

for some G(kZ). The goal now is to write the three terms of D2J(Z) in Eq. (D.3) in this form.

D.1 S analysis

The derivation starts off with an analysis of S, S′ and S′′. As S is the solution operator

e(SZ,Z) = 0. (D.7)

Differentiating this with respect to Z gives

eU (SZ,Z)S′Z + eZ(SZ,Z) = 0⇒ S′Z = −(eU (SZ,Z))−1eZ(SZ,Z). (D.8)
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Differentiating once more

eUU (SZ,Z)[S′Z]1[S′Z]2 + eUZ(SZ,Z)[S′Z]1 + eU (SZ,Z)S′′Z + eZU (SZ,Z)[S′Z]2 + eZZ(SZ,Z) = 0, (D.9)

where the 1 and 2 subscripts indicate whether the variation was applied in the first or second derivative. From
the Schrödinger equation in Eq. (D.3) follows

eUU = eZZ = 0. (D.10)

Furthermore,

eUZ(U,Z)[hU , kZ ] = −

[
L∑
l=1

kZ,l(t)Ql + kZ,l(t)Q
†
l

]
hU ,

eZU (U,Z)[hZ , kU ] = −

[
L∑
l=1

hZ,l(t)Ql + hZ,l(t)Q
†
l

]
kU .

(D.11)

eUZ and eZU do not depend on U,Z, so eUZ(U,Z) = eUZ and eZU (U,Z) = eZU . Thus, Eq. (D.9) becomes

eUZ(SZ,Z)[S′Z]1 + eU (SZ,Z)S′′Z + eZU (SZ,Z)[S′Z]2 = 0

⇒S′′Z[hZ , kZ ] = −(eU (SZ,Z))−1 (eUZ [S′Z]1 + eZU [S′Z]2) [hZ , kZ ].
(D.12)

The second and third term of D2J(Z) will require solutions of PkZ = S′Z(kZ). Focussing on those equations
of the form PkZ = S′Z(kZ)

S′Z(kZ) = −eU (SZ,Z)−1eZ(SZ,Z)[kZ ]

⇒eU (SZ,Z)S′Z(kZ) = −eZ(SZ,Z)[kZ ]

⇒[i∂t − (Hd +Hc,Z(t))]S′Z(kZ) = Hc,kZ (t)U(t)

⇒[i∂t − (Hd +Hc,Z(t))]PkZ = Hc,kZ (t)U(t).

(D.13)

This could have also been found by defining U := SZ and Ũ ε := S(Z + εkZ)

i∂t(Ũ
ε − U)−Hd(Ũ

ε − U)−Hc,Z+εkZ (t)Ũ ε +Hc,ZU = 0

⇒i∂t

(
Ũ ε − U

ε

)
−Hd

(
Ũ ε − U

ε

)
−Hc,Z(t)

(
Ũ ε − U

ε

)
−Hc,kZ Ũ

ε = 0

⇒i∂t

(
Ũ ε − U

ε

)
−Hd

(
Ũ ε − U

ε

)
−Hc,Z(t)

(
Ũ ε − U

ε

)
− εHc,kZ

(
Ũ ε − U

ε

)
−Hc,kZU = 0.

(D.14)

Letting ε→ 0
i∂tS

′Z(kZ)− (Hd +Hc,Z(t))S′Z(kZ) = Hc,kZ (t)U(t)

⇒i∂tPkZ − (Hd +Hc,Z(t))PkZ = Hc,kZ (t)U(t).
(D.15)

From this approach it is easy to see PkZ (0) = 0. Now because this is a non-homogenous Schrödinger equation
there is no easy way of solving for PkZ on a Rydberg quantum computer. Now assume PkZ (t) = U(t)KkZ (t)
then KkZ (0) = 0 and

i(∂tU(t))KkZ (t) + iU(t)∂tKkZ (t)− (Hd +Hc,Z(t))U(t)KkZ (t) = Hc,kZ (t)U(t)

⇔iU(t)K ′kZ (t) = Hc,kZ (t)U(t)⇔ K ′kZ (t) = −iU(t)†Hc,kZ (t)U(t)

⇔KkZ (t) = −i
∫ t

0

U(τ)†Hc,kZ (τ)U(τ)dτ.

(D.16)

D.2 D2J2(Z)[hZ , kZ ]

The easiest term in D2J(Z) is the third term in Eq. (D.3)

DJ2(Z + εkZ)[hZ ]−DJ2(U)[hZ ] = εRe

(
λ

L∑
l=1

∫ T

0

kl(t)hl(t)dt

)

⇒D2J2(Z)[hZ , kZ ] = Re

(
λ

L∑
l=1

∫ T

0

kl(t)hl(t)dt

)
.

(D.17)

Writing the term in the required form gives

D2J2(Z)[hZ , kZ ] = Re

(
L∑
l=1

∫ T

0

λkl,Z(t)hl,Z(t)dt

)
. (D.18)

69



D.3 D2J1(SZ)[(S
′Z)[hZ ], (S

′Z)[kZ ]

Equation 6.5 and calculations in Sec. 6.3 showed that

DJ1(U)[hU ] = Re(Tr[(2ρ0U(T )Hmol)
†hU (T )]),

η(U,Z) = −(eU (U,Z))−∗DJ1(U),
(D.19)

where hU ∈ Y is some perturbation. Take another perturbation kU ∈ Y then for D2J1(U), the first term in
D2J(Z) Eq. (D.3)

DJ1(U + εkU )[hU ]−DJ1(U)[hU ] = εRe(Tr[(2ρ0kU (T )Hmol)
†hU (T )])

⇒D2J1(U)[hU , kU ] = Re(Tr[2HmolkU (T )†ρ0hU (T )] = DJ1(kU )[hU ]) = DJ1(hU )[kU ].
(D.20)

Taking hU = (S′Z)hZ and kU = (S′Z)kZ

D2J1(SZ)[(S′Z)hZ , (S
′Z)kZ ] = DJ1((S′Z)kZ)[(S′Z)hZ ] = Re(Tr[2Hmol((S

′Z)hZ(T ))†ρ0(S′Z)kZ(T )]).
(D.21)

In order to write D2J1(Z) in the required form a new adjoint is introduced as

D2J1(SZ)[(S′Z)hZ , (S
′Z)kZ ] = DJ1((S′Z)kZ)[(S′Z)hZ ] = (S′Z)∗DJ1((S′Z)kZ)[hZ ]

= −eZ(SZ,Z)∗(eU (SZ,Z))−∗DJ1((S′Z)kZ)[hZ ].
(D.22)

Defining ζkZ = (eU (SZ,Z))−∗DJ1((S′Z)kZ) and (S′Z)kZ = PkZ gives

(eU (SZ,Z))∗ζkZ = DJ1((S′Z)kZ) = DJ1(PkZ )

⇔i∂tζkZ (t)− [Hd +Hc(T )]ζkZ (t) = 0, ζkZ (T ) = −2iρ0PkZ (T )Hmol.
(D.23)

Similarly to solving for the adjoint η(t) in Eq. 6.29, the solution for ζkZ (t) in terms of U(t) is given by

ζkZ (t) = −2iU(t)U(T )†ρ0PkZ (T )Hmol. (D.24)

Equation (D.22) becomes

D2J1(SZ)[(S′Z)hZ , (S
′Z)kZ ] = −eZ(SZ,Z)∗ζkZ [hZ ] = −ζkZ [eZ(SZ,Z)hZ ]

= −Re

(∫ T

0

Tr

[
ζkZ (t)†

(
L∑
l=1

hl,Z(t)Ql + hl,Z(t)Q†l

)
U(t)

])
dt

= −Re

(
L∑
l=1

∫ T

0

Tr
[
Q†l (U(t)ζkZ (t)† + ζkZ (t)U(t)†)

]
hl,Z(t)dt

)
.

(D.25)

D.4 DJ1(SZ)[(S
′′Z)[hZ , kZ ]]

For the second term of D2J(Z) Eq. (D.3)

DJ1(SZ)[(S′′Z)[hZ , kZ ]] = −DJ1(SZ)[(eU (SZ,Z))−1(eUZ [S′Z]1 + eZU [S′Z]2)][hZ , kZ ]

= −(eU (SZ,Z))−∗DJ1(SZ)[(eUZ [S′Z]1 + eZU [S′Z]2)][hZ , kZ ]

= η(SZ,Z)[(eUZ [S′Z]1 + eZU [S′Z]2)][hZ , kZ ]

= η(SZ,Z) [eUZ [(S′Z)hZ , kZ ] + eZU [hZ , (S
′Z)kZ ]] .

(D.26)

Having written this out there is no more need to evaluate S′′. The last term here is already linear in hZ thus

η(SZ,Z)eZU [hZ , (S
′Z)kZ ] = η(SZ,Z)eZU [PkZ ][hZ ]

=− Re

(∫ T

0

Tr

[
η(t)†

(
L∑
l=1

hl,Z(t)Ql + hl,Z(t)Q†l

)
PkZ (t)

]
dt

)

=− Re

(∫ T

0

L∑
l=1

Tr
[
Q†l (PkZ (t)η(t)† + η(t)PkZ (t)†)

]
hl,Z(t)dt

)
.

(D.27)

The first term however is not linear in hZ so another adjoint equation is introduced as

η(SZ,Z)eUZ [(S′Z)hZ , kZ ] = η(SZ,Z)eUZ [kZ ][(S′Z)hZ ] = (S′Z)∗η(SZ,Z)eUZ [kZ ][hZ ]

= −eZ(SZ,Z)∗(eU (SZ,Z))−∗η(SZ,Z)eUZ [kZ ][hZ ].
(D.28)
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The new adjoint becomes ξkZ = (eU (SZ,Z))−∗η(SZ,Z)eUZ [kZ ]. This solves the equation

i∂tξkZ (t)− [Hd +Hc,Z(t)]ξkZ (t) = eUZ [kZ ]η(t) = Hc,kZ (t)η(t), ξkZ (T ) = 0. (D.29)

Note the order reversal on the RHS because of the adjoint. This equation can be solved similarly to that of
PkZ (t) giving ξkZ (t) = η(t)GkZ (t), where

GkZ (t) = i

∫ T

t

η(τ)†Hc,kZ (τ)η(τ)dτ. (D.30)

This then results in the term

η(SZ,Z)eUZ [(S′Z)hZ , kZ ] = −eZ(SZ,Z)∗ξkZ [hZ ] = −ξkZ [eZ(SZ,Z)hZ ]

= −Re

(∫ T

0

Tr

[
ξkZ (t)†

(
L∑
l=1

hl,Z(t)Ql + hl,Z(t)Q†l

)
U(t)

])
dt

= −Re

(
L∑
l=1

∫ T

0

Tr
[
Q†l (U(t)ξkZ (t)† + ξkZ (t)U(t)†)

]
hl,Z(t)dt

)
.

(D.31)

Overview of adjoint equations

Starting off with the standard equation of state

i∂tU(t)− (Hd +Hc,Z(t))U(t) = 0, U(0) = I. (D.32)

For the basic adjoint η(t) holds

i∂tη(t)− (Hd +Hc,Z(t))η(t) = 0 a.e., η(T ) = −2iρ0U(T )Hmol, (D.33)

and as found in Eq. 6.29
η(t) = −2iU(t)U(T )†ρ0U(T )Hmol. (D.34)

Then for
i∂tPkZ − (Hd +Hc,Z(t))PkZ = Hc,kZ (t)U(t), PkZ (0) = 0, (D.35)

the solution becomes

PkZ (t) = U(t)KkZ (t), K ′kZ (t) = −iU(t)†Hc,kZ (t)U(t), KkZ (0) = 0. (D.36)

Looking at the equation

i∂tξkZ (t)− [Hd +Hc,Z(t)]ξkZ (t) = Hc,kZ (t)η(t), ξkZ (T ) = 0. (D.37)

In the same way the solution here became

ξkZ (t) = η(t)GkZ (t), G′kZ (t) = −iη(t)†Hc,kZ (t)η(t), GkZ (T ) = 0. (D.38)

From these equations it must also hold that

KkZ (t) = −KkZ (t)†, GkZ (t) = −GkZ (t)†. (D.39)

The last adjoint equation introduced was given by

i∂tζkZ (t)− [Hd +Hc(T )]ζkZ (t) = 0, ζkZ (T ) = −2iρ0PkZ (T )Hmol, (D.40)

for which the solution was determined to be

ζkZ (t) = −2iU(t)U(T )†ρ0PkZ (T )Hmol. (D.41)

Combining all of these terms for the second derivative gives

D2J(Z)[hZ , kZ ] = Re

(
L∑
l=1

∫ T

0

[
λkl,Z(t)− Tr

[
Q†lΠ(t)

]]
hl,Z(t)dt

)
, (D.42)

where
Π(t) := PkZ (t)η(t)† + η(t)PkZ (t)† + [ξkZ (t) + ζkZ (t)]U(t)† + U(t)[ξkZ (t) + ζkZ (t)]†. (D.43)
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From the second order step equation

D2J(Z)[hZ , kZ ] = −DJ(Z)[hZ ], ∀hZ , (D.44)

and recalling Eq. (D.5) it is determined that solutions of

λkl,Z(t)− Tr
[
Q†lΠ(t)

]
= Zl(t) + Tr

[
Q†l
(
η(t)U(t)† + U(t)η(t)†

)]
. (D.45)

need to be found. This equation seems not efficient to solve on a quantum computer as it includes the terms
KkZ (t) and GkZ (t) which include the time integrals of kl̃,Z(τ) with l̃ = 0, ..., L. Solving this equation with both
kl̃,Z(τ) and kl,Z(t) does not seem straightforward, but anyone is invited to take up this problem.
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E Barren Plateau in Variational Quantum Eigensolvers

This appendix reformulates the argumentation for the existence of barren plateaus in VQE by McClean et al.
as in [56].

McClean et al. assume a VQE with the hardware-efficient ansatz, see Sec. 3.3. Thus,

U(θ) = U (θ1, . . . , θL) =

L∏
l=1

Ul (θl)Wl, Ul (θl) = exp (−iθlVl) , (E.1)

where Vl is a Hermitian operator and Wl is a generic unitary operator, often one which can entangle qubits.
The goal is as always to minimize

E(θ) =
〈
ψ0

∣∣U(θ)†HmolU(θ)
∣∣ψ0

〉
. (E.2)

The gradients with the parameters can be calculated as

∂kE ≡
∂E(θ)

∂θk
= i
〈
ψ0

∣∣∣U†− [Vk, U†+HmolU+

]
U−

∣∣∣ψ0

〉
, (E.3)

where [., .] is the commutator, θ− = [θ1, ..., θk−1], θ− = [θk, ..., θL] and

U−(θ)− ≡
k−1∏
l=0

Ul (θl) , U+(θ)+ ≡
L∏
l=k

Ul (θl)Wl, (E.4)

so they are the circuits before and after Vk is applied.

The Haar measure [113] is introduced as the unique measure µHaar such that for any Borel measurable function
f(U) on SU(d) and V ∈ U(d)∫

SU(d)

f(U)dµHaar(U) =

∫
SU(d)

f(V U)dµHaar(U) =

∫
SU(d)

f(UV )dµHaar(U), (E.5)

where U(d) is the set of unitary matrices on d = 2m dimensions. Quantum circuits actually realizing this
invariance are exponentially costly, which motivates the definition of a k-design [114, 115, 116]. A k-design is a
probabilistic ensemble {pi, Vi} with Vi ∈ U(d) such that∑

i

piV
⊗k
i ρ

(
V †i

)⊗k
=

∫
SU(d)

U⊗kρ
(
U†
)⊗k

dµHaar(U), (E.6)

where the equality should hold for any density matrix ρ ∈ Ckd×kd. This is equivalent to saying that if f is a
polynomial of degree maximally k in both the matrix elements of U† and U then averaging over the ensemble
gives the same result as averaging over the unitary group w.r.t. the Haar measure. This is reminiscent of
quadrature rules in numerical integration.

McClean et al. show that if either U+ or U− is a 2-design then

〈∂kE〉 =

∫
SU(d)

∂k
〈
ψ0

∣∣U(θ)†HU(θ)
∣∣ψ0

〉
p(U)dU = 0. (E.7)

Here McClean et al. refer to p(U) as the probability distribution of U but the term p(U)dU remains ambiguous
as they refer to integration over the Haar measure by dµ(U) and not dU . Our interpretation is that there is
some random measure ν(θ) on the parameters space (most likely a uniform distribution) and that p(U)dU is
the pushforward of ν under the solution operator U(θ) following from Eq. (E.1). To prove Eq. (E.7) it is also
assumed that U+ and U− are independently distributed so that

〈∂kE〉 =

∫
SU(d)

∫
SU(d)

〈
ψ0

∣∣U(θ)†HU(θ)
∣∣ψ0

〉
p+ (U+) dU+p− (U−) dU−. (E.8)

Again here the terms p+(U+)dU+ and p−(U−)dU− are ambiguous, but our interpretation is that ν(θ) =
ν−(θ−) × ν+(θ+), such that p+(U+)dU+ and p−(U−)dU− respectively are the pushforwards of ν+(θ+) and
ν−(θ−) under the solution operators of Eq. (E.4).
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Similarly, it is shown that if U− is a two design, U+ is a two design, or both are a two design then the dominant
contribution to the variation in terms of m is respectively given by

Var [∂kE] ≈


−Tr(ρ2)

22m−1 Tr

[∫
SU(d)

[
V,U†+HU+

]2
p+(U+)dU+

]
−Tr(H2)

22m−1 Tr

[∫
SU(d)

[
V,U−ρU

†
−

]2
p−(U−)dU−

]
1

2(3m−1) Tr
(
H2
)

Tr
(
ρ2
)

Tr
(
V 2
) . (E.9)

In all cases the variation is exponential in m. Applying Chebyshev’s [117] inequality

P(|∂kE| ≥ ε) ≤
1

ε2
Var[∂kE]⇒ P(|∂kE| ≥ 2−m/2) ≤ α2−m, (E.10)

where α > 0. Instead of a 2-design assumption, Levy’s Lemma can also be invoked as

Theorem E.1. Levy’s Lemma
Let h : SN−1 → R be a real-valued function on the N − 1 dimensional Euclidian sphere with Lipschitz constant

given by λ = supx1,x2

|h(x1)−h(x2)|
‖x1−x2‖2

. Then, for a uniform random point x ∈ SN−1 and all κ,

P[|h(x)− E[h]| > κ] ≤ 2 exp

(
−Nκ2

9π2λ2

)
. (E.11)

Taking h(x) = ∂kE(U) gives concentration around gradients. The paper then numerically shows that if the
depth is large enough, then the circuit starts to show the statistics of a 2-design and barren plateaus occur.

F Representation Theory for Barren Plateaus

To understand the barren plateau phenomenon in VQE requires understanding how quantum circuits can
approximate random unitaries. This appendix shows how under certain conditions, randomly sampled quantum
circuits can behave as close to the uniformly random Haar measure. First, some preliminary theory on k-designs
and representation theory is introduced, after which the above statement is proven.

F.1 Preliminaries

F.1.1 k-designs

Definition F.1 (k-design). A probability distribution µ over the unitaries in U(d), d ∈ N is a unitary k-design
if for any polynomial f in 2d2 variables (the entries of U and U†) which is homogeneous of degree k in each
variable ∫

SU(d)

f(U,U†)dµHaar(U) =

∫
SU(d)

f(U,U†)dµ(U), (F.1)

where µHaar(U) is the Haar measure, the uniform distribution on the unitaries.

If a distribution is a unitary k-design, then there is no way of distinguishing a Haar random distribution from
this distribution when only looking at expectations of degree k polynomials. This is equivalent to saying that
for all density matrices ρ ∈ Ckd×kd∫

SU(d)

U⊗kρ
(
U†
)⊗k

dµHaar(U) =

∫
SU(d)

U⊗kρ
(
U†
)⊗k

dµ(U). (F.2)

Note the isometry L(H) ∼= H ⊗ H [118], so that map every matrix ρ ∈ Ckd×kd can be mapped to a vector

v ∈ Ck2d2 (φ(ρ) = |v〉) and every superoperator S ∈ L(Ckd×kd) to a matrix A ∈ Ck2d2×k2d2 . The inner products
and norms become

Tr[ρ†1ρ2] = 〈v1, v2〉,

‖S‖2 = sup
ρ∈Ckd×kd

Tr[(Sρ)†(Sρ)]

Tr[ρ†ρ]
= sup
v∈Ck2d2

〈Av|Av〉
〈v|v〉

= ‖A‖2.
(F.3)

The norm here corresponds to the square of the biggest eigenvalue modulus, the spectral norm. We then
introduce the notation

U⊗k ⊗ (U∗)⊗k|v〉 = U⊗kρ(U†)⊗k, (F.4)
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where U∗ is identified as the dual equivalent of U . Note that this notation entails

(U1U2)⊗k ⊗ ((U1U2)∗)⊗k|v〉 = (U1U2)⊗kρ((U1U2)†)⊗k = U⊗k1 (U⊗k2 ρ(U†2 )⊗k)(U†1 )⊗k

= (U⊗k1 ⊗ (U∗1 )⊗k)φ(U⊗k2 ρ(U†2 )⊗k) = (U⊗k1 ⊗ (U∗1 )⊗k)(U⊗k2 ⊗ (U∗2 )⊗k)|v〉.
(F.5)

Realizing that the entries of U⊗k⊗ (U∗)⊗k are homogeneous monomials of degree k, the definition of a k-design
is equivalent to

GµHaar :=

∫
SU(d)

U⊗k ⊗ (U∗)
⊗k
dµHaar(U) =

∫
SU(d)

U⊗k ⊗ (U∗)
⊗k

dµ(U) := Gµ. (F.6)

Later it is proven that GµHaar is a projection with eigenvalues 0 and 1 using properties of the Haar measure.
By selection of ρ in Eq. (F.2), it is easy to see that if µ is a k-design then it is also a (k-1)-design [115].

In a quantum circuit, several layers of unitaries are applied after each other. When drawing ` unitaries randomly
according to µ and applying them after each other, the distribution of the full circuit unitary is given by µ?`,
the `-fold convolution of µ with itself, i.e.

µ?` =

∫
SU(d)l

δ(U = U1 . . . U`)dµ (U1) · · · dµ (U`)

⇔
∫
SU(d)

g(U)dµ?`(U) =

∫
SU(d)

g(U)

∫
SU(d)l

δ(U = U1 . . . U`)dµ (U1) · · · dµ (U`) dµ(U)

=

∫
SU(d)`

g(U1 . . . U`)dµ (U1) · · · dµ (U`) , ∀g measurable.

(F.7)

Using this definition for G`µ

G`µ =

∫
SU(d)

U⊗k1 ⊗ (U∗1 )
⊗k

dµ(U1)...

∫
SU(d)

U⊗k` ⊗ (U∗` )
⊗k

dµ(U`)

=

∫
SU(d)`

(U1...Ul)
⊗k ⊗ ((U1...Ul)

∗)
⊗k

dµ(U1)... dµ(U`)

=

∫
SU(d)

∫
SU(d)`

δ(U = U1...U`)(U1...Ul)
⊗k ⊗ ((U1...Ul)

∗)
⊗k

dµ(U1)... dµ(U`) dµ(U)

=

∫
SU(d)

U⊗k ⊗ (U∗)
⊗k

dµ?`(U).

(F.8)

Thus, a circuit of unitaries drawn from µ being a k-design is equivalent to lim`→∞G`µ = GµHaar . An important
condition for this limit to hold is that the circuit can approximate all unitaries in U(d) closely, given that ` is
big enough. This supports the definition of universal distributions

Definition F.2 (Universal). Let µ be a distribution on U(d). Suppose that for any open ball S ⊂ U(d) there
exists a positive integer ` such that µ?`(S) > 0. Then, µ is universal (for U(d)).

F.1.2 Representation Theory

Certain proof elements will require basic results from representation theory [119]. Representation theory links
the concepts of groups to general linear matrices as follows

Definition F.3 (Representation). Let V be a finite-dimensional vector space over a field F. A (linear) repre-
sentation of a group G on V is a group homomorphism r : G → GL(V ), so for each g ∈ G, r(g) ∈ GL(V ), and

r(g)r(h) = r(gh) and r(g−1) = (r(g))
−1

for all g, h ∈ G.

Definition F.4 (Reducible Representation). Let r be a representation of a group G on space V . Then r is
reducible if there is a G−invariant subspace W ≤ V , i.e., r(g)W ⊂ W ∀g ∈ G. Note that this leads to a
representation on W as ρw = ρ|W .

Definition F.5 (Decomposable Representation). Let r be a representation of a group G on space V . Then
r is decomposable if there are G-invariant subspaces U,W ≤ V such that U ⊕W = V . This then leads to
ρ = ρW ⊕ ρV .

Note that a reducible matrix is not necessarily decomposable, as there is no reason why another G−invariant sub-
space, complementary to W , should exist. An important result from representation theory relating reducibility
and decomposability is the Peter-Weyl Theorem [120] which states
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Theorem F.1 (Peter-Weyl Theorem). Let r be a finite-dimensional representation of a group G on a space
V over a field F of characteristic 0. Let the inner product on V be G-invariant, i.e. 〈r(g)v1, r(g)v2〉 =
〈v1, v2〉, ∀g ∈ G,∀v1, v2 ∈ V . Then r is completely decomposable, namely, r ∼= r1 ⊕ ... ⊕ rR is a direct
sum of irreducible representations on spaces V ∼= V1 ⊕ ...⊕ VR.

Another important result in representation theory is Schur’s Lemma [119] on G−homomorphisms, which are
defined as follows:

Definition F.6 (G -homomorphism). Fix a group G and a field F. Let V, V ′ be finite-dimensional vector spaces
over F and r : G → GL(V ) and r′ : G → GL (V ′) be representations of G. The linear map ϕ : V → V ′ is a G
-homomorphism if

ϕ ◦ r(g) = r′(g) ◦ ϕ. (F.9)

If V = V ′, then ϕ is an endomorphism.

Lemma F.2 (Schur’s Lemma). Assume V and W are irreducible G -spaces over a field F. If F is algebraically
closed, and V is an irreducible G−space, then any G−endomorphism V → V is a scalar multiple of the identity
map.

F.2 Theorem k-design random quantum circuit

The main result of this section is

Theorem F.3. If µ is universal then lim`→∞G`µ = GµHaar for any value of k and thus G`mu approximates a
k-design for large enough `.

This result proves that applying many randomly selected unitaries from µ has the same effect as applying a
uniformly random unitary. The proof outline is as follows: it will be shown that lim`→∞ ‖G`µ −GµHaar‖2 = 0,
where ‖ · ‖2 is defined as in Eq. (F.3). The proof of this limit requires Lemma F.5 which states that GµHaar
is a projection and that all eigenvectors with eigenvalue 1 of GµHaar are eigenvectors with eigenvalue 1 of Gµ.
Then, this lemma also shows that all other eigenvectors of Gµ have eigenvalues with modulus smaller than 1 so
that Gµ shrinks all these eigenvectors. Lemma F.4 will then show that this leads to lim`→∞G`µ = GµHaar .

Lemma F.4. If ‖GµHaar −Gµ‖2 < 1 and all eigenvectors of GµHaar with eigenvalue 1 are also eigenvectors of
Gµ with eigenvalue 1 then lim`→∞ ‖G`µ −GµHaar‖2 = 0.

Proof. Since GµHaar is a projection and the eigenspace of GµHaar with eigenvalue 1 is a subset of the eigenspace

of Gµ with eigenvalue 1, {λj , vj} and {λ̃j , vj} can be defined to be the eigenbases of GµHaar and Gµ respectively

with λj = λ̃j = 1 for j ≤ K and λj = 0 for j > K. It then holds that

(Gµ −GµHaar )|vj〉 =

{
λ̃j |vj〉, j > K

0, j ≤ K
. (F.10)

The fact that ‖GµHaar −Gµ‖2 < 1 then gives that |λ̃j | < 1 for all j > K. Let λ̃max = maxj |λ̃j |. Then, for any
|v〉 =

∑
j αj |ṽj〉 ∈ V

lim
`→∞

〈v|(G`µ −GµHaar )†(G`µ −GµHaar )|v〉
〈v|v〉

= lim
`→∞

∑
j>K |α2

j ||λ̃j |2`∑
j |αj |2

≤ lim
`→∞

λ̃2`
max = 0. (F.11)

Lemma F.5. Let µ be a distribution over U(d). Then all eigenvectors of GµHaar with eigenvalue 1 are eigen-
vectors of Gµ with eigenvalue 1. Additionally, if µ is universal then ‖GµHaar −Gµ‖2 < 1.

Proof. V ∼= Cd is taken as the fundamental representation, where the group action is simply the matrix repre-
sentation of U ∈ Cd×d. Let V ∗ be the dual where U acts with the matrix representation of U†. Consider the
space V ⊗k ⊗ (V ∗)⊗k, which is the space of |v〉 = φ(ρ) as in Eq. (F.3).

The space V ⊗k ⊗ (V ∗)⊗k is related to the group G = U(d) with group action U⊗k ⊗ (U∗)⊗k as in Eq. (F.4).
Eq. (F.4) shows that the space V ⊗k ⊗ (V ∗)⊗k is supplied with the usual bra-ket inner product over C (which
is a field with characteristic 0). Then, for U ∈ U(d)

〈U⊗k ⊗ (U∗)⊗kv1, U
⊗k ⊗ (U∗)⊗kv2〉 = Tr[(U⊗kρ1(U†)⊗k)†U⊗kρ2(U†)⊗k]

= Tr[U⊗kρ†1(U†)⊗kU⊗kρ2(U†)⊗k] = Tr[ρ†1ρ2] = 〈v1, v2〉,
(F.12)
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so that the inner product is U(d) invariant under the tensor product representation. The Peter-Weyl Theorem
F.1 can be invoked to get an irreducible representation {rλ, Vλ}Rλ=0 of V ⊗k ⊗ (V ∗)⊗k as

V ⊗k ⊗ (V ∗)⊗k ∼=
R⊕
λ=0

Vλ ⊗ Cmλ

U⊗k ⊗ (U∗)⊗k ∼
R∑
λ=0

|λ〉〈λ| ⊗ rλ(U)⊗ Imλ ,

(F.13)

where rλ(U) is the nλ × nλ matrix representation of U in Vλ and mλ is the mulitplicity of Vλ. It holds that∑R
λ=0 nλmλ = k2d2. U1 ∼ U2 if there exists an S ∈ U(d) s.t. U1 = S†U2S. This decomposition thus has a

block-matrix structure typical of irreducible representations as

(U⊗k ⊗ (U∗)⊗k)|v〉 = S†



r1(U) 0 · · · · · · 0
0 r2(U) 0 · · · 0
... 0

. . .
...

...
...

. . . 0
0 0 · · · 0 rR(U)

S



 v1,1
v1,2

.

.

.
v1,n1


v2

...
vr


. (F.14)

Let A be a block matrix with blocks A0, A2, ..., AR then it generally holds that

‖A‖2 = max
λ=0,...,R

‖Aλ‖2. (F.15)

Together with the fact that for any matrix A and any unitary S, ‖A‖2 = ‖S†AS‖2 and ‖U⊗k ⊗ (U∗)⊗k‖2 = 1
we get that ‖rλ(U)‖2 ≤ 1 for every U ∈ U(d) and equality holds for at least one λ.

Having formulated the irreducible representation, the properties of rλ(U) for the Haar measure are analyzed.
EµHaar [rλ(U)] is interpreted as a linear map on Vλ. Note that∫

SU(d)

rλ(U)rλ(V )− rλ(V )rλ(U)dµHaar(U) =

∫
SU(d)

rλ(U)rλ(V )− rλ(V )rλ(V −1UV )dµHaar(U)

=

∫
SU(d)

rλ(U)rλ(V )− rλ(V V −1)rλ(U)rλ(V )dµHaar(U) = 0,

(F.16)
so EµHaar [rλ(U)] commutes with rλ(V ) for all V ∈ U(d), and thus is an endomorphism. Then, by Schur’s
Lemma F.2, EµHaar [rλ(U)] = cI. By translation invariance of the Haar measure, for any V ∈ U(d) it holds

cI = EµHaar [rλ(U)] = EµHaar [rλ(UV )] = crλ(V ). (F.17)

Thus, either rλ(V ) = I for all V ∈ U(d), which is the trivial representation, or c = 0. Assume now w.l.o.g. that
λ = 0 is the trivial representation. Writing out Gµ and GµHaar

GµHaar = |0〉〈0| ⊗ Im0 , (F.18)

which proves GµHaar is a projection with eigenvalues 0 and 1, and

Gµ = |0〉〈0| ⊗ Im0 +
∑
λ6=0

|λ〉〈λ| ⊗

[∫
SU(d)

rλ(U)dµ(U)⊗ Imλ

]
, (F.19)

from which can be seen that all eigenvectors with eigenvalue 1 of GµHaar are also eigenvectors of Gµ with
eigenvalue 1. This proves the first part of Lemma F.5.

The rest of the proof consists of showing ‖Gµ−GµHaar‖2 < 1, if µ is universal. From the block matrix structure

‖GµHaar −Gµ‖2 = max
λ6=0

∥∥∥∥∥
∫
SU(d)

rλ(U)dµ(U)

∥∥∥∥∥
2

, (F.20)

as in Eq. (F.15).
∥∥∥∫SU(d)

rλ(U)dµ(U)
∥∥∥

2
≤ 1 by the triangle inequality and the fact that ‖rλ(U)‖2 ≤ 1. Assume

now
∥∥∥∫SU(d)

rλ(U)dµ(U)
∥∥∥

2
= 1 then there must be a v ∈ Vλ s.t.∫

SU(d)

rλ(U)dµ(U)|v〉 = ω|v〉, (F.21)
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with |ω| = 1. For all λ holds dim(V )λ > 1, since if dim(V )λ = 1 then the only possible representations are
rλ(U) = det(Um) for some m ∈ R (m = 0 for λ = 0), as shown in [121]. This is not possible as the map
U → eiϕU picks up a phase eiϕm in this case. However, U⊗k ⊗ (U∗)⊗k is invariant under these mappings, so
it would be the same representation as λ = 0. Since dim(Vλ) > 1 and Vλ is irreducible, it can not contain a
one-dimensional invariant subspace. Thus, it is impossible that

rλ(U)|v〉 = ω|v〉, for all U ∈ U(d), (F.22)

which means there must be a U0 ∈ U(d) s.t.

|〈v|rλ(U0)|v〉| = 1− δ, (F.23)

for some δ > 0. Since U 7→ |〈v |rλ(U)| v〉| is continuous, there exists an open ball S around U0 such that
|〈v |rλ(U)| v〉| ≤ 1 − δ/2 for all U ∈ S. Define S̄ := U(d)\S. µ is universal so there exists an ` such that
µ?`(S) > 0. Next, observe that

∫
dµ?`(U) 〈v |rλ(U)| v〉 = ω`. Taking the absolute value of both sides yields

1 =

∣∣∣∣∣
∫
SU(d)

dµ?`(U) 〈v |rλ(U)| v〉

∣∣∣∣∣ ≤
∫
SU(d)

dµ?`(U) |〈v |rλ(U)| v〉|

=

∫
S

dµ?`(U) |〈v |rλ(U)| v〉|+
∫
S̄

dµ?`(U) |〈v |rλ(U)| v〉|

≤ µ?`(S)

(
1− δ

2

)
+
(
1− µ?`(S)

)
< 1,

(F.24)

which is a contradiction. Thus, for all λ 6= 0 holds that ‖
∫
SU(d)

rλ(U)dµ(U)‖2 < 1 and consequently ‖GµHaar −Gµ‖2 <
1.

Combining Lemma’s F.4 and F.5 leads to the proof of Theorem F.3.

G Barren Plateau for Quantum Optimal Control

This appendix shows the derivation of the results in Sec. 6.11 for barren plateaus in QOC. The object of interest
is the gradient of the functional J w.r.t. a pulse at time t, which has been determined in Sec. 6.3 as

δJ

δZl(t)
= Re

(
Tr[(η(t)U(t)† + U(t)η(t)†)Q†l ]

)
. (G.1)

Let d = 2m. In order to have a barren plateau the expectation〈
δJ

δlZ(t)

〉
U

:=

∫
SU(d)

Re
(

Tr[(η(t)U(t)† + U(t)η(t)†)Q†l ]
)
dµ(U) (G.2)

should be equal to zero for fixed t, where the notation as in [56] is adopted and µ(U) is interpreted as the
pushforward of the parameter distribution ν(Z) under the solution operator for the Schrödinger equation in
Eq. 2.18. This is thus a measure over the space L2([0, T ];U(d)).

From previous results η(t) = −2iU(t)U(T )†ρ0U(T )Hmol so〈
δJ

δZl(t)

〉
U

= Re

(
−2i

∫
L2([0,T ];U(d))

Tr[(U(t)U(T )†ρ0U(T )HmolU(t)† − U(t)HmolU(T )†ρ0U(T )U(t)†)Q†l ]dµ(U)

)

= Re

(
−2i

∫
L2([0,T ];U(d))

Tr[U(t)[U(T )†ρ0U(T ), Hmol]U(t)†Q†l ]dµ(U)

)
.

(G.3)
U(T ) can be decomposed as U(T ) = Ũ(T−t, t)U(t), as in Eq. (2.26). For notational purposes, V (t) := Ũ(T−t, t).
Both of these assumptions should be tested in future research, as for instance the output pulses are often
continuous. Using these assumptions, for every measurable function f∫

L2([0,T ];U(d))

f(U(t), U(T ))dµ(U) =

∫
SU(d)2

f(Ut, UT )dµ̃((Ut, UT )) =

∫
SU(d)2

g(Ut, Vt)dµ
?((Ut, Vt)), (G.4)
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where

µ̃(A) :=

∫
L2([0,T ];U(d))

1[(U(t), U(T )) ∈ A]dµ(U), A ⊂ U(d)2,

µ?(A) :=

∫
SU(d)2

1[(Ut, UTU
†
t ) ∈ A]dµ̃((Ut, UT )), A ⊂ U(d)2,

g(Ut, Vt) := f(Ut, VtUt).

(G.5)

The assumption is taken that U(t) and V (t) are independent, based on the fact that U(t) depends on {Z(s)|s ∈
0, t}, while V (t) depends on {Z(s)|s ∈ t, T}. This assumption is valid as long as ν(Z) = ν[0,t](Z|[0,t]) ×
ν[t,T ](Z|[t,T ]). This assumption should be checked in future research, since often initial pulses are taken contin-
uous. Under the assumption dµ? can be written as dµ?((Ut, Vt)) = dµ1(Ut)dµ2(Vt) to get∫

L2([0,T ];U(d))

f(U(t), U(T ))dµ(U) =

∫
SU(d)2

g(Ut, Vt)dµ1(Ut)dµ2(Vt). (G.6)

By assumption for every t either U(t) or V (t) is a 1-design. At low (high) t, U(t) (V (t)) is more likely to be a
1-design because it depends on the pulse Z on a bigger interval of [0, T ]. The 1-design assumption is reasonable
as long as T is large, there are enough pulse parameters and the control Hamiltonian is diverse enough to
approximately implement any U(T ) ∈ U(d).〈

δJ

δZl(t)

〉
U

= Re

(
−2i

∫
L2([0,T ];U(d))

Tr[U(t)[U(T )†ρ0U(T ), Hmol]U(t)†Q†l ]dµ(U)

)

=Re

(
−2i

∫
SU(d)

∫
SU(d)

Tr[Ut
[
U†t V

†
t ρ0VtUt, Hmol

]
U†tQ

†
l ]dµ1(Ut)dµ2(Vt)

)

=Re

(
−2i

∫
SU(d)

∫
SU(d)

Tr[V †t ρ0VtUtHmolU
†
tQ
†
l − UtHmolU

†
t V
†
t ρ0VtQ

†
l ]dµ1(Ut)dµ2(Vt)

)

=Re

(
−2i

∫
SU(d)

∫
SU(d)

Tr
[
[V †t ρ0Vt, UtHmolU

†
t ]Q†l

]
dµ1(Ut)dµ2(Vt)

)
.

(G.7)

This term is a degree 1 polynomial in both Ut and Vt. Invoking that µ1 is a 1-design〈
δJ

δZl(t)

〉
U

=Re

(
−2i

∫
SU(d)

Tr

[[
V †t ρ0Vt,

∫
SU(d)

UtHmolU
†
t dµHaar(Ut)

]
Q†l

]
dµ2(Vt)

)

=Re

(
−2i

∫
SU(d)

Tr

[[
V †t ρ0Vt,

Tr[Hmol]

2m

]
Q†l

]
dµ2(Vt)

)
= 0.

(G.8)

Instead, invoking that µ2 is a 1-design〈
δJ

δZl(t)

〉
U

=Re

(
−2i

∫
SU(d)

Tr

[[∫
SU(d)

V †t ρ0VtdµHaar(Vt), UtHmolU
†
t

]
Q†l

]
dµ1(Ut)

)

=Re

(
−2i

∫
SU(d)

Tr

[[
Tr[Hmol]

2m
, UtHmolU

†
t

]
Q†l

]
dµ1(Ut)

)
= 0.

(G.9)

where in the last two equations it was used that for all H ∈ C2m×2m∫
SU(d)

UHU†dµHaar(U) =
Tr[H]

2m
. (G.10)

In the next step Levy’s Lemma is used, as in Theorem E.1. Taking ρ0 = |ψ0〉〈ψ0|, results in |ψf 〉 = U(T )|ψ0〉
being a uniform random point on S2m−1, so

h(x) :=
δJ

δZl(t)
= Re

(
−2iTr[U(t)[|x〉〈x|, Hmol]U(t)†Q†l

)
= Re

(
−2iTr[U(t)|x〉〈x|HmolU(t)†Q†l − U(t)Hmol|x〉〈x|U(t)†Q†l ]

)
= Re

(
−2i

(
〈x|HmolU(t)†Q†lU(t)|x〉 − 〈x|U(t)†Q†lU(t)Hmol|x〉

))
= 2Im

(
〈x|HmolU(t)†Q†lU(t)|x〉 − 〈x|U(t)†Q†lU(t)Hmol|x〉

)
= 2Im

(
〈x|HmolU(t)†(Ql +Q†l )U(t)|x〉

)
.

(G.11)
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Thus
|h(x1)− h(x2)| ≤ 4Emax‖Ql +Q†l ‖2‖|x1〉 − |x2〉‖2, (G.12)

where, Emax := max{|Ei|} with Ei the eigenvalues of Hmol. Levy’s Lemma can be applied with κ = 2−m/3 to
get

P
[∣∣∣∣ δJ

δZl(t)

∣∣∣∣ > 2−m/3
]
≤ 2 exp

(
−2m/3

144π2(‖Ql +Q†l ‖2Emax)2

)
. (G.13)

H Pulse Based Minimizing Movement derivations

Minimizing movement requires finding the minimal argument to

Jφ(ψ) := min
ψ
f(ψ) +

1

2τ
d2(ψ, φ), (H.1)

where
f(ψ) := 〈ψ|Hmol|ψ〉, d(ψ, φ) := arccos(|〈ψ|φ〉|). (H.2)

The derivative with respect to the tangent space of states needs to be found. For this the state |ψ〉 is slightly
perturbed. To do so a perturbation close to the identity I is introduced as eiεHc,Z , where ε > 0 is small and
Hc,Z is the standard control operator given by

Hc,Z =

L∑
l=1

QlZl +Q†lZl. (H.3)

At each minimizing step the derivative

∂ψJφ(ψ)[Z] = lim
ε↓0

1

ε
{f(eiεHc,Zψ)− f(ψ) +

1

2τ
d2(eiεHc,Zψ, φ)− 1

2τ
d2(ψ, φ)} (H.4)

needs to be calculated. For the Hamiltonian part

〈ψ|eiεHc,ZHmole
−iεHc,Z |ψ〉 − 〈ψ|Hmol|ψ〉

=〈ψ|iεHc,Z +O(ε)2Hmol|ψ〉 − 〈ψ|iεHmolHc,Zψ〉+O(ε)2

=

L∑
l=1

iε
[
〈ψ|(QlZl +Q†lZl)Hmol|ψ〉 − 〈ψ|Hmol(QlZl +Q†lZl)|ψ〉

]
+O(ε)2

=

L∑
l=1

Re
[
2iε〈ψ|Q†lHmol −HmolQ

†
l |ψ〉Zl

]
+O(ε)2

=

L∑
l=1

Re
[
2iε〈ψ|[Q†l , Hmol]|ψ〉Zl

]
+O(ε)2.

(H.5)

For the distance part

1

2τ

(
arccos(|〈ψ|eiεHc,Z |φ〉|)2 − arccos(|〈ψ|φ〉|)2

)
=

1

2τ

(
arccos(|〈ψ|φ〉+ iε〈ψ|Hc,Z |φ〉|)2 − arccos(|〈ψ|φ〉|)2

)
=

1

2τ

(
arccos

(√
|〈ψ|φ〉|2 + iε〈ψ|φ〉〈ψ|Hc,Z |φ〉 − iε〈ψ|φ〉〈ψ|Hc,Z |φ〉

)2

− arccos(|〈ψ|φ〉|)2

)

=
1

2τ

(
arccos

(
|〈ψ|φ〉|+ iε

2|〈ψ|φ〉|
(〈ψ|φ〉〈ψ|Hc,Z |φ〉 − 〈ψ|φ〉〈ψ|Hc,Z |φ〉)

)2

− arccos(|〈ψ|φ〉|)2

)

=
1

2τ

(
− 2 arccos(|〈ψ|φ〉|)√

1− |〈ψ|φ〉|2|〈ψ|φ〉|
iε

2
(〈ψ|φ〉〈ψ|Hc,Z |φ〉 − 〈ψ|φ〉〈ψ|Hc,Z |φ〉)

)
.

(H.6)

The geometric factor is defined as

α(ψ) := − arccos(|〈ψ|φ〉|)√
1− |〈ψ|φ〉|2|〈ψ|φ〉|

. (H.7)
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Eq. (H.6) becomes

=
iεα(ψ)

2τ
(〈ψ|φ〉〈ψ|Hc,Z |φ〉 − 〈ψ|φ〉〈ψ|Hc,Z |φ〉)

=
iεα(ψ)

2τ
(〈ψ|φ〉〈φ|Hc,Z |ψ〉 − 〈ψ|Hc,Z |φ〉〈φ|ψ〉)

=

L∑
l=1

iεα(ψ)

2τ
(〈ψ|φ〉〈φ|(QlZl +Q†lZl)|ψ〉 − 〈ψ|(QlZl +Q†lZl)|φ〉〈φ|ψ〉)

=

L∑
l=1

Re

[
iεα(ψ)

τ
〈ψ|PφQ†l −Q

†
lPφ|ψ〉Zl

]

=

L∑
l=1

Re

[
iεα(ψ)

τ
〈ψ|[Pφ, Q†l ]|ψ〉Zl

]
.

(H.8)

The total derivative is then given by

∂ψJφ(ψ) = 2i

(
〈ψ|[Q†l , Hmol]|ψ〉+

α(ψ)

2τ
〈ψ||[Pφ, Q†l ]|ψ〉

)
= 2i〈ψ|[Q†l , Hmol −

α(ψ)

2τ
Pφ]|ψ〉.

(H.9)

A minimizing movement step needs to solve for |ψ〉 such that this derivative is 0. An ansatz |ψ〉 = eiηHc,Z |φ〉 is
taken for some small η > 0. For the Hamiltonian part

〈ψ|[Q†l , Hmol]|ψ〉 = 〈φ|e−iηHc,Z [Q†l , Hmol]e
iηHc,Z |φ〉

=〈φ|[Q†l , Hmol]|φ〉 − iη(〈φ|Hc,Z [Q†l , Hmol]|φ〉 − 〈φ|[Q†l , Hmol]Hc,Z |φ〉)

=〈φ|[Q†l , Hmol]|φ〉 −
L∑
k=1

iη(〈φ|(QkZk +Q†kZk)[Q†l , Hmol]|φ〉 − 〈φ|[Q†l , Hmol](QkZk +Q†kZk)|φ〉).

(H.10)

Expanding α(ψ) gives

α(eiηHc,Zφ) = − arccos(|〈φ|e−iηHc,Z |φ〉|)√
1− |〈φ|e−iηHc,Z |φ〉|2|〈φ|e−iηHc,Z |φ〉|

= − arccos(|1− iη〈φ|Hc,Z |φ〉|)√
1− |1− iη〈φ|Hc,Z |φ〉|2|1− iη〈φ|Hc,Z |φ〉|

= −1− 2

3
η2〈φ|Hc,Z |φ〉2 +O(η4).

(H.11)

Since α is only dependent on η2, α is fixed as a constant and for the rest of the distance part

α

2τ
〈ψ|[Pφ, Q†l ]|ψ〉 =

α

2τ
〈φ|e−iηHc,Z [Pφ, Q

†
l ]e

iηHc,Z |φ〉

=
α

2τ
〈φ|[Pφ, Q†l ]|φ〉 −

α

2τ
iη(〈φ|Hc,Z [Pφ, Q

†
l ]|φ〉 − 〈φ|[Pφ, Q

†
l ]Hc,Z |φ〉)

=
α

2τ
〈φ|[Pφ, Q†l ]|φ〉 −

α

2τ

L∑
k=1

iη(〈φ|(QkZk +Q†kZk)[Pφ, Q
†
l ]|φ〉 − 〈φ|[Pφ, Q

†
l ](QkZk +Q†kZk)|φ〉).

(H.12)

The first term can be dropped since 〈φ|[Pφ, Q†l ]|φ〉 = 〈φ|φ〉〈φ|Q†l |φ〉 − 〈φ|Q
†
L|φ〉〈φ|φ〉 = 0. The total solution
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requires for l = 1, ..., L

〈φ|[Q†l , Hmol]|φ〉 −
L∑
k=1

iη(〈φ|(QkZk +Q†kZk)[Q†l , Hmol]|φ〉 − 〈φ|[Q†l , Hmol](QkZk +Q†kZk)|φ〉)

− α

2τ

L∑
k=1

iη(〈φ|(QkZk +Q†kZk)[Pφ, Q
†
l ]|φ〉 − 〈φ|[Pφ, Q

†
l ](QkZk +Q†kZk)|φ〉) = 0

⇒
L∑
k=1

iη〈φ|[Qk, [Q†l , Hmol]]|φ〉Zk +
α

2τ

L∑
k=1

iη〈φ|[Qk, [Pφ, Q†l ]]|φ〉Zk

+

L∑
k=1

iη〈φ|[Qk, [Q†l , Hmol]]|φ〉Zk +
α

2τ

L∑
k=1

iη〈φ|[Q†k, [Pφ, Q
†
l ]]|φ〉Zk = 〈φ|[Q†l , Hmol]|φ〉

⇒
L∑
k=1

iη〈φ|[Qk, [Q†l , Hmol −
α

2τ
Pφ]]|φ〉Zk +

L∑
k=1

iη〈φ|[Q†k, [Q
†
l , Hmol −

α

2τ
Pφ]]|φ〉Zk = 〈φ|[Q†l , Hmol]|φ〉.

(H.13)

This can be written as an L× L matrix equation as

AZ +BZ̄ = C, (H.14)

where

Akl = iη〈φ|[Qk, [Q†l , Hmol −
α

2τ
Pφ]]|φ〉, Bkl = iη〈φ|[Q†k, [Q

†
l , Hmol −

α

2τ
Pφ]]|φ〉, Cl = 〈φ|[Q†l , Hmol]|φ〉.

(H.15)

I Quantum Natural Gradient by Stokes et al.

In VQE and QOC algorithms the parameters at step t, θt ∈ Cd determining the state preparations, are often
updated by determining or estimating some form of the gradient of a loss function ∇J . The new parameters
θt+1 then become

θt+1 : = θt − η∇J (θt)

= arg min
θ∈Cd

[
〈θ − θt,∇J (θt)〉+

1

2η
‖θ − θt‖22

]
,

(I.1)

where η is the step size. The second formulation here is reminiscent of the minimizing movement scheme as in
Eq. (6.56). The scheme gives steepest descent with respect to the L2 geometry. However, in machine learning
literature, it has been shown that the L2 geometry is poorly adapted to the space of weights of deep systems,
due to their intrinsic parameter redundancy [122]. Thus, parameters in a large area might map to almost the
same state |ψ〉 and therefore have small gradients on the |ψ〉 space. Figure I.1 illustrates how an adapted metric
creates faster movement through parts of the space where there is parameter redundancy.

Figure I.1: (a) Parameter space; the dotted line represents the set of parameters where J(θ1, θ2) is constant
for θ2. (b) Trajectory of the parameters with L2 metric. (c) Trajectory of the parameters with Fubini-Study
metric. Adapted from [123].

Stokes et al. therefore propose in [29] to look at the information geometry as determined by

Gij(θ) =

〈
∂ψθ
∂θi

,
∂ψθ
∂θj

〉
−
〈
∂ψθ
∂θi

, ψθ

〉〈
ψθ,

∂ψθ
∂θj

〉
. (I.2)
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To see why this is the relevant geometry, the distance between states is analyzed by a small perturbation dθ.
The norm is Taylor expanded as

‖|ψ(θ + dθ)〉 − |ψ(θ)〉‖22 = 〈|ψ(θ + dθ)〉 − |ψ(θ)〉, |ψ(θ + dθ)〉 − |ψ(θ)〉〉 =
∑
i,j

〈
∂

∂θi
|ψ(θ)〉, ∂

∂θj
|ψ(θ)〉

〉
dθidθj .

(I.3)
By decomposing in real and imaginary parts〈

∂

∂θi
|ψ(θ)〉, ∂

∂θj
|ψ(θ)〉

〉
= γij(θ) + iσij(θ), γij(θ) = γji(θ) σij(θ) = −σji(θ). (I.4)

Eq. I.3 becomes

‖|ψ(θ + dθ)〉 − |ψ(θ)〉‖2 =
∑
ij

γij(θ)dθidθj . (I.5)

In quantum mechanics the phase of a state is not observable, i.e.,

|ψ′(θ)〉 ∼ eiα(θ)|ψ(θ)〉, (I.6)

should result in the same metric. However, for |ψ′(θ)〉

γ′ij(θ) = γij + βi

(
∂α

∂θj

)
+ βj

(
∂α

∂θi

)
+

(
∂α

∂θi

)(
∂α

∂θj

)
, (I.7)

where βj(θ) = −i
〈
ψ(θ), ∂

∂θj
ψ(θ)

〉
. Introducing the metric tensor

gij(θ) = γij(θ)− Re(βi(θ)βj(θ)) = Re(Gij), (I.8)

negates this effect, such that the phase has no influence. This is the derivation of the information geometry.
This geometry is called the Fubini-Study metric and is closely related to the Fisher Information Matrix for
classical probability distributions.

Now the parameters are updated as

θt+1 = arg min
θ∈Cd

[
〈θ − θt,∇J (θt)〉+

1

2η
‖θ − θt‖2g(θt)

]
⇔ g (θt) (θt+1 − θt) = −η∇J (θt) .

(I.9)

The implementation of Stokes et al. uses the hardware efficient ansatz with L layers such that the final unitary
UL is given by

UF (θ) := VL (θL)WL · · ·V1 (θ1)W1, (I.10)

where Wi is some entangling unitary and Vi is the tensor product of individual qubit rotations as

Vl (θl) =

m⊗
k=1

RPi,k (θl,k) . (I.11)

The rotation gates are given by

RPi,k (θl,k) = exp

[
−i
θl,k
2
Pl,k

]
, Pl,k ∈ {σx, σy, σz} . (I.12)

Only the block diagonal part of the geometric tensor G is calculated, where the blocks are divided per layer, so

G ≈

θ1 θ1 · · · θL


θ1 G(1) 0 · · · 0

θ2 0 G(2) . . .
...

...
...

. . .
. . . 0

θL 0 · · · 0 G(L)

. (I.13)

The entries are given by

G
(l)
ij = 〈ψl |KiKj |ψl〉 − 〈ψl |Ki|ψl〉 〈ψl |Kj |ψl〉 , Ki =

1

2
1

[1,i) ⊗ Pl,i ⊗ 1(i,n]. (I.14)
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The elements G
(l)
ij can be determined on a quantum computer and the number of evaluations required is given

by
#QE = (2 · L · (m+ 1)) ·#shots, (I.15)

where the 2Lm is for the gradient and 2L is for the block diagonal approximation.

The factor 1/2 in the expressions for Ki, stemming from the rotation definitions in Eq. I.12, lead to a factor
1/4 in front of G. Multiplying the quantum natural gradient G by 1/4 has the same effect as multiplying
the step size η by 4 as can be seen in Eq. (I.9). In both the original paper by Stokes et al. [29] and the
PennyLane quantum computing library implementation [124] the step size η is fixed to 0.01 when comparing
the L2 and Fubini-Study implementations. However, when adapting the step size of L2 to 0.04, a much less
drastic increase in performance is seen than as pointed out by Stokes et al. in Ref. [29]. Figure I.2 shows the
results of VQE optimization for Hmol = Z1Z2 + X1X2 on 4 qubits for original gradient descent (OGD) and
Stokes et al. quantum natural gradient approach (QNG) for varying step sizes. For ηOGD = 4ηQNG very similar
results are seen, illustrating that step size is a more determining factor in the convergence than the use of a
different geometry.

Figure I.2: Iteration vs. energy error plots for OGD and QNG for Hmol = Z1Z2 + X1X2 on 4 qubits. Lines
with the same color have ηOGD = 4ηQNG.

These experiments are repeated for more involved problems on 5-7 qubits, the results of which can be seen in
Fig. I.3. This figure shows that in all cases the original gradient descent (normal step size) is much worse than
all the other methods and that the adapted gradient descent method (step size ×4) performs comparably to
the QNG methods, again confirming the hypothesis that step size is more important in these cases than the
geometry.
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Figure I.3: Quantum evaluations vs. error plots for Gradient Descent (η = 0.01), Gradient Descent Adapted (η =
0.04) and QNG with block diagonal and diagonal approximation (η = 0.01) for Hmol = Z1Y3Z4+X2X4+Y1Y2Z4

and different number of qubits m and layers L.

To get rid of the step size dependence of the algorithms the Armijo rule is employed, see Sec. 6.5, to determine
an adaptive step size. Original gradient descent and QNG are run on Hmol = Z1Z2, as in the Pennylane
example, with m = 4, L = 4, 6. Figure I.4 shows that in this case the original gradient descent algorithm greatly
outperforms the Quantum Natural Gradient algorithm, likely because the Fubini-Study metric is relatively flat
in this case.

Figure I.4: Quantum evaluations vs Energy error plot for OGD and QNG with armijo step size rule for Hmol =
Z1Z2, as in the Pennylane example, with m = 4, L = 4, 6.

From all of these gathered results, it can be concluded that the performance of the quantum natural gradient
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algorithm is not rightfully compared to normal gradient descent in the paper of Stokes et al. and in the
Pennylane scripts. The influence of step size is seen to be more important than that of the geometry. However,
for more complex problems, concerning more qubits or layers than feasible to simulate on a simple classical
computer the Fubini-Study metric will likely become less flat. In these cases, as somewhat explored in a study
by Yamamota [123], the quantum natural gradient might outperform the original gradient descent significantly
in terms of number of quantum evaluations.
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