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A new regime of laser wakefield acceleration of an injected electron bunch is described. In this
regime, the bunch charge is so high that the bunch wakefields play an important role in the bunch
dynamics. In particular, the transverse bunch wakefield induces a strong self-focusing that suppresses
the transverse emittance growth arising from misalignment errors. The decelerating longitudinal bunch
wakefield, however, is not so strong that it completely cancels the accelerating laser wakefield. In fact,
the induced energy spread can be compensated by exploiting phase slippage effects. These features make
the new regime interesting for high beam quality laser wakefield acceleration.
DOI: 10.1103/PhysRevLett.88.014802

In the past few years, laser wakefield acceleration [1] in
the self-modulated regime has been demonstrated successfully in several proof-of-principle experiments [2,3]. Accelerating electric fields up to a few 100 GV兾m and jets of
accelerated electrons have been observed. In these experiments, the electrons are extracted from the bulk plasma by
nonlinear processes like wave breaking or Raman forward
scattering, which makes it hard to control the quality of the
extracted electron bunch. Controlled acceleration is generally assumed to be possible in the resonant regime with
external injection of the electrons.
In recent papers, control of energy spread [4–6] and of
transverse emittance degradation [7–11] have been investigated. For the energy spread, the influence of the longitudinal bunch wakefield is important. Since the bunch
wakefield is usually decelerating, there is a maximum
charge that can be accelerated on a given laser wakefield:
this is the well-known beam loading limit [4]. The energy
spread induced by the bunch wakefield can be compensated by phase slippage effects [5]: this requires a proper
tuning of injection phase and bunch length [6].
For transverse emittance degradation, two important
sources have been found: mismatch between the particle
distribution and the betatron orbits [7,8] and injection
errors arising from misalignment or noise in the system
[9,10]. In the presence of a strong bunch wakefield, injection errors are potentially more dangerous: the bunch
wakefield introduces a coupling of the transverse oscillations at different axial positions inside the bunch, resulting
in beam breakup instability [11].
Therefore, one expects that an increase of bunch charge,
which gives a stronger bunch wakefield, leads to enhanced
emittance growth. However, above a certain threshold this
trend reverses and a high bunch charge regime with reduced emittance growth exists. We have found this regime
by simulating acceleration of electron bunches injected
with a certain radial offset from the propagation axis (see
Fig. 1), and by varying the strength of the bunch wakefields. A simple model for the transverse bunch dynamics
is presented to explain the reduction of emittance growth
014802-1
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as a consequence of self-focusing of the electron bunch
[12]. Our simulation results show that the indicated charge
threshold is below the beam loading limit.
For the description of the wakefields, the linear hydrodynamic equations for electron plasma waves in a homogeneous plasma are used. The quasistatic approximation is
applied, so that the wakefields depend on the transverse coordinates r⬜ 苷 共x, y兲 and the phase z 苷 z 2 yw t, where
z is the longitudinal coordinate, yw is the phase velocity of
the plasma wave (close to c, with Lorentz factor gw ¿ 1),
and t denotes the time. It is well known [13] that the wakefields can be derived from a wakefield potential F, which
is the difference between the electrostatic potential and the
axial component of the vector potential. The wakefield potential is calculated from the (dimensionless) envelope of
the laser pulse vector potential a0 共r⬜ , z 兲 and the electron
bunch density nb 共r⬜ , z 兲 using the wakefield equation
µ
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where np denotes the plasma density and kp is the
plasma wave number, defined by kp2 苷 4pnp e2 兾mc2 .
The wakefield potential is written as the sum of the laser
wakefield potential FL 共r⬜ , z 兲 and the bunch wakefield
potential FB 共r⬜ , z 兲, which are convolution integrals of

FIG. 1. Sketch of the laser pulse and the electron bunch with
radial offset x0 and contours of constant F.
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a0 and nb 兾np , respectively, with the appropriate Green’s
functions. We assume that the laser pulse evolves slowly
on the time scales of interest, so that we can prescribe a0 ,
and also FL , as a function of r ⬜ and z . The bunch density
nb , and therefore also FB , is implicitly time dependent
because of the bunch dynamics, which follows from the
equations of motion
d r⬜
dz
d P
苷 2mc2 =F,
苷 y ⬜ ,
苷 yz 2 yw .
dt
dt
dt
(2)
These equations describe the motion of a relativistic elec and coordinate 共r⬜ , z 兲.
tron with momentum P (velocity y)
The gradient = stands for 共=⬜ , ≠兾≠z 兲.
In our simulations we use 2D slab geometry with x as
the transverse coordinate. The laser wakefield potential is
FL 共x, z 兲 苷 F0 sin共kp z 兲e2x

2

兾rL2

,

(3)

where F0 is the overall amplitude of the wakefield and
rL is the spot size of the laser pulse. For simulation results presented in this paper, we have chosen F0 苷 0.1,
kp rL 苷 5, and gw 苷 70, which corresponds to a 35 TW
laser pulse with rL 苷 45 mm in a plasma with density
3.5 3 1017 cm23 . The electron bunch is represented by
N simulation particles, with coordinates 共xi , zi 兲. For the
bunch density distribution of simulation particles we take
d functions:
N
h X
nb
共x, z 兲 苷 2F0
d共kp x 2 kp xi 兲d共kp z 2 kp zi 兲 .
np
N i苷1
(4)

FIG. 2 (color). Contour plot of normalized transverse emittance e⬜ after acceleration distance L 苷 1500lp as a function
of x0 and h.

The bunch wakefield potential corresponding to this distribution is given by the Green’s function for the 2D wakefield equation:
h X
sin共kp z 2 kp zi 兲e2kp jx2xi j . (5)
FB 共x, z 兲 苷 F0
N zi .z

shots of 共z , x, Px 兲-space and 共z , Pz 兲-space for two specific
cases are shown in Fig. 6. The parameters for these cases
are kp x0 苷 2, h 苷 0.4 (case I) and kp x0 苷 2, h 苷 0.8
(case II).
In the plot of normalized transverse emittance (Fig. 2)
two regions, denoted a and b, can be clearly distinguished.
To guide the eye, the boundary between these regions is
indicated by a dashed curve. For comparison, this curve is
shown in Figs. 3–5 as well. Region a at low h and high x0
is a regime of large emittance growth, in which the electron
bunch is subject to beam breakup. This can be seen from
the typical spiral structure in 共z , x, Px 兲-space (see Fig. 6,
case I). Region b at high h and low x0 is a regime with
much less emittance growth. We call this regime the selffocusing regime, because, as will be shown later, the selffocusing effect of the bunch wakefields is so strong that
the electrons in the trailing part of the bunch are forced to

The constant h is proportional to the total bunch charge.
We call this number the beam loading fraction, because,
roughly speaking, h 苷 1 corresponds to the beam loading limit. From the bunch wakefield (5) it is seen that h
can be interpreted as the ratio of amplitudes of the bunch
wakefield and the laser wakefield. Note that the condition
zi . z is due to causality, since there can be no wakefield
in front of the source.
A particle tracking code has been written to perform
simulations of bunch dynamics. This code solves Eq. (2)
with a finite difference implementation and uses (3) and (5)
as a description for the wakefields. In order to illustrate the
mechanism of emittance growth as clearly as possible, the
bunch initial conditions are chosen as follows: at injection,
all particles have x 苷 x0 , Px 苷 0, Pz 苷 Pz0 , distributed
uniformly in z between z0 6 L. For the simulation results
shown here, we have used Pz0 苷 20mc, kp L 苷 0.3.
Simulation results with variable bunch charge and radial
offset x0 are shown in Figs. 2–5. As an illustration, snap-

FIG. 3 (color). Contour plot of average energy g after acceleration distance L 苷 1500lp as a function of x0 and h.
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FIG. 4 (color). Contour plot of relative energy spread dg兾g
after acceleration distance L 苷 1500lp as a function of x0
and h.

follow the electrons in the leading part. In 共z , x, Px 兲-space
(see Fig. 6, case II), the distribution is almost a line, which
corresponds to a very small transverse emittance. From the
dashed curve in Fig. 2 it is seen that the threshold value of
h for the self-focusing regime increases with increasing
radial offset x0 . For values of kp x0 larger than about 2.6,
there is no transition to the self-focusing regime.
The plot of average energy (Fig. 3) shows that the energy in the self-focusing regime is lower than in the beam
breakup regime. This difference is explained by the radial
dependence of the bunch wakefield. In the self-focusing
regime, all bunch particles are around the same radial position, so they are at the maximum of the decelerating
bunch wakefield, as can be seen from the factor e 2kp jx2xi j
in Eq. (5), which has its maximum at jx 2 xi j 苷 0. In the
beam breakup regime the particles spread out radially, so

FIG. 5 (color). Contour plot of rms phase spread dz after acceleration distance L 苷 1500lp as a function of x0 and h.

014802-3

7 JANUARY 2002

that the deceleration due to the bunch wakefields is less
effective.
In the plot of relative energy spread (Fig. 4) a region
of low energy spread is found in the self-focusing regime.
The occurrence of low energy spread is a combination of
bunch length and bunch wakefield effects [6]. Because of
its phase dependence, the laser wakefield induces an energy spread in a bunch of finite length: in particular, it
causes the trailing part of the bunch to gain more energy
than the leading part. This is illustrated in the 共z , Pz 兲snapshots of Fig. 6, case I. Because the bunch wakefield is
decelerating, it induces the opposite effect, i.e., an energy
loss of the trailing part of the bunch. Therefore, it is possible to minimize energy spread by proper phasing [5], so
that both contributions to energy spread cancel each other
after a particular acceleration distance. This is illustrated
in the 共z , Pz 兲-snapshots of Fig. 6, case II. Note especially
snapshot 6(c), which has an almost flat bunch distribution.
The decelerating bunch wakefield also introduces an
increase of bunch length, as illustrated in Fig. 5, which
shows a clear trend of increasing phase spread with increasing h.

FIG. 6. Snapshots of 共z , x, Px 兲-space (boxes) and 共z , Pz 兲space (squares) with h 苷 0.4 (I) and h 苷 0.8 (II) at acceleration distances L 苷 0 (a), L 苷 900lp (b), and L 苷 1800lp (c).
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In order to describe the difference in the transverse
dynamics between the beam breakup regime and the selffocusing regime, we use a model in which the bunch is represented by N particles, located at r⬜,i , with zN , · · · ,
z2 , z1 . The transverse equations of motion are
µ
∂
d
d
gi
r⬜,i 1 c2 =⬜ F共r⬜,i , zi 兲 苷 0, 1 # i # N .
dt
dt
(6)
Here gi denotes the energy of the ith particle. We assume
that the transverse dynamics is much faster than the longitudinal dynamics, so we ignore the time dependence of all
zi and gi , where the bunch is assumed to be monoenergetic
(gi 苷 g, 1 # i # N ). Approximating the laser wakefield
in a Taylor series around the laser axis 共r⬜ 苷 0兲
1

FL 共r⬜ , z 兲 艐 FL0 共z 兲 1 2 r⬜2 FL2 共z 兲 ,

(7)

and the bunch wakefield in a Taylor series around the particles’ transverse coordinates 共r⬜ 苷 r⬜,i 兲
X ∑
1
共r⬜ 2 r⬜,i 兲2
FB 共r⬜ , z 兲 艐
FB0 共z , zi 兲 1
2
zi .z
∏
3 FB2 共z , zi 兲 ,
(8)
we arrive at
X
d 2 r⬜,i
1 vi2 r⬜,i 苷
cji 共r⬜,j 2 r⬜,i 兲,
2
dt
j,i

1 # i # N.
(9)

Here
苷 c FL2 共zi 兲兾g denotes the betatron frequency
of the transverse oscillation of the ith particle in the laser
wakefield potential and cji 苷 c2 FB2 共zj , zi 兲兾g denotes
the strength of the coupling of transverse oscillations of
different particles induced by the self-focusing bunch
wakefields. Because of the asymmetric interaction, the
particle at zi influences the particle at zj for j , i only.
Equation (9) can be solved exactly with the following
model for the betatron frequency and coupling parameters: vi2 苷 v02 2 iD, cji 苷 共i 2 j兲C if i . j, cji 苷 0
otherwise. Assuming zi 苷 z0 2 id, the formula for vi2
can be understood as a Taylor expansion in z 苷 z0 for
the betatron frequency. The coupling strength is proportional to the distance between the particles 共i 2 j兲 and to
the bunch charge. With the initial conditions r⬜,i 共0兲 苷 r0 ,
2
d r⬜,i 兾dt共0兲
P 苷 0 共1 # i # N兲, and the definition v̂i 苷
2
vi 1 j,i cji , we can write
P the solution to the system
(9) in the form r ⬜,i 苷 r 0 j#i aji cos共v̂i t兲, where the
coefficients aji are given by
vi2

aji 苷

2

CD
,
共D 2 jC兲 共D 2 jC 1 C兲
D
.
aii 苷
D 2 iC 1 C
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Since the parameter C in our model is proportional to the
bunch charge, the behavior of emittance as a function of h
(see Fig. 2) can be explained qualitatively from the behavior of (10) as a function of C. In the absence of coupling
共C 苷 0兲, the solution is r⬜,i 共t兲 苷 r0 cos共vi t兲, as expected.
As C increases, singularities at C兾D 苷 1兾N, . . . , 1兾2, 1
are encountered. A singularity occurs if v̂i 苷 v̂j for some
i . j, namely if the transverse oscillation of the particle
at zi drives the transverse oscillation of the particle at zj
exactly in resonance. These resonances lead to emittance
growth and beam breakup, as found in region a of Fig. 2.
In the limit of strong coupling 共C ¿ D兲 the bunch behaves
like a rigid rotator (the same oscillation for all particles),
which can be seen from the estimate
∂2
µ
D
2
2


关r⬜,i11 共t兲 2 r⬜,i 共t兲兴 # r0
.
(11)
D 2 iC
Physically, this means that the bunch electrons are trapped
in a narrow potential well created by the strong focusing bunch wakefield. In its turn, this well oscillates in
the potential well created by the laser wakefield. If the
bunch is kept together by the strong self-focusing forces,
there is much less emittance growth, as found in region b
of Fig. 2.
In conclusion, we have described a new regime of
laser wakefield acceleration of an injected electron bunch
with strong bunch wakefields. We call this regime the
self-focusing regime, because of the strong self-focusing
forces that reduce the emittance growth arising from misalignment errors. We have also shown that it is possible
to reduce the energy spread by exploiting phase slippage
effects.
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