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Abstract: Let M n = max(Nl , N 2 , ••• , N n ), where N l , N 2 , ••• are LLd., positive, integer-valued
rv's. "\Ve are interested in J(n, the number of values of j E {I, 2, ..., n} for which Nj = Mn .

It turns out that J(n
1 as n ~ 00 in many cases, but not always; the case where N l has a
geometric distribution is an example of special interest. There is an application of results on
J(n to the behaviour of the fractional parts of sample maxima from non-integer populations.

.!!

1. Introduction and summary
Lennart Rade (1991) proposes the following problem. Toss n coins, probability p for heads,
as follows. First toss all coins, then toss the ones that did not fall heads, again, and so on,
until all coins show heads. The, at first rather confusing, question is: What can be said about
the behaviour of the number J(n of coins involved in the final toss. A little thought learns
that J(n is equal to the number of coins that need the maximum number of tosses to produce
heads.
In this paper we consider the following generalization of this problem. Let N 1 , N 2 , ... be LLd.,
positive, integer-valued rv's, and let

\Ve shall be interested in the rv J(n defined by
(1.1)

J(n = #{j E {1, 2, ... , n} : N j = M n } ,

the number of sample elements equal to the sample maximum. We shall use the following
notation:
j

(1.2)

Pj

= P(N1 = j),

Po

= 0,

Pj

= LPIe, Pj = 1- Pj-1

10=1

(j

= 1,2, ... ).

The distribution function of a rv X will be denoted by Fx , its density by ix. We shall write
{a} for the fractional part of a, Le., {a} = a - [a] with [a] the largest integer not exceeding a.
Our main interest is the behaviour of J(n for large n. In Section 2 we consider the general
case, in Section 3 the rather delicate case of the geometric distribution (equivalent to Rade's
problem), and in Section 4 we give an application to the behaviour of {max(Xl, ... , X n )},
the fractional part of the sample maximum from a non-integer population. Some technical
details are collected in an Appendix.
2. A general result

Though the question by Rade, how many coins are in the final toss is at first rather puzzling,
the equivalent question, how many of the n coins need the maximal number of tosses, is quite
easily answered. In the notation of (1.2) we have the following result.
Lemma 2.1

(2.1)

P(J(n

= k) =

(

~ ) tp~p;~10

(k

= 1,2, ... , n; n = 1,2, ...) .

3=1

Proof By symmetry and independence we have (using 0° = 1)

1

P(](n

= k)=

(

~)

'tP(N1

= ... = N le = j,N1e+1 ~ j

-1, ... ,Nn

~j

-1)

3=1

=

00

n
(

k

Ie

n-Ie

~PjPj-1.

)

o

3=1

By a simple calculation we obtain E](n from (2.1).
Corollary 2.2
00

(2.2)

E](n = n'L,PiPj-1 ,
j=l

possibly infinite.
The case k = 1 of (2.1) is of special interest.
00

(2.3)

P(](n

= 1) = n'L,pjPj.:11 .
j=l

From (2.2) and (2.3) it follows that E](n is bounded if pj/Pi+! is bounded. Clearly, this is
not so if N 1 is bounded, Le., if Pm > 0 for some m E IN, and Pi = 0 for j ~ m + 1. In that
case we have P(Mn -+ m) = 1 and P(](n -+ 00) = 1, in agreement with the fact that then

for all k E IN.
In what follows we shall assume that N 1 is unbounded, i.e., that Pi < 1 for all j. Clearly, in
this case ](n will take the value 1 infinitely often (Lo.): there will be new records no matter
how large the present record is. This is not necessarily true for values larger than 1. As an
example we prove
Theorem 2.3 If Pi

= cj-a

(j

= 1,2, ... ) with 1 < a < 2, then

P(](n = 2 i.o.) = 0 .
00

Proof By the Borel-Cantelli lemma it is sufficient to prove that

'L, P(](n = 2) < 00.
n=2

have (cf. (2.1), and Section 1 for notation),

2

We

_c_jl_a and so p~/P~
const. ja-3, which means
a- 1
3
3
that the sum above converges if a - 3 < -1, Le., a < 2. The condition that a > 1 is, of
Now, since Pi

= cj-a, we have Pi

f"V

course, necessary for the convergence of

f"V

~Pi'

0

Similarly it can be proved that P(Kn = k i.o.) = 0 if 1 < a < k. It is not hard to see
that under the conditions of Theorem 2.3 we have P(Kn = 1) - t 1 and even P(Kn - t 1) = 1
as n - t 00. We now come to the main result of this section.
Theorem 2.4 If (pj)r is such that

(2.4)

liminf
; ..... 00

then
lim P(Kn = 1) = 1 .

n ..... oo

Proof We have
Pj n - pn
;-1

= Pi (pn-1
j
+ pi-1 pn-2
j
+ ... + pn-1)
j-1

,

so

(2 .5)

n-1 -< pn
npj Pi-1
i - pn
i-1 <
- nPi pn-1
i
.

From (2.2) and (2.5) we obtain, for every mE IN,
00

00

1 2: P(K = 1) = n LPi P?--ll 2: n L
PiPj~l
1
i=m+1
n

00

00

=n

L
~i Pi-1P?-11
i=m+1 P3- 1

00

2: n(1- gem»~ L Pi P j-1 2: (1- g(m» L(Pj - Pj-1)
i=m

= (1 -

i=m

g(m»(1- P~-l) ,
p'

inf _3_. By (2.4) we know that gem) < g for m sufficiently large,
i>m Pi-1
whereas 1 - P~-l - t 1 as n - t 00 for each fixed m.
0

where 1 - gem) =

From (2.5), by writing (2.4) as limsup .J!.L
i..... oo Pi+l
corollary is obtained.

= 1, in a similar way (cf.

Corollary 2.5 Under the conditions of Theorem 2.4
3

(2.2» the following

lim EKn = 1 .

n ..... oo

Since in a large number of practical cases Pi/Pi+! ~ 1 as j ~ 00, in many cases we will have
P(Kn = 1) ~ 1 as n ~ 00. We found no examples where K n has a nondegenerate limit
distribution; in some cases K n ~ 00, and in some cases there is no convergence. In the next
section we discuss an important example of the latter type.

3. The geometric distribution
Here we have (see Section 1 for notation),

(3.1)

Pi = p(l- p)i-\ Pi = (1- p)i-\ Pi-l = 1 - Pi (j = 1,2, ...) .

Now K n can be interpreted as the number of coins in the final toss. Intuitively, it makes
little difference whether one starts with about 10 coins or with a thousand; after six or seven
tosses one is left with about 10 coins again. In a way, this may explain why in this case K n
does not converge in distribution as n ~ 00, but converges 'almost', as we will see. We first
state and prove a formal theorem.

Theorem 3.1 If Pi and Pi-l are given by (3.1), then
00

(3.2)

P(Kn = 1) = P

L

e->.(1-8n )e-e-

A
n
(I-9 )

+ 0(1) ,

1=-00

as n ~ 00, where A = -log(l- p) and On = p-1log n} with {a} denoting the fractional
part of a.

Proof (sketch) Using (3.1), replacing j - 1 by j and putting 1 - P
(2.3))
00

P(Kn = 1) = np

L e->'i(l -

= e-\

we obtain (d.

00

e->'it- 1 = P

i=O

L e->.j+log n(1- ~e->'j+log n)n-l
i=O

00

_

~

- P LJ e

->.(1-8n )(1

1 ->.(1-8n»)n-l
- tie
,

l=-m

where m = [log n].
It is now not very surprising that for n ~ 00 we have (3.1); for a more detailed result and
proof we refer to Lemma A.2 in the Appendix.
0
Since the function in the right-hand side of (3.2) is periodic, and (On) is dense in (0,1)
as n ~ 00, Theorem 3.1 yields an example where K n does not converge:

Corollary 3.2 For the geometric distribution, with Pi as in (3.1), the sequence K n does
4

not converge in distribution, as n

-+ 00.

Remark 1 Expressions similar to (3.2) can be obtained for P(Kn
finds (cf. Lemma A.l)
k

P(Kn = k) = ~,

L
00

e-k~(l-6fl)e-e-.\(1-9,,)

+ 0(1)

= k)

with k ;::: 2. One

,

. l=-oo

as n

-+- 00.

For EKn from (2.2), (2.3) and (3.2) we obtain

Remark 2 It turns out that the (periodic) functions

L
00

Fk(O; A):=

e-k~(l-6)e-e-.\(1-9)

l=-oo

are almost constant in 0 for moderate values of A; for k
computation yields

= A = 1, Le., p = 1 -

e- 1 direct

see Appendix for more information.
By (3.2) this means that P(Kn = 1) is close to p in this special case, and close to -pi log(l-p)
for more general p. Similarly, one finds EKn ~ -pl((I- p)log(l- p)), and

(3.3)

P(Kn

= k)

~

-r )
10

k 1og 1- p

(k = 1,2, ... ),

Le., the distribution of K n 'almost converges' to the logarithmic distribution. We return to
this in the next section.
Remark 3 Things change when p is allowed to depend on n. If we take p
Le., A = log (n I J-L), then for any fixed k E IN

and

5

=1-

J-Lln,

So K n has a defective, Poisson limit distribution on IN, with mass e- IJ at infinity.

4. Connection with fractional part of maximum
Several papers have been devoted to the study of {Sn}, where
(4.1)

Sn = Xl

+ ... + X n ,

with Xt,X2 , ••• LLd. and non-lattice, and {a} denoting the fractional part of a (see e.g.

.1

Schatte (1983)). As is well known, {Sn}
U, where U is uniformly distributed on [0,1). In
Brands and Wilms (1991) the analogue of (4.1) is considered for maxima, Le. they consider
the behaviour of {Zn}, with

(4.2)

Zn = max(X1 , .•. ,Xn ),

.1

for LLd. non-lattice Xj. They show that in many cases {Zn}
U. It is known that for
exponentially distributed Xj the sequence ( {Zn})f does not converge (cf. J agers and Steutel
(1990)). This phenomenon is closely connected with the results of Section 3, as we shall see.

.1

It is rather difficult to find examples where {Zn}
V =I U. We now use Theorem 2.4 to
construct an example of this kind: {Zn} does converge, but not to U.

Theorem 4.1 Let the rv N be such that the Pj := peN = j),j = 1,2, ... satisfy the conditions
of Theorem 2.4. Further let V" be a rv independent of N and such that p(a V < 1) = l.

:s

Finally, let Xt,X2 , ... be LLd. and such that Xl
one has
d

{Zn} -

V

~

N

+ V.

Then for Zn as defined by (4.2)

(n - 00) .

Proof We have

where Nj = [Xj] and K n is independent of Vi, V2 , ••• , which are independent copies of V. It
follows that
n

P({Zn}:S x) = LP(Kn = k)F~(x) = PK.. (Fv(x)),
10=1

where Fv denotes the distribution function of V and PK.. the probability generating function
of K n . So we may write

6

Now if J(n

1

J(,

then F{Zn}(x)

-+

PK(Fy(x», and in the special case that

J(n

1

1 we have

o
This shows that any distribution on [0,1) can occur as a limit distribution of {Zn}.
We now return to the geometric distribution. We shall need the following lemma (see
Kopocinsky (1988) or Steutel and Thiemann (1989».
Lemma 4.2 Let Y be exponentially distributed with EY = A-1, and let X
Then

Y+1.

X=N+V,
with N and V independent,

peN
with p

(4.4)

= j) = p(l _ p)j-1

(j=1,2, ... ),

= 1 - e-\ and
Fy(v)

=

1 -e -AU
1- e~A

(0 ~ v < 1) .

From (4.3) and the fact, established in Corollary 3.2, that for this N the sequence J(n does
not converge in distribution, it follows that {Zn} does not converge in distribution. On the
other hand, (4.3) can be used to obtain information about J(n. Combining (4.3) and (4.4)
we get

PKn(Z)

= F{Zn} (

log(1- PZ»)
log(l- p)
.

Now, although {Zn} does not converge in distribution, it is not very far from being uniform
for large n. Since
00

(4.5)

F{Zn}(x) = E«(1j=o

e-A(j+z)n - (1-

Corollary AA yields the following theorem (p
Theorem 4.3 For 0 < A < 27r 2 , i.e., for 0

e-Ajt) ,

=1 -

e- A).

< p < 1- 2.610- 9 , and for n
7

~ 7

I

PKn(Z) - 10g(1- pz) ~ 70>..-1/2 e -7r2 />. + (3 + 2>..)n- 1 .
10g(1- p)
!
This means that for large n and moderate values of p = 1 - e-\ the random variable J(n is
close to having a logarithmic distribution; this result agrees with formula (3.3). Though the
bound above is fairly small, it is rather crude; compare the pictures of Tn ( X; >..) = F{Zn} ( x)
in the Appendix.
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Appendix
Here we give some of the details that were omitted in sections 3 and 4. We shall use the
following notation. For k,n E IN,x E [0,1) and>.. > 0 we define
00

(A.1)

Fk(x;

>..)

= 2:

e->.k(I-20)exp (_e->.(I-20)) ,

1=-00

Lemma A.I For n

~

2k the following inequalities hold:
8

(A.3)

0 $ (n - k)-Ic (

~)

where 0

= {.A-l log (n -

k)}, and

(A.4)

R(n, k, oX) =
(n-k)-Ie

(~)

FIc(O -

Xj,\) -

Sn,Ic(Xj'\) $ R(n, k, oX) ,

[(n_k)-l(,\-l(k+l)!+(k+2)IcH e-Ic-2)+(n-k)Ic(1+,\-l)e- n+lc]

Proof. Substitution in (A.2) of j

= m + 1 with m = [oX- l

log(n - k)] gives

Putting UIe(t) = e-Ictexp( _e- t ) and using the inequalities

leads to
0$ (n- k)-Ic (

:s: (n - kJ-' (

~

) FIc(O -

Xj,\) -

Sn,le(x, oX)

~ ) {(n - ktll~m _'+2('\(1 + x - 0)) + ~~~ •• (,\(1 + x - O))}

Now,
~

l~m UIeH('\(l + x - 0» < FIe+2(O -

~

Xj,\)

$

_£ ule+2(,\t)dt + ~'ifUIeH(t)

= ,\-l(k + 1)! + e- 1c - 2 (k + 2)IeH
b

and, for n

~ 2k, (use /

ie--ds $ ab+le- a for 2 $ b + 1 $ a)

a

-~

1

l=-oo

-m-l

ule(oX(l + x - 0» $

/

ulc('\(Y + X

_~

9

-

O»dy + UIe('\( -m - 1 + X

-

0»

.

o

Combination of the inequalities above proves Lemma A.l.
For the important case k
Lemma A.2. For n

(A.S)

~

= 1 we have

2

ISn,l(x, A) - F l (() -

Xj

A)I ~ R(n, 1, A) ,

where f) = P-llog(n - 1)}, and

Proof. From the general case in Lemma A.1 we have
ISn,l(x; A) - Fl(f) - x; A)I ~ max{R(n, 1, A), (n-1)-l FI(f) - x; An ,
and the result follows from

JUl(At)dt+~~uI(t)=2A-l+27e-3~(n-1)R(n,1,A).
00

O<FI(f)-x;A)~

0

-00

The functions Fk(x, A) are almost constant in x. For k
Lemma A.3. For 0

= 1 we have the following result.

< A < 21i 2

where

Proof For the Fourier coefficients Cm(k,A) of the functions FJe(·; A), which are periodic with
period 1, we have

J
1

Cm(k,A) =

00

Fk(x;A)e- 2?rimz dx = A- l

o

f uk(t)e2?ri>..-lmtdt = A-tr(k - 21iiA- m).
I

-00

From
Ir(l

± iy)1 2 = r(l + iy)r(l - iy) = 7l"y(sinh 7l"y)-1 and r(k + iy)
10

= (1 + iy) ...(k - 1 + iy)r(l + iy)

it follows that

q1(y)

Ir(k + iy)1

1e-1

= (1ryqle(y)(sinh 1ry)-1)1/2, where qle(y) =

n=1

= 1. For k = 1 we have
1F1(X; A) - A- 11~ 2

II (n 2 + y2) (k ~ 2),

00

00

m=1

m=1

L: ICm (1, 'x)1 = 1r(2/,X?/2 L: (m1/ 2sinh 21r 2,X-1 m )-1/2 .
o

After some fairly straightforward estimations we arrive at the desired result.

Below pictures of F1(x;A) - A- 1 are shown for A = log 2, and A = 2 (i.e., p = ~ and
p = 0.865); the amplitude is increasing in A.

0,l-------\------,~

-1

-0.5

-2

-1

-3
-4l-..--..-.....--~.....-,.--+~~

-1. 5.1----..--+~"'+-~.....-,.--+~~
o 0.2 0.4 0.6 0.8 1

o

0.2 0.4 0.6 0.8

1

Remark. From the foregoing it easily follows that

Corollary A.4. Let
00

Tn(x; A) = 2)(1 -

e-A(j+:I:))n -

(1 - e-A;t) .

;=0
Then for n

~

2 and 0 < A < 21r 2 ,

:I:

Proof. Clearly Tn(x; A) = A
fact that 41r(1- e-

41r2

/

I

Sn.1(t; A)dt. Applying Lemmas A.2 and A.3, and using the

o
)-1/2(1 + 1l'-2 A + ~1r-4A2) < 70 for 0 < A < 21r 2, we obtain (A.9).

A

11

0

The bound in the right-hand side of (A.9) is rather conservative. For moderate values of
and n not very small Tn(x; >') = F{z,,}(x) (d. (4.5)) can hardly be distinguished from x,
as is shown in the pictures below.

.x,

1,.-------71

1,--------71

1.----------""71

8.8

8.8

'.8

8.6

8.6

•. 6

8.4

8.4

••4

8.2
88

8.2 8.4 8.6 8.8

n = 10; >. = 4
(p= 0,98)

1

8.2 8.4 e.6 8.8

n = 10; >. = 1

(p= 0,37)

12

1

•• 2 8.4 8.6 8.8

n = 25; >. = log 2
(p= 0,50)
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