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1. Introduction
In this thesis, the acceleration dynamics of electron bunches in laser wakefield acceleration is
investigated both theoretically and numerically. Laser wakefield acceleration is one of several
acceleration schemes that use large accelerating electric fields in a plasma [1-3]. The advantage
of plasma-based acceleration techniques is that the electric fields in plasmas are not limited by the
vacuum breakdown constraint, which is a fundamental problem for conventional RF accelerators.
In recent experiments [4-17], electric fields in the order of 100 GV m−1 have been measured
[4-6]. which is 3-4 orders of magnitude higher than the typical electric fields of conventional
accelerators.
The basic idea of plasma-based acceleration is that a high-amplitude plasma wave is induced
by a powerful source that propagates in the plasma and drives collective oscillations of plasma
electrons in a background of plasma ions [18-20]. The source is assumed to propagate fast
enough, so that the background of plasma ions can be considered immobile. The plasma electron
motion induces charge separation, which results in high electric fields and a strong restoring
Coulomb force that drives the oscillation of the plasma electrons. The oscillation frequency of
the plasma electrons is the plasma frequency ω p , which is determined by the plasma density n p
through ωp2 = 4πnp e2 /m, where e denotes the unit charge and m the electron mass. The phase
velocity vϕ of the plasma wave is equal to the propagation velocity of the source. Together, these
quantities determine the plasma wavelength λ p = 2π/kp , where kp = ωp /vϕ is the plasma
wavenumber.
In laser wakefield acceleration, a short, intense laser pulse is the source for creating a highamplitude plasma wave [21-23]. A laser pulse can propagate in a plasma if the plasma density n p
is below the critical density n cr = mω02 /4πe2 , where ω0 denotes the central (carrier) frequency
of the laser pulse. Plasmas with np > ncr are called overdense, plasmas with np < ncr are
called underdense. For a given laser wavelength λ0 = 2πc/ω0, the critical density is found to be
π/re λ20 , where re = e2 /mc2 m is the classical electron radius. For a typical solid-state laser with
a wavelength of 800 nm often used in laser wakefield acceleration, the critical density is 1.75·10 21
cm−3 . The typical plasma density considered in this thesis is 3 to 4 orders of magnitude lower
(1017 − 1018 cm−3 ). The propagation velocity of the laser pulse, which is the group velocity [24]
vg = c(1 − np /ncr )1/2 , is close to c, the speed of light in vacuum.
If a laser pulse propagates in a plasma, the plasma electrons perform oscillations at the laser
frequency ω0 in response to the electric fields of the laser. This motion of plasma electrons is
called the quiver motion. The rapidly oscillating momentum (quiver momentum) of the plasma
electron is given by
p = eA/c,

(1.1)

where A denotes the vector potential that describes the laser electromagnetic fields. In a strongly
underdense plasma (np  ncr ) the quiver motion can be clearly separated from the response
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on the much slower plasma timescale, which is driven by the ponderomotive force of the laser
pulse. The ponderomotive force is due to the finite amplitude of the quiver oscillation, which is
proportional to the laser field amplitude, and the gradients of the laser pulse envelope. On the
slow timescale these effects combine into a net force that expels the plasma electrons from the
laser pulse region. The ponderomotive force is given by

(1.2)
F p = −mc2 ∇γ ≈ −∇ m2 c4 + e2 < A2 >,
where γ = (1 + p2 /m2 c2 )1/2 is the Lorentz factor of the electron and the brackets < . . . >
denote the average over the fast laser oscillation timescale. The ponderomotive excitation of a
plasma wave is sketched in Fig. 1.1. The ponderomotive force excites a plasma wave by pushing
the plasma electrons aside, which induces a charge separation. Due to this charge separation,
strong restoring Coulomb forces are excited in the wake of the laser pulse. The laser pulse and
the induced wakefields are stationary in the comoving frame that propagates with velocity v g ,
as sketched in Fig. 1.1, where the pulse propagates in the z-direction. For effective wakefield
excitation, the pulse must be short: the maximum amplitude of the accelerating wakefield is
found when the pulse length is about half a plasma wavelength, depending on the particular
shape of the laser pulse envelope. For this reason, acceleration in the wakefield of a short laser
pulse is also known as resonant laser wakefield acceleration.

x
z - vgt
Figure 1.1: Sketch of ponderomotive wakefield excitation: ponderomotive force (big arrows) pushes plasma
electrons aside (dashed curve is trajectory of plasma electrons, white oval is region of laser pulse); as
a result, strong electrostatic forces (small arrows) are excited.

In laser wakefield acceleration, the energy gain of the electrons is limited by phase slippage
[25], which results from the difference between vg and the actual velocity vz of an electron. This
is illustrated in Fig. 1.2, in which a sketch of laser wakefield acceleration of a short electron
bunch is given. Due to phase slippage, the electron eventually reaches a decelerating region
in the wave. This process is called dephasing and it limits the acceleration distance to the dephasing length. During most of the acceleration the electron velocity v z is larger than vg and
can be approximated with c. With this approximation, the dephasing length is estimated to be
(λp /2)/(c/vg − 1). Therefore, the strongly underdense regime (np  ncr ) is preferred for laser
wakefield acceleration, because in this regime a long dephasing length is found from the group
velocity vg = c(1 − np /ncr )1/2 of the laser pulse, which is close to c.
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Figure 1.2: Sketch of laser wakefield acceleration: the laser pulse that propagates with velocity v g excites a
plasma wave on which an electron bunch with velocity v b is accelerated.

As an alternative method for driving the plasma wave with laser pulses, a scheme with two long,
overlapping laser pulses with slightly different frequencies has been tried. This scheme is called
beat-wave acceleration (BWA) [26-34], because here the maximum amplitude is determined by
the condition that the beat distance is equal to the plasma wavelength, which can be realised by
taking the frequency difference exactly equal to the plasma frequency. Plasma waves can also be
driven by a relativistic electron bunch [35-42]. In this case it is the Coulomb force of the electron
bunch instead of the ponderomotive force that leads to charge separation. Acceleration in the
wakefield of an electron bunch is known under the somewhat confusing name plasma wakefield
acceleration (PWFA). For acceleration, a trailing electron bunch can be placed in the wakefield
of the driving bunch. This scheme works best if both bunches are short compared to the plasma
wavelength. Alternatively, one bunch that is somewhat longer than a plasma wavelength can
be used, such that the wakefield of the leading edge accelerates the electrons in the tail of the
bunch. In the early 1980s, when powerful short-pulse lasers were not yet available, plasmabased acceleration was investigated using both the BWA and PWFA schemes. These lines of
research are still continued today, in particular at SLAC (PWFA) and at UCLA (BWA). Since
BWA is a wave-resonant process, the phase of the wakefield is very sensitive to fluctuations of the
background density, which makes it difficult to control the acceleration. In the SLAC experiment
[43-45] an interesting regime of PWFA, called the blowout regime, is investigated. A 30 GeV
electron bunch is injected in a meter-long Li-plasma of which the density is lower than the bunch
density. This leads to creation of an ion focusing column by expulsion of all plasma electrons
from the bunch region as the bunch propagates through the plasma. The transverse dynamics of
the bunch has been studied in detail and measurements of acceleration of the tail electrons (this
is a one-bunch experiment) have been carried out recently.
In the mid-1980s, the situation for resonant laser wakefield acceleration changed with the invention of chirped pulse amplification (CPA) [46-48]. This is a technique for generating short, highintensity laser pulses by the stretching, amplification and recompression of short, low-intensity
laser pulses. For stretching and compression a pair of gratings in antiparallel configuration is
commonly used. Since the optical path in a grating depends on the wavelength, propagation
through the first grating results in a long pulse with frequency chirp. In the time domain, the
frequencies are separated in such a way that either the low frequency part (negative chirp) or the
high frequency part (positive chirp) of the pulse comes first. After recompression in the second
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grating, the frequencies are overlapping again and the pulse duration can be very short. In between the gratings, a set of amplifiers with a total gain of 10 7 or more provides an increase of
intensity to values as high as 10 19 − 1020 W cm−2 [49]. Because of the relatively small size and
high peak power, these CPA systems are known as T3 (tabletop-terawatt) lasers.
In laser-plasma interaction, these ultrahigh intensities produce a wealth of nonlinear phenomena,
including strong wakefield excitation [22, 23], relativistic self-focusing [50-61], and wave-wave
interactions such as stimulated Raman scattering [62-99]. A short survey of these nonlinear phenomena in laser-plasma interaction is given here. An important parameter for ultrahigh intensity
lasers is the amplitude a0 of the dimensionless vector potential eA/mc 2 . In terms of the peak
intensity I0 , it is given by
1/2

a0  0.85 · 10−9 λ0 [µm] I0 [W cm−2 ]

(1.3)

where λ0 is the laser wavelength in vacuum. The ponderomotive force (1.2) that drives the
wakefield is seen to be large for high-intensity pulses with small spatial dimensions. In principle,
for a given pulse energy the wakefield amplitude can be maximized by compressing the laser
pulse as much as possible (both in longitudinal and transverse direction). Thus the ideal laser
pulse for wakefield excitation is a very short “light bullet” focused tightly into an underdense
plasma. Since the amplitude of the quiver momentum is a 0 mc, the condition a0 ≥ 1 implies
that the plasma electron motion is relativistic and nonlinear. In this case, the index of refraction
is modified by relativistic mass increase, which can lead to relativistic self-focusing of the laser
pulse. The refractive index of the plasma is

ck0 /ω0 = 1 − n/(γncr ),
(1.4)
where k0 , ω0 denote the wavenumber, resp. the frequency of the laser pulse and n is the density of
the plasma electrons. The pulse is focused if the refractive index is peaked on axis: such a profile
can be formed e.g. by a Gaussian laser pulse which gives a γ-distribution that has a maximum
on axis due to the radial dependence of the quiver momentum. There is a power threshold for
relativistic self-focusing, given by P > Pcr , where
P[GW] ≈ 43 (a0 r0 /λ0 )2

(1.5)

is the peak power for a laser pulse with a Gaussian transverse intensity profile a 2 ∝ exp(−r 2 /r02 ),
and
Pcr [GW] ≈ 17 (λp /λ0 )2

(1.6)

is the critical power for self-focusing.
Nonlinear laser-plasma interaction enables coupling of waves of different frequencies. This coupling is most effective if the frequencies and wavenumbers satisfy a resonance condition. An
electromagnetic pump wave (laser pulse) with frequency ω0 , wavenumber k0 can couple resonantly to a copropagating plasma wave with frequency ω p , wavenumber kp and copropagating
electromagnetic waves (sidebands) with frequency ω0 ±ωp , wavenumber k0 ±kp , a process known
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as Raman forward scattering. The excitation of a counterpropagating electromagnetic wave with
frequency ω0 − ωp , wavenumber −k0 + kp and a plasma wave with frequency ωp , wavenumber
2k0 − kp is called Raman backward scattering. Raman scattering can severely affect the propagation of the laser pulse and lead to parametric instability. Such an instability is driven by the
feedback loop sketched in Fig. 1.3. The presence of a plasma wave, e.g. excited through Raman
scattering, leads to density perturbations. Since the refractive index of the plasma depends on
the electron density, as given by (1.4), the laser pulse amplitude tends to increase in regions with
low electron density and to decrease in regions with high electron density. In this way, the laser
pulse can eventually break up in “beamlets” of length  λ p /2. Such a modulated pulse can drive
the plasma wave very efficiently, especially if it extends over many plasma wavelengths. Finally
the loop is closed due to enhancement of density perturbations associated with a stronger plasma
wave.
density perturbation

laser pulse modulation

plasma wave excitation

Figure 1.3: Feedback loop of parametric instability.

In the presence of scattered waves and a strong wakefield, the motion of plasma electrons becomes highly nonlinear and relativistic. In particular, Raman forward scattering can lead to
fast electron generation by self-trapping and acceleration of background electrons in the plasma
wave. Alternatively, electron trapping may be induced by wave breaking of a high-amplitude
plasma wave. Fast electrons have been found in several self-modulated laser wakefield (SMLW)
experiments [4-17]. In these experiments, an ultraintense laser pulse is used to ionize a gas jet
and create a plasma. Inside the plasma, the laser pulse undergoes relativistic self-focusing and,
through Raman scattering and wave breaking, accelerates electrons up to multi-MeV energies.
The typical plasma density for SMLW experiments is 10 19 − 1020 cm−3 . For these densities, the
regime of strongly nonlinear interaction is easily accessible with T 3 lasers, because the critical
power (1.6) for self-focusing is around 1 TW and the typical laser pulse length (100 fs - 1 ps) contains multiple plasma wavelengths. In SMLW acceleration large amounts of fast electrons can be
produced: up to 8 nC in a single bunch has been reported. The energy distribution shows a large
spread, with most electrons at low energy (a few MeV) and only a small fraction at high energy
(up to a few 100 MeV). From the short acceleration length in these experiments (typically a few
mm), it is deduced that the accelerating gradients inside the plasma are very large (of order 100
GV m−1 ). Thus SMLW experiments have demonstrated the enormous potential of plasma-based
acceleration, but because SMLW acceleration depends on instabilities and nonlinear interaction,
it is inherently hard to control.
In order to make plasma-based acceleration competitive to other techniques, a more controlled
way of acceleration must be found. This is because for many applications, a useful electron
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source has to meet a number of specific requirements. As a first requirement high energy gain
can be mentioned, which is requested for example in high energy physics experiments (TeV
collider). For high energy gain one needs a large accelerating gradient, which plasma-based
acceleration obviously provides, and/or a sufficiently long acceleration distance. An obvious
requirement is that the source produces enough electrons, where “enough” strongly depends
on the particular application. Other criteria can be summarized as bunch quality requirements,
which typically involve things like small energy spread and small angular spread of the electron
bunch (a more precise definition will be given later). Some applications require very high quality
bunches: to mention one, the ideal electron bunch for an X-ray free electron laser [100] has a
charge of about 1 nC at 1 GeV energy with 1% energy spread and a transverse emittance of
1 µm. As will be shown, meeting these requirements is still far beyond what state-of-the-art
laser wakefield accelerators can do. From the mid-1990s on, controlled acceleration [101-119]
has received much attention. Workshops like “Advanced Acceleration Concepts” and “Second
generation laser-plasma accelerators” are fully dedicated to this subject.
The purpose of this thesis is to investigate controlled acceleration with resonant laser wakefield
excitation. In particular, a regime is investigated in which the instabilities that have been found
for laser-plasma interaction, and which make the SMLW acceleration process so hard to control,
are avoided as much as possible. A clear phase space separation between the population of
accelerated bunch electrons and the population of plasma electrons is assumed to exist. This
can be realised by external injection of a pre-accelerated electron bunch, where the energy of
the bunch (MeV to GeV-regime) is much larger than the typical thermal energy of the plasma
electrons (eV to keV-regime). For controlled acceleration, the intensity of the laser pulse is
necessarily limited to avoid self-trapping. Further it is assumed that ion motion can be neglected
and plasma heating does not play a role, so that the plasma electron dynamics is adequately
described by the cold electron fluid model, as given in sec. 1.2. For low enough plasma density,
the energy transfer between the laser pulse and the plasma is so low that the approximation of a
rigid, non-evolving laser pulse envelope can be taken. A few comments about this assumption,
which is used throughout this thesis, can be found at the end of section 1.1. The whole issue
of energy transfer between the laser pulse and the plasma wave, known as the pump depletion
problem [120, 121], is worth a separate study.
The subject of this thesis is the dynamics of the accelerated electron bunch and the efficiency of
the acceleration by energy transfer from the plasma wave to the electrons. Here the main issue
is beam loading [101-106], loosely defined as the modification of the plasma wave by the wakefields of the accelerated bunch. This is illustrated in Fig. 1.4, which shows the accelerating field
of the plasma wave, both with and without modification due to the electron bunch. Beam loading
effectively introduces an asymmetric interaction between bunch electrons, since the wakefield
due to a particular electron influences the dynamics of all other electrons behind it (not in front
of it, because there is no wakefield in front of the source). In Fig. 1.4 the bunch wakefield is
seen to cause a reduction of the accelerating field in the trailing part of the bunch. This reduction of accelerating field has important consequences for the evolution of the energy spread of
the bunch, as will be shown in chapter 3 of this thesis. In chapter 4 the influence of the bunch
wakefields on the transverse dynamics is discussed.
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Figure 1.4: Sketch of beam loading effect: electron bunch induces decelerating bunch wakefield.

This thesis is organised as follows. In sec. 1.1, the need for optical guiding in controlled laser
wakefield acceleration is explained, followed by a brief description of several methods that have
been explored so far to achieve optical guiding. It is concluded that guiding in a plasma channel is
the best available option. In sec. 1.2, a fluid description of laser-plasma interaction is presented.
The fluid equations are investigated in the limit of strongly underdense plasma, where an ordering
is introduced based on the separation of timescales ω p  ω0 . This results in a set of “slow”
equations for the plasma response on the slow plasma timescale, driven by the ponderomotive
force. In sec. 1.3 the principle of wakefield acceleration is explained by analyzing the motion of
electrons in a given laser wakefield, including the effects of transverse motion on the acceleration
dynamics.
In chapter 2, the “slow” equations derived in sec. 1.2 are investigated further. Section 2.1 features
a detailed calculation of laser wakefields in 1-D geometry and 2-D slab geometry, including the
case of wakefield excitation in a plasma channel. In sec. 2.2, a comparison of laser wakefields
and bunch wakefields is presented, which yields the beam loading limit, defined as the largest
amount of bunch charge that can be accelerated on a given laser wakefield. Section 2.3 contains
a calculation of the space charge forces that play an important role in electron bunch dynamics
in conventional accelerators. By comparison with the magnitude of the bunch wakefields (as
calculated in sec. 2.2) it is shown that the space charge forces are usually much smaller and can
be neglected.
Chapters 1 and 2 serve as an introduction to the results presented in chapters 3-5, in which the
analysis of the electron motion is extended beyond the single-electron level (which is analysed
in sec. 1.3) by including a self-consistent field description (as given in sec. 2.2). This allows one
to study the collective effects in the electron dynamics due to the finite size and finite charge of
the bunch (more generally formulated: due to the finite density of the bunch in 6D phase space).
In chapters 3 and 4 of this thesis, the purpose of the analysis is to develop a strategy for minimization of energy spread and conservation of transverse emittance, while maintaining a reasonable
energy gain. This leads to requirements on the length, width and charge of the electron bunch,
the required acceleration distance, the required accuracy of phasing (delay between laser pulse
and electron bunch), and limitations on the offset (transverse distance between the electron bunch
and the laser propagation axis). In order to find these specifications, a somewhat idealized bunch
description has been assumed, which leads to a theoretical limit of achievable bunch quality.
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Compared to the performance of available electron sources, such as laser-triggered RF guns, the
specifications turn out to be quite demanding. In particular, the requirements of small bunch
length and accurate phasing for minimization of energy spread turn out to be difficult. This is
one of the reasons that, apart from a few pioneering experiments [115, 116], laser wakefield
acceleration with external injection has not yet been demonstrated. A recently started program
of laser wakefield acceleration in The Netherlands is aimed at resolving some of the mentioned
difficulties. In particular, electron gun development at Eindhoven University has resulted in a
design for a source of electron bunches with about 100 fs duration with about 20 fs accuracy
[117].
The article presented in chapter 5 is the result of a collaboration the group of dr. Wim Leemans at
the Lawrence Berkeley National Laboratory in Berkeley, California. The purpose of this research
is to show how an electron bunch from a self-modulated laser wakefield accelerator is accelerated
further in a second stage, called post-acceleration, of controlled laser wakefield acceleration. As
a possible application, the creation of bremsstrahlung γ-rays for nuclear isotope production is
mentioned. For this application, optimization of bunch quality means that as much charge as
possible should be in an energy bin around the resonant γ-ray energy. For this application,
the requirements on energy spread and transverse emittance are less strict than those used in
chapters 3 and 4. Simulation results presented in chapter 5 show that post-acceleration results in
increase of average energy from 10 to 50 MeV for about 40% of the injected charge in a few mm
acceleration length, while the amount of charge in the resonant energy bin increases by orders of
magnitude.
Appendix A contains the used definitions of energy spread, emittance and other bunch parameters. Appendix B contains the definitions of certain functions that are used in this thesis. The
computer codes that have been used for numerical modeling of laser wakefield acceleration are
described in appendix C. These codes solve a system of coupled equations, namely the Lorentz
force equations for the bunch electron motion and fluid equations for the description of the
plasma wave. Appendix D contains a list of symbols used in this thesis (such as l b for bunch
length).

1.1 Optical guiding
In the previous section, it was found that for controlled acceleration the low-density regime
np  ncr is favoured. As a consequence of this, a long dephasing length is found, which poses
the following problem for propagation of the laser pulse inside the plasma. In order to reach
a sufficiently high wakefield amplitude, the laser pulse must be focused down to a small spot
size r0 , which increases the peak intensity. Due to geometric diffraction the interaction length
is limited to the Rayleigh length z R = k0 r02 , where k0 = 2π/λ0 . As an example, compare the
Rayleigh length of about 0.78 mm for a laser with 800 nm wavelength focused to a spot size of
10 µm, with the dephasing length in a plasma of 10 18 cm−3 density, which is 2.9 cm or 37 zR .
These numbers indicate that for laser wakefield acceleration to be effective, it is necessary to find
a way to overcome diffraction [122, 123]. Several methods have been proposed in the literature:
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relativistic self-focusing [50-61], channel guiding [122-143], and guiding with capillary tubes
[144-148].
Relativistic self-focusing can be employed only if the pulse is intense enough to exceed the power
threshold P > Pcr , where Pcr is given by (1.6). Such pulses are usually strong enough to drive
large amplitude wakefields that can trap and accelerate electrons from the background plasma.
This makes relativistic self-focusing inherently unsuitable for controlled acceleration.
A more controlled way to guide a laser pulse is injection in a preformed plasma channel. A
plasma channel provides local changes in the refractive index (1.4) through a transverse profile of
the plasma density. In order to guide a laser pulse, the refractive index on axis must be higher than
off axis, so the density on axis must be lower than off axis. One particular realization is a hollow
plasma channel [124-126], which is completely evacuated around the axis and has a constant
density beyond a certain radius. In order to support plasma waves of sufficient amplitude, the
hollow channel radius must be small compared to a plasma wavelength. Another possibility is
the use of parabolic channels, which have a density profile ni (r) = np (1 + r 2 /wc2 ), with ni the
ion (plasma) density, n0 the on-axis density, r the distance to the axis (cylindrical symmetry is
assumed), and wc the channel radius. These profiles support certain eigenmodes for the laser,
of which the fundamental mode is a Gaussian with a 2 ∝ exp(−r 2 /wl2) with pulse width (spot
size) wl . The matching condition is w c = kp wl2 , where kp2 = 4πnp e2 /mc2 . This condition
must be applied to find the matched spot size, i.e. the width of the Gaussian laser profile that is
supported by a given channel radius or, alternatively, to find the matched radius of the channel
that can be used to guide a pulse with given spot size. A slight mismatch between w c and wl leads
to spot size oscillations. These oscillations can be thought of as the beat wave of the different
supported eigenmodes that the mismatched pulse consists of. The effect of small-amplitude spot
size oscillations on the excited wakefields is generally assumed to be of minor importance.
One way of creating a parabolic plasma profile is the manipulation of a gas jet with additional
laser pulses. This technique was pioneered by Milchberg et al. [128-130] and later refined by
Leemans et al. [131] The scheme relies on creating the plasma via inverse bremsstrahlung, which
leads to plasma expansion through a hydrodynamic shock wave. At a particular point in the
expansion, the density profile is nearly parabolic around the axis and it has walls with a density
about 5 times the on-axis value. Still further away from the axis, the density decreases to zero.
Strictly speaking, this type of density profile can only support decaying laser modes because
the laser light can penetrate through the wall [132] (the channel is sometimes called “leaky”).
Also because the shock expansion is dynamic, it is necessary to tune the delay between the main
pulse that creates the wakefield and the laser pulses used for creating the channel. Experimental
results show that these issues can be dealt with and laser pulse guiding over cm distances has
been demonstrated by various groups. A limitation of this scheme is that the on-axis density is
usually not lower than about 10 18 cm−3 . Due to the decrease of plasma wavelength with density
(λp ∝ (ncr /np )1/2 ), the maximum tolerable bunch length is seen to decrease with n p . At a plasma
density of 1018 cm−3 , this poses a limit on the duration of the injected electron bunch of about
15 fs, which is much less than the bunch duration of state-of-the-art electron bunch sources like
photocathode RF guns.
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A parabolic density profile can also be created in capillary discharge waveguides of plastic [136,
137] or aluminum oxide [138, 139]. In such waveguides, a plasma channel is formed on such a
long timescale that the pressure is constant inside the tube. A hollow density profile is formed,
because the plasma temperature, which is in the eV-range, is higher on-axis than off-axis. The
density limitations of this scheme is comparable to the limitation of Milchberg’s scheme (n p ≥
1018 cm−3 ).
Another possibility of extending the interaction length is to guide the laser pulse in a glass capillary tube. Such a tube supports laser eigenmodes of which the fundamental has a large overlap
with a Gaussian profile. These eigenmodes are decaying with a decay distance that can be several
10s of cm. A plasma can be introduced by filling the tube with gas and using a laser pulse that
is strong enough to create a fully ionized plasma inside the tube. Therefore this scheme does not
require tuning of the delay between different laser pulses.
Besides diffraction there are other limitations on the propagation length of a laser pulse in a
plasma. If the laser pulse is sufficiently long and/or intense, instabilities such as Raman scattering
and modulational instability may develop, as discussed in the previous section. The instabilities
are usually suppressed if the pulse length l l is short compared to the plasma wavelength λ p and if
the pulse amplitude is in the linear or weakly nonlinear regime (a 0 ≤ 1). As mentioned before,
for controlled wakefield acceleration, these instabilities are to be avoided as much as possible.
For channel-guided laser pulses of sufficiently low intensity and sufficiently short pulse length
to suppress instabilities, one finds that the evolution of the laser pulse envelope takes place on
a propagation length scale much longer than the Rayleigh diffraction length [140, 141]. Indeed,
for a resonant pulse length ll ≈ λp /2, the pulse changes slowly, even on the dephasing length
scale (λp /λ0 )2 λp . For such pulses, the dynamics is governed by group velocity dispersion with
dispersion length k0 (λp /λ0 )2 ll2 . and energy loss of the driving pulse to the plasma, for which
the typical length is the pump depletion length (6/a 20 ) (λp /λ0 )2 ll . Recent simulation results
of weakly nonlinear pulse propagation in a matched parabolic channel also show a very slow
evolution of the pulse shape over a full dephasing length. From these simulation results, it is
concluded that the assumption of a non-evolving pulse envelope, as done in this thesis, can be
justified for a weakly nonlinear laser pulse in a matched parabolic channel. This type of pulse
propagation is ideal for controlled wakefield acceleration [140-143].

1.2 Fluid description of laser-plasma interaction
In this thesis the plasma, which is supposed to be fully ionised, is described by the cold electron fluid equations for density n and momentum p of the plasma electrons as functions of the
coordinate r and time t. The ions form an immobile, neutralizing background with density n i .
In this density, the charge number Z is accounted for, such that the plasma is neutral if n = n i
everywhere. The ion density does not depend on t, but it may depend on r, as in the case of a
plasma channel. The relativistic equation of motion for the plasma electron momentum is


v
∂p
+ v · ∇p = −e E + × B
(1.7)
∂t
c
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where −e denotes the electron charge, E and B denote the electric and magnetic field, c the
speed of light in vacuum, and the electron velocity v is related to the momentum as
p = γmv
with m the electron rest mass and γ the Lorentz factor


γ = 1 + p2 /m2 c2 = 1/ 1 − v 2 /c2 .

(1.8)

(1.9)

The density satisfies the continuity equation
∂n
+ ∇ · (nv) = 0.
∂t

(1.10)

The evolution of the electric and magnetic fields is described by Maxwell’s equations
∇·B = 0

(1.11)

∇ · E = 4πρ

(1.12)

∂B
+ c∇ × E = 0
∂t
∂E
− c∇ × B = −4πJ .
∂t
Here, ρ and J denote the charge density and current density of the plasma, given by

(1.13)
(1.14)

ρ = (ni − n)e

(1.15)

J = −nev.

(1.16)

By writing the equation of motion as

e 
∂p
+ eE + mc2 ∇γ = v × ∇ × p − B
∂t
c

(1.17)

and taking the curl, one finds


∂Ω
− ∇ × v × Ω = 0,
∂t

(1.18)

where Ω = ∇ × p − eB/c is the generalized vorticity. If at t = 0 the plasma is at rest (the laser
pulse has not yet entered the plasma region), the generalized vorticity is zero inside the plasma.
According to (1.18) it will remain zero at t > 0, in which case the electric and magnetic fields
can be expressed in terms of the fluid momentum:
eE = −

∂p
− mc2 ∇γ
∂t

(1.19)
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e
B = ∇ × p.
c

(1.20)

By comparing (1.19) and (1.20) with the usual relations E = −(1/c)∂A/∂t − ∇φ, B = ∇ × A
between the electromagnetic fields E, B, the electrostatic potential φ, and the vector potential
A, one finds
∇ × (p − eA/c) = 0

(1.21)

∂
(p − eA/c) = ∇(eφ − mc2 γ).
∂t

(1.22)

and

The last term on the right hand side of (1.22) is known as the ponderomotive force.
At this point, it is useful to introduce a scaling to make all variables dimensionless by introducing some conveniently chosen reference frequency ωr , which defines a dimensionless time ω r t.
Similarly, the dimensionless space is ω r r/c, the dimensionless velocity is v/c, the dimensionless momentum is p/mc, and the dimensionless energy is γ. The dimensionless electrostatic
potential and vector potential are eφ/mc2 , eA/mc2 , which yields eE/mωr c, eB/mωr c for the
dimensionless electric and magnetic fields. The plasma density n p is used to define the dimensionless plasma electron density n/n p , the dimensionless ion (background) density n i /np and
the dimensionless bunch electron density n b /np . For a parabolic plasma channel, the value of np
is the value of ni on axis.
Quite naturally, one distinguishes two different timescales for laser-plasma interaction: the laser
pulse is characterized by the optical frequency ω0 of the laser field oscillations, while the typical
frequency for plasma oscillations is the plasma frequency ω p , defined by
ωp2 = 4πnp e2 /m.

(1.23)

From ωp one defines the plasma wavelength
λp = 2πc/ωp .

(1.24)

When describing the pulse evolution, it is useful to choose a scaling based on the optical timescale
(ωr = ω0 ), as will be done in the rest of this section. For describing the plasma motion on the
plasma timescale and the evolution of the accelerated electron bunch, it is more convenient to
choose ωr = ωp . This is done in the next section and in the rest of this thesis whenever equations
are written in dimensionless form.
For controlled wakefield acceleration, the pulse must propagate through the plasma as far as
possible, so the strongly underdense regime with n p  ncr is preferred. This results in a clear
ωp . With the parameter ε = ωp /ω0 , the dimensionless version of
separation of timescales ω0
the equations for p, A and φ is
∂
(p − A) = ∇(φ − γ)
∂t

(1.25)
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∂2A
∂φ
= ε2 nv + ∇
2
∂t
∂t
2
2
∇ φ = ε (n − ni )
∇2 A −
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(1.26)
(1.27)

where the Coulomb gauge
∇·A = 0

(1.28)

has been chosen. The continuity equation
∂n
+ ∇ · (nv) = 0
∂t

(1.29)

follows from combining the equations for A and φ with the Coulomb gauge. Equations (1.25)(1.28) give a complete description of the laser-plasma interaction with the cold electron fluid
equations.
Based on the separation of timescales (ε  1) an ordering is introduced as follows. All quantities
are written as the sum of a fast and a slow part:
Q = Qf + Qs ,

(1.30)

where the slow part Qs is the average value < Q > of Q obtained by averaging over the fast
timescale. The fast and slow contributions to all quantities are ordered in powers of ε. This
ordering is made explicit by scaling all contributions back to order 1 and multiplying them by
the proper power of ε. For example, if the fast part of Q is of order 1 and the slow part is of
order ε2 , this is written as Q = Qf + ε2 Qs . Assuming that the laser oscillations are on the fast
timescale and the radial and axial dependence of the laser envelope are both on the slow scale,
the space-time derivatives are written as follows
∂
∂
∂
+ε ,
→
∂t
∂tf
∂ts

∇ → êz

∂
+ ε∇s ,
∂zf

(1.31)

where, without loss of generality, the z-direction is chosen as the direction of propagation for the
laser pulse.
The optical field oscillations of the laser pulse are described by the fast vector potential A f .
From (1.28), consistency is seen to require that the longitudinal component is of higher order
in ε than the transverse component. Since the laser field is the dominant contribution to the
electromagnetic field, the transverse component is chosen O(1). Consequently, the longitudinal
component is O(ε):
Af = A⊥,f + εêz Az,f

(1.32)

Inside the plasma, the vector potential also has slow components that describe the magnetic
wakefields. This contribution is taken O(1), giving for the full vector potential
A = A⊥,f + εêz Az,f + As

(1.33)
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This ordering implies that the amplitude of the slow E, B-fields is one order of ε smaller than
the the amplitude of the fast transverse E, B-fields. For the plasma electron momentum the
same ordering as for the vector potential is taken
p = p⊥,f + εêz pz,f + ps ,

(1.34)

in agreement with (1.25). The fast transverse oscillation of plasma electrons is
p⊥,f = A⊥,f + O(ε).

(1.35)

The fast plasma oscillation is the quiver motion and p ⊥,f is the quiver momentum. The density
is ordered as follows
n = ns + εnf .

(1.36)

Fast oscillations are taken higher order in ε to reflect that the density oscillation is mainly driven
by the ponderomotive force (i.e. on the slow timescale). Consistency of (1.27) requires
φ = φs + ε 3 φf ,

(1.37)

for the ordering of φ. Note that
γ 2 = 1 + p2 = 1 + (A⊥,f + ps )2 + 2εpz,spz,f + O(ε2 ),

(1.38)

from which the ordering
γ = γs + εγf

(1.39)

for γ is seen to be valid if
A2⊥,f − < A2⊥,f > +2A⊥,f · ps = O(ε).

(1.40)

By assuming this ordering, one neglects the generation of higher-order harmonics of the laser
frequency. If (1.40) holds, γs is given by

γs = 1 + p2s + 2I
(1.41)
where the slow quantity I is defined by
I =

1
< A2⊥,f > .
2

(1.42)

With the given ordering, the slow parts of (1.25) - (1.28) are
∂
(p − As ) = ∇s (φs − γs )
∂ts s

∂φs
∂2 
ns
p s + ∇s
∇2s − 2 As =
∂ts
γs
∂ts

(1.43)
(1.44)
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∇2s φs = ns − ni

(1.45)

∇s · As = 0.

(1.46)

Included in (1.43)-(1.46) is the slow part of the continuity equation
n 
∂ns
s
+ ∇s ·
p = 0.
∂ts
γs s

(1.47)

With A⊥,f given, equations (1.43) - (1.46) describe the slow plasma response, given by n s , ps ,
φs , As , where γs is defined by (1.41) and I is calculated from A⊥,f with (1.42).
The equation for A⊥,f is
 ∂2


 ∂2
∂2
∂2 
∂2 
2
2
2 ns
−
+
2ε
−
−
+
ε
∇
−
ε
A⊥,f = 0.
s
∂zf2 ∂t2f
∂zf ∂zs ∂tf ∂ts
∂t2s
γs

(1.48)

This equation describes the evolution of the laser pulse inside the plasma. Together with (1.43)(1.46), this gives a complete description of the laser-plasma interaction in the strongly underdense regime (ε  1). The influence of the plasma on the laser pulse dynamics is contained in
the ns A⊥,f /γs -term in (1.48).
It is assumed that the laser pulse can be represented by a rapidly oscillating phase θ = t f −zf /vφ
and a slowly varying complex envelope a as
A⊥,f = a(r s , ts ) eiθ ,

(1.49)

where vφ denotes the phase velocity of the laser pulse. Inserting (1.49) in (1.48) results in the
following envelope equation


 ∂

1
1 ∂ 
∂ 2 
2 ns
2
2
1− 2 −ε
− 2εi
+ ε ∇s − 2 a = 0,
+
vφ
γs
∂ts vφ ∂zs
∂ts

(1.50)

from which a local dispersion relation 1 − 1/vφ2 − ε2 ns /γs = 0 is seen to hold. Since vφ is taken
to be constant, it must be defined by a global dispersion relation 1 − 1/v φ2 = ε2 ñ, where ñ is
some conveniently chosen value of ns /γs . For 1-D calculations, the group velocity is calculated
by taking ñ = 1, which gives a phase velocity v φ = (1 − ε2 )−1/2 slightly larger than 1 and a
group velocity vg = 1/vφ = (1 − ε2 )1/2 slightly smaller than 1. As will be shown in the next
section, the Lorentz factor γg = (1 − vg2 )−1/2 = ε−1 = ω0 /ωp = (ncr /np )1/2 associated with the
group velocity vg plays an important role in the dynamics of accelerated electrons. The Lorentz
1) in the underdense regime (ε  1).
factor is seen to be large (γg
For propagation in a plasma channel, the effect of a finite spot size must be taken into account.
The group velocity is different for each eigenmode of the laser pulse in the channel. As an
2
2
example, the dispersion relation for the Gaussian fundamental mode I ∝ e −r /wl in a parabolic
channel ni (r) = 1 + r 2 /wc2 is given by 1 − 1/vφ2 − ε2 (1 + 2/wl2) = 0, where wl is the laser
pulse width (spot size) and wc is the matched channel width, given by w c = wl2. Thus the value
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Figure 1.5: Reduction factor of γ g due to finite laser pulse width w l .

of γg = ε−1(1 + 2/wl2)−1/2 for pulse propagation in a parabolic channel is seen to be reduced
as compared to the 1-D case, as shown in Fig. 1.5.
At this point, the quasi-static approximation is introduced. In this approximation, the evolution
of the laser pulse envelope in the comoving frame is taken to be much slower than the plasma
response. With the slow phase ζ = zs − vg ts and the slow envelope evolution time τ , the slow
space-time dependence is given by
∂
∂
∂
+ε ,
→ −vg
∂ts
∂ζ
∂τ

∂
∂
.
→
∂zs
∂ζ

(1.51)

where the velocity of the comoving frame is seen to be the group velocity v g . The envelope
equation becomes

ns
∂2 
∂a
2
= 1−
a + O(ε2 )
+ ∇⊥,s + 2εvg
(1.52)
2i
∂τ
γs
∂ζ∂τ
or, in the case of propagation in a parabolic channel,

2
∂2 
ns
∂a
= 1+ 2 −
a + O(ε2 ).
+ ∇2⊥,s + 2εvg
2i
∂τ
wl
γs
∂ζ∂τ

(1.53)

The ∇2⊥,s -term in (1.52 -1.53) describes geometric diffraction and the the ∂ 2 /∂ζ∂τ -term describes group velocity dispersion. Other terms contain relativistic effects (γ s > 1) and wakefield
effects (ns = 1). In the quasi-static approximation, the slow quantities n s , ps , φs , As can be
calculated by dropping all τ -derivatives from (1.43)-(1.46). The resulting quasi-static wakefield
equations are analysed further in chapter 2. The τ -dependence of ns , ps , φs , As follows from
the τ -dependence of I, which is calculated from
I = < A2⊥,f > /2 = |a|2 /4 (|a|2 /2),

(1.54)

where linear (circular) polarization is assumed. In all calculations presented in this thesis, the
evolution of a is taken so slow that it can be completely neglected. Instead of being calculated
from (1.52)-(1.54), I is prescribed as a function of (x, y, ζ). This approximation is justified for
weakly nonlinear laser pulses that propagate in a matched channel, as mentioned before (at the
end of section 1.1).
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1.3 Acceleration dynamics
In this section, the motion of accelerated electrons in a quasi-static wakefield is discussed. The
acceleration of a single electron in a prescribed wakefield is discussed in detail. A number
of important quantities are derived, such as the maximum achievable energy gain in a single
acceleration stage and the minimum injection energy for the electron to be accelerated. At the end
of this section, a short introduction of the bunch dynamics (as described by the Vlasov equation)
is given. Self-consistent calculations of the bunch dynamics, including collective effects like
beam loading, are presented in chapters 3-5.
For the description of single-electron acceleration, the scalar and vector potentials (φ and A) are
assumed to depend only on the comoving coordinate ζ = z − v g t and the transverse coordinates
(x, y), where vg denotes the phase velocity of the wakefield, which is equal to the group velocity
of the laser pulse.
Since the electrons move predominantly in the forward direction (z-direction), the paraxial approximation can be used for analyzing the dynamics of accelerated electrons. For evaluating the
Lorentz force on an electron with momentum P , the approximation v ≈ v g êz can be used to
give [150]
dP ⊥
(1.55)
= −E ⊥ − vg êz × B = ∇⊥ (φ − vg Az )
dt
dPz
∂
= −Ez =
(φ − vg Az ).
(1.56)
dt
∂ζ
Note that here the equations are written in dimensionless form with a scaling based on ω r = ωp ,
such that a dimensionless distance of 2π corresponds to a plasma wavelength λ p (1.24). The
approximation v ≈ vg êz is correct for evaluating the Lorentz force, but it does not imply that the
electron energy γ is constant. This is because the difference between the forward velocity v z and
the group velocity vg is always small, i.e. of order ε2 . The evolution of the energy γ = (1+P 2 )1/2
follows from (1.55)-(1.56), which can be written in Hamiltonian form with Hamiltonian
H = γ − vg Pz − Ψ

(1.57)

where the comoving coordinate (r ⊥ , ζ) and momentum (P ⊥ , Pz ) are canonical coordinates. The
quantity Ψ, defined by
Ψ = φ − vg Az

(1.58)

is the wakefield potential. Since |P⊥ |  Pz in the paraxial approximation, it is convenient to
expand the Hamiltonian in a Taylor series around r ⊥ = 0, P ⊥ = 0. To leading order, this gives
H0 = γ0 − vg Pz − Ψ0

(1.59)

with γ0 = (1 + Pz2 )1/2 and Ψ0 (ζ) = Ψ (r ⊥ = 0, ζ). With canonical coordinates ζ, Pz the
lowest order equations are
∂H0
dPz
= Fz (r ⊥ = 0, ζ) = −
dt
∂ζ

(1.60)
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Pz
dζ
∂H0
=
− vg =
.
dt
γ0
∂Pz

(1.61)

These equations describe the momentum transfer and phase slippage between the electron and
the wave. Now consider the case of electron acceleration in a sinusoidal plasma wave
Ψ0 (ζ) = e0 cos ζ,

(1.62)

where e0 is the amplitude of the wave. As will be shown in chapter 2, (1.62) describes the laser
wakefield correctly in the low-amplitude limit e 0  1 (linear regime). The nonlinear regime,
with e0 = O(1), is of course more interesting because increasing the wakefield amplitude yields
higher energy gain [149]. However, because for the general nonlinear case no analytical expression for the wakefield is available, (1.62) is used here to illustrate the acceleration mechanism.
For the value of e0 chosen in the examples below, namely e0 = 0.1, the linear approximation is
valid.
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Figure 1.6: Phase diagram for H 0 with O-point (O), X-point (X), highest (H) and lowest (L) point of separatrix.

For the Hamiltonian H0 (1.59) there are 3 types of orbits, as can be seen in Fig. 1.6, which shows
the (ζ, γ0)-phase space diagram for e0 = 0.1, γg = 50. The quantity γg = (1 − vg2 )−1/2 is called
the resonant energy. As seen in Fig. 1.6, there are closed orbits inside the separatrix and open
orbits both above and below the separatrix. The orbits below the separatrix describe the motion of
electrons that are too slow to be captured in the wave. The orbits above the separatrix correspond
to the motion of electrons that are outrunning the wave. The orbits inside the separatrix describe
the motion of electrons that are trapped inside the wave. Trapped electrons oscillate back and
forth in the moving potential well: these oscillations are called synchrotron oscillations. For
acceleration, it is unwanted to let the electrons perform multiple synchrotron oscillations: it is
sufficient to inject electrons at low energy and extract them when they have reached a maximum
average γ0 after about half a synchrotron oscillation.
Stable equilibrium points (O-points) in Fig. 1.6 are seen to exist at ζ = 2nπ, γ 0 = γg and
unstable equilibrium points (X-points) at ζ = (2n + 1)π, γ 0 = γg for all n ∈ Z. For orbits inside
the separatrix, one can define the turning points by the condition ∂H 0 /∂Pz = dζ/dt = 0, i.e.
points at which the backward phase slip of the electron changes to forward slip or vice versa. In
Fig. 1.6 these points are seen to be at γ0 = γg . Points of minimum and maximum P z , defined
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by ∂H0 /∂ζ = 0, are found at ζ = nπ for n ∈ Z. The minimum and maximum energy for the
separatrix (points indicated as H and L in phase diagram 1.6) are denoted γ 0 = γmax(min) and
given by
γmax = 2γg + 4e0 γg2
1
4e0
in the approximation γ g

(1.63)

γmin = e0 +

(1.64)
1.

The energy gain is proportional to the amplitude of the wakefield and the acceleration distance
La , which is limited by phase slippage. The acceleration distance is equal to v g T , where T
denotes the time during which the electron can remain in the accelerating region (i.e. half a
synchrotron period). The maximum acceleration distance is the dephasing length L d . Since for
a large part of the acceleration the approximation γ0
γg is valid, the phase slippage can be
taken constant:
dζ
1
.
≈ 1 − vg ≈
dt
2γg2

(1.65)

The dephasing length corresponds to a phase slippage distance of half a plasma wavelength. With
(1.65) it is found that


2
(1.66)
Ld ≈ T = dt ≈ 2γg dζ = 2πγg2
and this formula explains the scaling of γ max ∝ e0 Ld with γg2 .
The energy at the lowest point of the separatrix is the minimum energy for trapped electrons,
which is the trapping threshold. The formula for γ min has a minimum at e0 = 1/2, suggesting
that beyond e0 = 1/2 the trapping threshold increases with amplitude. This is not the case,
however, because these γ0 -values correspond to electrons with vz < 0. This means that, above
e0 = 1/2, the wave is strong enough to trap counterpropagating electrons.
In this thesis, only the acceleration of electrons inside the separatrix is discussed. This is because
at injection, the energy γ0 of the electrons is taken in the order of 5 - 10, i.e. much smaller than
the resonant energy γg , which is typically in the order of 50 - 100. In principle, the orbits above
the separatrix can be used for acceleration as well, but this would require injection at γ 0 > γg
for which a much larger (and probably more expensive) electron source is needed as an injector.
To avoid the technical difficulties involved in staging of laser wakefield acceleration sections,
only a single acceleration stage is considered in this thesis. The formula for γ max shows that
nevertheless the energy gain in a single stage can be quite high (e 0 = 0.1 and γg = 50 already
gives γmax = 1100, which is about 560 MeV).
To illustrate the dynamics further, results of numerical integration of the lowest-order equations
of motion are shown in Fig. 1.7. Two different initial conditions inside the separatrix have been
chosen: (ζ, γ0) = (−0.3 π, 0.2 γg ), (−0.6 π, 0.2 γg ) for e0 = 0.1, γg = 50. The time variable
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Figure 1.7: Phase (left) and energy (right) as functions of acceleration distance for initial conditions (ζ, γ 0 ) =
(−0.3π, 0.2γg ) (solid lines) and (ζ, γ0 ) = (−0.6π, 0.2γg ) (dashed lines).

is multiplied by v g to get the acceleration distance La , which is expressed as a fraction of the
dephasing length Ld = 2πγg2 . From Fig. 1.7 the approximation of constant phase slippage is
seen to hold for a large part of the motion. It fails only during a short time, when the electron
rapidly slips backward. This leads to typical sawtooth oscillations for ζ. Orbits near the O-point
have a shorter synchrotron oscillation period than orbits close to the separatrix. The maximum
energy scales about linearly with the synchrotron period.
The transverse motion [151] follows from the second-order expansion of the Hamiltonian (1.57)
H ≈ H0 + H2 ,

(1.67)

with
H2 =

1 2
1
P ⊥ − Ψ2 r 2⊥
2γ0
2

(1.68)

where the function Ψ2 denotes the curvature of the potential Ψ in the vicinity of the propagation
axis, assuming cylindrical symmetry. The function Ψ 2 is given by
∂ 2 Ψ(r, ζ)
Ψ2 (ζ) =
(ζ, r = 0).
∂r 2

(1.69)

Because of the cylindrical symmetry, for now the analysis can be restricted to one of the transverse directions, say x. For the y-direction, the same formulas apply. The transverse equations
of motion are
dPx
= Ψ2 x
dt

(1.70)

dx
Px
=
dt
γ0

(1.71)

The transverse forces are focusing in regions with Ψ2 < 0 and defocusing in regions with Ψ 2 > 0.
In focusing regions, H2 is the Hamiltonian of a harmonic oscillator with time-dependent mass
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γ0 and focusing strength −Ψ2 . The time dependence enters through the dependence of γ0 and
Ψ2 on Pz and ζ, resp. The transverse oscillations are called betatron oscillations. If the typical
timescale for the transverse motion is much shorter than for the longitudinal motion, the betatron
frequency ωβ of the transverse oscillation is given by
ωβ2 = −Ψ2 /γ0 .

(1.72)

In this case, the (ζ, Pz )-dependence is adiabatically slow and the area Ax in (x, Px ) phase space

Ax =
Px d x
(1.73)
is an adiabatic invariant of the motion. Taking the approximation of constant phase slippage
for the longitudinal timescale results in the condition ω β /ωp
1/γg2 (betatron period much
shorter than synchrotron period). Note that the requirement that the longitudinal timescale is
much longer than the transverse timescale may fail during the rapid backward slip of the electron
(see Fig. 1.7). In this case there is no adiabatic invariant.
For the harmonic oscillator, the adiabatic invariant can be calculated explicitly and it is
Ax = πx0 Px0

(1.74)

where x0 , Px0 denote the slowly varying amplitudes (envelopes) of the oscillations for x and P x .
From the condition that H2 evolves on the longitudinal timescale, it is found that
x0 = (Ax /π)1/2 (−γ0 Ψ2 )−1/4

(1.75)

Px0 = (Ax /π)1/2 (−γ0 Ψ2 )1/4

(1.76)

The amplitude x0 of the betatron oscillation is seen to decrease with increasing focusing strength
(-Ψ2 ) and with increasing energy (γ0 ).
By inserting the expressions for x0 , Px0 , y0 , Py0 in the second-order Hamiltonian H2 one finds the
second order corrections to the longitudinal motion. Including these corrections, the equations
for ζ, Pz can be written as
∂Ψ0 α
∂Hα
∂Ψ2
dPz
=
+ (−γ0 Ψ2 )−1/2
= −
,
dt
∂ζ
4
∂ζ
∂ζ

(1.77)


α
dζ
∂Hα
Pz 
1 − (−Ψ2 /γ03 )1/2 − vg =
=
dt
γ0
4
∂Pz

(1.78)

where
Hα = H0 + H2 = γ0 − vg Pz − Ψ0 +

α
(−Ψ2 /γ0 )1/2
2

(1.79)

is the Hamiltonian that depends on the adiabatic constants through α = (A x + Ay )/π. The
Hamiltonian Hα is defined only in the focusing region, where Ψ 2 < 0. Equations (1.77) -
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(1.78) describe the phase slippage and momentum transfer averaged over the betatron timescale,
including the effect of a finite amplitude of the transverse oscillation, characterized by a nonzero
value of α. For example, it includes the effect of the radial variation (r-dependence) of the
accelerating field Fz on the energy gain.
As an example, consider again a sinusoidal plasma wave and take a Gaussian transverse profile
with spot size wl :
Ψ(r, ζ) = e0 cos ζ e−r

2 /w 2
l

.

(1.80)

The focusing strength is
−Ψ2 (ζ) = 2

e0
cos ζ
wl2

(1.81)

which means that only 1/4 of the wave is both focusing and accelerating (−π/2 < ζ < 0).
Because the defocusing region is not accessible, the maximum and minimum energy are not on
the separatrix in fig. 1.6, but on the orbit through (ζ = −π/2, γ 0 = γg ):
γmax = 2γg + 2e0 γg2

(1.82)

1
1
γmin =
e0 +
2
e0
where again the approximation γg

(1.83)

(γf /γi )1/4

3
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2
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1
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Figure 1.8: Adiabatic focusing ratio as a function of initial energy for γ g = 50.

If an electron slips forward in the region −π/2 < ζ < 0, it is strongly focused, since both −Ψ 2
and γ0 are increasing. To estimate the magnitude of the focusing effect, consider injection with
energy γi < γg and extraction at energy γf > γg . The injection phase and the extraction phase
are taken identical, so that the value of Ψ2 is the same. In this case, the adiabatic focusing factor,
defined as the ratio of initial to final x0 , equal to the ratio of final to initial P x0 , is found to be
(γf /γi)1/4 . With (1.82)-(1.83) it is found that
(γf /γi)1/4 ≤ (γmax /γmin )1/4 ≈ (2e0 γg )−1/2 ,

(1.84)
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where e0  1, e0 γg
1 have been used. For e0 = 0.1, γg = 50, this results in an upper limit
of about 3.16. Note that acceleration leads to a decrease of opening angle, roughly given by
Px0 /γ ∝ (γf /γi)−3/4 . A plot of the adiabatic focusing factor for γg = 50 is given in Fig. 1.8,
where the value of γf has been found by taking the zero-order Hamiltonian (1.59) as a constant
of the motion.
The condition for separation of betatron and synchrotron timescales ω β /ωp

1/γg2 gives

wl  γg2 (2 e0 cos ζ/γ0)−1/2 < γg (cos ζ)−1/2

(1.85)

where the expression for the maximum energy γ max has been used. This condition is violated if
the electron slips too close to a defocusing region (i.e. when cos ζ → 0) or if the potential well
is too wide (i.e. if wl is too large).
10

10

10

1

1

γ0/γg
1

0.1
-0.25

0

0.25

0.1
-0.25

0

0.25

0.1
-0.25

0

ζ/2π

0.25

Figure 1.9: Phase diagrams for H α with α/wl = 0 (left), 1/2 (middle), and 3/2 (right).
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Figure 1.10: Selected orbits for α = 0 (dashed lines) and α = w l (solid line).

The influence of the transverse motion on the longitudinal dynamics is illustrated in Fig. 1.9,
which shows phase diagrams of Hα for α/wl = 0, 1/2, 3/2. Also indicated are contours of
∂Hα /∂ζ = 0 (points of maximum or minimum energy) and ∂H α /∂Pz = 0 (turning points).
For α > 0, energy maxima and minima are found around ζ = ±π/2, which are absent in the
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Figure 1.11: Simulation results for initial conditions (a) (x, P x ) = (0, 0.5) (solid lines) and (b) (x, P x ) = (0, 1)
(dashed lines) showing influence of betatron oscillation on longitudinal dynamics.

case α = 0. The turning points, which are always at γ 0 = γg for α = 0, are seen to occur at
γ0 > γg , where the value of γ0 depends on the orbit. In Fig. 1.9, X-points are seen to exist near
ζ = ±π/2, γ0 = γg . The area inside the separatrix decreases with increasing α in such a way
that γmin increases with α and γmax decreases with α.
The influence of transverse motion on longitudinal dynamics is further illustrated in Fig. 1.10.
This figure shows one orbit for α = wl and two orbits for α = 0, chosen such that one of
them has the same maximum energy and the other one has the same minimum energy. The
main difference between the α = 0-orbits and the α > 0-orbit is seen to be in the low energy
(γ0 < γg ) part, where the electron rapidly slips backward. In the high energy (γ 0 > γg ) part,
the α > 0-orbit is barely different from the large α = 0-orbit, indicating that the radial variation
of the accelerating field has only little effect on energy gain. This is because the electron moves
close to the axis as a result of strong adiabatic focusing during the rapid backward slip - see also
(1.75).
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To check the validity of the paraxial approximation, it is instructive to look at some results of
numerical integration of the full equations of motion (1.55)-(1.56). These simulation results are
given in Fig. 1.11, which shows x 0 Px0 , Hα /H, x0 , Px0 , ζ and γ0 as functions of the acceleration
distance. The following initial conditions have been chosen: (ζ, P z ) = (0, 0.2 γg ), (y, Py ) =
(0, 0). For (x, Px ), the cases (0, 0.5) (a) and (0, 1) (b) are compared. The wakefield parameters
are e0 = 0.1, wl = 2π, γg = 50.
The quantity x0 Px0 is seen to be nearly constant for electron a, while there are some fluctuations
for electron b. The change of x0 Px0 is most pronounced during the backward slip of electron b,
when the assumption that the transverse dynamics is much faster than the longitudinal dynamics
is violated. This is confirmed by the behaviour of H α /H, which indicates that the second-order
approximation breaks down during the backward slip. There is a considerable difference in
longitudinal dynamics for the two electrons: electron b is seen to slip closer to the defocusing
regions ζ < −π/2, ζ > π/2 and reaches a higher energy than electron a. The influence of phase
slippage and acceleration on the betatron motion is seen in the graphs of x 0 and Px0 as functions
of acceleration distance. The maximum of x0 is at the point of minimum energy, the maximum
of Px0 is at the point of maximum energy, indicating that the influence of γ 0 on x0 , Px0 dominates
over the influence of Ψ2 .
Bunch dynamics
The dynamics of a bunch of electrons is described by an electron bunch distribution function
f (r c , pc , t) which depends on time t and canonical coordinates r c , pc , such that (rc,i, pc,i) for
i = 1 . . . N are pairs of conjugate variables. As found above, the canonical coordinates for
accelerated electrons in a quasi-static wakefield are rc = (r ⊥ , ζ), pc = (P ⊥ , Pz ). The bunch
dynamics is governed by the Vlasov equation
∂f
+ {f, H} = 0
∂t

(1.86)

where {.. , ..} denotes the Poisson bracket, defined as
{f, g} =

∂f ∂g
∂f ∂g
·
−
·
,
∂r c ∂pc ∂pc ∂r c

(1.87)

and H is the Hamiltonian, as given by (1.57):
H = γ − vg Pz − Ψ.

(1.88)

The wakefield potential Ψ is calculated from the quasi-static wakefield equations (see chapter 2).
The sources of the wakefield are the prescribed laser pulse envelope I, the bunch charge density
ρb , and the bunch current density J b , which are derived from the distribution function as follows:

f (r ⊥ , ζ, P ⊥ , Pz , t) d3 P
(1.89)
ρb (r⊥ , ζ, t) = −

J b (r ⊥ , ζ, t) = −

vf (r⊥ , ζ, P ⊥ , Pz , t) d3 P.

(1.90)
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Note that from (1.89) and (1.90) an explicit time dependence of ρ b , J b is found, which introduces a time dependence in the wakefield potential Ψ. Together with the quasi-static wakefield
equations, the Vlasov equation (1.86) self-consistently describes the electron bunch dynamics
coupled to the wakefield evolution.
For numerical simulation of bunch acceleration, 1-D and 2-D slab geometry codes have been
developed (see appendix C). These codes use a description with discrete simulation particles for
the electron bunch instead of a continuous distribution function f .

2. Wakefield description
In this chapter, calculations of wakefields are presented. In sec. 2.1, the quasi-static wakefield
equations are derived by applying the quasi-static approximation to (1.43) - (1.46). For calculating the bunch wakefields, the charge and current density ρb , J b of the accelerated electron
bunch are included in Maxwell’s equations (1.15), (1.16). Further simplifications of the quasistatic equations for 1-D and 2-D slab geometry are introduced. Analytical solutions are found in
the linear (low-amplitude) regime and compared with numerical solutions to the fully nonlinear
wakefield equations. In sec. 2.2, beam loading effects are discussed by a detailed comparison of
bunch and laser wakefields. In sec. 2.3, the magnitude of bunch wakefields is compared with the
magnitude of space charge fields.

2.1 Quasi-static equations
In what follows, the subscript-s, introduced sec. 1.2 to indicate that the field are slowly varying
compared to the laser field oscillation, is dropped for convenience. The wakefield potential Ψ is
defined as
Ψ = γ − vg pz = 1 + φ − vg Az .

(2.1)

The last equality is found by applying the quasi-static approximation to the z-component of
(1.43). The potential Ψ has been introduced in sec. 1.3 to describe the dynamics of accelerated
electrons in the paraxial approximation. In sec. 1.3, some prescribed form for Ψ was chosen
to illustrate the acceleration mechanism. In this section, the actual form of Ψ is found from the
wakefield equations.
For self-consistent calculation of the bunch dynamics, the bunch charge and current density ρ b ,
J b are included as source terms in the wakefield equations. The transverse component of the
bunch current density J b,⊥ is assumed to be small compared to the transverse component of the
plasma current density −nv ⊥ and will be neglected. The change of the bunch distribution is
taken adiabatically slow compared to the plasma oscillation, such that the bunch distribution can
be taken as a rigid object, moving at bunch velocity v b in the z-direction. Note that this approximation is valid only for calculation of wakefields on the timescale of the plasma electron motion.
The much longer timescales on which the bunch distribution does change, are the betatron and
synchrotron timescales introduced in sec. 1.3.
Approximating the (z, t)-dependence of the bunch distribution in the wakefield equations by a
dependence on z − vb t only, the bunch charge density and current density are simplified to
ρb = −nb

(2.2)

J b = (0, 0, −vbnb )

(2.3)

Chapter 2. Wakefield description

32

where nb (r ⊥ , ζ, t) is the density of bunch electrons. Finally, the bunch velocity v b can be approximated by vg , at least as long as the fluid velocity vz does not approach vg .
Writing out (1.43)-(1.46), dropping all explicit time dependence and including the bunch wakefield sources (2.2), (2.3) leads to the quasi-static wakefield equations [157-168]:
(1 − vg2 )

∂
∂2
p⊥ + ∇2⊥ p⊥ − ∇⊥ (∇⊥ · p⊥ ) − ηp⊥ + ∇⊥ (vg γ − pz ) = 0
2
∂ζ
∂ζ

(2.4)

∇2⊥ pz −

∂2
∂
(∇⊥ · p⊥ ) − ηpz + vg 2 (γ − vg pz ) = vg nb
∂ζ
∂ζ

(2.5)

vg

∂
∂2
(∇⊥ · p⊥ ) − 2 (γ − vg pz ) − ∇2⊥ γ + ηγ − ni = −nb ,
∂ζ
∂ζ

where η = n/γ has been introduced and γ is given by (1.41)

γ = 1 + p2 + 2I.

(2.6)

(2.7)

In what follows, the quasi-static equations will be further simplified in 1-D geometry and 2-D
slab geometry.
1-D geometry
By combinining (2.5) and (2.6), one finds that
η =

vg
vg γ − pz

(2.8)

where ni = 1 is used. From this formula it follows that η has a singularity at γ = γ g , where
γg = (1 − vg2 )−1/2 . At this point, the electron fluid velocity becomes equal to the phase velocity
of the wave, the electron density becomes singular and the fluid model breaks down. Physically,
this corresponds to a situation of wave breaking [152, 155]. Since this may lead to electron
trapping and acceleration in an uncontrolled way, it is assumed here that γ < γ g to avoid wave
breaking.
By combining (2.7) and (2.1), γ, pz are found as functions of Ψ by solving a quadratic equation.
The result is



(2.9)
γ = γg γg Ψ − vg γg2 Ψ2 − 1 − 2I



pz = γg vg γg Ψ − γg2 Ψ2 − 1 − 2I ,

(2.10)

where the sign has been chosen to satisfy the condition that p z = 0, γ = 1, Ψ = 1 in the region
where the plasma is at rest (i.e. in front of the laser pulse, where no wakefield is present).
The wakefield equation is


∂2Ψ
vg γg Ψ
2

− 1 + nb ,
= n − 1 + nb = γg
∂ζ 2
γg2 Ψ2 − 1 − 2I

(2.11)
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where the laser pulse envelope I(ζ) and the bunch density nb (ζ, t) are the sources of the wakefield. As explained before, the laser pulse envelope is taken to be time-independent in the comoving frame and the time dependence of the bunch density is taken adiabatically slow compared to
the plasma oscillation. In case vb = vg , the last term on the r.h.s. of (2.11) would have been
vb γ − pz
nb ,
vg γ − pz

(2.12)

which shows that the approximation v b ≈ vg breaks down if the fluid velocity approaches vg (i.e.
near wave breaking).
In regions without sources, the quantity
1  ∂Ψ 2
C =
+ γ(Ψ)
2 ∂ζ

(2.13)

is seen to be constant, where γ(Ψ) is given by (2.9) with I = 0. In such regions, the free plasma
oscillation is described by the motion of a quasi-particle with coordinate Ψ in a potential γ(Ψ)
with ζ as time coordinate and C as energy (Hamiltonian). A phase diagram of this motion is
given in Fig. 2.1, where γg = 20 has been taken. There are two types of orbits: orbits with
C ≤ γg which are drawn in the diagram, and orbits with C > γ g which have been left out. The
C ≤ γg orbits are closed and correspond to regular motion of plasma electrons. As seen in Fig.
2.1, the point Ψ = 1, Fz = 0 is a stable equilibrium point for the quasi-particle motion, which
corresponds to a region without a wakefield. Other C ≤ γg orbits show maxima of Fz at Ψ = 1:
at these points, n = ni = 1 and pz = 0. Maxima of Ψ are found at Fz = 0, coinciding with
maxima and minima of n and pz . The C > γg orbits stop at Ψ = 1/γg . At this point, the
singularity of η is encountered and the fluid model breaks down. The amplitude e 0 of the electric
field Fz is defined by the C = γg -orbit that has the largest electric field amplitude of the regular
orbits. The value of this electric field is called the wave breaking limit e wb , given by

(2.14)
ewb = max.e0 = 2(γg − 1).
Assuming that the amplitude e 0 of the wakefield is not too close to ewb , one can take the limit
vg → 1. In this limit, the expression for γ is
γ =

Ψ 1 + 2I
+
2
2Ψ

(2.15)

and the wakefield equation reduces to
∂2Ψ
1 + 2I
1
=
− + nb .
2
2
∂ζ
2Ψ
2

(2.16)

L
of the nonlinear plasma oscillation depends on the amplitude e 0 . In the
The wavelength λN
p
low-amplitude limit, it is equal the plasma wavelength λ p as defined by (1.24). For arbitrary e0
it is found from the constant C defined by (2.13) and using (2.15) for γ(Ψ) with I = 0. From
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Figure 2.1: Phase diagram of potential Ψ and electric field F z = ∂Ψ/∂ζ for 1-D plasma wave.

Fz = e0 , Ψ = 1, the value of C is found to be 1 + e20 /2. Rewriting ∂Ψ/∂ζ in terms of Ψ, it is
found that


 Ψmax
dΨ
dΨ
NL

dζ =
λp =
(2.17)
= 2
2
∂Ψ/∂ζ
e0 + 2 − Ψ − 1/Ψ
Ψmin
where Ψmax(min) are the maximum and minimum values of Ψ for a given amplitude e 0 < ewb of
the electric field ∂Ψ/∂ζ:

2
(2.18)
Ψmax(min) = 1 + e0 /2 ± e0 1 + e20 /4.
The dependence of wavelength on amplitude, calculated with (2.17), is shown in Fig. 2.2.
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Figure 2.2: Dependence of wavelength λ N
on amplitude for nonlinear 1-D plasma waves.
p

Analytical calculation of the wakefield potential from given sources I, n b can be done only in
the low-amplitude limit Ψ = 1 + δΨ (|δΨ|  1). In this case, the wakefield equation reduces to
the linear equation of harmonic oscillation for Ψ with driving force I + n b :

∂2 
(2.19)
1 + 2 δΨ = I + nb .
∂ζ
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This equation is solved analytically with a Green function G 1 (ζ  , ζ) which describes the wakefield as a function of ζ due to a δ-source at ζ = ζ :
G1 (ζ  , ζ) = θ(ζ  − ζ) sin(ζ  − ζ).

(2.20)

where θ denotes the step function

0, z < 0





1/2, z = 0
θ(z) =





1, z > 0.

(2.21)

The step function conveniently expresses the asymmetry of the wakefields (there can not be a
wakefield in front of the source). In the linear approximation, the contributions due to I and n b
can be considered separately. Naturally, the wakefield due to I is called the laser wakefield with
potential Ψl
 ∞
Ψl (ζ) =
G1 (ζ , ζ) I(ζ ) dζ 
(2.22)
−∞

and the wakefield due to nb the bunch wakefield with potential Ψb
 ∞
Ψb (ζ, t) =
G1 (ζ , ζ) nb(ζ  , t) dζ 

(2.23)

−∞

and the full potential is found by addition (linear superposition) of all contributions Ψ = 1 +
Ψl + Ψb . Note again that the laser wakefield potential Ψl is time-independent as a result of
the approximation of a non-evolving laser pulse. In contrast, the bunch wakefield potential is
time-dependent through the (slow) evolution of the electron bunch density n b .
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Figure 2.3: Dependence of wakefield amplitude on laser pulse length for 1-D linear plasma waves.

As an example, calculate the laser wakefield with the following function for I (see appendix B
for definition of the F -functions):
I(ζ) = I0 F3 [ζl , ll ](ζ).

(2.24)
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Figure 2.4: Dependence of wakefield amplitude on laser pulse length and intensity for 1-D plasma waves. The
result of Fig. 2.3 is found in this plot at I 0 = 0.

Here, I0 denotes the amplitude of the laser pulse, ζ l is the position and ll is the pulse length.
Behind the pulse, in the region ζ < ζl − ll , the potential is
Ψl (ζ) = I0 A0 (ll ) sin(ζ − ζl ).

(2.25)

and the accelerating force is
Fz = I0 A0 (ll ) cos(ζ − ζl )

(2.26)

where A0 is given by
A0 (ll ) =


96  2
3
(6l
−
15)
sin
l
−
(l
−
15l
)
cos
l
l
l
l .
l
l
ll6

(2.27)

The plot of |A0 | given in Fig. 2.3 shows a maximum at l l /2π = lres /2π ≈ 0.456, with
|A0 (lres )| = Ares ≈ 1.63. This optimum value l l = lres for which the wakefield amplitude
is maximal, is called the resonant pulse length for laser wakefield acceleration. The dynamics of electron acceleration in a linear 1-D plasma wave is discussed in sec. 1.3. The notation
Ψ = e0 cos ζ (1.62) used in sec. 1.3, agrees with the general notation (2.25) by defining the
wakefield amplitude e0 to be
e0 = I0 A0 (ll )

(2.28)

and choosing ζl equal to π/2 mod. 2π.
For nonlinear waves the dependence of wakefield amplitude on pulse length is found numerically
by integration of (2.16). A number of simulations have been performed with pulse shape (2.24)
and without electron bunch (nb = 0). The result is given in Fig. 2.4, which shows a contour plot
of e0 /I0 as a function of I0 and ll , where e0 is the amplitude of the accelerating field in the region
behind the laser pulse, obtained from the simulation. This plot shows that e 0 /I0 decreases with
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Figure 2.5: Structure of 1-D wakefield: plots of electric field F z , potential Ψ, laser pulse envelope I, and plasma
electron density n, both in the linear regime with I 0 = 0.0225 (top) and in the nonlinear regime with
I0 = 2.25 (bottom).

I0 , which could be expected from the scaling of the wakefield amplitude with the ponderomotive
force
√
Fp ∝ ∇ 1 + 2I,
(2.29)
√
which scales with I0 in the low-amplitude limit and with I0 in the high-amplitude regime. The
resonant pulse length is seen to decrease slightly with I 0 .
To show the difference between linear and nonlinear 1-D wakefields, some simulation results
are shown in Fig. 2.5. For these simulations a laser pulse with profile (2.24) and parameters
ll /2π = 0.45, ζl = −ll have been taken. The values of the amplitude are I0 = 0.0225, I0 = 2.25
respectively. In the case of linear wakefields (I0 = 0.025), Fz , Ψ and n are seen to oscillate
sinusoidally. In the case of strongly nonlinear wakefields (I 0 = 2.25), the typical form of Fz is a
sawtooth oscillation. There are broad regions where Fz (Ψ) is approximately a linear (parabolic)
function of ζ and narrow regions where Fz makes sudden jumps. In the broad regions, the density
of plasma electrons is almost constant at n = 1/2. The jumps in F z are caused by spikes (narrow
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regions of high plasma electron density). Figure 2.5 also shows clearly that e 0 /I0 is lower and
the wavelength is longer for nonlinear wakefields.
2-D slab geometry
For 2-D slab geometry, x is taken as transverse coordinate and all y-dependence is dropped. With
the assumption that the plasma wave is not too close to wave breaking, the limit v g → 1 is taken
in (2.4)-(2.6). In this limit, the quasi-static equations can be reduced to a single equation for Ψ
with all other quantities expressed as functions of Ψ. The expressions for η, p x , γ, pz are
η =

∂2Ψ 
1
ni +
Ψ
∂x2

(2.30)

1 ∂2Ψ
η ∂ζ∂x

1 
γ =
1 + p2x + 2I + Ψ2
2Ψ

1 
pz =
1 + p2x + 2I − Ψ2 .
2Ψ
The equation for Ψ is
px =

∂2γ
∂2  1 ∂2Ψ 
∂2Ψ ∂2Ψ
+
ηΨ
=
ηγ
−
−
−
+ nb .
∂ζ 2
∂x2
∂ζ∂x η ∂ζ∂x
∂x2

(2.31)
(2.32)
(2.33)

(2.34)

All nonlinearities in this equation are contained in the dependence of η and γ on Ψ. In smallamplitude approximation (Ψ = 1 + δΨ, γ ≈ 1 + I, η ≈ n i ) the equation is linearized. Taking
the background density constant (ni = 1), the equation simplifies to


∂ 2 
∂2 
∂2 
1 + 2 1 − 2 δΨ = 1 − 2 I + nb .
∂ζ
∂x
∂x

(2.35)

For this wave equation, the Green function G2 (x , x, ζ , ζ) describing the wakefield as a function
of x, ζ due to a δ-source at x = x , ζ = ζ  is
G2 (x , x, ζ , ζ) =

1 −|x−x|
θ(ζ  − ζ) sin(ζ  − ζ).
e
2

(2.36)

Again, the wakefield potential is written as Ψ = 1 + Ψ l + Ψb , where the laser wakefield potential
Ψl calculated from I with the 1-D Green function (2.20):
 ∞
G1 (ζ , ζ) I(x, ζ ) dζ 
(2.37)
Ψl (x, ζ) =
−∞

and the bunch wakefield potential Ψb calculated from nb
 ∞  ∞
Ψb (x, ζ, t) =
G2 (x , x, ζ , ζ) nb(x , ζ , t) dx dζ .
−∞

−∞

(2.38)
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As an example, consider for I the following profile
I(x, ζ) = I0 F3 [ζl , ll ](ζ) e−x

2 /w 2
l

,

(2.39)

with I0 the amplitude of I, ll the laser pulse length and wl the laser pulse width (spot size). For
the laser wakefield potential, this gives
Ψl (x, ζ) = I0 A0 (ll ) sin(ζ − ζl ) e−x

2 /w 2
l

.

(2.40)

With the definitions e0 = I0 A0 (ll ), ζl = π/2 mod. 2π given before, the notation of (2.40) is
consistent with (1.80) used in the discussion of the transverse electron dynamics in a prescribed
linear wakefield in sec. 1.3.
To illustrate the difference between linear and nonlinear 2-D wakefields, the wakefield equation
(2.34) has been solved numerically for different laser and plasma parameters. The wakefield
shown in Fig. 2.7 is clearly in the linear regime, with laser parameters I 0 = 0.0225, l/2π = 0.45,
ζl = −l, w = 8. This simulation does not include an electron bunch distribution (n b = 0). Color
plots of Fz , Fx , By and n as functions of x, t − z are given in Fig. 2.7. The notation Q ∈ [a, b]
in the caption of Fig. 2.7 and all other color figures in this thesis refers to the legend shown in
Fig. 2.6, which provides the correct color coding for all plotted quantities Q in a linear scale.
The oscillations of Fz , Fx , By and n shown in Fig. 2.7 are sinusoidal. The wakefield has straight
wavefronts ζ = const. The amplitude Fx0 of the focusing force Fx and the amplitude Fz0 of
the accelerating force Fz are constant in the region behind the laser pulse (ζ < −2l). The ratio
between Fx0 and Fz0 is determined by the shape of the laser pulse: in this case, because the
pulse width is much larger than the pulse length, F x0 /Fz0 is seen to be small (about 0.1). Even
smaller in amplitude than Fx is By . In lowest-order approximation, the quasi-static magnetic
laser wakefield

∂  ∂ 2 Ψl
∂px ∂pz
By =
−
=
+
Ψ
−
I
= 0
(2.41)
l
∂ζ
∂x
∂x ∂ζ 2
vanishes identically. In the low-amplitude regime, a magnetic laser wakefield is present of which
the amplitude is second order order in I0 [157]. The direction of this magnetic field is such
that xBy < 0, i.e. it focuses electrons that propagate in the z-direction. The magnetic bunch
wakefield in the low-amplitude limit is given by

∂nb
∂2 
.
1 − 2 By =
∂x
∂x

(2.42)

The direction of this magnetic field is such that it focuses the bunch distribution. Detailed calculations of bunch wakefields are presented in sec. 2.2.
The conditions Fz > 0, xFx < 0, define the regions of the wakefield that are accelerating, resp.
focusing. Since only half of the accelerating region is accessible, the maximum phase slippage
is limited to 1/4 plasma wavelength, as discussed in sec. 1.3. This point is further illustrated in
Fig. 2.9, which shows the accelerating force Fz and the focusing strength Ψ2 (see (1.69)), which
is equal to ∂Fx /∂x.
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Figure 2.6: Legend for color plots.
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Figure 2.7: Color plots of 2-D linear laser wakefield in homogeneous plasma. Plots are F z ∈ [−0.04, 0.04],
Fx ∈ [−0.005, 0.005], By ∈ [−0.0012, 0.0012], n ∈ [0.95, 1.05], laser parameters I0 = 0.0225,
ll /2π = 0.45, wl = 8.
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Figure 2.8: Color plots of 2-D nonlinear laser wakefield in homogeneous plasma. Plots are F z ∈ [−1.6, 1.6],
Fx ∈ [−1, 1], By ∈ [−0.25, 0.25], n ∈ [0.5, 5], laser parameters I0 = 2.25, ll /2π = 0.45, wl = 8.
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Figure 2.9: Linear 2-D laser wakefield in homogeneous plasma. Plot of F z (dotted line) and ∂F x /∂x (dashed
line) at x = 0 as a function of t − z; regions of acceleration (A) and focusing (F) indicated with
arrows. Laser parameters I 0 = 0.0225, l l /2π = 0.45, wl = 8.
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Figure 2.10: Nonlinear 2-D laser wakefield in homogeneous plasma. Plot of F z (dotted line) and ∂F x /∂x (dashed
line) at x = 0 as a function of t − z; regions of acceleration (A) and focusing (F) indicated with
arrows. Laser parameters I 0 = 2.25, ll /2π = 0.45, wl = 8.
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Figure 2.11: Linear 2-D laser wakefield in a plasma channel. Plot of F z (dotted line) and ∂F x /∂x (dashed line)
at x = 0 as a function of t − z; regions of acceleration (A) and focusing (F) indicated with arrows.
Laser parameters I0 = 0.0225, l l /2π = 0.45, wl = 1.
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Simulation results in the strongly nonlinear regime [158] are shown in Fig. 2.8. These results
have been obtained with the same laser parameters as those of Fig. 2.7, except that I 0 is much
larger (I0 = 2.25). The oscillations are clearly not sinusoidal. The wakefield has curved wavefronts as a result of the dependence of wavelength on x, which is caused by the x-dependence of
I. On axis (x = 0) the wavelength is clearly larger than off axis. The curvature is also found in
the plasma electron density, which shows the typical spike structure that was also found in 1-D
nonlinear waves (Fig. 2.5). Due to the dependence of the axial distance between the spikes (i.e.
the wavelength) on x, the density profile has a typical horse-shoe shape. The amplitude F z0 is
constant in the region behind the laser pulse, but F x0 increases with the distance from the laser
pulse. Directly behind the laser pulse, the ratio F x0 /Fz0 is still small (about 0.1), but increases
rapidly with t − z: within 3 wakefield buckets, it already approaches 1. The amplitude of B y is
still smaller than both F x0 and Fz0 . The magnetic field in the nonlinear regime has broad regions
in which the field is focusing, like in the linear regime. In addition, small regions of defocusing
field and strong peaks at the position of the plasma electron density spikes are found. These
magnetic field features have been described by Farina et al. [159].
For electron acceleration, there is an important difference between linear and nonlinear 2-D
wakefields. There are three properties of the nonlinear field that lead to enhanced energy gain.
The first one is the higher accelerating gradient, which is due to higher laser pulse amplitude. The
second one is the increase of the wavelength (see also Fig. 2.2), which leads to a longer phase
slippage distance. The third one is the overlap of focusing and accelerating regions, as illustrated
in Fig. 2.10. In this plot, F z and ∂Fx /∂x at x = 0 are plotted as a function of ζ, showing that the
transverse forces, which occupy more than half of the plasma wave, are focusing in the whole
accelerating region. Comparison with Fig. 2.9 shows that indeed a larger portion of the wave is
available for acceleration.
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Figure 2.12: Dependence of wakefield amplitude on laser pulse length and intensity for 2-D plasma waves.

For 2-D wakefields, the maximum wakefield amplitude is found at a different laser pulse length
than for 1-D wakefields, as seen in Fig. 2.12, which shows simulation results of the amplitude
e0 of the accelerating wakefield behind the laser pulse as a function of ll and I0 for wl = 8. This
diagram is clearly different from Fig. 2.4, which shows the same quantity for 1-D plasma waves.
The main difference is that for 2-D wakefields the maximum amplitude (resonance) is obtained
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Figure 2.13: Color plots of 2-D linear laser wakefield in a plasma channel. Plots are F z ∈ [−0.04, 0.04], Fx ∈
[−0.06, 0.06], By ∈ [−0.006, 0.006], n ∈ [0.9, 3.3], laser parameters I0 = 0.0225, l l /2π = 0.45,
wl = 1.

for much shorter pulses. A second, somewhat smaller maximum around l l /2π = 1 is seen for
I0 > 2.
Wakefields in a plasma channel
If the laser pulse is guided in a plasma channel, the background density is a function of x. In this
case, the linear wave equation [160-162] is not separable. It is given by



∂ 2 
∂ 2  1 dni ∂ 3 
∂2 
ni + 2 ni − 2 +
δΨ = ni ni − 2 I + nb ,
∂ζ
∂x
ni dx ∂x∂ζ 2
∂x

(2.43)

where the plasma density ni (x) is now x-dependent. There are some interesting differences
between linear wakefields in a channel and linear wakefields in a homogeneous plasma. The
amplitude Fz0 of the accelerating field decreases with the distance to the laser pulse. This damping is a result of phase mixing of fluid elements with different transverse locations [162]. In
contrast, the amplitude Fx0 of the focusing field increases behind the laser pulse. The wavefronts
are curved due to the radial variation of plasma wavelength, like in Fig. 2.8. In this case it is
the x-dependence of the background density instead of the x-dependence of I that causes the
variation of wavelength. The amplitude of the density oscillations has off-axis peaks, in contrast
to the result for nonlinear wakefields (Fig. 2.8), where the highest density spikes are found at
x = 0. The focusing and accelerating forces, that are out of phase for wakefields in a homogeneous plasma, fully overlap at some distance behind the laser pulse. This distance increases
with the laser spot size: the overlap is most important for wakefields in narrow channels. For
wakefields in a channel, there is a magnetic field that scales linearly with I 0 and it has alternating
focusing and defocusing field regions. The magnetic field decreases with the distance to the laser
pulse. These points are illustrated in Figs. 2.13 and 2.11. Figure 2.13 shows color plots of F z ,
Fx , By and n as functions of x, t − z for a laser pulse with the same parameters as used for Fig.
2.7, but with a small spot size w = 1 in a matched channel. In Fig. 2.11 F z and ∂Fx /∂x at x = 0
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are plotted as a function of ζ, showing that the focusing and accelerating phases fully overlap
approximately for t − z ∈ [10, 12].
3-D geometry
In general, the 3D nonlinear equations (2.4) - (2.6) are too complicated to solve analytically and
numerical integration is computationally too costly. For linear (low-amplitude) wakefields in
homogeneous plasma (ni = 1) a reduction to a single equation is possible:




∂ 2 
2
2
1 + 2 1 − ∇⊥ δΨ = 1 − ∇⊥ I + nb .
∂ζ

(2.44)

The wakefield at r ⊥ , ζ due to a δ-source at r ⊥ = r ⊥ , ζ = ζ  is given by the Green function
G3 (r ⊥ , r ⊥ , ζ , ζ) =

1
K0 (|r⊥ − r ⊥ |) θ(ζ  − ζ) sin(ζ  − ζ).
2π

(2.45)

If I and nb are axisymmetric (i.e. if the dependence on transverse coordinates is through r =
(x2 + y 2 )1/2 only), then the wakefield is also axisymmetric. In this case, a simplification similar
to the case of 2-D slab geometry can be performed. Since the results are qualitatively the same,
this simplification will not be carried out in detail here.

2.2 Beam loading
In this section, a detailed comparison of bunch wakefields and laser wakefields is presented. This
gives insight in the typical parameters of the laser pulse and the electron bunch for which beam
loading plays an important role. For the electron bunch density a prescribed profile at t = 0
is given. Thus the calculation presented in this section results in a “snapshot” of the wakefield
at t = 0. By varying parameters like bunch width and bunch length, a continuous range of
such snapshots is found. For each snapshot, the condition that all electrons inside the bunch
regions are both accelerated and focused is applied to the computed distribution of accelerating
and focusing wakefields. By applying this condition one finds the range of allowed values for
the bunch charge Q. In particular, since the bunch wakefields are usually decelerating and selffocusing, the condition that all electrons are accelerated leads to a maximum value for Q, while
the condition that all electrons are in a focusing region may require some minimum value of Q
such that the self-focusing field is strong enough to compensate a defocusing laser wakefield.
As stated before, a self-consistent description of the dynamics of the electron bunch is given
in chapters 3 and 4. For calculation of the wakefields, the 1-D and 3-D linear equations for
homogeneous plasma (2.19), (2.44) are used. The 1-D case is used as an introduction to the 3-D
geometry, for which it is possible to compute the actual amount of charge: for 1-D and 2-D slab
geometry, the integral of bunch density yields a surface density, resp. a line density.
In 1-D geometry, the laser wakefield potential (2.25) is written as
Ψl (ζ) = e0 cos ζ.

(2.46)

2.2. Beam loading

45

For ζl = π/2 mod 2π and e0 = I0 A0 (ll ), this agrees with the notation (2.25) of sec. 2.1. From
(2.46) the axial laser field Fzl , defined as the part of Fz that is excited by the laser pulse, is found
to be
Fzl (ζ) = −e0 sin ζ.

(2.47)

For finding the axial bunch field Fzb , defined as the part of Fz that is excited by the electron
bunch, the bunch density nb (ζ) needs to be known. For simplicity, assume that this function is
symmetric around the injection phase ζ = ζ b and zero outside the interval ζ ∈ [ζb − lb , ζb + lb ],
where lb denotes the bunch length. The axial bunch field in the region ζ < ζ b − lb is found from
(2.23) to be
 lb
nb (ζb + ζ  ) cos ζ  dζ .
(2.48)
Fzb (ζ) = − cos(ζ − ζb )
−lb

This field is seen to cancel the axial laser field exactly if ζb = −π/2 and
 lb
nb (ζb + ζ ) cos ζ  dζ  = e0

(2.49)

−lb

For short bunches (lb  1, cos ζ  ≈ 1), the integral can be approximated by the charge Q,
defined as
 lb
Q=
nb (ζb + ζ  ) dζ 
(2.50)
−lb

Thus Q ≤ e0 is the natural limit on the amount of charge that can be accelerated on a given laser
wakefield, which explains the definition of the axial beam loading factor η z as
ηz = Q/e0 .

(2.51)

As an example, it is instructive to calculate the distribution of F z inside the bunch region for a
simple block distribution
nb (ζ) = νF0 [ζb , lb ](ζ),

(2.52)

where nb is equal to ν inside the interval ζ ∈ [ζ b − lb , ζb + lb ] and zero outside. The bunch
wakefield potential and axial bunch field inside the bunch region are given by


Ψb (ζ) = ν 1 − cos(ζ − ζb − lb )
(2.53)
Fzb (ζ) = ν sin(ζ − ζb − lb ).

(2.54)

By combining (2.54) and (2.47) one derives the condition that all electrons inside the bunch
region are accelerated
sin ζ − ηz

sin(ζ − ζb − lb )
< 0,
2lb

|ζ − ζb | ≤ lb

(2.55)

Chapter 2. Wakefield description

46

From (2.55) it is easily seen that there is a maximum bunch length l b < π/2. For every ζb and lb ,
(2.55) gives a maximum value ηmax for ηz , which indicates a maximum bunch charge for which
Fz is accelerating in the whole bunch region |ζ − ζb | < lb . A plot of ηmax as a function of ζb , lb is
given in Fig. 2.14. White regions in Fig. 2.14 have η max ≤ 0, corresponding to a situation where,
even at zero charge, a part of the bunch is decelerated. These regions are therefore inaccessible.
For lb = 0, the maximum value ηmax = 1 is found at ζb = −π/2. This is the case of an ultrashort
bunch injected at the maximum of the axial laser field (ζ b = −π/2), which has been used to
define the beam loading limit Q ≤ e0 . In the limit of small l b , the expression for ηmax is
ηmax = − sin ζb + lb cos ζb ≤ 1 + lb2 /2.

(2.56)

Both from Fig. 2.14 and (2.56) it is found that η max increases with lb . This means that Q > e0 is
allowed for bunches with finite length.
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Figure 2.14: Color plots of η max ∈ [0, 2] and ηmin ∈ [0, 2] as functions of ζb and lb .
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In the case of 3-D geometry, the laser wakefield potential is taken to be axisymmetric with a
Gaussian profile
Ψl (r, ζ) = e0 cos ζ e−r

2 /w 2
l

,

(2.57)

where r = (x2 + y 2)1/2 and wl denotes the width (spot size) of the laser pulse. A cancellation
of Fz on axis defines the maximum charge that can be accelerated. With an axisymmetric bunch
density nb (r, ζ) that can be written as
nb (r, ζ) = n⊥ (r) n|| (ζ)

(2.58)

the axial bunch field on axis is found from integration with the Green function (2.45):
 ∞
 lb




Fzb (0, ζ) = − cos(ζ − ζb )
n⊥ (r ) K0 (r ) r dr
n|| (ζb + ζ ) cos ζ  dζ ,
0

(2.59)

−lb

where again n|| (ζ) is assumed to be symmetric around ζ = ζ b and zero outside ζ ∈ [ζb −lb , ζb +lb ].
For a short bunch injected around ζb = −π/2 the limit on the value of the charge Q, defined as
 ∞
 lb



Q = 2π
n⊥ (r ) r dr
n|| (ζb + ζ ) dζ ,
(2.60)
−lb

0

is found to be
Q ≤ Qm

∞
0

n⊥ (r  ) r  dr 
= 2πe0 ∞
.
n⊥ (r ) K0 (r  ) r  dr 
0

(2.61)

The charge limit is seen to depend on the radial density profile. As an example, take the following
axisymmetric profile for the bunch density:
nb (x, y, ζ) = νF1 [(0, 0), (wb, wb )](x, y)F0[ζb , lb ](ζ),

(2.62)

where wb denotes the bunch width and the charge is Q = πνlb wb2 . For the given profile, the
bunch wakefield potential can be written as
Ψb (r, ζ) = νRb (r, wb )Zb (ζ, ζb, lb )

(2.63)

where inside the bunch region |ζ − ζb | ≤ lb , r ≤ wb the functions Rb , Zb are given by
Rb (r, wb ) = 1 −

r2
4
− 2 + 2K2 (wb )I0 (r)
2
wb
wb

Zb (ζ, ζb, lb ) = 1 − cos(ζ − ζb − lb )

(2.64)
(2.65)

The bunch wakefields inside the bunch are always focusing and decelerating. For the sake of
completeness, Rb at r > wb
Rb (r, wb ) = 2I2 (wb )K0 (r)

(2.66)
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and Zb at ζ < ζb − lb
Zb (ζ, ζb, lb ) = 2 sin lb sin(ζb − ζ)

(2.67)

are given as well. Of course, at ζ > ζb + lb there is no bunch wakefield.
The maximum charge in (2.61) is given by
Qm =

π e0 wb2 /2
.
1 − 4/wb2 + 2K2 (wb )

(2.68)

1), the charge is seen to scale with the transverse bunch area Qm ≈
For wide bunches (wb
π e0 wb2 /2, while for narrow bunches (wb  1) it is given by Qm ≈ −2π e0 / log wb , which
allows for a comparatively higher charge. This is due to a reduced amplitude of the axial bunch
field for narrow bunches, as compared to the 1-D case.
To evaluate the condition that all electrons are both accelerated and focused, one may use the
paraxial approximation. From the assumption that all electrons are close to the propagation axis,
one finds that it is sufficient to check Fz = ∂Ψ/∂ζ(r = 0) > 0 and Ψ2 = ∂ 2 Ψ/∂r 2 (r = 0) < 0.
By using the laser wakefield potential (2.57) and the bunch wakefield potential (2.64)-(2.65), the
requirement Fz > 0 yields again condition (2.55), where now the axial beam loading factor is
given by ηz = Q/Qm .
The condition that all electrons be in a focusing region (Ψ 2 < 0) leads to
cos ζ + ηr

1 − cos(ζ − ζb − lb )
> 0,
2lb

|ζ − ζb | < lb .

(2.69)

where the self-focusing factor

2νlb  wl2 wl2
K2 (wb )
−
ηr =
e0 wb2
2

(2.70)

has been defined. In case a part of the bunch is in the region ζ < −π/2 in which the laser
wakefield is defocusing, (2.69) gives a minimum value η min for ηr that corresponds to a minimum
bunch charge for a focusing bunch wakefield that compensates the defocusing laser wakefield.
A plot of ηmin as a function of ζb and lb is given in Fig. 2.14. The white region corresponds to
values of ζb , lb for which some part of the bunch is always in a defocusing region, irrespective
of the bunch charge. These regions are therefore inaccessible. In general, the effect of axial
beam loading is negative (addition of a decelerating bunch wakefield to an accelerating laser
wakefield), but the effect of self-focusing is positive (addition of a focusing bunch wakefield to
a possibly defocusing laser wakefield). Therefore, it is favorable to maximize
ηr
1 − wb2 K2 (wb )/2 wl2
=
ηz
1 − 4/wb2 + 2K2 (wb ) wb2
which favours a small bunch width w b  wl .

(2.71)
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For wide bunches it may not be sufficient to evaluate (2.55) at r = 0, so that the transverse
stability must be checked by considering radial dependence of the wakefields. Using (2.57),
(2.64)-(2.65), this leads to
e−r

2 /w 2
l

−µ

1 − (r/wb)2 − (2/wb )2 + 2K2 (wb )I0 (r)
≥ 0,
wb2

0 ≤ r ≤ wb ,

(2.72)

where
µ =

νwb2 sin(ζb + lb − ζ)
≥0
e0 sin ζ

(2.73)

is proportional to the bunch charge. The requirement that all electrons be accelerated leads to
a maximum value µmax of µ, which is given in Fig. 2.15 as a function of w b , wl . For every
wl , an optimal value of wb is seen to exist for which the allowed charge is maximal. This result
has a simple interpretation: if the electron bunch is too narrow compared to the laser spot size,
electrons on the axis can be lost due to high beam loading. On the other hand, if the bunch is too
wide, electrons far from the axis will be lost. Therefore, an optimal w b -value must exist.
To illustrate the meaning of the above derivations one example is given below. For a laser pulse
profile
I(r, ζ) = I0 e−r

2 /w 2
l

F3 [ζl , ll ](ζ)

(2.74)

the peak power P is
P[GW] ≈ 4.36 I0 γg2 wl2

(2.75)

where γg2 = ncr /ni is derived from the plasma density. The plasma density enters (2.75) due
to scaling of the spot size with the plasma wavelength. Required laser power at w l = 2.75 for
a laser with 800 nm wavelength (solid state laser) is 10 TW at γ g = 70, which corresponds to
wl = 25 µm and a plasma density of about 3.6 · 10 17 cm−3 . Taking a pulse length ll = lres for
which the laser wakefield amplitude is maximal yields a pulse duration l res /c = 85 fs. With this
pulse length, I0 = 0.0625 results in an amplitude e0 = 0.1 for the accelerating wakefield, which
is 5.75 GV m−1. For the given bunch model (2.62), the charge Qm corresponding to the beam
loading limit is
wb2
Qm [pC] ≈ 0.9 e0 γg
.
1 − 4/wb2 + 2K2 (wb )

(2.76)

For e0 = 0.1, γg = 70 and wb = 2.75, this results in a charge of 75 pC. For a bunch length
lb = π/4, the value of ν is 0.064, from which the peak current I
I [kA] ≈ 2.13 ν wb2 .

(2.77)

is found to be 1.0 kA. The bunch duration is l b /c = 23 fs. To check whether the assumption of
a non-evolving laser pulse holds for these parameters, consider the following calculation of the
efficiency of energy transfer from laser pulse to wakefield. The total pulse energy Ul is given by
Ul [µJ] ≈ 9.69 γg3I0 wl2

(2.78)
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and the total energy content Uz of the accelerating wakefield [156] over the maximum acceleration distance πγg2 is
Uz [µJ] ≈ 0.93 γg3I02 wl2

(2.79)

giving an efficiency Uz /Ul ≈ 0.1 I0 of about 0.6% for I0 = 0.0625. At wl = 2.75, γg = 70, Ul is
about 1.6 J and Uz is about 9.4 mJ. At 100% wakefield to electron bunch efficiency, the maximum
achievable result is 9.4 mJ electron energy, which corresponds for 75 pC to an average energy
of about 125 MeV (1/4 of the dephasing energy for a single electron, which is 500 MeV for
these parameters). The parameters of this bunch are still far from the requirements for the ideal
electron bunch for an X-ray free electron laser (1 nC at 1 GeV), which takes about 100 times
the energy of the given example (75 pC at 125 MeV). In chapters 3 and 4 the other requirements
(less than 1% energy spread, transverse emittance ≤ 1µm) will be discussed.

2.3 Space charge forces
In the wakefield calculations, the direct interaction between bunch electrons through electrostatic
repulsion (space charge forces) has been neglected so far. This is because the space charge forces
vanish in the limit v → 1, which will be demonstrated explicitly in this section.
For calculation of the space charge forces, consider a rigid bunch moving in vacuum along the
z-axis with velocity vb . In the lab frame, the bunch density nb is a prescribed function of the
transverse coordinates r ⊥ and the comoving coordinate ζ = z − vb t. For calculating the Lorentz
force on a comoving electron
F ⊥ = ∇⊥ Ψ s ,

Fz =

∂Ψs
,
∂ζ

(2.80)

the quantity Ψs is used. This quantity will be called the space charge potential, derived from
(∂ 2 /∂ζ 2 + γb2 ∇2⊥ )Ψs = nb ,

(2.81)

where γb = (1 − vb2 )−1/2 denotes the Lorentz factor associated with vb . For the following axisymmetric bunch density (see Fig. 2.16) an analytic expression for Ψ s can be found
nb (x, y, ζ) = νF0 [(0, 0), (wb, wb )] (x, y) F0[0, lb] (ζ)
With (2.82), Ψs can be calculated on axis only


ν
2
2
s+ |s+ | − s− |s− | + s− t + s− − s+ t2 + s2+
Ψs (ζ) =
4




+t2 log(s− + t2 + s2− ) − log(s+ + t2 + s2+ )
where t = wb /γb , s± = ζ ± lb .

(2.82)

(2.83)
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2lb

2wb

Figure 2.16: Bunch model: uniformly filled cylinder with length 2l b , radius wb .

The derivatives are
ν
∂Ψs
=
|s+ | − |s− | −
Fz =
∂ζ
2



t2

+

s2+



+ t2 + s2−


ν  s+
s−
s−
s+
∂ 2 Ψs


=
+
−
−
∂ζ 2
2 |s+ | |s− |
t2 + s2+
t2 + s2−

(2.84)

(2.85)

The second derivative is used to compute the transverse force near r = 0 (paraxial approximation):
F⊥

r⊥ 
∂ 2 Ψs 
≈
nb −
≡ r ⊥ Ψ2
2γb2
∂ζ 2

(2.86)

As expected, the space charge forces vanish in the limit vb → 1 (γb → ∞). The transverse force
scales with 1/γb2 , as seen in (2.86). From (2.84) it is found that the longitudinal force scales
with 1/γb. This means that for high enough γ, it is allowed to neglect the space charge forces
inside the plasma. The following calculation of the bunch wakefields yields the critical value γ m
beneath which the maximum value of the F z or Ψ2 for the space charge field inside the bunch
region |ζ| < lb is larger than the corresponding value of the bunch wakefield inside the bunch
region.
The bunch wakefield is calculated from the wakefield potential Ψb , satisfying
(1 + ∂ 2 /∂ζ 2 )(1 − ∇2⊥ )Ψb = nb

(2.87)

which gives
Fz = ν (1 − wb K1 (wb )) sin(ζ − lb )

(2.88)

ν
F ⊥ ≈ − r ⊥ wb K1 (wb ) (1 − cos(ζ − lb )) ≡ r ⊥ Ψ2 .
(2.89)
2
As an example, plots of Fz and Ψ2 with parameters ν = 1/10, lb = π/4, wb = 4 are shown in
Fig. 2.17 for γb = 5 and for γb = 20.
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Figure 2.17: Plots of F z and Ψ2 as functions of ζ for bunch wakefield (solid line) and space charge fields (dashed
lines). Top: γb = 5, bottom γb = 20.

From Fig. 2.17 one can easily see that the maximum values of F z , Ψ2 do not occur at the same
ζ. At the head of the bunch (ζ = lb ) the space charge forces are always larger, since the bunch
γm one can safely neglect
wakefields are by definition zero at this point. However, for γb
the space charge forces. A plot of γm as a function of wb for two values of lb is given in Fig.
2.18. The value of γm at low wb is derived from comparing the magnitudes of F z , at high wb
from comparing the magnitudes of Ψ 2 . The figure shows that γm decreases with lb and, seen as
a function of wb , has a local minimum.
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Figure 2.18: Plot of γ m as a function of w b for lb = π/10 (solid line) and l b = π/2 (dashed line).

Note that for the above comparison, only the bunch fields derived from Ψ s and Ψb are used.
The magnitude of laser wakefields (given by Ψl ) can be larger than the self-fields of the electron
bunch.

3. Minimizing energy spread
In this chapter, the acceleration of electron bunches in 1-D plasma waves is discussed. It is
largely based on the article “Energy spread in plasma-based acceleration” by A.J.W. Reitsma,
R.M.G.M. Trines, and V.V. Goloviznin, IEEE Trans. Plasma Sci. 28, 1156 (2000), but contains
a number of extensions.
In section 3.1, a calculation of energy spread in the approximation of constant phase slippage
(1.65) is given. The aim of the calculation is to find a strategy for minimizing energy spread,
while maintaining a reasonable energy gain. This is done by showing the possibility that the
relative energy spread reaches a minimum value at some acceleration length Lmin through a
mechanism known as time focusing. The calculation is completed by deriving a condition for
coincidence of Lmin with the distance Lmax at which a maximum in average energy gain is found.
This leads to a relation for tuning bunch length l b , bunch charge Q and injection phase ζb such
that the acceleration is optimized in the sense that maximum average energy gain and minimum
relative energy spread occur at the same acceleration distance.
Simulation results presented in section 3.2 show how the strategy derived in section 3.1 must be
modified for bunches that are injected at low initial energy γ < γ g , for which the approximation
of constant phase slippage does not hold (at least, not in the first part of the acceleration).
Section 3.3 contains the following simulation results: the section begins with an example run for
which a final energy of about 1 GeV with 1% energy spread is found. Subsequently the effect of
variation of one of the injection parameters Q (charge), lb (bunch length), ζb (injection phase),
or Pb (injection momentum) on the acceleration dynamics is investigated. Finally, the effect of
varying both Q and lb for two different sets of (ζb , Pb ) is studied. From these simulation results,
the available window of parameters is found for which a high final energy can be combined with
a low energy spread.
In the last section of this chapter, the sensitivity of final energy and energy spread to injection
errors is investigated. From simulation of small deviations in the initial conditions ζ b, Pb , lb , Q
and Sb (the last quantity being a measure for the initial energy spread of the bunch), the required
tuning accuracy in these parameters is found.

3.1 Energy spread
In this section, a 1-D model for calculating energy spread is presented. Actually, the spread in
longitudinal momentum P z is calculated, but the electrons are highly relativistic, so their energy
γ0 = (1 + Pz2 )1/2 is approximately equal to Pz . Therefore it is expected that the spread in Pz is
a good approximation for the energy spread.
The phase slippage is taken to be constant as a result of approximating γ
γ g , so that vz → 1
may be taken in the equation of motion. This approximation is valid for a large part of the
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acceleration distance, as shown in Fig. 1.7. It only fails during the rapid backward slip, which
for electrons injected at γ < γg is in the first part of the acceleration. Soon after γ has increased
beyond γg , the energy is high enough for the constant phase slippage approximation to hold. The
whole process of slipping backward and turning takes a very short time compared to the time of
the subsequent acceleration, so the induced energy spread can be considered small. Therefore
the analysis with approximation of constant phase slippage given below is still meaningful for a
bunch injected at γ < γg . The implications of rapid backward slip on the bunch dynamics can
be treated separately, as done in section 3.2.
The wakefield is described with linear theory, so that the wakefield potential Ψ can be written as
a sum of the laser wakefield potential Ψl and the bunch wakefield potential Ψb . For calculation of
the momentum spread evolution on the timescale of the full acceleration (i.e. of the synchrotron
oscillation, see sec. 1.3), the difference between the constant electron velocity v z and the group
velocity vg of the laser pulse must be taken into account. Therefore, it is convenient to introduce
the coordinate s = z −t such that electrons with vz ≈ 1 do not move in the s-frame and the laser
pulse has a slow backward phase slippage. By changing the independent variables from (ζ, t) to
(s, t), the equations of motion are found to be
ds
= vz − 1 ≈ 0
dt

(3.1)

∂Ψ
dPz
= Fz =
(s, t).
(3.2)
dt
∂s
Since the electrons do not move in the s-frame, the bunch density n b is time-independent, so
the bunch wakefield potential Ψb is a function of s only. The laser wakefield potential Ψ l is a
function of ζ ≈ s + t/2γg2 only. With this dependence of Ψb , Ψl on (s, t), the equation of motion
is easily integrated to give
s(t) = ζ0 ,

(3.3)



dΨb
Pz (t) = Pz0 + 2γg2 Ψl (ζ0 + t/2γg2 ) − Ψl (ζ0 ) + t
(ζ0 ),
(3.4)
ds
where s(0) = ζ0 , Pz (0) = Pz0 are the initial conditions. From the linear 1-D wakefield theory
discussed in chapter 2, the laser wakefield potential is found to be (1.62, 2.25):
Ψl (s, t) = e0 cos(s + t/2γg2 )

(3.5)

where e0 is the laser wakefield amplitude. The bunch density is used to calculate the bunch
wakefield with the Green function (2.23):
 ∞
 ∞



Ψb (s) =
G1 (s , s) nb (s ) ds =
sin(s − s) nb (s ) ds .
(3.6)
−∞

s

In principle the evolution of average momentum and momentum spread can be calculated from
(3.4)-(3.6) for any given initial distribution of bunch electrons. For a typical initial distribution
considered in this thesis, the following simplifications can be justified from simulation results
shown in sec. 3.3.

3.1. Energy spread

55

1. Since the induced energy spread is usually much larger than the initial energy spread, the
bunch can be taken monoenergetic at t = 0.
2. Since the final energy, which is O(e0 γg2 ), is usually much larger than the injection energy
γ < γg , the approximation Pz0 = 0 can be made.
With these approximations, the only sources for energy spread are the finite length and finite
charge of the bunch. Therefore it is instructive to start the calculation with the ideal case of a
single test electron (i.e. without taking into account effects of finite length and finite charge).
Single electron
The momentum evolution of a single test electron at injection phase s = ζ 0 is found from (3.4)
and (3.5) with Pz0 = 0, Ψb = 0:


Pz (t) = 2e0 γg2 cos(ζ0 + t/2γg2 ) − cos ζ0 .
(3.7)
With the acceleration distance La = t and the dephasing distance Ld = 2πγg2 this is written as


Pz = 2e0 γg2 cos(ζ0 + πLa /Ld ) − cos ζ0 .
(3.8)
A contour plot of Pz as a function of ζ0 , La is given in Fig. 3.1. Depending on the injection
phase ζ0 , the electron either gains or loses momentum in the wakefield. Maximal momentum
gain (equal to 4e0 γg2 ) occurs if the electron is injected at the ζ0 = −π, corresponding to the
X-point in Fig. 1.6. There is no momentum gain if the electron is injected at ζ 0 = 0, i.e. at the
O-point of Fig. 1.6. The distance Lmax , defined as the distance of maximum Pz , depends on the
injection phase and is given by ζ 0 + πLmax /Ld = 0.
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Figure 3.1: Contour plot of single electron momentum gain in the laser wakefield as a function of phase ζ 0 and
acceleration distance L a . Solid line indicates maximum momentum gain.

Time focusing for bunch with finite length
To model the influence of finite bunch length, consider a distribution of two electrons with injection phases ζ0 = ζb ± lb , where ζb denotes the average injection phase of the bunch and lb half of
the full bunch length. The average momentum < P z > is found to be


< Pz > = 2e0 γg2 cos lb cos(ζb + πLa /Ld ) − cos ζb .
(3.9)
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Thus the average momentum is seen to be smaller than the single-electron momentum by a factor
cos lb . The distance Lmax of maximum momentum, given by ζ b + πLmax /Ld = 0, is the same
as for a single electron. The momentum spread can be estimated as the difference in momentum
between the electrons


δPz = 4e0 γg2 sin lb sin(ζb + πLa /Ld ) − sin ζb .
(3.10)
This formula suggests that there are two strategies available to minimize momentum spread. One
can take a very short bunch (lb  1) to minimize sin lb , i.e. to approach the ideal case of a single
electron. Alternatively, one can tune ζb and La such that the condition
sin(ζb + πLa /Ld ) = sin ζb

(3.11)

is satisfied. Condition (3.11) gives either the injection phase ζ b for a given acceleration distance
or it defines, for a given injection phase, the distance Lmin of minimum momentum spread. From
(3.11), the distance Lmin is seen to be given by
2ζb + π(Lmin /Ld + 1) = 0

(3.12)

Note that this distance can only be defined if −π < ζ b < −π/2. From simulation results it is
found that a minimum in relative energy spread δP z / < Pz > occurs at La = Lmin .
To explain the physical mechanism that leads to a minimum momentum spread at L a = Lmin ,
consider the simulation results presented in Figs. 3.2 and 3.3. These figures show acceleration
of a monochromatic bunch with injection energy γ = 1960 (corresponding to 1 GeV), initial
distribution of ζ uniform in [−0.95π, −0.55π], wakefield parameters e 0 = 0.1, γg = 70. The
injection energy has been chosen such that the condition γ
γ g holds during the whole acceleration process.
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Figure 3.2: Illustration of minimizing momentum spread: scatter plots of accelerating force and momentum vs.
ζ are given at three different points in time. At L a = 0.5Ld the head and tail part of the bunch have
equal momentum, which corresponds to a minimum relative momentum spread.
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Figure 3.3: Illustration of minimizing momentum spread: plots of average momentum < P z > and momentum
spread δPz as functions of acceleration distance.

The momentum spread in the bunch is induced by finite length, because the magnitude of
the accelerating force is different for electrons with different coordinates as a result of the ζdependence of Fz . As an example, shortly after injection at La /Ld = 0.1 the accelerating force
on the head of the bunch is seen to be larger than the accelerating force on the tail. Since all
electrons are injected at the same energy, the momentum of electrons in the head of the bunch is
found to be higher than the momentum of electrons in the tail. For individual electrons, the magnitude of the accelerating force is not constant during the acceleration due to phase slippage. At
La /Ld = 0.3 for example, the accelerating force on the head of the bunch is seen to be smaller
than the accelerating force on the tail. This allows for a (partial) compensation of the momentum
spread induced in the bunch. In acceleration physics, this compensation scheme is known as time
focusing. A necessary condition for applying time focusing is that the accelerating force has a
maximum somewhere between the injection phase and the extraction phase of the bunch. In this
case, the maximum of Fz is at ζ = −π/2, which explains the condition −π < ζ b < −π/2. At
La /Ld = 0.5, the momentum distribution in the bunch is symmetric: the momentum of the electrons in the head of the bunch is equal to the momentum of electrons in the tail. This corresponds
to a situation of minimum relative momentum spread, as can be seen in Fig. 3.3. A minimum
momentum spread of about 2.5% is found at L a /Ld ≈ 0.5, which is in quantitative agreement
with the results of the two-electron model, which for ζ b = −0.75π predicts Lmin /Ld = 0.5.
The maximum average momentum is at the predicted distance L max /Ld = 0.75. The average
momentum gain of 3.2 e0 γg2 found in the simulation agrees with (3.9) for a value l b ≈ 0.1π of
bunch length.
Beam loading
The above results do not include the effect of beam loading, i.e. the modification of the wakefield
by the electron bunch. For the bunch density nb (s), a simple block distribution with constant
density ν between s = ζb ± lb is taken:
nb (s) = νF0 [ζb , lb ](s),

(3.13)

corresponding to the wide-bunch limit (w b → ∞) of the model distribution (2.62) used in section
2.2. From the calculations presented in that section, it is found that the bunch wakefield potential
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is
Ψb (s) = νZl (s, ζb, lb ),

(3.14)

where Zl is given by (2.63), (2.65) and (2.67). With this bunch wakefield potential, the momentum evolution is given by


La ν
2
Pz = 2e0 γg cos(ζ0 + πLa /Ld ) − cos ζ0 + π
sin(ζ0 − ζb − lb ) .
(3.15)
Ld e0
For calculation of average momentum gain and momentum spread the two-electron model can
be used again. The first electron is taken at the head of the bunch (ζ0 = ζb + lb ) and the second
electron at the tail (ζ0 = ζb − lb ), such that the first electron is accelerated by the laser wakefield
only and the second electron experiences both the laser wakefield and the wakefield due to the
whole bunch distribution. Evaluating (3.15) yields for the average momentum

La sin lb 
2
< Pz > = 2e0 γg cos lb cos(ζb + πLa /Ld ) − cos ζb − ηz π
,
(3.16)
Ld 2lb
where the axial beam loading factor ηz = 2νlb /e0 is given by (2.51). The beam loading factor
is proportional to the bunch charge Q = nb (s) ds. From (3.16) beam loading is seen to decrease the average momentum gain by an amount proportional to the acceleration length and the
bunch charge. The amount of momentum decrease is higher for short bunches (l b  1) than for
somewhat longer bunches (lb = O(1)) with the same charge. The distance of maximum average
energy gain Lmax is given by the condition
sin(ζb + πLmax /Ld ) + ηz

sin lb
= 0.
2lb

(3.17)

In the limit of small ηz , the approximate solution is
πLmax /Ld = −ζb − ηz

sin lb
,
2lb

(3.18)

which shows that Lmax decreases with bunch charge. The momentum spread is calculated as the
difference in momentum between the two electrons:

La cos lb 
2
.
(3.19)
δPz = 4e0 γg sin lb sin(ζb + πLa /Ld ) − sin ζb − ηz π
Ld 2lb
From this formula it is seen that the momentum spread induced by beam loading is proportional
to acceleration distance and bunch charge. Also in the case of beam loading, a minimum in
relative momentum spread is found when both electrons have the same momentum. Evaluating
δPz = 0 in the limit of small η z , the approximate solution for the distance L min of minimum
momentum spread is found to be
π(Lmin /Ld + 1) = −2ζb + ηz

cos lb
,
lb

(3.20)
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which shows that the distance Lmin increases with bunch charge. The necessary condition for a
minimum momentum spread to occur is
−π < ζb < −π/2 + ηz

cos lb
.
2lb

(3.21)

This means that the interval of available ζ b increases with bunch charge.
In the limit of small bunch length l b  1 with high beam loading ηz = O(1), the momentum
spread does not vanish. This means that the strategy of minimizing momentum spread by decreasing bunch length does not work for bunches with high beam loading and the only way to
find a minimum momentum spread is to exploit time focusing. Physically, the limit l b  1,
ηz = O(1) corresponds to a bunch with high charge Q that is longitudinally compressed. In the
limit of infinite compression, the bunch density approaches a δ-function, which gives a discontinuity ∆F ∝ Q in the accelerating field Fz . In terms of the two-electron model, this means that
both electrons are at the same phase, but the force on the trailing electron is always smaller by
the amount ∆F than the force on the leading electron. For such a force distribution, a minimum
momentum spread can never be found. This leads to the important conclusion that for minimizing energy spread, there exists a relation between the bunch charge Q and a minimum required
bunch length lmin . For a given Q, compression to lb < lmin is unwanted, because it hinders the
time focusing strategy for minimization of energy spread. Equation (3.20) also shows that it is
unwanted to combine a small bunch length with high beam loading, because in this limit the
distance Lmin becomes very long, even longer than the dephasing length L d .
From the observation that Lmax , as given by (3.18), decreases with ηz and Lmin , as given by
(3.20), increases with ηz , the possibility of tuning η z such that Lmax = Lmin is suggested. Such
an acceleration is optimized in the sense that a maximum average momentum is combined with
a minimum momentum spread.
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Figure 3.4: Illustration of minimizing momentum spread: scatter plots of accelerating force and momentum vs.
ζ with beam loading.

As an illustration of the bunch dynamics with beam loading, Fig. 3.4 shows simulation results
of the same bunch as in Fig. 3.2 with a finite beam loading η z = 0.4. Due to beam loading, the
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bunch electrons interact with each other in an asymmetric way: each electron is influenced by
the wakefields of electrons in front of it. For short bunches, these bunch wakefields are always
decelerating. Thus the main difference is that for the case with beam loading (Fig. 3.4) there is
less momentum gain in the tail of the bunch than for the case without beam loading (Fig. 3.2).
Also for the beam loading case, a (partial) compensation of momentum spread by time focusing
is possible. In particular, a minimum momentum spread of about 2.6% occurs at L min ≈ 0.7 Ld
and a maximum average momentum gain of 2.4 e 0 γg2 occurs at Lmax ≈ 0.7 Ld .
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Figure 3.5: Distance of maximum momentum gain L max and distance of minimum relative momentum spread
Lmin as functions of beam loading factor, both from simulation (dots) and from theory (dashed lines).

The possibility of tuning L min and Lmax by changing ηz is shown in Fig. 3.5. This plot contains
simulation results for the same bunch as in Figs. 3.2 and 3.4 with a varying beam loading
0 ≤ ηz ≤ 1. The simulation results are given with dots and the approximate values (3.18),
(3.20) for small ηz with dashed lines. For ηz > 0.25, there is a clear difference between the
simulation result and the approximation of L min . The approximation of Lmax is seen to be valid
for larger ηz as well (the dashed line is invisible because all the simulation points are on top of
it). As seen in Fig. 3.5, Lmin and Lmax coincide at ηz = 0.4. For this value of ηz , the minimum
momentum spread is reached at the same acceleration distance (0.7 Ld ) as the maximum average
momentum.
Generalization
The above derivations contain a number of simplifications that allow explicit calculation of the
Lmin and Lmax , but the mechanism of time focusing for minimizing momentum spread can be applied in more general situations than the particular case given above. First of all, the assumption
of linearity for the wakefields is by no means a necessity. The laser wakefield potential Ψ l can
have any shape other than sinusoidal. Calculating the momentum spread with the two-electron
model gives
 ∂Ψ

∂Ψl
l
(ζb + πLa /Ld ) −
(ζb ) ,
(3.22)
δPz ≈ 2γg2 lb
∂s
∂s
where a Taylor expansion for small lb has been used. Note that the right hand side can also be
written as
2π(La /Ld ) γg2 lb

∂ 2 Ψl
(ζb + πLs /Ld )
∂s2

(3.23)
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for some Ls ∈ [0, La ]. Thus, a minimum in momentum spread can occur if the maximum of
the accelerating force lies somewhere between the injection phase ζb and the extraction phase
ζb + πLa /Ld .
The nonlinearity of the wakefield also has as a consequence that the potential Ψ describing the
wakefield due to laser pulse and electron bunch combined, is no longer the linear superposition
of Ψl and Ψb , if Ψl describes the wakefield due to the laser pulse alone (in the absence of the electron bunch) and Ψb describes the wakefield due to the electron bunch alone (without laser pulse).
Nevertheless, the presence of the electron bunch will modify the wakefield and induce momentum loss in the tail of the bunch, which influences the time focusing dynamics quantitatively,
but not qualitatively. Also in the nonlinear case it should be possible to achieve a coincidence of
Lmin and Lmax by tuning bunch charge, bunch length and injection phase. In fact, the use of nonlinear waves for electron acceleration might have some advantage over the use of linear waves:
the increase of wavelength with amplitude (see Fig. 2.2) permits the use of longer bunches. Also,
the increased dephasing length leads to enhanced momentum gain, as can
be seen from (2.18),
which predicts the momentum gain in the nonlinear wave to scale with e 0 1 + e20 /4 instead of
e0 .
The assumption of a block bunch (density constant between ζ b ± lb ) can be generalized as well.
The special property of the block bunch model, namely that equal momentum of the tail and
the head of the bunch coincides with a minimum in relative momentum spread, may not hold in
general. Nevertheless, for other bunch shapes the combined effect of phase slippage and beam
loading can just as well lead to minimization of momentum spread. The use of a special bunch
shape has been proposed for acceleration without phase slippage (the γ g → ∞ limit). In this
case, time focusing can not be applied and the momentum spread is minimized by creating a flat
Fz -profile over the whole bunch region. For cases with phase slippage, the possibility of time
focusing allows a more general bunch density profile.
Finally, the assumption of a monochromatic bunch at injection can be weakened. This will be
illustrated in the sec. 3.3, in which the 1-D simulation results are presented.

3.2 Low-γ injection
The momentum spread model given in sec. 3.1 is derived under the assumption γ
γ g , which
results in a constant phase slippage. An important consequence is that the electron bunch density
is constant in its own rest frame with coordinate s = z − t. For injection at γ < γ g , the first
part of the acceleration is a rapid backward slip (see also Fig. 1.7), during which the assumption
of a fixed bunch density is not valid. During the backward slip, the density profile may change:
depending on the injection phase and injection energy the bunch can be compressed or stretched
out longitudinally, which influences the momentum spread evolution. In this section, the lowγ dynamics is discussed in detail. The discussion starts with simulations of a single electron,
where the initial conditions are chosen such that they yield the same final energy. With the same
strategy, simulations are performed for bunches with finite length and finite charge, such that the
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difference between these simulation results shows in detail the effect of finite length and finite
charge on the low-γ dynamics.
Test electron results
For a single electron, the maximum momentum is determined from the Hamiltonian (1.59). In
particular, electrons with different initial conditions on the same orbit reach the same maximum
momentum. This is illustrated in Fig. 3.6, in which the dashed lines show the distance of maximum momentum Lmax and the value of maximum momentum for a single electron accelerated
in a linear wakefield (1.62) as a function of the injection phase ζ b . The injection momentum P b
is chosen such that (ζb , Pb ) is on the orbit through (−0.6π, γ g ). For these initial conditions, the
value of the Hamiltonian (1.59) is the same, but the initial position on the orbit is different. The
simulation parameters are γg = 70, e0 = 0.1.

< Pz > (GeV)

Lmax /Ld

Since the electrons are injected at Pb < γg the first part of their motion is a backward slip to
the turning point (ζ, Pz ) = (−0.6π, γg ), where the turning point (see sec. 1.3) is defined by
the condition dζ/dt = 0. The duration of this backward slip is small compared to the time
of subsequent acceleration and about the same for all electrons. As expected, the maximum
momentum is found to be the same for all simulations, namely P z ≈ 2.9 e0 γg2 . It is instructive
to compare this result with (3.8), which predicts a maximum momentum of 2.6 e 0 γg2 at for an
electron injected at ζb = −0.6π. The difference with the simulation result (i.e. 0.3 e 0 γg2 ) is
about equal to 2γg . This suggests that for low-γ injection, the acceleration length and maximum
momentum can be estimated in the approximation of constant phase slippage by replacing the
actual injection phase with the phase of the turning point (in this case −0.6π) and the actual
injection momentum with 2γ g .
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Figure 3.6: Distance of maximum momentum gain L max (left) and maximum average momentum < P z > at
La = Lmax (right) for a single electron (dashed line) and for a bunch of test electrons with finite
bunch length l b = π/10 (solid line).

Also indicated in Fig. 3.6 are simulation results for bunches with finite length (solid lines). For
these bunches, the initial injection phase distribution is uniform in [ζ b −lb , ζb +lb ], monochromatic
with momentum P b . Again, Pb is chosen such that (ζb , Pb ) is on the same orbit as (0.6π, γg ). For
these simulations, lb = π/10 has been taken. The distance of maximum average momentum is
slightly larger than the single-electron result and the value of the maximum momentum is seen
to be slightly higher or lower, depending on the injection phase. This is because the electrons are
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0.6

< Pz > (GeV)

distributed over many orbits, each of which has a different maximum momentum. The maximum
momentum gain for the whole bunch is found at ζ b = 0: in this case, all electrons are on orbits
with a higher maximum momentum than the orbit through (0.6π, γ g ). Anyway, the difference
between the single-electron simulation result and the finite bunch length result is seen to be
small. This is because the dynamics of the bunch is essentially equal to the dynamics of a single
electron at the central phase ζ = ζb . From the small corrections due to finite bunch length
(slightly larger Lmax , slightly different energy gain), it can be guessed that the average orbit of
the whole bunch is only slightly different from the single-particle orbit of (1.59). The average
orbit is defined as the curve of the average values (< ζ > (t), < Pz > (t)) in phase space (ζ, Pz ).
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Figure 3.7: Simulation results for bunches with finite length: a) distance of maximum (minimum) momentum
gain Lmax (Lmin ), b) average momentum < P z > and c) momentum spread δP z evaluated at Lmax
and Lmin , d) phase spread δζ evaluated at injection and after acceleration, all as functions of injection
phase ζb .

Other results from the same simulation of bunches with finite length are given in Fig. 3.7. The
plot of Lmax (which is the same as in Fig. 3.6) and Lmin suggests again that the backward
slip takes only a small fraction of the acceleration distance, because L max and Lmin are almost
constant functions of ζb . Consequently, the momentum gain is almost the same, as shown in Fig.
3.7 b). The momentum spread, shown in Fig. 3.7 c) is seen to be roughly proportional to the
bunch length, which is shown in Fig. 3.7 d). The plot of bunch length also shows that the bunch
can be compressed or stretched longitudinally, depending on the injection phase. Maximum
compression, accompanied by minimal momentum spread, is found at ζ b = 0. These results lead
to the conclusion that, for bunches injected at P b < γg the ideal injection phase is ζb = 0, which
gives both a maximum average momentum gain and a minimum momentum spread.
Beam loading effects
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Figure 3.8: Simulation results for bunches with finite length and finite beam loading: a) distance of maximum
(minimum) momentum gain L max (Lmin ), b) average momentum < P z > and c) momentum spread
δPz evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection and after acceleration, all
as functions of injection phase ζ b .

In Fig. 3.8 simulation results with finite beam loading η z = 0.2 are shown for the same initial
conditions as before. There are considerable differences with the ηz = 0-result shown in Fig.
3.7, caused by the presence of the bunch wakefield in the beam loading case. Obviously, the
average orbit deviates from the single-particle orbit as a result of collective effects. In particular,
the turning point of the average orbit is at a lower value of ζ (i.e. more towards the phase ζ = −π
where the X-point in Fig. 1.6 is located) than in the case without beam loading. This is because
the bunch wakefield decelerates the electrons in the trailing part of the bunch, which induces
bunch lengthening during the rapid backward slip.
As a result of the shift of the turning point, the maximum average momentum is found at a larger
distance Lmax , as indicated in Fig. 3.8 a). For ηz = 0.2, the value of < Pz > at Lmax shown in
Fig. 3.8 b) is seen to be lower than the corresponding < P z > at ηz = 0 of Fig. 3.7 b). This is
the obvious result of deceleration induced by the bunch wakefield, in qualitative agreement with
(3.16), which predicts that beam loading decreases the average momentum gain. In contrast, the
value of < Pz > at Lmin (Fig. 3.8 b) is higher, due to the fact that the time focusing dynamics
is influenced by beam loading. At ηz = 0, the distance Lmin shown in Fig. 3.7 a) is seen to be
independent of ζb , while it varies strongly with ζ b for the beam loading case ηz = 0.2, as shown
in Fig. 3.8 a). From (3.20) the distance Lmin is seen to depend both on the bunch length l b and
the injection phase, which for low-γ injection is effectively the phase of the turning point. Since
both the bunch length and the turning point are influenced by beam loading during the rapid
backward slip, the variation of Lmin is due to a combination of these effects.
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The most interesting things to notice in the plots of momentum spread (Fig. 3.8 c) and the bunch
length (Fig. 3.8 d) are:
1. In contrast to the ηz = 0-result, a maximum compression of the bunch does not coincide
with a minimum momentum spread. The momentum spread shows two minima, around
ζb = 0.2π and slightly below ζ b = 0, while the shortest bunch is found in between these
injection phases, at ζb ≈ 0.1π. This can be understood from the requirement of a minimum
bunch length lmin for time focusing, as explained in section 3.1, where it was found that
compression below lmin gives rise to increase of momentum spread - see the discussion
following (3.19).
2. For extraction of the bunch at La = Lmin , there is no tradeoff between low momentum
spread and high momentum gain. From the variation of δP z at Lmin with ζb shown in Fig.
3.8 c) and the variation of < Pz > at Lmin with ζb shown in Fig. 3.8 b), it is seen that
local minima in δPz found near ζb = 0, ζb = 0.2π roughly coincide with local maxima
in < Pz >. At these values of ζb the acceleration is seen to be optimized in the sense that
Lmin ≈ Lmax .
In conclusion, the strategy developed in section 3.1 to combine maximum average momentum
gain and minimum relative momentum spread can be applied successfully for low-γ injection.
The ideal injection phase is ζb = 0 in the limit of low bunch charge (without beam loading) or
close to ζb = 0 for cases with beam loading. The first part of the acceleration is a rapid backward
slip, during which the bunch distribution is changed by the combined effect of bunch compression
due the laser wakefield and bunch lengthening due to the bunch wakefield (collective effects). In
the case of beam loading, this results in optimized acceleration, in the sense that the acceleration
distance Lmax at which a maximum average momentum gain is found, coincides with the distance
Lmin of minimum relative momentum spread. The dependence of L min , Lmax on the bunch
parameters ζb , Pb , lb , ηz is investigated numerically in section 3.3.

3.3 Simulation results
For the simulation results presented in this section, the following parameters have been chosen:
1. A resonant energy γg = 94 has been taken, which corresponds to a plasma density of about
2 · 1017 cm−3 for an 800 nm laser. With this plasma density, the linear plasma wavelength
λp (1.24) is 75 µm, corresponding to a plasma period of 250 fs.
2. The laser pulse profile (2.24) for I has been used with I0 = 0.155 and ll = 2.86. This
corresponds to a laser pulse with a maximum intensity of about 1.2 · 10 18 W cm−2 . For
these parameters the laser wakefield is in the weakly nonlinear regime with amplitude
e0 = 0.225.
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3. The shape of the initial electron bunch distribution f (ζ, P z ) at La = 0 is taken to be
f (ζ, Pz ) ∝ F1/2 [(ζb , Pb ), (lb , Sb )](ζ, Pz ),

(3.24)

where the injection momentum P b , the injection phase ζb , the bunch length lb and initial
momentum spread Sb are simulation variables. The notation convention for ζ is that ζ = 0
corresponds to the point where Fz = 0 in the absence of beam loading (wakefield due to
laser pulse only). For the bunch density at injection, distribution (3.24) gives
nb (ζ) = νF1 [ζb , lb ](ζ),

(3.25)

where ν = 3 Q/4 lb is the maximum bunch density and Q = nb (ζ)dζ is the bunch charge,
which is also a simulation variable. With discrete simulation particles, distribution (3.24)
is formed by quasi-random filling of a 3-sphere
F0 [(0, 0, 0), (1, 1, 1)](x1, x2 , x3 ).

(3.26)

After proper scaling and translation
ζ = ζb + lb x1 ,

Pz = Pb + Sb x2

(3.27)

distribution (3.24) is found as the projection of (3.26) on the x 3 -axis. Although still highly
idealized, distribution (3.24) is supposed to give a more realistic description of the injected
bunch than the monochromatic block distribution used in sections 3.1 and 3.2.
These parameters have been chosen to incorporate in the simulations some of the generalizations
discussed at the end of sec. 3.1, in particular a (weakly) nonlinear wakefield and a bunch distribution with finite energy spread have been taken. The presentation of the simulation results in
this section is as follows. First, one example result is discussed in detail, namely one for which
a final energy of about 1 GeV with 1% energy spread has been found. The parameters of this
simulation are ζb = 0, lb = π/5, Pb = 4.9, Sb = Pb /20, Q = 0.15, which corresponds to an
axial beam loading factor ηz = 2/3. This choice of parameters gives an optimized acceleration
in the sense that Lmax = Lmin . Subsequently, simulation results are presented that have been
obtained by changing one of the parameters Q, lb , ζb or Pb , while keeping the other three fixed
at the values of the example result given above. This is followed by the presentation of two
simulations in which both Q and l b have been varied with (ζb , Pb ) held fixed. For the first simulation (ζb , Pb ) = (0, 4.9) has been taken (as in the example result) and the choice for the second
simulation is (ζ b , Pb ) = (−π/2, γg ) = (−π/2, 94). For these choices of (ζb , Pb ) the final energy
is found to be in the same range. The difference is that the first simulation includes low-γ dynamics, which is absent in the second simulation. As explained in sec. 3.2, the low-γ dynamics
strongly influences the energy spread evolution.
Example result: 1 GeV bunch with 1% energy spread
As stated above, for the simulation parameters ζ b = 0, lb = π/5, Pb = 4.9, Sb = Pb /20,
Q = 0.15 a final energy of about 1 GeV with 1% energy spread has been found. This is seen
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Figure 3.9: Simulation of 1 GeV bunch with 1% energy spread. Top: evolution of average momentum < P z >
(solid line) and momentum spread δP z (dashed line). Bottom: evolution of average phase < ζ >
(dashed line) and phase spread δζ (solid line).

in Fig. 3.9, which shows the evolution of average momentum < P z >, momentum spread δPz ,
average phase < ζ > and phase spread δζ. A minimum momentum spread of 1.2% and a maximum average momentum of 2090 (corresponding to 1.07 GeV average energy) are found at the
same acceleration distance La = Lmax = Lmin = 0.42 Ld , which corresponds to an acceleration
length of 28 cm (average gradient 3.7 GV m−1 ). Note that for the plot of < ζ >, δζ a logarithmic scale for La was chosen to show the details of the rapid backward slip at the beginning
of the acceleration. During the rapid backward slip the bunch is first seen to be compressed in
the longitudinal direction and then stretched again. During the rest of the acceleration, δζ is
approximately constant.
The accelerating dynamics are further illustrated with Fig. 3.10, which shows three snapshots
of the axial wakefield Fz and the bunch density nb as functions of ζ. The bunch density is
seen to change from the parabolic F1 -distribution at injection to an asymmetric distribution at
La = 0.04 Ld due to the low-γ dynamics. Between La = 0.04 Ld and La = 0.4 Ld , in the regime
of constant phase slippage, the shape of the bunch density remains unchanged. Small fluctuations
visible in nb are due to numerical noise induced by the projection of the simulation particles to
the grid (see appendix C). The axial wakefield in Fig. 3.10 clearly shows beam loading due to
finite bunch density. At La = 0.04 Ld , the axial field at the head of the bunch distribution is seen
to be larger than the field at the tail, while at La = 0.4 Ld the field at the tail is larger. This allows
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for compensation of the induced momentum spread by time focusing, as explained in sec. 3.1.
Phase space snapshots showing the momentum distribution inside the bunch are given in Fig.
3.11. The induced momentum spread is seen to be large compared to the initial momentum
spread. The initial spread is visible in the left hand side plot of Fig. 3.11, which shows a scatter
plot of the initial distribution. In this plot, the ζ-scale is given both in dimensionless units and
converted to fs bunch duration, which shows how short the bunch has to be, even with a density
as low as 2 · 1017 cm−3 . When seen on the scale of the right hand side plot, the initial momentum
distribution appears as monochromatic. In this plot, snapshots at L a /Ld = 0, 0.04, 0.12, 0.28
and 0.4 are shown. At La = 0.4 Ld , the bunch momentum distribution is almost flat, which
corresponds to a minimum in relative momentum spread, as seen in Fig. 3.9.
Variation of bunch parameters
In Figs. 3.12 - 3.15 simulation results are shown that have been obtained by varying either Q, l b ,
ζb or Pb in the initial conditions, while keeping the other three fixed at the value of the example
result. In these Figures, the dependence of Lmax , Lmin on the variation parameters is shown, as
well as the values of < Pz > and δPz , evaluated at La = Lmax and at La = Lmin . The phase
spread δζ is evaluated at injection and after acceleration (i.e. at La = Lmax or La = Lmin , which
yields the same value).
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Figure 3.12: Simulation results obtained by varying bunch charge Q: a) distance of maximum momentum L max
and minimum momentum spread L min , b) average momentum < P z > and c) momentum spread
δPz evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection and after acceleration.

Variation of bunch charge Q
Figure 3.12 shows the result of the variation of bunch charge Q. In sec. 3.1, tuning of bunch
charge is proposed as a method for optimizing the acceleration, i.e. to achieve L min = Lmax . It
is instructive to compare Fig. 3.12 a) with Fig. 3.5 in sec. 3.1. Both plots show the dependence
of Lmax , Lmin on Q. Apart from the differences already mentioned (linearity of the wakefield,
momentum spread of initial distribution), the main difference is that the simulations shown in
Fig. 3.12 include low-γ dynamics as a result of choosing the injection momentum P b well below
the resonant energy γg . This explains why Lmax in Fig. 3.12 a) is seen to increase with Q rather
than to decrease, as in Fig. 3.5. As explained in sec. 3.2, during the first part of the acceleration
the bunch wakefield causes additional backward phase slippage by decelerating electrons in the
tail of the bunch. As a consequence, it takes longer for these electrons to slip forward and it takes
longer for the bunch to reach the maximum average momentum.
Optimized acceleration with Lmin = Lmax is seen to be possible, both at Q = 0.15 (the value of
Q chosen in the example result) and at Q = 0.07. In Figs. 3.12 b) and 3.12 c) the value Q = 0.15
is seen to give higher bunch quality (i.e. higher average momentum and lower momentum spread)
than Q = 0.07. The lowest momentum spread is found for Q = 0.025 at L a = Lmin with a much
lower value of average momentum (average energy about 250 MeV). In the high-Q regime, the
momentum spread is seen to decrease to less than 1%, suggesting that further increase of bunch
charge is favourable, as it leads to even lower momentum spread. For Q > 0.17 however, the
simulations show bunch loss, i.e. during the rapid backward slip some electrons are seen to lose
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so much momentum that they become detrapped. Although it is common practice among beam
physicists to sacrifice a small part of the bunch for better quality, this idea is not followed here.
The plot of phase spread in Fig. 3.12 d) shows again the influence of low-γ dynamics. In the
absence of beam loading (Q = 0), injection at ζb = 0 leads to compression of the bunch. At
finite Q, the bunch wakefield is seen to cause bunch lengthening, which is due to deceleration of
electrons in the tail of the bunch during the rapid backward slip, as explained in sec. 3.2. In Fig.
3.12 d) the amount of bunch length increase is seen to scale roughly with Q 2 .
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Figure 3.13: Simulation results obtained by varying bunch length l b : a) distance of maximum momentum L max
and of minimum momentum spread L min , b) average momentum < P z > and c) momentum spread
δPz evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection and after acceleration.

Variation of bunch length l b
In sec. 3.1 it is argued that longitudinal compression of bunches with high beam loading is not a
good strategy for minimizing momentum spread - see (3.19) and below. Since the example result
chosen for this section has considerable beam loading (Q = 0.15, corresponding to η z = 2/3),
the variation of bunch length is expected to show that some minimum value of bunch length is
required to get low momentum spread. Indeed, in Fig. 3.13 c) the lowest momentum spread is
found at some finite value of lb : a minimum δPz at Lmax is found at lb = 0.2π and the lowest
δPz at Lmin occurs at lb = 0.17π. As (3.20) suggests, the value of Lmin is expected to increase
strongly in the limit l b → 0, but this is not found in Fig. 3.13 a). This has to do with the low-γ
dynamics, as revealed by Fig. 3.13 d). This plot, which shows the phase spread at injection and
after acceleration, demonstrates that ultrashort bunches are stretched during the rapid backward
slip. This tendency to stretch is stronger for the shortest bunches, as seen from the decrease of
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δζ final with lb . This is because the shortest bunches induce the strongest bunch wakefields.
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In Fig. 3.13 a) two points with Lmin = Lmax are found, one at lb = 0.2π (example result) and
one at lb = 0.36π. With a momentum spread of more than 10%, one can hardly call the second
case “optimised acceleration”. At lb > 0.4π bunch losses are found in the simulation.
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Figure 3.14: Simulation results obtained by varying injection phase ζ b : a) distance of maximum momentum L max
and of minimum momentum spread L min , b) average momentum < P z > and c) momentum spread
δPz evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection and after acceleration.

Variation of injection phase ζ b
Figure 3.14 shows simulation results obtained by varying the injection phase ζ b between −0.38π
and 0.12π - outside this range, bunch loss is observed in the simulation. As in Fig. 3.8, it is seen
from the plots of momentum spread and phase spread that a minimum momentum spread does
not coincide with the shortest bunch length. In Fig. 3.14 c) the lowest momentum spread δP z at
Lmin is found at ζb = −0.15π, while the lowest value of δζ final is found at ζ b = −0.07π in
Fig. 3.14 d).
By comparing Fig. 3.14 b) and 3.14 c) one finds that the minimum momentum spread coincides
with a minimum average momentum. In other words, there is a trade-off between high momentum gain and low momentum spread. This is in contrast with the results found in Fig. 3.8, in
which a minimum momentum spread is seen to coincide with a maximum average momentum.
The difference is explained by the choice of initial conditions: for the simulations shown in
3.14 the injection momentum P b is constant, while for the simulations shown in 3.8 the injection
momentum Pb is varied such that H0 (ζb , Pb ) is constant.
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Variation of injection momentum P b

The general trend observed in Fig. 3.15 is that lowering the value of P b leads to higher bunch
quality (both higher momentum gain and lower momentum spread). The lower limit of P b is
given by bunch loss, which is observed for P b < 3.8.
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Figure 3.15: Simulation results obtained by varying injection momentum P b : a) distance of maximum momentum
Lmax and of minimum momentum spread L min , b) average momentum < P z > and c) momentum spread δPz evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection and after
acceleration. Note that P b is on a logarithmic scale.

From Figs. 3.12 - 3.15 one finds that, in order to maximize < P z >, the value of injection
momentum Pb should be taken as low as possible without entering a regime with bunch loss. As
seen in Fig. 3.15, this automatically lowers δP z as well. For minimizing δPz the injection phase
ζb must be tuned as well. As seen in Fig. 3.14, the optimal value of ζ b is somewhat below 0
(depending on Pb , lb and Q). At this value of ζb , the average momentum has a local minimum,
which means that variation of ζb involves a trade-off between high momentum gain and low
momentum spread.
Figures 3.12 - 3.13 show how lb , Q must be tuned to reach a low value of δPz (in comparison to
Figs. 3.14 - 3.15, the changes in < Pz > are less important). In these plots, an optimum bunch
length value lb > 0 for a bunch with finite charge Q > 0 and an optimum charge Q > 0 for a
bunch with finite length lb > 0 are found. This is in qualitative accordance with the result of sec.
3.1, where it is argued that, in order to reach a minimum momentum spread by time focusing, a
minimum bunch length is required for a bunch with finite charge.
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Figure 3.16: Color plots of < P z > ∈ [0, 1.5] GeV at Lmin and δPz ∈ [0, 15]% at Lmin as functions of Q and
lb for (ζb , Pb ) = (0, 4.9). White contour denotes L min = Lmax , red contour is boundary of region
with bunch loss.
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Figure 3.17: Color plots of < P z > ∈ [0, 1.5] GeV at Lmin and δPz ∈ [0, 30]% at Lmin as functions of Q and
lb for (ζb , Pb ) = (−π/2, γg ). White contours denote L min = Lmax , white region corresponds to
values of (Q, lb ) for which no minimum in relative momentum spread is found in the simulation.

Variation of bunch charge Q and bunch length l b
In order to find a general strategy for tuning lb and Q, a scan of both parameters has been performed. The result of these simulations is given in Figs. 3.16 and 3.17, which show color plots
of < Pz > and δPz evaluated at La = Lmin as functions of Q and lb . In the case of Fig. 3.16, the
initial conditions are (ζ b , Pb ) = (0, 4.9) as in the example result. Also indicated in Fig. 3.16 is
the contour of Lmin = Lmax and the contour that separates the region without bunch loss (low-Q
side) and the region with bunch loss (for higher values of Q). In the case of Fig. 3.17, the initial
conditions are (ζb , Pb ) = (−π/2, γg ). Also indicated in Fig. 3.17 are contours of Lmin = Lmax .
White regions in Fig. 3.17 denote values of (Q, l b ) for which no minimum in momentum spread
is found in the simulation result, i.e. for which δP z is a monotonically increasing function of L a .
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Figure 3.16 shows a window of (Q, lb )-values for which low momentum spread and high momentum gain are combined, roughly given by Q ∈ [0.04, 0.16], l b < 0.2π. For lower values
of Q, the average momentum < Pz > is seen to be fairly low, while for higher values of l b the
momentum spread δPz is much higher. The highest values of P z are found around Q = 0.22,
lb = 0.4π, in the region with bunch loss. Also, due to the high values of δP z this region is not
interesting. The most favourable region that combines low momentum spread and high momentum gain, is around the lower half of the Lmin = Lmax -contour inside the region without bunch
loss. As could be expected, the example result Q = 0.15, l b = 0.2π presented at the beginning of
this section, is also in this region. For the example result, the full width at half of the maximum
density (FWHM) is 0.28π, corresponding to 35 fs, which is a rather small value compared to the
typical bunch duration for state-of-the-art electron sources.
As stated before, the main difference between low-Pb injection at (ζb , Pb) = (0, 4.9) and highPb injection at (ζb , Pb ) = (−π/2, 94) is the absence of low-γ dynamics in the second case.
An important consequence is that for high-P b injection there are regions in (Q, lb )-parameter
space for which no minimum momentum spread occurs during the acceleration (shown as white
regions in Fig. 3.17). This is a consequence of the requirement of minimum bunch length for
time focusing, as discussed before. From Fig. 3.17 a requirement of minimum bunch charge
Q > Qmin for a bunch with finite length lb > 0 is also seen to exist. The region in (Q, l b )parameter space for which a minimum momentum spread does occur, is roughly characterized
by linear dependence between Q and lb through (0, 0), i.e. by a constant value of bunch density
ν ∝ Q/lb . Also, the contours of Lmin = Lmax are roughly given by a constant value of bunch
density. The most favourable region found in Fig. 3.17 for combining low momentum spread
and high momentum gain is the low-Q, low-l b part of the contours of Lmin = Lmax .
The differences between the results shown in Figs. 3.16 and 3.17 can be summarized as follows:
1. The range of values for bunch charge Q and bunch length lb for which the acceleration
leads to high bunch quality (both high final momentum and low final momentum spread),
is much broader for injection at low Pb than for injection at high Pb .
2. For injection at high Pb , this range is essentially given by the condition that Q/l b is close
to some optimal value.
3. For injection at low Pb , the final bunch quality varies much less within the given range of
Q and lb than for injection at high Pb , for which the highest bunch quality is found at the
lowest values of Q and lb .
4. By combining points 2. and 3. one finds that for high-P b injection there is a double tradeoff involved in optimizing the acceleration: higher bunch quality is achieved at a lower
value of bunch charge and in order to reach this quality the bunch must be comparatively
shorter, which gives an even stricter condition on the bunch length at injection.
These results are clearly in favour of low-Pb injection.
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3.4 Accuracy requirements

3
2.5
2
1.5
1
0.5
0

0

-0.04 -0.02

0.02

0.04

< Pz > (GeV)

δPz (%)

In this section, the sensitivity of final momentum and momentum spread to injection errors is
investigated. Simulation results shown in Fig. 3.18 - 3.22 have been obtained by adding small
deviations to one of the parameters ζb = 0, Pb = 4.9, lb = 0.2π, Sb = Pb /20, Q = 0.15
of the example result of the previous section, while keeping the acceleration length fixed at
La = 0.42Ld . These results show the required accuracy of tuning of the parameters to keep the
momentum spread within limits. The final average momentum is seen to be fairly insensitive to
errors in bunch length and initial momentum spread. Note that the required accuracy in ζ b for
keeping the momentum spread smaller than 1.5% is ±0.04π, corresponding to a time interval of
±5 fs for the allowed jitter in the delay between laser pulse and electron bunch.
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Figure 3.18: Simulation results showing effect of small errors in injection phase ζ b on average momentum < P z >
and momentum spread δP z evaluated at La = 0.42Ld.
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Figure 3.19: Simulation results showing effect of small error in injection momentum P b on average momentum
< Pz > and momentum spread δP z evaluated at La = 0.42Ld.
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Figure 3.20: Simulation results showing effect of small error in bunch length l b on average momentum < P z >
and momentum spread δP z evaluated at La = 0.42Ld.
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Figure 3.21: Simulation results showing effect of small error in initial momentum spread S b on average momentum < Pz > and momentum spread δP z evaluated at La = 0.42Ld.
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Figure 3.22: Simulation results showing effect of small error in charge Q on average momentum < P z > and
momentum spread δP z evaluated at La = 0.42Ld.

4. Transverse dynamics
In this chapter, the transverse dynamics of the accelerated electron bunch is discussed. In section
4.1 conditions for conservation of transverse emittance are derived. The transverse emittance
is roughly equal to the enclosed area of the bunch distribution in transverse phase space (for a
formal definition, see appendix A), which is a figure of merite that describes the collimation of
the bunch: a bunch with low transverse emittance is well collimated and easier to handle with
focusing optics than a bunch with high transverse emittance. In section 4.2 the effect of transverse
dynamics on energy spread is discussed. The minimizing strategy developed in chapter 3 for 1-D
acceleration is generalized to the case of 2-D bunch acceleration. Section 4.3 contains simulation
results that illustrate the results found in sections 4.1 and 4.2. Sections 4.1-4.3 are based on the
article “Simulation of laser wakefield acceleration of an ultrashort electron bunch” by A.J.W.
Reitsma, V.V. Goloviznin, L.P.J. Kamp and T.J. Schep, Phys. Rev E. 63, 046502 (2001).
Section 4.4 contains the article “Bunch self-focusing regime of laser wakefield acceleration with
reduced emittance growth” by A.J.W. Reitsma, V.V. Goloviznin, L.P.J. Kamp and T.J. Schep,
published in Phys. Rev. Lett. 88, 014802 (2002). In this article the emittance growth arising
from off-axis injection due to alignment errors of the electron bunch is discussed. In the presence
of bunch wakefields, injection errors cause severe emittance growth and may lead to an instability
known as beam breakup. In the article, a regime of laser wakefield acceleration is presented in
which the self-focusing bunch wakefields are so strong that they suppress the emittance growth
and prevent beam breakup.

4.1 Emittance conservation
In section 1.3 the motion of a single electron with momentum (P ⊥ , Pz ), coordinates (r ⊥ , ζ) in a
prescribed wakefield potential Ψ has been discussed. The motion is described by the Hamiltonian
(1.57)
H = γ − vg Pz − Ψ,

(4.1)

which is analysed in paraxial approximation, i.e. for |P ⊥ |  Pz . It has been found that the
longitudinal motion is given by the synchrotron oscillation in (ζ, P z ) and the transverse motion
by the betatron oscillation in (x, P x ) and (y, Py ). Usually there is a clear separation of timescales
between these oscillations, such that the betatron period is much shorter than the synchrotron
period. This leads to adiabatic invariance of the transverse phase space area enclosed by the betatron orbits. The betatron frequency ωβ is given by ωβ2 = −Ψ2 /γ0 , where Ψ2 (ζ) is the focusing
strength and γ0 = (1 + Pz2 )1/2 is the leading order term for the Lorentz factor γ. Due to the
dependence of Ψ2 and γ0 on ζ and Pz the amplitude and frequency of the betatron oscillation
change adiabatically, i.e. on the synchrotron timescale, as the electron is accelerated. In particular, the acceleration leads to adiabatic focusing, i.e. a decrease of the oscillation amplitudes x 0 ,

Chapter 4. Transverse dynamics

78

y0 for x, y accompanied by an increase of the amplitudes Px0 , Py0 for Px , Py such that x0 Px0 and
y0 Py0 remain constant.
As mentioned at the end of section 1.3, the dynamics of the electron bunch is governed by
the Vlasov equation (1.86) for the electron bunch distribution function f (r ⊥ , ζ, P ⊥ , Pz , t). Invariance of all phase space quantities (such as phase spread and transverse emittance) is found
trivially for a time-independent distribution f . From (1.86) the condition for f to be timeindependent is {f, H} = 0, i.e. f is constant on surfaces of constant H. In the case of acceleration, the bunch distribution function is of course not meant to be time-independent, because this
would not result in any average energy gain. However, for transverse emittance conservation it
is useful if the transverse phase space is ’frozen’ on the fast betatron timescale, i.e. f is constant
on betatron orbits:
∂f
∂H
∂f
∂H
·
−
·
= 0
∂r ⊥ ∂P ⊥ ∂P ⊥ ∂r ⊥

(4.2)

A bunch distribution that satisfies (4.2) is called matched. If the matching condition (4.2) is
fulfilled at injection, the emittance is conserved during the subsequent acceleration.
It is instructive to analyse the matching condition for the injected bunch in the paraxial approximation. The betatron orbits are given by phase space ellipses of the form
Px2 /γ0 − Ψ2 x2 = const.

(4.3)

and similar for (y, Py ). Thus matching is achieved by taking the initial distribution constant on
phase space ellipses of the form (4.3). As an example, consider uniform filling of an ellips
f (x, Px ) ∝ F0 [(0, 0), (wb, Db )] (x, Px ),

(4.4)
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Figure 4.1: Example of matched (a) and mismatched (b) bunch distributions: dashed lines indicate betatron orbits
in transverse phase space (x, P x ), bunch distribution is given by uniform filling of shaded area.

as depicted in Fig. 4.1, which shows two possible initial distributions in transverse phase space
(x, Px ). These distributions are characterized by the values of wb , which is the spread in x or
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bunch width, and Db , which is the spread in Px or divergence. Both bunches have the same
transverse emittance, which is proportional to the enclosed area πw b Db of the bunch distribution.
For distribution (a), which represents a matched bunch, the ratio of D b and wb is given by the
correct value Db /wb = (−Ψ2 γ0 )1/2 . For distribution (b), representing a mismatched bunch, the
ratio Db /wb is too small.
Electrons at the edge of distribution (a) are on the same betatron orbit and consequently have
the same adiabatic constant α = wb Db . Electrons at the edge of distribution (b) have different
values of the adiabatic constant α. The largest value of α, denoted α m , is found for electrons
at x = ±wb , Px = 0. The evolution of bunch (b) will show emittance growth as the bunch
spreads out over the area enclosed by the betatron orbit of the electrons with the largest adiabatic
constant α = αm . After some time, the larger area παm will be ergodically filled through phase
mixing: from that point on the emittance will not grow further because the distribution function
has “adapted” to the shape of the betatron orbits. The dynamics of the emittance growth are
illustrated with simulation results presented in Fig. 4.12 in sec. 4.3.
Matching the bunch by choosing one particular value of the ratio D b /wb for the whole distribution
is possible only if the value of (−Ψ 2 γ0 )1/2 is constant over the whole distribution. This condition
holds for the distribution described below, but it does not hold in general due to the dependence
of Ψ2 and γ0 on ζ and Pz , resp. Exact matching would require a precise tuning of D b /wb as
a function of (ζ, Pz ), which may be hard to realise experimentally. From simulation results
presented in sec. 4.3 it is found that the value
Db /wb = (−Ψ2 (ζb ) γb)−1/2

(4.5)

calculated from the average injection phase ζb and the average injection energy γb = (1 + Pb2 )1/2
(where Pb denotes the average of Pz ) can be used for the whole bunch. This quasi-matching strategy works well, provided that the initial bunch length is not too long and the initial momentum
spread is not too large.
A constant value of (−Ψ2 γ0 )1/2 over the whole bunch distribution can be found for a distribution
function of the following form:
f (x, y, ζ, Px, Py , Pz ) ∝
F0 [(0, 0, 0, 0), (wb, wb , Db , Db )](x, y, Px , Py ) F0 [(ζb , Pb ), (lb , 0)](ζ, Pz ).

(4.6)

Since the longitudinal momentum P z = Pb is taken to be equal for all electrons in the bunch, the
value of γ0 = γb is seen to be independent of Pz . In order to get a constant value of (−Ψ2 γ0 )1/2 ,
the value of Ψ2 must be made independent of ζ. To demonstrate that this can be done for a
distribution of the form (4.6), the calculation of Ψ 2 with the 3-D linear wakefield equations is
given here. To calculate the bunch wakefield potential one needs to know the bunch density
nb (x, y, z). For distribution (4.6), this is given by the axisymmetric density
nb (x, y, z) = ν F0 [ζb , lb ](ζ) F1 [(0, 0), (wb, wb)](x, y),

(4.7)

which is equal to the model density (2.62) used in sec. 2.2. In that section, the bunch wakefield
potential inside the bunch region has been derived and given in formulas (2.64) and (2.65). By
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combining these expressions with the laser wakefield potential (2.57), the focusing strength Ψ 2
is found to be
1 − cos(ζ − ζb − lb ) 
2e0 
Ψ2 (ζ) = − 2 cos ζ + ηr
,
(4.8)
wl
2lb
where e0 is the amplitude of the accelerating laser wakefield, wl is the laser spot size and ηr is
the self-focusing factor (2.70), which is proportional to the bunch charge. From (4.8) it is seen
that Ψ2 can indeed be made independent of ζ by choosing ζ b = −lb , ηr = 2lb . In this case, the
value of (−Ψ2 γ0 )1/2 is constant over the whole bunch and given by (1/w l )(2e0 γb)1/2 .
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Figure 4.2: Plot of Ψ 2 and Fz , nb at r = 0 as functions of ζ. Parameters (given in text) are chosen such that a
flat initial Ψ2 -profile over the bunch is obtained.

Figure 4.2 shows a plot of Ψ2 and Fz , nb at r = 0 as functions of ζ for a bunch distribution of
the form (4.6) with ζb = −lb , ηr = 2lb to get a flat Ψ2 -profile (value of Ψ2 constant inside the
bunch region). The parameters are e0 = 0.1, wl = 3.2, ν/e0 = 2/3, wb /wl = 1/2, lb = π/4.
The Fz -profile shows the axial beam loading effect, namely a reduction of the accelerating field
behind the bunch. With the parameters given above, the value of the axial beam loading factor
(defined in sec. 2.2) is calculated to be ηz = 0.43. To get an idea of the typical laser and electron
bunch specifications corresponding to these parameters, consider a plasma density of 3.6 · 10 17
cm−3 , which gives γg = 70. For an 800 nm laser, this gives a peak power P of 13.7 TW and a
spot size wl of 28.5 µm. For the electron bunch, the charge is 17 pC and the duration l b /c is 23 fs
(current 0.36 kA). Taking Pb = 20, which corresponds to an injection energy of about 10 MeV,
the value of Db calculated from the matching condition D b = (wb /wl )(2e0 γb )1/2 turns out to be
about 1 (0.511 MeV), which gives a normalized transverse emittance of 2.4 µm.
So far only the conditions for matching at injection have been discussed. A self-consistent description of the bunch evolution after injection is reconstructed from the motion of individual
bunch electrons as follows. In the absence of beam loading, all electrons move independently
in the laser wakefield potential. As mentioned at the beginning of this section, this motion is
described in sec. 1.3, where the single-electron acceleration dynamics in a prescribed potential
Ψ are discussed. Generalizing the results of section 1.3 to the full distribution, one finds that the
whole bunch is adiabatically focused, i.e. the spread in transverse coordinate δx decreases during the acceleration, while at the same time the spread in transverse momentum δP x increases.
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For individual electrons, the magnitude of the focusing effect is given by the dependence of the
betatron oscillation amplitudes x 0 ∝ (−Ψ2 γ0 )−1/4 for x and Px0 ∝ (−Ψ2 γ0 )1/4 for Px on Ψ2 and
γ0 - see (1.75), (1.76). Although the values of Ψ2 and γ0 vary from electron to electron due to
finite spread in ζ, resp. Pz , one expects that nevertheless the magnitude of the adiabatic focusing
effect for the whole bunch is approximately given by
δx ∝ (−Ψ2 γ0 )−1/4

(4.9)

δPx ∝ (−Ψ2 γ0 )1/4

(4.10)

where some proper values of Ψ2 and γ0 are taken. For a matched bunch, the relations (4.9),
(4.10) hold exactly if the values of Ψ2 , γ0 for electrons at the edge of the distribution are taken.
This is because the evolution of the distribution function in transverse phase space follows the
change in shape of the betatron orbits, which is due to the (adiabatically slow) time dependence
of Ψ2 and γ0 . Hence the enclosed phase space area of the whole bunch distribution is always
equal to the area enclosed by the betatron orbit of the electrons at the edge. Since this area is
an adiabatic invariant, it is found that the transverse emittance is conserved during the whole
acceleration. As an example, during the acceleration of distribution (a) shown in Fig. 4.1 the
distribution is always of the form F 0 [(0, 0), (wb, Db )](x, Px ). The values of wb , Db change due
to adiabatic focusing, while the enclosed area πwb Db remains constant.
Note that for a matched bunch, the presence of beam loading does not spoil the emittance conservation, which is found as long as the values of Ψ 2 , γ0 evolve on the (adiabatically slow) timescale
of longitudinal electron motion. For a matched bunch, this is seen to be the case: the beam loading contribution to the wakefield potential Ψ is due to a finite bunch density n b (x, y, ζ), which
(for a matched bunch) also evolves on the adiabatically slow timescale.
To appreciate the implications of adiabatic focusing with beam loading, consider the injection
of a distribution of the form (4.6) with the parameter values that have been discussed before and
result in the profiles of Fig. 4.2. Assume that the bunch distribution remains of the same form
during the acceleration, with change of the parameters ζb , lb , Pb , Db , wb due to phase slippage,
acceleration and adiabatic focusing.
Note that this is not a very realistic assumption. On the one hand, the initial bunch distribution is
matched, so the assumption that the shape of the transverse phase space distribution remains of
the same form may not be so unrealistic. On the other hand, the assumption that the spread in P z
remains zero throughout the acceleration is clearly invalid. Moreover, the initially flat Ψ 2 -profile
shown in Fig. 4.2 is expected to evolve into a ζ-dependent function, which means that the shape
of the transverse distribution, characterized by the values of w b and Db , will also vary with ζ,
which is not the case for a distribution of the form (4.6).
The assumption made above is nevertheless sufficient to illustrate the effect of adiabatic focusing
on the shape of the wakefield after acceleration. Assume that the bunch is accelerated until the
average phase ζb has reached the value of the injection phase ζb = −lb and that the bunch length lb
has not changed during the acceleration. At that point, estimate the momentum P b with the value
of Pz for an electron at the head of the bunch (which is at ζ = 0). Since the electron at the head
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of the bunch is accelerated in the laser wakefield only, the momentum of this electron, from the
invariance of the single-electron Hamiltonian H0 (1.59) defined in sec. 1.3, is found to be about
245 (corresponding to 125 MeV). This gives an estimate for the adiabatic focusing factor (1.84)
(γf /γi)1/4 ≈ (245/20)1/4 ≈ 1.87. From this factor, the value parameter wb after acceleration
is estimated to be wb = 0.27 wl, i.e. the initial value divided by the focusing factor 1.87. This
implies that, from the invariance of =⊥ ∝ Db wb , the value of Db after acceleration is Db = 1.87,
the initial value multiplied by 1.87. Since both the charge Q ∝ ν l b wb2 and the bunch length lb
are assumed to be constant, the value of the peak density ν = 2.33 e 0 after acceleration is found
by multiplying the initial value by 1.87 2. From these numbers, the value of ηz is seen to increase
from 0.43 to 0.76 during the acceleration and η r from π/2 ≈ 1.57 to 7.45. A plot of n b , Fz and
Ψ2 for the calculated parameters is given in Fig. 4.3. Keep in mind that this plot is not obtained
from a self-consistent calculation of bunch dynamics. Its only purpose is to show qualitatively
how the wakefields have changed during the acceleration by comparing this plot with Fig. 4.2.
Note that the density on axis has increased due to adiabatic focusing. The amplitude of Ψ 2 has
strongly increased: this indicates the strong self-focusing force of the narrow bunch.
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Figure 4.3: Plot of Ψ 2 and Fz , nb at r = 0 as functions of ζ for the same bunch as in Fig. 4.2 after acceleration.

In summary, the method for conserving transverse emittance proposed in this section is matching of the initial bunch distribution to the betatron orbits. Due to the separation of timescales
of transverse and longitudinal bunch electron motion, the emittance of a matched bunch is conserved during the subsequent acceleration. During the acceleration, the bunch width decreases
due to adiabatic focusing and the spread in transverse momentum increases. As a result of bunch
focusing, the bunch wakefield distribution changes, as shown in Fig. 4.3. The consequences
of these changes for the evolution of energy gain and energy spread are discussed in the next
section.

4.2 Energy spread
In this section, the influence of transverse dynamics on the evolution of energy gain and energy
spread is examined in detail. A strategy for minimizing energy spread in 1-D acceleration by
time focusing has been proposed in sec. 3.1. In this section, it is shown that time focusing can
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be applied in the case of 2-D or 3-D axisymmetric acceleration as well. This is not a trivial
generalization, because in the 2-D case the requirement that all electrons are in a focusing part
of the wakefield must be satisfied during the whole acceleration. Also the effect of a finite bunch
width on energy spread, through the transverse dependence of the accelerating field Fz , must be
taken into account, as well as the coupling of longitudinal and transverse dynamics, which leads
to adiabatic focusing. As will be shown, beam loading effects play an important role in the 2-D
time focusing dynamics.
As a first step in the discussion of 2-D time focusing, consider the case of acceleration in a laser
wakefield with potential (2.57)
Ψl (r, ζ) = e0 cos ζ e−r

2 /w 2
l

(4.11)

and neglect beam loading effects for the moment by ignoring the wakefield of the electron bunch.
For electrons close to the axis the acceleration is nearly one-dimensional and the momentum is
given by (3.8)


(4.12)
Pz = 2e0 γg2 cos(ζ0 + πLa /Ld ) − cos ζ0
in the approximation of constant phase slippage, where ζ 0 denotes the electron’s injection phase,
La is the acceleration distance and Ld the dephasing length. As explained in sec. 3.1, the momentum spread in a bunch with finite bunch length l b , injected around ζ0 = ζb , can be estimated
as


δPz = 4e0 γg2 sin lb sin(ζb + πLa /Ld ) − sin ζb
(4.13)
and this momentum spread is equal to zero if sin(ζ b + πLa /Ld ) = sin ζb . As shown in sec. 3.1,
this is the condition for time focusing, which gives a minimum relative momentum spread at
La = Lmin , where Lmin is given by (3.12). A necessary condition is ζ b < −π/2, i.e. the bunch
must be injected behind the phase ζ M = −π/2 of maximum accelerating field Fz . For injection
at ζb < ζM the distribution of Fz in the first part of the acceleration is such that the head of the
bunch, which is at a larger value of Fz , gains more momentum than the tail - see Fig. 4.4 a).
Unless the momentum at the head of the injected bunch distribution is much lower than the
momentum at the tail, such a difference in momentum gain in the first part of the acceleration
leads to an increase of momentum spread within the bunch. Due to phase slippage, the bunch
passes the maximum of Fz during the acceleration and it ends up in front of ζ M . At that point,
the distribution of Fz is such that the head of the bunch is at a smaller value of F z . Consequently,
the head gains less momentum than the tail - see Fig. 4.4 b) - and the momentum spread induced
in the first part of the acceleration can be compensated. This type of time focusing can be applied
in 2-D acceleration only if both the regions behind and in front of ζ M are in the focusing part of
the wakefield. From (1.81)
−Ψ2 (ζ) = 2

e0
cos ζ > 0
wl2

(4.14)
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the focusing part of the laser wakefield (4.11) is seen to be given by |ζ| < π/2. Unfortunately, the
region behind ζM is a defocusing region. For a bunch inside the focusing region, the distribution
of Fz within the bunch is always such that the value F z at the tail of the bunch is larger than the
value at the head. In this case, the momentum spread can only grow during the acceleration and
not be compensated by time focusing. A possible solution for this problem would be to accelerate
the electron bunch in a narrow channel because the overlap of focusing and accelerating regions
for wakefields in narrow channels is favourable. In this case, ζM is in the middle of the focusing
region - compare Figs. 2.9 and 2.11. Note that the use of a strongly nonlinear wakefield, as
shown in Fig. 2.10, does not solve the problem, because the region behind the maximum of F z
has very steep gradients of Fz and Ψ2 and is simply too narrow for injecting a bunch with finite
length.
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Figure 4.4: Sketch of 1-D time focusing without beam loading: big dots denote head and tail of bunch. Figure a)
represents the distribution at injection, figure b) the distribution after acceleration. This type of time
focusing does not work in 2-D acceleration: this can be seen from figure a), in which the bunch is
found to the left of the dash-dotted line, which indicates the boundary of the focusing region of the
2-D laser wakefield.

A more general solution for the injection problem sketched above is to exploit the beam loading
properties of the bunch wakefield. This is because the bunch wakefield is decelerating and lowers
the value of Fz at the tail of the bunch distribution. In this case, the momentum spread induced
by finite length (due to a higher value of Fz at the tail) can be compensated by the momentum
spread induced by finite charge. For 1-D acceleration with beam loading, the momentum spread
is given by (3.19)

La cos lb 
δPz = 4e0 γg2 sin lb sin(ζb + πLa /Ld ) − sin ζb − ηz π
,
(4.15)
Ld lb
where ηz is the axial beam loading factor (2.51). From the requirement of minimum momentum
spread δPz = 0, the necessary condition is found to be ζ b < −π/2 + ηz cos lb /2lb , which allows
for injection at ζb > ζM at sufficiently short bunch length (small l b ) or sufficiently high bunch
charge (high Q ∝ ηz ). As argued in sec. 3.1, combining small l b with high Q is not favourable,
as it actually hinders the minimization of momentum spread through time focusing.
The properties of the transverse bunch wakefields also help to solve the injection problem. The
self-focusing bunch wakefield excited by the head of the bunch may be strong enough to compensate the defocusing laser wakefield, which is present if a part of the bunch is somewhere in
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the region ζ < ζM . In sec. 2.2 the focusing strength with beam loading
−Ψ2 (ζ) = 2

1 − cos(ζ − ζb − lb ) 
e0 
cos
ζ
+
η
r
wl2
2lb

(4.16)

has been found for the model distribution (2.62). The amplitude of the transverse bunch wakefield is given by the self-focusing factor ηr ∝ Q. The amount of bunch charge Q necessary to
compensate the defocusing laser wakefield, i.e. the minimum required η r , is shown in Fig. 2.14.
Figure 4.5 illustrates how the beam loading effects, due to both the transverse and the longitudinal
bunch wakefield, allow for minimization of momentum spread by time focusing. The effect of
the longitudinal bunch wakefield is seen in the F z -profile: during the first part of the acceleration
- see Fig. 4.5 a) - the head of the bunch is at higher Fz , while during the second part the tail
is at higher Fz - see Fig. 4.5 b). The effect of the transverse bunch wakefield is seen in the Ψ2 profile: inside the bunch region, the transverse forces are focusing (Ψ2 < 0) during the whole
acceleration. At injection, the tail of the bunch is in the region ζ < ζ M where the defocusing
laser wakefield is compensated by a self-focusing bunch wakefield, as observed in Fig. 4.5 a).
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Figure 4.5: Sketch of 2-D time focusing with beam loading: big dots denote head and tail of bunch. Figure a)
represents the distribution at injection, figure b) the distribution after acceleration. In both figures,
the bunch is in the focusing region, which is to the right of the dash-dotted line.

Neglected so far is the additional momentum spread due to finite bunch width. Physically, this
momentum spread results from the transverse dependence of the accelerating field F z . For electrons that remain close to the axis, i.e. electrons with a small value of the adiabatic constant α, the
accelerating field Fz is well approximated by the on-axis value F z (ζ) = ∂Ψ0 /∂ζ. For electrons
with somewhat larger betatron amplitude, F z can be calculated in the paraxial approximation
from Hα (1.79). This yields
Fz =

∂Ψ2
∂Ψ0 α
+ (−γ0 Ψ2 )−1/2
.
∂ζ
4
∂ζ

(4.17)

Note that the effect of adiabatic focusing (reduction of betatron oscillation amplitude due to
acceleration) is included in this equation. The magnitude of the momentum spread induced by
finite bunch width can be estimated with a two-electron model similar to the one used in sec. 3.1
for the momentum spread induced by finite length. In the case of finite length, the momentum
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difference of electrons at the head and the tail of the bunch (ζ0 = ζb ± lb ) is taken for the
momentum spread. In the case of finite width, the momentum spread is defined as the momentum
difference between an electron at the axis with α = 0 and the electron with the largest betatron
orbit, i.e. with the largest value of α, denoted α = α m .
For an analytical estimate of the momentum spread, the approximation of constant phase slippage
is used and beam loading effects are neglected for the moment. For α = 0, the momentum P z0 is
given by (3.8)


Pz0 = 2γg + 2e0 γg2 cos(ζ0 + πLa /Ld ) − cos ζ0 .
(4.18)
The reason for choosing 2γg as initial value for Pz0 is given below. For finite α, the momentum
Pzα is written as the sum of (4.18) and a correction due to transverse motion
Pzα = Pz0 + αPz1 ,

(4.19)

where Pz1 is the solution of
dPz1
1
∂Ψ2
= (−γ0 Ψ2 )−1/2
dt
4
∂ζ

(4.20)

Since 1  γg  γ0 in the approximation of constant phase slippage, one can assume that γ 0 can
be well approximated with Pz . In its turn, Pz is assumed to be well approximated by P z0 , since
the correction αPz1 due to transverse motion is considered small compared to P z0 . At this point, it
becomes clear why a nonzero initial value of Pz0 has been used, namely to avoid a non-physical
singularity in dPz1/dt at t = 0. The value of Pz1 can be found by integration of (4.20) as




1
Pz = (γg /wl ) log 1 + e0 γg cos ζ0 −
log



1 + e0 γg cos(ζ0 + πLa /Ld ) − e0 γg cos ζ0 +



e0 γg cos(ζ0 + πLa /Ld )


(4.21)

As expected, the value of Pz1 is negative, because Fz has a maximum at x = 0, which results in
higher momentum gain for electrons close to the axis.
From the two-electron model introduced in sec. 3.1, the momentum spread induced in a bunch
with finite length lb (4.13) is estimated as
δPz ≈ 4e0 γg2 lb

(4.22)

The spread due to finite width is estimated from the waist w m of the bunch (i.e. the smallest
bunch width, found at the point of maximum momentum). From emittance conservation, the
spread in transverse momentum Dm associated with wm is found to be Dm = (−γ0 Ψ2 )1/2 wm ≤
2
2e0 γg (wm /wl ) which gives a value wm Dm ≤ 2e0 γg wm
/wl for the largest value α = αm of
2
the adiabatic invariant α. Here the estimate γ0 ≤ 2e0 γg (1.82) has been used. Substituting the
derived estimate for αm in (4.21), the momentum spread due to finite width is estimated to be
δPz = αm |Pz1| ≤ e0 γg2 (wm /wl )2 log(4e0 γg ).

(4.23)
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This contribution is small compared to (4.22) if (w m /wl )2  lb , i.e. for sufficiently narrow
bunches. Since the bunch width at the point of maximum momentum is reduced by adiabatic
focusing, this means that one can usually neglect the momentum spread due to finite width for
cases without strong beam loading. This is because due to adiabatic focusing all electrons are
so close to the axis that the transverse variation of the accelerating field F z inside the bunch
region is small compared to the longitudinal variation. In this case, the acceleration dynamics
is essentially one-dimensional. Unfortunately, in the absence of beam loading the time focusing
strategy can not be applied, as found in the first part of this section. Therefore, it is necessary
to investigate the combined effect of finite bunch and strong beam loading on the evolution of
momentum spread. In this case, the situation can be quite different, as illustrated in Fig. 4.6.
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Figure 4.6: Surface plots of F z as a function of x, ζ without beam loading (left) and with beam loading (right).
Clearly, the profile with beam loading shows much larger transverse variations.

In Fig. 4.6 the profile of the accelerating field Fz in the bunch region is shown as a function
of x, ζ at y = 0, calculated from the model distribution (2.62) presented in sec. 2.2. The
laser wakefield is characterized by parameters e0 = 0.1, wl = 4.5 and the bunch parameters
are ζb = −lb , lb = π/4, wb = 0.6. Although the symbols w b , ζb , lb etc. usually refer to
the initial bunch distribution, the profile in Fig. 4.6 is meant to describe qualitatively a typical
wakefield configuration after adiabatic focusing has taken place, as seen from the chosen value
of wb /wl , which is rather small. The reason for choosing the model distribution (2.62) is simply
the convenience. The left hand side plot shows F z without beam loading (ν = 0), the right hand
side plot includes a strong bunch wakefield (ν = 0.93, which corresponds to η z = 1.9). In the
left hand side plot, the profile is seen to be almost flat in the transverse direction, which explains
why the acceleration is practically one-dimensional. In the right hand side plot, there is clearly
a large transverse variation with a minimum on axis. In this case, electrons with large betatron
amplitude gain more momentum than electrons close to the axis. With the momentum written as
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(4.19)
Pzα = Pz0 + αPz1 ,

this implies Pz1 > 0. For Pz0, one may use the 1-D result (3.15)

La sin(ζ0 − ζb − lb ) 
Pz0 = 2e0 γg2 cos(ζ0 + πLa /Ld ) − cos ζ0 + ηz π
.
Ld
2lb

(4.24)

(4.25)

Analytical evaluation of Pz1 including beam loading effects is too complicated, but a rough estimate can be given as follows. Since most of the focusing occurs during the rapid backward slip
at the beginning of the acceleration, the width of the bunch distribution during the forward slip
is approximated by the smallest width w m (waist), which is found at La = Lmax , the point of
maximum < Pz >. This means that the value of ηr is taken time-independent (and equal to its
maximum value). Since the bunch induces strong self-focusing forces during the forward slip,
the value of Ψ2 is approximated by the bunch wakefield contribution only. This gives
αPz1 ≈ t

2
∂Ψ2
α wm
La α sin(ζ0 − ζb − lb )
S(wm ),
= e0 γg2 ηz π
αm 4 ∂ζ
Ld αm
2lb

(4.26)

where
S(w) =

w 2 2K2 (w) − 4/w 2
16 1 + 2K2 (w) − 4/w 2

(4.27)

is a radial reduction factor with S(w) ≈ 1/(4 log w) for extremely narrow bunches (w  1)
and S(w) ≈ −1/4 for wide bunches (w
1). For the calculation of Ψ2 the bunch model
distribution (2.62) of sec. 2.2 has been used. Note that the “transverse” contribution αP z1 has the
same dependence on ηz , La and ζ0 as the 1-D beam loading contribution, given by the last term
on the right hand side of (4.25). Thus, in spite of additional momentum spread due to transverse
variation of Fz , the evolution of < Pz > and δPz in 2-D acceleration is seen to be qualitatively
the same as in 1-D acceleration. This implies that the time focusing strategy for minimization of
momentum spread by time focusing can indeed be applied to 2-D acceleration.

4.3 Simulation results
In this section, results of 2-D slab geometry simulations are presented. The laser pulse is assumed
to propagate in a plasma channel with a parabolic density profile
ni (x) = 1 + x2 /wc2.

(4.28)

Here, the density is scaled with the on-axis value n i (0) = np and wc is the (dimensionless)
channel width. The value of the on-axis density is given by n cr /np = 8750, corresponding to
np = 2 · 1017 cm−3 for an 800 nm laser. For the laser pulse, a Gaussian profile is chosen:
I = I0 e−x

2 /w 2
l

F3 [ζl , ll ](ζ),

(4.29)
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with I0 the amplitude of I, wl the laser pulse width (spot size), ζ l the position of the laser pulse
and ll the pulse length. For all simulation results presented in this section, the values I 0 = 0.155,
ll = 2.86 have been used. The channel is assumed to be matched, i.e. the channel width w c = wl2
is tuned to the laser spot size w l such that the Gaussian profile is exactly the fundamental mode
of the channel. In such a matched channel, the laser pulse can propagate without spot size
oscillations.
The shape of the initial electron bunch distribution f (x, ζ, P x , Pz ) is taken to be
f (x, ζ, Px, Pz ) ∝ F0 [(0, ζb, 0, Pb), (wb , lb , Db , Sb )](x, ζ, Px , Pz ),

(4.30)

where the injection phase ζb , the injection momentum P b , the bunch width wb , the bunch length lb ,
the initial spread in transverse momentum D b (divergence) and the initial spread in longitudinal
momentum spread Sb are simulation variables. As in sec. 3.3, the notation convention for ζ
is that ζ = 0 corresponds to the point where F z = 0 on axis in the absence of beam loading
(wakefield due to laser pulse only). For the bunch density at injection, distribution (4.30) gives
nb (x, ζ) = νF1 [(0, ζb), (wb , lb )](x, ζ),

(4.31)

where ν = 2 Q/π wb lb is the maximum bunch density and Q = nb (x, ζ) dx dζ is the bunch
charge, which is also a simulation variable. With discrete simulation particles, distribution (4.30)
is formed by quasi-random filling of a 4-sphere F 0 [(0, 0, 0, 0), (1, 1, 1, 1)](x1, x2 , x3 , x4 ). After
proper scaling and translation, this results in distribution (4.30). For self-consistent simulation of
the bunch dynamics, the Lorentz equations for bunch electrons is combined with the quasi-static
wakefield equations, where the laser pulse envelope I(x, ζ) and bunch density n b (x, ζ) are taken
as wakefield sources. For a detailed description of the numerical implementation, see appendix
C.
As in sec 3.3, the presentation of the simulation results starts with the detailed discussion of
an example result. Subsequently, a number of simulation results are presented that show the
effect of matching for conserving the transverse emittance, as explained in sec. 4.1. Finally, the
effect of transverse dynamics on the evolution of energy spread is illustrated with a number of
simulations in which the bunch charge Q and bunch length l b are varied.
Example result: 1 GeV bunch with 4% energy spread
For the example result, the parameters are ζb = 0, Pb = 4.9, lb = 2π/9, Sb = Pb /20, wl = 4.5,
wb = 0.7 wl , Db = 1.1, Q = 0.3. As shown in Fig. 4.7 b), the example result has almost constant
transverse emittance =⊥ . In Fig. 4.7 a), the bunch width δx is seen to decrease as the electrons
are accelerated, while the transverse momentum spread δPx increases. This is due to adiabatic
focusing, as explained in sec. 4.1. In the plots of = ⊥ , δx and δPx , small-amplitude oscillations on
the betatron timescale are visible, indicating that the bunch is not exactly matched. Figure 4.7 c)
shows that the maximum average longitudinal momentum < P z >= 1945, corresponding to 1.0
GeV, is found at La = Lmax = 0.4 Ld . The minimum longitudinal momentum spread is 3.9%
at La = Lmin = 0.34 Ld , corresponding to 21 cm acceleration length. At this point, the average
of Pz is slightly lower (corr. to 0.97 GeV). In Fig. 4.7 d), a logarithmic scale for the L a -axis is
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Figure 4.7: Simulation of 1 GeV bunch with 4% energy spread. a) evolution of bunch width δx (dashed line) and
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chosen to show the details of the rapid backward slip. Shortly after injection, the bunch length
is seen to decrease rapidly. During the rest of the acceleration the bunch length keeps growing
slowly, but remains smaller than the initial bunch length.
Field snapshots of nb , Fz and Ψ2 = ∂Fx /∂x on axis (at x = 0) are shown in Fig. 4.8. It
is interesting to compare these with the 1-D snapshots shown in Fig. 3.10. The most obvious
difference is the strong increase of the peak value of nb for the 2-D case, which is not observed
in the 1-D simulation. This difference is due to adiabatic focusing found in the 2-D case: as
shown in Fig. 4.7 a), the bunch width δx strongly decreases in the beginning of the acceleration
(La ≤ 0.15 Ld ). At La > 0.15 Ld the bunch width decreases further, but at a much slower rate.
Another clear difference shows up in the Fz -snapshot at La = 0. In the 1-D snapshot the whole
bunch is seen to be decelerated and strong axial beam loading is observed. In the 2-D snapshot
the head of the bunch is seen to be decelerated and the tail is seen to be accelerated, while the
axial beam loading is almost absent. In the other snapshots (L a > 0), the 1-D case and the
2-D case show a comparable amount of axial beam loading. As found in sec. 2.2, the axial
beam loading decreases with bunch width, which explains why at L a = 0 (before the transverse
compression), the axial beam loading is much smaller than at L a > 0.15 Ld (when most of the
transverse compression has taken place).
The transverse focusing also explains why the longitudinal bunch length dynamics during the
rapid backward slip is different. As argued in sec. 3.2, the presence of axial beam loading during
the rapid backward slip causes increase of bunch length due to deceleration of the tail part of the
bunch. This explains why in the 2-D case, for which a much smaller beam loading is observed
in the beginning of the acceleration, a stronger longitudinal bunch compression is found than in
the 1-D case: compare the plot of δζ for the 1-D case shown in Fig. 3.9 with the plot of δζ for
the 2-D case shown in Fig. 4.7 d). Also for the 1-D case the bunch, after initial compression, is
seen to be rapidly stretched beyond its initial bunch length, while the bunch length for the 2-D
case remains below its initial value.
The magnitude of the focusing force is given by the Ψ 2 -profiles shown in Fig. 4.8. These
profiles show a strong increase of the focusing strength −Ψ 2 at the beginning of the acceleration
(between La = 0 and La ≤ 0.15 Ld ). At La > 0.15 Ld the magnitude of −Ψ2 changes much less.
As the formula (4.9) for adiabatic focusing shows, an increase of focusing strength −Ψ 2 leads to
a decrease of bunch width δx. This decrease of bunch width is in addition to the decrease caused
by acceleration (increase of γ0 ). This combination of changing focusing strength and energy gain
explains why the bunch width decreases much more rapidly between L a = 0 and La ≤ 0.15 Ld
than at La > 0.15 Ld, as observed in Fig. 4.7 a).
The focusing dynamics are also visible in the snapshots of transverse phase space (x, P x ) shown
in Fig. 4.9. These snapshots show the evolution of transverse phase space distribution for a
matched bunch: the bunch width δx decreases and the spread in transverse momentum δP x
increases in such a way that the product (which is proportional to the transverse emittance = ⊥ )
remains constant.
The snapshots of longitudinal phase space (ζ, P z ) show the time focusing dynamics for 2-D
acceleration. Again, it is interesting to compare with the 1-D case shown in Fig. 3.11. In both
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cases a difference in Pz between electrons in the head and the tail of the bunch is seen to be
induced in the beginning of the acceleration, and compensated later on by time focusing. In the
2-D case, the effect of finite bunch width is visible as a finite width of the P z -distribution at
a given phase ζ. To illustrate what causes the finite width of the P z -distribution, a snapshot of
(x, Pz ) is shown at La = 0.5 Ld , corresponding to snapshot 5 in the (ζ, P z )-plot. In this snapshot,
the distribution of a “slice”, i.e. a narrow ζ-range ζ ∈ [0, 0.05π], is given. This plot shows that
the finite width is due to transverse dependence of the accelerating field Fz , as discussed in sec.
4.2.
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Figure 4.10: Snapshots of 1 GeV, 4% energy spread bunch. Transverse phase space (x, P x ) at La = 0.5 Ld for
different slices, showing distribution of electrons with small betatron oscillation amplitude in the
head of the bunch and electrons with large betatron oscillation amplitude in the tail.

In the (ζ, Pz )-snapshots of Fig. 4.9 the width of the P z -distribution at a given phase (in other
words the spread in Pz within a slice) is seen to be small at the head and the tail of the bunch,
while it increases towards the center. Since the finite width in P z is caused by finite bunch width,
the amount of spread in Pz in a given slice is determined by the distribution of the adiabatic
constant α within that slice, as given by the formula
Pz = Pz0 + αPz1

(4.32)

derived in sec. 4.2. For the distribution at L a = 0.5 Ld shown in Fig. 4.9, different slice snapshots
of the transverse phase space (x, Px ) are shown in Fig. 4.10. This plot shows that the head of
the bunch (ζ ≈ 0.15π) contains only electrons close to the axis, corresponding to small values
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of α. In contrast, the tail of the bunch (ζ ≈ −0.15π) contains only electrons with large values
of α, which results in a ring structure in the transverse phase space. This explains why the width
of the Pz -distribution at the head and the tail of the bunch is relatively small, as seen in Fig. 4.9.
In the center of the bunch (ζ ≈ 0), the electrons are in some broad range of values for α, which
corresponds to a larger width of the Pz -distribution in the center slices.
It is interesting to note that the distribution of electrons with different values of α over the slices
shown in Fig. 4.10 is different from the distribution at injection, as given by (4.30). The injected
distribution is symmetric around the injection phase ζ b : the slices at the head (ζ = ζb + lb )
and the tail (ζ = ζb − lb ) contain only electrons close to the axis with values of α close to 0,
while the center slice (ζ = ζb ) contains the full range of α-values between 0 and the maximum
αm = Db wb . During most of the acceleration, the γ of the electrons is much larger than γ g , so
that the approximation of constant phase slippage holds. In this regime there is no exchange of
electrons between slices, which means that the redistribution of particles with different values
of α over the slices takes place during the rapid backward slip directly after injection. The
difference between the α-distributions can be understood qualitatively from Fig. 1.10, which
shows the difference in backward slip between an electron with α > 0 (orbit with solid line) and
an electron with α = 0 injected at the same minimum energy (small orbit with dashed line). The
backward slip distance for the electron with α > 0 is seen to be much larger, which explains why
in Fig. 4.10 the electrons with larger values of α are seen to be mainly in the tail of the bunch.
The difference in slip distance is so large, that the tail of the bunch does not contain electrons
with low values of α (hence the ring structure found in Fig. 4.10).
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Figure 4.11: Simulation result of matching condition. Left: ratio of final to initial transverse emittance as a function of the initial aspect ratio in transverse phase space, showing optimum value for D b /wb . Dots
are simulation results, the dashed line is a parabolic fit. Right: emittance evolution for matched
and mismatched bunches showing rapid emittance increase directly after injection for mismatched
distributions.

Bunch matching
For the example result presented above, the strategy of quasi-matching explained in sec. 4.1
has been used. This means that the aspect ratio in transverse phase space of the initial bunch
distribution (4.30), equal to D b /wb = 0.35, is independent of the values of ζ and Pz . Strictly
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Figure 4.12: Transverse phase space snapshots of matched (top) and mismatched (bottom) bunch. Both bunch
distributions have initially the same emittance. The matched bunch distribution changes due to adiabatic focusing, while the transverse emittance is conserved. The mismatched bunch shows increase
of transverse emittance through the development of an S-structure and halo formation.

speaking, this does not give exact matching, since there is a finite spread in ζ (finite bunch length
lb ) and a finite spread in Pz (finite value of Sb ). However, as shown in Fig. 4.7 b), the emittance
growth is fairly small for the example result. As mentioned before, slight modulations visible
in the evolution of δx, δPx , ε⊥ indicate that the bunch distribution oscillates on the betatron
timescale, but with a very small amplitude.
The simulation results shown in Figs. 4.11 and 4.12 illustrate the effect of mismatch of the
initial bunch distribution. These results have been obtained by taking the same initial distribution
(4.30) with the same value of the parameters, except that Db and wb have been varied. For each
simulation a different value of Db /wb has been chosen, but the product Db wb (and therefore the
initial emittance =⊥,i ) has been kept constant. The left hand side of Fig. 4.11 shows a plot of the
ratio of the final emittance =⊥,f found in the simulation and the initial emittance = ⊥,i as a function
of Db /wb . This plot validates the quasi-matching strategy, i.e. it demonstrates that the emittance
growth can indeed be eliminated by tuning the ratio D b /wb to an optimum value. In this case
the optimum value is seen to be D b /wb = 0.35, i.e. the value used in the example result. Note
that all the calculations presented here are self-consistent in the sense that beam loading effects
are included. The right hand side of Fig. 4.11 shows the evolution of = ⊥ for several different
simulations. For mismatched distributions, most of the emittance growth occurs directly after
injection, which is the reason for using a logarithmic L a -scale in this plot. For all bunches,
including the matched bunch given by the lowest-lying curve, small-amplitude oscillations are
seen on the betatron timescale.
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The dynamics of mismatched bunches are further illustrated with Fig. 4.12, which shows transverse phase space snapshots of the matched bunch (top: D b /wb = 0.35) and one of the mismatched bunches (bottom: Db /wb = 1.49). To facilitate the comparison between these simulations, the plot range for each snapshot is taken differently. This is in contrast with the transverse
phase space snapshots of Fig. 4.9, for which the same range is taken to illustrate the adiabatic focusing dynamics. The snapshots of the mismatched bunch show the formation of an S-structure
directly after injection (at La = 0.002 Ld), which evolves into a spiral at La = 0.02Ld and finally
into multiple halos at L a = 0.4Ld .
Energy spread
For the discussion of 2-D energy spread evolution, 4 sets of simulation results are presented
below. In the first set, the bunch charge Q has been varied for a bunch accelerated in a relatively
broad channel (wl = 4.5), where the bunch at injection was taken fairly wide (wb = 0.7 wl , as
in the example result). The next set features variation of Q for a narrow bunch (w b = 0.2 wl ).
Subsequently, the case of a narrow channel (wl = 1.5) is presented (with wb = 0.7 wl ). Finally
a set of simulations is presented with variation of bunch length l b for wl = 4.5, wb = 0.7 wl . For
these simulations, the bunch distribution at injection (4.30) and all laser and channel parameters
are taken as before. For variation of Q the value lb = 2π/9 of bunch length is taken constant,
for variation of lb the value Q = 0.3 for the charge is fixed. In all cases, the chosen value Db of
transverse momentum spread at injection gives a matched distribution.
Variation of bunch charge Q for w l = 4.5, wb = 0.7 wl .
The result of varying bunch charge Q shown in Fig. 4.13 should be compared to Fig. 3.12, in
which the same result for 1-D acceleration is given. In the 2-D case, the distance Lmax at which
a maximum of < Pz > is found, is seen to decrease as a function of Q, which is in contrast to
the 1-D case, for which Lmax increases as a function of Q. As argued in sec. 3.3, the increase
of Lmax for the 1-D case is caused by additional backward slip of the bunch tail during the first
part of the acceleration due to the strong decelerating bunch wakefield. In contrast, the 2-D axial
beam loading during the backward slip is not so strong. This is because the axial beam loading
factor ηz changes as the bunch is accelerated: during the rapid backward slip the bunch is focused
and the beam loading is smaller than during the forward slip. The decrease of L max is due to
beam loading effects during the forward slip, in qualitative agreement with (3.18).
The distance Lmin at which a minimum in δP z occurs, is determined by beam loading, in qualitative agreement with (3.20). For Q < 0.15, a very small value of Lmin is found (Lmin /Ld  1),
indicating that time focusing does not work in this regime. The (ζ, P z )-phase space snapshots
(not shown here) indicate that the value of Pz in the tail of the bunch keeps growing larger than
the value in the head of the bunch. In this case, the induced momentum spread due finite length is
not compensated, as explained in sec. 4.2. For Q > 0.15 the deceleration of the tail due to finite
charge is strong enough to compensate the momentum spread due to finite length. At L a = Lmin ,
the remaining momentum spread is largely due to finite width, which explains why the values
of momentum spread δPz are seen to be somewhat larger than for 1-D acceleration (Fig. 3.12).
Around Q = 0.35, optimised acceleration with Lmin = Lmax is seen to occur.
The bunch length δζ is determined by the low-γ dynamics during the rapid backward slip. As
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Figure 4.13: Simulation results obtained by varying bunch charge Q at w l = 4.5, wb = 0.7 wl : a) distance of
maximum momentum L max and minimum momentum spread L min , b) average momentum < P z >
and c) momentum spread δP z evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection
and after acceleration (at L max ).

in 1-D acceleration, there is longitudinal bunch compression for injection at ζ = 0, counteracted
by the bunch wakefield that causes bunch lengthening through deceleration of the tail. In 2-D
acceleration there is an additional bunch lengthening mechanism due to betatron oscillation:
electrons with higher values of α have a longer backward slip (see also Fig. 1.10). In Fig.
4.13 d), the bunch compression is seen to be dominant for Q ≤ 0.4. At Q > 0.4, the simulations
resulted in bunch loss.
Variation of bunch charge Q for w l = 4.5, wb = 0.2 wl .
The results shown in Fig. 4.14 have been obtained by varying Q like in Fig. 4.13, but with a
smaller bunch width wb . The difference between the wide bunch result and the narrow bunch
result can easily be understood if one keeps in mind that a smaller bunch width w b with the same
charge Q leads to a higher value of the axial beam loading factor ηz .
To begin with Lmax , this distance is seen to increase with Q, as in the 1-D simulation shown in
Fig. 3.12. Apparently the increase of ηz for the narrow bunch causes a longer backward slip in
the beginning of the acceleration. From the value of Lmin the mechanism of time focusing is seen
to work already at Q = 0, while for the wide bunch a threshold Q = 0.15 is found in Fig. 4.13 a).
In contrast to the result of Fig. 4.13 c), which shows a decrease of δPz for small values of Q, the
momentum spread for the narrow bunch shown in Fig. 4.14 c) is seen to increase for Q ≤ 0.25.
This is because the axial beam loading for the narrow bunch is actually too large: snapshots of
(ζ, Pz )-phase space (not shown here) reveal that the tail of the bunch remains at lower P z than the
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head due to the decelerating effect of the strong bunch wakefield. For Q > 0.25 the momentum
spread is seen to decrease again, which is an effect due to bunch lengthening. As explained at
the end of sec. 3.3, the momentum spread is minimal around a preferred value of Q/l b .
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Figure 4.14: Simulation results obtained by varying bunch charge Q at w l = 4.5, wb = 0.2 wl : a) distance of
maximum momentum L max and minimum momentum spread L min , b) average momentum < P z >
and c) momentum spread δP z evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection
and after acceleration (at L max ).

The bunch length dynamics during the rapid backward slip can be read from Fig. 4.14 d), which
shows the bunch length δζ. At Q = 0, the final bunch length for the narrow bunch is found to
be slightly smaller than for the wide bunch (cp. Fig. 4.13 d), while at Q = 0.4 the narrow bunch
has a much larger bunch length. This is explained by the different mechanism that lead to bunch
lengthening: at Q = 0 the only mechanism is the effect of finite α, while at larger values of Q
the axial beam loading is dominant. Since the wide bunch contains electrons with larger values
of α, its bunch length is found to be larger at Q = 0. On the other hand, for the narrow bunch
the axial beam loading factor ηz is much larger, which explains why its bunch length is found to
be larger at Q = 0.4. Again, at Q > 0.4 bunch loss is observed in the simulation results.
Variation of bunch charge Q for w l = 1.5, wb = 0.7 wl .
In Fig. 4.15 the result of varying Q with w b = 0.7 wl for a narrow channel with wl = 1.5 are
given. Qualitatively, the results are comparable with the case of a wider channel with w l = 4.5
shown in Fig. 4.13, although here Lmax increases with Q as in Figs. 3.12 and 4.14. As in Fig.
4.13, a threshold for time focusing is observed (Q ≈ 0.1 in this case) and the momentum spread
δPz decreases for lower values of Q. As seen in Fig. 4.15 a), there is no optimised acceleration
with Lmin = Lmax for Q ≤ 0.3, although from Fig. 4.15 b) the difference between < Pz > at
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Figure 4.15: Simulation results obtained by varying bunch charge Q at w l = 1.5, wb = 0.7 wl : a) distance of
maximum momentum L max and minimum momentum spread L min , b) average momentum < P z >
and c) momentum spread δP z evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection
and after acceleration (at L max ).

Lmin and < Pz > at Lmax is seen to be quite small for Q ≥ 0.2. At Q ≥ 0.3 the simulation
results show bunch losses.
In Fig. 4.15 b) the values of < Pz > for the narrow channel case are seen to be lower than the
corresponding values shown in Fig. 4.13 b) for the wide channel. This is due to the γ g -reduction
at small wl as shown in Fig. 1.5. The values of momentum spread δP z for the narrow channel
given in Fig. 4.15 c) are seen to be comparable to the values for the wide channel Fig. 4.13 c).
Variation of bunch length l b for wl = 4.5, wb = 0.7 wl , Q = 0.3.
Finally, in Fig. 4.16 the result of varying l b at wl = 4.5, wb = 0.7 wl is shown. It is instructive
to compare with Fig. 3.13, in which the corresponding result for 1-D simulation is shown.
Interestingly, the 2-D simulation range is wider: only at l b > 0.6π there are bunch losses found
in the simulation result, while this is at l b > 0.4π for the 1-D simulation. As explained in the
discussion of Fig. 4.13, the difference is due to reduced axial beam loading during the rapid
backward slip. As a consequence of this, the bunch is much more longitudinally compressed in
the 2-D case, as can be seen by comparing Figs. 4.13 d) and 3.13 d).
The lowest values for momentum spread δP z at Lmin are not found at a value of lb somewhere
in between 0 and the maximum allowed bunch length, as for the 1-D simulations shown in
Fig. 3.13 c). Instead, the lowest momentum spread for the 2-D case shown in Fig. 4.16 c) is
found at lb → 0 or lb = 0.6π. For bunches that are ultrashort at injection, the axial beam loading
at injection is high, which causes bunch stretching during the rapid backward slip. For relatively
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long bunches, there is much less axial beam loading at injection, so the bunch can be compressed.
Both around lb = 0 and at lb = 0.6π this results in the ideal bunch length δζ ≈ 0.08π during the
forward slip for minimization of momentum spread through time focusing.
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Figure 4.16: Simulation results obtained by varying bunch length l b at wl = 4.5, wb = 0.7 wl : a) distance of
maximum momentum L max and minimum momentum spread L min , b) average momentum < P z >
and c) momentum spread δP z evaluated at Lmax and Lmin , d) phase spread δζ evaluated at injection
and after acceleration (at L max ).

In conclusion, the main difference between the 1-D and 2-D acceleration dynamics is that for
the 2-D case the beam loading fraction ηz increases during the acceleration due to adiabatic
focusing, whereas it is constant for the 1-D case. This has an important consequence for the
rapid backward slip at the beginning of the acceleration: due to stronger longitudinal bunch
compression, 2-D acceleration allows injection of a comparatively longer bunch, as seen by
comparing Figs. 4.16 and 3.13. After the rapid backward slip, the bunch acceleration dynamics
is qualitatively the same as in 1-D acceleration, although some additional momentum spread is
induced by transverse dependence of the accelerating field. A comparison of Figs. 4.13, 4.14
and 4.15 shows that for optimising bunch quality the bunch width w b has to be tuned to the laser
spot size wl : for wb /wl = 0.7, a momentum spread δPz of 2 − 4% can be combined with high
average momentum < Pz >, at wb /wl = 0.2 the momentum spread is seen to be higher (> 6%).

4.4 Self-focusing regime
This section contains the article “Bunch self-focusing regime of laser wakefield acceleration with
reduced emittance growth” by A.J.W. Reitsma, V.V. Goloviznin, L.P.J. Kamp and T.J. Schep,
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published in Phys. Rev. Lett. 88, 014802 (2002). This article contains an important extension of
the discussion on emittance growth given in sec. 4.1, where the initial electron bunch distribution
is taken to be symmetric around x = 0, P x = 0, in other words the bunch is assumed to be
injected exactly on axis. However, due to alignment errors or jitter the bunch might accidentally
be injected off axis, a situation which is known to cause emittance growth and/or transverse
instability in conventional accelerators. In the article presented below, the effect of off-axis
injection for laser wakefield acceleration is investigated.
Abstract
A new regime of laser wakefield acceleration of an injected electron bunch is described. In this regime, the
bunch charge is so high that the bunch wakefields play an important role in the bunch dynamics. In particular, the transverse bunch wakefield induces a strong self-focusing that suppresses the transverse emittance
growth arising from misalignment errors. The decelerating longitudinal bunch wakefield, however, is not
so strong that it completely cancels the accelerating laser wakefield. In fact, the induced energy spread
can be compensated by exploiting phase slippage effects. These features make the new regime interesting
for high beam quality laser wakefield acceleration.

In the past few years, laser wakefield acceleration [21] in the self-modulated regime has been
demonstrated succesfully in several proof-of-principle experiments [4-6]. Accelerating electric
fields up to a few 100 GV/m and jets of accelerated electrons have been observed. In these experiments, the electrons are extracted from the bulk plasma by nonlinear processes like wave breaking or Raman forward scattering, which makes it hard to control the quality of the extracted electron bunch. Controlled acceleration is generally assumed to be possible in the resonant regime
with external injection of the electrons.
In recent papers, control of energy spread [103-108] and of transverse emittance degradation
[105,106,110-112] have been investigated. For the energy spread, the influence of the longitudinal bunch wakefield is important. Since the bunch wakefield is usually decelerating, there is a
maximum charge that can be accelerated on a given laser wakefield: this is the well-known beam
loading limit [101]. The energy spread induced by the bunch wakefield can be compensated by
phase slippage effects [103]: this requires a proper tuning of injection phase and bunch length
[104].
For transverse emittance degradation, two important sources have been found: mismatch between the particle distribution and the betatron orbits [105, 106] and injection errors arising from
misalignment or noise in the system [110, 111]. In the presence of a strong bunch wakefield,
injection errors are potentially more dangerous: the bunch wakefield introduces a coupling of
the transverse oscillations at different axial positions inside the bunch, resulting in beam breakup
instability [112].
Therefore, one expects that an increase of bunch charge, which gives a stronger bunch wakefield,
leads to enhanced emittance growth [169-171]. However, above a certain threshold this trend
reverses and a high bunch charge regime with reduced emittance growth exists. We have found
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Figure 4.17: Sketch of the laser pulse and the electron bunch with radial offset x 0 and contours of constant Ψ.

this regime by simulating acceleration of electron bunches injected with a certain radial offset
from the propagation axis (see Fig. 4.17), and by varying the strength of the bunch wakefields.
A simple model for the transverse bunch dynamics is presented to explain the reduction of emittance growth as a consequence of self-focusing of the electron bunch [183-188]. Our simulation
results show that the indicated charge threshold is below the beam loading limit.
For the description of the wakefields, the linear hydrodynamic equations for electron plasma
waves in a homogeneous plasma are used. The quasistatic approximation is applied, so that the
wakefields depend on the transverse coordinates r ⊥ = (x, y) and the phase ζ = z − vg t, where
z is the longitudinal coordinate, v g is the phase velocity of the plasma wave (equal to the group
1), and
velocity of the laser pulse, which is close to the speed of light with Lorentz factor γ g
t denotes the time. It is well known [150] that the wakefields can be derived from a wakefield
potential Ψ, which is the difference between the electrostatic potential and the axial component
of the vector potential. The wakefield potential is calculated from the (dimensionless) envelope
of the laser pulse vector potential a0 (r ⊥ , ζ) and the electron bunch density nb (r ⊥ , ζ) using the
wakefield equation
(1 +

∂2
)(1 − ∇2⊥ ) Ψ = (1 − ∇2⊥ ) I + nb ,
∂ζ 2

(4.33)

where I = a20 /4 and all quantities are written in dimensionless form based on ω r = ωp (see sec
1.2). The wakefield potential is written as the sum of the laser wakefield potential Ψ l (r ⊥ , ζ) and
the bunch wakefield potential Ψb (r⊥ , ζ, t), which are convolution integrals of I, resp. nb with the
appropriate Green’s functions - see (2.37), (2.38). We assume that the laser pulse evolves slowly
on the timescales of interest, so that we can prescribe I, and also Ψ l , as a function of r ⊥ and ζ.
The bunch density nb , and therefore also Ψb , is (implicitly) time-dependent because of the bunch
dynamics, which follows from the equations of motion
dP ⊥
= ∇⊥ Ψ,
dt
dr⊥
= v⊥,
dt

∂Ψ
dPz
=
,
dt
∂ζ

dζ
= vz − vg .
dt

(4.34)
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These equations describe the motion of a relativistic electron with momentum P (velocity v)
and coordinate (r ⊥ , ζ).
In our simulations we use 2D slab geometry with x as the transverse coordinate. The laser
wakefield potential is
Ψl (x, ζ) = e0 sin ζ e−x

2 /w 2
l

(4.35)

where e0 is the overall amplitude of the wakefield and wl is the spot size of the laser pulse. For
simulation results presented in this paper, we have chosen e 0 = 0.1, wl = 5 and γg = 70, which
corresponds to a 35 TW laser pulse with w l = 45 µm in a plasma with density 3.6 · 10 17 cm−3 .
The electron bunch is represented by N simulation particles, with coordinates (x i , ζi ). For the
bunch density distribution of simulation particles we take δ-functions:
N
η 
nb (x, ζ) = 2e0
δ(x − xi ) δ(ζ − ζi ).
N i=1

(4.36)

The bunch wakefield potential corresponding to this distribution is given by the Green’s function
(2.36) for the 2D wakefield equation:
η 
sin(ζ − ζi) e−|x−xi|
(4.37)
Ψb (x, ζ) = e0
N ζ >ζ
i

The constant η is proportional to the total bunch charge. We call this number the beam loading
fraction, because, roughly speaking, η = 1 corresponds to the beam loading limit. From the
bunch wakefield (4.37) it is seen that η can be interpreted as the ratio of amplitudes of the bunch
wakefield and the laser wakefield. Note that the condition ζi > ζ is due to causality, since there
can be no wakefield in front of the source.
A particle tracking code has been written to perform simulations of bunch dynamics. This code
solves equation (4.34) with a finite difference implementation and uses (4.35) and (4.37) as
a description for the wakefields. In order to illustrate the mechanism of emittance growth as
clearly as possible, the bunch initial conditions are chosen as follows: at injection, all particles
have x = x0 , Px = 0, Pz = Pb , distributed uniformly in ζ between ζ b ± lb . For the simulation
results shown here, we have used Pb = 20, lb = 0.3.
Simulation results with variable bunch charge and radial offset x 0 are shown in Figs. 4.184.19. As an illustration, snapshots of (ζ, x, P x)-space and (ζ, Pz )-space for two specific cases
are shown in Fig. 4.20. The parameters for these cases are x0 = 2, η = 0.4 (case I) and x0 = 2, η
= 0.8 (case II).
In the plot of normalized transverse emittance (left hand side of Fig. 4.18) two regions, denoted
a and b, can be clearly distinguished. To guide the eye, the boundary between these regions is
indicated by a dashed curve. For comparison, this curve is shown in the other contour plots of
Figs. 4.18 and 4.19 as well. Region a at low η and high x 0 is a regime of large emittance growth,
in which the electron bunch is subject to beam breakup. This can be seen from the typical spiral
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Figure 4.18: Contour plot of normalized transverse emittance  ⊥ (left) and average energy γ (right) after acceleration distance La = 1500λp as a function of x 0 and η.
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structure in (ζ, x, Px )-space (see Fig. 4.20, case I). Region b at high η and low x0 is a regime
with much less emittance growth. We call this regime the self-focusing regime, because, as will
be shown later, the self-focusing effect of the bunch wakefields is so strong that the electrons in
the trailing part of the bunch are forced to follow the electrons in the leading part. In (ζ, x, P x )space (see Fig. 4.20, case II), the distribution is almost a line, which corresponds to a very small
transverse emittance. From the dashed curve in Fig. 4.18 it is seen that the threshold value of
η for the self-focusing regime increases with increasing radial offset x0 . For values of x0 larger
than about 2.6, there is no transition to the self-focusing regime.
The plot of average energy (right hand side of Fig. 4.18) shows that the energy in the selffocusing regime is lower than in the beam breakup regime. This difference is explained by
the radial dependence of the bunch wakefield. In the self-focusing regime, all bunch particles are
around the same radial position, so they are at the maximum of the decelerating bunch wakefield,
as can be seen from the factor e−|x−xi| in (4.37), which has its maximum at |x − x i | = 0. In the
beam breakup regime the particles spread out radially, so that the deceleration due to the bunch
wakefields is less effective.
In the plot of relative energy spread (left hand side of Fig. 4.19) a region of low energy spread
is found in the self-focusing regime. The occurrence of low energy spread is a combination of
bunch length and bunch wakefield effects [104]. Due to its phase dependence, the laser wakefield
induces an energy spread in a bunch of finite length: in particular, it causes the trailing part of
the bunch to gain more energy than the leading part. This is illustrated in the (ζ, P z )-snapshots
of Fig. 4.20, case I. Because the bunch wakefield is decelerating, it induces the opposite effect,
i.e. an energy loss of the trailing part of the bunch. Therefore, it is possible to minimize energy
spread by proper phasing [103], so that both contributions to energy spread cancel each other
after a particular acceleration distance. This is illustrated in the (ζ, P z )-snapshots of Fig. 4.20,
case II. Note especially snapshot (c), which has an almost flat bunch distribution.
The decelerating bunch wakefield also introduces an increase of bunch length, as illustrated in
the right hand side of Fig. 4.19, which shows a clear trend of increasing phase spread with
increasing η.
In order to describe the difference in the transverse dynamics between the beam breakup regime
and the self-focusing regime, we use a model in which the electron bunch is represented by N
particles, located at (r ⊥,i, ζi ) with ζN < . . . < ζ2 < ζ1 . The transverse equations of motion are

d d
γi r ⊥,i + ∇⊥ Ψ(r ⊥,i, ζi ) = 0
dt
dt

(4.38)

Here, γi denotes the energy of the i-th particle. We assume that the transverse dynamics is much
faster than the longitudinal dynamics, so we ignore the time dependence of all ζ i and γi and the
bunch is assumed to be monoenergetic (γ i = γ, 1 ≤ i ≤ N). Approximating the laser wakefield
in a Taylor series around the laser axis
1
Ψl (r ⊥ , ζ) ≈ Ψl0 (ζ) + r ⊥2 Ψl2 (ζ),
2

(4.39)
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and the bunch wakefield in a Taylor series around the particles’ transverse coordinates


1
Ψb (r ⊥ , ζ) ≈
Ψb0 (ζ, ζi) + (r ⊥ − r⊥,i )2 Ψb2 (ζ, ζi) ,
2
ζ >ζ

(4.40)

we arrive at

d2 r ⊥,i
2
+
ω
r
=
cji (r ⊥,j − r⊥,i ),
⊥,i
i
dt2
j<i

(4.41)

i

1 ≤ i ≤ N.

Here ωi2 = Ψl2 (ζi )/γ defines the betatron frequency ωi of the transverse oscillation of the
i-th particle in the laser wakefield potential and cji = Ψb2 (ζj , ζi)/γ denotes the strength of
the coupling of transverse oscillations of different particles induced by the self-focusing bunch
wakefields. Due to the asymmetric interaction, the particle at ζ i influences the particle at ζj for
j < i only. Equation (4.41) can be solved exactly with the following model for the betatron
frequency and coupling parameters: ωi2 = ω02 − i∆, cji = (i − j) C if i > j, cji = 0
otherwise. Assuming ζ i = ζ0 − iδ, one can understand the formula for ωi2 as a Taylor expansion
in ζ = ζ0 for the betatron frequency. The coupling strength is proportional to the distance
between the particle (i − j) and to the bunch charge. With the
initial conditions r ⊥,i (0) = r 0 ,
2
2
ω̂
=
ω
+
dr ⊥,i/dt (0) = 0 (1 ≤ i ≤ N), and the definition
i
i
j<i cji , we can write the solution

to the system (4.41) in the form r ⊥,i = r 0 j≤i aji cos(ω̂i t), where the coefficients aji are given
by
C∆
∆
, j < i, aii =
(4.42)
aji =
(∆ − jC)(∆ − jC + C)
∆ − iC + C
Since the parameter C in our model is proportional to the bunch charge, the behaviour of emittance as a function of η (see Fig. 4.18) can be explained qualitatively from the behaviour of (4.42)
as a function of C. In the absence of coupling (C = 0), the solution is r ⊥,i (t) = r0 cos(ωi t),
as expected. As C increases, singularities at C/∆ = 1/N, . . . , 1/2, 1 are encountered. A singularity occurs if ω̂i = ω̂j for some i > j, namely if the transverse oscillation of the particle at ζ i
drives the transverse oscillation of the particle at ζ j exactly in resonance. These resonances lead
to emittance growth and beam breakup, as found in region a of Fig. 4.18. In the limit of strong
coupling (C
∆) the bunch behaves like a rigid rotator (the same oscillation for all particles),
which can be seen from the estimate
 ∆ 2
(r ⊥,i+1 (t) − r ⊥,i (t))2 ≤ r 02
(4.43)
∆ − iC
Physically, this means that the bunch electrons are trapped in a narrow potential well created by
the strong focusing bunch wakefield. In its turn, this well oscillates in the potential well created
by the laser wakefield. If the bunch is kept together by the strong self-focusing forces, there is
much less emittance growth, as found in region b of Fig. 4.18.
In conclusion, we have described a new regime of laser wakefield acceleration of an injected electron bunch with strong bunch wakefields. We call this regime the self-focusing regime, because
of the strong self-focusing forces that reduce the emittance growth arising from misalignment
errors. We have also shown that it is possible to reduce the energy spread by exploiting phase
slippage effects.

5. Simulation of post-acceleration in a two-stage
laser wakefield accelerator
The following article has been published in Phys. Rev. Special Topics - Accelerators and Beams
5, 051301 (2002). Authors are A.J.W. Reitsma, W.P. Leemans, E. Esarey, L.P.J. Kamp and T.J.
Schep. The scope of this article is to propose and investigate a two-stage laser wakefield accelerator that consists of a self-modulated laser wakefield (SMLW) section followed by a channelguided resonant laser wakefield accelerator (LWFA). If the SMLW accelerator is used as an
injector for the LWFA stage, the resulting bunch quality is not as high as for the “optimised”
acceleration discussed in chapters 3 and 4 of this thesis. In this chapter, the purpose of LWFA is
mainly to increase the average energy of the SMLW bunch from about 10 to about 50 MeV. As
discussed in the article presented here, this is potentially interesting for radio-isotope production
in nuclear activation experiments, since the nuclear activation yield of the post-accelerated bunch
can be orders of magnitude higher as compared to the SMLW bunch.
Abstract
Electron bunches produced in self-modulated laser wakefield experiments usually have a broad energy
distribution, with most electrons at low energy (1-3 MeV) and only a small fraction at high energy. We
propose and investigate further acceleration of such bunches in a channel-guided resonant laser wakefield
accelerator. Two-dimensional simulations with and without the effects of self-consistent beam loading are
performed and compared. These results indicate that it is possible to trap about 40% of the injected bunch
charge and accelerate this fraction to an average energy of about 50 MeV in a plasma channel of a few
mm.

5.1 Introduction
In recent years, experiments on the self-modulated laser wakefield (SMLW) accelerator [1] have
been conducted at various laboratories [4-17]. In these experiments, usually a high-power laser
pulse is focused on a gas jet. The laser pulse is sufficiently strong to create a plasma inside the gas
jet and to excite a high-amplitude plasma wakefield as a result of self-modulation. Subsequently,
electrons from the plasma are trapped and accelerated in this wakefield. The electron bunches
produced in these experiments have been characterized by measurements of the energy distribution, the amount of charge, and the angular distribution. Typically, the energy distribution f (γ) of
SMLW-bunches is exponential, f (γ) ∝ exp(−γmc2 /Te ), with an effective electron temperature
Te in the MeV-range, where γ is the Lorentz factor of the electrons [4-17]. The bunches contain
high charge: up to 8 nC has been reported [10, 17]. The opening angles are usually small, and decrease with increasing energy: in several experiments, a tightly focused “hot core” of high energy
electrons has been found [7, 10, 12, 13, 172]. Numerical simulations of the acceleration process
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have been performed with particle-in-cell (PIC) codes [96, 173]. These simulation results show
that, depending on the laser and plasma parameters involved, there are different mechanisms that
lead to electron trapping and acceleration. These include direct laser acceleration [173], wave
breaking of the Raman forward scattered plasma wave [96], and coupling to Raman backward
scattering [174].
In this paper, we propose and investigate a novel two-stage laser wakefield accelerator (LWFA).
The first stage is a SMLW accelerator, in which electrons are self-trapped and accelerated from
the gas jet plasma. The SMLW electron bunch, with the bulk of the electrons at low energy,
is then injected into the second stage, which is a channel-guided resonant LWFA. This second
acceleration stage, which we call the post-acceleration, is studied in detail with fluid and particle
simulations, with and without the effects of self-consistent beam loading.
The SMLW and resonant LWFA regimes are characterized primarily by the plasma density.
For the SMLW, the plasma density is relatively high (> 10 19 cm−3 , but still below the critical density), such that the laser pulse extends over several plasma waves λ p and the laser power
P exceeds the critical power for relativistic self-focusing Pcr [54, 122]. Here λp = 2π/ωp ,
ωp = (4πnp e2 /m)1/2 is the plasma frequency, np is the plasma density, Pcr [GW]  17(λp /λ0 )2 ,
P [GW]  43(a0 wl /λ0 )2 , wl is the spot size of the radial intensity profile (assumed Gaussian
2
2
I ∝ I0 e−r /wl ), a0  0.85 · 10−9 λ0 [µm](I0 [W/cm2 ])1/2 is the laser strength parameter, and
λ0 is the laser wavelength. In this regime, the laser pulse is highly unstable to self-modulation
[74, 89, 91], which drives a plasma wave to sufficiently high amplitudes such that it traps and
accelerates electrons from the background plasma.
For the resonant LWFA a lower density (∼ 1018 cm−3 ) is used such that the laser pulse is approximately equal to the plasma wavelength and the plasma wave is driven in a controlled manner,
which allows for a controlled acceleration process. However, for the resonant LWFA it is usually not possible to trap background electrons from the plasma and instead the accelerated electron bunch must be externally injected. In this paper we propose to inject the SMLW bunches
into a resonant LWFA to exploit the advantages of both schemes. Because the resonant LWFA
involves a much larger dephasing distance, and consequently much higher final electron energies, some form of laser pulse guiding [54, 122] is needed. In this report a parabolic plasma
channel is assumed to provide this guiding. Such channels have been produced in experiments
[129, 131, 136].
In the conventional view of resonant LWFA [1], it is assumed that high energy, high quality
bunches are produced by first injecting (from an external source) low energy, high quality electron bunches. To maintain low energy spread, the injected bunch must be short compared to
the plasma wavelength and it must be injected at the proper wakefield phase [106, 108]. In the
two-stage LWFA considered here, the injected bunch (produced in the first stage by the SMLW)
is non-ideal in the sense that the initial energy spread of the bunch is large and the bunch is
not short compared to the plasma wave of the second stage. Nevertheless, during the postacceleration process, a large fraction (40%) of the injected bunch is trapped and accelerated in
the wakefield, resulting in a high energy (50 MeV) bunch with somewhat reduced energy spread
(60%). Such a high energy bunch is useful for various applications in which a small energy
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spread is not essential, such as in nuclear activation for novel isotope production.
For the post-acceleration simulations, we use a model distribution for the injected SMLW-bunch.
This model distribution does not directly use data from SMLW experiments or simulations, but it
is constructed in such a way that it contains a number of features found in most experiments and
simulations. Using this model for the injected bunch, the post-acceleration process is studied in
detail via simulations based on a 2D code that combines a particle description for the electron
bunch with a fluid model for the wakefields, including all beam loading effects. In the Appendix,
a brief description of this code is given.
This paper is organized as follows. In sec. 5.2, a description of the injected bunch model is given.
In sec. 5.3, beam loading effects are discussed in detail. Section 5.4 contains the simulation
results of the post-acceleration process. In sec. 5.5 we mention nuclear activation experiments
as a possible application for accelerated SMLW-bunches. Conclusions are offered in sec. 5.6.

5.2 Description of injected bunch
For the effective electron temperature Te of the energy distribution a value of 3.4 MeV has been
chosen. The longitudinal bunch distribution is shown in Fig. 5.1, which is a plot of energy
versus t − z/c. A number of features found in PIC-simulations [96] have been included in this
distribution.
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Figure 5.1: Model for SMLW-bunch: energy vs. t − z/c (left) and opening angle vs. energy (right).

The simulations typically show a microbunching with a period slightly larger than the plasma
wavelength. This is due to both the increase of wavelength in the nonlinear regime and the effect
of beam loading (electrons trapped in wakefield buckets modify the wakefield). Also visible in
Fig. 5.1 is a correlation between energy and t − z/c, i.e., electrons from the first few wakefield
buckets have gained more energy than those trapped in other buckets. This is another beam
loading effect also found in PIC simulations. A plot of the assumed opening angle versus energy
is given in Fig. 5.1. This distribution reflects the experimentally observed correlation between
opening angle and energy (smaller opening angle for high-energy electrons).
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function of x, t − z/c.
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In Fig. 5.2, a color contour plot of the bunch density as a function of x, t − z/c is given. The
bunch width w is varied in our simulations. The charge of the bunch is varied proportional to
w 2 (this will be explained in sec. 5.4) such that the peak density is constant (at about 25% of the
plasma density np on the axis of the plasma channel). In this plot, the microbunching is visible
again.

5.3 Beam loading effects
To illustrate the importance of beam loading effects, two runs with the same initial electron
distribution are compared, one with beam loading for which all bunch wakefields are included
and a test particle run without beam loading for which no bunch wakefields are calculated. The
width of the electron bunch is w = 28 µm, the charge is 2 nC for the case with beam loading (test
particle run is effectively the zero bunch charge limit). Other parameters are: plasma density on
axis np = 3.4 · 1018 cm−3 , laser power P = 40 TW, laser spot size wl = 27 µm, pulse duration 30
fs, which imply a peak laser strength of a0  0.9. The pulse profiles in the axial and transverse
directions are assumed to be Gaussian. Furthermore, the laser pulse propagates in a parabolic
plasma channel with profile n = np (1 + r 2 /wc2 ), where the channel width wc is given by the
matching condition w c = wl2 .
Color contours of Fx , Fz after an acceleration distance of 2 mm are shown in Fig. 5.3. Here,
Fx = −e(Ex − cBy )/mωp c, Fz = −eEz /mωp c denote the (normalized) transverse and longitudinal components of the Lorentz force on a relativistic bunch electron. The solid black lines in
these figures indicate the electron bunch density contours.
Comparison of the color contours shows the influence of the bunch on the fields. The amplitude
of the longitudinal force behind the bunch is considerably lower for the 2 nC bunch (beam loading
case), indicating that the bunch is taking energy from the plasma wave [102-104]. Behind the
bunch (t − z/c > 350 fs) the on-axis accelerating field has been completely canceled by the
bunch wakefield. Depending on the position of the electrons in the wakefield, the bunch could
also increase the wake amplitude by giving energy to the plasma wave, but inside the bunch,
wakefields from the bunch are always decelerating, i.e. the bunch always lowers the value of Fz .
The amplitude of the transverse force behind the bunch is considerably larger for the 2 nC bunch,
indicating that the bunch induces strong focusing forces. It is important to note that these forces
are always focusing inside the bunch, which is due to a magnetic self-pinching effect known as
plasma lensing [183-188].
The influence of the bunch wakefields on the electron distribution can be seen from Figs. 5.4 and
5.5, which show snapshots of energy versus t − z/c and real space after an acceleration distance
of 2 mm. Electrons in the 2 nC bunch have much lower energy than the test electrons, and the
difference increases with t−z/c. This is due to the asymmetry of the bunch wakefields: particles
in the head of the bunch experience only the laser wakefield, particles in the tail experience both
the laser wakefield and the cumulative decelerating wakefield due to all preceding electrons in
that bunch.

5.3. Beam loading effects

113

Energy (MeV)

150
125
100
75
50
25
500

400

300

200

100

t - z/c (fs)

Figure 5.4: Snapshot of energy vs. t − z/c at 2.0 mm for 2 nC bunch (green) and test particle bunch (red).
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Figure 5.6: Energy distributions of bunches at injection and after 1.7 mm acceleration. The total charge for the
90 TW case is 9/4 larger.
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In the real space snapshot, the distribution of the 2 nC bunch is seen to be rather different from the
test particle distribution. Close to the axis, the distribution of the 2 nC bunch is shifted back with
respect to the test particle distribution. This is due to the wakefields of the first microbunches,
which cause a phase shift of the wakefield close to the axis, resulting in curvature of the wavefronts, as seen in Fig. 5.3. The 2 nC distribution also has off-axis lobes, giving a typical Y-shape
to the microbunches.

5.4 Simulation results
Our simulation results show that the post-acceleration process consists of two steps. In the first
step, a large portion of the bunch is blown out radially, and only a fraction of the electrons gets
trapped in the laser wakefield. The main reason for the blowout to occur is that the spacing of
the electron bunch does not match the wave of the wakefield (this is the wave of the low density
LWFA plasma, whereas the bunch is modulated at the plasma wave of the high density SMLW
plasma). As a result of this, a part of the bunch is injected in a defocusing phase and will be lost.
In the second step, the trapped electrons are focused and accelerated.
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A formal definition of trapping can be given using the separatrix of a wakefield Hamiltonian
[149]. In our case however, this separatrix would be difficult to define because of beam loading
effects. Instead we use the following heuristic definition of trapping: a simulation particle is
considered to be trapped if it is inside the channel at less than 1.5 laser spot size from the propagation axis. We expect this definition to coincide with the formal one in the second step of the
acceleration, after the radial blowout of electrons in defocusing regions. Only trapped particles
are taken into account for calculating dynamical quantities such as the energy spread and the
transverse emittance.
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Figure 5.7: Real space snapshots at 0.2 mm (left) and at 3.0 mm (right) for 2 nC bunch.

The difference between the acceleration steps is illustrated with Fig. 5.7. This figure shows
snapshots of real space for the 2 nC bunch at propagation distances of 0.2 and 3.0 mm. Simulation
parameters are the same as in sec. 5.3. The left hand side of Fig. 5.7 shows a typical snapshot of
the first step, in which a lot of electrons are being expelled from the channel (the figure shows the
region of trapped particles). This is in contrast with a typical snapshot of the second step (right
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Figure 5.8: Trapped charge (left), normalized transverse emittance (middle) and average energy (right) after
1.7 mm acceleration for different bunches (see text), as a function of peak power. Black dots are
simulation results, the dashed lines are fits: linear fit through (0, 0) (left), P 1/2 -fit (middle) and
linear fit (right).

hand side of Fig. 5.7), in which the remaining trapped electrons are well within the channel. In
this snapshot, the typical Y-shape of the microbunches is visible.
In principle, the amount of trapped charge can be increased by increasing the laser power. We
have simulated a range of peak powers P between 10 and 100 TW by changing the spot size w l of
the laser pulse proportional to P 1/2 between 13 and 42 µm and keeping the amplitude constant (at
0.9 in standard dimensionless units). In the linear wakefield regime (amplitude  1), this scaling
would result in a laser wakefield potential with the same amplitude and a width proportional to
P 1/2 , which yields an acceptance (amount of charge that can be accelerated) proportional to
P . To check whether the scaling holds for our parameters, the injected charge has been taken
proportional to P by scaling the bunch width w proportional to P 1/2 and keeping the peak density
constant. In the linear wakefield regime, this would result in a bunch wakefield potential with the
same scaling as the laser wakefield potential, as long as the bunch width w is large compared to
λp (quasi 1-D regime). For small w, the amplitude of the bunch wakefield is reduced as compared
to the 1-D case [37, 119]. Other parameters are not varied and taken as in sec. 5.3. In particular,
the opening angles are not varied, so the transverse emittance also scales with P 1/2 .
Figure 5.8 shows trapped charge, normalized emittance, and average energy after an acceleration
distance of 2.7 mm, as a function of peak power. The trapped charge scales linearly with P ,
indicating that the trapped fraction is constant. The emittance at 2.7 mm is proportional to P 1/2
and therefore proportional to the initial emittance. This means that the transverse dynamics is
qualitatively the same. The average energy shows a slight decrease with P , which is a result of
the reduction of the decelerating bunch wakefield for narrow bunches. These results show that
the influence of wakefield nonlinearities is small for the parameters of our simulations, in spite
of a relatively high wakefield amplitude.
More details of the acceleration process are given in Figs. 5.9 and 5.10. The left hand side of
Fig. 5.9 shows the trapped charge as a function of propagation distance, both for the 40 TW case
and the 90 TW case. In the first step (0-1.5 mm), the trapped fraction is seen to drop quickly
to about 40%. In the second step, the trapped fraction remains constant. For the 90 TW case, a
slight decrease of the trapped fraction is seen to occur around 3.5 mm, indicating that there is a
small amount of additional particle loss.
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Figure 5.10: Average energy (left) and relative energy spread (right) as functions of propagation distance.

The plot of normalized transverse emittance as a function of propagation distance, shown in the
right hand side of Fig. 5.9, also illustrates the difference between the steps. In the first step, the
emittance rapidly increases, reaches a maximum and decreases again. This behavior is caused
by radial blowout of electrons: while still inside the trapping region, these electrons cause the
emittance to grow rapidly. Once they have left the trapping region, they are not counted anymore,
and therefore the emittance drops again. In the second step, when the bunch is much more stable
inside the channel, the emittance evolves very slowly. For the 90 TW case, Fig. additional
emittance increase is observed, due to the minor additional particle loss (as seen in the plot of
trapped charge).
A plot of average energy as a function of acceleration distance is given in the left hand side of
Fig. 5.10. The energy increase is both due to acceleration and due to loss of low-energy particles.
The right hand side of Fig. 5.10 shows the relative energy spread as a function of propagation
distance. The 40 TW and 90 TW cases are seen to give almost the same result. A minimum in
energy spread of about 60% occurs at 1.7 mm acceleration distance.
In Fig. 5.6 the energy distributions of trapped particles are shown, both at injection (green curve)
and after 1.7 mm acceleration for the 40 TW case (red curve) and the 90 TW case (blue curve).
The distribution is seen to change from exponential to highly non-thermal with a peak around
30 MeV. Above about 15 MeV, the amount of charge in a given energy bin is higher for the
accelerated bunches. Around 30 MeV, the difference is already 2 orders of magnitude. The blue
and red curves almost overlap, demonstrating that in both cases the acceleration dynamics is
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almost the same. The overlap is a result of normalizing the spectra: for the 90 TW case, the
bunch charge is of course 9/4 times higher.

5.5 Nuclear activation experiments
Nuclear activation experiments are a possible application for SMLW generated electron bunches
[17, 175]. In these experiments, the SMLW bunches interact with a suitable target to produce
bremsstrahlung photons. The photons may be used to perform activation experiments involving
(γ, n) and (γ, multi-n) reactions. The use of SMLW bunches is not particularly efficient because
typically only a small fraction of the electrons have sufficiently high energy to produce the energetic photons necessary for the (γ, n) and (γ, multi-n) reactions. The yield Y in an activation
experiment can be calculated from the scattering cross-section σ as

dNγ
Y = dω σ(ω)
(5.1)
dω
where dNγ /dω is the photon number spectrum produced by bremsstrahlung. Note that the scattering cross-section σ usually has a single peak around the resonant energy, typically a few 10s
of MeV. This suggests that the yield could be greatly improved if the bulk of the SMLW-bunch
electrons are accelerated to higher energy by a resonant LWFA, as discussed in sec. 5.4. Figure
5.6 indicates that the number of electrons available to produce photons at the resonant energy of
the reaction cross section can be orders of magnitude higher for the post-accelerated beam.
As a numerical example, consider activation of 63 Cu by the reactions (γ, n) and (γ, 2n), with the
reaction energy thresholds 10.8 MeV and 19.7 MeV respectively [17]. Consider production of
bremsstrahlung photons using a simplified model based on a thin target approximation (i.e., much
less than the radiation length), such that a relativistic electron experiences only a single scattering
event and multiple scattering and cascade effects are neglected. For a single highly-relativistic
electron, the bremsstrahlung photon spectrum [176] is approximately [dN γ /dω]1 = cγ /ω for
~ω < γmc2 , where cγ is a constant determined by the target properties. The bremsstrahlung
spectrum produced by an electron bunch with energy distribution f (γ) is

cγ ∞
dNγ
dγ f (γ) ,
(5.2)
=
dω
ω ~ω/mc2
and therefore the yield produced by the bunch is


σ(ω) ∞
dγ f (γ) .
Y = cγ dω
ω
~ω/mc2

(5.3)

We can compare the activation Y1 produced by the SMLW electron bunch distribution f 1 and the
activation Y2 produced by the post-accelerated electron bunch f2 shown in Fig. 5.6. Evaluating
Eq. (5.3) for the distributions shown in Fig. 5.6 we find Y 2 /Y1  40 for the reaction 63 Cu(γ, n),
and Y2 /Y1  4.2 · 102 for the reaction 63 Cu(γ, 2n). As the numerical example shows, orders
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of magnitude improvement can be achieved in nuclear activation yields by post-accelerating a
SMLW-bunch using a two-stage laser wakefield accelerator. More detailed simulations using
a Monte-Carlo based nuclear interaction code [177] have been carried out to design optimized
Bremsstrahlung targets for enhancing the yield of specific nuclear reactions [178]. These calculations confirm that up to 4 orders of magnitude increase in activation yields can be obtained
using beams from a channel guided laser wakefield accelerator as opposed to the SMLW-bunch.

5.6 Conclusions
We have proposed and investigated a novel two stage LWFA accelerator consisting of a SMLW
(stage 1) that generates a low-energy electron bunch, which is injected into a channel-guided
resonant LWFA (stage 2) for acceleration to high energy. The post-acceleration process (stage
2) was simulated in detail using a fluid model for the plasma and a particle method for the bunch
electrons that includes the effects of beam loading. Because of the lower plasma density involved,
resonant LWFA offers a larger dephasing energy and because the dephasing distance is longer,
a plasma channel is needed for pulse guiding. We have simulated trapping of about 40% of the
injected charge and acceleration to an average energy of about 50 MeV for a density of 3.4 · 1018
cm−3 in a plasma channel of 3 mm. We have illustrated the importance of beam loading effects
by comparing the run of a 2 nC bunch with a test particle run.
Our simulation results show that the post-acceleration process consists of two steps: in the first
step there is radial blowout of electrons that are injected in defocusing regions, in the second
step the remaining electrons are focused and accelerated. The energy distribution changes from
an exponential distribution to a highly non-thermal distribution with somewhat reduced energy
spread (about 60%).
We have investigated a range of peak powers between 10 TW and 100 TW for the laser pulse by
scaling the spot size between 19 and 60 µm and keeping the peak amplitude constant. Scaling
bunch width and bunch charge accordingly, we have found that the dynamics was about the
same for all simulations. From this we conclude that a quasi 1-D linear scaling holds for our
parameters, in spite of a relatively high wakefield amplitude and a relatively small bunch width
for the low-power cases.
As a possible application for the bunch after post-acceleration we have mentioned nuclear activation experiments, in which a small electron energy spread is not necessary. From our simulation
results, the nuclear activation yield for accelerated bunches is estimated to be orders of magnitude
higher than for the injected SMLW-bunches.
One of the authors (A.J.W.R.) gratefully acknowledges the hospitality of Lawrence Berkeley
Lab and financial support from CPS (Dutch Research School for Plasma Physics and Radiation
Technology).
This work was supported by the U.S. Department of Energy, Office of High Energy Physics and
Office of Biological and Environmental Research, Contract No. DE-AC-03-76SF0098.
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Appendix: description of the simulation code
In our simulation code, a PIC-model for the electron bunch is combined with the electron fluid
description for the plasma response. It is a 2D slab geometry code, developed at Eindhoven University of Technology. It has been used to describe the laser wakefield acceleration of ultrashort
electron bunches with high beam loading [106].
The quasi-static approximation [1, 54, 199] is used for calculating the wakefields. In the wakefield calculation, a non-evolving laser pulse is assumed, and therefore effects such as pump depletion, pulse broadening, and frequency redshifting are neglected. The hydrodynamic wakefield
equations are fully nonlinear. In the absence of beam loading, the plasma response is given by
the 2D slab version of the quasi-static equations given in Refs. [1, 199]. All beam loading effects
are taken into account by including the bunch density of accelerated electrons as a source term
for the wakefields.

6. Discussion and conclusions
Laser-plasma based electron acceleration is a research area that is both promising and rapidly
evolving. As stated in the introduction, its promise lies in the large accelerating fields that a
plasma can sustain. Eventually table-top accelerating devices may become available that are
capable of delivering electron energies which can only be reached in large facilities with kmscale beamlines with currently available technology. Thus plasma-based electron acceleration
offers an interesting opportunity for all types of research that involve high-energy electrons, as it
comes with all the advantages of a compact device, such as the reduction of cost and size of the
accelerator and increased availability of beam time.
The experimental progress made in recent years is mainly in self-modulated laser wakefield
(SMLW) acceleration. With this scheme, highly collimated electron bunches with high charge
(up to 8 nC in a single bunch) can be produced. This can be done with a laser power of several
10s of TW in a pulse with a few J of laser energy fired on a gas jet with a length of several mm.
The resulting electron bunch energy distribution (typically an exponentially decaying function of
γ) is fairly broad: the energy of electrons in the tail of the distribution may reach up to 100 MeV,
but the bulk of the electrons is at low energy (a few MeV).
Depending on the specific application one has in mind for a plasma-based electron source, some
of the specifications given above may or may not provide sufficient bunch quality. Especially the
large energy spread of SMLW-bunches prohibits them from being useful for many applications,
although the collimation and amount of charge produced are quite competitive with conventional
electron accelerators. Since the electrons in SMLW-bunches are drawn from the background
material by strongly nonlinear laser-plasma interaction, the acceleration process is inherently
hard to control.
In this thesis, a different plasma-based acceleration scheme has been investigated, namely resonant laser wakefield acceleration (LWFA), which is a much better candidate for controlled electron acceleration. As explained in chapter 5, the main difference between the SMLW and LWFA
regimes is the plasma density. In the SMLW regime, with a plasma density of 10 19 − 1020 cm−3 ,
a typical state-of-the-art laser pulse is long compared to the plasma wavelength. The nonlinear
laser-plasma interaction leads to strong Raman scattering, wave breaking and, finally, to trapping
and acceleration of electrons from the background plasma. In contrast, for the LWFA regime,
with a much lower plasma density of 10 17 − 1018 cm−3 , the laser pulse is shorter than the plasma
wavelength. In this case, the laser pulse propagates in a much much more stable way and excites a regular wakefield. This wakefield is usually not strong enough to trap electrons from
the background plasma, so for LWFA the electrons must be injected externally from a suitable
electron injector. In order to accelerate the electrons to high final energy, the propagation of a
high-intensity laser pulse must be ensured over a sufficiently long acceleration distance. Since
geometric diffraction usually prevents this, some form of pulse guiding is seen to be required
for LWFA. As explained in sec. 1.1, a plasma channel with a parabolic density profile is a good
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candidate for optical guiding.
In chapters 3 and 4 of this thesis, a detailed study of the dynamics of the accelerated electron
bunch in LWFA is presented. In chapter 3, the acceleration dynamics in a 1-D plasma wave are
analysed with emphasis on minimization of the energy spread, while maintaining a high final
energy. In chapter 4, the analysis given in chapter 3 is extended to describe acceleration in a
2-D or 3-D axisymmetric plasma wave. In this chapter, the effects of the transverse dynamics
are studied in detail, both to identify sources of transverse emittance growth and to evaluate the
influence of the coupling of transverse and longitudinal dynamics on the evolution of energy gain
and energy spread.
In chapter 3 the concept of time focusing for minimization of energy spread is introduced. The
general idea of time focusing is that the energy difference induced by finite bunch size, which
is due to the spatial dependence of the accelerating field Fz , can be compensated by dynamical
effects, due to the time dependence of Fz . The time focusing dynamics for 1-D acceleration
is calculated with a simple analytical model introduced by Chiou and Katsouleas [103]. With
this model, estimates are found for the acceleration distance L max at which a maximum average
energy is found and the distance Lmin at which a minimum energy spread occurs. The occurrence
of a maximum average energy is a result of dephasing: due to phase slippage, the electrons slowly
move from the accelerating region of the wakefield into the decelerating region. A minimum in
the energy spread occurs through time focusing: the difference in the value of F z between the
head and tail of the bunch can be arranged in such a way that electrons at the head gain more
energy during the first part of the acceleration and electrons at the tail gain more energy during the
second part. Consequently, there is a moment in time at which a minimum in the energy spread
of the bunch distribution occurs. The acceleration can be optimised by tuning the injection phase,
bunch length and bunch charge in order to get Lmin = Lmax .
The approximation of constant phase slippage is valid when the energy γ of the electrons is much
larger than the resonant energy γg . This approximation holds during most of the acceleration
process, when the electrons slowly slip forward in the wakefield. However, for injection at low
γ a rapid backward slip, during which the approximation of constant phase slippage does not
hold, occurs in the first part of the acceleration. Since the rapid backward slip takes only a small
fraction of the total acceleration time, the energy gain and the induced energy spread during the
backward slip are relatively small and can be neglected. The most important influence of the lowγ dynamics during the rapid backward slip is the effect on bunch length. At low bunch charge,
the backward slip usually results in longitudinal bunch compression, which is of course most
pronounced if the bunch is injected around the zero of the laser wakefield. At high bunch charge,
the dominant effect is bunch stretching due to the decelerating bunch wakefield. Simulation
results shown in sec. 3.3 indicate that for obtaining high bunch quality, injection at low γ is
better than injection with energy around γ g .
The problem of transverse emittance conservation is discussed in sec. 4.1. Bunch matching is
proposed as a method to minimize emittance growth. For a matched bunch, which is defined
by the condition that the bunch distribution function is constant on betatron orbits, it is found
that the transverse emittance is constant during the whole acceleration. From the adiabatic in-
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variance of the phase space area enclosed by betatron orbits, the evolution of bunch width and
transverse momentum spread is deduced. As the electrons are accelerated, the bunch is found to
be adiabatically focused.
In sec. 4.2 it is shown that the time focusing strategy can be generalized from 1-D to 2-D or
3-D axisymmetric acceleration, which is by no means trivial. In the absence of beam loading,
the constraint that all electrons must be in a region of the wakefield where the transverse forces
are focusing, actually prevents the use of time focusing (see Fig. 4.4). Time focusing in 2-D
acceleration is only possible through a combined effect of axial beam loading (deceleration of
the electrons in the tail of the bunch) and self-focusing (induced by the transverse wakefield), so
that sufficient overlap between the accelerating and focusing parts of the wakefield is generated
(see Fig. 4.5). Additional energy spread induced by finite bunch width results from the transverse
dependence of the accelerating field Fz . Adiabatic focusing brings all electrons so close to the
propagation axis that one may neglect the transverse variation of that part of F z which is due to
the laser. This makes the acceleration effectively 1-D in the absence of beam loading. However,
with strong beam loading the part of F z due to the narrow, adiabatically focused bunch may
have such steep gradients in the transverse direction (see Fig. 4.6) that a considerable energy
spread due to finite width is induced. It is found that the longitudinal dynamics in this case is
nevertheless qualitatively the same as in 1-D acceleration. This completes the generalization of
the time focusing strategy.
In sec. 4.3, results of the simulation of bunch acceleration in 2-D slab geometry are presented that
illustrate the results found in secs. 4.1 and 4.2. The simulation results also show an interesting
result of the coupling of transverse and longitudinal dynamics, namely a stronger longitudinal
bunch compression during the rapid backward slip for 2-D acceleration as compared to 1-D
acceleration, which enables injection of somewhat longer bunches. The enhanced longitudinal
compression is explained by a reduction of the axial beam loading factor during the backward
slip for 2-D acceleration as compared to 1-D acceleration. The axial beam loading is influenced
by adiabatic focusing due to its strong dependence on bunch width.
In sec. 4.4, the effects of off-axis injection due to misalignment errors on emittance growth
are studied. In conventional accelerators, such injection errors are known to cause emittance
growth and, in the presence of bunch wakefields, to result in a transverse instability known as
beam breakup. Simulation results presented in sec. 4.4 show that an increase of bunch charge
surprisingly enough helps to overcome the instability. This is because by increasing the bunch
charge one enters a new regime, which is called the self-focusing regime, in which strong selffocusing forces keep the bunch electrons together and prevent emittance growth. Simulation
results show that this regime is entered at a value of bunch charge that is still lower than the
beam loading limit.
The analysis presented in chapters 3 and 4 naturally results in a strategy for combining a minimum final energy spread with a and maximum final energy, while conserving the transverse
emittance of the electron bunch. Implementation of this strategy leads to specific requirements
on the electron injector regarding bunch quality and injection accuracy, which are summarized
here:
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1. Probably the most difficult specification to realise is the length of the injected electron
bunch, which is limited by the wavelength of the accelerating plasma wave. As shown
in Fig. 4.16 the longest possible bunch length at injection is l b ≈ 0.6π: for this value
the whole bunch distribution fits within 30% of the linear plasma wavelength λ p . Even at
a plasma density as low as np = 2 · 1017 cm−3 , this corresponds to a very short bunch
duration of 65 fs FWHM.
2. For the injection energy, the lowest possible value should be taken and combined with an
injection phase around ζ = 0. This gives an injection energy typically in the 2-4 MeV
range (for most of the simulation results shown in this thesis, a bunch with about 2.5 MeV
initial average energy has been taken).
3. For the energy spread at injection a finite value of about 2% has been taken in the simulations presented in chapters 3 and 4. State-of-the-art photo-cathode RF electron guns
are capable of delivering an even smaller energy spread, so the chosen value is seen to
be on the “safe” side. Since the energy spread induced during the acceleration (by finite
length, finite width and finite charge) is much larger than the initial spread, this is not a
very critical parameter anyway.
4. The amount of charge in the electron bunch is limited by axial beam loading, which is
calculated from the condition that the longitudinal bunch wakefield amplitude on axis is
equal to the corresponding amplitude of the laser wakefield. Due to the dependence of
the bunch wakefield amplitude on bunch width, the maximum charge decreases during the
acceleration as a result of adiabatic focusing. Therefore, the charge limit is set by the width
of the bunch distribution after acceleration rather than the initial bunch width.
5. In sec. 3.4, the sensitivity of final energy spread and final energy to tuning errors in the
bunch parameters is investigated. In particular the errors in injection phase ζ b may be
problematic, since the allowed interval is about 4% of the linear plasma wavelength, corresponding to a time interval of about 10 fs for n p = 2 · 1017 cm−3 . This is a rather small
value for the allowed jitter in the delay between the laser pulse and the electron bunch.
6. As discussed in sec. 4.1, the emittance growth is minimized by matching or quasi-matching
of the bunch distribution. In practice this means that the bunch must be focused to the
correct spot size at the entrance of the accelerating section by beam optics. The value
of this spot size is calculated from the known emittance, injection energy and focusing
strength. The limit on transverse emittance is set by the acceptance of the accelerator,
which is determined primarily by the laser spot size.
7. The emittance growth arising from off-axis injection is the subject of sec. 4.4, in which
operation in a regime with strong beam loading is proposed as a way to minimize the
emittance growth resulting from such injection errors. As shown in Fig. 4.18, the allowed
offset increases with bunch charge up to about half of the laser pulse width. It must be
noted however, that the results presented in sec. 4.4 are valid for bunches that are narrow
compared to the laser spot size.
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If these requirements on the injected electron bunch can be met, the final beam quality is determined by the laser and plasma parameters that can be realised. It is interesting to evaluate these
with the parameters in mind that are suggested for the ideal electron bunch to drive an X-ray free
electron laser: final energy 1 GeV, energy spread 1%, transverse emittance 1 µm, charge 1 nC.
1. The final energy of a single electron is determined by phase slippage and wakefield amplitude, as already explained in sec. 1.3, where the maximum energy (1.82) is estimated
to be 2e0 γg2 . For a bunch of electrons with finite length and finite charge, the energy is
reduced by beam loading effects (deceleration of the bunch tail due to wakefield induced
by head of bunch). This typically reduces the maximum energy with about 50%. Finally,
the correction of γg in a narrow channel due to finite laser spot size (see Fig. 1.5) reduces
the maximum energy even further.
As an example, for a final energy of 1 GeV, choose a laser pulse width wl = 4.5 (which
gives a reduction factor of 0.91 due to finite laser spot size). With a plasma density of
8 · 1016 cm−3 (γg ≈ 150, λp = 120µm), a wakefield amplitude e0 = 0.1 is seen to be
sufficient to get to 1 GeV. With a much higher plasma density of 7 · 10 17 cm−3 (γg ≈
50, λp = 40µm), the required wakefield amplitude e0 = 0.86 is higher.
The required laser energy for the low density case is quite high: 40 J, for a peak power of
120 TW and a laser pulse duration of 165 fs FWHM. For the high density case, the laser
energy is lower: 21 J. The pulse duration is shorter (55 fs FWHM), but the peak power
of 190 TW is higher, even higher than the critical power for self-focusing (high density
P/Pcr = 4.5, low density P/Pcr = 0.32).
Another difference is the required acceleration length, which from simulation results is
seen to be around 40% of the dephasing length Ld , corresponding to 4 cm in the high
density case and 1.05 m (!) in the low density case.
2. For the minimization of energy spread, the method of time focusing is investigated in this
thesis. With time focusing a value of about 2% for the final energy spread for a “long”
bunch of lb = 0.6π is theoretically possible, as shown in Fig. 4.16. Reaching even lower
values is possible by reducing the bunch length, but only if the charge of the bunch is
reduced as well. Time focusing requires a precise tuning of bunch charge, bunch length,
bunch width and injection phase, because it involves a delicate balance between several
contributions to the energy spread (due to finite length, finite charge and finite width of
the electron bunch), each of which may be much larger than the minimum energy spread
reached at La = Lmin .
3. In order not to limit the bunch charge, the transverse emittance should not be chosen too
small. In practice, this means that the value of initial bunch width w b is taken close to the
pulse width wl , say at wb = 0.7 wl . This means that the emittance, roughly estimated as
1/4 of the largest value αm of the adiabatic invariant α, is given by

(6.1)
=⊥ ≈ αm /4 = wb Db /4 = (−γb Ψ2 )1/2 wb2 /4 ≈ (wl /8) 1 + e20 ,
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where γb = (1 + Pb )1/2 is approximated with the threshold value γ min = (1/2) (e0 + 1/e0 )
and Ψ2 = −2e0 /wl2 is taken. For the examples given above, it is found that the emittance
is 5 µm in the high density case and 11 µm in the low density case.
4. The bunch charge is calculated from the beam loading limit, combined with the adiabatic
focusing factor (γf /γi)1/4 , where γf , γi denote the final, resp. initial (average) energy.
Taking 1 GeV for the final energy, γi = γmin = (1/2) (e0 + 1/e0 ) for the initial energy,
and wb = 0.7wl for the initial bunch width, the final bunch width is estimated to be 0.1 w l
for the high density case, and 0.16 wl for the low density case, which yields a beam loading
limit of 95 pC for the high density case and 40 pC for the low density case.
These numbers clearly indicate that producing a 1 GeV, 1 nC electron bunch with 1% energy
spread, 1 µm transverse emittance with the LWFA scheme is quite a formidable task. For the
examples sketched above, several 10s of J of laser energy have to be produced in a single pulse
in order to reach a final average energy of 1 GeV in a single acceleration stage. In spite of this
large amount of laser energy, at most 4 − 10% of the required charge is seen to be accelerated.
Both the energy spread and the transverse emittance, although small, are still above the required
value. Thus driving a X-ray free electron laser is seen to be a very challenging application for
LWFA. Also, the specifications given above perfectly illustrate which issues need to be dealt with
in order to make LWFA competitive to other acceleration techniques. Of course solving these
issues is not only relevant for eventually driving an X-ray FEL, but in the meantime it may lead
to the realisation of other, less demanding applications. A number of important issues are listed
below:
1. By comparing the numbers for high and low plasma density given above, it is found that for
acceleration the high density regime is favourable, because the same electron energy can be
reached with less pulse energy in a much shorter plasma channel with an electron bunch
of higher quality (more charge, lower emittance). On the other hand, at higher plasma
density the injection is more difficult, because it requires more charge to be compressed
in a smaller bunch volume (both in longitudinal and transverse dimensions) at a lower
injection energy, which may cause severe problems due to space-charge forces.
In connection with the injection problem sketched above, an interesting article has been
published recently [119], in which the possibility of injecting an electron bunch in the
plasma in front of the laser pulse is investigated. As shown in this article, injecting the
bunch at γ < γg leads to trapping and acceleration in the region of the first accelerating
maximum of the laser wakefield after the bunch has slipped backward all the way through
the laser pulse. This leads to very effective bunch compression in the longitudinal direction, which considerably relaxes the constraints on the initial bunch length. Also the
problem of jitter in the delay between the laser pulse and the electron bunch is much less
critical with this injection scheme.
At this point, several internal injection schemes [189-193] must be mentioned as well.
The idea of internal injection is to extract electrons from the background plasma for acceleration in a much more controlled way than by wave breaking, Raman scattering and/or
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direct laser acceleration, which are the strongly nonlinear mechanism found in SMLW
experiments. In order to achieve a more controlled injection, several laser pulses must
be injected in the plasma such that they propagate through each other, either in a counterpropagating (180o ) or orthogonal (90o ) configuration. During the short time that the
laser pulses overlap, the electrons in the overlap region can be trapped in the wakefield
and subsequently accelerated, i.e. after the laser pulses have separated. The advantage of
such all-optical injection schemes is the absence of space-charge problems connected with
external injection of low-γ bunches.

2. The large amounts of laser energy given above show that the conversion efficiency of laser
pulse energy to electron energy is quite low for LWFA. For modeling the acceleration
dynamics in this thesis (where a non-evolving pulse envelope has been assumed) this was
a fortunate circumstance, because an important simplification could be made. However,
for realising a practical accelerator one would like to increase the efficiency as much as
possible. As derived at the end of sec. 2.2, the efficiency is expected to increase with laser
pulse amplitude, which favours the strongly nonlinear regime. On the other hand, this
regime might involve breaking of the laser wakefield (even at plasma densities much lower
than the typical density for SMLW experiments) or instabilities connected with relativistic
self-focusing.
The nonlinear laser-plasma interaction of ultraintense, ultrashort laser pulses (i.e. much
shorter than a plasma wavelength) involves novel acceleration mechanisms that might
be useful for controlled electron acceleration [194]. As an example, an interesting new
scheme of “bubble formation” investigated by A. Pukhov shows that the energy efficiency
of electron acceleration in the strongly nonlinear regime can be much higher than in the
examples given above. In 3-D PIC simulations, Pukhov found a regime with a wakefield
of only one bucket (the “bubble”) in which most of the laser pulse energy remains stored
and, by continuous trapping and acceleration of background electrons, is converted into
electron bunch energy [195]. The bunch energy distribution, in contrast to the SMLWbunch distribution, is not quasi-thermal and shows a relatively narrow peak that is clearly
separated from the background distribution. It must be noted that the laser pulse used for
this calculation is ultrashort (5 fs) and it has an intensity of about 2 orders of magnitude
higher than the most powerful laser pulse produced so far.
3. Another solution for the problem of conversion efficiency would be to drive several stages
of LWFA [196] with a single pulse, although this might be difficult to realise experimentally. It requires study of the long distance propagation dynamics of the laser pulse, including pump depletion. Also because there are probably vacuum regions between the LWFA
stages, a method for reinjection of both the laser pulse and the electron bunch in multiple
stages must be given.
4. Staging of LWFA is also a solution for another problem of LWFA, namely that the maximum achievable electron energy is limited by dephasing (as explained in the introduction
and in sec. 1.3). Phase slippage can be avoided altogether [197] by creating a luminous
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point in the wakefield, which can be done by increasing the density n p along the plasma
channel. Such a density taper [198] leads simultaneously to laser pulse deceleration (due to
decrease of group velocity with plasma density) and shortening of the plasma wavelength
in such a way that, with the proper density taper, some maximum of the accelerating field
propagates exactly at the speed of light (it could also be a minimum or any other preferred phase depending on the exact density profile). With such a tapered density profile,
electrons injected near the luminous point can be accelerated continuously. This scheme
works well for a single test electron, but whether it can produce high quality for bunches
with finite length, finite width and finite charge has not been investigated yet.
In view of these issues, it is interesting to see what can be done in LWFA with existing techniques. Chapter 5 of this thesis contains the result of post-acceleration simulations, where postacceleration refers to a second stage of resonant, channel-guided LWFA after a first stage of
SMLW acceleration. This scheme combines the advantages of both mechanisms, namely it combines an SMLW-section as an injector to trap electrons in the wakefield with an LWFA-section
as a post-accelerator to increase the average energy of the electron bunch. Although this scheme
does not produce bunches with a very small energy spread, it is quite useful for other applications, such as nuclear activation for novel radio-isotope production. This is illustrated with an
estimate of the increased activation yield of the post-accelerated bunch obtained from the simulations, which can be orders of magnitude higher as compared to the injected SMLW-bunch. The
simulation, which uses a model for the injected SMLW-bunch based on a few general characteristics found in experiment and PIC-simulations, demonstrates the possibility of trapping about
40% of the charge and increasing the average energy of the bunch from 10 to 50 MeV in a plasma
channel of a few mm.
In conclusion, the analytical and numerical analysis presented in chapters 3 and 4 has shown that
it is theoretically possible to produce a high quality GeV electron bunch with a few % energy
spread with negligible transverse emittance growth. For the electron injector, a set of requirements regarding bunch quality and injection accuracy (as summarized above) must be met in
order to obtain such a high quality. Minimization of transverse emittance growth is achieved
by matching (or quasi-matching) the transverse phase space distribution to the betatron orbits
by proper focusing of the bunch, as explained in sec. 4.1. In sec. 4.4 the self-focusing regime
is presented, for which the emittance growth resulting from off-axis injection is minimized as a
result of strong bunch self-focusing induced by the transverse bunch wakefields. The presence
of longitudinal and transverse bunch wakefields makes it possible to apply time focusing for
minimizing the energy spread, as discussed in sec. 4.2.
Finally, in chapter 5 the dynamics of post-acceleration in a two-stage accelerator consisting of
an SMLW-section followed by an LWFA-section is discussed. Enhancing the yield of nuclear
activation for radio-isotope production is proposed as a possible application of this scheme.

A. Bunch parameters
In this section the definition of macroscopic bunch parameters (such as average energy and transverse emittance) is given. On a microscopic level, the bunch is described by all phase space
coordinates of individual particles (discrete) or by a distribution function (continuous). Denoting
phase space coordinates with χ, where χ contains both space variables and (canonical) momentum variables, the discrete bunch is given by coordinates χ i , i = 1 . . . N, and the continuous
bunch by a distribution function f (χ). Macroscopic bunch quantities can be defined by averages
over the bunch. The average < . . . > of a quantity A(χ) is defined as
N
1 
A(χi )
< A >=
N i=1

for the discrete bunch, and

1
< A >=
A(χ) f (χ) dm χ
N
for the continuous bunch, where

N =
f (χ) dm χ

(A.1)

(A.2)

(A.3)

is a normalization constant, and m is the dimension of phase space. Examples are the average
energy < γ > and the average momentum < P >. The r.m.s. deviation δA of a quantity A is
defined by
(δA)2 = < A2 > − < A >2 .

(A.4)

This quantity, being equal to < (A− < A >) 2 >, is positive by definition. Examples are the
energy spread δγ and the relative energy spread δγ/ < γ >, which is dimensionless. For any
two quantities A, B the emittance ε(A, B) is defined by
ε2 (A, B) =
< (A− < A >)2 >< (B− < B >)2 > − < (A− < A >)(B− < B >) >2 ,

(A.5)

which is also positive by definition. This can be seen by rewriting the definition of ε as
N
N
1  
ε (A, B) = 2
N i=1 j=1
2

(A.6)


 

 2
1 
A(χi )− < A > B(χj )− < B > − B(χi )− < B > A(χj )− < A >
2
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for the discrete bunch distribution. For the continuous distribution, a similar expression (which
involves a double integral instead of a double sum) can be derived.
Usually for A and B conjugate variables (e.g. x, Px ) are used. The emittance is a measure for
the area that the bunch distribution encloses in a 2-D projection of phase space. The normalized
emittance = can be defined for each coordinate (x, y or z):
=x = ε(x, Px ),

=y = ε(y, Py ),

=z = ε(z, Pz ).

(A.7)

To compare, the usual (unnormalized) emittance is =˜x = ε(x, vx ) etc. As an example, consider
the linear harmonic oscillator with Hamiltonian

1 2
2 2
(A.8)
P + ω0 x .
2 x
For any distribution f (x, Px ) there is conservation of transverse emittance =x , as a consequence
of the linearity properties
dPx
∝ x,
dt

dx
∝ Px .
dt

(A.9)

The normalized brightness B is defined as
B =

Q
,
=x =y =z

(A.10)

where Q is the total charge in the bunch. Brightness can be interpreted as phase space density
of the bunch (to increase brightness, one can either put more charge in the same phase space
volume or compress a given amount of charge in phase space).

B. Function definitions
The following functions are used in this thesis for defining distributions that are used in simulations and also for defining laser pulse and bunch density profiles. The F -functions R d → R are
defined by

d
d
 [1 − i=1 (χi − Xi )2 /Di2 ]m , 1 − i=1 (χi − Xi )2 /Di2 ≥ 0
(B.1)
Fm [X, D] (χ) =

0,
otherwise
The F -functions define distribution functions for χ ∈ R d , where d denotes the dimension, m ∈
{0, 1/2, 1, 3/2, . . .} is a parameter, the vector X defines the average value of χ and the vector
D defines the r.m.s. deviations.
If one of the coordinates of D is zero (say D j ), that term is

dropped in the sum over i ( i=j ). The F -functions allow a very compact notation of distribution
functions. A few examples are given here:
1. The 1-dimensional block function B l , defined as

 1, |z| < l
Bl (z) =

0, |z| ≥ l

(B.2)

is written as F0 [0, l] (z). A monoenergetic distribution with momentum P z = P0 , z
uniformly distributed in [z 0 − l, z0 + l] is given by
F0 [(z0 , P0 ), (l, 0)] (z, Pz ).

(B.3)

2. For the 2-dimensional distribution f (x, y) = F 1/2 [(0, 0), (lx , ly )] (x, y), the projections
on the coordinates


˜
˜
fx (x) =
f (x, y) dy, fy (y) =
f (x, y) dx
(B.4)
can be written as F -functions as well:
f˜x (x) ∝ F1 [0, lx ] (x),

f˜y (y) ∝ F1 [0, ly ] (y).

(B.5)

3. Uniform filling of the unit sphere in n-dimensional space is represented as
F0 [(0, . . . , 0), (1, . . . , 1)] (x1 , . . . , xn ).

(B.6)

Integration of one coordinate yields a F1/2 -distribution in (n − 1)-dimensional space, integration of two coordinates yields a F 1 -distribution in (n − 2)-dimensional space etc.
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4. For the harmonic oscillator (A.8), an initial distribution of the form
Fm [(0, 0), (wb, Db )] (x, Px )

(B.7)

has conserved =x for any m. For the special choice Db = ω0 wb the distribution is matched:
apart from emittance, also the quantities δx and δP x are time-independent. In fact, the
whole distribution is time-independent in this case, because the distribution function is
constant on orbits of the Hamiltonian.

C. Numerical implementation
1-D geometry
For 1-D simulations, two different simulation codes have been written. Both codes use the cold
electron fluid model for the description of the plasma wave and a particle model for the electron
bunch. The first code uses a linear description of the waves with analytical expressions for
the Lorentz force Fz . The second code uses a nonlinear description of the plasma waves with
interpolation of the Lorentz force from a grid on which the fluid quantities Ψ, F z and nb are
defined. The bunch density nb is obtained from projection of the simulation particle distribution.
The second code is an example of a particle-in-cell (PIC) code.
The particle model for the electron bunch contains N simulation particles with phase space
coordinates ζi , Pz,i (i = 1 . . . N). The equations of motion are
dPz,i
= Fz,i
dt

(C.1)

dζi
= vz,i − vg .
(C.2)
dt
For numerical integration of these equations, a finite-difference scheme is used with timestep ∆t.
In particular, the leap-frog method is used, for which the finite-difference equations are
n−1/2

n
n−1
Pz,i
= Pz,i
+ ∆t Fz,i
n+1/2

ζi

n−1/2

= ζi

n
+ ∆t (vz,i
− vg ),

(C.3)
(C.4)

where the superscript n means the value of a particular quantity at t = n∆t. Note that the P z,i
are evaluated at integer timesteps, while the ζi and Fz,i are known at (odd) half-integer timesteps.
With the distribution known at t = 0, the leap-frog algorithm can be started by computing
1/2
ζi . The leap-frog method is simple and surprisingly accurate. Furthermore, it does not require
n−1
n
additional storage: once Pz,i
is computed, there is no need to store P z,i
in the computer memory.
The quantity Fz,i denotes the Lorentz force Fz evaluated at ζ = ζi . The Lorentz force is calculated with the fluid model and contains contributions both from the laser wakefield and from
the bunch wakefield. The bunch wakefield introduces an asymmetric interaction between bunch
particles: a particle at ζ = ζi is influenced by all preceding particles at ζ = ζj ≥ ζi . The
contribution of ζ = ζi is known as the self-interaction force. A self-consistent calculation of the
interaction forces requires the Fz,i to be updated at each timestep from all ζ j with ζj ≥ ζi. This
calculation is now discussed in detail, both for the linear and the nonlinear case.
Linear code
For linear waves, the laser wakefield potential Ψl is of the form
Ψl (ζ) = e0 cos ζ,

(C.5)

133
from which the Lorentz force Fl due to the laser wakefield is found to be
Fl (ζ) = −e0 sin ζ.

(C.6)

In order to calculate the bunch wakefield potential, one needs to know the bunch density n b . For
the linear code, each simulation particle is assumed to give a δ-function contribution to the bunch
density:
N

Q
nb (ζ) =
δ(ζ − ζi).
N
i=1

Each particle contributes an equal amount to the total bunch “charge”, defined as
Q. The bunch wakefield potential is
N
Q
Ψb (ζ) =
θ(ζi − ζ) sin(ζi − ζ)
N i=1

(C.7)
nb (ζ) dζ =

(C.8)

where the step function θ is given by (2.21). If the distribution of ζ i is a uniform filling of the
interval [ζb − lb , ζb + lb ], it is easy to check that (C.8) reproduces the wakefield of a continuous
bunch in the N → ∞-limit with α = Q/2l b . The interaction force Fb is
N
Q
Fb (ζ) = −
θ(ζi − ζ) cos(ζi − ζ),
N i=1

(C.9)

from which the self-interaction force is found to be −Q/2N. The amplitude of F b is maximal if
all particles have the same ζ = ζb , which leads to
Fb (ζ) = −Q θ(ζb − ζ) cos(ζb − ζ).

(C.10)

In the case of ζb = −π/2 and Q = e0 the forces Fb and Fl exactly cancel each other in the
region ζ < ζb . Thus Q = e0 is a natural limit to the amount of charge that can be accelerated on a
linear wave of amplitude e0 and η = Q/e0 is defined to be the beam loading factor. Combining
(C.6) and (C.9) yields the force formula for the linear code
Fz,i = −e0



N

η 
sin ζi +
θ(ζj − ζi ) cos(ζj − ζi ) .
N j=1

(C.11)

Direct implementation of this formula leads to an O(N 2 )-algorithm due to the sum over j, which
can be quite slow for large N. In some cases there is a way to speed up the algorithm. Note that
(C.11) can be rewritten as
 η



Fz,i = −e0
(C.12)
+ 1 + Si sin ζi + Ci cos ζi
2N
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where
Si =

η 
sin ζj
N ζ >ζ

(C.13)

η 
cos ζj .
N ζ >ζ

(C.14)

j

Ci =

j

i

i

If the particles are ordered in such a way that ζN < . . . < ζ2 < ζ1 , the above formulas show
that an O(N)-algorithm can be constructed. By evaluating the F z,i in ascending order (1 . . . N)
one profits from the fact that the Si and Ci can be constructed from Si−1 and Ci−1 by adding
one contribution due to the particle at ζ i−1 instead of a full sum over j = 1 . . . i−1. Now of
course to get the ordering ζN < . . . < ζ2 < ζ1 requires an O(N 2 )-algorithm. However, if the
particles are in the γ
γg -regime, the phase slippage is constant and the order of the particles
cannot change. In this case, the ordering can be skipped and the algorithm can be implemented
as described above, provided that the initial distribution is ordered.
Nonlinear code
Since there is no analytical description of the nonlinear wakefield as a function of ζ, one must
rely on numerical integration of the wave equation on a spatial grid. For (2.16), a leap-frog
integration with grid spacing ∆ζ can be done as follows:
Ψn = Ψn+1 − ∆ζ Fzn+1/2
Fzn−1/2 = Fzn+1/2 − ∆ζ

(C.15)

 1 + 2I n
2[Ψn ]2

−


1
+ nnb ,
2

(C.16)

where the superscript n now means that the quantity is evaluated at ζ = n ∆ζ. The wakefield
equations are integrated backward, because the initial conditions are known in the region in
front of the laser pulse, where the plasma is at rest (Ψ = 1, Fz = 0). Instead of using a
prescribed laser pulse profile I, it is also possible to use a wave with prescribed amplitude e 0 .
Initial conditions can be either (Ψ = 1, Fz = e0 ) or (Ψ = Ψmax(min) , Fz = 0), where
Ψmax(min) is given by (2.18).
The connection between grid quantities and particle quantities is the usual one for a PIC-code.
The source term for the bunch wakefields is nnb in (C.16), which is the bunch density on the
grid. This is the density of finite-size simulation particles, sampled through interpolation from
the particle positions ζ i . In a formula, this reads
nnb =

N


wi S(ζn − ζi ),

(C.17)

i=1

where wi is the weight factor of the i-th particle in the distribution, S is the shape factor, and
ζn denotes the coordinate of the n-th grid point. Commonly used shape factors are piecewise

135
polynomial functions (splines), through which the order of the interpolation scheme is defined as
the order of the used polynomials. S is defined in such a way that


∆ζ
nnb =
wi ,
(C.18)
n

i

which means that the “charge” nb (ζ) dζ is equal to the sum of weights. For equal weights
wi = w (i = 1 . . . N), it is found that w = Q/N. The nonlinear code uses second-order
interpolation, given by

1 
(C.19)
S(ζn − ζi ) =
3/4 − (ζi − ζn )2 /∆ζ 2
∆ζ
2
1 
1/2 ± (ζi − ζn )/∆ζ ,
(C.20)
S(ζn±1 − ζi ) =
2∆ζ
and the particle at ζ = ζi is located such that
|ζi − ζn | ≤ ∆ζ/2.

(C.21)

The force on the particle is interpolated from the grid as

Fzk S(ζk − ζi )
Fz,i = ∆ζ

(C.22)

k

with the same shape function as in (C.17). The superscript k instead of n is used to emphasize
that the density nb and force Fz are defined on different grids. It is not necessary to perform
field integration over the whole grid at each timestep: since the laser pulse is assumed to be
time-independent (in the comoving frame), it is sufficient to perform the calculation of F z in the
bunch region only.
2-D slab geometry
For 2-D slab geometry simulations, two codes similar to the 1-D codes have been written. Again,
a particle model for the electron bunch is combined with the cold electron fluid model for the
description of the plasma wave, in a linear and a nonlinear version.
Linear code
In the linear code, the plasma is assumed to be homogeneous, so that analytical expressions for
the Lorentz force can be found. The laser wakefield potential Ψl is a prescribed function of x, ζ:
Ψl (x, ζ) = e0 e−x

2 /w 2

cos ζ.

(C.23)

The bunch wakefield is calculated from the phase space coordinates xi , ζi , Px,i , Pz,i (i = 1 . . . N)
by assuming that each simulation particle gives a δ-function contribution to the bunch density:
N

Q
nb (x, ζ) =
δ(x − xi ) δ(ζ − ζi ),
N
i=1

(C.24)
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which leads to

N
Q 
Ψb (x, ζ) =
θ(ζi − ζ) e−|xi−x| sin(ζi − ζ),
2N i=1

(C.25)

where the step function (2.21) has been used. The force formulas are
N

 2 2
η 
θ(ζj − ζi ) e−|xj −xi | cos(ζj − ζi ) ,
Fz,i = −e0 e−xi /w sin ζi +
N j=1

Fx,i = −e0

 2x

i
2
w

−x2i /w 2

e

(C.26)

N

η 
−|xj −xi |
cos ζi +
σ(xj − xi ) θ(ζj − ζi ) e
sin(ζj − ζi ) , (C.27)
N j=1

where σ denotes the sign-function

−1, y < 0





0, y = 0
σ(y) =





1, y > 0

(C.28)

and the beam loading factor is η = Q/2e0 . The equations of motion
dPx,i
= Fx,i
dt
dPz,i
= Fz,i
dt
dxi
= vx,i
dt
dζi
= vz,i − vg
dt
are integrated with the leap-frog method.

(C.29)
(C.30)
(C.31)
(C.32)

Nonlinear code
The wakefield equations implemented in the nonlinear code are derived from the nonlinear cold
electron fluid equations without assuming Ω = 0 (see (1.18)). The variables are the electromagnetic fields Fx , Fz , By , the plasma electron fluid variables px , pz , η, the electron bunch density
nb , the laser envelope functions I, Ix , Iz and additional variables γ, Jx , Sx , Sy , Sz . The fluid
equations are written as
∂Fx
= Jx
∂ζ

(C.33)

∂Fz
= Jx
∂x

(C.34)
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∂ 2 By
− η By = Sy
∂x2
∂px
= Sx
∂ζ
∂pz
= Sz .
∂ζ
The quantity Jx is the transverse plasma current density
Jx = nvx = ηpx
and γ is the Lorentz factor

γ = 1 + p2x + p2z + 2I.
The quantity η = n/γ contains the plasma electron density n. It is computed from
∂Fx 
1 
ni +
,
η =
γ − pz
∂x

(C.35)
(C.36)
(C.37)

(C.38)

(C.39)

(C.40)

where the ion (background) density ni is x-dependent in case there is a plasma channel. The
laser envelope functions Ix = ∂I/∂x, Iz = ∂I/∂ζ, evaluated analytically from a prescibed I
(1.42), are used to define the source terms Sx , Sy , Sz :

1  ∂px
(C.41)
Sx =
px
− γFx + Ix + By
γ − pz
∂x



∂  ηp2x
p2x
η
−ηpz −nb +
)+px (Iz −γFz ) (C.42)
Sy =
(Ix −γFx )(γ −
∂x γ − pz
γ(γ − pz )
γ − pz


∂pz
1
px
(C.43)
− γFz + Iz + px By .
Sz =
γ − pz
∂x
For numerical implementation, all variables are defined on a rectangular grid with spacing (∆x,
∆ζ). The value of a variable A evaluated at ζ = n ∆ζ, x = m ∆x is denoted An,m . At the
boundaries of the x-grid, located at m = ±M, the values of all variables are taken to be zero.
The whole computational cycle is as follows:
1. computation of Fx , px and pz on a layer of constant ζ = n ∆ζ for −M ≤ m ≤ M
with (C.33), (C.36) and (C.37) using resp. Jx , Sx and Sz . The equations are all of type
∂A/∂ζ = B. The following finite-difference scheme, which uses values from two previous layers, has been implemented:

3
1
An,m = An+1,m − ∆ζ
(C.44)
B n+1,m − B n+2,m .
2
2
The equations are integrated in descending order, because the initial conditions are known
in the region in front of the laser pulse, where the plasma is at rest (F x , px , pz = 0).
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2. computation of γ with (C.39) using p x , pz found in step 1, and I from a prescribed formula,
evaluated at the proper values ζ = n ∆ζ and x = m ∆x.
3. computation of η with (C.40) using computed F x , pz , γ and prescribed n0 . For evaluating
expressions of type ∂A/∂x (here A = Fx ), the following implementation is chosen:
 ∂A n,m
∂x

=

An,m+1 − An,m−1
.
2 ∆x

(C.45)

The value of ∂A/∂x at the boundaries of the x-grid is set to zero. The same formula is
used in steps 6 and 8.
4. computation of Jx with (C.38) using px and η.
5. computation of Fz as the average of forward integration and backward integration of
(C.34). Forward integration means iterating
Fzn,m = Fzn,m−1 +


∆x  n,m
Jx + Jxn,m−1
2

(C.46)

up to m = M with Fzn,−M = 0 as starting value and backward integration is defined as
the iteration of
Fzn,m = Fzn,m+1 −


∆x  n,m
Jx + Jxn,m+1
2

(C.47)

down to m = −M with Fzn,M = 0 as starting value. Note that both integrations yield the
same answer if nb and I are symmetric around x = 0.
6. computation of Sy with (C.42) using computed variables and prescribed I x , Iz . The partial
derivative ∂/∂x is computed as given in step 3.
7. computation of By with (C.35) using Sy and η. The second derivative ∂ 2 By /∂x2 is implemented as
 ∂ 2 B n,m
y
2
∂x

Byn,m+1 − 2Byn,m + Byn,m−1
=
,
[∆x]2

(C.48)

by which (C.35) becomes an implicit equation
Mmk Byn,k = Syn,m

(C.49)

for By , where M is a tridiagonal matrix. This equation is solved directly by substitution.
8. computation of Sx and Sz with (C.41) and (C.43).
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In steps 1 - 8 only variables at the same layer (n) are computed. After step 8, the whole cycle is
repeated for the next layer (n−1) etc. The whole integration scheme gives second-order accuracy
in ∆x and ∆ζ. The scheme is unstable beyond a certain ζ-layer, producing huge spikes in all
variables and negative values for the η-variable. It is unknown whether this is caused by buildup
of numerical error [199] or that it indicates breakdown of the fluid model, e.g. in connection
with transverse wave breaking [200]. The stability problem is connected with the width and
amplitude of the laser pulse: the number of ζ-layers for which the algorithm is stable increases
with pulse width and decreases with pulse amplitude. Since for studying electron acceleration of
short bunches only the first few wakefield buckets behind the laser pulse are relevant, it follows
that only a limited number of ζ-layers is needed for bunch dynamics simulations. Therefore, the
stability problem is not a big concern, especially if the laser pulse has sufficiently large spot size
and sufficiently low intensity.
The projection for obtaining the electron bunch density n n,m
on the grid from all particle posib
tions xi , ζi (i = 1 . . . N) is taken to be
nn,m
=
b

N


wi S(ζn − ζi )S(xm − xi ),

(C.50)

i=1

where the second-order interpolation (C.19)-(C.20) is chosen for both directions x and ζ independently. With
∆x ∆ζ



nn,m
b

=

n,m

N


wi

(C.51)

i=1

and the definition of the charge nb (x, ζ) dx dζ = Q, it is found that w = Q/N for equal
weights wi = w. Interpolating a quantity A from the grid to postion x i , ζi is done by

Ai = ∆ζ ∆x
An,m S(ζn − ζi ) S(xm − xi ).
(C.52)
m,n

The integration of the equations of motion is done with Boris’ algorithm for the Lorentz force:


P n + P n−1
n−1/2
×
B
.
(C.53)
P n − P n−1 = −∆t E n−1/2 +
2γ n−1/2
where the superscript n means evaluation at t = n ∆t. With the definitions
P − = P n−1 −

∆t n−1/2
E
2

∆t n−1/2
E
2
one can show that [γ n−1/2 ]2 = 1 + [P − ]2 = 1 + [P + ]2 and rewrite (C.53) as
P+ = Pn +

P + − P − = −∆t

P+ + P−
× B n−1/2 .
2γ n−1/2

(C.54)
(C.55)

(C.56)
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From (C.56) it follows that P + is obtained from P − by a rotation, implemented as
P  = P − − P − × t,

P + = P − − P  × s,

t =

∆t
B,
2γ n−1/2

s =

2
t. (C.57)
1 + t2

The whole integration is a leap-frog scheme with
r n+1/2 = r n−1/2 + ∆t v n

(C.58)

for the position advance. Formulas (C.53)-(C.58) describe a general integration of the 3-D electron equations of motion dP /dt = −E − v × B, dr/dt = v, which can easily be applied to
the 2-D slab geometry case, for which the equations of motion are
dPx,i
= Fx,i − (1 − vz,i )By,i
dt

(C.59)

dPz,i
(C.60)
= Fz,i − vx,iBy,i
dt
dxi
= vx,i
(C.61)
dt
dζi
= vz,i − vg .
(C.62)
dt
Note the difference between (C.29)-(C.32) and (C.59)-(C.62): in the linear code, the terms proportional to By are dropped. This can be done because in the small-amplitude regime (I  1)
the magnetic field By scales with I 2 and is expected to be much smaller than the force components Fx , Fz that scale with I. For relativistic electrons with v z ≈ 1, |vx |  1 the corrections
are small anyway.

D. List of symbols
Below is a list of symbols often used in this thesis.
1. Symbols related to plasma:
np - plasma density (on axis)
ncr - critical density
ni - background (ion) density
n - plasma electron density
ωp - plasma frequency
λp - plasma wavelength, equal to 2π in dimensionless units.
2. Symbols related to wakefield:
Ψ - wakefield potential
Ψl - part of Ψ due to laser pulse
Ψb - part of Ψ induced by electron bunch distribution
Ψ0 = Ψ at r = 0 - value of wakefield potential at propagation axis
Ψ2 = ∂ 2 Ψ/∂r 2 at r = 0 - radial curvature of wakefield potential, focusing strength
Fz - longitudinal (accelerating) force on bunch electron
Fx , F ⊥ - transverse (focusing) force on bunch electron
e0 - wakefield amplitude, amplitude of Fz
ηz - axial beam loading factor
η - used in ch. 2 for n/γ and in sec. 4.4 for ηz
ηr - self-focusing factor.
3. Symbols related to electron bunch distribution:
r - coordinate
ζ - comoving coordinate, wakefield phase
x, r ⊥ - transverse coordinate
P - momentum
Pz - longitudinal momentum
Px , P ⊥ - transverse momentum
γ - energy, Lorentz factor
γ0 = (1 + Pz2 )1/2 - leading order energy in paraxial approximation
F - general type of distribution function, see appendix B
Q - bunch charge
nb - bunch density
ν - bunch peak density
δx - transverse spread (bunch width)
wb - bunch width at injection
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δζ - phase spread (bunch length)
lb - bunch length at injection
ζb - injection phase
Pb - longitudinal momentum at injection
δPz - spread in longitudinal momentum
Sb - spread in longitudinal momentum at injection
δPx - spread in transverse momentum
Db - spread in transverse momentum at injection
=⊥ - normalized transverse emittance
x0 - in sec. 4.4: transverse bunch position (radial offset) at injection.
4. Symbols related to electron dynamics:
La - acceleration length
Ld - dephasing length
γd - dephasing energy
Lmax - distance at which a maximum average Pz occurs
Lmin - distance at which a minimum δP z occurs
H - Hamiltonian
H0 - 1-D Hamiltonian, leading order in paraxial approximation
H2 - second order Hamiltonian in paraxial approximation
α - adiabatic invariant for betatron motion
αm - maximum value of α (maximum over bunch distribution)
ωβ - betatron frequency
x0 - in secs. 1.3 and 4.1: amplitude (envelope) for betatron oscillation of x
y0 - similar for y
Px0 - amplitude (envelope) for betatron oscillation of P x
Py0 - similar for Py .
5. Symbols related to laser pulse:
ω0 - pulse carrier frequency
λ0 - laser wavelength (in vacuum)
wl - pulse width, spot size
ll - pulse length
ζl - phase of laser pulse
P - peak power
Pcr - critical power for self-focusing
I - laser pulse intensity
I0 - peak intensity
vg - group velocity
γg - Lorentz factor associated with group velocity.

Samenvatting
Het proefschrift “Electron bunch quality in laser wakefield acceleration” bevat een verslag van
mijn promotie-onderzoek aan de Technische Universiteit in Eindhoven naar de versnelling van
elektronen in een plasmagolf. Bij de bestudeerde versnelmethode wordt verondersteld dat een
korte, intense laserpuls de plasmagolf opwekt. Het onderzoek is theoretisch van aard. Dit houdt
in dat voor de versnellende krachten en de elektronenbeweging in het plasma wiskundige vergelijkingen zijn opgesteld. Oplossingen van deze vergelijkingen, die het gedrag van de versnelde
elektronen beschrijven, zijn in de eerste plaats gezocht met analytische methoden, dat wil zeggen
door wiskundige berekening, waarbij vaak vereenvoudigingen en benaderingen zijn toegepast.
Daarnaast, als aanvulling en uitbreiding van de wiskundige analyse, zijn ook numerieke methoden toegepast, dat wil zeggen dat de elektronenbeweging met computersimulaties is nagebootst.
Alvorens het versnellingsmechanisme uit te leggen en de gevonden resultaten kort toe te lichten,
zal ik enige achtergrondinformatie omtrent lasers, plasma’s en elektronenversnelling geven.
Allereerst wil ik uitleggen wat een plasma is. Zoals reeds lang bekend, is alle materie opgebouwd
uit kleine bouwstenen die atomen genoemd worden. Een atoom kan men zich voorstellen als een
mini-zonnestelsel: vrijwel alle massa is geconcentreerd in de zon die zich in het middelpunt
van het zonnestelsel bevindt. Rondom dit middelpunt cirkelen de relatief veel lichtere planeten.
Zo bestaat een atoom uit een atoomkern met een positieve elektrische lading, waaromheen een
of meer elektronen bewegen die een negatieve elektrische lading hebben en veel lichter zijn
dan de atoomkern. De totale lading van het atoom is nul, omdat de positieve lading van de
atoomkern precies gecompenseerd wordt door de som van de negatieve elektronenladingen. Met
een plasma wordt nu die toestand van de materie aangeduid, waarin een of meer elektronen
zich hebben kunnen losmaken van de atoomkernen. Een plasma bestaat dus uit losse, negatief
geladen elektronen en geheel of gedeeltelijk “gestripte” atomen met positieve lading, die ionen
worden genoemd. Het losmakingsproces wordt ionisatie genoemd en een plasma wordt ook wel
omschreven als een geı̈oniseerd medium, omdat in een plasma de atomen uiteen zijn gevallen in
losse ionen en elektronen. Ionisatie kost energie en vindt in het algemeen plaats bij zeer hoge
temperatuur en/of hoge druk. Bekende voorbeelden van plasma’s die men op aarde kan vinden
zijn vuurvlammen, bliksem en noorderlicht. Plasma bevindt zich ook in een brandende gloeilamp
of TL-buis. In het universum is veel plasma aanwezig: de zon bestaat volledig uit plasma, net
als alle andere sterren.
De meeste plasma’s zijn in totaal elektrisch neutraal, wat inhoudt dat de totale lading, berekend
over het hele plasma, nul is. Echter, doordat de elektronen en ionen in het plasma niet gebonden
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zijn en langs elkaar heen bewegen, treedt lokaal soms ladingscheiding op. Plaatselijk is er dan
een overschot van positieve of negatieve lading. Dit verklaart waarom binnen een plasma elektrische velden voorkomen. Een elektrisch veld op een bepaald punt in de ruimte is gedefinieerd
als de kracht die op een geladen deeltje wordt uitgeoefend als het deeltje zich precies op het
genoemde punt bevindt. Welnu, doordat twee verschillende ladingen (de een positief, de ander
negatief) elkaar elektrisch aantrekken en twee gelijksoortige ladingen (beide positief of beide
negatief) elkaar elektrisch afstoten, leidt een lokaal overschot van positieve of negatieve lading
in een plasma tot opwekking van een elektrisch veld. Evenzo verklaart men het voorkomen van
magnetische velden in plasma’s door de aanwezigheid van elektrische stromen doordat de ladingen bewegen. Twee gelijk gerichte stromen trekken elkaar magnetisch aan, twee tegengesteld
gerichte stromen stoten elkaar magnetisch af.
Elektrische en magnetische velden kunnen ook voorkomen als er geen ladingen zijn en wel in
de vorm van elektromagnetische straling. Elektromagnetische straling kan omschreven worden als energie die in de vorm van golvende elektrische en magnetische velden getransporteerd
wordt. Een voorbeeld van elektromagnetische straling is licht (niet alleen zichtbaar licht, maar
ook infrarood en ultraviolet). Andere bekende vormen van elektromagnetische straling zijn radiogolven, röntgenstralen en microgolven, die bijvoorbeeld in magnetrons gebruikt worden om
voedsel te verwarmen. Zoals elk golfverschijnsel, heeft ook de elektromagnetische straling frequentie, golflengte en amplitude. De frequentie geeft aan hoe vaak per seconde de elektrische en
magnetische velden oscilleren (op en neer golven), de golflengte is de afstand waarover het licht
zich voortplant binnen één oscillatie en de amplitude is de maximale sterkte van het oscillerende
elektrische of magnetische veld. Een laserbundel is een hoeveelheid elektromagnetische straling
die zich in een bepaalde richting voortbeweegt, in tegenstelling tot bijvoorbeeld het licht uit een
gloeilamp dat zich in alle richtingen voortplant. Met lenzen en spiegels kunnen laserbundels zeer
precies gericht worden. Ook kan een laserbundel gefocusseerd worden, dat wil zeggen dat al het
laserlicht zoveel mogelijk geconcentreerd wordt in een punt, dat het brandpunt genoemd wordt.
In het brandpunt neemt de amplitude toe en achter het brandpunt neemt ze weer af, omdat daar
de lichtstralen uiteenwijken. Dit uiteenwijken noemt men divergentie van de laserbundel.
Ook van geladen deeltjes, ionen of elektronen, kan men bundels maken die zich in een bepaalde
richting voortbewegen. Zulke deeltjesbundels vinden brede toepassing: zo bevatten vrijwel alle
TV-toestellen en computermonitoren elektronenbundels die het scherm doen oplichten als de
elektronen een fosforiserend laagje aan de binnenkant van de beeldbuis raken. Elektronen- en
ionenbundels kunnen worden gemanipuleerd met magneten, die dezelfde functie vervullen als
lenzen en spiegels in het geval van lichtbundels. Daarbij is echter de moeilijkheid dat alle deeltjes in een elektronen- of ionenbundel dezelfde lading hebben en dus elkaar onderling elektrisch
afstoten. Dit leidt automatisch tot divergentie en dat maakt het transporteren en richten van
deeltjesbundels moeilijk. Echter, door het versnellen van de bundel wordt deze moeilijkheid
grotendeels opgeheven. Dit komt doordat de bewegende ladingen stroom voeren en dus zelf
een magneetveld opwekken. Omdat de ladingen in dezelfde richting bewegen, zijn de stromen
gelijk gericht en trekken de deeltjes elkaar magnetisch aan. Deze magnetische aantrekking compenseert de elektrische afstoting: naarmate de deeltjes sneller bewegen, wordt de resulterende
onderlinge afstoting kleiner. Hieruit volgt dat voor het minimaliseren van onderlinge afstoting
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men de deeltjes het best zo hard mogelijk kan versnellen. Door manipulatie met magneten is de
resulterende afstoting in de bundel na versnelling nog verder te reduceren en kan men bundels
met geladen deeltjes goed onder controle houden.
Het versnellen van elektronenbundels is niet alleen een goede methode om de bundel beter te
kunnen sturen, maar voor de meeste toepassingen een noodzakelijke voorwaarde om de elektronenbundel te kunnen gebruiken. Afhankelijk van de toepassing worden aan een versnelde
elektronenbundel meer of minder strikte kwaliteitseisen gesteld. Zo geldt voor het opwekken
van kernreacties bijvoorbeeld dat de energie van de elektronen hoger moet zijn dan een zekere
drempelwaarde. Ook is het soms van belang dat de emittantie, dat is een grootheid die de divergentie van de bundel in een getal uitdrukt, beneden een bepaald maximum blijft. Voor sommige
toepassingen is het van belang dat de elektronen niet alleen een hoge energie hebben, maar ook
dat de onderlinge energieverschillen tussen de elektronen niet te groot zijn, met andere woorden dat de energiespreiding klein is. Een groot deel van mijn onderzoek gaat over de hoogste
kwaliteitseisen waaraan een elektronenbundel na versnelling in een plasmagolf theoretisch kan
voldoen. Daarbij is de “kwaliteit” gedefinieerd als een combinatie van hoge gemiddelde energie,
lage energiespreiding en behoud van emittantie. Hier spreek ik met opzet van behoud van emittantie, omdat van een gegeven bundel de emittantie in het algemeen niet verlaagd kan worden.
Geladen deeltjes zoals elektronen en ionen kunnen worden versneld in een elektrisch veld. Een
veel gebruikte methode voor elektronenversnelling is toepassing van een elektrisch veld van
een radiogolf die is opgesloten in een vacuümbuis. Omdat het elektrisch veld van een radiogolf
oscilleert, zal de kracht op een vast punt in de buis afwisselend versnellend en vertragend zijn. De
elektronen blijven natuurlijk niet op één punt, maar juist doordat ze versneld worden, bewegen
ze door de buis. Door nu de frequentie en golflengte van de radiogolf precies af te stemmen
op de elektronenbeweging, kan men het versnellingsproces zo manipuleren dat de elektronen
voortdurend versneld worden. Het versnellingsmechanisme van elektronen in een plasmagolf
vertoont enige overeenkomst met het hierboven beschreven mechanisme voor versnelling in een
vacuümbuis. Alvorens ik hierop inga, moet ik uitleggen wat een plasmagolf is en hoe deze wordt
opgewekt met een korte, intense laserbundel.
Zoals eerder uitgelegd, bestaat een plasma uit losse ionen en elektronen. Doordat de elektronen
zeer veel lichter zijn dan de ionen, zijn ze door manipulatie, bijvoorbeeld door een laserbundel
of een deeltjesbundel in het plasma te schieten, sneller in beweging te brengen dan de ionen. Op
zeer korte tijdschalen kan men zich de ionen in het plasma daarom als onbewegelijk voorstellen
en wordt de reactie van het plasma op een ingeschoten laserbundel volledig beschreven door
de elektronenbeweging. De karakteristieke laser-plasma-interactie op deze korte tijdschaal kan
men alleen bestuderen als de tijdsduur van de ingeschoten laserbundel ook zeer kort is. Door toepassing van recent ontwikkelde lasertechnologie is het mogelijk geworden een geschikte laserbundel, die men vanwege de korte tijdsduur beter een laserpuls kan noemen, te produceren. In
laser-plasma experimenten wordt zo’n laserpuls zodanig gefocusseerd dat het brandpunt in het
plasma terechtkomt, zodat de amplitude daar hoog genoeg is om een krachtige respons aan het
plasma te ontlokken. Een dergelijke gecomprimeerde laserpuls oefent namelijk een kracht uit
op de elektronen in het plasma, die de ponderomotorische kracht wordt genoemd. Die kracht is
zodanig gericht dat de laserpuls alle elektronen die in zijn baan komen van zich af stoot. Vlak
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achter de puls treedt ladingscheiding op doordat de elektronen zijn weggedrukt uit de baan van
de laser, terwijl de veel zwaardere ionen zijn achtergebleven. Door de ladingscheiding worden de
weggedrukte elektronen weer teruggetrokken naar de achtergebleven ionen en blijven ze daarna
in het kielzog van de laserpuls oscilleren. Deze collectieve oscillatie van de plasma-elektronen
wordt een plasmagolf genoemd. De frequentie van de plasmagolf is de trillingsfrequentie van de
plasma-elektronen, die hoger is naarmate de dichtheid van het plasma hoger is. De golflengte
wordt gevonden door de snelheid van de laserpuls te vermenigvuldigen met de tijd waarin een
plasma-elektron één maal oscilleert: bij toenemende dichtheid trillen de elektronen sneller en
wordt de golflengte dus kleiner. De amplitude van de plasmagolf wordt gegeven door de grootte
van de uitwijking van de plasma-elektronen, die bepaald wordt door de amplitude en lengte van
de laserpuls. Net zoals een speedboot op een meer het water achter zich in een golfbeweging
brengt, trekt de laserpuls een spoor van golvende elektronen door het plasma. Wie denkbeeldig
met de laserpuls in het plasma meebeweegt, ziet de plasmagolf als een stilstaand patroon van
ladingsverdeling dat zich, naarmate de tijd verstrijkt, steeds verder langs de afgelegde baan van
de laserpuls uitstrekt.
Hoe kan men nu elektronen in deze plasmagolf versnellen? De plasmagolf bestaat uit een oscillerende ladingsverdeling, dus net als bij de versnelling op een radiogolf in een vacuümbuis
zijn er oscillerende elektrische velden. Net als in de vacuümbuis is het resultaat van deze oscillatie dat op een vast punt in het plasma de kracht afwisselend versnellend en vertragend werkt.
Door nu buiten het plasma een elektronenbundel van te voren te versnellen en vlak achter de
laserpuls in dezelfde richting in het plasma te schieten, kan men deze elektronenbundel invangen en versnellen in de plasmagolf. Naar analogie met de speedboot op het meer kan men zich
de ingevangen elektronenbundel voorstellen als iemand op waterski’s die in het kielzog van de
speedboot wordt voortgetrokken. De timing van de laserpuls en de voorversnelde elektronenbundel bij het inschieten moet nauwkeurig zijn, anders komt de bundel op de verkeerde plek in de
plasmagolf terecht en wordt deze niet versneld, maar in plaats daarvan vertraagd.
Gezien vanuit het perspectief van iemand die denkbeeldig met de laserpuls meebeweegt, staat de
plasmagolf stil en beweegt de elektronenbundel zich langzaam naar de laserpuls toe. Dit komt
doordat de snelheid van de elektronenbundel door de versnelling toeneemt en groter wordt dan
de snelheid van de laserpuls. Dit verschijnsel noemt men faseverschuiving (in het Engels bekend
als dephasing). Doordat de elektronen ten opzichte van de laserpuls langzaam naar voren bewegen, komt de bundel uiteindelijk terecht op een punt in de plasmagolf waar de kracht overgaat
van versnellend naar vertragend. Als de bundel op dit punt is aangekomen, begint de snelheid
van de bundel (en daarmee samenhangend de energie) weer af te nemen. De ideale versnellengte
voor plasmagolfversnelling wordt dus gegeven door de conditie dat de laserpuls en de elektronenbundel het plasma kunnen verlaten op het moment dat de bundelenergie een maximum heeft
bereikt.
Een belangrijk resultaat van mijn onderzoek is dat het moment waarop de bundelenergie maximaal is, kan samenvallen met het moment waarop de energiespreiding minimaal is. Een versnelling waarbij de genoemde momenten samenvallen, heb ik een geoptimaliseerde versnelling
genoemd. Geoptimaliseerde versnelling kan men bereiken door van de ingeschoten elektronenbundel de lengte, de breedte, de hoeveelheid lading en de timing ten opzichte van de laserpuls
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op een bepaalde manier op elkaar af te stemmen. Ook heb ik gevonden dat de geoptimaliseerde
versnelling zo kan worden ingericht dat de emittantie niet toeneemt. Dit kan bereikt worden
door bij het inschieten van de elektronenbundel de breedte en de divergentie te manipuleren. Bij
de berekening van de elektronenbeweging in de plasmagolf heb ik rekening gehouden met de
volgende factoren:
1. Divergentie van de laserpuls. Zoals eerder genoemd, wordt de laserpuls in het plasma
gefocusseerd om voldoende amplitude te krijgen. Doordat de laserpuls achter het brandpunt divergeert, wordt echter de beschikbare versnellengte beperkt. Dit probleem wordt
opgelost door aan te nemen dat het plasma zodanig geprepareerd is, dat langs een bepaalde
lijn in het plasma de dichtheid lokaal wat lager is. In een plasma met zo’n dipje in het
dichtheidsprofiel, dat een plasmakanaal wordt genoemd, kan een gefocusseerde laserpuls
in het genoemde dipje over een lange afstand geleid worden zonder te divergeren. Plasmagolven die in een plasmakanaal worden opgewekt, hebben een wat andere structuur dan
plasmagolven in een plasma met uniforme dichtheid. De consequenties die dit verschil van
structuur voor de beweging van versnelde elektronen met zich meebrengt, zijn uiteraard in
mijn berekeningen opgenomen.
2. Eindige afmeting van de elektronenbundel. De energiewinst van een elektron hangt af
van de sterkte van de ondervonden versnelkracht, die weer afhangt van de plaats waar het
elektron zich in de plasmagolf bevindt. Voor elektronen in verschillende delen van de bundel ontstaan daardoor energieverschillen tijdens het versnellingsproces. Het blijkt echter
dat de energiespreiding die zo ontstaat weer geheel of gedeeltelijk kan worden opgeheven
doordat de elektronen zich tijdens de versnelling langzaam in de plasmagolf naar voren bewegen. In het begin van de versnelling wordt de voorkant van de bundel harder versneld,
terwijl aan het eind de elektronen aan de achterkant een grotere versnelkracht ondervinden. Uit simulatieresultaten is gebleken dat het hier omschreven compensatieschema voor
minimaliseren van energiespreiding alleen kan worden toegepast op bundels die kort zijn
ten opzichte van de plasmagolflengte. Om precies te zijn, de langste bundel waarvoor
dit schema nog met succes is gesimuleerd, meet van kop tot staart 30% van een plasmagolflengte.
3. Interactie van de elektronenbundel met het plasma. Doordat de ingeschoten elektronenbundel is voorversneld, wordt de onderlinge elektrische afstoting van bundelelektronen grotendeels gecompenseerd door magnetische aantrekking, zoals eerder is uitgelegd. De elektrische afstoting tussen bundelelektronen en plasma-elektronen wordt echter niet gecompenseerd. Zo wordt, net als door de laserpuls, ook door de bundel-plasma-interactie een
plasmagolf opgewekt, inclusief de daarbij behorende oscillerende elektrische (en in dit
geval ook magnetische) velden. Het effect dat deze velden op de elektronenbundel hebben,
namelijk dat de bundel in de voorwaartse richting vertraagd en in de loodrechte richting
samengeknepen wordt, is in mijn berekeningen volledig meegenomen.
4. Loodrechte beweging van bundelelektronen. Net als de laserpuls wordt ook de elektronenbundel in het plasma gefocusseerd bij het inschieten. Daardoor krijgen de bundelelektro-
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nen, naast de voorwaartse snelheid die ze al hebben, ook een zijwaartse snelheid, dat wil
zeggen een snelheidscomponent in de richting die haaks staat op de voortbewegingsrichting. Dit leidt echter niet tot divergentie van de elektronenbundel, omdat in de plasmagolf
een terugdrijvende elektrische kracht de bundel bij elkaar houdt. Een ongewenst neveneffect treedt echter op als de elektronenbundel door een toevallige onzuiverheid in de uitlijning een kleine loodrechte uitwijking heeft ten opzichte van de baan van de laserpuls (zie
Figuur 4.17). Dan komt namelijk de hele bundel in een oscillatie om de baan van de laserpuls terecht. Deze collectieve oscillatie kan instabiel worden als de elektronen door onderlinge interactie elkaars oscillaties versterken. Dit effect leidt meestal tot enige toename van
de emittantie en in het ergste geval tot het uiteenvallen van de bundel doordat de elektronen elkaar blijven opzwepen. Uit mijn onderzoek is nu gebleken dat de bovengenoemde
bundel-plasma-interactie de instabiliteit onderdrukt. Als een bundel met een voldoende
hoeveelheid lading met een kleine uitwijking ten opzichte van de baan van de laserpuls
wordt ingeschoten, ontstaat weliswaar een oscillatie om de baan van de laserpuls, maar
door de samenknijpende kracht worden de elektronen zo stijf tegen elkaar aangedrukt, dat
ze allemaal tot precies dezelfde oscillatie worden gedwongen. In dit geval blijft de bundel
stabiel en treedt er nauwelijks toename van emittantie op. Natuurlijk kan men de lading
van de bundel niet tot in het oneindige opvoeren, omdat dan het vertragende effect van de
bundel-plasma-interactie gaat overheersen. Uit simulatieresultaten is echter gebleken dat
het gunstige effect (onderdrukken van de instabiliteit) al bij een kleinere hoeveelheid lading optreedt dan die waarbij het ongunstige effect (afremming in de voorwaartse richting)
dominant wordt.
De bestudering van alle bovengenoemde effecten heeft geleid tot het opstellen van een strategie
om voor elektronenversnelling in een plasmagolf een hoge bundelkwaliteit te bereiken. Essentieel daarin zijn de condities voor bundellengte (kort ten opzichte van de plasmagolflengte), de
timing met de laserpuls bij het inschieten in het plasma, en de afstemming van de hoeveelheid
lading en de bundelbreedte op de timing en de bundellengte om een geoptimaliseerde versnelling
te bereiken (ter herinnering: optimalisatie houdt in dat een maximum in de bundelenergie samenvalt met een minimum in de energiespreiding). Voor geoptimaliseerde versnelling kan een energiespreiding van ongeveer 2-4% van de bundelenergie na versnelling bereikt worden met behoud
van emittantie. Hoeveel lading er precies versneld kan worden en tot welke bundelenergie de
versnelling leidt, hangt uiteraard af van de karakteristieken van de beschikbare laserpuls en het
beschikbare plasmakanaal.
Een zo lage energiespreiding als hierboven gegeven (2-4%) is niet nodig als men de elektronenbundel wil toepassen voor het opwekken van kernreacties om bijvoorbeeld isotopen voor radiotherapie te produceren. Dit is een mogelijke toepassing van plasmagolfversnelling waarvoor
belangstelling bestaat bij de groep van dr. Wim Leemans aan het Lawrence Berkeley National
Laboratory in de VS (Berkeley, California), waar ik enige tijd heb mogen verblijven om met dr.
Leemans en andere leden van zijn groep samen te werken.
In de groep van dr. Leemans is onderzoek gedaan aan een methode om met laser-plasmainteractie elektronen te versnellen op een manier die afwijkt van het hierboven geschetste schema.
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In het kort komt deze methode hierop neer dat de gebruikte laserpuls krachtig genoeg is om zelf
een hoeveelheid materie te ioniseren en in het aldus ontstane plasma een plasmagolf op te wekken
van zo’n hoge amplitude dat elektronen uit het plasma in de plasmagolf gevangen en versneld
worden.
De elektronenbundel die met deze methode uit het plasma wordt gewonnen, bevat zeer veel
elektronen, waarvan de meeste echter een energie hebben die onder de drempelwaarde van de
benodigde kernreactie ligt. Dat de bundel ook elektronen met energie boven de drempelwaarde
bevat, is experimenteel vastgesteld. Omdat deze elektronen zo’n kleine fractie van de totale
elektronenpopulatie in de bundel vormen, stelde dr. Leemans voor dat ik zou berekenen wat er
gebeurt als de bundel wordt doorversneld met de versnellingsmethode die ik al had bestudeerd
en in deze samenvatting vrij uitvoerig besproken heb. Zijn idee daarbij was dat het mogelijk is
de energie van een aanzienlijk deel van de elektronen in de bundel tot boven de drempelwaarde
te verhogen. Dit bleek ook uit mijn simulatieresultaten, die weliswaar een groot bundelverlies
van ca. 60% lieten zien, maar ook een duidelijke toename van de hoeveelheid elektronen met
een energie boven de drempelwaarde. Verdere berekeningen wezen uit dat de opbrengst van
de kernreactie voor de doorversnelde bundel spectaculair toeneemt in vergelijking met de nietdoorversnelde bundel, in de orde van het honderd- tot duizendvoudige.
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Miné, B. Cros, G. Matthieussent, P. Mora, A. Solodov, J. Morillo, and Z. Najmudin,
Phys. Plasmas 6, 2903 (1999) Acceleration of injected electrons in a laser wakefield
experiment
[117] S.B. van der Geer and M.J. de Loos, Ph. D. Thesis Eindhoven University of Technology,
The General Particle Tracer code - design, implementation and application
[118] A.G. Khachatryan, JETP Lett. 74, 371 (2001) Trapping, compression and acceleration of
an electron beam by the laser wake wave
[119] A.G. Khachatryan, Phys. Rev. E 65, 046504 (2002) Trapping, compression, and acceleration of an electron bunch in the nonlinear laser wakefield
[120] S.V. Bulanov, I.N. Inovenkov, V.I. Kirsanov, N.M. Naumova, and A.S. Sakharov, Phys.
Fluids B4, 1935 (1992) Nonlinear depletion of ultrashort and relativistically strong
laser pulses in an underdense plasma
[121] W. Horton and T. Tajima, Phys. Rev. A 34, 4110 (1986) Pump depletion in the plasmabeat-wave accelerator
[122] P. Sprangle, E. Esarey, J. Krall, and G. Joyce, Phys. Rev. Lett. 69, 2200 (1992) Propagation and guiding of intense laser pulses in plasmas
[123] E. Esarey, P. Sprangle, J. Krall, A. Ting, and G. Joyce, Phys. Fluids B5, 2690 (1993)
Optically guided laser wake-field acceleration
[124] T.C. Chiou, T. Katsouleas, C. Decker, W.B. Mori, J.S. Wurtele, G. Shvets, and J.J. Su,
Phys. Plasmas 2, 310 (1995) Laser wake-field acceleration and optical guiding in a
hollow plasma channel
[125] T.C. Chiou, T. Katsouleas, and W.B. Mori, Phys. Plasmas 3, 1700 (1996) Stability of
intense laser propagation in an underdense hollow channel plasma
[126] P. Volfbeyn, P.B. Lee, J. Wurtele, W.P. Leemans, and G. Shvets, Phys. Plasmas 4, 3403
(1997) Driving laser pulse evolution in a hollow channel laser wakefield accelerator
[127] C.G. Durfee III and H.M. Milchberg, Phys. Rev. Lett. 71, 2409 (1993) Light pipe for high
intensity laser pulses
[128] C.G. Durfee III, J. Lynch and H.M. Milchberg, Phys. Rev E 51, 2368 (1995) Development
of a plasma waveguide for high-intensity laser pulses
[129] H.M. Milchberg, T.R. Clark, C.G. Durfee, T.M. Antonsen, and P. Mora, Phys. Plasmas 3,
2149 (1996) Development and applications of a plasma waveguide for intense laser
pulses
[130] S.P. Nikitin, T.M. Antonsen, T.R. Clark, Y. Li, and H.M. Milchberg, Optics Letters 22,
1787 (1997) Guiding of intense femtosecond pulses in preformed plasma channels
[131] P. Volfbeyn, E. Esarey, and W.P. Leemans, Phys. Plasmas 6, 2269 (1999) Guiding of laser
pulses in plasma channels created by the ignitor-heater technique

REFERENCES

161

[132] T.R. Clark and H.M. Milchberg, Phys. Rev. E 61, 1954 (2000) Optical mode structure of
the plasma waveguide
[133] K. Krushelnick, A. Ting, C.I. Moore, H.R. Burris, E. Esarey, P. Sprangle, and M. Baine,
Phys. Rev. Lett. 78, 4047 (1997) Plasma channel formation and guiding during high
intensity short pulse laser plasma experiments
[134] V. Malka, E. de Wispelaere, F. Amiranoff, S. Baton, R. Bonadio, C. Coulaud, R. Haroutunian, A. Modena, D. Puissant, C. Stenz, S. Hüller, and M. Casanova, Phys. Rev. Lett.
79, 2979 (1997) Channel formation in long laser pulse interaction with a helium gas
jet
[135] E. de Wispelaere, V. Malka, S. Hüller, F. Amiranoff, S. Baton, R. Bonadio, M. Casanova,
F. Dorchies, R. Haroutunian, and A. Modena, Phys. Rev. E 59, 7110 (1999) Formation of plasma channels in the interaction of a nanosecond laser pulse at moderate
intensities with helium gas jets
[136] Y. Ehrlich, C. Cohen, A. Zigler, J. Krall, P. Sprangle, and E. Esarey, Phys. Rev. Lett.
77, 4186 (1996) Guiding of high intensity laser pulses in straight and curved plasma
channel experiments
[137] D. Kaganovich, A. Ting, C.I. Moore, A. Zigler, H.R. Burris, Y. Ehrlich, R. Hubbard,
and P. Sprangle, Phys. Rev. E 59, R4769 (1999) High efficiency guiding of terawatt
subpicosecond laser pulses in a capillary discharge plasma channel
[138] N.A. Bobrova, S.V. Bulanov, A.A. Esaulov, and P.V. Sasarov, Plasma Phys. Rep. 26, 10
(2000) Capillary discharges for guiding of laser pulses
[139] D.J. Spence and S.M. Hooker, Phys. Rev. E 63, 015401 (2001) Investigation of a hydrogen
plasma waveguide
[140] P. Sprangle, B. Hafizi, and P. Serafim, Phys. Rev. Lett. 82, 1173 (1999) Dynamics of short
laser pulses propagating in plasma channels
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