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Abstract

In robotic applications which involve handling objects or interaction with the environment,
robots generally establish contact at near-zero speed due to the effect of impacts. At im-
pact, rapid velocity changes occur in the robot joints accompanied by large contact forces,
which can cause damage to the robot, humans, or the environment. As a result, robots
typically accelerate and decelerate repeatedly to achieve a task that involves contact, which
negatively affects the energy consumption and throughput. In order to increase the perfor-
mance, control strategies are proposed that take into account the impact dynamics, which
are referred to as impact-aware control. Impact-aware control strategies exploit impacts, to
increase the swiftness of the performed tasks and reach a more human-like behavior. One
of the challenges in impact-aware control strategies is that, in presence of uncertainties, a
robot can experience an impact at a different time than expected. This causes the actual
state of the system to reside in a different mode than prescribed by the time-based reference
trajectory, which can cause the robot to compensate aggressively and possibly becoming un-
stable. Furthermore, when contact is expected to be established at multiple contact points
simultaneously, the controller can enter an unspecified and typically unpredictable mode.
Lastly, in case of external perturbations, the robot can lag behind compared to its reference
state at that time instant, which would cause the robot to “catch up” in order to reach its
desired state, which would generally be undesired.

The combination of a time-invariant control strategies and an impact-aware reference spread-
ing control strategy can provide a possible solution for these challenges. By employing a refer-
ence that is solely a function of the robot’s position and orientation, and extending it around
an expected impact position, robots can be controlled towards an intentional impact in the
presence of uncertainties. Therefore, the goal of this project is to design an impact-aware
time-invariant reference spreading control strategy for a dual-arm robotic system capable
of swift grasping. To achieve this, a procedure is proposed to generate time-invariant ref-
erences that can steer the robots towards a desired position and speed to swiftly grasp an
object, while ensuring the reference is compatible through the impact dynamics. In order
to be applicable on a dual-arm robotic system, the time-invariant reference spreading con-
trol strategy is cast into a task-based quadratic-programming control framework, which is
a common framework for control of complex systems. Furthermore, an intermediate mode
control strategy is proposed to ensure full contact is established when a loss of simultaneity
occurs. Additionally, a synchronization strategy is formulated to ensure the robots reach
the object at the same time. Finally, the effectiveness of the proposed control approach is
validated by means of numerical simulation studies on a two-dimensional, and a more com-
plex three-dimensional scenario, which consists of a realistic seven degrees of freedom robot
setup.
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Chapter 1

Introduction

The ongoing labour shortage is currently one of the biggest challenges in modern history [1].
One of the affected sectors is the e-commerce, which has been even growing more rapidly
due to the COVID-19 pandemic [2]. Typically simple, repetitive, and monotonous tasks,
are already being replaced by robots, as robots generally excel over humans in such tasks
due to their speed and consistency [3]. The development of these technologies is an active
field of research for further improvement of throughput and efficiency [4]. Although many
improvements are being made, there are still human skills which robots are not yet able to
perform as effectively, for example tasks that require dynamically manipulating objects.

Humans learn and develop an intuitive approach for swiftly grabbing objects from a young
age. This makes it possible to coordinate towards an object and grasp it at relatively high
speed. For robots however, these type of tasks are more challenging due to the effects of im-
pacts that occur when contact is made at nonzero velocity. Impacts can be characterized by
short time intervals, high accelerations, and large contact forces. At impact, rapid velocity
changes occur in the robot joints, which current robotic systems are not well-equipped to
deal with, whereas humans automatically take this into account in the performed task. As
a result, in most robotic applications, robots move quickly to an object, establish contact at
almost zero relative velocity, and again move in a fast motion with the object. The main
drawback of this approach is the fact that the robot needs to accelerate and decelerate mul-
tiple times, which is energy consuming and time costly. By allowing the robot to grasp the
object in a smooth and fast motion, the total throughput and efficiency of the process can
be increased, and more human-like behavior can be achieved.

The development of control strategies that take into account the impact dynamics is generally
referred to as impact-aware control. In the context of grasping, impact-aware control aims
to establish contacts at non-zero relative speed between the object to be grasped and the
robot end-effector(s). The research done in this MSc project aims to extend the current
developments around impact aware control. Furthermore, this research is part of the I.AM
project1, an international collaboration focusing on impact aware manipulation in logistics,
funded under the European Union’s Horizon 2020 Research and Innovation Program.

1I.AM: https://i-am-project.eu/
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Chapter 1. Introduction

1.1 Background and related work

In this section, the main contributions in the field of impact-aware manipulation, time-
invariant control strategies, and dual-arm systems which are related to this research will
be shortly discussed. First, the difficulties in tracking applications involving impacts and
proposed impact-aware control strategies will be discussed. Next, the background on time-
invariant control strategies will be discussed. Time-invariant control strategies aim to ac-
complish a robot task without explicitly relying on time-dependent reference trajectories.
Finally, an overview will be given of existent control approaches for dual-arm grasping ap-
plications.

(a) (b)

Figure 1.1: Example of a 7 DOF dual-arm robotic system grasping a box. In (a), the
robot end effectors move towards the box; in (b), the end effectors have grasped and lifted
the box.

1.1.1 Impact-aware control strategies

Traditional time-based controllers aim to complete a robot task by prescribing a time-
dependent trajectory [5–15]. Often a combination of feedforward and feedback control is
used to track the reference trajectory accurately. With feedback control, the actual state of
the system is compared to its reference state - generally referred to as the control error - and
compensated for with active control. A large control error results in high control gains sent
to the robot, which in turn increase the control effort to converge to its reference state more
aggressively. This type of control strategy works well when the robot moves freely in space
or under sustained contact, referred to as free and constrained motion, respectively. Apply-
ing the same philosophy on trajectories with intentional impacts will cause issues, however.
Impacts are characterized by a short time duration, large contact forces, and energy dissipa-
tion. During this short time span, the velocity of an object experiencing impact will rapidly
change. When considering the feedback control approach, comparing the actual velocity to
its reference velocity can result in a large control error due to a mismatch between predicted
and actual impact time. This phenomenon is referred to as peaking [5]. During peaking, it is
possible that the commanded control signals saturate their limits and can cause poor tracking
or even unstable behavior. Furthermore, in the case of bodies making impact simultaneously
at multiple contact point, a loss in simultaneity would result in a contact state mismatch
causing the system to enter an unspecified and typically unpredictable mode. Therefore,
alternative control approaches are proposed to take into account the impact dynamics.

In [8, 9], the authors propose a stable contact transition controller for transition from free
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1.1. Background and related work

motion to constrained motion. In this work, the desired motion trajectory is based on a
priori knowledge of the expected impact location. If the impact occurs at a different location
however, the desired trajectory is modified using projection matrices. In [10], a similar
transition phase method is proposed that is also suitable for non-periodic trajectories and
multiple impacts. In [11–14], peaking is avoided by defining distance functions that take into
account the hybrid nature of the system. The proposed approaches have been tested on a 1
Degree of Freedom (DOF) systems involving only single impacts. In [15], an impact-aware
multi-mode trajectory optimization (TO) method is proposed that combines hybrid dynamics
and hybrid control in a coherent fashion. The method is experimentally validated for a task
that involves a robotic manipulator halting a large-momentum object. Finally, in [5], the
idea of Reference Spreading (RS) is introduced. In RS, the reference trajectory is modified
by extending the reference around the anticipated impact time. By switching to the extended
post-impact reference when impact has occurred, the effect of peaking is reduced. RS control
allows for both periodic and non-periodic trajectories, as well as (partially) elastic/inelastic
impacts [6, 7]. In [16], an RS control framework is proposed for simultaneous impacts, and
validated numerically on a planar 3 DOF manipulator.

1.1.2 Time-invariant control strategies

In traditional time-based control approaches, a robot task is generally executed by prescrib-
ing a time-based reference trajectory to the robot joints or end effector. When unexpected
disturbances or external perturbations cause the robot to lag behind the time-based refer-
ence trajectory, this is typically solved by applying feedback and forcing the robot back to
its desired motion, which is generally undesirable in terms of control effort. Time-invariant
control strategies eliminate this explicit time-dependency. In [17], a dynamic system-based
(DS) control law is proposed to generate the appropriate reach and reference motion for a
catching motion. The approach is tested on a robot catching an object softly mid-air, which
has shown that time-invariant based approaches are additionally well suited to provide fast
reactivity and on-the-fly re-planning of trajectories in the presence of uncertainties. In [18],
a DS-based control law is proposed to generate autonomous and synchronized motions for a
multi-arm robot system. The key challenges in the work of [18] addressed by the authors are
the avoidance of self-collision for the proposed DS-approach, as only self-collision avoidance
between the end-effector, i.e. at task-level, can be guaranteed. In [19, 20], a time-invariant
control framework is proposed for a 7 DOF dual-arm robot setup to achieve fast grabbing and
tossing of boxes. The velocity of the robots are controlled using state-dependent modulation
functions. The proposed control framework has been experimentally validated in simulation
and on real robots. The main challenges addressed by the authors in the work of [20] are the
limited tracking ability, particularly during tossing. Furthermore, the authors recommend
improving the tracking accuracy and safety of the robot hardware by including the impact
dynamics. In [21], a time-invariant reference spreading control framework is proposed and
validated through numerical simulations on a manipulator tasked with opening a door dy-
namically. Unlike [19, 20] however, in the work of [21] the impact dynamics are taken into
account.

Maneuver regulation is another approach that enables time-invariant reference following.
In [22], techniques are considered for converting a stable tracking control law to a stable
maneuvering control law by finding an appropriate mapping. By applying the maneuver
regulation law, the control input becomes a function of certain state of the system, e.g.,
position or orientation, instead of time. In [23], the method of [22] is modified for nonlinear
non-minimum phase systems [24]. In path following, similar to DS-based approaches and
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Chapter 1. Introduction

maneuver regulation, a time-invariant reference is formulated and followed. Control laws to
achieve path following are proposed in [25–28]. In [26], improvements on existing algorithms
that deal with redundancy in path following strategies are proposed.

1.1.3 Dual-arm grasping

Dual-arm robotic systems, for example, shown in Figure 1.1, are able to perform bi-manual
tasks such as grasping. Various control strategies have been proposed in the context of
dual-arm grasping [29, 30]. In [31], task-space RS control in a quadratic-programming (QP)
control framework is formulated for a 7 DOF dual-arm robot grasping an object. In QP con-
trol, tasks can be specified for specific variables such as the pose of an end effector or center
of mass of a humanoid, under a set of constraints. QP control has been applied on various
robots, including dual-arm robotic systems [32–34]. In [35], a control strategy is proposed
that combines traditional RS with Learning from Demonstration (LfD) using probabilistic
movement primitives. Finally, in [36], an RS framework is proposed for a planar dual-arm
setup capable of dynamically grasping, tossing, and catching objects. In the research of
[31, 35, 36], a time-based control approach is proposed to achieve impact-aware grasping.
Time-invariant control approaches for dual-arm grasping applications have been proposed
in [18–20]. However, as stated in Section 1.1.2, unlike RS, the impact dynamics are not
explicitly taken into account in these works. Lastly, in [37], an additional soft padding is
attached to the robots’ end effectors to allow higher impact velocities without damaging the
robots or objects.

1.2 Research goal

When looking at existing control approaches for impact-aware dual-arm grasping, it can
be seen that both reference spreading and time-invariant based approaches have proven to
be a promising impact-aware control strategy. One of the strengths of time-invariant based
approaches is the robustness against external perturbations. The reference spreading control
approach for dual-arm grasping applications enables motions involving impacts by extending
the reference around the predicted impact time. However, to the best of our knowledge,
there exists no impact-aware control strategy for dual-arm grasping that merges reference
spreading with a time-invariant control strategy in a QP control framework. Therefore, the
goal of this research is formulated as:

Design an impact-aware control strategy for a dual-arm robotic system capable
of fast grasping through time-invariant reference spreading in a QP control

framework.

Towards achieving this goal, three contributions will be made in this research.

• Developing a time-invariant reference generation and extension procedure in line with
reference spreading for motions involving intentional impacts that are compatible with
the impact dynamics.

• Defining a time-invariant reference spreading QP control framework for a dual-arm
robotic system capable of fast grasping involving simultaneous impacts, in the presence
of uncertainties.

• Demonstrating the effectiveness of the proposed control framework on a two-dimensional
and three-dimensional setup by means of numerical simulations.

4



1.3. Thesis outline

1.3 Thesis outline

The structure of this thesis is as follows. In Chapter 2, the mathematical preliminaries and
background information are provided, together with relevant references to the literature for
further reading. Reference spreading, quadratic-programming-based robot control, and the
software framework among other core concepts will be discussed. In Chapter 3, the controller
design is described. The time-invariant reference generation and QP formulation is detailed.
In Chapter 4, a numerical simulation study is performed to validate the designed controller.
Finally, in Chapter 5, conclusions are drawn and recommendations for further research are
given.

5





Chapter 2

Preliminaries

This chapter provides an overview of the main preliminaries that are relevant for this work.
First, the essence of the control strategy named reference spreading will be reviewed in
Section 2.1. Next, the background on task-based quadratic programming control will be
given in Section 2.2. Thereafter, an overview of the software frameworks that will be used in
this research for the controller design and numerical simulations will be shortly summarized
in Section 2.3. Furthermore, various types of contact models will be treated in Section 2.4.
Finally, Radial Basis Function interpolation procedures will be explained in Section 2.5.

2.1 Reference spreading

Reference spreading is mentioned in Chapter 1 as a control strategy to eliminate peaking
in trajectory tracking applications involving impacts. First, reference spreading for single
impacts will be treated. Thereafter, reference spreading involving simultaneous impacts is
discussed.

2.1.1 Reference spreading for single impacts

Consider Figure 2.1a, where a system’s state trajectory x(t) is ought to follow a desired
reference trajectory xd(t) involving two contact states, described by an ante-impact and
post-impact state, denoted with xad(t) and xpd(t), respectively. The desired reference tra-
jectory can be tracked using a classical feedback controller. When the system experiences
an impact at time t1 instead of the predicted impact time td, the resulting tracking error
e(t) = x(t)−xd(t) spikes due to the contact state mismatch between the actual and reference
trajectory, as shown in Figure 2.1b. As mentioned in the introduction, this spiking of the
tracking error e(t) is referred to as peaking [5].

Reference spreading reduces peaking by extending the ante-impact and post-impact reference
around the nominal impact time. The extended trajectory is indicated with x̄d(t) and shown
in Figure 2.2a. The proposed tracking error ē(t) = x(t)− x̄d(t) is now the error between the
current state and extended reference trajectory in the same contact state, and can be seen
in Figure 2.2b. From Figure 2.2b, it can be observed that peaking is reduced using this new
error notion.

7



Chapter 2. Preliminaries

(a) (b)

Figure 2.1: An illustrative example of peaking in the tracking error e(t) as a result of the
contact state mismatch between the perturbed state trajectory x(t) and reference trajectory
xd(t). In (a), tracking of the reference trajectory xd(t) with predicted impact time td, and
x(t) experiencing an impact at time t1. After impact, x(t) is still compared to the ante-
impact reference xad(t), resulting in a contact state mismatch; in (b), peaking of the tracking
error e(t) at the time interval t ∈ [t1, td] due to the contact state mismatch.

(a) (b)

Figure 2.2: Illustration of reference spreading applied to the example of Figure 2.1, where
the perturbed state trajectory x(t) is now compared to the extended reference trajectory
x̄d(t). In (a), tracking of the extended reference trajectory in the same contact state. After
impact, x(t) is now compared to the extended post-impact reference x̄pd(t); in (b), reduction
in peaking of the tracking error e(t) at the time interval t ∈ [t1, td] as the system is now
compared to the reference trajectory in the same contact state.

2.1.2 Reference spreading for simultaneous impacts

For the case of single impacts, the reference spreading error notion ē(t) reduces peaking. In
practice, however, bodies that make contact at multiple contact points will often experience
a sequence of single impacts before full contact is established. Consider for example a planar
falling box as depicted in Figure 2.3a. Ideally, the red box will make contact with the floor
simultaneously through both contact points. However, due to perturbations, the blue box
can first hit one of the corners and only then establish full contact with the floor. This
phenomenon is called loss of simultaneity. While the red box only experiences one state
jump at td, the blue box experiences two state jumps at t1 and t2. During the time interval
t ∈ [t1, t2], the box enters an intermediate and typically unspecified contact state, as shown
in Figure 2.3b. This unspecified mode will be referred to as the intermediate mode for the
remainder of this work [7, 16, 21, 31, 35, 36].

8



2.2. Task-based QP control

(a) (b)

Figure 2.3: Illustrative example of a falling box with state trajectory x(t) for the case
of an ideal simultaneous impact and the case where a loss of simultaneity occurs. In (a),
the red box experiences a simultaneous impact at td with the floor at both contact points,
whilst the blue box experiences two single impacts at t1 and t2, at the left and right corner,
respectively; in (b), the perturbed state trajectory of the box in blue x(t) and extended
reference trajectory x̄d(t). During the time interval t ∈ [t1, t2], the box enters an unspecified
contact state, which is referred to as the intermediate mode.

During the intermediate mode, the reference trajectory is not specified. Furthermore, due
to the experienced impacts, the velocity sensor data would be unreliable, making velocity
feedback undesired. In order to deal with this, various strategies have been employed during
this intermediate mode. In [7], only feedforward is applied without feedback. In [16, 21],
a combination of feedforward and position control is used to fully establish contact. It
should be noted that generally, the number of impacts during the intermediate mode is not
bounded to one but instead a sequence of single impacts. In these cases, the intermediate
mode time interval is the time between the initial impact and final impact before establishing
full contact.

2.2 Task-based QP control

Task-based QP control is a reactive control technique that aims to find an optimal (in terms
of a quadratic cost function) control input, to complete certain (possibly conflicting) control
objectives, whilst being subject to linear (in)equality constraints. The control objectives,
which will be referred to as tasks, can either be defined in Cartesian space or joint space,
and can be specified to control a body to a desired pose, or establishing a desired contact
wrench between a robot and its surroundings. Task-based QP control has been applied on
humanoids [32], legged robots [33], and multi-robot scenarios involving grasping [34]. The
output of the QP controller can be a set of desired joint accelerations, or joint torques, to
steer the system towards completing a set of formulated tasks. The cost function related to
a task can be formulated as

E = ∥g̈ − g̈d + kd(ġ − ġd) + kp(g − gd)∥2, (2.1)

where g denotes a possibly multi-dimensional task, g̈d, ġd, and gd, the desired acceleration,
velocity, and position, respectively, and kp, kd ∈ R+ the proportional and derivative task
gain. By defining the task error as e = g − gd, the cost function can be rewritten as

E = ∥ë + kdė + kpe∥2. (2.2)
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The cost function for n weighted tasks is now given by

(q̈∗, τ ∗,λ∗) = argmin
q̈,τ ,λ

n∑
k=1

wkEk, (2.3)

where wk denotes the task weight of the k-th task, Ek the cost function related to the k-
th task defined in (2.2), q̈, τ , and λ the optimization variables, corresponding to the joint
accelerations, torques, and contact forces, respectively. In this work, the superscript (·)∗
will denote the QP controller output, which can be used to control the robot to achieve the
desired tasks. The linear equality constraints are generally the equations of motion of the
system, to ensure the obtained solution adheres to the modelled dynamics. The inequality
constraints can consist of prescribing the joint limits, torque limits, and additional contact
constraints.

The QP controller solves the optimization problem in (2.3) each control loop using the actual
joint positions and velocities. Depending on the type of low-level controller in the joints,
either the obtained accelerations q̈∗ or joint torques τ ∗ are used. For position and velocity
control, the reference is obtained through the integration of q̈∗. For torque-controlled robots,
as the ones considered in this work, the commanded joint torques τ ∗ are sent to the robots.
An example of a simplified block diagram is shown in Figure 2.4, illustrating the framework
architecture consisting of the QP controller, robots, and task function.

*
q

*

,q  q  

,q  q  

d d d
, ,  g g g  

QP controller Robots

Task Function

Figure 2.4: Illustration of a simplified block diagram consisting of the QP controller, robots,
and task function. The actual joint positions q and velocities q̇ of the robots obtained at each
control loop are sent to the QP controller and task function. The task function generates
the desired task position gd, velocity ġd, and acceleration g̈d, which are passed to the QP
controller. The QP controller solves (2.3) each control loop and subsequently sends the
computed joint accelerations q̈∗ and torques τ ∗ to the robots.

2.3 Software framework

In this research, the designed controller will be validated by means of numerical simulations.
Two types of simulations will be considered, consisting of a 3 DOF robot in 2D space and a

10
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realistic 7 DOF robot in 3D space. First, the considered robotic manipulators will be treated.
Next, the choice of software for the controller framework and simulator will be treated.

Robotic manipulator

The manipulator that is used for simulations in 2D space is a 3 DOF robot with a flat end
effector, as shown in Figure 2.5a. This manipulator will be used to model an environment
consisting of a planar dual-arm robot setup and an object to be grasped.

The choice of manipulator for simulations in 3D space is the Franka Emika Research 31. The
Franka Emika Research 3 is a 7 DOF robot with a payload of 3 [kg] and is shown in Figure
2.5b. The simulated model uses a round, flat end effector with an additional layer of square
padding, based on the work of [37].

(a) (b)

Figure 2.5: Overview of the two types of manipulators that will be considered in this
research. In (a), a 3 DOF manipulator which is used for the simulations in 2D; in (b), the
model of the 7 DOF Franka Emika Research 3 used for the simulations in 3D. The robot is
equipped with a flat end effector with an additional layer of padding based on the work of
[37].

MATLAB

For the simulations performed with the planar dual-arm robot setup, the choice of software
is MATLAB2 by Mathworks, in which both the QP controller and simulator will be designed.
The solver that is used in the QP controller is quadprog, which is part of the optimization
toolbox. The contact model that is used in the simulations is a compliant contact model
and regularized friction model, which will be treated in Section 2.4.2 and 2.4.3, respectively.
The robots are modelled as rigid joint manipulators in the simulation.

1Franka Emika website: https://www.franka.de/
2Mathworks website: https://nl.mathworks.com/
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mc rtc

The choice of QP controller framework for the simulations in 3D space is mc rtc3. In this
framework, a weighted QP objective hierarchy is used, which allows for multiple tasks as
discussed in Section 2.2. The computed accelerations and torques at each time step can
be used to control a real robot or virtual robot using simulators. In order to achieve this,
additional interfaces are present which will not be discussed in detail here. For a more
elaborate explanation of the involved procedures, the reader is referred to [38].

AGX Dynamics

The physical simulator that will be used for the 3D simulations is AGX Dynamics4 by
Algoryx. AGX Dynamics is well suited for analyzing impact behavior, through the use of
a time-stepping scheme [39]. In the current implementation in AGX Dynamics, all robot
joints and links are considered to be rigid. The output from the controller is sent to the
simulator which in turn is converted to a desired motor current based on an internal low-level
controller. In AGX Dynamics, an environment is modelled consisting of two 7 DOF robots
and a rigid box on a table. In combination with the QP controller designed using mc rtc,
numerical simulations can be performed to analyze the performance of the controller. For a
more elaborate explanation of the setup, the reader is referred to [38].

2.4 Contact models

In this section, a number of contact models will be discussed which will be relevant for the
performed numerical simulation study. As mentioned in Section 2.3, the type of contact
model that is employed differs for the simulations in 2D and 3D. Whilst the simulations in
3D are based on rigid assumptions and nonsmooth dynamics, the simulations in 2D are based
on compliant contact models and regularized friction models. First, modelling a rigid impact
surface will be shortly discussed in Section 2.4.1. Thereafter, compliant contact models will
be reviewed in Section 2.4.2. Lastly, friction models will be elaborated on in Section 2.4.3.

2.4.1 Rigid impact surface

Simulating impact behavior with the assumption that the impacting surfaces are perfectly
rigid can be done using the nonsmooth mechanics framework [40–45], which are defined by
hard unilateral contacts and nonsmooth friction models. The distance between two bodies
can be described by a gap function. When the gap function becomes zero, an impact could
occur, resulting in a state-jump that can be determined using a rigid impact map. Deriving
an analytical rigid impact map is possible for relatively simple cases, for example when a
spherical end effector makes impact with a frictionless surface. In [41, 43, 44], numerical as-
pects and methods for simulating nonsmooth multi-body dynamics are treated. In [46, 47], a
linear complementarity formulation is presented for spatial dynamic multi-rigid-body contact
problems with Coulomb friction. When dealing with hyperstatic conditions [48], rigid-body
modeling is not sufficient to capture the overall system behavior, because the generalized
contact forces are indeterminate. A number of approaches have been proposed to overcome
rigid-body limitation in hyperstatic grasps to solve the force indeterminacy [49–51]. The
nonsmooth mechanics framework has also been applied in the context of manipulators. In
[52, 53], rigid impact maps are derived for a robot making impact with a table and validated

3mc rtc website: https://jrl-umi3218.github.io/mc_rtc/index.html
4AGX Dynamics website: https://www.algoryx.se/agx-dynamics/
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experimentally. Furthermore, in [54], various type of surface models are modelled including
rigid surfaces and used to formulate an impact detection and classification algorithm. In
these works, all impacts were assumed to be frictionless. Neglecting friction is possible in
some cases, however, in grasping applications, friction cannot be neglected as it is the core
force that makes it possible to grasp and hold on to something.

2.4.2 Compliant surface model

Unlike contacts modelled with the nonsmooth framework, compliant surface models allow
some penetration between bodies. Several compliant contact models can be found in the
literature, e.g., the Kelvin-Voigt contact model [55], the Hertz contact model [56], and the
Hunt-Crossley contact model [57]. Compared to the Kelvin-Voigt and Hertz contact model,
the Hunt-Crossley contact model takes both the changing geometry as well as energy dissi-
pation into account, providing a more realistic way to model the contact forces. One of the
drawbacks of the Hunt-Crossley model is the fact that it can result in negative contact forces
upon forced separation of the bodies. To avoid this, the extended Hunt-Crossley model [58]
is used, which models the normal contact force λN,i at the i-th contact point through

λN,i =

{
K(δ̇i)δ

η
i , if δi ≥ 0,

0, if δi < 0,
(2.4)

where K(δ̇i) is the effective stiffness, given by

K(δ̇i) =


kenv + denvδ̇i, if δ̇i ≥ 0,

kenv exp

(
denv
kenv

δ̇i

)
, if δ̇i < 0,

(2.5)

where λN,i is the normal contact force, δi the contact point indention, δ̇i the indentation
velocity, η geometry dependent contact parameter, kenv the contact point stiffness, and denv
the contact point damping. The exponential term in (2.5) ensures that λN,i remains positive
when δ̇ < −kenv/denv, as illustrated in Figure 2.6.

Figure 2.6: Effective stiffness K(δ̇) as a function of the indention velocity δ̇ for both
the original and extended Hunt-Crossley contact model. It can be seen that K(δ̇) remains
positive for the extended Hunt-Crossley model when δ̇ < −kenv/denv, which ensures the
normal contact force λN , determined using (2.4), remains non-negative.
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(a) (b) (c)

Figure 2.7: Overview of three types of friction models that can be used to model the
tangential contact force λT as a function of the relative tangential velocity vT , normal contact
force λN , and friction coefficient µ. In (a), the classical Coulomb friction model with a
discontinuity at zero relative tangential velocity; in (b), the modified Coulomb friction model
which includes a linear term around zero relative tangential velocity; in (c), the arctan
friction model which models the friction force smoothly.

2.4.3 Friction model

There are various approaches to model dry friction [59–63]. The Coulomb friction model
[64] is perhaps the most commonly known model. The drawback of the Coulomb friction
model is the existent discontinuity at zero relative tangential velocity as shown in Figure
2.7a. To avoid the discontinuity, various modifications have been proposed in the literature.
A simple solution is to include a linear term around zero tangential velocity, as shown in
Figure 2.7b. The arctan friction model [61], as shown in Figure 2.7c, is another possible
approach to eliminate the discontinuity and is defined as

λT,i = µλN,i
2

π
arctan (ϵvT ), (2.6)

where λT,i is the friction force at the i-th contact, λN,i the normal force, µ ∈ [0, 1] the
friction coefficient, vT is the relative tangential velocity, and ϵ is a shaping parameter that
determines the slope at zero velocity. The advantage of the arctan friction model compared
to the linearized friction model is the fact that the former is smooth whereas the latter is
nonsmooth due to the discontinuities at two points.

2.5 Radial Basis Function interpolation

In this work, an impact map will be used to formulate a post-impact reference trajectory
which is compatible with the impact dynamics. The impact map is generated by means of
numerical simulations for a finite number of configurations. In order to obtain a continuous
impact map, Radial Basis Function (RBF) interpolation will be used. RBF interpolation
is an advanced method in approximation theory and well suited for high-dimensional and
unstructured data [65, 66]. The approximated function is obtained by fitting a weighted
sum of radial basis functions on the data, for example Gaussian distributions. For the
(multi-dimensional) data points (xi,yi), ∀i ∈ {1, 2, . . . , n}, the function approximation using
Gaussian RBFs takes the form

y =
n∑

i=1

wiφ (∥x− xi∥) , (2.7)
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with
ϕ(r) = e−(ϵr)2 , (2.8)

where r = ∥x− xi∥, ϵ a shaping parameter, and wi the weights which are determined through
solving

Y = ΦW, (2.9)

with Y = [y1,y2, . . . ,yn]⊤, W = [w1,w2, . . . ,wn]⊤, and where

Φ =


ϕ (∥x1 − x1∥) ϕ (∥x1 − x2∥) · · · ϕ (∥x1 − xn∥)
ϕ (∥x2 − x1∥) ϕ (∥x2 − x2∥) · · · ϕ (∥x2 − xn∥)

...
...

. . .
...

ϕ (∥xn − x1∥) ϕ (∥xn − x2∥) · · · ϕ (∥xn − xn∥)

 , (2.10)

with solution
W =

(
ΦTΦ

)−1
ΦTY. (2.11)

2.6 Summary

In this chapter, an overview is given of the preliminary mathematical background and im-
portant control concepts. In Section 2.1, the idea of reference spreading is presented. In
reference spreading, the reference trajectories are extended around the nominal impact time
to account for uncertainties. By comparing the actual state to the reference state in the
same contact state, the tracking error can be reduced significantly in trajectories involv-
ing impacts. In Section 2.2, task-based QP control is introduced, which allows for designing
multi-robot controllers that can be controlled in task space with multiple objectives and con-
straints. In Section 2.3, an overview of the software frameworks that will be used throughout
this research are shortly summarized. The reviewed software is used to perform numerical
simulations in both 2D and 3D space. In Section 2.4, various contact models relevant for the
numerical simulation study are reviewed, consisting of rigid impact surfaces, compliant con-
tact models, and friction models. In Section 2.5, RBF interpolation procedures are explained
which can be used to obtain a smooth interpolation of unstructured multi-dimensional data.
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Chapter 3

Control Approach

In this chapter, the formulated control approach will be given for a dual-arm robot setup.
The goal of the formulated control approach is to design an impact-aware control strategy for
a dual-arm robotic system capable of fast grasping. To this end, a time-invariant reference
generation procedure will be formulated, which will be merged with reference spreading in a
QP control framework. For the purpose of showing the effectiveness of the control approach,
a dynamic box-lifting application for a dual-arm robotic system is considered. First, the
generalized coordinates and dynamic model of the dual-arm robot interacting with a rigid
box are treated. Next, the time-invariant reference formulation will be explained for the ante-
impact and post-impact mode. The formulated time-invariant reference aims to guide the
end effectors towards the box during the ante-impact mode, whilst during the post-impact
mode, the goal is to bring the box to a desired position and orientation, as illustrated in
Figure 3.1a and 3.1b, respectively. Thereafter, the formulation of the QP control framework
is given. In the formulated QP framework, the ante-impact, intermediate, and post-impact
modes are each formulated as a separate QP controller. As also mentioned in Section 2.3,
the focus will be on 2D and 3D simulation studies. In order to reduce potential risks related
to the added complexity in 3D, it is decided to start prototyping and illustrating the control
approach in 2D on a 3 DOF dual-arm robot to understand the important aspects that needs
to be considered. The final section of this chapter will discuss the additional necessary steps
to extend the control approach to a 7 DOF dual-arm robot setup in 3D.

(a) (b)

Figure 3.1: Illustrative example of the desired motions during the ante-impact and post-
impact mode for the dynamic box-lifting application considered in this work. In (a), the
desired motion (in red) during the ante-impact mode to guide the end-effectors towards the
box with non-zero velocity; in (b), the desired motion of the box (in blue) during the post-
impact mode to lift and move the box towards a reference position and orientation.
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3.1 Dynamic model

In this section, first the generalized coordinates of the system will be given. Next, the
contact dynamics are detailed. Lastly, the dynamic model of the robots and the box in free
and constrained motion is given.

Figure 3.2: Overview of the 3 DOF dual-arm robot setup with a box resting horizontally
on a table. The left and right robots have the same geometric and dynamic properties. The
i-th end effector frame is denoted with Ei, the frame attached to the box with B, and the
world frame with W , with unit vectors x, y and positive orientation θ indicated in red, green,
and blue, respectively. The generalized coordinates and zero positions of the i-th robot are
indicated with qi,1, qi,2, and qi,3.

3.1.1 Generalized coordinates

Consider the planar dual-arm robot arm setup with a box resting on a table that is rigidly
fixed to the world as shown in Figure 3.2. The left and right robot are numbered as robot
1 and 2, respectively. The world frame will be indicated with W . The end effector frame
of robot i ∈ {1, 2} is indicated with Ei. The end effector position Wpe,i and orientation
W θe,i of the i-th robot describes the position and orientation of frame Ei with respect to
the world frame W , expressed in the world frame W . The frame B with origin oB is
attached to the geometrical center of the box, which also coincides with the center of mass.
Similarly, the position of the box Wpbox and its orientation W θbox denote the position and
orientation of frame B with respect to W , expressed in W . For the remainder of this work,
unless specified otherwise, all points will be expressed with respect to the world frame W ,
omitting the left superscript W (·). The generalized coordinates of the i-th robot are given by
qi = [qi,1, qi,2, qi,3]

⊤, ∀i ∈ {1, 2}, with zero positions indicated in Figure 3.2. The generalized
coordinates of the box are denoted with qbox = [px,box,py,box, θbox]⊤. The end effector linear
and angular velocities are related to the joint displacements via the Forward Kinematics (FK)
of the robot arms as

ṗe,i = Jp,iq̇i, θ̇e,i = Jθ,iq̇i, ∀i ∈ {1, 2}, (3.1)
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with

Jp,i(qi) =
∂pe,i

∂qi
q̇i, Jθ,i(qi) =

∂θe,i
∂qi

q̇i, ∀i ∈ {1, 2}, (3.2)

where Jp,i(qi) ∈ R2×3 denotes the linear part of the Jacobian relating the velocity of the end
effector frame Ei with respect to the world frame W , expressed in W , and Jθ,i(qi) ∈ R1×3

denotes the angular part. The linear and angular accelerations are given by

p̈e,i = Jp,i(qi)q̈i + J̇p,i(qi, q̇i)q̇i, ∀i ∈ {1, 2}, (3.3)

θ̈e,i = Jθ,i(qi)q̈i + J̇θ,i(qi, q̇i)q̇i, ∀i ∈ {1, 2}, (3.4)

with

J̇p,i(qi, q̇i) =
∂Jp,i

∂qi
q̇i, J̇θ,i(qi, q̇i) =

∂Jθ,i

∂qi
q̇i, ∀i ∈ {1, 2}. (3.5)

3.1.2 Contact dynamics

In this section, the contact dynamics will be derived. A number of assumptions are made
to simplify the derivation of the contact dynamics. Firstly, the line contact between the
flat end effector and the box surface is reduced to two point contacts at the edges of the
end effector. Secondly, the end effectors of robot 1 and 2 are assumed to make only con-
tact with the left and right edge of the box, respectively. Thirdly, it is assumed that the
end effectors do not make contact with the table the box is resting on. Finally, the line con-
tact between the box and the table is reduced to two point contacts at the corners of the box.

The four contact points on the end effectors are labeled as pc,j , ∀j ∈ {1, . . . , 4}, as shown
in Figure 3.3a. The normal contact force λN,j and tangential contact force λT,j of the j-
th contact are determined using the compliant contact model and smooth friction model
described in Section 2.4.2 and 2.4.3, respectively. The contact forces are zero when the
contact point indention δj < 0, and are collected into λj = [λN,j , λT,j ]

⊤ for the j-th contact,
which are also shown in Figure 3.3a. The contact point indention δj for each contact is given
by

δ1 = x⊤
B
Bpc,1 +

lbox
2

,

δ2 = x⊤
B
Bpc,2 +

lbox
2

,

δ3 = −x⊤
B
Bpc,3 +

lbox
2

,

δ4 = −x⊤
B
Bpc,4 +

lbox
2

,

(3.6)

with

xB =

[
1
0

]
, (3.7)

where lbox denotes the length of the box.

Next, the contact forces between the box and the table will be derived. The coordinate frame
L is attached rigidly to the center of the table. The contact points pc,5 and pc,6 denote the
left and right corner of the box, respectively, as shown in Figure 3.3b. The contact forces
between the table and box are also determined using the compliant contact and friction
model, and are collected into a separate vector λtable ∈ R4 containing both contact forces.
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(a) (b)

Figure 3.3: Illustration of the contact points pc,j , contact point indentions δj derived in
(3.6) and (3.8), and contact forces λj on the end effectors, box, and table. The world frame
is indicated with W . In (a), the contact points pc,j , ∀j ∈ {1, . . . , 4} on the end effectors in
contact with the box. The frame B is attached rigidly to the center of the box with length
lbox; in (b), the contact points pc,5 and pc,6 on the left and right corner of the box in contact
with the table. The frame L is attached rigidly to the center of the table with height htable.

The contact forces between the table and box are separated from the forces between the end
effectors and the box because the former will not be taken into account in the controller
itself, but only in the simulation. The contact point indention δj for each contact is given by

δ5 = −y⊤
L
Lpc,5 +

htable
2

,

δ6 = −y⊤
L
Lpc,6 +

htable
2

,

(3.8)

with

yL =

[
0
1

]
, (3.9)

where htable denotes the height of the table.

The derived contact forces will be used in the derivation of the dynamics of the robots and
the box during constrained motion, which will be treated in the next section.

3.1.3 Dynamics in free and constrained motion

The dynamics of the dual-arm robot with fully actuated rigid joints in free motion or con-
strained motion interacting on four contact points with the box can be written as

Mrob(qrob)q̈rob + Nrob(qrob, q̇rob) = τ + J⊤
c,rob(qrob)λ, (3.10)

where qrob ∈ R6 denotes the stacked vector of both robots’ generalized coordinates q1 and q2,
Mrob(qrob) ∈ R6×6 denotes the block-diagonal inertia matrix of both robots, Nrob(qrob, q̇rob) ∈
R6 the stacked vector of centrifugal, Coriolis, and gravity forces, τ ∈ R6 the stacked vector
of applied joint torques, Jc,rob(qrob) ∈ R8×6 the contact Jacobian mapping the contact forces
exerted by the box to the robots’ generalized coordinates, and λ ∈ R8 the stacked vector of
contact forces for each contact, with λ = 0 in free motion.
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During constrained motion, a closed chain constraint is formed by both the robots and the
box. Assuming a rigid box, its dynamics can be written as

Mboxq̈box + Nbox = −J⊤
c,box(qbox)λ + J⊤

c,table(qbox)λtable, (3.11)

with

Mbox =

[
mboxI2×2 02×1

01×2 Ibox

]
, Nbox =

[
mboxg

0

]
, (3.12)

where mbox denotes the mass of the box, Ibox its inertia, g ∈ R2 the gravity vector, I2×2

the identity matrix of size 2, Jc,box(qbox) ∈ R8×3 the contact Jacobian mapping the contact
forces to the generalized coordinates of the box, Jc,table(qbox) ∈ R4×3 the contact Jacobian
mapping the contact forces exerted by the table to the generalized coordinates of the box,
and λtable ∈ R4 the corresponding contact forces exerted by the table on the box. Note the
minus sign appearing in −J⊤

c,box(qbox) on the right hand side of (3.11), since the contact
forces exerted by the robots on the box are in equal but opposite direction to the forces
exerted by the box on the robots. Furthermore, as mentioned in the previous section, the
contact forces exerted by the table on the box are separated, as these forces will not be
considered in the controller itself.

For ease of notation, the explicit dependency of Mrob(qrob), Nrob(qrob, q̇rob), and the contact
Jacobians Jc,(·) on q, q̇ will be dropped for the remainder of this work.

3.2 Time-invariant reference generation

This section describes the formulation of the time-invariant ante-impact and post-impact
reference velocity. During the ante-impact mode, a velocity reference is prescribed to the
robots, whereas in the post-impact mode, a velocity reference is prescribed to the box.

3.2.1 Ante-impact mode

In order to steer the robots towards the desired impact position on the box during the
ante-impact mode, a time-invariant velocity reference is prescribed that aims to achieve a
desired motion that makes an intentional impact at non-zero relative velocity, as shown in
Figure 3.1a. In the context of the time-invariant approach, the formulated velocity reference
depends solely on the state of the robots rather than a time-based trajectory. The linear
part of the velocity reference is decoupled from the angular part, which makes it possible
to define these separately. First, the linear part of the velocity reference will be explained.
Next, extending the reference in line with the idea of reference spreading will be discussed.
Finally, the formulation of the angular velocity reference will be treated.

Linear velocity reference
The linear part of the velocity reference that is prescribed to the i-th end effector’s position
pe,i can be formulated separately for each robot. The desired impact position is taken as a
point on the surface of the box and indicated with pb,i, as shown in Figure 3.4. The goal is to
establish contact at pb,i with non-zero velocity vimp,i, where vimp,i is a user-defined desired
impact velocity. In order to achieve this type of motion, first an intermediate target position
pt,i, which serves as a control point to steer the end effector to align along the desired impact
velocity direction, and is defined as

pt,i(pe,i) = pb,i −
vimp,i ∥pb,i − pe,i∥2

∥vimp,i∥2
, ∀i ∈ {1, 2}, (3.13)
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where || · ||2 is the Euclidean norm. The desired ante-impact reference velocity at pe,i is then
taken as a combination of vimp,i, a position feedback term, and finally scaled such that the
norm of ṗa

d,i is equal to the norm of vimp,i, resulting in

ṗa
d,i(pe,i) =

vimp,i + κp (pt,i − pe,i)

∥vimp,i + κp (pt,i − pe,i)∥2
∥vimp,i∥2 , ∀i ∈ {1, 2}, (3.14)

where ṗa
d,i(pe,i) denotes the desired ante-impact reference velocity, and κp ∈ R+ is a user-

defined parameter that shapes the desired trajectory. For κp = 0, the desired velocity will
result in a uniform vector field with velocity equal to the desired impact velocity. When κp
is relatively large, the end effector will follow a wider trajectory to reach the desired point
of impact more closely. Although increasing κp will lead to an impact location closer to the
desired impact point, the drawback is that the end effector will be steered more aggressively
towards the desired impact point, which would lead to higher accelerations and thus require
more control effort. As an illustrative example, the terms appearing in (3.13) and (3.14) are
shown for robot 1 in Figure 3.4. The desired linear velocity reference ṗa

d,i is only a function
of the position of the end effector and not a function of time, as a result, it can be visualized
as a vector field by sampling a finite number of points in space and computing the reference
at these points using (3.14). As an illustrative example, the vector field resulting from (3.14)
is shown in Figure 3.5a for robot 1.

Figure 3.4: Illustration of the constructed linear velocity reference ṗa
d,1 using (3.14) for end

effector 1 with position pe,1, which aims to steer the end effector towards a desired impact
point pb,1 on the box with velocity vimp,1. The point pt,1 serves as a control point to steer
the end effector to align along the desired impact velocity direction. The vectors shown in
dashed lines are added to clarify the terms appearing in (3.13) and (3.14).

Extending the reference
The formulated velocity reference in (3.14) ensures that the end effectors ideally steer to-
wards the desired impact point with a non-zero velocity. In practice however, uncertainties
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3.2. Time-invariant reference generation

(a) (b) (c)

Figure 3.5: Overview of the formulated vector field reference ṗa
d,i(pe,i) (in blue) of (3.14)

and two proposed modifications to obtain an extended reference field ¯̇pa
d,i(pe,i) around the

region past the nominal impact plane (in red). The nominal trajectory of end effector 1 is
shown in green. In (a), illustration of the resulting motion when the end effector follows
ṗa
d,i(pe,i); in (b), illustration of the resulting vector field when modifying the vector field past

the nominal impact plane nimp; in (c), illustration of the proposed modification to obtain
¯̇pa
d,i(pe,i) using (3.16) which transitions smoothly between rmax and rmin.

will be present that could result in the box to be further or closer to its expected position.
In such cases, the end effectors should remain moving in the same direction as before to
eventually make impact. In time-based reference spreading, the time-dependent reference
velocity is extended past the nominal impact time to account for these uncertainties. In the
time-invariant case, a nominal impact plane is prescribed rather than time, and the vector
field should be modified to extend the reference along a spatial dimension [21]. In this work,
the nominal impact plane is defined as the ideal impact surface of the box. In the planar
case, this plane reduces to a line and is taken as the left edge of the box for robot 1 as shown
in Figure 3.5a. Without modifying the vector field determined in (3.14), it can be seen in
Figure 3.5a that the motion of the end effector (in green) when following the vector field (in
blue) would simply come to rest when passing the impact plane (shown in red). Therefore,
the vector field should be modified around the region of the box such that in case the box is
not located at its expected position, the end effector would still keep moving forward with
the desired impact velocity. In [21], the authors propose to extend the reference past the
nominal impact plane by taking the closest point on the impact plane and evaluating (3.14)
at this point, which is illustrated in Figure 3.5b. With this modification, it can be seen in
Figure 3.5b that the end effector would keep moving horizontally past the nominal impact
plane. Whilst this modification ensures that the end effectors keep moving past the nominal
impact plane, the resulting motion is not along the direction of the desired impact veloc-
ity. Furthermore, it can be seen that the vector field in the top part inside the box points
downwards, which would cause a sudden change in direction when following the vector field
reference.

To solve the issue of the changing direction when moving past the nominal impact plane as
illustrated in Figure 3.5b, it is proposed to instead smoothly transition to a constant vector
field equalling the desired impact velocity vimp,i in proximity of the expected box position
pbox. This transition starts from a distance rmax with respect to the center of the box.
The reference velocity is then taken as a weighted convex combination of the vector field of
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(3.14) and a constant vector field equalling the desired impact velocity vimp,i. The weight is
determined through a first order smoothstep function, given by

S1(r) =


0, if r ≤ rmin,

3r2w − 2r3w, if rmin < r < rmax,

1, if r ≥ rmax,

with rw =
r − rmin

rmax − rmin
, (3.15)

where S1(r) ∈ [0, 1] is the first order smoothstep function, r the input value, rmin ∈ R the
lower bound, and rmax ∈ R the upper bound. The function S1(r) and its derivative S′

1(r)
are illustrated in Figure 3.6a and 3.6b, respectively. The first order smoothstep function
S1(r) that is C1 smooth is chosen instead of, for example S0(r), to ensure that the derived
feedforward acceleration vector field in (3.29) does not contain jumps at the start and end
of the transition.

(a) (b)

Figure 3.6: Illustration of the first order smoothstep function S1(r) and its derivative S′
1(r)

as a function of the distance r of the end effector with respect to the box which is used to
transition smoothly between the bounds rmin and rmax. In (a), an illustration of the function
S1(r); in (b), an illustration of the function S′

1(r) that has zero 1st-order derivatives at the
lower and upper bounds rmin and rmax, respectively.

The input value to the smoothstep function is the Euclidean distance between the end effector
and the center of the box pbox. It is also possible to instead consider the distance to a different
point, e.g., the desired impact position. However, selecting the center is a convenient choice
for determining rmin. The bounds rmin and rmax in (3.15), represent in essence the radii
from the box. By selecting the center of the box pbox and choosing rmin as the distance to
one of the corners of the box, it can be guaranteed that the velocity reference at any point
on the impact surface and inside the box is equal to the desired impact velocity vimp,i. The
value of rmax can be defined freely as long as rmax > rmin. In practice, however, choosing
this value too small will lead to sharp changes in velocity, whereas a range too large can
cause the end effector to inaccurately reach or even miss the box. In order to avoid this, the
selected parameters are chosen carefully to ensure that the end effectors are steered correctly
towards the desired point of impact. Now, the extended reference velocity is determined by

¯̇pa
d,i(pe,i) = βaṗa

d(pe,i) + (1 − βa)vimp,i, ∀i ∈ {1, 2}, (3.16)

with
βa = S1(∥pe,i − pbox∥2), (3.17)

where ṗa
d(pe,i) denotes the vector field reference determined using (3.14), and vimp,i the

(constant) desired ante-impact velocity of the end effectors.
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3.2. Time-invariant reference generation

When the end effector is outside the user-defined radius, βa = 1, and the reference velocity
is solely determined using (3.14). On the contrary, when the end effector is inside the
minimum radius, βa = 0, and the reference is equal to the desired impact velocity. In
the transitioning region, the reference velocity will be a convex combination of both fields,
leading to a smoothly transitioned extended reference. The resulting vector field with an
example trajectory is shown in Figure 3.5c. It can be seen that this approach indeed ensures
that the direction of movement is kept constant around the region of expected impact. The
desired linear reference velocity ¯̇pa

d,i(pe,i) using (3.16) will be tracked in the QP controller

during the ante-impact mode. As an illustrative example, the complete vector field ¯̇pa
d,i(pe,i)

of both robots and their nominal trajectory is shown in Figure 3.7.

Figure 3.7: An illustrative example of the complete ante-impact vector field ¯̇pa
d,i(pe,i)

determined using (3.16) of both robots and their nominal trajectory (in green). For this
example, the objective is to grasp the box under an angle of 45 [deg] relative to the box. It
can be seen that the robots naturally keep moving in the desired direction after they reach
the impact planes corresponding to the sides of the box.

Angular velocity reference
The orientation task for the robots is decoupled from the linear velocity reference, making
it possible to formulate a separate angular velocity reference for aligning with the box. The
orientation of the i-th end effector θe,i should align with the desired orientation equal to
the orientation of the box θbox, where an offset of π [rad] should be added to robot 2 to
account for its orientation with respect to the world frame. The angular velocity reference
is formulated as

θ̇ad,i(θe,i) = κθ(θd,i − θe,i), ∀i ∈ {1, 2}, (3.18)

where κθ ∈ R+ is a user-defined parameter, and θd,i for each robot given by

θd,1 = θbox + 2z1π, (3.19)

θd,2 = θbox + π + 2z2π, (3.20)

where θbox denotes the orientation of the box, and zi ∈ Z chosen such that −π < θd,i−θe,i ≤
π. The latter condition is added to ensure that the end effectors align with the box with
the least rotational movement. In order to clarify this, a numerical example is given which
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corresponds to the case depicted in Figure 3.8 for robot 1. The orientation of the box is
equal to θbox = 0 [rad] and the orientation of end effector 1 is equal to θe,i = −π/4 [rad],
which also corresponds to 7π/4 [rad]. When choosing the latter orientation (7π/4 [rad]), the
orientation error becomes

θd,i − θe,i =


−7π

4
, if z1 = 0,

π

4
, if z1 = 1.

(3.21)

From (3.21), it can be seen that when selecting z1 = 0, the angular velocity reference
prescribed to the end effector would result in a rotation in clock-wise direction to align with
the box, which would be unpractical (or even unfeasible depending on the robot). On the
other hand, when choosing z1 = 1, the angular velocity reference θ̇ad,i(θe,1) prescribed to the
end effector would result in a counter-clock-wise direction as shown in Figure 3.8. Therefore,
a desired rotational direction can be specified by choosing zi in such a way to align the end
effectors with the least rotational movement. The desired angular reference velocity θ̇ad,i(θe,i)
determined in (3.18) will be tracked in the QP controller during the ante-impact mode to
ensure that the robots will try to align with the box for a simultaneous impact.

Figure 3.8: Illustration of the formulated angular reference velocity θ̇ad,1 using (3.18) to
align end effector 1 with orientation θe,1 to a desired orientation θd,1 given in (3.19).

3.2.2 Post-impact mode

During the post-impact mode, a time-invariant reference is prescribed to the box to move it
to a desired position and orientation. The formulated reference should be compatible with
the ante-impact reference by taking the impact dynamics into account. To achieve this, an
impact map is generated from numerical simulations, for which the procedure will be dis-
cussed shortly first. Then, the formulation of the linear and angular velocity reference will
be given. Similar to the ante-impact reference velocity, the linear and angular part are also
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decoupled during the post-impact reference formulation.

Impact map
In order to generate a reference that is compatible with the impact dynamics, an impact
map is used. For ease of implementation, the approach in this work is to generate the impact
map from numerical simulations. In this section, the procedure to obtain the impact map
will be shortly discussed.

The impact map is a function of the relative impact position on the impact surface by both
end effectors. Ideally, when two identical end effectors hit the box at the same height with
equal velocity in the same joint configuration, the resulting velocity of the box will only
consist of an upwards motion. On the other hand, when the end effectors hit the box at
different heights, the velocity of the box would be non-zero in angular and horizontal direc-
tion. In order to obtain a sufficient range of data points, a finite number of impact positions
are selected along the impact surfaces of the box. Next, the velocity of the i-th end effector
is initialized with the reference velocity ¯̇pa

d,i at that position. It is assumed that the end
effectors are aligned with the box at the starting configuration.

The simulation is then initialized for each combination of these starting points, and simulated
for a short time span (100-200 [ms]). The controller used for these simulations is reduced
in control gains to ensure that the post-impact behavior is not affected too much by active
control towards a desired reference. In this way, only the main contribution of the dynamics
as a result of the experienced impacts are considered. The type of simulator that is used
differs for the two and three-dimensional use case, and is summarized in Section 2.3.

Interpolation is applied on the finite data set in order to obtain a continuous function that
can predict the post-impact states for arbitrary configurations. The choice in this work is
to use Gaussian radial basis function interpolation, which is treated in Section 2.5. After
applying RBF interpolation on the data, a 2D continuous impact map is obtained which can
be used to predict the post-impact states for various impact configurations. The inputs of the
interpolation function are the relative heights of the end effectors with respect to the center of
the box, and will be denoted with yrel ∈ R2. The output is the predicted post-impact veloc-
ity of the box in linear and angular direction, denoted with ṗimp

box and θ̇imp
box , respectively. The

impact map will be used in the following sections to formulate a reference that is compati-
ble with the impact dynamics, while ensuring the box is eventually brought to a desired pose.

Linear velocity reference
In order to bring the box to a desired pose in the post-impact mode, a time-invariant reference
is prescribed to the box instead of the end effectors. The generated reference should be
compatible with the impact dynamics, while still ensuring that the box is brought to a
desired position. The formulated approach achieves this by transitioning between these two
parts. First, a vector field is constructed that acts as an attractor towards a desired position,
by using

ṗattr
box(pbox) = κp(p

final
box − pbox), (3.22)

where ṗattr
box is the linear reference velocity, pfinal

box is the desired final position of the box, and
κp ∈ R+ is a user-defined parameter that determines the strength of the attractor.

The second vector field is constructed as a uniform field with constant velocity. The velocity
at each point is equal to the predicted post-impact velocity of the box determined through
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the impact map. The configuration of the robots and box that is used in the interpolation,
is determined at the moment the controller enters the post-impact mode through[

ṗimp
box

θ̇imp
box

]
=

n∑
i=1

wiφ(∥yrel(tpost) − ysim
i )∥), (3.23)

where ṗimp
box is the predicted post-impact linear velocity of the box through RBF interpolation,

θ̇imp
box is the predicted post-impact angular velocity, n the number of multi-dimensional data

points in the generation of the impact map with corresponding RBF weights wi, y
rel(tpost)

the relative vertical difference between the end effector and the box at the time of entering
the post-impact mode, and ysim

i the i-th data point in the impact map.

In order to transition properly from the mapped impact velocity to the attractor velocity,
the smoothstep function from (3.15) is used, which leads to

¯̇pp
d,box(pbox) = βpṗattr

box + (1 − βp)ṗimp
box , (3.24)

with
βp = S1(∥pbox(tpost) − pbox∥2), (3.25)

where ¯̇pp
d,box denotes the desired post-impact reference velocity of the box, ṗattr

box the attractor

vector field reference determined using (3.22), ṗimp
box the predicted post-impact linear veloc-

ity of the box using (3.23), pbox the current position of the box, pbox(tpost) the position of
the box at the start of the post-impact mode, and S1 the smoothstep function given in (3.15).

The lower bound rmin in the smoothstep function is taken as zero, whereas the upper bound
rmax is chosen as a radius at a distance between pbox(tpost) and the final desired position of
the box pfinal

box . This way, the reference velocity will eventually converge to the attractor field
when following the reference velocity. However, one drawback of this formulation is that in
case the predicted post-impact velocity is simply zero, the box will theoretically never be
moved out of its place. While it is possible to, e.g., add a bias term to βp to overcome this
issue, for simplicity, this scenario is avoided in this work by only performing experiments
where the ante-impact impact velocity is chosen such that the box always has a non-zero
post-impact velocity. Furthermore, it is noted that by only considering the vertical difference
in the impact map, the vector field reference is automatically extended in horizontal direction.

As an illustrative example, the weighted contribution of the attractor field ṗattr
box , mapped

velocity field ṗimp
box , and final desired position pfinal

box are shown in Figure 3.9a. It can be
seen that at the moment of impact (when the box rests on the table), the reference velocity
is fully determined by the predicted post-impact velocity. Whereas outside the transition
region rmax, the reference is determined solely by the attractor field. For the example of
Figure 3.9a, the combined velocity field ¯̇pp

d,box determined using (3.24) and the resulting
motion with and without the impact map are shown in Figure 3.9b, in which the motion
by excluding the impact map is obtained by simply setting βp = 1 in (3.24). It can be
observed from Figure 3.9b that including the impact map results in a motion that obeys the
impact dynamics of the box while smoothly transitioning to a motion towards the desired
final position. Excluding the impact map results in a direct motion towards the final desired
position, not taking into account the actual velocity of the box.
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(a) (b)

Figure 3.9: An illustrative example of the weighted contribution of the attractor field ṗattr
box ,

mapped velocity field ṗimp
box , and final field ¯̇pp

d,box, determined using (3.22), (3.23), and (3.24),

respectively. The trajectory of the box towards the final desired position pfinal
box with and

without the impact map are shown in green and red, respectively. In (a), the contribution
of ṗattr

box and ṗimp
box as a function of the transition parameter βp using (3.25); in (b), the

combined field ¯̇pp
d,box and resulting motion with and without the impact map, where the

latter is obtained by setting βp = 1.

Angular velocity reference
Similar to the ante-impact angular velocity reference, a time-invariant reference is prescribed
to the box to align it with a desired orientation. However, in order to be compatible with
the ante-impact reference, the same transitioning parameter is used as in (3.24). First, an
angular velocity reference is formulated to align the box with the desired orientation, and
given by

θ̇attrbox (θbox) = κθ(θ
final
box − θbox + 2zbπ), (3.26)

where θfinalbox is the desired final orientation of the box, and zb ∈ Z is chosen such that
−π < θfinalbox −θbox ≤ π as is done similarly in (3.19) to ensure the correct rotational direction is
prescribed. Next, the desired angular velocity reference is taken as the weighted combination
of the predicted post-impact angular velocity and the reference velocity to align with the
final orientation, through

θ̇pd,box = (1 − βp)θ̇attrbox + βpθ̇imp
box , (3.27)

where θ̇attrbox the angular velocity reference to align the box with the final desired orientation

given in (3.26), θ̇imp
box the predicted post-impact angular velocity determined using (3.23), and

βp is the transition parameter computed using (3.25).

The desired angular reference velocity θ̇pd,box will be tracked in the QP controller during the
post-impact mode to ensure that the box will try to align with a desired orientation whilst
initially adhering to the compatibility of the impact dynamics.

3.3 QP controller formulation

In this section, the QP controller formulation will be given, which is used to control the robots
in completing the desired tasks under a set of constraints. As stated in the introduction,
a distinct QP controller is formulated for the ante-impact, intermediate, and post-impact
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mode. The tasks, constraints, and complete formulation for each mode will be explained
separately.

3.3.1 Ante-impact mode

During the ante-impact mode, the objective is to steer the end effectors towards the box
with non-zero relative velocity. In this mode, only the robots in free motion are consid-
ered. The optimization variables during the ante-impact mode are the accelerations q̈rob

and joint torques τ . First, the active tasks will be described which consist of tracking the
linear velocity, aligning the orientation, and synchronizing the robots. Next, the constraints
that are added to the QP controller are discussed. Finally, the complete formulation of the
ante-impact QP controller is given.

Velocity task
The cost function for the linear velocity task aims to control the velocity of the i-th end
effector to its respective linear velocity reference of (3.16). The cost function related to this
task is given by

Eante
vel =

2∑
i=1

∥p̈e,i − ¯̈pa
d,i + kd

(
ṗe,i − ¯̇pa

d,i

)
∥2, (3.28)

where kd ∈ R+ is the task gain, ṗe,i and p̈e,i denote the linear velocity and acceleration
of the i-th end effector, respectively, and are obtained using (3.1) and (3.3), and ¯̈pa

d,i the
feedforward acceleration determined through

¯̈pa
d,i =

d

dt
¯̇pa
d,i,

=
∂ ¯̇pa

d,i

∂t
+

∂ ¯̇pa
d,i

∂pe,i
ṗe,i,

=
∂ ¯̇pa

d,i

∂pe,i

¯̇pa
d,i,

(3.29)

where the last step is obtained by discarding the term ∂ ¯̇pa
d,i/∂t due to the reference being

time-invariant, and assuming the end effector velocity at each position is equal to the desired
velocity ṗe,i = ¯̇pa

d,i.

Orientation task
The cost function for the orientation task can be obtained similarly to the linear velocity
task, and aims to control the orientation of the i-th end effector to its respective angular
velocity reference of (3.18). The cost function related to this task is given by

Eante
ori =

2∑
i=1

∥θ̈e,i − θ̈ad,i + kd

(
θ̇e,i − θ̇ad,i

)
∥2, (3.30)

where kd ∈ R+ is the task gain, θ̇e,i and θ̈e,i denotes the angular velocity and acceleration
of the i-th end effector, respectively, and can be obtained using (3.1) and (3.4), and θ̈ad,i the

feedforward acceleration derived from θ̇ad,i similarly to (3.29).

Synchronization task
In tracking applications where the reference trajectory is a function of time, it is possible to
formulate a trajectory that meets certain boundary conditions. When the end effectors start
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from different initial positions with respect to the box, a trajectory can be generated that
should ensure that the end effectors reach the box at the same time to make a simultaneous
impact. The formulated time-invariant linear velocity reference does not explicitly constrain
such boundary conditions. As a result, when starting from different initial positions and
following the linear velocity reference, it cannot be guaranteed that the end effectors also
reach the box at the same time. In order to resolve this, the robots should synchronize their
relative position and velocity with respect to the box. Multi-robot control strategies that
achieve both trajectory tracking and synchronization have been proposed in [20, 67–70]. In
the works of [67–70], various control laws are proposed to ensure synchronization and refer-
ence tracking, both in joint space and Cartesian space. These works are based on time-based
control approaches. In time-invariant control approaches, for example in [20], synchroniza-
tion is achieved by considering the relative and absolute position of each manipulator. A
modulation function is then designed to steer the robots towards the box synchronously.

In this work, synchronization is achieved by adding a task to the QP controller that aims
to minimize the relative position and velocity of each end effector with respect to the box.
The formulated synchronization approach is also time-invariant. The main idea is to look at
both end effectors’ relative position and velocity with respect to the box and project it to the
workspace of the opposite robot. By considering the relative difference between the current
state of one robot and its projected state, a task is added that minimizes this difference and
thus synchronizes the state of both robots. The choice of robot that is used to define the
projected point does not matter, as the task error will be a function of both end effectors
anyway. In this case, the relative difference between robot 1 and its projected state is chosen.
For the derivation of the projected point, the coordinate frames are included to clarify the
corresponding coordinate transformations. First, the position of end effector 2 is expressed
in the coordinate frame of the box B, which can be written as Bpe,2. Next, this point is
mirrored along the x-direction of frame B to map it to the workspace of robot 1 and obtain
Bps

d,1. Finally, the projected point is expressed in the world frame again to get the desired

point Wps
d,1. This transformation can be written as

Wps
d,1 = Ts(

Wpe,2 − WoB) + WoB, (3.31)

with

Ts = WRBTm
BRW , Tm =

[
−1 0
0 1

]
, (3.32)

where BRW denotes the rotation matrix that describes the orientation of frame B with
respect to W , and given by

BRW =

[
cos (θbox) − sin (θbox)
sin (θbox) cos (θbox)

]
. (3.33)

In order to obtain the projected velocity, the projected point ps
d,1 is differentiated with

respect to time to obtain
ṗs
d,1 = Ts(Jp,2q̇2), (3.34)

where the terms including Ṫs and ȯB have been discarded by assuming the box remains
static during the ante-impact mode. As an illustrative example, the end effector states and
projected states are shown in Figure 3.10. When pe,1 = ps

d,1, ṗe,1 = ṗs
d,1, both end effectors

would have the same relative position and velocity with respect to the box.
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Figure 3.10: Illustration of the formulated synchronization strategy, which shows the actual
end effector positions pe,i, velocities ṗe,i (in blue) of both robots, and the projected position
ps
d,1 and velocity ṗs

d,1 (in red) determined using (3.31) and (3.34) of robot 2 to the workspace
of robot 1. When pe,1 = ps

d,1, ṗe,1 = ṗs
d,1 both end effectors would have the same relative

position and velocity with respect to the box.

When adding this task to the QP cost function, the variables should be linearly dependent
on the optimization variables q̈rob. In order to achieve this, the reference velocity ṗs

d,1 is
differentiated with respect to time to obtain the desired acceleration, which results in

p̈s
d,1 = Ts(Jp,2q̈2 + J̇p,2q̇2). (3.35)

The cost function for the synchronization task is now formulated as

Eante
sync = ∥p̈e,1 − p̈s

d,1 + kp
(
pe,1 − ps

d,1

)
+ kd

(
ṗe,1 − ṗs

d,1

)
∥2, (3.36)

where ps
d,1, ṗs

d,1, and p̈s
d,1, denote the projected linear position, velocity, and acceleration

determined using (3.31), (3.34), and (3.35), respectively, and kp, kd ∈ R+ the proportional
and derivative task gain. Note that, since the cost is already a function of both robots’
generalized coordinates, there is no need to include an additional cost for robot 2 as is done
with the previous tasks.

Adding the synchronization task to the QP controller will enforce the end effectors to steer
towards an equal relative position and velocity with respect to the box. The synchronization
task may conflict with the linear velocity task, however, as QP control allows for multiple
conflicting tasks, this should not impose problems. Note that synchronization is only applied
to the linear positions and velocities of the end effectors, because a separate orientation task
is already added that ensures that the end effectors align with the box irrespective of their
position.

Constraints
The equality constraints added to the ante-impact mode QP controller are the dynamics of
the robots in free motion, given by

Mrobq̈rob + Nrob = τ . (3.37)
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As stated in Section 2.2, additional inequality constraints on joint positions, velocities or
other technological limits can also be added to the QP controller. However, for the planar
manipulator considered in this work, only the joint torques are considered for simplicity. The
inequality constraints are given by

τlower ≤ τ ≤ τupper, (3.38)

where τlower and τupper represent the lower and upper limits on the commanded joint torques,
respectively.

Complete formulation of the ante-impact QP controller
The complete ante-impact mode QP controller is formulated as

(q̈∗
rob, τ

∗) = argmin
q̈rob,τ

wvelE
ante
vel + woriE

ante
ori + wsyncE

ante
sync, (3.39)

s.t. (3.37) and (3.38),

where the cost functions Eante
vel , Eante

ori , and Eante
sync with associated task weights wvel, wori,

and wsync denote the linear velocity, orientation, and synchronization task defined in (3.28),
(3.30), and (3.36), respectively.

The QP controller solves (3.39) each control loop using the actual joint positions and ve-
locities, and subsequently sends the computed joint torques τ ∗ to the robots. Once an
initial impact occurs, the controller switches to the intermediate mode. Impact detection
algorithms based on momentum observers have been proposed in [54, 71, 72]. In [54], an
impact detection and classification algorithm is proposed for a single manipulator impacting
a surface. In this work, for ease of implementation, impact detection is based on the actual
contact state of the robots in the simulation by evaluating the contact point indention δj in
(3.6). The controller switches to the intermediate mode when any contact between the end
effectors and the box becomes active.

3.3.2 Intermediate mode

During the ante-impact mode, the end effectors will move towards the box and ideally make
simultaneous impact on all contact points. However, in practice more often than not, rather
a sequence of multiple single impacts would occur. This could be caused by, e.g., misalign-
ment of the end effectors with respect to the box or one of the end effectors making impact
with the box sooner. As explained in Section 2.1.2, during this mode the joint velocities
will experience rapid changes, resulting in the velocity sensor data being unreliable. There-
fore, the objective during the intermediate mode is to establish full contact with the box by
the end effectors without explicitly relying on the velocity measurements. The optimization
variables during the intermediate mode are the accelerations q̈rob and joint torques τ . First,
the active tasks will be described which consist of tracking a position reference, and aligning
the orientation. Next, the constraints that are added to the QP controller are discussed.
Finally, the complete formulation of the ante-impact QP controller is given.

Position task
The velocity tracking task defined in the ante-impact mode is instead replaced by a position
tracking task inspired from [21]. The idea is to apply feedforward and position feedback,
where the reference position is computed online based on the initial impact and desired ante-
impact reference velocity. The reference position is then determined through time integration
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of the ante-impact linear velocity reference described in Section 3.2.1 and the initial position
at the start of the intermediate mode, through

pint
d,i(t) = pe,i(timp) +

∫ t

timp

¯̇pa
d,i(pe,i) dt, ∀i ∈ {1, 2}, (3.40)

where pint
d,i is the reference position, pe,i(timp) is the position of the end effector when entering

the intermediate mode, and timp is the time at initial impact. The reference (3.40) can be
iteratively approximated after each time step by

pint
d,i(tk + ∆t) = pint

d,i(tk) + ¯̇pa
d,i(p

int
d,i(tk))∆t, ∀i ∈ {1, 2}, (3.41)

where ∆t denotes the time step.

By applying position feedback based on this reference position while still prescribing feed-
forward, the end effector is steered towards a position that it would be located at when
following its reference velocity nominally in the ante-impact mode. Additionally, one can
add active damping, although it seems contradictory as the main goal is to eliminate any
velocity dependent term. However, in the research of [73] it is shown that adding active
damping during the intermediate mode can help reduce the oscillations and contact forces
in case the robot’s physical structure does not provide sufficient damping. The cost function
related to tracking the reference position with active damping is now given by

Eint
pos =

2∑
i=1

∥p̈e,i − ¯̈pa
d,i + kp

(
pe,i − pint

d,i

)
+ kdṗe,i∥2, (3.42)

where kp ∈ R+, and kd ∈ R+ denote the proportional and derivative task gain, respectively.

In order to determine p̈e,i appearing in (3.42) however, the actual joint velocities are neces-
sary, which imposes issues due to the unreliability. In order to solve this, the accelerations
are computed using the actual joint positions qi and reference joint velocities q̇ref

i of the i-th
robot based on the desired ante-impact reference velocity, determined through

q̇ref
i =

[
Jp,i

Jθ,i

]−1
[

¯̇pa
d,i

¯̇
θad,i

]
, ∀i ∈ {1, 2}. (3.43)

The linear accelerations are now determined using

p̈e,i = Jp,iq̈i + J̇ref
p,i q̇

ref
i , ∀i ∈ {1, 2}, (3.44)

where

J̇ref
p,i =

∂Jp,i

∂qi
q̇ref
i . (3.45)

Orientation task
The cost function for the orientation task during the intermediate mode is now based on
the current orientation of the end effector and a reference orientation obtained similarly to
(3.41). In the orientation task, also active damping is added, as is done with the position
task in the previous section. The cost function is given by

Eint
ori =

2∑
i=1

∥θ̈e,i − θ̈ad,i + kp
(
θe,i − θintd,i

)
+ kdθ̇e,i∥2, (3.46)
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where kp ∈ R+, and kd ∈ R+ denote the proportional and derivative task gain, respectively.

The angular accelerations are now also determined in terms of the current joint positions
and reference joint velocities, and are given by

θ̈e,i = Jθ,iq̈i + J̇ref
θ,i q̇

ref
i , ∀i ∈ {1, 2}, (3.47)

where

J̇ref
θ,i =

∂Jθ,i

∂qi
q̇ref
i . (3.48)

Constraints
The equality constraints added to the intermediate mode QP controller are the dynamics of
the robots in free motion, but modified such that the joint velocities are replaced with the
reference joint velocities, resulting in

Mrobq̈rob + Nrob(qrob, q̇
ref
rob) = τ . (3.49)

The inequality constraints during the intermediate mode are the lower and upper limits on
the joint torques.

Complete formulation of the intermediate QP controller
The complete intermediate mode QP controller is formulated as

(q̈∗
rob, τ

∗) = argmin
q̈rob,τ

wposE
int
pos + woriE

int
ori, (3.50)

s.t. (3.38) and (3.49),

where the cost functions Eint
pos and Eint

ori with associated task weights wpos and wori denote
the position and orientation task defined in (3.42) and (3.46), respectively. Note that the
synchronization task is excluded from the intermediate mode QP controller. The reason
for this choice is the fact that the synchronization task could potentially conflict with the
position task and result in a loss of contact.

The QP controller solves (3.50) each control loop using the actual joint positions and reference
joint velocities determined in (3.43), and subsequently sends the computed joint torques τ ∗

to the robots. Switching to the post-impact mode is done when all contacts are active and
∥δ∥ < ϵ, with ϵ a user-defined threshold. This condition allows the indention velocities to
settle before entering the post-impact mode.

3.3.3 Post-impact mode

During the post-impact mode, the robots and the box move as a coupled system towards
a desired position and orientation of the box. The optimization variables during the post-
impact mode are the accelerations of both the robots and the box q̈, the robot joint torques
τ , and contact forces λ. First, the active tasks will be described which consist of tracking
the linear velocity reference of the box, aligning the orientation, and regulating the contact
forces. Next, the constraints that are added to the QP controller are discussed. Finally, the
complete formulation of the post-impact QP controller is given.
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Velocity task
The cost function for the linear velocity task aims to control the velocity of the box to its
respective linear velocity reference, and is given by

Epost
vel = ∥p̈box − ¯̈pp

d,box + kd

(
ṗbox − ¯̇pp

d,box

)
∥2, (3.51)

where kd ∈ R+ is the task gain, ṗbox and p̈box denote the linear velocity and acceleration
of the box, respectively, ¯̇pp

d,box the reference determined in (3.24), and ¯̈pp
box the feedforward

acceleration.

Orientation task
The cost function for the orientation task aims to control the angular velocity of the box to
its respective reference, and is given by

Epost
ori = ∥θ̈box − θ̈pd,box + kd

(
θ̇box − θ̇pd,box

)
∥2, (3.52)

where kd ∈ R+ is the task gain, θ̇box and θ̈box denote the angular velocity and acceleration
of the box, respectively, θ̇pd,box the reference determined in (3.27), and θ̈pd,box the feedforward
acceleration.

Contact force regulation task
When the end effectors have grasped the box, the grasp quality depends on the applied
contact forces by the robots. Applying too much force can result in an unstable grasp
and/or damage to the box, whereas an insufficient amount of force can result in contact
slip or loss. In order to regulate the grasp quality, desired contact forces are generated that
satisfy the motion task and contact constraints. Let ¯̈qp

d,box denote the post-impact desired
feedforward acceleration of the box, given by

¯̈qp
d,box =

[ ¯̈pp
box

θ̈pd,box

]
. (3.53)

Next, ¯̈qp
d,box is substituted for q̈box in the dynamic model of the box given in (3.11) excluding

the contact forces from the table, which leads to a linear system of equations which can be
solved for the contact forces λ. However, the solution to this system is not unique, as there
are only three equations and eight unknowns being four normal forces and four tangential
forces, as the flat end effectors are assumed to interact on four contact points. When the
end effectors have grasped the box, infinitely many solutions will exist that satisfy a desired
acceleration. Therefore, in order to obtain a unique solution, the problem is reformulated
as a quadratic optimization problem, to obtain a solution that minimizes a given cost func-
tion under a set of constraints. While it would be possible to integrate the optimization
problem directly into the total cost function of the QP controller, it is decided to sepa-
rate the contact force generation from the QP controller itself for practical reasons. This
distinction would make it easier to improve the contact force generation procedure in the
future by using more sophisticated algorithms proposed in literature [74–76], without having
to modify this internally in the QP controller. Therefore, it is decided to employ a sepa-
rate quadratic optimization problem which will be used to obtain a reference contact force.
The optimization variables are the contact forces, which can be separated into the normal
forces λN and tangential forces λT . The contact force associated with the j-th contact are
denoted with λj with normal component λN,j . The contact points corresponding to end ef-
fector 1 and 2 are labelled as j = {1, 2}, and j = {3, 4}, respectively, as shown in Figure 3.3a.
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The cost function of the formulated optimization problem consists of two parts. The first
part aims to minimize the total exerted normal force by both end effectors. The second
part aims to achieve an equal contact force distribution by each end effector. The equality
constraints are the equations of motion of the box given in (3.11) (as these are linearly
dependent on the contact forces) in which the desired acceleration ¯̈qp

d,box is substituted for
q̈box. The inequality constraints consist of ensuring the normal forces are always greater than
zero to keep the contacts closed, and satisfying the friction cone constraints. The complete
formulation of the optimization problem related to the reference contact forces is given by

λd = argmin
λ

w1||λN ||2 + w2

(
||λN,1 − λN,2||2 + ||λN,3 − λN,4||2

)
, (3.54)

s.t.

Mbox
¯̈qp
d,box + Nbox = −J⊤

c,boxλ, (3.55)

λN > 0, (3.56)

λT ≤ µ̂λN , (3.57)

−λT ≤ µ̂λN , (3.58)

where w1, w2 > 0 represent the relative weights in the costs of minimizing the total normal
force and contact force distribution, respectively, and µ̂ is the estimated friction coefficient,
which is taken lower than the actual friction coefficient to include a safety margin. Note
that the left hand side of (3.55) is fully known because the desired feedforward acceleration
of the box is available.

With the formulated approach, contact forces are computed that encourage a minimum
amount of applied force and equal contact force distribution per end effector while still
achieving the desired motion and satisfying all the constraints. The optimization problem in
(3.54) is solved each control loop during the post-impact mode to obtain the desired contact
forces λd. The normal component of the desired contact forces are then added as a task
in the post-impact QP controller, which aims to regulate the normal contact force to the
desired reference force. The cost function of this task is given by

Epost
force = ∥λN − λd,N∥2, (3.59)

where λd,N denotes the normal component of the desired contact force.

Constraints
The first set of equality constraints that are added to the post-impact QP controller are the
equations of motion of the complete system consisting of the robots and the box in contact,
excluding the contact forces between the box and table, and is given by

Mq̈ + N = Sτ + J⊤
c λ, (3.60)

where q ∈ R9 denotes the stacked vector of the generalized coordinates of the robots and the
box, M = diag(Mrob,Mbox) ∈ R9×9 the block-diagonal inertia matrix, N ∈ R9 the stacked
vector of centrifugal, Coriolis, and gravity forces, S = [I6×6,06×3]

⊤ the actuation matrix,
and Jc ∈ R8×9 the joined contact Jacobian of the robots and the box as Jc = [Jc,rob,Jc,box].

The second set of equality constraints are the contact frame constraints which ensure that the
contact points on the end effector surface and the box surface are constrained to each other.
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However, when constraining all the contact points in normal and tangential direction, the
system will be overconstrained, which leads to an ill-defined QP problem. The end effector
is assumed to make contact at two points with the box. Constraining the normal direction
and tangential direction for each contact will constrain 4 DOFs: the horizontal direction,
rotational direction, and two times the vertical direction, resulting in an overconstrained
body as only 3 DOFs are sufficient. This can be eliminated by constraining one contact
point in normal and tangential direction, while the other contact point is constrained in
only the normal direction, resulting in each DOF only constrained once. The contact frame
constraints are now formulated as

JN q̈ + J̇N q̇ = 0,

HsJT q̈ + HsJ̇T q̇ = 0,
(3.61)

where JN ∈ R4×9 denotes the Jacobian related to the normal components of the contact
Jacobian, JT ∈ R4×9 the Jacobian related to the tangential components, and Hs ∈ R2×4 a
selection matrix that selects only one tangential component of each end effector and is given
by

Hs =

[
1 0 0 0
0 0 1 0

]
. (3.62)

The inequality constraints are the joint torque limits of (3.38), non-zero normal contact
forces, and friction cone constraints defined in (3.56) - (3.58). Despite the fact that the lat-
ter two constraints are already included in the reference contact force formulation in (3.54),
when adding this reference force as a task in (3.59), it cannot be guaranteed that the result-
ing contact forces are equal to the desired forces. Therefore, these constraints are also added
to the post-impact QP controller to ensure feasible contact forces.

Complete formulation of the post-impact QP controller
The complete post-impact mode QP controller is formulated as

(q̈∗, τ ∗,λ∗) = argmin
q̈,τ ,λ

wvelE
post
vel + woriE

post
ori + wforceE

post
force, (3.63)

s.t. (3.38), (3.56) - (3.58), (3.60), (3.61),

where Epost
vel , Epost

ori , and Epost
force denote the cost functions with associated task weights wvel,

wori, and wforce for the velocity, orientation, and contact force task defined in (3.51), (3.52),
and (3.59), respectively.

The QP controller solves (3.63) each control loop using the actual joint positions and veloc-
ities, and subsequently sends the computed joint torques τ ∗ to the robots.

The formulated QP controller for the 3 DOF dual-arm robot setup will be validated through
numerical simulations in Chapter 4. Extending the proposed control approach to a 7 DOF
dual-arm robot will require some additional steps, which will be treated in the next section.

3.4 Extension to a 7 DOF dual-arm robot setup

In order to extend the proposed control approach to a 7 DOF dual-arm robot setup, some
modifications and/or additional considerations need to be taken into account, which will
be explained shortly in this section. Due to limited time, the post-impact mode of the
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QP controller for the 7 DOF dual-arm robot is not completed yet and the completion is
left for a follow-up project. Therefore, the current implementation of the ante-impact and
intermediate mode will be discussed first. Then, the additional considerations and steps for
the post-impact mode will be explained. The software that is used to design the QP controller
is mc rtc, as discussed in Section 2.3. Impact detection is based on artificial force sensors
attached to the end effectors. When these forces on either end effector exceed a user-defined
threshold, the controller enters the intermediate mode and remains a fixed time in this mode
before switching to the post-impact mode. These force sensors are not available in practice,
and thus some type of impact detection and classification algorithm should be implemented
in the future when performing physical experiments. Some examples of proposed impact
detection and classification algorithms in the literature can be found in [54, 71, 72, 77].

3.4.1 Ante-impact mode

During the ante-impact mode, four tasks are added to the QP controller which consist of
following the linear velocity reference, aligning the orientation, synchronizing the robots, and
virtually locking one of the joints. The implementation of these tasks and the QP constraints
for the 7 DOF dual-arm robot will be discussed next.

Linear velocity task
The formulated linear velocity reference in Section 3.2.1 including the extension strategy
can be directly extended to 3D space. The region in which the velocity is extended is now
spherical instead of circular with respect to the center of the box, as shown in Figure 3.5c.
Including the task to follow this reference as defined in (3.28) in the QP controller does
require additional consideration, as mc rtc does not provide such a task by default. There-
fore, first a custom task is implemented that makes it possible to prescribe a linear velocity
reference to the end effector of the robot. However, with the current implementation, it is
not possible to apply feedforward acceleration as is done in (3.28). Therefore, only the linear
reference velocity ¯̇pa

d,i determined using (3.16) is now prescribed to the end effector.

Orientation task
In order to align the end effector with the surface of the box, the default orientation task
is used in mc rtc instead of the strategy that was used for the planar robot in (3.30). The
formulation of the QP cost function for minimizing the error between the current orientation
and desired orientation, which is based on a PD controller on SO(3) as proposed in [78],
is now more involved. The derivation of this cost function is non-trivial, and the reader is
kindly referred to [31, 78] for further details. The desired orientation that is prescribed to
the end effector is the orientation of the impact surface on the box.

Synchronization task
The formulated synchronization strategy can be directly extended to 3D, as the robots will
now synchronize in the three translational directions with respect to the box. However, for
similar reasons as the linear velocity task, including the synchronization task in the QP con-
troller as defined in (3.36) would require the implementation of a new custom task in mc rtc,
which requires a more advanced knowledge of the software. For ease of implementation, the
solution taken in this work is to instead separately add a reference position and velocity
to each end effector, based on the projected position and velocity of the opposite robot.
Using the same custom task that is formulated for following the linear velocity reference,
now an additional task is added for each end effector that prescribes pe,i = ps

d,i, ṗe,i = ṗs
d,i,

∀i ∈ {1, 2}, where pe,i, ṗe,i denote the position and linear velocity of the i-th end effector,
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and ps
d,i, ṗ

s
d,i the projected position and linear velocity of the opposite robot as defined in

(3.31) and (3.34), respectively. While this solution deviates from the formulated synchro-
nization task in (3.36), essentially, the same philosophy is applied to ensure the robots reach
the box at the same time.

Posture task
Prescribing a position and orientation task only constraints 2 × 3 = 6 DOFs of a robot. For
kinematically redundant robots, i.e., robots with more than 6 DOFs in this case, this would
be insufficient to describe the entire robot’s pose. In order to ensure the set of null-space
configurations remains finite, an additional task needs to be added to the 7 DOF manipula-
tor. In this work, this additional task is called a posture task, which essentially prescribes a
static desired value for one or more joints of the robot. Using a posture task in the QP con-
troller, the kinematic redundancy is eliminated by virtually locking one of the joints of the
robot. The choice of selected joint can affect the behavior of the robot during impacts, which
needs to be taken into account. For an extensive overview including numerical simulations
analyzing the effects of the selected joint, the reader is referred to [38]. In this work, the first
joint at the base of the robot is selected, as this provided the most consistent impact behavior.

Constraints
The active constraints during the ante-impact mode are the joint torque limits of the robots,
joint limits, and collision avoidance with the floor, itself, and each other. For the implemen-
tation of the collision avoidance constraint, the reader is referred to [34].

3.4.2 Intermediate mode

During the intermediate mode, three tasks are added to the QP controller that consist of
following a position reference instead of the linear velocity, aligning the orientation, and
virtually locking one of the joints. The synchronization task is removed from this mode as
is done for the planar dual-arm robot as explained in Section 3.3.2.

Position task
The same strategy is employed for the 7 DOF dual-arm robot as proposed for the planar
case. The idea is to apply position feedback, where the reference position pint

d,i is computed

online based on the initial impact and desired ante-impact reference velocity ¯̇pa
d,i, through

time integration using (3.41). Additionally, active damping is added, as is done in (3.42).

Orientation task
For ease of implementation, the orientation task is kept the same as the ante-impact mode,
as this provided sufficient results in establishing full contact. However, the task gains are re-
duced such that the commanded joint torques do not become too large when making impact.

Posture task
Similar to the ante-impact mode, a posture task is added during the intermediate mode to
eliminate the kinematic redundancy, by virtually locking the first joint at the base of the
robot.

Constraints
During the intermediate mode, the same set of constraints are added to the QP which consist
of the joint torque limits of the robots, joint limits, and collision avoidance.
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3.4.3 Post-impact mode

During the post-impact mode, four tasks should be added to the QP controller which consist
of following the linear velocity reference prescribed to the box, aligning the orientation of the
box, regulating the contact wrenches, and virtually locking one of the joints. As explained in
the introduction of this section, the post-impact mode of the QP controller is not completed
due to limited time. As a result, it cannot be guaranteed whether the proposed approach
will suffice when extending it to 3D.

Linear velocity task
The formulated linear velocity reference for the box in Section 3.2.1 including the extension
strategy can be extended to 3D space, provided an impact map is present. The region in
which the velocity is extended is now spherical instead of circular with respect to the center
of the box at the start of the post-impact mode, as shown in Figure 3.9. Similar to the
ante-impact mode, the custom task can be used to prescribe a velocity reference ¯̇pp

d,box, de-
termined using (3.24), to the box instead of the end effectors.

Orientation task
The orientation task during the post-impact mode would consist of prescribing a desired
final rotation of the box, using the task available in mc rtc.

Force task:
In the formulation of the desired contact force task, only the normal and one tangential
component is used. In 3D space, the exerted force with respect to the box frame B can now
be expressed as a wrench consisting of 3 forces and 3 torques. Various procedures exist to
compute the desired contact wrenches of all contacts for a motion task. A popular approach
is to formulate a QP optimization similar to (3.54) but now using either linear or quadratic
inequality friction cone constraints to obtain a desired set of contact wrenches [74–76].

Posture task
Similar to the ante-impact and intermediate mode, a posture task should be added during
the post-impact mode to eliminate the kinematic redundancy, by virtually locking the first
joint at the base of the robot.

Constraints
During the post-impact mode, the constraints that should be added to the QP consist of
the joint torque limits of the robots, joint limits, collision avoidance, and contact frame
constraints as given in (3.61), but accounted for in 3D, to constrain the end effector frames
and impact surfaces of the box to each other.

3.5 Summary

In this chapter, an overview is given of the formulated impact-aware control approach for
dual-arm grasping. In Section 3.1, the dynamic model of the system is given, which consists
of a dual-arm robot and a box resting on a table. In Section 3.2, the time-invariant reference
formulation is treated. The formulated reference aims to steer the robots towards the box
during the ante-impact mode to make an intentional impact at non-zero velocity. For the
post-impact reference, a reference is prescribed to the box that aims to move the box to a
desired pose while still being compatible with the ante-impact reference, which is achieved
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by transitioning between two references based on the position of the box. In Section 3.3,
the QP formulation for each control mode is discussed. A separate QP controller is designed
for each control mode to achieve a fast grabbing motion. Switching between control modes
is done through evaluating the contact state in the simulations. Finally, in Section 3.4, the
additional necessary steps to extend the control approach to a 7 DOF dual-arm setup is
discussed. The tasks that can directly be integrated are given, as well as the tasks that
needed additional considerations.
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Chapter 4

Numerical Simulation Study

In this chapter, a numerical simulation study will be performed to validate the proposed
control approach in Chapter 3. First, a numerical study is performed for a planar dual-arm
3 DOF robot setup grabbing a box from a table. Impact experiments are performed which
are used to select a suitable ante-impact impact velocity of the robots and to generate an
impact map. Then, the effectiveness of the proposed synchronization strategy in Section
3.3.1 during the ante-impact mode is analyzed. Next, the performance of the proposed
control approach during the complete grabbing cycle for a dynamic box-lifting application is
compared to two alternative baseline control strategies. These alternative control strategies
consist of a controller that does not include the intermediate mode given in Section 3.3.2
but includes the impact map, and a controller that includes the intermediate mode but
excludes the impact map during the post-impact mode. These alternative control strategies
are therefore selected such that the effectiveness of the formulated intermediate mode and
reference based on an impact map can be isolated and analyzed separately. The numerical
simulations are performed for both the case where measurements of the box are available,
allowing the controller to track the real state of the box, as well as scenarios where the
controller has no real measurements of the box but only an estimated state. Finally, the
proposed control approach is partially tested on a 3D dual-arm 7 DOF robot setup using
a QP control framework and multi-rigid-body simulation environment. As mentioned in
Section 3.4, due to limited time, the post-impact mode of the QP controller has not been
fully implemented for the 7 DOF dual-arm setup. Therefore, only the ante-impact and
intermediate mode will be validated through numerical simulations, and the completion is
left for a follow-up project.

4.1 Results for a planar dual-arm system

In this section, the results of a numerical simulation study involving the planar dual-arm
system as shown in Figure 4.1 will be presented. First, an overview of the setup, dynamic
model, and simulation settings will be given. Then, numerical impact simulations will be
conducted to both analyze the ante-impact parameters as well as generate an impact map.
Finally, the complete grabbing cycle in presence of uncertainties will be shown. The com-
plete cycle is both investigated in case it is assumed that the controller can actively track
the box, whilst also considering the case where the actual state of the box is unknown.

The dynamic model of the complete system in (3.10) and (3.11) including the contact forces
with the table are implemented in MATLAB and solved using the ode15s function. The
parameters of the 3 DOF manipulator model, box, and compliant contact and friction model
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Figure 4.1: Overview of the planar dual 3 DOF manipulators and a box resting on a table,
the goal is to grasp the box at a non-zero velocity and bring it to a desired pose. The world
frame is indicated with W , the i-th end effector frame with Ei, and the frame attached to
the center of the box with B.

can be found in Appendix A. Impact detection and completion is determined by evaluat-
ing the contact point indention δi in the simulation at each time step. Switching to the
intermediate mode is done when any contact on either end effector with the box becomes
active. Switching to the post-impact mode is done when all contacts are active and ∥δ̇∥ < ϵ.
The latter condition allows the indention velocities to settle before entering the post-impact
mode and is chosen as ϵ = 0.005 [m/s] for the performed simulations.

4.1.1 Numerical impact experiments

In this section, the impact dynamics of the planar system will be analyzed. The first set of
experiments consist of varying the desired impact velocity of the ante-impact motion gen-
eration and analyzing the post-impact velocities of the robots and the box. The results of
these experiments are used to determine a suitable desired ante-impact velocity when making
the grabbing motion. The second set of experiments consist of varying the relative impact
location on the box by both end effectors, which will be used to generate the impact map
described in Section 3.2.2.

Varying desired ante-impact velocity
The desired ante-impact velocity vimp of the robots in the reference velocity affects the re-
sulting impact dynamics. In order to understand the influence of the choice of vimp, a various
number of experiments are conducted for increasing velocities and angles. For the performed
experiments, the impact position for each end effector is located at the center height of the
box, as shown in Figure 4.2a. This choice is based on the fact that ideal conditions are
assumed for the generation of the ante-impact reference, and thus the end effectors should
ideally hit the box at the same height. The range of parameters that are selected are based
on the observed numerical simulations. The range of the velocity magnitude ||vimp|| is taken
between 0.5 - 0.8 [m/s]. The range of the impact angle αimp is selected between 20 - 80
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(a) (b)

Figure 4.2: Illustration of the relevant parameters in the two types of numerical impact
experiments that are performed, for which in both cases the box rests horizontally on the
table. In (a), the desired impact position is fixed at the center of the impact surface, and
the angle of impact αimp and magnitude of impact velocity ||vimp|| is varied. The resulting
post-impact velocities can be seen in Figure 4.3; in (b), the ante-impact velocity vimp is fixed
and the impact positions are varied. For the example that is shown here, the corresponding
parameters are yrel1 = 0.1 [m], and yrel2 = −0.05 [m]. The post-impact velocities of the box
are shown in Figure 4.4.

[deg], where 0 [deg] indicates a horizontal impact, as shown in Figure 4.2a. Due to the
equal impact height and velocity, the horizontal and angular component of the post-impact
velocity will remain minimal. The vertical components of the ante-impact and post-impact
velocities ṗ−

y and ṗ+
y for the box and robots, respectively, are shown in Figure 4.3. It can

be seen in Figure 4.3 that initially, the post-impact velocity increases for increasing angle
and magnitude. However, after αimp = 60 [deg], the difference becomes minimal. When the
angle becomes too large, there is a greater chance that slip will occur. On the other hand,
making impact at 0 [deg] will dissipate most of the energy in the contacts and the box would
have a relatively low (or zero) upwards velocity. Based on the presented numerical results,
it seems more suitable and safer to select angles between 40 - 60 [deg]. Therefore, for the
remainder of the performed numerical simulations the angle is selected at 45 [deg] with a
magnitude of 0.6 [m/s].

Varying relative impact location and generation of impact map
In the formulation of the post-impact reference, it is stated that an impact map is generated
through simulations to formulate a post-impact reference that is compatible with the impact
dynamics. The independent variables are the relative impact locations on the box by both
end effectors. For the performed simulations, the desired impact velocity is fixed to 0.6 [m/s]
under an angle of 45 [deg]. The position of the box is equal to [0,0.275] [m] with a rotation of
0 [rad]. First, a number of points are selected along the edge of the box. For the construction
of the impact map, a total of 5 points are selected, as shown in Figure 4.2b, which results in a
total of 52 simulations, as each possible combination is taken once. The next step consists of
extracting the simulation data and performing a least squares polynomial fit on the position
data in each direction (horizontal, vertical, and rotational), which is used to interpolate the
post-impact velocity at the time of impact. Finally, an RBF interpolation is performed on
the discrete data points to achieve a smooth continuous interpolation for any data point in
the range. For the complete procedure and simulation results, the reader is referred to Ap-
pendix B. Here, only the final result of the interpolated impact map is given. The resulting
impact map is shown in Figure 4.4. The relative height yreli of the i-th end effector denotes
the vertical distance from the center of the box to the impact position, as shown in Figure
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Figure 4.3: The y-component of the ante-impact and post-impact velocity of the box and
robots for various ante-impact velocities. The parameters αimp indicate the angle and ||vimp||
the magnitude of impact and are illustrated in Figure 4.2a.

4.2b. The post-impact velocity of the box in horizontal, vertical, and angular direction is
indicated with ṗ+

x,box, ṗ+
y,box, and θ̇+box, respectively.

(a) (b) (c)

Figure 4.4: Overview of the interpolated two-dimensional impact map, where the input
variables are the relative vertical height of the i-th end effector with respect to the cen-
ter point, denoted with yreli (as illustrated in Figure 4.2b), and the resulting post-impact
velocity of the box in linear and angular direction. The impact velocity is set to 0.6
[m/s] under an angle of 45 [deg]. The sampling points of the interpolated impact map
are yreli = (−0.1,−0.05, 0, 0.05, 0.1) [m]. In (a), horizontal velocity of the box ṗ+

x,box; in (b),

vertical velocity of the box ṗ+
y,box; in (c), angular velocity of the box θ̇+box.

From the impact map shown in Figure 4.4, a number of observations can be made. First of
all, along the diagonal yrel1 = yrel2 , the horizontal ṗ+

x,box and angular component θ̇+box of the
velocity of the box is approximately zero, as the forces in these directions are in equal but
opposite direction with respect to the center of the box. Furthermore, the vertical component
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of the velocity ṗ+
y,box increases as a function of the height at which impact occurs. Finally,

the horizontal and angular component variate the most along the line yrel1 = −yrel2 . When the
robots hit the box at opposite corners, the box will have a relatively large angular velocity
as maximal torque is applied on the center of the box. In order to validate the accuracy of
the impact map, three test cases are performed, which consist of various inputs that are not
included in the sample points of the interpolation. The results can be found in Table 4.1.
In Table 4.1, the actual box velocity q̇box in linear and angular direction is extracted from
the simulation at the start of the post-impact mode, the predicted velocity q̇+

box is obtained
from the impact map, and the error is defined as the norm 2 difference ∥q̇box − q̇+

box∥2
between the actual and predicted velocity. From Table 4.1 it can be concluded that the error
between the actual and predicted velocity is around 0.05 - 0.1 for the three test cases. The
largest error is for the second test case, which is the result of the relatively large prediction
error in angular direction. In the future, the accuracy could be improved by increasing
the number of sampling points n, however, depending on the type of simulator, this could
be computationally costly as this results in n2 simulations. Ideally, a rigid-body simulator
is preferred, as these are generally capable of real-time simulating. For the simulations
performed in MATLAB using the compliant contact model, the simulations cost more time,
which makes it difficult to perform a larger number of simulations.

Table 4.1: Comparison of the actual and predicted linear and angular post-impact velocity
of the box obtained from the impact map for three test cases. The inputs are the relative
heights yreli of the end effectors. The outputs are the predicted velocity in linear and angular
direction.

Input Actual box velocity Predicted box velocity Error

(yrel1 , yrel2 ) q̇box = (ṗx, ṗy, θ̇) q̇+
box = (ṗ+

x , ṗ
+
y , θ̇

+) ∥q̇box − q̇+
box∥2

(-0.025, 0.075) (0.07, 0.41, 0.85) (0.10, 0.44, 0.80) 0.06
(0.08, -0.04) (-0.08, 0.40, -0.97) (-0.10, 0.43, -0.85) 0.12
(-0.06, -0.06) (0.00, 0.32, 0.00) (0.01 0.36 0.01) 0.05

4.1.2 Testing the proposed synchronization approach

In Section 3.3.1, it is mentioned that an additional synchronization strategy is necessary to
ensure the end effectors reach the box at the same time when starting from different relative
positions with respect to the box. In order to validate the proposed synchronization strategy,
two experiments are performed, in which the synchronization task in the ante-impact QP
controller, as defined in (3.36), is excluded and included. The robots and the box are started
from different positions relative to the box. The starting configuration of the robots and the
box can be found in Table 4.2 and are illustrated in Figure 4.5.

Table 4.2: Starting configuration of the robots and the box for the synchronization exper-
iments.

Name px [m] py [m] θ [rad]

Robot 1 -0.5 0.25 −π
4

Robot 2 0.55 0.35 π
2

Ideal Box -0.11 0.30 0.09
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Figure 4.5: Overview of the starting configuration at t = 0 [s] of the robots and the box for
the experiments with and without the synchronization task. The corresponding numerical
values can be found in Table 4.2.

In order to obtain a performance metric, the synchronization position and velocity error are
defined as

es = ∥pe,1 − ps
d,1∥2, (4.1)

ės = ∥ṗe,1 − ṗs
d,1∥2, (4.2)

where pe,1 is the position of end effector 1, ṗe,1 is the linear velocity of end effector 1, ps
d,1

is the projected position of end effector 2 to the workspace of robot 1 as defined in (3.31),
and ṗs

d,1 the projected velocity as defined in (3.34). When es = ės = 0, both end effectors
would have an equal relative position and linear velocity with respect to the box.

First, the experiment without the synchronization task is performed, by excluding this task
from the QP controller. The resulting trajectory of the robots halfway during the ante-
impact mode and at the time of initial impact are shown in Figure 4.6. The corresponding
synchronization error is shown in 4.8. It can be seen from Figure 4.6a and 4.6b that without
synchronization, the end effectors simply start following the linear velocity reference which
causes end effector 1 to hit the box at t = 0.45 [s], while end effector 2 is still at a relatively
large distance from the box. This is also visible from the synchronization error shown in
Figure 4.8, as es, and ės only increase before making initial impact at t = 0.45 [s]. Based on
the observed behavior, it can be concluded that synchronization is necessary to ensure that
the robots reach the box at approximately the same time.
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(a) t = 0.22 [s] (b) t = 0.45 [s]

Figure 4.6: Illustration of the followed trajectory when starting from the configuration
shown in Figure 4.5 and excluding the synchronization task in the ante-impact QP con-
troller. It can be seen that the robots simply start following the vector field reference, which
causes robot 1 to make impact with the box sooner. In (a), the state of the robots halfway
during the ante-impact mode at time t = 0.22 [s]; in (b), the state of the robots at initial
impact at time t = 0.45 [s].

The second experiment consists of identical starting configurations, but now including the
synchronization task in the ante-impact QP controller. The resulting trajectory of the robots
halfway during the ante-impact mode and at the time of initial impact are shown in Figure
4.7. The corresponding synchronization error is shown in 4.8. It can be seen from Figure
4.7a and 4.7b that with synchronization, the end effectors now instead first deviate from
the vector field reference to try to reach a synchronized state. Around halfway during the
ante-impact mode, at t = 0.37 [s], the robots are approximately aligned with respect to the
box, and as a result reach the box at approximately the same time at t = 0.75 [s]. The
corresponding synchronization error is shown in Figure 4.8, where it can be seen that es, and
ės converge to approximately zero before making initial impact. Based on these results, it
can be concluded that the proposed synchronization strategy can realize a motion of the end
effectors to reach the box with the same relative position and velocity when starting from
different initial positions.

(a) t = 0.37 [s] (b) t = 0.75 [s]

Figure 4.7: Illustration of the followed trajectory when starting from the configuration
shown in Figure 4.5 and including the synchronization task in the ante-impact QP con-
troller. It can be seen that the robots first deviate from the vector field reference, to reach
and grasp the box at approximately the same time. In (a), the state of the robots halfway
during the ante-impact mode at time t = 0.37 [s]; in (b), the state of the robots at initial
impact at time t = 0.75 [s].
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Figure 4.8: Synchronization position error es and velocity error ės as defined in (4.1) and
(4.2), respectively, for the experiments with and without synchronization. The dashed lines
represent the times at initial impact for each case. The starting configuration of the robots
and the box can be found in Table 4.2 and are illustrated in Figure 4.5.

4.1.3 Complete grabbing cycle

In this section, numerical experiments will be performed to analyze the performance of the
complete grabbing cycle. This includes generating a time-invariant motion towards the box,
following the reference while synchronizing, establishing full contact, and finally moving the
box to a desired location. First, the controller will be tested assuming to have available
the exact location and position of the box. Next, the procedure of adding uncertainties to
the simulation environment is explained such that experiments can be performed where the
information of the environment is partially known. Finally, an experiment is performed in
which the controller cannot track the actual box in presence of uncertainties. In this case, the
controller computes an estimated position and velocity of the box online. In the performed
experiments, three distinct control approaches will be tested, defined as

• No intermediate mode: the controller without an intermediate mode excludes this
mode from the QP controller. When impact occurs, the controller remains in the ante-
impact mode until full contact is established. In the post-impact mode, the controller
uses an impact map to generate the reference velocity. By still including the impact
map, it is possible to isolate the sole contribution of the proposed intermediate QP
controller.

• No impact map: the controller without an impact map uses the intermediate mode
in the QP controller. However, when entering the post-impact mode, no impact map is
used in the generation of the reference velocity in (3.24), to achieve this, the transition
parameter is set to βp = 0 such that only the attractor field is active.

• Proposed approach: the proposed controller makes use of both the intermediate
mode and the impact map.

In the remaining experiments, the defined control strategies will be included in the descrip-
tions when comparing the controllers.

Grabbing with active tracking of the box
First, the controller will be tested in case it has measurements available of the actual box.
The actual box position and velocity are obtained from the simulation at each time step. The
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starting configuration of the robots and the box are shown in Table 4.3. The box is located
at a linear and rotational offset compared to the box used in generating the impact map
as discussed in Section 4.1.1. Furthermore, the robots are started from a different relative
position to the box. The desired final position and orientation of the box is equal to [0.2,0.4]
[m] and 0 [rad], respectively.

Table 4.3: Starting configuration of the robots and the box for the complete grabbing
experiments with active tracking of the box.

Name px [m] py [m] θ [rad]

Robot 1 -0.45 0.25 −π
4

Robot 2 0.55 0.35 5π
6

Ideal Box -0.05 0.32 0.09

The resulting Cartesian linear and angular positions and velocities of the robots and the box
are shown in Figure 4.9 and 4.10, respectively. The shown results correspond to the case
using the proposed control approach. The position reference shown in Figure 4.9 corresponds
to the constant target position, which corresponds to the ideal impact points for the robots,
and the final desired pose for the box. The active control mode is shown at the bottom with
an enlarged view around the impact shown on the right. The duration of the intermediate
mode is relatively small (∼20 [ms]) which indicates that the robots synchronize correctly
when starting from different relative positions with respect to the box. The synchronization
position error es and velocity error ės during the ante-impact mode are shown in Figure
4.14. It can be seen that the error converges to approximately zero before impact. In order
to illustrate the trajectory of the robots when synchronizing, two animation frames at t = 0
and t = 0.5 [s] are shown in Figure 4.11a and 4.11b, respectively. Furthermore, it can be
observed that the post-impact reference velocity is adequately mapped to the box velocity,
validating the robustness of the impact map in case the box is located at a different position.

The difference in the trajectory of the box with and without the impact map are shown in
Figure 4.12a and 4.12b, respectively. It can be seen that including the impact map results
in a smoother motion that is compatible with the impact dynamics of the box. Finally,
the joint torques of the robots for all three control strategies are shown in Figure 4.13.
In the formulated QP controller in Section 3.3, joint torque limits are prescribed to both
robots during each mode, for which the numerical values can be found in Table 4.4. It can
be seen that excluding the intermediate mode or impact map affects the first joints quite
significantly. The proposed control approach is able to eliminate the peaking and results in
an overall reduction of control effort for all joints during the intermediate mode and post-
impact mode. Furthermore, it can be confirmed that including an impact map reduces the
control effort by a large factor compared to the case without an impact map. Overall, it can
be concluded that the proposed control strategy is successfully able to perform the complete
grabbing cycle for the case where it has actual measurements of the box.

Table 4.4: The joint torque limits of the planar 3 DOF manipulator that are added to the
QP controller.

Joint τmin [Nm] τmax [Nm]

τ1 -100 100
τ2 -100 100
τ3 -30 30
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Figure 4.9: Cartesian position and orientation of the robots and the box for the complete
cycle with actual measurements of the box. It can be seen that both the robots and box
eventually converge to their desired target position, which corresponds to the impact points
for the robots, and the final desired pose for the box.
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Figure 4.10: Cartesian linear and angular velocity of the robots and the box for the
complete cycle with actual measurements of the box, where the reference velocity corresponds
to the formulated time-invariant linear and angular velocity reference.
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(a) t = 0 [s] (b) t = 0.5 [s]

Figure 4.11: The followed trajectory of the robots during the ante-impact mode before
reaching an approximately synchronized state for the complete cycle with actual measure-
ments of the box.

(a) With impact map (b) No impact map

Figure 4.12: Difference in post-impact trajectory with and without the impact map for
the complete cycle with actual measurements of the box.
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(b) Robot 1

Figure 4.13: Joint torques of both robots for the three control strategies for the complete
cycle with actual measurements of the box. The joint torque limits can be found in Table
4.4. The indicated time interval is shortly before impact and after full contact.
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Figure 4.14: Synchronization position error es and velocity error ės as defined in (4.1) and
(4.2) during the ante-impact mode for the complete cycle with active tracking of the box.
It can be seen that the error converges to zero resulting in the robots reaching the box at
approximately the same time.

Adding uncertainties to the simulation environment
In practice, obtaining accurate measurements of the box is difficult, resulting in possibly
noisy or absence of data. In order to replicate such uncertainties in the numerical simula-
tions, a set of possible perturbations are added to the environment. The ideal scenario is
defined as the case where the box with a known size rests horizontal on the table at equal
distance from the base of both manipulators. The generated impact map is based on this
ideal scenario. Three types of uncertainties are considered in this work. First, the table
on which the box rests is shifted linearly by an amount ∆ptable, as shown in Figure 4.15a.
The second type of uncertainty consists of adding a rotational offset ∆θtable to the table, as
shown in Figure 4.15b. Finally, the third type of uncertainty consists of varying the actual
box size by a difference of ∆lbox and ∆hbox, as shown in Figure 4.15c. As illustrated in the
previous section, when the actual measurements of the box are available, the controller can
generate a motion towards a box that deviates from the ideal case. However, when there is
no active tracking, the controller will assume that the box is in its ideal location, which is
indicated as the box in dashed lines in Figure 4.15. In the subsequent section, the controller
is tested in case it cannot track the box in the presence of uncertainties.

Grabbing without active tracking of the box
In this section, numerical simulations are performed where the controller only has an esti-
mated state of the box based on its ideal properties at time t0, which will be denoted with
q̂box(t0). Let cmode ∈ {1, 2, 3} denote the control modes of the controller, where modes 1,
2, and 3 correspond to the ante-impact, intermediate, and post-impact mode, respectively.

(a) Linear shift (b) Rotational offset (c) Size offset

Figure 4.15: Example of three types of added uncertainties to the box. In all cases, the
ideal case is shown in dashes. In (a), a linear offset to the table; in (b), a rotational offset
to the table; in (c), an offset in the size of the box.
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The estimated state of the box q̂box, ˆ̇qbox at each time instant tk is updated according to

p̂box(tk) =

{
p̂box(t0), if cmode(tk) ≤ 2

0.5(pe,1(tk) + pe,2(tk)), otherwise
(4.3)

ˆ̇pbox(tk) =

{
0, if cmode(tk) ≤ 2

0.5(ṗe,1(tk) + ṗe,2(tk)), otherwise
(4.4)

θ̂box(tk) =

{
θ̂box(t0), if cmode(tk) ≤ 2

0.5(θe,1(tk) + θe,2(tk) − π), otherwise
(4.5)

ˆ̇
θbox(tk) =

{
0, if cmode(tk) ≤ 2

0.5(θ̇e,1(tk) + θ̇e,2(tk)), otherwise
(4.6)

The updating rule simply assumes that the box has the average pose and velocity between
the end effectors during the post-impact mode and remains static otherwise. Updating the
estimated state of the box during this mode is necessary because a reference is prescribed
to the box, which is a function of its pose. Besides the impact detection based on the
actual contact state, the controller requires no other actual information of the real box. This
makes it possible to perform experiments where varying uncertainties are added to the real
box, which is unknown to the controller. By analyzing the performance compared to the
controllers without an intermediate mode or impact map, one can investigate whether the
proposed control strategy performs indeed better in terms of control effort.

Table 4.5: Properties of the real box and estimated box by the controller.

Box px [cm] py [cm] θ [deg] l [cm] h [cm]

Real -3.0 30.0 2.5 30.0 20.0
Estimate 0.0 29.5 0.0 32.0 24.0

In the following example, the robots are initialized from the same configuration as shown in
Table 4.3. The added uncertainties consist of a linear offset to the table, rotational offset,
and different size. The resulting properties of the real and estimated box are indicated in
Table 4.5. The resulting Cartesian positions and velocities of the robots and the real box
for the proposed control strategy are shown in Figure 4.16 and 4.17, respectively. It can be
observed that the duration of the intermediate mode is now approximately 100 [ms], which
is significantly longer compared to the case where the box measurements were available.
An animation frame at the start of impact is shown in Figure 4.18a, where the dashed box
corresponds to the estimated state of the box by the controller. It can be seen that the
robots synchronized with respect to the estimated state of the box, resulting in an initial
impact by the left end effector. Due to the extended reference velocity, the robots are still
able to establish full contact with the box, as shown in Figure 4.18b. Furthermore, it can
be seen that the impact map is adequately able to estimate the post-impact velocity with a
slightly larger error compared to the case with active tracking. From the Cartesian positions
of the box and the animation frames during the post-impact mode shown in Figure 4.19, it
can be observed that the real box is brought to the desired pose quite accurately. Finally, a
comparison between the control approaches for the joint torques are shown in Figure 4.20.
It can be seen that the proposed approach reduces the control effort significantly on the first
joints, whereas joints two and three are approximately similar in magnitude. Overall, the
proposed control approach is confirmed to be robust to relatively large uncertainties and
superior to the controller without an intermediate mode or not employing an impact map
for post-impact prediction.
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Figure 4.16: Cartesian position and orientation of the robots and the box for the experiment
without actual measurements of the box. It can be seen that the box is still brought to its
desired pose.
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Figure 4.17: Cartesian linear and angular velocity of the robots and the box for the
experiment without actual measurements of the box. It can be seen that the post-impact
velocity reference is mapped adequately even in the presence of uncertainties.
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(a) Initial impact (b) Established full contact

Figure 4.18: The state of the robots and box at the start of the intermediate and post-
impact mode. The estimated state of the box is indicated in dashed lines.

(a) With impact map (b) No impact map

Figure 4.19: Difference in post-impact trajectory with and without the impact map.

  -100

  0

  100

  0

  20

  40

0.65 0.7 0.75

  0

  5

  10

(a) Robot 1

  -100

  0

  100

  0

  20

  40

0.65 0.7 0.75

  0

  5

  10

(b) Robot 2

Figure 4.20: Joint torques of both robots for the three control strategies for the experiment
without actual measurements of the box.
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4.2 Results for a 3D dual-arm system

As stated in the introduction of this chapter, the controller is partially validated on a dual
7 DOF arm. In this section, the results for the ante-impact and intermediate mode will be
presented. The 3D dual-arm system consists of two 7 DOF manipulators and a box resting on
a pillar, as shown in Figure 4.21. The type of manipulator, simulator, and control framework
software is discussed in Section 2.3. As stated in Section 3.4, an additional posture task is
added to eliminate the kinematic redundancy, as prescribing a position and orientation only
constraints 6 DOFs. Therefore, an additional 1 DOF task is added to ensure the null-space
configurations remains finite. For the performed experiments, the first joint is virtually
locked at the base of the manipulator using a posture task. The desired ante-impact velocity
is set to 0.6 [m/s] at an angle of 45 [deg].

Figure 4.21: Overview of the 3D dual-arm system consisting of two 7 DOF manipulators
and a box resting on a pillar. The goal is to grab the box at non-zero relative velocity.

4.2.1 Ante-impact mode

In order to validate the proposed ante-impact mode QP controller, an experiment is per-
formed where the robots both need to follow the linear velocity reference, align with the box,
and synchronize. For this experiment, the starting position of the end effectors and the box
can be found in Table 4.6. The starting orientations of both end effectors are parallel to the
ground.

Table 4.6: Starting position of the end effectors and the box.

Name px [m] py [m] pz [m]

Robot 1 0.6 -0.15 0.55
Robot 2 0.4 0.95 0.25
Ideal Box 0.6 0.4 0.3

The resulting Cartesian positions and velocities of the robots and the box are shown in Figure
4.22a and 4.22b, respectively. It can be seen that the robots converge to their desired point

59



Chapter 4. Numerical Simulation Study

of impact when following the time-invariant velocity reference. Also, the robots align with
the box as a result of the orientation task. Furthermore, as the robots started in a different
position with respect to the box, it can be observed that the synchronization task ensures
that the robots reach the box at the same time. The synchronization position and velocity
error are shown in Figure 4.23. Finally, four animation frames between the start and end
of the ante-impact mode are shown in Figure 4.24 to illustrate the trajectory of the robots
during this mode. Based on the results, it can be confirmed that the proposed time-invariant
reference formulation and synchronization task are suitable for performing a fast grabbing
motion, even when the robots start from a different relative position with respect to the box.

(a) Position (b) Velocity

Figure 4.22: Cartesian position and velocity of the robots and the box during the ante-
impact mode for the 7 DOF dual-arm system. It can be seen from the position data that
the robots correctly converge to the desired point of impact on the box at the same time.
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Figure 4.23: Synchronization position and velocity error during the ante-impact mode.
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(a) Frame 1 (b) Frame 2

(c) Frame 3 (d) Frame 4

Figure 4.24: Animation frames of the grabbing motion for the 7 DOF dual robot setup in
case the end effectors start from a different relative position to the box and parallel to the
ground.

4.2.2 Intermediate mode

In order to validate the proposed intermediate mode QP controller, an experiment is per-
formed for a controller with and without the intermediate mode. Impact detection is based
on artificial force sensors attached to the end effectors. When this force exceeds a user-
defined threshold, the controller with an intermediate mode enters this mode and remains a
fixed time (0.2 [s]) in this mode before switching to the post-impact mode. For the controller
without an intermediate mode, at impact, the controller remains in the ante-impact mode
for the same amount of time before switching to the post-impact mode. In order to perform
this experiment, the end effectors are started at a slight offset relative to the box, with the
left end effector 10 [cm] closer. The synchronization task weight is intentionally reduced such
that the left end effector would hit the box first in order to enter the intermediate mode.
The resulting Cartesian positions and velocities of the robots and the box for the controller
with an intermediate mode are shown in Figure 4.25a and 4.25b, respectively. It can be
seen that at the moment of impact (t = 0.5 [s]), the velocities experience rapid changes.
Furthermore, it can be seen that the position reference jumps at the time of entering the
intermediate mode, as now a position reference is prescribed in addition to a small amount
of active damping. The joint torques of both robots for the controller with and without an
intermediate mode are shown in Figure 4.26. It can be seen that initially at impact, the joint
torques do not differ significantly for each controller, however, when the second end effector
makes impact with the box, the controller without the intermediate mode results in large
joint torques. This indeed confirms that including velocity feedback during the intermediate
mode results in high control efforts. Furthermore, in Figure 4.27, four animation frames are
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shown that depict the initial impact and final impact. Lastly, it is observed that in some
cases, the end effectors bounce off slightly from the box when full contact is established, as
shown in Figure 4.27d. Based on the performed simulations, it was observed that this issue
can be solved by tuning the task gains and weights more carefully. However, due to limited
time, it was not possible to tune these gains more optimally and is left for future research.
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Figure 4.25: Cartesian position and velocity of the robots and the box during the ante-
impact and intermediate mode for the 7 DOF dual-arm system. It can be seen that the
Cartesian velocities experience rapid velocity changes as a result of the impact with the box.
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Figure 4.26: Joint torques of robot 1 and 2 for the controller with and without an interme-
diate mode during the time interval between the initial impact time and moment of entering
the post-impact mode. It can be seen that the joint torques for the controller without an
intermediate mode are larger than the case with the intermediate mode.
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(a) Frame 1 (b) Frame 2

(c) Frame 3 (d) Frame 4

Figure 4.27: Animation frames during the intermediate mode. It can be seen that the left
end effector makes initial impact, followed by the right end effector, and finally the left end
effector bouncing off from the box.

4.3 Summary

In this chapter, numerical simulation studies are performed to validate the proposed control
approach. The numerical studies consist of two scenarios, in 2D and 3D, respectively. The
considered use case is a dynamics box-lifting application, where the robots are tasked with
swiftly grabbing and moving a box from a table.

First, the proposed controller is tested on a planar 3 DOF dual-arm robot setup to perform
swift grabbing and moving a box. Impact experiments are performed that analyze the in-
fluence of the choice of ante-impact velocity and generation of the impact map. Next, the
proposed synchronization strategy is tested by performing experiments with a controller that
excludes and includes the synchronization task in the QP controller. Based on the findings,
it can be concluded that synchronization is necessary, as the robots will otherwise not reach
the box at the same time. Then, the complete grabbing cycle from moving towards the box
while synchronizing, grabbing, and moving the box to a desired location is validated. The
controller is tested for cases where it has actual measurements of the box available, as well
as the absence of it. In the latter case, the controller uses an estimated state of the box,
which is updated online. The proposed control approach is compared to controllers without
an intermediate mode or impact map. The results have shown that the proposed controller
reduces the control effort compared to the other approaches, where the most significant re-
duction is at the first joints.
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The numerical study performed on the 3D dual-arm system is related to the ante-impact and
intermediate mode of the QP controller. With the formulated ante-impact QP controller,
the robots are able to move, align, and synchronize before making impact with the box.
During the intermediate mode, the controller is compared to the case where it stays in the
ante-impact mode. The results showed that the control efforts become quite large for the
latter case as a result of the experienced impacts in combination with velocity feedback.
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Chapter 5

Conclusion and recommendations

This chapter will provide a conclusion and set of recommendations for future research. First,
the contributions towards achieving the main goal of the research are concluded. Thereafter,
recommendations for future research are given.

5.1 Conclusion

The main goal of this research was formulated as:

Design an impact-aware control strategy for a dual-arm robotic system capable
of fast grasping through time-invariant reference spreading in a QP control

framework.

In this work, the possibility of combining time-invariant control approaches with reference
spreading for a dual robot arm capable of fast grasping has been explored. A motion genera-
tion procedure is presented that is only a function of the state of the system, instead of more
commonly encountered time-dependent trajectories. Furthermore, an extension strategy is
proposed in line with the core idea of reference spreading in order to generate references
that are able to account for uncertainties in the environment. The formulated time-invariant
reference is shown to be able to move the robots towards an object with a non-zero relative
velocity to make intentional impacts at desired locations and speeds. After full contact is
established, the proposed reference is able to plan a motion of the object towards a desired
position and orientation, whilst being compatible with the ante-impact reference through the
impact dynamics. This concludes the first contribution that has been made in this research,
which was formulated as:

Developing a time-invariant reference generation and extension procedure in line with
reference spreading for motions involving intentional impacts that are compatible with the

impact dynamics.

The formulated time-invariant reference has been implemented in a QP control framework,
which allows for controlling multiple robots in task space. In the proposed QP control
framework, each mode is formulated as a separate QP controller. Switching between modes
is achieved by evaluating the contact state of the robots. During the ante-impact mode of the
controller, the formulated reference is added as a task to steer the robots towards the object
while aligning with the impact surface. Furthermore, a synchronization strategy is proposed
to ensure that the robots reach the object at the same time. The synchronization aspect of
the dual-arm robot setup is something that was not anticipated for at the beginning of the
project. Only after the initial time-invariant reference formulation, it became evident that
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some form of synchronization is necessary, as otherwise, the robots cannot reach the box at
the same time when relying only on the vector field reference.

In order to be robust to uncertainties in the system, an additional intermediate mode is for-
mulated and added to the controller that aims to establish full contact when the simultaneity
of an impact is lost without relying explicitly on velocity feedback. Finally, a post-impact
mode is designed that aims to move the robots and object towards a desired position and
orientation using the formulated time-invariant reference. In addition, a contact force regu-
lation task is formulated that determines the optimal contact forces for a given motion task
by employing an optimization procedure. This concludes the second contribution that has
been made in this research, which was formulated as:

Defining a time-invariant reference spreading QP control framework for a dual-arm robotic
system capable of fast grasping involving simultaneous impacts, in the presence of

uncertainties.

A numerical simulation study has been performed to validate the formulated time-invariant
reference spreading QP control framework. A dynamic box-lifting application is considered
that consists of two manipulators swiftly grabbing a box from a table. Numerical simulations
are performed in both a two-dimensional scenario, as well as a three-dimensional scenario
involving simulated models of real-life manipulators.

For the two-dimensional scenario, the proposed controller is validated on a 3 DOF dual-arm
robot setup. In order to achieve this, a simulation environment is created based on the dy-
namic model of the system. Using the designed simulation environment, numerical impact
simulations are performed to generate an impact map. Then, the synchronization strategy
is tested by comparing it to a controller without applying synchronization. From the results,
it can be concluded that the proposed synchronization strategy is capable of steering the
robots to reach the box at the same time, whilst the controller without synchronization sim-
ply results in unequal impact times, and thereby confirming the need for synchronization.
Furthermore, a procedure to add uncertainties to the controller is given. Next, the proposed
controller is compared to simpler strategies, which do not include an intermediate mode or
compatible post-impact reference. The controller is tested for the case where it has real
measurements of the box, and in the absence of these measurements. From the performed
numerical study, it is shown that the proposed control approach reduces the control effort
compared to the simpler approaches. Lastly, the proposed post-impact reference is shown
to be able to generate a reference that is compatible with the ante-impact reference through
the impact dynamics, while ensuring the box reaches the desired position and orientation.

The numerical simulation study for the three-dimensional scenario consists of a 7 DOF dual-
arm robot setup swiftly grabbing a box from a pillar. The proposed control approach is
validated for the ante-impact and intermediate mode. During the ante-impact mode, it has
been shown that the robots can successfully synchronize, orientate, and move towards the
box using the formulated time-invariant reference. In order to analyze the intermediate
mode, the controller is compared to one without this mode. The results have shown that
the proposed intermediate mode strategy is able to reduce the effect of peaking when the
system enters this mode. This concludes the last contribution of this research, which was
formulated as:

Demonstrating the effectiveness of the proposed control framework on a two-dimensional
and three-dimensional setup by means of numerical simulations.
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Due to limited time, the proposed post-impact mode of the QP control framework has not
been implemented on the 7 DOF dual-arm robot setup. This remains a topic for future
research and will be mentioned as a recommendation.

5.2 Recommendations

The conducted research has shown the effectiveness of time-invariant impact-aware control
approaches. However, based on the results, there are a number of topics that can be explored
or improved in the future. The recommended future directions are related to impact detection
algorithms, complete integration and validation of the controller for the 7 DOF dual-arm
robot setup, and physical experiments.

• Impact detection algorithms:
In this work, impact detection is based on the actual state of the system during nu-
merical simulations, which is not applicable in practice. Therefore, a suitable impact
detection algorithm should be implemented that is able to detect the initial impact
and final impact. The impact detector can then be used in the controller to switch
correctly between the control modes. Impact detection and classification algorithms
have been proposed in [54, 71, 72, 77].

• Flexible joints:
In this work, numerical simulation studies were performed on rigid joint manipulators.
In practice, the joints in the manipulators will have some flexibility, which would result
in oscillations when making impact due to the flexible joint dynamics. Therefore, in line
with the goal towards real-life implementation, the proposed control strategy should
be tested on a manipulator model with flexible joints, to analyze the effectiveness. For
the planar 3 DOF dual-arm robot setup considered in this work, at the time of writing
this report, a manipulator model with flexible joints has been implemented recently.
However, due to limited time, it was not possible to provide these preliminary results
in this research and is left as a recommendation for future research. Based on the
initial findings, it can be observed that the proposed control strategy provides a similar
superior performance compared to the alternative control strategies (no intermediate
mode/impact map).

• Complete integration and validation of the controller for the 7 DOF robot
setup:
In the performed research, the post-impact mode of the proposed controller is not fully
implemented for the 7 DOF dual-arm robot setup. So far, only the ante-impact and
intermediate mode are implemented. A start was made on the post-impact mode which
included the time-invariant reference generation and task formulations. However, due
to a limited understanding of the software framework, the contact force regulation
task could not be properly implemented, as this required more advanced constraints
that are not included in the default library. Therefore, a future recommendation is to
add this task and complete the post-impact mode of the controller. Then, numerical
simulations can be performed using, e.g., AGX Dynamics to analyze the performance
and validate the proposed control approach.

• Physical experiments:
In this work, only numerical simulations have been performed to validate the control
approach. In the future, when the time-invariant reference spreading controller is fully
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validated numerically, it would become possible to perform physical experiments. The
parcel industry is an interesting field to explore with impact-aware control strategies,
and could prove to be a great asset in reducing the payload of traditional labor.
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and M. Valášek, Eds. Dordrecht: Springer Netherlands, 2003, pp. 57–81.

[61] I. Lopez Arteaga and H. Nijmeijer, “How important is the friction model on the mod-
eling of energy dissipation,” pp. 363–368, 2005, NQC.
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Appendix A

Model parameters

This appendix provides the model parameters that are used in the planar simulations. The
parameters of the RRR manipulator, box, and contact model are shown in Table A.1, A.2,
and A.3, respectively.

Table A.1: Model parameters of the planar RRR manipulator.

Symbol Description Value Unit

l1 Length link 1 0.3 [m]
l2 Length link 2 0.3 [m]
l3 Length link 3 0.1 [m]
w3 Width end effector 0.15 [m]
m1 Mass link 1 8 [kg]
m2 Mass link 2 8 [kg]
m3 Mass link 3 4 [kg]
I1 Inertia link 1 0.0667 [kg·m2]
I2 Inertia link 2 0.0667 [kg·m2]
I3 Inertia link 3 0.0108 [kg·m2]

Table A.2: Model parameters of the box.

Symbol Description Value Unit

lbox Length 0.3 [m]
hbox Height 0.2 [m]
mbox Mass 4 [kg]
Ibox Inertia 0.0433 [kg·m2]

Table A.3: Parameters of the compliant contact and friction model.

Symbol Description Value Unit

η Hertz contact exponent 1.5 [-]
kenv Contact point stiffness 3.2e9 [Nm-1]
denv Contact point damping 3.2e12 [Nsm-1]
µ Friction coefficient 0.8 [-]
ϵ Slope of the friction model at zero velocity 1e3 [-]
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Appendix B

Impact map

This appendix provides a more detailed elaboration on the generation of the impact map. In
order to generate the map, first 5 points are sampled along the edge of the box but shifted
slightly outwards. The robots are then initialized with their ideal ante-impact reference
velocity as shown in Figure B.1. In the following figures, yrel1 = yrel2 = 0 denotes the case
where both end effectors hit the box at its center height. Furthermore, it should be noted
that the synchronization task is disabled during this short time interval, to avoid active
control that would conflict with the desired velocity. A short experiment is conducted for
each combination of starting points. The results are then extracted and processed.

Figure B.1: Starting points to generate the impact map.

After extracting the simulation results, a quadratic polynomial is fitted on the position data
in each direction, which was sufficient for the performed numerical simulation as there is no
noise present. Next, the derivative of the polynomial is determined and evaluated at the
time of impact, to obtain the predicted post-impact velocity in each direction. The results
in horizontal, vertical, and angular direction are shown in Figure B.2, B.3, B.4, respectively.
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Figure B.2: Simulation results of the box velocity in x direction with the polynomial fit
and predicted post-impact velocity for all experiments.
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Figure B.3: Simulation results of the box velocity in y direction with the polynomial fit
and predicted post-impact velocity for all experiments.

80



-1

0

1

-1

0

1

-1

0

1

-1

0

1

0.0024 0.0025

-1

0

1

0.0024 0.0025 0.0024 0.0025 0.0024 0.0025 0.0024 0.0025

Figure B.4: Simulation results of the box velocity in angular direction with the polynomial
fit and predicted post-impact velocity for all experiments.

After this step, a discrete impact map is obtained that can be seen in Figure B.5. The final
step consists of applying a RBF interpolation with Gaussian radial basis functions on the
discrete data. This leads to a smooth continuous impact map that can be evaluated for any
data point in the range, which is shown in Figure B.6.

Figure B.5: Discrete impact map resulting from the finite number of experiments. The
velocity component in each direction is plotted separately.

Figure B.6: Continuous impact map after applying RBF interpolation. The velocity com-
ponent in each direction is plotted separately.
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Appendix C

Controller settings

This appendix provides the reference generation parameters for the ante-impact and post-
impact reference and QP controller task weights and gains for the planar dual arm robot
setup.

Table C.1: Ante-impact reference generation parameters.

Symbol Value Unit

κp 15 [-]
κθ 8 [-]
vimp [0.42,0.42] [m/s]
rmin 0.18 [m]
rmax 0.27 [m]

Table C.2: Post-impact reference generation parameters.

Symbol Value Unit

κp 6 [-]
κθ 3 [-]
pfinal
box [0.2,0.45] [m]

θfinalbox 0 [deg]
rmin 0 [m]
rmax 0.17 [m]

Table C.3: QP controller task weights and gains.

Mode Task w kp kd
Ante-impact Linear velocity 7.5 - 25

Orientation 5 - 25
Synchronization 100 144 24

Intermediate Linear position 15 64 1.6
Orientation 4 25 2.5

Post-impact Linear velocity 30 - 50
Orientation 30 - 50
Contact force 15 - -
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