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Summary

FINITE STRAIN DISCRETE DISLOCATION PLASTICITY

APPLICATIONS AND NEW DEVELOPMENTS

For a wide range of crystalline solids, room temperature plastic deformation occurs as a con-
sequence of the collective motion of dislocations gliding on specific slip planes. The mobility of
dislocations is what gives rise to plastic flow at stress levels relatively low compared to the the-
oretical strength. In continuum plasticity formulations, this slip is smeared out with the effect of
individual dislocations ignored: such descriptions predict no size dependence of plastic defor-
mation. The importance of capturing size effects in materials engineering is increasing due to the
development of newmaterials (e.g. Nanostructured alloys) and devices (e.g. MEMS) with charac-
teristic length scales in the nanometer to micrometer range. Existing continuum descriptions fail
to predict a size-dependent response, and are thus unsuitable for application in these emerging
fields.

Since the late 1980s considerable activity has been directed at representing plastic flow in terms
of the dynamics of large numbers of interacting dislocations, with the dislocations represented as
line singularities in an elastic solid. This framework naturally accounts for both the stress en-
hancement due to organized dislocation structures and the stress relaxation arising from dislo-
cation glide. Unfortunately, discrete dislocation plasticity (DDP) framework has been restricted
to infinitesimal deformations; both the effect of lattice reorientation on dislocation glide and the
effect of geometry changes on the momentum balance have been neglected. The main objective
of this thesis is to provide novel formulations for finite deformation discrete dislocation plasticity
framework, which contrary to the small strain case, are capable to capture finite lattice rotations
and geometry changes.

In order to underline the significance of finite strain effects in plasticity, first, the strengths
and weaknesses of small strain DDP are discussed by solving for the hydrogen embrittlement
mechanism. To this end, the analysis of mode-I fracture of a single crystal is performed with
plastic flow in the crystal being described by small strain DDP and the material separation being
modelled using a cohesive zone formulation. It is shown that small strain DDP method captures
the impact of high hydrogen concentrations on the reduction of dislocation activities around the
crack tip and material toughness. Nevertheless, since in these calculations the method of discrete
dislocation plasticity is implemented in a small strain setting, the stresses, which are captured
at the crack tip are normally higher than real cases and the impact of lattice reorientation at the
crack tip is not fully captured. Although the small strain DDP setting is capable of capturingmany
physical phenomena rather accurately, but in some cases such as modelling fracture and fatigue
in ductile materials this method falls short which underlines the need for a formulation that is
capable of capturing finite deformations.

Following this motivation, the foundations of two different finite strain DDP frameworks



are presented by extending the discrete dislocation plasticity framework of Van der Giessen and
Needleman (1995) to finite deformations using a total Lagrangian setting. The main assumptions
in the presented models are: (i) lattice strains remain small away from dislocation cores and (ii)
the elastic properties are unaffected by slip. Besides, the dislocations are treated analytically and
hence the discontinuity in their displacement field is captured naturally. This model framework
results in a highly nonlinear equation for the image problem and is numerically implemented
using a conventional finite element method. The finite deformation effects accounted for are: (i)
finite lattice rotations and (ii) shape changes due to slip.

The predictions of the finite strain DDP formulation are presented for the problems of: (i)
tension and compression of single crystals oriented for single slip; (ii) cantilever beam bending;
and (iii) constrained plastic flow in single crystals oriented for single or double slip. Subsequently,
the results obtained for these problems are compared with the solutions obtained by the small
strain DDP framework in order to capture the effect of finite deformations in these examples. The
main conclusions obtained from these simulations are:

• The finite strain DDP calculations show a size-dependent tension/compression asymmetry
with the tensile response being mildly softening while the compressive response is mildly
hardening. This asymmetry decreases with increasing specimen width and is associated
with the finite geometry changes in the specimen.

• The hardening rates in the plastic regime of the bending response are slightly lower when
the finite strain DDP formulation is employed as curving of the slip planes is accounted for
in the finite strain formulation. This relaxes the back-stress in the dislocation pile-ups that
result due to the bending stress field and therefore reduces the hardening rate.

• Compared to the small strain case, finite strain predictions demonstrate a softer compres-
sive response in the constrained plastic flow problem. This is again due to the fact that in
the finite strain formulation curving of the slip planes and the geometrical changes in the
boundaries of the crystal are accounted for.

In addition, for the examples mentioned above, a complete study of size and shape effects is per-
formed and the main physical mechanisms governing these phenomena are identified. The main
sources of plastic size effects addressed in this thesis are: (i) geometrically necessary dislocations
(GNDs); (ii) constrained dislocation glide by internal interfaces; and (iii) dislocation starvation.
The obtained results show that the plastic response of the specimens is size-dependent with the
smaller specimens being stronger, which is consistent with a wide body of both experimental and
computational investigations in the micrometer regime.

The finite strain DDP framework presented in this thesis provides a foundation to a more
thorough analysis of the plastic response of crystalline metals at the micron-scale. In particular,
when crystals are performing under large displacements and rotations, or cyclic loading the ac-
curate description of the role of lattice rotations and geometrical changes become increasingly
important.



Chapter 1

Introduction

§ 1.1 Background and motivation

O ver the past years significant attention has been focused on the study of plasticity, which
results in permanent deformations. This is due to the fact that the fabrication of a wide

variety of industrial products depends upon the ability to deform metals into different shapes.
In the automotive manufacturing industries every metal part from the body of the car, hood and
fenders to the smallest nuts aremade bymetal forming processes. Flyingwith aeroplanes has been
possible due to the fact that we are capable of working metals into useful shapes. We depend
upon canned food and beverages on a daily basis with these cans being produced by different
metalworking processes, such as deep drawing. In many other applications, such as precision
controlling, permanent deformations are often undesired and needs to be prevented. In other to
extend the understanding of all these processes, better predictions of the underlying plasticity
mechanisms is required.

The various relevant scales that may determine the response of a material during plastic de-
formation are demonstrated in Fig. 1.1. As one zooms in to the plastic region, it is observed that
in the macroscopic scale the plastic zone is governed by continuum plastic flow. Inside this plas-
tic region the material is polycrystalline with the plastic deformation being different in different
grains. As one magnifies this region more, it can be recognized that plastic deformation occurs as
a consequence of the collective motion of dislocations gliding on specific slip planes. It is the mo-
bility of these dislocations that gives rise to plastic flow at stress levels relatively low compared to
the theoretical strength. Finally, by zooming even further the atomic arrangement of the material
is revealed. At this scale dislocations are shown to be irregularities within the crystal structure,
with lattice shear bond breaking and reattachments controlling their glide.

The first description of plasticity was given by Coulomb (1821) and since thenmany newmod-
els have emerged in order to better describe plasticity at various length scales. Fig. 1.1 illustrates
that as one approaches smaller length scales the amount of the physics captured in these models
increases, yet this is achieved by the expense of heavier and higher calculation times: a very brief
summary of these theories is presented here.

(i) Continuum and (ploy)crystal models: These models consist of phenomenological continuum
theories, including crystal plasticity and theories considering the average motion of groups
or densities of dislocations. These theories are employed at the size scale of Figs. 1.1(a)-1.1(c),
i.e. when the length scale of the specimen exceeds the size of the individual grains or when

1



Introduction

the number of dislocations in the material is large. For describing plasticity at this scale
accounting for dislocation densities will suffice and there is no need to consider individual
dislocations. Examples of these models can be found in Groma (1997), Fleck et al. (1994)
and Asaro (1983).

(ii) Discrete dislocation models: These methods describe plastic flow in terms of the dynamics of
large numbers of interacting discrete dislocations while taking into account individual be-
haviour of every dislocation inside crystals (Fig. 1.1(d)). As a result, these frameworks may
give an accurate description of the material behaviour when specimen size gets within the
scales of the characteristic length of dislocations. Hence, these models are mainly employed
to enhance the understanding of defect interactions and also to provide better assumptions
for the parameters used in mesoscale plasticity models. Examples of these methods in-
clude Zbib et al. (2002), Van der Giessen and Needleman (1995), Amodeo and Ghoniem
(1990), Gulluoglu et al. (1989) and Lepinoux and Kubin (1987).

(iii) Atomistic models: The discrete dislocation based methods, require governing laws for indi-
vidual dislocations and their short range interactions with each other. The constitutive laws
at the nanoscale is difficult to obatin experimentally and therefore they are usually inves-
tigated by atomistic models at the size scale of Fig. 1.1(e). For examples of these methods
see Bernstein et al. (2009), Bitzek and Gumbsch (2005) and Curtin and Miller (2003).

(a)
(b)

(c)

(d)
(e)

Computational
efficiency

Accuracy

Figure 1.1: Description of plastic deformation in metals at various length scales. (a) A material
under fracture. (b) Phenomenological continuum plasticity. (c) Crystal plasticity. (d) Discrete dis-
location plasticity. (e) Atomistic simulations (reproduced from Van der Giessen and Needleman
(2003)).

In this thesis, the main focus lays on the description of plasticity in the discrete dislocation scale,
i.e. the size scale of Fig. 1.1(d). To this end, the discrete dislocation plasticity of Van der Giessen
and Needleman (1995) is taken as a starting point. The advantage of this method compared to
other methods at this level is that in this method the boundary value problem is handled much

2



Background and motivation

easier and one may easily pick up the image fields which appear at the boundaries of a finite
domain.

1.1.1 The significance of finite deformations in plasticity

It is well known that, from a mechanical point of view, dislocation motion may give rise to a jump
in the displacement field which may lead to finite lattice rotations and shape changes due to slip.
The significance of these deformations for plastic flow has long been recognized, both experimen-
tally and theoretically. For example, in phenomena such as crack tip blunting (McMeeking, 1977)
the significance of lattice reorientation for plastic flow is not negligible and may alter the resolved
shear stress on the slip systems which, in turn, affects subsequent dislocation glide. Furthermore,
the slip band formed on the material surface is a preferential site for crack initiation (Tanaka and
Mura, 1981), while slip steps formed on the specimen surface and their resultant stress concentra-
tions may lower the yield stress during cyclic loading of crystals (Fig. 1.2). These deformations are
not captured by small strain formulations such as the framework of Van der Giessen and Needle-
man (1995). As a result, many researchers have focused on developing new methods which are
capable of describing the behaviour of crystals under large deformations. Acharya (2004) devel-
oped a finite deformation field theory for continuously distributed dislocations while El-Azab
(2006) has developed a finite deformation statistical mechanics formalism for dislocation plastic-
ity. Zbib et al. (2002) have presented a formulation where volume average plastic strain rates and
plastic rotation rates, obtained from small deformation discrete dislocation plasticity, are used in a
conventional continuum finite deformation visco-plastic constitutive description, so that the finite
deformation effects are decoupled from the discrete dislocation dynamics.

(a)

crack

slip band formation

extrusion intrusion
material surface

(b)

Figure 1.2: (a) The slip bands developing due to cyclic loading and the movement of dislocations
along the slip planes. The extrusions and the intrusions which are created on the surface serve as
stress risers and a preferential site for crack initiation (Suresh, 1991). (b) The schematic illustration
of the phenomenon shown in (a).

The successes of small strain discrete dislocation plasticity, for example in the study of size
effects in composites (Cleveringa et al., 1997), in modelling indentation (Balint et al., 2006a), thin
films (Nicola et al., 2006) and fatigue loading (Deshpande et al., 2002), together with increas-

3



Introduction

ing computational capabilities provide the motivation for considering finite deformation effects
within this framework. In this thesis novel formulations for finite deformation discrete dislocation
plasticity framework are presented which contrary to the small strain case, are capable to capture
finite lattice rotations and geometry changes. This aim will be established by extending the super-
position framework of Van der Giessen and Needleman (1995) to finite deformations using a total
Lagrangian setting. To this end, first the foundations of the discrete dislocation plasticity method
in small strain setting will be presented.

1.1.2 A summary of the small strain DDP method

The discrete dislocation plasticity (DDP) framework employed in this thesis was first proposed
by Van der Giessen and Needleman (1995). In this framework plastic deformation and flow, is
described by the nucleation and glide of discrete edge dislocations. As a result, this method may
naturally account for both the stress enhancement due to organized dislocation structures and the
stress relaxation arising from dislocation glide. Here, a brief and general summary of the DDP
formulation in a small strain setting is provided1:

T0 on ST

u0 on Su

T̃ on ST

ũ on Su

T̂ = T0 − T̃ on ST

û = u0 − ũ on Su

=

∞

+

Figure 1.3: Decomposition of the boundary value problem: summation of the dislocation fields,
the (̃ ) fields, and image fields, the (̂ ) fields. For more details see Van der Giessen and Needleman
(1995).

Consider a two-dimensional body under plane strain conditions such that at time t, the body
contains N edge dislocations, with the dislocations being represented as line singularities in an
elastic medium. In this method, in order to obtain the solution, the problem is decomposed in
two additive parts and the field quantities are computed using superposition (see Fig. 1.3). First,
the singular (̃ ) fields associated with the N dislocations are calculated analytically. Typically,
solutions of dislocations fields in an infinite medium (e.g. such as those in Hirth and Lothe (1968))
are used to represent the (̃ ) fields but it is equally possible to use other solutions such as those for
dislocations in a half-space, etc. Thus, these fields do not give the correct stress and displacement
fields at the boundaries. This issue is solved by solving for a complementary problem, where both
the boundary conditions and the dislocation fields are applied. As a result, the displacements,
strains and stresses are expressed as

ui = ûi + ũi, εij = ε̂ij + ε̃ij , σij = σ̂ij + σ̃ij , (1.1)
1In the following chapters the specific method employed for each problem is described more elaborately within

the context of the problem solved.

4



Objectives and outline of the thesis

respectively. The (̃ ) fields are the sum of the fields of the individual dislocations (labelled by
1 ≤ I ≤ N ) in their current positions, i.e.

ũi =
N∑
I=1

ũ
(I)
i , ε̃ij =

N∑
I=1

ε̃
(I)
ij , σ̃ij =

N∑
I=1

σ̃
(I)
ij . (1.2)

The (̂ ) fields on the other hand, are obtained by solving a small strain elasticity boundary value
problem with the boundary conditions changing as the dislocation structure evolves. Unlike the
dislocation fields, the (̂ ) fields are smooth and therefore the complementary problem may be
solved by employing conventional finite element methods. The final solution will be obtained
following an incremental manner, i.e. the problem is assumed to be quasi-static. In this way the
total displacement and stress fields that are obtained at each time-step will be employed as an
input for the solution of the next time-step.

At the beginning of a calculation the crystal is stress- and dislocation-free. The long range
interactions of the dislocations are accounted for through their elastic fields and for the short range
interactions constitutive rules are prescribed. New dislocation pairs are generated by simulating
Frank-Read sources. In two dimensions, this is mimicked by discrete point sources randomly
distributed on discrete slip planes. These sources generate a dislocation dipole with their Burgers
vectors aligned with the slip plane direction. This occurs when the magnitude of the Peach-
Koehler force f (I) on source I exceeds a critical value τnucb during a time period tnuc. The sign of
the dipole is determined by the sign of the resolved shear stress along the slip plane. Furthermore,
the distance between the two nucleated dislocations, Lnuc, is taken such that the attractive stress
field which the dislocations exert on each other is equilibrated by a shear stress of magnitude
τnuc. Annihilation of two opposite signed dislocations on a slip plane occurs when they are within
a material-dependent critical annihilation distance, Le. The magnitude of the glide velocity v(I)

along the slip direction of dislocation I is taken to be linearly related to the Peach-Koehler force
f (I) through the drag relation. Obstacles to dislocation motion are modelled as points associated
with a slip plane. The dislocations gliding on the slip plane of an obstacle, get pinned as they
try to pass through this obstacle. Moreover, obstacles release the pinned dislocations when the
Peach-Koehler force on the obstacle exceeds τobsb.

§ 1.2 Objectives and outline of the thesis

The main objective of this thesis is to develop a finite strain discrete dislocation plasticity frame-
work, which is capable of capturing finite strain effects such as lattice rotations and shape changes
due to slip. Therefore, in this thesis the following topics are addressed:

(i) Novel motivations to underline the significance of finite strain effects in plasticity.

(ii) The analysis of different frameworks by which finite strain effects may be modelled in a
discrete dislocation setting, their advantages and disadvantages.

(iii) The study of the impact of finite strain effects on material behaviour and plastic flow.

(iv) The study of size and shape effects in materials and identification of the main physical mech-
anisms governing these phenomena, under different types of loading.

5
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In order to obtain a thorough understanding of the strengths and shortcomings of the small strain
DDP method, in Chapter 2 the phenomenon of hydrogen embrittlement is discussed. In this
chapter, the plastic flow in the crystal is described by small strain DDP and material separation is
modelled using a cohesive zone formulation. Two limiting cases are analysed: (i) the fast diffusion
limit and (ii) the slow diffusion limit. It will be shown subsequently that small strain DDPmethod
captures the impact of high hydrogen concentrations on the reduction of dislocation activities
around the crack tip and material toughness. Nevertheless, as in these calculations the method
of discrete dislocation plasticity is implemented in a small strain setting, the stresses which are
captured at the crack tip are normally higher than real cases and the impact of lattice reorientation
at the crack tip is not fully captured. This may result in a discrepancy in the calculated solution, as
the aim of hydrogen embitterment simulations is to capture the transition from ductile to brittle
behaviour due to absorption of hydrogen and in doing so blunted and sharp crack tips should
emerge as features of ductile and brittle fractures, respectively. Although the small strain DDP
setting is capable of capturing many physical phenomena rather accurately, but in some cases
such as modelling fracture and fatigue in ductile materials this method falls short and there is a
need for a discrete dislocation plasticity methodwhich is capable of capturing finite deformations.

Following the motivation obtained in Chapter 2, the foundations of two different finite strain
discrete dislocation frameworks in a total Lagrangian setting are presented in Chapter 3. In these
frameworks, the discrete dislocations are presumed to be adequately represented by singular lin-
ear elastic fields. The main assumptions in the presented model are: (i) lattice strains remain
small away from dislocation cores and (ii) the elastic properties are unaffected by slip. Here, dis-
locations will be treated analytically and hence the discontinuity in their displacement field is
captured naturally. Moreover, this model framework, results in a highly nonlinear equation for
the image problem and is numerically implemented using a conventional finite element method.
In Chapter 4, predictions of these formulations are presented for the problems of tension and
compression of single crystals. Besides, the results obtained for these problems are compared
with the solutions obtained by small strain DDP framework in order to capture the effect of finite
deformations in tensile and compressive loadings.

Following the objectives of this thesis, in Chapter 5 in order to obtain a better understanding of
the impact of finite deformations especially finite lattice rotations, the finite strain DDP framework
of Chapter 3 is employed in the solution of the cantilever bending problem. This benchmark
provides a setting where lattice rotations come into effect and comparing the results obtained by
this method with the solution of small strain DDP framework provides a better understanding of
the impact of lattice rotations on the behaviour of materials in bending. Moreover, in this chapter
a complete study of size and shape effects along the role of geometrically necessary dislocations
(GNDs) will be performed.

Constraining the dislocation glide in multi-phase materials results in dislocation pile-ups at
the boundaries between different phases. The formation of dislocation pile-ups eventually gives
rise to strain gradients and the associated lattice rotations throughout the crystal. Hence, con-
strained plastic flow provides a suitable platform to investigate the impacts of lattice rotations
which are purely caused by dislocation pile-ups. In Chapter 6, finite strain and plastic size ef-
fects in constrained plastic flow are investigated by using finite strain and small strain discrete
dislocation plasticity. Crystals with both one and two active slip systems are analysed as well as
specimens with different aspect ratios. Finally, in Chapter 7, the main conclusions are summarised
and an outlook is given for future work.
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A brief overview

O ver the past years, the small strain discrete dislocation plasticity framework of Van der
Giessen and Needleman (1995) has been successfully employed to model different phenom-

ena at the micron scale including fracture in plastic materials. Correspondingly, much knowledge
has been gained about the mechanisms by which crack initiates and propagates in different ma-
terials. In this part, the mechanism of hydrogen embrittlement will be modelled by analysing the
mode-I fracture of a single crystal with plastic flow in the crystal described by discrete dislocation
plasticity (DDP) in a small strain setting. This example will provide a platform to recognize the
strengths and the weaknesses of the small strain DDP method. In this regard, it will be shown
that the small strain DDP calculations are able to capture the main mechanisms involved in a
hydrogen induced decohesion problem. However, in fracture of ductile materials and crack tip
blunting the significance of lattice reorientation for plastic flow is not negligible and a small strain
based method is not capable to capture this feature of ductile fracture. This may eventually result
in a loss of accuracy in the obtained value of steady-state fracture toughness of ductile materials.



Chapter 2

Discrete dislocation analysis of hydrogen-assisted
mode-I fracture1

§ Abstract

Fracture of engineering alloys in the presence of hydrogen commonly occurs by decohesion along
grain boundaries via a mechanism known as Hydrogen Induced Decohesion (HID). In this chap-
ter, this mechanism is investigated by analysing the mode-I fracture of a single crystal with plastic
flow in the crystal described by discrete dislocation plasticity (DDP) in small strain setting and
material separation (decohesion) modelled using a cohesive zone formulation. The motion of
dislocations is assumed to be unaffected by hydrogen diffusion. While the cohesive strength is
assumed to be reduced proportional to the local hydrogen concentration. Two limiting cases are
analysed: (i) the fast diffusion limit which results in a high hydrogen concentration in the regions
of high hydrostatic stress around dislocations and near the crack tip and (ii) the slow diffusion
limit with the hydrogen concentration remaining spatially uniform as in a stress-free material.
The lower cohesive strength at high hydrogen concentrations results in reduced dislocation activ-
ity around the crack tip and a reduction in the material toughness. In fact, at the highest hydrogen
concentrations analysed here, crack growth primarily occurs in an elastic manner. However, sur-
prisingly the calculations predicted that the toughness in the fast diffusion case was no more than
12% lower compared to the slow diffusion case suggesting that the stress concentrations due to the
dislocation structures and the crack tip fields have only a minor effect on the toughness reduction
in the presence of hydrogen. The DDP calculations are finally used to investigate the sensitivity
of the material toughness to the grain boundary cohesive strength. The calculations show that
the toughness of materials with a small cohesive opening at the peak cohesive traction are more
sensitive to hydrogen loading. It is speculated that this result might be used as a guide in grain
boundary engineering to design alloys that are less sensitive to hydrogen embrittlement by the
HID mechanism.

1Reproduced from: N. Irani , J.J.C. Remmers and V.S. Deshpande. A Discrete Dislocation Analysis of Hydrogen-
Assisted Mode-I Fracture. submitted

9



Discrete dislocation analysis of hydrogen-assisted mode-I fracture

§ 2.1 Introduction

A large number of engineering alloys (steel, nickel, etc.) when exposed to hydrogen, suffer
from a loss of ductility and toughness, which may lead to sudden, premature failure. Con-

sequently, the adverse effects of hydrogen embrittlement must be included in engineering design
for applications such as pipelines and nuclear power plants that come into contact with water,
hydrocarbons or hydrogen gas. Hydrogen embrittlement is also critical for welded joints since
hydrogen take-up can arise from the use of damp electrodes in electric welding operations.

The atomistic mechanism of hydrogen embrittlement remains a controversial issue: at least
two major mechanisms have been proposed. According to the Hydrogen Induced Decohesion
(HID) mechanism, hydrogen that has accumulated at a crack tip reduces the cohesive strength
giving rise to a reduced fracture toughness (Troiano, 1960; Oriani, 1970). In contrast, the Hydro-
gen Enhanced Localised Plasticity (HELP) mechanism (Birnbaum and Sofronis, 1994) assumes
that hydrogen redistribution occurs around dislocations and it reduces the elastic interaction en-
ergy between dislocations and the associated Peierls stress. Gangloff (2003) argued that HID is the
dominant mechanism in high strength alloys on the basis that a wide range of micromechanical
fracture toughness models of HID are able to predict (i) the threshold stress intensity factor KTH

and (ii) the crack growth rate da/dt versus K response for hydrogen exposed alloys. Serebrinsky
et al. (2004) support the view of Gangloff (2003) by developing a quantitative HID based model:
they assumed that a cohesive zone exists at a crack tip and the strength of the cohesive zone
drops with increasing local hydrogen concentration. By suitable adjustments of material param-
eters, this model was able to predict the observed incubation time for crack initiation, the effect
of hydrogen concentration uponKTH and the effect of temperature upon da/dt. Jiang and Carter
(2004) also supported the HID mechanism; they obtained the dependence of surface energy upon
hydrogen concentration via a first principles calculation. Recently, Novak et al. (2010) proposed
a synergetic effect of the HID and HELP mechanisms. They argued that the HELP mechanism
reduces the length of pile-ups on carbides situated at the grain boundaries. Simultaneously, the
presence of hydrogen reduces the cohesive toughness of the grain boundaries (HID), giving rise
to premature inter-granular fracture.

There is growing evidence from atomistic calculations that hydrogen reduces the cohesive
strength Σmax and toughness of grain boundaries, see for example Geng et al. (2005). This fact is
also supported by experimental evidence that grain boundary engineering significantly reduces
the susceptibility of nickel to hydrogen embrittlement (Bechtlea et al., 2013). The effect of cohe-
sive strength on the toughness of metals was investigated in a pioneering study by Tvergaard
and Hutchinson (1992). They employed continuum J2-flow theory of plasticity to model plastic
deformation in a metal with uniaxial tensile yield strength σY and a cohesive surface to model
the separation process. Their calculations demonstrated that the normalised mode-I steady-state
toughnessKss/K0(Σmax) increased with increasing Σmax/σY , whereKss is the steady-state tough-
ness andK0(Σmax) is the toughness of the corresponding elastic solidwith cohesive strengthΣmax.
In fact, for an ideally plastic solid under plane strain conditions the toughness was unbounded
as Σmax/σY → 3. While this model of Tvergaard and Hutchinson (1992) qualitatively explains
the reason for the reduction in the toughness of the metal due to the presence of hydrogen (i.e.
hydrogen reduces the cohesive strength which in turn reduces toughness), it has two main draw-
backs: (i) different metals have varying degrees of susceptibility to hydrogen attack but the model
of Tvergaard and Hutchinson (1992) suggests that there exists a unique Kss/K0 versus Σmax/ΣY
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relation and (ii) the prediction that the toughness is unbounded as Σmax/σY → 3 is unrealistic, as
the cohesive strength of grain boundaries is expected to be significantly greater than 3 times the
uniaxial tensile yield strength of the metal, σY .

The second drawback has been addressed by employing the overall framework of Tvergaard
and Hutchinson (1992), but rather than using J2-flow theory of plasticity, investigators have em-
ployed enhanced plasticity theories such as strain gradient plasticity (Chen et al., 1999) and dis-
crete dislocation plasticity (Cleveringa et al., 2000) to model plastic deformation of the metal dur-
ing fracture. These theories are capable of modelling the size-dependent yield strength of metals
and thus predict a finite fracture toughness for Σmax/σY � 3 where again σY is the correspond-
ing uniaxial tensile yield strength. In this chapter the aim is to clarify the Hydrogen Induced
Decohesion (HID) mechanism using small strain discrete dislocation plasticity.

The outline of the chapter is as follows: First, the small strain discrete dislocation plasticity
(DDP) framework to analyse crack growth and the model used to include the effect of hydrogen
on the decohesion process is briefly described. Second, computational results are presented for the
effects of hydrogen diffusion rate, grain boundary cohesive strength and hydrogen concentration
on the toughness of the material. Motivated by these results this chapter shall be concluded by
presenting a map that summarises the effect of hydrogen on the toughness as a function of two
material non-dimensional groups.

§ 2.2 Formulation of the problem

2.2.1 Small strain DDP formulation for Mode-I crack growth

Consider a specimen under remote tensile loading as sketched in Fig. 2.1(a). Hydrogen Induced
Decohesion (HID) resulting in fracture along grain boundaries is envisaged as Fig. 2.1(a) with the
crack growing primarily in mode-I. Given the mode-I nature of crack growth the idealised situa-
tion of an infinitely long crack is considered in a two-dimensional single crystal subjected to far
field mode-I loading as sketched in Fig. 2.1(b). Symmetry about the crack plane representing a
grain boundary is assumed so that only half of the crystal has to be considered. This small-scale
yielding problem is analysed with plasticity assumed to be confined to a rectangular window of
Lp × hp inside of which dislocations are treated discretely; see Fig. 2.1(b). The calculations are
terminated before dislocations reach the boundary of this window. Remote from the crack tip,
displacements corresponding to the isotropic, linear elastic mode-I singular fields which are char-
acterised by the mode-I stress intensity factor KI are applied. Furthermore, crack initiation and
growth are modelled using a cohesive surface (Deshpande et al., 2002); the properties of this co-
hesive surface will be specified later. The boundary value problem formulation and the numerical
implementation follow that in Cleveringa et al. (2000) and Deshpande et al. (2002) where further
details and additional references are given.

At each time-step, an increment of the mode-I stress intensity factor K̇IΔt is prescribed, where
K̇I is the applied rate of KI and Δt is the time increment used in the numerical calculations. At
the current instant, the stress and strain states of the body is known, so that the forces acting on
all dislocations can be calculated. On the basis of these forces the dislocation structure is updated,
which involves the motion of dislocations, the generation of new dislocations, their mutual anni-
hilation, their pinning at and releasing from obstacles, and their exit into the open crack. After
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this, the increments in the stress and strain fields are solved from the incremental version of the
virtual work equation ∫

V
σij δεij dV − 1

2

∫
Scoh

ti δΔi dS =

∫
Sext

ti δui dS. (2.1)

Here, V is the volume of the region analysed, Sext is the external surface and Scoh is the surface
where cohesive tractions operate. Furthermore, σij are the components of the stress tensor, ti are
the cohesive traction components, ui are the displacement field components, Δi are the compo-
nents of the displacement jump across the cohesive surface, and

εij =
1

2
(ui,j + uj,i),

ti = σij nj , (2.2)

where ni are the components of the unit outward normal on Scoh or Sext. Superposition is used to
determine the velocity, strain and stress rate fields in the body with the new dislocation distribu-
tion (Van der Giessen and Needleman, 1995) such that

u̇i = ˙̃ui + ˙̂ui, ε̇ij = ˙̃εij + ˙̂εij , σ̇ij = ˙̃σij + ˙̂σij . (2.3)

The (̃ ) fields are the sum of the fields of the individual dislocations, in their current configuration
that give rise to tractions t̃i and displacements ũi on the boundary of the body. The individual
dislocation fields are those for an edge dislocation in a traction-free half-space (Freund, 1994),
with the traction-free surface corresponding to the crack plane x2 = 0. The (̂ ) fields represent the
image fields that correct for the actual boundary conditions. Contrary to the (̃ ) fields, the latter
are non-singular and are obtained with a finite element method.

At each time-step, the stress analysis consists of three main computational stages: (i) determin-
ing the Peach-Koehler forces on the dislocations using the current stress state; (ii) determining the
changes in the dislocation structure caused by the motion of dislocations, the generation of new
dislocations, their mutual annihilation, their possible pinning at and releasing from obstacles; and
(iii) determining the stress and strain state for the updated dislocation arrangement.

Knowing the current stress state, the Peach-Koehler force f (I) acting on the I-th dislocation is
determined by

f (I) = n
(I)
i

⎛
⎝σ̂ij + Σ̃

(I)
ij +

∑
J �=I

σ
(J)
ij

⎞
⎠ b

(I)
j , (2.4)

with n
(I)
i the slip plane normal and b

(I)
j the Burgers vector of dislocation I while Σ̃

(I)
ij is the non-

singular component of σ̃(I)
ij related to the traction-free surface of the half-plane solution employed

here. The direction of this force is along the slip plane and normal to the dislocation line. The
Peach-Koehler force includes the long range interactionswith all other dislocations in thematerial.
This force determines the evolution of the dislocation structure, accounting for glide, generation,
annihilation, pinning at and releasing from obstacles.

When inertia is neglected, the magnitude of the glide velocity v(I) of dislocation I can be
obtained using the drag relation below,

v(I) =
1

B
f (I), (2.5)
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Figure 2.1: (a) Sketch of tensile loading of a polycrystalline alloy with decohesion occurring along
grain boundaries and the crack growing primarily in mode-I. (b) Sketch of the idealised mode-I
boundary value problem analysed for crack growth in a single crystal.

where B is the drag coefficient.

New dislocation pairs are generated by simulating Frank-Read sources. This mechanism con-
sists of bowing of a dislocation pinned at two points, and the subsequent instability of the bowed
dislocation. This results in the formation of a dislocation loop and preserving the original pinned
dislocation. Here, every Frank-Read segment is represented by a point source on a slip plane, and
two nucleated edge dislocations of opposite signs represent the cross section of the newly gener-
ated loop. This mechanism is approximated as follows: If the resolved shear stress acting on the
source exceeds a critical value τnuc, for a sufficiently long time tnuc, two opposite edge dislocations
are nucleated. The distance Lnuc between the dislocations is equal to

Lnuc =
E

4π(1− ν2)

b

τnuc
, (2.6)

where E is the Young’s modulus and ν is the Poisson’s ratio. Annihilation of two dislocations
with opposite Burgers vector occurs when they are sufficiently close together. This is modelled by
eliminating two dislocations when they are within a critical annihilation distance Le.

Finally, obstacles to dislocation motion are modelled as fixed points on a slip plane. A dislo-
cation gliding on a slip plane can be stopped and pinned by an obstacle at the same slip plane.
Pinned dislocations can only pass the obstacles when their Peach-Koehler force exceeds an obsta-
cle dependent value τobsb, where τobs is the obstacle strength.

2.2.2 Oriani’s theory for hydrogen distribution

In this section, the Oriani (1970) theory is summarised for the relative distribution of hydrogen
in the lattice and at traps. Hydrogen in a metal is either stored at normal interstitial lattice sites
(NILS) or is trapped at micro-structural defects such as dislocations, grain boundaries, interfaces
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and carbides. The concentration of hydrogen at NILS, also called the lattice hydrogen concentra-
tion, is given by CL = θLβNL where θL is the fraction of occupied interstitial lattice sites, β is the
number of NILS per lattice atom andNL is the number of lattice atoms per unit volume. Similarly,
the concentration of hydrogen trapped at any given site is CT = θTαNT where θT is the fraction of
occupied trapping sites, α is the number of atom sites per trap and NT is the number of traps per
unit volume. Oriani’s equation states the equilibrium value of occupancy ratio of sites, in terms
of an equilibrium constant K, as

θT
1− θT

= K
θL

1− θL
. (2.7)

In turn, K is related to the trap binding energy ΔH , the gas constant R and the absolute temper-
ature T according to

K = exp

(
−ΔH

RT

)
. (2.8)

Since θL � 1, Eq. (2.7) can be re-phrased as

θT ≈ KθL
1 +KθL

=
CL/(βNL)

CL/(βNL) + exp(ΔH/RT )
. (2.9)

Typically, for a given metal β and NL are well-known from the lattice structure. For instance,
for BCC iron, the values are: β = 6 and NL = 8.46 × 1028 m−3; see for example Sofronis and
McMeeking (1989). There is greater uncertainty about the value of ΔH for the different types of
traps. Following Serebrinsky et al. (2004), it shall be assumed that ΔH = −30 kJ/mol for grain
boundary traps. Thus, given the lattice hydrogen concentration in the vicinity of a grain boundary
Eq. (2.9) can be used to predict the fraction of available sites in the grain boundary occupied by
hydrogen atoms (i.e. θT ).

The lattice hydrogen concentration

To predict the hydrogen coverage of grain boundaries (ie. θT ) it is required to estimate the lattice
hydrogen concentration CL in the vicinity of grain boundaries. Recall that the lattice hydrogen
is free to diffuse in the material and is driven by the chemical potential gradients. Here, two
limiting situations shall be considered: (i) a fast diffusion limit (or equivalently a slow loading
rate limit) where the hydrogen can diffuse within the lattice fast enough so that it can be assumed
in chemical equilibrium at every instant of loading and (ii) a slow diffusion limit (or equivalently
a fast loading rate limit) where there is no time for diffusion of the lattice hydrogen over the
duration of the test. In all cases, the trapping kinetics are assumed to be fast enough so that the
trapped hydrogen is always in local equilibrium with the lattice hydrogen and therefore may be
obtained by Oriani’s theory described above.

Consider a specimen in hydrogen atmosphere (e.g. acidic or alkaline bath) such that there is
ample supply of hydrogen to feed the specimen as needed. The specimen is first immersed in this
bath prior to loading and then is allowed to attain an equilibrium state. At this point the lattice
and trapping sites within the specimen fill up with hydrogen such that the trapped hydrogen is in
equilibrium with the lattice hydrogen. Furthermore, the lattice hydrogen with concentration C 0

L

is spatially uniform within the specimen with chemical potential

μ = μ0 +RT ln (C 0
L), (2.10)
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where μ0 is the chemical potential in the standard state and C 0
L is given by the equality μ = μR,

where μR is the chemical potential of hydrogen in the atmosphere within which the specimen is
immersed. Thus, in experiments C 0

L is typically adjusted by changing the hydrogen atmosphere
in which the experiment is conducted.

First, consider the fast diffusion limit. If loading is applied to the specimen, the local hydro-
static stress σh(xi) = σkk(xi)/3 at location xi in the specimen alters the chemical potential of the
lattice hydrogen to

μ(xi) = μ0 +RT ln(CL(xi))− σh(xi)VH, (2.11)

where VH is the partial molar volume of hydrogen in solid solution. In the fast diffusion limit, since
there is ample time for diffusion to occur within the specimen, μ(xi) will be spatially uniform.
Now recall that remote from the crack tip (or local stress concentrations where failure occurs)
σh ≈ 0 with CL(xi) = C 0

L . Equating the chemical potentials of point xi to that far field from the
crack tip gives

CL(xi) = C 0
Lexp

(
σh(xi)VH

RT

)
. (2.12)

On the other hand, in the slow diffusion limit there is no time for diffusion to occur over the
duration of the test and the total hydrogen concentration remains fixed during the whole pro-
cess. Nevertheless, in Appendix A it is shown that over any realistic range of dislocation density
the dislocation stress fields do not trap any significant amounts of hydrogen. Also, this analysis
neglects the hydrogen trapped within the dislocation cores. As a result, one may conclude that
Ctot(xi) ≈ CL(xi) in the crystal. Hence, in the slow diffusion limit, also the lattice hydrogen con-
centration remains fixed and it is given byCL(xi) = C 0

L . These expressions for the lattice hydrogen
concentration can be substituted into Eq. (2.9) to obtain the coverage θT of a grain boundary at
location xi.

2.2.3 Decohesion of grain boundaries

Mode-I grain boundary decohesion is modelled by a cohesive surface with a normal traction sep-
aration relation given by (Rose et al., 1981)

tn(Δn) = σmax
Δn

δn
exp

(
−Δn

δn
+ 1

)
, (2.13)

where tn is the normal cohesive traction when the normal cohesive separation isΔn. The cohesive
traction attains a maximum value of σmax when the separation Δn = δn. Moreover, the cohesive
work of separation follows as φn = e σmax δn, where e is the Euler’s number. In this chapter, it
is assumed that the system fails due to HID mechanism and hence the work of separation gets
affected by hydrogen concentration at grain boundaries. A fit to the first principles calculations
of Jiang and Carter (2004) for aluminium suggests a relation of the form

φn(θT )

φn(θT = 0)
= 1− 0.67θT , (2.14)

while the calculations of Van der Ven and Ceder (2003) suggest that δn is insensitive to θT . It then
follows that hydrogen coverage primarily reduces the cohesive strength such that

σmax(θT )

Σmax
= 1− 0.67θT , (2.15)
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where Σmax ≡ σmax(θT = 0) is the strength of the grain boundary in the absence of hydrogen.

2.2.4 Crack growth calculations

In this chapter, as shown in Fig. 2.1(b), the simplified problem of a single grain boundary loaded
in mode-I is studied. Along the x2 = 0 surface the boundary conditions are

t1(x1, 0) = t2(x1, 0) = 0 x1 < 0,

and

t1(x1, 0) = 0, t2(x1, 0) = −tn x1 ≥ 0.

Furthermore, assumed symmetry about x2 = 0 implies that the cohesive opening Δn is related to
the displacement via the relationΔn = 2u2(x1, 0).

Recall that the cohesive properties depend on θT which in turn is influenced byCL(xi). Through-
out this chapter, hydrogen loading is specified by a dimensionless parameter θ0 defined as

θ0 =
C 0
L/(βNL)

C 0
L/(βNL) + exp(ΔH/RT )

. (2.16)

Given θ0 for the slow diffusion case, the cohesive properties are directly specified with θT = θ0
and the relations in Section 2.2.3. However, in the fast diffusion case not only do the cohesive
properties change with time but they are also spatially varying. In particular θT at time t and
location xi is given as

θT (xi) =
θ0 exp(σh(xi)VH/RT )

θ0 exp(σh(xi)VH/RT ) + (1− θ0)
, (2.17)

and local cohesive strength follows from Eq. (2.15). In order to ensure that these relations are
satisfied, the boundary value problem summarised in Eq. (2.1) is solved via an iterative solution
as the appropriate gradients of the cohesive tractions required in the Newton method to solve
Eq. (2.1) are difficult to estimate.

2.2.5 Material and loading parameters

The size of the region analysed (Fig. 2.1(b)) is 1000 μm × 500 μm with a process window which
is taken to have dimensions 15 μm × 15 μm. In all calculations, a finite element mesh of 250 ×
225 bilinear quadrilateral elements was employed. Inside the process region, there is a graded
200 × 200 element mesh, with the minimum mesh spacing equal to 7.5 nm for the calculations
with a cohesive property Σmax = 0.5 GPa. In the calculations with higher cohesive strength, the
minimum mesh spacing is reduced to 5.3 nm and 4.2 nm for the Σmax = 0.75 GPa and Σmax =

1.0 GPa simulations, respectively. Resolving the dislocation dynamics requires a small time-step
of Δt = 0.5 ns. Thus, the calculations were carried out with a rather high loading rate of K̇I =

100 GPa
√
m/s in order to reduce the time required for the computations. The effect of loading

rate is not explored here. However, Cleveringa et al. (2001) reported that varying the loading rate
by two orders of magnitude did not change the crack growth behaviour qualitatively, although,
of course, a strong tendency was found for increased plastic deformation at lower loading rates.
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The process window of the crystal has three slip systems. Two of them are symmetrically
oriented at +60◦ and −60◦ with respect to the crack plane (x2 = 0) and the third is parallel to the
crack plane. For each slip system, the planes are equally spaced over the process window, with
a spacing of 86b. Here, the Burgers vector b, for all dislocations was considered to be equal to
0.25 nm. Initially, these slip planes are assumed not to have any mobile dislocations, but to have
a random distribution of dislocation sources and obstacles, with a density equal to 25 μm−2 and
39 μm−2, respectively.

The calculations are reported for a temperature T = 300 K and the partial molar volume of
hydrogen in a solid solution VH is taken to be 2.0×10−6 m3/mol (Sofronis andMcMeeking, 1989).
The value of the drag coefficient is taken as B = 10−4 Pa s, which is a representative value for
aluminium (Kubin et al., 1992). The strength of the dislocation sources is randomly chosen from
a Gaussian distribution with a mean strength τ̄nuc = 50 MPa and a standard deviation 0.2 τ̄nuc.
The mean nucleation distance is Lnuc = 125b. The nucleation time for all sources is taken as
tnuc = 0.01 μs. All obstacles are taken to have the same strength τobs = 150 MPa. The annihilation
distance is specified as Le = 6b (Kubin et al., 1992). The elastic constants are taken as E = 70 GPa
and ν = 0.33 giving a shear modulus G = 26.3 GPa while the grain boundary trap energy is kept
atΔH = −30 kJ/mol (Serebrinsky et al., 2004).
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Figure 2.2: The uniaxial tensile nominal stress versus nominal strain response of the single crystal
employed to obtain the yield properties. The inset shows the slip systems orientations.

Unless otherwise specified, all calculations are reported for cohesive properties (in the absence
of hydrogen) of Σmax = 0.5 GPa and δn = 3b. The calculations are reported for values of θ0 in the
range 0 ≤ θ0 ≤ 1 and the cohesive properties change due to the presence of hydrogen as described
above. Moreover, in order to rule out any possible effects caused by a particular realisation of
dislocation sources and obstacles, each simulation has been performed using 5 different samples.
These samples are statistically identical, but in these specimens the specific placement of sources
and obstacles vary. The results are obtained by averaging of the 5 realisations.

2.2.6 Uniaxial tensile response of the crystal

In discrete dislocation plasticity the plastic yield response is an outcome of the boundary value
problem. This fact is contrary to the continuum plasticity computations where the yield stress is
an input into the calculation. Thus, to set a baseline for thematerial employed in these calculations
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with the properties described above, a uniaxial tension calculation is performed on a single crystal
as described in Cleveringa et al. (1999). Notice that the crystal studied in this section is intact and
there are no cracks present in this simulation. Two of the slip planes are oriented at φ = 60◦ and
−60◦ with respect to the x2-axis and the third one is parallel to the x2-axis, as shown in the inset of
Fig. 2.2. The specimen has dimensions 16 μm × 4 μm and a nominal tensile strain rate of U̇/L =

50/s was employed. The predicted uniaxial tensile response is included in Fig. 2.2 and shows
that the material is approximately elastic-perfectly plastic with a yield strength σY ≈ 55 MPa.
These results are reasonably insensitive to the loading rate and the specimen size over a range
L ≥ 16 μm and W ≥ 4 μm. Note that this uniaxial tensile response is unaffected by hydrogen
concentration as hydrogen only affects the decohesion strength of the grain boundaries via the
cohesive properties, i.e. any effects of HELP are neglected.

§ 2.3 Numerical results

In this section, DDP predictions for crack growth in the presence of hydrogen are presented using
the formulation outlined above. The results are primarily presented in terms of R-curves compris-
ing the applied remote mode-I stress intensity factor KI versus the crack growth Δa. The crack
tip location xtip is taken to be the point along the cohesive surface where the cohesive opening
Δn = 2δn and the crack growth Δa = xtip as the crack tip prior to loading is located at x1 = 0.
The applied KI is typically normalised by K0 defined as (Rice, 1968)

K0 =

√
EeΣmaxδn
1− ν2

. (2.18)

This value corresponds to the toughness of the corresponding elastic solid (i.e. fracture with no
plasticity) in the absence of hydrogen loading.

2.3.1 Effect of hydrogen diffusion rate

Predictions of R-curves for the material with reference cohesive properties (i.e. Σmax = 0.5 GPa)
are included in Fig. 2.3(a) for both the fast and slow diffusion cases for four values of θ0 in the
range 0 ≤ θ0 ≤ 1. The corresponding evolution of the dislocation density ρdis (per unit area in the
process window) with crack growthΔa are included in Fig. 2.3(b). These predictions are averages
over 5 simulations performed with different realisations of the source and obstacle distributions.
First, some general observations of the trends are reviewed and then the results are discussed in
more detail.

In all cases, after the initiation of crack growth, the applied KI initially increases with in-
creasing Δa with the rate of increase dKI/dΔa reducing with increasing Δa, i.e. typical R-curve
behaviour. Corresponding to the increase in KI , the dislocation density ρdis also increases with
increasing Δa. Intriguingly, even for the θ0 = 0 case corresponding to no hydrogen loading,
crack growth initiates at KI/K0 ≈ 0.5, i.e. in the presence of dislocation activity crack growth
initiates at a lower KI value compared to a purely elastic material. This is rationalised by noting
that dislocations play a dual role as discussed in Deshpande et al. (2002). On the one hand, dis-
location motion results in plastic flow and dissipation resulting in an increasing R-curve but on
the other hand dislocations act as stress concentrators that increase the stresses in their vicinity.
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Figure 2.3: (a) Predictions of the R-curves in terms of normalised mode-I stress intensity factor
KI/K0 versus crack extension Δa and (b) the corresponding evolution of the dislocation density
ρdis versusΔa for the slow and fast diffusion cases with the reference cohesive strength of Σmax =

0.5 GPa. The results are shown for four selected values of the hydrogen loading θ0.

These stress concentrations due to dislocations near the crack tip result in crack growth initia-
tion at KI/K0 < 1. However, continued crack advance results in significant dislocation motion
and consequent dissipation, resulting in the rising R-curve. By contrast, in an elastic material
crack growth will initiate and grow unstably at KI/K0 = 1 as there is no dissipation mechanism
present.

First, consider the case of slow diffusion. The results in Fig. 2.3(a) clearly show that with in-
creasing θ0 there is negligible variation in theKI value for the initiation of crack growth. However,
the R-curve effect is seen to reduce considerably with increasing θ0. In fact, at θ0 = 1 the mate-
rial seems to behave in an approximately elastic manner with unstable crack growth occurring
immediately after crack growth initiation. The corresponding ρdis versus Δa curves in Fig. 2.3(b)
confirms this hypothesis: for a given Δa, the dislocation density is lower for the case with higher
θ0. To further clarify the transition from a plastic to an elastic crack growth response, in Fig. 2.4
contours of the crack tip opening stress σ22 normalised by the cohesive strengthΣmax are included
at the instant when the crack has grown by Δa = 1 μm for θ0 = 0, 0.3 and 0.83. The dislocation
structures at that instant of loading as well as the crack opening profile (with displacements u2
magnified by a factor of 10) are also included in Fig. 2.4. Three key observations can be made from
this figure:

(i) Consistent with Fig. 2.3(b) it is clear that the dislocation density decreases with increasing
θ0.

(ii) The stress field in the θ0 = 0 case comprises distinct sectors that emanate from the crack tip
along the slip directions which resembles the continuum plastic predictions of Rice (1987)
for plastic fields in single crystals. By contrast in the θ0 = 0.83 case the stress field comprises
lobes similar to the isotropic elastic stress fields.

(iii) The crack tip opening (i.e. blunting) decreases with increasing θ0.

19



Discrete dislocation analysis of hydrogen-assisted mode-I fracture

These observations all confirm that the reduction in the R-curve effect with increasing θ0 is due to
the fact that crack growth occurs in a more elastic manner with increasing hydrogen loading. This
phenomena can be understood by recalling that in the slow diffusion case the cohesive strength
for a given θ0 is given directly from Eq. (2.15) with θT = θ0, i.e. cohesive strength decreases lin-
early with increasing θ0. In the cohesive formulation, crack growth occurs approximately when
the crack tip stress attains the peak cohesive traction at the opening Δn = δn (after that point
the cohesive relation is softening and continued cohesive opening typically occurs in an unstable
manner). As the value of θ0 decreases a higher peak traction σmax shall be attained in order for
the crack to propagate. This requires a higher applied remote KI which in turn results in more
dislocation activity near the crack tip and consequently higher plastic dissipation and a larger
R-curve effect. This is similar to the continuum plasticity predictions of Tvergaard and Hutchin-
son (1992) with the caveat that continuum plasticity would predict an unbounded toughness if
σmax/σY > 3. However, in the DDP case here, even though σmax = Σmax = 0.5 GPa when θ0 = 0

and σY = 55MPa (i.e. σmax/σY = 9.09) a finite toughness was predicted.
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Figure 2.4: Predictions of the distribution of the normalised crack tip opening stress around the
crack tip at Δa = 1 μm for the slow diffusion case with the reference cohesive strength Σmax =

0.5 GPa. Results are shown for hydrogen loading parametrised by (a) θ0 = 0, (b) θ0 = 0.3 and (c)
θ0 = 0.83. The corresponding dislocation structures and the crack tip profile with displacement u2
magnified by a factor of 10 are also included in the figures. The dimensions on the x1- and x2-axes
are in μm.

In order to summarise these findings, a steady-state toughnessKss and a corresponding steady-
state dislocation density ρss are defined as the applied KI and dislocation density ρdis at a crack
extension Δa = 1 μm. These results for Kss and ρss are summarised in Figs. 2.5(a) and 2.5(b),
respectively as a function of the hydrogen loading parametrised by θ0. Both Kss and ρss decrease
with increasing θ0 for the reasons discussed above. This is in agreement with experimental obser-
vations (Gangloff, 2003) that hydrogen loading results in a reduction in the fracture toughness of
the material. In fact, for θ0 > 0.8 the dislocation density approaches zero consistent with the fact
that crack growth occurs primarily in an elastic manner.

In order to quantify the role of plasticity (or dislocation activity) in the hydrogen embrittlement
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process, it is worth comparing the DDP predictions of toughness in Fig. 2.5(a) with the toughness
of a purely elastic solid in the presence of hydrogen for the slow diffusion case. Recall that elastic
fracture occurs when KI = K0 with no R-curve effect and thus in the case of the elastic solid, Kss

directly follows from Eqs. (2.15) and (2.18) as,

Kss(θ0)

K0
=

√
1− 0.67θ0. (2.19)

This prediction is included in Fig. 2.5(a). It is clear that the reduction in toughness due to hy-
drogen loading is significantly larger when dislocation activity is present compared to the purely
elastic case. This is due to the fact that in the absence of hydrogen, dislocation activity or plastic
dissipation significantly enhances the toughness of the material. As hydrogen loading reduces
the cohesive strength, material toughness decreases because of two reasons: (i) the inherent crack
tip toughness K0(θ0) decreases due to the reduction in the cohesive strength and (ii) the plastic
dissipation also reduces as crack opening requires a smaller stress and hence lower dislocation
activity in the surrounding material. The first effect is present for both the plastic and purely elas-
tic material but it is a relatively minor effect. The second effect is typically the significantly larger
contributor to the toughness of a plastic material as discussed by Suo et al. (1993) and thus it is the
reduced dislocation activity which is the primary contributor to the reduction in the toughness of
a metal in the presence of hydrogen. Thus, dislocations do not directly affect the HID mechanism
but rather have a large indirect effect in the sense that the reduction in dislocation activity due to
the reduction in the cohesive strength because of hydrogen loading, is the primary cause for the
observed toughness reductions.

Now, consider the case of fast diffusion. Predictions of the R-curves and the corresponding
ρdis versus Δa are included in Figs. 2.3(a) and 2.3(b), respectively for the fast diffusion case. The
predictions for the fast diffusion case are very similar to the slow diffusion case with both the R-
curve effects and ρdis decreasing with increasing θ0, i.e. crack growth becomes more elastic with
increasing θ0 as for the slow diffusion case. The main difference between the two cases occurs at
intermediate value of θ0 = 0.3: for θ0 = 0 the slow and fast diffusion cases are of course identical
but also when θ0 = 1 one may observe that θT = θ0, implying that there is no dependence of
the local hydrogen concentration on the stress-state. At intermediate values of θ0 the predicted
toughness in the fast diffusion case is slightly lower compared to the slow diffusion case.

In order to understand the source of the enhanced reduction in material toughness for the fast
diffusion case, in Fig. 2.6(a) predictions of the local hydrogen concentrations CL/C

0
L are included

along x2 = 0 at three selected values of applied KI/K0 for the θ0 = 0.3 fast diffusion case. Know-
ing the stress field (and hence σh(xi)), the predictions for CL/C

0
L follow directly from Eq. (2.12).

Also included in Fig. 2.6(a) are the crack tip profiles (with displacements u2 magnified by a factor
of 10) in order to accurately show the location of the crack tip at the three loading instants consid-
ered here. It is clear that away from the crack tip the hydrogen concentration is typically enhanced
by 10% or less compared to the value of C 0

L . However, in the very near vicinity of the crack tip
the high local tensile hydrostatic stresses draw in more hydrogen with CL/C

0
L ≈ 1.4. This lo-

cal increase in the hydrogen concentration results in a further reduction in the cohesive strength
compared to the strength reduction due to the far field hydrogen concentration C 0

L and therefore
results in a further reduction in the toughness of material. This local increase in the hydrogen con-
centration is further exemplified in the contour plot of CL/C

0
L in the vicinity of the crack tip at

Δa = 1 μm in Fig. 2.6(b). It is clear that any significant increase in hydrogen concentration is
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very localised near the crack tip with only small increases in CL over C 0
L in the remainder of the

material. In fact, rather surprisingly, the plot in Fig. 2.6(b) suggests that the hydrogen concentra-
tion is not significantly affected by the stress fields due to the dislocation structures around the
crack tip. In Appendix A this has been further clarified and shown that over any realistic range of
dislocation density the dislocation stress fields do not trap any significant amounts of hydrogen,
re-enforcing the conclusion that hydrogen concentration is only enhanced as one asymptotically
approaches the crack tip.
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Figure 2.5: Predictions of the (a) normalised steady-state toughness Kss/K0 and (b) steady-state
dislocation density ρss versus the hydrogen loading parametrised by θ0. Results are shown for
both the slow and fast diffusion cases for the reference cohesive strength of Σmax = 0.5 GPa. In
(a) also the predictions for the toughness of a purely elastic solid in the presence of hydrogen for
the slow diffusion case are included.

The steady-state toughness and dislocation density results for the fast diffusion case are com-
puted in a manner similar to the slow diffusion case and included in Figs. 2.5(a) and 2.5(b), re-
spectively. At intermediate values of θ0 both Kss and ρss are reduced by a maximum of 12% and
30%, respectively due to the local tensile hydrostatic stress fields drawing in more hydrogen as
discussed above. However, this effect is surprisingly rather small with the main trends being
adequately captured by the slow diffusion limit. Recall that in the slow diffusion case hydrogen
concentration is assumed to remain fixed atC 0

L throughout the body at all times and the reduction
in the cohesive strength due to local hydrostatic tensile stresses drawing in more hydrogen is not
included. Thus, it may be concluded that changes in the hydrogen concentrations due to local
dislocation and crack tip stress fields play a relatively minor role. Therefore, for the remainder of
this chapter the analysis is restricted to the slow diffusion limit.

2.3.2 Effect of grain boundary cohesive strength

The calculations in the previous section were all reported for the reference grain boundary co-
hesive strength Σmax = 0.5 GPa. In this section, the sensitivity of the macroscopic toughness to
hydrogen loading as a function of the grain boundary cohesive strengthΣmax in the slow diffusion
limit will be investigated.

Here, in addition to the reference case of Σmax = 0.5 GPa, a case of a high cohesive strength
with Σmax = 1 GPa and δn = 1.5b is considered, as well as a case of an intermediate cohesive
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Figure 2.6: (a) The normalised hydrogen concentration CL/C
0
L along x2 = 0 at three selected

values of the normalised applied mode-I stress intensity factor KI/K0 for the fast diffusion case
and the reference cohesive strength Σmax = 0.5 GPa (solid lines). The crack tip profiles at each
of the three values of KI/K0 are shown by dashed lines in (a) with displacements u2 magnified
by a factor of 10. (b) The corresponding predictions of the distribution of normalised hydrogen
concentration CL/C

0
L around the crack tip at Δa = 1 μm. The dislocation structure is included

in (b) along with the crack tip profile with displacements u2 magnified by a factor of 10. The
dimensions on the x1- and x2-axes are in μm.
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strength with Σmax = 0.75 GPa and δn = 2b. The values of δn = 1.5b and δn = 2b are chosen
so that in all cases K0 remains unchanged from the reference case. Predictions of Kss/K0 and
the corresponding ρss versus hydrogen loading parametrised by θ0 are plotted in Figs. 2.7(a) and
2.7(b), respectively for Σmax = 0.75 GPa and Σmax = 1 GPa in addition to the reference value
of Σmax = 0.5 GPa. While the sensitivity of the toughness to θ0 is rather similar in all three
cases, the normalised toughness is higher in the Σmax = 1 GPa case. This is due to the fact that
the dislocation density at steady-state crack growth is higher for the higher cohesive strength
case (see Fig. 2.7(b)) which in turn results in a higher dissipation and hence a larger normalised
macroscopic toughnessKss/K0.
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Figure 2.7: Predictions of the (a) normalised steady-state toughness Kss/K0 and (b) steady-state
dislocation density ρss versus the hydrogen loading parametrised by θ0. Results are shown for
the slow diffusion case and three values of the cohesive strength Σmax with K0 kept fixed at the
reference value.

In the slow diffusion limit, θT = θ0 and thus the cohesive strength σmax is directly related
to θ0 via Eq. (2.15). Thus, the predictions of steady-state toughness Kss can be summarised in
terms of two non-dimensional groups that characterise the fracture properties of the material in
the presence of hydrogen, viz. σmax/σY and δ̄n ≡ δn/b. The DDP predictions of the normalised
toughness Kss/(G

√
b) versus σmax/σY are included in Fig. 2.81 for selected values of δ̄n. It shall

be emphasized that in the predictions shown in Fig. 2.8 the values of δn and σmax are varied
independently. Therefore, in Fig. 2.8, unlike the calculations of Fig. 2.7 the value of K0 is not
fixed. Recall that δ̄n and σY are not affected by hydrogen loading while σmax varies with θ0 as
per Eq. (2.15). Thus, each curve in Fig. 2.8 represents the sensitivity of the toughness to hydrogen
loading for a given material with a unique value of δ̄n. Moreover, it was chosen to normalise Kss

by G
√
b as this parameter is independent of δn and θ0 and thus the Kss values of the curves in

Fig. 2.8 are directly comparable. Two clear features emerge from Fig. 2.8:

(i) At a fixed σmax/σY , the toughness Kss/(G
√
b) is lower for curves with smaller δ̄n.

(ii) The normalised toughness Kss/(G
√
b) increases with increasing σmax/σY and the rate of

growth is lower for curves with smaller δ̄n. This suggests that the toughness of materials
with a lower δ̄n is more sensitive to a reduction in σmax/σY , as for a given value of σmax/σY ,
the magnitude ofKss is higher for curves with higher δ̄n.

1Some of the curves of Fig. 2.8 are incomplete as performing calculations with both high values of σmax and δ̄n is
numerically prohibitive due to the large plastic zone sizes.
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The results in Fig. 2.8 can be used to estimate the toughness of the material due to hydrogen
loading as follows: The value of δ̄n is known independent of the hydrogen loading thus fixed for
a given material. For a given hydrogen loading, Eq. (2.15) can be used to estimate the normalised
cohesive strength σmax/σY and then the data in Fig. 2.8 directly gives the steady-state toughness
Kss. An inference that can be drawn from the summary in Fig. 2.8 is that the toughness ofmaterials
with low values of δ̄n are expected to be more sensitive to hydrogen loading. This result might be
used as a guide in grain boundary engineering to design alloys that are less sensitive to hydrogen
loading.
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Figure 2.8: Summary of the DDP predictions of the of the normalised toughnessKss/(G
√
b) versus

the normalised cohesive strength σmax/σY as in the presence of hydrogen. Results are included
for materials with 5 selected values of the normalised cohesive opening δ̄n.

§ 2.4 Concluding remarks

The analysis of mode-I fracture of a single crystal with plastic flow in the crystal described by
small strain discrete dislocation plasticity and material separation (decohesion) modelled using a
cohesive zone formulation has been presented. The computations are motivated by the analysis
of Hydrogen Induced Decohesion (HID) along grain boundaries where hydrogen decreases the
strength of grain boundaries thereby allowing a relatively easy propagation of cracks along these
boundaries. The motion of dislocations was assumed to be unaffected by hydrogen (i.e. effects
such as Hydrogen Enhanced Localised Plasticity was neglected) but hydrogen was assumed to
reduce the cohesive strength of the grain boundaries based on the local hydrogen concentration.

Dislocations play a dual role in the plastic flow. On the one hand, the motion of dislocations
results in plastic flow and dissipation while dislocations also act as stress concentrators that raise
the stress level in their vicinity. The hydrostatic tensile field created by individual dislocations
attracts hydrogen and two limiting cases have been investigated to quantify this impact of dislo-
cations. In the fast hydrogen diffusion limit it was assumed that hydrogenwas alwaysmaintained
at chemical equilibriumwithin thematerial so that there was a high hydrogen concentration in the
regions of high tensile hydrostatic stress. By contrast, in the slow diffusion limit it was assumed
that over the duration of the test hydrogen did not diffuse appreciably and therefore remained
at its initial spatially uniform concentration. In both cases, the predicted toughness decreased
with increasing initial hydrogen concentration. The lower cohesive strength at high hydrogen
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concentrations results in reduced dislocation activity around the crack tip and reduced material
toughness. In fact, at the highest hydrogen concentrations analysed here, crack growth occurred
primarily in an elastic manner. Surprisingly, the toughness in the fast diffusion limit was only
about 12% lower compared to the slow diffusion limit and these differences were only present at
intermediate hydrogen concentrations. This was due to the fact that the local tensile hydrostatic
stresses generated by both the dislocation structures and the crack tip field locally increased the
hydrogen concentration by not more than 40% over the hydrogen concentration of the stress-free
material.

This chapter was concluded by developing amap that summarises the sensitivity of the steady-
state toughness of the material to hydrogen concentration. In particular the DDP calculations pre-
dict that the toughness of materials with a small cohesive opening at the peak cohesive traction is
more sensitive to hydrogen loading. It is speculated that this result might be used as a guide in
grain boundary engineering to design alloys that are less sensitive to hydrogen embrittlement by
the HID mechanism.

Nevertheless, as in these calculations the method of discrete dislocation plasticity is imple-
mented in a small strain setting, the stresses which are captured at the crack tip are normally
higher than real cases and the impact of lattice reorientation at the crack tip is not fully cap-
tured (McMeeking, 1977). This may result in a discrepancy in the calculated solution, as the aim
of hydrogen embitterment simulations is to capture the transition from ductile to brittle behaviour
due to absorption of hydrogen and in doing so blunted and sharp crack tips should emerge as fea-
tures of ductile and brittle fractures, respectively. Although the small strain DDP setting is capa-
ble of capturing many physical phenomena rather accurately, but in some cases such as modelling
fracture and fatigue in ductile materials this method falls short and there is a need for a discrete
dislocation plasticity method which is capable of capturing finite deformations. Motivated by
this, in the following chapter, a finite strain DDP framework will be presented which contrary to
the small strain case, is capable to capture finite lattice rotations and shape changes due to slip.
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FINITE STRAIN DISCRETE DISLOCATION PLASTICITY

APPLICATIONS AND NEW DEVELOPMENTS



A brief overview

T here is a significant number of experimental works which verify that plastic deformation in
crystalline solids is size-dependent at the microscale: smaller is stronger. Classical contin-

uum plasticity does not include a length scale, precluding any size effects. Thus, the application
of classical plasticity theories to micro-sized specimens is questionable. The microscale effectively
lies in an intermediate regime which is too large for fully atomistic modelling, but small enough
that individual dislocation effects are important. In this regard, the discrete dislocation plasticity
method has been extensively employed to study the plasticity size effects and to identify the main
physical mechanisms governing these phenomena. All these studies are confined to the small
strain context. However, finite strain effects such as lattice rotations and geometrical changes can
have a significant influence on the behaviour of the material at the micron scale and alter their
plastic response. Sources of plastic size effects in crystalline materials mainly include:

(i) Geometrically necessary dislocations (GNDs). This has been the focus of phenomenological
higher order plasticity theories (Hutchinson, 2000; Fleck et al., 1994) and used to explain size
effects in bending, indentation, etc.

(ii) Constrained dislocation glide by internal interfaces such as grain boundaries, etc. This is typically
the main reason for size effects in phenomena such as the Hall-Petch effect (Hall, 1951; Petch,
1953).

(iii) Source limited plasticity. Continuum plasticity assumes that at any point where a flow condi-
tion is met, plastic deformation will take place. Nevertheless, this does not need to be the
case at very small sizes such as frictional asperity contact (Deshpande et al., 2004).

(iv) Dislocation starvation. The size effects in micro-pillar compression have been primarily as-
sociated with this effect (Dimiduk et al., 2005; Greer et al., 2005; Tang et al., 2007) where
dislocations exit the specimen at a rate faster than they are nucleated and thus there is no
build-up of dislocations within the specimen.

In this part the following topics are addressed: First, two total Lagrangian formulations are
presented for finite strain discrete dislocation plasticity. These frameworks will be employed to
study the impact of finite strain effects on material behaviour and plastic flow under different
types of loading. Also, in the analysed problems, a complete study of size and shape effects will
be provided. This will be done with the focus of finite strain impacts on size effects on material
strength while discussing the different sources of size effects addressed above.



Chapter 3

Finite strain discrete dislocation plasticity1

§ Abstract

In this chapter, two total Lagrangian formulations are presented for finite strain discrete dislo-
cation plasticity wherein the discrete dislocations are presumed to be adequately represented by
singular linear elastic fields thereby extending the superposition method of Van der Giessen and
Needleman (1995) to finite strains. The finite deformation effects accounted for are: (i) finite lat-
tice rotations and (ii) shape changes due to slip. The two formulations presented differ in the
fact that in the “smeared-slip” formulation the discontinuous displacement field is smeared us-
ing finite element shape functions while in the “discrete-slip” formulation the weak form of the
equilibrium statement is written to account for the slip displacement discontinuity. Both these
total Lagrangian formulations use a hyper-elastic constitutive model for lattice elasticity. This
overcomes the issues of using singular dislocation fields in a hypo-elastic constitutive relation as
encountered in the updated Lagrangian formulation of Deshpande et al. (2003).

§ 3.1 Introduction

F ollowing the pioneering work of Van der Giessen and Needleman (1995), the DDP method
has been shown to successfully predict numerous observations of plasticity size effects at the

micron and sub-micron length scale. These observations include size effects in composites (Clev-
eringa et al. (1997)), bending (Cleveringa et al. (1999)), indentation (Balint et al. (2006a)), uniaxial
compression (Deshpande et al. (2005)), and under constrained shear (Danas et al. (2010)). The
framework has also been used to investigate crack growth under monotonic (Cleveringa et al.
(2000)) and fatigue loading (Deshpande et al. (2002)). Numerical methods to extend the frame-
work to three-dimensional (3D) problems (Zbib et al. (1998); Weygand et al. (2002)) and quasi-3D
or the so-called 2.5D (Benzerga et al. (2003)) have also been developed in order to capture essen-
tial features of plasticity. Furthermore, similar to the work of Van der Giessen and Needleman
(1995), Yasin et al. (2001) and Vattré et al. (2014), have presented a framework coupling contin-
uum elasticity with three-dimensional discrete dislocation dynamics. The 3D framework has now

1Reproduced from: N. Irani , J.J.C. Remmers and V.S. Deshpande, 2015. Finite strain discrete dislocation plasticity
in a total Lagrangian setting. Journal of the Mechanics and Physics of Solids, 83 (2015), 160–178
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been used to investigate a range of problems including the analysis of micro-cracks behaviour
in high-cycle fatigue conditions (Prasad Reddy et al. (2013)), size effects in bending (Motz et al.
(2008)) and the behaviour of micro-pillars under uniaxial compression (Senger et al. (2008)). The
3D framework has also been applied in more complex settings such as the modelling of polycrys-
talline materials (Šiška et al. (2009)), indentation (Fivel et al. (1998)), radiation hardening (Khraishi
et al. (2002)), fatigue crack propagation (Déprés et al. (2014)) and to investigate the effects of geo-
metrically necessary dislocations on precipitation hardening (Chang et al. (2012)). Nevertheless,
as it was mentioned in Chapter 1, all these studies have been conducted in a “small strain” context
wherein finite deformation effects such as lattice rotations and changes in the geometries of the
body are not accounted for.

There have been limited studies which account for finite deformation effects in conjunction
with dislocation plasticity. Acharya (2004) developed a finite deformation field theory for contin-
uously distributed dislocations while El-Azab (2006) has developed a finite deformation statisti-
cal mechanics formalism for dislocation plasticity. Zbib et al. (2002) have presented a formulation
where volume average plastic strain rates and plastic rotation rates, obtained from small defor-
mation discrete dislocation plasticity, are used in a conventional continuum finite deformation
visco-plastic constitutive description, so that the finite deformation effects are decoupled from
the discrete dislocation dynamics. By contrast, Deshpande et al. (2003) presented a fully cou-
pled framework for carrying out finite deformation discrete dislocation plasticity analyses in an
updated Lagrangian setting.

The formulation of Deshpande et al. (2003) accounted for the effect of lattice rotations and fi-
nite geometry changes due to the motion of the discrete dislocations. They assumed that the stress
and deformation fields associated with individual dislocations are accurately described, outside
of the dislocation core region, by linear elasticity and extended the superposition framework of
Van der Giessen and Needleman (1995) to finite deformations using an updated Lagrangian set-
ting. However, it shall be shown that the hypo-elastic relation they implemented does not cor-
rectly account for lattice rotations. The main aim of this chapter is to present total Lagrangian
formulations for finite strain discrete dislocation plasticity which employ a hyper-elastic constitu-
tive model that circumvents the issues of the Deshpande et al. (2003) formulation. In this chapter,
two total Lagrangian formulations will be presented for the solution of boundary value problems
using finite strain discrete dislocation plasticity. Similar to Deshpande et al. (2003) the finite strain
effects that are accounted for are lattice rotations and finite geometry changes due to the motion
of the discrete dislocations with linear elasticity being assumed to accurately describe the dislo-
cations displacements, outside of the dislocation core region. Thus, unlike in conventional crystal
plasticity, the displacement field in this continuum is only piecewise continuous and slip induced
by dislocation motion gives rise to a jump in the displacement field; see Figs. 3.1(a) and 3.1(b).
Two total Lagrangian formulations are presented to solve the finite strain DDP boundary value
problems:

(i) The smeared-slip formulation: Here, similar to the numerical results presented by Deshpande
et al. (2003), the dislocation slip field is smeared using the finite element (FE) shape functions.
Thus, geometry change is represented by a continuous displacement field, which is obtained
by averaging slip over a finite element as sketched in Fig. 3.1(c).

(ii) The discrete-slip formulation: In this formulation the discontinuous nature of the displacement
field is accounted for in the weak form of the equilibrium statement and therefore equilib-
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rium is enforced on a body with a multi-valued displacement field as shown schematically
in Fig. 3.1(b).

The formulation is presented in a two-dimensional (2D) plane strain setting to simplify not only
the formulation but also some of the accounting procedures needed for discrete dislocations
within a finite strain context. The formulation can of course be generalised to a 3D setting but
at considerable additional increase in complexity of implementation within a numerical frame-
work.

slip plane

(a) (b) (c)

Figure 3.1: (a) Undeformed lattice with one active slip plane. (b) Schematic showing the geometry
change due to a slip discontinuity across the active slip plane. (c) Effect of smearing the slip on a
finite element mesh with bilinear elements.

The outline of the chapter is as follows: First, the updated Lagrangian formulation of Desh-
pande et al. (2003) is briefly described and the issues associated with the implementation of a
hypo-elastic relation are explained. Second, motivated by the Deshpande et al. (2003) formula-
tion, the smeared-slip total Lagrangian formulation and the associated hyper-elastic constitutive
relation are described. Next, a total Lagrangian formulation is presented to account for the dis-
continuous nature of the displacement field in the weak form of the equilibrium statement.

§ 3.2 A summary of the updated Lagrangian finite strain DDP

Deshpande et al. (2003) presented an updated Lagrangian formulation for finite strain DDP in
which they represented the geometry change by a continuous displacement field obtained from
averaging slip over a finite element. This solution though inherently approximate is amenable to
a solution via a conventional finite element technique and permitted the effects of lattice rotation
and shape change to be explored within a DDP setting. However, as alluded to before, the hypo-
elastic relation implemented in this formulation does not correctly account for lattice rotations.
Here, their formulation is briefly summarised in order to clearly elucidate this flaw.

Deshpande et al. (2003) considered a crystalline solid with plastic deformation taking place
by glide of a collection of discrete dislocations, each of which is represented as an elastic singu-
lar field, along a specified set of crystallographic directions. The basic assumptions made were:
(i) dislocation glide is the mechanism of plastic deformation; (ii) the elastic properties are unaf-
fected by dislocation glide; and (iii) outside the dislocation cores, the dislocation stress, strain and
displacement fields are well approximated by linear elasticity.
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Cartesian tensor notation is adopted with (˙) denoting the time derivative ∂( )/∂t and xi the
spatial co-ordinate of a material point in the current configuration that was located at Xi in the
undeformed configuration. Further, the spatial gradients ∂( )/∂xi and ∂( )/∂Xi are denoted by
and ( );i and ( ),i, respectively. Consider a two-dimensional body under plane strain conditions
such that at time t, the body contains N edge dislocations. The total displacement rate is then
written as the superposition

u̇i(xj , t) = ˙̂ui(xj , t) + ˙̃ui(xj , t), (3.1)

where xj denotes the position of a material point in the current configuration and

˙̃ui =
N∑
I=1

˙̃u
(I)
i . (3.2)

Here, ˙̃u(I)i is the displacement rate field due to the motion of dislocation I while ˙̂ui is the displace-
ment rate that arises frommeeting the boundary conditions as in Van der Giessen and Needleman
(1995). Typically, solutions of dislocations fields in an infinite medium (e.g. such as those in Hirth
and Lothe (1968)) are used to represent the (̃ ) fields but it is equally possible to use other solutions
such as those for dislocations in a half-space, etc. The material and lattice velocity gradients were
then calculated as

u̇mi;j =
˙̂ui;j + ˙̃udi;j , and (3.3)

u̇ei;j =
˙̂ui;j + ˙̃ui;j , (3.4)

respectively. The gradient ˙̃udi;j is calculated by numerically differentiating the velocity field ˙̃ui with
respect to xj using the finite element shape functions in the current configuration and thereby in-
cluding the slip contributions. On the other hand, ˙̃ui;j is calculated by analytically differentiating
˙̃ui with respect to xj and thus does not include slip contributions as the displacement jumps give
no contribution to the gradients in the analytical differentiation process. Therefore, ˙̃ui;j gives the
lattice velocity gradients due to the dislocation fields. Analogously, the stress field is written as

τij = τ̂ij + τ̃ij , (3.5)

where τij is the Kirchhoff stress that comprises of (i) τ̃ij which is the sum of stresses due to all
the dislocations in the body and (ii) τ̂ij the stress that corrects for the boundary conditions. It
then follows that the weak form of the equilibrium statement over the current domain Ω∗ (with

boundary S∗ ≡ S∗
T ∪ S∗

U ) is given using the co-rotational rate
�

τ̂ ij of the stress τ̂ij as
∫
Ω∗

[
�

τ̂ ij + τ̂kj ˙̂ui;k] ˙̂ηi;j dΩ =

∫
S∗

T

(Ṫ ∗
i − ˙̃T ∗

i )
˙̂ηi dS −

∫
Ω∗

τ̂kj ˙̃u
d
i;k

˙̂ηi;j dΩ, (3.6)

where T ∗
i = τijn

∗
j are the tractions specified on the boundary S∗

T with outward normal n∗
j in the

current configuration and T̃i = τ̃ijn
∗
j . Also, η̂i are a set of continuous (and arbitrary) trial displace-

ment fields. Displacement boundary conditions are specified on S∗
U and in deriving Eq. (3.6) it has

been assumed that in this formulation the volume change is negligible. The constitutive relation
for lattice elasticity is written in terms of the lattice strain rate ε̇ij ≡ 0.5(u̇ei;j + u̇ej;i) as

�

τ ij = Lijklε̇kl, (3.7)
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where Lijkl is the tensor of elastic moduli and the co-rotational rate of the stress τij is defined as

�

τ ij = τ̇ij − u̇ei;mτmj − u̇ej;nτin. (3.8)

Analogously, the co-rotational rate of τ̂ij is given by

�

τ̂ ij = ˙̂τij − u̇ei;mτ̂mj − u̇ej;nτ̂in, (3.9)

and superposition then implies

˙̂τij = Lijkl
˙̂εkl + u̇ei;mτ̂mj + u̇ej;nτ̂in, (3.10)

where ˙̂εij ≡ 0.5( ˙̂ui;j + ˙̂uj;i). Also, while not explicitly stated in Deshpande et al. (2003), the rate
form of the superposition (3.5) also dictates that the rate ˙̃τij is given by

˙̃τij = Lijkl
˙̃εkl + u̇ei;mτ̃mj + u̇ej;nτ̃in, (3.11)

where ˙̃εij ≡ 0.5( ˙̃ui;j + ˙̃uj;i) so that the overall constitutive relation (3.7) is satisfied. In their numer-
ical implementation Deshpande et al. (2003) used Eq. (3.10) to update the (̂ ) stresses but did not
explicitly use Eq. (3.11). Rather, in order to calculate τ̃ij in the updated configuration they directly
used the analytical forms of the dislocation stress fields for the dislocations in their new positions
and orientations. However, in general, τ̃ij(t+ dt) calculated in this manner is not equal to

τ̃ij =

∫ t

0

˙̃τijdt, (3.12)

where ˙̃τij is given by Eq. (3.11). To understand this discrepancy consider a body with a single
edge dislocation in the body, which is fixed at the origin and oriented at an angle φwith respect to
the x1 axis. At time t the stress τ̃ij at location xj within the body is calculated from the analytically
known dislocation field solution. At time t + dt the body is deformed such that the dislocation
remains at the origin at orientation φ and the material point originally located at xj also remains
at the same location but the lattice at that point rotates by Qij = 0.5(u̇i;j − u̇j;i)dt. Then, the stress
τ̃ij(t+ dt) at location xj calculated using the analytical dislocation solutions at time t+ dt is equal
to τ̃ij(t): this is also the outcome of the numerical procedure used in Deshpande et al. (2003). By
contrast, the constitutive statement as dictated by Eq. (3.11) would give

τ̃ij(t+ dt) ≈ τ̃ij(t)−Qimτ̃mj(t) +Qmj τ̃im(t). (3.13)

Thus, the numerical procedure employed by Deshpande et al. (2003) results in a violation of the
overall elastic constitutive statement (3.7). In fact employing stress-rate (3.11) to update the stress
fields in an updated Lagrangian setting is undesirable. To understand this recall that the basis
of the DDP formulations as initiated by Van der Giessen and Needleman (1995) is that the sin-
gle dislocation fields denoted here by the superscript (̃ ) are always represented explicitly (i.e.
analytically), in order to capture their singular nature with sufficient accuracy. However, u̇ei;j in
Eq. (3.11) is only known numerically due to the contribution ˙̂ui;j in u̇ei,j . This implies that the use
of Eq. (3.11), which is essential in an updated Lagrangian setting, will result in the (̃ ) fields no
longer being represented explicitly and thus includes all the complications associated with cap-
turing singular fields in a numerical setting. In the following it shall be shown that it is more
convenient to solve the finite strain DDP problem within a total Lagrangian setting where the
issue with the stress-update as given by Eq. (3.11) is avoided.
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§ 3.3 Total Lagrangian formulation of finite strain DDP

The hypo-elastic relation (3.11) for the (̃ ) fields in an updated Lagrangian formulation will result
in a loss of accuracy due to the difficulties in representing singular fields numerically as discussed
above. Thus, it is not desirable to use the hypo-elastic relation (3.11), but rather represent the
dislocation fields in their total form via analytical dislocation field solutions. This consequently
implies the use of a hyper-elastic constitutive relation and therefore means that a total Lagrangian
setting is the more natural choice for formulating finite strain DDP problem. In this chapter, two
such formulations are detailed. The basic assumptions are the same as in Deshpande et al. (2003),
i.e. (i) dislocation glide is the mechanism of plastic deformation; (ii) the elastic properties are
unaffected by dislocation glide; and (iii) outside the dislocation cores, the dislocation stress, strain
and displacement fields are well approximated by linear elasticity. All finite deformations arise
as a consequence of slip induced by dislocation glide and this slip leads to lattice rotations that
may be finite. Additional phenomena that may be involved in finite plastic deformation, such as
modified elastic properties, finite lattice strains and dislocation mobility mechanisms other than
slip, are not accounted for.

At time t, the orientation of the lattice vectors and the dislocation configuration are assumed
known. The aim is to calculate the orientation of the lattice vectors, the dislocation configuration
and the change in shape of the body at time t + dt. The two total Lagrangian formulations listed
in Section 3.1 shall be described in the following.

3.3.1 Smeared-slip formulation

Recall that the displacement field in a dislocated solid is only piecewise continuous as sketched
in Fig. 3.1(b). Conventional finite element methods do not allow for discontinuous displacement
fields and hence Deshpande et al. (2003) proposed an updated Lagrangian formulation for finite
strain DDP in which the geometry change is represented by a continuous displacement field with
slip due to the motion of dislocations “smeared out”. Here, the analogous formulation in a total
Lagrangian setting shall be presented.

Kinematics

At time t, the body contains N edge dislocations moving with respect to the material with veloci-
ties v(I)i , where I = 1, . . . , N . A displacement discontinuity, the slip, is associated with the motion
of each dislocation I . The change in position of dislocation I gives rise to a displacement rate field
˙̃u
(I)
i (xj , t) at each material point xj and the total displacement rate is written as the superposition

given in Eq. (3.1). It is worth emphasising here that ˙̃u
(I)
i (xj , t) is obtained by differentiating the

analytical displacement fields of dislocations (e.g. fields of dislocations in an infinite medium as
given in Hirth and Lothe (1968)) with respect to time, for a given dislocation velocity v

(I)
i . Because

of slip, the displacement rate field u̇i in Eq. (3.1) is not a single valued function. As a consequence,
the displacement rate gradient u̇i,j is not smooth. u̇ei,j is used to denote the deformation rate field
with the slip singularity removed and is calculated via the superposition

u̇ei,j =
˙̂ui,j + ˙̃ui,j , (3.14)
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where ˙̃ui,j is calculated by analytically differentiating the individual discrete dislocation fields (as
explained subsequently) so that slip is not included. In addition, a material displacement rate
gradient u̇mi,j is defined and given as

u̇mi,j =
˙̂ui,j + ˙̃udi,j , (3.15)

where ˙̃udi,j is calculated by numerically differentiating the velocity field ˙̃ui with respect toXj using
the finite element shape functions in the undeformed configuration. The deformation gradient

Fij ≡ ∂xi
∂Xj

= δij + umi,j , (3.16)

where δij is the Kronecker delta. It is noted in passing that it is numerically more convenient
to calculate ũdi,j by numerically differentiating the total displacement field ũi (which includes the

displacements ũ(I)i of all the N dislocations currently in the body and the dislocations that have
exited the body or been annihilated) using the finite element shape functions in the undeformed
configuration rather than integrating the displacement rate gradient ˙̃udi,j .

s(α)

m(α)

s(α)

m(α)

Fe

F = Fe · Fp

Fp

m∗(α)

s∗(α)

intermediate configurationundeformed configuration

current configuration

Figure 3.2: Deformation of the crystal envisioned as slip in which the crystal lattice is unaffected,
followed by the rotation and stretching of the material. For simplicity of representation, only one
slip system is pictured.

Analogous to conventional crystal plasticity, the total deformation gradient Fij = F e
imF p

mj

may be decomposed into two sequential operations as shown schematically in Fig. 3.2. First,
the material slips on the currently active slip planes. These slips do not affect the orientation or
structure of the crystal lattice and the deformation is described by a deformation gradient F p

ij .
Second, the lattice and material deform together and the elastic response of the lattice and any
rigid body rotations are realised. This deformation is described by a deformation gradient F e

ij

that does not include the contributions of slip and is given as

F e
ij = δij + uei,j , (3.17)
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and F p
ij follows directly from the multiplicative decomposition of Fij . ûi,j can be easily calculated

by numerical differentiation of the ûi fields using the FE shape functions in the undeformed con-
figuration. However, ˙̃ui,j cannot be calculated directly and only ˙̃ui;j or ũi;j can be computed via
analytical differentiation. The gradient ũi,j at time t is then calculated as

ũi,j =

∫ t

0

˙̃ui,j =

∫ t

0

d

dτ
(ũi;k F

e
kj) dτ =

[
ũi;k F

e
kj

]t
0
, (3.18)

where ũi;k =
∑N

I=1 ũ
(I)
i;k is the sum over all theN dislocations that are currently inside the body. In

an initially dislocation free solid, ũi;k F e
kj = 0 at time t = 0 and therefore it may be concluded that

ũi,j = ũi;k F
e
kj . (3.19)

Subsequently, F e
ij can be calculated by substituting Eq. (3.19) into Eq. (3.17) and solving the resul-

tant set of four linear equations for the components of F e
ij . It is worth mentioning here that since

in this formulation the elastic stretch is assumed to be small, Je ≡ det(F e
ij) ≈ 1.

In the undeformed lattice, there is a set of crystallographic planes in which the edge disloca-
tions lie and glide. The unit vector normal to slip plane α is denoted by m

(α)
i and s

(α)
i denotes a

unit vector in slip plane α such that eijk s
(α)
i m

(α)
j , where eijk is the permutation tensor, is a unit

vector pointing out of the plane. Since the elastic stretch is assumed to be small, the current orien-
tations of s(α)i and m

(α)
i denoted by s

∗(α)
i and m

∗(α)
i , respectively are given as (Peirce et al. (1982))

s
∗(α)
i = F e

ij s
(α)
j , and m

∗(α)
i = F e

ji
−1m

(α)
j . (3.20)

Similarly, the Burgers vector b
∗(I)
i of dislocation I in the current configuration is related to its

Burgers vector b(I)i in the undeformed configuration via

b
∗(I)
i = F e

ij b
(I)
j . (3.21)

Equilibrium

The body is in mechanical equilibrium at time t and this equilibrium in terms of the Cauchy stress
is written as

σij;j = 0, (3.22)

where via the superposition used by Van der Giessen and Needleman (1995), σij is written as

σij = σ̂ij + σ̃ij . (3.23)

Here, analogous to the displacement fields discussed above, σ̃ij =
∑N

I=1 σ̃
(I)
ij with σ̃

(I)
ij the analyt-

ically known fields of dislocation I and σ̂ij the stress field that enforces the boundary conditions.
Recalling that σ̃ij is an equilibrium field, the weak form of the equilibrium statement over the
current area Ω∗ of the body is given by

∫
Ω∗

σ̂ij η̂i;j dΩ =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS, (3.24)

where η̂i is a continuous (arbitrary) displacement variation and S∗
T is the current surface area

with an outward normal n∗
j over which the tractions T ∗

i = σijn
∗
j are prescribed and the tractions
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T̃ ∗
i = σ̃ijn

∗
j . The aim is to present a formulation in a total Lagrangian setting and hence it is

convenient to introduce the 2nd Piola-Kirchhoff stress Sij which is related to σij via

Sij = F−1
im σmn F

−1
jn J, (3.25)

where J ≡ det(Fij). The superposition (3.23) implies that the following can also be defined:

Ŝij = F−1
im σ̂mn F

−1
jn J, (3.26a)

and
S̃ij = F−1

im σ̃mn F
−1
jn J, (3.26b)

such that Sij = Ŝij + S̃ij . The weak form of the equilibrium statement (3.24) can then be written
in the undeformed configuration as

∫
Ω

(
Ŝij η̂i,j + Ŝij uk,i η̂k,j

)
dΩ =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS, (3.27)

whereΩ denotes the area in the undeformed configuration. Using the superposition (3.15), Eq. (3.27)
reduces to ∫

Ω

(
Ŝij η̂i,j + Ŝij ûk,i η̂k,j

)
dΩ =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS −
∫
Ω

(
Ŝij ũ

d
k,i η̂k,j

)
dΩ. (3.28)

This weak form of the equilibrium statement with traction boundary conditions on S∗
T and dis-

placement boundary conditions on S∗
U is amenable to solution for the (̂ ) fields by a conventional

finite element technique as detailed in Section 3.5.

Constitutive law

In order to complete the statement of the weak form of the boundary value problem described by
Eq. (3.28), the constitutive relation for Sij and correspondingly for Ŝij has to be specified. Here,
it is assumed that the stress is related to the deformation of the lattice via an elastic constitutive
relation that is not affected by dislocation glide. Thus, analogous to conventional crystal plasticity
the elasticity relation in the intermediate configuration of Fig. 3.2 is defined as follows: A material
stress Σij in the intermediate configuration is defined as

Σij = F e−1
im σmn F

e−1
jn Je = Σ̂ij + Σ̃ij , (3.29a)

and thus using Eq. (3.23)

Σ̂ij = F e−1
im σ̂mn F

e−1
jn Je, and Σ̃ij = F e−1

im σ̃mn F
e−1
jn Je. (3.29b)

The stress Σij in the intermediate configuration is assumed to be related to the lattice Green-
Lagrange strain Eij via

Σij = LijklEkl, (3.30a)

where
Eij =

1

2

(
F e
miF

e
mj − δij

)
, (3.30b)
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and Lijkl is the elastic stiffness tensor in the undeformed configuration. The objective rate of the

Cauchy stress is then
�

σij = Lc
ijklε̇kl, where

Lc
ijkl = LnmpqF

e
inF

e
jmF e

kpF
e
lq, (3.31)

which can be thought of as the components of the elastic stiffness tensor for the material with
lattice orientation in the deformed configuration. Since it is required that σ̃ij is obtained explicitly
from the known analytical solutions (e.g. Hirth and Lothe (1968)) the constitutive relation for σ̃ij
is written at location xm as

σ̃ij(xm) =
N∑
I=1

Lc
ijkl(x

(I)
p ) ε̃

(I)
kl (xm), (3.32a)

where x(I)p is the position of dislocation (I) and ε̃
(I)
ij ≡ 0.5(ũ

(I)
i;j +ũ

(I)
j;i ) is the elastic strain field of the

dislocation in a spatially homogeneous solid with elastic modulusLc
ijkl(x

(I)
p ). The decompositions

(3.23) and uei;j = ûi;j + ũi;j can then be employed to obtain the constitutive relations for σ̂ij as

σ̂ij(xm) = Lc
ijkl(xm) ε̂kl(xm) +

N∑
I=1

[
Lc
ijkl(xm)− Lc

ijkl(x
(I)
p )

]
ε̃
(I)
kl (xm), (3.32b)

where ε̂ij ≡ 0.5(ûi;j + ûj;i). This ensures that the overall elastic constitutive relation is satisfied.
Combining Eqs. (3.29) and (3.30) follows that

Σ̂ij = LijklEkl − F e−1
im σ̃mn F

e−1
jn Je. (3.33)

Subsequently, by using Eqs. (3.26a) and (3.29b) as well as the fact that Fij = F e
imF p

mj , the 2nd
Piola-Kirchhoff stress Ŝij is given by

Ŝij = F p−1
im Σ̂mn F

p−1
jn Jp, (3.34)

where Jp ≡ det(F p
ij). Substituting for Σ̂ij from Eq. (3.33), the constitutive relation for Ŝij reads as

Ŝij = F p−1
im

(
LmnqpEqp − F e−1

mp σ̃pq F
e−1
nq Je

)
F p−1
jn Jp. (3.35)

It is noted that since the elastic strains are assumed to be small, Lijkl ≈ Lc
ijkl for an elastically

isotropic solid which simplifies the calculation of the Cauchy stresses given by Eqs. (3.32) signif-
icantly. Also unlike the updated Lagrangian formulation of Deshpande et al. (2003), σ̂ij does not
need to be explicitly calculated to solve the boundary value problem but will be required in the
application of the dislocation motion constitutive rules as detailed in Section 3.4.

3.3.2 Discrete-slip formulation

In the formulation detailed above, following Deshpande et al. (2003) the discontinuous displace-
ment fields of the dislocations are smeared using the finite element shape functions. Here, an
alternative formulation is presented in which the discrete nature of dislocation slip is more accu-
rately accounted for in the equilibrium statement of the body.

Consider an initially dislocation-free body that at time t contains N dislocations. However, at
time t some dislocations that were present earlier within the body may have exited or have been
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annihilated. The total number of dislocations that have traversed through the body over its entire
deformation history is denoted by M ≥ N . Corresponding to each of these M dislocations is a
slip trail denoted by Γ(J), where J = 1, . . . ,M . Across each slip trail Γ(J) is a displacement jump
given by the Burgers vector b(J). In this setting shown schematically in Fig. 3.3 the deformation
gradient is given by Fij = F e

ij everywhere within the body, except along the slip trails, where it is
unbounded.

dislocation source
h

Γ(I)

m(α)

Figure 3.3: Sketch of a body in the undeformed
configuration illustrating the slip trace Γ(I) and
the small region of length h → 0 along the nor-
mal m(α)

j to this trace that isolates the slipped
region.

The equilibrium statement (3.27) is recast in the context of an unbounded Fij along the slip
trails. Recall that the slip trails are oriented along the crystallographic slip planes. Therefore,
the trail Γ(J) due to the motion of dislocation J along slip plane α has a normal m(α)

j in the unde-
formed configuration. Small regions around each of the slip trails are isolated as shown in Fig. 3.3.
These small regions have a length h → 0 along the normals m(α)

j and thus the weak form (3.27) is
re-written as

∫
Ω\Γ

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΩ+

M∑
J=1

∫
Γ(J)

h
(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΓ(J) =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS, (3.36)

where Ω\Γ denotes the area of the body excluding the small regions around the slip trails. Recall
that dislocations create a displacement discontinuity along the slip trails and thus along Γ(J) the
gradient ũi,j is given by the limit

ũi,j |Γ(J) = lim
h→0

b(J)

h
s
(α)
i m

(α)
j sgn(b∗ (J)q r∗ (J)q ), (3.37)

where r∗ (J)q is a unit vector in the direction of the velocity of dislocation J while s(α)i andm
(α)
i are

the lattice vectors of the slip system of dislocation J . Substituting Eq. (3.37) into Eq. (3.36) and
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taking the limit h → 0 reduces the weak form of the equilibrium equation to

∫
Ω\Γ

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΩ+

M∑
J=1

∫
Γ(J)

Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j dΓ

(J) =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS, (3.38)

where ũi,j |Ω\Γ is given by Eq. (3.18). It is noted in passing that while Eq. (3.38) takes the slip
discontinuity within the body into account, it does not explicitly account for the fact that due
to slip, interior material points can become boundary points when dislocations exit the domain.
When a conventional FE scheme is used to solve Eq. (3.38), as described later in Section 3.5, the
new surface created due to slip will be approximated, as slip steps will be smeared out over
the deformed surface S∗. Numerical schemes that enrich conventional FE shape functions and
allow for discontinuous displacement fields, such as the partition of unity method (Melenk and
Babuska (1996)), will need to be employed to accurately account for the evolution of the surface
slip steps. This approach is similar to the introduction of discrete cracks in the displacement field
as discontinuities (Moes et al. (1999)), but this is beyond the scope of the current study.

Constitutive law

Similar to the smeared-slip formulation it is assumed that slip does not affect elasticity and hence
the elastic constitutive law is defined in the intermediate configuration in line with Section 3.3.1.
Moreover, the lattice deformation gradient F e

ij is well-defined in the discrete-slip formulation and
thus Eq. (3.29) relating σij to Σij as well as σ̂ij and σ̃ij to the corresponding material stresses Σ̂ij

and Σ̃ij in the intermediate configuration still hold. Furthermore, Eq. (3.30) relating the lattice
Green-Lagrange strain Eij to Σij is also valid in this context. However, since slip is not smeared
over the FE mesh, Fij is not well-defined throughout the domain and hence Eq. (3.34) cannot be
directly used to relate Σ̂ij to Ŝij . Here, the weak form of the equilibrium statement shall be used
to motivate a relation between σ̂ij and Ŝij (or equivalently between Σ̂ij and Ŝij) that is consistent
with the equilibrium statement used in this formulation. Comparing Eqs. (3.24) and (3.38) it is
clear that

∫
Ω\Γ

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΩ+

N∑
J=1

∫
Γ(J)

Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j dΓ

(J) =

∫
Ω∗

σ̂ij η̂i;j dΩ
∗. (3.39)
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Within the Lagrangian FE formulation used to solve Eq. (3.39) it is reasonable to approximate the
line integral in Eq. (3.39) as

N∑
J=1

∫
Γ(J)

Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j dΓ

(J) ≈

∑
Ωi

∫
Ωi

N∑
J=1

Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi, (3.40)

where Ωi and Ω∗
i are the areas of element i in the undeformed and deformed configurations,

respectively and Γ
(J)
i is the length of the slip trail of dislocation J in element i, in the undeformed

configuration. Using this approximation Eq. (3.39) is rewritten as

∑
Ωi

∫
Ωi

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΩi+

∑
Ωi

∫
Ωi

N∑
J=1

Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi =

∑
Ω∗

i

∫
Ω∗

i

σ̂ij η̂i;j dΩ
∗
i . (3.41)

Equation (3.41) can then be reduced to

∑
Ωi

∫
Ωi

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i + βki) η̂k,j

)
dΩi =

∑
Ω∗

i

∫
Ω∗

i

σ̂ij η̂i;j dΩ
∗, (3.42a)

where

βij =
N∑

J=1

b(J)s
(α)
i m

(α)
j sgn(b∗ (J)q r∗ (J)q )

Γ
(J)
i

Ωi
. (3.42b)

Note that by applying the approximation (3.40) it has been implicitly assumed that βij is a constant
over an element and therefore βij = 0 in element i unless a dislocation completely traverses it.
Defining

Hij ≡ δij + ûi,j + ũi,j + βij , (3.43)

Eq. (3.42a) implies that Ŝij and σ̂ij are related as

Ŝij = H−1
im σ̂mnH

−1
jn JH , (3.44)

where JH = det(Hij). Then using Eqs. (3.29b) and (3.44) the constitutive relation for Ŝij reads

Ŝij = H−1
imF e

mpΣ̂pqF
e
nqH

−1
jn

JH

Je
, (3.45)

with Σ̂ij given by Eq. (3.33).
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§ 3.4 Short range dislocation interaction constitutive rules

Constitutive rules for two-dimensional dislocation dynamics were proposed by Van der Giessen
and Needleman (1995) for small strain plane strain DDP analyses based on the rules used in 3D
dislocation dynamics simulations by Kubin et al. (1992). These rules were subsequently gener-
alised to include so-called 2.5D effects by Benzerga et al. (2003) and to finite strains by Deshpande
et al. (2003). Here, the description of finite strain short range dislocations rules shall be restricted
to the total Lagrangian 2D plane strain finite strain context of this study. In finite strain since dis-
locations are no longer confined to a fixed slip plane due to both finite lattice rotations and slip on
intersecting slip systems, the basic entity is a slip system (i.e., the orientation in the lattice of the
slip plane normal and the slip direction) rather than a slip plane. The orientation ϕ of a nucleated
dislocation dipole varies with the local lattice rotation given by

ϕ = sin−1 (R21) , (3.46)

where the rotation tensor Rij is written in terms of the right stretch tensor Uij = (F e
ki F

e
kj)

1/2 as
Rij = F e

ik U
−1
kj . Thus, the orientation of a dislocation on a slip system oriented at φ(α) in the

undeformed configuration is equal to φ(α) + ϕ in the current configuration. It is noted in passing
that since in this formulation the elastic stretch of the lattice is assumed to be small, Uij ≈ δij and
thus ϕ ≈ sin−1 (F e

21).

Knowing the current stress state, the Peach-Koehler force f (I) acting on dislocation I is given
by

f (I) =

⎛
⎝σ̂ij +

∑
J �=I

σ̃
(J)
ij

⎞
⎠ b

∗(I)
j m

∗(α)
i , (3.47)

where σ̃
(J)
ij is the stress field of dislocation J at the position of dislocation I and the sum in

Eq. (3.47) is over the N dislocations currently in the body. The direction of this force is along
the current slip direction. The Peach-Koehler force includes the long range interactions with all
other dislocations in the material. This force determines the evolution of the dislocation structure,
accounting for glide, generation, annihilation, pinning at and releasing from the obstacles.

The magnitude of the glide velocity along the current slip direction s
∗(α)
i of dislocation I is

taken to be linearly related to the Peach-Koehler force through a drag relation such that the veloc-
ity v

(I)
i of dislocation I is given by

v
(I)
i =

1

B
f (I)s

∗(α)
i , (3.48)

whereB is the drag coefficient. Here, it is assumed that the drag coefficientB is constant through-
out the body. Also any changes in the resistance to dislocation motion near a free surface as-
sociated with the energy required to create new free surface when the dislocation exits are not
accounted for.

New dislocation pairs are generated by simulating Frank-Read sources. In two dimensions,
this is mimicked by discrete point sources on a slip system which generate a dislocation dipole
with their Burgers vectors aligned with s

∗(α)
i . This occurs when the magnitude of the Peach-

Koehler force at that source exceeds a critical value τnucb during a time period tnuc. The distance
Lnuc between the dislocations is taken to be specified by

Lnuc =
E

4π(1− ν2)

b

τnuc
, (3.49)
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where b is the magnitude of the Burgers vector in this elastically homogeneous isotropic solid.
This choice of Lnuc ensures that the shear stress of one dislocation acting on the other is balanced
by the slip system shear stress τnuc. Since lattice strains outside the dislocation cores are assumed
to remain small, the magnitude b is unaffected by deformation.

Annihilation of two opposite signed dislocations on slip system α occurs when they are suffi-
ciently close together. This is modelled by eliminating the two dislocations when they are within
a material-dependent critical annihilation distance Le. Note that unlike the small strain formula-
tion where only opposite signed dislocations on a given slip plane can annihilate each other, in the
finite strain context opposite signed dislocations on a given slip system can annihilate each other.
Thus, annihilation of two opposite signed dislocations on a particular slip system occurs when
they are within a distance equal to Le, irrespective of their current slip planes.

Obstacles to dislocation motion are modelled as points associated with a slip system. Disloca-
tions on the slip system of an obstacle, get pinned as they try to pass through that point. Again,
unlike in the small deformation case, dislocations and obstacles are associated with a slip system
rather than a slip plane. Thus, dislocations on the slip system of an obstacle that are within a
specified distance, taken to be Le, get pinned to that obstacle. Pinned dislocations can only pass
through an obstacle when their Peach-Koehler force exceeds an obstacle dependent value τobsb.

§ 3.5 Numerical implementation

The numerical implementation follows closely along the lines detailed in Deshpande et al. (2003)
for the updated Lagrangian formulation. Here, the procedure is briefly summarised and the key
differences between the total and updated Lagrangian formulations are highlighted. The defor-
mation history is calculated in an incremental manner using the infinite medium fields for edge
dislocations to represent the (̃ ) fields, e.g. Hirth and Lothe (1968). At time t, the equilibrium
fields are known and they are employed to calculate the Peach-Koehler forces on the dislocations,
sources and obstacles. The rate of change of the dislocation structure caused by dislocation glide,
dislocation annihilation, nucleation of new dislocations, pinning at and releasing from obstacles
is determined by employing the constitutive rules. The aim is to determine the (̂ ) and (̃ ) fields at
time t+ dt as explained below: a more detailed description of the numerical procedure is given in
Appendix C.

At time t + dt the traction and displacement boundary conditions T ∗
i on S∗

T and u∗i on S∗
u are

known but the (̃ ) fields need to be calculated for the new dislocation structure and the corre-
sponding (̂ ) fields that enforce the boundary conditions. This is done iteratively as follows: At
the first iteration k = 0, the new dislocation structure is estimated by applying the dislocation con-
stitutive rules for dislocation glide, nucleation, annihilation, pinning and dislocation exits while
the orientation of the dislocations are assumed to be the same as those at time t. The (̃ ) fields are
then calculated from this new dislocation structure with special attention needed for dislocations
that exit the body1. Subsequently, the boundary conditions are defined for Eqs. (3.28) or (3.38)

1When dislocation I exits from a free surface, dislocation I is removed from the sums. This requires subtracting
out the elastic deformation field ũ

(I)
i,j of dislocation I but retaining the slip displacement of dislocation I . Numerically,

this is achieved by moving the dislocation along its current slip direction far away from the region being analysed and
then updating the nodal positions and the lattice orientations by the increments that result from this virtual glide of
dislocation I .
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(depending on whether the smeared-slip or discrete-slip formulations are used) as T ∗
i − (k)T̃i and

u∗i − (k)ũi. Linearised versions of these weak forms can then be solved using a conventional finite
element method to yield the displacement increment (k)Δûi.

(i) The (̂ ) displacement field at the end of iteration (k) is given as (k)ûi = û
(t)
i + (k)Δûi, where

û
(t)
i is the known converged solution at the end of time t. The deformation gradients (k)Fij

and (k)F e
ij then follow and the constitutive relations are used to calculate (k)Ŝij .

(ii) The position of dislocation I with respect to its positions at time t is updated by v
(I)
i dt +

(k)Δûi +
∑

J �=I
(k)Δũ

(J)
i , where (k)Δũ

(J)
i is the increment in the displacement field of dislo-

cation J in the position of dislocation I due to its motion in time dt. Also, using (k)F e
ij , the

orientations of the dislocations are updated.

(iii) Similarly, the positions of dislocation sources and obstacles are updated with respect to their
positions at time t by (k)Δûi +

∑
J
(k)Δũ

(J)
i and the orientations of dislocation sources are

estimated using (k)F e
ij .

(iv) This new dislocation structure is then used to calculate an updated set of boundary condi-
tions T ∗

i − (k+1)T̃i and u∗i − (k+1)ũi. The left hand sides of Eqs. (3.28) or (3.38) along with
(k)Ŝij , (k)Fij and (k)F e

ij are used to calculate an internal force vector while T ∗
i − (k+1)T̃i and

u∗i − (k+1)ũi give the external force vector. A residual is then estimated and the iterations are
repeated until a solution is obtained within a specified tolerance.

It is worth mentioning that consistent with the approximation (3.40), a slip trail Γ(I)
i is only in-

serted in element i after dislocation I completely traverses element i. This also considerably sim-
plifies the evaluation of the line integral in Eq. (3.38).

3.5.1 Calculation of the slip trails in the discrete-slip formulation

The calculation of the line integral in Eq. (3.38) requires the knowledge of the dislocation positions
projected onto the undeformed configuration. Recall that dislocations glide with respect to the
material (i.e. are not tied to material points) while the dislocation sources and obstacles are fixed
to the material. Thus, in order to calculate the position X

(I)
i of dislocation I at time t in the

undeformed configuration it is easiest to do so with reference to the positionX
(I),nuc
i of the parent

source of dislocation I . First, consider the case of a crystal with a single slip system in which there
are no intersecting slip trails. In this case, the position of dislocation I nucleated at time Tnuc is
given by

X
(I)
i = X

(I),nuc
i +

∫ t

Tnuc

F e−1
ij (λ) v

(I)
j (λ) dλ, (3.50)

at time t ≥ Tnuc. Here, F e
ij(λ) is the lattice deformation gradient at the material point at which

dislocation I was located at time λ and v
(I)
j (λ) is its velocity at that instant. Recall that the elastic

stretch is assumed to be small and thus in practise it is simplest to calculate X(I)
i via the relation

X
(I)
i = X

(I),nuc
i +

s
(α)
i

B

∫ t

Tnuc

f (I)(λ) dλ, (3.51)
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Figure 3.4: Sketch showing the intersection of the slip trails of dislocations I and J on slip systems
α and β, respectively. (a) At time t = t1 the slip trails do not intersect and (b) at time t2 > t1
dislocation I crosses the existing slip trail of dislocation J . In (c) the positions of dislocations I
and J are indicated at time t2 projected onto the undeformed configuration.

for dislocation I residing on slip system αwith f (I)(λ) the Peach-Koehler force on dislocation I at
time λ.

The situation is more complex in the case of multiple active slip system where dislocation
trails intersect. To understand this consider the simplified case of two dislocations I and J on slip
systems α and β as shown in Fig. 3.4. At time t1 the dislocation trails have not intersected and
the positions of both dislocations in the undeformed configuration is given by the prescription
detailed above. However, at time t2 > t1, dislocation I crosses the already existing slip trail
of dislocation J . Then at time t2 while the position of dislocation J is still given by Eq. (3.51),
a correction needs to be applied for calculating the position of dislocation I in the undeformed
configuration to account for the fact that dislocation I has crossed an existing slip trail. In this
simple case, X(I)

i (t2) is given as

X
(I)
i = X

(I),nuc
i +

∫ t2

Tnuc

F e−1
ij (λ) v

(I)
j (λ) dλ

− b(J)s
(α)
i sgn(b∗ (J)i r

∗ (J)
i ) sgn(eijkr∗ (J)r∗ (I)), (3.52)

and this is then generalised as

X
(I)
i = X

(I),nuc
i +

∫ t2

Tnuc

F e−1
ij (λ) v

(I)
j (λ) dλ

−
K∑

J=1

b(J)s
(α)
i sgn(b∗ (J)i r

∗ (J)
i ) sgn(eijkr

∗ (J)
i r

∗ (I)
j ), (3.53)

where the sum is over the K existing slip trails that dislocation I crosses.

§ 3.6 Concluding remarks

Two total Lagrangian formulations are presented for the finite strain solution of discrete disloca-
tion boundary value problems by extending the superposition method of Van der Giessen and
Needleman (1995) to finite strains. The basic assumptions are: (i) dislocation glide is the mecha-
nism of plastic deformation; (ii) the elastic properties are unaffected by dislocation glide; and (iii)
outside the dislocation cores, the dislocation stress, strain and displacement fields are well ap-
proximated by linear elasticity. All finite deformations arise as a consequence of the slip induced
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by dislocation glide as this slip leads to lattice rotations that may be finite. Additional phenomena
that may be involved in finite plastic deformation, such as modified elastic properties, finite lattice
strains and dislocation mobility mechanisms other than slip, are not accounted for.

Dislocation slip results in a discontinuous displacement field and two formulations with dif-
ferent types of approximations are presented to numerically deal with this complexity in the finite
strain setting. In the “smeared-slip” formulation, slip is smeared out over the finite element mesh
in a manner analogous to Deshpande et al. (2003). On the other hand, in the “discrete-slip” formu-
lation the weak form of the equilibrium statement accounts for the displacement discontinuities
along the dislocation slip paths but an approximation needs to be made to define the intermediate
“slipped” configuration in which the elastic constitutive law is defined. Both these formulations
use a hyper-elastic constitutive model defined in the intermediate or slipped configuration. This
circumvents the issues associated with using singular dislocation fields in a hypo-elastic relation
as in the updated Lagrangian formulation of Deshpande et al. (2003).

In the following chapters, the finite strain methods introduced here will be employed to study
the impact of finite strain effects on material behaviour and plastic flow under different types
of loading, with an emphasize on the influence of finite strain deformations on size effects on
material strength.
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Chapter 4

Finite vs. small strain DDP analysis of tension and
compression1

§ Abstract

Predictions of the finite strain DDP formulations of Chapter 3 are presented here for the relatively
simple problems of tension and compression of single crystals oriented for single slip. These
results show that unlike in small strain discrete dislocation plasticity, finite strain effects result
in a size-dependent tension/compression asymmetry. Moreover, both formulations (smeared-
and discrete-slip) give nearly identical predictions and thus it is expected that the “smeared-slip”
formulation is likely to be preferred due to its relative computational efficiency and simplicity.

§ 4.1 Introduction

T here is a significant number of experimental works which verify that plastic deformation in
crystalline solids is size-dependent at themicroscale. Onewell-appreciated source of this size

dependence is associated with plastic strain gradients and geometrically necessary dislocations.
Nevertheless, size effects have also been observed when the deformation state is homogeneous
and uniform. For example, Dimiduk et al. (2005), Greer et al. (2005) and Tang et al. (2007) captured
a strong size effect in their micro-pillar compression tests. Moreover, Deshpande et al. (2005) and
Balint et al. (2006b) using discrete dislocation plasticity were able to capture size effects in uniaxial
tension and compression. These size effects are mainly a result of dislocation starvation effect
that requires dislocations to exit the specimens faster than the nucleation rate of dislocations. In
their work, Deshpande et al. (2005) demonstrate that in a sufficiently small specimen there is this
possibility that a dislocation leaves the specimen without encountering an obstacle. Hence, there
is no accumulation of dislocations and continued plastic deformation requires the stress to be
maintained at the nucleation strength. Unlike the small specimens, in larger samples dislocation
glide is more likely to be blocked by obstacles and a larger number of dislocations stay in the
domain. The stress concentration associated with the elastic fields of the dislocations enable the
activation of the sources and hence the flow strength decreases and remains below the initial yield

1Reproduced from: N. Irani , J.J.C. Remmers and V.S. Deshpande, 2015. Finite strain discrete dislocation plasticity
in a total Lagrangian setting. Journal of the Mechanics and Physics of Solids, 83 (2015), 160–178
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point. Nevertheless, there may be other phenomena that are responsible for the size dependency
of the material strength. In this chapter, the impact of shape changes due to slip on themomentum
balance will be studied as an another source of size effect. The outline of this chapter is as follows:
First, numerical results are presented using both of the total Lagrangian formulations of Chapter 3
for the tension and compression of a single crystal oriented for single slip. This will also provide
a platform to compare the two total Lagrangian finite strain DDP methods and recognise their
advantages and disadvantages with respect to each other. Also, the obtained numerical results
are compared with small strain DDP predictions to elucidate the effects of geometry changes in
this relatively simple context.

§ 4.2 Comparison of finite strain and small strain DDP predictions

4.2.1 Specification of the uniaxial tension/compression boundary value problem

The two finite strain DDP formulations presented in Chapter 3 are illustrated by considering
the uniaxial tension and compression of a single crystal oriented for single slip. An elastically
isotropic crystal with Young’s modulus E = 70 GPa and Poisson’s ratio ν = 0.33 is analysed,
which are representative values for aluminium. The dislocations have a Burgers vector of magni-
tude b = 0.25 nm, which does not change during deformation since the elastic stretch of the lattice
is assumed to be negligible. The undeformed specimen has dimensions 2H × W with a single
active slip system making an angle φ = 30 ◦ with the positive X1 axis as sketched in Fig. 4.1.

φ

2H

X2

X1U̇

U̇

W

Figure 4.1: Sketch of the boundary value problem of the tension/compression of a single crystal.
The sign convention employed for edge dislocations is indicated alongwith the coordinate system
used.

In all calculations, the specimen is initially dislocation-free but dislocations are generated from
discrete sources placed on the slip planes within the crystal. The sources nucleate a dipole when
the Peach-Koehler force exceeds a critical value of τnucb during a period of time tnuc = 10 ns; the
critical nucleation source strength τnuc for the sources is taken to have a Gaussian distribution
with a mean source strength τnuc = 50 MPa and a standard deviation of 10 MPa. In some of
the simulations, obstacles are also included that pin dislocations as long as the shear stress on
the obstacle is below the obstacle strength τobs = 150 MPa. The drag coefficient for glide is B =

104 Pa s, a representative value for several fcc crystals (Kubin et al. (1992)) and the critical distance
for annihilation is Le = 6b.

It shall be subsequently demonstrated that unlike the small strain DDP calculations, finite
strain DDP calculations predict a tension/compression asymmetry that is dependent on the size
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of the specimen. To illustrate this asymmetry and develop an understanding of the associated
finite strain effects the following two cases are considered:

(i) Case I: Specimens with a single slip plane and a single source of strength τnuc = 50 MPa at
the geometrical centre of the undeformed specimen and no obstacles. This highly simplified
and idealised case will be used to illustrate the key finite strain effects.

(ii) Case II: Specimens with slip planes spaced 92b apart in the undeformed configuration and
initial source and obstacle spacings 16 μm−1 and 8 μm−1, respectively on these planes.

In all cases, the slip planes are distributed such that none intersects the edges where displacements
are prescribed in order to avoid numerical complications that would occur if dislocations were to
attempt to exit the material through these edges.

Uniaxial tension and compression are specified via the following boundary conditions. In
the undeformed configuration, the tensile axis is aligned with the X1 direction (Fig. 4.1) and the
following is imposed:

u̇1 = U̇ , Ṫ2 = 0 on X1 = 2H, (4.1a)

u̇1 = −U̇ , Ṫ2 = 0 on X1 = 0, (4.1b)

along with traction-free surfaces on X2 = 0,W . Rigid body motion was prevented by including
the constraint u̇2 = 0 on the material point located at (X1, X2) = (0, 0). In addition to the above
boundary conditions, it is specified that dislocation exit from the edgesX2 = 0,W is unrestrained.
In both formulations a conventional finite element method is used to solve the complementary
problem for the (̂ ) fields and hence interior material points do not become boundary points.
Thus, the traction-free boundary conditions on the surfacesX2 = 0,W are prescribed on the same
material points throughout the deformation history.

A time-step of Δt = 0.5 ns is needed to resolve the dislocation dynamics and a loading rate
|U̇ |/H = 250 s−1 is used to obtain a nominal strain |U |/H of 0.005 in 20, 000 time-steps. A uniform
finite element grid with constant strain right isosceles triangles with minimum side length e =

0.01 μm was used in all the calculations. In the following sections results will be presented in
terms of the nominal applied stress

σnom =
1

W

∣∣∣∣
∫
SR

T1ds

∣∣∣∣ , (4.2)

versus nominal strain, U/H , where U =
∫
U̇dt. In Eq. (4.2), the integration is performed along the

boundary SR that lies along X1 = 2H in the undeformed configuration. Two specimen widths
W = 0.12 μmand 0.24 μmare analysedwith 2H = 1.0 μm in all cases. Unless otherwise specified,
the calculations were performed using the smeared-slip finite strain DDP formulation.

4.2.2 Single dislocation source

First, the basic finite strain effects are illustrated using the case I specimens with a single disloca-
tion source. This allows to better illustrate the finite strain effects without the complications of a
large number of interacting dislocations.

49



Finite vs. small strain DDP analysis of tension and compression
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Figure 4.2: Smeared-slip finite strain DDP predictions of the tensile and compressive responses of
the (a) W = 0.12 μm and (b) W = 0.24 μm specimens with a single dislocation source (case I).

Tension/compression asymmetry in finite strain

Smeared-slip finite strain DDP predictions of the nominal tensile stress σnom versus the nominal
strain |U |/H are included in Figs. 4.2(a) and 4.2(b) for the specimens of widths W = 0.12 μm and
0.24 μm, respectively. After an initial elastic response, the first dislocation dipole nucleates in all
cases at σnom = 2τnuc/sin2φ ≈ 2.31 τnuc. Subsequently, as the dislocation dipole moves through the
crystal the nominal applied stress drops with increasing |U |/H until the dipole exits the specimen
along the lateral traction-free edges. The nominal stress then starts to rise again until another
dislocation dipole nucleates and the process repeats itself. This repeated nucleation and exit of
the dislocation dipoles gives rise to the serrated nature of the σnom versus |U |/H in Fig. 4.2. The
definitions of σnom andU imply that in Fig. 4.2, the tension and compression predictions should be
identical in the absence of tension/compression asymmetry. However, it is clear from Fig. 4.2(a)
for theW = 0.12 μm specimen that the tensile response is mildly softening while the compression
response is mildly hardening giving rise to the divergence of the two curves in Fig. 4.2(a). For the
larger W = 0.24 μm specimen in Fig. 4.2(b) this asymmetry is reduced. It is noted in passing that
the simulations in Fig. 4.2 were terminated at an applied |U |/H of 0.007 due to excessive distortion
of the FE mesh: mesh convergence and distortion issues are discussed in Appendix D.

In order to understand the reasons for the size-dependent tension/compression asymmetry,
contours of the Cauchy stress σ11 in the W = 0.12 μm and 0.24 μm specimens subjected to both
uniaxial tension and compression are plotted in Fig. 4.3. The contours are plotted at the peak
value of σnom at |U |/H ≈ 0.006 (the instants at which the contours in Fig. 4.3 are plotted are
indicated on the stress versus strain curves in Fig. 4.2). In Fig. 4.3 |σ11| normalised by the value
of σnom is plotted so as to clearly indicate the difference between the local stress in the vicinity
of the dislocation source and the applied nominal stress at the same instant. Since at the peak
value of σnom, the specimens are dislocation-free, the solution presented in Fig. 4.3 is simply an
elastic solution comprising only (̂ ) fields and so the ratio σ11/σnom can be interpreted as a stress
concentration factor. It is clear from the contours in Fig. 4.3 that |σ11|/σnom > 1 for the tensile
specimens and< 1 for the compression specimens in the vicinity of the dislocation source: it is this
stress concentration factor that gives rise to the hardening and softening response in compression
and tension, respectively. Moreover, the variation of the stress concentration factors from unity
are smaller for the specimens with the larger values of W and therefore the asymmetry reduces
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Figure 4.3: Contours of |σ11|/σnom for the four cases of tension and compression of a specimen
with a single dislocation source shown in Fig. 4.2. The contours are shown on a central section of
size L × W as shown in (a) with the position of the dislocation source indicated by the filled-in
circle in (b)-(e). The four cases shown are (b) tension and (c) compression of the W = 0.12 μm
(and L = 0.25 μm) specimen as well as (d) tension and (e) compression of the W = 0.24 μm (and
L = 0.50 μm) specimen.
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with increasing W .

The primary reason for the stress concentration factors seen in Fig. 4.3 is the geometrical
changes that occur in the specimen during tension and compression which are captured by the
finite strain formulation. To illustrate this consider a specimen of length 2H subjected to uniaxial
tension with the single source operating on a slip plane oriented at an angle φ with respect to the
X1 axis. Neglecting the relatively small elastic strains, N ≈ 2U/(b cosφ) dislocation dipoles have
exited the specimen at an applied strain U/H and consequently the specimen width at the source
location reduces to (W − 2U tanφ). Overall axial equilibrium then dictates that the stress σlocal

11 in
the vicinity of the source is approximately given by

σlocal
11

σnom
≈ 1

1− (2U tanφ/W )
. (4.3a)

Thus, σlocal
11 /σnom > 1 and increases with increasing U/H and therefore results in the softening

response. Analogously, in compression

σlocal
11

σnom
≈ 1

1 + (2|U | tanφ/W )
, (4.3b)

which gives rise to the hardening response. It is thus argued that the softening and hardening
predicted in tension and compression, respectively is due to the corresponding plastic change in
the cross-sectional area of the specimen. Moreover, it can be seen from Eqs. (4.3) that the vari-
ation of the stress concentration factor from unity decreases with increasing W and hence the
tension/compression asymmetry too decreases with increasing specimen width. In Fig. 4.4 the
effect of dislocation exits in changing the geometry of the crystal is shown schematically during
both tensile and compressive loadings.

(a) (b)

Figure 4.4: Sketch of the geometrical changes of the crystal due to dislocation exits under (a)
tensile and (b) compressive loadings. The sketch shows a specimen with a single slip plane in
both the undeformed (dashed lines) and deformed (solid lines) states.

Comparison with small strain DDP predictions

It has been argued above that the size effects and associated tension/compression asymmetry are
related to the geometrical changes of the specimen and hence a finite strain effect. In order to
further exemplify this, small strain DDP calculations of the tension and compression of the speci-
mens analysed in Section 4.2.2, are shown here. The material properties and boundary conditions
remain unchanged and the small strain DDP calculations on the specimens were performed us-
ing the formulation detailed in Cleveringa et al. (1999). The predicted small strain σnom versus
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|U |/H curves for the W = 0.12 μm specimen subjected to tension and compression are included
in Fig. 4.5 along with the corresponding finite strain results from Fig. 4.2(a). Similar to the finite
strain predictions in Fig. 4.2, the σnom versus |U |/H curves predicted by the small strain calcula-
tions are also serrated due to the successive nucleation and exit of the dislocations as discussed
above. However, unlike the finite strain case the small strain DDP calculations predict identical re-
sponses in tension and compression and no associated hardening/softening. This is due to the fact
that geometrical changes are not accounted for in the small strain calculations. As a consequence,
the stress field σ11 is uniform when no dislocations are present, i.e. no stress concentrations and
hence no hardening/softening.
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Figure 4.5: Comparison between the smeared-slip and small strain DDP predictions of the tensile
and compressive responses of the W = 0.12 μm specimen with a single dislocation source (case I).

Comparison between the smeared-slip and discrete-slip finite strain predictions

Predictions of the σnom versus |U |/H responses using the smeared-slip and discrete-slip finite
strain formulations are included in Fig. 4.6 for both tension and compression of theW = 0.12 μm
specimen. It is evident that the two formulations give nearly identical predictions including the
level of the tension/compression asymmetry. This result, at first, seems rather surprising given
that the approximations/assumptions made in the two approaches are rather different. However,
a closer examination of the weak forms of the equilibrium statements shows that the discretised
equations using constant strain triangles are very similar in both formulations. As a consequence,
the predictions of the two formulations in Fig. 4.6 are nearly identical. It is emphasised that small
but finite differences between the predictions of the two formulations would be anticipated if
different element types (with higher order shape functions) are employed.

Given that the predictions of the two formulations are very similar, computational efficiency is
expected to be the main criterion to differentiate between the two formulations. The discrete-slip
formulation requires information on the entire history of the motion of all dislocations to calculate
the line integrals in Eq. (3.38). This is expensive in terms of both computational cost and storage.
The smeared-slip formulation does not have this requirement and hence is computationally more
efficient and thus is expected to be the preferred formulation for solving large-scale finite strain
DDP problems.
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Figure 4.6: Comparison between the smeared-slip and discrete-slip finite strain DDP predictions
of the tensile and compressive responses of the W = 0.12 μm specimen with a single dislocation
source (case I).

4.2.3 Multiple sources and obstacles

The results presented above clearly show that geometrical changes to the specimen (i.e. finite
strain effects) affect the predictions of the tensile and compressive responses of specimens, es-
pecially at small specimen sizes. These results were highly idealised with a single dislocation
source. Here, predictions for the tensile and compressive responses of the two specimen sizes
considered above are presented but with a number of dislocation sources and obstacles on multi-
ple slip planes as detailed above (case II). These DDP results are mildly dependent on the precise
realisation of the dislocation source strengths and positions as well as obstacle positions. Hence,
the results that are presented are averages of 5 different realisations of dislocation source and
obstacle distributions.
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Figure 4.7: Smeared-slip finite strain predictions of the tensile and compressive responses of the
(a) W = 0.12 μm and (b) W = 0.24 μm specimens with multiple sources and obstacles (case II).

Predictions of σnom versus |U |/H for the the tension and compression of theW = 0.12 μm and
0.24 μm specimens using the smeared-slip formulation are presented in Figs. 4.7(a) and 4.7(b),
respectively. After an initial elastic response, the stress versus strain responses display a distinct
plastic branch. However, unlike the single source case this plastic branch does not have periodic

54



Concluding remarks

serrations but is significantly smoother. Numerous dislocations are present in these specimens
along the plastic branch and the averaging over these dislocations results in the relatively smooth
nature of the plastic responses of these specimens. Consistent with the single source specimens,
the predictions show that the tensile and compressive plastic responses are mildly softening and
hardening, respectively in these specimens and that this tension/compression asymmetry de-
creases with increasing specimen size. It is thus concluded that the main observations of the
idealised case I specimens discussed in Section 4.2.2 carry forward to the more realistic specimens
with multiple sources and obstacles.

§ 4.3 Concluding remarks

Predictions of the two finite strain DDP formulations presented in Chapter 3 are shown for the
tension and compression of single crystals oriented for single slip. The calculations show a size-
dependent tension/compression asymmetry with the tensile response being mildly softening
while the compressive response is mildly hardening. This asymmetry decreases with increas-
ing specimen width and is associated with the finite geometry changes in the specimen that are
not accounted for in the small strain discrete dislocation formulation. Both the total Lagrangian
formulations presented in Chapter 3 give nearly identical numerical predictions for the problems
solved in this study. Given the relative numerical efficiency and simplicity of the smeared-slip
formulation compared to the discrete-slip formulation, it is speculated that the smeared-slip for-
mulation will be the preferred option for solution of large-scale finite strain discrete dislocation
boundary value problems.

In the next chapter, the influence of lattice rotations on the dislocation structures and material
behaviour shall be studied by investigating the response of single crystals in cantilever bending
employing the smeared-slip finite strain DDP method.
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Chapter 5

Finite vs. small strain DDP analysis of cantilever
beam bending1

§ Abstract

In this chapter, plastic size effects in single crystals are investigated by using finite strain and
small strain discrete dislocation plasticity to analyse the response of cantilever beam specimens
subjected to an end load. Crystals with both one and two active slip systems are analysed as well
as specimens with different beam aspect ratios in order to independently vary the imposed bend-
ing and shear stress distributions. Over the range of specimen sizes analysed here, the bending
stress versus applied tip displacement response has a strong hardening plastic component. This
hardening rate increases with decreasing specimen size. The hardening rates are slightly lower
when the finite strain DDP formulation is employed as curving of the slip planes is accounted
for in the finite strain formulation. This relaxes the back-stresses in the dislocation pile-ups that
result due to the bending stress field and thereby reduces the hardening rate. However, over the
range of applied tip displacements analysed here, the small strain DDP formulation qualitatively
captures all the key features of the bending response of end loaded cantilever beams. The calcu-
lations show that in line with the well-known pure bending case, the bending stress in cantilever
bending displays a plastic size dependence, however, the calculated dislocation density does not
increase with decreasing specimen size. Simulations of cantilever beams with a larger aspect ratio
revealed that this anomaly could not be explained by the fact that cantilever beam bending com-
prises of a bending moment in addition to a superimposed shear force. Hence, this discrepancy is
attributed to the difficulty in defining a dislocation density in a DDP simulation when a spatially
varying bending moment is present as in cantilever beam bending.

§ 5.1 Introduction

E ffect of structural size on the nominal material strength has been observed in many experi-
mental investigations and backed by theoretical predictions. In this regard, bending of spec-

imens has been extensively used to investigate size effects in crystalline plasticity since the early
1Reproduced from: N. Irani , J.J.C. Remmers and V.S. Deshpande. Finite versus small strain discrete dislocation

analysis of cantilever bending of single crystals. submitted
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work of Stölken and Evans (1998). These experiments attempted to impose a pure bending stress
field on the specimens but did not directly measure themoment-curvature relation. More recently,
small scale bending experiments have been conducted by first using focussed ion beam (FIB) to
cut cantilever beams from single crystals and then applying tip loads using nano-indentation in-
struments (Motz et al., 2005, 2008). These experiments enable the direct measurement of load ver-
sus displacement relations and are used to infer plasticity size effects. All bending experiments
involve significant lattice rotations and changes in the specimen geometry. Discrete dislocation
plasticity investigations of such experiments (Cleveringa et al., 1999; Danas and Deshpande, 2013;
Tarleton et al., 2015) have neglected these finite strain effects and usually attributed size effects in
bending to geometrically necessary dislocations (GNDs).

The primary question addressed in this chapter is whether lattice rotations and the associated
curving of the slip planes affect the influence of GNDs in governing plasticity size effects in bend-
ing. Here, the bending response of geometrically self-similar beams is investigated using both
small and smeared-slip finite strain DDP methods. The crystals are taken to be elastically isotropic
and plane strain conditions are assumed with deformations restricted to theX1−X2 plane. These
results are then used to rationalise size effects in cantilever bending experiments with an emphasis
on the differences between cantilever bending and pure bending cases.

§ 5.2 Comparison of finite strain and small strain DDP predictions

Pure bending of crystals using discrete dislocation plasticity has been investigated by a number
of authors initiated by the pioneering work of Cleveringa et al. (1999). However, most small-scale
experiments are unable to generate pure bending loading with experiments typically carried out
in a cantilever beam setting (Motz et al., 2005). In cantilever beam bending, stress gradients exist
along both the beam axis and width. Moreover, in this setting the imposed loads also generate
shear stresses. Tarleton et al. (2015) performed small strain DDP calculations of cantilever beam
bending and argued that the geometrically necessary dislocation structures formed in cantilever
beam bending differed from that observed in pure bending. Lattice rotations can have a significant
influence on the GND structures in bending and in this section, the impact of these finite strain
effects (mainly due to lattice rotations) shall be quantified.

X2

a

δ̇

φ1

W

φ2

LR

X1
WR

α

Figure 5.1: Sketch of the boundary value problem of the tip loading of the cantilever beam. The
sketch shows the crystal in the double slip configuration and includes the coordinate system em-
ployed and labels of the critical dimensions.
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5.2.1 Specification of the cantilever beam bending boundary value problem

The cantilever beam analysed is sketched in Fig. 5.1 and comprises a “half dog-bone” type ge-
ometry similar to the specimens in experiments in which the cantilever is cut out from a large
single crystal (Motz et al., 2005). The length of the entire specimen is LR + a with a gauge sec-
tion of length a and width W . Also, as sketched in Fig. 5.1, the root of the cantilever has width
WR. The origin of the coordinate system is fixed at the cantilever root such that X1-axis coin-
cides with the axis of symmetry of the specimen and the loading is applied at the cantilever tip at
(X1, X2) = (LR + a,W/2). The boundary conditions imposed to simulate cantilever bending are

u̇2 = −δ̇, Ṫ1 = 0 on (X1, X2) = (LR + a,W/2), (5.1a)

along with traction-free boundary conditions on all surfaces other than the cantilever root where
a built-in boundary condition is specified as

u̇1 = u̇2 = 0, on X1 = 0. (5.1b)

The traction-free boundary conditions also imply that dislocations can exit the specimen from all
edges other than the edge at X1 = 0 where the zero-displacement constraints are specified. The
work conjugate force P to the applied displacement imposes a bending moment M ≡ Pa at the
root of the gauge section of the cantilever beam and a loading rate |δ̇|/a = 500/s is employed.

Two specimen geometries are analysed in this study.

(i) Short beams: These beams have dimensions with ratios a/W = 3, WR/W = 3 and LR/W =

5.6. The taper angle as defined in Fig. 5.1 is then α = 20 ◦. The three geometrically self-
similar specimens that are analysed are specified by the widths W = 0.5 μm, 1.0 μm and
1.5 μm.

(ii) Long beams: The only difference in this case is that the gauge section aspect ratio is increased
to a/W = 6with the beam root dimension ratios kept fixed at the same values, i.e. WR/W =

3 and LR/W = 5.6, such that again α = 20 ◦. For this case also three geometrically self-
similar specimens are analysed withW = 0.5 μm, 1.0 μm and 1.5 μm.

The complementary problem for the (̂ ) field is solved using a conventional finite element method.
Thus, interior material points do not become boundary points and traction-free boundary condi-
tions and the displacements are prescribed on the same material points throughout the deforma-
tion history. In all calculations a uniform finite element grid with constant strain triangles with
minimum side length e = 0.05 μm is used and time-step of Δt = 0.5 ns is employed to resolve
the dislocation dynamics. It is worth emphasising that the finite strain calculations are consider-
ably limited by the distortion of the finite element mesh as the deformations are typically highly
localised to a limited number of slip planes. Thus, large global deformations are not realisable in
these calculations. In addition, calculations are conducted for 3 realisations of obstacle and source
distributions and the reported results are averages over these three realisations.

5.2.2 Reference properties

The following set of material properties are used in both the small strain and finite strain DDP
simulations. The crystal is assumed to be elastically isotropic with Young’s modulus E = 70 GPa
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Figure 5.2: Sketch of uniaxial tension/compression of the dog-bone specimen. The coordinate
system employed and critical dimensions are included in this figure where the crystal is shown in
the double slip configuration.

and Poisson’s ratio ν = 0.33, which are representative values for aluminium. In the undeformed
configuration the slip planes are spaced 100b apart, where b = 0.25 nm is the magnitude of the
Burgers vector. Simulations are reported for two crystallographic configurations of the crystal: (i)
in the crystal oriented for single slip there is a single slip system oriented at φ1 = 30 ◦ with respect
to the X1-axis in the undeformed configuration and (ii) in the crystal orientated for symmetric
double slip, there are two slip systems at φ1 = 30 ◦ and φ2 = −30 ◦ with respect to the X1-axis in
the undeformed configuration.

In all calculations, the specimen is initially dislocation-free but dislocations are generated from
discrete sources placed on the slip planes within the crystal. The sources are taken to have a Gaus-
sian strength distribution with a mean source strength τ̄nuc = 50MPa and a standard deviation of
10 MPa with a nucleation time tnuc = 10 ns. These Frank-read sources are randomly distributed
on the slip planes with a density ρsrc ≈ 30 μm−2. Similarly, obstacles are also distributed over the
slip planes with a density ρobs ≈ 60 μm−2. These obstacles pin dislocations as long as the shear
stress on the obstacle is below the obstacle strength τobs = 150MPa. The drag coefficient for glide
is B = 104 Pa s, a representative value for several FCC crystals (Kubin et al., 1992) and the critical
distance for annihilation is Le = 6b.

5.2.3 Uniaxial tensile/compressive response of the crystal

Before proceeding to discuss the bending response of the specimens, it is instructive to set a base-
line by describing the response of the crystals under uniaxial tension and compression. To realise
this aim, dog-bone specimens with a geometry very similar to those used in the cantilever beam
bending simulations are employed. This specimen geometry is sketched in Fig. 5.2 and is identi-
cal to the “short beam” specimens expect for the fact that a complete dog-bone is used. In these
samples theWR wide grip sections exist at both ends of the gauge section with dimensions a×W ,
such that the total length of the specimen is Lt = 2LR + a. Using the coordinate system sketched
in Fig. 5.2, tension/compression loading is imposed by applying boundary conditions

u̇1 = U̇ , Ṫ2 = 0 on X1 = Lt, (5.2a)

u̇1 = −U̇ , Ṫ2 = 0 on X1 = 0, (5.2b)
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in addition to traction-free boundary conditions on all other surfaces of the specimen. Rigid body
motion is constrained by specifying displacement u2 = 0 on one additional material point in the
specimen. A loading rate |U̇ |/a = 500/s is employed and the results are reported for the tension
and compression of two geometrically self-similar specimens with W = 0.5 μm and 1.0 μm. The
results are reported in terms of the applied nominal stress σnom calculated as

σnom =
1

W

∣∣∣∣
∫
SR

T1ds

∣∣∣∣ . (5.3)

Here, the integration is performed along the boundary SR that lies alongX1 = Lt as a function of a
measure of nominal strain defined as εnom ≡ 2|U |/a. Calculations are conducted for 3 realisations
of obstacle and source distributions and the tension/compression curves presented are averages
over these three realisations.
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Figure 5.3: Finite strain DDP predictions of the variation of the uniaxial tension and compression
response of the W = 0.5 μm and 1.0 μm crystals in the (a) single slip and (b) double slip configu-
ration. The results are shown in terms of the magnitude of the applied nominal stress σnom versus
the nominal strain εnom.

The finite strain DDP tension and compression responses of the W = 0.5 μm and 1.0 μm
crystals oriented for single and double slip are plotted in Figs. 5.3(a) and 5.3(b), respectively. The
corresponding small strain DDP predictions are not included in Fig. 5.3 for the sake of clarity
as they are nearly identical to the finite strain DDP predictions (to within the variability of the
different realisations). The following three key features emerge from these results:

(i) There is negligible tension/compression asymmetry due to any finite strain effect for both
the single and double slip cases.

(ii) The crystals oriented for single slip display an initial elastic response followed by a mildly
hardening plastic behaviour. By contrast, in the double slip configuration the crystals display
nearly no plastic hardening.

(iii) The crystals oriented for single slip have a small plastic size effect with the strength of the
W = 1.0 μm specimens slightly lower compared to the W = 0.5 μm specimens. No dis-
cernible size effect is observed for the crystals oriented in double slip.

The absence of a clear specimen size effect on the tension/compression response is in contrast
to the results previously reported by Deshpande et al. (2005) and Balint et al. (2006b). This dif-
ferences is rationalised as follows: The tension/compression size effect is primarily due to the
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so-called dislocation starvation effect that requires dislocations to exit the specimens faster than
the nucleation rate of dislocations. Thus, dislocation starvation is only present at a low obstacle
density so that newly nucleated dislocations are not held-up at obstacles and can exit the speci-
mens from the free surfaces rapidly. Here, a rather high obstacle density equal to twice the source
density is employed which implies that even the smallest specimens are not in the dislocation
starvation regime.

L0

(a)

σ11 (MPa)
400.0 80 120 160

(b) (c)

Figure 5.4: (a) Sketch of the W = 1.0 μm tensile specimen with the window over which the
dislocation distributions are shown in (b) and (c). Finite strain DDP predictions of the dislocation
and σ11 distributions in the W = 1.0 μm specimen at εnom = 0.008 for the (b) single slip and (c)
double slip configuration. These distributions are shown over the central section illustrated in (a).

The high obstacle density also results in the mildly hardening response seen for the crystals
oriented for single slip. Recall that the same source and obstacle density is used in both the single
and double slip configurations. Thus, the number of obstacles per slip plane is larger in the single
slip configuration. The consequence of this is seen in Fig. 5.4. In Figs. 5.4(b) and 5.4(c), the dis-
location distributions in the single and double slip cases, respectively are included at an applied
tensile strain of εnom = 0.008 for the W = 1.0 μm specimens. The corresponding distributions
of the stress σ11 is also presented in these figures. These distributions, as shown in Fig. 5.4(a),
are plotted over a central section of length L0 = 4a/3 = 4 μm. In the single slip configuration,
the high obstacle density employed blocks the nucleated dislocations. This results in dislocation
pile-ups as seen in Fig. 5.4(b) while no such pile-ups occur in the crystals oriented for double
slip as observed in Fig. 5.4(c). Eventually, these pile-ups lead to the mildly hardening responses
observed in the stress-strain curves of the single slip case.
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5.2.4 Cantilever beam bending

The uniaxial tension/compression responses of the specimens presented above suggest that the
crystals in both their configurations are approximately elastic-perfectly plastic and display negli-
gible size dependence under uniaxial loading over the range of specimen sizes considered here.
In conventional continuum plasticity the uniaxial response is sufficient to characterise the bend-
ing response of the crystal. Assuming that this holds here, it is expected that the plastic collapse
moment Mf for the cantilever beams of Fig. 5.1 to be given by

Mf =
σfW

2

4
, (5.4)

where σf is the plastic flow strength of the crystal in uniaxial tension/compression as deduced
from Fig. 5.3. In DDP simulations, the plastic flow strengths under bending and uniaxial load-
ings are not necessarily the same. Thus, in order to obtain a measure of the differences between
the conventional continuum plasticity predictions and those obtained from DDP, a bending stress
measure is defined as

σb ≡ 4M

W 2
, (5.5)

where M ≡ Pa is the imposed bending moment at the root of the gauge section of the speci-
men due to the applied tip load P . In the following, the results are presented by describing the
evolution of the bending stress σb as a function of a measure of beam rotation θ ≡ |δ|/a. In this
section, the focus is to understand the impact of finite deformations on the bending response of
the material and this aim will be achieved by comparing the predictions of finite strain and small
strain DDP formulations for σb.
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Figure 5.5: Comparison between finite and small strain DDP predictions of the evolution of the
bending stress σb with the measure of rotation θ for crystals in (a) single slip and (b) double slip
configurations. Results are shown for three selected specimen sizes W of the short beams.

Predictions of σb versus θ are presented in Figs. 5.5(a) and 5.5(b) for the single and double slip
configurations, respectively of the short beams. These figures show that after an initially elastic
response, there is a knee in the σb versus θ curve corresponding to the onset of dislocation activity
and the initiation of plastic deformation. However, unlike the uniaxial loading case, the bending
stress displays a hardening plastic response. Moreover, the bending stress in the plastic regime is
size-dependent with the smaller specimens exhibiting a larger bending stress. This is consistent
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with a wide body of both experimental (Stölken and Evans, 1998; Motz et al., 2005) and compu-
tational (Cleveringa et al., 1999; Danas and Deshpande, 2013; Tarleton et al., 2015) investigations
that suggest that the bending stress is size-dependent in the micron size regime. The origins of
this size effect shall be explored in more details in Section 5.3. Very briefly, the size effect is pri-
marily a manifestation of the so-called geometrically necessary dislocations (GNDs). As will be
seen subsequently, in these simulations the GNDs are primarily dislocation pile-ups that cause
back-stresses and thereby plastic hardening. These dislocation pile-ups and their associated back-
stresses lead to the size effects seen here. The plastic hardening and the corresponding size effect
is more pronounced in the crystals in the single slip configuration (Fig. 5.5(a)) compared to the
double slip case (Fig. 5.5(b)).

ϕ (rad)

-0.025 -0.045-0.035-0.015-0.005

(a) (b)

(c) (d)

Figure 5.6: Finite strain DDP predictions of the dislocation structure and lattice rotation ϕ in the
short beam specimens at an applied θ = 0.045 in the current configuration. Results are shown for
the single slip case specimens of size (a) W = 0.5 μm and (b) W = 1.5 μm while the double slip
case with specimen sizes W = 0.5 μm and 1.5 μm are shown in (c) and (d), respectively.

In order to rationalise this observation the dislocation structures are plotted in theW = 0.5 μm
and 1.5 μm specimens at θ = 0.045 in Figs. 5.6(a) and 5.6(b), respectively for the crystal oriented
in the single slip configuration. The corresponding plots for crystals oriented in the double slip
configuration are included in Figs. 5.6(c) and 5.6(d), respectively. In Fig. 5.6 contours of the lattice
rotation ϕ are also included. Longer dislocation pile-ups are observed in the specimens with only
one active slip system and the stronger plastic hardening is attributed to these longer pile-ups.
This higher hardening rate is also consistent with the facts that plasticity is more constrained
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when only one active slip system is present compared to the double slip case and also the fact
that, under uniaxial loading the single slip configuration exhibited a higher plastic hardening rate
compared to the double slip case (Fig. 5.3).

In Fig. 5.5, predictions of the small strain DDP formulation are included along with the finite
strain predictions. While the small strain DDP predictions are very similar to their finite strain
counterparts, the small strain predictions are slightly stronger in all cases. These differences can
be understood by noting the lattice rotation distributions plotted in Fig. 5.6. These lattice rotations
tend to curve the dislocation slip planes as shown schematically in Fig. 5.7 where some selected
slip planes are shown in both the undeformed and deformed configurations for the double slip
case. The curving of the slip planes tends to relax the back-stresses created by dislocation pile-ups
and hence reduce the plastic hardening. The effect of lattice rotations and curving of the disloca-
tion slip planes is only included in the finite strain DDP formulation and hence the small strain
predictions are slightly stronger compared to the corresponding finite strain predictions. How-
ever, as mentioned in Section 5.2.1, the finite strain computations presented here are limited by
mesh distortion effects such that the lattice rotations obtained for the maximum applied cantilever
tip displacements were less than 3◦ (i.e. |ϕ| ≤ 0.05). Over this limited range of lattice rotations, the
predicted finite strain effects are small but it is anticipated that these effects to become significant
if computations could be conducted for larger cantilever tip displacements. It shall be empha-
sised that the observed differences between the small strain and finite strain DDP formulations
are primarily due to finite strain discrete dislocation plasticity effects rather than finite strain elas-
tic effects: a comparison between finite strain and small strain elastic bending of the specimen is
shown in Appendix E to emphasise this point.

slip planes

Figure 5.7: Sketch of the curving of the slip planes in the end loaded cantilever beam due to lattice
rotations. The sketch shows the specimen in the double slip configuration in both the undeformed
(dashed lines) and deformed (solid lines) states.

§ 5.3 Size effects in cantilever beam bending

Over the range of the cantilever tip displacements investigated here, finite strain effects were
shown not to be significant. Thus in order to investigate the underlying plasticity mechanisms for
cantilever beam bending the small strain DDP formulation is used. First, the short beam specimens
are studied and then the effect of the beam aspect ratio a/W is investigated.

Predictions of σb versus θ and the evolution of the dislocation density ρdis with θ are included
in Figs. 5.8(a) and 5.8(b), respectively for specimen sizes W = 0.5 μm, 1.0 μm and 1.5 μm. Defin-
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ing an appropriate dislocation density is not entirely straightforward in the cantilever beam spec-
imens as dislocation activity is not uniformly spread over the gauge section of the specimen.
Dislocations are mainly confined around the root of the gauge section where the imposed bend-
ing stresses are maximum. Thus, based on the observations of the dislocation structure a window
with Ld = 2W and Lb = 1.4W , as shown in Fig. 5.8(c), is chosen to calculate the dislocation den-
sity, as for all the short beams analysed in this study the vast majority of dislocations lie within
this window. The dislocation density ρdis is then defined as the ratio of the number of disloca-
tions within this window to the area of specimen that lies within the window, i.e. the grey area in
Fig. 5.8(c).

As it was mentioned in Section 5.2, these results indicate that the bending stress is strongly
hardening in the plastic regime, with the single slip configuration being stronger compared to
the double slip case. Moreover, a plastic size effect exists with the bending stress in the plastic
regime being larger for the smaller specimens. The corresponding dislocation densities are seen to
increase approximately linearly with θ after the nucleation of the first dislocations; see Fig. 5.8(b).
These results seem to suggest that the dislocation density increases with specimen size. However,
with regards to the slip system configuration no clear trend for the dislocation density is observed.
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Figure 5.8: Small strain DDP predictions of the evolution of (a) the bending stress σb and (b)
dislocation density ρdis with the measure of rotation θ in the short beam specimens. Results are
shown for both the single and double slip configurations and three selected specimen sizes. (c)
Sketch illustrating the window used to define the area over which the dislocation density ρdis is
calculated.

In order to clarify the obtained trends a flow bending stress σf is defined as the value of σb at
θ = 0.045 and a corresponding ρf is also defined which is equal to the value of ρdis at θ = 0.045.
Predictions of the variation of σf and ρf withW for the geometrically self-similar short beams are
plotted in Figs. 5.9(a) and 5.9(b), respectively. The error bars in Fig. 5.9 indicate the scatter in the
results based on the different realisations of the source and obstacle distributions computed here.
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The variation of the bending flow stress with W is reasonably well described by a relation of the
form

σf = σ0

(
W

W0

)−n

, (5.6)

where σ0 is the flow stress of a specimen of width W = W0; i.e. σf increases with decreasing W .
This curve is included in Fig. 5.9(a) and for the choices of W0 = 1.0 μm and n ≈ 0.3, it is seen to
fit the data with reasonable accuracy for both the slip configurations of the short beam specimens.
By contrast, over the range of specimen sizes considered here, the dislocation density ρf decreases
with decreasing specimen size W .
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Figure 5.9: Summary of the small strain DDP predictions of the variation of the (a) bending flow
strength σf and (b) corresponding dislocation density ρf with specimen size. Predictions are in-
cluded for both the single and double slip configurations and the short and long beam specimens.
The error bars indicate the variation in the results between the different realisations of the source
and obstacle distributions computed here. In (a) the lines are fits to the data using Eq. (5.6).

The distributions of dislocations and contours of the stress component σ11 are plotted in
Fig. 5.10 at an applied rotation θ = 0.045. The results shown in Figs. 5.10(a) and 5.10(b) are
for the W = 0.5 μm and 1.5 μm short beam specimens, respectively with the crystals oriented
for single slip. These figures demonstrate that in the cantilever beams the dislocation activity is
concentrated around the root of the gauge section of the specimen with the dislocations forming
pile-up structures. These dislocation pile-ups result in back-stresses on the dislocation sources
counteracting their further operation. Therefore, as the number of dislocations in the pile-ups
increases a larger stress is required in order to activate the dislocation sources and nucleate new
dislocations. This leads to the observed plastic hardening of Fig. 5.8(a).

It is observed from Fig. 5.10 that the vast majority of dislocations in the specimen have the
same sign as their opposite signed counterparts have exited the specimen through the free sur-
faces. This implies that there is a significant net Burgers vector due to the dislocations in the spec-
imen and thus it can be concluded that there is a large GND density in Nye’s terminology (Nye,
1953) resulting from the imposed bending. The usual explanation of plastic size effects in bending
is that the GND density increases with decreasing specimen size (Cleveringa et al., 1999; Danas
and Deshpande, 2013). However, the results of Fig. 5.9(b) suggest an opposite trend for the can-
tilever beam specimens analysed here. Thus, the reasons behind this discrepancy are investigated
in the following sections. To this end, first, the usual explanation of plastic size effects in the pure
bending case is summarised:
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Figure 5.10: Small strain DDP predictions of the dislocation structure and stress σ11 at an applied
θ = 0.045 in the single slip case. Results are shown for the short beam specimens of size (a) W =

0.5 μm and (b) W = 1.5 μm while the corresponding distributions in the long beam specimens of
sizesW = 0.5 μm and 1.5 μm are shown in (c) and (d), respectively.
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The density of GNDs is given by Nye (1953) and Ashby (1970) as

ρGND ∝ κp

b
, (5.7)

where κp is the plastic curvature and b is the magnitude of the Burgers vector. In pure bending
the only geometric length scale is the specimen widthW and the imposed plastic strain is propor-
tional to κpW . This implies that for a given plastic strain, the resultant plastic curvature for smaller
specimens will be larger. Consequently, in pure bending the smaller specimens have a larger den-
sity of GNDs. The density of statistically stored dislocations (SSDs) however, is assumed to be
independent of the specimen size. Thus, smaller specimens have a higher total dislocation den-
sity for the same imposed strain κpW . The larger total dislocation density in smaller specimens
is argued to result in a higher flow stress by invoking the notion of Taylor hardening (Nix and
Gao, 1998) and this idea has been verified in a number of DDP investigations of pure bending
(Cleveringa et al., 1999; Danas and Deshpande, 2013).

The fact that ρGND scales with κp/b follows directly from the geometry of the lattice and
hence is expected to hold in the cantilever beam case as well. Nevertheless, the results shown
in Fig. 5.9(b) do not support this idea and it is expected that this discrepancy is due to the follow-
ing factors.

(i) The applied definition of ρdis includes both GNDs and SSDs as one cannot differentiate be-
tween them in the discrete dislocation plasticity simulations. It is possible that since can-
tilever beam bending imposes both shear forces and bending moments, SSDs could play a
prominent role here and mask the GND densities in the applied definition of ρdis.

(ii) The specimen area used to define ρdis is not unambiguous as discussed above. In particular,
in cantilever bending W is not the only geometric length scale and the beam span a is also
relevant as the imposed bending moment has a gradient along the span of the beam. This
may further complicate the interpretation of the dislocation density results.

In order to clarify these issues the effect of both shear forces and the plastic zone definition on the
dislocation densities are investigated for the cantilever beam bending case in the following two
sections.

5.3.1 Effect of cantilever aspect ratio

Consider the cantilever beam sketched in Fig. 5.1. The beam can either collapse by plastic bending
with the formation of a plastic hinge at the root of the gauge section at X1 = LR or by shear col-
lapse of the gauge section. To illustrate this competition, consider the continuum isotropic plastic
limit where the beam material has a uniaxial strength σY and a shear strength τY for shearing in
the X1 −X2 plane. Then the ratio of the shear collapse load Ps to the bending collapse load Pb is
given as

Ps

Pb
= 4

τY
σY

( a

W

)
, (5.8)

i.e. as the aspect ratio a/W increases, the shear collapse load increases with respect to the bending
collapse load and hence the deformation of the beam will become increasingly bending domi-
nated. This basic notion holds irrespective of the details of the assumed plastic constitutive prop-
erties of the beam material. Thus, in order to investigate the contribution of the shear force on
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the plastic properties reported above, the bending response of the long beamswith a gauge section
aspect ratio a/W = 6 (as detailed in Section 5.2.1) is investigated.

Predictions of the bending stress σb and the dislocation density ρdis versus θ are included
in Figs. 5.11(a) and 5.11(b), respectively for the long beam specimens. For these specimens, the
window over which the dislocation density is defined has a length Ld = 4W and extends a length
Lb = 3.4W into the gauge section; see Fig. 5.8(c). Again, results are shown for both the single
and double slip configurations. The qualitative trends of the σb versus θ response are very similar
to the short beam case with predictions of a strongly hardening response; a hardening rate that
increases with decreasingW and the double slip case being slightly weaker compared to the single
slip configuration. Also, the dislocation densities seem to be insensitive to the slip configuration
but increase with increasing W . These results are summarised in Fig. 5.9 where predictions of σf
and ρf are included along with the short beam results. It can be observed that the magnitudes of
both σf and ρf are lower for the same value ofW compared to the short beam case. However, the
overall trends are very similar.
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Figure 5.11: Small strain DDP predictions of the evolution of (a) the bending stress σb and (b)
dislocation density ρdis with the measure of rotation θ in the long beam specimens. Results are
shown for both the single and double slip configurations and three selected specimen sizes.

The bending flow strength of the long beam specimens is appreciably smaller compared to
the equivalent short beam samples. This is rationalised by noting that the long beams also have a
lower dislocation density compared to the short beam case. This is due to the fact that for the same
applied bending stress, the longer beams have lower shear forces (and stresses) acting upon them
and this results in a lower density of statistically stored dislocations. To clarify this, in Figs. 5.10(c)
and 5.10(d) the dislocation structure and the stress distributions are plotted for the W = 0.5 μm
and 1.5 μm long beam specimens, respectively at θ = 0.045. The dislocation structures in the
long beam specimens are almost exclusively comprised of same-signed dislocations while there
are relatively more opposite signed dislocations in the short beam specimens; see Figs. 5.10(a) and
5.10(b). This confirms that the long beam specimens have a lower density of SSDs compared to
the short beam case. Consequently, the lower dislocation density accounts for the lower bending
flow strength in the long beam specimens, as dislocations motion is less inhibited by a dense
dislocation structure.

The results for the long beam specimens demonstrate that the reduction in the SSD density
does not change the trend of ρf with W and the discrepancy that ρf increases with increasing W

while σf decreases with increasing W persists. Thus, in the next section the definition of the area
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over which the dislocation density is defined shall be investigated, as an attempt to explain this
discrepancy.

5.3.2 The plastic zone definition

The dislocation density ρdis is calculated over a window of length Ld as described above. This
definition has the feature that the area over which the dislocation density is defined scales with
W 2. Thus, this definition was expected to provide an unbiased estimate of the dislocation den-
sity while comparing ρdis between geometrically self-similar specimens. However, this definition
assumes that in the cantilever specimens the dimensions of the plastic zone scales linearly with
specimen size. This scaling need not to be true and can result in the anomalous variation of ρf
withW seen in Fig. 5.9(b). Here, the size of the plastic zone is studied with the view of redefining
the computed dislocation density, ρdis.

There are two sources of uncertainty with regards to the definition of the area based on which
the dislocation density ρdis, is calculated. The dislocation structures in Fig. 5.10 reveal that a
dislocation-free zone exists near the free surfaces of the specimen with high stresses developing in
this region. The development of these zones is due to the fact that dislocations are attracted to and
exit from free surfaces. This leads to the formation of dislocation-free layers near the free surfaces
of the material. Such layers were also observed in the case of pure bending by Cleveringa et al.
(1999) and they argued that these dislocation-free zones need to be subtracted from the area over
which the dislocation density is calculated. A dislocation density calculated in this manner agrees
well with the GND density formula, Eq. (5.7) for the pure bending case. However, this effect is
relatively minor and cannot account for the reversal of the trend of ρf versusW seen in Fig. 5.9(b).
The second source of uncertainty is related to the length and the location of the window over
which the dislocation density is defined (Fig. 5.8(c)). The bending moment is spatially varying
in the cantilever specimen and this results in a spatially varying dislocation density. Thus, the
definition of the dislocation density in the DDP calculations is always expected to be dependent
on the size and the location of the window over which ρdis is calculated.

A comparison of the dislocation structures in the W = 0.5 μm and 1.5 μm specimens in
Fig. 5.10 suggests that the dislocations are proportionally spread over a larger region in the W =

1.5 μm specimen. This is quantified as follows: Consider a rectangular window as in Fig. 5.8(c) of
length Lp and a width such that it covers the width of the specimen. The location of the window
and its length Lp is chosen such that at the given instant, all dislocations within the specimen
lie just within the window. The variation of the normalised plastic zone size Lp/W with W for
the short and long beams at θ = 0.045 is plotted in Fig. 5.12(a) for the single slip configuration
with the error bars indicating the variations between the different source and obstacle realisations
computed here1. The normalised plastic zone size Lp/W increases with increasingW for both the
short and long beam specimens in cantilever bending. The increase in LP /W with W is related
to the discreteness of the dislocation activity. Dislocation sources are scattered in the specimen
with a mean strength τnuc = 50 MPa and a standard deviation of 10 MPa. As one approaches
the tip of the cantilever beam the bending moments become relatively low and therefore in this
region only the weakest sources can operate. In the geometrically self-similar specimens, there are

1To within the scatter between different realisations, there is no discernible difference between the double and
single slip configurations and hence for the sake of clarity, only the single slip case is included.
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more sources present in the larger crystals and therefore there is a higher probability of finding
weaker sources near the tip of the cantilever beam. As a result, in these larger specimens there is
also a higher probability of dislocation activity occurring closer to the tip of the cantilever beam
resulting in Lp/W increasing with increasing W .
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Figure 5.12: (a) Small strain DDP predictions of the variation of the normalised plastic zone size
Lp/W as a function of the specimen size W for the short and long beam specimens in the single
slip case. (b) Corresponding predictions of the variation of the modified dislocation density ρ̄f
with specimen size at θ = 0.045 in the short beam specimens. Results in (b) are shown for both
the single and double slip cases. The lines are best linear fits to the data.

A modified dislocation density ρ̄f is defined as the ratio of the number of dislocations within
this window of length Lp to the area of the specimen covered by this window at θ = 0.045. A plot
of ρ̄f versus W for the short beams in the single and double slip configurations (i.e. analogous to
the ρf versus W plot in Fig. 5.9(b)) is included in Fig. 5.12(b). The trend is now reversed with ρ̄f
decreasing with increasingW . However, in order to explain the observed size effects in cantilever
bending based on the values of ρ̄f , a steeper decrease in dislocation density with W is required
similar to the ones reported in Danas and Deshpande (2013). In addition, in cantilever bending,
unlike in pure bending, the plastic curvature is not constant through the specimen. Therefore, ρ̄f
is simply a spatial average dislocation density and cannot be directly used in a Taylor hardening
relation or to obtain the GND density. It is thus concluded that the discrepancy of ρf increasing
with increasing W is due to the fact that it is difficult to extract an appropriate measure of the
GND density from the DDP simulations of cantilever beam bending.

§ 5.4 Concluding remarks

Cantilever beam configurations are commonly used to analyse the bending response of micro-
sized specimens. Here, the bending of tip loaded single crystal cantilever beam specimens with
one and two active slip systems have been analysed using discrete dislocation plasticity. Both
finite strain and small strain DDP formulations are employed to investigate the influence of lattice
rotations and changes in specimen geometry on the bending response of the specimens.

Over the range of specimen sizes analysed here, the bending stress versus applied tip dis-
placement response has a strong plastic hardening component. This hardening rate increases
with decreasing specimen size and thus the bending flow strength is size-dependent. The harden-
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ing rates are slightly lower when the finite strain DDP formulation is employed as curving of the
slip planes is accounted for in the finite strain formulation. This curving relaxes the back-stresses
in the dislocation pile-ups that result due to the bending stress field and thus reduces the hard-
ening rate. However, over the range of applied tip displacements analysed here the small strain
DDP formulation is shown to capture with excellent accuracy all the key features of the bending
response of end loaded cantilever beams.

The small strain DDP formulation is then used to analyse size effects in these cantilever beam
specimens. In line with the well-known pure bending case, the bending stress is shown to display
a plastic size dependence. However, unlike in pure bending the calculated dislocation density
does not increase with decreasing specimen size but rather seems to show a slight increase with
increasing specimen size. Simulations of cantilever beams with a larger aspect ratio revealed
that this anomaly could not be explained by the fact that cantilever beam bending comprises a
superimposed shear force in addition to the bending moment. Thus, this discrepancy is attributed
to the difficulty in defining a dislocation density in a DDP simulation with a spatially varying
bending moment as in cantilever beam bending.

By constraining plastic flow in a material, large lattice rotations may appear in the crystal even
under uniform loading conditions. These lattice rotations, unlike the cantilever beam bending
case, are not a direct result of the external loading but are purely due to the development of large
dislocation pile-ups in the crystal. Another feature of this setting is that because the plastic flow is
confined to a small region the captured dislocation density will be much higher compared to the
dislocation densities computed for the cantilever beam specimens here. In the next chapter, the
impact of this type of lattice rotations on the dislocation structures and material size effects shall
be investigated.
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Chapter 6

Finite vs. small strain DDP analysis of constrained
plastic flow1

§ Abstract

Constrained plastic flow provides a suitable platform to investigate the impact of lattice rotations
which are purely caused by the development of dislocation pile-ups in the crystal. In this chap-
ter, finite strain and plastic size effects in constrained plastic flow are investigated by using finite
strain and small strain discrete dislocation plasticity. Crystals with both one and two active slip
systems are analysed as well as specimens with different aspect ratios in order to study the ef-
fect of specimens shape along size effects. Discrete dislocation plasticity gives rise to different
behaviours in the constrained plasticity problem depending on whether the crystal is oriented for
single slip or symmetric double slip. In the single slip case, nearly no size effects are captured on
the value of the flow strength of the crystal. However, the double slip calculations demonstrate a
larger size effect on the stress-strain responses of the crystals. These results demonstrate that the
effects on material strength in samples under constrained deformation is a combination of two
effects: a hardening rate that depends on the specimen thickness resulting from a higher geomet-
rically necessary dislocation (GND) density and an aspect ratio dependence which results from
an increasing number of dislocations piling at the upper and lower boundaries of the crystal. In
addition, the results show that there are no captured finite strain effects in the response of crys-
tals in single slip configuration. However, in the double slip case, compared to the small strain
calculations, finite strain predictions demonstrate a softer compressive response for the smallest
specimens considered in this study. It is assumed that this is due to the fact that in the finite strain
formulation curving of the slip planes and the boundaries of the crystal are accounted for.

§ 6.1 Introduction

I n mono-phase single crystals, dislocations can generally glide long distances relatively unhin-
dered. The situation is different in multi-phase materials. Grain and phase boundaries can

provide strong barriers to dislocations motion and as the dislocations pile up at the boundaries,
1Reproduced from: N. Irani , J.J.C. Remmers and V.S. Deshpande. Finite versus small strain discrete dislocation

analysis of constrained plastic flow in compression. under prepration
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the stress fields due to dislocation pile-ups restrict further dislocations glide, giving rise to harden-
ing and asmentioned byHall (1951) and Petch (1953), a size effect. These dislocation structures are
also responsible for the formation of strain gradients and lattice rotations in the material. Hence,
in multi-phase materials even by applying a macroscopically uniform deformation, lattice rota-
tions may appear in the crystal due to constrained plastic deformation. Here, as opposed to the
cantilever bending problem in Chapter 5, the lattice rotations are not a direct result of the external
forces but are purely caused by constraining plastic flow. In this way, the example of constrained
plastic flow provides a suitable platform to investigate the impacts of lattice rotations which are
solely a result of dislocation pile-ups in the crystal.

Constrained plastic flow of crystals has been investigated by a number of authors using dis-
crete dislocation plasticity and nonlocal plasticity theories. Balint et al. (2006b) studied the size
effects in uniaxial deformation of single and polycrystals and reported that there is a range of
specimen sizes where the strength of polycrystalline specimens is essentially size-independent.
Nicola et al. (2005) analysed the size effects in thin films subjected to thermal loading and showed
that both the film thickness and the grain size influence the strengthening of polycrystalline thin
films. Shu et al. (2001) and later Bittencourt et al. (2003) employed the example of constrained
plastic flow in single crystals under simple shear in order to compare the predictions of the non-
local plasticity theory of Gurtin (2002) with the behaviour obtained from a discrete dislocation
description of plastic flow. More recently, Niordson and Hutchinson (2011) studied the compres-
sion of a finite-length thin film bonding rigid plates employing different strain gradient plasticity
theories.

In this chapter, the compression of a plastically confined crystal bonding two parallel elastic
plates is studied. The problem is designed in such a way that a local plasticity theory would
predict a size-independent response. However, discrete dislocation plasticity calculations predict
that the accumulation of the dislocations at the boundaries of the crystal will give rise to the
formation of strain gradients throughout the material. As a result, this example may provide an
insight into strain gradient effects and size-dependent strengthening.

The main focus of this chapter is to further the understanding of the effect of internal con-
straints and the resultant lattice rotations on the behaviour of crystals. The outline of this chapter
is as follows: First, the smeared-slip finite strain and small strain DDP predictions of the current
problem are presented for three types of geometrically self-similar specimens in single slip con-
figuration. Next, the same study will be performed but for crystals in double slip configuration.
These predictions are then used to rationalise size and shape effects during constrained plastic
flow.

§ 6.2 Comparison of finite strain and small strain DDP predictions

As it was mentioned in the Introduction, constraining the dislocation glide in multi-phase ma-
terials results in dislocation pile-ups at the boundaries between different phases. The formation
of dislocation pile-ups eventually gives rise to strain gradients and lattice rotations throughout
the crystal. The lattice rotations appearing in such loadings are not a direct result of the external
loading but are due to the constraints imposed on the plastic deformation and dislocation glide.
The main focus of this section is to quantify the resultant finite strain and size effects related to
constrained plastic flow. To this end, the compression of plastically constrained single crystals is
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investigated using both small strain and finite strain DDP.

6.2.1 Specification of the constrained plastic flow boundary value problem

The undeformed crystal has dimensions H × L and is bonded to two plates on the top and the
bottom as shown in Fig. 6.1. Theses plates may only deform elastically, with the lower plate being
fixed and a displacement field being applied on the upper plate along the negative X2-direction.
The compression is imposed by prescribing the following boundary conditions in the undeformed
configuration:

u̇2 = −U̇ , Ṫ1 = 0 on X2 = W/2, (6.1a)

u̇1 = u̇2 = 0, on X2 = −W/2, (6.1b)

along with traction-free conditions on all other surfaces. Here Ti = σijnj is the traction on the
boundarywith outward normal nj . In addition to the boundary conditions above, the dislocations
are free to exit from the free surfaces at the right- and left-hand edges of the crystal, whereas all
other dislocation movements will be hindered at the lower and upper edges of the crystal atX2 =

−H/2 andH/2 as the elastic plates are assumed to be impenetrable to dislocations. A loading rate
|U̇ |/W = 555 s−1 is applied and plane strain conditions are assumed with deformations restricted
to the X1 −X2 plane.

Three specimen geometries are analysed in this study. These specimens differ in their aspect
ratio L/H and are specified as: L/H = 1.92, 2.88 and 4.81. For each set of these geometries,
three geometrically self-similar samples are considered, indicated by: H = 0.52 μm, 1.04 μm and
1.56 μm. Accordingly, one may investigate the effect of the aspect ratio of the specimen L/H

along with size effects on material strength. In all calculations the ratio W/H is fixed such that
W/H = 1.73.

φ1

φ2

U̇

L

Elastic plate

Elastic plate

HW
X1

X2

Figure 6.1: Sketch of the boundary value problem of plastically constrained deformation of a
single crystal. The sketch shows the crystal in the double slip configuration with elastic plates
at the top and the bottom of the crystal. The sign convention employed for edge dislocations is
indicated along with the coordinate system used.

The results will be presented in terms of the nominal compressive stress σnom, which is defined
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as

σnom =
1

L

∣∣∣∣
∫
SU

T2ds

∣∣∣∣ , (6.2)

versus normalised displacement, |U |/W , where U =
∫
U̇dt. In Eq. (6.2) the integration is per-

formed along the boundary SU that lies along X2 = W/2 in the undeformed configuration.

In all simulations a conventional finite element method is used to solve the complementary
problem for the (̂ ) fields. As a result, interior material points do not become boundary points.
Thus, the traction-free boundary conditions and the displacements are prescribed on the same
material points throughout the deformation history. In all calculations, a uniform finite element
grid with constant strain triangles with minimum side length e = 0.05 μm was used. In addition,
a time-step ofΔt = 0.5 ns is needed to resolve the dislocation dynamics.

The boundaries between the central crystal and the elastic plates are modelled employing
obstacles with infinitely large strengths. In this way, as the dislocations reach the obstacles they
get pinned and may not be released under any circumstances and thus, they do not enter the
elastic plates. A benefit of this approach is that in the finite strain DDP simulations the profile of
the boundaries between the crystal and the elastic plates may be updated solely by updating the
positions of the obstacles in the material according to the total displacement of the interfaces.

6.2.2 Reference properties

The crystal and both elastic plates of Fig. 6.1 are taken to be elastically isotropic with a Young’s
modulus E = 70 GPa and Poisson’s ratio ν = 0.33, which are representative values for alu-
minium and will not be affected by dislocation glide. The slip planes are spaced 100b apart, where
b = 0.25 nm is the magnitude of the Burgers vector. This magnitude will not change during de-
formation since the elastic stretch of the lattice is assumed to be negligible. The slip planes are
distributed over the entire central crystal and there are no slip planes in the elastic plates. Simula-
tions are reported for two crystallographic configurations of the crystal: (i) a crystal oriented for
single slip where the slip system is oriented at φ1 = 60 ◦ with respect to the X1-axis in the unde-
formed configuration and (ii) a crystal orientated for symmetric double slip, where the two slip
systems are oriented at φ1 = 60 ◦ and φ2 = −60 ◦ with respect to the X1-axis in the undeformed
configuration.

In all calculations, the specimen is initially dislocation-free and dislocations are generated from
discrete sources placed on the slip planes within the crystal. These sources nucleate a dipole when
the Peach-Koehler force exceeds a critical value of τnucb during a period of time tnuc = 10 ns; The
critical nucleation source strength τnuc is taken to have a Gaussian distribution with a mean source
strength τ̄nuc = 50 MPa and a standard deviation of 1 MPa. In these simulations the Frank-read
sources are randomly distributed on the slip planes with a density ρsrc ≈ 125 μm−2 in an obstacle-
free specimen. The drag coefficient for glide is B = 104 Pa s, a representative value for several
FCC crystals (Kubin et al., 1992) and the critical distance for annihilation is Le = 6b. Furthermore,
in order to rule out any approximation that may be caused by a certain distribution of sources,
calculations for each specimen were repeated for 3 spatial distributions of sources all with the
same overall source density. The results shown here are obtained by averaging the results of these
calculations.
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6.2.3 Single slip configuration

The finite strain and small strain DDP predictions of the compressive responses of theH = 0.52 μm
and 1.56 μm specimens with L/H = 1.92 in single slip configuration are shown in Fig. 6.2(a). The
corresponding calculations for the H = 0.52 μm and 1.56 μm specimens with L/H = 4.81 are
illustrated in Fig. 6.2(b). These figures shows that in all calculations, the initial deviation from the
linear elastic slope occurs at about the same point (σnom ≈ 110 MPa) for all specimens consistent
with the fact that the Schmid factor for both slip systems is equal to sin(2φ)/2 = 0.43 and the
mean nucleation source strength τ̄nuc is 50 MPa. Also, in these simulations the value of yield
stress is comparatively independent of the exact location of the nucleation sources in the material,
as prior to yielding the stress field in the specimen is relatively uniform. These figures show that
the plastic regime in the stress-strain response of L/H = 4.81 specimens is harder compared to
shorter specimens with L/H = 1.92. However, the size effects on the plastic response of both
specimen geometries is negligible. In addition, there is no visible finite strain effect in the results.
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Figure 6.2: Comparison between finite and small strain DDP predictions of the evolution of the
nominal applied stress σnom with |U |/W . The results shown are for the (a) L/H = 1.92 and (b)
L/H = 4.81 specimens in single slip configuration with H = 0.52 μm and 1.56 μm.

The distributions of the lattice rotation ϕ and dislocation structures at a deformation equal to
|U |/W = 0.005 for crystals of L/H = 1.92 in single slip system and a specimen size H = 0.52 μm
and 1.56 μm are shown in Figs. 6.3(a) and 6.3(b), respectively. The corresponding contours and
dislocation structures for the L/H = 4.81 crystals are included in Figs. 6.3(c) and 6.3(d). These
figures illustrate that in these specimens the dislocations are organized in rather long pile-ups
against the lower and upper boundaries of the middle crystal. Moreover, longer pile-ups develop
closer to the free boundaries with some dislocations forming low energy wall structures perpen-
dicular to the active slip system. The dislocations in the pile-ups give rise to long range stresses in
the crystal and consequently apply a significant back stress on the nucleation sources from which
they originate from. This eventually results in a strong hardening in the plastic response of the
specimens as shown in Fig. 6.2.

In the case of materials with single slip system no appreciable difference between the lattice
rotation contours of geometrically self-similar specimens can be observed. Furthermore, Fig. 6.3
demonstrates that in the single slip case the dislocations may only accommodate the clockwise
rotations of the lower half of the right-hand edge and the upper half of the left-hand edge of the
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Figure 6.3: Finite strain DDP predictions of the lattice rotation ϕ and the associated dislocation
structure at a deformation equal to |U |/W = 0.005 in the single slip case and undeformed con-
figuration. Results are shown for the L/H = 1.92 specimens of size (a) H = 0.52 μm and
(b) H = 1.56 μm while the corresponding distributions in the L/H = 4.81 specimens of sizes
H = 0.52 μm and H = 1.56 μm are shown in (c) and (d), respectively. The solid lines represent
the boundary between the crystal and the elastic plates.
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crystal. This is due to the fact that in a two dimensional analysis such as the current study at least
two linearly independent slip systems are needed to be able to capture an arbitrary deformation
in a crystal structure. Thus, it may be concluded that by employing a single slip deformation,
one cannot capture a complete image of the current phenomenon, as the full deformation of the
crystal cannot be accommodated by plastic deformations caused by dislocations glide.
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Figure 6.4: Small strain DDP predictions of the flow strength σf with (a) specimen size H for
the specimens with L/H = 1.92, 2.88 and 4.81 and with (b) aspect ratio L/H for the specimens
with H = 0.52 μm, 1.04 μm and 1.56 μm. The results shown are for specimens with single slip
configuration and the vertical lines represent the scatter in the small strain DDP results. The flow
strength σf is calculated as the average of σnom between |U |/W = 0.0045 and 0.005. The lines are
best linear fits to the data.

Small strain DDP predictions of the evolution of flow strength σf (defined as the average of
σnom between |U |/W = 0.0045 and 0.005) with specimen size H are shown in Fig. 6.4(a) for spec-
imens with a single slip system: as there was no significant finite strain effect in the graphs of
Fig. 6.2, only the small strain DDP results are included here. Fig. 6.4(a) shows that except for
the L/H = 1.92 specimens, the obtained values for the flow strength σf of the geometrically
self-similar specimens are nearly independent of specimen size H . This is due to the fact that in
materials with single slip the mechanism of size dependence is suppressed by the existence of the
back stresses in long dislocation pile-ups and the strong hardening they cause in the stress-strain
response.

The evolution of flow strength σf with specimen aspect ratio L/H is shown in Fig. 6.4(b) for
different specimen sizes H in single slip configuration. This figure shows that although flow
strength σf of geometrically self-similar specimens is essentially the same, σf has a noticeable
dependency on crystal geometry, L/H . This dependency is related to the ratio of the number of
dislocations pinned at the elastic plates to the number of dislocations that may exit the domain,
with this ratio increasing with the aspect ratio of the specimen L/H .

6.2.4 Double slip configuration

It was shown in Section 6.2.3 that in the study of constrained plasticity the results obtained by
employing a crystal with single slip system are biased. Here, in order to capture the whole image
of the phenomenon at least two linearly independent slip systems are needed. To this end, the
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Figure 6.5: Finite strain and small strain DDP predictions of (a) the nominal applied stress σnom
and (b) the evolution of the dislocation density ρdis with |U |/W . The results shown are for the
L/H = 1.92 specimens in double slip configuration with H = 0.52 μm and 1.56 μm.

simulations are repeated using crystals in double slip configuration.

Finite strain and small strain DDP predictions of the compressive responses of the L/H = 1.92

specimens with H = 0.52 μm and 1.56 μm in double slip configuration are shown in Fig. 6.5(a).
This figure shows that in line with the single slip case, the yield point in all calculations is at
σnom ≈ 110 MPa. In addition, the yielding is followed by a drop in the stress value as a result of
the initiation of dislocation nucleations and an increase in the density of mobile dislocations. It
can be seen that the value of this drop is higher for the H = 1.56 μm specimens. In addition, a
comparison between Figs. 6.5(a) and 6.2(a) shows that this value is slightly larger for the double
slip case. This is due to the fact that in the double slip case, nucleations occur on two different
slip systems and thus the number of slip systems terminating at the free surfaces on the right-
and left-hand edges of the crystal is double compared to the crystals in single slip configuration.
Moreover, in larger specimens the number of active slip planes terminating at the free edges is
greater compared to smaller geometrically self-similar samples with H = 0.52 μm. As a result,
increasing the number of slip systems or considering samples with a larger thicknessH will result
in a larger post-yield drop in the value of the compressive response σnom.

After the dislocation density has build up the stress responses of both of the specimens start
to increase almost linearly with strain. Here, contrary to the single slip case, a size effect can
be observed with the smaller specimen showing a higher hardening rate. Recall that in these
simulations there are no point obstacles present, thus the hardening behaviour after yielding can
be attributed to dislocation annihilations and the fact that a number of dislocations are blocked as
they reach the top and the bottom of the crystal at X2 = −H/2 and H/2. Moreover, comparing
the stress-strain responses as shown in Fig. 6.5(a) and 6.2(a) reveals that in the H = 1.56 μm
specimen the hardening rate of specimens with double slip systems is lower than their single slip
counterparts. This can be explained based on the fact that in the case of crystals with double slip
systems the back stresses that would develop due to piling on one of the slip systems are relaxed
by the generation of dislocations on the other slip system. Thus, in the case of the materials with
double slip systems the hardening rate in the stress-strain response is much smaller. On the other
hand, as the number of active sources in the H = 0.52 μm specimens in both single slip and
double slip configurations is very low, the captured hardening rate for both cases is relatively

82



Comparison of finite strain and small strain DDP predictions

similar.
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Figure 6.6: Finite strain and small strain DDP predictions of (a) the nominal applied stress σnom
and (b) the evolution of the dislocation density ρdis with |U |/W . The results shown are for the
L/H = 4.81 specimens in double slip configuration with H = 0.52 μm and 1.56 μm.

The corresponding evolution of the dislocation density ρdis (per unit area in the crystal) is
shown in Fig. 6.5(b). This figure shows that in all specimens the onset of dislocation nucleation
corresponds to the initiation of yielding and diverging from the elastic slope in Fig. 6.5(a). After
yield there is a sharp rise in the value of dislocation density ρdis due to the increase in the density of
mobile dislocations. This sharp rise corresponds to the post-yield drop in the value of the nominal
stress in Fig. 6.5(a). Subsequently, the dislocation density ρdis continues to increase with strain,
with the smaller specimen showing a higher rate, which is consistent with the work hardening
behaviours shown in Fig. 6.5(a).

The stress-strain response and the corresponding evolution of the dislocation density ρdis of
the L/H = 4.81 specimens withH = 0.52 μm and 1.56 μm in double slip configuration are shown
in Figs. 6.6(a) and 6.6(b). The qualitative trends of the σnom versus |U |/W response of the L/H =

4.81 specimens are very similar to the L/H = 1.92 case. The L/H = 4.81 specimens also display
a post-yield hardening response but with a smaller initial stress drop and a higher hardening rate
compared to the L/H = 1.92 crystals. Furthermore, consistent with the hardening behaviour
shown in Fig. 6.6(a), the dislocation densities of the L/H = 4.81 specimens increase with strain
after the first nucleation event, with the smaller crystal showing a higher rate of increase.

The results shown in Figs. 6.5(a) and 6.6(a) suggest that for both specimen geometries the
compressive stress in the plastic regime is size-dependent where in each specimen geometry the
smaller specimen exhibits a larger compressive stress. The size effect here is primarily due to the
formation of dislocation pile-ups. The dislocation pile-ups cause back-stresses on the nucleation
sources and eventually, these dislocation pile-ups and their associated back-stresses lead to the
size effects seen here (The origins of this size effect are studied in more details in the next section).

In Figs. 6.5(a) and 6.6(a), predictions of the small strain DDP formulation are included along
with the finite strain predictions. As it can be observed, the small strain DDP predictions are
very similar to their finite strain counterparts. However, there is a small difference between the
obtained results from finite strain and small strain DDP calculations in the L/H = 1.92 specimen
withH = 0.52 μm. It was shown in Chapter 5 that the differences between the predictions of small
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and finite strain DDP are related to the lattice rotation distributions in the material. The lattice
rotations tend to curve the dislocation slip planes and thus they relax the back-stresses created
by dislocation pile-ups and reduce the plastic hardening. In addition, contrary to the small strain
case, in the finite strain calculations the boundaries between the crystal and the elastic plates do
not remain straight and may deform with loading. This can also contribute to a softer plastic
response. The effects of lattice rotations in curving the dislocation slip planes and the boundaries
of the crystal are shown schematically in Fig. 6.7 where some selected slip planes are shown in
both the undeformed and deformed configurations for the double slip case. These effects are
only included in the finite strain DDP formulation. Hence, the small strain predictions for σnom
may be slightly stronger compared to the corresponding finite strain predictions. Comparing the
dislocation density values of Figs. 6.5(b) and 6.6(b) shows that ρdis is highest in the L/H = 1.92

specimen with H = 0.52 μm and therefore, the highest impact of back-stresses is also captured
in this specimen. As a result, in these crystals, alleviating the impact of back-stresses on the
nucleation sources by including the finite strain effects, has a higher impact compared to larger
and longer crystals.

slip planes

Figure 6.7: Sketch of the curving of the slip planes and the boundaries of the crystal in the current
problem due to lattice rotations. The sketch shows the crystal in the double slip configuration in
both the undeformed (dashed lines) and deformed (solid lines) states.

Size and shape effects

It was shown in Figs. 6.5(a) and 6.6(a) that the plastic regime of the compressive responses of ge-
ometrically self-similar samples were not identical and consistent with the experimental results,
the smallest samples reveal the highest compressive resistance. Also, the initial drop after yield
for larger specimens was shown to be higher compared to smaller geometrically self-similar spec-
imens. In order to have a better understanding of the reasons that lead to size effects, the manner
at which dislocations multiply and store in these crystals is examined. The dislocation structures
are plotted for the L/H = 1.92 specimens with H = 0.52 μm and 1.56 μm at a deformation equal
to |U |/W = 0.005 in Figs. 6.8(a) and 6.8(b), respectively for the crystals oriented in the double
slip configuration. Contours of the lattice rotation ϕ are also included in Fig. 6.8. Moreover, the
corresponding distribution of the stress field in the direction of loading σ22 is demonstrated on
the deformed configuration in Figs. 6.9(a) and 6.9(b) for the L/H = 1.92 specimens.

By observing the dislocation patterns in Figs. 6.8(a) and 6.8(b), three regions may be identified
in the central crystal: (i) a region close to the right- and left-hand edges with the majority of
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Figure 6.8: Finite strain DDP predictions of the lattice rotation ϕ and the associated dislocation
structure at a deformation equal to |U |/W = 0.005 in the double slip case and undeformed
configuration. Results are shown for the L/H = 1.92 specimens of size (a) H = 0.52 μm and
(b) H = 1.56 μm while the corresponding distributions in the L/H = 4.81 specimens of sizes
H = 0.52 μm and H = 1.56 μm are shown in (c) and (d), respectively. The solid lines represent
the boundary between the crystal and the elastic plates.
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dislocations activity; (ii) the interfaces between the crystal and the elastic plates; (iii) a region at
the core of the crystal with almost no dislocations. Figs. 6.9(a) and 6.9(b) show that region (iii) is
where the stress σ22 attains its maximum value. Besides, in theH = 0.52 μm specimen, this region
comparatively makes up a larger portion of the sample, consistent with the fact that the response
of the smaller crystal is slightly stronger.

The plastic zones in the material start to form after yielding with some dislocations nucleating
on the slip planes terminating at the free edges of the crystal. For each dislocation dipole gener-
ated on these slip planes, one dislocation is free to exit the domain while the other dislocation gets
pinned at the boundary of the crystal with an elastic plate. The dislocations that nucleate further
into the crystal move towards the elastic plates and accumulate at the lower and upper bound-
aries of the crystal. Subsequently, with increasing the applied loading on the specimen, pile-ups
at the upper and lower edges of the crystal start to appear. Examining the dislocations pinned
at the upper boundary in Fig. 6.8 reveals that the dislocations are either negative dislocations on
the φ1 = 60◦ slip planes or positive dislocations on the φ1 = 120◦ slip planes. In both cases the
horizontal component of their Burgers vector is in the negative X1-direction. The opposite hap-
pens for the dislocations being blocked at the lower boundary of the film. This gives rise to the
formation of a strain gradient throughout the central crystal. Subsequently, these strain gradients
lead to lattice rotations in the material.

Figs. 6.8(a) and 6.8(b) reveal that in the case of materials with double slip systems the dislo-
cations accommodate rotations in both negative and positive directions. As a result, compared to
the single slip calculations, in the double slip case, the captured gradients in the value of lattice
rotations are higher in both the X1- and X2-directions. The symmetrical formation of the plas-
tic region in these materials is possible due to the fact that here plastic flow occurs in a double
symmetric slip configuration. Figs. 6.8(a) and 6.8(b) show that the magnitude of captured lattice
rotations ϕ increases from zero at the centre of the crystal and attains its maximum at the free
surfaces and correspondingly the majority of dislocation activities is restricted to region (i). Here,
the dislocation structures are organized in a such way that they form ϕ-isolines and boundaries
between the highly rotated regions and the rest of the domain. In this sense these dislocations may
be denoted “geometrically necessary dislocations” in Nye’s terminology (Nye, 1953) and eventu-
ally, the differences between the densities of GNDs result in size effects on the nominal strength of
the material. It was shown in Fig. 6.5(b) that the density of dislocations ρdis in smaller specimens
is larger. Eventually, this higher dislocation density leads to a stronger stress-strain response in
these samples.

The qualitative trends of the σnom versus |U |/W response of the L/H = 4.81 specimens are
very similar to the L/H = 1.92 case with predictions of a strongly hardening response and a hard-
ening rate that increases with decreasingW . In addition, the dislocation densities seem to increase
with decreasingW . However, the captured compressive response compared to shorter specimens
with L/H = 1.92 is much higher. Comparing Figs. 6.9(c)-(d) with Figs. 6.9(a)-(b) illustrates that as
the magnitude of the aspect ratio L/H increases the size of the central region with no plasticity, i.e.
region (iii), becomes larger and consistent with this the compressive response of longer crystals
is harder compared to the shorter specimens. This is due to the fact that keeping the specimen
size H constant, in longer specimens with a higher aspect ratio L/H , the number of the active
slip planes terminating at the upper and lower edges of the crystal is higher. Consequently, this
leads to an increase in the number of dislocations piling up at the grain boundaries and a higher
hardening rate.
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Figure 6.9: Finite strain DDP predictions of the distribution of the stress component σ22 in the
deformed configuration at a deformation equal to |U |/W = 0.005 in the double slip case. Results
are shown for the L/H = 1.92 specimens of size (a) H = 0.52 μm and (b) H = 1.56 μm while the
corresponding distributions in the L/H = 4.81 specimens of sizesH = 0.52 μm andH = 1.56 μm
are shown in (c) and (d), respectively. The solid lines represent the boundary between the crystal
and the elastic plates and the displacements are magnified by a factor of 25



Finite vs. small strain DDP analysis of constrained plastic flow
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Figure 6.10: Small strain DDP predictions of the flow strength σf with (a) specimen size H for
the specimens with L/H = 1.92, 2.88 and 4.81 and with (b) aspect ratio L/H for the specimens
with H = 0.52 μm, 1.04 μm and 1.56 μm. The results shown are for specimens with double slip
configuration and the vertical lines represent the scatter in the small strain DDP results. The flow
strength σf is calculated as the average of σnom between |U |/W = 0.0045 and 0.005. In (a) and (b)
the lines are fits to the data using Eq. (6.3) and Eq. (6.4), respectively.

In order to quantify the obtained size effects for different specimen geometries, a flow bending
stress σf is defined as the average of σnom between |U |/W = 0.0045 and 0.005. Small strain DDP
predictions of flow strength σf is plotted in Fig. 6.10(a) as a function of the specimen size H for
three specimen geometries of L/H = 1.92, 2.88 and 4.81: As it was shown over the range of the
displacements investigated here, finite strain effects were shown not to be significant and thus,
here for the sake of brevity, only the predictions of the small strain DDP method are included.
The results indicate that the flow strength σf decreases monotonically with specimen size H for
all specimen shapes. A power-law relation of the form

σf = kHH−n, (6.3)

fits the data well in Fig. 6.10(a) over the range 0.52 μm ≤ H ≤ 1.56 μm with kH being a function
of the aspect ratio L/H . The results indicate that the shortest samples with L/H = 1.92 represent
the highest obtained value for n which is equal to 0.23. On the other hand, the n values for the
graphs related to the L/h = 2.88 and L/h = 4.81 specimens are 0.14 and 0.08, respectively. These
results show that the size dependency of the flow strength in longer specimens is smaller as in
these specimens the hardening rate is higher and a larger portion of the deformation is elastic
(Figs. 6.9(c) and 6.9(d)).

The dependence of the flow strength σf on the shape of the specimen is quantified in a similar
manner. Here, the flow strength σf is plotted in Fig. 6.10(b) as a function of the aspect ratio L/H

for samples of different sizes. Similar to the calculations of Fig. 6.10(b), a power-law relation of
the form

σf = ka(L/H)m, (6.4)

fits the data well in Fig. 6.10(b) over the range 1.92 ≤ L/H ≤ 4.81 with ka being a function of
the specimen size H ; i.e. σf increases with L/H . As it can be seen from this figure, the lowest
calculated value for m belongs to the H = 0.52 μm samples and is equal to 0.3. However, the
graphs related to the H ≥ 1.04 μm samples are relatively parallel and they represent a larger
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value of m ≈ 0.47. This is again due to the fact that for all specimen geometries the smallest
specimens with H = 0.52 μm have the highest hardening rate (Figs. 6.9(a) and 6.9(c)). Thus,
compared to larger geometrically self-similar specimens, in smaller crystals a larger fraction of
the deformation is elastic which does not account for size or shape dependency.

These results demonstrate that the effects on material strength in samples under constrained
deformation is a combination of two effects: a hardening rate which depends on the thickness
H resulting from a higher GND density and an aspect ratio L/H dependence which results from
an increasing number of dislocations piling up at the upper and lower boundaries of the crystal.
Moreover, the hardening rate is more affected by changing the aspect ratio than specimen size.

Besides the small differences due to size effects, Figs. 6.10(a) and 6.10(b) also demonstrate some
differences in the value of flow strength σf due to statistical variations. This is due to the fact that
the value of flow strength σf for each specimen size is calculated by averaging the values obtained
for three different samples which have the same shape and source density but have a different
distribution of sources. Also, the strength of these sources is not constant and is taken to have a
Gaussian distribution with a standard deviation of 1 MPa. These differences result in a variation
in the value of flow strength σf of specimens with the same size and shape, which decrease with
specimen size.

§ 6.3 Concluding remarks

Constraining the dislocation glide in multi-phase materials results in dislocation pile-ups at the
boundaries between different phases. The formation of dislocation pile-ups eventually gives rise
to strain gradients throughout the crystal and the associated lattice rotations. The lattice rota-
tions appearing in such loadings are not a direct result of the external loading but are due to the
constraints imposed on the plastic deformation.

Discrete dislocation plasticity gives rise to different behaviours in the constrained plasticity
problem depending on whether the crystal is oriented for single slip or symmetric double slip. In
the single slip case, nearly no size effects are captured on the value of flow strength of the crys-
tal. However, the double slip calculations demonstrate a larger size effect on the stress-strain re-
sponses of the crystals. These results demonstrate that the effects on material strength in samples
under constrained deformation is a combination of two effects: a hardening rate which depends
on the thickness resulting from a higher GND density and an aspect ratio dependence which re-
sults from an increasing number of dislocations piling at the upper and lower boundaries of the
crystal. Moreover, the hardening rate is more affected by changing the aspect ratio than specimen
size.

The results show that there are no captured finite strain effects on the response of crystals in
single slip configuration. However, in the double slip case, compared to the small strain DDP
calculations, finite strain predictions demonstrate a softer compressive response for the smallest
specimens considered in this study. It is assumed that this is due to the fact that in the finite strain
formulation curving of the slip planes and the boundaries of the crystal are accounted for.
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Chapter 7

Conclusions and outlook

§ 7.1 Conclusions

T he objective of this thesis was to develop a finite strain plasticity framework in the discrete
dislocation scale, which is capable of capturing finite strain effects such as lattice rotations

and shape changes due to dislocations glide. This aim was established by extending the superpo-
sition framework of Van der Giessen and Needleman (1995) to finite deformations using a total
Lagrangian setting.

First, in Chapter 2, the strengths and weaknesses of small strain discrete dislocation plasticity
(DDP) are discussed by solving for the hydrogen embrittlement mechanism. In this chapter the
analysis of mode-I fracture of a single crystal with plastic flow in the crystal described by small
strain DDP and the material separation modelled using a cohesive zone formulation is presented.
The motion of dislocations is assumed to be unaffected by hydrogen but hydrogen is assumed to
reduce the cohesive strength of the grain boundaries based on the local hydrogen concentration.
The hydrostatic tensile field created by individual dislocations attracts hydrogen and two limiting
cases are investigated to quantify this impact of dislocations: (i) the fast diffusion limit where the
hydrogen within the material is assumed to be at chemical equilibrium throughout the loading
resulting in a high hydrogen concentration in the regions of high hydrostatic stress around dislo-
cations and near the crack tip and (ii) the slow diffusion limit where it is assumed that there is no
appreciable hydrogen diffusion over the duration of loading and thus the hydrogen concentration
remains spatially uniform as in a stress-free material. From the simulations, it can be concluded
that:

• Dislocations play a dual role in the plastic flow. On the one hand, the motion of dislocations
results in plastic flow and dissipation while dislocations also act as stress concentrators that
raise the stress level in their vicinity.

• In both the slow and fast diffusion cases, the predicted toughness decreases with increasing
initial hydrogen concentration. Subsequently, the lower cohesive strength at high hydro-
gen concentrations results in reduced dislocation activity around the crack tip and reduced
material toughness. In fact, at the highest hydrogen concentrations analysed, crack growth
occurs primarily in an elastic manner.

• The toughness in the fast diffusion limit is only about 12% lower compared to the slow
diffusion limit and these differences only exist at intermediate hydrogen concentrations,
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suggesting that the stress concentrations due to the dislocation structures and the crack tip
fields have only a minor effect on the toughness reduction in the presence of hydrogen. This
is due to the fact that the local tensile hydrostatic stresses generated by both the dislocation
structures and the crack tip field locally increase the hydrogen concentration by not more
than 40% over the hydrogen concentration of the stress-free material.

• The small strain DDP calculations are used to investigate the sensitivity of the material
toughness to the grain boundary cohesive strength and a map is developed to summarise
the sensitivity of the steady-state toughness of the material to hydrogen concentration. In
particular the DDP calculations predict that the toughness of materials with a small cohesive
opening at the peak cohesive traction is more sensitive to hydrogen loading. It is speculated
that this result might be used as a guide in grain boundary engineering to design alloys that
are less sensitive to hydrogen embrittlement by the Hydrogen Induced Decohesion (HID)
mechanism.

Nevertheless, as in the calculations of Chapter 2 the method of discrete dislocation plasticity is
implemented in a small strain setting, the stresses which are captured at the crack tip are higher
than real cases and the impact of lattice reorientation at the crack tip is not fully captured. This
may have resulted in a discrepancy in the calculated solution. Thus, although the small strain
DDP setting is capable of capturing many physical phenomena rather accurately, but in some
cases this method falls short. Motivated by this in Chapter 3:

• Two total Lagrangian formulations are presented for finite strain discrete dislocation plas-
ticity by extending the superposition method of Van der Giessen and Needleman (1995) to
finite strains. The basic assumptions are: (i) dislocation glide is the mechanism of plastic
deformation; (ii) the elastic properties are unaffected by dislocation glide; and (iii) outside
the dislocation cores, the dislocation stress, strain and displacement fields are well approx-
imated by linear elasticity. The finite deformation effects accounted for are: (i) finite lattice
rotations and (ii) shape changes due to slip.

In addition:

• The two total Lagrangian methods, differ in the way they approximate the discontinu-
ous displacement field due to dislocations slip. In the “smeared-slip” formulation, slip is
smeared out over the finite element mesh in a manner analogous to Deshpande et al. (2003).
On the other hand, in the “discrete-slip” formulation the weak form of the equilibrium state-
ment accounts for the displacement discontinuities along the dislocation slip paths.

• Both methods use a hyper-elastic constitutive model defined in the slipped configuration.
This circumvents the issues associated with using singular dislocation fields in a hypo-
elastic relation as in the updated Lagrangian formulation of Deshpande et al. (2003).

In Chapter 4, predictions of the two finite strain DDP formulations are presented for the problems
of tension and compression of single crystals oriented for single slip. Besides, the results obtained
for these problems are compared with the solutions obtained by the small strain DDP framework
in order to capture the effect of finite deformations in tensile and compressive loadings. The main
results and conclusions of Chapter 4 are:

92



Conclusions

• The finite strain DDP calculations show a size-dependent tension/compression asymmetry
with the tensile response being mildly softening while the compressive response is mildly
hardening. This asymmetry decreases with increasing specimen width and is associated
with the finite geometry changes in the specimen that are not accounted for in the small
strain discrete dislocation formulation.

• Both the total Lagrangian formulations (smeared- and discrete-slip) give nearly identical
numerical predictions for the problems solved in Chapter 4. Given the relative numeri-
cal efficiency and simplicity of the smeared-slip formulation compared to the discrete-slip
formulation the smeared-slip formulation is the preferred option for solution of large-scale
finite strain discrete dislocation boundary value problems.

The influence of lattice rotations on the dislocation structures andmaterial behaviour is studied in
Chapter 5. This analysis is performed by investigating the response of single crystals in cantilever
bending employing the smeared-slip finite strain DDP method as compared to the discrete-slip
framework this method is faster and sufficiently accurate. Crystals with both one and two active
slip systems are analysed as well as specimens with different beam aspect ratios in order to vary
the imposed bending versus shear load fields. The main results and conclusions of Chapter 5 are:

• Over the range of specimen sizes analysed in this chapter, the calculated bending stress ver-
sus tip displacement responses has a strong plastic hardening component. This hardening
rate increases with decreasing specimen size.

• The hardening rates were slightly lower when the finite strain DDP formulation is employed
as curving of the slip planes is accounted for in the finite strain formulation. This relaxes the
back-stress in the dislocation pile-ups that result due to the bending stress field and reduces
the hardening rate.

• In line with the well-known pure bending case, the bending stress is shown to display a
plastic size dependence. First, in order to calculate the dislocation density similar to the
pure bending case an area is chosen that scales linearly with specimen size. Yet, unlike
in pure bending the dislocation densities computed in such manner do not decrease with
specimen size but rather seem to show a slight increase. This discrepancy could be due to
the following factors:

(i) The applied definition of dislocation density includes both geometrically necessary dis-
locations (GNDs) and statistically stored dislocations (SSDs), as one cannot differenti-
ate between them in the DDP simulations. It is possible that since cantilever beam
bending imposes both shear forces and bending moments, SSDs could play a promi-
nent role here and mask the GND densities in the applied definition of dislocation
density.

(ii) The specimen area used to define the dislocation density is not unambiguous. In par-
ticular, in cantilever bending the specimen width is not the only geometric length scale
and the beam span is also relevant as the imposed bending moment has a gradient
along the span of the beam. This may further complicate the interpretation of the dis-
location density results.
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• Simulations of cantilever beams with a larger aspect ratio reveal that this anomaly could not
be explained by the fact that cantilever beam bending comprises a superimposed shear force
in addition to the bending moment. Hence, this discrepancy is attributed to the difficulty in
defining a dislocation density in a DDP simulationwith a spatially varying bendingmoment
as in cantilever beam bending.

Constraining the dislocation glide in multi-phase materials results in dislocation pile-ups at the
boundaries between different phases. The formation of dislocation pile-ups eventually gives rise
to strain gradients throughout the crystal and the associated lattice rotations. Hence, constrained
plastic flow provides a suitable platform for investigating the impacts of lattice rotations which
are purely caused by dislocation pile-ups. In Chapter 6, finite strain and plastic size effects in con-
strained plastic flow are investigated by using smeared-slip finite strain and small strain discrete
dislocation plasticity. Crystals with both one and two active slip systems are analysed as well as
specimens with different aspect ratios in order to study the effect of specimens shape along size
effects on material strength. In this part the following conclusions were made:

• Discrete dislocation plasticity gives rise to different behaviours in the constrained plasticity
problem depending on whether the crystal is oriented for single slip or symmetric double
slip. In the single slip case, nearly no size effects are captured on the value of flow strength
of the crystal. However, the double slip calculations demonstrate a larger size effect on the
stress-strain responses of the crystals.

• The effects on material strength in samples under constrained deformation is a combination
of two effects: a hardening rate which depends on the thickness resulting from a higher
GND density and an aspect ratio dependence which results from an increasing number of
dislocations piling at the upper and lower boundaries of the crystal. Moreover, the harden-
ing rate is more affected by changing the aspect ratio than specimen size.

• There are no captured finite strain effects in the response of crystals in single slip configura-
tion. However, in the double slip case, compared to the small strain DDP calculations, finite
strain predictions demonstrate a softer compressive response for the smallest specimens
considered in Chapter 6. It is assumed that this is due to the fact that in the finite strain
formulation curving of the slip planes and the geometrical changes in the boundaries of the
crystal are accounted for. In addition, the magnitude of the GND density in the smallest
specimen is significantly higher than larger samples.

The work presented in this thesis introduces novel motivations to underline the significance of
finite strain effects in plasticity. It provides the foundations of a discrete dislocation plasticity
method in the finite strain setting and also contributes to a better understanding of the finite
strain and size effects phenomena at the discrete dislocation level.

§ 7.2 Outlook

The significance of lattice reorientations in crack tip blunting was highlighted in Chapter 2. It was
mentioned that at the tip of a blunted crack, lattice rotations may alter the resolved shear stresses
on the slip planes and affect subsequent dislocation glide. This problem was originally used to
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motivate the research in this thesis. Nevertheless, the developed finite strain DDP framework was
not applied to the problem of crack tip blunting and to evaluate the impact of lattice rotations at
the crack tip. Several issues may arise regarding the modelling of fracture using finite strain DDP
method and some of these issues are briefly discussed here.

Fracture in ductile materials is a complex problem, consisting of the rupture of the chemical
bond between neighbouring atoms and the creation of new surfaces. In addition, in a finite strain
approach due to the existence of high stresses and deformations at the crack tip, extreme element
distortions will result if no remeshing is used. The remeshing must be applied to the deformed
geometry, which is defined by the nodal positions of the last converged time-step. The finite strain
DDP analysis is history dependent. Thus, in order to account for history, upon remeshing, the
field quantities must be projected from the previous mesh to the new one. This process involves
transferring the data from the nodes and the integration points of the previous mesh to a new
set of points in the new mesh. This should be done while one makes sure that the projected
data satisfies the equilibrium equations and the boundary conditions. Therefore, the common
approach is to transfer a minimum of state variables and recover the magnitude of the rest of
the field quantities from the mapped data. In the case of a total Lagrangian finite strain DDP
analysis, these state variables will be the 2nd Piola-Kirchhoff stresses of the image problem and
the deformation gradients, along with all the information regarding the dislocations (e.g their
positions, orientations, the magnitude of their Burgers vector, etc.). Yet, as the state variables may
be stored at both the integration points or the nodes, the data transfer should be performed in a
way that the consistencies between the mapped data to the integration points and the nodes will
remain.

Another matter of concern is to make sure that after remeshing the correct mutual dependen-
cies between the transferred state variables on the basis of the governing constitutive equations
still exist. The fact is that nonlinear relations between the variables will not be carried over by a
linear transfer operator and therefore, inconsistencies between the transferred stress tensor and
especially its influence on the short range dislocation interactions will arise. This holds in a va-
riety of situations: The dislocations which have reached their equilibrium position by the end
of the previous time-step may not be in equilibrium employing the transferred stress tensor; A
nucleation source which under the previous stress state was at the nucleation point, may feel a
lower value of stress in the current mesh; The orientations of the slip planes may be incompatible
with what the mapped deformation gradient tensors dictate. This is all in addition to the fact that
the transferred data possibly does not satisfy the equilibrium equations and may be incompatible
with the traction boundary conditions. These issues must be resolved and the equilibrium state
must be restored, in regards of both the stress fields and their impact on dislocations interactions,
before proceeding to a new time-step employing the new mesh.

Compared to the classical DDP framework the finite strain DDP technique requires a much
longer computation time. Moreover, modelling fracture employing a cohesive zone model will
require a very fine mesh and hence the number of degrees of freedom in these analyses will in-
crease immensely compared to the size of the problems addressed in this thesis. As a result of
these issues the implementation of the crack propagation problem employing the finite strain
DDP method proved to be rather difficult if not impossible during the limited time of this re-
search. It is anticipated that the issues regarding remeshing will be resolved and the simulation
of fracture employing the developed finite strain DDP framework will be made possible in the
future.
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When the remeshing issue is solved, not only fracture but also a wide range of other phenom-
ena at the (poly)crystalline level can be studied:

• Necking, is a mode of tensile deformation where relatively large amounts of strain localize
disproportionately in a small region of the material (Bridgman, 1952), with this resulting
in a pronounced decrease in the cross-sectional area of the specimen. This phenomenon
in crystals causes large lattice rotations with prominent finite strain effects and therefore
should be analysed employing a finite strain framework.

• Flaws, cracks and voids can all act as crack nucleation sites, and thus the existence of such
stress concentration locations decreases the fatigue life of different materials. In line with
this, slip steps on the surface of materials have long been studied as a preferential location
for crack initiation in materials (Tanaka and Mura, 1981). Finite strain DDP method is ca-
pable of modelling the shape changes due to dislocation exits and the resultant surface slip
steps. Hence, this method can be employed to examine the different theories that try to pro-
vide an explanation for crack initiation at these sites. This will also allow a better prediction
of the crack growth rate in materials under cyclic loading and their life-time.

• Similar to bending, in indentation experiments large dislocation pile-ups and strain gradi-
ents may appear in the material (Miller et al., 2004). Strain gradient effects are commonly
understood as the origin of the dependence of indentation hardness on contact depth and
spherical indenter radius. In accordance with this, also finite lattice rotations are developed
which may alter the response of the crystal during indentation.

• Finite strain effects such as lattice rotations may play a major role in the investigation of the
shearing response of metal asperities (Sun et al., 2015).

Also, a topic of great interest could be to extend the current method to incorporate more accurate
assumptions involving the underlying plasticity mechanisms in crystals:

• In the current approach, the large deformations that occur near the dislocation line (the dis-
location core region), which are not well-represented by linear elasticity, are not modelled. It
would be useful to extend the current method to incorporate the effect of large deformations
and strains.

• In recent years, there has been an increasing interest in simulating the plasticity phenomenon
by coupling different length scales. A group of such models focuses on coupling two re-
gions with one being described with full atomistic details and a surrounding region mod-
elled using discrete dislocation plasticity methods (Shilkrot et al., 2004). As a result, these
calculations improve upon existing discrete dislocation techniques by preserving accurate
atomistic details of dislocation nucleation and other atomic scale phenomena. Nevertheless,
the discrete dislocation plasticity method employed in these settings is restricted to small
deformations with the impact of lattice rotations at the interface of the two regions being
overlooked. In this regard it may prove useful to develop a hybrid technique that couples
the finite strain DDP method with molecular dynamics calculations.
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Appendix A

Hydrogen trapped in dislocation structures

D islocations play a dual role in plastic flow: On one hand the motion of dislocations results
in plastic deformation and dissipation and on the other hand dislocations act as local stress

concentrators. The tensile hydrostatic stress associated with the fields of these dislocations can
attract hydrogen and increase the concentration of hydrogen within certain types of dislocation
structures. Dislocation structures with a large net Burgers vector (i.e. geometrically necessary
dislocation structures) will have high stress fields and thus are most likely to trap hydrogen. Here,
the hydrogen trapped in one such extreme dislocation structure comprising an infinite cubic array
of positive edge dislocations with Burgers vector b is analysed (Fig. A.1). The dislocations are
assumed to be spaced at a distance h in both the x- and y-directions so that the dislocation density
within this array is ρdis = 1/h2. Since the dislocation array is periodic it suffices to analyse a single
unit cell as sketched in Fig. A.1. This infinite dislocation array is assumed to be in amaterial within
a hydrogen environment that maintains the hydrogen concentration at C 0

L within the stress-free
material (i.e. in the absence of the dislocation array) at equilibrium. The dislocation array is then
introduced and hydrogen may again attain chemical equilibrium. Using Eq. (2.12) the average
hydrogen concentration within this unit cell (and hence within the array) is given as

C̄ =
1

h2 − πr2c

∫
Ω/Ωc

C(xi) dΩ =
C 0
L

h2 − πr2c

∫
Ω/Ωc

exp

(
σh(xi)VH

RT

)
dΩ, (A.1)

where Ω = h2 is the area of the unit cell and Ωc = πr2c is the area of the dislocation core taken here
to be a circle of radius rc centred at the position of the edge dislocation. The hydrostatic stress
field σh ≡ σkk/3 for this infinite array of dislocations is given by (see Appendix B for details of the
derivation)

σkk(ξn, ηn) = −2 k0b

h
π (1 + ν)

{
sinh(2πηn)

cosh(2πηn)− cos(2πξn)
+

+∞∑
m=1

2 sinh(2πηn)[ cosh(2πηn)− cos(2πξn) cosh(2πm) ]

[ cosh(2πηn) cosh(2πm)− cos(2πξn) ]2 − [ sinh(2πηn) sinh(2πm) ]2

}
.

(A.2)

where k0 = G/2π(1− ν) and

ξn =
xn
h
, ηn =

yn
h
. (A.3)
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Figure A.1: Sketch of the doubly periodic infinite cubic array of positive edge dislocations spaced
a distance h apart. The coordinate system used as well as the unit cell employed in the analysis
are marked.

Predictions of the normalised average hydrogen concentration C̄/C 0
L trapped in the lattice by

the dislocation stress field is plotted in Fig. A.2 as a function of the dislocation density ρdis at
a temperature T = 300 K and representative values for material properties of aluminium, i.e.
E = 70 GPa, ν = 0.33, b = 0.25 nm and VH = 2 × 10−6 m3/mol. Results are shown for three
choices of the core radius rc = 1.25b, 2.5b and 5b for dislocation densities up to a relatively high
value of 1.2 × 1016 m−2. Even at such high dislocation density with a core radius of just 1.25b,
the average concentration of hydrogen trapped in the lattice by the stress field is enhanced by less
than 10% compared to C 0

L . Thus, it can be concluded that the stress concentrations due to the
dislocations do not have a significant effect on the equilibrium hydrogen distribution within the
lattice.
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Figure A.2: Predictions of the normalised average concentration C̄/C 0
L of the hydrogen trapped in

the lattice by the dislocation stress fields as a function of the dislocation array density ρdis ≡ 1/h2.
Results are shown for three values of the assumed core radius rc.

It shall be emphasised that this analysis neglects the hydrogen trapped within the dislocation
cores. However, the hydrogen within the dislocation cores is unlikely to be available to interact
with grain boundaries and thus it is not expected to contribute to the HID mechanism analysed
in Chapter 2.
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Appendix B

Hydrostatic stress field due to an infinite cubic
array of dislocations

C onsider an infinite cubic array of positive edge dislocations with Burgers vector b spaced at
distance h apart in both the x- and y-directions as sketched in Fig. A.1. With one of these

edge dislocations located at the origin of the coordinate system the location of dislocation (j, k) is
then given as (jh, kh) and the distance of material point (xn, yn) from a dislocation (j, k) in the x-
and y-directions is

Δx = xn − jh, and Δy = yn − kh (j, k = ...,−1, 0, 1, ...), (B.1)

respectively. Using the plane strain infinite-body stress fields of edge dislocations in an infinite
medium (Hirth and Lothe, 1968), the direct stress components in the x- and y-directions at mate-
rial point (xn, yn) follow as

σxx = −k0b

h

+∞∑
k=−∞

+∞∑
j=−∞

(ηn − k) [ 3 (ξn − j)2 + (ηn − k)2 ]

[ (ξn − j)2 + (ηn − k)2 ]2
,

σyy = +
k0b

h

+∞∑
k=−∞

+∞∑
j=−∞

(ηn − k) [ (ξn − j)2 + (ηn − k)2 ]

[ (ξn − j)2 + (ηn − k)2 ]2
, (B.2)

where k0 = G/2π(1− ν) and

ξn =
xn
h

and ηn =
yn
h
.

The aim is to determine the hydrostatic stress σh = σkk/3. Linear isotropic Hooke’s law dictates
that under plane strain conditions

σkk = σxx + σyy + σzz = (1 + ν)(σxx + σyy), (B.3)

and thus the problem reduces to determining σxx + σyy. Using the ideas introduced by Van der
Giessen and Needleman (1995) for periodic strings of dislocations in the x-direction, Eq. (B.2)
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Hydrostatic stress field due to an infinite cubic array of dislocations

simplifies to

σxx = −k0b

h
π

+∞∑
k=−∞

1

cosh(2π(ηn − k))− cos(2πξn)

{
2 sinh(2π(ηn − k))+

2π (ηn − k)
1− cosh(2π(ηn − k)) cos(2πξn)

cosh(2π(ηn − k))− cos(2πξn)

}
,

σyy = +
k0b

h
π

+∞∑
k=−∞

2π (ηn − k)
1− cosh(2π(ηn − k)) cos(2πξn)

[ cosh(2π(ηn − k))− cos(2πξn) ]2
, (B.4)

and therefore,

σxx + σyy = −2 k0b

h
π

+∞∑
k=−∞

sinh(2π(ηn − k))

cosh(2π(ηn − k))− cos(2πξn)
. (B.5)

Finally,

σkk(ξn, ηn) = −2 k0b

h
π(1 + ν)

+∞∑
k=−∞

sinh(2π(ηn − k))

cosh(2π(ηn − k))− cos(2πξn)
, (B.6)

where further elaboration of Eq. (B.6) gives

σkk(ξn, ηn) = −2 k0b

h
π (1 + ν)

{
sinh(2πηn)

cosh(2πηn)− cos(2πξn)
+

+∞∑
m=1

2 sinh(2πηn)[ cosh(2πηn)− cos(2πξn) cosh(2πm) ]

[ cosh(2πηn) cosh(2πm)− cos(2πξn) ]2 − [ sinh(2πηn) sinh(2πm) ]2

}
.

(B.7)
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Appendix C

Solution algorithm for finite strain DDP

I n this work the solution procedure, as described in Chapter 1, is based on the discrete dislo-
cation formulation given by Van der Giessen and Needleman (1995). In this formulation the

stress and displacement fields are given by the superposition of the fields describing the disloca-
tions as singularities in an infinite domain and a complementary problem which corrects for the
boundary conditions. In this approach the evolution of the dislocation structure is described in a
quasi-static manner. In this way at each time-step the known stress and displacement fields from
the previous time-step are employed to update the dislocation structure and subsequently, the
stress and displacement fields are evaluated in the current time-step. This procedure in a small
strain setting has been described by Van der Giessen and Needleman (1995), Nicola (2004), Ayas
(2010) and many others. In this appendix a more detailed description of the numerical procedure
is provided within the total Lagrangian finite strain context of the current work.

§ C.1 Short range dislocation interactions

In the discrete dislocation plasticity method the solution from the previous time-step is employed
to obtain the new positions of the dislocations while the connection between the stress state and
the dislocation structure is made by a set of constitutive rules. These rules control nucleation,
glide, annihilation, pinning at and releasing from obstacles. Fig. C.1 describes the different stages
of the program developed for this thesis. In this flowchart the second stage, i.e. “Prepare Analyti-
cal”, is the part of the program which deals with the dislocation dynamics and has been described
in Fig. C.2 more elaborately.

The first stage in the algorithm of Fig. C.2 is the nucleation step. Here, the nucleation of
dislocations is modelled by employing a set of dislocation sources fromwhich a dislocation dipole
emerges as the stress value on the source exceeds a critical value τnuc for a certain time tnuc. In this
case if discrete-slip total Lagrangian method is used, a trail for each dislocation is generated. As
it was shown in Sections 3.3.2 and 3.5, as the dislocations glide, these trails will be updated until
the dislocations annihilate or exit the domain. These trails are the indicator of the locations in the
domain which have been subjected to dislocation slip and hence singularity. Following this step
the Peach-Koehler force on the dislocations is calculated in order to estimate their new positions
in the domain.

In all finite strain DDP calculations of this thesis a triangular finite elements mesh with linear
displacement fields is employed. Each of these elements has only one integration point. In this
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Figure C.1: Schematic representation of the program developed for finite strain DDP calculations.
The stages “Prepare Analytical” and “Update Analytical” are described more elaborately in Figs. C.2
and C.4, respectively.



Short range dislocation interactions

way by solving the equilibrium equation only one value for the 2nd Piola-Kirchhoff stress Ŝ at
each element is obtained. Nevertheless, in order to find the value of the Peach-Koehler force act-
ing on a dislocation, knowing the stress value at the integration point is not enough and one must
calculate this value at the exact position of the dislocation. Depending which total Lagrangian
method is used (discrete- or smeared-slip), two different approaches are followed:

Discrete-slip total Lagrangian

The value of the 2nd Piola-Kirchhoff stress Ŝij at node A, Ŝ A
ij , is the average of the value of Ŝij at

the elements that this node belongs to (see Fig. C.3(a)):

Ŝ A
ij =

n∑
k=1

Ŝ k
ij/n, (C.1)

where n is the number of the elements which share node A. Having found Ŝ A
ij , the same method

is employed to find the stress value at nodes B and C. Knowing the stress values at all three
nodes, its value at the position of the dislocation may be found. In this method only the initial
configuration is used and hence the value of Ŝ at a dislocation point is calculated as

Ŝ disl
ij =

C∑
k=A

Ŝ k
ij φk(X

disl). (C.2)

Here, φk is the shape function associated with node k at its initial configuration and X disl is the
mapped position of the dislocation onto the initial configuration. Finally the following transfor-
mation is used to obtain the 1st Piola-Kirchhoff stress acting on the dislocation by

τ̂ disl
ij = F e

im(Ŝ disl
mn )F e

jn, (C.3)

where F e has been calculated for the element that the dislocation belongs to. One may use τ̂ disl
ij to

obtain the Cauchy stress acting on a dislocation σ̂ disl
ij and consequently the resolved shear stress

in the current direction of slip.

Smeared-slip total Lagrangian

Here, as the first step one must find the value of the 1st Piola-Kirchhoff stress τ̂ at the nodal
points. In order to find the value of τ̂ at node A, the following transformation is performed in all
the elements that share this node (see Fig. C.3(b)):

τ̂ij = F e
im(Ŝmn)F

e
jn, (C.4)

where F e
ij and Ŝij have been calculated at the integration point of the element that the transfor-

mation is performed for. The value of τ̂ij at node A, τ̂ A
ij , is estimated by finding the average of τ̂

among elements with node A as a vertex. Having found τ̂ A the value of τ̂ is estimated for points
B and C in the same way. Knowing τ̂ on all three nodes, the shape functions may be used to
obtain an approximation for the value of τ̂ at the current position of the dislocation

τ̂ disl
ij =

C∑
k=A

τ̂ k
ij φk(x

disl), (C.5)
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Figure C.2: Schematic representation of the part of the program that deals with dislocation dy-
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Solving the equilibrium problem

(1)

(A)
(C)

(B)

(2)

(3)

(n)

(n−1)

(a)

(B)

(C)

(A)

(1)
(2)

(3)

(n)

(n−1)

(b)

Figure C.3: A finite elements mesh comprising triangular elements. (a) The mesh as it appears
in the undeformed configuration with the dislocation at its mapped position onto the initial con-
figuration. (b) The mesh shown in the deformed configuration with a dislocation at its current
position.

where φk is the shape function associated with node k at its current configuration and xdisl is the
current position of the dislocation. One may subsequently use τ̂ disl

ij to obtain the Peach-Koehler
force acting on the dislocation.

At this point it can be determined if a dislocation is going to get pinned at an obstacle or is go-
ing to be released (in case the dislocation is already pinned). Consequently, one must calculate the
new positions of the dislocations in the domain and check if the annihilation conditions are satis-
fied. As a finite strain technique is used, the new positions of the nodes must be calculated and
the mesh must be updated. Finally, all the dislocations which have exited the body are identified,
employing the current shape and the boundary of the domain.

§ C.2 Solving the equilibrium problem

The equilibrium fields are known at time t and are employed to calculate the Peach-Koehler forces
on the dislocations, sources and obstacles. Subsequently, the rate of change of the dislocation
structure caused by dislocation glide, dislocation annihilation, nucleation of new dislocations,
dislocation exits, pinning at and releasing from obstacles is determined by employing the consti-
tutive rules.

At this stage the (̃ ) fields are calculated considering only the contributions that come from
dislocation glide. The contributions from the rotation rates of the dislocations and the changes
in dislocations positions due to the glide of other dislocations are not accounted for. In this way,
the boundary tractions T̃i and displacement fields ũi are obtained and used to set the traction and
displacement boundary conditions in the equilibrium equation. Knowing the boundary condi-
tions the equilibrium equation, i.e. Eq. (3.24), may be solved. Depending which total Lagrangian
method is used (discrete- or smeared-slip), two different approaches are employed:

Smeared-slip total Lagrangian

The solution is continued by writing the incremental form of Eq. (3.28) for use in a numerical
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Solving the equilibrium problem

scheme. Linearisation of the incremental form of Eq. (3.28) gives

df = fext − fint, (C.6)

where,

df =

∫
Ω

(
ΔŜij η̂i,j +ΔŜij(ûk,i + ũdk,i) η̂k,j + ŜijΔûk,i η̂k,j

)
dΩ,

fint =

∫
Ω

(
Ŝij η̂i,j + Ŝij(ûk,i + ũdk,i) η̂k,j

)
dΩ+

∫
Ω
Ŝij Δũdk,i η̂k,j dΩ,

fext =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS,

where Δ denotes the increment of the (̂ ) and (̃ ) fields from the previous time-step t. Here in
order to calculateΔŜij the following assumption is made:

ΔŜij ≈ LijklΔÊkl. (C.7)

This only gives an approximation ofΔŜij , but the iterative procedure employed to solve (C.6) will
correct for this error.

With the Δû solution thus obtained, the positions of dislocations, sources and obstacles are
updated using the total displacement increment Δui. The orientations of the dislocations are
tied to the lattice. Thus, the orientations of the dislocations are updated as well. This stage is
shown in Fig. C.1 as “Update Analytical” with Fig. C.4 providing a more detailed description of
this step. As it can be seen in Fig. C.4, the next step after updating the positions and orientations
of dislocations, sources and obstacles is to update the location manager. The location manager
is the part of the program responsible for determining the element number of different objects
(dislocations, sources, obstacles and material points) of the domain. By updating the location
manager one may make sure that in order to locate different entities the latest positions and mesh
are employed.

At time t + dt, the image field Ŝij must satisfy Eq. (3.28). In general, at time t + dt Eq. (3.28)
will not be satisfied by solving Eq. (C.6) and hence an iterative procedure is followed to enforce
equilibrium in the current configuration. Denoting this first iteration by k = 0, the (k + 1)th

iteration involves solving 1:
(k+1)df = (k)fext − (k)fint, (C.8)

where,

(k+1)df =

∫
Ω

(
Δ(k+1)Ŝij η̂i,j +Δ(k+1)Ŝij(

(k)ûk,i +
(k)ũdk,i) η̂k,j +

(k)ŜijΔ
(k+1)ûk,i η̂k,j

)
dΩ,

(k)fint =

∫
Ω

(
(k)Ŝij η̂i,j +

(k)Ŝij(
(k)ûk,i +

(k)ũdk,i) η̂k,j

)
dΩ+

∫
Ω

(k)ŜijΔ
(k)ũ

d

k,i η̂k,j dΩ,

(k)fext =

∫
S∗

T

(T ∗
i − (k)T̃ ∗

i ) η̂i dS,

1
k = 0 for (̂ ) fields refers to the converged solution obtained at time t and for (̃ ) fields refers to the configuration

obtained after glide.

107



Solution algorithm for finite strain DDP

where
Δ(k)ũdi,j =

(k)ũdi,j − (k−1)ũdi,j , (C.9)

and η̂i being the variational displacement is defined as

η̂i = δ(Δ(k+1)ûi). (C.10)

The components of the 2nd Piola-Kirchhoff stress at time t+ dt are obtained as

(k)Ŝij =
(k)F p−1

im
(k)Σ̂mn

(k)F p−1
jn

(k)Jp, (C.11)

and T ∗
i denotes the value of the external tractions at time t + dt. Furthermore, Δ(k+1)ûi =

−Δ(k)ũi on the portion of the boundary on which displacements are specified. Here, (k)Ŝij , (k)ûi,j
and (k)ũdi,j refer to quantities associated with the state after the kth iteration while Δ(k+1)ûi and
Δ(k+1)Ŝij are the corrections to (̂ ) fields in the (k + 1)th iteration. In these iterations the disloca-
tions do not glide and the incrementΔ(k)ũdi,k on the right hand side of Eq. (C.8) is solely the result
of the changes in the (̃ ) fields in the kth iteration. Note that here ( ),i is ∂( )/∂Xi, i.e. the spatial
gradient with respect to the undeformed configuration.

Discrete-slip total Lagrangian

Asmost parts of the implementation of the two total Lagrangianmethods are the same, in this sec-
tion only the differences that arise due to including the slip trails in the discrete-slip formulation
are highlighted.

The deformation history is calculated in an incremental manner with an iterative procedure
employed at each time-step to enforce the equilibrium Eq. (3.38). First, the incremental form of
Eq. (3.38) for use in a numerical scheme should be written. Employing Eq. (3.41), the linearisation
of the incremental form of Eq. (3.38) gives

df = fext − fint, (C.12)

where,

df =
∑
Ωi

∫
Ωi

(
ΔŜij η̂i,j +ΔŜij(ûk,i + ũk,i) η̂k,j + ŜijΔûk,i η̂k,j

)
dΩi+

∑
Ωi

∫
Ωi

N∑
J=1

ΔŜij b
(J) s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi,

fint =
∑
Ωi

∫
Ωi

N∑
J=1

Ŝij b
(J) s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi+

∑
Ωi

∫
Ωi

(
Ŝij η̂i,j + Ŝij(ûk,i + ũk,i) η̂k,j

)
dΩi+

∑
Ωi

∫
Ωi

Ŝij Δũk,i η̂k,j dΩi,

fext =

∫
S∗

T

(T ∗
i − T̃ ∗

i ) η̂i dS.
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Solving the equilibrium problem

Here, the same assumption for approximating ΔŜij is considered as Eq. (C.7). Furthermore, the
same steps to update the positions and the orientations of dislocations, sources and obstacles are
followed.

At time t + dt, the image field Ŝij must satisfy Eq. (3.38). In general, at time t + dt Eq. (3.38)
and the displacement boundary conditions will not be satisfied by solving Eq. (C.12) and hence,
an iterative procedure is followed to enforce equilibrium in the current configuration. Denoting
this first iteration by k = 0, the (k + 1)th iteration involves solving

(k+1)df = (k)fext − (k)fint (C.13)

where,

(k+1)df =
∑
Ωi

∫
Ωi

(
Δ(k+1)Ŝij η̂i,j +Δ(k+1)Ŝij(

(k)ûk,i +
(k)ũk,i) η̂k,j +

(k)ŜijΔ
(k+1)ûk,i η̂k,j

)
dΩi+

∑
Ωi

∫
Ωi

N∑
J=1

Δ(k+1)Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi,

(k)fint =
∑
Ωi

∫
Ωi

N∑
J=1

(k)Ŝij b
(J)s

(α)
k m

(α)
i sgn(b∗ (J)q r∗ (J)q ) η̂k,j

Γ
(J)
i

Ωi
dΩi+

∑
Ωi

∫
Ωi

(
(k)Ŝij η̂i,j +

(k)Ŝij(
(k)ûk,i +

(k)ũk,i) η̂k,j

)
dΩi+

∑
Ωi

∫
Ωi

(k)ŜijΔ
(k)ũk,i η̂k,j dΩi,

(k)fext =

∫
S∗

(T ∗
i − (k)T̃ ∗

i ) η̂i dS,

where

Δ(k)ũi,j =
(k)ũi,j − (k−1)ũi,j ,

(k)ũi,j =
(k)ũi;m

(k)F e
mj ,

η̂i = δ(Δ(k+1)ûi). (C.14)

Here, the same convention is used for defining k as in the smeared-slip formulation. Moreover,
( );i is ∂( )/∂(k)xi, i.e. the spatial gradient with respect to the configuration after the kth iteration.
One may use Eq. (C.11) to obtain the components of the 2nd Piola-Kirchhoff stress at time t + dt,
keeping in mind that in this method F p

ij is calculated differently. Furthermore, the contributions
due to the changes that are caused by the increments of the slip plane angle between times t +
dt and t are neglected. In this way, the values for m(α)

i , s(α)i and b
∗ (J)
i are calculated only once

for each time-step as for these entities only the converged solution of the previous time-step is
employed. The unit vector in the direction of the velocity of dislocation I , r∗ (J)i , is also calculated
only once after each dislocation glide. Finally, similar to the smeared-slip approach, the positions
and orientations of sources, obstacles and dislocations are updated after each iteration.

With k ≥ 0, the iterations are repeated until

‖(k+1)f int − t+dtf ext‖ < εr, (C.15)

109



Solution algorithm for finite strain DDP

where εr is a specified tolerance, f int is the internal force vector in the (k + 1)th iteration and f ext

is the external force vector calculated on the boundary. Furthermore, ‖ ‖ is the Euclidean norm.
As it is shown in Fig. C.1, after obtaining convergence, the element with the highest distortion is
marked. If the level of distortion in this element becomes very large a local re-meshing may be
used to avoid further complications with regard to divergence of the solution. Lastly, the data
needed for post-processing is saved and the solution may proceed to the next time-step.
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Appendix D

Discussion on mesh convergence and distortion

I n the smeared-slip formulation geometry change is represented by a continuous displacement
field, which is obtained from averaging slip over a finite element. Thus, Fij in this formulation

is inherently mesh size dependent. In conventional crystal plasticity a mesh dependent Fij would
result in a mesh size dependent stress prediction and consequently an overall response that is also
most likely to be mesh dependent. This mesh size dependence arises from the fact that the lattice
deformation gradient (from which the stresses are calculated via an elastic relation) is calculated
as F e

ij = FimF p−1
mj with F p

ij calculated via a plastic constitutive relation. Thus, a mesh dependent
Fij results in a mesh dependent F e

ij and consequently mesh dependent stresses. By contrast, in
finite strain DDP, F e

ij is calculated directly from the gradients ûi,j and ũi,j hence F e
ij and conse-

quently the Cauchy stress σij are both mesh size independent1. Therefore, it is anticipated that
the predictions of the overall response calculated using the smeared-slip formulation to converge
with decreasing mesh size; i.e. converge when the FE mesh is sufficiently fine so as to capture the
(̂ ) fields with sufficient accuracy.

To demonstrate this convergencewithmesh size, predictions of the tensile response of theW =

0.12 μm specimen with the single dislocation source (case I) using the smeared-slip formulation
are presented in Fig. D.1 for two meshes comprising constant strain right isosceles triangles of
size e = 0.01 μm (the reference case used in the main body of Chapter 4) or a smaller element
size of e = 0.005 μm. It is clear from Fig. D.1 that the predictions of the tensile σnom/τnuc versus
U/H curves are nearly identical confirming that the results for the overall responses presented in
Chapter 4 represent a converged solution with respect to the mesh size.

However, it is worth noting that the predictions for the e = 0.005 μm mesh are terminated in
Fig. D.1 at U/H ≈ 0.004 compared to the e = 0.01 μm case for which the calculations continue to
about U/H ≈ 0.008. The early termination of the e = 0.005 μm calculations is related to excessive
mesh distortion. In order to quantifymesh distortion,Θ is defined as themaximum angle between
adjacent sides of an element and Θmax is the maximum value of Θ over the entire FE mesh. In
Fig. D.2,Θmax is plotted as a function of U/H for the two cases in Fig. D.1. The angleΘmax remains
at its initial value of 90o through the initial elastic part of the response of the specimen. After the
nucleation of the first dislocation, Θmax increases as dislocations pass through the elements and
distort them. With the passage of each subsequent nucleated dislocationΘmax increases discretely
giving rise to the staircase shaped curve of Fig. D.2. It is clear that Θmax rises more sharply with

1It is noted in passing that in this smeared-slip formulation even though σij is mesh size independent, Sij is mesh
size dependent as it is connected to σij via Fij .
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Figure D.1: Smeared-slip finite strain DDP predictions of the tensile response of the W = 0.12
μm specimen with a single dislocation source (case I). Predictions are shown for two values of
the FE mesh size e. Insets showing the deformed mesh in the central region of the specimen are
included at selected values of U/H for both mesh sizes. A sketch indicating the central region of
the specimen for which the mesh is shown is also included.
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Figure D.2: Smeared-slip finite strain DDP predictions of the mesh distortion measure Θmax as a
function of the applied nominal strain U/H for the tensile response of the W = 0.12 μm specimen
with a single dislocation source (case I). Predictions are included for two values of the mesh size
e.



increasing U/H for the e = 0.005 μm case: The current iterative calculations typically do not
converge for Θmax ≥ 140o and hence the e = 0.005 μm calculations were terminated at a smaller
value of U/H .

Snapshots of the deformedmesh from a central section of the specimen are included in Fig. D.1
at selected values of U/H . The elements that lie along the slip plane of the single dislocation
source within this specimen are clearly distorted by the passage of dislocations. Moreover, visual
inspection shows that the distortions are larger in the e = 0.005 μm case for the same value of
U/H . This is because the shear distortion in the element due to the passage of a single dislocation
of Burgers vector b is approximately b/e. Thus, the distortion is higher for a smaller value of e.
It is concluded that in order to maximize the overall deformation which can be computed in the
smeared-slip finite strain DDP analysis, it is needed to maximize the element size without losing
accuracy of the (̂ ) field solutions. In practise, remeshing will be needed to permit large general
deformations to be computed without significant loss of accuracy.
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Appendix E

Finite strain effects in elastic cantilever beam
bending

F inite and small strain elastic predictions of the bending stress σb versus θ are shown in Fig. E.1
for the short beam specimen. The elastic results are size-independent and hence curves are

not shown for different values of W . Over the range of θ values investigated here there are neg-
ligible differences between the finite and small strain elastic predictions. This confirms that the
differences between the small strain and finite strain DDP predictions seen in Section 5.2.4 are a
result of finite strain discrete dislocation plasticity effects such as effects of lattice rotations and
changes in the specimen geometry due to dislocations motion.
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Figure E.1: Finite and small strain elastic predictions of the bending stress σb versus θ for the short
beam specimens.
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