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Reflections on Automath

N.G. de Bruijn

Automath was conceived in 1967. It was not just meant as a technical system
for verification of mathematical texts, it was rather a life style with its attitudes
towards understanding, developing and teaching mathematics.

Automath did not arise from of any particular school of logic, and was not
conceived in contact with other mathematicians or with computer scientists.
That is perhaps the reason why it was so easy to get to this system in spite of
its being rather unusual in several respects. And possibly that was also the major
reason for lack of interest and understanding in the worlds of mathematicians,
logicians, computer scientists and mathematical educationalists.

The ideas lying at the roots of Automath did not just appear out of the
blue. Needless to say, during the more than thirty years which I had spent on
mathematics already, there had been many significant influences, from my own
activities in reading, writing and teaching, but also from personal contacts in
the whole area of abstract sciences. In this paper I shall try to sketch some of
those influences. Not too much will be said about Automath itself. For specific
information, reference can be made to the survey paper [de Bruijn 80 (A.5)] and
to [de Bruijn 70a (A.2)] and [de Bruijn 73b]. For general information about the
Automath project see [de Bruijn 73c], [de Bruijn 80 (A.5)], [de Bruijn 86] and
[de Bruijn 91c]. :

This paper is a very personal one, written in an egoistic style. It will certainly
give a very pedantic impression, but I think 1 have to use it in order to separate
personal considerations and experiences from more general ones.

1. WHAT PRECEDED AUTOMATH

I had no training whatsoever in philosophy, logic, or foundations of math-
ematics. But one can have a philosophical mind without having philosophical
training. It may just mean “thinking about the things we do”, in contrast to
“learning what philosophers have built up in the past”.

After having left middle school, my first two years of studying mathematics
(1934-1936) were devoted to getting a qualification for teaching mathematics. I
lived in complete isolation, studying at home from books only. During the first
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year my most important text-book was F. Schuh’s “Beknopte Hoogere Algebra”
(Concise Higher Algebra). It was quite dull, but very clear and precise. I think
that I learned the language of mathematics from that book. Of course I picked
it up by means of what is called “osmosis”, absorbing the style like a sponge,
and taking it over without conscious effort. From those days I remember that
I learned the definition of the limit of a sequence in e-style. I understood it,
went through the examples, did all the exercises, and continued plowing through
the heavy volume. In a few months time I finished my first round through the
book, and, as a good student should, I took a second round. There were no
difficulties, until I got to the definition of the limit of a sequence. My startling
experience was that I had to admit that thus far I had always given an incorrect
interpretation to it. It was not exactly what I had always thought it was.
Again I went through the examples, the exercises and through the whole book.
Remarkably, it happened again in a swift third round. I do not remember what
it was that I had not understood in the first round and began to understand in
the second one, but I know what the matter was in the third round. At that
time I discovered that the notion of existence involved in the limit definition had
been phrased in words suggesting constructive existence, but that the author
had meant to include non-constructive existence too. That had not been clear
from the examples, but it was handled that way later in the book.

This way I discovered that it was possible to have the impression to under-
stand something where there is actually only some kind of partial comprehen-
sion. Would not there be an absolute norm for mathematics? Apparently we
can have understanding on various levels. When two mathematicians talk to
each other they may understand on different levels, and they might not always
notice that.

I recall a discussion, a few years later, with a friend who had already a few
vears of university mathematics. I explained some mathematical idea, and then
it turned out that he did not accept that I was at liberty to invent my own
definitions for the purpose of the discussion. He might have had the impression
that all definitions had to be taken from a kind of mathematical Talmud and
that no one was allowed to add anything to it. This attitude was a typical
result of osmotic mathematical education. All the time definitions, theorems
and proofs had been shown to him and he was never told explicitly according
to what rules these things had been built. For that matter, even now there
remains confusion about what a definition is. We occasionally see “definitions”
that have to be followed by a proof of their legitimacy. Under this heading one
might mention the so-called recursive definitions, which are so popular among
computer scientists (and also among logicians). Properly speaking one should
not call them definitions, rather recursive specifications.

But of course my own learning of the formation rules for definitions, assump-
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tions, formulas, theorems, proofs etc. from Schuh’s book had been by osmosis
too. Fortunately I had learned it well, and by saying this I can only mean that
(at least after that third round) I never felt the need to revise my insights in
the matter. :

We should be worried by the fact that we learn so much by osmosis. Is our
way of doing mathematics just caused by the way we learned it, and confirmed
by our experience that our behaviour is accepted in our little sub-culture, or
are we pushed by absolute norms we have not made explicit yet? The osmosis
technique has been called “Teaching by intimidation and learning by imitation”.
Teaching by intimidation: when the student does not understand, the teacher
begins to speak louder and louder, until the student is satisfied. This indicates
that the teacher lacks the right means to express himself, or lack of a.sound basis
that was agreed upon once and for all. Anyway it is a situation that outsiders
would not expect to find in mathematics. : '

I got a shock from reading Kamke’s “Mengenlehre” (Set Theory) all by my-
self. T was somehow convinced that those ridiculously large cardinal numbers
did not really exist (it was only very much later that I began to realize that
the question of existence or non-existence of such things has no meaning at all).
Nevertheless the reasoning was crystal clear. At that time (I was 19 years old)
I came to the conclusion that the whole thing was a linguistic structure, and
that mathematical language does not necessarily have to talk about something.
Of all subjects that can draw our attitudes away from mathematical platonism,
Cantor’s set theory may have the most instantaneous effect.

Another shock was the one I got by reading about the axiom of choice. How
can one express as an axiom what we have been doing all the time without any
axiom? It seemed that for years I had lived with an unsatisfactory mathematical
foundation without ever noticing it.

During the time that I studied mathematics and physics in Leiden Univer-
sity (1936—1939) I hardly ever heard anybody even mention the foundation of
mathematics. The only exception was the physicist H.A. Kramers who referred
to Hilbert’s interpretation of mathematics as a game with symbols. It did not
seem t0 be a very practical idea, but I never could get away from it any more.
Automath is a kind of implementation of what Hilbert had in mind.

The first real mathematical philosopher I met was a quite remarkable one:
Evert W. Beth. Around 1941 I saw him regularly during a year or so I did
not try to learn anything directly from him, but of course he had an influence
on me. And in 1940 I had some contact with D. van Dantzig who was quite
impressed by the way how the “Wiener Kreis”, and its Dutch counterpart, the
“Signifische Kring” gave a central position to language.

In the years that followed I gave hardly any thought to the foundations of
mathematics. 1 have to admit that my taste for mathematics went in the direc-
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tion of concrete subjects and that I disliked non-constructive things, however
without pushing that to extremes. Around 1948 I worked in correspondence
with P. Erd6s on problems of infinite combinatorics treated by means of trans-
finite induction. I remember once to have remarked that one should try to get
rid of Cantor’s paradise, which astonished Erdés since he found that I had been
quite good at it. But for me it had just been language.

Actually T am now amazed by the fact that I had avoided looking into the
foundations of mathematics during that many years. In the various areas of
mathematics I happened to be active, I was always strongly interested in the
way things could be built up from scratch, and not always so much in the re-
sults themselves. This was probably connected with my relatively poor memory.
With everything I did, I had to start on some lower level where I could feel quite
confident, and to build up the structure above it for myself until the point where
I was supposed to do independent work. I thought I never had to dig into foun-
dations since I felt secure on the level where mathematicians usually depart from
if they say that they start from scratch.

My first endeavour in putting some foundational matter in my mathematics
courses was around 1953 at the University of Amsterdam. I sacrificed the first
ten hours of my course on Linear Algebra in order to give the students some
feeling for the language of mathematics, in particular for bound variables and
quantifiers.

I cannot say that I always felt very comfortable at it. When a few years later
my publisher asked me to revise my book on differential and integral calculus
(written in 1944) in the style of the “new math” that had just entered schools, I
had to admit that I could not do it; at least not without hypocrisy. I felt unable
to give an educationally justifiable set-theoretical foundation, since I lacked the
language to describe the way the stage has to be set for mathematics. I did not
feel competent to develop a good system myself. And I felt that my readers
had the right to expect something better than the way sets and mappings had
been introduced at schools. In particular I did not know how to teach without
such vaguely suggestive words as “arbitrary”, “variable”. And then there were
obscure things like the “value” of & number. At that time I already had the
desire to describe the structure of mathematics explicitly, but I did not feel to
have the means to do it.

My Amsterdam years 1952-1960 could have given me a wonderful opportu-
nity to dig into the foundations of mathematics, but I hardly used it. I had a
regular contact with Heyting and Beth, as well as with their many guests from
abroad. And also after 1960 I met Heyting quite often. I talked to Brouwer once
in a while, but never on foundations. Like many others, I had never been able to
follow his philosophical writings. I now feel that I understand tﬁe main reason
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why his intuitionism was so poorly understood at the beginning of this century
and why he had so much trouble in selling his ideas. If the method of ratural
deduction had been recognized as the standard entry into logic at that time, it
would have been clear that classical logic requires axioms for negation, and that
it is reasonable to try to live without them. Intuitionistic constructivism might
have been expressed at once in the down-to-earth way of Heyting.

An important thing I got from Heyting is the interpretation of a proof of an
implication A — B as a kind of mapping of proofs of A to proofs of B. Later
this became one of the motives to treat proof classes as types.

In my work in analysis I kept trying to avoid the axiom of choice (although I
did not object to the countable version). This was a surprise for Heyting. Why
would one reject the axiom of choice when one does accept the axiom of the
excluded middle? At that time I did not see much of a parallel between the
two. But I began to see it in 1967 when building Automath. If one interprets
the axiom of the double negation as an axiom about proof classes, and then
extends it to types in general, one gets Hilbert’s selection operator, and that is
even worse than the axiom of choice.

But it was not only the axiom of choice that made me object to a foundation
of mathematics based on Cantor set theory. I did not have the feeling that such
abstract set theory corresponds to ordinary mathematical thinking. Anyway 1
felt that mathematical objects have a kind of archetype. For any object one can
ask what kind of a thing it ultimately is, if one eliminates all definitions. It may
ultimately be a point, or a matrix, a set of such things, etc..

In Cantor’s paradise one feels nothing of that kind. On the other hand, an
example of thinking in terms of types can be found in Hilbert’s axioms for ge-
ometry. “There are things we call points and things we call lines” sounds like
proclaiming two primitive types “point” and “line”, and not as “Let P and Q
be be sets (objects in Cantor’s paradise), the elements of P are called points
and those of Q are called lines”. A question that would make sense in the latter
interpretation would be whether the set of all lines is a point or not.

In the course of the years I began to love the use of formalization for didactic
presentation of mathematics. I considered it as a fairy tale that formalization
is bound to make things dull. Clarity need not be dull at all.

In particular T mention my attempts to formalize combinatorics (like Pélya
theory) in a workable form, replacing a language with suggestive vagueness by
the language of sets and mappings. Whoever compares the formal and the infor-
mal presentation will have to admit that the formal one is easier to comprehend.
And indeed, the way I treated Pélya theory is everywhere accepted by now.

In my courses on functional analysis I started around 1964 using lambda
notation, where I followed -Freudenthal’s suggestion to replace Church’s lambda
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by the symbol Y; where the bound variable and domain are to be written as
subscripts, like in fzer. That Freudenthal symbol left the letter lambda, free for
ordinary mathematical usage, and the subscript notation was in agreement with
what we otherwise do with bound variables. This Y notation is quite pleasant
when writing and teaching functional analysis (see the many examples in [de
Bruijn 73a]). Once accustomed to using lambda notation in analysis one wonders
how one could ever have lived without it. I never understood why some lambda’
notation had not been accepted a century earlier, and even less why the majority
of analysts still ignore it. It is a historic shame. When one does not use lamb-
da notation many functions and operators can be handled only by introducing
a separate new symbol for them in the surrounding text in an informal way,
instead of writing them directly inside the formulas where they play there réle.
It is very unfortunate that Bourbaki never used them, for everyone followed
Bourbaki in everything.

Such experiences in practical usage of formalization made me ready for the
idea that it would be feasible to present practically the whole of mathematics
in a way that would be open to mechanical verification. For that matter it
might have been important that I had taught many mathematical subjects, on
several levels and in several styles. That kind of experience gives quite some
opportunity to reflect on what one is doing.

The lust for effective formalization got stronger when from 1962 onwards I
started having quite some fun writing programs (in Algol60) for combinatorial
problems, and got some feeling for the possibilities and limitations of computers.

Programming languages are not the same as languages for recording math-
ematical discourse, but there are similarities. Anyway the block structure of
Algol made me remark that mathematicians had always talked in terms of block
structures but had not always indicated those blocks explicitly. Mathematicians
introduce assumptions properly, but hardly ever say when those assumptions are
dismissed (usually the reader has to see it from the way the text is arranged
typographically in sentences, paragraphs, sections and chapters). Presenting an
argument in natural deduction with flags and flagpoles is much closer already
to the nested structure of Algol programs in blocks.

I want to mention two experiences that gave a more direct stimulation in
the direction of the Automath enterprise. The first one showed the feasibility
of block-structured proofs in natural deduction. One of my Ph.D. students had
difficulties in proving a conjecture that was very vital for his work. I tried to
do it myself but found that the material and its logical structure was too hard
for me. Nevertheless there was a strong conviction that the conjecture was true.
Then T took a very large sheet of paper, wrote the assumptions in the upper
left corner, the goal in the lower right, and proceeded in the style of flags and
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flagpoles, working from both ends. Introducing and eliminating implications as
well as universal and existential quantifiers all the time, the strategy was quite
clear at every moment. That strategy was suggested by the form of the formu-
las, and not by their interpretation. Remarkably, it did not take long for the
gap to be filled.

Here was a mathematical proof along more or less mechanical lines, for which
it was quite clear how it could be mechanically checked for its correctness. At
the same time it was a proof that could be translated at once into natural
language. Doing large parts of a proof more or less mechanically is quit common
in many parts of mathematics, since those parts may depend on calculations,
on rewriting, on substitutions and similar things that have to be carried out
meticulously but which are done quite independently of the ideas invelved in
the problem. But here it was different from all examples I kneéw: in this case
the manipulation was not with algebraic or analytic formulas but with logical
ones. This experience put me under the spell of the natural deduction method
with flags, both for the benefit of proof development strategy and for proof
verification.

Here I mentioned the possibility, but the second experience convinced me of
the desirability of mechanical verification. In a short paper by E:-W. Dijkstra on
a number of processes that might sometimes block one another, the correctness
of the algorithm was explained in a paragraph that ended with the remarkable
sentence: “And this, the author believes, completes the proof”. Indeed, the
argument was a bit intuitive. I took it as a challenge and tried to build a
proof that would be acceptable for mathematicians. What I achieved was long
and very ugly. It might have been improved by developing efficient lemmas for
avoiding the many repetitions in my argument, but I left it as it stood. Instead
of improving the proof I got the idea that one should be able to instruct a
machine to verify such long and tedious proofs. But of course I have to admit
that it will be often more elegant and more efficient to try to streamline such
an ugly proof before giving it to a machine.

Both experiences had something to do with the idea of replacing thinking
by calculation. It gave me the conviction that the design of a proof might gain
by using mechanical means, but that the verification of the final product might
be left entirely to machines. So I believed in automatic proof checking and not
necessarily in automatic theorem proving.

“Calculating instead of thinking” can be done in two ways. The first one is
about calculations where the intermediate steps have no heuristic interpretation.
One may think of a problem in physics that is solved by mathematical means.
Many parts of the calculation may lack any natural physical interpretation. But
if the entire calculation does have an interpretation, even when such an inter-
pretation becomes clear only at the end, then calculating becomes an important
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heuristic tool.

When the calculations handle logical formulas one should not say “calculat-
ing instead of thinking” but rather “writing instead of memorizing”. This holds
for the method of natural deduction, but much less for working with Boolean
logic with the use of lists of identities. That activity strongly reminds of what
one used to do in planar and spherical trigonometry. The geometers were right
in finding that inelegant since it did not correspond step by step to geometrical
insights. Such objections were less strong when it was about algebraic manipu-
lation in analytic geometry, where the broad lines of the algebraic work had a
clear geometrical significance.

As a mathematician I had been raised in a tradition that gave me a certain
feeling for distinguishing language and metalanguage, with the desire to shift
considerations in the metalanguage eventually into the language. This desire
is by no means shared by all mathematicians. In a subject like combinatorics
one usually thinks intuitively and not very formally, but turning the intuitive
ideas into formal language would usually be straightforward. In algebra this
seems harder, since algebraic thinking is often in a metalanguage, and reason-
ing may stay on that level too. One thinks about polynomials the way they
are syntacticdlly presented. And with categories this is even stronger sirice the
metalanguage uses diagrams that are visualized as maghematical objects.

Before I started Automath I was already convinced that confusing language
and metalanguage had been a temptation throughout the ages, generating many
paradoxes. When people claim they can talk infinitely long about the way
Achilles tries to overtake-a tortoise, one easily mistakes the infinity of the dis-
cussion for the infinity of Achilles’ endeavours.

Somewhat simpler is the matter that circular arguments and circular defini-
tions have to be avoided. When the art of building definitions is taken seriously
such circular structures are out. Avoiding circularity in proofs is similar: as we
shall see under the heading of “proofs as objects”, argumentation can be seen
as a sequence of definitions.

Considerations of a different kind were about the influence that mechanical
verification might have on the social structure of the production of mathematics.
In mathematics we are accustomed that the researcher does all the work alone,
or in collaboration with colleagues of about the same level. In subjects like
physics and chemistry this is entirely different. In those areas different kinds of
laboratory workers can give their assistance, all with their own responsibilities.
And routine work may be given to students who benefit from it by learning
the tricks of the trade. In mathematics there is not much opportunity for this
kind of thing, and when it happens, the project leader still ﬁas t0 scrutinize
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the work provided by the assistants. This might give him as much trouble as
doing everything himself. But with an easy verification system at our disposal
mathematicians would be in a much better position to delegate details of their
work to others. In that case the production of mathematics might be conceived
as being done along a conveyor belt. The belt starts with a creative mathemati-
cian who furnishes the ideas. In the next position we have an expert, who is
able to describe such ideas in the publication style as accepted in that particu-
lar area of mathematics. That expert delivers his writings to a competent but
not necessarily imaginative mathematician who is able to understand the lingo
of that area, and who is able to cut it up into the tiniest trivial details. This
person may also provide hints for reading, in the form of logical connections or
references to theorems. Next we get somebody who does not have to understand
the mathematical content at all, but who is able to translate these trivialities
along with the hints into the language of the verification system, like Automath.
Finally at the end of the belt we have a computer checking the complete text
in every respect.
In the usual situation mathematics had only the two highly qualified workers
at the first two places of the belt. The task of the third one was usually the
- reading mathematician who had to try hard to understand the publication style.
The work at farther places along the belt was often done subconciously, if it ever
was done.

One might say that the choice of the name Automath was not entirely for-
tunate since that suggests that the system would produce mathematics. The
system does not pretend to be more than an automatic listener that scrutinizes
everything that is offered to it, and stores it into what one might call a mathe-
matical databank. Listening is automatic, but the input, the production of the
reading material, remains essentially the work of people, albeit that parts of the
work along the conveyor belt might be automated. The Automath system does
not pretend to invent mathematical profs. And neither it claims to automate the
mathematical calculations that might form parts of proofs. For many outsiders
the calculations are the essence of mathematics, the rest is just talking!

2. DECISIONS TAKEN DURING THE CONCEPTION OF AU-
TOMATH

The goals of the Automath project were, right from the start:
(i) The system should be able to verify entire mathematical theories.

(ii) The system should remain very general, tied as little as possible to any
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particular set of rules for logic and foundation of mathematics. Such basic
rules should preferably belong to material that can be presented for verifi-
cation, on the same level with things like mathematical axioms that have
to be explained to the reader.

(iii) The way mathematical material is to be presented to the system should
correspond to the usual way we write mathematics. The only things to be
added should be details that are usually omitted in standard mathematics.

So the idea is that every piece of common mathematical discourse should be
interpretable as a more or less efficient abbreviation of an ultimate complete
version. Those abbreviations have to be such that the distance from the usual
style to the ultimate version remains reasonable. This has to be taken in the
sense that space and time for writing the complete version are at most a con-
stant mulsiple of the corresponding amounts for the usual style.

As a kind of dream I played (in 1968) with the idea of a future where every
mathematician would have a machine on his desk, all for himself, on which he
would write mathematics and which would verify his work. But, by lack of
experience in such matters, I expected that such machines would be available
within 5 years from then. But now, 23 years later, we are not that far yet.
Anyway I expected in 1968 that the memory capacity of main frame computers
would grow rapidly in the next few years, but that was a deception too. Im-
plementing Automath on the quite advanced computers available to us in the
years 1970-1975 was to a large extent a struggle for living with the limitations
of fast accessible memory. "

In a very short time I came to what I later called PAL, and that is Au-
tomath without lambda calculus. A book in PAL is subdivided into lines of
text, organized in nested blocks. Apart from the few lines expressing axioms
and the lines that introduce a typed variable at the beginning of a block, all
lines have the form of a definition. These appear as b := P : Q, where bis a
new name, to be given to the expression P, and @Q is the type of that P. With
this framework quite some mathematics can be presented, actually almost all
mathematics produced before the 19th century, which means before the intro-
duction of the modern notion of a function. And that framework satisfied the
above-mentioned goal (ii). It gave the possibility to ezplain a piece of logic in the
books, logical theorems (derived rules) could be shown, and such derived rules
could be used later as derivation rules in exactly the same way as mathematical
theorems could be used later in proofs of other theorems.

Let me say here a few things about types and typing. In my idea types
always played the réle of substantives. When saying “Sirius is a star” and, for
a moment, considering “star” as an archetype, i.e., we do ‘not consider a star
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as a specialization of something more general, then we have a typing “Sirius :
star”. Linguistically “Sirius” is a name, and “star” is a substantive. In today’s
mathematics one likes to switch at once to the set S of all stars, and then write
“Sirius € S”.

Many years later I began a more general study of the role of typings in or-
dinary colloquial mathematical language on a larger scale, which gave rise to
WOT (“Wiskundige Omgangstaal”) (see [de Bruijn 79a], [de Bruijn 79b], [de
Bruijn 79c]} and its english version MV (“Mathematical Vernacular”, see [de
Bruijn 87a (F.3)]). These WOT and MV have a clear relation to Automath,
but are different from Automath in the folowing respect. WOT and MV are like
colloquial mathematics in the sense that references and hints are considered as
informal, whereas in Automath they form an essential part of the language.

The fact that already PAL could feasibly present some mathematical rea-
soning, was of course due in part to the fact that mathematicians worked with
abbreviations all the time already, but a very important addition was the idea
to treat proof classes as types, and therefore proofs as objects. Others have called
this propositions as types but I am not too happy with that term. The class of
proofs of a proposition is not the same thing as the proposition itself. The term
proofs as objects is better.

It is always difficult to say where ideas come from, but this idea of proofs as
objects might very well have been influenced by what I had heard from Heyting
years before: the functional interpretation of the implication. But apart from
that, I must say that the idea was a natural and direct consequence of the
way used in PAL for forming function values by means of instantiations for the
variables. This can be explained as follows. Consider a case where the statement
of a theorem contains some variables and some assumptions (which may depend
on those variables). Later we want to apply that theorem in a special situation.
In order to explain to a machine that the theorem can be applied there, we have
to explain what objects we take for the variables, and also what proofs we have
for the validity of the statements we get if in the assumptions the variables are
replaced by those objects. So technically, in the sense of what we have to supply
to the machine, proofs and objects are on the same level.

Note that in the statement of a theorem we do not always have first all
the variables and then all the assumptions. Quite often the type of some of
the variables makes sense only by virtue of some of the assumptions. In the
substitution mechanism objects and proofs are completely intermingled, and
therefore it is very practical to give them the same notational status. With
this as a general principle, the verifying machine does not have to be aware of
whether it is supposed to handle objects or proofs. If one wants, the difference
between the two might be shifted entirely to the area of the interpretation.
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As a mathematician one learns at an early stage already that simple systems
are easier to manage than complicated ones. Uniform notation often leads to
clear ideas and often to stronger results. And if two things show a resemblance,
it pays to treat them more or less on equal footing. Therefore I believe that
many mathematicians would have taken the same decisions as I did when seeing
this analogy of objects and proofs.

Let us give some attention to the interpretation. Consider a line of text
like b := P : Q. With the object interpretation this represents a definition.
The b is the new symbol, defined by the (usually longer) expression P, and
Q is the type of P (and therefore @ also becomes the type of b). With the
proof interpretation P is a proof (obtained from an old proof by substituting
expressions for the variables and proofs for the assumptions). The new name b is
an abbreviation for the proof. The theorem as such does not get a name, at least
not a name in the text that is presented to the checking machine. That name for
the theorem is something in the metalanguage. Let us see how the analogy with
“Sirius is a star” works. We replace b by “proof 128 (of Rényi)”, P by a proof
that Rényi built for conjecture 1727 of Erdds, and @ by “proof of conjecture
1727 of Erdés”. So the typing b : Q becomes “proof 128 (of Rényi) is a proof
for conjecture 1727 of Erd6s”. The idea of manipulating proofs arises too if one
considers a theorem and its proof as a blueprint for making applications (and
those applications are theorems again). The proof of the application is obtained
by carrying out substitutions into the original proof. Instead of making an
appeal to the theorem we repeat its proof (in adapted form). So here we have
a local elimination of the theorem, and that is similar to local elimimation of a
notion (replacing the name of the notion by what it stands for).

This way of treating theorems and definitions alike, resulting from the idea
of “proofs as objects” was very different from existing habits of logicians. Def-
initions had always been considered as unessential, and one talked about a
logical structure as if all the definitions had been eliminated. Stranmge, since
it is just because of the abbreviational mechanism that we are able to discuss
complicated mathematical situations. And that abbreviational mechanism is
completely similar for objects and proofs.

It is a valuable advantage of Automath over several other systems that def-
initions are taken as seriously as theorems, both from a practical as from a
theoretical point of view. Together they form the essence of the mathematical
trade.

But what does Q look like in a theorem represented by the line b := P.Q7
Above it was pictured as the (composite) substantive “proof of conjecture 1727
of Erdés”. In general we may have a situation where we have some proposition
7 and we want to say that P is a proof for 7. Then the @ in the line b= P: Q
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represents the substantive “proof of 7. In a PAL-book we can arrange that as
follows. First we introduce as a primitive type the type bool. The interpretation
is: if b : bool then b is a proposition (instead of the name “bool” we might also
have taken the substantive “proposition”). Next we express in our PAL-book as
a primitive notion that there is a kind of mapping that attaches a type to every
proposition. Let us call that mapping Proof. (In the Automath tradition this
mapping was called True, but the name Proof expresses the idea much better.)
So if 7 is a proposition (i.e., 7 : bool) then Proof(r) is a type, and P : Proof(w)
expresses that P is a proof for 7.

This way to attach proof classes to propositions is not strictly necessary.
One can also deal with proof classes that have not been introduced by having
a proposition first, and sometimes that is attractive. In other words, we do not
neccessarily have to build on Boole’s idea to treat propositions as objects. In
fact one might say that treating propositions as objects is a trick, neither more
natural nor less natural then treating proofs as objects.

Working with proof classes attached to propositions has been called bool-
style, and the more permissive system where this restriction is dropped, has
been called prop-style, since proof classes are typed by prop in that system.
(Here it may be remarked that the word prop was a bit confusing, since it
suggests “proposition”, whereas it means “proof class”. The name prooftype
might have been better.)

The idea to switch from bool-style to prop-style is agam an example of an
insight that results in a natural way from an efficient unified notational system.

One thing that the presentation in PAL gave at once, was a clear attitude
to the old chicken-and-egg question: is logic is a piece of mathematics or is
mathematics an application of logic? The answer suggested by PAL is: there is
a framework in which both logic and mathematics fit, and they are interwoven.
They can make use of each other’s results. Logical derivation rules can have the
form of axioms or theorems, and starting from simple derivation rules one can
derive more complicated ones, and those new rules can be applied everywhere
else in the same way mathematical theorems are applied. Technically there is
no difference between mathematics and logic. The machine that checks a book
never needs to know which pieces we like to label as logic and which as math-
ematics. This is similar to the fact that we need not tell the machine whether
we talk geometry or analysis.

What PAL lacks in order to become a language for most mathematics, is
lambda calculus. We know the interpretation of lambda calculus in which math-
ematical functions can be presented as lambda expressions. This has its conse-
quence on the level of types: one can talk about the type of the functions that
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map natural numbers onto complex numbers. But it also works in the world of
predicates. A predicate P can be seen as a function that attaches to every z
of type A a proposition P(z). And we get to mappings that attach to every x
of type A a proof of P(z), and that means something of the type Proof(P(z)).
This puts us into a world of mappings where not only the function value but
also the type of the function value depends on the variable.

We would need lambda’s already if we would like to enrich the 18-th century
PAL-world with something as simple as the introduction of implication. In PAL
one can derive from a proposition n another proposition ¢, but one cannot say
in PAL itself that one has therefore derived the implication m — o. This is not
so bad as it seems, for in most cases where one wants to apply ©# — ¢ this is an
application of the Modus Ponens rule, and then it can be carried out in PAL:
it is the same thing as applying a theorem.

This relation between implication and lambda abstraction is no surprise for
those who have experience with natural deduction, where there is a clear analogy
between introduction of implication and introduction of universal quantification.

From this we might learn something for education. The fact that working
with implication is considered to be hard can be ¢onnected to the fact that
implication can present the same difficulty as lambda abstraction. On an edu-
cational level where lambda abstraction is considered to be too hard, implication
probably will present difficulties too.

One can raise questions about the best way to add (typed) lambda calcu-
lus to PAL, but I will not discuss that here, since Automath’s philosophy of
life is almost entirely present in the case of PAL. Adding the lambdas had a
negative effect too: it added to the unpopularity of Automath among math-
ematicians. Most of them were uneasy already about the ordinary functional
interpretation of lambda calculus, considering it as weird and superfluous. And
around 1970 logicians had little interest in typed lambda calculus, certainly not
for the situation where the types are lambda expressions themselves.

‘When someone comes with a proposal for a new way of doing things, most
people will find that it is the newcomer’s duty to show all the connections with
the usual methods. That did not bother me much. In particular if one thinks
that the new system is better and simpler that the old, it is nothing but trou-
blesome to have to carry the load of the heritage of the past. And making
comparisons was very hard in this case. All the time I was convinced that the
most important feature of Automath was that it forced us to give an explicit
account of the framework of mathematics: the rules for building theorems, def-
initions, assumptions and proofs, handling variables and substitutions. In most
existing systems such a framework was tacitly assumed to be known, and one
started somewhere in the middle. :
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I never felt comfortable with the opinion that supporters of & type-theoretical
approach should have the duty to show the connection to older formalisms, in-
stead of the other way around. Here I have to add that “type-theoretical”
suggests more than we actually need. We can be satisfied by knowing how to
handle the types, and that hardly needs any theory. The same thing holds for
the usage of lambda calculus, by the way.

During the design of Automath I never had the feeling to be implementing a
logical system. I just followed the style of the mathematical trade. Since more
than a century that style had flourished as a very dependable way of handling
mathematical language, without the slightest appeal to any rule of logic. That
language tradition never was an implementation of logic. On the contrary, logic
had arisen from attempts to give an explicit description of the mathematician’s
behaviour.

So I got to studying the structure of mathematics by starting from the ex-
isting mathematical language and from the need to make such language under-
standable for machines. I think we might call that approach “natural”. “Natural
deduction” is a part of it. At once I have to stress that the use of the word “nat-
ural” has little to do with nature, or with the true nature of things. It refers to
the reasoning habits of many centuries, and goal (iii) of the Automath project
tries to bring communication with machines in harmony with the usual commu-
nication between people.

One of the first ideas around Automath was to try to present mathemat-
ics constructively, at least to take care not to block the possibility to embrace
constructivism. But when constructive methods turn out to be very cumber-
some it might be wiser to retreat to non-constructive mathematics, at least for
the time being. '

According to goal (ii) Automath had to remain general, not tied to any special
form of logic. True enough, the framework itself is something that one might
call-logic (or rather pre-logic, or pre-mathematics), but without a framework no
life seems to be possible at all. But in Automath things like logical connectives,
contradiction and negation are kept outside the framework. The idea is that it
is much better to make languages that enable every separate user to introduce
inference rules and axioms to his own liking. To such rules and axioms he
would tie himself, but only for one particular book. In another book he may act
otherwise. Automath is like a big restaurant where one can eat in any style. If
one wants a kosher meal one can get it, but one can never force others to eat
in the same style. Only the intolerant can be annoyed by the fact that there is
room for others too.
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In a very early stage of the project I had the most valuable support of L.S. van
Benthem Jutting, who acquired a taste for Automath almost at once, and was
ready to work on the use of it. One thing he liked to work on was intuitionistic
mathematics (he had learned intuitionism from Heyting). But the system did
not have to be adapted to the needs of intuitionism. The framework was the
right one for constructivity in the first place.

Some people had the idea that a system designed for constructive things
cannot be used for non-constructive ones. But there is no difficulty at all: the
only thing we have to do in order to treat non-constructive things is adding
axioms like the axiom of choice, or the axiom of the excluded third. When P.
Martin-Lof first saw something of our Automath system, he got the impression
that we could only work non-constructively, and he started considering a system
for constructive mathematics himself. The reason why he had got the impression
that we had not been catering for it yet, might have been that on the pavement
in front of our all-round restaurant he had seen non-kosher guests only.

We readily noticed the relation between excluded third and axiom of choice.
Hilbert’s axiom (claiming even more than the axiom of choice) states that there
is an operator e that attaches to every non-empty set an element of that set. If
here we replace “set” by “type”, we get something that can also be applied to
proof classes. If b is a proposition, and the proof class Proof(b) is non-empty,
then Hilbert’s operator gives a proof for b. This means that b is derived from the
double negation of b. So the double negation law (closely related to the principle
of the excluded third) can be seen as an application of a form of Hilbert’s axiom.

The ideas of Automath were developed in a very short period. And since
the system was so simple, restricted to the barest necessities, the result was
very robust. It did not need a new release every other year, like so many other
systems. At the end of 1968 Automath was presented at the Symposium on
Automatic Demonstration at Versailles, where Dana Scott took up the thread
at once. In those days much of the influence that Automath had on others ran
via that work of Dana Scott.

Remarkably, at that occasion Scott wrote: “de Bruijn had been, of course,
personally influenced by Brouwer and wanted to present a suitably construc-
tive notion of proof”. I think this is confusing. Not just because I was never
influenced by Brouwer’s talking or writing, but because “constructive notion
of proof” is different from “notion of constructive proof”. The latter can be
connected to Brouwer, but the former is much closer to Hilbert and his finitis-
tic game with symbols and rigid rules. Brouwer’s constructivity is (at least in
Heyting’s formalized form) is a matter of the content of axioms, and not the
way these axioms are manipulated. _

I already said that Automath aims at some kind of realization of Hilbert’s
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program. By this I mean that it makes operational what Hilbert proposed as
a game with symbols, a game that has mathematics as its interpretation. I
certainly do not mean Hilbert’s pretenses that it might be possible to prove
completeness and consistency for that game. Since the work of Gddel all hope
for this had to be given up.

Before I started Automath I was slightly anti-platonistic. That is to say that
I always sympathized with Kronecker’s statement that only the natural numbers
really exist. But building Automath I rapidly concluded that I kad to be anti-
platonistic. Before that, I had allowed myself to be a bit confused by statements
like “3 is not a number, it is the name of a number”. But if you have to talk to a
machine that knows nothing about the real mathematical objects, then you know
that you can handle names only. The “real” mathematical objects are irrelevant
in the discussion with the machine. In the language used for communicating with
the machine one can say “3 is a number”. In a metalanguage, where one speaks
about the language that one talks to the machine, one can try to say that “3 is
the name of a number”.

The platonistic idea is that 3 is an object that exist outside ourselves, a thing
about which we speak. Those who reject that idea, at least not adhere it them-
selves, understand that people talk in mathematics with the same kind of words
and sentences they use for talking about the real world. The same thing can
be said of fiction. A number of people can talk about a figure called Sherlock
Holmes, and the unanimity of opinions may give them a strong impression they
are talking about the same thing. There is a common theme that hardly con-
fuses. Quite easily the conversation is carried out in precisely the same way as
if it were about a real person. In our culture one of the very few linguistic dif-
ferences between fact and fiction may be that some fairy tales start with “Once
upon a time”. In mathematics this was never done.

I think that platonism is not true or false, but irrelevant. In oral or written
communication between two mathematicians one of them may be a platonist
and the other a non-believer, and none of the two will be troubled by it or even
notice it. But platonism is not just irrelevant, it is also dangerous. It seduces
people to be less precise with the definitions of the objects they vaguely have in
mind. They think that in case of doubt it will always be possible o re-inspect
the true object and to study it more closely. This can be compared to the usage
of drawn figures in geometrical discourse, as a substitute for a complete and
rigorous argumentation. The platonists will have to admit that the figure is
only a rough indication of the real figure in the platonistic reality.

A mildly platonistic thing is the idea that mathematicians do not create their
mathematics, but discover it. This idea is irrelevant only, not dangerous. It is
the same kind of idea as the one that all the works of Shakespeare existed at the
time of the dinosaurs already, and that Shakespeare just managed to uncover it
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all during his lifetime.

Now that the real mathematical object 3 has been discarded, we have to
take a stand with respect to Kronecker’s idea about a difference between the
natural numbers that were created on high authority and the more esoteric
mathematical objects invented by man. We might expect to see such difference
reflected in the axiomatic Systems needed for their introduction. Nothing can
be erected without any axioms, of course, but one might look into the weight
of those axioms. A notion of a weight might be connected with something like
normal forms. The first axioms of Peano are not at all bad: “There are things
that we call natural numbers”, and “There is a natural number that we call 1”.
But the axiom that introduces the successor function is heavier already, and the
induction axiom is quite complex. The axiom of choice looks much simpler!

1t does not seem easy to find objective arguments for a kind of semi-con-
structivity, and after all I have to say that Heyting was right. But we can try to
be guided by the taste of the majority of mathematicians. Most of them, and
certainly most of those who apply mathematics, feel comfortable with a package
of which the most salient points are

(i) Classical logic.

(i) Peano’s axioms, introducing the natural numbers, the successor function
and the induction axiom.

(ili) A power set axiom that says that to any type T there can be attached the
type of all sets of things of type 7.

(iv) Sets do not come from the big secret reservoir of all abstract sets, but are
always dedicated to a type. Sets of of apples, of natural numbers, of sets of
natural numbers, etc. Sets coming from different types are never compared.
There would not really be an objection to it, but it would require axioms.
But then, why do it? So rather not take an abstract universe of all sets,
but typed set theory (see [de Bruijn 75a (F.1)]).

When building a foundation for mathematics we have to postulate a number
of primitive notjons, to be interpreted as primitive objects or as axioms. We
have to make a number of choices, of course.

Some of the axioms will be felt as heavy and far-reaching in their conse-
quences, others as very natural. In the latter cases it may often be only a
matter of technical weaknesses of the language that an axiom is needed at all.
And then those axioms are cases of internalization, and this term refers in gen-
eral to the proces of pushing things of the metalanguage into:the language itself.
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One has a linguistic building, and from the outside we can observe things about
the language that cannot be said in the language. Often we can open the pos-
sibility to do it by means of some axioms written in the language itself. That
way we pump knowledge about the system into the system.

Examples of such internalizations are: the logical conjunction, the Cartesian
product, and somewhat beyond that, the induction axiom. But a thing like
Euclid’s axiom about parallel lines can in no way be seen as internalization.

What is internalization too, is the extension of PAL to Automath by means
of addition of (typed) lambda calculus. In PAL one can describe functions ex-
plicitly like Euler did. We have to say that for Euler the word “function” was
a notion in the metalanguage, as we can see from the number of words devoted
to the introduction of that notion. In the metalanguage one can say: look, here
in this block of text we have defined a function. In PAL this is apparent from
the structure of the text. If we want to say: “assume that we have such a func-
tion”, then we mean in the metalanguage “assume that we are in a situation
that we have such a block in our book”. The lambda calculus internalizes that
discussion. It was quite a big step to push functions from the metalanguage
into the language. For a long time after it, their remained some mystery around
the notion of an arbitrary function. Would every scribble of a child represent a
function? Should not be there a decent expression?

In Automath we have two kinds of equality. There is the ordinary equal-
ity of mathematics, but also a stronger one, called the definitional equality.
Ordinary equality is called book eguality. It is not available in the definition
of Automath, but has to be introduced and axiomatized in the books written
by the user. The term “definitional equality” is a notion of the metalanguage
in which we talk about the expressions occurring in an Automath book. Two
expressions are called definitionally equal if they can be reduced to one and the
same expression. As reduction we allow every reduction of the lambda calculus,
but also local elimination of an abbreviation, which is called delte reduction.
This amouts to the following. If in a book we have a definitional line that ab-
breviates an expression P by the name p, and if later in the book we consider a
particular occurrence of p, then delta reduction means replacing that occurrence
of p by P. Definitional equality is decidable, so checking it can be left entirely
o0 a machine. This is not just theoretically possible but also feasible in practice,
since books are written by humans who are unable to handle very deep strings
of reductions mentally. The machine is so efficient in working with definitional
equality that we might just have the idea that it does not handle the expressions
themselves but equivalence classes of definitionally equal expressions.

In an Automath book definitional equality is not written explicitly, it just is
there. And when one takes the reflexivity z = z as one of the axioms on book
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equality, then book equality of two definitionally equal expressions X and V can
be established by appealing to that reflexivity axiom.

Equality is a weak spot in our mathematical tradition. Mathematicians rarely
gave much thought to foundations, but in particular they never knew quite well
whether equality belongs to logic or to mathematics. This hesitation has some
relation to platonism.

If we have two expressions A and B for which we want to write the equality
A = B, and if we would imagine that there is also the “real” mathematical
object, then we would have the tendency to interpret A = B as “A and B denote
the same object”. With this view one would have to say that equality precedes
mathematics, and even logic, when coming to think of it. Many mathematicians
hate discussing equality. In this connection I remember a book in which complex
numbers were introduced as pairs (a,b) of real numbers, and where the author
had found it necessary to say when two complex numbers are equal. He wrote
“the complex numbers (a,b) and (c,d) are called equal if and only if they are
precisely the same”.

In Automath the position of equality is clear anyway, with the distinction
between book equality in the language and definitional equality in the metalan-
guage. But in a way book equality remains troublesome. When we have a long
expression containing the letter £ somewhere inside, and we replace that z by a
y which is book-equal to z, then we expect the whole expression to remain book-
equal to itself. Technically it is a nuisance to derive this by means of elementary
equality axioms. There are various possibilities for soothing this, but the last
thing I would propose to do is strengthening the language for this particular
purpose. And it would horrify almost all mathematicians to take more equality
axioms than strictly necessary, just for the sake of efficiency. I would prefer to
relieve the pain by automatic text production, which, by the way, can also be
recommended for other time consuming trivialities.

If one agrees that Automath is a “natural” way to express mathematics (I
already said that this word only refers to the current customs of mathemati-
cians), it will be attractive to use the typing mechanism in a natural way. It is
definitely possible to treat something like the Zermelo-Fraenkel universe in Au-
tomath, using a type Set as the one and only object type (“everything is a set”),
but then one discards the naturalness of Automath. To me this seems cold and
aloof. When using, on the other hand, the wealth of the type structure of typed
set theory one works much more comfortable, bringing the language closer to
the interpretations. For that matter I believe that deep in their hearts most
mathematicians only pay lip service to Zermelo-Fraenkel, and actually think
more or less like I do.

For Automath itself all this is unimportant, for the restaurant can serve
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anything, and here we were just discussing standard menus. Such standardized
ways of usage must not be seen as inherent to the system itself.

Accepting a type-theoretical structure, & mathematician can live very well in
a much smaller world than the one of Cantor. With the rules (i)—(iv) one builds
the sequence

N, P(N), P(P(N)),... .

Without further axioms one does not get to bigger types. That is not because
we would have trouble with something like a direct sum of countably many
types, but because we are unable to describe that sequence in the language
as an indexed sequence of types. Let us denote the world containing all of A,
PN), P(PN)),... by P®(N). This is a kind of notation in the metalanguage;
in Automath itself we are unable to discuss it. If we would insist on doing it
nevertheless, we would need an internalization step resembling Peano’s induction
axiom. But one should rather not take that step, for there is no end to such
things. It was just the unlimited continuation of that kind of steps that Cantor
got into his paradise.

P>(N) is a nice world for almost the whole of mathematics. But it does not
mean we got rid of all nasty problems: the continuum problem will still be with
us.

A very important decision taken directly in the beginning of the Automath
project was to stay away from “automatic theorem proving”. Completely inde-
péndently of what one may think of that area one should admit that whatever
we would have done at the time with the technology of 1970 would have to be
considered as worthless today, whereas the more restricted Automath program
could reasonably develop on that technology and could get results of a lasting
value.

Even now I do not cherish exaggerated expectations of automatic theorem
proving. Human mathematicians are not easily replaced. But what seems to be
feasible, and would fill a need, is a kind of man-machine cooperation where a
machine takes care of all the routine things (things which are often still quite
cumbersome in Automath) and the human mathematician can concentrate on
points requiring new ideas. To set up such man-machine cooperation will not
be easy, but very rewarding.

‘There are some possibilities for systematic transformation of seemingly trivial
things into official proofs written by means of special programs. As an example
I mention ordinary arithmetical relations between integers. Assume that some-
where in a proof of a mathematical theorem there is an appeal to the inequality
2'% > 103, The ordinary mathematician accepts this, after having verified it

. mentally or on a slip of paper. One usually does not realize that this kind of
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verification is unacceptable as a formal proof. Having the inequality checked
by a computer is still not according to the rules of the game. But it is not too
hard to build a computer program for automatic production of texts for this
kind of arithmetical results. Given the formula 219 > 10%, that program will
furnish a number of Automath lines which together form a proof of that formula.

An important aspect of the Automath languages is the organization by means
of contexts. The context of a line in an Automath book is the sequence of as-
sumptions and typed variables which hold for that line. With the simple mech-
anism of instantiation an identifier introduced in a context can be used later in
the book in some other context, by attaching, between parentheses, a sequence
of expressions, separated by commas. These expressions provide proofs for the
assumptions and values for the variables. By means of this mechanism we can
handle a kind of functionality which is general in the sense that the function
values do not just depend on objects but on both objects and proofs. This
gives the possibility to have particular applications of theorems. And it makes
it possible that notions that were once formulated for a general situation (like
“the centralizor of the group G”) can be used later in special situations (like
“the centralizor of the symmetric group Sn).

PAL does not go beyond this instantiation mechanism, but in Automath
typed lambda calculus is added, and therefore we have in Automath two differ-
ent ways for describing functionality. Since one does not always like to admit
quantification over type variables (in Aut-68 and Aut-QE this does not happen)
it is not always possible to replace the instantiation mechanism by the lambda
calculus machinery. Motreover these instantiations do not always have the inter-
pretation of functionality with object variables. In Automath it was decided to
maintain both systems, and to take it for granted that this sometimes requires
translating one into the other. It would be unnatural (and weuld give more ad-
ministration) to push everything into lambda notation. The word “unnatural”
in such cases always refers to being against our ingrained habits. After all, the
lambdas are arelatively recent addition to our mathematical culture.

3. IDEAS RESULTING FROM EXPERIENCES WITH AUTOMATH

During the seventies quite some experience was acquired by the production
of mathematical texts of various kinds, sometimes on a large scale (like van
Benthem Jutting’s translation of E. Landau’s “Grundlagen dér Analysis”, see
[van Benthem Jutting 77]), by project collaborators as well as by students. The
most important experience may have been the constant feeling of being on the
right track. “
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During the translation of Landau’s book we always suppressed the temptation
to adapt Landau’s text in order to make it easier for our particular language. We
strictly kept to the rule that everything was to be expressed exactly like Landau
did, although some interpretation was occasionally needed. In particular the
use of derivation rules had to be interpreted, since mathematicians like Landau
did not have the habit of stating them explicitly.

These efforts in structuring mathematics led to the expectation that on the
long run also the teaching of mathematics might profit. We have all been raised
in a mathematical world where the structure of mathematics was acquired by
osmosis, where the foundations were studied only after having reached insight
in mathematics, and such only by a small fraction of the students specializing
in that area. But in the Automath project many non-specialized students were
given the task to write existing pieces of mathematics into Automath, and those
students easily got sufficient insight into the structure of logic and foundation of
mathematics in order to do their job. Therefore we got convinced that it is also
possible to teach mathematics to beginners by showing such structure explicitly.
When doing this, it may be most important to resist the temptation to try to
teach the metatheory about the structure intermingled with the structure itself.

In this connection it should be put on record that in the past there has been
insufficient collaboration between mathematicians and logicians in créating an
educational situation where all students in mathematics would get a reasonable
insight into their foundation. Hardly anything was done in this direction, and
it seems that everybody always accepted that as quite normal.

One of the advantages of Automath is that for anything one wants to write,
one can design a rough outline first, and postpone the details, possibly leaving
that to others (or to machines). The boundary conditions for the filling of gaps
can be indicated precisely, so one knows exactly what still has to be achieved.
This method of working from the outside to the inside is many centuries old. It
is actually amazing that we managed during the last 100 years not just to make
the meshes in the net smaller and smaller, but even to close the net completely.

This way of leaving gaps can be realized by writing things temporarily as
axioms, which can later be turned into theorems by supplying proofs. This
means that already during the stage of making rough outlines we have a book
for which a machine can check correctness.

This matter of extra axioms leads to a remark that holds for other axioms
too. If one introduces axioms for local purposes, one might fear undesirable
consequences at other places. In order to prevent that, one can work with the
so-called “chastity belt system”. In that system, the local axioms are expressed
in the context of a special lock, with the assumption that we possess a key for
it. Later in the book those axioms can be applied only under the assumption
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that there is a key. With this chastity belt system we can even write mutually
contradicting axiom systems in one and the same book.

Writing Automath can be made easier by admitting input text with abbrevi-
ations that need not belong to the language itself. Let us call these typographical
abbreviations. We can imagine that the machine undoes these, making ordinary
Automath text that can subsequently be checked automatically. But one can
also imagine these abbreviations being maintained internally.

As a most important kind of abbreviations I mention the telescopes, which
are sequences of abstractors. The name comes from the collapsible instrument
consisting of segments that can slide one into the other. Each one of these
abstractors may depend on the variables introduced in the previous ones, and
can therefore be seen as a segment fitting into those previous ones.

Often we see such a telescope as a unity. Many of the more complex notions in
mathematics are not to be interpreted as types but as telescopes. As an example
we mention the word “group”. When J. Zucker (see [Zucker 77 (A.4)]) wrote an
introduction into analysis he made extensive use of such telescopes. This was so
easy for him that he could write almost all text directly in his Automath version
Aut-TI without first expressing it in conventional mathematical language.

It is also possible to treat a kind of mapping of a telescope into another one,
where on a higher level there is a kind of lambda calculus again (see [de Bruijn
91a)).

In order to promote the influence of Automath on teaching, I started a course
“Language and Structure of Mathematics” at Eindhoven in 1976, intended for
mathematics students qualifying for a teacher’s certificate. In that course quite
some attention was given to the mathematical conversational language MV (the
“Mathematical Vernacular”, WOT in Dutch). That is the mixture of words
and formulas that mathematicians speak and write. In that language fragments
consisting of single letters or larger pieces of formulas can be treated in the same
way as pieces of sentences consisting of words only. The idea of MV arose from
the difficulty of translating semi-formal mathematical texts into Automath. MV
is a kind of intermediate level, and one can imagine that much of the translation
of MV into Automath can be left to machines with a bit of artificial intelligence.

Partly because of its being motivated by Automath, MV is somewhat revolu-
tionary too, of course. There are only four grammatical categories in MV that
have to be discussed in the grammar. These are (i) statements (sentences), (ii)
substantives, (iii) names, and (iv) adjectives. The statements can be interpreted
as propositions, the substantives as object types, the names are expressions that
denote objects, and the adjectives are just adjectives.

In MV proofs are not treated the same way as objects. In that respect
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MV takes the same attitude as ordinary mathematical language. A proof is
a sequence of precisely formulated propositions, pasted together by informal
references to former results or to derivation rules. The last proposition in the
sequence represents the statement of the theorem. MV of course requires that
there exist proper references but does not actually require them. And if the
MYV text contains indications of references, they are considered as hints written
in the margin, and not as part of the official MV text. Of course one will ask
why just these four grammatical categories were chosen, and why one does not
need more that those four. After all, grammars of natural languages have many
more.

One can discover the four in mathematical literature by analyzing what kinds
of things are introduced in definitions. There are statement definitions (like: “we
say that the points P, @ and R are collinear if - - -7}, substantive definitions (like:
“a rhomb is a quadrilateral PQRS with -- ), name definitions (like: “r is half
the circumference of a circle with radius 17), and finally adjective definitions
(like: an infinite sequence is called convergent when ---7). Apparently there are
no other kinds than these four.

Now the question why these four are sufficient. It is because in a math-
ematical text all the time new words and sentences are introduced by means
of definitions, sometimes provided with typed parameters, and later one can
build new sentences upon replacing these parameters by words or formulas of
the right type. The choice of those new terms is often suggested by natural lan-
guage. One would coin for some notion the word “semi-complete” rather than
“artgqgccaaa”, which is harder to write, harder to pronounce, and lacks the
mnemonic value of the word “semi-complete”. So we adjust to a bit of natural
language deliberately, but this is by no means a principle

I already mentioned the example of a typing in MV: “Sirius is a star”. Here
the word “Sirius” is a name, and “star” a substantive. Translating to Automath,
“star” becomes a type, and a typing sentence “Sirius is a star” becomes the
typing “Sirius : star”.

Of course one can not live in MV without the binding of variables of the
lambda calculus. The helpless and ambiguous ways that natural languages have
in that respect is insufficient for mathematical work. And we note that the lamb-
da is the only essential quantifier, since all other quantifiers can be obtained by
applying unary operators to lambdas.

Since proofs are treated informally in MV, it is less powerful than Automath.
It has the consequence that a much smaller part of the foundation can be left to
the writers of books: a considerable part of it has to be taken into the language
definition.

A component, or rather a sub-language, of MV is natural deduction with
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flags and flagpoles, both for propositional and for predicate calculus. This was
a part of the course “Language and Structure of Mathematics” that was later
transposed to a course for freshmen. It turned out to be quite digestible there.
In my opinion a part of it might be done already at schools. That might be a
solution for the problem that in today’s school mathematics there is hardly any
material where proofs can play a role. But in the simple propositional calculus
with implication and conjunction one can learn proof structure as well as proof
strategy demonstrated with non-trivial and always comprehensible examples.
And again, the main secret in teaching this is avoiding metatheory (including
truth tables). In a certain sense most systems of traditional logic can be called
metatheory.

For MV the same thing holds that I expressed before for Automath: the text
in MV should not be seen as the translation of a formal system but as the formal
system itself. Who handles MV does not have to bother about its relations to
other formal systems.

Earlier in life I sometimes had the idea that I was concerned with three
things:

(i) the mathematical objects,

(ii) a formal system (like predicate calculus plus Zermelo-Fraenkel set theory),
and

(iif) the language we use for discussing those things.

The anti-platonistic view killed (i) already, and (ii) becomes superfluous since
MYV has the foundation in its grammar. So MV can do it all alone. Of course
we still use informal and heuristic language around MV, and all sorts of “typo-
graphical” abbreviations (some of these are called “sugaring”), but these need
not cause trouble: they can always be easily eliminated without big losses in
efficiency.

Once we have appreciated how Automath deals with objects and proofs it
is natural to ask whether the same framework cannot be used for other things
too. One of the first ideas that comes to mind is the old area of geometrical
constructions. For that area one can get to a formal way of describing the
constructions, linked with proofs that these constructions actually produce the
required objects. Then various kinds of things interplay: the figures in our geo-
metrical plane, the actions of drawing lines etc., and the proofs for the properties
of the produced figures. Analogous things can be done for computer programs,
and possibly also for the description of hardware, with proofs that it meets the
requirements formulated for it. !
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This way to put various abstract sciences in a single system I called integra-
tion. Such integration can lead to a final result in which one is no longer tied
to all sorts of interpretations of the relations between the various parts. In par-
ticular this might have practical value for proving the correctness of computer
programs, where just such interpretations can be the source of errors.

Integration might be achieved stepwise by leaving gaps ‘and filling them later.
For example, we first work with a specification of what a computer can do for
us, and only later we supply a proof that a particular piece of hardware meets
that specification.

Putting all sorts of things in one and the same framework we get the idea
that the notion “mathematics” gets much wider that what we were used to.
One should not define the word “mathematics” by a list of traditional subjects,
but by the mathematical method. That method is determined by the frame-
work. Whatever can be built up by means of that framework might be called
mathematics. In that framework one can discuss things that never belonged
to set-theory based mathematics (see [de Bruijn 84 (F.2)], [de Bruijn 90a], [de
Bruijn 92]).

If we inspect various kinds of typed lambda calculus, different only in the
rules for application and abstraction with variables that represent types, we will
of course be in doubt about which is the best. But I believe that one may be
able to leave that kind of choices outside the framework, since one can embed
them into a single one (for which the one of [de Bruijn 870 (B.7)] seems to be a
good candidate), simulating specific abstraction rules by means of axioms writ-
ten in the books (cf. [de Brugjn 78c (B.4)]). The desire to do things by means
of language rules instead of by axioms may have a root in the idea that it gives
quite some unpleasant work if all the time we have to make explicit appeal to
those axioms. But I believe that this sort of thing can be automated easily, and
that one will be able to find abbreviations in the input language such that the
input looks the same as if it would appeal to language rules instead.

Needless to say, mathematics is more than just formal language only. In a
way we might say that the formal presentation is the graveyard in which all final
results get to rest. There are heuristics, interpretation, taste, and the like, and
these provide a large part of the pleasure we have in the mathematical world.
But the language is the center of everything, since outside that language there
are no mathematical objects that can answer definite questions. Of course there
are objects in the physical world from which we may derive our geometrical and
combinatorial intuition. But in our mathematical tradition we have seriously
been trained not to take those physical insights as mathematical proof. Never-
theless “understanding” geometry has something to do with physical reality, and
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seeing how that can be connected to mathematical statements.

The goals of Automath have sometimes been called formalistic. This is true,
of course, but everyone who takes language seriously is formalistic. And many
mathematicians who would never like to be called formalists would be horrified
if people would mistreat the formulas in the subject of their own interest, apart
from the standard carelessness they can get away with in their sub-culture.

Formalism is not so bad as it sounds. It is not the fault of us, mathematicians
that in the rest of the world the word “formalist” is more or less abusive, making
associations with “bureaucracy” and “form without content”.

Styles in formalization are by no means the same in all areas of mathematics.
When I started in mathematics, geometry was clearly much less formalized than
analysis, and inside analysis there were again different cultures.

Very precise treatment of a simple thing is often considered as pedantic, and
then we hardly dare to formalize. An example where strict formality is accepted
is induction. Nobody will be blamed for presenting an induction argument
meticulously. But there are other situations where there is no such tradition.

Here I think of all kinds of statements about finite sets. As an example one
may take the “box principle”. Such statements are not always trivial conse-
quences of induction. Another thing that comes to mind is the inconvenient
difference between a single number and a sequence of n numbers with n = 1,
and between a pair of numbers and a sequence with 7 = 2. And in combi-
natorics one might give many examples where strict formalization has quite a
distance to combinatorial intuition. We may think of finite trees, where various
things become more or less obvious by drawing and observing a picture, and
where formal proofs are not customary. Proper induction techniques for such
situations do not seem to be generally available.

When I gave talks about Automath around 1968 the following two comments
came up repeatedly:

(i) Peano did all this around 1900, and
(ii) around 1935 Gddel showed that it is impossible.

The answer to (i) is that indeed Peano expressed a considerable piece of
mathematics by means of the Frege calculus, but that he did not pretend to make
it automatically readable. Proof indications remained informal. The answer to
(ii) is that Godel never said a thing like that. What we did learn from Godel is
that we should not have the illusion that all wisdom can be caught in a single
language. But as long as we are willing to live inside a fixed language, and
most mathematicians are like that, then the ides of automatic verification of
everything that can be said in that language is by no means an illusion.




